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One of most impressive effects of honlinear vacuum
electrodynamics, which must manifest themselves in
the strong magnetic fields of pulsars and magnetars, is
the effect of curvature of beams of electromagnetic
waves. However, in the scientific literature, due to the
nonlinearity of the corresponding equations, this effect
isanalyzed only intwo particular cases[1-3]. Theseare
the cases when the beam lies in the planes of the mag-
netic-equator or magnetic meridian of the dipole mag-
netic field of aneutron star.

In this paper, we analyze the general case when the
beam of an electromagnetic wave entersthe star’s mag-
netic field at an arbitrary angle with respect to the vec-
tor m of its magnetic dipole moment. In this case, as a
result of nonlinear electrodynamic curvature, the beam
isnot represented by aplanar line. Thus, the complexity
of solving the problem critically depends on the suc-
cessful choice of the coordinate-system orientation and
on the parametrization used for parametric description
of a gpatial (twisted) curve. Since the expected values
of the nonlinear electrodynamic and gravitational cur-
vature of beams in the problem under consideration do

not exceed g it is convenient to choose the relevant

coordinate system in the following manner.

Let vector m of the magnetic dipole moment of a
neutron star and itsrotation axis have an arbitrary direc-
tion in a certain coordinate system. At the same time,
we aways consider the origin of beams of electrody-

gofa

spherical coordinate system and to have the impact
parameter b. In this case, enumerating various orienta-
tions of vector m and of the rotation axis of a rotating
neutron star is equivalent to enumerating beams inci-
dent onto the neutron star from different directions and
at different initial angles but with the impact parame-

namic wavesto be at the pointr =co, ¢ =11, 0 =
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ter b. In the chosen coordinate system, it is convenient
to take as a parameter the polar angle ¢. Thus, our first
task is reduced to finding the beam parametric equa-
tionsr =r(d) and 6 = 6(d).

In the presence of external electromagnetic F;, and

gravitational gy, fields, by virtue of the equations of
nonlinear vacuum electrodynamics [2], aweak electro-
magnetic wave propagates in a certain pseudo-Rieman-
nian spacetime whose metric tensor for two normal
modes has the form

gilifz = gi()k+4én1,2F”Fi'.<- (1)

Here, subscripts of the electromagnetic-field tensor F;,
. . ik
ascend with the help of the metric gig, -
In the problem under consideration, it is reasonable
to choose the metric Schwarzschild tensor as the metric

tensor gl . Denoting the star’s gravitational radius by
rq, Wearrive a

© _ r o _ 1
Joo = 1__g, O = — ’
r (0)

oo
ose = %, oy = —r’sine.

We now construct expressions for the components
of the electromagnetic-field tensor F;, for aneutron star
rotating at a frequency of Q, about the axis passing
through the center of mass but not coinciding with the
vector m of its magnetic dipole moment. In addition,
the rotation axis performs a regular precession at the
frequency Q,.

Further, we assume that, in the mobile coordinate
system, the magnetic dipole moment of the neutron star
istilted at the angle o, to the x; axis and that its projec-
tion onto the X,0'X, planeformsthe angle 3, to the pos-
itive direction of the x, axis. In this case, the vector m
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has the following componentsin terms of the x, y, and z
coordinates:

m(t) = [m[{ sina,[ cosy cos(P + By)
—cosOsnysin(®+ ()] + snOsinyicosa,},
Y )
= |m|{ cosa,cos® + sin@sina,cos(P + By)} ,
m,(t) = [m|{ sina,[ cos@cosPsin(P + [3)
+ sinycos(P + (3,)] —sin@cosyPcosa,} .

In addition to the spatia rotation, the neutron star,
being part of a double system, participates in preces-
sional motion. Therefore, in accordance with laws of
theoretical mechanics, the angles ® and  entering into
these expressions are time-dependent: @ = Qt + @,
P=Q,t+ Y, and Q, exceeding Q,. However, for the
majority of typical neutron stars possessing a strong
magnetic field, the periods T, = ?Tn andT,= ?TT[ of this
1 2
motion turn out to be considerably longer than the prop-

agation time T = ch for an electromagnetic signal
within the domain of the presence of strong magnetic
field. Therefore, while solving our problem on the non-
linear electrodynamic and gravitational curvature of
beams in the neutron-star field, we may consider the
angles ® and | to be independent of time. Hence,
expressions (2) should be taken into account only in
final expressions.

We now employ anew intermediate parametrization
of expression (2). We make use of auxiliary angles a
and [3 in accordance with the relationships

m, = msinacosB, m, = msinasing,

3)

m, = mcosa.

After the problem has been solved in terms of variables
o and B, using relationships (2) and (3), we come back
to the original angles a,, [3,, ©, Y, and .

In the spherical coordinates, the nonzero compo-
nents of the tensor F;, describing the dipole magnetic
field of the neutron star have the form

Fio = Fio = ~Sl{snasin(o )}
Fa = Fye
= M{ cosBcosa + sinBsinacos(¢ —B)}, 4)

Fizs = Frp
|m|sm6
r?

{ sinBcosa — cosBsinacos(d —B)} .
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We write out the equation of motion for photonsin an
arbitrary pseudo-Riemannian spacetime:

dk"

To Tk = 0, gok™® = 0,

n

where k" = i—); and o is an affine parameter.

After the transformations, we reduce these equa-
tionsto the form

@4_[ 0 _rgB@}d_Xad_XB =0,
do’ do_d¢o do

d’r [ r e dr o Tg }dx"dx‘3
— + Ty —Tos=——259w | == = O.

do? L 7 dg 2% [ dg df

Using expressions (1) and (4), we construct nonzero

components of metric tensor (1), as well as the Christ-

offel symbols. We perform all the calculationsto within
2

2
r
an accuracy of - < 1 and w < 1. As a result,
r r
Egs. (5) acquire the form

d’Q,
d¢’

+Q1 = 6n,, 2E.|m| u*sin2a

><D2u Usin(g -B) — 30847 cos(o ),
[l

d¢ LaigH

d’u 3r,
— t U—?U +6ny, 2E|m|

do’

2du

xD4u d¢

—sin2(¢ — B)sm a

ggg [2+5sin’a + 9sin‘a cos2(d —B)]

~u’[2+sin"a + sin‘acos2(¢ —P)]

—3Eg¢g srfasin2(6 —B) % _

1

(Here, new auxiliary variablesQ, = e_ = andu: = are

introduced.)
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Because ru < 1 and n,; ,Em?u® < 1, we seek the
solution to these equations by the successive approxi-
mation method. Integrating these equations with the

. _ du(m _ 1 _ T
initia conditions u(t) = 0, % - b’ o(m) = >
do(m) )
—d¢ , wearrive at
r2
bmsmb + 2 :

x [60(T1— ) cosp — 32sin2¢p —3sin3¢ + 5sind ]

r] 126M
1024b°

{ n 0([24(¢ m)[39cos(¢ + 2[3)

—120cos¢ +91cos(d —2B)] —9sin(9¢ — 23)

—8sin7¢ +43sin(7¢ —2p)
—2sin(5¢ + 2B) + 32sin5¢
—30sin(5¢ —2pB) —18sin(3¢ + 2B) + 192sin3¢
—414sin(3¢ —2B) — 747sin(¢ —2PB)
—1137sin(¢ + 2B) + 2200sind] (6)
—32[120(¢ — 1) cosd + sin5¢

_15sin3¢ —80sin$]} O
0

”;1225;2 sin2a{ 24(¢ —m)[13sin(d +B)
—12sin(¢ —P)] + 5cos(7¢ —B)
+2c0s(5¢ +B) —28cos(5¢ —B)
+12cos(3¢ +B) + 42cos(3¢ —B)
+271cos(¢ +B) —304cos(p —B)}.

Tt
= -+
6 2

We now analyze the expressions obtained. First of all,
we find angles d¢ and &6 that characterize the beam
curvature as a result of nonlinear electromagnetic and
gravitational effects. Since the angles 6(]) and &6 must

be small, substituting ¢ = d¢ and 6 = = + 36 into

expressions (6) and solving the relati onshl ps obtained,
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we find within the limits of the required accuracy

751N, ,Em’
64b°

2r, 15m;

AT

00 = sinBsin2a,

)

15T[r]l 2Em
64hb°

Analysis of expressions (7) shows that the nonlinear
electrodynamic part of 8¢ has afixed sign and is nega-
tivefor arbitrary values of theanglesa and . Theangle
00 is not a fixed-sign function of the angles a and 3 of
the orientation of the neutron star's magnetic dipole
moment.

{[12-13cos23] sin ‘o + 16} .

If the neutron star rotates at afrequency Q, < % and

performs precessional motion, then the time depen-
dence of the curvature angles can be found from
expressions (2), (3) and (7):

2r, 1572
0 = Tew

15” M, 2€

oAb’ {15m° + 26my(t) +mi(t)}

757'[ [OTy, ¢ 22
32h°

where the time-dependent components of the vector m
are given by expressions (2).

Thus, because of the time dependence of the angles
o¢ and &6, the intensity of electromagnetic radiation
propagating through the magnetic field of a rotating
neutron star and being registered by an observer isaso
time-dependent, and this dependenceisdifferent for the
two normal modes of the electromagnetic wave. This
property can form the basis for experimental investiga-
tion of regularities of nonlinear vacuum electrodynam-

ics in domains with moderately strong (m?/b® < Bé)
magnetic fields of neutron stars.

50 = m, (t)my(t),
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Interaction of a thermal wave with a combustion
front in liquid nonvolatile condensed systems in the
case of boiling on a surface was studied in [1]. Thereit
was established that the heating wave propagatesin the
forward direction, whereas the domain of liquid, which
is heated up to the boiling temperature, is expanded
(see[1]).

In the present paper, we consider mutual effects
associated with the motion of athermal wave and of the
thermal-decomposition front. We analyze the depen-
dence of these effects on thermophysical properties of
asubstance involved in the decomposition reaction and
on kinetics of thisreaction in the case of intensely heat-
ing nonvolatile condensed systems (in particular, dur-
ing heat-shielding coatings and combustion).

In volatile condensed systems, the elevation of the
surface temperature associated with the heat supply is
naturally limited by the boiling temperature T,. When
intensely heating nonvolatile substances, the tempera-
tureriseislimited by the ultimate temperature T, (tem-
perature of attainable superheating). At lower tempera
tures, stahility of the substance metastable state pre-
serves[2-4].

Processes of thermal decomposition in nonvolatile
substances are associated with formation of heteroge-
neous and homogeneous nuclei (the latter dominate at
elevated temperatures). This complicates the behavior
of nonvolatile liquids compared to volatile ones. The
velocity of aheating wave, or of the front thermal prop-
agation (thermal wave, in the terminology of Frank-
Kamenetskii [5]) is determined by the heat conduction
equation

oT _ . 9T
P = )‘ﬁ +F(T), (1)
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having a solution of running-wave type: T = T(2), z=
X+ Uqt [6]. Here, uy is the thermal-wave propagation
velocity, c is the specific heat, F(T) is the heat-release
function, and other notation istraditional.

Aswas noted in [1], the amount of heat W= ¢(T, —
T,) released in the k-phase, where T, is the surface tem-
perature, attains only a small portion of the total ther-
mal effect of the completed reaction by virtue of the

dispersion effect, T, < T, + % . Therefore, following to

from [1], we furthermore ignore the variation in con-
centration of reacting molecules in the k-phase. It is
well known that for volatile substances, the front
motion velocity during heating of their surfaceis deter-
mined by the evaporation rate (described by the Knud-
sen—Langmuir equation) or by the rate of boiling off a
liquid from the surface. In contrast, for nonvolatile
substances, the propagation velocity of the thermal-
decomposition front is determined by the mass trans-
port equation

on _ -
S~ W(T) = 0. )

This equation also has a solution of the running-wave
typen =n(y), y = X+ ut, where | is the transformation
depth (degree of conversion) and u is the combustion
wave velocity. Hence, asis seen, u; # u. Following [1],
we consider the relation between the indicated veloci-
tiesand write out Egs. (1) and (2) in coordinate systems
moving at constant velocities:

d’T dT _
7\& —cpurgr +F(T) =0, 3)
dn _
_udx +w(T) = 0. 4)

Thus, u = u; only in a particular case and in the
steady-state regime. It was found in [1] by means of
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excluding the second term in Eq. (3) that
1/2

RTg 0 E 0
|:2)\ E QBeXp D—R—Tblj
PC(Ts—To) ’

where T, is the surface temperature equal to T, for vol-
atile condensed systems. According to Zel’dovich [1],
the thermal-wave velocity (6) differs from the front
propagation velocity being measured in experiments
and can be determined by integrating Eqg. (5) within the
limitsx = 0 and x = oo (in the latter case, N = 0):

Up =

&)

00

ung = J'W(T)dx. (0)
0

Here, n, is the degree of dispersing the substance (i.e.,
of carrying away particles of the unreacted substance).
For substances (e.g., anmonium perchlorate (APC),
hydroxyl ammonium perchlorate (HAP), trimethyl
ammonium perchlorate, etc. [8]) in which processes
associated with the heat absorption proceed simulta-
neously with the exothermic reaction, the following
expression for velocity is derived in the Zel’dovich
approximation:

RT? 0 En
: £ OPIRT

T BB =N (Qe—(Qe + QYN

Here, Q, is the sublimation heat, Q, is the decomposi-
tion heat, n, is the sublimation fraction. In contrast
to [1], many publicationsincluding [7, 8] do not distin-
guish the velocities u and u;. We find the interrelation
between the velocities ur and u on the basis of Eq. (3).
Asaresult of integrating Eg. (3) within the limits from

3—1 isthe heat flux through the sur-

face) to x = o (Where T =T), we arrive at

2\

)

x=0 (whereq=-A

dT
_)\&

x=0

—cpu(T,—To) +J'F(T)dx =0. (8
0

We determine the velocity u; from Eg. (8):

[

q +IF(T)dX

0T (T

In the case of the thermal decomposition of con-
densed systems, F(T) = f,Qw(T), where Q is the ther-
mal effect of the reaction. The coefficient f, is intro-
duced in order to alow for the incompleteness of the
heat release in the decomposition reaction, sinceW< Q.
The incompleteness of the heat release arises by virtue

)
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of a number of reasons. Among them, we can indicate
the inconsistency of the reagent content with the sto-
ichiometric relation of the components presented and
the removal of particles of the unreacted substance
from the reaction zone as a result of gas filtration. All
these reasons decrease the coefficient f,. After substi-
tuting the obtained value of the velocity into Eq. (9), we
establish the relation between the two velocities in the
form

4 = 9+ foQpngu
T Cp(Ts_TO) .

It follows from Eq. (10) that the velocities u and uy
are the same only under the following conditions: q=0
and Qpf = cp(T, - T,) f =f,n4. Equating these velocities
results in the loss of important information on the pro-
cess. The velocity u; exceeds the velocity u if Qpf >
cp(T,—T,) and g > 0. Therelation between these veloc-
ities determines the stability or instability of combust-
ing condensed systems. For example, a decrease in the
thermal flux g down to zero at Qpf < cp(T, - T,) implies
that the thermal wave is delayed with respect to the
thermal -decomposition wave and does not provide suf-
ficient heat supply to the front, which results in the
attenuation of the process. The thermal effect can enter
into Eq. (10) with a plus or minus sign. Therefore,
Eq. (10) is applicable in the case of heating of both
power-consuming and heat-shielding condensed sys-
tems. An effect of the heat flux being supplied on the
combustion stability of condensed systems was deter-
mined experimentally in [7, 8]. At lowering pressure,
the convective heat supply to the surface decreases, and
the combustion of various condensed systems either
becomes unstable or entirely ceases.

We now present a numerical example for compari-
son of velocities of heating waves and combustion
wavesin the well-studied substance, namely, APC. The
characteristic parameters of APC, which are necessary
in the calculation, are borrowed from [8]: the density is
p = 1.94 g cm3, the total thermal effect of the reaction
in the combustion front with allowance for sublimation
isQy — (Q,+ Qyn, = 120 cal g, the specific heat is
c=0.3 cd g%, the therma conductivity is A =
107* cal cm™ K1 s, and the coefficient f, isf, = 0.64.
For apressure of 0.1 MPaand in the absence of ather-
mal flux on the surface, we obtain, as aresult of substi-
tuting these values into Eqg. (10),

0.64 x 120 x 1.94u
1.94 x 0.3(750 — 300)

Thus, u; < u, and in accordance with the calculation
results, there occurs the retardation of the thermal wave
from the combustion front, and this wave ceases to
maintain combustion. The results of the experiment
described in [8] testify to the fact that APC taken at a
pressure of 0.1 MPa and at the initial temperature T =
300 K is not capable of independently combusting.

(10)

ur =0+ = 0.569u.
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Thereby, the assumption that q = 0 and the conclusion
obtained in the calculation are confirmed. It is worth
noting that Eq. (7) in itself does not allow us to make
the conclusion on the absence of combustion. Indeed,
according to this equation, we can calculate the com-
bustion rate for an arbitrary value of the thermal effect
(even as small as is wished), and the combustion is
stable.

Asisindicated in [8], APC is capable of indepen-
dently combusting after it has obtained the additional
heat AQ = 100 cal g in the form of radiative energy
with the help of a small addition of combustible or by
preliminarily heating. Furthermore, we anayze an
effect of such an addition on the calculation results in
the case of g = 0. In order to do this, we increase the
thermal effect by AQ =100 cal g™

U = 0+ 0:64(120 + 100)1.94u
T 1.94 x 0.3 x (750 — 300)

We have u; > u. This indicates that the thermal wave
advances the decomposition front and provides its heat
supply. In this case, the process is stable, which is
observed in the experiments described in [8].

Allowance for the heat flux g enhances the above
statement. At pressures of 0.1 MPa, the temperature
gradients at the APC surface are on the order of 7 x
10°K cm™ [8]. In this case, q = 7 x 10° x 10% =
7 ca cm? st Then,

= 1.04u.

0.64(120 + 100)1.94u
1.94 x 0.3 x (750 — 300)

= 0.0267 + 1.04u > 1.04u,

which ensures additional stabilization of the process.

The calculation on the basis of Eq. (7) at higher
pressures (40 and 100 MPa) was performed in [8]. The
calculated value of the thermal-wave velocity [thisis
the thermal-wave vel ocity that is determined by Eq. (8)]
was shown to exceed by afactor of 5 the experimental
velocity of the front motion. This fact cannot be
explained by simple spreading characteristics of the
substance. Thus, the inequality u; > u testifies to stabil-
ity of the process, which is confirmed by experimental
data: the process turns out to proceed stably at high
pressures.

In accordance with Eq.(10), lowering theinitial tem-
perature T, results in a decrease in the velocity uy.
Hence, the combustion stability also decreases, which
is confirmed by the experimental data of [8].

Thelimitation of the surface temperature of theAPC
combustion by temperature T, corresponds to the exper-
imental data of [7, 9]. Introducing various polymeric
admixtures into APC resulted in the variation of the
combustion rate by afactor of 7. However, in this case,
the surface temperature did not vary and remained close
to T, =495°C at 0.1 MPa[3]. At the same time, accord-
ing to Eq. (6), the variation in the velocity by a factor

Uup = 7+

SHLENSKY

of 7 corresponds to a change in the thermal effect by a
factor of 49, which was not observed in experiments.
Introducing additions to compositions based on nitro-
cellulose [7] leads to a similar conclusion: the surface
temperature varies negligibly and does not exceed the
ultimate temperature of the nitrocellulose decomposi-
tion, whichis T, =320°C at 0.1 MPa. Thus, the Zel’ dov-
ich formulaand Eq. (7) can also be used for determina-
tion of the thermal-wave velocity of nonvolatile con-
densed systems, provided that the boiling temperature
T, for them is changed by the temperature T, of the
attainable superheating. An example of the calculation
is given in [6]. However, the Zel’dovich formula and
other solutionsto Eq. (9) cannot determine the value of
the velocity uif it is not equal to u;. We now make use
of the heat flux method proposed by Frank-
Kamenetskii [5]. This method is based on both deriving
heat flux equations in the reaction surface zone

q+ 1Qpwd; = AL = cp(T.~Ty)
x=0
(here, & is the thickness of the near-surface layer in
which the heat release takes place) and the equation for
the amount of heat going out of this layer and arriving
at the heating zone:

a
(q+ f,Qpwor)t = cp(Ts— TO)L_J'
We now multiply the heat flux equation by the prop-

f
agation timet= WO of the heating wave and equate the

right-hand sides of this and subsequent equations. As a
result, we obtain the approximate expression for the
velocity

(11)

where a is the thermal diffusivity. Taking into account
the fact that the reaction accompanied by the mass loss
proceedsin the narrow layer with athickness , we can
rewrite Eq. (6) inthe form

ung = wo. (12)

The interrelation between the quantities & and oy,
which was called by Frank-Kamenetskii “chemical”
interrelation or the “front thermal thickness’ (see [5,
p. 366]) was established by him as & = F&;. Substitut-

) ) ) . Ff

ing this value into Eq. (12), we arrive at u = o u,,
d

whence it follows

- Mo
Up = Ffou'

As was shown in [10], the calculated velocities
determined by the heat flux method satisfactorily corre-

(13)
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Filming frames of the process of depositing thin layers of (on theleft) polymethyl methacrylate (on theleft) and (on the right) poly-
ethylene (on the right) melts on aheated metallic substrate. The velocity of motion for the original sampleis 150 m s, the residence
times for the sample on the substrate are 0.03 and 0.18 s, respectively.
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spond to experimental datafor a number of condensed
systems. Equating the right-hand sides of Egs. (13)
and (10), we find the coefficient F:

F2 = r]ﬁQ
C(TS_TO).

