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A method for constructing integrable systems and theakRand trans-
formations is proposed. The case of integrable generalizations of the
nonlinear Schrdinger equation in the one-dimensional case and the
possibility of extending the method to higher dimensions are discussed
in detail. The existence of B&lund transformations of a definite type

in the systems considered is used as a criterion of integrability. This
leads to “gauge fixing” — the number of physically different inte-
grable systems is strongly diminished. The method can be useful in
constructing the admissible nonlinear terms in some models of quantum
field theory, e.g., in Ginzburg—Landau functionals. 1®97 American
Institute of Physicg.S0021-364(107)00123-7

PACS numbers: 03.78k, 03.65.Ge

1. INTEGRABILITY CRITERION AND CHOICE OF GAUGE

The nonlinear Schdinger equatiofNSE) and a number of systems which gener-
alize the NSE, of which several tens are knoysee, for example, Ref.)lare well
known in the theory of integrable systems. There exist many integrability criteria for such
systems. Because these criteria obviously are related with one another, it is natural to
choose a criterion which, on the one hand, will make it possible to distinguish systems
that are truly different and which, on the other, does not obscure the physical reason for
the integrability of these systems.

The following criterion is used in the present letter: There exists a canonical trans-
formation that does not change the Hamiltonian of the system. The action
S=[dtdx(pg;—H) is thereby invariant and hence the transformation obtained ixk-Ba
lund transformatiofBT) (see Refs. 2 and 6 for a discussion of the relation between BTs
and the inverse-problem methddr the given system, i.e., it transforms one solution into
another.

The objective of the present letter is not so much to construct a complete classifi-
cation of integrable systentthough such a classification will be obtained in a simple and
condensed form for one-dimensional systems of the NSE) tggeto determine in a
physically transparent form their discrete symmetries, which play almost the same role in
the theory of integrable systems as continuous symmetries play in gauge theories.

At the end of this letter we will examine the possibility of extending the method to
two dimensions, specifically, we will give the form of the Hamiltonian and the BT for the
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Davey-Stewartson system and discuss possible physical applications.
So, consider a system of the form

U= Uyt F(Uy,v4,U,0),

— U= Uyt G(Uy,vy,U,0). (1)
It is easy to see that the substitution

F=uw? G=u%, u=y, v=y*
transforms the systerfl) into an ordinary nonlinear Schdimger equation. As another
interesting example, the substitutidns

n_=2/(u-v), ny=-2uv/(u—v), nzg=(Uu+v)/(u—v)

transform the well-known Heisenberg model the n-field model,n;=n,,Xn) into an

u—uv system, iff = —2u2/(u—v) andG=2v2/(u—v). The standard method of proving
integrability is to determine the functiomsandG for which Eqs.(1) are a simultaneous
system. However, here we proceed immediately to the Hamiltonian formalism. We re-
quire that the first Hamiltonian equation, specificaty= 6H/ Sp, immediately give one

of the equations of the—uv system(1) (for example, the equation far). This require-
ment already strongly limits the form of the Hamiltonian:

H=p.ax+h(ax,q.p). (2

Here g=v and the momentunp must be expressed in terms ofand v, but it is
important that the functioh not depend omp,, .

It is obvious that there also exists a representation that is dual t®Egpecifically,
H=-pa,+h(ay.a.p), a=u, p=p(uv), 3
which on variation with respect tp gives the equation fou in the system(1). In order

to specify even more the form of the Hamiltonian and also to relate the HamiltoHians
andH, | shall formulate the integrability conditions:

1. There exist BT8(p,q) =(p,q) under which the Hamiltonian and Poisson brack-
ets are invariant(iin the case of NSE-type systems the trivial Poisson brackets
{p.q}=1 can always be chosen; however, it is technically more convenient not to follow
the brackets but rather to require that the temporal part of the action, in thipgaske
invariany.

2. The transformation8 can be represented in the form of a composition of two
“gauge” transformationsB, andB,, such that

~ ~ oT
BP0 = (B PP+ g,

- —— ~ 89p
Bg(p,a)=(p,d): g=qg+ S[~p],
op

B=B,B,. (4
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3. The next condition is duality. Under the transformati@sandB, the Hamilto-
nian transforms as

H(p,a)—H(p,q)—H(p,q). (5)

We note that the transformatiofis, and B, are strongly reminiscent of a gauge trans-

formation of the vector potentiaﬁ#='5\#+ d,f. Drawing an analogy reveals an interest-
ing fact — the action of the integrable system is gauge-invariant literally: The Hamilto-
nianH does not change at all under the canonical transform&lon

The next problem is to find the specific form of the transformatidisnd indicate
possible function$.

BACKLUND TRANSFORMATIONS AND HAMILTONIANS OF u—v SYSTEMS
On account of the form oB,, the Hamiltonian is a quadratic polynomial jn

H = px+aldy,q)p>+b(g,,q)p+c(dy,q). (6)

All Hamiltonians (6) can be divided into two classes:

1. The first class consists of systems with translational invariance. In this case, the
coefficientsa, b, andc are independent aff and depend only on,. These systems
possess “density—current” type conservation laws and the BTs are especially simple:

5T qXX
B,:—= . 7
* 5~ a(q,) @
Duality in this case has the form—q, . So, the most general form of integrable Hamil-
tonians with the translational invariance is

H=pxtx+ p?a(g,) + pb(a,) +c(ay).- 8)
On account of duality, the functiores b, andc are quadratic polynomials ig, .

2. "Magnetic” systems are a more complicated example of integrable sys-
tems. It can be shown that in this case the quanthiesndc depend only org and are
independent ofy,. The quantitya has the forma=q2+r(q). The Hamiltonian in this
case is

r'@ ra
H=p,a—p’a;—pr(aQ)—p————5 ©)

The BTs are quite simple in this case also:

_~ Gutr'(a
Qz+r(q) p

We have obtained an important result: In terms of the Hamiltonian there exist only
two integrable systems of the NSE type, specifically, the Hamiltof8amwith a momen-
tum conservation law and the Hamiltonié® without such a law. To understand which
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u—v systems are integrable, it is necessary to construct the correspondence
(p,a)—(u,v). In the next sections | shall discuss possible variants and also indicate the
correspondingl—uv systems.

3. TRANSITIONS TO u—v SYSTEMS

This transition can be made in two different ways — it can be assumed that duality

is equivalent to identity, i.e., we can study the cpsef) or the general case. Of course,
the first method is simplep=g(u—v). | give immediately the answers for the cases
with a momentum conservation law

U= Uyt 2a(uy)g(u—v)+b(uy), —vi=vyt2a(vy)g(u—v)+b(vy), (10

whereg’ =a(g) is a quadratic polynomial, and without a momentum conservation law
(Landau—Lifshitz modé)

u§+r<u>+r'(u> v§+r<v>+r'<v>
v T UtT Uxx )

u—vo 2 u—vo 2 1D

Up=Uyy— 2

wherer is a biquadratic polynomial. In the next section | shall examine the most non-
trivial generalization of the NSE — the case without a momentum conservation law and
with a nontrivial dependence of the momentum wmandv — a generalized Landau—

Lifshitz model. In the present section | shall derive this dependence fand p and
construct “magnetic”(the momentunp depends on the velocity, ,v,) U—v systems

with translational invariance. It can be shown that the mompmmdf) have the form
p=f(u—v)u,+g(u—v), p=Ff(u—v)vyt+g(u—v). (12)

Indeed,p—p is a total derivative, i.e., the momenta are related by a gauge transforma-
tion. In this case integrability is expressed in terms of duality as

H(p,a)=H(p,a), (13)
which gives relations for the functiorfsandg

2g="f"/f+af, (f')2=yf*+c f3+c,f2,

a(x)=x>+ax+B, y=a’—48. (14

4. HAMILTONIAN AND TRANSFORMATIONS OF THE GENERALIZED
LANDAU-LIFSHITZ MODEL

Let us examine a generalized Landau-Lifshitz mddek, for example, Ref.)in
the form of au—v system:

1 ) r'(u)
Ug= Uyx+ E(zvx_hu)(ux+r(u))+ 5
_ 1 2 r'(v)
—vt—vxx—H(Zux-f-hv)(vx-l—r(v))-l- — (15
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Here h(u,v) is a symmetric quadratic polynomial in each of the variables and
r(u)=1/4(2h,,h—h?).

I shall show that the systerfl5) is a consequence of two pairs of Hamiltonian
equations. Let

3 3 1/ . hq " " 1 ha
q=v, p__ﬁ QX+? ) q=u, p__ﬁ Ox ? )
h=h(q,q). (16)
| now construct the two Hamiltonians

r'(aq) r"(q)
H=pa—pX(ax+1(@)—p————5

~ L o ~ r ") r” '\)
H=—pqu—p2(q§+r(q))+p%— 1(3 (17)

It is easy to show that variation ¢ with respect top gives the equation foy in the
system(15). Similarly, variation ofH with respect t gives the equation fan. But the
main point is that, to within total derivatives, the HamiltonidhsandH are identical

H(p,a)=H(p,q), (18
and moreover, the Lagrangians are also identicall .

Evidently, some clarifications are in order: One would think that it would be natural
to choose one of the Hamiltonians, for examplevary it with respect tqo andq, and
obtain immediately the systefd5). Certain difficulties arise in so doing: The equation
for v is obtained immediately, but instead of the equation dowe would obtain its
covariant consequence(i.e., an equation of the form (—f)(u;—ux—F
X (uy,vy,U,0))=0; see Eq(l)). Comparing now Egq99) and(17) shows that in terms
of the Hamiltonian the system(@1) and(15) are identical.

The Baklund transformations

Uyt 1" (0)12

=v, 9
vi-l—r(v) U=v 19

p(U,V)—p(u,v)=

transform the solution of theu(v) system(15) into the solution U,V).

5. CONCLUSIONS

| have made use of the invariance of the action undakBmad transformations to
construct integrable systems and their BTs. Since these transformations were assumed to
be canonical, the invariance of the action is equivalent to invariance of the Hamiltonian.
Moreover, such a choice of the BTs decreased substan(fallyithin substitutionsthe
list of integrable systems by fixing the gauge. The method can be easily applied to
one-dimensional integrable systems such as the KdV, sine-Gordon, etc. systems, and
moreover the method can be extended to two dimensions. It should be noted that in the
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two-dimensional case the pair of variabfeandq is insufficient; nonlocal variables must
be introducedcompare with Ref. B | give a specific example: The well-known two-
dimensional Davey—Stewartsen-v system

Ug= Uyxt2(UV)y, Ut:_vxx+(vz)y+2uxv Vy:Uxa (20
has a simple Hamiltonian representation
H=p,dx+pos+ PPy, (22)

whereP,=p, v=qy, andu=p. This fits completely within the scheme described above,
provided thata, b, andc in Eq. (6) can be not only functions but also self-adjoint
operators, in this case,= axagl.

The BTs obtained above make it possible to “reproduce” solutions of the systems
considered, an indication, apparently, of their integrability. Moreover, the Miura
transformationé,which make it possible to obtain matched pairs of Poisson brackets and
carry out the standard Lenard—Magri schérfer constructing the first integrals, are
closely related with the BTs.

Apparently, the method can be applied, for example, to the classification of possible
types of interactions in the action of a field theory. Consider, for example, the Ginzburg—
Landau functional with time dependence. Just as in the standard NSE, the choice of the
quadratic terms in this functional is unique, which cannot be said of the higher-order
terms. Of course, the theory developed cannot be extended directly to high dimensions in
the symmetricwith respect to the derivativegase, but it can be conjectured that the
form of the vacuum Ginzburg—Landau solutions far from a transition point, where higher
order terms are important, can be estimated from the one-dimensional solution. An ex-
ample where this conjecture works is a disordered metal, where far from the mobility
edge a symmetric instanton makes the main contribution to the density of states. It is well
known that the asymptotic behavior and the contribution to the action for such an instan-
ton are identical, to within a numerical factor, for any dimension and are determined by
the symmetry of the fourth-order term. Therefore, once the symmetry of such terms is
analyzed, the method developed above can be used to attempt a continuation of the
Ginzburg—Landau theory with time dependence into a region far from the transition
point.

In closing, | wish to thank A. B. Shabat for formulating the problem and for helpful
discussions.
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Spherical striations in a glow discharge
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The stratification of a volume glow discharge is observed experimen-
tally. Spherically symmetric stationary striations are detected 1997
American Institute of Physic§S0021-364(17)00223-3

PACS numbers: 52.80.Hc

The appearance of glowing and dark regig¢stsiations in the positive column of a
glow discharge in a tube is a well-known phenomenon, first observed in1B4%s
now been established that the striations are due to ionizational instability, and the phe-
nomenon is known as ionization wave$.As far as we know, stratification of a volume
glow discharge has still not been investigated theoretically or experimentally.

We report in this letter the experimental observation of three-dimensional striations
consisting of a series of nearly spherical, glowing surfaces, one surface enclosing an-
other.

The experiments were performed in a cylindrical steel vacuum chamber 60 cm high
and 50 cm in diameteiFig. 1). The lowest pressure to which it could be evacuated was
10~2 Pa. After evacuation, the volume could be filled with different gases. The experi-
ments were performed under staffm gas flow conditions in the pressure range 2-50
Pa. A high-voltage cable without braided shielding was inserted into the chamber along
the radial direction at mid-height. The uninsulated end, 0.3 cm in diameter and 1 cm long,
was located at the geometric center of the chamber. The inner surface of the vacuum
chamber served as the cathode. A high-voltage regulable power supply with a maximum
voltage of 1 kV powered the discharge. The current was set by a regulating ballast
resistance and could be varied up to a maximum value of 40 mA. The voltage drop across
the discharge was about 400 V. The vacuum chamber was equipped with flanges with
four glass windows, 15 cm in diameter, positioned at mid-height for visual observation
and photographing from different angles.

When the voltage on the inner electrode is positive, a collection of concentric,
spherical glowing regiongstriationg, one enclosing another, is observed around the
electrode. The spherical symmetry of the glowing regions is based on observations from
different windows. A photograph of the observed phenomenon is displayed in Fig. 2. The
characteristic size of the glowing region is 10 ¢tine feed cable, whose diameter equals
9 mm, can be seen by carefully examining the photographe number of striations
observed in the experiment ranged from a single striation up to more thafodo
striations can be seen in Fig). A stationary glow pattern can be observed for several
minutes.

The size of the striations depends on the pressure and composition of the gas. The
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FIG. 1. Experimental apparatus— Vacuum chamber?2 — windows,3 — insulator,4 — central electrode.

absolute radius of a striation is close to inversely proportional to the pressure. The
dependence of the radius of a striation on the number of the striation is shown in Fig. 3.
The radii are normalized to the radius of the central glowing zone. Starting at the second
striation, the dependence can be approximated as

ra/ro=a"=ef", (1)

FIG. 2. Glow of a stratified discharge.
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FIG. 3. Radius of the striations versus the number of the striation.

The coefficientsx and 8 depend on the discharge burning conditions. The experimental
values of«a lie in the range 1.4-2. Striations were observed in molecular gases: air,
nitrogen, CQ. Adding a high-molecular ga&cetone, benzene vappiisicreases the
number of striations and decreases their sthe coefficienta in Eq. (1) decreases
Striations were not observed in pure argon in the experimental pressure range. However,
adding a molecular gas resulted in the appearance of striations. Striations are also not
observed with a different polarity of the power supply. Under these conditions the dis-
charge voltage is much high@bout 1 kVj and the current is much lowéabout 2 mA.

In concluding the experimental part, it should be noted that there is an analogy between
the observed phenomenon and double lajevhich were observed in a volume glow
discharge in argon, but under conditions of gas flow and a gas density gradient in the
discharge region.

We shall now present some estimates of the discharge parameters. It is known that
for a stratified discharge in tubes the voltage drop between the striations is positive. This
jump in the voltage is due to electron energy losses in inelastic colliéibhet us
assume that the same situation is also realized in the three-dimensional case. Using the
experimentally measured dependence of the distance between striations on the discharge
voltage®, it is possible to estimate the dependence of the potential on the rddeus
presence of a volume charge changes the distribution of the pojetththe distribution
p(r) of the volume charge. The electrical potentialmsth striation can be represented,
taking account of Eq(l), as

e(r)=®—@on=>—@gIn(r,/ro)/B.

The quantitye, depends on the type of and energy spectrum of the gas and the electron
energy loss cross sections. Ordinarigyy equals several electron volts and is correlated

with the energye; of the first electronic excitatiofor ionization potential of the gas_et

us assume that the smoothed potential between the anode and cathode layers can be
represented by a similar expression

e(r)=®—@oIn(r/ro)/B, E(r)=—3ae(r)/dr=¢q/pr. (2
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The Poisson equation gives the volume-charge distribyt{oh= ¢o/47Br?. It is easy to
see that the breakdown of the quasineutrality of the plasma is due to the presence of
excess ions.

Assuming that the discharge currehtis due predominantly to the electrons, we
estimate the electron density(r) from the relation

je(r)=/4mr?=—eny(r) ueE(r), ©)

wherej(r) is the electron current density and is the electron mobility. Comparing
Egs. (2) and(3) shows that the electron density is inversely proportional to the radius.
Substituting numerical values for the mobilify, (Ref. 5 and the current density(r),

we obtain that for all distances, starting with the radius of the anode, the breakdown of
quasineutrality is small:

p(r)=pi(r)—pe(r)<pe(r).

In conclusion, we shall make several general remarks. First, the spherically symmet-
ric stratification of the discharge is stalftbe experiments were performed in a cylindri-
cal chamber and the striations have a clearly expressed spherical symmetry

Second, despite the smallness of the breakdown of neutrality the presence of a
volume charge apparently strongly influences the potential distribution, leading to the
self-similar law(1) in the spatial arrangement of the striations.

Third, the existence of three-dimensional striations simplifies the solution of the
problem of stratification of a glow discharge in connection with the absence of walls.
Mathematically, the problem becomes one-dimensional.

Fourth, the longitudinal electric field in the positive column of a glow discharge in
tubes is virtually constar{translational symmetry holds approximatelffor this reason,
the observation of stationary striations for a discharge in tubes is due to the presence of
inhomogeneities of some type in the region of the positive colfiffifror the three-
dimensional case, strong gradients of the electric field themselves serve as an inhomoge-
neity. This is apparently the reason why only stationary striations were observed in our
experiments.
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Dependence of the specific heat of a La 1 g5Srg15CuO,
superconducting single crystal on the magnetic
field direction in the a-b plane
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Kurchatov Institute Russian Science Center, 123182 Moscow, Russia

(Submitted 14 October 1997
Pis'ma Zh. Esp. Teor. Fiz66, No. 11, 683—-687110 December 1997

The low-temperature specific heat of a;lggbry 1:CuQ, superconduct-

ing single crystal was investigated in magnetic fieldsap T and with

four orientations — in the@—b plane(along the(100 and(110) direc-
tions) and at angles of 45° and 90° with respect to theb plane
(along the(103) and(001) directions. Anisotropy was observed in the
field dependence of the specific heat in #héb plane. The specific heat
was found to be minimum with the field oriented in the direction of the
a axis and maximum with the field oriented in a direction making an
angle of 45° with the axis. This can be explained by the anisotropy of
the energy gap, whose minimum lies along ¢(@&0) direction. For all
orientations of the magnetic field the specific heat of the mixed state at
low temperatures is a nonlinear function of the magnetic field strength.
© 1997 American Institute of Physids$0021-364(07)00323-X

PACS numbers: 74.72.Dn, 74.25.Bt, 6540.

