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ON INTERCHANNEL COKKI:J,/\,'1'ION I N  CO!4?4IJNICATION 

WITH FEEDBACK 

Abstract 

It has been f i rmly  es tab l i shed  i n  t h e  l i t e r a t u r e  t h a t  feedback 

o f f e r s  a d i s t i n c t  improvement over conventional un id i rec t iona l  com- 

munications systems i n  many cases ,  espec ia l ly  with channels subject  

t o  t ime varying s t a t i s t i c s .  Many of t he  analyses ex tan t  assume a I 

I 

no i se l e s s ,  e r ro r - f r ee  feedback channel is ava i lab le .  Clearly t h i s  I 
w i l l  not always be a va l id  assumption. Even i n  published r e s u l t s  

which include t h e  e f f e c t s  of feedback e r ro r s ,  t he  p o s s i b i l i t y  of . 

in te rchannel  co r r e l a t ion  and i ts e f f e c t s  on perforinance have appar- 

e n t l y  never been considered. 

This  paper undertakes t o  show t h a t  a t  l e a s t  i n  some cases ,  

Lome of t h e  system performance measures exhib i t  a s ign i f i can t  sensi-  

- ~ ; v i t y  t o  in te rchannel  co r r e l a t ion  of fading. 

With decis ion e r r o r s  possible  on the  feedback channel, f i n a l  

e r r o r s  of omission and in se r t i on ,  as well  a s  simple subs t i t u t ion  

e r r o r s ,  can occur. Occurrences of t h e  d i f f e r en t  types of f i n a l  

e r r o r s  w i l l  i n  general  have a d i f f e r e n t  r e l a t i v e  disturbance e f f e c t  

on rhe  output information. It is shown i n  severa l  examples t h a t  

co r r e l a t ion  i n  general  a f f e c t s  t h e  r a t e  of each e r r o r  type d i f f e r -  

e n t l y ,  and t h a t  t h e  func t iona l  dependences vary widely with o ther  

system c h a r a c t e r i s t i c s .  Thus the  major conclusion is t h a t  i n  every 

case where co r r e l a t ion  may e x i s t ,  i t s  possible  e f f e c t s  should be 

examined f o r  t h e  p a r t i c u l a r  case a t  hand, and i f  found t o  be s igni -  

f i c a n t  should be taken i n  account both i n  ana lys is  and synthesis .  



ON INTERCHANNEL CORRELATION IN COMMUNICATION 

WITH FEEDBACK 

I .  Introduct ion 

The concept of employing feedback procedures i n  conjunction 

with two-way communications systems o f f e r s  an important p r a c t i c a l  

s o l u t i o n  t o  t he  problem of main ta in ing  system r e l i a b i l i t y  i n  t h e  face 

of  time varying channel statist ics.  The r e c e n t  l i t e r a t u r e  on t h e  sub- 

j e c t  of communications with feedback h a s  t r e a t e d  t h e  eva lua t ion  of t h e  

var ious  types  of feedback procedures  f o r  d i f f e r e n t  c l a s s e s  of systems, 

analysing t h e  t rade-of f  between r a t e  and r e l i a b i l i t y  which feedback 

a f fo rds ,  and developing more e f f i c i e n t  encoding schemes t o  take  advan- 

t age  of t h e  feedback. It has  been f i r m l y  e s t ab l i shed  by seve ra l  

au tho r s  1-15 t h a t  dec i s ion  and informat ion  feedback schemes o f f e r  a 

d i s t i n c t  improvement i n  performance over  convent ional  un id i r ec t iona l  

sysrens.  However, i n  almost a l l  ca ses  t h e  accompanying analyses  assume 

a n o i s e l e s s  feedback channel .  While t h i s  may be a v a l i d  approximation 

i n  some cases ,  it i s  c e r t a i n l y  no t  v a l i d ,  f o r  example, i n  t he  case  of 

a simultaneous two-way system, i n  which t h e  feedback f o r  one d i r e c t i o n  

would be  p a r t  o f  t h e  forward t ransmiss ion  foy t h e  o the r  d i r e c t i o n .  Thus 

both t h e  feedback and feedforward information w i l l  be subjec t  t o  e r r o r s  

a t  comparable 'rates and wi th  comparable e f f e c t  on o v e r a l l  system per- 

formance. 

A complication i n  ana lys ing  t h e  e f f e c t s  of feedback e r r o r s  is 

I t h e  p o s s i b i l i t y  of i n t e r c h a n n e l  c o r r e l a t i o n  of no ise  o r  fading. With 

I many, perhaps most, two-way systems t h e  two channels will be almost 
I 

I i d e n t i c a l .  The phenomena which g ive  r i s e  t o  fading o r  in tense  noise  



'on one channel a r e  l i k e l y  t o  e f f e c t  both channels simultaneously. 

