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Spin-combustion regimes were discovered while
burning cylindrical samples pressed from hafnium pow-
der in a nitroger—argon mixture [1]. The authors of [1]
observed the appearance and spiral motion of a bright
spot (combustion center) over the lateral surface of a
sample. Analysis of experiments has shown that the
interaction between hafnium and nitrogen predomi-
nantly occurs in near-surface sample layers. In the case
of gas-free combustion, surface layers can also often be
distinguished because of their interaction with atmo-
spheric oxygen, cooling, or special heating (“thermal
cylinder” [2]). These facts make it possible to reduce
solving the problem to considering combustion of a
thin cylindrical shell. In [3], typical spin regimes were
investigated numerically. However, later on, other
regimes of spin propagation of the combustion front
were experimentally obtained. In addition, counter
motion of the combustion centers was observed in the
experiments [4, 5]. As was shown in [3], in the case of
classic spin burning, the motion of a combustion center
can occur in both clockwise and counterclockwise
directions. In addition, in the same region of parame-
ters, there exists also a possibility of counter combus-
tion-center motion, although such aregime is unstable.

In this study, we demonstrate that there exist regions
of parameters wherein the counter motion of combus-
tion centers is stable and the mechanism of possible
counter propagation of the combustion front can be
explained.

We consider the combustion of a sample having the
shape of athin-walled tube pressed from a mixture of
solid reagents. We assume that initial reagents, as well
reaction products, being in the solid phase, are charac-
terized by the thermal homogeneity. Theignitionis per-
formed on the upper end of a sample, and the combus-
tion front moves from the top to the bottom. We employ
a simplified model of the process, which takes into
account only the heat-transfer in the sample, the mac-
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rokinetics of interaction between reagents, and the heat
dissipation to the environment of the cylinder.

The mathematical model can be written out in the
following dimensionless form:
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Fig. 1. (a) Positions of the combustion front at successive (At = 10) time moments (a4 = 0.75, Ry = 13) and the temperature distri-
bution in the combustion front (only the near-front domain is shown); (b) formation of ahigh-temperature zone at a point of merging
combustion centers; (c) and (d) propagation of the front from the merging point upon decreasing the temperaturein the reaction zone.

Q
c
temperature (we take it as equal to the adiabatic-com-
bustion temperature); T, isthe ambient temperature and
the initial temperature of the sample; c is the specific
heat; Q is the thermal effect of the reaction; n is the
conversion level for a limiting component; p, is the
mass of the condense phase per unit volume; tistime;
¢ and h are the spatia coordinates (angular and along
the cylindrical axis, respectively); A isthe heat conduc-
tivity; k, isthe preexponential factor; E isthe activation
energy; Risthe gas universal constant; a; is the factor
determining the heat-transfer from the sample surface
to the environment (in this study, a, = 0); r, and h, are
the radius and the height of the cylinder, respectively;
tign iIsthetime of action of theignition pulse; and Td and
Ar are the Thodes and Arrhenius criteria, respectively
(similar to [6]).

Here, Tistemperature; Tj=T,+ = isthecharacteristic

This mathematical model of the combustion process
was numerically investigated using the finite-difference
method. We employed a nonuniform spatial calculation
mesh with a nonfixed number of nodes, which was
adapted to the desired solution. To do this, the mesh
nodes were concentrated in the domain of the combus-
tion front. As the sample burns, sample buildup
occurred from the reagent side and reaction products
far from the front were cut off. These properties of the

calculation mesh made it possible to reduce the time of
attaining the steady-state regime and, on the other hand,
to accelerate the calculation procedure. As defining
parameters, o4 and R, were used. The parameter oy =
9.1Td — 2.5Ar defined in [7] (at a4 < 1) characterizes
the depth of penetration into the domain in which the
plane steady front is unstable. The boundary separating
the stable and unstable one-dimensiona regimes is
determined by the condition ay = 1. The parameter R,
corresponds to the ratio of the cylinder radius and the
characteristic value of the reaction zone. It was condi-
tionally supposed that the front is a set of points on the
cylindrical surface where half the limiting reagent has
reacted.

Figure 1 shows a regime that can be observed for
small-diameter samples. This regime was obtained for
single-center spin combustion after reducing the sam-
ple diameter. The mechanism of the front propagation
is the following. After merging combustion centers, a
zone arises in which, owing to the cumulative effect,
the temperature is considerably higher than that in each
combustion center. However, because of the smallness
of the sample radius, a well heated zone does not yet
form at thistimeinstant in the domain of fresh reagents.
Therefore, the combustion of materials occurs as unre-
acted reagents are heated owing to a high-temperature
zone arising in the area of combustion-center merging.
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Thefront line takes the form of an arc with its center at
the point of merging. With removing the reaction front
from this point, the front velocity decreases as long as
the front sections approach each other on the opposite
side of the cylinder. There, the combustion centers merge
again and the process is repeated. Figures 1b—1d show
the temperature distribution on the evolvent of the cyl-
inder surface for the time elapsed from the combustion-
center merging to the subsequent merging on the oppo-
site side. The question naturally arises as to whether
this mode can be considered a steady-state regime. In
the plot, nine periods are shown. While performing the
calculations, the periodicity of the system behavior
remained unchanged for 40 periods. This fact implies
that, furthermore, the combustion type also does not
change. The region of existence of thisregime is rather
narrow. An insignificant decrease in the sample diame-
ter may result in transformation of the combustion into
pulsatory propagation of the reaction front. Conversely,
with increasing the sample diameter, the regime can be
transformed into the classic spin regime with a single
combustion center. For the stability criterion used in
Fig. 1,i.e, for ay =0.76, thisregime existsin the inter-
val 10.5 < R, < 15.9. It isworth noting that, due to the
nonuniquenessin the case of 12.2 < R, < 15.9, the sam-
ple combustion may proceed in both the regime pre-
sented in Fig. 1 and the classic spin regime.

In study [5], the regime referred to as circular com-
bustion is described. Thisregimewas reproduced in the
process of the numerical simulation of the initial sys-
tem of equations. In essence, this regime is intermedi-
ate between the plane pulsatory one and the counter
spin regime described above. Therefore, this type of
combustion front propagation can be more adequately
termed pul satory-spin waves. In thisregime, as before,
“depression” zones and rapid-combustion zones of
well-heated layers change each other. However, the
combustion front is curved and the combustion of the
well-heated layer occurs as a result of the motion of
front sections moving toward each other. After merging
the combustion centers, i.e., after complete burning of
alayer heated during the preceding period, adepression
appears again. Dueto the front curvature, the next igni-
tion occurs (after the heating of the subsequent layer
has been completed) in the zone with the maximum
front delay. Thisis explained by the summation of heat
flows from nei ghboring domains advancing the delayed
front section. Furthermore, the process is repeated.
However, the investigation performed testifies to the
instability of such a regime. It inevitably transforms
into either the classic spin regime (Fig. 2) or the above
regime with counter motion of the front sections. In
experiments when only alimited number of periods are
observed, such a regime may seem to be stable. It is

1 The front structure is symmetric with respect to a certain (arbi-
trary) cylinder generatrix.
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Fig. 2. Positions of the combustion front in successive (AT =
10) time moments (a4 = 0.75). Propagation of the combus-
tion front and its transformation at R, = 15 and R, = 16:
(1) pulsatory-spin combustion propagation; (I1) regime
transformation stage; (111) regime of front propagation at the
expense of heat inflow from the high-temperature zone
formed at the point of merging front sections; (IV) spin-
combustion regime.

possible to find pulsatory-spin waves in the process of
burning samples of small radius.

As is well known [3], when increasing the sample
radius, a single-center combustion regime initialy
transforms into a two-center regime. Furthermore, the
number of combustion centers can increase. In this
case, adl the combustion centers move in the same
direction (clockwise or counterclockwise). However, in
the high-instability region, the situation changes. The
increasein the cylinder radius results in the appearance
of a second combustion center moving in the opposite
direction with respect to thefirst one (Fig. 3). After both
combustion centers meet on the opposite side of the
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z sample, they merge and, as aresult, a high-temperature
3004 zonearises. Itiswell known [3] that both anincreasein
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Fig. 3. Positions of the front combustion in successive opposite side of the cylinder occurs (Fig. 4). Further-

(AT = 32) time moments (ag = 0.47 and Ry = 75). In the more, the process repeats itself.

high-instability region, the given classic regime is unstable . . .
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Fig. 4. Counter combustion regimesin the region of strong instability (0 g = 0.47 and R, = 48). Temperature distribution in the com-

bustion front (only the near-front domain is shown): (a) appearance of new combustion centersin the high-temperature zone formed
at the point of merging combustion centers; (b) and (c) front propagation from the point of merging combustion centers asafunction
of the temperature in new combustion centers; (d) position of the combustion front in successive (At = 32) time moments.
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theviability of thisregime. Firgt, it existsduring alarge
number of periods without changing its structure. Sec-
ond, if within the region of high instability the classic
spin regime is taken as the initial condition, then it
transforms into the regime of counter-propagating
combustion centers (Fig. 3). With further penetration
into the instability region and an increase in the sample
radius, multiple counter regimes may appear.

Thus, while burning small-radius samples, the
merging of combustion centers moving counter to each
other can be followed by either depression (if the tem-
perature in the combustion center formed at the merg-
ing point is too small to initiate the combustion of the
cold layer of reagentsthat are situated lower) or propa-
gation of the combustion front, which is caused by heat
inflow from the formed high-temperature zone. In this
case, the temperature in the reaction zone and the rate
of its motion decrease as this zone moves away from
the high-temperature domain. Within the high-instabil-
ity region, an increase in the sample radius leads to
counter motion of well-pronounced combustion cen-
ters, whose temperature and velocity increase as they
move away from their point of generation.
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It is shown that, in one-dimensional geometry, the
principle of the minimum of entropy production in
equilibrium final states is correct in one general situa-
tion. Two examples taken from the solid-body conduc-
tance theory are considered.

For a solid body with no external loads and no
regard for heat expansion, which ensures the constancy
of stresses and density, the equations of energy and
entropy balance have the form

pc%t = —divq = div(kdT), €))
0s_ 997 _ - 9%
R TRl R s e N

—(qD)— = KBDTTE =0>0,

where sis the entropy and o is the entropy production
rate. The subscripts e and i are related to the external
and internal parts of the variation in the total entropy

S= [psdV; other designations are the same as in [1].
The entropy balance is described by the equation
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For arbitrary temperature dependencesk(T) and c(T), the
entropy production rate o is determined by the equation
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from which, on account of the condition

KT = const, 5)
we obtain
T

Note that the differential expression (4) degeneratesin
the steady-state situation, which suggests the need for
its transformation (transition to the integral representa-
tion). In the integral form, both for T, = const and for
0. = 0, expression (6) takes the form

OZ ___ N D@TD
DatD ZIpCBTOtD dv <O0.

This means that o and Z decrease monotonically in the
course of system evolution, tending to the minimum
values which are attained in the steady-state condition
(the minimum is equal to zero in the equilibrium state).
Thisresult is generally known as the minimum entropy
production principle [2, 3]. In the case considered here,
this principle is realized on the condition that the
kinetic coefficient L in the Fourier law

- Lpdo
q_LDD‘rD

is constant in accordance with condition (5). Note that
this condition is satisfied for metals at low tempera-
tures [4], when T < 6 (B is the Debye temperature).
Itisasserted in [2, 3] that the discussed principle holds
only for L = const. We will show that, in the one-dimen-
sional geometry, this principleis correct in one genera
situation. We start with the representation of Eq. (4)
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intheform
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wherex = & and the subscriptst and x denote the par-
tial derivatives. Separating the complete derivative
in (7), we obtain
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When K < 0, we have
(01); <0,

which corresponds to the minimum entropy production
principlein the final state.

We give here two examples from the solid-body
conductance theory. For metal s, the power-law temper-
ature dependences are valid [4],
c=BT"

K = AT, (10)

and, on account of (9), parameter K takes the form
K=({+2)I+m+3).
This means that the condition K < 0 is satisfied for
2<l<—-(m+3)or—-(Mm+3)<l <=2,

while the condition K > 0 holds for
| >-2,

The domain of unconditional fulfillment of the mini-
mum entropy production is hatched in Fig. 1. We
clearly see the exclusiveness of the value | = -2, which
is indicated in [2, 3]: this is the only function k(T)
ensuring, irrespective of the form of the ¢(T) depen-
dence, the entropy production minimum in the fina
state, which, in this case (I = —2), is an equilibrium
state. As follows from Fig. 1, the domain of uncondi-
tiona fulfillment of the entropy production minimum

I>-(Mm+3)orl<-2, |<—-(m+3).

DOKLADY PHYSICS Vol.46 No.5 2001

305

(=i S )
T

1

-9 -8 -7 -6 -5

4 3 2 -1 0
!

Fig. 2.

in the final state comprises one fourth of the domain
occupied by all possible values of | and m [ (-0, o).

For dielectric substances, the following temperature
dependencestake placeat T < 6:

K = AexpEQD c = BT"

o

(A ~ B isthe photon energy [4]). Taking into account the
relationships

(11)

dink _ A _ d?Ink

dinT = T @ T 70

—HI>

we find from (9)

K=(l+2m+(>+6l+6)=(1-1)(m-=m,),



306 PLESHANOV

where Theauthor isgrateful tol.M. Mazilinand N.A. She-
velev for their assistance in performing this study.

l1=-2, m=-(1+4)+ ——2——.
I +2 REFERENCES

: 1. L. D. Landau and E. M. Lifshitz, Course of Theoretical
The domain located between the branches m,, where Physics, Vol. 6: Fluid Mechanics (Nauka, Moscow,

the entropy production minimum is unconditionally 1086; Pergamon, New York, 1987).
attained, is hatched in Fig. 2. 2. |. Prigogine, Etude thermodynamique des phénoménes

We should make some conclusive remarks. The con- irréversibles (Dunod, Paris, 1947).

: ‘ ; ; 3. S.R.deGroot and P. Mazur, Nonequilibrium Thermody-
straint by one-dimensional geometry is dueto the prob namics (North-Holland, Amsterdam, 1962; Mir, Mos-

lematic representation of the quantity (OS)’AS, with an cow, 1964).
arbitrary scalar S, by the sum of the divergenceandthe 4 g 1. Lifshitz and L. P Pitaevskit, Physical Kinetics

source. Next, the case g__clz_ (Nauka, Moscow, 1979; Pergamon, Oxford, 1981).

cally reactive medium. Translated by A. KozZlenkov

< 0 ispossiblein a chemi-

DOKLADY PHYSICS Vol.46 No.5 2001



Doklady Physics, \ol. 46, No. 5, 2001, pp. 307-309. Translated from Doklady Akademii Nauk, Vol. 378, No. 1, 2001, pp. 41-43.

Original Russian Text Copyright © 2001 by Yushkov, Bugaev, Krinberg, Oks.

PHYSICS

On a Mechanism of lon Acceleration
iIn Vacuum Arc-Discharge Plasma

G. Yu. Yushkov*, A. S. Bugaev*, I. A. Krinberg**, and E. M. Oks***
Presented by Academician G.A. Mesyats November 11, 2000

Received December 5, 2000

The unremitting attention to the study of vacuum-
arc discharge[1, 2] is caused by itswide application in
high-current and high-voltage switches, sputtering
facilities, and ion sources [3]. At the same time, there
exists no conventional concept of the vacuum-arc phe-
nomenon whose specific feature is arapid transforma:
tion of cathode material into the liquid phase, super-
dense gas, and plasma. (The latter is being subse-
guently transformed from a dense nonidea state to a
moderately rarified one and finally to a collisionless
state.)

Among the key experimental facts established while
studying vacuum discharge, an important part belongs
to the existence of directed flows (jets) of ions moving
towards the anode, whose energies exceed the energy
determined by the voltage of the discharge burning.
At present, there exist three standpoints concerning the
mechanism of ion acceleration and its spatial locali-
zation:

(i) The acceleration occurs at high densities (non-
ideal plasma or metal-density gas) in the region of
hydrodynamic and electromagnetic discontinuities
under phase transitions [4, 5].

(if) The gas-dynamic acceleration of plasma takes
place under the action of a pressure gradient (main-
tained by Joule heating by the electric-current flow).
This occurs at gas densities ensuring the identity of
directed velocitiesfor different-chargeions dueto elec-
tron—on and ion—ion friction [6-8].

(iii) The ions are accelerated by an electric field
towards the anode due to the nonmonatone distribution
of the electric potential (potential hump) in the absence

* | nstitute of Heavy-Current Electronics,
Sberian Division, Russian Academy of Sciences,
Akademicheskii pr. 4, Tomsk, 634055 Russia
** |rkutsk State University,
bul’v. Gagarina 20, Irkutsk, 664003 Russia
*** Tomsk State University of Control Systems
and Radio Electronics,
pr. Lenina 40, Tomsk, 634050 Russia

of collisions. By virtue of this fact, the ion velocity
grows with theion charge [9, 10].

The available experimental data are of a contradic-
tory nature. For example, Davies and Miller [10] found
that the ion velocity linearly increases with the ion
charge. At the same time, in a number of other studies
(e.g., in the experiments of Tsuruta et al. [11]), mea-
sured ion velocities, under certain conditions, were vir-
tually independent of ion charge.

Emission methods [12] for studying processes
intrinsic to vacuum-arc discharge, which are currently
being developed by us, consist in determination of the
parameters and characteristics of plasmaon the basis of
analysis of the ion current extracted from the plasma
and the charge components of the current. In this paper,
we present the results of an analysis (by the emission
method) of directed ion velocities in a vacuum arc.
Their comparison with the calculated data allows us to
make conclusions on the principal mechanism of ion
acceleration in the vacuum arc.

The schematic diagram of the experiment is pre-
sented in Fig. 1. When burning the vacuum arc (T, =
400-800 ps and I, = 100-500 A), the plasma flow
emitted by cathode spots filled the anode cavity. The
ions extracted from the plasma were accelerated by a
multiaperture three-grid accel erating—decelerating sys-
tem with apermanent applied voltage of 10-25kV. The
charge distribution of the accelerated ion flow was ana-
lyzed by means of atime-of-flight spectrometer [12].

The ion velocity in the vacuum-arc discharge
plasma was measured according to the time delay
between the moment of a weak disturbance of the arc
current and the reaction of the extracted ion current. In
this case, analysis of the evolution of the ion currents
with different charges made it possible to measure their
directed velocities. The disturbance was formed by
either a short-term jump in the arc current or its forced
break. The time delay t between the arc-current distur-
bance and the emission-current response involves the
time of flight t, of the ions having desired directed
velocity V; through the discharge gap, as well as the
total time t, for anion to be in the accelerating gap and
the drift space (in this case, under our experimental

1028-3358/01/4605-0307$21.00 © 2001 MAIK “Nauka/Interperiodica’
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Fig. 1. Schematic diagram of the experimental setup.

conditions, t > ty). It isworth mentioning that the basic
ionization processes in the vacuum-arc discharge occur
near the cathode spots at distances not longer than
1 mm from the cathode surface, which is much smaller
than the length | of the discharge gap. Therefore, it is
easy to determine the directed ion velocity in plasma
according to the measured time t, the calculated value

1
t—ty’

As experiments have shown (see Fig. 2), indepen-
dent of the cathode material, the time responses to the
current jJump or break were rather similar for ions with
different charges. From these results, it follows unam-
biguoudy that the values of the directed velocity for
ions with different charges and, hence, their Kinetic
energies turn out to be virtually the same.

Thisresult contradictsthe conventional modern data
obtained by Davies and Miller [10]. The analysis of the
experimental conditions described in [10] testifies to
the fact that the pumping equipment employed in these
experiments, probably, could not provide a high vac-
uum due to the intense gas liberation which occurred
during arc burning. The elevated pressure of the resid-
ual gasinthedischarge gap could affect the directed ion
velocities. For verifying this suggestion, we have car-
ried out experiments with the goal of measuring the
directed ion velocities at an elevated pressure under
conditions of forced gas puffing into the discharge gap.
As was expected, the elevation of the pressure p led to
adifferent decrease in the velocity V, for ions with dif-
ferent charges. For relatively high values of pressure,
p> 1072 Pa, the measured velocities approach those
observed in [10]. Thus, the existence of different
directed velocities of ions of different chargesisintrin-
sic to the vacuum-arc plasma only in the case of ele-
vated gas pressure. This fact is, apparently, associated
with differencesin the processes of deceleration of ions
of different chargesin a gas rather than with the condi-
tions of their acceleration.

The identity of directed velocities for different ion
charges made it possible to considerably simplify the
process of measuring ion velocities for various chemi-
cal elements without application of a time-of-flight

of ty, and the known distancel: V; =

spectrometer. In these experiments, the ion velocities
were determined by the time shift between the dis-
charge-current modulation and the total ion-current
response. The velocities measured for various cathode
materials, including the mgjority of conducting ele-
ments of the periodic system, are presented in Fig. 3.

In [8], the general solution to the problem of expan-
sion of acurrent-carrying plasmainto vacuum from the
surface of a sphere with radius r, was obtained. This
solution can be compared with a cathode microspot of
sizea= 1-10 um[1, 2] that emitsaplasmajet. Slightly
modifying the results of [8], we can represent the ion

L D/ [ZDdellz
velocity intheformV, = MV, where Vs = 0 il
m
is the velocity of the (ionic) sound at the critical point
r =r(whereV, = Vgand M = 1). Here, M isthe Mach

number; y = g

average charge and ion mass, respectively; and T, isthe
electron temperature at the point r = r3 The Mach
number is a universal function of the dimensionless

is the adiabat index; (ZOand m, are the

lon current, arb. units

1.0 o = Mg*

o e Mg?*

0.8
0.6
0.4
0.2
1 1. ———8—8—
0 2 4 6 8 10 12 14 16
Time, us

Fig. 2. Mg-ion current as a function of time after ajump or
abreak of the vacuum-arc current.
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Fig. 3. Experimental and calculated values for velocities of
ions of different chemical elements.

length rL , Wherer isthe distance from the sphere cen-

*
ter. At distances exceeding 1 mm, the Mach number
virtually attains its ultimate value M;;,, = 3.5. Since all
available measurements of ion velocities were certainly
performed at longer distances, we can accept for theion
velocity inthe main part of the interel ectrode gap under
the conditions of avacuum arc that

lim _ _ (20O Y2
Vi =My Vs= Om O

To calculate ion velocities V!im , measurements of
theionic composition [13] and values (found from it) of
the electron temperature T, [14] were used. The values

of V{"™ obtained are givenin Fig. 3. Asis seen, they are
in good agreement with the measurement data. This
fact alows us to draw a conclusion on the prevailing
gas-dynamic acceleration mechanism involved in the
attainment of the observed velocities by ions. Of
course, in the initial stage of motion (when V, < Vy), a
certain acceleration of the cathode material in phase
transitions to the liquid-metal state or the state of a
super-dense gas [4, 5] is also possible. However, the
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contribution of this mechanism to the final value of the
ion velocity does not exceed 20%. As our measure-
ments have shown the absence of velocity differences
for ionsof various charges, the accel eration at the phase
of collisionless plasma expansion turns out to be still
less significant.
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In 1873, van der Waal sfirst made the suggestion that
the equation of state, when being written in an appro-
priate coordinate system, must take the same form for
al liquids and solutions (similarity law). This hypothe-
sis was confirmed by later experiments. However, the
range of validity of the similarity law turned out to
involve not the entire phase diagram, as had been ini-
tiadly assumed, but only a certain, sometimes fairly
wide, neighborhood of a critical point. Since the corre-
lation radius increases with approaching the critical
point, the universality of the equation of state is evi-
dently related to this process. However, attempts to
show how an individual equation of state degenerates
into auniversal one have failed to date. In this paper, we
pioneer this type of analysis on the basis of the Orn-
stein—Zernike equation. In addition, we formulate the
so-caled critical equations of state in themselves and
investigate some of their corollaries.

THE ORIGIN OF THE SIMILARITY LAW

The Ornstein—Zernike equation is known to repre-
sent the conventional Gibbs distribution written in the
form of an integral equation determining the correla-
tion function h(r), where r is the distance between the
particles[1]. The exact solution to this equation can be
written out in the form of a series in eigenfunctions of
the asymptotic Ornstein—Zernike equation [2]:

_ A SXp(Agr)
h(r) = A%

exp(-A;r) M
Zp—[B sin(p;r) + C;cos(y;r)].

j
Here, the constants A; and ; are the roots of the tran-

scendental equation 1 — pA(A, W) =0; p_ |stheden—

sity of the liquid; and A, B, and C; are, in the general
case, continuous functions of the density p and temper-

Institute of Physical Chemistry,
Russian Academy of Sciences,
Leninskir pr. 31, Moscow, 117915 Russia

ature 8 = KT. [The summation in (1) is performed over
the entire infinite set of roots for the transcendental
equation.]

Substituting (1) into the expression for the isother-
mal compressibility of the liquid, which is presented
in[1],

_ oo N
DSPD Dl+4anh(r)r drg, )
0
we arrive at the expression

—[ﬂ + 4np[A
Ao
3

M)’ = ()’ %E
T+ )10

9p
oP

2\,

+ +C
ZD T+ (W7’

where P is pressure.

op
The derivative 3P
tend to infinity. Since the amplitudes A, B;, and C; are
always bounded [2], the fact that the compressibility
tendsto infinity can only be due to the vanishing of the
single real root A, of the transcendental equation 1 —
pPA(A,) = 0. However, as is seen from formula (3), the
compressibility does not exhibit an unbounded increase
as A or y; with j > 0 approach zero (or infinity).
The vanishing of A, is evidently equivalent to the
correlation radius becoming infinite:

at the critical point is known to

_1
R = T “)
A
Hence, the term M entering into the general

solution to the Ornstein—Zernike equation (1) in the
neighborhood of the critical point describes the asymp-
totic behavior of the general correlation functions. All
the remaining terms of the series[in (1), they are under
the summation sign] determine the behavior of h(r) at

1028-3358/01/4605-0310$21.00 © 2001 MAIK “Nauka/ Interperiodica’
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small distances, i.e., when the general correlation func-
tionisindependent of the form of the interaction poten-
tial d(r). Assoon asthe contribution of asymptotic dis-
tances exceeds that of small distances, we can ignore
in (3) both the unity (corresponding to the ideal-gas
compressibility) in the braces and the sum (describing
the interparticle interaction at small distances) in the
square brackets. As a result, Eg. (3) is reduced to the

equality

£~ 5)

Since this expression does not contain a sum allowing
for the specific properties of the medium, the behavior
of the compressibility becomes universal. Therefore,
all the remaining parameters of the medium also begin
to behave universally.

