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ABSTRACT

A class of statistical-mechanical model of associating atoms or ions is described. Condi-
tions that must hold for them in the complete-association (confinement) limit are noted. In
the simplest version of the models considered, this is the pure-solvent limit, of fundamental
importance in solution theory. It is shown that the confinement limit is much like a critical-
point limit, at which the direct correlation function assumes a very special long-ranged form.
Off-confinement (partially-associated) states are then (;onsidered and a sequence of succes-
sively simpler approximations for the pair distribution functions are proposed on the basis of
an Ornstein-Zernike-type equation. Explicit expressions due to Zhou and Stell are given for
the simplest of these approximations, which is relevant both when the associating atoms are
uncharged or when the fully associated system is of high dielectric constant. In the complete-
association limit, these expressions apply to dipolar dumbbells with interpenetrating cores

over a continuous range of interpenetration.

I. INTRODUCTION

It is a privilege and pleasure to contribute to this festschrift. I stand in awe of the
courage and perseverance that Professor Holovko has shown in continuing to lead his research
group under conditions that seem almost unimaginably adverse to most American scientists.
I share his scientific goals and philosophy and value his scientific integrity.

In the Spring of 1985 I prepared a contribution to the Colston Symposium on Water
and Aqueous Solution, which was held at the University of Bristol, England, in April, 1985.
My lecture and manuscript had the same title as this contribution. I gave the lecture, had
a wonderful time at the Symposium, and deposited a draft of a manuscript to be published
as part of the Symposium Proceedings. Then back in the USA I began to see some things
in the manuscript that needed reassessment — an assumption here, an approximation there.
When deadline time came at the end of the summer, I reluctantly withdrew the manuscript
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because it still seemed to me to need more thought. Time passed, and a number of the
observations in the manuscript found their way into my subsequent journal articles with Y.
Zhou. But not all. When I looked at the manuscript a few months ago I found somewhat
to my surprise that

(i) the general picture given in the first three sections of the manuscript concerning “sticky”
models and on integral-equation method of assessing their structure had not been reproduced
comprehensively in any of my later articles, although various fragments of it had appeared,
(ii) the general picture was still worth summarizing,

(iii) nobody else had looked at the same integral-equation method, and

(iv) there was now available some detailed algebra that could be used to implement the
integral-equation method.

In light of this, I have lifted from the manuscript its general introductory discussion,
annotated here and there with additional remarks and updated references. In particular Sec-
tions II through IV of this contribution follow nearly verbatim most of Section I through
III of the old manuscript. Then in the Appendices here I supplemented this material with a
more specific discussion of the properties of the ionic shielded sticky shell (SSS) model (espe-
cially its ionic valence) as a function of its parameter R/L, as well as some algebra associated
with the SSS model. Among other things, the algebra gives in the complete-association limit
the site-site distribution functions for dipolar dumbbels with interpenetrating cores over a
continuous range of interpenetration, R/3 < L < R. [Rasaiah and Lee (1985a, 1985b) and
Lee and Rasaiah (1987) have already given the results for L/R = 2, n = 1 to 5 in an approxi-
mation that is different but shares the same mathematics as ours.] Since work I am currently
doing with Y. Kalyuhnyi of the Lviv group directly descends from the picture described in
the Bristol lecture, it seems to me especially appropriate for its revision to finally see the

light of day in this volume.



II. THE MODELS

I shall discuss here a class of statistical-mechanical models of associating particles. Some
time ago Hgye and Stell (1977) observed that the interaction site model [ISM] of Chandler
and Andersen (1972) can be regarded as the complete-association (confinement) limit of
such a model of associating particles. Among other results, Hgye and Stell found that the
site-site correlation functioﬁs Chandler and his colleagues used to describe the ISM could be
simply related in that limit to the usual particle-particle distribution functions of a particle
mixture. Cummings and Stell (1981, 1982) then further investigated the confinement limit
in detail, on the basis of the Hgye-Stell observation and earlier Hgye-Stell work [Hgye and
Stell (1976)).

The initial work by Cummings and Stell (1984, 1985) on a model of association whose
particles associate into interaction-site dimers (the SSS model discussed below) was done
on the basis of an approximation scheme that borrowed and extended the mathematics
of Rodney Baxter’s solution of the Percus-Yevick (PY) approximation applied to Baxter’s
adhesive-sphere model. Baxter’s mathematics is elegant and seductive, as is the sticky-
sphere model itself; Cummings and Stell were sufficiently engrossed in the mathematics not
to dwell upon the fact that it must be embedded in a scheme that is specifically tailored
to the dictates of association if it is to be faithful to the law of mass action in the limit of
vanishing density. The original work of Cummings and Stell and its subsequent extensions
by Lee, Rasaiah, and Cummings (1985), and by Rasaiah and Lee (1985a, 1985b) was not
done in the context of a relation between the strength of the association bond and the
degree of association (the parameters S and A below) that is faithful to the mass-action
limit. Qur work here on the structure of simple associating models shows that association
gives rise to characteristic correlation length x such that the direct correlation functions Cj;
considered below in general have a different form for kr 3> 1 and xr < 1, where r is the
distance between particle centers. We find that only under certain rather special conditions,
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elucidated below, can one reasonably use C;; with a single functional form for all r, as the
early work did.