Hence, it follows that while decreasing the dispersion
intensity, for example, as aresult of elevating pressure,
the thermal front thickness increases, which causes the
same phenomenon that was analyzed by Zel’dovich for
volatile condensed systems.

By contrast, lowering pressure causes a decrease in
the convective heat supply of the surface and enhances
the dispersion. In the framework of the model under
consideration, this occurs by virtue of a rise in the
velocity of motion of gaseous decomposition products.
Thisisaresult of reducing the gas density in the case of
a pressure drop so that the coefficient f decreases.
Strong dispersion at lowered pressures facilitates the
decrease in heat release (the fQ product is reduced).
This leads to deceleration of decomposition front
motion, which was observed in the experiments of [7]
not only for APC but also for other condensed systems.

The thickness of the thermal-wave zone was mea-
sured while intensely heating the lateral surfaces of
condensed systems being decomposed. To this aim,
substance layerswere deposited onto ametallic substrate
preliminary heated to ahigh temperature. Figure 1 illus-
trates the results obtained by the frame filming in the
visible spectra of polymethyl methacrylate and poly-
ethylene melt layers at temperatures dightly different
from T,, namely, 490 and 512°C, respectively. Testing
samples of different thicknesses has demonstrated that
for thicknesses up to 9-10 um, the heating process was
not accompanied by dispersing the substance. The
decomposition proceeded as a result of homogeneous
nucleation and evaporation of products from the sur-
face. Thus, under the indicated test conditions, we dealt
with &; = 9-10 um. With increasing the layer thickness,
the decomposition is accompanied by a strong frothing
and dispersing of a sample. The similar results of film-
ing samplesin theinfrared spectral range were reported
in[10].

Thus, the conclusion made by Zel’ dovich on the dif-
ference in the velocities of the thermal and combustion

SHLENSKY

waves in the case of boiling liquid volatile condensed
systems can be propagated on nonvolatile condensed
systems under the condition of intensely heating their
surfaces.

We can conclude that on the basis of the heat-con-
duction and mass-transport equations, the quantitative
connection is established for the velocities of the ther-
mal wave and decomposition front motion. We also
have presented examples of calculation results obtained
according to the formulas given above and experimen-
tal datarelated to the determination of the thermal-layer
thickness in the case of intensely heating surfaces of
volatile-substance samples.
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The effect of the heterogeneous structure of the
medium on the formation processes and dynamics of
cavitation clusters must be taken into account when
studying the propagation of acoustic pulsesin aliquid
under the cavitation conditions. The corresponding prob-
lems concern both the known problems of the propaga
tion of acoustic wavesin heterogeneous media[1-3] and
active development of investigations of the luminescence
of liquids under cavitation conditions[4, 5].

Cavitation processes are complex because liquids
usually have the potential heterogeneous properties
determined by various cavitation nuclei. Water can
include inhomogeneities such as gas microbubbles with
aradius of about 1.5 um and a density of 10°-10* cm=
[6], solid particles with gas bubbles [6, 7], and nanobub-
bles (bubstones) with a radius of about 2 nm [§].
Nanobubbles can be jointed into clusters with adensity
of about 10* cm=3[8].

The experiment described in [7] shows that cavita-
tion nuclei are not removed by multiple water purifica-
tions. Inareal liquid, nanonuclel coexist with micronu-
clei and can be detected by studying the dynamics of
the formation of cavitation clusters.

In this work, we investigate the early stages of the
formation of a two-fraction cavitation cluster in dis-
tilled water.

Cavitation was induced by a generator of a spheri-
cally focused acoustic pulse (F = 55 mm) with pres-
sures 75 and —42 MPa in the positive and negative
phases, respectively, and with a decrease rate of about
—40 MPa/us[9]. A rarefaction wave arising due to dif-
fraction at the radiator edges induces cavitation in the
liquid. Cavitation was studied by high-speed (including
microscopic) filming (108 fps, resolution was equal to
5-50 um/pixel). The pressure field was measured by a
FOPH 300 fiber-optic hydrophone [10] (fiber diameter
was equal to 140 um). Time was measured from the
arrival of the compression wave front at the observation
point.

Lavrent’ev Institute of Hydrodynamics, Sberian Division,
Russian Academy of Sciences,
pr. Akademika Lavrent’ eva 15, Novosibirsk, 630090 Russia

Figure 1 showsthetypical framesof shadow filming
of the development of hydrodynamic processes when
the acoustic wave is focused far from the liquid bound-
ary, which corresponds to developed cavitation. The
processes are (1) the focusing of the acoustic shock
wave, (2) the formation of a cluster of bubbles at the
rarefaction phase, and (3) the formation of the compres-
sion pulse with the front from expanded bubbl es, which
is caled the secondary cavitation compression wave
(SCCW) [9, 11]. The distance between the fronts of the
primary and secondary waves was measured to be
3.8 mm, which correspondsto atimeinterval of 2.5 s,
and is seen on pressure oscillograms (Fig. 2) [9].

Points in Fig. 3 are the bubble sizes obtained from
the set of enlarged frames. Asis seen, for timet from 3
to 4 us, bubbles are separated into two kinematic frac-
tions of (I) expanded and (1) collapsing bubbles. Fig-
ure 3 indicates that the bubble dynamics depends criti-
cally on the time of their growth up to detectable sizes.
Data demonstrate the existence of two groups of bub-
bles that reach detectable size with the time difference
|tcrl - crlll =05 HS.

It was ascertained that bubbles of (4) the first group
become detectable in At,,, = 1.6 ps after the arrival of
the compression wave front. Bubbles of (5) the second
group become detectable after At = 2.1 us, when the
pressure in the compression phase is |p_| = 33 MPa
(Fig. 2). The first-pulsation period was more than
100 ps and less than 3 us for bubbles of the first and
second groups, respectively.

Films show that small bubbles are concentrated at
the center of the cluster. The distribution of small bub-
bles in the cluster over the distance from the radiator
axisismaximal inthe axisand hasaFWHM of 1.2 mm
(Fig. 4). The width of the small-bubble cloud increases
withtheinitia pressure on the membrane for the almost
constant FWHM 5.0 £ 0.5 mm of the distribution of the
negative pressure phase. The distribution of larger bub-
bles is approximately uniform over the radius in the
observation region |r| < 1.7 mm. The z distribution of
bubblesin both groupsisvirtually uniformin the obser-
vation region |Az| < 2 mm in agreement with the distri-
bution of pressure. The average density of bubbles in
the first and second groups does not exceed n, = 1.6 x

102 cm=3 and n,, = 5.3 x 10° cm3, respectively.
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Fig. 1. Dynamics of the cavitation cloud induced when focusing an acoustic pulse in water for p,.x = 9.7 MPa, F isthe focus (z =

r=0).

The collapse of bubbles of the second group is
induced by neighboring larger bubbles. Expanding by
inertia (gained in the initial rarefaction wave), bubbles
of thefirst group emit spherical compression waves. An
SCCW isformed due to the interference of waves from
individual bubbles. In the compression wave (3 in
Fig. 1) corresponding to the SCCW field, small bubbles
collapse in the time interval 3.5-4.5 s, emitting the
third series of dightly phased shock waves. The ampli-
tude of shock waves from the collapse of the second
group of bubbles was below the sensitivity threshold of
the FOPH hydrophone of about 1 MPa, which was
much lower than the pressure in the SCCW. Therefore,
the presence of small bubbles only dlightly affects the
dynamics of large bubbles.

Asis known, the spherical shape of a bubble com-
pressed by an external plane shock waveisdistorted. In
the case under consideration, the spherical shape of the
bubbleisconserved at early times (t < 4.5 us) inthe pul-
sation period following the first collapse [9].

The experimental data discussed above show that
bubbles of the first and second groups behave differ-
ently when a hipolar acoustic wave passes through a
liquid in the presence of cavitation. To reveal the origin
of this difference, we numerically simulated the effect
of apulse action on asingle bubble with variationin its
initial diameter. The dynamics of a single bubble
including nonstationary pressurein the SCCW was cal -
culated in the Rayleigh—Plesset model with the numer-
ical constantstaken from [12]. The calculation was car-
ried out for the measured time dependence of p,
(Fig. 2) and for theinitial bubble radius R, from 0.01 to
1 um. Theinitia timet, of the nucleation of the bubble
varied from 0 to 2.5 us.

According to the calculations shown in Fig. 3
(lines a, b, c), bubbles with the initial radius R, >
2.2 nm collapse later than the SCCW arrival time tg
(lines a, b). Bubbles with the initial radius in the inter-
va 1.8-2.2 nm collapse in the positive phase of the
SCCW (line c). Such bubbles grow to a detectable size

of 10 um in the time interval 2.0-2.2 s, which agrees
with the measured time t,, in which bubbles of the sec-
ond group reach the same size (pointsin Fig. 3). Nuclel
with the initial radius R, < 1.8 nm did not become
detectable, because pressure in the rarefaction phase
exceeded the critical pressure for these bubble radii. A
similar collapse effect in the compression pulse of the
SCCW was observed for a bubble that had the initial
radius 0.01-1 um and originated in the time interval
2.0-24 ps.

Thus, the use of aspherically focused pulsefar from
the liquid boundaries revealed a number of new cavita-
tion properties. The analysis of the time dependence of
the radius of bubbles shows that a two-fraction bubble
cluster is formed. Measurements of the time in which
bubbles became detectable indicate that the mecha-
nisms of the formation of bubbles of different groups
are different.

p, MPa
801
60
40
SCCwW
201 e
0 tl t2 I3M\M
Termt /’
_20 - // \
Pertt J+ Without cavitation
— 1 1 1 | | |
405 0 1 2 3 4 5

At, pm

Fig. 2. Pressure measured by the FOPH 300 hydrophone at
the focus of the radiator (z=r = 0) for the cavitation case
(Ppax = 7.7 MPa). Pressure is equal to zero at timesty, t,,
andt;.
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These experimenta dataimply the two-fraction ini-
tial distribution of cavitation nuclei in the liquid. Sim-
ple estimates by formulas for the homogeneous nucle-
ation rate [13] show that the probability of the forma
tion of vapor nuclel far from the boiling point of the
liquid is very low. For the appearance of a detectable
nucleus in the rarefaction wave in water, pressure must
be lower than =160 MPa, which is several times lower
than pressure used in the experiment.

Stable micro- and nanonuclei whose size distribu-
tion has two maxima at about 1 um and 2 nm can serve
as cavitation nuclei. Nuclei whose initial radius
exceeds 0.01 um can be classified among the first
group, because calculations show that such bubbles
become detectable almost simultaneously.

The critical pressure p., a which the bubble is
expanded is given by the formula [6]

E20D3 1/2
Po = pv_2 ) (1)

where R, istheinitial radius of the nucleus. Formula (1)
with values o = 0.071 N/m, p, = 0.002 MPa, p, =
0.1 MPa, and bubstone radius Ry, = 3.6 nm [14] yields

theor

Poan = —45 MPa close to the experimental value. This
implies the presence of nanonuclei with Ry, = 2—4 nm
in our experiments.

The two-fraction distribution of detected bubblesin
the cluster can be attributed to the presence of stable
nanobubbles (bubstones). The transition to the two-
threshold cavitation regime occurs when the critical
pressure is exceeded for both types of nuclel with
micro- and nanosizes. This is due to the fact that bub-
bles of the first group are formed from micronucle,
while bubbles of the second group are formed from
nanonuclei, which became detectable at the rarefac-
tion-phase amplitude |py,| = F33 MP4| that is much
larger than the amplitude at which microbubbles
became detectable (0.07 < |pg;| < 33 MPa).

Numerical simulation of pulse compression in the
cluster well reproduces both the contraction of the
oscillation period and the enhancement of the collapse
of bubbles of the second group. Pulse compression of
bubbles when the rarefaction wave transforms to the
compression wave occurs at the internal cluster pres-
sure up to 20 MPa. Owing to the internal pressure aris-
ing in the cluster due to the expanded nuclei of the first
group, the collapse of bubbles of the second group
becomes more spherical than the collapse of bubblesin
a plane acoustic wave. Therefore, such polydisperse
bubble systems are promising for practical usage in
sonochemistry due to higher thermodynamic parame-
terswhen a bubble collapses in a cluster.

The observed kinetic bimodality of bubble pulsation
in awater cavitation cluster can considerably simplify
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Fig. 3. Radius of bubbles at the center of the cluster vs. the
time delay for the pressure p,,,, = 7.7 MPa above the criti-

cal pressure: (points) experiment and calculations of the
dynamics of the nucleus with the initial radius (a) 1,
(b) 0.01 pm, and (c) 1.99 nm.

dN
Ar’ P-

1.5

T
[\

1.0E

0 1 1
4 2

r, mm

Fig. 4. Distribution of the number of bubbles of the (1) first
and (2) second groups and (3) amplitude of the negative
pressure phase over the distance from the axis (z=—4.5 mm,
observation region |r| < 1.7 mm).

experiments related to sonoluminescence. In such
experiments, the necessity to specially purify theliquid
and initiate bubbles using inaccessible neutron sources
can be excluded [15].
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The proposed method can make it possible to
approach higher threshold parametersin investigations
of the strength properties of liquids without applica-
tion of |abor-intensive technol ogies of multistage puri-
fication.

This simple method can be applied in devices for
monitoring the purity of liquids to detect technogenic
nano- and microparticlesin drinking and specially puri-
fied water.
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We devel op the theory of vibration-strength viruses
(viruses, in what follows) introduced both for ordering
sets of various inhomogeneities—inclusions, cracks,
defects, strip transmission lines, etc.—in continuainde-
pendently of their physical properties and for revealing
their behavior [1]. Media, not necessarily deformable,
can be hydroacoustic, electromagnetic, and thermal,
described by systems of linear partial differential equa-
tions. Viruses localize physical processes and are
responsible for resonances[1, 2].

In this work, we solve the problem for such simple
viruses, which can be particularly realized as the set of
plane-parallel inclusions, cavity cracks, and their com-
binations located on parallel planes in a deformable
medium [3-6]. Such objects often appear in problems
of mechanics, electronics, scattering theory, and ecol-
ogy. In addition, they were observed in lithospheric
plates when American scientists used a Y-3000 heavy
mobile vibration seismic source to study the Earth’s
depths by vibration seismic methods. The first such
observation was likely made by Prof. R. Williams, Uni-
versity of Tennessee.

Seismological interest in such objects is motivated
by two reasons. First, viruses are strong concentrators
of stresses under certain conditions. Their destruction
can give rise to the destruction of a large section of a
lithospheric plate. This circumstance is possibly
responsible for the internal location of earthquake cen-
ters. Second, although proper experimental possibili-
ties are absent, we assume that gradual destruction and
propagation of cracks such as class-2 viruses (cracks)
leads to so-called quiet earthquakes, where high energy
is not released and which are associated with the | oss of
the strength of cracked structures even under low
stresses. Thus, invisibly developing under certain
stresses and approaching the ground, these sets of
cracks can accumulate high elastic energy under other
forms of stress and can be manifested asadistinct frac-

Kuban Sate University,
ul. Karla Libknekhta 149, Krasnodar, 350640 Russia

e-mail: babeshko@kubsu.ru

ture on the ground. At present, these objects can be
observed only by vibration seismic exploration that can
determine changes in the dimensions of fractures. To
caculate stress concentration in a fracture, it is neces-
sary to devel op atheory taking into account both acom-
plex structure of domains occupied by cracks and their
location on paralle planes. Analyzing these problems,
one can develop a system for prediction of their behav-
ior and control over them. Problems concerning a sin-
gle inhomogeneity—crack or inclusion—have been
studied in detail. At the same time, problems concern-
ing sets of such inhomogeneities are poorly studied due
primarily to mathematical difficulties. Viruses can be
studied by the factorization method that was consider-
ably modified to thisend [7-9].

1. Systems of integral equations for simple viruses
of types 1 (set of rigid inclusions) and 2 (set of cracks,
terminology introduced in [1]) in bounded, semi-
bounded, and unbounded domains of an isotropic elas-
tic medium, where inhomogeneities are located on par-
alel planes, were derived in [3-6]. Reducing the
boundary conditions if necessary, the systems of inte-
gral eguations can be represented in the form

L N 3
Z z ZII kgpmr(xl—El, Xz—Ez)QSnnr

r=ln=1m=1 Q.
x (81, 82)d81dE; = T30, %2), 0
X, % 0Q,, s=1,2,3, p=12..N,
l=12,..,L.

Here, for atype-1 virus, q?nm is the mth component of
an unknown jump of stresses acting on the area Q,,,
which is located on the rth level (plane) and has the
number n, and fgm is the displacement component

specified in accordance with the stress component. For
atype-2 virus, the displacement jumps and stress com-
ponents are replaced with each other.

1028-3358/03/4812-0669%$24.00 © 2003 MAIK “Nauka/ Interperiodica’
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We introduce the Fourier transform
V(ay, az)K(Xy, Xo)

= J' J’k(xl, x,)€ " dx, dx, = K (ay, a,),

R

V_l(Xl, X2)K(al1 GZ)
1 -, =
= o[ [K(anaz)e ™ dayda, = k0, xo),
R2

Lo, X0 = d X, + 0,X,

and the matrix function

K%(ay, 05) = {V(ay, 0)Kepm (X0, X0}, (2)

which consists of third-order matrix blocks. The effect
of levels on the coefficients is described by exponen-
tials with real and imaginary arguments (for details,
see [3-6]).

Integral equations (1) are convenient for transparent
description of avirus. For investigation, it is necessary
to represent them in another form. We introduce the
notation leading to the standard representation of matri-
cesand vectors. United numbering is used for functions
on theleft- and right-hand sided. For atype-1 virus, we
arrange al stress components in a certain sequence as
the components of one unknown vector by numbering
al levels in succession, regions at levels, and vector
components in them if they exist. Similarly, we intro-
duce united numbering for the vector on the right-hand
side of the system.

As a result, system (1) can be represented in the
form

R
ZIJ’kmr(Xl—Elv Xo —&2) 0 (&1, §2)0E 108,

r=1g9,
= f.(Xp %), X, %0Q, m=12...R 3

or in the operator form

KqEJ'J’K(a)V(al,az)qexp(—ide,xD)dO( = f,
0102 4)
a={at, K={Ky}, f={f3},
Fla)=F(ay, a;),  F(X) =F (X3, Xp).

We note that some functions k, in this notation can be

identical for different r values.

A similar method is applied for atype-2 virus.

2. System (3) isconsidered for an arbitrary anisotro-
pic stratified elastic medium in the presence of possible
thermoel ectroel astic, magnetostatic, aggressive chemi-
cal actions, and other characteristics, which is a more

V. A. BABESHKO, O. M. BABESHKO

general case than that considered for systems con-
structed in [3-6].

The elements of the matrix function K(a,, a,) are
generally analytic functions. They are described by the
ratio of analytic functions of two complex variables.
For layer blocks, they are ratios of integer functions,
and the elements are meromorphic functions.

We assume that the asymptotic behavior of the
matrix function K(a,, a,) for real y, values hastheform

M(Y1 Y2) = M(y2)yz 11+ O(yz)],
0<y,<2m, VY, > ©, 0O; = Y,C08Y,,

a, = y,siny;,
M(Y1 Y2) = K(y,C08Yy, Y,SiNY;),

which isthe casefor atype 1 virus.

The elements of the matrix function M(y;, y,) can
have afinite number of polesy, = &,(y,) for rea vy, va-
ues. The determinant of this function can have afinite
number of zerosy, = z,(y,) on the real axis. Integration
contours pass around poles according to certain rules
described in [10, 11]. Functions g and f belong to a cer-
tain space H..

In what follows, the approximation of functions
with poles on the real axisis treated as the approxima-
tion of functions in C that are multiplied by a polyno-
mial having these poles.

Lemma 1[10, 11]. The elements of the matrix func-
tion M(y,, y,) on the real axis can be approximated by
meromor phic functions with conservation of real poles
and asymptotic behavior (5). If system (3) is correctly
solvable in a certain space Hg, the system with the
approximate matrix is also solvable, and the approxi-
mation error depends linearly on the errors of approx-
imations on the integration constants o, and 9,.

Lemma 2[12]. The matrix function M(y;, y,) on the
real axis can be approximated as

M(Y1, Y2) = Mo(Y1, Y2)T1(Y1 Ya2),

where the elements of the matrix function M(y, y,) are
meromor phic functions of the parameter y,. The poles
of these elements and zeros of the determinant of this
function lie beyond a certain band n including the real
axis. The elements of the matrix function My, y,) are
rational functions, whose poles coincide with the poles
of the respective elements of the matrix function
M(y;, Y») in the band ). The zeros of the determinant of
the matrix function I(y,, y,) coincide with the zeros of
the determinant of the matrix function My(y; y,) in the
band n.

