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We have considered the effect of pressure on the
polymorphic a—y and y-0 transitions in iron under the
assumption that each structural modification isaDebye
solid with the characteristic temperature linearly
increasing with the pressure and independent of the
temperature. As is known, the pressure significantly
influences the polymorphism in iron. At normal pres-
sure, iron exists in three polymorphic (allotropic) mod-
ifications. The a-Fe polymorph that is stable in the
range of low temperatures below 1189 K has a bcc
structure and exhibits ferromagnetic behavior below
1043 K. The y-Fe polymorph having an fcc structureis
stablein the temperature interval from 1189 to 1665 K.
In the interval from 1665 K to the melting point
(1809 K), the bce 6-Fe modification isomorphic to the
a-Fe modificationsis stable. Both y- and &-Fe polymor-
phs are paramagnetic.

The Debye temperatures of a-, y-, and o-Fe. The
characteristic temperature of a-Fewas calculated using
the average velocity of sound in this crystal. According
to the paper by Alersin monograph [1], the Debye tem-
perature can be expressed as

_ 2hONT™, 1
©= oo vV O© M
where 2/ttis afactor taking into account the dispersion,
h is the Planck constant, k is the Boltzmann constant,

N is the Avogadro number, V is the molar volume, and
c isthe average velocity of sound.

According to the paper by Anderson in mono-
graph [1], the average sound velocity is given by the
formula
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where

isthe transverse velocity of sound,

K+gG
vi= |5 “)

isthelongitudinal velocity of sound, K isthe bulk mod-
ulus, G isthe shear modulus, and p isthe density.

The shear modulus G was calculated using for-
mula (4) for the experimental value of v, (determined by
linear extrapolation to the normal pressure) [2], the den-
sty p determined for a molar volume of V, =
7.0938 cm®/mal [3], and the known bulk modulus K.
For v, =5899m/s, p = 7874 kg/m3, and K = 172 GPa[4],
thisformulayields G = 76.5 GPa, which agreeswith the
published data[1, 5]. The average sound vel ocity calcu-
lated using Egs. (2)—(4) is c = 3484 m/s. The character-
istic temperature of a-Fe calculated by substituting this
average sound velocity into formula (1) is®, = 419K,
which is close to the values reported in [6, 7].

The characteristic temperature of y-Fe at normal
pressure was taken as equal to ©, = 335 K [6].

The characteristic temperature of o-Fe was esti-
mated using the Helmholtz free energy of this poly-
morph at atemperature of the y-0 transition. In order to
determine this quantity, we first calculated the Helm-
holtz free energy of y-Feat T, 5 = 1665 K using the cor-
responding characteristic temperature at normal pres-
sure. The sum of this value and the enthalpy of the y-0
transition (AH, 5 = 980 Jmol, which correspondsto the
average of the data reported in [8, 9]) gives the Helm-
holtz free energy of d-Fe at the transition temperature
and normal pressure. Using this value, the characteris-
tic temperature of o-Fe was estimated in the Debye
approximation by assuming that the differences of heat
capacities at constant pressure and constant volume,
C,—C,y, for yand 6 polymorphs are the same and that
the AH, 5 value corresponds to the temperature-inde-
pendent part of the difference of internal energies

AUY_;. This calculation yields @ = 328.3 K.
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Fig. 1. Plots of the characteristic temperatures of a-, y-, and
&-Fe polymorphs versus pressure.

Alternatively, the characteristic temperature of d-Fe
was estimated using the Lindemann method, according

to which
N Tm
0= av A’ (5)

where T,, is the melting temperature; A is the atomic
weight (for iron, (A =55.847); d is the minimum inter-
atomic distance at the melting temperature; and n is a
numerical coefficient. According to [10], the lattice
parameter of iron at T,, = 1807 K is a = 2.9411 A,

which yields for a bcc iron structure d = %

2.5471 A. Adopting the value of n = 165 [11], we
obtain the characteristic temperature ©5 = 368 K. How-
ever, no polymoarphic transition is observed at thistem-
perature (the free energy curves of y-Fe and d-Fe do not
intersect). Assuming that the transition temperature
T,-s= 1665 K corresponds to ©; = 328.3 K, we obtain
an estimate of n = 147.

Theeffect of pressureon the Debyetemperatures
of iron polymor phs. Theinfluence of pressure p on the
characteristic temperature © for a-Fe was determined
using the pressure dependences of the bulk modulus K
and the shear modulus G. In the interval of pressures
under consideration, these dependences can be approx-
imated by linear functions as [12]

K=K,+kp, G=G,+gp,

where K, G, are the values of the moduli at normal
pressure and k, g are the pressure-independent coeffi-
cients. The calculations were performed using K, and k
values corresponding to the datareported in [3, 4]. The

SIROTA et al.

coefficientg= %—Cp; was estimated using formula (4) for
the experimentally determined values of the longitudi-
nal sound velocity at various pressures [2], the bulk
modulus K, and the density p. The corresponding val-
ues of p(p) were determined from the experimental data
on the change in the molar volume of a-Feasafunction
of the pressure [3]. These calculations yield g = 1.97.
The calculated curve of the characteristic temperature
of a-Fe versus pressure is presented in Fig. 1. The
Debye temperature ©, exhibits linear growth with the

pressure at a slope of %—%) =4.89 K/GPa.

Soderlind et al. [13] calculated the characteristic
temperature of y-Fe as a function of the molar volume.
Using these data and taking into account the pressure-
induced change in the molar volume of y-Fe at 300 K
[12], we obtained the ©(p) curve depicted in Fig. 1. In
the range of pressures under consideration, this depen-
dence can aso be approximated by a linear function.
According to this, the Debye temperature ©, exhibits

linear growth with the pressure at a slope of %—g =138
K/GPa. Thus, the slope of ©(p) for y-Fe is significantly
lower than that for a-Fe.

Using the pressure dependences of the characteristic
temperatures of a-Fe and y-Fe, we have determined the
temperatures of the a—y polymorphic transition at vari-
ous pressures. The temperature of the polymorphic
transition correspondsto the point of intersection of the
curves of Helmholtz free energies of the corresponding
phases, including the temperature-independent part of
the difference of internal energies at a given pressure.
Using this definition, we have determined the tempera
ture dependence of the Helmholtz free energy corre-
sponding to the Debye temperature at each pressure.
These curves were shifted relative to each other by a
value corresponding to the difference of internal ener-
gies of a-Fe and y-Fe at a given pressure:

AUq = DUq.y + PV~ Vo),

where AUq_, = 5912 Jmol [8] is the difference of

internal energies at normal pressureand T=0K. Inthe
range of pressures under consideration, the difference
of molar volumes V, -V, can be considered as pres-
sure-independent and as equal to the value of this dif-
ferenceat normal pressureand T = 0 K. Thelatter value
was determined via extrapolation of the experimental
temperature dependence V(T) [10], which yielded
V, = Vy=0.159 x 10° m3/mol.

Figure 2 (lower curve) shows the dependence of the
temperature of the a—y polymorphic transition on the
pressure, calculated as described above, in comparison
with the experimentally determined values of T,
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Fig. 2. Plots of the temperatures of the a—y and y-6 poly-
morphic transition in iron versus pressure. Solid curves
show the results of calculations (this study) and symbols
represent the experimental data: (<>) dynamic pressure[14];
(@) static pressure [14]; (m) generalized data[15].

(points). As can be seen, the theoretical and experimen-
tal data are in good agreement.

An analogous cal culation of the polymorphic transi-
tion temperature as a function of the pressure was per-
formed for the transition from y-Fe to d-Fe. Using the
adopted pressure dependence of the characteristic tem-
perature of the y-Fe polymorph, we have determined
the Helmholtz free energy of y-Fe at p = 4 GPa. Using
this value and the transition temperature T, 5 = 1900 K
and taking into account the relation

AU, 5= AUY_; +p(Vs— V),

we calculated the Helmholtz free energy of d-Fe and
determined the characteristic temperature ©5 = 335.3 K
in the Debye approximation. In these calculations, it
was assumed that the difference of molar volumes of
the y-Fe and &-Fe polymorphs is independent of the
pressure in the range under consideration and is equal
to the value at normal pressureand T = 0 K, which was
estimated as Vs — V), = -0.04 x 10° m3/mol [10, 12].
Then, taking into account that ©5 = 328.3 K at normal
pressure, we obtained the @) curve depicted in
Fig. 1. In the range of pressures under consideration,
the Debye temperature ©5 exhibits linear growth at a
slope of

99 _ 1 75 K/GPa.
ap
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Figure 2 (upper curve) shows a plot of the tempera-
ture of the y-0 polymorphic transition versus pressure,
calculated as described above, in comparison with the
experimentally determined values of T,_s (points).

The calculated curves of the a-y and y-0 polymor-
phic transitions in iron practically coincide with the
experimental phase diagram and are close to the values
calculated using the Clausius—Clapeyron equation.

In conclusion, we have established that the charac-
teristic temperatures of a-, y-, and d-Fe polymorphs
exhibit linear dependences on the pressure. We have
also calculated the lines of a—y and y-06 phase equilibria
on the p-T diagram, proceeding from the equilibrium
conditions cal culated in the Debye approximation from
the values of the characteristic temperatures of a-, y-,
and &-Fe. The results of the calculations are in good
agreement with the experimental phase diagram of
iron.
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The temperature T4 equal to 4°C, which corre-
sponds to the maximum density of water (the tempera-
ture of the maximum density), is its anomalous prop-
erty and, thereby, holds theoretical and applied interest
inthe investigation of other thermodynamic parameters
of water, e.g., the speed of sound C. This problem is
urgent for deep fresh reservoirs located at intermediate
and high latitudes, including Baikal, the deepest lake in
the world (depth up to 1642 m) [1].

The goal of the present study isthe analysis of vari-
ationsin the behavior of the speed of sound C near the
temperature T,y on the basis of experimental data
related to lake Baikal.

The method of investigation employs both theoreti-
cal and experimental approaches and exploits the
Chen—Millero equation of state [2] for lake waters.

Wetheoretically analyze the speed of sound interms
of independent variables T, S P (T [°C] istemperature;
S[g kg™] issalinity; and P [bar] is pressure). Based on
formulas taken from [3] for thermodynamic parameters
of water, we arrive at the following expression for the
speed of sound:

_ 1 1 _ 1
JoYa  JP(Yisn—QT)  J/pe—parl

ey

Here, p isthe density of water, y,, = % (Pp)yq isthe adia-

batic-compressibility coefficient, Vi = % (Pp)7 sisthe
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isothermal-compressibility coefficient, pp isthe deriva-
tive of the water density with respect to pressure at a
constant temperature T and salinity S a is the thermal-
expansion coefficient, and I is the adiabatic gradient.
The last quantity is calculated from the expression

_ _TKpT _ ﬁ
Qep®  QeP’

(@)

where TK istemperature expressed in absol ute degrees,

= —%T , Pt isthe derivative of the water density p with

respect to temperature T at the constant salinity S and
pressure P, and Qp is the specific heat at the constant
pressure P. All the parameters of formula (1) are func-
tionsof T, S and P, but we do not indicate this fact for
the sake of simplicity.

Formula (1) isidentical to theratio (4) of [4] for the
speed of sound. However, the form of (1), which was
proposed by us, makes it possible to more obviously
represent the dependence of the speed of sound on the
parameters a and ' determining the adiabatic proper-
ties of water.

Using formula (1), we can analyze the variation of
the speed of sound in the vicinity of the temperature of
the maximum density T,,. We can see that, firstly, as
followsfrom [3-5], at the temperature of the maximum
density, the water density p has the maximum, whereas
the parameters a and I' attain the zero value. In this
case, the values of o and I are positive or negative as
T>T,e O T < T4, respectively, the product opl
always exceeding zero. Thus, insofar as at T, all the
parameters determining the speed of sound attain their
maxima and stand in the denominator of formula (1)
(under the sguare-root sign), the value of speed of
sound C must have the minimum (i.e., be minimal).

Assuming that T, (Table 1), we consider the behav-
ior of the speed of sound C near the temperature of the
maximum density T, for temperatures from 0 to 8°C
and pressures from 0 to 180 bar. The maximum diver-

1028-3358/05/5011-0556$26.00 © 2005 Pleiades Publishing, Inc.
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Table 1. The speed of sound near the temperature of the maximum density T,,,4 within the pressure range P from 0 to 180

bar at the average salinity S=0.096 g kg™ in Lake Baikal

C,mst
P, bar
0°C 1°C 2°C 3°C 4°C 5°C 6°C 7°C 8°C

0.00 1402.509 | 1407.475 | 1412.330 | 1417.076 | 1421.715 | 1426.247 | 1430.675 | 1435.000 | 1439.222
47.47 1410.022 | 1415.016 | 1419.897 | 1424.668 | 1429.330 | 1433.884 | 1438.332 | 1442.676 | 1446.917
95.09 1417.613 | 1422.632 | 1427537 | 1432.330 | 1437.012 | 1441.585 | 1446.052 | 1450.412 | 1454.670
141.14 1425.006 | 1430.046 | 1434.971 | 1439.782 | 1444.481 | 1449.071 | 1453.552 | 1457.928 | 1462.199
180.00 1431.283 | 1436.339 | 1441.278 | 1446.103 | 1450.815 | 1455.416 | 1459.909 | 1464.296 | 1468.577

Note: Valuesof C (T,q, S P) areindicated by bold-type numbers.

gences of values of C from the data of [3] and [6] are
0.245ms*(T=3°C,P=180bar) and0.208 ms™* (T =
0-1°C, P = 150 bar), respectively, and do not exceed
0.20 m s as compared to the experimental data of [7].
The use of the expression for the speed of sound in the
form of (1), where the dependence of C on the coeffi-
cients of the thermal expansion a and the adiabatic gra-
dient I is explicitly shown, essentially increases the
potential of the investigations.

Marked features in the behavior of the speed of
sound near the temperature of the maximum density
within the pressure range from 0 to 180 bar are not dis-
tinguished in Table 1. However, this effect can be
masked by the dependence of Con T.

We now additionally analyze the results of the appli-
cation of formula (1), (2). To this end, we consider the
behavior of the derivative of the function C, (T, S P),

where the subscript x hereinafter stands for the differ-
entiation with respectto T, S or P inthevicinity of T4
To accomplish this, we find the derivative with respect
to temperature T from the speed of sound C written out
inform (1). Asaresult, we arrive at the relationship

. o
C; = —E(pTP—pTaTF—paTF—paFT). 3)

At the temperature T = T4, the last three terms equal
zero, sincethe cofactorsp+, o, and I entering into them
are close to zero. Therefore, we do not need the exact

form of the derivatives for a; and ';. Asaresult, we
obtain

C(Tras S P)Prp( T S, P)

CT(de’ S’ P) = 2

“)

where prp = pPpr IS the thermal baric parameter that
determines the dependence on temperature and pres-
sure. From the analysis of formula(4) and thermal baric
parameter pp, Whose behavior as afunction of temper-

DOKLADY PHYSICS  Vol. 50

No. 11 2005

ature T and pressure P was thoroughly considered
in[7-9], it followsthat, inthe vicinity of the point T,,4,
no singularities depending on T and P are present. This
conclusionisconfirmed by thevaluesof C;, calculated
according to formula (4) and shown in Table 2, as well
as by the direct comparison of differences AC deter-
mined on the basis of formula (1) with a temperature
step of 1°C.

Asisseen from Table 1, the value of C decreases and
increases with increasing temperature and pressure,
respectively, which is confirmed by the data for C;
givenin Table 2.

Thus, as follows from Tables 1 and 2, evident
attributes of any singularitiesin varying values of C as

afunction of T and C} are absent in the vicinity of the
temperature of the maximum density.

We now analyze the expression standing under the
radical sign in the denominator of formula (1). The
product (pal”) entering into formula (1) is always posi-
tive and has a minimum equal to zero at the point T =
T (see figure). The radicand pp — pal” has a weakly
pronounced maximum (see figure), which indicates the
existence of a scarcely distinguishable minimum of the

Table2. Derivative C; of the speed of sound with respect
to temperature at the temperature of the maximum density
Tmg Within the pressure range from 0 to 180 bar for the con-
ditionsin Lake Baikal

P,bar |S gkg?| Tpg °C | a, 1020°C2 | Cy (Trg S P)
0.00 | 0.096 | 3.9642 3.6 4.59
47.47 | 0.096 | 3.0000 4.6 4.72
95.09 | 0.096 | 2.0000 6.6 4.85
141.14 | 0.096 | 1.0000 2.0 4.98
180.00 | 0.096 | 0.1292 8.2 5.10
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Analysis of the behavior of the terms pp, pp — pal’, and

pal, which are radicandsin the denominator of formula (1)
for the speed of sound in the four-degree vicinity of thetem-
perature of the maximum density. T,,4(P = 0) = 4°C.

speed of sound C in the region of the temperature of the
maximum density T,4.

At T=T,4, the speed of sound corresponding to the
adiabatic regime, i.e., C = C,4, which we usually use
[see, e.g., formula (1)], becomes equal to Cig,y, Charac-
teristic of the isothermal regime. The latter quantity is
determined by the formula

11
JOYisotn /\/pP(T!SvP),

where the coefficient yio,;, Of the isothermal compress-
ibility stands under the quadratic-radical sign, and

Cat(Tray S P) = Cigin(Trmar S, P). (6)

From the analysis of the radicand in formulas (1), (5) it
follows that

Cat(Trar S P) 2 Cigoin(Trras S, P, (7

where the equality sign is realized only in the case of

&)

Cisoth =

SHERSTYANKIN et al.

thevalidity of formula(6). Infact, if we anayzethedif-
ference between the speed of sound for the adiabatic
and isothermal regimes, this difference

ACisoh = Cat(Trmar S, P) = Cisotn(Tinar S, P)
iszeroasT = T-

We now consider these differences within the four-
degree range in the vicinity of temperature T,y (see
Table 3). In this table, the chosen values of pressure P
(excepting the edge values) correspond to integer val-
ues of T4, Namely, 1, 2, and 3°C. The analysis of data
given in Table 3 alows us to make the following con-
clusions.

(i) At T = T,,4, the adiabatic regime transforms into
the isothermal one.

(ii) In the adiabatic regime, values of the speed of
sound are always higher than in the isothermal regime.

(iii) When the deviation of T, from T is 1°C, the
difference in the speed of sound attains 0.022 to
0.025 m s, and only when this deviation is 4°C does
the difference attain about 0.4 m s In this case, the
difference increases (decreases) by approximately 10%
towards lower temperatures (higher pressures).

(iv) The ratio of speeds of sound corresponding to
the isothermal and adiabatic regimes has a clearly pro-
nounced maximum.

The principal feature of the thermodynamic regime
near the temperature of the maximum density T4 isthe
fact that the adiabatic properties of water are mani-
fested almost not at all and completely disappear at T =
Tmg- The water medium acquires a number of unusual
properties: indifferent equilibrium (or something close
to it) disappears or becomes close to the point of the
buoyancy-parameter disappearance (the buoyancy
parameter proportional to a tends to zero); the thick-
ness of a layer stratified by the gravity-force field is

. . C :
given by the expression H = 0(_5 , wheregisthefree-fall

acceleration, and tendsto infinity (o tendsto zero); etc.

For seawater, the method of cal culating the speed of
sound with allowance for the salt-ion concentration was

Table 3. Differencein the speeds of sound (C,) and (Cigyp,) for adiabatic and isothermal regimes, respectively

AC, mst
P, bar
0 1°C 2°C 3°C 4°C 5°C 6°C 7°C 8°C

0.00 0.4075 0.2238 0.0965 0.0229 0.0000 0.0255 0.0967 0.2115 0.3678
47.47 0.2245 0.0980 0.0241 0.0000 0.0233 0.0916 0.2026 0.3544 0.5450
95.09 0.0959 0.0236 0.0000 0.0228 0.0897 0.1985 0.3472 0.5339 0.7569
141.14 0.0231 0.0000 0.0223 0.0878 0.1943 0.3400 0.5230 0.7414 0.9938
180.00 0.0004 0.0166 0.0755 0.1750 0.3132 0.4883 0.6985 0.9423 1.2181

Note: For integer-valued temperatures of the maximum density, T4 equal to 3, 2, 1°C, the differences under study are shown by bold-type

numbers.
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proposed in[10]. In the case of equal water temperature
and the temperature of the maximum density, the adia-
batic parameter k = C,/C,, = 1 (C,, is the specific heat
at a constant volume). The speed of sound correspond-
ing to the adiabatic regime and defined as Cy =

JK Cior, becomes equal to the speed of sound Ci g, COI-
responding to the isothermal regime, which is calcu-
lated asafunction of T, S P. The latter fact can be used
for methodol ogical purposes, e.g., for the calcul ation of
speed of sound in the case of calibration of modern
velocimeters and sensors, both existing and under
development [11-15]. As was shown in [8], the state-
ments advanced above relate both to norma atmo-
spheric pressure (P = 0) and to other pressure valuesfor
which the temperature of the maximum density is
attained.