Since these  phenomena a r e  frequently of long durat ion,  there  may be 

cor re la t ion  between the  occurrence of e r r o r s  i n  a give un i t  of feed- 

forward information and t h e i r  occurrence i n  t h e  corresponding feed- 

back rep ly ,  even though t h e  reply  must c l ea r ly  come l a t e r  i n  time. 

The most na tu ra l  and commonly famil iar  feedback communication 

system is t h e  ordinary telephone conversation. That the  following 

s i t u a t i o n  is t y p i c a l ,  i s  well known t o  those concerned with the  psy- 

chology of telephone users .  Talker A has d i f f i c u l t y  hearing t a lke r  B. 

I Therefore t a l k e r  A ' s  react ion is t o  shout. But then t a l k e r  B hears 

I 

A per fec t ly  c l e a r l y ,  i n  f a c t  too  c lear ly .  Therefore B speaks more 

and more s o f t l y  while A becomes more and6more desperate. Of course i 
. . i 

I 

if - both had d i f f i c u l t y ,  o r  ne i ther  had d i f f i c u l t y ,  t h e  s i tua t ion  

would not  a r i s e .  The two-point moral is  tha t  corre la t ion  of fading 
. . 

can have a profound e f fec t  on feedback communications, and t h a t  a t  

l e a s t  i n  t h e  telephone system, high posi t ive corre la t ion  is  so pre- . . 

valent  t h a t  users  a r e  conditioned t o  it and reac t  accordingly, even 

though t h e  vas t  majority of them ( a s  laymen) have no l e a s t  notion of 

. , 

t he  concept of corre la t ion .  . . 
, - j l  

, 

This paper undertakes an analys is  of interchannel correlat ion 
I 

of e r r o r  occurrences, primarily with t h e  in ten t  of showing t h a t  the  

e f f e c t  can be s ign i f i can t ,  and should be taken i n t o  account both i n  

t h e  analys is  and synthesis  of a c t u a l  systems. We first consider the  



simplest  possible system capable of exh ib i t ing  t h e  s a l i e n t  e f f e c t s -  

This i s  an uncoded binary decis ion  feedback system. Then t o  show 

t h a t  t h e  r e s u l t s  car ry  over t o  systems of more p r a c t i c a l  i n t e r e s t ,  

a decision feedback system employing a long block code is b r i e f l y  

analysed. The r e s u l t s  show t h a t  of t h e  var ious  types of e r r o r s  

t h a t  can occur i n  a noisy feedback system, some a re  s trongly de- 

pendent while others  a r e  but  weakly dependent on corre la t ion .  

With some the  dependence has p o s i t i v e  s l o p w h i l e  with o thers  t h e  

s l o p i s  negative. This r a i s e s  t h e  p o s s i b i l i t y  of optimization 

through contro l  on cor re la t ion  by ad jus t ing  t h e  frequency and/or 

time separation between t h e  forward transmission and corresponding 

feedback reply.  

11. Analysis of Uncoded Binary System 

The system under considerat ion cons i s t s  of a binary e rasure  

channel f o r  the  forward channel and a binary channel (symmetric o r  1 

unsynmetric depending on t h e  decision region p a r t i t i o n )  f o r  the  feed- 

back. The system c h a r a c t e r i s t i c s  a r e  depicted i n  Figures l a ,  b,  C ,  

with a "1" s ignal  represented by t h e  point  +1 and t h e  "0" s igna l  by 



t h e  p o i n t  -1. With each dec is ion ,  t h e  r ece ive r  feeds  back e i t h e r  a 

ze ro  t o  i n d i c a t e  r e j e c t  o r  a one t o  i nd ica t e  acceptance of t he  previous 

forward t ransmiss ion .  Except f o r  d i f f e r ences  i n  output space p a r t i t i o n s ,  

both channels  a r e  assumed i d e n t i c a l  and subject  t o  i d e n t i c a l  noise 

condi t ions .  For s imp l i c i ty  t h e  noise  is assumed present  i n  one of: two 

s t a t e s .  I n  both s t a t e s  t h e  noise i s  assumed zero mean gaussian. One 

is a low no i se  s t a t e  with variance c 2,  t he  o ther  a high noise s t a t e  1 
2 

with a var iance  a2 . The forward transmission of a s ing le  b i t ,  coupled 

with t h e  corresponding feedback r ep ly  is designated a s  a " t o t a l  t rans-  

mission". Let a\, denote t h e  s t a t e  of t h e  forward channel, $ t h e  s t a t e  

o f  t h e  feedback channel during t h e  v t h  t o t a l  transmission. $ and Bv 

a r e  i d e n t i c a l l y  d i s t r i b u t e d ,  co r r e l a t ed  random var iab les ,  each with two a 

poss ib l e  "values" which we a r t i f i c a l l y  designate a s  1 f o r  t h e  low noise  
< , . 

