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This paper presents the X-ray crystallography of
various carbon materials produced by pyrolysis of light
hydrocarbons under nonequilibrium conditions in dif-
ferent regimesin supersonic flows, which makesit pos-
sible to synthesize various metastable carbonic struc-
tures.

The materials were obtained by Yu.A. Moiseev
(Institute of Chemistry of Oil and Natural Resources,
Academy of Sciences of Kazakhstan, Gur’ ev, Kazakh-
stan) who specialy designed a 10-kW dc plasmatron
with the supersonic Laval nozzle for the quenching of
reaction products with arate of 108 K/s[1, 2]. Ethylene
(~99.99%) and argon (~99.99%) were used as a hydro-
carbon material and plasma-producing gas, respec-
tively. Their flow rates varied in the experiments. The
average temperature in the plasma jet ranged between
1000 and 4500 K.

The X-ray crystallography of 15 specimens of syn-
thesized carbonic materials were carried out on a
DRON-1.5 diffractometer with modernized collimation
(CuK,, radiation). The spectrawere handled and identi-
fied by the PowTool software package. Test specimens
prepared on micaplateswere studied with an EVM-100
electron microscope.

The diffraction spectra of all test specimensinclude
reflections from two X-ray amorphous phases: graph-
ite-like (Gph) with dy, = 3.55-3.42 A and polynaph-
thenic (Nph) with d = 4.7 A (yline). Asis known [3],
such phases exist in many natural and artificial carbonic
materials (Figs. 1a, 1b, Table 1). The size L., of coher-
ent-scattgring regions for these phases liesin the range
30-120 A.

It was found that the main feature of most specimens
under study is the presence of sharp pronounced reflec-
tions from crystalline structures with different sets of
interplanar spacings d.

The systematic analysis of the quantity d for all
crystalline components showed that most specimens
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contain a common phase with the fcc cell. 1t was estab-
lished that this crystalline phasein the pure form, along
with the amorphous Gph and Nph components, exists
in specimen nos. 5 and 7 (Fig. 1b, Table 1). The values
of 6, d, and hkl for this phase are listed in Table 2.

Reflections typical of structures with a lower
(monoclinic) symmetry were identified in the diffrac-
tion spectra of some specimens (Table 1, Fig. 1a). The
X-ray parameters of these structures are listed in
Tables 1 and 2.

We emphasize that the time 1 of the presence of a
hydrocarbon in the reactor, as well as the quenching
rate, has asignificant effect on the phase composition of
the products. Inthefirst series of experiments (10*< 1 <
10° sand quenching rate < 10° K/s), only the Gph, Nph,
and fcc phases were usualy formed. In the second
series of experiments (10° < 1 < 10* s and gquenching

Intensities

0, deg

Fig. 1. X-ray diffraction spectra from the specimens pro-
duced by the plasma chemical synthesis: (a) specimen 3,
(b) specimens5and 7, and (c) point electron diffraction pat-
tern from specimen 3; Nph is the polynaphthenic phase,
Gph is the graphite-like phase; K are reflections from the
fece cell, and M are reflections from the phase with a mono-
cliniccell.
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Fig. 2. Electron microscope photograph of specimen 3 with
amagnification of 250000.

rate >106 K/s), crystalline carbon components charac-
terized by amonoclinic cell, i.e., by alower symmetry,
appeared in the products along with the above phases.

The analysis of the morphology of carbon particles
with an electron microscope provided interesting
results. As a rule, the products obtained with low
quenching rates contain irregul ar-shaped particles with
diffuse edges. At high quenching rates, particles with
surprisingly regular crystallographic shapes—squares,
hexagons, polygons, etc.—are formed (see Fig. 2).

Particles with a similar morphology were described
in[4, 5]. In addition, it was shown in [5] that the con-
densation of carbon plasma flows in vacuum was
accompanied by the formation of a phase characterized
by the bce cell with the lattice parameter that | esti-
mated asa = 4.28 A (k = 30.1). Heating transforms this
phase to hexagonal graphite.

The X-ray diffraction spectra of the PAN-Cg, crys-
talline composite (after its heating by IR radiation up to
1073 K) exhibit three pronounced reflections [6]. Car-
bon vapors formed from Cg, fullerene at 773 K are
probably crystallized into new crystalline forms.

Thus, one can conclude that a disperse crystalline
carbonic material is formed in the supersonic recon-
densation of carbon-containing high-temperature
flows. The analysis of the experimental data indicates
that the structure of the electron shell of carbon is
highly variable. This property is responsible for the
variety of crystallineforms of carbon formedin aplas-
matron during the pyrolysis of hydrocarbons due to
structural modification and dehydrogenization. These
carbon forms have unique structural parameters and
morphol ogy.

Table 1. X-ray diffraction characteristics of the carbon products obtained by plasma pyrolysis

Phase composition
n?gqeﬂo monoclinic Cell parameters K*
"| Nph | Gph | fec structures
3 + + + + a=4.045A:b=561A;c=840A;=104.7°; V= 1843 A3 559
5 + + + a** =4.257 A, v=772A3 43.3
7 + + +
8 + + + a=611A;b=560A;c=344A; p=1024°V=111.0A% | 58.4
10 + + +
12 +
13 +
14 + + +
16 + +
17 + + +
18 + + +
22 + + +
23 + + + a=735A;b=303A;c=497A; B=94.0°;V=1105A3 | 498
24 + + + a=7.69A;b=403A;c=6.08A;3=952°V=1874A3% | 455
26 + + + a=884A;b=334A;c=303A;=1107°;vV=83.7A3 |68.7
* “Reliability” criterion of the structure.
** The fcc cell parameters are stablein all specimens.
DOKLADY PHYSICS Vol.49 No.1 2004
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Table 2. X-ray diffraction characteristics of the crystalline structures

6, deg d, A hki 6, deg d A hki
Specimen 5, cubical Specimen 23, monoclinic
16.28 2.458 111 6.02 7.35 100
21.22 2.130 200 8.94 4.96 001
30.77 1.507 220 10.46 4.26 -101
36.90 1.284 311 14.64 3.050 -201
38.81 1.230 222 15.64 2.855 201
46.37 1.065 400 15.97 2.802 110
Specimen 3, monoclinic 18.11 2.480 002
13.90 3.210 110 19.52 2.300 102
15.95 2.805 020 23.68 1.920 012
16.19 2.652 021 24.20 1.881 -112
17.84 2516 102 30.56 1.516 020
19.51 2.308 022 Specimen 24, monoclinic
24.35 1.870 030 12.62 3.830 200
26.73 1714 211 13.30 3.351 011
27.19 1.687 130 14.75 3.028 002
27.76 1.657 -105 15.39 2.905 -102
28.61 1.610 202 17.33 2.588 -211
34.16 1.373 -231 18.25 2.462 211
Specimen 8, monoclinic 23.80 1.910 103
14.98 2.982 200 30.51 1.517 -501
16.64 2.693 101 Specimen 26, monoclinic
17.70 2.535 120 10.75 4,135 200
20.99 2.152 021 13.35 3.34 010
22.19 2.041 220 14.74 3.030 -101
26.68 1.717 —-102 15.67 2.854 —201
27.30 1.681 002 18.28 2.457 -301
28.47 1.617 -131 26.17 1.748 —-411
30.95 1.499 -231 26.97 1.700 301
31.39 1.480 112 31.20 1.488 -102
43.84 1.113 030
44.29 1.105 -3801

Thus, the crystalline forms of carbon discussed in  make it possible to obtain numerous disperse crystal-
this study are new and have not yet been described. The  line carbon materials from hydrocarbons of virtually
investigation shows that a devel oping technology based  any series. Thiswill be a great advance in the physics,
on adc plasmatron with a supersonic Laval nozzlewill — chemistry, and crystal chemistry of carbon.
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The model of an ideal associated solution iswidely
used in current practice for calculating the thermody-
namic characteristics of liquid multicomponent sys-
tems [1-3]. Over the course of many years, we devel-
oped aversion of the associated-solution model allow-
ing usto take into account the existence of associates of
various compositions, sizes, and shapes [4-7]. It was
shown that the model parameters could be estimated
from the melting points of individual substances by cal-
culating the energy of an associate in the pair nearest
neighbor approximation under the assumption that the
infinite associate was a crystal. In addition, such an
approach enables usto cal culate not only the thermody-
namic mixing characteristics, but also the phase dia-
grams for solutions. It turned out that a quite realistic
hierarchy of phase diagrams can be obtained for sys-
tems that are mutually soluble only in the liquid phase
and are not soluble in the solid phase. This pertains to
eutectic systems and to systems that form a stable solid
compound. We established the determining role of
associates composed of identical atoms (self-associ-
ates) for the properties of simple eutectics. Further
development of the model enabled us to include into
investigation associates with arbitrary stoichiometry
[8]. In this case, the problem is solved with a single fit-
ting parameter such as the exchange energy for aregu-
lar solution [9]. Inclusion of associates arbitrary sto-
ichiometry into investigation makes it possible to
describe various concentration dependences of the ther-
modynamic mixing characteristicsfor liquid alloysand
to expand the range of systems to which this model is
applicable. This primarily pertains to aloys with
unlimited solubility near the melting point in the solid
and liquid phases.

We consider the A_B,_ . binary system, whose com-
ponents form a solution with full mutual dissolutionin
both the liquid and solid phases. Let the solution in the
liquid phase be the ideal solution of the A, (i), B.(}),
and A, B.(i, j, q) associates. Here, n and mare the num-
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ber of the corresponding atoms in the complex and i, j,
and g are the numbers of the nearest neighbor pairsAA,
BB, and AB, respectively. If the energy of the complex
is determined by the sum of energies of the nearest
neighbor pairs and only configurational contributions
to the entropy are taken into account, the mole fractions
of the complexes are interrelated as[4, 5, 8]

i
XAn,i = KAn,iX’r;l = engll(f\rEXRl = tAXRU
j
XBn,j - Bn,jxgl = expla‘—xk—B-FEXgl = t] XBl (1)
Xa B j.q) — KA B nglxa
i +0gj+0 i
= exp2 o 28T X = tathtieXh, X

Here, X, ., Xg, and x, g are the mole fractions of
the , and A,B,, complexes, respectively; X, and Xg,
are the mole fractions of A; and B, solitary atoms,
respectively; a,, g, and a,g are the binding energies
for the AA, BB, and AB nearest neighbor pairs taken
with the opposite sign, respectively; and K, ., Kg_,
and K, g are the constants of the corresponding equi-
libria

The set of the material balance equations for deter-

mination of solitary-atom concentrations in solution
has the form

I P S

nmi,j,q
ZanA +Z anA (2)
C —_ nm||q
ZanA +ZanB +z Z(n+m)xAB
n i nmij,q

Here, c, isthe molefraction of the A component. Solv-
ing the set of Egs. (2) and taking into account Egs. (1),
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one can find the mole fractions of solitary atomsin the
solution in terms of which the thermodynamic charac-
teristics of the system are expressed [10].

To perform these calculations, it is necessary to
know thea,, 0g, and o,z energy parameters, aswell as
the number of various nearest neighbor pairs in the
associates. The a, and ag energy parameters can be
estimated from the melting points of the pure compo-
nents[4, 5]. Inthiscase, only the o,z parameter isvari-
able. The total number of pairsin an associate can be
calculated under the assumption that the local structure
of the corresponding crystal is conserved in the liquid
phase [4, 5]. However, thisis insufficient for perform-
ing summation in Egs. (2) because it is also necessary
to know the distribution of these pairs over the types
(AA, BB, and AB). This difficulty can be resolved by

assuming that the associate has the shape of a closed
linear chain. In this case, the summation in Egs. (2) can
be performed analytically and the set of Egs. (2) takes
the form
2 2
Xa, t taXa, + Sia + X, + 15X,
+Sig + Xa Xg,tag + Siag = 1,
Xa, 2tAXi1 + S0 + X, Xp,tas + Sans (3)
= c(Xa, + 2tAXil +Sat Xg, + 2t|3X2|31

+Sp + 2Xp Xg tag + Sane T Sans);

where

., - Xa,ta _ Xats _ X ta(3=2x t) _ Xp,ta(3—2xg ts)
A 1—XA1tA, B l—XBltB’ (1_XAltA)2 ® (1_XBltB)2
2 O tae U
Xp, Xg,tag[Ka, ta + Xp,tg = Xa X5 tals + Xa Xg, 5
_ |:| 1_XA1XBltAB|:|
S = (1—Xa taA)(1—Xg tg) ’
2 2
Xp Xg tag(l—X, t Xa Xg. 1
XAleltf\B|:XAltA(2_XAltA)(l_XBltB) +Xg,tg + SuATL > AIZA) ol ABZ }
S, _ (1—Xa,Xs,tag) 1—Xa, X, tas
AAB — > ;
(1=Xa,ta)" (1 —Xg,ts)
2 2
Xa Xg, tag(l—Xg t Xa Xg t
XAleltiB|:XBltB(2_XBltB)(l_XAltA) +Xp ta t AL > 5123) S ABZ }
s, _ (1—Xa,Xs,tag) 1—Xa,Xs,tas
ABB — :

We emphasize that the linear chain structure of asso-
ciatesisnot our idea of the possible structure of associ-
ates and is only an approximation for simplifying the
calculations. Such a simplification enables usto easily
perform the summation in Egs. (2) and to derive the set
of balance equations in the form of Egs. (3). This set
can be readily solved numerically. In this case, accord-
ing to the analysis carried out, for instance, in [11], the
loss in accuracy of the calculated propertiesis no more
than 10%. The behavior of the thermodynamic charac-
teristics for mixing binary liquid solutions was ana-

(1—xa,ta)(1- XsltB)Z

lyzed in this model in [8]. This study is devoted to
investigating the possibility of calculating phase dia
grams.

In [5], we showed that the equilibrium conditions

2

= RTgInxg (@)

at the melting points of the components made it possi-
ble to calculate the a, and ag energy parameters (T,
DOKLADY PHYSICS  Vol. 49
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and Tg are the melting points of the A and B compo-
nents, respectively, and x, = and xg = arethemolefrac-

tions of solitary atomsin the melts of the corresponding
components).

We consider only the case where a solid solution is
regular and assume that the exchange energy does not
change in the process of melting. In this case, it turns
out to be the only parameter of the model. We denote

W= 2GAB_GA_GB‘ (5)

The chemical potentials of mixing the regular-solution
components [9] are as follows:

Ha = Ha, RTInc, —(1-cy)’ 5\2/_\/7

Mg = Mg, * RTIN(1-c,) _Ci%vv

where z is the coordination number. The equality of
chemical potentials of the components in the solid and
liquid phases is represented in the form of the set of
equations

RTInX, (Ca) = —O‘TAZ+ RTINC, — (1—C,)? Z%V

7
2ZW()

RTInxg (Ca) = —325—2+ RTIN(1-C,)-CAZY,
where c, and C, are the mole fractions of the A com-
ponent on the liquidus and solidus lines at the tempera-
ture under consideration. Solving this set together with
bal ance equations (3), one can cal culate the position of
the liquidus and solidus lines for a given parameter W
and temperature T.

Figure 1 showsthe possible types of phase diagrams
for various exchange energies. The components were
assumed to have the melting points equal to 700 and
1000 K and to form the fcc solid solution. It is seen that
the model with only one parameter makesit possible to
obtain various phase diagrams including the eutectic
and “cigar-type” diagrams and the diagrams with the
upper and lower azeotropic points. All these types of
diagrams can be realized when the exchange-energy
sign provides positive mixing heat in both the solid and
liquid phases. When deviations of mixing heat from the
ideal value are negative, only the diagrams with the
upper azeotropic point are realized. Such a situation is
often met in practice. Eutectic systems usually have
positive deviations of thermodynamic mixing charac-
teristics from the ideal values [12]. Systems with the
lower azeotropic point (e.g., K-Rb and Cs—K), as well
as systems with the cigar-type diagram (Bi—Sb), can
also exhibit positive deviationsfromideal systems[12].

DOKLADY PHYSICS  Vol. 49
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Fig. 1. Phase diagrams for a regular solution for the
exchange energy W = (&) 3000, (b) 0, (c) —800, (d) —1000,
(e) —1500, and (f) —=1700 Jmoal.

Certainly, the real relationship between a phase-dia-
gram type and concentration dependences of the ther-
modynamic mixing characteristicsis much more diver-
sified. We note that the anaysis performed by
D.S. Kamenetskaya (see [13]) for phase diagrams of
solutions that are regular in both the solid and liquid
phases and have different exchange energies reveals a
much poorer picture. In this case, the four variable
parameters provide only the cigar-type diagram and the
diagram with the azeotropic point.
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The conventional nucleation theory describes evolu-
tion of incipient-phase fragments as arandom sequence
of events characterized by the association and conse-
quent dissociation of separate molecules [1, 2]. This
conception of the nucleation mechanism, known as the
Szilard scheme, was introduced by Farkas [3]. The
Szilard scheme was first used to describe the condensa-
tion of supersaturated vapor. In this case, it seems evi-
dent that the nucleation is the result of elementary acts
of evaporation and condensation. Such a nucleation
mechanism seems to be adequate for superheated lig-
uidsin aweak-metastability region at temperatures not
far from the critical temperature. However, for both
cavitation in liquids under large tension and tensile
fracture of crystals, this mechanism is less evident. In
this case, the originating cavities serve as critical nuclei
and use of the conventiona scheme requires introduc-
ing the concept of avirtual particle-hole pair.

Together with the Gibbs thermodynamic consider-
ations[4], the Szilard scheme leads to the conception of
homogeneous nuclestion as a diffusion process of
growing an incipient-phase nucleusin the field of ther-
modynamic forces. The characteristic size of incipient-
phase nuclei serves as a diffusion (the most slowly
relaxing) variable. In this case, the nucleus size distri-
bution function f(R, t) satisfies the equation [2]

of(Rt) _ 00 1 dw
at 6RDD(R)[6R KT dR

f(R 1), (1)

where D(R) is the diffusion coefficient for incipient-
phase nuclei, and W(R) is the potential nucleation
barrier.

In order to adequately describe the nucleation by
Eq. (1), it is necessary and sufficient that the character-
istic time tjof passage through the nucleation barrier
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for incipient-phase fragments be much greater than the
relaxation time 1, related to the fragment—medium
interaction dynamics, i.e., 1> T, (in the regime of
large friction forces). Such a regime is equivalent to
ignoring the inertia of a nucleus. The growth rate of
fragments relaxes very fast, and their diffusion
through the potential barrier ensures the equilibrium
of the fragments whose radii are smaller than the crit-
ical radius R

The traditional scenario for the formation of an
incipient-phase nucleusis most evident but not the sole
possibility. If a system is so strongly supersaturated to
be in the vicinity of a spinoda (strong-metastability
region), then no sequence of events of molecular asso-
ciation and dissociation can precede the origination of
anucleus. In this case, nucleation can arise as a result
of cooperative processes. The possibility of such a
mechanism was first pointed out by Skripov [5], who
supposed that “if alocal extension due to density fluc-
tuationsin aliquid attains a value sufficiently large for
the volume element to overcome the stability boundary
(spinodal), then, at the next moment of time, liquid dis-
integration will take place and a bubble will originate.”

In the present paper, we consider this aspect of
nucleation on the basis of our computer simulation of
nucleation in aliquid under tension in thevicinity of the
spinodal. The principal characteristics of the model and
the results obtained were discussed in [6]. The system
under investigation contains 2048 L ennard-Jones parti-
cles. The calculations were performed by the molecu-
lar-dynamics methods for the reduced temperature T* =
0.70. Hereinafter, the intermolecular-interaction
parameters, the Boltzmann constant, and the particle
mass are taken as scale parameters. Theregion of states
in which the disintegration of a homogeneous liquid
under tension proceeds via stages of nucleation and
nucleus growth was determined in [7]. The system
under consideration was brought to the equilibrium
state close to the spontaneous-cavitation region bound-
ary so that the metastable-phase lifetime significantly
exceeded the characteristic computer-simulation time.
Then, we scaled al particle coordinates and cell sizes
in order to diminish the particle density in the system
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1 ) 1 1
0 200 1000 1500 Z, ps

Fig. 1. Instantaneous pressure in a metastable Lennard-
Jones system for T* = 0.7 and p* = 0.7275.

down to the value p* = 0.7275. Next, by registering the
pressure jump, we fixed the time for the origination of
astabl e incipient-phase nucleus. Simultaneously, a spe-
cial program analyzed the configuration of the particles
in the system and registered the presence of incipient-
phase fragments and their characteristic sizes. The
pressure averaged over time intervals of 1 psis shown
as a function of time in Fig. 1 for a state close to the
spinodal. The left section of the curve characterized by
lower pressures corresponds to a homogeneous meta:
stable state. Both the number of particlesand their sizes
are bounded, and the model system is closed. There-
fore, after a critical nucleus has originated, the system
passes to an equilibrium two-phase state with the liquid
containing a stable vapor cavity with the characteristic
size R, (Fig. 2). The cavity formation is accompanied
by arise of the effective pressure in the system. After
averaging 72 redlizations of the nucleation process, we
have found that the characteristic time of the cavity size
to pass through the critical value Rjand to attain the
value R, is equal to T, = 25 ps. This time greatly
exceeds the time 1 of passage of incipient-phase
fragments through the critical region of the potential
barrier; the latter time cannot be found by the com-
puter simulation. The time 1, was taken as an upper
bound for the value of 1

The characteristic time 1, can be estimated accord-
ing to the correlation time of the random processin an
early stage of nucleation. The pressure correlation
function is shown in Fig. 2; whence it is seen that T, =
T, =20 psand, therefore, T, = T,. Thistestifiesto thefact
that nuclei are formed in the regime of intermediate or
even weak friction forces (1> 1) rather than in the
strong-friction regime (1< 1), asis postulated in the
conventional nucleation theory. Visuaization of the

R, R

Fig. 2. Work of incipient phase formation in a system with
aconstant particle number, volume, and energy.

origination and growth of incipient-phase fragments on
the computer display screen has shown no processes
that could be associated with the Szilard scheme. The
simulations most likely prove that the nucleation is a
result of collective molecular rearrangements.

