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In this paper, we study vibrations of aviscous liquid
filling a cavity made in a vibrating body. The cavity,
containing structural elementsin the form of radial and
ring-shaped ribs, is filled partly with a viscous liquid
and partly with a constant-pressure gas. Assuming that
the energy dissipation per vibrational period is small
compared to the system energy, we derive general equa-
tionsfor perturbed motion of abody containing aliquid
initsinterior.

The viscosity of liquid components substantially
affectsthe stability of motion of abody filled with alig-
uid fuel. There exist two mechanisms of energy dissipa
tion, caused by vibrations of the liquid in the cavity.
One of them is associated with vortex formation at the
cavity walls and the subsequent energy dissipation in a
thin near-wall boundary layer (for smooth cavity walls
and large Reynolds numbers). The second mechanism
includes the separation of intense discrete vortices that
dissipate, furthermore, in the entire bulk of the liquid
(for a cavity having structural elements with sharp
edges). Being essentially nonlinear, the latter effect
exceedsthe former one by at least two orders of magni-
tude.

Therefore, additional dissipative forces should be
introduced into equations of motion for asolid contain-
ing a cavity filled with liquid.

In this paper, an approach is proposed for the first
time that makes it possible to simultaneously take into
account both mechanisms of energy dissipation. We
should especially emphasize that the method of the
boundary layer, which was successfully used to alow
for the energy dissipation in cavitieswith smooth walls,
isinvalid in cavities containing structural elements.

Our approach is similar to the method broadly used
by Landau [1]. It is applicable in cavities having struc-
tural elements in their volumes, which is especialy
important for applications.

Here, we consider a class of perturbed motions of a
body containing aliquid where both the relative energy
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dissipation and the generalized coordinates characteriz-
ing perturbed motions of the body and of the liquid are
small. The cavity shape is supposed to be arbitrary. In
the case of a perfect liquid, the system of equations
turns into the equations derived in [2]. As particular
cases, our resultsinclude those presented in [3-5].

Thus, we consider a body with a cavity. The cavity
is filled partly with a viscous incompressible liquid
having adensity p and kinematic viscosity v, and partly
with a constant-pressure gas. The cavity contains ribs
formed by surfaces orthogonal to itswalls.

For unperturbed case, we analyze the tranglational
motion of the liquid-filled body. In the course of this
motion, the liquid occupies the volume Q bounded by
the surface Sof cavity walls and by the planar free sur-
face Z. Thelatter is perpendicular to the total-accelera-
tion vector j (the g-load vector), which is caused by the
mass forces of unperturbed motion.

The perturbed motion of the body is determined by
the vectors of both small displacement u(t) and small
rotation O(t). The perturbed liquid flow is characterized
by the parameters S(t), each of them representing the
amplitude of the kth tone of vibrations of theliquid at a
certain point on its free surface.

We now write out equations for the perturbed
motion of abody with aliquid, ignoring terms of higher
orders of smallness with respect to the generalized
coordinates (see [6]):

(m+m)i+(L°+ L, 0) + 5 L& = P+ 8P,
k=1

(I°+3,0)+(L°+L,0)—-j(L°+ L, ©

+z7‘°ké‘: Mg+ 3My, (1)
k=1

We(Sc+ WS + (A 1) + (Mg ©) = BP,,
k=12,...
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Here, m” and m are the masses of the solid and of the
liquid; J° and J are the symmetric inertia tensor of the
solid and the symmetric tensor for adjoint moments of
inertia of the liquid, respectively; L° and L are the anti-
symmetric tensors for static moments of the body and

of theliquid; and L° and L are thetensors conjugate to

LY and L, respectively. The tensors [° and L corre-
spond to moments of mass forces acting in the case of
an unperturbed motion; the vectors A, and A, charac-
terize the inertial coupling of body motions with wave
motions of the liquid; and dP, dM,,, and &P, represent
generalized forces caused by the energy dissipation in
the cavity.

For &P = dM, = P, = 0, Egs. (1) turn into equations
describing the perturbed motion of abody with acavity
partly filled with a perfect liquid [2]. In what follows,
the coefficients entering into the equations of motion
for the body filled with a perfect liquid are assumed to
be known.

Thus, in order to construct equations of motion for a
body having a cavity partly filled with a viscous liquid,
we should find the generalized dissipative forces 6P,
oM, and OP,.

Let a cavity with smooth walls have m ribs formed
by surface elements orthogonal to the cavity surface S.
We also assume that therib height b, which is measured
in the direction of the normal to the cavity surface, is
small compared to both the characteristic cavity dimen-
sion and the minimum distance between the ribs. In
addition, the liquid is assumed to flow with large values

of the Reynolds number Re= %I > 1,wherevand| are

the characteristic liquid velocity and the characteristic
linear cavity size, respectively.

Under these conditions, the energy dissipation
occursnot only inathin layer near the boundaries of the
volume occupied by the liquid (the first dissipation
mechanism) but also in the entire bulk of the liquid (the
second dissipation mechanism). The rate of the energy
dissipation per unit volume of theliquid is on the order

Ofi

JRe

of Rie near the free surface of the liquid [1].

near the wet cavity surface Sand on the order

Below, we restrict our analysis to considering terms

1 . : o
on the order of — in the expressions for dissipative
~Re

forcesand, therefore, ignore the energy dissipation near
the free surface of the liquid.
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Since the boundary layer is thin Eon the order of

1o an element of the surface Scan be treated as an
JrRe

element of an infinite plane that bounds a half-space
occupied by aviscousliquid. Thiselement moveswith a
velocity equal to the difference between the velocities of
the body and of the perturbed flow of the perfect liquid.

A force applied to an element of the surface S which
moves with the velocity v(r, t), can be represented as

(see[7]):
[ TJv(r RILL PN 2

wherer istheradiusvector of acurrent point of the sur-
face S Then, the first mechanism leads to an energy-
dissipation rate in the cavity equal to

O
v(r t)deS%. 3)

E = J’(v dF) = —p[TJW( t), J’

The velacity for the perturbed flow of the perfect
liquid v° is presented in the form (see[2])

v-u+ZOEP +ZS<E|>k 4)

j=1

Here, ©,=(0, §) are the components of the vector ® in
the body’s coordinate system Ox,x%;, § are the basis
vectors of this coordinate system, and Wi(Xy, Xo, X3) and
0. (X, X, X;) are the solutions to boundary value prob-
lems dependent only on the cavity configuration.
Therefore, the relative velocity v can be expressed as

v=u+0xr-v°
5)
=—ZG,(EP +rX6)—ZS«E¢ k-

j=1

In addition, alinear rib element can betreated asan ele-
ment of an infinitely long plate, which is perpendicular
to the boundary of the half-space occupied by the liquid
vibrating along this boundary. At the same time, the
vibration velocity is equal to the normal component of
therelative perfect-liquid velocity at points correspond-
ing to the midline of the rib element under consider-
ation in the case when the rib is absent.
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The relative-velocity component normal to the rib
can be written as

3
. Y. 0
v = (v,v) ==Y Oi=—-(rxv)Q
z 0ov 0

5 (6)
_sz k.

where r(I') is the radius vector of points belonging to
therib midline, I' is the length of the midline arch, and
the vector v of the outer normal to the rib surface forms
an acute angle with the direction of therelative velocity
of theliquid. The subscript j correspondsto the jth vec-
tor component.

The semiempirical approach used in [2] was based
on a drag force applied to a linear rib element, which
can be represented in the form

dF = pcb**wv,vdr, (7

where the coefficient ¢ depends on the vibration ampli-
tude.

Expression (7) is rather convenient in analysis of
steady-state harmonic vibrations. However, in studying
transient processes, additiona hypotheses are necessary
to construct a dynamic scheme based on formula (7).

In this paper, we propose another expression free
from the above-mentioned disadvantages (see [8]):

to.
dF = pcxbslzj'VtVFdTTvdl'. ®)

0
The coefficient ¢, in (8) is such that the energy dissipa-
tion per vibrational period is identical for both resis-
tance laws (7) and (8).

It is easy to show that in the harmonic-vibration
mode, expressions (7) and (8) coincide with each other.
However, since relation (8) is not associated with the
amplitude and frequency of a harmonic process, it is
applicable for analyzing transients.

The second dissipation mechanism leads to the fol-
lowing expression for the energy-dissipation rate in the
cavity:

E = Z J'(v, dF), 9)

I = lrI
where m is the number of ribs and I, is the contour
formed by the rib midline.

Thus, therelation for the total rate of the energy dis-
sipation in a cavity with allowance for both these dissi-

YALAMOV, GURCHENKOV

pation mechanisms takes the form

E = —p[]_[fﬂ/(r 1), I
v,(t)dt U

+pC, b?’IZZID/(r 1), J' = vodr .

I = lrI

v(r, Ddis r)er

(10)

Thefirst term in formula (10) is associated with the
energy dissipation at smooth walls, while the second
onetakesinto account the presence of ribsin the cavity.
Substituting expressions (5) and (6) for the relative
velacity of the liquid into relation (10), we arrive at

60— ZEBOK’I

8 t (r)er a(r) er

O 5 t ™
(11)

-0 @(r)er (r)er
P2 = ZDZBK"I

Here, B is the tensor with the elements Bi i BOk arethe

vectors with the components B;k,- , and Bf(n are the sca-
lars. In addition,

Bf}'zﬁ?{:pfﬁ[(r xe+ W ), (rxe+@ )dS
o oW oW
oo 3o o) (Ja-
Bo = pf;J(r xe+W ), 4 dS
S

+pc, Zbglzj'[——(r xv)} ® dF, (12

kn = Bk = ﬁ/%[(@ n [ )dS

32 ﬂ)q) a¢|D
+p°2b' _[Dav ade
=123 nk=12.. 1=212..m

In each of formulas (12), the first term takes into
account the effect of the boundary layer, while the sec-
ond term is associated with vortex formation at the rib
edges. The second term dominates at finite vibrational
amplitudes of both body and liquid, while thefirst term
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manifestsitself either at vanishing amplitudes or in the
case of the absence of ribs.

On the other hand, the energy-dissipation rate is
determined by the expression

E = (5P, u) + (8M,, ©) + )3 3P, S.. (13)

k=1
Being compared, relations (11) and (13) yield
oP =0,
(r)er °° Sdd

__[BI

5P, = —EBOK, J.(a(r)er z I&(r)dr

@ zEBOk'I,\/_TD 04

At large values of the Reynolds nhumber, the rela-
tions derived are quite sufficient to construct equations
for perturbed motion of a body with a cavity partly
filled with aviscous liquid.
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It is known [1-4] that the ductile-brittle transition
(DBT) depends on temperature, chemical composition,
stressed state, and loading rate. Moreover, it was estab-
lished [4, 5] that the DBT can be attributed to a unified
mechanism consisting in the disturbance of the elec-
tron-structure order responsible for the chemical bond.
This is either the restoration or the destruction of the
directed component of the chemical bond at the DBT
critical temperatures T, or the so-called “crystalliza-
tion” of valence electrons. The simplest kind of this
phenomenon in the presence of a uniform compensat-
ing nuclear field isWigner crystallization [6, 7].

As was indicated in [5], a decrease in the thermal
vibrations or a change in an aloying element leads to
the appearance of directed chemical bonds, i.e., to the
crystallization of the electron structure at T, of DBT. In
this case, we can use the formalism of the second-order
phase transition as, e.g., in [6-8].

Let the system of electrons be described by the fol-
lowing Hamiltonian in the x representation:

H = [dxa® ()22 + U0 - 1Ha® (0
Joa MGn -
(D
1 s* * s' S
+ 5[dxdyv(x-y)a® (x)a” (v)a® (y)a'(x),
where a'(x) and aX(x) are, respectively, the creation
and annihilation operators for particles with spin s =
i% , V(X, y) isthe s-independent potential of interaction

between two particles, U(x) = U(x + R) is the periodic
~2

field of the crystal lattice { R}, %n isthe kinetic energy

operator (h = 1), and u is the chemical potential. We
integrate over the entire volume of the system, take the
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cyclic boundary conditions, and sum with respect to the
repeating superscripts s' and s.

The operators a¥*(x) and a(x) are expressed interms
of the secondary-quantization operators with the Wan-
nier functions W,(x — R) of electrons. We obtain

a”(x) = 5 aj (AW (x=R),
R n (2)
a’(x) = Zaf,(R)Wn(x—R).

The Wannier functions W, (X — R) are defined in terms
of the Bloch functions as

W, (x—R) = ﬁzuk,n(x)e‘k’ g (22)
k

where the summation with respect to k is performed
over the first Brillouin zone of the lattice {R} and N is
the number of lattice cites in the cell volume V. The
Bloch functions u, (x) are associated with the nth zone
and are the solutions of the Schrddinger equation

[éb—r—n"'u(x)}uk,n(x) = Lg(k)uk’n(x) (3)

with the eigenvalues L2 (k).

Including the valence angle and taking into account
that the energy gaps between zones are somewhat
broadened dueto thermal vibrations and are higher than
the corresponding characteristic interaction energies,
we write the Hamiltonian in the new representation as:

0
H= 3 L(Ri-Ro)a (R)E(R,)
n R, R,
1 )
+ > Z Vn(RiRR3Ry)a; (Ry) 4)
n: Ry, Ry, Ry, Ry

x a3 (Ry)a(Rs)as(Ry),
where
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'k( R - Rz)

Lo(Ri—R,) = z(l-(k)— ne

5)
V(RRR3R,) = IdXdyV(X— y)
X Wi (X=R)W; (Y = R)W, (Y = R))W, (X = Ry).
We introduce the Green’s function
G,(RR’; t—1")
(6)

= —2mif(t—t) Hay(R t), a(R, t)].0

where a; (R, t) and a; (R, t') are the operators in the
Heisenberg representation; 8(t — t') is the unit step
function; [-,-], is the anticommutator; the angular
brackets mean averaging over the grand canonical
ensemble with Hamiltonian (4) and the parameter 3 =

'Tl' , Where T is the absolute temperature in the energy

units; and the summation is performed with respect to
the superscript s. It is evident that this Green's function
satisfies the equation

107

S {G(R=Ry; E)-M(R Ry; E)}
R )
X Gn(Rl! RI’ E) = 21

where G (R - R;; E) = Edgg, — L{(R- R)) isthe

inverse unperturbed Green's function, and M is the
mass operator [E is the parameter of the Fourier trans-
form with respect to time (t — t)].

The analysis of solutions according to [8-10] leads
to the first density matrix

p(R R)= @ (R)a*(R)I
. _ (8)
: ~18) 4.

2T[_r

Further, it is possible to determine the density n(x)
of “true”’ particles by using Eg. (2a). In a certain limit,
the mass operator M(R, R’; E) can be expressed as a
functional of p(R, R’; E). Inthis case, after the transfor-
mations according to [8-10], we obtain the nonlinear
equation

"G(RR:E+ig)-G(R R: E
fF+1

GO ()Go(p) + Ga(P) Y a (k)G x B+ 506 - My(p)Go(p)

{k$

= My(p. k)Gop -

(k¢ {kg {kg

which can be solved as a set of the finite-difference
equations determining Gy(p) and G, (p).

Then, using (8) and changing Gy(p), G,(p) to
(1) (P, r](l) (p), we obtain the set of equations

ns’(p) = Gu{n (p), N (),

nP(p) = G (p), n (P},
where ), and ), are the nonlinear integral operators.
From the physical reasonsfor T — oo, the solution
of Eq. (7) isthe spatially uniform; i.e.,
P(RR) = pP°(RR) = ng’(R-R). (D)
For the set of equations (7) at T > T, we have

N =0, 0" =’ (R-R); i.e, T, isthe phase-tran-
sition point or the stability-loss point for the spatially

homogeneous solution.
However, T, can be determined by the branch

method following [9]. This method is based on the fact
that,at T< T, and T — T,,, the functions

(10)

DOKLADY PHYSICS Vol. 47 No.2 2002

(9)

pat0d — 3 S-S Ep+—%a(k)a(ks)e'(k =g,

3no(p) = nS’(p)—nS(p), dnu(p) = niP(p) (12)

tend to zero but remain infinitesimal. Taking the varia-
tionsof Eq. (10) with allowancefor Eg. (12), we obtain

3no(P) = A{BNo(P), BNy (P},
3ny(p) = Ao{ 3No(p), BN (P},

where A; and

(13)

A, are the linear integral operators
dependingon 3 = _Tl_ and .

The least positive eigenvalue 3., of set (13) deter-
mines the highest T, phase-transition temperature
depending on the particle density through . If a band
isfilled, the corresponding particle density isn(R) =2
and the redistribution of particles between the quantum
statesisimpossible; therefore, the crystallization of the
electron structure does not occur.

Thus, the crystallization of the electron structure
responsible for the chemical bond is possible only for
atoms with unfilled electron shells, and the above the-
ory correctly describesthe DBT mechanism. For binary
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iron aloys, this phenomenon takes place when impuri-
ties have unfilled np, nd, and pf electron shells[4, 5]. In
order to reduce T, of the DBT for iron alloys, it is nec-
essary to alloy the iron matrix with elements that have
unfilled np, nd, and pf electron shells and larger angles
and lengths of chemical bonds.

1

2.
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The problem of explicit inclusion of the spin-depen-
dent permutation symmetry in the Feynman path-inte-
gral method is solved for many-electron systems. Asan
example, the Monte Carlo numerical calculations for
near-degenerate hydrogen plasma are presented. The
new method is promising in systematic computations
for systems of quantum particles at finite temperatures,
with an accuracy similar to that for systems of classical
particles.

1. INTRODUCTION

Over the few decades since the publication of the
pioneering Metropolis paper [1], a specia research
field, the computer simulation of materiads at the
atomic level, was formed in theoretical physics. Over
the last two decades, the rapid development of com-
puter technologies created a basis for the transforma-
tion of computer simulation methods into an indepen-
dent field, intermediate between pure theory and exper-
iment. Until the mid-1960s, computer simulation
methods were used only for classical-mechanics sys-
tems. In the early 1960s, Feynman proposed an aterna-
tive formulation of quantum mechanicsin terms of path
integrals [2]. In this formalism, the motion of a quan-
tum particle is described by virtual paths. The evolu-
tion-operator kernel is expressed as a sum of complex
amplitudes for al paths. The partition function is
obtained from the quantum evolution operator by the
formal change of time to imaginary reciproca temper-
ature. Each quantum particle corresponds to its own
closed path. A problem in such aform can be solved by
the Monte Carlo method. Feynman paths are approxi-
mated by broken lines whose vertex coordinates are
stored in the computer memory. The integration
reduces to random walks in the path space with the
weight function dependent upon the action calculated
for the path corresponding to the imaginary time [3].
Fosdick and Jordan [4, 5] were the first who numeri-
cally implemented these concepts for the simplest sys-

K. Petersburg Sate Technical University,
ul. Politekhnicheskaya 29, . Petersburg, 195251 Russia

tem of two interacting helium atoms. In Russia, thefirst
attempts to apply the path integral method to the com-
puter simulation of electron systems were undertaken
in[6-9].

Among problems seriously impeding the systematic
application of the path integral method to the study of
many-particle quantum systems at finite temperatures,
the description of the permutation symmetry is most
difficult. In terms of the path integrals, the symmetriza-
tion over permutations requires integration over the
coupled Feynman paths, and each kind of coupling cor-
responds to its own positive or negative weight factor.
Although the Hamiltonian of the system of nonrelativ-
istic particles does not affect spin variables, the system
energy depends strongly on the spin state via the type
of coordinate permutation symmetry. In the system of
identical fermions, the wave function changes sign
upon the simultaneous permutation of the spin and
coordinate variables of an electron pair. In spin or coor-
dinate variables taken separately, the wave function can
be neither symmetric nor antisymmetric. The specific
permutation symmetry in the spin variables necessarily
leads to definite (complementary to it) permutation
symmetry in the coordinate variables. The partition
function isthetrace of the statistical operator cal culated
in the representation of the complete set of wave func-
tions. The complete set of linearly independent wave
functions can be constructed based on the Young sym-
metry operators[10].

Until recently, in path-integral computer simulation,
either the spin of particles was ignored, the exchange
symmetry was approximately taken into account by
combining determinants formed by one-particle func-
tions [7, 8], or else the exchange was neglected alto-
gether. Note that spinless fermions do not exist, and the
disregard of spin can be hardly considered as an
approximation since it is difficult to check the corre-
sponding error, which can even exceed the result. This
statement is illustrated by the well-known orthostate
and parastate of hydrogen molecules. An explicit pro-
cedure of including spin and exchange symmetry in the
path-integral description of the systems of interacting
electrons was first formulated in [11, 12]. This algo-
rithm provides numerica simulation for systems

1028-3358/02/4702-0109$22.00 © 2002 MAIK “Nauka/ Interperiodica’
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including up to about ten electrons. For alarger number
of particles, the calculation becomes virtually impracti-
cable, because the computer time needed for calcula-
tion of the control tables for the combinatorial coeffi-
cients increases faster than N! The path-integral method
was used to smulate an electron pair in amicrocavity in
the context of the problem of electrides[13], ahydrogen
molecule in a state close to the ground state [14], and
the thermally excited states of a hydrogen atom and
lithium and beryllium ionsin a dense plasma[15].

In this paper, we present the results of the path-inte-
gral simulations for a many-electron system at finite
temperature with the exact inclusion of the exchange
and spin of electrons. For the first time, the Monte
Carlo method as an exact stati stical-mechanics method
was applied to systemswith spin, and the limitations on
the number of particles in the description of exchange
was removed.

2. THE PROBLEM OF A LARGE NUMBER
OF PARTICLES IN THE DESCRIPTION
OF EXCHANGE IN SYSTEMS WITH SPIN

The impossihility of directly calculating the control
tables for the combinatoria coefficients was solved by
including the cal culations of combinatorial coefficients
to the Markov random walk procedure. The space of
random walks was extended. In the new method, a
microscopic state is defined by the coordinates of verti-
ces of the paths, the structure of their couplings, and a
limited random sample of permutations used to calcu-
late the combinatorial weight of the given microscopic
state. As awhole, the calculation procedure remainsin
principle exact, athough the sample of permutationsis
limited.

TheYoung operator corresponding to the eigenvalue
S(S+ 1) of the spin-squared operator can be represented
as the product of the operators of pair symmetrization
(1 + fy;) and antisymmetrization (1 — ;) over the
numbers of arguments

IS = (L-A)(1-Ry)...(L+A)(1+A,). (D)

Upon removing the parentheses, product (1) takes the
form

IS = Zas(n)Nn. )

The summation in Eq. (2) is performed over al N! per-

mutations of arguments over numbers N, . Combinato-
rial weights a(n) take one of three values: +1, -1, and
0. If the permutation operator in sum (2) is represent-
ablein theform

I,\\ln = I,\\lkNINm, (3)

where Nx and N, are the permutation operators for
argumentsin thefirst and second columns of the Young

SHEVKUNOV

diagram, respectively, and Ny, is the operator of the
permutations of the diagram lines, then we have a (n) =
(=1 +ch where c(k) and c(l) are the parities of per-
mutations Nk and N . If the operator N,, cannot be rep-
resented in form (3), it does not appear in the symmetry

operator J(S) and its combinatorial weight in sum (2)
isag(n) = 0. It was shown in[12] that the partition func-
tion for N identical fermions with a spin of 1/2 is writ-
ten as

7 = %Z(ZS_}_ 1)Zs(_l)cu)+c(|<)J.dNr
< {r} lexp(B A)Rn{r} 0= 25 (25+1) ()
S
x Y ag(m[drdr} e H)Na{r} 0l

_ 1
where (3 = T
Boltzmann constant, H is the Hamiltonian, and sub-
script S means that the summation is performed only
over the permutation operators appearing in the Young
operator J(S). Each N, permutation generates a cer-
tain diagram of coupled virtual numbered paths. Sub-
sets of diagrams differing only in the enumeration of

vertices form classes. They can be combined with the
common factor

o({v) = 3 Mayn), ®)

n

and the summation over all permutations N! can be
replaced by the summation over the classes specified by
the generic graph vy , where multidimensional index
{vi} ={vy,V,, ..., v} determinesthe diagram structure
and v; is the number of cycles formed by i connected
paths. The superscript {v;} in the summation symbol in
Eq. (5) denotes that the summation is performed only

over those n for which operators N, belong to the class
with the generic graph ;v

is the inverse temperature, kg is the

1 N
Z==3Nw{v})fdTr
'\”{vzi} f ©)
x [ r} lexp(8 AN {r}0
where

w{v}) = (2S+ Da{v}).
S

In principle, Eq. (6) providesthe basisfor aMarkov
random process for the numerical calculations of equi-
DOKLADY PHYSICS Vol. 47
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librium expectation values. However, the implementa-
tion of this program in practice turns out to be possible
only for arelatively small number of particles. Indeed,
according to Eq. (5), the calculation of the control table
for the combinatorial weights w,({v;}) implies sorting
al permutations contained in the Young symmetry
operator, and the number of the necessary operations
increases faster than N! To solve this problem, the com-
binatorial coefficients w({v;}) are calculated by the
substantial-sample method. Thus, the calculation of the
integral in Eq. (6) is united with the calculation of the
combinatorial coefficientsinto the unified Markov ran-
dom process. It is advantageous to divide the averaging
over permutations into segments so that there are no
transitions between classes within each segment and the
repeated calculation of matrix elementsin integral (6) is
not required. In each segment, a random equiprobable

sampling from the set of all permutations N, is per-
formed, verifying the conditions that they belong both

to agiven class{v;} and to the Young operator J(S). A
permutation is assigned by the combinatorial factor
0 (vy (M) =ag(n) if both conditions are satisfied and by
the factor a, ¢, () = Oif at least one condition is vio-
lated. At each step of the random process, we have the

following unbiased estimate for the combinatorial fac-
tor wy({v;}):

|
BV 3D = Y a0
k=1

wherel isthe size of the sample{n,}. It isof fundamen-
tal importance that the approximate character of
w;({v;}) estimate (7) found with afinite sample{ng} in
asingle step of the Markov process does not imply an
approximate character of the whole calculation proce-
dure if this procedure is based on the combinatorial
weights s ({V;}, {n}, 1) instead of wy({v;}). Indeed,
Eq. (5) can be rewritten in the form

— {vi
{v}) = I(N|)._1{nzk}kzl ()
|(N')I_1{nzk}kzl s (v (M) (8)
(N')z' 1{%%({\/.} Ang 1),
where {n.} =n,,n,, ..., njisasampleof | numbersfrom

the unbroken series of integers from 1 to N! and where
the numbersin the series{n,} may repeat. The summa-
tion over {n} in Eq. (8) means the summation over all
possible samples. Substituting Eq. (8) into Eqg. (6) and
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expressing the matrix element in the integrand as a
product of high-temperature matrix elements, for
which the explicit expressions are known [2], we find
the partition function in the form

Z= ==Y Y Y @S+ Davl.{nd )

N! {vi{ng S

XIdNr(l)dNr(Z)...dNr(M)

x<{ri(M)} ‘exp%—%“%{ri(l)}> ©

x<{ri<1)} ‘exp%—%{ri(z)}>..

