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The Lagrzngian His tory  Di rec t  I n t e r a c t i o n  approximation is 

appli .ed t o  i s o t r o p i c  t u rbu len t  nixing of a second orde r  cherij.cal 

r e a c t i o n  and tl ie r e s u l t i n g  c losed  s e t s  of equa t ions  are presented.  

An abridge3er.t  of them i s  c a r r i e d  o u t  and t h e  equa t ions  which apply 

t o  a s p e c i f i c  s t a t i o n a r y  turbulence  f i e l d  and a s t a t i s t i c a l l y  

s p e c i f i e d  i n i t i a l  s c a l a r  f i e l d  are displ-ayed. It i s  shown t h a t  i n  

I t h e  l i m i t  of a s t o c h a s t i c a l l y  d i s t r i b u t e d  second order  r e a r t f o n  
1 

t he  equa t ions  reduce  t o  those  of D i rec t  I n t e r a c t i o n .  I 
. I 

! 



1. INTRODUCTION 

1 It is  t h e  purpose of t h i s  paper t o  de r ive  a closed s e t  o f '  
I 

equat ions  descz-ibing the behaviour of a pass ive  r eac tan t  when i ts  concentratj-on : 
is  decaying due t o  En i so themxi l  r e a c t i o n  of second order and when it i s  I 

I 

simultaneously advscted b y , a  turbulent  f l u i d .  We propose t o  make use of t h e  

Lagrangian His t o ry  Direc t  In t e rac t ion  (L ~H.D. I .) closure  which was devised by 

~ r n i c h n a n l  f o r  h i s  s t u d i e s  of t h e  dynamics of turbulence and turbulent  
I 

convect ion.  The approximation has been applied t o  other  s t a t i s t i c a l  1 

, p rob lem i n  ~ h i c h  t h e r e  e x i s t  noil-zero means2 and i t  appears t o  be  t h e  most 

promising of e x i s t i n g  c losures  f o r  dea l ing  with t h i s  class of phenomena. 
i 

3 
\ 

I 
I I n  a previous work another  c losure  scheme c a l l e d  t h e  Direct In t e rac t ion  I .  . 

appropimation, which i s  a l s o  due t o  Kraichnan, has  been employed t o  obta in  1 
I 

I 
. I 

a c losed  s e t  of equat ions  f o r  t h i s  same r e a c t i v e  s i t u a t i o n .  It i s  our 
I 
I 

u l t i m a t e  purpose t o  compare t h e  performance of each closure under c e r t a i n  I 

- I 
I 

quca.ntitative tests t h a t  can be devised, but  the  immediate object ive t o  which 

t h i s  r e p o r t  i s  l i m i t e d  is  t o  present  t h e  equations which r e s u l t  from applying 

the L.H.D.I. approximation and a l s o  t o  d e r i v e  an abridged farm of them; 



\ 
L.H.D.I. equa t ions  have been obta ined  f o r  t h e  non-reactive pass ive  , I  

1 
1 

scalcrr f i e l d  i n  i s o t r o p i c  turbulence . S ~ b s e q x n t  re ference  t o  t h i s  paper 

w i l l  be by t h e  l e t t e r  K and, where app ropr i a t e ,  an equat ion number taken 

from t h a t  paper.  For  exanple,  t h e  non-reacting scalar f i e l d  equat ions using 

a gene ra l i zed  f i e l d  is given by 

where D i s  t h e  k inemat ic  d i f f u s i v i t y ,  and u ( x , t l r )  i s  t h e  general ized . . - - 
v e l o c i t y  f i e l d  which may be defined as t h e  v e l o c i t y  ~ e a s u r e d  a t  time r wi th in  
i \ 

t h e  f l u i d  clement xh ich  passes  through t h e  po in t  x a t  t i n e  t .  Simi la r ly ,  - 
g(x, t 1 r )  is  the  v a l u e  of t h e  s c a l a r  f i e l d  (e.g.  concent ra t ion)  measured a t  - 
t h e  r i n  t h e  f l u i d  element which passes  through t h e  poin t  x a t  t i m e  t .  .. 

The a p p r o p r i a t e  equat ions  f o r  t h e  gene ra l i zed  eoncentrat ion f i e l d  

+ i n  t h e  case  of a second o rde r  r eac t ion  a r e  K(2.10), K(2.11) and the fo l lowing  

rep lacenent  f o r  K(2.9) 

(k -3'2) m(.,t) = - u ( x , t l t , .  .. - v4(x,e) - -c$g(x,e) - (2.11, . . 