We now estimate the characteristic times of the pro-
cesses under consideration assuming that the nucle-
ationisinitiated by the decay of labile piecesformed as
a result of chaotic thermal motion. Following from
Zel’dovich and Todes [ 8], we assumethat in aone-com-
ponent system the decay rate of alabile piece is deter-
mined only by the heat exchange between expanding
and contracting volume elements. In this case, the dec-
rement of rise of density inhomogeneities (the quantity
inversely proportional to 1)) is determined by the ther-
mal diffusivity a of the medium. A perturbation is
unstable if its wavelength is longer than a certain criti-
cal value A.. Thevalue of A isrelated to the isothermal
compressibility: A, ~ |Br]'? [9]. When a labile piece
decays, the origination of anucleusis possible provided

2

: N Ag
that A = R In the linear approximation, T, ~ e Near

thespinodal, B~ (p— pgy) . If thethermal conductivity
is finite on the spinodal, then a ~ (p — py) and T, ~
(P — psp) 2. For aquadratic potential barrier, thetime 1

can be expressed in terms of the effective mass of a
nucleus and the surface tension. In this case, it weakly
depends on the distance to the spinodal. Therefore, in
the vicinity of the spinodal, the condition t, > Tjcan

be satisfied and corresponds to the nucleation in the
weak-friction regime. In this case, the energy of an
incipient-phase fragment, which is the most slowly
varying variable, serves as the diffusion variable rather
than the fragment size[10]. If the energy released inthe
decay of alabile pieceisinsufficient for aviable incip-
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ient-phase fragment to be formed, then the inhomoge-
neity that has originated disperses. During the subse-
guent fluctuation origination of a labile piece and its
decay, the system attemptsto overcome the barrier with
its new energy content. Thus, under wesak friction the
kinetics of the processis governed by the energy diffu-
sion from the potential well up to the value Wequal to

the barrier height. In this case, the heat equilibrium for
subcritical fragmentsis absent, and the kinetic equation
describing the nucleation as energy diffusion follows
from the Fokker—Planck equation. Thisequation should
be transformed to pass from the variables correspond-

ing to the coordinate R and velocity R to the total
energy

12
My R

E=2

+W 2)
or the action
| = fzmeﬁ[E—W( R)] “%dR. 3)

Here, my is the effective mass of an incipient-phase
fragment. The kinetic equation in the action has the
form [10]

1 dE

GHED - TEE DI, @

ot

QJlQ)

O
ED(')[

where D() is the diffusion coefficient for the coordi-
nate I, and f(l, t) is the action distribution function for
incipient-phase fragments.

In the steady-state case, the flux J of nuclei isinde-
pendent of | and determinesthe number of viable nuclei
formed within a unit volume of the metastable phase
per unit time, i.e., the nucleation rate. We then integrate
Eqg. (4) between the points I, (at which the excess

energy of the system does not exceed KT) and I (Wp).

We also assume that the nucleus leaves the well freely
provided that its energy attains the value W As a

result, we arrive at

-1

|*

- cl lent
=C J’Dexpk_l_dl , 5)
lo

where Cisthe normalization constant. For \-/EV? >1and
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Pressure autocorrel ation function

Fig. 3. Pressure autocorrelation function in a metastable
system for T* = 0.7 and p* = 0.7275.

l, < 1 the asymptotic estimation of integral (5) yields

_ gtﬂ_ﬁj 0 WO
J=25m D(I )exp - s (6)

In the conventional theory of homogeneous nucle-
ation, the expression for the steady-state nucleation rate
has a form similar to Eq. (6). Differences concern the
magnitude of the preexponential factor and its temper-
ature dependence. The problem of determining the dif-
fusion coefficient D(I[) in the weak-friction regime is

more complicated because the distribution of subcriti-
cal fragmentsis nonequilibrium. This does not allow us
to use the method developed by Zel’dovich [2] in the
conventional nucleation theory.

In contrast to the Szilard scheme of separate events,
cooperative nucleation processes can involve no labile
phase. Local inhomogeneities having properties of a
competing phase originate as fluctuationsin the process
of chaotic thermal mation. This process can also occur
in the weak-metastability region in an early stage of
nucleation. The further growth of near-critical nuclei
follows the conventional scheme. In this case, nuclei
pass slowly through the critical region of the potential
barrier, Eq. (1) is applicable, and the experiments are
closely consistent with the conventional nucleation the-
ory [11].
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1. A promising scheme of sources of broad gaseous-
ion beams is a two-stage electrode system involving a
plasma cathode, which has a long service life, and a
plasma generator with desired ion-emission character-
istics such as plasma-emitter size and shape, emission-
current density, and an acceptable level of emission
nonuniformity. Nowadays, there are ion sources with
plasma cathodes based on microwave and rf discharges,
where achamber placed in amultipole magneticfieldis
used in the second stage [1, 2]. Cold-cathode ion
sources, where ions are extracted from the anode
plasma of a glow discharge in a magnetic field, have
also been designed [3]. A feature of the glow-discharge
ion source described in [4] is the use of a grid separat-
ing the cathode and anode stages and the absence of a
magnetic field in the second stage consisting of a hol-
low cathode and a thin-rod anode. Between these elec-
trodes, gas ionization induced by injected electrons
gives rise to a non-self-sustained glow discharge under
low gas pressures (as low as 3 x 102 Pa). However,
since the ion current is distributed over the whole sur-
face of the second-stage cathode, the current of ions
extracted from the plasma amounts to approximately
4% of the injected-electron current.

The purpose of this study is to improve the charac-
teristics of glow-discharge ion sources by combining a
plasma cathode with a grid fixation of an emitting
plasma surface and an anode chamber with a peripheral
multipole magnetic field. Such a system ensures inde-
pendent control of the current and energy of primary
electrons, their confinement, the energy relaxation and
generation of the uniform emitting plasma, and the
extraction of most of the created ions from the plasma.
In this study, weinvestigate how the current and energy
of injected electrons, as well as the working-gas pres-
sure, affect theion current. The conditions providing an
increasein theion current up to values comparable with
the plasma-cathode electron current were determined

Institute of Electrophysics, Ural Division,
Russian Academy of Sciences,
ul. Amundsena 106, Yekaterinburg, 620016 Russia

* e-mail: gavrilov@iep.uran.ru

and, for the first time, realized in a cold-cathode ion
source.

2. To create the plasma cathode, we used a high-cur-
rent vacuum mode of a hollow-cathode glow discharge

) ] Sa lj-ndjllz
with an anode-to-cathode area ratio of s~ MO
which provided a low rate of fast-electron losses [5].
Here, m,and M; arethe electron and ion masses, respec-
tively. The plasma-cathode el ectrode system (Fig. 1) is
similar to that used in [4]. The glow-discharge grid
anode (or the plasma-cathode emitter grid) facing the
output aperture of the hollow cathode is electrically
connected with the screen grid of a beam-forming sys-
tem. The emitter and screen grids are installed on the
ends of the second-stage hollow anode. Linear rows of
permanent magnets with aternating polarity that are
arranged on the anode surface form the multipole mag-

Fig. 1. Layout of the ion source: (1) hollow cathode,
(2) ignition electrode, (3) emitter grid, (4) anode, (5) screen
and (6) accelerating ion-optical electrodes, (7) beam collec-
tor, (8) permanent magnets, U is the output voltage of the
glow-discharge power supply, and A isthe potential differ-
ence between the grids and the anode.

1028-3358/04/4901-0019$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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Fig. 2. lon-beam current vs. the potential difference
between the anode and the grids. The plasma-cathode cur-

rent I = 200 mA. The argon pressure p = (1) 1.5 x 1072,
(2) 1.9x 1072, (3) 4.9 x 102, and (4) 6.8 x 102 Pa.

netic field [6] with an induction of 0.09 T at the poles.
The glow-discharge ignition results in the appearance
of an electron current in the circuits of the emitter and
screen grids. The application of a potential difference
A between the grids and the anode has no effect on the
current—voltage characteristic of the glow discharge,
whose maintaining voltage amounted to 360—480 V
depending on the discharge current (0.2—1 A) and argon
flow (10-50 cm?/s) leaked in the cathode hollow. An
increase in A¢ changes the current polarity in the
screen-grid circuit, reduces the electron current to the
anode grid down to several percent of the hollow-cath-
ode current, and increases the anode current up to about
the sum of the hollow-cathode and ion currents to the
screen grid. The voltage A¢ is predominantly localized
acrossthe space-charge layer near the grids, and the volt-
age drop acrossthe layer and the plasma-cathode current
can be independently controlled over awide range.

The voltage drop across the space-charge layer,
which determines the injected-electron energy, may
greatly exceed the voltage across the double electric
layer in constricted discharges[7], which is determined
by both the gas conditions in the constriction and the
discharge current and usually amountsto 20-50V. This
fact increases the ionizing effect of fast electrons but
also increasesthe grid sputtering rate due to an increase
in ion energy. For the content of metal ions in the
plasma to be less than 1%, the potential difference Ad
in the experiments was lower than 300 V.

Figure 2 shows the 3-keV ion current vs. the poten-
tial difference Ad. We used a two-€electrode ion-optical

system with an area of 50 cm? and an identical aperture
diameter of 5 mm in the screen and accelerating grids.
For low plasma-cathode currents, an increasein theion
current up to 25-30% of the plasma-cathode current is
reached by increasing both the gas pressure and poten-
tial difference A¢. These dependences change with
increasing electron current. To exclude ion-optical
effects and to expand the variation range of the plasma-
cathode current, we measured the ion current from the
plasma to a plate installed instead of the screen grid
(Fig. 3). The measurement of the radial profiles of the
ion-current density in the plate plane showed that a
nearly homogeneous (10%) plasma is generated in all
discharge modesin the region free of the magnetic field
(~80 mm). An increase in the hollow-cathode output
aperture from 5 to 20 mm approximately doubles the
ion current and negligibly increases the discharge volt-
age (~50 V).

When discharge glows to the anode through the
cathode aperture without the emitter grid, the current of
ions extracted from the anode plasma of the contracted
discharge turned out to be one eighth to half of theion
current extracted from the system with the plasma-cath-
ode surfacefixed by agrid for the same glow-discharge
currents. Theion current increased with decreasing gas
pressure.

3. If the plasmais generated only as aresult of col-
lisons of fast electrons with neutrals and neutral spe-
cies, the number of ions generated by a fast electron
dependsonitsinitial energy and lifetimein the plasma.
According to the model considered in [8-10], the elec-
tron-to-ion current ratio is described in this case by the
expression

% Oa [W + ﬂ , (1)

1

where a is the ratio of the total current of ions gener-
ated in the plasmato the current of extracted ions, | is
the total electron path in the plasmabefore its escape to
the anode, A; = (n,0,)"! is the mean ionization path of
fast electrons, n, is the neutral-particle concentration,
and g; is the electron-impact ionization cross section.
The constant W is determined by the ratio of the total
energy losses of an electron ininelastic collisionsto the
energy spent on gas ionization.

| o .
Thus, theratio I—e , whichisinversely proportional to
i

the efficiency of ion extraction from the plasma, as a
function of inverse gas pressure must be a straight line,
whoseslopeisinversely proportional tothetotal path or
to the eectron-confinement time in the plasma, while
the point of intersection between the straight line and
the ordinate axis determines the ionization efficiency
under infinitely high gas pressures.

Contrary to Eg. (1), the plots shown in Fig. 3 are
nearly linear only for low currents and pressures. With
an increase in the current, the slope of tangents to the
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Fig. 3. Ratio of the plasma-cathode current I, to the current
I; of ions extracted from the plasma vs. the inverse gas

(argon) pressure in the ion source for the hollow-cathode
output aperture with adiameter of (a) 5and (b) 20 mm. The
potential difference between the anode and the grids Ad =
(1,2) 100 and (3, 4) 300 V. The plasma-cathode current |, =

(1, 3) 600 and (2, 4) 200 MA.

curves decreases (Fig. 3a), while the minimum in the
plots is displaced towards lower pressures (Fig. 3b).
The dope is maximal for the minimum aperture size.

The results obtained can be explained if one takes
into consideration the high density and the directivity
of the injected-electron flow, which reduces the plasma
potential ¢, relative to the anode potential ¢, in the
region free of the magnetic field. When the gas pressure
increases, the positive anode drop (¢, — ¢,,) decreases,
and the plasma potential changes sign at a certain gas
pressure. A negative plasma potential rules out the pos-
sibility for ions to escape to the anode and, therefore,
provides a high efficiency of ion extraction from the

DOKLADY PHYSICS  Vol. 49

No.1 2004

plasma. However, the significant negative plasma
potential reduces the energy of injected electrons,
which reduces their ionizing effect, and increases the
effective width of return lines of the magnetic field on
the anode [8], which increases the electron-loss rate.

A positive plasma potential is beneficial to electron
confinement. However, it alows the diffusion of
plasmaions across the magnetic field to the anode due
to collisions of ions with neutral particles under
increased gas pressures, which abruptly reduces the
current of extracted ions.

Thus, the investigations determined the conditions
of the effective emission of ions from the plasma cre-
ated by electrons injected from a glow discharge and
showed that the current density of injected electrons
substantialy affects the efficiency of ion extraction
from the plasma. The extracted-ion current and ion-
beam current are increased up to ~0.6 and ~0.3 of the
plasma-cathode current, respectively. The cold cathode
has aservice life of ~10° h. The small cathode-aperture
size rules out the arrival of sputtered cathode-material
atoms in the second stage, and the small potential dif-
ference between the second-stage electrodes reduces
the cathode-sputtering rate. Both these circumstances
provide a minimum contamination of the plasma by
metal ions.
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INTRODUCTION

Tracer transport processes in highly disordered
media often cannot be described by the classical diffu-
sion equation [1]. Most aternative models (see [2—4])
reduce to fractional differential equations, whose solu-
tions have two distinctive features. These are anoma-
lous behavior of the tracer cloud size at fairly long

times (R~ tYwithy # %) and a slow decrease (power

rather than classical Gaussian) in concentration at large
distances (r > R).

We note that, because the difference between the
power and Gaussian decreasesisimmense, the problem
of “heavy tails’ in the tracer concentration distribution
is of exceptional practical importance, for example, for
estimating the reliability of radioactive waste reposito-
ries, from which even insignificant leakage of a con-
taminant to vital areas is impermissible. At the same
time, we emphasize that the approach based on frac-
tional differential equationsis, generally speaking, for-
mally mathematical. For this reason, its conclusions
should be checked against particular physical models.
One such model isthe prablem of stochastic advection
inafractal medium with long-range correlations of spa-
tidly fluctuating parameters. It has been already stud-
ied, under some simplifying assumptions, in [5, 6],
wherey was determined and the problem of the concen-
tration profile was considered.

In this study, we analyze thismodel in general form,
including the solution of the problem of tails. The anal-
ysisis based on the diagram technique using notions of
the scale invariance of a medium.

Nuclear Safety Institute, Russian Academy of Sciences,
ul. Bol’shaya Tul'skaya 52, Moscow, 113191 Russia

* e-mail; kondrat@ibrae.ac.ru

FORMULATION OF THE PROBLEM
AND METHOD OF SOLUTION

The stochastic advection model is based on the fol-
lowing equation for the tracer concentration c(r, t):

%%+ O(v—-D0O)c = 0, €))

including advection and molecul ar diffusion processes.
For definitiveness, we will consider the problem with
an initial tracer distribution (at t = 0) in the absence of
asource. In the above equation, v = v(r) is the velocity
of the advective flow and D(r) is the diffusivity. Both
guantities are random functions of the coordinates.
Assuming the medium to be statistically homogeneous,
we represent v and D in the form of the sums

v(r) = u+Vv'(r), D(r) = D+D'(r), ()

where u = ¥(r)dand D = D(r)0are the mean values
over the realization ensemble, while v'(r) and D'(r) are
thefluctuating parts; i.e., 3'(r)= 0 and [D'(r)(= 0. The
velocity field satisfies the continuity equation divv =
divv' =0.

We assume that the medium has fractal properties,
so that correlation functions of random values v' and D'
decrease at large distances as power functions. In par-
ticular, the binary correlation function of velocities

Ki(jZ) (r—r) =L, (I'])V} (rp)[Ht r; —r,| > aissuch that

a 2h
KiP(r=ra) = V=1 3)

where h > 0, a is the length parameter of short-range
correlations, and V is the velocity fluctuation scale.
Similarly, at |r; —rj| > a(for dl pairsr;, r;), the n-point
correlation function defined by the formula

KO (oo ty) = Vi (r)Vi(ry)..vi (r)0

1028-3358/04/4901-0022$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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satisfies the equation
K (Arg ATy, oo Ary)
= AR (Mot “)

By analogy with the theory of critical phenomena[7],
the parameter h will be called the scaling dimension of
the velocity fluctuation v'. Relations similar to Egs. (3)
and (4) are also valid for the correlation functions of
diffusivity fluctuations.

Of practical importance is the concentration distri-
bution averaged over the medium realization ensemble
c(r, t) = [&(r, t)[] It can be related with the initial con-
centration distribution c(r, 0) by the formula

c(r,t) = J’dr'C_E(r —r',t)e(r', 0). )

Here, G(r —r', t) = [G(r, r'; t)[Jwhere G(r, r'; t) isthe
Green's function satisfying Eq. (1) with theinitial con-
dition G(r, r'; 0) = &(r — r'). The averaged Green'sfunc-
tion G(r—r, t) is conveniently calculated by the meth-
ods of quantum field theory on the basis of the * cross”
diagram technique, which was developed in [8] and
further used in the theory of transport in disordered
media[9].

In the spatial Fourier and temporal Laplace repre-
sentations, the function G (r —r', t), in view of Egs. (1)
and (2) and the initia condition G(r —r'; 0) = &(r — '),
takes the form

1
p+iku+ DK —M(k, p)’

wherek and p are the Fourier and Laplace variables and
M(k, p) is the polarization operator representing the
sum of theirreducible skeleton diagrams [8]

G{k,p = (6)

N Jo R

/ \ VRN
MK, D) = Wy + W I
7 /N N\ ,’/ \\\

R I e o S

Here, horizonta lines correspond to the function G,
crosses represent the perturbation operator —v' + OD'0,
and dashed lines connect the crosses that pertain to one
of the cumulants, the expansion in which constitutesthe
essence of averaging over the realization ensemble.
Substitution of Eg. (6) into diagram expansion (7)
transforms the latter to an integral equation for the
function M(k, p).

Ananalysisof thisequation on the basis of the struc-
ture of expansion (7) and taking scaling relations (3)
and (4) into account made it possible to establish the
main properties of tracer transport in the stochastic
advection model in general form.
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RESULTS OF THE ANALY SIS

1. Fluctuations of both the advection rate at ascaling
dimension h > 1 and the diffusivity at an arbitrary
dimension do not changethe classical diffusion law and
change only the mean value of the diffusivity. The
results of the analysis for parameters with a dimension
h < 1 depend on whether the mean advection rate u is
nonzero.

2.Atu=0andh< 1, theinequality Dk* < M(k, p)
holds. The polarization operator satisfies the scaling
relation M(Ak, A'*"p) = A'+"M(k, p) and, therefore,
can be represented in the form

M(k, p) = Va'k' " "p(€), ®)
where ¢(§) is a dimensionless function of the dimen-

P__ \yiththefol-

sionless self-similar variable & = V—ahk“h

lowing limiting expressions:
¢(0) = const 01,

©  _on
0E) =EYbET for E>1
n=1

In view of Eg. (6), properties (8) and (9) allow us to
write the averaged Green’s function in the form

_ _i%ﬁ 1+h
G(r,t) = (va't) "ol 0

Wa'H

Here, the function ®(x) is such that ®0) ~ 1 and
1

1+h

(10)

P(X)|s  ~exp(-Bx "), where B ~ 1. From Eg. (10),
it follows that the size of the tracer localization region
at long timesis of the order

1
ROVa") ™" (11)
and, at large distances (r > R), the tracer concentration
decreases exponentially:

O =
e(r,t) 0 apE—BTE. (12)
b (Vaht)“”j

3.Atu =0and h =1, the tracer localization region
at long times hasthe size

1 1

2, aViO
RO(Vat)“In a0 (13)
and, as at h < 1, the expansion of the tracer concentra-
tion distribution at large distances does not involve
power terms.
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4. Atu # 0, under the assumptionthat u <V, at times

1
_apM’
t<tD=aa—E,

to the case u = 0. At long times (t > t[), the transport
features are fundamentally different for the scaling

the transport process occurs similarly

dlmensonsh> h< dh=%.
For % <h<1,thetracer transport obeysthe classical

diffusion laws, with the effective diffusivity D¢ ~ Uty

For h< %
takes place. The averaged Green's function takes the
form

an anomalous diffusive transport regime

1
3(1-h) v 1-ht []
=Ly %J—E b,
(Ut*) t* t O
wherer' =r —ut, Y(0) ~ 1, Y(X)|s | ~ exp(-Cx'-M), and
C ~ 1. Correspondingly, the size of the tracer localiza-
tion region at long timesis of the order

G(r,t) = (14)

RDut*EttD ,

while the concentration decreases at r > Ras

(15)

c(r,t) 0 exp Cr a ¥y rb

oL Ot O (16)

At the scaling dimension h = 1 the size of the tracer

2!
localization region at times t > trjis given by the
expression

NI

RDu[tt InDtD}

3-H a7

CONCLUSIONS

In this study, some fundamental results pertaining to
transport processes in highly disordered media are
obtained in the stochastic advection model.