H{VJ{r (M)}>

which is exact although written in terms of the coeffi-
cients ws({v;}, {n.}, 1) determined with limited sam-
ples. The partition function in form (9) alows us to
remove the exchange-imposed limitations on the num-
ber of particles and to construct the Markov random
process for systems including hundreds and thousands
of particles.

<{r (M- 1)}‘e><|0

3. NUMERICAL RESULTS
FOR HYDROGEN PLASMA

In this section, we present the numerical results
obtained by the Monte Carlo path-integral method for
hydrogen plasma with a density p = 6.96 x 10%° cm
and temperature T = 37130 K. The exchange effects are
significant under these conditions, since the thermal de

Broglie wavelength for electrons, A = _h =

J21imkg T
3.9x 10® cm, is comparable to the mean distance
between neighboring particles, p=> = 11.3 x 10 cm.
Periodic boundary conditions are imposed on the
system. The unit cell with an edge length of 52.38 x
1078 cm corresponding to this periodicity holds 100 elec-
trons described as quantum particles and 100 protons
described as classical particles. The Feynman path of
each electron is represented by a broken line consisting
of M = 320 sections. The Coulomb interactions of each
particle with the others are calculated by the nearest
image method [6]. For the prelimit approximation of
the action in the Feynman paths, the nonsingul ar-poten-
tial method is used [15]. The Markov process consists
of steps corresponding to the displacement of one of the
M vertices of the path, trandlation and rotation of the
path as a whole, and connection and disconnection of
two paths. The calculations involve 900 million steps.
The first 320 million of these were used to thermalize
the system, and the rest were used to cal cul ate the equi-
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Fig. 1. The radia distribution of the electron density near a
proton. The solid curve is the Monte Carlo path-integral cal-
culation for the hydrogen plasma with the temperature T =

37130 K and total density p = 0.696 x 1021 cm™; the dashed
curve corresponds to the ground state of the hydrogen atom.

librium expectation values. At the stage of calculating
the expectation values, about 3000 connectionsand dis-
connections took place. The size of the random sample
for calculation of combinatorial coefficients at asingle
step was| = 10. At the thermalization stage, the proce-
dure of the subsequent multiplication of path vertices
was applied and accelerated the process by one to two

orders of magnitude.

3 (@s+ 1)Idr1dr2...drNde...dRN<{rL} AR} 5{

SHEVKUNOV

pii? pee x 103’ A73

0.6

0.4

7.5

r A

Fig. 2. The pair correlation functions for the hydrogen
plasma calculated under the same conditions as in Fig. 1.
The solid and dashed lines are p;; and pge, respectively. The
straight horizontal line corresponds to the total density.

Microstructural characteristics of plasma in the
form of the pair correlation function are represented in
Figs. 1-3. The ion—electron correlation function p;(r)
has the meaning of the density of the probability of
finding an electron at adistance r from a proton. In the
coordinate representation with allowance for the degen-
eracy with respect of the eigenvalues of the spin projec-
tion operator, we have

{f},{RJ,S>

ﬁ;a(r ~ %= X)) exp(-BF)

, (10)

pie(r) ==

where {x;} =x,, X, ..., Xy and { X;} arethe spatial vari-

ables for electrons and protons, respectively, {r;} and

{R;} are the eigenvalues of coordinate operator, and

o(r) is the one-dimensiona Dirac delta function. The
matrix elementsin Eq. (10) are calculated in the repre-
sentation of wave functions symmetrized over the per-
mutations according to the eigenvalue of the spin-S
operator squared of the system. The electron—electron,
Pee(r), and ion—on, p;(r), correlation functions can be
written similar to Eg. (10) with the replacement of
Ix, — X, | by [x, — x,| and |X, — X,,|, respectively, and the
summation under the condition n # k. The function
Pie(r) (Fig. 1), aswell as p;i(r) and pe(r) (Fig. 2), was
numerically calculated by the path-integral method.

The mean-force potentia

W,.(r) E—kBTIn%PeeT(r)E, (11)

4nrzz(2s+ 1)J’dr1dr2...drNde...dRN<{ri} AR}, Slexp(-BA){r} .{R} .S
S

Weg’ Wii’ Wie’ eV

-20r1- /

2 3

Fig. 3. The mean-force potentials in the hydrogen plasma,
(1) Wee, (2) W;j, and (3) Wi under the same conditions as
inFig. 1. The dashed curves correspond to the interaction of
two elementary charged particles in vacuum.

2002

DOKLADY PHYSICS Vol. 47 No. 2



EXCHANGE SYMMETRY IN THE FEYNMAN PATH-INTEGRAL FORMALISM

where p is the particle density, describes interaction

between two particleswith inclusion of indirect interac-

tions viathe other particles in the system. Deviation of
2

W, (r) from the interaction energy eT of two pointlike

charged particles is caused by quantum effects and
interactions with the other particles. Apparently, the
quantum effects manifest themselves at interparticle
distances smaller than the thermal de Broglie wave-
length, whereas the shielding of interaction by other
particles of the medium becomes more pronounced
with increasing r. The curves shown in Fig. 3 demon-
strate that the mean-force potentials for al three types
of interactions satisfy the condition Wk(r), W;(r),
W, (r) < kg T atr >4 A. Theinterparticle interaction is
considerably shielded at these distances. The reduction
of the Coulomb interaction is of acollectiveorigin. The
curve shown in Fig. 4 demonstrates that the number of
electrons spaced from the proton at distances smaller

thanr = 4 A isaslow as0.66. The electron nearest to the
proton cannot shield the field of the proton to the extent
suggested by the data presented in Fig. 3. The charge of
other electrons plays a significant role in this region.

The higher the plasma density, the more conven-
tional the degree of ionization. To afirst approximation,
the probability of ionization can be estimated from the
area under the peak in Fig. 1. Figure 4 demonstrates
that the degree of ionization under these conditions is
AN, = 0.45.

The quantum-mechanical uncertainty in the coordi-
nate leads to smoothing of the plots for mean-force
potentials at small distances. The effect is clearly pro-
nounced at distancesr < 2 A (Fig. 3). At a distance of
1 A, the potentials W(r) and W, (r) differ from the
interaction energies of the classical pointlike charges
by 5 and 3 €V, respectively. The quantum effects at
these distances lead to strengthening the interelectron
repul sion and to weakening the attraction between el ec-
trons and protons. At distancesr < 0.5 A, the effect has
the same sign for both curves and is rapidly enhanced
with a decrease in r. The W;;(r) curve at distancesr <
0.5 A has a steeper slope, since heavy protons behave
as classica particles and the gquantum-mechanical
uncertainty in their positions has no effect here. The
effect is enhanced due to a small dip at a distance of
about 1 A. This dip corresponds to the formation of the
bound state involving two hydrogen atoms. This bound
state is manifested as a peak in the p;; (r) curve (Fig. 2).

The calculated correlation functions demonstrate the
clearly pronounced quantum character of the particle
motion at distances where the electrostatic interaction is
not shielded. The interactions at these distances are pri-
marily responsiblefor thethermal propertiesof the dense
plasma. At larger distances, where the particle motionis
nearly classical, the interactions are significantly
shielded. In spite of the relatively high temperature, the
calculation of deviating the characterigtics of the dense
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Fig. 4. The average number of electrons spaced from the
proton at distances smaller than r as calculated for the
hydrogen plasma under the same conditions as in Fig. 1.
The distancer; correspondsto the dip in the curve shownin

Fig. 1.

hydrogen plasma from those of theideal plasmarequires
the fundamental inclusion of the quantum effects.
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Holograms recorded in photosensitive layers with a
thickness of several millimeters have a number of
attractive specific properties. Thus they can be widely
used in the development of modern elementsfor optical
information processors, in systems of optical memories
with multiplex information storage, in devicesfor inter-
fiber connection in optical telecommunication net-
works, etc. [1]. However, known recording media turn
out to be unsuitable for obtaining such holograms,
since, asarule, achangein the layer-thickness structure
occurs in processing these media, caused, e.g., by
shrinkage of photoemulsions.

At the same time, the new recording media desired
can be obtained on the basis of colloidal emulsion sys-
tems of self-developing dichromatic gelatin (SDDG)
[2]. However, in the process of synthesizing the super-
thick (more than 0.5 mm) layers, the problem of their
drying arises, which takes a long time (more than
3 days), followed by the jellification or ripening of the
colloidal medium. This problem appears at the last
stage of the phototechnological process and cannot be
solved by traditional methods of blowing hot air or by
alcoholic dehydration, which lead to the appearance of
a strong gradient of optical properties over the thick-
ness of the layer. In phototechnological production,
ultrasonic and acoustic treatment as well as microwave
heating [3] have been used already for a long time.
However, their application makes an accurate energy
dosage of ultrasonic or microwave treatment upon the
object difficult. In addition, the processing of colloidal
layers by microwave radiation often results in their
exfoliation from the substrate and in an uncontrollable
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change in the conformational state of gelatin macro-
molecules.

In this paper, the holographic characteristics of
SDDG are considered in the case of synthesizing emul-
sion with the use of a high-power IR radiation of the
1.06-um wavelength. The radiation provides laser
annealing (drying) and gelatination of colloidal layers
of millimeter thickness, as well as the possibility of
controlling the properties of the material when anneal-
ing by IR laser radiation.

CONTROLLING THE GELATIN-LAYER
STRUCTURE

Gelatin as a polymeric system passes through a
sequence of various aggregate states in the preparation
of adichromatic-gelatin layer. A diluted solution of gel-
atinin water istheinitial state. In this state, macromol -
ecules are in the condition of a Gaussian coil or aglob-
ule. Inthe forming process, asaresult of theinteraction
of chain macromolecules after the solution has been
poured onto the substrate, gl formation occurs. This
gel can manifest properties of either aliquid crystal (if
the molecules are hard-chained) or aconcentrated solu-
tion with equal volumetric fractions of solvent and
polymer [2].

Evaporation of the solvent (water) from the poured
emulsion is accompanied by the process of returning
macromolecules into the native state of the collagen-
like three-strand spiral structure deformed to a certain
extent by conditions of the film formation. In the pro-
cess of gelatination under both the action of forcesfrom
the substrate side and drying conditions, the unwrap-
ping of macromolecules into linear structures occurs
with a simultaneous twisting of segments into spiral
pieces. Such a spontaneous return into the native spiral
state in the process of gelatination occurs statistically
and locally due to the interaction of macromolecular
segments. In turn, this provides the presence of well
developed short-range order in the gelatin emulsion,
without the long-range order inherent in collagens[4].

1028-3358/02/4702-0114%$22.00 © 2002 MAIK “Nauka/Interperiodica’
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STRUCTURE OF WATER AND THE ACTION
OF INFRARED RADIATION

An SDDG system contains a very large amount of
water. Therefore, this system can be treated as an
almost-water solution, for which the role of the quasi-
crystalline structure of the entire liquid is essential [5].
Connection into a unified three-dimensiona network
and the collective character of molecular motion in
water are confirmed by studiesin the field of molecular
dynamics [6]. Under the action of IR radiation, the
structure energy increases, hydrogen bonds are weak-
ened, vibration amplitudes rise, and the concentration
of defects produced by translations of molecules from
crystal-lattice sites into a neighboring potential well is
enhanced. Water molecules form a collective module,
and, therefore, an association of five moleculesis con-
sidered as a particle more or less reflecting actual prop-
erties of water [5]. Interaction of water with dissolved
speciesresultsin the formation of an aguacomplex, i.e.,
an association of a species molecule with several mole-
cules of water. Water molecules entering into the com-
plex composition, in turn, are connected with neighbor-
ing water molecules; i.e., the aguacomplexes can be
considered as segments of the hydrogen-bond network
in water [5, 6].

We can affect the structure of the SDDG-emulsion
throughout the entire bulk of the layer using laser IR
radiation. In this case, the molecular reconstruction
mechanism by the action of the electromagnetic field of
IR radiation is determined by the loss of the coordina-
tion stability of vibrationsfor afraction of molecules. It
is, naturally, impossible to specify a certain radiation
wavelength optimal for such an annealing, due to the
complicated composition of the emulsion. Therefore,
based on known data concerning the water-absorption
spectra, we used the carbon-dioxide laser radiation with
awavelength of about 1 pum. In addition, the radiation
of the nearest IR range passes through a glass substrate
so that undesirable effects of the IR-radiation interfer-
ence are absent in the layer bulk.

The energy action of IR-radiation upon the SDDG-
layer should satisfy the following requirements:

(i) the absence of either parasitic illumination or
photosensitivity lossin the system;

(ii) the elimination of gelatin thermal destruction;

(iii) the minimization of noticeable heating of the
system, which could result in both the unwrapping of
spiral macromolecular regions and a drop of the photo-
sensitivity [4].

Thus, the energy pumping should be very selective
in order to change only the ternary and quaternary
structures of gelatin, i.e., the disposition and elongation
of itsmolecules. Therefore, it isworthwhile to use laser
radiation with low photon energies, which is not
absorbed by proteins and individual water molecules.

The action of the electromagnetic field upon the
water solution of gelatin macromolecules results in a
DOKLADY PHYSICS Vol. 47
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violation of the equilibrium state of the system. After
ceasing irradiation, dielectric relaxation occurs. Being
subjected to the action of the electromagnetic field of
IR radiation, water molecules begin to reconstruct them-
selves in accordance with the Le Chatelier principle. In
this case, the absorption frequency of 1000 cm (the
wavelength of 1 um) can beinterpreted as a sum of two
frequencies: 200 cmr? (the frequency of individual
rotary oscillations) and ~800 cm (the libration fre-
guency of water molecules within the collective mod-
ule, or aguacomplex) [5].

EXPERIMENTAL METHOD

Synthesizing SDDG layers. Samples were pre-
pared in accordance with the following method. Gelatin
was dissolved in water for 1 h (1 g of gelatin per 5 ml
of distilled water) at 50°C. Then, after the glycerin had
been added (0.8 ml per 5 ml of water), the solution was
held at 40°C for 2 h. Ammonium bichromate in the
needed concentration (20% with respect to the dry-gel-
atin mass, or 0.2 g per 5 ml of water), ammonium for
attaining pH = 9.0, and methylene blue dye (MB) in the
form of a solution (10 mg of MB per 100 ml of water)
was added to the solution obtained. The emulsion solu-
tion prepared was poured into a transparent cuvette
with side walls of a necessary height (from 0.5 to
3 mm) and covered by acover glass. Then, thissolution
was gelatinated for 24 h at 25°C. As a result, a layer
with the desired thickness was obtained.

Technique of laser annealing. After holding
poured-on emulsion layers for a day, a primary quasi-
crystalline SDDG structure was formed [4]. Then the
plates were subjected to the action of laser IR radiation
with awavelength of 1 um.

M easurement of holographic characteristics. The
results of laser annealing were determined according to
changesin the diffraction efficiency (DE) of holograms
recorded in similar annealed test layers dueto the inter-
ference of two plane waves of helium-neon laser radi-
ation (A =633 nm). The spatial frequency of the diffrac-
tion grating being recorded was about 500 lines per
1 mm. The power of two beamsincident onto a plate was
6 mW. Diffraction efficiency was measured as aratio of
the intensities for the diffracted and incident beams.

The experimental data on the diffraction efficiency
variation as a function of annealing parameters are
shownin Figs. 1-4.

Thus, under the action of the electromagnetic field
of IR radiation, apulsed perturbation of the water struc-
ture occurs (in the first approximation) at the level of
collective modules, since the individual water mole-
cules and protein molecules do not absorb radiation
with a wavelength of about 1 um [7]. The reconstruc-
tion of the quasi-crystalline water structure resultsin a
change in the water—gel atin interaction. Gelatin macro-
molecules stir under the action of thisfield and change
their conformation ternary and quaternary states in
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Fig. 1. Diffraction efficiency (DE) of atest holographic grating recorded in a SDDG layer by the helium—neon laser radiation as a
function of the laser annealing energy and exposure time under the action of pulsed laser IR radiation of a5-msduration. Maximum
DE are: 9.8% (without annedling) and 8.8% (with annealing). Here, and in Figs. 2—4, E,, isthetotal energy for the sequence of anneal-
ing pulses; Ej, is the exposure energy for atest grating in the case of helium—neon laser radiation; m = [(DEg, — DEg)/Dgy| x 100%,
where DE,, is the diffraction efficiency for the test grating recorded by the annealed SDDG; and DE is the diffraction efficiency

for the test grating recorded by the unannealed SDDG.
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Fig. 2. Diffraction efficiency (DE) of atest holographic grating recorded in the SDDG layer by helium—neon laser radiation as a
function of the laser annealing energy and exposure time under the 4-pulse action of laser IR radiation for the 4-ms pulse duration.
Maximum values of the DE are 3% (without annealing) and 3.8% (with annealing).
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Fig. 4. Diffraction efficiency (DE) of test holographic grating recorded in the SDDG layer by helium—neon laser radiation asafunc-

tion of the laser annealing energy and exposure time under the 6-pulse action of laser IR radiation for a 3-ms pulse duration. Max-
imum DE values are 1.3% (without annealing) and 3.7% (with annealing).

order to attain a minimum energy in the new quasi-
crystalline structure. In this case, the spiral segments
are not destroyed; i.e., the photosensitive properties of
the entire SDDG system can remain unchanged.

A pulse-periodic regime of irradiation in the case of
laser annealing is more favorable, since it alows esti-
mating the exact energy of action on the layer structure.
Pulse-periodic irradiation is, to some extent, similar to
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a sharp shaking-up of the system, and the necessary
package of macromolecules is attained at the expense
of relaxation processes.

Thus, in this paper, the possibility of the improve-
ment of SDDG properties under the action of laser IR
radiation is experimentaly confirmed. In addition to
the reduction of the time for synthesizing the layer, the
application of laser annealing for structuring the SDDG
results in an increase in the diffraction efficiency and
improves the uniformity of properties throughout the
entire bulk of the system, which is very important for
the 1- to 5-mm-thick layers. Laser annedling, as a
whole, serves as an additional parameter of controlling
the technological process. Optimal regimes of laser
annealing are revealed, as well as the emulsion compo-
sitions that make it possible to increase the photosensi-
tivity by recording holograms using the radiation of a
helium—neon laser with a wavelength of 0.63 um and
reduce the time of emulsion ripening by severa times
(from three daysto 2-3 h).
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In the general relativity theory (GRT), the covariant

law for the density of the energy—momentum tensor T:’1
of amedium in a Riemannian space has aform

o o _ 5L
5T70,00 T = 2500
a

v o_ v
0,7, =0,T,— 5

)]

This equation immediately follows from the Gilbert—
Einstein equations. The law of energy—momentum con-
servation for both matter and the gravitational field in
the GRT has a noncovariant form

0,(Ty+1,) = 0. (2)

Thisisaway that leads to the appearance of the gravi-

tational-field pseudotensor T:i in the GRT, which is not
a covariant quantity. It is impossible, in principle, to
write out in the GRT an equation for the conservation
of the energy—momentum of both matter and the gravi-
tational-field in the general covariant form. As aresult,
the concept has arisen based on the GRT that localizing
the gravitational energy isimpossible.

In the relativistic gravitational theory (RGT), the
gravitational field is treated as a physical tensor field
OH with spins 2 and 0 that develops in a Minkowski
space. Inthe RGT, the conserved density of the energy—
momentum tensor for all material fields, including the
gravitational field, is the source of the gravitational
field. Thisapproach providesrigorous fulfillment of the
laws of conservation for both the energy—momentum
and angular momentum. In this case, due to the action
of the gravitational field, an effective Riemannian space
arises that has the field origin. In the RGT, the density
of the Lagrangian has the form

L = Ly(7™, ®™) + Ly@, ®a). 3)

Sate Center of the Russian Federation,
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Here,
Lg = 16T[~“V(G G?\o v)\)
- “)
~nv
- 2 [Eyuvg «/_9—«/—_\/%
1 e
Gi\lv - ZQA (ngvo+ Dvgpo cguv)1 (5)
~U :«/—_VVUV,CD =,\/—_y¢)0}\,§0)\ — A/—_gg“,and

@, arethe matter fields. Weimply as matter all material
fields excluding the gravitational field.

The metric-tensor density @‘” of an effective Rie-
mannian spaceis connected with the density ®” of the
gravitational-field tensor by the relation

go)\ — 90)\_'_&)0)\. (6)

The equation for the gravitational field can be written
out intheform [1]

Jo)\+ chr)\ _ 161T/\/§(T0)\+t0)\) (7)
where tgA isthe density of the energy—momentum ten-
sor for the gravitational field. Thus,

J™* = -D,D,
A A A A~ (8)
X(yUGT YT -y -y ).
Itis easy to seethat the identity
D,J* =0 ©)

takes place. Equations (7) for the gravitational field can
be represented as

/\/__g%pv 1 pv%
+_[guv+ %ua vp

Here, misthe graviton mass and v, isthe metric tensor

(10)

Zg“vg“ﬁ'ﬂvas} = 8T,
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of a Minkowski space. From Eq. (10), we obtain
= 16m0,Th.
According to Eq. (7), we have

MYy Do @ (11)

meo™ = 3% + 16n[3(T‘“+tg*). (12)
Substituting relation (12) into Eq. (11), we arrive at

[(T°A+t )| =y o,

On the basis of the generad structure for the

Lagrangian L,, of the medium, we can find the strong
identity [2, 3]

(13)

@LM B;o 4 [] 6I—M
O'Rq) FA Vq)q] 6CDAD q)Al

which holds independent of the equations of motion. In
the case when the equations of motion for the medium

O,TY = (14)

Oly _
3D,

arevalid, the equality
0,Ty =0 (16)

takes place. Therefore, in accordance with Eq. (13), the
covariant law of conservation for the energy—momen-
tum of matter and of the gravitational field taken
together can be written in the form

Do[/—g(T + M) = 0. (17)

Thus, in the GRT, covariant law (1) leads to the nonco-
variant law of conservation (2) for the energy—momen-
tum of both matter and the gravitational field, aswell as
to the introduction of a certain noncovariant quantity,

namely, the pseudotensor Tn of the gravitational field.

At the same time, according to the GRT, covariant
law (1) combined with the gravitational equationsin the

(15)

LOGUNOV, MESTVIRISHVILI

form (10) or (7) leads exactly to the covariant law of con-
servation for the energy—momentum of both matter and
the gravitational field taken together in form (17). In
expression (17), the gravitational component /—gtg"
additively entersinto expression (17) under the sign of
the covariant derivative in a Minkowski space. At the
sametime, in (16), this component disappears asit par-
ticipates in the formation of an effective Riemannian
space. Therefore, under the sign of the covariant deriv-
ativein aRiemannian space, only the density of theten-
sor for the energy—momentum of matter in this spaceis
present. Thefield approach to gravitation, whichisreal -
ized in the RGT, results in another (compared to the
GRT) system of gravitational equations. This approach
also preserves the fundamental principles, namely, the
laws of conservation for both the energy—momentum
and the angular momentum. This is the reason why,
according to the RGT, the gravitational energy islocal-
ized, as well as all other forms of energy. In the GRT,
the problemis till discussed [4] asto whether the grav-
itational waves carry energy. According to the RGT,
gravitational radiation must exist, and gravitational
waves must carry energy.

In conclusion, we note that an effective Riemannian
space that arises due to the action of the gravitational
field has only a simple topology as far as the gravita-
tional field developsin a Minkowski space.
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1. THE ESSENCE OF THE PROBLEM

The design parameters of thin electric dipoles are
generally calculated by solving the Pocklington and
Harrington integro-differential equations, which may
be combined with the Hallen integral equation [1-4].
The most popular approach is based on the moment
method and its modifications defined by specific
choices of basis functions. In our view, the main disad-
vantage of thisapproach liesin thefact that solutionsto
the integral equations are sought by replacing the orig-
inal singular kernelswritten in implicit form with regu-
lar (Fredholm) ones. This leads to ill-posed problems
for Fredholm integral equations of the first kind [5].
Both the mathematical verification and physical valida
tion of the resulting solutionsremain issuesopento dis-
cussion. In [6], anew class of basis functions was pro-
posed for solving equations of this type. These func-
tions were called the eigenfunctions of an integro-
differential operator. However, the use of such functions
substantially complicates the algorithm of the numerical
solution.

In this paper, we continue the analysis presented
in[7, 8] and based on the mathematical theory of sin-
gular integral equations (SIEs). This was employed for
analyzing superhigh-frequency and extremely high-fre-
guency strip-slotted waveguides|[9, 10] to derivean SIE
for thelongitudinal derivative of the dipole surface-cur-
rent density.