s t a t e  and h f o r  t h e  high noise  s t a t e .  
I 

There a r e  fou r  poss ib le  system s t a t e s  during the  v t h  t o t a l  
1 

t ransmiss ion ,  designated 

( 1 )  s = ( h ,  1 )  3 

= (h, h)  S4 

Again f o r  s imp l i c i ty  t hese  a r e  assumed independent of v ,  Their  

p r o b a b i l i t i e s  of occurrence must s a t i s f y  t h e  bas i c  r e l a t i o n s  
4 



If (say)  P(a,,=l) and any one of t h e  four  system s t a t e  p r o b a b i l i t i e s  

a r e  spec i f i ed ,  t h e  remaining s t a t e  p r o b a b i l i t i e s  a r e  determined. Alter- 

na t ive ly  w e  may define a type of co r re la t ion  coe f f i c i en t  a s  

whose s p e c i f i c a t i o n  with P(a =1) determines t h e  remaining s t a t e  proba- 
v 

b i l i t i e s  .f: 

Similar ly  if ul 2 , U2 2 , and t h e  output decision space p a r t i -  

t i o n i n g ~  f o r  both channels a r e  speci f ied ,  the  probabi l i ty  of each 

decis ion  event conditioned on the  channel s t a t e  can be ca lcula ted .  

On t h e  forward channel w e  need d i s t ingu i sh  only the  decision events;  

"correc t  acceptance", "erroneous acceptance", and "null" o r  " re jec t " ,  

designated c, e ,  and r respectively.  On the  feedback channel w e  must 

d i s t i n g u i s h  four  events; a co r rec t ly  in terpre ted  1 and a co r rec t ly  
/ ,' i n t e rp re ted  0 (designated "1" and "O"), an e r r o r  el i n  which a 1 is 

read a s  a zero,  and t h e  converse e r r o r  eo .  Typical decision space 

p a r t i t i o n i n g s  f o r  a symmetric binary erasure forward channel and binary 

asymmetric feedback channel a r e  depicted i n  Figure 1. 

* S t r i c t l y  speaking p is  not "the" corre la t ion  coeff ic ient  s ince  f o r  I 
s i m p l i c i t y  we have ignored the  s h i f t  i n  ?i a s  p (a= l )  is varied.  
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There a r e  th ree  d i s t i n c t  types of e r r o r s  which can occur 
I S  

i n  t h e  information sequence a s  f i n a l l y  assembled by t h e  receiver .  I i  f 

! 

The standard type is t h e  simple subs t i tu t ion  e r ro r ;  t h e  remaining 

types a r e  t h e  "spurious inser t ion"  and "spurious delet ion".  The 

l a t t e r  two r e s u l t  i n  nonconservation of message length through b i t  

ga ins  and l o s s e s ,  and therefore may be much more troublesome. 

I n  t h i s  ana lys i s  it is  assumed t h a t  the  rece iver  i n f a l l i b l y  i 

_ ' I  

recognizes t h e  t r a n s m i t t e r ' s  f a i l u r e  t o  repeat  or  t h e  presence of I ,  . 
i 

an unrequested repea t ,  provided the  then-current b i t  is  ul t imately 

accepted c o r r e c t l y  without intervening e r ro r .  (Normally provision 

f o r  t h i s  would be made through coding). An occurrence of the  l a t t e r  

i s  simply ignored by t h e  rece iver ,  while t h e  former requires the  

rece iver  t o  guess t h e  missing b i t  with probabil i ty 1/2 of a correc t  

guess. - If t h e  then-current b i t  is  ul t imately accepted erroneously 

o r  is  not  repeated when requested (and i s  guess erroneously), then 

a preceding unrequested repeat  is assumed t o  r e s u l t  i n  spurious inser- 

t i o n  while a previous f a i l u r e  t o  repeat  r e s u l t s  i n  spurious omission. 

Since t h e i r  dependence on corre la t ion  is d i f f e r e n t ,  we d is -  

t ingu i sh  t h e  two ways a simple subs t i tu t ion  e r r o r  can occur. Thus . 
t he re  a r e  four  e r r o r  p robab i l i t i e s  t o  consider; PI(e) - t h e  proba- 

b i l i t y  ofw.ltimate erroneous acceptance of any given b i t ,  PII( e )  - t h e  

p robab i l i ty  o f  a recognised f a i l u r e  t o  repeat  followed by erroneous 

guess, PIII(e) - t h e  probabi l i ty  of spurious omission, and PIV(e) - 
t h a t  of spurious inser t ion .  They a re  computed a s  follows: 



4,- . . . 
where f o r  example, po' is t r i& average probabi l i ty  of erroneous accep- 

tance  of any given forward transmission,  i s  t h e  j o i n t  average 

p r o b a b i l i t y  of a r e j e c t  on the forward channel c o r r e c t l y  in te rp re ted  

a s  such on t h e  feedback channel,  e t c .  The expression f o r  t h e  l a t t e r  

is  t y p i c a l ,  v i z .  

