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Abstract—We study the radio galaxy RC J0105+0501 by using observations with RATAN-600, VLA, and 6-m
Special Astrophysical Observatory telescope. The radio source has a structure resembling the FRII type and the

spectral index α = 1.23; it is identified with a faint galaxy of 22 8 in Rc. The optical object is 1 5 brighter in
V than it is in B and has an extended structure, which we interpret as intense Lyα line emission with redshift
z ≈ 3.5 and a continuum depression in the adjacent short-wavelength region. Based on BVRcIc photometry, we
also estimated the age of the stellar population of the radio galaxy. © 2000 MAIK “Nauka/Interperiodica”.
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INTRODUCTION

In recent years, the method of multicolor photome-
try has become the main one in selecting candidates for
distant galaxies and, at very large redshifts, the only
one. Selection by the spectral index is also used for
radio galaxies. More than 300 galaxies with z > 3 have
been detected to date; however, according to publica-
tions by early 2000, only 17 objects with intense radio
emission (radio galaxies) were known among them.
The first radio galaxy with z > 3 was discovered by
Lilly (1988). The radio galaxy with a record redshift
has z = 5.19 (Van Breugel et al. 1999). The interest in
radio galaxies at large redshifts stems from the fact that
they allow one to trace the evolution of a special popu-
lation of giant stellar systems with massive black holes
the hypotheses of whose formation are just being dis-
cussed.

By early 1999, we had implemented a technique for
selecting candidates for distant galaxies by means of
multicolor (BVRcIc) photometry by applying it to a sam-
ple of 50 radio galaxies with steep spectra from the RC
catalog. We used the photometric data obtained with
the 6-m Special Astrophysical Observatory telescope to
estimate the “color” redshifts and ages of the parent
galaxies. In this paper, we present the results of our
observations and their interpretation for one of the most
likely candidates for radio galaxies with z > 3, the radio
source RC J0105+0501. Table 1 lists basic parameters
for RC J0105+0501 and 105 objects with steep spectra
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from our complete search list selected from the COLD
catalog (Pariœskiœ et al. 1996, 2000). As we see from
Table 1, by its basic parameters, RC J0105+0501 satis-
fies fairly well the criteria optimizing the detection of
extremely distant radio galaxies.

RADIO DATA

The radio source RC J0105+0501, which was
detected in the COLD survey (Pariœskiœ et al. 1991,
1992), belongs to a subsample of objects with
ultrasteep radio spectra. Figure 1 shows the radio con-
tinuum spectrum of this object constructed by using the
CATS database (Verkhodanov et al. 1997). Table 2
gives the flux densities and frequencies of the catalogs
used to construct the spectrum, as well as the corre-
sponding coordinates of the radio source. In this table,
the “catalog” column lists the following surveys: Texas
(TXS: Douglas et al. 1996), Northern VLA Sky Survey

Table 1.  Parameters of radio sources with steep spectra from the
RC catalog

Parameter 0105+0501 Other objects
of list

Flux density (3.9 GHz) 23 mJy 15–350 mJy

Maximum angular size 7 .6 ≤0 7–120″
Spectral index 1.23 0.9–1.5

Rc magnitude 22 8 18m–≥25m
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(NVSS: Condon et al. 1998), and COLD (COLD:
Pariœskiœ et al. 1992; COLD B: Bursov 1996).

To determine the spectral index, we used the least-
squares method when fitting the radio spectrum. Each
point of the spectrum was weighed proportionally to the
relative measurement error 1/(∆S/S)2; for some points,
we “roughened” the errors: if the relative error in the flux
density was smaller than 10%, we assigned the weight to
it as that for the 10% error. The weight of two points, at
7700 MHz and 960 MHz, which widely deviated from
the straight line, was decreased by a factor of 10. Thus,
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Fig. 1. The radio spectrum of RC J0105+0501 constructed
from Texas, NVSS, and COLD survey data.
we obtained a linear fit to the radio spectrum and deter-
mined the spectral index, = 1.23(Sν ∝ ν –α).

The radio structure of the source was studied with
the VLA (Pariiskii et al. 1996). The object’s isophotes
at 1425 MHz (see Fig. 2) show a structure similar to the
FRII type (Fanaroff and Riley 1974). The lobe angular
separation (LAS) is 7 6. Table 3 gives the coordinates
and flux densities of the components at 1425 MHz as
inferred from VLA observations with a 1 51 × 1 43
beam.
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Fig. 2. The radio structure of RC J0105+0501 as inferred
from VLA data at 1425 MHz. The isophotes were con-
structed from levels proportional to a factor of 2, starting
from 1 mJy, and are superimposed on the optical V-band
image obtained with the 6-m telescope.
Table 2.  Data of various radio surveys for RC J0105+0501

RA(2000.0) Dec(2000.0) ν, MHz S, mJy ∆S, mJy Catalog

01h 05m 122  0.095 +05° 01″ 10.22  0.61 365 414 23 TXS

01  05   34.09 +05  01  09.2 960 187 30 ColdB

01  05   34.239  0.033 +05  01  10.94  0.59 1400 79.4 2.9 NVSS

01  05   34.09 +05  01  09.2 2300 45 7 ColdB

01  05   34.62 +05  01  19 3900 25 5.5 Cold

01  05   34.09 +05  01  09.2 3900 21 3 ColdB

01  05   34.09 +05  01  09.2 7700 16 5 ColdB

34.
s

Table 3.  Parameters of the components of the radio source RC J0105+0501 at 1425 MHz

RA(1950.0) Dec(1950.0) RA(2000.0) Dec(2000.0) Size S, mJy

01h 02m 786 +04°45″10.16 01h05m 13 +05°01″13.2 1 0 50

01  02   59.13 +04 45  04.6 01  05 34.47 +05 01  07.6 1.3 29

58.
s

34.
s .″
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Fig. 3. Optical images of the radio galaxy RC J0105+0501 in four bands. On the V-band image, the southwestern (SW) and north-
eastern (NE) components of the optical source are marked; the nearby galaxies are denoted by G1 and G2 (see Table 4). The positions
of the radio source’s components are marked by crosses.
In principle, the spectrum of the object can be decom-
posed into components rather than fitted by a straight
line. For example, the case is possible where one of the
source’s components (NE, Fig. 3) has a steep spectrum
(α . 1.5) and the other (SW) has a flat spectrum
(α . 0.5). In this case, the flux density at 7700 MHz is
mainly determined by the flat component. However, by
comparing the positions of the centroids derived with
allowance for the measured flux densities of the two
components at 1425 MHz and the expected flux densi-
ties at 365 MHz, we cannot confidently accept or reject
the hypothesis of such a spectrum decomposition,
because of the relatively large (~2″) position errors in
the Texas survey. This situation can be clarified by mea-
suring the components’ flux densities, for example, at
4850 MHz.

OPTICAL DATA

The primary identification of the radio source was
made by using two images obtained in December 1994
with a 400-s exposure in the Rc band (Kron–Cousins
system) at a moderate seeing of 2 2 (FWHM). Two or.″
ASTRONOMY LETTERS      Vol. 26      No. 10      2000
even three galaxies detected near the components of the
radio source could be considered as candidates for
identification. To clarify the situation, we took B, V, and
Ic images in December 1997 at FWHM = 2 0 (expo-
sure times 500, 300+400, and 400 s), and, finally, we
managed to obtain best quality images (FWHM = 1 4)
in August 1998 (600, 400, 400 and 2 × 400 s in B, V, Rc,
and Ic, respectively). The images were processed in the
ESO-MIDAS system. For astrometric referencing of the
optical images, we used stars nos. 188, 272, 277, and 403
from the USNO A2.0 catalog. The identification results
are presented in Fig. 3, which shows a 20″ × 20″ area
around the radio source position in each of the four
bands (1998 images). The positions of the two compo-
nents of the radio source are marked by crosses.

One of the candidates (central) exhibits the color
properties and the complex structure changing from
band to band that are typical of powerful distant radio
galaxies. In the V band, this galaxy has the largest
extent and is 1 5 brighter than in the B band; for the
objects of this class, this is virtually unambiguously
interpreted as intense Lyα line emission and continuum
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Table 4.  Photometry for the radio galaxy RC J0105+0501 and neighboring objects

Aperture B B–V V V–R R R–I I

RCJ 0105+0501(SW+NE) 4″ 24.1 1.6 22.5 –0.3 22.8 0.4 22.4
SW component 1.7 25.0 1.0 24.0 0.3 23.7 0.3 23.4
NE component 1.7 25.9 2.3 23.6 –0.3 23.9 0.5 23.4
Western galaxy (G1) 4 23.8 0.4 23.4 0.9 22.5 0.8 21.7
Eastern galaxy (G2) 4 24.1 0.9 23.2 0.8 22.4 0.7 21.7
depression in the neighboring short-wavelength region
(see Figs. 3 and 4). The negative color index V–Rc = –0.3
and the small color index Rc–Ic = 0.4 are consistent with
this interpretation of the data. The estimated redshift
and its probable error are determined by the position of
the sensitivity maximum and by the V half-width,
respectively: z = 3.5 ± 0.3.
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Fig. 4. In the upper panel, the photometric data are fitted by
the spectral energy distributions of an elliptical galaxy with
stellar-population ages of 0.45 and 1.2 Gyr in the presence
of Lyα emission for the redshift z = 3.52. In the lower panel,
a normalized univariate likelihood function is plotted versus
age for the redshift z = 3.52.
We see that, assuming the identification to be cor-
rect, the radio galaxy is resolved into two components
which are 1 7 apart. Table 4 lists the measured magni-
tudes and colors of the objects (through a 1 7 aperture
for the components of the radio galaxy using the 1998
data alone, and through a 4″ aperture for the radio gal-
axy as a whole and for the other two galaxies using all
data). The measurement errors are ≈0 1–0 2.

The two neighboring galaxies (G1 and G2 in Fig. 3),
which are brighter in Rc, are probably not associated
with the radio galaxy, because the estimated color red-
shifts for them lie in the range from z = 0.6 to z = 1.2.

ESTIMATING THE AGE 
OF THE STELLAR POPULATION

Using the PEGASE library of evolutionary models
for the spectral energy distributions of elliptical galaxies
(Fioc and Rocca-Volmerange 1997), we estimated the
age and redshift for the radio galaxy RC J0105+0501 on
the basis of four-color photometry by the method
described by Verkhodanov et al. (1999). In our calcula-
tions, we assumed the galaxy to be surrounded by gas,
adding a δ-function corresponding to the Lyα emission
line (1216 Å) to the model distribution; we also per-
formed calculations without this line. The age of the
parent galaxy in the presence of the emission line,
which, in our case, allows an unambiguous estimation of
the redshift (z < 3.5), is estimated to be 0.45 Gyr. In addi-
tion, the likelihood function has a local maximum corre-
sponding to an age of 1.2 Gyr (Fig. 4). In the absence of
Lyα emission, the redshift near the maximum of the
likelihood function is estimated to be z = 3.27 for an age
of 1.8 Gyr. It should be noted that, whereas the redshift
estimate is fairly reliable, because the line falls within
the observed band, the age estimate for the radio galaxy
at z > 3 is rather rough, since, after all, the model calcu-
lations were made for elliptical galaxies, which had not
yet formed by the observed time.

Whereas the redshift is determined reliably enough
(Lyα falls within the V band), the age is less reliable. In
any case, however, it is consistent even with the simple
CDM model, for which the age of the Universe at z = 3.5
is ~1 Gyr. This confirms the conclusion by Pariœskiœ
(1999) that the phenomenon of distant objects with the
formal age in the simple CDM model exceeding the age
of the Universe is observed only in a certain range of
redshifts.
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DISCUSSION

If we introduce parameter mlim (Kopylov et al.
1995), which characterizes the limiting magnitude of
the parent galaxy responsible for the emergence of a
radio source with a given flux density, then its value for
our radio source will be 23m (Pariœskiœ 1996, 1998),
consistent with our data. Curiously enough, the radio
luminosity of this object is close to the optical luminos-
ity at z = 3.5 (see the optical data above), suggesting
that this relationship is universal for powerful radio gal-
axies and that there is no strong dust absorption for this
object. This is also suggested by the absence of a steep
slope in the short-wavelength part of the spectrum, as
implied by four-color photometry (see Fig. 4).

As regards an optical identification of the radio gal-
axy, it should be noted that the double radio source can
in principle be a projection effect (if one radio source is
identified with a galaxy at z . 1 and the other with a
galaxy at z . 3.5, as shown by the photometric esti-
mates of their z). However, we consider this possibility
to be unlikely, because the integrated radio spectrum is
very steep and is most likely fitted by a single curve
(see Fig. 1).

If at least one component of the radio source is
closely identified with an adjacent galaxy in the image,
then it is no longer correct to speak about an FRII-type
structure for this object. However, we cannot rule out
the possibility that the source core, which can be
located between the two radio components, simply has
not yet been detected either in the optical or in the radio
band, and the radio source actually has an FRII struc-
ture, resembling the radio galaxy TN J1338–1942 with
z = 4.11 (De Breuck et al. 1999).

Since only one (southwestern) component of the cen-
tral optical object in Fig. 3 is clearly detected on the B
image, we can also consider the possibility that it is an
active nucleus of the radio galaxy. The second (north-
eastern) component can then be either a region of jet-
triggered star formation or a gas cloud ionized by radia-
tion from the active nucleus, or a combination of both.
This possibility is indirectly supported by the conclu-
sions of Van Breugel et al. (1998), who studied radio gal-
axies with z > 3 in the near infrared and found two scales
with typical structures in them: formations with sizes of
~10 kpc surrounded by large-scale (~50–100 kpc) weak
diffuse emission.

Without going into a detailed analysis, we note that
alternative interpretations of the available data can be
proposed to explain the nature of RC J0105+0501. The
key question is where the active nucleus of the radio
source is located. There is an obvious need for a more
detailed study of this interesting object both at optical
wavelengths (spectroscopically) and in the infrared and
radio ranges to test various hypotheses about the phys-
ics of the processes in this stellar system, which is prob-
ably at an early stage of its formation and may belong
to the first generation of massive elliptical galaxies.
ASTRONOMY LETTERS      Vol. 26      No. 10      2000
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Effects of Microlensing on Parameters of the Images Seen
near the Critical Curves of Gravitational Lens Galaxies
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Abstract—We investigate the effect of microlensing on parameters of the images of distant sources seen near
the critical curves of complex gravitational lenses, which are represented as a sum of compact structures—
microlenses (stars, star-like or planet-like bodies) and diffusely distributed matter (dust and gas clouds etc.).
The observation of merging, cross-shaped, annular, or arc-shaped source images is an indication that the images
are close to the critical curves of gravitational lenses. Our analysis and numerical solution have allowed us to
determine the structures of the critical curves and caustics formed by macro- and microlenses, as well as to esti-
mate the characteristic perturbations introduced by microlenses at their various positions relative to the critical
curve of a regular gravitational lens. We show that, the closer are the microlenses to the critical curve, the larger
is the discrepancy between our results and those obtained previously with standard (linearized) allowance for
the effect of a regular gravitational lens. © 2000 MAIK “Nauka/Interperiodica”.

Keywords: gravitational lenses, microlensing
INTRODUCTION

Uncorrelated light variations of the images of a dis-
tant source that are split in the gravitational field of a
galaxy are a characteristic feature of microlensing. This
effect clearly shows up, for example, in long-term
observations of the gravitational lens (GL)
Q2237+0305, in which four quasar images are detected
near the galactic center within a circle of ≈1″ radius.
The uncorrelated light variations of these images indi-
cate that the effect of microlenses (stars, star-like or
planet-like bodies) rather than intrinsic variations in the
source of quasar radiation are observed here. Consider-
ing the difficulties of a theoretical analysis, microlens-
ing is mainly investigated by numerical methods. The
standard procedure of numerical simulations is as fol-
lows. The effect of all microlenses randomly located
inside the galaxy is described in two ways. The micro-
lenses closest to the line of sight (close to the observed
source image) are taken into account by specifying
their true refraction angles. The number of such micro-
lenses generally does not exceed several hundred (Pac-
zynski 1986; Seitz and Schneider 1994; Blandford and
Narayan 1992). The remaining microlenses far from
the line of sight and the matter diffusely distributed in
the galaxy are specified by introducing a refraction
angle averaged over interstellar space. The problem can

*E-mail address for contacts: minakov@ira.kharkov.ua
1063-7737/00/2610- $20.00 © 20628
be further simplified by linearizing the average refrac-
tion angle of the macrolens galaxy near the selected
source image (Seitz and Schneider 1994; Blandford
and Narayan 1992; Schneider et al. 1992; Zakharov
and Sazhin 1998). Unfortunately, a numerical analysis
does not allow the dependence of observable character-
istics on particular parameters of the problem to be
traced. It is therefore desirable to obtain analytic esti-
mates for the effect under consideration. Of particular
interest is the case where the source macroimages and
the perturbing microlenses lie near the critical curves of
GL galaxies, when the effect of microlenses on the
focusing increases significantly. The observation of
merging, cross-shaped, annular, or arc-shaped source
images is an indication that the macroimages are close
to the GL critical curves.

This work aims at analyzing the structures of the criti-
cal curves and caustics for a complex GL when the micro-
lenses are located near its critical curve. In our study, we
use a model for GL Q2237+0305 as an example.

A GRAVITATIONAL LENS MODEL

A complex lens galaxy can be represented as a sum
of the following two components: one is associated
with the masses concentrated in compact structures
(stars, star-like or planet-like bodies), and the other is
associated with the diffusely distributed matter (dust
and gas clouds etc.). We specify the compact structures,
which are below called microlenses, as point masses
000 MAIK “Nauka/Interperiodica”
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Mi. The total number of microlenses N in the galaxy is
fairly large. For example, N ~ 1011–1012 for a spiral gal-
axy similar to GL Q2237+0305. We first analyze
microlensing by using a single microlens as an example
and then generalize the results to many microlenses.
Let us introduce a Cartesian system of XYZ coordinates
whose origin coincides with the galactic center of mass
and whose Z axis passes through the point of observa-
tion (see Fig. 1). Denote the distances from observer P
and point source S to the GL by Zp and Zs, respectively.
Since Zp and Zs are much larger than the sizes of the
region where the rays of light are refracted, the GL can
be approximated by an infinitely thin phase screen
(Bliokh and Minakov 1989) that coincides with the Z =
0 plane. Choosing a single microlens located in the lens
plane at point p = pm from the entire set of N micro-
lenses, we write the formula for the ray deflection angle
in the lens plane (Z = 0):

(1)

Here, p = (x, y) is the ray impact parameter measured in
the GL plane; pi and rgi = 2GMi/c2 are, respectively, the
coordinate and gravitational radius of the ith microlens
(G is the gravitational constant, c is the speed of light);
Qdif(p) is the component of the refraction angle associ-
ated with the diffusely distributed matter. Assuming the
multivariate distribution function of the random vari-
ables rgi and pi to be known, we can derive the average
refraction angle 〈Q(p)〉  and its rms deviation 〈(δQ)2〉
(see, e.g., Bliokh and Minakov 1989; Schneider et al.
1992). A gravitational lens with the average deflection
angle 〈Q(p)〉 is below called a regular GL or a macro-
lens. This approximation corresponds to a GL in which
the mass density of stars and diffuse matter is “spread”
over fairly large (interstellar) regions. Let us consider a
small region near microlens m whose size, on the one
hand, is small compared to the characteristic interstel-
lar distance a in this region and, on the other, are larger
than (or comparable to) the characteristic size of the
Einstein ring lm =  for the micro-
lens in question (lm < |p – pm | < a). Given that the rms
deviation of the angle is small (Bliokh and Minakov
1989; Schneider et al. 1992), it can be readily shown
that the second and third terms in formula (1) essen-
tially match the average deflection angle 〈Q(p)〉  within
the region under consideration. There are several ways
of specifying a model for the mass distribution in
GL Q2237+0305 (see, e.g., Kent and Falco 1988;
Minakov and Shalyapin 1991; Wambsganss and Pac-
zynski 1994; Schmidt et al. 1998). Based on observa-
tional data, we choose a model that is simple enough,
but in such a way that it could form an observable
cross-shaped image structure. We represent the regular

Q p( ) 2rgm

p pm–

p pm–( )2
----------------------–=

– 2rgi

p pi–

p pi–( )2
-------------------- Qdif p( ).+

i 1=

N 1–

∑

2rgmZ pZs/ Z p Zs+( )
ASTRONOMY LETTERS      Vol. 26      No. 10      2000
component of the macrolens refraction angle 〈Q(p)〉  as
a sum of two components, one associated with the mas-
sive disk Qd(p) and the other associated with the com-
pact core Qc(p): 〈Q(p)〉  = Qd(p) + Qc(p). In order to
simplify the analysis, we assume the core and the
extended disk to have spherical and elliptical symme-
tries, respectively, whose centers coincide. The OX and
OY axes are directed along the principal symmetry axes
of the disk component. The effect of gravitational
focusing is described by a lens equation, which in
angular variables y = p/Zp takes the form

(2)

Here, ψs is the true angular position of the point source
of radiation; ym = pm/Zp is the angular coordinate, and
Ψm = lm/Zp is the angular radius of the microlens Ein-

stein ring; and  = ZpZs/(Zp + Zs) is the reduced dis-
tance. Since the scale lengths of variations in the sur-
face mass density of the disk component of GL
Q2237+0305 considerably exceed the sizes of the
region (≈2″) where the four quasar images are
observed, the following approximate representation of
Qd(p) near the galactic center can be used: Qd(y) ≈
Qd(0) + (y—)Qd(0). Assuming the characteristic sizes
of the galactic compact core to be smaller than the sizes
of the region where the four images are observed, we
approximate the spherical component by a point mass
equal to the galactic-core mass Mc. Given the above
simplifications and assumptions and that Qd(0) = 0 for
the disk model chosen, the lens equation (2) can be
transformed to the following form (Minakov and
Shalyapin 1991):

(3)

ys y Z̃
Z p
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Fig. 1. The relative positions of radiation source S, macro-
lens galaxy GL, microlens m, and observer P.
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Here, ex and ey are the unit vectors of the rectangular
coordinate system, and

(4)

It is easy to show that  with the dimensions of length
is related to the observed surface mass density at the

disk center σd(0) by  = c2/4πGσd(0) and that the
dimensionless parameter αd determines the asymmetry
introduced by the disk component near the galactic

center. The quantity Ψc = /Zp, where Rc =

2GMc/c2 is the gravitational radius of the galactic core,
corresponds to the angular radius of the Einstein ring of
the core. It follows from Eq. (3) that, in the absence of
a microlens (Ψm = 0) and asymmetry introduced by the
disk (αd = 0), the central source of radiation (ys = 0)
would be observed near the galactic center as a lumi-

nous ring of radius Ψl = Ψc/  > Ψc . Given
this circumstance, the lens equation (3) can be simpli-
fied by introducing angles n = y/Ψl and nm = ym/Ψl

normalized to Ψl, as well as the effective dimensionless

displacement ns = ys/Ψl(1 – / ) of the source and

the effective asymmetry coefficient α = αd/(1 – / ).
In the new normalized variables, we have

(5)

where Γ = /  = rgm/Rc ! 1 is a small parameter,
the ratio of the stellar mass to the galactic-core mass.
For the subsequent analysis and numerical estimates,
we assume that the inequality Γ ! α ! 1 holds. For
example, Γ for Q2237+0305 can be chosen to be Γ ≈
10–9–10–10. The ring angular size Ψl and α and /
can be roughly estimated from models (Minakov and

Shalyapin 1991) as Ψl ≈ 0 9; α ≈ 0.16, and /  ≈ 0.3.

The equation for the GL critical curve n = ncr is
derived from the condition of the Jacobian of transfor-
mation from the variables νs to the variables ν being
equal to zero (Bliokh and Minakov 1989):

(6)

1
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.″ Z̃ ZF
d

q
1– ∂ νsx νsy,( )

∂ νx νy,( )
------------------------ 0.= =
In polar coordinates n = (ν, ϕ) and nm = (νm, ϕm), where
the azimuthal angles ϕ and ϕm are measured from the
OX axis, this equation can be reduced using (5) to

(7)

Here, we introduce the following notation:

(8)

Substituting the solution n = ncr(ϕ) found from Eq.
(7) in (5) yields the equation for the caustic shape in the
source position plane

(9)

We begin to analyze the set of equations (7) and (9)
with the case where there is no microlens and subse-
quently determine how the characteristics of a regular
GL are deformed by introducing a single microlens.

FOCUSING PROPERTIES 
OF A REGULAR GL

Setting Γ = 0 in (7), we arrive at the equation
FM(ν, ϕ) = (1 – α2)ν4 – 2αν2cos2ϕ – 1 = 0, whose real
solution is

(10)

and determines the critical curve of a regular GL. In the
linear (in small parameter α) approximation, we have

(11)

Substituting (11) in (9) yields an approximate equation
for the caustic of a regular GL in the source position
plane:

(12)

We see that the model of a regular GL under con-
sideration forms a critical curve in the lens plane in
the shape of an oval with a mean radius approxi-

mately equal to unity (  ≈ 1), while the corre-
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sponding caustic in the source position plane has the
shape of a curvilinear diamond (astroid) with a char-

acteristic size  ≈ 2α (see Fig. 2). It is easy to
show that, when projecting point source S into the
curvilinear diamond (12), we will observe its four
(cross-shaped) images, two of which lie outside and
the other two inside the critical curve (10) in the lens
plane (see, e.g., Minakov and Shalyapin 1991). Since
α is small, the images are located in the immediate
vicinity of the critical curve (10).

νcs
M

νy

1 + 3α/2

1 – α/2

1

2
νx

1 + α/2

2α

2α 1 – 3α/2

0

Fig. 2. The structure of critical curve 1 and caustic 2 for the
model of a regular GL consisting of a compact core and an
extended disk. The region of impact parameters for the
microlenses whose caustics fall within the curvilinear dia-
mond of the macrocaustic is hatched.
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ALLOWANCE FOR THE EFFECT 
OF MICROLENSES

For the specified α and Γ and the microlens angular
position νm , we numerically solved Eq. (7) by using a
fairly simple method. The problem of finding the real
roots of (7) can be replaced by a different, simpler prob-

lem. Thus, for example, denoting Φ(ν, ϕ) = FM  –
2Γν2( fm2 + αν2fm3) – Γ2ν4, the domains of positive (Φ >
0) and negative (Φ < 0) definiteness of Φ(ν, ϕ) can be
easily determined numerically. Assuming Φ(ν, ϕ) to
have no discontinuities in the range of ν and ϕ under
consideration, the problem of finding the roots of the
equation Φ(ν, ϕ) = 0 reduces to determining the bound-
ary between the domains of positive and negative defi-
niteness of Φ(ν, ϕ). Our numerical simulations show
that the behavior of the critical curves and the corre-
sponding caustics for a complex GL depends not only
on the microlens distance to the critical curve of a reg-
ular GL but also on the sector in which the microlens
moves. As an example, Fig. 3 shows the critical curves
and the caustics for various microlens positions (out-
side, inside, and exactly on the critical curve of a regu-
lar GL). We considered two cases where the microlens
moved along the OX and OY axes. To present the over-
all pattern of behavior of the macro- and microcurves in
the same figure, Γ was chosen to be large enough, Γ =
0.001. Below, we also provide the curves for Γ = 10–9.

