Doklady Physics, \ol. 50, No. 12, 2005, pp. 619-622. Translated from Doklady Akademii Nauk, Vol. 405, No. 4, 2005, pp. 471-474.

Original Russian Text Copyright © 2005 by Basarab, Kravchenko, Fedorov.

PHYSICS

Radiation of a Symmetric Electric Vibrator
Excited by Ultrashort Pulses of the Shape
Described by an Atomic Function
M. A. Basarab*, V. F. Kravchenko**, and Corresponding Member of theRAS |. B. Fedor ov*

Received July 19, 2005

INTRODUCTION

Atomic functions [1, 2] have recently been actively
exploited in studies of the ultra-wideband processes of
antennatechnology [3-5]. In the present paper, we have
investigated for the first time properties of a symmetric
vibrator excited by ultrashort electric-current pulses
whose shape corresponds to an atomic function. For
two excitation modes, namely, the traveling-wave
regime and the uniform distribution, it is shown that
under certain conditions the directivity pattern of ultra-
wideband radiators by analogy with the narrow-band
case is similar to the derivative of the current distribu-
tion.

INITIAL RELATIONSHIPS.
THE TRAVELING-WAVE DISTRIBUTION

We consider a symmetric infinitely thin perfectly
conducting electric vibrator with a branch length L and
with an infinitely small distance between the vibrator
shoulders at the feeding point O. We also assume that
the vibrator branches are formed by N elementary radi-

ators of the size AL = ﬁ with the coordinates LJ- =

j+1/2
AL

L et an electric-current pulse J(t) be excited in accor-
dancewith acertain timelaw at the point O. Further, the
pulse propagates along the vibrator zaxis at the vel ocity
c of light (traveling-wave mode). The radiation field of
an elementary vibrator segment in the far-field region
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can be written out in the form

Z,sinbd d roL
gt _E—E(l—cose)EAL,(l)

Ei(t,0) =

where Z, is the characteristic impedance of the free
space, r is the distance to the far-field region, and 6 is
the angle between the directions to the observation
point and the antenna center. The resulting radiation
field is obtained by summing fields (1) excited by ele-
mentary radiator segments:

N-1

Es(t,0) = Ei(t, 0)
&

B ZosineN_ld
~ 4rre 2 dt
i=o

J%—E—%(l— cos8fFAL.  (2)

In the limiting case as N — oo, sum (2) transforms
into the integral

L
Z,sinB .d
41rC Id_tJ

0

Es(t,0) =

B - ([: — Ez:(l - cose)gdz, 3)

whence it follows

Z,sSinb
4tr (1 — cos)

X[JB_%_J%—E—%(l—COSG)E} %)

Usualy, a classic distribution (Gaussian, triangular,
etc.) is chosen for the function J(t) [6-8]. Here, we can
distinguish two ultimate cases. L < ct and L > ct, in
which the parameter T characterizes the effective pulse
duration. For L < ct (long-wave case), the interference
of elementary fields (2), (3) results in the fact that the
field Ex(t, ) turns out to be similar to the derivative of
the electric-current J(t). Thisis clearly seen from rela-

Es(t,0) =
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tionship (4) since, at small values of the ratio lé the

expression entering into the square brackets approxi-
mates with an accuracy to a certain constant the first
derivative. In the second ultra-wideband case (L > cT),
the resulting field Ex(t, 8) can be represented as a sum
of two fields whose shapes are similar to that of theini-
tial pulse excited at the initia instant of the current-
pulse formation and at the instant of its absorption at
the vibrator end.

THE CURRENT PULSE IN THE FORM
OF AN ATOMIC FUNCTION hy(t)

For L > ct, the differencein square brackets of rela
tionship (4) is equal to the first derivative of a certain
function J,(t):

[ B—— —J%————(l cose)H}
' r L
DJl%—E—E(l—cose)E, (5)
which corresponds to the initial current pulse of the

longer duration t, = T.
We now find the distribution J(t) for which

NGNS ©

i.e., thefield Ex(t, ©) with acertain extension coefficient
a, asinthe case of L < ct, issimilar to the first deriva-
tive of the exciting pul se. This problem hasanonunique
solution, and for J(t), we may choose an arbitrary
atomic function hy(t) (a> 1) [1, 2]. Indeed, the given

functions are finite within the interval |t| < aél; they

belong to the class C*(IR) and are the solutions to the
functional-differential equations

2

(1) = Slhy(at + 1) ~hy(at—1)]. (7)

The Fourier transformation for hy(t) has the explicit
form

ha(p) = ] sinca—li)j, @)
i=1

sinp

where sincp =

We now assume that

L _
a(l—cose) = 2. )
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Then, after replacing into (4) the relationship

_n 0o
30 = hE5, (10)
we arrive at
EZ(tle)
r r
__zem [ B9 8 O
4mr(1-cosf)| Ut U 201 '
o 0O O O

With due account for (7), relation (11) implies

r

. -+ —10
_ Zosmel [J C 0
E:(1,8) = ATrc a "’E at EL' (12)

Comparing expressions (12) and (1), we can show
that the function J,(t) entering into (5) and (6) should be
of theform

1, 0tn

1(t) - aQiTD

(13)

Under the validity of condition (9), the radiation
field along the direction 8 ~ 90° in the far-field regi on

is excited by current pulse (10) of the durati on — 1

which propagates along the vibrator, and turns out tobe
similar to this pulse. Moreover, thisfield coincideswith
that excited by the analogous scaling pulse (13) of dura-

tion 2—1 AsinthecaseL < c1, theradiation field is
equal to the pulsefirst derivative. The inverse statement
isalso true: thelong-wavevibrator field issimilar to the
first derivative of the exciting pulse of the shape given
by the atomic function and can be considered as a sum
of two fields reiterating the shape of the pulse com-
pressed by a times.

We now consider the electric-current distribution,
assuming it to be uniform over the longitudinal coordi-
nate z. In this case, as opposed to the traveling-wave
mode, thefieldsin the far-field region of an elementary
vibrator and of the entire radiator [7] are of the form

. = —_ L R |
E;(t,0) = 3 —— It - CcoseHAL, (14)
Z,tan® r L r
Ex(t,8) = 29— [ B_EJ’ECOS(%_J%_EE]“S)
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Fig. 1. Radiation field in the far-field region along the direction 8 = 90°: (a) L < ct and (b) L = 2ct.

E®

\

B =45

oo :
/III I"J !
8=30"y p.f

LN

0=90°

8=75°

6 =60°

Fig. 2. Radiation field in the far-field region for L = 2ct and different observation angles 6.

Independently of the vibrator length, for angles 6 close
to 90°, the field E; reiterates the shape of the current
derivative. Asthe angle 6 tendsto zero and for arbitrary
functions J(t), directivity pattern (15) is similar to the
first derivative of the current only in the ultra-wideband
case (L < c1). The exception is the distribution J(t) in
the form of atomic function (10). In this case, under the
condition

—L—cose =2, (16)
ctT
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we have

r
. —_+
Zosmﬁl_ ,E c T%L
4rrc a 20 atr U™

O O

Es(t,0) =

(17)

In other words, current field (10) along the direction
0 ~ 0° coincides with the directivity pattern of avibra-
tor excited by time distribution (13), which is uniform
over the entire vibrator length.
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RESULTS OF A NUMERICAL EXPERIMENT

To illustrate, we analyze the atomic function h,(t)
for the carrier (-1, 1), which is denoted as up(t). Fig-
ure 1 shows results of the calculation of the radiation
field along the direction 8 = 90° for the cases (a) L < ct
and (b) L = 2ct in the traveling-wave mode. As is
clearly seen in both cases, the field shapein the far-field
region is similar to that of both theinitial pulse and its
derivative in accordance with the functional-differen-
tial relationship

up'(t) = 2[up(2t+1) —up(2t—-1)].

Figure 2 presents the field in the far-field region for
L = 2ct when the angle 6 decreases from 90° to zero.
When 8 approaches zero, the field shape becomes sim-
ilar to that of the exciting current, whereas the pulse
amplitude decreases by virtue of the dominating effect
of the multiplier sinB in (4).

CONCLUSIONS

Thus, in this study, we have determined for the first
time shapes of the current pulses of an ultra-wideband
vibrator. These shapes determine the field behavior in
the far-field region, which is similar to that of long-
wave radiation. This physical effect is observed due to
specific properties of the atomic functions h,(t). The
datafor these functions are unique and make it possible
to reveal the indicated analogy between ultra-wideband
and long-wave radiators. The novel physical effect

BASARAB et al.

obtained as a result of the study can be efficiently
applied to solve problems of ultra-wideband radars and
communication, generation of ultra-wideband radiation
pulses, interactions of pulsed beams of charged parti-
cles with matter, etc.
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In experiments [1], metastable plasma-like micro-
scopic cesium droplets having a temperature of about
10? K and concentration of 10'® cm were observed.
Recent experiments[2, 3] haverevea ed new regimes of
ultracold neutral plasma with a temperature of about
1 K. Although the states observed in [1-3] were rela
tively short-life, in their lifetime they attained station-
ary parameters. The results both of numerical simula-
tions based on molecular-dynamics models and of the
theory of ultracold plasma were anayzed in [4, 5]
alongside the relevant problem of a Rydberg substance
(see [6, 7]). Plasma parameters attained in the experi-
ments described in [1-3] and analyzed on the basis of
model calculations in [4—6] were related to nonideal
plasma in which the number Ny of particles in the
Debye sphere could be |ess than unity, the plasma hav-
ing remained nondegenerate. Such a plasma should be
verified from the standpoint of thermodynamic stabil-
ity, which was performed in [8] for higher tempera
tures. However, in [1-7], the analysis for stability was
not carried out, which could affect the interpretation of
the results of both the experiments and numerical sim-
ulations. In the present study, we have extended the
approach of [8] to low temperatures under the assump-
tion that one may use the concepts of electron and ion
temperatures. In this case, it is not required to discuss
ionization equilibrium: neutral atoms either were
absent or were not in equilibrium with electrons and
ionsin the conditions of [1-3].