I n  a d d i t i o n  t o  t h e  above e r r o r  probabi l i t res ,  t h e  information rate is 

a l s o  a f f e c t e d  by in terchannel  correlat ion.  Since f i n a l  termination of 

t ransmiss ion on any one information b i t  occurs when and only when t h e  

feedback Channel reads  a "1" .. - (whether correc t ly  o r  incor rec t ly )  a s  a 

feedback r e p l y  on t h a t  b i t ,  the  average information transmission r a t e  

is simply 
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Direc t  s u b s t i t u t i o n  of t h e  r e l a t i o n s  exemplified by (8) i n t o  t h e  f i v e  

equat ions  (4 )  - (7) and (9) y i e l d s  s t ra ight forward  but  r a t h e r  horrendous 

a l g e b r a i c  expressions f o r  t h e  des i red  performance func t ions .  To reduce 

them t o  something more t r a c t a b l e  we introduce some n o t a t i o n a l  abbrevia- 

t i o n s  and some simplifying approximatinns. Since c o r r e l a t i o n  of fading 

w i l l  obviously - not  be s i g n i f i c a n t  un less  t h e r e  is s u b s t a n t i a l  d i f f e r ence  

between performance i n  t h e  good s t a t e  and performance i n  t h e  bad, we 

begin by assuming p(e ' lu=l)  and P(eol  0'1) a r e  both, f o r  a l l  p r a c t i c a l  

purposes, equal  t o  zero. Also i f  the  use  o f  feedback is  t o  be worth 

t h e  e f f o r t ,  then  t h e  c r i t e r i o n  f o r  acceptance on t h e  forward channel . 

must be made s u f f i c i e n t l y  s t r i n g e n t  t h a t  p(e)a=h) is s t i l l  very much 

l e s s  (by o r d e r s  of  magnitude) than uni ty .  If t h i s  can be accomplished 

while maintaining a reasonably high value f o r  p ( c l a = l )  then e e r r o r s  
1 

on t h e  feedback channel  w i l l  be ~ ~ ! u c h  less d is turb ing  than e e r r o r s .  0 

This  sugges ts  t h a t  t h e  feedback channel be made highly asymmetric t o  

t h e  e x t e n t  t h a t  p(eol B=h) is comparable i n  order  of magnitude t o  

p ( e  1 u=h). With t h i s  i n  mind we r e t a i n  only t h e  terms of lowest non- 

vanishing o r d e r  i n  t h e s e  two f a c t o r s .  The abbreviated nota t ion  is 

as follows: 



p(ellO=l) = d *  p ( e l 1 ~ = h )  = 1 - n =  1 

Note t h a t  Greek l e t t e r s  have been used f o r  a l l  q u a n t i t e s  which can gen- 

e r a l l y  be  expected t o  b e  very small ,  while with t h e  exception of P, 

Roman l e t t e r s  a r e  used f o r  t h e  more moderate quantitjes. The d e s i r e d  

a lgeb ra i c  express ions  now reduce t o :  

. dl-a) P,(e) = 
a (  1-b) 

These expressions a r e  s t i l l  a b i t  messy f o r  genera l  i n t e r p r e -  

t a t i o n .  Two observat ions a r e  worthy of note,  however. F i r s t ,  t h e  rate 

R is maximized when p i s  maximum. ( In  f ac t  if one could conceive of 

nega t  ivexco*relat  ion,  t h e  r a t e  goes t o  zero at extreme negat ive  cop- 

1 r e l a t i o n  if a - < Second, the  probabi l i ty  of spurious i n s e r t i o n ,  

PIV(e) goes t o  zero  a t  p = l  i f  t he  good s t a t e  is completely noise  free 

such t h a t  b = d = 0, while the  accompanying increase i n  P ( e l  is  of 
I11 

small moment s ince  PIII(e) i n  any case of second order  i n  y and€.+ 

%Note t h a t  d = b ,  r1=6 and Y = E  i f  t he  pa r t i t i on  of t h e  dec is ion  s p a c e  in 
t h e  feedback r ece ive r  matches t h a t  of the feedforward r e c e i v e r  as d e p i c t e d  
i n  Fig. 1. 

?Actually, t h e  approximation t o  P ( e )  goes t o  zero,  but  t h e  exac t  e x p r e s s i o n  
Peduces t o  second order  i n  y and1$. 