The study of the anisotropic properties of hih-superconductors in a magnetic
field has become important in recent years in connection with questions concerning the
symmetry of the superconducting gap, including the two-dimensional anisotropy of the
gap in thea—b plane. Experiments on photoemission spectrosédRgman scattering,
quasiparticle tunneling heat conductiofi,and magnetoresistartcattest to the anisotro-
pic behavior of the gap in the—b plane. It should be noted that experiments on the direct
observation of gap anisotropy, which were performed by tunneling spectrdsaogy
angle-resolved photoemissiomethods, give contradictory information concerning the
direction in which the gap width has its maximum value. For this reason, experimental
investigations of manifestations of gap anisotropy by a new, independent method are
undoubtedly of interest. An important, though indirect, manifestation of the nontrivial
symmetry of the superconducting gap could be anisotropy of the specific heat of a
superconductor in a mixed state with the magnetic field lying inakb plane of the
crystal.

We note that investigations of the thermal properties of superconduspesific
heat and thermal conductivityin contrast to electric investigations, remain informative
at temperatures far below the superconducting transition temperature. In the case of
investigations in magnetic fields, thermal measurements are, as a rule, less sensitive to
pinning than are magnetic measuremestace the external magnetic field remains un-
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changed during the measurement proLess that the results should be more reliable.

Our objective in the present work was to investigate the anisotropy of the supercon-
ducting properties of a LigsSr, 15CuU0, single crystal, specifically, the field dependence
of the specific heat with field orientation in tlee-b plane along thea axis and at an
angle of 45° with respect to tha axis. The choice of this choice is dictated by two
circumstances: )L The upper critical field in them is not very high, which makes it
possible to perform investigations in a quite representative region ¢ the T diagram
and 2 the parasitic magnetic anomaly in the specific heat is small.

The investigations were performed on one of the bulkdsar, 1Cu0, single crys-
tals investigated previousf/ which had been grown by the floating-zone technique.

According to x-ray structural analysis, the sample at room temperature possessed
tetragonal structure(F4/mmm) with lattice parametersa=b=3.773(1) A and
c=13.233(2) A. The experimental crystal consisted of several blocks, whose disorien-
tation along thea andc axes was of the order of 10°.

The superconducting transition temperatiiteand the transition widtA T, were
T.=39.2 K andAT.=0.5 K with respect to the magnetic susceptibility and resistivity
andT.=38 K andAT.=2 K with respect to specific heat. A clear jump corresponding to
a superconducting transition with amplitud€/T.=9 mJ/moleK? was observed in the
temperature dependence of the specific heat.

The specific heat of the sample in magnetic fields ofug T was determined by
the adiabatic method with pulsed heatftifhe measurement error was equal to 2% in the
temperature range 1.5-4 K, 1% in the range 4-10 K, and 0.2—-0.5% in the range 10-50
K.

The specific-heat investigations were performed for four directions of the magnetic
field: parallel to thea—b plane along the axis — (100 and at an angle of 45° to tre
axis — (110 as well as at an angle of 90° with respect to éhéh plane along the axis
— (001) and at an angle of 45° -103). We estimate that the total error in determining
the orientation and in the positioning of the sample with respect to the field did not
exceed 10°.

Experimental data on the low-temperature specific heat in magnetic fields of 0 and 4
T are presented in Fig. 1 in the coordina@&T versusT? for all four experimental
directions of the magnetic field. The magnetic field increases the specific heat, the effect
being smaller with field orientation alond00), i.e., along thea axis in thea—b plane.
The influence of the field is higher in the case of the three other orientations, but the scale
is approximately the same. Comparing these results for the two direcatosg thea
axis and at an angle of 45° with respect to ¢hexis) indicates strong anisotropy of the
electronic specific heat in thee—b plane.

The temperature dependences of the specific heat in the interval 2—8 K are approxi-
mated well by a function of the fornc=y*(H)T+B8T3+aT® for all values of the
magnetic fieldH. This makes it possible to determine the coefficiesittH) of the
electronic specific heat. The field dependenc¢gH) is presented in Fig. 2 for four
directions of the magnetic field. As one can see from the figure, this dependence is
strongly nonlinear for all four orientations of the magnetic fieJd:(H) grows rapidly
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FIG. 1. Temperature dependence of the specific heat pf:5g ,:Cu0, at low temperatures in magnetic fields
0 and 4 T for four orientations of the field: O — H=0; V — H||(100); 0 — H||(110); ® — H|(001); ¥
— H|[(103).

with the field in weak fields and its variation with increasing field is weaker in strong
fields. Note that such a dependence is observed for all four directions of the magnetic
field. The observed effect of a magnetic field on the specific heat of the experimental
sample at low temperatures is different from the Abrikosov théamhich predicts a
nearly linear variation ofy* as a function oH.
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FIG. 2. The coefficienty* (H) for four orientations of the fieltH. The orientations are indicated in the figure.
Inset: Temperature dependence of the specific heat pf:Eg ,:Cu0, at low temperatures with a fixed orien-
tation of the field — parallel to th€100) axis — in different magnetic fieldsl: O — H=0; ® — H=2; V
—H=4; V—H=6T.
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Comparing the results shows that theaxis is a distinguished direction. In this
direction the effect of a magnetic field on the specific heat is weakesyatid) has its
minimum value. For all other orientations of the magnetic field, the valueg @f) are
close to one another and are much higher than the values alorgakis.

Square-root extrapolation of the magnetic-field dependences of the coefficient of
electronic specific heay* (H) which we observed in the mixed state to the valye
corresponding to the normal state of the superconductor gives estimadgs(6) which
are substantially different for two directions of the field in teb plane, also indicating
aH., anisotropy in the—b plane. As a result, the upper critical figt},, and energy gap
anisotropies as functions of direction in momentum space and the difference in the values
of the gap in thea—b plane can be estimated by studying the field dependence of the
electronic specific heat as a function of angle with respect to the crystallographia axes
andc in the single crystal.

It should be noted that the anisotropy of the resistive upper critical magnetic field
with four-fold symmetry has been observed experimentally in ggiSt, 1:CuQ, single
crystal in fields up to 6 T, the scale of the anisotropyHg, (|| 100)/H (| 110) being
10% at 35 K® The anisotropy which we observed has the same sign but a much larger
scale. One possible reason for the difference in the values of the anisotropy between our
investigations and in Ref. 5 could be the different temperature interval: In Ref. 5 the
investigations were performed ne@g, whereas in our work the investigations were
performed substantially below, .

According to the works of Volovi"!! and Maki? a nontrivial symmetry of the
superconducting gap is manifested in the anomalous behavior of both the low-
temperature specific heat of the superconductor in a mixed state and the upper critical
field. Both phenomena should exhibit four-fold symmetry upon rotation of the field in the
a—b plane. In Ref. 11 it is shown that in the casedgbairing there exist two regimes of
the influence of the magnetic field on the thermodynamic properties of a superconductor:
strong-field k<1) and weak-field X>1). The crossover parametercan be expressed
in terms of the temperatufg, the magnetic fieldH, the critical temperatur&,., and the
upper critical fieldH, as
T ( ch) 1/2

T\ H

Te

An estimate of the crossover temperatlitg determined by the relation~ 1, for
Lay S 15CuU0, (H»,~200 T,T.=38 K) in an external field b6 T gives a value of the
order of 7 K. In Ref. 5 the critical resistive magnetic fields were investigated in fields up
to 6 T attemperatures above 30 K, corresponding to the weak-field regime. Our estimates
of the anisotropy were based on data obtained in field®@T but at temperatures 2—8
K, which is below the crossover temperatufg, and they pertain to the strong-field
regime.

Let us summarize. The specific heat was investigated experimentally in a supercon-
ducting Lg gsSry 15CuQ, single crystal in a mixed state for four orientations of the field
relative to the crystallographic axes: along thaxis and at an angle of 45° with respect
to thea axis in thea—b plane and also along theeand(103) axes. For all orientations of
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the magnetic field, the specific heat of the mixed state at low temperatures is a nonlinear
function of the magnetic field strength. This is not described by the standard theory of the
influence of a magnetic field on superconductivity. From measurements of the specific
heat in magnetic fields, we observed anisotropy of the field dependghde) for a
single-crystalline sample of LasSr, 1Cu0, in magnetic fields with orientation along the

a axis and at an angle of 45° with respect to ¢haxis in thea—b plane as well as along

the ¢ and (103 axes. A strong anisotropy in ttee-b plane appears in the dependence
v*(H), whose value is smallest in the direction of thexis and largest in a direction
making an angle of 45° with tha axis; the anisotropy is much larger than in ordinary
superconductors.

We call attention to one other important result. Tunneling spectroScmpy angle-
resolved photoemissidrexperiments on the direct observation of gap anisotropy give
contradictory information about the direction in which the gap has its largest value. The
results of our investigations of the specific-heat anisotropy in g4 1:Cu0, single
crystal confirmed the angle-resolved photoemission results: The gap is largest along the
Cu-0 bond and not at an angle of 45° with respect to this bond; this confirms the
predictions ofd-pairing superconductivity models of high: superconductors.

In the future, we would like to continue measurements of the angular dependence of
the upper critical fieldH.,(T) in thea—b plane in these and other high-superconduc-
tors in order to determine the origin of this anisotropy.

We thank A. M. Balbashov and D. A. Shulyatev for preparing thegsr, 1:CuG,
samples and V. F. Shanirand O. E. Parfenov for determining the orientation of the
samples.

This work is supported by the Scientific Council on the problem of Higtsuper-
conductors and was performed as part of Project 96039 in the direction “Supercondu-
city” of the State Science and Technology Program “Topical Problems in the
Condensed-Matter Physics.”
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Dynamic self-organization of magnetic domains in
amorphous films with perpendicular anisotropy
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Dynamic self-organization of magnetic domains is observed in amor-
phous gadolinium—cobalt films in narrow temperature intervals on both
sides of the magnetic compensation point. Spiral dynamic domains
form in a limited range of ac magnetic field amplitudes and frequen-
cies. © 1997 American Institute of Physics.

[S0021-364(07)00423-4

PACS numbers: 75.60.Ch, 75.50.K]j

1. The dynamic self-organization of a system of interacting moving magnetic do-
mains has been discovered in an investigation of the domain structure of iron g&net
films in an ac magnetic fielti? Further investigations showed a great diversity of ordered
dynamic domain structures, the most remarkable of which are spiral dynamic domains
(SDDs. Spiral domains form in IG films in a definite bounded region of ac field ampli-
tudesH, and frequencie$. In this (Hy—f) region the films pass into an excited state,
termed in Ref. 3 the Anger state. The most characteristic indications of this state were
determined in Ref. 3: self-organization of a dynamic aggregate of magnetic domains and
evolution of this aggregate. Evolution is manifested primarily in that as long as an ac field
is present, SDDs arise and vanish with a frequency that is much lower than the pump
frequency. Investigation of this phenomenon led to the discovery of many new effects:
the formation of ideally ordered two-dimensional domain arrdgkiice composed of
domains with different geometry; unusual pulsations of dumbbell-shaped dofrains;
transformation of the sources of dynamic domd&isunusual dynamic hysteresis
propertie&® — dynamic single-domainnes!induced by the bias field of the Anger
state!! All this was obtained in an investigation of IG films with perpendicular anisot-
ropy. It was essential to search for and study dynamic self-organization and the Anger
state in other single-domain magnetic media. Only then is it possible to talk about uni-
versality of this phenomenon in the physics of magnetic domains.

2. We chose as the objects of investigation amorphous gadolinium—cobalt
(Gd,Co, _,) films with perpendicular anisotropy. These films can have a wide spectrum
of magnetic properties, since in @b, _, systemsx can vary continuously and the
temperatureT, of compensation of the magnetic moment is a linear functiorx.of
Gd-Co films containing “low-anisotropy” Gd ions are distinguished from other rare-
earth—transition element filmdor example, Tb—Fe—Co, Dy—Co, and othels the
comparatively “low” coercive force. They have been investigated intensively as alter-
natives to IG films for use in storage devices based on mobile bubbles. The study of
domain-containing media, including IG and Gd—Co films, has remained important to this
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day in connection with possible applications of such films in magneto-optic systems,
specifically, for visualizing nonuniform magnetic fieldsand for topographic study of
spatially nonuniform temperature fielt§On the basis of its static properties, a Kittel-
type domain structure in Gd—Co films is the analog of the domain structure of IG films
with a perpendicular anisotropy.At the same time, IG films differ substantially from
Gd-Co films with respect to microstructure and many other physical properties. The
dynamic behavior of the domain structure in Gd—Co films cannot be predicted a priori for
the following reasons. Epitaxial IG films are actually single-crystalline dielectrics and,
magnetically, three-sublattice ferrimagnets. Gd—Co films are metallic amorphous films
with a complicated hierarchy of structural nonuniformittésMagnetically, these are
two-sublattice ferrimagnets. Moreover, the coerciity of domain walls in amorphous
films is approximately an order of magnitude higher than in I1G films. Films in which
does not differ much from room temperature can be obtained by varying the composition
of the system Gd—Co. In this case it becomes possible to vary the saturation magnetiza-
tion Mg, the saturation fieldHg, the coercive forceH., and the period @, of the
domain structure in the demagnetized case over very wide limits by moderately varying
the temperature of the sample. This increases the likelihood of finding a combination of
these parameters for which SDDs could form in an ac field. This formulation of the
experiment led to success in the present work.

3. The experimental Gd—Co films were deposited by ion—plasma sputtering in an
argon atmosphere on water-cooled glass substrates coated by @arf.06ck protective
layer of SiQ. As a rule, the Gd—-Co films, in which a domain structure already formed
during sputtering, exhibit stabilization of domain wailsThis imposes a substantial
limitation on the motion of the walls and rearrangement of the entire domain structure.
For this reason, to exclude any parasitic influence of this effect, the films were sprayed on
in the presence of a magnetic field oriented perpendicular to their surface. Domain struc-
ture was observed with a polar magneto-optic Kerr effect. A spatially uniform sinusoidal
ac magnetic fieldd =H, sin(2rft) was oriented in a direction normal to the film. The
frequencyf of the ac field varied from 0.05 to 50 kHz, and the amplitkitigvaried from
0 to 300 Oe. The temperature of the samples ranged fr@@ to 150 °C. The exposure
time for photographing the domain structure was equal to several seconds. The system-
atization of the experimental data done in Ref. 18 indicates that SDDs form in the
presence of a certain combination of magnetic properties, specifically, domaindyidth
and characteristic length of the matefidfor this reason, in the present work we also
took the domain width as the main characteristic associated with the formation of SDDs.

4. We shall demonstrate the obtained results for the example 05#G4 film with
perpendicular anisotropy. The thickness of the film was0.4 um and the compensa-
tion temperature was equal to 55 °C. Figure 1 shows the temperature dependence of the
half-period dy of the domain structure in the demagnetized state. In the temperature
interval (T.—30, T.+30) °C the domain structure is irregular. The configuration and
dimensions of the domains are determined mainly by the distribution of the defects on
which the domain walls are pinned. The effect of an ac magnetic field at these tempera-
tures is to produce an uncorrelated oscillatory motion of the domain walls near some
positions of equilibrium. Increasing the amplitude of the field at all experimental frequen-
cies complete washes out the pattern of the domain structure; this is observed visually as
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FIG. 1. Temperature dependence of domain width in the demagnetized state of the experimental amorphous
gadolinium—cobalt film.

a gray background. Away from. the domain structure becomes labyrinthine, which is
typical for films with perpendicular anisotropy. In the temperature rangesl§) °C and
(100-113) °C(marked by the letter§Din Fig. 1) and in the frequency range 10-50
kHz, SDDs form as the amplitudé, increases up to a critical valdeurvel in Fig. 2).
Examples of the patterns of the domain structure in the initial demagnetized state and
SDDs at the same temperature=110 °C are presented in Figs. 3a and 3b, respectively.
Very small SDDs(1-2 loop$ are short-lived. They arise and vanish, arise once again,
and so on while the pump field acts. The characteristic times for the Anger state, the
lifetime T4 and the waiting timel, .2 equal 1-2 s. In Fig. 3b such single-loop spirals are
seen at the top of the photograph. Relatively large SDDs, consisting of three and more
loops(Fig. 3b), are long-lived. For theriT; was longer than the observation time, which
was equal to 10 s at fixed temperature. It was observed that these SDDs are localized in
the region of space where they were engendered. There are approximately the same
number of SDDs with positive and negative topological chard¢henH, reaches the
second critical valugcurve2 in Fig. 2), the SDDs decay. At higher amplitudes a gray
background is seen visually. The amplitude—frequendy—f) range of existence of

Hy, Oe
300

T
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fb
Jl | L | 1
0 20 4 ¥ KHz

FIG. 2. Amplitude—frequency region of existence of spiral dynamic domains in an amorphous gadolinium—
cobalt film at 100 °C.
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FIG. 3. Photographs of domain structure at temperaiurel10 °C in the same section of the sample in a
demagnetized stai@) and in an ac magnetic field witH,=180 Oe and =30 kHz (b).

SDDs, presented in Fig. 2, has a sharp limit on the left-hand side at the freqygnt®

kHz. This means that to the left 6f and above the curv2 in Fig. 2 space—time chaos
appears in the system of domains. Domains and domain walls in the disordered domain
structure move in different directions and with different velocities. Chaosrder tran-
sitions occur in the region between curveand2. Here ordered dynamic structures —
spiral domains — form; the domain walls oscillate around stable positions of equilibrium.
The quantitative characteristics of thd{—f) region change with temperature, remaining
qualitatively similar to the region presented in Fig. 2. The frequehcyemains quite

high: f,>10 kHz. The Hy—f) region is cut off on the right-hand side by the frequency
f=50 kHz. This is due to the limitations of the method employed to excite the ac field.
It is evident from Fig. 1 that the temperature intervals where the SDDs are stable are
arranged virtually symmetrically with respectTg and they correspond to the sections of
the curvedy(T) that are symmetric within the limits of the measurement error.

5. Comparison with IG films shows the following. In IG films, as the amplitude and
frequency of the magnetic field change, a large diversity of the ordered SDDs is observed
visually; in other words, they have very complicated dynamic domain phase diatftams.
So far we have observed only SDDs in the experimental Gd—Co films, and at higher
frequencies than in the IG films. Furthermore, spatial localization of multiloop SDDs
occurs in Gd—Co films, in contrast to IG films where such SDDs can move relatively
freely through the sample and interact with one another. Finally, the maximum number of
loops in the SDDs in the experimental Gd—Co films is four or five, while in 1G films the
number of loops in the SDDs can reach 15-20.

