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The complicated pe regr ina t ions  of a l i q u i d  d r o p l e t  when snp- 

por t ed  over a heated p l a t e  by i t s  own vapor a r e  notor ious ,  A s  a 

pre lude  t o  more d e t a i l e d  ana lys i s  i t  appears advisable  t o  i s o l a t e  

the s imples t  component of the motion - r i g i d  body o s c i l l a t i o n  - and 

by simple l i n e a r  theory t o  p r e d i c t  small  amplitude v i b r a t i o n a l  f r e -  

quency a s  a funct ion  of the thermal parameters. To achieve t h i s  we 

here analyse a subliming s o l i d  d i s k  of l a r g e  rad ius  which i s  con- 

s t r a i n e d  t o  move only i n  the v e r t i c a l  d i r e c t i o n .  On the  expecta- 

t i o n ,  checked a p o s t e r i o r i ,  t h a t  the  Reynolds number based on f i l m  

thickness  w i l l  be small we assume t h a t  viscous f o r c e s  dominate and 

c a l c u l a t e  the s teady s t a t e  f i l m  th ickness ,  resonant  frequency of 

smal l  amplitude o s c i l l a t i o n  and t h e  damping c h a r a c t e r i s t i c s ,  

Analysis 
i 

Consider a d isk  of weight W and r a d i u s  a suspended over a ho t  

p l a t e .  I f  the d i sk  i s  of subliming mate r i a l  an  equi l ibr ium s i t u a -  

t i o n  w i l l  a r i s e  i n  which the d i s k  w i l l  assume a mean p o s i t i o n  

s l i g h t l y  above the p la te .  The assumption i s  made, based on the ex- 

p e c t a t i o n  of a narrow vapor gap and low v e l o c i t i e s  t h a t  viscous 

f o r c e s  dominate the momentum equat ion  and a r e  respons ib le  f o r  main- 

t a i n i n g  the d i s k  i n  pos i t ion .  B y  l i n e a r i z i n g  the a n a l y s i s  we remove 

the  obvious asymmetry t h a t  f i n i t e  amplitude motion of the  d i sk  must 



display  and i t  w i l l  be the task  of f u r t h e r  experimentat ion and ana lys i s  

t o  define c a r e f u l l y  the p r a c t i c a l  l i m i t a t i o n  of t h e  model, I t  i s  ex- 

pected however t h a t  a t  l e a s t  f requency may be u s e f u l l y  p red ic ted  s j n c e  
I 

t h i s  proper ty  i s  genera l ly  i n s e n s i t i v e  t o  s u b t l e  f o r c e s  and of course 

the mean f i l m  thickness  should a l s o  be reasonab ly  well, accounted f o r .  

The damping c h a r a c t e r i s t i c s  a r e  g e n e r a l l y  q u i t e  s e n s i t i v e  t o  d e t a i l e d  

f o r c e  balandes and the re  i s  no reason t o  assume t h a t  they  w i l l  be 

adequately described by the l i n e a r  theory .  

I n  po la r  coordinates  with the  o r i g i n  a t  the  c e n t e r  of the surf ace 

of the heated p l a t e  and the z coord ina te  normal t o  and p o s i t i v e  upward 

from the p l a t e  we descr ibe the disk p o s i t i o n  by s ( z ,  t)e Under the  

assumptions of no dependence on angle  and z - v e l o c i t y  a f u n c t i o n  only 

of z ,  say H(z) , the  r a d i a l  momentum equa t ion  t a k e s  the form 

where use has been made of the c o n t i n u i t y  equa t ion  t o  ob ta in  

ur = -*r~ ' (z )  

From (1) we ob ta in  

and remarking t h a t  from the z  momentum balance 2 is a t  most a  
az 

funct ion  only of z and t we can conclude t h a t  y = ~ ( t )  . Conse- 

quen t ly  we now wri te  



A force balance on the disk reveals  

. . 
Tr 4 m! = -my - % a  ~ ( t )  

and (2) can be written 

with the boundary conditions 

a t z = O , H = O  

a t  z = 0 and z = 5 ,  H' = 0 

a t z = t , H = r + V  

where V is t h e  f luJd p a r t i c l e  velocity a t  the s o l i d  vapour 

interface,  

Infinitesimal o s c i l l a t i o n s  

The probable narrowness of the vapour l a y e r  thickness l eads  t o  

the boundary layer type postulates  



Then the term = 0 ( e a 2 )  
az;c- dominates 't'he l e f t  hand s i d e  

of Equation 3, This p o s t u l a t e  w i l l  have t o  be examined a  p o s t e r i o r i  

by comparing the unsteady term and t h e  i n e r t i a  terms wi th  the  com- 

puted viscous cont r ibut ion  and t h i s  w i l l  be taken up subsequently. 

