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The author believes that the method of radio detection é#-100°% eV
cosmic rays can be revived. The proof will be the detection of electro-
magnetic pulses produced by the passage of particles with such energy
through the surface of the moon. It is shown that the amplitude of the
radio signal attesting to this event will be two orders of magnitude
greater than the gallactic noise, if the antenna of the UTR-2 decameter
radio telescopéKhar’kov) is used for this purpose. @999 American
Institute of Physicg.S0021-364(09)00122-X]

PACS numbers: 95.55.Vj, 95.55.Jz, 95.85.Ry

Radio detection of cosmic rays, which actually has never been implemented, has a
decisive advantage over conventional methods of detection in the energy raigd/10
and above. This conclusion follows from the discussion below and, specifically, from the
author’s previous work. The main content of this method is due to the possibility of
monitoring relatively simply an area greater tharf kn?. For example, for the energy
range 16°—10°% eV considered here, the working area of the detector with the minimum
required frequency of detection of events10 yr 1) should be of the order of 1km?.
Evidently, under winter conditions such a design based on conventional methods of
detection appears to be essentially unrealizable.

In this connection, the idea of using the moon’s surfaBg~10" km?) as the
working area of a detector has stimulated the development of the method of radio detec-
tion of very high energy cosmic rays. This possibility was examined in Ref. 1, and later
more detailed assessments were made in Ref. 2. However, this principle of detection has
substantial drawbacks. In the first place, the characteristic features of the radio-emission
mechanism limit by at least an order of magnitude the working area of the moon’s
surface, i.e., only a narrow annular zone is used effectivedye Ref. 2 In the second
place (and this is most importaptthe frequency range for which Cherenkov radiation
remains coherent is several orders of magnitude too high because the scattering of the
shower electrons by neutral atoms in the medium is negleses] for example, Ref)3
and the breakdown of coherence with longitudinal development of a shower is also
neglected. These drawbaclespecially taken togethedecrease the efficiency of such a
detector by several orders of magnitude.

In the present letter a detection method that is free of the drawbacks listed above is
examined. Specifically, this is due to the fact that the radio-emission component from a
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shower that is not associated with Cherenkov radiation is selected for particle detection.
As follows from Refs. 4-6, this component is due to the bremsstrahluryedéctrons

from the electron—photon shower in gaseous or condensed media. According to Refs.
4-6, the coherence range in this case lies in the wavelength rarnga 2 -, whereL is

the effective longitudinal size of a shower, and the spatial distribution of the emission is
essentially identical to the directional pattern of a half-wave dipole. The latter property is
one of the decisive factors in selecting a principle of radio detection of cosmic rays.

Since the effective length of an electron—photon shower in lunar soil is 5—-10 m, the
maximum of the spectral intensity of the radio emission lies, as follows from the remarks
made above, in the range 30—50 MHIn this connection, the present author believes
that it is in principle possible to use the wide-band antenna of the UTR-2 decameter radio
telescopgKhar’kov) to detect cosmic rays with enerdy,~ 10— 10?° eV. The effec-
tive area of the antenna at 30—32 MHz is of the order &fmhd, and the direction of the
principal lobe of the spatial pattern of the radiation varies smoothly-r7& range from
the vertical direction. These characteristics satisfy the conditions of a real arrangement of
an experiment as well as is possible.

It is known that at~30 MHz gallactic radio noise is the main source of noise.
Atmospheric noise is substantial only during a local thunderstorm, so that, for example,
it is completely absent at night during the winter because the ionosphere is transparent for
electromagnetic waves in this range. Let us compare, in order of magnitude, the spectral
powers of the useful signal and the gallactic radio noise. For this, we estimate the field
intensity in the frequency rangeL2\, for example, using the expressi®) from Ref.

8 or (10) from Ref. 4:
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whereL =5 m is the longitudinal size of the showé\,,= 10**is the number of electrons
at the maximum of the shower for initial particle enengiy=10> eV, v=3x10" Hz,
p,=ml2 is the emission angle, (Ae,) 1=0.9x10° m/F; c=3x10° m/s, R,=0.4
X 10° m is the distance to the moom; / y,~ 50 is the maximum to minimum ratio of the
Lorentz factor,f(8) =30 (see Ref. Bandq=1.6x 10 !° C. Calculations give approxi-
mately E,,=0.5x 1012 V/mHz.

Then the ratio of the powel,= socEfuw/ZT of the useful signal arriving in a unit
frequency band per 1 fito the intensity of gallactic radio noisk,=3x 10 *°T12AQ
(W-m~2.Hz 1) will have the form

‘JS EocEi
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where T=2x10% is the characteristic temperature of the celestial sphere at 30 MHz,
7=2X10" 8 s is the period of the oscillations, afd)=0.8x 10" sr is the solid angle

of the main lobe of the directional pattern of the antenna. The (@jishows that the
maximum signal amplitudéJg (provided that the arrival direction of the particles is
favorable

Us=(SoCE2A VAR, 7)Y2, 3
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where A=10°> m? is the effective area of the antenna aRg=75 Q is the matched
resistance of the antenna load, is approximately two orders of magnitude greater than the
rms amplitude of the radio noise. Substituting the corresponding quantities frod)Eqg.

into Eq. (3) givesUg~0.7x10 3 V.

Besides radio noise, local noise of a technical character could also be important.
However, this is not fundamental and can be eliminated by means of well-known meth-
ods.

In summary, estimates show that the radio signal caused by the passageoéd 10
cosmic particle through the moon’s surface can be successfully detected on the earth’'s
surface. Moreover, the estimaté®) and (3) give grounds for believing that eV
particles can be detected. In this case the frequency of the events increases by 1.5-2
orders of magnitude.

In conclusion, it should be noted that the successful completion of such an experi-
ment(or a similar experimen} not only opens up new prospects for the method of radio
detection using artificial lunar satellité3The experiment does not involve large expen-
ditures on equipment, but even this experiment can give estimates of the cosmic wave
flux intensity in the range above ¥®V. In addition, since information arrives only from
one side of the celestial sphere, the anisotropy of cosmic rays in this energy range can
also be estimated on the basis of the variation of the yearly intensity. Finally, the obser-
vation of 13>-1072 eV particles will in itself pose a new problem associated with the
hypothesis of the relic cutoff of the energy spectrum of cosmic rays.
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A detailed analysis is presented for a novel scenario in which gamma-
ray bursts are of intergalactic origin and arise from the induced collapse
of an isolated neutron star triggered by a primordial black hole. The
energy released from the phase transition of accreted nucleon matter
into a quark—gluon plasma is transferred by degenerate neutrinos to the
star’'s surface, where neutrinos annihilate into an electron—positron
plasma and produce an inverted temperature layer that preserves a fire-
ball from undue baryonic pollution. Possible observational tests include
the absence of apparent cosmological time dilation, the location of
v-ray bursts primarily outside of galaxies, a specific shape of the
logN—log S curve, with a large peak near red slaft 10, the emission

of ~ 102 of the total energy in the form of 100-GeV photons, a bimo-
dal distribution of durations, a very weak accompanying pulse of gravi-
tational radiation, etc. ©1999 American Institute of Physics.
[S0021-364(99)00222-4

PACS numbers: 97.60.Jd, 97.60.Lf, 95.30.Cq, 98.70.Rz

INTRODUCTION

The problem ofy-ray burstfGRBS (see, e.g., Refs. 1 and &mains a challenging
and controversial issue of modern astrophysics, although a general agreement that they
are of cosmological origin seems to be emerging. If so, the burst rate for the whole
Universe is at least 800 events per y@amly one-third of them is observedEach GRB
lasts for 0.1-100 s+ 10 s on averageand has a broad spectrum with the maximum
energy emitted in the 200 keV region.

Many suggestions have been made to explain the subsecond release of a huge
amount of energy=10°! ergs in the proper spectral ranggeg., Refs. 3 and)4It should
be noted that for two bursts, GRB971214 and GRB990123, the estimated value of the
energy release approaches“érgs, assuming isotropic emission. Since it is very diver-
gent from the average value (L6 10°? ergg inferred from the analysis of the ldg-
log S curve? these bursts may be of different origin.

At present, most theories involve stellar progenitors for GRBs, and there are intrin-
sic difficulties in scenarios of this kiftiThe most subtle one is the inevitable baryonic
pollution of a hot electron—positroe{ e*) relativistic wind(fireball), whereas the lower
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limit on the final Lorentz factor of the plasma outflgequal to the inverse initial fraction
of the baryons’ rest energy to the energy of the thermal plassiia= 100/

In the standard fireball models there is another problem, related to the presence of a
powerful neutron streafhThe latter makes it impossible to have bursts shorter than the
apparent lifetime of neutrons;5 s in the usual models. To eliminate this problem one
needs a fireball with a very high Lorentz facterlC?®, allowing velocity decoupling
between the proton and neutron flows.

Stellar cosmological models place bursters inside galaxies, and this engenders two
more problems: few bright galaxies are observed in the error boxes of bright &atis,
a null result has been obtained in the search for cosmological time dilation in the subsets
of bright and dim burst&® Both problems could be avoided if the sources are predomi-
nantly located in intergalactic space. In this case the expansion of the Universe affects not
only the observed GRB duration but also the shock deceleration time in the local frame
(due to the time dependence of the intergalactic gas dendibe two effects follow
opposing laws inversely proportional to each other, so that no apparent time dilation is
expected.

In this paper we propose a novel scenario for cosmological GRBs, which can resolve
these difficulties. It is based on the collapse of an isolated neutroriNBrinteracting
with a primordial black holéPBH). PBHs, another great enigma of contemporary cos-
mology, are relics of the early Universe, and their existence is related to large metric and
density perturbations at that stage. The initial mass distribution of PBHs depends on the
spectrum of primordial fluctuatiori$,and in the scale-invariant Harrison—Zeldovich case
dn/dmecm™52. Those black holes which were lighter tham =5 x 10'“g became extinct
due to quantum evaporation. Therefore PBHs having masses amoyrate the most
abundant now, but their total number is unknown; the best upper limit on the average
density, derived from studying the cosmic ray backgrotfrid,n,<10* pc 3. The MHD
plasma regime of PBH evaporation leads to GRBs, but they constitute a small fraction of
all bursts™

The new scenario not only explains GRBs but also provides a link between them and
PBHSs. We expect that it will become a sensitive indicator for the existence of PBHs, 3-5
orders of magnitude more powerful than the present-day tests.

Although we have investigated the model thoroughly, it cannot be presented in
detail in a short letter. We therefore give a short description of the whole scenario and
focus on the most essential physical point — the neutrino transfer from the quark—
nucleon interface. In conclusion we propose accessible observational tests that are ca-
pable of distinguishing an actual GRB model.

THE INDUCED COLLAPSE SCENERIO

During contraction of a protostellar cloud, some PBHs along with other dark matter
species are gravitationally captured in the cloud, and an appreciable number of PBHs
reside inside a newly born star. After a supernova explosion, PBHs with orbits close to
the collapsed core remain bound t& ithe lifetime of such orbits is limited by gravita-
tional emission and tidal deceleration, and we find that there are enough PBHSs that will
fall inside NSs within the age of the Universe.

The efficiency of the capturing process depends crucially on the dispersion of PBH
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velocities** which took the smallest value just before galaxies were formed. Given the
protostellar p, ~10 23g/cn?) and presupernova corepd~10° g/cn?) densities, we
estimate the probability that a NS becomes a GRB source:

Ri| [ Ri|®>Qpen Mys
Pere=0. RJ\R.
0

R* Qb m, .
HereR,=R.(p./p, )**is the radius of a PBH orbit just after trapping in the protostellar
cloud, R;=3x10fcm is the radius of the coreR, is the radius of the part of the
protostellar cloud wittM=1.5M , and{}, andQpgy are the mass fractions of baryons
and PBHSs. The probability must be a few percent to explain the present-day GRB rate
(assuming that-30% of all bursts are actually obseryedo we estimate)pg~ (2—
5)x 10 80,~10"°, an order of magnitude less than the current upper limit. Small-scale
clustering of dark matter prior to the formation of the first stammay significantly
increase the probability of PBH capture.

(€

Thus almost all the progenitors should belong to the pregalactic population of
starst® These early Population Ill stars have been captured later by forming galaxies, but
NSs are born with a kick velocity of several hundred km/s, which in many cases is
sufficient to escape the gravitation of a nearby protogalaxy. Therefore, GRBs have pre-
dominantly intergalactic origin.

The fall-down time of a PBH plotted as a function of its periastron distance rises
steeply by orders of magnitude when this distance changes by less than 10% in crossing
the radius of a NS. As a result, PBHs which induce GRBs are spread over fall-down
times in such a manner that there is a peak which traces the formation of Population Il
stars. PBHs on orbits passing through NSs were swallowed almost immediately at a red
shift z~10 and gave rise to a distinct population of GRBs. More than 90% of all the
PBH-NS binaries ever formed have not produced GRBs yet. They will give rise to future
bursts at a steadily decreasing rate.

Decelerated by tidal friction, a PBH comes to rest at the center of the NS, establish-
ing an almost steady infall of nucleons. A moderate compression applied to dense
nucleon matter causes its transition to a quark—gluon plasma at a dengliy2)

X 10cm™ 3 (Ref. 17. The latter occurs at a distance 10-090Qr ; is the radius of the
event horizon for a central black hgJelepending on the actual conditions in the NS core.
Close to the event horizon the accretion flow consists of ultrarelativistic particles only
(quarks, gluons, photons, etand has a velocity of sound equaldb,/3, so that the mass
growth rate of black hole isn=6\3mp,ric, wherep, is the undisturbed density of
nucleon matter. According to this explosive instability equation, the time before the final
implosion, 7,,=4x 1P(m, /m) years, is small in comparison with the age of the Uni-
verse form~m, . During the whole latent period of PBH-triggered GRB, excluding the
last 30 s, no more than 0.1 percent of the total energy is released.