Lake Baikal presents all the necessary conditions
for realizing these investigations. Indeed, in thislakein
winter depth regions regularly arise with temperatures
equal to the temperature of the maximum density T4,
i.e., the so-called mesothermal temperature maximum
(see Table 3 and the figure). In this case, the speed of
sound can be calculated as a reciprocal value of the
square root of the isothermal compressibility, because
adiabatic effects are zero and degenerate. These results
can be applied for testing hydroacoustic equipment not
only in Lake Baikal but also under laboratory condi-
tions or in experimental tanks. It is also of interest to
carry out studies for Baikal thermal barriers when the
temperature of the maximum density (~4°C) is estab-
lished in upper water layers and occupies vast shallow
waters, e.g., the mouth of the Selenga River [15].
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INTRODUCTION

Based on concepts developed in [1, 2], we have
applied for the first time the Kontorovich—-Lebedev
integral transformation to solve the first and second
boundary value problems for Helmholtz equations with
the three-dimensional unclosed biconic geometry. This
has allowed us to lower the dimension of the equations
and to obtain the solution of the electrodynamic prob-
leminthe frequency region[3]. In the present paper, we
propose and substantiate a novel method for solving
boundary value problems for the wave equation in
wedge-like and conic regions. The method is based on
the use of the Meler—Fock transformation [4] combined
with the method of singular integral equations of pair
summator equations[5]. The employment of thistrans-
formation to solving boundary value electrodynamic
problems in the time region for unclosed conic struc-
turesmakesit possibleto find an analytical solution and
to perform the qualitative analysis of their scattering
properties.

FORMULATION OF THE PROBLEM

We consider the problem of wave diffraction on an
unbounded thin conic structure >~ consisting of two

cones>, and 2, EZ =[] jZ: 12 E with acommon vertex

and axis, opening angles 2y, and with N slots periodi-
cally cut along the generatrices and having the angular
width d; (j = 1, 2), respectively (Fig. 1). The structure
periodisl = 2m

N

formed by the intersection of planes that contain the

, and d; arethe values of dihedral angles
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cone axis and dlot edges. There is aso a point field
source located at the point My(r,). The field generated
by the source varies in accordance with a law given by
the function f(t — t,) (the source is switched on at the
timeinstant t;). We now introduce the spherical coordi-
nate systemr, 8, ¢ with the origin at the vertex of the
conic structure. In this system, each of the cones is
determined by the equation Z;: 6 = ;. It is necessary to
determine the potential VX)(r, t) that satisfies at every
instant of time the following conditions:

the wave eguation

10°0, o0 =)
—=—=0"(r,t) = =F*¥(r,1),
%3 azdtﬂ

(D
roz, rg,

(x)
FO(r, 1) = 2o8(r —ro) f(t-t,);

theinitial condition

x)
u‘X)EOEagt L t<ty 2)
the boundary condition
aX—l B‘)U(X)EI o
on¥-10ot U 0 ©)

the bounded-energy condition

i

Here, the superscript X = 1, 2 determinesthe type of the
source surface. According to [6, 7], the boundary value
problem given by Egs. (1)—(4) has a unique solution.
We represent the potential u™X(r, t) as

2

+|m ¥y < oo, (4)

0(r, 1) = ug’(r, t) +ui(r, 1),

1028-3358/05/5011-0560$26.00 © 2005 Pleiades Publishing, Inc.
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where

b(X)

(x) f
41ryR

Uy = —

-to-2ethfi-to- 2

The source potential v (r, t) is the desired Debye

potential that corresponds to the field excited by the
source, N(¢) is the Heaviside step function, and R =
[r — 1ol

GREEN’s FUNCTION
AND THE MELER—FOCK INTEGRAL
TRANSFORMATIONS

We express the potential uX(r, t) in terms of the
Green'sfunction and useit to solve the boundary value
problem given by Egs. (1)—(4):

t—t,
IG(X)(r—rO, 2)f(t—ty—2)dz. (5)

0

b(X)

0

X(r,t) =

The Green's functionis

GM(r, 1) = Go(r, 1) + G(r, 1), (6)
where
R
ofi-o-
G 0= "R

is the Green's function of the free space, satisfying
wave equation (1) having the &-shaped right-hand side,
initial condition (2), boundary condition (3), and
boundedness condition (4). We seek the potential

(X) (r, t) intheform of (5), whereasthe initial problem

isreduced to finding the function G(l") (r, t) for the com-
plicated conic structure %. To this end, we use the
Laplace transformation for the function GX(r, t) with
respect to the time parameter

G = 6*(r) = [GY(r )e”dt, Res>0.()

We find the image G5 (V) that must satisfy the following
requirements:

the inhomogeneous Helmholtz equation

(A—gA)G X (r) = —e “°3(r —ry),
s @)
rizy, rqe Q9= a;
the boundary condition
0%~ s, (X)
P 1G s = ©)
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Fig. 1. Structure geometry.

the principle of the ultimate absorption;
and the bounded-energy condition.

We assumethat g > 0. Then, we perform the analyti-
cal extension in finite formulas. In accordance with (6),
we write GS () in the form

G*%(r) = Gy(r) + G ™(r),

where
—(qR+st) +oo
i Kia(ar)
r = —— 1sinhtGy———=dr,
Go(r) = R J’ v
Z as U(O) |m¢
EPm]JZ'FiT(COSG)PT]]2+iT(_COSeo),
P<6
U(6.8) =0 (10)
%P ]JZ+|T( COSG)P ]J2+|T(Coseo)
0p<6,
r m+it
Gs = (=1)" Ki(aro) De—i(st0+m¢0).

M 4coshTit

i
[p
Jro r%+m+it‘a
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Here, K. (qr) isthe modified Bessal function of the sec-

ond kind; P™,,. . (cos®) is the associated Legendre

function of the first kind; and ' (2) is the gamma func-
tion. To solve problem (8), (9), we exploit the integral
Kontorovich-L ebedev representation:

.T(qr)

a(r) = J’g(r) (11)

+oo

J’tsmhmg(r) (12)

_ Ki(ar)
g(r) = 7

We now represent G; 0 (r) inthe form of (12). In this
case, we have

+00

2 . ~s 0 Ki<(Qr)
GX(r) = £ (rsinhmtGs W2 gr 13
G = z b U (6. 9).
s s m e m (14)
D = =0 P12+ 11(—C0S60) P_ /. ir(COSY,),
Y2 < 6o;
EZ A(X)PmlJ;Zn”r\llr(COSG)el(ernN)q)a
EP<9<V1
E +00
x) +
~(%) O Z [Br?l(npmllznylr(cose)
Umr = D1:—oo (15)

| ~(
i ENPTIN (Lo0s6)]e™ ™y, <6<y,
o+

0 z L Py (—cos0)e ™™,

Here, G%), Bfﬁn’ EX and 2 are unknown coeffi-

cients independent of the parameter g. Based on the
results of [3, 8], one can show that the Green’sfunction

G¥ (r, t) (6) (k = 0, 1) can be represented (in a unique
manner) as the integral

+o00

GW¥(r,t) = J'TtanhnTéf(X)P_ﬂ2+iT(coshb)dT, (16)

DOROSHENKO et al.

where
= 1 41 o im
Go = Tngf—to——F z a U™, (17)
Ew _ T
- %_ - a % z amTUET>1('[)
m=—oo
X PT1/2+ir(_COSGO) PT1/2+ir(COSy2)’
[E—m+iTE
m —-imo,
aI’TTl' 4T[I' (_ ) ’ (18)
0 r s m+id
p O
2 2 2 2
a‘(t—ty) —r°—r
coshb = 21—t ° bO[0, +w).

2rr,

The integral representation of type (16) isaversion
of the Meler—Fock integral representation [4], which
can be written in the form

+o00

W(b) = J'TtanhnTQJ(T)P_y2+iT(cosI1b)dT, (19)
0

where

+o00

= [ SnhbW(O)P_y;..(coshb)db, b O[O, +e0).
(20)

The Green's function G(fo (r, t) (6) for a complicated

conic structure = can be found by using integral trans-
formations (19), (20), representations (17), (18),
boundary condition (3), and the conjugation condition
in slots. As a result, we arrive at two coupled sets of
functional equations for the determination of unknown

coefficientsof thefunction U%) (15). Theform of these

sets is presented in [3, 9], and their solution can be
obtained employing the method of singular integral
equations or the method of the Riemann—Hilbert prob-
lem [3, 5]. We present expressions describing the
Debye potentialsin certain particular cases of acompli-
cated conic structure and the function f(t — t,).

(A). f(t)=e&%t =4It =0.

DOKLADY PHYSICS Vol.50 No. 11 2005
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Fig. 2. Dependence of the function p,(Q, v, Y2) on thefilling parameter Q for different anglesy;; v, = 3

The single cone %, with N narrow dots EP( =2,

dl D
- < 1,8,=;

* (2)K|T(qr) F

e Ul

U(lz) _ . ® 1
InDl
o 2 0°

= Uigiig + (2)
Wit

Z|H

*(2)

X AIT P_ JJ2+iT(_COSe)dT +

—NInD > 0

h *(2)K (ar) F;
XI 0 = A
) Jr Wit

*(2)

1 P™2 .1 (—c0s)

xz [nfe*@

d
nzol—— n €n2 VE 1(u1)d—y2PT;ljz+iT(—COSVZ)

xe™dt+0(1-u,), y,<8<T 1)

W = Fr+ —1

F* =
: * 1 1 *(2).
(2)
AR Tl
pz0

Here, u, = iak, k is the wave number;

d -
:congTE, q

*(2)
€nt o

i*T(Z), and A,T ) are the known coefficients; the
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functions V_7 (u,) are defined in [10]; and v'2,, are
the potentials for the solid cone Z, [11]. Representa-
tion (21) isvalid far from the slots.

(B). f(t—t)=0(t—ty),X=1,8,=T

The conic structure > consists of asolid cone ., and

a semitransparent cone Z,. The latter is determined by
the existence of the limit

U(ll) = n% to— z W, (Yo Y2)

aDr

X P_124,,(—C088)Q_y12+y, (COShD), Y, <B <, (22)
ab™
Wulyn Ya) = — ” HCOSTTH
0
P_1.,(coSY,)
P_ 12+ u(=C08Y,)’
u

AH(Vll Vz)

d
P_12+(—COsyY;) a‘ﬁ 0

X

P_1/p. u(=C0SY,) AD-0
P_12+u(—cosy;) B

+ 2QCOoST|Y, Dun =0,

O

u =T (T[ yl1T[ y2) (23)

where Q_,, . ,(coshb) is the Legendre function of the
second kind. Representation (22) is obtained from (16)
asaresult of the expansion of theintegral (after the pas-
sage in (16) to integration over the imaginary axis i =
iT) into aseriesin terms of residues of the integrand in
itssimple poles 1,(Q, Vi, ¥»), inwhich are contained the
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roots of Eq. (23). Figure 2 exhibits the values [, |, as

functions of thefilling parameter Q for y, = g and dif-

ferent angles y,. The sequence of values { .} ;io is

monotonically increasing. The least of the values |,
determines the field behavior near the structure vertex
and the field spatial distribution in the case when the
source is closely located to the vertex.

Thus, we have proposed and substantiated a method
for solving boundary value problems of diffraction in
the time region for complicated three-dimensional
unclosed conic structures. The method constitutes a
generalization of the results reported by the authorsin
[3, 9] as applied to solving problems of wave diffrac-
tion on unclosed perfectly conducting bicones in the
frequency region. This approach can aso be used in
solving time-dependent problems of wave diffraction
on three-dimensional impedance structures of conic
geometry.
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Most rare earth (RE) elements exhibit structural
polymorphic transitions from low-temperature (1) to
high-temperature (1) modifications in the vicinity of
the corresponding melting temperatures. Among the
fourteen 4f elements (in which the 4f electron orbital is
occupied), there are apparently only two (europium and
thulium) that are not subject to such high-temperature
structural  transformations. We have considered the
crystal structures, evaluated the temperature intervals
of the existence of the equilibrium RE polymorphs |
and 1, and determined the corresponding characteristic
(Debye) temperatures 6, and 6y;. In addition, we have
established relationships between the 6, and 6, values,
on the one hand, and the temperatures T, of the corre-
sponding polymorphic transitions and the melting tem-
peratures T,, on the other hand. The enthalpies AH, of
the polymorphic transitions determined using the 6, and
B, values are similar to the available experimental data.

The high-temperature polymorphic transitions in
RE elements exhibit interesting characteristic features.
In particular, the |-l transition temperatures T, are
close to the corresponding (relatively high) melting
temperatures T, theratios T,/ T,, vary from 0.87 for Nd
to 0.98 for Dy (Fig. 1). In al RE elements, the high-
temperature phase Il has a relatively narrow tempera-
ture region of the equilibrium existence. Among the
“light” RE elements, the difference T,,,— T, isminimum
for Ce (69 K) and maximum for Sm (160 K). For the
“heavy” RE elements, this difference ranges from 24 K
(for Yb) and 28 K (Dy) to 162 K (Er). Accordingly, the
relative difference (T, — T)/T,, varies with the atomic
number as depicted in Fig. 2.

Thetemperature region of the equilibrium existence
of the high-temperature phase |1 significantly increases
in the sequence Pr, Nd, Sm, while it decreases in the
sequence Gd, Th, Dy, Ho. Thisvariation can be consid-
ered in relation to the number of f electrons, which
increases to seven on the passage from Ce to Eu (in

a Moscow Sate University of Applied Ecology,
Moscow, Russia

b | nstitute of Control Sciences, Russian Academy of Sciences,
ul. Profsoyuznaya 65, Moscow, 117997 Russia

which all seven branches of thef orbital are occupied by
one electron) and then changes on the passage from Gd
to Lu in accordance with Hund's rule.

Let us consider some structural characteristics of
polymorphs | and Il for RE elements. Most of them
(except for Tm) exist at the melting temperature in the
form of polymorphs Il with A2 (bcc) type structures
(Tm has an hep structure of the A3 type). The structure
of Lu a the melting temperature is still unclear,
although it was also proposed to be of the A2 type [2].

The polymorphs | in amost al RE elements have
A3 type structures, Pr and Nd have the double hexago-
nal structure A3; the low-temperature modifications of
CeandYb have the Al type fcc structures, and Sm has
arhombohedral structure. Table 1 presents data on the
structural types and lattice periods of the crystal struc-
tures of the RE polymorphs| and I1.

The high-temperature polymorphic |1 transition is
accompanied by a relatively small change in the vol-
ume per atom, which is inconsistent with a change in
the packing coefficient of identical balls upon the A2—
A3 transition. The relative difference of atomic vol-
umes of the RE polymorphs | and Il amounts to ~2%
for Pr and ~0.6% for Lu. Figure 3 presents adiagram of
the specific volumes (per atom) for the RE polymorphs,

T
T,K T,
1800} 118
16001 /\\ 116
1400} N 114
1200 & VoA12
10001 - R
800} T 10.8
600 0.6

1 1 1 1 1 1 1 1 1 1 1 1 1
Ce Pr NdPm Sm Eu Gd Tb Dy Ho Er Tm Yb Lu
Fig. 1. Variation of the I-1 polymorphic transition temper-

T
—X ratiointhe sequence of rare earth ele-

ature T, and the
Tm

ments.
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0 0
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. .. . Tm - Tk
Fig. 2. Variation of the T, — T}, difference and the

m

ratio for the I-11 polymorphic transition in the sequence of
rare earth elements.

V, 1039 m3 V, 10739 m?

50 ) 470
7\
401 SN 460
—— \ A3
30 450
20F \T40
A2
10~ - 430

| | | | | | | | | | | | 20
Ce Pr Nd Sm Eu Gd Tb Dy Ho Er Tm Yb Lu

Fig. 3. Variation of theatomic volumeV of polymorphswith
the A2 and A3 type structures in the sequence of rare earth
elements.

which shows a virtualy linear general decrease in the
atomic volume with increasing atomic number (nuclear
charge) with a slope of

1 V59 Vo

= -12x107
VZ =59 Z59 - Z7l
for polymorph Il and
1 V59 Vo — _11x1072

VZ =59 Z59 - Z71

for polymorph I. There are small deviations from lin-
earity for Ce, Nd, Gd, and Lu and significant deviations

SIROTA et al.

for Eu and Yb. For Eu and Y b, the atomic volumes are
30% greater than the values for their closest neighbors
(Gd and Lu, respectively).

There is a significant difference in the volume per
atom between the beginning and the end of the RE
group. Indeed, this difference for Pr and Lu reaches
Ve = Vi,

Ve
cation |. For comparison, the change in the specific vol-
ume for La upon heating from T = 300 to 900°C is as
small as~1.5% [7]. Thus, the change in the atomic vol-
umefor Lain abroad temperature range is smaller than
the variation of this value in the RE sequence from Ce
to Lu, where it is caused by a change the nuclear
charge.

Let us consider the characteristic (Debye) tempera
tures 6, and 6;; of the RE polymorphs | and I1, respec-
tively. Asisknown, the temperature of the polymorphic
transition correspondsto the point of intersection of the
curves of free energies of the corresponding phases. In
the Debye approximation, the temperature depen-
dences of these free energies are determined by the
characteristic temperatures 6, and 8;;. The condition of
intersection of the free energy curves implies that 6, >
0y; that is, the Debye temperature of the low-tempera-
ture polymorph is always higher than that of the high-
temperature polymorph. Published data show aconsid-
erable scatter of the characteristic temperatures experi-
mentally determined for the low-temperature polymor-
phs[1, 4, 10-12], while data on the characteristic tem-
peratures for the high-temperature polymorphs are
almost entirely absent.

Table 2 presents the values of characteristic temper-
atures for the RE polymorphs | according to reference
data[4] in comparison to the results of our calculations
based on the average sound velocity € in polycrystal-

line samples [8]. These calculations were performed
using the formula

= 16% in modification |1 and 15% in modifi-

h[ﬁNAD ~
O = oo © M

where i isthe Planck constant; k isthe Boltzmann con-
stant; N, is the Avogadro number; V is the molar vol-
ume [cm?/mol]; and € isthe average velocity of sound,
which is related to the longitudinal (c;) and transverse
(c,) sound velocities by the relation

s 5 13
_ U3cici U

- )
[c; +2¢

Alternatively, the characteristic temperatures of the
RE polymorphs | and Il were estimated using the Lin-
demann—Gilvarry method. Unlike the conventiona

DOKLADY PHYSICS  Vol. 50
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Table 1. Thestructural types, lattice parameters and their ratios*, atomic volumesV, melting temperatures T,,,, and atomiza-

tion energies AH,; of rare earth elements

L attice parameters, pm [3] c
Element | Structure " - 2 V,10°39m3| T,,,K[2] |AH,, k¥mol [2]

Ce A3 367.3 1180.2 1.6066 34.47 1072 423.0
Al 516.01 34.35
A2 412 34.97

Pr A3 367.25 11835 1.6113 34.56 1204 355.6
A2 413 35.22

Nd A3 365.79 1179.92 1.6128 34.18 1294 327.6
A2 413 35.22

Sm Rhom. |899.6,a =23°13 | (a=362.1,c=2625)| 1611 33.12 1350 206.7
A2 407 3371

Eu A2 458.2 48.10 1095 175.3

Gd A3 363.60 578.26 1.5904 33.10 1586 397.5
A2 405 33.22

Th A3 360.10 569.36 1.5811 31.97 1629 388.7
A2 402 32.48

Dy A3 359.03 564.75 15730 3152 1685 290.4
A2 398 31.52

Ho A3 357.73 561.58 1.5698 3112 1747 300.8
A2 396 31.05

Er A3 355.88 558.74 15700 30.64 1802 317.1
A2 394 30.58

Tm A3 353.75 555.46 1.5702 30.10 1818 232.2

Yb A3 387.99 638.59 1.6459 34.47 1097 152.3
Al 548.62 41.28
A2 444 43.76

Lu A3 350.31 555.09 1.5846 29.50 1936 427.6
A2 390.0 29.66

« C

-c < c ;
3" % (for Ce, Pr, Nd), T5a (for Sm), and 2 otherwise.

approach, according to which 6 is determined using the
melting temperature, we determined 6, for polymorph |
using the temperature T, of the I-11 polymorphic tran-
sition.

According to the original Lindemann theory [5], a
metal exhibits melting when the amplitude of atomic

oscillations becomes equal to a certain fraction (% ) of

the distance o between the nearest neighboring atoms.
Assuming that the energy ¢, of an atom oscillating with
afrequency of w and an average amplitude of a,, at the

DOKLADY PHYSICS  Vol. 50

No. 11 2005

melting temperature T,,, iskT,,, we obtain the following
relation:

%mwzari f(2) = kT,

Em =
where m = myA, my isthe proton mass, A isthe atomic
number, w = 21tV (v isthe average frequency of atomic
oscillations), a,,, = ﬂé , and f(2) isafunction taking into

account the number of bonds of a given atom.
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Table 2. The polymorphic transition temperatures T, and enthal pies AH, and the characteristic temperatures 6, and 6;; of the

rare earth polymorphs| and 11

ot efqu o K AHk[’i]]/ e T[k i]K [forr?{mﬁ ©)] [for?r;UI: @] [for?r;ILJ,IZ @) | AHk . ymol
ce | 179 145 2032 | 1003 154 133 137 3841
Pr 152 144 3200 | 1065 157 140 139 3201
Nd | 163 148 3000 | 1135 161 143 145 3202
sm | 169 135 3124 | 1190 163 145 147 3206
i | 117 116

cd | 182 174 3900 | 1535 180 155 163 4451
To | 178 173 5000 | 1590 184 157 1626 4907
py | 183 180 3978 | 1657 187 160 170 4804
Ho | 19 183 4689 | 1701 189 162 169 4787
Er 188 191 1640 185 164 3580
Tm | 200

vb | 118 % 1750 | 1073 135

Lu | 183 168

* Determined using data on the velocity of sound.
** Calculated using the data on 6, and 6.

