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The property of a material medium to provide dif-
ferent conditions for light propagation in the opposite
directionsis usualy called optical nonreciprocity. This
nonreciprocity can be related to the phase (propagation
velocity), amplitude, and polarization of an electro-
magnetic wave. This work is focused on the optical
nonreciprocity in phase, which is caused by different
propagation velocities of the electromagnetic wave in
the opposite directions.

The optical nonreciprocity of a substance is usually
manifested only when it is exposed to various external
fields. However, from the genera theoretical stand-
point, the natural optical nonreciprocity in certain crys-
tals may exist in the absence of any externa fields. In
my opinion, the existence of an intracrystalline electro-
magnetic field is one of the causes responsible for the
natural optical nonreciprocity of acrystal. In this case,
the preferential direction along which the optical non-
reciprocity is maximal is determined by the vector
product of intracrystalline electric and magnetic fields
averaged over physicaly infinitesimal volumes. If the
average value of this product in a crystal is nonzero,
then the optical nonreciprocity can arise due to the non-
linearity of vacuum electrodynamics.

As is well known [1], recent experiments at the
Stanford accelerator confirmed that vacuum el ectrody-
namics is nonlinear theory. Therefore, the propagation
of electromagnetic waves in externa electromagnetic
fields differs from that in vacuum. In particular, as was
shownin[2, 3], the propagation vel ocity of electromag-
netic waves in the direction of the vector product of the
external electric and magnetic fieldsdiffersfromthat in
the opposite direction.

It isworth noting that, in addition to the intracrystal-
line electromagnetic field, other causes can be respon-
sible for the natural optical nonreciprocity in crystals.
Therefore, one of the urgent problems of crystal optics
is the theoretical study of various mechanisms respon-
sible for the optical nonreciprocity and investigation of
laws governing the propagation of electromagnetic
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waves in nonreciprocal crystals. The search for experi-
mental methods for studying this phenomenon and
experimental verification of its various possible mech-
anisms are also very important.

Below, ignoring the details of various mechanisms
that provide the natural optical nonreciprocity in crys-
tals, we analyze basic laws governing the propagation
of electromagnetic waves in them.

In order to solve the posed problem, it is convenient
towritethe coupling equationsintheformD = D(B, E),
H = H(B, E). This study is focused on the analysis of
phenomenain anisotropic mediain the presence of rel-
atively weak electromagnetic fields, when nonlinear
effects can be neglected. In this case, the coupling
equations can be written as

Do = EapBp+&apBp,  Ha = WapEp+ TagBg, ()
where Eg isatensor, Tyg isthe tensor reciproca to the
magnetic susceptibility tensor yg, , and &,z and Wy are
axial tensors.

In the absence of free charges and currents, the vec-
torsD and E, aswell the axial vectors B and H, satisfy
the equations of macroscopic electrodynamics:

curlH = lQ—Q, divD = 0,

c ot

10B @)
curlE = -—=—, divB = 0.

cot

The propagation of electromagnetic waves is usually
studied for frequencies corresponding to the transpar-
ency band of a substance when absorption isnegligibly
small (see[4, 5]). Asiswell known, the time-averaged
divergence of the Poynting vector must vanish in this
case. Using macroscopic Maxwell equations (2), it is
easy to show that absorption is absent under the condi-
tions

op = Epar Tap = Tpar &ap = —Wpa- 3)
It followsfrom these conditionsthat thereal parts of the
tensors Eqg and T, are symmetric with respect to the
permutation of the subscripts, whereas their imaginary
parts are antisymmetric. An arbitrary tensor of the sec-
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ond rank can invariantly be represented as the sum of a
symmetric tensor and an antisymmetric tensor, and an
antisymmetric tensor in the three-dimensional space
isdual to an axial vector. Therefore, according condi-
tions (3), we have

EC(B = 8(1[3+iea[3va'vv Tch = Tor[3+ieor[3vav (4)

EGB - Eaa Wep = LIJ:uB * CupyWy + i[l'p;B + eGBVuV] ’

where €y, is the absolutely antisymmetric Levi—Civita
three-dimensional axial tensor and e,,; = 1.

To simplify analysis of effects caused by the natural
optical nonreciprocity, we neglect both the frequency
dispersion and spatial dispersion and consider aweakly
anisotropic crystal for which

Oup

T .
We assume that the vectors u and w, as well as the

axial vectors a and f, are small quantities of the same
order of smallness.

We now assume that a plane electromagnetic wave
propagatesin a crystal obeying coupling equations (1).
The magnetic and electric fields of this wave are speci-
fied as

Wop = Wop = 0, €45 = €04p, Top =

B = Byoexp[-i(wt—kr)], E =Ejexp[-i(wt—kr)],

where w and k are the frequency and the wave vector,
respectively. In this case, Egs. (2) take the form

w w
EBG = e(xcvkcEw EDa+eacvkch = 0. (5)

We now multiply the second of these equations by %

and substitute expressions (1) and (4) into it. As a
result, taking into account the first of Egs. (5), wearrive
at the homogeneous set of three linear algebraic equa-
tions for the three components of the vector Eg = (E)g:

MeEg = 0, (6)
where the three-dimensional tensor Mg is of the form

2
_ W w *
rlorB - ?EGB + E[eaov quB + eBoquva] ko
+ ecxcveépﬁkckavé'

Substituting relationships (4) into this expression and
using the formula

e(xpv ecsTB = 600[6m6v|3 - 6VT 6p[3]
- 6m [ 6p06vB - 6v86u0] + 6(1[3 [ 6p06VT - 6p16vc] )

DENISOV

we reduce the tensor N, to the more convenient form

2
W

. W
naB = CZ[SQB + Ieo(Bvav] + E{ 2(kw)6a[3

+ 1 [KqUg — KgUg] — kgWs — kW } —i{ K*eypy fy
1
+ €aov T okoKg + €poy o koKe } + ﬁ[kakg—kzéagl )

For the existence of nontrivial solutions of the set of
Egs. (6), its determinant must be equal to zero:
det||M,g|| = 0. Using tensor algebra [6], we write this
equation as

2M 5= 3M M+ NPy = 0. (8)

Composing invariants of powers of tensor (7), taking
relationships (5) into account, and neglecting all terms
higher than squares of the small quantitiesu, w, a, and
f, we reduce expression (8) to the form

%’;nz{ n*-p’a’} + 2(;-3—;”2{ 2n’(kw) - p(k[ua] )}
+ ‘;_’22{ u’k’[a’ - n"u®—n*w?] +p°n’[5(kw)?
+2(ka) (kf) + (ku)?] —p?(ka)? — 2n°k?}

+ Z20C (K ual) - 2n°(kw} + KLk’ + U

— 2 (ku)? + (kw)? + n*(kf)*] +k*n’} = 0,

where, asusud, n= .Jep.

The last relationship is the dispersion equation.
Solving this equation, we can find the frequency of the
plane electromagnetic wave as a function of its wave
vector.

Retaining only termslinear in the small quantitiesa,
f, u, and w, we have

w= Sk + %[—Z(kw)n + J[(kF)n’ = (ka)] - ©
g 2n O

where the radicand is the square of the axial scalar and
the plus and minus signs correspond to the electromag-
netic wave of the first and second normal modes,
respectively.

It follows from expression (9) that the phase and
group velocities of the electromagnetic wavein crystals
with coupling equations (1) depend on the propagation
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direction. In particular, in the forward direction (k =
kN, where N? = 1), we have

V%‘E%+J%Pﬂmmmbﬂmﬂ¥—mmfﬁ,
O 2n [
viz = & —EWiEﬂz[nzf—a]%,

nD n 2n 0

wheren istheaxial scalar equal to—1 and +1 intheleft-
hand and right-hand coordinate systems, respectively.
In the backward direction (k = —kN), we abtain

Vo2 = EEH + 2—“-[2(Nw)n + J[(Na) —(Nf)n?] ZE,

n2
2 - C N By Bree o
Vg nE_N nw_ 2n2[n f a]H

Since (n—1) = 107" in the transparency region of crys-
tals, and the magnitudes of u, w, a, and f are assumed
to be much smaller than unity, we can conclude that

1,2 1,2
Vpr <cand Vy” <cC.
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Thus, the natural optical nonreciprocity in the prop-
agation velocity of electromagnetic waves can be man-
ifested along several directionsin crystals.
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INTRODUCTION

Spherical tokamaks provide promising prospectsfor
the solution of the problem of controlled thermonuclear
fusion. At these setups, the toroidal geometry of a
plasma has alarge inverse aspect ratio. A configuration
close to spherical makes it possible to develop the
projects of relatively compact and cheap thermonucl ear
power stations.

The behavior of a plasma in spherical tokamaks is
actively studied both theoretically and experimentally
in the last decade. Two large spherical tokamaks—
MAST (UK) and NSTX (USA)—were commissioned
several years ago. Successful experiments were carried
out, and a plasmawith record parameters was obtained.

The prablem of the electrical conductivity of a
plasma is a key problem of the controlled thermonu-
clear fusion. The so-called neoclassical transport theory
provided an answer to this problem in the late 1960s.
The plasmapropertiesin toroidal geometry were shown
to differ strongly from those in cylindrical geometry.
Electrical conductivity is lower in toroidal geometry.
Moreover, additional electric current, so-called boot-
strap current, arises, and radial energy transport
increases.

Since that time, the electrical conductivity of a tor-
oidal plasma and bootstrap current were theoretically
calculated in detail in numerous works. The basic
resultswerereviewed in [1]. However, the most general
formulas were obtained only recently [2, 3].

Itisof natural interest to compare theoretical results
for the electrical conductivity of the plasmawith exper-
imental data. Such a comparison has not yet been made
for spherical tokamaks.
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Thiswork isdevoted to the study of theelectrical con-
ductivity of the plasmain discharges at the MAST setup
by the mathematical simulation method and a compari-
son of theoretical results with experimenta data.

The basic difficulty of the study of conductivity is
that the parameters are not measured inside the plasma,
and the accuracy of solving the inverse problem of
reconstructing the internal propertiesisinsufficient for
reliable conclusion. We develop a new approach for
determining the plasma conductivity in a real experi-
ment by using accurately measured characteristics and
known parameters of the setup.

MATHEMATICAL MODEL

The mode of the evolution of atoroidal plasma was
describedin detail in[4]. Here, we give only the brief math-
ematica formulation of the problem. In the framework of
the usual tokamak approximation, the Maxwell equations,
force-balance equation, and Ohm's law are reduced to the
st of the following two strongly nonlinear equations for
two unknown functions Yi(t, R, Z) and F(t, Y):

ROIL0U, Oy

GRCRIRD T 52 = Rl

1 9F(t, P)
ZUOR oy

within T o(t) (D

op(t. ) ,
R o0

h(Ry) =
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I
ey

OOO0O000000
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F(t, W) = [F(t, R, Z)0, within I (1), 3)

js - Bl
qu = W = const . (4)
-1
f Bpodl
U = const
Here, [',(t) is the plasma boundary defined as a
closed surface ) = const of the maximum width; B =
F
ﬁ and Bp()l
and poloidal components of the magnetic field, respec-
(p xiy)
o |
toroidal and poloidal directions, respectively; o) isthe
electrical conductivity of the plasma aong the mag-
netic field B; p(t, W) is the kinetic pressure of the
plasma; Ji(t) are the current in the solenoid, poloidal-

Biorin + Bpoile, Where B, = are the toroida

tively, iy and i; = are the unit vectors in the

Jata LB
o
presents currentsinduced by external nonelectric forces
such as bootstrap current, Pfirsch—Schluter current, dia-
magnetic current, current generated by rf waves,
injection of neutrals, varying magnetic field, etc. Equa-
tion (1) is the well-known Grad-Shafranov equation
obtained from the Ampere law and force balance for an
axisymmetric magnetic field. Equation (2) is the pro-
jection of Ohm’s law on the magnetic field B. Both
equations are written in the cylindrical coordinates
(R, n,2). Thetoroidal angler doesnot enter into the set

due to the axial symmetry.

Averaging (4) is performed by integrating over the
intersection line of the magnetic surface Y = const and
plane n = const. Such an averaging simulatesrelatively
fast processes transforming the plasma to the equilib-
rium state at each time, where F must be a function of

U (see, eq., [1]). Thefactor B;,}I ensuresthe equality of

integral (4) to the average value with respect to the
angle & in the coordinate system (y, &, n), whereyisthe
label of the surface P = const. The integration with
respect to & has aclear interpretation: it yields an aver-
age value over the angle.

Equations (1)—«4) are supplemented by the initial
and boundary conditions

field coils, and chamber walls, and the term

W(O,R Z) = (R Z), F(O.) = Fo(W),
limy(t, R Z) = limw(t, R Z) = 0, (5)
R-0 R- o

F(LR 2)]; (o = 521 alt)

Mo

Here, |,.4(t) is the electric current through the central
core of the setup that is responsible for the toroidal
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magnetic field and Yy(R, 2) is the solution of equilib-
rium equation (1) with given initial conditions p(0, U)
and Fy(y).

The problem specified by Egs. (1)—5) is a two-
dimensional problem with afree boundary " (t), which
is determined during solution.

PENETRATION
OF AN INDUCED MAGNETIC FIELD
INTO THE PLASMA

The electromagnetic induction effect is extensively
used in spherical tokamaks to maintain current in a
plasma. Electric voltage inducing current is primarily
generated by a solenoid located at the center of atoka-
mak. Poloidal-field coils controlling the shape and
position of the plasma can noticeably contribute to the
induced current.

The induced current is often simulated under the
steady-state assumption that the solenoid and other
coils instantaneously induce current at any point of the
plasma. Such an assumption is valid for stationary
induced voltage applied to the plasma for along time.
However, the real situation in current experiments is
usually far from the stationary case.

It isknown that the penetration of the magnetic field
into the plasma takes a certain characteristic time, esti-
mated in [5] as 1g = YoL0, where L is the character-
istic scale of the spatial variation in the magnetic field
B,,q and o is the plasma conductivity. For atypical dis-
charge at the MAST setup, 15  ~ 0.5 s. Therefore, ina
discharge with a duration of about 0.5 s, the induced
voltage is expected to reach a stationary regime only at
thefinal stage. Therefore, an accurate calculation of the
distribution of the induced voltage U, inside the
plasmais of fundamental importance for the adequate
description of the experiment.

Within the boundary I (1), U,4(t, R, Z) satisfies the
diffusion egquation

annd _ 1 U o Dlaulnd] a Uiy
ot Ho0 0 dRCR oR 0" 97% 0 ©
_19g,
0.” at Umd
At the plasma boundary (R, 2) [T (t), we have
Uina(t, R, 2)
N
¢ . 7
= _2T[p0 dJa;ﬁ(t)G(RV 21 Rc,i’zc,i)v ( )

i=1
where G is the Green's function of the pointlike ring
current at the point (R, ;, Z; ;) and the summation is per-
formed over al ring currents for which the point (R, Z)



t,S

Toroidal current I, (t) in the plasma. The solid, dashed, and

dash—dotted lines correspond to neoclassical conductivity,
Spitzer conductivity, and measurement, respectively.

isdirectly or almost directly visible from the point (R. ;,
Z ), i.e,isnot strongly shielded by the plasma.

Knowing U,,,, one can calculate the induction com-
ponent of the source in Eq. (2) as

— Uindlr]

indln -

2R’

J add, ind —
0

Calculation of U, is complicated by the large inverse
aspect ratio (when R can be close to zero), the sharp
dependence of the plasma conductivity on (R, 2), the
plasma shielding effect of remote sections from ring
coils, the complicated shape of the plasma boundary,
and the necessity of including events at the discharge-
formation stage.

COMPUTATIONAL EXPERIMENT

The computational experiment was carried out by
means of the SCoPE code, whose capabilities, details
of numerical algorithms realized in it, and structure of
software were described in detail in [4].

To obtain the most adequate model, the initial
parameters are specified as close as possible to the
experimental conditions. Thefollowing input datawere
used in the model: the position of the setup walls; cur-
rent I,.4(t) in the toroidal-field coils; the coordinates of
the solenoid windings and current in them; experimen-
tally determined position of the plasma boundary (cur-
rentsin the control coils of the poloidal field are chosen
in calculations such that the calculated plasma bound-
ary iscloseto the given boundary); mass m; and charge
&3 of plasma particles of kind 3; and measured density

ng(t, ), temperature Tg(t, Y), pressure p = Z ng T Of

B
particles, and effective charge Z (t, ) per ion.

The evolution of equilibrium begins with the same
condition for neoclassical and Spitzer models of
plasma conductivity. Conductivity and bootstrap cur-

KOSTOMAROV et al.

rent are calculated by formulas taken from [2, 3]. The
total toroidal current 1,.(t) in the plasma for t = 0 is
taken to be equal to the experimental value. The quan-
tity F(0, ) was calculated in terms of pressure p(0, )
and plasma current density j, (0, R, Z) reconstructed by
the EFIT code from magnetic measurements at t = 0.
Further, the evolution of 1,,(t) and F(t, {) isdetermined
by Ohm's law (2). Quantities calculated in the model
are compared with experimental data. Only undoubt-
edly reliable data were analyzed, including the total
current in the plasmal,(t) and currentsin the poloidal-
field coils.

Figure 1 shows the evolution of the current I,(t) in
the MAST setup for discharge 9037, magnetic axis
Ruae ~ 0.8 m, small radius ~0.5 m, elongation ~1.5,

B(Ruag) ~ 0.52 T, Ng ¢~ 4 x 101 3, and T, 4~ 0.4 keV.

It isseen that current for neoclassical conductivity is
closer to the experimental data than that for Spitzer
conductivity. The rate of change in current in the
Spitzer caseisabout twice as high asin the neoclassica
case, which corresponds to the difference in the con-
ductivity value. This fact has a clear physical interpre-
tation: larger current is generated in a plasma with
higher conductivity.

Comparison of the calculated and measured currents
in control coils shows that the dominating differenceis
observed for the P5 coils, where current in the neoclas-
sical case is about twice as close to the experimental
value as in the Spitzer case. The absolute value of cur-
rent in the neoclassical caseis higher than in the Spitzer
case. The physical explanation of the difference in cur-
rentsis simple. Neoclassical conductivity has a steeper
profile, which is responsible for a larger current con-
centration at the plasma center and its closer location to
the chamber wall. Current in the coils P5 repul ses the
plasma from the wall. Therefore, the absolute value of
current in the neoclassical case must be larger, whichis
consistent with calculations.

The above results, as well as numerous cal cul ations
with different variations of the mathematical model and
plasma parameters, show that conductivity at the
MAST setup is neoclassical.