Nucleons destroyed under the extreme pressure in the accretion flow produce a
primary plasma consisting af quarks and approximately twice as mahguarks, while
the equilibrium composition is made of roughly equal numbens, of ands quarks. It is
the energy released in tlik— s transition that heats the quark—gluon plasma and powers
the burst through neutrino emission. The plasma beneath the phase transition boundary is
heated to=50 MeV, as can be found by equating its thermal energy to the energy
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difference between the initial and final compositions. The outer part of the star remains
cold, and neutrinos and antineutrinos form a degenerate gas with a low effective scatter-

ing cross section. The reactions— m%y and v7—>3y do not take place, because of the
high energy threshold in the first case and the small cross section in the second case. Thus
neutrinos do not annihilate until they reach the surface layer of the NS, where the electron

Fermi level is low enough to permit the process—e*e~. The role of three-particle
processes is small in comparison with elastic scattering. The latter alone deposits inside
the NS an amount of energy which would be sufficient to heat the entire star up to 10
MeV, if this thermal energy were not advected by the accretion flow into the black hole.
Thanks to the effect of advection, the hot nucleon matter is confined in a thin shell
(=0.3km around the quark core.

The main annihilation processyv—e*e™ begins at a depth 0.5—1 km, where the
neutrino gas is degenerate, and it takes some time — and distance — to heat the flow to
the temperature corresponding to the conversior=60% of the neutrinos’ energy to
energy of the therma™—e~ plasma. As a result, an inverted temperature layer is formed
that overlaps the region where taee™ wind begins. To get into this wind, baryons have
to pass along a positive temperature gradi€émt, where the radiation energy density
increases a3* while the mass density decreases. Under such conditions the velocity of
baryon flow at the sonic poinf,(dp/dr)/(dp/ar)]1*? is many times smaller than the
adiabatic velocity of sound for the case when radiation pressure dominates. Since the
density at the sonic point is completely determined by the neutrino luminosity, the mass
ejection rate in the presence of the inverted temperature layer is much smaller, reducing
considerably the baryon pollution of the fireball. The Lorentz factor of the outflow in this
case may reach several thousand and is limited by the total mass of nucleons lying above
the sonic point.

After this stage our scenario joins the standard fireball models in assuming the
formation of a shock in the surrounding medium, but with the principal modification
dictated by the ultrarelativistic neutron flow, which carries as much energy as the proton—
electron flow usually considerédepending on the parameters, the neutron flow may or
may not decouple from the proton flow, so that the cosmological GRBs have a bimodal
distribution of durations. Decoupling may lead to multipeaked light cdfvasd causes
pion production in inelastic proton—neutron collisions. The latter results in the emission
of ~10 2 of the total GRB energy in the form of energetic photons originating in the
decay of neutral pions and blue-shifted+d00 GeV.

NEUTRINO TRANSFER

Now let us detail the energy transfer from the hot quark—gluon plasma in the NS
core to the surface of the star. In the GRB case the transfer time is much less than the
induced collapse time. The neutrino flow is therefore quasisteady, and the pressure gra-
dient is equal to the rate of momentum density loss. In the case of spherical symmetry
this gives

du

3
d—R=—ﬁaoNnE)\§hf, 2
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whereu is the neutrino chemical potentiaty=1.8x 10" *4cn?, N,, is the neutron den-

sity, A\¢=h/m¢c is the Compton wavelength of the electréns Planck’s constant, arfd

is the neutrino flux density. The effective cross section for scattering of degenerate
neutrinoss, = (2m.c?/ u)?c e/ oo has the thermal componént

_1+2g3 x myc

9,~1.254, &)

where y=m2T?/4e} is thermal energy per neutrom, is the neutron mass,} and pp
are the neutron Fermi energy and moment{i&u,e¢), and the nonthermal component
o

IS
2 =0 24{ N
N .
pE pEC

as may be easily calculated in the limit of heavy neutrons and zero temperatured Here
is the dipole moment of the deviation of the neutrino Fermi surtgce u + dcosd from

the equilibrium level due to the nonzero flux. In the case of interest both the thermal and
nonthermal parts are smallg{z< o), and the total valu& is simply their sum.

2 P

2
;) , o O<p, 4

Equation(2) with the values(3) and(4) must be accompanied by two more conti-
nuity equations for the functionsand y. For simplicity we assumél,=const and a
constant ratio of the radius of the quark—gluon core to the radius of the central black hole,
g=Rin/rgy. Next, we invoke the condition of zero neutrino losses, taking into account
that their total flux differs at different radii due to the nonzero value of the derivative
dulat, ie., dR,,/dt#0. This provides an equation for the fldxthe same for all six
types of particles £.,v, ,v, and antiparticlesinsofar as they are considered massless.

On the way out, the neutrinos remain degenerate with a temperature equal to that of
the local nucleon matter, since any deviation from equilibrium causes rather strong scat-
tering and energy transfer from neutrinos to neutrons. Balancing the thermal neutron
energy fluxv,N,,x and all neutrino energy fluxes&, wherev,, is the fall-down velocity
of nucleon matter, yields the last equation §giR).

In both equations we replace the time derivati/ét by —Rrg’l(qdrg/dt)a/o"R,
which implies a self-similar scaling of the profiles af and y with increasingR;,(t).
This approximation, which does not affect the numerical results significantly, reduces the
problem to a system of three ordinary differential equations. The boundary conditions are
as follows: u=u;, at R=R;,, x=0 and f=Kk,(47/3)(u/hc)c/4 at the NS surface
R=Rys. Here the factok,<1 includes all possible opacities as compared with the
free-streaming casle,=1. For definiteness we take;,=80 MeV, although the results
are not very sensitive to this value.

We have solved the neutrino transfer equations numerically and found that hot
nucleon matter withT~10 MeV is localized within several hundred meters above the
emitting quark surface, while the rest of the NS remains cbid,l MeV, allowing the
neutrinos to escape almost freely; at such a temper&yre> ;. The final neutrino
pulse has a duration of 1 ms and typical neutrino energies 25—-35 MeV. Altogether,
neutrinos provide~10°! erg in the form of relativistic electron—positron outflow. It
should be noted that due to gravitational lensing some bursts may have apparent energies
tens and hundreds of times larger; this problem will be considered elsewhere.
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CONCLUSION

We have introduced a new kind of astrophysical object, the PBH—NS binary, which
arises naturally from Population Il stars in the pregalactic epoch. The evolution of such
a binary leads to the induced collapse of the NS, which we suggest as a source for
cosmological GRBs.

This novel scenario can cure many of the problems typical to cosmological models
of GRBs, including the absence of time dilation, the lack of large host galaxies, and the
small baryonic pollution of the fireball. The latter is possible thanks to the extraordinary
physical conditions in a collapsing NS, where the hot neutrino-emitting quark core and
the region of efficient neutrino annihilation are separated by a layer of cold and hence
transparent neutron matter. Under these conditions, an inverted temperature layer is
formed in thee e" plasma and serves as a barrier for baryons.

The induced collapse scenario gives several specific predictions. The simplest one to
observe is a large peak near 10, corresponding to the first population of bursts and
containing about half of all the GRBs which have taken place so far. Then a bimodal
distribution of measured durations, with a crossover at the valfes, should exist due
to decoupling of the neutron and proton flows. We also suggest that ground-based obser-
vations of GRBs in the 100-GeV range could afford an opportunity to reveal physical
conditions directly in a fireball, providing us with a new standard candle. Such observa-
tions are already within the sensitivity of modern instruments, but require at least a 30°
effective field of view to ensure one detection per year, with allowance for a 10% duty
cycle for such telescopes. Finally, a very weak pulse of gravitational radiation is expected
in our scenario, contrary to the model of a coalescing NS binary.

This work was supported in part by the Russian Fund for Fundamental Research
(Grant #99-02-18244

*)e-mail: derishev@appl.sci-nnov.ru
De-mail: kochar@appl.sci-nnov.ru
Ye-mail: kochar@appl.sci-nnov.ru

ID. H. Hartmann and S. E. Woosley, Adv. Space Re%5), 143 (1995.

2|, G. Mitrofanov et al, Astrophys. J459, 570 (1996.

3B. Pacsyski, Astrophys. J308 L43 (1986.

4S. E. Woosley, Astrophys. 305 273 (1993.

5D. E. Reichart and P. Mzaos, Astrophys. J483 597 (1997.

SE. V. Derishev, V. V. Kocharovsky, and VI. V. Kocharovsky, Radiophys. Quantum Elec#hry, (1998.

’P. Meszaos and M. J. Rees, Mon. Notes Astron. Soc. South 289, L41 (1994.

8E. V. Derishev, V. V. Kocharovsky, and VI. V. Kocharovsky, Astrophys521, 640 (1999.

9E. Woods and A. Loeb, Astrophys. 453 583(1995.

10|, G. Mitrofanov, M. L. Litvak, and D. A. Ushakov, Astrophys. 490, 509 (1997.

11J. H. MacGibbon and B. J. Carr, Astrophys371, 447 (1991).

12D, N. Page and S. W. Hawking, Astrophys.206, 1 (1976.

3A. A. Belyanin, V. V. Kocharovsky, and VI. V. Kocharovsky, Mon. Notes Astron. Soc. South 298, 626
(1996.

14E. V. Derishev and A. A. Belyanin, Astrophys. 343 1 (1999.

I5A. V. Gurevich, K. P. Zybin, and V. A. Sirota, Usp. Fiz. NaiB7, 913(1997 [Phys. Usp40, 869 (1997)].

163, P. Ostriker and N. Y. Gnedin, Astrophys 472, L63 (1996.



658 JETP Lett., Vol. 70, No. 10, 25 Nov. 1999 Derishev et al.

17Ch. Kettneret al, Phys. Rev. D51, 1440(1995.
18E. V. Derishev, V. V. Kocharovsky, and VI. V. Kocharovsky, Astron. Astropt845, L51 (1999.
19A. Burrows and J. M. Lattimer, Astrophys. 307, 178(1986.

Published in English in the original Russian journal. Edited by Steve Torstveit.



JETP LETTERS VOLUME 70, NUMBER 10 25 NOV. 1999

Conformal blocks and correlators in a bosonized WZNW
model

K. A. Sara kin*)

L. D. Landau Institute of Theoretical Physics, Russian Academy of Sciences,
117334 Moscow, Russia; Institute of Theoretical and Experimental Physics,
117259 Moscow, Russia

(Submitted 12 October 1999
Pis'ma Zh. EKsp. Teor. Fiz70, No. 10, 648—65325 November 1999

The solutions of the Knizhnik—Zamolodchikov equations as conformal
blocks of the Wess—Zumino—Novikov—WitteBU(2) model on a
sphere are examined. An action that permits findingNkgoint corr-
elators of the model, which are constructed in a natural manner from
the conformal blocks, is proposed. This is an action of three free fields
perturbed by a special marginal operator. The construction described
should extend to the case of other groups and surfaces of higher genus.
© 1999 American Institute of Physids50021-364(09)00322-9

PACS numbers: 11.25.Hf, 02.20.Sv

1. The WZNW model? is a two-dimensional conformal field theory with an addi-
tional Kac—Moody algebraic symmetry. This model has the distinction that all known

rational conformal field theories can be obtained from it by a coset constriictidoy
Drinfel'd—Sokolov reductior. The primary fieldsdbzqui of the WZNW model with

- S
conformal dimensions 4A;,A;) belong to a tensor product of two finite-dimensional
representations of a semi-simple Lie group. The indiegsand m; correspond to the
“left-hand” and “right-hand” respresentations, respectively. The correlators of the pri-
mary fields, in accordance with the basic ideas of conformal field tiepossess the
holomorphic factorization property

mpmy my

_ m _
<®A1’A1(21,Z1) x 'CDAI:‘,AN(ZN \ZN))wznw

:;J Cab.%al N(Zl, P lzN)'%bl N(Zl, P 1ZN)' (1)

For this reason the main objects of the theory become the so-called conformal blocks
T ™(zy,...zy). They can be found by the bosonization methbbased on the
choice of a definite parameterization of a group element. For an appropriate parameter-
ization, the action becomes quadratic in the fields, and the limitations arising in the
process on the region of integration in the functional integral can be described as an
insertion of so-called screening operatdistegrals of certain 1-forms over noncon-

tractable contoupsinto the correlators. However, such a construction does not give a

0021-3640/99/70(10)/7/$15.00 659 © 1999 American Institute of Physics
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prescription for obtaining correlators from conformal blo¢kee constant€2 in Eq. (1)
are not known in a general fopmMoreover, many important properties of the conformal
blocks remain veiledthe fact that they must satisfy a special differeftiid algebraft®
equations which follow from the internal symmetry of the model

In the present letter an action that solves these problems is proposed. It makes it
possible to find the complete correlators of the WZNBAJ(2) model. In so doing, the
constituent conformal blocks immediately satisfy the required conditions. This is the
action of three free fields perturbed by a special marginal operator.

2. Let us consider thesl(2) algebra. It is given by the following commutation
relations between the Chevalley generammifs andh:

[hel=2e, [hfl=—2f, [ef]=h. )

Then the Knizhnik—Zamolodchikov equatidnshich the conformal blocks must satisfy
assume the form

Vie7(2)= K—Z/<z> 2 ,_’ 7(2)=0, 3

where();j=1/2h;h;+ef; +f;g;, zz(zl, ...,Zn), k=k+2, andke N. These are equa-
tions for a function oiN variables7(z,, . . . ,zy) with values in the tensor product bf
representations of the algetsH2). Theindexi for the operatoh; (e;,f;) means that it
operates ab(e,f) on thei-th component in the tensor product and as a unit operator on
all other components. We shall use the representation with the highest \jeight

hlj.0)==jli.0), flj,0)=0, emj,0=]j,m), €e*!j0=0.

For convenience, in what follows we denote by ¢he “vacuum vector” of the tensor
product ofN representations:

v=]j1,00® ...®|jN,0).
Let us consider a realization of the Kac—Moody algebi@), using free fields®

Jt=p, H=:,8y:—%ﬁ¢, J =18y~ —i\2qydp—kay. (4)

Hereq=Jk, ¢ is a scalar field with values on a circle, agdand y are bosonic 1- and
O-differentials with the operator expansions

1
$(2)p(w) = —log(z=w)+0O(1), B(2)y(w)=_—+O(1). ()
The holomorphic parts of the primary fields?_‘mi in such a formulation correspond to

the vertex operator¥; ,(z) forming thesl(2), representation with the highest weight
(see Refs. 7 and 11

Vj,m(2)=7’“(2):eXp<iJ_qu(p(z)): ©)

All operators from this representation possess the same conformal dimension
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j12(j12+1)
T ki 2z ™
To reproduce the correct central charge of the theory, it is necessary to add to the action
for the field ¢ a term with curvature, which with a special choice of the metric is

equivalent to calculating the correlators with the insertion of the so-called vacuum
chargé?

