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A carbon nanotube is a surface carbon structure that
is morphologically a crystal bent around a certain axis
in the ab graphite plane. Each carbon loop of the graph-
ite plane is a benzene-type hexagon that has carbon
atomsinitsnodes and a 1.42-A-long side (Fig. 1a). The
elementary cell of the two-dimensional crystal | attice of
the ab graphite plane can be specified by the basis vec-
tors a and b, whose length |a| = |b| = 2.46 A and angle
between them is equal to 120° (Fig. 1). The elementary
cell of the spatial crystal lattice of graphite is obtained
by complementing these two vectorswith the basis vec-
tor ¢ that is perpendicular to the ab plane and haslength
lc|=6.70 A.

The nanotubeisachiral object. Let therolling of the
graphite planeinto a cylinder lead to the coincidence of
the (m, n) hexagon with the (O, 0) hexagon located at
the origin (Fig. 1b). A line connecting the (m, n) and
(0, 0) hexagons is called the chira direction. Then,
(m, n) are the chiral indices, and the chiral angleisthe
angle a between the chiral direction and direction in
which the neighboring hexagons have a common side.
The chiral characteristics of the nanotube are impor-
tant, because they determine the electronic properties
of the carbon nanotube [1-3].

The reciprocal lattice of the single-wall nanotube is
a body generated by rotating the point nodes of the
reciprocal lattice of the graphite plane ab about an axis
arbitrarily oriented in this plane. The axis of the ordi-
narily oriented nanotube is perpendicular to an electron
beam. Therefore, the corresponding electron diffraction
pattern is the reciprocal-lattice section that passes
through the nanotube axis. The morphological features
of the nanotube graphite structure lead to the features of
the electron diffraction patterns of this structure. This
work aims to determine the crystallographic directions
of the chiral characteristics of the nanotube, to describe
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the position of the nodes of the reciprocal lattice, and to
determine the nanotube chiral angle.

The nanotube is geometrically a right cylinder,
where the chira direction is a closed directrix and a
straight line parallel to the nanotube axis is its genera-
trix. The directrix of the right cylinder is perpendicular
to its generatrix. Therefore, the chiral direction is per-
pendicular to the nanotube axis. Figure 1 shows the
chiral directions with the indices (8, 0), (7, 1), (8, 3),
and (8, 4) and corresponding nanotube axes. The chiral
angle varies from 0° to 30°. Let us construct the basis
vectors a* and b* of the reciprocal lattice for the two-
dimensional direct lattice specified by the basis vectors
a and b, asis shown in Fig. 1c. Let us determine the
crystallographic directions of the basic characteristics
of the nanotube for the extreme chiral angles 0° and 30°
(Fig. 1). Theresults are presented in the table.

For an arbitrary chiral angle 0° < a < 30°, the char-
acteristics of the nanotube are between those presented
in the table. According to the above definition of the
chiral angle, Fig. 1, and thetable, the chiral anglein the
direct latticeis equal to the angle between the nanotube
axis and the[120] direction, and in the electron diffrac-
tion pattern, it is the angle between the nanotube axis
and the [010]* direction. Since the multiwall-nanotube
axis awaysliesin the ab plane, the multiwall nanotube
is aways perpendicular to the Z axis, which is mani-
fested on the electron diffraction pattern as (001) reflec-

Table
Chiral indices (m, n) (m 0) (2n,n)
Chiral angle a, deg 0 30

Chiral direction in the direct lattice [100] [210Q]
Chiral direction in thereciprocd lattice [210]* [100]*
Nanotube axis direction in the direct lattice  [120]  [010Q]
Nanotube axis direction in the reciprocal  [010]*  [120]*

lattice
* Hereinafter, the dot at the place of the third index is omitted.
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Fig. 1. (a) Carbon hexagon, where a is the length of the elementary-cell edge; (b) the (001) graphite plane, where the elementary
cell is specified by the basis vectors a and b, the coordinates of hexagons are given by the numbers (m, n), and the chiral direction,
the direction of the nanotube axis, and chiral angle a with the chiral indices (8, 4) areindicated for the planerolled into the nanotube;
and (c) the crystallographic directions in the direct and reciprocal lattices of the graphite ab plane, [100] [ [120], [010] OO [210],
and a* Ob and b* [ a according to the construction of the reciprocal lattice.

tions presenting the interlayer distance in graphite
(Fig. 2b). Therefore, the axis of the multiwall nanotube
is always perpendicular to the line of the positions of
(00l) reflections.

Onthe basis of the above crystallographic directions
of the basic characteristics of the nanotube structure, let
us describe the positions of the (h, k, 0) nodes of the
reciprocal lattice of the arbitrary-chirality carbon nano-
tube. The X* and Y* axes are specified as is shown in
Fig. 2a In this case, the nodes of the reciprocal lattice
of the ab graphite plane have indices shown in Fig. 2.
L et us rotate the shown section of the reciprocal lattice
of graphite about the nanotube axis, which, as follows
from the table, must lie in the a*b* plane between the

[010]* (Y* axis) and [ 120 ]* directions (Fig. 2b). Inthis
case, the X* and Y* axes are transformed to the X*' and
Y*' axes, respectively. Thus, a node symmetric about
the rotation axis appears for each node, and 12 nodes,
rather than 6 nodes as usually in graphite with a recti-
linear node row, lie on circles uniting the {100} and
{110} nodes. The chiral angle in the reciprocal lattice
is the angle between the nanotube axis and [010]*
direction. Therefore, the chiral angle can be determined
from the electron diffraction pattern and is equal to half
the angle between the radius vectors of the (010) and
(010)' nodes. Considering two equilateral triangles that

are formed by the {(110), (120), (000)} and {(110)',

(120), (000)} nodes and are turned with respect to
each other by angle 2a, we conclude that the double
chiral angle also appears as the angle between the

radius vectors of the (110) and (120)' nodes (or pairs
symmetrically equivalent to them).

Thus, the rotation of the reciprocal lattice about the
nanotube axis arbitrarily directed between the [010]*

and [120]* directions leads to the splitting of nodes.
The angle between the radius vectors of the split reflec-

tions (010) and (010)' or (110) and (120)' (Fig. 2) is
equal to the double chiral angle of the nanotube. Split-
ting is dueto the fact that nodes symmetric for graphite

with a parallelepiped lattice [e.g., (110) and (120)
nodes symmetric about the Y* axis, see Fig. 2a] aregen-
erally not symmetric about the rotation axis in the lat-
ticeof cylindrical graphite. Therefore, the nodes are not
transformed to each other by rotation and take the

(110)' and (120)' positions, different from the symmet-
ric positions usua for parallelepiped graphite. It iseasy
to understand that nodes are not split when the rotation
axis of the reciprocal lattice coincides with one of the

[010]* and [120]* directions, which corresponds to a
chiral angle of 0° and 30°, respectively.

The arrangement of nodes of the hexagonal grid of
the reciprocal lattice arising from the graphite plane
(Fig. 2a) is uniquely specified by the interplane spac-
ings dy in the graphite plane that determine the dis-
tances from the (hk0) nodes of the reciprocal lattice to
the center of the electron diffraction pattern [4]. In the
reciprocal lattice of the graphite plane rolled into a cyl-
inder, the number of the (hk0) nodes is generaly twice
as large as that in the graphite plane with a rectilinear
node row, and the positions of nodes depend on the
position of therotation axis. Therefore, interplane spac-
ings are insufficient for the complete characteristic of
the electron diffraction pattern. The position of each
(hk0) node in the reciprocal lattice of the nanotube is
specified by two parameters: the distance D, from the
node to the rotation axis and the distance S, from the
origin to the plane that is perpendicular to the rotation
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Fig. 2. (a) Directionsin the direct and reciprocal lattices and node indices in the [001] zone of graphite with a parallelepiped cell,
and (b) the scheme of an electron diffraction pattern of a multiwall monochiral carbon nanotube as a result of the rotation of the
nodes of the reciprocal lattice that are shown in Fig. 2a about the nanotube axis (some nodes are shown). The prime denotes the

directions and reflections arising due to the rotation of the reciprocal lattice about the nanotube axis. The (120 ) and (110) reflections

are symmetric about the Y* axis, and the (120 )’ and (110)' refl ections are symmetric about the Y*' axis. The scheme shows the split-
ting of the reflections for 0° < a < 30° and determination of the quantities Dy, Syo. AD, and ASfor the ( 120)' and (110) nodes
that do not coincide for a # 0 and the arising splitting is characterized by the parameters AD = AD(120, 110) and AS =

AS(120, 110).

axis and passes through the given node [shownin Fig. 2

for the (120) and (110) nodes]. Let us find the depen-
dence of these parameters on the chiral angle for an
arbitrary node of the lattice that isrolled into acylinder
and whose cell hasthe edges a, b, and c and anglesa =
=90°andy.

We consider the row of nodes (hOl) in the reciprocal
| attice with the basis vectors a*, b*, and ¢* with fixed h
and varying | indices. Thisrow isparalel to the Z* axis
and, according to its indices, cuts the interval ha* =

. on the X* axis. The position of this row is
asiny

described by the parameters Dy, and S, (Fig. 3a).
Similarly, the row of the (Okl) nodes with fixed k and

on the Y*

varying | indices cuts interval kb* = —
bsiny

axis and is described by the parameters Dy, and S -

Thus, the position of the row of nodes with fixed h and

k indices and varying | index that is projected into the

DOKLADY PHYSICS Vol. 49

No. 5 2004

(hkO) reflection on the a*b* plane is described by the
guantities

Dhko = |Dhoo + Dokl

sn(y* +a) + sina

_ ‘ k
asiny bsiny
Swo = [Shoo + Sokol

k
= *+a)+ —— )
‘asinycos(y a) bsinycosa‘
For nodes on the rotation axis, Dy, = 0, whereas
S = 0 for nodes on the egquatorial line of the electron
diffraction pattern.

For the hexagonal lattice of graphite, wherea=b=
2.46 A, y=120°, and y* = 180° — y = 60°, we have

_| h . k .
Do = ‘2.13sm(60+a)+2.139na‘, €))
S =‘Lcos(60+a)+icosa‘. 2)
K07 213 213
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Fig. 3. (8) Reciprocal lattice for atwo-dimensional oblique crystal lattice that isrolled into a cylinder and has a cell whose edges a
and bform angley (for simplicity, the (h00)', (0k0)', and (hk0)' nodes that are symmetric to the (h00), (0k0), and (hk0) nodes, respec-
tively, about the nanotube axis are not shown). The three-dimensional lattice is obtained adding the Z* axis perpendicular to the
figure plane. The coordinates Dy, and Sy of the (h00) node, aswell asthe coordinates Dy, and §), of the (0k0) node, are shown

for determining the coordinates Dy, and S, of the (hk0) node. (b) The chiral-angle dependence of the characteristics of the split-

ting between the nodes[AS(120), (110) and AD(120), (110)] (120)' and (110) and [AS(110), (100) and AD(110), (100)] (110)'
and (100), as well as the chiral-angle dependence of the distances AS010), (100) and AD(010), (100) between the (010) and (100)

nodes.

In terms of the coordinates S, and Dy, the split-
ting between the (hk,0) and (h,k,0)' reflections
(Fig. 2b) that depends on the chira angle is character-
ized by the quantities

IAS = |AS(hk,0), (h.k,0)| = ||Swlklo|—|312kzo||v
|AD| = |AD(hk,0), (hzk0)| = ||Dh1k10|_|Dh2k20||a

where the parameters for the (h,k,0)' node are deter-
mined by the (h,k,0) node symmetric about the rotation
axis. Using expressions (1) and (2), we abtain

K,
cos(60 + o) + =—— cosa

Ay = H213 213

K,
cos(60 + o) + —=cosa

213 €)

7%

K,
sin(60+a) + —=sina

IAD] = 2.13

s

K,
‘213sn(60+0()+§—1§sna 4
Figure 3b shows the AS and AD quantities that are
calculated by Egs. (3) and (4), respectively, and charac-

terize the splitting between the (120) and (110) nodes,

aswell as between the (110) and (100) nodes, as func-
tions of the chiral angle a in comparison with these
quantities for a pair of (100) and (010) nodes lying on
the X* and Y* axes, respectively. Since these nodes are
asymmietric about the Y* axis, theinitial ASand AD val-
ues (for a = 0°) are not equal to zero, unlike these quan-

tities for the (120) and (110) nodes, as well as for the

(110) and (100) nodes, symmetric about the Y* axis.
The quantities Dy, S, AD, and AS calculated for the
reciprocal lattice are represented in an electron diffrac-
tion pattern by the distances

RAYH - C (A mm), (5)

where Ris any of the above quantitiesand C isthe elec-
tron-microscope constant determining the el ectron-pat-
tern scale.

To illustrate one of the possible applications of the
proposed coordinates of nodes in the reciprocal lattice
of the nanotube, we find the chiral angle of an arbitrary
nanotube by using the S, coordinate. Let us consider
the electron diffraction pattern of a multiwall nanotube
with a diameter of about 190 nm, shown in Fig. 4a[5].
The standard procedure of determining the chiral angle
implies measurement of the angle between the radius

vectors of the split reflections (210)' and (210) or

(210) and (210)', because these reflections are closest
to the equatorial line of the electron diffraction pattern
and, therefore, the procedure of measuring the angle on
these reflections is most independent of the strands that
areparallel to the equatorial line and always correspond
to the diffraction patterns of tube structures. It isimpos-
sible to measure the chiral angle between the radius
vectors of the (010) and (010)' reflections by the stan-
dard method, because their positions are indefinite due
to the presence of strands (Fig. 4a). However, using the
guantity S,, given by Eg. (2), one can measure the
chiral angle on the basis of an arbitrary reflection
including the extended (010) reflection. Indeed, since
the parameter S,,, shows the distance from the zeroth
nodeto the straight linethat is perpendicular to therota

r (mm) =

DOKLADY PHYSICS Vol.49 No.5 2004
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Fig. 4. (a) Electron diffraction pattern of the multiwall monochiral carbon nanotube [5], where the double distance sy, presenting
the parameter §);, on the electron diffraction pattern is marked, and (b) Dyo(a) and Syg(a) plots drawn by using Egs. (1) and (2)

for the (100), (010), (110), (110), (120), and (210) reflections.

tion axis and passes through the (010) node, the S,
value is independent of the position of the node on the
straight line and, therefore, on the strands. At the same
time, the S, value is uniquely related to the chiral
angle. Therefore, calculating the S, valuefor the (010)
reflection from the electron diffraction pattern of the
nanotube, one can uniquely determine the chiral angle
of the nanotube by formula (2).

Calculating the device constant from the reflections
of the {110} family and using Eq. (5) with R (A-!) =
S0 A and r (mm) = s),, (mm) (electron diffraction
pattern in Fig. 4), we obtain S, = 0.462 A-! and then
thechiral anglea = 10° £ 0.1° by formula(1). The same

value is obtained by measuring S, but on the (210)
reflection, and aclose value of 9.7° + 0.3° was obtained
in [5] by using the standard procedure for measuring the
chird angle. Figure 4b shows the S,,(0) and Dy(0)
plotsdrawn by using Egs. (1) and (2) for the (100), (010),

(110), (110), (120), and (210) reflections. In particu-
lar, calculation of S, values from the electron diffrac-
tion pattern for these reflections makes it possible to
uniquely determinethe chiral angle of the nanotube from
the §,,(0) dependence.

Calculation of the chiral angle by formula (2) with
the use of the S, coordinate (or determination of this
guantity from plots shown in Fig. 4) is favorable over
the standard procedure of measuring the chiral angle
for the following reasons. First, the chiral angle a is
determined from the position of only one of the split
reflections. Second, the chiral angle a is calculated
from an arbitrary reflection, e.g., (010), whilethe exten-
sion of the (010) and (010)' reflections makes it impos-
sible to measure the chiral angle by the standard proce-
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dure. Third, the accuracy of the determination of the
angle increases, because the accuracy becomes inde-
pendent of the extension of reflections that is always
present on the electron diffraction patterns of nanotubes
and is directed along the equatorial line of an electron
diffraction pattern.

In summary, the behavior of the basic crystallo-
graphic characteristics of a nanotube (chiral directions,
rotation axis direction, and chiral angle a) has been
considered. The parameters Dy (0), So(Q), AD(Q),
and AS(a) have been introduced that provided the com-
plete quantitative characteristic of the positions of the
(hk0) nodes in the reciprocal lattice of a carbon nano-
tube with arbitrary chirality. To increase the measure-
ment accuracy and to provide the possibility of using
one arbitrary reflection for calculation of the chiral
angle of the nanotube, the use of the parameter §,,(a)
has been proposed.
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Asisknown[1, 2], the space of the parameters of an
exothermic flow reactor includes a bistability region,
where either a low- or high-temperature stationary
regime is realized, depending on the initial conditions.
The boundary of this region has a cusp, where the dif-
ference between regimes disappears. The properties of
the cusp are similar to those of a critical point on the
phase diagram of a substance with the first-order phase
transition between the phases with the same symmetry
[3]. In particular, it is the endpoint of the equilibrium
line between a liquid and vapor (boiling curve) on the
pressure-temperature plane, where the bistability
domain is bounded by a spinodal. Fluctuations of the
reaction rate must be large near the cusp [4] the same as
density fluctuations increase near the critical point. At
the same time, this similarity is not universal: the sta-
tionary regimes of a reactor lose stability for certain
parameter values and become periodic [5-7]. In[4], an
increase in fluctuations was calculated in the linear
approximation and disregarding the oscillation mode.
In this work, critical fluctuations are anayzed by
numerical simulation for the conditions when they can-
not be treated as small, as well as upon the transition
from the stationary regime to the periodic one at the
cusp.

1. The reactor state is determined by three parame-
ters [8] such as the Damkdhler number D, which isthe
ratio of the substance residence time in the reactor to
the characteristic reaction time tg; the Semenov num-
ber, which is the ratio of the heat-exchange time of the
reactor with the environment to 1x; and the Zel’dovich
number

7z = glaTo ZTO,
Ty

Here, E isthe activation energy, T, is the ambient tem-
perature, Q is the reaction heat, and c is the specific

T, = To+ ()
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heat. Near the cusp, the boundary of the bistability
domain is determined by the formula

s = (—Zji £2(—d)‘°”2. )

Here, s= SS' — 1 andd = DD;" - 1, where the sub-
script ¢ refers to the parameters at the cusp. For d < 0,
the phase-equilibrium line s = (—Zj
zero velocity of switching wavesin thereactor [9]. Out-

side the bistability section for d > 0, thisstraight lineis
similar to the critical isochore for the van der Waals

corresponds to the

equation. Along the s= g straight line to the cusp, the

average square of reaction-rate fluctuationsincreases as

% in the linear approximation [10]. For numerical sim-

ulation, we use the set of equations

= ®(n,0)-n[ %+ 50 @
6= z0-22%, )

where the dots stand for differentiation with respect to
time, the time unit is equal to Tx(T,), n is the reaction

product concentration, ® = (1 — n)e’, and 6 is the
2

: . . T
dimensionless temperature measured from T, in the Eb
units so that n, = %,GC=2—Z, D.=exp(Z-2),and § =

C

Z
tion rate to the inverse time of substance residence in

. The cusp corresponds to the equality of the reac-
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the reactor. The random function y(t) takes a value in

the interval (0.1, 0.1) with [¥20= 1—20 and simulates

small variations in the mixture-feed rate. In calcula
tions by the RKF45 subroutine, y is generated by the
RANDOM generator of the FORTRAN 77 compiler.
The function @(t) is analyzed for d from the interval

(~0.1,0.1) and s= g.

2. For y = 0, the transition from the stationary
regime to the periodic one at the cusp occurs at Z = 8.
First, we analyzethe effect of noisey(t) for Z=7 on sta-
tionary regimes. The time of establishing such aregime
increases upon approaching the cusp. For this reason,
theinitial conditionsn =n,and 6 = 6, are used to min-
imize the establishing time. The computation time is
equal to 3 x 10° in most variants, and the establishing
time (without noise) does not exceed 2000. The average
[@[Jisadecreasing function of d (Fig. 1), because tem-

perature =6, onthes= g straight line and the product

concentration increases with d. Susceptibility can be
introduced for the stationary regimes of the active sys-
temasitisfor asysteminequilibrium. In particular, the

susceptibility of areactor can be defined as “;;‘D" Ltis

seen that this quantity has a sharp maximum at the cusp.
The origin of this maximum isthe same as the origin of
high susceptibility in continuous phase transitions. For
d < 1, the stationary regime is stable under infinitely
small perturbations, but the “force” restoring the sys-
tem to the stable point after deviation is small. For this
reason, deviations arise easily and relax slowly. In other
words, susceptibility is high in the low-frequency limit,
which is given by the above partial derivative.

Small random variations of the parameters that are
inherent in any real system do not noticeably affect its
state far from the bifurcation points. However, near the
cusp, where susceptibility is high, weak noise y(t)
induces intense pul sations of the reaction rate. Figure 2
shows variation of the variance V? = (& — [@[)?[along

thes= g straight line in the double logarithmic scale.

The upper and lower branches of the plot refer to nega-
tive and positive d values, respectively. Upon approach-
ing the point (D, S.), a power increase with the critical
exponent y close to —1 is observed. A least squares fit
yieldsy =-1.2 and y, = —1.1 for the upper and lower

Vv
branches, respectively. The ratio 7= /56, while the
average square of fluctuations of the order parameter in
the symmetric phase for second-order phase transitions
is twice as large as that in the asymmetric phase. An
increase in pulsations stops hear the cusp similarly to
DOKLADY PHYSICS  Vol. 49
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Fig. 2. Average square of pulsations against [d| in the double
logarithmic scale.

the case of continuous phase transitions, where this
behavior is attributed to the nonsingular part of suscep-
tibility. The saturation-region boundaries are d_ = 0.02

and d, = 5 x 10, The pulsation intensity Nz in this
region isless than [@ oy afactor of only 3-5, whichis
similar to the variance-to-mean value ratio for devel-
oped turbulence. In [11], the nonlinear saturation of
fluctuations for the bifurcation of period doubling is
numerically simulated upon a point mapping, aswell as
for an oscillator with spontaneous symmetry violation
(transition from one potential well to two wells; only
the symmetric region of the bifurcation parameter was
analyzed).

According to [10], the spectra of pulsations gener-
ated by weak white noise must have a peak at zero fre-
guency, and the peak width decreases upon approach-
ing the cusp. Figure 3 shows certain frequency spectra.
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Fig. 3. Frequency spectra of pulsations for d = 0.05 and 0.
The low-frequency peak narrows with adecreasein d.
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Fig. 4. Changein the ®(t) plot when exciting self-sustained
oscillations as calculated for d = 0.

Since the computation time is finite, these spectra are

formally line spectra with line frequencies w, = 2tﬂ] ,
0
wheren=1, 2, ..., and t, is the computation time. The
computation time must be much larger than the charac-
teristic oscillation times in ®(t), which is ensured by
the above t, value. Intensity is chaotically distributed
over the lines but decreases in average with an increase
in frequency. The spectrum is shifted towards low fre-
guenciesfor d — 0 dueto anincreasein the correlation
time of fluctuations. Therefore, their statistical proper-
ties are independent of initiating noise, because any
external noise can be treated as o correlated, or white,

VAGANOVA et al.

noise at such long times. At the same time, in contrast
to flicker noise, the low-frequency peak isformed only
near the cusp. Diagnostics of weak noise that is based
on its enhancement by a system under critical condi-
tions was proposed in [11]. Since the height of the pla-
teau in Fig. 2 is the property of the enhancing system,
the possible enhancement of initial noise is larger for
weaker noise. However, as was stated above, only low
frequencies are enhanced, which considerably restricts
the possibilities of diagnostics. At the same time, an
increase in low-frequency noise of the system, whose
parameters can vary, in advance indicates approaching
acritical (emergency) situation.

Only the randomization of stationary regimes was
considered above. For Z = 8, the stationary regime at
the cusp loses stability and becomes periodic. Thetran-
sition to self-sustained oscillations (Fig. 4) suppresses
chaotic pulsations. A decrease in [@Uis attributed to a
decrease in the critical temperature 6. = 2 — Z, whereas
the order of magnitude of the amplitude does not
change when chaotic oscillations are transformed to
regular oscillations. This transition can be attributed to
the synchronization of frequencies, or, in other words,
to the “condensation” of vibrational modes of the cha-
otic regime.

3. High susceptibility near the bifurcation points
(including the points of the continuous phase transi-
tion) isresponsiblefor critical phenomena. Susceptibil-
ity increases due to smallness of the force restoring the
system to the stationary regime or equilibrium after
deviation. In the state space, equilibrium or the station-
ary state corresponds to a point where trajectories con-
verge. Under critical conditions, the attraction basin to
the attractor point is small (at least in certain direc-
tions), because unstable elements of the state space
(saddle points, unstable cycles, etc.) approach it. Thus,
amost indifferent equilibrium with a weak restoring
force arises. In this work, a reactor is considered as a
system with lumped parameters. In a distributed sys-
tem, pulsations may be inhomogeneous (chaotic auto-
waves), and their spatia correlations also have singu-
larities under critical conditions.
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In this study, a new hybrid method for solving a
wide range of internal and external problems of diffrac-
tion theory is proposed and substantiated on the basis of
concepts described in [1-5]. It is well known that the
generalized eigenmode method is based on solving a
certain auxiliary eigenvalue problem in a complex
region by expanding the solution in the basis functions
and then finding the coefficients of this series by one of
the variational methods. The basis functions must sat-
isfy certain requirements, in particular, boundary con-
ditions. For aregion of an arbitrary shape, the choice of
the basis can be a complicated task. However, this task
is efficiently solved by the method based on the theory
of Rfunctions [1-4].

STATEMENT OF THE PROBLEM
AND A METHOD OF ITS SOLUTION

Closed cavity. We analyze diffraction of electro-
magnetic waves by adielectric body placed in a closed
cavity. Let the function U satisfy the equations

AU +KeU = f, (D
AU +K°U = f )
and the matching conditions
U = Ea_ly—_ai_lj =
U'—U7|,,- = 0, on ~antl,.. 0 3

inside a finite dielectric region Q+* 0Q , remaining
region Q- = Q\Q*, and at the dielectric boundary 0Q*,
respectively. Here, n is the external normal vector to
0Q*, whereas U* and U~ are the U values on either side
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Mokhovaya ul. 18, Moscow, 103907 Russia

e-mail: kravchenko-vf@fromru.com

** Bauman Moscow State Technical University,
Vtoraya Baumanskaya ul. 5, Moscow, 107005 Russia

e-mail: bmic@mail.ru

of 0Q*. The permittivity € can be a complex number.
The Dirichlet

Ulso = 0, (4a)
Neumann
Ul = o, (4b)
0N [a0
or third kind
oun _
BJ +waeg = 0 (4¢)

boundary condition is satisfied at the cavity boundary
0Q. Here, w is the impedance independent of the fre-
guency k. In a particular case, the impedance w can be
superconducting. Previously, such a case was analyzed
by the generalized eigenmode method by one of us
(V.EK.)in[6, 7]. Let the field U° satisfy the equation

AU+ K°U° = f 5)
everywhere in the cavity with the same boundary con-
ditions. In this case, the solution to the diffraction prob-

lem specified by Egs. (1)—(4) can be represented in the
form of the series

U=u’+ ZAnun, (6)
n

where u, are eigenfunctions of the auxiliary homoge-
neous problem

Au, +Keu, = 0in Q7 (7

Au,+Ku, = 0in Q° (8)

with the matching conditions

1028-3358/04/4905-0270$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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and the boundary conditions

Un[so = O, (10a)
ou| (10b)
on |50
or
oup|
BJH+W-(9—ED = 0. (10c)

The numbers €, are the eigenvalues of the latter prob-
lem, which describes the eigenmodes (in the field free
of sources) in a system consisting of a cavity and a
dielectric body. Outside the dielectric, the eigenfunc-
tions and diffracted field U — U° satisfy the same equa-
tion. The eigenfunctions of the problem that is given by
Egs. (7)—<9), (10a), and (10b) are orthogonal,

IUnUde =0,
o

Iunu;dc = 0,
Q+

nzm,

(11)

n#zm, (12)

and theeigenvaluese, arered. If boundary condition (10c)
with the complex impedance w, Imw < 0 (absorbing
walls) is given on 0Q, then the homogeneous problem
for u, is not self-conjugate, the eigenvalues €,, are com-
plex, and only relationship (11) is valid. When energy
losses exist, eigenmodes are possible only if energy is
released in the dielectric. In this case, the imaginary
part of € must be positive, whereas the energy released
in the dielectric body must be identical to the energy
absorbed by the walls. In order to determine €,, we
should vary the functional

L(u) = I(Du)zdo—kZqudc—kzsqudo, (13)
Q Q Q"

where € plays the role of the Lagrange multiplier. Rep-
resenting u, asthe following seriesin terms of the basis
functions ¢, that satisfy boundary conditions (10),

Uy = ZCE?«bm (14)

and applying the Ritz method to functional (13), we
arrive at the algebraic eigenvalue problem

zamlcgr?) = snzbmlcgr?): (15)

where

am = £E¢ Nr .do—k2j¢m¢|dc,
J

b = K [ #ntido.
Q+
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Thesolution to theinitial problem given by Egs. (1)—<4)
is expressed in form (6), where

J'unfdo
A=+ _1-¢ 9 (16)

€ —8nk2(1—5n) J'urfdo' .
Q+

For aregion of a complicated shape, the method of
R functions makes it possible to construct the basis
functions ¢, in Eq. (14) that exactly satisfy homoge-
neous boundary conditions (10). In this case, the right-
hand side of (14) can be considered as a solution to the
boundary value problem that contains indeterminate

coefficients Cﬁ,?) . These coefficients are found by min-
imizing functional (13). Let the equation for the
domain Q be constructed by the method of R functions
(we assume that Q [0 R?)

w(xy) =0, (17)

such that w> 0 and w< 0inside and outside Q, respec-
tively, and w=00n dQ. In the case of boundary condi-
tions of the second or third kind, we also require that

the function w be normalized, i.e., 0wl =_1 We
on a0

choose an arbitrary system of functions y,, that is com-

plete in Q. Then, the basis functions ¢,, that appear in

Eqg. (14) and exactly satisfy boundary conditions (10)

have the form

o, = Wy, (18a)
¢n = lJ-Jn_(")Dl‘lJni (18b)
¢n = wn_w%wn_%ﬁ- (180)
Here,
_0wod ,dwo
P oxax " aydy

is the differential operator that, at the boundary 0Q,
coincides with the operator of the differentiation with
respect to the outer normal. In expression (18c), w is
continued from the boundary to the interior of the
domain.