When the microlens lies outside the critical curve of
a regular GL (Fig. 3a), the solution of Eq. (7) can be
represented as two closed lines: one is a slightly
deformed macrolens critical curve, and the other is
formed around the microlens. A similar breakup of the
critical curve of a complex GL into a set of macro- and
microcurves is also observed when the microlens lies
inside the critical curve of a regular GL (Fig. 3b). How-
ever, by contrast to the case of Fig. 3a, the critical curve
near the microlens has the shape of not one deformed

f m1
2

ν y

(‡)1 2

1
0

–1

1'
2'

–1 0 1
νx

–1 0 1 –1 0 1

1'

2'

1

2 2

1
1'

2'

(b) (c)

Fig. 3. The critical curves and caustics formed by a complex gravitational lens when the microlens lies (a) outside, (b) inside, and
(c) exactly on the critical curve of a macrolens galaxy. The designations 1–1' and 2–2' correspond to the critical curve and caustic
of the microlens on the OX and OY axes, respectively. The microlens position is marked by a cross; the calculations were performed
for Γ = 10–3.
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oval (Einstein ring) but two ovals on both sides of the
microlens. The most interesting case where the micro-
lens falls directly on the macrolens critical curve is
shown in Fig. 3c. For this situation, the macro- and
microlens critical curves merge into a single complex
continuous line.

Figure 3 also shows the shapes of the caustics
emerging in the source position plane. When the micro-
lens moves along the OX axis outside the critical curve
(10), the caustic of a complex lens breaks up into two:
one corresponds to a slightly deformed macrolens caus-
tic, and the other, in the shape of a curvilinear diamond,
corresponds to the microcaustic (Fig. 3a). As the micro-
lens recedes from the critical curve of a regular GL, the
microcaustic breaks away from the macrocaustic
“beak,” and, while moving outside the macrocaustic,
gradually approaches the point where the microlens is
located. A different pattern is observed when the micro-
lens moves along the OY axis. In this case, as the micro-
lens recedes from the critical curve of a regular GL, the
microcaustic breaks away from the opposite beak of the
macrocaustic, moves for some time inside it toward the
nearest beak, goes outside the macrocaustic, and grad-
ually catches up with the microlens. A set of caustics is
also observed when projecting the microlens into the
critical curve of a regular GL (Fig. 3b). One of them
corresponds to the slightly deformed caustic curve of a
regular GL, and the second corresponds to the micro-
caustic, which, by contrast to Fig. 3a, breaks up into
two corresponding to the double structure of the critical
curve. When the microlens moves along the OX axis
and recedes from the critical curve of a regular GL, the
double microcaustic breaks away from the nearest mac-
rocaustic beak and moves for some time inside the

∆ν
/Γ

50

25

π/2
ϕ

2π3π/2π

ϕm = π
(1) νm = νcr

M  – 0.2
(2) νm = νcr

M  – 0.1
(3) νm = νcr

M  + 0.1
(4) νm = νcr

M +  0.2

2, 3

1, 4

1

2
4

3

0

Fig. 4. The deformation of the macrolens critical curve pro-
duced by the microlens at its various distances from the crit-
ical curve of a regular GL.
caustic of a regular GL toward the opposite beak. If,
alternatively, the microlens moves along the OY axis,
then the double microcaustic goes from the opposite
beak of the macrocaustic outside it. When the micro-
lens falls exactly on the critical curve of a regular GL
(Fig. 3c), the macro- and microcaustics form a single,
continuous polygonal line.

A numerical analysis clearly reveals a complex
deformation of the critical and caustic curves. How-
ever, in order to quantitatively estimate the expected
effects, it is desirable to have some analytic results as
well, which will make it possible to keep track of the
dependence of the emerging effects on particular model
parameters. The main problem of an analytic study is to
find the real roots of Eq. (7) for given α and Γ and
microlens position νm . Since Γ is very small, the
sought-for roots of Eq. (7) for the specified microlens
displacement νm lie near the ν values for which the
functions FM and fmi (i = 1, 2, 3) are approximately
equal to zero. As was shown in the preceding section,
the condition FM(ν, ϕ) ≈ 0 can be satisfied at ν lying not
far from the critical curve of a regular GL. On the other
hand, according to (8), all functions fmi (i = 1, 2, 3)
simultaneously become zero at point n = nm . Therefore,
the condition fmi(ν, ϕ) ≈ 0 can be satisfied if we con-
sider displacements n lying in the immediate vicinity of
the point n = nm .

If the microlens is located at some distance from 

(νm ≠ ), the problem of finding the roots of Eq. (7)
breaks down into two simpler problems.

(i) The first solution is related to ν near . Repre-

senting νcr(ϕ) = (ϕ) + ∆ν(ϕ), where |∆ν| ! , we
obtain in the linear (in ∆ν ~ Γ) approximation

(13)

Figure 4 shows normalized dependences of ∆ν/Γ for
various microlens distances from the critical curve of a
regular GL. We see that the macrolens critical curve is
deformed mainly in a small region toward the micro-
lens. These deformations are proportional to Γ; they are
the larger, the closer the microlens approaches the crit-
ical curve of a regular GL.

(ii) The second solution is related to the n region
close to the point where the microlens itself is located
(n = nm). In this case, the structure of the critical curve
can be analyzed by setting νcr = νm + ∆ν and ϕ = ϕm +

νcr
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νcr
M

νcr
M

νcr
M νcr
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Fig. 5. The characteristic structures of critical curves 1 formed near microlens m when it is located (a) outside and (b) inside critical
curve 2 of a regular GL.
∆ϕ, where |∆ν| ! νm and |∆ϕ| ! 1, and by replacing the
functions in Eq. (7) by their approximate values:

(14)

Introducing normalized local Cartesian coordinates

 = ∆ν/  and  = νm∆ϕ/ . We derived the
following simplified equation instead of (7):

(15)

This equation describes the fine structure of the critical
curve near the microlens. In addition, the numerical
solution of (15) is in good agreement with that previ-
ously obtained for the strict equation (7); it also allows
an exact analytic solution to be obtained. For example,
(15) can be reduced by straightforward transformations
to a simple biquadratic equation. However, we will not
write out the solution of the latter but give only qualita-
tive reasoning and estimate the characteristic sizes of
the critical curve for ϕm = 0 and ϕm = π/2.

When the microlens moves along the OX axis (ϕm = 0)

outside the critical curve of a regular GL (νm >  =

1/ ), a single closed line is observed near the
microlens. It has the shape of a deformed oval (see
Fig. 5a) whose center roughly coincides with the
microlens position (  = 0,  = 0). The coordi-
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nates of the points of intersection of the critical curve
with the ( , ) symmetry axes are, respectively,

(16)

When the microlens moves inside the critical curve

of a regular GL (νm <  = 1/ ), the solution
obtained from (15) differs from that described above. In
this case, the critical curve has the shape of two closed
ovals whose centers lie on both sides of the coordinate
origin (  = 0,  = 0) along the  axis (see
Fig. 5b). The coordinates of the points of intersection
of the critical curve with the  axis are

(17)

When the microlens is far from , formulas (16)
and (17) can be simplified significantly. For example,
we obtain  ≈ ±1 and  ≈ ±1 for displacements

νm @ , which corresponds to the values for an iso-

lated microlens. At νm ! , the mean diameter of the
two ovals is approximately equal to |∆νcry1| – |∆νcry2 | ≈

, while their centers lie along the  axis at points

 ≈ ±νm. We see that, as the microlens approaches
the center of the galactic core, the two critical curves
come closer together, with their linear sizes simulta-
neously decreasing.
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Let us now investigate the structure of the caustics
emerging in the source position plane under the effect
of a microlens. When the microlens is located at some
distance from the critical curve of a regular GL (νm ≠

), we break down the problem of analyzing the
emerging caustic curves into two simpler problems, by
analogy with the preceding section.

(i) The microlens causes the macrocaustic to be
deformed, which follows from changes in the critical
curve of a regular GL (13). The emerging macrocaustic
deformation can be estimated by substituting (13) in
Eq. (9). Given that the addition ∆ν(ϕ) is small (|∆ν| !

), the sought-for solution can be represented as

νcsx =  + ∆νcsx and νcsy =  + ∆νcsy, where 
correspond to the previously found values of (12),

while the small additions ∆νcsx, y (|∆νcsx, y | ! )
are

(18)

(ii) The second, more complex problem involves
determining the structure of the caustics that corre-
spond to the critical curves formed near the microlenses
(see Figs. 5a and 5b). When the microlens moves along
the OX axis (ϕm = 0) outside the critical curve of a reg-

ular GL (νm > 1/ ), the microcaustic is grouped
near the OX axis. Its shape and position can be roughly
determined by linearizing Eq. (9). Thus, given the rep-
resentation νcr = νm + ∆ν and ϕ = ϕm + ∆ϕ, we obtain
for ϕm = 0

(19)
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We estimate the characteristic sizes of the microcaustic
only for the azimuthal angle ∆ϕ = 0. In this case, it fol-
lows from Eqs. (19) that νcsy = 0, and that the points of
intersection of the caustic with the OX axis are given by
the equality

(20)

Let us calculate the position of the center  = (νcsx1 +

νcsx2) and half-width ∆νcsx = (νcsx1 – νcsx2) of the

microcaustic:

(21)

We see that, for the critical displacement νm = , the
position of the microcaustic center coincides with the
position of the nearest macrocaustic beak (see Fig. 3a).

As νm increases (νm > ),  increases and
approaches the point where the microlens is located:

 ≈ (1 + α)νm ≈ νm . The characteristic size of the
microcaustic is at a maximum near the critical curve of

a regular GL and rapidly decreases to ∆νcsx ≈ 2α  at

νm @ .

When the microlens falls within the critical curve of

a regular GL (νm < 1/ ), the pattern differs from
that considered above. The microcaustic breaks up into
two located on both sides of the OX axis. We analyze
the microcaustic structure in a single section corre-
sponding to n on a circumference of radius ν = νm . Set-
ting ∆ν = 0 in formula (19), we obtain in the linear (in
|∆ϕ| ! 1) approximation

(22)
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where  are given by (17). The characteristic size
of the microcaustic is estimated from (22) and (17) to
be

(23)

We see from the derived expressions that, when the
microlens lies inside the critical curve of a regular GL,
the caustic produced by it breaks up into two, which are
roughly located in the ν = νcsx section symmetric on
both sides of the OX axis (see Fig. 3b). When the micro-

lens falls exactly on the critical curve νm = , the cor-
responding microcaustic lies at the point of the nearest

macrocaustic beak (  ≈ 2α). As the microlens moves
into the regular curve, its microcaustic breaks up into
two, which displace into the macrocaustic of a regular
GL. From the condition –2α < νcsx < 2α, we determine
the range of microlens displacements νm for which the
microcaustics are located within the curvilinear dia-

mond of a regular GL: 1 – α < νm < 1 + .

Deriving formulas that are also valid for the other
limiting case where the microlens moves along the OY
axis (ϕm = π/2) involves no difficulty. To this end, −α
must be formally substituted for α in all formulas. This
substitution leads to the following differences in the
behavior of the curves. When the microlens falls exactly

on the critical curve of a regular GL (νm =  ≈ 1 – α/2),
the corresponding microcaustic falls at the point of the
opposite macrocaustic beak (νcsy = –2α). When the
microlens is displaced outside the macrolens critical
curve, the microlens critical curve has the shape of a
single closed curve around the microlens. The single
microcaustic corresponding to this case is displaced
from point νcsy = –2α into the macrocaustic. At a dis-
tance νm ≈ 1 + α/2, the microcaustic falls in the vicinity
of the nearest macrocaustic beak and, as νm increases
further (νm > 1 + α/2), goes outside the macrocaustic
while approaching the microlens position. When the

microlens is displaced into the critical curve (νm < ),
the two forming microcaustics go from the point of the
opposite beak νcsy = –2α outside the macrocaustic. We
determine the range of impact parameters for the
microlenses whose caustics fall within the macrocaus-

tic from the condition –2α < νcsy < 2α: 1 – α < νm <

1 + α. Our qualitative analysis confirmed by numeri-

cal simulations allows us to roughly formulate the con-
dition for the microcaustics falling within the caustic of
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a regular GL at arbitrary microlens displacement
angles ϕm:

(24)

In Fig. 2, the region of microlens impact parameters νm
satisfying the inequality (24) is hatched. When the
microlens moves within the hatched region, the form-
ing microcaustics (one or two, depending on whether
the microlens is located outside or inside the critical
curve of a regular GL) move along complex trajectories
inside the caustic of a regular GL.

Let us now consider the most interesting case where
the microlens lies in the immediate vicinity of the crit-
ical curve for a regular GL and can even fall on it. A
numerical analysis of the curves emerging in this case
(see Fig. 3c) shows that the macro- and microlines
merge into a single complex continuous structure; dif-
ferences in the shapes of the critical curves for the com-
bined and regular GL are observed in the immediate
vicinity of the microlens. We estimate the characteristic
size of the deformed region for the case where the
microlens lies exactly on the critical curve of a regular

GL (νm = ) in the ϕm = 0 direction. Given the above
representations of the functions (14), Eq. (7) in the ϕ =
0 section can be written in the following approximate
form:

(25)

If we discard the last term proportional to Γ2 in this
expression, then the characteristic size of the perturba-
tion introduced by the microlens can be estimated as
∆ν ≈ (Γ/2)1/3. For an in-depth analysis of the critical-
curve shape, it is more convenient to bring the coordi-
nate origin into coincidence with the microlens center
rather than with the macrolens center, as previously. In
the new system of X 'O'Y ' coordinates, the equation of a
complex GL can be readily derived from (5) by the for-
mal substitution n' = n – nm. Given that the position of
the macrolens center in the primed coordinate system

 is related to the microlens displacement vector in

the old coordinate system νm by  = –nm, we have

(26)

Below, to save space, we write all quantities by omit-
ting primes while remembering that all designations
refer to the new coordinate system. Given that νm ≈ 1 in
the immediate vicinity of the microlens for the case
under consideration (ν ! νm ≈ 1), we expand the last

1 α–
α
2
--- 2ϕmcos– νm 1 α α

2
--- 2ϕm.cos–+< <

νcr
M

4∆ν5
2Γνcr

M
1 α νcr

M( )
2

+[ ]∆ν2
– Γ 2 νcr

M( )
3

– 0.=

nm'

nm'

ns' n' 1 Γ 1

ν'
2

------– 
  α νx' νmx'–( )ex+=

– α νy' νmy'–( )ey

n' nm'–

n' nm'–( )
2

-----------------------.–



636 MINAKOV, VAKULIK
Fig. 6. Comparison of the critical curves obtained for Γ = 10–9 in the linear (1) and quadratic (2) approximations when microlens m
is located (a) outside, (b) inside, and (c) exactly on macrolens critical curve 3.
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term in (26) in a Taylor series up to quadratic terms
inclusive. As a result, we obtain the following simpli-
fied lens equation:

(27)

Here,  = ns +  + ανmxex – ανmyey is some effective

source displacement. According to formula (6), we
derive the equation for the GL critical curve in the new
coordinate system

(28)

Note that, in the standard approach widely used in the
literature, only the linear expansion term is retained in
the lens equation (27), while the last quadratic term is
discarded. In this case, Eq. (28) would appear as fol-
lows:
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In the absence of a microlens (Γ = 0), Eq. (28) describes
a small part of the critical curve for a regular GL near
the origin of the coordinate system chosen. The condi-
tion for the microlens falling exactly on the critical
curve of a regular GL can be formulated as follows. For
Γ = 0 and ν = 0 (the macrolens critical curve must pass
through the origin of the coordinate system chosen), we
must find νm and ϕm so as to satisfy Eq. (28). This is
possible only for the displacements when Fm(νm, ϕm) =

1 – α2 – 2 cos2ϕm –  = 0. Hence, we obtain νm

closely matching the previously inferred (10). Note that
Eq. (29) for Γ = 0 has no reasonable solution at all; i.e.,
we cannot derive the equation for the macrolens critical
curve from the linear approximation.

Just as in the old coordinate system, the form of the
solution to Eq. (28) depends on the sign of Fm(νm , ϕm).
When the microlens lies outside the critical curve of a
regular GL, Fm(νm , ϕm) > 0, and the critical curve has
the shape of a single closed line enclosing the micro-
lens position. If, alternatively, the microlens falls
within the critical curve of a regular GL, then Fm(νm ,
ϕm) < 0, and the solution can be represented as two
closed lines on both sides of the microlens. Figure 6
shows the critical curves emerging near the microlenses
in the immediate vicinity of the critical curve for a reg-
ular GL. The curves were constructed for Γ = 10–9. For
comparison, the same figure shows the critical curves
obtained from the linear approximation (29).
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The above analysis allowed us to keep track of the
behavior of the critical and caustic curves for a complex
GL composed of a regular macrolens and a single
microlens at its arbitrary position relative to the critical
curve of a regular GL. Under actual conditions, how-
ever, the number of microlenses near the critical curve
can be large. If the spatial density of such microlenses
is low (the microlenses are far apart), then we can
assume that they do not interact with one another. In
this case, the combined effect of stars, star-like or
planet-like bodies close to the macrolens critical curve
can be estimated as a sum of the effects from individual
microlenses. If, alternatively, the density of micro-
lenses is such that some of them are spaced at distances
comparable to the sizes of their critical curves, then the
interaction between microlenses must be taken into
account. For such a situation, we can choose a finite
number of terms in the immediate vicinity of a group of
close microlenses from the total number N and write an
equation similar to (1), where a finite number of close
microlenses are added to the regular component of the
refraction angle. In this case, the constraint (lm < |p –
pm | < a) is removed. In order to estimate the character-
istic separations between microlenses when their inter-
action must be taken into account, we carried out
numerical simulations by using a GL model consisting
of a regular macrolens and two close microlenses with
different masses as an example. For this model, similar
to (5), we can write the following lens equation:

(30)

Here, Γ1, 2 = rg1, 2/Rc ! 1 are small parameters, the mass
ratios of microlenses and the galactic core, and nm1, 2
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Fig. 7. Critical curve 1 and the caustic formed by two micro-
lenses m1 and m2 when they are located near macrolens crit-
ical curve 2.
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are the positions of the microlens centers. Calculating
the Jacobian of transformations from ns to n and setting
it equal to zero, we derive an equation for the GL criti-
cal curve. An analysis of the numerical solution for this
equation indicates that the structure of the critical
curves emerging near the microlenses depends mark-
edly both on the separation between them and on their
positions relative to the critical curve of a regular GL.
As an example, Fig. 7 shows the critical curve and the
corresponding caustic for one of the possible realiza-
tions.

CONCLUSION

Our theoretical analysis has led us to the following
conclusions.

(1) A microlens deforms the critical curve and caus-
tic of a regular GL. The deformations are proportional
to Γ and rapidly decrease as the microlens recedes from
the macrolens critical curve. For a fixed position of the
radiation source, macrocaustic deformation results in
an actual change of the distance from the source to the
caustic, causing the corresponding intensity changes in
the macroimages. Given that a fairly large number of
microlenses can simultaneously be near the macrolens
critical curve, their effect causes the boundaries of the
macrolens critical curve and caustic to blur.

(2) The structure and behavior of the critical curves
emerging near the microlens depend not only on the
distance to the critical curve of a regular GL but also on
the sector of angles in which the microlens moves. The
characteristic sizes of the critical curves and micro-

caustics are proportional to .

(3) The largest deformations of the critical curves
and caustics, which are proportional to Γ1/3, are
observed when the microlenses are located in the
immediate vicinity of the critical curve for a regular
GL. In this case, the macro- and microlens curves
merge together to form complex continuous lines.

(4) The closer the microlenses to the critical curves,
the larger the difference between our results and those
obtained previously with standard (linearized) allow-
ance for the effect of a regular GL.

(5) The microlensing effect of interacting micro-
lenses increases considerably when they approach the
critical curve of a regular GL.

To summarize, we can say the following. For GLs
for which the observed source macroimages are located
near the critical curves, the fact that the microlenses are
close to the regular curves of macrolens galaxies must
be taken into account when analyzing the microlensing
effect.
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Cosmic Rays, Radio and Gamma-Ray Emission
from the Remnant of Supernova 1987A
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Abstract—The acceleration of cosmic rays (CRs) in the supernova remnant (SNR) 1987A is investigated.
A  self-consistent theoretical description is based on the diffusion CR transport equation together with gas-
dynamical equations for the medium (gas). The model consistently allows for the actual geometry of the
expanding shock and for the inverse effect of accelerated CRs on its structure and dynamics. It also assumes
that a 10–2 fraction of the gas particles are injected into the acceleration at the shock front. Parameters of the
ambient medium—the SN 1987A progenitor wind—were chosen in such a way as to reproduce the observed
expansion law of SNR 1987A. A single set of physical parameters is shown to ensure reasonable agreement
between the calculated radio spectrum for SNR 1987A and available experiments. The expected spectrum of
gamma rays from the decay of π0 mesons produced when the CR nucleon component collides with ambient

atoms is calculated. The integrated gamma-ray spectrum at energies eγ & 1 TeV is hard, Fγ ∝  ; the expected

total flux Fγ (1 TeV) at the current epoch is 7 × 10–13 cm–2 s–1, and its two-fold rise is expected by 2006. © 2000
MAIK “Nauka/Interperiodica”.

Keywords: cosmic rays, supernova remnants, radio and gamma-ray emission

eγ
0.6–
Supernova (SN) explosions have long been consid-
ered as the main source of cosmic rays (CRs) in the
Galaxy (see, e.g., Berezinsky et al. 1990). The discov-
ery of efficient CR acceleration by shock waves (Krym-
sky 1977; Axford et al. 1977), which is capable of con-
verting a substantial fraction of the energy released dur-
ing an explosion, and the development of a theory for
this process [see, e.g., the reviews by Drury (1983),
Berezhko and Krymsky (1988), and Berezhko et al.
(1988) devoted to the theory of regular CR accelera-
tion] put an experimental confirmation of theoretical
predictions on the agenda. In other words, the problem
of current interest is to obtain direct evidence that
intense CR generation actually takes place in supernova
remnants (SNRs).

SN 1987A, exploded on February 23, 1987, in the
Large Magellanic Cloud [see the review by Mc Cray
(1993) devoted to SN 1987A], offers a unique opportu-
nity for testing theoretical models, as well as in reveal-
ing peculiarities of CR acceleration by supernova
shocks.

The detection of the emission produced by CR par-
ticles is direct evidence for the presence of large quan-
tities of CRs in SNRs. The CR electron component

* E-mail address for contacts: berezhko@sci.yakutia.ru
1063-7737/00/2610- $20.00 © 20639
manifests itself by synchrotron radio emission (Berez-
insky et al. 1990), which is recorded virtually from all the
known SNRs, including SNR 1987A (Mc Cray 1993).

The presence of the CR nucleon component in a
SNR can be directly established by measuring high-
energy gamma-ray emission from the decay of π0

mesons produced in nuclear collisions of CR particles
with ambient atoms (see, e.g., Drury et al. 1994).

Radio emission from SNR 1987A was first detected
two days after the explosion (Turtle et al. 1987). Hav-
ing reached a peak value on day 4, the radio flux began
to monotonically decrease. This pattern is in qualitative
agreement with the ideas that the relativistic electrons
generating radio emission are produced (accelerated)
by a shock wave, which initially propagates through the
supersonic wind of a blue supergiant, the SN 1987A
progenitor (Storey and Manchester 1987; Chevalier
and Fransson 1987).

After a prolonged period of “silence,” the rising
(with time) radio flux from SNR 1987A was redetected
approximately 1200 days after the explosion (Staveley-
Smith et al. 1992). The shock is presumed to have
begun to propagate through the zone of the blue-super-
giant thermalized wind in this period (Chevalier 1992).
The ambient density and the magnetic-field strength in
this zone are constant or even increase with distance,
which provides a fairly rapid rise in the radio flux.
000 MAIK “Nauka/Interperiodica”
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A peculiarity of the radio emission from SNR
1987A is its soft spectrum: the radio spectral index α ≈
1 is considerably larger than α = 0.5 typical of super-
nova remnants. The required accelerated-electron
energy spectrum is characterized by an index γ ≈ 3.
Such a spectrum can be produced by a strong shock
wave if it is significantly modified by the inverse effect
of accelerated CRs. Calculations based on a simplified
hydrodynamic approach argue for this scenario (Ball
and Kirk 1992; Duffy et al. 1995). However, the hydro-
dynamic approach suffers from substantial drawbacks,
which show up particularly clearly under conditions of
efficient CR acceleration. The main drawback is that,
for this method of description, the shock soon becomes
completely modified, when all the free shock energy is
converted into CRs, the medium (thermal plasma)
crossing the shock front remains cold, and the particle
injection into the acceleration ceases. As was estab-
lished by Drury et al. (1995) and Berezhko (1996), this
behavior of the solution is reproduced, because geo-
metric factors were not properly taken into account
when describing the dynamics of accelerated CRs. A
consistent allowance for the finite sizes of the expand-
ing shock reveals that it cannot be completely modified
by the accelerated CRs. Irrespective of whether the
shock expands in a homogeneous (Berezhko et al.
1996; Berezhko and Völk 1997) or inhomogeneous
(Berezhko and Völk 1999) medium, the shock transi-
tion always contains the so-called thermal subshock in
its structure, whose existence ensures heating of the
medium followed by injection of the fastest particles
into the acceleration. The spectral shape of the acceler-
ated CRs is directly related to the pattern and degree of
shock modification. It is therefore of interest to study
the expected properties of CRs in SNR 1987A and the
radio and gamma-ray emission produced by them on
the basis of a consistent kinetic approach, which is free
from the above shortcomings.

An analysis of the dynamics of the radio image for
SNR 1987A, which is presumably bounded by the blast
wave, shows that the shock velocity was extremely high
within the first 1200 days after the explosion, Vs ≈ 3 ×
104 km s–1 (Gaensler et al. 1997); this imposes signifi-
cant constraints on the mass of the matter swept up by the
shock and, eventually, on the blue-supergiant wind den-
sity. During the subsequent period of 1500–3000 days, the
expansion velocity of SNR 1987A dropped by an order
of magnitude, to Vs ≈ 3 × 103 km s–1, which is explained
by the shock entering the region of a dense wind from
a red giant which the SN progenitor is generally
believed to have been approximately 104 years before
the explosion (Chevalier and Dwarkadas 1995; Gaen-
sler et al. 1997).

Our detailed studies of CR acceleration in Type Ia
SNRs expanding into a homogeneous interstellar
medium (ISM) (Berezhko et al. 1994, 1995, 1996;
Berezhko and Völk 1997; Berezhko and Ksenofontov
1999) and in Type Ib and II SNRs expanding into a
medium modified by the SN progenitor wind
(Berezhko and Völk 1999), based on the kinetic theory,
show that regular acceleration ensures the formation of
a CR spectrum with the properties required to explain
the observed Galactic CRs at energies up to 1014–
1015 eV. An analysis of individual SNRs will allow a
tenable conclusion as to whether a theoretical descrip-
tion is proper to be reached.

Here, we use the nonlinear kinetic theory of regular
CR acceleration in a SNR to account for the observed
properties of radio emission and to calculate the
expected gamma-ray flux from SNR 1987A. Our calcu-
lations take into account the views about the ISM struc-
ture in SNR 1987A that follow from experiment.

THE KINETIC THEORY 
OF CR ACCELERATION IN A SNR

Since the kinetic theory of regular (or diffusive
shock) acceleration of CRs in a SNR was detailed in
our previous papers (Berezhko et al. 1994, 1995, 1996;
Berezhko and Völk 1997, 1999), here we restrict our-
selves to outlining its basic elements.

A SN explosion gives rise to an expanding envelope
(ejecta), which initially contains all the energy Esn
released during the explosion in the form of mechanical
motion. The ejecta at time t after the explosion is dis-
tributed in space with the density (Jones et al. 1981;
Chevalier 1982)

(1)

where

v = r/t is the velocity of freely expanding elements of
the ejecta, and

is the envelope mass; the possible values of k lie in the
range 8–12. The envelope internal pressure is negligi-
ble.

When describing the SNR evolution and the CR
acceleration, we assume the system to be spherically
symmetric. Under this assumption, all physical quan-
tities are functions of one spatial variable, radial dis-
tance r.