Using the above relations and defining the charac-

teristic temperatureas 0 = hY , We obtain

k
_ fi n' [T
0 = —ﬂz—&/;. 3)
%mka(z)g
Introducing the notation
an'
n=—"—5.
%mka(z)H
we can rewrite formula (3) as
=N [Tn
0 = 6«/:' 4)

The Lindemann theory was later developed by Gil-
varry [6], who suggested that the rms dynamic atomic

displacement Ju; at the melting temperature amounts
to acertain fraction of the distance & between the near-

est neighboring atoms. According to the Debye-Waller
relation, u’ isafunction of 6:

7 - 3_#[¢(x>+;]
mkB| X 4

X
e -1

Then, by analogy with relation (4), we assumed that
the characteristic temperature of the low-temperature
polymorph | can be expressed as

dx.

wherex = 9

= and ®(x) =Jf)

T 12
- X4
e| - 6|:|AD ’ (5)
where T, is the temperature of the I-1I polymorphic

transition, o is the distance between the nearest neigh-
boring atomsin polymorph I, and x isanumerical coef-
ficient (which was taken as equal to 210). The values of
the characteristic temperatures 6, of the low-tempera-
ture RE polymorphs | calculated using formula (5) are
presented in Table 2. As can be seen, the obtained 6,
values are close to the published data [4].

The characteristic temperatures of the RE polymor-
phs |l possessing A2 type structures were calculated
using their melting temperatures by formula (4) with

DOKLADY PHYSICS Vol.50 No. 11 2005
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n = 171. Theresults of these calculations are also given
in Table 2.

Previoudly, Zener [9] established arelation between
the enthalpy AH| of a polymorphic transition, the tran-
sition temperature T,, and the ratio of characteristic
temperatures of the low-temperature (6;) and high-tem-
perature (6, phases:

6, : DAHKD
8, - pEWTkD’ (6)

where R = 8.31 J(mol K). Using this relation with the
characteristic temperatures 6, calculated by formula(5)
and the experimental values of AH,., we determined the
Debye temperatures for the high-temperature RE poly-
morphs Il, which are presented in Table 2. As can be
seen, the values obtained using the Lindemann-Gilva-
rry theory (formula (4)) and according to Zener (equa-
tion (6)) are quite similar.

Using the characteristic temperatures 6; and 6,; cal-
culated by formulas (4) and (5), we have estimated the
enthalpies of the |-l polymorphic transitions in RE
elements, together with the Helmholtz free energies,
the internal energies, and the entropies of each poly-
morph. The enthalpy of the transition a& T = T, was
determined as AH, = T, AS,. In these calculations, we
used the tabulated values of Debye functions (Helm-
holtz free energy and entropy) and assumed that the dif-
ferences of heat capacitiesat constant pressure and con-
stant volume, ¢, — ¢y, for both high- and low-tempera-
ture polymorphs are small. Table 2 presents the
experimental dataand the results of calculationsfor the
enthalpies of the I-II polymorphic transitions in RE
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elements. As can be seen, the calculated and experi-
mental values are in most cases similar to each other.

The method developed in this study for the calcula-
tion of 6,, 8;;, and AH, values can aso be useful for the
analysis of polymorphism in other systems.
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Cavitation kinetics has traditionally been described
in terms of classical nucleation theory (CNT) based on
the thermodynamic calculation of work on the forma-
tion of anucleus of anew phase and the solution of the
kinetic equation of the nucleussizedistribution [1]. The
application of CNT is often complicated by the uncer-
tainty associated with the actual accuracy of the model
approximations that underlie the theory, as well as by
the absence of sufficiently reliable data on the surface
tension at the interface and the equation of state of a
metastable liquid.

Molecular dynamics (MD) simulation makesit pos-
sible to study the process of cavitation on the micro-
scopic level by using only a chosen potential of inter-
atomic interaction without additional assumptions
about mechanisms of the formation and growth of cav-
ities. For example, molecular dynamicsinvestigation of
the cavitation process in a Lennard-Jones liquid
showed that the appearance and growth of alocalized
vapor nucleus are clearly observed in a system consist-
ing of 10 976 particles [2]. The effect of the cutoff
radius of the interparticle interaction potential was ana
lyzed in [3]. A method of calculating the homogeneous
nucleation rate in a metastable phase was proposed in
[4], where nucleation in a superheated crystal was con-
sidered as an example. This method is based on averag-
ing the lifetime of the metastable phase over an ensem-
ble of independent MD trajectories. A similar approach
was used in [3] to calculate the cavitation frequency in
aLennard-Jones liquid.

Lead was chosen for investigation, because it is the
basic element in promising heat carriers for anew type
of power reactorswith thefast initiation of DT fuel [5].
Processes associated with the loss of continuity of a

Institute of High Energy Densities,

Joint Ingtitute for High Temperatures,

Russian Academy of Sciences, 1zhorskaya ul. 13/19,
Moscow, 127412 Russia

heat carrier (cavitation) during the relaxation of the
stresses that accompany microexplosions in a working
chamber significantly affect the operation of such sys-
tems (see, e.g., [6]). To simulate the operation of the
system, information on the cavitation kinetics in the
heat carrier under tensile stresses is needed.

In this study, the MD method with the use of
aredistic potential of interatomic interaction in Pb is
applied in order to investigate the stability boundary of
liquid lead and the cavitation kinetics in the range of
high negative pressures at temperatures that are much
lessthan the critical one (T < 0.5Tp). Theresults of the
MD calculations are compared with the predictions of
the CNT.

MODEL AND THE CALCULATION METHOD

In this study, to describe the interatomic interaction,
we use a many-particle potential for Pb from a family
of embedded atom potentials, which was proposed
in [7]. The parameters of the potential were chosen so
that they corresponded to the properties of acrystaline
phase of lead (binding energy, surface energy, elastic
constants, phonon frequencies, thermal expansion, and
melting temperature). This potential was successfully
used to study the melting and crystallization of surface
and clusters, as well as the vaporization of nanoparti-
cles[8]. Inthiscase, it was shown, for example, that the
melting and vaporization temperatures (618 + 4 and
~2050 K, respectively) are in good agreement with
their experimental values for lead (600.7 and 2033 K,

respectively).

In this study, we consider asystem consisting of N =
13500 atoms in a cubic calculation cell. Three-dimen-
sional periodic boundary conditions are used. The
atomic traectories are calculated by numerically inte-
grating the system of classical equations of motionin a
second-order finite difference scheme with a step of
1.43 fs. The instantaneous values of the temperature

1028-3358/05/5011-0570$26.00 © 2005 Pleiades Publishing, Inc.
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and pressure averaged over the calculation-cell volume
are evaluated as follows:

3|<B

NV D
Rot P i

where kg is the Boltzmann constant; m is the atomic
mass; r; and v; are the current coordinate and velocity
of the ith atom, respectively; V is the calculation-cell
volume; and U = U(r,, r,, ..., ry) iSthe potentia energy
of the system. To set and maintain a constant tempera-
ture in the process of calculations, a scheme of thermal
stabilization (thermostat) is used: additional Langevin
terms—self-consistent white noise and self-consistent
friction force—are introduced into the equation of
motion [9]. The total effect of these terms is small as
compared to the interatomic-interaction forces.

Aninitial atomic configuration corresponding to the
liquid phase was obtained as follows. A configuration
representing a crystalline atomic lattice with a given

Vv
according to the Maxwell distribution corresponding to
the temperature T is preliminary formed. In this study,
we investigate the metastable states of the liquid for
densities and temperatures at which the possibility of
the solid phase existing is excluded. Therefore, when
calculating the MD trgjectory, thelattice istransformed
in several tens of femtoseconds to the liquid state with
a given temperature T, which is further maintained by
the thermostat for 10 ps. The final configuration of the
preliminary MD calculation is the desired initial con-
figuration. By using the different initial velocity distri-
butions, an ensemble of independent initial configura-
tions corresponding to the liquid for the givenpand T
valuesisformed.

density p = and velocities chosen randomly

STABILITY BOUNDARY
OF THE METASTABLE LIQUID PHASE

In this study, we consider the cavitation processin a
liquid at high negative pressures corresponding to the
states close to the stability boundary (spinodal). To
date, experimental datafor the spinodals of liquid met-
as (including Pb) are absent. Moreover, the general
characteristics of the spinodal of the liquid phasein the
range of negative pressures at low temperatures (0 <
T < 0.5Tp) have been poorly studied (see, e.g., [10]).
The position of the spinodal of liquid lead can be esti-
mated using MD calculations of the spinodal of the
Lennard-Jones liquid [11] and thermodynamic similar-
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ity on the critical parameters (Fig. 1). Thus, in the tem-
perature interval under investigation, the negative pres-
sures corresponding to the strongly extended metasta-
ble melt of lead are preliminarily estimated.

In the framework of the MD model under consider-
ation, the position of the spinodal is calculated using
the P vs. p dependences aong isotherms and the point

o _ 0 by extrapolation (see the insert in Fig. 1).
Lopt,

For each density value at a fixed temperature, the MD
trajectory 50 ps long is calculated. At high densities
(eg., p>9.8g/cmiat T = 1000 K), the degree of meta-
stability is small, and cavitation in the system during
calculation is absent. The lifetime T of the metastable
liquid decreases with density, and cavitation can occur
during calculations (Fig. 2). To construct an isotherm,
the pressure P is averaged over the section of the MD
trajectory before the onset of the phase transition (0 <
t< 1). When calculating the isotherm, the minimum
density is determined from the degeneracy (t — 0) of
a similar metastable section characterized by a pro-
nounced constant pressure. Arbitrariness in the choice
of an extrapolation function (in this study, we used
polynomials of degrees n = 2-5) results in an ambigu-
ous determination of the spinodal point (~7 and ~3%in
P and p, respectively).

The calculation data are somewhat higher than the
preliminary estimate of the spinodal from the similarity
relations (when comparing, the possible error of exper-
imental measurements of the critical parameters of lead
should be taken into account). The closeness of the cal-
culation data and the preliminary estimate of the spin-
odal can testify to the universal similarity of spinodals
for simple liquids at low temperatures. We emphasize
the qualitative difference of the compared models of
interatomic interaction: the pair Lennard-Jones poten-
tial (with the interaction radiusto the third coordination
spheres) and the many-particle embedded atom poten-
tial (with the interaction radius to the second coordina-
tion spheres). In addition, note that, unlike the results
for the Lennard-Jones system [11], the spinodal of the
Pb melt does not intersect the continuation of the melt-
ing line of lead into the range of negative pressures
according to the Simon equation. This behavior indi-
cates that crystal-iquid phase equilibrium in a wide
range of metastable statesis possible.

CAVITATION RATE

In the model under consideration, cavitation occurs
as random homogeneous nucleation, because the sur-
face effects and spatial inhomogeneities are absent in
the presence of periodic boundary conditions. Thetime
at which cavity formation begins depends on local fluc-
tuations of both the velocities of the particles that form
a nucleus of a new phase (cavity) and the distances
between them. According to the visual estimatesin the
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Fig. 1. P-T diagram of lead: (1) experimental melting curve and its extrapolation into the range of negative pressures according to

P _0Ofre
the Simon equati on 5= Dr_D

—1(P=5.11GPa, T, = 600 K, and ¢ = 1.65); (2) vaporization curve; and (3) estimate of the

position of the spi nodal for liquid lead by renormalizing the spinodal of the Lennard-Jones system using the parameters of the crit-

ical point CP (Tep =

5400 K and Pcp = 0.175 GPa[12]). For clarity of the representation, the vertical axis of the graph is broken.

Open diamonds are the spinodal points obtained in this study and circles are the states in which the cavitation frequency was cal-
culated. The shaded area corresponds to the expected working parameters of the heat carrier in FIHIF reactors[5]. Theinsert showsan
isotherm of liquid lead (T = 10° K). Solid lines correspond to extrapolations of (#) the MD results by polynomials of degree 2-5. As
an example, the corresponding uncertainty of the position of a point on the spinodal is shown by error bars on the P-T diagram.

density and temperature ranges under investigation, the
size of a critical nucleus corresponds to the volume of
no more than 10-100 atoms. Therefore, the periodic
boundary conditions do not affect theinitial stage of the
cavitation process. The explosive growth of the cavity
leadsto arapid unloading of the extended liquid. Inthis
case, the effect of the periodic boundary conditions
becomes essential and requires a separate study (to
describe the further growth of the cavity into the range
of supercritical sizes, for example, the equation of con-
tinuous medium can be used [6]).

On a particular MD tragjectory, the lifetime of a
homogeneous metastable liquid phase depends on the
initial configuration and the initia distribution of the
particle velocities, aswell as on the integration step (in
the case of identical initial conditions) [3, 4]. For a
given thermodynamic state (p, T, and P), statistical
averaging is performed over the ensemble M of inde-
pendent initial microconfigurations, for each of which

the corresponding lifetimet; (i = 1, 2, ..., M) isfound.
According to the model of homogeneous nucleation as
a random Poisson process, the distribution of the life-
time 1; over the ensemble of initial configurations has
the form [1]

DI
Por T

)

m(T) = =& ﬁ

||M§

where m(T) is the number of trgjectories in the ensem-
ble of the M trajectories on which the cavitation occurs
within the time interval (t, T + At) and T is the mean
lifetime. Figure 3 shows the distributions obtained in
the calculations. It is seen that model (2) describes
rather well the cavitation process under consideration.
To obtain distributions with a pronounced exponential
form, a set of greater statistics (M > 100-200) is
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15 20 It 25
1, ps

Fig. 2. Instantaneous pressure P vs. time t in the case of spontaneous decay of the extended liquid (T = 300 K). The lifetime T of
the metastable state on the given MD trgjectory is shown by the arrow. A section of the structurein the calculation cell is shown. At

the center of the section, a vapor nucleusis seen.

required. For the exponentia distribution law, the rms

error of finding T from M measurementsis o; = —— .
g T N
Therate of a spontaneous phase transformation is char-
acterized by the average number of critical nuclei aris-
ing in unit volume in unit time, i.e., cavitation fre-
guency J. In this study, the cavitation frequency is cal-

culatedasJ = %%-/ . The calculation dataare presented in
Fig. 4.

DISCUSSION

Now, we compare the calculation data with the pre-
dictions of the CNT. We use the temperature depen-
DOKLADY PHYSICS  Vol. 50

No. 11 2005

dence of the nucleation rate based on the Zeldovich
approach [1, 13]:

_ P (20,0 WOy - _16n0
J m T[meXpDkBTD’ w 3(P-P)? ®)

where o is the surface tension aong the vaporization
curve at thetemperature T, Wisthework for the forma-
tion of the critical nucleus, and P' is the vapor pressure
in the critical nucleus. Approximation (3) is chosen
because of the simplicity of the pre-exponential factor,
which contains no specific parameters characterizing
the metastable liquid except o.

When comparing Eg. (3) with the results of the MD
calculations, we assume that the pressure in the system
containing the critical nucleus is equal to the average
pressure in the metastable section (0 <t < 1), and the
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Fig. 3. Relative number m(t)/M of the MD trgjectories in the ensemble of M independent trajectories in which the cavitation onset
time (lifetime 1;) fallsinto theinterval (t, T + At). Calculations are performed for T = 700 K (At = 15 ps) and (1) P = -3.95 GPa,
M = 46; (2) P=-3.91 GPa, M = 232; and (3) P =—3.89 GPa, M = 142. For comparison, dependences (2) obtained from the cavitation
model considered as a random Poisson process are shown by straight lines.

vapor pressure in the critical bubbleis negligible, P' <
P. We used the experimental data concerning the sur-
face tension of lead melt on the vaporization line [14].
The work for the formation of the critical hucleus and,
as a consequence, the temperature and pressure depen-
dences of the nucleation frequency depend strongly on
the surface tension o. Therefore, the spread of the
experimental dataistaken into account intheform of a
confidence interval, 0, < 0 < O,,,.«» Which is heuristi-
cally constructed using the uncertainty of the linear
approximation of the experimental data into the range
of high temperatures (seetheinsertin Fig. 4). Thus, for
each temperature, theranges J(P; o) and 0, < 0 < O,
are found from Eq. (3).

According to Fig. 4, the calculation data agree qual-
itatively with the CNT estimate, but the quantitative
agreement decreases with an increase in temperature.
In approach (3), the difference can be interpreted as a
systematic underestimation of the work W for the for-
mation of a critical nucleus. The discrepancy between
the theoretical and cal culation results can be decreased
by taking into account the dependence of the surface
tension on the degree of surface curvature (see, e.g., [1,
15]). In this case, the calculation result may indicate

that the surface tension for critical-size bubbles is 5—
10% larger than that for the flat interface. Note that a
consistent comparison of the MD results with various
CNT approximations must involve an independent
determination of the temperature dependence of the
surface tension on the liquid—gas curve in the frame-
work of the same MD model. In spite of the reasonable
agreement of the calculation datawith the CNT approx-
imation under consideration, the size of the critical

is estimated i _ pAmRof
nucleus is estimated in CNT as N, = m3 0P
1 aom (p/m = 2.82 x 102 m=3, T = 700 K, ¢ =
0.431 N/m, and P = —3.89 GPa); i.e., the region under
consideration is generally beyond the applicability lim-
its of the macroscopic CNT approach.

In this study, cavitation has been considered only in
terms of the homogeneous-nucl eation processesin pure
lead. The homogeneous-nucleation frequency is expo-
nentially small far from the stability boundary of a
metastable liquid, because the activation barrier of the
spontaneous fluctuation formation of acavity ishigh. In
the practically important range of the operation para-
meters of power setups, cavitationin aheat carrier nec-
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Fig. 4. Cavitation frequency J vs. pressure P along the three isothermsfor T = (1) 700, (2) 1000, and (3) 2000 K. Calculation points
are shown with error bars corresponding to the error of determining the mean lifetime. The dashed lines are the boundaries of the
regions on the J-P plane, which correspond to the calculations by Eq. (3) for the above temperatures including the uncertainty of
the surfacetension o for liquid lead. Theinsert shows the experimental o values[14]; the dashed lines denote the region found from
the error of the linear extrapolation of the experimental points; and the arrows correspond to the uncertainty of o at fixed tempera-
tures.

essarily occurs through the heterogeneous mechanism
of nucleation on impurities and inhomogeneities (such
as, e.g., lithium atomsin Li,,Pbg; eutectic [5]). MD cal-
culation of the heterogeneous cavitation rateis possible
if an adequate model of interatomic interaction with
impurity atomsis available.
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In [1, 2], it was found that the energy surfaces of
quantum systems can cross, forming a conic singular-
ity, which is often called a diabolo and the apex of the
cone is called the diabolic point [3]. The energy sur-
faces are mathematically described by the eigenvalues
of real symmetric and Hermitian operators (Hamilto-
nians) depending on two or more parameters, and the
diabolic point is characterized by a double eigenvalue
corresponding to two linearly independent eigenvec-
tors. In crystal optics, optical axes characterized by a
coincidence of the refractive indices are analogs of dia-
bolic points [4, 5]. In current problems of quantum
physics, physical chemistry, crystal optics, and acous-
tics, itisimportant to know how the conic singularity of
the energy surfaceis deformed under arbitrary complex
perturbation, which describes dissipative and other
nonconservative effects, with the formation of singular-
ities corresponding to Jordan blocks [6-9].

In this work, we study singularities of the energy
surfaces formed by the eigenvalues of the real symmet-
ric and Hermitian matrices depending on parameters
under arbitrary complex perturbation. Using the theory
of eigenvalue bifurcations, which was developed
in [10], we derive genera asymptotic formulas describ-
ing the deformation of the energy surface near the conic
singularity for various complex perturbations. The
deformation of the eigenvalue surfaces appears to be
described by the eigenvalues, eigenvectors, and deriva-
tives of the Hamiltonian with respect to the parameters
at the diabolic point. As an application, the singul arities
of the refractive-index surfaces in crystal optics are
studied. Explicit expressions are obtained for these sur-
faces as functions of the properties of a crystal. Singu-
lar axesare found for crystalswith weak absorption and
optical activity. In terms of the components of the
inverse dielectric tensor, we obtain anew condition that
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distinguishes crystals with prevailing absorption and
with prevailing optical activity.

1. We consider the eigenvalue problem
Au = Au (1

for an m x m Hermitian matrix A, where A is an eigen-
value, and u is an eigenvector. Such eigenvalue prob-
lems appear in reversible and irreversible physical sys
tems without dissipation. These two cases correspond
to real symmetric matrices and complex Hermitian
matrices [9]. In quantum mechanics, A, A, and u corre-
spond to the Hamiltonian, energy level, and vector of
state, respectively. The matrix A is assumed to be a
smooth function of the vector p = (p,, 5, ..., Py Of N
real parameters.

Let A, be a double eigenvalue of the matrix A, =
A(p,) for a certain vector p,. Since A, is a Hermitian
matrix, the eigenvalue A, is real and corresponds to two
linearly independent eigenvectors u, and u,. Thus, the
point of interaction between two eigenvalues is dia
bolic. Let us take the normalized eigenvectors; i.e.,

(U ug) = (U uy) =1, (ug,uy) =0, ()

where (u, v) = ZI”‘: L UiV, isthe scalar product of the
vectorsin C™.