With b = d = 0 and a l s o  assuming y=c, t h e  t o t a l  p r o b a b i l i t y  of  a l l  

e r r o r s ,  t o  f i rs t  o rde r  i n  E, is  given by: 

Unless a+l, t h i s  has  nega t ive  s l o p f o r  a l l  p and i n  any case ,  is 
I 

b u t  weakly dependent on p. Therefore it is c l e a r  one would wish t o  

maxiiize p i n  o rde r  t o  maximize R and minimize P ( e l .  I V  

111. Analysis  of Block Coded Binary System. 

We wish now t o  show t h a t  t h e  s a l i e n t  e f f e c t s  i l l u s t r a t e d  by 

t h e  simple example of t h e  previous sec t ion  c a r r y  over t o  systems of 

more p r a c t i c a l  i n t e r e s t .  A simultaneous two-way system i s  considered 

wi th  each channel employing a (n ,k)  random l i n e a r  block code.2 One of 

t h e  k information d i g i t s  i n  each block w i l l  be t he  feedback dec is ion  

( 1  o r  0 f o r  accept  o r  r e j e c t )  on an e a r l i e r  block on t h e  o the r  channel.  

S imi l a r ly  a second d i g i t  is  designated a s  a "block l abe l " ,  a l t e r n a t e l y  

1 and 0 f o r  each block of k-2 t r u e  information b i t s  as received from 

t h e  source.  This  i s  t o  a i d  i n  t h e  recogni t ion  of unrequested r epea t s .  

The channels a r e  both assumed binary symmetric, again charac te r ized  by 

a high and a low noise  s t a t e ,  t h e  s t a t e s  occurring randomly with iden- 

t i c a l  s t a t i s t i c s  on both channels and with in te rchannel  c o r r e l a t i o n  of 
. . 

no i se  s t p t e s .  

The dec is ion  t o  accept Jr r e j e c t  w i l l  be based on a c r i t e r i o n  

of j o r  fewer apparent  e r r o r s .  That is, an apparent e r r o r  p a t t e r n  of 

$Wore s p e c i f i c a l l y ,  we assume t h e  code has a genera tor  matr ix of t h e  form 
G=( I ~ ~ P )  where I i s  t h e  kxk i d e n t i t y  and P is a kx(n-k) p a r i t y  check 
mat r ix  each of  whose elements is chosen by an independent co in  t o s s .  



j o r  fewer e r r o r s  w i l l  be correc ted;  otherwise t h e  block i s  r e j e c t e d *  

However, we allow t h e  cases  where j is e i t h e r  greater  o r  l e s s ,  f o r  Pur- 
I 

Poses of reading t h e  feedback d i g i t  than f o r  reading the  feedforward 

information d i g i t s .  Two va lues ,  j = 0 and j = 2 ,  are  considered. Thus 

t h e r e  a r e  four p o s s i b l e  combined decision c r i t e r i a ,  N N ,  ND, DN and DD, 
f 

where ( f o r  example) ND denotes no correct ion allowed f o r  f eedforward 

but double e r r o r  c o r r e c t i o n  allowed i n  acceptance f o r  reading t h e  feed- 

back d i g i t .  i n  t h e  same block. 

With a random l i n e a r  block code it is considerably more d i f f i -  

c u l t  t o  cor rec t  a l l  double e r r o r s  than with a more systematic code* 

However, t h e  fol lowing simple algorithm corrects  a l l  s ingle  e r r o r s  and 

approximately 7 5% of a l l  double e r ro r s  : - A s  t he  information d i g i t s  a r e  

received,  the r e c e i v e r  generates i t s  own par i ty  check sequence, t h e n  

adds it b i t  by b i t  mod 2 t o  t h e  received par i ty  check sequence. If t h e  

r e s u l t i n g  n-k b i t  sequence i s  of weight zero, one o r  two, t h e  r e c e i v e r  

assumes a l l  k information b i t s  a re  correct .  If it is  of higher weight  , 
t h e  r e c e i v e r  a t tempts  t o  match it t o  a row of the  pa r i ty  check matrix. 

When and i f  a match within a one d i g i t  e r ro r  is discovered, t h e  c o r r e s -  

ponding information d i g i t  is corrected. Otherwise t h e  e n t i r e  block is  

r e j e c t e d .  For computational purposes we assume t h i s  algorithm is u s e d  

f o r  t h e  D mode corre.ction. 

For s impl ic i ty  t h e  noise s t a t e  on e i the r  channel i s  assumed 

t o  change instantaneously and only a t  a division between blocks. In 

computing t h e  r e s u l t s ,  we consider a (100,50) code with the  two d i g i t  

e r r o r  p r o b a b i l i t i e s  assigned the  values p = .0l and pOh = - 01 With 
2 ' 



t hese  values and any reasonably probable choice of t h e  random code, 

t h e  code performance w i l l  c lose ly  approximate t h a t  of t h e  "best" (100, 

50) code. I n  t h e  noisy  s t a t e  t h e  various decision event p r o b a b i l i t i e s  

a r e  computed by pure combinatorips independently of t h e  p a r t i c u l a r  code 

s t r u c t u r e ,  while i n  t h e  q u i e t  s t a t e  the  f a c t  t h a t  the  minimum dis tance  

between code words w i l l  be somewhat l e s s  than t h e  maximum minimum w i l l  

have neg l ig ib le  e f f e c t  on t h e  computations. 