Open cavity. Let us consider diffraction by the
dielectric body located in vacuum or in an open cavity.
In this case, the scattered field U — U° must satisfy the
radiation condition. Therefore, the modification of the
€ method for open problems is reduced to introducing
the radiation conditions into the homogeneous prob-
lem. The mathematical formulation of the diffraction
problem is the following. We need to find the function
U satisfying Egs. (1), (2), and (3) within the region Q*
(theinterior of adielectric body), infinite region Q-, and
at the boundary of the dielectric body, respectively. If
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the sources are situated at finite distances, the radiation
condition at infinity is
—ikr

e

U D7¢(¢). (19)

For a plane wave incident on the body, the radiation
condition is imposed on the scattered field. As before,
we seek the solution to the problem under consideration
in the form of series (6), where U° is the field of the
same sources f in vacuum (primary or incident field);
i.e., U satisfies Eq. (5) in the entire volume. The eigen-
functions u, in the expansion of the diffracted field U —
U° must obey Egs. (7) and (8), boundary conditions (9)
of the continuity of the field and its normal derivative
on 0Q*, and the radiation conditions at infinity. The
numbers ¢, are eigenvalues of the formulated homoge-
neous problem. Since each eigenfunction outside the
body satisfies the same equation as the scattered field,
each term and all of series (6) satisfy the radiation con-
dition. For afixed frequency k, the homogeneous prob-
lem has anontrivial solution only at certain values of g,
and the imaginary part of the eigenvalue must be posi-
tive, i.e.,, Img, > 0. This property of €, has the same
physical explanation as for a cavity with impedance
walls: undamped eigenmodes in the presence of radia-
tion can exist only when they are maintained by the
energy released in an auxiliary body. It followsfrom the
statement of the homogeneous problem that series (6)
with arbitrary coefficients A,, obeys Eq. (2) outside the
body, the boundary conditions on 0Q*, and the radia-
tion condition. The coefficients A, are of form (16).

Radiation condition (19) can be written as the
asymptotic form of impedance condition (10c) for w=

—'—k . Therefore, besides the radiation condition imposed
on the admissible functions, it is necessary to add the
integral of u@

on

Indeed, it can be shown that the first variation of the
functional

La(u) = I[(Du)z—kzsuz] o)

over an infinite sphere to Eq. (13).

+ (LW - K)o +J’u§=d0, 20)

where Q- is the domain externally bounded by the
sphere S; of radius R, hasthe order % on the eigenfunc-

tion of the homogeneous prablem. Therefore, the first
variation of the functional

L(u) = lim Lg(u) 21)

KRAVCHENKO, BASARAB

is zero; i.e., L(u) is the desired functional. Instead of
functional (20), we can minimizethe simpler functional

L(u) = J'[(Du)z—kzsuz] do

Q+

+J’[(Du)2—k2u2]cb, (22)

where Q- istheinfinite region but for complex k (Imk <
0). After the integral over Q- has been calculated, k
must again be considered as redl.

The method of R functions in external diffraction
problems is realized by approximately simulating the
radiation conditions

(23)

ontheauxiliary contour S;. Taking into account that the
normalized equation for the contour S; is of the form

RE—x2—y?
2R

we may write the following approximate structure of
the solution to the diffraction problem for an open
cavity:

wWr(X,Y) =

Uy = Wo-or D, - - 29
where
2 000, 00e ) _ o
D =5xax oy ay R%‘ax Yoy
AN EXAMPLE

OF NUMERICAL REALIZATION

We now analyze the diffraction problem in a closed
H-shaped cavity with metallic walls and a dielectric
insert (Fig. 1). The eigenmodes of the homogeneous
problem of the € method satisfy Egs. (7) and (8) in the
domain Q* occupied by a dielectric and the remaining
domain of the cavity, respectively, aswell as continuity
condition (9) and boundary condition (10a) on the cav-
ity walls (E polarization). In order to realize the method
of R functions, we initially construct the boundary
function of the Q domain:

w(XY)

= [(b” = x°) Ty (L*=y*) Do [(X* =) T (1= y?),
(25)

where [J, and [}, are the symbols of the It conjunction
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y
Q Q
2L 21 ? s >
7
B 2a
2b

Fig. 1. Cross section of an H-shaped cavity.

and )N, digunction defined as
fo O, fo=fy+ fom ff5+ 2, (26)
f O fo= o fom f1+ £5, 27)

respectively. Furthermore, we use the Ritz method for
the minimization of functional (13) with basis func-
tions (184) in expansion (14). We take usua power

£ = 6.5642

273

1 1 1 J

0.25 0.50

(e}

Fig. 2. Dependence of the first three eigenvalues €, on the
cavity geometric parameter.

polynomials as Y, and consider only even powersin x
and y (even oscillations). The convergence of the Ritz
method was verified numericaly by comparing the
results obtained for different numbers of basis func-
tions. In the case of 14 basis functions, the error was

£, =29.598

Fig. 3. Contours of thefirst four eigenfunctions (for IE =0.5).
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approximately equal to 1%. Figure 2 shows the depen-
dence of the first three eigenvalues €, on the relative

width of the dielectric insert for ka= /2. '5'1 =3, and

g = 2. Figure 3 demonstrates contours for the first four

eigenmodes corresponding to even (with respect to
both coordinates) oscillations. The results agree well
with the data of [5], where the sol ution was obtained by
minimizing a functional more complicated than func-
tional (13) on the basis of a variant of the partial-
domain method.

Thus, the hybrid method that is proposed and sub-
stantiated in this study and involves the constructive
possibilities of the R-function theory and the general-
ized eigenmode method is efficient in solving both
internal and external diffraction problems. This method
can also be applied to solve a wide range of boundary
value problems in the electrodynamics of supercon-
ducting structures.
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1. To modify the surface properties of materials,
their surfaces are covered by films. When items made
of these materials are used, alayer whose composition
and properties differ from those of the respective bulk
properties appears on their surface. It is difficult to
determine the thickness of such filmswhen they consist
of two to ten monolayers. X-ray photoelectron spec-
troscopy or Auger electron spectroscopy is usualy
applied in this case. However, except for [1], the elastic
scattering of photoelectrons was disregarded in this
case. At the same time, this scattering strongly affects
the path of aphotoel ectron in afilm and substrate [2-5].

Recently [6-15], it was shown that nondipole tran-
sitions accompanying photoionization strongly affect
the intensity and angular distribution of photoelectrons.
Since the angular distribution is important for deter-
mining the thickness of thin films, the effect of nondi-
pole transitions on the determination of the thickness of
filmsisanayzed in thiswork. In addition, we compare
two methods of measuring the photoelectron path in a
film: first, by rotation of an analyzer when the angle
between ionizing radiation and a sample is constant
and, second, by rotation of the sample when the angle
between ionizing radiation and photoel ectron emission
direction is constant.

2. To develop amethod of determining the thickness
of ultrathin films by x-ray photoelectron spectroscopy
with allowance for both the elastic scattering of photo-
electronsin asolid and nondipole transitions accompa-
nying photoionization, we use the approach described
in[1, 2] and complement it by taking into account non-
dipole transitions. We apply the method to the case of
unpolarized ionizing radiation by including only the
very important dipole-quadrupole transitions. We

1 Kurnakov Institute of General and Inorganic Chemistry,
Russian Academy of Sciences,
Leninskif pr. 31, Moscow, 117907 Russia

2\WIhelm-Ostwald I nstitut fiir Physikalische und
Theoretische Chemie, Universirét Leipzig, Leipzig,
Linnestr 2 D-04103, Germany
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begin with the first variant, i.e., with a rotating ana-
lyzer, when ionizing radiation normally falls on the
sample surface. The method is easily applied to polar-
ized radiation.

In the case under consideration, the differential cross
section for photoionization is given by the formula

do-nI
dQ

_ 1-0.25B(3c0s’6 — 1) +[0.5y(1 — cos’6) + J] cosb
41 (1;

where Q isthe solid angle; B, y, and d are the parame-
ters of the angular distribution; and © is the angle
between ionizing radiation and photoel ectron emission
direction.

In a pure theoretical approximation similar to [1]
(theory 1), the intensities from a semi-infinite homoge-
neous sample and a layer with thickness d are deter-
mined as

P, = cz[% —0.25B(3u2—1) —05y(sin*a + 5)@ @)
and
_ 0 dol,gosp
P, = HCEOS[l—expD—ﬁ— }+[{)_”D
x| (ve-wH - exwH—
e
+v(1—c)%[—expD——d—DD} B—%L—expm——m
TyaD) B 02D

x [0.25Bc*(3u*—1) + 0.5¢°y(sin‘a+ )], (3)

1028-3358/04/4905-0275$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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Table 1. Values of f; obtained for the Ag 3d line by the rotating-anayzer method

d h
a=2° o =14° a=32° a =50° a=62° o=74° o =80°
0.05 0.99276 0.96828 0.90100 0.84700 0.82479 0.81320 0.81335
0.3 0.97697 0.95573 0.89696 0.85134 0.83745 0.85022 0.90350
0.75 0.95389 0.93706 0.89056 0.85927 0.86447 0.96310 1.25448
15 0.92569 0.91369 0.88182 0.87269 0.92084 1.23682 1.86489
2 0.91158 0.90175 0.87701 0.88167 0.96341 140231 2.15050
3 0.89044 0.88357 0.86920 0.89934 1.04713 1.64091 2.54043

. 1+1.908u . . . _
respectively, where H = —————— is the Chan- thequantity f,. Taking Egs. (4) and (5) into account, we
1+ 1.908uc obtain

drasekhar function, i = cosa, o is the photoelectron
emission angle, ¢ = (1 — w)*3, wisthe single scattering
albedo, disthelayer thickness measured in theinelastic
mean free path of a photoelectron in the surface layer

and substrate, and v = 1 + 2exp E—EE .

In the second case (rotating sample), the angle
between ionizing radiation and photoel ectron emission
direction is taken to be 90°, which corresponds to the
construction of most spectrometers, i.e., 1 = 0. There-
fore, the contribution of nondipole parameters y and o
vanishesin this variant.

L et us determine the thickness of afilm by amethod
similar to that described in[1]. It is based on measuring
the ratio of K, intensities I(d/s) from the substrate
under the film to theintensity I, of the same x-ray pho-
toelectron line in the pure (without film) semi-infinite
sample. Thisratio isdetermined by Eq. (4) with the use
of partial contributions P4 and P,, to intensity:

I(dls) _ Py @

K, =
! l P.,

where d is the thickness of the surface layer. Intensity
| (d/s) can be represented in the form

d
1 (d/s) = Imexpg—m% )

Here, 1 = cosa, where a is the photoelectron emission
angle with respect to the normal to the surface. The
attenuation coefficient f, is not constant and depends on
the physical characteristics of the sample and experi-
mental conditions. In essence, Eq. (5) is adefinition of

d _ PdD —
f = _“In%'_ﬁ;ﬂ = —ulnkK,. (6)

The self-consistent determination of layer thickness
is carried out as follows. First, the ratio K, is experi-

mentally determined, and the quantity fﬂ iscalculated
1

by Eg. (6). Second, the quantity f, for a given w value
and certain estimate d is calculated from the first of
Egs. (6). Third, the quantity d is cal culated by using the

previously determined values fﬂ and f,. Fourth, simi-
1

larly to the second step, the f; valueis caculated with
the d value obtained in the third step and, then, anew d'
value is determined by using the f; value. Fifth, the

self-consistent procedure continues until the d' values
obtained in steps similar to the third and fourth steps
coincide with each other. One or two cycles are usually
sufficient.

Aswas shown in [1], the f, value is independent of
the type of calculation (theory I, 11, or 111). For thisrea-
son, theory | is taken for simplification of expressions.
The quantities P4 and P,, can be determined not only by
analytical calculation but also by the Monte Carlo
method. We apply the Monte Carlo method described
in [1]. The procedure of determining d is demonstrated
for the Ag 3d x-ray photoelectron line excited by the
MgK, line. The parameters necessary for analytical cal-
culation for the Ag 3d lineare w=0.31, 5=0.0469, y =
0.181, and B = 1.21. The 8, Y, and 3 values are calcu-
lated in the relativistic approximation.

Tables 1 and 2 present f, values calculated analyti-
caly for various d and a values. Experimental data are
simulated by the Monte Carlo method. Table 3 presents
the d values determined by the three methods and d val-
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Table 2. Values of f; obtained for the Ag 3d line by the rotating-sample method
fy
d

a=2° a=14° a=32° o =50° a =62° =74 o =80°
0.05 0.80061 0.80065 0.80081 0.80130 0.80217 0.80488 0.80945
0.3 0.79947 0.79980 0.80145 0.80597 0.81377 0.84020 0.89764
0.75 0.79763 0.79842 0.80255 0.81472 0.83903 0.94950 1.24491
15 0.79511 0.79653 0.80425 0.83011 0.89364 1.22051 1.85361
2 0.79376 0.79551 0.80529 0.84075 0.93619 1.38612 2.13924
3 0.79170 0.79395 0.80718 0.86221 1.02192 1.62603 2.52994

Table 3. Vauesof dcalculated for the Ag 3d line by (first rows) the rotating-analyzer method, (second rows) rotating-sample
method, and (third rows) disregarding elastic scattering in comparison with the true d values

True d
d a=2° o=14° a=32° o =50° o =62° o=74° o =80°
0.3 0.315 0.313 0.282 0.318 0.326 0.335 0.304
0.31 0.30 0.27 0.3 0.3 0.31 0.28
0.322 0.328 0.315 0.373 0.389 0.3%4 0.337
0.75 0.692 0.701 0.816 0.788 0.806 0.755 0.720
0.67 0.67 0.75 0.73 0.75 0.69 0.65
0.726 0.748 0.916 0.917 0.933 0.784 0.574
15 1.463 1.508 1.622 1.58 1.565 1.509 1.587
142 142 1.50 1.46 142 1.38 147
158 1.65 184 1.81 1.70 122 0.851
2 2.015 2.04 2.175 2.072 2.032 2.019 2172
1.95 1.92 2.01 1.93 187 1.86 1.97
221 2.26 2.48 2.35 211 144 1.01
3 3.14 3.066 3.26 3.076 3.047 3.183 3.506
311 2.94 3.07 2.89 2.86 2.84 3.01
3.53 3.47 3.75 3.42 291 194 1.38

ues used in the Monte Carlo calculation, which below
will be called true values. Thistable can be treated as a
comparison between theory and experiment.

3. Analysis of Table 3 provides the following con-
clusions.

First, calculation disregarding elastic scattering (the
third row for each d value in Table 3), which is called
the straight line approximation (SLA), because the tra-
jectories of photoelectrons in this case are straight
lines, is noticeably less accurate than the first two
approaches. Good agreement of the SLA with experi-
mental data is observed only for small d values. The
SLA overestimates the true d values for small a values
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and strongly underestimates them with anincreasein d.
Thisresult is explained by the results obtained in [5].

Second, for experimental determination of d, a
angles less than 60° are important, because sample
roughness isimportant for larger a values. In this case,
the rotating-analyzer method, where nondipole transi-
tions are taken into account, overestimates both the true
d values and values given by the rotating-sample
method, which underestimates the true d values.

Third, deviations of d values obtained by the first
and second methods from the true values are immate-
rial. Both methods reproduce the true d values well
within an accuracy of 6%. Thus, theinclusion of nondi-
pole transitions does not lead to considerable improve-
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ment of the results. This conclusion is associated with
the structure of formula (6). The contribution of nondi-
pole transitions to the quantities Py and P, are partially

Py

enters into
P

compensated, because only their ratio

formula (6).
Conclusions for the Al 2sline are similar.
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At present, no physically substantiated theory
describesthe effect of the submicrocrystalline structure
of materials on phase transformations occurring under
thermal and deformation actions. Thisis primarily the
case for martensitic transformations, which are rather
sensitive to the structural characteristics of the initial
phase [1, 2]. In this study, we consider the features of a
martensitic transformation in Fe-Ni(29-30%)—C(0.02%)
microcrystalline alloys, wherethe grain sizes of theini-
tial y phase are varied by using intense plastic deforma-
tion followed by recrystallization annealing.

The concentration interval of compositions was
chosen so that the start temperature M, of the martensi-
tic transformation was below room temperature [3].
This made it possible to produce and study various
structural states of the initial y phase and further to
investigate the features of the martensitic transforma-
tion upon cooling to low temperatures. Intense shear
plastic deformation was performed in a Bridgman
chamber at a pressure of 2 GPa. Then, the deformed
samples were subjected to isothermal vacuum anneal-
ing in the temperature range 600-1000°C for 0.25-6 h.
To redlize the y—a martensitic transformation, the
annealed samples were sharply cooled to 77 K. The
structure of the samples was investigated by scanning
and transmission electron microscopy, aswell as by the
method of quantitative x-ray diffraction analysis. Alloy
samples were obtained with the average grain size d,,
between 0.3 and 8 pum.

After the samples were cooled to 77 K, the volume
fraction of martensite was evaluated on both sample
surfaces. Its value was proved to be the same within the
experimental error. It was noted that a decrease in d,,
always reduced the volume fraction of martensite. For
example, in the Fe-Ni(32%) alloy, a decrease in the
grain size to 2.2 um resulted in the complete suppres-
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Materials, Bardin Central Research Institute of Ferrous
Metallurgy, Vtoraya Baumanskaya ul. 9/23,

Moscow, 107005 Russia

e-mail: glezer @imph.msk.ru

sion of the martensitic transformation upon cooling to
77 K. In other words, we observed the overcoming of a
critical parameter of the crystalline structure, which is
responsible for the realization of the martensitic trans-
formation in an alloy of acertain chemical composition
upon cooling at a given temperature regime.

Either the maximum or the average grain size in the
polycrystalline ensemble can probably be proposed as
such a structural parameter. In the former case, the
transformation starts in the largest grains and expands
throughout the environment polycrystalline matrix. In
the latter case, the martensitic transformation in the
polycrystal is developed in the statistical regime.

Figure 1 shows the histograms of the size distri-
bution of y-phase grains in the Fe-Ni(32%) alloy
() before and (b) after the martensitic transformation
upon cooling to 77 K. The fraction of the transformed
volume was 22%. It is seen that the histogram describ-
ing the distribution of grains that have undergone the
transformation issimilar to that describing grains of the
initial phase. Moreover, the average size of grains that
have undergone the transformation (D,, = 6.1 um) vir-
tually coincides with that of y-phase grains (d,, =
5.8 um). If the transformation started in the largest
grains, the histogram shown in Fig. 1b would be
sharply asymmetric and the maximum of the trans-
formed grains would lie in the region of the largest
grains of the y phase. The similarity of the histograms
shown in Fig. 1 clearly indicates that it is the average
grain size of the polycrystalline ensemble that is
responsible for the tendency of the material to the mar-
tensitic transformation.

Electron microscopic analysis of the structure of the
samples after the martensitic transformation confirmed
this conclusion. The martensitic transformation was
frequently observed in smaller grains, whereas larger
austenite grains remained unchanged. Figure 2 shows
the transformed-volume fraction M as afunction of d,,
in theinitial y phase for the alloys under investigation.
Itisclearly seenthat acertain average grain size d* cor-
responding to “blocking” the martensitic transforma:
tion exists for each alloy. In the framework of the so-
called “go-ahead” mechanism of the martensitic trans-
formation [4, 5], V,, asafunction of d,, and the expres-

1028-3358/04/4905-0279$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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Fig. 1. Histograms of the size distribution of y-phase grains in the Fe-Ni(32%) alloy (a) before and (b) after the martensitic trans-

formation upon cooling to 77 K.

sion for d* can be analytically described by the rela-
tionships [6]

M = Mo—Kpndy'? (1)

s o [_K TP
d _[T*_TJ.

Here, M, = K,(T* — T;), where T* is the temperature of
the thermodynamic equilibrium of the y and a phases
(up to afactor), T; isthe final cooling temperature, and
K, and K,, are constants.

(1a)

Relations (1) and (1a) adequately reproduce our
experimental results presented in Fig. 2.1 The physical
meaning of the average critical grain size d* corre-
sponding to the blocking of the transformation can be
explained as follows. Only crystals that cannot initiate
accommodate stresses high enough to form a marten-
site crystal in aneighboring grain can be formedinini-
tial-phase grains, whose sizes are less than the critical
size. In other words, the go-ahead process stops. The
size distribution of grainsin the polycrystalline ensem-
ble and, accordingly, the probability of finding a grain
of arather large size in the go-ahead process are statis-
tical. Therefore, it isthe average grain sizein theinitial
y phase that serves as the critical parameter.

1 Strictly speaking, the most frequent size (mode) rather than the
average grain size must be considered in the framework of the go-
ahead mechanism.

Thus, our investigations indicate that the main (but
not the only) structural parameter responsible for the
tendency to the nonthermoelastic martensitic transfor-
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Fig. 2. Transformed-volume fraction M vs. the average

grain size d,, of the initial phase in the aloys containing

(1) 32, (2) 30, and (3) 29% Ni.
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mation upon cooling Fe-Ni alloysis the average grain
sizein the polycrystalline ensemble of theinitial (high-
temperature) phase.
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THE ESSENCE OF THE PROBLEM

The problem of diffraction of a plane electromag-
netic wave by afinite metallic cylinder (linear electric
vibrator) is one of the key problems in the theory of
receiving antennas, and it is most difficult to determine
the electric-current distribution over the cylinder. The
method of calculating the electric-current distribution
in a system of thin linear vibrators excited by a plane
wave was developed in [1]. In that paper, the diffraction
problem (in the thin-vibrator approximation) was
reduced to an ill-posed problem [2] that was repre-
sented by a set of Fredholm integral equations of the
first kind with logarithmic singularitiesin their kernels
and was solved by the self-regularization method [3].
Symmetric vibrations (independent of the azimuth
coordinate) of aperfectly conducting finite hollow cyl-
inder were considered in [4]. However, Tikhonov and
Dmitriev [3] stated that the solution obtained in [4] is
incorrect. On the other hand, the two-dimensional
problem of diffraction of a plane electromagnetic wave
by an infinite perfectly conducting circular cylinder
was solved long ago in [5] under the assumption of the
absence of field variations along the axia cylindrical
coordinate. In [6-8], the theory of singular equations
was applied to develop the theory of a thin electric
vibrator in the approximation of a perfectly conducting
finite hollow circular cylinder by ignoring the azi-
muthal electric-current component. In the present
study, the problem of the diffraction of a plane electro-
magnetic wave by a perfectly conducting finite hollow
circular cylinder is analyzed with allowance for the azi-
muthal component of the electric current arising on the
cylinder surface.

\olga State Academy of Telecommunication and | nformatics,
ul. L'va Tolstogo 23, Samara, 443010 Russia

e-mail: neganov-samara@mail333.com

STATEMENT OF THE PROBLEM.
SINGULAR INTEGRAL EQUATIONS
OF THE FIRST KIND

The statement of the problemisillustrated in Fig. 1.
A perfectly conducting hollow circular cylinder of
radius « and length 2/ is placed in a homogeneous
medium with the parameters € and . The cylinder axis
is taken as the z axis. An arbitrarily polarized plane
wave with the electric field E<* impinges on the cylin-
der and induces the surface electric current n(¢, 2) =
{ng, N4 with the longitudina n, and azimuthal n,
components on the conductor surface. To solve the dif-
fraction problem, the distribution of the electric current
n(¢, 2) over the conductor surface must first be deter-
mined. In terms of antenna theory, this is the internal
problem of the analysis. For the known current distribu-
tion over the cylinder surface, it iseasy to determinethe
electromagnetic field (diffraction field) scattered by the
cylinder, the directivity pattern for the scattering field
of the conducting cylinder, etc.

In order to find the eectric-current density n(¢, 2)
on the conducting-cylinder surface, we easily write the
two-dimensional vector integral equation:

2ml

—iweeET (9,2 = [[n@. 2K (6.2 ¢, 2)dd'dz,
03 ey
where K(¢, z ¢', Z) isthe known tensor kernel.

M
e

Fig. 1. Geometry of the problem for a perfectly conducting
hollow circular cylinder.
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-
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SINGULAR INTEGRAL EQUATIONS IN THE PROBLEM OF DIFFRACTION

Representing the vector 1 in the form of the Fourier
seriesin terms of azimuthal harmonics

9.2 = 3 na(2e™, @)

m = —oco

we can write the infinite set of one-dimensional singu-
lar equations of thefirst kind (m=0, 1, 2, ...)

1

1
1 fn(t)dt _ =~OEy(t) + [Pt ), )

m t'-—t
-1

toO[-1,1].

z , Z . . .
Here,t:r and ¢t = T are dimensionless variables and

P.(z, ') arerather cumbersome known tensor functions

for unknown vector functions f,(r) = { f1 (1), 5 (¢)}

with the components

(1) = g[mz—(ka)z]_[lg“(t')dt'+im|;”,
“4)

f2(0) = imi() - 29 “),

where
21
I = aJ’n¢(¢', )€™ d¢,
0
21

17 = afn¢, e dg,

N

2n

1 ext f imo' '
ETJ’ET (¢, t)e™ d¢'.
0

Em(t)

Vector singular equations (3) can be used to determine
the m-azimuthal harmonics n,,(z) of the current n(¢, 2
on the conducting-cylinder surface, which are excited
by the m-azimutha harmonics E,(f) of the external
electric field E=*4(¢, 2). The intrinsic feature of the new
unknown vector functions f,(t) in Egs. (3) is that their

components f7'(t) and f5(t) vanish and have integra-
ble singularities, respectively, at the ends of theinterval
[-1, 1]. Thisbehavior of the functionsf, (t) isassociated
with the properties of the electromagnetic field near the
edges of the perfectly conducting hollow cylinder [9].
For athin electrica vibrator (n, =0), when the external
electric field is independent of the azimuth coordinate
¢ and E=*{(2) = z,E**(2), we arrive at one scalar singular
equation for the zeroth azimuthal harmonic rather than

DOKLADY PHYSICS  Vol. 49
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at Egs. (3). This equation describes symmetric oscilla
tions of a perfectly conducting finite hollow cylinder [8].