2
Viad R)=7(R) ieXD(i\/F_dﬁR))i-

In addition, the theory contains a special operator with zero conformal dimension

2
%dtS(t)z %dt:ex _IFd)(t) (B(1) (8
— the so-called screening operatthe F&gin—Fuks operatdf). It commutes with the

algebra(4), and it does not change the conformal properties of the correlator.

3. Following Ref. 8, it is convenient to combine the vertex operat®rito a single
multiplet:

o0

F\‘/J’:mE_O CmVj'mem (9)

(terms withm>j in this sum are immaterial, since becawsé!|j,0)=0 they vanish
under the action o'f/j onvV). Now, calculating the correlators of the operat'&q.?, ce
Vi, we obtain all possibl&l-point conformal blocks — they are given by the coefficients
of erlnl .. .e:l‘“. The constants,, in Eq.(9) are uniquely determined from the well-known
operator expansiohwhich the primary fields with currents must have:

a

F(2)Vj(w)= = Vj(w)+0(1) (10)

(herea={1,2,3}, J'=J",0?=J", J°=H, t'=e, t?>=f, t3=h). From Eq.(10) we find"

1

et

after which the serie€9) sums to an exponential — the vertex operator is “dressed”

N
Vj(z)=.ex;{| \/Eq & (2)

The conformal blocks are the holomorphic parts of the correlators of the “dressed”
vertex operatorgll) with the insertion ofn screening operator?%:

-exp(y(2)e), (11)

Tal2)= 3gao|tl L dt(S(ty) .StV (20) Y (z0)V, (12

where the indexa enumerates the various collections of integration contours. The number
n in this formula is dictated by the law of conservation of charge:
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N
=5 2 it (13

I\JII—‘

where the number 1 corresponds to the contribution of the vacuum charge. Indeed, the
functional integral over the fielgs® in Eq. (12) gives the general factor

2 . i
I (t=tg= 11 (z-2) 2 [[ 1 tp=2)7%, (14)

p<q

and the integral over thes( y) fields is

1 N i
'—m,\,!<'8(t1) Bt Y™(Zy) L Y™ (Zh))e e N

Emi:n ml. PP

\

n

N
e, e, e
R | I
=11lp

sip=n perm 1= Zp1)  tm—Zym)  p=1

(15

where the symbolX ., signifies summation over all permutations of the numbers
{a(1),...,0(N)} such that among them the numbiefi=1,... N) is encountered
exactlym; times. Following Ref. 14, it is convenient to introduce the function

N i N e
vizt=I1 (t-2)"% 2 —. (16)
=1 =1 Z;
Then, collecting together Eq&l4) and(15), we obtain the expression

|JI

,73(2):1;[' (z,—2)2x 39dtl .dt, H (t,— q)KY(ztl) Y(zty)v, 17

which is identical to well-known Shekhtman—Varchenko solufiotf of the Knizhnik—
Zamolodchikov equations.

It is well known that, generally speaking, not all solutions of the KZ equations are
conformal blocks of the WZNW model, since the latter correspond to integrable repre-
sentations of the Kac—Moody algebra and must satisfy additional algebraic eq®tions
guaranteeing splitting off of the null vectors.i§m, Shekhtman, and VarcherRdhave
proved that the solutiofl?) satisfies these equatiofis.

4. Let us now construct the correlators from the conformal blocks. We shall confine

ourselves to the case of spinless primary fields, for whiiehA . Let us construct for the
primary fields the analogs of multiple(s):

(IDA (z,2)= 2 Crmn ﬁ(z,?) eT@eE. (18
m,m=0
Given the weights {j,,...,jn} or, equivalently, the conformal dimensions

{Aj,.....A; L we obtain from the formul&l2) a set of conformal blocks7,(2), dif-

fering from one another by the choice of integration contours. The constafts Eq.
(1) must be determined by the requirement of single-valuedness as some points in the
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correlator are carried around other points. By analogy with the Dotsenko—Fateev repre-
sentation for minimal modef€ it is natural to propose for the desired correlator the
expression

<(I)Aj1(21 ,?1) .. -CDAJ-N(ZN a?N)>WZNW

~ Ldztl P (S(ty) LStV (20) LY () Pvey, (19

where the symbols denotes integration over the entire surface. The requirement of
single valuedness evidently is satisfied. It is noteworthy that it is then possible to ensure
the appearance of screening operators by simply adding to the free action

V2

a ZP(t,0)| (20

b [ e
e L t| 50¢(t,0)db(t, 1) = B IY(D) — B D) +i

a term with an interactiois,,; of the form

T B g
$m=aLd t B(1)B(t):ex —|F¢(t,t) : (21
with a constantr and introducing the “dressed” vertex operator

Y/,-(z,ZE:exp( i '—¢<z,?>): expy(2)e + Y (Dier). 22
V2q
Then the WZNW correlator will be given by the functional integral

<(I)Aj1(21 ,?1) .. -q)AjN(ZN aZ\J»WZNW

= f T1 B,y B YIEXH —So— S0V (21,21) ...V}, (2, Z0)VEV. 23

Indeed, expanding exp(S,) In a series we obtain correlators with the insertion of
screening operators, and because of the condifi@nonly a term of orden remains and
we arrive at the expressidi9).

The integrals over a Riemann sphere, which appear on the right-hand side and can
contain a divergence, must be understood in the sense of analytic continuation with
respect to the parameters, using formulas of the type
ri+a)lr({l+b)r(-1-a—b)

I'—a)I'(=b)I'(2+a+hb)
It should be noted that the formulé$4), (15), and(19) are similar to the expres-

sions (19) and (20) from Ref. 19 for the scalar product of the quantum states of the
Chern—Simons theory — it is obtained by making the substitution

(k+2)— — (k+2).

f 22|2|21— 2| = (24)

Thus, we have obtained the following prescription for constructing the conformal blocks
and correlators of the WZNVBU(2) model: An N-point conformal block is the holo-
morphic part of the correlator of N “dressed” vertices and n screening operators in the
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theory of free §,83,vy) fields. In addition, the number n is dictated by charge conserva-
tion and the N-point WZNW correlator is the correlator of N “dressed” vertex operators
in the theory of ¢,3,v) fields with an interaction of the fori2).

The construction described aboved extends to other groups for which the conformal
blocks are well knowrd.The extension to a surface of higher genus is most tempting. As
a consequence we should obtain the solutions of the Knizhnik—Zamolodchikov—Bernard
equation&™?! that were previously known only for a theory on a torus. Moreover, it is
certainly of interest to study thejB,y) system with the actios,+ S;,;. The renewed
interest shown in recent years in the bosonization of the WZNW model in connection
with the variants of compactification, studied in string theory, with the participation of
the spacef\dS; andAdS; should also be notet.
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UThis is most easily seen from the operator expansion With

2Here and below the expressién. .) signifies the holomorphic part of the corresponding correlator from the
theory of free fields, whilé . . . )yznw is the complete correlator of the WZNW model.

¥We recall that(TT{. ; :expa;h(z)):)=11i<(z—2)"“ 3, 0, Where the Kroneckes function arises because of

the integration over the zeroth mode. In what follows, the conditian=0 is always assumed to hold and the
Kronecker symbol is dropped. Likewise, for brevity, we do not write out the vacuum charge explicitly. Wick’s
theorem holds for the correlators of thg,fy) fields. In addition, in this prescription all correlators in which
the number ofg fields is different from the number of fields are zero.

“We wish to make a remark concerning the choice of the integration contours il Bq.Substituting the
integrand in Eq(17) into the algebraic equations and the KZ equations, the total derivatives with respect to the
variablet; of expressions of the typgl4) (exact formg are obtained. For this reason, the contours must be
chosen so that such exact forms would vanish on them. In specific calculations, one can use, for example,
Fel'der's” or the Dotsenko—Fate&prescription.

9The B, fields correspond to an antiholomorphic sector of the model, nand e act on the left- and
right-hand representations, respectively.
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The exact solutioriGreen’s functioh of a parabolic equation describ-
ing the motion of neutral atoms in the field of a hollow TENnode of
laser radiation is found. The positions of the focus and the width of the
focal spot are found on the basis of this solution for various configu-
rations of the laser atomic beam. €999 American Institute of Phys-
ics. [S0021-364(09)00422-3

PACS numbers: 39.18j, 42.62—b

Techniques and methods for controlling coherent and incoherent atomic beams are
now being actively developed. The main control elements are atomic lenses and atomic
mirrors1~ Atomic lenses and atomic mirrors based on an optical gradient force have
been investigated in detail theoretically and experimentally for sufficiently fast atomic
beam?~® Because of the complexity of the potential of the gradient force, the character-
istics of the atomic lenses have been found either asymptoti¢atypk effect of the
field)>® or on the basis of quite rough approximatiomay optic$’ or numerically for
fixed values of the parametet8 The lack of exact analytical solutions makes it difficult
to analyze the properties of atomic lenses, especially in the strong focusing region. In the
present letter an atomic lens on a TENMhode for focusing atomic beams with arbitrary
velocities is studied, and it is shown that the equation in the parabolic approximation has
an exact analytic solution. The geometry of the problem is shown in Fig. 1.

The time-independent wave function of an atom transmitted through an atomic lens
is described by the Schidinger equation

*Kas

2m

h2
—%AJrVom(r)}\If(r,t), 1)

V(r,t)=

where V is the focusing potential of the gradient fordeg=2m/\yg is the wave
number of the atom, anch is the mass of the atom. For the focusing potential we shall
use a focused TE}4 modé®

50 I(r,z) %2
Vop(r2)= —-In[1+p(r.2)], p(r,Z):|—m’

0021-3640/99/70(10)/7/$15.00 666 © 1999 American Institute of Physics
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Laser radiation

Atomic beam

Laser radiation

FIG. 1. Geometry of the focusing problem.

2w3r? p( 2r? )
I(r,z)=4l, ex ) (2

w(2) wA(2)
In Eqg. (2) Q=w—w, is the detuning of the radiation frequeneyrelative to the fre-
quencyw, of the atomic transitiony andl ¢ are the line width and saturation intensity of
the atomic transitionwy is the radius of the waist of the laser beam in #30 plane,
w?(z) =w3(1+2z%/z%) is the size of the waist in the plane,zz=(7/\)w3 is the Ray-
leigh length, and\ is the wavelength of the optical radiation. The potential of the
gradient forceg2) is shown in Fig. 2a.

It is difficult to solve Eq.(1) with the potential(2) analytically. For this reason,
further simplifications of Eq(1) are required. The first simplification is a parabolic
approximation, based on the fact that the de Broglie wavelexggltof an atom is small
com?gred with the characteristic longitudinal gradients. The solution is sought in the
form

‘I’Zeikdel[f, (3)

where ¢ is a slowly varying function in the direction of propagation of the beam. Ne-
glecting the second derivatives, we obtain along the beam axis the standard parabolic
equatior®

(r,z), (4)

2m

k%9 nz
|kdBE£¢(raZ): —5-A +Vopt(rvz)

Potential
o o o o
& &

o

o

FIG. 2. Form of the focusing potentiéh — exact, b — paraxial approximatipn
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whereA* = %/ 9x2+ 9% ay?.

The equation4) likewise cannot be solved analytically. However, for sufficiently
narrow beams the potentié?) can be replaced by only the first term in its expansion in
terms of the transverse coordinatey:

C(r/wg)? 1o 8(Q1y)

Vo (1 )~y o) o0 SV
ool =Y 2 s 1+ 4(Q/ )2

®

The potential(5) is shown in Fig. 2b.

Using the dimensionless parametersz/zg andt=r/wg, Eq.(4) with the potential
(5) can be written in the form

o 1ZL c T 5 6
i, 1) =paf — 7 +p2§m (T, 7), (6)
wherep;=\gg/\ andp,=ymwg/2h.

The equation6) can be solved analytically. To find this solution we note that Eq.
(6) is a time-dependent Schrodinger equation, where the coordinpleys the role of
time and the potential is of a harmonic, time-dependent character. In this case, the path
integral method makes it possible to sHowhat the expression for the Green’s function,
i.e., the solution of the inhomogeneous Salinger equation

i G, 7710 Y, r G(T,7)=i8(7)8(F—T 7

i——G(T, 7Ty, ) — P2 7 +p2§(1+7)2 (T,7)=i0(7)8(T=T1) (7)
can be represented in the form

G(To,72;T1,71) =F(75,7)€'Scll 271, (8)

where S, is the action along a classical trajectory connecting the pointsr{) and
(r2,72)

2 (2
Scl[Tz,Tl]:EfT drLr(7)],

L[F(n)]= (€)

1(dT(7)|? Cpip, T(7)?
2| dr 4 (1+722]
and the factol(r,,7;) does not depend on the transverse coordinates.

To find S; it is necessary to determine the classical trajectories, whose equations
have the form

d2r<r>+c|oip2 r(r)
dr? 2 (1+/?