Again t h e r e  w i l l  be three  bas ic  types of e r r o r ,  simple sub- 

s t i t u t i o n ,  omission, and inse r t ion .  (For b rev i ty  we w i l l  no t  d i s t ingu i sh  

between the  d i f f e r e n t  ways any one type may a r i s e ) .  Since unrequested 

repea t s  w i l l  c l e a r l y  r e s u l t  i n  f i n a l  e r r o r s  l e s s  often than f a i l u r e s  

t o  repeat ,  t h e  r ece ive r  should assume t h e  feedback d i g i t  i s  zero when- 

ever  it cannot be read.  We specify a somewhat simple-minded receiver ,  

which always assumes t h a t  t h e  most probable cause of repeated block l a b e l s  

i n  sequence ( i . e .  - unrequested repeat )  is  t h e  ac tua l  cause, and there-  

f o r e  de le tes  t h e  apparent r e p e t i t i o n .  The receiver  could do b e t t e r  than 

t h i s  only with s u b s t a n t i a l  increase i n  system complexity through more 

e labora te  block l a b e l l i n g  and addressing and/or comparisons with previously 

accepted information blocks. With t h i s  i n  mind a l i t t l e  r e f l e c t i o n  shows 

t h a t  omissions and i n s e r t i o n s  can only occur a s  double e r r o r s .  Let Pi(e) 

denote t h e  average probabi l i ty  o f  simple subs t i tu t ion ,  Pii(e) t h a t  of 

double omission, and Piii(e) t h a t  of double inse r t ion .  They a r e  given a s  
' 

follows : 



where t h e  notat ion on decis ion  events follows t h a t  of t h e  previous 

sect ion,  and t h e  block l a b e l  is assumed t o  be changed with probabil i ty 

I 
-whenever t h e  forward transmission is accepted erroneously. The ex- 
2 

pression f o r  r a t e  R is  i d e n t i c a l  t o  t h a t  of ( 9 )  above except fo r  a 

mul t ip l i ca t ive  f a c t o r  of  (k-2/n .) 

Using t h e  same abbreviated notat,ion a i d  t h e  same' approximations 

a s  in  t h e  previous s e c t i o n ,  these  reduce t o  

Again one could make a few general observations, such a s  t h e  

r a t e  approaching zero  and P and Piii blowing up with extreme negative i 

cor re la t ion  (a highly  unl ike ly  circumstance, though perhaps .not imposs ib le ,  

l. 
i n  a physica l  system) provided a<- -2' Also i f  d-0, then Piii(e)+O 

l i n e a r l y  a s  pl. However t h e  r e s u l t s  a re  more readi ly  in te rp re tab le  

for  t h e  numerical example proposed. For t h i s  example t h e  parameters 

have the following sets of numerical values: 



where f o r  example, h is  the  value of € w i t h  no e r r o r  correc t ion  (N-mode) 

on t h e  forward channel. Then f o r  each of  t h e  four combined modes: 

1-a Pii(e) = - a (l.4x1o-l2)l1-.37a + .37pa1 
(17) 

1-a -15 €1.. 877-. 87 p( 1-a) 1 E l - .  87a+. 87 pa] 
Piii(e) = - 

a ( 1 . 5 ~ 1 0  ) a + p(1-a) 



TO comb out t h e  s ign i f i can t  p-dependencies, l e t  us  first examine 

t h e  des i rab le  f ea tu res  of each combined decoding mode when p = 0. The 

NN-mode renders a l l  t h r e e  e r r o r  p robab i l i t i e s  so small t h a t ,  barr ing an 

extremely small value of a ,  they a r e  f o r  a l l  p r a c t i c a l  purposes zero. 

For example, i f  information blocks were delivered t o  the  user  a t  a r a t e  

of 1000 per second t h e  mean time t o  f i r s t  e r ro r  occurrence would be on 

t h e  order  of th ree  thousand years o r  more! Therefore one might r e a d i l y  

hazard  an increase i n  r a t e  a t  the  expense of a few orders of magnitude 

i n c r e a s e  i n  t h e  e r r o r  p robab i l i t i e s .  Adopting e i t h e r  t h e  ND o r  DN 

mode w i l l  increase  R by a fac tor  of about 2.4.  Again barr ing  an extremely 

s m a l l  value of a ,  both y i e l d  a comparable t o t a l  probabi l i ty  of a l l  e r r o r s ,  

- - w i t h  ND s l i g h t l y  b e t t e r .  However, ND makes the  type ii e r r o r s  (which a r e  



su re ly  t h e  most d i s tu rb ing) ,  predominate by a wide margin while t h e  

DN mode makes t h e  type iii e r r o r s  predominant. O f  g r e a t e r  i n t e r e s t  

i s  t h a t  i n  e i t h e r  case t h e  DD mode achieves an addi t ional  increase  i n  

r a t e  by a f a c t o r  of again about 2.k, and an ac tua l  reduction i n  the  

t o t a l  e r r o r  p robab i l i ty  over t h a t  f o r  the  DN mode. 