THE THEORETICAL PHASE DIAGRAM

Thediagram for temperature T and the el ectron con-
centration n, is shown in the figure (the possible exist-
ence of neutral atoms is not taken into account). The
eZ(Zne)lB

ke T
ratio of the Coulomb interaction energy of free elec-

nonideality parameter y = characterizes the
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trons and ions and their thermal energy. Thevaluey=1
corresponds to line 1; i.e., plasma becomes strongly
nonideal below thisline. In such a situation, the poten-
tial arisesfor phase transitions as aresult of the compe-
tition between the resulting Coulomb attraction of
chargesto each other, at distances on the order of inter-
particle distance, and the quantum repulsion of parti-
cles, occurring at short distances compared to the mean
interparticle distance [8]. This pattern is analogous to
the case of the van der Waals equation for which the
phase transition is a result of the competition between
the long-range attraction of molecules and their short-
range repulsion.

The regions of stable and/or metastable states are
bounded by the condition of thermodynamic stability

100

10

0.1

108 10'° 10'2 10 10'° 10'® 1020 10%2
3

10* 10%

n,, cm~

T-ng diagram. Lines are based on theoretical concepts:
(1) y=1; (2a) Ak = 5 [asymptotic values 1 and 2a are con-
nected by a smooth transition line that corresponds to the
dependence described by formula (3)]; (2b) the asymptotic
limit (6); (3) the boundary of electron degeneration;
(4) Np = 1; and (5) conditional right boundary of metasta-
bility for T = 1 s. Experimenta points: (6) [1]; (7) [2];
(8) [3]; and (9) [15] and simulation results: (10) [4] and
(12) [5] are also shown.
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- on PP
or by aline for which @VDT 0 (here, P and V are,
respectively, pressure and volume). For the van der
Waals equation, these regions exist at temperatures
lower than the critical temperature T,. This statement is
also true for nonideal plasma: in the figure, these
regions are constrained by the lines 1 and 2. In line 1,
plasma loses its thermodynamic stability with a

. . . PO
decrease in temperature; i.e., below line 1, 5 val >0.
In line 2, plasma recovers its thermodynamic stability;

PP
i.e., below thisline, @VD <0.

In order to illustrate possible positions of lines 1
and 2, aswell as the spread in estimates of the value of
T, for nonidea plasma, we exploit two approximations
of [8] for the free energy of electrons and ions,
namely, F, , = Fy— AF, ,. Here, F, is the free energy

of perfect gas:
AF, = Fpy(1+0.75CAK) ™, 2)
2

Fon = :—%111/2(-:3N3/2(kBT\/)*1/2 is the Debye-Hiickel free

energy for aclassical system of charged particles; N =
2N, isthe number of electrons and ionsin the volume V;
Ne = nV; A = h(3kgTm)~'2 is the electron de-Broglie
wavelength; K is the reciprocal Debye radius; and
C=0.1.

Themultiplier (1 +£0.75CAk) in (1) or (2) alowsfor
the quantum repul sion between charges. Expression (1)
isthe virial expansion for plasma, which was obtained
in[9] in the approximation y << 1 and Ak < 1. Expres-
sion (2) is the Padé approximation that is considered
more reliable for the extrapolation to the nonideal
region (see, e.g., [10] and references therein). Expres-
sions (1) and (2) coincide with each other fory < 1 and
AK < 1.

For both Eq. (1) and Eq. (2), the conditiony = 1 cor-
EﬁPD

yas
dynamic-stability loss at temperatures much lower than
the critical temperature T,.. Line / in the figure con-
strains the stability region from below for both Eq. (1)
and Eq. (2). The equivalency of the conditions for the

responds to the sign change for , i.e., tothermo-

stab|I|tonss QN]T >0andy= 1 isretained for nearly

al approaches in the thermodynamics of nonideal
plasma|8, 10].

Nevertheless, there exists the noticeable difference
in the estimate of the condition for which the thermo-
dynamic stability is recovered due to the quantum

NORMAN

repulsion between particles[8, 10]. Therefore, the posi-
tion of line 2 is Iess determinate than that of line 1.

From the condltlon - —D =0for Eq. (1),

we can find the connection between temperature Tand
concentration ng:

¥4 (1-2CAk) = 2 3)

in the line that separates thermodynamically stable and
unstable regions. Dependence (3) has the asymptotic
valuesy=1 (line 1) and

AK = (2C)7 “4)

(lines 2a). Both asymptotes are connected in the region
of the critical temperature T, = 2660 K in the same
manner as that occurring for the van der Waals equa-
tion.

Kilin

From the condition @_VDT =0, for (2), we find a

dependence that strongly differs from (3):

2y*%(1+ 0.25CAK) = 2(1+0.75CAK)°, ()

this yields the same first asymptote, y =1 (line 1), and
adifferent second asymptote,

ack = (181°C?)™ (6)

(line 2b), where a, is the Bohr radius. The smooth con-
nection of lines 1 and 2b occurs in the vicinity of the
critical temperature T, = 10* K, which is not shown in
the figure. The values of T, for (1) and (2) were found
even in [8]. Since then, the range of values of T, has
been discussed many times; however, it has changed lit-
tle, having been shifted to values close to 10% K [10].

Line 3 constrains from above the region of degener-
ate plasma. The degeneration of electrons ensures the
thermodynamic stability of electron-ion plasma. How-
ever, it was noted even in [8] that pair quantum effects
in electron-ion interactions, which are characterized by
the parameter Ak, could be an even stronger stabilizing
factor. Both line 2a and, partly, line 2b are located
aboveline 3.

Thus, independently of the approximations used,

one can separate three regions in the figure. Plasmais
ideal or weakly nonideal and thermodynamically stable

inregion | above line 1, where @PD <0.Inregionl,

collisional recombination occurs. Plasmaisthermody-
namically labile (absolutely unstable) in region Il

[ﬁPD

between lines 1 and 2, where > 0. Comparing

the positions of lines 2a and 2b, we can see that the

DOKLADY PHYSICS Vol.50 No. 12 2005
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lower boundary of absolutely unstable region Il is esti-
mated with a noticeable indeterminacy. However, even
the most unfavorable approximation (1) (line 2a) does
not cast any doubt on the fact of the existence of

region Il. The condition E-?—S% < 0 of thermodynamic
T

stability is recovered in region 111 below line 2. Meta-
stable plasma in this region between lines 2 and 3 is
nondegenerate, and the Debye number formally calcu-
lated for it turns out to be well below unity.

In accordance with [7], the metastableregion is con-
strained from the side of high densities by the stability
loss with respect to the radiative and/or Auger recombi-
nation, because the lifetime T with respect to these pro-
cesses depends on n,.. The function 1(n,) was calculated
in[7] for T=0. Vertical line 5 isindicated as a condi-
tional boundary n,= 10'® cm3, which corresponds to
T =1s. Thefunctiont(n,) israther steep. The shadowed
region 111 is extended up to the value n,= 4 x 10 cmr3,

which corresponds to T = 10 s. The estimates of [7]
were performed for a crystalline model at T = 0. The
melting line of such a Rydberg crystal is poorly esti-
mated and is therefore not shown in the figure.

To theleft of vertical line 5, plasma densities corre-
spond to principal quantum numbers exceeding 10, i.e.,
to hydrogen-like atoms. Therefore, one can expect that
the diagram in the figure weakly depends on the type of
plasma-forming atoms.

It should be emphasized that the metastability of
statesin region |11 has adouble nature and corresponds
to both the radiative and/or Auger recombination [7]
and homogeneous nucleation (see [11]). In [11], the
stability of metastable nonideal plasma with respect to
the collisional recombination was also considered.

DISCUSSION OF EXPERIMENTAL RESULTS

In[1], an experimental setup was developed on the
basis of a thermal-field emission transformer. A con-
tainer with metallic cesium acted as a source of cesium
atoms at atemperature T of about 400 K. Cesium atoms
were excited as a result of striking the graphite foil
(1300 K) that served as an emitter. The flux density of
excited atoms attained 10'°> cm= s%. Alongside the sep-
arate atoms, clusters containing up to 40000 cesium
atoms were registered in the flux. The clusters were cap-
tured by a trap cooled by liquid nitrogen. The micro-
scopic droplet formed as aresult of this procedure had a
diameter of about 0.5 mm and density of 10'® cmrs,
which was close to the gas density.

Point 6 in the figure corresponds to the final state of
cooled condensed cesium microdroplets [1]. The way
to obtain the microdroplets is approximately indicated
by the arrow. The existence of the stationary state of
these microdroplets was confirmed by the series of
experiments performed in [12], in which laser genera-
tion with the participation of microdroplets was
2005
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observed. Thereliability of the approach usedin[1, 12]
was verified in the experiments carried out in [13].

The lifetime of the microdroplets for their radiative
decay attained several seconds. This time greatly
exceedsthat for establishing equilibrium over al intrin-
sic degrees of freedom. Therefore, to describe the
microdroplet state, one can use standard thermody-
namic parameters, namely, temperature, specific vol-
ume, and pressure. Since in the process of the observa-
tion of microdroplets after their formation they are not
supplied with energy, states of microdroplets can be
related to the metastabl e states considered in thermody-
namics. Thus, the presence of point 6 in the thermody-
namic diagram is quite correct. This point turned out to
be just on the boundary of region 11, where, in accor-
dancewith [8], the recovery of thermodynamic stability
of the metastable states of nonideal plasma can be
expected.

