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Abstract—A theoretical analysisof solutions of renormalization group equationsin the minimal supersymmet-
ric standard model, which lead to a quasi-fixed point has shown that the mass of the lightest Higgs boson in
these models does not exceed 94 + 5 GeV. This implies that a considerable part of the parameter space in the
minimal supersymmetric model is in fact eliminated by existing LEPII experimental data. In the nonminimal
supersymmetric standard model the upper bound on the mass of the lightest Higgs boson reaches its maximum
in the strong Yukawa coupling regime when the Yukawa constants are substantially greater than the gauge con-
stants on the grand unification scale. In the present paper the particle spectrum is studied using the s mplest modifi-
cation of the nonminimal supersymmetric standard model which gives a sdf-consistent solution in this region of
parameter space. Thismodel can givem, ~ 125 GeV even for comparatively low valuesof tanf3 =1.9. The spectrum
of Higgs bosons and neutralinosis analyzed using the method of diagonalizing mass matrices proposed earlier.
In this model the mass of the lightest Higgs boson does not exceed 130.5 + 3.5 GeV. © 2000 MAIK

“ Nauka/Interperiodica” .

1. INTRODUCTION

The search for the Higgs boson remains one of the
top priorities for existing accelerators as well as for
those still at the design stage. Thisis because this boson
plays a key role in the standard model which describes
al currently available experimental data with a high
degree of accuracy. Asaresult of the spontaneous sym-
metry breaking SU(2) x U(1) the Higgs scalar acquires
a honzero vacuum expectation value without destroy-
ing the Lorentz invariance, and generates the masses of
all fermions and vector bosons. An analysis of the
experimental data using the standard model has shown
that there is a 95% probability that its mass will not
exceed 210 GeV [1]. At the same time, assuming that
there are no new fields and interactions and also no
Landau pole in the solution of the renormalization-
group equations for the self-action constant of Higgs
fields up to the scale M, = 2.4 x 10*® GeV, we can show
that m, < 180 GeV [2, 3]. Inthis case, physical vacuum
isonly stable provided that the mass of the Higgs boson
is greater than 135 GeV [2-6]. However, it should be
noted that this simplified model does not lead to unifi-
cation of the gauge congtants[ 7] and asol ution of the hier-
archy problem [8]. Asaresult, the construction of aredis-
tic theory which combinesall thefieldsand interactionsis
extremely difficult in this case.

Unification of the gauge constants occurs naturally
on the scale My = 3 x 10% GeV within the supersym-

metric generalization of the standard model, i.e., the
minimal supersymmetric standard model (MSSM) [7].

In order that all the fundamental fermions acquire mass
in the MSSM, not one but two Higgs doublets H; and
H, must be introduced in the theory, each acquiring the

nonzero vacuum expectation value v; and v, where v2 =

vZ + v = (246 GeV)2. The spectrum of the Higgs sector

of the MSSM contains four massy states: two CP-even,
one CP-odd, and one charged. An important distin-
guishing feature of the supersymmetric model is the
existence of a light Higgs boson in the CP-odd sector.
The upper bound on its mass is determined to a consid-
erable extent by the value of tanf3 = v,/v;. Inthe tree
approximation the mass of the lightest Higgs boson in
the MSSM does not exceed the mass of a Z boson (M =
91.2 GeV): m, < M,cos23 [9]. Allowance for the con-
tribution of loop corrections to the effective interaction
potential of the Higgs fields from a t quark and its
superpartners significantly raisesthe upper bound oniits
mass.

m, < JM2cos’2B + A0 + AP )
HereAY and A? are the single-loop [10] and two-
loop [11] corrections, respectively. The values of these
corrections are proportional to mf , Wherem istherun-
ning mass of at quark which depends logarithmically
on the supersymmetry breaking scale Mg and is almost
independent of the choice of tanf3. In[3, 5, 6] bounds
on the mass of the Higgs boson were compared in the
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minimal standard and supersymmetric models. The
upper bound on the mass of a light CP-even Higgs

boson in the MSSM increases with increasing tanf3
andfor tanf3 > 1inrealistic supersymmetric models
with Mg < 1000 GeV reaches 125-128 GeV.

However, a considerable fraction of the solutions of
the system of MSSM renormalization-group equations
isfocused near theinfrared quasi-fixed point at tanf3 ~ 1.
In the region of parameter space of interest to us
(tanB < 50) the Yukawa constants of ab quark (h,) and
aT lepton (h,) are negligible so that an exact analytic
solution can be obtained for the single-loop renormaliza-
tion-group equations [12]. For the Yukawa constant hy(t)
of at quark and the gauge constants g;(t) its solution has
the following form:

E(t) .
_ 6F(t) ~ o 050
Y(t) = 1+—1 ai(t) = ETYAON
6Y (O F(t)
_ T O() 110 o) T8 o () TR )
B0 = [&3(0)} [&2(0)} [&1(0)} ’

Rt = [EM)r,
0

where the index i has values between 1 and 3,
bi = 33/5, b2 = 1, b3 = _3,

G = 207

= Oapne YO = hod

T Ogn O

The variable t is determined by a standard method: t =

In(M i /9?). The boundary conditions for the renormal-
ization-group equations are usually set at the grand uni-
fication scale My(t = 0) where the values of al three
Yukawa constants are the same:

a,(0) = a5(0) = a5(0) = a(0).

On the electroweak scale where h? (0) > 1 the second
term in the denominator of the expression describing
the evolution of Y,(t) is much smaller than unity and all
the solutions are concentrated in a narrow interval near
the quasi-fixed point Yoep(t) = E(t)/6F(t) [13]. In other
words in the low-energy range the dependence of Y;(t)
on the initial conditions on the scale My disappears. In
addition to the Yukawa constant of the t-quark, the cor-
responding trilinear interaction constant of the scalar
fields A, and the combination of the scalar particle

2 2 2 2
masses 0y =mg + my + m; also cease to depend on

A(0) and MZ(0) as Y,(0) increases. Then on the elec-
troweak scale near the infrared quasi-fixed point A(t)
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and fIRtZ (t) are only expressed in terms of the gaugino
mass on the grand unification scale. Formally this type
of solution can be obtained if Y,(0) is made to go to
infinity. Deviations from this solution are determined
by the ratio 1/6F(t)Y;(0) which is of the order of

1/10h? (0) on the electroweak scale.

The properties of the solutions of the system of
MSSM renormalization-group equations and also the
particle spectrum near the infrared quasi-fixed point for
tanf3 ~ 1 have been studied by many authors [14, 15].
Recent investigations[15-17] have shown that for solu-
tions Y,(t) corresponding to the quasi-fixed point
regimethevalue of tan3 isbetween 1.3 and 1.8. These

comparatively low values of tanp yield significantly
more stringent bounds on the mass of the lightest Higgs
boson. The weak dependence of the soft supersymme-

try breaking parameters A(t) and SJEIZ (t) on the bound-
ary conditions near the quasi-fixed point meansthat the
upper bound on its mass can be calculated fairly accu-
rately. A theoretical analysis made in [15, 16] showed
that m, does not exceed 94 + 5 GeV. This bound is
25-30 GeV below the absol ute upper bound in the min-
imal supersymmetric model. Since the lower bound on
the mass of the lightest Higgs boson from LEPII datais
113 GeV [1], which for the spectrum of heavy supersym-
metric particlesisthe same asthe corresponding bound on
the mass of the Higgs boson in the standard model, acon-
siderable fraction of the solutions which come out to a
quasi-fixed point in the MSSM, are dmost eliminated by
existing experimental data. This provides the stimulus
for theoretical analyses of the Higgs sector in more
complex supersymmetric models.

The simplest expansion of the MSSM which can
conserve the unification of the gauge constants and
raise the upper bound on the mass of the lightest Higgs
boson is the nonminimal supersymmetric standard
model (NMSSM) [18-20]. In addition to the doublets
H, and H,, the Higgs sector of this model contains
the additional singlet superfield Y relative to the
gauge SU(2) x U(1) interactions. The most attractive
region of the NMSSM parameter space from the point
of view of theoretical analysisis that corresponding to
the limit of strong Yukawa coupling when the Yukawa
constants on the grand unification scale My are substan-
tially larger than the gauge constant g 7. Thisis the
region where the upper bound on the mass of the light-
est Higgs boson reaches its maximum, which is several
gigaelectronvolts larger than the corresponding abso-
[ute bound in the MSSM. In addition, in this particular
case it is possible to select the interaction constants so
as to achieve the unification of the'Yukawa constants of
ab quark and at lepton on the scale My [21, 22] which
usually occursin grand unification theories [23].

However, the mass of the lightest Higgs boson in the
NMSSM differs substantialy from its upper bound [24].
In this connection, the present paper examinesavery sm-
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ple model inwhich m, reachesits upper theoretical bound
for a specific choice of fundamental parameters. This
model is abtained by modifying the nonminimal super-
symmetric model and yields a self-consistent solution
in the strong Yukawa coupling regime where, even for
comparatively low values of tanf3 = 1/9, the mass of
the lightest Higgs boson in the modified NMSSM may
reach 125-127 GeV. Although the parameter space of
thismodel is enlarged considerably, the theory does not
loseits predictive capacity. The proposed model isused
to study characteristics of the spectrum of superpart-
ners of observable particles and Higgs bosons. The
mass of the lightest Higgs boson in this model does not
exceed 130.5 + 3.5 GeV.

This bound on the mass of the lightest Higgs boson
is not the absolute upper bound in supersymmetric
models. For instance, it was shown in [25] that by intro-

ducing four or five additional 5 + 5 multiplets of mat-
ter, the upper bound on m, in the NMSSM is increased
to 155 GeV. Recently the upper bound on the mass of
the lightest Higgs boson has been actively discussed using
more complex expansions of MSSM theory [26-28]. In
particular, in addition to the singlet it is also possible to
introduce several SU(2) tripletsinto the Higgs sector of
supersymmetric models. Their appearance destroys the
unification of the gauge constants at high energies. In
order to reconstruct this, in addition to triplets we also
need to add several multiplets of matter which carry
color charge in the SU(3) group but do not participate

in SU(2) x U(1) interactions, for example 4(3 + 3).
A numerical analysis made in [27] shows that unifica-
tion of the gauge constants then occurs on the scale

Mx ~ 10% GeV and the mass of the lightest Higgs
boson does not exceed 190 GeV. The existence of a
fourth generation of particlesin the MSSM [28], which
is extremely problematica from the point of view of the
known experimental data, also leads to an appreciable
increase in the upper bound on m,. Consequently, an
increase in the upper bound on the mass of the lightest
Higgs boson in the supersymmetric models is usualy
accompanied by a substantial increase in the number of
particles in the model's which may be counted as a seri-
ous disadvantage of this type of model. In the present
study, unlike those noted above [ 25-28], we examine the
dependence of m, and the particle spectrum on the fun-
damental parameters of the modified nonminimal super-
symmetric model in the strong Yukawa coupling regime.

2. PARAMETERS OF THE NONMINIMAL
SUPERSYMMETRIC STANDARD MODEL
IN THE STRONG YUKAWA COUPLING REGIME

By definition the superpotentia of the nonminimal
supersymmetric model is invariant with respect to the
discrete transformations y, = exp(2mi/3)y, of the Z;
group [19] which means that we can avoid the problem
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of the p-term in supergravity models. Z;-symmetry
usually occursin string modelsinwhich all thefields of
the observable sector remain massless in the exact
supersymmetry limit. In addition to observable super-
fields y,, supergravity theories also contain a hidden
sector in which local supersymmetry is broken. In mod-
ern supergravity theoriesthis sector includes singlet dila-
ton Sand moduli T, fields with respect to gauge interac-
tions. These fields always appear in four-dimensional
theory and they occur as a result of the compacting of
additional dimensions. The vacuum-averaged dilaton
and moduli fields determine the val ues of the gauge con-
stants on the grand unification scale and a so the dimen-
sions and shape of compacted space. The superpoten-
tial in supergravity modelsis usually represented as an
expansion in terms of superfields of the observable sec-
tor [29]:

~ 1
W = WO(S, Tm) + ZUGB(S Tm)yoryB
(3)
1
+ éhagy(s To)YaYpYy:

where Wy (S, T,,) is the superpotential of the hidden
sector. In EQ. (3) summation is performed over the
recurrent Greek subscripts. The requirements for con-
servation of R-parity [30] and gauge invariance have
the result that the single parameter W is retained in the
MSSM which corresponds to the term p(H;H,) in the
superpotential (3). However, the expansion (3) assumes
that this fundamental parameter should be of the order
of Mg since this scale is the only dimensional parame-
ter characterizing the hidden (gravity) sector of the the-
ory. In this case, however, the Higgs bosons H; and H,

acquire an enormous mass my_y, = u2 = Mg, and no

breaking of SU(2) ® U(1) symmetry occurs. In the
NMSSM the term u(H;H,) in the superpotential (3) is
not invariant with respect to discrete transformations of
the Z; group and for this reason should be eliminated
from the analysis (1 = 0). Asaresult of the multiplica-
tive nature of the renormalization of this parameter, the
term p(q) remains zero on any scale g £ My—Mp . How-
ever, the absence of mixing of the Higgs doublets on the
electroweak scale has the result that H, acquires no vac-
uum expectation value as aresult of the spontaneous sym-
metry bresking and d-type quarks and charged leptons
remain masdess. In order to ensure that al quarks and
charged leptons acquire nonzero masses, an additional
singlet superfield Y with respect to gauge SU(2) ® U(1)
transformations is introduced in the NMSSM. The
superpotential of the Higgs sector of the nonminimal
supersymmetric model [18-20] has the form

W, = AY(H1H2)+§Y3. (4)
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As a result of the spontaneous breaking of SU(2) ®
U(1) symmetry, thefield Y acquires a vacuum expecta

tion value (OYO= y/./2) and the effective u term (1 =
AY/./2) is generated.

In addition to the Yukawa constants A and K, and also
the standard-model constants, the nonminimal super-
symmetric model contains a large number of unknown
parameters. These are the so-called soft supersymmetry
breaking parameters which are required to obtain an
acceptable spectrum of superpartners of observable par-
ticles from the phenomenological point of view. The
hypothesis on the universal nature of these constants on
the grand unification scale allows us to reduce their
number in the NMSSM to three: the mass of all the scalar
particles my, the gaugino mass M, ,, and thetrilinear inter-
action congtant of the scalar fields A. In order to avoid
strong violation of CP parity and aso spontaneous break-
ing of gauge symmetry at high energies (Mp > E > m)
as aresult of which the scalar superpartners of leptons
and quarks would acquire nonzero vacuum expectation
values, the complex phases of the soft supersymmetry
breaking parameters are assumed to be zero and only

positive values of mS are considered. Naturally univer-

sal supersymmetry breaking parameters appear in the
minimal supergravity model [31] and also in various
string models [29, 32]. In the low-energy region the
hypothesis of universal fundamental parameters can avoid
the appearance of neutral currents with changes in flavor
and can smplify the analysis of the particle spectrum as
far as possible. The fundamental parameters thus deter-
mined on the grand unification scale should be considered
as boundary conditionsfor the system of renormalization-
group equations which describes the evolution of these
constants as far as the electroweak scale or the supersym-
metry breaking scale. The complete system of renormal -
ization-group equations of the nonminimal supersym-
metric model can be found in [33, 34]. These experi-
mental dataimpose various constraints on the NM SSM
parameter space which were analyzed in [35, 36].

The introduction of the neutral field Y in the
NMSSM potential leads to the appearance of a corre-
sponding F term in the interaction potential of the
Higgs fields. As a consequence, the upper bound on the
mass of the lightest Higgs boson is increased:

2
mhsJ%v2§n228+M%c0522[3+A(1?+A(1?. (5)

The relationship (5) was obtained in the tree approxi-
mation (A, = 0) in [20]. However, loop corrections to
the effective interaction potential of the Higgs fields
from the t-quark and its superpartners play avery sig-
nificant role. In terms of absolute value their contribu-
tion to the upper bound on the mass of a Higgs boson
remains approximately the same as in the minimal
supersymmetric model. When calculating the correc-
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tions ALY and A we need to replace the parameter

by Ay/./2. Studies of the Higgs sector in the nonmini-
mal supersymmetric model and the single-loop correc-
tions to it were reported in [24, 33, 36-39]. In [6] the
upper bound on the mass of the lightest Higgs boson in
the NMSSM was compared with the corresponding
bounds on my, in the minimal standard and supersym-
metric models. The possibility of a spontaneous |oss of
CP parity in the Higgs sector of the NMSSM was stud-
ied in[39, 40].

It follows from condition (5) that the upper bound
onm, increasesas A increases. Moreover, it only differs
substantially from the corresponding bound in the
MSSM in the range of small tanf3. For high values

(tan > 1) the value of sin2f3 tends to zero and the
upper bounds on the mass of the lightest Higgs boson
in the MSSM and NMSSM are amost the same. The

case of small tanf3 isonly achieved for fairly high val-
ues of the Yukawa constant of at-quark h; on the elec-

troweak scale [h(ty) = 1 where t, = In(M%/m?) and

tanf decreaseswithincreasing hy(ty). However, an analy-
sisof the renormalization-group equationsin the NM SSM
shows that an increase in the Yukawa constants on the
electroweak scale is accompanied by an increase in hy(0)
and A(O) on the grand unification scale. It thus becomes
obvious that the upper bound on the mass of the lightest
Higgs boson in the nonminimal supersymmetric model
reaches its maximum in the strong Yukawa coupling
limit, i.e., when h,(0) and A(0) > q;(0).

In our previoustwo studies[21, 41] we analyzed the
renormalization of the NMSSM parameters in the
strong Yukawa coupling regime. We showed [21] that
as the values of the Yukawa constants on the scale My
increase, the solutions of the renormalization-group
equations on the electroweak scale are pulled toward a
quasi-fixed (Hill) line (k = 0) or surface (k # 0) in
Yukawa constant space, which limit the range of per-
missible values of h;, A, and k. Outside thisrangein the
solutions of the renormalization-group equations for

Y,(t) where Y,(t) = h? (t)/(41)?, Y,(t) = A3(t)/(4m)2, and
Y, (t) = K?(t)/(4m)?, a Landau pole appears below the
grand unification scale and perturbation theory cannot

be applied when ¢? ~ Mi.AIong the Hill line or surface
the values of Y;(t) are distributed nonuniformly. AsY;(0)
increases, the region in which the solutions of the
renormalization-group equations are concentrated on
the electroweak scale in the strong Yukawa coupling
regime becomes narrower and in the limit Y;(0) —= oo
all the solutions are focused near the quasi-fixed points.
These pointsareformed asaresult of intersection of the
Hill line or surface with the infrared fixed (invariant)
line. This line connects the stable fixed point in the
strong Yukawa coupling regime [42] with the infrared
stable fixed point of the system of NMSSM renormal-
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ization-group equations [43]. The invariant lines and
their properties in the minimal standard and supersym-
metric models were studied in detail in [44].

As, with increasing Y;(0), the Yukawa constants
approach the quasi-fixed points, corresponding solu-
tions for the trilinear interaction constants A;(t) and the

. . . . 2
following combinations of scalar particle masses J)(; (t):
2 _ 2 2 2
Ny = mg +my +m;,
2
My = m3+m: +m,
2 2
N = 3my,

cease to depend on their initial values on the scale My.
If the evolution of the gauge and Yukawa constants is
known, the rest of the renormalization-group equations
of the nonminimal supersymmetry model can be con-
sidered as a system of linear equationsfor the soft sym-
metry breaking parameters. In order to solve this sys-
tem of equationswefirst need to integrate the equations
for the gaugino masses and for the trilinear interaction
constants of the scalar fields A(t) and then use the

results to calculate EUEiz(t). Since this system of differ-

ential equationsfor A(t) and EIRiz(t) islinear, under uni-
versal boundary conditions we can obtain the depen-
dence of the soft supersymmetry breaking parameters

on the electroweak scale on A, My, and m [45, 46]:
A = e®A+fi(OMyp,
W) = a)mg+b)M3,

) ©)
+ () AMy, + di() A"
Thefunctionsg(t), fi(t), &(t), bi(t), c(t), and di(t) remain
unknown since no analytic solution of the complete
system of NMSSM renormalization-group equations
exists. It was shown in [41] that as the quasi-fixed
points are approached, the values of the functions g(t,),
a(to), G(ty), and di(ty) tend to zero whereasfor Y;(0) —» o

al A(t) are proportional to My, and all 7 (t) O M2,,.

The weak dependence of A(t) and It (t) in the strong
Yukawa coupling regime on the initial conditions has
the result that the solutions of the renormalization-
group equations for trilinear interaction constants and
combinations of scalar particle masses and aso the
solutions for Y;(t) are focused on the electroweak scale
near the quasi-fixed points. In general under nonuniver-
sal boundary conditions the solutions for Ai(t) and

EIR?(t) are grouped near certain lines (k = 0) or planes
(k # 0) in the soft supersymmetry breaking parameter
space. These lines and planes are amost perpendicular

to the axes A, and ﬂRf whereas the planes in the spaces
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(A, A A) and (D02, M2, 2 are also almost paral-

lel to the axes A, and Wéi Along these lines and planes
as Y;(0) increases, the trilinear interaction constants and
combinations of scalar particle masses go to quasi-
fixed points.

3. CHOICE OF MODEL

The soft supersymmetry breaking parameters play a
key rolein an analysis of the particle spectrum in mod-
ern supersymmetric models. They destroy the Bose-
Fermi degeneracy of the spectrum in supersymmetric
theories so that the superpartners of observable parti-
cles are substantially heavier than quarks and leptons.
However, it should be noted that a study of the particle
spectruminthe NMSSM is considerably more complex
than astudy of this spectrumin the MSSM for tan3 ~1
since two new Yukawa constants A and K appear in the
nonminimal supersymmetric model for which the
boundary conditions are unknown. In turn, the renor-
malization of the trilinear interaction constants and the
scalar particle masses, i.e., the values of the functions

&(to), fito), ai(to), bi(to), ci(to), and di(ty), where t; =
2In(M,/MP®) depends on the choice of h,(0), A(0), and
K(0) on the grand unification scale.

The most interesting from the point of view of athe-
oretical analysis is a study of the spectrum of heavy
supersymmetric particles when the scale of the super-
symmetry breaking is M3 > M5. This is primarily
becausein thislimit the contribution of new particlesto
the electroweak observable ones is negligible (see, for
example [47]). As has been noted, the standard model
highly accurately describes all the existing experimen-
tal data. Additional Higgs fields and superpartners of

observable particles interacting with vector W* and Z
bosons make a nonzero contribution to the el ectroweak
observables. However, for M3 > M3 their contribution
is suppressed in a power fashion as (M,/Mg)?, where
any increase in the scale of the supersymmetry break-
ing leads to convergence of the theoretical predictions
for the strong interaction constant a (M) which may be
obtained assuming unification of the gauge constants
[48], with the results of an analysis of the experimental
data[49]. In addition, it should be noted that the mass
of the lightest Higgs boson which is one of the central
objects of investigation in any supersymmetric model
reaches its highest value for Mg~ 1-3 TeV.

Unfortunately, in the strong Yukawa coupling regime
inthe NM SSM with aminimal set of fundamental param-
etersit isimpossibleto obtain a self-consistent solution
which on the one hand would | ead to a spectrum includ-
ing heavy superparticles and on the other could give a
mass of the lightest Higgs boson greater than that in the
MSSM. When calculating the particle spectrum, the
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fundamental parameters A, mé, and My, on the scale
My should be selected so that the derivatives of the
interaction potential of the scalar fields V(H,, H,, Y)
with respect to the vacuum expectation values v,, v,
and y would be zero at the minimum:

aV(Vl! VZ! y) - aV(Vli V2! y) -

0, 0,
ov, av, @
OV(Vy, vy, Y) -0
oy '

Since the trilinear interaction constants and the scalar
particle masses in the strong Yukawa coupling regime
are amost independent of A, Egs. (7) link the vacuum
expectation value of the neutral scalar field [Y[Jand the

parameters m; and My,. The value of tanp is deter-
mined using the Yukawa constant of at quark on the
electroweak scale (see below). Then a spectrum of
heavy supersymmetric particlesis only achieved when
Ak > 1. However, in thisregion of parameter spacethe

valueof mi becomes negative and the physical vacuum
is unstable which can be attributed to the strong mixing
of the CP-even components of the neutral field Y and
the superposition of Higgs doublets h = H;cosB +
H,sinp.

Studies of the particle spectrum in the nonminimal
supersymmetric model [33, 45, 46, 50] have shown that
a self-consistent nontrivial solution of the system of
nonlinear algebraic Egs. (7) for |Y| < 10 TeV which
determines the position of the minimum of the interac-
tion potential of the scalar fields, only exists for A(t,),
K(t;) = 0.1. In this case a strict correlation exists
between the fundamental parameters of the NMSSM.
In particular, in order to ensure that spontaneous break-
ing of SU(2) ® U(1) symmetry occurs and the field Y
has anonzero vacuum expectation value of thefield, the
condition |A./m,| > 3 must be satisfied. However, the
following inequalities must also be satisfied:

2 2, 2 2
A s 3(mp+mg +mg),
2 2 2 2
Ag< 3(my+mp +mg ),
2 2 2 2
Ay 3(my+my +my).

Otherwise, the superpartners of leptons and quarks
acquire vacuum expectation values [51]. All these con-
straints have the result that the ratio |A/my| varies between
3and 4. In[52, 53] the particle spectrum in the NMSSM
is andyzed separatdy for tan = m(m)/my(m) and
under nonuniversal boundary conditions.

Thelimit h> > A2, k2 in the nonminimal supersym-
metric model corresponds to the MSSM [33]. For k =0
the Lagrangian of the Higgs sector of the NMSSM is
invariant with respect to the globa SU(2) ® U(1) ® U(1)
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transformations. As aresult of the spontaneous symme-
try breaking, only the U(1) symmetry corresponding to
electromagnetic interaction remains unbroken, which
leads to four massless degrees of freedom. Two of these
are eaten by a charged W* boson and one by a Z boson.
Ultimately, the spectrum of the nonminimal supersym-
metric model for kK = 0 contains one physical massless
state which corresponds to the CP-odd component of

thefield Y. For low values of k2 < A2 < h? the mass of

the lightest CP-odd boson is nonzero and is propor-
tiona to the self-action constant of the neutral super-
field Y. If the Yukawa constants are A and K ~ 103104,
for a certain choice of fundamental parameters the
mass of the lightest CP-even Higgs boson may be only
afew gigaelectronvolts[33, 46, 54]. The main contribu-
tion to its wave function is made by the neutral scalar
field Y which makesit very difficult to search for thison
existing accel erators and those at the design stage since
the interaction constants of this type of Higgs boson
with gauge bosons and fermions are small. In thislim-
iting case, the lightest stable supersymmetric particle
having R parity of —1 isusually the superpartner of the
neutral scalar field Y [33, 46].

However, unlike the minimal supersymmetric
model, the discrete Z; symmetry which can avoid prob-
lems of the pu term in the NMSSM has the result that
three degenerate vacuums appear in the theory because
of the breaking of gauge symmetry. Immediately after
aphase transition on the el ectroweak scalethe Universe
is filled equally with three degenerate phases. The
entire space is then divided into separate regions in
each of which a particular phase is achieved. The
regions are separated by domain walls with the surface
energy density o ~ v3. Data from cosmological obser-
vations eliminate the existence of domain walls. The
domain structure of vacuum in the NMSSM is
destroyed if the vacuum degeneracy [55] caused by the
Z; symmetry disappears. It was shown in [56] that
breaking of Z; symmetry by introducing into the
NMSSM Lagrangian nonrenormalizable operators of
dimension d = 5 which do not break the SU(2) ® U(1)
symmetry can be used to obtain splitting of initialy
degenerate vacuums such that the domain walls disap-
pear before the beginning of the nucleosynthesis era
(T~ 1 MeV). Although operators of dimension d =5
are suppressed with respect to M, in supergravity mod-
els, their introduction leads to quadratic divergencesin
the two-loop approximation, i.e., to the problem of
hierarchies. Consequently, linear and quadratic terms
with respect to superfields are generated in the superpo-
tential of thistheory and the vacuum expectation value
of the neutral scalar field Y is of the order of 10 GeV.

In order to avoid a vacuum domain structure and
obtain a self-consistent solution in the strong Yukawa
coupling regime, we need to modify the nonminimal
supersymmetric model. The NMSSM can be modified
most simply by introducing additiona termsin the super-
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potential of the Higgs sector: u(H,H,) and u'Y2 which are
not forbidden by gauge SU(2) ® U(1) and R symmetries.
The additional bilinear termsinthe NMSSM superpoten-
tial destroy the Z; symmetry and no domain structures
appear in thistheory since no system of degenerate vac-
uums exists. The introduction of the parameter p
ensuresthat it is possible to obtain a spectrum of heavy
supersymmetric particles in the strong Yukawa cou-
pling regime in the modified model and for a certain
choice of p' the mass of the lightest Higgs boson
reaches its upper bound. In this case the mass of the
lightest Higgs boson has its highest value for kK = 0 since
as K(tp) increases, the upper bound on its mass is reduced
as a result of a decrease in A(ty). In the limit kK = O the
CP-odd Higgs sector of the modified NMSSM contains
no physical massless states sincein this case, the global
symmetry of the Lagrangian isthe same asthelocal sym-
metry which diminatestheYukawa sdlf-action congtant of
the neutra fidd Y from the analysis. Assuming that thisis
zero and neglecting al the Yukawa constants except for A
and h,, the complete superpotentia of the modified
NMSSM can be expressed in the following form:

Wymssm = U—(Hle)"’U'YZ

. ®)
+AY(H;H,) + h(H,Q)UE,

where u‘; is the charge-coupled right superfield of a

t quark and Q is a doublet of left superfields of b and
t quarks.

In supergravity models, bilinear terms with respect
to the superfields may be generated in the superpoten-
tial (8) asaresult of the additional term Z(H,H,) + h.c.
in the Keller potential [57, 58] or nonrenormalizable
interaction of the fields of the observable and hidden
sectors. The appearance of nonrenormalizable opera-
tors of this type in the superpotential of supergravity
models may be attributed to nonperturbative effects
(for instance, gaugino condensation) [58, 59]. In addi-
tion to the parameters 1 and ', this model al so seesthe
appearance of the corresponding bilinear interaction con-
gants of the scalar fields B and B' which for a minimal
choice of fundamenta parameters should be assumed to
theequal onthegrand unification scale. Thus, the nonmin-
imal supersymmetric model may include seven funda
mental parameters in addition to the constants of the
standard model:

)\1 “-l u" A1 B! rrbl M]_/Z

4. CONSTRAINTS ON THE PARAMETER SPACE
OF THE MODIFIED NONMINIMAL
SUPERSYMMETRIC STANDARD MODEL

Despiteasubstantial expans on of the parameter space,
thetheory doesnot loseits predictive capacity. An analysis
of the behavior of the solutions of the NMSSM renormal-
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ization-group equations in the strong Yukawa coupling
limit for k = 0 showed that for Y;(0) —» o all the solu-
tions are concentrated near the quasi-fixed point:

P (t) = 0.803, pa (to) = 1.77,

ng]EZP(tO) = 6.09, pSFP(tO) = 0.224, (9)
pa (L)) = —0.42, p;g’(to) = 2728,
where
Yi() Y, (t)
t) = ==, ) = =——,
PO al5(t) Palt) a(t)
_ A ()
Palt) = M, Pyelt) = o

1/2

Thus, at thefirst stage of the analysiswefixed theinitial

values of the Yukawa constants A%(0) = ht2 (0) = 10 cor-
responding to the quasi-fixed point regime (9) of the
renormalization-group equations and also the super-
symmetry breaking scale M;(1000 GeV) = 1000 GeV
which determines the mass scale of all the supersym-
metric particles.

Existing FNAL experimental data from measure-
mentsof the massof at quark can uniquely relate tanf3 to
theYukawa congtant h, of at quark. The running mass of a
t quark generated when the SU(2) x U(1) symmetry is
broken is directly proportional to hy(ty):

h(M{"%)

m(MP®) = v sin. (10)

However, the value of m(MP®) calculated in the MS

scheme [60] is equal to m(M?®) = 165 + 5 GeV. The

inaccuracy in determining the running mass of at-quark is
primarily attributable to the experimental error withwhich

itspole massis measured (M = 174.3+ 5.1 GeV [61]).
For each fixed set of boundary conditions h,(0) and
A(0), using renormalization-group equations we can
calculate the Yukawa constant of at-quark on the elec-
troweak scale and then, substituting the value obtained
h(t,) into formula (10), we can determine the value of

tanf. In the infrared quasi-fixed point regime we

obtain tanf = 1.88 for m(M!*®) = 165 GeV (Tables 1
and 2).

An additional constraint which fixes M5 can be used
to determine one of the supersymmetry breaking
parameters M, ,. Thevaluesof all the other dimensional
parametersy, W', A, B, and m, should be selected so that
spontaneous breaking of gauge SU(2) ® U(1) symme-
try occurson the electroweak scale. The completeinter-
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Table 1. Mass spectrum of superpartners of observable particles and Higgs bosons for A%(0) = ht2 (0)=10and g >0 asa
function of the choice of fundamental parameters A, m,, and My, (all the parameters and masses are in gigael ectronvolts)

me 0 M3, 0 0 0 0

A 0 0 My, 0.5My, 0 0
My, -392.8 -392.8 -392.8 -392.8 —7855 -196.4
m(to) 165 165 165 165 165 165
tanB 1.883 1.883 1.883 1.883 1.883 1.883
Hest 728.6 841.7 726.8 730.1 1361.2 380.4
By -1629.1 ~1935.4 -1260.0 -1813.2 —3064.4 -861.8
y —0.00037 —0.00021 —0.00043 —0.00035 —0.00006 —0.00233
H'(to) -1899.8 -2176.7 -1905.9 -1898.3 —3544.6 -993.1
Mh(to)* 125.0 125.1 125.0 125.0 134.9 114.8
Mh(to)* * 118.4 1185 118.4 118.4 1232 111.9
M3 (1 TeV) 1000 1000 1000 1000 2000 500
m (1 TeV) 840.6 889.7 841.1 840.3 1652.0 447.4
m;, (1TeV) 695.1 7136 696.6 694.3 1366.2 3716
my (1 TeV) 898.5 1080.5 895.4 900.3 1691.0 468.8
ms (1 TeV) 2623.4 3034.3 2452.2 2706.0 4901.7 1378.0
my, (1TeV) 953.9 11138 1245.7 925.2 1722.6 538.2
My, (1TeV) 704.3 762.7 872.0 318.2 1366.2 302.2
my (to) 164.6 164.4 164.6 164.6 326.9 84.3
my, (to) 327.8 327.6 327.8 327.8 649.4 170.1
my, (1TeV) 755.1 870.8 753.3 756.7 1404.2 400.9
Imy, (1TeV)| 755.9 872.6 755.1 758.4 1405.0 404.3
Img, (L TeV)| 1931.8 2212.3 1938 1930.3 3599.0 1015.4
m.: (to) 327.8 327.6 327.8 327.8 649.4 169.9
m.. (1Tev) 757.0 872.6 755.2 758.5 1405.2 404.5

*Single-loop approximation.
**Two-loop approximation.

action potential of the Higgs fields in the modified
NMSSM can be expressed as the sum:

V(Hy, Ha, Y) = iH " + kgl Hy* + | YI?
+[M5(H,Hy) + P5Y? + AA Y(H H,)
+ALY*(H Hp) + AuY(|Hy* +|H,%) + hc.]
FN°(H HR) 2+ A2Y2([Hy * + [H,?)

where AV(H,, H,, Y) are the single-loop correctionsto the
effective interaction potential; g and g' are the constants of
the gauge SU(2) and U(2) interactions (g, = ~/5/3 (). The
constants uiz intheinteraction potential (11) arerelated to
the soft supersymmetry breaking parameters as follows:

Wi=miept g = et g = miep
(11) Too,
M3 = Bu, MG = 3B,

2 2
+98—(|H2|2_|H1|2) where

mi(My) = mi(My) = mj(My) = mg

2
q_ + + 2
+ 3 (Hi0,H; + Hy0,H,) +AV(Hy, Hy, Y), B(M,) = B(My) = B,.
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Table2. AsTablel1 but for pg; <0

me 0 M3, 0 0 0 0

A 0 0 My, My, 0 0
My, -392.8 -392.8 -392.8 -392.8 —7855 -196.4
my(to) 165 165 165 165 165 165
tanB 1.883 1.883 1.883 1.883 1.883 1.883
Her —727.8 -840.9 ~726.0 -731.2 —1360.7 -378.9
By 1008 1320.3 1366.7 647.9 2050.4 495.8
y —0.00149 —0.001 -0.00128 —0.00177 —0.00020 -0.0112
H'(to) 16715 1950.6 1656.8 1690.3 3172.7 857.8
My(to)* 134.1 134.9 134.0 134.2 1431 124.1
My(to)** 124.4 124.8 1243 1245 127.2 1196
M3 (1 TeV) 1000 1000 1000 1000 2000 500
my, (1 TeV) 890.2 935.6 890.5 889.8 1682.8 507.9
m;, (1Tev) 630.3 652.2 632.2 628.0 1328.1 283.5
my (1 TeV) 896.2 10785 893.5 899.3 1689.9 464.4
ms (1 TeV) 2147.4 2565.9 2309.2 1972.3 4126.5 1097.7
m,, (1Tev) 1123.2 1219.3 931.0 1437.9 1984.8 623.1
My, (1TeV) 857.6 1017.8 545.0 886.9 1657.5 412.8
my (to) 160.0 160.5 160.0 160.0 324.4 74.9
my, (to) 3111 313.7 311.0 311.2 639.9 141.4
Img, (1 TeV)| 753.7 896.6 7519 757.2 1403.4 3985
mg, (1TeV) 764.7 878.1 763.0 768.1 1410.0 416.7
my, (1TeV) 1700.7 1983.2 1685.8 17196 3221.8 879.1
m.: (to) 310.7 3134 310.7 310.8 639.8 1394
me: (1TeV) 7633 877.0 761.6 766.7 1400.1 4145

*Single-loop approximation.
**Two-loop approximation.

The position of the physical minimum of the interac-
tion potential of the Higgs fields (11) is determined by
Egs. (7). Since the vacuum expectation value v and
tanf3 are known, the system of Egs. (7) can be used to
find n and B,,. Then, it is convenient to introduce plg =

W+ Ay/./2 instead of p. After various transformations
we obtain

2 mztan B+ Az(Heff) 1
et = 3 21
tan’ B-1

2
[mi + M5+ 205 + )\EVZ + AB(Ueff)}SiHZB

AYX,
_2%“ * cosZBD

(12)

y(m) +p?+By) = —v "Xy —D(Hetr),

where 4; corresponds to the contribution of the single-
loop corrections:

py = —2 9BV A8V, 0LV

vian®2p OB gv? Y oy
1 oV 1 0AV
A, = 5C0S2[3 — = S|n2[3
‘ cos” [3% v> 0B L

and

1 . .
Xy = —=[2g + (W' + Ay)SIN2B],

2

X, = (1’ + A,)cos2B.

2

When calculating the single-loop corrections we
shall only take into account the contribution from loops
containing a t quark and its superpartners since their
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contribution is dominant. In supersymmetric theories
each fermion state with a specific chiraity has a scalar
superpartner. Thus, a t-quark incorporating left and
right chiral components has two scalar superpartners,

right tr and t, , which become mixed as aresult of the

spontaneous breaking of SU(2) ® U(1) symmetry, and
this results in the formation of two charged scalar par-

ticles having masses m; and n :

1
wE;, = S+ g+ 2

(13)

£ J(md —md)’ + 4mEx?],

where X, = A, + [/ tanP. Since m. and m¢. should be
positive we have

ﬁ<$m9mmm+w»

Otherwise, the quark fields acquire nonzero vacuum
expectation values and the gauge SU(2) ® U(1) sym-
metry of the initial Lagrangian is completely broken,
which leads to the appearance of nonzero masses for glu-
ons and photons. The contribution of the single-loop cor-
rectionsfrom thet quark and its superpartnersto the effec-
tiveinteraction potential of the Higgsfieldsis expressed
only in terms of their masses:

_ 3 2
AV(Hlv H,, Y) = —m 0n
3 O

0 m 30 O m 30
+m On— —20-2m On— — 20
rn{lm q2 2|:| rntD q2

For thisreason all A; are merely functions of | and do
not depend on By and .

Using the first equation of the system (12) we can
find pgs. In this case, the sign of pg; is not fixed and
must be considered as a free parameter in the theory.
Substituting this value of g into the two remaining
equations of the system (12), we can eliminate B, from
the number of independent fundamental parameters
and calcul ate the vacuum expectation value of the field

Y: IYCE y//2 and in order to find B, we need to bear in

mind the relationships linking the bilinear interaction
constants B and B' in the electroweak scale with B,

obtained by solving the renormalization-group equa-
tionsin the modified NMSSM (see Appendix):

B(t) = {()Bo+ o)A+ )My,

. (15)
B(t) = By + 0y(t) A%’ + @My,

0 0
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where ((t), o(t), o,(t), w(t), and w(t) are various func-
tions of t, hy(0), and A(0) which do not depend on the
choice of fundamental soft supersymmetry breaking
parameters on the grand unification scale, and al'so on

Ho and . For afixed sign of P three different solu-

tions of the system of Egs. (12) exist. However, only
one of these is of interest from the physical point of
view. It follows from the last equation in (12) that the
vacuum expectation value of the field Y is of the order
of y ~Av? Mg and for the case of heavy supersymmet-
ric particles y < v. The other two solutions give an
excessively light CP-even Higgs boson which corre-
sponds to fine tuning between the fundamental param-
eters B, and .

The parameters i and B, thus determined and also
the vacuum expectation value y depend on the choice of
A, my, and W' Thus, at the next stage of the analysis of
the modified NMSSM we studied the dependence of
the particle spectrum on these fundamental parameters
using Egs. (6) linking A (t,) and m? (t,) to A and mp.
Similarly we investigated the spectrum of superpart-
ners of observable particles and Higgs bosons for other
values of the Yukawa constants from the vicinity of the
infrared quasi-fixed point. Although for tanf3 < 2in the
strong Yukawa coupling regime the parameters h, and A
can be selected so that the Yukawa constants of ab quark
and a T lepton would be the same on the grand unifica-
tion scale[21, 22], when studying the particle spectrum
inthe modified NM SSM we do not confine ourselvesto
the case R,;(0) = 1, where R, = hy(t)/h,(t). This condi-
tion arises in minima schemes of gauge interaction
unification [23] and imposes very stringent congtraints
on the parameter space of themodel being studied. How-
ever, since h, and h, for tanf ~1 have small absolute
values, they can be generated by means of nonrenormal-
izable operators as a result of the spontaneous symmetry
breaking on the scae My and in this case, the Yukawa
constants of ab quark and a T lepton may differ.

5. CALCULATIONS OF MASSES
OF HIGGS BOSONS AND NEUTRALINOS

We shall first consider the Higgs sector in the mod-
ified NMSSM which includes three CP-even states,
two CP-odd, and one charged Higgs boson. The deter-
minants of the mass matrices of the CP-odd and
charged Higgs bosons go to zero which corresponds to
the appearance of two Goldstone bosons which are
eaten by massive vector W¥ and Z bosons during spon-
taneous breaking of SU(2) x U(1) symmetry. The (3 x 3)
mass matrix of the CP-odd sector is formed by mixing
the imaginary parts of the neutra components of the
Higgs doublets with the imaginary part of the field Y.
However, since the determinant of this matrix is zero, the
problem of finding the eigenvalues reduces to solving an
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ordinary quadratic equation. The caculated masses of the
CP-odd gtates in the modified NMSSM are

2 I Y 2
Ma, A, = é[ AT Mg

(16)

2

. J(mi—méfw%\[—;(u'mu +A0Eq,
2 2 ) 2 A 2
My = m1+m2+2ueff+EV +A,,

2
where A; are the single-loop corrections [33, 36, 38].

A more complex situation is encountered in the sec-
tor of the CP-even Higgs fields which appears as a
result of mixing of the real parts of the neutral compo-
nents of the Higgs doublets and the field Y. The deter-
minant of the mass matrix of the CP-even sector isnon-
zero and thus in order to calculate its eigenvalues we
need to solve a cubic equation. However, for the case of
heavy supersymmetric particles (Mg > M) in the
Higgsfield basis

X, = —1—cos|3ReH(1) + —l—sinBReHg,

NE: NE:

X, = ——j_;inﬁReH% r/_lécosBReHg, (17)

X3 = iReY

J2

this matrix has a hierarchical structure:
(18)

where
E; =0, E;= mi+m;+2ug,
ES = mp+p”+ B,

Vy = M2cos™2p + %)\szsinZZB +Ay,

Vi, = V1 = EE-}\ZVZ—%N@%HMB"'A@

4
Vig = Vg = AV X+ A5

Vy, = MisinZZB + %)\ZVZCOSZZB + A+ Ay,
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Vo3 = Vg = AV Xy + Ay,

Vg = %A2v2+A33.
Here A, and A;; are the corrections from loops contain-
ing a t-quark and its superpartners. The hierarchical
structure of the mass matrix means that perturbation
theory from quantum mechanics can be used to diago-
nalize it. The role of the smallness parameters in the

perturbation theory are played by theratios M3 /E5 and

M2/E5. This method of calculating the masses of
Higgs bosons in supersymmetric theories was devel-
oped in [24]. Also discussed there is the simplest
method of obtaining a hierarchical mass matrix in the
Higgs field basis (17). A numerical analysis made in
this study showed that perturbation theory can be used
to calcul ate the masses of Higgs bosonsin the modified
NMSSM to within 1 GeV (~1%).

This method can be used to diagonalize the mass
matrix of a neutralino which occurs as a result of the
mixing of superpartners of gauge bosons W; and B (or
Z and y) with superpartners of neutral Higgs fields. In

thebasis(B®, W*, AT, A3, ), thismatrix hasthefol-
lowing form:

O —A : 0
DM1 0 A B 0 5

0o M, C -D' 0 O

[l A 1l

. gAcCc o0 w 7szingsg
= g :
0B -D' g 0 AvcosB 0

O 2 0

0 Ay gnp 2 0

0 0 —vsinf3 —vcos '
5 7 sz B g
(19)

The fragment of the 4 x 4 matrix which includes the
first four columns and four rowsisthe same asthe mass
matrix of aneutralino in the MSSM with A, B', C', and
D' given by
A =M cosfBsinBy, B =M,sinsinB,,
C'=MycospcosB,, D'=M,sinfcosB,,.
Using the unitary transformation U:

010 0 000
001 0 0 0
0 0
_doo X Lon
U—E J2 2 0
Ogg 1 1 o0
oo-L Lo
0 J242 3
Ooo 0o o0 10
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Fig. 1. Mass spectrum in modified NMSSM as a function of p' and x = A/IMy, for ht2 (0) =A%(0) = 10, mg =0, M3=1TeV, and
Heff < 0. Curves 1 and 2 give the mass of the lightest Higgs boson cal cul ated in the single-loop and two-loop approximations, respec-
tively. Curves 3 and 4 gives the masses of heavy CP-even Higgs bosons mgand my, curves 5 and 6 give the masses of CP-odd Higgs
bosons m, and m, , and curve 7 gives the mass of the heaviest neuttralino.

the matrix (19) can be reduced to the form (18) M' =

UM U*and then usi ng theratios (M/l)?and (M,/l')?
asthe small parametersin thefirst order of perturbation
theory for the spectrum of supersymmetric particleswe
obtain

L (A-B) (A+B)’

primarily because the parameters used for the expansion
when diagonalizing the neutralino mass matrix according
to perturbation theory are larger. At this point we shall not
discuss the spectrum of squarks, deptons, and charginos
in greater detail since the analytic expressions for the
masses of these particlesremain the sameasin MSSM. In
thiscase, indl theformulaswe need to replace P with plg;.

mg, = M, A(Mi—pa) T 2(Mt pan)’ We merely note that in the principal approximation the
17 Hert 1 Het masses of two Dirac charginos and neutralinos X, , X5 are
m = M+ (C-D)* , (C+ D"’ thesame: m,. = jigr and my, = M,.

2(My—Hegr)  2(My+ Uggr)

_ (A-B)°
- = o =7
Mo = Het 2(Hesr —My)

, (C=D)  Avisn’(B+1U4)

6. RESULTS OF A NUMERICAL ANALYSIS

Results of a numerical analysis of the spectrum of
Higgs bosons and superpartners of observable particles
in the modified NMSSM are given in Figs. 1-3 and

2(Har — M) P (TIETO N (20)  Tables1-3. Wefirst need tonotethat for afixed Sign of Py
there are two alowed regions of parameter space. In one
(A +B')? of these the mass of the lightest Higgs boson is greater
my, = —He T2(M,+ Bap) than in the MSSM (see Figs. 1a and 2a) whereas in the
10 P other it is smaler (see Figs. 1b and 2b). The mass of the
\ "2 2.2, 2 lightest Higgs boson caculated in the first order with
_(C+D) Av'sn (B_,T[M), respect to perturbation theory hasthe following form:
2(M3 + Hgr) 2(Her + 1) 5
2. 2.2 2.2 .2 2 __ |V13|_ 2 2 1,2 2.2
m = o+ AV osin (B+14) , Av sin’(B—1u4) my=Vy ——- = MzC0s 2B+ SA v sin 28
; 2(M' — Herr) (M + Her) 3 (21)
i ' i is di AV X, +A)°
The accuracy with which m is calculated is slightly + Dy —
lower than that for the CP-even Higgs sector. This is mj + "+ B
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Fig. 2. Mass spectrum in modified NMSSM as afunction of p' and x for htz(O) = )\2(0) =10, mg =0,M3=1TeV, and le; 2 0. The

notation isthe same asin Fig. 1.

Since the matrix element isV;, ~ Mi , We neglected its
contribution to m,. The mass of the lightest CP-even
Higgs boson reaches its highest value when

T 2Pt N2Dy
sn2p " Avsin2p’

where V;53 = 0 (see Figs. laand 2a). Thus, m, islarger
in that region of parameter space where the signs of '
and g are opposed. In the limit @' — oo the masses
of the CP-even and CP-odd Higgs bosons correspond-
ing to the field Y become much larger than the scale of
the supersymmetry breaking. In the low energy region
their contribution to the effective interaction potential
of the Higgs fields H, and H, disappears and the mass
of thelightest Higgs boson isthe same asinthe M SSM.
For this reason, as can be seen from the graphs plotted
in Figs. 1a, 1b, and 2a, 2b, m, reaches a constant value
when p' — +co. The results of the numerical calcula-
tions plotted in these figures indicate that the two-loop
corrections [11] play a significant role in the calcula-
tions of the mass of the lightest Higgs boson. In this
particular case, they reduce its mass approximately by
10 GeV. Although the single-loop corrections increase
logarithmically as the scale of the supersymmetry
breaking increases, their increase for Mg > M; is com-
pletely compensated by the log—og asymptotic form of
the two-loop corrections and m, remains almost con-
stant. Allowance for the loop corrections has the result
that for P < O the mass of the lightest Higgs boson is
greater than in that in the case g > 0. This can be
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attributed to the fact that my, increases with increasing
mixing in the superpartner sector of thet quark (tg and
) which is determined by the value of X, = A, +
Mgt/ tanB. Since A, < 0, the absolute value of the mixing

between tr and T, is greater than that for piy < O. It
should be noted that the mass of the lightest Higgs
boson is almost independent of A and m, because of the
weak dependence of the sguark mass on the corre-
sponding fundamental parameters (see Tables 1 and 2).

Since that part of the parameter space in which i
and ' have the same sign is amost eliminated by the
existing experimental data, it is most interesting to
study the spectrum of Higgs bosonsin the region where
the mass of the lightest Higgs boson is greater than that
in the minimal supersymmetric model. In this particu-
lar region of parameter space the bilinear soft super-
symmetry breaking constants and [y have opposite
signs and near the maximum of m, the parameter is
M ~—2Ug/SIN2B (|| > |Me| ~ Mg). For this reason the
heaviest particle in the modified NMSSM spectrum is
the CP-even Higgs boson which corresponds to the
neutral field Y since its mass in the principal approxi-

mation with respect to perturbation theory is mé =

E§ > 1?2 and is substantially larger than the scale of the

supersymmetry breaking. It can be seen from Figs. 1c
and 2c that the mass of the other heavy CP-even Higgs

boson (m,,) isalmost independent of ' since ma > my,.
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However, the spectrum of the CP-odd Higgs sector is
determined to a considerable extent by the choice of
fundamental parameters. As ' increases, the mass of
the CP-odd Y increases and the latter becomes one of
the heaviest particles. For values of p' ~ B' the mass of

the lightest CP-odd Higgs boson mj, = mj isvery low

(see Figs. 1c, 2¢), which leads to the appearance of a
constraint on p'. Nevertheless, with this choice of fun-
damental parameters this Higgs boson is negligibly
involved in electromagnetic and weak interactions
since the main contribution to itswave function is made
by the CP-odd component of the field Y. Thus, even
when its massisrelatively low, it is extremely difficult
to detect this particle experimentally. The heaviest fer-
mion in thismodédl is the superpartner of thefield Y. Its

mass my_ is proportional to u' [see (20)]. The spectrum

of remaining neutralinos, charginos, squarks, and slep-
tons does not depend on the choice of '

Since the dependence of the soft supersymmetry
breaking parameters on A disappears in the strong
Yukawa coupling regime on the electroweak scale, the
spectrum of superpartners of the observable particles
and also g and B whose numerical values are deter-
mined by solving the system of Egs. (12), vary weakly
when the trilinear interaction constant of the scalar
fields varies between —-M;,, and M,,,. Despite this, the
dependence of the Higgs boson spectrum on A is con-
served. This is mainly because the bilinear interaction
constant of the neutral scalar fields B' is proportiond to A.
Using the relations (15), we obtain

B'(to) = z7=Bl(to)

E(t 0
Ho 0Of(to) Ho
+ [%Tl(to)u_b G )% 891( 0) 0

where x = AIM,. Asx increases for g < 0 (U > 0) the
bilinear interaction constant B' increases (decreases) in
absolute value and conversdy. As |B'| decreases, the
masses of the CP-even and CP-odd states correspond-
ing to the neutral field Y converge. At the sametime, an
increase in the absolute value of B' leads to a decrease

in miz which disappears when B' ~ 1. The dependence

of the Higgs boson spectrum on the parameter A for
my = O is studied in Figs. 1d and 2d. The parameter y'
in this particular caseis selected so that the mass of the
lightest Higgs boson coincides with the upper bound on
m, for A=0.

(*)(to) D}
()

Although in some cases we assumed m, = 0 when
analyzing the modified NMSSM, thislimit is unaccept-
able from the physical point of view since in this case
the lightest (and consequently stable) supersymmetric
particle is the superpartner of the right t lepton which
contradicts existing astrophysical observations. How-
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ever, as my, increases, the mass of the superpartner of
the right T lepton increases and even for comparatively
low values of my/M., the lightest particle in the spec-
trum of superpartners of observable particles becomes
the neutralino. Theresults of the numerical calculations
presented in Tables 1 and 2 can be used to assess the
influence of the fundamental constants A, m,, and M,
on the superpartner spectrum of the t quark, gluinos,
neutralinos, charginos, and Higgs bosons. For each set
of parameters listed above we give the vaues of the
upper bound on the mass of the lightest Higgs boson
calculated in the single-loop and two-loop approxima-
tions and also the corresponding Pgs, By, v, and p' for
which V5 = 0. It can be seen from the data presented in
Table 1 that the qualitative pattern of the spectrum
remains unchanged if the parameters A and m, vary
within reasonable limits. It should aso be noted that as

mg increases, the masses of squarks, sleptons, Higgs

bosons, and aso heavy charginos and neutralinos
increases whereas the spectrum of the lightest particles
remains unchanged. The mass of a charged Higgs
boson which has not been mentioned before is almost
independent of A and ' and numerically similar results
are obtained for the mass of the CP-even state my, and

for the mass of a charged Higgs boson m, ...

In the present paper we have made a detailed study
of the superpartner and Higgs boson spectrum for ini-
tial values of the Yukawa constants h? (0) = A2(0) = 10
corresponding to the scenario of an infrared quasi-fixed
point in the NMSSM. The results of the numerical cal-
culations presented in Tables 1 and 2 indicate that for
m(MP*®) = 165 GeV and M < 2 TeV the mass of the
lightest Higgs boson does not exceed 127 GeV. Other
data presented in Table 3 indicate that the distinguish-
ing features of the supersymmetric particle spectrum
are conserved for h? (0) > A2(0) and h? (0) < A%(0) as
long as the Yukawa constants on the grand unification
scale are substantially larger than the gauge constants.
Nevertheless, the upper bound on the mass of the light-

est Higgs boson, the value of tanf3, and the particle
masses cal cul ated for

N2h;
)\vsm2[3

c o 2Hefs
H=- sn2p

when V5 = 0 vary as a function of the choice of hf(O)
and A?(0). Nevertheless, as A%(0) decreases from 10 to
2, the upper bound on m, for M; = 1 TeV drops from
128 t0 113 GeV (see Table 3). Thus, at the concluding
stage of the analysis of the modified NMSSM for each
fixed tanf3 we selected the Yukawa constant A(ty) so
that my, reached its highest value on condition that per-
turbation theory can be applied as far as the grand uni-
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Table 3. AsTables1 and 2 but for various initial values htZ(O) and A%(0) for A=my=0and m, (174 GeV) = 165 GeV

Herf <O Mets >0

A2(0) 0 2 10 10 0 2 10 10

h?(0) 10 10 10 10 10 10 2
My —392.8 -392.8 -392.8 -392.8 -392.8 -392.8 -392.8 -392.8
tanp 1.614 1.736 1.883 2.439 1.614 1.736 1.883 2.439
Hest -821.5 ~771.4 -727.8 —641.8 822.7 772.4 728.6 642.3
By 4717 622.5 1008.0 886.2 —743.1 -988.1 | -1629.1 | -1583.3
y - -0.0014|  -0.0015|  -0.0012 - -0.0003|  -0.0004|  —0.0005
H'(to) - 1693.9 16715 1749.8 - -1941.4 | -1899.8 | -1943.1
Mh(to)* 1035 123.6 134.1 137.6 88.1 112.4 125.0 131.2
My(to)** 90.3 113.0 124.4 127.8 79.7 1055 118.4 1236
M3(1Tev) | 1000 1000 1000 1000 1000 1000 1000 1000
m; (1TeV) | 894.0 891.6 890.2 890.5 834.6 837.0 840.6 853.5
mg, (LTeV) | 6135 622.2 630.3 648.5 692.2 693.8 695.1 696.4
my (1Tev) | 10334 961.0 896.2 758.5 1035.7 963.3 898.5 761.1
ms (1 TeV) - 1999.8 2147.4 2187.2 - 2405.3 2623.4 2663.8
my, (1TeV) | 1029.7 1374.8 1123.2 1294.0 1031.3 1390.6 953.9 965.1
My, (1TeV) - 949.8 857.6 735.6 - 951.6 704.3 674.3
my, (to) 160.3 160.1 160.0 159.9 164.6 164.6 164.6 164.4
my, (to) 312.7 311.9 311.1 309.4 328.2 3281 327.8 326.4
Ime (1 TeV)l| 8428 795.8 753.7 665.8 844.4 797.2 755.1 668.1
Img, A TeV)l|  856.4 807.8 764.7 677.1 850.6 800.9 755.9 666.7
Img, (1 TeV)| - 1711.2 1700.7 1790.0 - 1960.7 1931.8 1986.5
m.: (to) 3124 311.6 310.7 309.0 328.2 328.1 327.8 326.4
m. (1TeV) | 8542 806.0 763.3 676.7 849.5 800.4 757.0 669.0

*Single-loop approximation.
**Two-loop approximation.

fication scale. The dependence m,(tanf ) thus obtained
is plotted in Fig. 3 where we aso plotted the upper
bound on m, in the MSSM as a function of tanf. As
was to be expected, the two bounds on the mass of the
lightest Higgs boson are almost the same for large

tanf when theterm (1/2)A\?v2sin?2B in Eq. (5) tendsto
zero. The curve my(tanf) in the NMSSM reaches is
maximum when tanf3 ~ 2.5 which corresponds to the
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strong Yukawa coupling regime. Both bounds on the
mass of the lightest Higgs boson were obtained for
M; < 2 TeV. By varying the scale of supersymmetry
breaking we can show that the mass of the lightest
Higgs boson in the NMSSM does not exceed 130.5 +
3.5 GeV. The indeterminacy observed in calcul ations of
the upper bound on m, ismainly attributable to the exper-
imenta error with which the mass of at quark is mea
sured.
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1301
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100

90
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Fig. 3. Upper bound on the mass of the lightest Higgs boson
intheMSSM (curve 1) and in the modified NMSSM (curve 2)
asafunction of tanf for Mg =2 Tev.

7. CONCLUSIONS

In the nonminimal supersymmetric model the mass
of the lightest CP-even Higgs boson reaches its highest
value in the strong Yukawa coupling regime when all
the solutions of the renormalization-group equations
are grouped near the infrared quasi-fixed point. How-
ever, in this region of the parameter space using the
NMSSM with aminimal set of fundamental parameters
it is not possible to obtain a self-consistent solution
which on the one hand would give a spectrum of heavy
supersymmetric particles and on the other could give a
mass of the lightest Higgs boson greater than that in the
MSSM. In order to find such a solution, we need to
modify the nonminimal supersymmetric model. In the
present paper we studied the spectrum of superpartners
and Higgs bosons using a very simple expansion of the
NMSSM which can give a self-consistent solution in
the strong Yukawa coupling regime. Although the
parameter space of this model is expanded substan-
tially, the theory does not lose its predictive capacity.

The mass matrix of the CP-even Higgs sector in the
modified NMSSM has a hierarchical structure which
meansthat it can be diagonalized using amethod of cal-
culating the spectrum of Higgs bosons proposed earlier,
which is based on the ordinary perturbation theory of
guantum mechanics. This method can be used to calcu-
late the mass of Higgs bosons to within 1 GeV (~1%).
In this case the mass of the lightest Higgs boson near

the infrared quasi-fixed point for m(M°) = 165 GeV
and M; < 2 TeV does not exceed 127 GeV. By varying
the ratio of the Yukawa constants on the grand unifica-
tion scale, we can show that m, < 130.5 = 3.5 GeV
where the indeterminacy observed when calculating the
upper bound on m, is mainly attributable to the experi-
mental error with which the mass of thet-quark is mea-
sured. The heaviest particle in the region of parameter
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space of interest is the CP-even Higgs boson corre-
sponding to the neutral field Y.

In the present study we used the same method of
diagonalizing the mass matrices to calculate and study
neutralino masses. As a result we showed that the
heaviest fermion in the dominant region of parameter

spaceis Y, the superpartner of the neutrd scaar field .

For valuesof m; < M3, gluinos, squarks, heavy CP-even
and CP-odd Higgs bosons are substantially heavier
than sleptons, lightest charginos, and neutralinos. The
only exception is one of the CP-odd Higgs bosons
whose mass varies substantially depending on the
choice of parameters of the model. However, even if it
isrelatively low, for example, of the order of M, there
are certain problems involved in recording it experi-
mentally since the main contribution to its wave func-
tion is made by the CP-odd component of thefield Y.
The upper bound on the mass of the lightest Higgs
boson in the nonminimal supersymmetric model was
also studied in recent publications [25] and [62]. The
predictions obtained in these studies are 56 GeV
higher than the bound given above. The difference in
the predictions can be attributed to the fact that the

authors of [25] and [62] used the value [X,/Mg| = /6

whereMg=,/m, m;, to calculate the upper bound onm,
since the mass of the lightest Higgs boson reaches its
highest value for this value of X;. However, in the
strong Yukawa coupling regime in the modified
NMSSM theratio [X,/Mg]| is 1.4-1.5. Since the mass of
the lightest Higgs boson increases with increasing mixing

between the t-quark superpartners for 0 < [X,/Mg| < /6,

and the ratio [X,/Mg| is considerably less than /6, the
upper bound on m, in the redlistic expansion of the
NMSSM is more stringent that the absolute bound in
the nonminimal supersymmetric model.
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APPENDIX

Renormalization-Group Equationsfor the Parameters
u, ', B, and B' in the Modified Nonminimal
Supersymmetric Sandard Model and Their Solution

In addition to the trilinear interaction constants and
the scalar particle masses, the modified NMSSM used
to study the particle spectrum includes y, W', B, and B'.
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The evolution of these constants is described by four
renormalization-group equations:

dp _ M 3~ 0O
= = - %vﬁsvt 3, - 20

d ' 1
T = MG Y,

S —%YAB+ N.Y. B'—+3YA
(A.1)
~ 3~ 0
+2Y, A, =30, M, - £8,M;

dB'

-y, B+ 4 Y, B“

M O
+4Y, AL +4Y, A,
M kO

For k = 0 and the minimal set of fundamental parame-
ters B(0) = B'(0) = By, A(0) = A, M;(0) = My, 1'(0) =
Ho, and p(0) = Wy we can show using the general solu-

tion of the system of linear differential equations that
B(t), B'(t), u(t), and p'(t) are given by

Ht) = &) Ho,
H'(t) = &41(t)Ho,
B(t) = (t)By + o(t) A+ w(t) M5, (A2
B(t) = Bo+ol(t)A O
Ho

wherethefunctions&(t), &4(t), {(t), o(t), o4(t), w(t), and
w,(t) determining the evolution of the fundamental
parameters depend mainly on the choice of Yukawa
constants on the grand unification scale and do not
depend on the initial values of the soft supersymmetry

breaking parameters |, and L.
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Abstr act—We consider superstrings moving in the AdS; x S° space-time and find their Green—Schwarz action
using the supercoset approach based on the supergroup PSU(2, 2|4). We describe several parametrizations of
the relevant supercoset and present the action in different Kk-symmetry gauges. In particular, we discuss agauge
where all the fermionic coordinates corresponding to the conformal (S) supercharges are gauged away and also
alight-cone type gauge where half of the Q and S supercoordinates are gauged away. The resulting action con-
tains terms that are quadratic and quartic in fermions. In the flat-space limit, it reduces to the standard light-
cone Green—Schwarz action. We comment on the possibility of fixing the bosonic light-cone gauge and of refor-
mulating the action in terms of two-dimensional Dirac spinors. © 2000 MAIK “ Nauka/lInterperiodica” .

1. INTRODUCTION

Further progress in clarifying the relation between
strings and large-N (non)supersymmetric gauge theo-
ries depends on better understanding the superstringsin
anti-de Sitter (AdS)-type spaces with Ramond-
Ramond (RR) fluxes [1, 2]. The simplest, most sym-
metric example is provided by the AdS, x S° back-
ground of the type I1B superstring theory. As with the
flat superstring, one can hope that, athough this theory
is quite nontrivially dual to the large-N N = 4 super
Yang-Millstheory [2], it should be explicitly solvable.

To beableto treat thistheory in an efficient way, one
should use the Green—Schwarz (GS) approach [3],
where one views the string as moving in a superspace

with the coordinates (x™, 6!, ), where 6 are space-time
spinors. Then the coupling of the string to a RR back-

ground has a local form 8T ---80xoxF... similar to its
coupling to the curvature (it is useful to note that while
the classical string “feels’ the metric, it feels the RR
background only through its quantum fluctuations).

There seems to be no aternative to the GS descrip-
tion: even the ssmplest one-loop computation in the GS
formalism (e.g., the one described in [4]) would require
a summation of an infinite number of diagrams with
any number of flat-space RR vertex operator insertions
if donein the Neveu-Schwarz—Ramond (NSR) formal -
ism. In fact, the use of the GS action is very natural
from the modern “ solitonic” point of view. If one views
fundamental strings as “electric”-type objects appear-
ing in the D = 10 supergravity, the effective action for

TThis article was submitted by the authors in English.

the collective coordinates of along fundamental string
naturally has a GS form as dictated by the residual
space-time (super)symmetries (with the characteristic

nonlinear dx0T -0 kinetic term originating from the
standard Dirac D = 10 fermion action reduced to the
world surface of the string, with Dirac matrices becom-
ing the projected ones). The theory must of course con-
tain long and short strings that must also be described
by the same manifestly space-time supersymmetric
action.

A simple way to construct the flat-space GS action
isto view strings as propagating in the flat coset super-
space (ten-dimensional super Poincaré group)/(ten-
dimensional Lorentz group). The action is then akind
of Wess—Zumino—Witten action with the global super-
symmetry and alocal K-symmetry ensuring the correct
number of the fermionic degrees of freedom. It is
defined in terms of the basic objects given by the |eft-
invariant Cartan-1 forms on the type IIB coset super-
Spme!

GG = L', +L'Q,, L* = dXLA,
A Ql M (11)

x"=(x,0), AB=0..9 |=12

where P; arethetrandation generatorsand G = G(x, 6) is
acoset representative. If it is chosen as

G(x, 8) = exp(xX*P;+6'Q), [P; Pg =0,
] (1.2)
{Q, Q3 = -2i5,(6r*p,

1063-7761/00/9106-1098%$20.00 © 2000 MAIK “Nauka/Interperiodica’
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(where I A arethe gamma matrices and 6 isthe charge
conjugation matrix), the coset space vielbeinsare given
by

LA = dx*—i8'r”de', L' = de, (1.3)
where x* are flat bosonic coordinates and 8 are two
left Majorana—\Wey!| ten-dimensional spinors. The gen-

eral form of the action is[5]

I-——Idm/ég“"L LA +|I?€

aM,
9 = $*LAoC'r oL,

where M; is a three-dimensional manifold with the
boundary oM,

s” =diag(L,-1), d¥ = 0,

and we used the convention that 2rma’ = 1. The two-
dimensional metric g, (1, v = 0, 1) has the signature
(-, +) and g = —detg,,. The first “kinetic” term in the
action has a “degenerate” metric containing only the
square of the translational Cartan forms, not the spinor
ones, because the latter would lead to an action qua-
dratic in fermionic derivatives and thus to a potentia
nonunitarity. The explicit two-dimensional component
form of the GS action is[3]

lo = J'd 0%, = J’d 0[——@

(1.4)

x g (9,x*—i8'"9,0')(8,x*~i8'r"9,8”) (15)

“V”eraeﬁx—-uerae }

where " isthe antisymmetric tensor. The key observa-
tion that allows usto construct the GS action for super-
strings in AdS; x S° is that this bosonic space is the
coset

G _ SO(2,4), SO(6)

H = SO(L4)  SO(5)

As aresult, we can consider strings moving not in the
flat superspace but in the supercoset space with the cor-
rect bosonic coset part and the correct number of super-
symmetries: we must replace the ten-dimensional super
Poincaré group by a smaller group PSU(2, 2J4) and the
Lorentz group SO(1, 9) by its subgroup SO(1, 4) x
SO(5); i.e., we need to consider the supercoset [6]

PSU(2, 2|4)
SO(1, 4) x SO(5)
that still has 10 bosonic and 32 Grassmann dimensions.

The bosonic part of the GS action issimply the stan-
dard symmetric-space sigma-model action
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L = Tr[(g™0g)cm]”.

This is obviously not a conformal sigma model; the
addition of the 8 fermions converts it into a novel type
of atwo-dimensional conformal model. The fermions
couple the AdS; and S parts of the action together and
contribute the RR 5-form F5 to the beta-function of the
metric,

—(FsFs)wn =0,
making it vanish [6].

The superalgebrapsu(2, 2|4) playsthe central rolein
the construction of the GS action in AdS; x S° [6]. Its
even part is the sum of the algebra so(4, 2) that is the
isometry algebra of AdS; and the algebra so(6) that is
the isometry algebra of . The odd part consists of
32 supercharges corresponding to 32 Killing spinorsin
the AdS; x S° vacuum [7] of the type |1B supergravity
(see [8-10Q]). In the 5 + 5 splitting, its generators are
given by (Pa, Jag; Py, Jag; Q"), i.e., by two sets of
trandations and rotations in so(2, 4) and so(6) (A = 0,
1., 4 A= ., 5) and 32 supercharges (o =1, 2, 3,
4; a' = =1, 2, 3 4)

Following the same steps as in the above construc-
tion of the flat-space GS action, one finds [6] that there
exists aunique action of type (1.4) that hasthe required
properties: its bosonic part is a sigma model action on
AdS, x S, it has a local k-symmetry and the global
PSU(2, 2|4) symmetry, and it reduces to the standard
GS action in the flat-space limit. The part of the action
in [6] that is quadraticin ©' is adirect generalization of
the quadratic term in the flat-space GS action

¢ =
21a (16)
x J'dzo(@g““a” "'s)8'p,D,0’,

where p,, are projections of the ten-dimensional Dirac
matrices,

Py =MHEMO X" = (T AEq + T xE)a, X"
(Ep isthe vielbein of the ten-dimensional target space

metric). The covariant derivative D, isthe projection of
the ten-dimensional derivative

Lo 1
40 1 wn g

M,...Mg

Dy = 0+ el rMeCDer...MS
(with the dilaton field @ and the spinor connection
wy ) involved in the Killing spinor equation of the
type-11B supergravity,
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Duel - %UDM B izeuf)u%b;l’

1 i 1.7
D, = au+ZauxMwR}”rmﬁ, (17)

P = (TAEm +iT xE)a, X",

where the term involving f)u originates from the cou-
pling to the RR 5-form field strength.

The full nonlinear form of the action containing
terms of higher ordersin 0 isknown explicitly [11, 12].
Fixing a “covariant” symmetry gauge (e.g., 6! =
I 01236?), one obtains arelatively simple action that con-
tains terms of only quadratic and quartic orders in the
fermions [13, 14]. A similar structure is found in the
covariant S-gauge discussed in what follows. The
resulting action has the same feature as the flat-space
GS action: its fermionic kinetic term is coupled to all
the bosonic string coordinates. It is nondegenerate
when expanded near a“long” string configuration [15];
thus, the GS action provides a well-defined and useful
tool for computing quantum corrections to long string
configurations ending on Wilson loops [16] at the
boundary of AdS; [4, 15, 17].

However, to determine the fundamenta closed
string spectrum in AdS; x S°, one must learn how to
quantizethe AdS; x S° string action in the “ short” string
sector, i.e., without explicitly expanding near anontriv-
ial bosonic string configuration.

It is well known that for the flat-space GS action,
this is achieved by choosing the light-cone gauge [3,
18]. The superstring light-cone gauge fixing consists of
two steps:

(I thefermionic light-cone gauge choice, i.e., fixing
the k-symmetry by M6' = 0;

(11) the bosonic light-cone gauge choice, i.e., using
the conformal gauge1 Jggv = nw  (with the
Minkowski metric n*) and fixing the residual confor-
mal diffeomorphism symmetry by x*(t, 6) = p*1, where
T is the world-sheet time and p* is the light-cone
momentum.

Fixing the fermionic light-cone gauge aready pro-
duces a substantial simplification of the flat-space GS
action: it becomes quadratic in 6. Choosing the bosonic
light-cone gauge, i.e., using an explicit choice of x*,
may nhot always be necessary (cf. [19, 20]), but it makes
derivation of the physical string spectrum straightfor-
ward.

In what follows, we concentrate on the first and cru-
cia step of fixing the fermionic light-cone gauge, i.e.,
imposing an analog of the @' = 0 condition. The idea
is to obtain a simple gauge-fixed form of the action

1 We use Minkowski si gnature two-dimensional world-sheet metric
g’ with g = —detg,,,.
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where the nondegeneracy of the kinetic term for the fer-
mions does not depend on the choice of a specific string
background in transverse directions; i.e., similarly to
the flat-space, the fermion kinetic term hasthe structure

0x*008.

There are other motivations for studying AdS; x S°
strings in the light-cone gauge. One of the primary
goalsisto clarify the relation between the string theory
and the N' = 4 super Yang-Mills (SYM) theory at the
boundary. The SYM theory does not show a N = 4
supersymmetric Lorentz-covariant description but has
asimple superspace description in the light-cone gauge
A"=0[22]. Itishased on asingle chira superfield

D(x,0) = AX) +0'Pi(X) + ...,

where A = A, + iA, represents the transverse compo-
nents of the gauge field and {; is its fermionic partner
transforming under the fundamental representation of
the R-symmetry group SU(4). In addition to the stan-
dard light-cone supersymmetry (shifts of 0), the light-
cone superspace SY M action §®P] also has a nonlinear
superconformal symmetry. This suggeststhat it may be
possible to formulate the bulk string theory in a way
that is naturally related to the light-cone form of the
boundary SY M theory. In particular, it may be useful to
split the corresponding fermionic string coordinates
into two parts possessing the manifest SU(4) = SO(6)
transformation properties, which can be the counter-
parts of the linearly realized Poincaré supersymmetry
supercharges, and the nonlinearly realized conformal
supersymmetry supercharges of the SYM theory. Also,
as was shown in [23-25], field theories in the AdS
space (in particular, the | 1B supergravity) have asimple
light-cone description. There exists a light-cone action
for asuperparticlein AdS; x S° that was used to formu-
late the ADS/CFT correspondence in the light-cone
gauge. This suggests that the full superstring theory in
AdS; x S° also must have anatural light-cone gauge for-
mulation, which should be useful in the context of the
AdS/CFT correspondence.

The paper is organized as follows. In Section 2, we
discuss the basic superalgebra psu(2, 2|4) and write its
(anti)commutation relationsin the light-cone basis cor-
responding to the light-cone decomposition of the so(4, 2)
generators. We discuss the relations between the so(4,
1) O so(5) (or 5 + 5) basis® of the psu(2, 2|4) super-
algebraused in [6] in the construction of the GS action
in AdS; x S° and the more familiar so(3, 1) 0 su(4) =
d(2,C) O su(4) (or “4 + 6") basis (naturally appearing
in the discussion of the N' = 4, d = 4 superconformal
symmetry of the SYM theory). We use the latter basis
to identify the generators of the algebra in the light-
cone (or so(1, 1) O u(1) O so(2) O su(4)) basis. The
knowledge of the explicit relations between the gener-

2\We labdl the basis by the symmetry algebras under which the
supercoordinates transform linearly.
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ators in the three bases is useful in finding normaliza-
tions in the forms of the string action corresponding to
the so(3, 1) [ su(4) and the light-cone bases.

In Section 3, we present a version of the AdS; x S°
superstring action using the “S-gauge” to fix the
K-symmetry (Srefersto the conformal supersymmetry
generator). In this gauge, al of the superconformal
n-fermions are gauged away.

In Section 4, we explain the transformation of the
AdS; x S° string action from its original form in the
so(4, 1) O so(5) basis [6] to the so(3, 1) O su(4) basis
and then to the light-cone basis. We adapt the original
AdS; x S° GS action of [6] to the case of the light-cone
basis of psu(2, 2|4). Theresulting K-symmetric actionis
written entirely in terms of the Cartan-1 forms corre-
sponding to the light-cone basis and in an arbitrary
(e.g., Wess—Zumino (W2Z) or Killing) parametrization
of the supercoset space.

In Section 5, we fix the light-cone k-symmetry
gauge and find the corresponding Cartan-1 forms.
These light-cone gauge-1 forms are given in the Killing
parametrization of the original superspace.

In Section 6, we find the fermionic light-cone
gauge-fixed form of the action of Section 4. We present
the action in the Killing parametrization and discuss
some of its properties. We then explain the transforma-
tion of this action into the Wess—Zumino parametriza-
tion. Our fermionic k-symmetry light-cone gauge
(which is different from the naive @' = 0 gauge but is
related to it in the flat-space limit) reducesthe 32 fermi-

onic coordinates GL (two left Majorana—\Weyl ten-
dimensional spinors) to 16 physical Grassmann vari-
ables: “linear” ' and “nonlinear” n' and their hermitian
conjugates 6, and n; (i = 1, 2, 3, 4), which transform
according to the fundamental representations of SU(4).
The superconformal algebra psu(2, 2J4) dictates that
these variables must be related to the Poincaré and the
conformal supersymmetry in the light-cone gauge
description of the boundary theory. The action and
symmetry generators have a simple (quadratic) depen-
dence on 6' but a complicated (quartic) dependence on
n'. We split the 10 bosonic coordinates of AdS; x S®into
4 isometric coordinates along the boundary directions,
theradial direction of AdS;, and the S; coordinates.

In Section 7, we present the light-cone gauge-fixed
action in different forms and discuss some of its prop-
erties.

2. THE psu(2, 2}4) SUPERALGEBRA

We start with the commutation relations of the
psu(2, 2|4) superalgebra in the so(4, 1) O so(5) basis
givenin[6]:

[|5A, |55] = jAB,

[Pa: Pgl = =Jas, (2.1
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[jAB, jCE] _ nBCjAE +3 terms, 02
[JA'B" JC'E'] _ r_]B'C'JA‘E'+3 terms,
[Q IADA] = _lZEIJQJyAv
1 (2.3)
[Q, Jag] = _§Q|VA51
1
[Q, Pal = éelJQJVA-,
(2.4)

[Qi el = _%QIVA'BW

{Qain QBjJ}
= 8),[~2iC;(CY")ogPa+ 2C,5(CY")iiPal
+€3[C;; (CY"®)apdne — Cap(CY*®)ijInsl,

where

Quir = QJBjéJICBaCji

and our conventions for the charge conjugation matrix
Caregivenin (6.5). Hermitean conjugation rulesin this
basis are

/\T A T
Pa = —Pa, Pup = —Pg,
Lo (25)
Jag = =Jdag, Jag = =g,
o |
Q") '(v)a = QP CyqCyi. (2.6)

Unless otherwise specified, we use the notation Q' for

Qlai and QI for Qlui-

We use the form of the basis of the so(4, 2) subalge-
braimplied by its interpretation as the conformal alge-
brain 4 dimensions. The generators are then called the
trandations P2, the conformal boosts K2, the dilatation
D, and the L orentz rotations J® and satisfy the standard
commutation relations

[Pa, ch] - r]abpc_nacpb,

[Ka, ch] — r_]ach_r_]ach, (27)
[Pa, Kb] - r]abD _Jab’
[D, Pl = -P%, [D,K"] = K%, 2.8)

[Jab1 ch] - r]bc\]ad + 3 terms,

wheren® = (—, +, +,+)anda, b,c,d=0, 1, 2, 3. We
first transform the bosonic generators into the confor-
mal algebra basis. To this end, we introduce the
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Poincaré trandations P2, the conformal boosts K#, and
the dilatation D by

~da

- Py a _
P = P+ K 5

(2.9)
D = P,
Using commutation relations (2.1) and (2.2), we can
easily verify that these generators satisfy the commuta-
tion relations given in (2.7) and (2.8).
Next, we introduce the new “charged” supergenera-
tors

1= L 0'+i03), o%=-L(0'-i0?). (210

Q ﬁ(Q +iQ%), Q ﬁ(Q Q9. (210)
We use the simplified notation

Q" =-Q"", Qu=Qq (2.12)

The nonvanishing values of 9,; are then replaced by
dqq = 1, and the Majorana condition becomes

it B
Q") (v)a = Qui-
The commutators have the form

[Q“,P"] = (v,

_ L . (2.12)
[Q".3%] = 5(v*°Q",
[Qus P'T = Q¥
1 (2.13)
[Quin 31 = —5(QY* ),
[Q",P"] = (' Q)"
L (2.14)
[Q,3"%] = 5(v"*Q",
[Qus PT = QY
N L (2.15)
[Qui %71 = 5(QV")ar,
while the anticommutators become
Q. Q‘”}AB (2.16)
= [2i(y")pP" + (v**)5 3715} - 4i 55
where we use the notation
.E_—(y ) P +1(yAB)I N (2.17)

Starting with the commutation relations for PA and JA®
and applying various Fierz identities, we can prove that

J; (3" = 3",) satisfy the commutation relations of the
su(4) algebra.

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 91

METSAEV, TSEYTLIN

Using the commutators in Egs. (2.14), (2.15), and
(2.17) and the completeness relation for the Dirac
matrices, we can prove that

[Qah‘]jk] = 5iank—%15=<Qm1
(2.18)

ai j i ~0j 1 ai
[Q", 7 = -8,Q" +781Q""

This demonstrates that the supercharges transform
in the fundamental representations of su(4).

In what follows, we decompose the so(4, 1) Dirac
and charge conjugation matrices in the dl(2) basis as

O
_D 0
D(O)ab

a5 U
v’ Cals

0 O
(2.19)

O
y'=0t0
o -1

Oad
@]
Q
>
1
o o

1
0

where the matrices (0%)™ and (6%):a are related to the
Pauli matrices in the standard way:

o = (1,0%, 0% 0°), G = (-1, 0°0°). (2.20)
We note that

(Ga)aa = (6a)aa, (6a)aa = (0 )aa,

where
ay  _ ,_a\bb
(09aa=(0")  €pakyy-

We use the following conventions for the sl(2) indices:

W' = €Wy W, = ey,
a_ &b — b (2.21)
g =€ lIJt',- wa—weba-
with
€p = €’ = -, = —eiz =1.