SOLVING THE SET OF SINGULAR EQUATIONS:
NUMERICAL RESULTS

Vector singular equations (3) for the azimuthal har-
monics of the electric current were solved by the
method of partial inversion of the integral operator that
was developed in[10, 11] for strip—gap waveguides. As
a result, the determination of each m-azimutha har-
monic n,, of the electric current was reduced to solving
the one-dimensional Fredholm integral equation of the
second kind. The surface electric-current density n was
calculated by formula (2).

Taking into account the physical features of the
behavior of the surface current components at the ends
of the conducting hollow cylinder, we find the unknown

functions f7'(t) and f5(t) in the form of the expan-
sions

n ol
() = Jl—tzzmun(t),

&)

f2(1) = Z CalUn. (1),

/\/ 1:nO

Here, U (t) are the Chebyshev polynomials of the first

kind and C.' and D;' are unknown constants to be
determined.

Asan example, the method was used to calcul ate the
distributions of the current density components j, =
2man, and j, = 21an, over the conducting hollow cyl-
inder. Thiscurrent isinduced by a plane wave propagat-
ing normally to the cylinder axis (along the x direction,
see Fig. 1). The calculations were performed for the
parallel polarization of the incident wave (i.e., its elec-
tric field is parallel to the cylinder axis):

E*(9,1) = zoEoe" ™. ©)

Figure 2 shows the distributions of the current compo-
nents j, and j, for ¢ = 0 over the cylinder with the geo-

| _a_1 _
N\ 4andE0 1V/m. Thedis

tributions Rej, and Imyj, in the absence of the azimuthal
component (j, = 0) are shown by the dashed lines in
Fig. 2a. Solid and dashed curves in Fig. 3 show the
dependence of Rej, and Imyj,, respectively, on the azi-
muth angle ¢ in the polar coordinate system for ¢ = 0;
the scale of 1 cm along the p coordinate corresponds to
108 A. It is obvious that the azimuthal component of
the electric current on the cylinder surface must be
taken into account.

metric parameters -
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JA$=0,0,107 A (a)

Jo@=0,0,10"% A (b)

ImLjg(@ = 0, 1)]

Reljg( = 0. 1)]

-1 0 1

Fig. 2. Distributions of the electric-current components
(8) j, and (b) j, over the cylinder for % =2 }1 and £, =
1V/m. The dashed lines show the distributions of Rej, and

Imj, in the absence of the azimuthal component (jy, = 0).
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Fig. 3. (Solid curve) Rej, and (dashed curve) Imj, vs. the
azimuth angle ¢ in the polar coordinate system for ¢ = 0.

The method of calculating the diffraction of a plane
electromagnetic wave by a cylinder has good internal
convergence. In particular, the current magnitudes at a

NEGANOV, KORNEV

fixed point vary by no more than 0.1% when M [the
number limiting the summation in Eq. (2)] increases
from 10 to 15. Inthiscase, it issufficient to take N = 15
termsin expansions (5).

CONCLUSIONS

Thus, we have found the vector singular equations
for the azimuthal harmonics of electric-current compo-
nents on the surface of afinite cylinder. These equations
are the generalization of the scalar singular equation
that describes symmetric oscillations of a perfectly
conducting thin cylindrical electric vibrator [8] to the
case of a perfectly conducting thick hollow cylinder,
where the azimuthal component of the surface electric
current must be taken into account. The method can be
easily generalized for a system of perfectly conducting
finite cylinders.
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The formation of microcrystalline aloys in the
hardening process from a melt is accompanied by the
formation of stable and metastable phases, whose
atomic ordering is insufficiently studied. For certain
systems, the phase diagrams including an intermetallic
compound with transformation temperature T, close to
the melting point T, are of determining importance for
explaining the long-range atomic order. To study the
causes of the formation of an ordered state in microc-
rystalline alloys, we suggest analyzing the NisMn—
NizAl quasi-binary system, where the isomorphic con-
centration transition L1, — L1, from the NisMn ordi-
nary superstructure to the NisAl intermetallic com-
pound is observed below 750 K. The states of massive
annealed aloys of this system are present on the
ordered phase diagram including the y + y' two-phase
region [1].

Strip samples 2-10 mm in width and 40-80 um in
thickness are obtained by hardening from a melt in an
argon atmosphere. The table presents the compositions
of the original massive samples. The size of crystallites
in a microcrystalline strip lies in the range 8-10 um.
Samples for neutron diffraction analysis and electron
microscopy are prepared from the strips.

Neutron-diffraction and small-angle neutron-scat-
tering (SANS) analyses were carried out on neutron
diffractometers with neutron wavelength A = 0.128 and
0.236 nm, respectively [2]. Certain samples were ana-
lyzed witha TEMSCAN GEM 200 CP electron micro-
scope with accelerating voltages 160 and 200 kV. The
features of electronic and atomic structure of alloys 2,
4, and 9 were studied by x-ray photoelectron spectros-
copy (XPS) and electron energy-loss spectroscopy
(EELS) on an ESCALAB MK2 electron spectrometer
produced by the VG firm (United Kingdom). The pho-
toelectron spectra were excited by means of a mono-
chromatized AIK, source (hv = 1486.6 eV for an
instrumental resolution of 0.6 eV). The electron

Bardin Central Research Institute of Ferrous Metallurgy,
Vtoraya Baumanskaya ul. 9/23, Moscow, 107005 Russia

* e-mail: sprg@mail.sitek.ru

energy-loss spectra are analyzed near the 980-eV line
of elasticaly scattered electrons in a 250-eV-wide
energy range. The physical foundations of the method
and its experimental features were reported in [3]. The
electron spectra were detected under the physical and
engineering conditions ensuring both the best energy
resolution and best signal-to-noise ratio.

The chemical compositions of alloys 4 and 9 were
determined also by Auger-electron spectroscopy and
the results were compared with the chemical-analysis
data. In these alloys, the heterogeneous distribution of
Al and Mn over the surface of samples was detected
with the Al-content variation ranges 7.0-22.0 and 9.0—
23.5 at. %, respectively. It was found that heterogeneity
was inherent in the surfaces of samples rather than in
their volumes. These data testify to both the separation
of the solid solution of microcrystals and formation of
domains with different Al and Mn contents.

Figure 1 shows the parts of the neutron diffraction
patterns of microcrystalline alloys that testify to the
atomic ordering in samples despite the hardening of
alloysfrom melts. The neutron diffraction patterns con-
tain only one system of superstructure(l,,, and|,,,) and
main (I,,; and l,y,) reflections that corresponds to the
fcc crystal lattice ordered in the L1, type. The spread
peaks I, and |, from samples 2 and 3 testify to the
short-range atomic order, which coexists with the long-
range order in aloy 3.

Narrowing of the 1,,, and 1,,, reflections from
alloys 4-9 shows that the structure of antiphase
domains of thelong-range order isformed. The average
sizes € of domains are determined from the widths of
the 1,,, reflections and are given in the table. The con-
centration dependence of € (table) may indicate that
both the long-range order and volume fraction V,. of
the ordered y' phase increase with anincreasein theAl
concentration C,,.

Thefine crystalline structure of microcrystalsis cor-
roborated by the electron-microscopy results. The elec-
tron diffraction patterns of samples 5 and 7 exhibit the
system of superstructure and main reflections that is
evidence of the L1,-type long-range order. Figure 2
shows the dark-field image of alloy 5 as obtained under
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Fig. 1. Neutron diffraction patterns of microcrystalline
aloys2 (5.0%Al), 3(7.5%Al), 4 (10.0%Al), 5 (12.5%Al),
7 (17.5% Al), and 9 (22.5% Al).

the action of superstructure reflections. The observed
5-10 nm spherical domains agree with the estimates of
€ values in the table. The sizes and shape of domains
enable one to assume that the ordered state in microc-
rystals is redlized in the y + y' two-phase region [1],
which is structurally inhomogeneous. The dark-field
image of sample 7 demonstrates the developed domain
structure over almost the entire sample.

Small-angle neutron scattering measured on sam-
ples 4 and 5 indicates that the alloys are structurally
inhomogeneous. The table presents the diameters of
inhomogeneities that are calculated from the SANS

GOMAN’KOV et al.

intensities in the Guinier spherical approximation.
These diameters are close to domain sizes € and, there-
fore, inhomogeneities are formed by they' phasein the
disordered y matrix.

Thus, the structural states of microcrystalline alloys
correspond to the structural states of alloysinthey+y
two-phase region and are characterized by the coexist-
ence of the disordered and ordered phases.

To determine the V,, value of they' phase and calcu-
late the long-range order parameters S the phase dia-
gramistaken from [1], where the temperature T, of the
upper boundary of they + y' two-phase region are given
(table). According to the phase diagram, the short-
range order in sample 2 (Fig. 1) isformed above T, in
the y' phase. The short-range order parameters a, =
—0.105 and a, = 0.315 of thefirst and second coordina-
tion spheres, respectively, are estimated as the maxi-
mum possiblefromthel,, diffuseintensity (Fig. 1) [4].
The a;, value is close to the equilibrium value calcu-
lated for T = 1425 K in linear theory [5]. Therefore, the
short-range order in the y phase is assumed to be
formed at either the melting point or crystallization
temperature.

The coexistence of the short- and long-range orders
inaloy 3 (Fig. 1) indicates that the latter isrealized in
the y' phase of the two-phase region dightly below T,
(table). For this reason, the V., values and parameter S
are calculated on the phase diagram [1] by using the
temperature section that correspondsto T, = 915 K of
aloy 2 and for which the states of remaining samples
are considered below their T, values. In this case, they
and y' phases have the compositions 75.0% Ni—
20.0% Mn-5.0% Al and 75% Ni—6.0% Mn-19.0% Al,
respectively. The y' phase of this composition has val-
ues T, =1380K and T,, = 1600K [1], and the V. values
obtained by the section rule in the two-phase region are
giveninthetable. According to thetable, anincreasein
V, is accompanied by an increase in the domain size €

Table
Sample Ni Mn Al € D AE,
no T K Vy S _
' at. % nm Ni 2pg, | Mn2p

2 75.0 20.0 5.0 - - 915 0 0 0.8 -0.6

3 75.0 175 75 53 - 953 0179 | 096+0.1 - -

4 75.0 15.0 10.0 6.8 8.0 1043 0357 | 1.02+0.1 0.9 -04

5 75.0 125 125 9.7 13.2 1113 0536 | 1.11+01 - -

7 75.0 75 175 19.2 - 1320 0.893 | 1.02+0.1 - -

9 75.0 25 225 - - 1525 1.000 | 0.92+0.1 13 0
DOKLADY PHYSICS Vol.49 No.5 2004
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and D values. Alloy 9 on the phase diagram [1] belongs
to they' single-phase region.

The energy-loss spectra of el ectrons scattered on the
microdomains of the y' phase are measured for aloy 4.
The disordered y phase does not considerably contrib-
ute to the fine structure of the energy-loss spectra
Therefore, the gained information characterizesthe dis-
tances of the first, second, and third coordination
spheresin they' phase. Figure 3 shows a Fourier trans-
form of the spectrum that is similar to the radial distri-
bution function and describes the distribution of atoms
of al typesin these spheres. From the positions of the
peaks in Fig. 3, the Ni—(Mn, Al) interatomic distances
are determined as 0.254, 0.354, and 0.431 nm, respec-
tively, which are less than the corresponding values for
the single-phase ordered sample of the ariginal compo-
sition by 0.7% on average (table). A decrease in the
interatomic distances is naturally attributed to the par-
tial substitution of Mn atoms by Al atoms upon precip-
itation of nanocrystals of the y' phase. A similar effect
was observed in [6] for massive alloys of the NijFe—
NizAl system and was treated as the structural explana-
tion of large lattice stresses.

Thelong-range order parameters Sare cal culated by
the following standard formula containing the V,. val-
ues and compositions of they and y' phases:

& = Vel Pl + (1= V) Pl L
VylFlod

I 200

Here, kis the constant including Debye-Waller coeffi-
cients, absorption factor, and Lorentz factor, and F‘{'OO,

Foo, and Fly, are structure factors of the y and y
phases that describe the 1y, and |, reflections. The

I 110

formula for the ratio with another k value is

220
similar.

The average Svalues obtained from two ratios of the
intensities are given in the table. It is seen that the y
phase is formed with maximum S values. For these S
values, the average number of the AI-Ni and Mn—Ni
bondsin thefirst coordination sphere around the Al and
Mn atomsis equal to 12, and the number of the Al-Al,
Al-Mn, and Mn—Mn bonds in the second coordination
sphere is equal to 6 [4], which is shown in Fig. 3. In
turn, theincreasein € islikely caused by anincreasein
the V,. values.

Analysis of the position of the Ni 2p;, and Mn 2p
lines in the electron spectra of samples 2, 4, and 9
reveals the chemical shift AE, with respect to the bind-
ing energies of the corresponding levels in the pure
components. The AE, values for the inner levels of Ni
and Mn atoms are presented in the table. As is seen,
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Fig. 2. Dark-field image of alloy 5.
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Fig. 3. Fourier transform of the energy-loss spectrum of
electrons scattered on aloy 4. The Ni-Al, Al-Al, and Al—
Mn bonds in the coordination spheres around Al atoms are
indicated.

with an increase in ¢y, the AE, values for the Ni 2p,,
line increase up to +1.3 eV, and the AE, values for the
Mn 2p line decrease to zero in absolute value. This
effect is attributed to both an increase in the fraction of
Ni—Al bonds and their strengthening as compared to
Ni—Mn bonds, which correspondsto both anincreasein
the V. val ues (table) and the above compositions of the
y and y' phases. For ¢, > 17.5%, this effect correlates
with the concentration dependence of the lower bound-
ary T, of they' — y two-phase region of the phase dia-
gram [1].

Thus, changes in the electronic structures of the
atoms of the ordered and disordered phases are accom-
panied by the formation of the long-range atomic order
in microcrystals. The perfect long-range order in
microcrystals of the Ni;Mn—NizAl system isformed in
the ordered y' phase near the crystallization tempera-
tures, and the quantity Sis conserved upon forming the
Yy +Y' two-phase region when the volume fraction V,,. of
the y' phase varies. The revealed structural mechanism
of the formation of the long-range order in microcrys-
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tals is likely inherent in other systems containing an
intermetallic compound.
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The solid-phase synthesis in the AL/Ni system has
been widely studied with massive samples. In particu-
lar, the synthesis between auminum and nickel pow-
ders was observed in mechanochemical synthesis [1],
self-propagating high-temperature synthesis [2], shock
wave loading [3], and hot pressing [4] and cold rolling
of a layered system containing pure aluminum and
nickel foils[5]. Numerous workswere devoted to solid-
state reactionsin Al/Ni thin film systems (see[6-9] and
references cited therein). The solid-phase synthesis
between nickel and aluminum in thin films begins at
low temperatures. Most works show that the initiation
temperature T, of solid-state reactions in Al/Ni bilayer
films and multilayers lies in the range 160-275°C. The
phase diagram of the AI-Ni system shows five stable
intermetallic compounds: Al;Ni, Al3Ni,, AINi, Al3Nis,
and AlNi;. However, it is not definitely clear which
phase arisesfirst.

Thereview of early works[6] impliesthat the Al;Ni
phaseisthefirst phase formed in the temperature range
250-275°C. Thermodynamic calculations based on the
Gibbsfree energy admit the formation of only the AINi
phase. The formation of the first B2-AINi phase was
observed upon annealing Al/Ni multilayers[7]. Further
investigations [8, 9] implied the formation of amor-
phous and metastable AlgNi, phases.

In [10-12], the formation of the first phase and
phase sequence in bilayer films and multilayers was
attributed to the solid-phase transformations occurring
in a given binary system. In particular, the solid-phase
synthesis in the S/Fe thin-film system was associated
with the structural transformations in iron monosul-
phide FeS that accompanied the metal—insulator phase
transition. The order—disorder transition in the AuCu
aloy is responsible for solid-state reactions in Cu/Au
bilayer films. Solid-state reactions in the Se/Cu film
system proceed in the mode of the self-propagating

Kirenskii Institute of Physics, Sberian Division,
Russian Academy of Sciences, Akademgorodok,
Krasnoyar sk, 660036 Russia

e-mail: miagkov@iph.krasn.ru

high-temperature synthesis (SHS) at the temperature of
the superionic transition in the Cu,Se phase [10]. It was
particularly surprising that diffusionless martensitic
transformations could al so be responsible for the solid-
phase synthesisin thin layers [11]. The first-phase rule
proposed in [10] is extended to martensitic transforma-
tions [11] and includes the following two statements.

(i) The initiation temperature T, of the solid-phase
synthesis in bilayer thin-film samples and multilayers
must coincide with the start temperature Ag of the
reverse martensitic transformation for a given binary
system if other structural transformations do not pre-
cede the martensitic transformation.

(if) Reaction products contain both austenite and
martensite phases.

Indeed, as was shown in [11], the initiation temper-
ature T, of the solid-phase synthesisin Ni/Ti and Cd/Au
bilayer thin-film systems coincides with the martensi-
tic-transformation temperature Agin the NiTi and AuCd
alloys, respectively: Ty(Ni/Ti) = A¢(NiTi) =400 K and
To(Cd/Au) = Ag(AuCd) = 340 K.

The solid-phase synthesisin Al/Ni bilayer thin films
for heating rates above 20°C/s proceeds in the SHS
mode and itsinitiation temperatureis T, ~ 180°C. This
temperature lies in the range 160-275°C of the initia-
tion of the solid-phase synthesisin Al/Ni thin filmsthat
was determined in previous works (see [6-9] and refer-
ences cited therein). Therefore, it is reasonable to
assume that the initiation temperature T, ~ 180°C is
characteristic of the solid-phase synthesis, independent
of the heating rate and film thickness, and constant for
agiven pair of reagents.

Martensitic transformations in the Ni—Al binary
system are associated with thetransition of the B2-NiAl
austenite phase either to the L1, martensitic structure
with the ABC (3R) packing or to the ABCABAC (7R)
packing. The concentration range for the martensitic
transformations B2 - L1, (3R) and B2 - 7Rliesfrom
63 to 68 at. % Ni and from 60 to 63 at. % Ni, respec-
tively. Certain characteristics of the reversible shape
memory effect that is manifested upon bending a mas-
sive sample and associated with the martensitic trans-
formation were presented in [12]. The start temperature
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Fig. 1. Demonstration of the reversible shape memory
effect in AI/Ni thin films: (a) the origina Al/Ni film sample
after the solid-phase synthesis that is deformed at a temper-
ature of 20°C, (b) the sample after heating up to atempera-
ture of about 250°C, and (c) the sample after further cooling
to atemperature of 20°C.

Mg of the martensitic transformation depends strongly
on the composition and decreases from 400 to 200°C
with a decrease in the Ni content. However, only a
small amount of data have been determined for the start
As and finish A; temperatures of the reverse martensitic
transformation. Determination of the temperatures Ag
and A; from change in the intensity of the (211) peak of
the B2 phase in the 63.8 Ni—Al alloy yields Ag = 130°C
and A, =190°C[12]. Inview of the experimental spread
in the initiation temperatures T, of the solid-phase syn-
thesis in Al/Ni multilayers and bilayer thin films and
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strong dependence of the martensitic temperatures on
defects and residual stresses, it is reasonable to assume
that the first condition of thefirst-phase ruleisvalid for
the Ni—Al system. According to the second part of the
first-phase rule, the austenite and martensite phases are
expected to dominate in the reaction products. As is
known, an exclusive feature of alloys capable of mar-
tensitic transformations is the shape memory effect.
This feature provides a simple method of determining
the presence of the austenite and martensite phasesin a
sample without structural investigations.

Thisworksaimsto observe the shape memory effect
in Al/Ni thin films after the initiation of the solid-phase
synthesis and thereby to experimentally corroborate the
dominating formation of the austenite and martensite
phases in the reaction products.

A solid-state reaction between aluminum and nickel
layers can be initiated by two methods. First, samples
were obtained by sequential deposition of nickel and
auminum layers on the (001)NaCl surface at atemper-
ature of 250°C, which exceeds the initiation tempera-
ture T,. Second, the Ni film is deposited on the
(001)NaCl surface at a temperature of 250°C, and the
Al film is deposited at room temperature with the fur-
ther heating of the bilayer film system up to atempera-
ture exceeding the initiation temperature T,. In this
case, the reaction at heating rates above 20°C/s pro-
ceeds in the SHS mode. The resulting samples with a
width of 2-3 mm and length of 8-12 mm are removed
from the NaCl substrate and set down on the prelimi-
narily oxidized surface of a copper foil. After removal
of moisture at room temperature, one edge of thefilmis
carefully raised by arazor and deformed up to adirec-
tion close to a perpendicular to the foil plane (Fig. 1a).
An increase in the temperature of the sample above the
initiation temperature, T=250°C > T, (Fig. 1b), and
further cooling to room temperature (Fig. 1¢) reveal the
reversible shape memory effect. The shape of the sam-
ple is completely recovered upon one-hour aging at
room temperature (Fig. 1a). The reversible shape mem-
ory effect was observed in samples where the synthesis
was initiated upon codeposition, as well as after the
SHSin bilayer films, and did not disappear in the aging
process at room temperature for one month.

Motion of the film edge is intermittent during both
direct and reverse transitions. Such jump motion is
likely associated with the avalanche formation or disap-
pearance of martensitic domains. In particular, such a
phenomenon accompanies the emission of sound upon
martensitic transformations and can be considered in
the model of self-organized criticality [13].

The shape memory effect in reacted samples (Fig. 1)
convincingly shows that the first phases formed at the
aluminum—nickel interface in Al/Ni thin films when
temperature increases are the B2-NiAl and martensite
phases. In addition to martensitic structures with typi-
cal packings 3R and 7R, packingswith ten periodic lay-
ers can be observed. The variety of structural modifica-
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tions of the LI, and 7R martensite phases gives rise to
numerous diffraction reflections, which hinders the
unambiguous determination of the phase composition
of films on the basis of diffraction reflections. There-
fore, the ambiguous determination of the first phase in
the solid-phase synthesisin Al/Ni thin filmsin previous
works (see [6-9] and references cited therein) may be
attributed to the formation of martensite phases in the
reaction products.

The shape memory effect is al'so expected after the
solid-phase synthesis in the Ni/Ti and Au/Cd bilayer
and multilayer film systems, because the Ni—Ti and
Au-Cd binary systems are capable of |ow-temperature
martensitic transformations. These conditions satisfy
the abovefirst-phaserule. Indeed, the solid-phasetrans-
formation of Ni/Ti multilayersto an intermetallic alloy
exhibiting the reversible shape memory effect when the
annealing temperature increased was demonstrated
in[14]. In this case, it was implied that the synthesis
includes the amorphization process at a temperature of
330°C and further crystallization at 420°C. However, as
was shown in [11], the solid-state reaction in Ni/Ti
bilayer thin films begins at a temperature of about
120°C, which is close to the temperature of the reverse
martensitic transformation in titanium nickelide.

The connection of the solid-phase synthesis in thin
filmswith martensitic transformationsis allowed by the
martensitic mechanism of the atomic transfer through a
reaction product. This mechanism is based on the
directed motion of reagent atoms over planesand direc-
tions coinciding with the planes and directions of the
martensitic shift. As aresult, reagent atoms are rapidly
transferred through a reaction product with the forma-
tion of orientational connections between the reaction
products and reagents[11]. The martensitic mechanism
implies the exceptional role of shear deformations in
the initiation of solid-state reactions at the interface
between reagents. Therefore, the formation of the aus-
tenite and martensite phases in the mechanical synthe-
sis due to the action of shock waves is expected at the
initial stage. Indeed, the mechanical aloying of the alu-
minum-nickel mixture leads to the formation of the
B2-NiAl [1, 15] and L1, phases [15].

Thus, the shape memory effect is convincing evi-
dencethat thefirst phaseformed in Al/Ni thin filmswhen
temperature increases after the solid-phase synthesis is
the B2-NiAl phase, which is transformed to martensite
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phases when temperature decreases below Mg. A con-
sequence of the proposed martensitic mechanism of the
atomic transfer through the reaction-product layer is
the same phase formation at the initial stage for differ-
ent methods of initiating the solid-phase synthesis.
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Molecular dynamic simulation with multiparticle
potentials calculated by the embedded-atom method
shows that a [(001)Pd—75% Pd—25% Ni solid-solution
monolayer—79% Pd-21% Ni solid-solution monolayer]
heterostructure is formed due to structural-morphol og-
ica transformations and diffusion exchange between
Ni and Pd atomsin a system of the Ni monolayer on the
(001)Pd singular surface. The formation of two adja-
cent solid-solution monolayers ensures their coherent
connection by means of elastic deformation and
explains the pseudomorphism of subnanofilms with
large dimensional discrepancy between the compo-
nents of the original heterostructure.

INTRODUCTION

The structural self-organization of subnanofilms in
metallic heterogeneous systems with relatively large
dimensional discrepancy was studied in numerous
experimental works with the use of methods of analyz-
ing the structure and electron properties of surfaces
(see, eq., [1-5]). The problem of structural and mor-
phological stability of such systemsis of current inter-
est dueto both the devel opment of the methods of mod-
ifying the properties of surfaces (catalysis, micro- and
nanoelectronics) and the creation of multilayer short-
period heterostructures for various purposes.

Although current diffraction, spectroscopic, and
microscopic methods are undoubtedly highly informa:
tive, they cannot follow the dynamics of structural, sub-
structural, and morphological transformations in nano-
flims at the level of displacements of individual atoms.
The molecular dynamic method can fill this gap at the
current stage.

In this work, we apply the molecular dynamic
method to analyze the properties of the structural—-mor-
phological evolution of a monolayer film of one metal

\oronezh Sate Technical University,
Moskovskii pr. 14, Voronezh, 394026 Russia

* e-mail: mfm@fm.vorstu.ac.ru

(Ni) on the singular surface of another metal (Pd) and

to estimate the possibility of coherent connection

(pseudomorphism) for a system with dimensional dis-
a2 - al

crepancy close to the theoretical limit af == =
1

—0.094Er This system is taken because it has no funda-

mental limitations on the mutual solvability of the com-
ponents in massive samples [6].

COMPUTER EXPERIMENT PROCEDURE

A substrate is simulated in the form of acalculation
cell consisting of 8 atomic layers each with 900 atoms.
Periodic boundary conditions are imposed on the sys-

teminthe[110] and [110] directions. Three lower and
five subsequent layers from the bottom of the calcula-
tion cell are treated as static and dynamic, respectively.
An original Ni monolayer is simulated by randomly
placing 900 atoms on the substrate surface. After
check-up of distances between them, the largest over-
lappings are removed step by step, and the static relax-
ation of the system is induced. Interaction between
atoms is described by multiparticle potentials calcu-
lated by the embedded atom method [7].

Further, the velocities of Ni and Pd atoms (in
dynamic layers) are specified according to the Maxwell
distribution for a temperature of 20 K, and successive
molecular dynamic annealings of the system are carried
out at ambient temperatures 7, = 20, 200, 400, 600,
800, 1000, 1200, 1400, and 1600 K. Molecular
dynamic calculation is performed by integrating the
equations of motion of atoms with time step Ar = 1.5 x
1015 following the Verlet algorithm [8]. Molecular
dynamic annealings are carried out as follows: the sys-
temisfirst under isothermal conditions (at givenT,) for
1000A: and, then, under adiabatic conditions for
19000A¢. Thus, molecular dynamic annealing at each
ambient temperature takes20000Az or 3 x 101! s, After
each molecular dynamic annealing, the system istrans-
ferred to the state with T = 0 K by the static relaxation

1028-3358/04/4905-0292$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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Fig. 1. Structural transformations in the Ni monolayer—001)Pd system: (a) substrate—film heterostructure after the formation and
static relaxation of the model and after isothermal annealing at an ambient temperature of 1000 K for (b) 3 x 107! and (c) 51 x

10 (1) Ni and (2) Pd atomsin the upper layer of the substrate, (3) Ni and (4) Pd atoms in thefirst layer of the film, and (5) Ni
and (6) Pd atoms in the second and third layers of the film.

method in order for atomsto take equilibrium positions
in local potential wells. This procedure provides
detailed analysis of atomic configurations without ther-
mal background.