2. STATEMENT OF THE PROBLEM
AND THE SINGULAR INTEGRAL EQUATION

We consider athin-cut conductor with atotal length
2L and radius a excited in its gap by means of a high-
frequency oscillator (see Fig. 1). The governing equa-
tions are derived here for the conventional model of a
thin electric dipole (a < L, A). In this model, both the

* |ngtitute of Radio Engineering and Electronics,
Russian Academy of Sciences (Fryazino Branch),
pl. Vvedenskogo 1, Fryazino, Moscow oblast,
141120 Russia

** \olga State Academy of Telecommunications
and Informatics, ul. L. Tolstogo 23, Samara,
443010 Russia

longitudinal current density n; and the equivalent mag-
netic current density in the gap are represented by afil-

amentary current 1(z) = 2mmans; (2), which is assumed to
be continuous in the gap region and to vanish at the
dipole's ends. End currents are ignored. The electric
field component E, induced by the filamentary current
iszeroontheentirecylinder surface (p=a, z[J [-L, L])
besides the gap region 2b, whereit isidentified with the
extraneous electric field E*(2).

When the radiation emitted by the dipoleisindepen-
dent of the angle ¢, the physical model adopted hereis
described by the Pocklington equation [1-4]

2
0d I4nRe dz = -iweeE™, (1)
g

42
whereR= A/(z—Z)*+a°, ¥ = k% (k= % isthe wave

number), € is the relative permittivity of the ambient

+yd

z

L
Ly+b
4 Ly
P

-L

2a

Fig. 1.
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medium, pisitsrelative permeability, and g, isthe free-
space permittivity.

Using a well-known representation of the Green's
function in Eq. (1) (see[ll])

e—lyR —A/h y\z Z| (h )hdh
olha ' (2)
4ATR 4TJ ﬂ

where Jy(X) is the zeroth-order Bessel function of the
first kind, we abtain the following integral equation:

L

le(z)csl(z, 7)dZ = —4niwe,cE™(2) (3)

with
—Jh ~yiz-2|

Ji(ha)h’dh. )
Jh?—y?

Relation (3) is an inhomogeneous integral equation of
thefirst kind.

It is evident that the integrand in the expression for
the kernel G,(z Z), which is contained in Eq. (3), lin-
early increases with h ash —» 0, and the integral in
expression (4) is divergent. In order to eliminate the
singularity in kernel (4), we turn from the function 1 ,(2)

Gz 2) = I

. o dl, . .
toitsderivative |, = rE in Eq. (3). Sincethecurrent |,

vanishes at the dipole ends [I (L) = I(-L) = 0], we can
write

L

J’ | (2)e Y122l g

. )

L
[r@ son(z—z)e M -Yiz=2 gz,

_ 1
N V2—|_
Using (5), we rewrite Eq. (3) as
L

J'IZ'(Z')G(Z, 7)dZ = —4niwe,eE¥(2), (6)

where

00

G(z 2) = syn(z-2) jg(h)JS(ha)dh,
0

2 2 (7)
h3 —/h™—y“|z-2|
g(h) = '—%{2——2—--

Taking the limit of the function g(h) ash — oo,
limg(h) = he 2=zl

KLYUEV et al.

we consider the asymptotic form of the kernel:
G.(z Z) = sgn(z-2) Ie‘“‘“‘ J(ha)hdh.  (8)
0

Using the representation

1

G.(z 2) = m +a(z 2), C))
where
_KER-1  _rz=Zf, ]2
CX(Z, Z') = m, k = [D-Z—é—m +1i| ,

and E(k) is the complete elliptic integral of the second
kind, we rewrite Eq. (6) asthe following SIE:

1(2) 2miy

bZ,

dz'+J’Iz(z')K U(@2. (10)

= I

Here,
Ki(z Z) = a(z, Z) + sgn(z—2)
oOD,]Ze—A/hz—yz\z—z'\

XID 2 2

O h'-y

0

(11)
—e‘“‘z‘f‘EJS(ha)hdh,
O

U(2) = 2bE=(2) is the voltage over the dipole gap, and
Z.= Hol

€0€
Relation (10) is an SIE of the first kind for the lon-
gitudinal derivative of the dipole current. Here, K,(z 2)
is a regular kernel, because k — 1, E(k) — 1,
0(z,Z) — nln|z- Z|(z- Z), and Iimza(z, Z) —0

is the characteristic ambient impedance.

asz— Z (n isaconstant factor).

3. SOLUTION
OF THE SINGULAR INTEGRAL EQUATION

To solve the SIE, we turn to the dimensionless vari-
ablest and t' defined by setting z=Ltand z' = Lt' and
rewrite Eqg. (10) inthe form (t O [-1, 1]):

EG 2Tt|ya
11 tdt+J’IZ(t)K(tt)dt = 2Wayumy, (12)
-1
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where
y = [KE(m) —1]
K(t, t) (Ol
° ze—wﬂz—(va)zn—t'\

xd
{m B*—(va)*
m= [T 5oL

We solve Eg. (12) using the inversion formula for
the Cauchy integral [4]. As aresult, we have

1

It +II;(t')S(t, thdt' = f(t),

+sgn(t—t")

—e“”@Jé(B)BdB, (13)

172 L

(14)

where

1
. 1 J1-1°
St t) = I K(T, t)dr,
- ll—tz_l (T-1)
_ (Lo+b)/L ot
diya E (T)OIT+ do

zCA/l—tZ(LO:[b),L T-t Ji-¢

and a, is an unknown constant determined by setting |,
to zero at the dipole's ends, i.e., by the condition

1

II;(T)dT =0.

f(t) =

According to thisrelation, the total charge accumulated
on the dipole must also vanish. Equation (14) is an
inhomogeneous Fredholm integral equation of the sec-
ond kind, and its numerical solution is easy to find.
Equation (14) has been analyzed numerically by the
method of mechanical quadratures[12].

Figure 2 shows typical distributions for the real and
imaginary parts of the dipole current, Re{l(t)} and
DOKLADY PHYSICS Vol. 47

No. 2 2002
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b 1 a 1 b 1
Im{lz(t)},calculatedfor E = r.o, X = K),and X = Z
The solid and dashed curves represent Re{l(t)} and
Im{It)}, respectively. The results obtained in the present

study arein good agreement with those reported in [6, 7].

CONCLUSIONS

The proposed approach, based on the mathematical
formalism of the SIE theory, was used to derive a new
singular integral equation with the intent to calculate
the design parameters of athin electric dipole. The SIE
derived here makes it possible to analyze the perfor-
mance of athin electric dipole within the framework of
a well-posed problem. In particular, the SIE can be
solved without dealing with any manifestation of rela-
tive convergence of the type encountered in analyses of
Fredholm equations of the first kind [4, 5], which
include the known Hallen equation. The new SIE can
serve as a basis for obtaining approximate anaytical
expressions for dipole currents. The method devel oped
above provides an efficient tool for calculating the input
conductance and input impedances of dipole antennas.
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Inrecent years, theinterest in studies of ferroelectric
magnets, i.e., crystalswith the perovskite structure, has
grown considerably. These crystals demonstrate the
coexistence of magnetic and ferroelectric long-range
order [1-3]. Most of all, this interest is caused by the
fact that such crystals are very promising materials for
applications in modern electronics [4].

In this paper, we analyze the possibility of enhanc-
ing parameters of the magneto-elastic and magneto-
electric coupling in antiferromagnetic structures with
the orthorhombic symmetry (the D, spatial group) by
the exchange interaction.

The system under investigation is described by the
Hamiltonian

H=Hy+Hy+He+Hyy+tHyet Hey, (D)

which alows for the energies of magnetic (M), elastic
(U), and ferroelectric (F) system parts and their interac-
tion energies. In the Hamiltonian of the magnetic sub-
system placed into an external magnetic field, energies
of uniform and nonuniform exchange interactions and
relativistic interactions are taken into account. The elas-
tic subsystem is considered in the harmonic approxima-
tion, and the Hamiltonian of the ferroel ectric subsystem
alows for the inverse dielectric susceptibility and cor-
relation properties. The magnetoel ectric energy is natu-
ral and relativistic.

Hamiltonian (1) is written in the representation of
the approximate secondary quantization. To this aim,
the magnetic moments M ® of sublattices and the vector
of elastic displacementsu are expressed in terms of the

Holstein—Primakoff operators a;, and a, and of the

phonon creation and annihilation operators by, by,

respectively (see, e.g., [5]). We also represent the devi-
ation of the polarization vector from the equilibrium

Bashkortostan Sate University, Ufa,
ul. Frunze 32, 450074 Russia

valuein the form

R

where eﬁ isthe unit vector of the ferroelectric polariza-

—ikx

(dkaae +desa€ ),
kda

tion, s,i&, isthe energy of ferroelectric excitations, and
0 isthe polarization index of atransverse vibration.

Furthermore, for the diagonalization of the Hamilto-
nian of the magnetic and ferroelectric subsystems, we
employ the Bogolyubov canonical transformations

_ * _ L2 ikr

akd - ukukay + Vkayc—kyv aa =V z akae ’
Oisa = UksayDiay + Visay D—kéy

Thus, we can write out Hamiltonian (1) in the form

Z £kkakay + Z Sksbksbks + Z EvsaDrsaDisa

ky kda

+ Dz LIJkys Ciy[ b ks— bid + z Llechkay
ksy kday

+ + D
X [D_xsa—Disal + zl'pl':;asDkéa[b—ks_bks] +H.c.O

kdas U
where g, (Y = 1,2), & (5= 1,1, ), Egsg 3= 1,2;
o =1, 2) are energies of the corresponding branches of
spin waves, elastic waves, and ferroelectric waves.

Parameters of the magnetoelastic and magnetoel ectric
interactions are determined by the expressions

“MO(b

psks

l'I'Jkys = |mn+2M0b|]mn631)Q|kekm n, (2)

BY _ P
Qlk - eDlukay +eEI| Vkay
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Here, the first and second terms describe, respectively,
the piezomagnetic effect and the magnetostriction; e}

is the unit vector of the phonon polarization; and €5,

er; arethetransformation coefficientsfor the M;" oper-
ators with respect to the proper representation

a

a_MOi (x:_l_

€3 = M_o’ €n 5

a _ a
e = [e3 €],

WMF AUM, (3)
kday — 8T[8;
da

X (am+ 2Moai)§[r3ne§j)eii QE1\I/<(Uk6va —Visva)
where the first and second terms describe, respectively,
the linear magnetoelectric effect and the magnetic
anisotropy induced by the vector P.

The parameter of the electroelastic coupling has a
simple form:

Wi = | |—2—
8TPE5qEks (4)

X (WijmeEi eﬁj K + 1 Vijmnesi eimkj Kn) (Uisva — Visva)

where w;r, is the tensor of piezoelectric constants and
Vijmn IS the tensor describing the coupling of inhomoge-
neities for the polarization and deformation.

To find the eigenfrequencies of coupled ferroelectric
magnetoel astic waves, we use the equations of motion
for the secondary-quantized operators. Within the accu-
racy to the terms quadratic over coupling coefficients,
we derive the following dispersion equation:

2 My, 2 _UA, 2 2
I_l (W™ — &y (W™ —€4s) (W — Ejs)
sday

(efi+iey), € Og (Mg, Ho),

MU[2 M U
_4Z|kays| skyeks
ys
2 2 2 M 2 U
x |_| (W = Epa) (0" — &) (0" — &s)
S'ZS Y2y

MF |2 _M
- 42 |L|Jk6(xy €ky Exsa
yda y' =y, (8, a’) % (5 a)

2 M2
((*) - eky‘)

2 U? 2 2 FU |2 U
X (W —gs)(w _Eké'a')_42|q}k6as| €xsExsa

das

2 ML, 2 UL, 2 2 _
x |_| (0" — €4y N0 =€) (W — Eizq) = 0.
s'#£s, (0, a') #(d, a)

We now consider the interaction of spin and elastic
waves for crystals of orthorhombic symmetry in an
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external magnetic field. For simplicity, the piezomag-
netic effect is ignored. Depending on the direction of
the wave vector k, we find according to (2) for certain
particular cases [here and below, we omit zero (in our
approximation) coupling coefficients)].

la. Thecasek || Z:

MU _
Wer = Na(Ugas = Viar)

xdn ze(biizz - b>1(>2(zz - biizz - bgzz) kZ!
Wiz, = Ne(Uizo = Vi22) (D1 0528 + b )k,

— i 11 12
- 'ﬂtz(ukzz + Vk22) COSB(byzyz + byzyz) kz1

H
cos20 = 2— -1, H, = 25M,,.
[

The exchange interaction enhances by a factor of ./3
the coupling of the second spin branch with the first
transverse phonon branch.

2a. Thecasek||Y:

qJ|h</|1L1J = N1(Ugrs — Viar)
X SiN20(Dysyy — Diryy = Dy = D7my K,
Wi, = N (Ugas + Viar) SINB(big, — Dy )y,
Lplll/lz?l =

Here, the coefficient for the coupling of the first spin
branch with the second transverse phonon branch is
enhanced due to the exchange interaction.

3a. Thecasek || X:

MU _
Wi = N1(Ugas = Viag)

. 11 12 11 12
x sin20 ( bxxxx - bxxxx - bzzxx - bzzxx) kxv

. 11 12
I r]tl(uk22 + Vk22) Cose(bzyzy + bzyzy) ky'

. : 1 12
l'I'Jkltl =1 r]tl(ukll + Vkll) S r]e(byxyx - byxyx) kX’

2
Wit = N, (Ugz = Vizp) (D 0520 + i ) K,

In this case, the couplings of the first and second spin
branches with thet, and t, transverse phonon branches,
respectively, are enhanced by the exchange interaction.

We now consider the magnetoel ectric interaction (3).
Thisinteraction is different depending on the direction
of the k vector with respect to the magnetizations and
polarizations of sublattices for various magnetic and
ferroelectric waves. For ssimplicity, we ignore the linear
magnetoel ectric effect.
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Coupled ferroel ectric magnetoel astic waves.

1b. Thecase k|| Z:
MF  _ 1 12
l'IJklll - (pl(axxy_axxy)
X SiNB(Uyy1 *+ Via1) [Uka — Vil »
MF 1 12
l'I',k21l = (pz(ayxy_ayxy)
X SiNB(Uyy1 + V1) [Uorn — Vieul s
MF 1 12
Wi = @[ (Acgy + agy) (Ugap + Vi) COSO

11 12
+1(,00826 + a,5,) (Ukao = Vika2) [ [ Uxa11 — Vil »

MF 11 12
Wioro = @[ (@, + ayyy (Ukp + Vo) COSB

+i (a;iZCOSZG + a;iz)(uk22 —Vi22) [Uio11 — Vo] s

/)\ M3
05 = K fo.
2T 51

The coupling of the spin brancheswith thefirst and sec-
ond ferroelectric branches is enhanced by a factor of

/o dueto the exchange interaction.
2b. The case k|| Y:

MF  _ 1 12
l'IJklll - (pl(azxy - a-zxy)
X SiNB(Uiy + V1) [Ukann — Vil »
MF 11 12
l'I',k21l = (pz(axxy_axxy)

X SiNB(Ugq1 + Viar) [Uons = Viaul s

MF 1, 12
Wi = @i[(8zy + ag) (U, + Vipp) COSO

T 12
+1(2,,C0820 + a,;,) (Uxzo — Viz2) 1 [ Ukans — Viaul »

KYZYRGULOV, KHARRASOV

ME 1 12
Wiorr = @of (A + 8gy) (Ukze + Vipp) COSO
L1 12
+1(@5,00826 + a,,) (Ukaz — Vi22) [ [ Uia11 — Vieonal -

The coupling of spin brancheswith thefirst and the sec-
ond ferroelectric branches is enhanced by a factor of

/5 dueto the exchange interaction.
3b. Thecase k|| X:

MF  _ 11 12
l'IJklll - (pl(ayxy_ayxy)

X SiNB(Uxq1 + Viar) [Uiann — Vil »

ME  _ 1 1
l'|Jk21l - (p2(azxy - a-zxy)
X SiNB(Uxq1 + Viar) [Uionr — Vioud] s

MF  _ 1, 12
Wi = ¢l (), + ay5) (U + Vi) COSO

+i (a)l,iZCOSZG + a;iz)(ukzz —Vi2) [V — Viaul »

ME 1n 12
Wiorr = @f(8zy + @z (Ukp + Vi) COSO
T 12
+1(2,,C0520 + a,;,) (Uzr — Viz2) 1 [ Ukors — Viond] -

The coupling of spin brancheswith thefirst and the sec-
ond ferroelectric branches is enhanced by a factor of

/5 dueto the exchange interaction.

Thus, the study of the magnetoel ectric interactionin
the antiferroel ectric antiferromagnets with orthorhom-
bic symmetry shows that the interactions of individual
branches of spin waves and ferroelectric waves in the
antiferroelectric antiferromagnets can be enhanced by
the parameter of the exchange interaction that resultsin
the increase in the corresponding coupling coefficient

by afactor of /3.

The general pattern of the spectrum of coupled fer-
roelectric magnetoelastic waves for the case of the
propagation of awave along the Y-axisin the absence of
an external magneticfieldispresented in thefigure. The
dependencesfor the frequencies of noninteracting mag-
netic and ferroelectric waves and coupled ferroelectric
magnetoel astic waves on the wave vector are shown by
dashed and solid lines, respectively. Asis clearly seen
from the figure, in various regions the coupled ferro-
electric magnetoelastic wave corresponds to eigen-
modes of various subsystems. Therefore, moving along
a subsystem, it is possible to obtain spin waves, sonic
waves, ferroel ectric waves, etc.

Estimates of the interaction parameters show that
MU MF

Wit qJszn . .
—— =102 and —= = 107"; i.e,, agap in the spec-
€ €

trum of spin waves, which is caused by the magneto-
electric interaction due to a significant dielectric con-
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stant exceeds by more than an order of magnitude the
gap determined by the magnetoelastic energy.

Another important conclusion consists in the fact
that only the coupling of the lower acoustic branch of
spin vibrations with ferroelectric and elastic modes can
be enhanced by the exchange interaction.
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In this study, the shape of an elastic coating upon its
debonding from a substrate is theoretically determined.
On the basis of this solution, we develop a method of
determining the debonding energy (fracture toughness)
of the coating. The energies of debonding acarbon film
from a glass and a cobalt film from a raw mica were
measured. The debonding toughness is close to the
energy of the breaking of atomic bonds. Thisfact made
it possible to conclude that the debonding of films of
nanometer thickness differs fundamentally from the
fracture of macroscopic samples.

Recently, the mechanical behavior of two-layer
composites composed of a substrate and a thin coating
of nanometer thickness have been vigorously studied.
Coatings can be used for various purposes, for example,
as ashielding layer, for imparting special optical prop-
erties, and for storing information. Unfortunately, due
to an insufficient adhesion bond, a coating can debond
from the substrate. The coating usualy either does not
debond at al or debonds atogether. In [1], an unusual
debonding mechanism involving the progressive inter-
growth of sinusoidal-shaped debondings was found.

The fracture including the adhesion requires the
expenditure of energy on forming a new surface. In
samples of macroscopic and microscopic sizes, thetyp-
ical fracture energy is from hundreds to several thou-
sands of joules per square meter. The fracture energy is
the sum of two components, the energy of the breaking
of intermolecular bonds and the energy spent on plasti-
cally deforming the material near the fracture plane[2].
In metals and polymers, the energy of plastic deforma-
tion is three—five orders of magnitude higher than the
energy of the breaking of chemical bonds. For this rea-
son, the bond-breaking contribution is considered as
negligible. The fracture energy decreases with the
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thickness of samples [3]; however, these data were
available only for films of thickness from tens of
micrometers to several centimeters. For the samples
with a thickness of several nanometers, the fracture
energy could not be previously measured. Thisstudy is
devoted to solving this problem.

We studied two composites. The first was a glass
plate 0.5 mm thick covered by a carbon layer 60 nm
thick, and the second was a mica plate covered by a
cobalt—carbon layer 160 nm thick. The cobalt-to-car-
bon mass ratio was 80 : 20. The surface of composites
was studied by a Nanoscope-2 atomic-force micro-
scope (Digital Instruments, SantaBarbara, Cdlif.) inthe
contact-force mode. The electron-microscope investi-
gations were carried out on a Hitachi S-520 scanning
electron microscope.

Figure 1 shows the image of the glass/carbon com-
posite obtained by the atomic-force microscope. The
single sinusoidal-shape debonding, similar to those
described in [1], can be observed at the surface. The
profile of the surface along the dashed line is shown in
the upper part of the figure. The width and height of this
debonding are approximately 1.5 and 0.1 um, respec-
tively.

Figure 2 showsthe similar image of the micasurface
covered by a Co—C layer. In this case, the debonding is
larger and its width is approximately equal to 8 pm.

Upon bending, the coating length increases. This
behavior indicates that, upon debonding and bending,
the coating film was biaxially compressed. As a result
of bending, the compressive stress decreases. In this
case, the bending is accompanied by the adhesion frac-
ture of the coating/substrate interface, in contrast to the
classical case of the loss of stability of a compressed
elastic rod.

Below, we solved the problem of the debonding of a
thin elastic coating under conditions of uniaxial com-
pression along the X-axisin Fig. 3. We seek a coating
shape upon the loss of stahility (bending). The defor-
mation of the debonded coating is described by the equa-
tions for bending an elastic beam. The beam ends are
considered as fixed, and the bending is assumed to be
small. The latter condition is satisfied if the debonding
height of 2A is small compared to itslength L (Fig. 3).
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Fig. 1. (Lower part) The coating surface image obtained by
an atomic-force microscope and (upper part) the corre-
sponding profile for the glass/carbon composite. Here and
in Fig. 2, the surface profile corresponds to the dashed line.
The coating thicknessis 60 nm.

It is assumed that the debonding begins with the
appearance of asmall defect (a debonding crack). Then,
the coating loses its stability (bends) under the action of
the compressive force. The bending of the rod leadsto a
decrease in the compression energy and an increase in
the bending energy. If the sum of the energies of com-
pression and bending decreases, the coating bends.

Upon the loss of stability, tensile stresses appear at
the crack tip between the substrate and the coating and
tend to separate the coating from the substrate. The
original crack can spontaneously grow if an elastic-
energy decrease caused by the crack growth exceeds
the energy of forming a new surface. When the crack
attains a certain length, the compressive stress in the
coating reduces so that a decrease in the compression
energy ceases to compensate the expenditure of energy
on debonding with the further increase in length. As a
consequence, the crack comesto rest.

We choose the coordinate axes so that the plane Y =0
coincides with the coating plane and denote the coordi-
nates of the two ends of the crack asx; =0and x, = L
(L is the length of the debonding crack). The bending
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Fig. 2. Surface of mica covered by a 160-nm-thick Co—-C
layer.

of an elastic beam is described by the differential equa
tion[4, 5]
4 2
ey _pdY
dx dx

where y(X) is the displacement of the beam elements

0, ey

Y

] L TT
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Fig. 3. Scheme of debonding.
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(coating) fromthe plane Y = 0 asaresult of bending, | =
wh’/12 isthe moment of inertia of the beam at bending,
w is the beam width along the third coordinate Z, h is
the thickness of the coating, E is its elastic modulus,
and F isthe compressive force. For the beam with fixed
ends, the boundary conditions have the form

dy _ _ _
y=0, Ix =0, forx=0and x=L.

The solution of Eqg. (1) with allowance for these
boundary conditions has the form

y = A(1- coskx), 2)

where A isthe half maximum debonding height and k =
21/L. Substituting solution (2) into Eq. (1), we deter-
mine the compressive force for the coating:

ATPIE

F= 2

: 3)

Equation (3) describes the compressive forcefor the
loss of stability of the rod with the fixed ends. The
energy of elastic strain for a bent beam is the sum of
energies of compression and bending. The energy of
compression is equal to

2
a
W, 2ESL,

where 0 = F/S s the compressive stress, 0%/2E is the
density of elastic energy, and S=wh isthe cross section
of the debonded coating. On the basis of Eq. (3), we
obtain

s I’E

W, = g

“

The bending energy for an elastic beam is found by
integrating

L

El BijDZ
W, = — [~ dx,
° Z{ijﬂ
and, with allowance for Eqg. (2), we obtain
411 A’El
W, = “L3 . )

The constant A is determined as follows. In the ini-
tial state, the coating is compressed. A length of asmall
element of the debonded bent coating is equal to

dL = 1+ y?dx.

Integrating this relation with allowance for Eg. (2)
under the assumption that the debonding amplitude is

BAZHENOV et al.

A<L, J1+y? =1+Yy?/2, weobtain
AL
I
The compressive strain of the beam upon its bend-
ing decreases by the value (L, — L)/L = A%k*/4. The
strain upon the bending is € = €, — A%k?/4, where g, is

the strain before the bending. With alowance for
Eq. (3), we obtain

L, =L+ (0)

gL° 4l
=5 ™
It should be noted that 41/S = h%/3, and the second
term under the radical sign in Eq. (7) can be neglected
if the debonding height 2A is much larger than the deb-
onding thickness. Now, we anayze the solution
obtained. In order that the debonding lose its stability,

the compressive force must exceed the critical value
determined by Eq. (3). Thiscondition resultsin theine-

quality
[rn?
Lo> 3_80’ (8)

where L, isthe ariginal length of the debonding defect.
Thus, theinitial defect must be relatively large in order
for the coating to be bent.

We consider the behavior of debonding upon aloss
of stability. The strain energy of the bent coating is
equal to the sum of energies of compression and bend-
ing. Furthermore, the total energy of the system
involves the energy of forming a new surface,

W = 410¢,El 8r'El?
L S

where G, is the energy (toughness) of adhesion frac-

ture spent on the formation of 1-m? debonding. The
debonding grows spontaneoudly if the total energy
dw

decreaseswith increasing itslength L and ar <0.Dif-

A =

+ G WL, 9)

ferentiating Eq. (9), we obtain
T[280Eh3 N TER®

3L° 6L*
The crack comes to rest when this inequality goes

over into the equality. With allowance for Eg. (7), we
obtain

+G,.<0. (10)

TER’A’G  hQ
3L’ 6Al)
We pass to the analysis of experimental data on the

basis of the above theory. It should be noted that the

exact value of the elastic modulus of the deposited car-
bon film is unknown. Assuming that the modulus is

G, = (11)
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within 200400 GPa [6] and using the values L =
2.13 um and A = 0.09 um (Fig. 1), we obtain the frac-
ture toughness G, = 1.7-3.4 Jm?. This value corre-
sponds to the energy 2.8-3.0 Jm? of the brittle fracture
of glass [7]. A similar calculation for the composite
based on micafor L =9.2um, A=0.31pum (Fig. 2), h =
160 nm, and the cobalt elastic modulus E = 209 GPa
gives G, = 0.36 Jm?.