CONCLUSIONS

Plasma conductivity at the MAST spherical toka-
mak was analyzed by the mathematical simulation
method. An extensive computational experiment was
carried out for various models of conductivity. The
basic characteristics of the plasmawere calculated and
compared with measurements in the natural experi-
ment. The closeness of experimental and numerical
data, as well as the physical interpretation of observed
effects, reliably shows that plasma conductivity at the
MAST setup corresponds to neoclassical theory. Since
the mathematical model is universal, the result can be
extrapolated to other spherical tokamaks.
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The neoclassical theoretical results were compared
with experiments at tokamaks with relatively small
inverse aspect ratio in [4]. According to that work, the
electrical conductivity of the plasmaand bootstrap cur-
rent correspond to neoclassical theory.

In this work, the conclusion about the neoclassica
conductivity of the toroidal plasma was generalized to
the case of a large inverse aspect ratio. Moreover, we
developed a new approach fundamentally different
from [6]. The conclusion madein [6] is based on anal-
ysisof electric voltage on the plasma surface. The accu-
racy of measuring and calculating this voltage may be
low due to the displacement of the plasma boundary
and necessity of taking the derivative of an approxi-
mately specified function. The conclusion made in this
work isbased on reliable measurements of thetotal cur-
rent in the plasma and accurate data on currents in
poloidal-field coails.
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The so-called blind problem has attracted great
attention in recent years [1, 2]. This problem is the
problem of reconstructing unknown signals passing
through a linear channel or medium with unknown
characteristics over additive background noise. Blind
identification, i.e., the estimation of the pulse character-
istic of the channel by using only observed signals, isa
key element of this problem. Blind identification is
opposite to problems of the classical identification of
systems, where an observed signal is used and input
signas are known. The blind problem often arises in
various applications of digital processing of signalsand
images: in radio technical systemsincluding radioloca
tion, radio navigation, radio astronomy, digital televi-
sion, radio communication, etc. [1, 2].

For channels with one entry and one exit, the identi-
fiability conditions are formulated in the statistical-
identification context that implies a certain set of out-
put-signal realizations formed with the constant pulse
characteristic of the channel.

The moment method implying the change of equa-
tions relating input and output signals to equations
relating the corresponding moment functions is the
basic approach used for blind statistical identification.
For example, it iswell known that the covariance func-
tions of a stationary process at the exit of alinear sys-
tem do not involve information on the phase of itstrans-
mission function, and identification is possible only for
systems with the minimum phase. For thisreason, iden-
tification is performed by using high-order statistics
and, correspondingly, non-Gaussian models of input

X
Ky ko o my

oz 2,

signals [3]. Second-order statistics can be used for
blind identification of the channel for a nonstationary
model of an input or output signal, including a cyclo-
stationary signa [1]. Nevertheless, the statistics of
input signals are assumed to be known a priori in al
these cases. However, this assumption is often inappli-
cable. In particular, the statistic of the backscattering
coefficient in radiolocation problems depends on the
propertiesof atarget, and the statistic of asignal inradi-
ocommunication systems is determined by transmitted
information.

In this work, a new approach for solving the prob-
lem of statistical blind identification is proposed on the
basis of the polynomia representation of the moments
of random sequences [2]. This approach transfers the
problem of blind identification from the linear space to
the ring of multivariate polynomials and involves a
mathematical technique that was successfully devel-
oped in recent years and is based on algebraic geometry
and commutative algebra. This approach makesit pos-
sible to solve the problem of blind identification for
various degrees of prior uncertainty in the statistic of
information signals including absolute prior uncer-
tainty.

POLYNOMIAL STATISTICS
A polynomial cumulant of the order k + m, where
k=ki +k +...+kandm=m +m,+ ... + m, of a
random vector X is defined as a polynomial of r vari-
ablesthat belongsto thering Clz,, z, ..., Z]:

' Z:)

= cum{ x(zl)klx(zz)kz...x(zr)k’x*(zl)mlx*(zz)mz...x*(zr)m} :

In the space C', the set of points at which a polyno-
mial cumulant Ki o  « momm (Zs Zs .o Z) S
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e-mail: gor @mail.radiant.ru

equal to zero,

—X
Ky, Kgy ooy ke My, My, mr(t)

- rooX -
- {ZD C: Kkl,kz,...,kr,ml,mz,...,mr(zlv Zy ---!Zr) - t}
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is an affine variety in the space C" and is caled the
given-correlation variety [2].

POSSIBILITIES
OF STATISTICAL BLIND IDENTIFICATION

If an input sequenceisfinite and the number of real-
izations available for processing is sufficient for statis-
tical identification, the signal at the exit of alinear sta-
tionary system is representable in the form of the prod-
uct of polynomials over the complex number field C[z]:

¥(2) = h(2)x(2) + v(2). ey

Here, y(2), h(2), x(2), and v(2) O C[Z] are the polyno-
mials corresponding to an observed discrete signal,
finite discrete pulse characteristic of the channel, infor-
mation sequence at the channel entry, and noise counts,
respectively. Algorithms of blind identification are usu-
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ally constructed under the assumption that the pulse
characteristic Ky«  « m.m,....m &> % ..., Z) of the
information signal is known. However, only very gen-

eral assumptions, if any, exist for the case of the statistic
information sequence under consideration.

Let us show that the structure of zero-correlation
varieties of the observed signa can be used for blind
identification in this case. Since the noise statistic is
usualy known, the zero-correlation variety of the
received signal is expressed according to Eq. (1) as

E)kll_lllz ...,kr,ml,mz,...mr(o)

—h _
= Ky Ky ok My My, mr(o) 0 :)k(l, Ky, oo KoMy, My, m(0)1

NG))

where

= e ommm(0) = £20C (h(z))(h(22))'%... (h(2))" (h* (z)) ™ (h* () ™. (h* (z))™ = &},

—-y-v

—ky, Ky, oo Ky my,my, m,(o) = {ZDCr:

K>k/1, Ko, .. Ky my,m,, .. ,mr(zb 221 LREE ] Zr)

v —
_Kkl,kz,...,k,,ml,mz,...,m,(zb Zyy ey Zr) - 0} .

Since a complex univariate polynomial aways has a
compl ete set of roots, thevariety E'Qly Ky oo kmm,, . m, (0)

is zero-dimensional, i.e., consists of a finite number of
points corresponding to the zeros of the channel poly-
nomial. This variety can be factorized into a combina-
tion of no more than (L — 1)*" of simplest varieties
describing points in C", where L is the length of the
pulse characteristic of the channel. At the same time,
the zero correlation variety generated by the informa-
tion sequence polynomial can either also be factorized
into a combination of irreducible varieties or remain
irreducible. Theirreducibility of the variety cannot gen-
erally be the determining factor of the separation of the
channel parameters from the information sequence.
However, the dimension of the variety can be the sepa-
ration factor. If the variety generated by the channel
polynomial is aways zero-dimensional, the zero-corre-
lation variety generated by arandom information signal
has a dimension of no less than one. Therefore, the
zeros of the channel and information sequence can be
separated by a certain procedure of selecting varieties
according their dimension.

Asan example, let us consider identification accord-
ing to second-order polynomial statistics and indepen-
dent equally distributed readings of an information
sequence. In this case, the zero-correlation variety of an
observed signal in C? disregarding noise has the form

E{, 0,0,1(0) = 52, 0,0,1(0) 0 E)1(,0,0,1(0)- (3)

DOKLADY PHYSICS Vol.49 No.6 2004

The one-dimensional variety =7 , o ; (0) is the bun-
die of curves in C?, and, as was mentioned above,
E'L 0,0,1(0) iszero-dimensiond. Analyzing expansion (3)
by taking into account the dimension of simplest vari-

Re
1.5+
1.0F
c=1.0
x
05 . c=25 _ o
..“ “..
Or y .
x .. .. x
-0.5F s LY
[ ) [ )
_10} x .
1 1 1 1 1 ]
-1.5 -1.0 -0.5 0 0.5 1.0 1.5

Im

Separation of the zeros of the system characteristic of a
channel according to sections of zero-correlation varieties
for L =7, information-sequence length N = 7, and 1000 real -
izations of the signal. The crosses and points are the zeros
of the system characteristic and information sequence,
respectively, upon variation in ¢ from 1to 2.5.
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eties, a priori unknown varieties of the channel and
information sequence can be separated by taking differ-

ent sections =7 o 1 (0). Let

W(c) = rOOtS(K}l/,O,O,l(Zl c)) 4)

be the vector of the complex roots of a univariate poly-
nomia of the variable z. Here, ¢ is the constant deter-
mining the section of the affine variety and root(+) isthe
operation of calculating the roots of a univariate poly-
nomial with allowance for their multiplicities. Then,
the principle of separating roots of the pulse character-
istic from roots induced by the information sequenceis
as follows. Change in ¢ leads to the displacement of
roots associated with the information sequence over the

variety =7 ,01(0), whereas roots induced by an
unknown channel are not displaced. This property
allows their definite separation. In particular, the figure
shows the displacement of roots induced by the infor-
mation sequence on the complex planewith variationin

GORYACHKIN

cinEq. (4). For ¢ = 1, the corresponding zeros coincide
and the channel identification isimpossible.

The use of polynomial statistics in problems of the
blind identification of signa propagation channels
allows a definite estimate of the pulse characteristic of
the channel in the absence of prior information on the
statistical characteristics of an input signal. The separa-
tion factor is the difference between the dimensions of
the zero-correlation affine varieties generated by the
determinate pulse characteristic of the channel and a
random input signal.
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In this study, we propose a new aperture-synthesis
method realizing the ideas developed in [1, 2]. This
method is based on solving the inverse optimization
problem of reconstructing the specific effective scatter-
ing area, which is a statistical characteristic of a spa-
tially nonstationary (inhomogeneous) random process,
instead of the problem of reconstructing an image as a
regular function of two variables. This approach
implies both the operations inherent in the traditional
aperture-synthesis method and the new operations of
the adaptive decorrelation of received signals as ran-
dom nonstationary processes, which makeit possibleto
considerably increase (by a factor of 2—4) the resolu-
tion of the reconstruction of coherent images of sur-
faces. To understand the physica essence of the
method, we consider the solutions of optimization
problems of reconstructing the images of surfaces in
two formulations.

1. The observation equation representing the model
of oscillations taken from the antenna output of a syn-
thetic-aperture radar (SAR) hasthe form [1-3]

u(t) = s(t, F(r))+n(t), rob, © 0,1,...,T.

(D
Here, st, F (r) =Re IF’ (r)$,, (t, r)dr isthe desired sig-
D

nal scattered by surface D and n(t) is white noise with
the correlation function

N
R(t; -ty = '2‘05(t1 -1,

where &(t, —t,) isthe Dirac deltafunction. The complex
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scattering coefficient F (r) can be estimated by solving
the integral equation

T

Y(r) =J’Uenvs:nv(t,r)dt = IF'(rl)tp(r,rl)drl, Q)
0 D

jugt

where s, (t, r) =s.,,(t, r)e

nal scattered by an element dr for F (r) = 1 and Ueny (t)
is the complex envelope of the received oscillation

is the complex unit sig-

u(t) = Ueny (t)ejw"t. The problem of reconstructing the

complex function F (r) is incorrect, and its solution
requiresacertain regularization, for example, the statis-
tical one by introducing a priori data on its behavior.
However, this is of no use, because, even at the
achieved SAR resolutions, the width of their ambiguity
functions

T

W(r,ry) = [t TSt 1)l 3)
0

considerably exceeds the characteristic correlation

range of the process F (r). For thisreason, asa primary
image of the surface, we have to take either the real and

imaginary parts of the SAR output effect Y (r), |Y (r)],

or |F (r)F. Theintegral on the left-hand side of Eq. (2)
is representative of the essence of the aperture-synthe-
sis method in the SAR with the focused processing of
signas [4]. However, the indicated primary images
have a pronounced spotty structure (speckle structure),
and it isunclear what should be considered astheimage
and noise upon their reconstruction. To eliminate the
speckle structure, averaging and window smoothing of

the function |Y (r)| or |Y (r)P are performed. However,
these operations reduce the resolution. Moreover, the
smoothed function |Y (r)P is essentially an estimate of

the effective backscattering cross section a’(r) (the spe-
cific effective scattering area), and this estimate is far
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from optimal. Therefore, it is worthwhile to estimate
the function a°(r) by solving the corresponding optimi-
zation problem that isinverse not relative to F (r) but to

0'r) asto the statistical characteristic of a nonstation-
ary random process.

2. To obtain the best consistent estimate of the func-
tion o(r), the Bayesian quality criteria, aswell asa pri-
ori data regularizing the inverse-problem solution,
must be used. However, the primary principal opera-
tions necessary for estimating this function can also be
obtained by the maximum likelihood method. This esti-
mate will be inconsistent. It can be smoothed at the
stage of the secondary processing by all known meth-
ods of window averaging (median filters, sigmafilters,
Lee and Frost filters, atomic functions [7], etc.). We
assume that the signal g(t, F (r)) in Eq. (1) is stochastic
due to the random nature of the scattering coefficient
F(r). Thus, the correlation function for the entire
observation equation has the form [5, 6]

Ru(ty, tp) = [u(ty)u(tp)d

= 3Re[07(1)8n 1 ) Sin(t )0k + 528, 1),
D

where

oy(r) = J’EF'(r)F*(nAr)Ee‘qu“dAr.
D

If the random process u(t) is assumed to be Gaussian
with the zero mathematical expectation, the likeli-
hood functional can be written relative to the param-
eter o%(r) as

plu(t)|a’(r)] = k[a’(r)]

TT

01 U
x ep 5[ [ut) Wity t, (NI u(t)dudt.  (5)
0“5 O
Here, the inverse correlation function isfound from the
integral egquation

T

Wty ta 0°(r))RIty, ts, 0°(r)] dt, = B(t; —t3).
0

The desired parameter o°(r) isafunction of coordinates
r. Therefore, the problem of seeking the maximum of

VOLOSYUK et al.

functional (5) is variational. Solving it, we obtain the
integral equation

I J_6R[t1, t, 0°(r)] W[ty t,, 6°(r)] dt,dt,
5a°(r)

- e

It is appropriate to write the variational (functional)
derivative of theinverse correlation function asfollows:

5W[t1, tz, a’(r)]

u(tp)dt,dt,. (6)

SW[ty, t, 0°(1)] _
5a” (r)

WIty, t,, 0 (r)]
H

x 5R[t31 t4’ Go(r )]
5a°(r)
Substituting this equality and the obvious identity

W[t,, t,, a°(r)] dt,dt,.

TT

W[ty t,, 6°(r)] = [fwits ts a°(r)]
00

x R[ts, t,, 0°(r )] W[t t,, a°(r)] dtsdt,

into Eq. (6) and calculating the corresponding varia-
tional derivatives, we obtain the integral equation for
estimating the specific effective scattering area:

You(r)3 = I" O )| @a(r, 1)y + 0B (1), (7)

Here,

TT
Youll) = 3 [ [Uernlta, DYWLy, t, 0°()] Stz 1) st

T

=2 [Uen(t)s5 (1)l ®)

is the complex output effect of the optimal processing
system for received oscillations,

T

Sult.r) = [Wlts ta 0°(r)] &n(ty r)dt,
0

isthe reference signal, and
N

Eu(r) = [I8u(t r)[ dt

isthe reference-signal energy.
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Fig. 1. Section of the absolute value of normalized spatial ambiguity functions (1) for matched filtering and for the decorrelation of
areceived signal for asignal-to-noise ratio of (2) 10, (3) 20, (4) 50, (5) 75, and (6) 100.
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Fig. 2. Results of radar-image processing (for an average signal-to-noise ratio of 50): 1istheinitial (test) radar image, 2 isthe radar
image after initial processing by the matched-filtering technique with subsequent smoothing by the Lee filter, and 3 is the radar
image after initial processing with decorrelation and subsequent smoothing by the Leefilter.

3. Expression (8) represents the essence of the mod-
ified method of aperture synthesis. Contrary to the clas-
sical aperture-synthesis method by the matched filter-
ing of areceived signal with areference unit signal, the

DOKLADY PHYSICS Vol. 49 No.6 2004

modified method implies the decorrelation of the sig-
nals reflected from the ground by integrating them with
aweight W[t,, t,, a°(r)]. Due to this decorrelation, the
characteristic speckle ranges (sizes of spots) are much
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smaller than those for matched filtering. Therefore,
they can then be smoothed with the same efficiency by
narrower windows, which finally enables usto increase
the SAR resolution. The ambiguity function

TT

W(ry, rp) = [ St WL, a’(r)]
00

x & (t,, r)dt,dt, )

of this SAR is much narrower. Figure 1 exemplifies the
ambiguity functions for matched filtering and decorre-
lation. It is noteworthy that the type of the reference
signal depends on the signal-to-noiseratio. It is expedi-
ent to introduce the reference signal in algorithm (8) for
a certain average signal-to-noise ratio. Otherwise, the
reference signal should vary following variation of
o(r)]. Figure 2 shows the results of the formation and
processing of radar images by the agorithms corre-
sponding to the classical aperture-synthesis method and
to the madified method with decorrelation.

Thus, the antenna-aperture synthesis method pro-
posed and justified above provides an increase in the
resolution of promising aerospace systems of remote
sounding of natural environments by a factor of 2—4 due

VOLOSYUK et al.

to the adaptive decorrelation of received signals as ran-
dom processes.
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The evolution of steady flows of a viscous incom-
pressiblefluid in aplane diffuser isanalyzed for the clas-
sical formulation of the Jeffery—Hamel problem [1-3].
The complete solution of the problem is given depend-
ing on the determining parameters. For a fixed expan-
sion angle, the behavior of solutions is found upon
varying the Reynolds number of the basic single-mode
flow. We determine the critical values at which the
bifurcation of the pattern occurs and a single-mode
steady flow isimpossible. The revealed mechanism of
bifurcation and a constructed bifurcation diagram are
not available in the previously published papers on the
Jeffery—Hamel problem. The critical Reynolds number
at which bifurcation occursisfound asafunction of the
expansion angle of the diffuser. Results may be inter-
esting for engineering and geophysical applications.

1. We consider the classical Jeffery—Hamel problem
for a diffuser flow [1-3]. A fluid with density p and
dynamic viscosity U flowsin the plane domain Q = {(r,
0):r>0,|8|< B}, wherer and 8 are the polar coordi-
nates and 3 is the half-expansion angle (0 < 3 < 11). On
the diffuser walls, r > 0 and 8 = £f3, no-dlip conditions
arevalid, and theflow at r = 0 hasasingularity of acon-
stant-power source Q < 0. The system has two dimen-
sionless parameters—expansion angle 2 and Rey-

oz £Q

nolds number R < O0—which areinsufficient for

making the equations of motion compl etely dimension-
less[3-5].

There is a self-similar solution for which the veloc-
ity field isradial,

= ——V(e) ve=0, ey

and automatically satisfiesthe incompressibility condi-
tion for an arbitrary smooth function V(6). The compo-
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nents of the strain v and stress o rate tensors are given
by the expressions
= Ve = V(8 = 2v(o
Vi Ve 2 ( )1 Vig = 2 ( )
2)

20Q' g - 69\
5oV, 0 = —5EVI(6).