The presence of the results of [2-5] in the diagram
exhibited in the figure seems more ambiguous. In the
experiments performed in [2, 3], nonequilibrium
plasma with different temperatures T, of electrons and
T; of ionswas generated by the femtosecond laser exci-
tation of ultracold gas. In the first paper [2], it was
reported that the parameters T, = 100 mK and n, = 2 x

10° cm3 had been obtained (point 7). Later, these
parameters were simulated in [4, 5] by molecular-
dynamics methods (points 10 and 11). In [4] and [5],
models of the effective electron-ion interaction were
different. However, the results obtained turned out to be
the same: very rapid (within one plasma oscillation)
initial plasma heating up to a state with y =1 and the
subsequent molecular-dynamic trajectory at a station-
ary value of y or of the electron temperature. The
authors of [2] then agreed that the same pattern must
also be observed in their experiment.

In[4, 5], therapidinitial heating of plasmaelectrons
was related to the process of the establishment of elec-
tron-ion correlations, which had been accompanied by
a potential-energy transfer to the kinetic energy due to
the noncorrelatedness of the initial state of plasma (ini-
tial coordinates of ions are random as in the ideal gas).
Without a doubt, such a process does take place (see
also [14]). At the same time, the process of establishing
the electron distribution close to the Maxwellian one
lasts only for one-tenth of afraction of a plasma oscil-
lation [14], i.e., is much shorter than heating time.
Therefore, the electron equation of state is valid virtu-
ally from the very onset of the heating, and thermody-
namic instability must be manifested. Taking into
account the long distance of points 7, 10, and 11 from
line 1, the difference between T, and T; must not affect
the instability of plasma states 7, 10, and 11, although

thevalue of B?—\IET may slightly differ fromitsvalue at

T.=T;. Thus, it seemsto usthat the rapid relaxation of
states 7, 10, and 11 in the region y = 1 is stipulated by
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both the disorder-induced heating and spinodal decay.
It is of importance the fact that relaxation processes
starting from points /0 and 7/ end up exactly in the
region of liney= 1 in which the thermodynamic stabil-
ity is recovered.

It isworth noting that, if, in [1], the stationary state
is obtained as a result of stimulated external cooling,
then, in [2], it is caused by the spontaneous internal
heating.

The authors of [2] have extended their measure-
mentsto theregion of final statesobtainedin[4, 5], i.e.,
to those above region Il of the absolute instability
(points 8 in the figure). In [2, 3], xenon plasma was
studied. A similar point was obtained in [15] for cesium
plasma. No indications of initial rapid heating were
obtained in these studies, although, asin [2], initial ion
coordinates were also uncorrelated. In other words,
inevitable heating caused by initial chaotic ion distribu-
tion isnot manifested at once when thereisno basisfor
spinodal decay. Point 9 represents ultimate parameters
attained in [15], where, neverthel ess, an attempt to con-
dense excited cesium atoms failed. The authors of [15]
assumed that in order to do this it was necessary to
either elevate the plasma density by two orders of mag-
nitude or to decrease temperature down to fractions of
aKelvin. These estimates do not strongly deviate from
the boundary of region I11.

The region between lines 4 and 1 is of particular
interest because, here, the number N, islessthan unity,
and nonideality effects can already be observed.

Thus, the possibility of the existence of thermody-
namically labile and metastable states of nonideal
plasma, which are similar to those considered in ana-
lyzing the van der Waals equation, was predicted at the
end of the 1960s[8]. Neither the results of recent exper-
iments [1-3] nor those of simulations [4, 5] contradict
to the prediction of [8].

In [1], a stationary state existing throughout the
period of one second, i.e., ametastable state was exper-
imentally observed. The parameters of this state lay in
region |11 of the states that belonged to metastable ones
according to the estimates of [8].

The states studied in [2-5], with initial parameters
that corresponded to the region of states Il and that
were (according to estimates of [8]) labile, underwent
decay. This decay may be interpreted as the spinodal
type.

NORMAN

Aswas shown in the experiments, the states experi-
mentally studied in [3, 15] whose initial parameters
corresponded to region | and that, according to esti-
mates of [8], had been thermodynamicaly stable
indeed turned out to be stationary.
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The problem of describing distortions of radio-fre-
guency (radio) pulses in media exhibiting dispersion
was formulated almost a century ago and continues as
ever to be urgent by virtue of its practical significance.
Within the framework of the problem, an important
place is occupied by the theory of the propagation of
radio pulses through the ionosphere in the presence of
magnetic field. Relevant studies are based on the anal-
ysis of results of the inverse Fourier transformation of
the current frequency spectrum for a propagating sig-
nal. Thus, transformation is performed by both analyti-
cally and numerically and, as a rule, under noticeable
constraints for problem parameters [1-11]. In the
present paper, we propose a solution to the problem of
the propagation of radio pulsesin magneto-active colli-
siona cold plasmas. The solution is not based on fre-
guency conceptions and allows us to analytically
describe the space-and-time evolution of a pulse with
an initial envelope of arather general shape.

As is well known, the pulse propagation obeys the
wave equation

2 2 2
0F - 19E.400 8 M)
z c ot c ot

0

where E is the electric-field strength, ¢ is the speed of
light in amedium, zis the pulse propagation direction,
tistime, and P is the polarization of a unit volume of
the medium. Within the model of a medium with free
charges (see, e.g., [12, 13]), the quantity P is described
by the equation

0°P

2
e ﬂE—ﬁ[a—P Ho]. )
at ot m mc

ot’

Here, e, m, and N are the electron charge, mass, and
concentration, respectively; v is the effective collision
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frequency that allowsfor the energy loss by electronsin
their collisions with neutral molecules and ions; and
H, is the strength of the homogeneous magnetic field.
The solution to the set of equations (1), (2) isfoundin
the long-pulse approximation, with the pulse carrier
frequency f and characteristic pulse duration t, satisfy-
ing the inequality ft, > 1. This approximation is ful-
filled, in particular, for large-basis pulses.

The exact form of the solution is determined by the
value of the angle between the vectors of the pulse-
propagation and magnetic-field directions. We now
introduce the coordinate system (X, y, z) with the unit
vectors i, j,, and k,. We also assume that the pulse
propagates along the z axis, i.e., adong the magnetic-
field direction, so that H, = k,H,. The plane wave
impinging onto the half-space boundary z > 0 can be
specified in the form

E(0; t) = A(O; t)exp(iwt) =iyA(0; t)exp(iwt), a

t=0 )

(Here, w = 21 and A(0; t) is the pulse envelope for
z=0)

The leading front of the pulse always propagates at
a velocity equal to the speed of light in the medium.
Correspondingly, we seek the field E in the medium in
the form

O
t— oo (ilot — _Z
%A%,t Hexp(i(wt-k2), t-220,
E(zt) = O @
%)1 t—- <0’
O
21 .
where k = x is the wave number and A(z t) =
iWAZ D) +joA(Z D).
We change the variablesin relationships (1) and (2):
- R
zZ=1z t=t o &)
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Thus, with allowance for expression (4), we arrive at

°A 20°A .. 0A 4naP
2
a_PZJ,\,a_Ff
a(t)? ot
N =)
= e—A(z‘ tYexp(iwt') — ld [gt H} @)

We now compare the first and third terms on the left-
hand side of Eq. (6) with respect to their moduli as
applied to the pulse (with the filling) under consider-
ation. For the characteristic pulse duration t,, the ine-
quality ft, > 1 holds true, and the pulse occupies the
interval L, = ct, > A in the Z axis. Therefore, the
estimate

10A
L,07

9°A

OA g
9(2)°

< ®)

4naA‘
A oZ|

is valid, and we may ignore the first term on the left-
hand side of Eq. (6).

When the pul se propagates along the magnetic field
direction, P = i,P, + j,P,, and Eq. (7) is equivalent to
the set of two scalar equations

°P, 0P,
2+ a
a(t') ¢
2
_€eN e S |e|Ho(1|3>_/
= S ALZ; t)expiot) - e P 9)
2
0 Py2+V6_PIy
ar)? ot
_ e N |e|H an
= =—A/(Z; t)exp(int') + chW' (10)

As the position and velocity of an electron cannot be
changed instantaneously, the following condition holds
in cold plasma at the moment of pulse arrival at the
point Z:

P.(z;0) = Py(z;0) = 0,
P R g an
ot'[e=o Ot |r=p

We now substitute the solution to the set of Egs. (9),
(10), which was obtained for initial conditions (11),
into Eqg. (6). With due regard for estimate (8), we arrive

STRELKOV

at the following set of equations for the envelope com-
ponents A(Z; t') and A(z; t"):

0A, _ Wy

%A,
+i— =
oz~ 2c

ozat'

[A(z t')

v+ |ooH

IAX(Z 0)exp(—(v +iwy +iw)(t'—6))d6

|ooH

IAX(z' 0)
x exp(—(v—iwy +iw)(t'-0))dd

|(oH

IA (Z; 8)exp(—(v +iwy +iw)(t'—6))do

IwHIA (Z: B)exp(~(v — ity +iw)(t' —0))d8 |,

(12)

2

°A,

0zot'

0A, _ Wy g
(Da—z = —2C|:Ay(Z', t)

- '“’“IAy(z 8) exp(—(v +iwy, +iw)(t' —0))do

|wH

J'Ay(z' 0)
x exp(—(v—iwy, +iw)(t'—0))dd

V+iw
+ H

J’Ax(z' B)exp(—(v +iwy +iw)(t'—06))do

V- |ooH

IA (Z; 8)exp(—(v —iwy +iw)(t' —9))d9}
(13)
In Egs. (12) and (13), denotations are used: wg =

4ne N (wy, isthe plasmafrequency) and wy = |e||;|0

is
the electron gyromagnetic frequency.