With the above approximation Equat ion (3) reduces t o  

and the  boundary condi t ions  enumerated p rev ious ly ,  A s t r a i g h t -  

forward so lu t ion  y ie lds  

where the condi t ion Hz = 5 = % +  v(5) i s  s t i l l  t o  be appl ied.  

I ts  use reduces Equation ( 5 )  t o  a d e s c r i p t i o n  of the motion of 

t h e  surface 

To obta in  information from Equation (6)  we need an es t imate  of t h e  
. . 

behavior of t h e  f i n a l  term of the  equat ion.  Using t he  approximate 

result from the energy equat ion 

a 2  

and employing a  l i n e a r  temperature p r o f i l e  through the  gap we o b t a i n  

where L i s  the  l a t e n t  h e a t  of subl3mation, AT is t h e  temperature drop 



across  the gap and k i s  the thermal c o n d u c t i v i t y  of the  vapor. 

A reasonable form f o r  ( 6 )  may then be 

l i n e a r i z i n g  we assume 5 = t O ( l  + r ( t ) )  where T o  is the s teady 

s t a t e  s o l u t i o n  given by, from (7), 

Thus the f i r s t  order equation becomes 

o r  i n  terms of thermodynamic q u a n t i t i e s  

The damped harmonic na ture  of Equat ion (10)  i s  evident  and 

information about n a t u r a l  f requency and damping r a t i o  can imme- 

d i a t e l y  be calculated.  I f  we d e f i n e  a Reynolds number and a  Froude 

number i n  the following way; 

where Vo i s  the ve loc i ty  of evapora t ion  from t h e  s o l i d  su r face  when 

i t  is a t  the s teady s t a t e  p o s i t i o n  to,  then  Bquation (10) can be 

r e w r i t t e n  i n  non dimensional form a s  



where T = S (.pi? 

In other  words (11) describes  the motion i n  terms of a  time s c a l e  

based on the o s c i l l a t o r y  period of an undamped motion, a  per iod which 

is not too s e n s i t i v e  t o  moderate damping, The c o e f f i c i e n t  of t h e  

damping term i n  (11) is  a r a t i o  between the g r a v i t a t i o n a l  f o r c e s  on 

the  p l a t e  and the  i n e r t i a  forces  and t h e r e  i s  no guarantee t h a t  i t  

w i l l  be small compared t o  unity. In f a c t  one can expect  t 'hat t o  

obta in  a c o e f f i c i e n t  of O ( 1 )  severe r e s t r i c t i o n s  w i l l  have t o  be 

placed on the d i sk  weight per u n i t  a rea ,  A l a r g e r  c o e f f i c i e n t  will 

produce s t rong damping and make experimental  observa t ion  of the  motion 

much more d i f f i c u l t .  

It is p e r t i n e n t  t o  examine the two bas ic  assumptions which lead  

t o  Equation (11). I n  the f i r s t  p lace  we need an a  p o s t e r i o r i  check 

on the smallness of R, Natural ly  the  thermodynamic parameters which 

spec i fy  the problem such as  the temperature drop ac ross  the  gap, the 

l a t e n t  hea t  of sublimation and the m a t e r i a l  p r o p e r t i e s  a r e  t h e  s ig -  

nif  i can t  data  i n  which t o  express the  Reynolds number. 

We have R = E0Vo - 
v 

and therefore  R =  AT = kbT = 1 CpAT = AH 
E LEi- pr -T P,L 

Thus given the p roper t i e s  Pr and L of a subliming substance an 

adjustment of AT can in pr inc ip le  be made t o  reduce R t o  a s  small  a 

value a s  necessary, I n  p rac t i ce  we f i n d  f o r  carbon d ioxide  t'hat AT 



should be less than 3 5 0 ~ ~ .  

In the second place ignoring the unsteady momentum terms is 

equivalent to assuming instantaneous readjustment of velocity and 

temperature profile, In other words the time scale for vorticity 

diffusion across the gap is to be significantly less than the time 

scale of the period predicted by Equation (10). 

2 
For diffusion TD = 0 (2  ), 
and for oscillation T o = o [(?)-'J 9 

0 

2R . The small Reynolds Thus the ratio T~ L ~ J +  
6 

number assumption and the achievement of a low damping coefficient 

assures that TD < To . 
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