Quantities (1) and (2) are expressed in terms of
unknown functions of the velocity V and pressure p
profiles, which satisfy the relations (following from the
Navier—Stokes equations [3])

Grr 00 — _p+

V" +4V—ReV? = C = cond; 3)
_ pQ°
= C-4V )
P 2r? Re( )

The local no-dlip boundary condition for the fluid
and the integral condition of the constant rate (outflow)
impose the following additional conditions on the
dimensionless function V(8):

B
V(B) =0, [V(8)d8 = 1. (5)

To calculate quantities (1), (2), (4), etc., unknown func-
tion V(B) and constant C = V"'(£3) must be determined
from Egs. (3) and (5) for arbitrary values Re < 0 and
0 < B < m whichisavery difficult analytical and com-
putational problem. Animplicit solution of the multidi-
mensional nonlinear boundary value problem in terms
of eliptic functions by using thefirst integral of Eq. (3)
is inapplicable for efficient accurate calculations in a
rather wide region of the parameters. In the available
approaches (see, e.g., [6, 7]), integral condition (5) is
usually ignored and the value V(0) = V, isfixed. These
assumptions strongly distort the sense and formulation
of the classical Jeffery—Hamel problem [1-5]. The
implicit analytical solution leadsto the set of threetran-
scendental equations for unknown integration con-
stants. A solution of this problem is associated with
fundamental computational difficulties due to insuffi-
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cient accuracy of tabulating elliptic functions and inte-
grals.

2. The nonlinear boundary value problem given by
Egs. (3) and (5) is efficiently solved with high accuracy
by our numerical—-analytical method [8] based on the
modified Newton agorithm and continuation in the
parameters. For convenience, the origina boundary
value problem is written in terms of the normalized
velocity profiley, argument x, and unknown parameters
y and A, as well as substantial known parameters a
and b:

_ _ b, 0
- e y - Arph ’ = A=,
y(x) = 2BV(0), x B +15, 0sxs<1 ©

a=4B, b=2BRe, A =8BC, y = y(0).

Integral condition (5) istaken into account by means of
an unknown function z(x) characterizing outflow. As a
result, we arrive at the Cauchy problem for y and zwith
unknown parameters y and A, which are found by
including the boundary conditions

y'+a’y—by’ = A, y(0) =0, y(0) =y,
z=y-1, z(0) =0, 7

y(1) = z(1) = 0.

The parametersy and A must be determined as func-
tions of the known parameters a and b. First, it is easy
to determiney and A by continuing in the parameter b <
0 for a parameter a fixed in therange 0 < a< 2m i.e,

angleintherange0 < B < g because a solution of

problem (7) is found in an explicit analytical form for
b =0 (Re = 0). Then, after the substitution of resulting
parametersy(b) and A(b) (for fixed a), the desired func-
tion y is obtained by numerically integrating Cauchy
problem (7).

Thus, for b =0, we obtain

- a _q0_ s
Yo(X) = ZD[COS%X 7] cosz},
2 3
= 8 452 = _8 052
Yo = 2Dsm2, Ao 2DC032’ ®)
= gn?_3c0s?
D = sm2 2c032¢0.

A solution regularly continuable in the Reynolds
number Re< 0, i.e., inthe parameter b < 0, existsif a#
a*= argD (a),i.e, B #B*=2.2467047 [5]. Thecritica
expansion angle 23* = 257° exceeds the straight angle
and is close to 270°, corresponding to the right angle
between the outer sides of the diffuser walls. For a# a*,
the solutions of problem (7) are found by the recursive

AKULENKO, KUMAKSHEV

refinement procedure for y(b) and A(b) for the sequence
of decreasing valuesb = b, wherek=0, 1, ..., k*:

Yne1 = Yn+tOVn Anir = Ap+0A,,

8Vn = ~[Yn(1)$0(1) —2,(1)h,(1)]A,(1),
3Ay = [Ya(1)Wo(1) —Z,(1)ga(1IAGH(D),  (9)

Bn(X) = Yn(X)8n(X) = hy(X)Wi(x),

A(D)£0, n=0,1,....

Here, y,(X) and z,(x) are the solutions of Cauchy prob-
lem (7) for values y,(b) and A (b) known at the preced-
ing step. The sensitivity functions g, and w,,, aswell as
h, and s,, of the solutionsy,,, aswell as z,, to the param-
etersyand A, respectively, are calculated by integrating
the linear Cauchy problems with known functions
Yn(X), aswell as z,(x) (or jointly):

g'+a’g-2byg=0, wW=g;

9(0)=w(0)=0, g(0) =1, (10)

h"+a’h—2byh =1, s =h; h(0) = h'(0) = s(0) = 0.

The initial approximation for n = 0 is given by
Eqgs. (8) for b=b, < b, = 0. Sufficiently accurate result-
ing vaues y,(b,) and A,(b,) are used as the initia
approximations for b = b, < b, etc. Accuracy can be
characterized by the absolute values of residualsin the
ordinates y,(1) and z,(1) or abscissas €, = 1 — &, and
U, = 1-n,, where &, and n,, are the zeros of the func-
tions y,(X) and z,(x), respectively, that are closest to the
point x = 1. The algorithm given by Egs. (9) and (10)
has fast (square) convergence [4, 5, 8] and provides
accurate (with relative and absolute errors of about
107-10"%) operative mass calculations and the con-
struction of the desired dependences of y and y', aswell
asyand A, necessary for determining the kinematic and
dynamic characteristics of flows of the viscous fluid in
the plane diffuser. The numerical—analytical investiga-
tionstestify to acomplicated pattern of flowsin the dif-
fuser for various values of the parametersa and b (i.e,,
B and Re), which was previoudy analyzed either
incompletely [1-3] or distortedly [6, 7].

3. Below, we present the results for comparatively

small expansion angles 2[3 of the diffuser B) <Bs< g%

The limiting cases 3 = 0 and g correspond to the Poi-

seuille flow and flow in a half-plane, respectively.
Attention isfocused on calculations and analysis of the
DOKLADY PHYSICS  Vol. 49
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pattern of flows for small angle 3 = 10°, which may be
of interest for engineering, hydromechanical, and geo-
physical applications. Figure 1 shows y(b) and A(b) for
0=b=-25 obtained by the above method of continuing
in parameter (9) on the basis of generating solution (8).

It is found that the function y = y;,(b) decreases
from a certain positive value to zero when b decreases
from zeroto the critical value bj=—18.8 corresponding
to the degeneration of the basic single-mode flow, i.e.,
a“purely diverging flow” according to [6]. With afur-
ther decrease in b < by adecrease in y < 0 continues,
and the flow becomes triple-maode, i.e., includes inflow
and outflow sections. The outflow of thefluid (y > 0) is

near the bisector % = % ie,0= OE.Theinflow of the

fluid occurs symmetrically along the walls of the dif-
fuser (y<0), i.e, near the pointsx=0 (x> 0) and x= 1
(x < 1) corresponding to theangles8 = 3 (8 >3 and
0 < B), respectively. The triple-modality of these flows
is enhanced when the parameter b decreases from bjto
the critical valueb=b* =-21.7. For b < b*, solutions of
this type are impossible, because the curves y;;,(b) and
A (b) at this point have vertical tangents, which corre-
sponds to the turning point (Fig. 1).

The existence of the second branch of triple-mode
flows for b* < b < 0 is revealed by continuing in the
parameter b to the right by means of the above
approach. Inthis case, y,5, decreases rapidly to —, and
A increases to +o when b — 0. For example, v, ~
—-10%and A5, ~ 10* for b=—1. Asaresult, it isfound that
no less than two types of triple-mode flows with
strongly different characteristics, i.e., valuesof yand A,
exist for b* <b < by Lines/ and 2 in Fig. 2 are the tri-

ple-mode velocity profiles y(x) for b = —20. They are
symmetric about the bisector. Stability and practical
realization must be discussed separately.

Analysis of the vicinity of the critical point b

where y = 0, reveal s the possibility of the existence of
two types of double-mode asymmetric flows when b
increasesin the range bj< b < 0. Theinflow (y > 0) and

outflow (y < 0) of the fluid occur near the first and sec-
ond walls, respectively. Since both cases (x = 0, 1 or

8 = ¥[) are equivalent, the curve y,,,(b) consists of two
branches y(, symmetric about the abscissaaxis, andits
tangent at b = bjisvertical. An increase in the parame-

ter b leads to the unlimited increase in |y(i2) | similar to
the above case of triple-mode flows. The curve A ,,(b)
existsfor by< b < 0 and increases very rapidly to infin-
ity whenb - 0, asdoesthe curve A;(b).

Thus, for bg< b <0, the existence of (y;;, >0, A, 2
0) basic single-, (Y = 0 0, Ay, > 0) double-, and
(Y3 <0, Agy > 0) tripleemode flows is revealed (see
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800 -

400

-400
=25

Fig. 1. Distributions y(b) and A(b), aswell asthe bifurcation
points bpand b*, corresponding to (), A(;)) thebasic sin-

de, (y(iz) » A2)) double-, and (y(3), A(3)) triple-mode flows

Fig. 2. Velocity profiles for triple-mode flows for b = (1
and 2) —21, (3) b and (4) b*, aswell as for (5) degenerate
single-mode flow for b = b
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20r

_10 1 J
0

Fig. 3. Velocity profiles for (1) single-, (2 and 3) two dou-
ble-, and (4) triple-mode flows for b = —10.

Fig. 1) and transitions between them are determined.
The corresponding vel ocity profilesy(x) for b=—-10are
shown by lines 1-3, respectively, in Fig. 3. The velocity
profiles y(x) have interesting properties for the critical
values b = bjand b* (Fig. 2, lines 3-5).

The above calculations provides the first analysis of
a complicated pattern of the bifurcation of flows in a
comparatively narrow range0 = b= -25 (0= Re>-72
for 3 = 10°). Thisanalysisreveal sthe mechanism of the
rearrangement of flows upon varying the parameter b,
i.e., the Reynolds number Re, in the unlimited half-
interval b < 0 and for arbitrary expansion angle 0 <
2B <2t

4. The above pattern of the bifurcation of flows
remainsvirtually unchanged when the parameter a, i.e.,
the diffuser expansion angle 2B (0 < B < 10°),
decreases. In particular, the value b — —6tmtfor 3 - 0

differs only slightly from b= —18.8 for 3 = 10°. The
other characteristics (b*, y, = 6, A, = =12, etc.) aso
change dlightly.

An increase in the half-expansion angle 3 from +0
T
2
A, from —12 to 412 = 39.6. The critical point brjis aso
monotonically shifted to the right. Indeed, bj=-61tfor
B = +0, the numerical value bj=-18.8 > —61tis found

to = monotonically reducesy, from 6 to 0 and increases

forB= % =0.175 (10°) in Section 3, and constructions

similar to Fig. 1 yield b= —14.2 for B = 5(450).

AKULENKO, KUMAKSHEV

I g
0 T
—2TTF
—41
—6TT
b

Fig. 4. Critical value bjvs. the half-expansion angle 3 of
the diffuser.

Below, for thelimiting value 3 = g(90°), we show both

numerically and analytically that b= 0; i.e., asingle-

mode (purely diverging) flow does not exist. For b <0,
there are two triple-mode regularly continuable flows
similar to those considered above. Double-mode flows

also do not exist for = g The critical value b* can be
numerically found as afunction of 3: b* = -22 for 3 <
10° and b= -18.5 and -9 for 3 = g and g respec-
tively.

Thefunctionb{p) for 0< B < g that determinesthe

boundary of the existence of the single-mode flow is
found in an implicit analytical form by using the first
integral of thefirst of Egs. (7) and quadratures:

—b, = 6EK(E)L(E), B = % 0<E <co:

:l dg :l qdq
K(&) -([JWE) L(¢) Jo'm, (11)

f(9.¢) = a(l-og)[2+&(1+q)].
According to Egs. (11), b= -61tand O for 3 = +0
and g respectively. Figure 4 shows bfor 0 < 3 < g

The maximum value of y(x) and parameter A are

DOKLADY PHYSICS Vol.49 No.6 2004
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expressed in terms of the values &= &(3) and b ) for
agivenangle as

o

Ym = Y 12[325)—:, Ay =—48[34E—:(2+E*).

Critical values b*(3) determining the boundary of
the existence of the triple-mode flows [see y;,(b*) and
Ai)(b¥) in Fig. 1] correspond to singularities of the
9Y) O

b 2 p

the above numerical—analytical procedure with fast
convergence.

derivatives . They are determined by

5. The kinematic and hydrodynamic characteristics
of diffuser flows are obtained by means of the resulting
expressions for y(x, b), y(b), and A(b) for afixed angle
. According to Egs. (6),

V(8, Re) =

1 B+1
Eﬁygaﬁz ,ZBR%,

v.(6,1,Re) = -QV(e, Re),

(12)
0,r,Re) = p_Q A _4v(e R
p(6,r,Re) = o2 QZB) 4V( e)g

A = A(2BRe).

Strain v and stress o rate tensors are found by sub-
stituting expressions (12) for V, A, and V' = (23)?y' into
Egs. (2). The stress vector components are determined
intermsof o,, and 0,4 [5]. The total force density com-
ponents F = (F,, Fy) at the distancer are given by

B

Fr = [ro,do = rReBa Bﬂ Fe=0. (13)

Similarly to Egs. (13), the force power density N
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induced by stress g,, and g, is calculated as

B
N = J'ro,rv,de

_pQ°0 A

= 1 A (14)
r’Rel2(2p)°

i 1]
T Rel |—B

A M
(28"

By means of Egs. (12)—(14), the desired parameters
of the steady flow of the viscous fluid in the plane dif-
fuser are expressed in terms of the initial dimensional
and dimensionless physical parameters. For Q = congt,
the force characteristics are singular for Re - 0, or
M — co. Thelocal and integra propertiesof radial flows
in the diffuser are analyzed by using Egs. (12)—(14).

+4-
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The problem of moving a massive rigid body on a
smooth horizontal plane is considered. We formulate
the existence conditionsfor thefirstintegrals, which are
satisfied in the free flight of the body, as well as upon
its contact with the plane.

The existence of thefirst integrals of the problem of
continuously moving a massive rigid body on smooth
horizontal rigid [1, 2] and deformable [3] planes has
been analyzed. Powerful methods of studying the exist-
ence conditionsfor thefirst integralsin the dynamics of
rigid bodies under unilateral constraints have been pro-
posedin[5, 6].

FORMULATION OF THE PROBLEM

We consider a massive rigid body moving on a
smooth horizontal plane 1t Let 0X, XX, be an absolute
coordinate system whose OX, and OX; axes lie in the
plane, OX, axisisdirected upward, and O Ot . The axes
of the moving coordinate system 6x,x,X, coincide with
the principal central axes of inertia of the body.

Since the plane 1t is assumed smooth, there are no
forces acting on the body aong the plane and the
momentum projection on the plane is conserved.
Hence, without loss of generdity, we assume that the
body’s center of mass moves vertically. In this case, the
kinetic and potential energies of the system are given by
the expressions

1

T=Ty+T, = émV$+%(|(o,(o),

U = mgXx,, X, =(r,y).

* Computer Center, Russian Academy of Sciences,
ul. Vavilova 40, GSP-1, Moscow, 117967 Russia
** Ecole Nationale des Ponts et Chaussées,
6 et 8 avenue Blaise Pascal, Cité Descartes,
Champs-sur-Marne, F-77455 Marne-la-Vallee cedex 2,
France

Here, misthebody’smass, | =diag(l,, |,, |5) istheprin-
cipal central tensor of inertia, V, is the vertical compo-
nent of the center-of-mass velocity, ® = (w;, w,, ) isS

H
the angular velocity vector, r = (ry, r,, 1) is the 0€
vector, g isthe gravitational acceleration, y = (Y;, Y2, Y3)
isthe upward unit vector, and X, isthe distance from the
body’s center of mass to the plane 1t

EQUATIONS OF MOTION ABOVE THE PLANE
AND THEIR FIRST INTEGRALS

The free flight of the body is described by the
dynamical equations for its angular momentum and
momentum,

lo = lox®, V=g, ey
and by the kinematic relations
Xy =V,, ¥=yxo. ©)

In this case, the trand ational and rotational variables of
the problem are completely separated, and these equa-
tions are completely integrable. The conserved inte-
gras

$o =T, and $y = Ty+U
represent the kinetic rotational energy and total transla-
tional energy, respectively.
The angular momentum vector of the body’s free
flight remains constant in the absolute coordinate sys-
tem. Hence, the vertical component }v = (low, y) and

magnitude squared ¢ = (l®, | ) of the angular momen-
tum are al so constant. Since the vector y isaunit vector,

e=(.7)—-1=0.

EQUATIONS OF THE BODY’S CONTACT
WITH THE PLANE

We now assume that the body comesin contact with

—
the plane Ttat apoint &. Let x be the vector ‘€% . If the

1028-3358/04/4906-0366$26.00 © 2004 MAIK “Nauka/ Interperiodica’



ON THE FIRST INTEGRALS OF THE PROBLEM OF JUMPING A MASSIVE RIGID BODY

equation f(x) = 0 describesthe body surface in the mov-
ing coordinate system, then the dependence x = x(y)
can be found from the expression

- _ofof

0X|0x

for the vector y collinear to the normal to the body’s
surface at the point X [7, 8]. In this case, asis known,

a(x(y),y) _
oy = x(Y).

We assumethat the body’sinteraction with the plane
islossless. According to[8], the coordinates of the body
do not change upon its contact with the plane, while the
transformation (V,, ®) - (V,,, o) of its center-of-
mass velocity and its angular velocity at this time are
determined by the equations

-1

l(0'-®) = Rxxy, m(V,-V,) = R 3)

Statement 1. The quantities

I = (lo,x), % =(lo7) 4
are conserved upon the impact.

The proof reducesto the scalar multiplication of the
left and right sides of thefirst equality of Egs. (3) by the
vectors x and y, respectively.

Therefore, the vertical component of the angular
momentum is conserved upon the impact, aswell asin
the course of continuous motion, i.e., for the total time
of motion.

DETERMINATION OF THE REACTIONS

Sincethe potential energy depends only on the body
position, which does not change at the impact time, the
guantity R can be found from the condition of kinetic-
energy conservation:

(lo', o)+ me = (lo, o)+ mVi. (5)

Performing the scalar multiplication of Egs. (3) by
o'+ o and Eq. (5) by V| +V,, summing the resuits,
and taking Eq. (5) into account, we arrive at the equa-
tion

(o, o)+ me—(I 0, ®) —mV\z,
= R[(0'+o,xxy)+(Vy+V,)] = 0. (6)
The quantities o' and V|, are found from Egs. (3):
o =o+RO(xxy), V,=V,+R (7

Substituting expressions (7) into Eg. (5), we arrive at
the equality

(20 + RO (x xy), xxy))+2V,+m 'R = 0
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from which the nonzero root of Egs. (5) isfound in the
form

R=—2 - Vytl(o‘LXxY) . (8)
m=+ (7 (xxy), xx )

DYNAMICALLY SYMMETRIC CASE
We consider an axisymmetric body whose symme-

try axis coincides with the €x, axis. In this case, the
surface is described by the equation

f(p.xs) =0, p=(G+x)". ©)
The differentiation of Eq. (9) with respect to x; and x,
yields

-1

OfXIOT™ i =1 2,

“opplox
We also assume that the condition |, =1, is satisfied. In
this case, by virtue of relation (3), we have

W3 = W;.