The formulas obtained above are easily generalized
for solutions [3]. In this case, the transcendental equa-
tion determining the roots A; and |; becomes rather
complicated and the constants A, B;, and C; in (3) (for a
binary solution) are replaced by the sums

A= A+ 285+ Ay, BJ:B;+ZB;+BQ,(®
Cj = Cla+2C}y + Cly,

Nevertheless, the basic conclusion remains valid. We
imply that the behavior of a solution in the neighbor-
hood of acritical point is determined by the single real
root A,. Thisfact is areason for the universal behavior
of solutions.

THE CRITICAL EQUATION OF STATE

More rigorous analysis of the compressibility in the

neighborhood of acritical point indicatesthat A= Aj A,
at thispoint, wheren = 0.05 isone of thecritical indices
and A, = const isindependent of A, [4]. Moreover, since
Ao = const £y, where v = 0.63 is another critical index
— ec
S

Cc
distance from the critical point, then equalities (6) can
be written out in the form [4]

and gy =

isasmall parameter characterizing the

op _ 4mpAo _ . _
=Gy Tk for p=pe O

where y=v(2 — n) and K, is a constant independent of
Ao - In the same manner according to the theory devel-
oped in[1], the pressure P and specific heat ¢, at a con-
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stant volume are given by

P-P, = me for 0 =6,
’ %: ®)
and c, = Co€y for p=p,.

p B pc

Cc
¢, are certain constants, a = 0.11 and & = 4.6 are the
critical indices, and the subscript “c” related to differ-
ent functions implies that the value of the function is
taken at the critical point.

In essence, the expression P — P, = msﬁ represents
an equation of state; this equation is valid, however,
only along the isotherm 8 = 8. In the general case,
when 6 # 6., the equation of state must take the form

P-P.= Tq)sg + f(€,, &), where an unknown function
f(g,, €5) must vanish for 6 = 0.1 It is natural to define
this function in such amanner that condition (7) for the
compressibility will be satisfied in the neighborhood of
the critical point. Hence,

Here, g, = isthe second small parameter, 11, and

P—P, = Te, + ko €,€8,
_dp _ _Og, _ 1 9)

Ke—a_P—pca_P—m.

C

P-P
PO ’P():T[()’q:Spi

andt = (k1) Weg, we arrive at

Introducing the variables p =

gt k=99-_Ko
p=q +qt, K——p—6q§_l -, (10)
WhereKO:%;.

Since for 6 = 6., the chemical potential (1 obeys the
identity dy = d—pp . then the equalities

dy _ Hodm _ P dp

dp pcdg  p(l+q)dg
are valid, where m = E—;—H—C Assuming that Y, = %’
0 c

we have

d_rn: _ty +6—q5_1
dg 1+q 1+q°

L1n the neighborhood of a critical point, both €, and &g are small
parameters. Therefore, the correction f(sp, €g) to the degenerate

equation of state (8) can aso be sought in the form of a small
addition.
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Ultimate lawsfor various directions of approaching acritical
point

Pressure Const ~ty+1 ~qd
Compressibility ~tY ~tY ~qd-1
Chemical potential Const ~ty+1 q®
Specific heat ~ta ~t@ 00

Integrating this expression within the limitsq =0
and q yields

15q° 1dg
— +Y
=t In(1+q)+J’—1+q

° (11)
q

= (t"+3g° 1) In(1+q)-3(5— 1)J’q5‘2|n(1 +q)da.

H—Hc

Ho

m =

Expanding In(1 + g) in (11) in terms of a power series
of g, we now obtain, within an accuracy to linear terms,

that W — Y. = P ; PC. The allowance for the quadratic

termsyields
_ 0 2 o) +1__
m=q +qt 1+6q 2q
(12)
O 5+1

P-1vsd 30

We, finaly, consider the behavior of the specific
heat in the vicinity of acritical point. The specific heat

E-?—g% at aconstant volumeis known to berelated
to pressure by the equality [5]

p2 @Cd] — e Eaz_H] .
Copty ~ e,

Taking into account that p = p.(1 + €,), 6 = 0.(1 + &),
dp = p.de, , and d6 = 6.deg and ignoring the small quan-
titiese,, €9 < 1, we arrive at the relation

0c, _ _Po d%p
0g,  PcBee?
o 1-(2ly)
Wesetc= %,Wherecﬁ >, - Inthiscase, the
0 cYch™o

equation for the dimensionless specific heat takes the
form

oc _ @
€= 2P - yy-1at'

13)
aq ot? (

MARTYNOV

This equation determines the function ¢ with an accu-
racy to the arbitrary function f(t) of temperature. In
order for the solution to Eq. (13) at g = 0 to transform
into formula (8), the function f(t) must take the form
t™@, Asaresult, we arrive at

C—C.
Co

c=

= ——v(v gt 2+t (14)

Thus, we obtain equations that describe the behav-
ior of the pressure, compressibility, chemical potential,
and specific heat in the entire critical region, in which
the asymptotic contribution into the compressibility
isotherm exceeds the other remaining contributions. All
the equations obtained, being written in dimensionless
form, become universal because they do not contain
parameters which characterize the specific properties
of the medium. It should be emphasized that these
results are valid for both pure liquids and multicompo-
nent solutions because formula (3) for the compress-
ibility is applicable to the latter and the former.

Until now, al known equations of states (7), (8)
described the behavior of a medium along either the
critical isotherm with t = 0 or the critical isochore with
g = 0. The equations of state obtained above make it
possible to approach a critical point along an arbitrary
direction. The critical indices corresponding to three
directions of approaching a critical point are listed in
the table; namely, for t = O (i.e., along the isotherm 6 =
8,), t = q (along the bisectrix of theright angle between
thisisotherm 8 = 6, and theisochorep = p.), and q=0
(adlong thisisochore). It is seen that these indices signif-
icantly differ from their generally accepted values
given by (7) and (8). Thus, the neighborhood of a criti-
cal point can be imagined as a certain mountain whose
slope depends on the direction of approaching. This
feature of acritical point appearsto have been first indi-
cated in [6].
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In accordance with the Hund rules, when filling with
electrons 3d orbitals of free atoms within the range
from Sc(d') to Mn(d>), the magnetic moment of an
atom increases up to 5p. Then, it lowersfrom Fe(d®) to
Cu(d'®) (from 4y to zero, respectively) due to the for-
mation of electron pairs with opposite spin directions.

It was established in [1-4] that the mean magnetic
moments for atoms of elementsin crystals are substan-
tially lower than those for free atoms. This phenome-
non has not been reasonably explained to date.

The difference of magnetic moments of free atoms
and those bound in crystalsin the case of elementswith
unfilled 3d orbital s depends on the el ectron-density dis-
tribution in them, on the degree of orbital overlapping,
and the probability of magnetic depolarization [5]. The
“tails’ of the distributions indicated play, evidently, the
most essentia rolein this case.

In order to describe the density distribution for elec-
trons with uncompensated spins, we employ, as before,
the Gaussian function

_dn _ , 7
p_dV_ e’ , (1)

inwhich thefactor A isdetermined from the normaliza-

tion condition, and y = 12 is the inverse value of the
Io

orbital radius squared. The use of the Gaussian function
allows usto find, within reasonabl e accuracy, analytical
expressions that determine the number of electronsin
the overlapping region and to evaluate the probabilities
of formation among them of electron pairs with com-
pensated spins.

The numbers Ny and n,, of 3d electrons and 3d elec-
trons with uncompensated spins for isolated atoms,
respectively, and the equilibrium distances 3, between
nearest neighboring atoms in the crystal lattices of the
elements studied arelisted in the table. The numbersnp

Moscow Sate University of Environmental Engineering,
ul. Pryanishnikova 19, Moscow, 127550 Russia

of electrons per atom, which were experimentaly
determined (these el ectrons have compensated spinsin
the overlapping region), and the rest number ng of elec-
trons with uncompensated spins are also indicated in
the table. (In this case, n, = np — Ng.) The number n;
expressed in Bohr magnetons corresponds to the mean
atomic magnetic moment in acrystal for agiven degree
of orbital overlapping, which is determined by d, . The
equilibrium values of o, are calculated according to
datataken from [8, 9].

The number n, of e ectrons with compensated spins
that are present in the overlapping region is determined
by the degree of overlapping orbitals with the corre-
sponding effective electron density

—Czyr2

Per = € . ()

The presence of the coefficient C,, which takes the
probability of magnetic depolarization into account,
can be considered formally as an increase of 3d-orbital
radii in the crystal lattice compared to those in isolated
atoms.

The ratio of the number n, of electrons with com-
pensated spinsin the overlapping region to the number
n, of electronswith uncompensated spins of an isolated
atom s, in this case,

[

Ipeffdv

Mo _ &2

L= 3
Ipeffdv
0

We can take, approximately, [5] that

e e_czyaz.
No

)
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Radii of 3d orbitals, coefficientsy,, and ygz, magnetic moments n,, for isolated atoms and atomsin crystals, the structure type
A, the nearest interatomic distances 6;, and the number Ny of 3d-electrons for transition elements with Z = 23-28

Radius of the 3d orbital . Vo Structure
No. Z Element N, ng e, amu fa MU Yo &M.u. amu-L type
1 23 \Y 3 3 0.84877 0.91 1.3881 1.2076 A,
2 24 Cr 5 5 0.8053 0.892 1.542 1.2568 A,
3 4) C))
4 25 Mn 5 5 0.73346 0.8236 1.8589 1.4742 A
5 26 Fe 6 4 0.68620 0.7823 2.1237 1.6340 A,
6 27 Co 7 3 0.6465 0.7446 2.3925 1.8036 A
7 28 Ni 8 2 0.6106 0.7100 2.6822 1.9837 A
Experimental data Calculated data
No. C2W x 10% CZGZ x 10* 5., am.u. Np, ﬁ,:1 —Innn—zl CIZZ)V;( —|nnn—|:)1 Np, ITIFI
1 10 11.5 4.95 2.99 0.1 0.034 0.01 0.0003 2.999 0.001
2 (36) 4722 4.4) (0.6) 0.127 78 0.268 3.824 1.176
3 24 29 (3.3) 0.2) 0.083 15.7 0.054 1.79 0.21
4 72 91 5.163 3.5 1.5 0.357 81.1 0.394 34 1.6
5 172 224 4.692 1.782 2.218 0.808 177 0.827 1.748 2.251
6 160 210 4.737 1.28 1.72 0.85 168 0.902 1.2172 1.782
7 59 82 4.71 1.40 0.604 0.358 67 0.399 1.34 0.66

ity 0™ =103 - "0 __Cy& is associ-
The quantity lnnO = ln%l. g~ C,y& is associ

ated with the ratio of the atomic magnetic moment

(Ng, Mg) in the crystal lattice to the magnetic moment

(ng, Hg) Of the isolated atom and depends on the inter-
atomic distance sguared.

The values of —In%’, which are determined in
accordance with experirr01ental mean atomic magnetic
moments of 3d transition elementsin crystals for equi-
librium nearest interatomic distances §,, as well as the
radii r,,and r g, of 3d orbitals, are presented in the table.
These radii were calculated by the Hartree—Fock
method [6] and by methods of the atom statistical the-
ory [7], respectively. The values of vy, and yg, corre-
sponding to these radii are also indicated in the table.

It isworthwhile noting that the orbital radii givenin
the table and those of other authors, aswell as the radii
of several types of hybridized orbitals (3d etc.), signif-
icantly differ from each other. However, the genera
dependence on the ordinal number of elementsis con-

served. The coefficients C,, ~and C,_, calculated

according to the values of v, and yg, as well as the
n

experimental values for —Inn—P1 = Czyéf , are also given

in the table. °

The probability coefficient C, depending on the fill-
ing Ny of the 3d orbital can be described by a semiem-
pirical expression:

2

Co(x) = —= Xv(l—X)expErNdm(xm—X)%, ©)
Ny /X 0 2.2 O
Ny o
wherex= —, Ny =10, the exponent v rangeswithin

Nqg
the limits of 1 to 2 (we have accepted v = 2), and X, iS
within the range from 0.62 to 0.67 (we assume X, =

0.64, which, to a larger extent, corresponds to the
experimental data).

The curve C,(x) calculated by the expression given
aboveisshowninFig. 1. Dots corresponding to the val -
ues of C, , which were determined according to the
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Fig. 1. The coefficient C, asafunction of x = N—d— for Xy, =
d
0.64 and v = 2. The dots corresponding to the experimental
data are plotted together with the calculated curve.
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Fig. 2. (1) Values of —lnn—Pl for elements with Z = 23-28.
0

The calculated dots () are connected by a solid line; the

dots (*) correspond to the experimental data. In the calcu-

lations, the values of vy, and &, are used corresponding to

Xm=0.64,v =2. (2) Atomic moments n. for elementswith

Z = 23-28. The experimental dots (*) are plotted together
with the curve drawn according to calculated data( x). Inthe
calculations, the values of vy, and d; used correspond to

Xm = 0.64.
No. 5
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n
experimental data for lnn—Pl, 0,, and for the values of

0
Y, are plotted together with the curve. Asis seen from
Fig. 1, the dots calculated by the experimental data fit
the theoretical curve for C,(x) relatively well.

In this case, the values of ln—— depending on the

filling of the d orbital in 3d- transmon elements, are
described by the expression

Asis seen from Fig. 2, the experimental values for

n .
lnn—P correspond well to those calculated by this
0

expression.

The mean atomic magnetic moments are expressed
by the relationship

_ e_CZ(X)yal. (7)

In Fig. 2, the calculated curve ng (x) together with

experimental data on the magnetic moments of 3d ele-
ments with atomic number Z = 23-28 isalso shown. As
is seen, the experimental values agree rather well with
the calculated curve.

Thus, in this paper, we have derived expressions for
the probability of the magnetic depolarization of elec-
trons in the region of d orbital overlapping. These
expressions allow us to establish the semiquantitative
dependences for the mean magnetic moments of transi-
tion elements on both the number of electronsfilling 3d
orbitals and the interatomic distances between the near-
est neighboring atomsin the crystal lattice.

Thealowance for the probability of spin compensa-
tion (magnetic depolarization) when overlapping 3d
orbitals of neighboring atoms is equivalent to the con-
cept of an increase (compared to isolated atoms) in the
effective radii of d orbitals in atoms that residue in a
crystal lattice.

REFERENCES

1. S. V. Vonsovskii, Magnetism (Nauka, Moscow, 1971;
Wiley, New York, 1974).



316

2.

SIROTA

S. V. Tyablikov, Methods in the Quantum Theory of
Magnetism (Nauka, Moscow, 1975, 2nd ed.; Plenum,
New York, 1967).

R. M. White, The Quantum Theory of Magnetism
(Springer-Verlag, Berlin, 1983; Mir, Moscow, 1985).

J. B. Goodenough, Magnetism and the Chemical Bond
(Interscience, New York, 1963; Metallurgiya, Moscow,
1968).

N. N. Sirota, Dokl. Akad. Nauk 368, 328 (1999) [DokI.
Phys. 44, 600 (1999)].

J. Waber and T. Cromer, J. Chem. Phys. 42, 4116 (1965).

7.

P. Gombas and T. Szondy, Solutions of the Smplified
Self-Consistent Field for All Atoms of the Periodic Sys-
temof ElementsfromZ = 2to Z = 92 (Akadémiai Kiado,
Budapest, 1970).

G. V. Samsonov, Properties of Metals. A Handbook
(Metallurgiya, Moscow, 1976), Part 1.

J. Emdley, The Elements (Clarendon Press, Oxford,
1989; Mir, Moscow, 1993).

Trandated by T. Galkina

DOKLADY PHYSICS Vol.46 No.5 2001



Doklady Physics, \ol. 46, No. 5, 2001, pp. 317-320. Translated from Doklady Akademii Nauk, Vol. 378, No. 2, 2001, pp. 179-182.

Original Russian Text Copyright © 2001 by Shlenski.

PHYSICS

An Effect of Nucleation Processes
on the Ther mal-Destruction Rate of M aterials
under Intense Thermal Actions

O. F. Shlenskii
Presented by Academician V.V. Osiko November 27, 2000

Received December 8, 2000

High-intense thermal flows (induced by radiation
heating, laser irradiation, etc.) give rise to thermal
destruction and evaporation in near-surface layers of a
material. The mass velocity for the motion of the ther-
mal-destruction boundary is determined by an approx-
imate relationship [1]:

G= . D

Here, E, B, and Q are the activation energy, the preex-
ponential factor, and the thermal effect of the thermal-
decomposition reaction, respectively; T, and T,, are the
initial temperature and surface temperature; C, and p
are the heat capacity and density of the material; H* =
C(T, - Ty + Q; and A is the heat conduction of the
material, which is assumed to be constant.

Similar relationships are used when calculating the
propagation rate u = % of the combustion front in con-

densed systems|[2].

Equation (1) is based on the assumptions that the
material structure is invariable and homogeneous and
that the coefficient A, is constant. A number of other
simplifications are al so used in the derivation of Eq. (1),
which may be considered to be reasonable to some
extent for processes occurring in gas mixtures (when
nucleation is absent), at low temperatures, and in the
case of a free outflow of gaseous thermal-decomposi-
tion products. However, in heat-protective materials
characterized by a sufficient stiffness, in composite
materials, and in thermoplastic, reactive-plastic, and
other nonvolatile substances, the heterogeneous reac-
tion inevitably passes through the nucleation stage of

Mendeleev University of Chemical Technology,
Miusskaya pl. 9, Moscow, 125190 Russia

the thermal-decomposition products (usualy consist-
ing of gaseous compounds) and, as a result, is accom-
panied by the destruction of theinitial structure.

The goal of this study is to determine the rate of
thermal destruction of a material under intense heating
with allowance for a significant drop in the thermal
conduction of heated near-surface layers and to deter-
mine the destruction and dispersion of the substance.
This destruction is implied to proceed in the presence
of the other processes accompanying nucleation. In the
most general formulation, this problem is set for the
first time.

Formula (1) is based on the heat-conduction equation

d, dT dT _
&)\Sd —F(T) +pCq Ug = 0. )
Below, the last term is ignored because of its small-
ness[1, 2]. By integrating the equation, we find (disre-
garding, furthermore, that A= const)
(T)dTD

dx _QI A(T) O

The heat conduction of a porous medium depends
on thereaction rate and, due to the similarity of temper-
ature and concentration fields, like the function of the
heat absorption F, depends on temperature and the

F
A(T)

3)

quantity Ag = )—\EB Approximating the ratio by
0

an exponential function in the form

BpQ. . 1 Bo
N PRI

where A, is the heat conduction of the initial material,
we abtain the approximate solution

dT _ 2Bp,QRT® B2 @
dx AoE, UORTU -

Equation (4) defines the steeply dropping exponen-
tial temperature profile T(x) near the surface (Fig. 1) to

1028-3358/01/4605-0317$21.00 © 2001 MAIK “Nauka/Interperiodica’
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Fig. 1. Schematic diagram of the destruction of near-surface layersin a material heated as a result of the nucleation of thermal-
decomposition products and evaporation of the components: (a) positions of nuclei (porous inclusions of gaseous thermal -decom-
position products) in the case of afree outflow of gases through the surface owing to their diffusion or molar transfer. On the top,
the thermocouplejunction for measuring the near-surface temperature T, is shown; (b) separation of anear-surface layer with thick-
ness & due to the action of elevated pressure in the pores (in the absence of gasfiltration to the surface; atriangular hollow is a het-
erogeneous nucleus); (c) distributions of the temperature T(x), density p(x), and heat-conduction coefficient in the vicinity of the
surface of abody heated by athermal flow q,. Dashed lineis the adopted steplike approximation for A(T).
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13

Fig. 2. Schematic drawing of the setup for determining the kinetic characteristics of a material’s thermal decomposition and of the
ultimate thickness o for a near-surface layer exfoliated by gas pressure: (1) film (sample) of a material, (2) substrate, (3) heater,
(4) laser, (5) optical filters, (6) lens, (7) photodetector, (8) point screen, (9) amplifier, (10) computer, (11) glass rod, (12) removable

emitter, (13) oscillator.

whichtheheat flow q, = A, E%—;I—E isdelivered. Let A, be

the heat conduction of a surface layer with pores filled
with the products of thermal decomposition (A, < Ao).
It is evident that the material boundary should be con-
sidered as a surface (x = 0), which is characterized by
the maximum number of pores. While exceeding this
number, their merging and, as a result, material-conti-
nuity violation occur. According to [3], the maximum
relative volumetric content of spherical inclusions in
the case of a dense chaotic (random) porosity distribu-
tion is 0.64 of the entire volume (I = 0.64). In accor-
dance with the heat conduction theory of disperse
media [4-6], the heat conduction of a porous medium
and the heat conduction A, of a matrix substance are
bound by a ssimple relation. For the surface x = 0, it
takes the form

A = AoK. 5)

The evauation of the proportionality factor k by
various theories yields close results. For example, at
M = 0.64, according to the Missenard formula, K = 1 —
M?3 =0.2573. Asisseen from Fig. 1a, acertain fraction
(1 — Q) of the nonreacting near-surface material filling
the space between the poresis separated from the basic
layer in the form of small disperse particles, thereby
increasing the rate of the surface motion.

We now equate the flow g, to the total amount of
heat spent on heating the fraction { of the reacting
material, which, in the case under consideration, is
equal to I (¢ =):

T
6 = KA = Up(CU(T,~Te)+2Q), (6)

x=0
where T, is the calculated value of T,,. Whence it fol-
DOKLADY PHYSICS  Vol. 46
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lows that the thickness L of the well-heated layer
increases with decreasing q,. The value of L is propor-
tional to the segment Ax cut off by atangent to the curve
T(x) at the point x = 0. Therefore, the filtration and dif-
fusion of gases to the surface is hampered. As aresult,
under the action of gas pressure, this can lead to the
separation of a layer with thickness & (see Fig. 1b).
Then, the fraction ¢ of the reacting material decreases
(¢ < M) and theregime can acquire apulsating form [7].

Substituting dT

Ix from Eq. (6) into Eq. (4), we obtain

KT,
Cs(Tp - TO) + ZQ

y A/ZBp&MRexp(—Eﬂ RT,)
E

G=up-=
(7)

Inthe particular caseof k=1, =1, C(T,-Ty) <Q,
and E,, = E, thisequation transformsinto relationship (1).
For ¢ = 0, Eq. (7) transforms into the well-known
Belyaev—Z€l’dovich equation applied in calcul ating the
combustion rate u of volatile power-consuming com-
pounds [2]. However, the results of calculating the
quantity G on the basis of traditional formulas (without
regard for the above factors) significantly disagree (by
afactor of 2 to 3) with the available experimental data.
Weimply the thermal destruction of energy-consuming
compounds [8], linear polymers [9], composites [1],
and other materials in the case of intense surface heat-
ing [2, 7, 13]. The alowance for the corrections k and
¢ makes it possible to avoid this disagreement in the
results.
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There is another essentia drawback of Eq. (1).
Using it, we need to experimentally determine the sur-
face temperature T,,, which is unknown a priori. This
fact decreases the predictive significance of the equa-
tion, since the quantity G, in itsdlf, is usually deter-
mined in the same experiments. Employing a thermo-
couple reduces the accuracy of the measurements of T,
because the temperature al ong the thermocoupl e length
is averaged to T,, # T,. The above problems may be
solved, if al parameters involved in Eq. (7) are deter-
mined by the contact thermal-analysis method [7].
Using this method, it is possible to record the decrease
in the mass kinetics of samples placed on a substrate
heated to a constant temperature (Fig. 2).

The method and the setup used were updated. To
improve the setup time resolution, we used alaser sys-
tem for signal recording. The setup makesit possible to
determine the effective activation energies E, and E,
not only for moderate temperatures (E,), in which het-
erogeneous nucleation dominates, but also at high tem-
peratures, where homogeneous nucleation (E,) occurs
(with allowance for vibrations) [11]. In accordance
with the theory of heterogeneous reactions [12, 13],
both these characteristics are taken into account in the
heat-absorption function F(T). Hence, substituting
them into Eqg. (3), we obtain the final result, which can
be written out in simplified form [at E, = E, A;= A,
C(T,-Tp <Q,and A, =KA(] as

K J BpoRTﬁho[eXp(_Ell RTo) , eXp(_EZ/ RTP)}
G = 1 2

J%Q +{Cy(T,—To) ®

In addition, the method of contact thermal analysis
allows usto determine the admissible temperature T, of
overheating a materia [3] and the minimum thickness
of the surface layer 8, which is separated under the
action of the gaseous-product pressure. These quanti-
ties make it possible to calculate the surface tempera-

dT _Qp _ AT

ture T, of the material. Since vl X, A it follows

that T, =T, - qp)\é [7]. For example, for linear poly-
p

mers, such as PMMA, PS, and PE, it was established
that & ~ 20 um. This fact results in a reduction (AT ~
15-20 K) of the temperature when testing by the linear
pyrolysis method. Such a reduction was found previ-
ously in[9, 14]. Other examples of the analysis of ther-
mal-destruction processes with allowance for nucle-
ation and admissible overheating, as applied to techno-
logical processes, are givenin [7, 15].