Under the perturbation of the parameters p = p, +
Ap, the double eigenvalue A, is split into two single

eigenvalues A, and A_, which are determined by the
asymptotic formula[10]

AL = A +|:f11+f22aAp|:|
+ = ANt —————

’ (3)
+ JEQ%AEE? + [f,,, ApO,,, ApQl
The components of thevectorfij:(filj, f,2J fi”j)are
given by the formula
= [PA N )

N Dapkui’ io
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where the derivatives are calculated at the point p, and
@, b= Z” a;b; isthescalar product of vectorsin Cn.

i=1
In Eq. (3), the terms o(||Ap]]) and o(]|2p|F) are omitted
outside and inside the radicand, respectively. Since A is
a Hermitian matrix, the eigenvalues f,, and f,, are rea
and vectors f,, = f, are complex conjugate. The
asymptotic expressions of the zeroth approximation for
the eigenvectors u,. corresponding to the eigenvalues A,
have the form [10]

Uy = O.Up +B.Uy,
Dlz, ApD _ )\i _)\0 - |j22, Ap':l (5)
A —Ao— Oy, ApD O ,,, ApO

'@lQ
[ T

L et us consider an arbitrary complex perturbation of
the family of matrices A(p) + AA(p). Such perturba-
tions appear due to nonconservative effects (such as
dissipation), which violate the Hermiticity of the unper-
turbed problem [9]. Let us assume that the perturbation
AA(p) ~ e issmall, where e = ||AA(py)|| is the perturba-
tion norm calculated at the diabolic point. The behavior
of the eigenvalues A, for small Ap and € values is
described by the asymptotic expressions [10]

A (,; + 1y, Apl] 311"'3221]2
%\i_ 0~ 2 - 2 N

_ (O —f ApO+e ;- 822)2

! (6)
+ (O, ApO+e o) (O, ApO+e ),
where
&; = (AA(po)u;, U;) (7

are small complex numbers on the order of €. The small
variation of the family of matrices providesacorrection
to the asymptotic expression for the eigenvectors u, =

asu, + B;u,, where
_ [, Ap+e 1
- A.—Ag— gy, Apl-€yy

_ A—=Ag— Oy, Apl-¢,
- Oy, Ap+e 5 '

+ ™

'CDlQ
1+

®)

We emphasize that af/B5 = af /B’ at the point of the
coincidence of the eigenvalues A, = A_. Thus, at this
point, the eigenvectors coincide, u, = u_, and a Jordan
block arises.

KIRILLOV et al.

2. Let A(p) be the n-parametric family of real sym-
metric matrices. In this case, the vectors f,,, f,,, and
f, =f,, arerea and Eq. (3) assumes the form

%\ Y O t+fy, Aplg
+ 0 2 D
[f,, — fop, A )

This equation describes the surface consisting of two
sheets A, (p) and A_(p) in the (p;, Py, ..., Pns A) SPace.
For the two-parametric matrix A(p,, p,), EQ. (9) deter-
mines a cone with a vertex at the point (p,, Ay) in the
(P1> P2, M) space[1, 2].

We consider the perturbation A(p) + AA(p) of the
real symmetric family A(p) near the diabolic point p,,
where AA(p) is a complex matrix with the small norm
€ = ||AA(py)||- The splitting of the double eigenvalue A,
in the presence of the parameter change Ap and small
complex perturbation AA isdescribed by Eqg. (6), which
assumes the form

A= Ao+ptde, = (x+8)7+(y+n)*-1%(10)
where

1
5 Oy —f, ApQ

1 1
Ao = Ao"‘éﬁn"'fzz:ApEl X = 5
(11)

y = [y, Apd
arerea and

M= %(811"'822)1 & = %(811—822),
(12)

1 1
n= 5(512"'521)! (= 5(512_521)

are small complex coefficients.

From Egs. (10) and (11), we obtain the following
expressions for the real and imaginary parts of the per-
turbed eigenvalues

ReA, = Ab+RepiJ%(Rec+A/Rezc+ Im’c), (13)

ImA, = Imuij%(—Rec+A/Re2c+lm2c). (14)

Equations (13) and (14) determine surfaces in the
(pl’ pZ’ ceey pn9 Re)\) and (pl’ p29 (RS pn’ Im)\) Spacesv
respectively. Two sheets of the surface given by
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Eqg. (13) arejoined (ReA, =ReA ) at the points satisfy-
ing the conditions
Rec<0, Imc =0, ReA, = A\j+Rey, (15)
and the sheets ImA ,(p) and ImA_(p) are joined at the
points of the set
Rec=0, Imc =0, ImA, = Imp. (16)
When the parameters are perturbed, the eigenvalues
continue to be double under the condition ¢ = 0, which
provides the two equations Rec = 0 and Imc = 0.
Depending on the sign of the quantity
D = Im°Z +Im°n—-1m?, (17)
two cases can be redlized. For D > 0, the equations
Rec =0 and Imc = 0 have the two solutions (x,, y,) and

(%p» Yb), Where
Im&RelIml

Xap = —ReE +
&b Im?E + Im°n

(18)

. Imn J(Im?€ + Im°n + Re’Z)D
N Im?E +Im°n ’

Vay = —Ren + ImnRelIm{

(19)

. ImE J(IM?¢ + Im’n + Re?7)D
Im?€ + Im?n '

These solutions determine the points in the parameter
space at which double eigenvalues appear. For D = 0,
the solutions coincide. For D <0, theequationsRec = 0
and Imc = 0 have no real solutions. In this case, the
eigenvalues A, and A_ are different for all Ap values.

We notethat Im & and Imn are expressed in terms of
the anti-Hermitian component AA, = % (DA — DA of
the matrix AA as

_ (AAN(Po)uy, Ug) = (AAN(Po) Uy, U,)
§ = > ,

(AA\(Po)Uy, Uy) + (AAN(Po)Uy, Uy)
2i '

whereas Im{ is expressed in terms of the Hermitian
component AA,, = %(AA +AA") as

Im

(20)

Imn =

_ (AAL(po)uy, Up) = (AAL(Po)Uy, Uy)
¢= 2i '

For D > O, the effect of the anti-Hermitian part of per-
turbation AA is stronger than that of the Hermitian part.

Im 1)

DOKLADY PHYSICS Vol.50 No. 11 2005

579

If the Hermitian part prevailsin perturbation AA, then
D < 0. In particular, D = -Im?C < 0 for pure Hermitian
perturbation AA.

L et usassume that the vector p has only two compo-
nents p, and p, and consider the surfaces given by
Egs. (13) and (14) for various perturbations AA(p).
First, we consider the case D < 0. Then, the eigenvalue
surfaces ReA,(p) and ReA _(p) do not cross (Fig. 1a).
The equation Imc = 0 determines a straight line in the
parameter plane. According to conditions (16), the
sheets ImA, (p) and ImA_(p) of eigenvalue surfaces (14)
cross along the straight line

1 —
élmc = (x+Re&)Im& + (y + Ren)Imn 22)

—Re(ImZ = 0, ImA, = Imp.

For D > 0, the straight line Imc = O contains the
points p, and p,,, where the eigenvectors coincide. The
coordinates of these points are determined from
Egs. (11), where x = X, , and y = Yy, ,, are given in
Egs. (18) and (19). According to Egs. (15), the sheets of
the real parts ReA,(p) and ReA_(p) of the eigenvalues
are joined along the segment [p,, py] of theline

%Imc = (x+Reg)Im¢ + (y + Ren)Imn 23)

—RelIm{ = 0, Re\A, = A+ Rep.

The singularity of the surface of the real parts of the
eigenvalues described by Eq. (13) for D > Oiscaled a
“coffeefilter” [8]. The deformation of the conic singu-
larity to the coffee filter is shown in Fig. 1b. In the
optics and acoustics of crystals, the segment [p,, py] iS
called the branch cut, and the points p, and p,, deter-
mine “singular axes,” because, according to Eq. (8),
each double eigenvalue at these points corresponds to
only one eigenvector [4, 5, 7].

3. The optical properties of a nonmagnetic crystal
are characterized by the inverse dielectric tensor 7,
which relates the electric field strength E and electric
displacement D [4]

E = nD. (24)

For amonochromatic plane wave propagating with fre-

quency winthedirections = (s;, S,, S3), |Is|| = 1, we have
- i) gr

D(r,t) = D(s)expm)D c S r—%, (25)

wheren(s) istherefractiveindex, and r isthereal vector

of the spatial coordinates. In view of Eq. (25) for the

wave and Eq. (24), Maxwell equations are transformed
to theform

nD(s)-ss'nD(s) =

D(s). (26)

n’(s)
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Fig. 1. Unfolding of a conic singularity under complex perturbation.

Multiplying Eq. (26) by the vector s™ from the left,
we find that the vector D for a plane wave is always
orthogonal to the direction vector s; i.e., s'TD(s) = O.
Using this condition, we represent Eq. (26) in the form
of the eigenvalue problem

[(1 —ss)n(I =ssN)]u = Au, 27
where A =2, u =D, and I is the identity matrix. Since
I - ss' is a singular matrix, one eigenvalue is always
equal to zero. We denote the other two eigenvalues as
A, and A_. These eigenvalues determine the refractive
index n, and the corresponding eigenvectors determine
the polarization [4].

The inverse dielectric tensor is described by the
complex non-Hermitian matrix N = Nyang + Naichroic +
Nerira- 1he Symmetric part of the matrix n consists of
the real matrix Nyang, and imaginary matrix M igyeic and
forms the anisotropy tensor describing the birefrin-
gence of the crystal. For a transparent crystal, the
anisotropy tensor isrea and consists only of the matrix
Nuansp- FOr @crystal with linear dichroism, thistensor is
represented by a complex matrix. Choosing the coordi-
nate axes along the principal axes of the matriX Nyane,
we obtain Nyang, = diag(n;, Ny, N3). The matrix

O O
ON% N5 N4 0
Ndichroic = i%r](lj2 r]g2 n(ZJSE (28)

0 0
0N% N3 N% 0

describes linear dichroism (absorption). The matrix
Nuirag 1S the antisymmetric part of . It isdetermined by
the optical activity vector g = (g,, g,, 9;) of the crystal,
which depends linearly on s:

E 0 -0 92%

= 0 —

D93 ng
0-9, 9. 00O

MNchiral

(29)
%Vn Yo Y13 @E Sy E
g=7vs= ,
0 Y12 Yo Y3 o0 S, 0
UY13 Yoz Yzs OO S0

where y is the symmetric optical-activity tensor [4, 5].
First, we consider a transparent crystal for which
Naichroic = ¥ = 0. In this case, the matrix

A(p) = (I _$T)ntransp(| _SST) (30)
isreal and symmetric and depends on the two-compo-
nent vector p = (s, S,). The third component of the vec-

tor s is represented as s; = +,/1-5. —s5, where the
cases of two different signs should be analyzed sepa-
rately. In what follows, we assume that n, > n, > ns,
which corresponds to a biaxial crystal.

Nonzero eigenvalues A, of the matrix A(p) are
found in an explicit form and are identical for opposite
No. 11

DOKLADY PHYSICS Vol. 50 2005
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directionss and —s. The eigenvalues A, and A_ coincide
at the points

S0 = (Slv 01 SS)T! }\O = Ny,
N1—No + 1 3D
== Ni— r] ﬁ

which determine four diabolic points (for two signs of
S, and S)), thelatter also being called optical axes[4, 5].
A double eigenvalue A, = n, of the matrix A, = A(p,),
where p, = (S, 0), corresponds to two eigenvectors

> = ($,0,-8)7,

which satisfy normalization conditions (2). Using
Egs. (30) and (32), we find the vectors f;; with compo-
nents (4) for the optical axes. Substituting them into
Eq. (9), weobtain thefollowing local asymptotic expres-
sionsfor conic singularitiesinthe(s,, s,, A) space, which
arevalid for each of the four optical axes (31):

u, = (0,1,0)7, u (32)

(A=nN2=(N3=N1)Si(s; - S))°
= (N3—N)°SH((5,-S)° + S595).

Let us assume that the crystal is absorptive and opti-
cally active. In this case, one can suppose that the fam-
ily of matrices given by Eg. (30) undergoes complex
perturbation A(p) + AA(p), where

(33)

AA(p) = (I _SST)(ndichroic+nchiral)(| _SST)- (34)
Let us assume that the absorption and optical activity
are weak; i.e, the quantity € = |Mgcvoicl| + |Menirall IS
small. Inthiscase, the above general asymptotic formu-
las can be used to describe the rearrangement of the
conic singularity of the eigenvalue surface. To thisend,
it is only necessary to know perturbation AA on the
optical axis s, of the transparent crystal. Substituting
matrix (34), calculated on optical axis (31), into Eq. (7)
and using Eq. (12), we obtain

= 5%+ NS -215SS + N%S),

£ = L% -NLS + 2NhS,S, %)),
N = iN%S-NxS),

¢ =+ (Vllsi +2Y135 S+ Vagi)-

We notethat W, &, and n areimaginary and depend only
on absorption and that { depends on the optical activity
of the crystal.

Singularities in crystals with weak absorption and
optical activity were studied in [5]. It was shown that

(35)
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A
0.5

0.4

S -1 0 1S,

Fig. 2. Conical singularities on optic axes and their local
approximations.

the coffeefilter singularity appearsin crystals with pre-
vailing absorption and that the surfaces of thereal parts
of eigenvalues for crystals with dominant optical activ-
ity do not cross. According to the above general results,
these two cases correspond to the conditions D > 0 and
D <0, where D isgiven by Eq. (17).

As anumerical example, we analyze a crystal with
weak absorption and optical activity, which is
described by tensors (28) and (29), where

Il 1l 0 [l
o :i_53205 ESIZE a6
nd|chr0|c 200|:|2 3 1D' V 200 1 3 1
0013 52135

The corresponding transparent crystal is characterized
by the parametersn, = 0.5, n, =0.4, and n; = 0.1, and
its eigenval ue surfaces with two optical axes are shown
in Fig. 2 along with conical surfaces (33). Two optical

axes shown in Fig. 2 have the coordinates s, = %% , 0,

g’ E and correspond to the double eigenvalue A, = é ,
Using Egs (36) in Eq. (35), we conclude that the con-

ditionD = 160000 — (4./3 —5)>0issatisfied for the | eft

0. 30
optical axiss, = D 2 0, > O Therefore, the conic sin-

gularity is transformed into the coffee filter with two
singular axes. The local approximation of these sur-
facesisgiven by Egs. (13) and (14). Ontheright optical

[E'()@D
Il” ]

160000(4“/:_3 +5) < 0issatisfied. Thus, thereal parts

of eigenvalues do not coincide under a perturbation of

axis s, = the condition D =
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ReA ImA Exact
0.20 . 0.025 Approximate
0.45 - 0.020 1
0.407 0.015 1
0357 0.010 44\ \
0.30 -
0.25 > et e 0.008' e
0.2 o 2 —
$,=02 0.7 0.6 0.5 -04-03 5270207 0.6 05 —0.4-033

1

Approximate

Fig. 3. Refractive-index surfaces for a crystal with weak absorption and optical activity.

the right optical axis. The approximate and exact eigen-
value surfaces are shown in Fig. 3, whereit is seen that
asymptotic formulas well reproduce the singularities of
the refractive-index surfaces of crystals with weak
absorption and optical activity.
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The problem of the steady plane-parallel flow of an
ideal incompressible fluid around a point jet source,
i.e.,, a source from which a fluid with the parameters
(density and total pressure) different from the respec-
tive free-flow parameters is blown in the presence of a
dead zone near the flow separation point, has been
solved. The necessity of solving this problem arisesin
connection with the study of jet collision problems. The
solution to similar problems for the case in which the
parameters of the fluidsin the jet and free flow are the
same can befoundin[1, 2]. If the parameters of thejets
are different, the solution of the problem is compli-
cated, because the complex potential function hasadis-
continuity at the interface between the media and a
rather complex iteration process is necessary for deter-
mining this interface. The authors of [3] analyzed the
problem of the collision of jetsthat have different Ber-
noulli constants and flow around a wedge with angle
aT, but the case of a = 1 was excluded from the analy-
sis, because an essential singularity arises near the flow
separation point. In this case, in view of the equality
condition for pressures, the angle internal to one of the
jets vanishes; i.e., a return-type singular point appears
at the boundary of thisjet.

Itisonly in[4] that wefind a problem in which such
a singularity has not been excluded from the solution.
In that work, a solution was provided to the problem of
the flow of the ideal incompressible fluid around the
point source from which fluid with the Bernoulli con-
stant different from the Bernoulli constant of the exter-
nal flow is blown and the flow separation point isasin-
gular point. Integral formulas for obtaining the exact
solution were derived, but the numerical realization
was performed with simplifications that made it possi-
ble to simulate the flow near the flow separation paint.

In this work, the problem of the flow around the jet
sourceisaso solved, but weintroduce adead zone with
constant vel ocities at the boundary into the model of the
flow near the flow separation point. The introduction of

Chebotarev Research Institute of Mathematics
and Mechanics, Kazan Sate University,
ul. Universitetskaya 17, Kazan, 420008 Russia

e-mail: renat.mardanov@ksu.ru

this condition enables us to overcome difficulties asso-
ciated with the aforementioned singularity and to per-
form numerical calculations without additional simpli-
fications. The piecewise analytic function of the com-
plex potential and unknown interface between the
media were determined by the iteration method. The
conditions of the solvability of the problem are satisfied
by fitting the parameters in the additional plane. A
series of calculations is performed for various parame-
ters of the problem. The results are compared with the
results obtained by the method described in [4], aswell
as with the limiting cases, which are written in the ana-
Iytical form. The calculation results are analyzed and
conclusions are made.

FORMULATION OF THE PROBLEM

In the physical plane z = x + iy (Fig. 1), the point
source M with given rate Q is streamed by a steady
plane-paralel flow of an ideal incompressible fluid
with density p and velocity V,, at infinity. The coordi-
nate origin isplaced at the point M and the abscissaaxis

@

Fig. 1. Physical zplane.

1028-3358/05/5011-0583%$26.00 © 2005 Pleiades Publishing, Inc.
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isdirected along the free-flow velocity. A fluid isblown

from the source with density p; and velocity V,,; in the

jet at infinity, which are different from the respective

parameters of the external flow. The subscript | denotes

the jet parameters. In this case, the dimensionless
2

—— — 1 characterizesthe energy of the

00

blown fluid (0 < g < »). Thel, and I, interfaces of the

media are the lines of the tangential velocity jump that
is determined by the formula

pVZ = pVi+ppVa, (1)

which follows from the Bernoulli integral. A dead zone
(pillar) with constant velocities at the boundary isintro-
duced into the flow model near the flow separation
point. Velocity V, is specified in the section ABA and
velocity Vy;, which isrelated to V,, by Eq. (1), is speci-
fied in the section A'CA.

It isnecessary to determine the shape of thel, and I,

interfaces of the media, as well as the shape and posi-
tion of the pillar BACA', and to analyze the effect of the
parameter V,, on the solution of the problem.

SOLUTION

Since the flow is symmetric, it is sufficient to con-
sider only the upper half of the flow. Let us consider an
auxiliary planet=1 +in whose upper half-plane G, cor-
responds to the domain G, of the flow in the physical
plane z (upper half-plane without the pillar). The corre-
sponding points are denoted by the same letters. For the
one-to-one mapping between G, and G;, we assume
that there exists a correspondence between the infinite
points of these domains and the mapping of the point
z=0to the point t = 0 and the point z = z, to the point
t = -1, where z, is the coordinate of the point Ainthez
plane. Let b and ¢ be the coordinates of the points B and
Cinthetplane b<—-1and-1<c<0, and let |, be the
image of the linel, in the auxiliary plane.

Under the above assumptions, complex potential s of
the flows exist in the external flow and jet. We consider
these potentials as a single piecewise analytic function
w(2) = (X, y) + iY(x, y), which is discontinuous at the
interface between the media. The complex conjugate
velocity in thet planeis represented as

dw _ t+1
T = wepl-Q] @

where u,, is the velocity of the free flow in the t plane
and Q(t) = T(t, n) + iA(T, n) is a piecewise analytic
function with adiscontinuity on theline ;.