Therefore, al first integrals are conserved even if auni-
lateral constraint isimposed.

AN ANALOGUE
OF THE HESS-APPELROT CASE

Letl, >1,>1;. Asisknown, if

a = (3, &, a3):

a, = JI3' =17, a, =0, and a; = JI5 —15",
then the equations of free motion have the particular
integrals (invariant relations)

Fe = alyw, +eaglaw; =0, € ==x1. (10)

According to Egs. (3), these relations hold for the
body—plane contact if the conditions

ot .90 O _x,901
al%‘saxz‘XZax +£a3§<2aXl X153

are satisfied (see [1]). Treating relations (11) as linear
partial differentia equations, we find their solution in
the form

¥ =F(u,v) =0,

MO _ o (1

u = b;x; +ebgXs,

V = (—ebgX, + byxg)? + X5, (12)

i i
2ol ) R
——=, b, =0, b;=
13t -1

[l
1 3 — 11

b, =

Remark. A similar solution holds in the case of a
body moving between two parallel horizonta planes T,
and Ty,
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MASSIVE GYROSCOPE

The results obtained above for the integrals of
motion of amassive rigid body jumping on a plane can
be extended for a massive gyroscope. In this case,
instead of Egs. (2), we consider the equations

lo = (lo+k)x®, 7=7x0, (13)

wherek = (k;, k,, k;) isthe constant gyroscopic moment
of the body. In this case, the variables are also sepa-
rated, the energy integrals and the geometrical integral

have the above form, while the vertica component of
the angular momentum takes the form

Py = (lo+k, 7). (14)

The relations describing the impact and the expres-
sion for the quantity R obtained above remain valid.

Statement 2. The quantities

F=(lo+kx), $ = (lo+k,y) (15)

are conserved upon the impact.

To prove the statement, we rewriterelation (3) in the
form

(lo'+k)—(lo+k) = Rxxy (16)

and multiply the left and right sides of equality (16) by
the vectors x and vy, respectively.

Therefore, the vertical component of the angular
momentum is conserved upon the impact as well asin
the course of continuous motion, i.e., for the total time
of motion.

Using arguments similar to those presented above,
one can prove that this mapping in the dynamicaly

symmetric case conserves one more integral w; =

BUROV, CHEVALLIER

under the additional condition k = (0, 0, k;). If the con-
ditions

k, =0
31,07 =105 =150 = 17 = 15%,

—e15" =17k,
supplementing conditions (12) are satisfied, then map-
ping (5) conserves the Sretenskii integral [9]

and

Fe = a0, +eagl,+0 = 0, (17)

which similar to the Hess-Appelrot integral.

ACKNOWLEDGMENTS

Thiswork was supported by the Russian Foundation
for Basic Research (project no. 02-01-00196) and by
the Ministry of Education of the Russian Federation
(Federal Program “Integratsiya’).

REFERENCES

1. A.A.Burov, Problems of Sudying the Stability and Sta-
bilization of Motion (Vych. Tsentr Akad. Nauk SSSR,
Moscow, 1985), pp. 118-121.

2. A.A.Burov, Problems of Studying the Stability and Sta-
bilization of Motion (Vych. Tsentr Akad. Nauk SSSR,
Moscow, 1985), pp. 107-115.

3. A.A.Bourov and D. P. Chevallier, Cahiers du CERMA,
No. 13, 17 (1994).

4. T.V. Kozlova, Vestn. Mosk. Univ., Ser. 1: Mat., Mekh.,
No. 3, 69 (2001).

5. T.V. Kozlova, J. Phys. A 34, 2121 (2001).

6. A. P. Markeev, Dynamics of a Body in Contact with a
Solid Surface (Nauka, Moscow, 1992).

7. A.V.Karapetyan, Sability of Sationary Motion (URSS,
Moscow, 1998).

8. E. J. Routh, The Elementary Part of a Treatise on the
Dynamics of a System of Rigid Bodies, 6th ed. (Mac-
millan, London, 1897; Nauka, Moscow, 1983), Vol. 1.

9. L.N. Sretenskii, Vestn. Mosk. Univ., Ser. 1: Mat., Mekh.,
No. 3, 60 (1963).

Trandated by V. Chechin

DOKLADY PHYSICS Vol.49 No.6 2004



Doklady Physics, \ol. 49, No. 6, 2004, pp. 369-373. Translated from Doklady Akademii Nauk, Vol. 396, No. 4, 2004, pp. 488—491.

Original Russian Text Copyright © 2004 by Izrailovich.

MECHANICS

Problem of Accumulation of Periodic Disturbances
in a Periodically Nonstationary Quasi-Harmonic System

M. Ya. lzrailovich
Presented by Academician K.V. Frolov January 14, 2004

Received February 4, 2004

The generalization of the classical Bulgakov prob-
lem to the case of steady periodic regimes was first
givenin[1] for aone-dimensional linear stationary sys-
tem. For linear stationary systemsof arbitrary structure,
the solution was presented in [ 2] on the basis of the con-
struction of Green’sfunctions (pul se-frequency charac-
teristics) for steady periodic regimes. In the case of
periodically nonstationary systems, the corresponding
generalization was given in [3]. At the same time, for
both stationary and periodically nonstationary systems,
it isimportant to estimate the limiting oscillation inten-
sity not only in a steady regime but also in the process
of its establishment, because the oscillation intensity is
maximal in this process (with the exception of the
exact-resonance case). For linear stationary systems,
such solutions were obtained on the basis of the con-
struction of a sequence of Green’s functions character-
izing the establishment process [4, 5]. The correspond-
ing generdization for systems with periodically
unsteady piecewise-constant parameters was given in
[6]. It should be noted that the derivation of the esti-
mates for periodically nonstationary systems requires
very cumbersome calculations both for steady regimes
and, the more so, for the process of their establishment.
At the same time, the efficiency of approximate meth-
ods for analyzing periodic nonstationary systems is
well known [7].

In this paper, the problem of disturbance accumula-
tion in a one-dimensiona periodically nonstationary
guasi-harmonic system is approximately solved under
the conditions of the main parametric resonance. The
solution is obtained in the closed form for both the
steady regime and the process of its establishment.

STEADY REGIME

We will consider a one-dimensional system with
periodically varying stiffness

%+€ - 2kx+ wp(L—ghcos2t)x = eu(t), (1)

Institute of Mechanical Engineering,
Russian Academy of Sciences,
ul. Bardina 4, Moscow, 117334 Russia

where € isasmall parameter, u(t) = u(t + 2m) is an exter-
nal periodic disturbing force limited in amplitude |u| <
U, and h > 0. It is assumed that the quantity 1 — o is

of the order of €. Equation (1) is transformed to the
form

X+Xx = g(—2kx + ooéhcosth + px), 2)

2
Wo

where u =

It is necessary to estimate the maximum amplitude
X of steady oscillations. Since system (2) is quasi-har-
monic, the first approximation of the asymptotic

method [7] (with an accuracy to €?) isdetermined in the
form

X(t) = a(t)cost + b(t)sint. ?3)

Substituting (3) in Eg. (2) and averaging with
respect to explicitly entering time, we obtain the fol-
lowing equations for the slowly varying functions a(t)
and b(t):

2 21

N SN & LU WY N S

a e[ ka+DZ Zpr 2T[J’smtu(r)dr,
0

“)

2n

2

=g 0N L e L

b E[Dz +5HER kb+2nJ'COSTU(T)dT}.
0

The steady regimeis associated with a =0 and b =
0. As aresult, Egs. (4) are reduced to a system of two
linear algebraic equationsfor a and b. Under the condi-
tion that

2 2
2_ % #£0

_ .2
A=K+ M_D4D

I
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its solution takes the form

21

__ 1 -
a= —ZT[AI(O( cost + kssint)u(t)drt,

&)

2n

-1 riksint—
b= 2nA‘[(ksmr B cost)u(T)drt,
0

where

weh 1 wsh

= T’B‘E“ 2

1
SH

From Egs. (3) and (5), we determine the stationary
solutionin the form

2n

1 .
mj’[(ksmt — o cost) cost

X(t) =

—(kcost + Bsint)sint]u(t)dt

2n

= FraA [eos[t +yoO]u(Ddr,  ©
where

At) = [Beie + (3

04 0O
) 1
h . 2
+kw—°sn2t—1w§huc032t} , (7
2 4
ksint — o cost
t) = arccos[ } 8

From Eq. (6), the maximum steady oscillation ampli-
tude is directly estimated as

f = o AU

t0[0; 2m) ) 2TIA

J'|cos[r + ()] | dr. 9)

Since

s

J'|cos[T +Yo(t)]|dt = 4
0

IZRAILOVICH

for each ,(t), the maximum value of the function Ay(t)
is

t) = | S+ K+ H
tD[OZn)AO() |:u D4D

1

2 5 2
th 1 22_/\/?2 th
t27 4“+k}‘4“+k+4'

According to Egs. (9) and (10),

(10)

X = 1 u 11)

T 2
/u2+4 2_(1)911

2

for

PROCESS OF ESTABLISHMENT
OF THE PERIODIC REGIME

For the process of establishment of the periodic
regime, the functions a(t) and b(t) are determined from
the system of linear differential equations (4). For zero
initial conditions, the solution of this system takes the
form

a(t) = ——E[k + e (ysineyt — kcoseyt)]

J’smw(r)dr+[[y ‘Ekt(ksinsyt+ycossyt)]

2n

X J'cosw(r)dr%
O
(12)
b(t) = —E[k+ e (ysineyt —kcoseyt)]

2n

X J'cosru(r)dr —ﬁ[y—e‘gkt(kénsw + ycosewt)]
0

2m

X J'sinTu(T)dTE;
0

wherey = .Jap.
Substituting Egs. (12) into expression (3), we deter-
minethefollowing law x(t) of establishment of the peri-
odic regime:
DOKLADY PHYSICS  Vol. 49
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1 %k— e (ysineyt — kcoseyt)] sint

X(t) = mm

- J%[y — e (ksineyt + ycoset)] cost E
O

2n

x [ costu(t)dt
!

1 —ekt .
- ZHA@k +e "(ysineyt — kcoseyt) cost

+ A/%[y—e‘skt(ksinsy'[ +ycoseyt)] sint E
O

2mn

XJ’sinTu(r)dr. (13)
0

Similar to the case of the steady periodic regime,
expression (13) is transformed to the form

2mn

X(t) = %AA(I) feoslt+w(Olu(Der, (14
0
where

At) = E[k+ e (ysineyt —kcoseyt)]”
O

+ %B%[k + e (ysineyt —kcoseyt)]

—ekt

x[y—e " (ksin(eyt + ycoseyt))] sin2t

1

—ekt

K
+[y—e (ksinayt+ycossyt)]2EEsin2t+gcos2 0,
St oS e

(15)

—ekt

Y(t) =arccosEA_l(t)[k + e (ysineyt —kcoseyt)]
O

x sint —A_l(t)J%

x [y —e*“(ksineyt + ycoseyt)] 0 (16)
0
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Since

2n

IlCOS[T + Y(b)]|dt = 4,
0

Eq. (14) yieldsthe following solution of the problem of
disturbance accumulation in the process of establish-
ment of the periodic regime:

x(t) = 28Uy

A (7

THE CASE OF A STATIONARY SYSTEM

The solutions obtained above can a so be used inthe
case of the absence of parametric excitation, because
the corresponding exact formulas have a considerably
more cumbersome structure. In the case of a steady
regime, Eq. (11) yields

. _4 U
X = -

T /u2+4k2'

The exact estimate for sysem (1) ate=1andh=0
is determined from the formula[5]

(18)

—k— -1

L Ag(. - -k on
X* = —[KsSny + wcosy + 2e w%[—e 0
wo

_kg —k£(n+l) n+1 -2k, . ~
X[e —-e }+(—1) e T [ksin(2mtw+ )

+ weos(2mw+ )] HJ (19)
O

where
A = [o(1+e™ - 26" cos2mey)]

§ = arccos[wA(1—e *"cos2mwy],

2

W= Juf—K.

Figure 1 shows the w, dependences of = given

)‘(*

by (18) and ¥

given by (19) for € = 1.
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0.8 0.9 1.0 1.1 1.2

Fig. 1. (Lines) Approximate and (points) exact estimates of
the maximum amplitude of steady oscillations vs. the natu-
ral frequency wy, for astationary systemat U = 1.

For the course of establishment of the periodic
regime, expression (17) at h = 0 takes the form
1

4(1—2¢ ™ coseyt + e°)°

Tt 1p2+4k2
According to Eqg. (20), the upper and lower enve-
lopes of the oscillating curve X (t) have the form

X(1) =

u. (20)

4 1xe™
Tt /u2+4k2

The corresponding lines are given in Fig. 2.

X4 (t) U. 21)

(1)

Fig. 2. Estimates of the maximum oscillation amplitude for
alinear stationary system for the process of establishment
of the periodic regime.

IZRAILOVICH

The exact expression for the estimate x* (t) for the
process of establishment of the periodic regime, which
isderived in the closed form by constructing a sequence
of Green's functions [5, 6], has a very cumbersome
structure. It can be simplified only in the case of the
“exact resonance” wy, = 1. Inthis case,

t
X*(t) = ij’e‘“l snwtdtU
0

m -1

1 i kg —kg(n+1)D
—a)[oo+2w%L—e 0 Ba —-e 0

—kt n+1

+e'(-1) (ksinwt+wcoswt)}u, w=1-K,

(22)

T (n+ 1)1 _
tDDw’ o O n 12, ...

Approximate solution (20) for this case takes the
form

x(t) = nik(l—e‘ﬁk‘)u. (23)

The disturbance accumulation curves given by
Egs. (22) and (23) are monctonically increasing and
correspond to the classical Bulgakov problem on the
disturbance accumulation [in the absence of the period-
icity condition imposed on u(t)]. Figure 3 shows the

curves X (t) (for € = 1) and X* (1).

A
—
~

— N W Ak N3 X
T

1 1 1
21T 4m 6Tt t

=)

Fig. 3. (Points) Exact and (line) approximate estimates of
the disturbance accumulation for alinear stationary system
auwy=1k=0andU=1.
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The complete (see, e.g., [1]) and incomplete (see,
e.g0., [2, 3]) variants of the nonlinear theory of contin-
uum deformations are anayzed in the quadratic
approximation. It is shown that the complete-variant
relationships determining tensile strains and incom-
plete-variant rel ationships determining shear strainsare
incorrect, because they yield spurious bifurcation
points in particular problems. For small tensile strains
and intermediate shear strains, a consistent variant of
kinematic relationships in the quadratic approximation
is constructed as a combination of the relationships of
the compl ete and incompl ete variants.

1. QUADRATIC-APPROXIMATION
RELATIONSHIPS OF DEFORMATION THEORY

Let (X, Y, 2) be rectangular Cartesian coordinates of
abody initsinitial (undeformed) state and (u, v, w) be
the displacement components. Then, for arbitrary dis-
placements, the tensile strains E,, E,, and E, and shear
strains siny,y, siny,,, and siny,, obey the formulas

E, = J1+2e,-1, ...,

-1/2

(1.1

siny,, = (1+2g,) (1 +2¢,,) (1.2)

Xys teee

These formulas, along with six strain components

€ = Uyt %(u?x+ v?x+w?x), (1.3)

€y = UytV +tUu U +V vV +W W, .., (14

describe an arbitrary deformed state of the body. For-
mulas (1.1)—(1.4) were derived and analyzed in detail in
[1]. At present, they are used in amost any paper con-
cerning nonlinear elasticity theory.

* Kazan Sate Technical University, ul. Karla Marksa 10,
Kazan, 420111 Tatarstan, Russia
** Moscow Sate Institute of Aviation, Volokolamskoe sh. 4,
Moscow, 125080 Russia

When tensile strains are smal, i.e, E, = € < 1,
Egs. (1.1) intheapproximation 2 + E, = 2 yield therela-
tionships

Ey= 8 = Uyt 3+ Vi WR) o (19)
and Egs. (1.2) in the approximation (1 + 2E)™% = 1
yield

sinyxy: gxy = u'y+ Vit u‘xu‘y+ V,xv,y+W,xW,y’ et
(1.6)

For small shear anglesy,, V.. andy,,, Egs. (1.6) can be
written in the form

Yxy = Exy = U'y+ vVt nyuyy+ V,xV,y+W,xW,ya

(1.7)
Formulas (1.5) and (1.7) were derived in [1] and used
as the kinematic relationships in the quadratic approxi-
mation.

Another incomplete quadratic variant of the kine-
matic relationshipswasderivedin [2], where E,, ... and
siny,y, ... were calculated up to the squares and pair-
wise products of derivatives with respect to displace-
ments by the formulas

E. = U,x+%(V,2x+W,2x), (1.8)

SNy, = Uy+V ,—U,V , —UV +W,W,, .. 1.9)
A simpler variant of relations (1.9),

Yay = Uyt V x+W,W,, .. (1.10)

was considered in [3].

The necessity of evaluating the quality of the above
three variants of the kinematic relationships in the qua-
dratic approximation arose due to the appearance of
spurious bifurcation points when solving the particular
problems formulated in [4] on the basis of Eq. (1.5).
The applicability of these variantsto elementary stress—
strain states, i.e., for uniaxial tension—compression and
simple shear, can be an evaluation criterion.

1028-3358/04/4906-0374$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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2. UNIAXIAL TENSION-COMPRESSION

For uniaxial tension—compression of a rod by a
force P applied to its ends, formulas (1.8) are better
than formulas (1.5). Moreover, formulas (1.8) in this
case are applicable for any elastic strains. This can be
justified asfollows.

According to the Novozhilov approach, the varia-
tion of work done by the forces applied to an elemen-
tary parallelepiped, whose dimensions before deforma-
tion were dx, dy, and dz and which was deformed after
loading along the x axis, has the form

ddA = o}, 0¢,,dxdydz, 2.1
where
* $ 0-XX
Oy = —=———F—— = dydz. (2.2)
S /1+2¢, =
Then,

8dA = (0,,S})8(/1+ 2¢,, — 1)dx = dP,5(E,dx).(2.3)

Here, dP, is the normal force applied to the dy dz face
of the element.