Let the polynomials p,(y;, ¥») and p,(y;, ¥,) have
zerosy, = z,(y;) and vy, = §.(Y,), respectively, that can be
expanded into Fourier series in the coordinate y,. For
simplicity, we consider the common case where the

&)
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polynomials have even orders and zeros are conjugate;
i.e,

S

s
* — i(2s+1)y, i 2sy,
z,(y1) = Z Z, 25+1€ * Z Zy, 2s€ ,

s=-S s=-S
Ea(v) = Z €z z £
S:_; -0, 0<y;< 231;._S
Lemma 3[2, 13]. The rational function %

on the real axis can be approximated by the rational
function

py(ay, 05, S)

Po(0y, 05, S)’
which is the ratio of polynomials of two complex vari-
ables. The approximating polynomials have at |east the

same number of zeros asthe polynomials of the original
functions, which mergefor S - oo,

According to the above lemmas, the matrix function
K(a,, a,) can be represented in the form
K = KqP, 0 = {Kopr(ayg, ay)},

Opyn(ay, 05, SO @)

P = .
[P2n(01, A2, S)

We consider the differential equation generating
the characteristic polynomia p,,(0;, a,, S of the
order 2M:

—P1mm(10%y, 10X5, S)P (X4, X2) = 0,

_ t))
m=12...R X,%0Q,.

The boundary value problem for this equation in the
H(Q,, spaceis obtained with the boundary conditions
for derivatives along to the outer normal to the domain
boundary, i.e.,

0" Ndm(X) = gu(X),
k=12..,M.

Solving the boundary value problem by the factor-
ization method [7-9], we abtain the representation

plmm(ali 02, S)cbm(ali Cx2) = I em = G)m-

09,

x0Q,,
)

(10)
Here, 6, is the exterior form generated by differential
expression (8) and

D0, @) = [ [ dm(x)exp(i Lar, Xolx.
Qm
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Weemphasizethat g, k=1, 2, ..., 2M, ontheright-
hand side of Eq. (10) are derivatives aong to the outer
normal to the boundary 0Q,, of orders from zeroth to
2M — 1 [7]. Therefore, the solution of the boundary
value problem for given g, k=1, 2, ..., M, reduces to
the determination of M functionsg,,, k=M + 1,2, ...,
2M in terms of the first group of functions[7-9].

Let the inverse operator K" be constructed for the
operator K, defined as

Kod = J'J'KO(O()V((X)d) exp(—i [o, XD da .

0,0,

(1)

Various methods of construction of these operators
were described, e.g., in[10, 11, 13].

According to theintroduced topol ogy, the boundary
value problem specified by Egs. (8) and (9) are consid-
ered on two-dimensional orientable manifolds Q,, with
the oriented boundaries 0Q,, [7—9]. Domains Q,, are
located to the left of the boundary 0Q,,,. When factoriz-
ing, they are denoted by the plus sign, while those
located to the right from 0Q,,, by the minus sign.
Domains Q,, can be bounded, unbounded, and multiply
connected with smooth boundaries including those
extended to infinity. We apply the concept of the factor-
ization of functionswith respect to domains, which was
introduced in [7-9], to boundary value problems. We
do not discuss the choice and application of aparticular
form of factorization, classical or generalized, which
were discussed in [7-9]. Thus, factorization accompa-
nied by the construction of classes of functions with a
support either in or beyond Q,,, will be denoted by

{f)} 5, {F@}s,

respectively. The vector component with the number m
isdenoted as (-,

Theorem 1. The exact or approximate solutions of
the system of integral equations (3) for a type 1 virus
have the form

() = pm(x)+¢m(x> m=12..R,
) _DD o0 4,0
Pn) = VNS D2y (k)
P2me P 1rr|:|Q O
o ul
On(¥) = DV Piln(01, 00 S) [ 87
H o, Yo, (19

g O
1pl#m(alv ay S) I 6.0 =0,

aQ,, DQm
L4 o0 L. M
%\/ ' zpm 0 +(Kof)m =0
Pomr P 1rr|:JQ Mg

m
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Thelast two relations are normally solvable systems
of integral equations. They serve for the determination
of unknown boundary functions g,(x), k=1, 2, ..., 2M
andm=1, 2, ..., R Their number coincides with the
number of unknowns. They are regularized, i.e., repre-
sented in the form of second-kind integral equations,
such asit was donein [7-9].

Let us consider the case of atype-2 virus, which is
somewhat more difficult than the case of atype-1 virus,
because it has additional conditions. Inhomogeneities
are sets of cracksthat have arbitrary shapesin plan view
and are located on parallel planes, i.e, levels. The sys-
tem of integra equations has form (3), where the
asymptotic behavior of coefficients at infinity has the
form

M(Y1, V2) = M(y1)yal1+O(y5)],

and the unknown vector components must vanish at the
boundaries of their domains; i.e.,

Om(X) = O,

A certain transformation reduces the solution of the
system for atype-2 virus to the case considered above.
To this end, we represent system (4) in the form

Y2 - o,

xd0Q,, m=1212..,R

Kig= [ [(ai+ai+ B%) K (a)V (ay, a,)g

0,0,

x exp(—i Lo, xJda = f,+g, B>0,

where the asymptotic behavior of the elements of the
new matrix function has form (5). The components of
the vector on the right-hand side are solutions of the
boundary value problems

—9°x,+ B%)g,, = 0,
x00Q,, 9={9+ OH,
in the domains Q,,,. These solutions can be constructed

by the factorization method [7-9]. The function f, is
any partial solution of thisdifferential equation withthe

right-hand side f. The functions g2 must be deter-
mined.

(-0%x,
In(X) = O

Theorem 2. The solution of the system of integral
equations for a type-2 virus has the form

An(X) = Pm(X) +dm(x), m=1,2,...,R
Pm(X)
b amE p,,0,0 _ O
=vin'ay D Zem o (G + 9)ad, (13)
pZmrplerQ Il

V. A. BABESHKO, O. M. BABESHKO

+

q ]
dr(X) = %/1p1inm(al,az,8) [
so. Ua,

ék/‘lpzkm(al. 0,9 [ 6 =0

a0, DQm
%\/—1 —1DDZ Pim O D
p2mrp1rr|:|Q
- ]
+(Kp(f1+@)mbo =0,
Ut

Pm(X) + ¢r(X) = 0,

The representation K = K,,P is an analogue of rep-
resentation (7) for this problem.

The last system of equations serves for the determi-

nation of the functions g°, at the boundaries of the
domains Q..

The solution for the mixed virus combining inclu-
sions and cracks is constructed similarly.

Systems of one-dimensional integral equations in
theorems 1 and 2 reduce by the tangent fiber bundle at
0Q,, to second-kind integral equations with a smooth
kernel and admit various discretizations.

Note. We do not discuss numerous methods facili-
tating the study of problems by these methods. We only
note that the factorization method is more general than
the method of fictitious absorption, becauseit allows, in
contrast to the latter, the investigation of mixed prob-
lemsnot only for convex domains. In particular, aprob-
lem for a plane with aremoved convex domain cannot
be solved by the method of fictitious absorption but can
be solved by the factorization method.

xdoQ,,.
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Fundamental results on the stability of motion and
rigidity of trgjectories have been established, respec-
tively, by A.M. Lyapunov [1] and N.E. Joukowski [2].
Russian and foreign scientists contributed greatly to
the devel opment of theories of both stability and rigid-
ity [3-10]. The problem on bundles of rigid and non-
rigid trajectories of a mechanical system with two
degrees of freedom was first analyzed in [11]. In this
paper, we consider rigidity of trajectories of adynam-
ical system described by a moving Frenet n-hedron in
n-dimensional Euclidean space. We also find condi-
tions for the existence of bundles of asymptotically
rigid and nonrigid trajectories of the dynamical sys-
tem described by the time-independent differential
equation

X = g%,

n
Tt XxOR,

tOl =ty to). (1)

In particular, we construct sets M* and M- of the phase
space such that only asymptotically rigid and nonrigid
semitrajectories pass through all points of M* and of
M-, respectively.

We consider the positive semitrgjectory C*(p,) of
motion X = ¢(t), ¢(t,) = p, of dynamical system (1),
where g isacontinuoudly differentiable function of x =
Xy, %o, ..., Xy) OO R In what follows, the semitrajectory
C*(p,) and the positive semitrgjectory C*(q,) passing
through apoint g, # p, close to the point p, are referred
to as a base (unperturbed) and roundabout (perturbed)
semitrgjectory of Eq. (1), respectively. Motions along
the base and roundabout trajectories are described by
the functions p(t) and q(t), with p(t,) = p, and qt,) = g,

Russian Open State Technical University
of Railway Transport,
ul. Chasovaya 22/2, Moscow, 125808 Russia

Let p(t) be the point at which the base trgectory
intersects the hyperplane perpendicular to it and pass-
ing through a point q(t) of the roundabout trajectory.

The mappings p(t) — q(t) and p(t) - q(t), which
are called isochronous and normal (orthogonal) map-
pings, are bases for the definition of stability in the
Lyapunov and Joukowski sense, respectively.

We now introduce notions of rigidity and nonrigid-
ity in the Joukowski sense for the base semitrajectory
C*(p,) of system (1). Let g, be the vector tangent to the
semitragjectory at the point p (t). The distance along the

curve from the point p, to the point p(t) is denoted by
s(t), i.e., s(t) = pyp. The use of the distance s(t) leads to
a reparametrization of the semitrajectory C*(p,). Let
(e, e, ...,e,_,) beaset of n— 1 linearly independent
normals to the semitragjectory C*(p,) at the point p(t).
If the curvatures of this semitrgjectory are nonzero
along the normals, the set (e, e,, ..., €,_,) isunambig-
uoudly defined [7], which is furthermore taken into
account. The set (g, €, ..., &) and the corresponding
coordinates (s, uj, U, ..., U,_,) arereferred to asamov-
ing Frenet n-hedron and moving Frenet coordinates
along the base semitrajectory C*(p,), respectively.

It is easy to verify that differential equation (1) can
be written out in the moving Frenet coordinates (s, u,,
Uy, ..., U,_;) @S

n-1
d
d_f = ijuj+uo(s, u), 2
i=o
du _ = Ib..
a = BU+U(S, u)1 B = ”bIJ"’ (3)
i,j = 1,2,...,n_11

whereu= (U, U, ..., U,_,). Thequantitiesb; and b;; are
functions of the coordinates of the representation point

1028-3358/03/4812-0674%$24.00 © 2003 MAIK “Nauka/Interperiodica’
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p(t) for the base semitrajectory C*(p,). They are deter-
mined by the formulas

_ dlg(d(t, po)| _ 1

ds 9((t, po))|
e, = Ig(¢(Ft),lpo))| +0|g(¢a()t(,. P,
_ 9lg(d(t po))l.,

]S
0X;

boo > Pij9i9;i,

i

bys s=23,..,n=-1,

m=12..,n-1,
s#zm+1,

bms = pkjykmyj51
s=1,2,...,n=1, sZm-1,

oo (t. po))|
Pm

m=23,..,n=-1,
_ _|g(¢(t, Po))|

bm,m+1 - p
m

m=12..,n=-2.

Here, y; denote the direction cosines between the x;, x,,
..., X, axesand the z), z, ..., z, axes in the directions of
the unit tangent vector and of the unit vectorse,, e,, ...,
e,_, perpendicular to the semitrajectory C*(p,) of the
motion ¢(t, p,). The quantity p; corresponds to the
radius of curvature along the norma e (i = 1, 2, ...,
n-1).Asu, - 0,u, - 0, ..., U,_; - 0, the order of
smallness of the functions Ui(s, u;, W,, ..., Uy_) is
higher than the first one. In this case,

U(s0,..,00=0, i=12...n-1. (5

In what follows, we assume that the quantities by
andthetermsU(s U, Wy, ..., Up_1),]=0,1,2,....,n—1,
of higher order of smallness are continuous functions of
timet and bounded in modulus within the range of vari-
ables under consideration. Moreover, we assume that
the functions U;(s, u) tends to zero uniformly with
respect tos=0:

Ui(s,u) = o(Ju]), i=122,..,n-1, u-0.(6)

Asfollowsfrom (6), there exists a continuous scalar
function (s, u) such that

“)

bm,m—l =

* PijYimYj, m-1,

+ Bi;Yi, m=1Yim»

i=12,...,n=1, (7)

asboth uand (s, u) tend to zero uniformly with respect
t0s>0.

Definition 1. A base semitragjectory C*(p,) of sys-
tem (1) is referred to as (asymptotically) rigid in the
Joukowski sense if the trivial solutionu, =u, = ... =
u,_, = 0 of differential equation (3) is (asymptoticaly)
stable in the Lyapunov sense with respect to the func-

. 2 2 2
tionu] + Uy +...+U;_;.

Ui(s,u) = |ulp(s u),
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Definition 2. A base semitragjectory C*(p,) of sys-
tem (1) isreferred to as nonrigid in the Joukowski sense
if itisnot rigid in the Joukowski sense.

Definition 3. A base semitragjectory C*(p,) of sys-
tem (1) is referred to as exponentialy rigid in the
Joukowski senseif the solution u= 0 of Eq. (3) isexpo-

nentially stable with respect to u> + u3 + ... + U>_,,
i.e., if there exists a number w > 0 such that, for each
€ >0, anumber 8(€) > 0 can be found such that the solu-
tion u(t) = (u,(t), uy(®), ..., u,_(t)) of Eq. (3) under the
initial condition u(ty)| < d(¢) satisfies the inequality

lu(t)| < eexp{—-w(t—ty)}, for t >t,.

Definitions 1-3 are specific cases of those given
in [12-14], applicable to Eq. (3).

According to Definitions 1 and 2, the rigidity in the
Joukowski sense for the semitrgjectory C*(p,) of the
solution ¢(t, p,) follows from the stability in the
Lyapunov sense for this solution, and the instability in
the Lyapunov sense for the solution ¢(t, p,) follows
from the nonrigidity in the Joukowski sense for the
semitrgjectory Ct(p,). The rigidity in the Joukowski
sense for the semitrajectory C*(p,) does not guarantee
stability in the Lyapunov sense for the solution ¢(t, p,).

Definition 4. A base semitragjectory C*(p,) of sys-
tem (1) isreferred to as steady-state if all quantities by
entering into relations (4) are constant along this tra-
jectory.

If none of the radii of curvature is equal to zero
along the normals, then the definition of steady-state
motion is independent of the choice of these normals.

It is worth noting that an arbitrary semitrajectory
steady-state in the Whitteker sense[7] is steady-statein
the sense of Definition 4.

The following theorems are valid.

Theorem 1. Let C*(p,) be a steady-state base semi-
trajectory of dynamical system (1). If the real part of at
least one of roots of the characteristic equation

det(B—)\E) = 0, B = ”b””,
ihj=12,...,.n=-1

[where E is the unit matrix and the quantities a and by
are defined in Eq. (4)] is positive, then the semitrajec-
tory C*(p,) of dynamical system (1) is not rigid in the
Joukowski sense.

Let therea part of at least one of theroots of Eqg. (8)
be positive. In this case, the solution u; = u, = ... =
u,-, = 0 of Eq. (3) is unstable in the Lyapunov sense
and, therefore, the semitrajectory C*(p,) is not rigid in
the Joukowski sense.

Theorem 2. Let C*(p,) be a steady-state base semi-
trajectory of dynamical system (1). In this case, the
semitrajectory C*(p,) is exponentially rigid in the

(®)
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Joukowski senseif and only if the real parts of all roots
of characteristic equation (8) are negative.

Proof. Let the real parts of al roots of Eq. (8) be
negative. In this case, the solution u = 0 of Eg. (3) is
exponentially stable in the Lyapunov sense, i.e., there
exist numbersc> 0, 8> 0, and w > 0 such that any solu-
tion u(t) of Eq. (3) satisfies the inequality

lu(to)| < clu(0)lexp{—w(t, to)} Ot >t,.

According to Definition 3, the semitrgjectory C*(p,) is
exponentialy rigid in the Joukowski sense.

Let the solution u= 0 of Eq. (3) be exponentialy sta-
ble in the Lyapunov sense. In this case, the semitragjec-
tory C*(p,) of amotion ¢(t, p,) isexponentially rigidin
the Joukowski sense. Indeed, substituting v = uexp(t)
into Eg. (3), with w given in Definition 3, we arrive at

dv ©)

dt

where V(s, v) ::= |v|l(s, €%v) and p(s, u) is a scalar
function satisfying Eq. (7). It is evident that the func-
tion V(s, v) meets the condition

V(s, v) = o(|v]) as v tends to zero uniformly with
respectto t=0. (10)
Let € > 0 be a given number. Then, for an arbitrary
t, = 0, there exists the number & = 3(g, t,) > 0 such that
the solution u(t) of EQ. (3) under u(ty)| < (g, t,) satis-
fiesthe inequality

Av +V(s,v), A :=B-wE,

lu(to)| < eexp(—wty) exp—w(t—ty), Ot=ty,

and, consequently,

lu(to)| <eexp(—wt), Ot=t,.

We assume that v(t) is the solution of Eq. (9), such
that |v(ty)| < d. It is evident that

lu(to)| exp(wty) < 6.
In this case,

[u(t) < eexp(—wt), Ot=t,,

i.e,
[v () exp(—wt) < eexp(—wty), Ot=t,.

Therefore, the solution v = 0 of Eq. (9) isstablein the
Lyapunov sense. We then use the following statement,
which can easily be proved. Let the function V in
Eqg. (9) satisfy condition (10), let A be a constant
matrix, and let the solution v = 0 of Eq. (9) be stablein
the Lyapunov sense. In this case, the real parts of all
eigenvalues of the matrix A are nonnegative. Indeed, we
assume that the real part of one of the eigenvalues of
matrix A is positive. The perturbation V(s, v) satisfies
condition (10). Therefore, according to the Lyapunov
theorem on theinstability in thefirst approximation, the
solution v = 0 of Eq. (9) isunstable ast — +c, which
is contradictory to the hypothesis of this theorem. In
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this case, the matrix A is semistable, i.e., the rea parts
of al its eigenvalues are nonpositive. Therefore, al
eigenvalues of the matrix B are smaller than the nega-
tive number —w. Thus, Theorem 2 is proved.

We now pass to consideration of conditions under
which the unsteady semitrajectory C*(p,) isnot rigid or
isasymptoticaly rigid in the Joukowski sense.

The following theorems are valid.

Theorem 3. Let there exist the constants¢; 20, i =
1,2, ...,n—1, such that

La, Cr ...,A”'l
A1 An—2

wherethe quantities 4, i=1,2, ..., n—1, considered as
functions of time, are determined by the formulas

2 2
A, >y, >Chy

Ot=t,, (11)

Ay = by, Dy

bl,k—l bk—1,2 bk—l,k—l
k=3..,n.

In this case, the base semitrajectory C*(p,) of dynami-
cal system (1) isnot rigid in the Joukowski sense.

Theorem 4. Let there exist the constants¢; 20, i =
1,2, ..., n—1suchthat

A, Doy
A1 ,An—Z

In this case, the base semitrajectory C*(p,) of dynami-
cal system (1) is asymptotically rigid in the Joukowski
sense.

Proof. Theorem 3 and 4 are proved by the method

of Lyapunov functions, withV = ui + ug + ...+ uﬁ_l
taken as a Lyapunov function.

The asymptotic rigidity in the Joukowski sense for
the semitrajectory C*(p,) of amotion ¢(t, p,) of dynam-
ical system (1) does not result in the asymptotic stabil-
ity in the Lyapunov sense for the motion ¢(t, p,). How-
ever, the following theorem holds.

Theorem 5. Let (1) the semitrajectory Ct(p,) of a
motion ¢(t, p,) of dynamical system (1) be asymptoti-
cally rigid in the Joukowski sense and (2) let the zero
solution of Eq. (2) be asymptatically stable in the
Lyapunov sense with respect to the function &, pro-

2 2 2
A, <—Cy, <—C,, .. <—Ch_1

Ot=t,. (12)

videdthatu, =u,=... =u,_, = 0. Inthis case the motion
O(t, py) of system (1) is asymptotically stable in the
Lyapunov sense.

Asfollows from Theorem 5, it is advisable to intro-
duce the notion of the longitudinal rigidity for a semi-
trajectory C*(p,) of system (1).

Definition 5. A semitragjectory C*(p,) of system (1)
isreferred to as (asymptotically) longitudinally rigid if
the solution s= 0 of Eq. (2) is (asymptotically) stablein

DOKLADY PHYSICS Vol. 48
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the Lyapunov sense with respect to the function , pro-
videdthatu, =u,=... =u,_, =0.

By virtue of Definition 5, the study of the longitudi-
nal rigidity reducesto the analysis of the stability in the
Lyapunov sense for the solution s = 0 of the scalar dif-
ferential equation

%% = bgS+ Uy(s,0,0,...,0).

Because of this, the asymptotic rigidity in the
Joukowski sense for a semitrgjectory is below referred
to as transverse asymptotic rigidity. Therefore, we
reformulate Theorem 5 as follows: if a semitrajectory
of dynamical system (1) is both longitudinally and
transversely asymptotically rigid, then it is asymptoti-
cally stable in the Lyapunov sense.