12
We then decompose the supercharges in the d(2) [

su(4) basis as

4 . ai
02iv'Q
g 2vs

chi = (ZVSai, —2i V_lQia), vV = 21/4

In terms of these new supercharges, the commutation
relations become

[0, Q"] = 3%,

0
0
H (2.22)

[D,s] = 35,

(2.23)
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1S, P = = (09™Qa.
| Jlé | (2.24)
[S, P = —72(63)@@&',
[Q% K = — (0%,
iﬁ (2.25)
[Qu K = 72(6a)aas",
(Q°. Q%) = L(s)*Ps,
% (2.26)
(s, =—7( JPKS,
[Qai, Jab] _ %(o_ab)abei, 2.27)
{Q", s}
) 2.28
_ %EabD+j_-1(o_ab)abJab +€abJ|j, ( )
where
(o_ab)ab - EbC(O'ab)ac,

(6™)'5=3(09) (") (a-—D).
Hermitean conjugation rules of the supercharges are

Q" =q! A =—Qu
similarly for the S supercharges. The spinor sl(2) indi-
ces a, b areraised and lowered asin (2.21). From these
commutation relations, we learn that Qai and Qf‘ can
beinterpreted as the supercharges of the super Poincaré
subalgebra and S and S are the conformal super-
charges.

This completes the description of the so(3, 1) O
su(4) basis. We are now ready to introduce the light-
cone basis. In the light-cone decomposition

+_ 1

(2.29)

X = (X, X, % %), X Ejé(xsixo),

1 (2.30)

. 1,:..2

X, X = —= (X" £ix"),

2
we have the following generators:
J+_ JiX JiX JXX Pi’

(2.32)

P*, P*, K*, K*, K%
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To simplify the notation, we set
P=P*, P =P

_ (2.32)
K=K K =KX

The light-cone form of the so(4, 2) commutation
relations can be obtained from (2.7) using the light-
cone metric elements

+—

r] — r]—+ - 1’ nXX - r_]XX -
In this paper, the so(6) algebrais interpreted as the
su(4) one:
[3), 3] = 8,3' .- 8,3%,

The transformation of the supercharges amounts to
attaching the + and — signsthat explicitly show their J*-
charges. The corresponding supercharges are defined
by

i j,kn=12 34 (233

i~ 2 _ o
° . Q. Q.z Q ’ (2.34)
Q=-Q, Q' =Q,

Sl S 3= (2.35)
Sl| = S—I, SZI _ S+|

The choice of signs in these definitions is a matter of
convention.

We describe the odd part of the psu(2 2|14) superal-
gebra in terms of 32 supercharges Q*', QF, , and

S'. They carry the D, J*-, and J charges, as follows

from the structure of the algebra. The commutation
relations of the supercharges with the dilatation D,

[D! Qii] = _E-Qii’ [D! Qli] = _%Qii’
) . (2.36)
[D,S"] = §' [D,§]=§§,

allow us to interpret the Q generators as the standard
supercharges of the super Poincaré subalgebra and the
Sgenerators as the conformal supercharges. The super-
charges with the superscript + (-) have a positive (neg-
ative) J*~ charge:

1 .+
+=Q;
+5Q,

[J7.Q"] = +3Q", [I7. Q] =

1ot
2
+— i 1
(07,87 = +5

i +— ~t l o+
s, [J7.8]= 55 -
The J charges are fixed by the commutation relations

[JXX, Qii] _ i%Qti, [Jx>’<1 Qli] = ;%Qii, (2.37)
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(7% = i%sf, (3% ] = %sﬂ. (2.38)

The transformation properties of the Q supercharges
with respect to the su(4) subalgebra are determined by

[QF, 9] = 81Qt -28lQ,

i 4] it Lgj s
[Q%, 9] = -5,Q7 +781Q",

with similar relations for the S supercharges. Anticom-
mutation relations between the supercharges are

{Qii,jS} - ?ipiéij, {Q+i,Qj_} = _iP5ij, (2.39)
{s", S} = +iK*3|, {S', S} =iK3, (240)
{QH,ST} — —J+X6ij, {Q_i,S-_} = —J_iéij,
{Q" S} = %(J+—+J“¢ D)3 FJ',.

The remaining commutation relations between odd and
even generators have the form

[Q7, 37 = Q", [S,37] =-5",
[Q+i,J—>’<] — Q_i, [S+i,J_X] — S_i,

[S',P*] =iQf, [S.P]=iQ,
[S"P] = -iQ/,
[Q",K*] = -is”", [Q",K] = -iS,
[Q", K] = is".

The generators are subject to the hermitean conjugation
conditions

(P*) = -P*, P = -P,

(K5 = K*, K'= K,

(JiX)T — _th, (J+—)T — —J+_,

x&\ T _ axx _ i\t i
(3 =J3% b'=-D, () =17,

+iy T * tiy T +
Q) =Q, (5) =§. (241)
All the remaining nontrivial (anti)commutation rela-
tions of the psu(2, 2|4) superalgebra can be obtained

using these hermitean conjugation rules and the
(anti)commutation relations given above.

3. THE GENERAL STRUCTURE
OF THE AdS; x S° STRING ACTION

The superstring action in AdS; x S°[6] hasthe same
structure as the flat-space GS action (1.4):
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= [ Lun*i [ (3.1)

oM,

The kinetic term of the AdS; x S° GS action and the

3-form in its WZ term have the following form in the
s0(4, 1) O so(5) basis [6]:

P = 30T, (32)

% = SPLACYAL +is LATYALY. (3.3)

They are expressed in terms of the Cartan 1-forms
defined in the so(4, 1) [ so(5) basis by

GG = (GdG)bos + L' Q. (3.4)
where the restriction to the bosonic part is
(G7dG)es = L"P" 4213
(3.5

+ AP + %LA'B'JA'B"

In[6], the Cartan forms used in writing the action were
given in the so(4, 1) O so(5) basis of psu(2, 2|4). This
alows one to present the AdS; x S° GS action in the
form that is similar to the flat-space one. Our present
goal isto rewrite the action in the light-cone basis dis-
cussed in the previous section and then to impose the k-
symmetry light-cone gauge.

We first consider the so(3, 1) O su(4) basis and
define the bosonic (even) Cartan forms by

(G 'dG)pos = LAP*+ LEK®+ LD

+%LabJab+ L' J

(3.6)
Comparing this with (3.5) and using (2.9) and (2.17),
we obtain

Lk,
2 37)

i i,oai a1, aBi  AB
L'y = 5" L =207 L, (38)

Using these relations in the expression for the Kinetic
term (3.2) givesthe action in Eqg. (3.25).

We next consider the fermionic 1-forms. We define

=1

[2<L1—iL2);

L= %Z(Ll +iL?), L° 3.9
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introduce the notation L% = L% and L; = Ly; and use
the decomposition into sl(2) O su(4) Cartan 1-forms

Lori — 1.% V_ngi E
20.
OivlesaD (3.10)
1, s
Lui = é(_IVLQa“ "4 ngi)'

Hermitean conjugation rules for the new Cartan
1-formsthen take the sameform asin (2.29). Thelight-
cone frame Cartan 1-forms are defined by

Ll- = _L_., |_2A = _|_+A,
o (3.11)
I = i +i
Lli - L_i, L2i - L+i,
oo T (3.12)
Léi = Lg, Lgi = L;.
These relations imply
L''Quai = L"Qqi — LaiQ” (3.13)
= LuQi-L5Qu + L3Si - LS (3.14)
- Lo+ L0+ L0 + L0
Q Ql QQI Qi Q Qi Q (315)

+LsS +LsS +LgS" +LgS .

Representation (3.14) corresponds to the sl(2) O su(4)
basis and (3.15) to the light-cone basis.

With the relation between the Cartan 1-forms given
by Egs. (3.9)<3.12), we are ready to consider the
decomposition of the WZ 3-form (3.3). We start with
the AdS; contribution given by the first term in right-
hand side of (3.3). Taking Eg. (3.9) into account and

using L' =L'cc, wecan rewrite the AdS; contribution
in terms of the “charged” Cartan formsL9and L? as

Hnss, = %quss + %quSs1 (3.16)
ST
Hogs, = L LY (CYY)apC L™,

Because i %idss is hermitean conjugate to i%qusﬁ, we

restrict our attention to the decomposition of the first
term. We obtain
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Haas, = LL™(CY")apCiL™
~LoL™(CyYasCiL™ = ii':al‘isaci'i(oa)ab'-igb (3.18)
+ %LDE%Z LEC} L&+ V2L3CLbT
= —Jlé (L'LsCjLd + LLoC Ly
+LSeLg + ULsciLd) (3.19)

1 +i~t g -] —i o~ F]
+ TZLD%LS CI] LSJ + LQCIJ LQJ%

Equation (3.19) providesthe representation of the AdS;
part of the 3-form in the d(2) O su(4) basis and
Eqg. (3.19) in the light-cone basis.

We now consider the S part of the WZ 3-form in

(3.3),i.e,is’LA L' Y*L’. Representing it in terms of the
charged Cartan forms asin (3.16),

— o q
%§ = 9‘655+% ,
we obtain

W = iL LY Cig(Cy) L

_ qai 'k | ] (3:20)

I A j 1 &~ i
= Z_ﬁLS(C L)ijLsa_TZLQ(C L)ijLoa (3.21)

l +i . —j —i ' +j

= é‘]—g[le(C L) Ls —Ls(C L) Ls']
(3.22)

1. +i,~ I +j
+ —[Lo(C'L);iLg —Lo(C'L); Lo ].
«/é Q i=Q Q i=Q

In (3.20), we exploited relation (3.8) and used the fact
that (C'y*®);; issymmetricini, j; the charge conjuga-
tion matrix Cqg isantisymmetricin a, B; and the fermi-
onic Cartan 1-forms L9 commute with each other.
Equation (3.21) provides the representation of the S

part of the WZ 3-form in the sl(2) O su(4) basis, and
Eq. (3.22) in the light-cone basis.

To summarize, the Cartan 1-forms in the light-cone
basis are defined by

GdG = L2P*+ LEK®+ LD + %LabJab+ L', 3
FLIQ +LoQ A LIQ ALyt B2
+LsS +LgS"+LeS +LgS
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where G is a coset representative in PSU(2, 2|4). We
also define the combinations

1 [

fa_j;a_ Ll a Aol ANE
L = LP 2LK’ L 2(y ) ]L i (324)
(CL);= Ci'kl—kj-
Thekinetic term in (3.1) then takes the form
1
PLiin = —é«/é
(3.25)

x g"(Lalo + LpuLpy + Ly LY),

and the 3-form ¥ in the WZ term can be written as (we
suppress the signs of exterior products of 1-forms)

H = Hpus, + Hs—Hee, (3.26)
Has, = —iTZ(f_*L;c;j Lg+LLoCLe
+LiCiLy + L'LeCiLg) (3.27)
+ 71_5 LD%L;‘ CiLs + LaCiLeg
9, = 2—1[2[L;‘(C'L)”Lgi—LS(C‘L)ULE
(3.28)

1 +i ' —j —i ' +j

4. THE AdS; x S° ACTION
IN THE COVARIANT SGAUGE

Theresultsfor the Cartan formsinthe d(2) O su(4)
basis described above alow us to find another version
of the k-symmetry gauge-fixed action of the super-
string in AdS; x S°. We start with the supercoset repre-
sentative

G = 00919, (4.1)
Ovo = OXP(X"P"+67Q,—6"Qy), (4.2)
gy = exp(n’S; —n;'Sy), (4.3)
and impose the K-symmetry gauge by
n® =ni=0 (4.9)
i.e,
Gy.r. = Ox 09yYp: (4.5)

Because we have set to zero the fermionic coordinates
n that correspond to the conformal supercharges S, we
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call thisthe Sgauge. The resulting gauge-fixed expres-
sions for the Cartan 1-forms are given by

LS = e°
a ayab i ia,—a b (4.6)
[ a6 =~ (840" de + 80 wce) |
[ 5500 d0; + 63 )ade)
L, = e*2de®, L3 = e*de”, (4.7)
Lo = dp, L', = (duu™';, (4.8)

where d8 is defined as in (5.20) and the matrix U is
defined by (7.3) and (7.4). All the remaining Cartan
1-forms vanish.

Using Ls= 0, we expressthe AdS; part of the 3-form
7€ in(3.19) as

1

Hhas, = 5 ﬁdcpe"’aeé“c;,-aeg. (4.9)
At the sametime, Eq. (3.21) gives
%7, = -%2 *de®(C'L), del. (4.10)
Thus, we conclude that
s, + 9 = d=e"do*Cidol  (4.11)

2.2

which allows usto find the two-dimensional form of the
WZ term.

Using the above relations and Eqgs. (3.25) and (3.24)
and taking into account that Ly = 0, we finaly obtain

the kinetic and WZ parts of the AdS, x S° string
Lagrangian (cf. (6.13), (6.14))

_ 1
Fiin = 349 (4.12)
v, a | a A A
xg" (LpyLp, +0,00,0+¢€,¢€,),
i v ~nai ~1 A=A
ng = E—ﬁeu e(p(")ue C|J0V9;+ H.C., (413)

where L";‘,Ll is given by (4.6). We note that in this

S-gauge, the 1-form LA, which is given in terms of L' j

asin (3.24), is equal simply to the & 1-form e*. The
reason is that in contrast to what happens in the light-
cone gauge (5.15), the Cartan form L' j does not con-
tain fermionic contributions here [see (4.8)].
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5. THE COORDINATE PARAMETRIZATION
OF CARTAN FORMS AND FIXING
THE LIGHT-CONE k-SYMMETRY GAUGE

To express the Cartan 1-forms in terms of the even
and odd coordinate fields, we start with the supercoset
representative

G = gx,egngygqn (51)
where
Lo = eXp(CP*+ 07 Q)
Ox 6 | p(‘ Q (5.2)
+6,Q"+0"Qr+6/Q"),
g, = exp(n"S +n;S"+n"'s+n’SY); (5.3

and g, and g, depend on the radial AdS; coordinate ¢
and the S coordinates y*

gy = exp(9D), (5.4)

g=eply ;7). ¥=5) . (65
The choice of the parametrization of the coset represen-
tative in (5.1) correspondsto what isusually referred to
asthe “Killing gauge’ in superspace.

Because the supercharges transform in the funda-
mental representation of su(4), the corresponding fer-
mionic coordinates 8 and n a so transform in the funda-
mental representation of su(4).

The above expressions provide the definition of the
Cartan formsin the light-cone basis. We further specify
these expressions by setting some of the fermionic
coordinates to zero, which corresponds to fixing a par-
ticular k-symmetry gauge. More specifically, wefix the
K-symmetry by setting to zero all the Grassmann coor-
dinates that carry a positive J*~charge [cf. (6.9)],

8" =6 =n"=n' =0 (5.6)
To simplify the notation, we set
0'=6", 6,=6,, n'=n", ni=n. (57

As the result, the k-symmetry fixed form of coset rep-
resentative (5.1) is

G £, (gx,e)g.f.(gn)g.f.gyg(p! (58)
(Gro)gr. = XP(XP+0'Q/+0,Q"),  (59)
(9n)gr. = &xp(n'S" +n;S™). (5.10)

Inserting this G, ¢ in (3.23), we obtain the K-symmetry
gauge-fixed expressions for the Cartan 1-forms
Lo = e®dx’,

e e 5.11)
- _ 0 _ I_ i I_ ) i (
Ly = e"Rix —56'd6, —56:d65
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Ly = e®dx, Ly = e*dx, (5.12)
L = (A ax + 3idn + Sidn |, (5.9
K 4 2 P2y '
Ly = do, (5.14)
L', = (duu™ +iH'R,; - 6%1x (5.15)
Lo = e”(do' +in'dx),
© /2(~ 1 ) (5.16)
Lo = €”(de, —if;dx),
Ly = -e”q'dx", Ly =ie”Rdx’,  (5.17)
S il ~2~i g+
L3 = e—(plz%n +§ﬂ2n dXEr
_ (5.18)
- | ~2~ +
Ls = eﬂ’@m—énznidxg

All the remaining forms are equa to zero. We have
introduced the notation
MU
e = U Je y

6i=6,U™, (5.19)

de'=u'de’, de,=de,(Uu™), (5.20)
and similarly for . We note that 8° = 62 and 8d0 =
0d0. Thematrix U 00 SU(4) isdefined interms of the &
coordinatesy’; or y* by (7.3) and (7.4). It can be written

explicitly as

U= cosl—-2y—|+iyA'nA'Sin|—)2/-|,
(5.21)
Iyl =YY, Ey7

6. THE AdS; x S° STRING ACTION
IN THE LIGHT-CONE GAUGE

Wefirst review thefixing of thelight-conefermionic
gauge in flat-space. One usualy imposes the
K-symmetry light-cone gauge by starting with the com-
ponent form of the action given by (1.5). It turns out to
be cumbersome to generalize this procedure to the case
of strings in AdS; x S°. It is more convenient to first
impose the light-cone gauge at the level of the Cartan

forms L* and L' and then use them in the action taken
inits genera form (1.4). The light-cone-gauge form of
L* is

L* = dx", L =dx-if'rde

) N (6.1)
LN=dx", N=1,..8
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where 6! are subject to the light-cone gauge condition

r+g =03 Inserting these expressionsin action (1.4) we
obtain
£ = Lyint+ Luz, (6.2)
Fiin = «/EJQHVDO X"0,%"
(6.3
—%auxNava +i0,x'8'r9,0'0
Pz = -ie"'s79,x'0'770,6". (6.4)

Next, wedo the“5+ 5” splitting of the ten-dimensional
Clifford algebra generators, the charge conjugation
matrix €, and the supercoordinates:

rA:yAx|x0'1, rAlzleA'xczy

O glai O (6.5)
© =cxCxio, 6 =000

0o O

where | isthe 4 x 4 unit matrix; o, are the Pauli matri-
ces,a=1,2 3,4 andi =1, 2, 3, 4. We dso introduce
the complex coordinates

1 1 - A2
8= —(8"+i0) 6.6
7 (6.6)
and use the parametrization
o, 0
0" o
gei = ¥gn" g (6.7)
2. igH O
0 0
U |e_' U

The decompositions of the so(4, 1) gammamatrices are
givenin (2.19). The light-cone gauge

+_ 1

+Al _ 3 0
re =0, F=72(F M) (6.8)
leads to
" =n" = 0. (6.9)
Using the notation
T 6w
6 =(), ni=()

and inserting the above decomposition into action (6.2),
we finally obtain the expressions for the kinetic and

3 The transverse bosonic Cartan forms LN in (6.1) must not be con-
fused with the fermionic onesL'.
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WZ parts of the light-cone-gauge flat-space GS
Lagrangian

Prin = J@g“v[— 0,X 9,X — %a“xNava

_ _ (6.11)
+ 6ux+%9ia\,ei + 'ér]ia\,r]i + H.CH},
Fwz = —€"9,x'n'C;0,0' + Hee. (6.12)

Itistothisform of theflat GS action that our light-cone
AdS; x S° action reduces in the flat-space limit. A char-
acteristic feature of this parametrization is that, while
the kinetic term is diagonal in 6 and n, these variables
are mixed in the WZ term.

We now turn to the AdS; x S° case. Inserting the above
expressions (5.11)—(5.18) in action (3.1), we obtain the
light-cone gauge-fixed superstring Lagrangian in terms
of the light-cone supercoset coordinates:

v T R
Fran = /89" F-€(9,X0,X + 0,%0,%) ~ 50,00,

1A +[1 20, ni i
~Zeiel +a,x [Ee %6'0,8, +0.0,0)
(6.13)
i, iv , L~ i~
+ g +n0.0) + el |

+20,40,X' 1) - (Ai(v") )13

e
Lwz = —72

Severa remarks arein order.

() In the flat-space limit, this action reduces to the
GS light-cone K-symmetry gauge-fixed action repre-
sented in the form (6.11) and (6.12). In the particle the-
ory limit as a' —» 0 (corresponding to keeping only
the T dependence of fields and omitting the WZ term),
this action reduces (after an appropriate bosonic light-
cone gauge fixing and rescaling some of the fermionic
variables) to the light-cone actlon of a superparticle
propagating in AdS; x S° [24].4

(i) The kinetic terms for the fermionic coordinates
have a manifest linear su(4) invariance. In the remain-
ing terms, this symmetry is not manifested and is not
realized linearly.

(iii) Because the WZ term depends on 6 through its
derivative, it isinvariant under a shift of 8. To maintain
this invariance in the kinetic terms, the shift of 6 must
be supplemented, as usual, by an appropriate transfor-
mation of x~. The action is invariant under the shifts of

e’9,x"'C};(9,8' +in'9,x) + H.c. (6.14)

4 The Hamiltonian for the superparticle in AdS; x S° was found in
[24] (see Eq. (12) there). The action is obtained from the Hamilto-
nian in the usual way.
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the bosonic coordinates x* along the boundary direc-
tions.

(iv) Asin the superparticle case [24, 25], thisaction
isquadratic in half of the fermionic coordinates (8) but
isof ahigher (quartic) order in the other half (n). It was
the intention to split the fermionic variables in such 6
and n that motivated our choice of the supercoset
parametrization in (5.8).

(v) The action contains the terms of the type (n?)?
and n;e;n’ that played an important role [24] in estab-
lishing the AdS CFT correspondence in the superparti-
cle case. Thesetermsmust also play asimilar important
rolein formulating the AAS/CFT correspondence at the
string theory level.

The fermionic variables 8 and n defined in (5.1)
have opposite conformal dimensions. It is convenient,
however, to use the variables with the same conformal
dimensions.® To achieve this, we rescalen as

n'—J2e', n—./2e",. (6.15)
The action in Egs. (6.13) and (6.14) can then be written
as

Fian = [00" | -0, 0, + 0,10,

1 1
- éap(pav(p_ EG&Q%(y) Duyﬂ Dpy%i|

(6.16)

i v 2 oA i
+—./gg"’e*% x'[0'9,0; + 6,0,0

,\/é gg M [

i i . 20 +, 2\2
+nao,n;+nd,n —iea,x (n°) 1,

Pz = -6, x1'C!
wz = me € XN (6.17)

x (30" +i.26°n'd,%) + H.c.,
where G4, is the metric of the 5-sphere © and the dif-
ferential D,y" is defined by

Dy" = ay" +2in(v?") n'e®a.x",  (6.19)
with (Vyi)ij being the components of the Killing vectors
(V)0 of S (and 8,4 = 0/dy™).

We note that x* enters the action only through the
combination €290, x*. An attractive feature of this repre-
sentation is that the terms in (6.13) involving

A (")’ are now collected in the second term in the

5 Similar Grassmann variables with the same conformal dimen-
sions were used in the light-cone formulation of the superparticle

in AdS; x S° [24, 25].
6 We introduced the coordinate S indices 4, B = 1, ..., 5 (to be
distinguished from the tangent space indices A, B') and set yyq =

d A
3p Y.
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derivative (6.18) and, thus, have a natural geometrical
interpretation, i.e., multiplying the Killing vectors.

The Killing vectors (V*)i0,, satisfy the so(6) =
su(4) commutation relations (2.33) and can be written as

1, aB\i

(v 0y = 300 VSN VY (619)

where VA and VA® correspond to the 5 translations and
the SO(5) rotations respectively and are given by (cf.
(5.21))

V¥ = [lylcotlyl (8" —n*n™) +n*n"]a,, (6.20)

VA = yM o, —yPa,, (6.21)
where 8" is the Kronecker delta symbol and we use
the conventions

A A A A AN A
y© o =0xy, N =904n, N =ny.

In these coordinates, the S metric tensor has the form

Gz = €41€5,
, : , , , (6.22)
e = %llyl(ég—nsdn/*) +n,n”.
In this section, we have discussed the light-cone
action in the Killing parametrization of superspace. To
obtain the light-cone-gauge action in the Wess—Zumino
parametrization, one must make the redefinitions [cf.
(5.19) and (5.20)]

o —(u™he, 6—oU, (6.23)

n'— /26U in', n —~.2e°n,U'. (6.24)

The fermionic derivatives d, then acquire the general-
ized connection Q, = 9,UU™ (Eq. (7.7)); i.e., they
become the covariant derivatives 9, (see (7.6)). The

action is given in terms of these new variables in the
next section.

Finally, we note that our results for the AdS, x S°
space can be generalized to AdS; x S® in a rather
straightforward way. To obtain the light-cone-gauge
action for this case, one could use the k-invariant action
of [39] and then apply the same procedure of the light-
cone splitting and gauge fixing as developed in this
paper. However, our light-cone-gauge action is already
written in the form that allows a straightforward gener-
alization to AdS; x S* only the dimensional reduction
remains to be done. In discussing the AdS; x S°
Lagrangian, we use the WZ parametrization where the
action has the form given by (7.1) for definiteness. To

No. 6 2000



1110

obtain the ¥z and §E(F2) termsin the AdS; x S® case, we
must set

x=x=0
in (7.2) and (7.5) and also assume the fermionic vari-
ables 8 and ) to transform in the fundamental represen-
tation of N(Z) and SU(2) (with theindicesi, j taking
thevalues 1, 2). Thematrix C;; isthen given by
C' = ho,, |h =1

The matrices(y*)'; where A'= 1, 2, 3, are now the SO(3)
Dirac gammamatrices. The quartic part of the Lagrangian
W smplifiesto

P = 2,/9g"e" 9, x’9,x'(n'n)°.  (6.25)

7. DIFFERENT FORMS AND SOME PROPERTIES
OF THE LIGHT-CONE-GAUGE ACTION

Choosing the light-cone gauge in the parametriza-
tion of the supercoset

PSU(2, 2|4)
SO(4, 1) x SO(5)
described above, we can write the AdS; x S° super-

string Lagrangian of [6] (in the Wess—Zumino super-
space parametrization) as

L= Lg+ LD+ 2,

(7.0
where

Feg = __'\/égquMN(x)a x"a,Xx"

isthe standard bosonic sigma-model actionwith AdS; x S
as the target space,’

Fp = _A/éguv

(7.2)
<[ €%(0,x' 0, + 0,00,% + 30,00,0+ 3ellel |

In this formula, € is the projection of the S° vielbein
that in our special parametrization is given by

¢ = 5Tr(y"a,uu™), 79
=(e")';, U'U =1,

where Tr is taken over i, j. The matrix UO SU(4)

depends on five independent coordinates y*,

7 Our index notation differs from [6]: here, weuse p, v =0, 1 for
two-dimensional indices; i, j for SU(4) indices; A=0, 1, ..., 4 for
AdS;;andA'=1, ..., 5for 53 tangent space indices (repeated indi-

ces are contracted with flat metric). We set €91 = 1.
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i )D_

(PN i ' i
=0 V)T V=0 (74

where y* are the SO(5) Dirac matrices. In Eq. (7.1),
35(2) isthe quadratic part of the fermionic action,

PP = e%9,x"
i won - i
X[ngg (62,8 +n@un'~iniein) (5
~n'Cii(2,0' + iﬁe“’njavx)} +H.c.

Here, we used the notation for the generalized spinor
derivative on S

%6 = do'-Q'0, @6, = de, +6,Q’,
| i a (7.6)
e;=(y") e,
with
9 = D da", €= g,da",

where ¢* = (1, 0) are two-dimensional coordinates.
This derivative has the general representation

P =d+Q'J,
and satisfies the relation
@ = 0,
with Q'; given by
Q =duu™, dQ-QO0Q =0, (7.7)

and can be written in terms of the S spin connection
w*® and the 5-bein e as

A|A

1
Q' = -7 " (v ) je (7.8)
C;; is the constant charge conjugation matrix of the

SO(5) Dirac matrix algebra:

ctc =1, ¢’ =-<.
The hermitean conjugation rules are
e.T = ei r'|Jr = r]i

The P-odd e"’-dependent term in (7.5) comes from the
WZ term in the original supercoset GS action [6].

The quartic fermionic termin (7.1) depends only on
n, not on 6;

P = 1A/Ejg“"e‘“"aux+
2 | (7.9)
x 3,xT('N)% = (M(y™)' ;)1
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Theactionin Egs. (7.1), (7.2), (7.5), and (7.9) has sev-
eral important properties.

(i) The dependence on x™ is only linear through the
bosonic dx*ox- term in (7.2). The bosonic factor in the
fermion kinetic term is simply €2%x". It is the crucial
property of this light-cone K-symmetry gauge-fixed
form of the action that the fermion kinetic term
involves the derivative of only one space-time direc-
tion, x*; this implies that the (non)degeneracy of the
action does not depend on the transverse string profile.?

(ii) The fact that the action has only quadratic and
guartic fermionic termsisrelated to special symmetries
of the AdS; x S° background (a covariantly constant
curvature and the 5-form field strength). The presence
of the n* term (7.9) reflects the curvature of the back-

ground.® As follows from the discussion in [6], the
“extra’ termsin (7.5) similar ton;€;n! and nC'ndx must
have the interpretation of the couplings to the RR
5-form background. The gauge that we considered
treatsthe AdS; and S factors asymmetricaly. In partic-
ular, the action contains only SO(5) but not SO(4, 1)
gamma matrices, and 6, and n; are not spinors under
S0(4, 1).1°

(iii) The AdS; x S° superstring action depends on
two parameters: the scale (equal radii) R of AdS; x S°
and the inverse string tension or a'. Restoring the
dependence on R that was set equal to 1in (7.1), one
finds that in the flat-space limit as R —» oo, the quartic
term (7.9) goes away, while the kinetic term (7.5)
reducesto the standard onewith %, — 9,,. The result-
ing action is equivalent to the flat-space light-cone GS
action [3] after expressing each of the two SO(8)
spinors in terms of the two SU(4) spinors. The action
takes the “diagonal” form in terms of the combinations

quL , of our two fermionic variables (see (7.19) in what

8 The structure of the action is therefore similar to that of the light-
cone-gauge action for the GS string in the curved magnetic RR
background constructed in [26].

9 We note that the light-cone-gauge GS action in a curved space of

the form R  x M8 with generic NSNS and RR backgrounds [27]
(reconstructed from the light-cone flat-space GS vertex operators
[28]) generaly contains, terms higher than quartic fermionic
terms multiplied be higher derivatives of the background fields.
This light-cone GS action has a quartic fermionic term [27, 29]
involving the curvature tensor

R.OXTOX (Br—0)(06r—0)~R. (pHAOr—0)(Br—6)
that is similar to the one present in the NSR string action (i.e., in
the standard two-dimensional supersymmetric sigmamodel).

10§ and 1 are not scalars with respect to SO(4, 1). Combined with
fermions eliminated by the K-symmetry gauge, they transform in
the spinor representation of SO(4, 1) x SO(5). However, after the
gauge fixing based on gamma matrices from the AdS; part (Y0 = 0),
the SO(4, 1) group, with the exception of its SO(2) subgroup gen-

erated byJXX [23] (whichisapart of the little group for the AdS;
case), isrealized nonlinearly. Thus (modul o subtleties of anonlin-
ear realization of su(4) on bosons), the algebra so(2) O su(4) isa
counterpart of the so(8) algebrain the flat-space case.
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follows). Asa' — 0, the action hasthe correct particle
limit; i.e., it reducesto the light-cone-gauge superparti-
cleactionin AdS; x S° [24].

(iv) A specia feature of this action is that the
SU(4) = SO(6) symmetry isrealized linearly on fermi-
ons but not on bosons. This is a consequence of the
purely bosonic factor SO(4, 1) x SO(5) in the underly-
ing supercoset

PSU(2, 2|4)
SO(4, 1) x SO(5)’

The S = SO(6)/SO(5) part of the bosonic action can be
represented as a special case of the two-dimensional
G/H coset sigma model with the Lagrangian

L = Tr(@,UU™"+A,)°, UDG = SO(6),

wherethetwo-dimensional gaugefield A, isinthealge-
bra of H = SO(5). This action does not have the mani-
fested SO(6) symmetry after A, isintegrated out and °U
isrestricted to the coset as a gauge choice.

(v) The action is symmetric under the shift 6 —
0 + e supplemented by an appropriate transformation of
x". Here, e isaKilling spinor on S satisfying the equa-
tion @€' = 0. It is because of this symmetry that the the-
ory is linear in 0 (i.e, no quartic interactions in 0
occur).

To proceed further with quantizing the theory, one
would like, asin the flat case, to eliminate the dx* fac-
tors from the fermion kinetic termsin (7.5). In the flat-
space, this was possible in the bosonic light-cone
gauge. In the BDHP formulation [30, 31] that we are
using, this can be done by fixing the conformal gauge

yWo= ", yW=log", dety" = -1 (7.10)
and then noting that, because the resulting equation
#’x" =0

has a general solution

x'(1,0) = f(1—0)+h(T+0),

we can fix theresidual conformal diffeomorphism sym-
metry on the plane by setting

x'(t,0) = p'1.
An alternative (equivalent) approach is to use the orig-
inal GGRT [32] formulation based on writing the
Nambu action in the canonical first-order form (with
constraints added with Lagrange multipliers) and fixing
the diffeomorphism invariance by two conditions

imposed on one coordinate and one canonical momen-
tum:

x" = p't, P’ = const.
The first approach based on the conformal gauge
does not generally apply to curved spaces with null
Killing vectorsthat are not thedirect products R%: 1 x M8
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(the gauge conditionsisinconsistent in general with the
classical equations of motion). It does apply, however,
if the null Killing vector is covariantly constant [33].
There is no need, in principle, to insist on fixing the
standard conformal gauge (7.10). Instead, one can fix
the diffeomorphism gauge by imposing two conditions:

yOO — _1’
Thischoiceis consistent provided the background met-
ric satisfies [34]

G,_=1 G_=6G;=0, oGy =0.
This approach is essentialy equivalent to the GGRT

approach applied to the curved space case.

The above conditions do not apply to the AdS case:
the null Killing vectors are not covariantly constant and

G, =e*z 1.1 |tiseasy to see, however, that aslight

modification of the above conditions on y* and x* rep-
resents a consistent gauge choice:

+ +
X =pT.

Y% = 1, (7.12)
In what follows, we do not discuss in detail the conse-
quences of fixing the bosonic light-cone gauge (7.11) in
superstring action (7.1) but follow a simplified
approach based on using a particular classical solution.
We first do not make any explicit gauge choice but
consider the superstring path integral assuming that
there are no sourcesfor x. Thelinear dependence of the
actionin Egs. (7.1) and (7.2) onx alowsusto integrate
over x~ explicitly. This produces the d-function con-
straint imposing the equation of motion for x*, whichis
formally solved by setting

Jog'e o, x" = "o, f, (7.12)

where f(t, 0) is an arbitrary function. Because our
action (7.1) depends on x* only through e2%9x*, we are
then able to integrate over x* as well, eliminating it in
favor of the function f. The action then contains the fer-
mionic terms (7.5) and (7.9) with

+ +
X = pT.

VA
2 + _ €
e x — f,= nggaxf.
The resulting fermion kinetic term is then nondegener-
ate (for a properly chosen f) and can be interpreted as
the action of two-dimensional fermions in a curved

(7.13)

1yn fact, thereis no globally well-defined null Killing vector in the

AdS space because its norm, which is proportional to €??, van-
ishes at the horizon ¢ = — (this point and the possibility to fix a
global diffeomorphism gauge for the AdS string were discussed
in [35]). In this paper, we use a forma approach to this issue:

since the boundary SYM theory in RY 3 has a well-defined light-
cone description, it must be possible to fix some analogue of the
light-cone gauge for the dual string aswell (assuming it is defined
on the Poincaré patch of the AdS space). A potential problem of
that approach, which will be reflected in the degeneracy of the
resulting light-cone gauge-fixed action near the horizon region,
should then be addressed at a later stage.
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two-dimensional geometry determined by f and g, (cf.
[4, 37, 38]).

We can further simplify the action by making a spe-
cia choice of f and fixing a diffeomorphism gauge on
g in aconsistent way. One possibility is to choose a
diagonal gauge on g,,, [36] and f ~ o in accordance with
(7.12), which implies that x* ~ 1; i.e.,'?

f =0, x =1, .Jogg" = diag(-e?* €. (7.14)

Similarly to the flat-space case [3] and the “long”
string cases discussed in [4], the resulting action can
then be put into the “two-dimensiona spinor” form.
Indeed, the “8 + 8" fermionic degrees of freedom can
be organized into four Dirac two-dimensiona spinors
defined in the curved two-dimensional geometry. Using
(7.14), we can write kinetic term (7.5) as

DCB(FZ) = —Iz(ei@oei + ni@oni _inieiojnj)
(7.15)
—eZ(prllci'j(gbleJ +i4/26°n'9,x) + H.c.

Introducing a two-dimensional zweibein correspond-
ing to the metricin (7.14),

el = diag(e”, 1), g, = —ee +ee;, (7.16)

we can put (7.15) in the two-dimensional form as

e_lbcg(FZ) = Iéq:'pme%@ulp - I‘quwal(l)

1 N (7.17)
+—=Piegp W'+ i/2e(y) TCiP'a,x+H.c,
J2
where p™ are two-dimensional Dirac matrices,
p°=io, p =05, p =pp =0y
. 1.3 o 1 1 (7.18)
=E—(p xp), M=z(1-p),
P =505 0") 5(1-p")

P, = (U)'p% Py stands for P;y', YT denotes the
transposition of a two-dimensional spinor, and () are
related to the original (two-dimensional scalar) fermi-
onic variables 8 and n by13

12\We note that the standard conformal gauge +/gg"" = diag(-1, 1)
leads to an inconsistency for generic @ if one insists on the sim-
plest f = o choice. Consistency for generic @is achieved only if f
(and x*) is nontrivial. However, the structure of the resulting
action is complicated.

B3I our notation | o™y = =i Wl (T — D)Wy —i Wh (T + Twa,

-
Um = endy, -
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0 v Ligiey
Loy = =[6'-i(Cc™'n],
i 0

O /2 | (7.19)

W, = —}—Z[ei +i(cn).
The quartic interaction term (7.9) takes the form
' = @Y P W) - @ W) (7.20

The total action is thus a certain G/H bosonic sigma
model coupled to a Thirring-type two-dimensional fer-
mionic model in curved two-dimensional geometry
(7.16) (determined by the profile of the radial function
of the AdS space) and coupled to some two-dimen-
sional vector fields. The interactions are such that they
ensure the quantum two-dimensional conformal invari-
ance of the entire model [6].

Properties of the resulting action and the possibility
of putting it into asimpler and more useful form remain
to be studied. It is clear of course that the action has a
rather complicated structure and is not solvable in
terms of free fields in any obvious way. A hope is that
the light-cone form of the action that we have found (or
itsfirst-order phase-space anal og) may suggest achoice
of more adequate variables that may allow further
progress.

We finish this discussion with several remarks.

Themassterm @ Yo,@in (7.17) issimilar to the one
in [4] (where the background string configuration was
nonconstant only in the radial ¢ direction) and has its
origin in the e"e?%,x*0,n' C;; 6 term appearing after
then < 8 symmetrization of the e termin (7.5) (its
“noncovariance” is thus a consequence of the choice
X" =1).

The action is symmetric under shifting
lIJi . qu + p_Ei,
where €' is the two-dimensional Killing spinor. This

symmetry reflects the fact that our original action is
symmetric under shifting ' by aKilling spinor on S.

The two-dimensional Lorentz invariance is pre-
served by the fermionic light-cone gauge (the original
GSfermions 0 are two-dimensional scalars) but is bro-
ken by our special choice of bosonic gauge (7.14). The
special form of g,, in (7.14) implies a “ noncovariant”
dependence on @ in the bosonic part of the action: the
action (7.2) for the threefields @, x, X and the 5-sphere

coordinates y*' is given by
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P = 0,x0,X — %9, X9, X

1 —2¢ 1 20
+5e ao(Pao(P—é 0,90, ¢ (7.22)

1 _
+ EGﬂ%(y)(e 2(paoy$daoy% - e2(paly&daly%)v

where G, is the metric of the 5-sphere.* A peculiar-
ity of the g,, gauge choice in (7.14) compared to the
usual conformal gauge is that here the S° part of the
action is no longer decoupled from the radia AdS;
direction ¢.

The form of the quadratic fermionic part of the AdS; x
S° superstring action expanded near a straight long
string configuration along the @ direction of AdS; was
discussed in [4] using the “covariant” K-symmetry
gauge condition 8 = 62 (an equivalent result was aso
found inthe 6 = iy,6° gauge used in[14, 15]). It iseasy
to show that an equivalent fermionic action is aso
found in the present light-cone K-symmetry gauge.
Expanding near the configuration X° = 1, @ = g, x = 0,
y =0 (which isaclassical string solution, asis easy to
check) and choosing the bosonic gauge such that the
two-dimensional metric g, is equa to the induced
(AdS,) metric

ds’ = L(dr’+do?).
(0)

Wefind that the corresponding functionfin (7.12) is
then equal to o2 The quadratic part of the fermion
action (7.17) becomes (with the n fermions redefined
by the constant unitary matrix C'in (7.15))

J’dtdco‘z(eaoe +1d,Nn —n0,0). (7.22)
Rescaling the fields as 8 = 08" and n = on' such that
their normalization is o-independent,

Idrdoﬁ;ee = Idrdoe'e',
and integrating by parts, we find
J’deo(e'aoe- +N'0,n'=Nn'9,0' =0 N'®). (7.23)
Thefirst three terms here are similar to those in the flat
GS action, while the last term represents the AdS, fer-

mion massterm and isthe same asfound in[4]. Indeed,
diagonalizing the action asin (7.19), we obtain

[etdo(W.0,4. + b0y~ oY), (7.24)

14 ere, we renamed the (tangent space) indices A', B' into the coor-
dinate space ones «, A for consistency with the notation used

later in Section 6 (y* = yA).
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which isthe special case of the general form of the qua-
dratic action (7.17) with d,¢@in the massterm computed
for @=1Inao.
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Abstract—Consideration is given to problems of obtaining exact and approximate sol utlons of kinetic equa-
tionsin the multiple scattering problem. For cross sections which are rational functions of X2 (x = 2sin(d/2), &
is the scattering angl€e) exact solutions are obtained as a seriesin terms of Legendre polynomials. The limits of
validity of the kinetic equation for the distribution function in terms of the variable q = 2sin(3/2) arerefined [1]
and the solutions of this equation are compared with the exact solutions of the Rutherford and Mott cross sec-
tions. The problem of convergence of approximate solutionsin the form of a seriesin terms of Legendre poly-
nomials and a seriesin powers of 1/B is solved. These approximations are obtained and their limits of validity
are determined. © 2000 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

At present the problem of multiple scattering is con-
sidered using the kinetic equation for the angular distri-
bution function

af(n 0, f)

ot

R 3
= Nfo(nm)[f(n' 0, )~ f(n, f)]d—9

which for
f(cosd, 0) = d(1—cosd)

has the solution (P, are Legendre polynomials)

f(cosd, t) = ZZI—Pl(cosﬁ)exp(—Q(t)) 2
1=0

1

Qt) = Nt[o(cos8)sinddd[1~Pi(cosd)], (3
0

and al so the approximate kinetic equation derived in[1]
(the notation isthe same asin [1])

28D = Nfopolfa -l b~ F@ O15E (@

where integration is performed over the planar region
q = 2sin(3/2), X = 2sin(d/2).
For

f(q,0) = d(1—cosd) = d8(g)/q

itssolutionis

[

f(g,t) = _[ ndn Jo(na) exp(-Q(n, 1)), 5)

Q(n,t) = Nt j o(X)xdx{1—Jo(nx)} - (6)
0

In accordance with its conditions of derivation [1],
this approximation can be called the small transferred
momentum (small transfer) approximation although
within the limits of validity of the method determined
in [1] the solution (5), (6) isfairly exact for g~ 1. The
small angle approximation is not used, i.e., the solution
is obtained for the general case of the cross section. For
the Rutherford cross section it can be expressed as the
series [1-4]

f(o) = f—z[ FOX) + BLEO(X) + B2FOX) + ...],
2
- 9 1 = )\_a 2 = n 2
X = N BT A, = DXa,

where X, is the cutoff angle[2], n isthe average num-
ber of collisions along the path t, and A isthe character-
istic size of the multiple scattering region.

It was shown in [1] that Eq. (4) can be applied over
the entire angular range and the approximate solutions
of Egs. (1) and (4) for the Rutherford and Mott cross
sections were compared. This analysis raised various
guestions, which are listed as follows.

(1) Inview of thelack of exact solutions of Eq. (1), the
author used approximations for which the series (2)
converges, which led to some procedural difficulties
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since the results depend to some extent on the method
of truncating the series (2).

(2) Over awide range of A values the solution (5)
expressed asaseriesin powers of 1/B allowing for three
terms of the expansion is much more exact in the single
region (q > A) than in the plural (q ~ (2—4)A) and mul-
tiple (0 < g ~ A) scattering regions. Consequently, we
need to allow for alarger number of terms of the expan-
sion.

(3) To this should be added the fact that series in
powers of 1/B diverge (see Section 4 of the present
study), i.e., questions arise in connection with estimat-
ing its accuracy and limits of validity.

(4) For these reasons it has not been possible to
completely compare the solutions of Egs. (1) and (4)
for one particular cross section which isfundamental or
at least desirable for any approximate method. In [1]
the Monte Carlo method was used to monitor the
approximations.

The aim of the present study is to solve these prob-
lems. Exact solutions of Eq. (1) are compared with the
solutions of Eq. (4) for the Rutherford [2]

2

o) = —22— ™
(X" +X2)
and Mott cross sections
0u(x) = o0 -78%H (8)

allowing for the atomic form factor (the cutoff angle x,).
Solutions of Eq. (1) for these cases are obtained in the
present study. The approximate solutions are analyzed,
including a converging series in powers of 1/B, from
the point of view of their suitability for asmall average
number of collisions. Wefirst consider the general case
of the cross section

a(x) = or(X)K(X). )

where the factor k(X) allows for the difference between
the real cross section and the cross section (7).

2. GENERAL CROSS-SECTION CASE

We shall show that for the cross section (9) the gen-
eral formulafor Q, in (2) hasthe form

I
Q =Xy & {CulkA®) +eA(®)] —kayd, (10)
k=1

where

x> = Nts’, € = x2,
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Ae) = ZM2)(d)(
fitime

(11)
Ae) = J’ K(X) 52X dX,
2(X+e)’
V| K(X)K(x)dx
ay = (-1 ) > I—(l— )k+1 , (12
k
Vi¥) = 1-P(0 = 5 (-D"Cnx. (13)

In these formulas we have
X = cosd, x° = 2(1-x),

C,« are the coefficients in the representation of P,(x) as
ahypergeometric series:

|
P = Y (DCux™,
(14)

1

Ci = —j(G+1], Go=1
i=0
With the representation (14) intheintegra (3) we have

1-P(¥9 = 5 (D Cix™

k=1

For the cross section (9) the contribution of the kth term
(-1)**1C, x*in thissum to the integral (we assume X =

[(x2 + xi) - xi]k and use the Newton binomial for-
mula) has the form

(15

HP _ i
X CulkA®) +eA@]+ Y be'D  (16)
O — O

where by are various coefficients. Thus, Q can be
expressed in the form (10) with as yet unknown (apart
from g, = 0) values of a.

In order to determine these we isolate the first k
terms in the sum (15) and write Q, as the sum of two
integrals:

2 k
QI _ m+1 2m
—5 = Jo’ 2xdxg(x)m;(—1) CimX

2

+ J’ 2XAX9X)Yik(X).
0
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where

K(X)
X +x2)°
the value of v, is given by Eq. (13), and
YioX) = 1-Pi(x), vyu(x) = 0.

Thefirst integral, in accordance with (16), gives power
terms proportional to €™ with m< k— 2 and terms of the
type €™ mA(e) + €A'(€)] with m < k. Taking into
account (10) we obtain

2

jZdeg(x)vlk(x) = —kaye
0

ax) =

k-1

|
+ Y & H{CinlmAG) +eA(e)] —may)
m=k+1
+(terms O e™, m<k—2).
It then follows that

k1 2

d
n[an_l{ 2xdX 9 Yidx) = K an,

which yields Eq. (12).
We note another case when

25" K(X)
X +e
Since the negative derivative of this quantity with respect

to € isequa to the cross section (9), integrating (10) with
respect to €, we obtain for this case

a(x) =

0 ' 0
Q = XgEﬁm— Z Sk[ClkA(s) —aul 0 (17)
O o O

The integration constant for e = 0isag = Q,/xi which
alowing for (3) yidlds Eq. (12) for a,. Formula (17) can
be used to write a solution for the cross section o(x) =
on(XK(X), taking into account that

0u(0) = A+ 36870 - 36° stz.

a

(18)

The same transformations can also be made for the
solution (5), (6). Using instead of (14) the expansion

30 = Y (D Cmx”™,
k=0 (19)

_ 1 %
Cdn) - H24kn
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and repeating the previous reasoning, we obtain

QM) = Xe
xS T CUMIKAR) +eATE)] ~kan)).
k=1
a(n) = (-1 ﬁz‘(k”}g K02,

k

V) = 1=36nx) = 5 (D)™ Crlm)x”"

As before, A(e) and A'(€) are given by Eq. (11). Note
that in the case of the cross section (7), if we go over to
aninfinite upper limit in the integralsin these formulas,
divergences occur in the integrals for A(€) and a(n)
which however cancel each other out.

The formulas (10)—(14) give a genera solution of
the problem. They are structural formulas which show,
for example, that the terms in (2) depend on two con-
stants, A(€) and A'(¢), the values of g, do not depend on
the cutoff angle x,, and so on. These formulas can be
used to obtain exact or, bearing in mind the smallness
of €, approximate solutions.

3. RUTHERFORD
AND MOTT CROSS SECTIONS

For k(X) = 1 the integral in Eq. (12) is obtained in
Appendix A and

a = 2C(S-9),

Ae) = |n‘-‘-§, eA(E) = ——

4+¢
For the Rutherford cross section (7), we obtain
Q= Xe

4+¢ 14

L (20)
xk;sk kc,k[ n=IE-2(S - sK)—k4+J

For the Mott cross section (8), taking into account (17)
and (18), wefind

Q' = B+ Lir- X

Dln“—-f— z e c.k[lnﬁ‘L+€ 2S-S) }

(21)

Thus, the series (2), (20) isasolution of Eq. (1) for the
crosssection (7) and the series (2), (21) isasolution for the
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cross section (8). The Goudsmit—Sanderson approxima:
tion used in [1] for the Rutherford cross section

Q= xécu[InZ-2(s-8)-1]

is, with insignificant differences (¢ < 1), the first term
of the expansion in Eq. (20) which includestermsto the
power zero of the factor €k while the approximation for
the Mott cross section obtained in [1]

U 0
Q' =XeCu| N2 -2(8-8) ~1] - 58"

comprises terms to the power zero of the factor €
in Eq. (21).

These solutions can be used to check and refine the
various approximations. It is also possible to compare
the solutions of Egs. (1) and (4).

For the cross section (7), Eq. (6) is reduced to the
form

0(x) xdx D

Q()__ =Xar]-

dz.f

Theintegral isequal to Ky(C) and allowing for Ky(Q) =
—K,(¢) we obtain

2

Q) = 2 1-enKuxat- (22)
Expressing K, as a series we obtain
Q) = xc Y £ ke
k=1
x[mg-zm)-mﬂ (23)

Sn) =Inn+C, C(n) = kn

where C is the Euler constant and Ck(r]) are the coeffi-
cientsin Eqg. (19). Formula (20) yields (23) when

Ck—Cn), S —SM),
Nt pd 4 (24
Ne Z+e

For the Mott cross section the integral (6) diverges
unlessthe cross sectionistruncated at x = 2. A formula
of the type (21) may be obtained using various approx-
imations. In (18) we represent

R A
X+xa X+xa x4 X0
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Thefirst term here gives a converging integral given by

Xe{ In(4/€) = 2Ko(xan) - 2In(n + C)},
and the integral of the second is approximately [1]

1.3
2xcf Xo(nx) dx

0

eaO

dXD = 2x¢(Inn +C).

Taking this into account we have

Q"(n)= %HEBEQ(H) 4 mln——zKo(xan)m

Expressing K, as a series, we obtain
2 202

- EB R XCB
=i+ R

D . )
xgnz - 3 €| InZ -2(sm) -9 |g

D k=0 D
Thus, using these approximations, asfor the Rutherford

Cross section we obtain agreement with the solution (21)
allowing for the formulas (24).

Using these formulas we can find solutions of Egs. (1)
and (4) for the cross sections a(x) which are rationa
functions of x2. For example, for k=1, 2 we obtain

1 _ (_1)m+k—2
+e) (¢ +a)” (ML)
o7t ™t 1 nl 1 [

aek-lat_jm-la_sq(z_'_S X2+a[r

and taking this into account we obtain solutions for the
cross sections ag(X)K(X) and oy (X)K(X) where

b
KX =y ———-
%(xz + ap)
This type of factor truncates the cross section in the
range X > a,,, and this allows us to obtain a solution
making approximate allowance for the nuclear form
factor. It can be seen that solutions are in fact required
for the cross sections

1 1
X+s X+a

ol

For aseriesin terms of Legendre polynomialsthese are
obtained using formula (17) where

ay = 2C(S-9S).
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THEORY OF MULTIPLE SCATTERING

The possibilities of seriesfor obtaining Q,, Q(n) are
generally limited. For Q(n) for example, asymptotic
expansions are required for x,n = 1. For Q, with large

| we need to use the substitution [1]%

Pi(cos(3)) — Jo(nx), n = JI(+1)
to go over to theintegral
2

Q = Nt J’ a(x)xdx{1-Jo(nx)}

00

— N-— thJo(n X)o(X)xdXx,

where i = Nta; is the average number of collisions for
a cross section truncated at X = 2. Thus, if summation
in (2) isperformed asfar as| ~ 1/x,, analytic results of

the problem (4)—6) must be used to abtain exact solu-
tions.

In the following particular attention will be paid to
the Rutherford cross section. Results of a comparison
between the approximate and the exact solutions are
discussed in Section 6.

4. SERIES IN POWERS OF 1/B.
THE FUNCTIONS f™(X)

The solution (5), (22) depends on the parameters x§

and x2/x2. The second of theseis equal to the average
number of collisions

n = Xo/Xa,

since the total cross section is g, = 0%/x>. Subsequently

we use the parameters A and B. In additionto Bwe also
use the clearer small parameter

&= XN
We define B and A by means of [1, 3, 4]
B—InB = Inn—2C+1, A°=nBX:, (26)
where
neeB = 1,

L Thiscan bejustified in the semiclassical approximation if theini-
tial equation for P iswritten in terms of the variable x. Thisequa-
tion has the form

Xod, _
de %l " = DR

and in the semiclassical apprommation gives Pj(cosd) = Jy(nx)-
With this relationship there is no need to use the small-angle
approximation for the cross section when reducing the series (2)
to the integral (5) or when deriving Eq. (4) (see[1] on this topic).
The cross section remains exact which in our view ensures that
the solution (5), (6) is valid over the entire range of angles.
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and in (5) and (22) we convert to the variables
X = g/A.

The series (23) will have the form (we shall subse-
quently drop the index R and we use the value of p as
the argument)

u = An,

- k ot k k+ 1DD
QAP = ) — np—2§5+——
k;k! B% o
@ (@7)
p = 4"

Using these transformations a transition is in fact
made to the parameters A, n [in accordance with (26)

B = B(n) and a&e= 1/n B]. The distribution function for
the Rutherford cross section has the simple form

f(@ = WX, M/A® or f(a)adg = Y(X, MXdX, (28)
where the function Y only depends on A in terms of the
relative quantity X = g/A.

We shall assume that the average number of colli-
sons n isfarly highsothat /B<<1andee=1/nB < 1.
Bearing thisin mind we only retain thefirst term of the
expansion in (27). Then

Q(p) = p -2

and expressing exp(—Q) and the solution (5) as a series
in powers of 1/B we obtain [3, 4]

(29)

_ 1 - —n ¢ (n) -
f(q) = A_ZHZOB fM(x), X =g/,  (30)
(709 = 2[e [pInpl"I(2/pX)dp. (@)

We note that the parameter A is interpreted as the
characteristic size of the region of multiple scattering
(diffusion region) in which the particle distribution is
close to Gaussian (fO(X) = 2exp(—X?)) and most of the
scattered particles are concentrated.

For the functions f((X) we find representations in
the form of series and their asymptotic expansions. In
the intermediate formulas we make the substitution

X — "2, z= X%

Substituting into (31) the expansion (19), we obtain the
auxiliary series

ZZ( 1)

£ = ((k+1). (k+n)h(k+n+1)z
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I TS,
hn(V+l) = mIe P (Inp) dp

1 d"

SAre g Y

The formulasfor h, are given in Appendix B.

The series is only suitable in calculations as far as
X~ 3. Using the relationship

hy(v +1) = hy_y(V)/V +hy(v),

obtained from the nth-order derivative of I'(v + 1) =
vl (v), we transform this to give

(0 =2y () EED =D een)Z

+2nlh,(n) -2 z (_1)k(k +1) = (k +n)
k+1
X%-}_l %1 (k+n+1).

(k+ 1)°
It is easy to see that we have written the relationship

f(“)(z) = f(“‘”(z)+2n!h (n)
J’f(")(n)dn nj If‘“’(&)dz
Allowing for
1 () _
Z[f (€)dE = dn
0
(see Appendix C) for the function
_ 1 (n)
F, = Z[f (€)de

we obtain the equation

Fot FotoF, = P
with theinitial conditions
F,(0) = 0, F,0) = —nlh,(n+1).

This alows us to systematically seek functions F.(2),
f((2) having increasingly higher values of n (see Appen-
dix D).
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A similar approach may be applied to obtain func-
tions of amore general form withm>n

n 2oo — m n
fr(X) = 5[e"p"(Inp)"3(2/pX)dp.
0

The need for these functions arises when constructing
approximate solutions. The formulas for these are in fact
the same asthose in the case m = n. The equation for

Fam(@ =

1oo (n)
>[I,

for example, has the form

n

mn 1 m —_
an+ an+ Ean - Fn—l,m—l-

For small m we can use the following relationship to
obtain f{(X)

(9.4 = - 229190,

For m=0, 1, 2 we then require the functions
192 = 2me™L.(2),

L@ =1, L@ =1-z Ly =1-2z+7/2
For the functions F,, we can obtain an analytic recur-
rence formula. We write
F.(2) = nthy(n+1)e7L;' (2 +A®),

where L;l isthe Laguerre polynomial L) forj=-1and
the first term is the solution of the homogeneous equa-
tion for F,,. For A(Z) we obtain an eguation with zero
initial conditions and by integrating this consistently k
times between the limits 0 and z, we obtain

Dy + (z=K) A+ (N=K)A = 5,
where A, s are k-fold integrals of A in the limits
between 0 and z, and s = zF,_,. Solving this equation
for k=n, weobtain
F.(2 = nthy(n+1)e’L,' 2

z

dn 1
dzn 9

—n— O
[12 e’ 's (t) dt%

0

Thus, the function F, can be expressed in terms of spe-
cificintegralsof F,_;. Inthecasen =1, for example,

Li'@) = -z, s, =2z6% hy(2) = 1-C,
Fi(2) = e°—1+ze“[Ei(2) —InZ],
No.6 2000
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and for f® we obtain the well-known formula[3, 4] (we
go over to the argument X):

fD(X) = 2e(z—1)[Ei(2) — Inz] —2(1 - 2€7).

The series obtained from the equation for F,, (see
Appendix D)

A - A _k
F.(X) = nle =z,
kzlk'

® k
n —z VA
fP(X) = 2nle [—aﬁ z(ak—am)ﬁ}
k=1

can be applied? as far as z ~ 100 and are matched with
the asymptotic series

o0 n-1 i

k+n)!? In'z

0=y & S a, ken v
o Kz S '

(k +n)!? In'z

] n-1
f(x) = 2 L (k+n+1)=2,
(X) kZO ,—ZOB i ) i

ki Zk +n+1
The functions f(W(X) are plotted in Fig. 1. For n> 2 the
properties of these functions vary slowly as the number
nincreases. The functions f© and f® are distinguished
by the fact that f© determines the behavior of the dis-
tribution function for small angles and f® determines
the behavior for large angles.

For large n we can obtain fairly exact approxima
tions for these functions. The Fourier transforms of
these functions

f.(p) = Z&"[pinp]" (32)

have maximafor p > 1 (see Fig. 2). The region of this
maximum for fairly large n makes the main contribu-
tion to the Fourier integral. We write approximately

fo(P) = fo, max[(1 = B)G(P) + B+ 1(P)]

gn(p) = t"e™ 7Y, t = p/py,

where f, . is the value of f, at the maximum and the
maximum point p,, IS determined by solving the tran-
scendental equation

(33)

Pro = N(1+1/Inpy). (34)

In formula (33) the maximum points of the functionson
the left and right and their values at the maxima are the
same. The condition for matching of the second deriv-
ativesfor p = p,o hasthe form

W=m+B = n(L+In"pe+In~py).

2 |n calculations of the terms of the series, for example for Fnusing
the formula

exp{Injay| —Ink! + kinz—z+ Innl}.
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OO ™(0)
1.0

0.5

Fig.1. Thefunctionsf((X). The numbers on the curves give
the values of n.

5P, max
T T
Lol ]I 2 3 6 |
051 .
0
1 1
0 4 8 12

Fig. 2. The functions f,,(p). The numbers on the curves give
the values of n.

The values of mand 3 are then determined by the con-
dition
m<p<m+l.
Taking this into account we have

FOX) = frmad &€ L(012) + @€ = Ly 1(0,2)},

NG — Pno = Pro_
zZ = X y 0‘1 - m ] az - m+ 1! (35)
a = 2(1-p)ma, 2B(m+ 1) a,
1 e ™" m™" ’ 2 e—m—l(m+1)m+1'

The parametersa,, a,, a4, and a, depend on n, theindex
n being omitted for conciseness. The approximate val-
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QQ)/n

Fig. 3. Various approximationsfor Q(¢), { = xgn, for n =5:
(14) formula(36) for m=1-4; (5) formula(22); symbols—
values of Q using formulas (40), (22).

ues of the functions f, and f™ are shown by the sym-
bolsin Figs. 1 and 2.

To conclude this section we show that the series (30)
diverges. We take g = 0 when

mg) = 24"
(70) = 35w +1)

v=n
For fairly large v we have
Mv+ =rv+YPv+1)=r(v+21linv.

Retaining in each differentiation the largest term in the
factor at I' (v + 1) we abtain

(d"/dv™)r(v+1) Or(v +1)In"y,

i.e., fM(0) ~2In"n, the general term in the expansion in
(30) is proportional to [Inn/B]" and the series clearly
diverges.

Thus, we either need to alow for afinite (which?)
number of terms in the expansion or find a converging
seriesin powersof 1/B. For thiswe require convergence
of the initia integral (5) which diverges with the
approximation (29).

5. TRUNCATION OF INTEGRALS AND SERIES.
CONVERGING SERIES IN POWERS OF 1/B

In formula (27) the expression in braces becomes
negative for fairly large p so that when alowance is
made for m terms of the expansion we have

lim Q(p) —» —co

p -
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and the integral (5) diverges. We take into account the
next (m+ 1)th term of the expansion and, assuming that
1/Bissmall, we drop the term ~1/B. We aobtain

m

m Mm+1

Q(p) = Z"'+ae(rn+—1)!2

k=1

m+1

: (36)

wherethe sgn of the sum denotesthe series (27) truncated
at the mth term. Thisimprovesthe accuracy of the approx-
imation in the range of typica vauesp~1(n ~ 1/A) and
also ensures convergence of the integral (5).

A similar procedure involves combining the terms
in (27) having the same total power of the products of
the small quantities seand 1/B, i.e., terms proportional
to a8 and ad-Y/B, and then allowing for a finite number
of terms of the expansion. The terms of this expansion
tend to infinity as p increases, i.e., high values of u are
truncated (Fig. 3) and the integral converges. The
approximation with m= 0, for example, correspondsto
the first term of this expansion (with i = 0) equal to p
and describes a Gaussian distribution. For Q, a similar
approximation is obtained by going over to the initia
variables € and n in (36) and using the correspondence
formulas (24). We obtain the truncated series (20):

Oc 0]
Q.:xiaz (M0 BE"D (D)
=1

For m> | the seriesisin fact truncated at m=| whereas
for m>| we have C,,, = 0, i.e.,, Q, has exact values for
| <m. Thus, for m = 1 the normalization and the value

of o which are determined by the terms with | = 0, 1
in (2) will be exact.

The question of interpreting these approximations
then arises since they neglect nonscattered particles (it
isin fact assumed that these particles make anegligible
contribution to the solution).

In this context it is useful to note that equations of
thetype (1), (4) are obeyed by acertain class of systems
in which transitions between states form a Markov cir-
cuit. Let us assume that the system is exposed to a cer-
tain random sequence of actions and p,(A)dA is the
probability of observing the system in the range of
states dA after the nth action. We then have

Pa(A) = IWO\, A)Pq-1(A)dN

(Smoluchowski equation), where W(A, A")dA is the
probability of atrangition into therange dA fromtheinitia
state \' as aresult of asingle action. The probability of n
events taking place by the time t (or over the path t)
obeys a Poisson distribution with the average number
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of events n over timet. After thistime has elapsed, the
average distribution function is given by

_an"

f(A,n) = Ze ﬁpn()\).

Differentiating this relationship with respect to n, we
obtain after elementary calculations

af((a)\ﬁ n __ f(A, N) +J.W()\,)\‘)f()\', m)d\'.

This equation is of the same type as (1) and (4) (in the
equations it is sufficient to convert from the path cov-

ered t and the cross section o to 1 = Nto, and W= o/a,).

It can be seen that the solutions of these equations are
averages over the Poisson distribution and for a given

value of h we need the expression

f(a,t) = e"fsa@) +(1-e")fa1),

where f5(q) = &(q)/q and f(q, t) are the distribution
functions of the nonscattered particles with n = 0 and
scattered particleswithn>1,and1— € isthe scatter-
ing probability.

The nonscattered particles can be isolated in the
solutions (2), (5). For example, in (22) for > 1 we
have

Ki(Q) = /1w2¢exp(=¢) and lim Q(n) = n.

In general, if the cross section contains no d-type sin-
gularities, its Fourier transform for n — oo tends to
zero, i.e., formulas (3) and (6) yield the limit

lim Q = n.
Nl e

This limit corresponds to nonscattered particles which
can be isolated using the substitution

Qg% _¢"

o
and taking into account the term €™ f 5(q) in the solu-

tion. The formulas obtained for the function fg, unlike
the solutions (2), (3) and (5), (6) are correct in practical
calculations since they contain no o-type singularity.

For scattered particles we have
2+l -
f(cos9, t) = z —5—Pi(cosd) exp(-Qu(t), (38)
=0

00

fyqt) = _[ndnJo(HQ)exp(—é(n,t)), (39)
0
o _€e°-¢e"
e ——————1 e (40)
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Notethat for n < 1whenQ < 1 and e“~2 =1-Q/n
allowing for (3) and (6) we then obtain the same fairly
understandable result for Egs. (1) and (4):

f{(a, ) = o(g)/o..

For g> | whensmall n,| < /A, and Q < 1 are impor-
tant in the Fourier expansion, we thus obtain [neglect-
ing the terms ~(q)] which are not required here]

t
We shall now return to the approximations (36), (37).
Thefactor € in (38), (39) truncates high values of ), |

(e‘Q — 0forn, | — o) and in this sense the approx-
imations (36), (37) may be used for scattered particles,

i.e., we can assume é = Q. It is useful to make the
refinement

Q (41)

1-e™

Q=

This relationship valid for small n, | < 1/A when Q,
Q < 1 refines the large-angle distribution function if
this is taken into account to determine the values of B
and A. For this we assume

- -1
Q - yQS’ B - ﬁs%,
) 7 (42)
Ng = -, =1-¢e".
v Y
The seriesfor Q. has the form
_ - K k-1«
Q(p) = szzae p
k=1""
. . (43)
= Ml—a—1i0np_2s + K10
= d-a, SHnp-2s+ = st
a = %(B+2C+ Inge—1). (44)

We determine the values of B and A using the relation-
ships

B-InB = Inn,—2C + 1,
A = nBxZ.

We then have a, = 0 and the series for Q; is the same
as (27).

(45)
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Table 1. Rutherford cross section for the scattering of Temesons on gold. E,;, = 50 MeV, x,=2.77 x 10

No. pt! g/cm2 A B n E(O)v % EmaX! % E(Z), % Eculc(z)a %
1 0.00375 | 3.51x 1073 4.93 32.7 —-0.096 0.61 0.002 0.002
2 0.015 8.14 x 1073 6.61 131 0.003 0.13 0.007 0.008
3 0.060 1.81 x 1072 8.21 523 —0.002 0.05 0.030 0.032
4 0.24 3.96 x 1072 9.77 2.09 x 10° -0.013 0.11 0.12 0.13
5 0.4 5.26 x 1072 10.34 3.49 x 108 -0.024 0.20 0.20 0.22
6 2 0.127 12.11 1.74 x 10* -0.14 1.28 1.01 1.07
7 4 0.185 12.86 3.49 x 10 -0.30 2.88 2.07 2.15
8 10 0.304 13.85 8.71 x 10* -0.80 8.46 5.59 5.37
9 40 0.640 15.34 3.49 x 10° -3.48 50.4 39.1 215

Finally, we have the approximation (~Q =Q,whichis
more accurate for small n and approximately truncates
high values of n).

For m=1in (36) we obtain instead of (29)

Q(p) = pH 220+ Zeep”.

As previoudly, we can expand in powers of 1/B and

obtain the series (30) with the functions T (g X)

which are determined by formula(31) with atruncating
factor after the integral equal to exp(—eg?2). The nor-
malization of these functionsis the same as in the case
& = 0 (see Appendix C). However, these functions
depend on two variables and are inconvenient for appli-
cations.

We write the expansion in the form

—Q(P) — z

v(p) = —ap(p-1) +

e **v(p),
plnp

a=a&2, ao=1+a.

Using this representation for p ~ 1 we can set

p—1=Inp,
and thereby arrive at the approximation for n = 2:

1 pnO

—apv (p) B a-nfn(c p) Ch = —p_,

where ¢, = 1, p,o IS the maximum point of the function
f.(p) [see (32), (34)], and p, is the maximum point of

the nth term of the expansion. The functions on the | eft
and right have maxima for p = p,. We determine the
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value of a, from the condition that their maxima agree.
Converting to the inverse transform we obtain

10
f{q) = A—zgamf‘l")(kOX) + a5 T3 (Ko X)

ﬂm ) B |:|
+5 Blac, f0(X1/e) B
n=0 D

(46)
_a-Bina . __a . _ 1
1 az ’ 2 3! 0 /\/a’
=1 a—1 Chb=C =0
QP = 1, 1= g =06 =

The functions fﬁ,?) form=1, 2 aregiven in the pre-
vious section and are essentially elementary. Inthelim-
its of validity of this approximate series it is sufficient
to take n,, = 15, using the approximation (33), (35) for
n > 5. The normalization of the function fy(q) is deter-
mined by the term with n =0 and is 1. The asymptotic
behavior is determined by thetermwithn=1. For g > A
we have

1 2% 2X¢
f(q) = _ZAC - f(g) = =2¢,
(q e g () o

Thefactor 1/(1— e ") appears here because of the refine-
ments (41)—(45) made above.

6. DISCUSSION

Using the results presented in Section 3, we can
compare the solutions (38), (39) of the kinetic Egs. (1)
and (4). For the Rutherford cross section (7) such a
comparison is made in Fig. 4 for the data from Table 1
taken from [1]. Some details of the calculations are
described in [6]. In the range of g values where the
characteristic dimension can be considered to be A, the
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Fig. 4. The dependences € = §(q), the relative error of the solution (39), (40), (22) compared with (38), (40), (20). The numbers on
the curves correspond to the number of the variant in Table 1. The symbols on the curvesin Fig. 4b correspond to q = 2, the dashed
curves give the estimate €, (q) (Section 6) for variants 1-3 in Table 1.

estimates of the relative error &(q) of the solution of
Eqg. (4) obtained in [1] are fairly accurate. The error
arises as a result of a transition from the spherical
region of integration in Eg. (1) to a planar region of
integrationin Eq. (2) (see[1]). Thisregion of g/A values
issmaller than or of the order of afew units (regions of
plural and multiple scattering, Fig. 4a). Here we have

F0.3M\%2,  q<qy,
O

E(q)Dgpv qqu = ’\/i)\v
D\12, q> 0.

In the region g > A the error is estimated using the
formula

a® 109’0
40(q)goq4dq

&(a) O o(q),

where

2

a®0q? = Nt [ X a(X)xdx.
0

In order to obtain thisestimatein[1] we considered two
important regions of integration: the vicinity of the
Cross section maximum centered at the point n and the
vicinity of the distribution function maximum centered
at thepointi (Fig. 1in[1]) and we integrated over these
regions, integration being performed over the entire
spherical surface in both cases. With a more accurate
approach the limits of integration must be constrained
since integration over Q' should be single. It can be
seen from Fig. 1 in [1] that when integration is per-
formed near the point n (dQ' = xdxdd) and near i
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(dQ' = q'dq'de), the limits in terms of the variables X, d'
can be taken for the estimates to be

Xm = Xm(@) = 2sin(3/4),

which corresponds to the vector n' directed along the
bisector of the angle §. We then have

Xm

a’(g) = Nt | X20(X)XdX.-
0

Taking this into account, we obtain a more accurate esti-
mate for the Rutherford cross section for large angles, as
can be seen from Fig. 4b (dashed curves)

€@ = a%(Q)/2

In practical cases the corrections to the Rutherford
cross section (Mott cross section, nuclear form factor)
are only significant in the single region so that in the
range of g/A values shown in Fig. 4athe main influence
remainsfor the Rutherford part of the cross section and
theerror estimates are asbefore. In the singleregion the
error of the solution is estimated in accordance with the
dependence ¢ = o(YX). For the Mott cross section we
obtain

1_a@
21 - B’ql4

Table 1 gives values of &(q) for the series (46) com-
pared with (38), (30), and (20) (& IS the maximum error
intherange 0 < q< 6). For approximately A >4 x 102 the
error of the series is associated with the approximate

nature of Eq. (4) and is consistent with Fig. 4 whereas
for lower values it is associated with the error of the

Eculc(q) =
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Table 2. Mott cross section for the scattering of electrons on aluminum. E,;,,

=15 MeV, X, = 6.89 x 1074

No. | pt, g/cm? A B n £(0), % Emaxs %0 (00, % | Ecucldo), %
1 0.00375 | 9.10x 103 5.01 348 —0.079 0.56 0.20 0.17
2 0.015 210 x 102 6.68 139 ~0.002 0.12 0.81 0.66
3 0.030 3.15 x 102 7.49 278 —0.01 0.08 159 1.32
4 0.06 4,68 x 102 8.28 556 ~0.02 0.11 3.08 2.64
5 0.12 6.93 x 102 9.06 111x10% | —0.05 0.26 5.95 5.28
6 0.24 0.102 0.84 223x10% | 0.0 0.63 113 10.6
7 0.4 0.135 10.41 371x103 | -0.18 1.24 18.0 17.6
8 1 0.224 11.42 928x103 | —047 5.23 39.1 44.0
9 2 0.328 1217 186x10° | -0.99 67.3 66.5 76.0

Table 3. Relative error &(q) of the series in terms of Legendre polynomials (38), (41), (37) with different values of mas a
function of the average number of collisions n. A = 1072. On the right-hand side of the table the first column gives the data
for series (46) and the second column gives the data for the series (30) with n,, =2

n aex 107 B m €(0) &max &(0) Emax, %0
130 0.117 6.60 1 3.0x 1073 3.2x 1072 0.001 0.24
-14 2.8
30 0.692 4.82 1 -0.12 -0.24 -0.13 0.72
2 —2.0x 10 1.4 %1073 -33 6.3
20 1.16 4.30 1 -0.48 -0.48 —-0.50 1.0
2 -14x102 | -1.4%x1072 -4.6 8.3
15 1.70 3.92 1 -13 -13 -13 1.4
2 -0.12 -0.12 -5.9 10.4
3 —24x102 | 24%x1072
10 2.98 3.36 1 -47 -47 -47 -47
2 14 1.4 -9.7 14.7
3 -0.44 -0.44
5 0.29 0.29
7 0.80 0.80
5 8.67 2.29 1 -14.1 -14.1 -135 -13.9
2 23 7.2 -14.6 -375
3 7.0 8.4
4 16.1 16.1

approximation (36) and the series (46) derived from it
form=1.

Datafor the Mott cross section [1] allowing for (21)
are given in Table 2 where ¢, is the value of g for 9 =
150°. It can be seen that the estimates for g > A are
fairly reliable. We also note that & ~ 10-3% for curve 1
in Fig. 4, i.e, any further analysis (for lower values
of A) hasno practical meaning and the topic can be con-
sidered to be exhausted.

Datafor the agpproximation (37) are given in Table 3.
In view of the representation (28), it is sufficient to find
the error as a function of the average number of colli-
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sions n. Thus, the value of A isfixed and all the param-
etersrequired in the problem are defined interms of n, A.
As m increases, the accuracy of the approximation
increases but for low values of n it then begins to
decrease (variant with n = 10). It should be noted that
the value of m should not be too large to describe parti-
cle scattering sincein thelimit m — oo the approxima-
tion (37) leads to a o-type singularity in the solution.
The associated distortion of the solution in the small
anglerange will be larger, thesmaller n. For n =5the
accuracy does not improve with increasing m. Conse-
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guently, the approximation (37), like the approximation
(36) together with the series (46) derived from this for
m=1hasanatural limit of validity at n = 10. We stress
that the parameter aeis still fairly small and thislimit is
not determined by any physical constraints but is asso-
ciated with the fact that Egs. (41), (36), and (37) are an

approximation for Q/y and not for Q as can be seen

from Fig. 3 and for n = 5 the approximation becomes
roughintherangen > 1/x,.

Results for the series (30) and (46) are given on the
right-hand side of Table 3. Assuming that & ~ 5% isthe
limiting value, the series (30) with n,, = 2 is suitable as
far as n = 100 [here by selecting n,, for each value of n,
we can improve the accuracy for &(0) but not for &,]
and the series (46) is suitable asfar as n = 10.

The approximation (37) is not much more complex
than the Goudsmit—Sanderson solution in the same way
that the series (46) is not much more complex than (30).
These approximationsarevalid for n ~10-1000 which
corresponds to a matter density ~1-10 mg/cnm?. For
lower values of i we need amore accurate approxima:
tion for the function f(q) than (46).

7. CONCLUSIONS

In the first part of this study we obtained structural
formulas for the solutions for the cross sections taking
into account the cutoff angle x,

o(x) = or(X)K(X), o(X) = om(XK(X),

where x = 2sin(d/2), & is the scattering angle, and the
factor k(x) alowsfor differences between thereal cross
sections and the Rutherford o and Mott g, cross sec-
tions. Thismeansthat both exact and approximate solu-
tions can be obtained.

For the Rutherford and Mott cross sections we
obtained solutions as a series in terms of Legendre poly-
nomials which can be used to obtain solutions which are
rational functions of x2.

These solutions were compared with the solutions of
the approximate kinetic equation obtained in [1], without
using any additiona approximations for the Rutherford
cross section. Taking these results into account we deter-
mined the limits of validity of this equation for which
estimates were given in [1].

The results of the second part relate to the solution
of fundamental problems. obtaining a converging
series in powers of 1/B and functions of this series (",
We confirmed that even when a considerable number of
expansion terms are summed, a series in powers of 1/B
is suitable as far as the minimum average number of
collisions n ~10. In order to obtain a converging series
in powers of 1/B and atruncated seriesin terms of Leg-
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endre polynomialswe need to allow for another term of
the expansion ~ > compared with [3, 4].

APPENDIX A
We shall consider the integral

I(l

with a certain initid function y(X) [the index | is omitted
from v, (X) for conciseness] which satisfies the following
conditions in accordance with the definition (13)

Yi(X)
X) 1

Y = O[(1-x)"", (A.)
|
Yi(X) = ZAi Pi(x), (A.2)
ECIk/Ckkv i =k,
A= i=k+1,..1-1, (A.3)
0., ._
D_l i =1.

Formula(A.3) isderived from the fact that in the expan-
sion of X% in terms of Legendre polynomials P, the
highest value of theindex | is equal to k and the expan-
sion coefficient for P, is equal to (-1)¥/C,,, as follows
from (14).

Integrating by parts we obtain

CE 2Vk(X)
k(1—x)|_, 2kJ’(1 X)

Thefirst term, in accordance with (A.1) is given by

1
—— v (-1).
2kkyk( )

(A.4)

In the integral we replace
2 __1-x .1
(1—X)k (1_X)k+1 (l_x)k—l’
and after integrating by parts we obtain

(- X)vk(X)]
2|<I (1-x)"
1 Vk(X)

2k I (1- x)

_(1-X)yi0|*
2K*(1-x)

Yi(X)
2k(1—x)*"1_,
Thefirst term is zero since

o[(1-x)"].

Yi(X) = (A.5)
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The third term is reduced with (A.4). Finally we arrive
at the formulas:

|:1 _ Vk1(X)
K 2k2k11 l_1 I(l x)

Viea® = O[(1-%)'],

0
Vi) = = [i(i + 1) = (k=K AP(X),
i=0
where the initial expression for vy, _;(X) hasthe form

Y1) = K(k=D)yi(0) + [(1=x)yi0)T

and alowance is made for formulas (A.1), (A.5), (A.2)
and the relationship

[(1-X*)PI(X)]" = —i(i + 1)P(x).
Systematically using these formulas gives

1 Vo(x)

L 2ka X

Yo¥) = (-1)*
| k-1

x> [0 =1 =i -DIAL-P(].
i=0j=0
Here in the formulafor y,(X) we made the substitution
Pi(¥) — Pi(x) -1,

which is possible because y,(1) = 0 and P;(1) = 1. Bear-
inginmindthat termswithi <k are zeroin the sum, and
also formulas (A.3), (14), and [4]

1o P . '
= 237 S = =
2k

[T

-1
we finally obtain

= (-1)2"'C (S - S).

APPENDIX B
In order to determine
1
——[ (v+1)]"
ni[r(v+1)]"dv
we take the (n — 1)th order derivative of
dirv+1]"
dv

Here and subsequently I'(v + 1) is a gamma function,
Y(v + 1) isaps function, and {(m, v + 1) isaRiemann

h,(mv+1) =

= mI(v+1)]"p(v +1).
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zetafunction. (Information on the functions used in this
study can be found in [5].) Taking into account

; 11)| WOV H1) = (<12, v+1), i =23...
and supplementing the definition
(Lv+1) = —g(v+1),
we obtain the recurrence formula:
h,(m v +1)
= 3 (D' i(m v+ DG, v+ D),
ni=1
n=12.., hy(mv+1) =1
For the case m= 1 we have
h,(v+1)=h,1,v+1).

For small n (v isan integer)

~1
hy(v+1) = Pv+1), Yv+1) =-C+) =,
kzlk

ho(v+1) = 210V + 1) + (2, v + 1],

vy =T-5 2
k=1

and so on. As nincreases, the explicit formul as become
increasingly complex and arecurrence formulamust be
used.

For m = 2 the recurrence formula determines the
value of h,(2, v + 1) required in the asymptotic formu-

las for F,, f™.

APPENDIX C
Using the expansion

0

f(g) = IfnJo(qn)ndn,

the normalization integral for the function f(q) can be
obtained immediately if we take into account

<)

f, = J’f(q)Jo(qn)qdq-

Assuming n =0, we abtain

00 [

[feada = f,],-, and J’f(”)(X)de = 8y
0 0
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Acting on f, with the operator
~_1d_d
L = ~-—n—
ndn 'dn
and bearing in mind that

LIian) = —9°Je(an),
we obtain the formulafor the second moment:

q = jf(q)q?’dq = —Lfy], -0
0

From thisit follows that

00

B
1]
o

J’f(”)(X) X3dX = o,
0 = &

i.e., the value of c? intherange 0 < q < 2 is mainly
determined by the functionswithn =0, 1.

APPENDIX D
In the equation for F,(2) we use the representation

Fid) = €'0,2, 0,2 = 'y X7
k=1
For ¢,, we obtain

dn—0n+ 200 = Bn_1 =207 1+ 0p_s
with theinitial conditions
9:(0) = 0, 93(0) = ~f"(0)/2
For the coefficients a, we obtain

a, = -h(n+1), 8., = aca,

1
C = ﬁ[ak+1—2ak+ak_1]n_l, k=12..,
where ¢, are defined in terms of the values of a for ¢,,_;.
For n = 0 we have
fO%) = 267, Fo@d =€% ¢o=1

Thus, we have ¢, = &, for n = 1 and assuming h,(2) =
P2 =1-C,wehavea, =—(1-C),a, =1, and soon.
Finally we obtain

z

© k
Fl(Z) =e |:(C—1)Z+kzzmi|.
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Further application of the formulas presents no difficul -
ties: inthe formulafor ¢, we have a; = 0 and the formu-
lasfor h,(n + 1) are given in Appendix B.

In order to obtain asymptotic formulas we use the
representations

fOX) = (d7dv)I(v, 2|,
v, 2) = % [e /A

= %F(v +1)* Fy(-v, 1; 2.