Expression ddA = dP,&(E,dx) can be written imme-
diately from the virtual work principlefor the deformed
element, because (1 + E,))dx is its deformed length. On
the other hand, the deformed length of the element has
the form

dx = %L gu]dx

Comparing, we see that

du

E, = 4 2.4)

Expression (1.8) leads to formula (2.4). Since v, =
w, = 0 in the case under consideration, Eq. (2.4) is
obtained also by the substitution of Eq. (1.3) into
Eq. (1.2):

E, = J1+2g,—-1= J1+2u,+Uu5—1 = %‘:.

At the same time, approximation (1.5) provides the
expression

E =~ du 1[dLD

=80 = o T2 2.5)

the use of which in the problem of the compression of
arod by aforce P results in the spurious bifurcation
DOKLADY PHYSICS  Vol. 49
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y

Xy dy

dx

/

Figure.

value of P = EF (F is the cross-sectional area) of
“absurd” loss of the rod stability [4].

3. SSIMPLE SHEAR

According to the Novozhilov approach, the work
variation for simple shear in the xy plane has the form

0dA = oy, d¢,,dxdydz, 3.1

where

o = 2 O 14

v =S I+E, = J1+2¢,.
Thefigure shows one of the possible positions of the
element with respect to the coordinate axes. The other
positions are obtained from that shown in the figure by
therotation of therigid body. For the shown variant, u =
u(x) and v = v(x). In this case, the displacements must
be such that E, = E, = 0. They can be easily found in the
form

(3.2)

v = xsiny, u = x(cosy-1). (3.3)

According to Egs. (3.3), E,=E,=0and S =S;. In
addition, for simple shear, 0, = 0,, = 0 and 0}, = Oy,.
Asaresult, we obtain

odA = 0,,0(¢,,)dxdydz. (3.4)

Writing 6(dA) according to the virtual work princi-
ple and taking into account that o,, = O for simple shear,
we obtain 1,, = g, and

odA = 1,,dydz[®(A) = 0,,0(dxsiny)dydz. (3.5)

Expression (3.5) coincides with Eqg. (3.4) when for-
mula (1.6) is used for g, In this casg, €,, = siny for

anyy.
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If relations (1.9) are used, then

siny,y, = siny — (cosy — ) siny = siny + %(siny)s.(3.6)

This case is similar to the case of compression,
where the use of approximation (1.5) leads to the
appearance of the spurious bifurcation point in the solu-
tion [4].

Thus, the best approximation for elementary states
is provided by the combined variant of the kinematic
relationships in the quadratic approximation, where
tensile and shear strains are calculated by Egs. (1.8)
(according to the Donnell approach) and Egs. (1.6)
(according to the Novozhilov approach), respectively.

Finally, it should be noted that (asis seen in figure)
energetically consistent generalized displacement for
T,, issiny = siny,, rather than y = y,,, i.e., the measure
of shear strain is siny rather than y. However, this note
isrelated only to the form of representation of Hooke's
law for shear strains and to the processing of corre-
sponding experimental data for large shear strains. In
other words, for the linearly elastic behavior of a mate-
rial under considerable shear strains, Hooke's law must
be represented in the form T = Gsiny (where G is the
shear modulus) rather than T = Gy, as is universaly
used.

With alowance for this note, Eq. (1.10) should be
written in the form

SNy, = Uy +V , +W,W,, ... (3.7

Then, the combined variant of Egs. (1.8) and (3.7) is
also consistent.

4. ANALY SIS OF THE KINEMATIC
RELATIONSHIPS IN ORTHOGONAL
CURVILINEAR COORDINATES

The undeformed body is considered in an orthogo-
nal curvilinear coordinate system x® (o =1, 2, 3), where
the Lamé parameters H, and unit vectorsl, are defined.
Let the displacement vector U of an arbitrary point
M(x%) be represented by a decomposition U = Ul,.
Then, the unit vectors I, as well as tensile E, and
shear y,g strainsin a deformed state (without any limi-
tations on their values) are given by the following for-
mulas similar to those presented in Section 1 (the nota-
tion and summation rules are universally accepted):

% = @L*eaﬁ)lﬁ, he = (1+2e,)", @1
hg
E, = m—l, (4.2)

SiNYqp = 2€45(L + 2844) AL + 28[3[3)_1/2, a %P, (4.3)

PAIMUSHIN, SHALASHILIN

where

280‘[3 = euB + eBot + euéeBS = 6Bne(m + 6(me[3n

e e
+ eaneBT[ = Man T —%_Eeﬁn + %Bn‘k —;—T%eam 4.4)
10u,; 1 OH; 1 0dH;
e,=——+ —u, + —U,,

YT Hax! HiHagx? 2 HiHzgxd °
1 du, 1 0H,

-y, (4.5)
© Hiox H1H26X21
1 dug 1 0H,
- 1,23
L Higx* HiHs9x® 1 )
The formulas
E,= €40 (4.6)

simplified for small tensile strains, which are analogues
of Egs. (1.5) and follow from Egs. (4.2) in the approxi-
mation 2 + E, = 2, are commonly accepted. The
approximate formulas

Yap = 2&4p, 4.7

follow from Egs. (4.3) in the approximation (1 +
2€40)2 =1 and siny,g = Yup-

az£Q3

Let the x* axes be the principal deformation axes at
each point of the deformed body. In this coordinate sys-
tem,

YUB = 280([3 =0 for a# B (48)
These formulas are obtained only if g, = 0 for a # f.
Then, Egs. (4.4) yield the formulas

264y = 2€44 + €q. (4.9)

Substituting these formulas into Egs. (4.2), we derive
the exact formulas

E, = J1+2e, +€,—1= ey,

which are similar to formulas (2.4). At the same time,
using approximate formulas (4.6), we arrive at the
result

(4.10)

€
S 4.11)

5. CONSISTENT KINEMATIC RELATIONSHIPS
IN THE QUADRATIC APPROXIMATION
FOR SMALL TENSILE STRAINS
AND INTERMEDIATE SHEAR STRAINS

According to the above results for small tensile
strains (E, = €) in orthogonal curvilinear coordinates,

DOKLADY PHYSICS Vol.49 No.6 2004
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the relationships

2 2
€pt e
5

which are similar to relations (1.8), are more correct
than commonly accepted relations. In contrast to
Eqg. (4.11), Eq. (5.1) admits the limiting transition to
formulas (4.10). In this case, to find shear strains, it is
necessary to use the relations

E;=ey+ (6.1

siny, = 2¢4,

= ep(l+ey) tey(l+ey)+epey,, ..., (5.2)

similar to relations (1.6).

It isnecessary to notethat relations (5.1) result from
Egs. (4.4) and (4.6) only when the estimates

€ =€, Ep=E, aZP (5.3)

along with the estimates E, = € [i.e., when approxima-
tions (4.6) are applicable], are valid.

In other words, tensile strains can be small only if
&, aresmall and e, (0 # B) areintermediate. For hy #
1, the geometrical meaning of the latter quantities is
obviousfrom Egs. (4.1). For example, e, = cos(I7 , 13 ),
etc. Quantities g, (o # B) determine shear strains that

areintermediate (i.e., of the order of /£ ) in accordance
with Eq. (5.2) if estimates (5.3) are valid. Therefore,
relations (5.2) with allowance for approximations (5.1)
admit the further simplification to the form

Y= SINYp =2€ =€+ € + €138, ... (5.4)

Finally, for small tensile strains and intermediate
shear strains, the kinematic relationships given by
Egs. (5.1) and (5.4) in the quadratic approximation are
correct and well defined. Geometrically nonlinear
equations of elasticity theory that are formulated on
their basis make it possible to find only the physically
realizable forms of stability loss.
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For the deformed state under consideration, expres-
sions (4.1) take the form

* * -
1 = lireply+epls, 15 = eyl +1,+ 654l

*
13 = eyl +expl,+1s.

These expressions, along with the representations 6, =
Ouplf = Ogplp, providethe relations

O11 = 013701565 + 04383,

O1p = 011€p + Opp + 013€53, (5.5)

. -
O13 = O;3€3+ 01,63+ 03 (1,2,3).
%

These expressions are correct and do not lead to
“absurd” force boundary conditions.
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1. Experience showsthat geothermal systemscan be
in thermodynamic states such that a water layer exists
over a vapor layer [1]. In the framework of classical
hydrodynamics, the existence of a heavy fluid over the
lighter one always leads to instability known as the
Rayleigh—Taylor instability [2]. Schubert and Straus|[ 3]
investigated the stability of a water layer over a vapor
layer; described a geothermal system, where the phases
in an unperturbed state were at rest; and, by means of
numerical analysis of the dispersion relation, showed
the stability of the system for permeability values k <
4 x 107 m?. The stabilizing factor for theinterface was
heat transfer caused by the temperature gradient in the
entrails. Other physical mechanisms (e.g., the magnetic
field [2]) responsible for the stable existence of a heavy
fluid over the lighter one are also known in hydrody-
namics.

In[4, 5], we considered a more general geothermal
system, where the phase motion and phase transition in
an unperturbed state were alowed. Calculations
showed that there exist regimes of motion with phase
transitions, where the water layer over the vapor layer
inthe geothermal systemisstable even for permeability
values exceeding the value obtained in [3] by an order
of magnitude. The new threshold permeability explains
the stahility of anumber of natural geothermal systems.
The character of the arising secondary flows depends
on the type of instability. Therefore, it is important to
investigate in detail the possible types of transition to
instability.

In this paper, we present the results of the analytical
investigation of the stability of aflow in the geothermal
system described in [4, 5]. The explicit criteria of the
nonoscillatory transition to instability are obtained. Itis

* Seklov Institute of Mathematics,
Russian Academy of Sciences,
ul. Vavilova 42, Moscow, 117966 Russia
e-mail: ilichev@mi.ras.ru
** |nstitute for Problemsin Mechanics,
Russian Academy of Sciences,
pr. Vernadskogo 101, Moscow, 119526 Russia

established that the transition to the instability of the
interface under the variation of physical parameters
occurs through one of the following four mechanisms.
First, it occurs spontaneously for all wave numbers of
perturbations (degenerate case). Second, an unstable
wave number arises at infinity. Third, the threshold of
instability is determined by the double zero wave num-
ber. Fourth, the threshold of instability is determined by
apair of multiple nonzero wave numbers. In the last
two cases, the transition to instability is accompa-
nied by the bifurcations of the simple resonance and
1 : 1 resonance, respectively. These bifurcations lead to
the branching of the basic regime describing horizontally
homogeneous vertical phase flows and the appearance of
secondary regimes depending on the horizontal coordi-
nate. We note that the results of numerical investigation
presented in [3] describe only one, 1: 1 resonance, type
of transition to an unstable flow.

2. We consider a high-temperature geothermal res-
ervoir consisting of two high-permeability horizontal
strata separated by alow-permeability, sufficiently long
horizontal layer. The low-permeability layer represents
astripy [ (o0, ) x [0, L] = X. Let usassumethat ther-
modynamic conditions in the upper (x < 0) and lower
(x> L) strata allow the existence of water and vapor,
respectively. Then, the phase-transition interface x = h
separating domains occupied by water and vapor exists
in the low-permeability layer. For certain boundary
conditions and parameters of the process, the flow of
phases from the upper stratum to the lower one, as well
as the opposite flow, is possible.

In domains occupied by water and vapor, the equa-
tions of nonisothermal filtration are valid [6]. Follow-
ing [2, 3], water and vapor are treated as incompress-
ible. Then, the basic system of equations has the form

divv; =0, v, = —f(gradP—PjgexX
J

oT .
(pC)l,zﬁ +p,;Cyv; loradT = div(A, ,gradT), "

Apz = MAj+(1-m)A,

1028-3358/04/4906-0378%$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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(PC)y2 = mpiCi+ (1-m)pCs, | = v, W.
Here, v isthe filtration rate, mis porosity, k is perme-
ability, pisviscosity, P ispressure, gisthe gravitational
acceleration, p is density, C is the specific heat at con-
stant pressure, T is temperature, and A is heat conduc-
tivity. The subscripts w, v, and s correspond to water,
vapor, and skeleton of the porous medium, respectively,
and the subscripts 1 and 2 correspond to the vapor and
water domains, respectively.

At the interface, the following relations take place:

P _ K Py
m=L——=V, = gradP),, — radP),,_
Pu uva( ) Hu (g )
0
+—k—prﬂ_Ev—vp !
Hw [l vam)]
mqu n= )\—(gradT)n—_)\+(gradT)n+
_kap., )
—PU(gadP), ~p,0), T.=To= T,
-p = Pe — p+ B
P, = P_=P,, |npa A+,
A = 12512, B = —4611.73, P, = 10’ Pa.

Here, V isthe speed of theinterface and q isthe specific
heat of the phase transition. The subscript n denotes the
normal and the subscripts plus, minus, and asterisk cor-
respond to quantities in vapor, water, and at the inter-
face, respectively.

Boundary conditions for the pressure and tempera-
ture in the high-permeability strata are given by

X=0:P=Py, T=Tg

x=L: P=P°, T=T°

Considering the class of flows, where convective
energy transfer is considerably less than conductive
transfer, we neglect the nonlinear term in the heat con-
duction equation [4, 5].

If the pressures and temperatures are constant in the
high-permeability strata, then the flow is steady and
characterized by the linear distribution of temperature
and pressure in domains saturated by water and vapor.
Substituting these distributions into the system of
boundary conditions (2), we determine the unknown
location of theinterfacex = h, aswell asthe pressure P

and temperature Tjon this surface [4, 5].

3. For investigation of the normal stability of the
flow with the phase-transition interface, we linearize
No. 6
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the basic equations. The perturbations of the pressure
and temperature satisfy the equations

2 2
AP = 0, a—T-—aleT A—a—+a,
ot X’ oy’
)\12
a, , = = 0O<x<hOh<x<L.
L2 (PC)1.2

For the sake of simplicity, we assume that the specific
heat and heat conductivity depend only on the corre-
sponding parameters of the skeleton: a= a, = a,.

The boundary conditions for perturbations read

P=0, T=0atx=0,L,
1, PH-P
H H(1-H)

1, TH-T,
H H(I-H)

P.=P.+ TN, T= at x=h,

T

1
-
+

.
+oran, = at x = h,

R = Py at X = h,
Pw
on _, @70 _, @70 _kapw9ky
MAPw3t = M Coxd Mo, T, Coxd
at X = h
wherex = h + n(t, y) isthe interface equation, T; = T
0
TO P0
T, = To and P; = Pe —=  whereP, = Po'

Assuming that the unknown functions can be repre-
sented as

{P(X Y, 1), T(X, y, 1), n(y, t)}

= {P(x), T(x), i} exp@t +iRy),
and using the condition of the existence of a nontrivia
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solution, we obtain the dispersion equation

F(0, k) = acoth[a (1— H)] [%NF3K coth(k H)

~(1-R)o+ 2T Recothlk (1-H)] |

+o(coth(o(H)[ INsRk coth[k (1 —H)]

+%WFOKCOth(KH)—(1—R)0]

, ®Bmap, R
T, AT, 'K

u

[ocoth[K(l—H)] +0 L coth(kH)

+FlK%Wcoth(KH)coth[K(l—H)]} =0. @)

Here,
_B T,-T, P-1
r3_Tr1 H H
_ B -T,—T¢ P, —P;
e P w T i
B Ti-1 Pi—P >
= e +
R e A
KZE 0‘:@ Q)W:P—Ok w, = Pok
L L2 My, my,’

From Eg. (3), one obtains the asymptotic value a =
Oy|K|, K - oo,

Op = [%VR(U +Ig) + %W(ro +13)

s SR }
T 4 “VDF} L@

In [4, 5], we presented examples of the stable con-
figurations of the geothermal system in question at per-
meabilities exceeding the critical permeability foundin
[3] by more than an order of magnitude.

4. Let usconsider the nonoscillatory transition to the
instability of the regime that is characterized by the

(wav B map,, R
a T0 )\T0

w, B mgp, R

8 [2(1_ R -3T.7aT,

interfacelocationat x=h= % and is stable at someval-

ues of the parameters. The necessary condition of sta-

IL’ICHEV, TSYPKIN

bility (o <Ofor al k) isevidently the negativity of g, in
Eq. (4), or, equivaently, the negativity of its numerator

0= W,R(M,+T5) + 0, (Mo +T5)
B mgp, R

T AT,

because its denominator is always positive.

Instability occurs when a value k, > 0 such that
0(K,) = 0 arises upon the variation of the parameters.
Substituting o = 0 into dispersion equation (3) and tak-

+

rr, &)

ing into account the condition h = IE H= %), weobtain

the equality o, = O for al k. Then, it follows that, for
0, > 0, the quantity o is positive simultaneously for all
K and the completely unstable regime (for al k) is sep-
arated from the completely stable one by the hypersur-
face g, = 0 in the space of the parameters. Therefore,
the equality o, = 0 is a criterion of the nonoscillatory
transition to instability. Thistransition in the case under
consideration occurs such that all perturbations become
unstable.

5. Let us consider the case of the nondegenerate
location of the interface h # IE‘ (H# %).

Setting 0 = 0 in dispersion relation (3) and dividing

both of its sides by the positive function k> coth2(1 -
H)K, we arrive at the equation

M ow, Z%(K)

w,w, Bmap,R_
+ e, M3+ R+ ————TIT Z (6)
%\N 3t Wl s 7\To ()
+w,,R =0,
where
(K) = cothHk
coth(1-H)k’
It follows from Eq. (6) that
Z(k) = Z,, = d£ Jd*—b, (7)
where
OOVBmQPWR O
b = ﬁL‘R
Wy o

The left-hand side of Eqg. (7) is an even and mono-

tonic function of Kk for kK > 0, and min[%, 1} <

Z(k) < max[% 1} The values Z(k) given by
DOKLADY PHYSICS Val. 49
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Z z
Z=27,
2 2
1 ) 1 ;
Z=7(K) v /< vZ=d
A i
7=z, Z=Z(K)
0 K 0 K

Fig. 1. Transition to instability in cases (a) (i) and (ii) and (b) (iii) for H > % In case (i), the threshold of instability at K = o is

reached upon variation of the physical parameters when the line Z = Z, moving downward reaches the asymptote of the curve Z =
Z(K). In case (ii), the threshold of instability is reached when the line Z = Z; moving upward touches the curve Z = Z(k) at the point
K =0. In case (iii), for D = 0, the straight line Z = d arises and, upon developing instability, splitsinto two lines moving in opposite

directions.

Eq. (7) areredl if the radicand is nonnegative. | nstabil-
ity takes place if Eq. (7) has finite smple rea roots
(their number iseven, because the function Z(k) issym-
metric), and the threshold of instability isreached when
the real roots of this equation disappear (or appear).
The appearance of the real roots of the first equation
in (7) upon varying the physical parametersis possible
only in the following cases.

