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A method for constructing integrable systems and their Ba¨cklund trans-
formations is proposed. The case of integrable generalizations of the
nonlinear Schro¨dinger equation in the one-dimensional case and the
possibility of extending the method to higher dimensions are discussed
in detail. The existence of Ba¨cklund transformations of a definite type
in the systems considered is used as a criterion of integrability. This
leads to ‘‘gauge fixing’’ — the number of physically different inte-
grable systems is strongly diminished. The method can be useful in
constructing the admissible nonlinear terms in some models of quantum
field theory, e.g., in Ginzburg–Landau functionals. ©1997 American
Institute of Physics.@S0021-3640~97!00123-0#

PACS numbers: 03.70.1k, 03.65.Ge

1. INTEGRABILITY CRITERION AND CHOICE OF GAUGE

The nonlinear Schro¨dinger equation~NSE! and a number of systems which gene
alize the NSE, of which several tens are known~see, for example, Ref. 1!, are well
known in the theory of integrable systems. There exist many integrability criteria for
systems. Because these criteria obviously are related with one another, it is natu
choose a criterion which, on the one hand, will make it possible to distinguish sys
that are truly different and which, on the other, does not obscure the physical reas
the integrability of these systems.

The following criterion is used in the present letter: There exists a canonical t
formation that does not change the Hamiltonian of the system. The a
S5*dtdx(pqt2H) is thereby invariant and hence the transformation obtained is a B¨ck-
lund transformation~BT! ~see Refs. 2 and 6 for a discussion of the relation between
and the inverse-problem method! for the given system, i.e., it transforms one solution in
another.

The objective of the present letter is not so much to construct a complete cla
cation of integrable systems~though such a classification will be obtained in a simple a
condensed form for one-dimensional systems of the NSE type! as to determine in a
physically transparent form their discrete symmetries, which play almost the same r
the theory of integrable systems as continuous symmetries play in gauge theories

At the end of this letter we will examine the possibility of extending the method
two dimensions, specifically, we will give the form of the Hamiltonian and the BT for
705 7050021-3640/97/110705-06$10.00 © 1997 American Institute of Physics



r

g

e re-

ns

k-
kets
llow

wo
Davey–Stewartson system and discuss possible physical applications.

So, consider a system of the form

ut5uxx1F~ux ,vx ,u,v !,

2v t5vxx1G~ux ,vx ,u,v !. ~1!

It is easy to see that the substitution

F5uv2, G5u2v, u5c, v5c*

transforms the system~1! into an ordinary nonlinear Schro¨dinger equation. As anothe
interesting example, the substitutions1

n252/~u2v !, n1522uv/~u2v !, n35~u1v !/~u2v !

transform the well-known Heisenberg model~or then-field model,nt5nxx3n) into an
u2v system, ifF522ux

2/(u2v) andG52vx
2/(u2v). The standard method of provin

integrability is to determine the functionsF andG for which Eqs.~1! are a simultaneous
system. However, here we proceed immediately to the Hamiltonian formalism. W
quire that the first Hamiltonian equation, specifically,qt5dH/dp, immediately give one
of the equations of theu2v system~1! ~for example, the equation forv). This require-
ment already strongly limits the form of the Hamiltonian:

H5pxqx1h~qx ,q,p!. ~2!

Here q5v and the momentump must be expressed in terms ofu and v, but it is
important that the functionh not depend onpx .

It is obvious that there also exists a representation that is dual to Eq.~2!, specifically,

Ĥ52 p̂xq̂x1ĥ~ q̂x ,q̂,p̂!, q̂5u, p̂5 p̂~u,v !, ~3!

which on variation with respect top̂ gives the equation foru in the system~1!. In order
to specify even more the form of the Hamiltonian and also to relate the HamiltoniaH

and Ĥ, I shall formulate the integrability conditions:

1. There exist BTsB(p,q)5( p̃, q̃) under which the Hamiltonian and Poisson brac
ets are invariant~in the case of NSE-type systems the trivial Poisson brac
$p,q%51 can always be chosen; however, it is technically more convenient not to fo
the brackets but rather to require that the temporal part of the action, in this casepqt , be
invariant!.

2. The transformationsB can be represented in the form of a composition of t
‘‘gauge’’ transformationsBp andBq , such that

Bp~p,q!5~ p̃,q!: p5 p̃1
dT@q#

dq
,

Bq~ p̃,q!5~ p̃, q̃ !: q5 q̃1
dS@ p̃#

d p̃
,

B5BqBp . ~4!
706 706JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 V. G. Marikhin
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3. The next condition is duality. Under the transformationsBp andBq the Hamilto-
nian transforms as

H~p,q!→Ĥ~ p̃,q!→H~ p̃, q̃ !. ~5!

We note that the transformationsBp and Bq are strongly reminiscent of a gauge tran
formation of the vector potentialAm5Ãm1]m f . Drawing an analogy reveals an interes
ing fact — the action of the integrable system is gauge-invariant literally: The Ham
nian H does not change at all under the canonical transformationB!

The next problem is to find the specific form of the transformations~1! and indicate
possible functionsh.

BÄCKLUND TRANSFORMATIONS AND HAMILTONIANS OF u2v SYSTEMS

On account of the form ofBp , the Hamiltonian is a quadratic polynomial inp:

H5pxqx1a~qx ,q!p21b~qx ,q!p1c~qx ,q!. ~6!

All Hamiltonians ~6! can be divided into two classes:

1. The first class consists of systems with translational invariance. In this cas
coefficientsa, b, and c are independent ofq and depend only onqx . These systems
possess ‘‘density–current’’ type conservation laws and the BTs are especially sim

Bp :
dT

dq
5

qxx

a~qx!
. ~7!

Duality in this case has the formp→qx . So, the most general form of integrable Ham
tonians with the translational invariance is

H5pxqx1p2a~qx!1pb~qx!1c~qx!. ~8!

On account of duality, the functionsa, b, andc are quadratic polynomials inqx .

2. ‘‘Magnetic’’ systems are a more complicated example of integrableu2v sys-
tems. It can be shown that in this case the quantitiesb andc depend only onq and are
independent ofqx . The quantitya has the forma5qx

21r (q). The Hamiltonian in this
case is

H5pxqx2p2qx
22p2r ~q!2p

r 8~q!

2
2

r 9~q!

12
. ~9!

The BTs are quite simple in this case also:

p5 p̃2
qxx1r 8~q!

qx
21r ~q!

, q5 q̃1
1

p̃
.

We have obtained an important result: In terms of the Hamiltonian there exist
two integrable systems of the NSE type, specifically, the Hamiltonian~8! with a momen-
tum conservation law and the Hamiltonian~9! without such a law. To understand whic
707 707JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 V. G. Marikhin
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u2v systems are integrable, it is necessary to construct the correspon
(p,q)→(u,v). In the next sections I shall discuss possible variants and also indicat
correspondingu2v systems.

3. TRANSITIONS TO u2v SYSTEMS

This transition can be made in two different ways — it can be assumed that du
is equivalent to identity, i.e., we can study the casep5 p̂ or the general case. Of cours
the first method is simpler,p5g(u2v). I give immediately the answers for the cas
with a momentum conservation law

ut5uxx12a~ux!g~u2v !1b~ux!, 2v t5vxx12a~vx!g~u2v !1b~vx!, ~10!

whereg85 ã(g) is a quadratic polynomial, and without a momentum conservation
~Landau–Lifshitz model1!

ut5uxx22
ux

21r ~u!

u2v
1

r 8~u!

2
, 2v t5vxx12

vx
21r ~v !

u2v
1

r 8~v !

2
, ~11!

wherer is a biquadratic polynomial. In the next section I shall examine the most
trivial generalization of the NSE — the case without a momentum conservation law
with a nontrivial dependence of the momentum onu and v — a generalized Landau–
Lifshitz model. In the present section I shall derive this dependence forp and p̂ and
construct ‘‘magnetic’’~the momentump depends on the velocityux ,vx) u2v systems
with translational invariance. It can be shown that the momentap and p̂ have the form

p5 f ~u2v !ux1g~u2v !, p̂5 f ~u2v !vx1g~u2v !. ~12!

Indeed,p̂2p is a total derivative, i.e., the momenta are related by a gauge transfo
tion. In this case integrability is expressed in terms of duality as

H~p,q!5Ĥ~ p̂,q̂!, ~13!

which gives relations for the functionsf andg

2g5 f 8/ f 1a f , ~ f 8!25g f 41c1f 31c2f 2,

a~x!5x21ax1b, g5a224b. ~14!

4. HAMILTONIAN AND TRANSFORMATIONS OF THE GENERALIZED
LANDAU–LIFSHITZ MODEL

Let us examine a generalized Landau–Lifshitz model~see, for example, Ref. 1! in
the form of au2v system:

ut5uxx1
1

h
~2vx2hu!~ux

21r ~u!!1
r 8~u!

2
,

2v t5vxx2
1

h
~2ux1hv!~vx

21r ~v !!1
r 8~v !

2
. ~15!
708 708JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 V. G. Marikhin
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Here h(u,v) is a symmetric quadratic polynomial in each of the variables
r (u)51/4(2hvvh2hv

2).

I shall show that the system~15! is a consequence of two pairs of Hamiltonia
equations. Let

q5v, p52
1

hS q̂x1
hq

2 D , q̂5u, p̂52
1

hS qx2
hq̂

2 D ,

h5h~ q̂,q!. ~16!

I now construct the two Hamiltonians

H5pxqx2p2~qx
21r ~q!!2p

r 8~q!

2
2

r 9~q!

12
,

Ĥ52 p̂xq̂x2 p̂2~ q̂x
21r ~ q̂!!1 p̂

r 8~ q̂!

2
2

r 9~ q̂!

12
. ~17!

It is easy to show that variation ofH with respect top gives the equation forv in the
system~15!. Similarly, variation ofĤ with respect top̂ gives the equation foru. But the
main point is that, to within total derivatives, the HamiltoniansH and Ĥ are identical

Ĥ~ p̂,q̂!5H~p,q!, ~18!

and moreover, the Lagrangians are also identical:L̂5L.

Evidently, some clarifications are in order: One would think that it would be nat
to choose one of the Hamiltonians, for exampleH, vary it with respect top andq, and
obtain immediately the system~15!. Certain difficulties arise in so doing: The equatio
for v is obtained immediately, but instead of the equation foru we would obtain its
covariant consequence~i.e., an equation of the form (]x2 f )(ut2uxx2F
3(ux ,vx ,u,v))50; see Eq.~1!!. Comparing now Eqs.~9! and~17! shows that in terms
of the Hamiltonian the systems~11! and ~15! are identical.

The Bäcklund transformations

p̂~U,V!2p~u,v !5
vxx1r 8~v !/2

vx
21r ~v !

, U5v, ~19!

transform the solution of the (u,v) system~15! into the solution (U,V).

5. CONCLUSIONS

I have made use of the invariance of the action under Ba¨cklund transformations to
construct integrable systems and their BTs. Since these transformations were assu
be canonical, the invariance of the action is equivalent to invariance of the Hamilto
Moreover, such a choice of the BTs decreased substantially~to within substitutions! the
list of integrable systems by fixing the gauge. The method can be easily appli
one-dimensional integrable systems such as the KdV, sine-Gordon, etc. system
moreover the method can be extended to two dimensions. It should be noted that
709 709JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 V. G. Marikhin
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two-dimensional case the pair of variablesp andq is insufficient; nonlocal variables mus
be introduced~compare with Ref. 3!. I give a specific example: The well-known two
dimensional Davey–Stewartsonu2v system

ut5uxx12~uV!x , v t52vxx1~V2!y12ux , Vy5vx , ~20!

has a simple Hamiltonian representation

H5pxqx1pqx
21pPx , ~21!

wherePy5p, v5qy , andu5p. This fits completely within the scheme described abo
provided thata, b, and c in Eq. ~6! can be not only functions but also self-adjoi
operators, in this case,a5]x]y

21 .

The BTs obtained above make it possible to ‘‘reproduce’’ solutions of the sys
considered, an indication, apparently, of their integrability. Moreover, the M
transformations,4 which make it possible to obtain matched pairs of Poisson brackets
carry out the standard Lenard–Magri scheme5 for constructing the first integrals, ar
closely related with the BTs.

Apparently, the method can be applied, for example, to the classification of pos
types of interactions in the action of a field theory. Consider, for example, the Ginzb
Landau functional with time dependence. Just as in the standard NSE, the choice
quadratic terms in this functional is unique, which cannot be said of the higher-o
terms. Of course, the theory developed cannot be extended directly to high dimensi
the symmetric~with respect to the derivatives! case, but it can be conjectured that t
form of the vacuum Ginzburg–Landau solutions far from a transition point, where hi
order terms are important, can be estimated from the one-dimensional solution. A
ample where this conjecture works is a disordered metal, where far from the mo
edge a symmetric instanton makes the main contribution to the density of states. It i
known that the asymptotic behavior and the contribution to the action for such an in
ton are identical, to within a numerical factor, for any dimension and are determine
the symmetry of the fourth-order term. Therefore, once the symmetry of such ter
analyzed, the method developed above can be used to attempt a continuation
Ginzburg–Landau theory with time dependence into a region far from the trans
point.

In closing, I wish to thank A. B. Shabat for formulating the problem and for help
discussions.

1A. V. Mikha�lov, A. B. Shabat, and R. I. Yamilov, Usp. Mat. Nauk42~4!, 3 ~1987!.
2R. M. Miura, Lect. Notes Math.515 ~1976!.
3A. B. Shabat and R. I. Yamilov, Phys. Lett. A227, 15 ~1997!.
4R. M. Miura, J. Math. Phys.9, 1202~1968!.
5F. A. Magri, J. Math. Phys.19, 1156~1978!.
6A. B. Shabat and V. E´ . Adler, Teor. Mat. Fiz.113 ~3!, 323 ~1997!.

Translated by M. E. Alferieff
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Spherical striations in a glow discharge

O. A. Nerushev, S. A. Novopashin,a) V. V. Radchenko, and G. I. Sukhinin
Institute of Thermal Physics, Siberian Branch of the Russian Academy of Sciences,
630090 Novosibirsk, Russia

~Submitted 15 September 1997; resubmitted 17 October 1997!
Pis’ma Zh. Éksp. Teor. Fiz.66, No. 11, 679–682~10 December 1997!

The stratification of a volume glow discharge is observed experimen-
tally. Spherically symmetric stationary striations are detected. ©1997
American Institute of Physics.@S0021-3640~97!00223-5#

PACS numbers: 52.80.Hc

The appearance of glowing and dark regions~striations! in the positive column of a
glow discharge in a tube is a well-known phenomenon, first observed in 1843.1 It has
now been established that the striations are due to ionizational instability, and the
nomenon is known as ionization waves.2–6 As far as we know, stratification of a volum
glow discharge has still not been investigated theoretically or experimentally.

We report in this letter the experimental observation of three-dimensional stria
consisting of a series of nearly spherical, glowing surfaces, one surface enclosin
other.

The experiments were performed in a cylindrical steel vacuum chamber 60 cm
and 50 cm in diameter~Fig. 1!. The lowest pressure to which it could be evacuated w
1022 Pa. After evacuation, the volume could be filled with different gases. The ex
ments were performed under static~no gas flow! conditions in the pressure range 2–5
Pa. A high-voltage cable without braided shielding was inserted into the chamber
the radial direction at mid-height. The uninsulated end, 0.3 cm in diameter and 1 cm
was located at the geometric center of the chamber. The inner surface of the va
chamber served as the cathode. A high-voltage regulable power supply with a max
voltage of 1 kV powered the discharge. The current was set by a regulating b
resistance and could be varied up to a maximum value of 40 mA. The voltage drop a
the discharge was about 400 V. The vacuum chamber was equipped with flange
four glass windows, 15 cm in diameter, positioned at mid-height for visual observ
and photographing from different angles.

When the voltage on the inner electrode is positive, a collection of concen
spherical glowing regions~striations!, one enclosing another, is observed around
electrode. The spherical symmetry of the glowing regions is based on observations
different windows. A photograph of the observed phenomenon is displayed in Fig. 2
characteristic size of the glowing region is 10 cm~the feed cable, whose diameter equa
9 mm, can be seen by carefully examining the photograph!. The number of striations
observed in the experiment ranged from a single striation up to more than 10~four
striations can be seen in Fig. 2!. A stationary glow pattern can be observed for seve
minutes.

The size of the striations depends on the pressure and composition of the ga
711 7110021-3640/97/110711-04$10.00 © 1997 American Institute of Physics
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absolute radius of a striation is close to inversely proportional to the pressure
dependence of the radius of a striation on the number of the striation is shown in F
The radii are normalized to the radius of the central glowing zone. Starting at the se
striation, the dependence can be approximated as

r n /r 05an5ebn, ~1!

FIG. 1. Experimental apparatus:1 — Vacuum chamber,2 — windows,3 — insulator,4 — central electrode.

FIG. 2. Glow of a stratified discharge.
712 712JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Nerushev et al.
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The coefficientsa andb depend on the discharge burning conditions. The experime
values ofa lie in the range 1.4–2. Striations were observed in molecular gases
nitrogen, CO2. Adding a high-molecular gas~acetone, benzene vapors! increases the
number of striations and decreases their size~the coefficienta in Eq. ~1! decreases!.
Striations were not observed in pure argon in the experimental pressure range. Ho
adding a molecular gas resulted in the appearance of striations. Striations are a
observed with a different polarity of the power supply. Under these conditions the
charge voltage is much higher~about 1 kV! and the current is much lower~about 2 mA!.
In concluding the experimental part, it should be noted that there is an analogy be
the observed phenomenon and double layers,7 which were observed in a volume glow
discharge in argon, but under conditions of gas flow and a gas density gradient
discharge region.

We shall now present some estimates of the discharge parameters. It is know
for a stratified discharge in tubes the voltage drop between the striations is positive
jump in the voltage is due to electron energy losses in inelastic collisions.4,6 Let us
assume that the same situation is also realized in the three-dimensional case. Us
experimentally measured dependence of the distance between striations on the dis
voltageF, it is possible to estimate the dependence of the potential on the radius~the
presence of a volume charge changes the distribution of the potential! and the distribution
r(r ) of the volume charge. The electrical potential ofn-th striation can be represente
taking account of Eq.~1!, as

w~r n!5F2w0n5F2w0ln~r n /r 0!/b.

The quantityw0 depends on the type of and energy spectrum of the gas and the ele
energy loss cross sections. Ordinarily,w0 equals several electron volts and is correla
with the energye1 of the first electronic excitation~or ionization potential of the gas!. Let
us assume that the smoothed potential between the anode and cathode layers
represented by a similar expression

w~r !5F2w0ln~r /r 0!/b, E~r !52]w~r !/]r 5w0 /br . ~2!

FIG. 3. Radius of the striations versus the number of the striation.
713 713JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Nerushev et al.
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The Poisson equation gives the volume-charge distributionr(r )5w0/4pbr 2. It is easy to
see that the breakdown of the quasineutrality of the plasma is due to the prese
excess ions.

Assuming that the discharge currentJ is due predominantly to the electrons, w
estimate the electron densityne(r ) from the relation

j e~r !5J/4pr 252ene~r !meE~r !, ~3!

where j e(r ) is the electron current density andme is the electron mobility. Comparing
Eqs. ~2! and ~3! shows that the electron density is inversely proportional to the rad
Substituting numerical values for the mobilityme ~Ref. 5! and the current densityj e(r ),
we obtain that for all distances, starting with the radius of the anode, the breakdo
quasineutrality is small:

r~r !5r i~r !2re~r !!re~r !.

In conclusion, we shall make several general remarks. First, the spherically sym
ric stratification of the discharge is stable~the experiments were performed in a cylind
cal chamber and the striations have a clearly expressed spherical symmetry!.

Second, despite the smallness of the breakdown of neutrality the presence
volume charge apparently strongly influences the potential distribution, leading t
self-similar law~1! in the spatial arrangement of the striations.

Third, the existence of three-dimensional striations simplifies the solution of
problem of stratification of a glow discharge in connection with the absence of w
Mathematically, the problem becomes one-dimensional.

Fourth, the longitudinal electric field in the positive column of a glow discharg
tubes is virtually constant~translational symmetry holds approximately!. For this reason,
the observation of stationary striations for a discharge in tubes is due to the prese
inhomogeneities of some type in the region of the positive column.4–6 For the three-
dimensional case, strong gradients of the electric field themselves serve as an inho
neity. This is apparently the reason why only stationary striations were observed i
experiments.