SHLENSKII

The above analysis makes it possible to conclude
that the processes of nucleation, secondary-pore forma-
tion, and the accompanying reasons for their occur-
rence essentially influence the physical properties of
near-surface layers and, ultimately, the rate of material
thermal destruction. Allowance for the nucleation
parameters enables significant (in anumber of cases, by
an order of magnitude) improvements of the results of
numerical simulations to be made. The relationships
derived include certain additional parameters. For their
determination, we have proposed employing the
updated contact thermal-analysis method combined
with a high-speed signal-recording system.
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Three possible trends in experimental investigations
of the strong Coulomb interaction in plasma can be
associated with the plasma-imperfection parameter [1]:

2 _1/3
_ Z1Z,e'ng

kT o

Different methods of obtaining a dense nonperfect
plasmawith acharged-particle concentration n, ~ 102°—

102 cm= can be assigned to a traditiona trend of
increasing I". The second trend is associated with dust
plasma in which the Coulomb interaction between
microparticles is enhanced because of the high values
of particle charges Z ~ 10%-10° [2]. In this paper, we
consider cryogenic plasma in which the parameter I
can be increased by decreasing the temperature of
charged particles in the plasma to cryogenic tempera-
tures. One of the reasons why this trend should be con-
sidered isthe results of experiments with ions accumu-
lated in electrostatic traps and cooled by |aser radiation
to temperatures of ~10 mK [3]. Although the confined
ionic formation is not a plasmain itself because of the
absence of electrical neutrality, it is worthwhile noting
that the correlation effects observed in the system of
Coulomb particles are attained at the expense of
decreasing the temperature of these particles.

To date, three cycles of investigations are known in
which the problem of obtaining an imperfect cryogenic
plasmais formulated. In [4], microwave methods were
used to investigate helium afterglow plasmacooledin a
cryostat at gas densitieslower than 1.2 x 10*° cm3. The
temperature and the electron-collision frequency were
measured when the electronswere cooled to 5 K. It was
found that, in a late afterglow, the frequency of elec-
tron—atom collisions becomes independent of gas den-
sity intherange 4.5 x 10%8-1.1 x 10* cm=3. The authors
presumed that this effect is caused by the presence of a

r
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large number of atoms in spheres with radius equal to
the de Broglie wavelength for cooled electrons.

A decaying cryogenic plasma with a particle num-
ber N = 2 in the Debye sphere was obtained in experi-
ments [5]. The theoretical estimates showed that the
value of N can be reduced to ~0.4 in the afterglow; i.e.,
avaueof I' = 0.8 can be attained.

A steady cryogenic plasma was first investigated
in[6]. A tube with a glow discharge was immersed in
cryogenic fluid—liquid nitrogen or helium (Fig. 1).
The pressure in the tube and discharge current were
chosen such that the ionic temperature T; in the tube
was close to the cooling-fluid temperature. At the same
time, the electron temperature T, in the discharge
plasma can attain several tens of thousands of degrees.
Theory [7] makesit possible to estimate the interval of
parameters in which a heavy component has a mean
temperature close to the tube temperature. This theory
relatesinternal plasmaparametersT,, E, and n, to exter-
nal discharge parameters: atuberadiusR, agastype, its
pressure P, a tube temperature T,, and a current
strength i. The possibility of cooling ions to cryogenic
temperatures follows from the energy balance for parti-
clesin anonequilibrium positive-column plasma:

We,i = eEue,i = 6e, ik(Te,i _Ta)ve, i,ar (2)
Here, Uy, Oc i, Ve i, and L ; are the drift velocity, the
energy fraction lost in collisions, the frequency of col-
lisions with neutral atoms, and the mobilities of elec-
trons and ions, respectively. If we exclude E from the
power balance, it is possible to obtain the relationship
for temperatures of plasma components:

Te(Te-Td . mm. 3
T(Ti-Ta) my(m+ ma)ztl)\iD '

From thisformula, it is possible to determine the range
of parametersfor the glow discharge in which theionic
component can be cooled to cryogenic temperatures.

The neutral-gas temperature in a weakly ionized
plasma is lower than the temperature of ions and is
approximately equal to the temperature of tubewalls. A
neutral gas can be heated mainly by the electrons that
loose their energy in elastic collisions. The energy flux

1028-3358/01/4605-0321$21.00 © 2001 MAIK “Nauka/Interperiodica’
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Fig. 1. Design of the discharge tube with a cryostat for
investigating steady cryogenic plasma aa T = 4.2 K:
(2) Pirani manometer; (2) cathode; (3) discharge tube; (4),
(8), (9) prabes; (5) anode; (6) outlet for pumping out and for
filling the tube by gaseous helium; (7) pipe for filling the
cryostat with liquid helium.

from electrons per atom is approximately equal to
Geoa eag’z Gk 7 The heat outflow to the wall

emalj
is determined by the gas heat conductivity, and the cor-
k(T,-T,)D
responding heat flow amounts to ¢, = -—(——""-/—\E—Vi)——

Making these quantities equal, we obtain the relation-
ship

T T |:R:| |j]‘£| eme jJZT (4)

D\D m,] ] e

i.e., at areasonably low ionization degree of 10 and
low pR =5-10torr cm, aneutral gasand, thus, theionic
component are heated negligibly in a steady discharge
even a T, =5 eV. Because the glow-discharge plasmais
strongly nonequilibrium, the cooling does not directly

ASINOVSKII et al.

affect the character of the electron—atomic interaction;
therefore, in the investigation of cryogenic plasma of
this type, the methods commonly used in investigating
glow discharge at room temperatures are applicable.

In the case of a two-component quasineutral elec-
tron—on plasma with single-charged ions, it is neces-
sary to take the following parameter as a criterion for a
strong Coulomb interaction:

- 2nls 5
(LTeli 0
Oor,+ 10

Thus, in steady discharges of low and moderate pres-
sure, which are cooled to cryogenic temperatures, it is
possible to investigate the effects of imperfect behavior
associated with the ionic component for the I' value
close to unity, whose maximum is limited by the heat-
ing of ionsin the discharge.

It is known that the present view of the low-pres-
sure glow discharge at room temperatures (see, for
example, [7]) does not suggest any dependence of ion-
ization processes on the neutral-component tempera
ture. However, for the glow discharge occurring at
cryogenic temperatures, the region of parameters in
which such an approach is invalid was found experi-
mentally [6, 8, 9].

The strongest influence of liquid-nitrogen cooling
of discharge-tube walls on discharge was found for low
currents and the electric fields indicated above. At p =

5mmHg, i <1mA, and % > 2.5V/(cm mm Hg), a

modification in the behavior of the E(i) dependence is
observed: a decrease in the current by 15-20% is
accompanied by a drop of E by more than a factor of

two; respectively, (;
current-voltage characteristic wastermed an H-T tran-
sition by analogy with study [10], in which a similar
shape of the current—voltage characteristic was
observed for oxygen. The regime with i < 1 mA
(T-form of discharge) is characterized by anincreasein

the strength of the He, molecular bands and by amod-

ification in the shape of probe characteristics—their
electron branch is identical to the ionic branch within
the +30 V range near the point j, = 0. A comparison of
the characteristicsat T,, = 300K and T,, = 77 K shows
that, for currentsin the range from 5 to 130 mA and for
neutral-atom concentrations n, = (1-20) x 10% cm3,
the results of measurements are closely allied if they
arereferred to the same neutral-gas concentration in the
tube irrespective of whether the tube is cooled or not.
The change to alow temperature at high discharge cur-
rents also does not lead to essential changesin the lon-
gitudinal electric field in plasma.

>0 (Fig. 2). This segment of the

DOKLADY PHYSICS Vol.46 No.5 2001
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Fig. 2. Reduced electric-field strength in the discharge col-
umn as a function of current for various pressures and tem-
peratures: p =5.35(1); 5.12 (2); 9.40 (3); 9.28 (4); 19.4 (5);
and 19.3 (6) mmHg. T=77 (1, 3,5) and 4.2 K (2, 4, 6).

In spite of the low absolute values of power released
in this range of currentsin a unit length of the plasma
column (10°-10° mW/cm), this power turns out to be
sufficient for heating a gas to the temperature (lower
than 300 K) at which special features of elementary
processes at low temperatures till fail to influence the
field strength. A decrease in the current and specific
power of the discharge leads to the appearance of the
E(T) dependence, athough the values of E(p) (i >
1 mA) are close to those known for room temperature.
Moreover, the shape of the E(i) characteristics is
retained.

Theoretical and experimental investigations[11, 12]
show that the nature of H-T transitions is closely
related to the so-called S-source of fast electronsin the
cryogenic glow-discharge plasma; such electrons orig-
inate in reactions with participation of helium metasta-
ble atoms and molecules. To such processes, we assign
the reactions

He(2%S) + He(2°S) -B~He, + e(17.4eV),  (6)
He(2'S) + He(2'S) —=He; + (19.0eV),  (7)

He(2'S) + He(2’S) — He, +e(18.2¢eV),  (8)

as well as collisions between electrons and metastable
atoms for which the excitation energy is transferred to
electrons. Thetheoretical model of cryogenic glow-dis-
charge plasma [11] involving an S-source of electrons

showsthat, for E <4 x 10V cm?, the excitation con-

stant isequal to (0.5-2.0) x 10V cm? st and exceeds,
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Fig. 3. Current—voltage characteristic of discharge at helium
temperatures: A and A' are the beginning and the end of the
direct and the reverse run of the characteristic, respectively;
DC and D'C' are the segments where no optical radiation
was observed from the positive column [6, 9].

therefore, by four orders of magnitude, the constant
calculated for the case when the birth of fast electrons

isignored. Thus, in the region of small E , the excita-

tion constant depends not only on E , but also on the

metastable-particle concentration, which increases
with decreasing plasma temperature because the
breakup of metastable atoms by ground-state atoms
does not occur at T, < 88—100 K due to the presence of
alow activation barrier in their interaction [13]. There-
fore, when the temperature of the heavy plasmacompo-
nent passes from room temperature to the liquid-nitro-
gen temperature, spectral measurements show an
increase in the metastable-atom concentration by more
than an order of magnitude, while the ratio of the meta-
stable-atom density in the triplet state to the electron
density attains a value of 10? and is much higher than
for other excited states [12]. The addition of small
amounts of argon to the discharge leads to adecreasein
the density of metastable helium atoms owing to their
deexcitation in the Penning-ionization reaction, and the
H-T transition disappears for sufficiently high quanti-
ties of the additive. The H-T transition can also be
observed in pure neon and in a helium—neon mixture.

The glow discharge cooled to helium temperatures
in the region of parameters where the imperfection
parameter has a maximum (I" = 0.3-0.4) reveals other
features aswell [8]. To these features we should assign,
first of all, the appearance of cathode drops of potential
which exceed normal drops by an order of magnitude.
In this case, a break in the current—voltage characteris-
tic and its hysteresis are observed (Fig. 3).
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Fig. 4. Electrical characteristics of the discharge cooled to T =4-5K (thiswork): (a) current—voltage characteristic of the discharge;

(b) strength of the longitudinal electric field in plasma.

When the discharge ignites in point A and the cur-
rent reduces to 0.4 mA (point B), the voltage and cur-
rent in the tube change in ajumplike manner to the val-
ues corresponding to point C. The segments CD and
C'D' are linear. In the reverse run, the current—voltage
characteristic undergoes the discontinuity once again.
It has the same appearance, but does not coincide with
the curve ABCD; i.e., the hysteresis is observed. The
discontinuity in polarity of electrodesisretained for the
same discharge currents. The measured temperature T
of the gasin the tube at the moment of discontinuity is
equal to 5-6 K. The peculiar feature of the discharge at
the segments DC and D'C' is the complete absence of
optical glow of the positive column in the cryogenic
plasma.

In this study, we confirmed this effect on a newly
built setup (Fig. 4a) and measured the electric field in
plasma (Fig. 4b) using probes. The characteristic
obtained points to ajumplike change in the mechanism
of plasma conductivity in the region of 5 K and to its
independence from the value of discharge current. In
connection with this, it is of interest to compare the
measured conductivity with the corresponding value
for astrongly imperfect “cold” plasma[1, 14]:

_ Wo

T = 7o ©)
where w, isthe plasmafrequency. Ontheleft-hand branch
of the characterigtic, thevalue g, = 10 Ohnmr* cnr aver-
aged over the cross section agrees well with the con-
ductivity of an imperfect cold plasma under the
assumption of the electron concentration n, = 10° cm?®
being the same as on the right-hand branch near the

trangition.
Thus, the available experimental data confirm the
possihility of transition of cryogenic plasmainto a new
state, the study of which calls for the development of

specia methods of diagnostics and methods of increas-
ing the parameter I". From this point of view, of interest
are the experiments with a glow discharge cooled to
several kelvin, in which high-amplitude ionization
waves are excited by high-voltage nanosecond pulses.

In these waves, the value % of thereduced electric field

is optimal for accumulating both the metastable states
and the charged component and for obtaining the val-
uesof ' > 1 for theionic and electron components.
Thetransition discovered in plasmanear 5K (Figs. 3,
4) tedtifies to the change-over of the conductivity mech-
anism. This transition is of interest itself irrespective of
whether it is caused by the plasmaimperfection or by the
accumulation of the metastable states within it.
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In the general relativity (GR) theory, in the case of
the absence of a medium, an arbitrary metric field of
Minkowski space, which corresponds to an accelerated
frame of reference, is a solution to the Gilbert—Einstein
equation. Thisiswhat made it possible for A. Einstein
to consider such a metric field a particular case of a
gravitational field [1]. Intherelativistic gravitation the-
ory [2], thegravitational field, in contrast to general rel-
ativity, is a physical field possessing energy-momen-
tum density. By virtue of the universality of thisfield, it
is natural to consider the conserving energy-momen-
tum tensor of the medium and the gravitational field
taken together to be a field source. As the medium, we
imply all forms of matter except the gravitational field.
This approach ensures the existence, in the theory of
fundamental conservation laws, of both the energy-
momentum and moment of momentum in a closed
physical system. In this case, there arises, as a conse-
guence, an effective Riemann space of the field origin
that has a simple topology. Moreover, a nonzero gravi-
ton mass also inevitably arises. Furthermore, we use a
system of units in which the constants %, ¢, and G are
equal to unity.

The equations of the relativistic gravitation theory
in Minkowski space, which are written out in an arbi-
trary frame of reference determined by the metric ten-
sor y*®, have the form

D Dpd" + m*" = 16mt, (1)

D,&" = 0. @)

Here, the following notation is employed: D, is the
covariant derivative in the Minkowski space, y*#(x) is
the metric tensor of the Minkowski space, t* istheten-
sor of the energy-momentum density for the entire mat-

ter, @ isthe density of the tensor gravitational field,
and misthe graviton mass.

Institute of High-Energy Physics,
Protvino, Moscow oblast, 142284 Russia

The effective metric of the Riemann space and the
gravitational field turn out to be bound by the relation-
ship

g0 = §°09 + O (). 3)

The densities of the tensors are equal to

5 = ag P 8= e

Here, g is the metric tensor of the effective Riemann
space and P isthe tensor gravitational field,

g = det(g,), VY =det(y). (5)

The system of equations of the relativistic gravitation
theory in the effective Riemann space has the form [3]

2
m 1
va + ?(yuv - gpv) = SHE}ruv - éguvTE’ (6)

D,g" = 0. (7)

To solve particular problems, we should add the equa-
tion of state to Egs. (6), (7). It is particularly worth
emphasizing that the system of equations (6), (7) is,
generally, covariant with respect to arbitrary coordinate
transformations. At the same time, it is form-invariant
with respect to coordinate transformations that remain
the functionally invariant metric y,, (). In other words,

do® = y,, ()dx"dx’ = y,,(x)dx*dx”. (8

Physical solutionsto Egs. (6), (7) must satisfy the con-
ditions g < 0 at each point of the K, space T"K K, = 0
for an arbitrary timelike vector K, . At the same time,
the quantity T*K,, must form a nonspacelike vector.

On the other hand, the causality principle must be
valid:
Voo (OVHVY = 0,
" , ©)
g (X V'V’ <0.

It follows from the causality conditions (9) that if the

1028-3358/01/4605-0326%$21.00 © 2001 MAIK “Nauka/Interperiodica’
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inequality

Ywl'L' <0 (10)

is fulfilled by definition for an arbitrary spacelike vec-
tor L*, then the inequality

g,L"L <0 (11)

must also be valid.

According to the causality principle, the gravita-
tiona field does not extract a tentative body out from
the causality cone of the Minkowski space with metric
Yw(X). At the sametime, this condition always makes it
possible to compensate the three-dimensional gravita
tion force by the inertia force in the case of the corre-
sponding choice of areference system.

In the case of ideal liquid, the energy-momentum
tensor of the medium has the form

Tuv = (p+ p)UuUV_pgpvv

o (12

T=Twg" = (p-3p), U=

Here, dsisan interval of the effective Riemann space:

ds’ = g, (x)dx"dx’". (13)

In Egs. (6), (7), asin al other physical theories, the
metric v, (X) of the Minkowski space is chosen by the
researcher. Usually, an inertial reference frame is used
in the calculations.

It followsfrom Egs. (6), (7) that in the case when the
medium is absent, among all possible metrics of the
Minkowski space in the given reference frame, only
one metric v, (X) chosen previously satisfies the equa-
tions. We now show that in this reference frame and in
the presence of a medium, none of the metrics of the
Minkowski space is the solution to gravitational equa-
tions (6), (7). With this goal in mind, we perform the
convolution of Eqg. (6) with the help of a spacelike vec-
tor determined by inequality (10):

= 8T,y — 50 THL'L

1
2 ypvl—M éguv

(14)
—R,L"L"+ —ng“

As long as we consider only metric fields of the
Minkowski space, relation (14) is simplified and takes
DOKLADY PHYSICS Vol. 46
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the form

m2yle LML
(15)

= 16T, — 50, THLL" + mig,, L L.

zgu\)

Substituting expression (12) into this equation, we
arrive at the formula
My, L"L" = 167(p+ p)(U, L")’
(16)
—8mg,, L'’ - —ﬂﬁ%

By virtue of conditions (10), (11), we see that the right-
hand side of Eq. (16) is strictly positive as long as the
inequality

2
m

st a7

pP>p+g=
is fulfilled. At the same time, the left-hand side of
Eq. (16) is strictly negative. Whence it follows that in
the presence of a medium, none of the metric fields of
Minkowski space satisfies the gravitational equations.
Therefore, metric fields arising in noninertial frames of
reference in Minkowski space cannot be considered
gravitational fields. Equation (16) has a solution only if
p = p = 0. However, in this case, only one solution,
which was discussed above, takes place:
Guv(X) = Yu(X). (13)
Since Eqg. (16) asoisvalid in the case of annonzero ten-
sor of the Riemannian curvature but with the zero R,
tensor, it follows from this equation that it has no solu-
tion satisfying the causality principle. In particular,
such a conclusion relates to that region of space in
which the effect of the graviton massissignificant. This
implies that in this region, a substantial change in the
character of the solution takes place. We were con-
vinced of this conclusion previously when studying, as
an example, the solution for a static spherically sym-
metric body in the region close to the Schwarzschild
sphere[4].
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1. It has long been known that studying nonlinear
phenomenais one of the most interesting and challeng-
ing problems in theoretical physics [1]. Recently, this
problem became even more urgent since supercold
gases in the Bose-condensate state were observed in
magnetic traps [2—4]. Many of the properties of such
gases are adequately described by the nonlinear
Schrddinger equation which, for nearly ideal Bose gases,
is referred to as the Gross—Pitaevskii equation [5, 6]. In
this paper, we consider the problem of scattering Bose-
condensate excitations by a one-dimensional barrier.
Thisproblem isnontrivial eveninthe case of alow bar-
rier because both the variation of the condensate den-
sity in the neighborhood of the barrier and the barrier
itself play an equally important role. In contrast to a
bare particle, for which any repulsive potential
becomesimpermeablein thelong-wavelimit, thetrans-
mission coefficient for phonons passing through a
0-shaped barrier tends in thislimit to unity, and, hence,
the barrier becomes transparent.

2. The Gross—Pitaevskii equation in dimensionless

tS XCme U
H Tlhl’w=wdim/\/%’and

variables %: = x=
V(X) = \ﬁ’mtakestheform
=0

oY _ 1, 2

50 = 2LP W+ WY+ V(X)W. (1)
Here, we restrict ourselves to the evaluation of scatter-
ing by using only the localized &-shaped potential
barrier

V(X) = Vod(X), with Vg = —”;J‘vdimw.

The wave function Y(x) for the ground state of the con-
densate has, to theleft and to theright of the barrier, the

Russian Research Centre, Kurchatov | nstitute,
pl. Akademika Kurchatova 1, Moscow, 123182 Russia

well-known form

W(x) = t(x) =tanh([x + Xo), [X>a. 2

The derivative jump at the barrier determines the
wave-function amplitude at the point x = O:

2
1-8% = Vi€, & = tanhX, = —%v0+ /%V(H +1.

3)

In the limits of small and large barriers, we obtain,
respectively,

Sl s 1267 xo=hnd v <
E - 1_2V0 - 1 28 y XO - 2|nvo, Vo< 1,

1
E = XO = \70, VO > 1
The states with negative values of & have a higher

energy.

The odd state Y = tanhx has no derivative jump, but
the energy of this state is even higher.

3. The Bose-condensate excitations () =W — | are
described by the Gross—Pitaevskii linearized equation

2 < g+ g0
2 4)

F)
_nld 0
h = D—de2+V(X) +29(x) - 15,

where the interaction potentia for the excitation and
the condensate is given by formulas (1) and (2):

g(x) = * = tanh’(x| + X,). (5)

We do not consider inelastic processes, and the
calculation of the excitation scattering on the basis of
quasi-classical equation (4) yields the same result as
that within the framework of the secondary quanti-
zation.

1028-3358/01/4605-0328%$21.00 © 2001 MAIK “Nauka/Interperiodica’
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Asiswell known, Eqg. (4) can be reduced to adiag-
onal form by the Bogolyubov—de Jean transformation:

b= 3 W= vi 00

(6)
(h—e)uk—gvk =0, (h+g&)v,—gu, = 0.
At long distances from the barrier, we have
v, = ul €2+1—€% De'*,
(7

2
=B+ H -1, [k

It is easy to prove that the excitation-energy flux far
from the barrier is

®)

In the secondary-quantization representation,

1+ 1

O
A

and quasi-classical expression (8) for the energy flux
takes the conventional form

A KX
0, = bk

Q= ken, nc= by b1
k

Whenceit isclear that, when solving the problem of the
excitation scattering within the framework of quasi-
classical equation (4), the function u(x) must, naturally,
be considered. However, the functions u(x), v(x), and
f(X) = u(X) + v(x) are asymptotically mutually propor-
tional to each other and we may use any of themto eval-
uate the transmission coefficient.

If V, < 1andV, < g, wecanignorein (6) the con-
densate-density perturbance in the neighborhood of the
barrier and use the approximation g(x) = 1 to solve the
scattering problem.

Then, at the point x = 0, we can directly sew together

329

the wave outgoing from the right side and a superposi-
tion of the incident and reflected waves on the left side:

f, = Ae™,

x>0, ©)]

f_=e“+Be™, x<O0. (10)

As aresult, we obtain the reflection coefficient

k2
D=—5—, (11)
K+ V2

which differsfrom the known expression for abare par-
ticle only in the dependence k(g). At high energies (k >
V,), the barrier is nearly completely transparent. At the
lower boundary of the application range for this for-
mula, when V,, = € = k, semitransparency takes place.

4. However, even small density variations in the
vicinity of the barrier can significantly affect the low-
energy phonon scattering (for € < V,)) by the barrier.

In the neighborhood of the barrier, a phonon moves
in the effective potential [whose size is on the order of
the correlation length, see (5)]

Ver(x) = V(x) +9(X). (12)

For long-wave excitations (phonons), the sum f =
u+ vislarge, whilethe difference F = u— v issmaller
by afactor of €:

Dld2

+ Vgi(X) — lmf = ¢F, (13)

Dld

F5.0 (14)

5+ Ver(X) +29(X) — :lDF = ef.

In the linear (with respect to €) approximation, the
function f is described by the equation

1d’
B_éd—x-z+veﬁ(x)-1gf = 0+0(e?). (19

According to [8], within the range of the action of
potential (12), the function f can be written out as a
superposition of two independent exact solutions to
Eq. (15):

f, = tanhx, f, = xtanhx-1.

Thus, for [x| < k!, we obtain

x>0,

f_ = Aytanh(|x| + Xg) + B,[(IX| + Xo)tanh(IX| + Xo) —1],
x<0.

DOKLADY PHYSICS Vol.46 No.5 2001
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For 1 < [x| < k', the asymptotic representation of
these functions,

f, = AL+ By[x+ X,-1],
f_ = A+ By[(—x+ Xo) 1],
must have the form [see (9) and (10)]
f, = A+ikAx,
f_=(1+B)+(1-B)ikx.

Sewing together these functions on the left and on the
right of the barrier, we arrive at the expressions

A, = A[1-ik(Xo—1)], B, = iKA,
A; = (1+B) +ik(X,-1)(1-B),
B, = —ik(1—B).

Sewing these functions at the barrier (x = 0) yields,
with due regard to equality (3),

A€+ Bi(Xo€ —1) = A& + By(Xo€ —1),
A1(=Vo€) + Ay(V€) + Bi(—XVo€ +& +2V() (18)
+By(XoVe +&) = 0.

Multiplying the first equationin (18) by V,, and add-
ing it to the second one, we obtain the simple relation-
ship

(16)

(17)

B, = -B,, (19)

which allowsthe set of equations (16)—19) to be easily
solved. As a result, the transmission and reflection
amplitudes are, respectively,

_ 1 _ ikL
1-ikL’ 1-ikL’
Here, we introduce the effective barrier length

2
Lle_E=%VO+ /%vq% +1=V,. (20)

Thus, for the &-shaped barrier, the transmission and
reflection coefficients for phonons are, respectively,
2
D = ;2, R = L)z 21)
1+ (kL) 1+ (kL)

The dependence of scattering on the wavelength of a
bare particle is opposite to that for a phonon [see (11)].

KOVRIZHIN, MAKSIMOV

In the long-wave limit, a particle is completely
reflected, while the barrier is transparent for long-wave
phonons. It is worth noting that formulas (21) are valid
only for low-energy quasi-particles (€ < 1).