For the loss of coating stability, inequalities (8) and
(10) must be satisfied. Neglecting the second term in
inequality (10), we obtain

°h?

3g,

e EN’
3Glc .

Double inequality (12) physically means that too
short debondings do not lose stability, whereastoo long
debondings do not grow. This inequality can be satis-
fied only when the left-hand side of Eq. (12) islessthan
the right-hand side:

G,. < €2Eh. (13)

Otherwise, inequality (12) cannot be satisfied for
any length of theinitial debonding. Inequality (13) pro-
vides the important conclusion that there is a critical
coating thickness below which its debonding isimpos-
sible. Thecritical coating thicknessfor the carbon/glass
composite is estimated as 30 nm.

Thus, in this study, we pioneered in measuring the
debonding energy for a nanometer-thick film. The val-
ues obtained for fracture toughness are close to the
energy of the breaking of atomic bonds. Consequently,

<L’<

(12)
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the contribution of the plastic-strain energy of materials
can be neglected and the debonding of a nanometer-
thick coating differs fundamentally from the adhesion
fracture of two plates of macroscopic sizes.
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1. MOTION OF A VARIABLE BODY

We consider the problem of abody with arigid shell
moving in an infinite volume of ahomogeneous perfect
fluid. The fluid motion and the fluid in itself are
assumed, respectively to be nonrotational and quiescent
at infinity. However, in contrast to the classical formu-
lation of the problem on the body motion, we consider
that the mass geometry of the body can vary under the
action of internal forces according to a law known a
priory. For example, a material point moves inside a
case in accordance with agiven law.

We assume that the body and the fluid were immo-
bile at the initial time moment. It is of interest whether
or not it is possible to displace the body’s case from the
given position to an arbitrary preassigned position by
means of an appropriate variation of body-mass geom-
etry (under the action of internal forces). At first glance,
this seemsto be impossible, because the center of mass
for the body—fluid systemis at rest. However, this argu-
ment cannot be taken into account. Firstly, the center of
mass of an infinite volume of fluid is uncertain; sec-
ondly, we are interested only in the displacement of the
body’s case but not of the fluid.

We formulate our principal result for a body whose
boundary has three mutually orthogonal planes of sym-
metry. It turns out that, if not all the associated masses
of the body (depending only on the body shape) are
equal, a driving force can be produced inside its case
due to the displacements of points. Moreover, the body
can be displaced from an arbitrary position to another
arbitrary position in the case of an appropriate control
of the mass geometry. We note that the property of the
total body controllability is lost if al the associated
masses coincide.

The problem under consideration isaparticular case
of a more genera problem on the motion of a deform-
able body in a fluid, which is of a substantial impor-
tance in studying the mechanism of swimming fish and
also the cavitation phenomenon. Thefirst resultsin this
field were obtained by Taylor [1] and Lighthill [2].

Moscow State University,
\orab’ evy gory, Moscow, 119899 Russia

They considered motion in a viscous fluid. The body—
fluid energy exchange takes place because of the vortex
separation from sharp edges of the body and also dueto
an inertial action of the fluid onto the body. In [3], the
model problem on dynamics of adeformable platein a
fluid was considered. The proper motion of the plate
represents a running wave. An estimate of the effect of
wave parameters on the value of a driving-force was
made. A qualitative explanation of the mechanism for
the motion of fish on the basis of amodel of motion in
asolid channel was givenin [4].

In this connection, the question arises as to whether
the motion of the body is possible at the expense of
deforming its own boundary in a perfect fluid perform-
ing anonrotational motion. The positive solution to this
problem is given in [5]. A similar problem was also
considered in [6]. The approach used in [5] was
repeated in [7]. In [8], the possibility of producing a
driving force was shown for the case when a variable
plate of infinite length movesin a perfect nonrotational
fluid. This problem was considered most rigorously
in[9]. It is assumed that just as after the deformation
(without the fluid), the center-of-mass position and that
of the principal axes are invariable. The force and the
moment acting from the fluid onto the body can be
found using the generalized Lagally theorem [10].

In our study, we investigate a more complicated
problem on the possibility of the gradual motion of a
body with a rigid boundary in a perfect fluid without
vortices.

2. THEOREM OF CONTROLLABILITY

Thus, we consider the motion of a body with three
orthogonal planes of symmetry. Inside the body, a
material point of mass m can move (under the action of
internal forces). We relate to the body a maobile refer-
ence system O&n¢ so that the kinetic energy of the
body—fluid system can be represented in the form

= (Av,v) | (Cw, oo)'

T 2 2

Here, v is the velocity of the point O, w isthe angular
velocity of the body with respect to the mobile axes,
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A= diag(a,, a,, a;), and C = diag(c,, C,, C;); al the
constants a, and ¢, are positive.

The motion of the point with mass mis assigned by
the certain known functions §(t), n(t), and {(t). The
components of the absolute velocity of this point in the
mobile axes &n¢ have the form

Vi+ & —un + Wy,

u, =
Uy = Vo+ N+ w€ —wy(,
Ug = Va+ {+wN—wy.

Here, v,, v,, V5(Ww;, w,, ;) are the components of the
vector v(w).
Thetotal kinetic energy of avariable body is

m(u; + U3 + u3)
> :
The theorems on the variation of the momentum and

the angular momentum with respect to the mobile axes
yield the generalized Kirchhoff equations

757 [ 30 [5) 0

T=T+

2.1

T [0, 8T = 0

According to [9], this type of equation also describes
the motion of a body with a variable boundary.
In[5-7], equations (2.1) were not used explicitly.

Equations (2.1) need to be supplemented by kine-
matic relations. Let 8, ¢, and Y be the Euler angles
defining the orientation of a mobile trihedron (n{)
with respect to the immobile system (xyz). Let X, y, and
z also bethe coordinates of the point O. We now usethe
kinematic Euler formulas

(6.1,9)" = B(p.a1)' (22)
and the formulas for the passage from a mobile trihe-
dron to the immobile one

(% ,2)" = D(vy, Vo V) . (2.3)

The expressions for the elements of matrices B and D
(D isthe orthogonal matrix) in terms of the Euler angles
arewell known (see, for example, [11]). Equations (2.1)—
(2.3) represent the total set of equations of motion for
the system under consideration.

We assume that the system begins to move from the
guiescent state. In this case, the integrals of momentum
and of the angular momentum take the form

oT _ oT _

ov Jdw
By virtue of the positive definiteness of the form T',
these equations can be solved with respect to v and w.
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Substituting the obtained expressions into kinematic
relationships (2.2) and (2.3), we arrive at
(%,9,20,0,0) = UE+VA+WZ,.  (24)
The components of the six-dimensional vectors U, V,
and W depend parametrically onthe functions§(t), n(t),
{(t), and the Euler angles, aswell as on the coefficients
of theform T'. Equations (2.4) represent a closed set of
first-order differential equations on the e(3) group of
motionsin three-dimensional space. Thefunctionsé, n,
and ( serve as controls. The position of abody is deter-
mined by six parameters (X, y, z 6, ¢, W) =z z O e(3).

Remark. The indicated reduction is an example of
a more general construction for mechanical systems
with a configuration space in the form of the Lie group
and the left-invariant kinetic energy. If the motion pro-
ceeds without the action of external forces, the role of
integrals for the momentum and for the angular
momentum is played by the total set of Noether inte-
grals[12].

The system under consideration is caled com-
pletely controllable if, for an arbitrary € > 0 and two
arbitrary positions z, and z, of the body, it is possibleto
find the piecewise smooth functions (t), n(t), and {(t)
witht, <t <t, such that

EMI<e, InM)l<e, [LWl<e,

zt) =z, zt,) = 2.

Thetimet, —t, of the motion substantially depends on
the parameter €.

Theorem. The system is quite controllable if and
only if not all the associated masses a,, &,, and a, are
equal to each other.

Indeed, X, y, and z are limited as functions of timeif
a, = a, = a;. Inturn, thisfact follows from the immobil-

ity of the center of mass for the system of the body—
fluid—point of the integral in equations (2.4):

(@a+m)(x,y,2)" +mD(,n,2)" = const.

For proving the sufficiency, we introduce the wid-
ened nine-dimensional space M with the coordinates x,
y’ Z, ev ¢’ llJ, E’ n7 and Z

Equations (2.4) determine the distribution of three-
dimensional tangentia planes. We also introduce three
independent admissible vector fields V,, V,, and V; with
the components (U, 1, 0, 0), (V, 0, 1, 0), and (W, 0, 0, 1),
respectively.  Following the Rashevskii—-Chow
approach [13], we consider nine vector fields

V1, V2, V3, [V, Vol L [Vi, Vi [V, Vil 25
[Va, [Vy, Vol [V Vo VAl [Va [V, Vil

where[, ] isthe Jacobi bracket. If a, # a;, for small val-
ues of &, n, and ¢, these vectors turn out to be linearly
independent at each point of e(3).
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Figure.

Indeed, for & = n = { = 0, the determinant of the
matrix 9 x 9 composed of the components of vectors
(2.5) isequa to

(- 2a3m 3a3a2 + azm + 3a3a2 + aza,m)P(a,, a,, a3)

Q(ay, a,, ay) clc2 c3sm6

Here, P(a,, a,, a;) and Q(a,, a,, a;) are polynomials
with positive coefficients. Since a, > 0, this expression
vanishesonly for a, = a;.

If commutators (2.5) are chosen in a somewhat dif-
ferent way, the independence condition a, # a; trans-
formsinto the condition a, # a,, or a, # a;.

It remains to utilize the Rashevskii—Chow theorem,
according to which two arbitrary points of the con-
nected domain in M given by the inequalities |§] < €,
Inl< €, and || < € (¢ is small) can be connected by the
piecewise smooth curve composed of segments from
theintegral curvilinear fieldsV,, V,, and V;.

3. THE GUARANTEED CONTROL

We indicate an explicit method of controlling the
mass geometry of a body inside a rigid shell, which
makes it possible to transfer the body with unequal
associated masses from one position to another arbi-
trary position. For this purpose, weinitially consider an
auxiliary problem on a gradual plane-paralel body’s
motion, when one of the symmetry planes (for exam-
ple, ¢ = 0) always remains invariable with time. The
material point malso movesin this plane.

The group e(2) serves as a configuration space; the
generalized coordinates are x, v, i.e., the coordinates of
the body’s point O and the rotation angle ¢. To sim-
plify the calculation, we consider the limiting case as
a, — 0,a — o, and ¢, tends to a finite limit. The
possibility of such a passage to the limit was substanti-
ated in [14]. In this case, equations (2.4) take the fol-
lowing form:

KOZLOV, RAMODANOV

X =vcosd, y=vsnd, ¢ =,
v = Tk ki .- KEA G-
1+KEQD 1+kE?
wherek = &
Cs

Let the point m move with a constant (in its modu-
lus) velocity along a closed curve shown in the figure.
Using (3.1), we can calcul ate the increment of the coor-
dinates for a period:

sinp0)

Ax = 0, Ay——Zs%’Hsnu— n o

(3.2)
Ad = 0.

Here, U =

- For small € # 0, it is evident that
1+ke

Ay # 0. Thus, on the average, the body is displaced for-
ward by itswide side. By virtue of analyticity, this con-
clusion is also retained for amost al vaues of the
parameters.

Remark. For thefirst two eguations of set (3.1), we
can see that motion of the body is subjected to a nonin-
tegrable constraint xsing — ycosd = 0. However, this
motion proceeds not in accordance with laws of non-
holonomic mechanics but according to the principles of
vaconomic mechanics developed in [14].

Let the body occupy a given position at the time
moment of t,, and its center of mass coincide with the
geometric center (the point O); in particular, let the
material point mfort =t, be at the point O, = O. Using
rotations of symmetric flywheels (gyrodines), the body
can beturned around the point O, and guided to an arbi-
trary preassigned position. This problemiswell studied
from various standpoints. If a, # a,, weturnthe body in
order for the plane of symmetry { = 0 to involve apre-
assigned point O, at which the body’s center must be at
the time moment t,.

We now use formulas (3.2) valid for the plane-paral-
lel motion. Itisclear that Ay — 0 (as€®) wheng — 0.
Hence, selectingasmall €, it is possibleto attain the sit-
uation when the spacing between the points O, and O,
equals nAy, where n is a certain integer. Thus, if the
point m starting from the point O makes exactly n rota-
tions along the eight-shaped curve shown in the figure,
then the body’s center occupies the position O,. In this
case, the point mturns out anew at the point O.

After this, it is necessary once more (for example,
using symmetric flywheels) to turn the body around the
point O, and to orient the body in a preassigned way.

DOKLADY PHYSICS Vol. 47
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This study deals with a new approach to the con-
struction of effective congtitutive relations for porous
nonlinearly elastic materials subjected to finite defor-
mations. The approach allows for superimposing the
deformations when pores are formed after a prelimi-
nary loading. The effective constitutive relations based
on this approach are shown to remain unchanged in the
case of a superimposed rigid motion.

The construction of the effective constitutive rela-
tions is performed on the basis of well-known general
principles[1, 2]. We isolate in amaterial a certain rep-
resentative volume (for the two-dimensional case, this
isacertain area) and, studying its mechanical behavior
under loading, we can determine properties of the
material as a whole. For this volume (area), the static
problem of nonlinear elasticity is solved for a given
stress at the boundary. Furthermore, deformations and
stresses are averaged over the representative volume
(areq), and the effective congtitutive relations are con-
structed as a dependence between averaged deforma-
tions and averaged stresses.

When solving problems on effective properties of
inhomogeneous materials, a question arises: how to
define an effective material in order that this definition
would have both a clear physical meaning (for use in
experiments) and a sufficiently simple mathematical
representation. In addition, in the process of seeking
average deformations of porous media, a problem
arises associated with the fact that the deformations are
not defined in the interior of pores (thisisthe difference
between porous materials and those with elastic inclu-
sions). In the case of small deformations, these issues
aresolvedin arather smple manner [1, 3, 4]. For exam-
ple, the deformation tensor of an effective material is

* Moscow Sate University,
\orob’ evy gory, Moscow, 119899 Russia
** Faculty of Applied Mathematics and Informatics,
Tver Sate University, Sadovyi per. 35,
Tver, 170000 Russia

described by the relation

e_ 1 -1
ES = G[EQV = sy [(Ou+ub)av.
\% \%

After using the Gauss-Ostrogradskii formula, thisrela-
tion is reduced to the form

E° = %/I(nu +un)dr,
r

whereV istherepresentative volumeand I isitsbound-
ary. Then, for porous materials, it is possible to for-
mally find the average deformations inside pores [3]
under the assumption that the pores arefilled with acer-
tain elastic material whose deformations are such that
displacements of boundary points of this special mate-
rial coincide with those for corresponding points of the
matrix material at pore boundaries. At the same time,
stresses are equal to zero (provided that the pressure
inside the pores is absent). Such an approach makes it
possible, without determining deformations inside the
pores, to find their average value according to displace-
ments of the pore boundary, which are calculated while
solving the elastic problem.

For finite deformations, and especially in the case of
their superposition, this approach cannot be directly
applied, since any deformation tensor (e.g., the Green
tensor or the Almansi tensor) exhibits a nonlinear
behavior with respect to the displacement-vector gradi-
ent in the basis of the initial or final states [5]. Thus,
when averaging, it is impossible to replace the integral
over avolume by the surface integral using the Gauss—
Ostrogradskii formula. Therefore, for porous materials
a certain difficulty arises; namely, the result of averag-
ing for any deformation tensor over a representative
volume depends on how thistensor is defined inside the
pores, but this definition can be done even if werequire
the displacements at pore boundaries to be continuous.

Therefore, for finite deformations, the approach
used in [3, 4] in the case of small deformations should
be modified. For example, this can be done by the fol-
lowing way. We average the deformation gradient over

1028-3358/02/4702-0136%$22.00 © 2002 MAIK “Nauka/Interperiodica’
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an undeformed representative volume (area) rather than
the deformation tensor. Next, the deformation tensor of
an effective material is determined with the help of the
averaged gradient.

We consider the shape of pores to be given in an
undeformed configuration in which V, is the represen-

tative volume. Let ", be its boundary and R be the nor-
mal to I, (we assume that hollows do not intersect or
touch on I")). We now use the following notation in the
deformed configuration: V isthe representative volume,
I" isits boundary, and n is the normal to I'. We denote
gradient operators in the initial and deformed configu-

0 0
rations as [ and [J, respectively, ¥ = | + Uu is the
deformation gradient, and u is the displacement vector.

Inwhat follows, we used the elements of the averag-
ing scheme considered in [1]. Let the following condi-
tion be set at the boundary of the deformed volume V-

n |, = n(D|. (1)

Here, o is the true-stress tensor and G is the arbitrary
constant (i.e., independent of coordinates) symmetric
tensor.

Taking into account the linearity of the equilibrium
equations [ - 0 = 0 and boundary conditions (1) with
respect to the tensor g, and following [1], we can show
that, in the absence of massforces and in the case when
condition (1) isfulfilled, the true stresses averaged over

the deformed volume are equal to G .
In the undeformed configuration, the boundary con-

dition corresponding to relation (1) can bewritteninthe
form

0 ~
A E|r, = (det¥)R DPT 5 DPr,. )

0
Here, X = (detP)¥*! - 0 - P! is the second Piola—
Kirchhoff stress tensor [5].

We now give a definition of an effective material.
Let the outer boundary of the representative material
with a volume V,, which is taken in the undeformed
configuration of the original porous material, be sub-
jected to aload in accordance with condition (2). By an
effective (averaged) material, we imply ahomogeneous
material satisfying the following condition: before the
deformation, we fill the volume V, (including pores)
with this material and set the uniform stress state in it
so that true stresses are equal to true stressesinthe orig-
inal material averaged over the deformed volume
(which, taking into account the aforesaid, are equal to
0). In this case, the deformation gradient of the effec-
tive material becomes equal to the deformation gradient
(averaged over the undeformed volume V,)) of the orig-
inal material.
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Furthermore, we use the superscript e to denote
guantities corresponding to the effective material.
According to the above definition, we can write:

o°=o0o

1 e_ 1
gfoav. ¥ —VOJ"I’dVO. 3)
% Vo

With the help of the Gauss—Ostrogradskii formula, this
equality can be transformed to the form

v = if(l +Ouyav, = | +ifﬁudr0. )
Vo) Vo)

In previous studies[6-8], we gave another definition
of the effective material. In asolid, weisolated arepre-
sentative volume (area) in the form of a parallelepiped
(in the two-dimensional case, a parallelogram). Then,
the effective material was defined as a homogeneous
material satisfying the following condition. If we fill
the representative volume (area), including pores, with
thismaterial and apply to it the sameload asto the orig-
inal porous body, then the average displacements along
faces of thisvolume (or sides of the representative area)
should be the same. The definition givenin thisstudy is
more general compared to those given in [6-8], since it
imposes no constraints on the shape of the representa-
tive volume. In addition, when this volume (area) rep-
resents a parallelepiped (a paralelogram), the formulas
for seeking W turn out to be the same.

Using this definition, we how pass to the construc-
tion of constitutive relations for a porous elastic mate-
rial. In a porous body (for the undeformed configura-
tion), we take a representative volume V, and solve the
boundary value problem of nonlinear elasticity for this
volume under given condition (2) set at the boundary
I,. The solution to this problem makes it possible to
find the displacement vector u. Next, using formula(4),
we determine the deformation gradient W¥¢ for the
effective material. Hence, we find the Green deforma-

0
tion tensor E° for the effective material
0
E® = %‘(‘I’e norelon) )

and one of the stress tensors, e.g., the second Piola—
Kirchhoff stress tensor for the effective material

0 —

2° = (det¥®) (PO o° )
. _ (6)

= (det¥®) (PO 5 ()
Then, the effective constitutive relations are con-
0

structed in the form of a dependence between X° and
0 0 0
E®, for example, intheform X° = F(E®).

Using the formulas for the tensor transformation in
the case of rigid motion [5], it is possible to show that
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0 0
the tensors E° and X° evaluated with the help of the

approach under consideration remain unchanged when
the porous body together with the representative vol-
umeisolated insideit participatesin arigid motion after
deformation (athough these tensors are nonindiffer-
ent). Therefore, the dependences between them, i.e., the
effective constitutive relations, aso remain unchanged.

The approach under consideration to the construc-
tion of effective congtitutive relations can be formally
applied to arbitrarily large deformations. However, it is
unclear whether this approach adequately describes the
deformation of materials if the components of the ten-

0
sor (u considerably exceed unity in absolute value.
For small deformations, this approach coincides with the
generally accepted approach described, e.g., in[3, 4].

If the pore shape is set in the final state, it is appro-
priate to use another definition of the effective material;
when the averaging is performed over a deformed rep-
resentative volume, not for the deformation gradient
but rather for its reciprocal tensor,

®=v"'=1-0u.

Let, in accordance with condition (1), aload be applied
to the outer boundary of the representative volume V
isolated in the deformed configuration of the original
porous material. We imply as an effective material a
homogeneous materia satisfying the following condi-
tion. If after adeformation wefill the volumeV, includ-
ing pores, with this material and set in it a uniform
stress state so that the true stresses are equal to thosein
the origina material averaged over this volume (i.e.,
equal to ¢) then the tensor reciprocal to the deforma-
tion gradient of the effective material would be equal to
the tensor @ of the original material averaged over the
deformed volume V.

According to this definition, we can write:

wer=l [oav
\%

=LeZ -1
= VJ'(I Ou)dVv = | VInudF.
\% r

We now pass to the construction of effective consti-
tutive relations for porous materials in which the pore
formation occurs after preliminary loading. We use the
terminology and notation usual for the theory of
repeated superposition of large deformations [9]. We
consider two schemes of constructing effective consti-
tutive relations for preloaded porous materials.

1. A defect-free solid body is subjected to preload-
ing. In the body, there appear initial (not small) defor-
mations, and it passes to an intermediate state. In this
state, the pores are formed (opened) in the body accord-
ing to the model proposed in [9]. Because of the forma-
tion of the pores, additional finite deformations appear

LEVIN, ZINGERMAN

in the body that are superimposed onto initial ones. In
addition, it is assumed that the average stresses in the
body remain unchanged. No additional external loads
are applied to the body either. Then, the effective con-
dtitutive relations are constructed as a dependence
between the averaged total deformations and the aver-
aged stresses caused by preloading.

2. A solid body is subjected to a preloading. As a
result, initial deformationsarisein it and then the open-
ing of pores occurs. Next, additional external loads are
applied to the body. Due to the formation of pores and
the additional loading, there appear additional defor-
mations in the body that are superimposed onto initial
ones. The effective condtitutive relations are con-
structed as a dependence either between the average
additional deformations and average additional stresses
or averagetotal deformationsand averagetotal stresses.
These relations parametrically depend on the initia
stresses (or on the initial deformations).

Furthermore, we use the same approach to con-
structing the effective congtitutive relations for both
schemes. The initial deformation is considered to be
affine. Let W © be the deformation gradient for the effec-
tive material; ¥, , and ¥, , are the initial and addi-
tional deformation gradients of the origina material,
respectively; u, is the additional displacement vector
for the original material; and o, ; and g, , are, respec-
tively, the initial and the total (for the final state) true-
stress tensors. We isolate a representative volume V, in
the initial state. We denote as V, and V,, respectively,
the volumes through which the volume V,, passes after
initial and total deformations. The boundaries of the
representative volume in the initial, intermediate, and
final states are denoted by I, I';, and I,, respectively;

thenormal to T is n i=0,1,2).

L et thefollowing boundary condition be set interms
of the coordinates of the final state at the boundary I,

r21 &0,2|r2 = r2] [Blrzl (7)

where ¢ isthe constant symmetric tensor.

As in the case when superposition is absent, it is
possible to show that, if condition (7) is fulfilled, the
total true stress averaged over the volume V, is equal
too.

In the coordinates of the intermediate state, the

boundary condition corresponding to condition (7) can
be written in the form

2 1 A
A o olr, = (det'¥, )R D¥Y, (6 DF ). (8)

We now give the definition of an effective material.
We suppose that arepresentative volume 'V, taken in the
original material before the deformation passesinto the
volume V, dfter the initial deformation. We also sup-
pose that, in the material being contained in this vol-
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ume, pores are formed according to the model devel-
oped in [9] and the loads are applied to its outer bound-
ary in accordance with boundary condition (8). Then
this volume passes into the volume V,. In this case, we
imply as an effective material a homogeneous material
satisfying the following condition. Let us fill the vol-
ume V,, with this material before deformation and set in
it auniform stress state so that the true stresses in this
volume are equal to thetruetotal stresses averaged over
the volume V, in the original material (which, with

allowance for the aforesaid, are equal to ¢). Then, the
deformation gradient of the effective material should be
equal to the product of the initial-deformation gradient
by the additional-deformation gradient of the original
material, which is averaged over the volume V, .

Thus, for prel oaded materials, the deformation of an
effective material isformally considered as a sequence
of two deformation stages, the first stage of the defor-
mation being assumed to coincidewith theinitial defor-
mation of the original material.