If the set of the initial conditions under which a
semitrgjectory is longitudinally (transversely) rigid is
empty, this semitrajectory can be referred to as com-
pletely nonrigid. It is evident that if a semitrajectory
C*(p,) of the dynamical system iscompletely nonrigid,
it is unstable in the Lyapunov sense.

We define sets A, A,, ..., A,_; in the x-space, with
A >0,0,>0,...,0,_ >0,and setsB,,B,, ..., B,_;, with
A <0,A,<0,..., 0, | <0.Wealso define the sets

M i=A,nAn ..n A, _,,
1 2 n-1 (13)

M :=B;nB,n ..n B,_;.

The following theorems are valid.

Theorem 6. Let a base semitrajectory C*(p,) of
dynamical system (1) belong to M+, i.e., C*(p,) O M*,
and let

B; Ao
11A11"'7 An

inf

1] —
L D—m>0.
C (po)

(14)

In this case, the base semitrajectory C*(p,) is not rigid
in the Joukowski sense.

Theorem 7. Let a base semitrajectory C*(p,) of
dynamical system (1) belong to M-, i.e., C*(p,) O M*,
and let

A
2 n—1] - <
A | <O.

(15)

Inthis case, the base semitrajectory C*(p,) isasymptot-
ically rigid in the Joukowski sense.

Theorems 6 and 7 are corollaries of Theorems 3 and
4, respectively.

Thus, for all points of M- (M*), the phase bundles of
the trgectories contract (expand) monotonically when
their parameter increases.
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Example. We now consider a dynamical system
described by the linear differential equation in the R?
plane:

dx

= A
at - ™M

X = (X, X)), A= (16)

ab_
c

The corresponding determinant has the form

0 ax; + bx, cx; + dx,
Ay =|ax,+bx, a b+c

cx,+dx, b+c d

= axf+2[3x1x2+yx§, (17)

where

a = a(c+2bc—ad), B = %d(b2+2bc—ad),
and y = 2bc(b+c).

The set M- of al the points (x;, %,) 0 R?, for which
A = axi + 2BX, %, + yxi <0,
defines the bundle of asymptotically rigid semitrajecto-

ries of Eq. (16).
Theinequalities

ay
y B

a>0, <0 (18)

are the necessary and sufficient conditions of negative
definiteness of the quadratic form ax; + 2BXX, + YX.

Substituting the expressionsfor a, 3, and yinto (18),
we obtain the conditions determining the bundle of
asymptotically rigid semitrgjectories of Eqg. (16). It is
easy to verify that these conditions have the form

a(c’ + 2abc—ad) >0,

%ad(cz + 2bc —ad) (b + 2bc — ad)
—4b°c*(b+c)*<0.
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We analyze the effect of small forces proportional to
the generalized vel ocity vector on the stability of alin-
ear autonomous mechanical system with nonconserva-
tive positional forces. It is known that arbitrarily small
dissipation generally destabilizes a nonconservative
system [1-5]. Necessary and sufficient conditions on
the matrix of dissipative and gyroscopic forces under
which the system is asymptotically stable are obtained.
The two-dimensional system is studied in detail. The
problem of the stability of the Ziegler—Herrmann—-Jong
pendulum is considered as a mechanical example.

1. We consider alinear mechanical system with non-
conservative positional forces and small forces propor-
tional to the velocity vector:

Mg +eDg+Aq = 0, 1)

where M, D, and A are constant real m x m matrices
determining inertial, dissipative, and gyroscopic along
with nonconservative positional forces, respectively;
€ = 0 isthe small parameter, q is the generalized coor-
dinate vector, and the dot denotes the time differentia-
tion. The matrix M is assumed nonsingular.

Substituting g = ue, we arrive at the eigenvalue
problem

(MA>+€eDA+A)u = 0. Q)

Eigenvalues A, A,, ..., A, are determined from the
characteristic equation

det(MA®+€DA +A) = 0. (3)

We now consider system (1) in the absence of forces
proportional to the velocity vector (¢ = 0). This system
is called the circulatory system [1, 2]. In this case, as
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Michurinskiz pr. 1, Moscow, 119192 Russia
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follows from Eq. (3), if A isan eigenvalue, —A, A, and

— A\ arealso eigenvalues. Therefore, the circulatory sys-
tem is stable (not asymptotically) if and only if all
eigenvaluesiw, w, > 0; areimaginary and semisimple.
This means that the number r of independent eigenvec-
tors corresponding to an eigenvalue is equal to its alge-
braic multiplicity k. Whenr < k, the general solution of
system (1) contains secular terms proportional to te,
a <k-1 (instability). Thus, the system having apair of
algebraically double eigenvalues +iw,, wy, > 0 with one
eigenvector, where other eigenvalues are imaginary and
simple, corresponds to the boundary between the
regions of stability and instability (flutter) [6]. Let us
analyze this case in more detail.

Theright (u,, u,) and left (v,, v,) eigenvectors and
adjoint vectors corresponding to the double eigenvalue
Ao = iy, are determined from the equations [ 7, 8]

(A —wiM)u, =0,

X _ 4)
(A—-wgM)u; = -2iwyM ug,
Vo(A—wiM) =0, )
Vi(A —iM) = —2iwyVgM.
In addition, they arerelated as
VgMu, = 0, vgMu, = viMug#0. (6)

Thevectorsu,, u,, v,, and v, are defined up to arbitrary

constants. Sincethe matrix A — ooSM isred, theeigen-
vectors u, and v, in Egs. (4) and (5) can be taken real.
In this case, the adjoint vectorsu, and v, areimaginary.

In the presence of small dissipative and gyroscopic
forces (g > 0), the double eigenvalue A, = iw, with one
eigenvector generally splits into two simple eigenval-
ues. This splitting is determined by the expansion

A =i+ e A FEN F L, (7)

where the coefficient A, is determined from the qua
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Fig. 1. Destabilization of the circulatory system by the
small perturbation €D.

dratic equation [7, 8]

.

No=id, d=-—0D% )
2ivoM u,

We note that the quantity d is real, because the vectors

u, and v, are real, while the vector u, is imaginary.

Therefore, in the presence of perturbation €D (€ > 0),

the double eigenvalue A, = iwy, splits into two simple

eigenvalues

A = iwy+ Jide + O(g).

For d # 0, these eigenvalues lie on the opposite sides of
the imaginary axis (Fig. 1). This means destabilization
of the circulatory system (¢ = 0) by arbitrarily small
forces proportional to the velocity vector.

Therefore, d=0, i.e.,

T
VvoDug

— =0 9)

2ivgMu,
is anecessary condition of stabilization of the system.
Under this condition, splitting of the double eigenvalue
is determined by the expansion A = iw, + A€ + 0(€),
where the coefficient A, is determined from the qua-
dratic equation [7]

voDG(Du,)

T T
v;Duy+v,Du; .
-0 o3 = = 0. (10)
2voMu,

Ao+
27 oviMu,

Here, G is the operator inverse to the operator

A- oogM . In particular, this operator can be repre-
sented in the form

G = (A—WM +2iwgvoviM) ", detG #0.

The coefficients of Eq. (10) are redl. If the circula
tory systemis stabilized by small forces proportional to

SEIRANYAN, KIRILLOV

the velocity vector, both roots A, must satisfy the con-
dition ReA, < 0. This condition isequivalent to the weak-
ened Routh—Hurwitz conditions for polynomia (10):

T T
v,Duy +vyDuy S

- 0, (1)
2voMu,

vZDG(DuO)>O

- (12)
2voM u,

0

Strict inequalities (11) and (12) for sufficiently small
values € > 0 ensure splitting of the double eigenvalue
Ao =iy into two eigenvalueslying in theleft half-plane.

In addition to a double pair tiwy, the behavior of
simpleeigenvalues tiw, j =3, 4, ..., mwith theright
and left v; eigenvectors must be studied. When intro-
ducing small dissipative and gyroscopic forces (€ > 0),
increments of these eigenvalues are determined by the
formula

A = i+ e+ O(E?),

where

_ v;Dy,
2viMu;

H;
arereal. Thus, the conditions

T

v;Du;
T

v;Muy;

>0, (13)

in the first approximation in € mean that any simple
eigenvalue A; does not transit to the right half-planein
the presence of the perturbation €D (¢ > 0). Strict
inequalities (13) imply that perturbed eigenvalues A,
belong to the | eft half-plane for sufficiently small € > 0.

Conditions (9) and (11)—<(13) are the constructive
necessary conditions of stabilization of the circulatory
system by small dissipative and gyroscopic forces. Cor-
respondingly, sufficient conditions of stabilization of
system (1) are derived from conditions (9) and (11)—
(13) by replacing nonstrict inequalities with strict ones.
These conditions impose constraints on the el ements of
the matrix D. Conditions (9), (11), and (13) are linear,
and condition (12) is quadratic in the elements of the
matrix D. To calculate the coefficients of linear and
quadratic forms, it is necessary to know the spectrum of
the circulatory system and corresponding right and left
eigenvectors and adjoint vectors. We emphasize that
one constraint specified by equality (9) and m con-
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straints specified by inequalities (11)—(13) are imposed
on the n? elements of the matrix D.

2. We consider system (1) under the assumption that
m=2and M = I, whereI is the identity matrix. This
assumption does not limit generality, and the results of
this section can be extended to the case of the arbitrary
mass matrix with detM # 0. The spectrum of the two-
dimensional system at the boundary between regions of
stability and flutter consists of only apair of imaginary
double eigenvalues tiwy,. Since simple eigenvalues are
absent, the stability of the system is determined by the
behavior of this pair.

The necessary and sufficient condition of the exist-
ence of the double eigenvalue A, = iw, of the circulatory
system can be represented as the equation

4aay + (an— a11)2 =0, (14)

2
equivalent to the equality detA = S%AE . Inthiscase,
2 2 _ aptay
—Ag = W = T>O, a3, < 0. (15)

In view of conditions (14) and (15), the eigenvectors
and adjoint vectors u,, Vv,, U,, and v, corresponding to
the double eigenvalue A, = iw, are found from Egs. (4)
and (5) intheform

Ug = 2a;, Vo = 2a, (16)
8y — 8y |82 — 811
u, = O y V1 = 0 . (17)
—41 0y —4iwy

Therefore, the denominator of expressions (8) and (10)
isequd to

2voMu; = —8iwy(ay—ay). (18)

In view of Egs. (18) and (14), necessary condition (9)
takesthe form
ngu0
2i(voMu,)
_ (dg —dy1)(8z — B11) + 2(dpp8, + dz345) -0
8w,

(19)
This condition can be written in the compact form
2tr(AD) = trAtrD.
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We now determine the coefficients of quadratic
equation (10). The coefficient of the linear term is
equal to

viDu, +voDu,
= —8iwg(dx(az —ayy) + dipdy + dxay,)

To determine the free term of Eq. (10), the vector w
must be determined from the inhomogeneous equation

(A —wil)w = Duy, 1)

where the eigenvector u, is given in Egs. (16). Solving
Eqg. (21), we obtain

G(Duy) =w = —201 (22)
2dy,
Then,
voDG(DU,) = 2(ay, —ay;)detD. (23)

Substituting Egs. (18), (20), and (23) into quadratic
equation (10), we arrive at the relation

1

As+ A5trD + %detD = 0. (24)

Thus, necessary conditions (9), (11), and (12) for the
two-dimensional system (m = 2) take the compact form

2tr(AD) = trAtrD, (25)

trD>0, detD=0. (26)
We note that similar conditions and Eq. (24) were
obtained in [5] by analyzing the characteristic polyno-
mial of system (1).

Let us determine the stabilization region that is
specified by strict conditions (25) and (26) in the space
of the elements of the matrix D. Two cases are naturally
distinguished.

In thefirst case, where a,, # 0, d,, isexpressed from
equality (25), and the matrix of dissipative and gyro-
scopic forcesisfound in the form

dyy dp,
D= (dy —dyy) (g —ay) —2a,d;,
2ay,

(27)

22
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Fig. 2. Stabilization region for the asymmetric matrix D for

ay; —ay a —ay
2— >0 B)I’ 2— > % .
o ap;

Using condition (14) that the eigenvalue A, is double,
we transform inequalities (26) for matrix (27) to the
form

d;; +d, =0, (28)
Ay — Ay Ay — ]
Ejn—dlz—Zalz il 22—, 28, 02 0. (29

These inequalities are equivalent to the conditions

(30)

Thus, in the three-dimensional space of the parameters
d,;, d,,, and d,,, inequalities (30) define the dihedral
angle that determine the region of stabilization of the
circulatory system by small dissipative and gyroscopic
forces specified by matrix D (27) (Fig. 2).

In the second case, where a,, # 0, the necessary con-
ditions of stability have the form

g —ay
2a,, '’

dy;=dy (31)

which corresponds to the dihedral angle in the three-
dimensional space of the parametersd,,, d,,, and d,,. In
this case, the matrix D has the form

(dpp—dyy) (a1 —ay) — 285,05
11 2a
21

d21 d22

D= |d

(32)

SEIRANYAN, KIRILLOV

When a,;, # 0 and a,, # 0, conditions (30) and (31) cor-
responding to matrices (27) and (30), respectively, are
equivalent to each other.

Let usconsider the casewhere a,, = a,,. Inthiscase,
a,, = 0 or a,; = 0. These equalities cannot be satisfied
simultaneously. Otherwise, two linearly independent
eigenvectors would correspond to the double eigen-
value A, that contradicts the initial assumption. It fol-
lows from condition (25) that d;, = 0 or d,; = 0, res-
pectively. According to strict conditions (30) and (31),
the stabilization region in the three-dimensiona space
of the parameters d,,, d,,, and d,, (or d,,) is the right
dihedral angle specified by the inequalities d;; > 0 and

We now determine the form of the symmetric matri-
ces D stabilizing the circulatory system. In this case,
gyroscopic forces are absent, and inequalities (26)
mean that the matrix D is nonnegative. We emphasize
that strict inequalities (26) imply total dissipation.
Expressing the coefficient d,, = d,, from Eq. (25), we
obtain

(2 —ay;)(dy —dy)
2(ap +ay)

dll

D=
(2, —ay;)(dy; —dy)
2(ap +ay)

We note that a,, + a,, # 0, because otherwise two lin-
early independent eigenvectors would correspond to
the double eigenvalue A, that contradicts the initial
assumption. Calculating the determinant and trace of
matrix (33) and writing the conditions that they are
nonnegative, we arrive at the following necessary con-
ditions in the space of the two parametersd,, and d,,:

XLy g < g XtL
Jx+1 Jx—1

— a2
x = 1+ 222l
[y, + a,

dll’ d22 = O,
(34)

Strict inequalities (34) specify the region of stabiliza-
tion of system (1) by small forces proportional to the
velocity vector. Thus, the region of stabilization of the
circulatory system by symmetric matrices €D of the
form specified by Egs. (33) and (34) isan angle on the
plane of parameters d;, and d,, (Fig. 3). According to
formula (34), this angle is generally acute and is right
only for a,; = ay,.

3. Let us consider the Ziegler—Herrmann—Jong pen-
dulum [1, 9] consisting of two rigid massless bars,
which have the same length | and are connected by a
hinge, and point-like masses m, = 2m and m, = m
located at the bar connection point and free end, respec-
tively (Fig. 4). The pendulum is subject to the follower

DOKLADY PHYSICS Vol. 48
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Fig. 3. Stahilization region for the symmetric matrix D.

force Q applied to the free end. The viscoel astic hinges
of the pendulum have the same rigidity ¢ and different
damping coefficients €b, and €b,. In terms of the
dimensionless quantities

_ Ql _ b _ b
q==, k = . k= ,
¢ Jeml? cml?
T=t L’
ml

where T is the time, the equations of small oscillations
of the pendulum have the form

&y, o, au o o |0

dT2+£DdT+Ay—0, y = L, (35)

where

D:l' Kk, + 2k, —2k2, A:1.3_qq_2.(36)
2| —k, — 4k, 4k, 2/q-54-

It is known that, in the absence of viscous friction,
when € =0, the equilibrium position of the pendulumis

stableforg<q, = g — J2 [9]. Thecritical load g, cor-

respondsto the boundary between the regions of stabil-
ity and flutter of the circulatory system. At this point,
the spectrum of the system includes a pair of double
imaginary eigenvalues iw, and w, = 2-"* with one
eigenvector.
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Fig. 4. Ziegler—Herrmann—Jong pendulum.

To determine the damping parameters k; and k, for
which the perturbed system isasymptotically stable, we
use stabilization conditions (25) and (26). Calculating
the invariants of the matrices A and D for q = q,

A = J2, tD = %k1+3k2, detD = %klkz,
(37)
_nl 423 ,g1
tr(AD) = D—§+7D|<1+D—§+3J%k2

and substituting them into relations (25) and (26), we
arrive at the necessary conditions of stabilization

k, = (542+4)k,, k,20. (38)

Thus, if the damping coefficients in the hinges satisfy
strict conditions (38), the Ziegler—Herrmann—Jong pen-
dulum is asymptotically stable.

We now determine the general form of the matrix D
stabilizing circulatory system (1) without constrains (36).
Substituting the coefficients of the matrix A calculated
at the critical point g = q, into formulas (31) and (32),
we obtain

5 !dn (17-12./2)dyy + (3-2./2) (0o — )
d21 d22
(39)

with the constrains

—O, < 01 (3-24/2) < dys. (40)
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for the coefficients. It is easy to check that if the
matrix D has form (36), conditions (39) and (40) lead
to relations (38).
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In cylindrical coordinates, steady axisymmetric
flows of a viscous incompressible fluid rotating about
the symmetry axis are described by the equations

1
ux+vr+Fv =0,

1 1
uu, + vu, + p, = ﬁB’lxx"' Upr Fu%1

(1)
1 1 1 1
uvx+vvr_F\N2+pr:§ xx+Vrr+FVr_r_2VE1

1 1 1
R XX rr r r rz\l\g

uw, + vw, + %vw =
Here, u, v, and w are axial, radial, and azimuthal veloc-
ity components, which correspond to axial (x), radial
(r), and azimuthal (8) cylindrical coordinates, respec-
tively; pisthe pressure divided by the constant density;
and R is the Reynolds number.
Here, we consider flows with potential rotation
2
about the x axis; i.e, w = VTV and p =P r) - \2/12
r

where W is an arbitrary constant and P is the new
unknown function. In this case, the last of Egs. (1) is
satisfied, and the quantity W does not enter into the
transformed equations.

Introducing the stream function
dy = rudr—rv dx
and the function o, where
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and eliminating P, we transform Egs. (1) into the fol-
lowing system of equations for | and o:

Lo = Rr————. (2)

We consider the special class of solutions to sys-
tem (2) for

o = cr? 3)

where cisan arbitrary constant. In this case, the second
of Egs. (2) issatisfied. To find the functions  analytic
near the x axis, a solution to the first equation is sought
in the form

Y=y fa(r? @)
n=0

wheref,,, are the desired functions.

Substituting this expression for  into the first of
Egs. (2) and taking Eq. (3) into account, we arrive at the
relation

S LE00r 2+ an(n+ 1) f0(0r™] = cr’,
n=0

where the superscript in parentheses shows the order of
derivative. Thisequality can be transformed to theform

fP+4(n+1)(n+2)f,,]r2"" 2 = cr?
Z[ 2n 2n+2
n=0

Therefore,

fP+8f,=¢c or f, %(c—fg”). )
In addition,

f2+4n+1)(N+2)fa.,

0, n=12....
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Asaresult,

1 (2)
4n+1)(n+2) ™

f2n+2

Induction on nyields
1
(-4)"()*(n+1)"  (©®
n=23,...
Relations (4)—(6) lead to the equality

fon = kon T2V, Kop =

_1 a4 1 (2n) 2n+2
v = éCI’ + (_4)n(n|)2(n+1)f Mypentz
n=0 '

)

Inwhat follows, arbitrary functionsf(x) are assumed
to beinfinitely differentiable.

Let usinvestigate convergence of series (7). If f(x) is
a polynomial, the problem of convergence does not

exist and formula (7) gives an exact solution. For the
series

K=Yy |Kon P72, (8)

where k,,, is defined in (6), the ratio of two successive
terms has the limit

2
r
M I Dm+2)
at afiniter value. Thus, series (8) is absolutely conver-
gent. At bounded | f ?M(x)| < M, series (8) multiplied by
M majorizes the series

=0

00

z |k2nf(2n)(x)r2n+2 ]

n=2

Therefore, series (7) is absolutely and uniformly con-
vergent if x and r are bounded and the function f(x) is
infinitely differentiable.

It is noteworthy that both sides of the second of
Egs. (2) are equal to zero for o = cr?. Consequently, the
solution given by Egs. (3) and (7) isindependent of the
Reynolds number and describes flows of both viscous
and perfect fluids. Certain classes of similar solutions,
which overlap with the

class of solutions found here, were found in [1-4].
However, the possibility of rotating a flow about the x
axis was not pointed out in [1-3]. For example, solu-
tion (7) contains the spherical Hill’s vortex ) = r2(x* +
r2 — 1), which was described in [5], while the function
f = cosx leadsto an infinite chain of the Hill-type vortex
elements, which can be found in [4].