Thus it would appear one should adopt the  NN mode pr imar i ly  

f o r  reasons of minimum system complexity, o r  the  DD mode f o r  a s ix-  

fo ld  increase  i n  r a t e  at  a cos t  of increasedreceiver complexity and 

a decrease i n  r e l i a b i l i t y  t o  the  point  where it might begin t o  be 

of some concern (i.e.-mean time t o  first e r r o r  occurrence on t h e  

order  of  t h r e e  yea r s  f o r  the  case c i t e d  previously).  

Now consider  t h e  p dependencies. If we ignore t h e  remote 

p o s s i b i l i t y  of negative co r re la t ion ,  then f o r  a l l  four decoding modes, 

P.(e)  shows no s i g n i f i c a n t  dependence on p s ince t h e  v a r i a t i o n  i s  
1 

by a t  most a f a c t o r  of  two from p = 0 t o  p = 1. This i s  t r u e  regard- 

l e s s  of t h e  values of  a ,  b, d, e t c .  Note t h a t  Pii(e) is  independent 

of p f o r  t h e  NN and DD modes. This is because the  two terms i n  equation 

(13) f o r  Pii a r e  both l i n e a r  i n  p, one with pos i t ive  slope,  t h e  other  

with negative s lope ,  and t h e  slopes cancel  iden t i ca l ly  when b = d and 

I 
Y = - r . I n  t h e  ND-mode, t h e  ( r y e o )  event is the  dominant cont r ibutor  2 

( t o  t h e  extent  t h e  o the r  i s  ignored) and t h e  slope is pos i t ive  but the  

dependence is weak. In  the  DN mode it i s  t h e  ( e , l )  event which domin- 

a t e s ,  t h e  slope is negative and the  dependence is s t rong i n  t h e  sense 

t h a t  the  p robab i l i ty  of the  dominant event goes t o  zero a s  pl. . . 
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However, the poss ib i l i ty  of a t r u l y  s i g n i f i c a n t  dependence 

on p a r i s e s  i n  R and (since it is inversely p ropor t iona l  t o  R )  i n  

P-. i f  a is very small, t h a t  is, i f  the channels a r e  more o f t en  
11i 

i n  a fade than out. For example, i f  a = 0.1, then  i n  a l l  four  modes 

t h e r e  is  a tenfold increase in  R a s  p va r i e s  from 0 t o  1. In t h e  

NN and DN modes, the corresponding decrease i n  Piii is magnified 

t o  fifteen-fold by the p dependence of the numerator, while  i n  t h e  

KD and DD modes the magnification is  t o  s ixty-fold,  f o r  an almost 

1 
two 6rders of magnitude decrease. Even a t  p = - t h e r e  is a b e t t e r  2 

than  fivefold increase in  R ,  a sixfold decrease i n  Piii f o r  t h e  NN 

and DN modes, and about an eleven-fold decrease i n  Piii f o r  t h e  DN 

and DD modes, over the corresponding values a t  P = 0. 

I V  Discussion 

The examples analysed bear out two qui te  gene ra l  conclusions,  

both of which one might have strongly suspected even i n  t h e  absence 

of any specific analysis t o  show them, namely t h a t  c o r r e l a t i o n  of 

fading in  the two channels of a noisy feedback system is  most l i k e l y  

t o  be significant i f  e i ther  the probabili ty of experiencing good 

reception is extremely small (much l e s s  than one h a l f ) ,  o r  t h a t  the 

q ~ i e t ~ s t a t e  is vir tual ly  noise free while the  fading s t a t e  borders  

on v i r tua l  blackout. Therefore, beyond verifying t h e  i n t u i t i v e l y  

obvious, perhdgs the most striking conclusion one can draw from t h e  

analysis is that  the system designer can adopt a very simple minded 

decis ion strategy, in  particular one which is otherwise h ighly  prone 
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t o  i n s e r t i o n  e r r o r s ,  and s t i l l  expect t h e  incidence of i n s e r t i o n  

e r r o r s  t o  remain w e l l  wi th in  bounds provided fading on both c h a n n e l s  

e x h i b i t s  h igh  in t e rchanne l  co r r e l a t ion .  I n  f a c t  he can o f f s e t  t h e  

e f f e c t s  of  an over ly  simple s t r a t e g y  by designing t h e  channel p a i r  

t o  maximize any inherent  tendency towards high co r re l a t ion .  . 

O f  course  t h e r e  a r e  many feedback schemes o the r  than t h a t  

of block coding f o r  e r r o r  detect 'on with decis ion feedback, and u n d e r  

s i m i l a r  fad ing  condi t ions  on both channels one would expect c o r r e l a t i o n  

of fading t o  have s i m i l a r ,  and perhaps more marked e f f e c t s .  We h a v e  

chosen t h e  block coded dec is ion  feedback system f o r  t h r e e  reasons.  