For large zwe have

00

. 2
an(vn)z_(v+1) z r(k+v+ 1).
Tin! o k!zk

After differentiating we obtain an asymptotic formula
for fM(X) (see Section 4) where

|
Bk+n+1) = (-1)'y h_(2 k+n+ b,
b = (_1)(i+1)/2_r[i—1/i!,

where summation is performed over odd values of i and
the values of h,(2, v + 1) are determined in accordance
with Appendix B. For small | (v is an integer) we have

I(v,2 = —

Biv+1) = 1, Byv+1) = —2y(v +1),
Biv+1) = 2%+ 1) - § i—

k=1
The coefficients 0, is the asymptotic expression for
F,, can be obtained using the simple recurrence formula

a, = ﬁ(& —0)_1),

with the result that
dF,.(2)/dz = - (2)/2.

| =1,2,...,n, a,=0,
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Abstract—A variant of perturbation theory is devel oped to determine the characteristics and stability of trans-
versely two-dimensional spatial solitonsin aKerr medium under conditions of small deviations from paraxial.
Distributions of the transverse and longitudinal components of the soliton electric and magnetic fields are
obtained. It is shown that the power of anonparaxial soliton in a Kerr medium increases as the propagation con-
stant increases. A linear analysis is made of soliton stability. In addition to confirming stability, this analysis
revealed “internal modes’ of nonparaxial solitons and their characteristics were determined. © 2000 MAIK

“ Nauka/Interperiodica” .

1. INTRODUCTION

Thefinal stage of the self-focusing of high-intensity
radiation in a transparent medium with a Kerr nonlin-
earity is of considerable interest and has been studied
on many occasions (see the book [1] and the literature
cited therein). Using the standard approximation of
slowly varying amplitudes (quasi-optic or paraxial
equation for the electric field envelope), the theory pre-
dicts the absence of stable spatial solitons (beams hav-
ing a constant transverse field profile) and collapse of
radiation beams having powers exceeding the critical
self-focusing power. The limitation of collapse and for-
mation of spatial solitons as predicted in [2] may occur
for various reasons. The most common of these is the
nonparaxial nature of narrow (width comparable to the
wavelength) beams [1] which precludes us from using
the approximation of the quasi-optic equation.

Although nonparaxial effects also arise for the sca-
lar nonlinear wave equation [3-6], for electromagnetic
radiation it is important to allow for its polarization.
Thus, nonparaxial self-focusing theory should be based
on a complete system of Maxwell nonlinear vector
equations. Previoudly, vector self-focusing theory was
preferentially developed for specia cases of the polar-
ization of radiation having an axisymmetric intensity
distribution and unit nonzero electric field component
[7-10], i.e, infact for ascalar variant. The spatial soli-
tons which may appear in this case have a power con-
siderably higher than the critical self-focusing power,
which serves as an indication of their instability [11].
For atransversely one-dimensional geometry it is pos-
sible to construct a fairly comprehensive classification
of an infinite set of localized structures [12, 13]
although in a continuous nonlinear medium all these
structures are unstable with respect to decay along the

other transverse coordinate. Asfar aswe are aware, the
existence of stable spatia solitons of electromagnetic
radiation in a medium with a Kerr nonlinearity has not
yet been proven. As will be shown subsequently, using
numerical calculations of the type [14, 15] to solve this
problem may not yield the correct result because estab-
lishment is extremely slow under weakly nonparaxial
conditions.

Thetask for the present study isto make an analytic
investigation of the characteristics and properties of
weakly nonparaxial spatial transversely two-dimen-
siona solitons of electromagnetic radiation in a
medium with aKerr nonlinearity. The analysisis based
on perturbation theory with asmall nonparaxial param-
eter which is used to find nonparaxial correctionsto the
soliton shape and to determine its stability. The initial
(zeroth) approximation is the well-studied nonlinear
Schrddinger equation and beams having an axisymmet-
ric intensity distribution and linearly polarized radia-
tion (“ Townes mode™). Following [16] (see aso [14]),
in Section 2 we give aderivation of the control equation
for the envelope of a weakly nonparaxial soliton field.
We then obtain its approximate solution in Section 3,
i.e, we determine the transverse distribution of the
electron and magnetic field intensities. In Sections 4
and 5 we analyze soliton stability using a method pro-
posed in [17] (see also [18]) for paraxia solitonsin a
medium with saturation of the nonlinearity. For thiswe
use a linearized control equation whose properties are
analyzed in Section 4. The final conclusion on the sta-
bility of a weakly nonparaxial soliton is formulated in
Section 5 and calculations of various matrix elements
are presented in the Appendix. The results are dis-
cussed in the Conclusions.
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STABILITY OF WEAKLY NONPARAXIAL SPATIAL OPTICAL SOLITONS

2. EVOLUTION EQUATION

The initial equations are the Maxwell equations for
monochromatic radiation of frequency w [in complex
notation the factor exp(—iwt) isomitted, tisthetime) in
anonmagnetic medium (with unit magnetic permeabil-
ity):

w

rotE = i(i)H, rotH = —i=D,
c c

2.1
divH = 0, divD = 0.

Here E and H are the intensities of the electric and
magnetic fields, ¢ is the speed of light in vacuum, and
D is the electric induction which has the form (Kerr
striction nonlinearity)

D = (go+&4)E, &y = &IE°, £>0. (22
Here g, isthe linear permittivity. The form (2.2) allows
only for self-interaction effects whereas the generation
of third and high-order harmonics is considered to be
ineffective (phase matching conditions are not satisfied
for these).

Eliminating the magnetic field intensity from the
Maxwell equation, we obtain the generalized Helm-
holtz equation

a—E +AE + —D graddivE = 0,
07 ¢
2 2
Ay = 6 —+ _6__
0Xx ay
From this vector equation it follows that
2 2
E .

07

Here we introduce the transverse components of the
electric field E, = (E;, Ey) and the induction D = (D,
D,). We transform the | ast term on the | eft-hand side of
Eq. (2.3) as follows. From the final Maxwell equation
(2.2) it follows that

|
divE = -~ emE Cograde,, o
24
— 1 aenll]
- _80 + €, BED Corad.g, + EZED

In the lowest approximation (weak and continuously
varying nonlinearity) we have divE = 0 whence

E,=~ ;—(divDED, (2.5)
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where k = (w/c) /g, is the wave number in the linear
medium. For a more accurate estimate we have

divE ~~.—81ED Trad.¢,,.
0

We then arrive at a closed equation for the transverse
field components:

9°E W’ W’ 2
— +AEp+ EOED 2€2|ED| En = Q4Ep), (2.6)
07 ¢ (o
where

£

Qs(ED - __2
€o (2.7)
x [|divoE ] *E g + grads(E Corad | Eq)].

For a steady-state soliton we have
E, = A(rpe'? (2.8)

where I is the real propagation constant. The solitons
have a continuous spectrum with respect to I' and the
condition 2 > k? must be satisfied for the field to
decrease (tend to zero) at the soliton edge, in accor-
dance with (2.6). A measure of the nonparaxia prop-
erty is given by

(2.9)

Inequality (2.9) implies that the propagation constant I
for the soliton is close to the wave number k in the lin-
ear medium. This occursiif the soliton width is consid-
erably greater than the wavelength of light, the maxi-
mum amplitude of the field is extremely small, and the
power is close to the critical self-focusing power (see
below). In this limit the order of the derivative with
respect to z can be reduced [14]. We shall assume that
thefield is close to a steady-state soliton so that

Ey = A(rn, 2€"7, (2.10)
where the dependence of the amplitude A (r -, 2) on the
longitudinal coordinate zis slow (on ascal e of the order
of the wavelength of light). Then, retaining terms of the
lowest order of smallness in the transformations of
0%E/0r?, instead of (2.6) we obtain the evolution equa-
tion

__0A
2i r—a—z—D +AAL—(TP=K)A,
(2.11)

€
'S 2|AD| As = QA +QLA),
Vol. 91
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where

1

o = —K
QAfAn) = 4k[ - =K1

€
[ Ay—(FP=K)A,+ K 2|AD| A }

(2.12)

€, U
* o, 0oho TADAG— (BoAL TAO)A,

£ 0
+ |AD|2[ADAD (M2 =ID)A, + kzé—z|AD|2AD} E

Notethat for astationary spatial soliton we have Q(AJ) =
0. Equation (2.11) can be used not only to find aweakly
nonparaxial stationary soliton but also to investigate its
stability. In order to isolate the nonparaxial parameter
in explicit form in (2.11), we convert to dimensionless
coordinates and amplitude:

7 = r2_k22’ (X" y') — lr2_k2(x’ y),

] (2.13)
AL = “hn B = A
J—Z €o M2 -k
Then (2.11) has the form
aazD+ADAD AL+ |AHPAL (2.14)
= W[QYAD + QyAN],

where
QYA = |diviAL AL + grads (A Coradi|AL )],

QUAD = F[A5-1][ANAL-AL+|AL A
(2.15)
+2 [(ADAD [AT )AL= (LA TADAL
] 2 ] ' ] ] 2 |l
+|AH (ALAL—AL+ AL TAD)].

The dimensionless form (2.14) is convenient for
determining the corrections to the shape of a steady-
state soliton while the dimensional form (2.11) is con-
venient for analyzing its stability, containing deriva-
tives of the amplitudes with respect to the propagation
constant I".

3, NONPARAXIAL CORRECTIONS
TO SOLITON SHAPE

Theright-hand side of Eq. (2.14) serves as a correc-
tion (asaresult of the nonparaxial property) to the non-
linear Schrodinger equation for which p = 0. Note that
this correction is nonlocal since it not only depends on
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the transverse components of thefield intensity but also
on their derivatives in the transverse direction. We find
the field distribution for a weakly nonparaxial station-
ary [of the form (2.8)] spatia soliton by solving Eqg.
(2.14) using perturbation theory with the small param-
eter (2.9). In the lowest approximation this equation
gives the standard vector nonlinear Schrodinger equa-
tion (we omit the primes in this section):

ApAgox— Asox + (|Asox|2 + |AsOy|2) Aox = 0,
ADAS;Oy - As:Oy + (|AsOx|2 + |AsOy|2) AsOy

For the main (fundamental) soliton the functions Ay,
and A, can be considered to be real. Generally speak-
ing, the Egs. (3.1) are written for the particular case of
a soliton with a common propagation constant for both
polarizations but a difference between these values is
only possiblein the paraxial approximation [1].

We now introduce a small correction to the steady-
state soliton:

Aro) = Ag(ro) + P28A(r). (3.2)

Equation (2.14) linearized with respect to the perturba-
tion dA¢ iswritten in the form

(3.)

ABA —BA +[|Ay|*BA,
. (3.3)
+ (A EBAS)ASO + (ASO EBA )ASO] - S(ASO)'
In terms of Cartesian components we have
DBAG— A+ [(Ady+ Ady) 8A,
+ A§0x(6Asx + BA:

+ AsOxASOy(éAsy + 6A;cy)] = QSX(ASOX’ AsOy)1 (3 4)

ADaAsy - 5Asy + [(A§Ox + AiOy) 6Asy

+ AsOxASOy(aAsx + 6A:x)

+ A§0y(6A + 6A* )] - st(ASOX1 AsOy)

aAsOx aAsOy 2

QSX(ASOX’ AsOy) = _gw + X AsOx

(Al + A20y>}
dy

_ oA 0Ag?
st(ASOX’ ASOY) - _g axo * axoy

o(AZ, + AZ
a |:A50x ( sOX

sOy) 0
ax * Asoy %

(3.5)

AsOy

d
+ a_y|:ASOX

O(Aw+Any) |, O(Ab+ A§Oy)} 0
ox 0y oy 0

No. 6 2000
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As the zeroth approximation we take the linearly
polarized Townes mode having an axisymmetric field

distribution (polar coordinatesr, ¢, r = +/X* + y*):

ASOX = FO(r)i AsOy = 0. (36)

The function Fy(r) is defined as finite over the entire
range 0 <r < o and the solution of the equation which
tendsto zeroasr — « is

=A,—1+Fj.

LoFo = 0, Lo (3.7)

Bearing in mind the axial symmetry of the Townes
mode, Eq. (3.7) has the form
d2F0 1dF,

3
+F2 = 0.
dr2 Trar ~Fo+Fo =0

(3.9)

We write Egs. (3.4) for the corrections to the soliton
shapein theform

LléA:sx = on(r) + sz(r) COSZ(I)’

LoSAL = 0, (3.9)
L06Asy = Qyz(r)Sin2¢1
where
L, = Lo+ 2F5, 8A, = JAL +idAL,  (3.10)
|ijOD Dd zdFOD
QXO(r) |: Ddr %:O dr D:|,

0 2dFy
Qulr) = [lFondFr o 0 It H. 1

_pod  IgpedFog
Qyo(r) = _W_F%:O ar o

The second of linear Egs. (3.9) (for dA,,) has the
solution [see (3.7)]

6A‘s'x = C"ASO1 ASOEASOX = FO! (312)

which corresponds to a phase shift of theinitial soliton.
Since we are not interested in this shift, wecanset C" =0
and accordingly 8 A, = 0. The two remaining inhomo-
geneous Egs. (3.9) can be solved provided that their
right-hand sides are orthogonal to the solutions of the
corresponding homogeneous equations with the
boundary conditions specified above. For the last of
Egs. (3.9) orthogonality follows from the angular
dependence of the right-hand side,

2mn

dpsin2¢ = 0.
J

Thus, omitting the solution of the homogeneous
equation (symmetry with respect to rotation of the
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Radial profiles of the amplitudes Fq of afundamental soli-
ton (Townes modes, curve 1) and its nonparaxial distortions
Fy (curve 2), Fy (curve 3), and F, (curve 4).

axes X, y), we obtain the correction dA, in the form

OA,, = Fy(r)sin2¢. (3.13)
Then F,(r) is defined as the only finite axisymmetric
solution of the equation

LoFy = Qp(r), L, =1L;— (3.14)

The solution of the homogeneous equation corre-
sponding to the first of the equations (3.9) corresponds
to ashift of the initial soliton along x and y:

F F
JAL, = Cla ? = CloI %coso,
0x dr
oF dF (315
' — 0 _ 0
OAs2 = Co= dy Co—— ar sing.

The orthogonality condition isagain satisfied asaresult
of the angular dependence of these solutions and the
right-hand side of this equation. Also omitting the solu-
tion of the homogeneous Eq. (3.14) (C, = C, = 0) we

obtain d A, intheform

OA,, = Fy(r) + F,(r)cos2¢. (3.16)

Theradial functions appearing in (3.16) are obtained as
(unique) finite axisymmetric solutions of the equations

LiF; = Qo LoFy = Q. (3.17)

Graphs of these functions obtained by solving numeri-
cally axisymmetric variants of Egs. (3.8), (3.14), and
(3.27) with the conditions of finiteness for r = 0 and
which decrease asr — o specified above are plotted
in the figure.
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We shall now return to dimensional quantities. For
the electric field intensity of a steady-state soliton we
have

E, = E{ HFo(r) + P[Fy(r) + Fo(r) cos2¢]},

_ |€0 3 .

E, = }E—Zu F,(r)sin2¢,
_ .2 [gedF(r)

E, = ipu ,sz—dr cosd,

r’—Kp, p=C+y.

In accordance with (3.18), the field exhibits weak axial
symmetry. The main correction to the initial linear
polarization occurs as aresult of the longitudinal com-
ponent of thefield E, O 2. For this correction the phase
of thefield is shifted relative to the main component by
TU2 since the polarization becomes elliptic. Time oscil-
lations of the electric intensity vector are described by
aprolate ellipsein the xz plane. When additional allow-
ance is made for corrections proportiona to p3, it is
found that the slope of the planein which the ellipseis
located varies over the beam cross section.

(3.18)

The components of the magnetic intensity are
expressed in terms of the electric field intensity using
the Maxwell equations (2.1):

HE

350

"2k

ayD

@dFO 3 -
X EFW —Fo+Fg+ 2FyE§|n2¢,

€
E_E + u3__0_
2
V2 (3.19)
F
x [(2F1 +Fo) + 2F, + Fo—Fo + %%)Ecoszq)},

z|:|_
axD

_ i 6 2 o dFo
H HFo(r)

yo = «/_2

The radiation power P is defined as the integral of
the longitudinal component of the time-averaged
Poynting vector over the transverse coordinates:

— £ * *
=3 I Re(EX H H,)dxdy. (3.20)
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Substituting into (3.20) the approximate expressions
for the soliton field intensities obtained above, we
obtain the power

2
8mk£( ot H'Py). (3.21)
The constants P, and p, are defined as follows:
ez = 117 _
Py = IFO(r)rdr =57 1.862,
0 (3.22)

00

D, = J'[ZFO(r) L) + %Fg‘(r)]rdr - 5.990.
0

In (3.21) the term containing P, correspondsto the crit-
ica self-focusing power which agrees with that
obtained in the paraxia limit (u — 0) where it does
not depend on the propagation constant [1]. The term
containing p, isthe nonparaxial correction to the power
which depends on the propagation constant. Note that
the increase in soliton power with increasing propaga-
tion constant, which followsfrom Egs. (3.2) and (3.22),
is consstent with the Vakhitov—Kolokolov criterion [19]
for soliton stability. However, this criterion was obtained
in the paraxia approximation and thus we till need to
demongtrate the stability of anonparaxia soliton.

4. LINEARIZED EQUATIONS

For a linear analysis of stability, we shall set [see
(3.2)]

A(rp, 2 = AJfrp) +0A(ry, 2). 4.0

Substituting (4.1) into (2.11) and linearizing this with
respect to the small perturbation A, we find

00A

2ir 292 4 ALBA — (P2 —K?)3A + K222

0z & (4.2

x [AL0A + Ap(Ag [BA) + Ay(Ag, (BAD] = 3Q.
Here we have

6Q = 6Q5+ 6Qz-}- 6Qk,
5Qy = —kzsz[(A — AZ)BA +BA (A [BA)

+ A (DA, [BA) + SA(SA, [BA) + SA (A, (BAD)
+ Ay(8A, TBAD) + 5A (BA, BAD],
5Q, = —22{|div A A
€
+[divoA* divoSA + divoA divoSATA,
+grad;[A, Chrad (A% (DA + A [BAD)
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+OA [orad,|A{’]},

1 4.3
6Qz = 4TQ[AD -

(F2—k)1°5A

+ 2-{BIAJ7BA + AT TBA) + AL(A, TBAD)]
0

+ |As|2AD5A + (A;c DA + A EBAEDADAS
—2(T=KO)[|AJ7BA + A(A% [BA) + A((A[BAD)]

ICZ2[|AJ*0A + 2A JAL (AL TBA + A, TBAD)]
0

+(A0A [ANA + (AA,DBADA,
+(AgA TAT)OA — (A3ALIMA)A,
—(ApAS DBA)A - (ALAS TA)BAYL.
Introducing the real and imaginary parts of the
x-components of the perturbation dA, = dA, + idA; and
theinhomogeneity 6Q, = dQ; +i0Q;, wewritethelinear
equation (4.2) in the form
00A,

2Fa— + Ly0A = 8Q;,

00A

—2I'a— +L,0A, = 0Q,,

O3A
=L+ LodA, = 3Q,,

(4.4)

2ir

and aso in the matrix form
00A

2 —— = MOJA.

= (4.5)

Here
A
OA =

[
DI:H:II:H:I

0
0A
0A,
we have

H—LoBA +3Q J
M 6A =4d LléAr_aQr %’
OiLedA,—i10Q, [

Ao = U[ o(«/r - p) (4.6)
_ 2 .2 2€ 2
LO - AD—(I_ —k)+k '—Aso,
€
2€p 2
Ll = Lo+2k _ASO'
&

The form of the operators L, ; in (4.6) corresponds
to the dimensional form of the relationships (3.7) and
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(3.10) with a choice of linearly polarized unperturbed
soliton (3.6) when the control equations for the pertur-
bations are simplified considerably. The properties of
solutions of the equations corresponding to the linear-
ized nonlinear Schrédinger equation (0Q — 0) are
also important:

00A,
2r azf°+ LodA, = O,
03A,
- 0+ 1L,0A, =0, (4.7)
. _00A
2ir azy0+ LoBA, = O,
or in matrix form
00A
2r 620 = MydA,,
Ho -1, 0 ¢ (4.8)
Mo=0L, 0 00O
O 0
00 0 iLy0

We write the simplest solutions of the system (4.4)
[or (4.5)] and (4.7) [or (4.8)]. First, it follows from the
well-known symmetry with respect to the phase shift
and propagation constant of a steady-state soliton that
the linearized equations have two solutions. Thefirst of
these

0o O 0o O

0" O o _0°0
A, = 0A, 0 OA, =0A,0 (4.9)

O >0 0 *0

OiAy O 00O

corresponds to the eigenvector of the matrix M (M)
with zero eigenvalue

M3A, = 0, MBAY = 0. (4.10)
The second solution
O O
0L 9« 01 9A, O
g2r or O 0> c')lfo O
0
3Ar=g o g 8A=H . 5 (411
0 9a. O O O
0Ly g 0 o O
02r or O
isnot an eigenvalue but aroot:
M3A, = 8A,, M?3A. =0,
(0) (0) 257 (0) (4.12)
ModA® = 3AY, M3BAY = 0,
No. 6 2000
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Finaly, the symmetry with respect to rotation of the
X, y axes yields an eigenvector with zero eigenvalue:

O_a O 0o O
070 _ 0° 0

0A =Cud 0 O OA =Cxd 0 O
0 O 0 O (413
0 Ax O 0Aso O

M3A,, =0, M@BAY = o.
Subsequently, disregarding the rotational transforma-
tion of the axes, we set C,; = 0.

The following two solutions are specific to the lin-
earized nonlinear Schrodinger equation [Egs. (4.7) or
(4.8)] whereas they are absent for the more generd
form of Egs. (4.4) or (4.5). The invariance of the non-
linear Schrodinger equation to a focusing transforma-
tion determined by Talanov [20] thus yields the solu-
tion (4.7) [21]:

_ 0Ay _1Q p D
00 = Fr 2 %R0 = rmg T2 Ao (414
8A, = 0.
The corresponding vector
O OJ
R
SA, = AP’ (4.15)
" Heue-ry " B
0 0 0
isaso aroot:
ModA; = 3Ar,, M3dA; = 0. (4.16)

Thelast of the solutions of linearized Egs. (4.7) required
for the following analysis has the form [18, 22]
BA, = a(p) +b(P)Z, BA, = cp)z+d(p)Z’

"(4.17)
8A =

After substituting (4.17) into (4.7), wefind

3 6

2A50p21

The function a(p) is defined as the only finite axisym-
metric solution of the equation [the conditions for sol-
ubility are satisfied because of the axia symmetry of
the right-hand side (4.19)]

6r’
Lla = _F—Z—&—ZAsop21

(4.19)

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 91

ROZANOV et al.

or
d? a, lda 2 2
— M-ka
dp2 pdp = )
. (4.20)
+3k2z_2A§0a = —_26r zAsopz-
0 -k

We do not require the specific form of thefunction a(p).
The perturbation vector corresponding to this solution
isalso aroot:

MoSA, = 3A;, MgdA, = 0,
O
sA. = 048r° 77 [ (4.21)
2~0 4 DO
O O
O 0 O

These solutions exhaust the family of localized axisym-
metric solutions of the linearized nonlinear Schrodinger
equation with a zero eigenvalue.

Using the small nonparaxial parameter (2.9), we can
write expansions of the matrix M, the eigenvector oA,
and the root vector dA in the form

M = Mo+u M2+u M,+...,
8A, = SAY + A +
dA, = 3AY + %A +

Terms with a zero index are determined by the nonlin-
ear Schrédinger equation and are given in Egs. (4.8),
(4.9), and (4.11). The remaining terms of the expansion
are obtained using the expansion for the field of a
steady-state soliton determined in Section 3.

(4.22)

5. STABILITY AND OSCILLATIONS
OF PERTURBED SOLITONS

We shall now find the eigenval ue of the matrix oper-
ator M which goes to zero in the limit p — 0 (non-
paraxial soliton limit). For thiswe shall seek the eigen-
solution of the linearized equation (4.5) in the form

3A = W(x, y)e". (5.1)
Here we introduce the unknown eigenvalue
uy = py; + iy, + plys+ (52)

and the eigenvector ¥ which obey the following equa-
tion derived from (4.5)

MY = uyw. (5.3)

The expansion of the eigenvector ¥ can be conve-
niently expressed in the form

W = 5A, + PySA[ + LW, + W+ L, + . (54)
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The first two terms on the right-hand side (5.4) are
determined by Egs. (4.9) and (4.11). Substituting into
(5.3) the expansions of the corresponding quantities in
powers of the small nonparaxial parameter 1 and equat-
ing terms of the same order with respect to this param-
eter, we find in the second order in p [equations of
lower orders are automatically satisfied given the
choice madein (5.4)]

MW, = y0A . (5.5)
Taking into account (4.16), we find that
¥, = y33A,. (5.6)
In the third order, we have
MoW¥; = 2y,V,0A+VY, P,
(5.7)

= 2y1Y,0Aro+Y10A |,

so that, taking into account (4.16) and (4.21), we have

W, = 2y,Y,0A +V;0A,. (5.8)
Finally, in the fourth order we have

MW, + M, WP, = y°3A

) oL a4 2L = Y10Ar; (5.9)

+ (Y2t 2Y1Y3)0A 0+ Y, W3+ Y,
or alowing or (5.6) and (5.8)
M, ¥, +V:M,3A,; = ViBA
ot a4 tYiM0A: = Y,0Ar; (5.10)

+ (Y5 + 2Y1Y3)BAro + 3Y1Y,0A  +V1OA,.

We now introduce the transposed operator matrix
M, I and the conjugate three-dimensional vectors Alo

and A ro using the relationships

0 O
. O 0L 07
Mo=0-L,0 0 O
O O (5.11)
00 0ilyd
MedAgo = 0, MBA[, = BA},.
In explicit form we have
O 0O
HAq H 0% g
SAJ, = AL, = H%0 U (512
o= U o O o~ 0 (5.12)
O O gor g
00O 80 O
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We introduce the scalar product of the three-dimen-
sional vectors (4.6) using the relationships

_ 1
U, vOo= >mt

2m 0

X Id¢Idpp(U1V1 +U,V,+URVy),

(5.13)

where we have for the complex (third) components

U,V,; = ReU;ReV; + ImU,;imV,. (5.14)
Then, as a result of the self-adjoint property of the
L aplace operator for arbitrary vectors U and V the fol-
lowing identity is satisfied

U, M,vO= IM}U, VO (5.15)

We now multiply the three-dimensional vector AI,O

by the left- and right-hand sides of Eg. (5.10) and
equate these scalar products. Here we use the following
relationships for the matrix elements:

[BA g0, MW, 0= MBA},, ¥,0= 0, (5.16)
O 1 Pe)
t EASO % Ef%
[BA(I)O' 6Ar0D= |:| 0 DD D
O O o
0Doog , (5.17)
1°° 0A
0
[BA §o, 5A L]
g 0
O, O
0 A % 1 , (5.18)
=00 O =0,
50 5050@_r5 ™" g
0o nd
U 0
My.a = DAy, OA, 0= [IMBA [, 3A,
= BA!,, M BdA 0= BA/,, 8A.0
ro 0 a' ro f (519)
1 aAso 3
= p dp,
32r(ré- )I or
33Ay,
[6A¢0, A ,0= 2rJ'Aso ars pdp, (5.20)
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and we also introduce the notation

m, = [BA40 M,0A (5.21)
We then obtain an equation to determine the square of

the eigenvalue in the lowest approximation (see aso

[17])

Vil(my—my, 1) =my ay1] = O. (5.22)

The two zero roots of this equation correspond to
the symmetries with respect to the phase shift and the
shift of the propagation constant conserved when
allowance is made for the nonparaxial property. In
accordance with (5.22) two nonzero eigenvalues are
split off from these (as a result of a shift of the eigen-
value corresponding to the vectors 0A; and dA, for the
nonlinear Schrodinger equation). In order to determine
these it is convenient to calculate the matrix elements
appearing in (5.22) by going over to the functions
Fo, 1(r) introduced earlier in the integrand expressions
(see Fig. 1 and Appendix). We then finally obtain

o - iohadf - L -k
Vil k_ZEQ_rD = _43'35DTD' (5.23)

In accordance with (5.23), a weakly nonparaxial
solitonisstable (I > k). However, the imaginary nature
of the eigenvalue y implies that an “internal mode”
occurswhosefield distribution asgiven by (5.4) isclose
to the soliton field (and is phase shifted by 172). The
longitudinal period of the oscillations of the perturbed

field 217y increases without bound in the paraxial soli-
ton limit u — O (I — K). As aresult of the weak
radiation damping of these internal modes [23-27] it is
difficult for a steady-state soliton to be established
under these conditions (an anomal ously long nonlinear
medium is required).

6. CONCLUSIONS

We have demonstrated for the first time that non-
paraxial solitons of electromagnetic radiation are stable
in a medium with a Kerr nonlinearity. These solitons
may occur at the final stage of self-focusing of super-
critical-power radiation. Since the maximum intensity
of these weakly nonparaxial solitons is low, the Kerr
nonlinearity will be the dominant mechanism (no com-
peting mechanisms of nonlinearity exist at low intensi-
ties). We reemphasize that the fiel ds of these solitons do
not possess axial symmetry and the polarization struc-
ture of the radiation strictly corresponds to elliptic
polarization which varies over the cross section. It is
important to allow for the vector nature and the nontriv-
ial polarization structure of electromagnetic radiation
solitons since their scalar description cannot be quanti-
tative. This approach can not only demonstrate the sta-
bility but can also be used to determine the correspond-

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 91

ROZANOV et al.

ing quantitative characteristic (the eigenvalue y). This
value characterizestheinternal modes of these solitons,
i.e.,, the natural modes of small perturbations in an
effective light guide induced by the “strong field” of a
soliton in anonlinear medium.

The results obtained here for weakly nonparaxial
optical solitons serve as an additional argument to sup-
port the “needles of light” identified in [15], i.e
strongly nonparaxial solitons of width less than the
wavelength of theradiation in alinear medium. We also
note that since the nonlinear Schrddinger equation
describes an extremely wide range of phenomena of
various physical nature, this approach to analyze the
perturbed Schrodinger equation may not be confined
merely to optical problems.
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APPENDIX

We shall calculate the matrix elements appearing in
(5.22) which can be reduced to single integrals (over
the radial coordinate) of the functions F, ;(r) and their
derivatives. Graphs of the functions are plotted in
Fig. 1 and their integrals were calculated numerically:

00A, _1le
2rIAS° ar PP = g

My, r va

[

D, = I[3Fo(r)F1(r) +E()

0

dFl(r)}rdr = 5821,
dr

1 aAso 3
32r(r2—k )I

{(r —k)jF 2(Jr2-KPp)p? dp}

801

€2k°

My a =
32(r 32(r?—KA)or

_gl 1

__________p ,
e2k’16(7°—K%)°

p; = J’Fg(r)rsdr = 2211,
0
My = Myg+ My + My,
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_ 18 1
[6A¢0, M,.0A 0= 1680r 2
ngsoD 2. d |1 2}
A + +=HA d
_!. sO|:de 0 AP w—p p% soP") |pdp
-1 %
mw&%

b, = I[EP'F‘)“) 0(r)r

0

+Fo(r)m; 1Dij°(r) o(r)rzm}rdr = —1.608,

J——— _ K
My = BAy0 My dA (0= m
0IAsoéAsxop dp = k pk,

00

P = IFBS)(r)Fl(r)rsdr = 1.926,

0

1

m,, = EBAq)O, MZZéAfD: —m

x jdppAsogfz[Au—(rz—kz)]

<[ 8- (r2 =iy + ki—zAio}(Asop%

€
¥ E—Z[sAioAm(Asopz) — 227D Ay — (T2 — KB A% p?

1 €&

2€5 .5 270 1 &
+k SOAsop i| E - 32k4€2 P,

00

= [drrFonA - 1A -1+ Fa(N](Fo(rr?)

00

+§ImrFaOAJF&GF)—%FﬂfF&ﬂA&F&O)
0 0
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00 [

—J’drraFg(r)+Idrr3Fg(r) = 14.899,
0 0

_d® 1d
ogr? rdr

After substituting these values into (5.22) we abtain
(5.23).

10.

11.

12.

14.
15.

16.

. V. E. Zakharov and A. M. Rubenchik, Zh. Eksp
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Abstract—The special features of the propagation of electromagnetic waves in gyrotropic medium with dis-
persion and resonant dissipation (specifically, in a magnetoactive plasma) are studied. Even though the anti-
Hermitian components of the permittivity tensor are substantial in magnitude, weakly damped waves can exist
in such media. However, the well-known phenomenological expression for the energy flux of waves in a
medium with spatial dispersion isinapplicable for them. A theory extending this expression to the case studied
isdeveloped. The modified expression for the energy flux is used to construct the Hamiltonian for the ray optics

of such media. © 2000 MAIK “ Nauka/Interperiodica” .

A well-known complexity of the theory of electro-
magnetic waves is the absence of phenomenological
expressions for the group velocity, energy density, and
energy flux of waves in dissipative, dispersive media
[1-3]. Interest in this problem hasincreased recently in
connection with the problem of describing the propaga-
tion of resonance electromagnetic radiation in a high-
temperature magnetoactive plasma. A characteristic
feature of the propagation of electromagnetic radiation
in the cyclotron resonance bands is the existence of
weakly damped waves even in the region where the
anti-Hermitian components of the permittivity tensor
are substantial [4-6]. Thuswe are dealing with the case
where for

[£5m Ol (1)
the dispersion equation
D(w, k) = det|D,,| =0 2

for real w possesses a solution with weak damping at
wavelengths

|IRek| > |Imk]. 3
(Here
2 W
Dy = Byl ~kighin= (0,10
eom " are the anti-Hermitian and Hermitian compo-

nents of the permittivity tensor €, of the medium, and
the symbols w and k have their standard meanings.)

The weskness of the absorption could be due to the
specid features of the polarization of norma waves|[4-6],
and even in spite of the conditions (1) the projection of the
active component of the current in the medium on the
direction of the hf field vector isasmall parameter:!

% _aH
L @
[

(here E isavector of the complex amplitude of hf field).

However, even though the absorption of waves is
relatively weak anumber of difficultiesarisein describ-
ing waves when the permittivity tensor is strongly anti-
Hermitian.

(i) The standard expression (i.e., obtained for van-
ishingly small “non-Hermitian component” of the per-
mittivity tensor) for the energy flux S, of wav
c? aD';m

- *
- 161'[pr Em ok ’ ©)

is no longer correct, since the derivative of the small

complex quantity E,ﬁ Emsf;'; with respect to the wave
vector is not always sufficiently small (see[5]).

Sk

1 In amagnetoactive plasmathe condition (4) holds for nonlongitu-
dinal propagation of electromagnetic waves relative to the mag-
netic field. In this case the circularly polarized component of the
field, rotating in the direction of Larmor rotation of the electrons
or ions—near the electronic or ionic cyclotron resonances,
respectively—is suppressed (depressed).

2 The vector Sy is the sum of the Poynting vector and the energy
flux excited in the medium by hf field [1, 2, 7].
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(i) The standard use of the dispersign function D(w,
k, r) asthe Hamiltonian for ray optic§ engenders rays
in acomplex space—by virtue of the strong complexity
of the derivatives of the function D(w, k) with respect
to its arguments—even though Eq. (2) possesses weakly
damped solutions (in his connection see [5, 6, §]).

Physically, however, it seems almost obvious that
for weakly damped waves the difficulties in obtaining
an expression for the energy flux and the (directly
related) difficulties of constructing a geometric optics,
even under the conditions (1), are purely formal. In
plasma physics the most commonly used method for
eliminating these difficulties is to use a purely Hermi-
tian permittivity tensor of a cold collisionless plasma
[5, 6]. Then, the energy flux reduces to the standard
Poynting vector. However, this approach neglects the
characteristic behavior of waves near the cyclotron res-
onance band, where, asindicated in [9], the spatial dis-
persion induced components of the energy flux can be
determining.* The method of investi gating the propaga-
tion of waves beams in a plane-layered medium was
used in [11, 12]. In this method the wave field is
expanded in WK B modes satisfying the conditions (3).
It follows from the analysis performed in these works
that the trgjectory of beamsin a plane-layered medium
can be given by areal ray Hamiltonian H(r, k, w), if for
real w and k the condition H(r, k, w) = 0 corresponds
to vectors k coinciding with the real part of the corre-
sponding solution of the dispersion equation (2) with
real frequencies.® The numerical analysis performed in
[11] demonstrated that the direction of propagation of
waves beams near the cyclotron resonance bands can
differ substantially from the direction of the standard
energy flux in a medium with spatial dispersion, given
by Eg. (5). In his connection an attempt to obtain an
expression for the energy flux of weakly damped waves
that is valid at the finite anti-Hermitian component of
the permittivity tensor is interesting. It turns out that
this problem can be greatly simplified by using the
method proposed in [12] for analyzing the energy char-
acteristics of a wave field in dissipative anisotropic
media, based on expanding a smoothly nonuniform sta-
tionary field in a spectrum of normal waves. We believe
that this approach makes it possible to introduce phe-
nomenologically the definition of the energy flux of a
stationary electromagnetic wave field; such a definition
isthe main content of this paper.

This paper is organized as follows. In Section 1 the
Poynting relation, which relates an hf field and the cur-
rents which it excites in a dissipative and isotropic
medium, reduces to an explicitly divergence form,
which makes it possible to determine uniquely the

3The dependence of D on r occurs in anonuniform medium.

4The modification of the theory, based on the “cold” plasma
approximation, is especially needed for waves propagating “aong
tangents’ to the resonance surfaces [10].

5 The effect of the finite value of Imk on the expression for Rek
can be or need not be taken into account—depending on the accu-
racy required.
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direction of transfer of the radiation intensity. In Sec-
tion 2 the situations where the modified expression for
the energy flux differs substantially from the standard
relation (5) or, conversely, transforms into it are dis-
cussed; the physical meaning of the results obtained is
clarified; and, the possibility of using the results
obtained to construct a geometric optics of the corre-
sponding mediais discussed.

Although the formalism developed in the present
paper is valid for an arbitrary anisotropic medium, the
exposition is primarily associated with the theory of
€l ectromagnetic waves in a magnetoactive plasma.

1. Let a stationary high-frequency field with the
wave structure

E = E(r)exp(ik, [F —iwt) (6)

(here E(r) is a smoothly nonuniform complex ampli-
tude, and the function E(r) aso takes account of possi-
ble wave damping) be excited in a uniform anisotropic
medium with dispersion and dissipation. The condition
that the amplitude varies “slowly” hasthe form

119g _
——=|YH Zeg<1. 7
el )

The existence of a small parameter € requires quite
weak absorption at the wavelength and arelatively nar-
row angular Fourier spectrum of the wave field. The
Poynting theorem for afield of the form (6)

2
S x Oy Inori resy =
d'VEgane[E x[kq EE]]D+ 2Re(J (E*) =0 (8
(here | isthe complex amplitude of the current excited
in the medium) still does not determine explicitly the
direction of transfer of the intensity of the wavefieldin
the medium, since the possible dependence of the cur-
rentj on the spatial derivativesof hf field can lead to the
appearance in Eg. (8) of additiona divergence terms.
Specifically, in amedium with no dissipation under the
conditions (7) it follows from Eq. (8) [1, 7] that

divs, = 0, (9)

where the vector S, is determined by the relation (5).

The situation becomes more complicated if the
medium is dissipative, i.e., the permittivity tensor con-
tains Hermitian and anti-Hermitian components.

In first place, if the anti-Hermitian tensor sf,':q

depends on the wave vector k, then according to [5] a
relation with additional spatial derivativesfollowsfrom
eguation (8):

divs,+q+Q =0, (10)
where
.2
ic
Q = g (Dpm)|k=1,E5 En
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is the standard expression for the intensity of the
| osses,

aH
@mea %*aE aEE

q= 16T[o)Dak Par or —™J

isan additional term dueto the fact that dissipation and
spatial dispersion are taken into account simulta
neously.

In second place, in an anisotropic dissipative
medium, even in the absence of spatial dispersion (i.e.,
when q = 0), the direction of transfer of the intensity of
the hf can, in principle, be different from the direction
of the vector S,;. The problem is that in an anisotropic
medium the dissipative term Q depends strongly on the
polarization of hf field, and the polarization in turn
depends on the intensity distribution nonlocally, specif-
ically—under the condition (7)—the polarization can
depend on the derivatives of the intensity with respect
to spatial coordi nates® and engender additional diver-
gencetermsin the Q term.

L et ussubstitute the hf field (6) in the form of acom-
position of normal waves of the same type:

E(r) = J'e()\)Ak(ko+Ak)6()\)eiAdeAk. (11)

Here A(k, + AK) isthe eigenvalue, corresponding to the
selected normal mode, of tensor D,(Kq + AK); k = kg +
Ak is the wave vector; &(A) is the Dirac function that
“selects’ the values of k that satisfy the dispersion
equation; e(A) is the corresponding eigenvector (in the
normalization |e]? = 1), WhICh isthe polarization vector
of the given normal mode’ as \; —» 0; A, isaweight-
ing function of the spectral dlstrlbutl on.

Taking into account the “narrowness,” dictated by
the condition (7), of the spatial Fourier spectrum (Ak <
ko), the following expression can be obtained from

Eq. (11) (seedso [12]):
GADGe
Q)knak = ko,

where e(k,) is a unit polarization vector (eigenvector)
for the “central” value of the wave vector k = k,, the

E(r) = e(ko)A(r) - (12)

6 Thesi mplest example where the intensity distribution influences
the polarization of the wave field is a “vacuum” plane-parallel
beam with TM polarization: the narrower the beam, the stronger
the longitudinal components of electric field is.

7 Formally, the tensor Dy, has three eigenvalues A; (k) and corre-
spondingly three eigenvectors g (A) (herei = 1, 2, 3). The number
i corresponding to the desired normal wavesin the limit A; — 0
is chosen.
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guantity A(r) is an effective scalar amplitude of the
field,® determined by the relation

A(r) = J’Ak(komk)eS()\)e‘Ak“dAk. (13)

We note that the second term on the right-hand side of
Eqg. (12) describes, specifically, the possible influence
of dissipation on the polarization of the normal modes
of an anisotropic medium.

We now substitute Eq. (12) into Eqg. (10), represent-
ing the scalar complex amplitude A(r) in the form

A = 1"exp(io),
where | isapositive real quantity. Theresult is

divS+W+Q = 0, (14)
where
a(p 0 aH
8no) [ ar 0k, ”Em”} K=k, (153
2
8T[00I(e e Dmp)|k ko+ O (15b)

is the modified expression for the power losses (taking
account of the difference of the “local” value of the
wave vector from the “ central” value k),

ol aH H‘)e:; *aem[l
= Tomer | Dmior oS i) (16)
Substituting the relations
Dinén = —Dpr€m  €5Dom = €5Dhn,  (17)

which follow from Maxwell’s equations, Eg. (14) can
be reduced to an explicitly divergence form:

divs, +Q = 0, (18)
where
2
_C 0 ,~H
Su = =l (Dpeben=x,  (19)

isthe modified expression for the energy flux.

Concluding this section, we note that the final rela-
tion (18) corresponds, generally speaking, to an expan-
sioninthefirst powers of the small parameterse and .
Specifically, Egs. (17) for the real quantitiesk =k, can
be used with this degree of accuracy. Likewise, thefield
intensity |, | = |E|%, appearing in the expansions (15)
and (16) can be used in the same approximation. The
second term on the right-hand side of Eq. (15a) is, at
first glance, of the order of eu. However, in mediawith

8 The condition (7) makes it possible to interpret the quantity |AJ°
as the intensity and the quantity arg A as the phase, determining
the “local” value of the wave vector k(r) = kg + O(argA). The

relation IM\A\Zdr = J’w\E\Zdr is exact.
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resonant dissipation the derivative of the small “dissi-

pative term” e, Df‘n':, e, with respect to the wave vector

k can be quite large: the smallness of the parameter
still does not guarantee that the corresponding deriva-
tives will be small. The following circumstance is also
important. The use of differentiation of the “complex-
conjugate” vectors e*k with respect to the argument k
in the expansions (15a), (16), and (19) is determined,
strictly speaking, only if the imaginary part of k is
neglected; this assumption isaso valid on the basis of the
indicated expansion in small parameters.

2. The expression (19) differs from the standard
energy flux (5) by the fact that differentiation of the polar-
ization vectors with respect to the wave vector is assumed
init. For apurely Hermitian permittivity, when

D€ = O, (20)

the modified energy flux vector Sy, automatically trans-

forms into the standard flux S.,.° Although only the
Hermitian part of the tensor D,,, appears formally in

Eq. (19), the antihermitian components sf;'; influence the
polarization vectors gppearing in the expression (19).

It is evident from Eq. (19) that if the effect of dissi-
pation on the polarization of the hf field is sufficiently
weak [i.e., the condition (20) is approximately satisfied

even when the finite values of e are taken into

account], then the standard expression (5) for the
energy flux can be used to describe the propagation of
the waves—this result was also obtained in [12] for the
kinetic model of a magnetoactive plasma—with trans-
verse propagation of ordinary and extraordinary waves
at the first and second harmonics of the gyrofrequency.
In general, however, the correction to the standard
guantity S, is of the order of

2

c’k, Imk
[Su=Sul B 15 (21)
where Imk isthe absorption coefficients, dk isthe char-
acteristic scale of variation of the function e (A(k)) in
k space, and e isthe resonancel® (i.e., determining the
absorption) component of the polarization vector of the
wave.

Thus, as expected, the corresponding correction is
important near the absorption line when the depen-
dence of the polarization on the wave vector is sharp.

Asan examplewe shall consider the quasitransverse
propagation of an ordinary wavein acollisionless mag-

9For vanishingly small non-Hermitian component of the permit-
tivity tensor, Egs. (5) and (19) are also identical. This case is
examined in [15].
10| a magnetoactive plasma this is one of the circularly polarized
components.
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netoactive plasma. Near the electron-cyclotron reso-
nance with

k
1> = ; (22)

(herek, ; arethelongitudinal and transverse (relativeto
the magnetic field Hy) components of the wave vector
and By istheratio of the thermal velacity to the velocity
of light) we can abtain from the expressions presented
in, e.g., [2, 4, 13], for the tensor €, that the ratio of the
“dissipative” correction forms with the Poynting vector
theratio

Br/(k ko),

i.e, it can be fundamental. The “correction” to the
Poynting vector is oriented primarily along Hy and is of
the same order of magnitude as the “nondissipative’
correction due to the spatial dispersion. The fact that
near the absorption line the spatia dispersion and dis-
sipation influence wave propagation in the same order
isvery natural.

In the cold-plasma approximation with collisions
(see[2, 13]) we can abtain the estimate

1S4 —Sul O(c*Kw)1v,

wherev isthe effective collision frequency. In this case
the correction is proportional to be “central” small
parameter v/cw.

Although the relation (18) uniquely determines the
direction of transfer of the intensity of the hf field, the
existence of dissipation, of course, makesit difficult to
give a physical interpretation of the formally intro-
duced vector Sy,. Even with the additional assumptions
that the system (medium + field) is closed and the pro-
cesses in the medium are stationary, the difference
between the vector Sy, and the Poynting vector deter-
mines only part of the total energy flux excited in the
medium by the hf field. The complete information

about such fluxes under the condition €5, # 0 can be

obtained, naturally, only by analyzing a correct model
of the medium. Such an analysis has been performed in
[12] for akinetic model of a magnetoactive plasma. In
this work the transverse propagation of ordinary and
extraordinary waves at the first and second harmonics
of the gyrofrequency, when Egs. (20) determine the
polarization vectors to high degree of accuracy and the
standard relation (5) is valid for the energy flux of the
waves, was studied. It was found that an additional
(excited by the field) energy flux of particles, which is
directed transverse to the magnetic field and transverse
to the “field” flux vector Sy, is formed in dissipation
zone:

5, = 49 grg %o, (23)
16T P Mok,
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Theflux S, leadsto adefinite shift of the energy-release
zonerelative to the region of localization of the hf field,
but it does not affect the direction of transfer of its
intensity (see [12]). It is obvious that such details
always remain outside the framework of the formal
phenomenological derivation of Egs. (15), (18), and
(29).

The expression for the energy flux (19) can be rep-

resented in another form. Since the quantity e}, D;'m en
isthereal part of the eigenvalue of thetensor Dy, it fol-
lows from Eq. (19) that

_ ¢ 0

Sy = 8%
In this form the expression for S, can aso be obtained

from other, more graphic, considerations. Let us con-
sider the plane wave

|—_(Re)\)|k ko' (24)

E = EoeikEr
Let therelation
AK)=0 (25)

be the dispersion equation for a given normal mode.
For Rek =k, and Imk =k with |K| < |k,| we have from
Eqg. (25)

[@Re)\
“O ok

a +1mA(ko) = O. (26)
k = kg

Since
O|Ey* = —2K|Eq|%,

we obtain from Eq. (26) a balance relation similar to
Eq. (18) (true, for the particular case of a plane wave).

The quantity ReA can be used asareal Hamiltonian
of ray optics, since we have proved that the energy flux
vector and the derivative 0ReA/ok are identicaly
directed even in the resonance absorption region, where
the derivatives of A = ReA +ilmA with respect to k, can
be strongly complex functions.

The numerical calculations presented in [14] dem-
onstrate that the direction of the quantity dReA/dk is
the same as the direction of propagation of wave beams
in a nonuniform magnetoactive plasma even when the
direction of the standard energy flux (5) differs substan-
tially from them.

H _ *x~aH
iImA = e;Dpmén,

CONCLUSIONS

In this paper we examined the energy relationsfor a
stationary wave field in an anisotropic medium with
dissipation and spatial dispersion. This question was
found to be closely related to the construction of a sta-
tionary geometric optics of such media. We showed
that if the properties of the polarization of electromag-
netic waves guarantee that wave damping isweak even
when the Hermitian and anti-Hermitian components of

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Voal. 91

1145

the permittivity tensor are of the same order of magni-

tude, then the condition |spm ~ |s';m| initself isnot an

obstacle for a phenomenological (i.e., not based on a
model of the medium) calculation of the energy flux
vector.

It has not been ruled out that the approach devel oped
here will make it possible to introduce correctly for
nonstationary waves an expression for the energy den-
sity of the waves and their group velocity in such
media. However, thisis amore complicated problem, 1
which islargely of only methodological interest.1?

It ismore important to investigate the transfer of the
intensity of an hf field taking account of the modifica-
tion of the permittivity operator by the nonuniformity
of the medium (see [13]). However, the fruitfulness of
a general phenomenological approach in this problem
is by no means certain, since the model of the medium
strongly determines the influence of the nonuniformity
on the form of the nonlocal response of the medium in
an hf field.
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Abstract—An analysisis made of various self-oscillations which appear in plasma-dust systems with spatially
varying macroparticle charges. The conditions of establishment and the nature of the evolution of the two main
types of instability of these systems are analyzed. Particular attention is paid to cases of vortex particle motion.
Dust systems having parameters similar to those in laboratory experiments are modeled numerically. Calcula-
tions were made for charged particles in an external electric field and in the Earth’s gravitational field using a
molecular dynamics method. © 2000 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

At present, in the field of nonideal dusty plasmas
there is a shift in interest away from problems of crys-
tallization and phase conversions and toward problems
associated with the establishment and evolution of var-
iousinstabilities of plasma—dust systems[1-10]. Publi-
cations devoted to the analysis of forced and natura
macroparticle oscillations are appearing all thetime [5—
10]. Some studies have been devoted to the experimen-
tal observation of the vortex motion of dust particlesin
various types of plasma: in dc gas-discharge plasmas
and nuclear-excited plasmas with various methods of
induction [7, 9]. Mention should aso be made of a
recent attempt to crystallize dust particles under micro-
gravity conditions which resulted in the formation of
macroparticle vortices in an experimental rf discharge
generator [10].

Stable vortex mation of macroparticlesin adissipa-
tive medium such as a dusty plasma can only occur in
the presence of potential sources compensating for the
energy scattering. Then dynamic equilibrium can be
established between the incoming and dissipated
energy. These systems belong to a class of nonlinear,
thermodynamically nonequilibrium, open systems. In
equilibrium systems dissipative effects cancel out any
inhomogeneity, i.e., thermodynamic equilibrium is
established. In nonlinear open systems, dissipation
exhibits a completely different quality. Its combined
action with other processes may lead to the establish-
ment of stable steady-state structures and complex
oscillatory or chaotic regimes [11-14]. Frequently,
qualitatively different processes occur in the same
medium, whose direction may be changed by a very
small resonant action matched with theinternal proper-
ties of the system. This behavior is common to nonlin-
ear media

Most interesting from the point of view of the influ-
ence of resonant effects on the self-organi zation of non-
linear systems are active media (self-oscillatory sys-
tems) in which the type of steady-state motion is
entirely determined by the properties of the medium
and does not depend on the initial conditions. In com-
plex hydrodynamic systems such as a dusty plasma a
“soft” oscillation excitation regime is most frequently
observed where oscillations appear, as it were, sponta-
neously without any initial impetus. If for somerandom
reason (for example, asaresult of thermal fluctuations)
an oscillation having a negligibly small amplitude
appearsin the active medium, it will developif its phase
favors the pumping of energy into the system [13, 14].

Periodic, quasi-periodic, and stochastic self-oscil-
lating systems exist. One example of stochastic vortex
motion is turbulence and examples of periodic motion
include autowaves and dissipative structures[11-13]. A
dissipative structure is a stable inhomogeneous distri-
bution of concentrations and is a dynamic ordered
structure, unlike steady-state ordered structures such as
crystals or quasi-crystalline systems of charged macro-
particlesin a highly nonideal dusty plasma. The classi-
fication into self-oscillations and dissipative structures
for a bounded dusty system is highly arbitrary. In this
sense, the motion of isolated particles can be classified
as self-oscillations while the combined result of this
motion, which gives a stable inhomogeneous distribu-
tion of concentrationsin the bulk of the dust cloud, can
be classified as dissipative structures.

Vortex motion may appear in “passive’ nonlinear
media as a manifestation of the soliton behavior of
these systems. These solutions are generally deter-
mined by the initial conditions of the problem and dis-
appear when allowance is made for dissipative effects.
Sources of vortex motion may include gyroscopic or
potentia fields with frozen-in vortex lines. At present,
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however, no data on any appreciable magnetic fields or
on phenomena resembling barotropic are available for
laboratory plasma—dust systems. Since the vortex
motion of macroparticles is observed in various types
of plasmas, it islogical to assume that electrical forces
provide the source of this motion. Forces associated
with ion drag or focusing and also thermal convection
or thermophoresis can frequently be neglected. One
possi ble mechanism capable of converting the potential
energy of an externa electric field into the energy of
dust particle motion is the spatial dependence of the
macroparticle chargein adusty system [5, 8]. The pres-
ence of a macroparticle charge gradient in a plasma—
dust system is determined by their nonuniform condi-
tions of charging such as the temperature and concen-
tration gradient of the surrounding plasma component,
spatial changes in the illumination or surface tempera-
ture of the dust component when the macroparticles
comprise an emitting material, dispersion of the shape
or size of the dust particles, and so on [15].

In the present paper we consider cases where vari-
ous self-oscillations occur in adusty system as aresult
of aspatial change in the charge of monodisperse mac-
roparticles. We analyze conditions for the establish-
ment and evolution of two main types of instability of
these systems. Particular attention isfocused on analyz-
ing the vortex motion of particles. We perform anumer-
ical simulation of macroparticle systems having param-
eters close to the conditions of existing experiments to
observe dusty structures in gas discharges. Numerical
calculations were made using a molecular dynamics
method for particles situated in an electric field and in
the Earth’s gravitational field.

2. SELF-OSCILLATIONS OF MACROPARTICLES
IN A DUSTY SYSTEM WITH SPATIALLY
VARYING CHARGE

2.1. Dispersion Relations
in Nonconservative Systems

Thedispersion relationsL(w, k) = 0 arealinear ana-
log of the differential wave equations of motion and
determine the functional dependence of the oscillation
frequency w on the wave vector k. A study of the roots
w(k) of the relation L(w, k) = 0 allows us to determine
the region of existence of nontrivial and unstable solu-
tions of the wave equations.

The dispersion relations L(w, k) = 0 corresponding
to conservative systems have no imaginary parts but the
wave eguations describing the evolution of oscillations
in the weakly nonlinear limit describe competition
between nonlinearity and dispersion. The nonlinear
terms generate harmonics (only provided that theinitial
wave has sufficient amplitude) which competewith dis-
persion effects, generating final equilibrium. This situ-
ation differs substantially from the case where oscilla
tions exist in nonconservative systems since energy
scattering occurs in these systems and energy may be
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transferred by some mechanism such as a background
flux, temperature gradient, or charge gradient. In these
systems the dispersion relations L(w, k) = O or their
roots w(k) are complex functions w = wg + iw and the
wave solutionsfor wy > 0 increase exponentially and are
unstable, whereas for w, < 0 they have a dissipative
nature and decay exponentially.

When energy is transferred or pumped into a sys-
tem, this potential energy may be used to form oscilla-
tions and waves. Nonequilibrium nonlinear systems
frequently have some “control parameter” | such that
this nonlinear system may become unstable (w, > 0)
when this parameter passes a certain critical vaue L = .
In the supercritical region L > |, the oscillations will
draw energy from the stored potential energy. This
means that in this region infinitely small perturbations
generated in the system as a result of thermal or other
perturbations will grow.

Existing mathematical models developed to study
the conditions for the establishment of oscillations in
nonequilibrium nonlinear systems are constructed by
analyzing differential wave equations. These models
exhibit two main types of instabilities: first, dissipative
instability for systems in which damping occurs (type |
instability) and second, dispersion instability when
thereisweak or no dissipation (type Il instability) [14].
The main difference between these instabilities is that
the amplitude equation f(A, x, t) for typel instability has
thefirst order of the time derivative whereas for type |
instabilities it contains the second derivative. The sim-
plest equationsfor type | instability are nonlinear diffu-
sion equations describing various vortex cornvective
motion, dissipative structures, and autowaves [11-14].
The amplitude of the oscillations in these systems is
limited by the existence of specific boundary condi-
tions or singularities of the spatial distribution of the
medium parameters (for example, background sources
of potential energy) which ensure a progressive
increase in dissipative losses. Examples of equations
for type Il instabilities in weakly dissipative systems
may include the Van der Pol equations which simulate
the oscillations of various self-excited oscillators and
the system of Lorentz equations which is one of the
main models in stochastic oscillation theory [12-14].
The amplitude and frequency of the oscillations in
these systems may be limited as a result of dissipative
processes and as a result of dispersion effects (for
example, phase mismatch) which play adissipativerole
phenomenologically [14].

These instability categories can be classified if we
consider the dispersion relation L(w, k) for the small
perturbation of a stable system G by a harmonic wave
of amplitude b:

¢ = bexp{ikx—iwt}. @
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The differential wave equations written in operator

form then have the form G (ik; —iw; )b and the disper-
sion relation

L(w, k) =detG = 0

will show whether this model contains damped terms.
If atype | instability exhibits damping, the dispersion
relation L(w, k) will be a complex function for stable
(M < o) and unstable (1 > 1) states of the system since
it contains even and odd powersi. The roots of the dis-
persion relation will also be complex, w= wx + iwy and
Eq. (1) hastheform

¢ = bexp{ikx—iwgt} exp{wt}.

For w, > 0 the solution will increase in time and is
unstable. The point where 4 = ., and the value of w,
changes sign is called the bifurcation point of the
system.

The second type of instability occurs when thereis
negligible or no dissipation. In this case, the dispersion
relation is a real function and its roots may form the
complex-conjugate pair w = wx + iwy. Equation (1) will
have the form

¢ = bexp{ikx—iwgt} exp{twt}.

Consequently, the solution increases exponentially for
any w, £ 0. For stable solutions w, = 0 and the harmonic
perturbation will propagate dispersively and not
decrease as for a dissipative system. In this case, the
critical parameter |1, determines the boundary between
the region of neutral stability of the system wy = 0 and
its unstable state w, # 0.

One of the important characteristics of active media
is the tendency of the system to act predominantly via
the mode corresponding to . I n cases of strong disper-
sion, asaresult of the evolution of typell instability, in
practice only one mode “survives’ and the steady-state
motion is aharmonic wave of frequency corresponding
to a specific resonant frequency w, of the system.
Under conditions of weak dispersion the form of the
steady-state regular motion may comprise pulses of
various shapes far from sinusoidal. It should be noted
that in many physical problems associated with model-
ing the behavior of hydrodynamic systems, the inclu-
sions of even weak viscosity destroys the nature, or
completely eliminates the appearance, of dispersion
solutions.

2.2. Linearization of the Discrete Problem of Motion

We shall analyze a dust system consisting of N,
charged particles in the electric field of a two-dimen-
sional cylindrical trap in the presence of the spatially
varying macroparticle charge Z = Z(p, y) where p =

JXC+ Y. We write the equation of motion for each
particle taking into account the pair interaction F;, the
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total external force F, of the gravitationa m,g and
electric E(p, y) = iE(y) + | E(p) fields, the force of fric-

tion and the random Brownian F, produced by the
impacts of the surrounding gas molecules:

= ZFIr‘It( )lr ‘rk rl‘lr |

dry
_mpvfrFt' + Fp + Feq-

drk

)

Here r is the interparticle spacing, m, is the particle
mass, and vy, is the friction frequency. The external
forceis defined as

Fext = I{E(Y)eZ(p,y) + m,g} +E(p)eZ(p,y)

and the pair interaction between the particles is
described by the force

0
Fiulr) = ~62(p,y) 52
where
eZ(p, r
g = SN el 5.0

is the screened Coulomb potential with the screening
length D, and eisthe electron charge. Hence, the inter-
particle interaction force and the external forces acting
on the particle depend on its coordinates. When the curl
of these forces is nonzero, this system may perform
positive work, which compensates for the dissipative
energy losses. The system (2) is not conservative since
it contains energy scattering as aresult of friction, and
energy may be transferred by means of the combined
work of the electric field forces and the Earth’'s gravita-
tional field.

It is almost impossible to make an analytic analysis
of the conditions for the establishment of oscillations
for a system described by the Egs. (2). For a one-
dimensional chain of interacting particles the problem
can be reduced to a system of nonlinear partial differ-
ential equations[12, 14]. However, this transformation
is extremely laborious and various additional assump-
tions on the nature of the particle interaction must be
introduced to solve the spatial problem. Thus, we shall
confine ourselvesto analyzing atwo-dimensional equa-
tion of motion for an isolated particle situated in the
Earth’s gravitational field m,g, in the external electric
field

E*(p,y) = iE%(y) +iE*(p)
and thetotal electric field of the charged particlesin the
dust cloud

int

E™(p,y) = iEy(p,y) +iEp(p, ),

assuming that the Brownian force and the collective
effects associated with the spatial fluctuations of the
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Fig. 1. Schematic showing the position of amacroparticle of
charge ez, at the edge of adust cloud.

particle charges in the dust cloud play a minor role at
the time of occurrence of instability.

We shall assume that a particle having a certain
charge Z, issituated in a stable state at an extreme point
in the dust cloud in the position (p,, Yo) relative to its
center (Fig. 1) and we shall consider itsresponseto cer-
tain deviations (p, y) from the equilibrium point (po, Vo)
of the system:

d? d e i
mp_g = - mpvfrd_? _e{ E (po) tap-— Ep(va yO)
dt (3&)
—woy — W P} (Zo + Bop + ByY),
d’y dy . |
m,—5 = —-myV,==+e{E -vy + E,(Po
P2 oV g e{ E"(Yo) =YY *+ Ey(Po, ¥o) (30)
+pp + W'Y} (Zo+ Bop + Byy) —Myg,
where
_dEp) . _ dESyY) o _ dEy(p.y)
a = dp l V - dy ] w = dp ]
, _dE(pY)  _ dEy(p.y) _dEy(p.Y)
dy ' °° dy dp

dz(p, dz(p,
B, = (P.y) B, = Z(dr;y)

are the first derivatives of the system parameters at the
point (pg, Yo)- The equality

dEx(p,Y) _ dEy(p.Y)
dy dp
should be satisfied because of the potential nature of the

total field both for the case of fixed charged particles
and for Z(p, y) = congt.
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The linearized system (34), (3b) will have the form

d’ d
E’[Lz) = _Vfra%) +app tapy, (49)
Sj—Zilz—v dv, 4 y+ayp (4b)
dt2 frdt 22 21M
where
eZ o —w’ eZ,0
1= O{m }1 a12=in20,
p p
eZO{y_(*)y} + mpry/ZO
22 ’
mp
a, = ieZOw0+ m,gB,/Z,

My

for the stationary stable state of a particle
{Po=p(t—); =2y, = y(t —>);

E°(Po) = Ep(Poy £Yo);

E%(Yo) £ E,(Po» 2Yo) = M,g/eZo}

in the position above (p,, +Y) or below (py, —Y,) the
center of the dust cloud (Fig. 1). Assuming that the clas-
sification of the wave regimes in active media is made
by analogy with the oscillating regimesin systemswith
discrete parameters, we can use the system (4a), (4b) to
analyze the conditions for the evol ution of instability as
a system of linearized amplitude equations neglecting
the spatial derivatives[11, 14].

2.3. Conditions for the Establishment
of Self-Oscillationsin a System of Dust Particles

We shall consider the response of the system to a
small perturbation ¢ = bexp{—iwt} which appears in
the p or y direction. In this case, we obtain various “dis-
persion” relations L(w) = detG = 0 which determine
the region of existence of nontrivial and unstable solu-
tions in the system G (—iw; p)b defined by Egs. (4a)
and (4by):

4 2 2
W+ (ay; + Ay — Vi)W + (81385 —a5pay) 5)

+iv, {20 + a,, + a,} = 0.

An analysis of Eq. (5) showsthat in the absence of cou-
pling between the system parameters (a;,a,; = 0) alow-
ing for thefact that a,, and a,, arereal and negative, this
systemwill be stable. For v;, # 0 the solution of the sys-
tem (4a) and (4b) is also stable and will be damped
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asymptotically (uw, < 0) for any small perturbation if the
following conditions are satisfied simultaneously:

ay8y —appay 20, (6a)

Vi 2 |ay +ay) 2. (6b)

The sign of the equality in Eq. (6a) determines the neu-
tral curve of purely dissipative instability (wg =0, w=
w, = 0). The appearance of type | dissipative instability
will be determined by the condition

ay18p — A8y <0. (7)

The motion may have a dispersive pattern (wg # 0,
oy, = 0) near a certain resonant frequency

2 _ |y + ay)

C 2 1
when the friction in the system is balanced by the
incoming potential energy so that

2
autay _ 4a,ay + (21— )
> .
2 4v;,

Condition (8) determines the nontrivial solution of the
system (4a), (4b). In the more general case, oscillation
at a certain frequency w, will develop when the damp-
ing does not destroy the structures of the dispersion
solution, i.e., is fairly weak [of the order of O(g) and
does not allow any appreciable shifts of the neutral
curvewhere wy = 0. In order for the oscillating solutions
to be amplified, alowing for the appearance of self-
conjugate complex roots and the condition (6a), thefol-
lowing inequality must be satisfied

2
(a,—ay)
av?%

Inequality (9) determinestheregion of dispersion insta-
bility of the problem where wave-like solutions may
appear provided that the motion of isolated particlesis
synchronized in the dust cloud. It should be noted that
unlike condition (7), inequality (9) is not a criterion for
the onset of instability since the upper limit (a;, —

a21)2/4vf2r of the frequency w, is a maximum estimate,
which only determines the position of the neutral curve
in various particular cases close to the nontrivial solu-
tions of the problem.

A more detailed analysis of the system (44a), (4b)
using Eq. (5) isnot of particular interest since the effect
of eliminating the spatial derivatives may actuate insta-
bility mechanisms which do not occur in real systems.
For example, for the dispersion wave equations a solu-
tion which depends only on timein accordance with the
Benjamin—Feir criterion, may be unstable to secondary
modes [14].

From the physical point of view small perturbations
in the system (4a), (4b) will grow in the two cases con-

(8)

2 2
Vi < W <

(9)
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sidered, first when no restoring force (7) existsfor them
and second, near a certain resonant frequency of the
system when the forces of friction do not suppress the
oscillating motion (9). If we use existing analogies with
known amplitude equations, in the first case we obtain
adiffusion type of motion equation. In the second case,
the equation of particle motion will be quadratic with
respect to time and the instability observed in the sys-
tem will be of the dispersion type.

We shall give abrief analysis of the conditions for
the evolution of the two different types of instabilities
in adust system using specific values of the parame-
ters a;.

2.4. Dissipative Instability

Since purely dissipative instability only developsin
a system in the absence of arestoring force, the condi-
tions for the onset of bifurcation could be determined
using the criterion for stability of the trivial solution in
the Lyapunov sense [16]. According to this criterion,
the solution of the system (44), (4b) neglecting the sec-
ond time derivative will become unstable when the
roots of the equation det(a; — rd;) = 0 have a positive
real part. Sincethe coefficients a;; and a,, for aparticle
situated in a steady state at the edge of the cloud are
always negative, the condition for the onset of instabil-
ity will be determined by relation (7), which agrees
with the analysis of Eq. (5) presented above. Taking
into account the value of the coefficients a;, we obtain

(a —w°)(eZo{y —w'} —B,myg/Z,)

(10)
— eZy0h < WoB,Myg/ Zo.

Bearing in mind that
(a-){y-w} >y,

we can show that the left-hand side of (10) will be pos-
itive for any negative or small B, and the system will be
stableif B, = 0. Then a particle situated below the cen-
ter of the cloud (wy, < 0) will be unstable for 3, > 0
whereas for 3, < 0 ingtability (10) will only occur for
particles situated in the upper part of the dust system.
The case of macroparticle instability accompanying a
large positive change B, in chargein the direction of the
Earth’'s gravitational field is equivalent to the unstable
position of acharged particlein an electric field having
apositive gradient (y = —dE¥(y)/dy < 0) and will not be
considered here.

The control parameter |1, of the system can be either
the parameter (3, defining the background sources of
potential energy or the value of w, which depends on
the shape and size of the dust cloud. For abounded dust
cloud whose shape can be approximated by an ellipsoid
of revolution having the radius of curvature R.(pg, Vo)
and total charge Qs uniformly distributed over its vol-
ume, we have wy, ~ Qs/R.. Thus, we can assume that if
the charge has a weak spatial dependence, the stability
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of thedust system will be destroyed as Qs increases and
when clouds having shapes closer to spherical are
formed. The total charge Qs will increase as the num-
ber N, of charged particles increases on transition from
small cI uster systemsto extended objects or asthe mac-
roparticle concentration n, in the dust cloud increases.

If the second time derivative can be neglected and
the curl of the particle velocity vector V

_ rdp dyn
=curlV= curIDdt at0

is nonzero, condition (10) describes the onset of vortex
motion of the particle aong a certain closed curve
which isimpossible in a conservative system. The vec-
tor Q determines the angular velocity of the macropar-
ticles. For monotonic spatial dependences of the elec-
tric field and charge functions the direction of rotation
of the particlesin the plane parallel to thefield of grav-
ity can be determined from the sign of curl Q =
9By/{ Zovy} of the linearized system of equations (4a),
(4b). Hence, the value of the parameter B, does not
influence the conditions of establishment or the direc-
tion of the vortex motion.

It should be stressed that these conditions applied to
the evolution of instability from the steady-state posi-
tion of aparticle having the velocity V(p,, o) = 0. When
acloud of weakly interacting particlesformsin ahighly
viscous gas, drift motion having a certain constant
velocity V(p, y) = const compensated by forces of fric-
tion near the point (py, 2Y,) Mmay become stable. A sim-
ilar pattern of motion may be achieved in nuclear
induction experiments in plasma—dust systems con-
ducted under atmospheric-pressure conditions using
weakly charged macroparticles [9]. In this case, the
coefficients a; of the system (43), (4b) and the condi-
tion for the establlshment of first-category instability
and the value of curl Q also vary.

2.5. Dispersion Instability

A typical difference between dispersion instability
and a dissipative bifurcation is that its formation is
accompanied by the evolution of perturbations at fre-
guencies w close to some natural resonant frequency .
of the system.

The reliability of any anaysis of the conditions for
the onset of thisinstability is determined by the possi-
ble consequences arising from the absence of spatial
derivatives. Thus, we shall consider a ssimple example
for which the solution of the system (4a), (4b) has the
clearest physical meaning.

We shall assume that a,; = ay,, |ay;| > V5., condi-

tion (10) is not satisfied and a restoring force exists,
Then, if a particle undergoes a certain displacement
from the equilibrium position, a damped harmonic per-
turbation appears having a certain natural frequency
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w = w, which at the initial stages of evolution may be
expressed in the form

d d
d}(/ = —WP, d_Ft) = WYy (035 = Wy, = |ay|).

In this case, the system (4a), (4b) may be written in the
standard form to analyze self-oscillations:

d2
dtg T ovet lZE%Ft)Jraﬂp’ (3
d2
el 215‘3{ a,y. (11b)

Taking into account the tendency of the system to act
via the predominant mode close to the position of the
neutral curve[14], wefind that w, will obey Eqg. (8) and
W, = w,. The criterion for the evolution of type Il insta-
bility will then be

2Vfr(’oc < |a12 - a21| ’
since the difference between the positive or negative

valuesof w,isphysicaly meaningless(ooi >0). Allow-
ing for the coefficients a;, and a,; we obtain

1Q _ ngpl
2 27V,

Condition (12) is equivalent to criterion (9) from which
it follows that when the second type of instability
occurs, the frequency w, should be close to or below
|Q}/2. Consequently, a decrease in the friction fre-
guency vy, below a certain threshold value leads to an
increase in the parameter wg, = |Q|/2 relative to the res-
onant frequency w, of the system which first promotes
the evolution of dispersion instability [when Eq. (10) is
satisfied] and second may result in the appearance of
new instability against the background of the existing
vortex motion.

Vi <, < —= (12

2.6. Particle Kinetic Energy

One of the important problems in studies of any
motion in nonconservative systems is the energy
exchanged by the background and the steady-state
oscillations. Since all stable motion of charged dust
particlesin an electric trap isfinite, their kinetic energy
for acertain direction x will be determined by the ampli-

tude A ~ «/ K°C where X2[isthe i me-averaged particle
displacement, and the characteristic frequency w:

K, 0= m,A%w’/2.
In general, the inflow of potential energy (A or w) into
the dust system should be controlled by dissipative pro-
Cesses.
A linear analysis cannot be used to estimate the
amplitude A of the steady-state oscillations and is
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merely suitable at the initial stages of the process when
the perturbations are small since in the linear approxi-
mation for w, > 0 the oscillations will increase without
bound. The amplitude during the evolution of the first
type of instability, i.e., regular vortex oscillations, can
be estimated taking into account the scale of the steady-
state motion:

2l,<A<L/2,

where |, = ngm is the average interparticle distance,

and L isthe characteristic size of the dust cloud. When
the second type of instability is established, i.e., wave-
like motion of particlesin adust cloud having a struc-
ture closeto crystalline, the displacement of an isolated
particle from the equilibrium position should not
exceed the radius of aWigner—Seitz cell: A <1,/2.

Theinfluence of dissipative effects on the frequency
w of the established motion differs substantially for dif-
ferent cases of instability evolution. The stable regular
motion of the particles after the evolution of a dissipa
tive bifurcation should obey the diffusion equation so
that the angular velocity of rotation will be compen-

sated by forces of friction so that w? ~ 1/v;, . When dis-

persion instability develops, oscillation should be
established at a certain resonant frequency w =
determined by the system parameters and condition (12)
limits the possible increase in the oscillation frequency
w as aresult of progressive dissipative |osses.

We shall estimate the kinetic energy K, which may
be acquired by adust particle following the evolution of
type | dissipative instability for the case of linearly
varying charge

Z(p)OZy+B,p

within the particle trajectory. The value of w? can then
be taken as

(9By)°
(2Zgvr,)*
and the kinetic energy K,, can be expressed in the form

02
4

m, 9252
8,
where the parameter & = ABB,/Z, determinesthe relative
changes in charge Z(p) within the trajectory of a mac-
roparticle. We shall consider the values of the parame-
ter & for which K, becomes higher than the thermal
energy corresponding to room temperature T, =
0.02 eV for amacroparticle of radius a, = 5 um having
the material density p = 2 g/lcm® (m, = 1072 kg). We
take the friction frequency to be v;, = 20 s which

approximately correspondsto the pressure P = 0.5 Torr
in neon at room temperature using the free-molecule

approximation [17]. As a result we find that for & = 103

Koy =

: (13)
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the kinetic energy K, is aimost an order of magnitude
higher than T,,. As the buffer gas pressure increases to
P =5 Torr or the particle radius decreasesto a, = 2 um,
we obtain K,/ T, > 10 for § > 10-2. Consequently, even
negligible changes & in the charge can lead to an effec-
tive consumption of potential energy from background
Sources.

Thekinetic energy K, of adust particlefor the evo-
lution of dispersion instability can be estimated assum-
ing that for small changes in the macroparticle charge
the value of w, characterizing the particle motion in a
selected direction will be close to the dust frequency of
the system

w, = (26°Z3n,exp(—K){ 1+ k + K*/2} /m)"™?,

where k = [,/D,. In accordance with the conditions
achieved in gas-discharge plasma experiments, we
shall take X, to be equal to the equilibrium charge [(Z[]
acquired by adust particleasaresult of charging by ion
and electron fluxes from the surrounding plasma:

[Z[k 2 x 10%, [um] T, [eV],

where T, is the electron temperature [18, 19]. The
kinetic energy K, can then be expressed in the form

Koy [€V] = 5.76 x 10%g, [um] T, [eV]) X2/l [um, (14)
where

c, = exp(-K){1+k+Kk/2}, X = A/l,<0.5

is a certain parameter determining the ratio of the
amplitude A of the particle trgjectory to the average
interparticle distancel,. Bearing in mind the conditions
of observation of dust structures in laboratory gas-dis-
charge plasmas, we assume k = 1-2, |, = 500 um, and
T.= 1 eV and we consider the energy which can be
acquired by a particle of radius a, =5 pm if the ampli-
tude of its steady-state motion corresponds to x = 0.1.
In accordance with Eq. (14), this energy appreciably
exceeds T, and is K, = 3 eV. The maximum Kinetic
energy of the particles for the evolution of dispersion
instability which does not destroy the crystal structure
of the cloud is achieved when x = 0.5and is

Kb = c.e’Zalal,
from which we obtain

li
Kid o T gor kw0,

Tp 4

where ™ istheinterparticle interaction parameter.
These estimates of the particle kinetic energy (13)
and (14) may be exaggerated because the frequency w
of the steady-state motion is not determined exactly.
One source of possible constraint on the value of w are
the various collective effects caused by the presence of
strong interparticle interaction forces and phenomeno-
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logically playing a dissipative role. Spatial fluctuations
of the surrounding particles may change the frequency
of the steady-state oscillations of an isolated particle or
lead to randomization of its motion. It should be
stressed that the establishment of regular motion as a
result of the evolution of these instabilitiesis a particu-
lar case of the solution of the nonlinear differential
equations. If the action of these random forces F, 4 has
no correlation with the Brownian force Fy,, the kinetic
temperature T, of the system will increase and itsincre-
ment is given by

AT O |:Frzaduvfr(vfr + ﬂ)’

where 1 is the characteristic frequency of the action
Fraa [5, 20].

To conclude, we note that the analysis of the condi-
tions of establishment and the pattern of evolution of
theinstabilities presented in this section isvery approx-
imate since it is based on an appreciable simplification
of the problem. However, it shows qualitatively that a
cloud of charged dust particles may have two different
types of bifurcations. The viability of our conclusions
and their applicability to a real system consisting of
many charged particles can be checked by means of a
numerical simulation of the complete problem of
motion (2).

3. NUMERICAL SIMULATION
OF DUST SYSTEMSWITH SPATIALLY VARYING
MACROPARTICLE CHARGE

3.1. Parameters of the Problem

We used the molecular dynamics method to solve
the three-dimensional mation problem (2). We consid-
ered the motion of each particle in the cloud allowing
interparticle pair interaction, the total external force of
the gravitational and electric fields, the friction force,
and the random Brownian force. The external electric
fields are assumed to be linear:

E™(p.y) = i(Ec+Vy) +jap.
The charge function had the form

Z(p,y) = Zoo(1+BEp*+Br YY)

with various coefficients B; and By such that the

changesin the particle charge within the dust cloud did
not exceed 30%.

For all cases not discussed below the particle tem-
perature T, was assumed to be room temperature (300 K),
the screening radius D, = 1000 um, and the radial field

gradient a = 3N,** V/em? (N, is the number of parti-

clesin the system). In calculations with different num-
bers of particles N, the parameters of the charge func-
tion B and B} varied proportionately as N;*°. This
dependence of the external field and charge function on
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N, could maintain an almost constant particle concen-
tration and charge at the edge of the cloud. The variable
parameters of the system (2) were the friction fre-

quency Vy,, the coefficients B3 and By , and the ratio of

the electric field gradient y in the direction of the grav-
itational field to theradial gradient a. It should be noted
that reducing the system (2) to dimensionless parame-

ters shows that if the characteristic values Z5,/D35m,
and aZy,/D,m, are conserved, the problem has similar
solutions (pattern of motion, particle kinetic energy, k =
|,/ Dy, and so on). The dynamic behavior of the macro-
particles also depends on the characteristic frequencies
Vg, G, and the angular frequency w, = [Q)/2 Eq. (12)
which allowing for the parameters of our problem may
be expressed in the form

wo = g|Bx| L/ (1 + BE L) vy,

L =05N" [X
P p'p a

istheradial dimension of the dust cloud.

Under the selected conditions we observed various
cases of dynamic equilibrium in the system: vortex,
oscillatory, and stochastic motion. The average inter-
particle distance |,, determined from the maximum of
the pair correlation function was set in the range ~500—
2300 um depending on the other parameters of the
problem. We considered fairly extended and also small
cluster systems of macroparticles. lllustrations of
numerical calculations for systems containing between
15 and 3000 particles are given below for the case of
monotonically varying charge and electric field in the
direction of the Earth’s gravitational field.

where

3.2. Vortex Motion of Macroparticles

Unliketheturbulent vortex motion whichisapartic-
ular case of stochastic self-oscillation, nonlinear sys-
tems may exhibit periodic circular motion and also
other types of vortices such as spiral, concentric, or pul-
sating. In this section we consider several different
examples of possible vortex motion of particlesin sys-
tems with a charge gradient.

Vortex motion was established in a system of dust
particles when conditions similar to Eq. (10) were satis-
fied. The stability of the system was destroyed when the

asymmetry of the dust cloud decreased (y/a — +/2)

andalsoas 37 and the number of particlein small clus-
ter systemsincreased to N, = 100. With further increas-
ing N, the dynamic characteristics of the dust cloud
remained almost constant. The conditions for excita-
tion of oscillations did not depend on the friction forces

and By . The direction of particle rotation was deter-
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mined by the coefficient B3 : for B3 < 0 the particles
“fell” in the center of the system whereas in the oppo-
sitecase B; > O they “floated.”

The nature of the steady-state oscillations did not
depend on the initial conditions or the existence of a
certain spatial order in the particle configuration.
Replacing the quadratic charge function Z(p, y) with a
linear one also did not alter the qualitative nature of the
particle motion and its dependence on the viscosity of
the buffer gas. The average kinetic energy of theregular
macroparticle motion was

KOO L/VE.

As vy, decreased below a certain threshold value v, =
(0.1-0.15)wy,, the motion became randomized and a
near-Maxwellian particle velocity distribution was
established in the system having the temperature
2 1
T=3 EKDDV”.
A further decrease in vy, (wo —= ;) led to resonant
pumping of the dust cloud. It can be postul ated that this
effect is the result of the evolution of the dispersion
bifurcation Eq. (12) against the background of vortex
particle motion (see Section 2.5).

3.2.1. Spiral rotation of particles. The calculations
were made for the radial charge gradient defined by the
function

Z(p) = Zp(1+B;p7),
where

Zy = 4x10%, BF=-125N.”° cm™.

The ratio of the charge number Z, to the particle mass
m, was taken as

Zo/my=10° g™,

In this case, spiral rotation of isolated particles was
observed in the system for k = 1,/D, = 2, w, = 70 s™,

and wy [s7] = 1225N:% fuy, [,

Figures 2a and 2b illustrate the quasi-harmonic
motion of 15 particles and the parameters of the prob-
lem are indicated in the captions, The oscillations are
guasi-periodic with two incommensurabl e frequencies.
The particle motion of lower frequency and larger
amplitude was synchronized over a complex spiral
about acertain base radius along which the tragjectory of
the spiral motion of four “high-frequency” particles
passed. The amplitude of the regular oscillations was
amost independent of the friction frequency v;, and
was determined by the charge gradient and the trap
field. Time dependences of the amplitude of the oscil-
lations aong the y-axis for an isolated particle are plot-
ted in Fig. 3 for various friction frequencies.

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Voal. 91

1155

®) 9

Fig. 2. Particle trgjectories over timet = 200/vy, in asystem
having the parameters: vq, = 77 72, yia = 2, Zg = 4 x 10%,
B, =—2cm?, By =0, Ny = 15; (K= [K,[= 0.34 eV, and
K= 1.1 eV: (a) side view and (b) top view.

A

ViV WAV WP Ve VeaVasV

A AL
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10 ¢,s

Fig. 3. Time dependences of the amplitude A of the oscilla-
tions (along the y-axis) of an isolated particle with decreas-

ing friction frequency vy, = 77 sk (&) vir; (0) v/2; (€) V4, /6;
and (d) vg/10fort<9sand vy /20fort>9s.