The type of the laws governing the process depends
appreciably on the scaling dimension of the spatial fluc-
tuations of the advection rate, which is determined by
the exponents in the correlation functions. Velocity
fluctuations with scaling dimensions h > 1, as well as
diffusivity fluctuations of any dimension, do not violate
the classical diffusion regime.

In a medium where the velocity fluctuation dimen-
sionish <1, at azero mean advection rate (u = 0), a
superdiffusion transport regime with the time depen-

denceR(t) O tY, wherey # % isrealized, asin fractiona

diffusion models[2]. However, in contrast to the power
decrease inherent in those models, in the stochastic
advection model the tracer concentration at r > R(t)
decreases exponentialy; i.e., heavy tails are absent.

In our opinion, this difference is not accidental.
Being aphysical model, the stochastic advection model
takes into account that the tracer advection velocity is
bounded from above. Therefore, aslow power decrease
in concentration at large distances is impossible.
Being purely mathematical, the fractional diffusion
model disregards the above physical principle (see
also [4]).

The conclusions made in this study for the case of a
nonzero mean advection rate are qualitatively similar to
those obtained for u = 0, though the ranges of transport
regimes, as well as the exponents in temporal and spa-
tial functions, are different in this case and the system
behaves differently before and after an additional char-
acteristic time.

For bothu = 0and u # 0, the boundaries between the
transport regimes with respect to the parameter h (h=1
foru=0and h = %

cases, the governing laws are modified by logarithmic
factors.

for u # 0) are peculiar. In these
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In this paper, the analytical expression for the
empirical Kapitza law is obtained. The Kohler rule is
shown to be a particular case of it. The analysisis per-
formed as applied to quasi-isotropic metals without
allowance for quantum and dimensional effects. In the
case of equal transverse magnetic-field components,
the magnitude of the magnetoresistive effect is shown
to be proportional to the longitudinal field component,
the proportionality coefficient n depending on the mag-
netic-field intensity.

A method of production of strong magnetic fields
was proposed by Kapitza, who had performed system-
atic studies of the variation of magnetoresistance of
metals as afunction of the magnetic-field intensity. The
measurements were carried out for both weak and
strong (30 T) fields. Based on studying 35 different
chemical elements of the periodic system, a general
regularity was established for the field dependence of
the specific electric resistance of metals, which was
called the Kapitzalaw [1-5].

According to this law, the relative specific electrical

resistance % (subscripts H and O correspond to the
0

presence and absence of magnetic field, respectively) in
weak fields varies proportionally to its intensity
squared. In strong magnetic fields, a gradual transition
from aquadratic to alinear dependence is observed.

This law has been theoretically and, on the whole,
gualitatively substantiated based on the fact that, in the
case of a magnetic field imposed on a sample through
which an electric current flows, the complication and
elongation of trajectories of charge carriers (electrons)
take place dueto the action of the Lorentz force. Thisis
accompanied by an increase in the resistivity of metal
samples [6-10]. However, no definite quantitative con-
firmation of this empirical law has been obtained.

In 1938, Kohler [11] formulated a rule linking the
magnetoresistance with the initial specific resistance.

Moscow Sate University of Environmental Engineering,
ul. Pryanishnikova 9, Moscow, 127550 Russia

In accordance with this rule, the variation of p, is a

function of the ratio pE , 1.e., the ratio of the magnetic
0

induction B and the initial specific resistance, the func-

tion f B0 being identical for different metals.

Chg]

In this paper, we derive an exact quantitative expres-
sion for the Kapitzalaw under certaininitial conditions,
which shows that the Kohler rule is a particular case of
this law.

We now restrict our analysis to consideration of
guasi-isotropic metals with a closed, e.g., spherica
Fermi surface that is not deformed by the action of
magnetic field. We also assume that the distribution
density for centers of scattering conduction electronsis
independent of the external magnetic field. Under these
conditions, electrons in metals move chaotically with
both thermal velocities and a velocity determined by
zero oscillations of the medium. We suggest that, in the
case of parallel directions of magnetic field and electric
current, the magjority of electrons move for atimet in
the direction normal to the magnetic field. The fraction
of these electrons with respect to all conduction elec-
trons is determined by the quantity 3 dependent on the
magnetic-field intensity. Under the action of both the
Lorentz force Fy, and the Coulomb force F,, the elec-
trons form spiral-shaped trajectories with the averaged
length L around the magnetic-field lines shifting along
the electric-current lines with a certain trandlational
velocity. The Lorentz force Fy, and the Coulomb force
F. arenormal to each other. Theresulting force F acting
on conduction electrons and the angle between the vec-
tors F and F, are determined by the relationships

F2=F2 + F},

_Fe
JF2+F

The ratio of the length L of an averaged spiral-
shaped trgjectory in the presence of a magnetic field to

sing =

1028-3358/04/4901-0025$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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the sample length |, that is the length of the trajectory
in the absence of the magnetic field corresponds to the
ratio of the forces F and F:

=

s
o

Fur

= [1+ Sk (1)
e

Furthermore, we assume 3 = 1.

The ratio IL for averaged trgjectory lengths corre-
0

R
lateswith theratio Elj of theresistances R, and R, cor-

responding to the existence of the imposed magnetic
field H and to its absence, respectively. In this case, we
also assume that the number of scattering centers per
unit length of the trgjectories with the lengths |, and L
is the same, and their density distribution in metal is
uniform and independent of the magnetic field. Since

F_ E and, accordingl L_R
SN TR

resistances R, and R, to the length |, and the cross sec-

then, relating the

R
tion S, of the sample, we find that the ratio == is equal

Ro

Px , which corre-

0
spond to nonzero and zero magnetic fields, respec-

tively.
Ry _ Pu / FHD
—_ = —, 1+ 2
Ro  Po 83 @

The Lorentz force can be expressed in terms of the
electric-current intensity i, the electric-current density
j, and the magnetic induction B in the form F = iBl.
The Coulomb force is expressed in terms of the elec-
tric-current intensity i and the electric-field strength E:
F.=IitE, wheret isthetime of the electron displacement
along the sample of the length |,.

to the ratio of specific resistances —

In this case, the ratio of the Lorentz and Coulomb
forcesis

With allowance for Ohm’s law for the electric-cur-
rent density j = nev, where v is the averaged tranda

tional velocity of the charge carriers (electrons), thelast
relationship takes the form

The quantity y = % corresponds to the Hall con-
gtant, andy =R;;.

F
Expressing l—:ﬂ in terms of CB and substituting this

e

ratio into expression (2), we obtain

Py - J1+C78% 3)

Po

Under the conditions accepted above, this relati-
onship is the exact analytical expression of the
Kapitza law.

Substituting the value of C into relationship (3), we
obtain

P ZDBD
1+
po Y QDJ]

Asisseen from formula(3a), the Kohler ruleis, in fact,
aparticular case of the Kapitzalaw. In strong magnetic
fields, when CB > 1, the last expression can be repre-
sented in the form

(3a)

PH B
PH_ 2 4
Po ypo X

which corresponds to the Kohler rulein the strong-field
region.

In the transverse magnetic field, a spiral-shaped tra-
jectory isnormal to the direction of the electric current.
Being deformed, the trgectory is shifted at a tranda
tiona velocity along thisdirection. In this case, thetra-
jectory length L' becomes greater than L. We can
assume that L' is proportional to L, while the propor-

tionality factor n = % is dependent on the magnetic-

field intensity.
Since in the absence of magnetic field (B= 0),
R
L -4 and, reepectlvely, =1and == =1, then con-
lo lo Ro

sequently, n =1 asB = 0. The value of n depends on B
and has afinite value with large B:

n=1+a(l-€e*®, 5)
wherek = 102,
DOKLADY PHYSICS Vol. 49
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Pu
Po
1.25F

1.20

I.15

1.10

1.05

1.00

Fig. 1. Ratio Pu for aCu, sampleasafunction of theinten-
0

sity of thelongitudinal magneticfield. Calculated curvesare
compared with the experimental points taken from [2].

The expression for the transverse effect of the mag-
netoresi stance can be written out in the form

= n4/1+C°B? (6)

PO
Cpdy

where C = By . Furthermore, we suppose 3 = 1.
0
Expression (6) for the transverse effect of the mag-
netoresi stance can be considered as a generalized for-
mulation of the Kapitza law.

The coefficient a is determined from the ratio of the

quantities By
p

for the transverse and longitudinal
0

effects, respectively. According to the experimental

data, the coefficient a liesin the range 0.25-0.5.

InFig. 1, the calculated curvefor theratio % inthe

0
case of the longitudinal magnetic-field direction is
shown for a sample of Cu,. In the same figure, experi-
mental points taken from [2] are plotted. It is clearly
seen that, at low values of the magnetic induction B, the
No. 1

DOKLADY PHYSICS Vol. 49 2004

Po
1.7

1.6 EIAg(l) X AU(I)

AAl(l)

+ Cu(l)

1.5F

14+

1.3}

1.2F

1.1r

J
5 10 15 20 25 30
B, T

1.0
0

Fig. 2. Ratio Z—H in transverse magnetic field for Cu),
0
Ad(1y, Ay, and Al ;) samples. Calculated curves are plot-

ted together with the experimental points taken from [2].
The subscripts at the chemical elements correspond to the
numbers of curvesin figures of [2].

variation of the ratio Pu

0
dratic character, while at B > 10 T, it has ailmost linear
dependence. The calculated curve well describes the
experimental points (for 3=1,n =1).

The variation of theratio Py isshowninFig. 2asa

0

function of the transverse magnetic induction B for the
elementsAg,;), Ay, Cuy), and Al ;,. The experimental
points borrowed from [2] are compared with the calcu-
lated curves. The values of C? and a taken in the calcu-
lations are given in the table. Asis seen in Fig. 2, the
calculated curves are well consistent with the experi-
mental points.

The variation of the specific electrical resistance p,,

as afunction of Bfor C= X can be represented in the

0

as afunction of B has a qua-

form

pu = Jpo+Y B )

In accordance with the extended Matissen rule,
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Ratios Py for B=30 T and certain values of o, C?, specific electrical resistance p, and Hall constantsfor Cu, Ag, Au, and Al

Po
Chemica | PH C?, p, 1070 m 11 Re |
dement | 5. 14 a 1045 101QALls
Po [13] [13] [12] [14]

Cu 1.47 0.082 9.41 05a 73K 1.7 at 293 K 1.67 at 293 K -53

Ag 1.38 0.082 6.97 0.5a 53K 1.62a 273K 1.59 at 293 K -8.98

Au 1.28 0.082 4.444 06a 73K 2.3at 293 K 2.35at 293 K -7.3

Al 1.73 0.2 12.0 0.33at 80K 262 a 273K 2.6545 at 293 K -29

two components, namely non-thermal p, (virtualy Thus,

independent of temperature) and temperature-depen-
dent py contribute to the specific resistance p, = p, + Pr-

Fig. 3. Variation of the specific electrical resistance py asa
function of the magnetic-field intensity for different initial
specific resistances and y = 9 x 10 m3 A1 st n =1,
B=1; (1) py; =0.30x 108 Q m™; (2) py, = 0.31 x 1078,

Py, 1078 Qm
0.7r

0.6

0.5

0.4

03T

1

2
00

40

(3) po3 = 0.32 x 1078, and (4) po, = 0.33 x 1078,

60
B, T

Pu = J(Patpr)?+Y°B2 (7a)

Figure 3 presents the variation of py, at different val-
ues of p,. At low temperatures, the value of p; can be
ignored, and, in this case, the defining quantity is the
non-thermal component p,. As p, (and hence, p,)
increases, the curve py(B) a higher values of B
approaches the tangent to the curve describing the lin-
ear Kapitza law. This completely corresponds to the
observation results presented by Kapitza. The purer a
metal sample, the lower values of the magnetic induc-
tion B for which the curves py, approach the tangent cor-
responding to the linear dependence of py(B).

We should note that, in contrast to the widely held
opinion, the specific resistance of a perfectly pure
defect-free metal is nonzero (py+_.,#0) asT - 0,
since there exists a scattering of charge carriers on zero
atomic oscillations in asolid (to say nothing of the fact
that a perfectly pure and defect-free solid cannot exist).
AsT - 0, a perfectly pure defect-free metal is not a
superconductor. The transition to the superconducting
stateas T — 0 ispossibleasaresult of an electron phase
transition. AsT - 0, the magnetoresistance py, of aper-
fect metal aso isafunction of B and increases with the
magnetic-field intensity, which does not contradict the
third law of thermodynamics.

In its quantitative formulation, the Kapitza law can
undoubtedly serve as a basis for understanding the
nature of anomalous magnetoresistive effects, includ-
ing giant ones.
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1. Excited atoms can be formed in single collisions
of electrons with atoms and molecules through direct
excitation

A+e A*¥+¢ )
and dissociative excitation
AB+e - A*+B® + ¢, 2)

respectively. Here, A isan atom, A* isthe excited atom,
B iseither an atom coupled with atom A inthe molecule
or amore complex heavy particle consisting of severa
atoms, B®) can be either an atom in the ground or
excited state or an unexcited or excited radical, and e
and € areincident and scattered el ectrons, respectively.

More complex processes of dissociative excitation
of atomA inwhich particle B isionized area so possible:

AB+e - A*+Bt+e+¢€', 3)

where €" isan electron knocked out of particle B during
itsionization. When the energy of the incident electron
is sufficiently high, a single collision can be accompa-
nied by the formation of doubly charged B+ or multi-
ply charged BN ions, where N istheion charge number.
In turn, these ions can be either in the ground or in an
excited state. Thus, the number of competitive channels
of dissociative excitation can be very large even for
comparatively low electron energies in electron—mole-
cule collisions.

The probability of realizing each competitive reac-
tion is characterized by the cross section for dissocia-
tive excitation. The presence of a chemica bond
between atom A and particle B in molecule AB must
undoubtedly giveriseto acertain difference of the cross
sections for dissociative excitation from the cross sec-

Moscow Power Engineering I nstitute (Technical University),
ul. Krasnokazarmennaya 14, Moscow, 111250 Russia

e-mail: SmirnovYM@mpei.ru

tions for direct excitation. Moreover, the dependences
of cross sections on the energy of incident electrons
(optical excitation function, OEF) can also be consider-
ably different for dissociative and direct excitations,
which is one more manifestation of the chemical bond
of atom A in molecule AB.

It is hardly reasonable to doubt that the behavior of
the cross sections for dissociative excitation is related
to the structure of the electron shell of atom A, structure
of molecule AB, and type of the chemical bond
between particlesA and B in the molecule. At the same
time, the behavior of the cross sections for dissociative
excitation is amost unstudied experimentally. More-
over, | could not find any theoretical work devoted to
the behavior of the cross sections for dissociative exci-
tation.

At present, certain empirical properties have been
established only for molecules of alkali metal halides
[1-4]. In addition, individual data for a number of
halide molecules (other than fluorides) which contain
atoms of other metals (Groups I, 1V, VII, and VIII)
have been reported. However, they have not yet been
systematized and are not analyzed for revealing the
empirical propertiesof cross sections. At the sametime,
the cross sections for dissociative excitation of Cd
atoms were measured in collisions of electrons with
CdCl,, CdBr,, and Cdl, molecules [5-7]. Analysis of
these resultsin thiswork makesit possibleto reveal the
basic features of dissociative excitation of the Cd atom
in comparison with its direct excitation.

2. All experimental results on the cross sections for
dissociative excitation of atoms in collisions of elec-
trons with molecules of metal halides were obtained by
the method of extended crossing beams. Sincethefoun-
dations of this method and its engineering realization
were previously discussed in detail [8], only the basic
conditions of experiments with molecules of cadmium
dihalides will be presented.

Beams of cadmium dihalides were obtained by
evaporation of the substances under investigation from
a tantalum crucible heated by an electron beam. The
evaporation temperature for CdCl,, CdBr,, and CdI,

1028-3358/04/4901-0030$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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Table 1. Ratios of dissociative-to-direct excitation cross sections Qs and Q. for Cdl and Cdll at an incident-electron en-
ergy of 30 eV and the maximum of the optical excitation functions, respectively, in e-CdX, (X =Cl, Br, 1) and e-Cd collisions

Qa0 Qmax
Upperlevel | A, nm cdcl, CdBr, Cdl, cdcl, CdBr, Cdl,
Cd Cd Cd Cd Cd Cd
| 9s's, 398.193 0.201 0.258 0.654
gs's, 430.667 0.158 0.229 0.475 0.229
7s's) 515.466 0.0813 0.154 0.251 0.155 0.209
5ptP; 228.802 0.0555 0.0977 0.167
64D, 466.235 0.0994 0.209 0.157 0.144 0.264 0.187
50D, 643.847 0.0330 0.192 0.158 0.212
78S, 325.252 1.98 2.70 0.838
65°S, 467.815 0.500 2.46 3.60 0.141 0.633 0.763
65°S, 479.991 0.499 2.71 344 0.141 0.698 0.732
65°S, 508.582 0.478 2.44 3.18 0.135 0.632 0.677
5psP3 326.105 0.753 137 2.16 0.278 0.445 0.566
7d°Dy 5 267.759/75 3.04
7D, 5 | 276.3/4 2.95
60°D; , | 288.0/1 0.783 0.647 3.01
60°D, 5 | 298.0/1 0.732 0.665 2.84
5¢°D, 340.365 0.569 0.663 2.74 0.333 119
50D, , | 346.6/7 0.364 0.712 2.71 0.267 0.438 135
50D, 5 | 36L0/2 0.324 0.587 2.49 0.169 0.283 0.997
I 5p%P3, | 226502 0.143 0.294 0813
65°Sy, 274.858 0.205
Dy, 325.033 0.0930 0.127 0.199 0.204
Dy, 353.569 0.0946 0.107 0.199 0.217
a®Dg), 441563 0.0975 0.159 0.195 0.205 0.407 0.370

was egual to 850, 700, and 600 K, respectively, and the
density of molecules in the beam crossing area was
equal to 1.7 x 10%, 7.4 x 10° and 3.1 x 10'° cm3,
respectively. All three molecules have the same point
symmetry group D.,,, and the distances between Cd and
halogen atoms rey o = (2.21 £0.02) x 10°m, rey g, =
(2.37 £ 0.02) x 10° m, and rey, = (2.55 = 0.02) x
10 m are accordingly close[9]. The normal vibrations
with the hardest bond v, have fundamental frequencies
409, 315, and 265 cm™ [9, p. 89], respectively, and cor-

respond to the same symmetry X, for all three mole-

cules. Under the conditions of this work, the ratios E—}I)_

DOKLADY PHYSICS Vol.49 No.1 2004

for thesevibrationsdiffer by lessthan 8% for three mol-
ecules. Thus, the structure of these molecules and con-
ditions of experiments studying their dissociative exci-
tation can be considered identical.

3. The dissociative excitation of intense spectral
lines of the Cd atom and singly charged ion is studied
for three molecules under investigation. Atomic lines
are excited in processes (1) and (2), and the spectral
lines of the singly charged ion are excited in the similar
processes

A+e- A*+e+¢€, 4)

AB+e - At + B® + € + ¢, 5)
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Q, arb. units
1.0
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80 1000 20 40 60 80
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E,eV
Fig. 1. Optical excitation functions of (solid lines) dissociative and (dashed lines) direct excitation for transitions from the following
Cd atomic levels: (8) 5d'D,, (b) 5&°D, 3, (c) 65°S;, and (d) 5p*P3 .

The magnitudes of the cross sections for dissociative
excitation were measured for an electron energy of
30 eV. In addition, OEFs for most spectral lines under
study were measured in the electron-energy range
0-100 eV.

The measured cross sections for dissociative excita-
tion of the same spectral line can be compared both
between three molecules and between each molecule
and Cd atom (for its direct excitation in e-Cd colli-
sions). The dissociative excitation of the Cd atom by an
electron impact has been studied in a number of works.
The most compl ete uniform data were reported in [10].
However, different experimental groups clearly obtain
different results for the same object even when apply-
ing similar procedures. Therefore, comparison is more
correct for data obtained by the same experimental
group on the same setup with maximum maintenance
of the procedure and experimental conditions. For this
reason, the dissociative excitation of the Cd atom was
studied in this cycle of works. Comparison of the cor-
responding results with data from [10] shows that the
magnitudes of cross sections measured in [10] are sys-
tematically several times smaller than those obtained in
this work. The corresponding ratio is equal to 8.85 in
average over all data and is equal to 5.86 when four

extreme values are excluded (this point was discussed
in more detail in [6]). Moreover, OEFs were measured
in[10] up to electron energy 1417 eV, and their extrap-
olation to an energy of 30 eV can be responsible for
considerable errors.

Table 1 presents the ratios of dissociative-to-direct
excitation cross sections Q;, and Q,,, for the spectral
lines of the Cd atom and singly charged ion for an inci-
dent-electron energy of 30 eV and in the maximum of
the OEF, respectively. The upper levels and wave-
lengths of the transitions under investigation are also
given in Table 1. It should be noted that, according to
current concepts, the branching ratiosfor free atoms are
independent of the excitation method. This means that
the ratio of intensities of competitive spontaneous tran-
sitionsfrom acertain level is determined by theratio of
the Einstein transition probabilities rather than by apar-
ticular mechanism of the population of thislevel.