In summary, we have studied the low-frequency dynamics of an aggregate of mag-
netic domains in amorphous Gd-Co films with perpendicular anisotropy and the inves-
tigations were performed in a temperature interval encompassing the magnetic compen-
sation point. Self-organization of a dynamic array of magnetic domains and formation of
spiral structures in magnetic films sharply differing in microstructure and many magnetic
properties from previously studied IG films was demonstrated. This gives grounds for
believing that the phenomenon of dynamic self-organization of multidomain magnetic
media is universal.
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Influence of the quantum size effect for grazing electrons
on the electronic conductivity of metal films
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The thickness dependence of the electronic conductivity of(B#i150

nm) single-crystal(100 films of refractory metals is investigated at
different temperatures ranging from 4.2 K to room temperature. Re-
gions of square-root, quasilinear, and quadratic dependences are ob-
served. The quasilinear thickness dependence is explained by the influ-
ence of quantum effects on the transverse motion of electrons in the
case when electron scattering by the film surfaces dominates. For mac-
roscopic film thicknesses 30—50 nm, much greater than the Fermi
wavelength of an electron, quantum corrections to the electronic con-
ductivity reach values of the order of 50%. This is a consequence of the
quantum size effect for grazing electrons, which leads to an anomaly in
electron scattering by the film surfaces. The region of the quadratic
thickness dependence corresponds to the quantum limit, and the square-
root region corresponds to the classical limit. The effect is explained in
a quasiclassical two-parameter mog@kk effective angle* for small-

angle electrons and the parameterequal to the ratio of this angle to

the diffraction anglg that takes into account the diffraction angular
limits for grazing electrons. The effect occurs for parametefs<1

and y~1 and differs from the “ordinary” quantum size effect.

© 1997 American Institute of Physids$0021-364(07)00523-9

PACS numbers: 73.50.Dn, 73.61.At

INTRODUCTION

The interpretation of the classical size effect in the electronic conductivity of films
has for a long time been based on the Fuchs mb#ielhere the ratio of the diffuse and
specular scattering of all conduction electrons by the film surfaces was determined by a
single effective parameter — the specular coefficient. However, even in Ref. 3 it was
indicated that this parameter is different for different groups of electrons and that it is
necessary to make allowance for the dependence of the specular coefficient on the angle
of incidence of the electrons on the surface. Many authors have elaborated the Fuchs
model and also investigated the conditions of its applicability in the classical (&®ét
Ref. 4 and references cited thergiin Ref. 4, it was also shown that for a sufficiently
long electron mean free pathit is impossible to introduce an average specular coeffi-
cient to describe the electronic conductivity in films. The conductivity of films in this
case is determined by small-angle electrons and the electronic conductivity of the film is
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a square-root function of the thickness. The size effect in the electronic conductivity of
perfect single-crystalline plate-like whiskers has been investigated, for example, in Ref. 5
and the references cited therein, where a quasilinear size dependence was observed. A
similar dependence was obtained for single-crystalline films of refractory metals with
largel .®=°In all of these cases a square-root thickness dependence should be observed in
the classical limif. but this is not confirmed experimentally. Until very recently, there
was no satisfactory explanation for this discrepancy between theory and experiment.

Investigation of thin single-crystalline platinum films showed that a large deviation,
which can be interpreted in the Fuchs model, from the classical size effect is observed for
thicknessd less than 5 nmi® In Refs. 11—14 theoretical models explaining these experi-
mental results as a manifestation of the quantum effect at small film thickness, approach-
ing the Fermi wavelength of an electron, were developed in Refs. 11-14. The case when
the lengthl is much greater than the film thickness in both the quantum and classical
limits has not been investigated.

EXPERIMENTAL RESULTS

Thin (5—150 nm single-crystalling100) films of refractory metals were obtained in
a process of epitaxial growth on a flassapphire surface in an ultrahigh vacuum by the
method of pulsed laser vaporization. Films with a perfect crystalline structure, which
consisted of single-crystalline blocks with a small disorientation and sizes much larger
than the film thicknes$? possessed slight average roughriésss than 1 ninon both the
inner and outer surfac@4As a result of the interaction with the surrounding medium, the
outer surface of the films was coated with a thin natural oxide. The effective residual
electron mean free path in the films grown reached several microns and the mean free
path in the bulk, as estimated from the Fuchs equations, was at least an order of magni-
tude longe~° Measurements of the electronic conductivity of the films were performed
at low (4.2 K) and higher temperaturésght up to room temperatureThe method for
obtaining the films and the method for measuring the electronic conductivity are de-
scribed in greater detail in previous publicatiSrs.

The experimental dependence of the rati@)/o (150 nm) of the conductivities of
single-crystalling100 W films, measured at 4.2 Kcurvel), 40 K (2), 80 K (3), and 295
K (4), for film thicknessedd=15—-150 nm is shown in Fig. 1dotg. The dotted and
dashed lines in the figure show the square-root and quadratic, respectively, thickness
dependences of the conductivity. As one can see from figure, for film thickireS8 nm
(T=4.2 K) the experimental dependence is quasilinear, passing into a quadratic depen-
dence. The deviation from the square-root dependence is of the order of 5004 4
K and d>50 nm the experimental dependence is close to a square-root law. At higher
temperatures the exponent of the thickness dependence decreases and the region of the
transition from a low to a high exponent shifts to a smaller thickness. Figure 2 shows
analogous experimental results for single-crystal(ib@d) Nb films. The deviation from
the square-root dependence is substantial at thicknesses less than(fe® fim4.2 K);
in this region the dependence is quasilinear, passing into a quadratic dependence. At
T=80 K andd>10 nm the experimental dependence is close to a square-root law. The
experimental thickness dependences exhibit general behavior: As the thickness changes
from large to small, the exponent in the thickness dependence changes, starting at a value
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FIG. 1. Experimental normalized size dependences of the electronic conductivity of single-crystaline/
films (doty at T=4.2 K (curvel), 40 K (2), 80 K (3), and 295 K(4). Solid line — Eq.(4) with Ly=140 000,

25000, 950, and 70, respectively, ang=2 nm. Dotted line — square-root dependence of the conductivity on
the film thickness; dashed line — quadratic dependence of the conductivity on the film thickness.
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FIG. 2. Experimental normalized size dependences of the electronic conductivity of single-crystaiinsb
films (dot9 at T=4.2 K (curvel), 40 K (2), 80 K (3), and 295 K(4). Solid line — Eq.(4) with Ly=235 000,
25000, 150, and 15, respectively, and=2 nm. Dotted line — square-root dependence of the conductivity on
the film thickness; dashed line — quadratic dependence of the conductivity on the film thickness.
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~0.5 (or les3 and increasing up to 2. In the transitional range of thicknesses the size
dependence is quasilinear. As the lengtilecreasesgor the temperature increagethe
region of the transition shifts to a smaller thickness. The value of the dation the
experiments performed lies in a range of values of the order ef 1l 4, where the
results of Refs. 6—8 were used to estimiate

THEORETICAL MODEL AND DISCUSSION

The ratio of the film conductivityoy to the bulk conductivityo for I>d is a
square-root function of the thickness and is proportionatte= yd/Ql — the effective
angle; the paramete® depends on the roughness of the film surfadcéowever, the
transverse component of the momentum in the films is quantized because of the finite
transverse motion of the electrotfsFor small surface asperities, this momentum com-
ponent is well determined, at least for the bottom two-dimensional subbands where the
“transverse” wavelength of an electron is comparable to the thickness. From this it
follows inevitably that there is a lower limit on the angle of incidence of an electron on
the surface. Further, for brevity, we shall term this minimum angje \¢/2d, whereh ¢
is the Fermi wavelength, the diffraction angle. We also introduce the dimensionless
thicknessD = 2d/\;, the effective mean free patly=2QI/\¢, and the parameter

a* D3
Y \Y} Ty Y

When y=1, we obtain the following characteristic film thickness:

D* =3/L,, )

for which the effective angle equals the diffraction angle. Takingg1 nm,Q~1 for
incoherent interfaces, and mean free gatt100 um%~°we obtain the following possible
estimate for the characteristic film thickness in met&l3:~100>1. The characteristic
thickness(2) determines the spatial scale, and 1D and 2D low-dimensional objects, in
which the diffraction limitations are important, can be studied. It is necessary to study the
case wherl>d in both the quantum and quasiclassical limits. This corresponds to a
description of the motion of grazing electrons and the problem in this sense is analogous
to studying electrons on “hopping” orbifS. For the electronic conductivity we employ
the quasiclassical approximatigaince D*>1) in the isotropic case and take into ac-
count the diffraction limit on the angle for grazing electrons. Considering two scattering
channels — in the volume with mean free patand on the surface with mean free path
Is(a), depending on the angle of incidenaeof the electron on the surface, and intro-
ducing the effective mean free pathf}~*=I"1+1*, we obtain the expression

O'd_f dQ 326 3
70 Jexag 1 1Tg(a) 0% 3

whereS is a normalization constant, equal to 3/@&nd 3/4r, respectively, for two- and
one-dimensional object¥~1 is a numerical factofsee beloy; and, 6 is the angle
between the direction of motion of an electron and the direction of the current. Integra-
tion over the entire solid angle is limited for the polar angle by the quaktity. The
expression(3) holds forL,>D> 1. Moreover, to simplify the problem, it is assumed that
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the correlation length for surface roughness is quite sfnstl, that electrons can be
scattered by the film surfaces by large angles also. I(3qt is assumed that the length

I on the right-hand side is the same as in the bulk conductivityHowever, this is not

true in the case of small-angle volume scattering. Electron scattering processes leading to
collisional broadening of the transverse quantization lé¢alsd interruption of the elec-

tron phase were also neglected in Eg).

For | we use the formuf®

L d _d
*"sina(1-P(a))  Qsirta’

whereP(a)=1—-Qa is the specular coefficient for small angles of incidence of elec-
trons on the surfacé Substitutingl into Eq. (3), we obtain the final formula for the
electronic conductivity. For films, it follows from E@3) that

gy 3
—d=—a*2 (a* +a* YHtan? _r -1;, (4)
oy 2 6lm2+a*y

where

*_\F_ d ~ \/B_Zd d
=N Var 7PV Var

and the numerical factdt =6/72 for the correct quantum limit in the two-dimensional
case. The electronic conductivity}) of films is determined by two parameters: the
effective anglen* and the parametey. For y>1 (classical limi} expression4) passes

into the well-known formula for the conductivity of filfidhe region of thick &* ~1)

and thin @*<1) films, in accordance with the classification given in Ref. 4, can be
studied. Fora* <1 andy~1 (transitional regioha quasilinear size dependence is ob-
served in the region of macroscopic film thicknesses; the quantum correctiBG4)

here are large on account of the quantum size effect for grazing electrons, which leads to
anomalies in the scattering of conduction electrons by the film surfaces. As the parameter
v decreases furthery<1), the size dependence becomes quadratic and corresponds to
the quantum limit. Foe* ~1 andy=<1 the characteristic film thicknesses become of the
order of the Fermi wavelength, and for a sufficiently small thickness the conventional
quantum size effect must also be taken into accdtHt!®

The limiting relations for expressiof@) in the case of largé (a* <1), the case of
interest to us, have the following form. The quantum limit wjtke 1

g M—= w2 D2 o?

7 T AL A ®
which corresponds to the results of Refs. 11-1406r 1. The classical limit withy>1

og \—037 [D 37 .
7 — aN- 79 (6)
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in agreement with the result obtained in Ref. 4. hor1 (transitional regiohthe func-
tion (4) has a point of inflection where the second derivative with respect to thickness
vanishes. As a result, a numerical solution leads to the linearized expression

(O] 204

—=—(d—0.22D%*). @

ag D*Z
Hence one can see that the linear function intersects the abscissa at a positive thickness,
which can be interpreted as a “dead” layer with an arbitrary quasilinear approximation
of the size dependence of the conductifity.However, the origin of this “layer” is
connected with quantum corrections. In the general case, for@@ylavhich matches the
functions(5)—(7), leading to a quasilinear size dependence in the transitional thickness
range, must be used. This is a consequence of the quantum size effect in the conductivity
for grazing electrons, located in thmottomtwo-dimensional subbands. This results in
anomalies in the electron scattering by the surfaces and, correspondingly, in the size
dependence of the electronic conductivity of a film. This effect is different from the
conventional quantum size effect, where as the film thickness decreases, both the electron
density of states at the Fermi level and, correspondingly, the electronic conductivity vary
periodically as a result of theop two-dimensional subbands being displaced above the
Fermi level*®

Qualitatively, the size dependence of the conductivity of films which is predicted by
Eq. (4) corresponds to the experimental resfgys. 1 and 2 At large thicknesses the
exponent in the size dependence is smallO(5); as the thickness decreadagen
a* <1), the size dependence follows a square-root(B\vat the characteristic thickness
(2) the size dependence becomes lingay and, in the limit of small thickness the size
dependence approaches the quadratic(BwAs the lengthl decreasesgor temperature
increasek the region of characteristic thickness shifts to small values in accordance with
Eq. (2). To obtain a quantitative description of the experimental results, a fit of formula
(4) with variableL, was made. Figure 1 shows the functi®$ (solid line) with the
adjustable parameter equal ltg= 140 000, 25 000, 950, and 70, respectively, and with
A+=2 nm as an average value, since a collection of Fermi wavelengths exists for the
(100 surface of tungstetf. For Nb (Fig. 2) the adjustable parametdrg were as follows:
1— (4.2 K) 35 000,2 — (40 K) 2500,3 — (80 K) 150,4 — (295 K) 15 and\ ;=2 nm
for all fits. As one can see from the results presented, the fun@jororrectly describes
(Figs. 1 and 2the region of the transition from the classical to the quantum limit and it
is in satisfactory agreement with experiment.

CONCLUSIONS

The observed quasilinear thickness dependence of the conductivity ofsthirb0
nm) single-crystalline films of refractory metalgn the case when scattering by the
interfaces dominatgss explained by the large influence of the quantum size effect for
grazing electrons, located in the bottom two-dimensional subbands of the energy spec-
trum. The characteristic siZthicknes$is determined by E¢2) and can be much greater
than the Fermi wavelength. For this thickness the quantum corrections to the conductivity
reach values of the order of 50%, and the experimentally determined values of the
characteristic thickness equalled 30—50 nm. Quad(gtiantum limi}, quasilineaitran-
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sitional region, and square-roofclassical limi} thickness dependences of the conduc-
tivity are observed experimentally. The proposed quasiclassical model, which takes ac-
count of diffraction angular limits for electrons grazing along the surface, is in
satisfactory agreement with experiment.
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Scaling in the ab resistivity of TmBaCuO single crystals
in the normal state

E. B. Amitin, V. Ya. Dikovskil, A. N. Lavrov, and A. P. Shelkovnikov
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For single crystals of the system Tmi&a,LO, with 6.37<x<6.71, a
scaling transformation is found which reduces the temperature depen-
dences of the derivative of the resistivity in thb plane in the normal
state to a universal form which is independent of oxygen content.
© 1997 American Institute of Physids$0021-364(07)00623-3

PACS numbers: 74.72.3t, 74.25.Fy

Crossover phenomena observed in the temperature dependences of different proper-
ties of cuprate highF, superconductors in the normal state, including the resistivity and
Hall effect!™ magnetic susceptibility and specific héayMR characteristic§,” and
others, have become a subject of wide experimental and theoretical study. Most authors
attribute the observed crossovers to the appearance of gaps in the spectra of the electronic
or spin subsystems of the cuprate layer in the undoped state. Recent photoemission
investigations on Bi-2212 single crystatsave confirmed the existence of a pseudogap in
the charge-carrier spectrum. The decrease of the pseudogap with increasing doping, ob-
served in Ref. 9, is in qualitative agreement with the corresponding behavior of the
crossover temperaturE*. The literature contains many different points of view on the
origin of the characteristic features in the electronic and spin spectra of cuprat& high-
superconductors. Even to this day, however, experiment does not permit choosing among
the existing models. The main obstacles in analyzing phenomena of this type are the low
magnitude and monotonic behavior of the crossover contributions, making the character-
istic temperaturel* uncertain. The guantitative investigation of crossover phenomena
undertaken in the present work is distinguished by the facts that, first, the temperature
derivative of the resistivity, which is more sensitive to the above-described temperature
and concentration variations, is used for analysis and, second, the doping dependence is
studied in greater detail — the measurements were performed on a single,CmBa
single crystal in which different oxygen concentrations were obtained by reannealing the
sample.

EXPERIMENTAL PROCEDURE AND RESULTS

The samples for investigating the normal-state resistivity of the compound
TmB&Cu;0, were cut from single-crystalline wafers grown by the fluxed solution
method and possessed dimensions<x2(8x0.03 mm. The details of the procedure of
growing the initial crystals are described in Ref. 10. In order to make reliable compari-
sons of the data obtained for different valuesxpfthe main measurements were per-
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FIG. 1. Temperature dependences of the resistivity and its deriv@tise) in the ab plane of a TmBaCu;0,
single crystal for different oxygen concentratiods:2 — x=6.37; 3, 4 — x=6.42;5, 6 — x=6.47;7, 8 —
x=6.71. Low-temperature equalizing annealing was performed for even numbers.

formed on the same sample, which was repeatedly reannealed so as to obtain prescribed
oxygen indices. For each value »the results were obtained with two different degrees

of ordering of the chain oxygen. This was achieved by low-temperature equalizing an-
nealing of the sample or quenching of the sample in liquid nitrdJefhe ab-plane
resistivity p,, was measured by a four-probe method. A platinum resistance thermometer
was used to determine the temperature.

Data on the behavior qgf,, and its derivativep},=dp,,/d T near the normal state
are presented in Fig. 1 for four oxygen concentratiotss6.37, 6.42, 6.47, and 6.71. One
can see that the derivative of the resistivity has a maximum whose po§jtigrshifts to
higher temperatures with decreasirgA plot of the data in the reduced coordinates
Pab! Pmax VErsUST/ T ., indicates the existence of universal behavior in the experimental
ranges of the temperature and oxygen concentration. Earlier, the similarity elements were
discovered in the temperature dependenceslofresistance and Hall parameters of
underdoped YBCO single crystals and films in the normal $taie. these works, the
point where the temperature dependepggT) deviates from a linear law was chosen as
the characteristic temperature scale. This quantity is determined with a large error, which
impedes quantitative investigation. The reduction, presented in Fig. 2a, of individual
curves to a given universal curve was made using two adjustable parameters — the
quantitiesT* andp;,,, Were chosen so as to minimize the distance between the curves. It
was found that the values obtained f6f and p,,,, are actually proportional to the
temperature and the maximum value @f, on the curves where this maximum is
reached. It is noteworthy that in a wide range of temperatures the divergence between
individual curves is of the same order of magnitude as the experimental error character-
istic for each curve. It is also evident that the points referring to both quenched and
annealed states of the sample fall on a universal curve. The values obtained for the
normalizing parameters as a result of fitting vary with the oxygen content. For both
parameters this variation is close to hyperbgiee Fig. 2 The dependences of bott
and p/,.« On the oxygen index are shifted relative to one another onxtagis for the
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FIG. 2. a — Universal behavior of the derivative of the resistivity in the coordinatg ., versusT/T*
(pmax @NdT* correspond to the magnitude and position of the maximurggf,/dT). The dashed and solid
curves correspond to an approximation of fig(T)data according to the Morijaand Pine¥ theories. b —
Reciprocals ofp;,,, andT* versus the degree of doping.

quenched and annealed states by the amawunrt 0.025. Approximately the same shift
was obtained by comparing tixedependence of the superconducting transition tempera-
turesT.(x) of the quenched and annealed samples. Such a shift of the phase diagram
agrees with the picture in which for a cuprate layer the ordering of chains in the oxygen
subsystem gives an effective increase of the charge-carrier déhkifipllows from the
inset in Fig. 1 that obvious deviations from universality, which are manifested as a sharp
decrease and even change in sign of the derivative of the resistivity, are present at low
temperatures. The corresponding contributions to the resistance, which could be associ-
ated with localization effects, are most noticeable for samples with a low oxygen content.
These effects will not be discussed in the present paper, since they were recently inves-
tigated in detail in Ref. 11.