In the case of small €, the use of Egs. (13) and (14)
instead of (15) to describe the scattering can lead to the
appearance of an insignificant weak e-dependence of
the transmission coefficient; i.e.,

_ __d(e)
1+KL(e)*

In the range of application of formulas (21), small bar-
riers (L =V, < 1) are nearly transparent. Larger barri-
ers, for which formula(11) isapplicable, are semitrans-
parent and become completely transparent for high-
energy quasi-particles. The transparency of large barri-
ers (L =V, > 1) drops twice even within the range of
application of formula (21). The question on barrier
transparency in a wide range (1< k < V,) yet remains
open.

d(0) = 1, L(0) = L.
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A method for solving a stationary problem of wave
scattering by a semi-infinite circular cone with dots
periodically cut along its generating lines is presented
in [1]. In this paper, we pioneer the presentation of an
algorithm for constructing an unsteady Green’s func-
tion of acone with longitudinal dots.

FORMULATION AND THE METHOD
OF SOLUTION OF THE PROBLEM

The conic structure under consideration represents a
perfectly conducting semi-infinite thin cone with N
dlots periodically cut along its generatrices. We intro-
duce a spherical coordinate systemr, 9, ¢ with the ori-
gin at the vertex of the cone; its axis coincides with the
oz-axis of the Cartesian coordinate system (see the fig-
ure). Furthermore, we use the following notation: 2y is

the cone opening angle, | = Zﬁn is the structure period,

anddisthedot width (dand | arethe values of the dihe-
dral angles formed by intersections of planes drawn
through the cone axis and edges of conic strips). In the
coordinate system chosen, the cone is determined by a
set of points:

S ={(r,9,4)0R: rO[0,+»), 9 =y, ¢ 0L},
where

N
L=[]L,

p=1

Lp= gp—l)l +g, pl—%,

CL = [0, 2m)\L.
The desired Green's function G(r, r, t, t,) satisfies
(2) the equation

1 OZD _ .
%3—;‘25,[—@@(& Fort,tg) = =0(r —ry)d(t—ty);

* Kharkov Technical University of Radio Electronics,
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** |ngtitute of Radio Engineering and Electronics,
Russian Academy of Sciences,
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(2) the boundary condition at the cone strips
G(r, rot, tO)lz = 0; and
(3) theinitial conditions

G = a—GEO for

<tp.
ot t<t,

We represent the function G in the form
G(r,ro,t,ty) = Gy(r, ro, t,ty) + Gy(r, ro, t, to),

3(T—RIc)

4TR W

GO(r’ rOi t1t0) =

t=t-t, R=|r—rg.

Here, ¢ is the speed of light; the function G, is con-
ditioned by the presence of the cone surface. For find-

6=y

B(r, 8. 0)
' . Bo(ro, 8, $o)

Geometry of the problem.
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ing G, we use the Laplace transformation

+o00

G(r,ro ty) = IG(r,rO,t,tO)e_Stdt, s>0, (2)

where G® is the Green’s function for the corresponding
steady boundary value problem. This function satisfies
the inhomogeneous Helmholtz equation, the first
boundary condition on the cone strips, the condition at
infinity in space, and the condition near the boundary
irregularities (the cone vertex and the strip edges).

In accordance with (1),

G(r,ro,t,tg) = Go(r, ro t,to) + Gi(r, ro, t,ty),

R
sty q_§
o

Go(r rOltlt) =€ 4.,_[R1

To solve the steady problem, we invoke the Kontor-
ovich—-Lebedev integral transformation

3
7 3)

FO = [T

0

+00

%J’TSiI’]hT[TF(T)KiT(qr)dT
0

Jr

Here, K (2) is the Macdonald function. Taking into
account the representation

f(r) = 4)

+00 ) K r
= T-z[—zjrsinhm z a;TUﬁﬁ)fe'm¢—lﬂldr,

Jr
Un(9,9,)
DP—1/2+|T(COS'B)P 1/2+IT( COSSO) ’9 <'80
[P1/2+|r( cosd)PT 5. i(COST), 9,<9,

we seek the function G; in the form of Kontorovich—
Lebedev integral 3), (4):

J’Tsmhm z meU(l)K”(qr) T, (5)

m+nN

Z X ( )P—l/2+|r( COSS)
mo Pmljzni\‘ (£ COSV)

n=—ow

U(l) — |(m+nN)¢ (6)
mt "
Here, PE1 (cosd) isthe associated L egendre function of

the first kind; a, and bS, are known coefficients, and
Xm and X, are unknown coefficients; the superscripts of

DOROSHENKO, KRAVCHENKO

the Legendre-function arguments in (6) correspond to
the region 0 < 9 <y, and the subscripts correspond to

1<V<1 m

thereglony<8<n;and—_v+mo, 5

being the integer closest to N . Asaresult of using the

boundary condition, the conjunction condition for G}

in the dlots, and the semiconversion method [1], the
steady problem is reduced to the solution of an infinite
set of linear Fredholm-type algebraic equations of the
second kind with respect to the coefficientsy,, , related

t0 Xy

AWYns =V W)+ S Be iy, 0

p —00

Ymn = Vaa (U)
" | ®
+ pzz_oo—p—sm, pym, an—l(u) + ym,OPn(u)’ n#* 0!

n-my N+V |_I’l_|
my+vnl—eg,,’

Ymn = (_1)

2Pv —l(_u)
V(P,_1(=u) + Py(-u))’

Au(u) =

_1-d
cosd, o= ] T,

where V™(u) and V'~ i (u) are known functions[1]. For
the matrix elements €, , of the system, in the case of
N(n +v) > 1, the estimate holds:

n sy o
N (n+v)D

It should be emphasized that the desired coefficients
Ymn (and, consequently, x,, are independent of
parameter g. Thisis essential for conversing and solv-
ing the unsteady problem. A solution to the system of
equations (7), (8) exists and is unique. For arbitrary
parameters of the problem, this solution can be
obtained by the reduction method. In the case of asemi-
transparent cone, a cone with narrow slots, and a nar-
row cone, the norm of the system matrix operator is
smaller than unity. This allows the method of succes-
sive approximations to be employed for solving the
system of equations. Using the procedure of a steady-
problem conversion for a continuous cone [2], we
obtain representations for the Green's function G, in

E€mn = o

DOKLADY PHYSICS Vol.46 No.5 2001
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the case of a cone with longitudinal sots:

r+ rd]
4T[rr0n§_ Z
o ©)
x jgmua%zp_l,m(comb)dr, y < 9.

l=

Here,

M(1/2—m+it)

— (_q\m+1 —-imd,
Om = (1) e rtanhnr—l_(1/2+m+iT)

* P24 i2(—C0S90) Py 5 4 (COSY),

222 2 2
tC —-r —ro

coshb(t) = 3T

n(x) is the Heaviside function, and I' (2) is the gamma-
function.

REPRESENTATIONS
FOR THE GREEN’S FUNCTION

Semitransparent cone. In the case of a semitrans-
parent cone determined by the existence of the limit

2,2
[ =1 =Q>
N—Imm[N n6:| Q 0’
d/l—1
(6 —0)

we obtain from (9) the following integral representa-
tions for the unsteady Green’s function:

_ C _r+rg - im$ .
G = 4nrr0n§ 0 Z © ,[W““
m= —oo 0
X P—m1/2+it(COS'S)P—l/2+ir(COShb)dT1
_ C _r |m¢
G = 41Trr0n%k Z IWmT

m= —w
Pm

% U2+ ir(cosy)
I:)r—nl/2+ iT(_COSy)

(10)
0<9 <y,

(11)
PTl/Z +it(=C0SP) P_y5 i (coshb)drt,
y<d<m,

(1_8m, O)gmt
(1—€p o) +2mQ’

If the sourceis placed on the cone axis (3, =Tt ¢, = 0;
m = 0), expressions (10) and (11) are simplified:

- C _
G = I ron %

X P_1/24i7(—COSY)P_y/5,i:(COSD)P_y/5 . (coshb)drt,

Wi =

r+rq ~ttanhme
c 0 Di‘l’
0

P_y/2+i:(cOSY)
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0<9 <y,
oo (12)
_ C r+rg) ~Ttanhmr 2
G =z NE-—h D, P-vesu(cosy)]
0

X P—1/2+ir(_coss)P—1/2+iT(COShb)dT, y< J <,

Di; = TP_y/54::(COSY)P_y/5 .- (—COSY) + 2QcoshTrT.

Passing to integrating over the imaginary axis (1 =
iT) in (12) and using the fundamental residue theorem,
we arrive at a representation for G, in the form of a
series:

Gl Z dMJ P 1/2+p(cosy)
du

(COSS)Q—1/2+ pj(COShb)f(lfi)

21'[rr0

XP_54u (=COSY)P_, 5,
i Hj

0<9 <y, ct>r+r,, D, =0,

Hi
where Q,(2) is the Legendre function of the second
kind. Thus, the spectrum for the unsteady boundary
value problem is the same as that for the corresponding
steady one; it depends on the angular parameters of the
conic structure[1]. In the particular case of asemitrans-
parent cone (Q > 1), the spectrum is determined by the

991{“]}800:

1

[P(cosv)] 2+0(Q?),
j=012, ..

In the case of a steady-state mode (t > 1), we can
restrict ourselves to approximation (13) for G;:

Mo
Glmmo 5 P1/2+4,(COSY) P12, (~COSY)
du Ho
fZCZ_rZ_rZ
XP_1/54,.(€0S3)Q_1/5+ oL~ — — d]
1/2 po( ) 12+ 0[] 2”.0 0

For a semitransparent cone with the filling parame-
trQ>land T > 1

G, 1—2—(T)?,

=110, G

0<3d <y

under the condition that é [[In(0.5siny)| < 1.
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Narrow dlots. In the case of a cone with narrow

slots%lg <L 1+u< ID the asymptotic expansion of

the Green’s function in terms of the parameter 1 + u,
which holds far from the dots, has the form (8, = 1,

$o=0)

¢ . Ttanhrrtl Py i(cosy)]’

4rry) coshmit Q,
0

G, =

c 1+u

8mrry N

X P_1/24i1(—=C0S8)P_y5.i-(coshb)dT +

g - W,P_ +iz(cos
% Z N¢IrtanhnT T 1/2th( V)
T

nz0

o Plp in(—c089)
P2+ n(—coSY)

+0((1+u)’In(1 +u)),

P_1/2+ir(coshb)dt

y<dJd<m,
Q=B —=IniZY o =W+ %%(BT W),
B,= —p ir(cosy)P i-(—cosy)
T COShT[T -1/2+it V —1/2+it y ’
~  l-gq,
" Ninlgg

A similar representation also holds in the case of 0 <
9 <Y. The spectrum of eigenvaluesisdetermined by the
roots of the equation with a small right-hand side:

L 1. 1-u
COST[|JP 12+ (COSV)P —1/2+ *( COSV) NInT
where
+ _ % 1+u
M= 6N
COSTIU

d
Tl P22 +u(COSY)Pyz y(=COSY] | _ o

+0((1+u)?),

.(cosy) = 0, ;(—cosy) =0,

l/2+C( I:)—l/2+o(

k=012,..

DOROSHENKO, KRAVCHENKO

In the limiting case of vanishing slots (d — 0,
u — —1), the expressions obtained coincide with the
results for the continuous cone [2].

Narrow cone. In the case of anarrow cone (y << 1),
the asymptotic representation for G, hastheform (9, =

T, ¢ =0)

G, = G;S“+Gi“+oan‘3%%, y<9<m  (14)
Here,

istr _ C

L7 8mrr In(2/y)

g I’+I‘d]

P, (T, 1,1y, 8)]

1
8 [T[( coshb— cos9)

is the asymptotic form of the Green's function for the
continuous cone:

+o00

1 ~ttanhmitf,, 00 1,
= +C-—
>, 2] Coshm[w H3+ig+C thanhnr}

x P—1/2+iT(_COS79)P—1/2+ir(COSh b)drt,

where W(2) is the psi-function, C isthe Euler constant,
and the term

so__¢c 1 1,d-u 1
81roIn?(2/y)N U 2 Heoshmt—cosd

accounts for the effect of the slots. Representation (14)
for G, isvalid far from the dots and the cone vertex.

CONCLUSIONS

In this paper, we proposed and substantiated an
algorithm for constructing an unsteady Green’s func-
tion of afirst boundary value problem for a semi-infi-
nite circular cone with periodic longitudinal slots. The
problem of finding the Green's function for the wave
equation was reduced to solving a system of linear
algebraic equations with respect to the Fourier coeffi-
cients of the desired function. For the cases of a semi-
transparent cone, a cone with narrow dots, and a nar-
row cone, both integral representations and representa:
tionsinthe form of aseries are obtained for the Green’s
function. The spectrum of the unsteady first boundary
value problem is shown to be the same as that for the
corresponding steady one. The algorithm proposed can
be used in solving boundary value problems with a
more complicated conic geometry.
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1. Problem statement. Let Q = Q\M be a two-
dimensional inhomogeneous anisotropic aging body
containing a crack represented by the segment M =
{x: ;] <1, %] = 0}. In the creep theory, the stress col-

umn o = (0, 0,,, 2'20,,)! isdetermined as

o(u; x,t) = A(x t)D(O,)u(x, t)

‘ 1
+IB(x,t,T)D(DX)u(x,T)dT. M
0

We use the matrix representation of equationsin Carte-

sian coordinates x = (X, X,)', i.€., interpret the displace-

ment vector u asthe column (u,, u,)* (where“t” istrans-
0

position). In addition, [, = (d,, 0,)", 0; = P and

E 0, 0
D(Dx) = E 0 a2
0 2—1/2a2 2_1/261

o o

(2)
0
0 1 0
dx) =0 0 1

U
0o L2 X, _2—1/2Xl

o [ [

Equation (1) includes the strain column € = D(0,)u, as
well as the positive definite matrix A of elastic con-
stants and the relaxation kernel B; these are symmetric
3 x 3 matrices smoothly dependent on variables X,
which, however, are only measurable and bounded in
the time parameters t and 1. The behavior of these

* Smirnov Research Institute of Mathematics
and Mechanics, S. Petersburg University,
Bibliotechnaya pl. 2, &. Petersburg, 198904 Russia

** Universite Henri Poincare Nancy |,
Vandoeuvre-Les-Nancy, France

matrices near the tips P* = (0, I ) is described by the
formula

|OR(A(X, 1) — A*(1))|
+|08(B(x, t,T) =B* (9., 1, )| s c ri 7P,

wherep=0, ...,s+ 1; (r,, ¢,) arethe polar coordinates
with origin P*. The matrices A* and B= retain the prop-
erties of the matrices A and B, with a smooth depen-
dence on ¢, O [-1t, 11]. The factors 2~ are introduced
informulas (2) in order to equalize the natural norms of
the strain column € and the strain tensor [g;]. The col-
umn ¢ O R3 forms a rigid displacement d(x)'c. The
equilibrium equations and boundary conditions take
the form

3)

D(-0)'o(u; x,t) = f(x, 1),
D(n(x))'o(u; x,t) = g(x,t),

x O Q,
x00Q,

“

wherenisaunit vector (column) of the external normal
to 0Q; f characterizes the mass forces; and g character-
izes the external efforts, which are assumed to be self-
balanced for nearly al t O (0, t,):

J’d(x)f(x, t)dx + J’d(x)g(x, t)ds, = 0. (5)
Q 0Q

The main objective of this paper is to indicate the
asymptotic formulas for solving problem (4), which
isolate stresses and give residuals bounded everywhere
in Q. Aswas verified in [1-5] and in some other works,
the root singularities of stresses typical of the linear
problems of elagticity theory are also retained in prob-
lem (4) on the condition that the instant el astic properties
and the relaxation kernel are isotropic. This is
explained by the conformity principle (see[6, 7], €tc.),
which establishes the independence of the stress field
from Poisson’s ratio. This principle is reaized in the
creep theory asthe Volterraintegral operator. Thus, the
reason for the retention of the singularity is revealed:
the viscoelastic integral operator cancels the principal
elastic-solution term at any time t! Such an effect dis-

1028-3358/01/4605-0336%$21.00 © 2001 MAIK “Nauka/Interperiodica’
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appears in the anisotropic case, and the root singulari-
ties gain an additiona factor which depends analyti-
cally on the logarithmic variable. Similar complica-
tions were encountered in the problem with Laplacian
operator [8], where direct cal culations were possible.

2. Solvability of the problem and its asymptotic
behavior. To ensure the uniformity of residuals in the
asymptotic formulas, it is convenient to use the Holder
weight space with the norm

[ving @l = 3 sup{p(x® |0y ()l
k=0

(6)
v Osv () - OSv ()l

wheres 0 {0, 1, ...}, a 0 (0, 1), and B O R are the
smoothness and weight indices; p(x) = min{1, r.}; and
dotsmeanx,y [0 Q: 2|x—y| < p(x), wherexand y lieon
one side of M, when |x,| < |. Let us additionally intro-

duce the space L, ([0, t°] —= A * (Q)) of thefunctions

dependent on parameter t [ [0, t°] and having thefinite
norm

+sup{ p(x)"[x—

llv: 257 (@l = esssplv-.v: A5 (@
We assume that

f OL([0 t7] — A Q)

g0 L([0,t] — A"(09)),
. . . (7)
g(x 1) =9(x ) + 3 x.(0b°(t), b OL.(0,t°),

sO0{1,2,..}, ad(01), B-s—-al(-1/20).

Here, x. are smooth cutoff functions that are equal to
unity near “their own” tips P* and vanish near the “for-

eign” tips P*; x.(xX) = 0 for r, > |. Formulas (7) admit
any right-hand side f, smooth up to the bound, but the
boundary data g must have the same limits at the verti-
ces P* along the crack shore. The point is that, for 3 —
—a <0, norm (6) estimates the value of |v(x)| at any
point x (1 Q and, moreover, the weight p(x)#~s-® with
a negative exponent causes the norm to tend to zero at
X — P%
Theorem. Under the constraints (3), (5), and (7),
problem (4) has a solution representable as

2
~ U ox i+
ux 1) = G0 ) + Y xR0 + Y x@* ()

+ O i=1
®)

+r75 ogry (9,05

SF 0
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where
a™ 0L,(0,t°), p=0,1,2,
00 L.([0,t°] — A "9(Q))
and, for any fixedq O {1, 2,...},g=s+1,
W* O L.([0,t] - C-m 7). )

This solution possesses a finite elastic energy at nearly
all t 0 (0, t°) and is defined up to the rigid displacement
d(x)'c(t). Provided that the orthogonality conditions

J’d(x)u(x, t)dx = 0

are fulfilled at nearly all t0O(0,t°), the solution
becomesunique and thevaluesof C; > 0and &, > O exist
such that, for any t < t°, the relations

|a®%; Lo, vy + |[[&; AST(Q)|]] < Ce™ N 1),
llw; e tm nllos e enew, o

N(t) = (|| AFH Q)|

arevalid.

L et us make some comments on the outcome formu-
lated here. Asusual (see, e.g., [9]), the solution to prob-
lem (4) is sought as a series:

00

u(x t) = Z ul(x, 1),

a=0

(1)

where u? are the solutions of the elasticity theory with
parameter t:

D(-0,)'AD(0)u’ = &, of —D(-0,)'F? in Q;(lz)
D(n)'AD(0,)u® = 8,,0-D(n)'F* on 0Q,
where

t

F(x, t) =J’B(x, t,)u'"Y(x, 1)dt, q=1, F°=0.
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The existence of solutions to problems (12) and their
asymptotic representations are established using the the-
ory of boundary-value problemsin domainswith angular
and conical points (see[10, 11] and also [12-14], where
the theory is adapted to the problems of crack mechan-
ics). Since the asymptotic representations are con-
structed iteratively (one has to solve the tasks with
right-hand sides of a special kind; see theorem 4.5.12

in[12]), logarithms accumulate and the U%(¢,, t, logr, )

factorsat ry in the asymptotics of the solution ud turn

out to be polynomials of logr, of degree g. Multistep

estimates of the coefficients of these polynomials (due
to the presence of the four selected constants C; and d,)
make it possible to sum up series (11).

The sums U*(,, t, logr, ) involved in (8) are, in
general, infinitely large as compared to any power of
|logr, |. At the same time, for arbitrary J U {1, 2, ...},
we deduce from (10) the relationship

(e, + , logr); C***(=m ml[| < C,™ N(t)

A2 0
x .ZOE“D Et_)ltllogrlD
J:

< CoK (J)N(t) exp{ 3,t[ 1 + (I8;) [logr[]} ,

where K(J) = min{J/j!|j = 0, 1, ...} < o. Therefore,
U*(d,, t, logr, ) grows more slowly than any power of
r, and does not change the power order of the stresssin-
gularity.

The stresses o(U1) calculated from the asymptotic

residue belong to the space L.,([0, t°] — A;“(Q))
and, therefore, as was mentioned before the theorem

statement, are bounded everywhere in Q at nearly all
t (o, t°).

3. Conditionsfor appearance and disappear ance

of logarithms. Let Xi*(x, t) = ry°®*¢,, t) and

Yir(x, t) = r;7 2 Wik, t) (i = 1, 2) be solutions to the
problem of elasticity theory in the homogeneous plane
with a semi-infinite crosscut {x: ¥x; >0, x, = 0}. The
elastic properties of the plane are described by the
matrix A%(t). The singularities Y'*(x, t) of the weight
functions are found from the main singularities X*(x, t)
using simple operations (see [15]).

NAZAROV, SOKOLOWSKI

Lemma. If for anyt 0 [0,t°Jand T O [0, t] the2 x 2
matrix Q*(t, 1) with elements

Qut T = (D(OYY (% 1))’
{1<r, <2

x B*(,, t, T)D(0,) X™(x, T)dx

(13)

is nonsingular, the polynomials logr, — U%(¢,, t,
logr. ) with nonzero coefficientsin (logr. ) appear in
the asymptotics of the solutions u® to problems (12).
Moreover, if A and B are independent of the time
parameterst and T and AU/* = O for large numbers j,
then U/t = Ofor all j = 0, 1, ... and, therefore, U*(d,,
t, logr. ) is never a nontrivial polynomial of the vari-
able logr, .

We should emphasize that thering {x: 1 <r <2} in
formula (13) can be replaced by any concentric ring,
because the integrand is a homogeneous function of the
variabler, of degree —2.

For any sets {D([,)Y*} and {D(,)X"¢}, we can
construct the matrix-function B*(¢., t, T) so that
detQ*(t, 1) # 0. In other words, the condition defined by
the lemma can be satisfied at even instant elastic isot-

ropy of the material if the relaxation kernel is suitably

chosen. In this case, the product ry”o(u; x, t) has no

limit when r — +0! This unexpected result calls for
reconsideration of the classical force criterion in the
creep theory, which appeals to the notion of the stress
intensity coefficients expressed through such alimit.

The equality Q*(t, T) = 0 does not provide for the
absence of logarithms in the asymptotic formula (8).
Certainly, logarithms disappear on the condition that
the matrices B*(¢,, t, T) and A%(t) are similar to the
matrix A*(0). However, all possible variants are not
exhausted by such a simple case. Indeed, using the
algebraic equivalence of two-dimensiona problems of
elasticity theory [15], one can assure that the loga-
rithms are absent if the matrices B*(¢., t, T) and A%(t)
fall into a certain two-parameter class generated by the
matrix A(0).

The stabilization condition (3) implies that the
A*(t)-matrices are independent of ¢, . Thisrequirement
is necessary because the exponents of the stress singu-
larities in the elasticity problem with matrix A%(¢., t)
may differ from —1/2 and vary with time. No detailed
asymptotic formulas are, however, known for such a
situation.

This study was supported by the Lyapunov French—
Russian Center for Applied Mathematics and Informat-
ics, project no. 00-01.
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In 1958, the well-known American scientist
E. Lorentz proposed a hypothesis on climate intransi-
tivity (ambiguity) [1]. This hypothesis claims the exist-
ence of several steady states of a dynamical system
under identical external actions and is well known in
mechanics (cf., the famous Euler problem on equilib-
rium of an elastic rod). We show that similar phenom-
ena of multiplicity and instability of steady-state
regimes are characteristic for many natural processes,
and they can be described in terms of the theory of non-
linear dynamical systems. The observed abrupt varia-
tionsin the level of the Caspian Sea and global warm-
ing are explained by the nonlinear dependence of ther-
mal-physical properties (heat capacity and albedo) of
dry land on moisture reserves.

1. BISTABILITY OF THE SEA LEVEL

The equations of water balance for the Caspian-Sea
basin, the dynamics of the river run-off, and the water
balance of the seain itself are

c:jltv = P—E(W)-Q+0,&,(t) —0,&,(1),
192 = 6w -Q, (m
dH _ SQ =
T %—E(H)—Q(H)*‘Gsas(t)-

Here, W, Q, H are the moisture capacity of the basin
volume, the river run-off, and the sea level, respec-
tively; S, SH) are the areas of the water-collection

basin and the seg; P, E, E, g are the quantities charac-
terizing atmospheric precipitations in the sea basin,
evaporation from both the basin and the water area, and
the run-off into the Gulf of Kara-Bogaz-Gol, respec-

* |nstitute of Water Problems,
Russian Academy of Sciences,
Mytishchi, Moscow oblast, Russia
** Moscow State University,
\orob’ evy gory, Moscow, 119899 Russia

tively; G(W) is the run-off dependence on the moisture
reserves (above al, on the volume of underground
waters actively drained by rivers); T is the relaxation
time of the river run-off (i.e., the setting time for a new
regime as areaction to an external perturbation); &,, &,,
&, are the delta-correlated independent random pro-
cesses, and g,, 0,, and 0, are their intensities.

The second equation of set (1) can be obtained inthe

2
following method. Let K = % be the kinetic energy of

the river run-off, M = G(W)t~'Q be the power deve-
loped by the gravity force while displacing river-basin
watersinto the locking section of ariver, and ® = 1-'Q?
be the power of dissipative forces (friction forces and
other resistance forces).

The second equation of set (1) is derived from the
change of thekinetic energy for the river run-off: %—If =
n-o.