If f(x) isinfinitely differentiable, the series entering
into relation (7) can be differentiated infinitely term by

SHMYGLEVSKII, SHCHEPROV

term not only with respect to x but also with respecttorr.
Indeed, the series

z k,n2(n+ 1) f @2+t
n=0

isuniformly convergent because of the uniform conver-
gence of the series with the terms

2 2n+1
n 2r
4°(nl)

The m-fold differentiation of the series entering into
relation (7) with respect to r leads to the relation

kpn2(n+1)r*™*Y =

(2n+2)!
Z kzn(2n +2-—m)!

nzm

(2n)r2n+2—m

<M z 2(2n+ )1
- 4"(nH)%(2n + 2 —m)!

n=zm

The ratio between the terms of the last series with n =
h+1andn=hisequa to

(2h + 3)r?
2(h+1)(2h +4—m)(2h+ 3—m)

at n - oo, Consequently, the mfold differentiation of
the seriesin relation (7) with respect to r yields a uni-
formly convergent series according to the d’ Alembert
ratio test, while formulas (3) and (7) represent a solu-
tion to Egs. (2) if the function f(x) isinfinitely differen-
tiable.

Certain steady axisymmetric vortex elements that
rotate about the symmetry axis and satisfy the Navier—
Stokes equations were found in [4, 5]. They are vortex
rings, pairs of such rings, monolithic vortices with the
structure of the spherical Hill’s vortex, etc. Almost al
of them are observed experimentally, but their exist-
ence is always associated with the rotation of a flow
about its symmetry axis. Among vortex elements
obtained experimentally, pairs of the coaxial Hill's
structures observed in [6, 7] are of particular interest.
The solution specified by Egs. (3) and (7) with a poly-
nomial function f(x) gives exact description of the cor-
responding flows.

Both polynomial and nonpolynomial functions are
used in the examples discussed below. For brevity,
expressions for Y(x, r) are not presented there. How-
ever, they can be easily derived by substituting the
expressions presented below for f(x) and constant cinto
formula (7).

1. Therdationsf=(X+3)(X+2)(X—1)(x—4)and c =
170 determine a pair of disconnected vortex elements.
The corresponding flow pattern in the (x, r) plane is
shown in Fig. 1. Vortices are bounded by the ¢ = 0
lines. Flow directions are shown by arrows, while num-

-0
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W
2t 240
20 -20
‘02 0
0r — > <
\o/
-2+ \/\
-4 0 4 x

Fig. 3. Three vortex elements touching in pairs.

bers near the lines show Y values. Vortices symmetric
with respect to ther axis can be obtained by using sym-
metric zeros of the polynomial f(x).

2 Therelationsf = (x + 1)(x— 1)>(x - 2) and ¢ = 35
give apair of touching vortex elements. Streamlines of
the corresponding flow are shown in Fig. 2. Two vorti-
cestouch at the point x=1,r = 0. In Figs. 14, the same
notation is used.

3. Three Hill’s vortices touching in pairsin the axis
are obtained for f = (x + 1)2(x* — 4)(x — 1)> and ¢ = 250.
The flow pattern is symmetric with respect to ther axis
(Fig. 3). Neighboring pairs of three vortices touch by
their pointsin thex axisat x=—1 and 1.

In the above exampl es, polynomial functionsf(x) are
used. Therefore, both (3) and sums (7) represent exact
solutions to Egs. (2). Below, the function f(x) is not a
polynomial.

COS2X

1+ %
of the Hill-type vortices. In this case, Y represents an

4. The function f =

(c=4) describesachain

DOKLADY PHYSICS Vol. 48 No. 12 2003

687

r

W .
1\/_\/

/\

1
0 2 X

Fig. 2. Two touching vortex elements.
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Fig. 4. Infinite vortex chain.

infinite series. The flow part containing the largest
vortices is shown in Fig. 4. The vortex width in ther
direction decreases with an increase in the absolute
value of X.
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The problem of stability of non-prismatic rodsin the
Eulerian setting wasintensely studied in thefirst half of
20th century [1, 2]. The solution to this problem is
attained most easily in cases of piecewise variation of
therod stiffness or its variation according to apower law.
Thebuckling of arod with its stiffness varying according
to asinusoid law was analyzed by Dinnik [3]. Certain
problems in the theory of rod stability for particular
cases of stiffnessvariation have exact solutionsin terms
of Bessel functions [4].

In the present paper, we analyze stability of ahinged
(at its ends) non-prismatic longitudinally inhomoge-
neous elastic rod for the case of weaker constraints
imposed on the rod stiffness. The mathematically for-
mulated problem isreduced to seeking the approximate
minimal eigenvalue and the corresponding eigenfunc-
tion for the solution of the Sturm-Liouville equation
with homogeneous boundary conditions. It is worth
noting that in this setting of the problem, the well-
known results are obtained as particular cases.

1. We now consider a hinged rod having the rectan-
gular variable cross section F = F(x) = 2ah(x), whichis
centrally compressed by force P. Furthermore, we sup-
pose that a = 1. We also assume the Young modulus to
be dependent on thelongitudinal coordinate x: E = E(X).
Then, based on the hypothesis of plane cross sections
and supposing the deformation of the rod to occur with-
out its lengthening, we can reduce the problem on the
rod buckling to integration of the differential equation
with non-constant coefficients:

{(EO)I(0) W' + Pw =0 (1)
and with homogeneous boundary conditions
w(0) =w(/) =0. 2)
Here, wisthe flexure, | isthe rod length, and
h(x)
00 = [ Zdz= :%hs(x)
—h(x)

is the moment of inertia of the cross section with the
longitudinal coordinate x.

Baku Sate University,
Baku, 370000 Azerbaijan

Henceforth, without lack of generality, we write out
EX) =Ey0;(¥), 1(X) = 1$(X), (3)

where E, and |, are, respectively, the characteristic
Young modulus and the moment of inertia, whereas
¢,(x) and ¢,(x) are the functions describing inhomoge-
neity and variability of the rod cross section.

We now impose on these functions conditions that
do not contradict the physical sense: the functions ¢,(x)
and ¢,(x) are measurable and limited from both above
and below, their lower boundaries being positive. It fol-
lows from these conditions that the functions ¢,(x) and
¢,(x) areintegrable in the L ebesgue sense:

J’¢1(X)dX<+°°, I¢2(X) < +oo, 4
0 0

The last expression also allows us to consider the case
of piecewise inhomogeneity and the step-like variabil-
ity of the cross section. Thus, introducing the notation

0<\ = PE;'I,Y,
we can rewrite Eq. (1) in the form

W'+ AgXw =0 &)
for q(x) = [¢,()P,()]". It follows from (4)

|

Ja(x)dx < +eo. (6)
0

Finally, using dimensionless quantities
INEEDY

and omitting, for simplicity, bars above the relevant
quantities, the boundary value problem [formulas (5)
and (2)] can be reduced to

w'+Aq(x)w = 0,

w(0) = w(1) = 0.
Asiswell known, the question related to conditions
for the appearance of flexural forms of equilibrium cor-
responds to the problem on finding eigenvalues. The

determination of the least nonzero critical forceis asso-
ciated with seeking the minimal value of A for which

X = Xxl, w = Wi

()
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problem (7) has a nontrivial solution. In the general
case, the determination of the exact minimal value of A
isimpossible. Therefore, the object of our further study
is constructing the approximate value of this quantity
and the eigenfunction.

2. We consider problem (7) of eigenvalues in the
space L,(0, 1). Since the Green’s function of the prob-
lem

-y'(x) =f(x),
has the form

y(0)=y1)=0

_ Ox(1-&) for x<¢§
G068 = L 5 for £<x,

problem (7) is equivalent to the integral equation

1

w(x) = ?\J'G(X, €)a(&)w(&)de. (®)
0

It follows from the form of the kernel G(x, &) and from
properties of the function q(¢) that

(@) integral operator (8) is quite continuous and
symmetrizable on the | eft in the case of its multiplying
by the function q(¢);

(b) the eigenvalues of problem (7) are discrete and
positive;
(c) thefirst eigenvalue A, corresponds to the unique

positive eigenfunction, all eigenfunctions forming a
basis of the weight q(§) [6].

Furthermore, denoting by Sand D the operators
1

Sw = IG(X, E)w(g)de,
0

Dw = g(x)w(x),
we obtain from the general theory of linear operators[7]:
Ay <|IsDI| <[S| OIDI|.

Since Sisthe self-conjugated positive quite continuous
operator having the eigenvalues (ren’) ', n=1, 2, ...,
then the norms of Sand of D are ||§|= 12 and |D|| =
sup,g(x) = b. It follows from the af orementioned that

O<T§s)\1<}\2s)\3s...s)\ns....

We now calculate the approximate eigenvalue A,
using the method of successive approximations. To this
aim, we consider the approximations

e,0(X) =1,

: ©)
€k = J'G(X1 &a(x)ey x_1(§)dg, k=1,2,....
0
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We denote

a = %’Q(E)di >0

and form the following sequence:

Ja

)\1,1 = (10)

1!
2

) 0
Hel,l(E)Q(E)dEE

0

1 1

(€ 1(E)a(E) e’
S k=234 ... (11

1 ] 5
Jend@)a(&)de J

]

(=)

Ak =

[ .|

Here, we arrive at the estimate

2k—1
O<)\1,k—)\1<const[‘r-\—ll:J ,

v

from which by virtue of therigorousinequality A, <A,,
it followsthat A,  — A, ask — . Thus, formulas (10)
and (11), in combination with dependences (9), yield
the constructive representation of the desired value. It
should be noted that after a number of analogous rea-
sonings, the final formula for the approximate calcula-
tion of the first eigenfunction is reduced to the expres-
sion
e
X = —2d

2 [jé
B’el, k(E)OI(E)dEE

0

3. For numerical realization, we consider a number
of examples. Initially, we assume that gq(x) = 1. Then,
the critical Eulerian force is determined as A, = T2 =
9.8696, whereas the three first approximations calcu-
lated on the basis of constructed formulas (10) and (11)
are

)\1’ 1 = 10.9544, }\1’2 = 9.8767, )\]’3 = 9~8697~

Hence, it follows that even the second approximation
yields a practical result, which is aso the case in other
examples given below. Furthermore, we analyze the
stability of acombined rod with aconstant cross section
[¢,(x) = 1] for which

01, 0<x<0.5

b2(x) = 5 05<x<1.

For two approximations, we have obtained the val-
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ues of the critical force
A =13.2116, A ,=12.3264.

In thethird example, we consider the case of alinear
variation of the Young modulus, which can be repre-
sented in the form

O 0=1+n%x X =1.

We now present the numerical values of the second
approximation for A, , as functions of n:

n -04 -0.2 0 1 2
A, 77957 88607 9.8767 14.4672 18.6900

In the examples listed above, the integrals were cal-
culated using the Simpson method.

In conclusion, we would like to emphasize that by
constructing an inhomogeneity, we can increase
(decrease) the critical force and thereby, in a certain
sense, optimize the construction.
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Spectral and spectral correlation methods of pro-
cessing measurements of the Earth’s motion are com-
monly used to develop models of oscillations of the
Earth’s pole [1-3]. Linear and nonlinear analytical sto-
chastic models of the motion of the deformable Earth
were developed in [4-7] on the basis of celestial
mechanics. In this paper, we construct spectral correla
tion models of fluctuations in the Earth’s rotation and
analyze the spectral correlation characteristics of fluc-
tuations.

1. Under the assumptions considered in [8], the
equations of the rotation of the deformable Earth can be
written in the vector form

Y =a(Y,t)+V, Y(t) = Y,. 1)
Here,
Y = [padrd’, Yo = [Potodral
Vo= [V VoVl
a=a(y,t) = [aaag,
a; = —Dip—Ni g+ P+ Py cosw, t
+ 3P 1,082 t— Uy [ (1 +0r) =121, 2)

a, = —D,q; + Ny py + 210 + 245 COSW4 t

+ Q,lzcoszw*t—UB[(r* + 5I’t)2—r-;2<] ’

ag = —D3or + Ryg+ Ry cosWy t + R 1,C082004 t;

* Moscow Aviation Ingtitute (Technical University),
Vol okolamskoe sh. 4, Moscow, 125080 Russia
** |nstitute for Problems of I nformatics,
Russian Academy of Sciences,
ul. Vavilova 30/6, Moscow, 117900 Russia

2
_ 3 23 3.7 3 213 b
P10 = —5Ua% Fl—3bi5~ SUswk L~ 51
3 by
—éullwi %_E%_u4ri 1
3 b 3 3by
D = Juel g0 Sl -5 O
3 2 b2 2
—éulo(k)* %- 2%_u8r* ’
_ 3 2 b]z_D 2 be
97{10 = éUgw* %-—*2-5—3%500* _ED’
9)11 = 3U1b0\)i + gulgbwia
94, = —3u,bw? —3uybw?, )
Ry = —gusb(ofc +3ugbwf,
P = gu4bfwf + gu6bfwf + gullbfoof,
2, = —§U7bfﬁ)¢2¢ —gusbfwi + gulobiwi’ ®)
%12 = —%ugbjz_wi _gu15b]2.w"2<'

In Egs. (1)—(5), p., G, and r, are the projections of the
instantaneous rotational velocity of the Earth on the
body axes; or, =r, —r,, wherer,, isthe axial rotational

velocity of the Earth; N,. isthe Chandler frequency; the

vector u=[u, ..., u15]T describesvariationsin the axid
and transverse moments of inertia of the Earth; V,,, Vs,
and V3, are the specific moments of external stochastic
forces, which have the form of uncorrelated Gaussian

1028-3358/03/4812-0691$24.00 © 2003 MAIK “Nauka/ Interperiodica’
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(normal) white noise and intensitiesv; = v(t) (i=1, 2, 3);
and D, , ; are the specific coefficients of the moments
of dissipative forces. The additive regular moments
with the coefficients P,,, ..., R,,, as well as the
moments V,;, V,, and V; of stochastic forces, are
responsible for perturbations.

2. Equations (1) arelinear in p, and g, and quadratic
in dr,. Taking

(2= (md) + DY +2r,m® + 2(r, + M), (6)

we linearize the nonlinear functions u, g[(r,. + ory* —

rf ]. Inthis case, Egs. (1) lead to the following expres-
sionsfor the mathematical expectations m™ *°" and the
centered components p;, q., and 3r, :

r 2 r r
i’ = —D,mf — N,m - u4[(mf ) +D¥ +2r,m’ }

p

+ P 1o+ Py coswy t + Ppc0s200,t, My = my,

i = —Dpmy + Nyemf + us[(mf')2 + Dy + 2r*mﬂ
o (D)

+ 40+ 245COSW, t + D 1pC0S2W5t, M = my,
. Or _ or
m; = —Dsm
d d
+Ryo+ R cOSW, t + R1pCO820,t, My = mg,

L = —Dyp; — Nu G —2u,(rs + mtar)ar? + Vi,
P, = Po.
40 = —D,q + N, p + 2Ug(ry + M)+ Vs, (8)

0 0
qto = o>
8f; = —D3dr{ + Vg, 8ro = 8r.

Equations (7) are nonlinear in m™*®" | while Egs. (8)
arelinearin p?, g7, and 3r; . Equations (7) and (8) rep-
resent a system of stochastic differential equations gov-
erning the mathematical expectations m™*®" and cen-

tered stochastic components p;, ¢, and dr_. Using

numerical methods of statistical ssimulation [9, 10], we
now estimate both the mathematical expectations and

spectral correlation characteristics of the quantities p?,
g, and 3ry.

MARKOV, SINITSYN

3. Since Egs. (8) arelinear, the covariance matrix K;
and the matrix K ; of the covariance functions satisfy
the equations[9, 10]

Ki = ;K +Keag +v, K, = Kq )
dK
- = Kt (10)
2

with K, = K forty<t;and K, = Kthtl fort, <t;.
Here, a, isthe matrix of coefficients of Egs. (8), i.e.,

—D; =Ny —2u,(ry + mt&)

a; = ay(t, mtér) = ary s
N, —D; 2ug(ry +m)
0 O -Ds, (1
v,(t) O 0
V=V(t) =] 0 wv,(t) 0
0 0 vy(t)

Using Egs. (9)—<(11), we arrive at the following equa-
tions for the variances

Dt = —2(D,D{ + N, K¢

+2u,(ry + rnt&)Ktpr TV,

D = 2(-D,D;'+ N, K (12)
+2ug(ry + m6r)Ktpr +Vy,
Dy = —2D,D +vs;
covariances
- Pq
Ki = —Dy+ Dz)Ktpq - N*(Dtp_ DY)
—2U,(rs + MK + 2ug(r, + MK,
,por pdr qor
Kt - _(Dl + DS)KI + N* Kt
(13)
—2u,(r, +m")D;",
. go r
Ke ' = NoKP —(D,+Dy)K®
+2Ug(rs +m)D;,
DOKLADY PHYSICS \Vol. 48 No. 12 2003
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and (for t, < t,) covariance functions

6Ktpl‘t’2 _ ) pq or por
T = _DthltZ — N Ktlt2 —2U,(r + m, )Ktﬂz’
2

aqu
Lty _ pq pp 3y 1 P3r
ot —DoKip, + N K, + 2Ug(re +my )Ki
2
por qor
tit, por Lty _ qdr
_at2 = U3yt ot, - _D3Kt1t2!
oror
aKtlt2 _ oror
ot - _D3Ktltz )
2
qp
K

e = ~DiKi, N K, —2u(ry + m)KE (14)
2

oK M
_ qq ap or qor
le - _DZKtltz + N* Ktltz + 2u8(r* * rn[Z )Kt1t2!
2
arp
_ 3rp arq or ordr
le - _Dthltz — N, Kt1t2 - 2u4(r* * rntz )Ktltz ’
2
drq
_ 3rq 3rp or oror
le - _DZKtltz + Ny Ktﬂz + 2u8(r* * rn[Z )Ktltz )
2

Theinitial conditions are

K, = Dy, Ky, =Ky (i,] = p,q,0r).
If the covariance functions for p°, q°, and or;
depend only on thetime differencet, — t, = T, the cova-

riance functions and (mutual) spectral densities are
given by the expressions

J’sp'q’&(oo)eimdw; (15)

—00

.0, — p.q,or _
KP4 r(T) = Kiivr =

4. In the linear theory of fluctuations [6, 7], the
terms

Uy g[(rs +3r)° —12]

are ignored in Egs. (1). In this case, system (1) splits
into two independent systems of stochastic equationsin
Y = [p]" and dr,, which describe the motion of the
Earth’s pole. If the terms containing the factors u, and
ug are omitted, Egs. (12)—(14) for the mathematical
expectations and covariance characteristics are simp-
lified.

DOKLADY PHYSICS Vol. 48

No. 12 2003

693

According to [9, 10], the linear correlation models
of fluctuations in the Earth’s motion are based on the
analysis of the weighting functions of white noise and
its intensity. In particular, the mathematical expecta-
tions, covariance functions, and spectral densities are
determined by the formulas

t

m, = \7v(t—t0)r_no+I\7v(t—T)0(0(r)dr; (17)
t
Kig, = 0(ty —to) Kow(t, —to)*
min(t,, t,)
| Wt —T)V(T)W(t, —T)* d; (18)

t
t
m” = Vvar(t—to)mgr+J’\7v6r(t—T)0('o(T)dt; (19)
to

K?lrtz = Wér(tl—to)wér(tz—to)Dgr
min(t,, t,)
~ or ~ or
+ J' W (t,—T)w (t, —T)V,dr;

to

(20)

s(@) = |5 (@ SO = piwuoiin)*, @)
qu((.k)) SQQ(Q))

or r,. 2
s (w) = |<D (|w)| Vs. (22)

Here, the asterisk stands for complex conjugation;

(23)

K, = | Do Ko| g [va0]
KoY Dg 0 v,

P 1o+ Picoswyt + P1,C0820, t
o, = ;
D10+ 24,0080, t + 91,C0820, t

(24)

(25)
In Egs. (17)«23), ®(iw) is the transfer function;
w(t—-1) and w(t — 1) are weighting functions; and

D (i), W (t—1), and W (t - T) are the respective fun-
damental solutions of linear equations (1). According

Op = Rig+ Ricos04 t + R1,C0S200 t.
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to[9, 10], these quantities are determined by the for-
mulas

d(iw) = (a—iwl,)™

_ 1 |AD,*iw) N, 06)
AW N, D +iw)
a=|P1 N - |10.

N, D, 01
o (iw) = (Dy+iw) ™ 27)
2 2 .
Alw) = W, —w +2¢€iw,
2 _ 2 2 o @28
w2 = N2 +D,D,=NZ, 2¢ = D,+Dy;
W(t-1) = wPP(t—1) qu(t—T),
wP(t-1)  wh%t-1) (29)
w(t—1) = wt-1)1(t-1);
pr(t—T) _ e—1/2(D1+ D,)(t-1)
D,-D
X[ ZN lsinN*(t—r)+cosN*(t—T)},
*
qu(t—r) _ e—1/2(D1+D2)(t—r)
(30)

D,-D, .
x | ——2——25nN, (t—1) + cosN, (t—T) |,
2N,

whi(t—-1) = wP(t-1)

-1/2(D,+D,)(t-1) .
=—e 7 sinNy(t-1).