Financial support for this work was provided by the Russian Fund for Fundam
Research under Grant No. 96-02-19045.

a!e-mail: sanov@itp.nsc.ru
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Dependence of the specific heat of a La 1.85Sr0.15CuO4
superconducting single crystal on the magnetic
field direction in the a –b plane

M. N. Khlopkin, G. Kh. Panova, N. A. Chernoplekov, and A. A. Shikov
Kurchatov Institute Russian Science Center, 123182 Moscow, Russia

~Submitted 14 October 1997!
Pis’ma Zh. Éksp. Teor. Fiz.66, No. 11, 683–687~10 December 1997!

The low-temperature specific heat of a La1.85Sr0.15CuO4 superconduct-
ing single crystal was investigated in magnetic fields up to 8 T and with
four orientations — in thea–b plane~along the~100! and~110! direc-
tions! and at angles of 45° and 90° with respect to thea2b plane
~along the~103! and~001! directions!. Anisotropy was observed in the
field dependence of the specific heat in thea–b plane. The specific heat
was found to be minimum with the field oriented in the direction of the
a axis and maximum with the field oriented in a direction making an
angle of 45° with thea axis. This can be explained by the anisotropy of
the energy gap, whose minimum lies along the~110! direction. For all
orientations of the magnetic field the specific heat of the mixed state at
low temperatures is a nonlinear function of the magnetic field strength.
© 1997 American Institute of Physics.@S0021-3640~97!00323-X#

PACS numbers: 74.72.Dn, 74.25.Bt, 65.40.1g

The study of the anisotropic properties of high-Tc superconductors in a magnet
field has become important in recent years in connection with questions concernin
symmetry of the superconducting gap, including the two-dimensional anisotropy o
gap in thea–b plane. Experiments on photoemission spectroscopy,1 Raman scattering,2

quasiparticle tunneling,3 heat conduction,4 and magnetoresistance5 attest to the anisotro
pic behavior of the gap in thea–b plane. It should be noted that experiments on the dir
observation of gap anisotropy, which were performed by tunneling spectroscopy3 and
angle-resolved photoemission1 methods, give contradictory information concerning t
direction in which the gap width has its maximum value. For this reason, experim
investigations of manifestations of gap anisotropy by a new, independent metho
undoubtedly of interest. An important, though indirect, manifestation of the nontr
symmetry of the superconducting gap could be anisotropy of the specific heat
superconductor in a mixed state with the magnetic field lying in thea–b plane of the
crystal.

We note that investigations of the thermal properties of superconductors~specific
heat and thermal conductivity!, in contrast to electric investigations, remain informati
at temperatures far below the superconducting transition temperature. In the ca
investigations in magnetic fields, thermal measurements are, as a rule, less sens
pinning than are magnetic measurements~since the external magnetic field remains u
715 7150021-3640/97/110715-05$10.00 © 1997 American Institute of Physics
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changed during the measurement process!, so that the results should be more reliable

Our objective in the present work was to investigate the anisotropy of the supe
ducting properties of a La1.85Sr0.15CuO4 single crystal, specifically, the field dependen
of the specific heat with field orientation in thea–b plane along thea axis and at an
angle of 45° with respect to thea axis. The choice of this choice is dictated by tw
circumstances: 1! The upper critical field in them is not very high, which makes
possible to perform investigations in a quite representative region of theHc22T diagram
and 2! the parasitic magnetic anomaly in the specific heat is small.

The investigations were performed on one of the bulk La1.85Sr0.15CuO4 single crys-
tals investigated previously,6,7 which had been grown by the floating-zone technique

According to x-ray structural analysis, the sample at room temperature poss
tetragonal structure~F4/mmm! with lattice parametersa5b53.773(1) Å and
c513.233(2) Å. The experimental crystal consisted of several blocks, whose diso
tation along thea andc axes was of the order of 10°.

The superconducting transition temperatureTc and the transition widthDTc were
Tc539.2 K andDTc50.5 K with respect to the magnetic susceptibility and resistiv
andTc538 K andDTc52 K with respect to specific heat. A clear jump corresponding
a superconducting transition with amplitudeDC/Tc59 mJ/mole•K2 was observed in the
temperature dependence of the specific heat.

The specific heat of the sample in magnetic fields of up to 8 T was determined by
the adiabatic method with pulsed heating.8 The measurement error was equal to 2% in
temperature range 1.5–4 K, 1% in the range 4–10 K, and 0.2–0.5% in the range 1
K.

The specific-heat investigations were performed for four directions of the mag
field: parallel to thea–b plane along thea axis — ~100! and at an angle of 45° to thea
axis — ~110! as well as at an angle of 90° with respect to thea–b plane along thec axis
— ~001! and at an angle of 45° —~103!. We estimate that the total error in determinin
the orientation and in the positioning of the sample with respect to the field did
exceed 10°.

Experimental data on the low-temperature specific heat in magnetic fields of 0
T are presented in Fig. 1 in the coordinatesC/T versusT2 for all four experimental
directions of the magnetic field. The magnetic field increases the specific heat, the
being smaller with field orientation along~100!, i.e., along thea axis in thea–b plane.
The influence of the field is higher in the case of the three other orientations, but the
is approximately the same. Comparing these results for the two directions~along thea
axis and at an angle of 45° with respect to thea axis! indicates strong anisotropy of th
electronic specific heat in thea–b plane.

The temperature dependences of the specific heat in the interval 2–8 K are ap
mated well by a function of the formC5g* (H)T1bT31aT5 for all values of the
magnetic fieldH. This makes it possible to determine the coefficientg* (H) of the
electronic specific heat. The field dependenceg* (H) is presented in Fig. 2 for four
directions of the magnetic field. As one can see from the figure, this dependen
strongly nonlinear for all four orientations of the magnetic field:g* (H) grows rapidly
716 716JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Khlopkin et al.
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with the field in weak fields and its variation with increasing field is weaker in str
fields. Note that such a dependence is observed for all four directions of the ma
field. The observed effect of a magnetic field on the specific heat of the experim
sample at low temperatures is different from the Abrikosov theory,9 which predicts a
nearly linear variation ofg* as a function ofH.

FIG. 1. Temperature dependence of the specific heat of La1.85Sr0.15CuO4 at low temperatures in magnetic field
0 and 4 T for four orientations of the fieldH: s — H50; , — Hi(100); h — Hi(110); d — Hi(001); .

— Hi(103).

FIG. 2. The coefficientg* (H) for four orientations of the fieldH. The orientations are indicated in the figur
Inset: Temperature dependence of the specific heat of La1.85Sr0.15CuO4 at low temperatures with a fixed orien
tation of the field — parallel to the~100! axis — in different magnetic fieldsH: s — H50; d — H52; ,

— H54; .— H56 T.
717 717JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Khlopkin et al.
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Comparing the results shows that thea axis is a distinguished direction. In thi
direction the effect of a magnetic field on the specific heat is weakest andg* (H) has its
minimum value. For all other orientations of the magnetic field, the values ofg* (H) are
close to one another and are much higher than the values along thea axis.

Square-root extrapolation of the magnetic-field dependences of the coefficie
electronic specific heatg* (H) which we observed in the mixed state to the valuegn

corresponding to the normal state of the superconductor gives estimates ofHc2(0) which
are substantially different for two directions of the field in thea–b plane, also indicating
a Hc2 anisotropy in thea–b plane. As a result, the upper critical fieldHc2 and energy gap
anisotropies as functions of direction in momentum space and the difference in the v
of the gap in thea–b plane can be estimated by studying the field dependence o
electronic specific heat as a function of angle with respect to the crystallographic aa
andc in the single crystal.

It should be noted that the anisotropy of the resistive upper critical magnetic
with four-fold symmetry has been observed experimentally in a La1.85Sr0.15CuO4 single
crystal in fields up to 6 T, the scale of the anisotropy inHc2(i 100)/Hc2(i 110) being
10% at 35 K.5 The anisotropy which we observed has the same sign but a much l
scale. One possible reason for the difference in the values of the anisotropy betwe
investigations and in Ref. 5 could be the different temperature interval: In Ref. 5
investigations were performed nearTc , whereas in our work the investigations we
performed substantially belowTc .

According to the works of Volovik10,11 and Maki,12, a nontrivial symmetry of the
superconducting gap is manifested in the anomalous behavior of both the
temperature specific heat of the superconductor in a mixed state and the upper
field. Both phenomena should exhibit four-fold symmetry upon rotation of the field in
a–b plane. In Ref. 11 it is shown that in the case ofd pairing there exist two regimes o
the influence of the magnetic field on the thermodynamic properties of a supercond
strong-field (x!1) and weak-field (x@1). The crossover parameterx can be expressed
in terms of the temperatureT, the magnetic fieldH, the critical temperatureTc , and the
upper critical fieldHc2 as

x;
T

Tc
S Hc2

H D 1/2

.

An estimate of the crossover temperatureTx , determined by the relationx;1, for
La1.85Sr0.15CuO4 (Hc2;200 T,Tc538 K! in an external field of 6 T gives a value of the
order of 7 K. In Ref. 5 the critical resistive magnetic fields were investigated in field
to 6 T attemperatures above 30 K, corresponding to the weak-field regime. Our estim
of the anisotropy were based on data obtained in fields up to 8 T but at temperatures 2–
K, which is below the crossover temperatureTx , and they pertain to the strong-fiel
regime.

Let us summarize. The specific heat was investigated experimentally in a supe
ducting La1.85Sr0.15CuO4 single crystal in a mixed state for four orientations of the fie
relative to the crystallographic axes: along thea axis and at an angle of 45° with respe
to thea axis in thea–b plane and also along thec and~103! axes. For all orientations o
718 718JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Khlopkin et al.
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the magnetic field, the specific heat of the mixed state at low temperatures is a non
function of the magnetic field strength. This is not described by the standard theory
influence of a magnetic field on superconductivity. From measurements of the sp
heat in magnetic fields, we observed anisotropy of the field dependenceg* (H) for a
single-crystalline sample of La1.85Sr0.15CuO4 in magnetic fields with orientation along th
a axis and at an angle of 45° with respect to thea axis in thea–b plane as well as along
the c and ~103! axes. A strong anisotropy in thea–b plane appears in the dependen
g* (H), whose value is smallest in the direction of thea axis and largest in a direction
making an angle of 45° with thea axis; the anisotropy is much larger than in ordina
superconductors.

We call attention to one other important result. Tunneling spectroscopy3 and angle-
resolved photoemission1 experiments on the direct observation of gap anisotropy g
contradictory information about the direction in which the gap has its largest value
results of our investigations of the specific-heat anisotropy in a La1.85Sr0.15CuO4 single
crystal confirmed the angle-resolved photoemission results: The gap is largest alo
Cu–O bond and not at an angle of 45° with respect to this bond; this confirms
predictions ofd-pairing superconductivity models of high-Tc superconductors.

In the future, we would like to continue measurements of the angular dependen
the upper critical fieldHc2(T) in thea–b plane in these and other high-Tc superconduc-
tors in order to determine the origin of this anisotropy.

We thank A. M. Balbashov and D. A. Shulyatev for preparing the La1.85Sr0.15CuO4

samples and V. F. Shamra� and O. E. Parfenov for determining the orientation of t
samples.
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Dynamic self-organization of magnetic domains in
amorphous films with perpendicular anisotropy

G. S. Kandaurovaa) and V. E. Ivanov
Ural State University, 620083 Ekaterinburg, Russia

~Submitted 20 October 1997!
Pis’ma Zh. Éksp. Teor. Fiz.66, No. 11, 688–692~10 December 1997!

Dynamic self-organization of magnetic domains is observed in amor-
phous gadolinium–cobalt films in narrow temperature intervals on both
sides of the magnetic compensation point. Spiral dynamic domains
form in a limited range of ac magnetic field amplitudes and frequen-
cies. © 1997 American Institute of Physics.
@S0021-3640~97!00423-4#

PACS numbers: 75.60.Ch, 75.50.Kj

1. The dynamic self-organization of a system of interacting moving magnetic
mains has been discovered in an investigation of the domain structure of iron garne~IG!
films in an ac magnetic field.1,2 Further investigations showed a great diversity of orde
dynamic domain structures, the most remarkable of which are spiral dynamic dom
~SDDs!. Spiral domains form in IG films in a definite bounded region of ac field am
tudesH0 and frequenciesf . In this (H0–f ) region the films pass into an excited sta
termed in Ref. 3 the Anger state. The most characteristic indications of this state
determined in Ref. 3: self-organization of a dynamic aggregate of magnetic domain
evolution of this aggregate. Evolution is manifested primarily in that as long as an ac
is present, SDDs arise and vanish with a frequency that is much lower than the
frequency. Investigation of this phenomenon led to the discovery of many new ef
the formation of ideally ordered two-dimensional domain arrays~lattices! composed of
domains with different geometry; unusual pulsations of dumbbell-shaped domai4,5

transformation of the sources of dynamic domains;6,7 unusual dynamic hysteresi
properties8,9 — dynamic single-domainness7,9,10 induced by the bias field of the Ange
state.11 All this was obtained in an investigation of IG films with perpendicular anis
ropy. It was essential to search for and study dynamic self-organization and the A
state in other single-domain magnetic media. Only then is it possible to talk abou
versality of this phenomenon in the physics of magnetic domains.

2. We chose as the objects of investigation amorphous gadolinium–c
~GdxCo12x) films with perpendicular anisotropy. These films can have a wide spec
of magnetic properties, since in GdxCo12x systemsx can vary continuously and th
temperatureTc of compensation of the magnetic moment is a linear function ofx.
Gd–Co films containing ‘‘low-anisotropy’’ Gd ions are distinguished from other ra
earth–transition element films~for example, Tb–Fe–Co, Dy–Co, and others! by the
comparatively ‘‘low’’ coercive force. They have been investigated intensively as a
natives to IG films for use in storage devices based on mobile bubbles. The stu
domain-containing media, including IG and Gd–Co films, has remained important to
720 7200021-3640/97/110720-05$10.00 © 1997 American Institute of Physics
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day in connection with possible applications of such films in magneto-optic syste12

specifically, for visualizing nonuniform magnetic fields13 and for topographic study o
spatially nonuniform temperature fields.14 On the basis of its static properties, a Kitte
type domain structure in Gd–Co films is the analog of the domain structure of IG
with a perpendicular anisotropy.15 At the same time, IG films differ substantially from
Gd–Co films with respect to microstructure and many other physical properties.
dynamic behavior of the domain structure in Gd–Co films cannot be predicted a prio
the following reasons. Epitaxial IG films are actually single-crystalline dielectrics
magnetically, three-sublattice ferrimagnets. Gd–Co films are metallic amorphous
with a complicated hierarchy of structural nonuniformities.16 Magnetically, these are
two-sublattice ferrimagnets. Moreover, the coercivityHc of domain walls in amorphous
films is approximately an order of magnitude higher than in IG films. Films in whichTc

does not differ much from room temperature can be obtained by varying the compo
of the system Gd–Co. In this case it becomes possible to vary the saturation mag
tion Ms , the saturation fieldHs , the coercive forceHc , and the period 2d0 of the
domain structure in the demagnetized case over very wide limits by moderately va
the temperature of the sample. This increases the likelihood of finding a combinati
these parameters for which SDDs could form in an ac field. This formulation of
experiment led to success in the present work.

3. The experimental Gd–Co films were deposited by ion–plasma sputtering
argon atmosphere on water-cooled glass substrates coated by a 0.05mm thick protective
layer of SiO2. As a rule, the Gd–Co films, in which a domain structure already form
during sputtering, exhibit stabilization of domain walls.17 This imposes a substantia
limitation on the motion of the walls and rearrangement of the entire domain struc
For this reason, to exclude any parasitic influence of this effect, the films were spray
in the presence of a magnetic field oriented perpendicular to their surface. Domain
ture was observed with a polar magneto-optic Kerr effect. A spatially uniform sinus
ac magnetic fieldH5H0 sin(2pft) was oriented in a direction normal to the film. Th
frequencyf of the ac field varied from 0.05 to 50 kHz, and the amplitudeH0 varied from
0 to 300 Oe. The temperature of the samples ranged from220 to 150 °C. The exposure
time for photographing the domain structure was equal to several seconds. The s
atization of the experimental data done in Ref. 18 indicates that SDDs form in
presence of a certain combination of magnetic properties, specifically, domain widd0

and characteristic length of the material.4 For this reason, in the present work we al
took the domain width as the main characteristic associated with the formation of S

4. We shall demonstrate the obtained results for the example of a Gd22Co78 film with
perpendicular anisotropy. The thickness of the film wasL50.4 mm and the compensa
tion temperature was equal to 55 °C. Figure 1 shows the temperature dependence
half-period d0 of the domain structure in the demagnetized state. In the temper
interval (Tc230, Tc130) °C the domain structure is irregular. The configuration a
dimensions of the domains are determined mainly by the distribution of the defec
which the domain walls are pinned. The effect of an ac magnetic field at these tem
tures is to produce an uncorrelated oscillatory motion of the domain walls near
positions of equilibrium. Increasing the amplitude of the field at all experimental freq
cies complete washes out the pattern of the domain structure; this is observed visu
721 721JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 G. S. Kandaurova and V. E. Ivanov
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a gray background. Away fromTc the domain structure becomes labyrinthine, which
typical for films with perpendicular anisotropy. In the temperature ranges (1215) °C and
(1002113) °C ~marked by the lettersSD in Fig. 1! and in the frequency range 10–5
kHz, SDDs form as the amplitudeH0 increases up to a critical value~curve1 in Fig. 2!.
Examples of the patterns of the domain structure in the initial demagnetized stat
SDDs at the same temperatureT5110 °C are presented in Figs. 3a and 3b, respectiv
Very small SDDs~1–2 loops! are short-lived. They arise and vanish, arise once ag
and so on while the pump field acts. The characteristic times for the Anger state
lifetime Tg and the waiting timeTw ,3 equal 1–2 s. In Fig. 3b such single-loop spirals a
seen at the top of the photograph. Relatively large SDDs, consisting of three and
loops~Fig. 3b!, are long-lived. For themTg was longer than the observation time, whic
was equal to 10 s at fixed temperature. It was observed that these SDDs are local
the region of space where they were engendered. There are approximately the
number of SDDs with positive and negative topological charge.3 When H0 reaches the
second critical value~curve2 in Fig. 2!, the SDDs decay. At higher amplitudes a gr
background is seen visually. The amplitude–frequency (H0–f ) range of existence o

FIG. 1. Temperature dependence of domain width in the demagnetized state of the experimental am
gadolinium–cobalt film.

FIG. 2. Amplitude–frequency region of existence of spiral dynamic domains in an amorphous gadolin
cobalt film at 100 °C.
722 722JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 G. S. Kandaurova and V. E. Ivanov
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SDDs, presented in Fig. 2, has a sharp limit on the left-hand side at the frequencyf b510
kHz. This means that to the left off b and above the curve2 in Fig. 2 space–time chao
appears in the system of domains. Domains and domain walls in the disordered d
structure move in different directions and with different velocities. Chaos↔ order tran-
sitions occur in the region between curves1 and2. Here ordered dynamic structures —
spiral domains — form; the domain walls oscillate around stable positions of equilibr
The quantitative characteristics of the (H0–f ) region change with temperature, remainin
qualitatively similar to the region presented in Fig. 2. The frequencyf b remains quite
high: f b.10 kHz. The (H0–f ) region is cut off on the right-hand side by the frequen
f 550 kHz. This is due to the limitations of the method employed to excite the ac fi
It is evident from Fig. 1 that the temperature intervals where the SDDs are stab
arranged virtually symmetrically with respect toTc and they correspond to the sections
the curved0(T) that are symmetric within the limits of the measurement error.

5. Comparison with IG films shows the following. In IG films, as the amplitude a
frequency of the magnetic field change, a large diversity of the ordered SDDs is obs
visually; in other words, they have very complicated dynamic domain phase diagra10

So far we have observed only SDDs in the experimental Gd–Co films, and at h
frequencies than in the IG films. Furthermore, spatial localization of multiloop SD
occurs in Gd–Co films, in contrast to IG films where such SDDs can move relat
freely through the sample and interact with one another. Finally, the maximum numb
loops in the SDDs in the experimental Gd–Co films is four or five, while in IG films
number of loops in the SDDs can reach 15–20.