As aresult of vast investigations [2] (over 56 sta-
tions of the East-European Plain, Kazakhstan, and Cen-
tral Asia), it was found that the estimate of the correla
tion between the annual atmospheric precipitations and
evaporability is negative at a reasonable significance
level. Thus, for the zone of formation of the river run-
off in sufficiently moistened territories, it is possible to
assume that evaporation decreases with increasing
moisture reserves. In [3], it was shown (over 125 sta-
tions of Eurasia and North Americain the zone of 35°—
65° N.L.) that the amplitude of the annual temperature
variation is a decreasing function of the annual amount
P(mm/year) of precipitation, A8, = 470P-993,

The fundamental effects indicated explain the
dependence of evaporation on moisture reserves and
lead to a high negative correlation between the river
run-off and the apparent evaporation in the Caspian
Sea, as was found in [4]. A rise in precipitation in the
Volga and Ural basins leads to a simultaneous growth
in the run-off and moistening. This, in turn, reduces the
evaporation both from the river basin and sea surface.
Here, the mechanism of positive feedback isin action,

1028-3358/01/4605-0340$21.00 © 2001 MAIK “Nauka/Interperiodica’
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Table 1. Parameters obtained by the Box—Jenkins method for the discrete ARMA(2, 1) model and the corresponding conti-

nuous mode

Parameter o [0 ¢ 2h o?
Nile run-off (1900-1960) 0.66 —0.26 0.32 1.347 1.205
Residual sequence {y*® (t)} for the Caspian-Sea 0.49 -0.13 -0.01 2.040 1.719
model (1830-1989)

which isresponsible for the abrupt variation in the level
of the Caspian Sea and other basins without outflow.

In [5], nonlinear dependences of the evaporation
and run-off on the moisture reserves of river basins
were proposed. For them, the following relationships
are characterigtic:

Gy>0, E,>0, W<W,,

, , (2
Ey<0, W>W,, Ey(W,) =0.

From the set of relationships (1), without allowance for
the stochastic components, it is possible to obtain an
equation for the Duffing-type nonlinear oscillator:

d’w - -1, dW | _
?"‘(EW"‘T )E‘FT L|J(W) =0,

W(W) = G(W) —(P-E(W)).

This oscillator has three equilibrium states: Wis, QiS =
G(Ws), W(Ws) =0;i=1,2, 3. Itiseasy to show that,
under assumptions (2), Ws and W3 are stable (or
unstable) focuses and W5 isasaddle.

The set of equations (1) has stable self-oscillatory
regimes. The conditions for the excitation of self-oscil-

|lations are E}, (W.) + T < 0.
We would like to emphasize that the nonlinear oscil-
lators with two stable states of equilibrium with the

presence of a periodic excitation demonstrate a deter-
minate chaos.

For example, from this set, we can obtain the equa-
tionsfor alinear oscillator with friction:

q=Q-Qj

2
e AU AR (GOS0
dt t 3

2h = Ej(Wh) + 17,
W’ = THEW(WE) +Gy(WY), | =1,3.

In the vicinity of stable equilibrium states, we have two

. oo : i2m
frequencies w' with periods Q! = -
w
DOKLADY PHYSICS Vol. 46 No.5 2001

Sincethe available models of the hydrologic cycle[6]
fail to describe even the regiona climatic systems, we
determine the parameters h and w for the model of a
river run-off from the full-scale data for the mean
annual run-off. If an original continuous processis sub-
jected to white noise (3) in its right-hand side (at the
input), then the discrete autoregression process is
described by a differentia equation with a moving
average whose order of magnitude is smaller by unity
than that for the differential equation describing the
system under consideration [7, 8]. We put in correspon-
dence to Eq. (3) a discrete autoregression model, i.e.,
the moving-average model ARMA(2, 1) g, — ¢,¢;_; —
@0 _, =& - 08¢,_,, whereg, isthe white noise, Eg, =0,
and Egg,, ,=d(U)o- {d(u) isthe Dirac deltafunction} .
The parameters @,, @,, and 0 of this model are obtained
by minimizing the function

n n

Q= Zsf = Z(qt—cplqt_l—q)zqt_ﬁGet_l)z

t=3 t=3

over ¢, and @, with the Box—Jenkins method and by
recalculating 8 with the help of the formula from [8],
which was adapted to the case of complex roots A, =

|\|g® and A, = |Ale”®, ¢ # 0 for the discrete-model char-
acteristic equation

0
_ IN$ (AI’[In|A|sing — ¢ cosp] —[InA|sing + ¢ cosp])
AI[InAlsing —d cos] + M [[IN°A | +¢ 7 sin“p — ¢

The parameters 2h and « of Eq. (3) can be expressed
in terms of the ARMA (2, 1) parameters:

In(—,)
2h = — N
2
= 1]In P | arcco? -8 0
A 4 _q)zD

In the case under consideration, A = 1 year. The results
of calculations for certain time series are displayed in
Table 1.
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Fig. 1. Histograms for variations in water levelsin the case
of (a) the Caspian Sea, (b) Lake Chad; and (c) the Dead Sea.

The characteristic feature of the steady-state proba
bility density for the moisture reserves of the Caspian
basin and the Volga run-off isits bimodal distribution.

Indeed, the time-independent solution to the Fok-
ker—Planck—K olmogorov equation for set (1),

P+ 2 1(P-E(W))p]

20°p
oW

N'O

35T (CW) -Q)P1 -55°2E = o,

—2
6° = o7 +05,

NAIDENOV, KOZHEVNIKOVA

asT — 0, hasthe form

p(W) = Nexpcqz“““)da .

Hence, it follows that (?TR/(W‘S) = 0 corresponds to the

maximum for i = 1, 3 and to the minimum for i = 2.

Analysis of observational data showed that, for the
modern climate, in the case of the same value of atmo-
spheric precipitates in the sea basin, there are two
steady equilibrium values of the annual river run-off
into the Caspian Sea, namely, 320 and 270 kmé/year
and two levels of the Caspian Sea equal to —25.47 and
—27.92 m abs., respectively. The equilibrium states of
the sealevel are determined as

SQs = [E(HS) + q(Hs)] S(HY).

In fact, the histograms for the level of the Caspian Sea
and for certain other closed basins (the Dead Sea, Lake
Chad, the Great Salt Lake, etc.) are bimodal (Fig. 1).
In[9], it is stated that the bimodal character of the his-
togram for the level of the Caspian Seaisonly an occa
sion. However, it is unlikely that Nature is so occa-
siona. In our opinion, the Caspian Sea represents a
complicated and poorly studied nonlinear system,
which should be investigated instead of claiming that
its properties are occasional.

We present here the regression model [10] for the

variation of the level of the Caspian Sea:
Z(t+1)-2Z(t) = PP(Z(1) +y(1),
vy (t) = 0.459y®(t—1) + 0.0605°(t), @
o (Z(t)) = —0.021 + 0.0021Z(t) + 0.1441Z%(t)
+0.057Z°(t) — 0.12312%(t) = 0.1176 Z°(t).

Here, Z(t) isthedimensionlesslevel, y* (t) istheresid-

ual sequence of the regression model of the fifth order,

and 8% (t) isthe sequence of mutually independent and

identically distributed random values with zero mean
and unit variance.

Thefull-scaledata X(t),t=1, 2, ...,
ized using the transformation

N were normal -

2X(1) = X — Xy
Z(t) = ( ) max mln, Xmax = max X(t),
Xmax_xmin 1<ts<N
Xmin = min X(t)1 |Z(t)| < 11
1<t<N
where X,.., =—25.21 and X,,;,, = —28.92 m abs.

DOKLADY PHYSICS Vol.46 No.5 2001
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Fig. 2. Phase portrait of the nonlinear model for variationsin the level of the Caspian Sea.

Theattractor of nonlinear model (4) isshownin Fig. 2.

2. ON A PROBABILISTIC PREDICTION
OF SEA-LEVEL OSCILLATIONS

We now put forth a question: what is the probability
that aseainitialy at afixed level H, (for example, H, can
be the sealevel observed in 1999) attainsa high level H,
(—25.47 m abs.) prior toalower level H, (-27.92 m abs.),
and what is the average time of attaining a new position
of equilibrium? The solution to this problem is based on
solving the Kolmogorov inverse equation and is dis-
played in Table 2. This is the probabilistic prognosis of
the sealevel variaions for the nearest 1520 years,
which is obtained on the basis of the analytica solution
to the Kolmogorov inverse equation. [ Thisresult can aso
be obtai ned by the method of mathematical simulation of
the solution to nonlinear discrete equation (4).]

In the long-term time scale, the number of transi-
tions of the Caspian Sea from one equilibrium level to
another is determined by the Poisson law with a param-

eter of 0.01-0.002 y%r We emphasize that the pro-

cesses of the heat exchange and moisture exchange in
the sea basin are strongly unstable and are nonlinear
dynamic processes whose description is possible only
at the probabilistic level. Thus, only the ensemble evolu-
tion can be predicted. Asto theindividual trajectory over
aperiod of 100 years, this prediction isincorrect [11].

3. ON THE PROBLEM OF INSTABILITY
OF THE GLOBAL CLIMATE

We write out the equations of the thermal-energy bal-
ance for the terrestrial climatic system, the land water
DOKLADY PHYSICS  Vol. 46

No. 5 2001

balance, and the dynamics of the global river run-off:

AT _S

eI = 21— a(T, W] - 1(T),

W= P -E(T,W)-Q, )
2= e -0

Here, R={T, W, Q} arethe global air temperature, the
moisture reserves of continents, and the river run-off

Table 2. Probabilities and durations of transitions from a
fixed sealevel to the upper and lower levels

Probability Probability
Level, |of thetransi- | Trangtion|of the transi- | Trangition
mabs. | tiontothe [time year§ tiontothe |time, years

lower level upper level
-27.74 0.98 5 0.02 34
-27.55 0.96 10 0.04 33
-27.36 0.93 13 0.07 32
-27.17 0.89 17 0.11 29
—26.99 0.83 20 0.17 27
-26.81 0.75 22 0.25 24
—26.62 0.64 25 0.36 20
—26.44 0.50 28 0.50 17
—-26.25 0.35 30 0.65 13
-26.07 0.22 32 0.78 10
—-25.88 0.12 33 0.88 7
-25.69 0.05 34 0.95 3
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into the ocean, respectively; S, I(T), a(T, W) are the
solar constant, the amount of the heat radiation outgo-
ing from the atmosphere upper boundary, and the plan-
etary albedo of the Earth; c is the heat capacity of the
system consisting of both the atmosphere and the func-
tiona layer of the underlying surface; and P(T) and
E(T, W) are the amount of precipitates and evaporation
from the continental surface.

These equations are obtained provided that the
amount of water and the total ice mass on the Earth are
constant (land and idand polar-ice sheets and the
underground ice of permafrost are steady formations
and do not participate in short-period oscillations of the
climate).

Let Rg={Tg W5 Qs} be the time-independent solu-
tion to the set of equations (5). It is easy to show that,
with allowance for the dependence of planetary albedo
and evaporation of theland moisture reserves, this solu-
tion turns out to be unstable. The character of the cli-
mate instability is specified by the spectrum of the

matrix g—E(R;) of the nonlinear dynamical system

o.R =F(R). For example, for c=9.6 Wyear/m?, (;—_IO(_ =0,
Soa _ W dP 9dE
20w - %28 ot 0035yearK
d _, W dG 1
at ~ 2m2 K dw 005year
0E 1 _
W —006year, and T = 4 years,

where the derivatives are calculated for modern cli-
matic conditions (Tg = 15°C, Qg = 0.3 m/year, Pg =
0.8 mlyear, Eg= 0.5 m/year, ag= 0.33, §, = 1370 W/nv)
and the eigenvalues of this matrix are 1.63 x 102 1/year,
—2.07 x 101 + 1.15 x 102 i/year (saddle-focus). It is

da oE
easy to show that, for W <0and =— W

ear set of equations (5) can have several solutions. The
central problem relevant to the properties of this set
consists in the possibility of existence of a strange
attractor, because there exists a hypothesis that the cli-
matic evolution for the last million years can be consid-
ered amanifestation of the deterministic dynamics pos-
sessing a chaotic small-dimensional attractor.

Thus, the modern climate turns out to be unstable
with a characteristic oscillation period of hundreds of
years.

The observed global warming of the Earth takes
place due to increased solar-energy absorption, owing
to a progressing decrease in the land abedo and an
increase in the land heat capacity. The rise in carbon-
dioxide concentration in the atmosphere (the green-
house effect) is a consequence of natural processes.

< 0, the nonlin-

NAIDENOV, KOZHEVNIKOVA

In our opinion, the correlation [11] between the
anomalous warming of waters off the shores of Ecua-
dor and Peru (El Nifio) and the climate in the Volga
basin is explained by the instability of the Earth’s glo-
bal climate. The moistening of the Northern hemi-
sphere in the 1980s induced a decrease in the abedo
and land heat capacity. This fact, in turn, increased the
near-ground temperature of the Northern hemisphere,
decreased the heat outflow from the tropics, and
increased the temperature in the equatorial zone of the
Pacific Ocean. The development of a vast temperature
anomaly on the surface of the Pacific Ocean in its cen-
tral part preceded the occurrence of El Nifio and con-
siderably enhanced it.

Indeed, prior to the occurrence of the anomalous El
Nifio (1982-1983), the level of the Caspian Sea had
already been elevated by 86 cm (!) and the soil-mois-
ture reserves for the European territory of Russia
increased everywhere in 1972-1985 and in all the sea-
sons at arate of 1 to 3 cm for 10 years. Note that the
correlation dependence between El Nifio and the Nile
run-off was noticed for the first timein [12]. It should
be emphasized that the relationship between the El
Nifio phenomenon and the anomaliesin meteorol ogical
and oceanic fieldsin various regionsisthe consequence
of the instability and nonequilibrium of the global cli-
matic system. According to the descriptive expression
of I. Prigozhin, “only in a nonequilibrium state, can a
system turn out to be sensitive to certain aspects of its
proper redlity.”

4. KOLMOGORQV ESTIMATES
FOR SPECTRAL DENSITIES OF TIME SERIES

Since periodic solutions are characteristic of mod-
els (1) and (5), the spectra of climatic and hydrologic
series must have extrema at certain frequencies.

For the spectral densities of the series, we used the
Kolmogorov estimate [13, 14]. Let the series X(t) of
length N be divided into T segments each of length M,
which are shifted by L with respect to each other; i.e.,
N=(T- 1L + M + 1. We determine that

fu(w) = TZ"’V ()"

Wi (w) = > ay(t—LK)E'X(t), |w <0.5,

ft=—o0
whereay,(t),t=...,-1,0, 1, ... isacertain nonnegative
function (“data window”) equal to zero outside the

interval [0, M]. In the case of the Kolmogorov estimate
[13, 14], thisfunction is determined by therelation

au(t) = u(k, pEE ="

Here, M = K(P - 1) and u(K, P) isthe normalizing fac-
tor, the integers K and P being specified by the length

P™Cy p(1).

DOKLADY PHYSICS Vol.46 No.5 2001
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Fig. 3. Spectra of various time series characterizing the cli-
mate in the Caspian-Sea basin: (1) spectrum of the Volga
run-off inYaroslavl; (2) spectrum of therun-off into the Cas-
pian Seafor all rivers of the Caspian basin; (3) spectrum of
air temperature in Kazan; (4) spectrum of air temperaturein

Moscow; and (5) spectrum of the Y sequence.

M of asegment. The coefficients C¢_p(t) are determined
from the relationship

K(P-1)
)3 ZC p(t) = (L+2z+ ... +277H"

t=0

_ -2
T 01-z0"

Usage of the f y (w) statistic constructed on the overlap-
ping segments makes it possible to markedly decrease
the variance of the estimate and to simultaneously test
the series with respect to its stationary character. The
statistical properties of this estimate were thoroughly
investigated in [13].

Thus, in this paper, we have constructed the spectra
for the Caspian Sea and its basin, for the Volga run-off
in Yaroslavl, the run-off for all the rivers into the Cas-
pian Sea, the air temperature in Kazan and Moscow,
and the sequence y)(t) [see (4)] for variations in the
level of the Caspian Sea (Fig. 3). Moreover, we have
constructed the spectra of the Wolf numbers, the Nile
run-off near the Aswan dam, the El Nifio anomalous
flow near the shores of Peru and Ecuador (the tempera-
ture series), the Dnieper run-off, and the air tempera-
ture in Saint Petersburg (Fig. 4).
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1. The state-of-the-art in laminated-plate and shell
mechanics was covered in review [1]. The current sta-
tus of the stability theory for three-layer plates and
shellswas presented in [2]. In [2], the stages of the the-
ory's development and lines of further inquiry were
analyzed and a proposal was put forth on the classifica-
tion of stability-loss forms according to Euler. In the
case of three-layer plates and shells under the action of
astatic load, for different forms of the stressed-strained
state in both supporting layers and the filler, we should
distinguish the following:

(1) Skew-symmetric (equiphase) and symmetric
(antiphase) stability-loss forms. These forms are real-
ized in certain structures for equal values of subcritical
forces in supporting layers and zero values of subcriti-
cal transverse tangent shear stressesin afiller.

(2) A mixed flexural stability-lossform. Thisisreal-
ized for unequal values of subcritical forcesin support-
ing layers and zero values of subcritical transverse tan-
gent shear stressesin afiller.

(3) A pure shearing stahility-loss form. Thisisreal-
ized for zero values of subcritical forces in supporting
layers and nonzero values of subcritical transverse tan-
gent shear stressesin afiller.

(4) A flexural-shearing stability-loss form. This is
realized in the case of nonzero subcritical tangential
stresses in supporting layers and transverse shear
stressesin afiller.

(5) A shearing stability-loss form in tangential
directions. Thisis realized for low values of the shear
modulus of asupporting-layer material in the tangential
plane under conditions of pure shear.

(6) An arbitrary stability-lossform. Thisis acombi-
nation of the above forms for a subcritical stressed-
strained state of an arbitrary form.

2. We consider a circular three-layer ring with a
symmetric structure along the thickness, which isunder
the action of a uniform external pressure p. Let 2t and

Research Technological Center for Problems of Dynamics
and Strength, Tupolev Sate Technological University,
ul. Karla Marksa 10, Kazan, 420015 Tatarstan, Russia

2h be the thicknesses of the supporting layers and the
filler, respectively; R be the radius of the filler middle
surface; 0 be the circumferential coordinate; E; be the
filler elastic modulus in the thickness direction; and G
be thefiller transverse-shear modulus.

Using the results of [3, 4], we can represent the lin-
earized equationsfor investigating all possible forms of
the ring stability loss (ignoring variations of the metric
along thefiller thickness) in the following form:

dT®

f(k) T 40 + N(k)+6(k)qR =0, 6(1) = —5(2) =1,
dN 9y RE
fEig de -I—(k) (k)2h 3(W(2)_W(1)) =0,
k=12, (D
V(l) _ V(Z) —(t+ h)((x)(l) + w(z))
th 2h® d’ q
G~ 3E,R*de’

Here, v, w® are the circumferential displacements
and deflections of the middle surfaces for the upper
(k=1) and lower (k = 2) supporting layers; q are the
transverse shear stresses in the filler, which are perma-
nent along its thickness; and T®, N®, and w® are the
axia thrusts, the generalized cutting forces, and the
turns in the supporting layers, respectively. The latter
guantities are expressed by the following formulas:

(k)
N® = R[dgﬂe +RTY 0 (k)+(t+h)Rq},

© (2)
lodw ™ g
RO d6 b
Here, B isthetension—compression stiffness of the sup-
porting layer; and M® isthe bending moment related to

v ® and w® by the following relation (D isthe flexural
stiffness of the supporting layer):

Ddw®
"R dO

®)
- Bdv sw, o =

M® = 3)
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The subcritical axial thrusts TS in the supporting
layersinvolved in (2) can be represented in the form

T =To+ 3y To- “4)

In particular, for p = const (uniform external pres-
sure), it is easy to show that

@ - _1+X

o - _m pR’ TO 1+2X pR (5)
o_ PR 0 _ pR
TC - 2 1 Ta 2(l+2X) (6)
RZ
Here, x = 2?3h is the dimensionless defining parame-

ter of thefiller transverse squeezing.

The classical solution to the formulated problem of
finding the critical external pressure p., can be found by

representing the unknown functions v®®, w, and q in
the form

(k) T
v, a
= {W"¥, v, Q} { sinnd, cosnd, cosn@} *,  (7)

{ W(k)

wheren=1, 2, ...
waves.

Substituting (7) into (1) and using Egs. (2), (3), and
(5), we obtain a system of homogeneous equations in
V® W® and Q. The critical value p,, can be found
from the condition that the solutions to this system are
nontrivial [4]:

is the number of stability-loss half-

D
Pe = Eg,mcr' (8)

Here, m,, > 1isthe dimensionless parameter of the crit-
ical load whose least value is determined by minimiz-
ing the expression for m, with respect to n.

It isworth noting that by virtueof TS 2 T inthe

case of low values of ¥, we deal with a mixed flexural
stability-loss form (W) # w®) with n # 2. When
increasing ¥, this form passes to the classic equiphase
flexural form (W) = w®) withn = 2.

3. We now demonstrate that the above-described
solution to the problem under consideration isnot unique
and the value of the critical pressurefound from (8) need
not be minimum. To this end, using Egs. (1)—(4), we
construct a homogeneous system of stability equations
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assuming that undulation in the coordinate 6 is impos-
(k)

dv® _dw” _dg _
sible, i.e., assuming that ——= 0 - do " do =0:
2 T2+Tg @, t+h
= + + =
f(l, q = w = q=0,
Ta e t+h
=—q+ —- + —q9 =
2, = EW(1)+E(W(1)—W(2)) =0 9)
(1) Rz 2h !
s _B @ B o_,@ 2
f(z) - EZW 2h(W ) - O,

V(l)_V(z)_(hﬂ)(w(l)erm)J,%q = 0.

®)
Here, we accept that w® = —Y—

In what follows, instead of the desired unknowns
v® and w®, it is convenient to introduce new
unknowns according to the following representations:

v, = v+ V(Z), v, = V(l)—V(Z),

(1) 2 (10)

(1) (2)

W, = W7+w7, W, = w—w

After constructing the combinations
fo=fuy+fy =0, fy= fiy = 0,1 =23,

the system of equations (9) can be rewritten in terms of
the new unknowns as

[
fo=

Bw,
R2

- B EDW =0

[hz

2 = T, + Tow, + 2(t +h)q = 0,

fo =

=0, fs (11)

f2 = Tow, + Taw, + 2Rq = 0,

2hq _
G 1

(12)

—Rw,—(h+1t)w, +

v v
where w, = —E"‘,wc: _TQE'

We connect subcritical forces T2, To entering into
(12) by therelation

T = —TJ, (13)

where, according to condition (6), the following for-
mula holds for c:

(14)



348
Substituting relation (13) into Egs. (12) and allow-
ing for the condition of the nontrivial nature of the
solutions to these equations for TS , we arrive at the
expression
[R*+2cR(t+h) + (t+h)’]G
h(1-c? '
Furthermore, combining (15) with the first formula

of (6), we can determine the critical external pressure
pCI" namely’

T = (15)

_ 2G[R*+ 2cR(t + h) + (t + )]
Rh(1-c?) '

The stability can belost by the form under consider-
ation even earlier than by the mixed flexura one if the
following inequality is fulfilled:

2G[R’ + 2cR(t+h) +(t+h)] _ D
Rh(1-c?) 2

When designing three-layer structures, this inequality
is one of the constraints in choosing the value of the
filler's transverse-shear modulus.

4. The analysis of the results obtained makesit pos-
sible to formulate the following fundamentally impor-
tant conclusions.

The quantity Tg is the critical load for the stability

loss. As follows from formula (16), this load is physi-
cally realized only in the case of external pressure.

In accordance with the classification compiled
in[1, 2], the form of stability loss under investigation
in a filler is a shearing loss. It is realized without
appearance of deflectionsin the supporting layers. This
isevident from trivial solutionsw, =0, w, =0, W) =0,
and w® = 0, which follow from (11).

(16)

cr

(17)

PAIMUSHIN

Thefound form of shearing stability lossin thefiller
can occur in structures not only at nonzero vaues of
subcritical transverse tangent shear stressesin thefiller
but also in the case when they are absent in the subcrit-

ical state provided that TS > 0. This conclusion is an

extremely important addition to the results of [4],
which were listed in Section 1, and significantly
extends our insight into the mechanisms of stability
loss for three-layer structures.

In studying the revealed form of shearing stability-
loss in fillers, introduction of simplifications of the
shallow-shell theory into the stability equations for
three-layer structuresisinadmissible.

In three-layer structures, the form of the shearing
stability-loss in a filler is realized mainly through
mutual tangential displacements of supporting layers
without their bending.

To prevent the stability loss of three-layer structures
in accordance with the forms discussed above, the cor-
responding conditions for the fixation of supporting
layersin their contour must be provided.
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Molecular mass—heat exchange between drops and
their surrounding medium may be accompanied by
macroscopic effects; these effects make this process a
subject of continuum mechanics. As an example, we
refer to the emergence of oscillations or the tranda
tional motion of such drops due to the instability of
their equilibrium positions [1-3]. We discovered new
effects pertaining to thistype of phenomenain studying
the dissolution of adrop of abinary mixturewith ahigh
content of a surface-active substance (SAS).

1. SPHERICAL DROP

In our experiment, a drop of a chlorobenzene-iso-
propyl acohol mixture was put in a water solution of
sodium chloride with a vertical density gradient. The
gradient value was chosen so as to suspend the drop in
the salt solution, thus decreasing the vertical motions of
the drop in the process of dissolution. The initial con-
centration C, of alcohol in chlorobenzene was varied
from 10 to 45%; the drop diameter, in the range
3-10 mm. Only one component of the drop, namely
alcohol, was soluble in our experiment. This compo-
nent served as a surface-active substance not only for
the second component, chlorobenzene, but also for the
surrounding liquid. All working liquids were opague.
To visualize and record the flow structure, we
employed a horizonta “light knife” and a video cam-
era. For a tracer, we used the white-colored opaque
emulsionsthat appeared at the drop boundary dueto the
mutual trapping of water and chlorobenzene during
alcohol dissolution.