While interacting with the ambient medium, the
outer part of the ejecta composed of matter with the
largest initial velocities v decelerates. We use a simpli-
fied description of the ejecta dynamics by representing
it as two parts: a thin piston expanding with some single
velocity Vp and composed of the decelerated ejecta and
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the remnant of a freely expanding part of the initial
distribution (1). Since the piston contains matter
that  had a velocity v > Rp /t during free expansion, its
mass is

(2)

where Rp is the piston radius. The piston dynamics in
the thin-layer approximation is described by the fol-
lowing simple equation:

(3)

where Pg and Pc are the gas and CR pressures, respec-
tively; the pressure Pc(r = Rp – 0) is produced by the CR
particles penetrated through the piston. The degree of
CR penetration through the piston is determined by the
level of turbulence developing at the r = Rp interface
(contact discontinuity) between the ejecta and the
swept-up ISM matter [see Berezhko and Völk (1997,
1999) for details].

It should be noted that the interaction of the ejecta
with the ambient medium is accompanied by the for-
mation of a reverse shock wave, which propagates
through the ejecta, heats and compresses it. The outer
part of the envelope swept up by the reverse shock is
represented in our model as a piston of negligible thick-
ness. At an early evolutionary stage (which we consider
here) when the reverse shock interacts with the power-
law portion of the distribution (1), the thickness of the
region swept up by it ∆R ≈ Rp/[σ(k – 3)] (Chevalier
1982) is more than an order of magnitude smaller than
its size Rp, considering that the gas compression ratio at
the shock front is σ ≈ 4 and k ≈ 10. This fact serves as
a justification for the above simplified representation.
Drury et al. (1989) used the thin-piston approximation
not only to describe the ejecta dynamics but also for the
ISM matter swept up by the shock.

The reverse shock can also accelerate some of the
ambient particles swept up by it. However, the possibil-
ities of this process have not yet been studied ade-
quately. The main difficulty lies in the lack of reliable
estimates for the magnetic-field strength in the ejecta,
which is critical for the realization of efficient CR
acceleration. If the magnetic field in this region is
weak, which cannot be ruled out, one may hardly
expect any effective CR acceleration. Therefore, as in
most similar studies, we disregard the possible produc-
tion of CRs by the reverse shock. It should also be
added that, for the most general reasons, the number of
CRs produced by the reverse shock is small compared
to the contribution of the blast wave. Indeed,
if we make use of the results by Chevalier (1982), it
is easy to establish that, at the initial stage of evolution,
the ratio of the internal energies of the medium swept
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up by the blast (or forward) and reverse waves, respec-

tively, exceeds an order of magnitude: /  = 2(k –
3)2/(k – 4) * 15. When the CRs acceleration is nonlin-
ear (which must necessarily take place in SNR 1987A),
the CR energy content accounts for a substantial frac-
tion of the total internal energy Eth. Therefore, the
expected energy-content ratio of the CRs produced by

the reverse and forward waves, respectively, /  &
0.06, indicates that the contribution of the reverse
shock is small. This conclusion is confirmed by hydro-
dynamic calculations (Dorfi 1991); these calculations
indicate that the contribution of the reverse shock to the
CR production is tangible only during the transition
period of SNR evolution from free expansion to
Sedov’s stage. In the case of SNR 1987A, the mass of
the matter swept up by the shock is small compared to
the mass of the ejecta during the entire period under
consideration. This implies that SNR 1987A is far from
Sedov’ stage, which allows the contribution of the
reverse shock to the CR production to be justifiably
ignored.

The piston motion at a velocity well above the speed
of sound cS in the ambient medium generates a strong
shock (usually called a blast wave), whose size Rs > Rp
increases at velocity Vs = dRs /dt.

Our description of CR acceleration by the shock is
based on the diffusive transport equation for the CR
distribution function f(r, p, t) (Krymsky 1964; Parker
1965):

(4)

where κ is the CR diffusion coefficient; p is the CR par-
ticle momentum; wc = w at r < Rs and wc = w + ca at r >
Rs; w is the gas velocity; ca is the velocity of the Alfven
waves generated by the accelerated CRs in the
upstream region r > Rs, where the growing waves
mostly propagate outward. Since the Alfven turbulence
becomes largely isotropic when passing through the
shock front, the velocity of the scattering centers wc at
r < Rs matches the gas velocity w.

We take into account only two CR components: pro-
tons, which are the main kind of ISM ions, and elec-
trons. Since the energy content of the electron compo-
nent is approximately two order of magnitude smaller
than that of the nucleon component, its dynamical role
is disregarded.

The source

(5)

describes the injection of gas particles into the acceler-
ation. In this expression, u = Vs – w, and pinj is the
injected-particle momentum. In what follows, the sub-
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script 1 (2) corresponds to the point immediately ahead
of (behind) the shock front.

The inverse effect of CRs results in a broadening of
the shock front and in the formation, apart from an ordi-
nary gas subshock, of an extended precursor. As in
many problems of this kind, we treat the subshock as
a discontinuity at r = Rs. The gas heats up when pass-
ing through the subshock, and a small fraction of the
fastest gas particles are drawn (injected) into the
acceleration.

The injection rate is specified by the free parameters
η and λ, which determine the fraction of gas particles
drawn into the acceleration and their momentum:

(6)

Here, m is the proton mass, Ng = ρ/m is the proton num-
ber density.

The main condition that λ must satisfy is as follows:
the momentum pinj must be large enough for the diffu-
sion approximation based on Eq. (4) to be applicable in
the entire range p ≥ pinj. A direct comparison with the
solution based on the kinetic equation shows that λ ≈ 4
satisfies this requirement (Berezhko and Ellison 1999).
Below, we therefore use λ = 4.

At the specified λ, the rate of gas-particle injection
into the acceleration is determined by η. If the thermal
proton distribution function in the region immediately
behind the shock front fT(p) is known, η can be deter-
mined from the joining condition

(7)

which, in view of the transport equation (4), yields

(8)

where σs = u1/u2 is the subshock compression ratio.
Note that the roles of λ and η describing injection

are different. The choice of λ is largely arbitrary, con-
sidering that the nonrelativistic part of the accelerated-
CR spectrum contains a small part of their total energy
content. Thus, for example, the two solutions corre-
sponding to different λ1 and λ2 match if the values of
the other parameter are related by η2 = η1(λ1/λ2)q – 3,
where q is the index of the spectrum f ∝ p–q in the non-
relativistic range p ! mc.

At present, both interplanetary experiments (see,
e.g., Lee 1982; Trattner et al. 1994) and numerical sim-
ulations of collisionless shocks (Quest 1988; Trattner
and Scholer 1993) irrefutably suggest the existence of
fairly effective injection corresponding to the injection
parameter η = 10–4–10–2. At the same time, currently
available models describing injection of the fastest par-
ticles of the thermal distribution behind the shock front
(see, e.g., Ellison et al. 1981; Malkov and Völk 1995)
give no exhaustive prediction of the expected injection
rate as a function of shock-transition parameters (in our

N inj η Ng1, pinj λmcS2.= =

f T pinj( ) f r Rs 0– pinj,=( ),=

η 4πpinj
3

f T pinj( ) σs 1–( )/ 3σsNg1( ),=
case, injection takes place at the subshock). In other
words, there is no reliable theoretical description that
would reproduce the distribution fT(p). Therefore, the
injection rate η in our theory is a free parameter, whose
value is chosen to achieve agreement with experiment.

Accelerated CRs intensively generate the Alfven
waves in the precursor region. We therefore have reason
to assume the Bohm CR diffusion coefficient (Völk et al.
1988)

(9)

where ρB = pc/eB is the gyroradius of the particles with
momentum p, B is the magnetic-field strength; c is the
speed of light, and e is the proton charge. In addition,
we take a relationship between the diffusion coefficient
and the ambient density in the form κ = κsρs/ρ, where
the subscript s corresponds to the unperturbed medium
at the current shock position r = Rs. The additional fac-
tor ρs/ρ prevents the development of precursor instabil-
ity (Drury 1984; Berezhko 1986). Accordingly, the
magnetic-field strength in the perturbed region is taken
in the form B = Bsρ/ρs.

The CR diffusion coefficient directly determines the
maximum accelerated-particle energy, in accordance
with the relation κ(pm) = RsVs /A, where pm is the maxi-
mum CR momentum, and the constant A is determined
by the shock expansion law and by the ISM structure
(Berezhko 1996). If the diffusion coefficient at high
energies p @ mc is of the order of the Bohm one, then
the typical maximum momentum is great, pm ~ 104–
105mc, starting from the early stages of shock evolu-
tion. This ensures a high energy content of the acceler-
ated CRs, resulting in a substantial shock modification.
In this case, the specific form of the diffusion coeffi-
cient at lower energies p ! pm is unimportant; what
matters is that κ(p) be a monotonically increasing func-
tion of momentum p. Note also that the maximum CR
energy is determined by geometric factors—the finite
size and shock deceleration, as well as adiabatic CR
deceleration—rather than by a temporal factor, as has
been thought previously (see, e.g., Lagage and Cesar-
sky 1983). It is this circumstance that prevents a com-
plete shock modification and the disappearance of the
subshock (Drury et al. 1995; Berezhko 1996).

The dynamics of the medium is described by the set
of gas-dynamical equations

(10)

(11)

(12)

κ p( ) ρBc/3,=

∂ρ
∂t
------ ∇ ρw( )+ 0,=

ρ∂w
∂t
------- ρ w∇( )w+ ∇ Pc Pg+( ),–=

∂Pg

∂t
--------- w∇( )Pg γg ∇ w( )Pg+ + α a 1 γg–( )ca∇ Pc,=
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where γg = 5/3 is the adiabatic index of the gas; the CR
pressure is given by

(13)

Eq. (12) takes into account heating of the medium in
the precursor region through Alfven-wave dissipation
(McKenzie and Völk 1984), which is reflected in the
parameter αa = 1 at r > Rs. CR gradients in the post-
shock region are small; as a result, there is virtually no
generation of Alfven waves, and, hence, αa = 0 at r < Rs,
and this effect is ignored.

Eqs. (4)–(6) and (9)–(12) are solved under the initial
conditions

(14)

which describe the initial distribution of CRs and gas
parameters at the SN explosion time (t = 0).

There is no need to solve the transport equation once
again to derive the electron distribution function fe(pe).
For the chosen form of diffusion coefficient κ(p) (9),
the function fe(p) differs from the proton distribution
function f(p) only by a constant factor:

(15)

To determine the constant Kep, it will suffice to take into
account the fact that the distribution function near the
injection momentum is

(16)

(17)

 = σs – ca/u2, σs = ρ2/ρ1 is the subshock compression
ratio. For simplicity, we take the same energy of the

injected electrons as that for protons, i.e.,  =

, where me is the electron mass. In this case,
we have

(18)

The differential (in kinetic energy ek) number density is
related to the distribution function by

(19)

where e =  is the total energy of the par-
ticle of mass m, and c is the speed of light. We thus see
that, for a purely power-law distribution function f ∝ p–q,
the particle energy spectrum undergoes a break at
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ek ~ mc2 due to a kinematic effect: N ∝   at ek !

mc2 and N ∝   at ek @ mc2. Therefore, the electron
and proton spectra are related by

(20)

at nonrelativistic energies ek ! mec2 and by

(21)

at relativistic energies ek @ mc2.
In what follows, quantities with the subscript e and

without subscripts refer to electrons and protons,
respectively. For the same electron and proton injection
rates (ηe = η) at relativistic energies ek > mc2, the elec-
tron number density is lower than the proton one by a
factor of (me/m)(q – 3)/2. Since q ≈ qs at p ~ mc, with the
spectral index lying in the range qs = 4.5–5 due to the
shock modification by the accelerated protons, the
expected number of electrons at relativistic energies
e @ 1 GeV is approximately a factor of 100 smaller
than that of protons, as in Galactic CRs.

It is important to note that the above relationship
between the accelerated-proton and electron spectra

holds when the injected-particle energy einj = /(2m)
does not exceed mec2. It is easy to show that, otherwise
(when mec2 < einj < mc2), the factor Kep is given by

(22)

Since the shock expansion is accompanied by its decel-

eration, with the injected-particle energy einj ∝  ini-
tially exceeding m mec2, one might expect Kep to
smoothly decrease in the course of SNR evolution.

For the radio flux from a SNR to be calculated, the
absolute value of the spectrum of the accelerated rela-
tivistic electrons Ne(ek) must be known, for which it
will suffice to specify Kep. Nevertheless, from the view-
point of the requirements imposed on the injection
mechanism, it is important to know how the electron
and proton energy spectra are related at low energies
ek = einj. To this end, we introduce an injection parame-
ter ηe uniquely related to Kep, which directly determines
the fraction of the electrons drawn into the acceleration.
Some uncertainty in ηe is attributable to the assumption

of  = einj, which cannot be strictly justified. How-
ever, if electrons with energies below einj are drawn into
the acceleration, the above value of ηe is exact: it gives
the correct number of accelerated electrons whose

energy is above einj. For  > einj, the proton injection

rate η can be recalculated to the energy  = .
Using the above formulas, it is easy to establish that the
relation /η' = ηe/η holds for  < mec2; i.e., the
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value of ηe we use gives the correct relationship
between the numbers of accelerated electrons and pro-
tons. Otherwise (when einj > mec2), we have /η' =

( /einj ηe/η; i.e., the ηe/η ratio is a lower

limit. It can be added that the condition  = einj may
well correspond to an actual situation, in agreement
with the Bohm particle diffusion. Indeed, the main
requirement imposed on einj is an excess of the diffu-
sion length κ(einj)/u1 over the subshock thickness lg
(that is why lg is taken to be zero when the CR dynam-

ics is considered); hence,  = einj at κ ∝ ek (the mean
free path before scattering λ ∝ p).

It should be noted that the situation with electron
injection into acceleration is considerably more
complex than that for protons both experimentally and
theoretically. Although the available theoretical analy-
sis (Levinson 1992, 1994, 1996; Bykov and Uvarov
1999) points to the existence of possible mechanisms
producing electron injection at the front of a strong
shock, unfortunately, there is no exhaustive answer to
the question of what plasma parameters determine the
expected electron injection rate, in particular, its depen-
dence on the magnetic-field structure and its relation-
ship to the ion injection rate. As for experiment, direct
evidence that electrons, just as ions, are injected and
accelerated at interplanetary shock fronts is very
scarce. The study by Terasawa et al. (1999), who pre-
sented spectral measurements of accelerated electrons
and protons near an interplanetary shock front, suggest-
ing that electrons are injected into the acceleration as
effectively as protons, constitutes an exception. This
serves as an additional justification for the relation ηe ~
η, which we use below to explain the properties of
radio emission from SN 1987A. The considerably
lower injection rate of electrons compared to that of
protons (ηe ! η) does not satisfy the experimental
requirements for SN 1006 either (Berezhko et al.
1999).

THE ISM STRUCTURE NEAR SN 1987A

How the CR acceleration proceeds depends mark-
edly on the structure of the ISM through which a shock
propagates. In the case of SN 1987A under consider-
ation, there is compelling evidence that the ambient
ISM is significantly modified by the progenitor wind;
the properties of this wind changed during the progen-
itor evolution (Mc Cray 1993).

Here, we restrict ourselves to analyzing the initial
period of SNR 1987A evolution, which corresponds to
the blast-wave propagation through the r < RR region
inside a highly inhomogeneous ring-shaped clump at
RR = 6 × 1017 cm (Mc Cray 1993). This region consists
of three zones. The first (zone I) is occupied by the

ηe'

einj' )
qs 3–( )/2

einj
e

einj
e

supersonic wind from a blue supergiant (which the pro-
genitor of SN 1987A has been for the last 104 years) of
constant velocity w0 = Vw with the density

(23)

where  is the mass-loss rate.

The magnetic field is twisted into an Archimedes
spiral because of the stellar rotation. For simplicity, we
use its value in the equatorial plane

(24)

Here, Ω is the star rotation rate, R∗  is its radius, and B∗
is its surface magnetic field.

At some distance r = RT, the wind undergoes a shock
transition through the interaction with the ambient
medium at which the Rankine–Hugoniot relations
hold:

(25)

where ρ01 and B01 are given, respectively, by (23) and
(24) at r = RT; the subscript 1 (2) denotes quantities that
refer to the upstream (downstream) region, and we take
into account the fact that the shock is strong with the
compression ratio σ = ρ02/ρ01 = 4. Since the shock
velocity Vs considerably exceeds w02, the results are
virtually insensitive to the form of the velocity field
w(r). We therefore assume, for simplicity, that the
medium at r > RT is stationary (w0 = 0) and isobaric
(Pg0 = P02).

The shock position in the stellar wind changes with
time. However, the expected shock velocity VT = dRT/dt
is low compared the supernova shock velocity Vs. We
therefore consider the shock in the stellar wind as a sta-
tionary (termination) wave.

When the progenitor wind interacts with the ambi-
ent homogeneous medium, the r > RT region occupied
by a thermalized wind is roughly homogeneous. How-
ever, an analysis of the dynamics of the expanding
radio-emitting region presumably bounded by the
supernova shock shows (Chevalier and Dwarkadas
1995) that the shock enters a region with a considerably
higher ambient density at some distance RC > RT; as a
result, it rapidly decelerates. This zone III consists of
the denser matter of the wind from a red supergiant,
which the progenitor of SN 1987A was at the next-to-
last evolutionary stage, before it passed to the blue-
supergiant stage (see, e.g., Chevalier and Dwarkadas
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1995). It is convenient to represent the presence of two
zones in the r > RT region as the density distribution

(26)

which describes a smooth transition from ρII = ρ20 to
ρIII @ ρII at length l ! RC near the contact boundary r =
RC. The value of l = 0.05RC, which we used in our cal-
culations, is small enough for the presence of a transi-
tion region between zones II and III to have no effect on
the solution. At the same time, it allows a continuous
numerical solution to be reproduced in the entire r > RT
region.

Similarly, the magnetic-field distribution in the r >
RT region is assumed in the form

(27)

which corresponds to BII = B02 in zone II and BIII in
zone III.

It should be noted that the most important ISM
parameters determining the CR acceleration and the
shock dynamics are the density ρ0(r) (or the number
density Ng = ρ0/m) and magnetic field B0(r). The ther-
mal pressure Pg0, which directly determines the speed

of sound in the medium cS0 = , plays no sig-
nificant role. In the case under consideration, the rela-

tion Ma !  holds between the sonic (MS = Vs /cS0)
and Alfven (Ma = Vs/ca0) Mach numbers for which the
shock structure and the CR-acceleration properties are
entirely determined by Ma and are virtually indepen-
dent of MS. The radial profiles of number density Ng(r)
and magnetic field B0(r), which are used in our calcula-
tions below, are shown in Fig. 1. In this case, the ρ0(r)
profile was obtained from the requirement of the best
reproduction of the observed shock dynamics, i.e., the
reproduction of Rs(t) and Vs(t) whose values are
extracted from the observed dynamics of the radio
image for SN 1987A (Gaensler et al. 1997). Our
adopted profile ρ0(r) at r > RT slightly differs from that
obtained by Chevalier and Dwarkadas (1995) by the
parameters RT, RC, and ρIII (see below).

Note that the crossing of the termination shock front
in the stellar wind (r = RT) by the supernova shock is
accompanied by a complex process of the formation of
a series of secondary shocks. While propagating
between the shock front and the piston, these secondary
shocks ensure a transition to a new quasi-steady-state
corresponding to a new state of the medium, which
abruptly changed at the termination shock front. For
simplification, we ignore this complex, relatively short-
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lived relaxation process. We describe the shock propa-
gation at r > RT for the initial conditions

(28)

where VpT is the piston velocity at r = RT – 0, i.e., at the
exit from the supersonic-wind zone. In this case, the
simplification consists in ignoring all the CRs acceler-
ated in the r < RT zone. This is justified by the fact that
the number of newly produced CRs in the r > RT zone
will soon exceed considerably what was produced in
the r < RT zone.

Thus, the formulated problem reduces to solving the
set of gas-dynamical equations (10)–(12) together with
the CR transport equation (4) and the equation of piston
motion (3) with the initial conditions (14): in zone I,
Pg0 = 0, w0 = Vw, and the ambient density ρ0 and mag-
netic field B0 are specified by formulas (23) and (24),
respectively; in zones II and III, w0 = 0, Pg0 = P20, and
the density ρ0 and magnetic field B0 are given, respec-
tively, by (26) and (27). In this case, our theoretical
description contains η and ηe (or Kep), which specify
the rate of particle injection into the acceleration, as
free parameters. In addition, the problem includes a
number of physical parameters for the system (Esn, Mej,
k, R∗ , Ω, ρ0, B0) on which its solution depends: Esn, Mej,
and k are known from observations of SN 1987A dur-
ing an early period of its evolution, while the remaining
parameters (η, Kep, ρ0, and B0) are chosen by the crite-
rion for the best reproduction of the observed properties
of radio emission from SN 1987A.
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Fig. 1. The radial profiles of gas number density (solid line)
and magnetic field (dashed line) around the progenitor of
SN 1987A. The positions of the termination shock front in
the blue-supergiant wind (RT), the contact boundary (RC)
separating the zones occupied by the winds from the blue
and red supergiants, respectively, as well as the inner edge
of the ring-shaped clump (RR) are shown.
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We solved the formulated problem numerically. To this
end, we used our algorithm developed for a homogeneous
ISM (Berezhko et al. 1994, 1995, 1996; Berezhko and
Völk 1997) and generalized to an arbitrary spherically
symmetric distribution of parameters of the gas around the
supernova progenitor (Berezhko and Völk 2000).

CALCULATIONS AND THEIR DISCUSSION

In our calculations, we used the parameters of SN
1987A inferred from observations (Mc Cray 1993):
Esn = 1.5 × 1051 erg, Mej = 10M(, and k = 8.6, as well as
the typical parameters of a blue supergiant: R∗  = 3 ×
1012 cm and Ω = 5 × 10–7 s–1. The initial piston velocity
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Fig. 2. The radio flux from SNR 1987A for four frequencies
ν: (a) 0.84, (b) 1.4, (c) 2.3, and (d) 8.4 GHz versus time mea-
sured from the supernova explosion. The dashed and solid
lines correspond to the angular velocities of the supernova
progenitor Ω = 5 × 10–7 Ò–1 and 4 × 10–8 Ò–1, respectively.
Experimental values were taken from Turtle et al. (1987).
Vpi = 40000 km s–1 and the mass-loss rate of the blue

supergiant  = 7.5 × 10–8M( yr–1, where M( is the solar
mass, were chosen in accordance with the estimates by
Chevalier and Dwarkadas (1995) to ensure the
observed shock expansion velocity at the initial stage of
evolution t < 1500 days.

The other parameters—the progenitor surface mag-
netic field B∗ , injection rate η, and radii RT and RC—
were chosen in such a way as to reproduce the observed
properties of the radio emission from SNR 1987A.

We calculated the radio flux, which is synchrotron
radiation of relativistic electrons, by using the formula
(Berezinsky et al. 1990)

(29)

where ν is the frequency of the radio emission,

γ = –dlnNe/dlnee is the local index of the electron
energy spectrum, Γ(x) is the Gamma function, C =

Ne , ee = mec2 , d = 50 kpc is the dis-
tance to SN 1987A, and B⊥  is the magnetic-field com-
ponent perpendicular to the line of sight. In the case
under consideration, the emitting electrons concentrate
in a narrow region behind the front. We therefore disre-
gard the dependence of the magnetic field on coordi-
nate r and take B⊥  = 0.5σB0(Rs) with some degree of
arbitrariness.

The constant C and the spectral index γ are complex
function of injection rate η. At low injection rates η <
10–5, when the CR energy content is small and the
acceleration takes place in a linear regime, C ∝ η  and
γ ≈ 2 (Berezhko et al. 1996). However, at the expected
injection rates η = 10−3–10–2, when the shock structure is
significantly modified by the inverse effect of CRs, there
is a complex, nonlinear relationship between the injection
rate and the particle spectrum at relativistic energies.

The calculations presented below correspond to
B∗  = 59 G and η = 10–2, which were chosen from sev-
eral calculations performed for various B∗  and η using
the criterion for the closest reproduction of the
observed properties of radio emission from SNR
1987A.

Our calculations of parameters for the shock, CRs,
and the emission produced by them during the shock
propagation in the supersonic-wind zone at r < RT are
shown in Figs. 2 and 3.

In Fig. 2, the calculated radio fluxes at four frequen-
cies are compared with their experimental values mea-
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Fig. 3. (a) The radius and velocity of the shock (Rs and Vs) and the piston (Rp and Vp); (b) the total compression ratio σ, the subshock
compression ratio σs, and the spectral index qs; (f) the CR energy Ec, kinetic (Ek) and thermal (Eg) energies transferred by the shock
to the gas, and the ejecta energy Ep versus time. (c) The distribution function of the accelerated CRs at the shock front versus momen-
tum, (d) the overall accelerated-CR spectrum versus momentum, and the total gamma-ray flux versus energy for times t = 3, 10, 100,
300, and 1000 days from the explosion. The initial piston size and velocity are Rpi = 3.46 × 1014 cm and Vpi = 40000 km s–1, respec-
tively. The hatched region corresponds to the momenta of electrons emitting in the frequency range ν = 0.84–8.4 GHz.
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sured within 12 days after the supernova explosion
(Turtle et al. 1987). We see that the observed behavior
(rise) of flux S in the first three days differs markedly
from predictions of the theory, which, on the contrary,
reproduces the monotonic decrease in flux S with time
at all frequencies. This can be attributed to self-absorp-
tion of the radio emission at an early stage of evolution
(Mc Cray 1993), which we disregarded in our calcula-
tions. At t > 3 days, when the absorption of the emission
presumably becomes small, the theory is in qualitative
agreement with experiment. At the same time, we see
that the theory predicts underestimated fluxes S(ν) dur-
ing the initial period t = 3–5 days. In other words, the
experimental flux during this period decreases more
rapidly than does the theoretical one. This can be
assumed to be explained by a more rapid decrease of
the wind density or of the magnetic-field strength at
small distances r than that given by formulas (23) and
(24), respectively. The latter can be caused by an

increase in mass loss rate  immediately before the
explosion (see, e.g., Chevalier and Dwarkadas 1995).
Figure 1 also shows the calculation corresponding to
the progenitor rotation rate Ω = 4 × 10–8 s–1. In this case,
the wind magnetic field at large distances r @ Vw/Ω ≈
1015 cm was taken to be the same as that in the previous
case: according to formula (14), this implies that the stellar
surface magnetic field in the latter case is B∗  = 649 G. This

magnetic-field strength should be considered to be overes-
timated, while the rotation rate Ω = 4 × 10–8 s–1 should be
considered to be underestimated for the blue supergiant.
Therefore, the second calculation most likely illustrates

the effect of increase in  before the explosion, result-
ing in a more rapid falloff of the ambient density and
magnetic field at small r: as we see from (24), the
region of distances r where the magnetic field falls off
more rapidly than r–1 expands with decreasing Ω. As is
evident from Fig. 1, in this case, the theory at t > 3 days
satisfactorily reproduces both the time dependence
(decline) of the radio flux and the spectral shape character-
ized by an index α ≈ 0.9 for a power-law fit S ∝  ν–α, which
corresponds to an index γ ≈ 2.8 of the electron energy
spectrum.

Such a soft spectrum at the energies of the electrons
ee = 0.1–1 GeV producing synchrotron radiation in the
frequency range ν = 0.84–8.4 GHz under consideration
results from the supernova shock being strongly modi-
fied by the inverse effect of CRs (see Fig. 3). In Fig. 3b,
the total compression ratio σ = ρ2/ρs, the compression
ratio σs = ρ2/ρ1, and the CR spectral index qs at p < mc
are plotted against time. We see that, during the entire
period t < 103 days, the degree of compression consid-
erably exceeds the classical value of 4. In the early
period (t & 10 days), σ ≈ 13 and then slowly decreases
to σ ≈ 11 at t = 103 days. The subshock compression
ratio remains approximately constant, σs ≈ 3.2.