All spectral lines of the Cd atom in Table 1 are asso-
ciated with alowed transitions without a change in the
multipole order. The only exclusion is the 326.105-nm

resonance line from the 58 'S — 5p’P; intercombina-
tion transition. The upper level of this transition is
metastable. Therefore, the correct excitation cross sec-
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Table 2. Ratios of cross sections Qyy and Q4 for dissociative excitation of Cdl and Cdll for an incident-electron energy of
30 eV and the maximum of the optical excitation functions, respectively, in e-CdX, (X = Cl, Br, I) and e-Cd collisions

Q30 Qmax
Upperlevel | A.nm CdBr, Cd, cdi, CdBr, Cdl, cdi,
Cdcl, Cdcl, CdBr, Cdcl, Cdcl, CdBr,

| 9s's, 398.193 0.887 2.24 2.52

8s's, 430.667 1.45 3.01 2.08

7', 515.466 1.89 3.08 1.63 1.34

5p'P; 228.802 1.76 3.07 1.75

6d'D, 466.235 2.10 1.57 0.747 1.84 1.30 0.707

5d'D, 643.847 5.81 479 0.823

7s°S, 325.252 1.37

6s°S, 467.815 4.93 7.21 1.46 4.49 5.41 1.20

6s°S, 479.991 5.41 6.87 1.27 4.96 5.20 1.05

6s°S, 508.582 5.08 6.62 1.30 4.66 4.99 1.07

5p°P; 326.105 1.81 2.86 1.58 1.60 2.04 1.27

6d°D; » 288.0/1 0.825 3.85 4.66

64°D, 5 298.0/1 0.907 3.87 4.27

50°D, 340.365 1.17 4.81 413 3.56

5d°D; 5 346.6/7 1.96 7.41 3.79 1.64 5.05 3.08

54°D, 5 361.0/2 1.81 7.67 423 1.67 5.89 3.52
[l 5p? P35, 226.502 2.05 5.68 2.76

a?Dyy 325.033 1.37 2.14 1.56

a’Dgy, 353.569 1.13 2.09 1.85

a?Dsy, 441,563 1.63 2.00 1.23 1.99 1.81 0.913

tion of thistransition must be determined with a correc-
tion for the possibility that excited atoms|eave from the
field of view of the optica system [11]. However,

according to [12], the lifetime of the 5p°> P] metastable
level of the Cd atom is as short as 2.4 us, which is
almost an order of magnitude smaller than the time-of-
flight of excited atoms through the collision area under
the conditions of this work. This correction is equal to
about 5 and 3% for the Cd atom and three molecules
under consideration, respectively. Thus, it is negligibly
small and isignored in Table 1.

Asisseenin Table1, the cross sectionsfor dissocia-
tive excitation of transitionsfrom singlet levels are sev-
eral times smaller than the cross sections for direct
excitation both at an electron energy of 30 eV and at the
maximum of the OEF for al three molecules under
study. The corresponding ratio for Qs is less than one-
tenth for four low-lying levels of Cdl for the CdCl,

molecule aswell asfor thea?D,, s, levels of the singly
DOKLADY PHYSICS  Vol. 49

No.1 2004

charged Cd ion. In contrast, the cross sections Qs for
dissociative excitation of transitions from triplet levels
arelessthan the cross sectionsfor direct excitation only
for the CdCl, molecule, as well as for 3D levels of Cdl
for the CdBr, molecule. All cross sections Qs for the
dissociative excitation of triplet levels in callisions of
electrons with Cdl, molecules are larger than the cross
sections for direct excitation by factors 2.16-3.60. The
same is true for 3Sand 3P° levels of Cdl for the CdBr,
molecule.

However, thisis not the case for cross sections Q.
for dissociative excitation, which are usually smaller
than those for direct excitation. Exclusion is presented
by 5d°D levelsfor the case of the Cdl, molecule, where
the cross sections Q,,, for dissociative and direct exci-
tations virtually coincide with each other. The differ-
ence in the behaviors of the ratios for Q;, and Q. IS
attributed to the substantially different shapes of the
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OEFs for singlet and triplet transitions for both disso-
ciative and direct excitations. These differences are
seen in Fig. 1, where the OEFs for dissociative and
direct excitations are shown for transitions from four
low-lying levels of the Cd atom (OEFs for dissociative
excitation are shown for the CdBr, molecule; however,
their variations for the three molecules under investiga-
tion are small). Asis seen, the difference between Q.
and Qs for the singlet transition in direct excitation is
much less than that for triplet transitions. With an
increase in the electron energy, the OEFs for triplet
transitions decrease rapidly after the maximum by
almost an order of magnitude at an energy of 30 eV.

Table 2 presents the ratios of the cross sections for
dissociative excitations for three molecules under
investigation. Asis seen both at an energy of 30 eV and
the maximum of the OEFs, the maximum and mini-
mum cross sections correspond in most casesto e-Cdl,
and e-CdCl, collisions, respectively. Exclusionsare pre-
sented by the 5,6d'D, and 6d°D; levels. More detailed
analysis of the revealed properties and determination of
their causes are impossible without fundamental theoret-
ical consideration of dissociative excitation.

4. Empirical properties of the cross sections for the
dissociative excitation of the Cd atom and singly
charged ion are analyzed for collisons of sow
monoenergetic electrons with Cd halide molecules.
Comparison shows that the cross sections for dissocia-
tive excitation at an electron energy of 30 eV are much
larger than those for direct excitation for all transitions
in Cdl and Cdll for the CdCl, molecule. For the Cdl,
molecule, the same behavior is observed for the cross
sections for singlet and ionic transitions and the cross

sections for dissociative excitation of triplet transitions
are larger than those for direct excitation by factors
2.16-3.60. At the maximum of the OEFs for the mole-
cules under consideration, almost all cross sections for
dissociative excitation are less than those for direct
excitation.
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1. The process of generating relativistic runaway
electron avalanches (RREAS) is fundamental in the
mechanism underlying upward atmospheric dischar-
ges [1-6]. A basic characteristic of any avalanche pro-
cess is the time t, required for amplifying the particle
number by a factor of e. This time was calculated for

€€ b=, 5, and
I:min

8 relative to the relativistic minimum of the friction
force F,,;,, = 2.18 keV cm™ atm™ [7-9]. The results
obtained by solving the master equation and by direct
Monte Carlo simulation turned out to be very consistent
with each other, except the Monte Carlo simulation by
the ELISA code. This code most completely includes
processes of interactions of electrons, positrons, and
photons with atomic particles [7-9]. The subsequent
analysis demonstrated that the divergence is caused by
theincorrect inclusion of the electric field inthe ELISA
code. For numerical simulation of upward atmospheric
discharges, it is necessary to know the dependence t(d)
in awide range of o values, realized in the process of
the development of upward atmospheric discharges, as
well as the energy and angular distributions of ava-
lanche electrons as functions of the overvoltage .

three chosen overvoltage values o =

In this study, the most important results of corre-
sponding cal culations are presented. These calculations
are performed by the ELISA code with correct inclu-
sion of an electric field.

2. The calculations were fulfilled for air at atmo-
spheric pressure. We assumed that at the initial time
t = 0, amonoenergetic beam containing N(0) electrons
with kinetic energy €, was injected in the direction of
the electric force—eE. The calculationswere carried out

* Russian Federal Nuclear Center VNIIEF,
pr. Mira 37, Sarov, Nizhegorodskaya oblast,
607180 Russia
e-mail: kay@sar.ru
** |_os Alamos National Laboratory,
P.O. Box 1663, Mail Stop F569, Los Alamos,
New Mexico NM 87545, USA

e-mail: rroussel-dupre@lanf.gov

for two strongly different values g, = 2 and 10 MeV.
The statistical error of the calculations did not exceed
1-2%. The electron trajectories were traced down to an
energy of € = 1 keV. Although a large number of elec-
trons with energies lower than the runaway threshold
€, Which is defined as the second root of the equation
F(e) = eE [10], are generated, these electrons rapidly
relax to thermal energies and negligibly contribute to
the RREA. As a result, we calculated the number N(t)
of runaway electrons as a function of time, as well as
the energy and angular distributions of el ectronsfor dif-
ferent d values. The scale quantity t, was determined by
. . N(t)

the linear segment of the function In N(0)°

3. Inthetable, t, values calculated for three different
0 values are given in comparison with previously pub-
lished results [7-9, 11]. As is seen, the strong diver-
gence of the results obtained by the ELISA code and
other codes that either realize the Monte Carlo method
or are based on solving the master equation is elimi-
nated. Figure 1 exhibits the dependencet,(d) calculated
for theinterval & [0[1.3; 14], whichisof practical inter-
est. We remind that for & = 14, the usual breakdown by
€l ectrons having energies close to the ionization thresh-
old of air molecules develops. The sharp increasein t,
up to 8905 nsat & = 1.3 testifiesto approaching acertain
critical value of & below which electrons cannot be
involved in the runaway mode. By virtue of this fact,
this value of t, can be rather uncertain. Within an accu-
racy of 5%, the dependence t,(d) plotted in Fig. 1 can
be approximated by the expression

7.11

te(ns) = exp%ojﬂ

50[2 10]. (1)

We also studied the effect of varying g, on the
dynamics of RREAS. For the values of g, under consid-
eration, differencesare manifested at d < 2. Inthiscase,
the time required for attaining the exponential mode of
the RREA decreases with increasing €,. In the region
0 < 2, this time increases with decreasing o, and only
electrons with high values of g, can be involved in the
runaway mode.

1028-3358/04/4901-0035$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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t,, NS
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—This calculation
o Lehtinen ef al. [11]
a Symbalisty [5]
+ MigDesk code [7-9]
100+ x SMC code [7-9]
10
1 1 1 1 1 1 1 |

Fig. 1. Time of avalanche amplification by afactor of easa
function of the overvoltage. Air, P = 1 atm.

The time for settling the steady-state energy distri-
bution of the RREA does not coincide with that
required for the avalanche to attain the exponential
mode of development. Thisfact isindirectly confirmed
by the cal culation resultsfor the time dependence of the
mean electron energy [E(t)shown in Fig. 2. The mean
energy in the steady-state mode weakly varies in the
range 0 = 2-14, the steady-state mode being attained in
~(4-6)t.. The mean energy monotonically depends on
0 and weakly decreases with &, which is caused by
involving electrons of progressively lower energiesin
the runaway mode.

The weak dependence of [8Jon & in awide range of
its values can be explained using the expression

EDapprox = (6 - 1) FminCte(é)- (2)

In accordance with thisformula, the quantity [8(0is esti-
mated asthe energy accumulated by arunaway electron
in the path length cty(®) in which it produces another
runaway electron. The weak dependence of [E00on d is
explained by the dynamic equilibrium of the processes
of energy accumulation in the electric field [the multi-
plier (& — 1)] and of the generation of secondary elec-

trons [the multiplier t(3)] overwhelming majority of
which have the energy much lower than [8[]

In the range & = 2-8, the stead-state electron energy
distributions (normalized to an energy of 1 MeV) inthe
RREA differ weakly from one another. The maximum
differencerealized in the energy interval 0.01-40 MeV
does not exceed 15%. Thisuniversal distribution can be
approximated by the function

f,(€) = exp(~0.00108u° — 0.004235u° + 0.009757u’)

(3)
x exp(0.012652u’ — 0.056372u° — 0.43325u — 2.1185),

where u = Ing (1 MeV).

After integrating over al the energies, we arrive at
the angular distributions of electrons, which can be
approximated by the function

1-b?

,b) = ——;,
g(H, b) (1—bp)?

“)

whereb=0.91ford=2and b =0.97 for d = 8. Here, u
isthe cosine of the angle between the electron momen-
tum and electric field force —eE and the usual normal-
ization

1

2ﬂJ’g(u, b)du = 1
0

is accepted. The maximum error of approximation (4)
is attained at 1 values close to unity and is equal to 12
and 34% for d = 2 and 8, respectively. In contrast to the
energy distributions, the steady-state angular distribu-
tions essentially depend on the quantity & becoming
prolated with increasing d. In other words, the progres-
sively larger part of electrons is carried away by the
field asitsintensity increases.

Characteristic amplification timet,, ns, for an avalanche in air at atmospheric pressure

Master equation Monte Carlo calculations
B E
> 2 MigDesk FLISA code
: m [5] Codg[7_9] [11] SMC code [7-9]
[7-9] new results
2 161 197 174.4 200 440 189.7
5 344 39.9 33.2 35.6 54 34.3
8 18.9 21.2 17.3 18.6 275 17.8
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Fig. 2. Mean electron energy as a function of time for different values of the initial electron energy €, and overvoltages d. Air,

P=1am.

The normalized steady-state angular and energy dis-
tributions of runaway electrons can be represented in
the form

fe, ) = fai(e) fo(ufe),

where f,(€) is the steady-state el ectron energy distribu-
tion approximated by formula (3) and f,(l|€) isthe nor-
malized steady-state angular distribution of electrons
with energy €. The latter may be approximated by the
expression

Inf,(ule) = %Nl(s)_kl(s)(l_ll)1 p=0
i Y2(€) + k() (L +1), u<O.
Here,

y1(€) = 0.5756In(0.9¢) —0.46,
ky(g) = 1.24(14¢€)°°-0.92,

y,(€) = —2.76(2.3¢)**® - 2.53,
k,(€) = 0.557In(e) +291 for o = 2.

and

y1(€) = 0.6178In(g) + 0.4145,
k(g) = 3.224(5¢ —0.07)>,

y,(€) = —7.6(4¢)** - 0.6,

k,(€) = 0.8858In(g) +5.142 for & = 8.

DOKLADY PHYSICS Vol.49 No.1 2004

4. The basic result of the present study is the depen-
dence of the characteristic RREA amplification timet,
on the electric field intensity. This time determines the
relativistic analog of the Townsend ionization coeffi-

cient E% . The passage from the time values at atmo-
e

spheric pressure to those at the pressure P is executed
according to the formula

_ t(1am)
() = “pim) -

In the range of overvoltages & = 2-8, a universal
energy distribution of runaway electrons is virtualy
independent of 8. An analytical approximation of this
distribution has been proposed. For 6 = 2 and 8, the
angular distributions of runaway electrons of all ener-
gies, aswell as angular distributions in separate energy
groups, have been cal culated, for which approximating
formulas have aso been obtained. As should be
expected, with increasing 6 and electron energy, the
runaway-electron beam becomes more highly directed
along the electric force —eE. The results obtained are
recommended for use in modeling upward atmospheric
discharges above thunderstorm clouds.
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Various oscillating systems with both stochastic and
regular dynamical regimes have attracted wide atten-
tionin recent years[1]. Among the most studied of such
systems are magnetically ordered structures whose
dynamics is associated with the precession motion of
magnetization and is generally described by the Lan-
dau-Lifshitz nonlinear equations[2, 3]. Of great inter-
est today are multilayer exchange-coupled structures,
where giant magnetoresistive and magnetooptical
effects have been discovered [4-6]. The existence of
static and dynamical bistable states characteristic of a
magnetic subsystem is substantial for the practical use
of such structures[7, 8]. The behavior of the magnetic
subsystem near these states determines the features of
the self-organization of magnetization, which proceeds
in external magnetic fields[9]. In thiswork, we analyze
dynamical regimes of the magnetization of amultilayer
nanostructure with an antiferromagnetic interlayer
exchange coupling that permits the realization of vari-
ous equilibrium states [10]. We show that there are nar-
row frequency bands where self-sustained oscillations
transform to stochastic oscillations of magnetization.

1. We consider astructure consisting of alarge num-
ber (n > 1) of identical layers of magnetic metal that
are separated by nonmagnetic layers, ensuring antifer-
romagnetic ordering of the magnetic moments of
neighboring layers in the initial state. In this case, the
entire set of magnetic layers is divided into two sub-
systems (j = 1, 2), where the magnetic moments of lay-
ers behave identically in each subsystem. For such
structures, magnetic anisotropy includes induced easy-
axis anisotropy and cubic crystallographic anisotropy.
In this case, the [100] and [010] crystallographic axes
lie in the layer plane, and the easy-magnetization axis
of induced anisotropy is perpendicular to the layers.

Ul’yanovsk Sate University, ul. L'va Tolstogo 42,
Ul yanovsk, 432700 Russia

* e-mail: sementsovdi @ulsu.ru
** e-mail: shuty@mail.ru

The free energy of the system per unit area is deter-
mined by the expression

n K, . .
E=d3 z [—HMJ+Zl(sm22qu+cos4qusm22¢j)

j=12

2

MM
+(Ku—2nM2)cosquj]+Jn I\l/l 2 (1)

where d is the thickness of magnetic layers, M; is the
magnetization of thelayersof thejth subsystem, Jisthe
bilinear exchange coupling constant of the magnetic
moments of the nearest layers, K, and K, are the con-
stants of cubic and growth anisotropy, H is the static
magnetizing field, ¢, is the azimuth angle that is mea-
sured from the [100] axis and determines the plane ori-
entation of the magnetic moment, and y; is the exit
angle of the vector M; from the film plane.

In the spherical coordinate system, the equations of
motion of the magnetization vectors of each layer are
represented in the form

_yE LA 1 OE
¢jMdCOSl-|Jj = yaq_,j+MCOSL|Jja¢j1 )
W;Md = Lo 5%

~ Moy, Y cosy, a9,

whereyisthe gyromagnetic ratio and A is the damping
parameter. The parameters corresponding to the redl
(Fe/Cr),, structure are used in numerical analysis. We
take M = 1620 G, K, = 4.6 x 10° erg/cm?, K, = 2.06 x
108 erg/cm®, A =5x 107 s, y=1.76 x 10’ (Oe s)%, and
d =21.2 x 108 cm for iron layers. The parameters of
chromium layers do not enter into Eqg. (1), but they
determine the coupling constant J [11].

2. Since demagnetizing fields are strong (41tM >
2K /M, IM) for an in-plane magnetizing field, magnetic
moments also lie in the layer plane; i.e., equilibrium
angles are equal to zero (Y,; = 0). The equilibrium azi-

1028-3358/04/4901-0039$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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muth angles ¢,(H) are determined by the relations

2
gf =0 and g——Ez > 0. Anaysis of these conditions
! j

shows that, when the coupling constant J in the systems
under consideration is sufficiently small, changein the
magnetizing field intensity is accompanied by the
appearance of orientational hysteresis|oops and corre-
sponding bistability states. Therefore, for theinitial ori-
LS
2
ing-field orientation ¢, = 0, i.e., for M; U H, noncol-
linear symmetric orientation (¢,, = —9,,) of the
magnetic moments of neighboring layers has an equi-
librium in the interval 0 < H < H,. The angle between
the magnetic moments of neighboring filmsAd, = ¢4, —
¢, decreases with an increase in the field in this inter-
val. When the field reaches the critical value H,, the
angle A, reaches aminimum (which decreaseswith an
increase in the coupling constant). Then a phase transi-
tion occurs and the collinear field-aligned orientation of
the magnetic momentsis established. When the magne-
tizing field decreases from H > H,, the state with the
field-aligned orientation of the magnetic moments of
filmsretainsthefield intensity H,. For H = H, < H,, the
inverse phase transition occurs with an orientational
divergence of the vectors M, and M, that instanta-
neously reach the angles ¢,(H,). With a further
decrease in the magnetizing field, A¢, increases and
A, = 1ifor H = 0. The critical fields that are edges of
the orientational hysteresis loop are given by the
expressions

entation of magnetic moments ¢; = = and magnetiz-

2
Hb:M ]g

-4 | J 1), 0
Ha = 3m/3ak; T60d T KD

With an increase in the coupling constant, the hystere-
sisloop is contracted and disappears for J = J,,, where
Jp, IS determined from the equality H, = H,.

2J
55K
(3)

Systems with narrow hysteresis loops are of partic-
ular interest for implementation of various dynamical
regimes. For H values corresponding to the middle of
the hysteresis loop, a longitudinal microwave field
(h || H) with an amplitude close to the loop width (h =
H,—H,) induces various large-amplitude sel f-sustained
oscillations and stochastic regimes in the system of
magnetic moments. In addition to wide frequency
bands corresponding to stochastic oscillations, there
are narrow frequency bands (Aw ~ 107 s7!) where sto-
chastic regimes exist and beyond which regular large-
amplitude regimes are realized.

3. Figure 1 shows the phase trgjectories ¢, (¢,) of
the magnetic moments of the first subsystem of layers
for various frequencies of the alternating field. Fre-
quencies w= (7.9, 8.7) x 108 and (9.9, 10.2) x 108 s**
(Figs. 1a, 1c, dashed and solid lines) correspond to reg-
ular regimes, whereas frequencies w = (8.0, 9.95) x
108 st (Figs. 1b, 1d) correspond to stochastic oscilla-
tions. The inserts show the corresponding time depen-
dences ¢,(t). Calculations were carried out with the
exchange coupling constant J = 0.24 erg/cm? close to
Jp = 0.244 erg/cm?, the magnetizing field H =
2227.4 Oe, for which the collinear equilibrium state
with the angles ¢; = O is realized; and aternating-field
amplitude h = 0.2 Oe exceeding H, — H,, = 0.144 Oe.
Oscillations of the magnetic moments of the second
subsystem are always in opposite phase with the first
system. In this case, the equality ¢,(t) = —¢,(t) is quite
accurately satisfied for both regular and stochastic
regimes. For films under investigation, the amplitude of
polar-angle oscillations is aways much smaller than
the amplitude for the azimuth angle, i.e., ; < ¢;. Anal-
ysis of the dynamics of the magnetization of each sub-
system of layers shows that with a decrease in fre-
guency stochastic regimes are established after a bifur-
cation cascade of period doubling. At the same time,
self-sustained oscillations with the aternating-field
period are again realized after one bifurcation. Regular
regimes at a frequency above the stochastic-dynamics
interval, i.e., at alarger frequency (solid lines), and at a
frequency below the indicated interval (dashed lines)
can both be very close (Fig. 1¢) and very different in
phase trajectories (Fig. 1a). However, oscillations have
high amplitudes in both cases. The amplitude of sto-
chastic oscillations differs dightly from the amplitude
of self-sustained oscillations. Stochasticity is primarily
manifested in smearing of the boundary of the phase
trajectory of the limit cycle.