(10

We note that the ray equatigi0) is well known in the theory of magnetic lenses for
charged particle¥?*3 The solution of Eq(10) can be found analytically using the sub-
stitution 7= cot()'**2and has the form
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B risina; SinA(a;— a)+r,sina; SinA(a— a;) 11
r(z)= sina sinA(a,— a;) : 1D

where A=+/1+ C2p21p2/2 and a; ,=cotr ,. Substituting the expressiafil) into Eq.
(9), we obtain the classical actidsy;
T3 Sir? ay(— A CotA(ay,— aq)+ Cotay)

1| —72sirf ay(AcotA(a,— ay)+cota;)
SCI[TZaTl]:E ! ! ! Y. (12)

oF A sina; Sinas,
+2M A
Y27 sinA(ap— ay)

which is valid for any dimension of the space of transverse coordinates.
To determine the factdf(7,,7;) we used the condition

G(72172;71171):f d73G(T,,72,73,73)G(T3, 73,71, 71). (13

Substituting the expressiori8) and(12) into Eq. (13) we arrive at the functional equa-
tion

7Py SINA(ag— ay)SinA(a,— as)
S . , 14
(72,71) =F(72,73)F (73, 71)5 1 si? a3 sinA(a,— ay) e

which has the solution

iA  sina;sina,

F(z2.21)= 7T_pl sinA(az—ay)’

(15
As a result, the final expression for the Green’s function of the parabolic equaion
assumes the form

iIA  sina;sina,

Ol )= o, SinACa—aw)

T2 Sir? ay(— A COtA(ay— ay) + Cotary)

i | —T2sir? a (A cotA(a,— a;)+cota
xexn — 1 1(. ( 2 l) l) , (16)
P1 A sinay sina;,
faf2 SinA(az—al)

wherea; ,=cotr , andA= {1+ Cp21p2/2. The expressiofil6) for the Green’s function

is the main result of the present letter and can serve as a basis for finding the solutions of
a variety of problems. For example, if the wave functigg(T) is prescribed az=2z,,

then using the formula

W(Ty,7)= j d?71G(T5, 71, 71) @o(T1) (17)
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an expression can be found for the atomic probability density at any point in space. Since
the Green’s function is a Gaussian function of the transverse coordinates, the integral in
Eqg. (17) can be calculated analytically for an entire class of beams. Specifically, the
choice ofpy(r) in a Gaussian axisymmetric form

@o(r)=exp —T2/?) (18)

is of interest for practical applications. Héci% describes the initial width of the beam.
Substituting the expressidqi8) into Eq. (17) and performing the integration, we obtain
for the wave function at any point in space

~ iAsinaq sina, 252
W(Ty,70)= — — e 27,
S|nA(a2_a1)(p1/O'0+|D1)
o =pP1 N —~2 y
D2_|p1/0'0D3
D,=sir(a;)[A cotl A(a,— a;))+cotay], (19

_ _ A? sin( a;)sin( a,) + coq a1)cod ay)

DZ_SIn(al)SIr(aZ) _AS”'I(CYZ_C(]_)COI(A(CYZ_CZ]_)) '
Dz=sir’(a,)[ —Acot(A(a,— a;))+cotay],

which simplifies substantially on the axis of the syst&=0)

|A Sina1 Sil"laz
(p1/T3+i sir? ay(A cotA(a,— aq)+cotay)) SiNA(az—ay)

W(T,=0,m5)= . (20

The maxima of|(F,=0,7,)|? determine the position of the focal poins=zz7,
= zg Cotag, Which satisfy the equation
D, =sir’(a;)[Acot(A(a,— a;))+cota;]=0. (21)

The minimum width of the bean at the focal poﬁ’@z&z(ac) can be easily found from
Eqg. (19) as

)\dB)Z 1+72 22

A AZSII’IZ a1+0052 a'll

We note that in the parabolic approximatiéf9) and (20) (in contrast to geometric
opticy, generally speaking, the wave function cannot have singularities outside sources.

For a source located at= —«(a;=m) the positions of the focal points and the
beam widths there are determined by the expressions

Tc=—cot{ 7n/A), (23
~2:i(@)2; 2
7752\ N | sit(amiA)’ 29
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.09

0.08

FIG. 3. Width o of a beam of Na atoms versus the longitudinal distance @.59um, y/27w=10 MHz, |

=10 mWicnt, |y=10%/27 Wicn?, V,=500 m/s, and)/y=\/l,/l). The broken line shows the result of the
numerical calculations in Ref. 7.

where 1<A<2 for n=1, 1<A<3 for n=1,2, and so on. Thus, depending on the
magnitude of the focusing potential, several foci can be present in the system. Of course,
the positions of the foci21) and(23) are the same as the positions of the foci obtained

in the geometric-optics approximatién®*3

Figure 3 shows the dependence of the beam widtm the longitudinal distance
for the parameters corresponding to Ref. 7. It is evident from this figure that the position
of the focus and the minimum beam width, which were found in Ref. 7 using a numerical
approach, agree quite well with the exact solution. However, on the whole, the behavior
of the beam width in Ref. 7 along the axis deviates substantially from the exact solution
(19) and (20).

The deviations will be even larger for strong focusing, i.e., low beam velocities.
Figure 4 shows the three-dimensional probability density for the same parameters as in
Fig. 3, with the exception of the initial beam velocity, which was chosen to be 100 m/s.

0

-5 15
Rium) Z(um)

FIG. 4. Spatial distribution of the probability density|? for the same parameters as in Fig. 3, excépt
=100 m/s.
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In summary, in the present letter an analytic solution was found for the nonstation-
ary Schralinger equation with the potential

Uocr?/(1+1%)? (25

for any dimension of the space. The solution obtained could be helpful both for analyzing
the propagation of atomic beams in the field of the TfEMode of laser radiation and for
light propagation in a nonuniform medium with refractive index

n2ecr?/(1+2%)2. (26)
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Holographic-type parametric scattering: The universal
character of the seed radiation

P. A. Prudkovski and A. N. Penin
M. V. Lomonosov Moscow State University, 119899 Moscow, Riissia

(Submitted 18 October 1999
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It is concluded on the basis of experimentally obtained time depen-
dences of the intensity of holographic-type parametric scattering in-
duced by artificially produced seed radiation in a photorefractive
lithium niobate crystal that the brightness of the natural seed radiation
is independent of the pump intensity. This attests to a quantum origin of
the seed radiation. €1999 American Institute of Physics.
[S0021-364(09)00522-9

PACS numbers: 42.65.Hw, 42.70.Nqg

Interest in quite complicated systems such as chemical autooscillatory rehctions
multicomponent polymef<has been increasing steadily in the last few years. This is due
to progress in the fields of application of such systems and in the theory of self-
organization and dynamic chaos. Photorefractive media, which are widely used today in
dynamic holography, can serve as another example of such structures. One of the first
self-organization phenomena in such media is holographic-type parametric scattering
(HTPS, which was discovered in the mid-198dét is characterized by the fact that
narrow-angle frequency-degenerate light scattering is distinguished from wide-angle pho-
toinduced light scatterin¢PILS) due to optical damage. However, even though photore-
fractive media have been studied for many years and have wide applications, only phe-
nomenological models are still used in the theory of photorefraction. This is due to the
difficulty of constructing mathematical models of the phenomena that take account of the
entire spectrum of characteristic times from picoseconds to minutes or even hours for
media such as lithium niobate and tantalate doped with copper or iron atoms.

As a result, a variety of phenomena occurring in photorefractive media cannot be
explained on the basis of the existing theory of photorefraction. One unsolved problem is
the nature of the seed radiation for HTPS and PILS. Despite the fact that at least three
possible sources of the seed radiation were proposed more than 10 years ago — Rayleigh
scattering of the pump by nonuniformities of the permittivity tensor or photogalvanic
tensor? flicker noise of the pumping intensifyand vacuum fluctuations of the electro-
magnetic field — the origin of the seed radiation is still unclear.

This work is devoted to an experimental investigation of the dynamical dependences
of the HTPS intensity, which make it possible to draw definite conclusions about its seed
radiation, attesting to its universal quantum origin. But, a final conclusion about the

0021-3640/99/70(10)/5/$15.00 673 © 1999 American Institute of Physics
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LiNbO,:Cu

X5>

CAMAC

FIG. 1. Diagram of the experimental setup:*Ar— argon laser, L — long focal length lens, M — mirror,
DKDP — birefringent dihydrophosphate crystal, P — polarizer, F — filter, Liji@D — photorefractive
lithium niobate crystal, C — optic axis of the crystal, PMT — photomultiplier.

nature of the seed radiation must await a systematic theory explaining the mechanism of
its appearance appears.

PILS and HTPS are explained by writing of many holographic gratings as a result of
the interference of the pump with the so-called seed radiation, whose nature is still
unclear, and the further self-consistent amplification of these gratings. A method for
measuring the brightness of the seed radiation for HTPS, using the four-wave phase-
matching condition, which is valid for this scattering and holds in lithium tantalate or
niobate type ferroelectric crystals as a result of their anisotropy, is described in Ref. 6.
For example, foree-ootype HTPS in LiNbQ:Cu the following condition holds:

q=kg—kg, =kg —ks,

wherekp andkg are, respectively, the wave vectors of the pump and scattered light; the
superscripts determine the type of polarization; ands the wave vector of the holo-
graphic grating responsible for light scattering in two directions simultaneously. For this
reason, if the seed radiation is produced artificially, by additional illumination with a light
beam in one of the scattering directioffer example, in the directioﬂxé), then the
development of HTPS in the conjugate scattering directkﬁ) (ill be determined by

the writing of a holographic grating corresponding to a given brightness of the seed
radiation. The difference between the time dependences of the development of HTPS
with and without the additional light beam makes it possible to determine the excess
brightness of this light beam above the brightness of the natural seed radiation. The
brightness of the seed radiation was measured in Ref. 6 using this method, and it was
concluded on the basis of an analysis of the brightness of various types of scattering that
the seed radiation is of quantum nature. However, the method employed is extremely
inaccurate, because it deals with absolute values of the brightness. A better method for
investigating the seed radiation was used in the present work. This method uses only
relative values and appeals to qualitative and not quantitative features of the experimental
results obtained.

Figure 1 shows a diagram of the experimental setup. An argon laser beam, polarized
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FIG. 2. Time dependences of the HTPS intensity with pump pdyer2 mW without(1) and in the presence
of (2) an additional light beam attenuated by a filter by a factov;@f=32 (a) and 7;2’1=250 (b).

in an extraordinary direction, is incident along the normal direction intocthe surface

of a lithium niobate crystal doped with copper atoms. A weak light beam is split off the
pump on one of the mirrors, passes through a filter and a DKDT crystal — polarizer
system, which rotates the polarization of the beam by 90°, and strikes the same point of
the photorefractive crystal at an angle corresponding to HFRP8o0s (k¥/k°), deter-
mined from the condition of matching. The time dependence of the HTPS scattering
intensity in the conjugate direction is recorded with an electronic system, which includes
a photomultiplier, a CAMAC crate, and a IBM AT386 PC. The intensity of the additional
light beam is related with the intensity of the pump beam by the ratio of the transmission
and reflection coefficients of the mirray;=T/R~0.02 and the transmission coefficient

7, of the filter.

Figure 2 shows typical time dependences of the PHST intensity with laser-pump
power P ~2 mW with and without an additional light beamy{*=32 and 7,*
=250). It is easy to see that in the presence of the additional light beam HTPS develops
more rapidly and reaches high intensities. This means that the brightness of this beam is
much higher than that of the natural seed radiation. As the transmission coefficient of the
filter decreases, the difference between the two dependences decreases and essentially
vanishes forr;z’lz 2% 10° (Fig. 3. The intensity of the additional beam is approximately
lo=717,PL/S~2 uW/cn?, whereS~10"2 cn? is the cross-sectional area of the ad-

3
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FIG. 3. Time dependences of the HTPS intensity with pump pdyer2 mW without(1) and in the presence
of (2) an additional light beam attenuated by a filter by a factopgt=10"2 (a) and 5, 1=2x1072 (b).
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FIG. 4. Time dependences of the HTPS intensity with pump poer20 mW without (1) and in the
presence of2) an additional light beam attenuated by a filter by a factomgft=2x10"2 (a) and 7, =2
X107% (b).
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ditional beam. Using the value obtained for the intensity, it is easy to calculate the
brightness of the seed radiation;,=1,/AwAQ~10"° W/cn?-s 1. sr, whereAw=5

x10% s and AQQ=4x10"° sr are the spectral and angular widths of the additional
light beam. Similar dependences were obtained for the pump pywe20 mW (Fig. 4).

As one can see, in this case the dependence of the dynamics of development of HTPS on
the presence of an additional beam becomes negligible only;3‘6»:2>< 10*, whence

once agaif y~2 uW/cn? andl ,o~10"° W/cn?-s - sr which is of the same order of
magnitude as the value obtained in Ref. 6. However, more important here is the fact that
the brightness of the seed radiation does not change as the pump intensity changes.

The absence of a dependence of the brightness of the seed radiation on the pump
power contradicts most models of the appearance of seed radiation. Indeed, the model of
Rayleigh scattering of the purhand the flicker-noise modehssume, one way or an-
other, that the seed radiation is generated by the pump and therefore its brightness
depends on the pump intensity. The only model where the brightness of the seed radiation
is completely unrelated with the pump intensity is the model in which holographic-type
parametric scattering, just as spontaneous parametric scattdomg conversio)) is
induced by the zero-point fluctuations of the electromagnetic fi@tipse brightness is
one photon per mode.

In summary, the results obtained in the present letter attest to a universal quantum
origin of the seed radiation for HTPS, though, as already mentioned, a final conclusion in
favor of this hypothesis must await the construction of a systematic quantum model of the
HTPS writing process at the early stages of its development.
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Subattosecond (<10~ s) time measurements using
coherent x-ray transition radiation

E. D. Gazazian, K. A. Ispirian,*) R. K. Ispirian, and M. I. lvanian
Yerevan Physics Institute, 375036 Yerevan, Armenia

(Submitted 6 October 1999
Pis’'ma Zh. Kksp. Teor. Fiz70, No. 10, 664—-66825 November 1999

The properties of the coherent x-ray transition radiatiGXTR) pro-
duced by intense, short electron beams microbunched in various de-
vices, with periods corresponding to x-ray wavelength3.02—14 nm

and with modulation indices-0.001-1, are investigated theoretically.
The results of numerical calculations show that, just as in the case of
incoherent and coherent transition radiation in the optical and micro-
wave regions, CXTR can be used to study the microbunching processes
and may thus find application for beam diagnostics in future x-ray
FELs and advanced accelerator technology. 1899 American Insti-

tute of Physics[S0021-364(99)00622-2

PACS numbers: 41.60.Cr, 41.5¢h, 06.30.Ft

Coherent transition radiatiof€ TR) is now used for subpicosecond particle density
distribution measurements. These measurements make use of the fact that the CTR spec-
trum is the Fourier transform of the longitudinal charge distribution and that, when the
radiation wavelengtfx is longer than the longitudinat, and transverser, sizes of the
bunch, the radiation intensity is proportional to the square of the nuhpef electrons
in the bunch. However, when x-ray FELs with self-amplified spontaneous emission
(SASE come online in the near futufe the femtosecond bunches will have subattosec-
ond structures due to the particle grouping or microbunckimg), with periods equal to
the resonant radiation wavelength of the FEL.