Ṁ

Ṁ

It is important to note that the proton injection rate
η is the main parameter affecting the degree of shock
modification; the required substantial modification can
be achieved if the injection rate exceeds the critical
value (Berezhko and Ellison 1999)

(30)

The shock is unmodified for η < η∗ , σ = σs = 4, yield-
ing the radio spectral index α = 0.5, which is clearly in
conflict with experiment. In our case, η∗  ~ 10–3 and η =
10–2 > η∗  is needed to ensure the required degree of
modification with σs ≈ 3.

For the chosen proton injection rate η, the parame-
ters directly affecting the intensity of the radio emission
are the magnetic field B∗  and the electron injection rate
ηe (or Kep). As we see from Fig. 2, B∗  = 59 G and Kep =
0.04 (ηe ≈ 8η) ensure reasonable agreement with exper-

iment. Since, according to (29), S ∝ Kep, approxi-
mately the same agreement can be achieved at other

values of B∗  and Kep giving the same product Kep.
We used B∗  typical of a blue supergiant at which the
required ηe ≈ 8η, which is kept constant in our calcula-
tion, ensures that Kep = 0.01 at the stage when einj < mec2

(see below). This value, in our view, seems most
acceptable, because it agrees with the electron-to-pro-
ton ratio in Galactic CRs. Kep = 0.01 is also in agree-
ment with theoretical electron injection rates (Bykov
and Uvarov 1999).

The shape of the accelerated-particle spectrum is
shown in Fig. 3c, where the CR (proton) distribution
function at the shock front fs(p, t) = f(r = Rs, p, t) is plot-
ted against momentum p for five times [recall that the
electron spectrum in the presented range of momenta
has the same shape, in accordance with relation (15)].
We see from the figure that the proton spectrum is com-
plex because of the strong shock modification. At p <
mc, it is similar to a power law f ∝ p–q with q = qs. The
particles of such low energies have a low energy con-
tent and a small diffusion length l = κ/u. Therefore, they
“feel” only the subshock during the acceleration, and
their spectral shape is similar to the universal one cor-
responding to the compression ratio σ = σs. According
to Fig. 3b, the spectral index of the radio-emitting elec-
trons is q ≈ qs ≈ 5, corresponding to the radio spectral
index α ≈ 1, which is in good agreement with experi-
ment.

By contrast, the CR spectrum at high energies,
10mc < p < 105mc, is very hard: fs ∝ p–q, q ≈ 3.65 (see
Fig. 3c). Note that this spectral index is close to the
minimum possible value qmin = 3.5, which can occur
during the shock acceleration (Berezhko 1996).

As we see from Fig. 3c, the cutoff (or maximum)
momentum pm varies only slightly with time. Its value
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is determined by geometric factors and by adiabatic CR
acceleration for the Bohm diffusion coefficient (9),

(31)

where the parameter A is determined by the time depen-
dence of RS, ρs, and Bs (Berezhko 1996). During the ini-
tial period t < 100 days, given that the velocity Vs is
constant, we have ρs ∝ t–2 and Bs ∝ t–1, which yields A =
3/4 in the case of strong nonlinearity (see Berezhko
1996) and pm ≈ 105mc, in good agreement with our cal-
culations. At t > 100 days, the shock expands as Rs ∝

 = t0.85, and the maximum momentum can be rep-
resented as

(32)

in good agreement with the exact calculation (Fig. 3c).
Remarkably, a shock of small sizes Rs ! 1 pc is capable
of generating CRs with energies up to 1014 eV, which is
mainly attributable to the very high shock velocity.

The fact that the shape of the particle distribution
function fs(p) is almost constant with time engages our
attention; its value at all momenta decreases with time
approximately as fs ∝ t–2. As was shown by Berezhko
and Völk (2000), a self-similar solution of the form
fs(p, t) = φ(p)/t2 takes place in the case of a constant
shock velocity Vs. This roughly corresponds to an exact
solution, in which the shock expands with a slight
deceleration.

In Fig. 3a, the piston and shock sizes and velocities
are plotted against time. If the gas distribution in the
Rp < r < Rs region between the piston and the shock
front is assumed to be uniform, then it follows from the
condition for mass conservation of the matter swept up
by the shock that Rs – Rp ≈ Rs/σ. Because of the large
compression ratio σ ≈ 12 (Fig. 3b), the shock radius Rs
exceeds the piston radius Rp by a mere 8%. We also see
from the figure that the piston and shock expansion
velocities are nearly constant during the initial period
t < 100 days. This can be explained by the fact that the
piston mass Mp to which the mass of the matter swept
up by the shock,

, (33)

becomes equal only at t ≈ 100 days corresponds to the
assumed initial piston expansion velocity Vpi. Before
this time, Msw < Mp, and the piston deceleration is insig-
nificant. Since the number of accelerated particles Ne ∝ fsV
is proportional to the current ambient density (fs ∝ ρ s)
and to the volume occupied by the accelerated particles

(V ∝ ), the expected time dependence of the radio
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flux is S ∝ fsV  ∝ , where γ = qs –2. In
the initial period, this yields S ∝ t–1.

At t > 100 days, Rs ∝  = 

 

t

 

0.85

 

, which gives 

 

S

 

 ∝

 

t

 

−

 

0.85

 

. The decrease in ambient density and magnetic-
field strength as the shock expands in the supersonic-
wind zone (

 

r

 

 < 

 

R

 

T

 

) is mainly responsible for the rapid
decline in radio flux with time.

Figure 3d shows the overall spectrum of the CRs,

 

(34)

 

accelerated by time 

 

t

 

. The spectral shape reflects all the
preceding stages of CR evolution and acceleration. The
low-energy part of the spectrum is soft,  N  ∝  p

 
–3

 , reflect-
ing the form of the distribution function  f 

s
  ∝  p –5  repro-

duced at the shock front at each time.
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. Interestingly, the overall spec-
trum at high energies is harder that the particle spec-
trum at the shock front 
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, the accelerated CRs occupy a region
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). In the
period under consideration, when the downstream
region is very thin, 
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Rs, the contribution of
the r > Rs region to the overall spectrum N(p) becomes
significant at large momenta, which makes the spec-
trum N(p) harder than ns(p).

In the course of time, the overall CR spectrum
grows in proportion with the mass of the swept-up mat-
ter, N ∝ Msw ∝ Rs. Figure 3e shows our calculations of
the integrated gamma-ray flux density (the number of
gamma-ray photons with energy above eγ per cm2 per
second) from the decay of π0 mesons produced in
nuclear collisions of CR protons with ambient atoms
(p–p collisions) calculated by using the formula (Drury
et al. 1994)

(35)

where

(36)

is the total integrated gamma-ray flux from the SNR,

(37)

is the production rate of gamma-ray photons with
energy eγ per unit volume of the SNR with proton
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number density Ng = ρ/m,

(38)

is the total cross section for p–p collisions (Berezinskii
et al. 1990), Zγ is the so-called spectrum-weighted
moment of the cross section for the production of π0

mesons in p–p collisions averaged over the CR proton
power-law spectrum, n(r, ek, t) = 4πpef(r, p, t)/c2 is the
differential (in kinetic energy ek) CR proton number

density, and e =  = ek + mc2 is the total
CR proton energy. For the moment Zγ, we use the fits
(Drury et al. 1994; Berezhko and Völk 1997, 1999)

(39)

where γ = –dlnn/dlnek is the local CR spectral index.

The very hard spectrum—Fγ ∝ , α ! 1, at eγ <
10 TeV—stems from the fact that it is dominated by the
contribution of the CR interaction with the ejecta. In
this case, the degree of CR penetration through the pis-
ton grows with energy, which ensures that the gamma-
ray emission produced in the envelope is hard. The time
dependence of the gamma-ray flux, Fγ ∝ Mejec, is deter-
mined by the decrease in CR energy density with time,

ec ∝ ρ s  ∝ 1/t2 at r ≤ Rp [see Berezhko and Völk (1999)
for more detail). Allowance for CR penetration into the
envelope and nonlinear effects determine a more efficient
production of gamma-ray emission with a considerably
harder spectrum than do the linear approximation consid-
ered for SNR 1987A by Berizinsky and Ptuskin (1988).

One should allow for the fact that the absorption of
gamma-ray photons in the ejecta due to their interac-
tion with atomic nuclei and optical photons must be
taken into account at the early stage of evolution t <
100 days, when the calculated fluxes are particularly
large. This issue was addressed fairly completely by
Berezinsky et al. (1990). As for the later period t .
300 days, the upper limits on TeV gamma-ray fluxes
from SNR 1987A obtained in several experiments (see
Berezinsky et al. 1990) are consistent with our calcula-
tions (see Fig. 3e).

Figure 3f presents the various energy components of
the system: the ejecta energy

(40)

the kinetic and thermal energies transferred to the gas

, (41)
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It shows that ~10–4 of the energy released during the
explosion is converted into CRs in a mere thousand
days of evolution, suggesting a very high efficiency of
the CR acceleration at the early stage of SNR evolution.

The radio flux from SNR 1987A again began to rise
rather rapidly starting from t ≈ 1100 days (see Fig. 4).
This fact can be explained most naturally by assuming
that the shock reaches zone II of thermalized stellar
wind (r > RT) at t ≈ 1100 days (Chevalier 1992). In this
case, the piston velocity is Vp = 27 728 km s–1, which
we use as the initial velocity Vpi when solving the prob-
lem of shock propagation in the r > RT zone. Given that
Rs = RT = 3.1 × 1017 cm at this time, relations (21)–(23)
yield the initial values of ambient proton number den-
sity Ng0 = ρa/m = 0.21 cm–3, internal gas pressure Pg0 =
1.3 × 10–10 dyne cm–2, and magnetic field B02 = BII =
76 µG. In zone III, we take BIII to be 38 µG. The results
of our calculations for shock propagation in zones II
and III (r > RT) are presented in Figs. 4 and 5.

In Fig. 4, the radio fluxes S are plotted against time
for four frequencies for which measurements are avail-
able (Gaensler et al. 1997). As we see from the figure,
the theory satisfactorily reproduces the measurements.
The rise in radio flux from the SNR after the shock
reaches the compressed-wind region is attributable to
an increase in the magnetic field and ambient density at
r > RT. During the initial period, the shock expands in a

nearly homogeneous region as Rs ∝ . Therefore,
the expected rise in radio flux must follow a law S ∝
ρs  ∝ t1.26, in agreement with experiment.

As we see from Fig. 5a, agreement of the calculated
time dependences of shock radius Rs and velocity Vs
with experiment (Gaensler et al. 1997, 1999) is
achieved at RC = 5 × 1017 cm and the red-supergiant
wind number density (zone III, r > RC) Ng0 = ρIII /m =
420 cm–3, which is a factor of 3 larger than the estimates
from Chevalier and Dwarkadas (1995). According to
Fig. 5a, it is at these values of RC and ρIII that the shock
decelerates from Vs ≈ 30000 to 3000 km s–1 within
1500–2500 days after expansion onset. Note that the
difference between the calculated and measured shock
velocities Vs at t = 1500 days is slightly smaller than
that shown in Fig. 5, considering that the measured Vs =

34600 km s–1 has the meaning of average  = Rs /t.
Since the shock expanded with deceleration over the
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entire preceding period, the average velocity (at t =
1500 days, our calculation yields  = 30091 km s–1) is
larger than its current value.

A probable reason for the disagreement with the
results of Chevalier and Dwarkadas (1995) is as fol-
lows. As we see from Fig. 5a, the shock velocity rapidly
falls off starting from t ≈ 1800 days, because it enters
the region of abrupt increase in ambient density. In this
case, it becomes even lower than the velocity of the pis-
ton (Vs < Vp), which also decelerates but not so rapidly.
Therefore, the shock velocity is slightly recovered
through the piston effect. As the shock decelerates, the
periods with Vs > Vp and Vs < Vp alternate several times.
The reason is that, when the piston abruptly deceler-
ates, its velocity drops below the velocity of freely
expanding elements in the ejecta. As these most rapid
elements catch up with the piston and impart an addi-
tional momentum to it, its velocity again slightly
increases. It is for this reason, according to Fig. 5a, that
the ejecta and the shock at t > 3000 days expand with
some acceleration.

The ten-fold decrease in shock velocity during
1500–2500 days is accompanied by a hundred-fold

reduction in injected-particle energy einj ∝ . Accord-
ing to relations (18) and (22), this causes the constant
Kep, which determines the ratio of the accelerated elec-
trons and protons at relativistic energies, to decrease
from Kep = 0.015 at the beginning of zone II to Kep =
0.01 in zone III. As we see from Fig. 4, this allows sat-
isfactory agreement to be reached between theory and
experiment for the entire period t > 1100 days.

As in the supersonic-wind zone (r < RT), the super-
nova shock is strongly modified. In the initial period,
the total compression ratio is σ ≈ 9.5 (see Fig. 5b). The
shock deceleration is accompanied by a reduction in
the Mach number and causes the compression ratio σ to
decrease significantly with time. Although the shock
velocity continues to drop at t > 1700 days, its Mach
number, both the sonic (MS = Vs /cS) and Alfven (Ma =
Vs /ca) ones, increases because of the more rapid reduc-

tion in the speed of sound cS ∝ 1/  and Alfven veloc-

ity ca ∝ B/  in the medium. This results in a growth
of the shock modification: the Alfven velocity at r > RT

decreases by approximately a factor of 100, which,
given the ten-fold drop in Vs, is accompanied by an
increase in Ma by a factor of 10 and an increase in the
total compression ratio to σ ≈ 20 (see Fig. 5b) at t >
4000 days, in good agreement with the expected depen-

dence σ ≈ 1.5  (Berezhko et al. 1996; Berezhko
and Ellison 1999). As in the r < RT zone, the shock does
not become completely modified, and the subshock
does not disappear, which is the result of a crucial role
of geometric effects.

V s

V s
2

ρs

ρs

Ma
3/8
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The subshock compression ratio is σs ≈ 3 and varies
only slightly in the course of evolution (see Fig. 5b).
Therefore, as in the r < RT zone, the CR spectrum in the
range pinj ≤ p < 10mc, which includes the energy range
ee = 1–10 GeV of the electrons emitting at ν = 1–10 GHz,
has the shape fs ∝ p–q with q = qs ≈ 4.6 (see Fig. 5b).
This corresponds to the index of the energy spectrum
γ = q – 2 ≈ 2.6 and to the index of the frequency radio
spectrum α ≈ 0.85, which is in good agreement with
experiment. At the same time, the high-energy part of
the CR spectrum is very hard, f ∝ p–3.5, which is attrib-
utable to the large compression ratio σ.

Since, according to relation (30), pm ∝ RsVs, the maxi-
mum accelerated-particle momentum pm decreased from
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Fig. 4. The radio flux from SNR 1987A for four frequencies
ν = 1.4 (a), 2.4 (b), 4.8 (c), and 8.4 (d) GHz versus time mea-
sured from the supernova explosion. Experimental values
were taken from Gaensler et al. (1997).
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Fig. 5. Same as Fig. 2 for the period when the shock propagates in the r > RT region. The initial piston size and velocity are Rpi =

3.1 × 1017 cm and Vpi = 27728 km s–1, respectively. The vertical line, indicated by dots in Figs. 4a, 4b, and 4e, corresponds to the
current epoch of evolution; the vertical dot–dashed line in Fig. 4a corresponds to the time when the shock reached the ring-shaped
clump (r = RR). The experimental shock size (filled circles) and velocity (open circles) in Fig. 4a were taken from Gaensler et al.
(1997, 1999).
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pm ~ 105mc at t < 1500 days to pm ~ 104mc at t >
2500 days because of the shock deceleration. The par-
ticles with momenta 104 < p/mc < 105 at t > 2500 cease
to be accelerated by the shock because of its low veloc-
ity during this period. The increase in the volume occu-
pied by them follows a diffusion law, causing the distri-
bution function fs ∝ t–3/2 to decrease.

Figure 5d shows the overall spectrum N(p, t) of the
CRs accelerated by the corresponding time t > ti =
1100 days. The spectral shape reflects the preceding
stages of CR evolution and acceleration. During the ini-
tial evolution t/ti < 3, the high-energy part (p > 102mc)
of the overall spectrum is very hard, N ∝ p–1.5, up to the
maximum momentum pm ≈ 105mc. The spectral shape
becomes more complex with time. The overall spec-
trum N(p) ceases to grow at large momenta p > 104mc,
because the acceleration here becomes inefficient at t >
2500 days. At smaller momenta p < 104mc, the overall
spectrum continues to monotonically grow, with the
portion of the hardest spectrum N ∝ p–1.5 being formed
at 10 < p/mc < 104. The low-energy part of the spectrum
is much softer, N ∝ p–2.7.

Note that the distribution function fs(p) and the over-
all CR spectrum N(p) are presented in Figs. 5c and 5d
in the same relative units as those in Figs. 3c and 3d,
respectively. Therefore, a direct comparison of Figs. 3d
and 5d shows that, already by t = 1500 days, the spec-
trum of the CRs accelerated in the r > RT zone is con-
siderably higher than the spectrum N(t = 1000 days, p)
formed over the entire period of the shock passage
through the r < RT zone. The latter serves as a justifica-
tion for disregarding the CR particles produced in the
r < RT zone when describing the shock evolution at r >
RT.

Figure 5e presents the results of our calculations of
the expected integrated gamma-ray spectrum for five
times. During the initial period t < 2000 days, the spec-
trum Fγ(eγ) is dominated by the gamma-ray photons
produced by the CR interaction with the ejecta, espe-
cially at high energies. Therefore, the gamma-ray spec-
trum at 1 < t/ti < 2 is as hard as that during the preceding
period of the shock propagation at r < RT. As the shock
expands, the mass of the swept-up matter Msw grows; as
a result, the spectrum Fγ(eγ) is dominated by the
gamma-ray photons produced in the matter swept up by
the shock at t > 2000 days. For this reason, the gamma-
ray spectrum at late stages is considerably softer than
that during the initial period t < 2000 days. Note that the
total gas mass at r < RR, M ≈ 0.3M(, is significantly
smaller than the ejecta mass, Mej = 10M(. The domi-
nance of gamma-ray emission from the Rp < r < Rs
region stems from the fact that the CR number density
at r < Rp is lower than that at Rp < r < Rs by more than
a factor of 100.

The pattern of evolution of the gamma-ray spectrum
at t > 2500 days can be understood by taking into
account the following circumstances. Gamma-ray pho-
ASTRONOMY LETTERS      Vol. 26      No. 10      2000
tons with energy eγ < 3 TeV are produced by CR parti-
cles with energy e < 30 TeV, which continue to be effec-
tively accelerated by the shock; therefore, the expected
flux Fγ ∝ Mswec is proportional to the CR energy density
at Rp < r < Rs, where the swept-up matter of mass Msw

is concentrated. Since the shock velocity is approxi-
mately constant at t > 2000 days, the CR energy density

ec ∝ ρ s  does not vary, while the swept-up mass

grows as Msw ∝  ∝  t3. This causes an increase in the
expected flux Fγ ∝ t3 with time until late 2006, when the
shock will reach the beginning of the ring-shaped
clump at r = RR = 6 × 1017 cm (McCray 1993). Note that
the calculated time when the shock reaches the r = RR
boundary is in agreement with the estimates by
Chevalier and Dwarkadas (1995) and Gaensler et al.
(1997).

The most energetic gamma-ray photons (eγ > 3 TeV)
are produced by CRs with e > 30 TeV, which are barely
affected by the shock at t > 3000 days. At the same
time, these particles are distributed almost uniformly
over the entire r < Rs region. Therefore, gamma rays
with energy eγ > 3 TeV originate predominantly in the
ejecta and their flux Fγ ∝ Mejec ∝ t–3/2 decreases with
time.

As we see from Fig. 5e, the TeV gamma-ray flux at
the current stage of evolution is Fγ ≈ 7 × 10–13 cm–2 s–1,
and it is expected to almost double by 2006. The
expected gamma-ray spectrum steepens precisely at
eγ ~ 1 TeV, implying that the flux Fγ (1 TeV) is very sen-
sitive to the parameters determining the maximum CR
energy. Thus, in particular, if the actual magnetic field
at r > RT is slightly weaker that we assumed, or if the
actual CR diffusion coefficient is larger than the Bohm
one, this can result in a decrease of the maximum CR
energy by more than a factor of 2, which, in turn, will
cause the flux Fγ (1 TeV) to decrease at least by an order
of magnitude (see Fig. 5e). In this situation, energies
eγ ~ 0.1 TeV are preferred for detecting the gamma rays
from SNR 1987A generated by the CR nucleon compo-
nent.

High-energy gamma rays are also generated by the
CR electron component during Compton backward
scattering by cosmic microwave background photons.
The specific production rate of gamma-ray photons
corresponding to this process is given by (Berezinsky
et al. 1990)

(44)

where σT = 6.65 × 10–25 cm2 is the Thomson cross sec-

tion; ee = mec2  is the energy of the elec-
trons producing gamma-ray photons with energy eγ dur-
ing scattering; eph = 6.7 × 10–4 eV and Nph = 400 cm–3 are
the mean energy and number density of cosmic micro-
wave background photons. If, for simplicity, we take
σpp = 40 mb in (35) and a purely power-law spectrum

V s
2

Rs
3

qγ
IC

eγ( ) σTcNphne ee( ) dee/deγ( ),=

3eγ/ 4eph( )
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of the accelerated CRs, n(ek) ∝ , then the ratio of the
specific production rates of the gamma rays generated
by the electron and nucleon components is given by

(45)

Given that, in our case, Kep ≈ 0.01, Ng ≈ σNg0 ~ 104 cm–3,

and γ ≈ 1.6, it thus follows that  ! ; i.e., the con-
tribution of the electron component to the generation of
gamma rays with energy eγ & & 1 TeV is small com-
pared to that of the nucleon component.

Figures 5f, where the various energy components of
the system are presented, shows that about one percent
of the explosion energy is converted into CRs in less
than three decades of evolution. This suggests a very
high efficiency of the CR acceleration at the early stage
of SNR evolution. The latter is ensured by the high
ejecta expansion velocity at the early stage and by the
relatively high ambient density.

Note that, for a number of reasons, any detailed
comparison of our results with those of Duffy et al.
(1995) does not seem possible. The set of physical
parameters taken by Duffy et al. (1995) differs markedly
from our set. One reason is that the dynamics of the
expanding shock was not calculated by the above authors
in a self-consistent way: instead, these authors assumed
the shock velocity to be constant (Vs = 22000 km s–1),
which is at variance with the requirements of the exper-
iment whose results are presented in Fig. 5a.

CONCLUSION

Our calculations have shown that the observed prop-
erties of the radio emission from SNR 1987A can be
satisfactorily explained on the basis of views about reg-
ular acceleration of the CR nucleon and electron com-
ponents by the supernova shock propagating through
the progenitor stellar wind. In this case, the nonlinear
kinetic theory developed for an inhomogeneous ISM
(Berezhko and Völk 2000) predicts a high efficiency of
CR acceleration and a large degree of shock modifica-
tion by the inverse effect of CR pressure on the shock.
The available set of experimental data leads us to a
definitive conclusion about the physical parameters of
SNR 1987A.

The relatively low rate of mass loss by the blue-super-

giant progenitor of SN 1987A,  = 7.5 × 10–8M( yr–1, is
limited by the requirement that follows from experi-
ment (Gaensler et al. 1997): the mean shock expansion
velocity within the first 1500 days after the explosion

must be Vs ≈ 30000 km s–1. A higher  results in a
stronger deceleration in the blue-supergiant super-
sonic-wind zone, which is inconsistent with experi-
ment.

ek
γ–

qγ
IC

qγ
pp

------- 1.8 10
4Kep

Ng
--------

eγ

290 TeV
--------------------- 

 
γ 1–( )/2

.×=

qγ
IC

qγ
pp

Ṁ

Ṁ

The rate of proton injection into the acceleration
directly affects the degree of shock modification, which
is characterized by the subshock compression ratio (σs)
and the entire shock transition (σ). The observed, rela-
tively soft radio spectrum of SNR 1987A, S ∝ ν –α,
α ≈ 0.9 (Turtle et al. 1987; Staveley-Smith et al. 1992;
Gaensler et al. 1997), is produced by synchrotron radi-
ation of relativistic electrons with a power-law spec-
trum f ∝ p–q, q ≈ 4.8, which is naturally reproduced by
a modified shock with a subshock compression ratio
σs ≈ 3. Such a degree of modification is reached when
the fraction η = 10–2 of protons of the medium swept up
by the shock are drawn (injected) into the acceleration.
This value of the required injection rate is consistent
with interplanetary measurements (see, e.g., Trattner et
al. 1994) and with numerical simulations of collision-
less shocks (Quest 1988; Trattner and Scholer 1993).
Note that, although there is no direct experimental evi-
dence for the effective acceleration of the CR nucleon
component in SN 1987A, the need for a substantial
shock modification can be considered as circumstantial
evidence that the CR nucleon component is actually
accelerated.

As for the rate of electron injection into the acceler-
ation, we suggest that it is closely related to the proton
injection rate at which the number of accelerated elec-
trons at relativistic energies ek @ mc2 accounts for 0.01
of the number of protons. In this case, we proceed from
the observed electron-to-proton ratio in Galactic CRs,
although such a consideration cannot be regarded as a
strict justification of the above number.

Apart from the above two parameters  and η, the
magnetic field directly affects the radio flux. Agree-
ment with the measured flux over the first twelve days
is achieved at the blue-supergiant surface field strength
B∗  = 59 G, which is typical of this class of stars.

The detected rise in the radio flux from SNR 1987A
at phase t ≈ 1200 days (Staveley-Smith 1992; Gaensler
et al. 1997) is naturally associated with the time when
the blast wave reaches zone II of the thermalized stellar
wind at r > RT. The abrupt increase in the ambient den-
sity and magnetic field at the termination shock (r = RT),
which separates this zone I from the supersonic-wind
zone II, causes a rise in the radio flux. Our calculations
yield RT = 3.1 × 1015 cm for the size of the termination
shock.

The experimentally observed significant shock
deceleration at phase t = 1500–3000 days, during which
the shock velocity dropped from 30 000 to 3000 km s–1

as inferred from measurements of the dynamics of the
radio image for SNR 1987A (Gaensler et al. 1997), is
reproduced in our calculations by the third, denser zone III
occupied by the red-supergiant wind matter with the num-
ber density Ng = 420 cm–3 located at r > 5 × 1017 cm.
The theory ensures reasonable agreement of the prop-
erties of radio emission from SNR 1987A with experi-

Ṁ
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ment at the magnetic-field strengths B = 76 and 38 µG
in zones II and III, respectively.

Since the shock at the current evolutionary phase
propagates in a fairly dense medium and effectively
accelerates CRs up to energies ~10 TeV, the total
gamma-ray flux generated by the CR nucleon compo-
nent in collisions with ambient nuclei at energies eγ &
1 TeV is Fγ = 7 × 10–13 (eγ/1 TeV)–0.6 cm–2 s–1; its mono-
tonic rise is expected at least until 2006, when the flux
will approximately double. It should be emphasized
that the available experimental data impose no signifi-
cant constraints on the maximum energy of the acceler-
ated CRs emax = pmc. The shock parameters, the CR
spectrum at moderate energies p ! pm, and, conse-
quently, the properties of SNR radio emission depend
only slightly on pm (Berezhko and Ellison 1999). A
change in pm even by an order of magnitude compared
to the value calculated above, which can be caused by
a deviation of the diffusion coefficient from the Bohm
limit, will not make any significant changes in the
achieved agreement between theory and experiment.
Of particular importance are therefore measurements
of the high-energy (eγ * 100 GeV) gamma-ray flux,
which can provide direct information about the maxi-
mum CR energy emax. It is important to note that, at
energies eγ = 0.1–1 TeV, the modern stereoscopic sys-
tems of gamma-ray telescopes are sensitive enough to
detect the expected gamma-ray emission from SNR
1987A (see Aharonian et al. 1997).
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Abstract—Updated proper motions for 328 probable members of the Praesepe are used to determine the dis-
tance to this open cluster by Hertzsprung’s geometric method. The cluster distance was found to be r = 171 ±
15 pc, which corresponds to the distance modulus V0–MV = 6 16 ± 0.19. The distance scale for open clusters
is discussed. © 2000 MAIK “Nauka/Interperiodica”.
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INTRODUCTION

Recent Hipparcos determinations of stellar trigono-
metric parallaxes have cast doubt on the reliability of
the methods used to estimate the distances to open star
clusters.