Strange attractors (Figs. 1b, 1d) corresponding to
stochastic dynamics have sections of strong compres-
sion or folds and sections of extension. This shape is
responsible for sensitivity of phase trgjectories to the
initial conditions. The distance between two close
phase trajectories first increases exponentially as 6 =
0pexp(Ct), where C is the maximum Lyapunov coeffi-
cient (which is equal to the slope of the straight line
approximating the divergence of phase transitions). For
the cases under consideration, { = 1.1 x 10® and 4.1 x
107 st for w= 8 x 108 and 9.95 x 108 s, respectively.
After divergence to the attractor scale, the distance
between phase trajectories oscillates around the value
determined by the attractor size.

The regimes discussed above are sensitive to the
magnetizing field. Figure 2 shows the bifurcation dia-
gram for the parameters indicated above and alternat-
ing-field frequency w = 8 x 108 s corresponding to
stochastic oscillations of magnetization for H =
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Fig. 1. Phase trajectories of (a, c) regular and (b, d) stochastic oscillations of the magnetizations of layers. The inserts show ¢ (t).

2227.4 Oe (Fig. 1b). In this diagram, the maximum and
minimum angles of the magnetic moment of the first
subsystem of layers are shown for the given interval of
the magnetizing field. For a given H value, a single
point with zero angle ¢,,,, corresponds to the absence of
oscillations, two points correspond to the oscillation
regime with one maximum ¢,,... ad one minimum
Omin, & larger countable set of points corresponds to
more complex oscillations, and a set of close points
corresponds to the stochastic dynamics of magnetic
moments. It isseen that adecreasein H by only 0.01 Oe
from the earlier accepted value converts the system
from the stochastic regime to one of self-sustained
oscillations. However, this regimeisreaized only in a
very narrow interval of the magnetizing field (AH =
0.02 Oe), and then stochasticity is again developed and
covers the entire range of oscillations of the magnetic
moment. When the magnetizing field approaches the
boundary value of the hysteresisloop, small-amplitude

DOKLADY PHYSICS  Vol. 49
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regular oscillations corresponding to the noncollinear
equilibrium orientation of the magnetic moments of the
system settle. With an increase in H, stochasticity first
increases, then the system becomes insensitive to per-
turbation by the alternating field, because the alternat-
ing field goes beyond the hysteresis loop and corre-
sponds to the collinear field-aligned orientation of the
magnetic moments. For other frequencies close to that
which is chosen, the bifurcation diagram has similar
basic features.

Analysis shows that oscillation regimes of a multi-
layer structure with an antiferromagnetic exchange
coupling are characterized by quite narrow frequency
bands, where the longitudinal alternating magnetic
field excites stochastic oscillations of the magnetic
moments of the system. L arge-amplitude self-sustained
oscillations are realized at frequencies adjacent to these
bands. Such structures are also characterized by ahigh
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sensitivity of these dynamical regimes to variation in
the magnetizing field.
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INTRODUCTION

In the case of irradiating an object to beidentified by
ultrashort-pul se antennas, the goal of the most efficient
reception of reflected signals arises. In this case, it is
necessary to provide the most consistent time diagrams
for both the signal being reflected from the object and
thesignal at theinput of areceiver. It iswell known that
the characteristics of a receiver can be described in
terms of a linear stationary dynamic transformation
linking input and output signals. Therefore, we need to
find the functional description of the corresponding
pulsed transition function that ensures the minimal
divergence of the signal being reflected from that at the
receiver output. In addition, it is desirable to provide
operation conditions for the receiver that correspond to
the minimization of residual radiation. This radiation
arises by virtue of both a certain time stretching of a
signal emitted by the antenna and dynamic distortions
occurring while the signal propagates through the
medium prior to reaching the object, aswell as after the
reflection. To thisaim, it israther reasonable to apply a
supplementary correcting signal to the input of the
receiver along with the signal reflected from the object
under study. This correcting signal provides partially or
complete quenching of asignal at the receiver output at
a prescribed moment of time.

In this paper, we describe procedures for the solu-
tion of the aforementioned problem on the basis of
employing variational methods.

CONSTRUCTING THE OPTIMAL PULSED
TRANSITION FUNCTION OF A RECCEIVER

Thefunctional diagram of asignal-emitting and sig-
nal-receiving system based on an ultrashort-pulse
antennais presented in the figure.

* Moscow Scientific Research Institute
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Kutuzovskii pr. 34, Moscow, 121170 Russia
** Blagonravov Institute of Engineering Science,

Russian Academy of Sciences,
ul. Bardina 4, Moscow, 117334 Russia

It is assumed that each element of the system trans-
formsasignal x(t) applied to theinput of the ultrashort-
pulse antenna into a consequent signal. This occurs by
means of a linear dynamic transformation determined
by the corresponding pulsed transition function. By vir-
tue of this fact, asignal at the antenna's output can be
written in the form

t

Yo(t) = J'ho(t—T)X(T)dT- ey
0

In the general case, the input signal x(t) of the
antenna consists of both the signal x,(t) produced by an
ultrashort-pulse generator and a correcting signal [1] or
a dynamically transformed signal together with a sup-
plementary correcting signal [2, 3]. It is worth noting
that such a correction of the signal y,(t) emitted by the
antenna has the following goals:

(i) the correspondence to a certain perfect (desir-
able) shape y(t) (in particular, atriangular or trapezoi-

dal shape) of the time diagram for the signal y,(t);

(ii) lowering theintensity of the residual radiation at
a certain specified moment of time or the complete
elimination of this radiation.

Both these goals can be attained only in part because
the true signal x,(t) has a short duration and a high
intensity, whereas the correcting action is more
strongly stretched in time and has a lower peak inten-
sity.

While passing through the medium, the signal y,(t)
emitted by the antenna is subject to the linear dynamic
transformation

t

yi(t) = Ihl(t —T)Yo(T)dr, )

after which the signal isreflected from the object in the

1028-3358/04/4901-0043$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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transformed form

t

yo(t) = Ig(t_T)yl(T)dT- 3)

Here, h,(t — 1) and q(t — 1) are pulsed transition func-
tions describing dynamic properties of the medium and
the aobject, respectively. A signal reflected from the
object and, furthermore, passing through the medium
arrives at the input of the object in the form

t

Yo(t) = [h(t-1)y,(T)dr. 4)
0

The receiver aso realizes dynamic transformation of
the signa y(t) arriving at its input. As a result, the
signal

t t

2(t) = [v(t-Dys(Ddt = [ys(t-Dv (D)t (5)
0 0

is formed at the receiver output, where v(t — 1) is the
receiver pulsed transition function to be determined.

The perfect situation would correspond to the exact
reproduction of the signal y,(t) reflected from the
object. In this case, in accordance with expressions (3),
(5), the function v(t) must satisfy the equation

t

2t) = [ys(t-Dv(Ddr = yy(1). (6)
0

However, according to [4], the problem of solving
Eqg. (6) belonging to Volterra integral equations of the
first kind isrelated to ill-posed problems.

In accordance with [4], in order to regularize this
problem it is necessary to minimize the functional

T

J(v) = j{[z(t)—y2<t)]2+v1v2(t)} d, ()

wherey, isthe regularization parameter and T is a cer-
tain fixed time corresponding to the end of the signal
reception.

The first term of functional (7) is an integral qua-
dratic deviation of the signals z(t) and y,(t). The second
term is the integral intensity squared of the desired
function v(t).

The most efficient method for solving the problem
of the minimization of functional (7) isthe use of avari-
ational method based on abstract linear operators acting
inthe L%(0; T) space[5]. In this case, expression (5) and
functional (7) are written out as z=Y,v and

J(v) = (YsV =Y, Y3V —Y,) +Yy(V, V), (8)

respectively.

Furthermore, in accordance with [5], the derivative
of the Gateaux functional J(v) (8) is calculated. From
the condition requiring this derivative to be zero, the
condition of the stationary behavior

(YaV =Yy, YsV) +yy(v; V) = 0 9)

is determined. Here, v is an arbitrary function (the
increment of the function v). It follows from condi-
tion (9) that

(Y3Y3=Y3y,, V) +y,(v, V) = 0, (10)
where Y3 is an operator conjugate to the operator Y;.

Aslong as the function v is an arbitrary function, we
can determine from Eqg. (10) the equation with respect
to the quantity v:

(Y3Y3+y))v = Y3y, (11)

It follows from Eq. (11) that

Ve = (Y3Y3+Y) Y3y, (12)
where (Y3 Y; + y)!' isthe operator inverse to the oper-
ator Y3 Y5 +,.

DOKLADY PHYSICS Vol.49 No.1 2004
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According to relationship (5), the operator Y3 con-
jugate to the operator Y; is determined by the following
relationship:

T

Y3t = [ys(s—t)(s)ds

Therefore, Eg. (11) in the nonabstract form can be writ-
ten out as

T S

J’ys(s—t)J'yg,(s—T)v(r)drds+ yv

T

= J-Y3(5_I)Y2(S)ds- (13)

Equation (13) isaVolterraintegral equation of the sec-
ond kind. Hence, it follows that the operator (Y3 Y; +
y)~! entering into the expression of the function v7(12)
is the resolvent of Eqg. (13).

CONSTRUCTION
OF AN ADDITIVE CORRECTING SIGNAL

After determination of the optimal pulsed transition
function v(t) of the receiver, the problem of an addi-

tive correcting signal applied to the input of this device
is solved in accordance with definition (12) by the fol-
lowing method.

Sincethefunction v{t—T) isnow known, the signal

at the receiver output in the case of adding a supple-
mentary signal u(t) to the signal y;(t) is determined in
the form*

2(t) = [V (t=T)[ys(t) +u(v)] dr. (14)
0

Aswas indicated above, the main goal of introduc-
ing the correcting signal u(t) is to minimize the inten-
sity of the residual radiation caused by the additional
dynamic distortion of the reflected signa y,(t) while it
is passing through the medium from the object to the
receiver. However, the signal u(t) can also be employed
to solve the problem of improving the similarity of the
signals z(t) and y,(t). Acting in this direction, we can
attain a smaller divergence of the signals z(t) and y,(t)
than that obtained by the optimization of the pulsed
transition function of the receiver. In this case, we

11t should be noted that the signal u(t) can be switched on only in
cases where the existence of the basic signal ys(t) is fixed. In
other words, in real situations the signal u(t) begins to act with a
certain delay. Here, we assume this delay to be short so that it can
beignored.

DOKLADY PHYSICS Vol.49 No.1 2004

should take into account the fact that the intensity of the
signal u(t) must be limited. In accordance with the
aforementioned arguments, the determination of the
optimal variation law for the signal uf{t) is associated

with solving the problem of minimization of the func-
tional

T

NORSEORVO) 24 y,uP()} dt+ AzZ(T), (15)
0

wherey, isthe weight coefficient and A isthe Lagrange
multiplier being introduced to provide the given (mini-
mal) amplitude of the signal z(t) at a finite moment of
time.

With allowancefor expression (14), thefunctiond (15)
can be written out in the abstract form

J(U) = (V*u+V*y3—y2, V*U+V*y3_y2)

+Y2(U, U) + AV, (T)(ys + U). (16)

Here, V[ corresponds to the operator determined in
accordance with relationship (14), whereas VHT) isthe
same operator for the moment of timet=T.

As a result of applying the procedure described
in[5] to functiona (16) and in accordance with the
scheme discussed above, the operator equation

ViVieu+y,u = Viy,—ViV,y;—AV,(T) (17)

is defined, where V5 is the operator conjugate to the
operator Vs and V«(T) = v (T —1).
It follows from Eq. (17) that

U= (VEV, +Y,) [VEY, = VEV, Y3 = AV, (T—t)] s

where (V§ V+v,) ! isthe operator inverse to the oper-
ator Vi V+ Y,. Aslong as operator equation (17) writ-

ten out in the nonabstract form represents the Volterra
integral equation of the second kind, namely,

Ts

Ijv* (s—t)v,(s—T1)u(t)dsdt +Yy,u
to

T

= Iv*(S—t)yz(S)ds

Ts

—J’J’v* (s=t)vi(s—T)ys(s)dsdt —A v, (T —t), (19)
to

the operator (V3 V+ y,)™" isthe resolvent of Eq. (19).
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Let z(T) = Z be a given and reasonably small inten-
sity of the output signal of the receiver at the moment
of timet =T (in particular, Z = 0). In this case, as a
result of substituting expression (18) into the condition
Z(T) =Z, we arrive at the linear algebraic equation with
respect to A:

T

Iv*(T—t)y3(t)dt

T

+[Va(T-D(VEVa + Y2) Uy (t)dt—2
0

T

= A I(v: Vi +V,) V(T —t)dt. (20)
0
Here, uj() = Vi, — Vi V. ys
Equation (20) makes it possible to determine A:
a-7
A= =, 21
B 2D

where

a = J'V*(T —ys(t)dt

T

+H[Va(T-D(VEVa + ¥2) Uy (t)dt,
0

T

B = [(ViVa +v,) VA (T - t)dt.
0

After substituting A obtained from relationship (21)
into formula (18), we arrive at the final expression for
the optimal signal u{t):

() = (ViVa +y2) g+ S5 0w (T-0) |
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In FeNi aloys undergoing y « o martensitic
transformations (M Ts), whereyisthe high-temperature
fce phase (austenite) and a' is the low-temperature becc
phase (martensite), temperature hysteresis AT ~ 300-
350 K is observed and such transformations are not
thermoelastic [1-9]. Ay « o MT is nonthermoelastic
dueto large volume changes AV, _ , responsible for the
generation of crystal-structure defects, namely, disloca
tions arising during MTs [2-4, 9]. Precipitation of
y'-disperse (CoNi);Ti particles in FeNiCoTi alloys,
first, strengthens the y phase and, consequently, sup-
presses plastic-flow processesduringy - o MTs. Sec-
ond, y'-disperse particles do not undergo MTs, they
favor the accumulation of the elastic energy in marten-
site crystals, and modify the degree of tetragonality in
a' martensite, and volume changes AV, _, become
<1% [1-T7].

Asaresult,y ~ d MTs become thermoelastic, the
shape memory effect and superelasticity are observed,
and temperature hysteresis decreases down to 30-50 K
[1-7, 9].

The am of this study is to investigate the shape
memory effect, superelasticity and the mechanical
properties of Fe-Ni(29%)—Co(18%)—Ti(4%) (wt %)
single crystals. First, it was expected that experiments
with single crystals make it possible to avoid the influ-
ence of grainsony - d - y MTs. Discontinuous
decomposition processes at the final aging stages can
be suppressed in single crystals. Therefore, MTs can be

1 Sberian Physical Technical Institute,
Tomsk State University,
pl. Novosobornaya 1, Tomsk, 634050 Russia
* e-mail: chum@phys.tsu.ru
2 Baikov Institute of Metallurgy,
Russian Academy of Sciences,
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investigated in the absence of structural inhomogene-
ities associated with continuous decomposition inside
the grain body and discontinuous decomposition at the
grain boundaries [1-4]. Second, experiments with sin-
gle crystals make it possible to check theoretical esti-
mates of deformation duringy — o MTs[5, 7].

Theinvestigations were performed with single crys-
tals with a [-111] tension axis and polycrystals with a
grain size d = 200 pum in the Fe-Ni(29%)—Co(18%)—
Ti(4%) (wt %) alloys. The crystals were grown in a
helium atmosphere by the Bridgman method in MgO
crucibles with the use of seeds. For tension experi-
ments, the samples with a given orientation and 18 x
3 x 1.5-mm working parts were cut out using an elec-
trospark machine. After cutting, the damaged layer was
removed by mechanical grinding and chemical etching
in agua regia. The dendritic structure of the samples
was destroyed by homogenization at T = 1473 K for
24 h. The single-phase state was obtained by water
guenching from 1423 K for one hour. All thermal treat-
ments were performed in the helium atmosphere. The
experimental detailswere described in [5, 7].

Figure 1a shows o, as a function of aging time at
T = 823-973 K for the single crystals with the [-111]
tension axis under testing at room temperature. The
start temperature M, of the MT as a function of aging
timeintherange 7= 823-973 K ispresented in Fig. 1b.
Thistemperature was determined by the method of dif-
ferential scanning calorimetry (DSC) and from the tem-
perature dependence of electrical resistivity p(7). Fig-
ure 2 shows o (T) for thesinglecrystalsand o, ,(7) for
the polycrystals of the Fe-Ni(29%)—-Co(18%)—Ti(4%)
aloy for three structural states. In Fig. 3, the results of
investigating the shape memory effect in the single
crystals are presented. Asis seen in Fig. 1, the precipi-
tation of disperse (CoNi);Ti particles gives rise to an
increase in 0., with aging time 7. At T = 823 K, g,
increases considerably when 0 < r < 4 h and, then,
increasesdlowly whent >4 h. At T=923-973 K, 0,.(¢)

1028-3358/04/4901-0047$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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Fig. 1. (a) o, and (b) M, as functions of aging time for the
[-111] Fe—Ni(29%)—Co(18%)—Ti(4%) (wt %) single crys-
tals that were aged at temperatures (1) 823, (2) 923, and
(3) 973 K and were deformed at T = 300 K.

has a maximum. For dip deformation, the stage of
increase in 0,,(¢) is usually caused by the precipitation
and growth of coherent particlesthat are cut out by slip
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Fig. 2. Plotso(7) for thesingle crystalsand o, ;(7) for the
Fe—Ni(29%)—-Co(18%)—Ti(4%) (wt %) polycrystas: (1) [-111]
singlecrystals after annealing at 873 K for 4 h, (2) polycrys-
tals after annealing at 873 K for 2 h, and (3) polycrystals
after annealing at 823 K for 3 h.
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didocations. A decrease in o.(f) is associated with
overaging [8] and is usually explained by changing the
deformation mechanism: instead of cutting disperse
particles, dislocations begin to pass over them accord-
ing to the Orowan mechanism.

In the FeNiCoTi single crystals undergoing MTs
under loading, the dependence o,,(¢) a T = 300 K is
determined by the development of they - o MT
under loading rather than by the strength properties of
austenite. Actually, itisseenin Figs. 1 and 2 that T, =
300 K isbelow M, for all structural states investigated
in this study.

The temperature dependences of o, and g, ; consist
of three physically different sections (Fig. 2). Of great-
est interest is the section with the anomalous tempera-
ture dependence of deforming stresses, where o, and
0, increase with T, and which is associated with
developing they — o' MT under loading [9].

The minimum deforming stresses correspond to M,
found by the DSC method and from the p(T) depen-
dence (Fig. 2), while the maximum values are attained
at thetemperature M ;. At T = M, the stresses required
to form martensite under loads o, and g, (y - o)

are equal to the respective plastic-flow stresses o,
and o} ,. Consequently, at 7 > M,, the temperature

dependences o, (T) and o}, (T) of the onset of plastic
flow are determined by the temperature dependence of

g, MPa
_ 1 '
600 - Eqme 2
4

3 7/
400 + 2k

1 -
200+ ] 1 1 1

0 1 2 3 E4ef

Heating to 573 K
1 1 1
0 0.5 1 1.5 g, %

Fig. 3. (1) The shape memory effect in the [-111] crystals
of the Fe—Ni (29%)—Co(18%)-Ti(4%) (wt %) alloy; aging at
873 K for 4 h, deformation at T = 233 K, and annealing at
573K for 0.5 h. (2) The shape memory effect 4, asafunc-
tion of a given strain g4 a 233 K; annealing at 573 K
for 0.5h.
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dislocation motion in a structurally inhomogeneous
alloy containing disperse particles of the y' phase
[1, 9]. Finally, under loading at T < M|, cooling mar-
tensite is reoriented due to the motion of interfaces
between a' martensite and twinsin a'-martensite crys-
tals[9].

From the aforesaid, it follows that the yield stress at
T =300 K cannot be used as a measure of the strength
properties of the y phase after aging, because the onset
of plastic flow at such temperatures is associated with
the formation of a'martensite rather than with the plas-
tic deformation of the y phase.

Theyield stressesat T= M, for polycrystalsand sin-
glecrystals are shown in Fig. 2. Figure 1b shows M, as
afunction of temperature and aging time. It is seen that,
with an increase in aging time, M(t) varies nonmono-
tonically at 7=823-873 K and increasesat 7= 973 K.
The most considerable variationsin M(t), which are a
decreaseat 823-873K and anincreaseat T=973K, are
observed for t < 3 when o(T = 300 K) and ¢.(M,)
increase significantly.