The solution to the set of Egs. (12), (13) isfound by
the operator method. Omitting the rather cumbersome
DOKLADY PHYSICS  Vol. 50
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intermediate cal cul ations, we obtain thefinal result (6 =
2

z'
o(Z2) = WoZ . hereinafter, J(X) is the Bessel function):

1[5
A(zZ; ') = A0; t') =3[ [m—F5J1(24/0(t' - 6))
of [a 2
x exp(—(v+iw, +iw)(t'—0))A(0; 6)do

~3[ g2/ =8))
0

x exp(—(V —iwy +iw)(t'—0))A(0; 8)d8;  (14)

Az t) = —Lr |2 3,2./5(t - 9))
y 2,! frger:
x exp(=(V + iy, + i) (t'—0))A(0; 8)d8

+ 12{ S NENE ()

x exp(—(v —iooy + iw)(t' —B))A(0; 8)d8.  (15)

The solution obtained can be represented in the vector
form as

A(Z; 1) = A(Z; 1) + A(Z; 1)

= Ao(Z; !)(io*ijo) + A(Z: t)(i0—1o),  (16)

where the denotation

1(27/0(t' - 8))

A(Z: 1) = O.S{A(O; O-[; feJ
0
x exp(—(v+iwyg +iw)(t'—0))A(0; e)de} (17)

isused, and the expression for A(Z; t') isobtained from
the expression for A,(Z; t') provided that we have
replaced +wy, by —wy, on the right-hand side of expres-
sion (17). The result (16) impliesthat a pul se propagat-
ing along the magnetic-field direction isthe sum of two
pulses with the circular and counter-wise polarizations.
Following the standard terminology in the theory of
planewavesin plasmas (see[12]), it isnatura to define
these pulses as ordinary and extraordinary. Their pro-
jections onto the x axis were denoted above as A,(Z; t')

and A(Z; t).

DOKLADY PHYSICS Vol. 50 No. 12 2005

629

We can illustrate the solution obtained by the exam-
ple of distortions of a biexponential pulse with the ini-
tial envelope

A0 = AfePHTH- ey B‘DD (1)

(Ay, a, and 3 are numbers). Substituting (18) into (14)
and (15) and replacing the variable p = J? in the

expressions obtained, we arrive at the relationships

Al(Z;t) = A(Z: t a)—A(Z; t'5 B), (19)

A(Z; 1) = A(Z; t5 a)-A(Z; t5 B),  (20)

where the a-dependent terms have the form

Jy(2u./3t")

LI -— at 1
A(zZ;t a) = Aoexpg T E[l——

xexpD%)——+|wH+|o%tuD(2J_)du
1, :
_z J,(2u./3t")
*epiFty—f —iww +idu2/0d; @D
A(Z:t5a) = —‘—Zle(zwé_t')
xexpg%/——+le+mHtuD(2J_)du
+i§p1(2w6_t')

xexpD%/———leﬂogtu (2./3tYdp,  (22)

and the terms depending on the parameter (3 are found
from equalities (21) and (22), respectively, by replacing
in them a by (. The decay process for the initial biex-
ponential pulse, as can be observed in the case when the
signal is received by an electric dipole oriented along
thex axis[see (19)], isillustrated in the figure. Initially,
the ordinary and extraordinary pulses mutually inter-
fere with each other so that the envelope observed
(curve 2) can noticeably differ from the initial one
(curve 7). With penetration deep into the medium, the
extraordinary pulse follows the ordinary one, retarding
more and more from it and undergoing relatively stron-
ger absorption (curve 3).
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figure), and use the asymptotic representation of the
Bessdl functions for large arguments [14]:

Ju(24/3t") =

/&'

After the substitution of expression (24) into relation-
ship (23) and the summation of the series, the expres-
sionfor A(Z; t'; a) takes the form

I"’u]_

—
©

Decay of biexponential pulse in cold gyrotropic plasma

W,
105 o3y — 103 <L _ 20
(N=10 cm,v_IOS,fO_2n

050e f=10MHz t,= 105 a = 4; B = 10; Ay = 3.07):
(2) initial envelope, z=0; (2) z=800 km and 6tp =4.24 x
10”; and (3a) ordinary and (3b) extraordinary pulses, z =
2000 km and &t, = 1.06 x 108,

= 2.84 MHz; H, =

Analytical expressions for the propagation veloci-
ties of the ordinary and extraordinary pulses can be
derived on the basis of any of thetermsentering into the
expressionsfor A, and A [see (19) and (20)]. For exam-
ple, we make use of expression (21) for the term

A(Z;t'; a). Sequentialy applying the relationship
k+1
% = J()x"", we calculate the inte-

grasin (21) by partsfor an infinite number of times. As
aresult, we arrive at

A(Z;t a) = 05A0expD atD
X[exp%—%)—%HwHHugtE
x S %}—gﬂw +iuHA/EDkJ (2.8t
kZO b " e
+expDS/———|wH+|ugt
z a . . t'Dk ]
xkzo%/—t—p—le+|0%/\/:81Jk(2A/5_t)}. (23)

We assume the validity of the inequality 2,/8t, > 1,
which isusual for ionospheric routes (see caption to the

A(Z:t; a) = O5AoexpD O('[‘D(n«/_)_]j2

x| exp ——+|wH+| t
T G E

COS%A/_ arctan%/——ﬂwHﬂug 4 _4D
«/14_%}_'[_“&”“0%3
p

cos%ﬁ—arctan%;—%-imH + |ugf£_%
X P _
[rrB-E-oiff
p

(25)

Thus, the pulse is concentrated in the vicinity of two
pointsin the z axis, which correspond to the minima of
the moduli of subradical expressions in the denomina-
torsof the right-hand side of expression (25). The coor-
dinates of these points satisfy the condition

_to oy Za
1= 5D_§)_tpm +(wi (*M) ) (26)

whence it follows that the ordinary and extraordinary
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pulses propagate at the velocities

C

V, = o , 27)
1+ Sy :
q
(@+ @)~ -i5
C
Ve = 0.5 ) (28)
14+ 5wy

2 o
(@-a)"~g -7

respectively. According to formulas (27) and (28), col-
lisions occurring in plasma can affect the pulse propa
gation velocity if the collision frequency v is compara-
ble with the carrier frequency. For the parameters indi-
cated in the figure caption for the medium and the

pulse, the  inequality (0w £ w2 >
2

max [ - 93 ; —quﬂ is fulfilled, which charac-
ty ® O

terizes the situation that is typical for the ionosphere
(see, eg., [15]). In this case, the expressions for the
propagation velocity are considerably simplified,
namely,

V, = < >— and V, = < >
1+ 0.5w, . 1+ 0.5w, :
(w+ ) (w—wy)
DOKLADY PHYSICS Vol. 50 No. 12 2005

10.

11

12.

13.

14.

15.

631

REFERENCES
Sh. Kozaki and Y. Mushiake, IEEE Trans. Antennas
Propag. AP-1 (5), 686 (1969).
Sh. Kozaki and Y. Mushiake, |IEEE Trans. Antennas
Propag. AP-18 (2), 259 (1970).
K. C. Chenand J.-L. Yen, Radio Sci. 7 (6), 681 (1972).
K. C. Chenand J-L. Yen, Radio Sci. 8 (1), 51 (1973).
E. Brookner, |IEEE Trans. Antennas Propag. AP-26 (2),
307 (1978).
E. Bahar and B. S. Agraval, IEEE Trans. Antennas
Propag. AP-27 (2), 225 (1979).
R. E. Mcintosh and A. Maaga, Radio Sci. 15 (3), 645
(1980).
D. C.D. Chang and R. A. Helliwell, IEEE Trans. Anten-
nas Propag. AP-28 (2), 170 (1980).
D. Y. Zhang and K. K. Tshu, Radio Sci. 22 (4), 635
(2987).
D. K. Kaluri, IEEE Trans. Antennas Propag. 3 (12),
1638 (1989).
N. V. Kretov, T. E. Ryzhkina, and L. V. Fedorova,
Radiotekh. Elektron. (Moscow) 36 (1), 1 (1991).
V. L. Ginzburg, Propagation of Electromagnetic Waves
in Plasmas, 2nd ed. (Nauka, Moscow, 1967; Pergamon
Press, Oxford, 1970).
E. A. Pamyatnykh and E. A. Turov, Foundations of Elec-
trodynamicsin Material Media: Variable and Heteroge-
neous Media (Nauka, Moscow, 2000) [in Russian].
B. G. Korenev, Introduction to Theory of Bessel Func-
tions (Nauka, Moscow, 1971) [in Russian].
V. V. Kirillov and V. N. Kopeikin, Izv. Vyssh. Uchebn.
Zaved., Radiofiz. 46 (1), 1 (2003).

Trandated by G. Merzon



Doklady Physics, \ol. 50, No. 12, 2005, pp. 632-633. Translated from Doklady Akademii Nauk, Vol. 405, No. 6, 2005, pp. 753-754.

Original Russian Text Copyright © 2005 by Gershtein, Logunov, Mestvirishvili.