In summary, we have studied the low-frequency dynamics of an aggregate of
netic domains in amorphous Gd–Co films with perpendicular anisotropy and the i
tigations were performed in a temperature interval encompassing the magnetic co
sation point. Self-organization of a dynamic array of magnetic domains and formati
spiral structures in magnetic films sharply differing in microstructure and many mag
properties from previously studied IG films was demonstrated. This gives ground
believing that the phenomenon of dynamic self-organization of multidomain mag
media is universal.

FIG. 3. Photographs of domain structure at temperatureT5110 °C in the same section of the sample in
demagnetized state~a! and in an ac magnetic field withH05180 Oe andf 530 kHz ~b!.
723 723JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 G. S. Kandaurova and V. E. Ivanov



We thank E. A. Rusinov for assisting in this work.

This work was supported by the Russian Fund for Fundamental Research~Grant
96-02-16199a!.

a!e-mail: Gerta.Kandaurova@usu.ru

1G. S. Kandaurova and A. E´ . Sviderski�, JETP Lett.47, 490 ~1988!.
2G. S. Kandaurova and A. E´ . Sviderski�, Pis’ma Zh. Tekh. Fiz.14, 777~1988! @Sov. Tech. Phys. Lett.14, 346
~1988!#.
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Influence of the quantum size effect for grazing electrons
on the electronic conductivity of metal films

G. M. Mikha lov,a) I. V. Malikov, and A. V. Chernykh
Institute of Problems of Microelectronics Technology and High-Purity Materials, Russ
Academy of Sciences, 142432 Chernogolovka, Moscow Region, Russia

~Submitted 7 October 1997; resubmitted 6 November 1997!
Pis’ma Zh. Éksp. Teor. Fiz.66, No. 11, 693–698~10 December 1997!

The thickness dependence of the electronic conductivity of thin~5–150
nm! single-crystal~100! films of refractory metals is investigated at
different temperatures ranging from 4.2 K to room temperature. Re-
gions of square-root, quasilinear, and quadratic dependences are ob-
served. The quasilinear thickness dependence is explained by the influ-
ence of quantum effects on the transverse motion of electrons in the
case when electron scattering by the film surfaces dominates. For mac-
roscopic film thicknesses 30–50 nm, much greater than the Fermi
wavelength of an electron, quantum corrections to the electronic con-
ductivity reach values of the order of 50%. This is a consequence of the
quantum size effect for grazing electrons, which leads to an anomaly in
electron scattering by the film surfaces. The region of the quadratic
thickness dependence corresponds to the quantum limit, and the square-
root region corresponds to the classical limit. The effect is explained in
a quasiclassical two-parameter model~the effective anglea* for small-
angle electrons and the parameterg, equal to the ratio of this angle to
the diffraction angle! that takes into account the diffraction angular
limits for grazing electrons. The effect occurs for parametersa* !1
and g;1 and differs from the ‘‘ordinary’’ quantum size effect.
© 1997 American Institute of Physics.@S0021-3640~97!00523-9#

PACS numbers: 73.50.Dn, 73.61.At

INTRODUCTION

The interpretation of the classical size effect in the electronic conductivity of fi
has for a long time been based on the Fuchs model,1,2 where the ratio of the diffuse an
specular scattering of all conduction electrons by the film surfaces was determined
single effective parameter — the specular coefficient. However, even in Ref. 3 it
indicated that this parameter is different for different groups of electrons and that
necessary to make allowance for the dependence of the specular coefficient on the
of incidence of the electrons on the surface. Many authors have elaborated the
model and also investigated the conditions of its applicability in the classical limit~see
Ref. 4 and references cited therein!. In Ref. 4, it was also shown that for a sufficient
long electron mean free pathl it is impossible to introduce an average specular coe
cient to describe the electronic conductivity in films. The conductivity of films in t
case is determined by small-angle electrons and the electronic conductivity of the fi
725 7250021-3640/97/110725-07$10.00 © 1997 American Institute of Physics
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a square-root function of the thickness. The size effect in the electronic conductiv
perfect single-crystalline plate-like whiskers has been investigated, for example, in R
and the references cited therein, where a quasilinear size dependence was obse
similar dependence was obtained for single-crystalline films of refractory metals
largel .6–9 In all of these cases a square-root thickness dependence should be obse
the classical limit,4 but this is not confirmed experimentally. Until very recently, the
was no satisfactory explanation for this discrepancy between theory and experime

Investigation of thin single-crystalline platinum films showed that a large devia
which can be interpreted in the Fuchs model, from the classical size effect is observ
thicknessd less than 5 nm.10 In Refs. 11–14 theoretical models explaining these exp
mental results as a manifestation of the quantum effect at small film thickness, app
ing the Fermi wavelength of an electron, were developed in Refs. 11–14. The case
the lengthl is much greater than the film thickness in both the quantum and clas
limits has not been investigated.

EXPERIMENTAL RESULTS

Thin ~5–150 nm! single-crystalline~100! films of refractory metals were obtained i
a process of epitaxial growth on a flatr sapphire surface in an ultrahigh vacuum by t
method of pulsed laser vaporization. Films with a perfect crystalline structure, w
consisted of single-crystalline blocks with a small disorientation and sizes much l
than the film thickness,8,9 possessed slight average roughness~less than 1 nm! on both the
inner and outer surfaces.9 As a result of the interaction with the surrounding medium,
outer surface of the films was coated with a thin natural oxide. The effective res
electron mean free path in the films grown reached several microns and the mea
path in the bulk, as estimated from the Fuchs equations, was at least an order of m
tude longer.6–9 Measurements of the electronic conductivity of the films were perform
at low ~4.2 K! and higher temperatures~right up to room temperature!. The method for
obtaining the films and the method for measuring the electronic conductivity are
scribed in greater detail in previous publications.6,7

The experimental dependence of the ratios(d)/s(150 nm) of the conductivities o
single-crystalline~100! W films, measured at 4.2 K~curve1!, 40 K ~2!, 80 K ~3!, and 295
K ~4!, for film thicknessesd5152150 nm is shown in Fig. 1~dots!. The dotted and
dashed lines in the figure show the square-root and quadratic, respectively, thic
dependences of the conductivity. As one can see from figure, for film thicknessd,50 nm
(T54.2 K) the experimental dependence is quasilinear, passing into a quadratic d
dence. The deviation from the square-root dependence is of the order of 50%. AtT540
K and d.50 nm the experimental dependence is close to a square-root law. At h
temperatures the exponent of the thickness dependence decreases and the regio
transition from a low to a high exponent shifts to a smaller thickness. Figure 2 s
analogous experimental results for single-crystalline~100! Nb films. The deviation from
the square-root dependence is substantial at thicknesses less than 30 nm~for T54.2 K);
in this region the dependence is quasilinear, passing into a quadratic dependen
T580 K andd.10 nm the experimental dependence is close to a square-root law
experimental thickness dependences exhibit general behavior: As the thickness c
from large to small, the exponent in the thickness dependence changes, starting at
726 726JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Mikha lov et al.
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FIG. 1. Experimental normalized size dependences of the electronic conductivity of single-crystalline~100! W
films ~dots! at T54.2 K ~curve1!, 40 K ~2!, 80 K ~3!, and 295 K~4!. Solid line — Eq.~4! with L05140 000,
25 000, 950, and 70, respectively, andl f52 nm. Dotted line — square-root dependence of the conductivity
the film thickness; dashed line — quadratic dependence of the conductivity on the film thickness.

FIG. 2. Experimental normalized size dependences of the electronic conductivity of single-crystalline~100! Nb
films ~dots! at T54.2 K ~curve1!, 40 K ~2!, 80 K ~3!, and 295 K~4!. Solid line — Eq.~4! with L0535 000,
25 000, 150, and 15, respectively, andl f52 nm. Dotted line — square-root dependence of the conductivity
the film thickness; dashed line — quadratic dependence of the conductivity on the film thickness.
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;0.5 ~or less! and increasing up to 2. In the transitional range of thicknesses the
dependence is quasilinear. As the lengthl decreases~or the temperature increases!, the
region of the transition shifts to a smaller thickness. The value of the ratiod/ l in the
experiments performed lies in a range of values of the order of 1021024, where the
results of Refs. 6–8 were used to estimatel .

THEORETICAL MODEL AND DISCUSSION

The ratio of the film conductivitysd to the bulk conductivitys0 for l @d is a
square-root function of the thickness and is proportional toa* 5Ad/Ql — the effective
angle; the parameterQ depends on the roughness of the film surface.4 However, the
transverse component of the momentum in the films is quantized because of the
transverse motion of the electrons.12 For small surface asperities, this momentum co
ponent is well determined, at least for the bottom two-dimensional subbands whe
‘‘transverse’’ wavelength of an electron is comparable to the thickness. From th
follows inevitably that there is a lower limit on the angle of incidence of an electron
the surface. Further, for brevity, we shall term this minimum anglead5l f /2d, wherel f

is the Fermi wavelength, the diffraction angle. We also introduce the dimensio
thicknessD52d/l f , the effective mean free pathL052Ql/l f , and the parameter

g5
a*

ad
5AD3

L0
. ~1!

Wheng51, we obtain the following characteristic film thickness:

D* 5A3 L0, ~2!

for which the effective angle equals the diffraction angle. Takingl f;1 nm, Q;1 for
incoherent interfaces, and mean free pathl;100mm,6–9 we obtain the following possible
estimate for the characteristic film thickness in metals:D* ;100@1. The characteristic
thickness~2! determines the spatial scale, and 1D and 2D low-dimensional object
which the diffraction limitations are important, can be studied. It is necessary to stud
case whenl @d in both the quantum and quasiclassical limits. This corresponds
description of the motion of grazing electrons and the problem in this sense is anal
to studying electrons on ‘‘hopping’’ orbits.15 For the electronic conductivity we emplo
the quasiclassical approximation~sinceD* @1) in the isotropic case and take into a
count the diffraction limit on the angle for grazing electrons. Considering two scatte
channels — in the volume with mean free pathl and on the surface with mean free pa
l s(a), depending on the angle of incidencea of the electron on the surface, and intr
ducing the effective mean free path (l * )215 l 211 l s

21 , we obtain the expression

sd

s0
5E

¹Kad

dV

11 l / l s~a!
cos2u, ~3!

whereS is a normalization constant, equal to 3/8p and 3/4p, respectively, for two- and
one-dimensional objects;K;1 is a numerical factor~see below!; and, u is the angle
between the direction of motion of an electron and the direction of the current. Int
tion over the entire solid angle is limited for the polar angle by the quantityKad . The
expression~3! holds forL0@D@1. Moreover, to simplify the problem, it is assumed th
728 728JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Mikha lov et al.
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the correlation length for surface roughness is quite small,4 so that electrons can b
scattered by the film surfaces by large angles also. In Eq.~3! it is assumed that the lengt
l on the right-hand side is the same as in the bulk conductivitys0. However, this is not
true in the case of small-angle volume scattering. Electron scattering processes lea
collisional broadening of the transverse quantization levels12 and interruption of the elec
tron phase were also neglected in Eq.~3!.

For l s we use the formula4,5

l s5
d

sin a~12P~a!!
>

d

Qsin2a
,

whereP(a)512Qa is the specular coefficient for small angles of incidence of el
trons on the surface.4 Substitutingl s into Eq. ~3!, we obtain the final formula for the
electronic conductivity. For films, it follows from Eq.~3! that

sd

s0
5

3

2
a* 2H ~a* 1a* 21!tan21S g

6/p21a* g
D 21J , ~4!

where

a* 5A d

L0
5A d

Ql
, g5DAD

L0
5

2d

l f
A d

Ql
,

and the numerical factorK>6/p2 for the correct quantum limit in the two-dimension
case. The electronic conductivity~4! of films is determined by two parameters: th
effective anglea* and the parameterg. For g@1 ~classical limit! expression~4! passes
into the well-known formula for the conductivity of films4 The region of thick (a* ;1)
and thin (a* !1) films, in accordance with the classification given in Ref. 4, can
studied. Fora* !1 andg;1 ~transitional region! a quasilinear size dependence is o
served in the region of macroscopic film thicknesses; the quantum corrections (;50%)
here are large on account of the quantum size effect for grazing electrons, which le
anomalies in the scattering of conduction electrons by the film surfaces. As the para
g decreases further (g!1), the size dependence becomes quadratic and correspon
the quantum limit. Fora* ;1 andg<1 the characteristic film thicknesses become of
order of the Fermi wavelength, and for a sufficiently small thickness the convent
quantum size effect must also be taken into account.12,14,16

The limiting relations for expression~4! in the case of largel (a* !1), the case of
interest to us, have the following form. The quantum limit withg!1

sd

s0
→

l f→` p2

4
D2

L0
5

p2

4 ga* , ~5!

which corresponds to the results of Refs. 11–14 forD@1. The classical limit withg@1

sd

s0
→

l f→0 3p
4 AD

L0
5

3p
4 a* , ~6!
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in agreement with the result obtained in Ref. 4. Forg;1 ~transitional region! the func-
tion ~4! has a point of inflection where the second derivative with respect to thick
vanishes. As a result, a numerical solution leads to the linearized expression

sd

s0
>

2.04

D* 2
~d20.229D* !. ~7!

Hence one can see that the linear function intersects the abscissa at a positive thi
which can be interpreted as a ‘‘dead’’ layer with an arbitrary quasilinear approxima
of the size dependence of the conductivity.6–9 However, the origin of this ‘‘layer’’ is
connected with quantum corrections. In the general case, formula~4!, which matches the
functions~5!–~7!, leading to a quasilinear size dependence in the transitional thick
range, must be used. This is a consequence of the quantum size effect in the condu
for grazing electrons, located in thebottom two-dimensional subbands. This results
anomalies in the electron scattering by the surfaces and, correspondingly, in th
dependence of the electronic conductivity of a film. This effect is different from
conventional quantum size effect, where as the film thickness decreases, both the e
density of states at the Fermi level and, correspondingly, the electronic conductivity
periodically as a result of thetop two-dimensional subbands being displaced above
Fermi level.16

Qualitatively, the size dependence of the conductivity of films which is predicte
Eq. ~4! corresponds to the experimental results~Figs. 1 and 2!: At large thicknesses the
exponent in the size dependence is small (<0.5); as the thickness decreases~when
a* !1), the size dependence follows a square-root law~6!; at the characteristic thicknes
~2! the size dependence becomes linear~7!; and, in the limit of small thickness the siz
dependence approaches the quadratic law~5!. As the lengthl decreases~or temperature
increases!, the region of characteristic thickness shifts to small values in accordance
Eq. ~2!. To obtain a quantitative description of the experimental results, a fit of form
~4! with variable L0 was made. Figure 1 shows the function~4! ~solid line! with the
adjustable parameter equal toL05140 000, 25 000, 950, and 70, respectively, and w
l f52 nm as an average value, since a collection of Fermi wavelengths exists fo
~100! surface of tungsten.17 For Nb~Fig. 2! the adjustable parametersL0 were as follows:
1 — ~4.2 K! 35 000,2 — ~40 K! 2500,3 — ~80 K! 150,4 — ~295 K! 15 andl f52 nm
for all fits. As one can see from the results presented, the function~4! correctly describes
~Figs. 1 and 2! the region of the transition from the classical to the quantum limit an
is in satisfactory agreement with experiment.

CONCLUSIONS

The observed quasilinear thickness dependence of the conductivity of thin~5–150
nm! single-crystalline films of refractory metals~in the case when scattering by th
interfaces dominates! is explained by the large influence of the quantum size effect
grazing electrons, located in the bottom two-dimensional subbands of the energy
trum. The characteristic size~thickness! is determined by Eq.~2! and can be much greate
than the Fermi wavelength. For this thickness the quantum corrections to the condu
reach values of the order of 50%, and the experimentally determined values o
characteristic thickness equalled 30–50 nm. Quadratic~quantum limit!, quasilinear~tran-
730 730JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Mikha lov et al.
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sitional region!, and square-root~classical limit! thickness dependences of the condu
tivity are observed experimentally. The proposed quasiclassical model, which take
count of diffraction angular limits for electrons grazing along the surface, is
satisfactory agreement with experiment.
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Scaling in the ab resistivity of TmBaCuO single crystals
in the normal state

E. B. Amitin, V. Ya. Dikovski , A. N. Lavrov, and A. P. Shelkovnikov
Institute of Inorganic Chemistry, Siberian Branch of the Russian Academy of Science
Novosibirsk State University, 630090 Novosibirsk, Russia
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For single crystals of the system TmBa2Cu3Ox with 6.37,x,6.71, a
scaling transformation is found which reduces the temperature depen-
dences of the derivative of the resistivity in theab plane in the normal
state to a universal form which is independent of oxygen content.
© 1997 American Institute of Physics.@S0021-3640~97!00623-3#

PACS numbers: 74.72.Jt, 74.25.Fy

Crossover phenomena observed in the temperature dependences of different
ties of cuprate high-Tc superconductors in the normal state, including the resistivity
Hall effect,1–4 magnetic susceptibility and specific heat,5 NMR characteristics,6,7 and
others, have become a subject of wide experimental and theoretical study. Most a
attribute the observed crossovers to the appearance of gaps in the spectra of the ele
or spin subsystems of the cuprate layer in the undoped state. Recent photoem
investigations on Bi-2212 single crystals8 have confirmed the existence of a pseudogap
the charge-carrier spectrum. The decrease of the pseudogap with increasing dopi
served in Ref. 9, is in qualitative agreement with the corresponding behavior o
crossover temperatureT* . The literature contains many different points of view on t
origin of the characteristic features in the electronic and spin spectra of cuprate hiTc

superconductors. Even to this day, however, experiment does not permit choosing
the existing models. The main obstacles in analyzing phenomena of this type are th
magnitude and monotonic behavior of the crossover contributions, making the char
istic temperatureT* uncertain. The quantitative investigation of crossover phenom
undertaken in the present work is distinguished by the facts that, first, the tempe
derivative of the resistivity, which is more sensitive to the above-described temper
and concentration variations, is used for analysis and, second, the doping depend
studied in greater detail — the measurements were performed on a single TmBa2Cu3Ox

single crystal in which different oxygen concentrations were obtained by reannealin
sample.

EXPERIMENTAL PROCEDURE AND RESULTS

The samples for investigating the normal-state resistivity of the compo
TmBa2Cu3Ox were cut from single-crystalline wafers grown by the fluxed solut
method and possessed dimensions 2.030.330.03 mm. The details of the procedure
growing the initial crystals are described in Ref. 10. In order to make reliable com
sons of the data obtained for different values ofx, the main measurements were pe
732 7320021-3640/97/110732-05$10.00 © 1997 American Institute of Physics
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formed on the same sample, which was repeatedly reannealed so as to obtain pre
oxygen indices. For each value ofx the results were obtained with two different degre
of ordering of the chain oxygen. This was achieved by low-temperature equalizin
nealing of the sample or quenching of the sample in liquid nitrogen.10 The ab-plane
resistivityrab was measured by a four-probe method. A platinum resistance thermom
was used to determine the temperature.

Data on the behavior ofrab and its derivativerab8 5drab /dT near the normal state
are presented in Fig. 1 for four oxygen concentrations:x56.37, 6.42, 6.47, and 6.71. On
can see that the derivative of the resistivity has a maximum whose positionTmax shifts to
higher temperatures with decreasingx. A plot of the data in the reduced coordinat
rab8 /rmax8 versusT/Tmax indicates the existence of universal behavior in the experime
ranges of the temperature and oxygen concentration. Earlier, the similarity elements
discovered in the temperature dependences ofab resistance and Hall parameters
underdoped YBCO single crystals and films in the normal state.1,2 In these works, the
point where the temperature dependencerab(T) deviates from a linear law was chosen
the characteristic temperature scale. This quantity is determined with a large error,
impedes quantitative investigation. The reduction, presented in Fig. 2a, of indiv
curves to a given universal curve was made using two adjustable parameters
quantitiesT* andrmax8 were chosen so as to minimize the distance between the curv
was found that the values obtained forT* and rmax8 are actually proportional to the
temperature and the maximum value ofrab8 on the curves where this maximum
reached. It is noteworthy that in a wide range of temperatures the divergence be
individual curves is of the same order of magnitude as the experimental error char
istic for each curve. It is also evident that the points referring to both quenched
annealed states of the sample fall on a universal curve. The values obtained f
normalizing parameters as a result of fitting vary with the oxygen content. For
parameters this variation is close to hyperbolic~see Fig. 2b!. The dependences of bothT*
and rmax8 on the oxygen index are shifted relative to one another on thex axis for the

FIG. 1. Temperature dependences of the resistivity and its derivative~inset! in theab plane of a TmBa2Cu3Ox

single crystal for different oxygen concentrations:1, 2 — x56.37; 3, 4 — x56.42; 5, 6 — x56.47; 7, 8 —
x56.71. Low-temperature equalizing annealing was performed for even numbers.
733 733JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Amitin et al.
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quenched and annealed states by the amountDx'0.025. Approximately the same shi
was obtained by comparing thex dependence of the superconducting transition temp
turesTc(x) of the quenched and annealed samples. Such a shift of the phase di
agrees with the picture in which for a cuprate layer the ordering of chains in the ox
subsystem gives an effective increase of the charge-carrier density.10 It follows from the
inset in Fig. 1 that obvious deviations from universality, which are manifested as a
decrease and even change in sign of the derivative of the resistivity, are present
temperatures. The corresponding contributions to the resistance, which could be a
ated with localization effects, are most noticeable for samples with a low oxygen con
These effects will not be discussed in the present paper, since they were recently
tigated in detail in Ref. 11.