It i s  p e r t i n e n t  t o  decompose t h e  f i e l d  $ ( x , t  ( = ) i n t o  a rnem and a 

f l u c t u a t i n g  component 

where s t a t i s t i c a l  homgene i ty  has  been assumed. 





I I 

I a d ,  finally, it propagatas fro% (r,r) to {t,r) zccc~ding to ' I 

Z 
h 

a G 
h I 

--. (x,t/r;x',tllr') = -U(X tlt).~~G(x,tir;x',t'lr') (2: 10) I 
, I  a t  - 4. -4. .., - 

Sicilarly, it is easy to deduce from (2.4) 2nd (2.5) that the 

ca~ariance @(x, t 1 r;xl, t1 ( r ') , which is defined by 
* - 

1 

obcys the fol.lowing equations; 

-'oe.. where < )denotes an e~semble aver-, 

It is &so of use to have available the conplimentary equations of (2.9) and C 

(2.10). These follow precisely as in K (appendix B). The propagation from 

(r' ,rl) to (r,r) obeys the equation I 

whereas, for example, from (r,r) to (t,r) the perturbation is described by I 

1 3- at1 i(x,t[r;xt,t'lrl) - -" = - u ( ~ ~ , t ~ ~ t ~ ) . ~ ~ ~ ~ ( x , t ~ r ; ~ ~ , t ~ ~ r ~ )  .., - - -. 
(2 .14)  

1 . -  
, An ensemble-averages Green's function is defined by 

I :  I ,  

> 
I 

I 





. - + 
k The direct Interaction approxbc:fons for S, H and H are fully I 

displayed b- K(5.9),(5.10) and will not be repeated here. The same 

I 
i '  approzimztion can be applied innediately to R, Q and Q' using the above 

definitions and Ilrai-cfmsn ' s constructl.on . On5 finds 
r 

I- Q (s,t~r;x',t'~rV) - ." is obtained from ~(x,tlr;x',t'lr') - - 
by a for~.al substitution into (2 .22)  to obtain Q(x',tt lr',x,tlr) and then change 1 

." - 
every G function. in the resulting equation acccrding to the rule 

To the above set of equations it is.necessary to append that which describes 

the behaviour of the mean concentration. From (2.3) we have 

2 
G ( t )  = -~r-(tl - ~q(~,tlt;~,t[t). d"L - 4. 

(2.23) 

A significant formal sinplification of the previous set of equations 

occurs when we invokc isotropy for both the velocity and scalar fields. It is 

also very coi.lt-enient to introduce Fourier transforms of the dependent variables 

+ 3. 
$,G,S,R,H,H ,Q and Q . Toaroid a proliferation of symbols the transformed 
-.variable wiJ.1 be denoted by an explicit display of the wave nunber k as an 

indepetldent variable replacing x-x'. For exmpl-e, by invokbg isotropy tIrz 
" .., 

Fourier transform of $(x,tlr;x',t'lr') is written $(k,tlr,t'lrr). - ." 
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aad the suzbcq %f me::Rs in tegra t ion  over all' triangles p 4- q = k. - . " -  P 
4- II (k,tlr,tl l r l )  is obtained by f a n l i n g  )i(k,tilr',tlr) through forms1 

substitution fnto (2.12) and then, in the resul-t, changing every G function 

i accordisg t o  t he  rule I 

' .- 
I The sane sequence of operations applies to  forming Q + (k,tT lr' ,t [r) fron I 

i I 
i ~ ( k , t  1 r, t '  1 r') I 

2 03 
We also ha.ve $- - 

d t  r(t) = -c~(t)4sc2$k2$(k,tlt,tlt)dk 
0 

In equarions (2.30) and (2.32) we hsve m i t t e n  the Fourier trarrsfom 
F- -  

I 
I of the ve loc i ty  co-qrziance <ui(x, - t 1 t)uj (x' ,s s))in terns of the scalar I 

.1 

I ~(k,tl t,s(s) to xhich it is  related by 

It should be noted that Fn so doing tie haveizssumed that U is  i J  
solenoidal in both idices i mci j. This i s  not necessarily true as Hraichnan 

has  c a r e f u l i y  po in ted  out. Bc.:~rver, in transfomiq these equations t o  the 

L.H.D.I. approximation, part of the prescriptian for the transfomatfon is 1 
that U b2 so1eaoidal J_n bcth indices a d  we assume i t  here prematurely 

ij 

I sL~p2.y for convenience. 