PHYSICS

TheField Theory of Gravitation
and the Rest M ass of Particles

Academician S. S. Ger shtein, Academician A. A. Logunov, and M. A. Mestvirishvili

Received July 12, 2005

The relativistic theory of gravity (RTG) as a field
theory considers the gravitational field as a physical
field with spins 2 and O propagating in the Minkowski
space. The source of thisfield is a universal conserved
guantity, namely, the energy momentum tensor of al
the fields of the matter including the gravitational field.
This very approach to gravity leadsto afield-generated
effective Riemannian space. Notethat the effective Rie-
mannian space has only atrivial topology. A test body
moves in the Minkowski space under the action of a
gravitational field, which is equivalent to the motion of
the test body along a geodesic line of the effective Rie-
mannian space. In the framework of this approach, the
principle of least action implies the following complete
system of equations of RTG [1, 2]:

2QJ“VR+ [g”v + %““ VP zgwga%\/as}
= 8T, (D
D,g" = (2)

Since the gravitationa field acts in the Minkowski
space with a metric tensor v,,, it should keep the
motion of the test body inside the null cone of the
Minkowski space. Thisis ensured by the causality con-
ditions

g,,U"U" =0, 3)
yU"U’=0. 4)

Here, UV is the isotropic four-vector of velocity in the
effective Riemannian space, which corresponds to
physical fields with zero rest mass.
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Thetime-like four-vector of velocity in the Rieman-
nian space satisfying the relation

dx’
ds’
where ds is an interval of the effective Riemannian

space, corresponds to physical fields with nonzero rest
mass.

The particle four-momentum is determined by the
well-known equality

g U'U’ =1, U'=

p’ = mcU’.
According to the causality conditions (3) and (4),
any time-like vector in the effective Riemannian space
g,U'u" =1 6))
should also remain atime-like vector in the Minkowski
space, i.e.,
y,,U"u’>0. (6)

Insofar as conditions (3) and (4) should also bevalid for
weak gravitational fields, in this case, according to the
perturbation theory, we have

1
guv = yuv_(ppv + éypv(pi ¢ = yuv(ppv- (7)
For a weak gravitational field such as a weak gravita-
tional wave, condition (3) takes the form

ViUV = g, URU. ®)

Here, we take into account the equality yw%J“lg" =0.

The right-hand side of equality (8) is not positive defi-
nite. Therefore, condition (4) may be violated. Thisis
the reason why it is necessary to preclude the possibil-
ity that the equality

g,U"U" =0 )

will hold for any field, because this equality contradicts
the causality conditions, which must be valid for all
physical fields due to the universality of the gravita-
tiona field.

1028-3358/05/5012-0632$26.00 © 2005 Pleiades Publishing, Inc.
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The causdity principle was discussed in papers [3-6].
However, in that discussion, the counterarguments
raised in papers [3-4] were not disposed of in full. In
order to preclude any possibility of the violation of the
causality principle, it is necessary to formulate the fol-
lowing general physical conclusion: al free physical
fields including the electromagnetic field have a non-
zero rest mass. This general physical conclusion of the
RTG is in good agreement with the main Minkowski
axiom [7]: “The space and time being properly defined,
a substance located at any worldpoint can aways be
considered as staying at rest.”

The axiom statesthat, at any worldpoint, the expres-
sion
c’dt® —dx’ —dy* —dz’
is always positive or, in other words, that any velocity
visawayslessthan c. Accordingly, ¢ isthe upper limit
for supersubstantial velocities. This is the more pro-
found meaning of the quantity c.

By virtue of our genera physical conclusion, the
causality conditions (3) and (4) are reduced to the fol-
lowing conditions:

g,U"U" = 1, (10)

ywU"U’>0. (11)

These very conditions were mentioned in paper [5]
without due regard for equality (8).

In the case of aweak gravitational field, thisgivesus

_ 1
VU0 = 1+ UM, ~ Sy, 99> 0. (12)

\Y)
Here, lOJ" = c(ij_xc anddo isaninterval of the Minkowski

space

YUY = 1. (13)
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Thus, in accordance with (12), the time-like vector
UV in the effective Riemannian space also remains
time-like in the Minkowski space. This means that the
null cone of the effective Riemannian space is con-
tained within the null cone of the Minkowski space.
Therefore, constant ¢ involved in the expression for the
interval of the Minkowski space

do® = c’dt’ —dx’ —dy*—dZ’ (14)

is a universal constant combining the space and time
into a unified space-time continuum. It always remains
an unattainabl e upper limit for the vel ocity of motion of
any kind of matter. The fact that this conclusion follows
from the RTG is due to the universality of gravity,
which implies that its physical requirements should
hold for al free physical fields.
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The problem of the identification and biological sig-
nificance of chromosome fragments and complete
genomes is approached on the basis of the representa-
tion of asequence of DNA nucleotides as atwo-dimen-
sional walk. Self-similarity properties have been ana-
lyzed; similar fragments of chromosomes, as well as
some known functional and structural elements, have
been distinguished. Completely and partially decoded
chromosomes have been considered; in particular, frag-
ments of the 22nd chromosome of a human and achim-
panzee have been compared.

It is well known that DNA is a macromolecular
complex in the form of adouble helix consisting of two
strands of nucleotides that are connected via hydrogen
bonds. Nucleotides are low-molecular compounds that
consist of nitrogen bases (purines and pyrimidines),
carbohydrates (ribose or deoxyribose), and a phosphate
group. Molecules of DNA contain two different
purines, namely, adenine (A) and guanine (G), aswell as
two pyrimidines, namely, cytosine (C) and thymine (T).
Each pair of nucleotides on opposite complementary
strands is associated by hydrogen bonds. a guanine-
cytosine pair, by three hydrogen bonds; an adenine—
thymine, by two bonds. The phosphate groups run
along the outside, while nitrogen bases run inside, so
that their planes are perpendicular to the axis of the
molecule. Each branch of the helix consists of nucle-
otide units linked together to form a long polynucle-
otide strand, which is conventionally represented as a
string of charactersdrawn from the so-called nucleotide
alphabet ATTGCCAA... and considered as the DNA
sequence. A double-strand molecule of DNA linked
with some proteins and organized in acertain hierarchi-
cal manner forms a chromosome.

The term genome is used for the complete set of the
whole-cell DNA, i.e., the complete sequence of nucle-
otides.

It is conventionally assumed that the main function
of DNA isto carry, process, and reproduce information,
aswell asto adapt to a dynamic environment by means

Moscow State University,
\orob' evy gory, Moscow, 119992 Russia

e-mail: Loskutov@chaos.phys.msu.ru

of evolution. Moreover, these processes should operate
on the basis of the information carried by the very same
sequence; thisimposes specific restrictions on the orga-
nization of DNA.

The organi zation of sequences of various DNA frag-
ments and their functional meaning is currently an
important and urgent problem. The point is that, by
now, a considerable number of sequenced chains of
genomes have been obtained; however, the functional
organi zation of these sequences has yet to be explained.

In this paper, we suggest amethod that makesit pos-
sible to present the whole chromosome (even if it con-
tains more than one million nucleotides) in a compact
form, to easily find similar fragments, to identify func-
tional and structural elements, and to detect the self-
similarity of some fragments of the DNA sequence.
The method is based on the representation of DNA asa
plane walk of a particle.

Represent the sequence of nucleotides as a plane
walk on a square lattice starting from the origin (0O, 0)
in the following way. Read the nucleotide chain in the
order of appearance of the bases A, T, G, and C. In
encountering adenine (A), make a step right, when
thymine (T), a step left, when guanine (G), a step up,
and when cytosine (C), astep down. Denote these coor-
dinates by AGTC moving counterclockwise from the x-
axis. Then, the original sequence of nucleotides corre-
sponds to a certain walking trajectory on the plane
AGTC. Thisrepresentation of DNA iscomposed of two
sequences AT and G-C, which cannot be reduced to
each other. The sequences may be considered sepa-
rately and, moreover, may be represented astime series.
The series, in turn, may be studied by well-known
methods of calculus, such as wavel et transformation.

Thismethod seemsto be mentioned for thefirst time
in 1962 by S.W. Golomb, one of the pioneer investiga-
tors of the genome, in [1], where he represented the
DNA sequence on the complex plane by associating the
nucleotide types with the coordinate vectors. However,
at the time, the DNA code had not been discovered in
full. Twenty yearslater, small sequences of the decoded
DNA were considered as plane walks [2, 3]. There, the
choice of the coordinates G—C and A-T was determined
by considerations of the complementarity of the strands
by the balance of hydrogen bonds along the strand. This

1028-3358/05/5012-0634$26.00 © 2005 Pleiades Publishing, Inc.
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Fig. 1. AGTC-representation of the first chromosome of S. cerevisiae.

approach was subsequently provided with a strict justi-
fication (see, for instance, [5]).

Obviousdly, there are many sequences that may be
considered as plane walks; then, there arise fracta
structures that may be studied, etc. (see [6, 7] and ref-
erences therein). However, as applied to DNA, func-
tional and structural fragments of a chromosome may
be distinguished by a typical walk “pattern” only for a
sufficiently large number of units. Moreover, the num-
ber of unitsin the sequence of nucleotides may be of the
same order of magnitude as the length of the sequence
of the whole chromosome. Earlier, it seemed impossi-
ble to perform identification by this method with the
use of only small fragments of chromosomes. The other
methods of identification based on the alignment algo-
rithms are rather |abor-intensive and are not so demon-
strative. It is from this viewpoint that ATGC sequences
are considered in this paper.

Moreover, modern computer techniques allow auto-
mated processing by this method. One tentative attempt
has already been made by a group of researchers
(see[4]), who considered a somewhat different version
of the plane walk. The authors formally used the
method of atwo-dimensional walk to construct an algo-
rithm for comparing sequences. However, typical walk
patterns, which might be crucial for understanding the
organization of the structure of the sequence of chro-
mosomes and its properties, had not been analyzed.

DOKLADY PHYSICS  Vol. 50
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Today there are only afew species of living organ-
isms for which the sequences of DNA of all their chro-
mosomes have been completely decoded. Among them
is the yeast cell Saccharomyces cerevisiae, by whose
example we illustrate the analysis of the AGTC map.

Figure 1 shows the first of its 16 chromosomes,
which contains approximately 230000 nucleotides.
Almost identical large fragments (the sguare selec-
tions) are seen by the naked eye. Moreover, it follows
from the construction that these fragmentsare passed in
the opposite directions. This suggests that the frag-
ments are complementary. Note that the length of each
fragment is approximately 4000 units, which means
that the use of another method (such as the alignment)
for distinguishing these fragments would require
incomparably greater investigative resources. These
fragments are representatives of the family of floccula-
tion genes FLO1 and FLO9 in the subtelomeric region.