The use of TR for the investigation of MB in the microwave region has been
proposefiand now implementeti® Just as the first works® on the application of optical
TR for high-energy particle beam diagnostics were, in the words of Ref. 9 “initiated after
the publication of Ref. 10,” the present work follows Refs. 4—6, adopting the methods
developed in them. Using a realistic model for MB, in this work we calculate the spectral
and angular distributions of the CXTR and the dependence of the total CXTR photon
number on the bunch and MB parameters. Numerical results given for the expected
high-density, short bunches show the possibility of CXTR applications.

Suppose that after MB the particle distribution in a axially symmetric Gaussian
bunch has the following form:

0021-3640/99/70(10)/6/$15.00 678 © 1999 American Institute of Physics
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r2 72
exp — ——= exp — ——
Np 207 202

f(ra=—4 Y- iy, [1Hbicotk)] | (1)

whereb; is the modulation index of the first harmonic of the MBe neglect the much
smaller higher harmonigswhich takes place with a wavelength, k,=2#/\,, and

k20'2
A=1+ 2b1exp< - rz Z) )

is a factor determined by the normalization of the distribution functigrand is practi-
cally equal to 1 in the case under discussi@o(,>1) .

Using (1) and expressions for the spectral angular distributions of the incoherent
XTR intensity and its relation with CXTR one can obtain the following expression for
the numberNcytgr of CXTR photons produced by a bunch at an interface between
vacuum and a substance with plasma frequengy

dzNCXTR ZaNﬁbi (X)g 03

dwdé - 7TA2 5 (,y*2+ 02)(,)/*2_’_ 02+(1)S/(x)2)

w 2 w 2
Xex;{—(—ara) ex;{—(——kr) af), ()
v v

wherew and @ are the CXTR photon emission frequency and polar angle,vaadd
y=E/m¢c are the particle velocity and Lorentz factor of the bunch, respectively.

As expected, the angular spectral distribution of the CXTR is mainly proportional to
NZ andb?, decreases with increasing and exceeds that of the incoherent XTRNyf
particles forNbbiexp(—(wrarelv)2)>l when w=w,. It is also seen that CXTR is a
diffraction-limited radiation, since it vanishes with increasimgwhenwa, 8/v becomes
much larger than 1.

The angular and spectral distributions of CXTR photons obtained by the integration
of (6) can be written approximately in the forms

dNCXTR: \/;V dNexrr @)
de o, dwdé o '
2152 2 4(1+ 02)? if <1
dNCXTR Nbbla w 2 T ( wy) 1 | T [}
= exg —| ——k;| o3 2 ) (5)
do A0 v (1+20d)Iny, if m>1¢>1.

The total number of CXTR photons per bunch is obtained by integrating expression
(4) over 0 or expression(5) over w and is equal to

\/; v dNcxrr

o, do

o=, 6)

Nextr= ;

In Egs(4)—(6) E;(x) is the exponential integral function, and the following notation
is used:w,= w/(wyy) and {=wyo, /v are dimensionless frequencies, and y/qg;,
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FIG. 1. a,b Angular distributions of CXTR photons per particle in a bunch at a copper—vacuum interface for
Qgir=1.26X 10°, normalized toy* (a) and toy (b) for y = 25, 200, 16-1C, 1¢°, and 16-1C or 7=2.0
X1075,1.6x1074,8.0x10"#~8.0x 10 2,0.8 and 8—8(curves1-5, respectively. c) Dependence onm of the

angle 0, corresponding to the maximal CXTR and XTR intendityrvesl and2, respectively. Curve3 is

the directiond= \3/v/qq; .

whereqgi= w0, /v is the dimensionless transverse size of the bunch, which determines
the diffraction limit. Particular cases of expressigasand (5) for various relationships
among the values of, ¢, andy will be analyzed in Ref. 12.

In the discussion above it was assumed that the particles in the bunches are mono-
chromatic. The expected high-energy bunches for SASE FELs will have uncorrelated and
correlated energy spreads equalAtB/E= A y/y=0.0002 and 0.001, respectivelyt is
clear that such energy spreads will have negligible influence on the XTR and CXTR
angular distributions. However, they can result in substantial broadening of the narrow
CXTR spectral distributions. Indeed, since the resonance wavelength in FELs is equal to
N =1(1+K?)/2y?, wherel andK are the undulator period and parameter, particles with
different energies will have different resonance frequencies, and the CXTR photons they
produce will have wider spectral distributions. Assuming the particles have a Gaussian
energy distribution, after convolution with the above expressions for the CXTR spectral
distribution, one can obtain lengthy expressignst given in this work for the real
CXTR spectral distribution.

Figure 1la and 1b shows the angular distributions of CXTR photons produced at a
vacuum-—copper interface for,=1 A at different values ofy in the caseo,=2.5
%10 2 cm, o,=2x%10 2 cm. These bunch sizes correspond to the beam parameters for
the TESLA x-ray FELs and the SLAC LCLS. As to the CXTR angular distributions, we
can say that they have different behaviors, depending on the ratig/qg;. If 7<1
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FIG. 2. g The envelope of the spectral distribution of the number of CXTR photons for a bunch at a copper—
vacuum interface in a relatively wide frequency region arowmew, . b) The spectral distribution in a narrow,
central frequency region, showing the CXTR oscillati¢asrve 2) and smooth behavior of the XTR spectrum

for y=5x10% Ny,=6x10°, and\,=1 A and with an energy spreatlE/E=10"3.

(curvesl, 2, 3 in Fig. 1) the maximum of the curves, which is determined by the
transverse size of the bunch, occurs at approximai@§z= 64r= \/3/2/q4; . This value

is much smaller than the angle of maximal incoherent XBR%=\/3/y. In the case
71 the maximal radiation angle equals the maximal radiation angle of incoherent XTR
(curve5in Fig. 1b. If 7~1 (see curved in Fig. 1la and 1j the maximal radiation angle
decreases with increasingin the range fromr=0.32 to 7=5, and it remains smaller
than bothédy;; and 67 ; this can be seen in Fig. 1c, which shows the dependeneeobn

the maximal angle. At=5 the maximal radiation angle approacltgsg . The results of
these numerical calculations show that by using angular discrimination one can separate
the CXTR from the incoherent XTR, just as in the case of x-ray FELahere the
stimulated and spontaneous radiations can be separated by angular discrimination.

As to the CXTR spectral distributions shown in Fig. 2a and 2b, their width is of the
order of expected SASE x-ray width, but they exhibit oscillations with periods equal to
the resonant frequendyig. 2b. By detecting these oscillations one can study the MB, at
least at high values afl,, andb;.

Figure 3 shows how the the normalized CXTR photon number dependsaod y
(lower axig for the DESY FEL bunch sizes. One can see that the behavior is different for

10’10 NC‘XTR
10—14 ) szblz
107 |
102 — . _
1074 1072 1 102 10t

10° 10* 10° 10° 107 10° ¥

FIG. 3. Normalized total number of CXTR photons versusr y (the lowerx axis) for the TESLA x-ray FEL
beam parameter& =25 GeV,o,=20um, 0,=25um, andN,=6x 10°.
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r<1 andr=1 or for y<10° andy=1CP. In the latter case the photon number increases
by a logarithmic law. For the parametéfof the TESLA x-ray FEL and SLAC LCLS
the values oNCXTR/bf are equal to 2.510° and 3.1x 10%, respectively.

As we have said, measurement of the MB parameters is essential for SASE FELSs,
IFELs, and advanced methods of particle acceleration. In all these cases it is necessary to
measure the particle grouping period and the modulation index at various distances from
the undulator entrance. Measurement of the CXTR spectrum is of special interest and
presents some specific difficulties, similar to those which will be encountered in SASE
FELs2® The microbunched beam will be accompanied by undulator or SASE x-ray
photons having much higher intensities and almost the same spectral distribution as the
CXTR, but they can be separated by absorption in the relatively thick CXTR radiator foil
at low intensities or by magnetic deflection of the beam. As is planned for the SASE
FELs?°the CXTR spectral measurements can be carried out after a large attenuation to
avoid pile-up processes. From the experimentally measured CXTR spectrum and its
maxima one can determine the grouping period. Measurement of the modulatiorbindex
can be carried out by measuring the dependence of the CXTR yield on the number of
particles in the bunched, or on the beam current. By measuring this dependence with
the help of a simple ionization chamber and performing some calculations and fine
spectral measurements, one can determingbove certain valueglepending ony, N,
eto).

Many simplifying assumptions have been made in the above calculations. For in-
stance, we adopted a model of the particle distribution which took into account only the
first harmonic of the MB. This assumption is justified by the expectation that the modu-
lation indicesb,, bs, etc. of the second and higher harmonics are much smaller, if no
special measures are taken to enhance the higher harmonics. The correctness of this
assumption is also supported by spectral measurem@isother assumption, that MB
does not affect the transverse particle distribution, is again justified by the experimental
data® The factot® taking the angular divergence of the beam into account may be
neglected, because the primary beams of SASE FELs have very small emittances.

In conclusion, we note that although at present there are no very short bunches with
bunch lengths~10"17-10 ¥ s, the fact that short laser pulses with lengths less than or
of the order of the wavelength have been obtained recently leads one to hope that soon,
when the difficulties connected with the Coulomb repulsion have been overcome, it will
be possible to obtain charged particle beams with lengths less than 1 nm. Then the
proposed method could be used for measuring the lengths of those beams as well as for
observing and monitoring microbunching.
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Decay of an electronic vortex of a collisionless shock
wave as a possible mechanism of a “Coulomb
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A new mechanism of a “Coulomb explosion,” where ions are accel-
erated by the electric field separating charges at the magnetic Debye
radiusrg~B/4men,, is proposed on the basis of a nonquasineutral
model of electronic vortices in a magnetic field. It is shown by means
of numerical calculations that in the process of acceleration of the ions
a collisionless shock wave, whose front has an effective width of the
order of 6~rg, determined by the breakdown of quasineutrality, is
formed in a time of the order oebgil, where w,; is the ion plasma
frequency. The origin of such explosive dynamics is the formation of
“holes” in the electron density at characteristic times of the order of
wgel (wpe is the electronic plasma frequenas a result of the genera-
tion of electronic vorticity by the Weibel instability of an electromag-
netic wave. Calculations for a laser pulse with intensity 6x 10
Wi/cn? show that the ions expand in the radial direction with velocities
up to 3.5<10° cm/s. © 1999 American Institute of Physics.
[S0021-364(®9)00722-1

PACS numbers: 52.35.Tc, 52.40.Nk

1. The development of super-high-intensity lasers over the last several years has led
to many possible applicatiort$. The laser intensities here ade- 10'® W/cn? with laser
wavelengths\<1 um and pulse durations:10~*? s2 The standard object discussed in
the literature is a filament with initial radiug~ c/w,, out of which electrons are forced
during the passage of a laser pulse. The discussion of the effects arising during the
evolution of such a filament led to the concept of a “Coulomb explosion,” where ions fly
apart with very substantial velocities. Various methods for the appearance of such fila-
ments are discussed in the laser-plasma liter&tifeact measurements of the rapid
laser-induced plasma expansion have shown experimentally the presence of velocities
~(2—4)x10® cm/s for a laser pulse with intensity~6x 10 W/cn?.> The acoustic
mechanism of expansion proposed in Ref. 3 is questioned in Ref. 5. We share this doubt
and propose a mechanism of plasma expansion based on a new model of electronic

0021-3640/99/70(10)/7/$15.00 684 © 1999 American Institute of Physics
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vortices® Here it is assumed that an electronic vortex arises with the passage of a laser
pulse and results in the ion acceleration studied in what follows, while initially a pon-
deromotive acceleration by the electromagnetic field of the laser pulse operates.

The main conclusion of the model of Ref. 6 is that breakdown of quasineutrality
near the vortex axis can arise as a result of the generation of vorticity in a laser plasma.
This happens if the size, of the region of vorticity generation is comparable to the
effective Debye radiusg~B/4men, (B is the magnetic fieldand the electron density,
drops sharply in this region. Such “holes” in the electron density can be created in a
laser plasma as a result of the generation of a magnetic field. In this case electrons are
forced out of the region near the axis of an electronic vortex of igjzer g~ ¢/, for
quasistationary magnetic fiel@8/msw,.c=1, which can be produced as a result of the
Weibel instability for relativistic laser intensities=e E 5./ Mewoc=1, Wherew, is the
frequency of the laser radiati§riThe characteristic magnitude of such a quasistationary
magnetic field can be estimated on the basis of the results of Refs. 9 and 10. Estimates in
accordance with Refs. 9 and 10 show that, in order of magnitude, such a magnetic field
B=4men,\a, where\ is the wavelength of the laser radiation. Substituting here the
parameters from Ref. 8=2,n,=10'° cm 3, and\=1 um, we obtain the characteristic
magnetic fieldB=10° T.

2. We shall show that an ideal object for realizing a “Coulomb explosfoasuld
be an electronic vortex in a magnetic field. Such a vortex arises in a plasma produced as
a result of the passage of a powerful laser wave through a gas. The main difference
between the new model of electronic vortices and the Abrikosov model is that, together
with the basic equation for the electronic vorti€ity

c
Q.=B- Ecurlp, (1)

the Poisson equation
divE=4me(Zn,—ny) (2)
must be used because of the breakdown of quasineutrality on a-scgle

Since quasineutrality breaks down on the axis of an electronic vortex, the electron
density decreases and the ions start to accelerate under the action of the electric field, so
that a collisionless shock wave forms at times)rjil. In the process of such acceleration,
the structure of the electronic vortex now depends on the nonuniform ion density, as a
result of which the magnetic field readjusts and the structure of the electronic vortex
breaks down. The key object in this process is the “hole” in the electron density with
nonzero vorticity. The mechanism leading to the appearance of such a “hole” is imma-
terial, so that the nonquasineutral vortex m8dahkes it possible to describe the elec-
tronic “hole” arising for any reason. Here the difference in the geometry between the
conventional problem of the propagation of a laser pulse and the formulation of the
problem considered below, the quasistatic magnetic field being oriented alongxise
in both cases, should be underscored. Then, the azimuthal directioniorthe vortex
corresponds to laser pulse propagation alongyttais and ion motion in a direction
along the radius corresponds to transverse expansion of the plasma alongakis.