The L,R.D,X. equations can be written doim - b e d i a t e l y  frqn those 
. I 
'of DLrect Interzction (2.243-(2.34) by making use 03 i(raicImc3n's prescriptioa 

for such a trznsfo-m3tion. . As we nentioned at the end of Section 2, part of 

the prescription has al.ready been appJ.i.ed to .the derivation of (2.3Q and (2.32) . 
nlc r c ~ a h d e ? r  orr' it requires that in (2.30) to (2.33) every ~nbejlini t h e  s 

I 
I 
I 

sho'dld he changed , t o  t if i'c arises from the p2rturbat ion es;pansioa of a 
I 

I .  factor 'in (2.15) -(2,20) witl-L a labelling time t or t o  t' if i t  arises fron 
( :. 

expansion of a factor with labelling tiaite' t' (the labefling t b e s  are the tjne 

arguments which precede the vestical bars). 

.- The cor.sequsnces of these operations are that (2.30) -(2,33) 



/. 
9 + ( k t  1 t 1 )  = 8nc2k-I! r ' d s ~ / ~ ( k , t [ r ; t ' l s ) ~ ( ~ , t *  )s,t'lrl)$(p,t'Ir',t'ls)~q d? df  

r A I 
-- (3.6) 

I 

I 
1t is zlsi. n e c e s s a r y  t o  ? r e s c r i b e  how t h e  i n t e g r a t i o i l  of (2.24)-(2.29) i 

I I '  

and ( 2 . 3 4 )  should procede.  It i s  e a s y  t o  show t h a t  t h e  p r e s c r i p t i o n  g i v e n  i n  
I 

K ( zppendix  C) i s  s t i l l  p e r t i n e n t  f c r  t h e s e  extended equa t ions .  We w i l l  n o t  I I 

1 

p u r s u e  t h e  m a t t e r  further i n  t h i s  paper  a s  tre wish now t o  d e r i v e  an  abr idged  I 
! 

form o f  t h e  L.H.D.I. e q u a t i o n s  and t o  p r e s e n t  them i n  a form s u i t a b l e  for t h e  

c a l c u l a t i o n  of the behsv iour  of a s p e c i f i c  in i t i a l  s c a l a r  spectrum in a 

s p e c i f i e d  s t a t i o n a r y  i s o t r o p i c  t u r b u l e n t  f i e l d .  



4 .' 13'i -u?LICGED LAGP-QiGTAX H I S T O X  DIFSCT INTERACTION EQUATTOXS 
I 

----- -...-- *- - 

Gie f i rs t  obta in  equations f o r  the  pure Lagraagiaa fu1lctic1ns rdlich, 

by d e f i n i t i o n ,  ars those  i n  \.iIlich a l l  l a b e l l i n g  times are equal .  From (2 .24)  

i '  t o  (2.23) and (2.34) we have, 

The abridgement is r e a l i s e d  by enploying the followiag approximations 

or  transf o m t i . o n s .  



# 

Before dis?laq-ing the consequences of this a p p r o x h t i o n ,  it is 

uscful  to introduce soirie n o t a t i o n a l  shcrt!land. 

~(k,tfr) = ~ < k , t I t , t : I r )  t 2 r 

= , t )  t < r 
1 

I 

~ ( k , t ] r )  = ~(k,tlt,tlr) 

$(k,tlr) = ~(k,t/t,t[r) t , r I 

We f i n a l l y  have 

where 
t 

~ ( k , c  1 r) = - T ~ J  d s ~ ~ ( l - w ~ ) ~ ( ~ , t  1 s)G(q,t 1 s)+(k,r! s) Pq d~ d~ 

to 
A 

r 
+ ~ k j  dsjj(l-w2)~(p,tls)~(k,rls)+(qytis)~q d~ dq 

to 
4 



The set o f .  equat ions  (4 -8) - (4.18) form a complete s e t  which enables 

pure  i a g r a n d i a n  q u a n t i t i e s  t o  be ca lcu la ted  when ~ ( k , t l s )  , ~ ( k , t ~ l t ~ )  and 
- 
r ( t o )  "re s p e c i f i e d .  