I shall begin by considering the representative case of a binary mixture of particles
of species A and B, with pair potential ¢;;(1,2) between particles centered at r; and r, |
i = A,B; j = A, B. The ¢;; includes a highly repulsive core term ¢ °** which for technical
reasons I shall initially take to be of the form, with r = |r; — r,|,

{oo for r< L
CORE _
ij

£ fOl‘ L.‘j<l"‘<R"j
0 for r>R;

In the ionic case we also need a Coulombic term, w;;(r) = ¢gq;/r. For simplicity I shall
restrict my attention here to the symmetric case g4 = —gp = ¢ with overall charge neutrality
that implies p, = pp = p, where p; is the expected number density of species p;. In
addition we shall need an associating or binding pair potential ¢;(12) that is responsible
for chemical or ionic association. Here we have many choices. A simple one is to let ¢
be defined by an attractive “stickiness” on an interaction shell defined by r = L,; so that

5 = 85i;6(r — L;;)[4xL}; where § is a Dirac delta function and S;; is a strength parameter.
We are often more interested in the Boltzmann factor e} = exp — B¢, associated with

% than in ¢ itself, where B~! = kpT, kp = Boltzmann’s constant and T' = absolute
temperature. It is therefore often more convenient to directly parameterise ef; with a strength
parameter S;; such that e = S;;6(r — L;;)/4xL},. 1 shall refer to a model that includes such
a € as a sticky shell (SS) model. Alternatively we can let ¢ (or equivalently €;) be
dependent on the relative orientation € of a pair of particles, so that ¢ or e is given
by sticky areas on the interaction shell corresponding to certain relative orientations. I
shall refer to a model with such ¢} as a selectively sticky shell model. Analytically the
ef; can be represented as S;A;;(Q)8(r — L;)/4x L} in this model. (A particularly useful
special case is the sticky-point limit, in which the sticky area is reduced to a single point of
infinite stickiness.) For either version of the SS model, the special case in which the binding
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attraction is present only between different species (i.e, ¢z = ¢4, = 0) proves a particularly
interesting one to consider. I refer to this as the AB version of the model. Another special
case of interest, which I shall call the AA version, arises when the A and B particles are
identical (s0 ¢44 = dup = ¢ps With ¢%, = ¢%z = ¢}5). For L;; = R;; the uncharged
AA version of the SS model becomes Baxter’s well-known adhesive-sphere model, while the
uncharged selectively SS model, which was used by Hgye and Stell (1977) as an example, is
a variant of a model used by Boltzmann (1898), who introduced it as the basis for his theory
of chemical association. For L;; < R;;, things are a bit more subtle. Consider making the
repulsive core term arbitrarily repulsive by letting ¢ become arbitrarily large. One might
think that the effect of stickiness would be entirely “hidden” by the resulting hard pair-
potential core of diameter R;; as one takes this limit. But if one thinks about taking the
limit slowly enough to have equilibrium at all times (arbitrarily or “adiabatically” slowly)
then in fact one must expect a certain number of associated particles to be found stuck
together in this limit. And in a purely equilibrium description, the magic of the partition
function and its children (virial coefficients and the like) is such that one expects them to
faithfully reflect this number when accurately evaluated. For the moment let R;; = R and
L;; = L for all 3,5 for further simplicity. It is not hard to see that when L < R/2 the
hard core forces saturation or association such that only dimers can form (i.e., three or more
particles stuck together is sterically impossible). In the AA case, Cummings and Stell (1985)
found that only a very special class of n-mers (whose atoms form the centers of regular n-
gons) is possible when R < L/2. On the other hand, the AA and AB versions of selectively
SS model can saturate even for L > R/2 (in particular, for R = L) if one has a small enough
“sticky spot”. We shall refer to the uniformly sticky SS model in the € = oo limit as the
“shielded sticky shell (SSS)” model and the sticky point model in this limit as the “shielded

sticky point” model.



Lét us now consider one more limit, letting S;; = S and p; = p for continued simplicity.
We hold T and p fixed and increase S, first looking at a model with saturation (say the
AB model with L < R/2) or with relatively low n-mer formation, n > 3. More and more
particles dimerize as we increase S. At infinite S we expect to reach a point at which no
free particles (monomers) are left. At this point we have confinement. [If instead we are
looking at a model in which n-mers can readily form for all n (e.g., the AA or AB models
with L > R/2). As we increase S we might expect to first reach instead a value S, at which
infinite clusters of stuck-together particles appear — a gelation of polymerization point which

can be regarded as a (correlated) percolation point.]

III. CONFINEMENT

At confinement (but only at confinement) one can unambiguously identify the molecules
(i.e., dimers) to which each pair of particles belong, so that one can use not only the lan-
guage of particle-particle correlation functions but, alternatively, molecule-molecule correla-
tion functions and site-site correlation functions. But to use any of these languages, we must
introduce some technical terminology. On or off confinement the Ornstein-Zernike equation

in particle-particle language for our 2-species models can be written in matrix notation as
(I+pH)(I=-pC)=1 (3.1)

where I is the unit matrix with elements §;, p is species density p = p;, ¢ = 1,2, and H
and C are matrices, the elements of which are the Fourier transforms H,(k) and C;;(k) of
the usual pair correlation function and direct correlation function H;;(r) and C;;(r) between
particles of species ¢ and j in a mixture. Hgye and Stell (1977) [whose “particle-mixture
picture” of the ISM is reviewed in Stell, Patey and Hgye (1981) and in Cummings and Stell
(1982)], noted that in confinement one can relate these functions to the site-site or atom-
atom pair correlation function k;;(r) and direct correlation function ¢;;(r) (that refer to the
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intermolecular correlation between atoms in different molecules) and the intramolecular
function s;;(r) (that refers to the pair correlation between atoms within the same molecule).