Mermilliod et al. (1997) and Robichon et al. (1997)
determined the distances to thirteen nearby open clus-
ters by using trigonometric parallaxes. They inferred a
possible inadequacy of the method of estimating dis-
tance moduli by fitting photometric diagrams as a prob-
able source of discrepancies between the distance esti-
mates obtained from Hipparcos trigonometric and pho-
tometric parallaxes. This inference calls into question
the numerous distance determinations for open clusters
and other Galactic objects. New, independent estimates
of the distance moduli for open clusters are therefore
required.

DISTANCE MODULI FOR OPEN CLUSTERS

Table 1 compares the distance moduli for nearby
clusters estimated from trigonometric parallaxes and
by diagram fitting. Its columns give the following: (1)
cluster names; (2) distance moduli deduced by Mermil-
liod et al. (1997) and Robichon et al. (1997) from trig-
onometric parallaxes; (3) rms errors of the distance
moduli from the above papers; (4) distance moduli
from the catalog by Lynga (1987); (5) and (6) distance
moduli from a new version of the catalog of cluster
parameters by Loktin et al. (1997); and (7) values from

our catalog shifted by 0 43 to correct for a systematic
difference between the distance scales in the two series
of estimates. The table provides no data for the Stock2
and Blanco1 clusters included in the lists of Mermilliod

.
m
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et al. (1997) and Robichon et al. (1997), for which no
data are available in our catalog. As we see from the
table, the distance modulus for only one cluster (IC
4756) deviates appreciably from good agreement
(given the above errors) between the estimates obtained
from trigonometric parallaxes and the estimates of our
catalog. Given the systematic difference between the
two scales, the rms difference between the estimates is

0 20. This value is smaller than the mean error of the
distance moduli determined from trigonometric paral-
laxes (see the table), so the discrepancies in the esti-
mates can all be attributed to random errors. Only the
cluster IC 4756 requires a separate study.

THE PRAESEPE CLUSTER
AND THE GEOMETRIC METHOD

To solve the problem of whether the photometric
method is applicable requires an independent distance
determination at least for several nearby clusters. Dis-
tances can be estimated by the geometric method. Until
now, the geometric method of distance determination
has been applied to the Hyades alone [with the excep-
tion of one unsuccessful attempt outlined by Loktin and
Matkin (1988)]. However, a continuous increase in the
amount of astrometric data and an improvement in their
quality give hope that the applicability of the trigono-
metric method will be extended to other nearby open
clusters as well. Using data on 189 stars, which are
probable members of the Praesepe, Loktin and Matkin
(1988) estimated the distance to this cluster to be
r = 175 ± 43 pc with a mean proper-motion error of
0 2/100 yr. As new observations of Praesepe stars have
appeared in the literature since the publication of the
above paper, we have decided to repeat an attempt to
determine the distance to this cluster by the geometric
method. We took our catalog prepared for the study
(Loktin and Matkin 1988) as the main new catalog of

.
m
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data on Praesepe members. However, the proper
motions of this catalog were reduced to the system of
the Hipparcos catalog; data from the latter were com-
bined with those used previously. The Hipparcos cata-
log was used in the form of a computer-readable ver-
sion, which was kindly provided by Volkov from the
Sternberg Astronomical Institute (Moscow State Uni-
versity).

The available data were supplemented (by calculat-
ing appropriate corrections) with data from Wang et al.
(1995). We checked whether some stars belonged to the
cluster by using radial velocities and UBV photometry
from Mermilliod et al. (1990); only stars falling on the
Praesepe main sequence were retained in the sample.
As a result, we compiled a catalog of proper motions
for 328 probable members of the Praesepe.

The formulas used to determine the cluster distance
by Hertzsprung’s method and the technique for statisti-
cal data reduction are given in Loktin and Matkin
(1988) and were left here without changes. We only
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Frequency distribution of W estimates for probable mem-
bers of the Praesepe.
give the main formula for estimating the distances to
cluster stars:

Here, r is the sought-for distance, vR is the radial veloc-
ity (in our case, the velocity of the cluster as a whole),
θ is the angular distance of the star from the cluster cen-
ter, and µθ is the star’s proper-motion component in the
direction of the cluster center. Since the catalog size
increased, the cluster parameters used to estimate the
distances by the geometric method were redetermined.
Thus, we took VR = +34.23 ± 0.14 km s–1 as the radial
velocity of the cluster as a whole; it was determined as
the mode of the frequency distribution of radial veloci-
ties for cluster members. In just the same way, using the
modes of the corresponding distributions, we deter-
mined the coordinates of the cluster center, αc =
8h37m45s and δc = +19°46′42″, and the proper-motion
components of the cluster as a whole, µα = –3 49/100 yr
and µδ = –1 36/100 yr. As previously, we estimated the
mean distance to the cluster as the reciprocal of the
mean of inverse distances (1/r), which, as was shown
by Loktin and Matkin (1988), yields a slightly biased
estimate of the cluster distance. The frequency distribu-
tion of W = µθ/ /2), which, to within a constant
factor, matches the stellar trigonometric parallaxes, is
presented in the figure, where only the core of the dis-
tribution without its broad wings is shown; the wings
probably contain field stars that fell in the sample by
chance or cluster stars with large errors of their proper
motions. The figure presents the estimates of W
obtained from 282 stars; the remaining ones refer to the
distribution wings. As we see from the figure, the dis-
tribution maximum is determined quite reliably. Its
position, the mode of the distribution, was found as a
weighted mean of 15 central columns of the histogram.
In this way, we obtained the distance to the Praesepe,
r = 171 ± 15 pc, which corresponds to an estimate of

6 16 ± 0 19 for its distance modulus. The errors

r 0.4208v R θ/2( )/µθ.tan–=

.″
.″

(θtan

.
m
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Table 1.  Comparison of cluster parameters

Cluster (m – M)(π) σ(π) (m – M)(Lyn) (m – M)(Cat) σ(Cat) (m – M)(Cat) – ∆

Praesepe 6.24 0.31 5.99 6.51 0.14 6.08

IC 4756 7.30 0.30 8.58 8.58 – 8.15

NGC 6475 7.32 0.30 7.08 7.55 0.11 7.12

NGC 6633 7.32 0.53 8.01 8.03 – 7.60

NGC 2516 7.71 0.20 8.49 8.21 0.13 7.78

NGC 3532 8.10 0.40 8.53 8.59 0.13 8.16

Coma 4.73 0.22 4.49 5.06 0.05 4.63

Pleiades 5.33 0.24 5.61 6.04 – 5.61

IC 2602 5.83 0.22 6.02 6.18 0.02 5.75

IC 2391 5.84 0.25 5.96 6.34 0.05 5.91

αPer 6.33 0.22 6.36 6.50 0.05 6.07
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quoted here were determined as follows. We randomly
divided our sample into five subsamples of equal size
and determined the position of the maximum of the
estimate distribution in each of them. The error in the
mean of these five estimates was taken as an estimate of
the error in the position of the distribution maximum
found from the entire sample. Clearly, this error esti-
mate is likely to be an upper limit for the error in the
position of the maximum of the entire distribution.

As we see, our estimate of the distance modulus for
the Praesepe lies exactly between its estimates (see
Table 1) obtained from trigonometric parallaxes and
photometrically (given the difference between the dis-
tance scales). In this case, the error in the distance
determined by the trigonometric method is still fairly
large, so even more accurate and homogeneous proper-
motion measurements in the fields of several nearby
clusters are required for a more successful use of the
trigonometric method.

CONCLUSION

An analysis of the data in Table 1 leads us to con-
clude that the discrepancy between the distance esti-
mates for open clusters obtained from Hipparcos trigo-
nometric parallaxes and available photometric esti-
mates is mainly random in nature. In this case, the
separation of clusters into groups by agreement of data
made by Mermilliod et al. (1997) appears unjustified,
because the random errors in the distance moduli are
fairly large—of the order of the distance-modulus dif-
ferences established in the paper. The drawbacks of
Hipparcos trigonometric parallaxes, which were men-
tioned, in particular, by Narayanan and Gould (1999)
and Narayanan (1999), are also worthy of note here. In
the former study, Narayanan and Gould used the trigo-
nometric method to verify the distance to the Hyades
estimated from Hipparcos trigonometric parallaxes,
while in the latter, the authors found the distance mod-

ulus for the Pleiades to be 5 58 ± 0 18, which essen-
tially matches the value in the last column of Table 1.

To elucidate the situation with Hipparcos trigono-
metric parallaxes requires both a careful search for pos-
sible sources of systematic errors in the distance mod-
uli estimated from trigonometric parallaxes and
increasing the number of clusters to which the trigono-
metric method of distance determination can be
applied; in particular, the geometric method needs to be
applied to other nearby clusters. Table 2 give data for
open clusters which, in the near future, can become the
objects of study by the moving-cluster method, pro-
vided that the proper motions of their members would

.
m

.
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be determined with a high accuracy. Its columns give
the following: (1) cluster names; (2) distance estimates
for the clusters taken from our catalog (Loktin et al.
1997); and (3) ratios of radial velocity to distance,
which determine whether the geometric method is
applicable. We included NGC 2682 in the table,
because this cluster is reach and well studied. We thus
hope that the large sample size can offset the cluster
remoteness. For comparison and for estimating the
required accuracy of proper motions, the last two col-
umns of the table give data for the Hyades and Praesepe
clusters.
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Table 2.  Clusters with the largest vR/r ratio

Cluster r, pc vR/r

NGC 2232 396 0.051

NGC 2422 526 0.070

NGC 2516 439 0.050

NGC 2682 974 0.033

NGC 6622 404 0.072

IC 2391 185 0.081

IC 4756 519 0.055

Cr 121 642 0.055

Cr 135 339 0.099

Hyades 48 0.917

Praesepe 190 0.179
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Unsteady Mass Outflow from Wolf–Rayet Stars
Kh. F. Khaliullin and A. I. Khaliullina*
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Abstract—We show that hydrostatically equilibrium models for the thin photospheres of helium stars based on
new opacities κR (OPAL and OP) can be constructed only for masses M < 5M(. The parameter Γ = κL/4πGMc,
defined as the ratio of light pressure to gravity, exceeds a critical value of 1.0 for larger masses, which must
result in mass outflow under light pressure. This mass limit matches the observed lower limit for the masses of
Wolf–Rayet stars (MWR > 5M()), which is an additional argument that the Wolf–Rayet stellar cores are actually
helium stars. By solving the equation of radiative transfer in extended atmospheres, we construct a semiempir-
ical model for a WN5 star (MWN5 = 10M()) with a helium core and an expanding envelope, whose physical and
geometric parameters are known mainly from light-curve solution for the eclipsing binary V444 Cyg (WN5 + 06):

outflow rate  ≈ 1.0 × 10–5 M( yr–1, terminal velocity V∞ ≈ 2000 km s–1, and expanding-envelope optical depth
τenv ≈ 25. The temperature at the outer boundary of the photosphere of a helium star surrounded by such an enve-
lope is approximately 130 kK higher than that in the absence of an envelope, being Tph ≈ 240 kK. Because of
the high temperatures, the absorption coefficients at the corresponding photospheric levels are smaller than
those in models with no envelope; therefore, the photosphere turns out to be in hydrostatic equilibrium and sta-
ble against light pressure (Γmax ≈ 0.9). As a way out of this conflicting situation (an expanding envelope together
with a hydrostatically equilibrium photosphere), we propose a model of discrete mass outflow, which is also
supported by the observed cloudy structure of the envelopes in this type of stars. To quantitatively estimate
parameters of the nonuniform outflow model requires detailed gas-dynamical calculations. © 2000 MAIK
“Nauka/Interperiodica”.

Keywords: stars—variable and peculiar

Ṁ

1. INTRODUCTION

Both observations and theoretical calculations sug-
gest that the Wolf–Rayet (WR) stars are helium stars
whose envelopes outflow under light pressure (Bisno-
vatyi–Kogan and Nadyozhin 1972; Cherepashchuk et al.
1984; Langer 1989; Maeder and Conti 1994; Moffat
and Marchenko 1996; Heger and Langer 1996). How-
ever, there are problems here that have not yet been
solved (Haman 1995; Schmutz 1995, 1996; Hillier
1995; Owocki and Gayley 1995). One of them is a large

difference between the momentum flux ( V∞) car-
ried away by the outflowing matter and the photon
momentum flux (LWR/c). Abbot et al. (1986) estimated

the flux ratio to be 4 < ( V∞)/(LWR/c) < 14, while its
values obtained by Barlow et al. (1981) are even a fac-
tor of 3 larger. Multiple photon scattering in an
extended envelope in optically thick lines increases the
efficiency of photon-momentum transfer to the out-
flowing matter several-fold (Abbot and Lucy 1985), but
does not remove this problem completely. At the same
time, for the mechanism of multiple photon scattering

ṀWR

ṀWR

* E-mail address for contacts: hvh@sai.msu.ru
1063-7737/00/2610- $20.00 © 20660
to work more efficiently than it does in O and Of stars,
the matter in optically deep (in continuum) atmospheric
layers of these stars must be initially accelerated. There
is direct observational evidence that the acceleration of
matter begins in deep layers of WR stellar envelopes.
For example, an analysis of light curves for the eclips-
ing binary V444 Cyg (WN5 + O6) shows that the velocity
of mass outflow from the WN5 component at the optical
depth for electron scattering τe = 2/3 is ~400 km s–1

(Cherepashchuk et al. 1984). In addition, an analysis of
the widths of emission lines and their absorption com-
ponents indicates that the upper regions of continuum for-
mation in WR envelopes expand at velocities from several
hundred to a thousand km s–1 (Abbot and Conti 1987).

However, as follows from the solution of the equa-
tion of radiative transfer in extended envelopes, light
pressure is not enough to overcome the gravitational
attraction and for mass outflow to begin in optically
deep layers of a homogeneous envelope (Schmutz
1996).

This study aims at seeking the cause of matter accel-
eration at large optical depths. We use the iterative
method of solving the equation of radiative transfer for
gray extended atmospheres developed by Hummer and
Rybicki (1971). The theory of gray atmospheres is vir-
000 MAIK “Nauka/Interperiodica”
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tually always used in investigating optically deep layers
of WR stellar envelopes to determine the dependence
T(r) for a given density ρ(r) (Pauldrach et al. 1985;
Hillier 1987; Heger and Langer 1996).

In our model calculations, we focused on ascertain-
ing physical conditions in the thin photospheres of
helium stars, which are in a state close to hydrostatic
equilibrium. This approach allowed us to elucidate the
physical nature of the lower mass limit for WR stars
(Mmin ≈ 5M()). Besides, our investigation of the quasi-
equilibrium photospheres of helium stars hidden by
optically thick expanding envelopes led us to the idea
of mass outflow from WR stars in the form of ejection
of individual microenvelopes and necessitated per-
forming gas-dynamical calculations in terms of the
nonuniform outflow model.

2. PHOTOSPHERIC MODELS
FOR HELIUM STARS

A general model of a WR star with a helium core
surrounded by an expanding envelope is considered in
the next section, while here we construct plane-parallel
models for the thin photospheres of helium stars with-
out envelopes in hydrostatic equilibrium:

(1)

Here, geff = g(1 – Γ); Pg is the gas pressure; geff is the
effective gravity; g = GMWR/r2; and Γ is a well-known
parameter, the ratio of light pressure to gravity,

(2)

where G is the gravitational constant, c is the speed of
light, and κ is the mean absorption coefficient per unit
mass. We take the approximation κ = κR(ρ, T), where
κR is the mean Rosseland coefficient.

We took basic physical model parameters (M, L, and
R) for helium stars from Langer (1989) for the mean
Y = 0.50, C = 0.354, and O = 0.146. Since we are
mainly interested in problems related to light pressure
in optically deep layers, we use the simplest LTE model
of a gray atmosphere whose methods of solution are
well known. In our calculations, we used the currently
available OPAL tables for κR(ρ, T) published by Igle-
sias and Rogers (1996). By contrast to previous data,
bound–bound transitions have already been taken into
account in these tables; therefore, there is no need to sep-
arately allow for absorption in spectral lines. The new val-
ues of κR(ρ, T) in the temperature range from 100 to 400
kK are a factor of 2 or 3 larger than the previous ones,
which, according to our calculations, is of fundamental
importance in solving the problem of WR stars.

Note that Langer (1989) computed models for the
internal structure of helium stars as standard models of
WR stars before the publication of the first OPAL tables
by Rogers and Iglesias (1992). However, the new tables
essentially match the previous data for temperatures

dPg r( ) ρgeffdr,–=

Γ κ
LWR

4πGMWRc
--------------------------,=
ASTRONOMY LETTERS      Vol. 26      No. 10      2000
T ≥ 5 × 105 K, at which more than 99% of the stellar
mass is. Therefore, the new opacity data cannot change
significantly the fundamental parameters of helium
stars used here. In addition, Beech and Mitalas (1992)
inferred luminosities of helium stars similar to those
determined by Langer (1989).

Since there is virtually no hydrogen in the envelopes
of WR stars (Torres et al. 1986; Nugis and Niedzielski
1995), we took the following chemical composition:
X = 0.00 and Z = 0.02. The mass fraction of N, C, and
O should apparently be increased significantly in
detailed gas-dynamical calculations. According to our
estimates, increasing the mass fraction of these ele-
ments causes κR(ρ, T) to slightly increase in the temper-
ature range 100–400 kK of interest. It should be noted,
however, that the chemical composition of the outer
layers of a helium star can differ markedly from the
mean for the entire star.

Figure 1 shows the results of our calculations of the
thin photospheres in helium stars of various masses in
the form of a plot of Γ against . We see that, as the
mass of the helium star increases, the maximum value
of this parameter Γmax in its photosphere increases and
reaches almost unity for M = 5M(. At the same time,
the actual values of this parameter are Γmax > 1 for
helium stars with M > 5M(, although we introduced the
following formal constraint for the effective gravity in
the programs of calculations (to ensure that the photo-
sphere be quasi-stable): geff = g(1 – Γ) ≥ 0, i.e., Γ ≤ 1.

It is clear from Fig. 1 that the helium stars have
hydrostatically equilibrium photospheres and can be
observed as normal main-sequence stars with thin

τlog
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Fig. 1. Γ = κL/4πGMc versus (ρ, T) for the hydrostat-

ically equilibrium photospheres of helium stars of various
masses without envelopes. The actual equilibrium photo-
spheric configurations are obtained only for helium stars
with M ≤ 5M( (solid lines). For M > 5M( (dashed lines),
quasi-equilibrium of the photospheres is reached only artifi-
cially, through the adopted constraint Γmax ≤ 1.

τRlog
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photospheres only for M ≤ 5M(. For M > 5M(, the light
pressure in certain photospheric layers exceeds the
force of gravitational attraction, and conditions for the
onset of mass outflow and for the formation of an
extended envelope arise. Since the lower limit on the
measured masses of WR stars is also 5M( (Massey
1981; Cherepashchuk 1996), our result is an additional
argument that the helium stars are WR cores.

Clearly, the structure and physical parameters of an
envelope outflowing under light pressure must be deter-
mined from specific gas-dynamical calculations. At
present, effective algorithms for computing gas-dynami-
cal models have been developed [see Bisnovatyi-Kogan
and Dorodnitsyn (1999) and references therein], and
results of such calculations have been published (Lucy
and Abbot 1993; Springmann 1994; Haman 1995; Heger
and Langer 1996). Here, we do not analyze the results of
these calculations. We only note that, first, the envelopes
of WR stars are interpreted only in terms of the uniform
outflow model, and, second, the boundary conditions,
unfortunately, are commonly taken to be far from the
observed parameters of WR stars.

In the next section, in which a semiempirical model
is developed for a WN5 star, we attempt to justify the
necessity of using nonuniform outflow models and
present the initial physical and geometric parameters of
the WN5 star and the photosphere of its helium core
required for subsequent gas-dynamical calculations,
which are closer to the actual parameters of WR stars.

3. A SEMIEMPIRICAL MODEL
FOR A WN5 STAR

The most reliable data on WR stars were obtained
by analyzing the light and radial-velocity curves of
eclipsing binaries. Seven of ~200 WR stars are known
to be eclipsing systems, of which V444 Cyg (WN5 + O6)
has been studied best. From the light-curve solution for
this system in a wide wavelength range 1200 Å–3.5 µm
(Cherepashchuk et al. 1984), it was mainly established
that the helium remnants of initially more massive stars
predicted by the evolutionary theory are observed as WR
stars. To construct a semiempirical model for a WR star,
we therefore took the WN5 component of V444 Cyg,
whose physical parameters were determined by many
authors (Khaliullin 1974; Hartman 1978; Eaton et al.
1982; Khaliullin et al. 1984; Cherepashchuk et al.
1984, 1995; Eaton et al. 1985; Robert et al. 1990;
St-Louis et al. 1993; Marchenko et al. 1994; Antokhin
et al. 1995; Moffat and Marchenko 1996):

i = 78 0 ± 0 5,                 MWN5 = (9.3 ± 0.5)M(,

R2/3 = (2.9 ± 0.5)R(,       LWN5 ≈ (0.5–1.0) × 1039 erg s–1,

V2/3 = (400 ± 100) km s–1,   r∞ = (35 ± 5)R(

V∞ = (2000 ± 300) km s–1,    ≈ (75 ± 10) kK,

 = (1.0 ± 0.3) × 10–5M( yr–1.

.° .°

TWN5
eff

ṀWN5
Here, r∞ is the maximum acceleration radius of the
envelope matter in the model of uniformly accelerated
motion, R2/3 and V2/3 are the radius and velocity of out-
flow at the optical depth for electron scattering τe = 2/3;
the remaining notation is conventional.

Our model of the WN5 star consists of a helium star
with a thin photosphere surrounded by an envelope
whose expansion follows a specified law V(r) with a

mass outflow rate . Based on the observed parame-
ters of the WN5 star, we chose the model for the stellar
core with M = 10M(, X = 0, Y = 0.5, C = 0.354, and O =
0.146 from the series of helium-star models computed
by Langer (1989):

MWR = 10M(,  = 5.19, Rph = 1.00R(,  = 1.76.

The so-called β law with β ≈ 1.0 (Lamers and Cass-
inelli 1999) is commonly taken for the velocity distri-
bution V(r) in an envelope expanding under light pres-
sure. An analysis of observational data shows that the β
law appears to be a suitable approximation for the
atmospheres of O and Of stars. However, this law is
inconsistent with the light curves of V444 Cyg, whose
solution better corresponds to uniformly accelerated
motion of matter in the envelope of the WN5 compo-
nent (Khaliullin and Khaliullina 2000). This may be
because the acceleration of matter in WR stars appears
to be first produced by light pressure in the entire con-
tinuum and then by the absorption of emission mainly
outside the major series of various species; in higher
layers of the envelope, the absorption and scattering of
emission in individual spectral lines of various species
at various ionization stages contribute to the accelera-
tion of matter. For WR stars, all these processes may
have a more uniform radial distribution than those for
O and Of stars. For uniformly accelerated motion, we
have

(3)

where the acceleration ‡ is given by

(4)

Here, r∞ = (35 ± 5)R( is the envelope acceleration
radius, Vs ≈ 30 km s–1 is the speed of sound near the
envelope base, and V∞ = 2000 km s–1 is the terminal
velocity. The parameters r∞ and V∞ were taken in accor-
dance with the most recent solution of the most accu-
rate continuum (λ 4500 Å) light curve for V444 Cyg
(Khaliullin and Khaliullina 2000). They differ only
slightly from previous results (Cherepashchuk et al.
1984; Eaton et al. 1982).

Relation (3) establishes the density distribution in
the envelope through the continuity equation:

(5)

Ṁ

LWRlog µ

V r( ) r r0–( )2a V s
2

+ for r r∞<
V∞ const          for r r ∞ , ≥ =  




 
=

a
1
2
---

V∞
2

V s
2

–
r∞ r0–

-------------------.=

ρ r( ) Ṁ/4πr
2
V r( ).=
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The mass outflow rate  is one of the fundamental

parameters of WR stars. The values of  obtained from
infrared (Barlow et al. 1981) and radio (Abbot et al.
1986) observations of these stars reach 10–4 M( yr–1.
However, transforming the free–free flux into a mass
flux requires knowledge of the velocity distribution in
the envelope, its chemical composition, electron tem-
perature, etc. In addition, this transformation is made
by assuming a spherically symmetric expanding homo-
geneous envelope with density ρ ∝  r–2. The assumption
of a homogeneous envelope is most critical here,
because the intensity of free–free emission is roughly
proportional to the density squared. At the same time,
Cherepashchuk et al. (1984) adduced convincing argu-
ments for inhomogeneity of the WR envelopes, and the
view that the WR stellar winds are essentially inhomo-
geneous prevails among the researchers of these stars.

In the model of the WN5 star, we therefore used 
estimated from the dynamics of change in the orbital
period of V444 Cyg (Khaliullin 1974; Khaliullin et al.
1984; Antokhin et al. 1995):

(6)

which is free from a priori model assumptions, in par-
ticular, of uniform outflow.

When solving the equation of radiative transfer in an
expanding envelope, we use the so-called effective
opacity (Lucy and Abbot 1993),

(7)

which provides the required light-pressure force for
motion with the specified velocity distribution V(r).
This opacity is commonly used to analyze moving
envelopes (Heger and Langer 1996). In section 4, we
return to the practice of using κeff . At the same time, for
the thin photosphere of a helium star, we use, as in sec-
tion 2, the actual absorption coefficients κR(ρ, t) as
inferred by Iglesias and Rogers (1996).

Having determined all the required model parame-
ters, we performed numerical calculations. Simulta-
neously solving the equation of radiative transfer for
our model of a WN5 star consisting of an expanding

envelope with V(r) and  specified above and the thin
photosphere of a helium star with the specified L, M, R,
and  yielded the radial distributions of temperature
and other physical parameters. In Fig. 2, Γ is plotted

against  = (τ – τenv) for the thin photosphere of a
helium star surrounded by an envelope. Here, τ is the
total optical depth, and τenv is the optical depth of the
expanding envelope. Since the results of these calcula-
tions are of considerable importance, the model of
this  photosphere is presented in the table in the form
of radial (r [R(]) distributions of temperature T [K],

Ṁ

Ṁ

Ṁ

ṀWN5 1.0 0.2±( ) 10
5–
 M( yr–1,×=

κ eff
4πr

2
c

L
-------------- V

dV
dr
------- GM

r
2

---------+ 
  ,=

Ṁ

µ

τR
ph
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logarithm of density  [g cm–3], optical depth

 = (τ – τenv), mean Rosseland absorption coefficient
κR [cm2 g–1], effective gravity geff [cm s–2] = g(1 – Γ),
gas pressure Pg [g cm–2], Γ, and photospheric mass
∆M [g] above the r level.