Consider one of these fragmentsin more detail (see
theinsert to Fig. 1). Itisseen to have an almost periodic
spatia structure. Decompose this fragment into compo-
nents (A-T) and (G-C). The wavelet transformation
applied to these components explicitly shows that the
selected fragment also possesses the property of self-
similarity.

Employing the method of two-dimensional walk,
one can easily find huge palindromes with a consi-
derable share of pseudorandom inclusions. One of
these is selected at the top left of Fig. 1. Itstotal length
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is 35000 nucleotides. Such a fragment cannot be iden-
tified by other methods; and even if it could, it would
then require, at theleast, an additional careful examina-
tion. Thisis the region with mobile genome transposi-
tions represented by the Ty-family of retrotransposons.

Moreover, it is easy to identify telomeres. Figure 2
shows the 12th chromosome of the same yeast cell Sac-
charomyces cerevisiae. The telomeres are located at its
ends, they are selected by rectangles. Each fragment
has a size of approximately 20000 nucleotides. It is not
difficult to visually detect similar fragments in other
chromosomes without performing any statistical analy-
sis. Note that these fragments are complementary.

The most indicative elements of this representation
are the fragments in which the trgjectory concentrates
within a certain domain of the ATGC plane, skews, and
long curved fragments of various shapes (see Figs. 1
and 2).

It is obvious that, throughout long skews, certain
nucleotides dominate in the sequence. This is clearly
seen in Fig. 2, where such afragment is selected by an
ellipse (here, the cluster of ribosomal RNAsislocated).
What is identified here is either satellite sequences or
the averaged selected concentration of nucleotides
without specific motifs, which may be seen by scaling
up the observed fragment. In view of the different con-
centrations of purines and pyrimidines, the slope of this
fragment suggests that the complementary strands of
the DNA helix are of unequal weight (size) and aniso-

tropic. Therefore, it appears interesting to investigate
the length and directional distribution of the skews.

Fix aframe of the size N nucleotideswith dueregard
for the appropriate scale and consider the motion of this
frame along the walking trajectory on the AGTC-plane
with the step of one nucleotide. Construct the diagram
of such amotion in the coordinate system AGTC asfol-
lows. At each step of the motion, fix the radius vector
that joins the beginning and the end of the frame. This
radius vector is characterized by its length and direc-
tion. Plot the end of this radius vector on the diagram.
Then, moving the frame by one step, we obtain a new
radius vector. Plot its end on the diagram and proceed
further in the same way. We thus obtain a plane diagram
(Fig. 3). Each point i of thisdiagram (0O<i <M —N; M
is the number of nucleotides in the sequence; and N is
the size of the frame) shows how far and in which direc-
tion the representative point has moved from the begin-
ning of the ith segment in N steps. This construction
makes it possible to easily distinguish fragments of the
domination of certain nucleotides. In particular, the
outliers (see Fig. 3) characterize the direction and the
length of the observed skews. Obviously, for each
sequence, there exists a specific indicative size of the
frame.

Finaly, with the use of the above representation,
one can easily compare sufficiently long fragments of
chromosomes of different organisms. For a human and
a chimpanzee, such a comparison has recently been
made by ateam of authors [8] by means of alignment.
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Although the method of alignment constants is rather
efficient, detection of similar fragments turns out to be
quite labor-intensive, especially with account for the
large number of missing fragments. At the same time,
the above-described method enables us to easily render
the general sequence fragmented for further alignment.
Figure 4 presents the fragment (1934000-2134000) of
the human 22nd chromosome compared with the frag-

DOKLADY PHYSICS  Vol. 50
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ment (2176500-2376500) of the chimpanzee 22nd
chromosome. These fragments are seen to be amost
identical.

The application of the above-described treatment of
DNA asarandom walk ismuch broader than simply the
identification and comparison of fragments. Combined
with other modern methods (such asfractal and Fourier
analysis [9], wavelet transformation [10], the dliding
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window method, etc.), it enables one to carry out a
detailed fragmenting and, being rather demonstrative,
becomes an instrument for advancing and testing the
hypotheses on the organization of complete genomes
and their properties.
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The development of efficient methods for the self-
organized synthesis of single-walled carbon nanotubes
(SWCNTs) and other functional molecular structures
with given characteristics is of great interest. An
SWCNT is a unique fiber molecular structure with an
extreme strength capacity, high heat conductivity, and
high electrical conductivity and is considered to be a
key element of nanotechnology [1-7]. At present, the
potential areas of their application require the produc-
tion of large amounts of SWCNTs with given proper-
ties (semiconducting, therma mechanical, etc.). How-
ever, the solution to this problem directly depends on an
understanding of the mechanisms of the nucleation and
growth of SWCNTS, which are not yet clear.

In this paper, we present the results of an experimen-
tal investigation into the optimum conditions for the
synthesis of SWCNTs in ajet of products of the laser
ablation of graphite with a catalyst. Among the avail-
able methods for the synthesis of SWCNTS, the laser
ablation method stands out due to an increased content
and primarily to the high crystalinity and quality of
SWCNTs. The optimization of the synthesis of
SWCNTsin alaser torch makes it possible not only to
increase the efficiency of this process, but also to pro-
pose new approachesto determining mechanismsof the
nucleation and growth of SWCNTSs. In particular, a
mechanism of the growth of nanotubesthat is based on
their self-organized formation by a wave of a strong
electric field localized at the edge of a growing nano-
tube is proposed for the first time. Such a model of the
process enables one to derive an analytical expression
for the nanotube growth rate.

In our experiments concerning the synthesis of
SWCNTSsby the laser ablation method, the radiation of
a CW gas-discharge 2-kW CO, laser passed through a
salt window inside the helium-filled quartz reaction

Ingtitute for Problemsin Mechanics,
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pr. Vernadskogo 101, Moscow, 119526 Russia

e-mail: kozlov@ipmnet.ru

tube and was focused by alens on the end surface of the
cylindrical graphite target containing a catalyst [4].
Owing to the action of CW laser radiation, the target is
gasified with the formation of ajet of the ablation prod-
ucts. As this jet expands and the vapor—gas—plasma
flow is correspondingly cooled, the saturation state is
achieved in the jet at a certain time, and then, with fur-
ther cooling, vapor in the flow becomes supersaturated.
Since the state of supersaturated vapor is instable with
respect to the formation of the condensed phase, thelig-
uid disperse phase is synthesized in the form of nano-
sized droplets of the catalyst metal with carbon, which
provides favorable conditions for the nucleation of
SWCNTSs. Condensate particles formed in the vapor—
gas phase were precipitated on substrates placed in the
reaction tube. Figure 1 shows a microphotograph of
such a condensate, which was obtained by a scanning
electron microscope. This photograph is very informa-
tive and its analysis raises many questions, primary
among which are the following: Why do SWCNTs
grow predominantly intheform of bundles?What isthe
role of the catalyst metal? What are the factors deter-

Fig. 1. Microphotograph of single-walled nanotubes that
was obtained by a scanning electron microscope.

1028-3358/05/5012-0639%$26.00 © 2005 Pleiades Publishing, Inc.
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Fig. 2. Schematic picture of the structure of a synthesized
supramolecular system.

mining the diameter and chirality of SWCNTs?What is
the mechanism of growing SWCNTS?

According to the analysis of microphotographs, the
sequence of processes leading to the synthesis of
SWCNTsis as follows. First, in the process of expan-
sion, condensation nuclei are formed from clusters in
the cooled vapor—gas—plasma flow and grow up to lig-
uid supercritical-size drops 10-30 nm in diameter. At
the next, most important, stage in the development of
the process, these drops are crystallized with the forma-
tion of seed particles. Since the molecular structure of
these particles is of fundamental importance, the fur-
ther careful electron microdiffraction study of this
structure is planned. It is assumed that this structure is
similar to that of so-called supramolecular systems.
Figure 2 schematically shows the molecular structure
of one such complex that has been synthesized to date.
The characteristic structural feature of these complexes
is that the atoms of the transition metal elements that
are located at the center of a complex tend to surround
themselves with complex molecular circular blocks
formed from nonmetal atoms, e.g., carbon. Some of
these blocks that appear on the seed particle surface in

KOZLOV, KUZNETSOV

the process of crystalization are catalytically active
and promote the nucleation and initial growth of
SWCNTSs. The parameters of these blocks likely deter-
mine the diameter and chirdity of synthesized
SWCNTSs and their distinctive growth in the form of
bundles. Thus, the catalyst metal without which
SWCNTs do not grow is necessary only for the nucle-
ation of a nanotube and then the structure grows
according to the program that is determined by the con-
figuration of the coupling orbitals localized at the edge
of the growing nanotube and is sequentialy cloned
itself.

In general, on these catalyticaly active centers,
other carbon modifications, along with SWCNTS,
including disordered amorphous carbon, fibers, polyhe-
dral particles, etc., can be formed depending on the
realized conditions. However, it appears that favorable
conditions for the synthesis of SWCNTSs arise only in
the case of relatively small catalyst particleswith diam-
etersof 10-20 nm. Asthe size of particlesincreases, the
growth of multiwalled nanotubes first occurs and then
carbon fibers begin to grow [7]. This behavior implies
an important conclusion: when synthesizing SWCNTS,
it is necessary to avoid the formation of large drops,
which requires large supersaturations in the vapor—gas
jet in short time intervals even at the initial stage in the
development of the process in order to synthesize
numerous small droplets in the jet. Analysis of the
Raman spectra of the synthesized material [8-10]
shows that the diameter of nanotubes is determined
only by thetype of the catalyst and isindependent of its
dispersion and its content in the mixture. Thisindirectly
corroborates our conclusion that the nucleation and
parameters of formed SWCNTSs are determined by the
molecular structure of seed particles.