It is convenient to subdivide the dissolution of a
drop with a sufficiently high initial SAS concentration
into several stages. Owing to the surface instability
caused by capillary effects [4—7], the SAS dissolution
initially occurred as an gjection of concentration jets of,
on average, equa intensity. At each instant of time,
these jets were randomly redistributed over the drop

I nstitute of Mechanics of Continua, Ural Division,
Russian Academy of Sciences,
ul. Akademika Koroleva 1, Perm, 614061 Russia

surface. As the alcohol content decreased, the number
of jets diminished and their unsteady redistribution
over the surface caused the drop to swing with an
amplitude equal to 0.1-0.2 of the drop diameter, by
analogy with the well-known effect of a “jumping
drop” [1, 2]. Swinging was accompanied by the forma-
tion of an unsteady stream inside the drop in the form
of two or more cells. Later on, this regime changed to
the steady-state regime, and, finally, the mation of the
drop, as awhole, and the visible streamsin the interior
of the drop ceased.

However, the achieved mechanical equilibrium was
not the final stage of dissolution when the initial SAS
concentration was in excess of 20%. Suddenly, alarge-
scale motion reappeared inside the drop and further
developed in accordance with one of the two scenarios.
In thefirst case, the convective motion inside a stagnant
drop manifested itself in the symmetric rise of the lig-
uid from the lower part of the drop along its axisin the
form of arotating torus. Such an impulsive rise of the
liquid could occur repeatedly, for example, 56 times,
when C,, = 35%.

In the second, less frequent variant, a one-cellular
stream developed in the drop in the form of arise of the
liquid along one side of the drop and a sink along the
other. Presumably, the type of motion changed as a
result of an accidental emergence of asymmetric (e.g.,
thermal) conditions on the drop surface. It could be
conceived that the drop was upset like atop upon com-
pleting its rotation. The upset was accompanied by the
intense gjection of the SAS from the floating-up stream
into the surrounding medium, which was clearly indi-
cated by the formation of concentration “swirls” The
drop itself began to perform a trandation, and its dis-
placement reached 3-5 drop diameters in a time of
about 10 s.

2. CYLINDRICAL DROP

Drops of spherical shape cannot be used for precise
observations and measurements. For this reason, in
order to elucidate the cause of the unusual behavior of
drops, we studied the dissolution of a stagnant drop in
the form of a short horizontal cylinder (“tablet”) with a

1028-3358/01/4605-0349$21.00 © 2001 MAIK “Nauka/Interperiodica’
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Fig. 1. The structure of the stream and concentration field in the cylindrical drop during its dissolution (D = 9 mm, Cq = 35%).

(a) Two-cellular stream visualized by awhite-colored emulsion in reflected light; thetimet elapsed from the onset of dissolutionis
2 min; (b) field concentration in transparent monochromatic light (a transition from one interference band to the other corresponds

to achangein the alcohol concentration by 0.10%); t = 4.5 min.

free side surface, the faces of which were clamped
between two vertical glass plates. The gap between the
plates (~1 mm), filled with distilled water, was used as
a Fizeau interferometric cell, which enabled us to
record, face-on, the structure of the concentration fields
simultaneously with the visualization of the streams.
The drop diameter was varied from 5 to 15 mm.

As the cylindrical drop dissolved we initialy
observed, as with the spherical drop dissolved, an
intense small-scale motion near the interface. Then, a
large-scal e plane stream appeared inside the drop in the
form of two symmetric cells. This stream was produced
by the motion of the SAS-depleted mixture along the
side boundaries (Fig. 1a). In parallel with the evolution
of the stream, astable, nearly linear distribution of den-
sity of the binary mixture with a downward-directed
vertical (positive) gradient formed throughout the drop.
As the mean alcohol concentration decreased, the
intensity of the large-scale stream declined and the
stream was expelled into the upper part of the drop. The
stream in the lower part became slow (creeping), repre-
senting the rise of the bulk of the liquid as awhole.

As aresult, two zones with different characteristic
mass-transfer rates were developed inside the drop: the
upper convective zone and the lower quasi-diffusive
(stagnant) zone. Correspondingly, the distribution of
the isopropy! acohol concentration changed, retaining,
however, its linear appearance in the stagnant zone
(Fig. 1b) and becoming homogeneous in the upper part
of the drop due to the convective mixing. The mean
alcohol content in the convective region decreased at a
higher rate, making this region heavier than the under-
lying zone, i.e., changing the sign of the density gradi-

ent to negative. This unstable stratification of the mix-
ture was maintained by the creeping stream until the
onset of the crisis of large-scale mation in the upper
part of the drop and the breakup of this motion into iso-
lated streams of a depleted mixture sinking through the
drop body took place. When heavy streams reached the
upper boundary of the stagnant zone, the negative den-
sity gradient increased, resulting in the loss of stability
of the equilibrium state. The vertical distribution of
alcohol concentration at thisinstant of timeisshownin
Fig. 2. (The alcohol-concentration and mixture-density
gradients are directed opposite to one another; the

d*
1.0
h
dr =1
D
A
0.5+
B
-
C
1
0 0.4 AC, %

Fig. 2. Distribution of the alcohol concentration over the
height of the cylindrical drop at the instant corresponding to
theloss of stability and the repeated devel opment of convec-
tive motion (D =9 mm, Cq = 35%, t = 5 min).
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unstable stratification of density corresponds to seg-
ment “B.")

After the loss of stability, the light portion of the
mixture began to float up along the side surface. How-
ever, the buoyant liquid lost the SAS rapidly, which led
to the generation of an inverse stream and to the forma-
tion of a cell similar to the torus in the three-dimen-
sional case. Consequently, the prerequisites arose for
the repeated cycle. Note that, at the instant of the onset
of repeated motion, both the concentration gradient and
the mean concentration (~1%) are small compared to
theinitial concentration.

Thus, we experimentally studied the streams and
concentration fields that are formed in the process of
dissolution of spherical and cylindrical drops in an
SAS-containing binary mixture due to the interaction
of the concentration—capillary and gravitational con-
vection mechanisms. We discovered and explored a
new phenomenon, the reappearance of large-scale
motion at the ultimate quasi-diffusive stage of dissolu-
tion. The reason for this is the loss of stability in the
density distribution, which isformed by initial convec-
tive streams. Because the intensity of such flows is
determined by the initial concentration of the dissolv-
ing component, the effect revealed by us hasathreshold

DOKLADY PHYSICS Vol.46 No.5 2001
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character and can be observed only at a sufficiently
high SAS content.
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The Lagrange equations of motion are written for a
mechanical system consisting of kinematic dry-friction
pairs. These equations are not solved for higher deriva
tives and constraint forces. The definition of a solution
to themisgiven. Theorems on the unigueness and exist-
ence of such a solution are formulated under certain
sufficiently general additional assumptions. The results
obtained develop and complement the mechanical the-
ory of systemswith dry friction [1-6].

1. The equations of motion are derived by the
method of elimination of constraints, which is
described in papers[7, 8]. According to this method, an
initial system with constraints is changed for another
system in which frictional constraints are replaced by
reaction forces N, ..., and N,, and friction forces. To
describe the position of such a system, additional coor-
dinates g, ¢, ..., On.m @€ introduced aong with the
initial coordinatesq;, ..., Q.

For the extended system under consideration, which
is free of frictional constraints, an expression for
kinetic energy T and the Lagrange equations of motion
can be immediately determined. The kinetic energy T

is assumed to be the quadratic form with respect to q:
m+n n+m
T= z a;;()qiq; + z bi(q)q; +c(q);
ij=1 i=1
its coefficients are continuously differentiable. As is
shown in paper [8], the work of reaction forces, which

is spent for virtual displacements along the lines of
each coordinateq; (i = 1, ..., n+ m), represents a func-

tion of theform QiN @, gq,N)= (viN (@, g),N). Itiscon-
tinuous with respect to g and g, linear in N, and con-
tains a vector viN , Which is continuous with respect to

Center of Investigation of Sability and Nonlinear Dynamics,
Blagonravov Institute of Engineering Science,

Russian Academy of Sciences,

ul. Dmitriya Ul’yanova 5, Moscow, 117333 Russia

g and q. The external forces Q'j\(q, Q) k=1,...,n+

m) are also assumed to be continuous. In this notation,
the complete system of equations of motion has the
form

2

| =n+1,..,n+m,

g = S(dg -+, dn), (3)

Here, the steady-state equations (3) which describe the
constraints close the incomplete system of n + m
Lagrange equations (1), (2) in n + m + m unknowns
ql""’qn+m; 15«5 'Nm-

The system presented differs from the known alge-
braic-differential systems in the absence of variables
N, ..., N, in Egs. (3).

According to Coulomb’s law, the generalized fric-

tion forces Q$ are taken to be

|l =n+1,..,n+m.

J
Q= fi(@ QINIT(@ &) + £5.4(a O T5.4(a, 6,
i=1

k=1,..,n+m
in the regions of their continuity (at nonzero velocities
d.), where f O C(q, ¢) are the friction coefficients,

INJl = /N?+ ... + N2, isthe Euclidean norm of the

corresponding reaction-force vector, T (q, ) O
C(U\Y) are piecewise continuous functions, and &
represents the union of discontinuity surfaces of all T, .

Most widely used is the function T;(q) = 9 where

llo”
g* are the components of the vector ¢ that determine

1028-3358/01/4605-0352%$21.00 © 2001 MAIK “Nauka/ Interperiodica’
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velocity at a contact point. Use of other functions T;,
which can be taken, for example, from papers[1, 8, 9],
isalso possible.

Using (3), wediminatethevariablesq,, 1, .., Gh+ m
in Egs. (1) and (2) and obtain
zEakl'l' 2 ak] (VN(q q) N)
= j=n+1
J
=3 fHINETS = Fi(a, ), 4)
i=1
k=1, ..,n+m.

The left-hand sides of these equations are linear in §,

[l

0

] [a,+ a
M s (a, 6, N(1)) EpDR Z “ Z k‘

U]

Ol

Here, the set M, (0, g, N(t)) isformed by the values of
g satisfying system (4) at given g, g, N(t), and N(t).
Remark 1. The set My(q, g, N(t)) is defined by

n + mequationswith n unknownsp; . Therefore, this set
is not empty only for certain functions N(t) called
admissible.

Definition 1. The pair q(t): R — R", N(t): R —
RMiscalled asolution to system (4) under the following
conditions:

(1) The function ¢ (t) is absolutely continuous with
respect to t and, consequently, has the measurable
derivative g (t).

(2) The many-valued function N(t) is everywhere
[3-continuous with respect to t (has aclosed graph); itis
single-valued if t is such that qt) and §(t) do not
belong to the discontinuity surfaces & of the functions

T, 4).
(3) The generalized differential equation

d(t) 0 co{ M4 (q, a, N(t))}

is satisfied, where, similarly to paper [10], co{ -} and an
over-bar mean take the convex hull and closure of a
function graph in the space {q, g, p}, respectively.

3. The unit sphere Sfj of the dimensionality pj is

considered for each reaction-force vector having the
number j =1, ..., J. It is assumed that the vector g [
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while their right-hand sides are piecewise continuous
with respect to their arguments and independent of ¢
and N.

System (4) consists of n+ m second-order differen-
tial equationsin n+ munknowns g, (k=1,...,n) and N,
(i=1,...,m). These equations are not solved for § and
do not contain derivatives of N, while the reaction
forces N themselves enter nonlinearly into them and
have discontinuous coefficients.

2. We assume that N(t) is a given function. By
replacing g with pin Egs. (4) and substituting the func-
tion N(t) in these equations, we construct the many-val-
ued function

k =

o

1,...,n+m

S'fj and the vector e= (g, ..., g) R are formed by
coordinates of the vectors g . Outside the set ¥, the
norms || - ||; occurring in system (4) are replaced by the
scalar products (g, -). A matrix of the derived system
that islinear in (g, N) isdenoted by A} .

We denote by A, (0, ) a set of matrices which are
limiting matricesfor A* (qf, 4 )atq —~q, § — ¢
(i — oo, g OU). If, inaddition, g and g are such that
||A’;,,_l (@, )"F(g, q)||;- = Ofor acertainj*, we consider
that A, @)= L] A, ... @ thispoint. Here,

€« Dy’fj*

the expression A’g‘l (g, Q)" represents the last m rows

of the matrix AL ™

We also introduce the set of matrices that ensure the
linearization of system (4) in g and N at the paint g, §
for al possible vectors e of the form considered here:

A={A;e0S .. .ed S}.
Here, elements of the matrices A O &4 can be discontin-
uousonly in &,
Theorem 1 (on the existence of the solution). Let,

at any point g, g in the region U, the following condi-
tions be satisfied:

(i) Cc > 0 is such that for any compact set K O U,
Kn¥=¢,0A. 04, OADA.|detAs| = cand the func-
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tion A7'(g, q)F(g, q) satisfies the Lipschitz condition
with respecttoq, g in K.
(ii) The condition

(A0 9)" (A (g, )" '€, €9 >0 Q)

is satisfied for OA.(q, ) 0o Oej: (€], 6) =0, DA
A O A.. (By definition, in the set &, A, isthe closure
of the limiting matrix set correspondingto g, — qand
0 —9.)

Then, for Ot,, Og,, g, O U, for which N, is such
that if N(ty) = N, then the set My (. do, No)l;=¢, # P,
there is a solution to system (4) in the sense of Defini-
tion 1. It exists in the region U and is such that q(t,) =
o> G (to) = Go» and N(ty) = N,

For the right- and left-hand sides of the differential
equation (4), condition (ii) of Theorem 1 is difficult to
verify. The proposition formulated bel ow gives the suf-

ficient condition for item (ii) of Theorem 1, which is
simple and often applicable.

Proposition 1. Let, for any compact set K 0 U,
(> 0: UA, O o and the condition |[detA| = ¢ > 0 be
satisfied for any matrix A belonging to closure of the

convex hull co{ A;l} of the set of limiting matrices.

Then, condition (5) of Theorem 1 is satisfied.

To prove Theorem 1, the author has presented arule
making possible a construction of the approximate
solution and development of the corresponding numer-
ical algorithm.

4. \We assume that there are both the initial condi-
tions g(0) = q,, §(0) = g, and acertain region U, which
contains (g, g,) and needs to be used for investigation
of the properties of the solution.

Thevector N, [0 R™that describestheinitial reactions
at the point q,, g, is caled admissible for system (4) if
the set M4(Qo, Go. No) # @ for thisNy.

Proposition 2. Let the conditions of Theorem 1 and

Proposition 1 be satisfied. Then, only afinite number of
the admissible reaction-force vectors N; corresponding

to system (4) exists at each point g, g 0 U\Y.

The proposition formulated below gives the suffi-
cient uniqueness conditions for reaction forces arising
in the system.

Proposition 3. Let the conditions of Theorem 1 and
Proposition 1 be satisfied throughout the space R".
Then, the unique admissible vector N, exists for each
Go» 0o O R\

Definition 2. The solution to system (4) is termed
right-hand single-valued in the region U if any two
solutions to system (4), q,, N, and @,, N,, which have

MATROSOV

the identical initial conditions q,(t)) = g,(t)), q.(ty) =
0, (ty), and N,(ty) = Ny(t,), coincide at t > t, belonging
to adomain of their definition.

The right-hand Lipschitz condition represents the
main tool for investigating the right-hand uniqueness.
The vector-function G satisfiesthe right-hand Lipschitz
condition in the region U if [f* with p(¥*) = 0:
(L > 0: Ox, y O U\S*:

(x=y, G(x) = G(y)) < LlIx—vi*, (6)
where u(-) isthe Lebesgue measurein U.
Remark 2. PiecaNise continuous functions of the

00 R satisfy condition (6) in
W y ©)ing.

For asolution to system (4), the theorem formulated
below represents the sufficient conditions of the right-
hand unigueness in the sense of Definition 2. These
conditions are applicable, for example, for systems
where constraint forces are independent of friction or
the work of the reaction forces is equal to zero for the
possible displacementsalong q;, ..., Q-

Theorem 2. Let, along with the reali zation of the con-
ditions of Theorem1 and Proposition 1 for system(4), the
following conditions be satisfied:

(i) All functions||N(q, ) Ti(g, g) and F; satisfy the
right-hand Lipschitz conditionin theregion U; thefric-
tion coefficients f; are positive and satisfy the Lipschitz
condition.

(ii) The matrix

form To=-

n+m

O aSD
E = [[ak,+ a }
D z aqd:' n k=1, ..,

j=n+1

is continuoudly differentiable in U, self—conjugate
(symmetric), and positive-definite with |detE| = ¢ > 0.

(iii) Each function (v (q, ), N@@, @) k=1, ...,n)
satisfies the Lipschitz condition with respect to the vari-
ables g, ¢ O U [for normal reactions (v'ﬁ,(q, q),
N(a, q) =0].

Then, for any initial condition q,, §, 0 U and each
admissible reaction-force vector N,, a solution to sys-
tem (4) that satisfies these initial conditions is right-

hand single-valued in the region U in the sense of Def-
inition 2.

Remark 3. If 6_ =0, then Eisthematrix of kinetic

0q;
energy, which isassumed to be symmetric and positive-
definite.

Application of the theorems discussed hereisillus-
trated in my papers[11], where, along with other exam-
ples, those proposed by P. Painlevé concerning a body
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In contrast to the classical case, in the case of phys-
ically nonlinear elastic media, the uniqueness theorem
usualy only states uniqueness in the small. In this
paper, we present the conditions of stability and
unigueness in the small and in the large for the model
of a heterogeneously elastic material (with a nonuni-
form elastic modulus) [1-4].

This model is employed, for example, to alow for
the effect of damages and microruptures on the strain
characteristics of solids, when studying the stability of
spatial bodies, and on the fracture mechanics. Various
sufficient conditions of uniqueness in the small of a
solution to the static problem for such materialsand the
conditions of their stability were given in [5-8]. The
unigueness theorem for alocal solution to the dynami-
cal one-dimensional problem was proved in[3].

In the geometrically linear formulation, the bound-
ary value problem of the elasticity theory is described
by the equations
+F =0, g =

1
O, t é(ui,j"'uj,i)v (1)
ow

oe, 2

Oij =
oinjls, = Tin  Uilg, = Ui,
ullllsT UI! Smjk(o-jsns)lklsm = Tm-
These equations admit branching of their solution.
Namely, on attaining a certain stressed-strained state,

two different solutions of”, £{”, u® and o{?, &
@

3)

ij > ij >
U~ correspond to the same problem (1)—3). Here,
W(;;) is the elatic potential; S= S+ §, + Sy isthe

* Ingtitute of Machine Engineering and Metallurgy,
Far East Division, Russian Academy of Sciences,
ul. Metallurgov 1, Komsomol'sk-na-Amure,
681005 Russia

** Komsomol'sk-na-Amure Sate Technical University,
pr. Lenina 27, Komsomol’sk-na-Amure, 681013 Russia

surface of the body under consideration with volumeV;
F, and T, are the specific mass |oads and the given sur-
face loads, respectively; U; are the displacements of
points on the surface §; U, isthe displacement compo-
nent along the given unit vector | for points on the
boundary S;; T,, are the surface-load components in
the plane orthogonal to |; and &, is the absolutely anti-
symmetric unit tensor.

Equilibrium equations (1), the Cauchy relation-
ships, and also the Gauss—Ostrogradskii theorem lead
to the equation for virtual works:

Io,]s,]dv IFudV +I0”nju ds. “)

(1) (2) 1
ij - Ij ,AS —8 -

— u? and using (1) and (4), we

Inthiscase, denoting Acj; = 0

e?, and Ay, = u!

obtain

J’AGUAs,JdV IAG,,nJAu ;ds. (5)

Theintegra in the right-hand side of relationship (5)

is zero because the loads are equal on S, (0(1)

oPn; = T;); the displacements are equal on S, (u(l)

u® = U)); and the vectors Ac;;n; and Au, are mutually
orthogonal on Sy;. We now consider the left-hand side
of relationship (5).

We use the expression for W(e) corresponding to the
first approximation for the elastic potential of the media
under consideration. This approximation was given
in[4]. Similar to the classical approximation, it is the
best inits class and takes the following form:

W(e) = Z15+ i, —viL T,
e=(g;), l1=9;g;, I,=

We assume that the function W(€) is strictly convex.

1. Uniqueness in the small. In this case, the solu-
tions are infinitely close. From (2) and (6), we find,

(6)
€ij€;
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ignoring the values of the second and higher orders of
magnitude, that

2
AcjAg; = o'W Ag;;Agy = 0.
asij08k| E‘(jl)
For (" # €{?), integral (5) is positive.

The uniqueness in the small follows from the con-
tradiction obtained.

For the function W(g) to be strictly convex, it is nec-
essary and sufficient that the eigenvalues of the matrix
no°Wp
[de;0e
the strain tensor. According to [9], one of the eigenval-
uesisequal to the squared velocity of propagation of a
transverse acoustoelastic wave. Using the Viéta theo-
rem for two residual eigenvalues of this matrix, we

come to the desired conditions of uniqueness in the
small, which take the form of three inequalities:

2u—-v¢ >0,
4+ 3\ -3v¢ >0, @)

be positive, where ¢; are the eigenvalues of

BUA + 4u2—)\v23 —BuVE + 3V7EP—3v°>0.

Here, £ = — isthe strain parameter characterizing the
2
relation between the relative variations of volume and

mean-square shears.

For v = 0, it follows from (7) that both the shear
modulus and the bulk modulus are positive; this pro-
videsfor the uniqueness of solutionsto problems of the
classical elasticity theory.

A more rigorous theorem on the uniqueness in the
small can be proved for thismodel provided that one of
the solutions is zero. In this case, the conditions of
uniqueness in the small and in the large coincide.

2. Uniquenessin thelarge. Using the equation of a
plane tangent to a convex surface and the Taylor for-
mula, with the residual term in the Lagrange form, we
have

9°W

Ao;Ag; =
jBsi
0808 |

Ag;Ag 2 0, 8)

)

where e{”) = agl’ + (1 +a)e{? isacertain strain dis-

tribution intermediate between the solutions e ) and

e witha 0 (0, 2).

From inequality (8) and relationship (5), it follows
that the necessary and sufficient condition of unique-
nessis given by inequalities (7), which should be satis-

fied for al values of & 0 [-/3, /3].
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The left-hand side of the last inequality of set (7) is
acubic polynomial and is satisfied for all given & if

—H, AzzH
3 3

>0, A+§p>o, |v|<f§ , ,©
A < 0 <
o0 TR A<Em

It is easy to verify that potential (6) is positive defi-
nite, and thefirst two inequalities of set (7) are also met
for al & provided that conditions (9) are satisfied.

Itisseen from (9) that the constant v in (6), whichis
additional compared to the classical case, may exceed
the value of the classical shear modulus, but not by

more than afactor of 2 ; however, itisalways smaller,

J3
at least by the same factor, than the bulk modulus
defined by Hooke's law.

Inequalities (9) are also valid when one of the solu-
tionsis zero. In this case, the value of the parameter ¢
in (7) is determined by the increments Ag;;.

& = cosB + sinB(sing + cosd),

_ OJ(8ey)® + (Ae)D e
0= arctan% Ac. % ¢ = arctanmgg.

Then, by virtue of the necessity of considering the
entire manifold Ag;; , the condition of uniquenessin the

small is given by inequalities (7) for all |£] < /3, i.e,
corresponds to conditions (9).

Thus, for materials described by (6) whose con-
stants satisfy conditions (9), the distribution of stresses
and strains corresponding to the boundary conditions of
problem (1)—(3) is unique.

3. Stability of a material. The nonuniqueness that
can arise when conditions (7) are not satisfied is caused
by the instability of the material. The conditions of sta-
bility follow from the positive definiteness of the fol-
lowing two quadratic forms [10]:

00;08; = a;XX; m#n.

173 ao-mnésmn = bmnésmm

Here, x, = 8l,, %, =3.,/1,, % = 3¥, Wistheangle of the
strain-tensor form, and the coefficients are determined
by the equalities

a;; = A+c(€), ap=-v-E&c(f),

an = 20+ EC(E), ax = 31:(2H-VE)(3-E),

2u VE
-&

Using these relationships, we find that the necessary
and sufficient conditions of stability in the small are

bmn = Z(ZH—VE), Q13 = 83 = 0,

c(€) =
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given by the following three inequalities:
2u—-v& >0,

2u-VE+A(3-E%) >0,

BUA + 4p2 —AvEi— B6UVE + 3v2E—3v°>0.

Thefirst and thelast inequalities of sets (10) and (7),
which are the most severe constraints, coincide. This
fact causes sets (10) and (7) to be equivalent and the
condition of stability in the small to coincide with that
of uniquenessin the small.

If set (10) issatisfied, al the principal minors of the

(10)

matrix g;—:'% are positive. From this fact and the theo-
J
rem on implicit functions, it follows that, if any three
(with different subscripts) of six quantitieso; and €; (i =
1, 2, 3) are given, then the three remaining quantities
are found unambiguously. The violation of stability
condition (10) leads to ambiguous relations between
strains and stresses for the given &. According to (7),
this ambiguity is due to the nonconvexity or the weak
convexity of potential (6) in its section by the conel, =

&./1,. Thus, the nonuniqueness of the solution in the
small isrealized.

If inequalities (10) are satisfied for al given &, they
also provide for stability in the large. In this case, as
with deriving the uniqueness condition, we conclude
that inequalities (10) are certainly satisfied if their coef-
ficients obey constraints (9). For a material described
by Egs. (6), the condition of stability in the large coin-
cides with the condition of uniqueness in the large for
the solution to problem (1)—(3). For many actual mate-
rials, the constants A, [, and v satisfy these conditions.
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1. Investigations of natural geothermal systems
show that in many reservoirs, a situation takes place
wherein awater layer of a considerable thickness over-
liesalayer of overheated vapor [1, 2]. It iswell known
that the state when a heavy-liquid layer lies over a
lighter liquid layer is unstable [3]. Therefore, various
hypotheses of a qualitative character were formulated
concerning the physical mechanisms of stability of
such geothermal systems|2].

For the first time, a mathematical model explaining
the linear stability of a water—vapor interface, when a
water layer lies over the vapor layer, was presented
in [4]. It was assumed that, in the unperturbed state, the
phases are motionless and the phase transition does not
occur. As aresult of the numerical investigation under-
taken in that paper, the critical value of permeability k ~
4 x 107" m? corresponding to the boundary between the
stable and unstable states for the geothermal system in
guestion was found. When the permeability exceedsthe
critical value, the system turns out to be unstable. Nev-
ertheless, the authors indicated that the critical value
givenislower by approximately an order of magnitude
than the characteristic permeability of geothermal sys-
tems. Therefore, the stability of the majority of systems
has no explanation. The physical mechanisms of stabil-
ity observed were also not clarified.