One breaks up pH;; into its intramolecular and intermolecular part

Adding a self-correlation Kronecker-é term §,; to both sides, with

@;i(k) = &; + si5(k) (3.2b)
we have
8; + pHi;(k) = &y (k) + phi;(K) (3:2¢)
or in matrix notation
pH =3 + ph, (3.3a)
I+ pH =&+ ph, (3.3b)
w=I+3 (3.3¢)

Suppose one then similarly introduces an intramolecular function ¢;; by writing
8; — pCii(k) = [&7* (k)]s — ps;(K) (3.4a)
or in matrix notation
I—pC =01 =pt ' (3.4b)
where @™! is the matrix inverse of &, with elements [©~*(k)];;. The &~! is the contribution to

C from intramolecular (and self) correlation while ¢ is the remaining contribution that arises

because of correlation between atoms in different molecules. In our simple AB SS model, for

example,
Wi = Wway = 6(7), 811 =822=0

Wy =81 =8= 6(1" = L)/47I'L2, (3.5)
‘:’12 = (kL)-ISi]] kL,GJu = I':Jn = 1,
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and the confinement condition is
/s(r)dr =] (3.6)

The properties of @=! immediately follow from those of &:

@zt = 1,2 =14+384+3"+...,
. (3.7a)
REp. . O & as
12-1_32—_3_3— ]
and one can see that
w;'(r) has a §(r) contribution at r = 0 and a discontinuity of 1/8x L*r
at r = 2L but is otherwise continuous. It is strictly positive, wj;'(r) —
3/4xL%r as r — o0
(3.7b)
wi;(r) has a —§(r — L)/4nL? contribution at r = L but is otherwise
continuous. It is strictly negative with wj;! — —3/4nL’r asr — oo
(3.7¢)
Hgye and Stell (1977) noted that from (3.1), (3.3) and (3.4) it follows that
. ~i
h =t [1 " pc?;é] & (3.8)

This is precisely the equation Chandler and Anderson (1972) introduced for the interaction

site model (ISM) in conjunction with the equation
¢j(r) = —Bwii(r) + —Bgig;/r, r> Ry (3.9a)
to supplement the exact core condition of that model,
hy(r) = —1. (3.98)

We see that (3.8) can be regarded as an exact equation (by definition) and (3.9a) as an

approximation that we shall call the interaction site approximation (ISA). Using their exact
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result for a fluid of ISM molecules with dielectric constant w (with R;; = R not necessarily
imposed, but with a single L)

9 [has = huy = oy + han| = KL [(w — 1)(g)* - 3], (3.10a)
where
y = 47Bp(qL)’/9, (3.100)

Hgye and Stell (1976) had earlier shown that in any approximation in which the site-site

direct correlation function has the form
&j(k) = —47q;q;/k* + a + bk® + 0(K®) (3.11)
(as it does in the ISA), a fluid of ISM molecules will have a dielectric constant given by
w-—1=3y. (3.12)
Equation (3.12) implies
Gj(r) = —Pgig;/r as r— o0 (3.13)

or through (3.4) and (3.7),as r — o0

- pCii(r) = —pBag;i/r — W]
(3.14)
— —pBags/r — 3(~1)* [4xLr
As pointed out by Cummings and Stell (1981, 1982), it follows from (3.1) (and some algebra)

that to be consistent with (3.10) one must instead have, for r — oo,

pCi; = —pBaig; [T — Bi[w™’]; (3.15a)
where
From (3.7) [and some trivial algebra using (3.10b)] (3.15a) can be rewritten as

pCi; — —Ai;pBaig; [T (3.16a)
10




where
Ay = e/(e—1) (3.160)
Equivalently
pCi; — pBaig; [ — pBaig;/(e — 1)r (3.16¢)
These exact asymptotic results, used for all r > R;;, generate interesting new approxi-

mations which to our knowledge have not been fully explored. For example
pCij = —pBqigj[r — Blw™];; for r> Ry (3.17)

is an approximation that reduces in the uncharged case, ¢; = 0, to the RISA for homonuclear
diatomics (R;; = R). In this case B = 1. For the more general case R,; # Ry, # R;,, B
does not become 1 when ¢; — 0 and the RISA is no longer asymtotically faithful to (3.15),
while (3.17) is by construction. (In this case, e — 1 — 3yp, so B — p~!, where p is given in
Eq. (29) of Hgye and Stell (1976) and discussed by them.) An even simpler asymptotically

faithful approximation is obtained by using (3.16) for all r > R;;. The equivalent expression
pCi; = —pPaigj/r — 3(=1)*'B/4xL*r, r > R;; (3.18)

clarifies the form of this approximation in the ¢; = 0 case. Eq. (3.17) and (3.18) can only
be reasonably used if L;; < R;;/2, because of the discontinuity in [w™!(r)]; at r = 2L. Even
then, it will only give a good approximation to C;; as long as p is not too small, because any
error in [w™'];; will appear as an error in pC;; rather than C;; itself. This yields an error in
C.; that becomes unbounded as p — 0.

We note the following points:

(i) Although Cummings and Stell (1982) nominally base their analysis on a somewhat
different assumption than (3.15a), stronger than (3.15a) for the models we consider here, the
actual assumption on which their analysis rests — their Eq. (46) — is exactly equivalent to

(3.15a) for our models. The usual assumption,

Cij""" '—545:';‘, (3-19)
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which is consistent with known results for a wide variety of Hamiltonians off singular points is
inappropriate on the basis of the consideration which which we are dealing here, Eq. (3.19)
is clearly too restrictive to deal with the models with a short-ranged ¢+ at confinement.
[If one stays within the class of models in which ¢}; is short-ranged by construction, then
(3.19) is inconsistent with (3.15) or (3.16) because for large r, —f¢;; = —Bg:q;/r.] This
is because the confinement limit is a singular point much like a critical point. One cannot
reach confinement with a short-ranged e; except when its integral becomes infinite.

(ii) Suppose s is not é-like but is allowed to be smeared out (e.g., Gaussian) in the
vicinity of r = L to accommodate internal degrees of molecular freedom. This generalization,
considered by Hgye and Stell and others in detail in the context of dielectric theory [see Stell
et al. (1981) and references therein], does not change our asymptotic analysis of C;; here in

any basic way.