We see from Fig. 2 and the table that the photo-
sphere of a helium star surrounded by an envelope with
the observed physical parameters of a WN5 star is in
hydrostatic equilibrium and stable against light pres-
sure (Γmax = 0.92), by contrast to the case of no enve-
lope (Fig. 1) where Γmax ≥ 1 (for M = 10M()); i.e., the
optically thick envelope of a WN5 star stabilizes the
thin photosphere of its core (it is in hydrostatic equilib-
rium) and makes it stable against light pressure. This is
our main conclusion. Varying the input parameters over
a range that is twice the probable errors in the observed
parameters of a WN5 star does not change this result
qualitatively.

4. DISCUSSION

From the viewpoint of steady uniform outflow, it is
clear that the situation when a hydrostatically equilib-
rium and stable photosphere is surrounded by an
expanding envelope is internally conflicting. There are
three possible ways out of this situation:

(i) Invoking other mechanisms to trigger mass
outflow in optically deep layers of the envelope: a rotat-
ing magnetic field (Underhill et al. 1990), radial pulsa-
tions (Maeder 1985), nonradial pulsations (Vreux

ρlog

τR
ph

Γ
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0.6

0.4
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logτR
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0 1.00.5

Fig. 2. Γ = κL/4πGMc versus (ρ, T) for the photo-

sphere of the helium core in a WN5 star for various times of
the scenario for single microenvelope ejection: curve 1 for a
hydrostatically equilibrium photosphere (see the table) at
the initial time (t0 = 0), when Γmax = 0.92; curve 2 for a
hydrostatically nonequilibrium photosphere (trel = ∞) at the
critical time t = tcr, when Γmax = 1 is reached; curve 3 for a
hydrostatically equilibrium photosphere (trel = 0) at the crit-
ical time t = tcr , when Γmax = 1 is reached.

τRlog
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A hydrostatically equilibrium photosphere of the helium core in a model WN5 star surrounded by an expanding envelope

(  = 1.0 × 10–5 M( yr–1; τenv = 24.9)

r, R( T, K  = τ – τenv κR, cm2 g–1 logρ, g cm–3 geff = g(1 – Γ) Pg, g cm–2 Γ ∆M, g

1.0198 211951. .001 .382 –9.85 .144E+06 .143E+04 .4530 .189E+21
1.0196 211965. .003 .382 –9.69 .144E+06 .204E+04 .4530 .459E+21
1.0193 211983. .005 .382 –9.53 .144E+06 .292E+04 .4529 .844E+21
1.0187 212033. .013 .382 –9.22 .145E+06 .599E+04 .4528 .218E+22
1.0184 212070. .020 .382 –9.07 .145E+06 .858E+04 .4526 .331E+22
1.0178 212185. .045 .427 –8.78 .131E+06 .166E+05 .5059 .708E+22
1.0172 212387. .095 .478 –8.54 .115E+06 .293E+05 .5668 .138E+23
1.0166 212719. .187 .538 –8.33 .961E+05 .468E+05 .6376 .249E+23
1.0160 213226. .338 .591 –8.17 .795E+05 .685E+05 .7007 .413E+23
1.0154 213941. .563 .636 –8.04 .655E+05 .931E+05 .7537 .638E+23
1.0148 214890. .872 .679 –7.93 .520E+05 .119E+06 .8046 .928E+23
1.0145 215455. 1.060 .697 –7.89 .462E+05 .131E+06 .8264 .110E+24
1.0139 216754. 1.498 .727 –7.82 .371E+05 .155E+06 .8608 .148E+24
1.0133 218258. 2.016 .747 –7.76 .306E+05 .177E+06 .8853 .191E+24
1.0124 220829. 2.925 .767 –7.70 .245E+05 .209E+06 .9084 .266E+24
1.0121 221756. 3.261 .771 –7.68 .231E+05 .219E+06 .9136 .293E+24
1.0118 222711. 3.613 .775 –7.66 .220E+05 .229E+06 .9177 .321E+24
1.0115 223688. 3.979 .777 –7.65 .211E+05 .239E+06 .9211 .351E+24
1.0112 224438. 4.165 .775 –7.64 .219E+05 .244E+06 .9183 .366E+24
1.0108 226021. 4.746 .775 –7.61 .221E+05 .260E+06 .9176 .412E+24
1.0106 226558. 4.946 .774 –7.60 .222E+05 .266E+06 .9173 .428E+24
1.0102 228206. 5.573 .773 –7.58 .225E+05 .284E+06 .9161 .479E+24
1.0100 228768. 5.790 .773 –7.57 .227E+05 .291E+06 .9157 .496E+24
1.0099 229336. 6.011 .772 –7.56 .228E+05 .297E+06 .9151 .514E+24
1.0094 231082. 6.700 .771 –7.54 .233E+05 .318E+06 .9134 .569E+24
1.0093 231677. 6.939 .770 –7.53 .235E+05 .325E+06 .9127 .589E+24
1.0091 232279. 7.183 .770 –7.52 .237E+05 .333E+06 .9121 .608E+24
1.0087 234127. 7.943 .768 –7.49 .243E+05 .356E+06 .9099 .669E+24
1.0085 234757. 8.206 .767 –7.48 .245E+05 .365E+06 .9091 .691E+24
1.0079 237351. 9.315 .765 –7.45 .254E+05 .401E+06 .9058 .780E+24
1.0075 239375. 10.207 .762 –7.42 .261E+05 .431E+06 .9032 .852E+24
1.0065 243835. 12.162 .756 –7.36 .283E+05 .501E+06 .8952 .101E+25
1.0057 248091. 14.182 .752 –7.31 .294E+05 .580E+06 .8914 .118E+25
1.0050 252231. 16.250 .750 –7.26 .302E+05 .661E+06 .8888 .135E+25
1.0043 256170. 18.318 .744 –7.21 .321E+05 .748E+06 .8820 .152E+25
1.0036 260326. 20.608 .739 –7.16 .339E+05 .850E+06 .8754 .171E+25
1.0029 264717. 23.157 .733 –7.11 .358E+05 .971E+06 .8686 .192E+25
1.0022 269497. 26.003 .726 –7.06 .383E+05 .112E+07 .8598 .216E+25
1.0015 274792. 29.368 .719 –7.00 .406E+05 .130E+07 .8513 .244E+25
1.0015 275080. 29.557 .718 –7.00 .407E+05 .131E+07 .8509 .246E+25
1.0015 275369. 29.747 .718 –6.99 .409E+05 .132E+07 .8504 .247E+25
1.0009 279828. 32.759 .712 –6.95 .429E+05 .150E+07 .8433 .273E+25
1.0004 283567. 35.401 .706 –6.91 .447E+05 .166E+07 .8368 .296E+25

.9997 290157. 40.328 .696 –6.84 .482E+05 .199E+07 .8243 .339E+25

.9990 296503. 45.417 .686 –6.77 .516E+05 .236E+07 .8122 .383E+25

.9985 302121. 50.222 .676 –6.72 .546E+05 .273E+07 .8015 .426E+25

.9979 308058. 55.628 .667 –6.66 .578E+05 .319E+07 .7901 .475E+25

.9974 313479. 60.876 .658 –6.61 .607E+05 .366E+07 .7796 .523E+25

.9970 318274. 65.785 .651 –6.56 .632E+05 .412E+07 .7708 .569E+25

.9966 322807. 70.670 .644 –6.52 .655E+05 .461E+07 .7628 .614E+25

.9963 327029. 75.448 .637 –6.48 .677E+05 .511E+07 .7550 .659E+25

.9959 331387. 80.623 .630 –6.44 .700E+05 .567E+07 .7467 .709E+25

.9956 335385. 85.607 .628 –6.41 .706E+05 .623E+07 .7445 .757E+25

.9955 336945. 87.579 .627 –6.39 .710E+05 .645E+07 .7434 .776E+25

Ṁ

τR
ph
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1985), pure rotation and mass outflow in the equatorial
plane (Sreenivasan and Wilson 1982; Cassinelli 1992),
etc. Although these and other possible mechanisms can
contribute to the acceleration of matter for some stars,
as yet none of these mechanisms has been observation-
ally supported for the physical nature of the entire class
of WR stars to be determined.

(ii) Revising the absorption coefficients. After
publication of the OPAL tables of Rosseland mean
absorption coefficients κR(ρ, t) (Rogers and Iglesias
1992; Iglesias and Rogers 1996) and other (OP, SYMP)
tables, which turned out to be a factor of 2 or 3 higher
than their values from previous studies in the range T =
105–4 × 105 K, in particular, the tables by Cox and
Stewart (1970) widely used for more than twenty years,
and which opened up new pages in the physics of many
types of stars (Rogers and Iglesias 1994), the possibil-
ity that the currently available κR will not change appre-
ciably in the future cannot be completely ruled out.
However, the fact that the independent results of several
competing teams of researchers, in particular, OPAL,
OP, SYMP, etc. (Iglesias and Rogers 1996) have
recently differed by no more than 10–15% (for the tem-
perature range of interest), gives hope that the errors of
the currently available κR do not exceed 15%. Varia-
tions of κR in this range cannot change significantly the
results of our calculations and cannot remove the con-
flict under discussion.

(iii) Discrete (nonuniform) mass outflow from the
photosphere. The essence of nonuniform outflow is as
follows. As the envelope expands (without mass influx)
and as its optical depth decreases, the temperature of
the initially stable photosphere drops, causing the
absorption coefficient κR and, accordingly, Γ(r) to
increase in the photosphere. When Γ(rcr) at some rcr
levels exceeds a critical value equal to unity, the neces-
sary condition for the ejection of part of the photo-
sphere above the rcr level as a separate microenvelope
arises. This mechanism of discrete (nonuniform) mass
outflow seems most likely and natural as a way out of
the conflicting situation found.

To illustrate how such an outflow model works, let
us consider the scenario of a single microenvelope ejec-
tion. Figure 3 shows variations in some parameters of
this scenario with time, where τenv(t) is the optical
depth of the envelope expanding under light pressure

with the specified V(r) and . Since the photosphere is
in hydrostatic equilibrium at the initial time (t0 = 0) and
Γmax = 0.92, we assume that there is no continuous
“replenishment” of the envelope with photospheric
matter. That is why the envelope optical depth
decreases with time, while the photospheric tempera-
ture drops.

Γmax(t) is the maximum value of Γ(r). It varies due
to the expansion of the surrounding envelope and the
corresponding decrease in photospheric temperature. If
the temperature of the photosphere varies much faster
than its dynamical relaxation, the density distribution

Ṁ
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can remain virtually constant: ρ(r, t) = ρ(r, t0). We cal-
culated the dependence Γmax(t) under this assumption,
i.e., that the dynamical relaxation time of the photo-
sphere is trel = ∞.

(t) is the variation of the same parameter with
time in a series of photospheric models calculated for
the other extreme case: trel = 0, i.e., when ρ(r, t) instan-
taneously rearranges following the temperature varia-
tions.

We see from Fig. 3 that, both for trel = ∞ and for trel =
0, envelope expansion results in Γmax(t) becoming
larger than unity, and the part of the photosphere above
the critical level rcr can be ejected as a microenvelope.
In Fig. 2, Γ is plotted against  for the critical

times tcr and , when Γmax(t) and (t) reach unity
for the trel = ∞ and trel = 0 models, respectively. The crit-
ical value Γmax = 1 is seen to be reached at optical
depths τ ≈ 3–7, depending on trel . The ejection time also

depends on trel: tcr = 6 min for trel = ∞ and  = 35 min
for trel = 0. The mass of the ejected microenvelope can
be estimated as well: ∆M ≈ (3–5) × 1023 g. However,
these estimates, which are valid for the model of single
envelope ejection considered above, can change appre-
ciably in the case of steady-state periodic microenve-
lope ejection, because it is clear that the photosphere
cannot completely return to equilibrium in the time
between two cycles of microenvelope ejection.

A helium core with a thin unsteady photosphere
plus a set of microenvelopes expanding under light
pressure and breaking up because of various kinds of
instability can represent a WR star in the nonuniform
outflow model. To quantitatively estimate parameters
of this model requires detailed gas-dynamical calcula-
tions. This model is supported by the observed cloudy
structure of the envelopes of this type of stars (Chere-
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of a WN5 star.
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pashchuk et al. 1984; Moffat et al. 1988). Since the
time scale of microenvelope ejection (6–35 min) was
estimated roughly, it is also interesting to note that
quasi-periodic light variations on a time scale t ~ 20–

30 min with an amplitude A ≈ 0 05 were detected in
some WR stars, including the WN5 star of HD 50896
(Bratschi 1995).

We now turn to the practice of using the effective
absorption coefficient κeff given by relation (7). It is
used, because the actual absorption coefficients κR(ρ,
T) in the uniform outflow model are always consider-
ably smaller than κeff , which is commonly attributed to
absorption in spectral lines that have not been taken
into account (Heger and Langer 1996). However, as
was noted above, after a series of fruitful works by sev-
eral teams of researchers on the revision of absorption
coefficients, there is no particular hope that spectral
lines that have not yet been taken into account or other
unknown causes can change significantly the absorp-
tion coefficients for conditions close to local thermody-
namic equilibrium. Therefore, the only possibility to
reconcile κeff with actual κR(ρ, T) is to accept the
hypothesis that the envelope matter is inhomogeneous
and collected in clumps (microenvelopes, clouds, glob-
ules). According to our calculations, for κeff to be rec-
onciled with κR(ρ, T), the matter in optically deep lay-
ers of the envelope (τe > 2/3) must be collected in such
globules (microenvelopes), whose density is a factor of
10–100 higher than the density given by the continuity
equation (5). This is yet another weighty argument for
the initially nonuniform mass outflow from the cores of
WR stars.
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Abstract—We have computed a combined spectroscopic–interferometric orbit for the nearby binary Gliese
600 discovered by us. The orbital period is 2.78 years, and the semimajor axis is 100 mas (0.1″). Its M0 V com-
ponents are almost identical and have a mass of 0.5M(. The mass ratio is uncertain because of the low radial-
velocity semiamplitude (7 km s–1) associated with the low orbital inclination (37°). The orbital parallax of the
binary (52 ± 11 mas) matches its dynamical and photometric parallaxes but differs significantly from the Hip-
parcos parallax (44.3 ± 1.6) mas; the latter was probably distorted by the orbital motion that was not taken into
account. © 2000 MAIK “Nauka/Interperiodica”.

Keywords: stars—properties, classification
Object no. 600 in the Catalogue of Nearby Stars
(Gliese 1969), Gl 600, is an unremarkable star of the
9th magnitude, also known as BD+11°2874 or HIP
77725. Its coordinates are 15h52m08s and +10°52′18″
(2000.0), the magnitudes are mV = 9.38 and mB = 10.78,
and the spectral type is K7 V. However, judging by the
color index and luminosity, which is determined below,
its spectral type is most likely M0 V.

In 1986, this star was included in our program of a
radial-velocity survey of nearby K and M dwarfs with
a correlation spectrometer (Tokovinin 1988; 1992a). In
the former paper, the radial velocity was recognized to
be constant. Subsequently, it emerged that, although
velocity variations were actually barely detectable, the
contrast and width of the correlation profile varied, sug-
gesting the presence of a double-lined, low-amplitude
spectroscopic binary. Tokovinin (1992a) estimated the
orbital period in order of magnitude to be 200 days. We
now know it to be a factor of 5 longer.

Several new spectroscopic binaries from the solar
neighborhood were observed in 1989–1990 with a
speckle interferometer on the 6-m telescope. These also
included Gl 600, which was first resolved as a close
(77 mas) interferometric pair by Balega et al. (1991).
Apart from radial velocities, the speckle measurements
served as a basis for determining the orbit, which is pre-
sented here.

* E-mail address for contacts: balega@sao.ru

INTRODUCTION
1063-7737/00/2610- $20.00 © 20668
INPUT DATA

Radial velocities of Gl 600 were measured in 1986–
1998 using a correlation radial-velocity meter (RVM)
(Tokovinin 1987) on various telescopes with apertures
from 0.6 to 1.25 m in Crimea, Moscow, Abastumani,
and at Maidanak. The RVM accuracy reaches 0.3 km s–1,
but, in our case, it was lower because the object was
faint and the profile contrast was low.

With the FWHM of the RVM instrumental profile
being 14.5 km s–1, we have never been able to com-
pletely resolve the components' profiles. In order to
determine their radial velocities, we have to fix the
FWHM and contrast of the components' profiles and to
fit the observations by their sum. An example of such a
fit is given in Fig. 1. For both components, we assumed
the profile parameters to be the same: a FWHM of
15 km s–1 and a contrast of 7%. The radial-velocity
semiamplitudes determined under these assumptions
were found to be 6.6 and 7.0 km s–1. Slightly different
semiamplitudes are obtained for different profile
parameters. For example, the semiamplitudes at con-
trasts of 8 and 6% are 5.9 and 8.0 km s–1, respectively,
resulting in an implausibly low mass ratio. Thus, one of
the sources of uncertainty in the spectroscopic orbital
elements is related to the assumed parameters of the
components profiles. Formal fitting errors, ranging
from 0.5 to 1.5 km s–1, are another source.

In 1986 and 1987, only the central part of the corre-
lation profile was recorded, and these data proved to be
unsuitable for reduction by the above method. The
remaining spectroscopic observations in 1988–1998
span three complete orbital periods. Our radial-velocity
measurements are given in Table 1. The first part of this
000 MAIK “Nauka/Interperiodica”
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table contains the results of our data reduction without
the profiles being resolved, which were not used to
compute the orbit. Its second part gives radial veloci-
ties, formal errors, and residuals to the orbit for the pri-
mary and secondary components.

In 1990, Gl 600 was first resolved with the 6-m tele-
scope in a 600-nm filter during our speckle-interfero-
metric survey of red dwarfs with variable radial veloc-
ities (Balega et al. 1991). It was included in the Third
Catalog of Interferometric Measurements of Binary
Stars (Hartkopf et al. 1998) under the name Bag 7. The
observations performed three years later confirmed the
identity of the interferometric and spectroscopic sys-
tems. In 1996, the binary was observed in the infrared
(2.2 µm) using the NICMOS-3 detector (Balega et al.
2000). The speckle measurements of Gl 600 are given
in Table 2. The magnitude difference between the com-

ponents does not exceed 0 2 in all bands.

THE ORBIT

We determined all ten elements of the combined
spectroscopic–interferometric orbit by least squares
using the ORBIT code (Tokovinin 1992b). The weights
are inversely proportional to the measurement errors.
The speckle-measurement errors in angle and distance
were taken to be 3 mas. During the final adjustment, the
weights were renormalized in such a way that the S/N
ratio was equal to unity for each of the four types of
data (primary velocity, secondary velocity, position

.
m

20
Vr, km s–1

40 600

3600

3800

4000

C
ou

nt
s

Fig. 1. An example of the correlation profile for Gl 600
recorded on August 5, 1992 (JD 2448840). The dots repre-
sents the number of photoevents in each bin; the solid line
represents a double Gaussian fit with fixed FWHM and con-
trast. The profile contrast is about 10%. The total slope is
instrumental in origin and is modeled by an additional
parameter. The velocity zero point is arbitrary.
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angles, and distances). Thus, the contribution of each
type of data to the general solution corresponds to their
quality. Figure 2 shows radial-velocity curves; the
interferometric measurements and orbit projection onto
the plane of the sky are shown in Fig. 3. Note the
extremely small errors of the speckle measurements.
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Fig. 2. The radial-velocity curve. The filled circles and the
solid line represent the primary component; the open circles
and the dashed line represent the secondary component; and
the crosses indicate unresolved profiles, which were not
used to determine the orbit.
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Fig. 3. Projection of the Gl 600 orbit onto the plane of the
sky. The dots represent interferometric measurements. The
short rectilinear segments connect measurements with com-
puted orbital positions. The primary component is marked
by a cross at the coordinate origin.
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B. Resolved profiles and residuals to the orbit

Table 1.  Radial velocities of Gl 600 and residuals to the orbit
A. Unresolved profiles

JD 2400000+ Vr, km s–1 σ, km s–1 JD 2400000+ Vr, km s–1 σ, km s–1

47204.494 –1.45 0.47 49028.538 –0.32 0.43

48074.375 –0.94 0.35 49124.355 –1.01 0.51

48111.295 –1.71 0.53 49149.366 –2.12 0.28

48117.292 –1.81 0.44 49172.353 –0.63 0.35

48118.327 –3.89 0.11 49206.322 –0.41 0.77

48167.154 –2.18 0.46 51055.238 –1.41 0.38

JD 2400000+ , km s–1 σA, km s–1 (O–C)A, km s–1 , km s–1 σB, km s–1 (O–C)B, km s–1

47753.285 5.09 0.87 –0.32 –8.50 0.86 0.35

48345.450 –4.30 0.64 1.45 2.92 0.64 –0.03

48387.413 –6.47 0.82 –0.61 3.32 0.82 0.25

48460.305 –7.36 1.16 –1.61 3.87 1.18 0.92

48738.425 2.63 1.49 –0.68 –9.20 1.46 –2.57

48840.276 7.41 0.97 0.15 –10.19 0.99 0.62

49234.223 –5.59 0.55 –0.81 2.66 0.58 0.73

49240.219 –3.36 0.69 1.49 1.86 0.69 –0.14

49389.640 –7.72 1.10 –1.88 3.80 1.11 0.76

49463.438 –5.99 0.70 –0.20 1.18 0.85 –1.82

49893.358 6.35 0.88 0.44 –8.85 0.89 0.53

49913.318 6.09 0.94 1.14 –8.84 0.94 –0.47

49919.336 3.73 0.63 –0.92 –8.40 0.64 –0.35

49934.272 5.59 0.83 1.69 –7.91 0.83 –0.65

49944.262 3.51 0.78 0.10 –6.27 0.78 0.47

49980.226 1.67 0.72 –0.08 –4.67 0.73 0.31

50324.235 –5.13 0.58 0.34 2.77 0.58 0.11

50635.334 –4.00 0.72 –0.36 0.47 0.72 –0.25

50899.528 5.63 0.90 –0.65 –9.32 0.90 0.46

50977.321 2.86 0.75 0.33 –6.25 0.74 –0.44

50982.368 1.56 0.69 –0.74 –5.47 0.69 0.09

VrA
VrB

Table 2.  Speckle measurements and their residuals

Epoch θ ρ (O–C)θ, km s–1 (O–C)ρ, km s–1 References

1990.2083 15.5° 0.077″ 1.3 0.000 Balega et al. (1991)

1993.3491 56.4 0.109 –0.6 0.003 Balega et al. (1999)

1993.3516 56.2 0.103 –1.0 –0.003 Balega et al. (1999)

1996.2000 68.4 0.115 1.1 –0.001 Balega et al. (2000)

1997.3913 135.7 0.102 –0.4 0.000 Balega et al. (1999)
Elements of the combined orbit and their errors are
given in Table 3. Also given here are errors of unit
weight for each type of data, orbital masses, and orbital
parallaxes. Recall that, according to recommendations
of the International Astronomical Union, the masses
and parallaxes inferred from combined spectroscopic–
visual orbits are called so. The relatively low accuracy
of the orbital masses can be explained by the low
orbital inclination i, because the masses are propor-
tional to sin3i.

Knowing the orbit, we again reduced all correlation
profiles as single ones in the hope of finding variations
in the mean radial velocity. Having fixed all elements
except K1, we obtained K1 = 0.58 ± 0.46 km s–1; i.e.,
there are no statistically significant variations. This
suggests that the components' magnitudes are almost
ASTRONOMY LETTERS      Vol. 26      No. 10      2000
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equal, which is also confirmed by speckle interferome-
try.

DISCUSSION

Astrometric parameters of Gl 600, in particular, its
parallax πHip = 44.3 ± 1.6 mas, were measured during
the Hipparcos experiment (ESA 1997). With this paral-
lax and our orbital elements, the sum of the masses is
1.53 ± 0.27M(, which is implausibly large for a pair of
M0 V dwarfs. Failure to take into account the binary’s
orbital motion during Hipparcos data reduction proba-
bly resulted in the erroneous parallax, which was also
noted in several other similar cases.

The color index B–V=1.40 corresponds to the spec-
tral type M0 V. The standard mass of such stars is
0.51M( (Lang 1992). Taking this value for each com-
ponent, we obtain a dynamical parallax of 50 mas; i.e.,
it essentially matches the orbital parallax. By contrast
to the orbital parallax, the dynamical parallax does not
depend on the measured radial-velocity semiampli-
tudes, which are not too reliable, and depends only
slightly on the assumed mass. We therefore have no
doubt that the Hipparcos parallax is erroneous.

Thus, we take the dynamical parallax as the most
reliable estimate of the distance to Gl 600, which is,
hence, 20 pc. With the components magnitudes being

the same, their absolute magnitudes are V = 8 62, cor-.
m

Table 3.  Orbital elements for Gl 600

Element Value Error

P, days 1014.5 3.0

T, JD 2450828.1 11.2

e 0.367 0.017

a″ 0.100 0.004

Ω° 286.9 2.9

ω° 339.6 4.9

i° 37.9 3.7

K1, km s–1 6.64 0.28

K2, km s–1 7.03 0.27

V0, km s–1 –1.52 0.11

σA, km s–1 0.89

σB, km s–1 0.65

0.002

0.9

MA/M( 0.48 ± 0.13

MB/M( 0.46 ± 0.12

πorb, mas 52 ± 11

σρ
″

σθ
°
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responding to the luminosity of M0 V dwarfs (Lang
1992). Consequently, the components of Gl 600, to all
appearances, satisfy the standard mass–luminosity
relation. Refining the orbital elements will allow the
errors in the parallax and mass to be considerably
reduced, and a comparison with the mass–luminosity
relation will be more significant. A more accurate
determination of this relation in the range of low
masses is still of current interest.

Knowing the distance to the object, the radial veloc-
ity of its center of mass, and its proper motion (as
inferred from Hipparcos data), we can easily calculate
the spatial velocity components in Galactic coordi-
nates: U, V, W = 2.6, –31.7, 7.2 km s–1. These values are
typical of the Galactic disk population.

A further study of the binary Gl 600 is primarily
associated with a refinement of its spectroscopic ele-
ments. A spectral resolution of no less than 40000 is
required to reliably resolve its components. The
inferred orbital elements will help plan future observa-
tions.
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Abstract—We apply isotropy tests to our new uniform catalog of cosmic gamma-ray bursts (GRBs) (Stern and
Tikhomirova 1999). The catalog contains trigger and nontrigger bursts found in 1024-ms BATSE records over
seven years. Based on this catalog, we confirm isotropy of the GRB spatial distribution for a sample that sur-
passes previous samples in size (2934 bursts) and in achieved threshold (fluxes down to 0.1 phot. cm–2 s–1,
which is a factor of ~2 lower than the BATSE trigger threshold). We also confirm that there is no excess of bursts
toward the galaxy M 31. © 2000 MAIK “Nauka/Interperiodica”.

Keywords: gamma-ray bursts
1. INTRODUCTION

Whether all gamma-ray bursts (GRBs) arrive from
cosmological distances or, apart from the cosmological
population, there is a population of GRB sources of a
different nature, in particular, a population of sources
forming a halo around our Galaxy at distances up to
hundreds of kpc from its center (Shklovskiœ and Mitro-
fanov 1985; Paczynski 1991), has been an open ques-
tion ever since evidence for the cosmological nature of
several GRBs emerged (Djorgovski et al. 1998).

The existence of GRB sources comprising the Galactic
halo population suggests the existence of an analogous
halo population around the Andromeda galaxy (M 31), the
nearest galaxy similar to ours. Detecting an excess of
bursts toward M 31 would prove the existence of such a
population, while isotropy of the observed GRB distribu-
tion constrains the Galactic halo population.

Of special interest in testing isotropy in general
and an excess of events toward M 31 in particular is
our new catalog of GRBs (Stern and Tikhomirova
1999; below referred to as ST99). This is the largest
(to date) uniform catalog of GRBs with fluxes down
to 0.1 phot. cm–2 s–1 found in records of the US Burst
And Transient Source Experiment (BATSE) (Fishman
1992).