In the proposed approach the Coulomb explosion process is divided into two inde-
pendent stages. At the first stage the force structure readjusts at%ige% with sta-
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tionary ions and generation of electronic vorticity and breakdown of quasineutrality. At
the second stage the electric field arising because of nonquasineutrality leads to break-
down of the vortex as a result of ion motion at times of the ordedopf.

It is not difficult to show that in the axisymmetric case, when the ions expand under
the action of the radial electric field, , together with ion motion in the radial direction
there also arises ion motion in the angular directipnAlthough this velocity is low
compared with the radial velocity; .~ (rg/ctp)v;, , wheret, is the characteristic ionic
time, the electric fieldE, is of fundamental importance, since only it is capable of
bringing about a change in the magnetic fi@gdwith d/do=0.

In the equation for the Lagrangian invaridmt Q.,/n. (Ref. 6

al
Ve VI=0, )

because of the axial symmetry of the problem the radial component of the electronic
velocity

Zn; . 1 JE

Verm= 0 Vil 2zen, at

4

does not containg a term with the magnetic field and the radial dyndnoiosurs with a
characteristic ionic velocity.

Since the electric fiel&E,, is weak, a predominantly radial motion of the ions arises
in the electronic vortex, as a result of which the magnetic field and all other quantitites in
the vortex readjust. We underscore that although in the nonstationary case, for the sym-
metry employed, there arises an induction electric fieJd which brings about a change
in the magnetic field,, the fieldE, does not appear explicitly in the final equations, as
will be shown below, and it can be shown that the induction equation is equivalent to Eq.
(3) for the electronic Lagrangian invariaht

The ordinary hydrodynamic equations with zero pressure are used for the ionic
component:

Vi

d Ze an; .
miE=ZeE+ ?[vixB], E+d|v(nivi)=0. 5)

The magnetic field is determined from

41e 1 0E
CUI’|B=T(ZﬂiVi—I’]eVe)+ c o (6)
and the displacement current in thelirection is of the same order of magnitude as the
ionic current.

3. Therefore, to investigate a Coulomb explosion, ion motion under the action of the
electric field of a vortex will be calculated on the basis of the hydrodynamic equations in
the absence of kinetic pressure. We note that now, in contrast to Ref. 6, the structure of
the electronic vortex is determined substantially by the density profile of the ionic com-
ponent but it does not depend on the ionic velotitintroducing the characteristic time
to and the characteristic ionic velocity, as
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. m; q Zmg @
=\/———— and vo=c/ ,
0 47e2ZNg,, 0 m,

Egs.(3)—(5) presented above can be put into the dimensionless form

au au dy db  du 1 9

E‘FU%——%—I%, E+;%(pnu)=0, (8)
ai+n +1(9 &u+ Jdu ai_o g
ar |2V Va7l a7 u&p ap ©

Here and belowr=t/ty, u=v; /vy, i=Ine./4mmec? b=B/\4mn.mc? p
=rJ4me’n,../m.c?, andne.=Zn;., is the electron density at infinity. To determine the
dimensionless quantities, y=1/\1—v?, b, and v appearing here, equations must be
added to determine the structure of the voftex:

dg vi—g of
—= — — —vpf, 10
ap p p P (10
of vi—g f
—= -=, 11
P py P ()

73n+92+ ,y4f2
V: —7
y+i(g+y%f)

whereg=b+ yf andv= —pf. Here, in contrast to Ref. 6, the expressioni#gil2) takes
account of the change in the ion density n; /n;.,, which results in readjustment of the
structure of the electronic vortex. It can be shown that the system of equéti®rs12)
determines an effective adiabat for ions — the functidmelb[ n(p)], which makes it
possible to close the ionic equations. The description using ®g5-(12) is applicable
in the quasistatic limitg/cty<1 for electrons, which corresponds B3< 4n;m;c?.

(12

Numerical integration of the system of equati@8s-(12) revealed the formation of
a collisionless shock wave with characteristic scéderg, examined by Sagdeéd 4
Figure 1 displays profiles of the dimensionless Lagrangian invairiantl magnetic field
b in an electronic vortex, which arise in a shock wave. At large distances the velocity of
the shock wave decreases and inertial expansion of the ions remains.

The calculations show that the initial strong nonquasineutrality near the vortex axis
vanishes after the passage of a nonlinear wave. It is evident from Fig. 2 that the ion and
electron densities behind the wave front are identical and a quasineutral plasma is
formed, and the characteristic dimension of the frord-sr g with respect to the electron
density at the maximum. It is also evident that when the ions accelerate in the electric
field, the wave gradually steepens. Figure 3 shows the dimensionless velooityhe
nonlinear wave and the maximum dimensionless velagity, of the ions in the wave as
a function of the initial dimensionless magnetic fiddgl on the vortex axis. It follows
from the figure that for the characteristic valugg~1 corresponding to the measure-
ments in Ref. 5B=10° T andn,=10'" cm 3, the maximum dimensionless radial ve-
locity is Umax~0.7. This gives a maximum radial velocity of the iovis~3.5x 10° cm/s,
which agrees well with Ref. 5.
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FIG. 1. Profiles of the Lagrangian invariaht(2), magnetic fieldb (3), and electron velocitw (4) in a
collisionless shock wave for tinte= 3.5w,§i1 . The initial profile of the Lagrangian invariaft) is also displayed
in the figure.

The structure of the electronic vortex is determined by the Lagrangian invériant
and the characteristic sizg of the vortex. The calculations showed a weak dependence
of the ion energy on the Lagrangian invariant: Avaries from 5 to 130 withr
=Clwye, the initial magnetic field on the axis varies by less than a factor of 3, and the
dimensionless velocitw of the wave varies from 0.41 to 0.95. This gives an estimate for
the ion energy;=Zm.c?u? /2, which in contrast to Ref. 4 takes account of the intensity
J of the laser pulse. In Ref. 15, for the above-mentioned propagation of a laser pulse
along they axis, the measurements showed that the maximum expansion velocity of the
plasma occurs at an angle of 90° with respect to the direction of the laser pulse — along
the x axis. This agrees well with the radial acceleration of ions in an electronic vortex.
The “tail” there due to ions accelerated in a direction opposite to the propagation direc-
tion of the laser pulse — in the direction along the negayiesis — corresponds exactly
to induction acceleration in the vortex aloggfor v;,<0.

0.8

u 0.4 - s

6_.
V,n4- 1

2 —

0 l ‘ l p
0 2 4

FIG. 2. Profiles of the electron (1) and ionn (2) densities and ion velocitgtop) in a collisionless shock wave
for timet=3.5w;i1. The velocity profiles for earlier times are also displayed in the top panel.
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FIG. 3. Maximum ion velocityu,,, (1) and velocityw (2) of a collisionless shock wave versus the initial
magnetic fieldb, on the axis of the vortex.

4. To describe the reasons for the formation of a collisionless shock wave, we shall
employ the well-known theoretical concepts of Refs. 12—14. Sins&eepens, there
appears on the wave front a characteristic vdlgileon a small scale near maximum
density. In this case, for a planar geometry, an analytic approach is possible for large
values of the magnetic fiel®?>4mwn,m.c?, which for the parameters considered is
equivalent to the conditioa>1. Specifically, the following equation can be derived for
the magnetic-field profild(x):

g (10B\ [4me|?B(W= Vi)~ Nedl oW
ax\B x| B(W—viy) ’

whereW is the velocity of the nonlinear wave propagating alongxtais, and the ion
velocity v;, can be expressed in termsB@flt is evident that the characteristic scale of the
wave front isé~rg.

In the approach considered, the transition to a shock wave can be initiated by the
appearance of singularities on the front of the nonlinear wave on account ¢3)Egee
also Ref. 14

5. A universal model has been proposed for a Coulomb explosion. A nonquasineu-
tral electronic vortex in a magnetic ftel— a hole arising in the electron density in a laser
plasma as a result of vorticity generation by the Weibel instability — was chosen as the
initial state. Such a hole is a quasistationary intermediate state, which inevitably forms
over very short periods of time of the orderaﬂge1 in the presence of electronic vorticity
and is characterized by a Lagrangian invarigahd sizer . As the sizer increases, the
energy of the vortex increases, and fgr-c/w,; the ion velocity is of the order of the
velocity of light, so that the motion of ions in the vortex must be taken into account and
the quasistatic approximation breaks dot#he quasiequilibrium state obtained is fun-
damentally nonstationary at times of the orderazgfl, when the ions are accelerated in
an electric field and the electronic rotation is transformed into ion motion. The calcula-
tions presented show that the velocity and angular distribution of the ions agree well with
the measurements performed in Refs. 5 and 15.

(13

lo
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High-order dynamical correlations of defeétgiantum vortices, discli-
nations, etg.in thin films are examined by starting from the Langevin
equation for the defect motion. It is demonstrated that the dynamical
correlation functions=,,, of the vorticity or disclinicity behave aB,,
~y?/r*" wherer is the characteristic scale ayds the renormalized
fugacity. Therefore below the Berezinskii—Kosterlitz—Thouless transi-
tion temperature th&,, are characterized by anomalous scaling expo-
nents. The behavior differs strongly from the normal I&y,~F%
obeyed by equal-time correlation functions; the unequal-time correla-
tion functions appear to be much larger. The phenomenon resembles
intermittency in turbulence. €1999 American Institute of Physics.
[S0021-364(99)00822-1

PACS numbers: 68.55.Ln

It is well known that defects such as quantum vortices, spin vortices, dislocations
and disclinations play an essential role in physics of low-temperature phases of thin films.
Berezinskit and then Kosterlitz and Thoulé'seecognized that two-dimensioné&2D)
systems have a class of phase transitions related to defects. The main idea of their
approach is that in 2D the defects can be treated as point objects interacting like charged
particles. The low-temperature phase corresponds to a fluid consisting of bound un-
charged defect—antidefect pairs, which is an insulator, whereas the high-temperature
phase contains free charged particles and can be treated as a plasma. Correspondingly, in
the low-temperature phase the correlation length is infinite, whereas in the high-
temperature phase it is finite. An enormous number of papers have been devoted to
different aspects of the problefsee, e.g., the surveys in Refs. 3-The scheme pro-
posed by Kosterlitz and Thouless can be applied to superfluid and hexatic films and
planar 2D magnets. It admits a generalization for crystalline filsee Refs. 8 and)9
There are also applications to superconductive materials, especially td hglpercon-
ductors(see, e.g., Ref. 10

The dynamics of films in the presence of such defects was considered in Refs. 11
and 12. In those papers a complete set of equations was formulated describing both the
motion of the defects and the hydrodynamic degrees of freedom. Then, to obtain macro-
scopic dynamical equations, an averaging over an intermediate scale was performed. In

0021-3640/99/70(10)/6/$15.00 691 © 1999 American Institute of Physics
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that procedure the “current density” related to the defects was replaced by an expression
proportional to the average “electric field” and to gradients of the temperature and of the
chemical potential. The resulting equations perfectly correspond to the problems solved
in those paperst!2 Unfortunately, in that procedure information concerning high-order
correlations of the defect motion is lost. That is the motivation for the present study, in
which we shall examine these high-order correlations.

The static properties of the system of vortex-like defects in thin films can be de-
scribed quite universally. The starting point of the description is the free enérgy
associated with the defects:

TIT=-, Bnin; In('xI XJ')—E Iny, 1)
3] a ]
where the subscripts] label defectsy; are the positions of the defects,= + 1 are the
“charges” of the defectsa is a cutoff parameter of the order of the size of the defect
core, and the coupling constagt and the fugacityy are dimensionles3-dependent
factors. Expressiofil) is correct for quantum vortices in superfluid films, for disclina-
tions in hexatic films, and for spin vortices in 2D planar magnets. For dislocations in
crystalline films, expressiofl) has to be modified slightl§/.

The presence of the pairs in the system leads to nontrivial “dielectric” properties of
the medium. As a result, the interaction between the charges is modified; the effect can be
described in terms of a scale-dependent coupling congtdief. 2. The dependence
can be found in the framework of the scheme proposed by KostEtExcluding pairs
with separations frona to r, we arrive at renormalized values of the paramefzendy
which obey the following renormalization-group equations:

dg dy
m=—cyz, WZ(Z—BW, (2

wherec is a numerical factor of order unity. In the low-temperature phase, the coupling
constantB tends to a constant on large scales. The asymptotic valgei®farger than

2; the critical valueB.=2 corresponds to the transition temperature. In the asymptotic
region, whereB can be treated asindependent, the renormalized fugacityremains
r-dependent. Its asymptotic behavior can easily be extracted frorREq.cr?2~ 4. We

see that in the low-temperature phaséends to zero as the scale increases. Thus the
inequalityy<<1 is satisfied for large scales in the low-temperature phase and probably in
some region of scales abovg.