IL’INSKIY, MARDANOV

For apoint {(o) on thelinel; with an arc abscissao
measured from the point A (o = 0) and the tangent slope
angle 8(o) to |, at this point, thereisthe relation

d¢ = exp[id(o)]do. 3)

Considering Eg. (2) on the line |, and taking into
account that this line is impermeable, we arrive at the
relation

8(0) = A(0)-arg* 3, @

i.e, only T(o) = Re(Q(Q)) has a jump. Taking into
account that the real axis T isalso astreamline and sub-
dtituting t = T into Eq. (2), we obtain

A(t) =0. (5)

Let x(t) = mE’dlZ" = S— 6 be the Michell—Joukowski
function. Here, S= 1n|V|, V is the absolute value of the
velocity, and 0 is the argument of the velocity in the

physical z plane. We consider the function

X(1) = X(1) =Xo(t) + Q(t) = S+i8, 6)

where x,(t) = §, + 16, is the function with a singularity
at point M. We specify 6,(1) on the real axis so that

0 (1) =-06(1) — By(1) =0 for T [ (~o0, b] O [c, o0):

Section |(—o;b]|  [bic]  |[c; 0][[0; )
6(t) | 0 |-m(1-b)/(c—b)| -m | O

The function x,(t) is determined by solving the
Schwarz problem for the upper half-plane and finding
an arbitrary constant from the condition ¥, (c0) = O:

Xo(t) = %In(t—b)—:ﬁ)ln(t—c)—lnt—l. %)

Then, from Eg. (6) we obtain

d ~
d—VZV = exp[X + Xo— QI )

and, taking into account Eq. (2), arrive at the relation

t+1

2ot - lepl-{-xd. O

dt ~ dw/dz ~

Since the left-hand side of this equality is an analytic
function, thefunction X (t) on theright-hand sideisalso
analytic. According to Eq. (6), the jumps of the func-
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tions x(t) and Q(t) cancel each other out. Taking into
account Eq. (8), we denote the jump functions as

V(o)

V(o)’

where the velocities V and V, are related through
Eqg. (1). If the function A(o) is known, taking into
account Eq. (5), we abtain the function Q in the form

A(o) = T(0)-Ti(o) = In (10)

Q(t) = B(t)+ (D), B(t) = zif (Z)dz (11

Separating thereal partin Eq. (6) fort =1, wearrive
at therelation

S(1) = Inv(T) - S(1) + T(1), (12)

where

= =0 =St — ol — _
SO(T)—C_b|n|T bl C_blan ¢ —In|t|

according to Eg. (7). Since V(1) (velocity at the bound-
ary of the pillar) is specmed in the section [b, c] and,
therefore, the function S(r) is known, whereas e(r) =
0 in the remaining sections of the real axis, the function
X (t) is determined as the solution of the mixed problem

_R(t), 0y ) dr

ROt ()

where R(t) = /(t —b)(t — ) istaken asthe branch pos-
itivein the region T > c. The solvability condition

(14)

for the mixed problem is used to determine the function
S(1) at infinity.

The shapes of the pillar boundary BAC and line |,
are determined by integrating Eq. (9) as

t
2(t) = J'g—fdt.
0

The found solution should naturally be matched with
the asymptotic value

- Q

]

of thelinel, at infinity.
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SCHEME OF THE ITERATION PROCESS

The iteration process is necessary for finding
unknown functions A(o) and 3(0). In view of Eq. (1),
the functions A(0) and 9(o) should satisfy the condi-
tions

AO0) = A = 5 [5%““%}
J

M) = = gin[2a+w],
Tt

9(0) = 9, = 5, 9() = 9., =

Astheinitial approximation for them, we can take
A9(0) = Ao+ V() (Au—Ao),

99(0) = 95+ Y(0)(9.—90),

where

y(o) = %arctan(Co), C>0.

The iteration procedure consists of the following
steps:

() thelinel, isfound by integrating Eq. (3);

(i) T(t) = Re(Q(1)) on thereal axis and Q({) on the
linel, are determined by Eq. (11);

(i) solving mixed problem (13) with é(r) given by
Eq. (12), we determine the function X () onthelinel;
(iv) V(o) = Oé_W isfound from Eq. (8) and V;(0)
Z t=¢
is obtained using Eq. (1);
(v) new approximations for the functions A(o) and
9(0) are determined by Egs. (10) and (4), respectively.
The iteration process should be continued until the
attainment of condition

max|8 " (0) -9 Y(0)| <,

max|A " (0) -A" (o) <,
(0}
where € is a certain small positive number.

SOLVABILITY CONDITIONS

The problem of determining the pillar shape is an
inverse problem. For this reason, as in the inverse
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Fig. 2. Calculation results for various Vg values.

boundary value problem of aerohydrodynamics (see,
e.g., [9]), the solvability conditions should be satisfied.
Considering Eq. (8) for t —= o, we obtain the condi-
tion that the velocity determined at infinity coincides
with the preset value in theform InV,, = S.., where S.
is determined by Eq. (14). The condition of the close-
ness of the pillar is found from the equation

and has the form
1 S —
a—l—é(b+c)(1+so) =0,

where

l
rn[ Ok

These solvability conditions are satisfied by fitting the
parameters b and c. To determine the velocity u,,, we
usethe condition that therate Q isgiven. Using therela-
tion AW ~

dz 7.0 2Tz

the relation Q = 21u,,exp[-T(0)] between Q and u,,.

and Egs. (8) and (9), we arrive at

Thus, in addition to the internal iteration process for
determining the functions A(o) and §(0), we organize
the external iteration process for finding the parameters
b, ¢, and u,, on the basis of the Newton method for solv-
ing systems of nonlinear equations.

IL’INSKIY, MARDANOV

LIMITING CASES

To test the resulting numerical—analytical solution,
it is convenient to use the limiting cases of the problem
under consideration, in which the solutions are
obtained in the analytical form.

Case u = 0. Thisisthe case of the flow of the ideal
incompressible fluid around the usual point source. The
complex potentia for such aflow hasthe form

Q
21

From this formula, it is easy to obtain the following
equation for determining thelinel.;

Qée—|6
21V, sind’

where the parameter o ranges from 0 to 1t The coordi-
nate of the flow separation point A has the form z, =

__Q
2nv,,
Case u = o. In this case, the velocity V; at the
boundary of the jet is a certain arbitrary constant V,.
This problem is easily solved by the velocity

hodograph method (see, e.g., [1]). The resulting for-
mulafor determining the line |, has the form

_ Qr 1
Z(s) = Za+TTVi1+i[s

where the parameter s ranges from 0 to « and z, =
(1-2In2)Q
2nv,

w(z) = V,z+=Inz+C,.

Z(9) =

+|n(1+i[s)—1},

is the coordinate of the flow separation

point A. We emphasize that theratio Zi inthiscaseis
1

the asymptotic valuey,, of the jet boundary at infinity.

CALCULATION RESULTS

We perform calculations with the parameters V,, =
p=p; = L Inthefirst series of calculations, we analyze
the dependence of the solution on the velocity V,,
which isaparameter of the problem. Figure 2 showsthe
shape of the pillar and interface between the mediafor
Q=1,u=1 and V,=0.1, 0.05, 0.01, and 0.001. The
size of the pillar decreases with the velocity V,, but the
shape of the section AC, which is streamed by the jet
from the source, remains almost unchanged. The shape
of thelinel, isalso aimost independent of V. It can be
assumed with great certainty that the interface between
the mediathat is obtained by solving the problem with-
out the introduction of the dead zoneis closeto theline
[, which is obtained above and is unified with the sec-
tion AC of the pillar. For comparison, points show the
shape of the interface between the media, as found by
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0.3

1
-0.1

Fig. 3. Calculation resultsfor Q =1 and u = (1) 0, (2) 0.1,
(3) 1, and (4) 10.

the method described in [4]. The good agreement of the
results indicates that the proposed method with the pil-
lar is efficient and that the assumptions madein [4] are
justified.

The second series of calculations was performed to
analyze the effect of the parameter . Figure 3 shows
the calculation results for Q = 1, V, = 0.001, and p =
(2) 0.1, (3) 1, and (4) 10 and (1) for the limiting case
K = 0. Asis seen in this figure, the shape of thelinel,
for = 0.1 agreeswell with the case u = 0.

In thethird series of calculations, both p and Q were
varied and the rate Q was chosen so that, taking
Eq. (15) into account, the lines I, for various Y values

have the common asymptotic valuey,, = %3 at infinity
(this value correspondsto the case of Q=1 and pu = 1).
Figure 4 shows the shape of the interface between the
mediafor u=(2) 0.1, (3) 1, and (4) 10 and for the lim-
iting cases 4 = (1) 0 and (5) . Asisseenin thisfigure,
the cases 1 = 0.1 and 10 agree well with the limiting
cases 1 = 0 and oo, respectively.

In addition, according to the calculation results, the
line |, approaches the asymptotic value more rapidly as
M increases. Moreover, we arrive at a seemingly para-
doxical conclusion: asthe jet energy increases, the flow
separation point approaches the source. It iswaorth not-
ing that, at agiven asymptotic value at infinity, all inter-
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0.1 0.2 0.3

=)

1
04 X

Fig. 4. Caculation results for y,, = const and p = (1) 0,
(2) 0.1, (3) 1, (4) 10, and (5) .

faces between the mediafor different p values intersect
at one point.
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The motion of a spherical pendulum under an arbi-
trary three-dimensional periodic vibration of the sup-
port is considered. A new system of differential equa
tionsfor theradius vector of the pendulum is suggested.
Unlike the equations for the spherical coordinates, the
proposed system has no singular points and makes it
possible to describe the motion of the pendulum under
arbitrary vibrations by numerical methods or by meth-
ods of averaging in the case of high-frequency vibra-
tions.

STATEMENT OF THE PROBLEM

Consider a spherical pendulum, namely, a material
point of mass msuspended by aweightlessinextensible
cord of length |. The pendulum support has the radius
Vector ry(X;, X, X;) and moves according to a prescribed
law. At the opposite end of the cord, which has the
radius vector r, the material point is suspended. This
material point is subject to an applied force F and the
cord tension T (see figure). Then, under the action of
tension T and applied forceF, the radius vector R =r —
r, traces out atrgjectory on the sphere |R| = 1.

The problem under consideration has been investi-
gated for along time. The possibility of stabilizing the
mathematical pendulum at the apex with the help of
vertical vibrations of the support was first studied by
Stephenson [1].

The oscillation of a pendulum with vertical and hor-
izontal vibrations was investigated independently and
in more detail by Bogolyubov and Kapitsa [2—4].
Asymptotical solutionsto the problem of the oscillation
of a planar pendulum for arbitrary vibrations are pre-
sented in papers[5, 6].

Paper [7] contains an examination of axialy sym-
metric oscillations of a spherical pendulum with aver-
tically vibrating support. In papers[8, 9], for high-fre-

Institute for Problems in Mechanics,
Russian Academy of Sciences, pr. Vernadskogo 101,
Moscow, 117526 Russia

guency vibrations of the support, determination of the
stable periodic solutions is reduced to minimizing a
function of the spherical coordinates. An additional
degree of freedom significantly complicates the analy-
sis of the system. Below, we suggest new approaches,
which make the examination of the oscillation of a
spherical pendulum by the numerical and asymptotic
methods much easier. The periodic solution is con-
structed for arbitrary high-frequency vibrations.

LAGRANGE EQUATIONS
AND HAMILTON EQUATIONS

For this purpose, either the Lagrange equations or
the Hamilton equations are most convenient. The
spherical pendulum has two degrees of freedom,
namely, 8, the angle of deviation of the pendulum mea-
sured from the lower equilibrium position, and ¢, the
azimuth angle measured from the x-axis. The support
ro(X;, X, X3) isforced to vibrate periodically in al three
directions, namely, in the horizontal directionsx; and x,

Figure.

1028-3358/05/5011-0588%$26.00 © 2005 Pleiades Publishing, Inc.
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and in the vertical direction x;. The Lagrange function
has the form [10]

L= [EbltD %”G%TBZ}

+1cosB(F;—mX;) +1sinB((F, —
+(Fy—

mX; ) cos¢
mX,)sing).

The location of the material point of the pendulum can
be determined from the Lagrange equations

doL aL _ doL oL

dtgg 06 ' dtap 0o =0 M

Equations (1) are written for two independent variables
0 and ¢ and can be easily solved with respect to the

higher derivatives 6 and @ . It is also convenient to
write the Hamilton form of Egs. (1):

9 = oH Py = _oH o = oH Py = _oH
c')pe’ o 00’ 6p¢’ ¢ 0(1)’(2)
2 2
_ Pe Py ..
H = + —lcosB(F; —mX;)
2mli? 2mi’sin? o
—1sinB((F, —mx;)cos¢ + (F,—mX,)sing).

The Hamilton equations are particularly efficient for
the study of the oscillations of a pendulum with ahigh-
frequency vibrating support by asymptotic methods.

CONSTRUCTION OF THE PERIODIC SOLUTION
BY THE METHOD OF INVARIANT
NORMALIZATION OF THE HAMILTONIAN

In paper [7], axially symmetric oscillations of a
spherical pendulum with a vertical support were stud-
ied by the method of the Birkhoff norma form. To
determine the stable periodic solutionsin that particular
case, it was necessary to expand the Hamiltonian in per-
turbations of the coordinates up to the fourth order
inclusive and to find the fourth-order Birkhoff normal
form. Moreover, the change of variables and the peri-
odic solution itself are not presented in that paper due
to the cumbersome cal culations.

Here, we provide a solution to the general problem
of finding the periodic solutions and determining their
stability in the case of arbitrary three-dimensional
vibrations of the support under gravity (F, = F, =0,

= mg). We use the method of invariant normalization
[11, 12]. To provide for the same accuracy of result, we
need only one quadrature of simple trigonometric func-
tions, which is easy to find without the use of analytical
programming computer systems. Reduce the Hamilto-
nian (2) to the dimensionlessform H(O, ¢, u, v) = H, +
@, where u and v are impulses corresponding to the
coordinates © and ¢.
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The unperturbed part H, of the Hamiltonian is the
energy of the inertial forces of vibration; the other
terms make up the perturbation:

_ N
Ho = Wy, @ =€ —Cos
° " EQ 23|n 0 EH
- |9
€= — o
|’ (3)
W = azcos6 + sinB(a; cosd + a,sind),
WX
a(t) = —, t' = wt.
Jal

Here, w is the support vibration frequency and W,
denotes the second derivative of function W with
respect to the dimensionlesstimet'.

Note that the form of the unperturbed Hamiltonian
is arbitrary. This trick is unusual for the classical
Birkhoff method. It makes it much easier to calculate
the normal form and perform the integration. We use a
modification of the method of invariant normalization
[13, 14]. This modification does not involve the reduc-
tion of the Hamiltonian to the autonomous form and
allowsfor animmediate computation of the quadrature.
The first step of the method consists in solving the

equations of the unperturbed system 6 =0, ¢ =0, U =
~Wire, V = Wiyg , Wherethe subscriptst', 6, and ¢ denote
differentiation with respect to these variables.

The solution to the unperturbed system hasthe form

e = eo, ¢ = ¢0, u= uO_the, vV = VO_Wt'd)'
The quadrature
t 2
sj 1(u—Wt.e)2+W—coseO dt
" 2 2sin"0,
° “4)

= (t—to) D(to, B, do, Uo, Vo)
+ W(to, Bo, 0o, Ug, Vo) + f(1)
gives us the normal form

2

% O
2 + U(eO! ¢O):|1
0 O

0

D(to, B, §o, Ug, Vo) = 8%“5"’

(Wi,
U(B b0) = 3 TWiT+ —5= —cosy,  (5)

2
2sin°9,

1,
0= Z[f(a.

Expression U(8,, ¢,) coincideswith the one obtainedin
papers[8, 9] by the method of Poincaré mappingsin the
parametric form. The minimum point 8,, ¢, of function
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U(B,, ¢, corresponds to the stable periodic solution.
The periodic solution has the form

8= 0,-W,+0(e%), ¢ =¢o—W,+0(e). (6

It can be seen from quadrature (4) that function W is
linear in u and v. The coefficients of the linear form are

W, = EWg(t, By, Bg), W, = —=—W,(t, B, 0). (7)
sin“9

Formulas (3), (6), and (7) determine the periodic trajec-
tory up to small €2. With regard for therelation eg, = ? ,

the trajectory equation can be written in dimensional
variables:

8 = 8, ~T[-Xa(t)sin, + (x(t) cosf,

+X,(t)sing,) cosOy], (8)

o1
IsinB,

b = b (=X (t)sind, + X,(t) cosdy).

EQUATIONS FOR THE RADIUS VECTOR
AND THE ANGULAR MOMENTUM

Equation systems (1) and (2) have an essentia draw-
back; namely, the spherical coordinates 6 and ¢ are not
defined at the sphere poles 8 = 0 and 1t In this connec-
tion, when studying the pendulum oscillations in the
neighborhood of the singular points, geometric difficul-
tiesare oftenfaced, asthey are hard to avoid. Below, we
suggest a new system of differential equations in the
radius vector R and the angular momentum K, whichis
explicitly solvable for the derivatives, and the con-
straint equation follows from this system asitsintegral .
The idea of deducing this system of equations can be
attributed to V.F. Zhuravlev.

Thelaw of motion of the material point can befound
from the variation equation for the angular momentum
K(K,, K,, K5) with respect to the support and the condi-
tion of inextensibility of the cord

dK .
rro R x (F—mry),

K = mRxR, R®=1°(9)
The cord tension does not appear in the system of equa-
tions, because it has zero momentum about the origin.

Being unresolved with respect to the derivatives R,
Egs. (9) invariablesK and R are not convenient for the
purpose of integration. Moreover, the determinant of
the system of equations for R is equal to zero. Never-
theless, this system can be uniquely solved. Indeed, tak-
ing the vector product of R with the second equation

in (9), we obtain the equality R x K = mR x (R x R),

PETROV

which can berearranged by therulea x (b X ¢) =b(ac) —
c(ab) to give

RxK = mR(RR)-mR(RR).

The third constraint equation in (9) implies that
(RR)=0and (RR) =I2. ThisgivesusR xK =-mi?R .
Together with the variation equation for the angular
momentum, this equation makes up the system

1

K = Rx(F-mf,), R = ——IszK (10)
m

with the initial conditions R(0) = R,, R (0) = Ro, and
K(0)=mR, x R.

System (10) is equivaent to the initial system of
equations. There is no need to write an additional con-
straint equation, since it is readily apparent as the inte-
gral of the system (RR) = (R,R,) = I>. Equation sys-
tem (10) is more convenient for numerical integration

than is the system of equations for the spherical coordi-
nates of the pendulum, whose poles are singular points.

EQUATIONS FOR THE RADIUS VECTOR

One can exclude the angular momentum K from
equation system (10) and obtain an equation in the
radius vector R aone. To do this, differentiate the sec-
ond eguation in (10) with respect to time and expressK

and K intermsof R and R :
L 1 1 .
R :‘I‘zRX(RXR)“‘IERX(RX(F‘WO»-
m

Expanding the vector triple product, we obtain

- _IBZ(RR) N %(F—m'r'o) —all—zR(R(F —mitg)). (11)

REACTION FORCE AT THE SUPPORT.
WORK OF THE REACTION AT THE SUPPORT

The reaction force F,, at the support can be found
from the Newton law
Fo = m(fo+R)—F. (12)

With due account of Eq. (11), the reaction force can be
brought into the form

Fo = —IBZ[m(R)2+ R(F —mfo)].

whence it is seen that the reaction force is directed
along the cord.
DOKLADY PHYSICS Vol. 50
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Assume that the support moves according to the
periodic law ry(t + T) = ry(t), where T is the period. Let
us find the average power N of the reaction force at the
support:

T

N = [Fyffl= _%J’For'odt.
0

Since [0y ,[0= 0, expression (12) gives us

N = mIRf - [Fifl (13)

If the force F acting on the mass has a potential (for
example, the gravitational force), then Fr is equal to
the variation of the potential energy of the massand, for
a periodic motion, Fr, = 0, whereas, if the mass is
subject to frictional forces, which depend on the veloc-
ity, thenthevalue 3Fr , (s strictly positiveand isequal

to the dissipation of energy. Thefirst termin the expres-
sion for the power can be conveniently transformed by
means of integration by parts:

MIRfJ = —mRF {1

Substituting R from Eqg. (10) into the right-hand side,
we obtain

mIRF = I%[(RK'r'O)u

where the parenthesized expression denotes the triple
product of three vectors. It is equal to the determinant
of the matrix composed of the row vectors R, K,

and r.

SYSTEM OF EQUATIONS
FOR THE COMPONENTS

Rewrite the aobtained system of vector equations (10)
in the components R,, R,,, and R; of the radius vector
and of the angular momentum:

: 1

Ri = — (- RK3+ RgKy),
mi

: 1

Re = —(— RsK; + RiKy),
ml

: 1
Rs = —(-RK; + RKy),
ml

K1 = (—R,(M¥;— F3) + Ry(m¥, — F,)),
Ko = (—Rg(M¥, — F;) + Ry(m¥s — F3)),
Kz = (=R,(M¥,— F,) + Ry(m¥, —F,)).
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Without regard for the frictional forces acting on the
pendulum, the average power N at the support can be
expressed in terms of the determinant

Ri R, Ry

I_Z Ki Ky Kj

N =

Xy Xp X3

PERIODIC SOLUTION
IN THE CARTESIAN COORDINATES

Up to the small parameter €, the periodic point
Ry (t+ T) = Ry(t) can be found via a minimization of
function U(8, ¢) (5) and it corresponds to the periodic
solution (8). However, the minimization condition is
not applicable in the neighborhood of the poles. Let us
show the way to overcome this problem with the use of
Eq. (11). We seek the periodic solution to Eg. (11) in
the form

R =Ry+p+0(p”), (Rop)=0.  (14)

Substituting this expression into Eg. (11), up to small
quantities of order p?, we obtain the linear equation

p—D(o=0)y = (-0
_ (5 Ry) _ «_ (8RR (1)
= | , S = |2 ,

where the subscript n denotes the projection of vector s
onto the normal to the sphere |R| =1 at point R, and the
subscript T denotes its projection on the plane tangent
tothe sphere |R| =1 at point R,,. Taking into account the

negligibility of theratio % ~ €, we write the equation
0

up to small quantities of order €2, namely, p = —f',.