* E-mail address for contacts: jana@anubis.asc.rssi.ru
1063-7737/00/2610- $20.00 © 20672
2. THE DATA

The ST99 new catalog of GRBs was compiled by
searching for nontrigger bursts in BATSE archival records
(Stern et al. 1999a, 1999b, 1999c) and represents a com-
bined catalog of trigger and nontrigger GRBs. The records
contain data from continuous BATSE observations
onboard the CGRO orbiting observatory in the energy
range 20–600 keV with a time resolution of 1024 ms.

By trigger bursts we mean the GRBs that were
detected and identified during the BATSE experiment
and included in the BATSE catalog (Meegan et al.
1999). Nontrigger bursts are statistically significant
GRBs that were not caused BATSE triggering; conse-
quently, they were not detected during the BATSE
experiment either because of insufficient intensity or
for other reasons: because of the smooth rise, high
background, and falling within periods of data transfer
from the satellite to the Earth.

All the bursts included in the ST99 catalog were
found by scanning archival records of observations and
by subsequent data reduction using the same proce-
dure. Thus, the catalog is homogeneous. Details of this
search were described by Stern et al. (1999a, 1999b,
1999c). Trigger bursts were identified by using the
BATSE catalog (Meegan et al. 1999). Some of the trig-
ger bursts (~24%) were not found in the search: they
were too short to be detected with a 1024-ms resolution
or fell within breaks of records in this type of data.
Trigger bursts that were not found by scanning were not
included in the catalog for the sake of its homogeneity.
000 MAIK “Nauka/Interperiodica”
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Since the time resolution of the data used is low, the
catalog does not lend itself to studying short bursts.

As of August 25, 1999, the catalog contains 1581
trigger and 1353 nontrigger (2934 in total) GRBs found
in records over seven years of observations (from
April 21, 1991, until October 2, 1997, and from
March 19, 1998, until October 17, 1998); it is thus the
largest GRB catalog to date. The current electronic
BATSE catalog for this time includes more than ~2000
GRBs [while the published catalog by Paciesas et al.
(1999) includes a mere 1637 bursts). The supplement to
it in the form of a catalog of nontrigger GRBs compiled
by Kommers et al. (1998), together with the trigger

dN
/d

(l
og

P
)

300

200

100

0
0.1 1 10 100

P, phot. cm–2 s–1

 Trigger and nontrigger GRBs

Trigger GRBs

Fig. 1. The peak-flux distribution of GRBs from the ST99
catalog.
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bursts found during the data reduction, numbers 2265
bursts (873 of them are nontrigger ones).

The detected nontrigger bursts, which were
included in the ST99 catalog along with the trigger
ones, extended the sample of known GRBs to fluxes of
0.1 phot. cm–2 s–1 and probably made more distant burst
sources accessible for investigation. The increased
number of known GRBs allows their statistical proper-
ties, in particular, the pattern of their spatial distribu-
tion, to be analyzed with greater significance.

Figure 1 shows the peak-flux distribution of bursts.
We give a diagram for all bursts from the catalog and
separately for trigger bursts.

The spatial distribution of GRBs from the ST99 cat-
alog is mapped in Fig. 2. Maps of the nontrigger and all
(trigger and nontrigger) bursts from the catalog are
shown separately.

Stern et al. (1999a, 1999b, 1999c) used in their
search a signal fitting technique for a simultaneous
determination of both the locations and the light curve
as a pure signal. They fitted a light curve that yielded a
minimum χ2 when compared with the observed signal
for the second and third energy channels (50–300 keV)
in all eight BATSE detectors for each time bin. The
burst location and spectrum are varied. The error region
in the catalog is the distance from the point at which χ2

is at a minimum when fitting the photon flux and the
burst location to the farthest point of the contour corre-
sponding to 1σ.
Trigger and nontrigger GRBs
(‡)

(b)

+90

– 90

+180 – 180

Nontrigger GRBs

– 90

– 180+180

+90

Fig. 2. The sky distribution of GRBs from the ST99 catalog in Galactic coordinates in Gummer projection: (a) all bursts (2934) and
(b) only nontrigger bursts (1353).
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In general, the error region is not circular. Apart
from the statistical error, the systematic errors associ-
ated with inaccuracy of the detector response matrix
and the fitting photon spectrum, as well as non-Poisson
background fluctuations, contribute to the location
error.

Figure 3 shows the distribution of location errors for
the ST99 catalog. The location error is less than 10° for
only half of all the bursts from the catalog and less than
20° for 80% of the bursts. The nontrigger bursts, as
mostly weaker ones, generally have larger location
errors. However, such a low location accuracy is quite
sufficient for a statistical analysis of the spatial distribu-
tion and the isotropy tests used here (see Subsection
3.2).

It should be noted that GRBs are rather difficult to
locate (see, e.g., Briggs et al. 1999). The programs of
determining the locations and contours of the error
region used in the BATSE experiment and in Stern et al.
(1999a, 1999b, 1999c) are complex. Their algorithms
differ in spectrum-fitting method, and both are imper-

N

300

200

100

0 20° 40° 60°
R

Trigger and nontrigger GRBs

Nontrigger GRBs

400

Fig. 3. The angular distribution of location errors from the
ST99 catalog in degrees: the heavy and thin lines represent
all bursts and only the nontrigger bursts, respectively.

N
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R

150

2 3 4 5

Fig. 4. The distribution of discrepancies between the GRB
locations determined during the BATSE experiment and in
the search by Stern et al. (1999a, 1999b, 1999c) in standard
deviations σ.
fect [see, e.g., Subsection 4.1 in Paciesas et al. (1999)].
Figure 4 shows discrepancies between the burst loca-
tions from the last BATSE 4Br catalog (Paciesas et al.
1999) and the ST99 catalog. The scatter is significant,
although most deviations between the locations lie
within 1σ.

In their search for nontrigger bursts, Stern et al.
(1999a, 1999b, 1999c) used a method that involved
“planting” artificial test bursts in records of observa-
tions to estimate the efficiency of burst detection and
allowance for some selective effects. The planted test
bursts were made from known trigger bursts that were
detected during the BATSE experiment and randomly
added to records of observations. Without revealing its
artificial nature, the planted bursts, along with the
actual ones, were subjected to the same data reduction
technique and identified only after completion of the
data reduction.

Test bursts were planted with a higher rate (a larger
number of bursts per unit time) than the rate with which
actual bursts are detected; thus, the statistics of the test
bursts found by scanning (4365 events) exceeds the sta-
tistics of the detected actual bursts (2934 events).

The locations of test bursts were randomly specified
from the outset in accordance with an isotropic spatial
distribution. The final distributions for test bursts
exhibit all the systematic effects which the actual bursts
found by Stern et al. (1999a, 1999b, 1999c) in their
search are subjected to: these include both system
peculiarities of the BATSE experiment (including non-
uniform sky exposure) and flaws of the search itself.

3. ISOTROPY TESTS

3.1. The Tests

We see the following tests to be of current interest in
testing the distribution of our new sample of GRBs for
isotropy:

• the dipole moment R in an independent coordinate
system defined as

(1)

where ri is a unit vector directed toward the burst, and
N is the number of bursts in the sample;

• its three components R1, R2, and R3 (in equatorial
coordinates); and the statistics widely used previously
(see, e.g., Briggs et al. 1994):

• 〈cosθ〉, where θ is the angle between the directions
toward the Galactic center and the burst,

• 〈sin2b – 1/3〉 , where b is the Galactic latitude of the
burst,

• 〈sinδ〉,
• 〈sin2δ – 1/3〉 , where δ is the burst declination. The

latter characterize the dipole and quadrupole moments
in Galactic and equatorial coordinates, respectively.

R
ri∑

N
-----------,=
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These statistics are sensitive to the anisotropies
associated with the characteristic directions and planes
of the coordinate systems used. The statistics 〈sinδ〉 and
〈sin2δ – 1/3〉  test the anisotropy attributable to the Earth
and can reveal systematic errors. Using the statistics
〈cosθ〉 and 〈sin2b – 1/3〉  was determined by the hypoth-
eses of a Galactic origin for GRBs.

Confirmation of the cosmological hypothesis for the
origin of GRBs (Djorgovski et al. 1998) makes the use
of an independent coordinate system for isotropy tests
of current interest [note, however, that this system was
used well before this, for example, by Hartmann and
Epstein (1989)].

The 4Br catalog of GRBs detected during the
BATSE experiment uses Watson’s (W) and Bingham’s
(B) statistics, which characterize the dipole and quadru-
pole moments in an independent coordinate system,
respectively (Paciesas et al. 1999). An advantage of the
W test is considered to be its independence of the num-

ber of sources N and the  probability density distri-
bution. However, this test yields a scalar quantity and
does not indicate the direction of a possible anisotropy.
We therefore used a simpler, but more descriptive
parameter—the dipole moment R.

The identification of GRB 980425 with a supernova
(Sadler et al. 1998) suggests that some of the GRBs
may be associated with supernovae in galaxies at red-
shifts z ≤ 0.01. In this case, the super-Galactic plane can
be felt in the sky distribution of GRBs, which was
tested by using yet another statistics, 〈sin2γ – 1/3〉 ,
where γ is the angle between the super-Galactic plane
and the direction toward the burst.

3.2. Errors in the Quantities Used

The statistical errors are

(2)

for the statistics 〈cosθ〉 and 〈sinδ〉, as well as the com-
ponents of the dipole moment R1, R2, and R3;

(3)

for the statistics 〈sin2b – 1/3〉  and 〈sin2δ – 1/3〉; and

(4)

for the magnitude of the dipole moment R. Here, N is
the number of bursts in the sample (Briggs 1993).

The uncertainties introduced into the dipole and
quadrupole moments by the location errors of the ST99
catalog are considerably smaller than the uncertainties
that result from the sample being limited. As Monte
Carlo simulations show, the uncertainties introduced by
the location errors into the components of the dipole

χ3
2

σ 1

3N
-----------,=

σ 4

45N
--------------,=

σ 1

N
--------,=
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moment in an independent coordinate system are
3.8 × 10–3 for the entire ST99 catalog and 7.1 × 10–3 for
the nontrigger bursts, whereas the statistical errors are
1.1 × 10–2 and 1.8 × 10–2, respectively.

The test for an excess of bursts toward the Androm-
eda galaxy is also efficient, despite the large location
errors. We simulated the case where bursts in the M 31
halo give a uniform excess in the spatial distribution
within a circle of radius 12°, 18°, and 25° in the sky
around the direction toward M 31 over the remaining
isotropic background by using the Monte Carlo
method. Given the location errors of our catalog, 55,
66, and 74% of the bursts remain within 12°, 18°, and
25°, respectively; i.e., the excess is quite detectable.
Actually, however, bursts in the M 31 halo must give an
excess that is not uniform inside the circle but with a
concentration of bursts toward the M 31 center; thus,
the fraction of the remaining bursts must be even
higher.

3.3. Comparative Quantities

For an isotropic distribution of GRB sources, the
values of all tests in Table 1 are zero. However, because
of the low, nearly equatorial orbit of the satellite on
which the BATSE experiment was carried out and
because of the varying ionospheric contribution to the
background, the BATSE sky exposure is nonuniform
(in particular, the nonuniformity in δ is especially large)
(Paciesas et al. 1999). The last column of Table 1 gives
the values expected for isotropy of the observed sources
with allowance for the BATSE exposure.

However, other systematic effects could result from
a nonuniform burst selection. One of such effects is
caused by solar activity, Cyg X-1, and hard Galactic
X-ray sources, which reduces the efficiency of GRB
detection by its direction. These effects are more diffi-
cult to take into account than the exposure, and they are
generally disregarded in such problems.

Table 1.  The isotropy tests

Statistics Characteristic Coordinate
system

Expected value 
for BATSE
exposure

R Dipole Independent 0.018*

R1 0.000

R2 0.000

R3 0.018

〈cosθ〉 Dipole Galactic –0.009**

〈sin2b – 1/3〉 Quadrupole Galactic –0.004**

〈sinδ〉 Dipole Equatorial 0.018**

〈sin2δ – 1/3〉 Quadrupole Equatorial 0.024**

  * Magnitude of the vector.
** Paciesas et al. (1999).
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Table 2.  Results of the isotropy tests

Statistics Expected value for 
BATSE exposure 4Br catalog*

ST99 catalog

test trigger, nontrigger nontrigger

|R | 0.018 0.029 ± 0.025 0.024 ± 0.015 0.031 ± 0.018 0.031 ± 0.027

R1 0.000 0.005 ± 0.014 –0.020 ± 0.009 –0.015 ± 0.011 –0.022 ± 0.016

R2 0.000 0.015 ± 0.014 0.008 ± 0.009 0.020 ± 0.011 0.022 ± 0.016

R3 0.018 0.024 ± 0.014 0.009 ± 0.009 0.018 ± 0.011 0.006 ± 0.016

〈cosθ〉 –0.009 –0.025 ± 0.014 –0.010 ± 0.009 –0.025 ± 0.011 –0.020 ± 0.016

〈sin2b – 1/3〉 –0.004 –0.001 ± 0.007 –0.006 ± 0.005 –0.007 ± 0.005 –0.005 ± 0.008

〈sinδ〉 0.018 0.024 ± 0.014 0.009 ± 0.009 0.018 ± 0.011 0.006 ± 0.016

〈sin2δ – 1/3〉 0.024 0.025 ± 0.007 0.027 ± 0.005 0.024 ± 0.005 0.030 ± 0.008

* Paciesas et al. (1999).
In the ST99 catalog, we overcame this problem by
using planted test bursts (see section 2), which exhibit
the same systematic deviations from isotropy as those
expected for actual bursts. The results of our isotropy
tests for planted bursts are presented in column 4 of
Table 2.

Since the sample of planted bursts is relatively small
(4365 events), we use both the values of the isotropy
tests for planted bursts and the calculated values
expected for isotropy with allowance for the BATSE
exposure as comparative quantities.

3.4. Results of the Tests

Table 2 lists the inferred magnitudes of the dipole
moment R, its three components R1, R2, and R3, as
well as the statistics 〈cosθ〉, 〈sin2b – 1/3〉 , 〈sinδ〉, and
〈sin2δ – 1/3〉  for the ST99 catalog: column 5 for the
entire catalog and column 6 for the nontrigger bursts
separately. For comparison, the table gives the values
expected for a uniform isotropic distribution with
allowance for the BATSE exposure (column 2), the val-
ues for the 4Br catalog (column 3), and the values for
the planted test bursts of the ST99 catalog (column 4).

Table 3.  Deviations of the test values from the expected ones

Statistics

4Br
catalog

ST99 catalog

trigger, nontrigger nontrigger

σ/B.e. σ/B.e. σ/t.b. σ/B.e. σ/t.b.

R 0.5** 1.9** 0.5** 1.5** 0.2**

〈cosθ〉 –1.1* –1.5 –1.1 –0.7 –0.5

〈sin2b – 1/3〉 +0.4* –0.5 –0.2 –0.1 +0.1

〈sinδ〉 +0.4* –0.0 +0.6 –0.8 –0.2

〈sin2δ – 1/3〉 +0.1* +0.0 – 0.4 +0.7 +0.3

  * Paciesas et al. (1999).
** Deviation of the vector.
The values of the tests are given with the rms errors
defined by (2)–(4).

Table 3 shows deviations of the observed values of
the tests from the expected ones. For the ST99 and 4Br
catalogs, the table gives deviations of the observed val-
ues from the expected ones for a uniform isotropic dis-
tribution with allowance for the BATSE exposure in σ
designated σ/B.e. and defined by (2)–(4). For the ST99
catalog, it also lists deviations of the observed values
from the values for the test bursts in σ designated σ/t.b.
and defined as

(5)

where σtest burst and σact. burst are the statistical errors for
the test and actual bursts of the catalog, respectively.
The deviations are given both for the entire ST99 cata-
log and for the nontrigger bursts separately. For the
dipole moment R, the table gives the deviation of the
vector

(6)

where σ is defined by (4) and (5) for σ/Ç.e. and σ/t.b.,
respectively.

Note that the magnitude of the dipole moment in an
independent coordinate system was calculated for the
4Br catalog (Paciesas et al. 1999) separately, because it
is not given in this catalog.

The vector of the dipole moment R exhibits the larg-
est deviation from the expected values for the BATSE
exposure: 1.9σ for the entire catalog and 1.5σ for the
nontrigger bursts. However, the deviations from the
values for the test bursts are small: 0.5σ and 0.2σ,
respectively.

σ σtest burst
2 σact. burst

2
+ ,=

R Rcomp–
σ

--------------------------

=  
R1 R1comp–( )2

R2 R2comp–( )2
R3 R3comp–( )2

+ +
σ

----------------------------------------------------------------------------------------------------------------------------- ,
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The dipole direction for the entire catalog is
α = 126° and δ = 35°, which roughly corresponds to the
direction of the Galactic anticenter. The direction for the
nontrigger bursts is α = 135° and δ = 10°. The dipole
direction for the test bursts is α = 159° and δ = 23°.

The deviations of all tests from the values for the
test bursts do not exceed 1.1σ.

The almost significant (1.9σ) deviation of the vector
of the dipole moment from that expected for the
BATSE exposure and the 1.5σ deviation for 〈cosθ〉 can
be explained by selection effects in the search by Stern
et al. (1999a, 1999b, 1999c). The effect is directly con-
firmed by the test bursts. As was already mentioned
above, some bursts may be lost due to hard Galactic
X-ray sources, which determines the anisotropy of the
dipole moment toward the Galactic anticenter. The dis-
tribution in 〈cosθ〉 for the bursts of the catalog in Fig. 5
exhibits a small deficit of bursts toward the Galactic cen-
ter. The test bursts give a dipole, which is also directed to
the hemisphere opposite to the Galactic center.

The value of the test 〈sin2γ – 1/3〉  = –0.016 ± 0.006,
which is –1.2σ of that expected for isotropy and sug-
gests that there is no concentration to the super-Galac-
tic plane.

Thus, the results for the ST99 catalog confirm that
the spatial distribution of GRBs is isotropic.

3.5. Testing an Excess Toward the Galaxy M 31
Detection of an excess of GRBs toward the

Andromeda galaxy (M 31) would prove that, apart from
the cosmological population, a population of bursters
exists in the Galactic halo.

GRB sources can constitute a halo around the Gal-
axy within hundreds of kpc from its center (see, e.g.,
Loredo and Wasserman 1998) with a spatial density of
sources falling off to the periphery (such a halo can be
produced, for example, by neutron stars). Since the spa-
tial distribution for the sample of GRBs under study is
isotropic (see subsection 3.4), the halo size cannot
exceed considerably half the distance to the Androm-
eda galaxy, which is 670 kpc. Thus, the maximum
effective opening of the cone in which an excess of
sources could be expected is ~25°.

Since the halo size is not known, we tested an excess
of bursts for three radii around M 31: 12°, 18°, and 25°.
An excess was tested both for the entire catalog and for
weak bursts with fluxes below 0.4 phot. cm–2 s–1. The
catalog contains 1311 bursts with fluxes below
0.4 phot. cm–2 s–1; thus, they account for slightly less
than half of the total number.

The results of our test of an excess toward M 31 are
summarized in Table 4. The second column gives the
expected number of bursts within the cone of the corre-
sponding radius around the direction of M 31 for an iso-
tropic sky distribution of GRB sources with allowance
for the BATSE exposure; the third and fourth columns
list, respectively, the observed number of bursts accord-
ASTRONOMY LETTERS      Vol. 26      No. 10      2000
ing to the ST99 catalog and the deviation of the
observed number from the expected one.

An excess, within 1.5σ, is detected only for the 12°
radius and is not statistically significant.

The distribution of GRBs from the catalog in cosϕ
(Fig. 6), where ϕ is the angle between the M 31 and
burst directions, clearly shows that there is no statisti-
cally significant excess.

Table 4.  Excess toward M 31

Radius of cone 
around M 31

Expected num-
ber of bursts

Observed num-
ber of bursts

Deviation from 
expected number

Inferred from all 2934 bursts of ST99 catalog

12° 34 41 1.2σ
18° 75 73 –0.2σ
25° 144 146 0.2σ

Inferred from 1311 weak bursts of ST99 catalog

12° 15 21 1.5σ
18° 34 34 0σ
25° 64 63 –0.1σ   
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Fig. 5. The distribution of GRBs from the ST99 catalog in
cosθ. The heavy, thin, and dotted lines represent all (trigger
and nontrigger) bursts, only the nontrigger bursts, and the
test bursts, respectively.

Fig. 6. The distribution of GRBs from the ST99 catalog in
cosϕ. The notation is the same as in Fig. 5.
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4. CONCLUSION

Our results confirm the absence of any anisotropy in
the sky distribution of GRBs with an almost twice as
large sample and half as low burst detection threshold
as they were previously owing to the ST99 new catalog.

We have tested isotropy by using the dipole and qua-
drupole moments in Galactic and equatorial coordi-
nates, as well as the dipole in an independent coordi-
nate system, which can indicate the direction of a pos-
sible anisotropy, and the quadrupole in super-Galactic
coordinates. The 1.9σ deviation of the magnitude of the
dipole (directed away from the Galactic center) from
the expected one is not statistically significant. In addi-
tion, it can be explained by selection effects measured
using “planted” test bursts.

We have also separately tested and confirmed the
absence of any excess of bursts toward the Andromeda
galaxy.

Isotropy, which was confirmed for our new sample
of known GRBs, must place more stringent constraints
on Galactic models of GRBs [see, e.g., Loredo and
Wasserman (1998) for a constraining technique] and, in
particular, must determine the largest allowable frac-
tion of Galactic GRBs in the total number of observed
GRBs.
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The Temperature of Nonspherical Circumstellar Dust Grains1
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Abstract—The temperatures of prolate and oblate spheroidal dust grains in the envelopes of stars of various
spectral types are calculated. Homogeneous particles with aspect ratios a/b ≤ 10 composed of amorphous car-
bon, iron, dirty ice, various silicates, and other materials are considered. The temperatures of spherical and
spheroidal particles were found to vary similarly with particle size, distance to the star, and stellar temperature.
The temperature ratio Td(spheroid)/Td(sphere) depends most strongly on the grain chemical composition and
shape. Spheroidal grains are generally colder than spherical particles of the same volume; only iron spheroids
can be slightly hotter than iron spheres. At a/b ≈ 2, the temperature differences do not exceed 10%. If a/b * 4,
the temperatures can differ by 30–40%. For a fixed dust mass in the medium, the fluxes at wavelengths λ * 100
are higher if the grains are nonspherical, which gives overestimated dust masses from millimeter observations.
The effect of grain shape should also be taken into account when modeling Galactic-dust emission properties,
which are calculated when searching for fluctuations of the cosmic microwave background radiation in its Wien
wing. © 2000 MAIK “Nauka/Interperiodica”.

Keywords: interstellar medium, circumstellar shells
1. INTRODUCTION

The observed infrared and submillimeter emission
from interstellar clouds, circumstellar envelopes, and
galaxies is generally thermal emission of dust heated
by stellar radiation or shock waves. When infrared
spectra of these objects are computed, the dust temper-
ature must be calculated. This temperature is also used
to determine the mass and thermal balance of the matter
in various objects and is important for the formation of
molecules on the grain surfaces.

Calculations of the interstellar dust temperature
were initiated in the 1940s [see Van de Hulst (1949) for
a discussion]. The equilibrium temperature of spherical
dust grains is commonly considered (see, e.g., Mathis
et al. 1983). However, it has been known for fifty years
(since the discovery of interstellar polarization by Hilt-
ner (1949), Hall (1949), and Dombrovskiœ (1949) that
there are nonspherical aligned particles in the interstel-
lar medium.

Nonspherical particles appear to be also present in
circumstellar dust shells. The variations in the position
angle of linear polarization with time and wavelength
observed in red giants provide circumstantial evidence
for this (Dyck and Jennings 1971; Shawl 1975). Even

* E-mail address for contacts: nvv@dust.astro.spbu.ru

1 To the memory of Gennadii Borisovich Sholomitskiœ, an enthusi-
ast for research in the field of infrared and submillimeter astron-
omy.
1063-7737/00/2610- $20.00 © 20679
after correction for the interstellar polarization, the
position-angle difference in the blue and in the red can
reach 20–60°. This behavior is very difficult to explain
in terms of the model of a single star with a shell con-
taining spherical particles alone. If, alternatively, there
are nonspherical grains in the shell, then variations in
the degree and direction of grain alignment may result
in observable variations of the polarization angle.

The first attempt to take into account the effect of
the shape of interstellar grains on their temperature was
made by Greenberg and Shah (1971). These authors
considered metallic and dielectric Rayleigh spheroids
and infinite ice cylinders of 0.1-µm radius. They con-
cluded that nonspherical particles were approximately
10% colder than spheres, a result that entered the books
on interstellar dust (Whittet 1992).

Recently, Fogel and Leung (1998) have computed
the infrared radiation of fractal dust grains produced by
two processes of stochastic growth and composed of
amorphous carbon and silicate. They concluded that the
temperature of nonspherical particles was typically 10–
20% lower than that of spherical ones, which results in
a longward shift of the maximum of the object’s radia-
tion. Fogel and Leung (1998) proposed to consider the
fractal particle size as a parameter of the grain shape,
but they ignored the effects of alignment.

Here, we study in detail the dependence of the tem-
perature of spheroidal circumstellar dust grains on their
shape and alignment. We consider prolate and oblate
particles of various sizes, which are composed of a
variety of absorbing and dielectric materials and which
lie at various distances from stars with various temper-
000 MAIK “Nauka/Interperiodica”
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atures. The nonsphericity effect of interstellar dust
grains on their temperature was discussed by Voshchin-
nikov et al. (1999).

2. THE MODEL

2.1. The Radiation Field

Dust particles are present in the envelopes of late-
type stars (red giants and supergiants) and hotter stars,
such as Herbig Ae/Be stars. Dust grains are heated
mainly by the absorption of stellar radiation. As was
pointed out by Lamy and Perrin (1997), in some cases,
it is important to take into account the star’s true spec-
tral energy distribution as well. In addition, in the outer
regions of optically thick dust shells, the maximum in
the energy distribution is redshifted (see, e.g., Bagnulo
et al. 1995). For simplicity, however, we assume the
energy distribution to be a blackbody one with an effec-
tive temperature Tw. Since we are going to compare the
temperatures of particles under the same conditions,
this assumption is of no fundamental importance.

In most cases, we take the stellar temperature to be
Tw = 2500 K, typical of late-type giants and supergiants
(Pégourie 1987; Lorenz-Martins and Léfevre 1994).
The effects of variations in Tw are discussed in subsec-
tion 4.5.

2.2. Dust Particles

Chemical composition. Particles of amorphous
carbon and amorphous silicates are most commonly
considered as the major sources of the infrared radia-
tion observed from carbon and oxygen stars, respec-
tively. Evidence in support of these materials follows
both from theoretical models of dust formation (Gail
and Sedlmayr 1984) and from laboratory experiments
(Jäger et al. 1994).

The specific type of silicate or carbon material in the
circumstellar medium is very difficult to determine. In
addition, there is most likely a mixture of various dust
components in the shells simultaneously. For example,
bands of silicon carbide, sulfide silicates, and even
amorphous silicates were detected in the spectra of
some carbon stars (Baron et al. 1987; Goebel and
Moseley; Little-Marenin 1986). Several emission
bands found in the spectra of carbon stars were identi-
fied with crystalline silicates (Waters et al. 1999).
Finally, iron and oxide particles can apparently con-
dense in circumstellar envelopes irrespective of the
C/O ratio.