Analysis of the form of the universal curve shows that its behavior on the l
temperature section is close to exponential~see Fig. 3!

rab8 5rmax8 ~A1B exp~2TA* /T!!. ~1!

FIG. 2. a — Universal behavior of the derivative of the resistivity in the coordinatesrab8 /rmax8 versusT/T*
(rmax8 andT* correspond to the magnitude and position of the maximum ofdrab /dT). The dashed and solid
curves correspond to an approximation of therab8 (T)data according to the Moriya12 and Pines14 theories. b —
Reciprocals ofrmax8 andT* versus the degree of doping.

FIG. 3. Plot of therab8 /rmax8 (T/T* ) data on an exponential scale.
734 734JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Amitin et al.
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Here the constantsA andB equal 0.20 and 2.9, respectively, andTA* andrmax8 depend on
x. The values obtained for the parameterTA* from the approximation are close to th
temperature of the maximum of the derivative of the resistivity (TA* '1.1Tmax for all x).
In accordance with Eq.~1!, extrapolation of the low-temperature section toT50 gives a
nonzero intercept. It is interesting that the intercept is different for different oxy
concentrations but it is always proportional tormax8 . The interval of exponential behavio
increases with decreasing oxygen index. Forx56.37 the approximation interval reache
;150 K and, as statistical analysis shows, the approximation error in this interval
the same order of magnitude as the experimental variance.

DISCUSSION

According to Fig. 2a, the temperature dependences obtained for the tempe
coefficient of the resistivity for different oxygen concentrations can be presented i
form of a universal curve with the appropriate normalization of both the function and
argument. In other words, the derivative of the resistivity as a function of the two
ablesT andx can be reduced to a function of a single argument, specifically, the dim
sionless ratioT/T* (x). The very existence of the scaling transformation that reduces
curvesrab8 (T) to a universal form indicates that in the investigated range of the p
diagram the behavior of the temperature coefficient of the resistivity is apparently d
mined by a single physical mechanism. Moreover, one can talk about the presenc
single energy scale in the range of oxygen indices 6.37,x,6.71 and temperature
1.2Tc,T,280 K.

In existing models there is no unique interpretation of either the existence of sc
effects in the derivative of the resistivity or the specific form of the universal curve. If
low-temperature behavior ofrab8 (T) is attributed to the existence of a gap in the sp
excitation spectrum or a pseudogap in the current-carrier spectrum, then these tw
sibilities lead~for ordinary magnetic metals! to, respectively, a decrease in the contrib
tion of magnon scattering, i.e., a decrease in the resistivity, or to a decrease in the
density of states, i.e., a decrease in the conductivity. Qualitatively, the behavior o
derivative of the resistivity is closer to the first variant, since in the region of univers
rab8 is always positive. At the same time, for the strongly correlated electronic syste
cuprate high-Tc superconductors the electron-spin scattering situation may turn out
quite complicated because of the close coupling of the electronic and spin degre
freedom. Taking account of this coupling by the mean-field method appreciably imp
the agreement between theory and experiment. The Moriya theory of electron
scattering12 for cuprate high-Tc superconductors makes it possible to describe qua
tively the behavior ofrab8 (T) ~see Fig. 2a!. However, quantitative agreement does n
obtain and, moreover, the theory indicate directly the existence of universality. In c
lations of spin scattering in the Hubbard model, however, as a rule substantial ap
mations are used. Thus, in the review in Ref. 13 different variants of the collective s
arising as a result of self-consistency of the electronic and spin excitations are disc
According to Ref. 13 the interaction of fermions with collective fluctuation mode res
to a first approximation, in a linear temperature dependencerab(T).

An appreciably better description~but also not quantitative, see Fig. 2a! of the
temperature dependencesrab8 (T) can be obtained by using the expression obtained by
735 735JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Amitin et al.
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Pineset al.14 for the ab resistivity in an almost antiferromagnetic Fermi liquid model

rab5A
T2

T01T
, ~2!

whereA accounts for the characteristic features of the carrier spectrum in the cu
layer andT0 is the crossover temperature. In the general caseA andT0 are functions of
both the degree of doping and the temperature but in the simplest case, when ther
temperature evolution of the Fermi surface,A depends only on the degree of doping a
T0;F(x)/T. It is easy to show that the derivativerab8 (T) depends on the temperatu
only via the ratioT/F(x), which creates conditions for universal behavior. At the sa
time, the observed agreement with experiment may turn out to be accidental beca
the substantial simplifications employed in the derivation of expression~2!. Moreover,
there is no justification for neglecting the temperature dependence of the parame
the Fermi surface for the pseudogap regime.

At present we cannot give an unequivocal explanation of the exponential beh
that we observed for the derivative of the resistivity. It is only clear that this behavi
low temperatures is most likely asymptotic. This is indicated by the circumstance th
property of universality~i.e., a single physical mechanism and a single energy sc!
extends not only to the exponential section but also to the region of the maximum ofrab8 .
At the same time, the presence of a dominant activation contribution at low tempera
together with the assertion that there is only one energy scale, may mean that th
peratureTA* , close to the point of the maximum of the derivative of the resistivity, pl
the role of a single characteristic energy determining the properties of the system
region of universality.

In summary, the derivative of the resistivity in theab plane of a TmBa2Cu3Ox single
crystal is characterized by universal behavior in a wide range of temperatures and o
indices. The behavior of the universal curve at low temperatures is close to expon

This work was supported by the Russian Fund for Fundamental Research~Grants
96-02-19249a and 9619227! and the Scientific Council on high-Tc Superconductors
~Project 93037!. We thank É. V. Matizen and L. A. Boyarski� for a helpful discussion.
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On the electron mobility of d layers in the presence of
diamagnetic ‘‘ejection’’ of size-quantization levels

D. Yu. Ivanov,a) S. V. Morozov, Yu. V. Dubrovski , S. Yu. Shapoval,
V. V. Valyaev, and V. L. Gurtovo 

Institute of Problems of the Microelectronics and Ultrapure, Materials Technology,
Russian Academy of Sciences, 142432 Chernogolovka, Moscow Region, Russia

~Submitted 29 October 1997!
Pis’ma Zh. Éksp. Teor. Fiz.66, No. 11, 704–708~10 December 1997!

The Hall mobility of electrons is investigated as a function of the popu-
lation of size-quantization subbands in the two-dimensional electron
gas of ad-doped layer in GaAs with constant total electron density
Ns53.231012 cm22 ~three initially filled subbands! at T54.2 K. The
population of the subbands is varied by diamagnetic ‘‘ejection’’ of
size-quantization levels~i.e., pushing them over the Fermi level! by a
magnetic field oriented parallel to the plane of thed-doped layer. The
measurements are made in magnetic fields making small angles~5°)
with the plane of the doping. The magnetic field component normal to
the plane was used to measure the Hall mobility and density. It is found
that the measured Hall mobility as a function of the ejecting magnetic
field has a distinct maximum. This maximum is due to an increase in
the electron mobility in the first subband~the ground subband is as-
signed the index 0! and electron redistribution between subbands with
in increasing ejecting magnetic field parallel to the plane of thed layer.
© 1997 American Institute of Physics.@S0021-3640~97!00723-8#

PACS numbers: 73.50.Dn, 73.61.Ey

Semiconductor structures with extremely nonuniform doping of homogeneous s
conductors, where the dopant is concentrated in a very narrow layer — in the lim
monolayer, are ordinarily termed structures withd-doped layers or simplyd layers. The
dopant charge in ad layer produces a V-shaped potential well. This produces a struc
with a two-dimensional electron gas~2DEG!.1,2 Compared with conventional structure
with a 2DEG~heterostructures, MIS structures based on Si!, it is possible to grow struc-
tures withd layers with a much higher two-dimensional electron densityNs.1013 cm22,
making it possible to investigate two-dimensional electronic systems with a large nu
of filled size-quantization subbands.

In contrast to enriched and inversion layers at the surface of narrow-gap sem
ductors, where several filled subbands have also been observed, the potential w
structures withd layers has a symmetric form. Ind layers with several filled subband
scattering by ionized impurities located at the center of the potential well makes a
larger contribution to the resistance than does intersubband scattering.3 Mobilities in
structures withd layers are not high~of the order of 1000 cm2/V•s!. For this reason, the
transport properties of an electron gas in ad layer are usually described under th
737 7370021-3640/97/110737-05$10.00 © 1997 American Institute of Physics
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assumption that each subband contains electrons with densityni and mobilitym i and the
conductivity is determined by simply adding the electron conductivities in different
bands:

s5e(
i

nim i ,

wheree is the electron charge. It is well known4 that in a magnetic field oriented paralle
to the plane of a quantum well diamagnetic ejection of the upper level~Fig. 1! and
electron redistribution between the subbands remaining below the Fermi level occ
the field increases. In fields in which the bottom of the ejected subband crosses the
level of a two-dimensional electron gas, characteristic features are observed in th
pendence of the conductivity on the parallel magnetic field.

In our work, we measured simultaneously with the longitudinal conductivity
Hall voltage in a magnetic field which was inclined by several degrees from the pla
the two-dimensional electron gas. In this case the effect of the parallel and perpend
components of the field on the energy spectrum of the 2DEG can be regarded as
independent.5,6 Thus, the magnetic-field component parallel to the plane of the 2D
was used for electron redistribution between subbands and the perpendicular com
was used to measure the Hall mobility of the electrons.

Epitaxial GaAs films withd-doped silicon layers were grown by MOCVD at 600 °
on semi-insulating GaAs substrates. The total thickness of the lightly dopedn-GaAs
epitaxial layer (n512231015 cm23) was equal to 600 nm. The distance between thd
layer and the surface was equal to 100 nm. The degree of doping of thed layer was fixed
during growth at 331012 cm22. The measured value of the Hall density atT54.2 K was
equal to 2.5631012 cm22.

The measurements were performed on samples possessing Hall-bridge ge
formed by chemical etching of a mesa structure through a photoresist mask. The
ducting channel was 0.4 mm wide and the potential contacts were separated by a d

FIG. 1. Schematic band diagram of a potential well in the region of thed layer: Fermi level~dotted line!
relative to the surface, eV; conduction-band bottom~solid curve!, eV; position of the bottom of the size
quantization subbandEi ( i 50, 1, 2), eV. The arrow shows the displacement ofE2 with increasing magnetic
field oriented parallel to thed layer. The distanced ~in mm! from the surface is plotted along the abscissa
738 738JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Ivanov et al.
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of 1 mm. The field dependencesrxx(B) andrxy(B) were measured atT54.2 K in fields
B up to 8 T for three anglesw50°, 85°, and 90° between the normal to the sample
the magnetic field. The angle was set to within 1° with the aid of calibration with res
to the curverxy(B) in weak fields. The measurements were performed with dc cur
not exceeding 100mA.

The field dependence]sxx /]Bxy5 f (Bxy), calculated on the basis of the experime
tal data, whereBxy is the magnetic field component parallel to the plane of thed layer, is
presented in Fig. 2. It is known4 that the maxima in the field dependence]sxx /]Bxy

correspond to passage of the size-quantization levels through the Fermi level. The
also displays the Hall mobilitymH , measured using the magnetic field component nor
to the surface, as a function of the magnitude of the parallel component. The mea
Hall mobility mH and Hall densityNH are related with the subband mobilities and de
sitiesm i andni by the well-known relations

NH5

S ( nim i D 2

( nim i
2

, mH5
( nim i

2

( nim i

. ~1!

As we have already mentioned, for a 2DEG the magnetic field componentsBz and
Bxy make an independent contribution to the energy of electrons in the size-quantiz
subbands. In our experiments in magnetic field inclined at at angle ofw585° the maxi-
mum value of the normal component of the magnetic field (Bz)max50.7 T and
(m i)max,6000 cm2/V•s, i.e.,mBz,1 for all subbands, and therefore it is correct to u
the normal component of the magnetic field for measuring the Hall mobility.

The experimentally observed nonmonotonicity of the field dependencemH5 f (Bxy)
with w585° can be explained as follows. At electron density 331012 cm22 three size-
quantization subbands in thed layers are filled,7 electrons in the first subband~the bottom
subband is denoted by the indexi 50) having the maximum mobility. The latter circum

FIG. 2. Derivative of the conductivitysxx along a parallel surface versus the magnetic field componentBxy ,
S/T, and Hall mobilitymH , cm2/V•s, versus the magnetic fieldB. The angle between the direction of th
magnetic fieldB and the normal to the surface of the sample equals 85°.
739 739JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Ivanov et al.
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stance is due to the fact that the extrema of the wave functions for odd subban
located away from thed-doping plane. The mobility in the zeroth subband is low~ordi-
narily 500–1000 cm2/V•s! and largely depends only on the density of charg
impurities.8,9 For this reason, electron redistribution into this subband from higher
bands can lead only to a monotonic decrease ofmH . Growth ofmH as a function ofBxy

can be due to electron redistribution from the second subband into the higher-mo
first subband. The maximum of the curve]sxx /]Bxy at Bxy54.5 T corresponds to pas
sage of the second-subband bottom through the Fermi level. The highest rate of cha
the Hall mobility is observed in this case. The maximum of the functionmH(Bxy) after
ejection of the second subband (Bxy.4.5 T! is determined by two competing mech
nisms: growth of the mobility in the first subband as a result of the increasing distan
the extrema of the wave functions from the scattering centers and decrease ofmH as a
result of electron redistribution from the high-mobility first subband into the low-mob
zeroth subband. The ejection of the first subband from below the Fermi level shou
observed in magnetic fields higher than those employed in our experiments.4

To obtain the dependence of the mobility in the first subband on the ejection
netic fieldBxy , the experimental data were analyzed as follows. First, we measurerxx

andrxy as a function of the magnetic fieldBz perpendicular to the plane of thed layer in
order to determine the total number of electronsNs in thed layer and the mobilitym0 in
the bottom subband, after which we employed a simplified description of the conduc
of the d layers, similar that employed in Ref. 10. It is assumed that the conduct
consists of the conductivity in the bottom subband (sxx)0 and the conductivity in all
other subbands (sxx)u . Electrons in the upper subbands are assigned the same mo
mu . A function with four parameters

sxx5
en0m0

11~m0Bz!
2

1
enumu

11~muBz!
2

,

wheren0 andm0 are the density and mobility in the bottom subband,nu andmu are the
density and mobility in the ‘‘upper’’ subbands, andn0 , m0 , nu , andmu do not depend on
the magnetic field, was fit to the experimental data onsxx(Bz) with Bxy50. The total
number of electrons in thed layer was determined asNs5n01nu .

Once the values of the mobility in the ‘‘zeroth’’ subband and the total elec
density in thed layer are obtained, the electron mobility and density in the first subb
can be determined from the measured values ofNH(Bxy) and mH(Bxy) in an inclined
field by means of the relations~1!, assuming that, to a first approximation,m05 const,
when only the two size-quantization subbands remain filled.

The computational results are presented in Fig. 3. We estimate their accuracy
not worse than 20%. Most interesting for us is the fact that the mobility in the
subband increases with its diamagnetic ejection from the quantum well. The fact th
mobility in the first subband increases remains valid even when the electron density
upper subbands in thed layer is determined with an accuracy of not worse than 100
Qualitatively, the increase in electron mobilitym1 in the first subband with increasin
magnetic fieldBxy can be attributed to the increase in the distance between the ma
740 740JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Ivanov et al.
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of the wave function and the doping plane, since the bottom of this subband is e
into a wider part of the potential well.

In summary, we have investigated the dependence of the Hall electron mobility
function of the population of the size-quantization subbands in a two-dimensional
tron gas of ad-doped layer with a constant total electron densityNs53.231012 cm22

~three initially filled subbands! at T54.2 K. The population of the subbands was chang
by means of diamagnetic ejection of size-quantization levels by a magnetic field ori
parallel to the plane of thed-doped layer. The dependences of the subband mobility
density on the ejection magnetic field were obtained for high magnetic fields (B.4.5 T
), when only the two bottom subbands remain filled. The mobility in the first subb
increases with its diamagnetic ejection from the quantum well. This is attributed t
increase in the average distance between the electrons and the plane of the sc
donor impurities.

This work was supported by the Russian Fund for Fundamental Research~Project
95-02-06328!.
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FIG. 3. Derivative of the conductivity with respect to the magnetic fielddsxx /dBxy ~left-hand axis!, S/T,
electron mobility in the first subband~right-hand axis! m1, cm2/V•s, and electron density in the first subbandn1

~additional axis on the right-hand side!, cm22, versus the magnetic fieldB. The angle between the direction o
the magnetic fieldB and the normal to the surface of the sample equals 85°.
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Double-well coherent laser with suppressed intersubband
relaxation

V. F. Elesin and A. V. Tsukanov
Moscow State Engineering Physics Institute, 115409 Moscow, Russia

V. V. Kapaev and Yu. V. Kopaeva)

P. M. Lebedev Physics Institute, Russian Academy of Sciences, 117924 Moscow, Ru

~Submitted 31 October 1997!
Pis’ma Zh. Éksp. Teor. Fiz.66, No. 11, 709–713~10 December 1997!

A theory of coherent lasing on a double-well structure with asymmetric
barriers is constructed. On account of the appearance of a termination
point of the bottom subband, such a structural element permits strong
suppression of intersubband relaxation involving the emission of an
optical phonon. It is shown that such a laser possesses low threshold
currents and high lasing power, and it can operate without a population
inversion. © 1997 American Institute of Physics.
@S0021-3640~97!00823-2#

PACS numbers: 42.55.Px

1. Almost twenty years after being proposed by Kazarinov and Suris,1 a new type of
semiconductor laser — the quantum cascade laser~QCL! — was built by Capassoet al.2

The laser operated on diagonal transitions between levels in two neighboring we
model with vertical transitions in a single well was examined in Refs. 3 and 4, which
devoted to the theory of the QCL. It was found5 that the laser utilizing vertical transition
possesses definite advantages. The structures realized in Refs. 2 and 5 are subj
strong dissipation processes due to intersubband transitions with the emission of o
phonons with a short timetph.

However, quantum-well~dot! lasers are also capable of operating in a fundament
different regime, since the electron residence time in them can be much shorter thatph.
Coherent, with respect to the electronic subsystem, lasing on vertical transitions
single well was studied in Ref. 6 and this regime inherently has low threshold curr
high power, and the possibility of operating without a population inversion. But the
conditions for realizing a coherent regime are stringent on account of the shortne
tph. The timetph can be substantially increased by using structures consisting of
quantum wells, one of which possesses asymmetric barriers.7

2. Let us consider the following model. Lasing occurs on diagonal transitions
tween levels in two quantum wells~see Fig. 1a!. The well parameters are chosen so th
the energy difference between the levelse2 ande1 approximately equals the frequency
the electromagnetic field\v5e22e1. A stationary electron flux with density propo
tional to q and energye approximately equal toe2 is incident on the system from th
left-hand side.
742 7420021-3640/97/110742-06$10.00 © 1997 American Institute of Physics
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The electromagnetic field

Ex~z,t !5E~ t !sin~kz!cos~vt1f~ t !! ~1!

is polarized perpendicular to the plane of the wells~i.e., along thex axis! and the wave
vector lies in the plane~along thez axis!. In a single-mode stationary regime the equ
tions for the field are~see Refs. 6 and 8 for a more detailed discussion!

E

2t0
52

2p

k
Jc~k!, ~v2V!E52

2p

k
Js~k!, ~2!

where Jc(k) and Js(k) are the Fourier components of the polarization currents,Jc in
phase with the field andJs phase shifted byp/2, and describe interlevel transitions;t0 is
the photon lifetime in the cavity;V is the cavity frequency; and,k is the permittivity.