Here, the components of w(t — 1) are written including
squares and products of the quantities D, , Ny, 1(t—T)
isthe Heaviside step function, and

e—Da(t—T)
’ (€29)
1(t—1).

W (t-1) =

~ —Dj(t—
War(t—'l') - e 5(t—T1)

If D, ,N;" < 1 and the quantities v, v,, and v, are
constants, formulas (15), (16), (21), and (22) take

MARKOV, SINITSYN

the form

— 2Dv,—(D,=Dy)v,

p
° T T, D) o
g _ 2Dov;+(Dy—Dy)v,.
D™= 2D,(D;+D,) 33)
pa _ VaDo—VyD;
K™= N (D, +D,)’ G
o _ V3,

D = 2D3’ 35
sP(w) = AF(W)[Vy(D; + W) +V,Ni];  (36)
s"(w) = AP (W)[ViN; +vy(D: + )] (37)

P (W) = AF(W) N, [~v,(D, +iw)
+V,(D;—iw)] = s™(w); (38)
(W) = A7 (W), Aj(w) = D+’ (39)
where

PN 2,2 2 2
Aj(w) = (Nx +D;D,~w") +w (D, +Dy)

2
= (Nf —’) +w (D, +D,)”.

The system of Egs. (7) and (12)—<16) provides the
basis for the analytical simulation and the analysis of
the spectral correlation characteristics of fluctuationsin
the Earth’s motion.

5. The dynamic spectral correlation and kinetic mod-
els of fluctuations in the Earth’s motion (Sections 2-4)
were used to analyze the measurements for the funda-
mental problem “Statistical Dynamics of the Earth’'s
Rotation” [11].

The stationary spectral densities s* % ¥ (w) found in
the approximate (linear) theory [formulas (17)—(39)]
are shown in the figure for the white-noise intensities
v, =V, =V, and v; < v, and the specific coefficients of
the moments of dissipative forces D, = D, = D, and
D, < D,. In this case, the variances, covariances, cova
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riance functions, and spectral densities are given by the
approximate expressions

pa_ Vo o V3 Pd _ -
D., Dy’ D, 2Dy’ K., =0; (40)
kP9(t) = Do‘f;qe_D"mcosN*T,
(41)
K'(t) = DYe ",
na_ Vo p,q~Vo(wi+Ni)
* (N* _00*)
v Vo(4w2 + N2)
ST sls——, @)
2D, (N —4w%)
or V3 or V3 or V3 or V3
S, =—, =—, S5 =—, =~ .
© D2 W’ N2 40

According to[4, 5], the estimates of the relaxation time
D, range from 10 to 100 years with the standard devi-

D2 % about 0.02" to 0.04".

The nonlinear components with the coefficients
uy s ~ 107% at thefrequency N wereincluded by analyt-

ical simulation. The corrections found by statistical
simulation for the mathematical expectation, second
moments, and spectral density are equal to 2, 6, and
10%, respectively.

In addition to the analysis of the accuracy, formu-
las (17)~«39) and measurements allow us to identify
the parameters u (which areimportant when estimating
trends) as well asthe basic parameters Nx. and D, , ; of

the model.
The statistical analyses show that the spectral corre-

lation models based on the linear theory can ensure a
required accuracy in timeintervals from 3to 5 years.

ation

The dynamic Gaussian linear (and nonlinear) spec-
tral correlation models of fluctuations in the Earth’'s
motion can be used to analyze the accuracy and identify
the basic dynamic parameters by processing measure-
ments [1-5]. The models describe the features of fluc-
tuations in the Earth’s motion and ensure the required
accuracy.

The PC software package developed at our institute
in 2000-2003 alows us to perform analytical, statisti-
cal, and combined simulations of both regular and sto-
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chastic motions of the Earth in both nonstationary and
stationary regimes.
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Conditions for minimizing the kinetic energy of a
flow of anideal incompressible fluid with constant vor-
ticity are obtained by the variational method. On this
basis, the corresponding Kelvin theorem stating that
such an extremum is realized for the linear superposi-
tion of the potential velocity field with the homoge-
neously spiral vortex regime of the Gromeka—Beltrami
type is generalized. It is shown that one of the modifi-
cations of the Helmholtz—Rayleigh theorem, which
also separate Gromeka—Beltrami inertialess flows but
with respect to the minimization of the dissipation rate
of the flow energy, is an analogue of the well-known
theorem on minimization of the energy of a magnetic
field with fixed total vorticity.

1. INTRODUCTION

Exact solutions of the time-independent equations
of the vortex dynamics of an ideal incompressible fluid
in the Gromeka—Beltrami form [1, 2] have been known
for more than a century. In these flows, the velocity v is
collinear to its curl @ = curlv; i.e, ® = kv, where
K = ocurl ()

2
w

is a homogeneously spira vortex flow with nonzero

. For k = congt, the corresponding flow

vorticity H = %\Q Such flows are convenient for

description of observed tornado-like vortices [3]. The
vorticity of these vortices is much larger than that of
other atmospheric vortices without such a pronounced
three-dimensional structure, such as tornado vortices,
dust devils, and water tornado [4]. The homogeneously
spiral vortex regimeis also observed at a sufficient dis-
tance from the underlying surface in experiments on
simulation of tornado-like vortices [5].

Obukhov Institute of Atmospheric Physics,
Russian Academy of Sciences, Pyzhevskii per. 3,
Moscow, 109017 Russia

* e-mail: schefranov@mail.ru

At the sametime, such flows are considered in many
works on general and geophysical hydrodynamics as
exotic and rarein nature (see, e.g., [6]). Gromeka—Bel-
trami flows are often not mentioned even when discuss-
ing the corresponding phenomena, such as inertial
waves in a rotating fluid, which are well known and
often discussed in hydrodynamics and particularly in
geophysical hydrodynamics [6]. Indeed, Batchelor [6]
did not even mention that these waves are arealization
of homogeneously curled vortex Gromeka—Beltrami
flows (as can be easily shown). Attitude to Gromeka—
Beltrami solutions began to change in the 1980s, when
numerical simulations showed that a turbulent flow
could contain regions of low energy dissipation, where
the tendency of the alignment of the velocity and vor-
ticity vectorsis observed [ 7]. According to the general-
ization of the Helmholtz—Rayleigh theorem [2], inertia-
less flows, in particular Gromeka—Beltrami flows, are
characterized by the minimum rate of energy dissipa
tion. However, only inhomogeneously spiral flows,
wherekin therelation o = k(x)v isthe coordinate func-
tion, were considered in [2].

In this work, we obtain modifications of the Helm-
holtz—Rayleigh theorem that correspond to the mini-
mum dissipation rates of the kinetic energy of a vortex
flow at fixed energy or fixed helicity and separate
homogeneously spiral vortex flows with k = const. In
addition, the Kelvin theorem [2, 6] on the minimization
of the kinetic energy of a potential flow is generalized
for the superposition of potentia flows with homoge-
neously spiral vortex flows for the case, where the flow
vorticity isinvariant and can befixed in the correspond-
ing variational problem. Moreover, we revise the
known Arnold theorem [8] on the minimum kinetic
energy for vortex stationary solutions of the Euler equa-
tions. Previously, thistheorem ignored the invariance of
vorticity for ideal fluid flows. Comparison with similar
theoremsin magnetic hydrodynamics[9] ismade. Asis
shown, the statement that the energy dissipation ratein

afluid flow with fixed integral vorticity H is minimal
for the Gromeka—Beltrami homogeneously spiral vor-
tex flows with k = const is similar to the statement that

1028-3358/03/4812-0696%$24.00 © 2003 MAIK “Nauka/Interperiodica’
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the energy of a magnetic field with invariant integral
vorticity isminimal for force-free fields.

2. GENERALIZATION
OF THE KELVIN THEOREM
ON THE ENERGY MINIMUM

2.1. We consider the variational isoperimetric
problem (more precisely, the more general Boltz prob-
lem [10]) of the minimization of the kinetic energy
functional

2
_ 3,V
T—podx2

for an ideal incompressible fluid in the presence of the
differential constraint divv = 0 and the integral con-
straint associated with the total vorticity invariant

o _ Pops
H = 2J’d x(®v),

where pg = const isthe fluid density and V isthe region
occupied by the fluid. It is assumed that the hydrody-
namic fields of velocity v and @ = curlv are equal to
zero at the boundary of the region V. If these fields are
fixed by boundary conditions, we assume that the vari-
ations of these fiel ds isequal to zero at the integration-
domain boundary S The functional that must be varied
has the form

F = J’d [po— = plpo(v Ceurlv) + uz(x)dlvv} 1)

where Y, and |1, are the Lagrange multipliers.

Substituting v = v, + v,, where v, isthe low velocity
variation, into Eq. (1), equating thefirst variation of the
functional F to zero, and assuming that

P
Fs = Idsj[U2Vlj _ulé)ejikVOivlk} = 0):,
S
we arrive at the system
_ _ T
v+ eurlv = gradp,, Ap, =0, My = =R 2)
0

where the subscript O is omitted in v, and T is the
kinetic energy for gradl, = 0 on the surface Sand can
parametrically depend on L, (see the example in the

Litis actually sufficient to assume that the corresponding integrals
over the surface bounding the fluid region V—including V - co—
are equal to zero.
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next section). This system correspondsto the constraint
equations and corresponding Euler—Ostrogradsky

equations for 1, = const and H = Hy = const.

System (2) with p; = 0 provides the Kelvin theo-
rem [2, 6] on the minimum of the flow kinetic energy,
which is reached for potential irrotational velocity
fields. In this case, W, in Egs. (2) satisfies the Laplace
equation for a flow of the incompressible fluid in the
region V. At the same time, the inclusion of the invari-

ance of the total vorticity of theflow H for p, # 0 mod-
ifies the Kelvin theorem. In this case, the minimum of
the kinetic energy can be reached either for homoge-
neous Gromeka—Beltrami flows (for p, = 0 or
grad 1, = 0) or for any superposition of such flowswith
acertain potential flow (for gradp, # 0) in the form

v=0,+v, curlv =kv, divw=0, (3
where k = —ui = const because |, = const in Egs. (2).
1

Explicit expressions for v will be represented in the
next section. The representation of v in the form of the
superposition of potential and vortex fieldsistruly used
in hydrodynamics[2, 6].

The generalization obtained for the Kelvin theorem
agreeswith the Arnold theorem [8] on the minimization
of the kinetic energy of an ideal incompressible fluid
for stationary vortex solutions of the Euler equations.
Moreover, the generalization refines this theorem.
Homogeneous vortex Gromeka—Beltrami flows are
particular solutions of the time-independent hydrody-
namic equations. At the same time, energy minimiza-
tion isrealizable for homogeneously spiral vortex flows
of the Gromeka—Beltrami type, when the conditions of
the Arnold theorem must be supplemented by the inev-
itable invariance of the total vorticity of a flow of the
ideal incompressible fluid. According to the reciprocity
principle [10], the generalization of the Kelvin theo-
rem, which is derived on the basis of the above modi-
fied isoperimetric problem, makes it possible to deter-
minethe possibility of reaching the maximum total vor-
ticity at fixed energy for homogeneous vortex flows (3)
satisfying Egs. (2). This conclusion justifies the corre-
sponding statement presented without proof in [3] and
agrees with the observed properties of turbulent coher-
ent structures, when a fluid flow includes individual
“gpots’ with maximum vorticity that are surrounded by
regions with relatively high dissipation of turbulence
energy [7, 11].

2.2. The field v corresponding to Egs. (2) and (3)
can be represented in the cylindrical coordinates as[1]

v, = BJy(kr), v, = BJy(kr), v, =0,
where J, and J, are the zeroth and first-order Bessel
functions, respectively. This solution can describe ator-
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nado-like spiral vortex localized in the cylindrical

v, . 3

ar | . =0if kR=vy,,,
wherey,,, n=1, 2, ... arethe zeros of the Bessel func-
tion J,. For W, = 0O, the quantity T in Egs. (2) can be
determined as

region of radius R for v, =

T = SRRy,

if thiscylindrical vortex islimited by the vertical scaleL.
In this case, the corresponding discrete p; values
allowed by the variational principle can be estimated

from Egs. (2), where Hy isfixed by the constraint. The

discrete allowable values of the vortex radiusR= R, is
determined by the expression

Ry= —— o n=
TRLBY1036(Y1n)

1,2, . (4

It is the relation between geometric and dynamic
parameters of this cylindrical vortex, which has non-
trivial stable topological structure (particularly for
n> 1) due to the finite vorticity corresponding to the
invariant topological charge. Since L R for observed
tornado-like vortices [4], expression (4) provides the
following estimate for discrete values of the scae-
invariant similarity criterion corresponding to these
vortices [12]:

H,R
n=n,=-5"
B

n

1 2
I_In =5 n‘] n/»
2V1 o(Y1n) 5)

=12,...,

Ho and v, = nRE. In[12], the possibil-
pOVn

ity of discretization of the similarity criterion N was
also noted for homogeneously spiral flows. However,
this discretization was determined only by the possibil-
ity of an integer ratio of the total height of the vortex to
the height step of the spira of this vortex [3]. At the
same time, formula (5) yields the sequence I, = 3.08,
M, =3.012, N, = 0.266, N, = 0.323, etc., that is, in con-
trast to [12], nonmonotonic in n. The nontrivia topo-
logical features of the homogeneously spiral cylindrical
tornado-like vortex corresponding to the exact solution
of the hydrodynamic equations are taken into account
in formula (5) more precisely than in [12]. We empha-
sizethat the value I = 3 obtained for the similarity cri-
terion agrees well with the criterion value correspond-
ing to the experimental tornado model [13]. According
to the parameters of tornado and tornado-like vortices
observed in nature [4], N can range from 0.2 to 20.

whereH , =

A. S. CHEFRANOV, S. G. CHEFRANOV

3. EXTREMA
OF THE ENERGY DISSOCIATION RATE

Thetime-independent equations of magnetic hydro-
dynamics are mathematically similar to the correspond-
ing equations for an ideal incompressible fluid [11]. It
is of interest to compare the variationa principles
determining the limiting steady structure for both mag-
netic and hydrodynamic fields. In particular, the above
generalization of the Kelvin variational principleisfor-
mulated similarly to the known magnetohydrodynamic
theorem on the minimum energy

E = si - [dxn”

of amagnetic field with allowance for the invariance of
the corresponding integral vorticity

S = Id3x(Ah)

of this field for force-free fields, whose vector h =
curlA is collinear to the current field vector j [9]. In
addition, there is a certain analogue between force-free
fields and Gromeka—Beltrami flows, where the velocity
field v and vortex field o correspond to the h and j
fields, respectively [11].

However, thereisafundamental difference between
this variational principle and the above generalization
of the Kelvin theorem. Indeed, an analogue of the S
invariant is absent in hydrodynamicsif correspondence
is established between the v and h fields, asis usually

the case [11]. Only the integral vorticity H rather than
& = d3xva, wherev = curla, isinvariant in hydrody-

namics. At the same time, if correspondence is estab-
lished between v and vector potential A instead of h,
the energy dissipation integral

| = vaJ’d3x(curI v)?

rather than the energy of the flow corresponds to the
quantity E. In this case, the integral vorticity

o _ Pors
H = ZId x(veurlv)

corresponds to the quantity S However, the integral
vorticity is not an invariant of motion of aviscous fluid
forv # 0, wherev isthe kinematic viscosity. The energy
integral T of motion of the fluid also is not an invariant
forv # 0. Therefore, the results of the preceding section
for the three-dimensional dynamics of the ideal incom-
pressible fluid are not directly similar to the outwardly
resembling theorem of magnetic hydrodynamics.

At the same time, the variational problem of the
extremum energy dissipation rate for a viscous incom-
DOKLADY PHYSICS Vol. 48
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pressible fluid under some integral constraints can be
considered. Let us consider the problem of the mini-
mum functional | determining the average energy dissi-
pation rate in the fluid among all solenoidal velocity
fields with the same vorticity H and energy T. The
functional corresponding to this problem has the form

A1po(veurlv)
2

F, = Id [ (curlv)

+ )\2p0V
2

(6)

+ As(x)divv]

where n = vp, isthe dynamic viscosity.

In particular, for A, = A3 = 0, the variationa problem
for F, exactly corresponds to the problem of the extre-
mum energy of the magnetic field with fixed vorticity [9].
Inthiscase, thefield of the vector potential A in[9] cor-
respondsto the v field in Eq. (6). For A,# 0 and A;# 0,
equating thefirst variation of functional (6) to zero and
assuming that

A1p

= Idsi|:)\3vli +8ijkvlj%]w0k OVOLE[| = 0):,
S

we arrive at the relation

curlcurlv + Aicurlv + Aov = gradAs,
2 12

> > _ . [eca-b'g z _A)~\2—b (M
A)\?, - 0, )\2 - i-l%a AZ:' y )\1_ a )

=N, . .
where Aj = ﬁl (i=1,2,3), theexpressionsfor A; and
)N\z are obtained from the constraints T = T, = const and
H =H, = congt, A_—2—|_|l B= — 2T1

Po Po’

a= J'd3xw2, b = Idsx(w Cturl @),
and ¢ = J’d3x(curlm)2,

if A 3 =0onthesurface S Since ca = b?> and Ba > A?
according to the Cauchy—Schwarz inequality, Im)~\2 =0.
For A2 = As=0, the velocity field in Egs. (7) satisfies
Egs. (2) and (3).

In particular, for A; = 0, any homogeneously spiral

1

vortex field @ =kv for k= ——2)\—\) automatically satisfies

the condition of zero surface integral F,sfor any varia-
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tion v, , which corresponds to the natural boundary con-

ditions [14]. In this case, A; and A, have the form
H1|:|
Epecausek: T_ID
_ o Hi o _HI
)\l = —2VT—1, )\2 = VF, (8)

1

determined from the constraints rather than from
Egs. (7), where ac = b? and Ba = A” for @ = kv.

We emphasize that condition (7) at >~\1curlv +

A2v = 0 formally coincides with the criterion of the
minimum energy dissipation rate according to the gen-
eralization presented in [2] for the Helmholtz—Rayleigh
theorem. However, only inhomogeneously spiral vari-
ants of the vortex Gromeka—Beltrami flow can consis-

tently satisfy the condition-Av = grad)~\3 in[2]. There-
fore, the indicated coincidence is not formal only for

A,
= —k # const. At the same time, —l—< = const
}\1 A 1 2

according to formulas (8).

Thus, the conclusions for the minimum dissipation
rate of the kinetic energy for steady homogeneously
spiral vortex flows modify the corresponding Helm-
holtz—Rayleigh theorem [2]. Moreover, these conclu-
sions agree with the principle of the minimum entropy
production under given external (boundary) conditions
for nonequilibrium steady states of various natural
objects[14, 15].

The results are abtained only by analyzing the first
variations of the functionals F and F,. Strictly speak-
ing, these results determine only the necessary condi-
tions of the existence of the corresponding relative
extrema. To determine the type of extremaand stability
of solutions, it is necessary to analyze the signs of the
second variations of the functionals.

ACKNOWLEDGMENTS

We are grateful to G.S. Galitsyn for his attention to
thework. Thiswork was supported by the Russian Foun-
dation for Basic Research (project nos. 01-05-64300,
01-07-90211).

REFERENCES

1. I. S. Gromeka, Some Cases of the Motion of an Inconm-
pressible Liquid: Collection of Scientific Works (Akad.
Nauk SSSR, Moscow, 1952).

2. D. Serrin, Mathematical Foundations of Classical
Mechanics (NITs “Regul. Khaot. Din.,” 1zhevsk, 2001).

3. M. V. Kurganskii, Dokl. Akad. Nauk 371, 240 (2000).

4. R.Chizheleski, 1zv. Akad. Nauk, Fiz. Atmos. Okeana 35,
174 (1999).



700

5.

10.

A. S. CHEFRANOV, S. G. CHEFRANOV

B. M. Boubnov and P. V. Rhines, Turbulent Mixing in
Geophysical Flows, Ed. by P F Linden and
J. M. Redondo (CIMNE, Barcelona, 2001), pp. 35-54.

G. Batchelor, An Introduction to Fluid Dynamics (Cam-
bridge University Press, Cambridge, 1967; Mir, Mos-
cow, 1973).

R. B. Pelz, V. Yakhot, S. A. Orszag, et al., Phys. Rev.
Lett. 54, 2505 (1985).

V. 1. Arnol’d, Prikl. Mat. Mekh. 29, 846 (1965).
J. B. Taylor, Phys. Rev. Lett. 33, 1139 (1974).

L. Ya. Tdaf, Calculus of Variations and Integral Equa-
tions (Nauka, Moscow, 1966).

11
12.

13.

14.

15.