Analysis of the form of the universal curve shows that its behavior on the low-
temperature section is close to exponentsge Fig. 3

Pab=PmalA+B exp(—Tx/T)). (1)

06

'c? 04
‘a
02
00
N NN
0,00 0,05 0,170 0,15 0,20 0,25 0,30 0,35 0,40 0,45 0,50
exp(-1,1T/T)

FIG. 3. Plot of thep/ph.{T/T*) data on an exponential scale.

734 JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Amitin et al. 734



Here the constantd andB equal 0.20 and 2.9, respectively, afifl andp/,,, depend on

X. The values obtained for the paramefey from the approximation are close to the
temperature of the maximum of the derivative of the resistivity € 1.1T .., for all x).

In accordance with Eql), extrapolation of the low-temperature sectiorilte 0 gives a
nonzero intercept. It is interesting that the intercept is different for different oxygen
concentrations but it is always proportionald@,,. The interval of exponential behavior
increases with decreasing oxygen index. ker6.37 the approximation interval reaches
~150 K and, as statistical analysis shows, the approximation error in this interval is of
the same order of magnitude as the experimental variance.

DISCUSSION

According to Fig. 2a, the temperature dependences obtained for the temperature
coefficient of the resistivity for different oxygen concentrations can be presented in the
form of a universal curve with the appropriate normalization of both the function and the
argument. In other words, the derivative of the resistivity as a function of the two vari-
ablesT andx can be reduced to a function of a single argument, specifically, the dimen-
sionless ratiol/T* (x). The very existence of the scaling transformation that reduces the
curvesp,,(T) to a universal form indicates that in the investigated range of the phase
diagram the behavior of the temperature coefficient of the resistivity is apparently deter-
mined by a single physical mechanism. Moreover, one can talk about the presence of a
single energy scale in the range of oxygen indices €8%6.71 and temperatures
1.2T.<T<280K.

In existing models there is no unique interpretation of either the existence of scaling
effects in the derivative of the resistivity or the specific form of the universal curve. If the
low-temperature behavior gf},(T) is attributed to the existence of a gap in the spin-
excitation spectrum or a pseudogap in the current-carrier spectrum, then these two pos-
sibilities lead(for ordinary magnetic metaldo, respectively, a decrease in the contribu-
tion of magnon scattering, i.e., a decrease in the resistivity, or to a decrease in the carrier
density of states, i.e., a decrease in the conductivity. Qualitatively, the behavior of the
derivative of the resistivity is closer to the first variant, since in the region of universality
pap IS always positive. At the same time, for the strongly correlated electronic system of
cuprate hight; superconductors the electron-spin scattering situation may turn out to be
quite complicated because of the close coupling of the electronic and spin degrees of
freedom. Taking account of this coupling by the mean-field method appreciably improves
the agreement between theory and experiment. The Moriya theory of electron-spin
scattering? for cuprate high¥, superconductors makes it possible to describe qualita-
tively the behavior ofp,,(T) (see Fig. 2a However, quantitative agreement does not
obtain and, moreover, the theory indicate directly the existence of universality. In calcu-
lations of spin scattering in the Hubbard model, however, as a rule substantial approxi-
mations are used. Thus, in the review in Ref. 13 different variants of the collective states
arising as a result of self-consistency of the electronic and spin excitations are discussed.
According to Ref. 13 the interaction of fermions with collective fluctuation mode results,
to a first approximation, in a linear temperature dependengé€r).

An appreciably better descriptiofbut also not quantitative, see Fig.)2af the
temperature dependences,(T) can be obtained by using the expression obtained by D.
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Pineset all* for the ab resistivity in an almost antiferromagnetic Fermi liquid model

T2
Pab= ATO—+T’ 2

where A accounts for the characteristic features of the carrier spectrum in the cuprate
layer andT is the crossover temperature. In the general das@d T, are functions of

both the degree of doping and the temperature but in the simplest case, when there is no
temperature evolution of the Fermi surfaédedepends only on the degree of doping and
To~F(X)/T. It is easy to show that the derivatiyg (T) depends on the temperature

only via the ratioT/F(x), which creates conditions for universal behavior. At the same
time, the observed agreement with experiment may turn out to be accidental because of
the substantial simplifications employed in the derivation of expres@prMoreover,

there is no justification for neglecting the temperature dependence of the parameters of
the Fermi surface for the pseudogap regime.

At present we cannot give an unequivocal explanation of the exponential behavior
that we observed for the derivative of the resistivity. It is only clear that this behavior at
low temperatures is most likely asymptotic. This is indicated by the circumstance that the
property of universality(i.e., a single physical mechanism and a single energy )scale
extends not only to the exponential section but also to the region of the maximpyy.of
At the same time, the presence of a dominant activation contribution at low temperatures,
together with the assertion that there is only one energy scale, may mean that the tem-
peratureTy , close to the point of the maximum of the derivative of the resistivity, plays
the role of a single characteristic energy determining the properties of the system in the
region of universality.

In summary, the derivative of the resistivity in thb plane of a TmBaCu;0, single
crystal is characterized by universal behavior in a wide range of temperatures and oxygen
indices. The behavior of the universal curve at low temperatures is close to exponential.

This work was supported by the Russian Fund for Fundamental Resgrahts
96-02-19249a and 96192Rand the Scientific Council on high; Superconductors
(Project 9303Y. We thank E V. Matizen and L. A. Boyarskifor a helpful discussion.
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On the electron mobility of & layers in the presence of
diamagnetic “ejection” of size-quantization levels
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The Hall mobility of electrons is investigated as a function of the popu-
lation of size-quantization subbands in the two-dimensional electron
gas of ad-doped layer in GaAs with constant total electron density
N¢=3.2x10'? cm™2 (three initially filled subbandsat T=4.2 K. The
population of the subbands is varied by diamagnetic “ejection” of
size-quantization level§.e., pushing them over the Fermi leydly a
magnetic field oriented parallel to the plane of #heloped layer. The
measurements are made in magnetic fields making small at&flgs
with the plane of the doping. The magnetic field component normal to
the plane was used to measure the Hall mobility and density. It is found
that the measured Hall mobility as a function of the ejecting magnetic
field has a distinct maximum. This maximum is due to an increase in
the electron mobility in the first subbar{the ground subband is as-
signed the index 0and electron redistribution between subbands with
in increasing ejecting magnetic field parallel to the plane ofdteyer.

© 1997 American Institute of Physids$0021-364(®7)00723-9

PACS numbers: 73.50.Dn, 73.61.Ey

Semiconductor structures with extremely nonuniform doping of homogeneous semi-
conductors, where the dopant is concentrated in a very narrow layer — in the limit, a
monolayer, are ordinarily termed structures wétdoped layers or simply layers. The
dopant charge in & layer produces a V-shaped potential well. This produces a structure
with a two-dimensional electron gd8DEG).1? Compared with conventional structures
with a 2DEG (heterostructures, MIS structures based oniSis possible to grow struc-
tures with& layers with a much higher two-dimensional electron denity 10 cm™2,
making it possible to investigate two-dimensional electronic systems with a large number

of filled size-quantization subbands.

In contrast to enriched and inversion layers at the surface of narrow-gap semicon-
ductors, where several filled subbands have also been observed, the potential well in
structures withé layers has a symmetric form. I layers with several filled subbands
scattering by ionized impurities located at the center of the potential well makes a much
larger contribution to the resistance than does intersubband scaftevingilities in
structures withd layers are not higliof the order of 1000 cA1V - s). For this reason, the
transport properties of an electron gas insdayer are usually described under the
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FIG. 1. Schematic band diagram of a potential well in the region of&Hayer: Fermi level(dotted ling

relative to the surface, eV; conduction-band bott(sulid curve, eV; position of the bottom of the size-
quantization subbanB; (i=0, 1, 2), eV. The arrow shows the displacemenEgfwith increasing magnetic
field oriented parallel to thé layer. The distance (in wm) from the surface is plotted along the abscissa.

assumption that each subband contains electrons with demstyd mobility u; and the
conductivity is determined by simply adding the electron conductivities in different sub-
bands:

U:ezl nilu‘i ’

wheree is the electron charge. It is well knothat in a magnetic field oriented parallel

to the plane of a quantum well diamagnetic ejection of the upper Igvgl 1) and
electron redistribution between the subbands remaining below the Fermi level occur as
the field increases. In fields in which the bottom of the ejected subband crosses the Fermi
level of a two-dimensional electron gas, characteristic features are observed in the de-
pendence of the conductivity on the parallel magnetic field.

In our work, we measured simultaneously with the longitudinal conductivity the
Hall voltage in a magnetic field which was inclined by several degrees from the plane of
the two-dimensional electron gas. In this case the effect of the parallel and perpendicular
components of the field on the energy spectrum of the 2DEG can be regarded as being
independent® Thus, the magnetic-field component parallel to the plane of the 2DEG
was used for electron redistribution between subbands and the perpendicular component
was used to measure the Hall mobility of the electrons.

Epitaxial GaAs films with5-doped silicon layers were grown by MOCVD at 600 °C
on semi-insulating GaAs substrates. The total thickness of the lightly doggdAs
epitaxial layer (=1—2x10'° cm %) was equal to 600 nm. The distance betweendhe
layer and the surface was equal to 100 nm. The degree of doping éfllyer was fixed
during growth at X 10'2 cm™ 2. The measured value of the Hall densityTat 4.2 K was
equal to 2.56& 10" cm™ 2.

The measurements were performed on samples possessing Hall-bridge geometry
formed by chemical etching of a mesa structure through a photoresist mask. The con-
ducting channel was 0.4 mm wide and the potential contacts were separated by a distance

738 JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 lvanov et al. 738



-2.§

3
0% My

15

i

1 i
2 4 6 8T &

FIG. 2. Derivative of the conductivity,, along a parallel surface versus the magnetic field compadagnt
SIT, and Hall mobilityw,,, cn?/V-s, versus the magnetic fieB. The angle between the direction of the
magnetic fieldB and the normal to the surface of the sample equals 85°.

of 1 mm. The field dependenceg,(B) andp,,(B) were measured at=4.2 K in fields

B up to 8 T for three angleg=0°, 85°, and 90° between the normal to the sample and

the magnetic field. The angle was set to within 1° with the aid of calibration with respect
to the curvep,,(B) in weak fields. The measurements were performed with dc current
not exceeding 10@.A.

The field dependencé#o,,/dB,,= f(B,,), calculated on the basis of the experimen-
tal data, wherds, is the magnetic field component parallel to the plane ofdityer, is
presented in Fig. 2. It is knovirthat the maxima in the field dependende,,/ By,
correspond to passage of the size-quantization levels through the Fermi level. The figure
also displays the Hall mobilitye;, , measured using the magnetic field component normal
to the surface, as a function of the magnitude of the parallel component. The measured
Hall mobility w and Hall densityNy are related with the subband mobilities and den-
sities u; andn; by the well-known relations

(2 ni:“i)z _E nipf

= , pHE .
E ni/-LiZ 2 N

As we have already mentioned, for a 2DEG the magnetic field compoBeraad
By make an independent contribution to the energy of electrons in the size-quantization
subbands. In our experiments in magnetic field inclined at at angle=85° the maxi-
mum value of the normal component of the magnetic fieRl)g.=0.7 T and
() max<6000 cni/V-s, i.e.,uB,<1 for all subbands, and therefore it is correct to use
the normal component of the magnetic field for measuring the Hall mobility.

Ny (1)

The experimentally observed nonmonotonicity of the field dependgpcef (Byy)
with ¢=85° can be explained as follows. At electron density B2 cm™ 2 three size-
quantization subbands in tt#dayers are filled, electrons in the first subbarithe bottom
subband is denoted by the index0) having the maximum mobility. The latter circum-
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stance is due to the fact that the extrema of the wave functions for odd subbands are
located away from th&-doping plane. The mobility in the zeroth subband is l@sdi-

narily 500-1000 cfV-s) and largely depends only on the density of charged
impurities®® For this reason, electron redistribution into this subband from higher sub-
bands can lead only to a monotonic decreasg,pf Growth of u; as a function oB,,

can be due to electron redistribution from the second subband into the higher-mobility
first subband. The maximum of the curve,/dB,, at B,,=4.5 T corresponds to pas-
sage of the second-subband bottom through the Fermi level. The highest rate of change of
the Hall mobility is observed in this case. The maximum of the funcfigiiB,,) after
ejection of the second subbanB,(>4.5 T) is determined by two competing mecha-
nisms: growth of the mobility in the first subband as a result of the increasing distance of
the extrema of the wave functions from the scattering centers and decreaseasf a

result of electron redistribution from the high-mobility first subband into the low-mobility
zeroth subband. The ejection of the first subband from below the Fermi level should be
observed in magnetic fields higher than those employed in our experifhents.

To obtain the dependence of the mobility in the first subband on the ejection mag-
netic fieldB,,, the experimental data were analyzed as follows. First, we meagyyed
andp,, as a function of the magnetic fie8, perpendicular to the plane of ti&layer in
order to determine the total number of electrdhsin the § layer and the mobilityq in
the bottom subband, after which we employed a simplified description of the conductivity
of the & layers, similar that employed in Ref. 10. It is assumed that the conductivity
consists of the conductivity in the bottom subbantl,j, and the conductivity in all
other subbandsd,), . Electrons in the upper subbands are assigned the same mobility
My - A function with four parameters

_ €MNouo n enyuy
1+ (B2  1+(uBy?’

Oxx

whereng and i are the density and mobility in the bottom subbamgdand w,, are the
density and mobility in the “upper” subbands, ang, xq, n,, andu, do not depend on
the magnetic field, was fit to the experimental datasg(B,) with B,,=0. The total
number of electrons in thé layer was determined dd;=ng+n,, .

Once the values of the mobility in the “zeroth” subband and the total electron
density in thes layer are obtained, the electron mobility and density in the first subband
can be determined from the measured value®igfB,,) and uy(Byy) in an inclined
field by means of the relationd), assuming that, to a first approximatiqug= const,
when only the two size-quantization subbands remain filled.

The computational results are presented in Fig. 3. We estimate their accuracy to be
not worse than 20%. Most interesting for us is the fact that the mobility in the first
subband increases with its diamagnetic ejection from the quantum well. The fact that the
mobility in the first subband increases remains valid even when the electron density in the
upper subbands in thé layer is determined with an accuracy of not worse than 100%.
Qualitatively, the increase in electron mobilify; in the first subband with increasing
magnetic fieldB,, can be attributed to the increase in the distance between the maxima

740 JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 lvanov et al. 740



[<Y]

tn 10"n,

Facd

4 6 8T 8

FIG. 3. Derivative of the conductivity with respect to the magnetic figie,, /dB,, (left-hand axig, S/T,
electron mobility in the first subbar(dght-hand axis .1, c?/V - s, and electron density in the first subband
(additional axis on the right-hand sidem 2, versus the magnetic fieB. The angle between the direction of
the magnetic field and the normal to the surface of the sample equals 85°.

of the wave function and the doping plane, since the bottom of this subband is ejected
into a wider part of the potential well.

In summary, we have investigated the dependence of the Hall electron mobility as a
function of the population of the size-quantization subbands in a two-dimensional elec-
tron gas of as-doped layer with a constant total electron density=3.2x 10*? cm™2
(three initially filled subbandsat T=4.2 K. The population of the subbands was changed
by means of diamagnetic ejection of size-quantization levels by a magnetic field oriented
parallel to the plane of thé-doped layer. The dependences of the subband mobility and
density on the ejection magnetic field were obtained for high magnetic fiBgt(5 T
), when only the two bottom subbands remain filled. The mobility in the first subband
increases with its diamagnetic ejection from the quantum well. This is attributed to an
increase in the average distance between the electrons and the plane of the scattering
donor impurities.

This work was supported by the Russian Fund for Fundamental Resgamjbct
95-02-06328
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Double-well coherent laser with suppressed intersubband
relaxation

V. F. Elesin and A. V. Tsukanov
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V. V. Kapaev and Yu. V. Kopaev®
P. M. Lebedev Physics Institute, Russian Academy of Sciences, 117924 Moscow, Russia

(Submitted 31 October 1997
Pis'ma Zh. EKsp. Teor. Fiz66, No. 11, 709-71310 December 1997

A theory of coherent lasing on a double-well structure with asymmetric
barriers is constructed. On account of the appearance of a termination
point of the bottom subband, such a structural element permits strong
suppression of intersubband relaxation involving the emission of an
optical phonon. It is shown that such a laser possesses low threshold
currents and high lasing power, and it can operate without a population
inversion. © 1997 American Institute of Physics.
[S0021-364(®7)00823-2

PACS numbers: 42.55.Px

1. Almost twenty years after being proposed by Kazarinov and $uarisew type of
semiconductor laser — the quantum cascade I&3€t) — was built by Capasset al2
The laser operated on diagonal transitions between levels in two neighboring wells. A
model with vertical transitions in a single well was examined in Refs. 3 and 4, which are
devoted to the theory of the QCL. It was fodritlat the laser utilizing vertical transitions
possesses definite advantages. The structures realized in Refs. 2 and 5 are subjected to
strong dissipation processes due to intersubband transitions with the emission of optical
phonons with a short timey,.

However, quantum-welldot) lasers are also capable of operating in a fundamentally
different regime, since the electron residence time in them can be much shortefthan
Coherent, with respect to the electronic subsystem, lasing on vertical transitions in a
single well was studied in Ref. 6 and this regime inherently has low threshold currents,
high power, and the possibility of operating without a population inversion. But the real
conditions for realizing a coherent regime are stringent on account of the shortness of
Ton- The time 7y, can be substantially increased by using structures consisting of two
quantum wells, one of which possesses asymmetric bafriers.