The currentsJ can be expressed in the standard manner in terms of the system
function c(x,t) satisfying the equation

i
2m*

\

]c~x,t !

]t
52

]2c~x,t !

]x2
1U~x!c~x,t !1V̂~x,t !c~x,t !, ~3!

wherem* is the electron effective mass,

U~x!5a@d~x!1gd~x2a1!1bd~x2a12a2!#

is the potential energy of the barriers (g andd are the relative strengths of the barriers!,
and

V̂~x,t !5V~eivt2e2 ivt!
]

]x
, V52

eE

v
,

is the interaction with the electromagnetic field. In what follows,eE/vp is assumed to be
a small parameter.

We seek the solution of Eq.~3! in the form ~see Ref. 6!

FIG. 1. Diagram of the structure withd-function barriers that was used for calculating the coherent las
regime~a! and geometry of the real structure with asymmetric barriers~b!.
743 743JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Elesin et al.
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c~x,t !55
e2 i et@qeipx1D0e2 ipx#1D21e2 i ~e2v!t2 ip2x, x,0

e2 i etc0~x!1c21~x!e2 i ~e2v!t, 0,x,a1

e2 i etc̃0~x!1c̃21~x!e2 i ~e2v!t, a1,x,a11a2

C0e2 i et1 ip~x2a12a2!1C21e2 i t ~e2v!1 ip2~x2a12a2!, x.a11a2 ,
~4!

wherep5(2m* e)1/2, p25(2m* (e2v))1/2, and the functionsc0(x) andc21(x) satisfy
the equations

ec01c095Vc218 , ~e2v!c211c219 52Vc08 . ~5!

The solutions of Eqs.~5! have the form

cn~x!5Anedx, c̃n~x!5Ãnedx, n50,21. ~6!

We determine the coefficientsDn , Cn , An , and Ãn from the boundary conditions ob
tained from the requirement that the functions~4! be continuous and the condition
imposed on the derivatives~see Ref. 6!. Substituting the wave functions found above in
the expression for the currents

Jc~x!52
ie

2m*
@~c0* c218 1c21* c08!2 h.c.#,

Js~x!5
e

2m*
@~c21* c082c0* c218 !1 h.c.# ~7!

~similarly for c̃n), after some calculations we find from Eq.~2! equations for the field and
lasing frequency

Q̃
G1G2

uD̃~l!u2
p2

a2
51,

Q̃
G2~e2v2e1!

t0uD̃~l!u2

p2

a2
5v2V, ~8!

where the dimensionless coherent-pump current is

Q̃5
4pt0

k
Qh, Q5

q2p

m*
, h5

32p2
3 p2e2

g2a1a2v3
n1 ,

D̃~l!5$~e2v2e11 iG1!~e22e2 iG2!1l2%,

l25
4p2

2 p2

a2a1a2

Ṽ2n2 , Ṽ25
2p2

2 V2

v2
!1, ~9!
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G152p2
3 /a2b2a2 andG252p3/a2a1 are the level widths and the quantitiesn1 andn2

are of the order of 1.

The equations~8! and ~9! are similar to the corresponding equations for a sing
well structure.6 Therefore, the conclusions that the optimal lasing regime obtains
energy tuning without a population inversion, the lasing power is a linear function o
coherent-pump current, and others remain valid. A substantial difference is the pre
of the small factorp2/a2 multiplying Q̃. This leads to a threshold current (l50 in Eq.
~8!!

Q̃th5G1G2

a2

p2
, ~10!

that is formally greater than the value in the single-well structure.6 However, on account
of the suppression of relaxation in the double-well structure the actual value ofQ̃th can be
made very small~see below!.

3. Realization of the lasing mechanism examined above requires a double
structure where the bottom subband corresponds to a well with asymmetric barriers~Fig.
1b!. The termination line of the two-dimensional subband must correspond to an e
below the minimum of the upper subband, corresponding to a symmetric well.

As a first step in choosing the structural parameters required for suppressio
interband relaxation, we assume that the widthsbL and bR of the outer barriers are
infinite. Figure 2 displays the probabilityW2 of observing an electron with energye1 in
well 2 as a function of the wave vectork along the layers of the structure for differe
values of the well widtha2. The probability of a relaxation intersubband transition
proportional toW2 with k satisfying the conditione1(k)'e2(0). Forefficient lasing, the
value ofW2 for k50 must be large as far as possible. The calculations were perfo
for the system AlxGa12xAs/GaAs, where at the right-hand barrierx50.05 (U250.043

FIG. 2. ProbabilityW2 of finding an electron in an asymmetric well versusk (k05A2/\2m* U0 is the normal-
ization wave vector,U050.1 eV! for a series of values ofa2. Inset: Energye2 of the bottom of the top subband
versus the widtha1 of the symmetric well~3!; energy of the bottom~2! and energye1(kf) of the termination
point ~1! of the bottom subband versus the widtha2 of the well with asymmetric barriers.
745 745JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Elesin et al.
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eV) and at the left-hand and central barriersx50.40 (U150.346 eV). Starting at barrie
width b1.30 Å the probabilitiesW2 andW1 become virtually independent ofb1. Van-
ishing of W2 corresponds to the termination pointkf of the two-dimensional state.7 The
inset in Fig. 2 displays the energye1 f ~curve1!, corresponding tokf , ande1(0) ~curve
2! versus the well widtha2 and the energye2(0) — the minimum of the upper subban
— versus the widtha1 of the symmetric well~curve3!. As follows from the figure, for
the present system suppression of relaxation is possible if the width of the symmetri
a1,a1c520 Å and the width of the asymmetric wella2,a2c549 Å.

We have examined above a single element of a quantum cascade laser. The
ness ofbL has virtually no effect on the position of the levels in the wells, but it d
determine the probability of tunneling into well2. To decrease the critical valuekf ~and
thereforee1 f also!, a2 must be chosen so that the minimum of the subband lies nearU2.
Then the wave function penetrates substantially into the right-hand barrier and the
the barrier widthbR must be quite large in order for localization of a state in the wel
occur. Moreover, the real structure of the laser must contain several~up to 50! such
elements, i.e., the structure which we have examined is bounded on the right-hand s
the barrierU1 from the next element. Therefore, to describe a real structure the sy
examined above must be supplemented at least by a barrierbR and a wellaR ~see Fig.
1b!. In such a structure the concept of a termination point in the asymmetric w2
becomes formally meaningless. Actually, however, fork close tokf , in the preceding
structure relocation of the wave function from well2 into well aR occurs. The probability
W2 no longer strictly vanishes, but rather it remains a finite quantity determined by
ratio a2 /(aR1bR1a2). In principle, for finitek the levels in the wellaR can fall into
resonance with the levels of the wella2. As a result, the probabilityW2 remains high in
a much larger range ofk, diminishing the relaxation suppression effect. This can
avoided by optimizing the parametersbR and aR . Moreover, it is possible to pick pa
rameters such that the functione1(k) for small values ofk becomes sharper than in th
casebR→` and the probabilityW2 with k50 remains high. As an example, the qua
tities W2(k) with a2550 and 68 Å for the optimal valuesbR5200 Å andaR5340 Å are
shown in Fig. 2~dashed curves!. The calculations show that the widthbR of the barrier
must exceed 100 Å for substantial localization of the state in the well2 with k50.

4. The suppression of relaxation (tph→`) substantially weakens the conditions f
the existence of a coherent regimeG i.1/tph or a2/p2,etph, so thatG anda2/p2 can be
made very small. For this reason, the threshold current~10! in the double-well structure
studied here

Q̃5
4p2

2 p2
2

a2a1a2b2
;

1

a2

can be made small to the degree thata2/p2 is small. This is achieved by selectin
sufficiently thick barriers. It is easily verified that the structural parameters require
suppression of relaxation~see above! agree with the requirement thata2/p2 be small.

This work was supported by the Russian Fund for Fundamental Research an
Russian Interdisciplinary Science and Technology Program ‘‘Physics of Solid-S
Nanostructures.’’
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Efficient electronic energy transfer from a semiconductor
quantum well to an organic material

V. M. Agranovich
Institute for Spectroscopy, Russian Academy of Sciences, 142092 Troitsk, Moscow R
Russia

G. C. La Roccaa) and F. Bassani
Scuola Normale Superiore and INFM, Piazza dei Cavalieri, I-56126 Pisa, Italy

~Submitted 4 November 1997!
Pis’ma Zh. Éksp. Teor. Fiz.66, No. 11, 714–717~10 December 1997!

We predict an efficient electronic energy transfer from the two-
dimensional Wannier–Mott excitons confined in a semiconductor
quantum well to the optically active organic molecules of the nearby
medium~substrate and/or overlayer!. The energy transfer mechanism is
of the Förster type and, at semiconductor–organic distances of several
nanometers, can easily be as fast as 100 ps, which is about an order of
magnitude shorter than the average exciton lifetime in an isolated quan-
tum well. Under such conditions, the Wannier–Mott exciton lumines-
cence is quenched and the organic luminescence is efficiently turned
on. Our calculations, combining a microscopic quantum mechanical
exciton model with a macroscopic electrodynamic description of the
organic medium, take into account the dielectric constant discontinui-
ties and can be applied to any organic–inorganic multilayer structure.
© 1997 American Institute of Physics.@S0021-3640~97!00923-7#

PACS numbers: 71.35.Aa, 78.20.Bh, 78.66.Qn

A large effort has recently been devoted to the study of organic light emit
diodes1 and lasers.2 Förster-like energy transfer between different dye molecules in s
solutions has already been used to achieve light amplification in optically pumpe
ganic thin films.3 However, optically active organic materials have poor transport p
erties compared to inorganic semiconductors, and the efficient electrical pumping o
devices is a challenging problem. Prompted by the rapid advances of epitaxial g
techniques for crystalline molecular materials~even on inorganic substrates!, we consider
here a novel hybrid configuration in which both inorganic semiconductors and org
materials are present: the basic idea is to pump the optically active organic molecul
electronic energy transfer from the two-dimensional Wannier–Mott excitons of a s
conductor quantum well. It is hoped that in such a hybrid system it would be possib
capitalize on the efficient electrical pumping of the inorganic semiconductor mater

In organic–inorganic heterostructures, in fact, it is possible to take advantage
complementary functional properties of both types of material. This has been shown
the case, for instance, in the coherent hybrid Wannier–Mott/Frenkel excitons
covalent-semiconductor/molecular-solid interface:4 such novel excitations share both th
748 7480021-3640/97/110748-04$10.00 © 1997 American Institute of Physics
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large radius of a Wannier–Mott exciton and the large oscillator strength of a Fre
exciton, and consequently exhibit large optical nonlinearities.5 The focus of the presen
paper is on the basic physics governing the incoherent resonant electronic energy t
from the semiconductor quantum well to the organic material. Our model calculat
employing realistic material parameters, show that such energy transfer can b
enough to efficiently quench the Wannier–Mott exciton luminescence and pum
organic molecule light emission.

The configuration we consider consists of a semiconductor quantum well of w
Lw sandwiched between two semiconductor barriers of widthLb , the whole semicon-
ductor structure embedded in bulk-like organic material~for the sake of simplicity, we
choose a symmetric configuration and consider the organic material to be isotropic!. The
background dielectric constanteb of the semiconductor material is taken to be re
whereas the organic material dielectric constantẽ has both a real and an imaginary pa
in the frequency region of interest. In fact, we are interested in an organic material h
a broad band in the optical range overlapping the sharp resonance energy\v of the
two-dimensional Wannier–Mott exciton. The Fo¨rster-like energy transfer mechanism d
to the dipole–dipole interaction can be calculated simply from the Joule losses6 in the
organic material. These are proportional to the imaginary part ofẽ and are produced by
the penetration of the electric field generated by the semiconductor exciton polariz
~explicitly taken into account as a source term in the macroscopic electrostatic equa!.
Neglecting retardation is a valid approximation as the typical exciton center of m
in-plane wave vectork is much larger than the wave vector of the corresponding reso
light (k@Aebv/c). We also assume to be in the linear regime in which excitons ca
described in the bosonic approximation.

Let z be the growth direction~with z50 corresponding to the center of the quantu
well! andx be the direction of the in-plane exciton wave vector. We adopt a microsc
quantum mechanical model of a quantum well Wannier–Mott exciton, where the p
ization can be taken to vanish foruzu.Lw/2 and, inside the well, to be given by

P~x,z!5
dx̂

aBAS

2

LW
cos2S pz

Lw
Dexp~ ikx!, ~1!

where aB is the exciton Bohr radius,S is the in-plane normalization area,d is the
interband transition dipole moment,x̂ is a unit vector, and the polarization chosen is th
of the L mode.4 An analogous calculation can be carried out for theZ mode. The
corresponding electric fieldE(x,z)52¹F(x,z) can be obtained from the solution of th
Poisson equation

e~z!¹2F~x,z!54p¹•P~x,z!, ~2!

with the appropriate boundary conditions atz56Lw/2 and atz56(Lw/21Lb), i.e.,
continuity of the tangential component of the electric fieldE(x,z) and of the normal
component of the electric displacementD(x,z)5e(z)E(x,z). Writing F(x,z)5f(z)
3exp(ikx), we find thatf(z) satisfies
749 749JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Agranovich et al.
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dz2
2k2f5

4p

eb
ik

d

aBAS

2

LW
cos2S pz

Lw
D , ~3!

for uzu,Lw/2, and otherwise

d2f

dz2
2k2f50 , ~4!

with the boundary conditions thatf(z) and e(z)df(z)/dz be continuous at the fou
interfaces. The corresponding solution in the organic material~from now onk.0 and
z.Lw/21Lb) is given by

f~z!52 i
2q3

k~k21q2!

d

aBAS

~ekLw/22e2kLw/2!

~eb1 ẽ !2~eb2 ẽ !e22kLb2kLw
exp~2kz!, ~5!

with q52p/Lw . Thus, the electric field penetrating in the organic material is given

Ex~x,z!52 ik exp~ ikx!f~z!, Ez~x,z!5k exp~ ikx!f~z!, Ey50 . ~6!

We observe that the macroscopic approach we have taken is fully adequate,
electric field is slowly varying on the molecular scale. It is now a simple matte
calculate the Joule losses in the organic material, the time-averaged power pe
volume being7

w~z!5
v

4p
Im~ ẽ !k2uf~z!u2, ~7!

with f(z) given by Eq.~5!. Thus the total power delivered to the organic material is

W5SE
Lw/21Lb

1`

dz w~z!5
Sv

8p k
Im~ ẽ !k2uf~z5Lw/21Lb!u2[

\v

t
, ~8!

where we have introducedt as the average time required by an exciton to transfer
energy to an organic molecule~if the organic material in the regionz,2Lw/22Lb is
also considered,t would be half as long!. We can see that the previous expression fot
does not depend on the excitation density~as long as the linear regime obtains!. In fact,
if the bosonic exciton state isN-fold populated, then the corresponding polarizati
scales asAN and the powerw asN, just as the total excitation energyN\v; indeed,N
cancels from both sides of Eq.~8!. Besides, the same expression can be derived fro
fully microscopic approach considering the Fo¨rster dipole–dipole energy transfer and t
appropriate averaging procedure.

We estimate the order of magnitude oft from Eq. ~8! and Eq. ~5!, employing
parameters representative of II–VI semiconductor quantum wells8 and optically active
organic condensed media such as metallophthalocyanines9 or fullerenes.10 Taking
Lw.60 Å, Lb.40 Å, k.3•106 cm21 ~appropriate to a thermalized exciton distributio
with T.100 K!, d/aB.0.1e, eb.5, ẽ .41 i3, we obtain for this typical caset'50 ps.
Considering that in an isolated quantum well the exciton lifetime~for such a thermalized
distribution! is a few nanoseconds,8 the energy transfer mechanism here proposed tu
750 750JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Agranovich et al.
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out to be fast enough to efficiently transfer a large fraction of the semiconductor
tronic excitation energy to the adjacent organic molecules, which will eventually de
emitting visible light.

Finally, we wish to stress that our model calculations can be easily applied to
hybrid multilayer structure and could be generalized to the case in which the struct
embedded in a microcavity and to the case in which the two-dimensional exciton
localized~i.e., in-plane translational symmetry is broken! or the semiconductor is excite
in the continuum~i.e., free electron hole pairs, rather than bound excitons, are pres!.
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Crossover scale of the fixed point with replica symmetry
breaking in the random Potts model

S. B. Bravyi and V. S. Dotsenko
Landau Institute of Theoretical Physics, Russian Academy of Sciences, 117940 Mosc
Russia

~Submitted 4 November 1997!
Pis’ma Zh. Éksp. Teor. Fiz.66, No. 11, 718–723~10 December 1997!

We study the scaling properties of the renormalization group~RG!
flows in the two-dimensional random Potts model, assuming a general
type of replica symmetry breaking~RSB! in the renormalized coupling
matrix. It is shown that in the asymptotic regime the RG flows ap-
proach the non-trivial RSB fixed point algebraically slowly, which re-
flects the fact that this type of the fixed point is marginally stable. As a
consequence, the crossover spatial scale corresponding to the critical
regime described by this fixed point turns out to be exponentially large.
© 1997 American Institute of Physics.@S0021-3640~97!01023-2#

PACS numbers: 64.60.Ak, 75.10.Nr

After several years of extensive studies of the critical properties of the ferromag
random Potts model there still remains the controversy due to the fact that in the r
malization group~RG! approach one finds two types of attracting fixed points, one
which is replica symmetric~Refs. 1 and 2! while at the other the replica symmetry
broken.3 In this situation, which one of the two fixed points is actually reached depe
on the starting conditions for the coupling matrix in the RG equations. Recent num
studies seems to favor the critical properties corresponding to the RSB fixed point R
However, since the replica symmetry breaking~RSB! fixed point is only marginally
stable~the spectrum of the corresponding eigenvalues starts from zero!, the crossover
spatial scale corresponding to the critical regime of this fixed point may turn out t
much larger than the currently usable sizes for numerical tests. To obtain a predicti
the value of the RSB crossover scale one has to derive the asymptotic behavior of t
flows near the RSB fixed point, and it is this problem which we address in the pr
letter.

The randomq-state Potts model is described by the following lattice Hamiltonia

H@s#52(
^ i , j &

Ji j V~s i ,s j !. ~1!

Here the spins$s i% take onq values; the summation goes over the nearest-neighbor s
V(s,s8)512ds,s8 is the spin–spin interaction potential;$Ji j % are random ferromag
netic coupling constants with independent distributions characterized by a narrow
g0 around a mean valueJ0. Since the randomness is assumed to be weak (g0!J0), in the
critical region this system can be analyzed in terms of the renormalization group
proach based on the conformal field theory of the unperturbed model Ref. 1. Follo
752 7520021-3640/97/110752-07$10.00 © 1997 American Institute of Physics
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the standard procedure of averaging with replicas, it can be shown~see, e.g., Ref. 2! that
at the critical point the system under consideration is described by the follo
continuum-limit replica Hamiltonian:

H5 (
a51

n

H0
a1 (

a5” b

n

gabE d2xea~x!eb~x!, ~2!

where H0 is the Hamiltonian of the pure system, and the second term represen
couplings of the energy operatorsea of different replicas. Strictly speaking, after pe
forming replica averaging one obtains the replica symmetric coupling matrixgab5g
~whereg is proportional tog0). However, according to qualitative physical argumen5

one can also consider a more general situation in which the replica symmetry is sp
neously broken in the coupling matrixgab such that it has the Parisi block-like structure6

The renormalization group for the model~2! ~with the replica symmetricgab) has
been derived in the two-loop approximation in Ref. 1, and by the technique develop
Ref. 2 these RG equations can be easily generalized for an arbitrary structure
coupling matrixgab ~Ref. 3!:

d

dj
gab5tgab1 (

c51

n

gacgcb1gab
3 2gab(

c51

n

gacgca ~3!

~it is assumed thatgaa[0). Herej is the usual RG log-scale parameter, and the sm
parameter of the theoryt523e is related to the deviatione of the central charge of the
conformal theory for the Potts model from the one for the Ising model. In particular
the 3-component Potts modele522/15. In fact, the renormalization group for the Po
model is derived in terms of thee-expansion technique.