Such peculiar behavior of M (r) and o?, (t) was pre-
viously observed in the experiments with polycrystals
and single crystals of Ti-51 at. % Ni and in the poly-
crystals of aged Fe aloys [1-4, 9]. This behavior is
associated with the influence of disperse particles on
MTsin structurally inhomogeneous aloys. First, when
(CoNi)4Ti particles precipitate, the concentrations of Ni
and Co in the matrix decrease, which must give rise to
anincreasein M, [1-4].

If only this fact determined the M(r) dependence,
M, would always increase with t. Such behavior of
M (t) is observed only at T = 923 K and, consequently,
the role of disperse particles at this temperature is
reduced to decreasing the Ni and Co concentrationsin
the matrix. Second, the precipitation of disperse parti-
cles improves the strength properties of the matrix due
to the effects of dispersion hardening (Figs. 1 and 2).
This must provide additional resistance not only to the
motion of dip dislocations but also to the motion of
martensite—-matrix interfaces, as well as to twinning
dislocationsin a'-martensite crystals[3]. Therefore, at
the early aging stages for T = 823-923 K, M,
decreases because of significant dispersion hardening
effects. The complex M (r) dependence at T = 823~
923 K is determined by competition between these
two factors[1-4, 9].

Another important effect of disperse particles on
MTs is the modification of temperature hysteresis H =
M, — A; and creation of the conditions for the ther-
moelastic MT. For example, in the single-phase state,
when the crystal contains no disperse particles after
hardening from T = 1373 K, H is equal to 300-400 K
[1,9]. Aging at 823-923 K for 7 < 5 h decreases hyster-
esisH to 80 K. Theinvestigationsindicate that, in hard-
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ened crystals, they « o transformation is nonther-
moelastic and the shape memory effects are not
observed. On the contrary, crystals aged at 823-923 K
for 2 h undergo thermoelasticy ~ o MTs|[5, 7] asso-
ciated with the shape memory effect (Fig. 3). In[-111]
crystals, the maximum shape memory effect is equal to
2.5%, which is close to strains calculated theoretically
fory o o MTs[5, 7].

When analyzing the conditionsfor superelasticity, it
is necessary to take into account the following circum-
stances. First, the dependences o_(7T) and M (f) show
that, for all structural states being investigated, the tem-
perature M, islessthan A, [5, 7]. Therefore, a' marten-
site thermodynamically unstable under unloading
cannot be obtained in these alloys under |oading. Sec-
ond, stresses needed for the formation of martensite
under loading for M, < T < M,, as well as stresses
needed for reorientation of martensite-martensite
interfaces for 77 < T < M, appear to be high (Fig. 2).
Consequently, the conditions for superelasticity asso-
ciated with arisingy ~ o MTsunder loading are not
created. The experimental investigation corroborates
these suggestions, and superelasticity in these alloys
was not found.

To create the conditions for arising superelasticity
associated withy « of MTs under loading, it is neces-
sary to decrease A; below M, due to decreasing temper-
ature hysteresisH. In addition, the stresses required for
the formation of martensite at 7 = M, should be
decreased, and the phenomenological condition for

0-cr( M d)
O.CI’( M S)
This means that plastic flow in the y phase is absent
when martensite is formed under loading. Experimen-
tally, such conditions can be reached by both increasing
the volume fraction of they' phase and replacing nickel

with cobalt [1-7].

superelasticity > 5-7 must be fulfilled [9].

Thus, precipitation of disperse particles in Fe-
Ni(29%)—Co(18%)-Ti(4%) (wt %) single crystals
modifies the kinetics of they « o MT from nonther-
moelastic in the single phase state to thermoelastic in
the aged state. The temperatures of the MT, aswell as
thermal hysteresis, are controlled by varying aging
regimes.

Experimentally, it is shown that the dependences
o0.(T) and 0, ,(T) in the FeNiCoTi single crystals and
polycrystals of the alloy are similar to those for alloys
undergoing martensitic transformations under load-
ing. The shape memory effects measured for the
[-111] aged single crystals are close to those calcu-
lated theoretically.
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The quality of focusing a field by a plane-parallél
slab made of a material with permittivity and perme-
ability € = u = -1 isanalyzed. Fields produced by one
or two current filaments that are located near the slab
are considered. Causes limiting the available resolution
of the system are determined.

The unique properties of materials with simulta-
neously negative rea parts of € and u (including the
possibility of focusing radiation from point-like
sources by a plane-parallel slab) were predicted by
Veselago as early asthe late 1960s[1]. Various variants
of the practical realization of composites (so-called
metamaterials) with such effective parameters have
recently been proposed [2-5], and potentia fields of
their application are discussed. Focusing electromag-
netic field energy fluxes in the presence of left-handed
materials (LHMSs) is also discussed. This problem is of
particular importance in view of the outstanding idea
by Pendry [6] that a plane-parallel slab of an LHM
under certain conditions (€ = 4 = —1) can serve as a
superlens with unique focusing properties such that its
resolution is not limited by the well-known diffraction
limit involving wavelength. According to [6], for € =
U =-1the“perfect” image of apoint-like source can be
obtained due to both multiple reflections of the wave
between surfaces of the LHM slab and the assumed
enhancement of those components (evanescent modes)
of the electromagnetic radiation spectrum which
decrease exponentially with the distance from the
source in a convenient medium. Opponents of this
statement pointed out that transmittance and reflectance
for evanescent modes for € = u = -1 are divergent,
“which excludes the possibility of the transmission of a
evanescent wave into such a semi-infinite LHM” [7].
Instead of evanescent oscillation, Garcia and Nieto-
Vesperinas [7] analyzed the possibility of a solution in
the form of a wave increasing exponentially in the
LHM with the distance from a source or an interface.

Institute of Theoretical and Applied Electrodynamics,
Institute of High Temperatures Scientific Association
(IVTAN), Russian Academy of Sciences,

|zhorskaya ul. 13/19, Moscow, 125412 Russia
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For such a wave, the reflectivity and penetrability are
equal to 0 and 1, respectively. However, this electro-
magnetic process is energetically possible only in a
medium (slab) of limited thickness. Aswas pointed out
in[7], “athough evanescent waves become amplifying
in an ideal lossless dispersionless LHM slab, the width
of thisslab islimited and the recovery of these wavesis
physically meaningless because it requires infinite
energy.” Thus, thisand other conclusionsof [7] call into
question the results obtained in [6]. A brief review of
recent works [8] shows that the possibility of overcom-
ing the diffraction limit remains an open problem.

This work aims to determine conditions under
which the resolution can be increased (as compared to
traditional systems) by focusing with an LHM dlab.
Such focusing is achieved due to the negative index of
refraction of aplane wave at the interface between con-
venient and LHM substances.

Our results show that the image (focusing) quality
can in principle be improved in the presence of aLHM
slab. Overcoming the diffraction limit in the LHM is
not associated with enhancement of usually evanescent
spatial harmonics as the distance from a source
increases (as is commonly accepted). This effect is
associated with both the accumulation of reactive
energy and an increase in the field amplitude near the
interface between the exterior space and LHM. From a
solution to a model problem, it is easily seen that
energy is also accumulated near the interface when a
current filament excites the infinite planar interface
between half-spaces. This effect is responsible for the
divergence of expressions for the reflection and
penetration coefficients of evanescent oscillations for
€= p. — —1 .

We consider excitation of an infinite plane-parallel
dab (Fig. 1) by an in-phase filament with a current of
amplitudel,,. Asusual, thefield inside the slab isrepre-
sented as the set of harmonics that propagate or
decrease exponentially with the distance from sources,
which are equival ent surface currents at interfaces. Tak-
ing into account boundary conditions, we obtain analyt-
ical expressions for the vector potential, which is pro-
portional to the electric field amplitude. For x > a (i.e.,

1028-3358/04/4901-0005$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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Fig. 1. Geometry of the problem of excitation of an infinite
LHM dlab and the spectral density of the field vector poten-
tial in the cross section passing through the focusing point.

in the half-space containing the focusing point), these
expressions are written in the form

L, .
A=ﬁJaN4Wﬁ&ma

where

F(E) = —4pqexp(go(Xo — X)) €xp(2ado) |
(Mg —q)*exp(=2aq) — (1do + 9)°exp(2aq)

_ OG-8, [&l<Re(ko)

q O
TOE-K)™ 18> Re(ko),

_O0¢=8)", [¢sRe()
& -k, 18> Re(k),

ko and k = k,./e./p are the propagation coefficients of

the exterior space and slab material, respectively; X, is
the filament coordinate; 2a is the slab thickness; time-
dependence is taken in the form exp(iwt); and principal
values of radicals are used (the correct choice of
branches of multivalued functions was discussed
in[9]). Perfect focusing obviously meansthat the func-

tion F(&) in the above Fourier integral must be equal to
the spectral density of the vector potential of the linear

source f(§) = ql in a certain vicinity of the focusing
0

point (at least within the resolution area of traditional
systems).

Let the source be located at the point x, = —2a
(Fig. 1). We compare the function F(&) in the assumed

focusing plane x = 2a with f(§) = qi (line  in Fig. 1).
0

Calculations show that F(&) can truly be close to f(§).
Moreover, if losses in the dab are negligibly small
(vanish), the direct substitution € = p - -1 yields
FE&) - f(&§), which means that a perfect image is
obtained in the plane under consideration. However,
further analysis showsthat in the presence of even very
small losses in the dielectric (¢" = -Im(€) > 0, W' =
—Im() > 0) only the approximate equality F(§) = (&)
can be achieved, which isvalid in alimited interval of
the infinite integration range in &. The function F()
decreases rapidly with increasing |&| above a certain
value. In particular, for p=-1 and € = -1 —ia, where
o < 1, we obtain the asymptotic representation F(§) =
f(€)(1 + A)', where A = a%(2q,)* exp(4aq,). Therefore,
the spectral density F(§) — 0 vanishesexponentially for
large & values at any a > 0. With an increase in the slab
thickness a entering into the exponent, the & value at
which F(&) = 0 obvioudy decreases (parameters x, =
—2a and x = 2a change with varying slab thickness).

Taking the closeness criterion of F(€) to f(¢) (e.g.,
limiting relative error), one can determine the value &,
such that F(&) = f(§) for || < &, for given parameters of
the problem. Since the spectral density F(&) decreases
rapidly for [§] > &,, thevalues—-¢&, and +&, arethe limits
of the spectrum of spatial harmonics forming the
image. The detailing of theimage is associated with the
completeness of the spectrum of modes taken into
account—in particular, the size of the focal spot is

inversely proportional to Eo = l%) . Therefore, the limit-
ing resolution of the system is determined by the
achieved Eo value. To obtain the perfect image of a
point-like source, al evanescent modes obviously must
be included, which can be done only at Eo - oo, For
£, =1, convenient quality focusing is achieved. In this

case, evanescent harmonics are lost and the image is
formed only by propagating oscillation modes for

3

which-1< D < 1. The common feature of all interme-

diate variants for 1 < §, < o is the improvement of
focusing properties and resolution compared to the dif-

fraction limit. These &, values arerealized in a system
with aplane-paralel LHM slab with small losses.
DOKLADY PHYSICS  Vol. 49

No.1 2004
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0.6
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0.4
0.2
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Fig. 2. (a) Cross-section of the slab with the ray scheme and (b) calculated distribution of thereal part of the Poynting vector inside

the slab.

However, calculations show that requirements on
LHM quality are very high for slab thickness compara
ble with the wavelength. In particular, for "= " = 0.01
and thickness 2kj,a = 3.0 (about half the wavelength),

&o isequal to 1.5 (line 2 in Fig. 1). To achieve &, =3
for the same geometry of the problem, losses must be
reducedto " = " =0.00005 (line 3 in Fig. 1), whichis

hardly achievable. For a thicker dlab, éo are smaller
(e.g., for figures discussed below, where 2k,a = 13.2

and &o =1). We note that small losses in the dielectric
do not catastrophically affect the amplitudes of propa-

gating harmonics (Fig. 1, % <1). Therefore, itiseasier
to detect normal quality focusing for the slab thickness
under consideration. At the same time, the application
of thin LHM dabs (with a thickness of severa hun-
dredths of the wavelength) strongly reduces require-
ments on losses and enables one to hope that the super-
resolution effect can be practically used after the corre-
sponding advance in the technology of thin
metamaterials.

The conclusions on the physical pattern and the
focusing quality of the image of a point-like source
were a so verified by other methods. In particular, exci-
tation of a finite-thickness slab by two parallel fila-
ments of in-phase current was considered. The dab
parameterse = L = -1 are taken into account in expres-
sions of polarization currentsin the slab bulk. Then, the
system of volume integral equations for field compo-
nents in a dielectric is obtained by using the Green's

DOKLADY PHYSICS  Vol. 49
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function of the free space. This system is solved numer-
ically. Thus, focusing, field concentration near the slab
surfaces, and estimates of resolution are corroborated
without the concept of the propagation coefficient of
the LHM and exponentially evanescent or increasing
oscillation modes (the primary field of sources was
directly expressed in terms of Hankel functions). More-
over, the problem of choosing the correct sheet of the
Riemann surface was overcome, because calculations
of multivalued functions whose arguments involve neg-
ative € and u values were not necessary. Findly, the
model of a finite-thickness slab is more redlistic and
provides an insight into the edge effects on the results.

Figures 2 and 3 show the results for the structure
whose cross-section in the z = 0 plane is shown in the
left panel of Fig. 2 (2ksa = 13.2, 2k)b = 21.6, k¢ =
-14.0, where k, is the propagation coefficient of the
free space). Excitation is provided by one or two cur-
rent filamentsthat are located symmetrically at distance
d from each other and are parallel to the dab at the same
distance |c — a| from it. Theright panel of Fig. 2 shows
the relief of the absolute value of the real part of the
Poynting vector inside the dlab and its distribution
when exciting by one current filament. It is seen that the
lines of the Poynting vector are primarily directed
along rays shown in the geometric optical approxi-
mation.

Figure 3 showstherelief of the absolute value of the
electric field E, inside and near the slab for various dis-
tances between two filament sources (k,d = 0, 4, 5). It
can be seen that the regions of thelocal field concentra-
tion are quite smeared and images of two spaced
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Fig. 3. Relief of the absolute value of the electric field inside and near the slab for various distances between sources.

sources are manifested separately from each other only
when the distance between them slightly exceeds half
the wavelength. We note that an increase in the dab
length along the Y axis (Fig. 1) only dightly affects the
results. We point out the previously mentioned feature
of the diffraction pattern such as the appearance of high
electromagnetic field values that are located near the
interface between media traditional and LHMs and are
associated with the accumulation of the energy of eva-
nescent modes. In Fig. 3, this feature is manifested in
the series of peaks with maxima on the slab surface
(which are particularly pronounced for x = const = -a).

These peaks also arise when an infinite LHM dab or
plane interface between half-spaces is excited. Thus,
areas of local concentration of electromagnetic energy
arise inside the plane-parallel slab and near it in the
vicinity of the crossing points of refracted rays. The
energy transfer direction generally corresponds to the
ray representation. However, the sizes of these areas
and resolution of the system (smallest distance
between sources, at which their images are distin-
guishable) are no better than the properties of the con-
venient focusing systems in the presence of such a
small loss (" = 1" = 0.01).
DOKLADY PHYSICS  Vol. 49

No.1 2004
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Fig. 4. Relief of the absolute value of the electric field from two sources located near the thin slab.

As was mentioned above, a system based on a thin
LHM dlab has much better properties. In particular,
even for comparatively large losses in an LHM when
€' =" =0.1, distinct separate images of sources spaced
by about one tenth (!) of the wavelength can be
obtained. This conclusion is supported by calculations
by the method of volumeintegral equations (Fig. 4) for
2k,a=0.2, 2k)b = 2.4, k,c =-0.2, and kyd = 0.6. Peaks
corresponding to the maximum field amplitude on the
front and back surfaces of the slab are clearly visiblein
the figures.

Separate images of linear sources spaced by 20 or
30 mm (the radiation wavelength was equal to 175 mm)
were obtained in our experiments with a 7-mm-thick
dlab of a composite material with the effective proper-
ties of an LHM. Thus, the above conclusions are exper-
imentally corroborated.

In conclusion, we point out one more circumstance.
The condition F(&) =f(€) provides high resolution only
when an image is detected as a cross section in an x =
const plane paralel to the slab. Similar results can be
obtained in an orthogonal y = const plane only when the

DOKLADY PHYSICS  Vol. 49
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spectral density of the vector potential depends corre-
spondingly on x; i.e., at least alocal maximum of the
spectral density of evanescent harmonics must be
located at the focusing point. However, for X > a the
spectral density of evanescent harmonics decreases
monotonically with increasing x, which excludes per-
fect focusing behind the LHM dlab [6]. Thus, a super-
lens cannot reproduce a finite-depth scene with super-
resolution. However, when a source (filament) is
located at the point x, = 3a, itsimage arises directly on
the unilluminated surface of the slab and special condi-
tions for focusing appear. In this case, a sharp peak of
the field-amplitude distribution along both x and y coor-
dinates can be obtained, because, first, a loca maxi-
mum of the spectral density of evanescent harmonicsis
achieved and, second, the phase velocity of propagating
waves is directed from the focusing point over the
entire angular sector. This conclusion is supported by
calculations of the field near and inside the slab.

Thus, the enhancement of nonpropagating harmon-
ics should not be treated as an increase in the amplitude
of these harmonics with the distance from a source,
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Investigation of heliosphere, i.e., the sphere of man-
ifestation of solar activity, is one of the most important
areas of research in modern space physics. A remark-
able feature of the solar activity isits cyclicity, i.e., the
quasi-periodic appearance and development of active
regions. The most obvious example of manifestation of
the solar cycle is a variation in the number R, of sun-
spots with the average period of ~11 years (Fig. 1). A
striking example of the effect of the solar activity on
processes occurring in the heliosphere is the modula
tion of galactic cosmic rays (GCRs) by the solar wind
in the vicinity of the Earth: the intensity of GCRs can
decrease by an order of magnitude, remaining in anti-
correlation with the solar activity (see the results of
long-term probing of the stratosphere [1] presented in
Fig. 1). In standard models describing the modulation
of GCRs crossing the solar wind, their flux is affected
by the action of various processes. These are transport
processes of diffusion through turbulent magnetic
fields, convective processes associated with magnetic
fieldsfrozen into the solar wind, and the cooling caused
by the expansion of the solar wind volume with dis-
tance from the Sun [2, 3]. It is natural to expect that the
boundary of the GCR modulation region correspondsto
the dynamic boundary between the solar wind and the
interstellar gas. The position of this boundary can be
estimated provided that the GCR intensity gradientsin
the heliosphere are known. In order to separate, wher-
ever possible, the galactic component of cosmic rays
from the solar component, spacecraft, in most cases,
were launched in years of minimal solar activity, when
the intensity level of GCRs in the heliosphere was the
highest. The results obtained invariably led to small [on
the order of ~2—4% per astronomical unit (AU)] gradi-
ents of GCRs with an energy of E = 100 MeV. Under
the assumption that the modulating properties of the
heliosphere are practically the same at different dis-
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tances from the Sun, this tegtifies to vast (>100 AU)
sizes of the modulation region [4]. Indeed, by virtue of
overlapping tempora and spatial variations of GCR,
measurements of their intensity by the Pioneer 10 and
\Voyager 1 and 2 spacecrafts in remote parts of the
heliosphere (~20-50 AU) resulted in small values of
gradients even in years of maximum solar activity [5].
Moreover, measurements performed near the ecliptic
plane in the interior heliosphere (<5 AU) did not yield
reliable information on the existence of latitudina gra-
dients of the GCR intensity.

A fundamentally new stage in studies of the helio-
sphereis associated with the launch in October 1990 of
the Ulysses spacecraft in apolar orbit. It was found [6]
that the radial gradients of protons with an energy E >
2 GeV in the interior heliosphere increase by at least
several times with the growth of solar activity. By con-
trast, the latitude gradients turned out to be significant
in the years of the minimum of the 22th solar cycle and
decreased to practicaly zero in the southern latitudes
with the development of the 23rd cycle in 1998-2001.
However, in this case, the heliocentric distance of the
Ulysses spacecraft also decreased from 3to 1.5AU [7].
Are these regularities transient or do they have a gen-
eral character? The answer to thisquestioniscrucial for
many conclusions concerning features of the distribu-
tion and variations of GCRs in the heliosphere, in par-
ticular, regarding properties and sizes of the modulation
region. At present, the necessary information on the
character of these processes in the three-dimensional
heliosphere over four solar cycles can be obtained only
from meteorite data.