According to the given definition, we can write:
Oe = 6 = %J’GdeVz, ‘Pe = \Po’l Dlliz,
Va

€))
1
‘I’iz = \71-[‘1'1‘de1.
Vi

We take into account in this equality that ¥, , =1 +
1
Ou, and apply the Gauss—Ostrogradskii formula. Then

we arrive at

v, =1 +\%Ir11u2dl'l. (10)
r

1

An approach to constructing effective constitutive
relations on the basis of the given definition mainly
coincides with the aforesaid in the case when the super-
position of the deformationsis absent. Let the shape of
pores be given at the moment of their formation. For the
first turn, using the given initia stress g, |, we deter-
mine the initial deformation gradient ¥, ,. Next, we
isolate arepresentative volume V, in the body and solve
the boundary value problem of nonlinear elasticity for
this volume under condition (8) set at its outer bound-
ary I', and under conditions set at the pore boundaries.
The solution to this problem, in particular, makes it
possible to find the vector u, of additional displace-
ments. Furthermore, using formulas (9) and (10), we
determine the deformation gradient W of the effective
material. Next, using formulas (5) and (6), we find the

0 0
tensors E° and X°. As aresult, the effective constitu-
tive relations are constructed in the form of a depen-

Oe Oe
dence between £~ and E~.
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Fig. 1. Effective moduli A® and G® as functions of porosity.

The calculations of effective moduli were per-
formed for the two-dimensional case (plane deforma-
tion) when the mechanical properties of the matrix
material are described by the Murnaghan potential [5]:

0 0 0 0 2

X =A(E: 1)l + 2GE + 3C4(E : 1)l

O2 0 0 O2
+C,(E?: 1)l +2C,(E : 1)E + 3C,E>.

The problem of nonlinear elasticity was solved by
the (Signorini) method of successive approximations
[5, 6] within the accuracy to second-order effects. An
approximate approach was applied to constructing
effective constitutive relations on the basis of the
method of successive approximations described in [6—
8]. The application of the technique of averaging over
an ensemble (which was considered in [8, 9]) made it
possible to obtain the effective constitutive relations in
the form:

Oe e, e ele e, 2e 2
=A(E :DI+2GE +3C5(E™: 1)1 (1n
0 0 0 0

+C[(E®): 111 + 2CS(E® : 1)E® + 3CS(E®)’,
where A® and G¢ are the effective first-order elasticity
moduli and C (i = 3, 4, 5, 6) are the effective second-
order moduli.

According to [6], in the case of plane deformation,
one of the effective moduli C{ can be chosen arbitrarily.

In calculations, we assumed that C; = C,(1 — p)>.

Sincein this case the solution to the problem of non-
linear elasticity, which was obtained by the method of
successive approximations (the solution is correct up to
the terms of the second order of smallness), linearly
depends on the materia constants C;, C,, and Cs. The
effective moduli evaluated with the help of the scheme
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described above aso linearly depend on these con-

stants; i.e.,

5
Ci=a+Yy bC, i=3056. (12)
2

The calculations were performed for both the case
when the pores are available in the unloaded body and
the case when the formation of pores occurs after pre-
loading (for scheme 1, i.e., when after the formation of
pores, additional loads are not applied to the body). The
calculations have demonstrated that the values of A€,
G¢, and a; and of all coefficients by; for the case of the
formation of poresin the loaded body are the same asin
the absence of a superposition of deformations (when
pores are available in the unloaded body) but the coef-
ficients a; and a4 are different for these two cases. Fig-
ures 1-3 show the dependences of the effective moduli
A® and G® and coefficients & and by; entering into for-

mula (12) on the porosity factor p for the case é =2

For the case of the pore formation in the loaded body,
the coefficients a; are marked by asterisks.
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with Inner Cavities
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We consider the vibration of an elastic solid contain-
ing plane parallel inhomogeneities. The inhomogene-
ities considered are cracks. Such objects were named
vibration-strength viruses in [1-4]. Numerous prob-
lems in seismology, flaw detection, and the theories of
acoustic emission and fracture involve consideration of
the localization of awave process by inner cracks—cav-
ities. These problems are currently of great importance
but are poorly studied in arigorous mathematical sense.

In this study, wereveal the effect of spacing between
cracks on the wave-process localization and further
develop the approach described in [2, 3].

1. We consider an elastic medium containing L
plane paralel horizontal inhomogeneitiesin the Carte-
sian coordinate system (x;, X,, X;) @ heightsh;, h,, ...,
and h;; thelth crack occupiesthe domain Q, with inter-
faces§,1 =1, 2, ..., and L. For the sake of simplicity,
we assume that all h, are different.

For a steady process with a frequency of w, stresses
with the amplitudes t, = (T;;, Tj5, T;3) act on the inter-

faces x, = h, of the cavities. Let u® = (U, U5, u5) be
the displacements in the sections x; — +h,. Then,

according to [1, 2], the boundary value problem for a
layer is equivalent to the set of the integral equations

3 3
i Z z ”'[7\02|m+ 20, o ] Uy (Eps &, E5)e ¥ls
k=1m=1 S
° (D
= Z |:am J.Tlm(E.lv EZ,Eg)eiEbEDdS ,

m=1 S

— 2 2 _ 2 2
a; = x,/y;—a, a3 =£,y,—0a,

2 2, 2
a = a;+dy

* Kuban Sate University,
ul. Savropol’skaya 149, Krasnodar, 350040 Russia
** University of Tennessee, Knoxville,
Tennessee 37996-1410, USA

iy > [[f(ash—ada)an

s=1m=1 S

+ O gNy( 038y — 0y Bgm) } Ui (&1, &2, E5)€ P (2)

= J'J’[G3TIK(E11 &2, €3) — A, Ti3(& 1y €25 &3)] ¢ [UEDdS,
S

o, = w_wyg—az, 0& = 0,&; + 0,8, + 0585,
k=12,..

Inbothrelationships, 1 =0,1,2,...,L+1;-0<0,,q, <

oo, Nl = (n'l, n'z, n'3) is the outer normal to the interface
S; and A and 1 are the Lame parameters of the elastic
w

—, V1:

medium, p is its density, y, = v
2

M,andw:ﬁ.
P p

The relationships obtained represent the integral
equationsrelating the stresses and displacements near a
crack. For a layer with plane-parallel interfaces and
plane cracks (n} = n, =0, Ny = *1), we obtain the fol-
lowing matrix representation of Egs. (1), (2):

Wy =
v,

I—Iiuit_l—li+1ult+l = DFTIi_DIi+1TIi+1- (3)

Here,

00 o

Uln(0ts, @) = [ [ U(Es &2 h)e " e de

—00 —00

00

i(0,&; +058))
T m(ag, ay) = J.J.Tm(f.y & hy)e dé,d<,,
m=1,2,3;

U ={Uig, T' =T, T, ={T 3;
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where the matrices L, , D, and L[, D; describe the
reflection of waves propagating upwards and down-
wards in the layer, respectively.

The above relationships make it possible to con-
struct the set of integral equationsrelating the edge dis-

BABESHKO et al.

placements u; and the stresses 1, in the section of the
cracksfor the space —c0 <2< 0 (-h,, hy, | — o) with
the plane cracks.

When a medium includes only one plane crack at a
height of h,, Eq. (3) takes the form

LiU; =
LU, =

DiTy,
DiT;.
where U] and T, are the Fourier transforms of the

stresses 1, and displacements u;” at the upper and lower
edges of the crack, respectively.

Inthis case, thejump U, = U] — U7 of thedisplace-
ments is written as

U1 :MTI,

where (L7)'D; —(L7)'D; =M,

M = 2 2

MO (V 0504 +S")
0 5 202 2 2 2 5 0 0
00703 + 2050303 +S(03—03) a,0,(a3, +S—200503) ad
x U 2 5 202 + 202 2 2 0 O
E a,0,(03 +S—200503) 0503 + 2070505 + S(03 —0)) Ef
0 0 0 0.5Y,0503 O

Inturn, the stresses T, can be expressed in terms of the
jump of the displacements

T, = MU, )

Thus, EQ. (4) expresses the dependence between the
known integral characteristic of astress on crack edges
and the unknown integral characteristic of the jump of
the displacements.

It is evident that the above relationships can be gen-
eralized to the case of an arbitrary number of cracks.
For L cracksin the medium, we have

U, +ALU, + AU+ ... + AL UL

I
<
.

ALU; +U,+ AU+ . + A5 U =

I
<
o

)
AU+ ... +U + .. +A U = MT,,

AU+ ... +A U+ ... +U = MT,.

Here,

T, =T =T,
Amc= (Lo Lo A= (L) Ly, m<k.
Equations (5) can be written in the matrix form

+ 1,4+ 0
0 M MTAL M7AL 05U,
0 +
%M'lAIZ M M_lAZL%EUzB
0: 0O
Opp—1n- i - =) DEU E
DM Alk M AL—lL M D L
(6)
O+ O
0
=o'
558
OT.O

Thus, the method used provides the set of integral
eguations in unknown jumps of displacements on the
crack edges in the matrix form for an arbitrary number
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Fig. 1. Function of the determinant modulusfor L = 2, € = 0.5, y;hy, = (1) g 2 %T[ (3) m,and B O (a) [0, 0.2], (b) [0.45, 0.65],

(c) [0.96, 1.35].

of plane-parallel cavities called the vibration-strength
virusV(2/h;; S/.../h: S) [3, 4].

2. To solve the above set by the method discussed
in [3, 4] and to determine the condition of the localiza-
tion of the wave process by an aggregate of inhomoge-
neities, it is necessary to know the real singularities of
the elements of the matrix appearing in Eq. (6). This
matrix is a function of the kernel symbol for the con-
ventional set of integral equations of the mixed prob-
lem. The properties of this set make it possible to use
known algorithms for calculating the determinants of
block matrices [5, 6]. The numerical investigation of
the determinant shows that the number of itsreal zeros
increases with the vertical spacing between cracks.
When the spacing between cracks increases by half the

DOKLADY PHYSICS Vol. 47

No. 2 2002

length of the transverse wave in the medium, an addi-
tional real zero appears. Upon substituting dimension-

less coordinates By, = A/g° — B2, By, = A/1—B%, B = %,

and € = %—1 these regularities are easily traced in the

2
graphs of the determinant modulusin 3 as afunction of
the spacing between the cracks for the case of two
cracks (L = 2) inthe medium. Figure 1 shows the deter-
minant modulus of the matrix of set (6) (the points of
tangency with the real axis correspond to real zeros)

when the cracks are spaced by (1) g ,(2) %—? ,and (3) L

In this case, wetake € = 0.5.
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Furthermore, the determinant of the matrix of the set
has a repeated real zero 3?B,,85, + (0.5 - ??>=0and
the real branch points 3 = ¢, 1.

For the antiplane two-crack problem, Eg. (6) takes
theform

DTlE _ 4#“’32% 1 e“’szh%[“lm

Ol 20 2 Ee“’szh 1 E |
2.2
a i
A(a) = “432(1—«32 "=,

where h = h, — h; is the spacing between cracks. It is
easy to understand that, after substitution of the dimen-
sionless parameters

a®) = L la-pa-e" g

we have h, = y,h and the condition of appearing real
zeros can be obtained analytically.

BABESHKO et al.
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The necessity of considering transverse shearsin the
problems of beam bending was first recognized by
Timoshenko [1]. On the basis of the virtual work prin-
ciple, the Timoshenko's theory was extended in [2] to
the case of isotropic plates. In order to takeinto account
anonuniformity in the distribution of transverse shears
over cross sections of ashell, the shear correction factor
kisintroduced in thistheory. To date, thisfactor isusu-

i9

ally taken to be equal tok = 2 or % [3].In [4], it was

=0
6
shown that avalue of k =1 is more preferable when the
procedure of recovering the transverse components of
the stress tensor by integrating the equations of the
three-dimensional elasticity theory isused in the linear
theory of Timoshenko shells in the approach proposed
in [2]. It was this choice that made it possible to con-
struct the mathematically consistent and geometrically
noncontradictory linear theory of Timoshenko shells.
In this study, the results obtained in [4] are extended to
anisotropic shells with finite deflection.

1. Let us consider a thin anisotropic shell of a con-
stant thickness h. We assume that an elastic-symmetry
surface parallel to the face surfaces S~ and S* exists at
each point of the shell. As aninitial surface S, we take
a shell surface spaced from the face surfaces by - and
o' i.e, h=0"-0&. Let theinitial surface be associated
with the orthogonal curvilinear coordinates a, and a,
measured along the lines of principal curvatures. The
coordinate a; ismeasured in the direction of increasing
the outer normal to the surface S (see figure).

The equilibrium equations of the elagticity theory
for athin shell, which has a finite deflection and whose
face-surface metrics can be identified with the metric of

* Moscow Sate Technical University (MAMI),
Moscow, Russia

** Tambov State Technical University, Tambov, Russia

theinitial surface, have the form [5]

100, 109y , 00;
Ajda; Ajoa; 0daj
+2Bo; +kiZis =0 (i#]),

+Bi(0; —0y)

1 6213 1 0223 6033
— + — + +B.>
A, 00, A,0a, do; B (1)

+By2y3—k.01; —k,0,, = 0,

2i3 = Oj3+ 0,0y + 0,0,
1 0A

A A,0a;’

9
o = +%%

= Ao, MU

1~

B, =

where u, are the displacements of the shell points, g,
arethe stresses, A, arethe Lamé constants, and k; arethe
curvatures of the coordinate lines. Hereafter, i, j = 1, 2
anda,pB=1,23.
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The relationships of the generalized Hooke's law
can be written in the form [4]

gj = Zbijlmslmi Oi3

I<m

= IZbi3|3€|31 @)

ij,l,m=1,2.

When constructing our theory, we used the modified
Timoshenko hypothesis [4, 6] on the linear distribution
of tangential displacements over the shell thickness:

u = N (og) vy + N(ag) v/,

+ — 3)
—(13 + _ (13—6 (
h ’ N (a3) - h ’

U = Vg,

N(atg) = 2

where v (a,, a,) are the tangential displacements of

thefacesurfaces S° and v,(a, a,) isthetransverse dis-
placement of the surface S.

Introducing displacements (3) into the stress—strain
relationship of the nonlinear theory of elasticity [5] for
a thin finite-deflection shell and assuming that the
transverse shear strains and tangentia strains are dis-
tributed, respectively, uniformly and linearly over the
shell thickness [7], we obtain
8|J = N_(GS)E +N (GS)E €3 = Ei3’

Ij1 833 = O!

. _ 10v]

E“‘Aa]J’B

‘+kv3+ (9) (i#j),
10v;

. 10v;
E%, = 1
12 A,00,

~ Ajda,

+
_Bzvl_

B,v; +8,8,, (4)
= 1‘ Y _yo =
Bi - h(Vi VI)! el

Multiplying the first two of the equilibrium Egs. (1)
by the functions of the shape N*(a;) and integrating the
resulting equations along with the third equation with
respect to the transverse coordinate from & to & with
allowance for the boundary conditions at the face sur-
faces S*,

0a3(8) = Pa, (5)
we obtain the expressions consistent with the virtual

work principle. Here, p, arethe components of the sur-

face-load vectors p* at the face surfaces S* (seefigure).
As a result, taking into account Egs. (3) and (4), we
arrive at the following nonlinear equilibrium equations

GRIGOLYUK, KULIKOV

for the shell with respect to the stress and moment
resultants:

10H]

A0H; | 10H]
A 0q;

Adat B/(H; —H) + 2B,H:

+kiS3 ¥

1 0N13+
A, 0d,

(i#)),

|3 - +p|

6
1 6N23 (6)

A, 30 R , + BiNy3 + BoNy

—Ki T =Ky Ty = p3g— p§,

where Ty, Hjj, Hi?, Niz, and S are the stress and
generalized moment resultants determined by the for-

mulas
Niz =

_ 1 _ .
S; = éTi3_elH(1)(i)_elH1|

3= O7HT — 81 Hy, — 05H, — 0, Hi,

—0;H; —85H,

+ 1 — +
Ss = éTie,—engil—elHll 8,H |Oz% e2 |21

5 5 @)
o = Ioiada3, Hi = IGijNi(G3)dG3,

+

o
HEY = Ioij[N‘(as)]z‘“‘“[N+(a3)]"“*dag,
]
p,g = 0, 1.

The eladticity relationships for the stress and gener-
alized moment resultants (7) with alowance for
Egs. (2) and (4) can be represented in the form

1 — +
HSO = 1—2hz bijlm(3E|m+ Elm)1

I<m

HIJ = 12hz bl]lm(EIm+ EIm)

I<m

HI] = 12hzbljlm(Elm+3Elm) (8)

I<m

Hi = HY+ HYY Hy = HE + H

I]’

i Tiz = hz KiiDiz13€3,
I

I]’

T = Hy +H;

where we take k;; = 1 for the shear correlation factors.
Formula (8) for the transverse forces T;; has simple
meaning: the elasticity relationships for transverse
shear stresses (2) in the theory of Timoshenko shellsare

DOKLADY PHYSICS Vol. 47
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satisfied not pointwise but integrally over the shell
thickness [6-8].

Integrating elasticity-theory Egs. (1) with respect to
the transverse coordinate from &~ to a; with allowance

for boundary conditions (5) at the face surface S, we
arrive at the following formulas for the transverse com-
ponents of the stress tensor:

= oo L10Qu_ 10Q;
Ois = Pi ~ X 3q. _Aj a0, - Bi(Qii - Qj)

~2B,Q;—kRs (i#]),

—B,Ry3 + K1 Qqp + KyQpp,
where

Ris = Qiz—06;My; —BIML _egMi_Z_e;MiJrZV
ag ag

. . (10)
Qia = IoiadGBv Mjj = IcijN_(as)das-
5 5

In view of the equalities Q4 (8) = Tig, M;;(d") = Hj,
and shell equilibrium equations (6), the boundary con-
ditions (5) at the face surface S' result immediately
from Egs. (9).

2. Now, we discuss the question (that is of impor-
tance for the theory of Timoshenko shells) of whether
or not the stress field, which is specified by Egs. (2) and
(9) and was found by solving the problem, satisfies equi-
librium shell equations (6). The shell equilibrium equa-
tions (6) can be no longer exactly satisfied with the

transverse forces T;, evaluated on the basis of the

refined transverse shear stress o;; determined by
Eq. (9). Thereasonisthat thetransverseforces T; eval-
uated on the basis of Hooke's law (2), i.e., by Eq. (8),

can generally differ from T;;.

To solve this problem, we use the following formu-
las obtained from Egs. (2), (4), (8), and (10):

5 5
1

IQijda3 = hHjj, IQisdas = 2hTi31
5 5

5 5
J’l\/l;,-ola3 = hH, J’Mﬁdas = hH{".
S 5
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With allowance for these formulas and Egs. (9), we
obtain

5 oy
~B(Hi—H;) -2BH -k S | (1)),

Taking the shell equilibrium equations (6) into account,
we derive from Eq. (11) that T;; = T;;, a we wished
prove.

Thus, on the basis of the physically clear supposi-
tion that the equations of Hooke'slaw (2) for transverse
shear stresses are integrally satisfied, we succeeded in
constructing the self-consistent geometrically nonlin-
ear theory of Timoshenko shells. In thistheory, the non-
linear shell equilibrium equations (6) and Egs. (9) are
satisfied together. For this reason, k; = 1 was taken in
Eqg. (8) for the transverse forces. In conclusion, it must
be emphasized that, from the standpoint of the
approach developed in this study, efforts on construct-
ing a geometrically nonlinear theory of Timoshenko
shells on the basis of various ways of evaluating the
shear correlation factors k; will lead to a mathemati-
cally inconsistent and contradictory theory.
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INTRODUCTION

Asiswell known, the averaging method is efficient
in investigating dynamical systems under the action of
high-frequency vibration. This method allows motion
to be separated into slow and rapid components, where
the latter can be expressed in terms of the former. The
sow component satisfies averaged equations that,
being autonomous, contain vibration-caused forces
arising as a result of the interaction of vibration fields.
For parent systems dependent on a certain additional
parameter A [in problems of convection, it is presented
by the Rayleigh (Ra) or Marangoni (Ma) numberg], itis
of interest to study the effects of both the vibration
character and the vibration amplitude on the critical
value A If this value grows modulo, vibration is said

to be of a stabilizing nature, otherwise, to be destabi-
lizing.

Itisquite noteworthy that vibration can stabilize and
destabilize agiven steady-state regime. In certain cases,
even absolute stabilization (i.e., stability at an arbitrary
value of A) can be attained. These are diverse possibili-
ties that lead to the necessity of investigating the vibra-
tional stability and allow prediction of nontrivial effects
that can be observed experimentally. The classical
model of apendulum with avibrating suspension point,
which was considered by Bogolyubov and Kapitza, can
serve as a good guiding line in such investigations.
Maintaining stability of the lower position, vertical
vibrations can stahilize the unstable upper position. At
the same time, the horizontal vibrations can destabilize
even the lower pendulum position.

In the problem on thermal convectionin alayer with
rigid boundaries or with free undistorted boundaries,
vibration affectsit in asimilar way. In particular, verti-
cal vibrationsturn out to be stabilizing [1, 2], horizontal
vibrations are destabilizing, and oblique vibrations can
either stabilize or destabilize relative equilibrium [3-5].
Some of these effects were verified experimentally
in[6].
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For convection occurring in a region with rigid
boundaries, the averaging method is substantiated
in[7, 8]. For mechanical systems with constraints
imposed, this method is developed in [9], where a uni-
fied standpoint was presented for numerous vibration
effects.

In the present paper, we investigate the effect of
high-frequency trandational vibration of the form

E%cos&t , which occurs along the vector s = (cos¢, 0,

sin¢), on the onset of two types of convection. We
imply the Marangoni convection in athin uniform fluid
layer with a deformable free boundary and the Ray-
leigh—-Benard convection in a nonuniform fluid layer
bounded by rigid walls. The averaging method is
applied to equations of convection, which is written in
the Oberbeck—Boussinesq approximation. Conditions
for the applicability of these equations are considered
in [10]. It is characteristic that in a layer with a free
boundary the vibration generates both mass forces and
surface stresses. It is shown that the effect of vibration
on the thermocapillary convection is determined by the

- 2
single parameter = m

Reynolds humber Re = avh and ¢ isthevibration angle.

, wherethevibrational

With increasing |, the Marangoni numbers Ma grow
and approach their values corresponding to an undis-
torted free boundary. Thermal gravitational convection
in alayer bounded by rigid walls depends on two vibra-
tional parameters. the dimensionless vibration velocity

ay/xv
J2gh?
The critical Rayleigh number Ra{(r, ¢) isplotted in

Figs. 1 and 2. It turns out that in the case of heating
from below (Ra > 0) the strong vibration (r > 1) desta-
bilizes the equilibrium for any arbitrary angle ¢ except
90°. There exists a critical angle ¢= 52° such that at
0° < ¢ < ¢pythe destabilization occurs at an arbitrary r.

However, for small values of r when ¢ < ¢ < 90°, the

r =

and the angle ¢.
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vibration stabilizesthe equilibrium. Inthis case, thereis
a single optimal value r{¢) such that the stabilizing

effect of the vibration decreases and gradually becomes
destabilizing at r > r; Inthe case of heating from above

(Ra < 0, Fig. 2), the vibration destabilizes the relative
equilibrium at an arbitrary angle ¢ # 90°. With increasing
r, thisdestabilizing effect isintensified; i.e,, Ra— 0 as

[ —— 00,

FORMULATION OF THE PROBLEM

We consider an infinite horizontal layer of aviscous
incompressible heat-conducting fluid with the density

p=p, (1 -PB(T-T,)). From below (x5 = h), the layer
isbounded by arigid wall, whileitsupper boundary can
be either rigid or free. Inthelatter case, the boundary is
considered as a deformable surface (X3 = {'(X;, X5, 1))
with acting forces of surface tension, which are charac-
terized by the coefficient 0 = 0, — o1 (T - T,), where

Or= ‘g% . Heat-exchange boundary conditions of the

generalized form are specified at each boundary. It is
assumed that the layer, asawhol e, executes planetrans-
lational harmonic vibrations along the vector s = (cos ¢,

0, sin¢) according to the law (%coscbt . The coordinate

system is chosen in such amanner that the x;-axis coin-
cides with the direction of gravity force, the origin
being situated on the unperturbed upper boundary.

Equations of convection written out in the Ober-
beck—Boussinesq approximation in the coordinate sys-
No. 2
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tem moving together with the vibrating layer are of the
form

0% = —0p'+AV' + (1 —£T")(Gay + wRecoswts),
daT' 1 d_o0 .
divv' =0, o= = POAT, & = 2+VvD.

Boundary conditions specified at the free deformable
boundary x; = {'(X;, X5, t) have the form

M= p'n, = —z%-MﬁargKnﬁ%_z, @
i =12
Tae— P’ = ‘ZBZ‘MﬁaTEK, T = g—)‘:k' %—‘)/(;k, 3)
1 00 ¢ 9 9
2K = ngﬁ% 0= B2 28
BT =5, @

At therigid wall, x3 = 1, the boundary conditions are
specified as
aT'

6_)(3 +ByT' = 9,. 4)

Problem (1)—(5) contains the following dimension-
less parameters, namely, the vibration frequency w =
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@\?—2 the vibrational Reynolds number Re = %1 the
Boussinesq parameter € = Ahp (A is the characteristic
temperature gradient), the Galilei number Ga = %h

the Prandtl number Pr = ; the Marangoni number

2
Ma= Aorh , the surface-tension coefficient C = 9_0_*12 ,
PoXV PoV
. bsh b2h
and the heat-transfer parameters Bi = and B, =

ks k-

AVERAGING

Furthermore, we assume that the frequency w is
high and the vibrational Reynolds number isfinite; i.e.,
w — o and Re = O(1). Similar to [1, 3], we apply the
Van der Pol—Krylov—-Bogolyubov averaging method to
problem (1)—(5). Along with the dlow timet, we intro-
duce therapid time T = wt and present the unknowns as
sums of smooth components and fast components that
have zero average (over 1) values:

V' = V(X )+ V(X T),

p' = p(x,t) +wp(xt,1),

T (6)

T(x 1)+ Ql)f(x, t,1),

' = (X, X, 1) + éZ(Xli X, 1, T).

After selecting principa vibrational terms, substituting
relations (6) into the system of equations (1) asw —» o«
yields the system

g_\rl = —Op+ (1-¢T)Recost [5,
T @
divv = 0, —+( gT) = 0.