The critical behavior determined by the replica symmetric fixed point of Eq.~3! has
been analyzed in full detail in Refs. 1,2, and 4. Here we will concentrate on the RSB
According to the standard technique developed in the mean-field theory of spin gla6

in the limit of the continuous RSB, the matrixgab is parametrized in terms of th
continuous~and monotonic! function g(x) defined on the interval 0<x<1. In this case,
from the general Eq.~3! one can easily derive the following RG equation for the ren
malized functiong(x;j) ~Ref. 3!:

d

dj
g~x;j!5tg~x;j!22g~x;j!ḡ~j!2E

0

x

dy@g~x;j!2g~y;j!#21g3~x;j!

1g~x;j!g2~j!, ~4!

whereḡ(j)[*0
1dxg(x;j) andg2(j)[*0

1dxg2(x;j). Note that the structure of the corre
sponding fixed-point equation, (d/dj) g(x;j)50 coincides~with the exception of the
last term on the right-hand side of Eq.~4!! with the corresponding saddle-point equati
for the Parisi order parameter function in the mean-field theory of spin glasses ne
phase transition point.6 The fixed-point solution of the Eq.~4! is:
753 753JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 S. B. Bravyi and V. S. Dotsenko
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g* ~x!5H 1

3
x at 0<x<x1

g1 atx1<x<1,

~5!

wherex153g1, and the value ofg1 is defined by the equation 2g1(12g1)25t, such that

g1. 1
2t in the linear order in smallt. The critical properties determined by this fixe

point are described in detail in Refs. 2 and 3.

Here we would like to study the problem of crossover to the critical regime de
mined by the RSB fixed point~5!. Usually, if one deals with the renormalization group
terms of a finite number of renormalized parameters, this problem is not so difficu
this case, if the fixed point is stable, the RG trajectories are approaching the fixed
exponentially fast, and therefore the corresponding spatial crossover scale depends
starting parameters according to some algebraic law~with the crossover exponent dete
mined by the smallest~in absolute value! eigenvalue of the linearized RG equations in t
vicinity of the fixed point!.

In the present case the RG equation~4! describes the evolution of afunction, which
formally means that we are dealing with an infinite number of renormalized param
and correspondingly one finds a wholespectrum~infinite number! of eigenvalues of the
linearized RG equations. Moreover, it is well known from the mean field theory of
glasses that this spectrum starts froml50, and therefore it is not so easy to tell rig
away what must be the typical asymptotic decay of the perturbations near the fixed
Although the problem of stability of the saddle-point of the type given by Eq.~5! for the
corresponding mean-field SG free energy functional is already studied in all detail
the spectrum of all the eigenvalues is well known,7 in the present problem we are facin
somewhat different situation.

First, in the terminology of the stability analysis of the Parisi-type structures, the
Eq. ~4! actually represents not all possible~in the mean-field spin glasses! deviations, but
only the so-called ‘‘longitudinal’’ modes. This makes life much easier because, as i
be shown below~see also7!, it makes the spectrum of the eigenvalues to bediscrete
~although still accumulating towards zero!, unlike the complete spectrum in the corr
sponding SG problem, which iscontinuous.

Second, unlike spin glasses, where the ‘‘dynamical’’ behavior of the order pa
eter defined by Eq.~4! makes no sense~the real microscopic spin dynamics can not
reduced to such a simple dynamical equation for the replica order parameter!, here it is
the asymptotic ‘‘dynamical’’ evolution of the Parisi function in the vicinity of the fixe
point which is of the main interest.

Third, in the present problem, described by Eq.~4!, we have the additional term
g(x)g2, which is not present in the corresponding saddle-point equation in spin gla
This term appears to be irrelevant for the structure of the fixed-point solution, but it
out to be quite relevant for the asymptotic behavior of the deviations near the fixed

The linear analysis of the perturbations around the fixed point specified by Eq.~5! is
rather simple. Substitutingg(x;j)5g* (x)1f(x;j) into Eq.~4!, in the linear order in the
small deviationf(x;j) we get
754 754JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 S. B. Bravyi and V. S. Dotsenko
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f~x;j!52E

0

1

dyK~x,y!f~y;j!12g* ~x!E
0

1

dyg* ~y!f~y;j!, ~6!

where

K~x,y!5H 2g* ~y! for x.y

2g* ~x! for x,y.
~7!

It can be easily checkeda posteriori that sinceg* ;t, in the leading order int!1 the
last term in Eq.~6! is irrelevant, and it will therefore be dropped in the further analy

SinceK(x,y)5K(y,x), the operatorK̂ is Hermitian and can be diagonalized. Th
corresponding equation for the eigenfunctions is:

K̂f~n!5lnf~n!. ~8!

Twice taking the derivative of the above equation with respect tox, we obtain:

d2

dx2
f~n!~x!2

g
*
8 ~x!

ln
f~n!~x!, ~9!

where, according to Eq.~5!, g
*
8 (x)51/35const for 0<x,x1, and g

*
8 (x)50 for

x1,x<1. Thus, the solution for the eigenfunction is:

f~n!~x!5H sin~knx! for 0<x<x1

f15sin~knx1! for x1<x<1,
~10!

where

kn
252

1

3ln
. ~11!

Substituting these eigenfunctions in the original equation~8! we obtain the equation fo
the eigenvalues:kntg(knx1)5(12x1)21. Sincex1;t!1 the solution of this equation
gives the following spectrum of the eigenvalues:

ln52
3t2

4p2n2
. ~12!

We see that the eigenvalues are accumulating towards zero. Since the characteristi
scale of thenth order mode is of the order ofjn;ln

21;n2/t2, the more higher-order
modes that the starting functiong(x;j50) contains, the slower it will decay. In th
extreme case, if the starting function would be composed of all the modes with
weight, it would not decay towards the fixed point at all. Thus, if the analysis of
stability of the fixed point would have to be restricted within the linear order, the re
would be not quite conclusive. Fortunately, the actual situation appears to be more
plicated, and it turns out that the linear analysis is not enough.

The problem is that besides the set of the eigenfunctions described above, the
exists a whole~infinite! spectrum of the so-called ‘‘zero-mode’’ functions, which ha
the eigenvaluel0[0. Coming back to the original linear equation~6!, one can easily
755 755JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 S. B. Bravyi and V. S. Dotsenko
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check that the zero-mode is an arbitrary functionf0(x) such thatf0(x)[0 in the
interval 0<x,x1 and*x1

1 dxf0(x)50. Apparently, a zero-mode function is orthogon

to all the ‘‘non-zero-mode’’ functions, Eq.~10!. Since in the linear order all the devia
tions which contain the zero-mode function do not decay, a second-order analy
needed.

Let us explicitly separate the two types of modes:f(x;j)5f1(x;j)1f0(x;j),
where the functionf1(x;j) is assumed to be composed of the non-zero-mode funct
~10! only. Simple calculation gives the following second-order equations for the f
tions f1(x;j) andf0(x;j):

d

dj
f1~x;j!52E

0

1

dyK~x,y!f1~y;j!22f1~x;j!f 1̄~j!2E
0

x

dy@f1~x;j!

2f1~y;j!#21g* ~x!f0
2̄~j! ~13!

in the interval 0<x<x1; and

d

dj
f0~x;j!522f0~x;j!f1~j!2E

x1

x

dy@f0~x;j!2f0~y;j!#2 ~14!

in the intervalx1,x<1. In Eq. ~13! all the terms likeg* g* f1,g* f1
2 ,f1g* f1,g* f1

2̄

which are small int have been omitted; and in Eq.~14! we have introduced the notation
f1(j)[f1(x5x1 ;j). Below we will show that due to mutual interference of the ze
and non-zero-modes~via the last term in Eq.~13! and the first term in Eq.~14!! the
asymptotic behavior of the solutions of the above two equations appears to be
universal.

The solution of the Eq.~14! can be found exactly for an arbitrary given functio
f1(j) and for an arbitrary starting functionf0(x;j50):

f0~x;j!5E
0

x

dy
g~j!f08~y;0!

F11h~j!E
x1

y

dz~z2x1!f08~z;0!G2 2f̃~j!, ~15!

where

g~j!5expH 22E
0

j

dzf1~z!J ~16!

and

h~j!5E
0

j

dtg~ t !. ~17!

Here the functionf̃(j) is fixed by the condition*x1

1 dxf0(x;j)50, andf08(x;0) is the

derivative with respect tox of a given starting functionf0(x;j50).

The solution~15! make it possible to derive the asymptotic~at j→`) behavior of
the functionsf1 andf0 without explicit solutions of equation~13!. Let us consider three
different types of possible asymptotic decays of the functionf1.
756 756JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 S. B. Bravyi and V. S. Dotsenko
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1. Let us assume first that the decay of the functionf1 is sufficiently fast:f1;j2a

with a.1 ~or f1 decays exponentially fast, as it should follow from the linear analy
for the function containing finite number of the eigenfunctions, Eq.~10!!. Then, from
Eqs.~16! and~17! one finds:g(j→`)→const andh(j→`)→(const)j. In this case it is
easy to see from the solution~15! that the functionf0(x;j→`) has a step-like structure
in the narrow intervalx1<x,x11D(j), where D(j);j21/2, its absolute value is
f (* );j21/2, whereas in the rest of the interval,x11D(j),x<1, its value is much
smaller:f (** );j21. Therefore, for the asymptotic behavior of the last term in Eq.~13!

we get:f0
2̄;(f (* ))2D1(f (** ))2;j23/2. Since the linear and the quadratic terms in E

~13! decay asj2(a11) andj22a, respectively, where both (a11) and 2a are greater that

3/2, the last term, containingf0
2̄;j23/2, must dominate atj→`. Thus, the asymptotic

behaviorf1;j2a with a.1 cannot take place.

2. Let us assume now that the asymptotic decay of the functionf1 is slow:f1;j2a

with a,1. In this case from Eqs.~16! and ~17! one finds: g(j→`)
;exp$2(const)j (12a)% and h(j→`)→(const). Therefore, according to Eq.~15!, the
functionf0 must be exponentially small:f0;exp$2(const)j (12a)%, and the last term in
Eq. ~13! can be neglected in comparison with the other terms, which depend o
function f1 only. In this case, however, ifa,1, the second-order terms, being of th
order ofj22a, must be dominating over the linear term, which is of the order ofj2(a11).
On the other hand, simple estimates show that the asymptotic solution of equatio~13!
with only the second-order terms decays asj21, and one cannot havej2a with a,1.
Thus, the slow asymptotic behaviorf1;j2a with a.1 cannot take place either.

3. It can be easily checked that the only self-consistent asymptotic decay o
function f1 is f1;Aj21, whereA is some constant. Indeed, using again the gen
solution~15! for the functionf0, one can easily find that depending on the value of
constantA there can exist three different regimes:

f0
2̄;5

j24A if A. 1
2

1

j2~ ln j!3/2
if A5 1

2

j2~312A!/2 if A, 1
2.

~18!

Returning to Eq.~13! for the functionf1, one can easily check that the last termf0
2̄ can

be neglected~and only in this case can the asymptotic behaviorf1;j21 appear! only in
the first two cases, i.e., forA>1/2.

Thus we conclude that in the above RG approach with continuous RSB,
generic starting Parisi functiong(x;j50) the deviations of the renormalized functio
g(x;j) from the fixed pointg* (x) given by Eq.~5! decay asj21. This slow asymptotic
behavior is essentially different from the usual exponentially fast decay in the vicini
a stable fixed point in the RSB renormalization group. As a consequence, the cros
scale j corresponding to the RSB fixed point~5! is defined by the condition
*
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21;t21, and therefore the corresponding spatial crossover scale must be

nentially large:

R* ;exp$const/t%. ~19!

It should be noted that the actual value of this crossover scale~which is quite important
for reliable interpretation of numerical tests! essentially depends on a nonuniversal co
stant which is determined by the structure of the starting Parisi functiong(x;j50). Since
the structure of this function remains quite unclear, at the present stage it is h
possible to derive a more concrete prediction for the RSB crossover scale. Neverth
the present study demonstrates that in principle this scale may turn out to be well b
the sizes accessible in the usual numerical simulations.

This work was supported in part by Russian Fund for Fundamental Research, G
96-02-18985 and 96-15-96920. V. D. is grateful to Vl. S. Dotsenko for numerous st
lating discussions. V. D. would also like to thank I. Kondor for a helpful discussion
this work.
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Mn55 NMR investigation of the suppression of quantum
fluctuations in quasi-one-dimensional antiferromagnets
by a magnetic field

A. S. Borovik-Romanov,a) S. V. Petrov, and A. M. Tikhonov
P. L. Kapitsa Institute of Physical Problems, Russian Academy of Sciences, 117334
Moscow, Russia

B. S. Dumesh
Institute of Spectroscopy, Russian Academy of Sciences, 142092 Troitsk, Moscow R
Russia

~Submitted 5 November 1997!
Pis’ma Zh. Éksp. Teor. Fiz.66, No. 11, 724–729~10 December 1997!

The NMR of Mn55 nuclei is measured in the quasi-one-dimensional
antiferromagnets CsMnBr3, RbMnBr3, and CsMnI3 in magnetic fields
up to 8 T attemperatures in the range 1.3–4.2 K. The average moments
of the magnetic sublattices and their field dependences, which turned
out to be comparatively strong and different for magnetically non-
equivalent Mn21 ions, are determined from the hyperfine-field data
obtained. As a result, the magnetizations of separate sublattices in an
external magnetic field;8 T differ by more than 5%. The results
obtained agree qualitatively with the theory of the suppression of quan-
tum fluctuations by a magnetic field. ©1997 American Institute of
Physics.@S0021-3640~97!01123-7#

PACS numbers: 75.25.1z, 76.60.2k, 75.50.Ee

The investigation of the deviation of the average moments^S& of magnetic sublat-
tices in antiferromagnets~AFs! from the nominal valuesS as a result of quantum fluc
tuations is one of the standard problems of the physics of antiferromagnetism. Alth
the general theory of this phenomenon was constructed quite long ago,1 comparatively
few reliable experiments have been performed. The problem is that in 3D antiferro
nets the reduction (^S&2S)/S'225% is small and difficult to measure.b! The accuracy
of the amplitude measurements is, as a rule, inadequate because of the need t
allowance for extinction effects in neutron diffraction. The other well-known metho
measurement of the hyperfine fields at the nuclei of the magnetic ions. Thus, in io
3d elements

Hn52
A

gnh
^S&, ~1!

whereA is the hyperfine constant,gn is the nuclear gyromagnetic ratio (gn510.6 MHz/T
for Mn21), andh is Planck’s constant. However, the reduction effect is masked by
uncertainty in the hyperfine constantA, determined from ESR on the same ions in
isomorphic nonmagnetic matrix.
759 7590021-3640/97/110759-07$10.00 © 1997 American Institute of Physics
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Calculations2 have shown that the hyperfine constantA in substances with a low
concentration of magnetic ions is smaller than in pure magnets because of effects
the transfer of an unpaired electron spin from one manganese ion to a neighborin
Making allowance for covalence effects for the Mn21 ion with six nearest neighbors gav
a 2–4% increase in the hyperfine field, which limits the accuracy with which^S& in 3D
magnets can be determined.

The situation is much better in the case of the investigation of quasi-
dimensional magnets, where the expected spin reduction can reach 30% and
measured by different methods. Moreover, in quasi-1D magnets the Mn21 ion has only
two nearest neighbors and therefore the contribution of the indirect hyperfine intera
to the local field at the nucleus of this ion should be less than the estimate indi
above.

Data on the magnitude of the average spins of Mn21 ions in some quasi-1D AFs
with triangular magnetic structure are given in Table I.c! One can see that the agreeme
of the results with one another and with the theoretical predictions is good. Moreov
a result of the large spin reduction, it is now possible to study the suppression of qua
spin fluctuations~correspondingly, a decrease of the reduction! by an external magnetic
field. Several recently published theoretical works are devoted to this question.6,10,12,13It
was possible to explain some features of the field dependences of the magnetiza
these substances by the mechanism of suppression of quantum fluctuations: the
nonlinearity of the increase in magnetization in magnetic fields perpendicular to the
of the triangle and the magnetization anisotropy above the reorientational p
transition.6,12 The increase, associated with suppression of quantum fluctuations, o
average spin of the magnetic ions, which was found to be fully measurable6,13 even in
fields H,0.1 HE , was calculated.

On this basis, we undertook an investigation of Mn55 NMR in these substances. Th
makes it possible to measure directly the values and field dependences of the micro
magnetic moments of Mn21 ions.

All three substances~CsMnBr3, CsMnI3, RbMnBr3) possess a closely similar crys
tal structure.14 The Mn21 ions are surrounded by octahedra of halogen atoms, and t
octahedra, joined at a common face, form chains along theC6 axis. These chains ar
packed hexagonally in the basal plane of the crystal, and the voids thus arising are
with alkali-metal atoms. The unit cells in CsMnBr3 and CsMnI3 contain two formula
units and possessesD6h

4 symmetry. All Mn21 ions are crystallographically equivalent.d!

The distance between neighboring Mn21 ions along the chains is approximately half th
distance between neighbors in the plane. Correspondingly, the value of the exc

TABLE I.

^S& Neutron diffraction NMR Other methods Theory

CsMnBr3 1.65 @Ref. 3# 1.8 @Ref. 4# 1.7 @Ref. 5# 1.82 @Ref. 6#
RbMnBr3 1.8 @Ref. 7# 1.8 present
CsMnI3 1.85 @Ref. 8# 1.74 work 1.8@Ref. 9# 1.8; 2 @Ref. 10#
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integral J between them is several hundreds of times larger. Nonetheless, magne
dering withTN'10 K arises on account of interchain exchangeJ8. The Mn spins in the
chains are ordered antiferromagnetically and the mutual polarization of the cha
determined byJ8 and the anisotropy. Triangular ordering occurs in all substances —
weak fields the spins of neighboring ions in the plane lie on the sides of isos
triangles~in RbMnBr3 in fields H.3 T!.

The NMR of Mn55 was measured at temperatures 1.3–4.2 K with a cw N
spectrometer, similar to the one employed in Ref. 15, in the frequency range 200
MHz and in magnetic fields 0.5–8 T. All measurements were performed on sin
crystalline samples, placed in a helium bath and oriented so that the external and
frequency magnetic fields were mutually perpendicular and lay in the basal plane.
rule, the absorption line was recorded by scanning the magnetic field. Preliminary r
on NMR in CsMnBr3 were published in Ref. 4; a more complete article is published
Ref. 16.

The anisotropy in CsMnI3 is of the easy-axis type. For this reason, the triangles
Mn21 spins lie in a plane passing through theC6 axis. When a magnetic field perpen
dicular to theC6 axis is switched on, the planes of the triangles rotate so that the spin
perpendicular toH. The Mn55 NMR spectrum is presented in Fig. 1. To a first appro
mation, it should be described by the formula

vn

gn
5uHn1Hu5HnF11

H2

Hn
2S 12

2Hn

HE
D G 1/2

. ~2!

HereHE is the exchange field andH is the external magnetic field. We took account
the fact that the Mn21 spins are tilted with respect to the external field by the small an
;H/HE (HE'140 T). This dependence withHn5 const is presented in Fig. 1~solid
line!.

FIG. 1. Mn55 NMR spectrum of CsMnI3 at T51.3 K and with H'C6. Solid line — ‘‘unshifted’’ NMR
spectrum withHn5 const; dashed line — allowance for the DFS of NMR. Inset: Arrangement of Mn21 spins
with H'C6.
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In weak fields the spectrum is deformed by the interaction with the Golds
branch of the AFMR~so-called dynamic frequency shift~DFS! of NMR!. The NMR
spectrum under the conditionvn

2!ve
2 is described well by the expression17

vn
2

gn
2

5Hn
2S 11

vT
2

ve
2D 21

. ~3!

Here ve is the unshifted AFMR frequency andvT is the coupling frequency. The fre
quenciesve andvT were taken from the AFMR data presented in Ref. 9. Although
~3! was introduced for two-sublattice AFs, the calculation performed in Ref. 9 sho
that for CsMnI3 it holds up to terms'1025Hn

2 . However, in strong fields, where the DF
is negligibly small, a substantial increase of the NMR frequency is observed. Thi
crease can be interpreted, in accordance with Eq.~2!, as an increase in the hyperfine fiel
The field dependenceHn(H) obtained is presented in Fig. 3~see below!.

In CsMnBr3 the spins lie in the basal plane. When an external field is applied
spins become oriented in a manner so that the field lies in the direction of the bisec
the triangle on whose sides the spins lie. As the field increases, the angles at the b
the triangle start to decrease as18

cos~a!5
1

22H2/HC
2

, ~4!

whereHC56.4 T is the reorientational phase transition field. A collinear structure c
sisting of antiferromagnetically ordered ferrimagnetic planes~with spin ratio 2:1! arises
above the transition. To within the tilt angles;H/HE (HE'150 T),all spins are perpen
dicular to the magnetic field.