IV. OFF CONFINEMENT

In Section II we considered only confinement (complete dimerization) which in our AB

/s(r)df": 1

Suppose we lower the parameter S to a finite value so that the probability of AB pairs

SS model is given by the condition

sticking at r = L is less than unity. That probability is then given by A, the amplitude of a
delta-shell probability density, s(r,A), where
s(r,A) = Aé(r — L)/4xL?
(4.1)
8(k,A) = Asin kL/kL
and we can regard the s(r) of Section III as the confinement limit, s(r,1), of s(r,A). The
lowering of A will occur as one lowers the stickiness parameter S from infinity, which will

follow in turn raising the absolute temperature from zero for a given degree of intrinsic

stickiness. We comment further on the relation between A and p and S through S in Section

V.
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Since all particles can no longer be regarded as atoms unambiguously associated with
molecules when A < 1, we no longer have atom-atom functions ¢;;(r) and h;;(r), although
we can easily define into existence off-confinement generalizations of these functions by using
(3.1) - (3.7) with s(r) and 5(k) everywhere replaced by s(r,A) and 3(k,A). Since we still
have C;;(r) and H;;(r) this will be unnecessary for our purposes. The replacement of s(r,1)
by s(r, A) yields a [w™!(r.A));; that is now damped,

[w™(r,A))ii = 3e™* [4xL?r, as r — o0

(4.2)
[w™i(ryA))y2 = —A3e™*" [4xL?r, as r — o0
where
x? =3(1 — A*)/AL?
In k-space, for k — 0
[0~ (k,A))i; = 3/L*A*(x® + k?) :
- (4.3)

[l'-:?-l(k, A)]12 - —3/L2A2(K2 + kZ)
Thus we can expect (3.15) with w=!(r,1) replaced by w=!(r,A). This is now consistent with

(3.19), which we expect to hold off confinement (as long as we are off a critical point). But
the value of B in (3.15b) must be reassessed off confinement. It seems reasonable to continue
to use (3.15b) if we interpret € to be €y, the dielectric constant of the fully associated dipolar

solvent of density py, which will always be less than p for a partly dissociated fluid of diatoms.
We thus have

pCi; = —pBaig;/r — Blw™'(r,A)];; (4.4a)

B =3y/(ev — 1),y = 47Bpv(qL)*/9 (4.40)

Under this assumption pC;; looks like pBgigjev/(ev — 1)r for r& < 1 but goes over to
—pPBg;g;/[r for r& >> 1, which provides us with a means of understanding the way in which
(3.19) is lost right at confinement. The approximation that is most immediately suggested
by these considerations is obtained by using for all r > R;; the asymptotic form given by
(4.4):
pCi; = —pBqig;[/r — Blw™'(r,A)];; for r > R;; (4.4¢)
13



As in the confinement limit, we can either use the full w™? here for all r or, for analytic
simplicity, its asymptotic form, as long as L;; < R;;/2 and p is not too low. Using (4.3), we

have, for r > R;;
pCi = —pPqig;[r — 3Be™*" [4x L*r

(4.5)
pCi2 = —pPaig;/r + 3ABe™"" [4xL*r
When we use (4.4b), this can be rewritten as
pCii = —pBeigi[r — pvBeigie™ [(ev — 1)r
(4.6)

pCr2 = —pBqig2/r — Apv Ba1g2e™"" [(ev — 1)r
As they should, (4.5) and (4.6) satisfy ( 3.14) - (3.16) in the confinement limit A — 1.
The remarkable aspect of (4.6) - (4.7) is that they give rise to an approximation that, while
highly nontrivial, appears to be manageable analytically with known techniques. Near the
full association limit (where k < 1, A = 1, and pv = p). Eq. (4.7) will be only negligibly

different from the much simpler approximation

Ci; = —Bggie/(e = 1)r, r > Ry (4.7)

where € is the pure solvent dielectric constant at density p rather than py. This result will

in fact be close to (4.6) as well as the simpler

Cij = —ﬁ%’%‘/r (4.8)
for all degrees of association as long as € > 1. For the uncha.rged case in which ¢; = 0,the

value of B in (3.4) reduces to 1.

It is useful to re-express these results in terms of the correlations associated with density-
density, charge-charge, and charge-density correlations. In the symmetric case, R;; = R, this

is particularly convenient. The density-density term is

Hs = (Hu + Hl?)/2s (4-90)

the charge-charge term is
Hp = (Hu - le)/z, (4-95)
14



and the cross term vanishes. We have decoupled OZ equations for Hs and Hp. Eq. (4.6)
then yields

pCp = —pBg[r — (1 + A)pBge ™ [2(ev — 1)r (4.10a)
pCs = —(1 = A)pBg’e™ [2(ey — 1)r (4.100)

while (3.9b) with (4.1) yields
Hp = Aé§(r —L)/8xL?pforr <R (4.11a)

Hg = -1+ Aé(r —L)/8xL?p for r < R. (4.11%)

In the uncharged case, (4.10) reduces to
pCp = =3(1 + A)e™*" [4xL*r (4.12a)

pCs = =3(1 — A)e™™ [4nL?r (4.120)

All of these results starting with (4.5) reduce to (3.18) with (3.15b) in the confinement limit.

If we include only a é-shell €}, then any treatment in which (3.19) is satisfied will
be missing the w=!(r,A) term in (3.17). At confinement, we then satisfy (3.16) but with
A =1, so that when we evaluate ¢ from (3.16b) we find € = co. All standard approximations
(PY, HNC, MSA, etc.) will give (3.19) and thus will give ¢ = oo for short-ranged ¢} at
confinement. As long as we dén’t try to use (3.16b) as a means of computing e, this is not
a serious problem in terms of the error that will result in H;;. If we are dealing with model
parameters that would yield a large € if € were computed correctly (say € =~ 80) then we are
really talking about a C;; that is off by about 1% at confinement for large r (where C;; is
undetectable by direct means in the first place).