RESULTS AND DISCUSSION

Visua analysis of the Ni layer immediately after its
formation and static relaxation shows that atoms are
No. 5

DOKLADY PHYSICS Vol. 49 2004

irregularly distributed over the substrate surface and
form a ramified cluster structure consisting of atomic
groups united into mono- and bilayer island clusters.
Clustersin the form of pentagonal rings that are some-
times completed up to pentagonal pyramids are
observed on the substrate surface (see Fig. 1a).

When temperature 7, increases to 400 K, Ni atoms
of monolayer fragments of the structure are grouped
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Fig. 2. Time dependence of the concentration of Ni and Pd
atomsin the substrate and film upon isothermal annealing at
an ambient temperature of 1000 K.
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Fig. 3. Time dependence of the potential energy of the
model after static relaxation in the process of isothermal
annealing at an ambient temperature of 1000 K.

into new bi- and trilayer clusters. Atoms of the second
and third layers are rearranged with the formation of
planar close-packed (hexagonal symmetry) structures,
whereas the first layer remains oriented parallel to the
substrate. With an increase in temperature, mutual
exchange proceeds between Ni atoms of clusters and
Pd atoms of the first substrate layer. The number of
such exchanges increases sharply beginning with
800 K.

To study the properties of the diffusion rearrange-
ment of the cluster structure, the original system is
annealed at 1000 K. The structure is periodically ana-
lyzed with astep of 3 x 10! s(300-350 oscillations of
atoms). Similarly to isochron annealing, the monolayer
disperses at the initial stage with the formation of new
bi- and trilayer clusters (Fig. 1b), whose number
increases for the first 6 x 107! s. The intense exchange

DMITRIEV et al.

between Ni atoms from clusters and Pd atoms from the
first layer of the substrate is observed for 39 x 107! s,
Nickel atoms located only at the periphery of clusters
and in the first layer of clusters are involved in the
exchange. Nickel atoms of the first layer that are sur-
rounded by neighbors are not involved in diffusion
exchange with substrate atoms. Diffusion exchange
increases the concentration of Ni atoms in the first
layer of the substrate and Pd atoms in clusters. Palla-
dium atoms coming from the substrate diffuse into the
second layer of clusters and cover the first Ni layer.
After 39 x 10! s, the 900 atomsthat are located on the
substrate surface and form the cluster structureinclude
666 Pd atoms and 234 Ni atoms. In this case, anong
the 666 Ni atoms leaving clusters, 651 atoms get the
first layer of the substrate and only 15 atoms get the
second layer.

With an increase in the Pd concentration in clusters,
their morphology changes. Owing to lateral develop-
ment, multilayer island clusters are successively united
due to a decrease in the number of atomsin the second
and third layers and form a monolayer structure in par-
alld orientation. The monolayer is uniformly filled
with Pd (79%) and Ni (21%) atoms (disregarding afew
atoms remaining in the second and third layers of clus-
ters) and the upper layer of the substrate is uniformly
filled with Ni (75%) and Pd (25%) atoms without indi-
cations of the structural ordering of solutions. The con-
centration of Ni atoms in the second layer of the sub-
strate does not exceed 2.22% (Fig. 2). All stages of the
self-organization of the system into such a heterostruc-
ture are accompanied by a monotonic decrease in its
potential energy (Fig. 3).

The driving force of such an efficient atomic rear-
rangement of the heterostructure is associated with
dimensional discrepancy between the components.
Thefina result, i.e., atomic mixing in two monolayers,
partially compensates discrepancy. According to [6],
the discrepancy between the Pd crystal and modified
upper layer of the substrate (consisting of 75% Ni
and 25% Pd) is equal to —0.065, whereas the discrep-
ancy between the monolayers of solid solutions is
equal to 0.05. A decrease in the discrepancy between
monolayers provides the possibility of their elastic
accommodation and coherent connection (asisseenin
Fig. 1c) at both interfaces (which is enhanced by the
second-layer effect with the opposite discrepancy
sign). The revealed diffusion rearrangement of the
original heterostructure that ensures coherent connec-
tion in the film heterogeneous system with large
dimensional discrepancy can provide a basis for
explaining pseudomorphism in similar systems (e.g.,
Pt—Cu [3], Pt—Ni [4], etc.) by the low-energy electron
diffraction method.

DOKLADY PHYSICS  Vol. 49
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The above results show that oriented monolayer het-
erostructures with a pronounced gradient of the compo-
sition can be realized even in systems with the unlim-
ited mutual solvability of the components.
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Experimental and theoretical results concerning the
deformation refining of grains upon intense plastic
deformation are reported. Experimental results on
deformation dispersion of pure metals and alloys based
on magnesium and aluminum are summarized. A
model is developed to calculate the minimum grain size
that can be obtained by the method of equal-channel
angular pressing (ECAP). Expressions describing the
grain refining limit as a function of material properties
and temperature of intense plastic deformation are
obtained.

INTRODUCTION

As is known, developed plastic deformation is
accompanied by intense fragmentation, i.e., by the for-
mation of disoriented microdomains, or fragments, in a
material. With the devel opment of deformation, thedis-
orientation of fragments increases and their sizes
decrease gradually to a certain minimum d*, usually
called the deformation refining or dispersion limit. This
limiting value depends on the material properties,
deformation temperature, and kind and method of
deformation. Although the formation of microcrystal-
line structures by the methods of intense plastic defor-
mation was studied in numerous experimental works,
the origin of therefining limit has not yet been revealed,
and this limit has not yet been calculated theoretically.
In this work, the deformation-temperature dependence
of d* is studied both experimentally and theoretically
and a model is developed to calculate the dispersion
limit.
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The work is based on, first, experimental results
concerning the structure and properties of numerous
metals and alloys subjected to ECAP [1] and, second,
the theories of large plastic deformations [2] and non-
equilibrium grain boundaries[3, 4].

MODEL

In the process of intragrain plastic deformation
under external stresses, defects are accumulated at the
internal boundaries of a polycrystal. The defect layer
arising at boundariesis generally acomplicated system
of dislocation and disclination defects[3, 4]. In thefirst
approximation, this defect layer is treated as a system
of independent plane distributions of dislocationsand a
system of junction disclinations [3, 5].

Defects, primarily junction disclinations, formed at
boundaries generate intense internal stress fields o,
inducing accommodation intragrain dlip. It isimportant
that fields generated by junction disclinations for large
plastic deformations are so strong that the accommoda-
tion motion of dislocations in grains becomes collec-
tive. These collective motions are described by using
the concept of nucleation of peculiar defects, so-called
broken dislocation boundaries, and their motion
through acrystal [2, 5]. Broken dislocation boundaries,
intersecting with each other, are responsible for the
gradual fragmentation of the crystal.

In view of the above discussion, the force condition
of fragmentation can be represented as the condition on
the intensity of internal stress fields o; generated by
junction disclinations. These stresses must be enough
to induce plastic deformationin grains, i.e.,, 0; = 0,.

In a rough approximation, stress o, can be taken to
be proportional to the yield strength of the material:
0, ~ Ygo,. In this case, using the standard expression

0, =0y + % , Where g, is the stress induced by obsta-
clesfor dlip of didocationsin the lattice, K isthe Hall—
Petch coefficient, and d isthe grain size, we obtain o, =
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sihly

wherewis the intensity of junction disclinations, pisa
geometric factor of about unity, and G isthe shear mod-
ulus. In this case, the force condition of fragmentation

. Inthe first approximation, o; = Gw[6],

has the form w = 9 , or
oG

Po, KO 1

Meeaa ¢

L

wherex = 6 is the geometric factor and w* isthe crit-

ical intensity of junction disclinations at which the
emission of broken dislocation walls from junctions
(fragmentation) begins. In microcrystal materials, the

term % is usually much larger than g, and the frag-

mentation condition takes the form
XK
G./d ﬁi

It is fundamentally important that fragmentation is
treated as an accommodation process, i.e., a process
that is generated by internal stresses o; and ensures the
relaxation of elastic energy accumulated upon defor-
mation (in this model, this energy is primarily accumu-
lated in junction disclinations). Such a representation
can be obviously extended, because accommodation
process other than fragmentation can exist upon devel-
oped plastic deformation. Under certain conditions,
these processes can be more effective (i.e., proceed
with a higher rate) than fragmentation. In this case,
refining of the grain structure can stop despite continu-
ing deformation.

The diffusion mass transfer was considered in [3, 4]
as a mechanism of the accommodation of junction dis-
clinationsthat differs from fragmentation. The problem
of the kinetics of varying the intensity of a disclination
dipole was solved in [3] both with allowance for varia-
tion initsarm d and in the simplest approximation d =
const. It was shown that, in the first approximation, the
kinetics of varying the intensity of junction disclina-
tions upon intragrain deformation with rate €, is

W= w =

described by the equation w =&¢, — f[i) where € isthe

r
geometric factor characterizing the degree of deforma-
tion homogeneity [3] and t, is the characteristic time of
diffusion accommodation. In the dipole approximation
(d = const), we have [3]

_ Ad’ kT
" 8D} GQ

The parameters are given in Table 1.
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In the first approximation for Df = const, w(t) has
the simple form
st t|j|:|
w(t) = w %l eXthDD’
&g, d® KT @
st _
w =&t =A— 3D GO’

For small times (t < t,), the intensity of disclinations
increases with strain as w(t) — &€, t = &,. For large
times(t >t,), theintensity reaches a stationary value w*

that depends on the dipole arm d, i.e, the grain (frag-
ment) size; temperature; strain rate; and grain-bound-

ary diffusion coefficient D} determined by the activa-

tion energy Q) and pre-exponentia factor D},. It is
worth noting that the determination of the diffusion

- Q . :
coefficient D} = Dboexp% k'Ib'E in boundaries with a
high density of introduced defects is a nontrivial prob-
lem which can be solved by using the theory of non-
equilibrium boundaries of grains [4].

Aswas shown in [4], the activation energy of grain-
boundary diffusion in nonequilibrium boundaries of
grainsdepends strongly on the excess free volume asso-
ciated with defects introduced into the boundary. For
low densities of introduced defects, we have ordinary
values Q, ~ 9KT,,. For high densties of defects, the
excess free volume can be so large that the activation
energy of grain-boundary diffusion becomes equal to the
activation energy of diffusioninamelt Q_ ~ 3kT,, [4].

Substituting the maximum intensity of disclinations
w = w* given by Egs. (2) into Eq. (1), we represent the
d’Eé, KT
oDp GQ
w*. According to this condition, fragmentation is pos-
sible only for certain relations between the parameters
d, €,,and Dy . Werepresent thisrelation in the form of
the condition for the fragment size:

fragmentation condition in the form A,

K 3Dy GQ
GAlEe KT

(d*)*°2 3)

According to this condition, when a certain sized ~
d* is reached, fragmentation becomes impossible,
because the rate of the accommodation of junction dis-
clinations for small fragments becomes so high that the
intensity of junction disclinations cannot reach the crit-
ical value w* necessary for the emission of a broken
didocation wall, i.e., for fragmentation.
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Table 1. Parameters used in calculations [4, 7]

CHUVIL’DEEV et al.

Parameter Cu Mg Al
Activation energy of self-diffusioninamelt Q,, kT, 3.6 - 3.8
Activation energy of self-diffusion in the equilibrium boundaries of grains Q,, KT, 9.2 11.9 10.7
Pre-exponential factor of the grain-boundary diffusion coefficient 8Dy, 10%° m¥s 5.0 5x10° 50
Pre-exponential factor of the diffusion coefficient in amelt D, 5, cm?/s 8x 10
Burgers vector b, 101°m 2.56 321 2.86
Boundary width & 2b
Atomic volume Q, 1023 cm? 118 233 1.66
Mélting point T, K 1356 924 933
Shear modulus G, GPa 42 17 25
Relative free volume of the boundary a 0.35
Critical free volume of the boundary a* 0.5
Excess free volume of the boundary Aa 0.02; 0.01
Specific melting heat A Apb® = 1.5kT,,
Density p
Enthalpy of the liquid—crystal interface y2, Yo b7 = KT,
Entropy of the liquid—crystal interface S, Sy k> =08k
Free energy of the S phase of the boundary v, Yob? = 1.4KT,,
Hall—Petch coefficient K, MPammY2 15 ‘ 3.0 ‘ 3.0
Plastic deformation homogeneity coefficient & 10
Numerical parameter A, 10

Thus, the development of the diffusion accommoda-
tion of junction disclinations leads to the existence of
the limit of the deformation refining of grains, i.e., the
minimum size of grains that cannot be reduced under

given conditions (¢, T) of plastic deformation of the
material. This minimum size of grains is given by
Eq. (3).

TEMPERATURE DEPENDENCE OF d*

We consider the temperature effect on each parame-
ter entering into Eq. (3).

Temperature Dependence of the Srain Rate

According to the description of ECAP [1], EqQ. (3)
involves the local rate of intragrain strain €, , which

depends on local interna stresses o* arising in the
deformation center, aswell as on deformation tempera-
ture. According to [7], for relatively low temperatures

and high stresses, the intragrain-strain rate €, is deter-

mined by dlip of dislocations that is limited by their
interaction with obstacles [7]:

. . AF
£, = toexp| ~ir i~ 1) 4)

where €, = p,bV,, AF isthe free energy necessary for
overcoming obstacles, g, is the stress necessary for
overcoming obstacles at zero temperature, p, is the
density of lattice dislocations, b is the Burgers vector,
and V, isthe characteristic velocity of dislocations. The
AF and o, values depend on the origin of obstaclesand,
in pure metals, are primarily determined by the type of
the interatomic bond. We emphasize that, according

to[7], the AF and g, valuesin fcc metals (EAT'E <107

m

and %) < 107) considerably differ from the respective

values in transition bcc metals (% =32+ 0.7 and

DOKLADY PHYSICS Vol.49 No.5 2004
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%) = (1 £0.4) x 1072) [7]. This differenceis one of the

main reasons why fcc and bcc metals are classified
among different isomechanical groups[7].

. . . . -1l
For high temperatures, the intragrain strain rate €,

is determined by the diffusion accommodation rate and
isexpressed as[7]

Here, D, and D, as well as Q, and Q., are the pre-
exponential factors, as well as the activation energies,
for the volume diffusion and diffusion through disloca-
tion center, respectively; n characterizes the sensitivity
of the strain rate to stress g, is noticeably different for
different materials, and usually liesfrom 3to0 10; and A
isthe Dorn constant [7].

The equality £, = &, is used to calculate the tem-
perature for pure metal s at which the dependence of é",

is replaced by the dependence of é'v'. Under the

assumption a’p.D. > D,, the transition temperature is
expressed as

where

For the ordinary parameters A = (fcc) 10° and (bcc)

10° [7], % =50, n =5, Dy = 102 cm?/s, V, =
m

102cm/s, Q, =
ECAP, the transition temperature for fcc (where

AF%[—C%E < Q) and bec (where AF%[—(%E ~ 3)

*
10KT,,, and % = 1072 typica for

metalsis equal to 0.65T,, and 0.33T,,, respectively.

Temperature Dependence of the Coefficient K

The temperature dependence of the Hall-Petch
coefficient is virtually unstudied. Certain data indicate
that K varies dlightly with temperature in the range
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Table 2. Temperature effect on the minimum grain size
upon equal-channel angular pressing of pure metals for
Taer = 293 K (according to V.1. Kopylov)

Metal T K | Ta/Tn N d*, pm
Al 933 3.18 8 13
Cu 1356 4.63 12 0.3
Ni 1726 5.89 12 0.1
Fe 1808 6.17 10 0.1

(0.1-0.5)T,,. Below, the temperature dependence K(T)
will be disregarded when estimating d*.

Effect of Defor mation-Stimulated Growth of Grains

With an increase in the temperature of ECAP, the
deformation-stimulated growth of grains is possible
(see, e.g., [3]). This process can significantly affect the
d* value measured after the completion of deformation
and thereby distort the d*(T) dependence. To exclude
the effect of the deformation-stimulated growth of
grains, deformation must be carried out at temperatures
lower than the recrystallization temperature of a small-
crystal material. Approachesto calculation of thistem-
perature were given in [8]. Below, comparing the
results with experimental data, we consider (wheniitis
possible) only materials and conditions for which the
deformation temperature does not exceed the recrystal-
lization temperature.

COMPARISON WITH EXPERIMENTAL DATA
Pure Metals

Detailed data on the deformation-temperature effect
on the size of grains are given only in a few papers.
However, the results of investigations of intense plastic
deformation to the dispersion limit in various pure met-
als at room temperature T = 293 K are available. Since
the melting points T, of these materials are different,
the dependence of the grain refining limit reached in

m
T
be used to preliminarily estimate the temperature
dependence d*(T). Table 2 presents the refining limits
d* reached in various pure metal s subjected to ECAP at
room temperature. Figure 1 shows d* values obtained
upon torsion under quasi-hydrostatic pressure when
deforming bcc metals [9-13].

We analyze these results by using the above model

*

of the refining limit and plot the quantity y = 3.5In %

as a function of the inverse homological temperature

them on the inverse homological temperature can

T
X = Tm (Fig. 1). Asisseen, thisfunction for each group
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Fig. 1. Minimum grain size vs. the deformation temperature
for purefcc (equal-channel angular pressing, Table 2) and bee
(quasi-hydrostatic pressure) metals [9-13] for T = 20°C.

of materialsisalinear functiony = A— ¢x with aslope
of ¢, ~ 3.1 for fcc metals and ¢, ~ 1.1 for bcc metals.
According to the above theory,

= =21 (6)
¢ kT, kT, 0o

(Room temperature at which deformation was carried

d*

351 (a)

$(5052) = 4.9kT,,

50

0(0% Mg) = 4.0kT,,,
40
®(3% Mg) = 5.6kT,,
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out for these materialsis obvioudly below thetransition
temperature T,. Therefore, the temperature dependence

of €, inEq. (3) must be described by the expression for

zl:'v .) For fcc metals, according to the theory developed
in [7], the second term in the expression for ¢ is small
Qs

andd, = Q) ,ie, kT

= 3.1. For bcc metals, where

ﬁ ~ _ED ~ i =
T 3 and %L o] 1 according to [7] and ¢,
Q; -3, we have Qf ~ 4.1kT,,. Thus, Qf = (3.1-
4.1)KT,, for both groups of metals.

The Qf values obtained above are very close to the

activation energy Q, ~ (3-4)KT,, of diffusion in melts.
This striking result is easily interpreted in the frame-
work of the theory of nonequilibrium boundaries of
grains [4] and means that, due to the excess content of
defects, the free volume of boundaries in metals sub-
jected to ECAP reaches the limiting value a*. Accord-
ing to [4], the diffusion activation energy in such
boundaries becomes comparable with the activation
energy of diffusion in melts.

Alloys Containing the Al-Mg System

Below, we will discuss the results of direct investi-
gations of the deformation-temperature effect on the
dispersion limit in alloys containing the Al-Mg system.

Al-Mg-Sc—Zr alloys. Table 3 presents data on the
temperature dependence of the dispersion limit in the
alloys Al-xMg-0.22% Sc—0.15% Zr (with magnesium
content x = 0, 1.5, and 3%). Six cycles of ECAP were
carried out at 100, 160, and 200°C. Experimental val-

(b) * AZ91 [15]
s MA2-1
A AZ91

O(AZI1 [15]) = 4.9kTy,

25
+ OMg 301
@ 1.5% Mg | §(1.5% Mg) = 5.5kTy, O(MA2-1) = 4.4kT,
A 3% Mg
o 5052 [14] O(AZ91) = 4.9kT
15 ! L 1 1 20 1 1 1 1
0 1 2 3 470 1 2 3 4

Fig. 2. Minimum grain size vs. the deformation temperature for (a) AI-Mg and (b) Mg-Al aloys.
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Table 3. Effect of the deformation temperature on the grain refining limit for Al-Mg and Mg—Al alloys subjected to equal-

channel angular pressing

Experiment Calculation
Alloy

Taer» °C | T Tt d*,um | Qf KT, | &,,st | Qf,KTy | d*, um

Al-22% Sc-0.15% Zr 100 2.50 1.2 4.0 5x 1072 3.8 1.04
(V1. Kopylov) 160 215 18 1.46
Al-1.5%Mg-0.22%Sc-0.15%Zr| 100 2.50 0.3 5.5 5x 1072 5.5 0.33
(Kopylov) 200 1.97 0.7 0.72
Al-3% Mg-0.22% Sc-0.15% Zr 100 2.50 0.35 5.6 5x 1072 5.5 0.38
(Kopylov) 200 197 0.8 0.81
5052 [14] 50 2.89 0.25 4.9 2x 101 55 0.14
100 2.50 0.30 0.25

150 221 0.40 0.39

200 1.97 0.50 0.55

250 1.78 0.75 0.71

300 1.63 2.00+) 0.88

MA2-1 200 1.95 1.7 4.4 3x 10! 45 1.78
250 1.77 2.4 2.38

280 1.67 2.8 2.77

380 1.40 4.0 4.07

AZ91 150 2.18 1.3 4.9 1% 10? 45 1.03
380 1.42 3.4%) 2.45

AZ91[15] 20 3.15 1.0 4.9 1x10° 45 1.23
300 1.61 7.6 7.37

400 1.37 15.4(+) 9.57

480 1.22 66.1+) 11.18

* Parameters for processes where the deformation-stimulated growth of grainsis observed.

ues of the parameter ¢ Eproporti onal to the activation

*
energy of grain-boundary diffusion ¢ ~ k%b—g lieinthe
m
range (4-5.6)KT,, and depend on the magnesium con-
tent. The activation energy Q; of grain-boundary dif-
fusion in the alloy without magnesiumiscloseto Q, =
3.8KT,, for pure aluminum. The energy Q; in aloys
containing 1.5 and 3% magnesium is higher by 1.7kT,,
(this increase is attributed to the effect of magnesium
on Qy ). Theoretical d* values cal culated with parame-

ters presented in Table 1 agree well with experimental
data (Table 3).

5052 alloy (Al-2.65% M g). Thetemperature effect
onthedispersionlimitismost studied in the 5052 alloy
DOKLADY PHYSICS  Vol. 49

No. 5 2004

[14]. Equal-channel angular pressing was carried out at
temperatures from 50 to 300°C with a step of 50°C.
Experimental results are presented in Table 3. The
parameter ¢ in the temperature range 50-250°C is

equal to 4.9KT,,,, which differsfrom the above Q} value
for aloys with 1.5-3% Mg only by 0.5kT,. For T >

200°C, a sharp rise is observed on the Q; (T) curve.

Thisrise is associated with the distortion of the disper-
sion pattern by the deformation-stimulated growth of
grains for high temperatures (this circumstance was
also noted by the authors of [14]). The d* values calcu-
lated for temperatures 50-300°C with parameters pre-
sented in Table 1 are given in Table 3. These values
agree well with experimental data except for T =
300°C, at which the dispersion pattern is distorted by
the intense growth of grains.
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Magnesium Alloys

Table 3 presents the data on the deformation-tem-
perature effect on the dispersion limit in the following
magnesium aloys: (i) MA2-1 aloy, N = 6 cycles,
ECAP temperatures 200, 250, 280, and 380°C;
(i) AZ-91 dloy, ECAP temperatures 150 and 380°C;
and (iii) AZ-91 alloy [15], ECAP temperatures 20, 300,
400, and 480°C. Experimental values of the average

activation energy Q; of grain-boundary diffusion are

presented in Table 3. The Q, valueis taken to be equal
to 4.5KT,,,. The d* values calculated by Eq. (3) with the
parametersgivenin Table 1 are presented in Table 3. As
is seen, theoretical d* values agree well with experi-
mental data.
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A simple relation between the profiles of the hydro-
dynamic parameters in a boundary layer on an imper-
meabl e plate and those in an asymptotic boundary layer
with suction is found for large Reynolds numbers. The
profiles of the mean velocity in the outer region
(beyond the viscous sublayer) of two flows are related
to each other in terms of quadratures. The distributions
of shear stress are determined from the velocity profile
of one of the flows. Turbulent normal stresses are cal-
culated from the corresponding component of the Rey-
nolds tensor and velocity profile of the other flow.

It is shown that the rms transverse pulsation of the
velocity in theintermediate wall region of the boundary
layer with suction isproportional to thelogarithm of the
distances from the wall, whereas the rms longitudinal
pulsations, to this logarithm in a power of 3/2.

The results are obtained only from the equations of
motion and analysis of dimensions.

1. Let usconsider auniform flow of an incompress-
iblefluid in aturbulent boundary layer on aflat smooth
plate. The velacity U, of the flow is constant along the
plate length at the outer boundary of the layer and the
suction velocity v,, directed along the normal to the sur-
faceis also constant.

The gradient of the mean longitudinal velocity and
turbulent shear stress are functions of the Cartesian
coordinates x and y and determining parameters of the
problem:

ou _

3y Fi(X ¥,V Vi, Ue), (w1)

W'vDO= Fy(xY,V,V,,U,).
Here, v is the kinematic viscosity and the origin of the

Cartesian coordinate system is at the leading edge of
the plate.
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Let

A = Fi(x,v,v,,Uy), (1.2)
where F; is a certain function, be the thickness of the
boundary layer, i.e., the quantity characterizing the
transverse scale of the flow. In what follows, it is con-
venient to consider various particular definitions of A.

Substituting x and U, expressed from the first of
Egs. (1.1) and Eqg. (1.2) into the second of Egs. (1.1),
we arrive at the relation

— ou]

m V |:| - F4%’! V’ VWlA’ a_yj’
where F, is a certain function. Applying the dimen-
sional analysisto Eq. (1.3), we obtain

(1.3)

2 2
Wvy= _%/(;_E S(Rlv Bv n)v RI = yvg_l;/;
8 - Vy _y (1.4)
R|ya_u, ! A
ay

The local Reynolds number R, is the characteristic tur-
bulent-to-molecular viscosity ratio. The function S
appearing in Egs. (1.4), aswell asthe functionsF, ...,
F,, isauniversal function for the class of flows depend-
ing on the three parametersv, v,,, and U,. Let it be con-
tinuous and differentiable for 0 < R, < o0, —c0 < 3 <0,
and 0 < n < o and satisfy the condition S, 0, 0) £ 0.
These conditions are ordinary physical assumptions
that viscosity is substantial only in the thin wall region
(viscous sublayer), where the outer scale (boundary
layer thickness) does not affect the flow.

Relation (1.4) expresses the shear stress in terms of
the gradient of the mean velocity. Since the effect of the
suction velocity on this relation must weaken with
the distance from the wall, the parameter 3 is taken
such that the denominator includes the local Reynolds
number R,.

1028-3358/04/4905-0303$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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For the normal Reynolds stresses, we similarly
obtain

2
o= BEH SR, B,

V7= B5E SR8, (15)

2
wi= BEH SR, B,

where S;, S,, and S; are universal functions.

The flow is described by the boundary-layer equa-
tions with zero pressure gradient:

du Ju _ olu'vd 0°u
U— +tV— = — + o
ox oy ay oy’
au av _
ax ay =0 (1.6)
x>0: u(x,0)=0, v(x,0) = v, u(x®)=U,

which, along with closing relation (1.4), specify the
boundary value problem for the mean velocity field.

Below, we consider only the outer region of theflow,
where molecular viscosity can be disregarded in
momentum eguation (1.6).

2. Let us consider the boundary layer on an imper-
meable plate. In this case, the velocity defect in the
outer region (beyond the viscous sublayer) for large
Reynolds numbers satisfies the Karman law [1, 2]

J22 = 1m0t

Here, ¢; isthe skin-friction coefficient and f is a certain
function.

Let ussubstitute Eq. (2.1) into Egs. (1.6) closed with
- AU

Eqg. (1.4) and take the limit R,= — - oo, % =0(1).

Retaining only leading terms in the momentum equa-

tion in view of ¢ = O( Rf) according to the Karman
friction law [1], we arrive at the equation

dA |2 _ W2 '
I Eff]f = [(nf")"S(w, 0,Nn)]".

Taking into account the boundary condition f(co) = 0
and integrating thisequation acrossthe layer, we obtain

2.1

dA 0 _ N2
o Enf +jfan = (nf)°S(,0,n). (2.2)
U
The improper integral on the left-hand side of
Eqg. (2.2) converges because the right-hand side
includes turbulent shear stress vanishing at n = o. The

VIGDOROVICH

right-hand side of Eq. (2.2) onthewall isequal to unity.