2. Let us consider the following model. Lasing occurs on diagonal transitions be-
tween levels in two quantum wel(see Fig. 1a The well parameters are chosen so that
the energy difference between the levejsande; approximately equals the frequency of
the electromagnetic field w=e€,— ;. A stationary electron flux with density propor-
tional to g and energye approximately equal t@, is incident on the system from the
left-hand side.
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FIG. 1. Diagram of the structure with-function barriers that was used for calculating the coherent lasing
regime(a) and geometry of the real structure with asymmetric barriers

The electromagnetic field
E,(z,t)=E(t)sin(kz)cog wt+ ¢(t)) 1)

is polarized perpendicular to the plane of the wélls., along thex axis) and the wave
vector lies in the plan¢along thez axis). In a single-mode stationary regime the equa-
tions for the field ardsee Refs. 6 and 8 for a more detailed discugsion

E 2 2
= Je(k), (w—Q)E=—TJs(k), 2

279 K

where J;(k) and Jy(k) are the Fourier components of the polarization curreftsn
phase with the field andly phase shifted byr/2, and describe interlevel transitions; is
the photon lifetime in the cavity) is the cavity frequency; ands is the permittivity.
The currents] can be expressed in the standard manner in terms of the system wave
function ¢(x,t) satisfying the equation

2 gt FPP(x,1)

nat 2 TUe0RG VG pxL), 3

wherem?* is the electron effective mass,
U(X)=a[ 8(X)+ yé(x—ai)+ Bé(x—a;—ay)]

is the potential energy of the barrierg &nd & are the relative strengths of the barrjers
and

“ . o d eE
Vixh=v(e—eT ), V=——,

is the interaction with the electromagnetic field. In what follo&/E/ wp is assumed to be
a small parameter.

We seek the solution of E¢3) in the form (see Ref. §
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r eiiEt[qeipx"FDoeiipx]"l‘D,leii(67w)t7ip_x, Xx<0

e yg(X) + 1 (x)e et 0<x<ay

P(X,1) =1 e _ _
e Yo (X) + g (x)e e, a;<x<a;ta,

L Coefietﬂp(xfalfaz)_i_C_1efit(efw)+ip,(xfalfa2)' X>al+a2,

4
wherep=(2m* €)', p_=(2m* (e— w))¥?, and the functiong/,(x) and_,(x) satisfy
the equations

€Yot o=Vl (e—w)p 1+¢ 1=—Viy. (5)
The solutions of Eqs(5) have the form
In() =A™, Yp(x)=Ae™ n=0-1. (6)

We determine the coefficien8,,, C,,, A,, andA, from the boundary conditions ob-

tained from the requirement that the functio@® be continuous and the conditions
imposed on the derivativésee Ref. & Substituting the wave functions found above into
the expression for the currents

ie
Je(¥)=— —[(gg ¥ 1+ ¥* 140)— hcl,
2m
e
I =—[( o= 5" )+ h.c] (7)
2m

(similarly for i), after some calculations we find from E@) equations for the field and
lasing frequency

_ I, p?
Q.,l 2 P_:l,
[A(N)|? a?

~ I'y(e—w—e;) p? B

= -Q, 8
lAN)|? a? N ®

where the dimensionless coherent-pump current is

A7 a’p 32p° p2e?

Qn, Q=—1, 7=— v,
m Yy aa,w

Q: K

AN)={(e—w—e+iT1)(e3—e—iTp)+A?},

<1, 9
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FIG. 2. ProbabilityW, of finding an electron in an asymmetric well versugk,= 2/A°m* Uy is the normal-
ization wave vectorlJ ,=0.1 eV) for a series of values af,. Inset: Energy, of the bottom of the top subband
versus the widtha, of the symmetric well3); energy of the bottont2) and energye, (k;) of the termination
point (1) of the bottom subband versus the width of the well with asymmetric barriers.

I';=2p%/a?B?a, andI',=2p°% a?a, are the level widths and the quantities and v,
are of the order of 1.

The equationg8) and (9) are similar to the corresponding equations for a single-
well structure® Therefore, the conclusions that the optimal lasing regime obtains with
energy tuning without a population inversion, the lasing power is a linear function of the
coherent-pump current, and others remain valid. A substantial difference is the presence
of the small factorp?/ ® multiplying Q. This leads to a threshold current£0 in Eq.

8)
P a2
chZFlfzg, (10

that is formally greater than the value in the single-well structusewever, on account

of the suppression of relaxation in the double-well structure the actual valQg oén be
made very smal(see below.

3. Realization of the lasing mechanism examined above requires a double-well
structure where the bottom subband corresponds to a well with asymmetric béfigers
1b). The termination line of the two-dimensional subband must correspond to an energy
below the minimum of the upper subband, corresponding to a symmetric well.

As a first step in choosing the structural parameters required for suppression for
interband relaxation, we assume that the widthsand by of the outer barriers are
infinite. Figure 2 displays the probabilit}/, of observing an electron with energy in
well 2 as a function of the wave vectéralong the layers of the structure for different
values of the well widtha,. The probability of a relaxation intersubband transition is
proportional tow, with k satisfying the conditiorg, (k) =~ €,(0). Forefficient lasing, the
value of W, for k=0 must be large as far as possible. The calculations were performed
for the system AlGa, _,As/GaAs, where at the right-hand barrier 0.05 (U,=0.043
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eV) and at the left-hand and central barrigrs0.40 (U,=0.346 eV). Starting at barrier
width b;>30 A the probabilitiesV, andW, become virtually independent bf,. Van-

ishing of W, corresponds to the termination poiqt of the two-dimensional stateThe

inset in Fig. 2 displays the energy; (curvel), corresponding td;, ande;(0) (curve

2) versus the well widtla, and the energyg,(0) — the minimum of the upper subband

— versus the widtha; of the symmetric wellcurve 3). As follows from the figure, for

the present system suppression of relaxation is possible if the width of the symmetric well
a;<a;.=20 A and the width of the asymmetric welb<a,.=49 A.

We have examined above a single element of a quantum cascade laser. The finite-
ness ofb, has virtually no effect on the position of the levels in the wells, but it does
determine the probability of tunneling into well To decrease the critical vallke (and
thereforee s alsg, a, must be chosen so that the minimum of the subband liesligar
Then the wave function penetrates substantially into the right-hand barrier and therefore
the barrier widthbgr must be quite large in order for localization of a state in the well to
occur. Moreover, the real structure of the laser must contain seugpato 50 such
elements, i.e., the structure which we have examined is bounded on the right-hand side by
the barrierU, from the next element. Therefore, to describe a real structure the system
examined above must be supplemented at least by a bbgiand a wellag (see Fig.
1b). In such a structure the concept of a termination point in the asymmetric2well
becomes formally meaningless. Actually, however, Koclose tok;, in the preceding
structure relocation of the wave function from welinto well ag occurs. The probability
W, no longer strictly vanishes, but rather it remains a finite quantity determined by the
ratio a,/(ag+brtay). In principle, for finitek the levels in the wellg can fall into
resonance with the levels of the walj. As a result, the probabilitV, remains high in
a much larger range df, diminishing the relaxation suppression effect. This can be
avoided by optimizing the parametdog andag. Moreover, it is possible to pick pa-
rameters such that the functien(k) for small values ok becomes sharper than in the
casebr— and the probabilityV, with k=0 remains high. As an example, the quan-
tities W,(k) with a,=50 and 68 A for the optimal valuds;=200 A andar=340 A are
shown in Fig. 2(dashed curves The calculations show that the widlly of the barrier
must exceed 100 A for substantial localization of the state in the 2waith k=0.

4. The suppression of relaxation,— ) substantially weakens the conditions for
the existence of a coherent regifig> 1/7, or a?lp?< €Tpn, SO thatl’ anda?/p? can be
made very small. For this reason, the threshold curt®ditin the double-well structure
studied here

- 4p%p5s 1
R T

azalazﬁz o

can be made small to the degree th&tp? is small. This is achieved by selecting
sufficiently thick barriers. It is easily verified that the structural parameters required for
suppression of relaxatiofsee aboveagree with the requirement that/p? be small.

This work was supported by the Russian Fund for Fundamental Research and the
Russian Interdisciplinary Science and Technology Program “Physics of Solid-State
Nanostructures.”
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Efficient electronic energy transfer from a semiconductor
guantum well to an organic material
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We predict an efficient electronic energy transfer from the two-
dimensional Wannier—Mott excitons confined in a semiconductor
guantum well to the optically active organic molecules of the nearby
medium(substrate and/or overlayeiThe energy transfer mechanism is

of the Faster type and, at semiconductor—organic distances of several
nanometers, can easily be as fast as 100 ps, which is about an order of
magnitude shorter than the average exciton lifetime in an isolated quan-
tum well. Under such conditions, the Wannier—Mott exciton lumines-
cence is quenched and the organic luminescence is efficiently turned
on. Our calculations, combining a microscopic quantum mechanical
exciton model with a macroscopic electrodynamic description of the
organic medium, take into account the dielectric constant discontinui-
ties and can be applied to any organic—inorganic multilayer structure.
© 1997 American Institute of Physids$0021-364(07)00923-7

PACS numbers: 71.35.Aa, 78.20.Bh, 78.66.Qn

A large effort has recently been devoted to the study of organic light emitting
diodeg and laserd.Forster-like energy transfer between different dye molecules in solid
solutions has already been used to achieve light amplification in optically pumped or-
ganic thin films® However, optically active organic materials have poor transport prop-
erties compared to inorganic semiconductors, and the efficient electrical pumping of such
devices is a challenging problem. Prompted by the rapid advances of epitaxial growth
techniques for crystalline molecular materiédsen on inorganic substrajesve consider
here a novel hybrid configuration in which both inorganic semiconductors and organic
materials are present: the basic idea is to pump the optically active organic molecules via
electronic energy transfer from the two-dimensional Wannier—Mott excitons of a semi-
conductor quantum well. It is hoped that in such a hybrid system it would be possible to
capitalize on the efficient electrical pumping of the inorganic semiconductor material.

In organic—inorganic heterostructures, in fact, it is possible to take advantage of the
complementary functional properties of both types of material. This has been shown to be
the case, for instance, in the coherent hybrid Wannier—Mott/Frenkel excitons at a
covalent-semiconductor/molecular-solid interfAsaich novel excitations share both the
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large radius of a Wannier—Mott exciton and the large oscillator strength of a Frenkel
exciton, and consequently exhibit large optical nonlinearti®se focus of the present
paper is on the basic physics governing the incoherent resonant electronic energy transfer
from the semiconductor quantum well to the organic material. Our model calculations,
employing realistic material parameters, show that such energy transfer can be fast
enough to efficiently quench the Wannier—Mott exciton luminescence and pump the
organic molecule light emission.

The configuration we consider consists of a semiconductor quantum well of width
L,, sandwiched between two semiconductor barriers of widih the whole semicon-
ductor structure embedded in bulk-like organic mate(fiat the sake of simplicity, we
choose a symmetric configuration and consider the organic material to be isptiidpc
background dielectric constart, of the semiconductor material is taken to be real,
whereas the organic material dielectric constaritas both a real and an imaginary part
in the frequency region of interest. In fact, we are interested in an organic material having
a broad band in the optical range overlapping the sharp resonance énergy the
two-dimensional Wannier—Mott exciton. Thester-like energy transfer mechanism due
to the dipole—dipole interaction can be calculated simply from the Joule fossése
organic material. These are proportional to the imaginary patt ahd are produced by
the penetration of the electric field generated by the semiconductor exciton polarization
(explicitly taken into account as a source term in the macroscopic electrostatic eguations
Neglecting retardation is a valid approximation as the typical exciton center of mass
in-plane wave vectok is much larger than the wave vector of the corresponding resonant
light (k> \epw/c). We also assume to be in the linear regime in which excitons can be
described in the bosonic approximation.

Let z be the growth directiofwith z=0 corresponding to the center of the quantum
well) andx be the direction of the in-plane exciton wave vector. We adopt a microscopic
guantum mechanical model of a quantum well Wannier—Mott exciton, where the polar-
ization can be taken to vanish ffg|>L,/2 and, inside the well, to be given by

d

P(x,2)= X 2
X,2)= —
aB\/§LW

me
Ly

Coé( )exp(ikx), )

where ag is the exciton Bohr radius$ is the in-plane normalization ared, is the

interband transition dipole momentis a unit vector, and the polarization chosen is that
of the L mode? An analogous calculation can be carried out for thenode. The
corresponding electric field(x,z) = —V®(x,z) can be obtained from the solution of the
Poisson equation

€(2)V2®(x,2)=4mV - P(X,2), (2
with the appropriate boundary conditions &t +=L,/2 and atz=*=(L,/2+L,), i.e.,
continuity of the tangential component of the electric fi€l¢k,z) and of the normal
component of the electric displacemed{x,z) = e(z)E(x,z). Writing ®(x,2)= ¢(2)
X exp(kx), we find thate(z) satisfies
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d’¢ 47 d 2 (772)

— —k2¢p=—ik——=—cog| —|, 3

dz ¢ € agySlw Lw @
for |z|<L,/2, and otherwise

d?¢

— —k?¢=0, 4

e ¢ 4

with the boundary conditions that(z) and e(z)d¢(z)/dz be continuous at the four
interfaces. The corresponding solution in the organic matéfriam now onk>0 and
z>L,/2+L,) is given by

2q3 d (ekLW/Z_ e kLWIZ)

[ = =
k(k?+0?) ag\'S (ep+ )~ (ep— €)@ 2Kt Kb

d(z2)=— exp—kz), 5

with g=2#/L,,. Thus, the electric field penetrating in the organic material is given by
Ex(x,z)=—ik expikx)#(2), E,x,z2)=k expikx)¢(z), E,=0. (6)

We observe that the macroscopic approach we have taken is fully adequate, as the
electric field is slowly varying on the molecular scale. It is now a simple matter to
calculate the Joule losses in the organic material, the time-averaged power per unit
volume being

W(2)= — Im(2)k2| $(2)[? (7)
A '
with ¢(z2) given by Eq.(5). Thus the total power delivered to the organic material is

+oo Sw _ fiw

W= sf dz W2)= —— Im(€)k?|p(z=L,/2+Ly)|?’= —, 8
Ly2+Ly 8w k T

where we have introduced as the average time required by an exciton to transfer its

energy to an organic molecul@ the organic material in the region<—L,/2—L, is

also considered; would be half as long We can see that the previous expressionsfor

does not depend on the excitation dens#tg long as the linear regime obtgink fact,

if the bosonic exciton state isl-fold populated, then the corresponding polarization

scales as/N and the powew asN, just as the total excitation enerd¥fiw; indeed,N

cancels from both sides of E¢B). Besides, the same expression can be derived from a

fully microscopic approach considering ther§er dipole—dipole energy transfer and the

appropriate averaging procedure.

We estimate the order of magnitude effrom Eg. (8) and Eg.(5), employing
parameters representative of 11-VI semiconductor quantum Svefid optically active
organic condensed media such as metallophthalocy&hioesfullerenes® Taking
L,=60 A, L,=40 A, k=3-10° cm ! (appropriate to a thermalized exciton distribution
with T=100 K), d/ag=0.1e, €,=5, e=4+i3, we obtain for this typical case~50 ps.
Considering that in an isolated quantum well the exciton lifet{foe such a thermalized
distribution is a few nanosecondsthe energy transfer mechanism here proposed turns
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out to be fast enough to efficiently transfer a large fraction of the semiconductor elec-
tronic excitation energy to the adjacent organic molecules, which will eventually decay,
emitting visible light.

Finally, we wish to stress that our model calculations can be easily applied to any
hybrid multilayer structure and could be generalized to the case in which the structure is
embedded in a microcavity and to the case in which the two-dimensional excitons are
localized(i.e., in-plane translational symmetry is brokem the semiconductor is excited
in the continuum(i.e., free electron hole pairs, rather than bound excitons, are present
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We study the scaling properties of the renormalization griR(®)

flows in the two-dimensional random Potts model, assuming a general
type of replica symmetry breakin@®RSB) in the renormalized coupling
matrix. It is shown that in the asymptotic regime the RG flows ap-
proach the non-trivial RSB fixed point algebraically slowly, which re-
flects the fact that this type of the fixed point is marginally stable. As a
consequence, the crossover spatial scale corresponding to the critical
regime described by this fixed point turns out to be exponentially large.
© 1997 American Institute of Physids50021-364(®7)01023-3

PACS numbers: 64.60.Ak, 75.10.Nr

After several years of extensive studies of the critical properties of the ferromagnetic
random Potts model there still remains the controversy due to the fact that in the renor-
malization group(RG) approach one finds two types of attracting fixed points, one of
which is replica symmetri¢Refs. 1 and 2while at the other the replica symmetry is
broken? In this situation, which one of the two fixed points is actually reached depends
on the starting conditions for the coupling matrix in the RG equations. Recent numerical
studies seems to favor the critical properties corresponding to the RSB fixed point Ref. 4.
However, since the replica symmetry breaki®SB) fixed point is only marginally
stable (the spectrum of the corresponding eigenvalues starts fron), o crossover
spatial scale corresponding to the critical regime of this fixed point may turn out to be
much larger than the currently usable sizes for numerical tests. To obtain a prediction for
the value of the RSB crossover scale one has to derive the asymptotic behavior of the RG
flows near the RSB fixed point, and it is this problem which we address in the present
letter.

The randony-state Potts model is described by the following lattice Hamiltonian:

H[a]=—<i2j> JiV(ai,a;). 1)

Here the spingo;} take ong values; the summation goes over the nearest-neighbor sites;
V(o,0")=1-6,, is the spin—spin interaction potentiglj;;} are random ferromag-
netic coupling constants with independent distributions characterized by a narrow width
go around a mean valug,. Since the randomness is assumed to be wgg {,), in the
critical region this system can be analyzed in terms of the renormalization group ap-
proach based on the conformal field theory of the unperturbed model Ref. 1. Following
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the standard procedure of averaging with replicas, it can be skewen e.g., Ref.)Zhat
at the critical point the system under consideration is described by the following
continuume-limit replica Hamiltonian:

H=3 HE+ S ga | dxes0e,0). @
a=1 a#b

where H, is the Hamiltonian of the pure system, and the second term represents the
couplings of the energy operatoeg of different replicas. Strictly speaking, after per-
forming replica averaging one obtains the replica symmetric coupling matgi* g
(whereg is proportional tog,). However, according to qualitative physical arguments
one can also consider a more general situation in which the replica symmetry is sponta-
neously broken in the coupling matriy,, such that it has the Parisi block-like structfre.

The renormalization group for the mod@) (with the replica symmetrig,,) has
been derived in the two-loop approximation in Ref. 1, and by the technique developed in
Ref. 2 these RG equations can be easily generalized for an arbitrary structure of the
coupling matrixg,, (Ref. 3:

d n n
d_ggab: TQapt 2 Gaclept ggb_ gabz Jaclca 3
c=1 c=1

(it is assumed thag,,=0). Here¢ is the usual RG log-scale parameter, and the small
parameter of the theory= — 3¢ is related to the deviatioa of the central charge of the
conformal theory for the Potts model from the one for the Ising model. In particular, for
the 3-component Potts mode+ — 2/15. In fact, the renormalization group for the Potts
model is derived in terms of the-expansion technique.