V. CONCLUDING REMARKS
The approximations of Section IV remain to be quantitatively assessed at the time of
this writing. Eq. (4.4c) requires numerical solution; [w™'] is not a simple enough function
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to handle analytically. On the other hand, Egs. (4.5) and (4.6) in principle can be handled
analytically, using the same techniques recently employed by Blum and his coworkers to
treat sticky-charged spheres. Zhou and Stell (1989) have already done the mathematics
associated with (4.7), (4.8) and (4.12) for a wide continuous range of core interpenetration,
R/3 < L < R. We give their results in our Appendices. The rest of this section will
be devoted to comments concerning the meaning of the mathematics of Section IV when
- contemplated for L >> R/2, for which one no longer has the steric restriction to dimerization
in the SSS model.

First of all eq. (4.4c) is the result appropriate to the shielded sticky point model (not
the SSS model) for the whole range L < R. The sticky point model is sterically restricted
to dimerization over this whole range. Its complete-association limit is simply the ISM-
approximation result, first proposed by Chandler and Anderson (1972), for the fused-core
dipolar dumbbell model. Thus it can be regarded as the natural extension of that result into
the realm of partially associated dipolar dumbbells.

Eqgs. (4.5) - (4.12) have a less obvious meaning when contemplated for L > R/2, but
they appear to be relevant to the SSS model, at least over some range of L/R values. This is
an intriguing issue, especially in light of the fact that when ¢ = 0 (which leads to B = 1) and
L = R the equations have exactly the structure of the Percus-Yevick (PY) approximation as
applied to the model of a hard-sphere mixture of species 1 and 2 with a “sticky” attraction
only between unlike species. (This is a mixture version of Baxter’s “sticky sphere” model
[Baxter (1968a)]).

For ¢ # 0 and L = R our equations have the same form as the hybrid PY/MSA
equations considered by Rasaiah and Lee (1985a, 1985b) in their investigation of the ionic
version of the same mixture model. We note however that our treatment of the p and S
dependence of A through our parameter S is in general different from that which comes out
of a PY/MSA treatment.

In order to help illuminate the meaning of (4.7), (4.8), and (4.12) for 2L > R, it is
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worthwhile considering briefly the expected behavior for L > R/2 of the ionic SSS model
that defines our dissociative dipolar dumbbell fluid when L < R/2. For L > R/2 the model
remains well defined but no longer describes particles that can only associate into dumbbells.

For all L, the model is defined by the pair potential

dotr) = { Dol fulrl r< 1)

where
fii(r) = f75(r) + 6(r — L)&;;/12x LT (5.2)

with
mo={s" @rse 53

Here f#5(r) is the hard-sphere Mayer f-function that describes the repulsive core of the
interaction, the é-function term of strength 1/7 describes the attractive “shielded sticky
shell” and the ¢?/r term describes the Coulombic interaction. Thus our stickiness parameter
is here being expressed in terms of 1/7, which it equals except for a trivial factor.

For L < R/2 the shielding of the repulsive core prevents any association except dimer-
ization between particles of species 1 and 2. In this regime, the recent approach of Zhou and
Stell (1992b) can be expected to give a satisfactory description of the relation between A
and the 7 of Eq. (5.2). From the earlier work by Cummings and Stell (1984) and Lee et al.
(1985) it is clear that this is not true of the PY closure (for ¢ = 0) or the PY/MSA closure
(for ¢ # 0). In particular, those closures violate the law of mass action at low densities.
The “simple interpolation scheme” developed by Stell and Zhou (1989a) and Zhou and Stell
(1992a, 1992b) satisfies the law of mass action but will not give a satisfactory quantitative
description of the relation between R and 7 in this regime. For L slightly larger than R/2,
the model describes particles that can associate into chains of alternating species 1 and 2. As
L/R further increases, a greater variety of branched chain configurations becomes possible.
In this regime the spatial decay of C;; seems difficult to assess for small 7 outside the core,
and (A1.4b) may well be too simple to be a reasonable approximation. Moreover the relation
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between A and T has not been investigated in this regime. For L still larger, so that L/R
is slightly less than 1, the system describes particles that can freely vulcanize into a wide
variety of clusters. Here (A1.4b) may offer a useful approximate description of the model,
since the special steric constraints that must be embodied in C;; for smaller values of L/R
in order to account for chain formation are no longer present for these larger values of L/R.

When considering the general case of (5.1) in which ¢ # 0 it is natural to take, in
equation (A1l.4b),

I = Ag, (5.4)

which follows from (4.8) for L > R/2, since the factor €/(e—1) of (4.7) loses its relevance when
one loses the steric constraint that assures that association only produces dipolar dimers for
L < R/2, while (A1.4b)) with (5.4) is consistent with (3.19) off the complete association
limit.

With (5.4) and (4.8) instead of (4.7), one is back to the simple MSA closure for r > R.
One must continue to choose a closure condition for r < R to determine A as a function of

7. For L/R less than (but close to) unity, the PY closure

c;(r) = fi(r)hii(r) + 1)/[£i5(r) + 1] (5.5)

appears to remain sensible for r < R.

On the mathematical side, we can continue to solve the set of equations of Appendix
I, for all R/2 < L < R and for this range we give the solution in Appendix III. In light of
our discussion here, the solution appears likely to offer a useful approximate description of
the SSS model only when L/R is a bit less than 1, although further work will be necessary
to elucidate this question.