The velocity of rotation was inversely proportional
to v;, and the average kinetic energy of the particleswas

KO~ 1/\)f2r (see Fig. 4). As the friction frequency
decreased below the threshold v, = 0.15w, the oscilla-
tions became irregular, the traectories became more
complex, the number of harmonics with similar ampli-
tudes increased, and the oscillations became random-
ized. The particle velocity distribution became more
uniform in terms of directions (K, = [K,[= [K,[} and
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Fig. 4. Theratio IK[11.5T, vs. the friction frequency vy, for
adust system having the parameters: y/a = 2, Zg =4 x 104,

[3; =-125 N,_)23 cm?, [3; = 0for various numbers of par-
ticlesN,, = (0) 15, (0) 60, and (») 500. The solid curvegives

the approximation by the function fa(vg) O vf_,2 and the

dashed curve gives that by the function fp(ve,) O Vi

close to Maxwellian with the temperature T, = 2[K[3,
and we observed the establishment of the dependence
(K[~ /vy, (Fig. 4). Asthefriction frequency decreased
further to v, = 7 s (wq = w, = 70 s) a resonant
buildup of oscillations occurred, leading to “explosion
of the system.”

When the number of particles increased to 60 or
more, the parameters of the vortex motion became sim-
ilar to those of thelarge-scale low-frequency oscillation
(oscillations of larger amplitude). The motion of iso-
lated particles became more complex but remained spi-
ral with respect to a certain base radius. The amplitude
of the oscillations remained independent of v;, and the
oscillation frequency was inversely proportional to the
coefficient of friction until its decrease (vs, < Vi, =
0.1wy,) resulted in the periodicity of the motion being

destroyed and caused particle “heating” followed by

explosion of the system for vy[s7] < 1225N5* /eg, [s7]

and 0, = Wy =755

It should be noted that in our numerical experiment
the possibility of the buildup of resonant oscillationsis
attributed to the modeling of a spatially unbounded
electrical trap. In this case, the system cannot “lose’
dust particles. Under real experimenta conditions, for
example, under the conditions of a dc glow discharge
[5-9], the instability which evolves as the number of
particles in the dust system increases, can be stabilized
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Fig. 5. (a) Successive (At = 1/v,) displacementsand (b) dis-
tribution of particle concentrations in the central cross sec-
tion of atrap, and also (c) trajectories of isolated particles

over the time tg,, = 150At in a system with vy, = 38.5 st

yia =2,2y=4x10% By =-0.2cm?, By =0, N, = 500;
(K= (K 0= 4.3 ev, K= 14 eV.

by “excess’ particles being eected from the trap
bounded by the electric field of a striation.

Calculations madefor 500 particlesareillustrated in
Figs. 5a-5c. Figure 5a shows successive displacements
of particles (over theinterval At = 1/vy,) incident in the
central cross section of the cloud in the plane parallel to
the force of gravity. Figure 5b shows all the positions of
particles observed in the centra part of the cloud during
the exposure time t,,, = 30At. This figure demonstrates
that an ordered distribution of particle concentration is
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Fig. 6. Particle tragjectories over timet = 100/vy, in asystem
having the parameters: v¢, = 115 s72, yla = 1, Zy = 8 x 10°,

By =B, =55cm? N, =25; K= K, = 0.85 eV, and
Ky= 2 eV: () side view and (b) top view.

established in the dust cloud and identifies the result of
the collective particle motion as a dissipative structure.
Figure 5¢ shows trajectories of isolated particlesin the
bulk of the cloud over time t,, = 150/vy,.

3.2.2. Annular particle motion. Calculations were
made for dust systems having the macroparticle charge
function

Z(p.y) = Zeo(1+ B p*+ By YY),
where
Zyy=8x 103 Zym,=2x10" g,
By =B; =50N.cm™ a ylo = 1.

The choice of this spatial dependence Z(p, y) was deter-
mined by the assumption of a self-consistent plasma—
dust system where the particle charge is proportional to
the electric field potential.

The average interparticle spacing corresponded to
k=1,/D, = 1.6, w, = 25 s. The oscillation frequency
of the isolated particlesis inversely proportional to the

coefficient of friction 1l/v;, (KOO 1/vf2r) until its

decrease causes heating and explosion of the dust sys-
tem similar to the case of spiral rotation. The character-
istic frequencies v;, at which randomization and reso-
nant pumping of the dust system occurred were deter-
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Fig. 7. (a) Successive (At = 1/v¢;) displacementsand (b) dis-
tribution of particle concentrations in the central cross sec-
tion of atrap, and also (c) trgjectories of isolated particles

over thetimet = 150At in asystem with v, = 11557, yla = 1,

Zy=8x10° B, = B, =0.75 cm?, Ny = 500; (K=
(K = 2.3 eV, and [K,[= 55 eV.

mined in accordance with the varied parameters of the
problem.

Figures 6aand 6b illustrate the quasi-harmonic syn-
chronized motion of 25 particles, showing the large-
scale motion of three different particles along eight
closed trajectories and the high-frequency motion of an
isolated particle at the center of the system. Calcula
tions made for 500 particles for similar system param-
eters areillustrated in Figs. 7a—7c. Figure 7a gives the
successive displacements of particles over the interval
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Fig. 8. Successive (At = 1/vy,) displacements of particlesin
the central cross section of a trap in a system with vy, =

112557, yla = 1, Z5= 15 x 10% B} = B, =0.03cm™,
N, = 3000; K, [K,= 2.1 eV, and (K, (= 6.5 €V.

At = 1/vy, in the central cross section of the trap. Fig-
ure 7b shows all the possible positions of particlesinci-
dent in the central cross section of the cloud over the
timet,,, = 30/v,. Trajectories of isolated particlesinthe
bulk of the dust cloud are shown in Fig. 7c.

The main difference between the pattern of the
macroparticle motion and the case examined in Sec-
tion 3.2.1isthat isolated groups of particlesexhibit sta-
ble vortex motion whose tragjectories are closed in a
bounded region of space. From this point of view, this
dissipative structure is closer to an annular autowave
than a spiral one or convective motion.

To conclude, we shall consider a system of macro-
particles (2) having parameters similar to the condi-
tions for the observation of dust structuresin adc glow
discharge [5-8]. We shall take the particle radius to be
a, =5 pum, the material density p = 3.1 g cmr3, and the
coefficient of friction v;, = 11.25 s in accordance with
the estimate of the approximation [17] for neon at pres-
sure P = 0.25 Torr. The charge is assumed to be Zy, =
1.5 x 10* and the screening radius D, = 580 pm. Under
conditions of dynamic equilibrium the average inter-
particle distance was |, ~ 580 um (k= 1). Figure 8 illus-
trates the calculations made for 3000 particles. The
given positive charge gradient function By = B; =
0.03 cm™ ensured that the kinetic energy [Kof the
particle motion was two orders of magnitude higher
than their thermal energy T, corresponding to 300 K. In
this case, the change in the particle charge in the dust
cloud waslessthan 1% of its maximum. These changes
in the macroparticle charge may appear, for example, as
aresult of aradial electron temperature gradient where
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the slower ones do not reach the walls of the gas-dis-
charge tube at negative floating potential.

3.3. Examples of “ Dispersive” Particle Maotion

Atfirst glanceit may seemthat it isfairly difficult to
observe dispersion instability in a dust system with a
charge gradient since the conditionsfor the evolution of
this bifurcation should simultaneously satisfy Eq. (12)
and not come within criterion (10). However, it should
be noted that in our analysis we only studied one of the
possible cases of spatial dependence of the external
electric field when its changes in the direction of the
force of gravity and in the radial direction are indepen-
dent. This situation may not occur in real dust systems
where more favorable conditions for the evolution of
type Il instability can be achieved. As an example, we
can give results of anumerical simulation of the anom-
alous heating of a dust system with a vertical charge
gradient which were reported in [5] for an external
electric field having interdependent coordinates.

Although our article concentrates on analyzing vor-
tex motion, we shall consider two additional exam-
ples of possible particle motion for the evolution of
category Il instability. These examples may be useful
for aqualitative explanation of various effects observed
in dusty plasma experiments such as the appearance of
acoustic oscillations and anomalous macroparticle
heating [5-8, 21-23].

The calculations were made for systems consisting
of asmall number of particles, between 15 and 60. The
constraint of few particlesisimportant in the sense that
criterion (12) is easily established for these under con-
ditionsfairly close to the evolution of dissipative insta-
bility but not resulting in the appearance of vortex
motion. Since, by increasing the charge gradient 3, we
can come within the limits of relation (10), the only
available control parameter isthe friction frequency vy,.
We found that when the friction frequency fell below a
certain critical value v;, = v, the modeled systems
became unstable and the angular frequency was wq, =
(1-5)w,. As aresult of the evolution of this instability
both regular and stochastic particle motion was estab-
lished in the dust systems.

3.3.1. Regular particle oscillations. Calculations
were made for 15-25 particles. We observed the estab-
lishment of various modes of longitudinal and trans-
verse oscillations similar to acoustic or optical ones,
and also the formation of complex pulsating oscilla-
tions. The steady-state oscillation mode depended on
the spatial configuration of the particles similar to the
oscillations of atoms and moleculesin various types of
crystal lattice. Asthe number of particlesincreased, any
regular oscillations observed in the modeled systems
ceased since the spatial symmetry in the macroparticle
configuration was broken which resulted in a loss of
synchronization of the individua motion. Thus, the
existence of a specific spatial orientation in the particle
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Fig. 9. Particle distribution in a system having the parame-
ters: ylo = 0.4, Zg =4 x 10%, By =—2cm? B =0, Ny =
15 for vg; > v = 1572, (a) Side view and (b) top view.

configuration is one of the main factorsin the evolution
of wave-like motion in a dust cloud. For instance, the
excitation of longitudinal oscillations requiresastrictly
vertical particle configuration (see Figs. 9a, 9b) which
is confirmed by experimental data from studies where
similar particle motion has been observed [2, 5-8].

We shall confine our illustration to regular oscilla-
tions similar to the acoustic oscillations observed in
glow discharge experiments [5-8]. Figures 9a and 9b
show a steady-state cloud consisting of 15 particles
before the onset of instability (vi, > v, = 1 s%). The
parameters of the problem are indicated in the caption.
The only difference from the parameters of the problem
described in Section 3.2.1 is the choice of ratio y/a =
0.4 which characterizes the shape of the cloud. The
average interparticle distance corresponded to k = 1,/D, =
2.3, w, = 52 s, and the angular frequency wyg [S™] =
218/v;, [s] for the critical coefficient v;, = v, was
approximately four times w,

The pattern of particle motion after the evolution of
dispersiveinstability isshowninFigs. 10aand 10b. The
particle trgjectories differed appreciably from the tra-
jectories of large-scale vortex motion (see Section 2.2)
and the frequency w, and amplitude of the steady-state
oscillations was almost independent of the buffer gas
frequency vy, when this decreased to a certain threshold
value vji,, = 0.38 s. Nevertheless, as vy, approached
Vjim» We Observed an appreciable mismatch between the
phases of theisolated particle motion. A decreasein the
frequency v, below the threshold v;;,, led to rapid heat-
ing of the system followed by pumping and explosion
similar to the cases considered in Section 3.2.

Time dependences of the oscillation amplitude for
isolated particles and the center of mass of the system
along the y-axis are plotted in Figs. 11a and 11b. The
frequency of the regular particle oscillations w, = 18 s
was lower than the characteristic dust frequency w, of
the system. As we noted in Section 2.6, this factor may
be attributed to the existence of various collective or
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Fig. 10. () Successive displacements of particles over the
interval At = T./6 (T, is the period of the oscillations) and

(b) trajectories (t = 200T,) of isolated particles indicated by
(1) and (2), in asystem having the parameters: y/a = 0.4,

Zy=4x10% B =—2cm™? B, =0,N;=15,v; = 09657,
(K= K= 0.15 eV, and [K, [ 2.5 eV.

dispersion effects which phenomenologicaly play a
dissipative role.

3.3.2. Heating of the dust cloud. In our analysis of
some of the previous examples we have already
encountered effects such as macroparticle heating and
explosion of the dust system. These effects occurred as
the number of equivalent modes in an initial harmonic
(or quasi-harmonic) self-oscillating system increased
and was followed by the evolution of oscillatory insta-
bility leading to parametric resonance. The processes
simulating heating of a dust system may take place by
adifferent scenario, for example, as the friction forces
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Fig. 11. Time dependences of the amplitude A (along the
y-axis) of the oscillations for (a) an isolated particle indi-
cated by (2) in Fig. 10aand (b) the center of mass of the sys-
tem for the cases: (1) 0.38v < Vg <V (2) vgr < 0.38v.
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Fig. 12. Particle distribution in a system having the param-
eters: yla = 0.41, Zg = 4 x 104, B; =2cm, [3; =0, and
Np = 15 for vy <v, =457, (a) Side view and (b) top view.

in the particle system decrease where the conditions (10)
for the establishment of large-scale vortex motion and
strict charge symmetry in selected directions are
absent. For illustration Figs. 12a and 12b show a
steady-state dust cloud consisting of 15 particles before
the onset of dispersive instability (v, > v, =4s?, w,=
W =55 s for vi, = v,) in adust system having param-
eters similar to those of the problem in Section 3.3.1.
The particle trajectories after the evolution of bifurca-
tion (v, < Vv.) are shown in Figs. 13a and 13b for the

caseVv, =155t
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Fig. 13. () Illustration of particle motion over time t = 2/vg,
and (b) trajectory (t = 20/vy;) of an isolated particlein asystem
having the parameters: v, = 1.5572, yla = 0.41, Zy = 4 x 10%,
B, =—2cm2, B}, =0,Ny=15, and (K, [K, [ [K = 0.5€V.

The particle motion was irregular and the velocity
distributions were uniform over directions and close to
a Maxwellian distribution with the temperature T, =
2[K[13 (see Fig. 14). The particle kinetic energy (K[
was not inversely proportional to v;. For example,
when vy, decreased from 4 to 2 s, the value of (KO
increased from approximately 2.5T,, to 20T,. On the
one hand, this may suggest a correlation between the
ensuing random forces and the Brownian motion of the
particles. On the other hand, the dependence of [KCon
v;, may reflect the sequence of evolving bifurcations as
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0 TV,

Fig. 14. Distribution f(V,) of particle velocities V, in the
direction of the x-axis (continuous curve) for a system hav-
ing the parameters: v, = 1.5 571, yla = 0.41, Zy = 4 x 10%,

[3; =—2cm?, B; =0, and N, = 15, and approximation of

this curve (dashed line) by the Maxwell function at temper-
ature Ty = 2[K,[= 1 eV.

the friction frequency vy, decreases. As we have noted,
one of the main models of stochastic motion is the
Lorentz system whose solutions are irregular functions
of time over awide range of parameters. As aresult of
a small change in the parameters of this system, its
solution becomes so complex that it leads to chaos.
This “few-mode chaos’ occurs as aresult of a cascade
of bifurcationswhich give solutionsin theform of com-
plex limit cycles. In acomputer analysis of the average
particle velocities in a dust system this effect will
resemble an increase in the kinetic temperature of the
macroparticles. This effect was possibly observed in
some studies of dust structures in an rf discharge
plasma or in investigations of dust crystal “floating”
with decreasing buffer gas pressure [21-23].

To conclude we stress that this behavior of dust sys-
tems as a result of spatial changes in macroparticle
charge successfully models the anomalous heating
effect and the formation of various types of ordered
dynamic structures.

4. CONCLUSIONS

We have considered one possible mechanism for the
instability of plasma—dust systems associated with the
presence of a spatially varying macroparticle chargein
a dust cloud formed in a trap under the action of an
electric field and the Earth's gravitational field. This
mechanismis attractive becauseit can explain aconsid-
erable range of phenomena (anomalous heating of the
dust system, and the formation of vortices, regular
oscillations, and various types of motion) observed in
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laboratory plasma—dust systems without using any
other mechanisms or background energy sources.

We analyzed two main types of instabilities in
plasma—dust systems with a charge gradient and
described results of theoretical and numerical studies of
their conditions of formation and the nature of their
evolution. The analytic results can easily be adapted to
any other nonconservative system whose linearized
equations are similar to those studied here. The numer-
ical smulation showed that as a result of the evolution
of these instabilities in a dust system, various regular
and stochastic oscillations may appear. Moreover, the
excitation of these oscillations does not require any
large spatial variations in the macroparticle charge and
even a negligible charge gradient (~1-2%) in the dust
cloud can cause appreciable rotation of the particles.

The nonequilibrium of the dust system may be
caused by various other factors associated with temper-
ature gradients, elastic collisions between macroparti-
cles and surrounding plasmaions, fluctuations of exter-
nal fields or local charge fluctuations at isolated dust
particles as aresult of the nonlinearity of the charging
processes. However, of these mechanisms only the last
two can give reasonable quantitative estimates for the
high kinetic energies which can be acquired by dust
particles in a laboratory plasma. Nevertheless, even
these mechanisms cannot explain the formation of reg-
ular collective particle motion without additional
sources to compensate for the energy scattering. The
existence of a single mechanism and source for the var-
ious regular and stochastic oscillations in laboratory
plasma-dust systems is unclear at present. The link
between theinstability of real dust systems and the spa-
tial charge gradient of the macroparticles needs to be
checked experimentally.
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Abstract—The excitation of low-lying nuclear levels in a hot, dense plasma, produced by a subpicosecond
pulse with intensity exceeding 106 W/cm?, isinvestigated theoretically and experimentally. The basic channels
of electronic (inelastic scattering and inverse internal electron convergence) and photon (photoexcitation) exci-
tations of such states as well as the influence of the broadening of a nuclear level on the excitation efficiency
and the presence of hot electronic component are examined. The experimental data from measurements of the
decay kinetics of the low-lying nuclear level 6.238 keV of the stable isotope 18 Ta, which were obtained on two
experimental laser systems, are presented. © 2000 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

A number of publications on the experimental obser-
vation of nuclear processes accompanying the interaction
of subpicosecond laser pulseswith solid-state targets have
appeared recently [1-3]. These processesbecomepossible
primarily because of the efficient generation of super-
thermal electronsin the plasmaformed when atargetis
irradiated with an ultrashort laser pulse with intensity
| >10 PW/cm? (1 PW = 10 W). The superthermal
electrons can absorb most of the warming radiation.
These investigations essentially open up a new field
associated with laser stimulation of nuclear reactions.
Thus, for intensities greater than the so-called relativis-
tic limit IN2 > 10% (PW/cm?) pm?, when the electron “ tem-
perature’ reaches hundreds of kiloglectron volts, direct
excitation of anucleus by eectron impact or photoexcita-
tion of the nucleus by hard plasma X-rays become possi-
ble. It should be noted that in this case the nuclear reac-
tions occur not directly in the interior volume of the
plasmabut rather in heavy-metal (Pb, Ag) targets specialy
arranged around the interaction region. Experiments of
thiskind have been reported in [2, 3].

A fundamentally different situation arisesfor “mod-
erae’ intengities ranging from 10 to 100 PW/cn [4, 5].
On the one hand, the “temperature” of superthermal elec-
tronsin this case ranges from 3 to 10 keV, which is suffi-
cient for direct excitation of low-lying nuclear levels of
stable as well as metastable isotopes (the standard meth-
ods of nuclear spectroscopy of such levels are based on
direct excitation via “normal” states with energies above
100 keV) [6]. On the other hand, to obtain intensities
10-100 PW/cm? it is sufficient to use relatively cheap

and commercialy accessible table-top femtosecond
laser systems. The important fact here is that the exci-
tation of low-lying nuclear levels has a number of
promising applications ranging from nuclear spectros-
copy and separation of isotopes to producing popula-
tion inversion and gammalasing [7-9].

The detection of gamma radiation accompanying the
decay of low-lying laser level 6.238 keV of the ¥'Taiso-
tope, excited by irradiating a tantalum target with 200 fs
and 300 PW/cn? laser pulses, was first reported in [1].
However, thekinetic decay curve of the excited state could
not be measured in [1]. The purpose of the present work
wasto measure the kinetic decay curve of the excited state
of the stable isotope #'Ta and to estimate the number of
excited nuclel, aswell asto study theoreticaly the nonsta-
tionary excitation of low-lying nuclear states in plasma
taking account of various mechanisms of broadening of a
nuclear trandition in a hot, dense laser plasma.

2. NONSTATIONARY EXCITATION
OF LOW-LYING NUCLEAR LEVELS
IN A HOT DENSE PLASMA

When a solid target is heated by an ultrashort laser
pulse with intensity exceeding 10 W/cm? for times less
than 100 fs, astrongly ionized plasmaisformed with close
to solid-state ion density and high eectron temperature,
right up to 1 keV. In addition, a hot electronic component
with “temperature’ T proportiona to the laser radiation
intensity | [10] isformed in such a plasma:
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(heretheindex 16 signifiesthat the intensity is normal-
ized to 10 PW/cm?). These factors together result in a
large increase in the excitation efficiency of nuclear
transitions with excitation energy € of the order of the
temperature T. In the range of intensities which we con-
sidered | < 10'” W/cm?, thislimitsthe energy as€ < 15—
20 keV. We shall call such nuclear levelslow-lying.

The excitation of low-lying nuclear levels in a hot
dense laser plasmais possible in different channels—
nuclear-electronic as well as nuclear-photonic [5]. The
excitation channels such asinelastic € ectron scattering
by nuclei [11], inverse interna electron conversion
(INEC) [12], and direct photoexcitation of the nucleus
by the plasma X-rays [13] make the main contribution.
It will be shown below that the latter is the dominant
excitation mechanism in the case of a dense hot laser
plasma. A rough estimate of the ratio of the number of
photoexcited nuclei N* to the total number of ionsNin
the plasma volume can be obtained assuming a Planck
X-ray radiation spectrum for the plasma [4]:

NO__ Gl

N ~ exp(e/T) -1’

where 1, is the duration of the X-ray pulse of the
plasmaand I, isthe radiation width of the nuclear tran-
sition. Analysis of the experimental data shows that the
hot electronic component makes the determining con-
tribution to the X-ray spectrum of the plasma for pho-
tons in the energy range E > 3 keV [14]. For typical
parameters of the experiment, for the 1 Taisotope (€ =
6.238 keV, I, ~2.5x 10°Hz, 1,~ 1 ps, and T ~ 4 keV)
this gives 100-1000 excited nuclei in a plasma volume
V ~ 10 cm——the quantity detected in an experiment
and consistent with the first experimental data[1].

At the same time a systematic description of the
excitation dynamics of low-lying nuclear transitionsin
a hot dense plasma, produced by subpicosecond laser
pulses, requires taking account of different excitation
channels as well as the specific features of the pro-
cesses occurring in such a plasma.

In thefirst place the lifetime of an excited low-lying
nuclear level 1,,,. > 1 nsismuch greater than the heating
and cooling times of the plasma (not much different in
order of magnitude from the duration of the laser
pulse). Therefore, such levels are excited in a strongly
nonstationary regime.

It becomes important to take account of the broad-
ening of anuclear transition as a result of the Doppler,
Zeeman, Stark, and other effects. Thus, the plasmaions
possess a temperature T, of several tens of electron
volts, so that the Doppler broadening of a nuclear level

reaches
~ %«/TiC/Mi ~ 1014 S—l

(M; istheion mass and c is the speed of light).

Awp
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A laser plasma contains quasistatic magnetic fields
[15] exceeding 1 MG, which are due to directed motion
of electrons and ions. Consequently, Zeeman splitting
of the nuclear levels, of the order of

H i
E%—zsxlo"s1

(4, =5 x 107 erg/G is the nuclear magneton and H is
the intensity of the magnetic field), is possible.

Another factor |leading to broadening of anuclear tran-
sition is homogeneous (in this case collisional) broaden-
ing. However, this broadening is difficult to estimate
because of the difficulty of determining the frequency of
elastic collisions of nuclel in plasma[5]. Consequently,
in the present paper we shall consider two cases. homo-
geneous broadening less than the reciprocal of the
plasma emission time, y < 1, and the opposite case
y> T,

In addition, broadening exists because a plasma
X-ray photon can interact with the nucleus only for a
finite transit time through the plasma volume—transit-
time broadening. This broadening can be estimated as

Aw, = cl ™,

where | is the characteristic size of the plasma. Since
the plasma layer can be represented as a flat cylinder
with base diameter d ~ 5 um and a long directrix X ~
0.5 pm (the latter quantity is determined by the depth to
which thetarget is heated by a heat-conduction wavein
atime of the order of 1), the broadening due to the
finite transit time of the plasmais of the order of

Aw, 010"-10" s

Evidently, this broadening is of the order of the Doppler
broadening and is much greater than the Zeeman broad-
ening.

Thus, to analyze the dynamics of the interaction of
low-lying nuclear states in a hot dense plasma it is
important to take account of the nonstationary nature of
the excitation process and different kinds of broadening
of the nuclear transition. To analyze the excitation
dynamicswe shall employ the equationsfor the nuclear
density matrix. Assuming that only one low-lying
nuclear level isexcited, and neglecting transitions from
an upper level to the lower level (thisis possible, since
the time for such transitions is long compared with the
lifetime of the laser plasma), we obtain the equation

0Q(my, my) —
ot

0
nérth) - i%lm Z [y [H [ m,LQ(my, my) |

my

- f'_i [  H my Ch(my) —yQ(m,, my),
D

Here m; and m, are indices which enumerate the corre-
sponding lower and upper Zeeman sublevels, Q are the
off-diagonal elements of the density matrix between
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the sublevels of different levels, n is the population of
the sublevels, yisthe relaxation rate of the off-diagonal
matrix elements, and H, is the interaction Hamiltonian

Hy = o -1 A, 2

where p and j are, respectively, the volume density of
charge and the current density of the nuclear transition,
o =0.+d;,A=A.+A;are, respectively, the scalar and
vector potentials of the electromagnetic field acting on
a nucleus and consisting of the electromagnetic fields
due to the motion of the electrons and the electromag-
netic radiation field of the plasma. We shall represent
the Hamiltonian as a multipole expansion in the form

H, = —dE-mH+..., ©)

where d and m are, respectively, the electric and mag-
netic moments of the nuclear transitionand E and H are
the external, with respect to the nucleus, electric and
magnetic fields, respectively, and they also have elec-
tronic and field components.

In addition, it is necessary to write an equation for
the average squared amplitude of the resonance field.
For this, we divide the plasma volume into several vol-
umes and assume that in each volume this squared
amplitude is independent of the coordinates. To write
the equation describing the temporal dynamics of the
squared amplitude of the field in each of the volumes
we employed the law of conservation of energy of the
electromagnetic field:

EEZ"' H2
dJU 8m Epv @
sn de,
-——th[E H]dS—— 0t dt

Herethe derivative of the energy of the electromagnetic
field in the volume stands on the left-hand side. The
first term on the right-hand side describes the exchange
of energy with the surrounding space through the sur-
face, the second term describes the absorption of
X-rays by the nuclei

de an®"(m,)

o - 2 at

m,

A (5)

where dnP"(m,)/at is the derivative of the fraction of
nuclei excited by the photon mechanism, n,, is the den-
sity of nuclel, V is the volume, and w is the frequency
of the nuclear transition.

The third term on the right-hand side of Eqg. (4)
describes the energy release in the volume as aresult of
X-ray emission accompanying the interaction of elec-
tronswith ions:

de,  dwW
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where dW/dw is the X-ray spectrum, and the value of
dW/dw is taken at a point corresponding to the fre-
guency of the nuclear transition.

If the Zeeman splitting is neglected and it is
assumed that y > 1/1,,, then an analytic solution can be
obtained for Egs. (1) and (4):

n, = %K 2|HY D[t

)
2d214n(dW/dw)V‘”3
ny v +1/,
where
| = ch® _Chy ©)
8nd21£n

is the resonance absorption length (d,; is the dipole
moment of the transition and n,, is the nuclear density),

<2|Hi| 1> is the transition matrix element, averaged
over the Zeeman sublevels. It can be concluded from the
solution obtained that for | < |, the fraction of excited
nucle in plasma is independent of the plasma volume
=13 (the number of excited nuclei grows as O |9).
For | > |, the fraction of excited nuclei is directly pro-
portional to |. Of course, the number of nuclei excited
in the plasmaincreases with the volume, but this growth
isslower (00 1?) than for | < |,. Consequently, an increase
in the linear dimensions of the medium to a magnitude
greater than the resonance absorption length appreciably
decreases the excitation efficiency of the nucle.

The matrix elements of the electronic-nuclear pro-
cesses were calculated in the first Born approximation
of scattering theory, and in so doing it was assumed that
the IEC occurs on the 1slevel of a hydrogen-like ion.
Under these assumptions, the matrix element of the
el ectronic-nuclear processesis

(|5 my)|°
_ 2nyezd§1nemIn P+
.[ P1 Cp, -

. 16me’d3,n A ym
pia’
for aEl transition and

[yl HEmy)|*
_ 2nye2d§1ne|ngol +
I c Cp, -
16ne d21n #® yf(
pla
for an M1 transition.

pz|j2

f(Po),

P2
PR g,

Po)
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Table 1. Characteristics of low-lying nuclear levels of some stable isotopes

Element g, eV a Thues NS K Z, Z; Jo, €V Ji, eV
SFe 14 410 85 98 K 26 27 8500 9193
169Tm 8410 285 4.08 M 42 59 2665 5260
181Ta 6238 70.5 6050 M 46 63 3200 6000
DlHg 1561 ~10* 1-10 N 21 43 375 1645

Note: €, a, and T, ,—energy, internal conversion retio, and lifetime of nuclear level; K—spectroscopic signa of the atomic shell making the
main contribution to the internal conversion ratio; Z; and J;—ionization multiplicity and potentials of ions corresponding to the start
(i=0) and (i = 1) of the emptying of the main conversion shell.

Here p; and p, are, respectively, the initial and final

momenta of the electron, p, = /2me, n, isthe electron
density, misthe electron mass, and aisthe Bohr radius.
These matrix elements include the electronic momen-
tum distribution function f(p), which is obtained as the
solution of the Boltzmann equation with arelaxational
collisionintegral. Thisfunction is of anon-Maxwellian
form with an additional maximum, describing the so-
called hot electronic component. The average momen-
tum of this electronic component is approximately pro-
portiona to the square root of theintensity of the incident

|laser field 0./1 [10] and decrease with increasing the col -
lision frequency.

Among the stable isotopes with low-lying nuclear
level, the most characteristic ones are, from our stand-
point, isotopes such as >’Fe, 81Ta, 1%°Tm, and 2'Hg,
whose characteristics are presented in Table 1. The low
excitation energy of the first level of the isotope 2'Hg
should result in efficient excitation by the thermal elec-
trons of the plasma. However, the large values of the
internal conversion ratio (low probability of gamma
decay of the excited state) and probabilities of Auger
and Koster—Kronig processes from the M shell of this
atom (absence of X-rays when the vacancies in the M
shell are filled when internal conversion occurs) leave
only one possible detection channel—direct detection
of the conversion electrons. Without going into further
discussions, we note only the difficulty of experimental
detection, using this method, taking account of the
large number and wide energy spectrum of the plasma
electrons.

Gamma decay of the excited state can be detected
for the three other isotopesin Table 1. We note that for
the isotope >'Fe 14.41 keV gammarays can be detected
simultaneously with the K, X-rays, emitted by iron
atomswhen vacanciesin the K shell, which arisein the
internal conversion process, are filled. The ratio of the
number of photons in these two channels makes possi-
ble the direct measurement of the internal conversion
ratio of the low-lying excited state.

A qualitative comparison of the characteristics of
tantalum and thullium isotopes shows that the effi-
ciency of thullium in this case should be much higher
because of the larger width of the excited transition.
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The short lifetime 1, of the excited nuclear state of the
thullium isotope makes it possible to count on spectro-
scopic detection, since the broadening of the plasma
spot d on account of the expansion of the plasma into
vacuum is sufficiently small to obtain good spectral res-

olution;
}ZT
dd Thue Ves 0.1cm

(Z is the average ionization multiplicity of the plasma
and T, is the temperature of the thermal electrons).

The tantalum isotope possesses two important fea-
tures for experimental implementation: in the first
place, for laser radiation intensity of about 50 PW/cm?
the temperature of the hot plasma electrons is of the
order of the excitation energy and, in the second place,
the lifetime of the excited state is quite long, which is
convenient for experimental detection of the effect on
the basis of the delayed gamma emission of the plasma.

The metastable isotope 2*°Pu (the excitation energy
of the first nuclear level is 7.861 keV) lies next to the
row of stableisotopesfrom Table 1. Thisisotope appar-
ently possesses the optimal parameters for performing
spectral studies (the conversion ratio a ~ 5950 and the
lifetime of the excited state 1, = 36 ps) and, in contrast
to other metastable isotopes, its radioactivity is rela-

tively low (the ground-state lifetime Tfﬁ’,)c = 24000 yr).

We shall consider the excitation of two stable iso-
topes: tantalum-181 and thullium-169 (see Table 1).
The resonance absorption length estimated from Eq. (8) is
3 cm for thefirst nucleus and 3.9 x 103 cm for the sec-
ond nucleus:

(d51¥)? = 4 x 107 erg cm®,

(dS™)? = 25 x 10 ergem®,

We note immediately that these quantities are always
greater than the characteristic dimensions of the plasma
spot in the plane of the target and inside the target.

The system of Egs. (1) and (4) was solved numeri-
caly for various characteristics of the target and the
laser pulse. Unless otherwise stated, in the exposition
of the results below the following values are used for
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the parameters: laser radiation intensity | ~ 10 PW/cm?,
lifetime of the hot plasmat, ~ 10 ps, plasma volume
V ~ 107! cm? (the characteristic size of the plasma
| ~ V¥3), homogeneous half-width of the nuclear tran-
sition y ~ 10" s, and the density of ions was assumed
to have the solid-state value with ion temperature T, ~
50 eV.

To determine the role of the hot electronic compo-
nent, a calculation was performed using a purely Max-
wellian electronic distribution function. In this case the
excitation efficiency of the tantalum nuclei was 5.33 x
1013, The presence of a hot electronic component
increases the excitation efficiency by almost two orders
of magnitude, so that this component must betakeninto
account in the numerical simulation of the process of
excitation of nuclei in aplasma.

The calculation is aso performed in the absence of
photoexcitation in order to compare the contribution of
various excitation channels. Specifically, for tantalum
nuclei with the above-indicated parameters of the target
and the laser pulse, the efficiency was 7.61 x 10 in
the absence of photoexcitation and 1.83 x 107! in the
presence of photoexcitation. For thullium nuclei these
values were 7.92 x 1071° and 1.64 x 10°, respectively.
Thus, for tantalum photoexcitation is more efficient,
while for thullium the contributions of the electron and
photon excitation channels are comparable.

It should be noted at the same time that the kinetics
of the ionization state of the plasma, neglected in our
calculations, can aso strongly influence the efficiency
of the electronic excitation channels. Thus, the ioniza-
tion multiplicity of the plasma has alarge effect on the
cross section for inelastic scattering of an electron by
an ion. Moreover, the IIEC is possible only on an
unfilled, ionized, atomic shell. Even though the elec-
tron temperature and the electron and ion densities are
high in the plasma, the ionization rate can be inade-
guate for emptying the deep shells because of the short
lifetime of a hot plasma. Using the average-charge
approximation [16], we cal culated the ionization kinet-
ics of the isotopes considered in a plasma with solid
state density, produced by a 200 fslaser pulse. The cal-
culation assumed that the leading edge of the electronic
temperature pulse follows the shape of the laser pulse,
and the trailing edge is described by an exponential
function with characteristic decay time of the order of
5 ps. The peak electron temperature was varied in the
range 500-1000 eV. The computational results are pre-
sented in Table 1. The table aso contains data on the
spectroscopic symbol of the electron shell making the
main contribution to the total internal conversion ratio
aswell as data on the range of ionization multiplicities,
which corresponds to the start and end of the emptying
of this shdll during ionization of the atom. Comparing the
obtained maximum ionization multiplicities of the corre-
sponding elements with the values required for efficient
switching off of conversion shows that for 2°*Hg the
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Fig. 1. Excitation efficiency of low-lying nuclear level n
versus the ion temperature of the plasma T;: (1) thullium,
y=108s7L; (2) thullium, y = 1012 s71; (3) tantalum, y =
10% s71; and (4) tantalum, y= 102 571,

N shell is essentially completely emptied for a plasma
el ectron temperature of 500 eV, and effective excitation
of the low-lying nuclear level in the IIEC channel can
be expected. At the same time, for ¥Ta and 16°Tm,
whose ionization multiplicities do not exceed 45 in the
electron temperature range considered, the excitation
channel viallEC will be strongly suppressed. Theion-
ization multiplicity for a >’Fe isotope is small and the
I1EC processis negligible.

The numerical data are presented in Figs. 1-3. In all
figures, the excitation efficiency n for the nuclei—the
ratio of the number of excited nuclei to the total number
of nuclei located in the plasma volume—is plotted
along the ordinate. Figure 1 shows the ion temperature
dependences of the excitation efficiency of thullium
and tantalum nuclei (i.e., a dependence on the Doppler
broadening) for two different values of the homoge-
neous width y. Two features should be noted. In thefirst
place the excitation efficiency of nuclei starts to
increase when the Doppler width exceeds the width of
the exciting X-ray photon. Inthe second placeif thelin-
ear size of the medium is much greater than the absorp-
tion length (as happens for thullium with y = 10° s),
then the excitation efficiency grows more rapidly with
increasing Doppler width. Hence follows an important
conclusion: the Doppler broadening of anuclear transi-
tion plays the most important role for media of large
size (compared with the resonance absorption length).
For media of small size Doppler broadening is negli-
gible.

Figure 2 illustrates the temporal dynamics of the
excitation of the nuclei. On the nongtationary section (t <
1/y) the efficiency increases quadratically, while on the
gtationary section (t > 1/y) it increaseslinearly. In addition,
the difference between the stationary (y = 10*? s?) and
nonstationary (y = 10° s*) excitation regimes is illus-
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Fig. 2. Time dynamics of excitation of alow-lying nuclear
level: (1) thullium, (2) tantalum. Solid lines—linear approx-
imation in the range 1-10 ps, the dotted line corresponds
to atransition from nonstationary to stationary excitation
t=1ly.

n, absolute units
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Fig. 3. Excitation efficiency n of alow-lying nuclear level
versus the plasma volume V (see Fig. 1 for notation).

trated in Figs. 1 and 3. For large y the excitation effi-
ciency islower because of the acceleration of the trans-
verse relaxation of the nuclei.

Figure 3 shows the dependence of the excitation
efficiency of the nuclel on the plasma volume. On the
whole these curves confirm the behavior of the analyti-
cal solution (7). For linear size much smaller than the
resonance absorption length (I < 1), the efficiency is
essentially independent of the plasma volume, and the
number of excited nuclei grows asthe volume. For | > |,
the efficiency decreases as 1/l. The number of nuclei
then increases as 12 = VV?3, Thus, increasing the linear
dimensions of a plasma above the resonance absorption
length will result in asmaller fraction of excited nuclei;
this occurs because of the strong absorption of X-rays
in plasma. It is here that Doppler broadening of the
nuclear transition plays a large role. Our calculations
also established that the Zeeman splitting of the nuclear
levels does not greatly influence the number of excited
nuclei (the excitation efficiency of tantalum nuclei was
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1.833 x 10! in the presence of this splitting and
1.831 x 10 inits absence), which is due to the small-
ness of this splitting because of the small value of the
nuclear magneton.

3. DECAY OF LOW-LYING NUCLEAR STATES
EXCITED IN A DENSE HOT LASER PLASMA

Processes occurring when the plasma undergoes
cooling and recombination as it expands into the sur-
rounding space can aso have alarge effect on the decay
kinetics of low-lying nuclear states. Indeed, deep ioniza
tion of atomic shells can result in complete or partia sup-
presson of interna eectronic converson—the man
decay channel of an excited nuclear level [17]. Inturn, this
can increase the lifetime of an excited nuclear state up
to values corresponding to the reciprocal of the radia-
tion width of alevel. Thus, andysis of the datain Table 1
shows that such a situation can be relatively simply
realized with excitation of the low-lying level of the
isotope 2°*Hg. In addition, for high ionization multi-
plicity, another decay channel for low-lying nuclear
levels can open up—an electronic bridge through the
intermediate electronic states of a discrete spectrum
[18]. This process is of third-order in the electromag-
netic interaction constant for the electrons, but if the
probability of conversion decay decreases as aresult of
ionization, it too can influence the decay kinetics of the
low-lying nuclear level.

The fact that the situation in which the conversion
channel for decay remains closed for only during sev-
eral picoseconds, while the laser plasmais quite dense
and hot, must be taken into account. However, when the
expansion of the plasmainto vacuum, accompanied by
“guenching” of the ions, is taken into account the life-
time of the closure of the internal electron conversion
channel can be expected to increase by analogy to [17].
The crux of theion “guenching” process consistsin the
fact that the recombination rate for triple collisons is
proportional to the squared electron density, so that as
the plasma expands, when the electron density rapidly
decreases with increasing distance to the target surface,
a situation is created where the ions essentially stop
recombining. In this case the ionization state of the
plasma‘ becomesfrozen” and the recombination rate of
the plasma is determined primarily by the processes
occurring in the residual gasin the chamber [16].

The processes occurring in the residual gas in the
chamber must be taken into account in order to study
the recombination kinetics of an expanding plasma in
greater detail. Since the temperature of the residual gas
is much lower than the ionization potential of the
plasmaions, and the degree of ionization of the residual
gas is small, z ~ 107, the process determining the
recombination rate of the expanding plasma will be
recombination in ion—atom collisions.
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Table 2. Parameters of laser systems used in the experiment
A, nm T, fs w, mJ d, pm I, PW/cm?
1 616 200 0.3-0.7 3 1040
2 1053 1000 2000-5000 80 30-70

Note: A, T, and w—wavelength, duration, laser pulse energy; d and I—diameter of focusing spot and |aser radiation intensity on the target.

The plasmaexpandsinto vacuum with characteristic
velocities of the order of v ~ 107 cm/s. Anion requires
about 1 psto traverse 10 cm. The recomination rate of
anion withionization multiplicity 50 in collisions with
neutral particlesin the gas with density N, can be esti-
mated as [16]

P.=9x10"Z°vN,=8x10°s™ (11)
the residual-gas pressure was assumed to be ~10~ torr).
Then in a transit time t ~ 0.5 us through a vacuum
chamber of size | ~ 5 cm an ion undergoes about
4 recombination acts. For ?°!Hg this will not result in
filling of the conversion N shell and restoration of the
probability of the conversion channel for decay. Thus,
the lifetime of the excited state will increase (sincet >
True), @S aresult of which during the entire transit time
the decay will occur only in the radiation channel. For
181Ta and 1°Tm the partial closure of internal electron
conversion can occur only for higher plasma electron
temperatures of the order of 1500 eV. Thethermal elec-
tronic component in the plasma of an ultrashort laser
pulse cannot reach such a temperature, since as the
intensity increases, the energy of the laser radiation is
increasingly more efficiently absorbed by superthermal
electrons, and the rate of growth of the temperature of
the therma components slows down substantially.
Consequently, to calculate the ionization composition
of aplasmathe effect of superthermal electrons must be
taken into account. The recombination of ions at resid-
ual-gas pressure ~10~ torr will result in complete fill-
ing of the conversion M shell in the transit time up to
the chamber walls. As the pressure in the chamber
decreasesto 107° torr, the ionization composition of the
expanding plasma can be preserved for these isotopes
for along time. Thus, for sufficiently low pressures of
theresidual gas the conversion channel of decay of the
excited state of a nucleus in an expanding plasma can
be closed for the entire flight time of the ions.

For high residual-gas pressure, the plasma recombi-
nation rate can decrease if the processes in the shock
wave formed are taken into account. A region of rar-
efaction, where plasma ions are confined and undergo
recombination, forms behind the shock wavefront [16].
Indeed, the gas concentration in the region behind the
shock wave front can be hundreds of timeslessthan the
initial value, the recombination rate of ions in this
region also decreases. In addition, the propagation
velocity of the shock waveisof the order of the velocity
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of sound, which is much less than the ion ablation rate.
Thus, the propagation of slowly recombining ions
behind the shock wave front can result in prolongation
of the closure of the conversion channel of decay right
up to relaxation of the shock wave. Estimates show that
this situation can be observed for residual-gas pressures
of the order of 10 torr, and the relaxation time of the
shock wave will be ~100 ps.

4. DECAY KINETICS
OF THE 6.238 keV LEVEL OF 8Ta EXCITED
IN A HOT DENSE LASER PLASMA

The isotope ¥Ta was chosen for the experiments.
This was determined by a number of considerations
(see Table 1): the relatively low energy of the first
excited level, the quitelong lifetime of the excited state,
making it possible to separate easily in time the gamma
raysand the characteristic X-rays of the plasma, and the
possibility of performing test experiments with atung-
sten target. A tungsten plasma is essentialy indistin-
guishable with respect to its integral characteristics
from atantalum plasma, sinceits atomic numbersdiffer
by only one unit. At the same time, stable tungsten iso-
topes do not have alow-lying atomic level.

Our experiments were performed using two laser
systems with different laser-pulse parameters (see
Table 2). This made it possible to investigate the effect
of parameters such as the wavelength of the warming
radiation (which determines the temperature of the hot
electron component), the laser pulse duration (which
determines the lifetime of the hot electronic compo-
nent, and the laser pulse energy (which, for the same
intensity, determines the volume of the plasma) on the
excitation efficiency of low-lying nuclear states. The
experimental methods chosen were aso due to the spe-
cific nature of each laser system. In this connection, we
shall describe the experimental schemes and results
separately for each system.

4.1.Excitation of a Plasma
by Femtosecond Laser Pulses

Thedetails of the experimental schemefor detecting
gamma decay are presented in [1]. We shall briefly
describe only the key aspects of the method chosen.

In the course of the experiment (Fig. 4) the dye |laser
radiation (no. 1 in Table 2) was focused on the surface
of aTaor W target. To perform the measurements with
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Fig. 4. Arrangement of the experiment using afemtosecond
laser system (Sisradioactive test source).
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Fig. 5. Typical signal obtained from FEUL.

relatively low laser pulse energy, the radiation was
focused into a spot, closein sizeto the diffraction limit,
by a special aberration-free F/6 objective. In addition,
the small size of the chamber (about 5 cm) made it pos-
sible to perform measurements in a large solid angle
(see below). Thetarget consisted of a 500 pm thick flat
plate and was placed in a chamber with a regulatable
residual-gas pressure. Moving the target after each
laser burst madeit possibleto obtain an interaction with
a“clean” surface. The experiments were performed with
residual-gas pressures in the chamber of 10~ and 10 torr.
For 10 torr the shock wave formed with arelaxation time
of the order of 100 ps confined ions inside the chamber,
while for 1072 torr the ions rapidly escaped from the
observation region, which decreased the number of
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detected gamma rays with long delay times relative to
the moment of plasmaignition.

The characteristic plasma X-rays and gamma rays,
corresponding to decay of an isomeric level, were
detected through the exit window of the chamber, which
congsted of 100 um thick beryllium fail, using two X-ray
detectors FEU1 and FEU2 based on FEU-119 and a
Nal(Te) scintillator. Both detectors were placed 5 cm
from the target; this made it possible to receive radiation
in alarge solid angle 0.07 rad. The FEU1 detector served
to detect the afterglow of the plasmaand the gamma rays
and was connected through a50 Q load to afast analog-
to-digital converter with conversion rate 100 MHz. The
signa from the FEUZ2 detector was fed into a charge-
sensitive amplifier (CSA) and detected using an ADC,
giving in each laser burst information about the field of
plasma X-rays with energy above 3 keV. Thus, the sig-
nal from the detector FEU2 made it possible to judge
the quality of the focusing of the laser radiation and the
plasma parameters in each experimental implementa-
tion.

The detectors were calibrated using a radioactive
source S (a *°Fe sample, emitting 5.9 keV Mn K, »
X-rays). Assuming the signal at the output of the scin-
tillation detector to be alinear function of the energy of
the X-rays, for 6.238 keV gamma rays the average
amplitude of the output signal was determined to be
1.8+ 05 mV.

The basic features characteristic Ta and W were as
follows for the typical implementation of an experi-
ment in the time-resolution regime (Fig. 5) obtained
with FEUL.

(2) Theinitia pulsewith amplitude of the order of 5V,
caused by the detection of the characteristic X-ray radi-
ation of the plasma. The trailing edge of this pulse is
approximated well by the emission time of the fast
component of the scintillator T ~ 250 ns.

(2) The noise component with amplitude up to
2 mV, much greater than the characteristic noise of the
detector (~0.2 mV) and smoothly varying with charac-
teristic time of the order of the emission time of the
slow component of the scintillator.

The presence of a large-amplitude pulse impedes
analysis at delay times of less than 3 s relative to the
laser pulse; such times are eliminated from further anal-
ysis. The gamma rays are detected (see inset in Fig. 5)
againgt the background of a noise component whose
amplitude at theinitial moments of detection is compa-
rable to the amplitude of the useful signal. In what fol-
lows, the presence of asignal of thiskind in the exper-
imental realization will be called an * event.”

A control experiment with a W target was per-
formed in order to estimate the probability of detecting
gammarays against the background noise signal. Aside
from X-rays from the plasma, the X-rays from the
source S also struck the FEU1 detector. On the basis of
the activity of the source S, we estimated, on the basis of
the 100 redlizations, the probability of detecting a5.9 keV
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Fig. 6. Result of data analysis for residual-gas pressure in the interaction chamber 102 torr: (a) the number of events for the W
(squares) and Ta (triangles) targets, (b) differencein the number of events on these targets.
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Fig. 7. Result of data analysis for residual-gas pressure in the interaction chamber 10 torr (see Fig. 6 for notation).

X-ray to be 50%. It should be noted that for 6.238 keV
gamma rays this probability should be somewhat
higher.

Two series of experiments, each with 120 redliza-
tions, were performed with residual-gas pressures in
the chamber of 103 and 10 torr, respectively. The dif-
ference in the number of events detected on the Taand
W targets enabled us to judge the number of excited
nuclei in the Ta plasma. The events detected in the
experiments with W were of a purely noise nature, so
that we constructed, on the basis of 320 redlizations, the
statistics of such noise events as afunction of the delay
time relative to the moment the plasma was produced.
This made it possible to estimate the probability with
which the number of events detected on a Tatarget for
a given delay does not fall within the measurement
error with respect to the number of events detected
under the same conditions on a W target. This error is
reflected in Figs. 6 and 7, which display the experimen-
tal results for two residual-gas pressures.

Figures 6a and 7a show the delay-time dependences
of the number of recorded events for Taand W targets,
and Figs. 6b and 7b show the difference of the number
of events on the two targets. Analysis of the data shows

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Voal. 91

that for all delay times the difference signal is greater
than zero, and for most points the modulus of the dif-
ference is much greater than the computed error. The
time-integral excess of the signal on the Tatarget above
the signal for W was 172 events for 107 torr pressure
and 178 events for 10 torr pressure. These values
should be interpreted as the number of gamma decays
detected in each series.

Fitting the kinetic curve obtained with a exponen-
tially decaying function

NO = Noe '™
givesfor the 10 Torr pressure
T =94+£17us, N,=80.

The estimate obtained for the lifetime of the excited
low-lying nuclear state is in good agreement with the
published value 8.7 us [19]. For 1072 torr the experi-
mental curveisstrongly distorted by the noise for delay
times greater than 10 ps. Thismakesit impossibleto fit
parameters by numerical methods. At the sametime, a
fit of the function

(12)

ND - Noe—t/8.7 us
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Fig. 8. Experimental arrangement using a subpicosecond
laser pulse.

(see solid curve in Fig. 7b) to the experimental depen-
dence gives a completely satisfactory result.

An estimate of the total number of nuclei excited in
the laser plasma (taking account of the efficiency of the
detection method, the detection solid angle of the
detector, the internal electron conversion ratio) gives
(2+0.5) x 10% nuclei per laser burst.

4.2. Excitation of a Plasma
by Subpicosecond Laser Pulses

In the second series of experiments a subpicosecond
laser system based on neodymium glass [20] was used
(no. 2 in Table 2). Thus, a much larger number of
excited nuclei was expected in this experiment as a
result of the higher energy of the laser pulse (and larger
volume of the plasma) and as aresult of an increase in
temperature and the lifetime of the hot electronic com-
ponent.

The sametargets asin thefirst series of experiments
were placed in acylindrical, 85 cm in diameter, cham-
ber (see Fig. 8). Theradiation was focused on the target
using an off-axis parabolic mirror with F/3 focusing.
The target position relative to the waist of the laser
beam was chosen so that the laser spot on the target
would have a diameter of the order of 80 um; this gave
approximately the sameintensity asin thefirst series of
experiments. Since the plasmavolume was much larger
in these experiments, the number of gamma rays
detected in each experimental realization was expected
to belarge. In this connection, an image converter with
a microchannel plate (MCP), which for detection of
X-rayswith energy of the order of 6 keV had aquantum
efficiency of about 10%, was used as a detector for
X-rays and gamma rays. The spatial resolution of the
image converter with the MCP makes it possible to
detect a large number of X-rays simultaneously and
independently. Theimage converter was placed at adis-
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tance of about 10 cmin anindividual bay of the vacuum
chamber, light-insulated from the main volume. This
gave approximately the same solid angle of detection as
in the first experiment. A 100 um thick beryllium foil
served as the entrance window of the bay. The arrange-
ment of the ICP and the image converter is shown in
Fig. 8. The exit surface of the |CP was grounded, and a
negative 1.1 kV pulse with arising leading edge from
10 to 1000V in 10 ns was applied to the entrance sur-
face. The pul se duration was chosen to be 50 pis, and the
time delay relative to the moment of plasma ignition
could vary from 100 nsto 100 ps. A constant 5 kV volt-
age was applied between the exit surface of the MCP
and the image converter screen. This arrangement of
the MCP prevented detection of slow electrons,
knocked out of thewalls of the bay by light and corpus-
cular fluxes. Theimage detected by theimage converter
was digitized with the aid of a CCD matrix.

Examples of the images obtained on the CCD
matrix for a Ta target and three different delays of the
amplification pulse of the MCP are presented in Fig. 9.
Each bright dot in the image corresponds to the detec-
tion of one X-ray photon—one event. The decrease in
the number of such eventswith increasing delay timeis
clearly noticeable. Similar images were also obtained
for the W target. The presence of events even for this
reference, target can be attributed to detection of after-
glow of strongly ionized slowly recombining ions,
since a natural factor determining the spectrum of the
detected radiation in the detection scheme chosenisthe
transmission spectrum of the beryllium filter (transmit-
tance 0.1 for 2.5 keV photons and 0.5 for 4 keV pho-
tons). Special image-recognition algorithms were used
to count the number of events. Asaresult, dependences
of the number of events on the delay time were
obtained for both targets presented in Fig. 10a. In this
case, because of the large number of events at each
point of the time scale and their independence from one
another, the experimental error was estimated assuming
Poisson statistics for the events. Analysis of the differ-
ence curve (Fig. 10b) once again, just as in the first
series of experiments, shows a statistically reliable
excess of the number of eventsfor the Tatarget over the
analogous value for the W target in the entire range of
delay times. Fitting an exponential function of theform
(12) to thelatter dependence givesfor thelifetimet,,. =
7 + 3 us. The tota number of excited nuclel, taking
account of the solid angle of detection of the MCP, the
guantum efficiency of the MCP, and the internal elec-
tronic conversion ratio, is found to be of the order of
(5+ 2) x 10" in each laser burst (the fact that the exper-
imental dependenceisatimeintegral of thereal kinetic
decay curve was taken into account when making the
estimate).

In the first experiment the total number of nuclei in
aplasmawith volumeV = 3 x 3 x 0.5 um3is 2 x 10%.,
Thus, the excitation efficiency reachesn;. = (1 + 0.3) x
10~. In the second experiment the total number of
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nuclel in a plasmawith volume V = 80 x 80 x 0.5 um?3
was 1.7 x 10*, which gives for the excitation efficiency
N2 = (3£ 1) x 10~". The negligible discrepancy in the
estimates of the excitation efficiency, obtained in the
two independent experiments, could be due to the dif-
ferent temperature of the hot plasma electrons as aresult
of the difference of the wavelengths and intensities,

2 3
L O B\i%gu =0.6
TZ D\2| 2|:|
and to the long duration of the laser pulse in the second
experiment.

Comparing the experimental estimates of the excita-
tion efficiency with the theoretical estimates, which
give n. ~ 10°-10"1° for our experimental conditions
(depending on the homogeneous broadening y ~ 10%—
10%2 s) gives a much larger discrepancy. One of the
factors that greatly influence the number of excited
nuclei could be the effective increase in volume in
which excitation occurs as aresult of penetration of hot
electrons and X-rays into the cold region of the target.
Thus, the absorption length L, of an X-ray with energy
E,~ 6 keV intantalumis

L= (a(Edp)™=2um

(o(6 keV) = 300 cm?/g is the mass attenuation coeffi-
cient of metallic tantalum, p = 16.6 g/cm? is its den-
sity), which is much greater than the thickness of the
hot plasmalayer and, in the case of thefirst experiment,
is comparable to the transverse dimensions of the
plasma spot. Therefore, the effective volume in which
excitation of low-lying nuclear levels occurs can an
order of magnitude or more greater than the character-
istic volume of the hot plasmalayer, which will propor-
tionally decrease the experimental estimate of the effi-
ciency ne. It should be noted that the uncertainty in the

Fig. 9. Diagram of the exit window of animage converter with

aMCP with delay of the MCP amplification pulse relative to estimate of the effective excitation volume can be
the laser pulse (&) 0.1, (b) 3, and (c) 10 ps (Tatarget). removed by using thin-film samples with thickness of
N
N 500
1500+
(a) (b)
i
1000} *
250
[}
3 i 3
500 z
1 1 1 1 ; 0 1 1 1 1 1
0 5 10 15 20 0 5 10 15 20
T, Us

Fig. 10. Number N of events versus the delay of the MCP feed pulse T: (a) datafor Ta (circles) and W (squares) and (b) difference
of the datafor Taand W.
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the order of or less than the thickness of the plasma
layer, i.e., severa hundreds of nanometers.

5. CONCLUSIONS

Thus, our calculations have shown that efficient
excitation of low-lying nuclear levels with energy of
severa keV occursin a hot dense plasma produced by
an ultrashort laser pulse. The presence of a nonequilib-
rium electronic component of the laser plasma (with
energy proportional to theintensity of theincident laser
radiation) is of great importance. The most important
mechanisms leading to broadening of a nuclear level
are Doppler broadening due to the therma motion of
ions and homogeneous collisional broadening. The
magnitude of the Doppler broadening of anuclear level
has essentially no effect on the efficiency of electronic
excitation and strongly influences the efficiency of radi-
ation excitation. This efficiency increases sharply if the
product of the Doppler width by thelifetime of the pho-
ton exceeds 1 (for tantalum nuclei this occurs at ion
temperature 100 eV). A plasma with an anomalously
high ion temperature can be obtained by using nano-
structural targets [21].

The calculations showed that the optimal longitudi-
nal size of a plasma, from the standpoint of retaining
the maximum density of excited nuclei, is equa to the
photoabsorption length. Its decrease has virtually no
effect on the density of excited nuclei, and an increase
results in a decrease of the excitation efficiency. For a
low-lying level of a tantalum nucleus, excitation is
most efficient in the photon channel, and for a low-
lying thullium nucleus the contributions of the photon
and electron channels are close.

Our experiments made it possible to detect for the
first time the gamma decay of alow-lying nuclear level
6.238 keV of the stable isotope 81 Ta, excited in adense
hot plasma produced by an ultrashort laser pulse. Com-
paring with theoretical results showed that the excita-
tion occurs not only in the volume of the plasma but
also in aregion with linear dimensions of the order of
the order of the X-ray absorption length. Our numerical
model needs further elaboration. This concerns prima-
rily taking account of the dynamics of the plasma
parameters (temperature and density of ions and elec-
trons, charge composition) in the calculation of the
excitation of low-lying nuclear transitions. A more sys-
tematic account of the structure of the atomic shellsin
the calculation of the electronic mechanisms of excita-
tion of low-lying nuclear levels could aso be impor-
tant.

In ahot dense laser plasmathe kinetics of ionization
and recombination of plasma atoms can have a large
effect on the probability of the conversion channel of
decay of a isomeric state. Thus, for the isotope °’Hg
deep ionization of shellsright up to the N shell, even at
aplasmatemperature of 700 eV, can result in closure of
the conversion channel of decay with an increasein the
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lifetime of the excited nuclear state from several nano-
seconds to tens of microseconds. The investigation of
electronic conversion processes in strongly ionized
atoms (with ionization energy of the last “unstriped”
shell is of the order of the excitation energy of the
nuclear level) could provide unique and direct informa:
tion about the properties of such states. At the same
time, new channels for decay of a nuclear level (elec-
tron bridge, and so on), investigation of which isalso of
great interest, could open in this situation.

Our experiment is essentially the first demonstration
of newer experimental methods of nuclear spectros-
copy with direct excitation of low-lying nuclear levels
in a dense hot laser plasma. From this standpoint the
expansion of methods of investigation is undoubtedly
of interest: application of high-resolution X-ray spec-
tral devices and detection of the energy spectrum of
conversion electrons.

This field of research has undergone strong expan-
sion because low-lying nuclear levels of metastableiso-
topes are being studied. One of the problems associated
with low-lying levels of metastableisotopes could become
the search for appropriate candidates for producing popu-
lation inversion in three- and four-level schemes for a
gammalaser [7, 9]. Here pairs of close-lying levels (the
splitting between the levels being 1-20 keV), one of
which is metastable, is necessary. The ultrashort pulses
of a superstrong light field could make it possible to
create such metastable isotopes (including short-lived)
with the aid of ultrashort laser pulses with ultrarelativ-
istic intensity [2, 3], as well as excitation of the meta-
stable isotope to a close lying level with the aid of an
ultrashort laser pulse of “moderate” intensity.
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Abstract—An ecton mechanism for the operation of the cathode spot and the concept of a deep nonstationary
potential well are used as the basis to propose amodel of collective ion acceleration at the spark stage of avac-
uum discharge. It is shown that in principle adeep potential well can form inthe presence of an external electric
field and the conditions for its formation in an explosive-emission diode are clarified. The proposed model can
explain the main processes leading to collective ion acceleration and shows good agreement with the experi-

mental results. © 2000 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

A vacuum dischargeisinitiated by processes which
lead to concentration of energy in microvolumes of the
cathode and the formation of a plasma source which
propagates into the interelectrode gap. The formation
of this source concludes the vacuum breakdown and the
discharge is converted to the spark stage. A spark dis-
charge in vacuum is a high-current, self-sustained dis-
charge where the resistance of the vacuum gap fals
rapidly with time. The duration of a spark dischargeis
determined by the time taken for the plasma to fill the
interel ectrode gap after which the discharge goes over
to the arc stage.

Considerable progress in the study of avacuum spark
discharge was achieved following the discovery of explo-
sive electron emission (EEE) in 1966, when it was estab-
lished that the spark current is an EEE current generated
as aresult of microscopic explosions at the cathode sur-
face. Since such a microscopic explosion is short-lived,
the emission of eectrons in EEE takes place in separate
portions known as ectons. The ecton concept has been
used to obtain a logical explanation for experimental
data obtained from measurements of the parameters of
a cathode plasma and the erosion characteristics of
cathodes, mechanisms for the salf-sustainment of a
spark discharge in vacuum have been determined, and
so on. The current state of vacuum discharge theory is
described in arecently published book [1].

However, although we now have afairly clear idea
of the physics of a spark discharge in vacuum, one of
the most interesting effects accompanying the opera-
tion of this discharge has remained the subject of dis-

cussion and argument for some forty years. This effect
was first observed by Plyutto in a plasma diode and
involves the generation of anomalously accelerated
positive ions in the form of short-lived clusters moving
from the cathode toward the anode [2]. The energy of
theseionsis considerably higher than the potential dif-
ference U, applied to the gap: for instance, at 300 kV
the ion energiesin avacuum diode reached 10-15 MeV
[3]. An important characteristic of the light ion spec-
trum was that the maximum energy was proportional to
theion charge ~3ZeU, where Z istheion charge. These
ion energies can only be attributed to the existence of
strong collective interactions between electrons and
ions of the cathode plasma. Studies have shown that the
anomalously high ion acceleration in the spark stage of
a vacuum discharge only takes place in the unstable
regime of avacuum spark [2, 3]. Thisregimeis charac-
terized by abrupt bursts of current density whose ampli-
tude is two to five times as great as the average and is
accompanied by an appreciable increase in the electron
beam density in the direction of ion acceleration. The
electron energy in this case may reach values of the
order of 3eU, [4]. The current instability in an unstable
regime [5] also leads to the appearance of positive ions
moving toward the cathode having energies corre-
sponding to 60-80% of the potential difference applied
to the diode. In this case, the ion energy was propor-
tional to their charge both for light and heavy ions.

In these studies a unique relationship was established
between the current instabilities of avacuum spark and the
appearance of anomalously accelerated ions. A detailed
study of the unstable EEE current extraction regime
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was made by the authors of [6-8]. The main results
described in these studies are as follows:

1. In the stable regime current extraction obeys the
3/2 law whereas in the unstable regime the emission
current exceeds the Langmuir limit, which is manifest
as abrupt short-lived (~5 x 10 s) bursts whose ampli-
tude is two to five times higher than the density of the
current preceding the burst.

2. An emission current burst is accompanied by an
increase in the potential of the plasma layers directly
adjacent to the front of the cathode jet, by up to 80% of
the potential difference U, applied to the diode.

Since the processes in vacuum and plasma diodes
have much in common (in avacuum diode the emission
also takes from the outer plasma layers of the cathode
jet), common mechanismswere proposed to explain the
anomalous ion acceleration in these diodes. These
mechanisms included ambipolar acceleration of ions
by electrons in an expanding plasma, pinching of the
plasmajet at a high rate of current growth, acceleration
of aplasma cluster with a frozen-in magnetic flux, and
others (see, for example [2, 9-12]). Most of these are
the same as the mechanisms proposed to explain ion
acceleration accompanying beam injection in a neutral
gas[12]. A common disadvantage of many of the pro-
posed models is that the anomalous ion acceleration
was considered separately from the entire set of physi-
cal processes accompanying this phenomenon so that
the conclusions are qualitative and the initial assump-
tions are not linked to the experimental data. In order to
construct an accurate model of anomalous ion acceler-
ation we need to establish a link between the bursts of
explosive emission current, the increase in potential at
the front of the cathode jet plasma, and finally the
appearance of high-energy ions and electrons. In the
present study we make afirst attempt to combine these
processes and obtain an overall picture of the effect.

The proposed model belongs to a class of electro-
static models in which the ions are accelerated by the
electric field of the electron beam space charge, and in
particular by the self-induced electric field of a virtual
cathode when conditions are created for itsformation at
the front of a cathode jet in a vacuum diode. A virtual
cathode which plays an important role in ion accelera-
tion during free expansion of a plasma (ambipolar dif-
fusion [2, 9]) has been observed experimentally at the
front of acathode jet plasma[13] and was used to explain
ion acceleration in adiode [14]. However, the assumption
that a virtud cathode is accelerated by transmitted elec-
trons made in [14] is highly artificial.

The present model is based on the concept of anon-
stationary deep potential well of a virtual cathode
[12, 15] which was successfully used in amodel of col-
lective ion acceleration accompanying electron beam
injection in a gas.' The fundamental possibility of a
deep potentia well being formed in adiodeisshownin

1 The possible existence of an anomalous ion acceleration mecha-
nism in a diode similar to the collective acceleration of ionsin a
drifting electron beam was noted by Olson [12].
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c 1 2 3 A
Potential distribution in adiode gap when adeep nonsteady-
state well is formed: (1) Region of quasi-neutral plasma,

(2) region of positively charged plasma, and (3) deep potential
well, C is cathode, and A is anode.

Section 2. Various regimes for extraction of current
from a cathode jet plasmaare put forward in Section 3.
In Section 4 we discuss the dynamics of current bursts,
the appearance of high potential at the plasma front,
and collective ion acceleration during current bursts.

The scenario for collective ion acceleration in avac-
uum diode may be described as follows. In the initial
(comparatively short) part of the voltage pulse, the cur-
rent in an explosive-emission diode is provided by ther-
mionic emission from the edge of the cathode jet
plasma. As the cathode plasma expands and the diode
voltage increases, conditions of current saturation are
established, limited by the emissivity of the plasma
boundary layer [1, 6]. Small changesin the potential of
the ionic layer near the cathode and in the potential of
the plasma column, with some delay at the front of the
plasma jet, promote a flow of current which corre-
sponds to the limiting Langmuir current as the diode
voltage increases [7]. This quasi-steady-state increase
in current is achieved when the potential of the plasma
front is close to the cathode potential.

The current behavior is then determined by the
nature of the plasmainflux from the cathode, which is
observed as current fluctuations caused by the ecton
mechanism for operation of the cathode spot. These
fluctuations may |ead to an abrupt increasein current in
the anode circuit asaresult of a substantial reductionin
the space charge within the accel erating gap accompa-
nied by quenching of the cathode current and, conse-
guently, an abrupt increase in the potential at the edge
of the plasma layer of the cathode jet as far as values
comparable with the applied voltage. As aresult of lag
effectsfast processes at the front of the jet do not appear
in the cathode region and the cathode current does not
change. The high potentia at the front of the jet givesrise
to alarge eectron current from the rare edge plasma and
the electrons are accelerated to high energies. In the accdl-
erating gap a deep nonstationary potential well forms
near thefront of thejet (seefigure). Effectsassociated with
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its formation become dgnificant a high diode voltages.
Most of the plasmaionsnear thefront of thejet aretrapped
inthiswell and the oscillation energy of the ions trapped
in the well is higher than the energy corresponding to
the applied voltage. When the well is destroyed, ions
having high energies and a large energy spread move
toward the anode and the cathode. Electrons having
energies higher than could be produced by the potential
difference applied to the diode a so appear. The process
of formation and destruction of the potential well may
be repeated, results in multiple bursts of anode current
and pulse fluxes of accelerated ions.

2. DEEP NONSTEADY-STATE POTENTIAL WELL
IN A DIODE, THRESHOLD CURRENT DENSITY

It has been established experimentally that in a vac-
uum diode we repeatedly have the situation where a
potential comparable to the anode potential appears at
the front of the cathode jet. Then an el ectron beam hav-
ing a high initial velocity and high density is injected
into this gap from plasma layers adjacent to the front.
The process of formation of the potential well formed
by the space charge of the electrons |eaving the plasma
has much in common with the formation of adeep non-
steady-state well during electron beam drift beyond the
anode plate in vacuum, when the depth of this well for
theionsis determined by [15]

e = W, M)
where Wisthe electron kinetic energy, i.e., asthe beam
drifts behind the anode a potential well forms whose
depth is approximately 2.7 times greater than the elec-
tron kinetic energy. As the deep well evolves, it becomes
flattened and the depth is reduced to values close to the
energy of the incoming eectrons. In the limit, a nearly
steady-state potential well with small fluctuationsin depth
isformed[15]. Thiswell isstablewith respect to rdl atively
small deviations of the beam parameters.

In order to show that it is possible for a deep non-
steady-state potential well to form in an EEE diode, we
shall consider a problem similar to [15] but including
the external electric field. The solution of the problem,
asin[15], issought for planar geometry using Lagrange
coordinates, where X, istheinitial eectron coordinate and
t is the time. A monoenergetic beam having the eectron
velocity v, and density ny = const isinjected into the half-
space x> 0 (x=0isthe cathode plane) at timet=0. The
electrons propagate beyond the cathode plane in an
external electric field Ey. Since we are interested in the
case where space charge effects are large, we must set
the condition that the beam stops (and forms a virtual
cathode) at a distance from the front of the cathode jet
(arbitrarily the cathode in this section) considerably
shorter than the cathode—anode gap. In addition, in our
problem the front of the cathode jet which moves in
space, is at floating potential. However, over the times
of formation of the virtual cathode the changes in the
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position of the front of the cathode jet and its potential
are negligible and we assume that the cathode layer is
fixed and at a constant potential (the positive charge
needed for thisis formed by the plasmaions).

The equation for the electron motion allowing for an
external electric field has the form

B)ZXD
Che2Dl,

where mis the electron mass, and «? = 41e’ny,/mis the
square of the Langmuir frequency at the front of the
cathode jet. The first integral of this equation with the
condition v(t = —Xy/vy) = vy isgiven by

B0 = Rotxor T+ Stve @

Using the condition (dx/dt ), = 0 we find the time
within which the first electron reflection occurs:

= ——+mxo, 2

2 + O
t, == 2% @

where

ek,
mwv,

Integrating Eqg. (2) with the boundary condition
X(t = =%,/ vg) = 0, we obtain

X
K%)= 33+ 2080+ S vite e (9

Quite clearly, particles which began to move from x, = 0
will make the greatest progress toward the anode at the
instant of the first reflection. The condition for forma
tion of avirtual cathode for a gap of finite length d has
the form

2vO

x(0,1,) = %H a+a +40(3D<d (6)

O

From inequality (6) we obtain the natural conditionj > j,
where j = enygv, is the density of the current injected
into the gap and j, is the density of the Langmuir cur-
rent. Thus, we can assume that a potential well will
form when the emission current exceeds the Langmuir
current (the steady-state potential well iswell-knownin
electron tubes).

Using Egs. (2) and (5), we can easily show that the
potential minimum in the presence of an electric field at
the time of thefirst reflection of the particlesis situated
at the distance X, = 2v,/w from the cathode (the con-
dition that this distance should be small compared with
the gap, required for our analysis to be valid, is satisfied
for EEE diodes). The depth of the nonstationary potential
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well does not depend on the accelerating field (if the well
formation condition is satisfied) and is given by

—
7
xJ’ [%(2+a+u)2(a+u)+2+a+u}du=—§w.()
-2-a

Thus, a deep potentia well forms when current is
injected into the diode gap, not only at zero applied poten-
tia (whichiswell-known and has been observed in exper-
iments to study collective ion acceleration in an elec-
tron beam drift space [12]) but also at nonzero applied
potential.

Thesolution (7) isvalid for all valuesof a satisfying
condition (6). Low values of a correspond to a vacuum
diode with athermionic cathodein theinitial part of the
current—voltage characteristic (the anode current is
much smaller than the saturation current), electron
beam injection into the half-space behind a metal
anode, an EEE vacuum diode when the plasma density
at the front of the plasma jet is high in aweak electric
field, a plasma diode under suitable conditions, and the
thermal, free expansion of a plasma, which includes
recent experiments to study the exposure of macropar-
ticles to high-power ultrashort laser pulses [16]. High
values of a correspond to an electron tube in limiting
current saturation regimes and alow-density plasmain
strong electric fields.

When a < 1 condition (6) leads to the well known
formation of avirtual cathode when abeam is injected
into a diode without an electric field, under the condi-
tion vy/(wd) < /2 [17]. If vp/(wd) < 1/2, theinfluence
of the anode plate becomes negligible and the virtual
cathode is situated at a distance of the order of vpy/w=rp
from the cathode (1 is the Debye length). Behind the
virtual cathode along the beam path the space charge
density isamost zero. However, it should be noted that
theconditionj > |, isfar stronger than the condition for
the formation of a nonsteady-state well for the case
o<1

This analysis has shown that in principle a degp non-
stationary potential well can form in an explosive emis-
sion diode when the current exceeds the limiting (Lang-
muir) value. In this case, the virtua cathode corresponds
to polarization of the charges at the plasma front with a
characteristic distance of the order of the Debye length.
We shall now analyze the rea physical processes in an
EEE diode which leads to the formation of a deep poten-
tial well at the front of the cathode jet plasma.

3. STABLE CURRENT FLOW,
CURRENT BURSTS, AND MECHANISM
FOR FORMATION OF A DEEP POTENTIAL WELL

As aresult of a detailed experimental study of the
transition from stable to unstable current extraction in
an EEE vacuum diode reported in [6], it was estab-
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lished that this transition was caused by areduction in
the emission current from the edge of the expanding
plasma of the cathode jet to a level equa to the space
charge limit (Langmuir) in the gap between the front of
thejet and the anode. The results of the previous section
agree with this conclusion. In addition, on thisbasisthe
dynamics of the collective ion acceleration in the diode
can be arbitrarily divided into two regimes correspond-
ing to stable and unstable current flow.

In theinitial part of the stable current flow regime a
dense plasma having a very high emissivity appears at
the front of the cathode jet. The emission current is con-
siderably higher than the Langmuir current of the gap
and most of the emission current is returned. Near the
front of thejet avirtual cathode having ahigh charge den-
Sty existsfor along time [7]. Since the main plasma col-
umnisat alow potentia, ahigh positive ion charge forms
at the front of the jet so that the overal system consisting
of ionsat thefront of thejet and avirtual cathodeisamost
eectrically neutral. The applied dectric fidd is compen-
sated by the negative space charge of the gap and aregime
of thermal plasma expansion into free space is achieved
[7, 9, 14, 16], i.e, collective acceleration of ions a the
front of the jet by the self-induced eectric field of the vir-
tual cathode electrons. This acceleration can continue
until the ion velocity a the plasma front is equal to the
electron therma velocity. In fact, the velocity of the front
of the cathode jet measured in experiments using EEE
vacuum diodes, whichisthe same astheion vel ocity at the
front, is determined by the eectron thermal velocity. The
limiting energies of the accelerated ions are higher than
the electron energies in relaion to their masses athough
these energies are considerably lower than those recorded
experimentally [3].

Asthe cathode jet expands, the plasmadensity at its
front decreases, and the electron density in the virtual
cathode therefore decreases and tends to zero when the
emission current approaches the Langmuir limiting
current. The second stage then begins, i.e., unstable
current flow when, as the voltage increases, the current
in the diode increases, limited only by the space charge
in the gap but the emission current from the front of the
expanding plasma does not allow this condition to be
satisfied. At this stage, the bursts of current and poten-
tial at the front of the plasma jet and, in some cases,
ions accelerated to high energies arise.

In the unstable current flow regime the plasma column
of the cathode jet beginsto play animportant role. A dow
increase in current as the applied voltage increases a the
previous stage is provided by the cathode current (the
quasi-neutrdity of the plasmais conserved) and the posi-
tive ion charge near the cathode causes an increase in
potential to values of the order of the electron thermal
energy a very smal distances from the cathode
(~v+/wy, where v is the electron thermal velocity and
w, istheion Langmuir frequency near the cathode).

An estimate of the conductivity of the plasma under
typical experimental conditions in both regimes gives
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voltage drops at the column of fractions of a volt for
typical experimental values of the currents. However,
large short-lived potential bursts comparable with the
external applied voltage are observed experimentally.
In order to explain this effect, very important informa-
tion has been provided by experiments[7] to study the
initial part of a current pulse with good time resolution,
in which lag effects were observed, i.e., afinite signa
propagation time, time variations of the macroscopic
plasma parameters from the cathode to the front of the
jet. The propagation of thistype of signal in aplasmais
in fact determined by the ion sound velocity in the
plasma

2
m
Ve = VT%EV ,

where mis the electron mass, M is the nucleon mass,
and Z and A are the averaged charge and mass number
of theions in the multicomponent plasma column. The
ion sound velocity is of the same order of magnitude as
the plasma expansion velocity in the hydrodynamic
model. A typical valueis v~ 10° cm/s. The experimen-
tal results of [7] also give similar values for the propa-
gation velocity of a perturbation of the plasma parame-
ters at the cathode and the plasma expansion velocity.

For each position of the jet front d;, we can intro-
duce the characteristic time for propagation of a pertur-
bation of the plasma parameters at the front into the
plasma (toward the cathode):

ty=d /v

When the processes at the front are slow (these include
the “quiescent” sections of the current pulse) and the
characteristic time of variation of the plasma parame-
tersat thefrontist = t, the potential can be restored to
an almost constant value along the plasma column and
its changes at the front are negligible. Of greater inter-
est are the short-lived changes in the parameters at the
front when T < t,. In this case, during the perturbing
pulse the plasma parameters at the jet front cannot
change as a result of rearrangement of the plasma
inside the jet.

Thissituation isachieved, for example, asaresult of
plasma instability in the cathode region where, taking
into account the ecton mechanism of plasmaformation,
current quenching can occur within a very short time.
Hencethe current source disappears at thejet front. The
space charge in the gap between the jet front and the
anode decreases within a time which can be estimated
as the time taken for an electron to fly through this
diode gap:

+(d=dg)[em]
JUGIV]

Note that thistime determinesthefinite electron time of
flight effects in nonsteady-state electron tube theory. In
EEE diodesthetimet; is much shorter than t, and deter-

t,[s] 23.5x 10 )
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mines the time of the steep rise in anode current during
bursts. When the space charge is completely removed
from the gap a high positive potential appears near the
front of the cathode jet and decreases rapidly over the
length of the plasma column. Thisisdirectly evidenced
by the results of experiments described in [8], where it
was established using probe diagnostics that the poten-
tial far from the plasmafront does not respond to abrupt
current bursts. The Situation is very similar to the plasma
disruption and the formation of large potential drops over
short lengths proposed in [18]. A characterigtic feature of
the process considered here is that plasma disruption
implies“emission” of electronsfrom the edge region of
the jet and the formation of a charged plasmawithin a
short time (of the order of the reciprocal ion Langmuir
frequency), i.e., the formation of adenseion cluster at
the edge of the jet. The potential in the region adjacent
to the front provides an electron current considerably
higher than the Langmuir limit in the gap between the
jet front and the anode. The electron flux density
remains the same asin the plasma at the edge of the jet
and the electron vel ocity increasesto values close to the
speed of light in the experiments [3]. Asaresult, a cur-
rent exceeding the limit and having ahigh electron den-
sity isinjected into the gap between thejet front and the
anode and a deep nonstationary potential well is
formed.

With time, the well shifts toward the anode and its
depth decreases to values close to the depth of a steady-
state well in a diode with an emission current exceeding
the Langmuir limit. For long voltage pulses conditions are
created for the appearance of repeated bursts and the pro-
cessis repeated, as was observed experimentally.

4. ANALY SIS OF EXPERIMENTAL RESULTS
ON CURRENT BURSTS
AND ION ACCELERATION CONDITION
WHEN THE DEEP POTENTIAL WELL
IS DESTROYED

In order to check the statement that the short-lived
increase in potential at the edge of the plasma jet is
caused by the disappearance of space charge in the gap
between the jet edge and the anode, we shall give addi-
tional estimates using experimental results [3, 6]. We
shall consider the time interval T corresponding to a
current burst. We shall determine the change in the
potential AU at the jet edge assuming that the capaci-
tance of the gap between the jet front and the anode is
approximately equal to the capacitance of the complete
diode gap C, and we assume that current burst pulseis
close to rectangular:

AU = 1,T/C,, 9)

where 1, is the amplitude of the anode burst current.
Substituting into formula (9) the burst current 5 kA, the
time T = 1.5 x 102 s, and the gap capacitance 250 pF [3],
we obtain AU = 300 kV.
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In order to obtain an order-of-magnitude estimate of
the potential jumps AU in the experimental studies[6],
we shall take the corresponding approximate parame-
ters. capacitance per unit area of anode for an equiva
lent planar diode ¢y = 200 pF/cm?, j, = 103 A/cnm?, T =
5 ns, and then in accordance with Eq. (9) AU = 25KkV, i.e.,
as in the experiments [3], AU is of the order of the
applied voltage.

Thus, using experimental data [3, 6] we have shown
that assuming that the current burst involves dumping of
space charge in the diode, we can predict alarge potential
burst at the plasma front. The values of the potential at
the plasma front may reach the potential applied to the
diode. Note that an estimate of the burst time using
Eq. (8) givesvaluesT=t; =2nsand T= 1 nstoo low for
the experiments described in [6] and [3] because the
potential at thejet front is, in our case, afloating potentia.

In order to estimate the time taken for recovery of
the space charge as aresult of the formation of avirtual
cathode in the gap between the plasma front and the
anode and thus the time taken for recovery of amost
zero potential at the jet front, we shall again use Eq. (9)
with the anode current replaced by the Langmuir current
I, since the current leaving the plasma has the same order
of magnitude. Bearing thisin mind, we can write the char-
acterigtic decay time for the potentia U, i.e., the time
taken to form avirtual cathode,

T,=CyU/l,. (20)

It follows from Egs. (9) and (10) in particular that
the intervals between the bursts are greater than the
duration of the bursts approximately in the ratio jA/j.
which is consistent with the oscilloscope traces of the
current given in [6] where the ratio of the burst dura-
tions and the ratio of the intervals between them are of
the same order and j,/j, = 2-5. Substituting into
Eqg. (10) corresponding data from [3] U, = 300 kV,
[, =1KA, and C4= 250 pF, weobtain T, = 10~ s, however
in these experiments the maximum voltage was achieved
within approximately the same time and naturally no
repeated abrupt current peaks were observed.