The critical behavior determined by the replica symmetric fixed point of(8cas
been analyzed in full detail in Refs. 1,2, and 4. Here we will concentrate on the RSB case.
According to the standard technique developed in the mean-field theory of spin §lasses,
in the limit of the continuous RSB, the matrix,, is parametrized in terms of the
continuous(and monotonigfunction gx) defined on the interval €x=<1. In this case,
from the general Eq3) one can easily derive the following RG equation for the renor-
malized functiong(x; £) (Ref. 3:

d _ X
d—gg(x; §)=19(x;6)—29(x;6)g(é) — fo dy[g(x;&) —g(y; O 1P+ g3(x; £)
+9(x;6)02(), 4)

Whereg(g)zf(l)dxg(x;g) and?(g)zfédxgz(x;g). Note that the structure of the corre-
sponding fixed-point equationd{(d¢) g(x;£&)=0 coincides(with the exception of the

last term on the right-hand side of Ed)) with the corresponding saddle-point equation

for the Parisi order parameter function in the mean-field theory of spin glasses near the
phase transition poifitThe fixed-point solution of the Ed4) is:
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1
=x at0sxsx,;

9. (x)=1 3 ©)
g, atx;s=xsl],

wherex, =3g;, and the value ofj; is defined by the equationgg(1—g,)2= 7, such that

g,=37 in the linear order in smalt. The critical properties determined by this fixed
point are described in detail in Refs. 2 and 3.

Here we would like to study the problem of crossover to the critical regime deter-
mined by the RSB fixed poinb). Usually, if one deals with the renormalization group in
terms of a finite number of renormalized parameters, this problem is not so difficult. In
this case, if the fixed point is stable, the RG trajectories are approaching the fixed point
exponentially fast, and therefore the corresponding spatial crossover scale depends on the
starting parameters according to some algebraic(lath the crossover exponent deter-
mined by the smallegtn absolute valugeigenvalue of the linearized RG equations in the
vicinity of the fixed poinj.

In the present case the RG equatidhdescribes the evolution offanction which
formally means that we are dealing with an infinite number of renormalized parameters,
and correspondingly one finds a whapectrum(infinite numbey of eigenvalues of the
linearized RG equations. Moreover, it is well known from the mean field theory of spin
glasses that this spectrum starts frars 0, and therefore it is not so easy to tell right
away what must be the typical asymptotic decay of the perturbations near the fixed point.
Although the problem of stability of the saddle-point of the type given by(Bgfor the
corresponding mean-field SG free energy functional is already studied in all detail, and
the spectrum of all the eigenvalues is well knolin,the present problem we are facing
somewhat different situation.

First, in the terminology of the stability analysis of the Parisi-type structures, the RG
Eq. (4) actually represents not all possilila the mean-field spin glasgedeviations, but
only the so-called “longitudinal” modes. This makes life much easier because, as it will
be shown below(see als, it makes the spectrum of the eigenvalues todistrete
(although still accumulating towards zgrainlike the complete spectrum in the corre-
sponding SG problem, which ontinuous

Second, unlike spin glasses, where the “dynamical” behavior of the order param-
eter defined by Eq4) makes no sensghe real microscopic spin dynamics can not be
reduced to such a simple dynamical equation for the replica order paraneer it is
the asymptotic “dynamical” evolution of the Parisi function in the vicinity of the fixed
point which is of the main interest.

Third, in the present problem, described by E4), we have the additional term
g(x)g?, which is not present in the corresponding saddle-point equation in spin glasses.
This term appears to be irrelevant for the structure of the fixed-point solution, but it turns
out to be quite relevant for the asymptotic behavior of the deviations near the fixed point.

The linear analysis of the perturbations around the fixed point specified b$)E§.
rather simple. Substituting(x; £) =g, (X) + ¢(x; &) into Eq.(4), in the linear order in the
small deviationg(x;&) we get
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d 1 1
d—§¢(x;§)=2f dyK(x,y)¢(y;§)+29*(X)f dyg, (y)o(y;é), (6)
0 0

where

K(x,y)=

—0,(y) forx>y
( (7)

—g,(x) forx<y.

It can be easily checkeda posteriorithat sinceg, ~ 7, in the leading order ir<1 the
last term in Eq(6) is irrelevant, and it will therefore be dropped in the further analysis.

SinceK(x,y)=K(y,x), the operatok is Hermitian and can be diagonalized. The
corresponding equation for the eigenfunctions is:
Kp™=x\,pM. (8)

Twice taking the derivative of the above equation with respeat, twe obtain:

d? 95 (X)
— (n) X)— *— (n) X), 9
LAt i wa A (9)
where, according to Eq(5), g, (x)=1/3=const for 0<x<x;, and g, (x)=0 for
X1<x=<1. Thus, the solution for the eigenfunction is:

sin(k,x) for 0sx=<x,
d1=sin(kyx;) for x;<x=<1,
where
) 1
ki=— TV 11
n

Substituting these eigenfunctions in the original equat®)nve obtain the equation for
the eigenvaluesk,tg(k,x;)=(1—x;) L. Sincex;~7<1 the solution of this equation
gives the following spectrum of the eigenvalues:

372
An=— > 5" (12
47N

We see that the eigenvalues are accumulating towards zero. Since the characteristic decay
scale of thenth order mode is of the order af,~\,*~n?/72, the more higher-order
modes that the starting functiog(x;é=0) contains, the slower it will decay. In the
extreme case, if the starting function would be composed of all the modes with equal
weight, it would not decay towards the fixed point at all. Thus, if the analysis of the
stability of the fixed point would have to be restricted within the linear order, the result
would be not quite conclusive. Fortunately, the actual situation appears to be more com-
plicated, and it turns out that the linear analysis is not enough.

The problem is that besides the set of the eigenfunctions described above, there also
exists a wholg(infinite) spectrum of the so-called “zero-mode” functions, which have
the eigenvalue.,=0. Coming back to the original linear equati¢®), one can easily
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check that the zero-mode is an arbitrary functigp(x) such thatgy(x)=0 in the
interval 0<x<x; and fildxd)o(x)zo. Apparently, a zero-mode function is orthogonal

to all the “non-zero-mode” functions, Eq10). Since in the linear order all the devia-
tions which contain the zero-mode function do not decay, a second-order analysis is
needed.

Let us explicitly separate the two types of modes(x; &)= ¢1(X; &) + do(X;E),
where the functionp,(x; £) is assumed to be composed of the non-zero-mode functions
(10) only. Simple calculation gives the following second-order equations for the func-

tions ¢1(X;€) and ¢o(X; €):
d 1 . X
d_§¢1(X;§):2f dyK(XaY)d)l(y;f)_2¢’1(X;§)¢1(§)_f dyl d1(x;€)
0 0

— Bo(yi )2+ 0y (X) B3(E) (13

in the interval G=x<x4; and
d X
d—§¢o(X;§): = 2¢0(X;6) h1(8) — Jx dyl po(X;€) = do(y;)1° (14

in the intervalx;<x=<1. In Eq.(13) all the terms likeg, 9, 1,9, 2,105 $1.9x &>

which are small inr have been omitted; and in E(L.4) we have introduced the notation:
d1(E)=d1(x=x4;&). Below we will show that due to mutual interference of the zero-
and non-zero-moderia the last term in Eq(13) and the first term in Eq(14)) the
asymptotic behavior of the solutions of the above two equations appears to be quite
universal.

The solution of the Eq(14) can be found exactly for an arbitrary given function
$1(&) and for an arbitrary starting functioghy(x;£=0):

¥(£) do(y;0)

sotxi6)= [ “ay ; 2= B8, 15
1+h(g) f d2(z-x)) $)(2,0)
where
3
y<§>=exp{ 2 JO dzqsl(g)] (16)
and
I3
h(¢)= f diy(t). 17
0

Here the functiong(&) is fixed by the conditiorﬁldx%(x;g):o, and¢((x;0) is the
derivative with respect ta of a given starting functiorby(x; £=0).

The solution(15) make it possible to derive the asymptotat £— ) behavior of
the functionse, and ¢4 without explicit solutions of equatiofl3). Let us consider three
different types of possible asymptotic decays of the functign
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1. Let us assume first that the decay of the funciqris sufficiently fast:p;~ & ¢
with «>1 (or ¢, decays exponentially fast, as it should follow from the linear analysis
for the function containing finite number of the eigenfunctions, &4)). Then, from
Eqs(16) and(17) one finds:y(é— «)—const anch(¢é— ) — (constk. In this case it is
easy to see from the solutighb) that the functionpy(x; é— ) has a step-like structure:
in the narrow intervalx;<x<x;+A(&), where A(&)~¢ Y2 its absolute value is
)~ £712 whereas in the rest of the intervad; + A(£)<x=<1, its value is much
smaller: p** )~ £~ 1 Therefore, for the asymptotic behavior of the last term in [#8)

we get:pi~ (p*))2A+ (¢**))2~ 32, Since the linear and the quadratic terms in Eq.
(13) decay ag ™ (**1) and £~ 29, respectively, where bothu(+ 1) and v are greater that
312

3/2, the last term, containin¢§~§‘ , must dominate af—c0. Thus, the asymptotic
behaviorg,~ &« with @>1 cannot take place.

2. Let us assume now that the asymptotic decay of the funetios slow: ¢~ &~ ¢
with a<1l. In this case from Egs.(16) and (17) one finds: y(&—x)
~exp{—(constg*~ ) and h(¢—o)— (const). Therefore, according to E€L5), the
function ¢, must be exponentially smali,~ exp{—(constg*~ )}, and the last term in
Eqg. (13) can be neglected in comparison with the other terms, which depend on the
function ¢, only. In this case, however, k<1, the second-order terms, being of the
order of ¢ 2%, must be dominating over the linear term, which is of the ordef déf ™ %.
On the other hand, simple estimates show that the asymptotic solution of eq(iBion
with only the second-order terms decayséas, and one cannot hav@ ¢ with a<1.
Thus, the slow asymptotic behavigh ~ £~ ¢ with a>1 cannot take place either.

3. It can be easily checked that the only self-consistent asymptotic decay of the
function ¢, is ¢,~A& 1, whereA is some constant. Indeed, using again the general
solution (15) for the function¢,, one can easily find that depending on the value of the
constantA there can exist three different regimes:

(&% if A>1
. 1
2 H 1
~{ ——— if A=} 18
] &g i 4
L g—(3+2A)/2 |f A< %

Returning to Eq(13) for the functiong,, one can easily check that the last te¢rf can
be neglectedand only in this case can the asymptotic behavigr ¢~ appeay only in
the first two cases, i.e., fok=1/2.

Thus we conclude that in the above RG approach with continuous RSB, for a
generic starting Parisi functiog(x;&=0) the deviations of the renormalized function
g(x; ) from the fixed pointg, (x) given by Eq.(5) decay ast~ 1. This slow asymptotic
behavior is essentially different from the usual exponentially fast decay in the vicinity of
a stable fixed point in the RSB renormalization group. As a consequence, the crossover
scale ¢, corresponding to the RSB fixed point) is defined by the condition
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§*~g;1~r*1, and therefore the corresponding spatial crossover scale must be expo-
nentially large:

R, ~exp{const/}. (19

It should be noted that the actual value of this crossover gediEh is quite important

for reliable interpretation of numerical tepisssentially depends on a nonuniversal con-
stant which is determined by the structure of the starting Parisi fung{iey€=0). Since

the structure of this function remains quite unclear, at the present stage it is hardly
possible to derive a more concrete prediction for the RSB crossover scale. Nevertheless,
the present study demonstrates that in principle this scale may turn out to be well beyond
the sizes accessible in the usual numerical simulations.
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The NMR of Mr*® nuclei is measured in the quasi-one-dimensional
antiferromagnets CsMnBrRbMnBr;, and CsMn} in magnetic fields

up to 8 T attemperatures in the range 1.3—4.2 K. The average moments
of the magnetic sublattices and their field dependences, which turned
out to be comparatively strong and different for magnetically non-
equivalent MA™ ions, are determined from the hyperfine-field data
obtained. As a result, the magnetizations of separate sublattices in an
external magnetic field~8 T differ by more than 5%. The results
obtained agree qualitatively with the theory of the suppression of quan-
tum fluctuations by a magnetic field. @997 American Institute of
Physics[S0021-364(07)01123-7

PACS numbers: 75.2%.z, 76.60-k, 75.50.Ee

The investigation of the deviation of the average momé8sof magnetic sublat-
tices in antiferromagnetéAFs) from the nominal value$§ as a result of quantum fluc-
tuations is one of the standard problems of the physics of antiferromagnetism. Although
the general theory of this phenomenon was constructed quite lon§ @ajoparatively
few reliable experiments have been performed. The problem is that in 3D antiferromag-
nets the reduction(§) — S)/S~2—-5% is small and difficult to measuPeThe accuracy
of the amplitude measurements is, as a rule, inadequate because of the need to make
allowance for extinction effects in neutron diffraction. The other well-known method is
measurement of the hyperfine fields at the nuclei of the magnetic ions. Thus, in ions of
3d elements

A
Hn:_ nh<S>’ (1)

Y

whereA is the hyperfine constany,, is the nuclear gyromagnetic ratier{=10.6 MHz/T

for Mn2*"), andh is Planck’s constant. However, the reduction effect is masked by the
uncertainty in the hyperfine constaAt determined from ESR on the same ions in an
isomorphic nonmagnetic matrix.
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TABLE 1.

(S) Neutron diffraction NMR Other methods Theory

CsMnBr 1.65[Ref. 3 1.8[Ref. 4 1.7 [Ref. 5 1.82[Ref. 6]

RbMnBIr; 1.8[Ref. 7] 1.8 present

CsMnl 1.85[Ref. § 1.74 work 1.8[Ref. 9] 1.8; 2[Ref. 10

Calculationd have shown that the hyperfine constanin substances with a low
concentration of magnetic ions is smaller than in pure magnets because of effects due to
the transfer of an unpaired electron spin from one manganese ion to a neighboring one.
Making allowance for covalence effects for the #¥rion with six nearest neighbors gave
a 2—4% increase in the hyperfine field, which limits the accuracy with w{fhin 3D
magnets can be determined.

The situation is much better in the case of the investigation of quasi-one-
dimensional magnets, where the expected spin reduction can reach 30% and can be
measured by different methods. Moreover, in quasi-1D magnets tfé kén has only
two nearest neighbors and therefore the contribution of the indirect hyperfine interaction
to the local field at the nucleus of this ion should be less than the estimate indicated
above.

Data on the magnitude of the average spins ofMions in some quasi-1D AFs
with triangular magnetic structure are given in Tabfe@ne can see that the agreement
of the results with one another and with the theoretical predictions is good. Moreover, as
a result of the large spin reduction, it is now possible to study the suppression of quantum
spin fluctuationgcorrespondingly, a decrease of the redudtioy an external magnetic
field. Several recently published theoretical works are devoted to this qué&tibht3it
was possible to explain some features of the field dependences of the magnetization in
these substances by the mechanism of suppression of quantum fluctuations: the weak
nonlinearity of the increase in magnetization in magnetic fields perpendicular to the plane
of the triangle and the magnetization anisotropy above the reorientational phase
transition®!? The increase, associated with suppression of quantum fluctuations, of the
average spin of the magnetic ions, which was found to be fully measéidigeen in
fieldsH<0.1 Hg, was calculated.

On this basis, we undertook an investigation of'RNMR in these substances. This
makes it possible to measure directly the values and field dependences of the microscopic
magnetic moments of M ions.

All three substance€CsMnBr;, CsMnk, RbMnBr;) possess a closely similar crys-
tal structure* The Mr?* ions are surrounded by octahedra of halogen atoms, and these
octahedra, joined at a common face, form chains alongOh@xis. These chains are
packed hexagonally in the basal plane of the crystal, and the voids thus arising are filled
with alkali-metal atoms. The unit cells in CsMnBand CsMn} contain two formula
units and possesséls‘gh symmetry. All Mr?™ ions are crystallographically equivaleft.
The distance between neighboring #nions along the chains is approximately half the
distance between neighbors in the plane. Correspondingly, the value of the exchange
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FIG. 1. MrP® NMR spectrum of CsMnl at T=1.3 K and withHL Cs. Solid line — “unshifted” NMR
spectrum withH,= const; dashed line — allowance for the DFS of NMR. Inset: Arrangement &f Mpins
with HL Cs.

integral J between them is several hundreds of times larger. Nonetheless, magnetic or-
dering withTy=10 K arises on account of interchain exchadgeThe Mn spins in the
chains are ordered antiferromagnetically and the mutual polarization of the chains is
determined byd’ and the anisotropy. Triangular ordering occurs in all substances — in
weak fields the spins of neighboring ions in the plane lie on the sides of isosceles
triangles(in RobMnBr; in fieldsH>3 T).

The NMR of Mr?® was measured at temperatures 1.3—4.2 K with a cw NMR
spectrometer, similar to the one employed in Ref. 15, in the frequency range 200—450
MHz and in magnetic fields 0.5-8 T. All measurements were performed on single-
crystalline samples, placed in a helium bath and oriented so that the external and high-
frequency magnetic fields were mutually perpendicular and lay in the basal plane. As a
rule, the absorption line was recorded by scanning the magnetic field. Preliminary results
on NMR in CsMnBg were published in Ref. 4; a more complete article is published in
Ref. 16.

The anisotropy in CsMalis of the easy-axis type. For this reason, the triangles of
Mn2" spins lie in a plane passing through tBg axis. When a magnetic field perpen-
dicular to theCg axis is switched on, the planes of the triangles rotate so that the spins are
perpendicular tH. The MrP®> NMR spectrum is presented in Fig. 1. To a first approxi-
mation, it should be described by the formula

2 12

I+

n

2H,

1- He

@

N |Hy+H|=H
,yn n n

HereH¢ is the exchange field and is the external magnetic field. We took account of
the fact that the Mfi" spins are tilted with respect to the external field by the small angle
~H/Hg (Hg=140 T). This dependence witH,= const is presented in Fig. (solid
line).
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NMR.

In weak fields the spectrum is deformed by the interaction with the Goldstone
branch of the AFMR(so-called dynamic frequency shifbFS of NMR). The NMR
spectrum under the conditian?< w? is described well by the expressidn

2\ —1

w7
1+ —
we

2
wn
2
n

— Hﬁ 3

Y

Here w, is the unshifted AFMR frequency andy is the coupling frequency. The fre-
guenciesw, and wt were taken from the AFMR data presented in Ref. 9. Although Eg.
(3) was introduced for two-sublattice AFs, the calculation performed in Ref. 9 showed
that for CsMnj} it holds up to terms= 10‘5Hﬁ. However, in strong fields, where the DFS

is negligibly small, a substantial increase of the NMR frequency is observed. This in-
crease can be interpreted, in accordance with(Bgas an increase in the hyperfine field.
The field dependendd,(H) obtained is presented in Fig.(8ee below.

In CsMnBy; the spins lie in the basal plane. When an external field is applied, the
spins become oriented in a manner so that the field lies in the direction of the bisector of
the triangle on whose sides the spins lie. As the field increases, the angles at the base of
the triangle start to decrease*@s

1
cofa)=———, 4
RS @

whereH-=6.4 T is the reorientational phase transition field. A collinear structure con-
sisting of antiferromagnetically ordered ferrimagnetic plafveish spin ratio 2:] arises
above the transition. To within the tilt anglesH/Hg (Hg~150 T),all spins are perpen-
dicular to the magnetic field.

The NMR spectrum in CsMnBjiis presented in Fig. 2. It consists of three branches,
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corresponding to different relative arrangements of the hyperfine and external fields,

P12 gy H2+2H<+ in(e) H X )) " (5)
= — +2—| +sin(a)— —co(a ,

Yn " Hﬁ H, He

01 _, HH_Z(l_%) ©

n " Hﬁ HE ,

for H>H¢ and constanH,, a single branch, described by E&) (solid curve3 in Fig.