Therefore,
..
0

Thus, the velocity profilein the outer region satisfies
the equations

nf' = [(nf')*S(e, 0, )] [fen, (2.3)
0

00 0

nf +[fdn = (nf')ZS(w,O,n)J’fdn- (2.4)
0

Solving Eq. (2.3) asthefirst-order equation for nf ', we
obtain

! 00 ; :_wd—n
nf'v( ,O,H){fdn {ZJS(TO,n)'

Therefore, forn =0,

_ dn
fdn = [——. .
{ n {2 o0 (2.5)

The function f behaves logarithmically near the
wall:

f= —%Inr] +0O(1), n -0,

where the von Karman constant Kk = 0.41 isthe quantity

AS(, 0,0) .
From Egs. (1.5), (2.1), and (2.4), the Reynolds ten-

sor components in the outer region of the boundary
layer are expressed as

w'v'D _

_ 14+-0f(M)
2 00

eCf
J’f(n)drl

-2 +0(,/c),

|]J2

2
e

= [nf'(M1°Sy(e, 0,n) + O(Jcy),

' (2.6)

D/Z

2
e

= [nf'(n)]°Sy(e, 0,n) + O(/cy),

Cs

|]N'2

2
e

= [nf'(M)]1°Sy(w, 0,n) + O(./cy).

Cs

According to the theoretical investigations [3, 4]
corroborated by measurements, the Reynolds tensor
No. 5

DOKLADY PHYSICS Vol. 49 2004
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component [V"2(related to the transverse pulsations of
the velocity behaves near the wall as shear stress. This

, KT :
means that the quantity S(e, 0,0) = 53— existsandis

Lo/

nonzero. According to experimental data, o, = 0.95 [1].

The behavior of the components 4?0 and W20
related to velocity pulsations in the directions parallel
to the wall is more complicated:

Si(w,0,n) = —Ak’Inn +O(1), 0
Si(,0,n) = —Agk’Inn+0(1), n - 0, '

where A, and A; are universal constants. According to
the direct numerical simulation of the flow in the turbu-
lent boundary layer on the plate up to the Reynolds num-
ber corresponding to the displacement thickness [5],
Rg1= 2000, A, = 1.1, and A, = 0.36.

The velocity profile on the impermeable plate is
well known from experimental data and can be speci-
fied by the Coles empirical formula[6]

f_1

= —[Inn - 0.55(1 + cos(rtn))],

S 155 (2.8)
O<n<1, J’fdn = T
0

Here, A isthe distance from the wall at which the lon-
gitudinal component of the mean velocity differs from
U, by 0.5%.

3. Aswasshownin[7], thelimiting form of the flow
in the boundary layer with uniform suction in the far
downstream region is the asymptotic boundary layer,
i.e.,, aone-dimensional flow, where all mean parameters
are functions of only the transverse coordinate.

In this case, the first integral of momentum equa-
tion (1.6) has the form

_ qdut du
“vaUe=W) = g SRB M+, G
. . . 2v,, .
From this relation, we obtain ¢, = — for the skin-

e
friction coefficient.

The solution of Eqg. (3.1) in the outer region of the
boundary layer is sought in the form

U.—u

o g(n) + O(Ry),

(3.2)

"4
R, = —.
\Y)

Substituting Eqg. (3.2) into Eq. (3.1) and taking the limit
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R, » o and % = O(1), we arrive at the equation
g = (n9)’S(x,0,n), g(x) =0, (3.3)
whose solution has the form
2Jg = [————. (3.4)
I N~/S(e, 0,n)

n

Integral (3.4), aswell asthe function f, behaves|og-
arithmically near the wall:

2./g = —%‘Inr] +0(1), n - o0,

Solutions of ordinary differential equations (2.4)
and (3.3) are related to each other. Substituting the
function S, 0, n) expressed from Eqg. (2.4) into
Eq. (3.4), we arrive at the relation

o 1/2 o 0o —1/2

00
2./g = -t [f+[fdg fdn. 3.
0 n n

Integration of EQ. (3.4) across the layer yields

p P dn,
2[(+/gdn = fdn[—=
‘([A/é rl { rl‘rl.l’nlfxl S(oo, 01 nl)
Jdn
{ O 2{qu. (3.6)

The latter equality is obtained by taking Eq. (2.5) into
account.

Thus, the velocity profiles of two different turbulent
wall flows are related to each other by simple exact
expression (3.5).

Asthe transverse scale for the asymptotic boundary
layer with suction, it is convenient to use the integral

parameter
) U.—u
A, = 2I | e dy,
0

which, in view of Egs. (3.2) and (3.6), takes the form

[

B, = 28fen.
0

Figures 1a and 1b show the velocity profiles in the
asymptotic boundary layer with suction in the linear
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Fig. 1. Velocity profilesin the asymptotic boundary layer with suction in the scaling variablesin the (a) linear and (b) semilogarithmic
scales. Solid lines are calculations by Eqg. (3.5) and dashed lines are obtained by the direct numerical smulation carried out in [8, 9].

and semilogarithmic scales, respectively. The solid
lines are calculations by Eq. (3.5), where the function f
is specified by Coles formula (2.8). The dashed lines
are obtained by the direct numerical simulation of the

VW
flow for 0,
Although the simulation was carried out for alow Rey-
nolds number, thellinesin Fig. 1 are close to each other.
Itisseenin Fig. 1b that, in agreement with the theoret-
ical conclusions, the dashed line has a logarithmic sec-
tion that isrelatively short due to alow Reynolds num-
ber. The dope of this section is approximately equal to
the dlope of the solid line.

According to Egs. (1.5), (3.2), and (3.3), the Rey-
nolds tensor components in the outer region of the
asymptotic boundary layer with suction have the form

= —0.00361 and Ry = 1000 [8, 9].

—L== g(n) + ORY),

w

L g (m)2Sy(, 0,n) + O(RY),

=N

3.7

< <

= Ing(MI*S,(w, 0,n) + O(R),

v

=

)

“y; = [Ng'(N)1?S(x, 0,n) + O(R,Y).

Thus, Reynolds stress profilesfor two flows are also
related to each other. Using Eq. (2.7) and the asymp-

totic form of the function g, we obtain the expressions

3/|]J|2|:| _ _Df‘_lDllslnn +O(1)
(~v)™

12
JOO 102|nn +0(1),

(3.8)

-V, 2K

3w A, 13
v -5 Inn+0(),

T

for rmsvelocity pulsations.
s Joro 3w

23 _ ! 2/3
(_Vw) Vw (_Vw)
10

0.01 0.1

0.001

0
0.0001

Fig. 2. Profiles of the rms pulsations of (1) u', (2) v', and
(3) w' inthe asymptotic boundary layer with suction accord-
ing to the data taken from [8, 9].
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Figure 2 shows the profiles of rms velocity pulsa-
tions in the asymptotic boundary layer with suction
according to the datataken from [8, 9]. For comparison,
segments with slopes corresponding to the right-hand
sides of asymptotic functions (3.8), where all constants
are taken from the data for the impermeable plate are
also shown. Asis seenin Fig. 2, at least lines2 and 3
corresponding to pulsations along the y and z axes have
pronounced logarithmic sections.
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A nonlinear theory is proposed for dislocations and
disclinations distributed with a certain density in an
elastic medium with internal rotational degrees of free-
dom and couple stresses. A mathematical model of
moment (micropolar) mediacan be used to describe the
deformations of structurally inhomogeneous bodies [1],
liquid crystals, and composite and magnetic materials.
The resolving equations of the continual theory of
defects are obtained by the limiting transition from the
discrete set of isolated dislocations and disclinations to
their continuous distribution. The genera theory is
illustrated by solving a problem of natural stresses
induced in an eastic disc by a given distribution of
wedge disclinations. Continuously distributed disclina-
tionswere previously considered in the model of asim-
ple nonlinearly elastic medium disregarding the micro-
structure of amaterial [2]. The nonlinear theory of iso-
lated dislocations and disclinations in micropolar
mediawas givenin [3].

1. According to[3, 4], the system of equations of the
nonlinear staticsof amicropolar elastic medium, which
isalso called the Cosserat continuum, in the absence of
mass forces and moments consists of the equations of
equilibrium for stresses

div(PH) = 0, div(K [H)+(C'PH)x = 0, (1)
the equations of state

P_aY’ K_aL’ W = W(Y,L), (2)
and the geometric relations
Y =CMH'", C=gadR, R = X, Q)

L xE = —(gradH) [H". )

Here, P and K are the stress tensor and couple stress
tensor, respectively, both of the Kirchhoff type; C isthe
strain gradient (distortion tensor); H is the properly

Rostov Sate University,
pr. Stachki 194, Rostov-on-Don, 344104 Russia

e-mail: zubov@math.rsu.ru

orthogonal tensor field of microrotations characterizing
the rotational degrees of freedom of Cosserat-contin-
uum particles; W is the specific free energy of the
medium; Y is the deformation measure; L is the bend-
ing strain tensor; E istheidentity tensor; X, k=1, 2, 3,
are the Cartesian coordinates of the particles of the
deformed body (Eulerian coordinates); i, are the coor-
dinate unit vectors; div and grad are the divergence and
gradient operators, respectively, in the reference config-
uration of the material body (i.e., in the Lagrangian
coordinates); and A, means the vector invariant of the
second-rank tensor A. The Cartesian X, or curvilinear

g5, s=1, 2, 3, coordinates of the reference configuration
of the elastic body may be used as the L agrangian coor-
dinates.

To introduce the density of didocations in a
micropolar medium, let us consider the problem of
determining the field of displacements in the medium
u = (X— X iy by using the tensor fields of deformation
measure Y(g® and microrotations H(g® that are
assumed to be continuously differentiable and single-
valued in the multiply connected domain o. Taking into
account that gradu =Y - H — E and following [2], we
arrive at the expression

by = §ii O Hax, )
YN

for the Burgers vectors of dislocations that are respon-
sible for the lack of uniqueness of the displacement
field in the multiply connected domain. Here, yy is a
simple closed contour enveloping the line of only the
Nth dislocation. Taking Eq. (5) into account, we apply
the method proposed in [2] to move from the discrete
set of trand ational defects, or dislocations, to their con-
tinuous distribution. Using the known definition of the
density of dislocations as the tensor d,, [5] whose flux
through any surfaceis equal to the total Burgers vector
of didocations crossing this surface, we arrive at the
equation

curl(Y TH) = d,, (6)

where curl is the curl operator in the Lagrangian coor-
dinates. For a given dislocation density tensor d,,

1028-3358/04/4905-0308%$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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which must satisfy the condition divd, =0, Egs. (1), (2),
(4), and (6) form a complete system of equations with
unknowns'Y and H.

2. Under certain assumptions about the dislocation
density, the system of Egs. (1), (2), (4), and (6) can be
transformed by excluding the microrotation tensor H
from the unknown functions and taking the tensor fields
Y and L as unknowns. Multiplying Egs. (1) and (6)
by the HT tensor from the right and taking representa-
tion (4) into account, we obtain the system of equations

divP—(P' L)« = 0,

(7
divk —(K"[L +P"¥)x = 0,

culY +Y xxL =d, d=d,[H". )

Here, the invariant fiber bundle of second-rank ten-
sors is defined in terms of the vector products of the
basis vectorsr as follows:

Y xxL = (Y™, Or,) xx(Lr, Ory)
= YL x 1) O (rg < 1)

Below, the modified dislocation density tensor d will be
treated as given.

The microrotation tensor must also be excluded
from relation (4), specifying the bending strain tensor
of the micropolar medium. To thisend, we consider the
problem of determining the microrotation tensor field
H in the micropolar medium with continuoudly distrib-
uted dislocationsin terms of a given bending strain ten-
sor field L. We now remove the requirement of the
uniqueness of the tensor field H in the multiply con-
nected domain o and use the condition of uniqueness
and differentiability of the tensor L in this domain.
Using Eq. (4), we compose the following system of
equations for the tensor H:

OH_ | xH, Li=r, r.=2%. (o
aq° oq°

Excluding the unknown orthogonal tensor H from
system (9), we arrive at the tensor solvability condition

curIL+%L xxL = 0. (10)

This condition is a necessary and sufficient condi-
tion for the existence of the unique microrotation field
in the simply connected domain o when thetensor H is
given in a certain point of the domain. If the 0 domain
ismultiply connected, the solution of the Cauchy prob-
lem for system (9) is generally multivalued. The possi-
ble multivaluedness of the solution isremoved after the
transformation of the multiply connected domain to
simply connected one by introducing the necessary
number of cutsty, M =1, 2, .... The microrotation ten-
sor takes different values H, and H_ at the different
edges of the cut. Therelation H, = H_ - ®y,, where ®,,
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is the properly orthogonal tensor that is constant for a
given cut Ty, is proved by using the continuity and
uniqueness of the bending strain tensor L in the o
domain and applying the method proposed in [3]. The
existence of the above jump of the microrotation tensor
at the cut 1y, means the existence of isolated rotational
defects, or disclinations, in an elastic micropolar body
with distributed dislocations. Aswell asin the Cosserat
continuum without dislocations 3], the Frank vector of
each isolated disclination is expressed in terms of the
bending strain tensor field through the multiplicative
contour integral. These integral relations, together with
Egs. (7), (8), and (10) and the boundary conditions on
the body surface, provide the formulation of the bound-
ary value problem concerning the equilibrium of the
micropolar medium with continuoudy distributed dis-
locations and isolated disclinations.

Since the properties of multiplicative line integrals
are complicated [3], the limiting transition from a dis-
crete set of isolated disclinations to their continuous
distribution is generally impossible. Nevertheless, as
will be shown below, this transition is possible in the
plane problem for the micropolar elastic medium.

3. We consider plane deformation in the (x;, %)
plane. Inthis case, the dislocation density tensor hasthe
formd,=i;0a, (g, i;=0)[2], wherea, istheedge dis-
location density vector, and the distortion tensor C sat-
isfies the incompatibility equation

OHel) = a, e =-igxE,
.9 .. 0 (11)
D—'la_Xl'i"zaXZ

Here, O is the two-dimensional gradient operator and e

isthe discriminant tensor. The H tensor for plane defor-

mation is expressed in terms of the angle x of microro-
tation about the x; axis through the formula

H = gcosy +esiny +iz0is, g = E—iz0ig. (12)

Using Egs. (4) and (12), we obtain

L =100, | =X (13)

In view of Egs. (3) and (12), Eq. (11) istransformed as

OQely ) +1 Qely (&) = a, (14)

wherea=a, - H™.
According to Eg. (13), the microrotation field is

determined in terms of the bending strain field through
the quadratures

r
X = II Cor +X(ro), r = Xqig+ Xoiy.

lo
Whenthe conditionJ - e-1=0isvalid, thelineinte-
gral in EqQ. (15) isindependent of the integration path if
the o domain is simply connected. For the multiply
connected plane domain homeomorphic to the circle

(15)
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with circle holes, expression (15) generally specifies a
multivalued function. Transforming the multiply con-
nected domain to the simply connected one by means of
cuts, we find that the values X, at the opposite edges of
each cut may differ by a constant:

X+_X— = eS! S = 1, 2, ee o

Constants 85 are independent of the choice of the sys-
tem of cuts and are expressed in terms of the bending
strain field through an ordinary (not multiplicative)
contour integral. The existence of nonzero constants 65
means that isolated wedge disclinations exist in a mul-
tiply connected micropolar body. Using the method
described in [2] for the transformation of a discrete set
of disclinations to their continuous distribution, we
arrive at the following incompatibility equation for
bending strains of the plane medium:

OO0 =B, (16)

where B isthe scalar density of edges disclinations. For
the plane case, equilibrium equations (7) take the form

OP+IPE=0, OKO;=tr(PIY ) (17)

and, together with incompatibility equations (14) and
(16), form the complete system of nonlinear equations
determining the natural stresses in the plane medium
with distributed dislocations and disclinations.

4. We illustrate the above theory by solving the
problem of determining natural stresses induced in an
elastic disc by the axisymmetrically distributed edges
disclinations. Let us use the model of the physically lin-
ear micropolar medium [3]

2W = Atr’U + (p+ Y)tr(U TUT) + (1 — ) tru?
+ dtréL + (y+ mtr(L ELT) +(y- r])trLz,
U=Y-E,

where A, I, 8, y, U, and n are Young's moduli. Let a =
0 and 3 = B(r). We seek the strain field in the form

(18)

Y =Yy(r)eOe + @eq, O ey +izg0is,

| = 1,(r)e, +15(r)e,, (19)

e = i,cosp +i,sind, e, = —i;sing +i,cosp,

ZUBOV

where the polar coordinates r and ¢ on the disc plane
vary intheintervalsr, <r<r,and 0 < ¢ <210 Inview
of Egs. (2), (18), and (19), the system of Egs. (14), (16),
and (17) is reduced to the equation

w_ O 2h = (1=r9)g
h gh g’h vt

r

(20)

A
V=————, rg()= dp+ 1.
20+ 19 = [Bp)pdp
The strain components and couple stresses are
expressed in terms of the functions h(r) and g(r) as

_ h'(r) _ _ 1
1= mv l, =0, I,= g(r)—F’ o

K =[g(r)—r710(y +n)e, Diz+(y—n)ifl e].
Equation (20) has the general solution

- C Dy oty 1 [_ (1) £l }
h(r) = C,e C,e | ¢ Ie dr|,

t(r) = J’g(r)dr.

The constants C, and C, are found from the condi-
tion that the disc edgesr = r, and r, are unloaded.
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The problem of determining a plane stress-tensor
field (T field) with given principal stress trgjectories
(PSTs) was originated in photoel asticity as early asthe
beginning of the twentieth century [1]. Principal stress
trajectories are curves the tangents to which are
directed along one of the directions of the two principal
stresses T, and T, . In aloaded transparent plane model,
T,—T, contour lines, aswell as isoclinics (curves along
which T, and T, preserve their directions), are directly
observed. An orthogonal curvilinear net of PSTs is
graphically drawn from the pattern of isoclinics [1].
Degspite the assumption that the model is elastic, an
incomplete set of governing equations of the theory of
elasticity is traditionally used in photoelasticity. Thus,
the T field isdetermined by integrating the equations of
equilibrium (or one of them) with theinclusion of infor-
mation about T,—T, and boundary stresses [1], i.e., by
solving a boundary value problem.

The problem of determining the T field from the
principal stress directions has recently become very
important in geodynamics. Observations indicate that
two of the three principal stresses are subhorizontal [2].
When the spatial density of discrete data on the princi-
pal stressdirectionsis sufficient, aplane horizontal pat-
tern of PSTs can be accurately constructed by anumber
of known methods[3]. Therefore, the problem of deter-
mining the T field in stable blocks of the lithosphere
(considered as elastic plates) is similar to that in photo-
elasticity. However, the method used in photoel asticity
is inapplicable to geodynamics due to the absence of
both T,—T, data and, more importantly, reliable bound-
ary conditions: different model estimates of plate-driv-
ing forces differ from each other by the order of their
magnitudes.
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ul. Bol’'shaya Gruzinskaya 10, Moscow, 123995 Russia
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This paper presents a method for determining the T
field in a homogeneous isotropic elastic domain by
using only the pattern of PSTs without information on
the boundary conditions and T,—T, value. The symmet-
ric stresstensor T in aplane can be represented interms
of real P and complex D functions as

P=2(T,+T,), D =D,

L (D
|D| = Thax = élTZ_Tll'

Here, the absolute value |D| of the stress deviator D is
the maximum shear stressin the plane and its argument
o isexpressed in the form

o = agbh = -2¢, 2)

where the angle ¢ (which specifies the principal direc-
tion) is measured counterclockwise from the positive x
semiaxis of the Cartesian xy planeto the direction of the
minor principal stress. The determination of the T field
is equivalent to the determination of the real functions
P(z 2), 1,(Z 2), 0(Z 2), wherez=x+1iy, Z = x—iy.
The function a is known for a given PST field. In this
case, the problem is reduced to the determination of
bounded functions P and t,,,, in the closed (generaly,
multiply connected) domain Q under study. It is
assumed that the function a(z z) istwice differentia-
ble everywhere in Q except possibly the singular
points of the PST field, where 1., = O, the argument a
is undefined, and the curvature of stress trajectoriesis
infinite [1, 4].

When in-plane body forces are absent in a homoge-
neous isotropic elastic medium, the complete set of
governing equations of plane elasticity has the form

0P _ 0D
0z 0z’
2

where A = 462_62 isthe Laplacian. Here, thefirst equa-

tion represents two scalar equations of equilibrium and

AP = 0, 3)
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the second one follows from elastic relationships. The
general solution of set (3) is expressed in the form [5]

P(z2) = ®(2) +P(2), D(z 2) = 20'(2) + W(2), 4)

where the potentials @ and W are holomorphic func-
tions, while D isabiholomorphic function. A real biho-
lomorphic function D = D, can be represented in the
general form

Diea(2.2) = Cr22+Ciz+CiZ+ G, )
Imcy, = Imc, = 0O,

containing four arbitrary real constants ¢,, ¢,; = Rec,,
C, =Imc;; and ¢,.

If an arbitrary function a(z, z) is given in the
domain Q, then, in general, the functions P(z, z) and
Tmax(Z 2) cannot simultaneously satisfy all three scalar

equations (3). Therefore, an arbitrary PST field cannot
berealized in an €lastic domain. For instance, the func-

tiona =a, + (zz — 1)%, a, = const, isnot admissiblein
plane easticity. In view of Egs. (1) and (4), the PST
fieldisadmissibleif and only if a(z, z) isthe argument
of a biholomorphic function D,, i.e., if the following
representation isvalid

o _ Dl(zv Z)
® bz

where D,(z, 2) = 2@} (2) + W,(2) and P} (2), W,(2) are
holomorphic functions in the domain Q.
The verification of admissibility of aprescribed PST

field is the first step in the determination of the T field
in an elastic medium. This can be achieved by anumber
of methods. In particular, if the function a(z, z) is har-

monic (Aa = 0) and represents the argument of a holo-
morphic function A(2), then the verified PST field is

admissible, because argA is simultaneously the argu-
ment of a biholomorphic function D = D,4(z 2)A2)
(Dyea > 0). In the general case, the admissibility of the
PST field can be examined by representing a given
biholomorphic function D, = z®; (2) + W,(2) in terms
of itsargument a. Let usfind the desired representation
onthedisk MN: |7/ < R= const that does not contain sin-
gular points. In this case, |W,(0)| # 0. Two possible
cases are considered below.

1. |®(0)] = 0. In this case, D, = zzX(2) + W,(2),
where X(2) is a known holomorphic function. Let the
holomorphic function V(rj 2) = ri X2 + W,(2 (which
depends on the parameter r; 0 < rj< R) beintroduced
in the domain . This function coincides with D, on

MUKHAMEDIEV, GALYBIN

thecircley[ |7 = rjand is expressed in the subdomain
Nold<rpas

V(ry; 2) = [riX(0) + W,(0)|exp(iS(r,; @), (7)

: 20((2) (&) 4

S(re; o) = 2T[|,[ d& - 2mf (8)
E |:| y* 1

where S(rj o) is the Schwarz operator that is defined

in the domain N and applied to the function o defined

on the contour y[6]. Since the parameter rpjis arbi-

trary, the function D, in the domain It can be repre-
sented in terms of the function V(rj 2) [and, therefore,

intermsof a = arg(D,) ] asfollows:

1 dv(ry; 2)

Di(z2) = V(r,; 2) - (2215 o ar,

)

2.|®} (0)|20. Inthis case, thefunction r; z' @} (2) +
W,(2) has aroot in the domain i jat a point z= b(rp)
(0 < |b|] < r[), which is found from the equation b =

rz ®;(b)
Wy (b)
V(ry; 2) = (2=b(ry) (i ®3(2) + 2W(2))
is holomorphic and has no zeros in the domain N

. Meanwhile, the function

This function coincides with the function on

zD,
z-b(r,)
the contour y7 |4 = rjand is expressed in the domain
N in terms of the argument a as

~ (1)
Ib(r)ITs

The desired representation for the function D, in the
domain 9N can be written as

zZ— b(r

V(ry; 2) = |®(0 )I exp(iS(ry; a)). (10)

Dy(z 2) = Z=2y(r, : 2)

r* zz d
r.z ar, (ZTb))V(r.; 2)). (11)

Itisreadily seen that the substitution of the function
a(z z) from Eq. (6) into Egs. (7) and (9) (for |®; (0)| =
0) or into Egs. (10) and (11) (for |®; (0)| # 0) turns
Egs. (9) and (11) into identities. However, if a(z z) is

not representablein theform of Eq. (6), then the param-
eter rpremains in Egs. (9) and (11) regardless of the

choice of the constants X(0) and W,(0) in Eq. (7) and
both the constant @ (0) and function b(rp) in Eg. (10).

DOKLADY PHYSICS Vol.49 No.5 2004
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If it is impossible to exclude the parameter rp;from
Egs. (9) and (11), the given PST field is not permitted
for the elastic medium in accordance with this verifica-
tion method.

If aPST field is admissible, then the above methods
and their generalization allow the determination of the
stress deviator function

D,(z 2) = z®di(2) + W,(2).

However, this function should be considered only as a
particular solution of the problem, because, e.g., the

function c;D,(z z) (¢, > 0isan arbitrary real constant)

is aso asolution. The problem is reduced to the deter-
mination of the general form of the biholomorphic

function D = z®'(2) + W(2) that isregular in Q and has
the same argument field a(z, z) asthe function D, .

The transformation D,(z, z) - D(z z) that pre-
serves the argument has the general form
D(z 2) = M(z 2)Dy(z 2),
M(z 2) > 0.

ImM(z,2) = 0, (12)

The following two alternative cases A and B are pos-
sible.

A. The argument of the function D,(z, 2) is a har-
monic function [Aa(z, z) =0in Q]. Therefore, itiseasy
to find aholomorphic function A(z) with the given argu-
ment o and associate it with the function D, . Since the
function M(z, z) in Eq. (12) satisfies the condition

2
%—MZ— =0inthiscase, itisareal biholomorphicfunction
Z
D,y [Se€ EQ. (5)], and, in view of Egs. (3), the genera
solution of the problem is expressed in the form

D(z 2) = (C,2z+ C,z+ €z + Cy)A(2),

P(z 2) = 2ReJ'(czz+ ¢,)A(2)dz + c, (13)

argA(z) = a.

Solution (13) depends on five arbitrary real constants:
four constants ¢,, Rec,, Imc, and ¢, that must provide
the condition D, > 0 and the constant ¢ appearing due
to the integration of @'(z). It should be noted that the
solution obtained above remains valid when the func-
tion ayz z + a,Z + a,2+ a,)A(2) is taken as D,, where
real constants a,, Rea,, Ima,, and a, are prescribed. In
particular, the cases ®;(z) = 0 and W,(2= 0 are
included in genera solution (13).

B. The argument a(z, z) of the function D,(z, 2) is
a nonharmonic function [Aa(z, z) # 0] and, therefore,
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neither @} (2) nor W,(z) isidentically zero. Let ®; (2) #
0 within thecircle

y: (z—e)(z-8) = R, (14)

with the center at the point z=e [0 Q. Let the disk N:
|z— €] < Rbelong entirely to the investigated domain Q
M 0Q). Then, by substituting the variable z

expressed in terms of z according to Eg. (14) into the
expressions for the desired (D) and known (D,) func-

tions, one can readily see that the function M(z, z) [see
Eg. (12)] on the circle y is the boundary value of the
function B(2)

_ (R+ez-e)P(2) +(z-)¥(2)
(R +e(z—€)0y(2) + (z—e)W1(2)

B(2) 15)

Owing to the inequality ®; (e) # 0, the radius R can be
chosen such that the denominator in Eqg. (15) is not
equal to zero on the disk . Then, B(2) is holomorphic
onthedisk 1. SinceImB(2) = 0 ony, B(2) isan arbitrary
real constant, e.g., c;. In view of this circumstance,
from Eg. (15) one obtains the following relation on the
disk N:

= Diz + %(cgqp'l(z) - P'(2)) +c3W4(2). (16)

Y(2) T e

The substitution of Eq. (16) into Eq. (12) followed by
simple transformations results in the relationship

M(z 2) —c,4 _ _C(»
RP—(z—e)(z-e) Di(z2)
c;P1(2) - P'(2)

Z—e¢e

(17)
C(2) =

The left-hand side of Eq. (17) isred and, therefore, its
argument isequal to 0 or Tt At the sametime, the argu-
ment of the right-hand side of Eqg. (17) cannot be con-
stant when C(2) # 0, because the argument of the func-
tion C(2) is harmonic and the argument a of the func-
tion D, is nonharmonic by hypothesis. Equation (17)
can be satisfied only if C(2) =0, which resultsin @'(2) =
c; ®; (2) within . In accordance with the uniqueness

theorem, the latter equality is valid everywhere in the
investigated domain Q. Thus, it follows from Eqg. (16)
that the equality W(2) = c;W,(2) is also satisfied in Q.