Conserving the principal terms with respect to w in
relations (2) and (3), we arrive at the following condi-
tions at the free boundary:

X = L% ) 8 = (19),
000 9 O ®
T O oD PO

At therigid wall x; = 1, there remains only one bound-
ary condition v, = 0.
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Problem (7), (8) has the solution

vV = Rew(x,t)sinT, p = Re®(x,t)cosT,

T = Re(w, OT)cost, Z = —Re(w, I)cosT,

which is2teperiodic in T, where w(x, t) and d(x, t) are
the amplitudes of pulsatory velocity and of pulsatory
pressure, respectively. These amplitudes satisfy the
equations

= -[® +(1-¢€T)s, divw =0,
Pl = oty = 0 Wl -1 = 0.

Substituting relations (9) into formulas (6) and, then, the
latter into system (1)—(5), averaging theresult over T, and
retaining the terms on the order of O(1) asw — o in
the equations derived, we obtain the following autono-
mous system for average values of the unknowns:

dv _ = -0g+Av-— GasTy+R—e(w )@ ,

(10)

dt
divv = 0;
11
‘Z—I = Pr'AT, w=-[® +(1—¢T)s, (b

divw = 0.

At the averaged free boundary, x; = {(X;, %, 1), the
boundary conditions take the form

_ 6Z 0 0¢ _9C O
v.1) = = Oox,” ox,’ il
Tk — Bl"‘G Z—R—eaﬂ W,I)Eni
_ M MadT . _ .
= 2- aTDK e 1=hZ (Y
T Eq+eaz—Re 9% (w, 1 = ZBZ—MﬁaTEK
O
2K = ZZ oM _giT = 5, ®=0.

DA/1+|DZZ 43 on

At therigid wall, X, = 1, boundary conditions are

oT
0X;

Thus, as a result of the nonlinear interaction of the
vibration fields, there appears a vibration-caused force
in the averaged equations of motion and vibration-
caused stresses in the dynamic boundary condition,
where both quantities vary as the sgquare of the vibra-
tional Reynolds number.

Furthermore, Egs. (11)—(13) are used to consider
thermocapillary convection in athin layer of auniform

v = 0, +B,T = 9,, w;=0. (13)
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fluid and thermal vibrational convection in a layer
bounded by rigid walls.

THERMOCAPILLARY MARANGONI
CONVECTION

Under the assumption that € = 0 in (11), the vibra-
tion-caused force

Re’ _ DReD
F, = ———(W 0)® = O 4DD

is potential and can be included into the pressure term.
Thus, vibration effects occur only provided that the free
surfaceis, on the average, deformable.

We assumethat 8,B, + d,Bi = B,(1 + Bi) + Bi Z0 if
Bi2+ B #0and 8, =5, = 1 at Bi=B, = 0. Then, prob-
lem (11)—(13) has the equilibrium solution v, = 0,

Ty=20y= — Re’ COS¢ w, = (cos¢, 0, 0), P, = X;sind,

and,=0. Whlleanaly2| ng the stability of the solution,
we derive the following system for the amplitudes v(2)
and 8(2) of d-componentsfor normal perturbations pro-
portional to exp(At + id X, + i0,%,):
ALv = L%v, AP =LO-v; (14)
X;=0: v =APrd, D’v+a’v = Maa’(6 + 9)
DO-Bi(6+0) = 0;

(15)

(3a”+A\)Dv -D%v
= Pra®(Co’ + Ga+ p o tanha ) 3;
DB+ B0 = O.

(16)

X3 =1: v =Dv =0, 17)

Here, D = 9

2 2
dz,azza1+a2,L:D2—

o2, and Y =
(Resing)?
2
sented expression for the parameter | shows that hori-
zontal (¢ = O0) high-frequency vibrations do not affect
(inthe limit w — o) the onset of the thermocapillary
convection in athin layer of auniform fluid. Moreover,

the vibration increases the effective surface tension

Ga K0 tanha

a2 a?

For example, C=7 x 10%, Ga=0.98 x 10% and ps =
0.5 x 10%in%¢ for a water layer with h =1 mm, v =
0.01 cm?/sif @ =100 Hz and a/& = 1 mm. Additional
terms (gravitational and vibrational) also depend on the

wave number a. They can be noticeable aready at
o ~ 1 and even principal at small a.

We can assume that at o # O critical values of the
Marangoni number grow modulo with increasing

is the vibrational Galilei number. The pre-

C,=C+
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and tend to the values corresponding to the undistorted
free boundary. Then, the strongest stabilizing effect is
attained for vertical vibrations. Calculation results and
asymptotic formulas corresponding to a — 0 [11]
confirm this assumption. Monotone (A = 0) and oscilla-
tory (A =ic) instabilitiesexisting at o > 1 [Ma(a) > 0]
and a < 1 [Ma(a) < 0] have been studied numerically.

THERMAL VIBRATIONAL CONVECTION
IN A HORIZONTAL LAYER BOUNDED
BY RIGID WALLS

We assume that the fluid is nonuniform (g # 0) and
the layer boundaries (z = 0 and h) represent rigid iso-
therma walls with given temperatures T, and T,,
respectively. Then, heating from below corresponds to

T,-T,
the condition A = > 0. The averaged equations

h
can be written as

Z—Lt‘ = —0g+Au—-GrTy + Gv(w, D)@;,
divu = 0,
%—-{—PrAT W-—@ —Ts, divw=0,(18)
z=0;1:u=0, T=2z w;=0.

Here, Gr = Ga X ¢ is the gravitational Grashof number

_ (Ree) )?
and Gv 5

[1]. Thissystem hasthefollowing equilibrium solution:

is the vibrational Grashof number

2
2

W, = (-zcos$,0,0), ®g = —%sincl) + const.

The corresponding spectral problem for amplitudes of
normal perturbations (in the form described in the pre-
ceding section) can be reduced to the system

ALu = L%u+Rao’0

+p(ocos’dB + a’sindw + ia cosh Dw),

D:E, LEDZ—GZ,

— 129_
APré = L°6—u, e

(19)

Lw = a’sing® +iacosp DB,
z=0;1: u=Du=6=w=0.

Here, Ra = GrPr and i = GvPr represent the gravita-
tional and vibrational Rayleigh numbers, respectively.
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They are related by the equality i = Ra’r?, where the
2
a“xv

2g°h*
vibration-caused and gravitation-caused forces.
Numerical investigation of the spectral problem (19)
yields only the monotoneinstability (A = 0). The behav-
ior of neutral curves Raf{r, ¢) = moi(nRa(r, ¢, o) is

illustrated in Figs. 1 and 2. We can see (Fig. 1) that the
direction ¢ = 90° isexclusive, because the absol ute sta-
bilization is possible only in this case: namely, at r >
0.023, the layer is stable at any value of the Rayleigh
number. However, if 52° < ¢ < 90°, there are values of
the parameter r{¢) at which the layer is the most sta-

ble, and Ra,, (rj ¢) > Ra[{0). For the angles 0° < ¢ <

52°, the vibration destabilizes the layer: Raj (r, ¢) <
Ra[{0).

One of the most interesting vibration effects is the
existence of negative Rayleigh numbers at r # 0 and
0° < ¢ <90° (seeFig. 2). Thisfact impliesthat the ther-
mal vibrational convection can arise not only if alayer
isheated from below but also if it is heated from above.

At sufficiently large values of the parameter r, the
critical numbers Rapj tend to zero so that Ral r? =
H($), where pu(¢) determines convection under the
condition of zero gravity. According to calculations, the
asymptotic behavior corresponding to r — oo is
attained already at r = 10. For Ra= 0, problem (18) was
first consideredin [12], where the functions pu(¢) were
calculated.

Following to Yudovich [13], we apply the Krein—
Gantmakher theory of oscillation operators to prob-
lem (19) for Ra= 0, A = 0 and attain arather complete
description of the spectrum at ¢ = 0° and 90°. In both
cases, the eigenvalues W (a) are simple, while the
eigenfunctions form the Markovian chain. All values of
M () are positive at ¢ = 0° and negative at ¢ = 90°.
Thisfact implies that, in the conditions of zero gravity,

characterizes the ratio between

parameter r? =

ZEN’KOVSKAYA, SHLEYKEL’

monotone instability is absent in the case of vertical
vibrations and is present when the vibrations are hori-
zontal.
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Evolution of pressure wavesin aliquid with gas bub-
blesisinvestigated sufficiently well from both the exper-
imental and theoretical standpoints (see, e.g., [1, 2]). In
particular, it is shown that an initial perturbation in a
gas-iquid medium can decay into solitary waves, i.e.,
solitons, whose properties are studied in detail. It is
reveal ed that the principal mechanism of wave dissipa-
tion in bubble mediaisthe heat exchange between bub-
bles and the surrounding liquid. In [3, 4], the structure
and damping of solitary pressure waves of moderate
intensity in a gas-liquid mixture was experimentally
investigated. In [5, 6], it was shown that allowance for
polydispersivity in a gas-iquid medium leads to addi-
tional pressure-perturbation damping without qualita-
tively changing the wave structure. The effect of the
inhomogeneity of agas-iquid mixture and of the com-
pressibility of aliquid on the pressure-wave structure
areinvestigated in [7, 8]. In [9, 10], the appearance of
two kinds of oscillatory solitary waves in aliquid with
gas bubbles was discovered. These waves, called multi-
solitons, are caused by the existence of two degrees of
freedom in a medium. The structure and damping of
oscillatory solitary wavesin liquids with gas bubblesin
the case of various relations between bubble radii was
experimentally studied in [11, 12].

In the present paper, we experimentally investigated
the structure and damping of moderate-amplitude pres-
sure waves in aliquid containing a bubble mixture of
two gases (freon and helium) for the cases of one and
two different bubble sizes.

The experimentswere carried out with a setup of the
shock-tube type. The basic section of the setup was a
vertical thick-walled steel tube with an internal diame-
ter of 0.053 m and alength of 1.5 m. This section filled
with a liquid was then saturated with gas bubbles
through two independent bubble sources situated in the
lower part of the section. The bubble-size spread was
within £5%. A solution of glycerin (50 wt %) in dis-
tilled water was used as a working liquid. Freon-12

Kutatel adze Institute of Thermal Physics, Sberian Division,
Russian Academy of Sciences, pr. Lavrent’ eva 1,
Novosibirsk, 630090 Russia
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(CCI,F,) and helium, whose thermal diffusivities differ
by afactor of more than 50, were used as a gas phase.
The mean (over the basic section length) volume gas
contents ¢; , for bubbles of each gas were determined
by theincreaseinthelevel of theliquid in the basic sec-
tion after the bubbles (with adiameter d; 1) of the (f, h)-
kind gas had been introduced. (The subscripts f and h
correspond to freon and helium, respectively.) The
experiments were performed under a static atmospheric
pressure P,. Bell-shaped pressure waves were gener-
ated by means of an electromagnetic vibrator located in
the bottom of the basis section. The signals were
formed by the repulsion of athin copper plate from an
electromagnetic coil when an electric-current pulse
flowed through it. Pressure-wave profiles were regis-
tered by six piezoeectric sensors located along the
basic-section length. The sensor signals were transmit-
ted to amplitude-to-digital converters and then pro-
cessed by a computer.

As a result of these experimental studies, it was
established that the relationship between the relative
concentrations of poorly heat-conducting freon bubbles
and highly heat-conducting helium bubblesin the gas—
liquid mixture qualitatively defines the wave structure
and significantly affects the wave damping. While
propagating waves in the liquid containing the low
heat-conducting gas (freon), a solitary wave (soliton) or
agroup of solitary waves are formed from the initial sig-
nal, which damp due to dissipative processes. The prin-
cipal mechanism for the dissipation of the solitary waves
inaliquid with gas bubblesisthe heat exchange between
the bubble gas and the surrounding liquid [1-3]. The
main parameters defining the damping of solitary waves
arethe gas heat diffusivity in bubbles, their size, the vol-
ume gas content in aliquid, and the wave amplitude.

Figure 1 displaysthe evolution of apressurewavein
aliquid with freon bubbles and a small volume concen-
tration of helium bubbles of the same size. The time
scalesin Figs. 1laand 1b are 102 s. Above each wave
profile, the wave amplitude (or the amplitude of thefirst
oscillation for agroup of solitary waves and oscillating
shock waves) is indicated. As is seen, for the wave
amplitudes with AP,/P, ~ 1 (Fig. 1a), a small addition
of helium bubbles to the medium does not qualitatively
change the wave structure. From aninitial signal, a sol-

1028-3358/02/4702-0153%$22.00 © 2002 MAIK “Nauka/Interperiodica’
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(a)
0.095 MPa 0.053 MPa 0.037 MPa 0.023 MPa
8 %
I o
3’* & z
I }wf R ] fa
L % - =
X [m] =0.02 0.23 0.5 1.23
(b)
1.24 MPa 0.32 MPa 0.13 MPa 0.09 MPa

X [m] = 0.02 0.23

0.73

1.23

Fig. 1. Evolution of apressurewavein aliquid containing a mixture of freon bubbles and helium bubbles at the distance X [m] from
theinlet to the medium: (a) AP, = 0.095 and (b) 1.24 MPa (d; = d;, = 2.3 mm; ¢ ¢ = 1.0%, ¢y, = 0.2%). Thetime scaleis1 ms.

itary wave is formed. However, the damping of the sol-
itary wave is considerably stronger than in the liquid
containing freon bubbles. Thisis explained by the fact
that the wave structure is, basically, previously formed
by freon bubbles, whereas helium bubbles mainly con-
tribute to damping.

The dissipative energy loss increases with the
amplitude of the wave incoming onto the medium,
which is accompanied by the formation of an oscillat-
ing shock wave from the initia signal (Fig. 1b). The
gualitative change in the wave structure leads, in turn,
to a decrease in its damping, due to additional energy
feeding the forward front of the oscillating shock wave.
As aresult, the effect of the increase in wave damping
due to introducing helium bubbles into the medium is
less pronounced for large-amplitude waves.

One of the possible ways to enhance damping for
large wave amplitudes is an increase in the size of gas
bubbles in the liquid. This makes it possible to form
from theinitial signal a series of solitary waves whose
damping is considerably stronger than that for oscillat-
ing shock waves.

An increase in the volume concentration of helium
bubblesin agasiquid mixture resultsin enhancing the
pressure-wave damping. In the case of a high concen-
tration of helium bubbles (¢}, = 1%, ¢; = 0.2%), shock

waves, whose oscillations rapidly damp, are immedi-

ately formed from an initial signal. Inthiscase, dissipa-
tive processes predominate over nonlinear and disper-
sive processes even for large wave amplitudes. Thisfact
leads to both rapidly smoothing pulsations and the for-
mation of a monotonous shock wave.

Figure 2 displays the pressure-wave damping in the
liquid with bubbles of freon and helium of various vol-
ume concentrations as afunction of the wave amplitude
at adistance X = 1.23 m from theinlet of the wave into
the medium. Here, AP is the (first-oscillation) wave
amplitude at a given distance X from the inlet to the
medium. Asis seen, the helium-bubble concentration in
the gas-iquid density strongly affects the wave damp-
ing. An effect of small relative concentrations of helium
bubbles on damping waves with an amplitude AP/P, ~ 1
(points 1 and 2) is the most pronounced. The wave
damping increases with the relative concentration of
helium bubbles in the medium (under the condition of
preserving the total volume gas content). At the same
time, the effect of helium-bubble concentration on the
wave damping noticeably decreases. For example,
points 5 and 6, which, respectively, correspond to rela-
tively high concentrations of helium bubbles and pure
helium bubbles (without freon bubbles) virtualy coin-
cide. With increasing the relative amplitude AP,/P, of a
wave entering into the medium, the effect of the
helium-bubble concentration on the wave damping
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PRESSURE-WAVE DAMPING IN A LIQUID WITH BUBBLES

AP/AP,

+
0.4+

Xp>oOgo+
LR W~

sl NINCUER

X SX B

0 5 10 15 20 25
APy/P,

Fig. 2. Damping of a pressure wavein aliquid containing a
mixture of freon bubbles and helium bubbles as a function
of the wave amplitude (d¢ = dy, = 2.3 mm): (1) ¢ ¢ = 1.2%,
$h=0;(2) ¢ =1.0%, oy, = 0.2%; (3) ¢ = 0.8%, ¢y, = 0.4%;
(4) ¢f = 0.4%, (I)h = 0.8%; (5) ¢f = 0.2%, ¢h = 1.0%;
(6) ¢f =0, ¢h =1.2%.

decreases. As was shown above, this fact is explained
by coupling solitary waves and the formation of an
oscillating shock wave.

The damping of a pressure wave increases with the
distance X. The strongest effect of this distance on the
wave damping is observed for small wave amplitudes
AP,/P, ~ 1 when solitary waves are not even coupled
into an oscillating shock wave. With an increase in X
and the relative concentration of helium bubblesin the
gas-liquid medium, the damping depends less on the
shock-wave amplitude; thisis caused by the structural
reconstruction of the wave profile.

Asit was shownin[4, 11], the solitary-wave damp-
ing in aliquid that contains gas bubbles of two different
sizesis stronger than in aliquid with gas bubbles of a
single size under similar other parameters for the wave
and the medium. This fact is explained by the resonant
behavior of the bubbles of two kinds, which form an
oscillating solitary wave called multisoliton. In this
study, experimental data are obtained related to the
structure and damping of moderate-amplitude pressure
waves in a liquid with freon bubbles and a relatively
low concentration of smaller-size helium bubbles. It
was shown that the variation of the helium-bubble size
by afactor of more than two virtually affects neither the
wave structure nor the wave damping. Apparently, the
dissipative energy lossin the case of compressing small-
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sized helium bubbles is so high that the bubbles fail to
execute resonant-frequency oscillations and to form
(together with freon bubbles) an oscillating solitary
wave. The helium bubblesfollow only the pressurein the
wave being formed by freon bubbles and insignificantly
affect the structure and damping of the wave.

While investigating wave damping in a liquid with
larger size bubbles, when the general dissipation is
lower, the effect of an increase in the wave damping is
apparently possible in the case of introducing bubbles
into the gas-iquid mixture that correspond to a highly
heat-conducting gas.

Thus, we have demonstrated the possibility of acon-
siderable increase in the damping of moderate-ampli-
tude pressure waves in aliquid containing gas bubbles
by introducing small relative volume concentrations of
bubbles with a highly heat-conducting gas into the
medium.
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We consider a problem concerning the localization
of avibrational processin an elastic space by an array
of rigid parallel planar inclusions. These inclusions,
described in the framework of the Griffith theory [1],
were called in [2, 3] vibration-strength “viruses'.
Although this class of problemsisrather topical, itsrig-
orous mathematical study commenced only recently.
This type of defects (inhomogeneities) most often
arises in nonuniformly strengthened structural ele-
ments, as well as in heterogeneous-layer geological
structures. Inthe latter case, such defectsareinherentin
tectonic plates of break zones and can trigger a brittle
fracture. Methods suggested in the present paper are
also applicable to the mathematical analysis of phe-
nomena arising in three-dimensional integral circuits
used as elements of electronic devices.

In previous papers [2, 3], methods applicable to the
analysis of general integral-equation sets were used to
find out the conditions for the localization of wave pro-
cesses. | n the present paper, studying thisproblemin an
infinite medium, we confirm the concepts of [2, 3]
and demonstrate the ways for practically solving the
problem.

1. We consider an elastic space with L horizontal
inhomogeneities (inclusions) in the orthogond (X;, X,, X3)
reference system. Thelthinhomogeneity (I=1, 2, ..., L)
islocated in the x; = h, plane and occupiesadomain Q, .
The X, = h, boundaries of theinclusions are subjected to
the actions of displacements with amplitudes u, and a
frequency w. We denote the stresses at the boundaries

of inclusions as 1} . According to the definition of [2],
this set of inhomogeneities is the L-level virus of the
class 1 and of the type Q, which is denoted as V(1/h;;
Q,/.../h;; Q). To construct a system of integral equa-
tions relating the displacements and stresses at the
inclusion boundaries, we apply the method of the Fou-
rier transform with respect to the variables x, and x,

* Kuban Sate University,
Savropol’skaya ul. 149, Krasnodar, 350040 Russia
** University of Tennessee, Knoxville,
Tennessee, 37996-1410 USA

introducing the following notation for the displacement
vectorsu and stresses 1;

Vu=sU(ay, 0y, X3)

(0 Xg +05X;)

dx,dxs,

J’J’u(xl, X5, X3)€

VT=T(a,, a,, Xg)

i +
J‘J‘r(xl, Xo5 xg)e'(mlx1 C‘2)(2)dx1dx2.

The integral relationships (similar to those we are
searching for) were derived in [3] but for alevel —co <
X, X £ 400, h_; < X3 < hy. We now represent them in
the vector form

DI T =Di Ty = LUl - LUy,

1)

D|_—1T|+—1—D|_T|_ = I-|_—1U|+—1—|-|_U|_,

*iogh

+01,04,€

*iogh

0,056

+i 05N,

Fa,05€

Fiogh
e

Fiogh

+0,04,€

-+

0 ’

) —'“32h| riogh +i 0 gohy

(2s+a; —0,0,e F20,04,€

A1 tiogh Gzeiia31h|
2 2 2
iagh *idagh ’

Hi a,e —-a,e 0

tiagh *idagh

+ag,e 0 —Q,e

O3 ziagh
+ 31e 31N

where s = \Jy;—a®, s= 0.5y — a2, Vl——,Vz—::o

l)\+2 andc = [wedeC|t|%orong|tudlnd

and tranS/erse waves in the medium; w is the circular
frequency; A and i are the Lamé coefficients; and a? =
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O(f + d 5 The branch a;; of the square root is chosen
from the condition

2|12 2 2
HVJ_G »Yj>a

ag =
Dlv,

J 172 2 2

It is evident that the matrices L and D} are associ-
ated with effects related to interactions of waves prop-
agating inside the layer with itsinhomogeneities.

To derive integral equations, we should eliminate
from relationships (1) (for | = 1) the first equation and

all termswith e **" from the second equation. At the
same time, for | = L + 1, we should omit the second

idgih 4 q

. In the case of

inclusions, we take into account that U; = U = U,.As

aresult, we arrive at the following set of integral rela-
tionships

equation and all terms with e

D;T; = LjU,,

DiT, -=D,T, = LiU,—L;U,,
DiT:1-D;T, = L}
....................................... 2)

D T, =

Solving Egs. (2) with respect to vectors U,, U,, ...,
U, we derive a set of integral equations

ST =U, 3)
T :{TllTZi"-yTL}1 U :{Ul,Uz,...,UL},
S =0, 4)
L = diag{S", S, ... S},
| Jo I o Jine: Jin
Ji | s o Bnoa I
J = Jis Jos | . J;,N—l J;N
Jin-1 dono1 Janog - | NNEPRY
LI Jan Jan o Incan
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Here, T,= T, — T, isthejump of stresses at the bound-
ary of thelth inclusion

S = D'L,-D'L., Ji = D'PyD.,

P00 Hy |a32HkI 'Usszr}

P, = diag{e , , €

The matrix D, can be found from the matrix D} by
eliminating exponentials from the matrix elements.
Note that in the case of L = 2, representation (3) coin-
cides with the similar representation for the case of
antiplanar strain u = (U;, 0, 0), U; = U;(X%, X3), T =
(T13, 0, 0), Ti3 = T13(%, X3), for which it is possible to
obtain the equationsin the analytical form

U, = [T, + ey,

|
21Y,B3

i
2UY,PB3

Here, thefunctionsU,, U,, T,, and T, are the first com-
ponents of the corresponding vector functions U,, U,,
T,,and T,.

2. For set (3), the method of solution wasthoroughly
described in [2, 3], so we do not repeat it here. Note
only that in order to use this method we need informa-
tion concerning the real-valued singularities of the
matrix-function elements describing the set of equa-
tionsin the symbolic form and also zeroes of the deter-
minant for this set.

According to expansion (4), the problem of deter-
mining these singularities reduces to analyzing the
functions ®, and J, . The block-matrix theory yieldsthe
following relationships expressed in dimensionless
coordinates:

&)

U, = [e IBSZHlZTl +T,].

det® = (detSY)",

o 3°(u)
detS,” = ————— >
8i(HY2) BaiB3

Ba = NGRS Ba = J1-1%,

U=, 8 = U BB €= o

In the case of two inclusions, by virtue of the struc-
ture of the J_ matrix, it is easily reduced to the third-
order determinant that can be cal culated on the basis of
the Sarrus rule. For the larger number of inclusions, the
use of this approach is not reasonable, because it calls
for the inversion of high-order matrices. Therefore, the
other methods are used. For example, according to the
compact Gauss scheme [5], the initial matrix J_ isrep-



0 0.2 04 0.6 0.8 1.0

Absolute values of the determinant for L = 2, € = 0.5, and

different values of y,H ,: (1) yaH 2 = 2 ; (2) T8 (3) 275 and

>
(4) 31t

resented as a product of triangular matrices. Then, itis
easy to calculate the determinant in itself.

The presence of the exponentials exp{iBsy,Hpq) in
the elements of the J, matrix can cause pronounced
oscillations of its determinant at large values of the nor-

malized frequency y,Hy, = Zn)\H P9 (A, isthewavelength
t

of the transverse wave), when 0 < u < 1. This feature
can giveriseto regular real-valued zerosin the segment
[0, 1] that was confirmed by results of numerous cal cu-
lations. In particular, the condition of the existence for
the root subsets y,H,, > Tt was determined, namely, the
fact that the distance between the neighboring inclu-
sions should exceed the half-wavelength of the trans-
verse wave in the medium. This condition can be
obtained in the analytical form for antiplanar case (5)
having the root subset

BABESHKO et al.