Hence follows the solution

(roRo)Ry
2

= Mg = ot +0(e). (16

If we express the Cartesian components ry(X;, X, X;) in
terms of the spherical coordinates, then solution (16)
will coincide with (8). However, solution (16) would
have no singular points. The solution hasasimple phys-
ical meaning; namely, themassR = R, + p tracesout a
trajectory on the sphere that is symmetrical to the pro-
jection of the trajectory of the support onto the plane
tangent to the sphere |R| = | at point R,. As for the
radius vector r, + R, + p = R, of the mass of the pen-
dulum, its projection onto this plane is a fixed point.
This means that, in the absolute system of coordinates,
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the mass of the pendulum moves only in parallel to the
pendulum cord.

EFFECTIVE POTENTIAL ENERGY

It follows from the theorem on the superposition of
solutions to the normal form of equations [12] that, at
the minimum point of function U(6, @) [see Eq. (5)], the
periodic solution is stable. In the Cartesian system of
coordinates, with due account taken of the dimensional
factor mgl, the function U ¢ = mglU(6, @) has the form

(roR)?

m —.
= Oo0-mRO 15 = (Fofo) ==

Ueff = 2
wherer, is the projection of the support velocity onto
the plane tangent to the sphere.

Thus, the effective potential energy U, under vibra-

tion is equal to the sum of the values of the kinetic and
potential energies averaged over the period.
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It is known that a body can move on a horizontal
planedueto internal oscillatory motionsin the presence
of the forces of dry friction between the body and the
plane. In this study, we consider avery simple mechan-
ical model of such a motion realized as a result of the
specific periodic relative motions of a material point
inside the body.

The internal motion parameters providing for a
maximum average velocity of the system asawhole are
determined.

1. Consider an absolutely rigid body of mass M that
can move along ahorizontal line. Inside the body, there
is a movable mass m that also moves horizontally
(Fig. 1). In what follows, for the sake of brevity, the
body of mass M and the internal mass will be referred
to as body M and mass m, respectively. Denote the
absolute coordinate of body M by X, its velocity by v,
the displacement of massmrelativeto body M by &, and
the velocity and accel eration of mass mrelative to body
M by u and w, respectively.

Write the kinematic equations of the motion of mass
mrelative to body M in the form

E=u Uu=w. (1)

Body M is exposed to the force of dry friction; the
friction coefficients may be different for the onward (f,)
and backward (f_) motion of the body.

We introduce the notation

a, = f,g, a=fg, c=

ol

(2)
H=mM+m) <1,

where g is the acceleration of gravity, and write the
equations of the absolute motion of body M in the form

Vv = —uw-a, for v >0,
v = —pw+a_ for v<0, 3)
v =0 for —a,spw<a..

Ingtitute for Problems in Mechanics,
pr. Vernadskogo 101, Moscow, 119526 Russia

e-mail: chern@ipmnet.ru

We consider periodic motions of mass m relative to
body M within a bounded displacement range 0 < &(t) <
L, where L > O isagiven parameter.

Moreover, we impose the conditions §(0) = §(T) =0
and u(0) = u(t) = 0, where T is the motion period, and
require that the value &(0) = L be reached at a certain
6 00, T). Werestrict ourselves to the consideration of
two classes of periodic relative motions of mass m,
which will be called two-phase and three-phase.

In the two-phase motion, the relative vel ocity u(t) is
piecewise-constant and the period includes two inter-
vals of constant velocity.

In the three-phase motion, the relative acceleration
w(t) is piecewise-constant and the period includes three
intervals of constant acceleration.

It can be shown that, under the periodicity condi-
tions imposed, the two-phase and three-phase motions
under consideration exhibit the least possible number
of intervals of constant velocity and constant accelera-
tion, respectively.

D*(e0)

/ e

Fig. 1. Mechanical model and functions xj (c) and ®*(c).

1028-3358/05/5011-0593$26.00 © 2005 Pleiades Publishing, Inc.
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Fig. 2. Two-phase motion.

Denoting the interval duration by T1;, for the two-
phase motion, we have

u(t) = u; for tO(0,1,),

tO(t, T), @

u(t) = —u, for T =1,+T1,,

where u, and u, are positive constants. Under the con-
ditions imposed, the two-phase motion is determined
by two parameters, u, and u,, which are subject to the
following constraint:

O<u<U, i=12. )

Here, U is the highest permissible velocity. Using
Eg. (1) and two periodicity conditions, we can express

CHERNOUS’KO

the other parametersin terms of u, and u, asfollows:

1, =0 u% ==, T=LU+6Y. (6

2

For the three-phase mation, we have

w(t) =w, for tO(0, 1y,
t0 (T, T+ Tp), (7

w(t) = wy for tO(T,+7T,T), T =T ,+1,+T15.

w(t) = -w, for

The parameters w; are subject to the constraint

O<w;sW, i=123, ®)

where Wisthe highest permissible acceleration. By vir-
tue of Egs. (1) and the periodicity conditions, the other
parameters can be expressed in terms of w; as follows:

= 2w,L 712 = 2w,L Y2
v |:W1(W1+W2):| S [Ws(W2+W3)} ,

o - [QLDW[D W, DU2+D W, Duz} ©

2 [W;D vy + w v, + w
T = sz_LDIJZ DN1+W3:|]J2+DN2+W@E|]J2
- [{NZD |:D W, O O W, O i|

Substituting the laws of motion (4) and (7) into
Egs. (1) and (3) and using the imposed periodicity con-
ditionstogether with Egs. (6) and (9), we study the pos-
sible motions of body M. Determine the motions from
the classes under consideration such that

(2) the velocity of body M varies periodically;

(2) the conditions v(0) = v(T) = 0 are fulfilled; and

(3) the average velocity of body M, which is equal
toV= @ , Ismaximal.

We present the results obtained for the two-phase
and three-phase motions.

2. The analysis shows that, for the two-phase
motion (4), the maximal average velocity can be real-
ized in one of the two regimes presented in Fig. 2. In
regime a, thereisno interval in which body M is at rest
and velocity v(t) varies by the law

v(t) = —pu,+at for t0(0,1y),
v(t) = pu+at —a(t—-1y) for tO(ty,T).
DOKLADY PHYSICS Vol. 50 No.11 2005
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Inregimeb, thereisarest interval (t,, T,) and

v(t) = —pu,+at for tO(0ty), t,<Ty,
v(t) =0 for tO(ty,Ty),
v(t) = p(u+uy)—a(t—1y) for tO(Ty,T).

We pass to dimensionless parameters according to
the formulas
i =12,

Uy = U = UpX;,

(10)

c=2
a

U = upX, V = 0.5uu,®,

First, consider the case in which there is no upper
bound (5), that is, X — 0. In this case, the maximal
average velocity is attained at c < 1 inregime a and at
c > 1 inregimeb. Here, for the optimal motion, we have

X, =1, X=¢ ®=1 for c<l,
c
X; = X37(c), X, = ,
1 1(c) 2 X (0) (1T)
® = d(xy(x)) = d*(c) for c>1.

Here, the following notation is introduced:
1/2
X (c) = %(c—l)‘l[l—3c+(9c2+20—7)1/2]g ,
0(12)

d(x) = [2c+x3(L—c)] x(c+ X)) .

The dependences xi (¢) and ®*(c) are plotted in

Fig. 1. Let us emphasize some properties of these func-
tions.

As c varies from 1 to o, function X} (c) decreases

1/2
monotonically from 1to % =0.816, whilefunction

42"
d*(c) increases monotonically from 1 to 30 =

1.089. Thus, the advantage in velocity of the optimal
regime b over regime a is not greater than 9%.

In the simplest case of the isotropic dry friction,
whena, =a = a, wehavec=1and, in accordance with
Egs. (10) and (11), we obtain

X1 = X, = 1, u1=u2:u0—D“D ,

1/2
T1=T2=TOZ%E :

T =21, V = 05(uLa)”
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Thiscaseis presented in Fig. 2c.

In the presence of constraint (5), the two-phase
motion under consideration can be realized only when

X = max(c’? c). (13)

The optimal mation is determined by the relations

X = X, X = )9( ® = ®(X) for cP?<X<1,
X, =1, X =c¢ ®=1for cgl, X=z=1,
c
X =5 %=X cbzq%%
(14)
for 1<C<X<—2—,
X1 (C)
X; = X7 (), X, = c , ® = ®*(c)
X (c)
for *C < X.
X7 (€)

Here, notation given by Egs. (11) and (12) is used.

Four cases (14) are associated with domains /-4 in
Fig. 3a. The boundaries of these domains are the
straight linesc=1, X=1, and X = c and the curves X =

c2and X =

marked by letters K and N, respec-

X5 (c

tively. Regime a is realized in domain 2, while, in the
other domains, regime b is realized. The passage to the
original dimensional parametersin Eq. (14) can be car-
ried out according to formulas (10).

3. An analysis of the three-phase motion (7) leadsto
two possible regimesfor the motion of body M; they are
denoted by aand b and are presented in Figs. 4aand 4b.
Inregime a, thereisan interval of the backward motion
of body M, in which v < 0, whereas such intervals are
absent in regime b. It is shown that the maximal average
velocity isawaysrealized in regime b, in which

v(t) =0 for tO[O0, 4],
v(t) = (Mw,—a)(t—T1,) for tO[T, T, +T,],

v(t) = (MW, —a)T— (MW +a,)(t =T, —T,)
for tO[T,+ 1,1,

v(t) = 0 for tO[t, T], 1, O[T, + 1, TI.
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Fig. 3. Domains of optimal two-phase (a) and three-phase
(b) motions.

We pass to dimensionless parameters according to
the formulas

y|=¥! |=112131 W=2_1
) (15)
v = Hag®e
020

and, first, determine the optimal values of the parame-
ters in the absence of the upper bound in (8), that is, as
Y —» 0. We obtain

y: = 1, y;=¢, F=1. (16

y2=°°1

CHERNOUS’KO

v (a)
0
T]_ tl Tl + Tz tz T
(b)
0
T T+ 1 t T
(©
0
T T t

Fig. 4. Three-phase motion.

In accordance with Egs. (15) and (9), motion (16)
rRuL”

undergoes a velocity jump Av = a1 (a,+a)d

instant t = 1,. We have

172 2uLa )¥?
Tl = 5@% , '[2 = 0’ '[3 = M’
a_

a, (17)

There is no rest interval for body M at the end of the
period. The velocity diagram of body M in the optimal
regime in the absence of the upper bound for the accel-
eration (Y — o) ispresented in Fig. 4c.
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In the case of the isotropic dry frictiona, =a_= a,
in accordance with formulas (15)—17), we have

1/2
a
Wl:W3:ﬁ’ W, = oo, '[l:'[?’:%’zLaLE,
T, = 0,
_ v - Mkag”
Av = 2(2puLa)™", V—D2D .

In the presence of constraint (8), the three-phase
regime of motion is realizable under the condition

Y > max(1, c). (18)

The optimal motion is determined by the relations

2(Y-c)
=1, =Y, =1, F=
Y1 Y2 Y3 (c+ 1)YU2(Y+ 1)112
for max(1, c) <Y< Y*,
19
y; =1 CZ(Y+1) "

Y2 =Y, Ys = Y-ccr o)’

1/2
O for Y>max(1, Y#),

F= Ly + 10

where the following notation is introduced:

Y*(c) = c[1+c+(2+2c+cD)"]. (20)

Thefirst case in (19) corresponds to the presence of
a honzero rest interval at the end of the period: here,
t, < T (see Fig. 4b). In the second case of (19), the rest
interval at the end of the period is absent, as is demon-
strated in Fig. 4c, and t, = T.

Figure 3b shows the c,Y-plane. The domains that
correspond to the two cases (19) are marked by num-
bers I and 2, respectively. The figure depicts the lines
c=1,Y=1,and Y =c, aswell asthe curveY = Y*(c).

In the case of the isotropic dry frictiona, =a_= a,
Egs. (19) and (20) take the form

y1:11 yZ:Yv y3:1’

Y-1

= W for 1<YS2+,\/§,

1)
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Y+1 0Y %2

_ — — [
yZ_Y7 y3_ _37 F_E}{ 1|:|

yl:]" +

<

forY>2 + A/B

In solutions (19)—(21), the passage to the dimen-
sional variables can be carried out according to formu-
las (15) and (9).

4. Thus, the optimal two-phase and three-phase
motions in the presence of the anisotropic dry friction
are completely constructed both in the absence and in
the presence of constraints on the relative velocity (5)
and relative acceleration (8) of massm.

Note some peculiar features of the obtained optimal
motions. In the absence of constraints (5), the average
velocity of the two-phase motion is, in accordance with

(nLa)™

Egs. (10) and (11), V ~ — In the absence of

constraints (8), the average velocity of the three-phase
motion is, in accordance with Egs. (15) and (16), V =

. In both cases, the velacity of body M is

bounded for any permissible (including the case of infi-
nitely high) velocities and accelerations of the relative
motion of mass m. For the cases of two-phase and
three-phase motions, the values of the maximum veloc-
ities differ only in the coefficients.

In spite of the considerable difference between the
original assumptions madefor the two-phase and three-
phase regimes, there is a great deal of similarity
between the corresponding optimal regimes.

In the presence of a restriction on the velocity
(acceleration) of mass m, the two-phase (three-phase)
motion is possible only under conditions (13) and (18)
for the two-phase and three-phase motions, respec-
tively, that is, at afairly high level of these constraints.
As X —= o or Y —= oo, the corresponding optimal
motions (14) and (19) transform into motions (11)
and (16) corresponding to the absence of these con-
straints.

The displacement principle considered in this study
may be of interest for certain types of mobile robots.
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Three-dimensional waves appear at thefinal stage of
the evolving wave regime of a fluid-film flow [1]. At
thisstage, for values of the Reynolds number of thefilm
flow that are sufficiently low (Re < 100), the wave
regime manifestsitself asasoliton gas. Thefilm surface
is covered by numerous horseshoe-shaped waves,
which propagate over a thin residua layer, randomly
interacting with each other and explicitly demonstrat-

ing a nonlinear character of motion. Here, Re = \9)

where q is the specific fluid-flow rate and v isthe kine-
matic viscosity. There is no mathematical description
of these wave regimesin the literature.

A theoretical solution describing a time-indepen-
dent (stationary) solitary nonlinear wave similar in its
shape to waves observed in experiments is obtained
in[2] for the case of Re~ 1. In[3], an equation is ana
lyzed that generalizes the equations used in [2] for the
case of intermediate Reynolds numbers. Severa
branches of time-independent solutions are found. The
solution obtained in [2] is related to one of these
branches. The other solutions correspond to solitary
multi-humped waves. In addition, the experimental
determination of characteristics for determinate three-
dimensional waves is hampered by their chaotic inter-
action with each other. Therefore, the problem of the
existence of stationary solitary three-dimensiona
waves continued to be an open one until quite recently.
The significant technical difficulties accompanying the
investigation of natural three-dimensional waves are
also associated with the slow rate of processes of evo-
[ution: thelong-term nonlinear evol ution of two-dimen-
sional waves (or waves close in terms of shape to two-
dimensional ones) precedes the appearance of a devel-

Kutatel adze Institute of Thermal Physics, Sberian Division,
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Novosibirsk, 630090 Russia
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oped wave regime. It is for this reason that the operat-
ing-segment length of an experimental setup must be of
a sufficiently large size. The length may be consider-
ably reduced provided that we promote the decay of
regular two-dimensional waves using an externa
action. However, even in this case, the interaction
between produced three-dimensional waves strongly
affects their characteristics.

An dternative method for the generation of solitary
three-dimensional waves, which makes it possible to
study regularities of their development on the basis of a
compact experimental setup, consists in wave excita
tion by apoint source. This source should be used inthe
initial segment of the film flow, where the level of nat-
ural perturbationsislow, and the film can be considered
as smooth. This approach was employed in [4]; how-
ever, time-independent horseshoe-shaped waves were
not observed.

In this study, using a point excitation source under
the condition of small Reynolds numbers 2.0 < Re <
5.0, we have managed to observe for the first time the
formation of stationary three-dimensional solitary
waves. The values of the Reynolds numbers are closeto
those of the residual layer for a developed wave film
flow.

Our experiments were carried out on avertical plate
made of an optic glass and having a width of 200 mm
and alength of 300 mm. To form the film, we applied a
dlit distributor with adlit size of 0.23 mm. We have reg-
istered the wave pattern on the flowing film by the flu-
orescent-visualization method [5, 6]. The essence of the
method consistsin the fact that the instantaneous distri-
bution of the film thickness on the plate is determined
by theintensity of the fluorescence radiation emitted by
a dyer dissolved in the liquid. In contrast to [5, 6], we
employed Particle Image Velocimetry measuring
equipment [7] that was adapted to the conditions of our
experiment, which operated in the double-frame
regime. This allowed us to determine not only the spa-
tial configuration but also the instantaneous velocities
of rapidly evolving waves. While registering the wave
pattern, we took pictureswith avisual field of 200 mm x

1028-3358/05/5011-0598$26.00 © 2005 Pleiades Publishing, Inc.
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100 mmin area, which has provided aspatial resolution
of 0.1 mm over the entire plate surface. The excitation
of three-dimensional waves was realized by the short-
time impact (of duration 10-15 ms) of athin jet of the
liquidin the upper part of the wave-free zone of thefilm
flow. It was assumed that, under certain excitation con-
ditions, a wave could attain the stationary state for a
very short time. Therefore, the wave-excitation energy
(basically, variable at the expense of the gjected-fluid
mass) varied over a wide range in the course of the
experiment. The character of the wave evolution along
the operating segment of the experimental setup was
determined according to the variation of the amplitude,
velocity, and characteristic longitudinal and transverse
sizes of the wave. Then, the wave was considered to be
stationary provided that all its indicated properties
remained constant in the lower part of the wave-free
zone over thelength of not less than three characteristic
longitudinal sizes. The liquid used in the experiments
(water-alcohol solution) had the following physical char-
acteristics. The surface tension was o = 0.03 kg s, the
density wasp =931 kg m3, and v = 2.7 x 10 n? s
The rhodamine 6Zh that does not belong to surface-
active substances was used at aweight concentration of
~0.01% as a fluorescent dyer.

For a number of the flow regimes under study, it
turned out to be possible to find the excitation condi-
tions under which the initial perturbation, after itsrela-
tively short-term evolution, transformed into a station-
ay solitaay wave. The stationary-wave patterns
obtained experimentally are shown in Fig. 1. For
Re ~ 2, the wave shape is close to that described by the
theoretical solution of [2]. However, as the Reynolds
number is increased up to Re = 4-5 (Figs. 1b, 1c),
noticeabl e differences appear: the crest bend increases,
the crest lateral walls significantly elongate in the lon-
gitudinal direction, and a thin groove-shaped depres-
sion arises between them. The wave characteristics pre-
sented in Fig. 1c are measured in the region of the wave
interaction with growing two-dimensional natural
waves, which can be observed on the left part of Fig. 1c
in the form of transverse wrinkles. At the sametime, as
can be seen from Fig. 2, for al Reynolds numbers, the
amplitudes and velocities of the registered waves
remain close to their values as calculated in [2].

Varying excitation conditions, we have managed to
form two-humped solitary waves similar to those pre-
dicted in [3]. Contrary to single-humped waves, slowly
evolving waves of this type were observed at distances
that exceeded by several times those characterizing the
attainment of the stationary regime by single-humped
waves. In addition, the two-humped waves are less sta-
ble as compared to single-humped waves. In the case of
fixed excitation conditions, the long-term and smooth
evolution of these waves equiprobably results either in
the rapid merging of humps or in the formation of asta-
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Fig. 1. Spatia shape of stationary solitary three-dimen-
sional waves for Re = (a) 2.5, (b) 3.9, and (c) 4.8; H isthe
ratio of the local thickness to that of the unperturbed film,
X isthe distance downstream from the excitation point, and
Y is the transverse coordinate.

tionary two-humped wave. By virtue of the features
indicated, the experimental study of two-humped
waves represents a much more complicated problem
than that of single-humped waves. One of the examples
of a stationary two-humped solitary wave is shown in
Fig. 3.

Thus, inthe present study, we have demonstrated for
the first time the existence of stationary solitary three-
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Fig. 2. Amplitude A and velocity V of stationary waves. The
solid line corresponds to the calculation results of [2].
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Fig. 3. Stationary two-humped solitary wave for Re = 2.2.

dimensional waves on a vertical flowing fluid film at
small Reynolds numbers. Experimental data related to
regularities of the propagation and spatial shape of
three-dimensional perturbations are also obtained. The
agreement for a number of parameters predicted by
existing theories has been demonstrated.
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INTRODUCTION

In this paper, we analyze the problem on the propa-
gation of eastic surface waves in the Cosserat medium
(the half-space case). The strain state is characterized
by an independent displacement vector and rotation
vector, the stress tensor and the moment-stress tensor
being asymmetric [1, 2]. In contrast to certain well-
known studies [3-6], we seek the solutions for equa-
tions of motion in the form of wave packets determined
by an arbitrary-shape Fourier spectrum. The solution
found consists of two independent parts. one of them
describes the Rayleigh wave, whereas the other corre-
sponds to the transverse wave that attenuates as the
depth is increased. For both wave types, the analytical
solutions are written out in terms of displacements. Itis
especially worth noting that, in contrast to the Rayleigh
wave, the solution obtained for a transverse surface
wave has no analogs in the classical elasticity theory.
As numerical illustrations, we compare the solutions
for transverse and Rayleigh waves.