When using the laser ablation method, the optimum
conditions for synthesizing SWCNTs with a mean
diameter of 1.3-1.4 nm are ensured by using the
Ni:Y ,05:C catalyst mixture with the component weight
ratiol1: 1 : 6 and buffer gaseous helium at a pressure of
700 mbar [4, 9]. When the content of nickel decreases
below the above-indicated ratio, the intensity of the
D mode in the Raman spectrum of the synthesized
material increases, indicating that carbon is disordered
and the content of the amorphous phase increases. It
wasfound that the 1 : 1 ratio of Ni andY ,O5 in the mix-
ture is favorable for the optimum content of yttrium
oxidein the catalyst mixture. An increasein the content
of yttrium oxide does not affect the quality of SWCNTs
and a decrease in this content in the mixture gives rise
to an increase in the formation of amorphous carbon.
Instead of nickel and yttrium oxide, other transition
metals can evidently be used. In particular, if Pd or Fe
is used as the catalyst, the diameter of the synthesized
SWCNTSs decreases. Unfortunately, this decrease is
accompanied by a decrease in the content of carbon
nanotubes in the synthesized material. For example,
their content in the condensate reaches 20% when

DOKLADY PHYSICS  Vol. 50
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nickel is used as the catalyst, whereas the yield of
SWCNTSs does not exceed 5% if iron is used as the
catalyst.

As was mentioned above, when SWCNTSs are syn-
thesized by the method of the laser ablation of the car-
bon target containing the catalyst, a slightly ionized
vapor—gas jet is formed. Seed nanoparticles appearing
in the laser torch are effective electron-capture centers,
but the charge gained by them cannot be large in con-
trast to micron and submicron particles. A question
arises asto how these charges affect the laws of the self-
organized growth of SWCNTSs. In the present work, a
model of growing SWCNTSs in the vapor—gas flame is
proposed for thefirst timethat allowsfor the evaluation
of the nanotube growth rate, which isvery important for
realizing the controlled synthesis of SWCNTSs.

We consider how a nanotube can grow in the laser
torch. Let seed particles be formed in the periphery jet
region, where temperature decreases and condensation
occurs. Electrons appearing in the jet adhere to these
particlesand are distributed over their surface and edge.
Charges localized at the circular edge of the growing
nanotube generate the following electric field in the
surrounding space:

E=——i, (1)
4TUEr

where g, is the permittivity of free space, r is the dis-
tance from the nanotube edge, and charges are assumed
to be quite uniformly distributed over the cylindrical
section of the nanotube with a density of one elemen-
tary charge e per several structural hexagons. Estimates
show that the field even from one elementary charge at
adistance of 10 A from the section of the nanotubes is
equal to 1.5 x 10° V/m; i.e, it is very strong. It
decreasesrapidly but remains quite strong even at adis-
tance of, e.g., 100 A (approximate intermolecular spac-
ing in the vapor—gasjet). Thus, the strong electric field,
which provides two functions important for growing
nanotubes, is localized on the section of the growing
nanotube. First, it inducesthe following dipole moment
in neighboring molecules:

P. = a&,E. @)

Here, a is the polarizability of molecules, which is
related to the dielectric constant € as€ =1 + an, where
n is the carbon molecular density. Second, in the non-
uniform electric field, an electric dipoleis drawn to the
stronger field region, i.e., towards the edge of the grow-
ing nanotube. Thus, the drift of carbon molecules and
their clusters with induced electric dipolesin the gradi-
ent electric field creates aflow of dipolesto the section
of the nanotube channel and determinesits growth rate.
Dipoles, as well as gas molecules, have a disordered
velocity. We assume that the drift vel ocity after the col-
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lision of adipole with amolecule is equal to zero and
that, between collisions, the dipoleis accelerated by the
electric field and moves asin high vacuum. In this case,
the drift velocity v, of the dipole with mass min the
electric field can be determined from the equation of
motion of the dipole toward the edge of the growing
SWCNT:

dvy _ dE
mﬁ = GEOEEF' 3)

Integrating this equation, we arrive at the following
expression for the drift velocity:

Vg = ’G—:‘]OE = ME. (@)

Here, u is the mobility of molecules with the induced
dipole moment. We emphasi ze that graphite is thermo-
dynamically instable and dissociates in alaser torch at
temperatures above 2600 K. In this case, single bonds
in the graphene layer are broken with the formation of
either C, or C; molecules[11]. However, we assumefor
simplicity that the basic component in the laser torch is
C, molecules. The inclusion of C; molecules does not
change the main conclusions.

Since molecules move chaoticaly, i.e., al spatial
directions are identical for them, it may be thought that
only one-sixth of all carbon moleculeson average move
toward the edge of the nanotube. It follows from the
kinetic theory of gases that the fraction of these mole-
cules that undergo collisions in the mean free path A is
equal to 0.63. Therefore, the flux j of the carbon mole-
cules drifting in the direction of the edge of the nano-
tube with radiusr, is represented as

n

6rrrfvd. 5)

j = 063

Let al themolecules of thisflux be placed by molecular
forcesinto a newly forming section of the nanotube, as
isschematically shown in Fig. 3. Since the bond length,
i.e., the distance between carbon atomsin the nanotube

. 2mr
structure, isequal toa=1.42 A, ?t carbon atoms are

required for the formation of one atomic layer of the
growing nanotube. Correspondingly, the linear growth
rate of a SWCNT in the laser torch is given by the
expression

u = 0.1nr,v 4a°. (6)

Since the electric field decreases rapidly as the dis-
tance from the nanotube edge increases, it isreasonable



642

Fig. 3. Schematic picture of the process of the self-orga-
nized integration of molecules and clusters into the newly
formed section of a growing nanotube: (1) growing single-
walled nanotube, (2) C, radical, (3) molecular clusters,

(4) electrons adhere to nanotubes, and (5) forming molecu-
lar bonds.

to replace v, depending on the distance from the edge
by the average drift velocity v of a molecule in the
distance range from ato A:

A
Vy = )—1\Ivd(r)dr. @)

Substituting Egs. (1) and (4) into this expression and
performing the integration, we obtain

e a

v. =B - & /a
Va T 3a © 4T mey ®)
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Substituting the expression obtained for the average
drift velocity into Eq. (6), we arrive at the following
final expression for the growing velocity of the
SWCNT in the laser torch jet:

_ ear, n(e-1)
u = 0.025 — ,—mso . 9)

This formula expresses fundamental relations between
various parameters determining the self-organized syn-
thesis of carbon nanotubes. It is interesting to estimate
the nanotube growth rate for the conditions of our
experiment [4, 6] concerning the synthesis of carbon
nanotubes by the method of laser ablation of graphite
with acatalyst for apressure of 1 atm and atemperature
of about 2000 K in the reaction space. Unfortunately,
we do not know the polarizability or mean free path of
C, molecules. For this reason, we obtained the below
estimates with the respective values € and A for nitrogen
molecules. In addition, the carbon molecule density in
the vapor—gas flame was assumed to be 50% and the
parameters entering into Eq. (9) were taken as e =
1.62 x 109 C, € = 1.00059, A = 5.9 x 10° cm, g, =
8.85x 1072 C?/(N m?), m=24 x 1.66 x 102" kg, r, =
0.7%x10°m,a=1.42x 10 m, and n =2 x 102 m3.

Formula (9) with these parameters yields a value of
about 1.3 x 102 cm/s. Unfortunately, direct measure-
ments of the linear growth rate for SWCNTSs have not
yet been reported. In our experiments on the synthesis
of SWCNTSs, the length of the reaction zone was equal
to 2-3 cm and the average vel ocity of the ablation prod-
uct flux wasequal to 5 x 10?2 s. For thistime, the length
of synthesized nanotubes may increase with the above-
caculated rate to 6.5 x 10 nm, which isin good agree-
ment with the maximum length of nanotubes in the
photograph shown in Fig. 1. The comparison of calcu-
lation and experiment evidently requires direct mea
surements of the growth rate of SWCNTsin the process
of synthesis, but these measurements are very difficult
and will not likely be performed in the near future. For
thisreason, the most realistic way to determine the nan-
otube growth kineticsisto determine the length of syn-
thesized SWCNTSs as a function of the reaction time.
We will solve this problem at the next stage of the
study. In conclusion, we note that, in the framework of
the above model, the cessation of the growth of nano-
tubes can be caused by the neutralization of charges at
the edge of a growing nanotube due to recombination
Pprocesses.
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We describe the process of the deformation of a
weakly inhomogeneous (at the initial instant) contin-
uum by an asymptotic method with the process in the
homogeneous medium taken as the zeroth approxima-
tion. Our primary interest isin the deviation of the par-
ticle trgjectories in the disturbed process from those in
the corresponding undisturbed process. Deviation mea-
sures and a classification of the disturbed motion in
terms of these measures are proposed. The trajectory
approach isillustrated through the exampl e of the plane
problem of spreading of a radially inhomogeneous
incompressible ideally plastic tube under the pressure
drop between the inner and outer surfaces.

1. An inhomogeneous medium is known to refer to
a medium whose density and material functions of the
constitutive relations are coordinate-dependent. If these
dependences are discontinuous in coordinates, then the
body isacomposite [1]. Denote some material function
characterizing the continuum by A(X, t); this function
may be a time-dependent field—scalar, vector, or ten-
sor. In the Eulerian description of the motion, the coor-
dinate dependence of the material functions can be of
two types. Let us focus on these two types in more
detail.