In the present study, we analyze amore complicated
example of ageothermal system with allowance for the
phase motion and phase transition in the unperturbed
state. The solution to the bounded steady problem for
the phase-transition interface is obtained under the
assumption of a small convective transfer compared to
the conductive one. Our analysis of the linear stability

1 The article was submitted by the authors in English.

* |ngtitute for Problems in Mechanics,
Russian Academy of Sciences,
pr. Vernadskogo 101, Moscow, 117526 Russia
** Seklov Mathematical Institute,
Russian Academy of Sciences,
ul. Gubkina 8, Moscow, 117333 Russia

of the solution showsthat, in the parameter range where
this solution exists, it is always stable. Steady solutions
are obtained which hold for the permeability k ~ 4 x
1071 m? typical of geothermal systems. The criterion
for the existence of the steady solution, which coin-
cideswith the criterion for the stability of ageothermal
system, is presented. In this setting, the stability mech-
anism for the class of geothermal systems under con-
sideration acquires a clear physical meaning that con-
sists in the predominant conductive energy transfer
compared to the convective one.

2. We consider a high-temperature geothermal res-
ervoir consisting of two high-permeable paralel layers
separated by a low-permeable layer. We assume the
thermodynamic conditions to be the following. The
upper highly permeable layer x < 0 isfilled with water
having a temperature T, and a pressure P,. The lower
layer x > L has atemperature T° and a pressure P°. In
this case, in the low-permeable layer 0 < x < L, there
exists a surface x = h of phase transitions, which sepa-
rates the domain of water 0 < x < hand vapor h< x<L.
Either the regime of evaporation, when the water moves
downwards, or the condensation regime corresponding
to upward vapor motion can take place depending on
the pressure in the highly permeable layers. We exam-
ine the stability of the interface with respect to small
perturbations.

Processes of heat and mass transfer under the condi-
tion of equilibrium phase transitions are described by
equations of mass and energy conservation, the Darcy
rule for water and vapor, equations of state, and ther-
modynamic relations [5]. Following [3, 4], we assume,
for simplicity, that water and vapor are incompressible.
Then, the system of defining equations for the both
domains has the form

divv; =0, v, = —f(gradp_pjg)i
]

oT .
(pC)l,Z'éf +p;CivigradT = div(Ay ,gradT), (1)
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(PC)1, = mp;C; + (1-m)pC,,

Here, v isthe filtration rate, mis porosity, k is perme-
ability, 1 isviscosity, P ispressure, g isthe acceleration
of gravity, p isdensity, C is specific heat, T is tempera-
ture, and A is heat conductivity. The subscriptsw, v, s
correspond to the properties of water, vapor, and the
porous-medium skeleton, respectively. The domains /
and 2 correspond to vapor and water.

The conditions on the interface are formulated as
those for athermodynamically equilibrium jump of the
water-saturation function [6]. These conditions are of
the form

j = v,w.

T,=T.=T,, P,=P_=P,,
InE = A+T*,
A = 12512, B = -4611.73, P, = 10°Pa,
Py, _ kP @
m=L—-—=V, = radP),.
Pui Hy Pw b, (gradP)
|:| 2,
—L(gradP)nﬁprgEIL—&”p—z%,
My Hw O vaﬂj
map,,V, = A_(gradT),_
kap,,
A (gradT),,, — 2 >((gredP),. ~p,).

Here, Visthevelocity of thelnterface and qisthe evap-
oration heat per unit mass. The subscripts n, plus,
minus, and * correspond to the normal vector, domains
of water and vapor, and values on the interface, respec-
tively.

Hereafter, we consider a particular case where the
convective heat transfer in Eq. (1) may beignored. The
ratio of the convective to the conductive term in the
energy equation entering into Eq. (1) is determined for
the water domain by the dimensionless parameter

pWW

k(5P Puwgl).

In this parameter, the permeablllty and pressure varia-
tions can considerably change, while the other physical
parameters vary insignificantly. Therefore, after substi-
tuting characteristic values of the parameters, the con-
dition of smallness for the convective transfer may be
written out in the form

pw()':'wk|6P —pygl| 010°Nk|5P - p,gl| < 1

w/tl

or k|3P—p,gl| < 107N,
where | is the characteristic length.

TSYPKIN, IL’ICHEV

Performing similar estimates for the vapor domain,
we can show that the condition of a small convective
transfer isweaker than that for the water domain. In the
vapor domain, this condition is fulfilled automatically
in the case of a weak convective transfer in the water
domain. Then, the energy equations are reduced to the
usual equations of heat conduction for both domains.

3. We now consider the one-dimensional problem of
the phase transfer. If the pressure and temperature in
both highly permeable layers are constant (which is
provided by the heat inflow from the surrounding rocks
and high permeability, respectively), then the boiling
front occupies a certain equilibrium position and the
problem has a steady solution. The position of theinter-
face x = hisunknown and can be determined in the pro-
cess of solving the problem. The equations for the
desired pressure and temperature in both the water
domain and the vapor domain now take the form

P'(x) =0, T"(x) = 0.

The conservation laws for the mass and energy on
the interface are given by

4
Bwbvp: _pr +pwg[11—u‘”p"D 0,
Hv Pw vp&]
AT, )\T+ﬂpw(_ pug) = 0,

where prime denotes the derivative with respect to x.
These equations, along with the conditions of thermo-
dynamic equilibrium at the interface, constitute the
complete system of relations.

The solutions in the domains of water and vapor
have the respective forms

P, —P T.—T
P=Py+—=2—2x, T=Ty+—-2,
h h
_P°— Py . LP,—hP°
P=Toh X L-h 3)
T°-T, , LT, —hT°
TE T —1oh

Substituting solution (3) into the conditions (2) on
the interface, we arrive at the system of equations for
the unknown quantities T3 P and h:

W VPO_'P* P*_‘P w 5
TR e 1 = 0,
Hy Pw “va
T°-T, , Tx—To kapu[Ps —Pg _
Toh MRt uw[ h —pwg} -

B
= £(T.) = PyexpA+ =3

DOKLADY PHYSICS Vol.46 No.5 2001



STABILITY OF A STEADY FRONT FOR THE WATER-VAPOR PHASE TRANSITION

We now consider, as an example, the solution corre-
sponding to the following values of the parameters and
initial and boundary conditions: ., = 1.48 x 10 Pas,
i, = 159 x 10° Pa s; p, = 888.66 kg m3; p, =
482kgm=, q=2x105Jkg™; L=10m; T, =450 K;
T=460K; and P, = P° = 10° Pa. The values of the per-
meability are taken to be k x 10 = 2, 1, and 0.5 m?.
The pressures in the highly permeable layers are cho-
sen to be equal in order to provide minimum pressure
variation. This makes it possible to strongly increase
the value of permeability and, at the same time, satisfy
the criterion of small convective energy transfer. Phys-
icaly, this flow regime corresponds to the downward
motion of water under the action of gravity forces and
itsfurther evaporation in lower layers of higher temper-
atures.

The solution to the system of equations on the inter-
face yields the following values of the desired quanti-
ties h=4.6,3.2,2.94 m; Tj=453.39, 452.9, 452.81 K;

and Pp= 1.038 x 106, 1.027 x 10°, 1.025 x 10° Pa.

It is worth mentioning that in the cases under con-
sideration, the maximum value of the parameter kdP is
0.76 x 10711, which is by more than an order of magni-
tude lower than the critical value. Therefore, the
assumption on the smallness of the energy convective
transfer is valid. For k = 4 x 102® m?, we have Pj=

1.046 x 10° Paand k|oP — p,0l |=1.5x 107 N; i.e., the
conductive term in the energy equation is seven times
higher than the convective one. Further increase in the
permeability enhances the role of the convective trans-
fer and, in turn, violates the above criterion.

4, Systems of defining equations linearized with
respect to the steady solution under the condition of the
small convective energy transfer in both domains have
the form

oT Aio

AP =0, = = a,,AT, a
ot~ 2 127 00), (@)
O<x<h, h<x<L.

Hereafter, we assume for simplicity that the specific
heats and heat conductivitiesin both domains are deter-
mined by the corresponding parametersa = a, = a, for
the skeleton of the porous medium.

The boundary conditionsfor perturbations are given
by the relations

P=0, T=0ax=0,L,

P°h—P
Pz P, 1= B ERRe
a x = h,
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_ _ o, T°h=T. Ly
T— T++ r2n; r Dh h(L h) D
a x = h,
E@__)
oT Lh=1
of (Mo i_ KsE
+[D 5B - J = IT_—Iyn,
T, PPy
_P.B _P.Bli—=1p * =
[ = Ti, FO_ Ti h + - 0
a x = h,

_ %-uEEi._LQ_
m(1-R)5; _uVREBxD+ W, Coxd’
—&atx=h,

_y @10 9T kapw9P
map, 57 = ACoxa ~ MO0, ~ T, Coxd.
a x = h.

Here, x=h+ n(t, y) isthe equation for theinterface. We
assume furthermore that the temperature and the pres-
sure have the form g(X)exp(ot + iky). Then, from the
condition of the existence of the nontrivial solution to
the problem (4), (5), we obtain the dispersion relation

F(o, k) = a coth[a (L — h)] [rgxuﬁcoth(xh)
+ r4RKu5coth[K(|_—h)] —m(1- R)o}

+ o coth(a h)[FSRKak—COth[K(L —h)]

I gp,,KRK

+F0KuLcoth(Kh)—m(1—R)0}+ X

w

x [cumcoth[K(L—h)] +oumcoth(Kh) 6)

W

T K Coth(Kh)coth[K(L—h)]} -
VIJ'W
where

_  T°-T,  Pa—Py

=Ty "=~
_T°-T, P°—P,

N =TTy Y oh
_ _T,-T, P°-P,

fs === *1Th



362

a= [k2+2
a
The function F(0) is analytical everywhere in the
complex plane of o except for the negative part of the
real axis, where it has afinite set of isolated poles sep-
arated from zero.

If for the fixed real K there exist complex roots o of
Eqg. (6) with apositive real part, then the corresponding
perturbations exponentially grow with time and the
basic steady solution (3) is unstable.

We now consider the left side of the dispersion rela-
tion obtained as a function of the complex variable
F(0). Zeroes of this function correspond to the roots of
Eq. (6). The absence of zeroes with a positive real part
that would provide exponential growth of small pertur-
bations implies the stability of the solution. To investi-
gate the stability, we use the argument principle [7],
which implies that the difference between the number
of zeroes and poles of thefunction F(o) inside acertain
contour C lying in the (Re(0), Im(0)) planeis equa to
the number of rotations for the radius-vector in the
complex (ReF(o), ImF(0)) plane while going around
the contour C,, which is the image of C while map-
ping F(0).

In the plane of g, we choose a contour consisting of
an imaginary axis and a semicircle lying in the right
half-plane. By virtue of the analytical properties of the
function F(o), as was mentioned before, it has no sin-
gularities in the right half-plane. If F(o) has zeroes
there, then, increasing the radius of the contour, we can
make all zeroes and poles lie inside the contour C. The
F-images of C, i.e., the contours C,, were constructed
for a large variety of parameters. All these contours
have a shape similar to that for the contours presented
in the figure. In this figure, the comparative shape of
C, is presented for the three regimes mentioned in
Section 3. In this case, the fact of principal importance,
which underlies the absence of zeroes for F(o) inde-
pendently of the radius of C, isthe negative value of the
coordinate for the point A.

15.0 -12.5 -10.0 -7.5 —5.0 -2.5

Characteristic shape of the function F(a) = 0in the complex
plane (Re F(0), ImF(0)) for kK = 3 and three different perme-

ability values (1) k= 2 x 10715; (2) 1 x 10716; and (3) 0.5 x
10716 m2,
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We note here that the investigation carried out in [4]
is based on the assumption of the absence of complex
roots for the increment o, which, generally speaking,
requires substantiation.

The analysis performed of the linear stability shows
that the solution is always stable in the case under con-
sideration. This correspondsto the stability of the phys-
ical configuration when the water layer lies over the
vapor layer. Hence, the smallness of the convective heat
transfer can serve as a stability criterion. This fact
makes it possible to understand the physical mecha
nism of the stability. Such a mechanism implies that
perturbations of the interface and penetration of the so-
called water fingers into the vapor domain are pre-
vented by the dominating conductive heat flow leading
to the evaporation of the liquid phase. As computations
show, stable solutions can exist corresponding to the
permeability values k ~ 4 x 1071 m?, which exceed the
critical value givenin [4] by an order of magnitude. For
higher values of the permeability, the role of the con-
vective heat transfer increases and the basic solution
becomes invalid. However, it is natural to assume that
growth in the permeability does not immediately lead
to therise of instability. In other words, in actual condi-
tions, the water layer can also exist over the vapor layer
in the case of ahigher permeability so that our analysis
allows us to assume the existence of stable regimes up
tok~ 107> m?.
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Cavitation is the disturbance of continuity of alig-
uid (the initial stage of failure) in the field of tensile
stresses; it is accompanied by the growth of vapor-gas
bubbles on the cavitation nuclei that are always present
in liquid mediaas microbubbles of afree gas, or micro-
particles, or both [1, 2]. One of the parameters that
characterize the cavitation strength of water is the cav-
itation threshold, which is understood as a negative
pressure, the excess above which causes an intense
growth of cavitation nuclel and, as a consequence, a
steep change in the dynamics of the free surface of the
liquid [3], in the intensity of light scattering [1, 3], etc.
Depending on the measuring technique and quality of
water purification, the cavitation threshold varies from
units [2, 3-6] to several hundred atmospheres [4—6],
and its statistical dispersion, based on standard measur-
ing procedures, reaches 50-100% [5, 6] and is deter-
mined by the size dispersion of cavitation nuclei, fluc-
tuationsin the nucleus distribution, nonlinear dynamics
of microbubbles, and by the measuring technique.

Statistical scatter of experimental values of the cav-
itation threshold can be considerably lowered by using
the capacitance technique [3, 7] for recording this
threshold through the observation of the dynamics of
the free surface of the liquid at the reflection of a shock
wave from thisliquid. Such awaveiscreated in ashock
tube by the pressure of a pulsed magnetic field on the
conducting membrane that translates the pressure pulse
to the liquid. As a result of the wave reflection, the
downward propagating rarefaction pulsed wave is
formed near the surface, initiating the growth of cavita-
tion nuclei and the formation of a cavitation cluster.
The dynamics of the latter at different degrees of cavitar
tion is reflected by the free surface of water (Fig. 1) [7].
Curve ! in Fig. 1 corresponds to the dynamics of the
free surface of a specimen of distilled water that is

* Lavrent’ ev Institute of Hydrodynamics,
Sberian Division, Russian Academy of Sciences,
pr. Akademika Lavrent’ eva 15, Novosibirsk,
630090 Russia
** Q. Petersburg Sate University,
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25 mm in height, which is observed at the reflection of
the compression wave from this surface before the
manifestation of cavitation phenomena (prethreshold
mode). Curve 2 demonstrates the displacement of the
free surface at the threshold amplitude of loading. It is
readily seen that aminor change in the amplitude of the
shock wave gives rise to a considerable change in the
free surface dynamics. Curve 3 corresponds to the
intense development of cavitation at which the dis-
placement of the free surface due to the growth of the
cavitation cluster is comparable to its displacement at
the instant of reflection of the shock wave. The slope U;
of curves 1, 2 and 3 to the right of the bound AA
(Fig. 1), which corresponds to the completion of the
shock wave reflection from the free surface, islinked to
the specific volume ¢ of the formed bubbles (gas con-

tent) by the simplerelationship ¢, = % , Where U; isthe

velocity of the free surface and c is the speed of sound

Displacement of the free surface, um

L P=59at
15 am A a; = UI/C
3 Intense cavitation
U,
a-Gas content
10+ in the cavitation zone
P =34 atm
2
U, Cavitation threshold
5 -
! P=29atm NO cavitation
0
A
| | | | | |
20 25 30 35 40 45
Time, s

Fig. 1. Dynamics of the free surface of specimen of distilled
water 25 mm in height observed at the reflection of the rar-
efaction wave from this surface.
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Dependence of the cavitation threshold amplitude on the
length of the positive phase of the pressure pulse

Pulse length, ps Pressure, atm
29 65
3.2 52.5
4 34
45 31
4.8 27
6 18

in water [2]. In practice, for threshold loading, the ¢
value falsin the range from 10~ to 103,

The datain Table 1 illustrate the dependence of the
amplitude of the cavitation threshold, which is detected
as a sharp increase in the slope of the U;-curves of the
free surface, on the length of the positive phase T of the
pressure pulse. The pressure profile of the incident
shock wave was reconstructed from the dynamics of
the free water surface in the precavitation reflection
mode.

It is commonly accepted in acoustics that aliquid in
afield of an acoustic emitter is destroyed immediately
after the appearance of the first oscillating bubble,
which begins to disintegrate, resulting in the formation
of a cavitation region. In our case (Fig. 1, curve 3), we
can consider that the cavitation zone (cluster) forms
near the free surface, which continues to move by iner-
tia, as in the case of the split-off occurring in a solid
body.

A similar phenomenon—an increase in the strength
with decreasing the sounding time—is observed in the
failure of solids. The situation closest to the onset of
cavitation appearsin solidsin the case of asplit-off fail-
ure. In this case, the material strength rises as the
sounding time decreases, while in the case of threshold
pulses, aweak dependence of failuretime on the ampli-
tude of the starting loading pulse is established. This
effect was termed the dynamical branch phenomenon.

The structure-time failure criterion proposed in[8, 9]
enables one to calculate the increase in strength
observed in split-off experiments. Thiscriterion provides
areasonable explanation for the phenomena observed in
split-off experimentswith brittle materials[8]. A similar
criterion, enabling an effective prediction of the behav-
ior of the dynamic yield strength [10], is used for plas-
tic materials:

t
1 o
TIDOCDdt<1. (1)
t—t1

Here, 0. isthe static yield strength and T is the incuba
tion period pertaining to the dynamics of the disloca-
tion process. The parameter a characterizes the sensi-

BESOV et al.

tivity of the material to the level of stresses that cause
an irreversible deformation. Its value for solids is
higher than or equal to unity. For some materias, o
attains severa tens; eg., a = 10-30 for steels and
aloys. It should be noted that the condition for the irre-
versible growth of cavitation bubbles under critical
loading, which leadsto the failure of aliquid specimen,
isalso used for liquids [11].

In order to analyzetheinitial stage of cavitation fail-
ure, we will use criterion (1), taking into account that
the tensile stresses are positive in the mechanics of
deformabl e solids, while thetensile pressuresin liquids
are negative. In addition, it is necessary to make allow-
ance for the contribution of compression. As a result,
relationship (1) takes the form

t
1 ! o (M g
T [sne@ngbsTom d<l @
t-1

For distilled water, we take o, = 1 atm, because an
intense growth of cavitation nuclei under the action of
tensile stresses begins after neutralization of surface

: . 20 :
tension forces, i.e. when o, = TW , Where o, isthe sur-

face tension for water and r = 1.5 um is the radius of
cavitation nuclei [1]. Thevalues of T and a were chosen
using experimental points. The load realized in the
experiments is approximated by the formula

o(t) = —PAsinngEe_”Tl, 3)

where P, is the pulse amplitude and T is the pulse
length. The parameter T, characterizes the degree of
damping. The highest absolute value of the pulse

T
amplitude P, isattained at thetimet = %arctanETT tl

OT0°
nT, 0T sliFsn
P, = —————expe—arctan=4—-—.
/Tz + T[sz B‘[Tl uT M

The applied loading tension o(t) induces a pressure
wave which moves toward the surface. |If we take the
surface coordinate as zero and count off the time from
the instant of the wave arrival to the surface, the wave

i i XO X0
can be written in the form 0% + CDH % + il Upon
reflecting from the surface, the wave takes the form
- XOu§g _ X0 i .
0%— CDH% 0 and the pressure will be deter

mined by the sum of these waves. Here, H(t) is the
Heaviside function and c is the speed of the wave in the
liquid (c = 1500 m/s). Computations show that experi-
mental loading curves are well described by formula (3)
aT,=285x10%s.
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atm

m»s

100

50

0 2 4 6 8

T, Us

Fig. 2. Experimental and calculated, according to crite-
rion (2), strengths as a function of the pulse length T for
a=05andTt=19ps.

The critical strength is calculated as follows. We
substitute the normalized pressure values at all points
of the liquid at al instants of time corresponding to
nonzero pressure into integra (2). Then, the instant and
the coordinate are determined for which this integra
reachesamaximum. The P,,, valuefor which criterion (2)
becomes an equality at the instant of time and for the
coordinate corresponding to the maximum value of the
integral represents the required amplitude. Calculations
show that the best coincidence with experimental val-
uesisobserved for a valuesin therangefrom 0.4t0 0.5.

The dependence of the strength on the pulse length
Tfora =0.5and 1 =19 puscalculated from criterion (2)
isplotted in Fig. 2. The open circles are the experimen-
tal points.

CONCLUSIONS

It is shown experimentaly that the cavitation
strength of water rises with a decrease in the pulse

DOKLADY PHYSICS Vol.46 No.5 2001
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length and that the corresponding dependence is non-
linear.

The use of the structure-time criterion makesit pos-
sibleto calculate theincrease in the cavitation threshold
with a decrease in the pulse length, which is observed
experimentally.

The data obtained testify to the fundamental impor-
tance of the structure-time approach, which provides
an adequate description of both the dynamics of failure
of solids and the initial stage of destruction of liquids.
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In most cases, extensively used polymeric materials
represent heterogeneous mediawith phase interfaces of
large relative areas. Polymer macromolecules situated
on the interface between ahighly elastic matrix and the
rigid particles of afiller interact with the filler surface.
This effect leadsto the formation of an interfacial poly-
mer layer whose mechanical characteristics differ from
those for the matrix [1, 2]. The specific character of the
interaction of the macromolecules with the surface
imposes restrictions on the elastic properties of the
interfacial layer. In particular, the ranges of the Pois-
son’'s ratios for the interfacial layer are noteworthy and
attract interest (see [3, 4]).

Thefiller surfaceisassumed to beflat and to contain
uniformly distributed active centers; in each of these
centers, one end of a macromolecule is rigidly fixed.
We assume furthermore that the macromolecules are
surrounded by a certain medium (a solution) and the
forces of adhesive interaction between segments of the
macromol ecules and the surface are negligible as com-
pared to the forces caused by chemical bonds. Thefiller
surface is impermeable to the segments of the macro-
molecules. Both the impermeability of the surface and
the steric restrictions leading to interaction of the mac-
romolecules cause a specific variation of their confor-
mation.

Let the other macromolecule ends, which are not
fixed on the surface, be bonded with nodes of athree-
dimensional polymer mesh (a polymer matrix) having
known mechanical characteristics and assumed to be
incompressible. Figure shows a scheme of the near-sur-
face layer. The X,- and X;-axes of coordinates are par-
alel to the plane of the near-surface layer, while the
X;-axisis perpendicular to it. Dots on the surface show
the positions to which the macromolecule ends are
attached. In addition, the dots label those nodes of the
polymer mesh that are bonded with the other ends of
the macromol ecules forming the interfacial layer. Nat-
uraly, the presented scheme of the interfacia layer
describes the actual physical picture only approxi-

Institute of Applied Mechanics,
Russian Academy of Sciences,
Leninskii pr. 32a, Moscow, 117334 Russia

mately because there can exist different types of mac-
romolecule bonding with the surface. Moreover, it is
difficult, infact, to distinguish between the near-surface
layer and the polymer matrix itself. Nevertheless, the
scheme proposed turns out to be useful for analyzing
features of the micromechanical characteristics of the
interfacial layer.

Further, the effect of the surfaceisreplaced by acer-
tain force, which is applied to each restrained macro-
molecule and causes its deformation, with the confor-
mation of a free macromolecule considered as its
unperturbed state. Thisconcept makesit possibleto use
the classical stress-strain relation of the geometric-
nonlinear elasticity theory.

Within the scope of the above-proposed approach,
the stress tensor o, of the interfacial layer can be writ-
tenas[5]

O = 2C:)‘In)\sn(x(zn) - péls_o-IOS' (1)

Here, C is the constant characterizing the material of

the matrix; A, = % , Where x, and x; are the coordi-
n

nates of apoint belonging to theinterfacial layer before
and after deformation, respectively; a,, isthe surface-

caused relative variation of the coordinates of apoint in
the interfacial layer, with a, = o; = a;"2; p is the
hydrostatic pressure; d, isthe Kronecker delta; and 0|°S
are the components of the initial stress field arising in
the interfacial layer under the effect of the surface.
Here, the summation is performed over each pair of
identical subscripts, while the subscript in parentheses
excludes the summation.

In the coordinate system shown in the figure, the
components of the stress tensor 0|°S are expressed as

0(1)1 = 2C(Gi—0(§), 0'22 = 0'23 =0, @)
o = 0 if izk.

Considering the small strains of theinterfacial layer,

1028-3358/01/4605-0366%$21.00 © 2001 MAIK “Nauka/Interperiodica’
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Schematic drawing of the near-surface layer.

we can write out A, in the form

oy,
Aik = 5ik+a—xk = O+ U - 3)

Then, we represent u;  as a sum of the symmetric

(&) and the skew-symmetric () parts; i.e., Uy = &+
1 1

Wy, Where g, = é(ui,k + Ug i) and oy = é(ui,k_ U i)-

Since the resultant moment of the forces acting on an
elementary volume of the interfacial layer must be
equal to zero, the condition wy, = 0 is satisfied. Conse-
quently, relation (3) takes the form

Aik = O+ &y, C))
where g;, are components of the small-strain tensor.