We shall now consider the possibility of ion acceler-
ation as a result of the formation and destruction of a
deep potential well. Effective acceleration can be
achieved if the lifetime of the well is comparable with
the oscillation period of the ions trapped in the well or
is at least more than half this. In order to estimate the
half-period of the oscillations we shall assume that the
depth of the well is 3U, and the half-width is L. The
square of theion oscillation frequency is estimated as

2_3Z¢eU,
e, (11)

For the acceleration of singly charged aluminum
(A= 27), which was observed experimentally [3], at
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U = 300 kV thelifetime of adeep potential well should
be greater than

Twls] =107°L. (12)
Sincefor the experiments[3] thistime can be estimated

as <108 s the characteristic half-width of the potential
well shouldbelL <1 cm.

However, the half-width of the potential well in
accordance with Section 2 is estimated as
L=2vy/w. (13)
Thisformulaholdsfor the weak relativity which occurred
in these experiments.

In the stable current flow regime the current density
in the experiments [3] reached values of 100 A/cn?. In
accordance with the assumed concepts of current in the
stableregime, thisisprovided by electrons having ener-
gies of the order of the thermal energy at the jet front,
i.e, of the order of 1 eV. The corresponding plasma
density is of the order of 10'* cm= and the Langmuir
electron frequency wis approximately 2 x 10* s,

Substituting these val ues of the Langmuir frequency
and the electron velocity into Eq. (13), we obtain the
half-width of the deep nonstationary potential well L =
0.3 cm (the gap length in these experiments is 2 cm).
Condition (12) required for the appearance of ions
accel erated to maximum energies of around 3ZW (Wis
the energy of the accelerated electrons) during rapid
destruction of the potential well is satisfied. Bearing in
mind that a high-current spark discharge contains ions
having degrees of ionization around 10 [1], and that the
kinetic energy of the electrons leaving the plasmais of
the order of eU,, for the experimental conditions [3],
i.e.,, Uy = 300 kV, we obtain maximum ion energies of
10 MeV. lons having these energies were recorded in
these experiments. Thus, the concept of a deep nonsta-
tionary potential well can explain the collective accel-
eration of ionsin an EEE vacuum diode.

5. CONCLUSIONS

We have shown that it is possible for a deep nonsta-
tionary potential well to formin the presence of an elec-
tric field in the diode gap and we have proposed a model
of the current flow process and the formation of such a
well in an EEE vacuum diodetaking into account an ecton
mechanism for the operation of the cathode spot, i.e., por-
tioned emission from the cathode. The proposed model of
collectiveion acceeration in avacuum discharge based on
the concept of a deep potentia well shows good agree-
ment with known experimental observations. Problems
involved in refining the model and dlowing for two-
dimensional effects (filament formation process, and so
on) will be explained in a subsequent simulation and
experiments.
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Abstract—The phase separation and vortex statesin atwo-component Bose—Einstein condensate consisting of
|F =1, mi = —1Cand |2, 10internal spin states of 8’Rb atoms are considered in the framework of the Thomas—
Fermi approximation. It is shown that in the nonrotating system, the atoms in the state |1, —1Cform a shell
around the atoms in the state |2, 100 The critical angular velocity for each state is calculated. These velocities
depend drastically on the relative concentrations of the components, the critical angular velocity of the outer
component being less than the angular velocity of the inner one. It is shown that the atomsin the |1, —10state
can form arotating ring around the resting core of the atomsin the |2, 1[ktate. © 2000 MAIK “ Nauka/ I nter pe-

riodica” .

1. INTRODUCTION

The implementation of Bose-Einstein Condensa-
tion (BEC) in dilute atomic gases offers new opportu-
nities in studying quantum degenerate fluids [1]. These
condensates, which contain thousands of atoms con-
fined to microscale clouds, have similarities to super-
fluidity and laser and provide a new testing ground for
multibody physics.

The modern theoretical description of dilute BEC
originates from Bogoliubov’'s seminal 1947 paper, in
which he showed that a weak repulsive interaction
qualitatively changes the excitation spectra from the
guadratic free particle form to a linear phononlike
structure. To describe the trapped condensatesat T = 0,
one can use the Gross-Pitaevskii (GP) (nonlinear
Schrddinger) equation for the condensate wave func-
tion [2]. This equation generalizes the Bogoliubov the-
ory to the inhomogeneous phase. It was widely used in
discussing the ground-state properties and collective
excitationsin BEC.

Bulk superfluids are distinguished from normal flu-
ids by their ability to support dissipationlessflows. This
ability isclosely related to the existence of stable quan-
tized vortices. These vortices have been extensively
studied in superfluid “He. Recently, clear experimental
evidence of the existence of a vortex in trapped BEC
[3-5] was reported. Unlike superfluid helium, the trap-
ping potential makes alkali BEC nonuniform. Theoret-
ical work has been concentrated on the critical angular
velocity of the vortex creation, the collective excita-
tions of BEC in the presence of avortex, and vortex sta-
bility considerations [6-13]. It was shown that in con-

TThis article was submitted by the authors in English.

trast with superfluid helium, where the vortex islocally
stable, quantized vortices existing in weakly interacting
gases can be stable only in adriven system and become
unstable without an imposed rotation. Therefore, this
system cannot be superfluid [6, 10, 11].

The most interesting behavior found in the study of
quantum fluidswasin fluid mixtures. Two experimental
groups have shown trapped multiple condensates in a
magnetic trap in rubidium [14] and in an optical trap in
sodium [15]. In these experiments, the spatial separa-
tion of condensates has been observed. One can distin-
guish two types of spatial separation: (a) the potential
separation caused by external trapping potentials and
(b) the phase separation that can occur in the absence of
external potentials due to the interaction between two
condensates. It isthelatter type of phase separation that
we consider in this paper. Thistype of phase separation
has been observed in experiments on simultaneously
trapped condensates consisting of the 8Rb atomsin the
|2, 1Cand |1, —10kpin states (states 2 and 1, respectively)
[14]. In this case, the respective intraspecies and inter-
species scattering lengths denoted as a4, a, and a;,
areinthe proportionay; : a5, : &, =1.03: 1: 0.97 with
the average of the three being 55(3) A [14, 16].

In this paper, we consider the behavior of the binary
mixture of Bose—Einstein condensates of alkali atoms.
We calculate the critical angular velocity needed to cre-
ate stable vortices in either component in the rotating
frame. This quantity is crucially important in view of
the experimental possibility of creating vortices by
rotating the confining trap [5].

The physics of interpenetrating Bose fluids is very
rich and far from complete understanding. While the
properties of rotating single-component Bose fluids
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have been studied very well [6-13], the rotating mix-
ture of alkali atoms presentsanew frontier and is essen-
tialy virgin territory.

In order to derive analytic results, some approxima-
tions must be used. A commonly used one is the Tho-
mas—-Fermi approximation (TFA), which ignores the
kinetic energy terms. It has been shown that for one-
component condensates, the TFA results agree well
with the numerical calculations for large particle num-
bers except for a small region near the boundary of the
condensate [7, 8]. In fact, even for a small number of
particles, the TFA still usually gives qualitatively cor-
rect results. The TFA provides an excellent starting
point of study. However, the TFA should not be relied
upon when a quantitative comparison of experiment
and theory is important. In this case, a numerical
approach based on the Monte Carlo simulation
becomes necessary.

2. PHASE SEPARATION
IN THE NONROTATING CONDENSATE

We first consider the phase separation in the binary
mixture without rotation.

For a two-species condensate, we let gi(r) (i =1, 2)
denote the wave function of speciesi with the particle
number N;. We can then write two coupled nonlinear
Schrédinger (Gross—Pitaevskii) equations

2
Sl TORS LGRS T O
=MW (r) + G11|llJ1(r)|2l|J1(r) + Glz|w2(r)|2lp1(r) =0,
2
im0+ G D)

— HaWo(r) + G| W) Walr) + Go| W (r)*w(r) = 0.

Equations (1) and (2) were obtained by minimizing
the energy functional of the trapped bosons of masses
m, and m, given by

EWa, 42) = [ar] 5|00

1 h?
+Smui(C + Y+ N°Z) )]+ 5[ Wa()]*

i (3
+ 2 (¢ + 7+ M2 Wlr)|

G G
+ 0]+ ZE 0]+ Guala ) 0l .

The chemical potentials i, and |1, are determined by
the relations d3r|l.|Ji|2 = N.. The trap potential is

approximated by an effective three-dimensional har-
monic-oscillator potential well, which is cylindrically
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symmetric about the z-axis, with the ratio A = w,/w,
of the angular frequency in the axial direction w,; to
that in the transverse direction. The experimental

value of A isA = ./8. The interaction strengths, G,;,
G,,, and G, are determined by the s-wave scattering
lengths for binary collisions of the same and distinct
bosons: G;; = 41h%a;/m; and G,, = 2114%a,,/m, where
mt=m + m"

We now consider the phase separation due to the

interaction between the two condensates. In this case,
we have

1 1

zmlwi = zmzwg. 4
We can simplify the equations using dimensionless

variables. We define the length scale

_h ”
an = T, o, ©)
and the dimensionless variables
r=agr, (6)
E = AuyE, (7
Pi(r) = JNaSWi(r). 8)

The wave function ;(r") is normalized to 1. In terms

of these variables, the Gross—Pitaevskii energy func-
tional takes the form

E = 5[ [N Du Ny + "+ N2 -

+ NBZ| 0wy + Np(x? + y? + A°2%) |y
1 a1 , 9
+ §N1u1|l|J1|4 + §N2U232|UJ2|4

21a;,m 02p
7 NaN | s
0

m

+

where B2 =m,/m, = w5/w; and u, = 8ma,;N./a.. In deriv-
ing Eq. (9), we used Eq. (4). Equations (1) and (2) can
be rewritten as

02y + (X2 + Y2+ N 2Z22) W) -y

T
BP0, + (X7 + Y2+ N 22— oW
By + TRy = o, o
where i = 2u/hw,.
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Inthe TFA, Egs. (9), (10), and (11) are further sim-
plified by omitting the kinetic energy. The phase segre-
gated condensates do not overlap, and we can therefore
neglect the last termsin Egs. (9), (10), and (11). In sep-
arate regionsthat do not overlap, Egs. (10) and (11) are
then reduced to simple algebraic equations

W) = uil[u'l—(p'zmzzzn. (12)

= L[ -(p?+ 2227, (13)

u,B”
where p'2 = x? + y*2. From Egs. (12) and (13), one can
see that the condensate density has an ellipsoidal form.

In the case of phase separation, the energy of the
system can be written as

|wi(r)|?

E=E +E,, 14
where
1 1 1 1 1
1 1 o
E, = éﬁwlNz[uz—ZUZBZIdgr |qJ2|“]. (16)

Equations (12) and (13) have been used in deriving
Egs. (15) and (16).

To investigate the phase separation in the mixture,
we first assume that the condensate 1 atoms form an
ellipsoidal shell around the condensate 2 atoms (we
refer to this configuration as configuration a). This
form of the condensateis determined by the form of the
confining potential. To find the position of the boundary
between the condensates, we use the thermodynamic
equilibrium condition [17], according to which the
pressures exerted by each condensates must be equal:

P, = P,. a7)
The pressureis given by [18]
Gii
P = S (18)

Condensate 2 has the form of an ellipsoid with a
long semiaxis q,
p?+2\°z2% = . (19)

Equations (12), (13), and (17)—(19) imply the equa-
tion for q:
Mi—q° = Kpy—KC, (20)

wherek = ,/a;;m,/(a,,m,) .
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The chemical potentials  and P, can be obtained
using the normalization conditions

[l = [driuy” =
and are given by
0
THE = — (21)
%L 5d +2q 0
oo 3 2T w¥en
2
(W) ¥q° 15 5 Y
whereq = @q' and
5Au £
= @)

Equations (21)—(23) allow us to find the chemical
potentials Y; and p, and the semiaxis of the phase

boundary €llipsoid g as functions of N, and N,. The
energy E, = E,; + E,, of configuration ais given by

712

1 g, 15
Ea = EﬁwlNlljJ-l 2z ()
O (H 1)
(24)
8 2,49
[105 73 ~59 * 70 }D
1 d. 15
B = éﬁwlNZD'lZ 2 (ul) 052
[ B*(13)
(25)

3 5
x %1 2q 2“2“1% + [y q7 D

We now consider the opposite case, where the con-
densate 2 atoms form an ellipsoidal shell around the
condensate 1 atoms (configuration b). In this case,
Egs. (20)—(25) can be rewritten as

Wy —0: = K(W3—as), (26)
2, 0,572
(1) = —9-5—(—3—22——; @)
1-5a0 + qa
12
15(1) iy _ Wy _ o )
2up™ts s 0T
1
Ep = Epi + Epo,
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1 0. 15(15)%
Epy = iﬁwlNl[p-l_Z z =
0 (M1)
(29)
20y . .00
n 1 non n
XAy — —2M = M =0
1 D ., 15 (u||)7/2
Ep = éﬁwlNZD'lZ_z > 20 o
B"(K2)
(30)
8 rfh 2.5 digU
e 0 S enls PR MLE
><[105 O3 ~5% 7D}%

where 4 and Y, arethe chemical potentialsin config-

uration b, q; = Ju_z g, is the long semiaxis of the
boundary ellipsoid, and E, is the energy of configura
tion b.

To find which configuration is stable, we must com-
pare E, and E,. We first consider the limiting cases,
wheren, = N,/N; < Land n; = N,/N, < 1.

Inthefirst case, where n, < 1, the approximate solu-
tion of Egs. (20)—(22) is given by

. 1 2 2 5 3
q = %[1'*' §%_§K%}o_é%}- (31)
[ 0 3
My = Hi(1+qp), (32
p.o
' 2 3
Hy = ?1[1"'(*(_1)%"'%], (33)
where
_ 2N
% = G50 - (34)
It follows from Egs. (26)—28) that
Vo 5 20,2
q. = 1—po—§H(—§Dpo
(39)
_2ge 14,2240
8 5 K 5P
My = Wi(1+3K°pp), (36)

mn 1
My = Migl—2(k = 1)po+ 5(6K” + 4k —1)piq (37)

where

Po = 02" DUZ.
D15KZD

(38)
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Using Egs. (31)—38), we easily show that

AE = E,—E, = Lho,N,pu02=Xn,.
2 K
This showsthat AE < 0 for kK > 1, and configuration
aistherefore stable.

We now consider the case wheren, < 1. An approx-
imate solution for configuration a is given by

(39)

g =1-x
5(3—2K) 2> 224k°—630K + 225 3 (40)
- X — > X,
6K 72K
v 0Qd45 K—1_  K’—4K—6_o]
by = B+ 25X =S (4))
1 3
My = upB“°HL+ K—zng (42)
where
1/2
_ IjZKanD
X= 0150 (43)
For configuration b, the solution has the form
G =y+—3 Y —gY (44)
My = B
2. oa 2K=1)(5k—2) 41 4D
X[K (K=1)y" +Ky 15 y],
s = BHa(1+yY), (46)
where
_ [2Kn1|:|:U3
The energy differenceis
AE = %hwlNzugnl(l—K). (48)

We see from Egs. (39) and (48) that configuration a
has a lower energy if kK = ,/a;;m,/(a,,m;) > 1. For

m, = m, thisis consistent with the qualitative assertion
and the experimental observation that it is energetically
favorablefor the atomswith the larger scattering length
to form alower density shell about the atoms with the
smaller scattering length [14, 19].

To evaluate AE in general case, it is useful to first
estimate the energy of the phase boundary that arises
due to the gradient terms omitted in the TFA. The sur-
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face tension 0 = EJ/S, where E; is the surface energy
and Sisthe interface area, can be written as[20, 21]

— hwl D a12
Zﬁaém a8y

x Wil | W (N Jws* + NJwy )™

Taking into account that the surface area of the ellipsoid
with the semiaxis aq is given by

2
18 (NN
(49

= 2naDq2%L + 1 Er

-1 )\ A-1

(50)

we can estimate the contribution of the surface energy
E, = oSto the total energy of each configuration. To be
specific, we use the parameters corresponding to the
experiments on &Rb atoms. In thiscase, m; = m,, a; =

2.4x10%cm, and N =N, + N, = 0.5 x 10° atoms.

In Fig. 1a, we show the energies of configurations a
and b (including the surface energy) E./(%uw,N) (solid
line) and E /(fiuyN) (dashed line) as functions of
logh, . One can seethat E, isalwayslower than E,. Fig-
ure 1b represents the difference AE = (E, — Ep)/(Aw;N).
The behavior of AE for small and large values of n, is
well described by Egs. (39) and (48). Figure 1c illus-
trates the behavior of the surface energy as a function
of n,. We note that the surface energy is much smaller
than the interaction energy because the scattering
lengths g hate very close values (see Eq. (49)).

3. VORTEX STATES
IN THE ROTATING CONDENSATE

We now consider atrap rotating with the frequency
along Q the z-axis.

For a vortex excitation with the angular momentum
#il;, the condensate wave function is given by

() = W (0]e". (51)

In the rotating frame, the energy functiona of the
systemis

Ealls 12) = EW, W)

3 * *\: (52)
"‘Id r(gy, +Wp)inQoy(w, + ).

With the wave function for the vortex excitation in
Eq. (51) inserted in Eq. (52), the effective confinement

potential for the bosons becomes I24°/2mp? +
124 12myp? + V, + Vi, Where V, = ma(p? + A222)/2 and
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log(N,/N;)

Fig. 1. (8) The total energies of configurations a and b,
E/(hoN) (solid line) and Ep/(hw;N) (dashed line), as

functions of logn,. (b) The difference AE = (E; —
Ep)/(fiunN) asafunction of logn,. (c) The surface energies
as functions of logn,. Solid line corresponds to surface

energy Eg, for the configuration a, dashed lineto the surface
energy Eg, for configuration b.

p? = X2 + y2. In the nonoverlapping regions, in the TFA
the density of the vortex state is therefore given by

lpyr)|* = ull[u'l(u)—(p'zmzzz)—;—}z}, (53)

2,2
i) = —;——z[u;(lz)—(p'2+ﬁz2)—%,';}. (54)

2

Theimportant new qualitative feature of avortex inthe
TFA is the appearance of a small hole of the radius ¢,
such that &7 O I7/p(1;), with the remainder of the con-
densate density essentially unchanged. The fractional
change in the chemical potentials caused by the vortex
[1i (1) = 1 1/ can be shown to be small [6, 9]: on the
order of 1/N*5. In calculating physical quantities
involving the condensate density, it is sufficient to
retain the nonvortex density and simply cut off any
divergent radial integrals at the appropriate core sizes

£2 =12/} or &5 = B2I5/p,. We note that calculating
the vortex properties using the unperturbed density cor-
responds to the hydrodynamic limit.

For the phase segregated condensate, we find from
Egs. (51), (52) and (15), (16) that the energy change
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Table
Qlwy, n, Iy Iy Eio» 107
0.1 10 1 0 1.296863
0.1 10.0 2 0 1.287497
0.15 10 2 0 1.295151
0.2 10 3 1 1.292344

due to the presence of the vortices, AE = E 4(I4, I,) —
E (0, 0), hasthe form

AE = AEy, +AEy,

1 a2, .. 20l O
= éﬁwlNl d3r D_'12|l-IJ]_|2_ 1|LIJ |2
p U (55)
1 2Ql
+§ﬁw1N2 dsr |l|J2| - 2|L|-’2| D

In the hydrodynamic limit, ; is given by Egs. (12)
and (13).
We now consider the stable configuration a. In the

hydrodynamic limit, the location of the phase boundary
isgiven by Eq. (19). It follows from Eqg. (55) that

AEy, _ SEu)™0, 2m 4}
- 5/2 1.3
LioN, (1) 3
2 (56)
20, 2K 0 2Ql,
-S|y -4 -
Q. /0,
1.0 T Al T T
\
\
0.8 \ i
\
\
0.6f ) -
\
\
04} \Qy, .
021 QN] e y
— Tttt
0 1 1 1
-2 0 2
log(Ny/Ny)

Fig. 2. Critical angular velocities Q /wy and Qy /y s

functions of logn, for configuration a. Solid line corre-

sponds to the outer condensate 1, dashed line to the inner
condensate 2.
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AEy, 15'2(“1) q v 20
: [Bh 3u1q a
‘ﬁwlNz 2( 2)
2 (57)
2«/u1uzq B‘ ulq 0] _ 291,
2[3 9 O W,

The critical angular velocities required to produce
the vortex states in each condensate can be determined

from the conditions AEy <0 and AEy <0 and are
given by

1 3/ 1
O, _ 5,000 2 4

W, 2 0,52 I 30
(H1) (58)
3 2u;q 0
-39 8- 3% %L__}E
QNz 15'2(“1) q 2]
o o)™ a7 1
(59)
% In P—1U2q ' Ulq }
1B 9O

To find the asymptotic behavior of the critical angu-
lar velocities (58) and (59) for N, < N; and N; < N,, we
use approximate solutions (31)—(34) and, thus, obtain

QNl —_ 5|l

W, 2pd N

2“1 40 151,

3|:| 4uo

21430
n=7- 15, (60)

Q 31,B%[ O2ulq,O
N, _ 2082{“’1[} 1I-IJ-21(310D_ 1}
Wy 2110, 1,30 (61)
_% |n%ﬂ%_éKD+ lK—§
W | YL 50 127 4]

We see from Egs. (60) and (61) that, asn, —» 0, the
critical angular velocity of the external condensate
Q,, tendsto that of the pure condensate with the scat-
tering length a,, [see Eq. (26) in [9]]. The critical angu-
lar velocity of the inner condensate Q) tends to the
infinity asn, — 0. However, this consideration cannot
be applied to rapidly rotating gases with Q compara-

ble to w,, where the form of the condensate depends
on Q [13].
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In the opposite limit n; = N;/N, < 1, the critical
angular velocities can be written as

Qy, _ | ZHgBMS
w0, 2uoB4/5|n l,
| 2 21,0345 (62)
+ﬁ[(3—K)|n—E§E—+3—2K}X,
3K B
Qy, _ 51,80 2u5 40
o 0 1/5_§D
0, 2u, O 1,B O
(63)

15l 6/5D 2 0 0
+ f)Bz An-2t2 _15¢.
2UK° 0O 1,8 U

In deriving Egs. (62) and (63), we used the approximate
solutions (40)—(43). We note that, asn, — 0, the crit-
ical angular velocity (63) has the same form asthe crit-
ical velocity for the pure condensate with the scattering
length a,, and with the chemical potential p°B*>.

Figure 2 shows the critical angular velocitiesfor the
external (Qy, ) and the inner (Q, ) condensates as

functions of n, = N,/N, for I, =1, =1.

Using Egs. (52) and (55), one can find the vortex
configurations corresponding to the energy minimum
for agiven angular velocity Q/w;. In the table, we rep-
resent angular momenta of condensatesthat correspond
to the minimum of the total energy E,/Aiw, of the sys-
tem for different values of the angular velocity and n,.
In the calculation, we use the parameters for the 8’Rb.
E.: IS calculated as the sum of E (Eq. (14)), the surface

energy E [Egs. (49) and (50)], AEy, [Eg. (56)), and
AEy, (Eq. (57)].

4. CONCLUSIONS

We have shown that, in the 8’Rb condensate, the
atomsin state 1 form a shell about the atomsin state 2,
the critical angular velocity for each state being drasti-
cally dependent on therelative concentrations. The crit-
ical angular velocity of the outer component islessthan
the angular velocity of the inner one. When the ratio of
the number of state 2 atoms to the number of state 1
atomsis sufficiently small, the critical angular velocity
of the inner state becomes very large; in the framework
of the hydrodynamic approximation, it is larger than
the oscillator frequency characterizing the confining
potential and decreases smoothly with increasing the
number of atomsin state 2. From the table, one can see
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that atomsin state 1 can form arotating ring around the
resting core of the atomsin state 2.
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Formation of a Grating of Submicron Nematic Layers
by Photopolymerization of Nematic-Containing Mixtures
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Abstract—A submicron, spatially periodic, structure consisting of a sequence of oriented layers of a nematic
liquid crystal (NLC), separated by isotropic polymeric walls, was obtained experimentally. This was accom-
plished by polymerization induced by the interference pattern of UV laser radiation in a NLC-containing pre-
polymer mixture. It was established that such a structure occurs when phase separation and nematic ordering
are prevented during the polymerization process. These structures are the diffraction elements, whose efficiency
is much greater than that of a standard grating of polymer-dispersed liquid crystals [1-4] which is obtained in
the same initial mixture. Specifically, a diffraction efficiency of 60—70% was obtained for structures with the
period A = 0.2 um, even in mixtures where a grating with A < 6 pm cannot be obtained at all by the standard

technique.

1. INTRODUCTION

Starting with the works of Sutherland et al. at the
beginning of the 1990s [1, 2], the use of polymer-dis-
persed liquid crystals (PDLC) for electrically controlla
ble diffraction and holographic components became
just about the main topic of interest in electro-optic
effects based on PDLC. The reason for such interest is
obvious (see, e.g., [3-5])—it is dueto the possibility of
obtaining inexpensive elements for commercia
devices.

To obtain high diffraction efficiency and high opti-
cal quality for gratings and hologramsit is necessary to
obtain lines with quite uniform morphology. Then,
optical nonuniformities (due to nematic drops) with the
same gspatial size as the wavelength of the radiation
used for diffraction can be avoided. There are two obvi-
ous ways to accomplish this.

The first one, used in [1-4], consists in obtaining
drops of aliquid crystal (LC) which are much smaller
in size than the wavelength mentioned above. This is
the approach employed in the conventional methods of
obtaining polymer-dispersed liquid crystals using UV
radiation with spatially uniform intensity. In this case
the only internal spatial scaleinthe problem isthe min-
imum size of a thermodynamically stable drop and,
possibly, the size of the radiation intensity nonunifor-
mities arising after drop formation starts.

The second method is based on the possbility of
obtaining uniform stripes of polymer and nematic rather
than, say, PDLC stripes with nematic content varying
from the maximum to the minimum of theintengity distri-
bution, or if polymer stripes alternating with PDLC
stripes. Of course, thissituation isimpossibleinthetra-

ditional method of obtaining PDLC using spatially uni-
form radiation. Indeed, in this case phase separation is
athreshold (with respect to the radiation intensity) sto-
chastic process, starting in a sample with initialy uni-
form concentrations of a nematic and a monomer and
accompanied by efficient mass transfer. A process of
this kind leads to a quite random morphology of the
sample. However, when theinitial mixtureisirradiated
with aspatialy periodic intensity distribution (an inter-
ference pattern) and therefore a periodically nonuni-
form degree of polymerization it islogical to infer that
masstransfer startslong before phase separation occurs
(and it could be completed before the isotropic-liquid—
nematic (I-N) phase transition starts). Thus, if such a
scenario is possible, then it will also be possible to
obtain not drops but rather quite uniform regions of
nematic and polymeric isotropic phases, provided that
during photoinduced polymerization phase separation
and atransition are prevented by means of an additional
external action. Then no random processes will occur,
and one can validly expect to obtain quite regular mod-
ulation of the nematic concentration within a period of
the grating.

On the other hand if the indicated preventative
action is suppressed after polymerization is completed,
then therigid polymeric structure will make it impossi-
ble for random deformations of the polymer stripes to
occur during al-N transition, which can occur in NLC
rich regions of the sample.

The successful results of such an approach are dem-
onstrated in the present paper.
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2. EXPERIMENTAL APPARATUS

Three types of initial systems were used. They con-
sisted of afree polymeric mixture (monomer—photoini-
tiator) and nematic components with high solubility in
the prepolymer.

Thefirst type consisted of the prepolymer composi-
tion SAM-114 (Merck), diluted with a 5CB nematic.
This is the conventional acrylate prepolymer system.
Its components are highly mutually soluble, the initial
weight concentrations Cy of the NLC from 0 to 95%
were thermodynamically stable and formed a spatially
uniform isotropic mixture.

The second prepolymer system employed was a
SAM-114 composition, diluted by the nematic BL036
(Merck), which possesses a nematic—isotropic (N-)
transition temperature above 90°C and virtually the
same room-temperature optical properties as the 5CB
nematic. The maximum thermodynamically stable
concentration of this nematic in the prepolymer is
Cy = 55%.

The third mixture was a standard prepolymer mix-
ture NOA-65, diluted with the nematic 5CB. This mix-
ture also exhibits mutual solubility in the range O—
100% of the NL C concentration with the resulting mix-
ture being up to 92% isotropic.

The samples consisted of thin (11 pum thick) plane-
parallel layers between two glass plates with standard
transparent electrodes (ITO).

The optical arrangement isshownin Fig. 1. A trans-
verse—-unimodal beam from an argon laser, operating at
the wavelength Ag = 0.3548 um (Coherent Innova 90C)
with power monitored with a standard measuring
devicein arange 3-100 mW, was expanded with atele-
scope BE to a diameter of approximately 25 mm. The
beam edges were cut off with an iris diaphragm, so that
the intensity in the remaining aperture (2-5 mm in
diameter) was uniform to within 4-5%. Next, a beam
splitter BS split the beam into two beams with approx-
imately the same intensity (1,/1, = 0.95 + 0.02). These
beams interesected one another on the entrance plane
of the sample, creating an interference pattern whose
spatial period varied in range A = 6.3-0.2 um. The
polarization was of stype, i.e., the E vector of the radi-
ation was directed along the lines of the grating.

The diffraction efficiency of the grating was mea-
sured with a dightly focused (beam diameter about
1 mm inside the sample), approximately 1 mW, probe
beam, which was a so s polarized, from an He-Ne laser
(Ag = 0.63 pm). The power of the transmitted probe
beam (zeroth order of diffraction) and in the first dif-
fraction order were recorded with PD; , photodiodes,
respectively. It should be noted that everywhere below
the datafor the diffraction efficiency n are scaled to the
power of the transmitted beam before polymerization
onset.

W note that in short-wavelength part of the above-
mentioned range of grating periods the wave mismatches
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He—Ne-laser

Fig. 1. Optical arrangement for writing and investigating
gratings (explanation in text).

X
A
k
k2 "1 kd
q V4
kl Tl kR

— L

Fig. 2. The diffraction geometry employed: k, , are wave

vectorsof thewriting beams, q iswave vector of the grating,
kg, g arewave vectors of the probe and the first order of dif-

fraction, k is away factor of the second order of diffraction,
A is wave mismatch of the latter, L is sample thickness, and
x and z are coordinate axes.

AL for the first order of diffraction can reach values of
about 3—4 rad, thereby suppressing the required to dif-
fraction maximum. The only possibility of avoiding
these mismatches for an individual diffraction order is
to make the appropriate choice of the required angle of
incidence of the probe beam (see Fig. 2). The angle of
incidence of the probe been kg is chosen so that the
bisector of the angle between the beamsk; , producing
the pattern is also the bisector of the angle between the
beams kg and k, the latter of which is some order of its
diffraction (in our case—the first order). It is easy to see
that for this, and only for this, maximum the wave mis-
match AL = 0, whilefor all other possible maximaAL £ 0
and therefore they are suppressed to a grester or lesser
degree (0sin?(0.5AL)/(0.5AL)%). Therefore, in all experi-
ments described below the probe been was adjusted
appropriately so as to correspond to the geometry shown
in Fig. 2. Therefore, none of the diffraction efficiency
data contain errors associated with wave mismatches.
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%

7

Fig. 3. Photomicrographs of gratings obtained in a sample
with Cy = 59.9% with intensity 5 mW/cm?: (a) T = 22°C
and (b) T = 55°C. Here and below the vertical arrangement
of the lines in the photomicrographs corresponds to the sto-
chastic orientation of the axes of the drops, and an arrange-
ment inclined by 45° corresponds to a uniform orientation
along thelines.

fb)

It should aso be noted that for A < 0.317 um it is
impossible to perform diffraction efficiency measure-
ments of this kind, since a diffraction maximum is a
nonuniform wave. Consequently, for gratings with a
shorter spacing the data were obtained when one beam,
forming the interference pattern, was used as the probe
after the polymerization process was completed.

To avoid ambiguity associated with such a differ-
ence of thewavel engths of the probe beam for large and
small A in theinterpretation of the data, the diffraction
efficiency of the gratings was compared for both wave-
lengths (Agand Ag) inrange 0.5 um > A > 0.35 um. This
comparison revealed that in entire indicated range both
the diffraction efficiencies differ only by a constant fac-
tor associated with the difference of the optical thick-
nesses nL/A of the sample for these wavelengths. For
convenience in making comparisons, the data “renor-
malized” to the wavelength Az = 0.63 um are presented
everywhere below.

The morphology of the samples obtained was mon-
itored with a standard polarized microscope with reso-
[ution of the order of 0.5 um and recorded using a stan-
dard CCD camera.

Naturaly, the individua lines of a grating were not
resolved for short periods. In this case the microscope was
used only for monitoring the orientation of the anisotropic
medium obtained.

3. EXPERIMENTAL RESULTS

Our approach to the problem of searching for an
external action that prevents phase separation and an
I-N transition during the polymerization process con-
sisted of the following.

Inthefirg place, asaready mentioned above, we used
a monomer and a nematic which dissolve well in one
another. Moreover, the nematic concentrations used in the
experiments were only dlightly higher than the thresh-
old for phase separation when the mixture was irradi-
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ated with a uniform beam with the same intensity range.
Thus, the amount of the nematic in the experimental sam-
ple corresponded to almost complete solubility not only
in the initial monomer but aso in the corresponding
polymer.

In second place, before irradiation with an inter-
ference pattern the sample was heated (with a stan-
dard liquid optical thermostat) to temperatures above
the N-I transition temperature of a pure nematic
component. Such heating made it possible to prevent
an I-N transition during the polymerization process,
simultaneously increasing the above-indicated solubil-
ity and thereby preventing phase separation during the
polymerization process.

Under such conditions mass transfer can be due
only to the spatial modulation of the degree of polymer-
ization within a period of the interference pattern. The
corresponding mass transfer itself consists of diffusion
of the nematic (and also, possibly, the monomer and
low-molecular reaction products) during and after the
completion of the photoinduced polymerization. Pro-
cesses of this kind have been observed and investigated
in arecent work [6] for the first of the above-enumer-
ated types of initial mixtures. Specifically, it was estab-
lished that processes of thiskind can result in very high
degrees of spatial modulation of the nematic concentra-
tion (up to 90-95%). This modulation, even in the
absence of an |-N transition engenders a diffraction
grating (caled in [6] a“pregrating”), which has a quite
low diffraction efficiency (1-2%) but is of high-quality
(there is no spontaneous scattering characteristic of
PDLC).

3.1. SAM-114-5CB Mixtures

The range of nematic concentrations Cy = 50-70%
was investigated for mixtures of this type. Samples of
thickness L = 11 um were irradiated for 10 min, which
is sufficient for polymerization to be completed in this
system (see [6]). The grating morphology obtained for
A = 6.3 um is presented in Fig. 3. Both gratings pre-
sented were obtained in the same sample with C =
60% using the same radiation intensity Iz = 5 mW/cm?.
Thefirst one (Fig. 3a) was irradiated at room tempera-
ture, so that phase separation started during irradiation.
It isevident that thisis an ordinary PDLC grating (see,
for example, [1-3]) with stochasticaly oriented nematic
drops. At the same time the second grating (Fig. 3b), irra-
diated at temperature 55°C and slowly (in 40-50 min)
cooled to room temperature, contains uniformly ori-
ented stripes of an extended nematic phase with very
sharp, undistorted changes.

The typical temperature dependences of the diffrac-
tion efficiency of such gratings are presented in Fig. 4.
It follows from the figure that, as expected, the depen-
dences decay rapidly near the point of the N-I transi-
tion, which occurred for mixtures of this type near
25°C (the N-I transition of a pure nematic 5CB starts at
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37°C, but the fact that the substance in the nematic
stripes of the grating is strongly diluted by nonme-
sogenic reaction products must be taken into account).
It is evident from the figure that the diffraction effi-
ciency reaches 25%, while for the grating obtained at
room temperature the diffraction efficiency for mixtures
of thistype does not exceed 7%. Such asharp increasein
the diffraction efficiency is explained primarily by the
absence of losses due to stochastic scattering in PDLC.

We did not perform systematic measurements of the
dependences of the diffraction efficiency on the radiation
intensity and the period of the pattern, since the reproduc-
ibility of such measurements was poor because the tem-
perature of the N—I transition was close to room temper-
ature. On the other hand thereis also room for improve-
ment of the longevity of the gratings obtained in these
mixtures. Although in some samples the grating mor-
phology remained unchanged after one year of storage,
in most samples the nematic ordering at room temper-
ature vanished in hours—several days, i.e., the samples
transformed into a*“ pregrating” state [6]. Such aloss of
ordering is due to slow diffusion of the nematic from
the stripes into the surrounding exposed region of the
solution and back diffusion of the monomer from the
solution.

3.2. SAM-114-BL036 Mixtures

Samples with a thickness of 11 um were irradiated
at 65°C for 10 min, which, as experiments showed, was
adequate for polymerization to be completed. This means
that irradiation for alonger time would not change the
properties of the gratings obtained.

The results obtained to reduce, qualitatively, to the
following. Inthefirst place, it must be underscored that
SAM-BLO036 mixtures were found to be more than
unsatisfactory from the standpoint of the obtaining
gratings by the conventional methods [1-3] (i.e, at
room temperature). Specifically, even for optimal irra-
diation intensities (see below) it was impossible to
obtain diffraction efficiencies above n, = 2-3%. Even
such values could be obtained only in a very narrow
range of nematic concentrations Cy, = 33-35%; for all
other concentrations the diffraction efficiency did not
exceed the “pregrating” level (<1%). This was due to
the extremely high losses of the probe beam to stochas-
tic scattering. Even the above-indicated values of the
diffraction efficiency could be reached only for rela-
tively large grating periods A = 6.3 um. For smaller val-
ues of A the diffraction efficiency was below the thresh-
old of experimental detection, which is 0.2%.

Thisisdue to the morphology of the gratings obtained
(see Fig. 5a). The grating lines are aimost overlapped by
individual drops of the nematic, which typicaly are at
least 4 um in size. Probably, the surface tension at the
nemati c—polymer interface for mixtures of this typeis
very large and the indicated drop size is the minimum
thermodynamically admissible value.
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Fig. 4. Temperature dependences of the diffraction effi-
ciency of gratings recorded at T =55°C; C\ =59.9%; | =

(0) 15 and (=) 10 mW/cm?.

(b)| | | | I !C!"ll""l

Fig. 5. Photomicrographs of gratings. (&) A =6.3um, T =
22°C; (b—d) A = 6.3, 4.8, and 1.44 um, respectively, T =
65°C; and (e) A\ = 1.44 um, the phase separation threshold
is exceeded; (d, €) the microscope does not resolve individ-
ual lines.

The results obtained using the above-described heat
cycle differ radically from the results presented. On the
whole it should be noted that diffraction efficiencies
exceeding 20% were observed for any grating periods
in the range A = 6.3-0.22 um. Moreover, the grating
morphologies presented in Figs. 5b-5d exhibit, just as
for mixtures of thefirst type, a sequence of layers of an
oriented nematic phase with sharp straight boundaries
separated by an isotropic polymer. There are no drop
defects, and consequently there is no stochastic scatter-
ing of the probe wave. Of course, for a more accurate
proof of the nematic nature of the layers obtained it
would be desirable to perform electron-microscopic
investigations. However, an indirect confirmation of the
nematic nature isthat extended disclinations, character-
istic of nematics, are sometimes present in the anisotro-
pic stripes observed (see Fig. 6).

We shall now present the quantitative results. We
shall confine ourselves to the case of the “best” (for
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Fig. 7. Temperature dependences of the diffraction effi-
ciency of agrating for SAM-BL036 mixtures; A = 1.8 um.
Radiation power: (w) 5 (o) , 30, and (e) 15 mW.
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Fig. 8. Diffraction efficiency versus the radiation intensity
for the mixture SAM-BL036; A = (o) 0.31 and (e) 8 um.
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obtaining high diffraction efficiency) concentration of
the nematic in the initial mixture, Cy = 32%. For other
concentrationsin the range Cy, = 25-40% theto diffrac-
tion efficiency was somewhat lower. This can be easily
explained qualitatively. Specifically, for lower concen-
trations of the nematic, the width of the nematic stripes
obtained was already equal to half the grating period,
while for higher concentrations the stripes were wider
than half the period, and in the limit of very high con-
centrations the stripes even overlapped. The concentra-
tion Cy = 32% corresponded experimentally to stripes
whose width was equal to half the period, which isopti-
mal for obtaining high diffraction efficiency.

It should be noted that, in contrast to mixtures of the
first type, in the present experiments the irradiation
temperature (65°C) was lower than the N-I transition
temperature for a pure nematic (about 100°C). The
problem is that irradiation at 100°C did not give the
result: i.e.,, no gratings or subgratings were obtained.
Thisis probably due to melting of the polymer at such
temperatures. In this case the polymer chains acquire
mobility and they is no reason for spatial modulation of
the concentration (see [6]).

Thus, phase separation and the I-N transition in the
polymerization process are possible in principle. This
was observed experimentally above a certain critical
value of the radiation intensity 1,(/\), which depended
strongly on the period of grating. The texture of the
grating was partially damaged by drop defects as well
as by scattering isotropic inclusions present in the poly-
mer layers (see Fig. 5€). The temperature dependences
of the to diffraction efficiency of the gratings obtained
are presented in Fig. 7 for the period A = 1.8 um. The
qualitative form of the dependences for other periods
investigated isidentical.

The radiation intensity dependences of the diffrac-
tion efficiency are presented in Fig. 8. It is evident that
for each A there exists an optimal value of theradiation
intensity, which depends on A. The dependences of the
optimal intensity and of the corresponding value of the
diffraction efficiency on the grating period are pre-
sented in Figs. 9aand 9b, respectively. It is evident that
the diffraction efficiency reaches 70% even for short
periods A = 0.22 pm, which correspond to Bragg
reflection of green light at normal incidence; the dif-
fraction efficiency is at least 20%.

The optimal intensity increases sharply at the grat-
ing period decreases. We aso note that there exists a
critical value of the latter, in this case A = 0.19 um,
below which it is impossible to obtain a grating even
with the intensity exceeding the optimal value by afac-
tor of 20 for A = 0.22 um.

The longevity of the gratings obtained was quite
poor. Asarule, agrating degraded after 40-50 h of stor-
age at room temperature. However, the degradation
processes themselves in this case are quite curious and
have nothing in common with the degradation occur-
ring in SAM-5CB mixtures. Microscopic observation
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Fig. 9. Optimal writing intensity the (a) and maximum attainable diffraction efficiency (b) versusthe grating period for the mixture

SAM-BLO36.

reveals formation and growth of nematic “lakes,” local-
ized at the nematic—composite interfaces.

On the other hand if an exposed sample was held at
the exposure temperature for more than one week, no
textural defects were observed after cooling, and the
diffraction efficiency was the same as that obtained
with immediate cooling after exposure.

It seemsthat in this case the degradation of the grat-
ings has nothing in common with real physical—chemi-
cal processes occurring in theinterior volume of asam-
ple. Judging from everything, the degradation is due to
the difference of the temperature expansion coefficients
of the nematic and the polymer. This resultsin mechan-
ical stresses in a cooled sample, causing the polymer
layers to detach from the substrate and the nematic to
flow into the gap that is formed. Thus, this degradation
is most likely a technical defect of the mixture rather
than a serious process that must be studied in detail.

3.3. NOA-65-5CB Mixtures

For mixtures of thistypeit should be noted, first and
foremost, that in contrast to preceding mixturesthe dif-
fraction efficiency of the gratings, recorded at room
temperature (with phase separation during polymeriza-
tion and formation of PDLC), was not so bad. Conse-
guently, in this case we performed comparative investi-
gations for two cases. measurements at room and
higher temperatures. The thickness of the samples was
also 11 um, and the exposure time needed to complete
polymerization was slightly lessthan 7 minin this case.
The nematic concentration in the initial mixture was
50% for al results presented below (which simply cor-
responds to the experimental optimal; see preceding
section).

The morphologies of the gratings obtained at room
temperature (T = 22°C) corresponded to the ordinary
aternation of the layers of the polymer and PDLC, as
in Fig. 3a. The only differences were that the character-
istic drop size was much smaller (of the order of 0.5 um)
and thedirector inthe nematic in the dropswas oriented
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along the grating lines (70-80% of the drops according
to avisual count).

Figure 10 shows the dependences of the diffraction
efficiency on the radiation intensity with room-temper-
ature exposure. It is evident that here the intensity is
optimal, but its value does not depend on the period of
the grating. The diffraction efficiencies obtained are
moderate: 30% for A = 1.8 um and lessfor shorter grat-
ing periods. Substantial losses (up to 20% of the power
of probe beam) due to stochastic scattering are
observed.

For high temperatures (T = 45°C, which is higher
than the N-I transition temperature in pure 5CB) the
analogous dependences are presented in Fig. 11. It is
easy to seethat the diffraction efficiencies are twice the
values at room temperature. Thisisdue primarily to the
absence of scattering losses (the grating morphology is
virtualy identical to that presented in Fig. 3b). The
optimal intensities turned out to be much higher than
for the room-temperature case, and they increased as
thegrating period decreased. The dependences of the opti-
mal intensity and the corresponding diffraction intensity
are presented, respectively, in Figs. 12aand 12b for both

n. %
30+

201

0 4 8 12 16
1, mW/cm2

Fig. 10. Intensity dependence of the diffraction efficiency
for NOA-5CB mixturesirradiated at T = 22°C, A = () 1.8,
(m) 0.56, (e) 0.38, and (o) 0.22 um.
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Fig. 11. Intensity dependence of the diffraction efficiency
for NOA-5CB, T=45°C, A =(m) 1.8, () 0.38, and (o) 0.22 um.

exposure regimes. It is evident that the “hot” exposure
regime, aside from everything else, substantially expands
therange of admissible grating periods toward shorter val-
ues. Specificaly, it is possible to obtain a grating with a
period of 0.17 um (compared with your 0.25 um at room
temperature). Even though this difference seems negli-
gible, itis of central importance from the standpoint of
the possihility of recording Bragg reflection gratings
and holograms. The second value presented above
(0.25 pum) corresponds to a reflection grating for A =
0.66 um (far red part of the spectrum, almost the infra-
red range); the first value (0.17 um) correspondsto A =
0.51 um (green line of the argon laser).

The longevity of the samples in these experiments
was much better than for the two preceding mixtures.
The properties of the gratings remained unchanged for
at least one month.

4. DISCUSSION AND CONCLUSIONS

We shall now formulate the basic qualitative results
obtained.

(1) The technigue described above makesit possible
to obtain an actually new type of composite material—

Lopts mW/cm?
80 (a)

60

401

20

0 0.4 0.8 1.2 1.6
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a spatially periodic sequence of submicron layers of a
polymer and aliquid crystal. The texture of the grating
formed is free of defects with scale of the order of the
wavelength of the optical wave; this makes it possible
to obtain, specifically, a diffraction grating whose effi-
ciency is much higher than that of PDLC.

(2) The spatial period of the gratings formed can be
substantially shorter than that of PDLC gratings in the
same initial material. This makes it possible, specifi-
cally, to obtain reflective gratings and holograms.

(3) The nature of the processes leading to the forma-
tion of the above-described gratingslies not in the opti-
caly induced phase separation, as in for PDLC but
rather in the induced spatially nonuniform polymeriza-
tion of the mass transfer (diffusion) of the components
of the initial mixture. Consequently, the texture of the
grating obtained does not contain stochastic defects
which are characteristic of random processes such as
nucleation with phase separation.

(4) The dependence of the diffraction efficiency of the
gratings obtained on the intensity of the writing radiation
exhibits a peak whose magnitude and position depend
on the period of the grating.

(5) The lower limit on the grating period below which
it is impossible to write a grating for any intensity (by
analogy to radio engineering we shall cal it the “cut off
period”) is observed for each specific type of initia
mixture used.

(6) Degradation processes occur in the structures
described above, but these processes are quite smple and
in al probability they can be prevented.

We propose the following scenario of the processes
which are responsible for the formation of gratings. We
believe that this scenario leads to a quditative correspon-
dence of the gratings to the observed properties. First,
even though before mass transfer starts the nematic has
a gpatialy uniform distribution, we assume that the
processes can be described on the basis of the standard
Fick diffusion.

However, this diffusion occurs not in the entire vol-
ume of the sample but only in its “active’ part, which is

%
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Fig. 12. Optimal intensity (a) and maximum attai nable diffraction efficiency (b) versusthegrating period A for the mixture NOA-5CB;

T=(m) 45 and (O0) 22°C.
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not occupied by stationary polymer chains (the “passive”
volume). We assume that only part of the nematic mole-
cules, which approximately corresponds to the solubility
of the nematic in the polymer, remainsin the passive vol-
ume. The excess domestic is displaced into the active vol-
ume, where its concentration is spatially modulated and
ordinary diffusion, tending to equalize the concentration,
starts. Thus, the average concentration of the nematic over
the entire volume (which is responsible for modulation of
theindex of refraction) is spatialy modulated. Thermody-
namically, this formulation of the problem is essentialy
analogous to osmotic processes, where the passive vol-
ume of the stationary polymer acts like a membrane.
The corresponding thermodynamic analysis was per-
formed in [6]. It was based on considerations of spatial
uniformity of chemical potentials of the componentsin
thefinal equilibrium state. Thisanalysisisquitesimple,
but, unfortunately, it is fruitless from the standpoint of
predictions, since many unknown parameters, such as
the intermolecular interaction energy, are used.

Diffusion of the monomer, which likewise tends to
equalize its concentration in the active volume, sarts
smultaneoudy with diffusion of thenematic. Thisenriches
with the monomer the regions where the resction rate is
highest (these regions correspond to the maximum of the
interference pattern of the radiation). This process pre-
sumes to possible reaction machines. The first one (dow
polymerization) is a regime where the reaction is dow
enough (for a given grating period) so that the monomer
can diffuse beforeit isconsumed in thereaction. Inthe sec-
ond regime the reaction is quite rapid and there is not
enough time for mass transfer of the monomer to occur.

At firg glance the dow regime is preferable, since it
gives additional modulation of the concentration of the
reaction products, delivering the monomer to the actively
reacting regions. However, the final judgment concern-
ing this question requires a more detailed analysis,
since it is hecessary to determine what the above-indi-
cated passive volume, whose “concentration” controls
the mass-transfer processes, is.

A distinguishing feature of the passive volumeisits
constituent macromolecules are stationary. Conse-
guently, not all reaction products, but only chains with
sufficient length N, can be associated to the passive vol-
ume. On the other hand it is known [7] that for radical
polymerization, which is typical for the systems con-
sidered, the chainsformed are all the longer, the slower
the reaction. Thus, we can arrive at the opposite conclu-
sion. Specifically, the diffusion of the monomer removes
theinitial materia from the regionswherelong chainsare
produced (corresponding to the minimaof theinterference
pattern), thereby decreasing the find modulation of the
nematic concentration. Consequently, the question of the
preferability of one reaction regime over another requires
aquantitative analysis.

We shall now examine qualitatively the fast regime,
which is smpler. For very low intensities virtualy al
polymer chains—at the maxima and minima of the inter-
ference pattern—are long enough so that they can be asso-
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ciated to the passive volume. Consequently, its “concen-
tration” ishigh but dmost uniform, and therefore the mod-
ulation isweak. Conversdly, for very high intensities only
short chainsareformed everywhere—the * concentration”
of the passive volumeislow and therefore the modulation
isaso weak. Thus, we arrive at the following conclusion,
quditatively corresponding to the experimenta data, that
amaximum is present in the dependence of the diffrac-
tion efficiency on the radiation intensity.

Finally, in the dow regime a situation where the dif-
fusion time over a period becomes comparable to the
lifetime of the radicals which nucleate chains can arise
as the grating period decreases. This lifetime does not
depend ontheintensity [7]. In this case diffusion within
a period of the grating equalizes the concentration of
the radicals. This means that even though the initiating
radiation isinitialy uniform (interference pattern), the
reaction as such proceeds essentially uniformly in
space without resulting in a grating. This argument
agrees with the observed presence of a* cut off period”
for a given mixture.

Thus, in all probability the propose scenario of “spa-
tially limited diffusion” can explain the observed prop-
erties of the gratings obtained. We have constructed a
guantitative formulation of the scenario, but it will be
presented in a separate publication because the corre-
sponding mathematical apparatusis quite complicated.
We merely notethat the results actualy demonstrate qual-
itative agreement with experiment. Therefore there are
grounds for believing that this modd will be capable of
predicting resultsin thisfield, whose completely empirical
nature today [1-6] is severely holding back research.
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Abstract—A theoretical model is proposed for describing the drift of a 180° domain wall in aweak ferromag-
net in the field of elastic stresses produced by a strong sound wave propagating in the plane of the wall. The
dependence of the drift velocity on the frequency, amplitude, and polarization of the sound waveisfound. It is
predicted that drift of a striped domain structure is possible. © 2000 MAIK “ Nauka/ I nter periodica

1. INTRODUCTION

The investigation of the influence of the magne-
toelastic interaction on the static and dynamic proper-
ties of magnets is one of the classical problems of the
physics of magnetically ordered media. The theoretical
and experimental works devoted to this interaction
study its effect on the spectrum of linear excitations of
a magnet (spin waves), magnetoacoustic resonance,
and so on. A substantial body of work on the influence
of the magnetoel astic interaction on the nonlinear exci-
tations of a magnet is devoted to the analysis of the
phonon stopping of domain walls, the scattering of
sound by a domain structure, and the mutual excitation
of acoustic and domain vibrations [1-7]. The direct
interaction of domain walls with an elastic stress field
produced by an external sound wave has been much
less studied, though this interaction results in a variety
of interesting effects, specifically, the so-called drift
motion of domain walls in an oscillating external field.
The theory of such motion, based on the method of
averaging when solving the approximate Slonczewski
equations, is given in [2, 3]. A direct experimental
observation of this effect was madein [8].

A more systematic approach to the theoretical
description of drift of domain walls in the field of a
sound wave, based on an analysis and direct solution of
the nonlinear equations of motion for the magnetization
vector (Landau—Lifshitz equations), has been proposed
in[9]. Inthiswork, just asin [2, 3], the simplest, from
the standpoint of theoretical analysis, case of the prop-
agation of a sound wave perpendicular to the plane of a
domain wall is studied. At the same time, in direct
experimental study of theinteraction of ultrasound with
adomain wall [8], directed drift of a domain wall has
been observed in a different geometry, specifically, the
propagation of an elastic wavein the plane of adomain
wall.

In this paper, a theory is developed for the drift
motion of a 180° domain wall in the field of a sound
wave propagating in the plane of thewall for the exam-
ple of atwo-sublattice model of a weak ferromagnet.
This theory makes it possible to describe, specifically,
the magnetic subsystem of rare-earth orthoferrites.

2. EQUATIONS OF MOTION

We shall describe the nonlinear macroscopic
dynamics of a two-sublattice weak ferromagnet on the
basis of the Lagrangian density L, represented in terms
of the unit vector of the antiferromagnet |, 12 = 1. For a
weak ferromagnet, such as rare-earth orthoferrites with

characteristic symmetry 2,2, (the Cartesian x-, y-, and
z-axes are oriented along the a-, b-, and c-axes, respec-
tively, of the crystal), the Lagrangian density L(l), tak-
ing account of the magnetoelastic interaction, can be
written in the form

L(1) = M

Bll _Bz 2 o @

D .
—i?— —yulila,
]

(Dl) -

where the dot indicates a time derivative, M, is the
modulus of the magnetization vector of the sublattices,
¢ = gMo(a/B)Y?/2 is the characteristic velocity, which
corresponds with the minimum phase velocity of the
spin waves, d and a are, respectively, the uniform and
nonuniform exchange interaction constants, g is the
gyromagnetic ratio, 3; and 3, are the effective anisot-
ropy constants, u, is the elastic deformations tensor,
and y is the magnetoelastic constant. In Eq. (1) we do
not include a term describing the energy of the elastic
subsystem as such, since in what follows we shall con-
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sider the sound wave as a prescribed external field,
neglecting the back effect of the magnetic subsystem
on the elastic wave.

We now introduce the angular variables 8 and ¢,
parameterizing the unit vector [:
I, +il, = sinBexp(i¢), |, = cos (2

in terms of which the Lagrangian density (1) assumes
theform

L{6, 0} = Méi%(ezwzsmze)

B

~S1(08)" + (09)*sn"0] -5

Hgn’esin® ¢

(3)

2cos 8 —y[sin26(u,,cos¢ + uy,sing) + u,, cos ’0

B

. . . g
+ smze(uxxcoszq) +u,,Sn2¢ + uzzsmzq))] O
O

The dynamic retardation of the domain wall, due to
dissipative processes, istaken into account by the dissi-
pative function Q:

)\Moz_
Q= 29

where A is a phenomenological relaxation constant.

The equations of motion in terms of the angular
variables 8 and ¢ have the form

AM"(e +0%sn’09), (4)

A, -
o AB ——=06—=+ sinBcosO
po- 467

[ 50"~ (00) ~Bisin’ + B,
—y[sin29(uxxcoszc|) +Uu,,2¢ +u,,s n2¢ —Uyy)

)\ .
AN}
aM,

)

+2c0s20(u,,cosd +u,,sind)] =

aO[sin*8(0¢)] - (<|)sm 0) — B,sin°0sind cosd

26t
+y[sin0(u,, SN2 —2u,,cos2¢ —u,,sin2¢)  (6)

+§in26(U,, SiNd —U,,c080)] = ——Sin’e.
Mo
If 0 <B; <[, then in aweak ferromagnet, in the
absence of external fields, the orientation of | along the
x-axis is the equilibrium orientation and far from the
spin reorientation region a 180° domain wall with the |
vector rotating in the (x2) plane is stable. This domain
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wall correspondsto 6 = 6, = 172, and the angular vari-
able ¢ = d(y) satisfies the equation

ado—Bysingecosp, = 0 (7)

(we assume that the magnetization distribution in the
domain wall is nonuniform along the y-axis; a prime
denotes differentiation with respect to the coordinate).
A dtatic 180° domain wall, in which the function ¢4(y)
satisfies the boundary conditions

Po(—0) = 0, Po(+) =T, () = 0
is described by the relations
do = %smq)o = ycosh_lg
0 0 0 (8)
cosdo(y) = —tanh,
Yo

wherey, = (a/B,)Y? isthe thickness of the domain wall.

3. PERTURBATION THEORY

To analyze the motion of adomain wall in the field
of a sound wave we shall use, following [9-11], aver-
sion of perturbation theory for solitons, assuming the
amplitude of the sound wave to be sufficiently small.
We shall determinethe collectivevariable Y(r ;, t) asthe
local coordinate of the center of the domain wall (i.e.,
the pointsy = Y(r, t), where ¢, = 172) at an arbitrary
timet and we shall seek the solution of the equations of
motion in the form

B(r,t) = U2+ 9,(& ro, t) +9,(&, rp t) + .., )
¢(r1t) = ¢O(E)+w1(E!rD! t)+qJ2(EnrD! t)+ ey

where§ =y —Y(ry, 1), rp= (X, 2), and the indices n =
1,2 .. indlcate the order of smallness of the quantity
with respect to the amplitude of the sound wave. The
function ¢4(§) has the same structure as the static solu-
tion ¢y(y) (8), and theterms 9, and Y, (n=1, 2, ...)
describe the distortion of the shape of adomain wall as
aresult of excitation of spin waves accompanying the
interaction of the domain wall with a sound wave.

We note that when a sound wave propagates perpen-
dicular to the plane of thedomain wall [9] (i.e., for k, =
k, = 0, k, # 0) the flexura distortions of the domain
wall, which are associated with the dependence of the
position of the center of thewall on the transverse coor-
dinater, are absent, Y = Y(t), and the distortions of the
form of the domain wall are due only to the excitation
of spin waves. However, in the case considered in the
present paper, where waves propagate in the plane of
thedomainwall (k, =0, k, # 0, k, # 0), thelocal position
of the center of the domain wall depends not only on
time but also on the transverse coordinate rp, Y =
Y(ro, t).
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We shall determine the drift velocity of a domain
wall as the average value of the instantaneous velocity

V(r o t) = Y (r 5, t) over aperiod of the oscillations, V, =

V(r, t) (thebar denotes averaging over aperiod of the
sound wave).

Assuming the sound wave propagating parallel to
the plane of the domain wall to be monochromatic with
frequency w, u(rp, t) = ugexp(ikry —iwt), and setting
Y=Y;+Y, +..., the equations of the first approxima
tion in the amplitude u, of the sound wave can be writ-
ten in the form

[|_+la—+

5 2ot zatDlJl(E Mo, t) = YoSingo(&)
W
1(‘)2Yl+

10, A ovg
c? oL,

agM, ot

U]
x[FA Y+
H (10)

o— wt)] [(kZUOZ_

+ (kZUOX + kxuoz) COSZ(I)O(E)] '

_i—\iexp[i(kmr Kyloy) SiN26,(E)

EL+0+16 wa yuOy

O woat2 w2 0tH] B: (11

x expli(kgrp—wt)][kecosho(€) +k,Sindo(&)],

where A, = 0%/0x? + %022, 6 = (B, — B,)/By, and wy, =
cly, is the frequency of activation of the lower branch
of the volume spin waves, w, = AdgMy/4 is the charac-
teristic relaxation frequency, k isthe wave vector of the
sound wave, k = [k| = w/s, and s is the speed of the
wave.
The operator L has the form of the Schrodinger
operator with a nonreflective potential:
=yl 2
de? cosh™(&/yo)

The spectrum and wave functions of the operator L
(12) are well known. The spectrum possesses one dis-
cretelevel with eigenvalue A, = 0, which correspondsto
the localized wave function

fo(€) =

D& rot) =

(12)

cosh™ 3

1
J2ye Yo

and acontinuous spectrumA, = 1 + pzyg , which corre-
sponds to the eigenfunctions

fo(8) = fganh——lpyoae‘pi,

whereb, = /1 + p’y; and L isthelength of the crystal.

(13)

(14)
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The functions{ f,, f,} form a complete orthonormal
set, and it is natura to seek the solutions of the equa
tions of the first approximation (10) and (11) in the
form of an expansion in terms of this set:

’91(5, rD! t)

15
- Reﬁchfp(z) +cofo(2)}exp(ikrm—iwt)§( )
p

P&, rot)

= Reﬁz d,fo(8) + dOfO(E)} exp(ikry—iwt) E‘ (16)
P

The following important circumstance should be
noted here. The eguations of the first approximation
(10) and (11) describe the excitation of linear spin
waves against the background of a domain wall. The
last term in the expansion in the function Yy(&, rp, 1)
corresponds to a shear (goldstone) mode, i.e, the
motion of adomain wall as awhole. However, the cor-
responding degree of freedom of the system has already
been taken into account by introducing the collective
coordinate Y(rp, t) in the definition of the variable €.
Consequently, the shear mode in the expansion (16)
must be dropped, i.e, we must set d, = 0 (see the mono-
graph [12] for adiscussion of this question).

The coefficients in the expansions (15) and (16) are
found in the standard manner by multiplying the right-
hand side of Egs. (10) and (11) by f}; or f andinte-
grating over the variable &. For amonochromatic sound
wave u = uycos(wt — kr ) with frequency w we abtain
from Egs. (10) and (11)

=Y
P& rot) = BlRe{[axCOSd)o(E) 17)
+a,singo(§)]exp(ikrp—iwt)},
=Y
31(E1 rD’ t) Bl (18)

x Re{[b;B(&) + b,G;(&)] exp(ikrg—iwt)}.
Here we have introduced the notation

ik Uoy 1K, U,
a, = ——=~* — a = —=—2 |
1+0-q,—iq, o—-0;—1q;
bl = iB(E)(kZUOZ_kXUOX)1
b2 = _iGl(E)(kzqu + kxqu)l
Yo  tanh(&/yo) cos(pE) + pyssin(pg)
B = = - d ,
© =2 [ 70, i cosh(rpyo2) P
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~ tanh(&/y,) Sin(p&) — py,Cos( pé)
(A, — 01 —i0y)sinh(Tipy,/2)

Gy(¢§) = 2 dp,

where g, = (wwy)? and g, = W/ 0 .

The condition d, = O determines the equation for the
velocity of the domain wall in an approximation linear
inthefield Yy(r g, t):

1 9’ 0°Y,
ey

Since the right-hand side of Eqg. (19) is zero,
Eq. (19) possesses only atrivia solution (we are inter-
ested only in forced solutions of the equations of
motion). Thus, in an approximation linear in the wave
amplitude sound does not give rise to motion of the
domain wall, but rather it leads only to excitation of
localized and nonlocalized spin waves, which is
described by the expressions (17) and (18). We note
that a similar result—absence of forced motion of a
domain wall in the linear approximation—also occurs
for propagation of a sound wave perpendicular to the
plane of thewall [9].1

We shall now analyze the equations of the second
approximation in the amplitude of the acoustic wave.
Taking account of the solutions found above for the
equations of the first approximation (10) and (11), the
second-approximation equation for the function Y,(&, t)
can be put into the form

LA
agM, at

16 Y2+
c® at®

A_ov,C
agM, ot

Lqu(E rop,t) = %‘A nYo+

: Py 10, E@Ylﬂ Varf18n2¢,
X YoSiNg, + [DaxD O350 DCD} >

2
+ )éngflJ'l(E, Mo t) =29 41(&, ro, )91(E, ro, t)sing,

+P2(E, 1o, 1) SiN20, + 1 Re{ [2(KyUox —K,Up,)  (20)

X Yq(&, rp, t) cos2¢— (KU, SING o — KU, COSP,)
X 19l(Ev rDv t) + 2(kzqu + kxqu)

xP1(&, ro, t)sin2¢o] exp(ikrp—iwt) }.

The second-approximation equation for the func-
tion 9,(&, r, t) does not contain a second-order termin

1 The experimentally observable oscillations of a domain wall in
ferromagnets [8] under the action of a sound wave are due to the
nonuniformity of the wall, specifically, the presence of Bloch
linesin it. A sound wave gives rise to oscillations of Bloch lines,
and the gyrotropic forces exerted by the latter result in oscilla-
tions of the entire domain wall.
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the expansion of the collective coordinate Y,, and con-
sequently it will be of no interest to us below.
The solution of Eg. (20) can once again be sought as

an expansion in the eigenfunctions of the operator L,
similar to Eq. (16). Just as for the first-approximation
equations, we must require that the expansion coeffi-
cient d?, corresponding to ashear mode, must vanish.
Consequently, to calculate the velocity of the domain
wall there is no need to find the complete solution of
Eq. (20); it is sufficient to calcul ate the coefficient d{”

and equate it to zero. The result is an equation for the
function Y,(&, r 5, t), which, using the solutions (17) and
(18), can be put into the form

) _ovd
agM, at

O 0%y
GF-A.Y, + X —+
O ¢’ dt

= N+ N;exp(2iwt) + N,exp(-2iwt),

(21)

where

N = ReIdEsmd)o[i——l—)ﬁ’qJ +2y9,9:sind,

— W3SiN2¢, — [ 2(KyUoy — K Uo,) W1 COS20,

. . (22)
+2(K,Ugy + KeUo,) W1 SiN2¢ 5 — K, Uoy 31 SiNd

+ K,Uo,9, COSP,] %%exp(ikrm—imt) E;

The explicit form of the coefficients N; and N,,
whose structureis similar to that of EQ. (22) but ismore
complicated, isnot presented here, since on subsequent
averaging of the solution of Eq. (21) the termswith N;
and N, vanish.

The Eq. (21) describes the dynamics of a domain
wall in second-order perturbation theory in the ampli-
tude of the sound wave.

4. DRIFT OF THE DOMAIN STRUCTURE

The relations (21) and (22) describe periodic oscil-
lations of the wall and the drift motion of the domain
boundary, the effect of interest to us. Integrating
Eg. (21) and averaging the obtained solution over a
period of the sound wave, we obtain the desired drift

velocity of the domainwall Vy, = V, = dY,/0t:

Vdr = ut(m)kxkzucz)y

(23)
+ 111 (00) [ KyKo(Up, — Upy) + UgyUoz(K> — K21,
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where |, and |, are the nonlinear mobilities of the
domain wall in the field of an acoustic wave:

2

H(w) = - E % EL
t "O(1+0-q)° +qZ[(0—ay)?+ g2 0
mg 1 (24)
H(w) = Moo

8 H1-q)°+ "

Ho = VoO(YMo)% 4B, Vo = Ty,g% 4w, isthe characteristic
nonlinear mobility of the domain wall in aweak ferro-
magnet in an ac magnetic field [11], and n isanumeri-
cal factor of the order of 1073,

We note that the characteristic frequency depen-
dence of the nonlinear mobilities p, and p,, just as that
of the characteristic quantities determining the drift of
adomainwall inan oscillating magnetic field [11], is of
a resonance character at the frequencies wy, wy(1 +
0)Y2, and w,0Y2. The first two frequencies correspond
to the activation frequencies of volume spin wavesin a
weak ferromagnet, and the third frequency corresponds
to the activation frequency of a spin wave localized on
the domain wall.

For a sound wave propagating perpendicular to the
plane of the domain wall [9] the nonlinear mobilities
H;;(K) possess a somewhat different dependence on the
frequency and the parameters of the weak ferromagnet.
In the long-wavelength approximation (ky, < 1)

Mo _ TT_KYoGp Mz _ _2KYoG,
Ho 2¢(1+0)® Ho o*(1+0)

e _ (kv 1,1 1 O
Ho 0(1+0)[0EE+1_T+3T[(1+0)D_§]

(25)

i.e, W 0 o?, and in the short-wavelength approxima-
tion (kyp > 1)

oo 8 G Hu__4 G
Ho  3M(ky,)® Ho  3M(ky,)®
(kyo) (kyo) (26)
Hxz _ [ﬂ-_'_ﬂ'l] 1

Ho B2 kyy)*
and the velocity Vy, O w.

We shall now examine in greater detail the depen-
dence of the drift velocity on the polarization of the
sound wave. We note that the frequency w and the com-
ponents of the vector k which appear in Egs. (23) and
(24) are not independent; they are related with one
another by the standard dispersion law for sound waves
w = sk, k = [k|, where the sound speed s is different for
longitudinal and transverse waves.

2 The corresponding expressions for the nonlinear mobility for a
wave propagating perpendicular to the plane of the domain wall,
which are presented in [9], are not exact and, consequently, they
differ from the expressions presented above.
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Since the wave propagates in the plane of the wall,
i.e., inthe (x2) plane, we set k = (k,, 0, k,) = k(coso, 0,
singy). The following polarizations of the sound wave
arepossible:

(1) A transver se wave with the displacement vec-
tor perpendicular to the plane of the wall. For it u =
Ug(0, 1, 0), and the drift velocity at a prescribed fre-
guency of sound can be represented as

Var = 20 (k)’sin29,, (2)

where k, = w/s, and s, is the speed of transverse sound.
(2) A transver se sound wave with displacement vec-
tor lying in the plane of thewall, u = uy(—sing,, 0, cosd,).
In this case the drift velocity is given by the expression
1 .
Var = S(@) (ko) sind, (28)

(3 A longitudinal wave, for which u =
Ug(cosd, 0, sindy). Inthefield of this wave we have

1 .
Var = —5Hi(@) (ko) “sindg.

(29)
Here k = w/s, where 5 is the speed of longitudinal
sound.

For comparison, we note that for a sound wave
propagating perpendicular to the plane of the domain
wall [9], thewall can drift only if the polarization of the
wave s transverse.

We now present some numerical estimates, using
the parameters of the well-studied weak ferromagnet
YFeO; [13]: My = 10° Oe, y, = 10 cm, g = 1.76 x
10 s Oet, yM2 = 107 erglem?, oy, = cly, = 2 x 102 52,
w = 0.7 x 10" s, and the nonlinear mohility of the
domainwall inamagnetic field v, = 3.5 x 102 cm/(s O¢?)
[11]. It isfound that for all reasonable values of the fre-
quency d, = (ww/ w5 ) ~ 1050 < 1, and consequently

the nonlinear mobility in a transverse wave |, ~ q§ in
Eqg. (24) is negligibly small at all frequencies except
resonance frequencies. At the resonance frequencies
W, = WyoY2 and w, = wy(1 + 0)Y2, which coincide with
the activation frequencies of the localized and the top
volume spin-wave branches, respectively, for the max-
imum admissible value of the deformation tensor ku, ~

10-° we obtain the following value for the drift vel oc-
ity (27):

Vg (w= 0, ,) Opo(kup)’ cm/s= 10" cmis.

Inthefield of alongitudinal sound wave outside the
resonance region

Vg Opy(kup)® 0107 cmss.
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Near the activation frequency of the bottom branch
of volume spin waves the nonlinear mobility 1, pos-
sesses a “resonance-antiresonance” singularity. The
drift velocity reaches the maximum value

Vg (W= wy) On pog%ogz(kuo)2 01 cm/s.

Comparing our results with the results obtained in
[9] shows that in order of magnitude the drift of a
domain wall is somewhat greater when the sound wave
propagates perpendicular to the plane of the domain
wall. However, if the wave propagates along the plane
of the domain wall, drift is aso possible in the field of
a longitudinal sound wave. The highest value of the
drift velocity should be expected in magnets possessing
a high magnetoel astic coupling constant and small sat-
uration magnetization, damping, and anisotropy.

Our results agree qualitatively with the theoretical
calculations of [2, 3], where the interaction of atrans-
verse sound wave with a domain wall in a single-sub-
lattice ferromagnet was studied using an approach with
an abbreviated description of the dynamics of the
domain wall.

In conclusion, we note that in the field of a sound
wave propagating parallel to the plane of adomain wall
(as in the case of a sound wave propagating orthogo-
nally to the plane of adomain wall [9]) drift motion of
not only a single domain wall but also a plane-parallel
domain structure is possible. For this, a definite match-
ing of thedirection of rotation of the vector | of the anti-
ferromagnet in neighboring domain wallsis necessary.

We now introduce the topological charge of a
domain wall | (+e) = FR and a parameter describing
the direction of rotation of the vector | on the wall
I,(y = 0) = p, assuming the value +1 or -1 (the magne-
tization distribution on the 180° domain wall (8) stud-
ied above correspondsto thevaluesR=p =+1). Ingen-
eral the drift velocity of a domain wall with given val-
ues of the parameters R and p is determined by the
formula

Vg = pR{ p(w)kek g,

+ 111 (00) [ KyKo(Up, — Uby) + UoyUo,(K; — K21} -

Since the neighboring domain walls possess oppo-
site values of the topological charge R, for drift of a
striped domain structure formed by such walls the
parameters p on neighboring domain walls also must be

(30)
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different. In other wordsthe vector | must have opposite
orientations on neighboring domain walls and the
direction of rotation must be the same (this question is
discussed in greater detail in [9]). As one can see from
Eqg. (30), drift of adomain structureispossiblein trans-
verse and longitudinal sound waves propagating paral-
lel to the plane of adomain wall.
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Abstract—The properties of phase transitions in two-dimensional and layered systems are investigated on the
basis of adiscrete ¢* model by numerical and analytical methods. The only parameter a of the discrete ¢* model
determines the behavior of the system and makes it possible to investigate phase transitions ranging from tran-
sitions of the displacement type (a — +0) to order—disorder type (a — +). The behavior of atwo-dimen-
sional system isinvestigated in awide range of values of the parameter a. The temperature dependences of the
squared order parameter n(T) and the phase transition temperature T, as a function of the thickness N of the
system are obtained for three characteristic values of the parameter a using the Monte Carlo method. The prop-
erties of phase transitions in the discrete ¢* model areinvestigated on the basis of the mean-field approximation
and the independent-mode approximation. The results obtained in the numerical experiments are compared
with the analytical approximations. It is shown that the mean-field approximation qualitatively describes the
behavior of the phase-transition temperature T, as a function of the thickness N of the system for awide range
of values of the parameter a, and the independent-mode approximation describes quantitatively, to within 5%,

the results of the numerical simulation for small values of a. © 2000 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

The so-cdled dructurd phase transtions form an
important class of phase trangitions in physical systems.
The main property of these transitionsisthe changein the
point symmetry group of the medium at the phase-transi-
tion point [1]. Among physica objects with structural
phase transitions, ferromagnets and ferroel ectrics have
been investigated most widely both theoretically and
experimentally.

Order—disorder phase transitions are observed in
most ferromagnetic materials. Transitions of this type
can be studied on the basis of the following consider-
ations. Let an element of the unit cell have several (for
example, two) possible positions. Then at atemperature
above the transition point the magnetic moment can
occupy with equal probability both possible positions,
and at a temperature below the phase-transition point
the average number of atoms in one state becomes
greater than in the other state [2].

At the same time displacement- and mixed-type
transitions are observed in ferroelectric materials. In
these casesthe position of the charged ionsinaunit cell
changes continuously. A displacement-type transition
is a collective phenomenon, in which a lattice consist-
ing of atoms of onekind isdisplaced relativeto alattice
consisting of atoms of another kind [2]. In systemswith
displacement-type transitions phonons are well-sub-
stantiated quasiparticles, and the phase transition itself
is due to the appearance of a soft mode in the struc-
ture—a mode whose frequency vanishes at the transi-
tion point. This criterion is convenient from the experi-

mental standpoint because the phonon spectrum is rel-
atively easy to measure [3, 4]. We note that in some
ferroelectric materials the properties of the observed
phase transitions are close to those of order—disorder
trangitions [5-7] or to mixed-type transitions, which
strictly cannot be classified as order—disorder or dis-
placement type transitions [8].

The properties of phase transitions in two-dimen-
sional and layered ferromagnetic filmsare being widely
investigated experimentally [9-11] and theoretically
[12-16]. At the same time the question of the properties
of two-dimensional and layered ferroelectric systems
has not been adequately studied theoretically. Such sys-
tems have recently been obtained experimentally in
Langmuir ferroelectric films based on the polymer
P(VDF-TrFE 70:30) [17, 18]. Experimental investiga-
tions of the properties of thin Langmuir films are now
being performed using dielectric measurements [17—19]
and nonlinear-optical methods [20, 21]. For example,
experiments investigating structures with various thick-
nesses are described in [17]. It can be concluded from
the data obtained that the phase transition temperature
decreases as the number of layers in the system
decreases. These works show that a detailed investiga-
tion of the microscopic models describing phase transi-
tionsin thin ferroelectric films are needed.

One of the most often used microscopic models for
describing phase transitions in ferroelectric systemsis
the so-called discrete ¢ model [22]. The system stud-
ied inthismodel isacollection of classical anharmonic
24 oscillators with harmonic interaction with nearest
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neighbors. Thus the potential energy of the lattice is
written in the form [22, 23]

A B C
V = —EZXﬁ'FZZXﬁ"‘EZ(Xn_Xn')ZO-nn‘! (1)
n n nn

where X, is the one-dimensional displacement of the
nth element of thelattice; A, B, and C are parameters of
the model; o,,; becomes 1 for nearest neighbors and 0
in other cases. A phase transition exists in the system
for any A, B, C > 0. Inthismodel the quantity n = X[}
which vanishes at temperatures above the phase transi-
tion point and is different from zero otherwise, is the
order parameter.

Using appropriate scales for the energy and the
coordinates, V can be written in aform containing only
the parameter a = A/C, which completely determines
the behavior of the system:

a a 1
V= _ézxﬁ"'zl_zx:\""EZ(Xn_xn')zonn' (2)

(energy is measured in the units CA/B and the coordi-

nateismeasured in the units ./A/B). For the system (2)
the order parameter n = X, [t zero temperatureis one.
The value of the parameter a determines the type of tran-
stion: as a — +0 digplacement-type phase transition
occurs in the system and as a —» +o an order—disorder
type transition occurs [24]. In the latter case the ¢ model
transforms into the Ising model. The dimensionless
transition temperature is a function of the parameter a.

Universal properties of the ¢ model are well
known—the values of the critical exponents describing
the behavior of the basic physical quantities near phase-
transition points [22].

The phase-transition temperatures T, in limiting cases
can be obtained for systemswith various dimensionsfrom
the lsing model (a — +0) [22, 25] and the approxima:
tion of independent phonon modes (a — +0) [22].

For small values of the parameter a the dependence
N%(T) is nearly linear virtually up to T, i.e,, it can be
described using Landau’'s phenomenological theory.
However, even for a = 10 the critical behavior n(T) O
(T. — T)B extends to temperatures comparable to T,
[26, 27]. For small values of a the discrete ¢* model is
alattice analog of the field ¢ model. In this context the
behavior of the coupling constant for the 1D and 2D
caseswas investigated in [28, 29] numerically and ana-
lyticaly in the ¢* model. In [30] the ¢* model was
investigated for a 2D lattice. Numerical smulation gave
the dependences of the specific heat, energy, magnetiza-
tion, and susceptibility as functions of two parameters of
the model [30]. In addition the phase diagram was
obtained in [30] by a numerica method. New applica-
tions of the Monte Carlo method have been studied for
the 2D lattice of the ¢* model [31, 32].

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Voal. 91

1205
Table
Dimension 3D 2D 1D
T.(a— +0) 2.64 Tensto zero | Does not exist
T(a — +w) 9.02 4.53 Does not exist

We note that, even though extensive investigations
of the ¢* model have been performed, the question of
the properties of the model in awide range of values of
the parameter a (from a — +0 to a —» +o0) for 2D
lattices remains open. The three-dimensional case was
recently studied in [33]. There the discrete ¢ model for
a 3D lattice was investigated numerically and analyti-
cally. The Monte Carlo method was used to obtain the
phase transition temperature T, as a function of the
order parameter a of the model, which in the limits
a— +oo and a — +0isidentica to the well-known
asymptotics of order—disorder and displacement transi-
tions, respectively (see table). The simplest mean-field
approximation was used as an analytical approximation
to describe the numerica results, and an analytical
scheme, which is a combination of the mean-field and
independent-modes approximations, which describes
to ahigh degree of accuracy the numerical resultsfor a
wide range of values of the model parameter a was pro-
posed.

Layered systems have not been studied on the basis
of the discrete ¢ model. Such investigations have been
confined only to the Ising model, in the first place
because of the simplicity of the model and, in the sec-
ond place, in view of their urgency because of the
experiments being performed with thin ferromagnetic
films[9, 10]. The Ising model is atypical microscopic
model for describing order—disorder type transitions
[1, 34]. The first investigations of layered systems in
the Ising model were published quite a long time ago
[35—38]. Numerical methods and the mean-field approx-
imation were used in these works. In addition the effect
of theinteraction inthe surfacelayers of the structureson
the phase-transition temperature was investigated in the
works indicated. However, there is ill great interest in
studying layered systems in the Ising model [12-16].
New analytical approximations are being proposed and
discussed in detail [12, 13, 15], and the effect of various
types of lattices and the properties of the spin (Ising or
Heisenberg) on the phase-transition temperatureis being
investigated [ 16] and the behavior of the effective critical
exponentsin the entire temperature range (from O up
to T,) isbeing studied [14].

In the present paper the results of investigations of
the properties of two-dimensional and layered struc-
tures by numerical and analytical methods on the basis
of the discrete @* model, for which the Ising model is
one of the limits (a —= +), are presented. Attention
is devoted primarily to the following: first, the study of
the behavior of the main parametersfor awide range of
values of the parameter a; second, the study of layered
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Fig. 1. Temperature dependence of the squared order
parameter for a 2D lattice in a wide range of values of the
parameter a of the discrete (p4 model. The curves were
obtained by numerical simulation. The extreme left-hand
dependence corresponds to a = 0.98 and the extreme right-
hand dependence corresponds to a = 4000. Between neigh-

boring curves the parameter a differs by afactor of /2.
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Fig. 2. Phase transition temperature T, versus the parameter
a of the discrete (p4 model for a 2D lattice. The data were
obtained from Fig. 1. The horizontal straight line corre-
sponds to the transition temperature of the 2D Ising model:
T.=4.53.

systems in the context of the discrete ¢* model; and,
third, comparison of the results of an investigation
which were obtained by numerical and analytical meth-
ods. The main parameters of the model (the order
parameter n = X, [Cand the phase-transition temperature
T,) are studied as a function of the number N of layers
in the system under study for various values of the
parameter a. The investigation is performed on the
basis of Monte Carlo smulation (Section 2) and using
very smple analytica mean-field and independent-modes
approximations (Section 3). The anaytical schemes pre-
sented are discussed as a method of describing the
results obtained by numerical methods.
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2. NUMERICAL SIMULATION

Monte Carlo simulation on the basis of the discrete
¢ model was performed for various values of the
parameter a, determining the type of phase transition,
and for systems of various thicknesses. To thisend it is
convenient to use the expression in the form (2) for the
potential energy.

Numerical experiments were performed on a 15 x
15 x N lattice of atoms, where N determines the thick-
ness of the system; N = 1 corresponds to the 2D case.
Periodic boundary conditions were used for the first
two directions, and free boundary conditions were used
for the third direction, determining the thickness of the
system. The effect of the finiteness of the size of the
atomic lattice in the Monte Carlo simulation, for exam-
ple, for the 3D case, can be found in [33]. The number
of averages for each lattice element far from a phase-
transition point (with respect to temperature) was 5000,
while for temperatures close to the transition tempera-
tures the number of averages was taken to be 15000.
For large values of the parameter a, with probability 0.1
the so-called “magic” displacements were used, which
change the sign of the coordinate x,, so that the system
under study could reach thermodynamic equilibrium
quite rapidly. Standard criteriawere used to analyze the
displacements x,, for each atom.