F i r s t ,  it i s  t h e  s imp les t  t o  analyse. Second, it conceptual ly encom- 

passes  c e r t a i n  o t h e r  schemes such a s  s equen t i a l  coding with d e c i s i o n  

feedback, which f o r  p r a c t i c a l  procedural  purposes would probably h a v e  

t o  be t r e a t e d  as a long block code (with t h e  repeat  reques ts  coming 

only a t  t h e  end of  each block and t h e  e n t i r e  block repeated each 

time t h e r e  is  an apparent  repea t  r eques t )  i n  order t o  avoid t h e  n e c e s -  

s i t y  of  exchanging an  excessive amount of procedural information. 

Third,  it ( o r  t h e  conceptual ly equivalent  sequent ia l  code scheme) is 

very  probably t h e  b e s t  scheme t o  use under condi t ions  of noisy f e e d -  

back with seve re ' f ad ing  o r  long bu r s t  no ise .  

Information feedback o r  compound feedback schemes would 

appear p a r t i c u l a r l y  suscep t ib l e  t o  feedback e r r o r s  and c o r r e l a t i o n ,  

un le s s  e l abo ra t e  means a r e  provided f o r  t h e  exchange of procedural  

information. Though we have not  s p e c i f i c a l l y  analysed t h i s  ca se ,  



perhaps we can i l l u s t r a t e  t h e  p o i n t  by a r e tu rn  t o  t h e  te lephone 

example, and the  following anecdote.  While on a p leasure  t r i p  t o  

Europe, J. B. Phogghorn, pres2dent  of Z-company, g e t s  wind of  a 

business dea l  which could t u r n  a t i d y  p r o f i t  i f  approached i n  pre-  

c i s e ly  the  r i g h t  way. He c a l l s  Q. G.  Milquetoast,  jun ior  execut ive  

back a t  Z ,  and proceeds t o  g i v e  d e t a i l e d  in s t ruc t ions  in t e r spe r sed  

with numerous "Gotcha, J. "s from Milquetoast. (Decision feed- 4 
back). Milquetoast has indeed heard c l e a r l y ,  bu t  J. B. wants t o  

Fe sure,  and asks him t o  read  back t h e  e s s e n t i a l  d e t a i l s .  ( I n f o m a t i o n  

feedback). Now t h e  s i t u a t i o n  d e t e r i o r a t e s  r ap id ly .  Phogghorn has 

been shouting and Milquetoast speaking s o f t l y .  Up t o  t h i s  p o i n t ,  

however, Milquetoast was t r a n s m i t t i n g  a t  an extremely low d a t a  r a t e ,  

and therefore  has got ten  through.  H i s  information feedback would 

s t i l l  be a t  a low da ta  rate by entropy measure i f  Phogghorn expected - 
Milquetoast t o  have r ece ived  t h e  message cor rec t ly .  The t r o u b l e  i s ,  

he never expects  Milquetoast t o  g e t  th ings  s t r a i g h t  t h e  f irst  t ime,  

therefore t h e  feedback is at  a high r a t e ,  and with low signal- to-  

noise,  t h e  s i t u a t i o n  is  hopeless .  Milquetoast a c t u a l l y  has  t h e  whole 

thing s t r a i g h t ,  bu t  Phogghorn i s  unwilling t o  chance t h a t  without con- 

firmation by c l e a r l y  understandable information feedback. Again i f  

- i both channels were operating a t  high signal-to-noise everything would 

be f i n e ,  while if n e i t h e r  of  them were, a t  l e a s t  it would be t h e  

telephone system which bore  t h e  brunt of Phogghorn's i r e ,  



DECISION SCHEMES ON FORWARD AND 

FEEDBACK CHANNELS 

l a -FORWARD CHANNEL (BINARY ERASURE) 

REGION 0 -ACCEPT A S  "ZERO" 

REGION I -ACCEPT A S  "ONE" 

REGION 2,3,4 - REJECT 

I b -FEEDBACK CHANNEL (BINARY ASYMMETRIC) 

REGION I - READ "ACCEPTED PREVIOUS 

TRANSMISSION " 
I 

REGION 2.3 - READ "REJECTED PREVIOUS I I 
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d i f f e r e n t l y ,  and t h a t  t h e  funct ional  dependences vary widely with o ther  
system c h a r a c t e r i s t i c s .  Thus t h e  major conclusion is t h a t  i n  every case 
where c o r r e l a t i o n  may e x i s t ,  its poss ib le  e f f ec t s  should be examined 
f o r  t h e  p a r t i c u l a r  case  a t  hand, and i f  found t o  be s ign i f i can t  Should 
be taken : i n  account both i n  ana lvs is  and svnthesis .  
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