We consider the correlation functions

Fon(ty, - toniXa, - oo Xon) =(p(ty,X1) - .. p(tan,X2n)) )
of the “charge density”

pOO=2 n8(X=x)). @

For superfluid films the “charge density(4) is proportional to the vorticityyv X v. In
statics, one gets the estimite

Fa(r)~y2(r)/r?, ©)
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wherer =|x;—X,|. For high-order equal-time correlation functions the normal estimate
F,n~F3 is valid under the conditiog<1."®

Following Ref. 11, we adopt the stochastic equation

dx;,  D| a7 07

- — 1n — |+&
dt T |axy 7B ox, S ©)

which determines the trajectory of thith vortex in a superfluid film. Here” is the free
energy (1), D is a diffusion coefficient,y is a dimensionless parameter, agdare
Langevin forces with the correlation function

(& a(t) €} p(t2))=2D 8 8,56(t1—t5). (7)

Equation(6) can be derived in the spirit of the procedure proposed by Hall and Vinen for
a 3D superfluidsee Ref. 18 Hubel’ argued that the same equation is correct for spin
vortices in planar 2D magnets. We believe that j6£ 0, Eq. (6) is applicable to the
dynamics of disclinations in hexatic films such as membranes, freely suspended films,
and Langmuir films. We should also take into account annihilation and creation pro-
cesses. They are characterized by a creationRétg, which is the probability density

for a defect—antidefect pair with separatioto be created per unit time per unit area, and

by an annihilation rate€R(r), which is the probability for a defect—antidefect pair to
annihilate per unit time if the pair is separated by a distandsctually R(r) andR(r)

are nonzero only if is of the order of the core size

To examine the correlation functiot3) we use the Doi techniqd@,which enables
one to treat systems of classical particles in which creation and annihilation processes
occur. The Doi technique is formulated in terms of creatjoand annihilationy opera-
tors which satisfy the same commutation rules as do those for Bose particles; we must
introduce the fieldg/.. and fpi corresponding to defects and antidefects, respectively. An
effective Hamiltonian can be written in terms of the fields. Then one can formulate a
conventional diagrammatic expansion in term&pR, 3, and the propagators of defects.
Extracting blocks with small separations between the defects, one can pass to renormal-
ized quantities. Details of the procedure will be published elsewiierzre we only
present the results. The fugacity is expressed in terms of the renormalized values of the
creation and annihilation rates as

J— y2

R(x)=";R(x). 8

r

The renormalized value of the annihilation rate is

R(X)=8mB45(X). 9

The renormalized values @ andy obey the same renormalization-group equati@)s
as in statics. Fob and y we get the following renormalization-group equations:

dD 5 dy

- N2
din(ria) Y din(ria) Y

which are analogous to the equati@ for 8. We conclude that the corrections@oand
v are small(and irrelevant due to the small value of the fugacity.

(10)



694 JETP Lett., Vol. 70, No. 10, 25 Nov. 1999 V. V. Lebedev

X3
M

X3 X4

FIG. 1. Two trajectories passing through given points.

Next, we can examine the correlation functidBg rewriting the charge density)
as

P:l’\ﬂ+¢+_;ﬁ—¢—- 1D

One should distinguish between contributions related to different nunkbefrslefect—
antidefect pairs passing through the poixgsat given times,,. They can be estimated
as

Fon~y2(ror, ", (12)

where we assume that all spatial separations are of the ordgranfd all time intervals

are of the order ofi/D. We see that the ratio ifil2) contains the Rth power of a
dimensionless small parameterThus we conclude that the leading contributiorFtg,

is due to a single defect—antidefect pair, which corresponds=t&. The situation is
illustrated in Fig. 1. Though the contribution associated with a number of defect—
antidefect pairs contains an additional huge entropy factor, it has also an additional small
factor associated with the small probability of observing defect—antidefect pairs with
separations larger than the core radius; the smallness is due to the strong Coulomb
attraction. In the large-scale limit whef is saturated we havepocr 4" D728 f

some spatial separations amdmg—rj| and/or some time intervals differ strongly, then
one can formulate some simple rules. For example, if one of the time intervaismuch

larger than all values dfi—rjlle, then the correlation function behavesFag,« r #.

For the pair correlation function we have the same estinfjtas in statics. The
high-order correlation functions are much larger than their normal estimates in terms of
the pair correlation function. Namely, in accordance with Egsand(12) we have

Fon/F3~y 27251, (13

Let us explain in terms of our scheme the origin of the estinfate~ F} for the equal-

time correlation functions. This estimate correspondk=m in Eq. (12). The reason is

that two defects cannot pass simultaneously througlpd@nts, and at least=n defect—
antidefect pairs must be taken in order to obtain a nonzero contribution to the equal-time
correlation functiorf,,,. The situation is illustrated in Fig. 2. Thus we have two different
regimes: for equal-time and for unequal-time correlation functions. To establish the
boundary between the regimes we should consider small time intervals in which the
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FIG. 2. Possible and impossible trajectories passing through four points at a given moment in time.

single-pair contribution is finite but small. The smallness is associated with diffusive
“smearing.” The characteristic time over which the simultane6egual-time regime
passes into the nonsimultaneotsnequal-tim¢ regime can be estimated fromt
~r2/|In[y(r)]|, wherer is the characteristic spatial separation.

The effect considered resembles intermittency in turbulgisee, e.g., Ref. 20
which leads to large-dependent factors in the ratios likg3) in the velocity correlation
functions of a turbulent flow. However, in the case of defects the largependent
factors are related to the ultraviolet cutoff parameter, whereas for intermittency in turbu-
lence the larger-dependent factors are related to the infrafpdmping scale. Our
situation is thus closer to the inverse casce#d® Ref. 21 realized on scales much larger
than the pumping length. Our results can also be compared with nontrivial tails of prob-
ability distribution functions in the physics of disorder materi@se, e.g., Refs. 22 and
23).
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®Fe Massbauer and magnetometric studies of the molecular ferrimag-
net N(n-CsH,,), [FE'FE"(C,0,);] are indicative of a 2D magnetic
character with strong uniaxial anisotropy in the basal plane of the crys-
tal. It is established that the change in the sign of the net magnetization
of this compound is related to a compensation betweéh dwd Fé
sublattice magnetizations &t,,,= 31.2 K. The form and parameters of
the magnetic Hamiltonian describing the temperature dependence of
the F¢' sublattice and the net magnetizations are determined19@9
American Institute of Physic§S0021-364(09)00922-4

PACS numbers: 76.88y, 75.50.Gg, 75.60.Ej

In the search for new molecular magnets, considerable attention in the last decade
has been paid to the synthesis of bimetallic transition-metal complexes with spontaneous
magnetization. Okaweet al. suggested the use of theis-oxalates of chromium
[Cr'(0x)3]3~ and iron [Fe'(0x)3]°, with D3 symmetry, as building blocks (ox
=(C,0,)?7). This kind of synthesis led to the discovery of a whole family of ferromag-
netic and ferrimagnetic materials of the form NEWM'"M" (ox);], where M'=Mn, Fe,

Co, Ni, Cu; Bu=n-C4Hg (Refs. 1 and 2 These and similar compounds with different
organic cations crystallize in a trigonal structure with space gR8p (Refs. 3 and #

The honeycomb-like 2D lattice, with the two different magnetic ions in the corners of the
hexagon, form alternating layef#1'"M"" (ox);]7~ separated by the organic cations. In
such a structure, ferro- and ferrimagnetism can both be brought about by the intralayer
superexchange interaction along the path-¥bx)>~—M"". The interlayer interaction is
weak on account of the considerable distance between layers, which is determined by the
organic cation §=8 to 15A; Refs. 5 and 6 Consequently, these compounds are well
represented by a stack of two-dimensional magnets.

0021-3640/99/70(10)/5/$15.00 697 © 1999 American Institute of Physics
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T(K)

FIG. 1. Temperature dependences df k@) and two F& (B and) hyperfine fields in NPn[Fe'Fé" (0x)5].

The solid line represents the 'ffenagnetization derived from the model Hamiltonid). The inset shows an
example M@sbauer spectrum at 4.2 K fitted with the combined magnetic-quadrupole hyperfine total Hamilto-
nian.

Here we report on Mssbauer and magnetometric investigations of ferrimagnetic
NPn, [Fe'Fe"(ox);], where Pr=n-CgH,;, in the temperature range 4.2—100(Ke
Neel temperaturel =48 K). This compound is of particular interest in respect to the
reported negative sign of the magnetizatidNe have fitted the temperature dependences
of the F¢' and Fé sublattice magnetizations in the framework of a relevant microscopic
model and have determined an exchange constant, magnetic anisotropy constants, and the
g factor of Fé. It is shown that this compound is &htype ferrimagnet according to the
Neel classificatiorf.

The polycrystalline compound was synthesized by the standard m&tlagneti-
zation measurements were performed by a Quantum Design MPMS-5S SQUID magne-
tometer in the reciprocating-samglRSO mode at external magnetic fields and tempera-
tures in the ranges 1mT to 5T and 5 to 100K. A powder specimen of 58 mg was
compacted into the sample holdéfFe Mdssbauer spectra were recorded at various
temperatures using a He gas-flow cryog@xford Instruments CF506

The basic distortion of the coordination octahedron in the metal-oxalate layers of
NPn, [Fe'Fé'"(ox);] is compression along the trigonal axis, parallel to the crystallo-
graphicc axis. In addition, a small rhombic distortion is present, reducing the space
group fromR3c to C222 and the site symmetry of both ¥and F¢' from D5 to C,

(Ref. 9. T5he distance between nearest'(Femd Féd') ions in neighboring layers id
=10.23A

The5’Fe Mtssbauer spectrum of the compoundat4.2 K is displayed in the inset
of Fig. 1. It shows the magnetic hyperfine structure df F8=5/2) and F& (S=2) ions,
with an intensity ratio of 1:1. The spectra are analyzed in terms of the electron—nuclear
Hamiltonian including the magnetic hyperfine and electric quadrupole interactions. We
find that thez component of the electric field gradiei@FG) V,, is negativeat Fé', which
corresponds to the trigpnabmpressiorof the oxygen octahedron along thexis and a
nonzero asymmetry parameter,{—V,,)/V,,~<0, which manifests the rhombic distor-
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tion. The angle®" and "' between the principat direction of the EFG and the hyper-
fine fields at the nuclei of Beand Fé' are both 90°, i.e., the magnetization is confined to
the basal plane of the crystal. The hyperfine fielg at the nucleus of Feis lowered
considerably due to a significant unquenched orbital moment contribitidoreover,

there exist two nonequivalent sites for the'Fen, as is indicated by the two slightly
different values ofH,; in Fig. 1. The intensity ratio of the Mxsbauer lines corresponds to

a random orientation of the easy axes of magnetization of the crystallites in the polycrys-
talline sample.

The temperature dependence of the hyperfine fidigéT) at Fé' and Fé' is shown
in Fig. 1. At the F& site H,y is practically independent of temperature, indicating an
identical temperature dependence of the spin and orbital components of the magnetic
moment. In order to describe the temperature dependdpg¢d@) at the F&' site (pro-
portional to the F& sublattice magnetizationthe following form of the 2D microscopic
Hamiltonian of a single layer of NRr Fé'Fé' (0x);] is assumed:

. A, A
H=02 S St 5 20 () 50 2 ()P~ 2082 SoH-goue S H,
(D)

where the indices andb run over the F& and Fé sublattices, respectively. We have
estimated the variation of the parameters in the Hamiltofdaror the two nonequiva-
lent Fé' sites and found it to be negligible.

The first term of Hamiltoniar(1) is the antiferromagnetic exchange interaction of
strengthd. The second and third terms of the Hamiltonian describe the magnetic anisot-
ropy on the F& sublattice, due to the orbital moment of the''Hen.” The magnetic
anisotropy at the P& site is neglected, since its orbital momént 0. The last two terms
are the Zeeman interactions with the external field. For tH&iBa, theg factor has the
value 2. An effective spin-wave Hamiltonian is obtained frad) by a standard
Holstein—Primakoff transformation. The temperature dependence of the magnetization of
the two sublattices was calculated without taking into account the interaction between
spin waves. The best agreement with the experimental dataf6F) at F€' is achieved
with the following values of the parameters in the Hamilton{an

J=1242)K, Ay=9.68)K, \,=20-50K. 2
The value of thex, parameter has little effect on the'fFenagnetization.

SQUID magnetometry of the sample was performed in the following way. First, the
sample was cooled fromi=100K to T=5 K in external magnetic fields ranging from
H=1 mT toH=5T, and then the magnetizatia,(T,H) (whereH is the cooling fieldl
was recorded in a measuring fidi, ., 10 mT as a function of increasing temperature.
The experimental results, displayed in Fig. 2, have two prominent features. First, the
magnetization of the sample changes sign at ardigg,= 31.2 K. Second, the polycrys-
talline specimen did not reach magnetic saturation at 5K and hence it is frozen in a
magnetically metastable state with a certain domain structure. Those domains that coin-
cide with crystallites of the specimen hold their magnetic orientation upon heating even
if the direction of their magnetization is oppositeHg,..c The net magnetization of such
a domain follows thenicroscopicmagnetizatiorvi (T). In the case of a specimen having
single domain structure within each crystallite, one can extract this microscopic magne-
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FIG. 2. Temperature dependence of the net magnetization as measured by a SQUID, [iF&lIFE" (0x);]
cooled in various external magnetic fields: 157, 20 mT(®), 50 mT(<¢ ), 0.1 T(V), 0.2 T(A), 0.5 T(X),
0.8T(A), 1T(#), 2T(O) and 5TO). The measuring field was 10 mT, throughout.

tization M (T) by normalizing the magnetization curve to its valuel'atO. In Fig. 3 we

have plotted seven normalized curveg T,H)/M (5 K,H) for seven cooling magnetic
fields: 5T, 2T, 0.8T,0.5T,0.2T, 0.1 T and 50 mT. The magnetization ch{€) for

a magnet described by Hamiltoniah) was calculated with the parametéBs, leaving

the Fé g factor as a variable parameter for fitting. The solid line shown in Fig. 3 was
obtained withg,=2.34(2). Note that theM (T,H)/M (5 K, H) curves for strong cooling

fields approach a limiting curve which we identify with the microscoM¢T). To
cross-check this result we calculated the saturation magnetization for our specimen, as-
suming random directions of the axis in the crystallites, and obtained a value of
M(0)=0.16(2)ug per F¢'—Fé' pair.

On the other hand, the considerable deviation of Mer,H)/M (5 K,H) curves
from M(T) for weaker cooling fields can be interpreted as a “freezing-out” of the
domain wall motion within the crystallites. We mention also that in two cooling fields,
0.5T and 0.2T, the dc and RSO signals for the experimental cWwWM@sH) are not
identical belowT,y,. The apparent convergence of 8MI(T,H)/M(5 K,H) curves in

T ""1‘5\
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FIG. 3. Normalized magnetization curves of NFrre'Fé' (ox);] cooled to 5K in external magnetic fields
ranging from 50 mT{+) to 5 T(O). The solid line represents a fitting curve derived from HamiltoriiBrwith
parameters2) andg,=2.34(2).
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the vicinity of T¢,mpillustrate the fact that two domains of opposite order parameter have
identical magnetization acomp.