The squared order parameter was determined as
n® = DXo—XiJ (3)
where

1 :
X = — ) x,exp(ikn
k Nz p(ikn)

is the Fourier transform of the displacement x, and N*
is the total number of atoms in the lattice. Taking
account of the first harmonic in the expression for the
squared order parameter makes it possible to decrease
the magnitude of the fluctuations at high temperatures
and near a phase transition.

The behavior of the order parameter for various val-
ues of the parameter a was investigated for a 2D lattice
and for layered systems. For definiteness the tempera-
ture dependences of the squared order parameter for a
2D lattice are presented in Fig. 1. The model parameter
a varies from 4000 (extreme right-hand dependence) to
0.98 (extreme left-hand dependence). Between neigh-
boring dependences the parameter a differs by a factor

of /2. The dependence of the phase transition temper-
ature on the parameter a was determined from the
dependences obtained (Fig. 2). The horizonta line
shows the asymptotics for the 2D Ising model. The
phase transition temperature T, was determined as the
inflection point of the function n(T) or, which is the
same thing, as the minimum of the first derivative. The
correctness of this criterion can be checked by chang-
ing the lattice dimensions. If T, does not change as the
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Fig. 3. Temperature dependences of the derivative of the
squared order parameter, which were obtained using the
Monte Carlo simulation for the 2D lattice. The parameter of
the discrete ¢* model a = 4000. Two dependences corre-
sponding to different sizes of the atomic lattices are shown:
open circles—15 x 15 atoms, filled circles—30 x 30 atoms.
The phase transition occurs at the point where the derivative
has a minimum value. The transition temperature deter-
mined in this manner (indicated by the arrow) is 4.6 and
remains unchanged as the lattice size increases. The exact
value of the transition temperature in the 2D Ising model is
4.53[22].

size of the system increases, then the transition temper-
ature determined in this manner has the correct value.
Figure 3 shows results for a case close to the 2D Ising
model (a = 4000). The transition temperature deter-
mined in this manner does not change asthelattice size
is doubled and it agrees well with the known value of
the transition temperature for the 2D Ising model.
These assertions are valid for awide range of values of
the parameter a of the discrete ¢* model.

0.8

0.6

0.2

H
1 1 ffl'!!'lnnnn ...... J

1 2 4
0 T 3 5

Fig. 4. Temperature dependences of the sgquared order
parameter obtained by Monte Carlo simulation for layered

systems. The parameter of the discrete ¢* model a = 0.98.
Six curves corresponding to system thicknessN=1, 2, 3, 4,
5, and 6 layers are shown. The extreme left-hand curve cor-
responds to a single-layer system and the extreme right-
hand curve corresponds to a six-layer system.
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Numerical experiments for layered structures were
performed with systemswithN=1, 2, 3,4, 5, and 6 lay-
ers. The dependence T,(a) for the 3D case has a mono-
tonic form with two asymptotic forms for small (~1)
and large (~3000) parameters a. The values of the tem-
peratures T, in the indicated asymptotic forms are 2.64
and 9.02, respectively (see table). The system for the
2D case (Fig. 2) adso shows a similar behavior but with
asymptotics 0 and 4.53 for small and large values of the
parameters a, respectively (seetable). The case of small
parametersa (a < 1) has already been investigated (see,
e.d., [30]). In the present work three characteristic val-
ues of the parameter a were chosen, close to the lower
and upper asymptotics, corresponding to displacement
and order—disorder type transitions, respectively, as
well asfor an intermediate case. The values considered
for the parameter aare 0.98, 44.2, and 4000 (Fig. 2); the
data for the 3D systems with such parameters are pre-
sented in [33].

The results of numerical experiments for three val-
ues of the parameter a and systems with various thick-
nesses are presented in Figs. 4-6. These figures show the
temperature dependences of the squared order parameter.
The dependences in Fig. 4 correspond to the case of dis-
placement-type phase transitions and the dependences in
Fig. 6 correspond to order—disorder transitions. The phase
transition temperatures T. were determined from the
curves obtained in the manner described above. The
results are presented in Fig. 7. This figure shows the
dependences of the phase transition temperatures as a
function of the number of layers in the system for the
corresponding parameters a of the discrete ¢* model
(dark symbols). The transition temperatures indicated
by the harizontal lines for the 3D case are taken from
[33] for each parameter a considered.
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Fig. 5. Temperature dependences of the sguared order
parameter obtained by Monte Carlo simulation for layered

systems. The parameter of the discrete ¢* model a = 44.2.
Six curves are shown in the system, corresponding to system
thicknessN =1, 2, 3, 4, 5, and 6 layers. The extreme left-hand
curve corresponds to a single-layer system, and the extreme
right-hand curve corresponds to asix-layer system.
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Fig. 6. Temperature dependences of the squared order
parameter obtained by Monte Carlo simulation for layered

systems. The parameter of the discrete ¢* model a = 4000.
Six curvesare shown in the system, corresponding to system
thicknessN =1, 2, 3, 4, 5, and 6 layers. The extreme | eft-hand
curve corresponds to a single-layer system, and the extreme
right-hand curve corresponds to a Six-layer system.

As shown above, the case a = 4000 corresponds to
order—disorder transitions. This assertion can be sub-
stantiated as follows. In the first place the transition
temperature for a=4000isidentical to the known value
of the transition temperature for the 2D Ising model
(Fig. 2). In the second place, as noted in the introduc-
tion, it is sufficient to investigate layered systems in
detail for the Ising model [14—-16]. This makes it possi-
ble to compare with our results. Figure 8 shows three
dependences

T(N)
T.(3D, Ising)

two of which are taken from the literature [14, 39]
while the third corresponds to data for a = 4000 from
Fig. 7. It is evident that the results for a = 4000 agree,
to a high degree of accuracy, with the results obtained
previously for the Ising model. This makes it possible
to talk in this case about order—disorder type phase
transitions.

f(N) = 1—

3. ANALYTIC APPROXIMATIONS

The mean-field and independent-modes approxima-
tions on the basis of the discrete ¢ mode are considered
as the analytic approximations. These analytic schemes
have been well studied for the 3D and 2D cases. Exten-
sions of these analytic approximations to the case of
layered systems, which we studied, in the discrete ¢*
model will be used below.

3.1. Mean-Field Approximation

In the mean-field approximation the real interaction
of the particlesis described by the mean field acting on
each particle. Thisfield isindependent of the positions
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Fig. 7. Phase transition temperatures versus the system
thickness. The curves obtained from the curves presented in
Figs. 4-6 at the points of the minimum of the derivative
(filled symbols) and from a calculation in the mean-field
approximation (open symbols). The circles correspond to
the model parameter a = 0.98, the squares correspond to a =
44.2, and the triangles correspond to a = 4000. The horizon-
tal lines indicate that 3D limits for each of the three model
parameters, taken from [33].

of the particle and itsimmediate environment. The crux
of this analytic scheme is that the fluctuations of the
resulting force acting on each particle are neglected [2].

We shall consider this approximation for the dis-
crete ¢* model. In this case the introduction of a mean
field consists of replacing the sums over nand n' in the

0.5

T
<3

0.3F 2

0.2

T
»

0.1F e}

T(N)
TA3D, Ising)
thickness of the system N. Circles are data from [14],
crosses are datafrom [39], and triangles are results obtained

in the present work for the parameter a of the discrete ¢*
model, equal to 4000.

Fig. 8. The function f(N) = 1 — versus the
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last term of the potential energy (2) by the expression
E ann, where
E = 4dn @

is the mean-field considered (d is the dimension of the
system). The order parameter n can be calculated as an
ordinary thermodynamic average:

_ [xexp(—V(E, X)/T)dx
B [eP(-V(E. )/T)dx '

n = x,d
where

V(E, %) = 2d- gg& + gx“ —Ex. (6)

The equations (4)—6) determine the self-consistent
system, whose solution is the temperature dependence
of the order parameter n(T) or the temperature depen-
dence of the mean field E(T). The phase transition tem-
perature is determined at the point T;, where n(T,) = 0.
Since near a phase-transition point the order parameter
1 assumes its minimum values, the transition tempera-
ture T, can be obtained by expanding the right-hand

X, (n)d=

_ [xexp[-V(xy(n), By(n)H Bo(n — 1)1 Bxyn + 1D/ T]dx

1209

side of Eq. (5) in aseriesin this small parameter. The
dependences of the transition temperature on the
parameter a T,(a) for the discrete ¢* model are mono-
tonically increasing curves with two asymptotic values
for large and small parameters a as a function of tem-
perature: 12 and 4 for the 3D case and 8 and 2.5 for the
2D case. These results can be compared with the exact
results from the table. In the mean-field approximation
a phase transition exists even in the one-dimensional
case, while in reality the fluctuations destroy the order
in any one-dimensional systems with short-range
action [1]. It should be noted that the mean-field approxi-
mation, for example, for the 3D case of the discrete ¢
modd, repeats quaitatively correctly the dependence
T.(a). However, this approximation gives a systematic
identical quantitative error for all values of the parame-
ter a.

Various variants of the mean-field approximation have
been usedintheliteraturefor layered systems[15, 16]. We
shall employ the following approximation for multi-
layer structures. We shall assume that the order param-
eter depends on the number N of layers. Then according
to Eq. (5) the quantity [X,(n)can be expressed as

where the potential energy V(x,(n), X,(n)C] X, (n — 1)0]
X,(n + 1)) is determined by the expression

V( Xn(n)! D(n(n)D D(n(r] - 1)':' D(n(n + 1)D
= H-JHa+ 2a-80 (X, ®)
—2(X,(n—1)H+ X(n+ DOX,.

The constant a is determined according to the number
of nearest neighbors for the layer with number n:

(b, n=1N
a=g 9)
@, n#1 N.

Hereit isassumed that [X,(n)F 0,if n>Norn<1. For
definiteness we shall write the system of equations for
alattice consisting of three layers:

[xexp[—V(xn, X, (DHO X(2D/T]dx
[ExPL-V (%, B(1)5 D20/ T]dx '

()0 =
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[PV (x,(n), B, (M)] By = 1)) Dy + DO/ Tl ’

(7)

% (2)0 10
_ [XeP[-V (%, KAL) (K3 B/ Tl
) [ePL=V 0 D20 D3 DD/ Tl

[xexpI-V (%, (3T (D) TIdx
[ExpI-V (X, 5,3 B(2D/T]dx '

k(30 =

where

V0%, Bo(DH 56D = - 550+ 3%

— 80X (D)X, — 2 X, (2 [X,,
V0w B0 D60 B30 = -S54+ Zx;(‘ll)
—8X,(2) X, — 2 X (D)X, — 2 X,(3) X,

a 4

V(% 06(2)0 56(3)0 = -5+ 3%
—8X,(3)X, — 2 X, (2)[X,.
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If only the transition temperature needs to be deter-
mined, then since [X,(n)Care small near the phase-tran-
sition point, the right-hand sides of the equations of the
system can be expanded in aseriesin thissmall param-
eter. We shall determine the phase transition tempera-
ture by eguation to zero the determinant of the system
of equations obtained in this manner. From the N roots
of this determinant we choose only the one root for
which each component [X,(n)0s zero. For three layers
this determinant has the form

P(T) R(T) O
QM) M) QM | = 0. (12)
0 R(T) P(M
where
PT) = [0 - 5-Fix,
R(T) = J’fl(x)D 2x 2X Oix,
(13

07—J7<wDZX%k

Sm = [0 -2

The functions f;(X) and f,(x) are defined as

O a 10
fu>=am}[ +x}—m
1 D%z 4" ITq

a 4710
fo(x) = eXpD—[% ; lequ

Theresults of calculationsin the mean-field approx-
imation are presented in Fig. 7. The phase-transition
temperatures T, were obtained as a function of the

parameter a of the discrete ¢* model for systems con-
sisting of severa layers (from one layer (the 2D case)
up to five layers). The dependences of the transition
temperatures on the thickness of the system were
obtained from the indicated curves for three different
values of the model parameter a, taken from numerical
experiments (Fig. 7). The curves presented show that
the mean-field approximation (open symbols) have the
same qualitative behavior as the curves obtained from
numerical experiments (filled symbols).

3.2. Independent-Modes Approximation

In the independent-modes approximation the sys-
tem in the Fourier representation is treated as a collec-
tion of independent harmonic oscillators. It is assumed
that a phase transition in this system occurs at the
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moment when oscillators with zero characteristic fre-
guency appear (condensation of elementary excitations
in the soft mode occurs) [22]. For this reason the inde-
pendent-modes approximation is used primarily to
describe displacement-type phase transitions. If this
approximation is studied with respect to the discrete ¢*
model, then in this case only one point, corresponding
to a displacement-type transition, a — +0, can be
described correctly. The larger the value of the param-
eter a, the more strongly correlated the modes become
and in consequence this approximation gives a worse
description of the behavior of the system. In this sense
the independent-modes approximation is related to
Landau’s phenomenological model.

To obtain an equation to determine the temperature
dependence of the order parameter the basic equations
of the independent-modes approximation must be
used [22]:

w?(q) =1 + 4dF(q) + 3(1 +n?), (14)
1 d. T

= q9——, (15)
2mY w9

n®+ @3l -1)n=0. (26)

Here Eq. (14) determines the spectrum of the system,
Eg. (15) determines the average value of the squared
Fourier-transform coordinate for the classical harmonic
oscillator, Eqg. (16) is the coupling equation for the
order parameter and the quantity I, and

d
41 _
F(q =1 dzl C0Sq.

| =
The equation for determining the dependence of the
temperature on the order parameter n is obtained from
the equations described above and has the following

form:

17

1—r]2

T= (18)

3
(2m)°

1
4[d z cosq|D+ 2an } dq

In the 3D case a transition is observed at the point
where the order parameter nj = 0. In this case the tran-
sition temperatureis 2.64 (seetable). In the 2D casethe
integral in the denominator with n = O diverges loga-
rithmically. This divergence indicates that the indepen-
dent-modes approximation is inapplicable near the
transition point, where correlations in the phonon
modes with large occupation numbers can no longer be
neglected.

The independent modes approximation can be
extended to the case of layered systemsasfollows. Ina
layer of finite thickness the dispersion law for phonons
isidentical to the law for the 3D case, but the momentum
component g,, perpendicular to the plane of the layers,
can assume only a discrete set of values (the z-axis is
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Fig. 9. Temperature dependences of the order parameter in
the independent-modes approximation. The parameter of
thediscrete (p4 model a=0.98. Five curves corresponding to
systemthicknessN =1, 2, 3, 4, and 5 layers are shown. The
transition temperatures are determined at the points of the
maximum of the function T(n). The transition temperature
for asystem consisting of fivelayersis marked in thefigure.

normal to the surface). Inasystem of N layerswith free
boundary conditions g, = kr/N, k=0, 1, ..., N - 1.
These values can be obtained by solving the problem of
a one-dimensional chain of atoms with a harmonic
interaction with nearest neighbors [40]. Now, besides
integrating over the components ¢, and ¢, summation
over g, with weight /N must be performed in the for-
mulas of the independent-modes approximation. Spe-
cificaly, Eqg. (18) becomes

=0 e
(19)

-1

21t U
—cosqy—cosq2%+ 2an } dqxdqyg .

In the limiting cases N = 1 and N — oo we obtain the
formulas for the 2D and 3D systems.

The temperature dependences of the order parame-
ter for systems with various thicknesses can be deter-
mined from this equation. The investigations were per-
formed for parameters a < 1. The results for the case
a=0.98 arepresented in Fig. 9. Asone can seein Fig. 9,
the order parameter does not vanish for any nonzero
temperature or for any finite N. As aready mentioned,
such behavior is aconsequence of the inapplicability of
the independent-modes approximation near the transi-
tion point. Actually, the same difficulties also arise for
3D systems, where the independent-modes approxima-
tion erroneously predicts a first-order transition [22].
However, as a — +0 the fluctuation region where the
independent-modes approximation does not work is
small, which makes it possible to determine the transi-
tion temperature. We determined the transition temper-
aturefor layered systems asthe maximum of T(n) (Fig. 9).
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Fig. 10. Phase transition temperature versus the system
thickness. The parameter of the discrete ¢* model a = 0.98.

Filled points are results of numerical ssimulation (the data
were obtained from Fig. 7), open points are mean-field
approximation (data obtained from Fig. 7), and crosses are
independent modes approximation (data.obtained from Fig. 9).
The independent-modes approximation describes to within
5% the results obtained by numerical simulation.

The results of numerical experiments and calculations
in the mean-field and independent-modes approxima-
tions for the parameter a = 0.98 are compared in Fig. 10.
In this case the independent-modes approximation
describes the results of the numerical experiments not
only qualitatively but also quantitatively.

4. CONCLUSIONS

In the present paper the properties of phase transi-
tions in two-dimensional and layered systems were
investigated on the basis of the discrete ¢* model by
numerical and analytic methods. The discrete ¢* model
makesit possibleto introduce asingle modedl parameter a,
which determines the type of phase transition (from
displacement type transitions with a — +0 to order—
disorder type transitions with a —» +o0). Two quanti-
ties were varied to study the properties of phase transi-
tions in the discrete ¢* model: the parameter a and the
thickness N of the system.

A discrete ¢* model was investigated, using the
Monte Carlo method, for awide range of values of the
parameter a, specifically, for a 2D lattice. In addition
the behavior of the order parameter as a function of
temperature was investigated for three characteristic
values of the parameters of the model a, equal to 0.98,
4000, and 44.2, corresponding to displacement and
order—disorder type phase transitions as well as an
intermediate case, respectively. The transition tempera-
tures T, were found, from the results obtained, as func-
tions of the thickness N of the system (from one to six
layers) for the three cases described, and the depen-
dence of the transition temperature on the parameter a
for the 2D system was also found. On the basis of these
results, which are presented in Fig. 7, it can be con-
cluded that as the number of layers increases, the tran-
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sition temperature increases monotonically, and the
system is strongly sensitive to the addition of one or
two layersto thefirst layer, after which the dependence
slowly approaches the 3D asymptotics.

The numerical results obtained were compared with
calculations performed in the mean-field and indepen-
dent-modes approximations. It was shown that for a
wide range of values of the parameter a the mean-field
approximation qualitatively correctly describes the
dependences of the phase transition temperatures T, on
the thickness N of the system, which were obtained in
the numerical experiments, though it overestimates T,
by 30-100%. For the parameter a = 0.98 the results of
the numerical calculations were compared with the cal-
culation performed in the independent-modes approxi-
mation. In this case the independent-modes approxima:
tion describes the Monte-Carlo curves not only qualita-
tively but aso quantitatively, to within about 5%.
However, as the parameter a increases, the increase in
the correlations in the phonon modes makes this
approximation inapplicable.
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Abstract—The thermodynamic potential of a system of Peierls vorticesin athin superconducting film, con-
taining radiation defects, in a perpendicular external magnetic field is calculated. The equilibrium tempera-
ture dependences of the densities of free vortices and vortices trapped by defects are found in the mean-field
approximation for various magnitudes of the external field. It is shown that the equilibrium magnetization of
a thin superconducting film exhibits the same features that were observed experimentally in the reversible
magnetization of high-temperature superconductors. An asymptotic expression is obtained for the difference
of the magnetizations of perfect and irradiated films. According to this expression, the difference depends on
the pinning energy of avortex on adefect and the density of defects. © 2000 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

The layered structure of high-temperature super-
conductors is responsible for their quasi-two-dimen-
sional behavior, which is manifested in the thermody-
namic and kinetic properties. According to modern
ideas this behavior is dueto the possibility of the exist-
ence of two-dimensional (2D) topological defects—
magnetic vortices—in superconducting layers of these
materials [1-3]. A system of such vortices can occupy
individual and collective states.

In anindividua state the magnetic energy of a vor-
tex divergeslogarithmically and is cut off by the size of
the sample. In a superconductor such 2D vortices can
occupy only bound states with finite energy. In the
absence of an external field these are dipoles consisting
of two vortices, arising as therma fluctuations, with
oppositely directed fluxes. In an external field they can
also be present in the form of bound states forming
Abrikosov vortices.

However, if the system contains a finite density of
free 2D vortices, then asaresult of Debye screening the
energy of a vortex becomes finite and depends on the
density of free vortices[4]. In this state the 2D vortices
in asuperconductor can form agas of free vortices. The
behavior of a system of vortices in these states is radi-
cally different. A transition of the system between
states can occur as a Berezinskii—Kosterlitz—Thouless
(BKT) phasetransition [5, 6].

The reversible magnetization of high-temperature
superconductors is one manifestation of the quasi-two-
dimensional behavior of a system of vortices in a col-
lective state. Experiments on the magnetization of
high-temperature superconductors [7-11] have shown
that in sufficiently high magnetic fields and at suffi-
ciently high temperatures the magnetic moment of a

sample is a function of the state. It has been observed
that at a certain temperature T* the magnetic moment
of the sample does not depend on the magnitude of the
external magnetic field. The temperature dependences
of the magnetic moment M(T) overlap at this point, and
below it the magnetic moment of the sample is essen-
tidly alinear function of the temperature.

The theoretical interpretation of the experimental
results [12—14] was based on the concept of 2D vorti-
ces. As a result, the basic reason for this behavior of
high-temperature superconductors became clear. In
ordinary superconductors the magnetic flux is pro-
duced by a system of Abrikosov vortices which form a
rigid lattice. The configurational energy of the system
of vortices makes the main contribution to the free
energy and hence to the magnetization. The entropy
part of the free energy is negligibly small.

The behavior of magnetic fluxes in high-tempera-
ture superconductors differs from that of ordinary
superconductors. Neutron scattering experiments [15]
and measurements of the Josephson plasma resonance
[16, 17] show that in magnetic fields above 0.05 T there
isno correlation between the positions of the vorticesin
different layers and the vortices do not form vortex
lines. This suggests that the magnetic flux is produced
by a high-entropy gas of 2D vortices. The configura-
tiona and entropy contributions of the system of vorti-
ces enter in the magnetization with different signs. At
the point T*, close to or equal to the BKT transition
temperature, these contributions compensate one
another, which iswhy the magnetic field isindependent
of the external field.

A thin superconducting film also demonstrates
guasi-two-dimensional properties. In the Peierls limit
[18], where the film thickness d is much less than the
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London length A, the behavior of a system of vortices
inafilmis essentially identical to that of 2D vortices.
The main difference is due to the existence of a large
but finite effective Peierlslength A = 2A?/d. Thislength
limits the logarithmic growth of the self-energy of a
Peierls vortex, which isfinite. A system of Peierls vor-
tices, just as a system of 2D vortices, can occupy indi-
vidual as well as collective states. However, since the
energy of Peierls vortices is finite, they can occupy an
individual state in a superconductor not only bound in
dipolesbut also asfreevortices. Heretheindividual and
collective states differ not qualitatively, asin a system
of 2D vortices, but only quantitatively. In an individual
state the Debye screening length & > A and the energy
of avortex is essentially independent of the density of
the free vortices. In the opposite limit the energy of a
Peierls vortex is cut off by the Debye screening length
0 and the behavior of a system of Peierls vortices is
identical to that of a system of 2D vorticesin a collec-
tive state.

Hence it follows that at sufficiently high tempera-
turesand in a sufficiently strong magnetic field, when a
system of Peierls vortices is in a collective state, its
reversible magnetization should exhibit that same char-
acteristic features as in a system of 2D vortices. The
calculation of the thermodynamic properties of a sys-
tem of Peierls vortices in an external magnetic field
[19] has shown thisto be true.

The penetration of radiation defects into high-tem-
perature superconductors strongly affects the process
of reversible magnetization of the samples [20, 21]. A
characteristic value of the magnetic field B, appears; it
is comparable to the defect density Ny/Sin the sample,
By = Ng@®/S. In weak (H, < By) and strong (He > By)
externa magnetic fields the magnetization decreases
approximately as the logarithm of the external field
withincreasing field. In intermediatefields, near B, the
magnetization no longer decreases but mcreases
switching from the low- to the high-field asymptotic
behavior.

The main reasons for such behavior of the magneti-
zation were correctly understood in the works cited
above. Since the energy of avortex trapped by a defect
islessthan the energy of afree defect by the amount of
the energy of a normal nucleus or, equivalently, by the
pinning energy, these are the first positions to be filled
when the sampl e is magnetized. Consequently, the low-
field part of the magnetization curves is due primarily
to trapped vortices. The equilibrium number of trapped
vorticesin asamplewith alow magnetic field isalways
larger than the equilibrium number of free vorticesin a
perfect sample. Thiscircumstanceisresponsiblefor the
difference of the magnetizations of the irradiated and
perfect samples, which depends on the pinning energy.
In fields H, > B, most defects are filled and the free
vortices determine magnetization.

A more systematic theoretical analysis of the equi-
librium magnetization of layered superconductors is
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performed in [22]. Here the entropy of the system and
the correlation length of the system are taken into
account in the London approximation. A drawback of
this work, in our view, is that only vortices oriented in
the direction of the field are taken into account. This
approach rules out taking into account the dissociation
of vortex dipoles under the influence of thermal fluctu-
ations and limits the applicability of the theory to low
temperatures, where the concentration of the vortices
oriented in adirection opposite to thefield isnegligibly
small.

In the present paper a theory that takes account of
the influence of radiation defects on the equilibrium
magnetization of a thin superconducting film is pro-
posed. It takes account of the configurational energy
and entropy of a system of free and Peierls vortices and
Peierls vortices trapped by defects as well as the mag-
netic flux energy of the samples. The free energy of a
system of Peierls vortices in an external magnetic field
isobtained in Section 2. The equilibrium density of free
and trapped vortices in an externa field are examined
in Section 3. The equilibrium magnetization of a
Peierls sample with radiation defects is discussed in
Section 4.

2. FREE ENERGY OF A SYSTEM
OF PEIERLS VORTICES IN A MAGNETIC FIELD

Let us consider a thin superconducting film with
area S containing Ny radiation defects occupying ran-
dom points X,. We represent the defects as sections of
the order of the superconductor coherence length & in
size, where superconductivity is completely sup-
pressed. At finite temperatures such a system can con-
tain N, free vortices and Ny, vortices trapped by
defects with different directions of the magnetic flux.
The vortices can be created and annihilated in pairs,
and they can also be trapped by and become detached
from defects. To calculate the thermodynamic proper-
tiesof such asystem it isnecessary to estimateits grand
partition function.

The partition function of a system of vortices in a
zero external magnetic field has been written down and
estimated in [23]. In this case the chemical potentials of
the vortices are zero and the equilibrium properties of
the system are obtained by minimizing the free energy.
However, if the system is in a nonzero magnetic field,
then the equilibrium values of the chemical potentials
are different from zero, and the equilibrium values of
the densities of the vortices are determined by the con-
ditions that the thermodynamic potential G is mini-
mum:

= = exp{-BG} = z exp{ -BF

N, N

+B(Me Ny + PIN_+ e N + e N }
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= > eP{B(HN, +PN_+ L Ni + N )}
N Ny, (1)
ININ. | aexp{—(N, + N_)BE}
X (NLINZINGINLD) (No— N N1

op
XSpexpg—égU(xi _Xj)_BiZqU(Xi —Xq)

B 1l
_EZU(XG_XV) E

The operation Sp denotes summation over al possible
configurations of the system

Sp = a.dXd\' N EZ%VHW!_'

Here F isthe free energy of a system with afixed num-
ber of vortices, y; arethe chemical potentials of the vor-
tices, B = LT, E, isthe energy of the normal nucleus of
a vortex equal to the pinning energy on radiation
defects, and U(X) is the interaction energy of Peierls
vortices, free vortices, and vortices trapped by defects.
The summation in the exponential extends indepen-
dently over both indices, and terms with the same indi-
ces give the self-energy of the vortices. The quantity
Ng — Nix — N isthe number of free defects. We neglect
their interaction energy with vortices when estimating
the configuration part of the energy, since it decreases
rapidly with distance [24], but we include their contri-
bution to the entropy of the system.

Before estimating the free energy of the system, we
shall determine the equilibrium values of the chemical
potentials. In a superconductor the free energy of asys-
tem of Peierlsvorticesin an external magnetic fieldisa
function of temperature T and the induction, deter-

mined in thiscase as B = S fdxh(x) = @(N, + N, —N_—

N._)/S The equilibrium of a system of vortices in an
external field occurs when the Gibbs potential G
reaches a minimum value. Ordinarily, it is determined
as afunction of theinterna field H;, which isidentical
to the external field H, only for along cylinder:

BH;
G=F-7n

We cannot use such ageometry to calculate the magne-
tization of athin film. Consequently, we shall consider
afilm as a flattened ellipsoid of revolution of height d
and diameter D > d. In amagnetic field directed along
the axis of rotation, the external field H isrelated with
H; and the induction B asfollows[25]: (1-n)H, =H,—
nB, where n = 1 — d/TD is a demagnetizing factor.
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Using a Legendre transformation we can obtain the
Gibbs energy for a system as a function of the external
field H, [26]:

)

The equilibrium distribution of magnetic fluxes in
the system is determined by minimizing the Gibbs

energy [27]:

OF _ 1 H.
0B  4ml-n’

Since we wish to determine the potential G, following

from Eg. (1), and noting that 0/0N, = 0/ON. =

*(qy/ S0/0B, wefind arelation between the equilibrium

chemical potentials of the system and the external field:

OF _ oF 1% He 3)
ON, ~ N, ansi-n

We shall now estimate the free energy of asystem of
vortices. We expand the logarithm of the partition func-
tion (1) inaseries. Thisseries containsonly irreducibly
connected diagrams [28]. The coordinates of the vorti-
ces correspond to the vertices of the diagrams, and the
bonds correspond to the interaction energy. Integration
over the entire area S of the film is performed over the
coordinates of the free vortices. If vortices trapped by
defectsare present in the system, then the diagrams cor-
responding to them and the configuration energy now
depend on their coordinates.

We shall assume that the radiation defects in the
samples occupy fixed random positions. The fluctua-
tions of the coordinates of the defects, associated with
thermal vibrations of the crystal lattice, can be
neglected, since they are negligibly small compared
with the fluctuations of the order parameter of the
superconductor, i.e., the fluctuations of the coordinates
of the free vortices. Thus, the free energy must be aver-
aged over an ensemble of defect configurations. We
shall assume that the defects are distributed over the
entire area of the film with equal probability. We shall
perform the averaging by integrating the free energy
over the coordinates of all vortices, with weight 1/S
trapped by defects. The result is that the trapped vorti-
ces make the same contribution to the average free
energy as do the fluctuating free vortices. The only dif-
ference is that the energy of the nuclel of the trapped
vorticesis zero.

This result seems to us to be entirely natural, since
the statistical averaging over an ensemble of fixed
defect configurations is eguivalent to time averaging
[29], which must be performed in the case of fluctuat-
ing vortices. Only the probability of realization of var-
ious configurations is important. Here we adopted the
hypothesis that the configurations are equally probable
for free vortices and for defects, which is what deter-
mines the answer obtained.

= M = M = F
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We now separate the part of the free energy of the
system that is due to the nonzero total topological
charge associated with the fact that in an external mag-
netic field the numbers of vortices oriented parallel (N,,
N;,.) and antiparallel (N_, N,) to the field are not equal
to one another. Thisis the energy of the magnetic flux
in asuperconductor. It does not depend on the configu-
ration of the flux and can be taken into account simi-
larly to the way the positive background is taken into
account in aone-component model of a plasma[28]:

1 drdr;
22 [ Vi)
i£] (4)
- (pg(n++nt+_n—_nt—)2 - EZ 1
8m(1—n) 8nl-n’

The summation in this expression extends indepen-
dently over the coordinates of all free and trapped vor-
tices, and theintegration extends over the entire volume
V of the sample.

It is now easy to estimate the configuration energy.
The sequence of ring diagrams [28] turns out to be the
leading sequence for the long-range interaction of par-
ticles, which the interaction of Peierls vorticesis [26].
This expression corresponds precisely to the phenome-
nological Debye-Hiickel approach and is actualy its
microscopic substantiation. The microscopic approach
to the calculation of the free energy makesit possibleto
decrease the number of phenomenological parameters
in the theory, which in our case is the energy E, of the
nucleus of a vortex and the coherence length &(T). In
the Debye—Hickel approach we required ancther rela-
tion between the probabilities of dissociation and
recombination of vortex dipoles. The expression for the
configuration energy of a system of Peierls vorticesin
the ring approximation has been obtained in [26]. We
need only substitute, together with the number of free
vortices N,, the sum of the numbers of free and trapped
vortices N, + N..

Thus, we now have all the constituent parts of the
free energy of a system of Peierlsvortices, specifically,
the entropy part, obtained from the factorial factorsin
Eqg. (1), the configuration energy, and the magnetic-flux
energy (4). Introducing the dimensionless parameters
n; = TE2N;/Sand f = T€?BF/Swe obtain

f = n,(Inn,—1) + n(Inn_-1) + n,,(Inn,, — 1)
+n(Inn_—1) + (ng— N, =)
x(In(ng—ne, —n)—1) + p(n, +n_+n, +n.)
><[1—In8p(n++n_+nt++nt_)]

. (5)
+ —W[32pA*(n, + n_+n, +n_)]
4N? o

2
2(N,+ N, —n_—n,)
1-n '

+p(n, + n)e; +4pK

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 91

ARTEMOV

All lengths are given in units of the coherence length &,
p= @t /16TBAT, A = A¥2d isthe effective Peirelslength,
K = Mg, pe, = BE,, and

arctan 1 —E, x=1
l X X—l 2
W[x] = ZIn> +./|]1-X
2 4 1 1+J1-x o
2 1-/1—x 7

We have used dimensionless quantities to make the
quite complicated expressions for the free energy and
the equations of equilibrium more compact. We shall
require notation for the externa magnetic field h, =
T 2H,/ @, and the magnetic moment of the sample m =
T ?410M/ (. With this method of obtaining dimension-
less quantities, except for the characteristic temperature
dependence, the temperature dependence of the coher-
ence length &(T) is obtained. Sometimes thisis conve-
nient, just as for the concentration of vortices when the
dimensionless concentration determined in this manner
is simply the fraction of positions occupied by vortices
among all possible positions at agiven temperature. For
the magnetic field or moment thisis not so convenient.
Consequently, in such cases, when the dependence &(T)
is ruled out, we shall label the corresponding quantity
with the index 0. Thus, the quantity h, depends on tem-
perature and hy, does not.

3. THE EQUILIBRIUM STATE

The equilibrium concentrations of vortices in the
system are given by the conditions (3), which lead to
the system of eguations

Inn, — pIn8p(n,+n_+n,, +n,)
+8pW[32pA°(n, +n_+ny, +n,)]

2(n+ + nt+_n—_nt—_he)
1-n

+ 8pK +pe, = 0,

Inn,, —pIn8p(n, +n_+n,, +n,) (6)

+8pW[32pA*(n, +n_+ny, +n.)]

2(ny + N —n_—n_—h,)
1-n

—In(ng—n,—n,_) = 0.

+8pK

Subtracting the second equation of the system (6)
from first one and the fourth equation from the second
one, we obtain arelation between the concentrations of
vortices oriented parallel and antiparallel to the field:

n, Ny, 2
In= = In—< = —16pk“m 7
- - PK (7

_ t—
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10—1 E_ -
1072 3 Ny E
103 3
ny
1074 3
n_
n,_
1075 1 1 1
0.7 0.8 0.9 1.0

T/TgkT

Fig. 1. Equilibrium concentrations of free vortices and vor-
tices trapped by defects versus the temperature in an exter-

nal field hey = 4 x 1073 with defect density ny = 0.013.

with the magnetic moment of the sample determined by
the expression

B—H,

41M = )
m 1-n

The ratios of the densities of free and trapped vortices
are equal because of the two subsystems are in chemi-
cal contact with one another. From the conditions of
equilibrium (6) follows another relation between the
concentrations of the free and trapped vortices

n,Ng
N =

(8)

_pe'
n+n_+e

This expression shows that the concentration n,, of
trapped vortices tends to O, if the total concentration of
free vortices decreases more rapidly than the exponen-
tial function in the denominator. This behavior is char-
acteristic for an individual state of asystem of vortices,
when the Debye screening interaction length & is
greater than the effective length A and obtains at com-
paratively low temperatures and for low magnitudes of
the external field, falling outside the range of reversible
magneti zation.

However, if the concentration of free vortices

decreases more slowly than e *® then the trapped vor-
ticestend to fill all defects. Thisisobserved in acollec-
tive state of a system of vortices (6 < A), which makes
the process of magnetizing a superconductor revers-
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Fig. 2. Equilibrium concentrations of free vortices and
defect-trapped vortices oriented along the field versus the
temperature for various val ues of the external magnetic field
with defect density nyg = 0.013.

ible. Inwhat follows, we shall beinterested only in this
range of temperatures and fields.

The equilibrium concentrations of the vortices as a
function of temperature for various values of the exter-
nal magnetic field, which were obtained by solving
numerically the system of Egs. (6), areshowninFigs. 1
and 2. The temperature behavior of the concentrations
of the free vortices and the vortices trapped by defects
is qualitatively different in low (H, < Bg) and high
(He > By externa magnetic fields. Figure 1 shows the
temperature dependences of the vortex concentrations
in a system with alow magnetic field hyy = 4 x 10 with
defect density ny, = 0.013. For temperatures T > Tgyr
the concentration of vortices increases rapidly as a
result of the Kosterlitz—Thouless instability. The con-
centration of free vortices here is higher than the con-
centration of trapped vortices, since the latter islimited
by the number of defects.

In the temperature range T < T, the concentration
of free vortices at first exceeds that of the trapped vor-
tices. As the temperature decreases, the thermal fluctu-
ations resulting in the dissociation of vortex dipoles
become weaker and the concentration of free vortices
rapidly becomes less than that of the trapped vortices.
At these temperatures the concentration of vortices
trapped by defects changes very little. These vortices
areprimarily the onesthat form the flux of the magnetic
field through the sample in weak external fields, since
this state of the system of vorticesis energetically more
favorable.
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Fig. 3. Magnetic moment of a perfect (dashed lines) and
irradiated (solid lines) sample of athin superconducting film
versus the external magnetic field for various temperatures.

In high external fields the trapped vortices can no
longer give an equilibrium magnetic flux, and conse-
guently the concentration of free vortices increases. In
Fig. 2 the solid lines show the concentration of free vor-
tices and the dashed lines show the concentration of
trapped vortices, oriented along the field. It is clearly
seen how the ratio between the concentrations of the
free and trapped vortices changes as the external field
increases. The concentrations of vortices oriented
opposite to thefield, for T < Tgky, IS aways much less
than the concentration of vortices oriented along the
field, asshownin Fig. 1.

The numerica calculations were performed for a
model film with the parametersk = 50, A/€ =500, n =
0.99, and g, = 3 and with defect density ny = 0.013.

4. EQUILIBRIUM MAGNETIZATION
OF THE SAMPLE

The equilibrium dependences of the magnetic
moment of a sample on the external magnetic field for
various values of the temperature are shown in Fig. 3
(solid lines) for a sample with defect density ny, =
0.013 and for an unirradiated sample (dashed lines). All
the basic features of the magnetization curves, which
are observed in experiments on single-crystal samples
of high-temperature superconductors, are clearly seen
here [20, 21]. In weak, H, < By, (he < ngy), and strong,
He > B, (he > ny), fields the magnetization of the sam-
ple decreases as InH,, which is especialy clearly seen
for low temperatures, T < 0.85Tgy. For He = B, the
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decrease of the magnetization is replaced by an
increase of magnetization, and then once again by a
decrease, switching from the low- to the high-field
asymptotic behavior.

This behavior of the magnetization is due to the
coexistence of two subsystems of magnetic vorticesin
the sample—free and trapped. In low fields and at low
temperatures, when the total number of vorticesisless
than the number of defects, the concentration of
trapped vortices is higher than that of free vortices,
sincetheir energy islower. Consequently, the magnetic
flux in this sample is primarily due to the vortices
trapped by defects. In highfields, H, > By, virtually all
defects are occupied and most of the flux is due to free
vortices. Sincetheir energy ishigher, it ismore difficult
for free vortices to enter the sample than the trapped
vortices. As aresult, the magnetization of the sampleis
greater by the amount AM than the magnetization that
the trapped vortices would give.

The quantity AM can be easily estimated for low
temperatures, where n, > n_. Using this smallness, an
asymptotic expression, in good agreement with the
numerical solution for temperatures T < 0.85Tgir, can
be obtained:

) O g O
8pk'm = In(l + ——0
O n,+e’™0 9

—(1-p)Inn, + p(In8p —e).

The asymptotic value of the concentration of free vor-
tices oriented along the field is given by the expression

—Pe
ng+e °—h,
2

—pe, 2
. J(nd reh) g
The concentrations n_and n, can be estimated accord-
ing to Egs. (7) and (8). To estimate AM, we shall find

the high- and low-field asymptotic forms of the expres-
sion (9). For large values of the external field, He > By,

n, =
(10)

additional smallnesses h, > ny, € """, appear in the
problem and the expression (10) simplifieston, = h. In
this limit the magnetization has the form

8pK My gn=—(1—p)Inh.+ p(In8p—ey).  (11)

Physically, the expression for the magnetization has
been simplified because we neglected the contribution
of trapped vortices to the magnetic flux through the
sample. At thetemperature T = 0.7Tgx+ the dependence
m(h,), determined by the expression (11), isidentical to
the expression found numerically for aperfect film (the
lower dashed linein Fig. 3). It lies somewhat below the
magnetization curve of the irradiated sample, since in
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the latter a part of the magnetic flux is due to the
trapped vortices.

In the opposite limit of aweak external field it can

be assumed that hy > n,, € *°, and n, = he * °/ng. In
this limit the expression (9) becomes
8pK’My, =—(1—p)Inh,+ pIn8p+ Inn,.  (12)
In this case we neglected the contribution of free vorti-
ces to the magnetization. The dependence m(h,) in this
limit is shown in the figure for the temperature T =

0.7Tgkr by the straight dashed line, close to the numer-
ical solution for low values of the external field.

Thus, we obtain for the difference of the magnetiza-
tions the expression

1
Am = My, —Myg, = ——(p& +Inng).  (13)
8pK

Asfollowsfrom the expression obtained, the difference
of the magnetization is determined by two factors: the
density of defects and the energy of the normal nucleus
of avortex or the pinning energy. In dimensional nota-
tion this expression is

_ 1 1By 0
- (Pod[upm-i-TlnEQchD}

where Uy, = E; is the pinning energy of a vortex on a
defect and H, = @/(21€?) is the second critical field.

As temperature increases, thermal fluctuations
begin to make asubstantial contribution to the behavior
of the system of vortices. Dissociation and recombina-
tion of vortex dipoles are activated in the system. The
equilibrium concentrations of the vortices oriented par-
alel and antiparallel increase, which causes the depen-
dences m(h,) to deviate from the asymptotic form (9).

As one can see in Fig. 3, the temperature T*, at
which the magnetization does not depend on the exter-
nal magnetic field, for a perfect sample is somewhat
less than the temperature Tgy . For a sample with radi-
ation defects this possibility obtains for T = Tgkt only
for aweak external fields, H, < By, as in the experi-
ments of [20, 21].

AM

5. CONCLUSIONS

In the present paper the effect of radiation defectson
the equilibrium reversible magnetization of a thin
superconducting field containing radiation defects was
investigated. The nature of the reversible behavior of
magnetic fluxesis not discussed here. In order to under-
stand it, the thermodynamic properties of a system of
vortices in the superconductor, which interact with the
edges of the sample and with the Meissner current,
must be studied. This is a much more complicated
problem.
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As follows from everything presented in this paper,
the reversible magnetization of a Peierls film with radi-
ation defects possesses the same features as the magne-
tization of high-temperature superconductors. The the-
oretical study of such an object is interesting from two
points of view. In the first place this is a real object,
which can be investigated experimentally. On the other
hand it is a theoretical model, which is ssimpler than a
layered superconductor, since problems due to Joseph-
son coupling between layers and to the contribution of
bound states of 2D vortices in different layers to the
thermodynamics do not arise. In our view the effect of
these two factors on the magnetic properties of layered
superconductorsissmall and will not produce any qual-
itative differences from the properties of athin film.
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Abstract—The relation between the orbital ordering and magnetic structure of the crystal LaMnO; isinvesti-
gated. The dependence of the exchange parameters on the angle @ of the orbital structure is determined. When
the isotropic exchange interaction and the single-ion anisotropy, which depends on the angle @ and the rota-
tional distortions, are introduced into the spin Hamiltonian, a four-sublattice structure (Ay, Fy, Gy) is obtained
with orientation of the magnetic moments of the sublattices near the long axis of the orthorhombic cell of the
crystal in the basal plane of the crystal (Ax > G, Fy). The effect of a magnetic field on the magnetic structure
and the antiferromagneti c resonance spectrum are investigated taking account of the nonequivalent, anisotropic,
orbitally-dependent g tensors. The spin-flop and spin-flip transition fields are calculated. © 2000 MAIK

“ Nauka/Interperiodica” .

1. INTRODUCTION

The discovery of colossal magnetoresistance in com-
pounds based on LaMnQO; rekindled interest in this com-
pound and led to a large number of investigations
devoted to this crystal.

For LaMnO; strong coupling of the spin, charge,
and orbital degrees of freedom is characterigtic. It is
also important to determine the characteristic features
of this relationship for the parent compound LaMnO;
in order to explain the properties of doped compounds.

The existence of orbital structurein LaMnQO; is due
to the nontrivial magnetic properties of this compound.
The orbital structure of Jahn-Teller compounds has
been discussed in a number of theoretical works[1, 2].
Recent investigations of resonance X-ray scattering [3]
have confirmed the existence of orbital structurein lan-
thanum manganite. The appearance of orbital order was
attributed to the exchange mechanism and electronic-
vibrational interaction. The first model is now com-
monly used in theoretical works [4, 5] in connection
with the idea of coupling of the orbital and magnetic
subsystems and the possibility of calculating the cou-
pled spectra of the orbital and magnetic excitations.
However, the second model seemsto usto be more jus-
tified because the electronic-vibrational coupling is
quite strong in this crystal. The experimental data of
[3], which confirm that the orbital structureisalso pre-
served after magnetic order is disrupted, right up to the
transition into the O* phase without Jahn—Teller distor-
tions, also attest to this.

The magnetic structure of lanthanum manganite has
still not been unequivocaly explained. The experimen-

tal investigations [6, 7] have shown that below the tem-
perature Ty = 140 K the crystal possesses A-type mag-
netic structure (see Fig. 1) with the magnetic moments
of the sublattices oriented along the long orthorhombic
axisin the basal plane O' of the crystal structure (sym-
metry group Pnma). A qualitative analysis based on the
Goodenough—Kanamori rules [1] makes it possible to
explain the ferromagnetic sign of the isotropic
exchange interaction in the basal plane; the orientation
of the magnetic moments along the orthorhombic axis
was attributed to the single-ion anisotropy of rank 4[6].
The weak ferromagnetic moment along the Y-axis [6]
(group Pnma) is usually attributed to antisymmetric
exchange.

(d)

Fig. 1. Orbital and magnetic structures of pure manganitein
two neighboring planes along the Y-axis (partsaand b). The
oxygen and lanthanum ionsare omitted. Thearrowsindicate
the main directions of the magnetic sublattices. The thick
lines denote the orientations of the g, orbitals. The numbers
enumerate the magnetic sublattices.
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There now have appeared a number of neutron-scat-
tering investigations [8, 9] of the spectrum of spin
wavesin LaMnOs;. These experiments make it possible
to determine the exchange integrals in this compound,;
this makes it possible to construct the dependence of
the exchange parameters on the orbital structure.

Until recently it was believed that it is impossible to
investigate the resonance properties of LaMnO; because
the spectrum contains a large gap [8, 9]. Nonetheless,
measurements of the temperature [10] and field [11]
dependences of the antiferromagnetic resonance frequen-
cies in the submillimeter range have appeared recently;
this made it possible to determine certain characteristic
features of the magnetic excitations spectrum, which are
accessible to measurement using neutron scattering.

On account of their high accuracy resonance methods
for investigating magnets have always been regarded as
more informative than diffraction methods. In the Jahn—
Teller magnets, wherethe magnetic interactionis strongly
anisotropic and there is a large number of different
weak effects, which is associated with the orbital struc-
ture of these compounds, resonance makes it possible
to investigate the characteristics of the magnetic struc-
ture to ahigh degree of accuracy. Advancesin the tech-
nique of resonance investigations have made it possible
to investigate magnets whose spectrum contains alarge
gap. Thus, it is now possible to study the resonance
properties of LaMnO,, and thisis certainly of interest.

From the standpoint of a theoretical explanation of
the spin-wave and antiferromagnetic resonance spectra,
the authors of [8-11] adhere to phenomenological
models on the basis of the experimentally known mag-
netic structure of LaMnO;. They employ a two-sublat-
tive magnet model with single-ion anisotropy, which
alignsthe magnetic moments precisely along the X-axis
(group Pnma). Thisis sufficient to describe the disper-
sion properties of spin waves [8, 9]. Antisymmetric
exchange with vector directed along the Z-axis and iso-
tropic Zeeman interaction were added in order to
describe the field dependence of the antiferromagnetic
resonance [10, 11]. This model described the depen-
dences well, but it does not agree with symmetry con-
siderations and cannot be explained from the micro-
scopic standpoint.

In the present work calculations of the magnetic
structure and antiferromagnetic resonance spectrum
were performed taking account of the orbitally depen-
dent magnetic interactions. Our model consists of the
following:

strong €electron-vibrational interaction is responsi-
ble for the cooperative distortions Qg and Q; of the oxy-
gen octahedra and for establishment of orbital ordering
in the crystal;

the crystal possesses aregular structure and is com-
pletely stoichiometric;

the only form of the exchange interaction in the
crystal is superexchange;
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the exchange and Zeeman interactions, as well as
the single-ion anisotropy, depend on the orbital struc-
ture; and

anisotropic exchange is neglected; the entire depen-
dence on the rotational distortions is contained in the
exchange and Zeeman interactionsaswell asinthesin-
gle-ion anisotropy.

This model assumes that the magnetic structure is
determined by the orbital ordering. Consequently, the
dependences of all magnetic interactions on the param-
eter characterizing the orbital structure are constructed.
In this model the spin-flop and spin-flip transitions, as
well as the behavior of the magnetization of the sublat-
ticesin an external magnetic field, were calculated. In
addition, the characteristic features of the field depen-
dences of the antiferromagnetic resonance frequencies
and the total magnetization were explained.

2. CRYSTAL AND ORBITAL STRUCTURES

The LaMnO; crystal possesses a distorted perovs-
kite structure [6, 7, 12, 13]. At low temperatures this
substanceisin an orthorhombic O' phase, and at higher
temperatures or with weak doping it transforms into a
quasicubic phase O*. The space group Pnma (Dj.)
corresponds to both phases.

The orthorhombic distortion of an ideal perovskite
lattice can be represented in the form of three basic dis-
tortions [14, 15].

(1) A distortion of the Rtypeisarotation of the oxy-
gen octahedraaround the[110], axis of anideal perovs-
kite with cell doubling aong al three axes ({kis}Tqy
(C,C,0) inKovalev's notation [16] or ($¢ 0) in the nota-
tion of [17]). Theangle ¢ = 12° [1§].

(2) The M type distortion is a rotation of oxygen
octahedra around the [001], axis with cell doubling
along two axes ({ ky;} T3 (00C,) in the notations of [16]
or (00Y) according to [17]). The angle Y = 10° [18].

(3) The ¢ type distortion (Q;,) describes an e-type
deformation of the crystal octahedron with doubling
along two axes ({ ki1} Tsin the notations of [16] and with
the choice of the ray [1/2 1/2 Q],,). Distortions of this
type areillustrated in Fig. 2.

The corresponding basic distortions are accompa-
nied by adjustment of the lattice.

The orbitally degenerate ground state °E of the man-
ganese ionsis split as a result of the cooperative Jahn—
Teller effect. The orbital state with the wave function

. P )
qJn = S|n7n¢n9+ COan(I)na, (1)

where (¢q, ¢.) arethe basisfunctionsfor the E level and
the angle ® satisfies (see Fig. 1)

® =P, = -0; =, =D, (2
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is established on each manganese ion. The vaue of this
angleis expressed in terms of the distortion in the crystd:

QE Qe (3)
JQ+ Qf JQo+ Qf
Here ® = 107° [18].

The orbital structure of manganiteisshownin Fig. 1.

snd = cosP =

3. ORBITAL DEPENDENCE
OF THE MAGNETIC INTERACTIONS

3.1. Isotropic Exchange

Taking account of the metal-ligand distancesr,, and
r . and the superexchange coupling angles ¢, and ¢,
the authors of [19] obtained for pairs of interactionions
along the z, axisand in the basal plane the dependences
for the parameters of the isotropic exchange of manga-

nese ions in a manganite crystal with structure D3. on
the orbital structure (Jy, = Jay = Jp, Jig = Jog = I iN
accordance with the notations used in Fig. 1):

J cosz¢
J, = %’Fb(q)),
" (4)
Jocos
Joe = OTOEICFac(CD),
ac
where
Fo(®) = [1+20cos® + Bcos’ @],
- 2 30 ®)
Fac(®) = [1 —acos® + [3%;03 O ZD]’

Jo, @, and B are parameters that depend on the type of
magnetic ionsin apair and the type of intermediate ion
(they can be determined from the experimental data),
and @ is the angle of the Jahn—Teller distortions. The
parameters in the relation (5) are determined in [19]:
Jo=1.24x 103 meV A a = 0.9, B = 4.9. The depen-
dence of the exchange integrals on the Jahn—Teller dis-
tortion angle is presented in Fig. 3. The structural
parameters for LaMnO; were taken from [18] and are
r, = 1.96 A (the distance between the manganese and
oxygen ions aong the b axis), r,. = 2.04 A (the average
of the length of the long and short distances between
the manganese and oxygen ions in the ac plane), ¢, =
155.1° (the superexchange binding angle along the
b-axis), and ¢, = 153.8° (the superexchange bond angle
inthe ac plane).

It is obvious that the presence of a ferromagnetic
exchange interaction in the basal plane is due to the pres-
ence of adefinite orbital structure, sincethe orbitally inde-
pendent part of the exchangeis antiferromagnetic.

A characteristic feature of the dependence (5) is a
possible change in magnitude and sign of the exchange
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b

v.z,

C

Fig. 2. Fragment of a LaMnOg cell with e-type distortion.

The La3* ions are omitted; (X, Y, Z) is orthorhobic coordi-
nate system; (X, Yp, Zp) is quasicubic coordinate system.

0° 30° 60° 90° 120° 150° 180°
0]

Fig. 3. Angular part of the exchange integrals along the b
axis (Fp) and in the basal plane (F,.) versus the Jahn-Teller
distortion angle (angle of orbital structure) .

parameter in the ac plane (the minus sign denotes afer-
romagnetic interaction), which is due to the change in the
magnetic structure with the crystal structure remaining
unchanged (D3.). This distinguishes the Jahn-Teller
compounds from other magnetic dielectrics.

3.2. Sngle-lon Anisotropy and the Zeeman Interaction

The single-ion anisotropy appears in second-order
perturbation theory with respect to the spin-orbital
interaction. From microscopic calculations using per-

turbation theory P = —Z5,/(124), where Z is the spin-
orbit interaction constant and A is the energy gap
between the °E ground state and the 3T, excited state of
the manganese ion. Taking {34 = 17.1 meV [6] and A =
169.5 meV gives P = -0.15 meV.
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Anexpression for the single-ion anisotropy isobtained
in [19] in the local axes of the oxygen octahedra. It
depends on the orbital ordering angle:

HEY = D,Sh, + Ex(So, — Sy (6)

where
D,, = 3Pcos®,, (7)
E, = J/3Psind,. 8

Thevalues of D,, are positive (cos®; < 0, P < 0) and
are the same for all magnetic ions in a cell, and E,
changes sign on switching to a neighboring magnetic
ion in the basal plane.

The quantity P can be determined according to the
magnitude of the gap for the lower branch of the spin
waves AE = 2.7 meV [8]: P =-0.13 meV [19]. For val-
ues of AE from [10, 11], P = -0.1 meV. In subsequent
calculations we shall employ this value. In the section
devoted to the antiferromagnetic resonance spectrum
we shall examine the determination of the constant P in
greater detail.

GONCHAR’ et al.

the g tensors also depend on the angle ®. We shall write
down the Zeeman interaction operator for the corre-
sponding symmetry [20]:

|:|(Zr:e)em = 0;Hg(S, H)
1
+ égzuB[(‘?’Snszzp_Sn Ij_|)Xn9 (9)
+ ’\/é(snpoxp_SnypHyp)an]v

where X, . are orbital operators which act in the space
of the functions (¢4, ¢.) of the ground-state E term:

(10)

We now average it over the wave functions (1) and
obtain an effective spin Hamiltonian in local axes of the
oxygen octahedra

On account of the Jahn—Teller effect the g tensors of Hzeem = —pBZ(H [gi [5), (11)
neighboring ions are not equivalent [3]. This greatly :
complicates the magnetic structure of the compound in
an external nonzero magnetic field. The componentsof ~ where
[l 2 ]
_<l
Egﬁgzcosgb 30 0 0 E
1_ 2_[0 O
g =9 = 2
@ 0 gl+gzcosBD+ —:‘;—T[% 0 ér
U 0 0 g, + g,cosd U
(12)
[l 2 [l
<17]
Egﬁgzcosglﬂ 30 0 0 E
3_ 4_[ O
g =9 = 2
@ 0 0, +0g, COSBD ?T[% 0 ér
U 0 0 g, + g,cosd UJ
The parameters g, and g, were estimated in second- A
order perturbation theory to be g, = 1.89 and g, = 0.047 H = J, z (Sn 5,)
(for {34 =17.1 meV and A = 169.5 meV [6]). m>n
interplane
(13)
4. RESULTS AND DISCUSSION +J, z (S, [B,) + Z A 4 z Ao
The following Hamiltonian was used to calculate m>n n n
the magnetic properties of lanthanum manganite: in plane
JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 91 No. 6 2000
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The rotationa distortions of oxygen octahedra are
taken into account not only in the exchange Hamilto-
nian (4) but aso in all other terms. For spin variables, a
transformation is made in the terms of the single-ion
anisotropy and Zeeman interaction from alocal coordi-
nate system tied to axes of the octahedron into ageneral
orthorhombic system using the matrix

E cosy) siny OE

M(¢. §) = E—sinlp cosy OE

0o o 0 1

O 0

Dcosz(b sin2¢ Sing O 14

12" s mioltp @

0 m.J2 J20
xO_sir® cog? SNO O 1 B

U 2 2 2 (0= og_=10

0 _ 5 U

3-Sn% % oo FHo 1 0 O

0O J2 W2 O

The correspondence between the rotation angles and
the orbital structurein aprimitive magnetic cell isgiven
asfollows:

Mny (¢, W, @), Mny(—=0, Y, ),
Mn(¢, -, =), Mn, (=6, -, —P).

After appropriate transformations the Hamiltonian (13)
can be rewritten as the energy of the magnetic sub-
system in terms of the basal vectors of the magnetic
structure for four sublattices (in the nearest-neighbors
approximation):

(15)

E = %{ J(F°=G*=A%*+CH

+23,(FP=G*+ A’ =C’ + a(F5 + G+ A%+ C2)
+b(F5+ Gy + Ay + C3) + c(F5+ G5+ A7 + C3)

+d(FxAy + FyAy + G4Cy + G,Cy)

(16)
+e(FxC; + F,Cyx + GyA; + AGy)

+ f(FyG; + F,Gy+ A,Cy + A/Cy)

+4Ug[Hy(911Fx + 921Ax)
+OpHvFy + HZ(913F 2 + 95A7) ]},

where N is the number of magnetic ions in the sublat-
tice,k F=5,+S,+5;+S5,,G=S5,-S,+S;-5,A =
S -S5-5+S5,andC=S,+S,-S;—- S, arethebasa
vectors of the four-sublattice magnetic structure [21],
Jy, and J,. are the exchange integralsin LaMnO; (J, =
1.16 meV, J,. = -1.66 meV [9], J, = 1.21 MeV, J. =
-1.67 meV [8]), and the single-ion anisotropy and Zee-
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man interaction parameters are expressed in terms of
the structural parameters as follows:

a = /3Psindsin2y,
b = P(3cosdcos’d — /3sindsin’ g sin2y),
¢ = P(3cosPsin’d — /3sindcos’  sin2y),

(17)
d = -2./3Psin®cos2ysing,
e = 2./3Psin®cos2y coso,
f = Psin2¢(3cos® + ./3sin®sin2y),
On = glcoszw—%gzcosqbcosw,
O, = “—/Z—égzsindbsinw,
0, = cos¢ (g, + g,cosd), (18)

1
013 = COS¢ cosy %l - égzcosdJEr

Oy = —?gzsintbsinzm.

Thefollowing values of the parameters enumerated above
were used for quantitative description of the properties of
LaMnOg: J, = 1.16 meV, J,. = -1.66 meV [9], P =
-0.1 meV, a=-0.06 meV, b =0.09 meV, ¢ = 0.06 meV,
d=0.06 meV, e=-0.3meV, f =0.01 meV, g;; = 1.865,
0,1 = 0.005, gy, = 1.83, g;53 = 1.825, and g,3 = -0.005
(calculated using Egs. (17) and (18) and the parameters
¢, Y, and ® of the crystal and orbital structures).

4.1. Magnetic Structure in an External Magnetic Field

Minimizing the magnetic energy in the modd (16)
leads to a four-sublattice magnetic structure, which pos-
sesses anoncollinear form and is classified as (Ay, 0, Gy)
(seeFig. 4a) neglecting the rotational distortions and as
(Ax, Fy, G,) (see Figs. 4a, 4b) taking these distortions
into account.

The expression (16) makes it possible to determine
immediately the main components of the magnetic

c b
3\D l 2’3\\/1’4
a
2 4

(@) (b)

Fig. 4. Magnetic structure of LaMnOs: (a) Ax and Gz com-
ponents; (b) Ay and Fy components.
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structure. Comparing the coefficients of the sguared
components of the basal vectors of the magnetic struc-

tureF, G, A, and C shows that the components Af( and

A> have the most negative coefficients: (—J, + 2J,. + a)
and (=J, + 2J,. + ¢). Itisobviousthat for LaMnO; Ay is
the main component of the magnetic structure.

Itiseasy to seethat in the absence of rotational dis-
tortionsin the crystal the coefficients of the energy (16)
a=c=d="f=0, whence follows that in this case the
structures (A, 0, G,) and (A, Fy G,) become equiva-
lent. This agrees with symmetry considerations, since
in the absence of rotational distortions the symmetry of

the crystal is tetragonal (Df{h) and the X- and Z-axes
are equivalent.

On account of the presence of orbital structure the
easy magnetization axis of the crystal is singled out
(a~ sin®) and nonlinear components of the magnetic
structure appear: G, (e ~sin®) and F, (d ~ sin®). The
F, component appears also because the orthorhombic
nature of the crystal is taken into account (d ~ sin®,
f ~sin2¢). The corresponding components of the mag-
netic structure can be written as

A, =4S,
ef +2d(a—c+4J,.)
f°—4(a—c+4J,)(a—b-2J,)
2e(a—b—-2J,) +df
f2—4(a—c+4J,)(a-b—-2J,)

Thus, in our calculations the values of the compo-
nents of the magnetic moments on one manganese ion
are ly = 3.7Ug, Ky = 0.0545, and p, = 0.09u; (assuming
the magnetic moment of the Mn* ion to be 3.7 [18]).
According to the experimental data, 1y = 0.1ug [6]. The
order of magnitude of |, agrees with experiment even
without including in the Hamiltonian the antisymmetric
Dzyal oshinskii—-M oriya exchange, which we neglected.

It follows from the expression for the energy (16)
that the single-ion anisotropy contributes to the terms
responsible for the noncollinearity of the structure, specif-
ically, the weak ferromagnetism. As a result of the large
anisotropy, these terms are large enough to neglect the
antisymmetric exchange.

For orthoferrites, where the oxygen environment of
amagnetic iron ioniscloseto an idea octahedron and
the single-ion anisotropy, second-order in the spin, is
negligibly small, the antisymmetric Dzyal oshinskii—
Moriyaexchange plays adecisiverole in the formation
of the weakly ferromagnetic structure. In manganites,
on account of the cooperative Jahn-Teller effect and the
strong spin-orbit interaction, giving rise to a large sin-
gle-ion anisotropy, the role of antisymmetric exchange
in the formation of magnetic structure can be assumed
to be secondary. In some calculations, including the

F,=—4S

(19)

G, =4S
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present work, it can be rejected, since therole of orbital
and crystal structures in the formation of the magnetic
order isobvious even without thisinteraction. However, in
the O* phase the single-ion anisotropy is small, and then
the role of antisymmetric exchange becomes appreciable.
According to experimentd investigations[22] thisinterac-
tion is approximately the same in both phases.

Nonetheless, in most works (e.g., [8-11]) the contri-
bution to the energy, responsible for the coupling of the
Ay and G, components, was neglected. However, the
constant e, determining the magnitude of this contribu-
tion and depending primarily on the orbital structure, in
our model is quite large and must necessarily be
included in the analysis.

In [6], where the magnetic structure of LaMnO; in
the initial model was studied, the orientation of the mag-
netic moments along the long axis was explained by
including the anisotropic terms which are of fourth-
order in the spin variables. In our model the easy axisis
singled out because of the orbital structure of the crystal.

The behavior of the magnetic structure of an easy-
axis antiferromagnet in an external magnetic field is
ordinarily studied in a simple model. Neglecting the
orbital structure and the rotational distortions the Zee-
man contribution to the energy has the form —pzg(F - H).
In this case the magnetic structure in a field directed
along the easy axis remains unchanged up to some
magnitude of the field (H,), after which “flipping” of the
magnetic sublattices (spin-flop transition) perpendicular
to the field occurs. As the externa field increases further,
the direction of the magnetic moments gradually
approachesthedirection of thefield until saturation occurs
(spin-fliptrangition at H,). In this approach the behavior
of the nonlinear components is not studied.

In our model the behavior of the magnetic structure
ismore complicated. This, inturn, isdueto the fact that
the nonlinear components of the magnetic structure are
taken into account. The rotational distortions make the
interaction of F and H anisotropic. The orbital structure
changes by the magnitude of the components of the g
tensors and in the presence of rotationa distortions
adds to this interaction antiferromagnetic components
of the structure, specifically, A and A,. Consequently,
we present below the results of numerical calculations.

Let us consider an external magnetic field applied
parallel to the easy magnetization axis. For H < H,, the
directions of the projections of the magnetic moments
of the sublattices on the basal plane remain unchanged.
The total ferromagnetic moment (Y component)
increases depending on the field in a manner so that in
the sublattices paralldl to the external field the Y com-
ponent increases and in other sublattices it decreases
(see Fig. 5). In other words for H < H,, the F and the
A, components of the magnetic structure increase. The
remaining components change very little.

When the field reaches the value H, the direction of
the total ferromagnetic moment changes. In this mag-
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My, pg/formula unit

04 T T T
My, pg/formula unit

0.3+ 8

0.2F 4

0.1F 0 10 20 30 40;

HT

0 -

0 10 20 30 40
H, T

Fig. 5. Total Y component of the magnetic structure py ver-
susthe external magnetic field H. Inset: Y component of the
magnetic sublattices versus the external magnetic field H.

netic field a spin-flop transition occurs from Ay into A,
and from Fy into Fy. The component A, continues to
increase with the field. The component A, begins to
decrease for H > H_,, when A, reaches zero. When the

field reaches the value H,, the magnetization curve

tends to saturation. Complete saturation is not attain-
ablein our model because of the anisotropy of the g ten-
sors. Thecritical fiddswereH,; =19T,H, =525T, and

H:, ~ 100 T. The value of the field H,, agrees with the

valuefound experimentally in[11] andis21 T. Theval-
ues of the other critica fields have not been measured.

Thus the behavior of the total magnetization of the
crystal measured in [11] and calculated in our work
(see Fig. 6) can be explained. The computed depen-
denceisqualitatively identical to the characteristic fea-
tures of the experimental curve: the nonlinear growth
up to Hy, ajump at H = H,, linear dependence of the
magnetization on the field for H > H,,.

The nonlinearity of the growth of  is associated
with the growth of the F, component of the magnetic
structure. The jump in i near a spin-flop transition is
due to the change in the direction of the ferromagnetic
component of the total moment. A quantitative diver-
gence is noticeable in fields below the spin-flop transi-
tion field. In [11] this behavior was explained by the
presence of domains (twins) in the crystal, for which
the external magnetic field is directed along the Y-axis.

4.2. Spin Waves and Antiferromagnetic Resonance

The digpersion dependences of magnons were investi-
gated for the energy (16) in the linear spin-wave approxi-
mation. As a result of the four-sublattice model of the
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M, pg/formula unit
I

20F -
1.5
1.0
0.5
0 10 20 30 40
H, T

Fig. 6. Total magnetization (per formula unit) p versus the
external magnetic field H. Thick line is the result of mea-
surements from [11].

magnetic structure, the spin-wave spectrum has four
branches. The spectrum is divided into two bands, each
having two closely spaced branches.

For k = 0 the energy spectrum of the magnetic exci-
tations can be observed with the aid of antiferromag-
netic resonance (see Fig. 7).

Without an external magnetic field the lower
branches of the spectrum are split slightly and sepa-
rated by an energy gap. The formation of suchagapis
characteristic for an easy-axis antiferromagnet. In a
two-sublattice model the gap width is determined by
the square raot of the product of the exchange parame-
ter and the single-ion anisotropy. In our model the gap
width is determined by the square root of acomplicated
combination of the exchange interaction and single-ion
anisotropy parameters. Neglecting the rotational distor-

f, THz
1.2 T T T T T

1.0

0.8

0.6

0.4

0.2

0 5 10 15 20 25 30
H,T

Fig. 7. Antiferromagnetic resonance frequenciesf versusthe
external magnetic field H. Solid line is this calculation,
points are the results of [11].
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tions the expressions for the squared energies of the anti-
ferromagnetic resonance as a function of the parameters
Jpr Jaex B, @nd e can be written as follows:

_ hySpe’

(AE,)? = +16J, 2
! 2 W,

acD

2
x%-

|m

+4(b—4J,+23,)5

al

(¢}

o (20)
2 _ nyolq e
(8E,)" = 2 [D 5

ST G

2
+4pEE _ 83,1
g, o0

2, b 5, Jb0
26’ + T2t JacD]
The expressionsfor the energiestaking into account the
rotational distortions are even more complicated, and
for this reason only the numerical calculations are pre-
sented below.

It is easy to see that the main parameters determin-
ing the width of the gap in the antiferromagnetic reso-
nance spectrum are P, J,, and J,.. In contrast to “stan-
dard” phenomenol ogical modelsthe gap width depends
not only on the antiferromagnetic exchange. Ferromag-
netic intraplanar exchange also makes an important
contribution to the gap width at the I" point of the mag-
netic Brillouin zone. This is due to the influence of
orbital structure.

To estimate the parameter P we compared the
numerically determined quantity (AE; + AE,)/2 with
the gap width obtained in [8, 9, 11] and with the aver-
age of two energies obtained in [10]. Since the depen-
dence of the splitting oE at H = 0 on the parameters (17)
is quite complicated, we did not adjust P to this splitting,
especidly since the structural parameters on which the
constants (17) depend were assumed to be given.

According to our calculations the gap width isAE =
2.33 meV, and the splitting of the lower branches was
OE = 0.18 meV. Our calculations agree well with the
experimental values of these quantities (AE = 2.7 [§],
2.6[9], 228 [11], 218 meV; 0E = 0.12meV [10]). The
main indication that the model is adequate isthe agree-
ment between the splitting and the experiment value [10],
since this parameter is abtained by using structural data.

Inthemodelsusedin[8, 9] theformation of agapis
explained wdll, but the splitting of the branches cannot be
explained. In the models of [10, 11] this splitting is attrib-
uted to the presence of the Dzyd oshinskii-Moriya inter-
action. However, in these works the values of the anisotro-
pic parameters are introduced phenomenologicaly and
are not tied to the crystal and orbital structures. The
direction of the antisymmetric exchange vector, taking
account of the crystal symmetry, has a more compli-
cated form than that assumed in [9, 10]. Thisis shown,
for example, in [22, 23]. The two-sublattice model is
inadequate here, since the change in the bond angle
between the manganeseions, located in the same plane,
must al so be taken into account, which ordinarily is not
done.
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In our modd the lifting of the degeneracy for the
branches of the spectrum of an easy-axis magnet is asso-
ciated with the specific form of the single-ion anisotropy,
specificaly, the presence of the term e(AG; + A/Gy),
which depends on the orbital structure. Theincreasein
the number of sublattices, which is associated with the
orbital structure, gives rise not only to doubling of the
magnetic cell but aso lifting of the degeneracy of the
pairs of branches at the I' point. When the rotational
distortions are taken into account in the Hamiltonian
the quantity OE decreases.

In addition, the field dependence of the antiferro-
magnetic resonance frequencies with H || a was taken
into account. The behavior of the field dependence of
the frequencies is characteristic for an easy-axis anti-
ferromagnet. As the field in the direction of the easy
magnetization axis increases, the two bottom branches
of the spectrum diverge even more. At H = H, a sharp
jump associated with the spin-flop trangition is observed.
In ordinary antiferromagnets the lower branch possesses
zero energy at this field. This is not so in our model.
This effect is due to the fact that the magnetic structure
is not strictly collinear, and the g tensors are anisotro-
pic. As a result, the magnetic field cannot be directed
strictly along the direction of the easy magnetization
axis. The special features of the spin-flop transition in
LaMnO; and the absence of complete saturation are
associated with this.

5. CONCLUSIONS

In summary, in the present work a smple model
describing the dispersion [8, 9] and field [10, 11] depen-
dences of the spin-wave energies and the field dependence
of the total magnetization [11] was presented. The model
included the orbital-dependent interactions: exchange,
single-ion anisotropy, Zeeman interaction; the orbital
structure is assumed to be fixed and independent of the
magnetic interactions. Thereisno anisotropic exchangein
the model, and dl rotationd distortions are taken into
account in other interactions.

Asaresult of the simplicity of the model the depen-
dence of the magnetic structure on the orbital and crys-
tal orderings can be clearly traced. For the same reason
it ispossibleto give aqualitative explanation of thefor-
mation of the magnetic structure [19] and its behavior
in an external magnetic field.
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Abstract—Emission Méssbauer spectroscopy on 8’Cu (67Zn) and 8’Ga (57Zn) isotopes was used to show that
for the superconductors Nd; g5Ceq 15CUQO,, Lay g5 15CUO,, and Tl,Ba,CaCuOg in the temperaturerange T > T,
the temperature dependence of the center of gravity Sof the Mdssbauer spectrum is determined by the second-
order Doppler shift, while in the range T < T, the Bose condensation of Cooper pairs influences the value of S
(here T, isthe superconducting transition temperature). The spatial nonuniformity produced in the electron den-
sity by a Bose condensate of Cooper pairs was observed for Lay g5Srg 15CuO,. © 2000 MAIK “ Nauka/ I nter pe-

riodica”

1. INTRODUCTION

Superconductivity is due to the appearance of Coo-
per pairs and the formation of a Bose condensate,
which is described by a single coherent wave function
[1]. This meansthat the electron density distribution at
the lattice sites of a superconductor should be different
at temperatures above and below T—the supercon-
ducting transition temperature.

Since the isomeric shift I.S. of the Mdssbauer spec-
trum is determined by the el ectron density on the nuclei
investigated, it is in principle possible to observe the
formation of Cooper pairs and a Bose condensate by
measuring the temperature dependence of the center of
gravity S of the Méssbauer spectrum of superconduc-
tors. The temperature dependence of Sat constant pres-
sure P is determined by three terms[2]:

P91 . B1.Sg dBinvg |, 800 , Bl.Sp
510, ~ Coinvil, 03T O, 0570, * 08T [,

The first-term in Eg. (1) is the dependence of the
isomeric shift I.S. on the volume V, the second term
describes the influence of the second-order Doppler
shift, .S, and in the Debye the approximation it hasthe
form [2]

[QQD D?’kB EDF DTD (2)
EBTDP DZ mc2H e

where kg is the Boltzmann constant, E; is the isomeric
transition energy, M is the mass of the probe nucleus, ¢
is the velocity of light in vacuum, © is the divine tem-
perature, and F(T/©) isthe Debye function. Finally, the
third term in Eq. (1) describes the temperature depen-
dence of the isomeric shift I.S. at constant volume. The
appearance of thisterm isdueto the changein the elec-

tron density at the Mdssbauer nuclei, and this effect is
expected when the matrix transformsinto the supercon-
ducting state.

However, attempts to observe the formation of Coo-
per pairs and a Bose condensate by measuring the tem-
perature dependence of the center of gravity S of the
M dssbauer spectrum of 1°Sn for the classical super-
conductor NbySn were unsuccessful [3]: the observed
dependence S(T) was described satisfactorily by the
second-order Doppler shift and no features in the
behavior of T) which could be attributed to the
change in the isomeric shift were observed near T..
Similarly, no anomalous change in S of the M 6sshauer
spectrum of the impurity atoms >’Fe in high-tempera-
ture superconductors was observed (Y Ba,Cu;0,_, [4],
(Bi,Pb),SrCu304q [5], (T1,Pb)Sr,Ca,Cu;0, [6]). These
facts are explained by the small value of A, /2G (here
A 5 is the maximum achievable difference of the iso-
meric shift of the MOssbauer spectrum in the ordinary
and superconducting phases, G = #/1, is the natura
width of the nuclear level, and 1, isthe average lifetime
of the nuclear level), which for Mdssbauer spectros-
copy on the isotopes ’Fe and 1°Sn does not exceed 6.

The observation of Cooper pairs by Mdssbhauer
spectroscopy should be most favorable for high-tem-
perature superconductors (which have the minimum
Cooper-correlation scale), if aprobe for which A, g > 10
is used. The choice of objects for investigation should
also take account of the need to introduce a M 6ssbauer
probe at the lattice sites. All these conditions are satis-
fied for the Mdssbauer probe ’Zn in copper metal-
oxide lattices when using the emission variant of Moss-
bauer spectroscopy on the isotopes ’Cu (7Zn): A, /2G =
200 for ’Zn and the parent isotope ¢’Cu can be intro-
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duced at the copper sites during synthesis, so that the
daughter isotope 7Zn also occupies the copper sitesin
thelattice [7]. However, if the emission variant of spec-
troscopy on the isotope ¢’Cu (6Zn) is used, then for
copper metal oxides containing rare-earth metals the
parent isotope ’Ga occupies the rare-earth metal sites
[8], and it becomes possible to investigate the spatial
nonuniformity produced in the electron density by the
Bose condensate of Cooper pairs. Finally, we note that
the Mossbauer probe ¢7Zn is a dielectronic center with
negative correlation energy [9]—its charge state can be
changed only by transferring simultaneously two elec-
trons, and the electron pair localized on the center pos-
sesses zero total angular momentum, orbital angular
momentum and spin. On the other hand, according to
be BCS modd, for T < T, electrons with opposite
momentum are paired, so that the total angular momen-
tum, orbital angular momentum, and spin of a Cooper
pair are also zero. It isthe combination of these factors
that should be favorable for observing Bose condensa-
tion using a7Zn probe.

In the present paper the results of such investigations
are presented for a %Zn probe in Nd, gCe,;5CuUO,,
L&y g55r;15CUQ,, and Tl,Ba,CaCu,Oq lattices. Corprous
oxide Cu,O was chosen asthe control, for which atran-
sition into the superconducting state is not observed.

2. EXPERIMENTAL RESULTS AND DISCUSSION

The the Maossbhauer sources Nd, gCe,,:CUO,,
L&y g5Sr15CuUO,, TI,Ba,CaCu,Og, and 8’Cu,O were pre-
pared by the diffusing radioactive carrier-free Cu into
polycrystalline samples Nd, gsCe, 15CuO, (T, = 22 K),
L&y g550.15CUO, (T, = 37 K), Tl,Ba,CaCu,0g (T, = 60K),
and Cu,O in evacuated quartz ampuls at 450°C for 2 h
in an oxygen stream. For La; g55r15CuQ, diffusion of
radioactive carrier-free ’Ga was also conducted under
similar conditions. No appreciable change in T. was
observed for the control samples.

The Mossbauer spectra were obtained using the
absorber ZnS. The absorber temperaturewas 10+ 2 K
for all samples, while the source temperature could
vary from10+ 1t0 80+ 1 K.

The Mosshauer spectra of all ceramics in the chosen
temperature range consisted of well-resolved quadrupole
triplets, whose isomeric shift corresponds to 6’Zn?* ions.
The typical spectra for the ceramic Lay g5Sry15CuO,
are displayed in Fig. 1. For the 7Cu (7Zn) spectrait
was assumed that in the diffusion process the parent
atoms ’Cu occupy the copper sites (the datafrom [10-12]
attest to this), and therefore the probe Zn?*, which
forms after ’Cu decays, occupies the copper sites. For
the spectra of Lay g5Sr;15CUQ, : ¥’Ga it was assumed
that as a result of diffusion doping the parent 6’Ga
atoms occupy lanthanum sites and therefore the probe
67Zn?*, formed after ’Ga decays, also occupies the lan-
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V, um/s

-60 —-40 -20 0 20 40 60

N

V, um/s

Fig. 1. Mdosshauer spectrum of the compounds
Lay g5570,15°' CUO, (1-3) and Lay 557 15CUO, : °'Ga (4-6)

for various source temperatures (absorber temperature 10 +
1K, Nisthecount ratein arbitrary units): 10K (1); 11 K(4);
37K (2,5); 70K (3); 75K (6).

thanum sites. This is supported by the fact that in the
C-V,, diagram constructed in [8] on the basis of emis-
sion M @ssbauer spectroscopy data obtained on the iso-
tope ¢’Cu (67Zn) for the compounds RBa,Cu;0; : 6’Ga
(Fig. 2) the point for La, gsSry15sCUQ, : ’Gafals on a
straight line plotted assuming that the parent 8’Ga atoms
(and therefore the daughter probes 6°Zn?*) occupy the
rare-earth metal sites R (here C is the quadrupole inter-
action constant for the 8°Zn?* probe, determined from
the experimenta spectrum, and V,, isthe principa compo-
nent of the tensor of the crystal gradients of the electric
field, calculated according to the point-charge model).

It was found that the quadrupole interaction con-
stants C for al ceramics are essentially temperature-
independent. Since for the Zn?* probe the electric-field
gradient at the 8’Zn nuclei is produced only by the lat-
tice ions [9-12] and the variations of the lattice con-
stantsin the temperature range 4.8-80 K are negligibly
small [13, 14], the temperature independence of C is
not unexpected.

The temperature dependences of the center of grav-
ity Sof the spectrum, which were measured relative to
its value at T, differ substantially for the control and
superconducting materias (as an example, Fig. 3 dis-
plays such curves for La g5Sr;,5sCuO, and Cu,0),
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Fig. 2. Quadrupole interaction constant C for rare-earth
metal sites (the experimental data, obtained by emission

Mossbauer spectroscopy of 67Ga (87zn) versus the princi-
pal components of the tensor of the crystal gradient of the
electric field V, at the same sites (the computational results
were obtained in the point-charge approximation) for
RBa,Cuz0;, R =Y, Eu, Gd, Tm (small filled squares) [8].
The large open square represents our data for lanthanum
sitesin the La1_858r0.15CUO4 | attice.

though no sharp jumpsin Sare observed at atransition
through T, in any of the compounds.

The temperature dependence of Sis determined by
the expression (1) and, as calculations show [15], the

S, Hm/s

1
0 20 40 60 80
T, K
Fig. 3. Temperature dependences of the center of gravity Sof
the M ossbauer spectrum of $7zn, measured relativetoitsvalue
at 37 K, for Lay gsSrg 150/ CuO, (W), Lay g5S7g15CU0, : 9'Ga
(1), and 87Cu,0 (). The theoretical temperature depen-

dence of Sis presented for the second-order Doppler shift
with © =400 K.
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first term in Eq. (1) for the case 7Zn can be neglected,
since for the temperature range chosen it does not
exceed 0.03 um/s and, and in the temperature range
10-80 K no structural phase transitions are observed in
any of the compounds investigated [16].

The second term in EQ. (1) describes the effect of
the second-order Doppler shift. As one can see from
Fig. 3, the experimental data for the control sample
Cu,O in chosen temperature range are satisfactorily
described by the dependence (2), drawn for © = 400 K.
For superconducting samples the experimental datafor
temperatures T > T, are aso described by the depen-
dence (2) plotted for © = 360 (Nd, g5Ce;15CuQ,), 400
(Lay g5Srg15Cu0,), and 260 K (Tl,Ba,CaCu,Og)
(according to specific-heat measurements the Debye
temperatures for Nd,CuO,, La,_,Sr,CuO,, and
T1,Ba,CaCu,Og are, respectively, 300 [17], 420 [18],
and 270 K [18]).