Hence, if argument a isnonharmonic, theratioM = DE
1
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isan arbitrary constant c; in Q, and the general solution
of the problem takes the form

D(z 2) = c3(z®y1(2) + W4(2)),
P(z2) = ca(®4(2) + 4(2)) +¢,
Imc; = 0, Rec;>0,

(13)
Imc = 0.

Let us consider simple examples of the determina-
tion of the T field when a(z 2z) is harmonic and the
function W,(2) is substituted as the function A(2) in
Eqg. (13).

1. Both PST families are represented by straight
lines, and one of thesefamiliesisinclined at angle ¢, to

the x axis. Then, a = g, = _q.)z_o
Eq. (6), exp(ia) =exp(ia,) = W,(2). It follows from

Eq. (13) that

and, according to

0

- — ia
D = (c,zz+cz+cz+cy)e

P (19)

Re(e “°(c,Z + 2¢,2)) +c,
Imcy, = Imc, = Imc = 0.

Solution (19) that was obtained earlier in a different
way in [7] was used in [8] for the determination of tec-
tonic stresses in regions with homogeneous PSTs.

2. Principal stress trajectories coincide with the
coordinate lines of polar coordinatesr and 6. One of the
PST familiesis represented by a set of raysinclined at
angles ¢ = 6. It follows from Eq. (2) that a = —26 and,

2
therefore, exp(ia) = @ . Then, W,(2) = z2 according to
z
Eqg. (6), and Eq. (13) leads to the general solution

-2 _ —_—
D = z°(c,zz+ cyz+ c 2+ ),

P = c,In(zz) —c,z " —c,z " +c, (20)

Imc, = Imc, = Imc = 0.

Formulas (20) represent a bounded general solution of
the problem in any simply connected domain not con-
taining the origin. The Lamé solution for acircular ring
under internal and external pressure [5] is obtained by
setting ¢, = ¢, = 0in Eqg. (20).

3. Principal stress trajectories coincide with the
coordinate lines of the parabolic coordinates & and n

2
introduced by the relationships z = % ,Where ( = ¢ +
in. For trgjectories n = const, one has
d_y = = = Eﬂ' [l = ﬂ =
ix tand tanEQO(D : tan(argq)

= tan%(% ~0=-06_¢€"= % 21

MUKHAMEDIEV, GALYBIN

Since W,(2) = z'! in accordance with Eq. (6), the general
solution is found from Eq. (13) asfollows:

-1 _ —_—
D = Z7(c,zz+cz+ c 2+ ),

P = 2Re(c,z+c,Inz) +c, (22)

Imc, = Imc, = Imc = 0.

Formulas (22) present a general solution bounded in
any domain not containing the origin. A bounded solu-
tion for a domain containing z = 0 can be obtained by
setting ¢, = ¢; = 0 in Egs. (22) and describes stresses
near singular points of one particular kind where the
curvature of PSTsisinfinite [4].

In conclusion, we emphasize that, in contrast to the
concept widely used in photoelasticity, the problem of
determining the T field from the prescribed PST fieldis
not a boundary value problem. If the slope ¢(z, z) of
the PST to the x axis is a harmonic function, the stress
tensor field is expressed interms of ¢(z, z) through the
above formulas containing five arbitrary real constants.
If ¢(z, z) isanonharmonic function (but admissiblein
elagticity), the solution involves two such constants. In
geodynamic applications, these constants can be deter-
mined from local in situ stress measurements.
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Supersonic flows around systems of bodies were
thoroughly studied at the Institute of Mechanics, Mos-
cow State University, inthelate 1970s and 1980s[1-6].
The results of the first experiments with a flow having
a Mach number of M = 2.5 around two spheres when
the line connected their centers was directed across the
flow were published in [1]. In this case, configurations
of the leading shock wave at various distances between
the closest points of the spheres, as well as the maxi-
mum interaction distance beginning with which the
interaction between the spheres is sharply weakened,
were determined. The shape of the leading shock wave
indicated both Mach and regular reflections of the
shock from the symmetry plane between the spheres.

The results of approximate theoretical calculations
and experimental studies of flows around a pair of cyl-
inderswere described in[2, 3]. A special algorithm was
developed for calculating gas flows near the reflection
point for the leading shock wave. Approximate calcula-
tions of the Mach stem showed a satisfactory agreement
with available experimental data. For a pair of cylin-
ders, the maximum interaction distance h,,, turned out
to be considerably larger than that for two spheres.

Theresults of two additional experimentswith flows
around a pair of spheresand cylindersfor aMach num-
ber of M = 1.75 were published in [4]. The approximate
calculation of aflow near the triple point made it possi-
ble to obtain h,,, values in the entire supersonic range
of Mach numbers for the incident flow. These results
were published in [4, 5]. The calculated data were
obtained using the principle of the flow hypersonic sta-
bilization, and they agree well with previous experi-
ments. These results were analyzed together with the
experimental data on the supersonic flow around a pair
of wedges[7]. The comparison showed that even asig-
nificant variation of the body’s shape (cylinder -
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\orob’ evy gory, Moscow, 119899 Russia
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wedge) did not considerably change the desired hy.,
value.

More recently, the data obtained for h,, in [4, 5]
were used (in the explicit [8, 9] or implicit [10] forms)
to estimate the behavior of a swarm of fragments after
the disintegration of a meteoroid subjected to an aero-
dynamic load in the atmosphere.

Finally, in the concluding publication [6] of the
series of studies under discussion, the experimental
datafor gasflowsaround apair of cylinderswere given
for M = 6. The main attention was devoted to the range
of distances between the bodies for which both Mach
and regular reflections of aleading shock wave fromthe
flow symmetry plane were possible. It turned out that
the Mach configuration was always realized in the
ambiguity interval.

Thus, at the early stage of the studies, it wasreliably
established that the interference distance between bod-
ies was limited in a supersonic flow, and quantitative
dataon thisdistance were obtained. However, the quan-
titative characteristic of this interaction, which was
manifested in the appearance of a transverse force
repulsing the bodies, was not investigated in detail.

The goal of the present study is to compensate this
drawback. Here, we analyze the results of systematic
calculations for gas flows around a pair of finite cylin-
ders with spherical ends for a Mach number of M = 6.
The flow fields, as well as the drag and transverse
forces, are determined. The calculated results are thor-
oughly compared with available experimental data.
This comparison showed the high reliability of our cal-
culations.

The software package used in numerically calculat-
ing was tested with experimental data. Special calcula
tions were performed for comparing with the experi-
mental results obtained at the preceding stage of the
investigations.

The calculation series for gas flows around two
spheres for M = 1.75 allowed us to compare the geo-
metric parameters of the Mach configuration of the
leading shock wave with the experimental data
from [4]. The data concerning the distance d,, of thetri-
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Tablel
h dv, exp dy, calc
112 0.428 0.435
132 0.276 0.246

Note: Distance dy, of the triple point from the flow symmetry
plane. Here, h is the distance from the sphere’s lower point
to the symmetry plane. All distances are measured in the
radius of either sphere or spherical ends of the cylinder.

ple point from the flow symmetry plane are presented
in Table 1. These experimental data are obviously not
considered as absolute, because they are obtained from
the corresponding plots presented in [4].

We also compared the elements of the Mach config-
uration for a gas flow around two spheres for M = 3
with the experimental data obtained by Shvets et al.
These authors measured the pressure distribution over a
sphere for M = 3 and h = 0.38. These results demon-
strate a pressure increase for the polar angle 6 = 60°
measured from the front point of the sphere. This pres-
sureincreaseisevidently caused by theincidence of the
reflected shock onto the surface of the sphere. In the
corresponding calculation variant, the coordinate 6 =
66° of the shock reflected in the Mach configuration is
obtained on the sphere’'s surface. In accordance with
our estimates, the divergence of calculated and experi-
mental results does not exceed 10%. This estimate
includes all possible deviations.

Thebasic goal of the present study isthe determina-
tion of the aerodynamic coefficients for bodies of vari-
ous shapeswith allowancefor their interaction in super-
sonic flows. This problem was not analyzed at the pre-
vious stage of investigations. Reliable data on the
aerodynamic characteristics of groups or pairs of bod-
ies having a simple shape are also absent in available
works. The only exclusion is work [11], where the
motion of the fragments of a meteoritic body was con-
sidered at the initial stage after disintegration. The
transverse velocity of the fragments formed due to dis-
integration was estimated with the transverse-force
coefficient ¢, = 2.

Here, the flow around a pair of circular cylindrical
bodieswith spherical endsis chosen asthe object of the
study. The length of the purely cylindrical part is
denoted as | so that the value | = O corresponds to a
sphere. The two cylinders are located so that the length
of the line connecting the centers of their cross-sections
is perpendicul ar to the vel ocity of theincident flow. The
flow isthree-dimensional and hastwo mutually perpen-
dicular symmetry planes. The line of their intersection
coincides with the velocity direction of the incident
flow.

1 These data are presented in the Report No. 3354 of the Institute
of Mechanics, Moscow State University, 1986.

ZHDAN et al.

The calculations are carried out for several | values
and various distances 2h between two closest points of
the cylinder cross sections up to h values virtualy cor-
responding to the independent flows around each cylin-
der of the pair. At the previous stage of the studies, ter-
mination of the interaction was detected primarily by
the position of the reflected shock: it was assumed that
the interaction ceased when the reflected shock had
passed downstream the body’s surface. In this study, the
criterion that the interaction ceased was the transverse-
force coefficient.

The aerodynamic coefficients ¢, and ¢, of the drag
and transverse forces, respectively, were calculated by
the formulas

poo

¢, = ———[pcosBdo,

O.SpWViS!p W
c, = sin6do.
g OSpw s[ P

Here, S= 2l + 1tis the midsection area of a cylinder,
pmvi /p., = YM?, the pressure p in the integrand is nor-
malized to the pressure p,, in the incident flow, and the
angle 06 is described above. The results of the calcula
tion are presented in Table 2 for four | values and for h

values up to those corresponding to independent flows
around each body of apair.

Below, we determine the ultimate (hypersonic) val-
ues for the coefficients ¢, and ¢, for the configurations
under study. In calculating the coefficients for asingle
sphere (I = 0) and asingle cylinder (I = «), the pressure
distribution estimated by the following Newton for-
mula was used in formulas (1) (p is a dimensional
quantity):

p = yM’cos’6. Q)

For flows around a pair of cylinders for h = 0, we
assumed that the cross-section quadrant directed
toward the other cylinder is a stagnation zone where
p=yM?, and formula (2) is redlized in the externa
quadrant. For flows around a pair of spheresfor h =0,
it was assumed that the pressure in the octants directed
toward the other sphere is distributed according to the
modified Newton formula

p = yM?(cos’® — sing sin’®). A3)

Here, ¢ (1< ¢ < 2m) isthe circular angle. As before,
formula (2) is valid in other octants. For all configura-
tions, it was as usual assumed that p = 0 in the aerody-
namic shadow. The resulting ultimate values are given
in Table 3.
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Table2
I ™ h 0.0 0.2 04 0.6 0.8 1.0 12
Coefficient
0 Cy 1.030 0.860 0.850 0.855
Cy 0.280 0.151 0.014 0.001
2 o 1.191 1.157 1.128 1.018 1.000
Cy 0.399 0.361 0.298 0.159 0.005
4 Cy 1.250 1.230 1.210 1.185 1.048 1.059
Cy 0.460 0.439 0.379 0.308 0.079 0.002
6 Cy 1.272 1.254 1.220 1.223 1.189 1.150 1.100
Cy 0.500 0.478 0.412 0.354 0.291 0.150 0.007

Comparison of Tables 2 and 3 shows that the exist-
ence of the aerodynamic shadow is the strongest
assumption for calculating parameters given in Table 3.
Therefore, the most noticeabl e difference of data on the
transverse-force coefficient ¢, takes place for two
spheres in the case of h = 0 (¢, = 0.280 and 0.750).
Moreover, spread due to the finite length of a cylinder
affectsthe case of | = 6. It isworth noting that the exper-
iments with gas flows around cylinders for M = 1.75
and 2.5 were carried out for | =24 [4].

Table 2 showsasignificant increase in the maximum
interaction distance with thelength |. However, thisdis-
tanceisequal to about the cylinder radiusevenfor | = 6.

In the previous studies [4, 5], the tangency of the
body’s surface by the reflected shock was considered as
a criterion that the interaction ceased. Analysis of the
calculated patterns of flows around the bodies shows
that this criterion corresponds exactly to the condition
of a significant decrease in the transverse-force coeffi-
cients ¢, shown in Table 2.

Below, our data on the shock-wave pattern under the
conditions corresponding to the maximum interaction
distance are quantitatively compared with the results
reported in [4-6]. For flows around a pair of spheres
(I = 0), the calculations made in [4, 5] yield the value
h,e = 0.33, whereas our numerical calculations yield
hye = 0.40. For flows around cylinders (I = «), the cal-
culations madein [4, 5] yield h,,, = 1.56, whereas this
study for a cylinder with | = 6 yields h,,, = 1.20. It

Table3
Configuration Cx Cy
Single sphere 1.000 0
Pair of spheres| =0,h=0 1.318 0.750
Single cylinder 1.333 0
Pair of cylinders| =, h=0 1.667 0.667
DOKLADY PHYSICS Vol.49 No.5 2004

should be taken into account that the latter h,,, value
must increase with .
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Solids can abruptly change their structure under
intense mechanical and/or thermal loads. This means
that a first-order phase transition occurs; i.e., the
uniqueness of the constitutive relations (equations of
state) disappears, and the transition from one branch of
a materia reaction to another is realized. Traditional
description [1, 2] of the equilibrium of liquid (gaseous)
phases separated by an interface leads to the equality of
pressures and chemical potentials. Phase transitionsin
solids present a more complicated phenomenon. The
basic result of investigations of this phenomenon [3-8]
is the introduction of the chemical potential tensor, as
well as allowance for the irreversibility of phase transi-
tions, which is attributed to entropy sources concen-
trated at the interface. The dependence of these sources
on the velocity of the interface and properties of the
phases is unclear.

In this work, a kinetic model of first-order phase
transitions in a thermoelastic body is proposed that
makes it possible to partially overcome these difficul-
ties. The model differs from the known approaches [9—
11] in the explicit inclusion of the latent energy of
structural changes. The features of the model areillus-
trated in application to a one-dimensional continuum.
The relation between the parameter of the kinetic equa-
tion and dissipation source valueisfound. The effect of
the kinetic parameter on the stress—strain dependence
upon a phase transition is analyzed.

1. Let a thermoelastic material undergo the first-
order phase transition under quasistatic load. At the
interface moving with velocity ¢ in the direction of the
normal vector n, thefollowing relationsarevalid [5, §]:

[ul =0, [6] =0, [pc] =0,
[O0Ou]l =nOh, [e]lh =0, (1)
[pW] = nlo [h+90,.

Moscow Institute of Physics and Technology,
Institutskii per. 9, Dolgoprudnyi,

Moscow oblast, 141700 Russia

e-mail: vk@mipt.ru

They follows from the continuity of displacement u,
temperature 6, and mass flux; equations of compatibil-
ity, equilibrium, and energy balance; and entropy ine-
quality. Hereinafter, Y is the specific free energy, o is

the stress tensor, e is the small-strain tensor, h = —% ,

v is the velocity, and djis the entropy source concen-
trated at the interface. For o= 0, the transition is
reversible. For 3> 0, the transition isirreversible, and

the rearrangement of acrystal latticeisaccompanied by
various dissipative processes.

An important consequence of relations (1) is the
condition for the jJump of the normal components of the
chemical potential tensor. For small strains of a ther-
moelastic body, this condition can be written as

nx] th = 0,

o )
X=Wl -p (o e+elo-1s(e)0),

where % is the chemical potential tensor defined at the
interface.

2. We consider a mixture of two phases of a ther-
moelastic material. Phases are considered as isotropic,
the deviation of temperature from the initial value is
small, § = 0 - 6, < 1, and the scalar parameter w is
equal to the mass concentration of the second phase,
0< w< 1. Theinitia state of the medium is natural:
6 =0,39 =0, w=0. The free energy is specified by the
expression

w(e 9,w)
= P(0) + (1-w)pP(e 9) + 0y?(e,9), (3)

where Yy(w) is the latent energy of the transition such
that ;(0) = 0 and (1) = Y, is the latent energy of the
total transition, whereas (e, 9), i = 1, 2, is the free

1028-3358/04/4905-0318%$26.00 © 2004 MAIK “Nauka/ Interperiodica’



KINETICS OF FIRST-ORDER PHASE TRANSITIONS IN A THERMOELASTIC MATERIAL

energy of the phases. The terms in Eq. (3) are deter-
mined by the expressions

1 n+1

PWi(w) = g+ ——=bw ", n>0,
py@(e 9)
_ lK |2 2 9 1 92
= 5% 1(e) +,J7(e)—ay |1(e)—§C1 , @)

pu? (e 9) = —poly(€) —pned

1

+ ZKo13(6) + 1od*(8) — 914 (e) ~ 509"

Here, e':e—%lll isthedeviator; |, =e:l and > =¢€: €

aretheinvariants of the strain tensor; a; are the thermal-
expansion coefficients; K; and | are the volume com-
pression and shear moduli, respectively; ¢ are the spe-
cific heat at constant strain (up to the factor 6,) of the
phases; and p, and n, are the pressure and entropy of
the second phase of the system (e =0, w=1).

In order to write the kinetic equation, we consider
the local entropy inequality

PN -060 B ~'q)—pr=0,

where n isthe specific entropy, q isthe heat flux, and r
isthe density of distributed heat sources. Thisinequal-
ity, along with Egs. (3) and (4), leads to the relations

= POy

o(e 9,0) = B2

= (K(@)1;-6(w)d —wpo)! +2i(w)e,

£ = Q@1+ @9 +opny,

a(w) = (l-w)a, +wa,, a=K,u,a,c,

pn(e 9,w) =

. 0P(e 9,w
6f E—pw%zo,

5 +07'q(e 9,0, )M =0,

where & is the dissipation of the structural transforma-
tion. A sufficient condition for the validity of the ine-
quality & = 0 in any processesisthekinetic equation in
the form

_Aatp(e,ﬁ,oo)’
Jw (6)
A = (th) " H(w)H(1-w) =0,

where T isthe time of stress relaxation due to the struc-
tural changes in the material and H(x) is the Heaviside

W =
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step function. The derivative _g_(llj)

is the “driving
force” of the phase transition. In the direct transition,
this quantity characterizes the balance between the
energy released due to the partial unloading of the
material near the nucleus of the new phase and
absorbed energy associated with thelatent energy of the
transition. The situation is opposite in the reverse tran-
sition.

Using (o, 9, w) asindependent variables, one arrives
at the kinetics with the driving force equal to the deriv-

ative —gZ—f) of the scalar chemical potential (Gibbs

potential) X =y — o: e. For the potentia in the form of
Egs. (4), this derivative is equal to the difference
between the chemical potentials of the pure phases
minus the rate of an increase in the latent energy. Sim-
ilarly, the choice of the variables (e, n, w) leads to the
driving force expressed in terms of the internal energy
density u= s + 6n.

The linear relation between the transition rate and
difference between the chemical potentials of the
phases was often used to describe the kinetics of phase
transitions[9, 10]. In contrast to those works, the model
under development explicitly involvesthe latent energy
depending on the transition depth. As will be shown
below, it isthis dependence that determines whether the
transition is reversible or not, the conditions of the
onset and termination of the structural transition, etc.

Thus, taking Egs. (4)—6) into account, we arrive at
the kinetic equation

Ww+pw' = BP(e9), PB=T1 H(WH(1-w),
n=1,

7
o(e, 9) E:—ZLAKIf+ApJ2—AO(8 Il—%ACBZ @

+ b7 (ol + PNed —0),

a;—&
b
change in the thermoelastic moduli.

where Aa =

,a=K, |, a, and cisthe relative

If the difference between the entropies of the phases

in the initial state is such that Po _ O(1), the term

b
pb™'n,9 ontheright-hand side of Eq. (7) ismuch larger
than the other terms, and the kinetics of thetransitionis
linear in temperature. Structural transformations are
determined only by thermal effects, whereas the effect
of stresses is negligibly small, although both phases
correspond to the thermoelastic solid materia. If
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pT:]O = O(e), dl termsin Eqg. (7) are of the same order,
and the kinetics of the transformation depends substan-

tially on the solid-state properties of the material.

3. Let us consider a one-dimensional continuum, or
acylindrica rod, in the isothermal approximation. The
material of the rod can be in two phase states. The dif-
ference between Young's moduli of the phases is
assumed to be much smaller than Young's modulus of
theinitial phase. The elastic potentials of the phases are
given by the expression

1 1
u = uo+§EeS, u,(e) = éEez,
)]

uy(e) = %Eez—Eeoe,

where E isYoung's modulus, u? isthe latent energy of
the phase transition, and g, is the natura strain of the
phase transition that is associated with the difference
between the densities of the phases. The stress—strain
relation has the form

0.(e) = Ee, 0,(e) = E(e—¢g).

Relations (1) at the interface are reduced to the
stress continuity condition o, = 0, and energy-jump
condition u, — u; = 0,(e, — €) — &3 Taking Eq. (8) into
account, we obtain

Up + 6*

2 Up+ o
e, = 2—* e =ge+g, oM=L=
Oo €

» 9)

where g, = Ee, and 61? isthe stress at which the direct
phase transition from the first phase to the second one
occurs.

In the reverse phase transition, when the second
phaseis transformed into the first phase, we have

0,=0, U—-U=0(6-¢€)+3d

In view of Eqg. (8), the stress o>V of the reverse phase
transition is given by the expression

o = Uo—5*.

10
o (10)

According to Egs. (9) and (10), the hysteresis of the
phase transition is equal to

(0" —c™)e, = 23,.

We now consider this problem in the kinetic model.
Let, according to Egs. (4) and (8), the elastic potential

KONDAUROV

of the mixture of the two phases be equal to
1 n+l
u(e w) = ] 1boo

1-w (11)

+gw+ Ee” + %(A)(Ee2 —20,€),

0, = Ee,.
The kinetic equation for this case is written as

@+ Bw’ = Bb(o,e—g),

(12)
B=T'H(w)H(l-w), n=1.

Stressiis given by the formula

o(e, w) = Ee—0yw. (13)

For slow extension e(t) = e+ eyz(t), where z(0) = 0

andtz(t) < 1,ander= c% isthestrain at which thetran-

0
sition begins, the structure parameter is expressed as

w'(t) = b oeyz(t). (14)

Strain e a which the phase transition is completed
(w= 1) is determined from the equation b-'oy(eq —
er) = 1. In order to express quantities b and g in terms

of the parameters E, g, and u, of the material and to
determine the dissipation djof the structural transfor-

mation, we use the relations

1
n+1Jrg - u0+200e0.

Thefirst two equalities are the conditions of coinci-
dence of strains at which the phase transition begins
and completes in the kinetic model and strong-discon-
tinuity model. The third relation is the condition that
the energy

e = el, Cx = ez,

n+1

bw
n+1

u(w) = +gw

for w= 1lisequa to thelatent energy u, + % 006, Tak-
ing Eg. (9) into account, we obtain

10

b =04 0= Uo_coeo%_mma

_ Mm__10

6* - O'OGOEQ n+ 1D
Therefore, dissipation dpjis uniquely related to the
parameter n of kinetic equation (12). The approxima:
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o(r)
0.15

1 1
0 625 1250 1875 t
T

Fig. 1. (a) Structure parameter w(t) and (b) stress & (t) for uniform-load rate &1 - 0.05 and kinetic parameter n=(1) 1, (2) 2, (3) 3,

and (4) 5.

tion o= 0 of thereversible phasetransition [3, 4] inthe
framework of the model under consideration leads to
the necessity of using the linear kinetic equation with
n= 1. The presence of dissipation corresponds to the
parameter n > 1. In view of Egs. (13) and (14), stress
has the form

o—-Ee, — Z(t) _len(t) )

3% (15)

The function wxt) found from Eq. (14) and the func-
o—-Ee,
Oo

tion O () = given by formula (15) are shown

in Figs. 1aand 1b, respectively, for load z(t) = Z—t with
0

rate EeI = 0.05. Lines 14 correspond to the kinetic
0

parameter n = 1, 2, 3, and 5, respectively. For linear
kinetics (n = 1), stress a(t) monotonically becomes
constant, which, for € - 0, tendsto stress ¢ = 0 real-
ized in the model of the transition with a strong-discon-
tinuity surface. Kinetics with n > 1 is characterized by
the existence of an interval where o(t) decreases. The
amplitude and negative slope increase with both an
increase in n and a decrease in the strain rate.

High-rate loading % > 1% is accompanied by a

monotonic increase in stresses for al values of n.
Thelarge order of the kinetic equation is preferable,
because the transition from one deformation branch to
another occurs in this case through the section of a
curve close to horizontal. This enables one to introduce
stress characteristic of the phase transition under high-
rate loading.

DOKLADY PHYSICS Vol. 49
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Thus, the above model of the kinetics of first-order
phase transitions in a thermoelastic solid satisfies the
following requirements.

(i) Dissipation of the structural transformation is
nonnegative in any processes of thermal and mechani-
cal loading.

(if) There is the threshold thermomechanical load
above which the transition begins; i.e., inclusions of a
new phase are formed. The existence of the threshold
load is not an additional assumption but is determined
by the properties of the phases of a material.

(ii1) There are limiting thermal and/or mechanical
loads corresponding to the complete phase transition.
The condition of the complete transition, as well asthe
existence of the threshold load, follows from the ther-
momechanical properties of the material.

(iv) Kinetics is related to the thermomechanical
properties of the material. This relation presents the
dependence of the formation and growth of new-phase
nucle on the thermoelastic moduli of the phases.

(v) The character of afirst-order phase transition in
solids (reversibility and irreversibility) depends explic-
itly on the order of the kinetic equation. This conclu-
sion is fundamentally novel.
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For the problem of the axisymmetric cavitation flow,
Gurevich (1947) and Levinson (1946) independently
established the following asymptotic expansion law for
the free boundary (jet) on which the velocity is every-
where equal to the velocity v, at infinity:

Y2

RX(InX)™?, X & oo. (1)

Here, X and Y arecylindrical coordinatesand Risacon-
stant (X, Y, and R have the dimension of length).

Levinson proceeded from the integral identity for a
harmonic function and the condition that velocity is
constant at the free boundary. He obtained the next term

—%RXInInX(InX)‘m

in the asymptotic expansion.

Gurevich reduced the problem to the determination
of the boundary of a semi-infinite finite-drag body and
obtained asymptotic relation (1), as well as established
the following relation between the coefficient R and
force F acting on a semi-infinite body:

RR= —— )

which was absent in Levinson's study. Moreover, the
additional asymptotic term derived by Levinson fol-
lows from the asymptotic law written in the implicit
form

X2

?,

8F

2
pTIV

obtained by Gurevich [1, p. 466].1 Detailed references
aregivenin|1, 2].

Y4
:;2|

1 This was noticed by O.V. Voinov.
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In this study, the integro-differential equation for a
freejet isderived and its exact integral isobtained using
the variational asymptotic theory for thin cavities.
Employing this integral, a one-parameter family of the
solutions of this equation is constructed. The family
parameter R is expressed in terms of the force from
Gurevich formula (2). The eguation and asymptotic
expansion areindependent of the cavitator shape, are as
accurate as possible in this sense, and appreciably
improve the existing expansions. Further improve-
ments will depend on the shape of the body in aflow.