0 N Ttk DZD
1— .
AT O

Asanillustration confirming the above conclusions,
we display in the figure the behavior of the determinant
absolute value as afunction of the parameter uat L = 2
for different values of the normalized frequency, which
aremultipleto 1t

Thus, the matrix of the set § has real singularities,
such asbranch pointsu=¢, 1, and the main factor deter-
mining the existence of the root subsets [0, 1] of its
determinant is the relative distance between neighbor-
ing inhomogeneities, which is equal to the half-wave-
length.
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INTRODUCTION

In[1, 2], aself-similar solution to the problem of a
shear-free turbulent unstratified mixing layer is pre-
sented. The characteristic property of this solution lies
in the existence of differential constraints [3] isolating
the given class of solutions. It is established that the dif-
ferential constraint derived coincideswith the algebraic
relation (closing relation) for triple correlations found
in [4]. Therefore, we can say that the tensor-invariant
model [4] is substantiated within the framework of the
method of differential constraints.

In this paper, we study the dynamics of a shear-free
stratified mixing layer. Our principal result is presented
by the theorem for the existence of an invariant mani-
fold for the moddl. This makes it possible to solve the
problem for the cases of both stable and unstable flow
stratification. It turns out that the algebraic parameter-
ization for the third moments, which corresponds to the
Zeman—Lumley model [5], defines an equation for the
invariant manifold of the model under consideration,
while the Brunt—Vaisala frequency represents a bifur-
cation parameter in analyzing solutions to the equation
for the turbulence time scale.

1. INVARIANT MANIFOLDS OF THE MODEL

The model [1] used here to describe a shear-free
mixing layer has the third order of closure and is based
on the hypothesis [6] that cumulants of the fifth and
fourth orders are zero and nonzero, respectively. Thus,
this model is represented by the equations

WO

_f[\_ ’

oW _  dwD
ot 0z

—a(l +at’N? (1.1)
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ot 0z 0
7 . 1.2)
] A2y 2y [W
-3 37 —-y(1+at"N?) =
O0e _ 0[x- € 22712, €
5= a—z[armﬁ[g—z} p(L+at’N)E,  (13)
2 6¢c, _2cy(c+1)
Whereor—3,K—CS(C1+2), = 3c, , 0=
3¢,Cq _2¢ (¢, +2) . _ WD ad 8 =
2(c,+2)’ P = 3¢, = €’ a
cim
____1____2_ In addition, w is the vertica pulsatory
8(c, +2)

velocity component; W2(is the single-point second-
order pulsation correlation for the vertical velocity
component; D\Cis the third-order correlation; e is the
spectral flux of the turbulence kinetic energy; N? =

Bg%—? , WhereN isthe Brunt—Véisdlafrequency; B = %
isthe coefficient of volume expansion; © isthe average
potential temperature; g is acceleration of gravity; Css
arethemodel coefficients; and the sign [ denotes aver-
aging.

Since the system of evolution equations has an
invariant manifold, its structure can be simplified [7].
Namely, the existence of differential constraints defin-
ing the invariant manifold makes it possible to reduce

the number of equations and replace the differentiation
operation by a certain algebraic procedure.

One of theinvariant manifolds of system (1.1)—(1.3)
has the form

D = { W0 WOt ¥ (g 1)
= (W0+3T WW T = 0}.

To prove invariance of the set D with respect to the flux
generated by system (1.1)—(1.3), we make certain that

(1.4)
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on the set of smooth solutions to system (1.1)—(1.3) the

operator #'((W?L] bW[) T ) does not change sign [8].
Theorem 1.1. Let 0W?[) W3L] and e be sufficiently

smooth solutionsto system (1.1)—(1.3) and, in addition,
o1 dr

2z % 3

= (2a —y)(1+at’N )+— (15)

K = 0.
Then, the operator #' has the property of conserving
thesign [§].
Corollary 1.1. The set D represents the invariant
manifold of system (1.1)—«1.3).
Corollary 1.2. The differential constraint 7€'(0W2L]

WAL T) = 0, which defines the invariant manifold of
system (1.1)—(1.3), coincides with the algebraic model
of triple correlations [5].

The theorem formulated below forms a basis for
finding different classes of the solutions.

Theorem 1.2. Let constants of model (1.1)—(1.3)
satisfy the equalities
a(2a-y) = a(p-a),
3,

)

Then, on the invariant manifold D, system (1.1)—(1.3)
can be reduced to the form

2,
Wi=7e, W= -8 HNZD"QLZD,

20—y = p—0a, K =20.

(1.6)

0e _ 0[xa € 22712, €
o= a—z[érﬂlx/zt%z}—p(l+at IS A
where T = T (t) isthe solution to the equation
? = (20—y)(1+at’N )+— (1.8)

2. SOLUTIONS ON THE INVARIANT SET
We consider equation (1.8) written out as

ar

Fri BNr(t)+D

@2.1)

where B=a2a -v) andD=§

solution to EqQ. (2.1) depends on signs of the quantities
B, D, and N?. According to calculations, B < 0 and
D > 0. Positive (negative) definiteness of N? corre-
sponds to the cases of stable (unstable) stratification.

2.1. Stabledtratification. Integration of equation (2.1)
allowsiits solution to be expressed as

1) = Atanhi /E%EBNt+Cq%,

+20a —y. Theformof a

GREBENEYV,

ILYUSHIN

D
-BN
determined by the specified initial value T(0);
T, (t) — Aast —» o,

where A =

5 and C, is an integration constant

Initial conditions for equation (1.7) are determined
by the formulation of the problem. They are

D=z, 0) = Ne_, if z<0
Z) = e(Z, =
Cole) =€ ., if 220,

where e_ and €, are positive numbers such that e_< e,.
We introduce the notation

t

0=6(t) = ﬁi(p)dp, () = tXe7(),

_ 1+ac(®N’
Q) = ——~
v ()

6

R 0 O
€z 6) = ufz 8)expl:-{W(p)dp
U 5 U

where €(z, 8) = e(z t). Then the function u satisfiesthe
equation

dus _ @
08 6_2[ saz}
ufz 0) =
ugz, 0)

It is easy to verify that 6: [0

] a 0
I pDrI P(p)dpddE, (2.2)
0 0 D

e, if z<0,
. (2.3)
= e, if z=20.

, +00) —= [0, Bo), where

éo<——— and

aN?
0

0 |
eXpB—J'llJ(p)dp] —0 at 6 — +oo.
0 5 0

The solution to problem (2.2), (2.3) is unique and
invariant with respect to the parametric transformation
group presented in [9]. Thus, u, is a self-similar solu-
tion of the form

~ ~ ~ zZ—27, - =
Uz 8) = ud), &= 70) = Aoi/26,
J28 ’

where A, is a certain constant and problem (2.2), (2.3)
turns into the equation

d’ Ug u s du,

EP' % +(E+A)—==0, (24
dg” dg dg
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us(—oo) =€, us(+°°) = €. (2-5)

~

seting u(€) = §F.
obtain the following boundary value problem for the
Blasius equation:

where C is the new variable, we

26dE+(E+}\)dE2 = 0, (2.6)
dZ d(

d_é = e, d_é = e,. 2.7)

dz —00 dz +00

Lemma 2.1. For arbitrary positive numberse_and
€, (e_<e,), there exists a unique positive solution ug to
problem (2.4), (2.5) [correspondingly, (2.2), (2.3)] such

that convex (E < Q) or concave (E > Q) function ugis
monotonically increasing in the interval (—co, +c0).

Having determined u,, we easily find W?Uand LW0
by the formulas

6

W(z )0 = T<e(z 0) = tugz 6) EXIOE%—J’UJ(IO)dn%,
HES 0

2
Wz, B) = -5t WAz, 6) ma(f o)

Wz 0 = W(z 8)1

2.2. Unstablestratification. For N2 < 0, the solution
to equation (2.1) has the form

s = Atanh(J/(DBN?)t +C,),

where C, is determined by the value T,5(0). We intro-
duce the notation

t

6 = 6(1) = ﬁ'ﬁ;(p)dp.
0

Then, the function u,, defined as

. o 0
Uns(z 8) = €(z B)exp B'UJ(IO)dFH,

_ 1+aci(e)N’
Y6 = —————,
¢(6)
¢(8) = Ta(67(D),
satisfies the equation
auns — 0 auns
06 0_2[ ™ 0z }
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. 2 gt
e:I [JJES (p)ddeE
04
0
It is evident that & —» +w as (DBN?)t +

C, — T Further analysisis similar to the case of the

5
stable stratification.

Lemma2.1 allows formulation of the following the-
orem:

Theorem 2.1. Let kK = 6 and
a(2a-y) = a(p —a), §+2a—y = p-—a.

Then, there is a solution to system (1.1)—(1.3) of the
form

(a) for N> >0,
0

€(z,0) = ugz 6)exp EI—J'UJ(S)dS%
0J 0

t

6 = 6(t) = ﬁi(p)dp,

W (z )0 = Te(z 1),

2
Wiz, )0 = -3t W(z 1) D"’a(zz’ Ul
(b) for N> <0,

8

R 0 0
€z 6) = Uz B)expL-{y(s)ds],
04 0

t

8 = 6(t) = ﬁis(p)dp,
0

W (z )0 = Tee(z 1),
W(z, )0
0z

Here, ug (U, represents the self-similar solution to
problem (2.4), (2.5).

Wz )0 = -5t Wz t)
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The exact solution to the linearized problem of gen-
erating disturbances by a two-dimensional obstacle
performing a periodic motion in aviscous continuously
stratified liquid describes thin boundary layers [1] as
well as progressive waves and makes it possible to esti-
mate the errors of the extensively used method of
sources [2]. The three-dimensional boundary-layer
flow is split into layers of two types [3]. One of them
(viscous periodic flow) is analogous to the Stokes layer
in a homogeneous fluid and has a thickness depending
on the kinematic viscosity and frequency. The spatial
scale of the second (internal boundary) layer depends
on the geometric parameters of the problem [3]. Since
the governing equations are nonlinear, the moving
boundary layers are direct sources of waves. The
parameters of waves generated by aboundary-layer flow
on a horizontal disc performing torsional vibrations are
in satisfactory agreement with measurements|[4]. For the
first time, we consider here the generation of internal
waves through new mechanisms attributed to the non-
linear interaction of boundary-layer flows with each
other and with progressive internal waves or residual
motions into which the internal waves transform when
the disturbance frequency w exceeds the buoyancy fre-
guency N of amedia. Asasource of waves, we consider
an infinite immovable vertical plane whose part per-
forms complex two-dimensional motion, which is the
superposition of two vertical oscillations with frequen-
cies w, and w,. In this case, only the vertical compo-
nent of the surface velocity is nonzero:

|w2

Uz 1) = Us@e ™" + U e (1)

The equations of two-dimensional motion of avis-
cous incompressible stratified liquid without diffusion
have the form

0
(Po+ %@(;{ sy 2y O _ya, 0= 9P

Xox %0z 0~ "ox’
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()
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op, 9P, 9p_  0p _ duy , du,
ot TYgz Thox TG, T 0, x oz =0

where p,(2) is the undisturbed density profile, p is the

density disturbance, u, and u, are the velocity compo-

nents, P isthe pressure minus the hydrostatic pressure,

v is the kinematic viscosity, g is the acceleration of

gravity directed opposite to the vertical z-axis, and A =
2 2

9 5 + 6_ . The boundary conditions are the no-dip

0X 07

condition in the plane,

u(x=0,21t) =0, u(x=0,2z1t =U(zt), 3

and damping of the disturbances at infinity.

In the approximation of weak nonlinearity, the solu-
tion of the problemin thefirst-order perturbation theory
is represented as the sum of solutions of linearized sys-
tem (2) with boundary conditions (3) and the solutions
of the inhomogeneous linearized system

ol, _ 9P
poﬁ - a
a_ﬂz = 0P+ VAU +p,f° 4
pO at - a pO u _pg pO ) ( )

dp ., ~ dpo ou,  ou, _

0t+uzd -m 6x+02 0
with zero boundary conditionsin the plane. The sources
fx f2, and m appear in Egs. (4) upon substituting the
stream function W, which is the solution of the linear-
ized system, into the quadratic terms of Egs. (2) and
have the form

fx = l'leLIJZZ_l'Ile'Isz’
fz = qul'lex_quLszv

+ povAu + pof ,

(&)

m = prpz - Lpszv
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where the subscripts x and z denote the partia deriva-
tives with respect to the corresponding variables. In

Egs. (5), the terms p%% and pvAu are omitted under
the assumption that

A<A, &<,

2v

where A is the typical spatial scale, &, = is the

po

po
the stratification scale. Equations (4) lead to the follow-
ing equation for the correction to the stream function,

LIJ (ax = LlJz, a =—l'|Jx)

thickness of the viscous boundary layer, and A =

[; A+ Nzaa_z_ %A}P
t? X
(6)
_omf _afpy, gom_ =F,
~ otz ax0 Po 0X

where N = J;% is the buoyancy frequency.

Entering into (5), the solution of linearized system (2)
with boundary conditions (3) is represented as the
plane-wave expansion [2, 6]

—i oyt

W = —(LIJl +We Y+ e,

'po
T 2w

—it | po |w2t

‘Plx 2 LIJZX + c.C.,

‘oo ()
ikij ikjbx ikz

= IAj(k)(e —e "edk,

+o00

AK) = k b J’ U,(9e"dz,
]

which describes both the internal waves and the bound-
ary layers (the termswith the subscriptsw and b). Here,
the wave numbers satisfy the dispersion equation

W (K +K) =N +iov(C+K) = 0. (8)

The substitution of solutions (7) into Egs. (5) and (6)
results in the appearance of the terms with different
combination frequencies 0, 2w,, 2w,, and w, * , on
the right-hand side of Eq. (6). To calculate the genera-

tion of waves with the frequency Q = w, — w,, we seek
asolution of Eq. (6) intheform

Y = —[L|J(x e’

iQt] )

+ Plx, 2)e
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Here, the asterisk denotes complex conjugation and
satisfies the equation

[QA Nza——leA} - Fox 2, )
X

;ZLIJ].XXX]

Ll"1zl'|',§xxx]
XL.| + LP 1x 2222

l'l'JZZLplxzz} ’

iQ
FQ = 7{ (1 + CH)[LP’kaquxxz_

+(1—02)[L|J1X gxxz_
+(Gl+a2)[wlxz 2XX l'I'Jlxx

*
- quz 2xzz + l'|J2xl'Ilezz -

(10)

2

a6,

where a; =

A solution of Eqg. (9) is constructed in the form of
the convolution of its right-hand side with the Green’s
function of Eqg. (9):

00 +00

W(x, 2 = ”’G(X, &, 2—-QFq(&, {)dddg. (1)

The conducted calculations demonstrate that the
Green's function satisfying the boundary conditions

9G _0G _ =0at x=0hastheform
ox 0z
iK(z—Q)
G = 4T[QVJ'G(K X, &)e dk, (12)
o 1 01
G =
Ki—Kf\,%
(13)
y |:eiKW\x—£\ _ Kyt KWein(x+E) + 2K, eiKeriKb£i|
Kp —Kw Kp — Ky
K| x— Kp + Ky ik (x+ 2K iK X K [l
_i[eb\ i, Ko ¥ K Jkoxr) bebewz}m
Kp Kp— Ky Kp— Ky 0

where the solutions K,,(k) and K,(k) of the dispersion
equation corresponding to Eq. (9) have the form

ivik|® . [Q
= |k|tan® + ———, Kk, =(i—1)cotb |—. (14

Here, 0= arcsing%g isthe angle between the beams of

the internal waves and the horizontal plane.
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Substituting Egs. (7), (10), (12), and (13) into
Eq. (11) and integrating with respect to ¢, we obtain

+00 +00 00

4 Ie [ [ARA (k=)

—0 0

(15)
x G(K; X, &)F(k, K; &)dEdkdk,

where

F = H(Ky, Kw) — H(Kp, k) — H(Ky, ko) + H(Kp, ko),

H(o, &) = €€ ¥[(k—Kk)o—k&]{ (0 =G) (16)
x[(1+0;)0+(1-0,)0] +K (2k—K)}.

Here,

K = k(9.  ku = Kh(k—K),

ko = Kip(K), ko = Kyp(k—K).

The terms entering into Eqg. (16) for F describe the
nonlinear interaction between the internal waves (this
interaction was calculated in [7]), the interaction of the
internal waves with the boundary layers, and the inter-
action between the boundary layers.

When integrating in Eg. (15) with respect to the
coordinate & in the approximation of low viscosity, we
retain only the terms of the minimum order inv — 0.
Then the terms presenting the direct interaction
between internal waves disappear in Eq. (15), since
they have a higher order inv. The nonlinear interaction
of the boundary layers with each other and with the
internal waves leads to the generation of a wave field,
whose stream function is

+o00 +o00

L g '”j AR AL (k—K)

:mj’

—00

 Harank=Kk, (1—a,)kky
= (17)
D Kp + K Kp — kb
_[(k=K)ky ko] [(1+ )by + (1 Gz)kb][ddK_
(Ko + ko —Kb) (ko — kb) 0

Solution (17) existsfor arbitrary frequencies w, and
w,, in particular, exceeding the buoyancy frequency N.
Since the energy density increases with the wave fre-
guency, only the case w, is of practical importance,
w, > N, where the direct generation of progressive
internal waves isforbidden by the properties of the dis-
persion equation. In this case, it follows from Eq. (8)
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that the roots of the dispersion equation corresponding
to the boundary layer take the form

2 2 2 2
Ko = (1+1) 2wV = (1-0) 2u)2v

Substituting Eq. (7) for A(k) into Eq. (17) and per-
forming integration, we obtain

i
ATVK, (K, + K,

—kb) (K — ko)

|K X ikz

Ie e [Bala(K) + Bol o(K)] &K,

k, —k
By = 2+ a0+ (1—ap) 2, (18)
Kb_ b
k, — ki
B, =2+0,—0,+(1+ay) : ~b,
Kb+kb

+o00

(k) = jua(z)uz(z)e‘i”dz,

+o00

1,(K) = J’ul(z)u;* (2)e"“dz.

If the geometry of the part of the plane moving with dif-
ferent frequencies is characterized by a common func-
tion §2), i.e., Uj(2) = -iwyb,Sz), where b; is the ampli-
tude of corresponding oscillations and maxS(z) = 1,
we have

_ wl(*)zbleB 'K X IKZ —iKk{
P = WI Isz(z)e didk, (19)
_ [31"'[32 .
(Kb +k,— kb)(kb Kb)

Sincethefrequencies w, and w, are high (w,
Q), it follows from (19) that

:%:w>

3(;ob1b2

_ 'K X IKZ —iK{
P = - 8m<bf Isz(z)e dZdk. (20)

As an illustration, we consider the generation of

waves by an a-wide strip when S(z) = 8 |z|D , Where
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9 isthe unit step function. Integrating with respect to
in Eq. (20), we obtain the stream function in the form

3(,0b b2 Ka iKyy X IKZ

= ATTK, J’ dk. (21)

For simplicity, let us consider only one beam propagat-
ing in the first quadrant. Introducing its concomitant
coordinate system (p, ) with the g-axis directed along
the beam, and using Eqg. (14) and (21), we obtain the
vertical displacements h of particlesin the beam

3wb,;b,(1+i)sn6 2
n(p, ) = 2R DNG 20
Kacosh °q 22
_ vk’g
eXpEKp 2Ncos(§3OIK

IKsn

which can be expressed in terms of the standard work
functions F(p, q) [6].

The amplitude of the displacements in the axis of
the single-mode beam excited by the motion of a nar-

J_

row strip Da < Y9V for large distances from a source

%q > ME takes the form

_ ooablbzcosze sin®
- 4mg A VN’
which is proportiona to the product of the oscillation
amplitudes, average frequency, and strip width.

hir(0) (23)

Under the laboratory conditions, when g = 20 cm,
N=1s' a=b,=b,=1cm,0=45° and w=10s?,
Eq. (23) yields the estimate h,(q) = 2 mm that is quite
possibleto observe.

The above method makes it possible to evaluate the
parameters of wave beams for other combination fre-
guencies: double, sum, and zero.

The effects of nonlinear generation are also mani-
fested in the cases of more complex motions of a gen-
erating surface. In particular, let apart of the plane per-
form frequency-modulated oscillations with a constant
amplitude b so that the surface velocity is

Uz t) = —-id'(tbe *S2),
¢'(t) = () = wo(1+psinQt),

where [ is the frequency-modulation depth and the
function S(z) specifies, as above, the geometry of the

(24)

KISTOVICH, CHASHECHKIN

moving part of the plane. Following the above method,
we find the stream function of the generated wave field

3m0

- 161K, IJ()

+00

J(K) = ISz(z)e'szz.

IK X IKZ

(25)

When a source of waves is an a-wide strip, we have

S2) = B |z|D and Eq. (25) takes the form
~ 3“(,00 Ka Ky, X IKZ
Wo = BTk, I dk, (26)

which determines both the beams of interna waves
propagating away from the source to the right. Consid-
ering motion only in thefirst quadrant of the joint coor-
dinate system (p, ), we find the vertical displacements
h of particlesin the beam in the form

3Hoph’(1 +i)sin’0 [y

h(p, q) = ) =
(27)
KacosO B a0
IKsn expB P 2Ncos(%ﬂdK
3
At large distances from the source Eq 5. 2Na’cost Cose%
v

when the beam is single-mode, the integral in Eq. (27)
is calculated and the expression for the displacements
in the beam axis takes the form

3uoo0ab (1+ |)smecos 6
8mg./2vQ

The amplitude of the generated wave is proportional to
the depth of the frequency modulation.

h(q) = (28)

Under natural conditions, when the flows are sub-
stantially nonstationary, the mechanisms under consid-
eration can significantly contribute to the generation
and formation of the internal-wave spectrum. Similar
effects can be observed in the dynamics of other types
of waves (acoustic, surface, inertial, and hybrid), which
also coexist with their boundary layers classified in [8].
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1. Inthis paper, we consider rotationally symmetric
motions of an ideal fluid in the absence of external bulk
forces. The Euler equations describing such motions
have the form

1.2
u +uu +wu,—r-v-+p =0,
-1 _
vituv,+wv,+r uv =0,
W, + uw, +ww,+ p, = 0,
-1
u+r u+w, = 0.

Here, tisthetime; u, v, and w are the velocity compo-
nents along the axesr, 8, and z of the cylindrical coor-
dinate system, respectively; and p is the pressure.

Our main result consists in finding a class of those
exact solutions to system (1) that depend on four arbi-
trary functions of the variable zand one arbitrary func-
tion of the variable t. Using nonlinear substitutions and
certain quadratures, we express these solutionsin terms
of solutions of linear ordinary differential equations of
the second order.

2. The Euler equations admit abroad transformation
group [1] that yields exact solutions to them. Until
recently, invariant solutions of the Euler equationswere
primarily studied (see, e.g., [2]). For amore broad class
of partidly invariant solutions [3], only individual
examples including the so-called singular vortex were
found [4].

This paper is devoted to the analysis of those par-
tially invariant solutions of system (1) that can be rep-
resented as

w=wZzt), u=ur,zt),

p = p(r,z1).

Aswas shown in [5], these solutions are based on asix-
parametric group admissible by the equations for the
three-dimensional unsteady motion of an ideal fluid.
These equations are of the second rank and have a
defect equal to three, which is the maximum number
possible for system (1). Thisimpliesthat they have two

2)

v =v(r,zt),

Lavrent’ev Institute of Hydrodynamics, Sberian Division,
Russian Academy of Sciences,
pr. Akademika Lavrent’ eva 15, Novosibirsk, 630090 Russia

invariant independent variables and three noninvariant
functions to be found.

3. In order to find solutions (2) of system (1), one
should supplement it with the equation w, = 0 and ana-
lyze the consistency of the resulting overdetermined
system of equations. Such an analysis was performed
in[5]. In what follows, we will briefly formulate the
results of that paper.

Let us first assume that v # 0 and w,, # 0. In this
case, solution (2) of system (1) can bewritten out in the
form

u=fregr?, v=r@+x)r*+brr+K-gq",

z

p = 50X~ =Kr™) = [W(@, DL + 9.
0

Here, x and 9 are arbitrary functions of t; K is an arbi-
. w,
trary constant; and functions f = -5

variables z and t satisfy the equations

,a 0, and b of

f +wf,+f’—a =0,

a+wa,+4(a+x)f+x =0,

“)
qt+qu_b = 01
b,+wb,+2fb+4(a+x)q = 0O,
where X :%%(.

The case where v # 0 and w,, = 0 was considered
in[6]. Omitting details, we only note that, under the
additional assumption u, = 0, the function v isfound to
take the form

v = r‘l[(a+ s)r4 + qrz—qz] Uz.

Here, a and q are arbitrary functions of t, and the func-
tion (r, t) satisfies alinear partia differential equation
of thefirst order. Therefore, the trivial z-dependence of
the velocity field is compensated by the more intricate
r-dependence of the circular velocity v and pressure p.

In particular, this allows us to consider the problem
on motion of afluid with the free cylindrical boundary
r = R(t) and a time-dependent vorticity source at the

1028-3358/02/4702-0168%$22.00 © 2002 MAIK “Nauka/Interperiodica’
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flow axis [6]. The fluid-cylinder bases are assumed to
be solid surfacesat z=0and z=kt + |, wherek and | are
constants. This solution could be treated asthe Ovsyan-
nikov’'s solution [7] generalized to vortex fluid flows
with singularities at the symmetry axis.

In the case where v = 0, solution (2) of system (1) is
obtained in quadratures by integrating the Riccati equa-
tion with respect to the unknown t (the second variable
entersinto the initial conditions as a parameter).

Although this case corresponds to an axial motion,
the rotational component can be added to the velocity
field by the following transformation conserving the
form of system (1):

-2
Vi=(v+oa )2 p=p- % ,

where c is a constant. The other variables entering into
system (1) remain as before [8]. The same transforma-
tion allows the constant K to be eliminated from
Egs. (3).