Finaly, the third term in the expression (1)
describes the temperature dependence of the isomeric
shift 1.S, and this term appears because the electron
density changes at the Zn nuclei. The quantity |.S. at
agiven temperature T can be found as the difference

[1.S]y = S;—Dy

(here S; and Dy are, respectively, the center of gravity
of the spectrum and the Doppl er shift at temperature T).
The fact that [1.S]; increases with decreasing tempera-
turein therange T < T, shows that the electron density
increases on the 8’Zn nuclei as result of the appearance
of Cooper pairsand their Bose condensation. Thelimiting

[Z. S.]gp, Mm/s

6 T T T

1
0 20 40 60
T.,K
Fig. 4. [1.S]g versus T.. The symbols represent the com-
pounds Nd; gsCeq 15°'CuOy (1), Lag g5r015° CuOy (2),
and TI,Ba,Ca’’Cu,0g (3).
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vauesof I.S inthelimit T— 0, [I.S.], = S —Dy,

should depend on the size of the Cooper pairs, i.e,, on T..
The validity of this conclusion is illustrated in Fig. 4,
which shows the dependence of [I.S], on T, as T,
increases (i.e.,, as the Cooper-correlation radius
decreases), the quantity [I.S], increases; this reflects
the fact that the electron density on the 6Zn?* nuclei
increases. li is significant that the quantity [1.S], =15+
0.3 um/s for §Zn?* centers at the lanthanum sites is
much smaller than [I.S], = 3.8 £ 0.3 um/s for 7Zn?*
centers at the copper sites (see Fig. 3). Evidently, thisis
aconsequence of the spatial nonuniformity produced in
the electron density by the Bose condensate of Cooper
pairs.

Thus, it has been established that for the supercon-
ductors  Nd,; gs:Cey 15CUO,, L g55r15Cu0,, and
TI,Ba,CaCu,Og the temperature dependence of Sinthe
range T > T, isdetermined by the second-order Doppler
shift, while in the temperature range S the appearance
of Cooper pairs and their Bose condensation al so influ-
ence the value of S As the temperature decreases, the
influence of the indicated process on Sincreases, since
the Bose-condensate fraction increases with decreasing
temperature.

In general, the temperature dependence of the effec-
tive density of superfluid electrons, p(T), can be written
[1] as

2BE; . K'exp(BE,)
k2 J[exp(BE,) +1]°

p(M) =1

where E; = kZ/2misthe Fermi energy, misthe particle
mass, K is the wave number, ki is the wave number at
the fermi surface, E, is the energy of the k state, and 3

isthe reciprocal of the binding energy of the superfluid
component.

On the other hand it should be expected that
p(T) O[1.S]+/[1.S]o-

Consequently, the theoretical dependence of p on the
parameter X = 1.76(kgT/A) (A = 3.06kg /T (T.—T) is

the energy gap in the elementary exultations spectrum
of the superconductor), taken from [1], is presented in
Fig. 5 together with our data on the dependence of
[1.S]+/[1.S], on the parameter x for the emission spec-
troscopy of 8’Cu (57Zn). It is evident that the agreement
between the calculated and the experimental values is
satisfactory. In other words M dssbauer spectroscopy on
theisotope ¢’Zn is an effective method for investigating
the formation of Cooper pairs and their Bose condensa-
tion in high-temperature superconductors.
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[1. S.1:/1. S

Fig. 5. [1.S]1/[1.S]g versus the parameter x = 1.76(KgT/A).

The solid curve shows the theoretical dependence of the
effective density of superfluid electrons on the parameter x.

The symbolsrepresent the compounds Nd; gsCey 152/ CuO, (1),
La1_85SrO_1567CuO4 (2), and TIZBaZCa67Cu208 (3)

3. CONCLUSIONS

It was shown for the compounds Nd, gsCe; 15CuO,,
La g5Sr15Cu0,, and TI,Ba,CaCu,0Og by emission
Mosshauer spectroscopy on the isotopes 8’Cu (67Zn)
and %’Ga (57Zn) that the transition into the supercon-
ducting state is accompanied by a redistribution of the
electronic density of the crystal, and emission Moss-
bauer spectroscopy of 6°Zn is an effective method for
investigating Bose condensation of Cooper pairs.
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Abstract—The temperature behavior of the coherent electron transport that arises in the presence of Andreev
reflections is studied near the boundary of a hybrid system consisting of aluminum (N) and indium (S). The
qualitative change of the temperature behavior upon changes in the electron mean free path |4 as aresult of the
elastic deformation of the sample is observed for the first time on the same sample, at probes mounted in the
normal region at fixed distances and from the boundary. As the temperature is lowered, the measured effective
resistance decreases for Iy < L; , and increasesin a certain temperature region in which Iy ~L; 5. It isshown
that phenomenaof thiskind correspond to quantum-interference featuresin the scattering of coherent electronic
and Andreev hole excitations on elastic centers. © 2000 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

This paper is a continuation of research on electron
transport in very pure normal metalsin contact with a
superconductor. The use of such metalsin systemsis of
fundamental importance, since for them the dissipative
transport in the temperature region corresponding to
elastic scattering is substantially coherent (determined
by the scattering of coherent electronic excitations and
hole (Andreev) excitations) at macroscopic distances
from the boundary. This, of course, is due to the fact
that in pure metals the ballistic mean free path of the
electrons reaches macroscopic values, and the spec-
trum of Andreev excitations is always resolved at bal-
listic distances from an boundary. In such a situation it
becomes possible to carry out experimental studies of
the fundamental problems associated with quantum
interference of coherent excitations and their dissipa
tive contribution to the conductivity. This is the main
difference between the experimental setup studied here
and the study of coherent transport in mesoscopic sam-
ples[1, 2], in which this transport is only a small cor-
rection to the diffusion contribution on account of the
extremely short ballistic mean free paths of the elec-
trons (several orders of magnitude smaller than for pure
metals). Studies [3-5] of systems containing pure met-
as (Cu-Sn, Pb(N)-Pb(S, Sn(N)-Sn(S)) have con-
firmed the theoretical expectations of an unusual mani-
festation of quantum interference of coherent electrons
in the conductivity [6-8] under conditions such that the
scattering of coherent excitations on elastic centersis
predominant, asin pure metals at distances of up to sev-
eral millimeters from an boundary. Previously we have
studied hybrid systems in which a contact between a
normal metal and a superconductor was either formed
by melting [3, 4] or arose as a boundary between nor-

mal and superconducting phases in the intermediate
domain state of atype-l superconductor in a magnetic
field [5]. Inthe present paper weinvestigate the features
of the coherent transport in a system with yet another
type of contact—a contact of a purely mechanical type.

2. EXPERIMENTAL PROCEDURE
AND RESULTS

The inset in Fig. 1 shows the construction of the
sample holder with a hybrid system consisting of sin-
gle-crystal aluminum and indium (shaded). The mean

RAl(T)/R 5 1(4.2K)
1.010 -

1005 /=17 'LZ@
1.000 H__AI) "~ InS. Ny, _Ptv). Cu@V)
0.995 '
0.990
0.985
0.980
0.975

15 20 25

B~/

vI
n u
TL‘ 1 1

40 45
T,.K

30 35

Fig. 1. Temperature dependence of the effective resistance
(normalized tothevalueat T =4.2 K) of aluminum at ashort

elastic mean free path Ig = 0.2 pm and lj,g > Ly, L > Ig;
(1) at an NN boundary, (2) at an NSboundary for T< T.". The

lines connect the experimental points. Theinset showsthe con-
struction of the sample holder with the hybrid NSsystem.
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Ry, 107°Q
1.10

Ry, 1075 Q

1.05

1.00

0.95

0.90

0.85 .
2.0 25 30 35 40 45

Fig. 2. Temperature dependence of the unnormalized effec-
tive resistance of aluminum: (1) for a large elastic mean
free path m and Iy = 100 um with the NSboundary at T< T.';

(2) the same, with an NS boundary (the points on this curve
were obtained with the superconducting state of the indium
destroyed by an external magnetic field); (3) the unnormal-
ized curve 2 from Fig. 1. Thelines connect the experimental
points.

free path in the system was varied by applying uniaxial
compression with a spring and screw mechanism. Alu-
minum sample had a cross section of mm and a total
length of around 1 cm. Copper measuring probes were
spot welded to the sample at distances of L; = 0.1 mm
and L, = 0.5 mm from the contact with the indium. The
resistance ratio (room-to-helium temperature) mea-
sured at these probes prior to compression and after
compression had values of 14490 (I = 0.1 mm) and 19
(I = 2 x 10 mm), respectively. The first cooling to
helium temperature of the stressed sample was done
immediately after its mechanical compression. After a
cycle of measurements the entire structure containing
the sample was held at room temperature for a week.
The subsequent measurements of the of auminum
(=14020) revealed apractically total recovery of thisratio
to the above-indicated valuefor theinitial unstressed state,
with the absol ute val ues of the resistance of the sample at
helium and room temperatures decreasing by four and two
orders of magnitude, respectively. This means that the
deformation of the sample did not exceed the limits of
elagticity and that the change in the mean free path
occurred mainly on account of a change in the concen-
tration of point defects of the vacancy type, which, as
can be seen from the value of after the stress was
relieved, have a “self-healing” capability. The stress
was relieved through a loss of elasticity of the spring
after thermocycling and the plastic flow of the indium
spacer between the aluminum and the spring.

The sample and holder were placed in asmall super-
conducting solenoid with an inner diameter of 8 mm in
order to permit changing the state of the boundary by
destroying the superconducting state of the indium.
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The resistance of the layer of normal metal with a
volume of the order of I3 at | =y ~ 100 mis 10—

10° Q. Therefore, at reasonable measuring currents
(€1 A), investigation of resistive effects of this order
requires a resolution of the potential U differences at
thelevel of dU = (101*-10"?) V or better. Such areso-
lution was achieved by employing a null method of
measuring potential differences with the use of a super-
conducting modulator [9].

Curve 1 (asterisks) in Fig. 1 shows the temperature
dependence of the normal effective resistance mea-
sured at probes and for a contact between aluminum
and ametal that maintainsanormal state over theentire
temperature interval investigated. The contact is either
mechanical (with copper) or welded (with platinum).
The form of curve 1 is the same for both types of
boundaries and does not depend on the quality of the
contact. It is seen that the change of the resistance with
temperature over the temperature interval shown is a
fraction of a percent.

A completely different picture is observed in the
contact of a sample with indium when the sample is
elastically compressed until the mean free path is
decreased to ~2 x 10~ mm (curve 2, squares). Up until
the transition of indium to the superconducting state,
the temperature-dependent part of the resistance of the
aluminum between the measuring probes and behaves
the same as for any other type of norma boundary,
maintaining a practically constant absolute value inde-
pendently of the value of the total resistance, i.e., of the
elastic mean free path of the electrons; this situation is
described to good accuracy by the Matthiessen rule.
However, after the transition of the indium to the super-

conducting state (at the critical temperature T'C”) and

the formation of an boundary, the conductivity of the
aluminum region bounded by the probes increases
strongly as the temperature is lowered. The change in
resistance of this region as the temperature is reduced

fromT= T'cn to thelower boundary of the measurement
interval is around 2% of the value of the resistance at

T= T'Cn rather than the value measured at a normal
boundary, i.e., the change is nearly 100 times larger.

Curvelin Fig. 2 showsthe temperature dependence
of the renormalized effective resistance of the duminum
region between the same pair of probes after recovery of
the elastic mean free path of the electrons to its initial
value in the unstressed sample, |4 ~100 um. The two
separate points are the values of the resistance of the
aluminum when the superconducting state of the
indium is destroyed by the field of the solenoid, equal
to the critical fields of indium, 49 and 140 G, at the
respective temperatures. (At lower temperatures, i.e., at
higher critical fields, the magnetoresistive effective dis-
torts the values of the normal resistance of aluminum
and for this reason are not used here.) These values,

together with the part of curvelat T > T'Cn , Can givean
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FEATURES OF THE DISSIPATIVE ELECTRON TRANSPORT

approximate idea of the temperature dependence of the
resistance of the region [L;; L,] of auminum in the
absence of an boundary over the entire temperature
interval of the measurements (dashed curve 2). For
comparison, we also show in thisfigure the temperature
dependence of the unnormalized resistance for the
stressed sample (curve 3). It follows from the form of
curve 1 that for an elastic mean free path of the elec-
trons comparable to the extent of the normal region
from the site of contact with the superconducting
indium, the effective resistance of the region manifests
unusua nonmonotonic behavior as the temperature is
lowered, initially increasing after the formation of the
boundary and then decreasing at temperatures lying

below approximately 0.8T".

3. DISCUSSION OF THE RESULTS

The results obtained in the experiment give a clear
idea of the features of the interaction of coherent elec-
trons with elastic scattering centers and permit making
qualitative and quantitative estimates of a number of
important microscopic parameters pertaining to coher-
ent transport in the presence of an boundary. Although
some of these features have been reported in our previ-
ous papers |3, 4], the corresponding data were obtained
either on different samples or with areplacement of the
probes or with the current applied through a point
boundary, when the ratio of the mean free path not only
to the thickness but al so to the width of the normal layer
is important and the pattern of current spreading is
undetermined (sample Sp4 of [4]), so that it is difficult
to make quantitative estimates. The experiment of the
present study is free from these limitations.

3.1. Theory

We shall show below that the phenomena observed
in this study are qualitatively and quantitatively incor-
porated in ideas about the features of the interaction of
coherent excitations which are due to Andreev reflec-
tions at an boundary and which are responsible for the
transport in the normal metal in aregion adjacent to the
boundary on a scale of the phase coherence length,
which is comparabl e to the inelastic mean free path of
the coherent excitations |,,4. In view of the lack of a
theoretical treatment of the temperature behavior of the
coherent transport in metals layers with a thickness of
the order of |4, in this Subsection we shall use these
ideas to obtain a suitable analytical expression for
describing the temperature behavior of the conductance
of such alayer as a whole. We shall show that in the

case when alayer of normal metal of thickness L > |
containsalarge number of elastic centers, which scatter
excitations with a loss of momentum but not of the
phase of the wave function (I;,4 = L), the conductance
of thislayer can increase as the temperature is lowered
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on account of the thermal expansion of the region of
phase coherence (an increase in l;,4) and, as a conse-
quence, a decrease in the fraction of dissipative coher-
ent trgjectories (with alength that depends on the num-
ber of Andreev reflections at the boundary), on which
the phase of the wave functions relaxes in the equilib-
rium region.

In Subsection 3.2.2 we shall show that when the
thickness of the layer of normal metal adjacent to the
boundary is comparabl e to the distance between elastic

centers (g > L ~ l4) and with the thermal length A; =
hvelkgT (veisthe Fermi velocity and kg isBoltzmann's
constant), in addition to the aforementioned behavior a
temperature behavior of the opposite character should
also appear, due to the independent dissipative contri-
bution of coherent trajectories which is not related to
the position of the equilibrium region (to |,.4), i.€., tra-
jectories on which the phase of the wave functions does
not relax. The contribution of this group of trgjectories
isrelated to the size A of thethermal layer, and it isthe
increase in the size of thisthermal layer as the temper-
ature islowered that determines the temperature behav-
ior of this contribution. The competition of these two
guantum mechanisms of dissipation near the boundary
under these conditionsis analyzed for the experimental
results obtained.

Previously we have studied in detail the latter of
these dissipation mechanisms [4] and have shown that
it correspondsto the fundamental conclusion of the the-
ory that there is a twofold increase in the scattering
cross section of an elastic center for an electron under-
going coherent Andreev reflection at the boundary [6].
In view of this circumstance, with allowance for the
multiple coherent scattering on all the impurities in a
layer of thickness A adjacent to the boundary, theresis-
tance of the metal measured at a distance from the
boundary should include thefollowing correction to the

value that obtains in the absence L of an boundary (L >
ly>Ar, L= Lo = L3 forL; ~ Iy [4]):

r, )

where 1 is the effective scattering probability for elec-
trons undergoing Andreev reflection in the layer Ay asa
whole[8]. Ananalysisof T showed [4] that expression (1)
correctly describesthe experimentally observed growth
of the resistance of layers of normal metal located at a
distance of the order of the elastic mean free path from
the boundary when the temperature is lowered below
the temperature of the onset of the superconducting
state of the metal in contact with the normal metal.

However, as was made clear in a study [4] of the
hybrid system Cu—Sn and is clearly confirmed by the
results of the present study, the resistance of layers
adjoining the boundary and having thicknesses satisfy-
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ing the condition |y < L <|,,4 can exhibit temperature
behavior that is directly opposite, decreasing strongly
asthetemperatureislowered (Figs. 1 and 2). The prob-
lem of the temperature dependence of the excess con-
ductivity dueto coherent scattering under the indicated
conditions has not yet been analyzed theoretically, but
this can be done in terms of the Landauer concept
(which has been confirmed by numerous experiments)
asto the nature of dissipation under conditions of aran-
dom, elastically scattering potential. According to this
concept, complete thermalization of the electron is the
result not of momentum relaxation but of relaxation of
the phase of the wave function due to inelastic scattering
in regions with an equilibrium distribution (regions that
are sinks and sources of charges), called reservoirs. The
Landauer concept was used, in particular, in[7], in acal-
culation of the conductivity of an system. We shdll follow
the scheme of this calculation to determine the tempera-
ture contribution of coherent excitationsin such asystem.
One of theimportant results of [7] was obtained by mod-
eling a continuous random walk of an elagtically scattered
particlein athree-dimensional layer of the metal: the (dif-
fusional) mean free path [LOdepends linearly on the
width of the normal layer. In terms of the Landauer
concept, the layer width in our case should be under-
stood to mean the distance between the boundary and
the region of equilibrium distribution (reservoir), which
is of the order of magnitude of the inelastic mean free
path, d ~ |,,,4. Since the probability (r for and excita-
tions to pass from the boundary to the reservoir is
inversely proportional to the layer width, it follows

from the linear relation between ML.Cand d that MO~ T, ~
ling - N [7] the probability of passage T, is introduced
in the form 1, = |, /d. However, it is al'so necessary to
take into account the probability of realizing a diffu-
sional trajectory by equating its length to the elastic
mean free path, or, equivaently, equating the length (L[~

JhDIKgT (D ~ vely isthe diffusion coefficient) to the

real length of the trajectory. Since LO= /Dt and t =
L/vg, we have OLIL = I4/0L0 In addition, we shall
assume that the only temperature-dependent cause of
inelastic scattering isinelastic € ectron-phonon collisions,
with a corresponding mean free path |;.g ~ |;§g“ ~ T3
Thislast quantity can be normalized (i.e., anormalizing
coefficient can be found) according to some reliably
determined value. This is most simply done from the
temperature dependence of the resistance of the pure
normal metal at some temperature T* < © (at which
the elastic effective electron-phonon length is numeri-
cally equal to Iy, so that

l1ne(T) = a8, @

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Vol. 91

CHIANG et al.

T D-Ed]_s * _GDQﬂ_|
inel — e—phD@ 0 ' eph — [Tl'*D - lel»
where @ is the Debye temperature and is the exponent
in the temperature dependence of the resistance of the
normal metal for T < ©.

As a result, the effective probability for coherent
excitations to pass through the phase coherence region
in elastic scattering can be written in the form

_ IeI Iel

TS EnT AT
n (3)
p = 1 iy

el DkB 0

In accordance with the Landauer concept, we find the
relative contribution to the conductance in the phase
coherence region by equating the fraction of coherent
trajectories (those that return to the reservoir after
reflections from the boundary, starting with the trajec-
tory with and their contribution to the current and sum-
ming over all trajectories:

3G _ <
G, m;F(m)l(m), (4)

where 8G = G -G, Gy = G-,
Fm=1"(1-1)™! (MmzO0).

The probabilistic contribution to the current from a
charge on trajectory with reflectionsis[7,11]

(M) = 1+ ren(MP = Iree(mM)P,
Fen(MF + Iree(m)P = 1,

where |r(m)[Z and |rg(mM)]? are the probabilities for an
electron incident on the boundary to leave the bound-
ary, after reflections (Fig. 3), in the form of an electron
wave or hole (Andreev) wave, respectively. The expres-
sion for 1(m) shows that for a large enough number of
reflections, which increases the probability of Andreev
reflection to such a degree that |r,,(m)? — 1, the con-
tribution of the corresponding trajectory to the current
increases by a factor of 2. If al of those trgectories
reached the reservair, the dissipation would be increased
by the same factor. Formally this is a consequence of the
same fundamental conclusion of the theory which was
mentioned above: that in coherent Andreev reflection the
efficiency of the eladtic scattering of the €l ectron momen-
tum incresses as a result of the interference of the and
excitations [6, 8]. Actually, the fraction of the coherent
trajectories that returns to the reservoir decreases rap-
idly with increasing distance to the reservoir from the
boundary and with increasing number of reflections,
which determines the length of the trajectory; thus we
have the directly opposite result. In fact, assuming that
for low electron energies (eV/I(five/ly) < 1) and alarge
contact areathe main contribution to the changein con-
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ductivity is from coherent trajectories with large num-
bers of reflections, so that |(m) = 2, and changing the
sum in expression (4) to an integral, we find to asecond
approximation:

m*

oG 2 [ F(mydm=—t/(m?t,-2m).  (5)

6;:

The upper limit of integration m* isthe number of reflec-
tions corresponding to acertain critical length for acoher-
ent trgjectory L that reaches the reservoir. Longer trgjecto-
ries (with larger give an exponentially small contribution
to the change in conductivity, as do trajectories with a
smaller number of reflections and shorter length, which
do not reach the reservoir. Since variesin adirect rela-
tion with the number of reflections, while [IL[] as we
have said, is inversely proportiona to t,, for W > |, 4
(Wisthetransverse dimension of the contact) the upper

limit of integration can beintroduced as m* = yr,‘1 with

a certain coefficient y that is to be determined experi-
mentally. Substituting m* into (5), we finally obtain

oG 2

G =V -2 = AT, A= BV -2y). (6)
Thiseffect wherein the conductance increases appreciably
with decreasing temperatureis actualy of the same nature
asthe growth of the conductivity asthe number of elastic
centers increases [7]. It consists in the fact that the
number of trajectories leaving from the number of
attainable reservoirs increases in the long-range phase
coherenceregion, i.e., an ever greater number of trajec-
tories appear on which the phase of the coherent wave
functions does not relax; this decreases the dissipation.
Thus, in accordance with (5), one expects that the tem-
perature dependence of the relative effective resistance
measured at probes separated by distances within the
phase coherenceregion will bein theform of afunction
that decreases with decreasing temperature:

RBN = %(1 + AT>), @

where R, = G;" and Ry = Ry(T = T") for the system
under study.

In addition to this behavior, under certain conditions
mentioned above there can also be an effect wherein the
conductivity decreases according to Eq. (1). Aswe see
in Fig. 3, besdes the trgectories of types 1 and 3, which
escape to the reservoir, for multiple Andreev reflections
adoubled contribution to the dissipation which isinde-
pendent of the position of the reservoir is given by
momentum scattering on closed coherent traj ectories of
the type 2. At temperatures close to the temperature of
the onset of the boundary, when [rg,(M)P < 1 (A < KgT,
where A isthe energy gap in the superconductor in con-
tact with the normal metal) and is close to zero, the
main contribution to the dissipation, as follows from
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Fig. 3. An example of a trajectory with multiple Andreev
reflections (from [7]): 1 and 3—the part of the trajectory on
which the phase of the wave functions relaxes in the reser-
voir; 2—the part of the interference trajectory between
reflections, on which the phase shift does not relax.

Ra(D/RA(T =T)

1.005 T T T T T .
| |
- |
1.000 T's 7
0.995 .
0.990 .
0.985 - .
0.980 Y .
i
1 1 1 ) 1
2.0 2.5 3.0 3.5 4.0
T,K

Fig. 4. Temperature dependence of the effective resistance
(normalized to thevalue T = T'Cn of aluminum for ljg > Ly,

L > |y, ascompared with the theory (solid curve).

Eq. (1), isgiven by just such trajectoriesin alayer with
athickness of the order of the thermal coherencelength
At. Thusin the case when the phase coherence lengthis
comparable to the ballistic (elastic) mean free path, the
temperature dependence of the effective resistance
measured at probes placed a distance for the boundary
of the order of this same distance can exhibit a maxi-
mum from which one can determine experimentally
such an important theoretical parameter as the coher-
ence length in a given metal.

3.2. Comparison with Experiment

321 L >y, lihg > L,. Figure 4 demonstrates the
application of expression (6) (the solid curve) to a
description of the temperature dependence of the effec-
tiveresistance of an elastically deformed region located

adistance L from the boundary that is a factor of 10°
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Fig. 5. Temperature dependence of the effective resistance

(normalizedtothevalueat T = T'Cn of duminumfor L ~lg,

in comparison with the theory: (1) experiment; (2) theoreti-
cal (solid) curve, corresponding to expression (7); (3) the
same curve normalized to (R/Ry) = 1; (4) the contribution to

the growth of the resistance from trajectories of the type 2
from Fig. 3in alayer of thicknessvg/kgT as awhole.

greater than the elastic mean free path (0.2 m), for a
coefficient A = 3.6 x 10 [K—35]. The good agreement
of thetheory and experiment makesit possibleto estimate
some of the parameters characterizing the quantum-inter-
ference effect wherein the conductivity increases under
conditions of a strong interaction of the coherent excita-
tions. The given value of implies that y = 45. Measure-
ments of the temperature dependence of the resistivity
of aluminum at temperaturesbelow 20K given=4, T* =

10 K, 1%y =35 pm, B = 102157 [cm29|[K35]. This
corresponds to the following estimates for the parame-
ters: T, ~ 5 x 10, m* ~ 5 x 10° for ;4 from 0.1 mm at
3 K to 0.44 mm at 2 K. If the number of reflections

obtained is multiplied by the distance between nearest
elastic centers, AL which for the case under consider-

ation is of the order of /o (I4//0)Y3 ~ 1072 (0 is the

cross section of an elastic center, ./o is of the order of
the screening radius (2-5 A), so that m*AL ~ |, i.€.,
the main part of the length of the important coherent
trajectoriesisindeed governed by the number of reflec-
tions, as we have assumed from the very beginning.

322 L ~l4. We subtract the normal scattering
contribution (curve 3 in Fig.2) from the temperature
dependence of the resistance measured at the same probes
after the eagtic strain was removed and a large elastic
mean free path had been restored (curve 1 in Fig. 2). The
result of this subtraction, normalized to the value of the
resistance at the temperature of formation of the bound-

ary T=T., isshown by curve 1 (squares) in Fig. 5.
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We apply Eq. (7) to the descending part of thiscurve.
As we see in the figure, the theoretica curve 2, with a
coefficient A = 3.87 x 10~ [K—35] describes the experi-
ment well. We decompose the experimenta curve 1
into two competing components, consisting of the con-
tributions (1) and (7). To do this we normalize Eq. (7)
with the coefficient A determined above in such a way

that (R/Ry) = 1 for T> T (curve 3) and subtract the

resulting curve from curve 1 and add 1 to the differ-
ence. The result is shown by curve 4 in Fig. 5. It corre-
spondsto the positive contribution (1) of coherent exci-
tations to the conductivity of normal aluminum at dis-
tances from the boundary comparable to the elastic
mean free path. The character of the curve is com-
pletely analogous to that which we were able to observe
directly under similar conditions in an system with a
different pair of metals: Cu-Sn [3,4]. It follows from
the form of curve 4 that this contribution amounts to

w7 (R
_—| =|= —1=20%,
[RN At R T<25K

from which, in accordance with (1) for L =125 um and

r ~1,itfollowsthat A, = 25 um at the theoretical value
of the coherence length (v kgT)a =20 umfor T =
2.5 K. The other parameters for the case considered
are: y= 3.5 and 1, = 0.03, from which we get m* ~ 10?
for the same value of the phase coherence length |4 as
in the “dirty” case discussed in Subsection 3.2.1.

4. CONCLUSION

For an auminum-indium hybrid system with
mechanical contact of the two metals, we have studied
the temperature behavior of the transport in the normal
auminum in a temperature interval that includes the
superconducting transition temperature of indium. The
measurements were made at fixed probes near the con-
tact in two regimes, in which the elastic mean free path
of the electrons is much shorter than or is comparable
to the distance from the probes to the contact. After the
transition of the indium to the superconducting state
and the formation of an boundary, two nonstandard
types of behavior of the conductivity with decreasing
temperature arose. In thefirst of the regimes indicated,
which was brought about by increasing the concentra-
tion of elastic scattering centers by elastically deform-
ing the sample, a decrease in the effective resistance
was observed after formation of the boundary, whilein
the second regime the resistance was found to first
increase and then decrease as the temperature was | ow-
ered. The change in conductivity is an order of magni-
tude or more greater than the usual change at helium
temperaturesin the absence of an boundary. It is shown
that the observed phenomena completely correspond to
the ideas about those features of the coherent transport
which are due to the quantum-interference interaction
of coherent excitations arising in Andreev reflections,
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within the phase coherence region, which is limited by
the scale of the inelastic mean free path. The observed
features were used to estimate anumber of microscopic
parameters in aluminum—in particular, the phase and
thermal coherence lengths.

1
2.

3.

4.

REFERENCES

S. Washburn and R. A. Webb, Adv. Phys. 35, 375 (1986).

A. G. Aronov and Yu. V. Sharvin, Rev. Mod. Phys. 59,
755 (1987).

Yu. N. Chiang and O. G. Shevchenko, Zh. Eksp. Teor.
Fiz. 113, 1064 (1998) [JETP 86, 582 (1998)].

Yu. N. Chiang and O. G. Shevchenko, Fiz. Nizk. Temp.
25, 432 (1999) [Low Temp. Phys. 25, 314 (1999)].

JOURNAL OF EXPERIMENTAL AND THEORETICAL PHYSICS Voal. 91

5.

6.

10.

11

1241

Yu. N. Tsyan, Pis mazh. Eksp. Teor. Fiz. 71, 481 (2000)
[JETP Lett. 71, 334 (2000)].

J. Herath and D. Rainer, Physica C (Amsterdam) 161,
209 (1989).

B. J. van Wees, P. de Vries, P. Magnic, and T. M. Klap-
wijk, Phys. Rev. Lett. 69, 510 (1992).

A. Kadigrobov, R. Shekhter, and M. Jonson, Physica B
(Amsterdam) 218, 134 (1996).

Yu. N. Chiang, Prib. Tekh. Eksp., No. 1, 202 (1981).

R. Landauer, Internal Memo (IBM Thomas J. Watson
Research Center, 1966).

. G. E. Blonder, V. Tinkham, and T. M. Klapwijk, Phys.
Rev. B 25, 4515 (1982).

Trandation was provided by AlIP

No. 6 2000



Journal of Experimental and Theoretical Physics, Vol. 91, No. 6, 2000, pp. 1242-1249.

Trangated from Zhurnal Eksperimental’ noi i Teoreticheskor Fiziki, Vol. 118, No. 6, 2000, pp. 1434-1442.

SOLIDS

Original Russian Text Copyright © 2000 by A. Ovchinnikov, M. Ovchinnikova.

Electronic Properties

M anifestations of the Pseudogap and Super conducting Gap
of Cupratesin Photoemission

A. A. Ovchinnikov and M. Ya. Ovchinnikova

Semenov Ingtitute of Chemical Physics, Russian Academy of Sciences, Moscow, 117977 Russia
Received June 5, 2000

Abstract—The degree to which the interpretation of the existence of a pseudogap and a superconducting gap
in cuprates on the basis t—t'-U of the Hubbard-model corresponds to the data obtained from the photoemission
spectrais discussed. The pseudogap in the model isinterpreted as the work function of electrons from theinsu-
lating parts of the Brillouin zone boundary. On this basis one can explain the angle dependence of the gap mea-
sured in the photoemission spectra and its evolution on changes in doping and temperature. In particular, an
explanation is found for the decline in the ratio of the angle derivative of the gap near the site, v, =
(1/2)dA(¢)/dd, to the maximum value of the gap, A4, With decreasing doping. That behavior and the different
temperature dependence of the gap A() for different angles are due to the presence of two contributions to A
with different anisotropies—from the pseudogap and from the superconducting gap. The calculation of the
spectral functions confirms the sharp Fermi boundary observed in the direction and the smeared edge of the
distribution along the path " (0, 0) — M(1, 0) — Y(11, 7). © 2000 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

Many important results have now been obtained on the
electronic structure of cuprates (see reviews [1-5]).
These include the demonstration of the symmetry of
the superconducting order, the discovery of anisotropy
of the pseudogap of the normal state, the“small” Fermi
surface of underdoped cuprates, the possible destruc-
tion of the Fermi surface in the region k ~ (11, 0) [6, 7],
and the direct measurement of the superconducting gap
in tunneling spectroscopy [8-11]. Recently, a detailed
study of the angle-resolved photoemission (ARPES)
has revealed exotic temperature dependence of the gap
and doping dependence of its anisotropy [15]. An
apparent difference between these data and the charac-
teristics obtained from measurements of the penetra-
tion depth was established. It was shown that the angle
dependence of the gap A($) according to the ARPES
datacannot befitted by asimplefunction L cos(2¢) and
that the form of A(¢) depends on the doping. In partic-
ular, the ratio § = v,/A of the derivative v, =
(/2)dA(d)/ddnear the site of the gap ¢ = 174 to the
maximum value of the interval A falls off appreciably
with decreasing doping in underdoped samples.
Finally, the standard form of the Fermi surfacefor over-
doped bismuth ceramics was recently re-examined
[16]. The ARPES data [16] were interpreted in the
framework of a “large” Fermi surface with regions of
the electronic type near the points M(1t, 0) instead of a
continuation of a standard arc around the point Y(Tt, T1).
Here the standard notation is used for the symmetric
points in quasimomentum space k = (k;, k).

New experiments on the angle dependence of the
gap could be of help for choosing among the various

interpretations of the presence of a pseudogap [1].
According to one of the hypotheses that have been dis-
cussed, the pseudogap of the normal stateisa precursor
of superconducting pairing. However, the pairs formed
areincoherent in a pseudogap normal state in the situa-
tion where phase fluctuations destroy the coherence of
the pairs[17].

Another view of the origin of the pseudogap and the
phase diagram in cuprates has arisen from studies of the
Hubbard t—t'-U and t—t'-J models [18-22]. It attributes
the appearance of the pseudogap to a specific structure
of the split Hubbard bands, namely, to a change in the
topology of the Fermi surface upon optimal doping. We
snall call this mechanism of formation of the
pseudogap the structural-band mechanism. Various
approaches are used to describe the correlation mecha-
nism of superconducting pairing. One such approach is
the spin-polaron approximation in the t—t'-J model
[18]. Another, the variational approach, takes into
account the correlation of the type of valence bonding
(the band anal og of Anderson’s RV B states) in the Hub-
bard t—t'-U model. Sincein this method the structure of
the quasiparticles is characterized in explicit form, it is
the most transparent method. Common to each of these
models is a Hubbard splitting of an initialy unified
band due to long-range antiferromagnetic spin correla
tions. Here the fine details of the upper edge of the
lower Hubbard subband, which depend ont', determine
the structure of the Fermi surface and govern the low-
energy phenomena. Here is the hopping interaction of
the next-nearest neighbors located along the diagonal.
In particular, playsan important rolein the formation of
the pseudogap of the normal state, and the sign of deter-
minesits anisotropy. For systemswitht'/t > 0, the coin-
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cidence of the position of the Van Hove singularity in
the density of states with the chemical potentia corre-
sponds precisely to the optimal doping O It is at this
value of the doping that the change of the topology of
the Fermi surface occurs. At the transition from under-
doped to overdoped systems the hole pockets around
the points k = (172, 172) and the “small” Fermi surface
giveway to alarge Fermi surface. For d,, in the under-
doped region, theVan Hove singularity in the spectrum
of statesliesbelow the chemical potential p. Asaresullt,
certain parts of the boundary of the magnetic Brillouin
zone near ky, = (11, 0) turn out to be insulating regions.
According to [20], the work function for the electrons
that are removed in photoemission from the levels in
the regions of thiskind isjust the pseudogap of the nor-
mal state observed in ARPES and other experiments.

Another criterion for checking the models is the
shape of the Fermi boundary and the distribution func-
tion of the electrons in photoemission from states with
different directions of the quasimomentum. Up till now
the topological change predicted in thet—t'-U and t-t'—
J models has been confirmed only by the observation of
a“small” Fermi surfaceintheregion d < 9. However,
the predicted crossing of the segment I" (0, 0) — M(Tt, 0)
near the point by the Fermi boundary for systems with
8 > J, has not been confirmed. According to the mod-
els of [18-22], small Fermi-boundary regions of the
electronic type arise near the point for & > 9. How-
ever, itisinthisregion of quasimomentathat the smear-
ing of the distribution functions of the photoel ectrons
creates ambiguities in the interpretation of the ARPES
data. In particular, a new interpretation of the ARPES
data for BiBCCO at & > 0, apparently confirms the
crossing of the segment ' — M by the Fermi boundary
[16]. Inview of the remaining uncertainty, it is of inter-
est to study the properties of the one-electron spectral
functions of the t—t'—U model and the influence of spin
fluctuations on them even in the case of the simplest
solutions.

The goa of the present study is to understand the
degree to which the model based on a structural-band
origin of the pseudogap can describe new experiments
on the anisotropy of the gap as determined from the
photoemission data. For this purpose in Section 2 we
caculate the doping dependence and temperature
dependence of the anisotropy of the total gap resulting
from the combined contributions from the supercon-
ducting gap and the pseudogap. The calculation is done
on the basis of the simplest variational approach to the
description of the correlated state [20]. The initial state
is one with correlations of the type of valence bonding
and antiferromagnetic spin order, reflecting the long-
range spin fluctuations. In Section 3 the manifestations
of the Fermi boundary in the single-particle spectral
functions n, and A(k, w — 0) and the shape of the
Fermi surface in different directions of are discussed
for the simplest antiferromagnetic and helical spin
states of the mean field model. The high sensitivity of
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the position of the Fermi boundary in the region k ~ (11, 0)
to spin fluctuations is in qualitative correspondence
with the observed destruction of the Fermi boundary in
thisregion [6, 7], while a sharp Fermi boundary is pre-
served in the direction k, = k;.

2. DEPENDENCE OF THE ANISOTROPY
OF THE GAP ON DOPING AND TEMPERATURE

Calculations were done for the t—t'-U-V Hubbard
model by the method proposed in [20]. The formula of
the modédl hasthe form

H = H(U,t) + AH(V, 1),

AH(V.1) = V'Y nony,
ChmO (1)
+1 Z Z(clc,cmcﬁ H.c.).

Ohm@ o

Here H(U, t) is the Hamiltonian of the basic Hubbard
model with a one-center interaction and ahopping inte-
gra for neighboring centers. The additional term AH
includes the hopping interaction of next-nearest (diag-
onal) neighbors and an interaction of the Coulomb type
between nearest sites.

There are deep reasons for including the interaction t'.
For a one-band model of the CuO plane [23, 24] this
parameter is determined by the competition of the con-
tribution from direct hops between the orbitals of oxy-
gen (~t,,) and the contribution from the second-order

process ~t§d I(e, — €4). As aresult, the parameter turns

out to be sensitive to the parameters of theinitial three-
band model and can be different for different cuprates
[25]. Another aspect is the strong influence of on the
structure of the bands near the Fermi boundary and on
the low-energy properties of the system [18-22].

The variationa correlation state W with correlations
of thetype of the valence bondsis constructed [20] with
the aid of a unitary transformation of the uncorrelated
state @:

Y= Wo)®, W) = exp[a > an}
Chm( (2)

1
an = EZ(CTmGCnG+ H'C-)(nn—o_nm—U)'
o

For ® we consider an uncorrelated state of the most
general type, viz., a function of the BCS type with
anomalous averages of symmetry and with a doubled
magnetic cell for testing the possibility of antiferro-
magnetic spin ordering and superconductivity in the
channel. The unitary operator W(a) responsible for the
formation of the valence bonds depends on the varia-
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tional parameter a, and the operator Z,,, in Eq. (2) per-
tains to the bond (MMof nearest centers.
The meaning of this transformation and its efficacy

in lowering the energy of the system can be explained
for the exampl e of atwo-center system with molecular

orbitals g,(Uy,) = (a, + b,)/ /2. Inthis case the operator

W= exp(aZy) = expla(g; g u,u, —H.c)]

transforms the uncorrelated two-hole state F(a, b) =

g g’ > H.c. toan exact singlet state W of the dimer for
the corresponding optimum value of the parameter a.
In the case of a large ratio U/t this state describes a
localized singlet of the valence bond. At medium values
of it becomes possible to optimize the charge state of
the bond or the degree of localization of holes at sites
of the bond.

The unitary transformation (unlike a nonunitary
transformation of the Gutzwiller type) makes it possi-

ble to derive an effective Hamiltonian H that operates
in the basis of uncorrelated states { @} and to obtain an
exact value for the average energy:

H(a) = W'(@)HW(a),
H = WHWO= BPHOO

Thus one can use a self-consistent procedure of mini-

mizing H with respect to ® and o simultaneously.
Such a treatment of the Hamiltonian (3) in the mean
field approximation determines the electronic bands

E., and the single-particle Fermi operators XE,A,
which are the eigenvalues and eigenoperators of the
localized effective Hamiltonian (H ), [20]. In contrast
to the dimer structure with nonoverlapping valence
bonds [26], in the case of a homogeneous state of the

valence bonds (2) the effective Hamiltonian was found
to the two lowest ordersin a:

©)

2

I:I(a)=H+0([H,Z]+%[[H,Z],Z]. (%)

Thus the treatment is limited to Hubbard models with
U/t < 9, which correspond to small values of the opti-
mal parameter a < 0.22. The detailed procedure of the
solution is given in [20]. Practically all of the calcula-

tions were done using the effective Hamiltonian H =
H (a, U, t) + AH(V, t"), in which only the principal part
H(U, t) was subjected to the transformation H(U, t),

while for small interactions AH in (1) only the zeroth
order in a isretained.

The attraction of holes in the channel is induced
mainly by the correlated hopping terms,

~aU[ C;o Croh, ~oNMm s + H c], )
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that arise in the effective Hamiltonian upon the forma-
tion of valence bonds. Unlike the empirical interaction
of correlated hops, such as that introduced by Hirsch
[27], the interaction constant in (5), which is propor-
tiona to a, is determined by a variational procedure.
Further, unlike the t-J model, the application of the
mean field approximation to the new effective Hamilto-
nian (4) isadmissible, since here doubly occupied con-
figurations of the centers are not strictly forbidden, as
they are in the t—=J models. Minimization of the energy
with respect to a optimizes the charge configurations of
the bonds and the degree of localization of charges on
them [20]. The band energies E,, (eigenvalues of the

linearized effective Hamiltonian H, ) correspond to the

self-consistent solution ® and to the optimum value
of a.

The investigated homogeneous solutions exhibit
two-dimensional antiferromagnetic spin order in a
wide doping region, d = |1 —n| < d. ~ 0.3, which is sub-
stantially greater than the region of bulk antiferromag-
netic order (&, ~ 0.05). This means that the finite anti-
ferromagnetic spin correlation length is considerably
larger than the lattice constant. Under such conditions
the mean-field solutions and the picture of the antifer-
romagnetically split band can serve as a basis for
describing the structure of the quasiparticles and low-
energy phenomena. In the normal state the lower Hub-
bard subband has the following structure [20]:

Ex = [eo+4t'c,c + ... ]

(6)

—JIUdy + .12+ [2t(c+ ) + .12

Here only the leading contributions from the lower har-
monics ¢, = cosk,, are written in explicit form, and
d, = [—1)"S,,[is the value of the alternating spin. In a
superconducting state of symmetry the quasiparticle
energiesin the self-consistent solution are very closeto

the form
_ 2 2
Ea = £J(Ec—H) +W,, @)

W, OF [k (cx—cy)wy + ... ].

Here W, is determined by the superconducting order

parameterw; = (I5—15) &}, ¢, O, Il =1, J/5,3.The
form factor F, is determined by the structure of the qua-
siparticles, which are single-particle states of the lower
Hubbard band, and the constants k; ;, the second deriv-
atives of the mean energy with respect to and w;, w;.
A calculation with al the contributions exactly taken
into account shows that the first harmonic w; gives the
main contribution to the superconducting gap function
W, andthat itsangle dependenceiscloseto W, ~ (c,—¢,).

The doping dependence of the superconducting
transition temperature T(d) for the Hubbard model
with the parameters U/t =8, t'/t = 0.05, and V/t = 0.1 is
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Fig. 1. () Doping dependence of the superconducting transition temperature To(d) in units of [0.01t]. (b) Twice the value of the shift
of the photoemission edge 2A,() as a function of doping for k = (11, 0) (1) and the corresponding superconducting gap 2W(Tt, 0)
(2) in the same units. () Ratio & = va/Ay, (1) and &y = va/W(TT, 0) (2) as afunction of doping. (d) Angle dependence of the gap

A(9) at different temperatures for an underdoped system with 8= 0.14, T/ Tq . = 0.55 at T/T, = 0.4 (1), 0.6 (2), 0.8 (3), 0.9 (4),

1.2 (5).

shown in Fig. 1a We note that for the value of the max-

imum temperature T.° increases by a factor of 1.64
[20]. Curve 1 in Fig. 1b shows the doping dependence
of Wiy(8) = W(k,,), the value of the superconducting gap
W, at the point k = ky, = (11, 0). The cal cul ation was done
at atemperature T/t = 0.002. According to Eq. (7), how-
ever, the quasiparticle energy and the corresponding
shift A = Aw of the edge of the photoelectron distribu-
tion function at k = (11, 0) is determined not only W, by
but also by the corresponding band energy |E, — | of
the lower Hubbard band relative to the chemical poten-
tial. Unlike the unsplit band E,, the levels of the lower
Hubbard subband are periodic within the magnetic
Brillouin zone. The functions E, pass through a maxi-
mum at the boundary of this zone as is varied k along
any path connecting the points I (0, 0) and Y(1t, 7). This
makes for a different doping dependence of the ratio
& = v/l in the under- and overdoped regions (Fig. 1c).
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Here v, = (1/2)dA/dd isthe angle derivative of the gap
at ¢ =174, and Ay, isthevalue of thegap A at k= (11, 0).

For the overdoped regime each I' — Y path crosses
the “large” Fermi boundary: E, —u =0 at k= kg, and at
E, — 1 > 0 al values k of on the boundary of the mag-
netic Brillouin zone. In this case the gap A(¢) in the
excitation spectrum is determined solely by the d-wave
superconducting gap W, at the Fermi boundary k = k.
Consequently, the anisotropy of the gap A(¢) coincides
with A(d) = Wi(¢d) ~ z(¢) = 0.5(cosk, — cosk,) at k = k.
The corresponding ratio & = v/, of v, to the gap mea-
sured at the point k = ky, is given by§ =
(/2)(dW/dd)/W,,. It is close to the constant value
expected for a purely-wave superconducting order
without a pseudogap.

In underdoped systems with t'/t > 0, hole pockets
form in the region k = (172, 102) with a*“small” Fermi
boundary around them. Here the segments of the mag-
netic Brillouin zone near M(11, 0) become insulating
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segments of the boundary, on which E, — u < 0. The
shift A(ky,) in the photoel ectron distribution function in
ARPES at ky, = (1, 0) here is given by A(ky) =

JAL + W5, . Here Wy, is the value W, of at ky, and the
quantity Ay = |E, — 1] at ky, is the pseudogap of the nor-
mal state, which is equal to the work function for elec-
trons being removed from levels k ~ ky, of the normal
state. For bands described by expression (6), the value
of Ay increases with decreasing doping. For the same

reason the total shift A) = /AZ(®) + Wi($) of the
photoemission edge from the insulating parts of the
magnetic Brillouin zone differs substantially from the
anisotropy of the superconducting gap W, (¢). For the
underdoped regime (A # 0) we have

£ 0O.5[W(TU4) ]/ A2 + Wy

where W'(¢) = dWi/dd at ¢ = 174. The value of & fals
off sharply (W, — 0) asthe doping decreases, in com-
plete agreement with the experimental behavior of &(d)
[15]. Unlike &(d) the quantity &,(d) = v,/W,, calculated
with alowance for the superconducting gap in the
numerator remains nearly constant (curve 2in Fig. 1c).

Figure 1d shows the anisotropic shift A(¢) of the
photoemission edge for highly underdoped systems

(6=0.14, TJT™ = 0.55). The function A(¢) was cal-

culated as the vector k moved aong a generaized
Fermi boundary consisting of the nonshadow parts of
the “small” Fermi boundary and the insulating seg-
ments of the boundary of the magnetic Brillouin zone
(see [20]). A number of features of the calculated
anisotropy are in agreement with the anisotropy mea-
sured in ARPES experiments.

(1) The deviation of A(¢) from alinear dependence,
A(9) ~ z(¢) = |cosk, —coxk|, isactually observed in Bi-
Sr-Ca-Cu-O (BSCCO) in the underdoped regime [15],
and the signs of the coefficient in front of the next har-
monic in A(¢) are the same for the calculation and
experiment.

(2) For underdoped systems the function A, turns out
to be more sensitive to changesin temperature at values
of in the region k near the sites of the gap than for k ~
(1, 0). The shift A(¢) for A(¢) ~ 174 vanishesas T —
T., whereas the pseudogap of the normal state in the
region k ~ (11, 0) retains anonzero value, Ay, = Ay =L —
E(m, 0) > 0, a T > T.. This property also correspondsto
experiment [12, 13], which showed a different temper-
ature sensitivity of A(¢) for different ¢. The calculation
gives a sharp bend in the linear dependence A(z(9)),
unlike the smoothed curve in the experiment. The rea-
son may be that the dispersion with k, respect to was
neglected in the calculation, as was the finite resolution
with k respect to in the experiment.

(3) The calculated ratio n = 2A,,/KT, has larger val-
ues in the underdoping region. For example, for & =
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0.16 (T.=0.9T.™) it hasthevaluen = 9.5. At the same
time, at optimum doping and in the overdoped region
the total gap is determined solely by the superconduct-
ing part, A = W(k:), and the values n = 5 obtained for
the ratio are close to the value n = 4.5 obtained in the
empiricdl BCS models with d-wave pairing. The
decrease of theratio 2A/KT, with increasing dopingisin
agreement with experiment [1].

Independent estimates of the anisotropy of the gap
near its sites are obtained in [15] from data for the
superconducting hardness p, at |ow temperatures on the
basis of the relation between v, and the penetration
depth for T — 0. This relaion dp(T)/dT ~ d(A2)/dT ~
1/v,, gives adoping dependence of v, that differsfrom
the mutually agreeing functions v,(6) obtained from
the ARPES data and our calculations. The reasons for
the differences remain unclear.

3. REFLECTION OF THE FERMI BOUNDARY
IN THE PHOTOELECTRON SPECTRA
AND THE INFLUENCE OF SPIN FLUCTUATIONS

To check the structural-band origin of the
pseudogap which was proposed in [18-22] and to con-
firm the topol ogical rearrangement of the Fermi surface
upon optimum doping, it is of interest to study how the
change in the topology of the Fermi surface and the
appearance of insulating regions on the boundary of the
magnetic Brillouin zone in the underdoped region are
manifested in the density of states and in the features of
the single-electron spectral functions. Such a study,
even in the framework of the simplest mean-field solu-
tionsfor the t—t'—u model, can be useful.

Another goal of such calculationsisto illustrate the
influence of spin fluctuations on the photoelectron
spectrafor different directions of the quasimomentum.
The strong influence of the low-frequency collective
spin modes is well known [28]. In the simplest version
the spin waves are described by states with a helical
spin structure. In this section we therefore carry out a
comparative study of the density of states and the spec-
tral reflections of the band structure for antiferromag-
netic and helical states of the t—t'-U—V Hubbard model
(2). Thisstudy is of aqualitative character. For thisrea-
son and for the sake of simplicity we restrict the calcu-
lations to the mean field approximation without allow-
ance for correlations of the type of valence bonds.

The standard helical state W, with helicity vector Q
is a mean-field state with one-electron averages
(&' ¢, 0= byexp[iQn]. For Q —= Q¢ = (1T, T0) it goes
over to an antiferromagnetic state. Neglecting correla-
tions of the type of the valence bonds has a substantial
effect on the energy of the system and causes the criti-
cal doping level, a which the antiferromagnetic (or
helical) mean-field solutions go over to paramagnetic
solutions, to shift to higher values [20]. For the same
reason, minimization of the energy with respect to at a
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given doping & overestimates the difference between
the optimum vector Q(8) and Que = (11, TT). For thisrea
son the calculations and the comparative discussion of
the density of states and the spectral functionsare given
for the helical states with an arbitrary helicity vector
without a minimization of the energy with respect to at
each d.

For mean-field states without allowance for the cor-
relations of the type of valence bonds and without
superconducting pairing, we determined the regions of
under- and overdoping of the t—t'—U-V model as those
regions for which the Van Hove singularity in the sys-
tem of stateslies below or above the chemical potential
of the system. Then the “optimal” doping corresponds
to the situation when the position of the Van Hove sin-
gularity is precisely coincident with the chemical
potential p. For the calculated model with parameter
U/t = 8, t'/t = 0.5, and V/t = 0.1 such a determination
gives a value d,, ~ 0.3 for the optimum doping in the
case of an antiferromagnetic state. Thisvalue is greater
than d,, ~ 0.19 for the same system in the antiferro-
magnetic state with valence bonds, for which the corre-
lations of the type of valence bonds was taken into
account.

Figure 2 shows the density of states of the lower
Hubbard band for the antiferromagnetic and helical
states for different directions of the helicity vector with
Q, |Q — Qael = 0.3. The density of states with a single
Van Hove singularity for the antiferromagnetic state
transforms into a density of states with split singulari-
ties for the helical states. The formation of the spin
structure with a preferred direction lifts the degeneracy
of the Van Hove singularity for k = (£71, £11) in analogy
with how the lattice distortions lift this degeneracy in
the ordinary Jahn—Teller effect [3].

Below is a comparative analysis of the influence of
the spin structure on the occupation function

1
Ne = EZ l:d:lcckolz|

in momentum space and the single-particle spectral
functions A(k, w) at low frequencies w — O:

1 .
Ak, w=0) = zﬁzzlﬂfl%llfﬂz
o if
' ®)
x exp-Eill y

DKTH (B - By - w)? + 7]

w=0

Here E; and E; are the energies of the initial and final
states, Z isthe partition function of the system, and the
standard & function d(E; — E; — w) has been replaced by
alLorentzian of width y.

Figure 3 shows the functions n, and A(k, w = 0) cal-
culated for k varying along the contour Y(1t, T) — ' (0, 0) —
M(Tt, 0) — Y for mean-field states of the t—t'-U—-V model
for two doping values—in the underdoped region o <
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Fig. 2. Density of states of (1) the lower Hubbard band for
an antiferromagnetic mean-field state and for helical states
with (2) Q, = (0.9, 1) and (3) Q3 = (0.93r, 0.931).

dqpt @nd in the overdoped region & > d,,;. Here the opti-
mal doping &, = 0.3. The model parameters are U/t = 8,
t'/t =0.5, V/t = 0.1 and the width in (8) y = 0.003t.

Some of the properties of the spectral functions
obtained are partially known.

Even in antiferromagnetic states, for which the band
energy is periodic within the magnetic Brillouin zone,
the spectral functions n, and A(k, w) do not possess
such periodicity. Fine details aside, we see that the
occupied n, > 0.5 and empty n, < 0.5 quas momentum
states correspond to regions around the I" or Y points,
respectively, in analogy with the case of noninteracting
particles. This property is well known [29] and holds
true for the spiral states aswell.

On the segment I' — Y the sharpest falloff of occurs
for and corresponds to the crossing of the nonshadow
Fermi boundary (i.e., located in the main magnetic
Brillouin zone) with theline ' — Y. Putting in a helica
spin order instead of the antiferromagnetic order does
not alter the position of the Fermi boundary in this
direction. The corresponding peak in A(k, w = Q) isthe
most intense one for any doping and is not affected by
spin fluctuations, since it does not depend on the helic-
ity vector Q. This finding agrees with the fact that the
experimentally observed Fermi boundary inthe " =Y
direction iswell defined for any doping [6]. The second
peak of the function A(k, w = 0) in this same direction,
corresponding to a step in ny, pertains to the shadow
Fermi boundary. The intensity of this peak is much
lower, and its position depends substantially on the
helicity vector. This means that this feature will be
smoothed by spin fluctuations.

No. 6 2000



1248

A. OVCHINNIKOV, M.

OVCHINNIKOVA

n=0.85,q =081

n=0.65,q =087

0,y)

n(k), ACk, w

~
=k

M Y

-k

Yy

Fig. 3. Occupation functions n (solid curves) and A(k, w = 0, y) for y = 0.003t (dotted curve) for the antiferromagnetic and helical
states of modelsthat take into account the underdoping (left) and overdoping (right). Thevector k variesaongthepath T—I" =M —Y. For
the helical states the vector Q was specified by the vdues ' = 0.8mand g = 0.86. The dashed curves on the segments I — M — Y (upper
plots) correspond to the antiferromagnetic state at nearly “optimal” doping, 6 =0.3.

Another situation takes place in the region of the
point M(rt, 0). The occupation function n, varies
smoothly withkaong I —M —Y, and the low-frequency
excitation peaksin A(k, w = 0) have arather high energy
in awide region k of near the point M. The maximum
intensity is reached at the optimum doping. The same
situation, but with a lower intensity, takes place at any
doping: both for underdoped systems, when in the
region k in the vicinity of the point M becomes insulat-
ing (E(tt, 0) — pu < 0), and for overdoped systems, when
the point lies between the main and shadow Fermi
boundaries (E(11, 0) — 1 > 0). Thissmearing (or destruc-
tion) of the Fermi boundary in the region of the point
has been observed in the ARPES data [6, 7]. A large
total photoemission intensity from the region k ~ (11, 0)
hasin fact been observed [16] in BSCCO, but it turned
out to depend on the photon energy, a circumstance that
cannot be described on the basis of two-dimensional
models alone. The model must be generalized to take
into account the interlayer interaction.

4. CONCLUSIONS

We have shown on the basis of the t—'-U Hubbard
model that the hypothesis of a structural-band origin of
the pseudogap can explain a number of features in the
behavior of the anisotropy of the gap A(¢) observed in
photoemission experiments. The change in topology of
the Fermi surface at optimum doping, which is due to
the structure of the edge of the low Hubbard band,
causestheflat parts of the band in underdoped systems
to become insulating, and a pseudogap Ay(¢) of the
normal state opens up. This pseudogap and the super-
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conducting gap Ag(¢) together determine the total
shift A(d) of the photoemission edge. The different
dependence of each of the components Ay and A on
temperature, doping, and the direction k of make it pos-
sible to describe the following observed features of the
anisotropy of the gap in the underdoped region.

(1) The presence of higher harmonicsin A(9), i.e., a
deviation from asimple d-wave form [J [cosk,—cosk,].

(2) the appreciable falloff, with decreasing doping,
of the ratio & = v,/A of the dope of the angle depen-
dence of the gap v, = (1/2)dA($)d¢ near the site of the
gap ¢ = 174 to the maximum value of the gap A.

(3) The stronger temperature dependence of the gap
in the region of its site (¢ = 174) than in the region of
the maximum of the gap.

(4) The increase in the ratio A/T, with decreasing
doping.

The spectral functionsfor the antiferromagnetic and
helical mean-field states of the t—t'-U model qualita-
tively confirm the presence of a sharp Fermi boundary
in the region of the site of the gap and a smeared Fermi
boundary in the region k ~ (11, 0), with a sharp increase
in the total photoemission intensity from this region at
optimum doping.

The main unsolved problem for this interpretation
of the origin of the pseudogap isto match it up with the
observed tunneling spectra. The difficulties of such a
matching in the underdoped region have been discussed
in [30]. In the t—t'-U model the tunneling gap Ay, iS
due solely to the superconducting contribution, while
the pseudogap controls only the asymmetry of the spec-
tra outside the optimum doping region. On the contrary,
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coincides with the pseudogap [8-11].
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Abstract—L ong-term resistance relaxations induced by uniaxial compression in (001)p-GaAs/AlysGaysAS
heterostructures are observed, and the main properties of these relaxations are investigated: the dependence of
their character on the direction of the uniaxial compression, the change in concentration of current carriers dur-
ing the relaxation processes, and the quenching of the relaxations by temperature, illumination, and high elec-
tric fields. It is found that the character of the relaxation process is different for compression directions [110]

and [110]: in thefirst case the concentration of two-dimensional holesin the quantum well decreasesin the course of

therelaxation, whilein the second caseit increases. A model is proposed in which the cause of the relaxations of the
piezoresistance and the anisotropic character of these relaxationsis assumed to be the piezoelectric field, the val ue of

which, according to estimates, is |E,| = 1.152 x 10* V/cm per kbar. © 2000 MAIK *“ Nauka/Interperiodica’ .

1. INTRODUCTION

The long-term relaxations of the resistance in semi-
conductors and heterostructures based on them are a
manifestation of nonequilibrium processes in the sys-
tem of charges and have attracted steady interest for
severa decades now. It was noted long ago [1, 2] that
this phenomenon is due to the existence of energy bar-
riersof various naturesin the material. In massive semi-
conductors these barriers may be a consequence of the
inhomogeneity of the material [1, 2], while in hetero-
structures the inhomogeneity at the heterointerface and
the energy barriers associated with it are expresdy cre-
ated during growth of the system. The importance of
studying nonequilibrium processesin the materials and
structures that underlie modern solid-state electronics
would be hard to overestimate.

The long-term relaxations of the resistance can be
induced by various external influences, e.g., light, high
electric fields, and changesin temperature. At low tem-
peratures the characteristic relaxation times can reach
very large values (t > 10° s), as aresult of which meta-
stable states are formed. The processes that have been
studied most are the nonequilibrium processes arising
as aresult of irradiation by light with different wave-
lengths.

Recently we observed the long-term resistance
relaxations induced by uniaxial compression in
p-GaAg/Al,sGa, sAs heterogtructures at liquid-nitrogen
and liquid-helium temperatures [3]. To the best of our
knowledge, the long-term relaxations of the piezoresis-

tance in heterogtructures had not been reported before
that, although similar phenomena occur in massive sam-
ples of gdlium antimonide upon the application and
removal of auniaxial load [4].

In this paper, we present results of a detailed study
of the properties of the relaxations of the electrical
resistance and residual piezoresistance observed in
p-GaAg/Al,sGa, sAs heterostructures and propose a
most likely mechanism by which the set of observed
effects can be explained.

2. SAMPLESAND EXPERIMENTAL PROCEDURE

The relaxations of the piezoresistance were studied
on samples prepared from two p-GaAgAl,;Ga,sAS
heterostructures with different levels of beryllium dop-
ing. The samples were grown my molecular beam epi-
taxy at the Niels Bohr Institute of Copenhagen Univer-
sity. The growth direction [001] was determined by the
orientation of the GaAs substrates. The main growth
parameters and characteristics of the heterostructures
aregivenin Table 1.

The sampleswere punched out along the natural slip
planes from a wafer on which a heterostructure had
been grown; they were{ 110} in theform of parallelepi-
peds mmin size 3 x 0.8 x d mm is the thickness of the
wafer in mm), with the long side directed along either

[110] or [110]. Hall bridges (mesas) were fabricated on
the (001) plane of the structure by a photolithographic
method. The contacts were formed by depositing Zn/Au

1063-7761/00/9106-1250$20.00 © 2000 MAIK “Nauka/Interperiodica’
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Table
Structure
HCO218 HCO251
Manufacturer of the GaAs substrate Sumitomo Outokumpo
Substrate thickness, mm 0.625 05
Substrate temperature, °C 630 630
Rotation speed, rpm 20 20
Growth rate, um/h 0.628 0.637
Undoped GaAs* (buffer), um 1.0 1.0
Undoped Al sGag sAS (spacer), nm 7.0 7.0
Al sGag sAs doped with beryllium (active layer), nm 50 50
Be concentration in the Al sGy sAs, 108 cm™3 1 05
GaAs doped with beryllium, nm 50 5.0
Be concentration in the GaAs, 108 cm™ 2 1
Concentration of 2D holes, 10* cm 9.8 7.6
Mobility in the direction at 4.2 K, m?V~1s? 4.7 45

* A GaAg/AlAs superlattice was deposited between the substrate and buffer layer.

with a subsequent “aloying in” for 3 min at atempera-
ture of 380°C. The quality of the contacts was moni-
tored from the linearity of the current-voltage charac-
teristics, which was preserved at least to 50 pA, while
theworking current was 1-2 pA. Uniaxial compression
to apressure of 3 kbar along the long axis of the sample
was effected by the technique described in Ref. [5]. Dur-
ing the measurements the samples were shielded from
externa radiation by a copper screen. Sixteen samples of
the HCO218 heterostructure and four samples of the
HCO251 heterostructure were investigated.

3. EXPERIMENTAL RESULTS

While the effect of uniaxial pressure on the optical
transitions in A'"'"BY heterostructures has been studied
for quite sometime [6,7], the behavior of the transport
properties of the charge carriersin them has practically
escaped attention. Thisis apparently because the occur-
rence of long-term relaxations of the resistance upon
the application and removal of an external uniaxial load
was detected only comparatively recently [3]. The
essence of the observed phenomenon is demonstrated
in Fig. 1 for the heterostructures whose parameters are
given in Table 1, for the cases when the uniaxial com-

pression is directed along [110] and along [110]. The
effect consists in the fact that immediately after appli-
cation of theload (intervals 1-2 in Fig. 1) the system of
two-dimensiona (2D) holes is found in a nonequilib-
rium state, and the corresponding electrical resistance
slowly relaxes to its equilibrium value over atime that
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can reach 10°-10* s at liquid-nitrogen temperatures and
can exceed 10° sat 4.2 K. The equilibrium state (dashed
lines) can be obtained by thermal cycling, i.e., by heating
the sample to 180-200 K followed by a dow cooling to
the temperature of the experiment (intervals 3-4). If the
relaxation process continues for along enough time or
the equilibrium state has been reached by the afore-
mentioned thermal cycling under pressure, then after
removal of the load (intervals 5-6) the system is again
found in a metastable state, in which the resistance is
higher (or lower) than theinitial equilibrium value p, at
zero pressure P = 0. By analogy with the residual pho-
toconductivity one can speak of a residual positive or
negative piezoresistance. The initial value p, (denoted
by the dotted line) can aso be reached by thermal
cycling (intervals 7-8).

3.1. Anisotropic Character of the Relaxations

A digtinctive feature of the relaxations of the
piezoresistance is that its character changes when the
compression direction is changed, asis clearly seenin
Fig. 1. After the application of pressure along the [110]
direction, the resistance in the loaded state relaxes to a
higher value, and after the load is removed it exceeds
theinitial value of the resistance p,, i.e., thereisapos-
itive residual piezoresistance (Figs. 1a, 1c). In the case
when a compressive stress is applied in the perpendic-

ular direction (along the [110] axis) the resistance

relaxes to a lower value after application of the load,
and it takes on a lower value than p, upon recovery to
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Fig. 1. Long-term resistance relaxations induced by uniaxial compression at T = 4.2 K for compression directions [110] (a, ¢) and

[110] (b, d) in samples of the HCO218 (a, b) and HCO251 (c, d) heterostructures. A uniaxial pressure of 1 kbar isapplied inthetime

intervals 1-2 and removed in the intervals 5-6. In the intervals 3—4 and 7-8 the samples were heated to 200 K and slowly cooled
back to 4.2 K. The dashed and dotted lines correspond to the equilibrium values of the resistance in the |loaded and unloaded states,

respectively.

the unloaded state, i.e.,, one can speak of a residual
piezoconductivity (Figs. 1b, 1d). Here it should be
noted that the difference of the values of p, in the two

mutually perpendicular directions [110] and [110] for the
same heterostructure is aconsequence of the anisotropy of
the mobility of 2D holesin the plane of the structure [8].

Figure 1 demongtrates the identical behavior of sam-
ples of the heterostructures HCO218 and HCO251 bothin
the nature of the response to the application of pressure
and in relation to the different directions of the com-
pressive stress. In what followswe shall give theresults
for the HCO218 samples, which were investigated in
greater detail.
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3.2. Dependence of the Amplitudes of the Relaxations
on The Value of the Pressure

The amplitude of the relaxations here is understood
to mean the difference Ap, of the resistances in the
metastable and equilibrium (obtained after thermal
cycling) states. A certain error in the determination of
this difference arises because of the fact that even at
4.2 K in the first minutes after the application (removal)
of the load there is a dight but noticeable relaxation of
the electrical resistance, the value of which, however, is
small compared to Ap, (Fig. 1). Figure 2 shows the
dependence of the resistance on the load, p(P), for two
directions of uniaxial compression: [110] (Fig. 2a) and

No. 6 2000



PIEZOELECTRIC EFFECT AND THE LONG-TERM RESISTANCE RELAXATIONS INDUCED 1253
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Fig. 2. Resistance of atwo-dimensional hole gas versus pressure at 4.2 K for uniaxial compression directions () [110] and (b) [110].

The filled symbols correspond to metastable states after application (removal) of the pressure, and the unfilled symbols to the equi-
librium states obtained by heating the sample to 200 K and slowly cooling it to 4.2 K (thermal cycling). The arrows indicate the

sequence in which the experimental points were obtained.

[110] (Fig. 2b). The filled points correspond to the value
of the redstance immediately after the application
(removal) of the load, while the unfilled symbols are for
the equilibrium tate obtained after therma cycling to
200 K.

There are two noteworthy characteristic features that
follow from the curves plotted in Fig. 2.

(1) The amplitude of the relaxations on both appli-
cation and removal of the load increases with increas-
ing applied (removed) pressure.

(2) Inthe case of uniaxial compression aong [110] the
amplitude of the relaxations after remova of the load was
noticesbly larger than the amplitude of the relaxations
after application of the load (Figs. 1a, 2a), whereas for

the [110] direction the picture changes to the opposite
(Figs. 1b, 2b).

3.3. Time Dependence of the Resistance Relaxations

The time dependence of the piezoresistance during
the relaxation process is of a nonexponential character.
Inthe majority of casesthis process can be described by
alogarithmic law like that givenin [9, 10]:

(D)

whichisvalid for the recombination of spatialy separated
carriers with a rectangular profile of the spatia distribu-
tion of charge traps. Here it is assumed that the measure-
ment time't > 1, where 1, is the characterigtic lifetime of

Rt) = RYt=0) + AlnTl ,
0
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the charge carriers in the absence of their spatiad separa
tion from the trapping centers. It should be noted that in
many cases [11, 12] just such a logarithmic time depen-
dence gives a good description of the relaxation of the
residual photoconductivity in n-GaAgAl,Ga, _,As.

Figure 3a shows the characteristic time dependence
of U/p inthelinear and logarithmic time scales for one
of the samplesin the[110] orientation after the removal
of apressure P = 0.85 (curve 1) and 1.7 kbar (curve 2)
at atemperature of 77 K. 1t should be noted that two lin-
ear segments can be discerned on the logarithmic plots.
Anaysis of the time dependence of the resistance
relaxations at 4.2 K (Fig. 3b) after the application
(curve 4) and removal (curve 3) of the load also reveals
the presence of two processes, the faster of which obeys
a logarithmic law, while the other is practically “fro-
zen.” Here the first linear parts of the curvesin Fig. 3
pertain to a relaxation process which even at low tem-
perature lasts only a few minutes. This relaxation pro-
cess can be seen in Fig. 1 immediately following the
application (removal) of the pressure, and its contribu-
tion to the change in resstanceisinsignificant. It ismost
likely dueto the tunneling of charge from residual ionized
impurities lying nearby in the buffer layer. We are mainly
interested in the long-lived metastable state described by
the second linear segments of the curves.

3.4. Memory Effect
If the loading-unloading cycle is repeated without
intermediate thermal cycling but the relaxation process
under load goeson for arather long time (tens of minutes),
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Fig. 3. Sheet conductance of atwo-dimensional hole gas versustime for T = (a) 77 and (b) 4.2 K. Curves 1, 2, and 4 are recorded
after theremoval of pressuresof 0.85, 1.7, and 0.35 kbar, respectively, and curve 3 after the application of aload of 0.35 kbar. Theinset

p~X(t) shows plotted on alinear time scale.

then, after the load is removed, aresidual piezoresistance
isalso observed, but its value now depends not only on the
value of the pressure applied prior to the removal but also
on the duration of the relaxation process under load. At
helium temperatures this process, aswe have said, does
not go to completion in the time intervals actually real-
izable in experiment. If the pressure is removed imme-
diately after it is applied, then the system returns nearly
to its initial state: no relaxation process occurs in the
loaded state.

Thisisthe basis for the memory effect, wherein the
sample “remembers’ previous loadings and relax-

p, kQ/C]
4
58 12 5
1.5 !
1.4+
|2 I ! 6L7 d hl
0 25 50 75 ¢, min

Fig. 4. Sheet resistance of a two-dimensiona hole gas ver-
sustimeat T =77 K when the load is applied and removed.
In thetimeintervals 1-2, 5-6, and 9-10 auniaxia pressure
P = 0.85 kbar was applied to the sample aong the [110]
direction, and in the intervals 34, 7-8, and 11-12 the load
was removed.
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ations. This effect is demonstrated in Fig. 4. For exam-
ple, if the relaxation process after removal of the load
(interval 4-5) isinterrupted by abrief cyclein which a
uniaxial stress of the same magnitude is applied and
removed (interval 5-6—7-8), the resistance of the sam-
ple“remembers’ its state prior to thelast loading cycle,
and the subsequent relaxation (8-9) isa continuation of
the previous relaxation process (4-5). This does not
occur if the relaxation in the loaded state continues for
along enough time (10-11). In that case after the load
is removed the relaxation process 12-13 is not a continu-
ation of the relaxation process 8-9, i.e,, the resistance of
thesample also “remembers’ the relaxation processesthat
have occurred in the previous loaded state. It is clear that
in order to exactly reproduce the dtates of the sample
before each new measurement cycle it must be brought
to an equilibrium state by thermal cycling.

A memory effect is also characteristic for the previ-
ously observed nonequilibrium processes induced by
illumination [4], for example.

3.5. Quenching of the Relaxations
of the Piezoresistance by Temperature, Illumination,
and a High Electric Field

Quenching of the relaxations of the piezoresistance
in the thermal cycling process has in fact aready been
demonstrated in Fig. 1. When the sample is heated from
4.2t0 200 K and then dowly cooled, the residual piezore-
sstanceis“erased” (intervals 7-8 in Fig. 1) and the sam-
ple is brought back to the initial equilibrium state. By
analogy, in this case one can regard the relaxation pro-
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Fig. 5. (a) Temperature dependence of the sheet resistancein theinitial equilibrium state (1) and after aloading and unloading
cycleiscarried out at 77 K with aload of P = 1 kbar (2); (b) relaxation of the residual piezoresistance Ap after removal of a

pressure P = 0.85 kbar at different temperatures.

cess under load as being quenched by thermal cycling,
which brings the system of charge carriers to an equi-
librium state. The temperature dependence of theresis-
tancein the unloaded equilibrium state and after aload-
ing-unloading cyclewith P = 1 kbar isshownin Fig. 5a.
The fact that the two states have already become indis-
tinguishable at 120 K isexplained by theincreasein the
rate of relaxationsasthetemperatureisraised (Fig. 5b).

If the heating brings the system of charge carriersto a
thermodynamic equilibrium state, as a result of which a
temperature quenching of the relaxations of the piezore-
sistance occurs, then illumination or astrong electric field
pulse can themselves cause nonequilibrium processes
leading to charge redistribution in the system. This is
apparently the basis for their quenching effect on the
long-term relaxations induced by uniaxial compression
and for the residual piezoresistance at low tempera-
tures. For theillumination we used red light with apho-
ton energy of 1.9 eV from a (Al)GaAs light-emitting
diode. Figure 6a illustrates the quenching of the resid-
ual piezoresistance by illumination at 77 K: when the
diodeisturned on briefly (point 5) the residual piezore-
sistance induced by a loading-unloading cycle with a
pressure of 0.5 kbar is “dumped,” and the electrical
resistancerapidly relaxesto itsequilibrium value. If the
loading (unloading) of the sample is carried out under
illumination, then the relaxation process and the resid-
ual piezoresistance are not observed at all. The quench-
ing of the relaxations of the piezoresistance by illumi-
nation persists at helium temperatures, but in that case
the effect takes place against the background of the
residual photoconductivity.

For studying the effect of ahigh electric field on the
relaxation of the piezoresistance we used a pulsed
method to preclude overheating of the sample. Square
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voltage pulses 30400 nslong and with arepetition fre-
guency of 1-100 Hz were produced by a generator
acrossamercury relay. At atemperature of 77 K the effect
of the high dectric field pulses E = 3000 V/cm is mani-
fested in asubstantial acceleration of the rel axations of the
piezoresistance, so that 2-3 min after application of the
eectric field pulsesthe resistance will essentialy reachiits
equilibrium value (Fig. 6b, for a perturbing uniaxia pres-
sure of 1.5 kbar). At helium temperatures a high enough
electric field E = 200 V/ecm will itself cause switching
of the samples into a long-lived high-resistance state
that is sengitive to illumination.

3.6. Behavior of the Total Concentration
of 2D Holes During Relaxation of the Piezoresistance

The concentration of 2D holes was monitored from
the Hall effect and the frequency of quantum oscilla-
tions of the magnetoresistance at a temperature of 1.7 K.
It was found that in the course of the relaxations of the
piezoresistance the total concentration of 2D holes in
the quantum well variesin correlation with the change
in the electrical resistance. Figure 7 shows the charac-
teristic curves of the total concentration of holes as a
function of the uniaxial compressive stress during the
application and removal of pressure along the [110]

(Fig. 7a) and [110] (Fig. 7b) axes; the cycles of appli-
cation and removal of the pressure were carried out
with an intermediate thermal cycling to accelerate the
relaxations. Aswe see from Fig. 7a, in the case of com-
pression along [110] the hole concentration in the well
decreases in the course of the relaxations after the
application of pressure, while after the removal of pres-
sure the hole concentration increases in the relaxation
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Fig. 6. Quenching by (a) light and (b) by apulsed electric field of the residual piezoresistance induced by acycle of application and
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Fig. 7. Concentration of 2D holes as a function of pressure for compression directions [110] (a) and [110] (b). The filled symbols
correspond to metastable states immediately after the application (removal) of the load, and the unfilled symbols to equilibrium
states obtained as aresult of thermal cycling. The arrows indicate the sequence in which the experimental points were obtained.

process. For compression along [110] (Fig. 7b) the oppo- Despite the qualitative difference, the dependence
site picture is observed: after loading of the sample the  of the concentration on the uniaxial compression along
concentration of 2D holesrelaxesto a higher valug, while  the [110] and [110] directions has the following fea-
after removal of theload it relaxesto alower value. turesin common:
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(1) the strain dependence of the total hole concen-
tration in the quantum well in the metastable stateisthe
same for both compression directions—the hole con-
centration falls off dightly with increasing pressure (by
2-3% at P = 2 kbar);

(2) the removal of pressure from a sample in an
equilibrium stressed state (obtained by thermal cycling) is
always accompanied by an appreciable decrease in the
concentration of 2D holes, independent of the direction
of the uniaxial compression.

4. DISCUSSION

The observed properties of the relaxations of the
piezoresistance, such as quenching of the metastable
state by illumination, the application of a high electric
field, and heating to a comparatively low temperature
(around 200 K), indi cate that the relaxations of the elec-
trical resistance and theresidual piezoresistance are not
dueto the introduction of some new defectsin the crys-
tal during the uniaxial compression. Therefore the
observed effect should be considered from the stand-
point of the electron-hole system and the internal prop-
erties of the structure itself.

Since a two-dimensiona hole gas is formed in a
guantum well on account of ionization of the Be accep-
tor impurity in the AlysGaysAS active layer, in an anal-
ysis of the causes of the resistance relaxations one must
consider the possibility that they can be explained by
the tunneling of holes from the quantum well to Be
impurity levels separated from the two-dimensional
layer by an undoped spacer. However, according to the
data of [13], the characteristic times for tunneling in
thisprocessat 4.2 K ist = 102, whereas the observed
relaxations of the piezoresistance are characterized by
timest>10°s.

It isknown that nonequilibrium processes with such
long relaxation times may be due to deep traps. It is
possible that in our case, too, the resistance relaxations
can be attributed to such widely known deep centersin
GaAs and (A)GaAs as DX and EL 2 centers. However
the problem is that they and all the other point defects
of the crystal lattice, in view of the symmetry of the
three-dimensional crystal, cannot account for the dif-
ference observed in this study in the character of the
relaxations for compression in the directions [110] and

[110] (Figs. 1, 7). The causes of the relaxations of the
piezoresi stance must be sought first among those mech-
anismsfor which such a difference exists. Gallium ars-
enide, like other A'""BY compounds, exhibits piezoelec-
tric properties on account of the absence of inversion
symmetry of thelattice along the[111] crystallographic
direction. Therefore, such a difference can be given by
the piezoelectric effect, since the strain-induced elec-
tric field along the [001] direction changes sign when
the compression direction is changed from [110] to

[110].
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The piezoelectric effect in such materials is deter-
mined by the off-diagonal components of the strain ten-
sor €,, and it therefore absence for compression along

[100]. For compression along the [110] and [110]
directions of interest to us here, the strain components
€y # 0,_taki ng theva Ues €,y = SyuPl4and g, = —SMP/{L
respectively, where S,, is a component of the elastic
compliance tensor. As a result, in the absence of com-
pensating charges in the crystal, an electric field arises
along the [001] axis, with a value given by the expres-
sion [14]

_2 e14€xy

E. =
z €€,

2
where e, is the piezodectric congtant, € is the datic
dielectric congtant, and &, is the permittivity of free space.
Using the values € = 13.18 and e, = —0.16 x 10 C/cm?
for GaAs[15], we find that at the strain corresponding
to a uniaxial pressure of 1 kbar, a piezoelectric field
with avalue of |E,] = 1.152 x 10*V/cm should arisein
GaAs. The electric field is positive (directed from the
substrate toward the heterointerface) for compression

along [110] and negative (directed from the heteroint-
erface toward the substrate) for compression aong
[110].

In the Al sGaysAS layer, since it is doped with beryl-
lium and there is a two-dimensional hole gas at the
GaAg/AlGaAs heterointerface, the strain-induced el ec-
tric field should be compensated in atime of less than
1 sby aredistribution of charge in the active layer and
guantum well [13]. In the GaAs buffer layer, on the
other hand, the el ectric field that arises cannot beimme-
diately compensated, since the compensating charge
carriers must penetrate from impurity states in the
GaAs buffer and substrate into the quantum well at the
GaAg/Al,sGaysAs heterointerface through the entire
GaAs buffer layer, which is 1 um thick. The piezoelec-
tric field distorts the band structure, leading to the
changes shown schematically in Fig. 8.

An estimate using the model presented by the
authors of Ref. [10] shows that in such a case the life-
time of the metastable state corresponding to different
positions of the Fermi quasilevel near the heterointer-
face and in the substrate takes on very large values and
is apparently limited at finite temperatures mainly by
thermally activated processes involving residual impu-
rities and defects in the materia of the substrate and
buffer layer. At helium temperatures the probability of
such processes is extremely small and the metastable
state is practically frozen, whereas heating to 200 K
promotes the rapid formation of a charge that compen-
sates the piezoelectric field, so that the materia is
brought to an equilibrium state.

For compensation of the piezoelectric field in the
GaAs buffer layer at apressure of 2 kbar it is necessary
that a charge density of 2.69 x 10 C/cm? be formed at
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Fig. 8. Piezoeffect-induced change in the band structure in p-GaAs/Alg sGag sAs under uniaxial compression. The solid curves cor-
respond to the unloaded equilibrium state, and the dotted curves to the equilibrium state immediately after application of a uniaxial

pressure of 1 kbar along the (a) [110] and (b) [110] directions. The dashed curve corresponds to the position of the equilibrium Fermi
Er level, and the dot-and-dash curve to the nonequilibrium Fermi E level immediately after application of the load.

its boundaries; this value corresponds to an additional
concentration of holes or electrons (depending on the
direction of the field due to the piezoelectric effect) at
the GaAg/AlsGaysAS heterointerface of AN = 1.68 x
10 cm2. This estimate of the density of compensating
charge carriers is in rather good agreement with the
observed difference between the values of the concen-
tration of 2D holes in the metastable and equilibrium
states (Fig. 7).

In accordance with the direction of the field E, the
compensating charge should preferentially increase the
hole concentration in thewell in the case when the pres-

sureisapplied along [110] and decrease it in compres-
sion along [110] (accordingly, in the equilibrium state
under pressure the hole concentration should be higher
or lower, respectively, than in the metastable state).
This correlates completely with the experimental data
(Fig. 7).

The total change in the carrier concentration in the
guantum well under pressure is determined not only by
the influence of the piezoelectric field but also by a set
of other factors such asthe changein the band structure
and the value of the discontinuity of the bands at the
heterointerface, the ionization energy of the Be acceptor
impurity in the active layer, and the state of the defectsand
deep centers near the heterointerface. The present uncer-
tainty in the values of some of the parameters and their
strain dependence makes it difficult to interpret the total
pressure dependence of the concentration of 2D holes.
Using the differencein thetime scales of thetransient pro-
cesses for different mechanisms responsible for changes
in the concentration of free holes, we have atempted to
separate and analyze the contributions due to several of
them.