H. K. Moffatt, J. Fluid Mech. 159, 359 (1985).
S. G. Chefranov, lzv. Akad. Nauk, Fiz. Atmos. Okeana
39, 759 (2003).

V. F. Tarasov and V. G. Makarenko, Dokl. Akad. Nauk
SSSR 305, 297 (1989) [Sov. Phys. Dokl. 34, 199
(1989)].

R. S. Schechter, The Variational Methodsin Engineering
(McGraw-Hill, New York, 1967; Mir, Moscow, 1971).

G. S. Golitsyn and I. 1. Mokhov, lzv. Akad. Nauk SSSR,
Fiz. Atmos. Okeana 14, 378 (1978).

Tranglated by R. Tyapaev

DOKLADY PHYSICS Vol. 48 No. 12 2003



Doklady Physics, \ol. 48, No. 12, 2003, pp. 701-704. Translated from Doklady Akademii Nauk, Vol. 393, No. 6, 2003, pp. 766—769.

Original Russian Text Copyright © 2003 by Vinokurov, Karpukhin.

MECHANICS

Dynamic M odel of Small Formation Comminution
in Two Immiscible Liquids

V. A.Vinokurov* and A. A. Karpukhin
Presented by Academician V. A. Sadovnichii June 8, 2003

Received June 16, 2003

Since the 1930s, especially after the assimilation of
industrial synthesis of alarge number of thermoplastics
and rubbers, the scope of the use of polymer mixtures
is steadily expanding. The volume of production of
polymer mixtures increases annually by 7-10%. Poly-
mer mixtures are produced by various methods: by
mixing latices or water dispersions with the subsequent
coagulation and agitation, by mixing solutions of poly-
mers with the subsequent desiccation or precipitation,
by mixing polymers and oligomers with the subsequent
solidification of the oligomers, and by mixing polymers
at atemperature higher than a vitrification temperature
or a melting point. The last method is widely used in
industry.

The properties of polymer compositions are deter-
mined both by the properties of initial components and
by the phase structure of the mixture formed when mix-
ing according to the ratio of components and the disper-
sivity of phase formations.

Mathematical models of mixing two fluids were
proposed in [1-4]. This process was experimentally
studiedin[5, 6]. Unfortunately, these modelsare poorly
detailed and, therefore, cannot be used in practice.

In this study, a mathematical model of the mutual
dispersion of polymers was developed so that it pro-
videsthe calculation of the size of formationsinthedis-
persion phase as afunction of the known parameters of
the system.

FORMULATION OF THE PROBLEM

We consider a system of two immiscible liquids.
The total volume of the system and the volumes of the
components are assumed constant in the dispersive
mixing process. We study comminution of first compo-
nent formations in the dispersion phase. The second
component that is a viscoelastic fluid and serves as the
matrix for the dispersion component is called the dis-

Moscow State University of Design and Technol ogy,
ul. Sadovnicheskaya 33, Moscow, 113806 Russia

* e-mail: vinokur @narod.ru

persion medium. An obligatory condition for break-
down of formationsis the presence of the velocity gra-
dient in the matrix.

In this study, we use the following designations: r is
the formation radius, N is the number of formationsin
the dispersion phase, t istime, V is the volume of the
dispersion phase, V, isthetotal volume of the composi-
tion, ¢ = V/V, is the relative volume of the dispersion
phase, a isthe coefficient characterizing the collision of
formations leading to coalescence, B is the dispersion
efficiency, o is the interphase tension at the interface
between the dispersion formation and the matrix, E is
Young's modulus of the dispersion phase, h is the
radius of the capture region, vy is the shear rate for the
mixing machinery, T isthe shear stress, n isthe viscos-
ity, v isthe relative velocity of formations, and K isthe
velocity gradient.

The model is based on the following assumptions:
(i) At every time t, the dispersion phase of the sys-

tem involves N(t) of perfectly spherical formations
with the same radiusr(t).

(ii) The volume of the dispersion phase is constant
in the process:

V = N%"T[r3 = const. (1)

(iii) Dispersion proceeds by dividing a spherical for-
mation of radius r into two spherical formations of

radiusr/3/2.

(iv) Formations are dispersed due to the mechanical
work executed by the motor of the mixing machinery.
Only afraction of thiswork isimmediately expended to
dispersion. The energy consumption for dispersion is
determined from the formula Q4 = BQ;, where B O
[0; 1] is the model parameter and Q; is the power
released in the melt volume dueto internal friction. The
power Q; is determined from the formula [7] Q; =

1Y V,. Therefore,
Qq = BTyV,. (2)

1028-3358/03/4812-0701$24.00 © 2003 MAIK “Nauka/ Interperiodica’
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(v) Simultaneously with dispersion, the coalescence
of formations proceeds. This processis simulated by a
pair coalescence of two colliding formations of the
same radius into a single formation. Coal escence takes
place if the impact parameter h' < h, whereh=a - 2r
and a [ [0; 1] isthe coefficient determining the possi-
bility of formations coalescing in the collision (a sys-
tem parameter).

We consider the proposed model of comminution of
formations in the dispersion phase.

DYNAMICS OF COMMINUTION
OF FORMATIONS

The dispersion rate is estimated in the thermody-
namic approach; i.e., the rate dN/dt of increase in the
number of formations in the dispersion phase is
assumed to be determined by the formula

dN _ Q,
dt e’ 3)

where g, is the energy required for dividing the ball of
radiusr into two balls of radiusr/3/2. It is assumed that

€ =€ et€, 4)

where e, ¢ isthe energy of deformation of aformation
and e, , isthe energy of creation of anew surface.

Using Hooke'slaw, we estimate the energy of defor-
mation of one formation by the expression

e = O,E Egnr“‘, (5)

where ©, isthe tuning coefficient, which is equal to 3/2
in the simplest case. The second term in formula (4) is
associated with the difference in the surface area of a
formation before and after the breakdown:

2
O = 20 (i) A ~o A’ = ©,0 G, (6)

where ©, =3(3/2 - 1).

In view of Egs. (2) and (4)—(6), expression (3) for
the rate of increase in the number of formations takes
the form

dN BtyN
T — 1y ] (7)
1 g

DYNAMICS OF FORMATION COALESCENCE

When the dispersion formations move in the matrix,
they can collide and, when the impact parameter h' < h,

VINOKUROV, KARPUKHIN

coalesce. The dynamics of coalescence of dispersion
formations is determined by the regimes of motion of
the medium. In this study, we consider two types of
motion: plane-parallel and disordered flows of the
matrix.

PLANE-PARALLEL FLOW OF THE MATRIX

In the Cartesian coordinate system, each plane layer
z = const of the plane-parallel flow moves with aveloc-
ity v = kzaong they axis. It is assumed that spherical
formations of the dispersion phase do not change their
shape when moving in the medium. Inthis case, the cal-
culation shows that the rate of coalescence-induced
decrease in the number of formationsis

dN _
a O3kPN, (®)

where ©; = 403/TL

DISORDERED FLOW OF THE MATRIX

The number of collisions between formationsin the
disordered flow of the dispersion medium is calculated
similarly to the statistical calculation of the number of
collisions between molecules in an ideal gas. Under
these assumptions, the rate of coalescence-induced
decrease in the number of formationsis equal to

dN _ _g ¢VN
dt_ @4r1 (9)

where ©, = 3a%/2.

DYNAMICS EQUATIONS FOR THE RADIUS
OF DISPERSION FORMATIONS

The dynamics of formation size variation in the dis-
persion phase are described under the assumption that
two opposite processes—dispersion and coal escence—
proceed simultaneously. The overall rate of the process
is determined by the sum of their rates. From this view-
point, we consider two models of the dynamics of for-
mation size variation in the dispersion phase, namely,
plane-parallel and disordered flows of polymer melt.

According to aforementioned formulas (7) and (8),
the rate of change in the number of formations in the
plane-parallel flow is determined by the expression

5 : .
‘;—':‘ - BL—@M)EN, (10)
o
El’%)SE"’eZFD O
3
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Combining formulas (7) and (9) for the dynamics of
change in the number of formations in the disordered
flow, we obtain the expression

According to assumption (1) that the volume of the
dispersion phase is constant, the number of formations
N isafunction of the radius:

3V 1
N =7 Dr—3 (12)

Relation (12) makesit possibleto passfrom differential
equations (10) and (11) to the corresponding differen-
tial equations for the radius r as a time function. After
substitution (12), differential equation (10) reduces to
the differential equation

dr _ rby—c
d ~ rb+c’ (13)
where
13ty
b=OFE, c=0,, b= ég%’—egeﬁmg,
_1
and Cl - 562630K¢

Thus, we obtain the basic differential equation (13)
describing the dynamics of the radius of formationsin
the dispersion phase in the plane-parallel flow.

Using the same substitution, we transform Eq. (11)
for the disordered flow to the form

dr _ r’a-rbg-gc

dt ~ rb+c (14
wherea = [;)y andq= —@4¢v

Both differentia equations (13) and (14) have asin-
glestablerest point r =r,, at the positive semiaxisr > 0.
An arbitrary trgjectory is attracted to this point for
t - +oo,

For the plane-parallel flow of the matrix,
_ _ 4d’p’ko
nRTY—60°0°KE

s)
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Electron microphotograph of the plasticized composition of
polyvinylchloride and butadiene acrylonitrile rubber.

For the disordered flow,

_ 90*9*VE + J(9a20?VE)? + 960 %Ry G
N 8Bty

. (16)

DISCUSSION

The suitability of the models of calculating the ulti-
mate size of formations in the dispersion phase was
tested by comparing the calculated values with the
measured sizes of formationsin the dispersion phasein
the microphotographs of polymer mixtures. The figure
exemplifies the el ectron microphotograph of a polymer
mixture of plasticized polyvinylchloride and butadiene
acrylonitrile rubber obtained under the following tech-

nological conditions: T = 185°C, ¢ = 0.2, and y =
120 s. The size of formations in the dispersion phase
rangesfrom 1 x 108t02 x 10 m.

For these parameters, formulas (15) and (16) yields
the ultimate formation radiusr,, = 2 x 1013 and 7.1 x

107 m, respectively. Thus, formula (15) is unsuitable
for estimating the sizes of formations in the dispersion
phase, whileformula(16) isin good agreement with the
experimental results.

An advantage of the proposed model over the pre-
ceding ones[1-4] isthe concrete analysis of the factors
determining dispersive mixing. This analysis alows
both control over this process and prediction of the for-



704 VINOKUROV, KARPUKHIN

mation sizes in the dispersion phase, the structure of 5. Yu. P. Miroshnikov, in Equipment and Technology of

this phase, and, thus, the consumption characteristics of Processing Rubbers, Polymers, and Rubber Mixtures:
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Newton's laws are nonlinearly generalized so that
the “strange” motion of Tolchin's inertoids, which is
not explained by classical mechanics, can be explained
and predicted.

In the mid-1930s, Tolchin [1] designed a simple
mechanism, which he called an inertoid, which moved
due to a periodic change in its internal momentum.
Sincethat time, numerous experimentswere carried out
with such mechanisms at various laboratoriesin differ-
ent countries over nearly 70 years. All criticism of these
experiments has been unfounded because all possible
effects of friction, aerodynamics, etc., are weaker than
the observed effect of the motion of an inertoid, by a
factor from the range 0.001-0.1. The motion of these
mechanisms has not yet been explained in the frame-
work of classical (or Einsteinian) mechanics. Tolchin
attempted to intuitively explain this motion by the
action of “tangential inertial forces’ [1, p. 87]. How-
ever, this explanation is empty. It is more redistic to
assume that all known theories of motion (Newtonian,
Einsteinian, Shipov’s [2], etc.) are too “linearized” to
takeinto account the features of the motion of inertoids.
Their motion can be satisfactorily described only in a
substantially nonlinear simple “extended” Newtonian
model [3].

In this work, we extend this model and show that it
can explain center-of-mass motion that is pronounced
in numerous experiments with a Tolchin inertoid
(“four-dimensional” gyroscope) [1] and is due to
proper control over the momentum. Moreover, the
parameters of the inertoid can be optimized in agree-
ment with experimental results. Thus, mechanisms
moving in vacuum and in any medium without both
loss of their mass and any active contact with the envi-
ronment can be designed and optimized.

Proposing the most genera available mathematical
model of the world, Shipov [2] attempted to prove that
the center-of-mass motion of an isolated mechanical
system under the action of controllable interna rota-

Moscow State University,
\orab' evy gory, Moscow, 119992 Russia

tions could be described by “torsion interaction” the-
ory. Shipov wrote[2, p. 191], “ Thetorsion conservation
law is the practical conclusion that exchange between
the momentum and angular momentum can change the
momentum of the center of mass of an isolated mechan-
ica system.” However, this statement has not been
proven by Shipov and cannot be corroborated in the
framework of his*overly linearized” model.

Shipov’s theory, which undoubtedly provides more
extended representation of both vacuum as an “accumu-
lator” of all exigting things and inertial forces, explains
many ununderstandable phenomena. However, the aim
of this theory was the explanation of center-of-mass
motion due to internal forces. This aim has not been
achieved despite the substantial extension (compared to
classical mechanics) of therole of inertial forces. Shipov
wrote about inertia forces[2, pp. 195-196],

“(i) They are generated by theinertia fields Tijk and
enter into both tranglational

DU i i

- +Tuu = 0 (3.161)
and rotational

De; P dx®

5t Tikge® = 0 (3.162)

equations of motion;
(ii) inertia fields Tijk are determined by the torsion
of absolute parallelism geometry
i i 1
Qj = Dy = _éea(eik_elij)’
which characterizes the elastic properties of space and
islocdl;

(iii) being of vacuum nature, inertial forces can be
treated neither as internal nor as external for any iso-
lated system.”

Shipov wrote [2, p. 197], “new concept of inertia
fields and forces make it possible to go beyond the
scope of some theorems of classical mechanics. In par-
ticular, it is the conservation theorem for the center-of -

1028-3358/03/4812-0705%$24.00 © 2003 MAIK “Nauka/ Interperiodica’
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mass momentum of an isolated mechanical system.
According to this theorem, internal forces cannot
change the center-of-mass momentum of an isolated
mechanical system. The theorem was proved under the
following conditions [4]: interna forces satisfy New-
ton’sthird law and internal forces are forces that act in
the internal volume bounded by the isolated-system
walls.”

In his attempts to explain the Tolchin effect, Shipov

emphasizesthat theinertial field (tensor Tijk) appearsin

his equations of torsion mechanics for both transla-
tional and rotational motions. However, the motion of
an inertoid can hardly be explained by taking into
account only the second derivatives. Explanation
should be sought in a certain nonlinear theory of
motion, such as the extended Newton'slaw [3] or, in a
more completeform, generalized Newton'slaw (1) pro-
posed below. The applicability of this law is corrobo-
rated at least implicitly, because it explains the center-
of-mass motion of Tolchin's inertoids, which had
remained unexplained for nearly 70 years, and provides
the possibility of optimizing the parameters of this
mechanism.

We consider dynamic systems where only gravita-
tional and inertia forces, as well as forces which we
call forces of the coupling of a body with vacuum, are
manifested. In addition, we assume that the total force
F acting on the body with mass mis expandable in a
Taylor series whose terms are not all equal to zero
simultaneously. Thus, the equation of motion takes the
form

Fot S Kr® =0, (1
i=0

where r® is the ith time derivative of the radius vector
in acertain coordinate system and F, and K; are dimen-

SMOL’YAKOV

siona coefficients, which can depend on the configura-
tion properties of the body and space.

Series (1) extends a similar series from [3] by
including the three following terms: the term F, deter-
mining the coupling of the body with vacuum, the term
K,r responsiblefor the gravitational force, and the term

Kl%—; , Which is related to the momentum for K, = m.

Different termsin Eq. (1) are nonzero in dependence on
the shape of the body, the character of the motion of
massesin it, and externa (gravitational) fields.

We consider the motion of an inertoid in the polar
coordinate system whose unit vectors are shown in the
figure. Inthis coordinate system, the position of amate-
rial point is specified by the radius vector r = rE, and
angle 8 measured in the (x, y) plane from the x axis
(0 < 6<2m). Successive derivatives of the radius vector
are given by the expressions

f = fe +rBe, )
= (F—r8°)e + (rd +2i0)e,, 3)
r® = (r®-3i6°-3r00)e,
+ (370 +r0® —rd’ +3r0)e,, (4)
r@ = (10" + 1 —670° - 12700 — 3rd°
—4r08%)e, + (r6@ + 4r¥9 + 678 -4i08° (5
+4i0® —6r6°d)e,.

The ssimplest Tolchin’s inertoid [1] is a mechanical
system consisting of two identical massesm, = m, =m
that rotate about the O axis in the opposite directions
and are located at the ends of inelastic rods whose
momentum changes periodically for a short time (by
means of an electromotor and abrake) during each rota-
tion period.

The figure illustrates the simplified mathematical
model of an inertoid. According to experiments with
inertoids [1, 2], the pulsed displacement of its center of
mass O along the x axis in the second half-period of
mass rotation is opposite to that in the half-period. The
displacement of the center of massin one direction is
much larger than that in the opposite direction so that
center-of-mass motion over many periods is transa-
tional. This motion occurs due to the specific control of
its momentum. For convenience of calculations, we
consider masses m; and m, as unit masses.

When the first and second masses rotating in oppo-
site directions reach the points E and G (figure) where
they have the same circular velocity |v,|, these masses
begin to be accelerated with a constant acceleration

I8 = a> O until they meet at point F with theidentical
velocity |v,|> |v,|. Further, moving by inertiaaong the
DOKLADY PHYSICS Vol. 48
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arcs GE' and EG/, they reach points E' and G', respec-
tively, at acertain time. At thistime, the brakeisturned
on and provides a constant negative acceleration with
the same absol ute value asthat under acceleration. Both
masses have the same circular velocity |v,| when they
meet at the point F'. Then, they move by inertia along
the arcs G'E and E'G with the circular velocity |v,| to
points E and G, respectively. Afterwards, the described
Process repeats anew.

Below, we will show that the center of mass of the
model under consideration cannot move in the frame-
work of classica mechanics, but such motion is
allowed by generalized Newton's law (1). Moreover,
the parameters of the inertoid can be optimized for any
physical constants of this law, and the conclusions
agree with experimental results.

First, we calculate change in the x projection of the
angular momentum of the rotating masses and check if
it is equal to zero. To calculate the x projection of the

inertiaforce r =—r0 %, +r0 eg, We expressthe unit vec-
tors e, and ey of the polar coordinate system shown in
the figure in terms of the unit vectors e, and e, of the
Cartesian coordinate system:

i = —r’(e,cos +e,sinB) + rB(—e,sind
+e,c058) = (—rb°cosB —résinB)e,
+(~r6’sinB + récosd)e,.

Therefore, the x projection of the vector r has the

form F, = —r8” cosB — r8 sin®, and the x projection of
the momentum changes during time interval (0, t) by
the value

t

3 = [Fa. ©)
0

First, thisintegral is calculated for the first massin
its acceleration section EF with the preliminary calcu-
lation of auxiliary quantities. Integrating the constant

acceleration r© > 0 of the first massin its acceleration
section EF in the time interva (0, t,), i.e., from the
angle ® = -6, totheangle® = O0reached at t = t,, we
obtain

at | ;

e:_+601 E
r

e:2r

t% + ot + 0, (7

where éo > 0 and 6, < 0 (angle 6, corresponds to the
point E in the figure). Therefore,

1
t = a[—vo+A/v§ +2ar(6—90)};

DOKLADY PHYSICS Vol. 48 No. 12 2003

707

where the first mass rotating counterclockwise has a

velocity v, = Bor at the point E. The circular velocity
of the first massin the section EF is equal to

0 =v=vy+at = Jvi+2ar(0-0,) 2 JA,

where A isintroduced for further reduction of notation.
The velocity at point F isequa to

v(t,) 2 v, = Jvi-2ar6,.

In view of the above relations, integral (6) over the
section EF of the motion of the first massis obviously
calculated as

51 ty

EF _ 1 5.2 _ .
J; = Ir(re) cosOdt aIsmedt
0 0

0 0
= — [/Acos6do —ar J’—l—sjnede )
8 eo“/Z

0 0

. 1 . .
= — [./JAd(sinB) —ar [—=sinBdd = v,sinb,,

where one of the integralsis calculated by parts. Thus,
change in the x projection of the momentum of thefirst

massin the section EF isequal to J5' = v,sin6,, where
8, < 0. Since the opposing motion of the second mass

over the section GF is the mirror image of the motion
of thefirst mass about the x axis, weimmediately obtain

JST = v,sin6, for the second mass.

We now calculate the deceleration motion of the
second massover thearc G'F' with the preliminary inte-

gration of the constant accel eration (deceleration) r 0=
a, where a > 0 because opposing motion is considered.

Weobtainr8 = at - v,, where v, > 0 because the veloc-
ity —v, corresponds to opposing motion (to the 8 angle
direction accepted in the figure). Recall that v, is the
velacity of the second massin the section EG' of itsfree
motion from point F (where its accel eration to velocity
v, finishes) to point G'. In addition, we obtain

a

e:2r

- Ltr (-9,

t = i(vl_A/vi—Zar(T[— e—eo))’

0 = at—v, = —/v2—2ar(m— 6-8,)
2 A

= Jvi-2ar(6-m 2 J/B; dt = —,
0 ( ,\/E

where the symbol B is introduced to simplify further
calculations. For convenience of calculations, motion
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over thearc G'F' isconsidered to occur in thetimeinter-
val (0, t,), wheret, = i(vl - A/vf—Zareo). Inview of

the above notation and calculations, theintegral J5© is

calculated similarly to the integral J5" and is equal to
G'F' .