AXISYMMETRIC FLOW
AROUND A THIN BODY

Formulation of the problem. We consider the
problem of the steady potential flow of an ideal fluid
around an elongated (thin) body of revolution. All
lengths are scaled on the body half-length I, and all
velocities, on the incident flow velocity at infinity v,,.
Then, the body boundary in a meridional plane can be
described by the equation y = x f(x), -1 < X< 1, where

I
the small parameter x = I—y istheratio of the body thick-
ness 2l, to its length.
The velocity field potential ®(x, y) is obtained by
solving the boundary value problem
2 2
0P _ 0@, 109 _

AD = 2=
y ay

e oy

) ™ f
%_y%_‘i’% :X%(, IX<1, y=xf(x), @

Do x, X+y o oo,

where x and y are the dimensionless cylindrical coor-
dinates.
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The solution is sought in the form of sources dis-
tributed along the x axis

@ =)@, N = [LHE, “

r(€) = J(x=&)*+y~.

The expansion of the solution for y — 0 with the accu-
racy of y?Iny wasgiven by Colle[3]. It can be expressed
in terms of the integral operators L(g) and I(Q) as
follows:

L(q) = —q(x)ln(l—x2>+ 1(q),

_ (A0 -0@) g ©)
I(q) = J; X_F|
n(q) = -L(q) +q|n§2+0<yzlny). (©)

The expression M(q) in the form of series convergent in
the parameter y was studied by Fedoryuk [4] and makes
it possible to determine the function g(x) from the
boundary condition with an arbitrary accuracy with
respect to the small parameter X.

From boundary condition (4), we can obtain

x2q(x) = —Z(x) +O(x"Inx),

200 = M, 2(x) = E

Substituting this expression into Egs. (6) and (4), we
derive an asymptotic expansion of the velocity field
potential inthevicinity of the body surfacefory~x and
then obtain the vel ocity and pressure distributions over
the body surface

V_ Eﬁqﬂ O F
v2 CoxO DayD

= 1+2dﬂxL(z')+22"Inz+zz—+0(x4ln2x). (7

ASYMPTOTIC EXPANSIONS
FOR THIN AXISYMMETRIC CAVITIES

Very simple results can be obtained in the approxi-

2
mation V—2 ~1+2Z'Inx?in Eq. (7) (plane cross section
hypothesis). The cavity shape was determined in this
approximation in [5, 6] and with allowance for integral

termsin [7] with an error of the order L and L

Inx Inx®’
respectively. The force acting on the cavitator cannot be
calculated. The inclusion of all terms of expansion (7)

PETROV

and application of the variational principle appreciably
improve the accuracy of the asymptotic expansions for
both the cavity shape and force [8-10].

Integro-differential equation of the cavity. If the
constant velocity v, at the cavity boundary is expressed
2

) L v
in terms of the cavitation number o = —'2‘ —1, thenfrom

Ve
Eqg. (7) we obtain the equation of the free boundary in
the cavitation-flow problem in accordance with the
Riabouchinsky scheme
, z> d _ 0o
z Inz+22+dXL(i) =3 ®)

with an error of the order x*In*x. For athick cavitator,
2

we have z(#1) = T—Z ~x*and, without loss in the accu-
X

racy of the approximation, the conditions z(-1) = z(1) =

0 can be taken at the free jet shedding points.

Variational formulation. Equation (8) has a varia-
tiona formulation following from the Riabouchinsky
variationa principle. In [8-10], it was shown that solu-
tion (8) is the extremum of the energy functional

1

Y = [loz+Z'Inz+ZL(D)dx. O
1

2mpv I

Drag force. In order to overcome the difficulties of
calculating the force acting on the cavitator at small
cavitation numbers, Garabedian expressed the force
acting on a disk and cones in terms of the extremum

U
value of the energy functional F = 320 [1,11]. In[8-

21,

10], it was shown that the Garabedian formul aisexact
for cones and has arelative error of about the ratio of
the cavitator dimension R to the cavity length |, for
other cavitator shapes.

For solving Eq. (8), a parameter € is introduced as
follows: o = sln%. The solution of the equation for a
thick cavitator is represented by a power seriesin the
parameter €, = Hn%‘gl. In particular, one can obtain

both the expansion for the inverse aspect ratio of the
cavity (the ratio of its midsection radius to the half-
length) x? = 42(0) = &(1 + €, + ...) and the asymptotic
formulafor 1 + x - 0, which is required for matching
with the asymptotic law of jet expansi on:

zZ(x) = s(1+x)[1——an In(1+x)+ } (10)

The drag force is expressed in terms of the extre-
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mum value of the functional U given by Eqg. (9) as

_ 3 _ 2,2 271
F = 2IXU v, Istﬂln +1-In2+ ..

(1 1)

The above formulas provide the basis for the calcu-
lation of the geometric and force characteristics of the
cavitation flow.

INTEGRO-DIFFERENTIAL EQUATION
OF THE FREE BOUNDARY

The equation determining the asymptotic law of jet
expansion can be derived from Eq. (9) by passing to the
limit o - 0. Weintroduce the dimensional variables

' 2
= —+ = e =
X = 1,(1+Xx), 7 4
and the one-parameter family of integral operators

L(Z, |X) = —Z(X)IN[X(2l,~ X)]

(12)

(200 -2(X) . 3
J’ X=X dx'. (13)
Atl, =1, theoperator L(Z, 1) isidentical to the operator
L(2) defined by Eq. (5). In the new variables, Eq. (9)
takes the form
. Z? d oy =
Z InZ+ZZ+ L(z,1,) =

We now pass to the limit 0 — 0 fixing the cavitator
shape. The pressure distribution over the cavitator sur-
face and the force acting on it do not change. From
expression (11) for the force, it follows that I, — o in
this case. For the free jet Z(X), we obtain the equation

Z|
27 - xf"md‘>'<L(Z"X)
—_ H d2 '

= —lim-SN@. ).

Z'InZ+—

(14)
|

N(Z\1) = [Z(X)In]X~X] sgn(X = X)dX".
0

When passing to the limit, the integration range is
divided into the intervals (0, X) and (X, I), where vari-

Xtand X' =

Inthelimit!] — o, weobtain theintegralsover theinter-
val t O (0, 1). The result of the passage to the limit is
formulated as follows.

Theorem. Let a function @(X) be such that (i) the
second derivative @'(X) existson theinterval (0, «) and

ables are changed as X' = %( , respectively.
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(i) &

> 0andg@(Inl - 0forl — oo. Then, wehave

2

pqumwXM)=NAWM)

—XI DD(InX+In(1 t) — Int)—

ol21

-—| X (p(Xt)(InX+In(1—t))dt}, (15)
dxz{ .!

if the corresponding integrals are convergent.

Thus, we arrive at the following integro-differential
equation for afreejet:

ZI

0in
57 = —-N,(Z)+0

B

where N, (Z') stands for integral transform (15), for
which an asymptotic expansion for X - o is con-
structed bel ow.

Z'InZ + %= (16)

ASYMPTOTIC EXPANSION
OF THE LIMITING INTEGRAL TRANSFORM

We will construct an asymptotic expansion for
N, (@(X)) with the function @(X) = f(InX). We substitute
this function into Eg. (15) and change the variable as
A =InX. Using the differentiation formulasfor arbitrary
functions ®(A) and f(A + a)

K dO(INX) _ db()
dx ax

9 =40
s f(hza) = t=-f(Ata),

one can reduce the integral transform to the form

1

e'N.(f(\)) = IF()\, t)dt,

FO\t) = (A+a1)5;‘—+iﬂ(f(>\ a)— (A +a))
—f()\+a)—2(%f()\+a)—aE;—;+éa—£f()\—a),

a=Int, a = In(1-t).
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The functions f(A = a) are presented as the Mac-
laurin series. Substituting them into the integrand
F(A, t), we obtain

FOA\t) = A z A F*IN)

k=0

+5 B(t) 0N,
kZO ‘

where A, and B, are polynomials in functions a(t) and
() of a rather simple form. The integrals of these
functions can be calculated as

1 1

Agdt = =2, [Bydt = -1,
A

1

[Baceat = ~22(2k+1),
0

where {(2k + 1) isthe value of the Riemann zeta func-
tion at the points 2k + 1, k=1, 2, .... Thus, we have
((3) = 1.20206, {(5) = 1.03693, (7) = 1.00835, etc.

All other integrals of A, and B, are zero. Thus, the
1

integral I Fdt is calculated exactly, and the integra
0

transform is finally expressed as
e'N.(f(A) = —f(A)=2Af'(A)

—25 Z(2k+ 1) f*(N). (17)
2

INTEGRAL OF THE EQUATION
FOR THE FREE BOUNDARY

We substitute Eqg. (17) into Eq. (16) and multiply
both sides of the equation by 2X%Z< =2eM (). Thus, we

obtain the free jet equation in the form

S1F0)InZ] = 26500 + M) )

+45 (2k+ 1) F(A) F2EH(N) + 0(e™).

k=1

All terms on the right-hand side can be represented in
the form of a derivative with respect to the variable A.

PETROV

Then, we obtain the exact integral of the equation

(2A —1InZ) F2())

- 1_ - -\
=1 2k21Z(2k+ 1)S, () +O(e™), as)
Z(X) = e (f\) = f'(\) + f"(A) +...),

2k
A =1InX, Su(f) = z (—1)mfm()\)f2k‘m()\).
m=0
The second equation can be derived by representing
Z(X) in the form of the integral Z(X) = If (M) edA and

integrating it by parts.

ASYMPTOTIC LAW OF JET EXPANSION

The nth approximation of the solution of Eq. (18)
has the asymptotic form

fa(A)
= A1+ PLUN T PN+ L+ P (LA,
Z,(\) (1%
= @A I1+ QUUIAT + QuUA + L+ Qu(u)AT],

where P,(u) and Q,(u) are the polynomials of degreen
inthe variable u = InA. The asymptotic termsf(A), n =
0,1, 2, ..., arefound successively from the equations

fo =A% Z5= 2
(2A=InZY) X)) = 1, Z, = E\(f,(M) = Fo(A)),
(2A —InZ) f5(A) = 1,

Z, = &(f,(00 -1\ + F3(0),

(2 —InZ,) F5()

= 1-22(3)(2f4(A\) Fo(\) = (Fo(A)), -...
We thence successively calculate the polynomias

P, = —%u, Q; = —iu+%,
P, = —%u3+%u2—gu+%—22(3), (20)
Q, = —%u3+§—ju2—i—gu+i—g—21(3).

The above expansions are asymptotic and, generally
speaking, divergent series, so that their accuracy of
DOKLADY PHYSICS  Vol. 49
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approximation is limited. A more accurate approach to
the calculation of afreejet can be proposed. Substitut-
ing the asymptotic forms for the sums S, ~ (InX)=2<+!
into the right-hand side of Eq. (18), we abtain, with a
corresponding accuracy, an ordinary differential equa-
tion for Z(X), which can be solved numerically. With an

X’rdzy

accuracy to (InX)-3, we obtain lnfﬂj_xD =1or

dZ _ _ 1/2
D e (2N —-Inz)™".

Inthis case, the error of the right-hand side can be eval-
uated as2S, = g)r-*.

After the dimensionless function Z(X) has been cal-
culated, using the symmetry X . RX and Z - R*Z of
Eg. (16), we obtain the one-parameter family of the

 YAX) s O X :
solutions = Rzanﬁj, where the dynamic

parameter is determined from Gurevich formula (2).

DRAG FORCE

The relation between the dynamic parameter R and
the force F can be obtained from the coincidence of
asymptotic formulas (10) for |, — oo, 1 + X - 0 and (19)
for X = I,(1 + X) - o. They coincide for |, =

~1/2
R%Hn% . Substituting this expression for I, into

Eqg. (11), for € » 0 we arrive at Gurevich formula (2)
determining the relation between the coefficient R and
the drag force in the asymptotic law of jet expansion.
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The leading terms of the expansion of the solution fam-
ily obtained above coincide with law (1) derived by
Levinson and Gurevich.
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Variation of viscosity strongly affects the pattern of
afluid flow. Certain features of flows of fluidswith vari-
able viscosity were described in [1-4]. Monotonically
decreasing temperature dependence characteristic for
the viscosity of most fluids can be violated for sub-
stances where both polymerization and depolymeriza-
tion of molecules occur in alimited temperature range.
Liquid sulfur, whose viscosity has a peak temperature
dependence, is among these fluids [5, 6]. Certain fea-
tures of a liquid-sulfur flow in a heat exchanger were
considered in [7].

This paper presents the numerical results for a flow
of an incompressible fluid, whose viscosity has an
anomalous temperature dependence, in a two-dimen-
siona channel with a nonuniform temperature field. It
is established that the flow pattern is determined by the
structure of a“viscous barrier.” The effects of both the
shape of the nonmonotonic dependence and ambient
conditions on the basic features of the flow are also
studied.

We consider a flow of a certain modd fluid, whose
viscosity depends nonmonotonically on temperature
and which will be caled abnormally viscous. This
dependence corresponds to equilibrium between the
polymerization and depolymerization of molecules at a
given temperature. For slow flows, relaxation processes
in the fluid are neglected and its viscosity is considered
as a single-valued function of temperature.

We consider aflow of the anomalously viscous fluid
subjected to pressure drop in a two-dimensiona chan-
nel with length L and height h. The channel is suffi-
ciently long (L > h), and weintroduce the small param-

etere= E . The Ox axis of the Cartesian coordinate sys-

tem is directed along the channel. The inflowing-fluid
temperature is denoted as T,,, while channel walls are

Institute of Mechanics, Ufa Scientific Center,
Russian Academy of Sciences, ul. Karla Marksa 12,
Ufa, 450000 Bashkortostan, Russia

* email: said@anrb.ru
** email; kireev@anrb.ru

assumed to be maintained at the constant temperature
T, (Fig. 1).

The temperature dependence of kinematic viscosity
v(T) is approximated by the expression

V(T) = vo(1+ Aexp(-B(T =T,)?)),

Y

where A= v—l — land B are the parameters of the anom-
0

alous dependence; v, and v, are the maximum and min-

imum of viscosity in the temperature range [T,, T,],

Tw T* TO
Fig. 1. Channel configuration (flow direction isshown by an
arrow) and temperature dependence of the fluid viscosity.
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To+T

respectively; and T, = 5 ¥ . This dependence is

plotted in Fig. 1.

Dimensionless variables and criteria are introduced
as follows:

L h U Vo' v vo’t he
2
__sp__T—T _ V=V,
P=— T, V= oy
hv hv
Re = —2, pe = —°,
Vo X

Here, u and v are the Ox and Oy components of the
velocity vector, pisthe pressure, tistime, Tisthetem-
perature, p is the density, X is the thermal diffusivity,
and v, is the characteristic velocity.

The set of dimensionless equations describing the
thermal hydrodynamics of the fluid with variable vis-
cosity hasthe form

0T, AWT), 001 10T _ o, o0
ot T ax +6yS/T eyl - 0 F O,

where bars over dimensionless variables are omitted.
This set was solved numerically by using the control
volume approach and the semi-implicit method for
pressure-linked equations (SIMPLE) [8], where the | at-
ter was modified to take into account variable viscosity.

Numerical simulation of the process under investi-
gation was performed under the assumption that heat-
exchange intensity on the channel walls was high
enough to reduce the boundary condition to equality of
the near-wall fluid temperature to the wall temperature.
The temperature range between the fluid temperature at
the channel entry and the wall temperature covers the
entire temperature range of viscosity variation. Calcu-
lations were performed with the following dimension-
less parameters:

€=0.01, A=100,B=0.01,Re =1, Pe = 10.

Figure 2a shows both viscosity distribution forming
a surface and contours of the temperature field in the
DOKLADY PHYSICS  Vol. 49
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Fig. 2. (a, from top to bottom) Dimensionless viscosity dis-
tribution, where the viscous barrier is seen, and temperature
contours in the channel and (b, from top to bottom) viscos-
ity contoursfor (1) 0.2, (2) 0.5, and (3) 0.8; the distributions
of the longitudinal velocity with their maxima equal to
(1) 0.70, (2) 0.57, and (3) 0.45 for various channel cross
sections; and streamlines in the channel region containing
theinterior of the viscous barrier.

channel. The temperature field istypical for the case of
convective heat transfer. Following the temperature
field distribution, fluid viscosity values form a non-
monotonic-variation region that is convex in the flow
direction and represents a viscous barrier. The sections
of the viscosity-variation surface by the mutualy per-
pendicular planes x = 0.25 and y = 0.5 are shown for
clarity. The data presented here correspond to the pres-
sure drop fitted so that the viscous barrier lies entirely
within the channel length.
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Fig. 3. Reduced flow rate of the anomalously viscous fluid
vs. the anomaly parameters.

Figure 2 shows (from top to bottom) viscosity con-
tours, longitudinal-velocity distributions, and stream-
lines in the region of their maximum variation in the
interior of the viscous barrier. The stream function Y is
defined according to the relations

-0y - 0y
ox’ oy’

The longitudinal-velocity distributions testify to an
intricate flow character, which differs noticeably from

u

URMANCHEEV, KIREEV

the Poiseuillelaw. A jetlike flow isfirst formed with the
characteristic increase in the longitudina velocity in
the channel center. However, the longitudinal velocity
isalmost constant in the regions, where viscosity varies
strongly, that are adjacent to the central zone. Down-
stream, these regions expand, the central zone con-
tracts, and the longitudinal-velocity distribution
becomes uniform everywhere except the boundary
layer. We note that, outside the viscous-barrier region,
the longitudinal-velocity profile gradually becomes
close to a parabolic profile typical for the Poiseuille
flow. Analysis of the streamlines of the flow pattern
reveals the existence of the transverse velocity compo-
nent in the interior of the viscous barrier.

Rate is the basic characteristic of a fluid flow in a
channel. Below, we consider the effect of the anoma-
lous-viscosity parameters on the reduced flow rate

1
1
Q= é—agudy,

where Q, is the dimensionless flow rate for the Poi-
seuille flow with constant viscosity v,. We note that the
longitudinal velocity component u used to calculate the
flow rateis aso dimensionless.

Our numerical calculations show that the reduced
flow rate depends strongly on the parameters A and B,
which guantitatively characterize the chosen form of
the nonmonotonic temperature dependence of viscos-
ity. Physically corresponding to the contraction of the
anomalous-viscosity region in the fixed temperature
interval, anincreasein B leads to a monotonic increase
in the reduced flow rate, which islimited by itsvalue at
vanishingly small viscosity anomaly (Fig. 3a). At the
sametime, an increase in the maximum val ue of viscos-
ity, which is characterized by the parameter A,
decreases the reduced flow rate according to the lines
plotted in Fig. 3b in the semilogarithmic scale for vari-
ous B values. We note that, for B > 0.025, change in A
by an order of magnitude only dlightly changesthe flow
rate, while the flow rate may change by afactor of 2 in
therange 0 < B < 0.025.

The dependence of the flow rate on the pressure
drop is the most important characteristic for applica-
tions. It is shown in Fig. 4 for various A vaues. The
curves show that the reduced flow rate for anomalously
viscous fluids decreases with an increasein the pressure
drop. Here, the solid horizontal straight line corre-
sponds to the linear dependence of the flow rate on the
pressure drop for a fluid with constant viscosity.

A decrease in the flow rate with an increase in the
pressure drop is attributed to the expansion of the
anomalous-viscosity region due to convective trans-
port. The value of the flow-rate decrease depends on the
viscosity maximum and is virtually proportional to
logA. In addition, with increasing A, minima in the
flow-rate curves shift to larger pressure drops (Fig. 4).

DOKLADY PHYSICS  Vol. 49
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Fig. 4. Reduced flow rate of the anomalously viscous fluid
vs. the pressure drop for B = 0.01 and various A values.

After reaching its minimum, the flow rate increases
with increasing pressure drop. This effect is caused by
the formation of two open regions of anomal ous viscos-
ity, which are adjacent to the channel walls and do not
traverse its cross section within the channel.

Our investigation of aflow of a model fluid, whose
viscosity is a nonmonotonic function of temperature,
reveals a variety of possible hydrodynamic effects. As
is established above, the basic feature of the thermal
hydrodynamics of anomalously viscous media is the
formation of the spatially localized viscous barrier,

DOKLADY PHYSICS Vol.49 No.5 2004
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which can noticeably affect the flow pattern. It is of
interest that there is a parameter-space region where an
increase in the pressure drop decreases the reduced
flow rate.
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The nonconservative stability of elastic and inelastic
bodies and construction elements is a section of both
the mechanics of a deformable solid and theory of sta-
bility that has attracted attention for the entire last cen-
tury [1-3]. At present, the development of both compu-
tational methods and computer power providesthe pos-
sibility of finer analysis and discovery of new
qualitative effects in the behavior of systems subjected
to nonconservative loads. This work is devoted to the
stability of a beam with non-Voigt (cubic) interna vis-
cosity. The critical load is compared with the known
valuesin an elastic system and a system that islinearly
viscoelastic in the Voigt sense.

1. We consider a homogeneous viscoelastic beam
with length | and constant cross section 0. The beam is
rigidly fixed at one end and is subjected to a constant
follower force P at the other end (Fig. 1). The governing
relation of the beam material

0 = Eg+k.e% + ke’ (1)

presents the parallel connection of an elastic element
with the elastic modulus E and anonlinear viscous ele-
ment with the viscosity coefficients k, > 0 and k, > 0.
The model specified by Eqg. (1) can be called an elastic
model with non-Voigt viscosity. It is worth noting that
the standard Voigt body

0 = Ee+ké )

isnot aparticular case of EQ. (1).

L et us derive the equation of vibrations of the beam
with governing relation (1). Substituting the kinematic

equalitiese =—yv(x,t)and € =—yv,, (x,t) into Eq. (1)

and, then, Eq. (1) into the bending-moment expression

M(x, t) = I yo dZ, where integration is carried out over
b2
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the beam cross section Z (Fig. 2), we obtain the follow-
ing relation between the moment and deflection v:

M = —Elv, —kJv2i v, —kJv3, 3)
where

| = Iyzdz, J= J'y4dZ.

z z

The classical equation M,, = Pv,, + mv of vibra-
tionsin the theory of beams, where misthe linear den-
sity of the beam, takes the form

EI Vxxxx + kl‘](vixvxx)xx + kZJ(Vix)xx

y “)
+Pv,,+mv = 0.
The boundary conditions
x=0 v=0 v,=0;
. _ _ )
x=I: M=0, M; =0

correspond to the rigid fixation and action of the fol-
lower force.

0
Fig. 1.
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DYNAMIC STABILITY OF A BEAM THAT HAS NONLINEAR INTERNAL VISCOSITY

L et us reduce the problem specified by Egs. (4) and
(5) to the dimensionless form in terms of three quanti-
ties El, I, and m. All relations below are given in the
dimensionless form, and the notation of the dimension-
less variabl es coincides with the notation of the respec-
tive dimensional variables. Deflection v(x, t) satisfies
the nonlinear partia differential equation

2 3 -
Vxxxx + al(vxxvxxt)xx + aZ(Vxxt)xx + pvxx + Vtt - 0,

(©)
where
gz kI k,JJ/EI o= PI?
COEEm T 2 T E

with the four boundary conditions specified by Egs. (5).

L et ussubstitute Eg. (3) for the binding moment into
boundary conditions (5) and note that the conditions

x=0 v=v,=0;

)

x=1:

VXX = =

v XXX

are sufficient for boundary conditions (5) to be satisfied
if the initial values of the functions v (1, t) and
Vo(1, 1) are zero.

Thus, we have formulated a boundary value prob-
lem that is specified by Egs. (6) and (7) and describes
vibrations of abeam made of the material with govern-
ing relation (1) near the equilibrium position v(x, t) =0.
This problem involves only three parameters: p, a,,
and a,.

Equation (6) with a, = a, = 0 correspondsto theclas-
sical prablem of small vibrations of an elastic beam that
has a constant bending rigidity, is fixed at one end, and
is subjected to the follower force at the other end. For
loads in the range 0 < p < 20.05, a vibrationa mode
with a constant amplitude isrealized. The critical value

ps = 20.05 obtained in [4] corresponds to the vibra-
tional instability (flatter) of the rectilinear equilibrium.
A quite smaller value, p; =19.77, was presented for a

similar system in [5]. Theoreticaly, the p§ value is
equal to the least positive root of the equation tan/x =
Jx,ie, pE =20.19[6].

We point out works [6, 7] (see aso [2]) devoted to
the effect of the mass distribution over the length of the

elastic beam on the p; value. Some mass is concen-

trated at the point x = 1, and the remaining massis uni-
formly distributed over the length. The limiting case of
the massless beam with the pointlike mass at theend is
called a Beck post.

In the presence of internal frictionin thelinear Voigt
model given by Eq. (2), the critical load depends on the
viscosity coefficient k. When viscosity is negligibly
low, we have lI(im p* (k) = p7 =10.94 [8], which is
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z

Fig. 2.

amost haf the p; value. As well as for the case of a
finite number of degrees of freedom, theintroduction of
small linear dissipation into the elastic system reduces
the stability limit by afinite value. This phenomenonis
well known in dynamic stability asthe Ziegler paradox.
We omit the causes and explanation of this paradox and
refer to the detailed review of these problemsin [9].

In [10], the Ziegler pendulum with nonlinear fric-

tioninhingesgivenby F=ax*x + bx® was considered.
Stability is analyzed by constructing the Lyapunov
function. It was shown that the destabilization effect
holds for anonlinear friction law.

The destabilization of a beam loaded by aforce fol-
lowing the tangent to the axis with advance or lag
(quasi-follower force) by low internal and external fric-
tions was considered in [11]. Criteriaand certain math-
ematical aspects of the stability of a cantilever beam
with an arbitrary linear viscoel astic law were devel oped
in [12]. The optimization of masses for reducing an
undesirable jump of the critical force was analyzed
in[13].

This paper is primarily focused on the following
problems.

(i) How does the critical force p*(a,, &) depend on
the two governing parameters a, and a,;

(i) Is a jump in p* observed in the system under
investigation for negligibly low nonlinear viscosity
(a; - 0anda, — 0) ascompared to the values p; and
p; inthe elastic and Voigt models, respectively.

2. We seek a solution of the problem given by
Egs. (6) and (7) in the form of the Fourier series

00

vixt) = % u(t)zx). (®)

k=1
The functions z(X) are the solutions of the boundary
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value problem
d4zk 2 _ _ dz _
Vi kZ =0, z(0) = &(0) =0,
dx?

and have the form

3
d“z,

dx®

(1) =—(1) =0

Z(X) = vy, (cosd,x — coshd,x) + sinhd X — sind, X,

_sind, + sinhd,
Yie = cosd, + coshd,’

where &, are the roots of the equation
coshd,cosd, = -1, k=1,2,.... )

The first two roots of this equation are 9, = 1.875 and
0, = 4.694 and, therefore, y, = 1.362 and y, = 0.982.

The functions z(x) are mutually orthogona in the
interval [0, 1]:

1

Izi(x)zk(x)dx =0, i#zk (10)
0

Substituting Eg. (8) into Eq. (6), multiplying by z(x),
integrating from O to 1, and taking condition (10) into
account, we arrive at a countable set of ordinary differ-
ential equations. We restrict our consideration to the
following set of two equations for u,(t) and u,(t):

. 4 2.
Uy + 07U + p(€y1U; + eUp) + 33,0, U Uy
2. . .

+ 3a,0,UsU, + 2a,03U,U,U, + 28,0 ,U, U,U;

2. 2. .3 .3
+a,05U5U, + a,0,U7U, + 38,0, U; + 3a,0,U;

+ 3a,005U, U5 + 3a,0,U,U; = 0, an
lip + 85U, + P(EyUy + E5U,) + 331811"%“1
+3a,B,U50, + 28, B3l Uy, + 285 B4Uy Uyl
+ 8, BaU5U; + 8,B,UTU, + 38,8, U5 + 388,05
+ 332[3301“3 + 3azB4uzui =0,
where

1 1
— 1 " — 1 1
€y = —J.leldxv € = —IzzzldX,

1 1

1 mn 1 "
€1 = K_ijl z,dx, ey = K_Jzz z,dx, (12)
0 0

AGAFONOV, GEORGIEVSKII

1 1

2 2
K, = J’zldx, K, = J’zzdx.
0 0

Formulas (12) yield e, = 0.858, e, = -8.464, ¢, =
2.599, and e,, =—13.294. The coefficients a, =222.022,
o, = 2273.73, a; = 7430.31, a, = 1286.77, B, =
825.596, B, = 134887, 3; = 13129.6, and 3, = 14302
appearing in set (11) are calculated by integrating
expressions depending on the eigenfunctions {z(x)}
and their derivativesin theinterval [0, 1].