FORMULATION OF THE PROBLEM

We consider a half-space with its surface free of
loads for the case in which mass forces and moments
are absent. To describethe € astic Cosserat medium, we
exploit the following relationships [1]:

(2u + A)graddivu — (. + o) curl curlu

+2acurlm = €,

(2y + B)graddive — (y + €)curl curl 0

+20curlu—40m = jo.

Here, u is the displacement vector; o is the rotation
vector; A, | arethe Lamé coefficients; a, 3, y, and € are

Institute of Mechanics of Continua, Ural Division,
Russian Academy of Sciences, ul. Akademika Koroleva 1,
Perm, 614013 Russia

e-mail: kma@icmm.ru; mvp@icmm.ru;
shardakov@icmm.ru

physical constants of the material in the framework of
the moment elasticity theory; p isthe density; and j is
the parameter responsible for the inertiameasure of the
medium under the rotation. We direct the Cartesian
coordinate axes x and y along the surface, whereas the
z axis is aligned inward the half-space. The boundary
condition takes the form

o,=0, 0,=0, 0,,=0, ~ =0,
4 : @

p-zy =0, Mz = 0.

CONSTRUCTING THE SOLUTION

Let awave propagate along the x axis. We represent
the general solution of the set of Egs. (1) in the form of
the Fourier integrals, which corresponds to the repre-
sentation of the solution as that bounded in the time,
space, and in Fourier spaces of awave packet of an arbi-
trary shape (only the real-valued parts of the corre-
sponding components have a physical sense):

00

u,(x,z1) = Iun(z)e“k“”)éo(f)df,
- (3)

00

W (% z1) = Iwn(z)e“kx”‘)éo(f)df.

Here, n = {X, Yy, z} is the coordinate subscript; i is the
imaginary unit; k is the wave number; f is the circular
frequency; t is time; U,(2 and W,(2) are the depth-

depending amplitude functions; and S (f) is the com-
plex-valued Fourier spectrum of the source signal,
which determines the wave-packet shape.

We now apply the continuous Fourier transforma-
tion to relationships (1)—(3), substitute the Fourier
image of the solution into the spectral set, and thus

1028-3358/05/5011-0601$26.00 © 2005 Pleiades Publishing, Inc.
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obtain two decoupled sets of ordinary differential equa-
tions. Further, using the parameters

A XO,B(y+s)' B=-—— C v

2o At o U o2 BC)
px2f2 T pxif2 7 B-U

+ € +2

Ci_-yzz’ Cé:YzE

] Xofo 1 Xofo

(here, X, is a certain characteristic size, and f, is the
characteristic frequency), we make the sets obtained
dimensionless.

The solutions to the sets obtained are expressions for
the amplitude functions. After their substitution into (3),
wefinally arrive at

0. vy Fyp e Fyo
u(x, z,t) = FOI E—ke Yot —k—le g —k—ze Vzﬂé

—00

x @ (x+ ft—WZ)S)(f)df,

Go(B-1) .0 G0
2A°B

4 %Elz

By
40 kE1D C4 -

2 Cz 4 % izzml(kxnt TUZ)So(f)df
4

uy(x, zt) =

kE

(<)

|:| —VOZ Fl Z F2 —Vzﬂ
u(x zt) = FofFvee —— +—e [
z( ) 0:!;':| 0 Vl Vl D

"0 G, 52 G, -
w, (X z,t) = GOIB—ke_%Z——le fzy 22 EZ%
0 k k™ [

xel(k)(+ft—m2)'\&(f)df’
FB°°D F,O00 0 L,
V(X Z,t) = —= — [, — e
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OOD -2 G —£,2
wZ(X! Z, t) = GOID_EOe __le
Jr &
+Gz £,z [ |(kx+ft)80(f)df
& O

Here, the exponents of the amplitude functions are
determined by the expressions

2 2 2 2
v= oL g = Jk_f_ . 2ABCL
C: (B-1)Ci

_ _ 2
Vio = &1, = JK —ay,,

ci+C2,
2cic?

f2—2A

., =

2/ (CoCs - 2csc4+czc4) )
C5C3Ch

2
. [G=Cd) (s
ACiC,
Therea-valued constants F,,and G,,, are determined
from the dimensionless boundary conditions (2):

+2A

wi D . Em
I:m - (_1) |ka|—:—, Gm - (_1) |kEmG01

m=1,2,

where F, and G, are indeterminate constants and the
complex-valued quantities D,,, and E,,, are the solutions
to the homogeneous sets

M; D, D;,D} " =0, M,(Ey,E,E}" =

From the condition for the solvability of these sets,
we obtain the following wave equations:

(i) The equation detM, = O describes the Rayleigh
wave with the components u,, u,, w,, where

_ 2 _

a-L aikv, _2ikv,
C;

. 2 f? 2 f?

M, = 2|kV0 2k - 2k - :
C; C;
O 4 O 3

N A= G- =
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Fig. 1. Comparison of (a) wave numbers and (b) phase velocities for classical and asymmetric media.

(ii) The equation detM, = O describes the transverse wave with the components uy, w,, and w,

2ik

1-B
ik(1+ C)&,

2C2

{1+C)C3

U
— 10K - &5) — 48}
[l

The dependences of the wave numbers and phase
velocities on the physical frequency p measured in

Hertz are presented in Fig. 1, where k', C isthe solu-

2 —
. . I,[Z
1 -
\\”y
ol T s :
U, ! ? ’ ' :
kz
21
1L

Fig. 2. Displacement components as functions of depth.
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tion for the Rayleigh wave inthe classical case; k', Cf
is the solution for the bulk transverse wave in the clas-
sical casg; k;, C, isthe solution for the Rayleigh wave
inthe Cosserat medium; and k;, C, isthe solution for the
surface transverse wave in the Cosserat medium.

Figure 2 shows the displacement components of the
solution obtained as a function of the depth normal-
ized to the wavelength. This dependence illustrates
that the transverse wave is atypical surface wave, the
localization-layer thickness being dependent on the
frequency.

CONCLUSIONS

Thefundamental result obtained in the present study
is the following. In addition to the surface elliptical
Rayleigh wave, in a half-space whose dynamic behav-
ior is described by the model of the Cosserat medium,
a surface wave having one transverse displacement
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component can also exist. From the geometric stand-
point, thiswave is similar to the Love wave. However,
inthe classical elaticity theory, the existence of aLove
wave isdetermined by the presence of acertain layer on
the half-space. When the layer thickness tends to zero,
the Love wave transforms into a bulk wave. Thus, a
gualitatively new wave mode is observed in the
Cosserat medium. There is no analog of this mode in
the classical elasticity theory.

The second result isthe existence of afrequency that
depends only on the material properties. For this fre-
guency, the propagation velocities in the half-space of
the Rayleigh wave and of the transverse surface wave
coincide.

N

KULESH et al.
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The problems discussed in this paper are concerned
with the design of quasi-brittle axisymmetric shells of
minimal mass. The considered optimization problems
consist in finding the optima geometry together with
the optimal distribution of the shell thicknesswhile giv-
ing due account to the constraint imposed on the shell
volume. We present the results of the analytic investiga-
tion and the exact solution to the problem of the optimal
design of the closed shells of revolution exposed to an
internal pressure.

STATEMENT
OF THE OPTIMIZATION PROBLEM

Consider a shell that has the shape of a surface of
revolution and is exposed to axisymmetric actions. The
orientation of the meridian plane is determined by
angle © as calculated from a specified meridian plane,
and the orientation of the parallel disk isdetermined by
angle ¢ between the normal to the surface and the axis
of rotation. The radius of the parallel disk, which deter-
mines the distance from a point on the neutral shell sur-
face to its axis of rotation, is denoted by r = r(x) (see
Fig. 1), where0 < x< L, L >0, isagiven length of the
shell. The meridian plane and the plane orthogonal to
the meridian are the planes of principal curvatures at
the considered point of the shell surface. The corre-
sponding radii of curvature are denoted by ry, and re.
Thethickness distribution h = h(x) is assumed to satisfy
the known condition from the theory of thin-walled
elastic shells of variable thickness:

h(x) < h,, = maxh(x) < r, (1)

F'm = min{minr,(x), minrg(x)} . 2)

Institute for Problems in Mechanics,
Russian Academy of Sciences,
pr. Vernadskogo 101, Moscow, 117526 Russia

In (1) and (2), the minima in x are taken over the
closed interval [0, L] and the outer min in (2) denotes
the minimum of the two quantities in the braces.

The shell is exposed to a constant internal pressure
g and to distributed forces applied to the shell edge and
acting parallel to the x-axis. The resulting force applied
to the edgeisdenoted by R. The shell equilibrium equa-
tions, which are employed in the determination of the
values of normal membrane forces N, and Ng, have the
form|[1, 2]

N, . No
—_—t - =
r\ o a, €))

Lqu, = R+2T[QJ'T&§I—:EdX
I+ %’—E 0 )
= R+T[q(r2—rf),

wherer, =r(0). Theinternal shearing force Nyg isiden-
tically zero. The radii of curvaturer, and rq are calcu-

7(x)

0

Fig. 1.

1028-3358/05/5011-0605$26.00 © 2005 Pleiades Publishing, Inc.
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lated by the formulae

N A (g
rg = r 1+H1>dj’

_ rdr A2’
I’q) = —%"‘Qj—)djm q;ﬂ .

&)

It follows from (3)—(5) that the corresponding
stresses satisfy the following relations:

2 2
Ny _ Rema(ri—rd) [ g

% =T 21rh Loy ©)
_No_qr |, cdrf
% = 1 = W/t
N R+mq(r’=r?) EE_ZE @)
cgry” UX
21h 1+GJI>E

The considered optimization problem consists in
finding a shape r = r(x) and a distribution of the shell
thickness h = h(x) that afford a minimum to the volume
of the shell material

L
2
J= 2nfrh 1+ Eg—)rg dx 8)
0

and satisfy the strength condition [3-6]
max{ 0y, Og} <O «, 9)
the boundary conditions imposed on function r(x)

r(0) =r,, r(L) =r, (10)
and an additional geometric constraint imposed on the

shell volume

L

V = T[J'rzdx = V,, (11)
0

where oy ry, I, and V, are given positive constants.
The strength condition may bewritten inthe form of (9)
in the case of brittle or quasi-brittle axisymmetric
shells. Here, the material strength constant o (the
reduced critical stress) is determined by the known val-
ues of the material quasi-brittle strength constant K,

and by the maximum alowed values of the initia
cracks of anormal fracture |, arising in the process of

BANICHUK

the production of the shell or in the process of its
exploitation [5, 6].

SOME PROPERTIES
OF THE OPTIMAL SOLUTION

In the construction of the optimal solution, we
assume that, throughout the whole interval x [ [0, L],
inequality (9) turnsinto an equality, i.e., either

N
0¢=F¢=0*, Og < Oy (12)
or
N
oez—hiazo*, 0y < Oy (13)

Let usjustify this assumption and demonstrate that,
for the optimal shell, there are no fragments of the
closed interval [0, L] wherethe strict inequality in (9) is
realized. Suppose, by contradiction, that, on a certain
segment [X;, X%,] (0 £ X, < X, < L), the optimal solution

(r3 (), h*(x)) satisfies the strict inequality in (9), i.e.,

M, h* >&9.

0* 0*

h* >

On the other segments 0 < X < X; and X, < X< L of
the closed interval [0, L], it is assumed that the con-
sidered optimal solution (r*(x), h*(x)) will satisfy
either (12) or (13); i.e, it isassumed that inequality (9)
will turn into an equality. In this case, we can construct

an admissible design (T (x), ﬁ(x)) in the following way:
h = h*, if

r=r¥*, 0<x<xy,

X, <X<L,

= fm Nl
O

(14)

)
|

No(r*) <
Oy

= Y

h*,

Thisdesign (,, h) isadmissible because the above

distributions f (x) and h(x) satisfy the strength condi-
tion (9) and the isoperimetric constraint (11) imposed on
the shell volume. Note that the admissible design (14)
satisfies the equality in (9) throughout the entire closed
interval [0, L]. Thus, the constructed admissible solu-
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tion is a full-strength design and, for this solution, we

have
3. Py = 2nfrene /1+E¢J 7 ox
0

[y o CArTf
+2T[If*h 1+Dd dx
Xy
L
+2T[J'r*h* /1+gjjr Ddx

L
* 2
<2T[Ir*h* 1+ gjde% dx = J(r*, h*).
0

The reverse inequality J(r*, h*) > J(f, h), established
in (15), proves the assertion that, for the optimal solu-
tion, the strict equality in (9) is realized throughout the
entire closed interval [0, L].

(15)

CONSTRUCTION OF THE OPTIMAL SHAPE
AND THE OPTIMAL THICKNESS
DISTRIBUTION

Consider the problem of the optimal design of a
closed shell exposed to an internal pressure: r(0) =
r(L) = 0. Here, we assume that R = 0. First, suppose
relations (12) to be valid throughout the entire closed
interval [0, L]. In this case, the optimal thickness distri-
bution and the corresponding optimal shape of the shell
are related by the formula

hy = q /1+&3§E

With the use of (16), we come to the following
expressions for the mass to be minimized (the func-
tiona of the problem) and for the extended Lagrange

functional:
L
J= 2nJ’rh¢ /1”%3)5 dx

Ir [l+ mrm}dx

(16)

(17)

L
a_ j_yy = M Eﬂmz}_&zﬂ
= J-AV GJH [1+ﬂj>d] qrgdx.(lS)

0
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Under the assumption that r(x) # 0, the necessary con-
dition of extremum for the Lagrange functiona (18)
(the Euler equation) can be written for x [J (0, L) as

e lin g 28290 (19

T T2 T q
Here, determination of the shape of an optimal closed
shell reduces to the solution of the following boundary-
value problem:

d—i(r%zﬁ, r(0) = r(L) = 0. (20)
dx

By virtue of (20), we have

r=r(x) =aL /)—L(%l—)—l_% A/—72

The Lagrange multiplier A can be found from the
isoperimetric constraint (11) imposed on the shell vol-

ume. We have
ZGVO )
mL®

The optimal thickness distribution hy(x) that corre-
spondsto the obtained optimal shape (21), (22) isdeter-
mined by relation (16) and can be written in the form

hy = q‘ﬁ/a IR DLE S

For this design, the minima mass of the shell is
given by the formula

21

q 6Vdj 12V0
A= —L C*D B = _
O miL i

(23)

nqL
120

The existence domain for the solution of the consid-
ered form is determined by the condition og(X) <
04(X) = og(x O [0, L]). Rearrange this condition in the
form of the inequality

Op = 0'*[2+|:drlj B}%{

O0<x<lL,

whose solution yields a constraint on the main dimen-
sionless parameter of the problem

J= a(l o). (24)

i
w)@ D S o-* ]

6V
a’=—221.

miL®

(25)

The aobtained optimal shapes r(x) and thickness dis-
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AY
7

0 0.5 1.0 x
Fig. 2.

tributions h(x) are shown as dashed lines in Figs. 2
and 3, respectively, in dimensionless variables r = E
h= h4q0*
for a > 1, the optimal shell has the shape of an oblate
ellipsoid of revolution

2 2

and the thickness attains its maximum at the poles of
the ellipsoid. Asa — 1, the shape of the optimal shell
tends to a sphere and the distribution of its thickness
tends to the uniform one. Figure 4 shows the dimen-

and X = )—If . Itisseen from thesefiguresthat,

h
|
@ S i
\ | /|
N : a>1 /:
N | 7/ |
~ | -~ |
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AQF - - - - = == - - - !
| |
1 | |
| |
G:/l /':_ —~ :
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I ~ I
,/ I \ !
o ast
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Fig. 3.
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sionless mass of the shell versus parameter a in dimen-

JUMLD

sionlessform J = [i2o,

(below, thetildeis omit-

ted) fora > 1.

Now, consider the case where relations (13) are
valid throughout the entire closed interval [0, L]. Then,
the optimal shape r = r(x) of the shell is related to the
corresponding thickness distribution h = h(x) by the
expression

0 o mell
r=—+2 D
gr O dx® o

5 U
20

*0 |,
E 1+Qj)d]

By virtue of this relation, the expression for the shell
mass to be minimized and for the extended Lagrange
functional may be put in the following form:

L
J = ZTIJ’rhO /1+%’)E dx

hg =

(26)

DDDQDBD

(27)
Jr[dr+2[pm+2}d
7= J-Av
L
_ d’r , ,d Ao, A, 2D
—E{U[ Ir+2QJ|;B+2} g b

The Euler equation written for the extended

Fig. 4.

DOKLADY PHYSICS Vol.50 No. 11 2005



SHAPE OPTIMIZATION FOR MEMBRANE SHELLS OF REVOLUTION

Lagrange functional (28) has the form

2 2
AT Y 2o,y =220l )

a? [ 2 Uq

Together with (10), it sets the following boundary-
value problem for the determination of the optimal
shape r(x) of the shell:

d_zz(rz) =y, r(0) =r(L) =0. (30)
dx

Theoptimal design determined by relations (26) and
(30) and isoperimetric constraint (11) intended for find-
ing the Lagrange multiplier A hasthe form

_ _ /X X1 .
r=r(x) =aL [%l—m, O<x<lL; (31)

o1, g0l _ 40X _X
oL a [1+8q3(2 IDL%L LD}
he = 7o ; (32)
* 0l _OX0 - Xd
[T
3V 12v 6V
A=2d0 2ta o 2o o o 20 (33
0.0 1 nL® nL®

The existence domain for the optimal solution (31)—
(33) isfound from the strength condition o, < 0 = 0

(0 < x<L). Substituting the expressions for g, and gg
2,2

d (r2) N

dx

2 =0 and establish thefollowing inequality for themain
dimensionless parameter of the optimization problem:

into this condition, we come to the relation

a’ = 6—\/23 1.

TiL
Thisinequality guarantees the existence of a solution of
the form (31)—(33). For this design, the shell mass

depends on the dimensionless parameter a in the fol-
lowing way:

(34)

3
= gL
120,

This dependenceisdepicted in Fig. 4 in the dimension-

a’(4-a).

3 -1
lessform J =J (120,00 for a < 1. The corresponding

optimal shapes of the shells and thickness distributions
are shown as dot-and-dash lines in Figs. 2 and 3,

respectively, in dimensionless variables r = h =

Ll

L| b
40,
h oL
a < 1, the optimal shell hasthe shape of an oblong ellip-

,and X = )—If It is seen from these figuresthat, for
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soid of revolution and the thickness attains its maxi-
mum at X = 0.5. The case of a = 1 corresponds to a
spherical shell with a uniform thickness distribution.

CONCLUSIONS

In this paper, a new problem of the optimal design
of athin-walled axisymmetric shell exposed to an inter-
nal pressure with regard for strength constraints has
been formulated and solved. The mass of the shell was
taken as the functional to be minimized; and the shape
of the shell (the meridian equation) and the distribution
of the thickness over the meridian were treated as the
design variables. The joint use of two control functions
made it possible both to significantly diminish the mass
of the designed shell and to essentially simplify the
analysis of the considered optimization problem. Then,
the optimal solution to the problem of shell design was
shown to depend on a single dimensionless parameter
characterizing the degree of oblateness or oblongness
of an axisymmetric shell. The finding of the optimal
shape and the optimal thickness distribution of an axi-
symmetric shell yielded an analytic definition of solu-
tions of two types, namely, oblate lens-shaped shells
and oblong cigar-shaped shells. For these types of solu-
tions, the optimal thickness distributions are qualita-
tively different. However, as the key parameter takes
the value that separates the types of solutions, the
obtained shapes and thickness distributions continu-
ously change into one another.
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In recent years, inverse problems related to the
determination of the coefficients of differentia opera-
tors have more and more often come to the attention of
researchers in connection with the identification and
refinement of modelsin various areas of the natural sci-
ences. In some cases, the model of homogeneous iso-
tropic elasticity theory, which plays a key role in the
modern practice of structure integrity analysis, is in
need of refinement: the assumption of the homogeneity
of the medium should be rejected (in geophysics and
nanotechnologies). Moreover, determination of the
moduli of elasticity as functions of the coordinates
based on experimental data necessitates the solution of
inverse problems. By now, rather extensive experience
has been acquired in the investigation into the inverse
problems of thetheory of elasticity. Thisexperience has
mainly been based on models for the half-space in a
nonstationary statement, which lead to the solution of
nonlinear integral Volterra equations [1-3]. In this
paper, we suggest new integral equations to which the
inverse problemsfor finite bodies can be reduced by the
linearization procedure in the case of steady-state
vibrations. Some examples are considered.

RECIPROCITY RELATIONS

Consider the problem of steady-state vibrations at
frequency w of asimply connected bounded domain V
with boundary S = §, O S,. Here, we distinguish
between two states: the first state corresponds to the

elastic constant tensor Ci(j1|2| (X), trandation vector com-

ponents u{”, and stress tensor o ;

2 2 2
Ci(jk)l (X), Ui( ), and Gi(j ),

the second, to

respectively. Within domain V,

Rostov Sate University,
pr. Stachki 194/3, Rostov-on-Don, 344104 Russia

each state satisfies the equations of motion and Hooke's
law:

oM +pw’u™ =0, i=123,
Y (1)
oi(jm) = Ci(jrﬂfu(kf",), m=1,2.