In our modeling, we used the six materials that were
previously chosen by Il’in and Voshchinnikov (1998)
when considering the effect of radiation pressure on
dust grains in the envelopes of late-type stars: amor-
phous carbon, iron, and magnetite (Fe3O4) as examples
of strongly absorbing materials, as well as astronomical
silicate (astrosil), transparent glassy pyroxene, and arti-
ficial dirty silicate (Ossenkopf et al. 1992; OHM sili-
cate) as silicates of various types. References to the
papers from which we took the optical constants of
these materials can be found in Il’in and Voshchinnikov
(1998).2 This set of materials was extended to include
carbon material (cellulose), which was produced by
pyrolysis at a temperature of 1000°C (cel1000; Jäger et
al. 1998), and dirty ice, which was used in the classical
study by Greenberg and Shah (1971). In the latter case,
the imaginary part of the refractive index was chosen to
be k = 0.02 in the wavelength range 0.17–1.2 µm, as
was done by Greenberg (1970, 1971).

Shape. The formation of only spherical particles in
the envelopes of late-type stars has been considered
thus far (see, e.g., Draine 1981; Gail and Sedlmayr
1985; Fadeyev 1987; Fleischer et al. 1992; Cadwell
et al. 1994). The theory of nucleation and growth of
nonspherical particles is still at the initial stage of its
development.

We assume the circumstellar dust grains to be pro-
late and oblate homogeneous spheroids with aspect
ratios a/b (a and b are the spheroid semimajor and
semiminor axes, respectively). By varying a/b, we can
model the particle shape over a wide range: from
spheres to needles and disks.

Size. Dust grains form and grow in the envelopes of
late-type stars. They range in size from tiny particles to
particles with radii up to 1 µm or more [see Lafon and
Berruyer (1991) for a discussion]. The upper limit of
the grain size distribution is uncertain and is the subject
of debate. However, it follows from model calculations
that, in general, the particle size in oxygen stars is
larger than that in carbon ones (Jura 1994, 1996; Bag-
nulo et al. 1995).

In order to compare the optical properties of parti-
cles of the same volume but different shape, it is conve-
nient to characterize the particle size by the radius rV of
a sphere equal in volume to a spheroid. The spheroid
semimajor axis is related to rV by

(1)

for prolate spheroids and by

(2)

for oblate spheroids. In our calculations, we considered
particles with rV = 0.005–0.5 µm.

Structure. The dust grains growing in circumstellar
shells can be fluffy or porous. To model the effect of
porosity, we used Bruggeman’s rule (Bohren and Huff-
man 1986) and obtained the mean effective dielectric

2 Data on the refractive indices can also be extracted from an elec-
tronic database of optical constants (Henning et al. 1999) via
Internet at http://www.astro.spbu.ru/JPDOC/entry.html.
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function εeff of an aggregate composed of n materials
with dielectric functions εi,

(3)

where fi is the fraction of the volume occupied by the
material of type i. The temperature is calculated for
compact particles with εeff. We considered spheroids
composed of vacuum (ε = 1) and cellulose with vacuum
fractions from 0 to 0.9.

Orientation. Collisions of dust grains with atoms
and molecules cause rapid grain rotation with angular
velocities >105 s–1. Interstellar particles are believed to
rotate around the direction of maximum moment of
inertia, and, in general, the angular momentum is par-
allel to the magnetic field (Spitzer 1981). Circumstellar
particles can be aligned by anisotropic radiation or gas
fluxes (Dolginov et al. 1979). Radial grain motion in
the shells must apparently cause particle rotation in the
planes containing the radius vector. However, nonradi-
cal gas flows or the helical circumstellar magnetic
fields produced by stellar rotation (see, e.g., Woitke et
al. 1993) can also result in a different grain alignment.

In our modeling, we considered two types of grain
orientation: particles randomly oriented in space
(3D orientation) and in a plane (2D orientation or com-
plete rotational orientation). In the latter case, the major
axis of a rotating spheroid always lies in the same
plane. The angle Ω between the particle angular veloc-
ity and the wave vector of the incident radiation is a
model parameter (0° ≤ Ω ≤ 90°).

3. BASIC EQUATIONS

Let us consider a dust grain at distance R from a star
of radius Rw and temperature Tw. The stellar radiation
is assumed to be unpolarized. The equilibrium grain
temperature Td can be determined from Kirchoff’s law
by solving the energy balance equation for the absorbed
and emitted energy (erg s–1)

(4)

where (λ) and (λ) are the orientation-averaged
absorption and emission cross sections, πBλ(T) is the
blackbody flux with temperature T (erg cm–2 s–1 µm–1),

and W = /R2 is the radiation dilution factor.

For particles randomly oriented in space, the
absorption cross sections must be averaged over all ori-
entations:

f i

εi εeff–
εi 2εeff+
--------------------

i 1=

n

∑ 0,=

W Cabs λ( )πBλ Tw( ) λd

0

∞

∫ Cem λ( )πBλ Td( ) λ ,d

0

∞

∫=

Cabs Cem

Rw

2
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(5)

Here, mλ is the refractive index of the grain material

(mλ = ), α is the angle between the spheroid rota-
tion axis and the wave vector (0° ≤ α ≤ 90°), and G is
the geometric cross section of the spheroid (the area of
the particle shadow):

(6)

for prolate spheroids and

(7)

for oblate spheroids.
In the case of complete rotational orientation, the

absorption cross sections are averaged over all rotation
angles φ. For prolate spheroids, this yields

(8)

where the angle α is related to Ω and φ (cosα =
sinΩcosφ). For oblate spheroids arbitrarily oriented in
a plane, we have Ω = α and

(9)

The energy emitted by a particle is proportional to
its surface area. The emission cross section can then be
calculated as follows:

(10)

where

(11)

for prolate spheroids and

(12)

for oblate spheroids, e = .

Cabs
3D 1

2
--- Qabs

TM
mλ rV λ a/b α, , , ,( )[

0

π/2

∫=

+ Qabs
TE

mλ rV λ a/b α, , , ,( ) ]G α( ) αdα .sin

ελ
1/2

G α( ) πrV
2 a

b
--- 

 
2/3– a

b
--- 

 
2

αsin
2 αcos

2
+

1/2

=

G α( ) πrV
2 a

b
--- 

 
2/3 a

b
--- 

 
2–

αsin
2 αcos

2
+

1/2

=

Cabs
2D

Ω( ) 2
π
--- 1

2
--- Qabs

TM
mλ rV λ a/b α, , , ,( )[

0

π/2

∫=

+ Qabs
TE

mλ rV λ a/b α, , , ,( ) ]G α( ) φ,d

Cabs
2D

Ω( ) 1
2
--- Qabs

TM
mλ rV λ a/b Ω, , , ,( )[=

+ Qabs
TE

mλ rV λ a/b Ω, , , ,( ) ]G Ω( ).

Cem S
1
2
--- Qabs

TM
mλ rV λ a/b α, , , ,( )[

0

π/2

∫=

+ Qabs
TE

mλ rV λ a/b α, , , ,( ) ] αdα ,sin

S 2πrV
2 a

b
--- 

 
2/3– a

b
--- 

 
1/3 e( )arcsin

e
----------------------+=

S 2πrV
2 a

b
--- 

 
2/3 a

b
--- 

 
4/3– 1 e+( )/ 1 e–( )[ ]ln

2e
----------------------------------------------+=

1 a/b( ) 2–
–



682 VOSHCHINNIKOV, SEMENOV
In Eqs. (5), (8), (9), and (10), the superscripts TM
and TE refer to two polarizations of the incident radia-
tion (TM and TE modes). The efficiency factors

 can be calculated using an exact solution to the
problem of diffraction of a plane electromagnetic wave
by a homogeneous spheroid by separation of variables
[see Voshchinnikov and Farafonov (1993) for more
detail). We used the benchmark results of calculations
of the efficiency factors from Voshchinnikov et al.
(2000) to thoroughly test the computational program.

4. RESULTS AND DISCUSSION

In this section, we discuss the dependence of the
spheroidal-grain temperature on model parameters: the
particle chemical composition, size, shape, and orienta-
tion, as well as the stellar temperature and distance to
the star. We also consider the effects of porosity and
partial polarization of the incident radiation on the par-
ticle temperature. Since the main goal of our study is to
analyze the effects of change in the particle shape, we
compare the temperature ratio of spheroidal and spher-
ical particles of the same volume.

4.1. A Graphical Method of Temperature 
Determination and a Blackbody Model

This method, proposed by Greenberg (1970, 1971),
allows the causes of temperature differences between
dust grains with different characteristics to be clearly
established if the particles are assumed to be in an iso-

Qabs
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Fig. 1. The power absorbed (emitted) by dust particles with
rV = 0.01 µm in an isotropic radiation field. The straight line
corresponds to a blackbody. The curves refer to spherical
and prolate spheroidal (a/b = 10, 3D orientation) cellulose
(cel1000) particles. A graphical method of determining the
grain temperature is shown for Tw = 2500 K and W = 10–8.
In this case, the temperatures of spherical and spheroidal
particles and a blackbody are respectively, Td(sphere) = 76.8 K,
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tropic radiation field. Their temperature can then be
determined by solving the following equation of ther-
mal balance:

(13)

If the spheroidal particles are randomly oriented in
space (3D orientation), then numerical estimates show
that

(14)

The integrals on the left- and right-hand sides of Eq.
(13) then depend on the temperature T alone (for given
particle chemical composition, size, and shape).

Figure 1 shows the power for the absorbed (emitted)
radiation (in erg s–1) for spheres and spheroids of the
same volume (rV = 0.01 µm) composed of cellulose
(cel1000). The method of temperature determination is
indicated by arrows: from the point on the curve corre-
sponding to the stellar temperature (Tw = 2500 K), we
drop a perpendicular whose length is determined by the
radiation dilution factor and then find the point of inter-
section of the horizontal segment with the same curve
for the power. This point gives the dust grain tempera-
ture Td determined from the equation of thermal bal-
ance (13).

It follows from Fig. 1 that the different temperatures
of spheres and spheroids result from different particle
emissivities at low T. The differences are most notice-
able for cellulose. For other materials, the pattern of
dependence is preserved: the emissivity of spheroidal
particles at low temperatures is larger than that for
spheres and closer to the blackbody one (see Fig. 2).
Only iron particles constitute an exception: spheres
composed of them at T & 30 K emit more energy than
spheroids with a/b . 2–6 but less energy than spheroids
with a/b * 8 (Fig. 3).

The straight lines in the upper parts of Figs. 2 and 3
refer to a blackbody, for which the emissivity is propor-
tional to T4, and the absorption efficiency factors are
equal to unity,

(15)

Using Eq. (15) and Stefan–Boltzmann’s law, instead of
(13) we obtain for the 3D orientation
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W Cabs λ( )4πBλ Tw( ) λd

0

∞

∫

=  Cem λ( )πBλ Td( ) λ .d

0

∞

∫

Cabs
3D Cem

4
--------.≈

Qabs
TM

Qabs
TE

1.= =

4WG
3D

σTw

4
SσTd

4
.=
ASTRONOMY LETTERS      Vol. 26      No. 10      2000



THE TEMPERATURE OF NONSPHERICAL CIRCUMSTELLAR DUST GRAINS 683
10 100 1000 10000
T, K

–4

–8

–12

–16

–20

0

 L
og

ar
ith

m
 o

f 
po

w
er

, e
rg

 s
–

1

Blackbody

Sphere
Spheroid, 3D

Prolate, AC1, a/b = 10

Blackbody

Spheroid, 2D, Ω = 0°
Spheroid, 2D, Ω = 90°

0

–4

–8

–12

–16

–20

 Oblate, AC1, a/b = 10

Fig. 2. The power absorbed by dust particles with rV = 0.01 µm in an anisotropic radiation field. The curves refer to spherical, prolate,
and oblate spheroidal amorphous carbon (AC1) particles with a/b = 10. The straight line corresponds to a blackbody.

10 100 1000 10000
T, K

2

L
og

ar
ith

m
 o

f 
po

w
er

, e
rg

 s
–

1

–2

–6

–10

–14

–18

–22

Sphere
Spheroid, 3D, a/b = 4
Spheroid, 3D, a/b = 10

Fig. 3. The power absorbed by iron dust particles with rV = 0.01 µm in an anisotropic radiation field.
ASTRONOMY LETTERS      Vol. 26      No. 10      2000



684 VOSHCHINNIKOV, SEMENOV
Given that the mean projection area of any convex fig-
ure is a quarter of its surface area (see, e.g., Hildebrand
1983),3

(17)

we have for spheres and spheroids randomly oriented in
space

(18)

For the 2D orientation, the blackbody temperature is

(19)

Expressions for the mean cross sections in the case of
complete rotational orientation were derived by Il’in
and Voshchinnikov (1998):

(20)

for prolate spheroids and

(21)

3 Relation (17) for prolate and oblate spheroids can be proved by
directly integrating Eqs. (6) and (7).
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for oblate spheroids. In relation (20), the complete
elliptic integral of the second kind is denoted by E(m).

Based on (20) and (21), we can easily determine the
blackbody-temperature ratios for the two extreme cases
of 2D orientation (Ω = 0° and 90°):

(22)

for prolate spheroids and

(23)

for oblate spheroids. We can also calculate the temper-
ature ratio of a spheroid for the 2D orientation and a
sphere (or a spheroid for the 3D orientation):

(24)

Note that relations (22)–(24) allow the geometric
effects on the temperature of nonspherical dust grains to

be estimated. For example, (Ω = 0°)/ (sphere) =

1.06 (1.18) for a/b = 10 and (Ω = 90°)/ (sphere) =
0.95 (0.66) for prolate (oblate) spheroids.

4.2. Dependence on the Distance from the Star

The temperature of particles of any shape decreases
with distance from the heating source (star). However,
the temperature ratio of nonspherical and spherical par-
ticles varies over a narrow range. As follows from
Fig. 4, which shows the results of our calculations for
amorphous carbon particles, this ratio decreases
approximately by 5% as the distance to the star
increases from 10 to 105 Rw. In this case, the sphere
temperature decreases from 780.6 to 20.8 K. Given the
insignificant variation of Td(spheroid)/Td(sphere) with
R, below we consider the results only for R = 104Rw

(W = 10–8).

4.3. Dependence on the Grain Size

The temperature variations of carbon and silicate
dust grains with particle radius are given in Tables 1
and 2. As rV increases, the particle temperature slightly
rises and then begins to fall, as was also noted previ-
ously (Greenberg 1970). The temperature of spheroidal
particles is always slightly lower than that of spherical
ones; the difference can reach 10% at a/b = 4. The tem-
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perature difference between spheres and spheroids is
largest for the 2D orientation and Ω = 90°. Note also
that, since Td for spheres and spheroids vary with rV
similarly, the temperature ratio is almost independent
of rV .

4.4. Dependence on the Grain Shape
and Chemical Composition

The effects of the chemical composition and shape
of dust grains on their temperature are most significant
compared to the variations of other model parameters.
These effects are illustrated in Figs. 5 and 6, which
show the temperature ratios of spheroids and spheres
for particles with metallic and dielectric properties,
respectively. The variations of Td(spheroid)/Td(sphere)
have the following general tendency: this ratio
decreases with increasing a/b and absorptive material
properties, with the effect increasing. Besides, the fol-
lowing inequality holds for particles of the same vol-
ume:

(25)

The difference between prolate and oblate particles,
which is noticeable in Figs. 5 and 6, is determined by

Td sphere( ) Td
2D Ω 0°=( ) Td

3D
Td

2D Ω 90°=( ).> > >

different optical properties of the particles [see Vosh-
chinnikov and Farafonov (1993) for more detail]. If we
restrict ourselves to a/b & 4, then it is easy to see that
the dielectric and metallic spheroids are, respectively,
10% and 20% colder than the corresponding spheres.
The temperatures of prolate and oblate particles can differ
by 30–40% from the temperature of spheres (Fig. 5). If we
further increase the aspect ratio a/b, then the tempera-
ture gradually ceases to drop. For example, for prolate

cel1000 particles, /Td(sphere) = 0.61, 0.53, 0.50,
and 0.50 for a/b = 10, 20, 50, and 100, respectively.

The temperature behavior for iron particles is pecu-
liar: for a/b & 8, the spheroids are 10–20% hotter than
the spheres. The reason for this is seen from the behav-
ior of the particle emissivity shown in Fig. 3.

4.5. Dependence of the Stellar Temperature

Nonspherical particles may be present in the shells
of stars of various spectral types and in the interplane-
tary medium. The effects of variations in the stellar
temperature are shown in Fig. 7 for amorphous carbon
particles with rV = 0.01 µm. Low effective temperatures
(up to 500 K) correspond to possible conditions in the
outer parts of optically thick circumstellar shells. It fol-

Td
3D

Table 1.  The temperatures (in K) of spherical and spheroidal (a/b = 4) amorphous carbon grains; T★ = 2500 K and R = 10000R★ 

rV, µm Sphere
Prolate spheroid Oblate spheroid

2D, Ω = 0° 2D, Ω = 90° 3D 2D, Ω = 0° 2D, Ω = 90° 3D

0.005 52.3 52.1 48.4 49.7 52.4 47.2 49.2

0.010 52.3 52.2 48.4 49.8 52.4 47.3 49.2

0.020 52.4 52.3 48.5 49.9 52.6 47.4 49.3

0.030 52.6 52.5 48.7 50.1 52.8 47.6 49.5

0.050 53.3 53.2 49.2 50.6 53.3 48.2 50.1

0.100 56.0 54.9 51.0 52.4 54.8 50.4 52.0

0.200 61.1 55.5 54.4 54.7 54.6 54.3 54.3

0.300 62.3 55.0 55.7 55.4 53.6 55.4 54.6

0.500 60.2 53.5 54.3 54.0 51.8 53.6 52.9

Table 2.  The temperatures (in K) of spherical and spheroidal (a/b = 4) astronomical silicate grains; T★ = 2500 K and R = 10000 R★

rV, µm Sphere
Prolate spheroid Oblate spheroid

2D, Ω = 0° 2D, Ω = 90° 3D 2D, Ω = 0° 2D, Ω = 90° 3D

0.005 34.9 31.9 30.6 31.2 32.6 30.5 31.3

0.010 34.9 31.9 30.6 31.1 32.7 30.5 31.3

0.020 34.9 31.9 30.7 31.1 32.7 30.6 31.4

0.030 35.0 32.0 30.7 31.2 32.8 30.6 31.4

0.050 35.2 32.2 30.9 31.4 32.9 30.8 31.6

0.100 36.0 32.8 31.5 32.0 33.5 31.5 32.2

0.200 38.2 33.5 33.0 33.1 33.8 33.3 33.4

0.300 39.6 33.7 34.4 34.0 33.6 34.7 34.2

0.500 40.5 34.1 35.4 34.9 33.4 35.9 34.8
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Fig. 5. The temperature ratio of prolate and oblate spheroidal and spherical grains composed of various materials with metallic prop-
erties; Tw = 2500 ä, rV = 0.01 µm, and R = 104 Rw. The sphere temperature is Td(sphere) = 52.3, 63.0, 59.2, and 120.0 K for particles
of amorphous carbon, magnetite, cellulose, and iron, respectively.
lows from Fig. 7 that there is no effect for Td(spher-
oid)/Td(sphere), although the absolute temperature var-
ies over a fairly wide range: from Td(sphere) = 10.6 K
at Tw = 500 K to Td(sphere) = 226.4 K at Tw =
10 000 K.
4.6. Porous Dust Grains 
and Polarized Incident Radiation

An increase in the fraction f of vacuum in porous
particles causes a decrease in the effective refractive
index, i.e., a reduction in particle absorptivity. In this
ASTRONOMY LETTERS      Vol. 26      No. 10      2000
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Fig. 6. The same as Fig. 5 for particles with dielectric properties. The sphere temperature is Td(sphere) = 34.9, 24.0, 42.4, and 33.7 K
for particles of astrosil, pyroxene, OHM silicate, and dirty ice, respectively.
case, the shape effects gradually disappear, and the
temperature of spheroidal particles approaches the tem-
perature of spheres. This effect is illustrated in Table 3,
which shows that Td(spheroid)/Td(sphere) increases
considerably for cellulose particles at f * 0.5.

The aligned nonspherical particles in the inner parts
of circumstellar dust shells can polarize the stellar radi-
ASTRONOMY LETTERS      Vol. 26      No. 10      2000
ation. In principle, the local linear polarization of scat-
tered radiation can be significant. The absorption effi-
ciency factors for the TM and TE modes must then
enter into the absorption cross sections [relations (5),
(8), and (9)] with different weights, depending on the
polarization P of the incident radiation. This causes an
increase in the temperature of prolate spheroids if the
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electric vector of the incident radiation is parallel to the

particle major axis (in this case,  > ) and a

decrease in their temperature otherwise (  < ).
The reverse is true for oblate spheroids. However, the
effect is not too large: even at P = 50%, the temperature
of prolate spheroidal (a/b = 10) cellulose particles var-

ies between 33.2 and 38.3 K (  = 36.0 K at P = 0%).

The following fairly general conclusion can be
drawn from what was considered above: the tempera-
tures of spherical and nonspherical dust grains are pro-
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Fig. 7. The temperature ratio of prolate and oblate spheroi-
dal (a/b = 4) and spherical amorphous carbon (AC1) grains
with rV = 0.01 µm at R = 104 Rw from the star. The sphere
temperature is Td(sphere) = 10.5, 20.4, 63.1, 106.4, and
226.4 K for Tw = 500, 1000, 3000, 5000, and 10 000 K,
respectively.

Table 3.  The temperatures (in K) of porous spherical and prolate
spheroidal (a/b = 10) cellulose (cel1000) grains; rV = 0.01 µm, T★ =
2500 K, and R = 10000 R★

1 – f
Td(spheroid)/Td(sphere)

Td(sphere)
2D, Ω = 0° 2D, Ω = 90° 3D

1.0 0.65 0.59 0.61 59.2

0.9 0.65 0.59 0.61 57.7

0.7 0.68 0.63 0.65 53.5

0.5 0.77 0.73 0.74 47.3

0.3 0.94 0.91 0.92 45.0

0.2 0.98 0.96 0.96 49.4

0.1 0.98 0.97 0.97 54.8
portional, with the proportionality coefficient being
approximately the same for particles of different sizes
at different distances in the envelopes of stars of differ-
ent spectral types. This coefficient is determined only
by the particle shape and by absorptive properties of the
material of which they are composed.

5. ASTROPHYSICAL IMPLICATIONS

The dust temperature is an important parameter that
determines the infrared spectra of various objects. The
efficiency of grain growth and destruction, formation of
molecules on the grain surfaces, and the alignment of
nonspherical particles depend on Td (Voshchinnikov
1986). Besides, Td determines the polarized submilli-
meter emission of nonspherical particles (Onaka 2000)
and the gas cooling rate in very dense interstellar
clouds (Whitworth et al. 1998).

The infrared flux at wavelength λ emerging from an
optically thin medium is proportional to the total num-
ber N of dust grains in the medium, the Planck function,
which depends on the particle temperature Td, and the

emission cross section (λ):

(26)

where D is the distance to the object. The quantities Td

and (λ) in Eq. (26) depend on the particle shape.

If we assume the chemical composition and sizes of
all particles in the medium to be the same and if we
change only the grain shape, then, when spheres are
replaced by nonspherical particles, the position of the
maximum in the spectrum of thermal radiation is
shifted longward, because the temperature of the latter
is higher (Fig. 8).

The flux ratio is specified as follows:

(27)

It is shown in Fig. 9, where the ratios of the cross sec-
tions and the Planck functions in relation (27) are also
displayed. Despite the different particle temperatures,
the Planck functions differ insignificantly. The main
differences in the fluxes result from different emission
cross sections (λ): they are considerably larger for
nonspherical particles at λ > λmax (Fig. 9). This effect
was previously noted by Ossenkopf and Henning
(1994). 

If the dust mass in an object is determined from the
observed millimeter flux, then the Rayleigh–Jeans
approximation can be used for the Planck function. For
the same flux FIR(λ), the dust mass depends on the par-
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ticle emission cross sections and temperatures, while
the ratio

(28)

shows the extent to which the values of Md differ when
changing the grain shape.

The dust mass in galaxies and molecular clouds is
commonly estimated from 1.3-mm observations (Sie-
benmorgen et al. 1999). At this wavelength, the ratio of
the cross sections for cellulose particles with a/b = 10
(see Figs. 8 and 9) is ~50, and the temperature ratio is
36.0/59.2 = 0.61, which gives approximately a factor of
30 larger dust mass if the particles are assumed to be
spheres rather than spheroids. In other (not so extreme)
cases, the dust-mass overestimate is much smaller. For
example, for prolate amorphous carbon parti-

cles, /  ≈ 1.2, 2.3, and 6.4 for a/b = 2, 4,
and 10, respectively.

The degree of alignment of interstellar and circum-
stellar dust particles for rotational (Davies–Greenstein)
orientation depends on the dust-to-gas temperature
ratio: the smaller is this ratio, the more effective is the
alignment of nonspherical particles (Greenberg 1970;
Voshchinnikov 1986). In this case, as follows from
Tables 1 and 2 and from the discussion in subsection
4.4, the nonspherical particles have a minimum temper-
ature when the magnetic field is perpendicular to the
line of sight (Ω = 90°), i.e., when the polarization of the
forward transmitted radiation is at a maximum. How-
ever, this remark more likely refers to protostellar enve-
lopes than to interstellar particles, where the dust grains
are heated by isotropic radiation.

Yet another important astrophysical process is the
formation of molecules on the grain surfaces. Since the
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Fig. 8. The normalized fluxes emerging from a medium con-
taining the same (by mass) amount of spherical and prolate
spheroidal (a/b = 10, 3D orientation) cellulose (cel1000) par-
ticles; rV = 0.01 µm, Tw = 2500 ä, and R = 104 Rw. The par-

ticle temperatures are Td(sphere) = 59.2 and  = 36.0 K.Td
3D
ASTRONOMY LETTERS      Vol. 26      No. 10      2000
efficiency of this process strongly depends on the grain
temperature, a lower temperature of nonspherical parti-
cles can significantly facilitate the formation of mole-
cules on their surfaces [see Voshchinnikov et al. (1999)
for a discussion].

Finally, it should be mentioned that the sublimation
(along with nucleation) of spherical and nonspherical
particles must take place at different distances from the
star. If we consider the evaporation of ice cometary
grains in the interplanetary medium, then, despite the
weak shape effect for ice (see Fig. 6), the differences
for spheres and spheroids prove to be noticeable
enough. Ice spheres reach the sublimation temperature
[Td(sphere) = Tsubl = 100 K] and begin to evaporate at a
distance R ≈ 20 AU from the Sun. For prolate and oblate
spheroids (a/b = 10, 3D orientation), this takes place
closer to the Sun: at R ≈ 18 and 16 AU, respectively.

6. CONCLUSION

Nonspherical interstellar and circumstellar dust
grains must be slightly colder than spheres of the same
volume composed of the same material. An analysis of
the shape effects for spheroidal particles shows that the
temperature differences do not exceed 10% for a spher-
oid aspect ratio a/b ≈ 2. If a/b ≥ 4, then the temperature
differences reach 30–40%. Only iron spheroids can be
slightly hotter than spheres. All shape effects are
mainly associated with different emissivities of spheri-
cal and nonspherical particles at low temperatures.
Grain porosity causes a reduction in the shape effects,
whereas polarization of the incident radiation can either
reduce or enhance them.

The calculated fluxes at λ * 100 µm turn out to be
higher if the grains are assumed to be nonspherical,
resulting in an overestimation of the dust mass inferred
from millimeter observations.
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Finkbeiner and Schlegel (1999) point out that the
Galactic-dust thermal emission at long wavelengths
gives a major contribution to the observed background
infrared radiation and must be subtracted in the search
for fluctuations of the cosmic microwave background
radiation in its Wien wing. In this case, very small (in
magnitude) effects compared to which the effect of
grain shape is significant and must be taken into
account in modeling are sought.
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