For 0 < p < 20.19, the characteristic equation of the
linear part of set (11) has two pairs of imaginary roots
+iw, and tiw,, wherei? = -1 and w, and w, satisfy the
frequency equation (w, > w,)

w' = (8] +8;+ pey + pey)w’ 03
+ (81 + pey)(8; + Pey) — pepen = 0.

Thus, the problem of the stability of the zeroth equa-
tion of set (11) for 0 < p < 20.19 isreduced to analysis
of the critical case of two pairs of imaginary roots.

3. To use the Kamenkov criterion [14], it is neces-
sary to perform the linear and nonlinear normalization
of set (11) up to the third-order terms inclusively. The
linear transformation

1 _ _
u, = é[yl +¥1+0(Y2 + Vo),

1 _ _
U, = 5[521()’1 +Y)+ Y.+,
. (14)
. i _ _
u, = é[wl(h = V1) + 010,(Y2—V2)]

. i _ _
u, = é[ézlwl(yl_yl) + (Y- V2],

where the bar stands for complex conjugation,

Pe,
2 4
w; —0; — pey

pPey

01, = = 4
w;—0, — pey

, Oy =

reduces set (11) to the form

Y1 = 1wy + Yi(Yy Vi Yar ¥2)s

Yo = 10, + Yo(Y1, Vi, Yar V2) -
Here, Y, and Y, are the set of the third-order terms with
respecttoy;, ¥, ,Y,, and y, . The equationsfor the com-
plex conjugate variables y; and y, are not presentedin

Egs. (15). Further, set (15) isnonlinearly normalized up
to the third-order terms.

(15)
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In the absence of the internal resonance w, # 3w,
the normal form is represented as

y1 = iy, + ayiyl +Dby1Y,Y5,

Yo = iy, +Cy Y1y, + dygyb

where the old notation of the variables is used. The
coefficients a, b, ¢, and d are expressed as

(16)

3
a= _é(al+3a2wi)f1(p)’

1
b = _L_].(al+ 3a200§)f2(p)’
) (17)
c = _Z(a1+3a20)f)f3(p)’
_ 3 2
= _é(al + 33.2002) f4( p)1

where f(p), k = 1-4, are functions of one variable, p.

The coefficients a, b, ¢, and d are negative at p = 0.
Calculationswith the Mathematica 5 package show that
aisnegative and positive for p O (0, 11.19) and (11.19,
20.19), respectively.

According to the Kamenkov criterion [14], set (15)
isasymptotically stablefor p J [0, 11.19). This conclu-
sionisalso valid for original set (11) [15]. The internal
resonance w, = 3w, correspondsto thevalue p = 12.298,
which is obtained from frequency equation (13).
Set (11) is unstable for p O (11.19, 20.19) except per-
haps the value p 0 12.298, because the coefficient ais
positive for these p values [15].

Thus, the effect of stability loss takes place in the
presence of nonlinear viscosity (1). The critical value
p* for a nonlinear viscosity law is quite larger than
that in Voigt model (2). In addition, the effect of a
decrease in the critical load in the Voigt model is
observed for low viscosity, whereas this effect in the
nonlinear model is manifested for any coefficientsa, >0
and a, > 0.
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The high-velocity penetration of metallic bodies
into asolid target is accompanied by both the formation
of acomplicated state and fracture of materialswith the
formation of a cavity in the target [1]. The problem of
the penetration of bodieswith various geometric shapes
is not described by a unified analytical solution.

Models establishing the fundamental properties of
high-velocity penetration are well known [2-5]. The
subsegquent model s based on the hydrodynamic concept
of the penetration of a thin jet with account of the
strength effect did not improve the agreement of theory
with experimental results.

In this work, a simple generalized formula is pro-
posed for estimating the penetration depth of bodies
with various shapes into a massive target. The formula

Calculated and measured penetration depths

is obtained in the scheme of local interaction between
bodies by relating dimensionless values both intro-
duced here and taken from models [2—7]. The effective
length of the penetrating body is determined as a func-
tion of the parameters of interacting bodies. It is shown
that the strength resistance of the medium depends
strongly on the shape of the penetrating body.

A local liquid—solid medium is realized near the
interface upon high-velocity penetration [8]. On the
boundary between plastic and undeformed solid parts
of the target, stress can achieve or exceed the ultimate
strength, which is the main characteristic of the
mechanical properties of the material. The resistance of
the medium is taken to be equal to the product of the
temporal resistance of the material and an empirical
constant.

Penetrating body Target Penetration depth

swe | | o[ e T e o[ |5 e
Thinjet | Steel 4.65 51 139 |Sted 0.42 1.0(139 |140 | -0.7 | [9]
" " 117 12 10117 |120 | -25 "

" " 135.5 |2024¢Al 0.48 1.0|227 | 220 3.2 "

" " 241.4 |Lead 0.015 1.0[202 |210 | -38 "

163 | 162 312.8 | Steel 0.42 1.0|312.8 | 285 9.8 [[10]

Sphere Steel 1.05 9.4 270 |Lead 0.015 10| 224| 225| -04 |([11]
2.65 9.4 36.9 0.015 10| 305| 309| -13 "

Plastic 6.6 8.0 22.0 |1100-FAl 0.12 10| 147| 142| 35 ([12]
Rod Copper 0.87 20 19.8 |Aluminum 0.07 |100 358| 355| 08 ([1,11]
Alloy W-10 2.55 277 275 | Stedl 12 100 412 | 4 05 [[1,13]

Alloy X27Wa| 225 | 300 285 12 100 |421.3|421 0.1 |[14]
Duralumin 164 63.5 82 |Polyethylene |0.012 | 100 |142 |138 2.9 [[15]

Planar Jet | Steel 142 35.4 30 |Sted 0.42 |100 30 29 3.4 |[10]
142 70.7 60.4 0.42 |100 60.4 | 60 0.6 "

OAO Dolgoprudnyi Scientific and Production Enterprise, Dolgoprudnyr, Moscow oblast, Russia
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GENERALIZED HYDRODYNAMIC MODEL OF PENETRATION

The generalized formulafor the penetration depth of
bodies with various shapes into the massive target can
be written in the form

[
L =1, =, 1
2/pt ey

2
PoV ]

I, = 1,0 @

where

[e2X Nt

is the effective length of the penetrating body and p,
and p; are the densities of the penetrating body and tar-
get, respectively. In formula (2), £, is either the length of
therod or the diameter of thejet source; v, isthe velocity
or average velocity of the penetrating body; and

0 = U0, (3)

is the resistance of the medium, where g, is the tempo-
ral resistance of the material and [ is a constant.

The characteristics of the interacting bodies are pre-
sented in the table, where the results L, calculated for
the cavity depth are compared with its experimental
values L, [9-15]. The data in the table show that the
cavity depth L given by Eq. (1), effective length I, spec-
ified by Eq. (2), and constant 1 in Eq. (3) depend only
on theimpact conditions. It isworth noting that dissipa-
tive phenomena disregarded here do not noticeably
affect the quantitative estimate of thefinal result of pen-
etration.

CONCLUSIONS

Thus, a unified formula based on the determination
of the effective length of the penetrating body and the
resistance of the medium is proposed for the penetra-
tion depth of bodies with various shapes into targets,
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including steel targets, for impact velocities above
1 km/s.
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1. ENERGY APPROACH
TO THE FRACTURE PROBLEM

The classical approach to fracture mechanics going
back to Griffith is based on the statement that a crack
propagatesif this process|eadsto adecreasein thetotal
energy € of a system. For a plate of unit thickness, the
crack-growth conditions can be written as

0€
3. - 2Y- (1)
Griffith initidly interpreted the quantity 2y as the
surface energy, becauseit represented the specific work
(per unit area) expended to form a new surface. Irwin
and Orowan showed that this quantity should be inter-
preted as the total work (including the plastic one) in
the fracture zone. This work can be taken as the resis-
tance to a certain dissipative process proceeding in a
small region near the crack tip. The study of this char-
acteristic includes the determination of its physical ori-
gin (different for different classes of materials) and its
measurement.

For the fracture near the crack tip loaded by model,
criterion (1) isequivalent to the criterion for the critical
stress-intensity factor K; < K.. For a linearly eastic
body, the Griffith constant is equal to

Kfe
= =i 2

5E " @
where E isYoung's modulus. Thus, y can be indirectly
determined in this case from the standard tests for mea-
suring K.

Nowadays, it is generally recognized [1] that the
expenditure energy per unit area of a fracture surface
essentially depends on the action duration. Other char-
acteristics of dynamic fracture (critical intensity factor,

S. Petersburg Sate University,
Bibliotechnaya pl. 2, &. Petersburg, 198504 Russia

* e-mail: yp@yp1004.spb.edu

limiting amplitude of applied load) also essentialy
depend on time. Therefore, the problem of determining
the Griffith specific surface energy is urgent for high-
rate fracture.

2. DYNAMIC TESTS

It isimpossible to adequately study the energy bal-
ance by conventional methods of creating short-term
loads, because it is very difficult to estimate the energy
fraction directly transferred to a specimen. In particu-
lar, the parameters of explosive or shock action can be
estimated only approximately. For most cases, energy
exchange between the specimen and aloading deviceis
rather complicated [2], which makes it impossible to
authentically determine the stage at which fracture
OCCUrs.

The procedure using amagnetic pulseinstalationis
free of the above disadvantage. Load is formed by the
magneti c-pul se method, where the mechanical pressure
depends onthe spatial configuration of current-carrying
elements [3-5]. For a known current distribution, the
current-pul se parameters are unambiguously related to
magnetic pressure. In addition, the energy state of the
specimen at the instant of fracture can be determined
quite exactly in many cases. This determination is pos-
sible for the following reasons. First, the pressure on
cut edges is monitored throughout the pulse (about 1—
10 ps). Second, high-speed shooting of the fracture pro-
cess makesit possibleto precisely determinetheinstant
at which cracks start. In certain cases, it can occur after
the disappearance (removal) of the external pressure
pulse. Third, after the termination of the pulse action,
the specimen does not interact with the installation;
hence, the specimen under fracture becomes an ener-
getically closed system.

The indicated principles were realized in the run of
tests for specimens with a cut modeling a macrocrack.
The specimens were manufactured from spheroplastics
(120 x 120 x 10-mm specimens with a 60 x 2.2-mm
cut) [3] and polymethyl methacrylate (200 x 200 x
10-mm specimenswith a 100 x 3-mm cut) [4, 5]. At the
cut tips, we made a0.2-mm-thick notch 3 mmin length.

1028-3358/04/4905-0338%$26.00 © 2004 MAIK “Nauka/ Interperiodica’



ENERGY BALANCE IN THE CRACK GROWTH INITIATION

The cut edgeswereloaded by uniform pressure approx-
imated by the dependence

2Tt

P(t) = Adn, 0<tsT. 3)

For each pulse duration T, the dependence of the
crack-growth length on the applied-load amplitude A
was studied. We aimed to determine the threshold
amplitude. The obtained dependences were well
approximated by the linear functions (Fig. 1)

AL = k(A=A,), A>A,. 4)

The quantity A, is the threshold amplitude above
which the crack begins to grow. This quantity was
found by extrapolating the experimental data to the
value AL = 0.

The high-speed shooting of the fracture process
revealed adelay of the onset of crack growth relative to
the instant at which the stress-intensity factor reaches
its maximum [6]. In this case, the time before the onset
of crack growth is appreciably longer than the time of
action of the external pressure pulse. Hence, the tota
energy of the external action is converted to the elastic
and kinetic energy of the material, and the crack prop-
agation is further determined by this internal energy.
Since the potential of external forcesisequal to zero at
the instant of fracture near the crack tip, it ispossible to
consider that thefunction € in Eg. (1) coincideswith the
internal energy of the specimen.

3. ENERGY BALANCE

We analytically estimate the energy transferred to
the specimen due to interaction with the instalation.
During the load action, the wave has no time to pass
along the cut edges; therefore, in the first approxima-
tion, it is possible to consider the problem of a plane
wave in a half-space:

U,—c’U,, = 0,
0,01 = 28 y(x0)=0, U(x0)=0.
c’p

Here, x and U are the coordinate and the longitudinal
displacement, respectively; c is the longitudina -wave
velocity; tisthetime; and p is the density. Solving the
problem with Eg. (3), we derive the expression for the
energy transferred to the specimen:

¢ = SDHA'T

8cp '’ )
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Fig. 1. Experimental dataon the length L, of acrack grown

from the cut tip vs. the amplitude P of rupturing pressure
pulse for (a) polymethyl-methacrylate specimens at the
time of a pulse increase to the maximum (1) 1, (2) 2, and
(3) 4.6 usand for (b) spheroplastic specimens at the time of
apulse increase to the maximum (1) 4.4 and (2) 2.76 ps.

where D isthe cut length, H is the plate thickness, and
A and T are the parameters of the pressure pulse from

Eq. (3).

To prove the correctness of this approach for esti-
mating the energy transferred to aplate during the con-
tact, we numerically analyzed the three-dimensional
problem of the interaction of a specimen with aloading
device [7]. Using a finite-element software package,
we calculated the energy transmitted to the specimen
during the contact with the current-carrying bus.
For estimating this energy, it suffices to numerically
simulate only an early stage of the process, and pre-
cisely during the pressure-pulse action from the bus
side, and then to estimate the energy involved in the
specimen.

As aresult, we obtained data on the total energy of
the specimen. Thus, similar to analytical calculation,
thetotal energy of the system including itskinetic com-
ponent is taken into account.

The simulation was carried out for polymethyl
methacrylate specimens at three different durations of
the action pulse. The table presents the energies trans-
ferred to the specimen as cal culated by both Eg. (5) and
the finite-element method. The good agreement
between them supports the applicability of this
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Fig. 2. Fracture energy consumption vs. the loading-pulse
duration (the dashed lines correspond to quasistatic tests)
for (triangles) polymethyl methacrylate and (circles)
spheroplastic.

approach for estimating the energy transferred to the
specimen during the contact.

4. CONDITION OF CRACK GROWTH

From Eq. (4), it follows that the crack-length incre-
ment is related to the increment of the amplitude of the
applied pulsed pressure as dL = kdA. Taking into
account Eqg. (5) and dS = HdL, we obtain the specific
(per unit area) energy consumption on fracture at the
crack onset

de|  _ 3TAD
ds ~ dkep

AL =0

If the time of travel of an elastic wave along a cut

Table
Energy, J
T us A MPa finite-element
by Eq. (5) caculation
2 172 417 4.00
4 93 2.44 2.32
8.6 48 1.40 1.33

BRATOV et al.

exceeds the time interval from the loading-application
instant to the crack onset, i.e., for sufficiently large
specimens, only an effective area D= ctry wheretpjis
the time before the crack onset, instead of the total cut
length, must be taken into account when calculating
the fracture energy consumption. In this case, we
derive the following relation for the specific energy
consumption:

3T At
2kp

= 2yq. (6)

The quantity vy, is an analogue of the quantity y in
Eg. (1). Since ¢ and p are the known material parame-
ters, and A, k, and tjare determined experimentally for

the pulses of various duration T, Eqg. (6) yields this
quantity as afunction of load duration.

5. DISCUSSION OF THE RESULTS

Figure 2 shows that y, exceeds the value calculated
from EQ. (2) using the results of quasistatic tests by
more than an order of magnitude. However, asthe load
duration increases, this value decreases markedly. For
polymethyl methacrylate, the points calculated from
Eqg. (6) lieon astraight line plotted in logarithmic coor-
dinates; i.e., therelation y,T® = const is met for micro-
second |oads.

The results of the finite-element simulation show
that the kinetic and potential components of the energy
are comparable. Thus, at the action rates realized in the
experiments at the magnetic-pulse installation, it is
unjustified to neglect the kinetic energy of a material.
Moreover, the inclusion of the kinetic energy can qual-
itatively change the behavior of the fracture energy
consumption.

The basic advantage of the applied testing schemeis
that there is no energy exchange between a specimen
and a loading device after the termination of the pres-
sure-pulse action, and fracture begins to develop after
removing load when the specimen becomes energeti-
cally closed.
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Methods of laminarization of fluid flows by means
of flexible boundaries are till of current interest [1]. In
this work, the problem of the structure of perturbed
motion near thejoint between therigid and flexible seg-
ments of the control panel is analytically solved.

We study nonstationary two-dimensional perturba-
tions of the plane Poiseuille flow. The fluid density,
channel half-width, and velocity of the unperturbed
flow on its axis are used as the basic units of measure-
ment. The Reynolds number expressed in terms of
these parametersis denoted as R.

We use a Cartesian coordinate system with the ori-
ginonthechannel axis, the x axisalong the unperturbed
flow, and the y axis perpendicular to walls. The dimen-
sionless time is denoted as t. Perturbations of the flow
are considered to be small. In this case, the components
of perturbed motion with different frequencies w > 0
can be studied independently.

Perturbations of the components of velocity and
pressure are denoted as

eq(x, y)exp(—iwt) + c.c. + O(l¢l%),

where [¢] < 1 and g = u, v, and p. The complex ampli-
tudes of the perturbation parameters q satisfy the linear-
ized system

au+av

xtay =%

—imu+(1—y2)%l—):—2yv+g—§
2 2
ov . op _ 1@v _ o'vy

. 2
_|wv+(1—y)& 3y - RO ayZD'

Since the instability wave is an antisymmetric
mode, we consider only antisymmetric perturbations

Zhukovsky Central Institute of Aerohydrodynamics,
Zhukovskiz, Moscow oblast, 140160 Russia

satisfying the conditions
u(x,0) = p(x,0) =0 (@)

on the channel axis. These conditions enable oneto for-
mulate the boundary value problem in the band —o <
X< +00, 0 £y < 1. It isworth noting that symmetric and
antisymmetric perturbations can be investigated inde-
pendently only for the symmetric unperturbed flow and
identical boundary conditions at both ends of the chan-
nel. In this connection, we assume that the channel
walls have identical flexibilities.

We assume that perturbations of the flow are gener-
ated by the instability wave (Tollman—Schlichting
wave). These perturbationsinduce antisymmetric trans-
verse vibrations of the walls with the frequency of the
incident wave. The corresponding shape of the upper
wall is given by the expression

Yo = L+ [ef () exp(iwt) +cc] +O(el’),  (3)

where f(x) is the longitudinal distribution of the com-
plex amplitude of vibrations.

When studying the evolution of perturbations, we
use the flexibility law [2] according to which the vibra-
tions of boundaries are induced by pressure pulsations
on thewall p,, = p(x, 1) and are described by the equa-
tion

d'f _d’f 20,
B— —-T— +(K—-w’M—iwD)f = p,, (4
dx*  d¥® ( ) P
whereK istheelasticity, M istheinertia, D isthe damp-
ing, T isthe tension, and B is the bend resistance. The
perturbed flow satisfiesthe no-dip boundary conditions
on the wall given by Eg. (3). In the approximation lin-
ear in g, these conditions have the form
u(x, 1) = 2f(x), v(x 1) = —wf(x). ®))
If the flexibility of the channel walls is uniform,
arbitrary perturbation is represented as superposition of

1028-3358/04/4905-0342$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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the eigenfunctions of the problem:

q = gn(y)exp(iax), (6)

where a,, is the complex eigenvalue and g, is the corre-
sponding eigenfunction. Since the flow is bounded in
the transverse direction, the {a,} spectrum is discrete
andinfinite(n=1, 2, ...).

To analyze free perturbations (6), it is convenient to
use an auxiliary function ¢(y; o) that isasolution of the
Orr—Sommerfeld equation with the inhomogeneous
boundary conditions

_ 1 ', 2d% O
_IC(RDdy —2a dy +0(¢, @)

o) =2 Pw=2 "’(0)-d"’(0)-

In terms of this function, the components of the eigen-
functions g, are expressed as

__d¢, .
u, = Ond_yf Vi = _Icnanq)n!
_ 0, ° ¢n d %
pn B IG RDdy d
NS BV 0L LPYAY:
n a Ddy nY%n

where
0, = [K—wM—iwD +a’T+a’B] ",

bn = 0(y; ay).

The eigenfunctions are normalized so that p,(1) = 1,
and the eigenvalues o, satisfy the dispersion relation

®(a,) = oy, (8)

where the left-hand side is expressed in terms of the
solution of problem (7) as

®(a) = iaR[zi;g(l; a)—ZaZT.

Relation (8) contains the flexibility parameters of the
wallsintheexplicit form and, for o, = 0, takestheform
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of the dispersion relation ®(a,,) = 0 for the flow in the
channel with rigid walls.

Thiswork is primarily focused on the passage of the
Tollman—Schlichting wave through the joint between
therigid and flexible segments of the channel. First, we
consider the evolution of perturbations in the channel
containing afinite flexible segment in the interval |, <
x< |,. The joints between the flexible and stationary
segments of the walls are assumed to berigid:

f f
(1) = 10) = Sy =2y =0 ©

The problem specified by Egs. (1), (2), (4), (5), and
(9) was solved in [2] by direct numerical simulation,
which required extensive computations. To reduce cal-
culation time, we propose a method using the solution
[3] of the problem of the response of the plane Poi-
seuille flow to the local vibrations of the channel walls.
Let us represent perturbed motion in terms of a super-
position of the Tollman-Schlichting wave propagating
in a channel with rigid walls and forced perturbation
generated by antisymmetric vibrations of the walls of
the flexible segment. As aresult, we obtain the relation
between pressure perturbation on the upper wall p,(X)
and the unknown distribution of the complex amplitude
of wall vibrationsf(x), which is specified by the Fourier
transform:

Py = exp(iax) +I[f], (10)

I

I[f] = J'[2"¢(k)]_ldkj’f(5)exp[i k(x—¢&)]dg,
C A

where the integration contour C passes from below the
pole k = a,, which corresponds to the unstable mode
(and does not encircle other poles in the lower half-
plane). At the sametime, flexibility law (4) providesthe
second relation between p,, and f. Excluding pressure
perturbation from relations (4) and (10), wearrive at the
following linear inhomogeneous integro-differential
equation for the unknown function f(x):

Bﬁ—TE+(K w M—looD)f

dx*  dx?
= exp(ia,x) +I[f].

(11)

As an example, we apply the method to the flow in
a channel with Reynolds number R = 12 000. Let the
flexible segment occupy the interval 10 < x < 60 and be
characterized by the parametersK =0.5,M=2,D =0.1,
T=0.1,and B=0.15. Figure 1 illustrates the passage of
the instability wave with frequency w = 0.24 through
the flexible segment. Figure 1a shows the longitudinal
distribution of the complex amplitude of pressure pul-
sations on the upper wall. The solid line Rep,, corre-
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Fig. 1. (aQ) Complex amplitude of pressure pulsations on thewall and (b) curve of increasing perturbation when the instability wave

passes through the finite flexible segment.

sponds to the longitudinal distribution of pressure per-
turbation at the initial time, and the dashed line Imp,,
after a quarter of the vibration period. Figure 1b shows
the corresponding curve of increasing perturbation. The
dash—dotted lines show the position of the flexible seg-
ment. Perturbation on the left and right of the flexible
segment (excluding the vicinities of the joints) is an
increasing wave whose parameters are very close to
those of the instability wave in an infinite channel with
rigidwalls(a, = 1.032 —i - 0.0093). Perturbation inside
the segment is also well approximated by the damping
Tollman—Schlichting wave in the channel with uni-

formly flexiblewalls (a; =0.934 +i - 0.0084).

Thus, the propagation of perturbation can be con-
ventionally divided into the following stages. First, the
unstable mode corresponding to the rigid walls falls
onto the flexible segment from the left. Second, this
mode is transformed into the same mode for the chan-
nel with uniform flexibility. Third, the inverse transfor-
mation occurs at the right joint. This qualitative
descriptionisrepresented by the dashed linesin Fig. 1b.
Asis seen, the amplitude of the unstable mode changes
stepwise at the joints between the rigid and flexible
walls (it ismost pronounced at the right joint).

To analyze the transformation of perturbation at the
joints between rigid and flexible walls in more detail,
we consider a model problem of the passage of the
instability wave through the joint region between two
semi-infinite segments. L et thex < 0 region be occupied
by the rigid segment, and the x > 0 region, by the flexi-
ble segment with the above parameters. Perturbation
both up- and downstream of the joint is a superposition
of modes (6). Pressure perturbation on the upper wall is
given by the expressions

Pw = ) Chexp(ianx), x<0,
2; 12
© 4 (12)
Pw = zCheXp(iGhXH Z chexp(iagx), x>0.
n=1 n

=1

In addition to the wave numbers of the unstable mode
for therigid and flexible segments, we present the wave
numbers of other very important modes. Calculation of
hydrodynamic modes in the rigid segment yields a, =
-0.310-i-0.817,a; =-0.364 +i - 0.833, a, = 0.503 +
i -0.627,and a5 =0.590 +i - 0.399. The corresponding
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Fig. 2. Transformation of the instability wave at the joint between the semi-infinite rigid and flexible segments when the flexible

segment is on the (a) |eft and (b) right.

modes in the flexible segment are as follows a;, =
-0.696 — i - 0.356, a3 = —0.616 + i -0.320, 0, =
0.547 +i -0.566, and as = 0.622 +i - 0.436. Moreover,
there are four additional flutter modes in the flexible
segment: a; =-0.587+i-1.338, a; =0.843+i-0.981,
a; =-0.526—i-1.263,and a; =0.907 —i -0.971.
For a given structure of perturbations (12) in the x >
0 region, i.e., for given coefficients ¢, and c,, we
determinethe form of vibrations of the flexible segment
by using flexibility law (4). The structure of perturba
tions over the entire flow can be calculated by using the
known form of vibrations of the walls and solution of
the vibrator problem [3]. Using the Cauchy theorem

on residues, we obtain the weight coefficients of
expansion (12) for x < 0 in the form

o 4
¢ =Y SnCnt S Sl (13)
m=1 m=1

Here,

no

Om [dCD -
alan]
al® —q,da

Sim =

are the infinite-dimensional scattering matrices.

The problem of the transformation of the instability
wave at the joints between the rigid and flexible seg-
ments of the channel is formulated as follows. Let the
Tollman—Schlichting wave with the amplitude ¢, = 1
fall on the joint region from the left. The complex

amplitude c; of the transmitted wave is called the scat-
tering coefficient and is denoted as S. We impose the

DOKLADY PHYSICS Vol.49 No.5 2004

conditions of the damping of the corresponding pertur-
bations up- and downstream of the joint on the coeffi-
cientsof expansions (12) for other modes; i.e., ¢, =0for

Ima, >0and c.° =1 for Ima,° < 0. Other coeffi-

cients, aswell as S are unknown and satisfy the linear
algebraic system determined by expressions (13), the
above conditions, and the relations

o 4
z o,Ch+ z orc, =0,
n=1 n=1

o0 4
zoga;ch Zoﬁa,‘jc,‘j =0,
n=1 n=1

following from conditions (9) written for the joints
ax=0.

The above problem was solved by the finite-dimen-
sional approximation including all flutter and five
hydrodynamic modes mentioned above. The calcula
tion is shown by the solid line in Fig. 2ain comparison
with (points) the calculation based on the integro-dif-
ferential equation of the evolution of perturbations near
the front boundary of the long finite flexible segment
(0 £ x < 100). As is seen, the results agree well with
each other except for the narrow vicinity of the joint.
Accuracy can be improved by including the dynamics
of alarger number of hydrodynamic modes. The evolu-
tion of the perturbation component corresponding to
the unstable mode is shown by the dashed linein Fig. 2
and illustrates the amplitude jump. This jump is deter-
mined by the value |§ = 0.985, and argS = 0.119 char-
acterizes the phase shift between the transmitted and
incident waves.
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The problem of the transformation of the Tollman—
Schlichting wave passing from the flexible segment to
the rigid one is formulated similarly. Figure 2b shows
calculationsfor this case. The transformation processis
characterized by the values |[§ = 1.064 and argS =
0.115. Thus, the right joint provides the additional
destabilizing effect on the configuration under consid-
eration. Thiseffect isstronger than the stabilizing effect
of the left joint by afactor of about 4.
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