. 
The D i r e c t  I n t e r a c t i o n  equat ions of t h i s  same problem f o r  purely 

I 3 E u l e r i a n  q u a n t i t i e s  have been presented elsewhere by Lee . It i s  important t o  

I n o t i c e  t h a t  i n  the case  of zero  turbulence the problem reduces to  tha t  of a 

I s t o c h a s t i c a l l y  distributed second order  reactant  and the A . L . H . D . I .  equations 

and t h e  D.I. e q u a t i o n s  reduce t o  i d e n t i c a l  statements. This is  of course 

P r o p e r  s i n c e  i n  t h e  absence of motion Eulerian and Lagrangian quant i t ies  are 

i n d i s t i n g u i s h a b l e .  It a l s d  means t h a t  previous investigations of the 

s t o c h a s t i c a l l y  d i s t r i b u t e d  r eac t an t  case reinain v a l i d  i n  the A * L * H * D -  I 

a P p r ~ x i r n a t i o n .  Finally, it is easy t o  see by refracing the derivations of 



I 

I of s e c t i o n  3 and 4 t h a t  i n  t h e  same l.iait of zero turbulence the L.H.D.I. 

a p p r o s h e t i a n  c o i ~ c i d e s  i d e n t i c a l l y  with the G.L.H.D. I. approximation. 

farhaps t h s  e a s i e s t  way t o  i n d i c a t e  why this occurs is  t o  no t i ce  t h a t  

1 . I l a h e l l h ~ g  times p l a y  only a para%ecf?ic ro1.e i n  t h e  expressions fo r  R and Q. 
I 

5. - A SPECIFIC ---- E;:SU.Z'LCU OF THE A.L.H.D. I. EQUATIOXS -- 

In t h i s  sec t ion  we present  t h e  A.L.H.D.I. equations as they.apply 

t o  a p a r t i c u l a r  class of s t a t ionary  i so t rop ic  ve loc i ty  f i e l d s  and an i n i t i a l  

scalar spec t rm.  It is our purpose ul t imately,  but  not in t h i s  manuscript, 
L 

t o  conpute numerically the s p e c t r a l  evolution f o r  j u s t  t h i s  s i tua t ion .  We 

will be p a r t i c u l a r l y  in te res ted  i n  t h e  l i n i t . o f  no molecular d i f fus ion I 

I 

(D E 0) as a very discriminating test of the  approximation seens t o  be poss ib le  

there and the  follor.ling d e f i n i t i o n s  2nd  choices of dimensional groups are made ' 

with these requ i re i~en t s  i n  mind'. 

h 

$(k,oIo) =: ( 2 ~ )  exp I- $ (kl2 5 and ?(o) L 1. 
- 0 

vhere u2 is t h e  mean square kinetic energy of the  turbulence in any component 

I t  
di rec t ion .  A detailed 6j.scussion of these spectra can be found i n  t h e  

5 
l i t e r a t u r e  , although i t  rmst be remembered that  the  velocity function ~ ( k , t l r )  

is now Lagrsngizn r a t h e r  than k l e r i a n  and the s t a t ionar i ty  evident i n  its - 

- - -.- 
7 

1 < .  

. * -. 



d e f  i n i t i . o n  above i s  a Lagrangian s t a t i o n a r i t y .  That any r e a l  t u rbu len t  f kid 

wculd exhibit a p p r o x h a t e  Lagrangian s t a t i o n a r i t y  is  highly unl ike1  y , ' but  

it  i s  n o t  our purpose he re  t o  use  t h e  equat ions t o  exmifie a  r e a l  s i t u a t i o n .  I 
i '  There a r e  sohe gene ra l  p r o p e r t i F s t h a t  the  equat ions should exh ib i t  f o r  any 

I 

kinematical1.y a l lowable  v e l o c i t y  f i e l d  and i t  i s  these  proper t ies  f o r  which we 1 

w i l l  be  t e s t i n g  subsequerrtly . If the  equetiorls f a i t h f u l l y  preserve these  

general. p r o p e r t i e s ,  it may then be pe r t i nen t  t o  t r y  t o  e s t a b l i s h  more 

reasonable  Lagrangian v e l o c i t y  f i e l d s  and t o  explore t h e i r  r o l e  i n  mixing and 

i n  exrhancing r e a c t i o n  r a t e s .  
i 1 

Equatioxls (4.8)-(4.18) can now be r ewr i t t en  i n  the light of the  , 1 
above d e f i n i t i o n s .  I n  d i sp l ay ing  the  r e s u l t s  below we have omitted t h e  

c i rcumflex  (^) throughout.  