As L increases from R/2, when it reaches the value R, a new complication arises,
since all steric shielding effects of the hard core relative to the sticky shell at r = L are
lost. This permits unbridled clustering or vulcanization of such an extent that the system
will lose thermodynamic stability, as one of us has already discussed in detail elsewhere

18



[Stell (1991)]. We have two remarks in this connection. First, the PY/MSA approximation
defined by (2.17) and (2.18) may remain a reasonable description of a system in which the
6(r — L) of (2.14) is replaced by a narrow sharply peaked function of finite height, reflecting
a narrow well in the pair potential of finite depth. (This is the sense in which the Baxter
sticky-sphere model and its extensions are typically used.) Second, a novel alternative way
of giving thermodynamic meaning to the PY/MSA solution of the model for L = R is to
regard it as an approximation to the solution for L slightly less than R (given in Appendix
III) where the model is free of the instability that sets in at L = R. Finally, we note that
all the closures to the OZ equation given in Section IV become “improper” closures in the

sense of Chandler and his colleagues, in the confinement limits.
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APPENDIX I: GENERAL TREATMENT OF EQ. (4.7) AND (4.8)

Our equations using (4.7) or (4.8) can be decoupled into the sum and difference equa-

tions

h,=c, + 2pc, * h,, (Al.1)
AL
h(r)=-1+ -2-:4-6(1' -L), v<R, (Al.2a)
c(r)=0, r>R, (A1.2b)
hg =C3— 2PC¢ *® hg, (A1.3)
hs(r) = %6(1- -L), r<R, (Al.4a)
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r

C.;(T') = :, r> R, (A14b)
with
h, = Hy, + Hy, L B C13+Cn, (Al.5q)
2 2
- H:z‘z—Hu - Cugcn. (A1.5b)

Applying Baxter factorization [Baxter (1968b,1970)], we have [Stell and Zhou (1989b);
Lee et al. (1985); Rasaiah and Lee (1985a, 1985b); Lee and Rasaiah (1987)]

rha(r) = ~¢(r) + 4p [ dta,(Or — (I — 1) (AL6a)
re.(r) = =g(r) + 4mp [ dta(t =)0 (AL6b)
rha(r) = ()} +4mp [ A+ SO Ohallr 1) (ALTa)
reg(r) = [ga(r)]' 4 4mpAagy(r) — 4mp _/o dtgg(t)[ga(t + )]’ (A1.7b)
where we have defined
e
ci(r) = cy(r) — e rooz—=0, (Al.8a)
q3(r) = qu(r) — Age™™, z-—0, (A1.8b)

and we also have [Stell and Zhou (1989b); Lee et al. (1985); Rasaiah and Lee (1985a, 1985b);
Lee and Rasaiah (1987)]

q(r)=0,q(r)=0, r>R, (A1.8¢)
— P 1/2
Ag = "(21-,0) ; (A1.9)
Substituting eqs. (Al.2a) and (Al.4a) into egs. (Al.6a) and (Al.7a) respectively, we have,
for0<r <R,
, AL?
le.(P)) +v[g.(r+ L) —q.(r=L)] = —-2—46(1- —L)+ar+b (Al.10a)

(8 + v1aB(r — L) — 3(r + )] = Seb(r — L)+ H + vAJ1 —0r — L)]  (AL105)
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where

v= TpAL: 5 (Alll)

6

R

a=1- 41',0] q,(r)dr (A1.12)

0

R
b= 4u‘p/ rg,(r)dr (A1.13)

0

H = 47pAsJ4(R) , (A1.14)
Ji(r) = /w rhqy(r)dr , (A1.15)

and 6(r) =0,r < 0;=1,r > 0. Both ¢,(r) and g¢j(r) are continueous anywhere except at

r=1L.

AL?
@(L+) = a(l-) = 5 (Al.16a)
qa(L+) = qa(L=) + 5 (A1.160)

Integration of eq.(A1.7a) yields

Jir) = =aulr) + 4w [ dtgl(O)u(lr — ) + 4mpds f Jy)dy + A2 (AL1T)

where the condition 87p [ Ju(r)dr =1 is used. At r = 0, we have [cf.(A1.15), (Al.4a)]

Ji(R) + é;; =—-¢3(0)+v /: digi(t) — % + [47p j;n diq}(t)]Ja(R) . (A1.18)

These equations have been analytically solved for ¢,(r) and g4(r) for the case L =

R/n,n =1,2,3,4,5. Analytical solution for R/3 < L < R is obtained in Sections IV and V
below.

Before closing this section, we point out that the parameter v is closely related to the

average relative concentration of dumbbells (i.e. degree of dumbbell association), which in

fact is given by A of our eq.(2.5):

wpAL®
3

=2L=A (A1.19)

21



When v = 0, we have completely dissociated dumbbells (charged hard-sphere fluids). When

v = 1/(2L), so that A = 1, we have the complete-association limit (dipolar dumbbell fluids).

APPENDIX II: SOLUTIONS FOR R/3<L<R/2

A. The Difference Equation

The mathematical method for solving eq.(3.10) for arbitrary L can be found in ref. 13
and is similar to the one used for the case of L = R/n. For R/3 < L < R/2, we needs to
divide the hard-core region (0,1) into the five intervals (0,1-2L), (1-2L,L), (L,1-L), (1-L,2L),
and (2L,1). Here and below, we shall use R = 1 for convenience. Following the method of

Baxter (1968b,1970), the solution of eq.(A1.10b) is

a%(r) = A;sin(v2vr) + Aycos(V2ur) + (H + -EAd)r +A;,0<r<1-2L,

2
= Bysin[v(r — 1+ 2L)] + Bycos[v(r — 1+ 2L)] + -{j—, 1-2L<r<lL,
= VEAscoslVau(r - L)] - VEAssinlvBu(r - L)) - 24, L<r <11,
= Bjcos[v(r — 1+ L)] — Bysin[v(r — 1+ L)] - g — A 1-L<r<2L,
= —Aysin[V2u(r — 2L)] — Ascos[V2u(r — 2L)) + (H + %Ad)(r 2 T - -‘;
2L<r<1,
(A2.1)