We surmise that in cooling fieldd>0.1T and forT <Tyy, the sample is magne-
tized up to its equilibrium magnetization. In strong cooling figttis 0.8 T most single-
domain crystallites reverse their magnetization during the cooling b&|gpwy,, whereas
in weaker cooling fieldH<0.8 T only a few crystallites reverse their magnetization
completely, so that many domain walls inside the crystallites remain to the end of the
cooling at 5K. In very weak cooling fieldd <0.1 T the crystallites do not reach mag-
netic saturation even at>T,m, and with decreasing cooling fields the magnetization
of the sample decreases. Recent external magnetic fiekklhdoier experiments have
shown that eveitl =7 T is not sufficient to polarize the powder sampidhis result is
again in agreement with the large value of the fitted anisotropy consignasid\ ,, and
the large orbital contribution tél at Fé'.

This work was supported in part by the Hungarian Scientific Research Fund
(OTKA) under Contract T022559 and by the Russian Fund for Fundamental Research,
Project 99-03-32581.
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A relativistic quantum exchange protocol enabling “coin tossing at a
distance” between two participants is proposed. The exchange protocol
is based on the fact that to distinguish a pair of orthogonal states with
certainty in relativistic quantum mechanics requires a finite time that
depends on the structure of the states themselves19@9 American
Institute of Physicg.S0021-364(09)01022-1

PACS numbers: 03.67.Dd, 03.67.Hk

The coin tossing protocol is one of the simplest cryptographic protocols and reduces
to the following. Let us assume that two participants A and B, who mistrust one another,
wish to cast lots, for example, using a coin or a random-number generator that generates
0 or 1 with equal probability.fla O occurs, then A winsfia 1 occurs, then B wins. If A
and B are at the same location, the problem is trivial. However, if A and B are separated
in space and can communicate only along a communication channel, then the problem
can even appear to be unsolvable, since A and B can always cheat for their own benefit.
The case where A and B can exchange information only along a classical communication
channel was solved by Blumin the strict sense the protocol of Ref. 1 is not secret with
respect to cheating by one of the participants, since it is based on the unproved compu-
tational complexity of calculating a discrete logarithrfor example, if one participant
has a quantum computérhich, it is true, has not yet been implemented experimentally
at his disposal, then he would always be able to win because of the fast calculation of a
discrete logarithn?

If besides a classical communication channel there is also a quantum communication
channel between A and B, then various quantum exchange protocols whose secrecy is
based not on computational complexity but rather on the fundamental laws of nature
(quantum mechanigsre possible. Protocols for quantum key distribuffohia quantum
protocol for quantum bit commitmeft® and protocols for quantum coin tossittguan-
tum gambling'! and quantum secret sharfidhave been proposed and investigated. It
has been shown that ideal quantum coin tossing on the basis of nonrelativistic quantum
mechanics is impossiblé:!* An ideal protocol is one where the probability of both
participants acknowledging that no cheating has occurred is strictly 1 and the probability
of 0 or 1 occurring is 1/2. However, a protocol where the probability of both participants
acknowledging the lots to be honest is as close to 1 as desired is pdSsible.

A bit commitment protocol and a coin tossing protocol that take into account the

0021-3640/99/70(10)/7/$15.00 702 © 1999 American Institute of Physics
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existence of a finite signal propagation velocity has been proposed retehtig. infor-

mation carriers in this scheme are classical states. The protocols are based on the fact that
the participants A and B each possess two spatially separated sites which they control
(see details in Ref. 15

An example of a real-time relativistic quantum coin tossing protocol will be pre-
sented below.

All quantum cryptographic protocols in one way or another employ two facts. One
is the no-cloning theoreth — the impossibility of copying an unknown quantum state,
i.e., the impossibility of the process

(A )= UM ) =B 4),

where|A) and|B,) are states of the apparatus before and after copyindJdaa unitary
operator. This process is forbidden because of linearity and unitary evolution in quantum
mechanics. An even weaker process is impossible — it is impossible to obtain informa-
tion about one state in a pair of nonorthogonal states without perturbing the States:

|AN ) = U (A ) = Ay )01), (A )= U AN 2)) = Ay ) 42).

It is impossible for|A,, ) #[A,,) to occur if (1|,) #0, i.e., it is impossible to distin-

guish nonorthogonal states with certainty. No such prohibition exists for orthogonal
states. For this reason, almost all cryptographic protocols employ nonorthogonal states as
information carriers. An exception is the protocol proposed in Ref. 18.

Orthogonal states are distinguishable with certainty, and in the nonrelativistic
quantum-mechanical theory of measurements two orthogonal states can be distinguished
instantaneouslyBasically for these reasons it is impossible to construct cryptographic
protocols based on orthogonal states in nonrelativistic quantum mechanics.

The situation is different in relativistic quantum field theory. The physical observ-
ables of a field referring to points separated by a space-like interval cannot be linked by
a cause—effect coupling, and the commutator of the field operators vanishes outside the
light coné®

[U™(X1),u" (X)]o=—iD " (X3—Xa), (1)

whereui(i) are field operators}m are points of a four-dimensional space—time, and

D~ (X,—X») is the negative-frequency commutator functidrithe latter circumstance
imposes a restriction on the time required to distingyishone measuremena pair of
orthogonal states with certainty.

Before presenting the protocol, we shall discuss the states and measurements em-
ployed in the protocol. Any single-particle state of a field can be represented in the form

929= | dadB)3(B?= 0" (B0, @

where the integration extends over the mass sh;lq!jz(ﬁ) is the amplitude of the field,
and|0) is the vacuum state. In what follows we shall deal with massless partfdes
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example, photonsin this case, we shall interpret the field operatd(p) as the operator
creating a photon in the Coulomb gauge. We shall also assume that the amplitudes

¢1'2(|6) are such that the stat¢g, ,) are orthogonal:
dp'dp

<¢1Iw2>=f f z/fI(p’>wz(p)<OIU‘(p’)u+(p)IO>m
=f wi‘(p)z/fz(p)d—p=0,
2po
(©)
[u™(p"),u"(p)l-=6(p'—p).

In contrast to nonrelativistic quantum mechanics, a final theory of measurements is ab-
sent in quantum field theory. However, for single-particle states of the field we shall
proceed by analogy to the nonrelativistic case. A measurement making it possible to
distinguish two orthogonal states with certainty is given by a decomposition of unity in
the subspace of single-particle states

Pt PrtPL=1, P =I-P1—P2, PiP=6;P, (4)

S _. . dp
I—fu (p)[0)(Olu (p)zpo,

+ dp’ o o AP
7’1,2=(f 1 AP (p’)|0>—,)(f<0|u (P)¥12P) 5~ 5
2py Po
The probability of obtaining a result with the input stéig) is
Pr(g) =(|Pil)=1, Po (1) =(h| P2 |1)=0, (6)

and similarly for the statéy,). The measurementd) and(5) are nonlocal in the sense

that access to the entire region of space where a field is present is required. It is intu-
itively obvious that if we are dealing with the electromagnetic field in a certain region of
space(this means that in the state presented to us at a certain moment in time the
quantum-mechanical averages of the observables of the field are different from zero in
this region), to determine the state of the field the measuring apparatus must have access
to this entire region. Even if at each point information obtained about the state of the field
as a result of a local interaction between the field and the measuring apparatus arises
instantaneously, a certain time is still required to transmit this information to an observer
located at some fixed point in space. It is obvious that irrespective of the observer’s
location this time cannot be less thiaf2c in order of magnitude, whereis the speed of

light andL is the diameter of the region where the field is nonzero.

For the protocol it is only important that the orthogonal states in the relativistic case
can be distinguished with certainty only in a finite time that depends on the structure of
the states themselves. In other words, orthogonal states are effectively indistinguishable
(indistinguishable with certainjyduring a certain finite time and become distinguishable
with certainty after this time has elapsed.

To obtain information about the state of a field a measurement must encompass the
region of space where this field is concentrated. For this reason, if initially the field is
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prepared in a certain controllabl@énaccessible for one of the exchange participants
region of space—time and then propagates into a region accessible for measurement, then
the state becomes completely accessible in a finite time. The propagation amplitude of the
field satisfies the causality principle

(14X [ Y1 oA X2)) = uwlz(—u )wlz( a)D (X1=Xa), (7)
whereD, () is the negative-frequency function

Dg(%)= )3/4 dko(k?) 6(— kO)expukx)—is(x)@(x) (8)

8(x0)=0(X°)—0(—X°). A= (x0)2—x?; 9)

|¢1,2(>A()> is a state in the representation:

|4 A%)) = fl//lz(p)elpx +(p)\/—|0> (10

We note that f0|§<1=§<2

Pr (1) = (1A P1d 112
= o A% v Ao, 5, 2= — [ d —i | i | D5
=K1, 2AX) |1, AX2)) 5, =x,| "= — | #1712 %, 1,2 o) Do
X(§<1—§<2)D5(§<2—3<1)|;1:;2- 11

Despite the product of two singular generalized functioﬁﬁ;(f()z—Dg(—f()) at

=0 in Eq.(11), such a product determines a generalized function, since there always
exists a convolution of two generalized functions with a carrier in the forward part of the
light cone®®

We now proceed to the description of the protocol. The form of the statgs
(corresponds to )0and |#,) (corresponds to )lis stipulated in advance. The protocol
starts att=0. At t=0 each participant starts to prepdfestates. The numbeX is also
stipulated in advance. The worse case is where on the one hand each participant com-
pletely controls only the immediate neighborhood of his own laboratory while on the
other he can arrange his apparatus as close as desired to the laboratory of the other
participant, if he wishes to deceive the latter. This means that the protocol must be stable
in a situation where one user can instantaneously transmit information to the other, i.e.,
when the length of the communication line between them is effectively zero. Actually, it
is sufficient to require that the effective size of the region of localization of a state is
much greater than the length of the communication line. Formally, the situation where the
length of the communication line is zero means that the users cannot control the space
outside their laboratories neay g. At t=0 each participant switches on the source of
the states, which immediately begin to propagate in the communication channel and
become accessible for measurement. A finite tiivie required to distinguish the states



706 JETP Lett., Vol. 70, No. 10, 25 Nov. 1999 S. N. Molotkov and S. S. Nazin

with certainty(or with probability as close as desired th A measurement to distinguish
states with certainty is described by a decomposition of u#@itand(5), which is written
out unambiguously.

After a timeT/2 has elapsed, first A reports to B which states he has transmitted, and
A reports this only folN/2 of his own states. Then, after obtaining the information from
A, B reports for the other halii/2 of the states what he actually transmitted. Only after
receiving the classical information from B does A communicate to B the remaining
second haliN/2 of the states. After receiving from A, B reveals his own remaining half
of the states.

Ultimately, the participants can check the correspondence between the classical
information which they receive from one another and their quantum-mechanical measure-
ments. If there is any irregularity, for example, A reports that atate was present, for
example,| ) (0), while B detects|y,) (1), the protocol is aborted. The presence of
classical information from one another and the ability to distinguish orthogonal quantum
states with certainty do not permit switching even one bit, which will be important for
calculating the resulting parity bit. Further, if as a result of exchange it is accepted that no
cheating has taken plagthe quantum measurements correspond to the classical infor-
mation), a parity bit is calculated=c,®c,® ...cy (c;=a;®b;, wherea; andb; are
bits from A and B, respectively which is the lot.

We shall now discuss possible cheating strategies, for example, for participant A. To
begin with, the participants must exchange classical information so as to rule out the
possibility of the states which A receives being resent immediately back to B without first
being identified. For photons, it is sufficient for A to place a mirror immediately at the
point where B states enter the communication channel. Further, let it be stipulated in
advance, for example, that A wins if 0 occurs. Then, if there was no requirement to report
classical information, A receives states from B and, without attempting to identify them,
immedidately sends them back to B. It is obvious that the parity bit in this case will
always be zerdA wins), sincea;=b;, c;=a;®b;=b;®b;=0, c=c,®c,® ...cy=0.
However, if A must report along a classical channel what he has actually transmitted to
B, then such cheating is ruled out.

Alternate revelation of half of the states through a classical channel is necessary in
order to rule out the following cheating strategyhich, incidentally, is easy to overlonk
Since B controls only the space of his own laboratory near the pgintA can position
himself nearxg, and after resending the quantum states back to B, at the stage of
exchanging classical information A can transmit back to B virtually instantaneously the
information which he has received from B along the classical channel. If B reports that he
has transmitted immediately aN states(which A has transmitted bagkthen A can
instantaneously return the classical information to B. Such a strategy does not work with
alternate revelation of half the states.

For the protocol it is important that the states are quantum states. If the states were
classical states, then, for example, A could always “select,” successively at each mo-
ment in time during the protocol, from each state obtained from B as small as desired a
part for measurement&his is not forbidden in classical physjcand simultaneously
resend the states back to B without distorting them. The arbitrarily small “selected” part
of the states could be used to identify the B states during the protocol and then to report
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them along a classical channel. In this case A always wins. For quantum states, such a
strategy is impossible, since it is impossible to perform measurements at successive
moments in time without introducing distortions.

Since a finite time is required to distinguish orthogonal states with certainty, during
the time O<t<T the states are indistinguishable with certainty and are effectively non-
orthogonal. The probability of correct detection of a state is an increasing function of
time P(t): (P(0)=1/2 (simple guessandP(T)=1). The specific fornP(t) depends on
the concrete states and is immaterial for us. The participant A cannot delay the transmis-
sion of his own states. Otherwise they will not be detected in the Tilffier largeN there
will be events outside €t<T). One possible cheating strategy could be for participant
A to adjust the states that have already been transmitted depending on the results of
measurements performed on a state received from B. In this case A must already obtain
the result of measurements on a state from B by a certainttiriie probability of this
p(t)], and B must not have had enough time to detect a state fratheé\probability of
this event is -p(t)). The probability of successful cheating Fs=p(t)[1—p(t)].

The maximum ofP., occurs forp(t;) =1/2 and is 1/4, which is less than the probability
of a simple guess, which is 1/2. In principle, A could perform a collective measurement
immediately onN states transmitted from #, but because the states are effectively
nonorthogonal for tim@ the probability of identifying the parity bit correctly in this case
once again reaches 1 only forT.

In closing, | shall make one remark. The possibility of identifying a state with
probability 1 during a finite time interval depends on whether or not there exist states,
for the type of particles employed, with a finite carrier in space. For photons, today only
states with exponential localization of energy are knéiRor a protocol this is not too
significant, since the time interval can be chosen to be long enough to guarantee that the
probability of distinguishing two orthogonal states is exponentially close to 1.
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