where 
r 07 

S ( k , t ] r )  = d s  ~ ( k , r ] s )  p C q , k , ~ )  $ (q , t l s )dq  
0 0 



? -2kq~+~Zkq~ .-2kqT 2kqr $ : e  + -e P(q ,  k , ~ )  = 2x2x q2 
~QT' ) exp -(k2+q2)~ , 

\ ZiZ 

1 and r = 1 + ~ ~ 1 ~  ( t  - s 1 2  . 
The integration of such a set of equations would proceed tn exactly 1 

the sane way as that developed for the D. I. equat ians  with one important 
I 

exception. In the D.I. equations the diagonal terns i n  the ( t , t t )  matrfx are 1 
I 

computed by. using the s p r ; e t r y  of ~ ( k , t ,  t ') in t and t'. For example, if 
i 
1 



S (k, t + A t  , t )  is  laown s o  i s  S (k, t , t+Ct) t o  which it is  iden t i ca l ly  equal. 

Then t h e  D.I. equations s p e c i f i c a l l y  s t a t e  how S (k, t-t-At,  t+At) i s  t o  be 

computed f ron S(k, t , t t -bt) .  Howewer, t h e  A.L.H.D.I. equation fo r  s ( k , t l t r )  

is only v a l i d  f o r  t > t' s o  t h a t  although symraetry in t and t '  s t i l l  holds,  

it is of no value t o  t h e  computational program. Instead explicit  use must be 

nade of (5.2) whereby S(k,t-t-At,t-kAt) can be a i r e c t l y  computed once S(k , t , t )  

and S(k, t+At, t)  are es tabl i shed.  With t h i s  exception a computing program f o r  

t h e  A.L.H.D . I. equations can be babed on tha t  developed by ~ 8 2 ' ~  f o r  t h e  

D.I. equatiops.  

subsequent repor t  will give nore d e t a i l  on ce r t a in  spec i f i c  

computational programs designed t o  exainine c r i t i c a l l y  some important 

consequences of t h e  above A.L.H.D.I. equations. 



I 

I 6 .  AN INVARIANCE PROPERTY OF TIIE L.H.D. I. EQUATIONS 

An important property of t h e  exact  equations which can be demonstrated 

ea s i l y  from (2.1) and which i s  immediately evident on physical grounds i s  t ha t  

; I  when D E 0 a l l  s i ng l e  point func t io l r suf  the  concentration f i e l d  decay a t  a r a t e  

independent of t he  turbulence. Since t h e  turbulence plays no d i rec t  r o l e  i n  

i decreasing s ca l a r  i n t ens i t y ,  but  only a l t e r s  the  sca le  of the concentration 

f i e l d ,  and s ince  the  react ion term has no dependence on scale ,  i t  i s  evident 

! 

i t h a t  i n  t he  absence of molecular d i f fus ion,  turbulence does not play even an 

I i nd i r ec t  r o l e  i n  the  dynamics of decay of s ingle  point functions. This f a c t  i s  

I another s i gn i f i c an t  invariance which any proposed closure approximation should I 

1 necessa r i ly  s a t i s f y .  It has not  been consciously b u i l t  in to  the L.H.D.I .  

approximation o r  i n t o  any other  so  t h a t  i t  is  pert inent  t o  ask of any closure 

whether it does i n  f a c t  s a t i s f y  t h i s  fu r the r  icvariance. 