The NMR spectrum in CsMnBr3 is presented in Fig. 2. It consists of three branch

FIG. 2. Mn55 NMR spectrum of CsMnBr3 with H'C6, T51.3 K (d), T53.0 K (s) ~only the middle branch
is shown!. Solid line — ‘‘unshifted’’ NMR spectrum withHn5 const; dashed line — allowance for DFS o
NMR.
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corresponding to different relative arrangements of the hyperfine and external field

v1,2

gn
5HnF11

H2

Hn
2

12
H

Hn
S 6sin~a!2

H

HE
cos2~a! D G 1/2

, ~5!

v3

gn
5HnF11

H2

Hn
2S 12

2Hn

HE
D G 1/2

, ~6!

for H.HC and constantHn a single branch, described by Eq.~6! ~solid curve3 in Fig.
2!, remains. The dashed lines indicate the NMR spectrum with allowance for the
calculated in Ref. 16. One can see that up toHC the branches1 and2 agree satisfactorily
with the calculation, while the frequency of the branch perpendicular to the mag
field increases with field similarly to CsMnI3. AboveHC the increase in the frequency o
this branch slows down, though appreciable growth of the bottom branch is observ
spins which in weak fields comprised the lateral faces of the triangle. The correspo
field dependencesHn(H) are presented in Fig. 3. This figure also shows the depende
Hn(H) on Mn55 nuclei for the collinear phase of RbMnBr3 in fields H.HC'4 T. This
is also an easy-plane AF, in which a complicated spin structure, incommensurate w
lattice, is realized in weak fields, but inH'3 T it transforms into a commensurate pha
with triangular spin ordering and subsequently behaves just as in CsMnBr3.11 One can
see that similarly to CsMnBr3 the nonequivalent Mn21 spins in the magnetic plane ar
characterized by different values ofHn , which depend quite strongly on the extern
field.

In summary, strong growth of the hyperfine field on Mn55 nuclei is observed in all
three materials with the application of an external magnetic field. This dependen
different for magnetically nonequivalent ions and leads to splitting of the NMR in
collinear magnetic phase. Such a growth cannot be explained by a change in the
fine constant of the ion itself on account of magnetostriction, since the orbital cont
tion to it AL;(g22)'0.004 is very small (g is theg factor of the ion! and the contri-

FIG. 3. Field dependences of the hyperfine field at Mn55 nuclei with H'C6 , T51.3 K in CsMnBr3 (D),
RbMnBr3 (h), and CsMnI3 (d). Dashed line —^S&(H/HC) in CsMnBr3 with HiC6;6 solid line —
^S&(H/HC) for CsNiCl3 with H'C6.13
763 763JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Borovik-Romanov et al.
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bution due to core polarization depends extremely weakly on the distance up t
ligands.19 The well-known instability arising in the crystal structure of these compou
as a result of the shift in the neighboring octahedral chains relative to theC6 axis also has
a weak effect on the hyperfine constant, since it does not change the nearest ne
environment of the magnetic ions. The nature of the contribution of the indirect hype
interaction of neighboring magnetic ions is close to that of the exchange interaction
this reason, the change inA due to reorientation of neighboring Mn spins in the pla
should beJ8/J times less than the correction calculated in Ref. 2. For this reason, i
be asserted that the change in the average spins^S& of the Mn21 ions makes the main
contribution to the change in the hyperfine fields.

Thermal fluctuations of the spins also make a definite contribution to^S&. However,
they are small at temperaturesT'1.3 K. According to our data on the temperatu
dependence ofHn in CsMnBr3 at H50, ^S&(0)2^S&(1.3 K)<0.01̂ S&(0) ~Ref. 16!.
Moreover, temperature fluctuations become frozen out when\ve(H).kT, i.e., in com-
paratively weak magnetic fields. The field dependence of the frequency of the m
branch of Mn55 NMR in CsMnBr3 at T'3 K is presented in Fig. 2. One can see tha
is appreciably steeper in weak fields, and forH.6.0 T the temperature correction be
comes very small.

It is difficult to make a quantitative comparison between our results and the th
of the suppression of quantum fluctuations, since no calculations have been perform
our experimental situation. The dashed curve in Fig. 3 shows the dependenc^S&
3(H/HC) calculated in Ref. 6 for CsMnBr3 but with HiC6 ~in this geometry all Mn21

spins are equivalent and there is no splitting!. The solid curve shows thêS&(H/HC)
(H'C6)for CsNiCl3 ~analog of CsMnI3) from Ref. 13. One can see that the increase
magnetization of the sublattices corresponds in order of magnitude to our experim

In Ref. 10, it was pointed out that in quasi-one-dimensional AFs with easy-
anisotropy the magnetic ions are nonequivalent even in the absence of an externa
since only one third of them are oriented parallel to the easy axisC6 ~spinsA) and the
remaining spins are tilted from the axis by an angle;50° ~spinsB) ~see inset in Fig. 1!.
In consequence the average spins are different, the difference^SA&2^SB&'0.2 for
CsMnI3. The corresponding splitting of Mn55 NMR '50 MHz is close in order of
magnitude to the splitting we observed in CsMnBr3 and RbMnBr3. Unfortunately, the
NMR line corresponding toA spins in CsMnI3 is very weak and we could not detect it.e!

In summary, we have measured the field dependences of the average spins of21

ions in quasi-one-dimensional AFs CsMnI3, CsMnBr3, and RbMnBr3. These depen-
dences were found to be not only strong enough to be observed by the NMR meth
also different for magnetically nonequivalent Mn21 ions. The results obtained are i
qualitative agreement with the theory.6,10,13

In closing, we wish to express our heartfelt gratitude to I. A. Zaliznyak, M
Kurkin, L. A. Prozorov, S. S. Sosin, and I. A. Fomin for fruitful discussions. We wish
thank especially A. I. Smirnov, whose helpful remarks were taken into account in
final variant of the manuscript.
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a!Deceased.
b!The reduction in AFs with spin 1/2 should be much greater, but experiments with such ions (Cu21) are

difficult to interpret because of the difficulty of taking into account accurately the effect of the large o
magnetic momentL52. For this reason, in what follows, we shall discuss substances with Mn21 ions (6S5/2

state!.
c!The magnetic properties of these compounds are discussed in greater detail in Ref. 11.
d!The structure in RbMnBr3 is more complicated because of orthorhombic distortions.11

e!While this paper was being prepared for publication, we observed this NMR branch. Its frequency
absence of a magnetic field equals 417 MHz.
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Charged and neutral excitonic complexes in GaAs/
AlGaAs quantum wells

O. V. Volkov,a) V. E. Zhitomirski , I. V. Kukushkin, and V. E. Bisti
Institute of Solid-State Physics, Russian Academy of Sciences, 142432 Chernogolovk
Moscow Region, Russia
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The temperature and magnetic-field dependences of the recombination
line of multiparticle excitonic complexes in undoped and lightly doped
GaAs/AlGaAs quantum wells are investigated. These dependences
have previously been attributed to free charged excitons~trions!. It is
shown that this line corresponds to a bound state of a complex, specifi-
cally, to an exciton bound on a neutral donor in a barrier. It is found
that as the temperature or pump power is raised, there appear in the
recombination spectrum not only a cyclotron replica shifted downward
in energy but also a replica which is symmetrically shifted upwards in
energy by an amount equal to the cyclotron energy and which is due to
emission from an excited state of an impurity complex. The behavior of
the cyclotron replicas is studied as a function of the electron density
and temperature. ©1997 American Institute of Physics.
@S0021-3640~97!01223-1#

PACS numbers: 71.35.Cc, 78.66.Fd

1. Excitonic complexes play an important role in undoped and lightly doped qu
two-dimensional~2D! systems. Moreover, they are extremely interesting from the sta
point of studying the role of the Coulomb interaction in a system consisting of se
electrons. An example of such complexes are charged excitons or trions. Positive
negatively charged excitons were predicted theoretically in Ref. 1. These formationsX2

and X1) are similar to the hydrogen ions H2 and H2
1 and have a very low energy o

dissociation into an exciton and a free particle. Charged excitons in the three-dimen
~3D! case have never been reliably established, and no spectroscopically resolved
such complexes has ever been observed. In a 2D system, both excitons and trions
high binding energy and are accordingly highly stable, since the limitation of the mo
of the charge in the transverse direction has the effect of an increase in the Co
interaction. The presence of a second electron is responsible for some specific pro
of such a system, specifically, a negative diamagnetic shift of the recombination lin
weak magnetic field and the existence of a cyclotron replica due to the transfer
quantum of cyclotron energy to the second electron in the process of electron
recombination. A number of authors claim to have discovered a free trion and assig
it the emission line in the luminescence spectra of quantum wells.2 Nonetheless, the
766 7660021-3640/97/110766-07$10.00 © 1997 American Institute of Physics
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proofs presented in Refs. 2–4 in favor of such an interpretation are ambiguous and
are a number of discrepancies with the theoretical predictions, for example, in th
perimentally obtained temperature and magnetic-field dependences of the emission
trum of a free trion. To resolve this question, we investigated several undoped and l
doped GaAs/AlGaAs single quantum wells~SQWs! with widths of 150, 200, and 300 Å
We show on the basis of the temperature and magnetic field dependences of the
nescence spectra that the recombination line attributed to free trions most likely c
sponds to the radiation of an exciton bound on a neutral donor in a barrier.

2. We investigated 150 and 200 Å wide undoped SQWs and a 300 Å~800 Å s-
pacer! lightly doped SQW. The samples were grown by molecular-beam epitaxy
GaAs substrate~see Ref. 5!. Optical excitation of the system was performed with
tunable Ti/Sp laser and/or He/Ne laser. A Ramanor U-1000 double monochrom
~which, when combined with a CCD detector, provided a resolution of 0.03 meV! served
as a spectrometer.

3. The photoluminescence spectra obtained for a lightly doped 300 Å SQW
different 2D-electron densities are shown in Fig. 1. The electron density was chang
varying the intensity of the He/Ne laser illumination, giving rise to neutralization of
charge of the impurities in the doping layer by photoexcited carriers. With a zero
electron density~top spectrum! the recombination line of a free heavy-hole exciton~X!
dominates the spectrum~similar spectra were also obtained for undoped samples!. As the
2D-electron density increases, a low-energy line due to recombination of an exc
complex~designated as Db

0X! starts to buildup in the emission spectrum. This line w
attributed in Refs. 2 and 3 to recombination of a free trion. At some 2D-electron de
the free-exciton line vanishes completely from the spectra; this is accompanied
metal–insulator transition in the electronic system. Further increase of the 2D-ele

FIG. 1. Photoluminescence spectra obtained for a lightly doped 300 Å SQW with 2D-electron density v
from 0 to 531010 cm22. Inset: Recombination energy of a free exciton and an excitonic complex ve
magnetic field, measured with zero 2D-electron density.
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to a
ular
ctrum

the

the
rcular
with
300

her

weak
e
ition

asured
tion
density results in broadening of the low-energy line and transformation of this line in
recombination line of the 2D-electron gas, the latter line splitting in a perpendic
magnetic field into Landau levels. So, at a density corresponding to the bottom spe
well-resolved Landau levels are observed even in a magnetic field of 0.25 T~filling factor
equals 8!, indicating that the experimental structure is of high quality. At this density
mobility of the 2D-electrons equals 2.63106 cm2/V•s.

To determine the nature of the low-energy line at low 2D-electron densities~before
the transition into the metallic state!, we studied the magnetic-field dependence of
spectral position of the excitonic lines. Such a dependence, measured in two ci
polarizations for a 200 Å SQW, is presented in Fig. 2a. We obtained similar results
identical polarization and spectral features for a 150 Å SQW and a lightly doped
Å SQW ~inset in Fig. 1!. They are completely identical to the results obtained by ot
authors2,3 and employed by them as proof of the trionic nature of the Db

0X line. A
characteristic feature of this line is the negative diamagnetic shift, observed in a
magnetic field. This shift is explained4 by the fact that in weak magnetic fields th
internal energy of a trion is virtually field-independent, and the energy of the trans

FIG. 2. ~a! Spectral position of recombination lines of free and bound excitons versus magnetic field, me
in two polarizations for a 200 Å SQW.~b! Diagram of optical transitions for the same sample. Recombina
lines of free and bound excitons~solid lines!, cyclotron replicas~dots!, and recombination lines of excited
excitonic states~dashed lines! are shown.
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corresponding to recombination of the trion is determined by the difference of the c
tron energy of the entire complex and the free electron remaining after recombin
Since the electron mass is much smaller than the trion mass, the transition energy in
magnetic fields should undergo a negative cyclotron shift of the order of1

2\vc . A similar
dependence is also observed in our experiment~see Fig. 2a and inset in Fig. 1!, but the
magnitude of the shift is much less than1

2\vc , and it is absent completely in field
weaker than 0.5 T. This behavior can be explained by localization of a trion on a ch
donor center, as one would naturally expect for a heavy charged particle at low den
and low temperatures.

To check this conjecture, we studied the temperature dependence of the shape
recombination line of the excitonic complex. On account of recoil, the existence
second electron in a free trion allows recombination of a complex possessing a no
total quasimomentumk ~which is forbidden for a direct-band exciton!. The energy of the
emitted photon is less by the amountDE5E(k)@M /me21#, whereE(k) is the trion
kinetic energy,M is the trion mass, andme is the mass of the electron remaining aft
recombination. SubstitutingM'2me1mh , where mh is the hole mass, we obtai
DE5E(k)@mh /me11#. Sincemh.me , we obtainDE.2E(k). Therefore the recombi-
nation line of a free trion should be asymmetrically broadened on the low-energy ed
least by the amount 2kbT. This conclusion directly contradicts the experimental resu
Figure 3a shows the orthonormalized recombination spectra of a complex which
measured at three different temperatures in zero magnetic field for a 200 Å SQW. A
can see from the figure, the line has a symmetric shape and its width is virt
temperature-independent in the range 1.5–10 K. In accordance with the estimat
sented above, the width of the recombination line for a 10 K bath corresponds
effective trion temperature of not greater than 2 K, which can be explained onl
localization of the complex. Figure 3b shows our computational results for the sha
the recombination line of a free trion for 2D-electron gas density 531010 cm22. Com-
paring Figs. 3a and 3b demonstrates that the free-trion model is completely untena
the explanation of the experimentally observed temperature dependence. This fac
firms the conjecture that the investigated recombination line corresponds to the sta
complex localized on an impurity center. In this case, quasimomentum conservat
not required in the recombination of a bound exciton; this is why the width of
luminescence line is small. It should be noted that increasing the temperature do
result in the appearance of free trions, since an additional wide temperature-sensiti
does not arise in the emission spectrum, attesting against trion localization by d
charged donors.

Thus, it is logical to conjecture that the low-energy excitonic line correspond
recombination of a trion localized on a charged donor in a barrier~most likely, near a
heterointerface!, since the density of residual doping with donors is relatively high in
AlGaAs spacer. However, such an electron–hole complex is nothing more than an
ton bound on a neutral donor located in a barrier near a well. We note that the sp
splittings of the line in a magnetic field~including the triplet state! and their polarization
properties are virtually identical for a free trion and for a trion localized on a positiv
charged donor~in other words, for an exciton bound on a neutral donor!, since the
presence of an impurity center does not change optical transitions. The second el
769 769JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 Volkov et al.
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which is responsible for neutralization of the donor, in theDb
0X complex determines the

properties of the complex, which are analogous to properties of the recombination l
a free trion, specifically, a negative diamagnetic shift and the appearance of cyc
replicas~SU! in a magnetic field. The appearance of replicas is explained by the fac
if in the recombination of a system with two electrons the remaining electron acq
one or several cyclotron energy quanta, then the recombination line is shifted to
energies by one or several\vc .4 We observed such replicas on all experimental samp
for 200 Å SQW they are shown in Fig. 2b. It should be underscored that the charac
the magnetic field dependence of the spectral position of these replicas and the d
netic shift of the recombination line itself of the complex should depend strongly on
position of the impurity center — in a well or in a barrier. It is known that the grou
state of an impurity complex in a 3D semiconductor has a 1S-type wave function. The
appearance of replicas~dielectronic satellites!, including cyclotron transitions, in the
process of recombination of a complexD0X is due to excitation of the 2P state of the
impurity, so that they are shifted downwards by the transition energy of the donor in

FIG. 3. ~a! Orthonormalized recombination spectra of an excitonic complex (Db
0X line!, measured in 200

Å SQW at different temperatures.~b! Temperature dependence of the shape of the emission line of a free
in the presence of a 2D-electron gas with density 531010 cm22, calculated for the same temperatures.
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excited state.6 The absence of such a shift in our case could be due to breakdown o
symmetry of the complex as a result of the fact that the impurity center is located
barrier next to a well. The ground state of the impurity center has aP-type wave
function7,8 and the splitting between the ground and excited states is almost zero.9 Under
these conditions the energy shift of the cyclotron replicas in the zero magnetic field
should also be close to zero, as is observed experimentally. The interpretation
excitonic complex as an exciton localized on a neutral donor in a barrier is also confi
by comparing with the recombination spectra obtained in Ref. 10 for the complexD0X
under conditions ofd-doping of the barrier material. These spectra show detailed s
larity with our spectra.

The recombination spectra which we measured at high temperature (;10 K) or high
pump power (;1 W/cm2), together with the cyclotron replicas shifted downward
energy, demonstrate the appearance of a replica symmetrically shifted upwards in
by \vc ~Fig. 2b!. This replica is evidently associated with recombination of the exc
state of the excitonic complex~designated byDb* X), since the lines associated wit
recombination of the excited states of the excitons are strongly shifted upwards in e
These lines are shown in Fig. 2b by the dashed line. Their spectral position depen
the well width and is in good agreement with the theoretical calculations.11 As the
2D-electron density increases, the intensity of the top cyclotron replica decrease
after the system passes into the metallic state the replica completely vanishes fro
spectra, while the bottom cyclotron replicas~SU! decrease only somewhat in intensi
and become wider. Figure 4a shows the dependence of the ratio of the intensities
top and bottom cyclotron replicas (Db* X andSU1) on the 2D-electron density; here th
ratio of the intensities of the recombination lines of a free exciton (I Fr) and an excitonic
complex (I B) is used as the parameter characterizing the density. Vanishing of th
cyclotron replica at a transition of the system into the metallic state (I Fr /I B50) confirms
the conjecture that the complex is localized in an external Coulomb potential. The
that the bottom cyclotron replicas remain as the 2D-electron density increases att
the fact that complete localization of the system does not necessarily occur for them

FIG. 4. ~a! Ratio of the intensities of the top and bottom~in energy! cyclotron replicas versus the ratio of th
intensities of free and bound exciton lines, measured with variation of the 2D-electron density in a lightly
300 Å SQW.~b! Recombination spectra of a free exciton and an excitonic complex as well as aSU1 replica,
measured at different temperatures in a magnetic field of 1.5 T for 200 Å SQW.
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example, the same mechanism leading to the appearance of replicas can also wo
degenerate 2D-electron gas regime with a collision of a free exciton with an ele
localized in an external Coulomb potential. This conjecture is also confirmed by
temperature dependence of the spectra of the cyclotron replica (SU1) shown in Fig. 4b
together with the spectra of the main excitonic lines. As one can see from the figur
intensity of the cyclotron replica decreases with increasing temperature much les
does the intensity of the recombination line of the excitonic complex.

4. In summary, we have shown on the basis of an investigation of the temper
and magnetic-field dependences of a recombination line of multiparticle excitonic
plexes in undoped and lightly doped GaAs/AlGaAs quantum wells that this line c
sponds to a bound state of a complex, specifically, an exciton bound on a neutral
in a barrier, and not a free trion, as previously assumed.

This work was supported under the program ‘‘Physics of Solid-State Nanos
tures’’ ~Grant 1-062/3! and by the Volkswagen Foundation.
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Coherent-states quantum cryptography based on a
quantum comparator

S. N. Molotkov
Institute of Solid-State Physics, Russian Academy of Sciences, 142432 Chernogolovk
Moscow Region, Russia

~Submitted 16 September 1997; resubmitted 28 October 1997!
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A quantum cryptosystem based on comparing an input signal from a
communication channel with a reference state prepared at the receiving
end is proposed. ©1997 American Institute of Physics.
@S0021-3640~97!01323-6#

PACS numbers: 03.65.2w, 89.70.1c

Quantum cryptosystems as information carriers employ quantum states. The s
of the key in quantum cryptography is based on two facts — the prohibition of clo
~ideal copying! of a previously unknown quantum state1 and the impossibility of obtain-
ing any information about the states without perturbing them, if they are nonorthogo2

The protocol for distribution of the key must be set up so that measurements by a
rized users would permit detection of any attempts at eavesdropping.