The boundary conditions are the same for both states:

Uls, = 0. Oynjlg = P (2
Theorem 1. Reciprocal statesthat meet conditions (1)

and (2) satisfy therelation

I(Ci(jzk)l - Ci(jlk)l)u(k,zl)ui(,l)dv + I pi(ui(Z) - Ui(l))ds =0.(3)

j
v S

o

In the case where C{{%) (¥ = C{{) (%), the volume
integral in (3) vanishes and we come to the known Betti
relation in the absence of body forces [4].

Relation (3) enables us to formulate operator
expressions that relate the elastic characteristics of
domain V to the boundary fields of trandations and
stresseson S

INVERSE COEFFICIENT PROBLEM

Let us formulate the problem for the determination
of the moduli of elasticity as functions of the coordi-
nates by the information

l-'li|50 = fi(Xv ('0)! (.OD[(.O_L, (‘02]1 (4)

which corresponds to the measurement of the trandla-
tion field over part S; of the boundary exposed to the
load and simulates the echo regime in acoustic methods
for nondestructive testing. Note that, in the statement of
inverse problems, the trandation field on the unloaded
part of the boundary is generally assumed to be known.
However, in this case, the system of resulting equations
contains intermediate unknown functions.

1028-3358/05/5011-0610$26.00 © 2005 Pleiades Publishing, Inc.



INTEGRAL EQUATIONS IN INVERSE PROBLEMS OF THE DETERMINATION

The problem of the determination of the moduli of
elagticity isnonlinear [2, 3]. It may be solved by a cer-
tain iterative process, each stage of which solvesalin-
ear problem. Assuming

u® = 4@, @ =

(0) 1) — ~0
_ull ui U +V|1 Cljkl Cljkl!

(2) _ ~(0)
Cijw = Ciju * Rji

and retaining thelinear (inv; and R;y) termsin (3), with
due account taken of the additional condition (4), we
obtain

I Rjuu®av + j p(f-u®ds=0, (5

ooD[wl,ooz].

Relation (5) may be treated as an integral equation
in components R;(X) provided that the direct problem
of the distribution of the tranglation field within domain
V and on its boundary S with elastic characteristics

Cii (%) (the reference field) is solved beforehand. In

the isotropic case, the €lastic constant tensor is
expressed in terms of two Lamé functions A(x) and u(x)
and Eq. (5) takes the form

J‘[)\(l)(x)(u(o)) 41 I.I(l)(X)(U(O) u(®)

\%

(0) (0) (0) ©)
x (u® )}dV+Ip,[f—u 1dS = 0,

wD[ool,wz].

Functions AM(x) and pu’(x) are determined from
integral equation (6) by the regularizing procedure [5]
given the prior information that they are positive and
depend on a single coordinate. Note that, in shape, the
volume integrand in (5) and (6) is an analog of the dou-
bled modulus of resilience, where the deformations
correspond to the reference field and the moduli, to the
other field. The surface integral characterizes the work
of the given load on the additional fields of translations,
which indicate the difference on the boundary S,
between the components of the reference field of trans-
lations and the trandlations specified in the inverse
problem. The discretization of the integral operator on
the basis of the simplest quadrature formulas gives a
system of linear algebraic equations in nodal values of
functions AM(x) and p(x). This system turns out to be
ill-conditioned and regularizing algorithms must be
applied if it isto be used.

Remark. One can obtain additional integral rela
tions in the form of (5), (6) for determination of the
elastic characteristics when the load shape or domainis
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changed. In this case, ui(o) and f;(x, w) in relations (5)
and (6), respectively, are changed.

Examples
1. Antiplane vibrations of a bar of cross-section S
0S=1=1,01,, 4 =u(X,), aredescribed by thefollowing
boundary-value problem:

0 auD auD 2 _
axlalaxlm axza/l rpe =0 @)
ul,, = 0, ”3%| = p.

Under an additional condition of the form (4), the
corresponding integral equation in the inverse problem

uj, = f(x, w) hastheform

FOR: FOR
ofpu [, pu g
W [Daxlﬂ * Hoxcl D}ds

S

+[p(f -
I

2. Longitudinal vibrations of arod of length | with a
variable Young modulus E = E(x). The boundary value-
problem for the longitudinal vibrations of arod has the
form

3
udl, =0, wO[w,w).

(E(X)u)' + pw’u = 0,
E(Hu(l) = p,
while, in the inverse problem, u(l, w) = f(w), w O[w,,
w,], is specified. Then, Eq. (5) reducesto

jEl(x)(u‘o)de+ p(=Ug(l, w) + f(w)) = 0,
0

u(0) = 0, ©)

(10)

wO[w, w,],

where uy(X, w) is the solution to problem (9) with the
known Young modulus Ey(x). In the particular case of
sinkx

E, = const, we have
Snkx o (2 =P
%k coskl’ k=ow E,’ Po = E,

and Eq. (10) assumes the form of the first kind Fred-
holm integral equation with a smooth kernel

|
IEl(x)coszkxdx = F(k), KO[ky k).
0

Up(X, @) = p

(11)

The following assertion is valid.
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(Solid line) exact and (dotted line) reconstructed solutions.

Theorem 2. Equation (11) has a unique solution in
E;(¥) O L,[0, I] provided that there are no resonance
wave number s of problem (9) within the closed interval
[k, ko].

Thefigure presents the results of the model numeri-
cal experiment on the reconstruction of function E(x) =

Ey(1 +NX),nX) = 1—);,I =1. Thesolid line showsfunc-

tion n(x); the dotted line depicts the solution obtained
by Tikhonov’s regularization method applied to the
integral equation (11). The range of wave humbers has
been varied: below the first wave number and between

VATUL’YAN

the first and second wave numbers. The reconstruction
error is within 15%; moreover, the deviation of the
obtained solution from the exact one attains its maxi-
mum on the loose end of the rod.
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Rings are near-surface mesoscale vortex forms
(with horizontal sizes on the order of ~10° km) that
arise asaresult of meandering ocean flows[1, 2]. These
flows propagate along frontal zones separating water
massesthat substantially differ in termsof their temper-
ature, salinity, density, and other characteristic proper-
ties. Among them, rings of the Gulf Stream and Kurosio
are the most well known.

The generation of rings by meandering ocean flows
is the basic mechanism by which water masses are
transferred across frontal zones. Rings similar to
flooded lens vortices [3, 4] are vortex forms of an intru-
sive nature. Full-scale observations show that for the
Gulf Stream and Kurosio rings formed to the north and
south of the flows rotate in the anticyclonic and
cyclonic directions, respectively. Anticyclonic Gulf-
Stream rings have a significant warm and salt core con-
taining captured water of the Sargasso Sea; cyclonic
rings contain a cold and fresher core of subarctic water
captured to the north—west of the flow [2]. In this study,
we determine dynamically equilibrium shapes of aden-
sity-homogeneous rotating mass of liquid (of aring) in
the near-surface layer of a quiescent stratified ocean
residing on the rotating Earth. Our analysis allows for
the vertical and horizontal projections of the Earth’'s
angular velocity. For a linearly stratified ocean, the
exact solution is obtained for shapes of the interface
that separates water masses and ring-free boundaries.
For real parameters of the phenomenon, the separation
surface of the anticyclonic ring is part of a three-axis
ellipsoid, whereas the separation surface of a cyclonic
ring is part of a two-sheeted eliptic hyperboloid or
elliptic cone, which is also inclined to the horizon. The
free surface of the anticyclonicring is part of an eliptic
paraboloid that elevates over the unperturbed oceanic
surface. At the same time, the free surface of the
cyclonic ring is part of an elliptic paraboloid (funnel)
that is located below the ocean surface, which corre-
sponds to ring-surface observations based on data
obtained with artificial satellites. Theinclinations of the
principal axes of boundary surfaces for cyclonic and

Institute of Mechanics, Moscow State University,
Michurinskii pr. 1, Moscow, 119192 Russia

anticyclonic vortices differ in both their sign and mag-
nitude.

Similar to flooded vortices, i.e., lenses [4, 5], near-
surface rings can be considered as full-scale liquid
gyroscopes residing on the rotating base. A water mass
rotating with respect to the Earth has a proper moment
of momentum whose vector rotates (precesses)
together with the Earth and, thus, changes its orienta-
tion in absolute space. This variation is possible only
under the action of the moment of external forces. The
moment of forces exists even in the absence of the
trand ational motion of arotating mass as a whole with
respect to the Earth. Ignoring friction (in the approxi-
mation of an idealized model), the only moment of
forces that can be responsible for the indicated change
of the orientation isthe moment of hydrostatic forcesin
the stratified ocean. This moment acts upon the dynam-
ically equilibrium shape of the rotating liquid mass that
has arisen.

Theringsexist for asufficiently long time, from sev-
eral months (anticyclonic rings) to two years (cyclonic
rings). Moving in the ocean, preferably to the south-
west, they propagate for hundreds of kilometers[6]. In
the opinion of the authors of [6], the long lifespan of
theseringsis, in particular, explained by the existence
under actual conditions of a shape that is close to the
dynamically equilibrium shape of the idealized model.

We now formulate the hydrodynamic problem. A
rotating ideal incompressible liquid of finite volume,
which hasthe homogeneous density p, isimmersed into
a stratified ocean. The ocean is quiescent with respect
to the Earth, which rotates at an angular velocity Q. By
virtue of the smallness of the characteristic size of the
phenomenon under study compared to the Earth’'s
radius, the non-sphericity of the Earth is not taken into
account. We perform our consideration in the plane
layer of a dtratified perfect liquid, which is tangent to
the Earth’s surface and is placed in the plane-parallél
gravity field. Based on the condition of the equality of
pressures at the interface of the flooded part and the
pressure steadiness (pressure is assumed to be zero) at
the free boundary separating the ring from the atmo-
sphere, we construct a dynamically equilibrium shape
of the water-mass separation surface.

We introduce the Cartesian coordinate system X, Y,
z, the z axis being directed upward. The planez=0 s

1028-3358/05/5011-0613$26.00 © 2005 Pleiades Publishing, Inc.
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located at a depth corresponding to the density of the
homogeneous formation. The x and y axes are directed
to the east and north, respectively.

In order to describe the motion within a ring, we
exploit hydrodynamic equations written in the
Gromeka—Lamb form in the coordinate system associ-
ated with the rotating Earth:

divv = 0,
1 ., W
2 +curlV)xV = —F—)gradcb, d=p+0.5pV°+pgz

Here, V isthe vector of the relative velocity for the lig-
uid, pisitsdensity, pispressure, and € isthe vector of
the Earth’s angular velocity.

We write the relative velocities within the ring as

=—w(y—K2z), v=wx, w=0, w=cons. (2)

This velocity field corresponds to the plane circular
motion with respect to the Earth, with the centers of the
circles being located in the straight liney = Kz lying in
the meridian plane. The angular velocity w for the
motionisidentical for al horizontal cross sections. The
point O of the intersection of this straight line with the

plane z = 0 is taken as the origin. The meridian cross

SEMENOVA, SLEZKIN

sections passing through the point O are schematically
shown in Figs. 1 and 2 for anticyclonic and cyclonic
rings, respectively.

Based on a direct verification, we are easily con-
vinced of the validity of the continuity equation.

The set of Egs. (1), written in projections onto the
coordinate axes, takes the form (p, isthe ring density)

_ 100
Xw(2Q,+2w) = 0 9x’
109
Ww(y—K2)(2Q,+2w) = ——, 3
(y—K2)( ) = 5%y 3)
109

-0(y—K2)(2Q, + Kw) = EE

The projections with respect to the vortex are (0, WK,
2w); the planetary-vortex projections are (0, 2Q, 2Q,);
and the absolute-vortex projections are (0, 2Q, + Kw,
2Q, + 2w).

From the compatibility requirements for Egs. (3),
there followsthe condition for thetangent k of theincli-
nation angle (with respect to the vertical line) of the
rotation centerline, which should satisfy the relation-
ship

2Q

y
2Q,+w’ )

K =

It isworth noting that the parameter K, introduced as
acharacteristic of the locus for centers of circular cross
sections, is closely related to the absolute-vortex vec-
tor; namely, the tangent of the inclination angle of the
absolute-vortex vector to the local vertical line is
exactly equal to K.

Integrating the set of Egs. (3) by making use of the
boundary condition p, = p; = 0 at the free boundary, as
well as of the condition for the equality of pressures at
the flooded part of the interface between the ring water
masses and the background

H? -2z
2 1

d
P, = Pi(Z) = PO(H-2)+ g
do ®)

=p+ f Z

Pr =P azl_.

we arrive at the equation for the ring perturbed free sur-
face:

prw 2, .2 52 293 2
'—2_((*)+ZQZ)(Xu+yu_R )+prw00+ZQZZU 6)

_ZQyprwyuzu_prg(zu_H) =0
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and at the equation for the water-mass interface:

® 2, 2 20
2@+ 2006+ ) + ozt

1,12
A
-2Q,0Y,z, = ——,
Pr (7)
A = 05p,[N*H? —w(w+ 2Q,)R7,

Here, p; and p; are the density and pressure in the lin-
early sratified background; p, and p, are the density
and pressure in the ring; z = H is the equation for the
unperturbed ocean surface; x,, ¥, and z, are the coordi-
nates of the ring perturbed surface (zero isobar); X, Y,
and z, are the coordinates of points on the separation
surface; R is the ring radius on the ocean surface; and
N isthe Brunt—V aisalafrequency. For astably stratified

d
ocean, s o 0.
dz
Anaysis of the quadratic-form invariants shows
that, in the case of w # 0, the surface described by rela-
tionship (6) is the éliptic paraboloid.
There exist three possibilities for the paraboloid
positions:
(i) The case w < 0, w + 2Q, > 0 corresponds to a
weak (Jw|< 2Q,) anticyclone. In this case, z, > H; i.e,,

points of the perturbed free boundary arelocated higher
than the unperturbed ocean surface (elevation).

(ii) The case w < 0, w + 2Q, < 0 corresponds to a
strong (Jw|> 2Q,) anticyclone. In thiscase, z, < H; i.e,,
points of the perturbed free boundary are located lower
than the unperturbed ocean surface (funnel).

(i) The case w > 0 correspondsto acyclone. Inthis
case, 7, < H; i.e,, points of the perturbed free boundary
are located lower than the unperturbed ocean surface
(funnél).

The quantity 5% (w + 2Q,)R? determines the funnel

depth or the elevation height. It is found for rings that
the values R ~ 50-100 km and circumferential veloci-
tiesv ~ 1 mstaresuchthat w~ 2 x 10° s, At lati-
tudes of about 35°, at which the Gulf-Stream rings
exist, Q, ~ 4 x 10° s, At the indicated values of the
parameter, the funnel depth for cyclonic rings is
~25 cm, and the elevation height for anticyclonic rings
is~15 cm. The case separating strong and weak anticy-
clones corresponds to the condition |w|= 2Q,. In this
case, the circumferential velocity for characteristic
sizes and latitudes of the ring locations would be v, =
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2 m s Apparently, strong anticyclonic rings are not
observed in the ocean.

Observations based on artificial satellites with the
application of altimeters measuring distances from a
satellite to the ocean surface show that the anticyclonic
rings have elevations on the order of 10 cm [6] and
higher, whereas cyclonic rings have funnel depths of
the same order of magnitude. There are data on the
Internet (http://users.erols.com/gulfstrm/) according to
which elevations and funnels attain heights of 50 cm
and depths of 55 cm, respectively. Thus, the proposed
ring model does explain these observation results.

The analysis of invariants of quadratic form (7)
shows that for weak (w < 0, |w| < 2Q,) anticyclonic
rings, the water-mass interface is of the ellipsoidal
shape.

For cyclonic rings (w > 0) under the condition

w(w+2Q,) R?
e ®
and
[ 200 , O(w+ ZQZ)_N2}>O
w+2Q, 2
or
200, +w(w+2Q,)—N?|<0 )
o )=

the water-mass interface is the two-sheeted hyperbo-
loid. At latitudes of ¢ = 35°, at which Gulf-Stream rings
are present, and for real parameters of their formation
and at their average depths of about 3 x 10° m (see[7]),
the background parameters are the following: p; ~

27 arb. units; %2 ~ 1073 arb. units; N ~ 3.6 x 10*s%;

w~2x10°s1,Q,=4x10°s%; and R/H ~ 2.5 x 1072,
In this case, condition (8) is fulfilled, and the second
condition of (9) is surely fulfilled, insofar as the last
term standing in brackets exceeds by three orders of
magnitude the preceding terms.

When inequality (8) hastheinverse sign, the surface
has the shape of the one-sheeted hyperboloid, while at
H?R?2 = o(w + 2Q,)N2, the surface separating the ring
and background water masses is a cone.

We now roughly estimate the parameters of an
atmospheric typhoon. The altitude of the tropospherein
which typhoons propagateis closeto 10 km; the density
distribution over the atitude we may roughly consider
to be a linear ong; and N ~ 102 s? [2, 8]. We also
assume the pressure at the troposphere upper boundary
to be zero. The circumferential velocities in a typhoon
are of about 50 m s, and R ~ 100 km. As aresult, we
obtain w ~ 5 x 10 s, which exceeds by an order of
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magnitude the frequency Q,. We take the density of the
typhoon homogeneous core to be equal to the average
density of the troposphere, which corresponds to an
atitude of ~5 km, so that H ~ 5 km, and, thus, inequal-
ity (8) changesits sign. The second inequality of (9) is
surely fulfilled. The analysisof theinvariantstestifiesto
the fact that the lateral boundary of the typhoon coreis
a one-sheeted hyperboloid. This corresponds to the
schematic typhoon model developed in [8, 9]. At the
latitude ¢ ~ 25° and for the indicated typhoon parame-
ters, the centerline of circular cross sections deviatesin
the meridian plane by an angle of about 13° from the
vertical line.

For the ring-free boundary, we obtain the following
canonical-form equation of the elliptic paraboloid in

thevariablesx,, y,, Z,:
X5, ()’
a> b

=+7, &= | S -,
oo Q,(1+K?)
b2 = gK
2
2l6d Q,(1+?)

N

(10)

3/2°

The signs plus or minus are taken for cyclonic and anti-
cyclonic rings, respectively.

Theparaboloid axisisparallel tothestraight liney =
kz, the variables y;;, z, being linked with the variables
Y. Z, by the relationships

Yo = Y,COSy—2z,siny, z, = y,sSiny+ z,cosy,

tany = —«, Yy, =y, +l, z =2z+m,
2
= 9K — (11)
2wQ (1 +K")
3
K
m = g 2,32
40Q,(1+K")
2 2,12
+H(1+K2)uz_Rwa(1+K) '

gK
The numerical estimates obtained for the above-
indicated parameters yield a = 120 km, b = 27 km,
K =2, arctank = 63° for the anticyclonic ring and a =
110 km, b = 36 km, K = 1.2, arctank = 50° for the
cyclonic ring.
Rotating the coordinate axes by the angle a, we can

reduce the quadratic form standing in the left-hand side
of relationship (7) to the canonical form:

2K
K?—1-N’k(2Q,0) "

tan2a = (12)
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The last term in the denominator of formula (12)
exceeds the first two terms by five orders of magnitude
since4Q,w < N?, and the angle a is small:
2Qw

N2

. (13)

It is a rather complicated matter to express in the
canonical form, in terms of defining parameters, the
exact relationships for the coefficients standing at (x,)?,

(Yp )% and (z, ). Therefore, we make use of the fact that

the angle a is small. Omitting cumbersome calcula-
tions, we present the equation for the separation surface
in the principal axes with approximate coefficients [of
the terms R* — N*°Hk (2Q )~ # 0]

X+ (Yh)” (2)° 4
R-NH®(2,07 W -R20,0NK)" (14
For the anticyclonic ring (w < 0), the exact equation
of the separation surface is the equation for the three-
axisellipsoid, and approximate surface (14) isthe elip-
soid of revolution whose principal axes are inclined at
asmall angle a in the meridian plane in such a manner
that the Southern edge of the ellipsoid is flooded. For
real ring parameters, a = 5".

For the cyclonic ring (w > 0), the exact equation of
the separation surface is the equation for the three-axis
hyperboloid, and approximate surface (14) isthe hyper-
boloid of revolution with the principal axesinclined to
the north in the meridian plane at asmall angle a. For

2
[1 - NZ% K(ZQyO\))_l} <0,
the hyperboloid is two-sheeted; for

[1 - NZ%ZK(ZQyw)_l} >0,

the hyperboloid is one-sheeted; and for

2
NZ% K(ZQyw)_l =1,

it is reduced to a cone with its apex coincided with the
origin. For real parameters of cyclonic rings, usualy,
thefirst of the three inequalities holds, and the interface
between the ring water and background water is the
upper part of the two-sheeted hyperboloid (Fig. 2).
Thus, we have obtained a hydrodynamic solution to
the problem of the equilibrium shape of ahomogeneous
rotating liquid massin the stratified rotating ocean with
afree boundary. In the framework of our formulation of
the problem, this solution is exact, asthe use of the con-
No. 11
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tinuity condition for pressures makes it possible to
match two exact solutions for perfect liquids at the sep-
aration surface. This spatial solution isnon-axisymmet-
ric and discontinuous, because the density and the
vel ocity tangent to the separation surface of the liquids
have a break, which is quite admissible in the perfect-
liquid model. The problem of the structure of the dis-
continuity surface requires additional analysis.
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