2), remains. The dashed lines indicate the NMR spectrum with allowance for the DFS,
calculated in Ref. 16. One can see that upltothe branched and?2 agree satisfactorily

with the calculation, while the frequency of the branch perpendicular to the magnetic
field increases with field similarly to CsMgilAboveH ¢ the increase in the frequency of

this branch slows down, though appreciable growth of the bottom branch is observed for
spins which in weak fields comprised the lateral faces of the triangle. The corresponding
field dependenced ,(H) are presented in Fig. 3. This figure also shows the dependences
H,(H) on Mr™ nuclei for the collinear phase of RbMnBin fieldsH>Hc~4 T. This

is also an easy-plane AF, in which a complicated spin structure, incommensurate with the
lattice, is realized in weak fields, but k~3 T it transforms into a commensurate phase
with triangular spin ordering and subsequently behaves just as in CsMhBme can

see that similarly to CsMnBrthe nonequivalent Mt spins in the magnetic plane are
characterized by different values &f,, which depend quite strongly on the external
field.

In summary, strong growth of the hyperfine field on Mnuclei is observed in all
three materials with the application of an external magnetic field. This dependence is
different for magnetically nonequivalent ions and leads to splitting of the NMR in the
collinear magnetic phase. Such a growth cannot be explained by a change in the hyper-
fine constant of the ion itself on account of magnetostriction, since the orbital contribu-
tion to it A, ~(g—2)=~0.004 is very smallg is theg factor of the ion and the contri-
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bution due to core polarization depends extremely weakly on the distance up to the
ligands!® The well-known instability arising in the crystal structure of these compounds
as a result of the shift in the neighboring octahedral chains relative ©Bdleis also has

a weak effect on the hyperfine constant, since it does not change the nearest neighbor
environment of the magnetic ions. The nature of the contribution of the indirect hyperfine
interaction of neighboring magnetic ions is close to that of the exchange interaction. For
this reason, the change & due to reorientation of neighboring Mn spins in the plane
should bel'/J times less than the correction calculated in Ref. 2. For this reason, it can
be asserted that the change in the average @8n®f the Mr** ions makes the main
contribution to the change in the hyperfine fields.

Thermal fluctuations of the spins also make a definite contributig®toHowever,
they are small at temperaturds=1.3 K. According to our data on the temperature
dependence oH, in CsMnBr at H=0, (S)(0)—(S)(1.3 K)<0.0XS)(0) (Ref. 16.
Moreover, temperature fluctuations become frozen out wheg(H)>KkT, i.e., in com-
paratively weak magnetic fields. The field dependence of the frequency of the middle
branch of MR® NMR in CsMnBr, at T~3 K is presented in Fig. 2. One can see that it
is appreciably steeper in weak fields, and fbr6.0 T the temperature correction be-
comes very small.

It is difficult to make a quantitative comparison between our results and the theory
of the suppression of quantum fluctuations, since no calculations have been performed for
our experimental situation. The dashed curve in Fig. 3 shows the depen(®nce
X (H/H¢) calculated in Ref. 6 for CsMnBrbut with H||Cg (in this geometry all MA*
spins are equivalent and there is no splitiin§he solid curve shows th€S)(H/H)
(HLCg)for CsNiCkL (analog of CsMny) from Ref. 13. One can see that the increase in
magnetization of the sublattices corresponds in order of magnitude to our experiment.

In Ref. 10, it was pointed out that in quasi-one-dimensional AFs with easy-axis
anisotropy the magnetic ions are nonequivalent even in the absence of an external field,
since only one third of them are oriented parallel to the easy @xitspinsA) and the
remaining spins are tilted from the axis by an anglB0° (spinsB) (see inset in Fig. 1
In consequence the average spins are different, the differé8ge-(Sg)~0.2 for
CsMnk. The corresponding splitting of MA NMR ~50 MHz is close in order of
magnitude to the splitting we observed in CsMgBind RbMnBg. Unfortunately, the
NMR line corresponding té spins in CsMnj is very weak and we could not detecfit.

In summary, we have measured the field dependences of the average spirfs of Mn
ions in quasi-one-dimensional AFs CsMnICsMnBg, and RbMnBg. These depen-
dences were found to be not only strong enough to be observed by the NMR method but
also different for magnetically nonequivalent Knions. The results obtained are in
qualitative agreement with the thedty®®

In closing, we wish to express our heartfelt gratitude to I. A. Zaliznyak, M. I.
Kurkin, L. A. Prozorov, S. S. Sosin, and I. A. Fomin for fruitful discussions. We wish to
thank especially A. I. Smirnov, whose helpful remarks were taken into account in the
final variant of the manuscript.
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3Deceased.

YThe reduction in AFs with spin 1/2 should be much greater, but experiments with such iofis) (€re
difficult to interpret because of the difficulty of taking into account accurately the effect of the large orbital
magnetic momenk =2. For this reason, in what follows, we shall discuss substances witd homs ¢S;,,
state.

9The magnetic properties of these compounds are discussed in greater detail in Ref. 11.

9The structure in RbMnBris more complicated because of orthorhombic distortidns.

®While this paper was being prepared for publication, we observed this NMR branch. Its frequency in the
absence of a magnetic field equals 417 MHz.
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The temperature and magnetic-field dependences of the recombination
line of multiparticle excitonic complexes in undoped and lightly doped
GaAs/AlGaAs quantum wells are investigated. These dependences
have previously been attributed to free charged excittmimns). It is
shown that this line corresponds to a bound state of a complex, specifi-
cally, to an exciton bound on a neutral donor in a barrier. It is found
that as the temperature or pump power is raised, there appear in the
recombination spectrum not only a cyclotron replica shifted downward
in energy but also a replica which is symmetrically shifted upwards in
energy by an amount equal to the cyclotron energy and which is due to
emission from an excited state of an impurity complex. The behavior of
the cyclotron replicas is studied as a function of the electron density
and temperature. €997 American Institute of Physics.
[S0021-364(®7)01223-1

PACS numbers: 71.35.Cc, 78.66.Fd

1. Excitonic complexes play an important role in undoped and lightly doped quasi-
two-dimensional2D) systems. Moreover, they are extremely interesting from the stand-
point of studying the role of the Coulomb interaction in a system consisting of several
electrons. An example of such complexes are charged excitons or trions. Positively and
negatively charged excitons were predicted theoretically in Ref. 1. These formaXions (
and X*) are similar to the hydrogen ions™Hand H; and have a very low energy of
dissociation into an exciton and a free particle. Charged excitons in the three-dimensional
(3D) case have never been reliably established, and no spectroscopically resolved line of
such complexes has ever been observed. In a 2D system, both excitons and trions have a
high binding energy and are accordingly highly stable, since the limitation of the motion
of the charge in the transverse direction has the effect of an increase in the Coulomb
interaction. The presence of a second electron is responsible for some specific properties
of such a system, specifically, a negative diamagnetic shift of the recombination line in a
weak magnetic field and the existence of a cyclotron replica due to the transfer of a
quantum of cyclotron energy to the second electron in the process of electron—hole
recombination. A number of authors claim to have discovered a free trion and assigned to
it the emission line in the luminescence spectra of quantum Weéllsnetheless, the
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FIG. 1. Photoluminescence spectra obtained for a lightly doped 300 A SQW with 2D-electron density varying
from 0 to 5x10'° cm 2. Inset: Recombination energy of a free exciton and an excitonic complex versus
magnetic field, measured with zero 2D-electron density.

proofs presented in Refs. 2—4 in favor of such an interpretation are ambiguous and there
are a number of discrepancies with the theoretical predictions, for example, in the ex-
perimentally obtained temperature and magnetic-field dependences of the emission spec-
trum of a free trion. To resolve this question, we investigated several undoped and lightly
doped GaAs/AlGaAs single quantum welBQWS with widths of 150, 200, and 300 A.

We show on the basis of the temperature and magnetic field dependences of the lumi-
nescence spectra that the recombination line attributed to free trions most likely corre-
sponds to the radiation of an exciton bound on a neutral donor in a barrier.

2. We investigated 150 and 200 A wide undoped SQWs and a 3@80& A s-
pacej lightly doped SQW. The samples were grown by molecular-beam epitaxy on a
GaAs substratdsee Ref. b Optical excitation of the system was performed with a
tunable Ti/Sp laser and/or He/Ne laser. A Ramanor U-1000 double monochromator
(which, when combined with a CCD detector, provided a resolution of 0.03)reeived
as a spectrometer.

3. The photoluminescence spectra obtained for a lightly doped 300 A SQW with
different 2D-electron densities are shown in Fig. 1. The electron density was changed by
varying the intensity of the He/Ne laser illumination, giving rise to neutralization of the
charge of the impurities in the doping layer by photoexcited carriers. With a zero 2D-
electron densitytop spectrumthe recombination line of a free heavy-hole excitof)
dominates the spectrufsimilar spectra were also obtained for undoped samphesthe
2D-electron density increases, a low-energy line due to recombination of an excitonic
complex(designated as @)() starts to buildup in the emission spectrum. This line was
attributed in Refs. 2 and 3 to recombination of a free trion. At some 2D-electron density
the free-exciton line vanishes completely from the spectra; this is accompanied by a
metal—insulator transition in the electronic system. Further increase of the 2D-electron
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FIG. 2. (a) Spectral position of recombination lines of free and bound excitons versus magnetic field, measured
in two polarizations for a 200 A SQWb) Diagram of optical transitions for the same sample. Recombination
lines of free and bound excitor{solid liney, cyclotron replicagdots, and recombination lines of excited
excitonic stategdashed linesare shown.

density results in broadening of the low-energy line and transformation of this line into a
recombination line of the 2D-electron gas, the latter line splitting in a perpendicular
magnetic field into Landau levels. So, at a density corresponding to the bottom spectrum
well-resolved Landau levels are observed even in a magnetic field of Qfabng factor
equals 8, indicating that the experimental structure is of high quality. At this density the
mobility of the 2D-electrons equals 26.0° cn?/V - s.

To determine the nature of the low-energy line at low 2D-electron densitefsre
the transition into the metallic statewe studied the magnetic-field dependence of the
spectral position of the excitonic lines. Such a dependence, measured in two circular
polarizations for a 200 A SQW, is presented in Fig. 2a. We obtained similar results with
identical polarization and spectral features for a 150 A SQW and a lightly doped 300
A SQW (inset in Fig. 3. They are completely identical to the results obtained by other
authoré? and employed by them as proof of the trionic nature of tfﬁé( Dine. A
characteristic feature of this line is the negative diamagnetic shift, observed in a weak
magnetic field. This shift is explainédy the fact that in weak magnetic fields the
internal energy of a trion is virtually field-independent, and the energy of the transition
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corresponding to recombination of the trion is determined by the difference of the cyclo-
tron energy of the entire complex and the free electron remaining after recombination.
Since the electron mass is much smaller than the trion mass, the transition energy in weak
magnetic fields should undergo a negative cyclotron shift of the ordgr®f. A similar
dependence is also observed in our experingee¢ Fig. 2a and inset in Fig),Jbut the
magnitude of the shift is much less thghw., and it is absent completely in fields
weaker than 0.5 T. This behavior can be explained by localization of a trion on a charged
donor center, as one would naturally expect for a heavy charged particle at low densities
and low temperatures.

To check this conjecture, we studied the temperature dependence of the shape of the
recombination line of the excitonic complex. On account of recoil, the existence of a
second electron in a free trion allows recombination of a complex possessing a nonzero
total quasimomenturk (which is forbidden for a direct-band excitoThe energy of the
emitted photon is less by the amouhE=E(k)[M/m,—1], where E(k) is the trion
kinetic energy M is the trion mass, anth, is the mass of the electron remaining after
recombination. Substitutingl ~2m.+m;,, where m;, is the hole mass, we obtain
AE=E(k)[m,/mg,+1]. Sincem,,>m,, we obtainAE>2E(k). Therefore the recombi-
nation line of a free trion should be asymmetrically broadened on the low-energy edge at
least by the amountli T. This conclusion directly contradicts the experimental results.
Figure 3a shows the orthonormalized recombination spectra of a complex which were
measured at three different temperatures in zero magnetic field for a 200 A SQW. As one
can see from the figure, the line has a symmetric shape and its width is virtually
temperature-independent in the range 1.5-10 K. In accordance with the estimate pre-
sented above, the width of the recombination line for a 10 K bath corresponds to an
effective trion temperature of not greater than 2 K, which can be explained only by
localization of the complex. Figure 3b shows our computational results for the shape of
the recombination line of a free trion for 2D-electron gas densityl18'° cm 2. Com-
paring Figs. 3a and 3b demonstrates that the free-trion model is completely untenable in
the explanation of the experimentally observed temperature dependence. This fact con-
firms the conjecture that the investigated recombination line corresponds to the state of a
complex localized on an impurity center. In this case, quasimomentum conservation is
not required in the recombination of a bound exciton; this is why the width of the
luminescence line is small. It should be noted that increasing the temperature does not
result in the appearance of free trions, since an additional wide temperature-sensitive line
does not arise in the emission spectrum, attesting against trion localization by distant
charged donors.

Thus, it is logical to conjecture that the low-energy excitonic line corresponds to
recombination of a trion localized on a charged donor in a bafmst likely, near a
heterointerfack since the density of residual doping with donors is relatively high in the
AlGaAs spacer. However, such an electron—hole complex is nothing more than an exci-
ton bound on a neutral donor located in a barrier near a well. We note that the spectral
splittings of the line in a magnetic fielghcluding the triplet stateand their polarization
properties are virtually identical for a free trion and for a trion localized on a positively
charged donoi(in other words, for an exciton bound on a neutral donsince the
presence of an impurity center does not change optical transitions. The second electron,
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FIG. 3. (a) Orthonormalized recombination spectra of an excitonic compm%X( line), measured in 200
A SQW at different temperatureth) Temperature dependence of the shape of the emission line of a free trion
in the presence of a 2D-electron gas with density1®'° cm™2, calculated for the same temperatures.

which is responsible for neutralization of the donor, in B&X complex determines the
properties of the complex, which are analogous to properties of the recombination line of
a free trion, specifically, a negative diamagnetic shift and the appearance of cyclotron
replicas(SU) in a magnetic field. The appearance of replicas is explained by the fact that
if in the recombination of a system with two electrons the remaining electron acquires
one or several cyclotron energy quanta, then the recombination line is shifted to lower
energies by one or severab .# We observed such replicas on all experimental samples;
for 200 A SQW they are shown in Fig. 2b. It should be underscored that the character of
the magnetic field dependence of the spectral position of these replicas and the diamag-
netic shift of the recombination line itself of the complex should depend strongly on the
position of the impurity center — in a well or in a barrier. It is known that the ground
state of an impurity complex in a 3D semiconductor hasSaype wave function. The
appearance of replica@ielectronic satellites including cyclotron transitions, in the
process of recombination of a complB¥X is due to excitation of the R state of the
impurity, so that they are shifted downwards by the transition energy of the donor into an
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FIG. 4. (a) Ratio of the intensities of the top and bottdin energy cyclotron replicas versus the ratio of the
intensities of free and bound exciton lines, measured with variation of the 2D-electron density in a lightly doped
300 A SQW.(b) Recombination spectra of a free exciton and an excitonic complex as welBak eeplica,
measured at different temperatures in a magnetic field of 1.5 T for 200 A SQW.

excited stat€.The absence of such a shift in our case could be due to breakdown of the
symmetry of the complex as a result of the fact that the impurity center is located in a
barrier next to a well. The ground state of the impurity center hd3-tgpe wave
function’® and the splitting between the ground and excited states is almost Gewer

these conditions the energy shift of the cyclotron replicas in the zero magnetic field limit
should also be close to zero, as is observed experimentally. The interpretation of the
excitonic complex as an exciton localized on a neutral donor in a barrier is also confirmed
by comparing with the recombination spectra obtained in Ref. 10 for the conipl¥x
under conditions of5-doping of the barrier material. These spectra show detailed simi-
larity with our spectra.

The recombination spectra which we measured at high temperatur@ K) or high
pump power (1 W/cn¥), together with the cyclotron replicas shifted downward in
energy, demonstrate the appearance of a replica symmetrically shifted upwards in energy
by A w, (Fig. 2b). This replica is evidently associated with recombination of the excited
state of the excitonic completdesignated byD} X), since the lines associated with
recombination of the excited states of the excitons are strongly shifted upwards in energy.
These lines are shown in Fig. 2b by the dashed line. Their spectral position depends on
the well width and is in good agreement with the theoretical calculatibis the
2D-electron density increases, the intensity of the top cyclotron replica decreases, and
after the system passes into the metallic state the replica completely vanishes from the
spectra, while the bottom cyclotron replicé8U) decrease only somewhat in intensity
and become wider. Figure 4a shows the dependence of the ratio of the intensities of the
top and bottom cyclotron replica®§ X andSU,) on the 2D-electron density; here the
ratio of the intensities of the recombination lines of a free excitgn)(and an excitonic
complex (g) is used as the parameter characterizing the density. Vanishing of the top
cyclotron replica at a transition of the system into the metallic stgig/(g=0) confirms
the conjecture that the complex is localized in an external Coulomb potential. The fact
that the bottom cyclotron replicas remain as the 2D-electron density increases attests to
the fact that complete localization of the system does not necessarily occur for them. For
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example, the same mechanism leading to the appearance of replicas can also work for a
degenerate 2D-electron gas regime with a collision of a free exciton with an electron
localized in an external Coulomb potential. This conjecture is also confirmed by the
temperature dependence of the spectra of the cyclotron re3ida) (shown in Fig. 4b
together with the spectra of the main excitonic lines. As one can see from the figure, the
intensity of the cyclotron replica decreases with increasing temperature much less than
does the intensity of the recombination line of the excitonic complex.

4. In summary, we have shown on the basis of an investigation of the temperature
and magnetic-field dependences of a recombination line of multiparticle excitonic com-
plexes in undoped and lightly doped GaAs/AlGaAs quantum wells that this line corre-
sponds to a bound state of a complex, specifically, an exciton bound on a neutral donor
in a barrier, and not a free trion, as previously assumed.

This work was supported under the program “Physics of Solid-State Nanostruc-
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A quantum cryptosystem based on comparing an input signal from a
communication channel with a reference state prepared at the receiving
end is proposed. €1997 American Institute of Physics.
[S0021-364(97)01323-9

PACS numbers: 03.65w, 89.70+c

Quantum cryptosystems as information carriers employ quantum states. The secrecy
of the key in quantum cryptography is based on two facts — the prohibition of cloning
(ideal copying of a previously unknown quantum stand the impossibility of obtain-
ing any information about the states without perturbing them, if they are nonorthdgonal.
The protocol for distribution of the key must be set up so that measurements by autho-
rized users would permit detection of any attempts at eavesdropping.

The idea of the proposed quantum cryptosystem is based on comparing a state
entering from the communication channel with a reference state prepared at the receiving
end. A quantum cryptosystem based on two coherent dfaneshigh-intensity reference
state and a weak information stat@as discussed in Ref. 3. A substantial difference
between the proposed system and the scheme described in Ref. 3 is that the present
protocol employs explicitly the circumstance that a beam splitter converts coherent ra-
diation into coherent radiation.