Aswe have said, dl of the processes of redistribution
of the holes between shallow acceptorsin the active layer
and the 2D layer at the heterointerface occur over rather
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short times. Therefore, we can assume that the changein
concentration due to the changes of the band structure
and the activation energy of Be shallow acceptor levels
occur practically simultaneously with the application
of the pressure.

On the other hand, such processes as the recharging of
deep centers and the tunnding of carriers through the
GaAs buffer layer occur very dowly a helium tempera-
tures, and the corresponding characteristic times can
exceed 10° s.

Starting from this fact, we can write the change in
concentration under pressure, AN(P), in the form of a
sum:

AN(P) = AN,(P) + AN*(P),

where AN,(P) is the contribution of “fast” processes
due to changesin the band structure and to the redistri-
bution of holes between the 2D layer and the Be shal-
low acceptors in the AlysGa,zAs active layer and
AN*(P) is the change in concentration due to the long-
term processes: the recharging of deep centers and the
tunneling of carriers through the GaAs buffer layer.

Thefirst term AN,(P) is determined from the depen-
dence N(P) obtained at 1.7 K without thermal cycling,
when the long-term relaxation processes cannot appre-
ciably influence the concentration of 2D holes at the het-
erointerface. Arguing infavor of theinterpretationthat itis
these values that correspond to changes of the band struc-
tureand to the redistribution of holesbetweenthe 2D layer
and shallow acceptors in the active layer is the fact that
when the pressure is removed, the concentration of 2D
holesin this case (i.e., without thermal cycling) returns
to its initial value. The AN,(P) curves obtained from
Fig. 7 are presented in Fig. 9a.

The concentration change AN*(P) responsible for
the long-term relaxation of the resistance can be
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Fig. 9. Partial contributions of the changein concentration of 2D holesAN; (a), AN, (b), and AN3 (c) under pressure (see text) to the

overall dependence of N(P). The datafor the compression directions[110] and [110] are presented on the same graph in such away

that negative values of the pressure correspond to compression along [110] and positive to compression along [110]. Thefilled symbols
correspond to metastable states immediately after the application (removal) of the pressure, and the unfilled symbols to the equilibrium
states obtained as aresult of therma cycling. The arrows indicate the sequence in which the experimental points were obtained.

obtained on the basis of Fig. 7 by the simple subtrac-
tion

AN* = AN(P) — AN,

Here one notices a difference in the value of the change
in concentration of 2D holes when the total relaxation
(after thermal cycling) occurs under load and after the
load is removed (Fig. 7), whereas the corresponding
numbers of carriers entering and leaving the quantum
well should be equal to each other if only the piezoel ec-
tric field is responsible for this effect.

In addition, the two compression directions [110]

and [110] have a common feature, which was men-
tioned in Subsection 3.6: in both cases when theload is
removed from a sample in the equilibrium state under
pressure, the concentration of 2D holes decreases notice-
ably (Fig. 7). Inview of theidentical behavior for thecom-

pressiondirections[110] and [110], thisphenomenon can-
not be attributed to the piezoe ectric effect. Apparently, the
long-term rel axation processes a so involve some mecha-
nism for which these directions are equivalent.

That mechanism might be due to the presence of point
defects, which have been observed in large numbers near
heterointerfaces in n- and p-type GaAs/Al,Ga, _,AS
[16, 17] and areidentified as deep centers. Their concen-
tration reaches ~10'° cm=[17]. If we suppose that el ec-
tron traps with a pressure-dependent thermal activation
barrier exist near the heterointerface, we can assume
that these dtates, being occupied as a result of therma
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cycling under load, will easily give up the trapped dec-
tronswhen the pressureisremoved, thusreducing the con-
centration of 2D holesin the quantum well. On this basis,
the piezoeffect-induced change in the hole concentration,
AN, isdefined asthe difference between the values of the
concentration in the equilibrium state a and in the non-
equilibrium state after the pressure is removed. Then on
thebasis of the curve (Fig. 7) it isproposed that the change
in concentration AN* in the two states can be separated:

AN* = AN, + AN,

where the main contribution AN, is due to the piezoef-
fect, and the considerably smaller part AN; that is sym-
metric with respect to the compression direction is due
to deep traps. The result of this separation is shown in
Figs. 9b and 9c. The data obtained on the concentration
AN, of the holesthat compensate the piezoelectric field
are in good agreement with the estimates given above
on the basis of formula (2). The changein the hole con-
centration due to deep centers also appears completely
realistic in accordance with the known published data
on the concentration of thelatter near aGaAgAlLGa, _ As
heterointerface [17].

The quenching of the metastable states by light and
electric field pulses can be explained in the proposed
model as being due to the formation of additional free
electrons and holes dueto the optical radiation and high
pulsed electric field, which promotes the rapid forma-
tion of the compensating charge.
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As we have said, the logarithmic time dependence
of the resistance in the course of the relaxations of the
residual photoconductivity is predicted for the case of
recombination of spatially separated charge, when the
carriers of one type are captured by traps and those of
the other type remain free and participate in the con-
duction [10Q]. The charge separation in this model pre-
supposes the presence of barriers, which are formed in
heterostructures and which arise as a result of fluctua-
tions of the composition or of the doping impurity. The
logarithmic time dependence of the resistance here is
due to the fact that the damping of the photoconductiv-
ity is slowed as the recombination front moves away
from the layer of free charge carriers. Apparently, such
amodel can be used to explain the time dependence of
the resistance relaxation due to the compensation of the
piezoelectric field, since in that case we are dealing
with the motion of the charge carriers through the
buffer layer, with the participation of the residual impu-
ritiesin the process. Since the probability of ionization
of these impurities increases with increasing tempera-
ture, the rate of relaxations must also grow accordingly,
which explains the quenching of the relaxations by the
temperature.

It should be noted that besides the piezoeffect, there
exists another mechanism in terms of which one might
interpret both the main properties of the relaxations of
the piezoresistance and also the different signs of the
changein concentration of the 2D holesin the course of
the relaxations for the compression directions [110]

and [110]. Such adifference can be given by misfit dis-
locations at the (001) GaAs/(Al)GaAs heterointerface,
the chemical nature of which differs for these two
directions; exclusively a dislocations (with Asatomsin
the dislocation core) are arranged along [110], and only
[ didocations (with Ga atomsin the core) are arranged

along [110]. A model inwhich the changein concentra-
tion of 2D holes due to uniaxial compression is attrib-
uted to the recharging of the cores of misfit edge dislo-
cationsis described in detail in [18].

This mechanism is undoubtedly important for het-
erojunctions with a large lattice misfit of the epitaxial
layers and should be taken into account in the fabrica-
tion of structures of such materials as GaAs/(Ga)lnAs,
GaAsg/GaAs(P), and InSh/GaAs. In our case, however,
the lattice misfit of GaAsand Al sGa, sAsissmall and,
according to [19, 20], should not lead to any misfit dis-
locations at the heterointerface. In spite of the fact that
the question of whether misfit dislocations can formin
such gtructures is far from an unambiguous answer, and
there are examples that contradict this assertion (e.g., see
[21]), we have been unableto detect the characteristic pat-
tern of misfit didocations in a scanning cathodolumines-
cence study of the structures investigated here.
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Abstract—The perturbation theory for calculating the effective conductivity of the plane consisting of pieces
of different conductivitiesis constructed, and aconvenient diagram technique is elaborated for this perturbation
theory. It is shown that for the chessboard, perturbative calculations give results that are in agreement with the

well-known formula oy = ,/0,0, . The components of the effective conductivity tensor for the anisotropic

three-color chessboard are calculated. It is shown that the isotropic (symmetric) part of the effective conductiv-
ity calculated up to the sixth order of perturbation theory satisfies the Bruggeman effective medium equation
for symmetric three-color structures with equally partitioned components. We also consider an isotropic three-
color chesshoard with nonequal weights of colors. In this case, the perturbation theory in the fourth order con-
tradictsthe results following from the Bruggeman equation for nonequal weights. © 2000 MAIK “ Nauka/Inter-

periodica” .

1. INTRODUCTION

The problem of calculating the effective conductiv-
ity of composite materialsis of interest from theoretical
and phenomenological points of view and has been
attracting the attention of theorists since the nineteenth
century [1]. The most developed is the theory of the
effective conductivity of the plane, where one can use
the duality between conductivity and resistance, which
istypical only of the two-dimensional Ohm’s law. This
duality consistsin the fact that rotating the plane by 12
simultaneously with interchanging the current density
vector j and the electric field E does not change Ohm'’s
law. The most interesting two-dimensional result isthe
one by Dykhne [2], who considered the plane covered
by regions with two different conductivities o, and 5.
If the distribution is stochastic and the dstatistical
weights of the two conductivities are equal, one can

show that
Ogi = 4/0,0,. 1.0

The same result also holds for some regular structures
of two-conductivities on the plane (for convenience, we
call them two-color in what follows), in particular, for
the chessboard, as was shown by Keller in his earlier
paper [3].

The main goal of this paper is to construct the per-
turbation theory for calculating the effective conductiv-
ity on the plane for an arbitrary distribution of the con-

TThis article was submitted by the authors in English.

ductivity and to represent the resulting formulas in a
convenient graphical form. As applications of this the-
ory, we rederive the Keller—Dykhne formula for the
two-color chessboard. Using our diagram technique,
we calcul ate the components of the effective conductiv-
ity tensor for the three-color chesshoard representing
an anisotropic structure with equal weights. It is shown
that the isotropic part of the effective conductivity cal-
culated up to the sixth order of perturbation theory sat-
isfies the Bruggeman effective medium equation for
symmetric three-color structures with equally parti-
tioned components [4].

We also consider the isotropic three-color chess-
board with nonequally partitioned components and
show that the corresponding Bruggeman equation fails
in this case.

We note that numerical simulation of the conductiv-
ity of regular, isotropic equal-weighted three-color
structures on the plane was performed and analyzed in
a recent paper [5]. Three-component dielectric media
were also considered in [6].

The gructure of the paper is as follows. In Section 2,
we construct the perturbation theory for the effective
conductivity and give a convenient diagram representa-
tion for thistechnique. Section 3 isdevoted to the appli-
cation of thistechnique to the deduction of the formula
for the effective conductivity of the two-color chess-
board. In Section 4, we use the perturbative technique
to calculate components of the effective conductivity
tensor for the three-color two-dimensional chessboard

1063-7761/00/9106-1261$20.00 © 2000 MAIK “Nauka/Interperiodica’
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and show that itsisotropic part satisfiesthe Bruggeman
equation. We then consider the isotropic three-color
chessboard with nonequal weights and show that in this
case, fourth-order calculations contradict the predic-
tions following from the corresponding Bruggeman
equation.

2. PERTURBATION THEORY
FOR THE EFFECTIVE CONDUCTIVITY

We begin with constructing the perturbation theory
for the effective conductivity. The idea of using pertur-
bative methods for calculating the effective conductiv-
ity has been considered by Herring [ 7], Dykhne[8], and
Bergman [9]. We note that Herring obtained a formula
for the effective conductivity tensor of alocally aniso-
tropic medium in the second order [7], while we
develop the technique applicable to arbitrary orders of
perturbation theory for locally isotropic media.

Ohm'’s law for a locally isotropic medium has the
form

i = o0, (2.1)

where j is the current density; o is the conductivity,
which in general depends on the coordinates x and y;
and ¢ isthe electric potentia. The charge conservation
rule for astationary distribution of currentsis

KHALATNIKOV, KAMENSHCHIK

J = OB 0,j = 1,2 (2.8)

Inserting ¢ from (2.5) in Eq. (2.3), we obtain the
L aplace equation

Ap+0OIn(1+a) QE+Oy) = 0. (2.9

It is convenient to introduce Fourier expansions for
the small functions a and y:

jr

o = Y a.exp(ik ), (2.10)
2
g = lekexp(ik r). (2.11)
k
With these expansionsin Eqg. (2.9), we obtain
g
(2.12)

[ %__+___ DE(E+DQJ)}

Solving Eq. (2.12) by iterations, one can find a per-
turbative expansion for the function .. Using the for-
mulas found for Yin Egs. (2.7) or (2.8), one can then
find the components of the effective conductivity ten-
Sor.

We now temporarily forget about condition (2.6)

divj = 0j = 0. (22)  providing the correct definition of the macroscopic vec-
Inserting Eq. (2.1) in Eq. (2.2), we obtain tor E. One can write the following formulas for the per-
_ turbative corrections to the potential (), and for theiso-
Ap +Ulno (L¢ = 0. (2.3) tropic part of the effective conductivity tensor:
We now assume that 1
o(xy) = 1+a(xy), 24 Ot = 5(0m* Oy, 13
ab=0o _iat(k [E)
Here, the average value of a(x, ) is chosen equal to 1 k1= ——— (2.14)
for convenience, and a(x, y) is asmall function whose k
average over the plane, denoted by [T]is equal to zero. )
i k [E
We represent the potential ¢ as Oury = _Z( ) 0L, (2.15)
¢ = ECF+u(xy), (25) - Bk
where the vector field E must be chosen such that the
relation = z(—p-EE-gi%-E-k—)apap_k, (2.16)
Myo= 0 (2.6) k"p
is satisfied. For isotropic conductivity distributions, we
can introduce the effective conductivity by the relation Otz = Z (k [E)(E EE)Z(p Ek)apak_pa_k, (2.17)
J = 04E, 2.7) b kK°p’E
where J = [jIJ For anisotropic distributions of a(x, y), andsoon.
relation (2.7) becomes a tensor one, By induction, one can show that
+ (ky CE)(Kq EKy) ... (Kn_p Ky ) (K4 [E)
O-eff = (_1)“ ! leakz_kl...Gkn_l_kn_zd_kn_l. (218)
" " Zk E°k2...k2_,
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Thus, al the corrections to the effective conductivity
have a“chain” form and can be graphically represented
as

E ky ky k,_» k,_; E
———————— e 0 v &———»
Qy, Ok, —k, Ok, -k, » Yk, ,

However, to satisfy condition (2.6), it ishecessary to
subtract all the disconnected nth-order diagrams con-
sisting of two chainsfrom thisdiagram and then add the
diagrams consisting of three chains. The construction
of this aternating sum corresponds to the elimination
of the terms containing the corrections proportional to
possible homogeneous vector harmonics I .

We now analyze the structure of expression (2.18)
and the corresponding diagram in some detail. Thisdia-
gram contains “vertices’ corresponding to the coeffi-
cients of the Fourier expansion (2.10) and “propaga-
tors’ corresponding to two-dimensiona wave vectors K.
The propagators appear in three forms:

=12 o .= 11242 — kD/(K2 + kD]

G

o =kk/(K:+E)

Itisremarkablethat Eq. (2.18) (after the subfraction
of the aternating sum, as explained above) contains
information about all the elements of the effective con-
ductivity tensor. The diagrams corresponding to the
isotropic part of thistensor defined in (2.13) contain an
even number of the F propagators and an even number
of the G propagators. The diagrams corresponding to
the anisotropic part of the diagonal elements of thisten-
sor,

_1
Oanysotr = é(o-xx - ny)v

(2.19)
contain an odd number of the F propagators and an
even number of G. Finally, the diagrams corresponding
to off-diagonal elements of the effective conductivity
tensor a,, contain an odd number of the G propagators.

3. PERTURBATIVE CALCULATIONS
FOR THE TWO-COLOR CHESSBOARD

To show how this perturbation theory and the dia-
gram technique work, we consider the chessboard case.
We assume that
1+9,

1-9.

0o, =
(3.1)

0,
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Fig. 1.
Then,
2 <4
Oy = AJ1-08° = 1—%—%
6 8 10 (3'2)
_% 56 7%
16 128 256

To reproduce this formula by means of perturbation
theory, we must calculate the Fourier coefficients for
thefunction a(x, y). Let a(x, y) be aperiodical function
with the periods 21tin each coordinate such that

a(x,y) = =0 if O<x<mm, O<y<T,

ax, y) = +0 if m<x<2m, 0<y<m,

. (3.3
a(x,y) = +0 if O0<x<Tm, T<y<2m,
a(x,y) = =0 if I<X<2m, T<y<2m,
seeFig. 1.
Then,
azk,m = an,2l = 0: (34)
160
a2k+1,2I+1 = (35)

(2m)%(2k + 1)(21 + 1)

It is easy to see that al the diagrams with an odd
number of vertices give azero contribution. Indeed, the
sum of wave numbers of al the vertices in a diagram
must vanish (see Eq. (2.18)) and only odd values of
wave numbers can occur (see Egs. (3.4)—3.5)). How-
ever, the sum of an odd number of odd numbers cannot
vanish. Thus, we must consider only even orders of the
perturbation theory.

Next, if adiagram contains an odd number of prop-
agators G, the contribution of this diagram is equal to
zero because, for any set of momentak = (k;, k), there
is the set k' = (K, k) giving the contribution of the
opposite sign. Similarly, the diagrams containing an
odd number of propagators F give vanishing contribu-
tions because the contribution of any diagram with a
certain set of momentak = (k, k) is cancelled by that
with the momentak = (k, k). Thus, 0, and o,, are
equal to zero, and the effective conductivity of the
chessboard isisotropic.
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Now, we are in a position to calculate the diagrams
corresponding to the effective conductivity of the
chessboard. In the second order of the perturbation the-
ory, we only have the diagram

*———o

that corresponds to the expression

1
Ogfn = —éz O Oy

K (3.6)
_ 2565 1
T 202w kz z (2k+ 1)%(21 +1)°

Using the well-known formula [10]

~1 s
DERLCCRE (37)
we obtain
2
Ourz = -5 (38)

The set of the fourth-order diagramsis given by

G G
Q—FQ—Q—FC—Q—CQ—C
ZQ—GQ—GQ—C
2F F

Here, thefirst connected diagram gives the contribution

8. The combination of the second and the third dia-

grams again gives &%8, the disconnected diagram gives

the contribution %8, while the last two connected dia-
grams do not give a contribution. Thus, the result is

_ 3

Ogfa = — g (3.9

Next, we present only the diagrams giving nonvan-

ishing contributions in the sixth order of the perturba-

tion theory with the corresponding results:
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_20—0—0—00—0

{

Bl
—
o~|_‘

F F
_De—eo—0—0 06—

{

Q
Q

&l
a-

—_Je—eo—0o—0 ¢—9o

1l 4+ e—ee—90e—o

._
o)
-

Summing these, we have

66
Outs = —15- (3.10)

Quite similarly, we can also obtain

8
- 5% (3.11)

Oeitg 128

and

75"

g (3.12)

Ogf10 = —

The results of perturbative calculations in Egs. (3.8)—
(3.12) coincide with those obtained by expanding the
general formula (3.2). This confirms the reliability of
the perturbation theory developed here and encourages
us to apply it to more complicated situations.

4. PERTURBATIVE CALCULATIONS
FOR THE THREE-COLOR CHESSBOARDS

We now consider three-color structures with a
square lattice symmetry, which we call the three-color
chessboards. To do it, we again turn to formula (1.1). It
is easy to notice that Eq. (1.1) can be rewritten as

Ogr— 0>
Oyt + 05

O4—0
ot~ 01
Oyt T 03

= 0. (4.1)

Equation (4.1) was written by Bruggeman [4] as an
approximative one (in the dipole approximation), but it
appearsto be exact for alarge class of two-color cover-
ings[2]. One can try to generalize this equation for the
case of three conductivities (athree-color system) with
equal weights as

Ogt — 03
Oyt T 03

Oy —O
et — 01
Oyt T 03

O4—0
et —02
Ogt + 0,

=0, (4.2)
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which is equivalent to

3,1 2
Ot t 5(01 +0,+ 03)0g
1 4.3
- 5(0102 +0,03+0,03)04 —0,0,0; = O.

There are different tessellations of the plane allow-
ing three-color (i.e., three-conductivity) coverings (see,
e.0., [11]). Here, we consider the simplest tessellation:
it is again a chessboard but is covered by three colors
with the same statistical weights. We again introduce
the function a(x, y) that is periodic with the periods 21t
and is defined by the rules

a(x,y) =9 if 0<x<gT-T, 0<y<_2_7_T,
3 3
a(x,y) = 0 if %n<x<%n, o<y<%”'
a(x y) = =3 if ‘%‘<x<(2n), o<y<2§”,
'y 2n 2m_ _4m
a(x,y) = -0 |f0<x<3, 3<y<3,

2T 4T 2T 4m

G(X,y) =9 if €<X<§, §<y<3, (4_4)
a(y) = 0 if Tex<om Frcy<T
a(x,y) = 0 if 0<x<%n, %T[<y<2n,
a(y) = -5 if F<x<T, Ley<on
ax,y) = 3 if %’T<x<2n, 4?”<y<2n,

seeFig. 2.

Obviously, this function correspondsto the periodic
distribution of three conductivities

o, = 1+,
o, = 1-9, (4.5
o; =1,

and the corresponding Fourier coefficients are given by

aSk,m = an,SI = O (46)

Osk+,31+1 = Ogkezzi+2 = 0, 4.7)
Oak+o31+1 = G§I+1,3k+2

0./5id"™ @8)

) (2m)2(3k +2)(3l + 1)

Now, we are in a position to calculate perturbative
contributions to the isotropic part of the effective con-
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ductivity for the three-color chessboard. In the second
order of the perturbation theory, we again have only
one diagram, which contributes
_ %

Ogt2 = -3 (4.9)
where Eqg. (3.7) was used again. In the fourth order, we
have the following set of diagrams with nonvanishing
contributions:

sl

G G
1 1
F F g — &= e——e I3

Theseresult in
64
=L

In calculating the sums corresponding to the above dia-
grams, we have used the formula [10]

Ogita = (4.10)

(4.12)
1 Tt

- _kZO(3k+ 1)(3k+2)  3./3

We now present the set of al the sixth-order dia-
grams giving nonvanishing contributions:

ST 8

F F 5
F F _20—0—0—00—0m
o | G G
G G T2 —2e—e—e—ee—e

F F
1
G G 216
Summing these contributions, we have
178°
= ——. 412
Oete 432 ( )

Thus, we have calculated the symmetric part of the
effective conductivity tensor

Ogft =Ogm = Oy = Oyy.
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We can now substitute the expression for the isotro-
pic (symmetric) part of the effective conductivity found
up to the sixth order of the perturbation theory,

Oy = 1-2 -2 209 (4.13)

into the three-color Bruggeman equation (4.2). We then
see that this equation is satisfied. This gives us some
grounds to think that this equation describes precisely
the effective conductivity for the chaotic three-color
distributions of conductivity on the plane just like it
does for the two-color distributions, where Bruggeman
formula(4.1) coincideswith the exact Dykhneformula.

It is necessary to stress that, for the chessboard with a
conductivity described by thefunction a(x, y) in Eq. (4.4),
thereis an anisotropic term already in the second order of
the perturbation theory corresponding to the diagram

G

*—0
Thistermisequal to
Oxy = _4@”6'22
(2m)
N (4.149)
x 1 ~ 0.065%

K |Z_m(3k +2)(31 + 1)((3k+2)*+ (3 + 1)%)

We stress that for isotropic structures, the conduc-
tivity is purely local in the second order and has a uni-
versal form that does not depend on its particular struc-
ture. In anisotropic structures, we encounter nonlocal
propagators already in the second order and the results
are not universal.

We now consider another three-color chessboard
with nonequal weights, which however is isotropic in
contrast to the previous one. The conductivity is given
by the formulas

a(x,y) = 0 if 0<x<m O<y<m,
a(x,y) = +8 if m<x<2m O<y<Tm,
a(x,y) = =3 if 0<x<2m Tm<y<2m,
a(x,y) = 0 if m<x<2m, Tm<y<2m,

(4.15)
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see Fig. 3.

Although this chessboard is a three-color one, it
possesses al the symmetries of the two-color chess
board and is isotropic.

The nonzero Fourier coefficients are given by

_ 1

C12k+1,0 - |T[(2k+ 1)’ (416)
-1

a0,2|+l - |T[(2| + 1) (417)

It is convenient to denote these Fourier coefficients by
different vertices. the coefficient in (4.16) by a black
circleand the onein (4.17) by awhite circle.

The contribution of the second order of perturbation
theory to the effective conductivity is given by the dia-
gram

and isequal to

62

Ogtp = 7 (4.18)

The fourth-order diagrams have the form

1
16 1
1 ® e ¢ *T6
o —O0—FO— @ 75

32

Thus, the fourth-order contribution is

64

0eff4 = —3_2 (419)

On the other hand, the Bruggeman equation for this
structure can be written as [4]

Ogi— O Og— O Og— O
eff 1+ eff 2+ eff 3

=0, (420

Ogt+ 01 Ogrt 0, Ogt 03
or equivalently,
0,+0
szf + %Giﬁ
6,40 4.21)
o,(0,+0

—%oeﬁ—olozo3 = 0.

In our case, where
o,=1, 0,=1+9, 03=1-39,

we easily obtain
(4.22)

It is obvious that in the fourth order of the perturbation
theory, there is a contradiction between the results of
perturbative calculations (4.19) and those following
from the Bruggeman equation (4.22).
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Abstract—The features of the dynamics of the self-effects of the wave field are considered for the case when
the dynamicsis described by the nonlinear Schrodinger equation (NSE) with a hyperbolic spatial operator. An
analytical investigation of the characteristic regimes of the self-effectsis carried out; these regimes are due to
the spatial competition of the self-focusing compression of the wave packet in one direction and its defocusing
in another. The initia distributions of the wave field are analyzed with the goal of using them in a numerical
modeling for illustration of the features of the self-effects. It is shown that three stages can be discerned in the
evolution of thelocalized distributions: self-focusing filamentation of the wave field in the transverse direction,
and compression and subsequent fragmentation in the defocusing (longitudinal) direction. The strongest non-
uniformities are excited in the self-similar collapse of the wave field to hyperbolas (to the characteristic curves
of the hyperbolic operator of the NSE). The stabilization of the development of the fragmentation instability is
discussed separately. © 2000 MAIK “ Nauka/Interperiodica” .

1. INTRODUCTION

In addition to the well-known nonlinear Schrod-
inger equation (NSE), the dynamics of the self-effects
of wave packetsiswidely studied by means of the non-
linear Schrodinger equation (NSE) with a hyperbolic
spatial operator [1]:

.du

— +A —
Iat gu

In the two-dimensiona case (the Laplacian operator
with respect to the transverse coordinates has the form
A = 0%10%?) it governs the dynamics of the self-effects
of awave on the surface of aliquid [1-4] and the spatia
evolution of wave beamsin amagnetized plasmain the
parameter region corresponding to saddle points on the
refractive index surface [5-7]. Recently, however, most
of the interest has focused on the study of the self-
effects of ultrashort laser pulses in media with normal
dispersion of the group velocity dv /0w < 0 (in this
case, t corresponds to the coordinate of the centroid of
the wave packet) [8-15].

A distinctive feature of Eg. (1) isthat the distortion
of the phase fronts due to the nonlinearity leads to
focusing of the wavesin the transverse direction and to
dispersive spreading (defocusing) in the longitudinal
direction. The competition between these two pro-
cesses can result, in particular, in stabilization of the
transverse collapse of an axially symmetric wave beam
which would occur in the case 0/0z = 0 [8]. The possi-
bility of the onset of singularities in the evolution of a
localized three-dimensional distribution is still in dis-
pute [8, 14, 15].

d°u

F + |U|2U = 0.
V4

(D)

The peculiarity of the self-effects of thewavesinthe
framework of Eg. (1) is manifested even in the stage of
modulational instability of a plane wave. The growth
rate of thisinstability is given by the expression

Y = (K- K)[2A0— (Ko KT, 2
where A, is the amplitude of the plane wave, k; and k,
arethetransverse and longitudinal wave numbers of the
disturbance. The value of y reaches a maximum not on

asphere, asin the NSE case, but on the hyperbolic sur-
face

ki—ko = A, 3)

i.e, in the framework of Eq. (1) the instability can
occur on any arbitrarily small scales (L = 1/k), provided
that the characteristic longitudinal (L = 1/k,) and trans-
verse (L = 1/ky) scaesof the nonuniformity satisfy rela-
tion (3). The most “large-scale” of the instabilities is
the self-focusing instability (k; = 0, k; = Ay). The evo-
[ution of wave packets which are rather “narrow” inthe
transverse direction, for which the stratification due to
the development of this instability does not occur, has
been considered in Refs. [5-10, 13, 15].

Numerical studies have shown that the dynamics of
the self-effects is determined by the dimensionality of
the problem [5, 8]. In a two-dimensiona (one-dimen-
siona in the transverse coordinate r; = x) case a non-
uniform compression of the wave field is accompanied
by itsfragmentation in the longitudinal direction[5]. In
the central part of the localized distribution of the wave
packet, where the intensity of the field is maximum,
the compression is faster and the wave field becomes
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separated in z direction into two isolated parts. This
sequence of processes (compression, fragmentation
into halves, etc.) is repeated several times against the
background of the spreading of the wave field as a
whole. The tendency to spread obviously follows from
the equation for the second moments of the field distri-
bution

a’ = j(x2+y2)IUI2dr, b? = J'zzlulzdr,

which can be obtained from (1):
—di(a2+b2) = SIIDulzdr. 4)
dt?

Moreover, the rate of expansion of the localization
region of the field is described by the same expression
[the right-hand side of Eq. (4)] asin alinear medium.
The nonlinearity governsthe deformation of thisregion
asthe system evolves:

&, 2 .2
d_tZ(a —-b") = 8H, %)

where H isthe Hamiltonian of the system,

H = J’HDDU|2—|UZ|2—|—UZ—|iEjr. (6)

In the case of asmooth initial axialy symmetric dis-
tribution which is highly elongated in the longitudinal
direction z, fragmentation occurs if the power per unit
length along z exceeds the critical power for self-focus-
ing of an axially symmetric beam [this corresponds to
H<0inEq. (5)] [8, 13, 14].

These common properties of the self-effects of wave
packets apparently depend on the specifics of the form
of the gpatia operator in (1). However, even from
expression (2) for the growth rate of the modulation
instability of aplanewaveit isclear that these specifics
can play an important role.

In the present study we examine several new self-
effect regimes which derive from the hyperbolicity of
the spatial operator of theinitial Eq. (1) and whosereal-
ization depends on the form of the initia distribution
u(rg, 2). It is shown that some of them are initiated by
an initial stratification of the wave field in the trans-
verse direction, while others have the opposite property
of weakening the development of the longitudinal and
transverse instabilities on account of a competition
between them. In anumerical study we have considered
a two-dimensional version (A = 8%/0x?) of the initial
equation. In contrast to earlier studies, here our atten-
tion isfocused on investigating the long-term evolution
of the system. The analytical results have awider range
of applicability, since, as will be easily seen, they are
comparatively easy to generalize to the three-dimen-
sional case.
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2. ANALYTICAL STUDY OF THE FEATURES
OF THE SELF-EFFECTS

Let us consider some general features of the self-
effects of a wave system described by the nonlinear
Schrodinger equation with a hyperbolic spatial opera-
tor (1), after first analyzing the stationary and self-mod-
eling structures described by this equation and examin-
ing its hydrodynamic anal og.

2.1. Sationary Self-Effects

The existence of a stationary spatialy bounded dis-
tribution of the wave field is contradictory to the inte-
gral equations (4) and (5). They attest to the fundamen-
tally dynamic character of the evolution of thefield. Let
us consider the structural features of nonlocalized sta-
tionary solutionsin the case of ahyperbolic NSE for the
purpose of further investigation of the dynamics of
such initial field distributions.

We write the solution of theinitial two-dimensional
equation (1) in the form u(x, z, t) = Aexp(i$), where
A(X, z,t) and ¢(x, z, t) arereal functions. Asaresult, we
obtain

% _ 000 0f, o, Puhe

[ox0 ~ CozO A
laA 0 0 2
20t 6X¢ 6_Z¢ZA ' ®)

In contrast to the corresponding equations for the stan-
dard NSE, in (7) and (8) the derivatives with respect to
Z appear with aminus sign, i.e., the energy fluxes enter
the continuity equation (8), for example, with different
signs. One can construct a stationary solution

A?(X, 2) = cont, (9)

in which these fluxes compensate each other. Then the
following relations will clearly hold:

oP

0z’

where @ is an arbitrary function. If @ is chosen in
accordance with the equation

B’_CDEF_B)_CDﬁ =0
Loxd OazU '

then it is easy to see from (10) that ¢ satisfies the same
equation (11):

¢)

0,A° = 0,A" = a (10)

(11)

-0z = 0. (12)
At the same time, we find from Eqg. (7) under condition

(9) that
¢ — EAZ_'_AXXI;AZZ%.

2000

(13)
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Substituting (13) into (12), we obtain the following
equation for determining the stationary distribution of
the field amplitude:

%AZ + Axx - Azzlﬁ _
A O

This equation, like the initial equation (1), contains
wave operators and therefore does not have localized
solutions [16]. To form a spatially bounded stationary
distribution one can use a superposition of severa
nonlocalized wave structures. In what follows (see
Section 3.3) we use extremely simple solutions of the
form

>, Ao—Aurf
e EE = 0. (14)

z

lu? = A*> = B+ C(xt2),

where B and C are arbitrary constants.

The initial localized distribution of the wave field
constructed from solutions of the type (15) has the fol-
lowing digtinctive feature. In accordance with the
method used to construct the solution (9) for each indi-
vidual component of a stationary structure of the type
(15), the expression A, — A,, is equa to zero. In the
present case of the hyperbolic NSE this term describes
“diffraction” of the wave field. Thus the stationary dis-
tribution (9) is formed from a set of “nondiffracting”
structures. The “diffraction” inherent to the wave field
is obviously due to the presence of a transition region
from one nonlocalized distribution (15) to another.

(15

2.2. Slf-Smilar Sructures

The axially symmetric solution of the NSE in the
present case of a hyperbolic two-dimensiona spatial
operator correspondsto a self-similar field distribution
that is afunction of = x? — 72 The quantity = const
isan invariant that is conserved in coordinate transfor-
mations of the “Lorentz” type (such a coordinate trans-
formation leaves Eq. (1) unchanged). As a result, we
arrive at thefollowing equation for the self-similar field
distribution:

6u Ju 2
+4 +4— +|u"u = 0.
zz 5 *lu

The introduction of the new variable n = ./Z reduces
(16) to an equation that is well known in the theory of
self-focusing and describes axially symmetric wave
beams [17]:

6u 10 ou
at nannar]

Inthe sector x> —z2={ > 0 (wecall thisthe focusing
sector) the distribution with H < 0 suffers a collapse.
However, unlike the corresponding processin the NSE,
here compression occurs not toward the axis of the sys-
tem (x = 0, z = 0), but toward the hyperbola x> — 22 =
(o> 0. It isclear that if the initial distribution is sym-

(16)

+|u’u = 0. (17)
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metric with x and z respect to and there will be two such
hyperbolas, and, hence, one expects that simulta-
neously with the collapse there will be a stratification of
the wave field in the transverse direction, as occurs in
the self-focusing instability in the NSE. It is also
important that the self-similar distribution localized
with respect to n¢ is nonlocal with respect to the coor-
dinate orthogonal to n).

In the sector X2 — 22 = { < 0 the analogous transfor-

mation n = /- reduces (13) to the equation
.0u 10 o0u 2 _
=5t Tnanan lu“u =0, (18)

which describes self-defocusing of the wave field.

It should be specialy noted that Eq. (17), which
governs the evolution of the self-similar distributions,
has the following feature. In the two-dimensional case
under discussion the initial equation (1) describes a
process of “one-dimensional” self-focusing weakened
by defocusing. Equation (17), on the contrary, has the
form of the “two-dimensional” NSE, which attests to
the possibility of “strong” self-focusing (collapse) of a
nonlocalized (with respect to the coordinate orthogonal
to n) wave field in the system under study.

For an analysis of the process in which the collapse
is weakened as a result of defocusing, it is convenient
to transform to an orthogonal coordinate system ¢ =
x? — 72, 1 = xz. As a result, we arrive at the following
equation, which isequivalent to theinitial equation (1):

d°u au azu
4% azap

From thlsequanon we seethat for aninitial distribution
that depends weakly on |, the derivatives with respect
to uin Eg. (19) can be neglected, and we naturally
arrive at Eq. (17), which describes a collapse. However,
as the collapse occurs the distribution becomes “one-
dimensional” near = {,, and therole of the defocusing

term {0u/dp? becomes appreciable. A detailed numer-
ica investigation of the features of the self-effects in
this case is presented in Section 3.2.

o uD+ lul®u = 0.(19)
op’-

2.3. Solenoidal Distributions

Asinthe case of the NSE, the system of Egs. (7), (8)
for the amplitudes and phases of thefield can be written
in the form of hydrodynamic equations. Setting p = A?
and introducing a velocity v vector with components
v,= —9,, vV, = ¢, we obtain the equations of ideal
hydrodynamics:

at +div(pv) = 0, (20)
Ov
+(vO)v = divP (21)
No. 6 2000
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with a specific form of the pressure tensor,

p
|:| ’\/_ XX — ’\/_ Y44 |:|
E 0 P. (/PYx = (J/P)z H
U 2 2 U

which reflects all of the features of the evolution of the
solutions of the NSE with ahyperbolic spatial operator.
In particular, it turns out that the solenoidal motions of
theliquid are strongly coupled to the potential motions.
For example, the azimuthal modes of the NSE in the
present case correspond to complex wave fields speci-
fiedatt=0intheform

W O exp(iaxz). (23)

A hyperbolic phase of just thistype (¢ = axz) deter-
mines the circulation of the flux of the wave field
around the origin of the coordinate system. This is
because the fluxes along x and z appear in the continuity
equation (7) with different signs. During the evolution
of the system the “solenoidal” process, which is deter-
mined by the initial distribution (23), is damped out.
One can see this by examining the linear part of the
eikonal equation (5):

00 _ @of _9f
ot LoxU [ozO"

Substituting the initial (solenoidal) distribution of the
phase front ¢ = ¢, = axz into the right-hand side of
Eqg. (24), we see that it produces ¢, = a(z%> — x?) a phase
distribution ¢ [ 22 — x?, which determines the potential
motion of the liquid. The potential distribution of the
phase, as is easily seen from (24), generates itself but
with the oppositesign, i.e., the complex conjugate wave
field.

Thus, the initial distributions of the form (23), con-
taining a “solenoidal” phase, can be of interest, since
the averaging of the spatial disturbances on account of
rotation can actually lead to stabilization of instabili-
ties. The evolution of the wave field in the radial direc-
tion, in the presence of the circulation of its flux with
respect to angle, occurs under conditions of a sort of
averaged and therefore weakened nonlinearity. The
results of a numerical study which demonstrate the
development of the fragmentation instability are pre-
sented in Section 3.1.

For enhancement of instability, on the other hand,
one can choosg, for example, aninitial condition of the
form

(24)

u O exp(iax?z?). (25)

Such a phase of the wave field, together with the para-
bolic one ordinarily used [14], guides the energy flux
into the focusing sector and weakens the spreading of
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the distribution in the defocusing region. The features
of the evolution of a distribution of the type (25) are
discussed in Section 3.2.

3. NUMERICAL STUDY
OF THE SELF-EFFECTS

Let us consider several characteristic regimes of the
dynamics of the self-effects of awave field. A numeri-
cal simulation was done by the spectral method, using
a fast Fourier transform (see [18]) in a square with a
side equal to 30.

Theinitial study was done using 128 x 128 Fourier
harmonics. However, the generation of strong nonuni-
formities in the self-effects of the wave field reduced
the reliability of the numerical calculations consider-
ably. Therefore, in the final versions discussed below
we used the maximum possible number of harmonics
in our situation (750 x 750). The accuracy of the calcu-
lations was monitored by checking the integrals of the
equation. Let usfirst consider the evolution of the wave
field with an initial transverse form of Gaussian distri-
bution, and then the dynamics of other localized distri-
butions that more realisticaly reflect the specific fea-
tures of the initial NSE (1) with a hyperbolic spatial
operator.

3.1. Wave Packet with Gaussian
Field Distribution

Let us consider awave field with an initial distribu-
tion of the form

_ U, X +2[
u= Zexpp 70

(26)

The evolution of a packet with such aform is given
inFig. 1 for the parameter valuesuy=25and u=3. The
initial field amplitude was three times larger than the
value used in [5], making it possible to observe the
transverse filamentation of the beam.

In the first stage (Fig. 1a) the process occurred as
described in [5]. The nonuniform compression of the
wave field in the transverse direction as aresult of self-
focusing and the expansion in the longitudinal direction
(defocusing) give rise to a dumbbell-shaped distribu-
tion. The redistribution of the wave field is accompa-
nied by the formation of a maximum of the field at the
ends of the “dumbbell” (Fig. 2).

Further, in the stage of expansion of the wave field
as a whole one should distinguish two characteristic
processes. Firdt, it is seen that the regions of maximum
field, as they expand along the z-axis (one to the right,
the other to the left), excite a wave field with the char-
acteristics of the hyperbolic operator ((=x+z N =x-2)
(Fig. 1b). It hasthe form of a shock wave. Initidly, at a
high intensity of the source of the shock wave, the
development of the fragmentation instability is
observed at the leading edge (Fig. 1c). As the wave-
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Fig. 1. Level lines |u(x, z, t*)| of in the evolution of afield with a Gaussian distribution.

-5 -5

Fig. 2. Distribution of the wave field |u(x, z, t* = 0.2)|2.
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Fig. 3, Spatial spectrum of the wave field |Fu(k, ky, t* =

0.45)]%.

field region expands and the maximum value of the
field decreases, a weakening of the nonuniformities
occurs behind thefront of the shock wave (Figs. 1e, 1f).

In the central region one sees the development of a
self-focusing filamentation of the wave field. Initialy
there is a structure with pronounced layering in the
transverse direction (Fig. 1b), and then the fragmenta-
tion instability leads to the excitation of longitudinal
nonuniformities aswell. Asthe wave field expands, the
number of transverse filaments grows. The maximum
number of them corresponds to the number of filaments
excited over the characteristic transverse dimension of
the wave field as a result of the development of a self-
focusing instability (for k, = 0). In the longitudinal
direction the layers extend along hyperbolas (Fig. 1c).
We note further that for t > 0.4 there occurs a strong
broadening of the spectrum. Up until that time the spec-
trum has a strong maximum at the center, which subse-
quently bifurcates (Fig. 3). We note that the regime of
initial collapse turns out to be dominant not only in the
case of Gaussian wave packets extending in the defo-
cusing direction but also for fields which are more
highly localized in that direction. A predominant non-
uniformity of the wave field with respect to x leads to
enhanced defocusing. As a result of the weakening of
the “maximum” value of the field the self-effect pro-
cess takes place in a manner analogous to the previous
case, only more slowly than before, when the character-
istic transverse scales of the wave field were the same
(@a=b=3).

L et us conclude this section by considering the pos-
sibility of stabilizing the instability development. For
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(a) t*=0.25 (b) #=03

|
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T

Fig. 4. Level lines of |u(x, z, t*)| in the evolution of a sole-
noidal distribution (27), ug = 25, u= 3.

this we use a complex generalization of the initia dis-
tribution (26) in the form

2 2
u X +Z
u= 2expd- 222+

2 P (27)

inng
with the same values of uy and a. A weakening of the
effective (angle-averaged) nonlinearity was success-
fully achieved for n = 3 (n = 1 turned out to be insuffi-
cient). It is seen in Fig. 4 that the compression of the
wave field occurs not toward the z-axis, asfor n =0, but
toward some straight line in the xz plane. The distribu-
tion remains smooth up to t = 0.25, which is twice as
long as in the case n = 0 (the self-focusing instability
(see Fig. 1) turns out to be suppressed). The process
culminates in multiple fragmentation. This fragmenta-
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tion process differs from the previous versions of the
formation of rather asymmetric nonuniformities.

3.2. Evolution of a Horseshoe-Shaped Field
Distribution

Let us consider the evolution of afield distribution
of the type

u 2 _ 2\2 2_2
= Eoexp[_w _ _} 8)
2a 2b

The parameters a and b are chosen almost equal in
order to study therole of aweak initial hyperbolicity of
the distribution in the dynamics of a wave packet. Fig-
ure 5 shows the evolution of the wave field for a = 3,
b = 3.5, and uy = 25. We note that with these parameters
the initial distribution differs little from a product of
super-Gaussian functions,

x*+2'g
2a* U

the dynamics of which we consider below for compar-
ison.

The peculiarity of this self-effect regime is demon-
strated in Figs. 5—7. A dratification of the wavefield in
the transverse direction develops immediately in the
first stage. As a result, the field is concentrated in the
focusing sector (Fig. 5b). Then thefield increasesrather
sharply and becomes localized near the hyperbolas ¢ =
x? — 72 = 3, This stage (Fig. 5¢) was mentioned above

uDexp%—

(b) (©)
t*=0.07

~10 1 1 1 1

-10 -5 0 5 z10-10 -5

0 5

z10-10 -5 0 5

Fig. 5. Level lines of |u(x, z t*)| in the evolution of a distribution with a dlight hyperbolicity.
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Fig. 6. Field distribution corresponding to the level lines of Figs. 5¢ and 5f.

t*=0.14

|
—_
(=}
T

1
10 =5 0 5 10k,

Fig. 7. Level lines of the spatial spectrum |Fu(ky, ks, t*)].

in the discussion of the self-similar structures. The sub-
sequent increase in the field is accompanied by multi-
ple fragmentation of the wave field along the hyperbo-
las { = +3 and an ultimate compression of the distribu-
tion in the focusing direction. The characteristic time
for this process to take place is an order of magnitude
shorter than that of the previous stage. It culminatesin
the formation of the structure shown in Fig. 6a.

Then one can see the following. The longitudinal
(along the hyperbolas) nonuniformities are somewhat
smoothed out, and the wave field localized near the
hyperbola is stratified in the transverse direction
(Fig. 5d). Thus two spatially bounded regions appear
near the hyperbolas, with a consequent development of
multiple fragmentation. This sequence of processes is
repeated once again. As a result, the central region is
filled with stronger nonuniformities than in the case of
the evolution of a wave field with an initial Gaussian
distribution. The number of transverse nonuniformities
here is the same as in the previous version (Fig. 5e).
However, thetime of formation of the structure, with its
considerably stronger nonuniformities, isabout afactor
of two shorter.

In the last stage (Figs. 5f, 6b) a rather uniform
expansion of the wave field occurs as the nonuniformi-
tiesfill the defocusing sector.
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The main feature of the dynamics of the system in
the case under consideration is an anomal ous broaden-
ing of the spectrum of the wave field. A noticeable
broadening begins after the self-similar collapse of the
distribution toward the hyperbolas and the subsequent
multiple fragmentation in the longitudinal direction.

This process can be explained asfollows. Asaresult
of the one-dimensional *“collapse toward the hyperbo-
las” and the formation of a quasi-soliton field distribu-
tion in the transverse direction, the wave field exhibits
a nonlinear frequency shift determined by the field A
amplitude u O exp(iA%/2). It is clear that in the devel-
opment of the fragmentation instability the phase is
spatially modul ated along the hyperbolas. Thisis man-
ifested in a noticeable broadening of the spectrum. We
note that the spectrum of the field amplitude is much
narrower. The further modification of the spectrum is
due to stratification of the hyperbolas.

The leve lines of the modulus of the spectrum are
shown in Fig. 7. The initial spectrum of the wave field
(t = 0) is bounded by the region of the central peak
(Fig. 78). Asthe fragmentation instability develops and
the hyperbolas become stratified, the level lines of the
spectrum take on arather exaotic form (see Fig. 7).

It should be noted first that the distribution of the
spatial spectrum is much smoother than the field distri-
bution in coordinate space (cf. Figs. 5and 7). A charac-
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teristic feature of the spectrum is due to the presence of
noticeable peaks (Fig. 7) at k, = £k, = +5. Thisis a
reflection of the rather periodic structure of the nonuni-
formities of the wave field which are excited as aresult
of the stratification and fragmentation instabilities. At
long times the stratification of the spectrum and its
localization in the central part and near the hyperbolas
aremore and more clearly visible (see Fig. 7c). The part
of the spectrum on the hyperbola corresponding to non-
uniformities whose growth rate is maximum (2) in a
field with amplitude u, = 5, i.e., in the mean field.

As y, falls off, the effect of adlight hyperbalicity in
the initial distribution is manifested for quite a long
time, al the way to u, = 3. Here there is a natural
decrease in the number of “hyperbolas’ that are gener-
ated in the course of the self-focusing filamentation of
the wave beam. For u, < 3 the dominant process in the
initial stage becomes the spreading of the wave field in
the defocusing direction.

Analogous results are obtained for a somewhat dif-
ferent specification of an initial distribution with a
dlight hyperbolicity of the level lines:

_(x2—22)2_x2+z2
2a’ 2a° |

u= ué’exp{ (29)

The development of self-focusing of the wave field
near the hyperbolas and the subsequent multiple frag-
mentation in the longitudinal direction can be stabi-
lized, for example, in the case of acomplex generaiza-
tion of theinitial condition of the form (28):

_ Yoo _0E=2)_ X2 X7
u= aexp{ = o0 [ > (30)

The presence of the phase —ix?z%/2 in the initial distri-
bution (30) leads to a solenoidal motion with a flux of
the wave field into the defocusing sector. As a result,
the formation of the field distribution occurs as in the
development of the fragmentation instability of awave
packet with an initial Gaussian form (26) (Fig. 1a). The
further evolution of the wave field takes place in an
anal ogous way.

In the case of aninitial distribution that is the com-
plex conjugate of expression (30), the flux of the wave
field isdirected into the focusing sector. Asaresult, two
rather strong peaks of the field initially form in the
focusing sector, and then, asthey spread in the defocus-
ing direction, a multiple fragmentation develops. The
subsequent evolution occurs as in the case of an initia
distribution with a slight hyperbolicity (28).

Concluding this section, we note the results of a
numerical study of the evolution of a super-Gaussian
distribution (with a = 3, b = a/4/2, u, = 25, and in
Eq. (28)). Analysis shows that the processes develop in
an analogous way (see Fig. 5) but more slowly. The
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absence of a stage of self-similar collapse toward
“hyperbolas’ leads to field amplitudes that are insuffi-
cient for the onset of multiple fragmentation. The pro-
cesses of dtratification of the wave field and the frag-
mentation into halves occur as in the case of Gaussian
beams (Fig. 1).

3.3. Evolution of Nonsmooth Distributions

Using a nonlocalized nondiffracting structure of the
form (25), u = ug[(2a £ x + 2)/a]¥2, one can construct
various spatially bounded initial distributions. We have
investigated the dynamics of the self-effects for the
three distributions whose square moduli are shown in
Fig. 8. The first of them (Fig. 8a) is a quadrangular
prism. The field distribution has the form

u=u,
2a+x+2)/a® for x,z<0: x+z>-2a,

x4 (2a—x+z)/a3 for x>0, z<0; z—x=-2a,

(2a+x—-2)/a® for x<0, z>0; x—z=-2a,

(2a—x-z)/a° for x,z>0; Xx+z<?2a.

The second distribution (Fig. 8b) is specified with
respect to zin asmaller interval |z| < a and is bounded
in the defocusing direction by the vertical planesz=ta.
Finally, the third distribution (Fig. 8c) is defined in a
square |X| < a, |z| <€ a and is additionally bounded by
vertical planes at x = +a. We note that in the numerical
investigation the initial distribution shown in Fig. 8 is
approximated by a finite number of Fourier harmonics
and is therefore smoothed accordingly. By sectioning
the distribution of the prism type (Fig. 8) by vertical
planes, one can form a “two-scale” distribution
(Fig. 8c) analogous, for example, to the super-Gaussian

distribution (28) with b = a/4/2.

A detailed numerical investigation of the dynamics
of the self-effects of the distributions presented in
Fig. 8 shows that the evolution of the wave field is
largely analogous to that in the cases considered above,
although the growth of the filamentation and fragmen-
tation instabilities is substantial slower and the nonuni-
formities and wave-field generation that arise are
smoother despite the nonsmooth nature of the initial
distribution. For example, for initial conditions corre-
sponding to Fig. 8a, the sequence of processes is the
same as in the decay of a Gaussian distribution (26).
First there is a focusing of the wave field in the trans-
verse direction and its localization near the axis of the
system, then the fragmentation instability develops,
and only then comes the self-focusing instability
accompanied by transverse stratification. The abrupt
falloff of theinitial field distribution in the defocusing
direction due to the vertical planes (Fig. 8b) leadsto a
decrease in the spreading of the field in that direction.
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Fig. 8. “Nonsmooth” initial distributions.

The introduction of an additional bounding of the
region of initia localization of the field in the focusing
direction (Fig. 8c) makes the picture of the self-effects
similar to the evolution of abeam of the super-Gaussian

form (28) withb = a/4/2.

4. STATISTICAL DESCRIPTION
OF THE LONG-TERM EVOLUTION

Numerical studies of the dynamics of the self-
effectsreveal the excitation of abroad spectrum of non-
uniformities and thereby justify the use of a statistical
approach for analysis of the subsequent behavior of the
wave field. It is of particular interest to consider the
long-term evolution of the system under study.

In a stochastic approach the wave field is described
by a set of correlation functions. In the case of a uni-
form weak turbulence, i.e., in the spatially uniform
case, the problem can be described by an equation for
the spectrum of the radiation intensity [19].

In the spatially nonuniform wave field considered
here, for solving the stated problem it is convenient to
use the correlation function

I =0U(rq, z, HU*(r,, 2, )0 (32
where the angle brackets denote a statistical averaging.
The equation describing the evolution of I ;, is obtained
fromtheinitial equation (1) for acomplex amplitude by
the necessary multiplications and ensemble averaging,
in the same manner as the equations for the density
matrix are found in quantum mechanics. The main dif-
ficulty in the nonlinear case under consideration is due
to the necessity of decoupling the higher-order correla-
tions. However, for a cubic nonlinearity on the assump-
tion that the statistics of thefield in anonlinear medium
differ only dlightly from the initial Gaussian statitics,
the equation for the correlation function turns out to be
closed (see[17, 20] for details). In the variables

ry+r
R:—l2 2, T =TTy,
(33)
7tz _
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it hastheform

0
Ea+ DRDr _Dqu%_H = 2(r11_r22)r12' (34)

We assume that for t = O the problem under study
has tranglational symmetry with respect to t the corre-
lation function I 1, is determined by the expression

=1t
a

W D[R2 r?
P

M, = —expr+
12 ab |:|
(35)
2 2
. z.q .. O
+ia(RO)+ =+ +i Zi||j
b2 h2 Bq |:|

where a and b are the widths of the wave field in the
transverse and longitudinal directions, respectively, p
and h are the effective correlation lengths of thefield in
the corresponding directions (they are related to the
correlation lengths of p, and h, by the expressions p= =
py’ +a2 h2=hy +b2 andisthe power of the wave
field. In an aberrationless description of the processes
we shall seek the solution of the equation in the form
(35), where the parameters are functions of t. For the
paraxial part of thebeam (R < a) the Gaussian intensity
distribution I'4(R +r/2,z+ g/2,t) and »(R —1/2, z—
0/2, t) are replaced by series expansions. Then to afirst
approximation for " ; — I, we find

WRO ,z
M-l = a_b%%"'b_?% (36)
Further, as usual, we substitute expression (35) into
Eq. (34) with allowance for relation (36). Equating to
zero the coefficients of different powers of R" - r™ and
ZgP (n, m, k, and p are integers), we obtain equations
for the parameters of the distribution (35).

We should mention first that the number of spatial
nonuniformities in the nonlinear medium in the longi-
tudinal and transverse directions, as in the analogous
equation (34) corresponding to the standard NSE [§],
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remains constant:
- B _ -
TG @7
= @ = =
N, o0 N,(t =0).

When these invariants are taken into account, the equa-
tions for the width of the intensity distribution in the
focusing and defocusing directions have the form

N N
R Rl
a~ ab b
where P = W/4.

These equations obviously also describe the self-
effects of acoherent field (N, = 1, N,=1) inthe paraxia
approximation. A detailed study of the dynamics of the
system (38) for N, =1, N,= 1 was carried out in [5]. It
showed that for P/by > 1 (b, = b(t = 0)) the system after
acertain number of oscillationsin the transverse direc-
tion goes over to aregime of smooth spreading. In the
cases considered in the present study the qualitative
picture remains the same. However, the anaytical
results of Ref. [5] cannot be used to the fullest extent.
The development of the instabilities and the formation
of nonuniformitiesin theinitial stage determinetheval-
uesof N, and N,. The further evolution of the systemis
governed by Egs. (35) and (36).

Numerical calculations show that the number of
transverse nonuniformities N, is determined by the self-

focusing instability (Eq. (2) for k,= 0, N, = 2./P/Té. As
a result of the generation of nonuniformities and the
expansion of the wave field in the longitudinal direc-
tion, the right-hand side of (36) changes sign and, con-
sequently, the self-focusing compression givesway to a
spreading in the transverse direction. No such definite
conclusion can be reached for the value of N,. It is evi-
dent and is confirmed by the numerical calculations
that N, > N,, (the longitudinal fragmentation develops
even in the absence of the self-focusing stratification
[5]). Thusrelations (35) and (36) show that in the long-
term evolution of the system, the number of nonunifor-
mities remains constant (38); their excitation leads to
enhancement of the spreading of the wave field a ~

Nz b~ /N,z

5. CONCLUSION

We have considered a number of new scenarios for
the dynamics of the self-effects of the wave fields in a
system described by a nonlinear Schrodinger equation
(1) with ahyperbolic spatial operator. For these scenar-
ios there are characteristically three successive stages.
self-focusing filamentation, compression, and frag-
mentation of transverse nonuniformitiesin the defocus-
ing direction. The strongest nonuniformities are excited
in the development of the fragmentation instability
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aong hyperbolas during the self-similar collapse
toward them (see Section 3.2).

The other scenarios, with initia distributions of the
type in (27) and (31), are characterized by a slower
development of the processes and the excitation of
smoother nonuniformities. A statistical approach to the
study of the long-term evolution of the system showed
that the “number” of longitudinal and transverse non-
uniformities is conserved during the expansion of the
wave field.

Our results are applicable, e.g., to wave fields on the
surface of aliquid. The investigated structural features
in the behavior of wave packets should manifest them-
selves under suitable conditions. For example, the frag-
mentation of wave structures localized near hyperbolas
(see Fig. 5) was observed in [21] in a study of the exci-
tation of surface waves by nonuniform flowsof aliquid.

For problems of the propagation of short laser
pulses in media with normal dispersion of the group
velocity a generalization of the analytical results to a
three-dimensional geometry is necessary. For example,
the self-similar variable is { = r? — 22, and the investi-
gated equation (1) admitsasolution that collapses near the
surface of “hyperboloids” The other analytical relations
are generalized in a corresponding way. The main observ-
able effect should be anomal ous broadening of the spec-
trum of the laser pulse along the propagation path.

It should be noted that when the growth rate of the
dtratification and fragmentation instabilities is
increased, especially in the self-similar regime of col-
lapse to the “hyperbolas,” it becomes necessary to go
beyond the framework of the equationswith “quadratic
dispersion.” Clearly, taking the higher derivatives with
respect to z into account will have a stabilizing effect.
For example, it can be shown that when a third-deriva-
tiveterm [ i0°W/0Z is added to the initial equation (1),
the average of the maximum instability growth rate for
aplanewavewill remain as before (Y= |up[?). However,
the instability becomes convective, and the distur-
bances are carried out of the region with avelocity pro-

portional to k> (k; ~ k,). From this, one can estimate

that the characteristic scale of the nonuniformity L ~
1/k, isstabilized at the level L ~ 1/|u,|. Among the other
mechanisms stabilizing the fragmentation instability,
the most notable is multiphoton absorption [22].
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Abstract—A new geometric approach to the description of phase transitions and fluctuations in membranes
with nontrivial topology is proposed. The method is based on the possibility of representing real membranes
and vesicles, defined in the space R3, asminimal surfaces embedded in S®. A changein the genus of the physical
membrane corresponds to the formation of holesin the minimal surface. In the framework of mean field theory
amodel is constructed for a phase transition that can be characterized as the crystallization of holesin S2. In
real membranes this corresponds to a phase transition from a cubic phase to a sponge. © 2000 MAIK

“ Nauka/Interperiodica” .

1. INTRODUCTION

Membranes are thin, flexible layers of so-called
amphiphilic molecules (i.e., having a polar head with a
high affinity to a given solvent (usually water) and a
hydrocarbon tail having an anomaloudly low affinity
for the solvent). This structure makes membranes
extremely unusual objects, much different from super-
ficially similar systems such as the interface between
liquids or solid shells. At interfaces between liquids an
exchange of particles between the two bulk phases
occurs, and this correspondsto afinite (asarule, of the
order of 10 erg/cm?) surface tension. For a membrane
found in equilibrium with a solution of the amphiphilic
molecules of which it ismade, the number of molecules
of the membrane is fixed, which by definition means
that the surface tension is zero.

Thusthe energy of amembraneis determined not by
surface tension but only by the elastic energy of its
bending. For liquid membranes, which are the subject
of the present paper, the characteristic bending modu-
lusk = 107 erg (i.e., of the order of the temperature).
This circumstance leads to fundamental differences
between membranes and solid shells. The energy of the
latter (like that of membranes) is determined mainly by
the bending modulus. However, for solid shells this
modulus is of the order of 10 erg (i.e., 25 orders of
magnitude (') larger than for liquid membranes).
Therefore, for a description of membranes one must
use the formalism of statistical physics, whereas solid
shells are described by the equations of mechanics.

In solutions, membranes can form closed surfaces
called vesicles. Thetypical sizeof avesicleis1-10 um.
Vesicles and membranes have been the subject of many
publications (see, e.g., monographs [1-3] and reviews

[4, 5]). However, there are a number of questions on
thistopic that have not yet had much light shed on them
in the literature. We are talking about vesicles and
membranes with nontrivial topology (genus g > 1).
There have been several publications devoted to inves-
tigating vesicleswith the topology of atorus(g=1) and
Lawson surfaces (g = 2) [6-8]; some qualitative obser-
vations were made, and their shape fluctuations were
discussed.

Usualy the three simplest types of membrane
shapes are considered: spherical, cylindrical, and pla-
nar (lamellar). There aso exist more complex aggre-
gates with nontrivial topology. The following circum-
stance will be important for further discussion: Spheri-
cal aggregates (vesicles) are naturally bounded in size,
whereas cylindrical or lamellar vesiclescanin principle
have an infinite extent in one or two directions, respec-
tively.

These supermolecular aggregates in turn can self-
organize on large scales, forming phases with some
type of orientational and/or trandational order. For
example, spherical vesicles can form a three-dimen-
siona cubic lattice, or infinite cylinders can be packed
into atwo-dimensional hexagonal lattice. We note that
in these exampleswe are talking about crystalline order
occurring on large scales (in typical cases of the order
of 10 cm), whereas on smaller scales the systemis a
liquid. Various kinds of structures made up of infinite
layers are also possible. The simplest exampleisaone-
dimensional lattice of nearly planar layers (such a
structure, which is an analog of smectic liquid crystals,
is called lamellar and is usually denoted as L,. There
are also phases having cubic spatial symmetry, the
structura unit of which is an infinite periodic surface
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formed by a bilayer and having a complex topology.
This type of structure is denoted as Q,. Schematically
it can be described as a three-dimensional cubic struc-
ture of “handles’ (the number of handles N, is equal to
the topological genus of the surface, and for the surface
under consideration we have N, — o or g — o in
the thermodynamic limit). From thiswe already seethe
fundamental difference of the Q, phase from the cubic
structure of spherical vesicles considered above, which
has atrivial topology.

In the case of melting of the periodic distribution of
handles an isotropic “sponge’ phase forms, conven-
tionally denoted as L. The structural unit of the phase
L;isan aperiodic infinite minimal surface (i.e., in other
words, a surface with zero mean curvature at every
point) and a finite density of handles or genus of the
surface g, although the spatial distribution of g is char-
acterized by only short-range order.

In this paper we present anew method of describing
and classifying the possible types of structures formed
by membranes. In Section 2 we describe the mathemat-
ical aspects of the classification method. In Section 3
that method is used to study the phase transitions
involving a change of the topology and structure of the
membranes. Section 4 is devoted to an analysis of the
number of so-called conformal degrees of freedom
(zero modes of the Helfrich energy [9] that describes
the deformation of the membranes and vesicles), which
exist only in membranes having a nontrivial topology
(g>1). In principle the thermodynamic and geometric
characteristics of membranes can be studied by stan-
dard physical methods (e.g., the scattering of light or
X-rays), which are determined by the spectrum of the
Laplacian operator on the given surface (the latter can
be measured, in principle, from the distribution of the
concentration of marker atoms or temperature on
the surface). We briefly discuss the connection between
the physical and topologica characteristics of mem-
branes. In Section 5 we summarize the main results of
this study.

2. RELATION OF WILLMORE SURFACES IN S3
TO MINIMAL SURFACES IN R®

In this section we discuss the mathematical facts
that enable one to describe phase transitions in mem-
branes.

We recall the basic definitions.

Let M? be a surface (closed, with an edge or non-
compact) embedded in a three-dimensional Euclidean
space RC.

The surface M? is called aWillmore surface if itisan
extremum of the Helfrich—Willmore functiond [9, 10]:

F = IHZdA, (1)

M
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where H? is the square of the mean curvature and dA is
an element of area. According to the Gauss-Bonnet
theorem, the functional (1) is equivalent to the func-
tiona

j(ki +K3)dA,
MZ

where k; and k; are the principal curvatures of the sur-
face, H = (k; + k,)/2. Therefore the minima of the func-
tional (1) describetheflattest surface of the given topol-
ogy.

We shall make important use of an observation due
to Weiner [11], which consists in the following.

Statement 1. Let I\~/|2 be a minimal surface in S8,
and let y be a stereographic projection S — R2. Then

V(M®)=M2 and F(M?) = o(M?), )

where o( |\7I2) isthe area of the minimal surface.

This assertion is true both for closed surfaces and
for surface with aboundary. The Willmore surfaces M2
do not exhaust al the projections of minimal surfaces
in S°. For example, there exists an infinite family of
Willmore tori (this family was constructed by Pinkal
[12]) that do not correspond to minimal tori in S°. How-
ever, these tori, although they are extrema of the func-
tional (1), do not give local minima. This result is
apparently valid for surfaces of arbitrary genus. The
Willmore surfaces of arbitrary genus, obtained from the
minimal surfacesin S, are constructed in[13, 14].

It is important to note that the Willmore surfaces
embedded in R® satisfy the relation

I H?dA > 41,
MZ

where n isthe number of self-crossing points (of differ-
ent typesin projection [15]).

From this and the estimate of the area of the mini-
mal surfaces embedded in S® it followsthat all Willmer
surface (for g = 2) have at least crossing points.

3. DESCRIPTION OF PHASE TRANSITIONS
INVOLVING A CHANGE OF MEMBRANE
TOPOLOGY

In the previous section we showed that the Willmore
surfaces that give a minimum of the Helfrich energy in
a given topological class (i.e., under the condition that
the genus of the surface g = const) isrelated to the min-

1 Equival ence between the given class of Willmore surfaces and the
minimal surfaces, which follows from Statement 1, leadsto afar-

ranging analogy with string theory. The minimal surfaces M2 O S°
are“world” sheets of a string with the Nambu—Goto action, defined
in the sphere S3. The surfaces M? play the role of instantons in a
field theory of the Yang—Millstype, defined in the space S
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imal surfaces M2 [ S2, which give a minimum of the
areafunctional a(M?). Therefore, instead of calculating
the partition function for the Helfrich Hamiltonian (1),
we can calculate the partition function determined by
the Gibbs factor

exp[—_Tl_Ic(Mz)dA}

for the minimal surfacesin S. This approach is espe-
cialy convenient for describing structures with a com-
plex topology, e.g., cubic and sponge phases formed by
membranes. Both of these types of structures are
phaseswith afinite density of g. In thelanguage of min-
imal surfaces S® in such structures correspond, accord-
ing to (2), to minimal surfaces with a finite density of
punched-out points (holes).

Before going onto amore detailed discussion of this
correspondence, we need to say afew words about the
physical structure of the cubic and sponge phases. The
ordinary crystals studied in solid-state physics are infi-
nitely repeating motifs of a single building block (the
unit cell). The unit cell usually consists of asmall num-
ber of atomsrigidly fixed in their equilibrium positions
by the interatomic interaction potential.

Cubic phases of membranes are constructed differ-
ently. Cubic crystals of complex liquids form infinite
threefold-periodic liquid surfaces. The unit cell of such
astructure (from 100to 1500 A in size) containsalarge
number of molecules, which can freely diffuse along
the membrane. The cubic structure is described in this
case by a periodic distribution of the mass density p(r)
and related characteristics (including g(r)). The
(sponge) phase L; is characterized by only short-range
order in the distribution p(r) or g(r). In the language of
the dua system (holes on the minima surface in S°),
we can talk about a periodicity (in the case of the cubic
phases L;) or an amorphous (in the case of the sponge
phase) distribution of the hole density n(r).

If the energy E,, associated with the formation of a
hole in the minimal surface is finite, then the average
density of holes can be estimated as follows:

n=Lexpd =0 )

where € is the average size of the unit cell formed by
holes on the minimal surface [and isrelated to the aver-
age size of the physical unit cell of the cubic structure
by the transformation (2)]. Formula (3) has the mean-
ing of adimensional estimate of the area per hole mul-
tiplied by the probability of formation of ahole. To find
& we can make use of the following observation. We
write the Helfrich-Willmore functional (1) out com-
pletely, i.e., with the Gaussian curvature taken into
account K:

F= gj'szA+ K[KdA. (4)
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Here we have introduced two elastic moduli kK and K,
which determine the deformation of the membrane
with respect to changes in the mean and Gaussian cur-
vature, respectively. The formation of asponge or cubic
phase involves the spontaneous rise of the topological
genus of the surface (i.e., the spontaneous creation of
handles or, what is the same, passages between layers).
In turn the spontaneous creation of handles occurs for
K >0, since, according to the Gauss—Bonnet theorem,
for a closed surface the second term in Eq. (4) is equal
to 41K (1 — N,)), where N, is the number of handles.
This process of spontaneous creation of handles will
inevitably lead to the appearance of an ever greater
number of ever smaller handles. The process stops at a
certain equilibrium scale & (which we are to find) such
that the positive definite terms of higher order in the
curvature become equal to the negative contribution
from the Gaussian curvature. For finding & we must
take into account in expansion (4) the terms propor-
tional to H* and K. Minimizing the energy thus
obtained yields the equilibrium size &:

€=J§a,

where we have used the natural estimate ka? (a is the
molecular size) for the fourth-order elastic moduli.

It isimportant to note that the minimal surfacein S3
possesses surface tension (the energy determined by
the functional (2) is proportional to the area, the
coefficient of proportionality having the meaning of
a surface tensi on).2 Therefore the interaction between
holes in such a manifold will necessarily be short-
ranged (unlike physical membranes, where, because of
the absence of surface tension in the Helfrich energy,
thisinteraction is long-ranged) [16].

A natural estimate for the interaction energy is the
temperature. If Risthe characteristic interaction radius,
then if the distance between holesis smaller than R, the
interaction energy will be U = T, while for large dis-
tances the interaction can be neglected. What we have
said can be formalized in the form the following
expression for the free energy of asystem of holeson a
minimal surfacein S*

F, = TnIn—~ —Tnin(1-n&?). (5)
eng

Heree= exp(1), and ny isthe characteristic hole density
in the dilute solution. The first term in (5) specifies the
free energy of an ideal gas of holes, while the second

2 Of course, the effective surface tension o of the minimal sur-

facesin S depends on the physical parameters of the real mem-
branesin R%in an extremely complicated way. To find the relation
between them is a complicated problem whose solution is beyond
the scope of this paper. We shall regard o as a phenomenologi-
cal parameter that permits a description of phase transitions in
physical membranes of nontrivia topology.
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gives the increase in the free energy due to overlap of
the deformed regions created by neighboring holes.

Thefree energy (5) can be used to describe the tran-
sition from a dilute hole phase to a dense liquid phase.
We recall that the formation of a hole on aminimal sur-
facein S° corresponds to an increasein the genus of the
physica membrane (of the Willmore surface in R®).
Therefore the dilute hole phase can be used as a model
for the lamellar phase L, for membranes with infre-
guent “passages’ between layers. The holeliquid phase
can model the sponge phase L;. For describing the
ordered distributions of holes on the minimal surface
(cubic phasesformed by physical membranes) it is nec-
essary to includein (5) termswhich depend not only on
the average hole density but also on the hole distribu-
tion on the minimal surface.

In the mean field approximation one can introduce
the following single-particle distribution function for
the displacements of the holes u relative to their equi-
librium positions:

pa(U) = %exp[—% s(q)lu(q)lz} ©)

q

where g(q) isthe energy of deformation of the hole dis-
tribution, and

_ 1 2
Z = IDu(q)eXp[—ﬁgs(QNU(QN }

is anormalization factor.
Theenergy £(q) can be expanded in anatural way as

€(Q) = Tegr + Ot O, (7)

where the contribution T is determined from the
energy of condensation of the dense phase, and the energy
of deformation is related to the surface tension O.

From Eqg. (7) we can find the mean-sguare displace-
ment

a o T 1
<|u |> B T o7 Oeft

and apply the classical Lindemann criterion for the
melting of acrystal [17]
L 0.182, (8)

e Ot

which determines the melting temperature of a crystal
of holes on the minimal surface or (in accordance with
the aforementioned equivalence of the minimal sur-
faces and physical membranes) the temperature of the
cubic-sponge phase transition:
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We also note that this type of phase transition (the
ordering of holes on the minimal surface or of topolog-
ical handles on the Willmore surface) should not be
accompanied by the asignificant change in the average
density and can therefore be a weak first-order transi-
tion (the so-caled weak-crystallization phase transi-
tions; see, e.g., [18]). In this case one expectsthat there
will be appreciable fluctuational pre-transition effects.
It is entirely possible that these effects are responsible
for the flow-induced anomal ous birefringence observed
in sponge phases [19]. Indeed, in the isotropic sponge
phase the birefringence &¢;, can be induced by a gradi-
ent of the hydrodynamic velacity v, = ;v,. Inthesim-
plest approximation we have the following linear rela-
tion:

_ - Livy
Oci THior

where a is a coefficient of proportionality, wisthe fre-
guency, T [0 a/B is the relaxation time, and B is the
characteristic elastic modulus of the cubic phase.
Therefore, anomalous birefringence is expected at a
weak first-order transition (when the modulus B is
small and the coefficient a islarge).

Let us recall once again that the characteristics of
the minimal surface in S® the effective surface tension
04 and the effective hole condensation energy 14 are
related to the physical characteristics of the real mem-
branein R® in an extremely complicated way. To estab-
lish the relation we would need a complete theory of
phase transitions involving a change of the shape and
topology of the membranes, and such atheory does not
exist at present. The main content of this Section isthe
statement that a phenomenol ogical theory can be easily
formulated for minima surfaces in S, but with
unknown coefficients o and T4, which are phenome-
nological parameters of the theory.

Therestrictions on these coefficients follow directly

from the fact that the formation of stable holesin M [
SPispossible. It iseasy to understand, for example, that
with a surface tension o; = const (independent of the
sizes and distribution of the holes) the formation of
holes is altogether impossible. Indeed, the energy of
formation of a single hole includes the energy cost of
thelinetension y4L, wherey; isthe phenomenol ogical
coefficient of linear tension (like the coefficients oy
and T4 introduced above, it depends on the physical
parameters of the real membranes R® in a complicated
way), and L is the perimeter of the hole. There is aso
an energy benefit coming from the energy of surface
tension, i.e., 04A (Aisthe areaof the hole). Thusfor a

circular hole of radius we have
B, = 2Tyl — TO 2. (10)

In the case of constant y4 and 04 the energy (10)
has only one stable minimum, r = 0, which means the
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absence of a hole. Furthermore, the energy (10) has a
maximum at r; = Y/Og;, i.€., an energy barrier

AE = Yo
O eft

such that for r <r the hole should collapse and for r >
r. it should grow to infinity. However, all of this discus-
SioN presupposes constant parameters O and Ve, i-€.,
the absence of aback effect of the holes on the proper-
ties of the surface (or, equivalently, an effect of the han-
dles back on the properties of the physical membrane).
Of course that is generally not the case, and the effec-
tive surface and linear tensions are far from being con-
stant but depend in a complicated way both on the
physical parameters of the real membrane in R® and on
the external conditions and, in particular, on the sizes
and distribution of the holes on S3.

For example, in the presence of many holes one
must take into account the entropy of their distribution
and also the interaction between them. In addition, a
membrane can have a certain orientational order. This
order is also present in the minimal surfacein S°. The
formation of a hole in the minimal surface can lead to
deformation of the orientational field present at the sur-
face and thereby bring about the af orementioned back
effect of holeson o and v (the details of this*“instan-
ton” mechanism of stabilization of the holes is
described in [20]). We note aso that for any feedback
mechanism (i.e., influence of holes on the properties of
the surface) o4 and yy; depend on the material param-
eters of the different media: 0 isacharacteristic of the
solvent, and v is mainly determined by the properties
of the amphiphilic molecules making up the mem-
brane.

4. CONFORMAL MODES IN VESICLES
AND MEMBRANES

In this section we discuss the properties of the con-
formal symmetry of the Helfrich-Willmore functional.
The conformal modes of thisfunctional are responsible
for the anomalously strong fluctuations of the mem-
branes. We begin with the intuitive, “physical” aspects
of the conformal symmetry of the Helfrich-Willmore
functional and then consider the mathematical aspects
of this problem.

The main property of the Helfrich-Willmore func-
tiona isits invariance with respect to conformal trans-
formations of the enveloping space R®. The following
assertion, which was proved back in the 1920s by
Thomsen [10], isvalid.

Statement 2. Let M? — R® be asmooth embedding
(immersion) of the compact surface M2. The Helfrich—
Willmore functional [defined in Eq. (1)] is invariant
with respect to the conformal group G(R®). The confor-
mal group G(R®), according to the classical Liouville
theorem, is generated by transformations of the motion:
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O(3) rotations scale transformations and trandations,
and the “nontrivial” inversion transformation

r' r
J _2+a’

r? r ()
where a is a constant vector.

The group G(R®) isisomorphic to the Lorentz group
04, 1)

Note. This result generalizes to the groups G(R")
(n>3): G(R) ~O(n+1,1).

It follows from Statement 2 that the number of geo-
metrically nontrivial parameters of the group G(R®),
}.e., those that alter the shape of the surface, is equa to

our.

To estimate the total number of independent confor-
mal modes of the Helfrich—-Willmore functional, it is
necessary to take into account the restrictions imposed
by the physical conditions. Since the liquid inside a
vesicle isincompressible, the condition

V = const, (12

where V is the volume of the vesicle, must hold for al
admissible transformations. The amphiphilic mole-
cules forming the vesicle are close-packed on the sur-
face of the vesicle. Therefore, the area of the surfaceis
also fixed:

A = const. (13)

Using the arguments presented above, it is easy to
comprehend the description of the conformal modes
(and the conformal diffusion due to their existence).

4.1. General Case
We recall that the number of classes of conformally

nonequivalent compact Riemann surfaces MS depends
on the genus of the surface and is equal to

dimgM; = 6g—6 for g=2,
dimgM? = 2 for g = 1,
dimgM; = 0 for g = 0.

By comparing (14) with the Liouville theorem, we
obtain the following result.

Statement 3. The number of (real) conformal modes k
inducing conformal diffusionis equal to

k=0 for g=0,
k=1 for g=1,
k=6g—-8 for g=2.

(14)

4.2. Minimal Wi Imore Surfaces
For the Willmore surfaces obtained by projection
from minimal surfaces embedded in S8, the answer is
considerably different. Conditions (12) and (13) are no
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longer independent, and an estimate of the dimension
of the space of moduli (parameters) m, of the Willmore
surface requires the use of a more detailed differential-
geometric technique. In the case of compact minimal

surfaces I\~/I§ embedded in S3, we can use the arguments
given, eg., in[21]. Let Mgy be the moduli space of the

surfaces |\~/I§ . To estimate l\~/lg we proceed as follows.

Every surface M; admits a conformal metric and a

holomorphic quadratic differential Q(2)dz2. It is known
that for any differential Q(z)dz’there exists aconformal
metric that defines the surface, including the minimal
surface in S°. The dimension of the space of such sur-
facesis 12g — 12. Thisfollows from an estimate of the
dimension of the space of quadratic differentials 6g — 6
and of the moduli space of the Riemann surface 6g — 6.
The number of differentimmersions of the surfaces M,

is determined by the number of different spinor struc-
tureson MS. More precisely, if ¢, and ¢, are different
solutions of the Gauss-Weingarten equation for the
surface M, then 7' ¢, determines the same spinor

structure on Mg . We choose on the surface MS abasis
of homological cyclesa, b; (i=1, ..., g), corresponding
to the canonical conjugated lines of the surface. The
spinor structureis determined by the monodromy trans-
formation of the solutions ¢; (i = 1, 2):

o — (-1)" "0,

Bul
o — (1) "9,
wherea;, 3; U (0, 1).
The numbers [a, B], wherea = (ay, ..., 0g) and B =
By, ---» Bg), are cdled the 6 characteristics of the sur-
face l\~/ls The 0 characteristics [a, ] depend on the

choices of bases (a, B) of the surface I\~/IS . The parity of
[a, B] isinvariant:

g
[a,B] = ZaiBi'

With the aid of parity one can classify the embed-
dings of the surfaces with respect to regular homo-

topies. Pinkal [22] showed that two surfaces, M and

Né, can be transformed into each other by a smooth

homotopy if and only if the parities of their © character-
istics are the same.

Using thisresult, it is easy to estimate the number of
conditions that specify a unique embedding of the sur-
face MS . It isdetermined by the triviality of the mono-
dromy of the solutions ¢; with respect to an arbitrary
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cycle ¢, since the monodromy is determined by the
mapping of the fundamental group T4(Mg) of the sur-

face Mg : Ty(M7) —= SU(2). SinceTy(M;) is specified
by generators with one commutation relation and the
motion along each basis cycle is determined by the
motion of the conformal group CL(2C), we obtain con-
ditions 6(2g — 1). Adding in the more general global
transformation of S°, we obtain a total of conditions
12g-12. Thusthe number of equations and the number
of parameters determining a compact minimal surface
in are equal. This number is obvioudly finite for fixed
$8.3 Known examples of minimal compact surfaces
embedded in are the surfaces of Lawson [13] and of
Karcher, Pinkal, and Sterling [14].

We note in concluding this Section that many phys-
ical characteristics of membranes and vesicles can be
determined, e.g., from the distribution of the concentra-
tion of marker atoms or of the temperature on their sur-
faces. They are determined from the diffusion equation

ou _
-a—t = DAu,

where u isthe physical field under study, D isthe coef-
ficient of diffusion, and A isthe covariant Laplace-Bel-
trami operator, defined on the surface M?2. The station-
ary distribution of the field (e.g., the concentration or
temperature) in turn is found from the spectrum of the
operator A. The Laplace-Beltrami operator for a sur-
face with ametric has the form

1 O
A ==Y0,0% 9,00,
«/E]Z kgzgk gD

where g isthe determinant of the metric tensor.

Determination of the shape and other geometric
characteristics of a surface from the spectrum of a
Laplacian operator defined onit for surfaces of constant
Gaussian curvature is a classical mathematical prob-
lem. In particular, from the spectrum of the Laplacian
one can recover (in the case of a compact surface) the
lengths of the closed geodesics. Moreover, in that case
one can say that the number of different surfaces of a
fixed genusisfinite.

In our case the Willmore surface is determined from
the equation

AH +H(H2-K) =0

(H is the mean curvature and K is the Gaussian curva-
ture) and need not be a surface of constant Gaussian
curvature. However, aswe have said, the number of dif-
ferent compact surfaces of genus g = 2 is clearly aso
finite and, consequently, the problem of recovering the
main geometric and topological characteristics of Will-

3 From our analyses it follows that toric minimal surfaces do not
have conformal diffusion.
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more surfaces from the spectrum of the Laplacian oper-
ator is also entirely sensible.

5. CONCLUSION

In this study we have proposed a new geometric
approach to the description of phase transitions and
fluctuations in membranes with nontrivial topology.
The method is based on the possibility of representing
real membranes and vesicles, defined in the space R®, as
minimal surfaces embedded in S*. The change in the
genus of the physical membrane correspondsto the for-
mation of holes in the minimal surface. In the frame-
work of mean field theory we have constructed amodel
for a phase transition that can be characterized as a
crystallization of holes in $. In real membranes this
corresponds to a phase transition from a cubic to a
sponge phase. The formation of holes on the minimal
surface in S corresponds to an increase in the genus of
the physical membrane (of the Willmore surfacein R).
Therefore the dilute hole phase can be used as a model
for thelamellar phase L, of membraneswith infrequent
“passages’ between layers. The hole liquid phase mod-
elsthe sponge phase L ;. For adescription of the ordered
distributions of holes on the minimal surface (cubic
phases formed by physical membranes) the free energy
must include terms that depend not only on the mean
density of holes but also on their distribution on the
minimal surface. A periodic distribution of holeson the
minimal surface corresponds in our approach to an infi-
nite threefold-periodic Willmore surface having cubic
symmetry. One of the possible realizations of such a
cubic phase is the Schwarz surface [3, 10].
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