5 We have shown elsewhere by numerical computation that  Direct 

I n t e r ac t i on  i s  ser iously  inadequate i n  t h i s  regard, which i s  perhaps not 

I su rp r i s i ng  s ince  it has already been shown1 t o  f a i l  t o  preserve another related 

1 ve loc i t y  f i e l d  property - Galilean Invariance. I 
In  t h i s  sect ion we prove t h a t  the  L.H.D.I. approximation does i n  f a c t  

1 guarantee t h e  exact  preservation of the  invariance described above. Specifical ly 
-. - 

we show t h a t  when D 0 7 ( t ) ,  7 ( t )  and 7 ( t )  a r e  described by closed s e t s  of !' I 

/' 
equations t o  which the  veloci ty  f i e l d  makes no contribution. We f i r s t  demonstrate) 

an important property of the  function ~ ( k , t  1 r, t 1 s )  which i s  ~ r e s e r ~ e d  by the 
I 

L.H.D.I. closure.  Namely, when D E 0 

~ ( k ,  tlr, t l r ' )  = ~ ( r l r ' )  (6.1) 

Since G(x, -, t 1 r, x' .., , t 1 ) is the response measured a t  time r in  the I 

i 

f l u i d  element which is a t  x .., a t  time t t o  a perturbation in  the scalar f i e ld  



applied at time r' t o  the  f l u i d  element which i s  a t  x '  a t  time t '  and since - -. 
t h e  only  mechanism which t r ans f e r s  s ca l a r  q-aantity from one element t o  another 

, i s  molecular d i f fus ion  then, when D E 0, the  following should be true;  

i t  ~ ( x t r ,  * x l , t r )  -. i 6(x -. - x ' )  - ~ ( r l r ' )  

and (4.1) follows . 
Now the  L.H.D;I.  equations f o r  G(k , t l r , t l r ' )  i s ,  from (2-27) and 

(2.29), 

a + - ~ ( k , t l r , t l r ' )  = ~ ( k , t l r , t l r ' )  + H ( k , t l r , t l r l ) ,  a t  
which i s  iden t ica l ly  s a t i s f i e d  by (6.1) independently of the  velocity f i e ld  

s p e c t r a l  description.  
I 

The equation f o r  7 (t) can be obtained by integration of (4.2) overall  
i 

wave numbers. I n  t he  absence df molecular d i f fus ion the  result.  is 

(k + 4 c ~ ( t ) )  ~ ( t )  = 2 1 k 2 ~ ( k , t 1  t, t ,  t)dk (6 2) 

where t h e  invariance K (5.13) has been used to  eliminate the  di rect  ef fects  
I 

of t h e  ve loc i t y  f i e l d .  Insofar a s  (6.2) contains the  G function i n  ~ ( k ,  t 1 t,t 1 t) 

t h e  i n d i r e c t  r o l e  of veloci ty  influence on F ( t )  is  possible. However, we now 

demonstrate t ha t  it does not i n  f a c t  a r i s e .  

Using (3'. 2) , (6.2) becomes 

1 Hence 



w 

where t h e  g e n e r a l i z a t i o n  T ( t  1 s )  = I k2@(k,  t 1 t,  t 1 s ) d k  has been made and where 
0 

7 ( t )  h a s  been w r i t t e n  T ( t  1 t )  f o r  n o t a t i o n h l  convenience. 

The equa t ion  f o r  T ( t  1 r )  i s ,  from (4.3),  

F i n a l l y ,  t h e  equat ion  f o r  G( t  1 r )  i s  obtained from (4.6) 2nd (3.5). 

We have  

t 
~ ( t  1 r )  = sic2! d s  ~ ( s r )  ~ ( t  1 s )  ~ ( r  s )  , (6.5) 

r 

- where (4.4) has  been employed. 

The set of equat ions  (4.1) (6.3) (6.4) and (6.5) a r e  closed and e n t i r e l y  

independent  of t h e  v e l o c i t y  f i e l d  s p e c i f i c a t i o n .  They determine t h e  behaviour 

of y ( t )  , and T ( t )  i n  terms of t h e i r  i n i t i a l  desc r ip t ions .  On multiplying 

(2.4) by y, t a k i n g  a n  ensemble average  and comparing the  r e s u l t  with (6.3) i n  

the l i m i t  D 0, it i s  c l e a r  t h a t  i n  t h e  L.B.D.I. approximation 

t 
-3- y ( t )  = 6n$ ds ~ ~ ( t  1 s )  ~ ( t  1 s )  ( 6  -6) 

to 
and a l l  terms i n  t h e  in tegrand  a r e  determined independently of t he  ve loc i ty  

I 

1 f i e l d .  F i n a l l y  w e  remark t h a t  t h e  above arguments apply equally well  t o  the 

abr idged  form of t h e  equat ions  der ived  i n  s ec t ion  4 so t h a t  they too preserve 

t h i s  p a r t i c u l a r  invar iance .  

I II 
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