J;" =-v;sin6,.

Taking into account that the opposing motion of the
first mass over the (deceleration) arc EF' is the mirror
image of the motion of the first mass about the x axis,

weobtain J5© =-v,sin8, for thefirst mass. Asiseasily
calculated and immediately follows from similar calcu-
lationsin [3], the free motion of both massesin the sec-

tion E'G and EG' does not change the x projection of the
momentum.

For thefree motion of thefirst massin the section FG,
: v
0=v, 0=- dt=-—de,
r v,
and, therefore,
tl -2 _60
J5¢ = —I@cosedt :—vlj’cosede = v,sing,.
r
0 0
Thus, J5F = v,sin8,. Similar calculationsin the section
F'G of the free motion of the first mass give J5 "~ =

~v,sinB, and, therefore, J5 = = -v,sinB,. Thus, the
total change in the x projection of the momentum of the
inertoid is equal to zero in classical mechanics. There-
fore, according to classical mechanics, the Tolchin's
inertoid cannot move (without the reactive force).

Now, we carry out cal culations by using generalized
Newton'slaw (1) and expression (4) for the third deriv-
ative r® of the radius vector r:

r® = (r® _-3/6°-3r6d)e,
+ (370 +r0® —r6° + 3i)e,.

For r = const and 6 = const, Eq. (4) yields

r® = _3r88e —rb’e,.

The third derivative determines the rate of varying
the force (accel eration) and can bea“ driving force,” the
more so that the dimension of the “momentum” of this
driving force coincides with the force dimension.

The x projection of the vector r® is equal to

F, = —3rB8cos@ +r6’sing,

SMOL’YAKOV

and integral (6) of this projection is equal to

4 4

3a,, ; 1, .3
J57 = —=2((r6) cosBdt + = [(r6)” sinOdit
r 2
froesso
0 10
—SaJ'cosede + FJ’Asmede = 3asinf,
8, 8,

0
+ %j[ v2_2ar@, + 2ar@] sind do
e0
2
. VO
= sinBy + 2aB, - —(1 - cosby),

where A= v2 +2ar(8 - 6,).

Taking into account that the opposing motion of the
second mass over the (deceleration) arc E'F' is the mir-
ror image of the motion of the first mass about the

X axis, we obtain J5- = J5' .
The integral J5 = determining the motion of the
second mass in its deceleration section G'F' is equal to
tl tl

38 = —%‘I(r'e)cosedt +1 [(r6)"sinect
r
0 0

= —3aJ’ cosed9+%f Bsin6do
-6 -6

= asinf, + 2a8,cos0, + v5(1— cosh,),

where B = v2 +2ar(8 - .
In view of the same symmetry with respect to the x
axis, J5~ =J5" .

For the free motion of both the first mass in the sec-
tion FG and the second mass in the section FE,

JE¢ = J5F = %vf(l—coseo).

For the free motion of both the first massin the section
F'G' and the second mass in the section F'E’,

3¢ =0" = %vé(l—cosﬁo).

Sincethetotal value of theintegral J for both masses
in the sections GE' and G'E is equal to zero, the tota
integral J; determining the center-of-mass motion of
the inertoid per one period of the rotation of massesis
equal to

J; = 4[asinB, + 2ab,cos0] . ©)

DOKLADY PHYSICS Vol. 48 No. 12 2003



NONLINEAR LAWS OF MOTION AND EXPLANATION OF THE MOTION OF INERTOIDS

Therefore, the acceleration lal has the determining
importance for the velocity of the center of mass of
inertoids (this velocity increases with the acceleration).
In addition, equating the partial derivative to zero, we

arrive at therelation tan@, = % from which the opti-
0

mum value [83"| = 56.5° is obtained. This value can be

corrected by including higher derivatives of the radius
vector .
A similar calculation of the “action” of the x projec-
tion of the fourth derivative provides
_3

J, = —g(vl— Vo) (1—cosB).

; (10)

Thus, with the inclusion of unknown coefficients K,
and K, inlaw (1), we obtain

J3 4 = 4Ksa(sing, + 26,c0s6,)

11
+3K4?(v1—v0)(1—coseo). (b

Since coefficients in law (1) are unknown (they can
depend on dynamics), the parametric optimization of
expressions (11) is difficult and is not carried out.

Any theory of the motion of inertoidsis absent (only
filming of motion has been carried out [2]). Therefore,
the effect of parameters on their motion has not yet
been studied. Comparison of the motion of several vari-
ants of inertoids only showed that their velocity is max-
imal for relatively small angles |6,| = 30°. Now, iner-
toids and possibly other constructions (e.g., proposed
in[3, 5]) can be purposefully designed to ensure the
maximum velocity of their centers of mass dueto inter-
nal forceswithout any reaction forces. Thus, even with-
out knowledge of its physical parameters, the general-
ized Newton'slaw makesit possible not only to explain
the motion of inertoids, which was not explained for
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nearly 70 years, but also to optimize the parameters of
their motion.

In conclusion, we note that the centers of mass of
constructions with asymmetric rotations (such as those
considered in [3, 5]) must move continuously accord-
ing to the generalized Newton’s law (rather than by for-
ward-backward jumps, which are characteristic for
Tolchin's inertoids). This is their advantage over
Tolchin's inertoids. Moreover, the center of mass of
conic constructions can be accelerated due not only to
higher derivatives, but also to interaction with vacuum
(through the term F, in the law of motion given by
Eqg. (1)) if these constructions rotate fast enough to
eliminate their coupling with vacuum [5].

ACKNOWLEDGMENTS

Thiswork was supported by the Russian Foundation
for Basic Research (project nos. 01-01-00543 and
03-01-00329) and by the Division of Information Tech-
nologies and Computing Systems, Russian Academy of
Sciences (project no. 1.3).

REFERENCES

1. V. N. Tolchin, Inertoid. Inertial Forces as a Source of
Trandational Motion (Permsk. Knizhn. 1zd., Perm,
1977).

2. G. |. Shipov, Theory of Physical Vacuum (Nauka, Mos-
cow, 1997).

3. V.A.Gelovani and E. R. Smol’ yakov, Dokl. Akad. Nauk
375, 159 (2000).

4, |. 1. OI’'khovskii, Course of Theoretical Mechanics for
Physicists (Nauka, Moscow, 1970).

5. E. R. Smol'yakov and V. E. Smol'yakov, Preprint
GUMDN (Moscow, 2003).

Trandated by R. Tyapaev



Doklady Physics, \ol. 48, No. 12, 2003, pp. 710-714. Translated from Doklady Akademii Nauk, Vol. 393, No. 6, 2003, pp. 776-780.

Original Russian Text Copyright © 2003 by Chashechkin, Kistovich.

MECHANICS

Calculation of the Structure of Periodic Flows
in a Continuoudly Stratified Fluid with Allowance
for Diffusion

Yu. D. Chashechkin* and A. V. Kistovich**
Presented by Academician D.M. Klimov June 11, 2003

Received June 18, 2003

Interest in dissipation in inhomogeneous fluids is
stimulated by the search for mechanisms of formation
of the fine structure of both the ocean and the atmo-
sphere and by the necessity of development of methods
for calculating linear and nonlinear waves as well as
concomitant boundary layer flows. Singular compo-
nents of the compl ete solutions are of increasing inter-
est due to the use of microscopic electromechanical
systems as well as micro- and nanotechnologiesin con-
trol systems of power-intensive devices. The internal
structure of boundary layers depends on the dimension-
ality of the space of the problem. Two different bound-
ary layerscan exist in athree-dimensional periodic flow
in a stratified viscous medium [1]. One of them is an
analogue of the periodic Stokes flow [2]. Its thickness
isdetermined by the wave frequency and kinematic vis-
cosity of the medium. The thickness of the other inner-
boundary layer, which is specific for a stratified
medium, depends on the Stokes scal e and the geometry
of the problem (slope of waves and radiating surfaces)
[3]. Since the equations of motion are nonlinear, large-
scae (regular) and small-scale (singular) elements
interact with each other and with other flow compo-
nents. Owing to this circumstance, the number of the
mechanisms of excitation of internal waves increases,
and arange of conditions under which this effect occurs
extends [4].

Inclusion of diffusion increases both the order of the
governing system of equations and the number of forms
of periodic motions, which complicates analysis of the
problem. In this work, the compl ete solution to the lin-
earized problem of generation of three-dimensional
internal waves with allowance for viscosity and diffu-
sion has been constructed for thefirst time. A procedure
of constructing solutions to multiscale singularly per-

Institute for Problemsin Mechanics,
Russian Academy of Sciences,
pr. Vernadskogo 101/1, Moscow, 117526 Russia
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turbed equations depends on the ratio between the kine-
matic viscosity v and the salt diffusion coefficient D.
For thisreason, we analyze only the case of large values

of the Schmidt number Sc = % , Which are typical for

both agueous solutions of metal salts and seawater.

We consider an exponentially stratified fluid whose
density decreases with the height zas

Po(2) = PooeXP[~

where A is the buoyancy scale, the direction of the z
axisis opposite to the gravitational acceleration g, and

N = J;% = _ZrlT is the buoyancy frequency (T, is the
b

buoyancy period).
In the Boussinesq approximation that allows for the
diffusion of the stratifying component, the linearized

system of the equations of mation of a viscous incom-
pressible fluid has the form

poaa_l.i:J = — DP + VpoAu _O-gez,
3 U ey
E—K = DAo, OLMu = 0.

Here, P, o, and u are perturbations of pressure, of
salinity, and of fluid velocity, respectively, which are
assumed to be constant, and e, is the unit vector of the
z axis. In the linearized equation of the state which
relates the density and the stratifying impurity (salin-
ity), the coefficient of saline contraction isincluded in
the figure of salinity perturbation.

Taking into account the symmetry of three-dimen-
sional internal waves, we chose a part of avertical cyl-
inder with the height a and radius R as a source of peri-
odic perturbations. It performs either vertical vibrations
or torsional vibrations about the z axis. The time factor

1028-3358/03/4812-0710$24.00 © 2003 MAIK “Nauka/ Interperiodica’



CALCULATION OF THE STRUCTURE OF PERIODIC FLOWS

e'“ will be omitted below. The nondip and imperme-
ability boundary conditions for the velocity and sub-
stance, respectively, on the radiating surface and the
condition of damping of all perturbations at infinity
have the form

Ul =00 Uy| = Us(9, 2),
do
Ul _p = U027, DFr| =0, )
r=R
P, ur,u(,,,uz,o|r”o’bioo - 0.
The equations

[(w—iDA)(w—ivA)A—N*A]® = 0,
(w—ivA)W = 0,

3)

for the components W and & of the toroidal—poloidal
representation of the velocity u =[x (e W) + [x [x
(e d) [5] follow from Egs. (1). Here, A is the tota
Laplacian and

1000, 10"

Ao = Tardar® r’ae’

is the horizontal Laplacian. The equation for the salin-
ity perturbation ¢ coincides with the equation for
the potential @, while the condition of zero divergence
0 -u=0isautomatically satisfied.

Since source motionisaxially symmetric, asolution
to Egs. (3) issought in theform of the following expan-
sion in plane waves:

+o00

W = J'E(k)Hg”(er)e‘kde,

+o00

® = j(A(k)Hé”(kwr)+ B(K)HS (k,r)
+C(K)HS (kor) )€ “dk, (4)

D/\I

H(l)(k ) (k:( ) DH(l)(kD )Eelkzdk

_KD D_KD

EA(k)kam(k N

B(k) K

where H{" isthe Hankel function of thefirst kind. The
wavenumbersk,, k,, Ky, K, and K, found from the solu-
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tion to the dispersion equation obtained after the substi-
tution of solution (4) into system (3) have the form

v+D

= |K/tan® + i » Ik,
2Ncos 6
K, —(+1+|)[cose
1+i INQ 2 _ 1w 2
kp = — |=—, K\,=——k, Ko = =—Kk’,
D 2 NDv v P D 5)

Q = (v+D)sinB+ 4/(v—D)’sin’ + 4vD,

. W
0= arcsmN.

Therootsk, and K are chosen so that perturbations
are damped at infinity (Imk,, Imkp > 0) and waves
exist (i.e., the upper and lower signs are taken in thek,
expression for w < N and w = N, respectively). If the
generator frequency w exceeds the buoyancy fre-
guency N, then

— |k| EQH_ v+D K

IN(w’=N?)* U

and waves are not emltted in the linear approximation.
Instead, a region where the wave component of the
periodic motion is exponentially damped is formed
near the source. For a spectral component with the
wavenumber k, the width of thisregion isequal to §,, =

2
k- [1-X
w

The spectral amplitudes A, B, C, and D are found
from the system of algebraic equations obtained after
the substitution of solution (4) into boundary condi-
tions (2). For large Schmidt numbers, the awkward
solution of this system reduces to the simple form

(6)

HP(k,RUAK) ‘z(k)
AK) = , B(K) = —2—2—
® k,k,HP(k, A HP (K, R) ® KHS(k,R)
_ (7
k%k,H Yk, R)U,(K) Uy (K)
C(K) = YLy o2 , D) = ——2 2
W Rek kg HE K, RIHU K, R) 0 K HPK,R)
where

+o0

= _ 1 —ikz
U (k) = gﬁj U,(2)e "dk,
o @)

+o00

Us(K) = %1.[ U,(2)e " “dk

are the spectral amplitudes of the vibration velocity of
the radiating surface.
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The term containing the spectral density A(k) in the
solution given by Egs. (4) and (7) describes outgoing
internal waves, whilethetermswith B(k), C(k), and D(K)
describe a family of boundary layers on the radiator
surface. The term D(k) determines a viscous wave

boundary layer of thickness o, = «/%V which aso

existsin ahomogeneousfluid [6], while the expressions
with B(k) and C(k) give inner wave boundary layers of
amixed type, which have the transverse scales

}\":——cg\se’ Ap = 2660 [ 8 = [
C))

A= J(63+6§)s"ne+J(6v—6D)s'n 0 + 45255,

Here, the inequality A, = Ay is satisfied for any ratio
between the kinematic coefficients v and D, where
equality is achieved at v = D. In the case under consid-
eration (v > D), the leading terms of expansions of A,

and Ap in the small parameter % coincide with the

scales corresponding to the wavenumbers k, and

Kp; i.€,
2v 2D
M e

and fields of velocity and density split partially.

(10)

The vertical cylinder does not violate the condition
of stability of theinitial density distribution. Therefore,
relations (4) do not contain the E(K)HSY (kpr) terms
characterizing the diffusion-induced unsteady flow,
where the scales of variations in the density and veloc-
ity are quite different [7]. If the radiating surface is
inclined, a density wave boundary layer of thickness

As= L @isalsoformedandadditional terms
ImKp w

appear inintegral relations (4).

Salinity, aswell as vertical and radial velocity com-
ponents, are unperturbed by the torsional vibrations of
the radiating surface. In this case, the viscous periodic
boundary layer is formed:

ak "
J- - H(l)(K r) e'kzdk, (11)
Hi ' (k\R)

but waves are not radiated in the linear approximation.

If the source radius is much larger than the charac-
teristic scale of the formed boundary layer (|k,R),

CHASHECHKIN, KISTOVICH

|k,r| = 1), then, in the low-viscosity approximation

i

< 1%, relation (11) reducesto the form

U, R
U¢:—?/\/;|1,

(12)

where
+°°sm§25
b= [ e'kzexpD——-—(K +iK,)pedk
ak
+°°Sn_
|kz
~exp%l 1)[[%} " (13)
wkgj
xexpD—(l i) dk

= JA/k4v2+oozik2v, p=r-R

According to Eqg. (13), the flow intensity in the viscous
wave boundary layer decreases exponentially with the

scaled, = E . The factor J}R characterizes the

geometric attenuation caused by the cylindrical
symmetry of the problem.

The velocity distribution around athin source of tor-
sional vibrations, which has aradius much smaller than
either the viscous wave scale or the thickness of thevis-
cous boundary layer (|k,R|, |k,r| < 1), hasthe form

O a
Ak El, |Z|<§
tognN—
_UR, T2 ke RCL _a
=7 [ i€k = Vet 4 =5 (4)
o a
0o, |4>2

Therefore, the flow decays linearly rather than expo-
nentially with distance from the source surface. Conse-
guently, the periodic motions primarily differ near
micro- and macroinhomogeneities.

If vibrations are vertical, two families of inner
boundary layers of viscous and mixed types are formed
on the cylindrical belt of the height a. In the inner

DOKLADY PHYSICS Vol. 48
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boundary layer of thefirst type, perturbations of veloc-
ity and salinity are given by the relations

HP (k1)
H(l)(k ;)ﬁ%_— _6%+

u=U

a
gl 14<3
HY(k, |r)D a
UZ=U T |Z| = é

Hs ' (k,R)
a
0 |Z|>§,

ivU, H( (k, r)
2/\w(v+D)H(1>(k s %—— —f%+ﬂ](15)

f(x) = son(H - expH1-1)Z X,

J2
_ [v+D)w
a = vD .

Singularities appear in Eq. (15) at the edges of the
cylindrical segment, because calculations performed
under the condition D < v are approximate. In the exact
expressions for the radial velocity, infinite discontinui-
ties are smoothed and transformed to narrow zones of
the bounded radial motion near source edges. A
decrease in the vertical velocity component u, is exclu-
sively geometric, and the vel ocity boundary layer is not
formed. However, the density boundary layer having

the characteristic scaleA,= /2vD/(v + D) w isformed
due to the combined action of periodic perturbations
and diffusion.

In theinner wave boundary layer of the second type,
perturbations are described by the expressions

ak
iUk, HO (kR HO (ko) 2

B anDHgl)(kvR)H(f’(kDR)I KoK
nak

I |kzdk(16)
K K5

rak?gn
Ikzdk,

Uk, HOk,RAHO(kor) "
TRKo HE(k, R H (ko R) 4

=
. ak
Uk HEKRHIKN T KSN7

_ |kz
~D/\ﬂRkoHé”(kvR)H&”(kDR)I o)~

In the zero approximation with respect to the
Schmidt number, these expressions do not contain
salinity perturbations. In the first approximation, solu-

DOKLADY PHYSICS Vol. 48

No. 12 2003

713
tion (16) describes the boundary layer characterized by
different scales of variation for velocity (d,= A/%V ) and

salinity (0g= /%3 ). The pattern of the physical fields

is determined by the expressions consisting of the Han-
kel functions and by the integrals on the right-hand
sides of the corresponding expressions.

Inner gravitational waves are generated only by a
vertically vibrating source of the considered type. The
radiated wave field is antisymmetric with respect to the
central horizontal plane. In the upper wave cone, the
velocity components and salinity perturbations are
described by the expressions

ak H(l)(k r) ikz
2HO(K,R)

iU,HP(k,R)

dk,
T, HO (K, R)I

U=

sm%
U, H{"(k,R)

Hél)(kwr) eikz
T, HO (k, R)-[ k

"HP(k,R)

u,= dk,
(17)
U, HP(KR)

DATK, HEY (K, Fe>I

ke, HS (K
W (1)( r) |kzdk
(k —KD)H (kyR)

The structure of the wave field is conic in the coor-
dinate system concomitant with the wave beam (p, g),
where the g and p axes are directed along the beam and
phase velocity, respectively (r = R+ psin® + qcosb, z=

—pcosB + qsinbG, sinb = ﬁ). The function ([8])

_ (v+D)K’qy _
Falk) = epokp— 2Ncosf U

appears in the integrands in Egs. (17). It contains the
dissipative wave scale

= F(a, p.k) (18)

/(v +D)g

N ,
which issimilar to the viscous wave scale L, in the dif-
fusionless medium [9]. The ratio of the size of the
source to the scale L4 (19) determines the modal struc-
ture of the radiated beam.

The table presents the vertical displacements h of
particles in the wave cone that are calculated by for-
mula (17) for three values of the cylinder radius. Here,
o) = 2N cosO

(v+D)q
height of the moving cylinder part onto the p axis.

Lq = (19)

and a' = acosB isthe projection of the
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Table
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Source

Displacement in the conic beam |h(p, )|

Displacement in the beam axis |n(0, g) |

kR > 1, KR > 1, R> Ly

kRl < 1, [k,R> 1] IJRsn—-F dk

2nr

Z(v +D)s n>%9cos'%0”

koRI <1, KR <1
w In(kvRIZ)A/an

UjtanB |y + F dk
TN J’sm—

J'JR n—Fddk

u,asin® .

(v+D)R r[g]
6TIN

w(R+ gcos) [8]

/(v+D)cosG 50
) 21INQ
U a(v D) 5/6( ) l

(a)

U,aR 56
6N IS

Mg
Eﬁ]
"E

The first row of the table presents the results for a
radiator radius exceeding the scales of al introduced
perturbations: beam width, wavelength of the internal
waves, thickness of the inner wave boundary layer A,
and the dissipative wave scale Ly. The second row
shows the results for the intermediate radius that
exceeds the scales of the boundary flows but is smaller
than the characteristic wavelengths of the internal
waves. The third row presents the results for a radius
much smaller than all scales of the problem. Disregard-
ing the effects of diffusion, our results agree with the
results of [10].
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