Substituting (4) into (1) and ignoring the terms of
the second order of smallnessin strain, we have

0-is = 2C:(6in63na(2n) + 6sna(2n)€in + 6ina(2n)£sn) (5)
- péis_ 0-?5'

Now, we consider the uniaxial tension along the
X,-axis of coordinates. Then, according to (5),

On = 2C(C(i + 20‘%‘311) —-p- 021- (6)

In thiscase, 0,, = 033 = 0. Thisalows usto find the
guantity p from the relationship

C(05 + a3+ 2058, + 205€5) —p = 0. (7)

Substituting into (6) expressionsfor 021 and p from
(2) and (7), respectively, and using both the incom-
DOKLADY PHYSICS Vol. 46

No. 5 2001

pressibility condition €, + €5, + €;; = 0 for the interfa-
cia layer and the equality a; = a,, we have

Oy = 20(20@ + (13)811. (8)

Using (8), we now derive the following formula for
the elastic modulus of the interfacial layer in the direc-
tion normal to the filler surface:

E, = 2C(20% +a3). ©)
Here and below, the notation for elastic characteristics

corresponds to that in [6].
It also follows from the condition 0,, = 05, = 0 that

P = 2C(0;+ 2058) = 2C(a3+20585).  (10)

Based on formula (10) and the incompressibility
condition, we relate the longitudinal (along the elonga-
tion axis) and transverse strains as

811 = _2822 = —2833.

(11)
As aresullt, the corresponding Poisson’s ratios are

Vi, = Vg3 = 0.5, (12)

A similar consideration of tensions along the X,-
and X;-axes of coordinates leads to the following
expressions for the corresponding elastic moduli and
Poisson’'s ratios:

2 2 2 2 2 2
os(20;+a os(207+a
E2=4C 2(21 22), E3=4C 2(21 22),(13)

a;+a, a;+a,
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a; a;
VZl - 2 21 V23_ 2 21
a,+a, a,+a,
5 5 (14)
a; a;
V31 - 2 2 V32 - 2 2
a;+a; a;+a;

Formula (1), the pure-shear conditions, and the
equality of the quantities a, and o lead to the follow-
ing relationships:

O, = 2C(05 +05)€p,,  Oy3 = 2C(0] + 05)€ys, (15)
Oy = 4C05E,.

Consequently, the shear moduli of the interfacial
layer are given by

Gy = Gy = C(01+03), Gy = 2Caz.  (16)

In the absence of the disturbing effect of the surface,
0, =0, =05 =1and Eq. (1) turns into an equation of
rubberlike elasticity of an isotropic body. In this case,

according to relations (9), (13), (14), and (16), the elas-
tic moduli for the matrix are

E=6C, G=2C, v =05. (17)

Denoting a, by a and using both (17) and the rela-

tion between a, and a,, we rewrite formulas (9), (13),
(14), and (16) in the following form:

_1g, 2,10 _ - _21+2d’
E, = 3%0( +HE B == 30((1+a3)E,

_1 _1g2, 10
Gy = G, Gy = 507+ 5G,
(18)

Vip = Vi3 = 05, vy =vg = 1+q°
3
Voa = Vgy = o
23 = Vg = 3
1+a

The derived expressions for the elastic characteris-
tics of the interfacial layer lead to the relations

Vi _Va Vi _Va Vz_ Vo
E, E E E E E (o
E, E,

G23

- _ _3
T +vm 2Ltvy rTVETVaTy
Thus, within the framework of the model under con-
sideration, the elastic properties of the interfacial layer
are adequately defined by both the elastic characteris-

OBRAZTSOV et al.

tics of the matrix and the parameter a, with the interfa-
cial layer representing an incompressible transverse-
isotropic medium.

The values obtained for the Poisson’s ratios are of
certain interest. For example, according to (18), an
increaseina (a = 1) causes adecrease in the Poisson’s
ratiosv,, = v5, inthe haf-interval [0, 0.5] and agrowth
of the Poisson’'s ratios v,; = V4,, corresponding to the
isotropy plane, in the half-interval [0.5, 1). Thus, the
restrictions imposed on the Poisson’sratios for the inter-
facia layers arising in polymer matrix composites are
more severe than the general restrictions imposed on the
Poisson’s ratios for transverse-isotropic media[4].

We note also that, according to (18),

i.e., the anisotropy factors corresponding to theYoung's
and shear moduli are equal to each other and increase
with a.

The results of this paper alow us to make the fol-
lowing basic conclusion. An interfacial layer of a poly-
mer matrix composite whose matrix represents an
incompressible isotropic medium is transverse-isotro-
pic. The anisotropy of this layer is caused by the effect
of the surface on the macromolecul e conformation, and
its Poisson’sratios satisfy the conditions0 <v,, =v;; <
0.5, 05 < V23 = V32 < 1
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The evolution of a stochastic system consisting of
aset of elements whose initiation times are randomly
distributed, the initial size obeys the normal distribu-
tion, and the growth dynamics is determined by the

% =f(a), where f(a) isapower-law function,
is analyzed. The aim of this study is to describe the
behavior of such a system at different stages of its evo-
lution, to estimate the basi ¢ probabilistic characteristics
of the system, and to analyze the self-simulation condi-
tions for the system.

For the sake of clarity, we consider aparticular exam-
ple of aphysical system of this type related to material
failure. This enables us to estimate quantitatively, with-
out loss of generality, the system parameters.

1. The basic elements of the failure process are
defects (micro- and macrocracks) whose growth, at dif-
ferent loading modes, is described in the general form
by the equation

equation

a = Ca (1)
Here, aisthe crack length, 3—? isthe crack growth rate,

Cisthe parameter that depends on the properties of the
material and on the level of the nominal stressy, and m
isthe exponent (m= 1).

Let us consider the interval of time [0, t] on which
the cracks originate at random instants of timet; (i isthe
crack index) and grow over the periods T, =t - t;. Inte-
gration of Eq. (1) fromt =t tot yields an exponentia
(m=1) or apower-law (m> 1) dependence of the crack
size on the time of its growth:

(1) = agexp(Cry), (2a)
1

a(t) = (ai "+ Cr(1—m)' . (2b)

Russian Research Centre, Kurchatov | nstitute,
pl. Kurchatova 1, Moscow, 123182 Russia

Here, a,; istheinitial size of theith crack. The variable
parameters in these equations are a,;, T(t, t;), while C
and m are the constant parameters.

To estimate the shape of the function (density) of the
size distribution of cracks and the numerical character-
istics of the system, we will assume that, at the initial
stage of the process, cracks develop independently and
originate at a constant rate u depending on the level of
the applied load [1]. This implies that the process of
crack initiation can be conceived as a steady-state Pois-
son flow which is characterized by a uniform distribu-
tion of instants of crack initiation and, therefore, by a
uniform distribution of time intervals of crack growth,

P(T) = It , Where T isthe random quantity (RQ) that char-

acterizesthe period of crack growth [2]. We will assume
initially that a, = const. Using standard relationships of
the probahility theory [see Appendix (A.1)] and formu-
las for the crack growth (2a) and (2b), we can deduce
the law of the size distribution of cracks assuming that
the crack sizeisafunction of just one RQ, T:

0 for a<a,
a”
Ct

0 for a>a,.

p(a;t,ag a) = for ay<a<a, 3)

Here, a, is the maximum value of the parameter a,
which is determined from (2) at T =t.

The obtained distribution is a truncated power-law
distribution whose form does not undergo change after
similarity transformation (the (-fold change in the
length and time scales, a' = a, t' = Bt):

p(a;t,ana) = B (at, a, &) 4)

This relationship shows that the process is invariant
in the sense of distribution; i.e., it is statistically self-
similar [3]. Note that the processes whose distributions
on the middle segment of the curve have a power-law
form are widespread in nature. The mechanisms of for-
mation of such distributions and the reasons for the
manifestation and violation of their self-similarity have
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0

Fig. 1. Distributions of the density of fatigue microcracks
over size. Curve 1 is the norma distribution of incipient
cracksp(ay): 8y, =0.08 mm, o = 0.009 mm; curve 2 isthedis-

tribution of cracks p(a): a; = 0.025 mm, t = 190000 cycles,
and curves 3-5 represent the distributions of cracks p(a)
corresponding to the normal size distribution of initial

cracks. C= C,AY™ m =2, C, = 1.9 x 10710, Ay =
30 kgf/mm?2, t3 = 25000 cycles (curve 3), t, = 50000 cycles
(curve 4), ts = 190000 cycles (curve 5).

long been amatter of discussions[3-6], and we analyze
them in this work.

The expressions for the mean size of cracksin terms
of time period t can be obtained by substituting formu-
las (28) and (2b) into the formula for the estimation of
average (A2):

0 = J'a(t)dT - W, m=1,
5)
EBD=ao+a°2Ct, m>1.

The second expression is obtained by expanding (2b)
in a power series, keeping only the linear term in this
expansion.

In various physical applications, not only the den-
sity function but also the cumulative distribution func-

tion, expressed in the log— og scale, are often analyzed.
The distribution function for m> 1 has the form

00

F(a) = P{a<a} = J’p(a)da

(6)
1 ot
~ Ct(i- m)(at —a),

ICt
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We take a logarithm of this expression and analyze
the dependence of the function logF on the argument

loga. To do this, we estimate the derivative of the
function

logF = IOgECt(ll E+Iog( at™, @
1-m
100F ige = SR ®

—_ at

From (8) it follows that in the region of low and mod-
erate values of the parameter (a < a,), we canignorethe

term a; ™; in this case, the derivative takes the value

1 —m. Thismeansthat in the given region, the function
of the cumulative distribution, plotted in the log-og
scale, hasalinear form. Intheregion of large parameter
values, where a —» a,, this function tendsto zeroin a
nonlinear manner.

2. Consider now the case when theinitia crack size
is a random quantity. This means, physicaly, that the
cracks arise on the structural inhomogeneities of the
material whose distribution determines the distribution
of incipient cracks. Assuming that the characteristic
size of the structure (e.g., the grain size) is distributed
according to the normal law with mean a,, and variance
o and considering that the growth interval T and theini-
tial crack size a, are independent RQs, we find, using
(A.3), the density of the length distribution of cracks as
arandom function of two RQswith the known distribu-
tions

p(a; t,ay, 0) = EI‘:DO%’;l GanD CDOD M% )

where @, is the Gauss probability integral and a' is
determined by the formulas

m=1,
1 (10)
a={a"+Ct(m=1} """, m>1.

An analysis of function (9) shows that it reaches a
maximum in the segment of small parameter values. In
thisregion, the density p(a) isdetermined largely by the
product of the first factor (the distribution at the con-
stant a, value) and the size distribution of the original
cracks. In the region of moderate and large parameters,
the shape of the curve is determined mainly by the first
factor and has an appearance similar to that considered
above. To illustrate the results obtained, the size distri-
butions of fatigue microcracks, calculated with the aid
of (9), areplotted in Fig. 1. We show the variation of the
distribution profile with the observation time [when
t — 0, the function p(a) — p(ay)]. In these calcula-
tions, we used rea vaues of the characteristics of
fatigue failure [1].

a = aexp(-Ct),

DOKLADY PHYSICS Vol.46 No.5 2001
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It should be noted that at sufficiently large observa-
tion times, which are usually realized in practice, we
have a' < a,, if, in addition, a,, > 30, the second term
in bracesin formula(9) can beignored. In this case, the
expression for the function of the density distributionis
reduced to a simple form, which alows the observed
experimental distributions to be interpreted from the
standpoint of the size distribution of initial cracks and
the dynamics of their growth:

a
q)otﬂ ull

p(a;t, a,,0) = 0o O

Ct (11)
[In this example, formula (11) gives an exact descrip-
tion of the density distribution when the number of
cyclest >20000.]

The mean size of cracksfor distribution (9) is deter-
mined with the use of formula (A.2) as

400 t

1 Ct
= e (12a)
A/2Ttot_o[){ao
g -1
20 Ct
m=1,
A= a,+ %(afﬁ 0%, m= 2. (12b)

For other values of the exponent m, the formula for the
average can be obtained in asimilar way.

It is easy to verify that distributions (9) and (11) are
self-similar, because they are obtained by multiplica-
tion of the self-similar distribution (3) by the self-simi-
lar Gauss function. The self-similarity of the resulting
distributions follows from the fact that we analyze the
stage of independent growth and accumulation of
cracks occurring as a result of a single mechanism
according to the Poisson distribution law. However, an
increase in the crack concentration with time leads to
the interaction and fusion of cracks, which resultsin an
increasein the share of large-sized cracks and promotes
the localization and acceleration of the failure process.
In this case, the distribution function changes its shape
and the sdf-similar evolution of the system breaks
down. Figure 2 shows the cumul ative distribution func-
tion that demonstrates the effect of crack fusion. The
bend on the curve in the region of large parameter val-
ues corresponds to the initiation of cracks of size kf@ll
In this region, the mean size of cracks is calculated
from formula (12); the number of intersecting cracks
k=2, ...., o and the probability of intersection of k
cracksis estimated from the binomial distribution [7].

Along with size distributions of cracks [8] and
pores[9], ashape similar to those plotted in Figs. 1 and
DOKLADY PHYSICS  Vol. 46
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Fig. 2. The cumulative function of crack-size distribution
obtained with allowance for crack fusion. The dotted line
shows the part of the curve where crack fusion is disre-

garded: m=2, tana =1, a,,=0.04 mm,c=0.03mm, p =
0.00008 cracks per cycle, C; =2 % 10710, Ay = 30 kgf/mm?,
t = 350000 cycles, @@= 0.12 mm.

2istypical of thedistributions of drainage areas of river
basins [10], amplitudes of acoustic emission signals,
magnitudes of seismic events [4-6], etc. The identical
form of such distributions testifies to the analogy in the
dynamics and statistics of the processes responsible for
their formation, which alows these processes to be
considered within the framework of the proposed
model.

This study was supported by the INTAS grant
no. 93-809 and by the Russian Foundation for Basic
Research, project no. 97-05-65952. The author is grate-
ful to L.R. Botvina for her valuable collaboration and
discussion of the results obtained.

APPENDIX

1. The distribution of the function Y = ¢(X) of ran-
dom quantity X is determined by the relationship

o(y) = f(¢‘1(y)>‘m‘, A1)
dy

provided the distribution of parameter f(x) is known.

2. The mathematical expectation (the mean) of the
function Y = ¢(X;, X,) of random quantities X, and X,
is calculated from the formula

MI$ (X, X2)]

+00+00

= [ 160 X1 1% Xe)

—00 —00

(A.2)

if the joint distribution f(x,, X,) is known.
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3. The distribution of the function Y = ¢(X,, X,) of 3. B. B. Mandelbrot, The Fractal Geometry of Nature

two random quantities X, and X, is determined by the (Freeman, San Francisco, 1982).
relation 4. P.Bak and C. Tang, J. Geophys. Res. 94 (B11), 15635
(1989).
e 5. S.J. Steacy, J. McCloskey, et al., Geophys. Res. Lett. 23,
L) = [ (W %) G_LP‘dxz, (A3) 383 (1996).
oy 6. Y. Y. Kagan, Physica D (Amsterdam) 77 (16a), 192
- (1994).
if we know the joint distribution f(x;, X,) of thesequan- 7. T. B. Petersen, Preprint IAE-5936/15 (Kurchatov Insti-
tities, where x; = W(y, X,). tute of Atomic Energy, Moscow, 1995).

8. L. R. Botvina, Kinetics of Destruction of Sructural
Materials (Nauka, Moscow, 1989).
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1. We consider amodel of anonuniform continuous
medium. When being subjected to ultimate stress, the
medium is known to make a transition into the plastic
state. Many plasticity models with different defining
relations have been previously developed. One of the
phenomenological approachesto these models consists
in alowing for only predominant microstructural
mechanisms and subsequently correcting the defining
relations on the basis of experimental data. However,
al the plasticity experiments show that in the plastic
state, the strain—stress field exhibits strong fluctuations.
In addition, the stress—strain diagram ¢ = f(e) turns out
to be similar to the pressure-volume diagram P = f(V)
for aliquid. Moreover, phase transition has even been
observed in the vicinity of a crack edge [2-4]. Hence,
we can consider the plastic-deformation process as a
critical (phase) transition in which acertain structureis
spontaneously formed [5]. The probability density for a
transition to the plastic stateis governed by the Fokker—
Planck eguation. Taking the potential character of the
deformation process into account, we may use the
Schrédinger equation rather than the Fokker—Planck
equation. Thisimpliesthat the plastic-deformation pro-
cess can be treated as a process possessing supersym-
metric properties. Below, we consider the strain tensor
as an order parameter. In [6], II’yushin introduced the
notion of strain trgjectories in E5 space. This space is
actually a fiber in fiber-bundle strain space [5]. This
implies that the strain field can be considered a gauge
field in which the generalized 11’ yushin's strain trajec-
tory isasection of the fiber bundle. Identifying the gen-
eralized srain trgjectory with nodes, we analyzed
(in [6]) the topological features of the deformation pro-
cess, which are related to the Witten invariant. In this
way, we obtained the probability density for atransition
to the plagtic state:

Z= J'exp[—kSCS(e)] de.

Moscow State University,
\orob' evy gory, Moscow, 119899 Russia

Here, kisthe elasticity coefficient and S-gisthe Chern—
Simons action:

Scs = JTCSa

where 5 is the Chern—Simons form for the strain
manifold.

2. From the most genera standpoint, the strain
space P = {E(x, t)} isanoncommutative space. In[7],
Connes developed a noncommutative geometry in
which the properties of a function ring rather than the
character of a point space are considered. Within the
framework of this geometry, we construct a model for
the plastic deformation, i.e., a noncommutative fiber
bundle of the strain field [8]. The associative algebra A
and the universal algebra Q(A) of forms over A are two
basic objectsin the Connes’ geometry. We consider the
strain space P = { E, (X, t)} asan associative algebra. We
should then choose the Connes universal algebra
According to [8], each form of such an algebrais asso-
ciated with a certain differential calculus. Hence, we
choosethe Hopf algebraas Q(P), thususing differential
calculus of the Voronovich type. The strain space P =
{E,} is known to be an associative algebra in which
both the derivative form and the differential form can
be defined. Therefore, we choose the Connes’ universal
algebra Q(P) as an algebra of differential forms over
the strain space P. Thus, the differential calculus on
Qp(P) is of a type similar to that considered in [9].
According to this paper, the least differential algebra
for the algebra of the cocycles C(Der(P), P), which con-
tains the space P, is the Qp(P) algebra, i.e., an algebra
of C(Der(P), P), where Der(P) is an algebra of deriva-
tiveson P. Wedefinethebasis{1,E,E,,..., E._,.n=

1,...,9} inthe space P = {E,} and assume that P isa
Hermitian space with the following commutative rules:

EE = &y +Cy _écklElv

[Ew E] = —ZiCEEm-

1028-3358/01/4605-0373%$21.00 © 2001 MAIK “Nauka/Interperiodica’
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Here, & = %Tr(EkE,), -8 M =_C", C" isthe

structure constant, and Sy isthe invariant of the group
sl(n) [10]. In the space QF (P), the basis 8% k [ {1, 2,
..., 2 — 1} is defined with its properties: 64@,) = & 1,
60' = —0'6% and E,0' = 0'E,. Therefore, the differential
in QF (P) is an ordinary exterior differential:

dE, = —C"E.6', do* = —%C,kme'em,

d(6“e’) = de“e' —-8*de’, and d*> = 0.

The above-mentioned fiber bundle yields a section
that is either astrain field or an 11" yushin’s generalized
strain trgjectory [5]. According to Connes' noncommu-
tative geometry, the vector fiber bundle of the noncom-
mutative strain space P is either aleft or aright modu-
lus, with thetrivia fiber bundle of the strain field being
a free modulus and the nontrivia fiber bundle being a
factorization of the free modulus over the space P. Asa

matter of fact, thisisthe cotangent bundle QlD (P).

We now construct the action for the process of non-
commutative plastic deformation. In accordance with
Connes’ method, we first choose a Hermitian modulus
H over the strain space P. Thisimpliesthat on the Her-
mitian P-modulus H, there exists a Hermitian structure
hsuchthat h(a, ) O Pfor al a, B OH, and the equality
h(aA and B) = A*h(a, B)B holdsfor all A, B O P. We
should then choose a connectivity [, i.e., a mapping of

HontoH O Qg for which the following conditions are
satisfiedforal @, WOH and A1 P:

O(eA) = (9 )A+ ¢ UdA,
dh(e, g) = h(lp g ) +h(e, W ).

The connectivity [ is expanded up to the linear
mapping D, of the first rank (D,: H O Qé —HO
Qé)sothatDV(cp (b )= (¢ )a+ ¢ Oda forall ¢ OH
and a O Qé. Thus, in terms of [, the curvature is
defined as the mapping 0> H — H O Qé e,

0%(B) = (0%¢)B

foral 0 Hand B1 P.

The action for the process of noncommutative plas-
tic deformation is expressed in terms of [ as

s=[0%* = @90

where ¢ is the connectivity component for the gauge
with scalar product

[pie0= —I(b (x¢) = Trlo(«9)].

CHIN’ VAN KHOA

Thus, we obtain the probability distribution for the
transition to the plastic state:

Z= Iexp(—kS),

where k is the elaticity coefficient. The distribution Z
depends on the connectivity [ defined for a certain
gauge. In order to derive an explicit form of Z, we now
consider the following example. We choose a gauge e
that is unity in the Hermitian space H and, then, a con-

nectivity in the form De=e[x , wherea O QlD with

o =—0 and 0 conjugate to a. The form a is a com-
plex-valued matrix in the Muskhelishvili sense. How-
ever, within the framework of the symplectic geometry
for the three-dimensiona case, this form has a com-
plex-valued structure. Hence, each element ¢ [1H takes
theform = eB, where B [1 P so that we obtain, by def-
inition, that [p = (Oe)B+ e dB. In differential geom-
etry, B and a are referred to as elements ¢ and [0,
respectively, for the gauge e. If the component ¢ of the
curvature [0? for the gauge eischosen as ¢ = da + (a)?,
wearriveat [(>=e [ . Furthermore, wewriteout a in
the conventional complex-valued form o = B,.8% + i E ©'
(B, E O P), subject a to the action of the operator d,
evaluate a2, and substitute the results into the expres-
sionfor ¢. Finaly, we arrive at

& = 3([B, B] ~CiB,)6'0.

Thus, the action takes the form

S= -3 Tr{([B, B] -CiiB)}
k|

It should be noted that the above integral and the Her-
mitian modulus H is the Connes K-cycle. However,
since Connes did not define the notion of “secondary
calculus,” we here evaluate the integral Z in a regular
manner.

3. In [6], II"yushin suggested that, within the range
of fairly small strains, the defining relations for contin-
uous initialy isotropic media are consistent with the
isotropy postulate; namely, they would be invariant
with respect to orthogonal transformationsin the space
E;. Inthe case of finite strains, the defining relation was
described in[14, 15]. Within the framework of the non-
commutative plastic-deformation model when using
strain-potential formalism, this postulate would become
atheorem which could be proved. Indeed, in each cotan-
gent fiber bundle, there aways exists a symplectic
structure [8, 13]. As was shown above, the spaces
cotangent to the spaces P = {E,(x, t)} and P are spaces

Der(P) and Qﬁ, (P), respectively. The symplectic form

isa2-form w? O Q%(P) such that, for all A O P and

X [ Der(P), the equation w?(X, H(A)) = XA has the
unique solution H(A) [0 Der(P), where H(A) is the
DOKLADY PHYSICS \Vol. 46
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Hamiltonian vector field at the point A0 P. If | isan
isomorphism, i.e., Qf (P) —» Der(P), then the Hamil-
tonian vector field takesthe form IdH, with H being the
Hamiltonian function and the symplectic 2-form tak-
ing the form w? = dH. For each vector field H(A), there
exists a one-parameter diffeomorphism group ¢

M2 = M2 which is caled the Hamiltonian
phase flow:

dl  g'A = IdH(A).
dttzog (A)

Here, the symplectic manifold is denoted by (M an w).
It should be noted that the orthogonal mapping is aspe-
cia case of diffeomorphisms. Hence, the isotropy pos-
tulate can be formulated in terms of the strain-potential
formalism: the defining relation is invariant with
respect to the Hamiltonian flow, in particul ar, to orthog-
onal transformations.

Within the framework of the commutative geome-
try, Arnold proved that the Hamiltonian phase flow con-
servesthe symplectic structure (gt )*w? = w? [13]. Inthe
case of noncommutative geometry, the Arnold's
method can also be employed, the only difference being
that the dimension of the symplectic space over P is2n?
and the space points are matrices. However, if, in addi-
tion, the space P satisfies the axioms of the Hopf alge-
bra, the above method cannot be employed because of
the unconventional properties of the Voronovich-type
differential calculus. By definition, «? = dH =

g—z de; thisformisinvariant with respect to the flow
i
g'. Under the additivity condition, thisimplies that the
quantity g—g is aso invariant with respect to the map-
(|

ping g".

In the singular model [11], the defining relation was
presented in the form

of,
= —dk

oeg ¥
where f, is the current ultimate surface. The compo-
nents dk, are nonzero if disturbances take place on the

do,

f
corresponding surfacesf,, i.e., if %éf do = 0. Introduc-

ing the potential H (free energy) [6, 12], we arrive at the
relation

_ OH
Oi_ﬁ'
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In the model under consideration, the plastic deforma-
tion is a stochastic process for which the free energy
serves as the system Hamiltonian function [5]. Indeed,
the defining relation in the potentia formalism is
invariant with respect to the orthogonal transforma-
tions.

4. Thus, the general model of plastic deformationis
the following. Let II’yushin’s deformation process be
given. To construct the general model, we have, first of
all, to regject the conventional notions of the elasticity
theory, which are adequate only for static processes
described by commutative variables. We should treat
the strain space as a noncommutative space. Under the
action of forces, this space turns into a cotangent fiber
bundle. When the stress attains the ultimate value, the
strain state becomes subjected to strong fluctuations.
Asaresult, we can describe this state by the probability
density of the transition to the plastic state. Because of
the noncommuitativity, we arrive at a symplectic space.
This symplectic space over the noncommutative strain
space is larger than the conventional space of classical
theory. The essence of |1’ yushin’s postul ate on isotropy
can be understood only in this case. All the results of
classical theory (e.g., the Coiter’s sectors) could seem-
ingly be treated as special cases of this general model.
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