Coefficients A,, A,, As, B;, and B, can be obtained from eq.(A1.16b) and the continuity

condition of ¢3(r) at r =1—2L,1— L, 2L, and 1. After some algebra, we obtain

1 H
A, =K{7[_1 + 3¢, — 8, + V23,8, + 38,6, + V2356, — 2¢,¢;, — v(l— 2L)(\/§3132 - 2¢,6,)]
A
- -2—‘{—1 +3c, — 8, + 3¢5, + \/Z_sgcl + 2\/2-3133 —4ce —v(1 — 2L)(\/§sls, - 2616,)]

v
3 m[—l + ¢+ 2¢8, + \/53201}}
(A2.2)
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A, =%{§[—\/§ — 38, + V2¢ + 28:¢1 + V26,8, — 35281 + V260
+(1— 2L)(\/§ — 28361 — \/56231)]
A
ot ?d[—z\/i+ \/icl — 38, + 4550, + 2\/50231 — 3838, + \/2_0201 (A2.3)
+ (1 —2L)(V2 - 2s:6, — V20,8,))
v
—_ Eﬂ[&g - 28281 — \/50201]}

1 H
As =-5{-;-[—3\/§ — 52+ V201 + V2¢10, — 8183 + 3V20:8, + 4530

+v(1 —2L)(3V2 — 3V2¢;8, — 438,0,))
2 f;_d[—sz + V2¢, — 2V2¢;, + 2V2s, — 8,8, + V2¢,¢, + v(1 — 2L)(3\/§ — 3v2¢,3, — 45,6,)]

v
+ m -8+ \/501)}

(A2.4)

1 2H
B, =K{—[82 o \/531 = \/501 * \/§C231 + 826, —v(1 —2L)(sz — ‘/501)]

14
+ A‘[?Sz + \/551 — 2\/5(:1 + \/2_6231 + 8261 - V(l — 2L)(32 - \/501)] (A2-5)

V2

2v
+ -iE;I—[]. —C+ 281]}

B, =%{¥[—sz —V2¢;, + V25, + V2¢, + V2¢,¢; — 8185 — v(1 = 2L)(V2s; — V2¢,)]

+ Ag[—s; + 2V2s; + V2¢;, — 2V2¢, — 8185 + V2¢,¢, — v(1 — 2L)(V2s; — V2¢,)]
. 5[_32 T \/2_31]}

(A2.6)
where

A = =32+ V2¢;, — V23, + 320,38, + 4350, (A2.7)

¢, = cos[v(3L — 1)}, s, = sin[v(3L —1)] (A2.8)

¢ = cos[v2u(1 — 2L)), s, = sin[v2v(1 — 2L)) (A2.9)

n= ’_g.’ (A2.10)

Substituting egs.(A2.1), (A2.2), (A2.3), (A2.4) (A2.5) and (A2.6) into eq.(A1.18) we
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can solve for H [cf. (Al.14)]

2
o al+003+\fﬂl+20‘103 (A2.11)

24a4n

with a = —47pA,; and

a, = —6vV2 — 25, + 2v/2¢, — 425, + 2\/§c1 + 6¢,8, + 423,60, + (25, — 2\/§c1)Y (A2.12)

Gy = — ?[—8 + 6¢; — 4c, — 3\/2_.3, + 6¢c,c; + 48,6, + 4\/§c132 - 3\/2-31.93

+ (9 — 4c; — 35, + 3¢5 + 225, —4cycy — 9s1¢, — 6v2c,s; + 2v/25,5,)Y (A2.13)

+ (=3 + 51 — & + 38,6, + 2V26,5,)Y?]

as = —%{[(431 — 24¢2)s2 + (—245? — 45,)E — 34v/2¢,8,5,¢, — 6v/2¢,¢58, + 64/2¢, 8,5,
+ 34v2¢, 5, + 16s2c, + 48s,¢, + 8clc; — 125, — 24]Y
+ [(—12¢; — 4)s; + 24¢3 — 12¢,)s2 + [245? + 16¢,5, + 45, + 8¢,]c
+ [(34v2¢; — 16V2)s; + 12262 — 8v25? + 6v2¢, — 8V2]cys,
- 8\/2_3f33 - 16\/2-3133 — 621818, + 12\/5(:33, —34V2¢, s, + 8\/2—32

- 163?02 + 8C181C2 = 488162 = SCfCQ — Sclc:; + 1231 = 80181 — 1601 + 24}
(A2.14)

1
a, = ;{(3\/2_— V2, + V2¢; — 3v2s,¢, — 4c,3,)Y?
[-6\/5 +4V2¢; + 225, — 2V2¢; — 435 + 4v2¢,c; + 61/25,¢, + 8¢y 85 — 4s,8,)Y

+ (43, — 4c, + 4)sy + (— V23, — 4V2¢; + 3V2)c, + V23, — 4V2¢, + 52} ( )
A2.15

where Y = v(1 — 2L). It is worth noting that the excess energy satisfies BE** = aH/2 [Lee
et al. (1985)]. (H used here is equal to —H used by Lee et al. (1985), Rasaiah and Lee
(1985a, 1985b), and Lee and Rasaiah (1987).