4. Let usconsider solution (3) in detail. Wefirst note
that Eqgs. (4) for a given function w form a hyperbolic
system. The system is decomposed into two sub-
systems to be solved sequentially. The first subsystem
consists of two semilinear equations relating the func-
tions f and a. Upon determining them, the functions q
and b can be found from the system of linear hyperbolic
equations. The fact that the equations are reduced to
hyperbolic system (4) is very noteworthy, because the
initial system of Euler equations (1) is of the mixed
type (the system has both real and complex characteris-
tics). Another remarkable feature of system (4) isthat it
has a unique characteristic direction. Thisfact allowsus
to reduce Egs. (4) to a system of ordinary differential
equations by introducing the Lagrangian coordinates ¢
andt. For agiven function w, therelation between ¢ and
zis determined by the solution of the Cauchy problem

dz _
il w(z t),

Let usintroduce the new desired functions
F(.1) = f(zt), AL =azt),

Q.Y =azt), B =bz1).

In this case, the first two equations in system (4) take
the form

z={( fort =0. &)

Fo=F'—A=0, A+4F(A+x)+X =0. (6

It is natural to consider the following Cauchy problem
for system (6):

F = Fy0),

We now prove that system (6) can belinearized exactly.

According to the second of Egs. (6), the sign of the
function A(C, t) + x(t) isfixed for any fixed value of .

A = AyQ) for t = 0. @)
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When A + X <0, we can introduce the new function G =
[—(A + X)]"? and rewrite Egs. (6) in the form

Fo+F?+G°+X = 0, G+2FG = 0.

It isevident that the functionsF + G=CandF-G=D
satisfy the Riccati equations

C,+C’+X =0, D,+D’+x =0,
which, by substituting C = (Inp), and D = (Ing),, are
reduced to the linear equations
PytXP =0, oy+xo =0, (8)
Initial conditions (7) are satisfied by setting
P=1 p=F0)*+Ge(), o =1,
O; = Fo(Q) —Gy(Q) for t = 0.
Here, G, = [-(A, + X1 and X, = X(0). In the case

of A+ X =0, the substitution A + X = G? reduces sys-
tem (6) to the form

F +F°—G’+X =0, G,+2FG = 0,

which can berewritten asthe Riccati equation H, + H? +
X = 0for the complex function F +iG + H. Inturn, sub-
stituting H = (Inp),, we reduce this equation to the lin-
ear equation

®)

He + XM = 0, (10)

where U is the new complex function. According to
Egs. (7), theinitial conditionsfor Eq. (10) taketheform

H=1, pe= FoQ) +iGe(¢) for t =0,  (11)

where G, = (A) + Xo)%

If the functions F and A are found, the functions Q
and B are determined from the linear Cauchy problem

Q—-B =0, B +2FB+4(A+x)Q =0, (12)

Q = Qu(d), B = By({) for t = 0. (13)

Thus, the equations governing the partialy invariant
solution under consideration admit complete lineariza-
tion. Functional arbitrarinessin this solution is provided
by the function x(t) entering into representation (3) and
those four functions F,,, A,, Q,, and B, of the variable {
that specify initial conditions (7) and (13) for systems (6)
and (12), respectively.

It remains to transform the equation to the Eulerian
coordinates. To perform this transformation, we note
that, according to Eq. (5), the strain z, can be expressed
in terms of solutions of Egs. (8), (9) and (10), (11):

z; = —:-L—-, for A+x<0,
lpal
(14)

z; = —1—, for A+x=0.

u?
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Fig. 1. Function h(t).

Therefore, the function z = Z(Z, t) is determined by a
guadrature under the initial condition z= z(t) att =0,
whereas the function w = Z; of the variableszand t is
found in a parametric form.

5. Although system (6) is solved independently of
Egs. (12), the functions to be found in the initial prob-
lem are coupled through the boundary conditions. It is
precisely the situation that takes place for the fluid
motion in the semi-infiniteimpenetrable cylinder (z> 0,
0 <r < R=congt) with sources and vortices at its axis.

In the case of X = congt, system (12) has a set of the
solutions Q = —-R’F and B = R*(F> — A), where the func-
tions F and A satisfy Egs. (6). For these solutions, we

have u = —%(r — Rr"w, so that the impenetrability

condition u = O is satisfied at the lateral surface of the
semicylinder. The impenetrability condition w = 0 is
also satisfied at the cylinder base for even functions
Fo(Q) and Ay(Q). For such functions, F(¢, t) and A(C, t)
are also even functions of {. Moreover, with regard to

Egs. (14) andtherelationf= —\%Z ,W(z t)isan odd func-

tion of z According to Egs. (3), (5), and (7) and the
above assumption on the functions Q and B, the initial
velocity field for the motion under consideration takes
the form

u=(-RrF2, ws= 2[FoQ)d,

1, 4 2.2 ’ 2 (15)
v = I{PAR) + X - RETAR - @)

+K -R'Fi2}

For given constants R and x and bounded functions F,
and A, the positiveness of the radicand in the formula
for v can be ensured by choosing a sufficiently large
constant K > 0.

Taking into account that the solution of Egs. (6) and
(7) for x = const can be expressed in terms of elemen-
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tary functions and using Egs. (5) and (14), we arrive at
a parametric representation for the solution of the
boundary value problem of the motion of an ideal fluid
in a semicylinder. This solution corresponds to initial
state (15) and depends on two arbitrary functions F(2)
and A,(2). We do not present this representation here
and consider only asimple particular case.

Let x = 1 and both F, and A, > -1 be even finite func-
tions of ¢ on the segment [-1, 1]. Because A, + X > 0, we
have, according to therelationships F + iG = (Iny), and
A+x =G,

F = Re(Inp),, A = [Im(Inp)]°=1,  (16)

where y isasolution of Cauchy problem (10) and (11).
In the case under consideration, this solution takes the
form

W = cost+{FoQ) +i[AQ) + 1] "3 sint.  (17)

The function z(C, t) is determined from the second of
Egs. (14) under the condition z(0, t) = O:

_ 4 —7z.0. for 0 1
Sk (¢, 1), for 0<C<1, (18)
Z(¢, 1) = (—=1+N(t), for (=1,

where h(t) = Z(1, t) isa2Teperiodic function of t. When
deriving the second of Egs. (18), we take into account
that |u|= 1 for { = 1 asfollows from Eq. (17) and the
condition Fy=A,=0for (= 1.

Using Egs. (16)—18), we can describe the motion
under consideration in the parametric form. In particu-

lar, w=2Zfor0<{<1andw= h(t) for{ =2 1. This
implies that the impenetrability condition is satisfied at
each planez= h(t) + N, where N = const > 0. Moreover,
u=0andv=r'(K+rH"for¢=1.

Therefore, the fluid motion in the region bounded by
the planes z = h(t) and z = h(t) + N is similar to the
motion of aplunger. Intheregion0<r<Rand0<z<
h(t), thefluid flow is periodic in time. Such amationis
aresult of interaction between the sources and vortices
distributed on the segment [0, h(t)] at the flow symme-
try axis. In this case, the vortex circulation isequal to a
constant of 21K/, while the source power M = 2TiR’F
isperiodicintime.

In the simplest case where F, = k = const and A, =
| = const, we obtain

C
zC, 1) =I
0

h(t) = [(cost +ksint)?+ (I + 1)sin’t] .
Moreover, the function M is independent of z and has
the form
2k(cos’t —sin’t) + (K% + 1) sintcost

M = -21R > >
(cost + ksint)"+ (I + 1)sint
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Fig. 2. Function M(t).

For k= 1,1 =-0.05, and R= (22, the functions h(t)
and M(t) are shown in Figs. 1 and 2, respectively.
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It iswidely known that titanium nickelide is one of
the most studied aloys exhibiting a shape memory
effect. This effect is based on reversible martensitic
transformations (see, e.g., [1, 2]). It is somewhat less
well known that massive samples of titanium nick-
elide are prepared by the self-propagating high-tem-
perature synthesis (SHS) of nickel and titanium pow-
ders (see, e.g., [3]). The SHS in the powdersis consid-
ered to be a farly well-studied process. However,
investigation of the SHS in thin films has begun only
recently. In[4], it was shown for thefirst timethat in the
case of high heating rates, solid-phase reactions
between layers of two-layer film samples can occur in
the SHSregime. The SHSin thin films represents asur-
face-combustion wave and is characterized by an initi-
ation temperature T, and a front velocity V;. With
increasing substrate temperature Tg, the front velocity
V; increases according to a law close to the Arrhenius
law. The value of V; a Tg dlightly exceeding T, lies

within the range (0.1-0.5) x 102 m s%; therefore, the
front propagation can be easily observed by visual
means. Thus, in the same two-layer film samples, the
solid-phase reactions can be realized in both fast and
slow SHS combustion regimes being determined by the
reaction diffusion. The choice of regime depends on the
control parameter, which is, in fact, the substrate-heat-

dt

During the last three decades, solid-phase reactions
in thin films were an object of intense study (see, e.g.,
[5-9]). In two-layer thin films, these reactions occur at
temperatures of 400-800 K, which are noticeably lower
than in massive samples. Analysis of numerous experi-
mental data has shown that, with increasing tempera-
ture of atwo-layer thin-film sample, aphase (called the
first phase) isinitially formed at the interface. Further

ing rate

Kirenskii Physics Ingtitute, Sberian Division,
Russian Academy of Sciences, Akademgorodok,
Krasnoyarsk, 660036 Russia

elevation of the temperature results in the appearance
of new phases that form a phase sequence (seg, eg.,
[6-9]). The prediction of the existence of pairs, i.e., the
first phase and the sequence of phases, between which
a solid-phase reaction is possible, is extremely impor-
tant for technological applications. In [6, 7], principles
were formulated for the first time that made it possible
to predict the first phase and the phase sequence. Fur-
thermore, these principles were extended and modified,
which allowed the new experimental data of [8, 9] to be
explained. However, even until now, no general rules
for predicting the first phase and the phase sequence
exist.

Under the sequential deposition of films as a result
of chemisorption, the interface can represent a two-
dimensional reaction product. At the temperature of the
solid-phase transformation, a redistribution of atoms
takes place, accompanied by breakage and formation of
new bonds. Therefore, it is natural to associate the ini-
tiation temperature of the solid-phase reactions and the
formation of the first phase in two-layer filmswith tem-
peratures of solid-phase transformations of reaction
products. For example, as was shown in [10], the initi-
ation temperature for the SHS in atwo-layer Fe/S-film
system coincides with the metal—dielectric phase-tran-
sition temperature in the FeS iron monosulfide formed
among reaction products. For the classical (from the
standpoint of the ordering phenomenon) Cu/Au sys-
tem, it was shown that the SHS initiation temperaturein
the Cu/Au two-layer film system is determined by the
temperature of the order—disorder transition in the CuAu
superstructure formed among reaction products [11].
The class of film pairs for which the initiation temper-
ature coincides with the Kurnakov temperature and of
phases precipitating together with reaction products is
extended in [13]. Therefore, a following novd rule is
proposed in [13]:

The first phase formed at the film interface is a
phase being thefirst in the phase-equilibrium diagram,
which has a minimum temperature of structural phase
transformations. Further phase formation accompa-
nied by an increase in the annealing temperature for

1028-3358/02/4702-0095%$22.00 © 2002 MAIK “Nauka/ Interperiodica’



96 MYAGKOV et al.

I, arb. units
X 6 O B2 (NiTi)
L (b) . 0O NiyTi;
o o o A B19'
I A A AAA v BI9

1 1 1 ]
40° 45° 50° 55°

35°
20
Fig. 1. X-ray diffraction patterns for a two-layer

(90 nm)Ti/(75 nm)Ni film sample after the sequential depo-
sition of atitanium layer onto anickel layer at different sub-
strate temperatures; (a) prior to the reaction, Tg = 300 K;
(b) after the reaction, Tg= 420 K.

the solid-phase reactions in thin films is determined by
structural transformations in a given binary system.
The initiation temperature of solid-phase reactions
coincides with temperatures of structural phase trans-
formations.

In this paper, the results of studies of a solid-phase
reaction in an Ni/Ti-two-layer film system is presented.
The main goal of this study is to extend the first-phase
ruleto the martensiti ¢ transformations and to show that,
at the nickel-layer and titanium-layer interface, asolid-
phase reaction arises and martensitic phases among
reaction products are formed. In this case, the initiation
temperature T, coincides with the onset temperature Ag
of the reverse martensitic transformation.

We sequentially deposited nickel and titanium lay-
ers onto glass substrates by employing the ion-plasma
sputtering method. The basis pressure and the pressure
of argon in the sputtering chamber were 6.5 x 10~ and
7.5 x 102 Pa. The sputtering rates were ~0.02 and
~0.01 nm/s for nickel and titanium layers so that the
thicknesses of nickel and titanium films lay within the
range 50-100 and 80-150 nm, respectively. It was
shown in [4] that the SHS in thin films can be initiated
by two methods: either by heating atwo-layer film sam-
pleat arate not lower than 20 K/s up to the temperature
above the initiation temperature (Tg> T,), or by depos-

iting the second layer at the substrate temperature Tg
exceeding the initiation temperature T,,.

The martensitic transitions in the titanium nickelide
reveal a temperature hysteresis, and for the stoichio-
metric composition the temperatures of the onset and
the end of the direct and reverse transformation are
equal: Mg~ 360 K, M; ~ 340 K, As~ 390 K, and A; ~
400 K [2]. In our experiments, Ni/Ti films were depos-
ited at the substrate temperatures T = 300 K (series 1)
and Ts=420K (series2), which are, respectively, lower
and higher than the temperatures M; and A; . We should
also note that in accordance with the phase-equilibrium
diagram within the temperature range 300420 K there
exist no other structural phase transformations in the
Ni—Ti system except the martensitic one. At the sub-
strate temperature Ts= 300 K, the X-ray patternsfor the
series 1 (Fig. 1a) contain reflections only from the
nickel and titanium layers. Thisfact impliesthat only a
two-layer nickel-titanium film system is formed. How-
ever, if the substrate temperature Ts= 420 K, theforma-
tion of compounds at the nickel—titanium interface
begins. X-ray diffraction patterns (Fig. 1b) show that
reaction products contain the reflections of unreacted
nickel and reflections that can be related to the
B2(NiTi) high-temperature austenitic phase, the B19
and B19' martensitic phases, and a metastable form of
the Ni;Ti, phase with the shape-memory effect. Forma-
tion of Ni;Ti and Ti,Ni isalso possible asaresult of the
reaction. As a whole, those phases are formed among
the reaction products, which are contained in powders
after the SHS [3]. The measurement of the magnetic
moment of the samples, which is proportiona to the
thickness of unreacted nickel, shows that the reaction
does not occupy the entire depth of the sample but pen-
etrates to a thickness not exceeding 40 nm. The depen-
dences of the electrical resistance R(Tg) on the substrate
temperature Tg manifest a large variety, al of them
exhibiting a nonmonotone behavior in the region of the
martensitic transition. A typical plot for R(Tg) is shown
in Fig. 2, which has a nonmetallic behavior. The pres-
ence of oxygen atoms and nitrogen atoms that absorb
the titanium layer can strongly affect the dependence
R(Tg). The nonmonotonic behavior of this dependence
shown in Fig. 2 coincides with the dependence R(Tyg) in
NiTi films[13] and confirmsthefact that, basically, mar-
tensitic phases are formed among reaction products.

Ni/Ti two-layer film samples obtained at atempera-
ture Ts= 300 K (series 1) were heated up to the temper-
ature of 800 K at arate of ~20 K/s, which is necessary
for initiating an SHS wave. However, the propagation
of the SHS front was not visually observed. Therefore,
these samples were subjected to rapid temperature
annealing. This consisted in heating at arate of ~20 K/s
up to the temperature required, holding at this temper-
ature for 30 s, and cooling at a rate of ~10 K/s. The
dependence of the thickness d(Ni) of reacted nickel on
the substrate temperature Tg for rapid temperature
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annealing is shown in Fig. 3. This dependenceis of the
Arrhenius type. Since the quantity d(Ni) is proportional
to thereaction rate, the activation energy E, = 20 kJ/mol
was determined from the dependence of d(Ni) on Ts.
This value is close to that of the activation energy for
the martensitic transformation in steels (~5 kJ/mol) and
strongly differs from the average activation energy of
the solid-phase reaction in Ni/Ti-multilayer samples
(~150 kJmol), which was determined in [14]. It isseen
from Fig. 3 that the formation of compounds at the
nickel—titanium interface begins from the temperature
Ts< 420K and proceedsin aregime of thereaction dif-
fusion. The dependence of the thickness d(Ni) of the
reacted nickel on the annealing time t at a substrate
temperature T = 420 K is close to the parabolic law
d*(Ni) ~ D,. Determination of the diffusivity D yields
the value of D on the order of ~0.5 x 107 m?/s. This
value is by afactor of 103-10° higher than that for the
bulk diffusivity of metals at atemperature of 420 K and
is close to the diffusivity related to grain boundaries.
The diffusion along grain boundaries is assumed to be
a predominant mechanism in the formation of com-
poundsin thin films. However, the martensitic transfor-
mations, in which the austenitic phase transformsinto a
martensitic one by the cooperative displacement of lat-
tice atoms are diffusion-free. As is shown above, the
mass transfer to depths attaining 40 nm to both sides
occurs from the interface between the layers of nickel
and titanium at the temperature somewhat higher
than A;. This implies a mechanism of mass transfer in
thin films that is aternative to the diffusion. Such a
mechanism consists in the fact that the transfer of
reagent atoms (possibly, the transfer of their complete
planes) to each other is accompanied by the formation
of reaction products by cooperative displacement. This
mechanism is analyzed in [15].

It was shown previoudly in [14] that in Ni/Ti multi-
layers the solid-phase reaction occurs at temperatures
between 420 and 600 K. This reaction is accompanied
by the formation of an amorphous phase among the
reaction products. However, the X-ray diffraction pat-
terns obtained in this study exhibit an amorphous halo
for thereflection angles 26 belonging to therange { 36°,
44°}, which is characteristic of reflections from the
martensitic phase of titanium nickelide.

The closeness of theinitiation temperature T, for the
solid-phase reaction between layers of nickel and tita-
nium to the temperatures of martensitic transformation
in the titanium nickelide suggests that T, must coincide
with the temperature of the martensitic transition into
the austenitic phase, i.e., with the temperature Ag of the
onset of the reverse martensitic transformation.

At the present time, it is generally accepted that, in
the martensitic transitions, atoms cooperatively shift to
distances not exceeding the lattice parameter without
affecting the nearest environment. The results of this
study show that, at the onset temperature of the reverse
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R(Tg) of the two-layer (90 nm)Ti/(75 nm)Ni film samplein
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Fig. 3. Dependence of the thickness d(Ni) of nickel reacted
in the two-layer (110 nm)Ti/(50 nm)Ni film sample on the
substrate temperature Tgin the regime of rapid temperature

annealing.

martensitic transformation, a significant mass transfer
(up to distances of ~80 nm) accompanied by the forma-
tion of compounds in two-layer film condensates takes
place. At this temperature, the process of the martensi-
tic transformation is actually a secondary result. This
assumes similar chemical mechanisms of martensitic
transformations, as well as synthesis that has a long-
range nature. The long-range mechanism of the synthe-
sis determines the processes of martensitic transitions
by which the breakage and formation of new bonds can
arise (possibly with a change of their types). It is well
known that the martensitic transformations can occur at
very low temperatures. Therefore, on this basis, we can
assume that even at these temperatures, compounds can
be formed at the interfaces of film condensates.
Mechanical stresses also strongly affect the kinetics of
martensitic transitions. Thin films are practicaly
always under the action of large mechanical stresses
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capable of affecting the kinetics and the character of
solid-phase transformations of two-layer systems, pro-
vided that martensitic phases are formed among the
reaction products. In numerous studies of solid-phase
reactions in thin films, the formation of martensitic
phases was not found. The results of this study imply
that the martensitic phases not only can be formed in
the reaction products but also determine the pairs of
reagents and temperatures of solid-phase reactions in
thin films.
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Asiswell known, the Shafranov equation

aiv = 160 82T[22dG
r dy 2 dy

is used to find the steady-state solution to equations of
magnetohydrodynamics for a spatialy bounded and
axially symmetric plasma configuration [1]. Here, the
functions F and G are expressed in terms of the plasma
pressure p and the total current J across a circle of
radiusr perpendicular to the z-axis, respectively:

F(W) = p(r, 2),

ey

G(yp) = J'jZXZT[r dr = J(r, 2).
0

The corresponding components of magnetic induction
are expressed as

_ 10y o _ 13w o _2G
r 2rrdz’ ¢ 2mrar’ ® cor’

In previous studies, it was demonstrated that an
approach based on scale invariance makesit possible to
obtain solutions that describe transient one-dimen-
siona plasma mations belonging to the class of flows
with a velocity proportional to the distance from the
center of symmetry (see [2, 3] and references cited
therein).

The method proposed in this paper can be used to
find atime-dependent sol ution to the magnetohydrody-
namics equations

0B

divB =0, i curl[VB], 2)
9P 4 givoV =
3t +divpV = 0, 3)
dVv _oVv _ 1 1
T +(vO)V = 4T[p(BcurIB) pr 4)

for an axially symmetric plasma configuration when
the corresponding steady state is described by a solu-
tion to the Shafranov equation. The resulting solution
describes the unsteady motion of the class indicated
above.

Let R and L be the characteristic radius and axial
length of a quiescent plasma, r%pectively Replacing r

and zby thenewvarlablesx— = andZ = =, werewrite

the magnetic flux density and plasma density as

W(r, 2 = W(x, ¢) and p = ®(x, (), respectively. Here,
® isacertain function.

This change of variables leads to somewhat differ-
ent forms of both Eq. (1) and expressions for the radial
and axial components of the magnetic induction:

1Y 104, 19°%

Ry’ xox0 " 2oz -
s 22dF  8TCdG’
= WX R GG~ 2 qw
1 Y 1 oy
(6)

% T RO T 2Ry X
We now denote by a = a(t) and b = b(t) the charac-
teristic dimensions of a moving plasma, which were
introduced above. Suppose that a(0) = Rand b(0) = L
For a plasma motion of the class under consideration,
the velocity components and density are expressed as

LR

V, = af, V,=0, V,=bn, p—gm(z n),

EZ) are scale-invariant variables.

The expressionsinvolved in Eqg. (6) suggest that the
radial and axial components of magnetic induction in a
moving plasma should be represented in terms of the
function Y(r, z, t) = W(&, n) as

where & = g andn =
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The applicability of these expressions can be demon-
strated by directly substituting expression (7) into
Egs. (2). However, we propose here a simpler method
based on a corollary to these equations.

The frozen-in condition for the magnetic-field lines
described by Egs. (2) implies that

dEBDSD _
dtl p O ' ®)

where the quantity Sis preserved

(E Inamov-

ing plasma. Since & and n are scalelnvarlant variables,
it can be readily shown that expressions (7) are consis-
tent with condition (8). Furthermore, setting S= ¢, we
find an expression for the azimuth component of the

. .o 2LG(W)
magnetic induction: By, = —abct
The results obtained above can be used to calculate
the components of current density j = 4%1 curlB:
. L ol . cr . [
jr = 5=y = ——sdive,
21broz 8 r?
&)
C__Loa
2= Srbrar

where I(r, z, t) = GU. As in the case of a quiescent
plasma, the function | represents the magnetic flux
density for a circle of radius r perpendicular to the
z-axis. According to Egs. (9), thefunction | correspond-
ing to an unsteady motion differs from the total current

across above-indicated circle: | = t—JLg .We also consider

that the same dependence p = F(U) is applicablefor the
moving-plasma pressure.

Asaresult, we find from Euler equation (4) that

e AV Aoy
a¢ = —

apdt’ 1~ “bpan’

Here, for brevity, the notation is used:

(10)

dF 1 L fdG’
+
d¥ ~ 2mlabcE] dw

1 [1[@w 194, 1aw}
16m°ate?la?los? €080 p?on?

Asiseasy to understand, if the function W(x, ) sat-
isfies EQ. (5), then the solution to ordinary differential

A=

NAUMOV

equations (10) takes the form
a=R1+ut), b=L.

In the case when the flow density is distributed in the
azimuth direction in the steady configuration under
study, i.e., G = 0, the solution is possible with a plas-
moid dependent on time and having a longitudinal
dimension

a=R1d+ut), b=L(1+wt).

Here, u and w are certain constants.

Thus, using the solutions to the Shafranov equa-
tions, we can construct the unsteady solution to the
magnetohydrodynamics equations, which describesthe
variation of the dimensions of an axially symmetric
plasma configuration. The unsteady motion of plasma
is determined by both the time dependence of the elec-
tric current flowing in the plasma and the magnitude of
the external confining field.

Asanillustration of the applicability of the method
proposed here, we consider a spherical configuration
with an azimuth current density [1]. This configuration
is described by a time-independent solution analogous
to Hill’s vortex in fluid dynamics:

_ 3. o+ ?
qJ - ET[BOr |:| RZ

-1 (11)

where B, represents the externa confining magnetic
field and Risthe radius of the plasmaball. This config-

15B
uration is characterized by F = — > sz and G = 0.
16T°R

SincelL = Rinthiscase, expression (11) isequivalent to

WX, Q) = S8R (C + - 1),

In accordance with the scheme devel oped above, we
obtain the following results for unsteady motion of the
plasmaball:

R o’ +7
(.2 = W(En) = —nBo ZE et N C
_a oy _A - edn
Vesro V=0, V=2, p=ga%E5
3R’ R 2r?+7
BI‘ = BO—Z—a?rZ, BZ = _BOZaZD 2 _J.D
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Comparing expressions (11) and (12), we can see
that the obtained solution to the magnetohydrodynam-
ics equations describes a spherical plasma configura-

tion placed in an unsteady external magnetic field with
2

the induction B,,, = B, % . The distribution of the

current density is also a function of time: j, =

_15cBOR2r

4
8ma

the shape of a prolate or oblate spheroid can be
obtained in a similar manner by using the correspond-
ing solution to the time-independent problem [4].

. A solution describing a plasmoid that has

DOKLADY PHYSICS Vol. 47 No.2 2002
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