Everywhere below, the communication channel is assumed to be ideal.

Let us consider a 50/50 optical beam splittEig. 1). Let two states of a field in a
coherent state enter the beam splitter. The coherent state of the field describes radiation at
the output of an ideal lasérThe state at the input of the beam splitter is represented as

|‘/’>in:|a>in,a®|:8>in,ba ;’in:|w>in in<¢ , (1)
where |a);, and|B);, are coherent states at the input of the optical beam splitter. By
definition of the latter states we have

|@)in=D(a)|0)in, D(an)=explaaj,—a*ay), 2)

whereD(a;,) is the shift operator along the group of coherent staigsand a;, are
annihilation and creation operators for a mode of the field, |@hg is the vacuum state
for a mode of the field at the inpat,. Similarly for the inputb;,. As is well known® a
coherent state is an eigenstate of the annihilation operator
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FIG. 1.

anl@)in=ala), and i (alay=(ala*, )

an

|a>m=exp<—|a|2/2>ngoﬁ|n>,

where|n) is the Fock state witim photons. Any two coherent states are nonorthogonal
because they have a vacuum component, even if they have different carrier frequencies:

lin{ Bl a)inl*=exp( == BI?).

The beam splitter is a unitary converter of input states of the field into output states. Its
action is described by a*22 unitary matrix. We have

(éout) _ i( 1 _1) éin) _O(éin) (4)

E"out \/E 11 l’:}'in E\)in .

An approach in which the optical scheme transforms field operators and leaves the states
themselves unchanged corresponds to the Heisenberg picture. A different approach is

possible(the Schrdinger representationwhere the optical channel transforms the states
of the field but not the operatofs.

The photon number number operators at the outputs of the beam splitter are

. al—b'\(a,—b
a;rmaomz( |n\/E m) ( m\/E |n) ’ 5)
b ;utﬁout: él:\_/’_—B; éin\—/i—_Bin

2 2

The averagenumber of photons at the outpuisand b, using expression&3) and (5),
respectively, equdit is understood below that the carrier frequencies for the input states
are identical
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2
A ayn a—pf
Na, ou= Tr{Pinaoutaou&: \/E ) (6)
2
A Al a+pB
Nb,out: Tr{Pinb;utbout} = \/E

Therefore, the beam splitter operates as a quantum comparator for input signals in a
coherent state(and only for themj the input states are identical, then complete com-
pensation of the signals — total destructive inference — occurs at one of the oftiyuts
“subtracting” on@. In this case total constructive interference occurs at the “summing”
output.

When the states at the inputs are identical, the probability of detecting a photon at
the “subtracting” output of the photodetector equalentically zero, since the state of
the “subtracting” output corresponds to the vacuum state, which isigenstateof the
photon-number operator with eigenvalNg ,.=0. If the states at the inputs of the beam
splitter are not identical, then the output states at the outputs 3/ \/§>a,out and
|a+,8/\/§)b,out are not eigenstates of the photon-number operator. The latter means
physically thatN, ,, andNy, o are theaveragenumber of photons detected by a photo-
detector in a large series of measurements. In each individual measur@gvhent the
signals at the inputs are not identicainy number of photons can be detected in each
output. Consequently, events in which a photodetector will not be triggered at the “sub-
tracting” output(zero photons are detecedlill be inevitable. In addition, the fraction of
such events will be all the larger, the closer the differemees is to zero(the closer the
states are to one another or, equivalently, the more nonorthogonal the¥laeecfore if
a photodetector is not triggered at the ‘“subtracting” output, then this event does not
make it possible to draw a definite conclusion about the second input state with a known
reference(so-called inconclusive resiltAt the same time, if it is known which state
should be at the second input and if it is identical to the reference state, then triggering of
the photodetector at the “subtracting” output gives @mequivocalconclusion that the
state at the second input was altered by an eavesdropper.

In summary, we arrive at the conclusion that if both detectors are triggered simul-
taneously, then this event means that the reference state is not identical to the probe state.
But if only the bottom detector is triggered, then a definite conclusion about the probe
state cannot be drawn. This circumstaegich is a consequence of the nonorthogonal-
ity of the statesessentially has the effect that an eavesdropper will inevitably err.

Let us now discuss the application of this quantum comparator for distribution of the
key (a random sequence of zeros and orEdween two users. A schematic diagram of
the quantum cryptosystem is displayed in Fig. 2. The uéeand B have two identical
sources that can prepare, by choice, the statgs or | 8)i, (a# B). Moreover, useB
has a delay line whose length equals that of the communication line. It is assumed that
the user clocks are synchronized in each transmission. The key generation protocol is as
follows.

The usersA andB randomly and independently of one another prepare stalgs
and|B);, corresponding to a logical 0 or 1.
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FIG. 2.

After making a series of transmissions, for some of them the Aigeports through
an open communication channel the number of measurements in ehighwas trans-
mitted and in whicH B);, was transmitted. Usé8 checks the outcomes of measurements
in which the transmission fromd\ was identical to his reference state. If there is no
eavesdropping, then for these measurements the outcome at the “subtracting” output of
the comparator should be zero. The first nonzero outcome with an ideal communication
channel indicates the presence of an eavesdropper.

After the absence of eavesdropping is established, the remaining measurements
serve for generation of a secret key. For this, the Bsegports the number of measure-
ments for which a nonzero result was obtained at both comparator outputs but he does not
report which reference state he uséd){, or | 8),). This information is sufficient for the
users to have an identical secret key. Indeed, if in a given measurement a nonzero
outcome was obtained at both outputs and, for example, theBugsed as the reference
state|a);, (logical 0, then this could occur only when usArtransmitted the statgg);,
and vice versa. In this case the users accept into the key a logical 0. Similarly for a logical
1. As a result, an identical and secret sequence of 1s and Os arises.

Different variants of exchange protocols for quantum cryptosystems were recently
proposed:>’~13 However, only the systems of Refs. 14—17, which are based on the
protocol proposed in Ref. 2, have been realized experimentally. These systems consist of
a quite complicated interferometer with time divisiofso-called time division
interferomete¥*~1), in which to guarantee secrecy the signal must be attenuated to the
level of a single photon per pulse. In real experiméfitd’ radiation is attenuated to the
level 0.1-0.2 photons per transmission.

In my view, the main difficulty in implementation consists of the following. For-
mally, to implement a quantum cryptosystem it is sufficient to have as carriers any pair of
nonorthogonal statésfor example,|uy) and |u;), and a measurement “device” that
implements the projectorBy=1—|ug){Ug| and P;=1—|u;){u,|. Measurements with
these projectors make it possible to discomeychanges in the statés,) and|u,). This
guarantees the secrecy of the cryptosystem. However, there is no general prescription that
would make it possible to produce, according to the projector written, an experimental
apparatus that implements it. It is especially difficult to realize projectors if they do not
correspond to a physical observable.

It is most convenient to use coherent laser radiation as information carriers, for

776 JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 S. N. Molotkov 776



example,|@) and|B) (|@) and|B) are nonorthogonal whea# 3, which is achieved
simply by changing the intensity of the radiation in different transmissgiddswever, it

is quite difficult to implement a ‘“negation” projector for a coherent state
P(a)=1—|a)(a| and P(B)=1—|B)B|. It is only known how to implement a
projector-valued measure for a coherent sﬁ(&ia)=|a><a|d2a/w using a quite deli-

cate homodyne detection methtdbut by no means the projecttﬁ_r(a). In addition,

such a projector-valued measure can be implemented for ideal homodyne detection,
where the phase of the reference sigtiddcal oscillator”) is strictly fixed, which is
achieved formally only with an infinite intensity of the reference signal.

For this reason, it is actually necessary to decrease the intensity of the signal to the
one-photon level. If only one Fock stale) (n=1) is present in the signal, then the
projector onto such a state can be implemented quite simply with a standard photodetec-
tor. If n>1, then for the time being there are no photodetectors that would make it
possible to distinguish states with different numbers of photons. Moreover, a single-
photon state is obtained in experimefgee Refs. 14—17 for detailby strong attenua-
tion of the laser radiation, i.e., the signal has the fom)~|0)+ «|1)+ ... (for
a<1) Y For this reason, strictly speaking, it is necessary to implement a projector onto
such a state, which an ordinary photodetector does not give.

Moreover, there is another annoyance in using laser radiation that is attenuated to
the one-photon level. In principle, such attenuation cannot give any guarantee that one
and not two or more photons are present in the transmission. Of course, the probability of
the presence afi photons decreases with The presence of more than one photon in a
transmission can be used to eavesdropping by “diverting” some of the photons. In
addition, such attempts are not detected in the implementations used in Refs. 14-17.

In my view, the difficulties mentioned above are not present in the scheme proposed
in this letter because the scheme operates as a quantum compgarpésforms “sub-
traction” of the arguments in the coherent input states in one channel and “addition” in
the second channel L&)®|B)—|a— B/\2)®|a+ BI2)). At the final stage of the
measurements the photodetector measures the obseNablg= Tr{pinas,@out and
Npout =TrH{pinbadoud — the number of photons in the statéa—pB/\2) and
|a+ B/2) already converted by the comparator — and not the projectdsPlix)}
and T{pP(B)}. In addition, for the protocol it is not necessary to distinguish between
events with a different number of photons; only the fact of detection or no detection is
sufficient. Likewise, there is no need to attenuate the laser radiation to the one-photon
level; signals of any intensity can be used. Although interference from two unknown
sources is not formally prohibited, if the sources are ideally synchronized, in the experi-
mental implementation this circumstance can present appreciable diffiojlisas in
the implementation of the scheme of Ref. 3

In my view, the present scheme differs substantially from other schemes in that it
explicitly employs the fact that a coherent state is not destroyed by the beam stiiter
state remains coherent at the output but with a different param@tee application of
this nontrivial property of coherent radiation, well-known in quantum optics and not
previously used in other works on quantum cryptography, could simplify the experimen-
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tal implementation of quantum cryptosystems. Other states of the field are not converted
by the beam splitter into similar states. This signifies the impossibility of a quantum
comparator based on a beam splitter for arbitrary states of radiation, including also the

single-photon state.

| wish to thank S. V. lordanski V. F. Klyuev, and S. S. Nazin for helpful discus-
sions in the course of this work. This work was supported by the Russian Fund for
Fundamental ReseardfProject 96-02-18918and by Grant No. 110/57/1-3 from the
program “Promising Technologies in Micro- and Nanoelectronics.”
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A quantum cryptosystem is proposed in which a pair of nonstationary
states differing in their times of preparation is used as the information
carriers. ©1997 American Institute of Physics.
[S0021-364(®7)01423-7

PACS numbers: 03.65w, 89.704c

The secrecy of quantum cryptosystems is based on the impossibility, in the general
case, of reliably distinguishing by means of one measurement two giatesd p, (for
example, two nonorthogonal pure statesployed for encoding informationThe key
generation protocol for two usefs andB is chosen in a manner so that measurements
performed by both user®r by one of themwould be sufficient to discover an eaves-
dropper in the quantum communication channel betw&eand B. Thus, the quantum
cryptosystem proposed in Ref. 2 employs a pair of pure nonorthogonal quantum states
|up) and|uy) (they correspond to the density matyy ;=|ug 1)(Ug1|). The scheme of
Ref. 2 employs two measurements, to which correspond the projeegerd — P, and
P,1=1—Py, wherePg;=|ug ){Up1|=po,1. The projectorsPy; project onto subspaces
orthogonal touy) and|u,), respectively, and therefore

Tr{Popo}=0, TrH{P1p,}=0, (1)

Tr{Po1p1.a=1—[(Uolu)|>#0, po1=|up)(Uo1l.

Measurements with projectoi®, ; make it possible to detect any changes in the pure
states|ug) and |u,) in control transmissions, when both users know which state was
transmitted’ Here it is implicitly assumed that the states) and|u,) are stationary,
since otherwise their temporal evolution would make it necessary to perform, at different

times t,, measurements corresponding to different projectdfy ,(t,)=1
—|uga(tm)){Uo 1(tm)|. Note also that the requirement that the stdtey and |u;) be
nonorthogonal has the effect that these states must have the same energy. Otherwise,
stationary states with different energy would be automatically orthogonal.

In the present letter we wish to show, for the example of a very simple quantum
system, how to construct a quantum cryptosystem that is based on stationary states and
on the measurement of the observed time. The required measurements can be performed
by the useB at any fixed moment in time chosen by him.

Let us consider a two-level system with a time-independent Hamiltadiatiago-
nalized in the basige,) and|e;) (the energie&€,=0 andE;= w; we assume that=1).
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By analogy with the case of a continuous spectfune shall consider the expansion of
the number 1 on the interv@d,T) (T=27/w):

dr )
M(dn)== 2 |ed(elexpi(Ec—E)r, 2
k1=0,1
which corresponds to a covariant measurement of the observedrtifiee limitation
0=<7<T is due to the fact that any state of the unperturbed two-level system is periodic
in time with periodT. It is convenient to rewrite the expansi@@®) of the number 1 in the
form

d
M(d7)=(0op+ 01 COSwT+ a5 SIN wT)?T. &)

whereo; (i=1, 2, 3) are Pauli matrices ang, is a 2X2 unit matrix.

Let us now assume that the uskrhas at his disposal two statpg and p; (not
necessarily pure; the scheme described below is equally applicable to pure and mixed
state$ that differ only in respect of the preparation time and that ésé&mansmits along
a quantum transmission channel to uBeii.e.,

pi()=e HITlp @M=t j=0,1;  O<te<t,<T, (4)

wherepg is a fixed “generating” state. Let us use fpr the representation

1 K
Pi(t)IE(UoJFUi(t)(Tk), 5

wherevX are the components of a vecimi<1, i.e., (01)?+ (v2)?+ (v%)?)Y?<1. The
evolution of the vectow in the case of an unperturbed system is determined by the
equationp=i[p,H] with H=w(oy— 03)/2 and corresponds to the precession of the
vectorv around thez axis with frequencyw.

It is now clear that the probability of obtaining a result in the intervgl-(dr7)
with a measuremenl (d7) performed on the state at timet,, is

Pu(n)dr=Tr(pM(d7))=(1+v(t,)cos wr+v?(t,,)sin w7)$. (6)

Therefore, the distribution functioRy,(7) is the sum of the constantTl/and the linear
combinationu (t,,) coswr+v(t,)sin w7. Knowing the distribution functiorP,(7), the
coefficientsv(t,,) and v?(t,,)of the cosine and sine can be easily determined. This
establishes two of the three parameters determining the density matrix of the system.
Moreover, a measurement of the energy of the states received by thé.esex mea-
surement of the observable corresponding to the HamiltoHipigives results 0 and

with probabilitiesP=(1+v%)/2 (a measurement of the energy formally corresponds to
an expansion of unityl(de) on a straight line concentrated at two pgirt- 0 andw).
Therefore, knowledge of the complete statistics of the measureruts) andM (de)
makes possible complete reconstruction of the giafehis circumstance can be used to
discover an eavesdropper in the quantum communication channel along which tide user
transmits the states, andp, to the useB. Indeed, if the stategy andp, are such that
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they cannot be distinguished reliably in one measurenffentexample, if they corre-
spond to two nonorthogonal pure states, wheh=1), then the following key generation
protocol can be proposed.

Let the entire time axis be divided into equal intervals of duraligwe assume that
the user clocks are synchronizezhd in each interval the usérrandomly prepares and
transmits to useB one of the stateg, or p; (in each transmission the parametgysind
t, are measured from the start of the corresponding interddle userB randomly
chooses, independently &f the type of measurement which he performsM{dt) or
M (de) (at some fixed, i.e., identical for all transmissions, moment in tig)e The result
of a measurement iswith probability Py, (p;d7) in the first case or the enerdy(taking
on values from the sd€0, w}) with probability P(p;E). As usual, it is assumed that the
parameters, andt, and the generating statg are known beforehand to all, including
the eavesdropper, but it is unknown whether usexill transmit p, or p4 in each specific
transmission. The presence of an eavesdropper in the communication channel is discov-
ered as follows. After a sufficiently long series of measurements, thefuseports for
some portion of the measuremefiisr example, halfthe cases in which he transmitted
po and the cases in which he transmitigd Among these transmissions the uBelooks
only at those in which the stajg, was transmitted and he performed the measurements
M(d7). Let the number of such measurements NbeNext, he chooses an arbitrary
0= 6<T and counts the number of cadé¢gwhen as a result of measurements the values
7< 6 were obtained. | now introduce the distribution functie@r)= [5d7' Py(7') (ac-
cording to which, just as according ®,(7), the parameters® andv? of the density
matrix are uniquely reconstructednd the random variablg which equals 1 if the value
7< 40 is obtained in a given measurement and O otherwise. Then, from the Chebyshev
inequality for a sum oN random variableg,— p, wherep=F(#6), it follows that for
any e

:

Therefore, as N—o, the probability that the empirical distribution function
Fn(6)=N,/N deviates from the distribution functidi(8) known beforehand uniformly
approaches 0 i@ asN 1. Having chosen a sufficiently small value &f, the userB can
assume that an eavesdropper is present in the communication channel if at least for one
6 the inequalityN,/N— p|< ¢, is violated. Indeed, since the parametetsndv? of the
density matrix are reconstructed uniquely according to the funé&iat), the deviation of

Fn(7) from F(7) indicates that the measurements performed by the Bseere per-
formed on states for which at least one of the parametémsr v? is different from the
corresponding parametggp(t,,). A similar procedure can be used to analyze the distri-
bution of the results of measurements of the energy for cases when thegtatese
transmitted; this makes it possible to determine a deviation of the parantefeom

vg(tm). Since the parameters-?3 completely fix the state of the two-level system under
study, the procedure described above makes it possible to detect any attempt by an
eavesdropper to substitute secretly the state transmitted by thé user

)

Ny ] p(l-p) 1
——plEeiSs———=——.
N N &2 4N €2

After the absence of an eavesdropper has been established with a prescribed prob-
ability, the set of measuremenits(d ) remains at the disposal of the uskrAs a result

781 JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 S. N. Molotkov and S. S. Nazin 781



of nonorthogonality of the states, and p,, the measurements!(d7) do not permit
distinguishing 0 from 1 reliably in each individual attempt. The reliable information
about the secret kefg sequence of Os and)lhat the users retain as a result of using, for
example, a random block code amounts to less than one bit per transmission. This quan-
tity is described by the mutual information, which in our case is given by a formula for

a symmetric binary channéf

I=1+qlog, q+(1—q)log,(1—-q), 8

whereq is the probability of an error, i.eq=P(1|0)=p(0|1) is the conditional prob-
ability tha a 0 was transmitted and interpreted as 1 on reception and vice versa. Corre-
spondingly, the probability of a correct interpretation is 4=P(1|1)=P(0|0). The
concrete values of the quantiti®i|j) are determined by the strategy that the WBer
chooses for interpreting the results of measuremihidr) obtained by him.

I wish to thank S. V. lordanskiand V. F. Klyuev for helpful discussions in the
course of this work. This work was supported by the Russian Fund for Fundamental
ResearchProject 96-02-19396
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