B. The Sum Equation
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The sum equation (I.10a) can be solved in a similar way. Results are shown below.

q(r) = %a:r-2 +[b- %(l — 2vL)]r + ¢ + vsin(vV2vr) 4 ucos(V2rr), 0 < r <1 —2L,

- --};a(r —-L)- g - az(l —2vL) + gsin[v(r — 1 4+ 2L)] + pcos[v(r — 1 + 2L},

v
1-2L <r<L,
= %(1 —2vL) — V2vcos[V2u(r — L)] + V2usin[V2u(r — L)}, L<r <1-1L,
= -E-(r J) 4 S + %(1 — 2vL) — goos|y(r — 1 + L)) + psin[v(r — 1 + L)),
1-L<r<2L,

%ar"' + b+ %(l —2vL)lr+(1 - 2VL)% + ¢ — vsin[v2u(r — 2L)] — ucos[v2v(r — 2L)),

2L<r<1,
(A2.16)

The coefficients a, b, c, u, v, p, and g can be obtained from eq.(I.16a), the continuity condition
ofq(r)atr=1—-L, 1 —-2L, 2L, 1, and equations (I.12) and (1.13).

1 1-2vL 1-2vL
(§+ 2: Ja+ (14 z Jo+c—cu—sv=0 (A2.17)
%-c+u+slp—c1q=0 (A2.18)

1-2vL 1 b
[—§;—+;]a+;—\/2_32u+\/2_qv-—q=0 (A2.19)
1-2vL b AL?

L2 24 Vot eptag = (A220)

1 1 1 1
(E—L+2—v—;;)a+(l—2L+;)b+c+c3u+szv—p=0 (A2.21)

2
- %%—[(n —1)%? +2L(1 - 2L)v + 10L — 3]a
+ {1+ 27’?[(8!43 —241?+18L —4)v —6L* + 6L — 3]}b
6
—129(1 —2L)c - ;’2[—(2\/2'1,» —V2)s3+ (2L - 2)ve, + 2Lvlu
6
4 y—’j[-(zL —2)us, + (=2v2Lv + V2)e; + 2V2Lv — V3w

12
;. -”—;l[(l + Lv)s, + (1 =2Lv)e, + (1 = L)v —1]p

12
= —;22[(2Lv — Dy + ({Tv+1)e; + (2L =1)w=1]¢g=0

(A2.22)
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{4 ~[(8L* — 6L +2)v* + (- 18L’ +6L)v +30L —9]}a
+ 12—"[21, ~1][(2L = 1)o - 1]b+ 24n(1 — 2L)e + L1 — c3)u (A2.23)
12r,*

—s,0 + --—(1 +s8—a)p+ —(1 -8 —¢)g=1
These seven hnea.r equations can be solved by using matrix transformation.

When L =1/2,c, =1 and s, =0. When L =1/3, ¢, =1, 5, = 0. At these values of
L, all results presented here reduce correctly to results obtained in earlier work by Lee et al.
(1985), Rasaiah and Lee (1985a, 1985b), and Lee and Rasaiah (1987).

APPENDIX III. SOLUTIONS FOR R/2<L<R
When 1/2 < L < 1, the hard core region (0,1) is divided into (0,1-L), (1-L,L),and (L,1).
Analytical solution is shown below.

q3(r) = = + Bsin(vr) 4+ Bycos(vr), 0 <r<1-1L,
v

= (H+vA)r-1+L)+4, 1-L<r<lL, (A3.1)

= _% — Ag + Bycos[y(r — L)] = Bysin[v(r — L)], L <r <1,

7, 1+{£[c1 By DL 50} 4 Ao 8y — DL — )]~ —V-.s;} (A3.2)

1

Bz=1_3

{—[1 -8 —2¢,—v(2L 1))+ A4l — 81 —¢; —v(2L - 1)y — c;} (A3.3)

A= 1—{—[c1 -8 —1—=v(2L =1)]+ A4le; =1 — V(2L -1)] - — (A3.4)

where ¢; = cos[y(1 — L)}, s, = sin[y(1 — L)}, and v, A,, and 7 satisfy equations (Al.11),
(A1.9) and (A2.10) respectively. Besides, H still satisfies eq.(4.11) but with

a=—-2+¢-Y (A3.5)
= -11:[(1 +8,)Y? — (3s; —4¢; + 3)Y — 25, — 6¢, + 6] (A3.6)
as = —l[—(c,sl —a)Y +2¢,8;, —4s; —2¢; — 2¢; + 4] (A3.7)
a, = —[(1 +8,)Y? — (48, —4c, +4)Y — 8¢, + 8] (A3.8)
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where Y = v(1 — 2L).
For the sum equation, we have
a.(r) = —%r + %[1 —vL] - -E + pcos(vr) + gsin(vr), 0<r <1-1L,
=%ar3+br+u,1—L5r$L, (A3.9)
- %r - %(1 —vL)+ % + psih[v(r —L)] —geos[y(r—=L)], L<r <1,

where a, b, u, p, g satisfies 5 linear equations.

1 1 1
[; + ;';(1 - VL)]G + ;6 +sp—cg=0 (A310)
1 L 1 AL?
r=gl+G-Db-u-g=—-7 (A3.11)
-1 (1-L) 1
e+ o e (0 - 0+ 2t u—cp—sig=0 (A3.12)

= 535’;[(41,3 —6L?+4L —1)s* — 8L +8]a
4n

+ {1 - =[(2L® - 3L% + 3L — 1)v — 3L + 3L]}b
v 1 (A3.13)
+6n[l — 2L]u — v—:’{_[(L — 1)y =1]s; + (1 —v)e; + Lv —1}p

~ 2L =1y = Te + (1= v}y +1)g = 0

{1+ 2—2[(21,3 —3L*+4+3L -1 +6L(L —1)v —12L + 12]}a + 69(2L — 1)b
v 129 129 (A3.14)
+129[2L — 1Ju — T[—s1 +c-1p+ 7[—-31 —a+ljg=1
When L = 1, and L = 1/2, our results reduce to the results obtained in earlier work
by Stell and Zhou (1989a); Zhou and Stell (1992a, 1992b); Lee and Rasaiah (1987); Baxter

(1968a).
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