(M) ForD=d2—b>0,H<%,d<1,21=10rH>%,

d>1,and Z, = 1. These equalities occur at K = oo, and
the infinite wave number corresponds to the threshold
of instability. Asfollows from Eg. (7), the conditions of
trangition to instability in this case are equivalent to the
condition g, = 0, where o, is determined by Eqg. (5).
The parameter domains o, < 0 and g, > 0 correspond to
the stable and unstable regimes, respectively. The tran-

sition to instability in the case H > 1 isillustrated in

2
Fig. 1a
(ii)ForD>0,H>%,d< l;H,zl= 1;” orH <
%,d> %,and Z,= %.Theseequalitiesoccur

at k = 0. Asfollowsfrom Eg. (7), the conditions of tran-
sition to instability in this case are equivaent to the
condition

_1-2HpwH
H l—H

This equality is satisfied at zero wave number Kk, which
isadoubleroot of EQ. (7). The parameter domains g, <
0 and o, > 0 correspond to the stable and unstable
regimes, respectively. When the threshold of instability
isnot yet reached, i.e, at 0, =pu <0, u < 1, Eq. (7) has
no real roots. At u = 0, the threshold of instahility is
reached, and the branch of the dispersion relation

0, =0, rR-w,r g = 0.

®)
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touches the axis o = 0 at the point K = 0 corresponding
to the double root of Eq. (7). When, with further varia-
tion of parameters, the quantity o, becomes positive,
0,=MU>0, 4 < 1, there are exactly two rea (positive
and negative) values Kk satisfying Eq. (7) because the
function Z(k) is monotonic. Thetransition to instability

inthecase H > 1 isillustrated in Fig. 1a.

2

(i) For D = o, min[l—:—H—,l} < d <

H

max[l—ﬁﬂ 1} . The equality D = 0 is satisfied at two
nonzero values K symmetric about zero. Each of these
valuesis a double root of Eq. (7). Crossing the hyper-
surface determined in the space of the parameters by
this eguality, the system loses its stability: for o, <0,
the parameter domains D < 0 and D > O correspond to
the stable and unstable regimes, respectively. For D =,
where <0, Eq. (7) hasnoreal roots. At u =0, thetran-
sition to instability takes place and the roots of Eq. (7)
reach thereal axisfrom the complex plane. In this case,
the branch of the dispersion relation touches the axis
o = 0 at the points corresponding to a pair of honzero
wave numbers. When, with further variation of the
parameters, D (U > 0) becomes positive, and there are
two wave number segmentsthat lie on thereal axis, are
symmetric about the origin, and bounded by the roots
of Eq. (7). These wave numbers are associated with
unstable normal modes. The transition to instability in

the case H > = isillustrated in Fig. 1b.

2

The system of equations (1) in the absence of the
time dependence of its solutions may be written in the
form of an infinite-dimensional dynamical system,
where the unbounded horizontal variable y plays the
role of time. Bifurcation takes place when eigenvalues
v of the operator that is associated with the right-hand
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(a) (b)
Imv Imv
4071‘:0—>
Rev Rev

Fig. 2. Motion of the eigenvalues v on the imaginary axis
and those reaching the imaginary axis upon varying the
parameter p from negative to positive values for cases
(3 (ii) and (b) (iii) of the transition to instability.

side of this dynamical system and is defined in a
domain including the relations obtained by the linear-
ization of boundary conditions (2) reach the imaginary
axis. According to the correspondencek = iv, it occurs
incases(ii) and (iii) of thetransition to instability when
dispersion equation (7) has either a double zero root or
a pair of nonzero double roots at ¢ = 0. Bifurcations
lead to the formation of horizontally inhomogeneous
secondary regimes separating from the vertical flow
losing its stability.

Because the function F(0, K) in Eq. (3) iseven dueto
the reversibility of Egs. (1) and boundary conditions (2)

d
for 3

in pairs. The motion of the eigenvalues when U crosses

= 0, the eigenvalues v reach the imaginary axis

IL’ICHEV, TSYPKIN

the origin in the direction of the positive real semiaxis
is shown in Figs. 2a and 2b for cases (ii) and (iii),
respectively.

The type of bifurcations that corresponds to such a
motion is well known and refers to the simple reso-
nance and 1 : 1 resonance, respectively (see, e.q., [7]).
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The fracture criterion

d

1

aI0¢¢(ra¢)|¢=edr = O, (D
0

proposed by Novozhilov [1] for finding the equilibrium
state of crackswas adapted in[2—4] and in other studies
to the determination of critical loadsin the case of arbi-
trary stress concentrators. As is shown in the present
study, this criterion makes it possible to establish both
the direction of crack propagation and the possibility of
branching in the case of crack formation from the ver-
tex O of an angular cut in ahomogeneous el astic brittle
solid. Informula (1), theintegration is performed along
asegment | of length d initiated at the point O, where
(r, ¢) are the polar coordinates with the center at the
point O and |¢| < a. Since the material is not assumed
to be isotropic, its characteristics d = d(8) and o, =
04(0), as well as the characteristic size of the medium
(e.g., grain diameter [3]) and the critical stress (theoret-
ical strength [5]), are considered to be smoothly depen-
dent onthedirection 8 [ (-a, a) of the segment | =1(0).
We emphasize that the aforementioned functions may
have jumps or removable singularities that determine
the preferable direction of the crack propagation
(cf. [6]). Thisrelates, e.g., to the case of reinforcement
by high-strength fibers. However, such situations are
beyond the scope of thiswork. In addition, the analysis
deals only with the quasi-static devel opment of cracks.
The criterion of the incubation time [4] that generalizes
criterion (1) for dynamic fracture was applied in [7] for
the determination of the crack sprout deviation angle.

Let an external load p(x, T) be applied to the surface
of a plane solid in the absence of volume forces. The
load is dependent on the dimensionlesstimelike param-
eter T, which is a strictly monotonic function of the
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Vasil’evskii ostrov, . Petersburg, 199178 Russia

e-mail: serna@snark.ipme.ru

actual time t. The variation rate of this parameter is
assumed to be much lower than the elastic-wave prop-
agation velocity normalized to the characteristic size |
of the body (e.g., to the crack length, but not to the
parameter d < |). Wealso ignoreinertial forcesand dedl
with the quasi-static fracture process. In a complex
stress state, no crack directions are preferable. There-
fore, the praoblem of fracture mechanics is formulated
as follows. One has to determine the time t = t;for

which equality (1) is satisfied for a certain angle 6 but
theleft-hand side of Eq. (1) for T < tgisstrictly smaller
than o(0) for an arbitrary © value. The corresponding
load p(x, T) isjust critical. In other words, the function

(=0,0a) 3 6 - F(14; 0) —0(6),
where

d(e)

F(1,:0) = Tlm [ Oss(tuir O)cr @)

reaches the global maximum (equal to zero) at one or

several points, but F(t, 8) —0(8) <Ofort<tatal 6.

Thisformulation is adequate for many fracture criteria.

Generally speaking, it can be derived on the basis of the

dynamic-fracture criterion [7] in the case of Slow sim-

pleloading by setting T = vt, where v > O istherelative
-1

loading rate, and replacing o, by %1 - %vtog O,

wheret, > 0 istheincubation time (see, e.g., [4]). Since
v islow, inertial terms can be disregarded and the addi-
tional coefficient of o, can be eliminated. It is worth
mentioning a new conclusion that, if the equation
F(13 6) = 0(0) has several roots 6, I (—a, a), the for-
mation of several cracks can be expected (if a = 11, then
the main crack branches).

We fix the angle 8 and introduce Cartesian coordi-
nates (s, n) with the saxis along the segment 1(6). Using
the equilibrium equation

00 00 —o 05 42
a_SOSS+ 7370 = 01 630”S+ an

In O =0, 3)
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we represent the derivative F' of the function F with
respect to the variable 6 in the form

F: 0) = 4O g

d(e)
+d'(8)0(T; d(6), 8) + Tle)au; 0),
’ 0 ’ 0
J=(—0.d = [s—0o..ds

ae nn a nn
[l -
d d

0
= —ISa—SO'nSdS = J’O-nsds_do-n5|n:0,s:d'
O O

Asaresult, we arrive at the relationship

Vo _ d'(e) 2D1/2
#5080
01 d(e) ;
" Hie) { On(T; 7, 8) — (T3 A(0), O)F. ()

Here, N corresponds to the direction tangentia to the
plot of the function r = d(¢) at the point ¢ = 6.

Thus, when a crack is formed from the vertex O in
the direction 6, expression (4) for the time T = Tjcoin-

cides with the derivative o (0). If the strength proper-
ties are isotropic (the elastic properties of the solid
under consideration may keep anisotropy), the condi-
tion obtained above is simplified to the form

d

O,p(T4; d, 0) = %J'o,q,(r*; r,0)dr. (5)
0

In other words, the tangential stress at the end of the
segment 1(0) coincides with the mean value of this
stress over the segment. In the case of asimpleloading,
p(x; T) =1p°(x), the angle B isindependent of the instant
of fracture, so that the argument tjcan be omitted in
Eqg. (5).

We note that Eq. (5) is only a necessary condition.
For example, if the surface of the angular cut is free
of stresses, then Og(r, a) = 0, and, consequently,
equality (5) is satisfied for 8 = +a. At the same time,
Oy (r, £0) = 0 and requirement (1) iscertainly violated.

If the length d is negligibly small, the stress ,4(1;
r, §) can be replaced in some cases by the leading term
r"=13(Tg ) of its asymptotic expansion (for details,
see [2], where, in particular, it is explained when this

NAZAROV

replacement is impossible). As a result, Eq. (5) for
N # 1 provides the rather simple condition

5,4(1*; 6) = 0. (©)

Thus, the crack propagates in the direction of the
absence of tangential stresses. This conclusion is simi-
lar to the well-known criterion K;; = 0. However, it is
known that this criterion in its a posteriori formulation
(the coefficient K;; of the stressintensity vanishesinthe
vertex of the small crack branch) for isotropic solids
(see [8, 9]) indicates a direction differing from that
found by means of formula (6).

After the replacement gy, — r~'%,,, Novozhilov
criterion (1) transforms into the criterion of the maxi-
mum tensile stress; the calculations show the necessity
of condition (6) for this stress. We emphasize that, ana-
lyzing the crack propagation direction in an orthotropic
material, Petrov and Ponikarov [10] used the above
asymptotic version rather than criterion (1) itself. In
this case, the parameter d was considered to be con-
stant, and the quantity o,(68) was taken to be equal to

O (sinB)” + 0 (cos B)?. The deviation of the crack from
therectilinear path that wasfoundin [10] is caused only
by the variability of the strength characteristic o..

A rather interesting conclusion follows from for-
mula (6). Since the angular part Z,(t, ¢) of tensile
stresses vanishes at ¢ = *a, it takes the maximum (or
minimum) value at the point ¢, within the interval
(-a, a). Inthis case, Z,,(T; ¢.) = 0, and, consequently,
the angular part of shear stress must change its sign
within the interval (—a, a) for an arbitrary anisotropic
material and opening angle.

We now discuss the nucleation of an edge crack ini-
tiated at the point O of the rectilinear segment I O
{(X, y): y=0} of the boundary free of external actions.
Since the stresses g, and 0, vanish in ', we have

Oy (1, ) = 0,,(0)cos’d +O(r),
0,(r, 0) = —0,,(0)cosdsing +O(r).

Let 0,,(0) > 0, the material be homogeneous, and its
strength properties be isotropic (the last requirement
does not relate to elastic properties). We note that rela-
tionship (6) for A = 1 does not formally follow from
Eqg. (5). However, it remains valid in any case. Accord-
ing to the leading terms of expansions (7), the crack
nucleates perpendicularly to the boundary. Further, we
take into account the lower terms of the expansions:

Tu(X, Y) = o+ S.X + Sy + 53, X
+25,Xy + Spy° + O(r7), )
Oyy(X, Y) = —S1Y — 25Xy — Sy~ + O(r),
Oy(X Y) = suy’ +O(r).
DOKLADY PHYSICS Val. 49
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We emphasize that only two of the coefficients s, are
free, and the complementary relation generaly
includes elastic constants (in the isotropic case, 2s;, +
S, = 0 due to the Mitchell equation). It isreasonable to
assumethat tensile forces are maximal at the nucleation
point of the edge crack, i.e.,

S = 0x(0) >0,
(©)>0, 2s,=0,0,0

S axdxx(@) = _ayoxy(@) = 01
2 (o)
(0) = —020,,(0).

XX XX

S, =0,0
In the framework of the Novozhilov criterion, the vari-
ability of stressfield (8) causes adeviation of the crack
direction from the perpendicular by a (small) angle 6.
Indeed, the substitution of Taylor formulas(8) intorela-
tionship (5) yields

8 = 2d222 4 o(d?).
S

3 (10)

If s, =0and s, =0, then the symmetry of field (8) with
respect to the y axis holds in principal, and, according
to Eg. (10), the direction of the edge crack coincides
with a perpendicular to the boundary within high accu-
racy.

We now analyze the problem of crack branching. In
the absence of volume forces on free crack sidesfor an

isotropic material, we have \ = % and

Z4(9) = —=30K [snSo + sin3o |

+ Kl,[3cos§¢ + cos:—Lcl)} E (11)
2 2" 10

where K; and K;; are the stress intensity coefficients. As
was mentioned above, Egs. (2) and (4)—6) show that
crack branching requires that the angular part of
Eg. (11) vanish at |east twice within theinterval (-1, 1)
and changeitssign from plusto minusin thiscase. This
statement implies that the function %, must have no

DOKLADY PHYSICS Vol.49 No.6 2004
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less than five roots within the segment [-Tt, 19. A third-
¢

order harmonic polynomial of thevariable > obviously
does not have this property. The absence of this number
of roots is immediately shown by taking into account
that the derivative of the factor after K; with respect to

¢ coincides with half the factor after K, (cf. [11]).

Thus, in the framework of the Novozhilov criterion,
the crack does not branch when the parameter d is neg-
ligibly small. This conclusion is consistent with the
well-known experimental fact that quasi-static crack
branching (free of dynamic effects) is not observed in a
homogeneous isotropic brittle material.
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The key feature of aflow around axisymmetric bod-
ies at large angles of attack is the formation of a conic
vortex flow, where apair of primary vortices dominates
(Fig. 1). With an increase in the ratio of the angle of
attack a to the half-apex angle 0 of the model vertex,
the initial attached flow is transformed to a detached
flow with the formation of a pair of symmetric station-
ary vortices. With a further increase in the parameter
a
S
an asymmetric pair of vortices. This process is associ-
ated with the loss of the stability of the vortex flow

, theflow isabruptly rearranged with the formation of

abovethecritical parameter % [1-3]. Small asymmetry

of the forward part, roughness, and irregularity of the
outer flow may serve as initial perturbations. In addi-
tion, this process depends on the presence or absence of
the transition from a laminar flow to a turbulent onein
the preseparation region of the flow [4]. The change of
a symmetric flow to an asymmetric one is not very
predictable and generally undesirable, becauseit gen-
erates uncontrollable lateral loading on the stream-
lined body [3].

It is known that the initial asymmetry of a vortex
flow arises near the model vertex and holds down-
stream. The characteristic feature of large-scale vorti-
ces arising in the separation region is their high sensi-
tivity to external perturbations, which enables one to
control the flow by creating artificial perturbations at
the place of their origin. Attempts to control a vortex
flow around axisymmetric bodies were successfully
realized by action on the flow near the vertex [5, 6].
Traditional methods such as change in the vertex shape,
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Sberian Division, Russian Academy of Sciences,
ul. Institutskaya 4/1, Novosibirsk, 630090 Russia

2 Rockwell Scientific Company, 1049 Camino Dos Rios,
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use of various vortex generators, and injection-suction
of the gas are usually considered.

In this work, we analyze the possibility of using an
electric discharge for controlling the symmetry of the
vortex flow around a cone at the angle of attack. The
possibility of fast change in both the discharge fre-
guency and its power provides flexible control over the
intensity of action and its application in feedback con-
trol systemsfor flows. A spark gap isaset of electrodes
placed on the surface along generatrices of the cone.
Various pairs or groups of electrodes can be used,
depending on the velocity of the incident flow and the
angle of attack.

Despite numerous studiesin this direction, the basic
physical processes accompanying the separation of the
flow on bodies of revolution are poorly understood. The
possibilities of controlling the asymmetry of the flow
were theoretically analyzed in [7], where the basic idea
was the plasma action on hydrodynamic stability at the
key singular points of the flow. Flow control strategy
implies that the position of flow separation lines on
both sides of the cone can be changed by an electric dis-
charge. In this case, the discharge can be treated as a
source of artificial periodic oscillations, as a local heat
source, or as a stationary bulge on the cone surface. In
any case, the discharge introduces additional perturba-
tioninto theinitial flow and finally shiftsthe separation

(@ y (b)

Fig. 1. Scheme of the flow around an axisymmetric cone at
alarge angle of attack for the (@) symmetric and (b) asym-
metric configurations of vortices.
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ELECTRIC-DISCHARGE CONTROL OVER A VORTEX FLOW AROUND BODIES

point upstream from the saddle point of the transverse
flow. As a result, vortices are displaced from the sur-
face, and the distance between their centers increases.
The saddle point of the transverse flow is shifted
towards the surface of the model, and a more stable
state preventing the appearance of asymmetry is
achieved. According to estimates madein [7], the heat-
ing of agas by 50-100 K by athin cylindrical (1 mmin
diameter) volume heat source placed along the initia
flow-separation line is enough for the necessary dis-
placement of the separation line. The lower boundary
of the required power is estimated as 200 W for a dis-
charge length of 1 m with a specific power of 2 W/cm.

Experiments were carried out in a small-turbulent
aerodynamic tube T-324 at the Institute of Theoretical
and Applied Mechanics, Siberian Division, Russian
Academy of Sciences, intheflow velocity rangeU =5—
20 m/s. Theturbulencelevel of thefreeflow in the setup
was less than 0.04% for the cross section 1 x 1 m of the
closed working section. The average velocities and
velocity pulsations in the boundary layer and flow sep-
aration regions were measured by a hot-wire anemom-
eter, static pressure distributions over the model surface
were determined, and the vortex structure of the flow
was visualized by the laser knife method.

A 1-m-long cone model with a half-angle of 5° was
used in experiments. The model was placed in the
working section of the aerodynamic tube at the angle of
attack a = 0°-40° and had a set of changeable heads
with various shapes and a dielectric insertion, where
electric spark gaps were placed. Pressure on the model
surface was measured at ten points uniformly distrib-
uted over a circle in the cross section at distance x =
576 mm. Investigations were carried out for the separa-
tion of both laminar and turbulent boundary layers. In
the latter case, abrasive-paper turbulizers were stuck on
the model to ensure the transition of the preseparation
boundary layer to the turbulent state.

Initial experiments were carried out without electric
spark gaps and aimed to analyze the structure of an
unperturbed flow and to determine cone-surface
domains, where the discharge action would be applied
most efficiently. These domains were sought by means
of bulges 3-5 mm in height and 20100 mm in length
that were mounted symmetrically with two sides of the
model before the flow separation lines at various dis-
tances from the cone vertex.