The method of using meteorites with different incli-
nation and extent of their orbits as probes of cosmic ray
variations in the heliosphere was proposed and devel-
oped in [8]. Indeed, cosmogenic nuclides produced in
meteorites and having different decay half-periods T,
are natural detectors of cosmic rays along the meteorite
orbits for a time of about 1.5T,, for a radioactive
nuclide prior to the fall of the meteorite to Earth. Mea-
suring the activity of the radioactive nuclide at the
moment of the meteorite landing, we can evaluate the
average intensity |, of cosmic rays, which corresponds
to the production of radioactive nuclides at the average
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Fig. 1. Distribution and variation of radial gradients G, (R= 0.5 GV) for GCRsin the heliosphere in 1955-2000 according to mete-
orite data and variations in the sunspot number R; [12] and intensity | (arbitrary units) of GCRs in the stratosphere (probing mea-
surements of [1]). The values of GCR gradients were obtained in accordance with data on the radioactivity of >*Mn (circles), 22Na
(triangles), and 28Al (dashed horizontal lines at 20-30%/AU) in 33 chondrites that fell to Earth in 1959-2000.

heliocentric distancer of the meteorite during the time
~1.5T,,. Furthermore, comparing the quantity I, with
the measured average intensity |, at the distance of
1 AU in the same period of time (according to the data
of [1] for the stratosphere), we can evaluate the radial
gradients G, (in percent per astronomical unit) using
the formula

I
4
r-1
where Ristherigidity (expressed in GV) of cosmic ray
particles. In the Earth’s atmosphere, the ablation of
meteorites takes place. Therefore, on the average, in
stone meteorites (chondrites), only layers of radionu-

clideswith ascreening of =10 cm are availablefor mea-
surements, which corresponds to the particle rigidity

-1

G/(R>R) = x 100%,

R=>0.5 GV. Studying radionuclides with various decay
half-periods T,, in chondrites with different fall dates,
aswell asdifferent extent and inclination of their orbits,
we can obtain a continuous set of datarelated to the dis-
tribution and variations of GCRs having rigidities R >
0.5 GV in the three-dimensional heliosphere. The radi-
onuclides most efficient for realizing this goa are
*Mn (T,,, = 300 days), *Na (T,, = 2.6 years), and
A1 (T, = 7.4 x 10° years). They contain information
on the average intensity of GCRs aong the chondrite
orbits (aphelion g ~ 2-4 AU [8]) over ~450 days,
~4 years, and 1 million years, respectively, prior to the
fall of the chondrites to Earth.

Figure 1 shows the data we obtained on the radial
gradients of GCRs having R> 0.5 GV aong the orbits
of the following chondrites (the dates of meteoritefals
to Earth and the aphelion g expressed in astronomical
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Fig. 2. Thedifferent character of theinclinations of the orbit planefor the Dhajala, Innisfree, and Peekskill chondritesto the ecliptic
plane (1) and the helioequatorial plane (N-S); (2) the orbit planes for the Dhajala and Peekskill chondrites; (3) the orbit plane for
the Innisfree chondrite. I, 11, and 111 are the lines of solar nodes for the Dhajala, Peekskill, and Innisfree chondrites, respectively; y
isthe point of the spring equinox; the dashesin the orbits mark average heliocentric distances of the chondrites.

units are indicated in parentheses): Pribram (Apr. 7,
1959; 4.05); Bruderheim (Mar. 4, 1960; 4.06); Harleton
(May 30, 1961; 1.90); Peace River (Mar. 31, 1963;
2.04); St. Severin (June 27, 1966; 1.97); Denver (July 15,
1967; 2.10); Lost City (Jan. 3, 1970; 2.35); Malakal
(Aug. 15, 1970; =24); Kabo (Apr. 25, 1971; 2.60);
Guibga (Feb. 26, 1972; 2.10); Gorlovka (July 17, 1974;
~1.9); Dhgjda (Jan. 28, 1976; 2.25); Jilin (Mar. 8,
1976; 2.17); Innisfree (Feb. 5, 1977; 2.76); Kutais
(Nov. 28, 1977; 1.98); Gujargaon (Sept. 4, 1982; <1.9);
Wethersfield (Nov. 8, 1982; 2.37); Tomiya (Aug. 22,
1984; 2.09); Binningup (Sept. 30, 1984; 1.81);
Kokubunji (July 29, 1986; 1.93); Trebbin (Mar. 1,
2004
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1988; 1.97); Torino (May 18, 1988; 2.17); Tahara
(Mar. 26, 1991; 1.92); Noblesville (Aug. 31, 1991;
1.92); Mbale (Aug. 14, 1992; 2.51); Peekskill (Oct. 9,
1992; 2.10); Mihonoseki (Dec. 10, 1992; 1.95); Cole-
man (Oct. 20, 1994; 3.12); Fermo (Sept. 25, 1996;
1.97); El Hammami (Aug. 10, 1997; >4); Kunya-
Urgench (June 20, 1998; ~4); Hassilabyade (June 15,
1999; 1.90); and Moravka (May 6, 2000; 1.95). The
curvein Fig. lisaresult of smoothing the experimental
data by the first-power polynomial over five points[9].
Comparing these results with the variation curve for
sunspot numbers, we can clearly see that the values of
the gradients strongly depend on the phase of the solar
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cycle. They change from small and even negative val-
uesin the years of minimal solar activity (whichis con-
sistent with direct observations in the interplanetary
space [4]) to values exceeding 100% per astronomical
unit in the years of maximal activity. The average gra-
dients (~20-30% per astronomical unit) for modern
solar cycles coincide with those for the last million
years, which follows from the analysis of 2°Al content
in chondrites with known orbits [8]. This testifies to
steadiness of the mechanism of the solar modulation of
GCRsfor at least ~1 million years.

It should be noted that gradients of GCRs, which
follow from meteorite data, are related to different
heliocentric distances (1.5-3.3 AU [10]) and to various
heliographic latitudes (from 23° S to 16° N [8]). There-
fore, the integral values of the gradients can, to a great
extent, depend on the values of their latitudinal compo-
nents. The latitudinal gradients of GCRs in the helio-
sphere were found from meteorite data for the mini-
mum of the 20th solar cycle [8, 11]. This period is of
specia interest because it differs from the time of the
Ulysses flight at the minimum of the 22nd solar cycle
by exactly one complete 22-year magnetic cycle.
Within this cycle, as aresult of two magnetic reversals
of the general solar magnetic field, the heliosphere
magnetic structure was expected to return to the initial
state and to be similar in both minima. The values of the
latitudinal gradients of GCRs with an energy E >
100 MeV obtained in 1973-1976 according to the data
of the Dhajalachondrite attained Gy ~ 3-5% deg for the
southern latitudes. With allowance for a noticeable dif-
ference in the threshold rigidity of particles, this result
correlateswith thevalue Gy ~ 0.19 + 0.025% deg deter-
mined in 1994-1996 for GCRswith E>2 GeV [6]. The
different orbit inclinations of the Dhajala and Innisfree
chondrites to the ecliptic plane (the Dhajala orbit, basi-
cally, liesin southern latitudes, while the Innisfree orbit
is located in northern ones; Fig. 2) made it possible to
estimate the N-S asymmetry of the GCR distribution at
the minimum of the 20th solar cycle. The values of Gg
in 1973-1976 for northern latitudes turned out to be
small and even negative, changing from ~0.8 to
-1.5%deg?. This effect of the northern—southern
asymmetry at the minimum of the 20th solar cycle is
explained by the more rapid penetration of GCRs into
the southern heliosphere. In this part of the heliosphere,
the reconstruction of solar magnetic fields as aresult of
theinversion of polarity of the general magnetic field of
the Sun began earlier than in the northern part. GCR
particles could enter into it earlier not only from the
poles but also from the near-equatorial zone at latitudes
<40° S [11]. Still, apparently, this effect is not of gen-
era character, since, at the minimum of the 22nd solar
cycle, it was not manifested either according to meteor-
ite data (Fig. 1) or in the Ulysses measurements.

Along with the well-known regularity that the even
cycles are not as high as the odd ones, the meteorite
datain Fig. 1 testify to the fact that the radial gradients
of GCRsincrease especially strongly immediately prior
to the change of the complete magnetic cycle near the
maxima of even solar cycles. The lateral inclination to
the ecliptic plane of the orbit of the Peekskill chondrite,
which fell on October 9, 1992 (Fig. 2), allows usto con-
sider the distribution of high radial gradients of GCRs
in this period to be symmetric with respect to southern
and northern latitudes. Indeed, the aphelion and perihe-
lion of the Peekskill orbit lie near the line of solar
nodes. Therefore, the average heliocentric distances of
this chondrite in northern and southern latitudes are
practically symmetric. Correspondingly, the high val-
ues of GCR radia gradients, which follow from the
content of cosmogenic >*Na in this chondrite, are aver-
age ones for northern and southern latitudes.
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We consider isentropic irrotational gas flows with a
special “one-dimensional” velocity potential. The con-
dition of possible continuous adjacency to arest region
leads to the uniqueness theorem for such flows.

The problem of continuing the solution to the gas
dynamics equations through acoustical characteristics
wasinvestigated by anumber of authors[1-3]. It iswell
known that this continuation conserves entropy and
vorticity. If the rest region Q,, where avelocity u = 0
and speed of sound ¢ = 1, exists on one side of the char-
acteristics I specified by the equation

t=q(x), (1
where t isthe time and x = (X, y, 2) are the Cartesian
coordinates, then the function g has to satisfy the equa-
tion

|0 = 1. (2)

On the other side of I (in the region Q,), the gas
dynamics equations

Du+pclc = 0, BDc+cdivu = 0; ?3)
curlu = 0, 4)

where D = 8, + u - 0 and B = —2— , must be fulfilled.

y-1’
We consider a polytropic gas with the equation of state
p=S(y >1) and entropy S= const. However, the
final result isvalid for any “normal” gas. The necessary
and sufficient conditions of the continuity of the com-
bined solution of the set of Egs. (3) and (4) intheregion
Q,[0 X ,onl havetheform

cl = 1. 5)

There is also the local theorem of existence of an
analytic solution to the system of Egs. (3)—(5) in a
(small) neighborhood of the surface I' with the initial
conditions

U(to, X) = Uo(Xo),

ul- =0,

C(to, X) = Co(X) (6)

Lavrent’ ev Institute of Hydrodynamics, Sberian Division,
Russian Academy of Sciences,
pr. Akademika Lavrent’ eva 15, Novosibirsk, 630090 Russia

e-mail: ovs@hydro.nsc.ru

(see, eg., [4]), which are fitted with the values of
unknown quantities (u, ¢) and their first derivatives on
I". However, this theorem is insufficient to investigate
the solution in theregion Q, “asawhole,” in particular,
to satisfy some additional boundary conditions on a
surfacefar fromI'. Therefore, the problem of construct-
ing proper partial, but analytically simpler, solutionsto
the system of Egs. (3) and (4) (e.g., by using its group
property) still remainstopical. Thisreport is devoted to
describing one class of such solutionsleading to apecu-
liar uniqueness theorem.

1. CLASS OF SOLUTIONS

Theideaisto find aone-dimensional velocity poten-
tial @ depending only on timet and a certain function
o=ax) i.e, ® =i, a), where d, # 0 and z 0.
However, from the condition of continuous adjacency
to the rest region through the characteristics I (1), it
follows that ®,(q, a) = 0. Hence, it is necessary that
o = a(qg) and the one-dimensional potential must have
theform ® = d(t, ). Then,u=[D = ®,0q and it fol-
lows from the first of Egs. (3) that, in view of Eq. (2),
the speed of sound ¢ = C(t, ). Therefore, the solution
of this class can be represented in the form

u=U(g)dq, c=C(tq). (7)

Since divu = U, + UAqQ (where Aq is the Laplacian),
substitution into the second of Egs. (3) showsthat there
isa certain function f such that Aq = f(Q).

Consequently, the class of solutions in the form
under consideration is described by the system of equa-
tions for the function q(x)

IOdl =1, Aq= f(q) ®)
and the system of gas dynamics equations
U,+UU,+BCC, = 0, ©)
B(C,+UC,) +CU,+CUf(q) = 0.
2. POSSIBLE FORMS OF f(q)

A solution of overdetermined system (8) exists only
for certain functions f(q). It is evident that system (8)
admits an eight-dimensional group of transformations
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G; of the R3(w) space, where = (X, y, z q, f). The
transformations act according to the formula
g0 Gs.

o' = g(o), (10)

The G group is generated by tranglations along the
coordinates x, rotations in R3(x), extension with the
parameter o (X' = 0X, q = aq, f'= g ~'f), and trandation
along the coordinate q with the parameter 1 [g' = q + T,
f'(g") = f(g + 1)]. Such transformations will be called
equivalence transformations of the solutions to sys-
tem (8). The problem of seeking possible solutions to
system (8) can be considered including equivalence
transformations.

In what follows, we briefly outline one of the possi-
ble methods of solving system (8). To construct the
general solution to the first of Egs. (8) rewritten in the
form

O+ay+td; =1, (11)
we use the method of the “complete integral” in the
form

q" = (x+a) +(y+b)*+(z+ )", (12)
When a, b and ¢ are constant, formula (12) gives a
three-parametric solution to Eqg. (11). The position ¢ =
®(a, b) with any smooth function ¢ defines atwo-para-
metric family, and the general solution is constructed as
its envelope. The envelope is found by equating the

derivatives with respect to the parameters a and b in
equality (12) to zero:

qG. =x+a+(z+0)9,

(13)
qgp=y+b+(z+d)d,

The substitution of functions a = a(x, y, 2 and b =
b(x, y, 2), which are obtained from system (13), into
formula (12) givesthe desired general solution. Indeed,
inview of Egs. (13), therelations

qgc = x+a, qg, =y+b, qg,=z+¢ (14
are valid. With allowance for (11), differentiating
Egs. (14), we arrive at the equation

(15)

Here, the derivatives of the functionsa and b are calcu-
lated from system (13) if the Jacobian 6 of the left-hand
sides of Egs. (13) with respect to the variables (a, b) is
not equal to zero. Calculating o with allowancefor (12),
we obtain

& = mA(1+2gH +q°K), m = .J1+02+02,

qu =2+ ax + by + ¢aaz+ ¢bb2'

where H is the mean curvature of the surface ¢ =
d(a b),

2H = m[(1+02)dpp— 20,0000+ (1+00) P,

and K is the Gaussian curvature of this surface,

K = M (§aabon— o).

Sincethe quantities g, a, and b are functionally inde-
pendent of each other in view of Egs. (13), and the cur-
vatures H and K depend only on (a, b), then & 0.
Finaly, calculating the derivatives entering into
Eq. (15), we arrive at the formula

2(H + gK)

Aqg = 5
1+2gH+qgK

(16)

The second of Egs. (13) means that the right-hand
side of Eq. (16) must depend only on g. Thisis possible
only when both curvatures H and K of the surface ¢ =
d(a, b) are constants. As is known from differential
geometry [5], the set of such surfaces consists only of

planes (H = K =0), circular cylinders of radius R B—I =

12R, K = 0L, and spheres of radius R E—| = %
_1lo
K= EZD.

Substitution of the above curvatures shows that, up
to equivalence transformations, the function f can take
only the form

f(aq) = (17)

v
q1

wherev =0, 1, and 2 for aplane, cylinder, and sphere,
respectively.

3. RESULTS

It remainsto find the function g(x). For this purpose,
the functions a and b are calculated from system (13)
for each of the above cases. This stage is facilitated,
because any equivalence transformation described in
Section 2 (G group) is continued to the corresponding
transformations of the R3(a, b, ) space. This makes it
possible to reduce the equation of each surface under
consideration to the canonical form. Using relations (13)
and (14), it is easy to find that, up to equivalence trans-
formations, g = r, where either r = x (plane), or r =
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2 v (cylinder), or r = m (sphere). . ACKNOWLEDGM ENTS .
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Uniqueness theorem. The class of isentropic irro-
tational gas flows with a one-dimensional velocity
potential, where continuous adjacency to the rest
region is possible, consists, up to equivalence transfor-
mations, of flows with plane, cylindrical, and spherical
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In thiswork, amethod of averaging coefficientswas
developed for two-dimensional problems of the theory
of elaticity. After averaging, an element of an initially
isotropic medium that has a complex internal structure
can be described by an anisotropic model. This means
that the effective elastic modulus tensor is defined for
each such element to obtain the exact energy functional
for acertain class of functions. The tensor is defined by
means of special basis functions presenting the features
of the medium. As aresult, using rectangular grids, we
develop finite difference schemes that are better posed
than schemes on grids adapted to the medium structure.
Test calculations are presented.

1. The most extensively used method of solving
two-dimensional problems of the theory of elasticity
for media with piecewise constant coefficients is the
finite element method [3, 4]. This method has obvious
advantages for static problems. The primary advantage
of the algorithm isits generality and convenient imple-
mentation. Fedorenko et al. [5, 6] proposed the gener-
alization of the algorithm that is called the superele-
ment method and that makes it possible to efficiently
solve problems for media including regions that are
structurally very different. The feature of projection
methodsincluding the superel ement method isthat they
ensure strong convergence.

Attemptsto apply the finite element method to prob-
lems of the theory of elasticity are also of interest.
Algorithms for homogeneous media were constructed
in [7]. The features of realization of the support opera-
tor method for inhomogeneous media on grids adapted
to the medium structure were discussed in [8, 9]. The
fundamental feature of these algorithmsisthe construc-
tion of the strain tensor. By analogy with the gradient
operator, it is natura to define the distortion tensor.

Keldysh Ingtitute of Applied Mathematics,
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However, to construct the difference scheme for the
equations of the theory of elagticity, it is necessary to
construct the strain tensor and use the tensor variant of
the divergence theorem. The convergence of the
method for the constant coefficients was proved both
for the L, metric and for the uniform metric. If the coef-
ficients are piecewise continuous functions, conver-
gence in L, norms can be obtained at least with the
same order as convergencein flow normsdueto the dif-
ference analogues of the embedding theorems. How-
ever, the use of this method for applied problems is
quite difficult. It is primarily important to have an alter-
native to approximation methods on curvilinear gridsin
the presence of narrow zones with contrast parameters.

In thiswork, we devel op an averaging algorithm for
problems of thetheory of elagticity that issimilar to that
developed by Moskow, Druskin, et al. [1] for a scalar
elliptic equation.

2. We consider the following problem of the theory
of elagticity:

0, +fi =0, (D

Oij = Niju€w» (2)
1

€q = E(uk,l + U k) 3)

in the two-dimensional domain Q = [0; 1]? with the
kinematical boundary conditions ul;, = 0 in an isotro-
pic inhomogeneous medium

Nija = N0y + (8 + 8;0).

We assumethat 1 > 0and A > 0.

In this case, the fundamental feature of the averag-
ing method is a change in the character of the medium.
Indeed, the medium in each cell isisotropic, whereas a
small finite element of the medium contains structural
singularities and is not isotropic. In application to sca
lar problems, King et al. [2] proposed a method of cal-
culating the effective conductivity tensor for each cell
(upscaling). They applied this algorithm for the case
where the two-dimensional domain consists of structur-
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ally different rectangles. The algorithm developed by
Moskow, Druskin, et al. seems to be more efficient for
problems where lines separating domains with contrast
coefficients are arbitrarily oriented with respect to the
interfaces.

3. An agorithm for solving this problem is realized
on a Lebedev grid. We consider the Cartesian uniform
grid S= {(ih;; jhy)} |-, . A subset of Swith an even
sumi +j iscalled the Lebedev P grid. In what follows,
we will also consider the R grid consisting of nodes of
Sthat are not included in the P grid. We aim to general-
ize the approach proposed in [1] for averaging the
Lamé coefficients A and . We note that the cells of the
P and R grids have the same structure for averaging on
rectangles and are shown in Fig. 1.

We consider that lines of coefficient discontinuities
are so smooth that they can be approximated by a
straight line in each R cell and that the Lamé coeffi-
cients change only along one direction A = A(nr), 4 =
p(nr). If the opening of cracksis absent in problems of
the theory of elasticity, o;n; and u; ; m, wheren and m
are the normal and tangent to the interface, are contin-
uous functions. Thus, forces applied to an area tangent
to the interface, as well as displacements, are continu-
ous. Therefore, the corresponding distortion tensor
components are continuous. In what follows, we con-
sider that these quantities are smooth enough to be
approximated by constants.

Numerous i nvestigations show that the order of con-
vergence of the method is determined by the order of
approximating flows in a problem due to the embed-
ding theorems. Derivatives and flows can be approxi-
mated by linear functions. However, linear functions do
not have the necessary properties near interfaces. For
this reason, the representation of a solution of abound-
ary value problem for the simplest elliptic equation in

nr

the form of the linear shell of vectors 1, mr, Idf was

0
proposed in [1]. Consequently, we consider functions
belonging to the linear shell of vectors

nr d
u' = mJ’E U2=n{}\+32u,

nr

U®=m(mr) - nJ’

Ads
A+2u

U*=—m(nr) +n(mr),

uDL(H)zspanEUlzm‘!’%S, UZ:nJ'

S
A+2u
0
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nr

Ads
U® = m(mr) - nIA+2u

O]
U°=m, U°=np
O

U*=—m(nr) +n(mr),

We determine six components of the effective elastic

modulus tensor Z;-'k' by equating the continuous and
discrete energies in each cell for vectors from L(H).
Since U? and US represent maotion of abody as awhole
and U* representsits rotation about the z axis, they cor-
respond to zero strain. Thus, we obtain six equationsfor

; H
SIX components 2y, :

a B _ H o B
I/\ijkleijekldv = |H|Zijk|€h,ij€h,k|a

4)
a,pB =123

The left-hand side of Eq. (4) for different a and 3 has
the form of the symmetric 3 x 3 matrix

: :
DId—\/ 0 0 0
gw b :
: :
O .[)x+2p 0 O
O H O
0 ap(h + v 0
0 . I TR

and eﬁ,ij in Eq. (4) are the simplest approximations
of expressions (3) by the central differencesfor the vec-

Fig. 1. Solid lines are the interface and P cell; dashed and
dash—dotted lines are rectangular and rhombic R cells,
respectively.
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tor U% in the cell H. For example,

- 0@V, VW -U'E)

a
€h12 =
h, h,

[
0

Thus, the stress tensor is approximated as

O-rlj,ij = Z;'mer'j,kl- )

The stress-tensor divergencein acell of theP gridis
also approximated by the central differences:

_ 04i1(6) —0y,1(8) + Op,i2(5) =0, i2(7)

div,oy, ;; = e e (6)
Thus, the finite-difference problem has the form
div,oy, i + f7 =0, (7

where =ﬁjfi.
H

A difference anal ogue of the energy norm for tensor
quantities can be defined on the basis of relation (4).
Then, divergence in relation (7) can be constructed by
a method similar to the support operator method, i.e.,
on the basis of the difference analogue of the diver-
gence theorem, in vector form:

(U, V)5 + (diva(U), V), = 0, ®)

where

(U, V)p = J-Gij(u)eij(v)!