The idea of the proposed quantum cryptosystem is based on comparing a
entering from the communication channel with a reference state prepared at the rec
end. A quantum cryptosystem based on two coherent states~one high-intensity reference
state and a weak information state! was discussed in Ref. 3. A substantial differen
between the proposed system and the scheme described in Ref. 3 is that the
protocol employs explicitly the circumstance that a beam splitter converts cohere
diation into coherent radiation.

Everywhere below, the communication channel is assumed to be ideal.

Let us consider a 50/50 optical beam splitter~Fig. 1!. Let two states of a field in a
coherent state enter the beam splitter. The coherent state of the field describes radi
the output of an ideal laser.4 The state at the input of the beam splitter is represente

uc& in5ua& in,a^ ub& in,b , r̂ in5uc& in in^cu, ~1!

where ua& in and ub& in are coherent states at the input of the optical beam splitter.
definition of the latter states we have

ua& in5D̂~ âin!u0& in , D̂~ âin!5exp~aâin
12a* âin!, ~2!

where D̂(âin) is the shift operator along the group of coherent states,âin and âin
1 are

annihilation and creation operators for a mode of the field, andu0& in is the vacuum state
for a mode of the field at the inputain . Similarly for the inputbin . As is well known,5 a
coherent state is an eigenstate of the annihilation operator
773 7730021-3640/97/110773-06$10.00 © 1997 American Institute of Physics
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âinua& in5aua& in and in^auâin
15 in^aua* , ~3!

ua& in5exp~2uau2/2! (
n50

`
an

An!
un&,

whereun& is the Fock state withn photons. Any two coherent states are nonorthogo
because they have a vacuum component, even if they have different carrier freque

u in^bua& inu25exp~2ua2bu2!.

The beam splitter is a unitary converter of input states of the field into output state
action is described by a 232 unitary matrix. We have

S âout

b̂out
D 5

1

A2
S 1 21

1 1 D S âin

b̂in
D 5ÛS âin

b̂in
D . ~4!

An approach in which the optical scheme transforms field operators and leaves the
themselves unchanged corresponds to the Heisenberg picture. A different appro
possible~the Schro¨dinger representation!, where the optical channel transforms the sta
of the field but not the operators.6

The photon number number operators at the outputs of the beam splitter are

âout
1 âout5S âin

12b̂in
1

A2
D S âin2b̂in

A2
D , ~5!

b̂out
1 b̂out5S âin

11b̂in
1

A2
D S âin1b̂in

A2
D .

The averagenumber of photons at the outputsa and b, using expressions~3! and ~5!,
respectively, equal~it is understood below that the carrier frequencies for the input st
are identical!

FIG. 1.
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Na,out5Tr$r̂ inâout
1 âout%5Ua2b

A2
U2

, ~6!

Nb,out5Tr$r̂ inb̂out
1 b̂out%5Ua1b

A2
U2

.

Therefore, the beam splitter operates as a quantum comparator for input signal
coherent state(and only for them). If the input states are identical, then complete co
pensation of the signals — total destructive inference — occurs at one of the output~the
‘‘subtracting’’ one!. In this case total constructive interference occurs at the ‘‘summi
output.

When the states at the inputs are identical, the probability of detecting a phot
the ‘‘subtracting’’ output of the photodetector equalsidentically zero, since the state o
the ‘‘subtracting’’ output corresponds to the vacuum state, which is aneigenstateof the
photon-number operator with eigenvalueNa,out50. If the states at the inputs of the bea
splitter are not identical, then the output states at the outputsua2b/A2&a,out and
ua1b/A2&b,out are not eigenstates of the photon-number operator. The latter m
physically thatNa,out andNb,out are theaveragenumber of photons detected by a phot
detector in a large series of measurements. In each individual measurement~when the
signals at the inputs are not identical! any number of photons can be detected in ea
output. Consequently, events in which a photodetector will not be triggered at the ‘
tracting’’ output~zero photons are detected! will be inevitable. In addition, the fraction o
such events will be all the larger, the closer the differencea2b is to zero~the closer the
states are to one another or, equivalently, the more nonorthogonal they are!. Therefore if
a photodetector is not triggered at the ‘‘subtracting’’ output, then this event does
make it possible to draw a definite conclusion about the second input state with a k
reference~so-called inconclusive result!. At the same time, if it is known which stat
should be at the second input and if it is identical to the reference state, then trigger
the photodetector at the ‘‘subtracting’’ output gives anunequivocalconclusion that the
state at the second input was altered by an eavesdropper.

In summary, we arrive at the conclusion that if both detectors are triggered s
taneously, then this event means that the reference state is not identical to the prob
But if only the bottom detector is triggered, then a definite conclusion about the p
state cannot be drawn. This circumstance~which is a consequence of the nonorthogon
ity of the states! essentially has the effect that an eavesdropper will inevitably err.

Let us now discuss the application of this quantum comparator for distribution o
key ~a random sequence of zeros and ones! between two users. A schematic diagram
the quantum cryptosystem is displayed in Fig. 2. The usersA andB have two identical
sources that can prepare, by choice, the statesua& in or ub& in (aÞb). Moreover, userB
has a delay line whose length equals that of the communication line. It is assume
the user clocks are synchronized in each transmission. The key generation protoco
follows.

The usersA andB randomly and independently of one another prepare statesua& in

and ub& in corresponding to a logical 0 or 1.
775 775JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 S. N. Molotkov
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After making a series of transmissions, for some of them the userA reports through
an open communication channel the number of measurements in whichua& in was trans-
mitted and in whichub& in was transmitted. UserB checks the outcomes of measureme
in which the transmission fromA was identical to his reference state. If there is
eavesdropping, then for these measurements the outcome at the ‘‘subtracting’’ out
the comparator should be zero. The first nonzero outcome with an ideal communi
channel indicates the presence of an eavesdropper.

After the absence of eavesdropping is established, the remaining measure
serve for generation of a secret key. For this, the userB reports the number of measure
ments for which a nonzero result was obtained at both comparator outputs but he do
report which reference state he used (ua& in or ub& in). This information is sufficient for the
users to have an identical secret key. Indeed, if in a given measurement a no
outcome was obtained at both outputs and, for example, the userB used as the referenc
stateua& in ~logical 0!, then this could occur only when userA transmitted the stateub& in

and vice versa. In this case the users accept into the key a logical 0. Similarly for a lo
1. As a result, an identical and secret sequence of 1s and 0s arises.

Different variants of exchange protocols for quantum cryptosystems were rec
proposed.2,3,7–13 However, only the systems of Refs. 14–17, which are based on
protocol proposed in Ref. 2, have been realized experimentally. These systems con
a quite complicated interferometer with time division~so-called time division
interferometer14–17!, in which to guarantee secrecy the signal must be attenuated t
level of a single photon per pulse. In real experiments,14–17radiation is attenuated to th
level 0.1–0.2 photons per transmission.

In my view, the main difficulty in implementation consists of the following. Fo
mally, to implement a quantum cryptosystem it is sufficient to have as carriers any p
nonorthogonal states,2 for example,uu0& and uu1&, and a measurement ‘‘device’’ tha
implements the projectorsP̄0512uu0&^u0u and P̄1512uu1&^u1u. Measurements with
these projectors make it possible to discoveranychanges in the statesuu0& anduu1&. This
guarantees the secrecy of the cryptosystem. However, there is no general prescript
would make it possible to produce, according to the projector written, an experim
apparatus that implements it. It is especially difficult to realize projectors if they do
correspond to a physical observable.

It is most convenient to use coherent laser radiation as information carriers

FIG. 2.
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example,ua& and ub& (ua& and ub& are nonorthogonal whenaÞb, which is achieved
simply by changing the intensity of the radiation in different transmissions!. However, it
is quite difficult to implement a ‘‘negation’’ projector for a coherent sta

P̄(a)512ua&^au and P̄(b)512ub&^bu. It is only known how to implement a

projector-valued measure for a coherent stateM̂ (da)5ua&^aud2a/p using a quite deli-

cate homodyne detection method,18 but by no means the projectorP̄(a). In addition,
such a projector-valued measure can be implemented for ideal homodyne dete
where the phase of the reference signal~‘‘local oscillator’’ ! is strictly fixed, which is
achieved formally only with an infinite intensity of the reference signal.

For this reason, it is actually necessary to decrease the intensity of the signal
one-photon level. If only one Fock stateun& (n51) is present in the signal, then th
projector onto such a state can be implemented quite simply with a standard photo
tor. If n.1, then for the time being there are no photodetectors that would ma
possible to distinguish states with different numbers of photons. Moreover, a si
photon state is obtained in experiments~see Refs. 14–17 for details! by strong attenua-
tion of the laser radiation, i.e., the signal has the formua&'u0&1au1&1 . . . ~for
a!1).17 For this reason, strictly speaking, it is necessary to implement a projector
such a state, which an ordinary photodetector does not give.

Moreover, there is another annoyance in using laser radiation that is attenua
the one-photon level. In principle, such attenuation cannot give any guarantee th
and not two or more photons are present in the transmission. Of course, the probab
the presence ofn photons decreases witha. The presence of more than one photon in
transmission can be used to eavesdropping by ‘‘diverting’’ some of the photon
addition, such attempts are not detected in the implementations used in Refs. 14–

In my view, the difficulties mentioned above are not present in the scheme prop
in this letter because the scheme operates as a quantum comparator~it performs ‘‘sub-
traction’’ of the arguments in the coherent input states in one channel and ‘‘addition
the second channel —ua& ^ ub&→ua2b/A2& ^ ua1b/A2&). At the final stage of the

measurements the photodetector measures the observableNa,out5 Tr$r̂ inâout
1 âout% and

Nb,out 5Tr$r̂ inb̂out
1 b̂out% — the number of photons in the statesua2b/A2& and

ua1b/A2& already converted by the comparator — and not the projectors Tr$r̂ P̄(a)%
and Tr$r̂ P̄(b)%. In addition, for the protocol it is not necessary to distinguish betw
events with a different number of photons; only the fact of detection or no detecti
sufficient. Likewise, there is no need to attenuate the laser radiation to the one-p
level; signals of any intensity can be used. Although interference from two unkn
sources is not formally prohibited, if the sources are ideally synchronized, in the ex
mental implementation this circumstance can present appreciable difficulties~just as in
the implementation of the scheme of Ref. 3!.

In my view, the present scheme differs substantially from other schemes in t
explicitly employs the fact that a coherent state is not destroyed by the beam splitte~the
state remains coherent at the output but with a different parameter!. The application of
this nontrivial property of coherent radiation, well-known in quantum optics and
previously used in other works on quantum cryptography, could simplify the experim
777 777JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 S. N. Molotkov
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tal implementation of quantum cryptosystems. Other states of the field are not con
by the beam splitter into similar states. This signifies the impossibility of a quan
comparator based on a beam splitter for arbitrary states of radiation, including als
single-photon state.
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Nonstationary-states quantum cryptography
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A quantum cryptosystem is proposed in which a pair of nonstationary
states differing in their times of preparation is used as the information
carriers. © 1997 American Institute of Physics.
@S0021-3640~97!01423-0#

PACS numbers: 03.65.2w, 89.70.1c

The secrecy of quantum cryptosystems is based on the impossibility, in the ge
case, of reliably distinguishing by means of one measurement two statesr0 andr1 ~for
example, two nonorthogonal pure states! employed for encoding information.1 The key
generation protocol for two usersA andB is chosen in a manner so that measureme
performed by both users~or by one of them! would be sufficient to discover an eave
dropper in the quantum communication channel betweenA and B. Thus, the quantum
cryptosystem proposed in Ref. 2 employs a pair of pure nonorthogonal quantum
uu0& and uu1& ~they correspond to the density matrixr0,15uu0,1&^u0,1u). The scheme of
Ref. 2 employs two measurements, to which correspond the projectorsP̄0512P0 and
P̄1512P1, whereP0,15uu0,1&^u0,1u[r0,1. The projectorsP̄0,1 project onto subspace
orthogonal touu0& and uu1&, respectively, and therefore

Tr$P̄0r̂0%50, Tr$P̄1r̂1%50, ~1!

Tr$P̄0,1r̂1,0%512u^u0uu1&u2Þ0, r̂0,15uu0,1&^u0,1u.

Measurements with projectorsP̄0,1 make it possible to detect any changes in the p
statesuu0& and uu1& in control transmissions, when both users know which state
transmitted.2 Here it is implicitly assumed that the statesuu0& and uu1& are stationary,
since otherwise their temporal evolution would make it necessary to perform, at diff
times tm , measurements corresponding to different projectorsP̄0,1(tm)51
2uu0,1(tm)&^u0,1(tm)u. Note also that the requirement that the statesuu0& and uu1& be
nonorthogonal has the effect that these states must have the same energy. Oth
stationary states with different energy would be automatically orthogonal.

In the present letter we wish to show, for the example of a very simple quan
system, how to construct a quantum cryptosystem that is based on stationary sta
on the measurement of the observed time. The required measurements can be pe
by the userB at any fixed moment in time chosen by him.

Let us consider a two-level system with a time-independent HamiltonianH diago-
nalized in the basisue0& andue1& ~the energiesE050 andE15v; we assume that\51).
779 7790021-3640/97/110779-04$10.00 © 1997 American Institute of Physics
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By analogy with the case of a continuous spectrum,3 we shall consider the expansion o
the number 1 on the interval@0,T) (T52p/v):

M ~dt!5
dt

T (
k,l 50,1

uek&^el uexp i ~Ek2El !t, ~2!

which corresponds to a covariant measurement of the observed timet. The limitation
0<t,T is due to the fact that any state of the unperturbed two-level system is per
in time with periodT. It is convenient to rewrite the expansion~2! of the number 1 in the
form

M ~dt!5~s01s1 cosvt1s2 sin vt!
dt

T
, ~3!

wheres i ( i 51, 2, 3) are Pauli matrices ands0 is a 232 unit matrix.

Let us now assume that the userA has at his disposal two statesr0 and r1 ~not
necessarily pure; the scheme described below is equally applicable to pure and
states! that differ only in respect of the preparation time and that userA transmits along
a quantum transmission channel to userB, i.e.,

r i~ t !5e2 iH ~ t2t i !rgeiH ~ t2t i !, i 50,1; 0<t0,t1,T, ~4!

whererg is a fixed ‘‘generating’’ state. Let us use forr i the representation

r i~ t !5
1

2
~s01v i

k~ t !sk!, ~5!

wherevk are the components of a vectoruvu<1, i.e., ((v1)21(v2)21(v3)2)1/2<1. The
evolution of the vectorv in the case of an unperturbed system is determined by
equationṙ5 i @r,H# with H5v(s02s3)/2 and corresponds to the precession of
vectorv around thez axis with frequencyv.

It is now clear that the probability of obtaining a result in the interval (t,t1dt)
with a measurementM (dt) performed on the stater at time tm is

PM~t!dt5Tr~rM ~dt!!5~11v1~ tm!cosvt1v2~ tm!sin vt!
dt

T
. ~6!

Therefore, the distribution functionPM(t) is the sum of the constant 1/T and the linear
combinationv1(tm)cosvt1v2(tm)sinvt. Knowing the distribution functionPM(t), the
coefficientsv1(tm) and v2(tm)of the cosine and sine can be easily determined. T
establishes two of the three parameters determining the density matrix of the sy
Moreover, a measurement of the energy of the states received by the user~i.e., a mea-
surement of the observable corresponding to the HamiltonianH) gives results 0 andv
with probabilitiesP5(16v3)/2 ~a measurement of the energy formally corresponds
an expansion of unityM (de) on a straight line concentrated at two points — 0 andv).
Therefore, knowledge of the complete statistics of the measurementsM (dt) andM (de)
makes possible complete reconstruction of the stater. This circumstance can be used
discover an eavesdropper in the quantum communication channel along which theA
transmits the statesr0 andr1 to the userB. Indeed, if the statesr0 andr1 are such that
780 780JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 S. N. Molotkov and S. S. Nazin
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they cannot be distinguished reliably in one measurement~for example, if they corre-
spond to two nonorthogonal pure states, whenuvi u51), then the following key generation
protocol can be proposed.

Let the entire time axis be divided into equal intervals of durationT ~we assume tha
the user clocks are synchronized! and in each interval the userA randomly prepares and
transmits to userB one of the statesr0 or r1 ~in each transmission the parameterst0 and
t1 are measured from the start of the corresponding interval!. The userB randomly
chooses, independently ofA, the type of measurement which he performs —M (dt) or
M (de) ~at some fixed, i.e., identical for all transmissions, moment in timetm). The result
of a measurement ist with probabilityPM(r;dt) in the first case or the energyE ~taking
on values from the set$0, v%! with probability P(r;E). As usual, it is assumed that th
parameterst0 and t1 and the generating staterg are known beforehand to all, includin
the eavesdropper, but it is unknown whether userA will transmit r0 or r1 in each specific
transmission. The presence of an eavesdropper in the communication channel is d
ered as follows. After a sufficiently long series of measurements, the userA reports for
some portion of the measurements~for example, half! the cases in which he transmitte
r0 and the cases in which he transmittedr1. Among these transmissions the userB looks
only at those in which the stater0 was transmitted and he performed the measurem
M (dt). Let the number of such measurements beN. Next, he chooses an arbitrar
0<u,T and counts the number of casesNu when as a result of measurements the val
t<u were obtained. I now introduce the distribution functionF(t)5*0

tdt8PM(t8) ~ac-
cording to which, just as according toPM(t), the parametersv1 and v2 of the density
matrix are uniquely reconstructed! and the random variablej, which equals 1 if the value
t<u is obtained in a given measurement and 0 otherwise. Then, from the Cheb
inequality for a sum ofN random variablesjk2p, wherep5F(u), it follows that for
any e

PrH UNu

N
2pU>eJ <

p~12p!

Ne2
<

1

4Ne2
. ~7!

Therefore, as N→`, the probability that the empirical distribution functio
FN(u)5Nu /N deviates from the distribution functionF(u) known beforehand uniformly
approaches 0 inu asN21. Having chosen a sufficiently small value ofe0, the userB can
assume that an eavesdropper is present in the communication channel if at least
u the inequalityuNu /N2pu<e0 is violated. Indeed, since the parametersv1 andv2 of the
density matrix are reconstructed uniquely according to the functionF(t), the deviation of
FN(t) from F(t) indicates that the measurements performed by the userB were per-
formed on states for which at least one of the parametersv1 or v2 is different from the
corresponding parameterr0(tm). A similar procedure can be used to analyze the dis
bution of the results of measurements of the energy for cases when the statesr0 were
transmitted; this makes it possible to determine a deviation of the parameterv3 from
v0

3(tm). Since the parametersv1,2,3 completely fix the state of the two-level system und
study, the procedure described above makes it possible to detect any attempt
eavesdropper to substitute secretly the state transmitted by the userA.

After the absence of an eavesdropper has been established with a prescribed
ability, the set of measurementsM (dt) remains at the disposal of the userB. As a result
781 781JETP Lett., Vol. 66, No. 11, 10 Dec. 1997 S. N. Molotkov and S. S. Nazin
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of nonorthogonality of the statesr0 and r1, the measurementsM (dt) do not permit
distinguishing 0 from 1 reliably in each individual attempt. The reliable informat
about the secret key~a sequence of 0s and 1s! that the users retain as a result of using,
example, a random block code amounts to less than one bit per transmission. This
tity is described by the mutual information, which in our case is given by a formula
a symmetric binary channel:4,5

I 511q log2 q1~12q!log2~12q!, ~8!

whereq is the probability of an error, i.e.,q5P(1u0)5p(0u1) is the conditional prob-
ability that a 0 was transmitted and interpreted as 1 on reception and vice versa. C
spondingly, the probability of a correct interpretation is 12q5P(1u1)5P(0u0). The
concrete values of the quantitiesP( i u j ) are determined by the strategy that the useB
chooses for interpreting the results of measurementsM (dt) obtained by him.
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course of this work. This work was supported by the Russian Fund for Fundam
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