Experiments show that, for flow velocities from 10
to 15 m/s, vortices over the mode without bulges are
located symmetrically if the angle of attack o does not
exceed 15° (Fig. 1). With an increase in a to 20°, the
vortex pattern istransformed to an asymmetric one, and
the directions of asymmetry are different for different
angles of attack. Thisbehavior is caused by small trans-
verse changes in the position of the model and testifies
to the high sensitivity of the flow to small inhomogene-
ities of the flow. It was found that the symmetric vortex
pattern of the flow could be reached by the installation
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of bulges. The placing of bulges near the vertex of the
model is most efficient. Bulges may be shorter if they
are placed closer to the vertex. This result is consistent
with the data obtained in [5], where it was experimen-
tally shown that small action near the vertex could
change the pattern of the entire flow.

According to the above results, electric spark gaps
are placed on the both sides of the modd as close as
possible to the vertex. Electrodes were mounted such
that the plasma channel was upstream from the separa-
tion line and oriented along a generatrix of the cone.
Both arc and spark discharges were used in experi-
ments. An arc discharge was ignited between two elec-
trodes that were mounted flush on the cone surface and
spaced by 10 mm. The discharge runs off ahigh voltage
source with industria frequency (50 Hz) through abal-
last resistor. The discharge current was equal to about
100 mA for 1200-V voltage on the arc. The spark dis-
charge was generated on the array of electrodes, which
were mounted flush on the cone surface, by the method
described in [8]. The distance between the outer elec-
trodes was equal to 20 mm. The discharge runs off a
pulsed generator with a voltage up to 20 kV. The dis-
charge duration was equal to about 10 s, and the repe-
tition frequency was equal to 400 Hz.

The effect of the arc discharge on the flow pattern
was studied on the cone model with both sharp and
hemispherical heads with a radius of 10 mm. The dis-
tance from the model vertex to the first electrode was
equal to 150 and 55 mm, respectively. The discharge
power wasinsufficient for controlling the flow structure
in the sharp-vertex configuration. The blunted configu-
ration ensures the location of the electric spark gaps
closer to the model vertex, which must increase the effi-
ciency of the action. The use of the hemispherical head
for the same discharge power allows the efficient con-
trol over the flow and a symmetric vortex pattern.

The effect of the simultaneous action of two sym-
metric arc discharges from both right and left sides of
the model was analyzed. In these experiments, the total
electric power of two discharges was constant and
equal to about 120 W. The discharge was initially
ignited only on thefirst (right) electric spark gap. After
3-5 s, the second discharge was ignited and power was
about equally distributed between the discharges (about
60 W per channel). This procedure made it possible to
obtain data corresponding to the symmetric and asym-
metric actions on the flow in the same experiment.

Figure 2 shows the distribution of the pressure coef-
ficient C, over the model surface. The pressure coeffi-
cient is defined as the difference between static pres-
sure at a given point and static pressure in the incident
flow as divided by the velocity head. It is seen that the
initially symmetric state is distorted by the discharge
from the right and was partially restored by two sym-
metric discharges.

For experiments with a spark discharge, a head with
aradiusof 2.5 mm was mounted on the model. Theflow
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Fig. 2. Distribution of the pressure coefficient over the
model surface in the cross section x = 576 mm in the pres-
ence of an arc discharge: (1) without discharge, (2) dis-
charge on the right is turned on, and (3) discharge on both
sidesisturned on.

Fig. 3. Initial asymmetric pattern obtained by smoking visu-
alization by the laser-knife method for a flow without a spark
discharge for the parametersU = 15 m/sand a = 17.5°.

Fig. 4. Symmetric pattern obtained by smoking visualiza-
tion by the laser-knife method for a flow with a spark dis-
charge for the parametersU = 15 m/sand a = 17.5°.

velocity varied from 9.2 to 15 m/s, and the angle of
attack, from 17.5° to 20°. The discharge was ignited
from theright, left, or from the both sides of the model
simultaneously. In the flow around the model without
the discharge, right asymmetry was observed; i.e., the
vortex on theright side was further from the model than
the vortex on the left side (see Fig. 3). In this case, the
symmetric state was obtained by theignition of the dis-
charge on theleft side of the model (Fig. 4). When both
discharges were used simultaneously, the flow was also
symmetrized. When the discharge appeared, the vortex
trace was transformed to the symmetric state and
remained symmetric when the discharge was turned on.
When the discharge was turned off, the flow returned to
the asymmetric state. For various flow velocities and
discharge powers, various vortex configurations with
different degrees of asymmetry were obtained. With an
increasein the flow velocity, the effect of the spark dis-
charge was weakened due to insufficient discharge
power.

Thus, the use of an electric discharge near the vertex
of an axisymmetric body streamlined at the angle of
attack was experimentally shown to be an efficient
mechanism of controlling the flow. We achieved both
the symmetrization of an initially asymmetric flow and
control over the direction of artificially created asym-
metry and, therefore, over the aerodynamic force.
Moreover, the effect of proportional control, when the
aerodynamic force monotonically depends on the
actionintensity, was obtained. Theresults enable oneto
consider an electric discharge as an active element of
control systems for promising aircraft.
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INTRODUCTION

At present, the nonlinear evolution of random wave
fields, including the field of wind-generated waves on
the ocean surface, is statistically described in ageneral
nonlinear wave physical approach, where the evolution
of the second-order statistical momentsis described by
a kinetic equation (Boltzmann equation) [1]. This
approach is based on the hypothesis that a statistically
uniform wave field is quasi-Gaussian or on equivalent
hypotheses: odd-order statistical moments are set to
zero, and higher even-order moments are expressed in
terms of the second-order moments. Although the
kinetic equation is successfully applied to a number of
various important physical problems [1], its justifica-
tion, requiring independent verification of the above
hypotheses, remains an open problem. Moreover,
observations of waves on water often revea the pres-
ence of long-lived coherent structuresin the wavefield,
which contradicts, at first glance, the above hypotheses.

It is most important to determine the applicability
limits of the approach based on the kinetic equation by
verifying its base hypotheses, including the quasi-
Gaussian hypothesis. The applicability conditions for
models based on the kinetic equation, aswell as factors
violating these conditions, can be determined only by
direct numerical simulation including theintegration of
the primitive equations of motion in continuum. In this
work, we propose a verification method based on direct
numerical simulation for a nonlinear wave field on the
surface of afluid.

Since numerical simulation of hydrodynamic equa-
tions must be performed for numerous interacting
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waves at large time scales much longer than the charac-
teristic times of devel oped turbulence, the choice of an
appropriate numerical method isimportant. Such asim-
ulation directly for the basic hydrodynamic equations
(e.g., Navier—Stokes eguations) is beyond the capabili-
ties of current computers. Spectral methods based on
the weak-nonlinearity assumption, where afield isrep-
resented in terms of adiscrete set of interacting Fourier
harmonics, are much more appropriate for solving the
problem. To efficiently simulate the statistical evolution
of the continuous wave field, numerical integration
must be performed for a large number of discrete har-
monics. In this case, the problems of discretization and
role of resonant and nonresonant interactions require
specia attention. A regular grid in the wave-vector
spacek isusually used in spectral methods, which gives
riseto undesirable artifacts of integer discretization [2].
A new approach that is proposed in thiswork and based
on the truncated Hamiltonian equations (Zakharov
equation) enables one to overcome these difficulties. In
particular, it does not require discretization on regular
grids and makes it possible to efficiently simulate any
number of interacting waves.

Thefirst attemptsto apply spectral methodsto direct
numerical simulation of the results predicted by the
Kinetic equation were reported in recent works [3, 4],
where it was shown that the final stage of the evolution
of wave ensembles obtained with the kinetic equation
was close to direct numerical simulation. However,
guantitative comparison of evolution itself was not per-
formed.

In this work, we develop a method of direct numer-
ical simulation of random wave fields. This method is
applied to reproduce solutions of the kinetic equation,
when the latter is applicable, in order to provide the
possibility of applying this method for awider class of
problems. It is necessary to answer the following
important questions.

(i) Is it fundamentally possible to develop an effi-
cient numerical scheme for a quite accurate simulation
of the evolution of statistical characteristics of wave
ensembles with the conservation of the fundamental
properties of a continuous wave field?

1028-3358/04/4906-0389$26.00 © 2004 MAIK “Nauka/ Interperiodica’
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Fig. 1. Wave vectors in the k space corresponding to the
four-cluster case.

(it) What is the role of resonant, approximately res-
onant, and nonresonant interactions?

(iii) What istheform of evolution at theinitial stage,
whose duration is about the characteristic time of phase
mixing?

(iv) How can the above effects modify the initial
conditions of the kinetic equation?

Inthiswork, for smplicity, answersto most of these
guestions are given for a relatively particular case,
where the wave field consists of a finite number of
localized, spectrally narrow, wave packets that are in
exact resonance.

BASIC EQUATIONS AND AN ALGORITHM

Let us consider potential gravity waves with low
(about €) steepness on the surface of a deep incom-
pressiblefluid. Following [5], we write the equations of
motion in the Hamiltonian form

Ab(k) _ BH
"ot T 5 k)’ M

where the Hamiltonian H is represented as the integral
power seriesin b(k) and b*(k):

H = [u()bk)b* (K)dk + 3 H,. @)

n=3

The dispersion relation has the form wk) = (gk)'?,
where g is the gravitational acceleration, integration is
hereinafter performed over the entire k plane, and the
asterisk stands for complex conjugation. The complex
canonical variable b(k) in the Fourier space is
expressed in terms of the physical variables ¢(k, t) and
n(k, t) (potential on the free surface and free-space ele-
vation) through the integral power series

b(k) = }D W) (k) + ¢(k)D+O(8) 3)

(k)

ANNENKOV, SHRIRA

Then, the evolution equation for b(k) including the lead-
ing (four-wave) interactionsiswritten in the form [6]

2
ot

where the compact notation is used with the replace-
ment of arguments by subscripts, e.g., b, = b(k,). Equa-
tion (4) is caled the Zakharov equation. Its detailed
derivation and expression for V,,,; were givenin [6].

An agorithm for numerically solving Eq. (4) was
developed in [7] and successfully applied to integrate
dynamic equations in a number of problems. In this
work, it is used for the first time to analyze the evolu-
tion of the statistical characteristics of wave ensembles.
Animportant feature of the algorithm is afree choice of
the position of harmonics in the k space. This advan-
tage enables one to remove restrictions imposed by a
regular grid, control the presence of exact and approxi-
mate resonances in a system, and identify narrow reso-
nant regions for higher order resonances aready with a
few harmonics.

= wyoby + J’szsbic D,0300, 1 230Kz,  (4)

EVOLUTION
OF THE STATISTICAL CHARACTERISTICS
OF A WAVE ENSEMBLE

We consider a gravity-wave ensemble consisting of
afinite number of quasi-monochromatic wave packets.
Let us represent each packet as a cluster of random-
phase harmonics such that the sum of their amplitudes
squared is equal to the total intensity of a packet and
perform phase averaging. The simplest example of such
an approach corresponds to four packets in exact res-
onance (Fig. 1). The kinetic equation for this case can
be obtained by discretizing the general kinetic equa-
tion [1, 8] or derived directly by using the random
phase approximation [9] and has the form

ON
—d—tg = 8TV p8] NoN3(Ng + Np) = NoNy(N, + No)l, (5)

where N, = bj2 , | = 14, isthe intensity of the jth wave
packet. Each wave packet is represented as a cluster of
five harmonics kj, kj +d,, kj + dy, where d, = AK,, dy =
Ay, and Kk, =(1,0) and k, = (0, 1) are the unit wave vec-
tors. The quantity A is called the cluster size in the k
space. Such a procedure of constructing clusters
includesthe parallel trand ation of the original resonant
quartet by d, and d, with the appearance of numerous
guartetsthat are in approximate resonance and simulate
the modulation instability of the original wave packets.
In the taken configuration, the sole resonant quartet in
the kinetic equation corresponds to the interaction of
180 coupled quartetsin the Zakharov equation.

Figure 2 shows the evolution of packet intensities
for atime of about 7000 characteristic periods of waves
as obtained by numericaly solving the kinetic and
Zakharov equations (with averaging over an ensemble
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of 1000 realizations each corresponding to a random
choice of the initial phases of the harmonics). Both
approaches show that the system tends to the thermody-
namic equilibrium state, which does not generally cor-
respond to the Rayleigh—Jeans spectrum due to the
presence of additional integrals relating the amplitudes
of interacting packets (Manley—Rowe integrals).

Toillustrate therole of interactionsthat are not exact
resonant interactions, the pointsin Fig. 2 show numer-
ical solutions of the Zakharov equation for the initial
resonant quartet without the introduction of clusters
and with averaging over an ensemble of 10000 redliza-
tions. In this case, the harmonic amplitudes evolve with
amuch shorter time scale and fast, gradually damping,
oscillations. Such a numerical solution obtained disre-
garding approximate resonances differs strongly from
the corresponding solution of the kinetic equation and
cannot be used to simulate it.

To analyze the dependence of the results on the clus-
ter size A\, we calculate the ratio of the evolution time
scale obtained by direct numerical simulation to that
obtained by numerically solving the kinetic equation.
Thisratio is close to unity in a wide range of A, when
the cluster size is much smaller than the characteristic
size of the system. A moderate increase in the number
of elements in each cluster does not noticeably change
evolution. In theinitial interval [with the characteristic
time O(e?)], evolution obtained by direct numerical
simulation in most cases proceeds faster than it follows
from the numerical solution of the kinetic equation.

Similar properties are also obtained for much more
complex systems consisting of numerous (up to 1000)
localized wave packets. As an illustrative example, we
present the evolution of the system of 24 wave packets.
Figure 3 shows the numerical solution for this system.
As is seen, the system tends to the thermodynamic
equilibrium state, and direct numerical simulation
beyond theinitial stage of evolution virtually coincides
with the solution of the kinetic equation. Direct calcu-
lation of the fourth moments al so corroborates that they
can be represented in the form of the product of the sec-
ond moments. This representation is of key importance
for the derivation of the kinetic equation.

DISCUSSION

In this work, a new approach based on the integra-
tion of the Zakharov equation and representation of
packets by clusters is proposed and tested for direct
numerical simulation of wave fields. Analysis of the
evolution of systems consisting of a finite humber of
localized interacting wave packets shows that this
approach predicts a field evolution quite close to the
solution of the kinetic equation when the latter is appli-
cable. Interactions close to resonant interactions play a
key role. We emphasi ze that the inclusion of only exact
resonant interactions gives physicaly meaningless
results. Analysis of the test problems also indepen-
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Fig. 2. (Solid lines) Evolution of the intensity of clusters as
obtained by numerically solving the Zakharov eguation
with averaging over an ensemble of 1000 realizations,
(dashed lines) numerical solutions of the kinetic equation,
and (dotted lines) solutions of the Zakharov equation that
are averaged over an ensemble of 10000 realizations for
four harmonics with the same initial conditions for the
amplitudes.
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Fig. 3. (8) Numerical solution of the kinetic equation for a
discrete ensemble of 24 harmonics and (b) direct numerical
simulation for a discrete ensemble of 24 harmonics.
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dently corroborates the quantitative adequacy of the
kinetic equation at |east for the cases being considered.

The above method is supposed to be applied to
much more complex cases of the evolution of a contin-
uous wave field, where the kinetic equation is inappli-
cable and/or higher order resonant interactions must be
taken into account. The advantage of the method using
arbitrary-form grids becomes substantial already for
five-wave interactions for which resonant regions are
narrow and cannot be identified by using aregular grid.
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Under normal conditions, the density of water is
maximal at atemperature of about 4°C (the exact value
depends on both pressure and the impurity content).
Thisfact leads to a number of effects, including hydro-
dynamic ones. When water masses whose temperatures
are higher or lower than 4°C come into contact, a max-
imum-density front surrounded by water of lower den-
sity is formed in the contact zone. Conditions for the
formation of a horizontal maximum-density front arise
in fresh water reservoirs. Another effect is the appear-
ance of a seasonal thermal bar in lakes and water reser-
voirs [1] with a more complicated orientation of this
front. In Lake Baikal, processes associated with the
anomal ous dependence of the water density on temper-
ature significantly affect the oxygen enrichment of deep
water layers and the transportation of nutrientsinto sur-
facelayers[2, 3].

In the gravitational field, water particles of the max-
imum density are subjected to the action of the force
directed downward (the difference between the gravity
force and buoyancy force). In this case, the develop-
ment of instability is possible. In essence, this instabil-
ity issimilar to the well-known Rayleigh-Taylor insta-
bility [4, 5], dthough it has a substantial intrinsic fea-
ture. The instability of initially immovable
unboundedly thick layers with the horizontal interface
isusually considered for the case, where the upper layer
has a higher density. Under actual conditions, the max-
imum-density layer is thin and can be arbitrarily ori-
ented.

In this paper, we present brief information on the
results of laboratory experiments in which the orienta-
tion of the front of the maximum water density contin-
uously varied from the vertical orientation to the hori-
zontal one. The experimentswere carried out in a6-cm-
wideill-drained Plexiglas channel 2.5 min length. The
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channel wasfilled with a 7.6-cm-deep water layer with
temperature T,. A water jet of temperature T, and vol-
ume flow rate of 66.7 cm?® s was injected into this ini-
tially quiescent water layer over a plate inclined at an
angle of 13.4° to the channel bottom. In the simplified
form, such a statement of the problem allows us to
study processes governing the propagation of water of
the Selenga River in Lake Baikal in the spring thermal
bar period. The injection occurred for a limited time
interval. During the experiment, the water depth in the
channel increases by 5 cm.

Figures 1 and 2 present photographs obtained in two
experiments for different combinations of T, and T,.
All other conditionsin both experimentswere the same,
including a density difference of 0.00034 g cm™

(D) - ..

Fig. 1. Leading part of ajet at t = 165 sin experiments (a) 1
and (b) 2.
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(b)

Fig. 2. Stratification pattern at t = 350 sin experiments (a) 1
and (b) 2.

between the quiescent layer and jet. In experiment 1,
the temperatures were T, = (0.5 £ 0.2)°C and T, =
(11.7 £ 0.1)°C, so that the maximum-density tempera-
ture was between these values. In experiment 2, T, =
(11.5£0.1)°Cand T, = (14.2 +0.1)°C; i.e., both values
were higher than the maximum-density temperature.
Due to the existence of the density difference, the
warmer liquid propagated near the free surface in both
experiments. However, when warm water came into
contact with cold water in experiment 1, an unstable
front of the maximum density was formed, whereas in
experiment 2, conditions for the development of the
instability under discussion were absent.