(diva(U), V), = Ioij,j(U)vi.
Q

In this case, the strain tensor serves as a gradient.

L et the difference approximation of thefirst and sec-
ond terms of Eq. (8) have the form

(U V): = 5 5 HIoR,(U)el (),

HOR

(dvo(U), V), = 5 S IHIdiv,af (U,

HOP
respectively. Then, divergence (6) satisfies the identity
(U!V)Z+(dIVG(U)!V)P = 0 (9)

The resulting expression for the flow has the
approximation order O(1) near adiscontinuity and O(h)
in al other cells; i.e,, it has the standard properties of
such schemes. However, the advantage of this scheme
is that it exactly approximates the energy integral for
functions from L(H), which can be substantial for esti-
mation of the accuracy and convergence rate in the
energy norm.

4. The method of coefficient averaging over rectan-
gles discussed above has one substantial demerit. The

elements of the resulting tensor Zi'?kl cantendtoinfinity

if u tends to zero in a certain corner cell of the R grid
such that each of the central differences “does not
include’ the small p value (Fig. 1). Thus, when p tends
to zero, the condition number of the resulting matrix of
the system increases. Therefore, its inversion requires
large CPU time.

If u=0inacertain subdomainof Q, i.e., thedomain
is partialy filled with water, the general problem loses
uniqueness and can be solved under additional assump-
tions. In this case, the above a gorithm has anumber of
difficulties for p tending to zero.

One of the possible methods of solving this problem
is to add a rectangular domain to each node of the P
grid and arhombusto each R node (Fig. 1). In this case,
intersection of the interface with a cell affects at least
one central differencein the R cell.

Let the interface intersect the line 2—4. If p tendsto
zero, expressions on the left-hand side of Egs. (4) tend
to infinity. We note that a solution of problem (1)—3)
remains limited when  tendsto zero; i.e., thisisonly a
feature of the behavior of the basisfunctions. Displace-
mentsin the problem remain finite. The system must be

normalized to obtain the tensor Z;-'H . It is appropriate
first to divide both sides of Eq. (4) fora =3 =1 by

4 2

U g - .

B’ FE and then to divide both sides of Eq. (4) for
2

4

dv
a=1,p=2anda=1,3=3by [—.
e

We note that this normalization in the method under
consideration allows averaging of coefficientsin acell
partialy filled with water (1 = 0). Any similar normal-
ization is absent for the method of coefficient averaging
on rectangles.

Similarly to the method of coefficient averaging on
rectangles, the stresstensor divergenceis approximated
according to the difference analogue of the integra
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Test 1 Test 2 Test 3
1 1.3/ 0.1 2 1.6
0.1
0.1 2.1
’ 0.3 0.5 1.5
1 2 0.000
1 1 2
1

Fig. 2. Parameters (upper numbers) A and (lower numbers) | in the (from left to right) first, second, and third tests.

identity, where its two terms are approximated as

(U,V)s = Z |H|0:ij€r':ij,

HOR

(diva(U), V), = %Z IH|div,o} .
HOP

5. We consider the convergence of the resulting
algorithm. Let

U= (u,, Uy OHY
where
H-= {U: u OHY(Q), oyny O H(Q), u,;m OH (Q))
with the norm

UL = U+ U7
H H H

The space H'(Q) is avector space, and the norm in this
space is the sum of the norms of all components:

2 _ a2 U0, U]
”U"HL - J.u1+U2+ DaXD + DayD
Q

2 2
LU, U
UaxO ~ Oayl

The seminorm in the space H" is defined as
2 2 2
U5 = Iz(cijnj) + (U ;m;)
Q i
2 2
+ Z(oijnj),k+(ui,jmj),k1
i,k
DOKLADY PHYSICS  Vol. 49
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where m and n are tangents to the coordinate lines of
the vector (vector n is perpendicul ar to discontinuities).
Interfaces are implied to coincide with coordinate lines
in the common curvilinear coordinates for the entire
domain.

The following lemmawill be necessary.
Lemma 1. For w O H'(H), where H is a cell of the

Rgrid, thereisa constant C, such that

[w=Cull 2,y < Chllwi

L*(H) H(H)"
Thislemmafollows from the standard properties of
approximation of functions from H'.

Using this lemma, one can easily prove the approx-
imation theorem. We recall that interfaces are approxi-
mated by straight linesin each R cell.

Theorem 1. For each cell of the Rgrid H and vector
U O HY(H), thereisa vector d U O L(H) such that
|U—dyU|

<chju (10)

HY(H) (H)

lU=dqU] . <ChU], (11)

L*(H) (H)’
Then, smilarly to [1], one can prove first-order
weak convergence of the constructed algorithm.

Theorem 2. For solution U [0 HY(Q) of the problem
specified by Egs. (1)—«3) and solution U}, of the differ-
ence problem specified by Egs. (5)—7), thereis a con-
stant C such that

(U =Up V)] S CR(IUL g, + IFT i) VI

for all VO HY(Q).

6. The constructed algorithm was tested on severa
problems. The distribution of the Lamé coefficients for
themisshownin Fig. 2. The distribution of massforces
for al tests was symmetric with respect to the y = x
straight line. Tables 1-3 show errors in various norms
for both components of displacement inthreetests. Fig-
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ure 3 shows the distribution of the displacement com-
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0.5

1.0 O
X

0.5

Fig. 3. Distribution of u, and uy in the third test.

ponents u, and u, for the third test.

According to theoretical notions, the averaging
algorithmis expected to have accuracies O(h) and O(h?)

Table 1. Errorsfor the method of coefficient averaging on rectanglesin the first test

N
[Jus — U, 1l
[z — U, 2lke
llug —up, 1],
lluz—un 21,

10
0.00617955
0.00617955
0.00185951
0.00185951

20
0.00097876
0.00097876
0.000326695
0.000326695

Table2. Thesameasin Table 1 but for the second test

N
[Jug — U, 1l
[z = U, 2lle
llug —up, 11,
lluz—up 21,

10

0.00492401
0.00194423

0.000942086
0.000532591

20
0.000404645
0.000404349
0.000115963
0.000110067

40
0.000389107
0.000389107
0.000105144
0.000105144

40

0.000162193
0.000245959

3.34685 x 107

3.3949 x 10°°

Table 3. Errorsfor the method of coefficient averaging on rhombusesin the third test

N
U1 = Un, 1llc
[luz— Un, 2llc
[lug = U, 1 I,

[luz— U, 2]l

80

in the energy norm and L, norm, respectively. Calcula-
tions show that moderately fine grids provide conver-
gence of the order higher than thefirst order bothin the
C norm and in L, norm. Second-order convergence is
obtained in the second test.

0.000145658
0.000145658
3.3037 x 10°°
3.3037 x 10

80

6.76203 x 107
6.80619 x 10
8.17713 x 10°°
7.85302 x 1078

20
0.0345951
0.0345951
0.0061631
0.0061631

40 80
0.00417366 0.00224269
0.00417366 0.00224269
0.00090232 0.000437141
0.00090232 0.000437141

DOKLADY PHYSICS Vol. 49

160
0.00125584
0.00125584
0.000206399
0.000206399

320
0.00078656
0.00078656

9.50053 x 10
9.50053 x 10
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The support operator method on adapted grids theo-
retically has the same accuracy. However, when the
grid is considerably deformed, the maximum principle
for adifference problem can be violated for the support
operator method, and, therefore, the scheme is not
monotonic. This difficulty can be overcome by using
rectangular gridsin the averaging method. The averag-
ing method is primarily preferable over both the sup-
port operator method and finite element method for
problems where the Lamé coefficients considerably
differ from each other in anarrow domain (crack).
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The swing problem is undoubtedly among the clas-
sical problems of mechanics. Practice has shown that,
to set a swing into motion, one should squat when the
swing is in the limit positions and stand erect in the
middle vertical position, i.e., execute oscillations with
double the natural frequency of the swing. To sustain
the oscillations of the swing, the frequency of squatting
can be halved. Nevertheless, a clear and complete,
qualitative and quantitative, analysis of setting the
swing into motion is absent in papers on oscillations
and stability.

The simplest model of the swing [1-4] is described
by oscillations of a massless rod with a concentrated
mass periodically sliding without friction along the rod
axis. This model also describes oscillations of a pendu-
lum whose length varies periodically withtime (Fig. 1).
The mass displacement amplitude or variation in pen-
dulum length is assumed to be small. Moreover, small
viscous friction due to air resistance is taken into
account in this study. The periodic excitation function
may be arbitrary. Asymptotic formulas for domains of
instability (parametric resonance) in the three-dimen-
sional parameter space that correspond to setting the
swing into motion are derived and analyzed. The
method of solving the problem isrigorous, becauseitis
directly based on an analysis of the behavior of Floquet
multiplicators. Some examples are presented.

1. The equation of mation of a swing (variable-
length pendulum) [1, 2] with allowance for viscous
friction has the form

(ml?6) +yI°6 + mglsin® = 0, (1)

where misthe mass, | isthelength, 8 isthe angle of the
pendulum deflection from the vertical, y is the coeffi-
cient of viscous friction due to air resistance, and g is
the gravitational acceleration. The dot refers to the
derivative with respect to timet. It is assumed that the

Institute of Mechanics, Moscow State University,
Michurinskiz pr. 1, Moscow, 117192 Russia

e-mail: seyran@imec.msu.ru

pendulum length varies as
I = 1,+ad(Qt), 2)

where |, is the mean length of the pendulum; a and
Q are the excitation amplitude and frequency, respec-
tively; and ¢ (1) isan arbitrary smooth periodic function
with a period of 2m and zero mean value, i.e,
2n

I ¢ (1)dt = 0. The amplitude a and the friction coeffi-
0

cient y are assumed to be small. It is necessary to deter-
mine the parameters at which the trivial equilibrium
position 8 = 0 of the system becomes unstable, which
leads to setting the swing into motion.

We introduce the dimensionless variables and

parameters
- _a -yl _11g
T=0Qt, ¢ X B m«/;' () Q«/I,'
. 3)
_ 9 _ 1”8
Xy =0, 2 I‘g‘é-

Then, Eq. (1) can be written in the form of the system

A\

Fig. 1. Swing.
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of first-order equations

Xm _ dq]
dor ~ oo
dx e 4)
2 2
i = -w E](J]S'nxl Bwx,,
L= 1+e0(n) 5)

lo

In these variables, the requirement of smoothness of the
periodic function ¢ (1) can be weakened and the func-
tion can be piecewise continuous.

The right-hand sides of Egs. (4) are nonlinear func-
tions of the vector x = (X, X,) and periodic functions of
T with a period of 21t Equations (4) and (5) depend
explicitly on three independent parameters w, €, and .
The last two parameters are assumed to be small:

9< :ll_o<
IO<1, B m[g<1. (6)

We will determine the domains of instability of thetriv-
ial solution x = 0 (parametric resonance domains) in the
three-dimensional space of the parametersp = (g, 3, w).

2. In accordance with the Lyapunov theorem, the
stability and instability of the nonlinear system of
Egs. (4) and (5) can be determined from the linear
approximation [5]. Linearization of system (4) results
in the equations

€ =

X = GX, @)
G = 0 [1+s¢(r)]‘2_ @)
W [l+ep(1)]  —Pw

The fundamental, or evolution, matrix X(t) of sys
tem (7) isdetermined from the differential matrix equa-
tion with the initial condition

X = GX, X(0) =1, )

where | is the identity matrix. The monodromy (Flo-
quet) matrix is defined by the equality F = X(T) [5, 6].
To study the stahility of the linear system of Egs. (7)
and (8), we will use the Floguet theorem, which states
that alinear system with periodic coefficients is stable
if the absolute values of al eigenvalues p (multiplica-
tors) of the monodromy matrix F are less than unity,
and it isunstable if at least one multiplicator is greater
than unity in absolute value.

L et the monodromy matrix F, = F(p,) be known for
a certain n-dimensional parameter vector p,. If the
DOKLADY PHYSICS Vol. 49
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parameter vector changes as p = p, + Ap, the matrix G
and, therefore, X(t) gain increments. Correspondingly,
the monodromy matrix F changes. In[7, 8], thefirst and
second derivatives of the monodromy matrix with
respect to the parameters were represented in terms of
integrals over the period:

oF —10(3

= FofX Xodt, k=1,2,...,n;
ap, foa 0

(10)

’F__
apiapj

5lg§x B’x

—106

—16G

O
OdZDdT (11)
O

—106
ZX,X,
°ap, H

here the subscript O implies that the corresponding
guantity istaken as p = p,. We note that, for calculating
derivatives (10) and (11), only the evolution matrix
X,(t) and the derivatives of the matrix G with respect to
the parameters calculated at p = p, must be known. The
monodromy matrix increment can be written in terms
of derivatives (10) and (11):

[l
Odzng} ij=12...n

L oF
F(po+Ap) = Fo+ § —A
(Po+Ap) 0 kzlapk Pk

1 n
33 aho

Knowing the derivatives of the monodromy matrix, one
can calculate this matrix in the vicinity of the point p,
and, hence, estimate the behavior of the multiplicators
(eigenvalues of the monodromy matrix F) responsible
for the stability of system (7) when the parameters are
varied.

Settinge =0and B =0in Egs. (7) and (8), we can
easily obtain the evolution matrix and itsinverse matrix
from Egs. (9):

(12)

.Apj+

-1 .
Xo(t) = cospt W sinwt ’
—wsinwt coswt

(13)

-1 -1
X5i(t) = cqsoot - sinwt|
wsin wt coswt

Thus, a € = 0 and B = 0, the monodromy matrix
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takes the form

1 .
Fo = Xo(2m) = | COS2TW W "SN2NW (14
—WSIN2TIW COS2TIW
The eigenvalues (multiplicators) of the matrix are as
follows:

P1, = COS2TIW i SIN2TT (15)

For all values w # g k=1,2, ..., themultiplicators are

complex conjugate and lie on the unit circle (stability).
Since TrG = 0 for the system of Egs. (7) and (8) for
=0, the corresponding characteristic equation is
reciprocal [4—6]. For thisreason, under small variations
of the parameters w and €, simple multiplicators cannot
leave the unit circle. We will show that the presence of
friction (B > 0) resultsin the asymptotic stability of the
system in this case.

Using Egs. (8), (10), and (12)—(14), we obtain the
following approximate expression for the monodromy
matrix F including the terms of the order 3:

F = Fy(l +AB), (16)

where F, is determined in Eqg. (14) and

sin4now Sin’2mw
— T
A = 4 2w 17)
Wsin‘ 21w sndnw_
2 4

From Egs. (16) and (17), we obtain
detF = detFdet(l + AB) = 1+pBTrA +o(B) (18)
= 1-2mBw+o(p).

Since the monodromy matrix determinant is equal to
the product of two complex-conjugate multiplicators,
|p;.»| < 1followsfrom Eq. (18) at fairly small values of
3 > 0, which implies asymptotic stability.

Therefore, instability (parametric resonance) can
occur only near the points

k
2!
where the multiplicators are doubled.

For determining the parametric resonance domains,
the monodromy matrix F near the points p, is expanded

inaTaylor seriesin the parameterse, B, and Aw= w— g:

Ppo: €=0, =0 w= k=12..,(19)

OF_ OF,  oF

F(p) = F(po) Tt aBB+ —AW+ ...

7S (20)

Using Egs. (8), (13), and (14), we calculate the deriva-

. 0F oF oF
tives Fr 5_|3 ,and 3G at p =p, fromformulas (10). As
aresult, the expression
F(p)

1+ gknbks - %knB EnAw— gnaks 1)

= COSTIK
3,2 3 1
—kmAw- ék maE 1— anbks — ékn

correct to first-order terms is obtained from Eq. (12).
Here,

2n

a, = %Iq)(T)cosdeT,
° (22)

2mn

b, = in)(r)sinkrdr, k=12 ..
0

are the Fourier coefficients of the function ¢(1).

Approximate expressions for the multiplicators of
matrix (21) are determined in the form

P12 = (—1)k%|-—%kn[%i /D,

(23)

D = Kr2e?—(20w)%, 1, = 2, Jai+ b/

2 (24)
The system is unstableif at least one of the multiplica-
torsislessthan unity in absolutevalue[5, 6]. For 3 <0,
thiscondition isfulfilled and the system isunstable. For

B >0, this condition is fulfilled only when /D > %Bk.

Thence, in view of Eq. (24), the domain of instability
(parametric resonance) lies inside the half-cone

202 2
% +4B”‘§% <K’rie?, B=0, (25)

joining with the 3 < 0 half-space (Fig. 2). Thisinequal-
ity can also be represented in the more convenient form

2
itm +%2Tw_152<ri521 B=0. (26)

[

Hence, in particular, the kth resonance domain depends
only onthe kth Fourier coefficients of the periodic exci-
tation function. We note that formulas (25) and (26) are
the first-order approximations for the instability
domains. For . =0 and b, =0, r, = 0, and thefirst-order

DOKLADY PHYSICS  Vol. 49
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approximations degenerate to the straight line 3 = 0 and

w= I§< . In this case, to determine the resonance domain

more accurately, higher order approximations should
be used. This can also mean that the corresponding res-
onance domain is empty.

Setting 3 = 0in Eq. (25), we obtain the parametric
resonance domains in the absence of friction:

_kre _w—k/2 _kry

2 € 2 @7

The section of cone (25) by the plane B = const,
B =0 gives a parametric resonance domain bounded by
a hyperbola (Fig. 3). The asymptotes of the hyperbola
are determined from inequalities (27). In the presence
of friction (B > 0), the minimum amplitude of reso-

nance excitation is equa to g, =

Eq. (25).
The section of domain (25) by the plane € = const

_B_ .
or. according to

represents a semiellipse with the semiaxes ‘w—g‘ =

k
%ﬁ and B = 2r,g (Fig. 4). We note that the resonance

domain in the frequency w shrinks with an increase in
the friction coefficient 3 and disappears at 3 > 2r,e.

We will analyze the behavior of the resonance
domains with an increase in the resonance number k. It
isknown that, if aperiodic function ¢ (1), together with
its sth-order derivatives, is continuous, the Fourier
coefficients a, and b, behave as aks*! - 0 and
bks+t! - 0for k — oo. Therefore, for continuoudly dif-
ferentiable functions, the quantities kr, tend to zero for
k - . This means that cone (25) shrinks when k
increases. Moreover, the minimum amplitude €., =

B
2r,
when k increases at a fixed 3 value. Owing to this
behavior, it is easier to set a swing into motion at the
lower resonances k = 1 and 2, whereas large excitation
amplitudes and forces must be applied to achieve reso-
nance for higher k values.

From Egs. (3) and (19), we obtain that setting a
swing into motion occurs at the excitation frequencies
Q near to the critical values

kaéﬁg, k=12...

We note that the quantity «/Ié is the natural frequency
0

of resonance excitation increases without bound

(28)

of a pendulum with the mean length |,. According to

DOKLADY PHYSICS Vol.49 No.1 2004

/ 0 k/2 w
B

Fig. 2. Domains of instability (parametric resonance).

0 k2 w

Fig. 3. Section of the instability domain by the = const
plane.

Fig. 4. Section of the instability domain by the € = const
plane.

Eqg. (26), the corresponding resonance domains are
described by the expressions

2 2 2
[ 2 r.a
Yh ,0Q o h&

|
agm? H 0 12

(29)

Thisformulaissimilar to the expression abtained in [9]
for the instability domains of a pendulum with a verti-
cally oscillating suspension point and differs from the
latter by the dependence of the right-hand sides of the
inequalities on the resonance number k. This difference
can apparently be attributed to the fact that the equation
of oscillations of the pendulum with the oscillating sus-
pension point involves an acceleration proportional to
the square of the excitation frequency.

3. As an example, we will consider oscillations
excited by the periodic piecewise constant function

o(1) = %[1 O<st<Tm

30
1, Tn<1<21m 30)
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For this function, we have

4
ay_1 =0, by_;= 2k=1)’
-3
If.Zk—l - T[(Zk_l)v (31)
Ay =0, by =0, ry =0,
k=12,...

Thus, al even resonance domains are degenerate in
the first approximation, while odd domains are
described by formula (29). Substitutingy=0, k=1, and

re= % into Eg. (29), we obtain the following formula

for the first resonance domain of the frictionless system
with the piecewise constant excitation function (30):

ﬁ)%l 3aD<Q<2ﬁEL+3_aD

This result coincides with that obtained in [1] [for-
mulas (4.74)—4.76) in that study] if Q = 2w, + AQ is
substituted into Eq. (4.74) from [1] and the approxi-
mate equality

(32)

4w,
is used. This aso coincides with the result obtained
in [3] in amore complicated form.

For ¢(1) = cost — sin2t, weobtaina, = 1, b, = -1,

a=b=0andr, =r,= g anda,=b,=r,=0,k=3,
4, .... Thus, al resonance domains are degenerate,
except for the first and second ones.

In accordance with Egs. (28) and (29), we obtain the
following inequality for the first resonance domain:

2

? _ 9a

BT >
0

Vlo Q
4gm [b a/l,

In the absence of air resistance (y = 0), hence follows
therelation

J;%- 7SR zﬁﬁl i

for thefirst resonance domain. Similar expressions can
be obtained for the second resonance.

(34)
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