Figures 1 and 2 show flow patterns recorded in
experiments (a) 1 and (b) 2 at the same time t from the
onset of the jet injection. The photographs were taken
through the side channel wall. Preliminary experiments
have revealed an optimal method of visuaizing effects
caused by the anomalous temperature dependence of
the density. For example, in experiment 1, the most
suitable method implied the use of uncolored water
with temperature T, , whereas small suspended particles
of auminum powder reflecting incident light were
added into water of temperature T, . In this case, aver-
tical light “knife” with athickness of about 1.5 cm was
used to illuminate a flow region near the longitudinal
symmetry plane of the channel. In experiment 2, water
of temperature T, was not colored, whereas water of
temperature T, was colored with ink. The entire bulk of
theliquid wasilluminated. For both visualization meth-
ods, water of temperature T, was darker in the photo-

graphs.
In experiment 1, the instability of the maximum-
density front led to the continuous variation of the flow

BUKREEV

pattern from the instant of the jet injection to the com-
plete equalization of temperature. In experiment 2,
instability was observed only in theinitial time interval
with a duration of about 20 s. This instability was
caused by only the velacity shift between the different-
density layers. Afterwards, due to the stabilizing effect
of the buoyancy force directed upward in this case, the
flow in this experiment became stable even in the zone
of the jet injection.

The photographs were obtained (Fig. 1) at the
instant the water supply was ceased and (Fig. 2) when
the velocity shift between the two layers virtually van-
ished. The photographs show that the instability caused
by the anomalous temperature dependence of density
qualitatively changesthe shape and internal structure of
the leading part of the surface jet (Fig. 1). For long
times, isolated jets of warmer water descend into cold
water (Fig. 2a). In the case of thick unstable layers, a
similar pattern usually exists only at theinitial stage of
the development of the Rayleigh-Taylor instability.
Thereupon, instability is enhanced due to the excess
potential energy of the entire upper layer, and the mix-
ing process becomes chaotic.

Instability seen in Fig. 2a is caused by the excess
potential energy of only the thin layer near the maxi-
mum density, whereas the density difference between
this layer and the surrounding liquid is small. Under
these conditions, the molecular thermal diffusion and
viscosity of the liquid can efficiently counteract the
development of the chaotic mation. In this experiment,
the chaotic stage of the instability was not observed.
Temperature over the channel depth was equalized
slower than upon chaotic mixing but much faster than
in experiment 2. In the experiment with the lower-layer
temperature T, = 2.8°C, the excess potential energy was
so low that the molecular diffusion suppressed the
instability even at theinitial stage. In this case, the flow
pattern with concentrated jets shown in Fig. 2awas not
observed.

The experiment for T, = 14.1°Cand T, = 0.4°C was
carried out such that the cold water propagated over the
channel bottom. At long times after ceasing the water
flow supply, the characteristic distance between the
concentrated jets in the stratification pattern was con-
siderably smaller than in the pattern givenin Fig. 2a. In
this case, the concentrated jets of the warm liquid
descended into the cold liquid, and the cold liquid
ascended into the warm liquid.

It is worthwhile to compare the given illustrations
with photographs from [7, 8]. In [7], the process of the
j€t propagation aong the interface between two liquids
of different densities was analyzed in the absence of
anomalous effects. Under these conditions, only the
shear instability was manifested. In [8], the Rayleigh—
Taylor instability of a liquid heated from the bottom
was investigated.

In experiments with other flow rates and initia
depths, two more effects caused by the anomal ous tem-
DOKLADY PHYSICS  Vol. 49
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perature dependence of the water density were found.
Under certain conditions, warmer water with the maxi-
mum-density front like a piston can displace the cold
water in the entire depth of the channel. In this case,
after ceasing the water flow supply, the similarity with
the processes near a thermal bar becomes particularly
close. For larger values of both the initial depth and the
flow rate, shear instability was developed. In the
absence of the maximum-density front, it is similar to
the well-known Kelvin—Helmholtz instability [6]. In
the presence of the maximum-density front, the region
of the existence of shear instability and the character of
its development changed significantly. The maximum-
density front counteracted the devel opment of the shear
instability and, at the same time, was unstable itsalf.
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The turbulent regime attracts constant interest,
because it often occurs in flows of fluids and gases
under both natural and artificial conditions. Interest in
the turbulence problem in motion of bodiesin gasesand
fluids is primarily associated with the laminar—turbu-
lent transition that occurs in the boundary layer and
whose mechanism depends sometimes on the place
(conditions) of itsorigin. In particul ar, when the bound-
ary layer is developed on a swept wing, the transition
can occur, first, on the attachment line, second, near the
front edge in the domain of secondary-flow instability,
and, third, downstream due to the instability of Toll-
man—Schlichting waves.

The laminar—turbulence transition on the attach-
ment line leads to the turbulization of the entire bound-
ary layer on the wing. For this reason, study of the fea-
tures of thistransitionisof particular interest. The basic
aim of this work is to experimentally investigate the
features of the development of the boundary layer along
the attachment line of aforward swept wing narrowed
to the end. The boundary layer is developed from the
region of large perturbationsthat islocated at the place
of connection of the front model end and thewall of the
working section of an aerodynamic tube with a turbu-
lent layer onit (seeFig. 1). Detailed results are obtained
for the statistical and pulsation characteristics of the
laminar—turbulence transition region and previous
relaxation zone. Experimental investigations of the
boundary layer on the attachment line were previously
carried out under the conditions of its development
either from the region of uncontrollable large perturba-
tions (attachment of awing with the fuselage of an air-
plane and a model with the wall of the aerodynamic
tube Z = 0) known as the contamination regime or from
the region of artificially induced perturbations. In the
latter case, the turbulization of the layer is realized pri-
marily by mounting wires of various diametersd on the
surface of the front edge perpendicularly to the attach-
ment line. Investigations were primarily focused on the
determination of the Reynolds numbers of the begin-

Zhukovsky Central Aerohydrodynamic Institute (TSAGI),
Zhukovskiz, Moscow oblast, 140160 Russia

ning Reg,, and end Rey , of thetransition region asfunc-
tions of the distance Z from a turbulizer:

d Zg
Re,= F£ , £U
%= " qo

where n = 2.470 is the length scale proportional to the
momentum-loss thickness 8. The Reynolds number is
calculated by the formula[3]

_ rJor sinx tanx1>°
Rep = 0.404F—2"g

where U, is the velocity of the free flow, r isthe radius
of the front edge in the cross section orthogonal to the
front edge, x isthe swept angle, and v is the kinematic
viscosity. The applicability of thisformulato individual
cases is verified experimentally. The effect of turbu-
lence € in an incompressible flow is disregarded.

According to [1-5], the first turbulent bursts appear
in an incompressible boundary layer quite far from the
region of large perturbations at the minimum Reynolds
number Reg,, = 90-105. For Rey < Reg,,, al perturba
tions are damped downstream. For Rey > Reg,,, thelam-
inar—turbulence transition occurs, leading to the com-
plete turbulization of the layer for Rey > 120.

Virtualy all basic experimental results on the devel-
opment of the boundary layer were obtained by hot
wire anemometers. The beginning of the transition was
identified by the appearance of thefirst turbulent bursts,
and the end of the transition was detected by the com-
plete disappearance of laminar regions. Because of the
considerable uncertainty, the end of the transition
region was not determined [5]. Information on any
characteristics of the laminar—turbulence transition
region and on the effect of incident-flow turbulence on
the devel opment of the boundary layer along the attach-
ment line is absent, although its importance is widely
recognized. It isdifficult toidentify the beginning of the
transition even under the comparatively simple condi-
tions of the two-dimensional boundary layer. Different
criteria used for this identification yield considerably
different results [6, 7]. In particular, the determination
of the transition by a hot wire anemometer yields 1, =
600 and 500 mm when using the criteria of the mini-
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Fig. 1. Typica (e, ®) intermittence coefficient y, () frequency N = n—n- of changing the flow regimes, and (4, A) rmsintensity

E

|2 .
I

max

of the pulsation intensity n' =

mum local surface friction t,, and intermittence coeffi-
cient y = 1%, respectively [7].

Thiswork is primarily focused on the determination
of the boundaries of the laminar—turbulence transition
region and its statistical and pulsation characteristics,
which are possibly obtained for the first time in such
detailed and thorough experiments.

The model is a truncated cone with a wedge tall
cowl! (Fig. 1). It was horizontally mounted at x = 51.4°
in the middle plane of the 1 x 1 x 4-m working section
of aT-124 aerodynamic tube at the Zhukovsky Central
Institute of Aerohydrodynamics. At the upper point of
connection of the attachment line with the lateral wall
(Z=0), themodel hascurvatureradiusr =61.2 mm and
dr/dz = 0.0205. The chord of the model along the nor-
mal to the attachment linewasb = 4r, and the roughness
of the surface near the front edge was R, = 1.64 um.

I ncident-flow turbulence

_ P+ v w?
€= |
3U3

increases linearly from 0.02% for the flow velocity
Up < 20 m/s to 0.055% for U, = 35 m/s, then remains
virtually constant to U, = 60 m/s, and again increases
linearly to 0.08% for U, =100 m/s. For U, < 20 m/s,
€ =0.02% and all components of the pulsation velocity

2

u
are egqual to each other, g, = - = g, =¢,. For U, =
0
20 m/s, g, = 0.6¢, = 0.6¢,,.
DOKLADY PHYSICS Vol. 49 No.6 2004
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The inset shows the position of the model in the working section of the tube.

Turbulence varied dightly along the working sec-
tion and decreased slightly downstream. The mounting
of the model did not noticeably change the turbulence
of the free flow. Measurements of the frequency distri-
bution of pulsation intensity €, = F(f) showed that most
of the energy is concentrated in the range U, < 30 Hz
for velacities U, < 30 m/s. With an increase in velocity
U,, intensity ¢, increased primarily in the low-fre-
guency band of the spectrum, and the spectrum had
pronounced peaks, e.g., a f = 10, 20, 48, 56, 60 Hz for
U, =70 m/s.

The turbulence of the flow was increased by mount-
ing a turbulizing grid at the end of the tube collector.

Measurements yielded |€], = 1.32, 1.15, and 0.88% in

three cross sections at distances X=0.5, 1.0, and 1.8 m,
respectively, from the entry of the working section.

Deviations of €, from the above average values €, were

about £0.1% €, in the working velocity range. Mea-

surements in the cross section X = 1.8 m were carried
out in the empty tube.

The characteristics of the boundary layer were mea-
sured by a hot wire anemometer with constant resis-
tance and copper-coated tungsten-filament sensors
4.5um in diameter. The outer copper coating was
removed from a sensitive tungsten element by chemical
etching in afilm of water solution of nitric acid [8] in a
special setup [9].

Work was performed in two stages. At thefirst stage,
a superimposed sensor based on a 40-um-thick polya-
mide film was used. A sensitive element was placed at
the beginning of the film paralldl to its front cut. The
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Fig. 2. Variation of the pulsation intensity n' along the attachment line moving away from the connection point (Z = 0) with the wall
for Rey (in 108 m™) = (0) 1.35, () 1.45, (x) 1.57, (1) 1.72, (®) 1.80, (#) 1.88, (m) 2.02, (=) 2.22, (®) 2.36, and (4) 2.59 and for

Reg=0.2824, /Re; x ,/0.0205Z + 0.0612 . Crossed points are obtained in the reverse motion (decrease in velocity Uy).

sensor was mounted at a chosen place of the stream-
lined surface by vacuum grease. After the relocation of
the sensor to a new place, grease residues were
removed by a kerosene-moistened tampon without
changing the roughness of the surface. At the second
stage, the characteristics of the boundary layer were
measured by a specially designed coordinate system
ensuring the displacement of the sensor along the
attachment line with an accuracy of 1 mm at a distance

of Yo = 0.2 mm from the streamlined surface. The sys-
tematic measurements of the distance Y, over al the
length Z by the noncontact thermal method showed that

deviation from the average value Y, were no more than
20 um.
The constant component E ~ F(U) of the signal and

its rms component JI?Z ~ F(Ju:12 ) with sufficient aver-

aging time were measured in experiments. Instanta-
neous pulsations | were observed on an electron oscil-
lograph, detected on oscillograms by a train oscillo-
graph, and used to determine the intermittence
coefficient y and frequency n of changing flow regimes.
To determine the flow parameters, pressure and temper-
ature were measured simultaneously. At the first and
second stages, the temperature of the flow varied from
about 5 to 15°C and from about 20 to 30°C, respec-
tively.

Figure 1 shows the typical characteristics measured
for the boundary layer in the laminar—turbulence transi-
tion region. As is seen, the accuracy and reliability of
the results are comparatively high. At the second stage,
measurements in the cross section Z = 975 mm were
performed in two experiments with an interval of six

days. Only Eand ﬁz were measured in thefirst exper-

DOKLADY PHYSICS Vol.49 No.6 2004
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iment, and ' = F(t) was additionally recorded in the sec-
ond experiment. These results enabled usto obtain data
on the intermittence coefficient y and frequency n of
changing flow regimes. The results of the first two
experiments were identical. The differences between

Res values at the maxima of functions n' = F(Rey),
N = F(Rey), and y|, s = (Rey) were equal to about 1%.
The solid line of dependence y = f(Rey) corresponding
to the normal distribution of a random value with the

parameters Rey = 115 and 0 = 5 agrees satisfactorily
with experimental points.

The transition-region beginning, which was associ-
ated with the detection of thefirst turbulent bursts (cen-
ters of turbulent spots), as well as the corresponding
change in the rate of increasing pulsationsn' and inter-
mittence coefficient y, occurred at Rey, = 102. Thetran-
sition-region end, which was associated with the com-
plete disappearance of laminar regions (N = 0 and
y=1), occurred at Re,, = 132, where a decrease in the
pulsation intensity n' = f(Rey) was virtually completed.
Analysis of measurements of these characteristic points
of the transition region in experiments at the first stage
in five cross sections Z > 0.3 m showed that their devi-
ations from the average values were less than 1%. The
measurements of dependence E = F(Rey) did not pro-
vide such a high accuracy of determining the bound-
aries of the transition region and overestimated the
beginning of the transition region and underestimated
its end. It was found that measurements of the depen-
dence n' = F(Rey) provided most simple and suffi-
ciently accurate investigations of the boundary layer.

Although oscillographic records of pulsations |' =
F(t) extend information on the properties of the lami-
nar—turbulence transition, they strongly increase the
laboriousness of experiments and data processing.

Figure 2 showsthe results of detailed measurements
of the dependence n' = F(Rey) for ten Re; values from
1.35 x 106 to 2.59 x 10° m. Analysis of dataand sim-
ilar results for some of the above Re, valuesin theform
vy = F(Rey) and N = F(Rey) made it possible to recon-
struct the following scenario of boundary-layer devel-
opment along the attachment line from the high-turbu-
lence (contamination) zone toward higher Rey values
(radius of the front edge of the wing).

First, for Rey < 100 and moving away from the con-
tamination zone, theintensity of pul sations decreasesin
the boundary layer on the attachment line, which gives
rise to the intermittent flow regime with y# 1 at a cer-
tain distance Z. For Re; < 1.75 x 10° m, the intermit-
tent flow regime is completed at a certain distance Z
with the formation of a pure laminar boundary layer
with y = 0, which extends to the end of the model. With
an increase in Re,, turbulence relaxes in a region of
higher Rey values that increases its length due to a
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Fig. 3. Reynolds numbers of the beginning Reg,, middle

Reg , and end Reg, of the transition region in various cross
sections along the attachment line (N = 0.4046): (0) n' =

F(Regp), () N, (x) y=F(Reg), (A) ', (X) n, (@) N' =

F(Reg.), (#) N, (#) the second stage (Reg,, Reg, Reg ).
The line is obtained by Eq. (1), and data are taken from
Fig. 8in[3] for acylinder with sliding and aturbulizer plate
aong the flow for x = (O) 55°, (@) 60°, and (m) 65°.

decrease in the laminar section of the layer, which vir-
tualy disappearsfor Re, = 1.8 x 105 m™.

A further increase in Re; transforms the incompl ete
relaxation regime to the turbulization regime, whose
position is shifted upstream aong the attachment line.
In particular, for Re; = 1.88 x 105 m, relaxation is
completed in the cross section Z = 0.5 m (Rey = 104,
n'=0.7, y=0.25, and n = 150 Hz), and then the inter-
mittence coefficient and pulsation intensity remain
approximately constant up to Z = 0.95 m (Re; = 110).
For Re; = 2.02 x 10° m, relaxation is completed in the
crosssection Z=0.3m (Rey = 104 and y = 0.6), and the
transition (increase in pulsation intensity) beginsin the
cross section Z = 0.6 m (Rey = 109).

Figure 3 showsthe number Re, of the disappearance
of the last turbulent bursts as a function of the distance

ﬁ from the source of large perturbations a ong with the

datataken from [3] for acylinder and numbers Res and
Reg. obtained in this work. The dash—dotted lineis cal-
culated under the assumption that

z
J'(Ree +—Rey,)dz = const, (1)
0
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Fig. 4. Effect of the Gaster-bump turbulizer and flow turbulence on the laminar—turbulence transition for Z = 975 mm (1) without
the Gaster bump, (2) with the Gaster bump, (3) with the lacquer-coated Gaster bump, (4) after the polishing of the lacquer coating
of the Gaster bump, and (5) similar to the fourth case but with the turbulizing grid.

where const corresponds to the average value for Re; <
1.72 x 10° m (Fig. 2).

The coordinates of the points for the second stage
were obtained from the dependences n' = F(Rey) mea
sured inthe cross sectionsZ = 275, 475, 675, 975, 1275,
and 1400 mm. Asis seen, with an increase in the dis-
tance Z, the number Re,, increases and the number
Rey. remains virtually a constant of about 132. An
increase in the flow turbulence somewhat shifts the
laminar-turbulence transition region towards smaller
numbers Re;.

More extensive results on the effect of the turbu-
lence of the free flow on the laminar—turbulence transi-
tion in the boundary layer on the attachment line were
obtained under the strong weakening of the contamina-
tion effect by mounting a special Gaster bump in the
path of large perturbations propagating from the con-
necting domain of the model with thewalls of thework-
ing section (Fig. 4).

The plots in Fig. 4 in the form of the dependence
n' = F(Rey) clearly illustrate the effect of the Gaster
bump and turbulence €, on the position of the laminar—
turbulence transition region. In particular, the weaken-

ing of contamination increases Rey from 115 to 148,
and the transition-region end Re;, is shifted from 133 to
163. At the same time, the effect of the surface rough-
ness of the bump on the efficiency of its action on the
flow in the boundary layer is observed.

Due to the increase in flow turbulence, the numbers

Res and Re,, decreased from 144 to 125 and from 158
to 140, respectively. At the second stage, experiments
were carried out in the cross section Z = 975 mm in the

following sequence: first, without aturbulizing grid and
Gaster bump; second, without the turbulizing grid and
with the Gaster bump; third, without the turbulizing
grid and with the lacquer-coated Gaster bump; fourth,
similar to thethird case after the polishing of the Gaster
bump; and, fifth, similar to the fourth case with the tur-
bulizing grid.
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