1°. The quantity A(x, t), aswell asdensity p(x, t), is
aknown function of x and t. Thistakes place in the fol-
lowing case. The material functions may depend on
external fields, e.g., temperature, humidity, radiation
dose, and electromagnetic quantities. For instance,
there are many known empirical temperature depen-
dences of the dynamic viscosity of afluid or empirica
dependences of the Young modulus of an elastic mate-
rial on the radiation exposure intensity. If these external
fields are given, then the material functions are also
known. In this case, the closed system of N equations
(the equations of motion, the continuity equation, the
constitutive relations, etc.) involving N unknowns and
describing the medium deformation within a certain

Moscow Sate University, Leninskie Gory;,
Moscow, 119992 Russia
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time-dependent domain Q, with a boundary %, = 0Q,
(system Ay) isclosed in Q.

2°. The physical and mechanical properties of the
medium at each point x of the space at instant t are the
properties of the Lagrangian particle that resides at this
point at thisinstant [2]. Since either the law of motion
or the particletrajectories are not known in advance, the
dependences of the density and material functions on x
andt are al so unknown. For anincompressible medium,
the continuity equation and the incompressibility con-

dition imply the equation %Lt) = 0 with thefirst integral
P(X, 1) = p(Xo, 0) =P (Xo)- (1)

Assume that function A(x, t), as well as the density
of the incompressible material, is preserved under the
mass transfer [3-5], that is

A(X, 1) = A(Xq, 0) = A(X)- )

Then, the equalities of system A must be supplemented
with the following three equations:

dx = v(x, 1),

at X(0) = Xo, 3)

which determine the law of motion of the particles
X = X(Xo, t). “)

Reversing thislaw, we can determine the inverse law of
motion

Xo = Xo(X, t) 5)

and substituteit into Egs. (2) and (3) with the result that
the functions p°(xy(X, t)) and A(Xy(x, t)) become known.
Then, the values to be determined are supplemented
with the vector x(X,, t) or X,(X, t), so that the total sys-
tem includes N + 3 equations (system By, ;). Note that
system By, ; cannot be divided into the independent
subsystems Ay and (4) owing to the fact that p and A

1028-3358/05/5012-0644$26.00 © 2005 Pleiades Publishing, Inc.
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present in the equations of subsystem Ay are not known
and are determined from Egs. (1) and (2), which
involve the inverse law of motion.

In order to formulate the initial-boundary value
problem for the inhomogeneous flow of a continuum,
the equations of system By, ; in Q, should be supple-
mented with boundary conditions on %, and with initial
conditions at t = 0. Since the objects to be determined
include the law of motion of the particles, the approach
considered initem 2° isactually aLagrangian—Eulerian
one (the law of motion being known, it is not difficult
to pass from the Eulerian to the Lagrangian description
and vice versa).

Note the case of a plane motion of an incompress-
ible medium when the velocity field v(x, t) is solenoidal
and it is possible to introduce a scalar stream function
W(x, t) such that the Cartesian components v, and v, can
be presented intheform v, =, and v, = . In view
of Eq. (3), we obtain

d_Xl = a_ljJ d_X2 = O_LIJ (6)
dt — ax,” dt ~ 0x,

The two equations (6) are mathematically identical
to the Hamilton canonical equations for a system with
a single degree of freedom, the role of the Hamilton
function being played by the stream function (for this
reason, it is sometimes called the Hamiltonian) and the
role of the generalized coordinates and the momentum,
by the Cartesian coordinates x, (t) and X,(t). Equations (6)
hold for any plane incompressible continuum flow.
Therefore, certain qualitative conclusions of Hamilto-
nian mechanics are quite applicable in continuum
mechanics [6].

2. Thefact that the material function A inthe system
of equations By, 5 is not specified as a function of the
Eulerian coordinates and time but is determined from
the inverse law of motion makes the problem of inho-
mogeneous flow rather complicated. If theinitial distri-
bution A(x,) isdightly different from a certain function

Ao(X,), so that
A(Xo) = A%(Xg) + aA (%) + ...,

||)\(x0)0—)\ (%o)| <1 @)
IA°xo)]

where A%(x,), A'(X,), ... are given, then one can use the
asymptotic approach based on the expansion of al
unknowns of system By, ; as power series in a small
parameter o, for example, v(x, t) = VO(x, t) + avi(x, t) +
.... The direct (4) and inverse (5) laws of mation can
also be presented in the form of the series:

a = su
Xo 0 Qg

X(Xgr 1) = X°(Xg, 1) + X (X 1) + ..., (8)
Xo(X, 1) = XX, t) + aXg(x, t) + .... )
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In these series,
X°(Xe 0) =X, X'(Xq, 0) =0;
Xo(x, 0)=x, Xg(x,0)=0;
‘?-)Sfma-)ﬁé =1, ‘?-X—oma—)gz—@ilqu—g, (11)
0X 0X 0Xq O0X

0%, 0%,

(10)

where | isthe second-rank identity tensor.

Inview of Eq. (9), each of the known coefficients of
series (7) can be expanded in aTaylor series, for exam-
ple,

A%(xo) = A°(XQ(x, 1)

oA’ Lo 1

+aa—(xo(x, t)) DXo(x, t) + ... (12)
Xo

If the zeroth approximation in a for the function
A%(x,) is a constant, then the medium under consider-
ation is weakly inhomogeneous in the narrow sense.
For the sake of generality, we assume that A°(x,) need
not be identically equal to a constant. Such a medium
will be called weakly inhomogeneous in the wide
sense.

The system of equationsin the N + 3 unknownswith
zero superscript (system Bﬁ,+3) isidentical in Q, with
system By, ; and corresponds to the deformation of a
homogeneous body with the material constant A° for a
weak inhomogeneity in the narrow sense or with the
material function A%x,) for a weak inhomogeneity in
the wide sense. We assume that the initial-boundary
value problem for system Bﬁ, +3 iseasy to solve.

For the N + 3 unknowns with superscript 1, we have
an already linearized system Cy, , 5 involving quantities
with zero superscript as known coefficients. This sys-
tem corresponds to the deviation from the basic (undis-
turbed) process due to the initial disturbance of the
medium by aweak inhomogeneity. It can be seen from
Eqg. (12) that al the material functions and their gradi-
ents in Ch+3 are taken on the trgjectories Xg(x, t)
determined from the basic process for the homoge-
neous material. Moreover, if A° = const, then system

Ci .3 Can be divided into a subsystem Dy, that is free

of the components of vector Xé(x, t) and three equa-
tions corresponding to Eq. (3), namely,
dx*
it %o ) = VIOX (%0 1), 1)

0
+ 20X (%), 1) DX (56,) -

X*(X 0) = 0.
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Solving the initial-boundary value problem for sub-
system DlN , we determine the disturbed kinematic field

vl; then, we integrate the linear inhomogeneous
Cauchy problem (13) and determine the vector

t

X (Xo, t) = J’K(xo, t,7) O (X%, T), T)dT, (14)
0
where

b0
K tT) = ep[S(x°008). ). (15)

Expression (15) for the tensor kernel K includes
only the parameters of the undisturbed process; that is,
it depends only on the kinematics of deformation of the
homogeneous medium. This kernel can be explicitly
written for different simple types of deformation such
as extension and compression, source and sink flows,
and pure shears and their combinations.

If the material function A(x,) isnot identically equal
to a constant, then the right-hand side of Eq. (12) con-

tains the vector X;, so that system Cp, 5 cannot be

divided into subsystems DlN and (13). Thus, inthe case

of aweak inhomogeneity in the wide sense, the formu-
lation of the problem in terms of disturbances becomes
interconnected and thereby more complicated.

Of interest is the degree of deviation of the particle
trajectories in a weakly inhomogeneous medium from
the corresponding trgjectories in the homogeneous
medium. The first approximation in a for thisdeviation

is described by the vector Xé (14). For each x, 0 Qo,
we denote
="(xa) = sup|X*(x0, 1)

=!(x0) = suplX*(x, )],

wo = {Xo 0 Qo: ="(xo) = o},

L _ (17)
Wy = {Xe 0 Qo:=7(Xp) =},

where ||-|| is a certain norm in the vector space.
Let us classify three cases of a disturbed motion.

1°. wy = O; that is, there exists a constant = < o
such that

-1 -1
sup = (Xo) < =x.
Xo 0 Qo

(18)

GEORGIEVSKII

Then, theinitial weak inhomogeneity of order a yields
the deviation of the trgjectories of all particles by quan-
tities of the same order a or higher.

2°. wp # [0 but, for any particlex, 0 wg , the follow-
ing inequality holds:

X' (o )] _

su . (19)
>0 X°(xo, )]

3°. wp # O and there exist particles X, that do not
satisfy inequality (19).

Thefirst two cases correspond to the stability of the
process of deformation of a homogeneous medium
under a small perturbation of the inhomogeneity
parameter. In thethird case, the deviation of the particle
trajectories under such perturbation has a finite mea-
sure and the asymptotic approach used in this study is
adequate only on afinite timeinterval 0 <t < T, where

T can be up to order é (temporal boundary layer). The

instability of motion under a small perturbation of the
inhomogeneity can be treated as the onset of mixing of
aweakly inhomogeneous continuum.

3. The trajectory approach described above was
developed in [4] for weakly inhomogeneous viscous
flowsand in [5] for the deformation of weakly inhomo-
geneous viscoplastic solids; the latter study contains
general statements of the problems in the first approxi-
mation in o and solutions to some of these problems.
Let us present the results of the solution of the plane
problem of spreading of a weakly inhomogeneous (in
the wide sense) incompressible ideally plastic tube
under the action of pressures applied to its inner and
outer surfaces.

The only material function present in the constitu-
tive relations for an ideally plastic materia satisfying
the von Mises—Hencky plasticity criterion is the yield
limit o, t), for which Eqg. (2) can be rewritten as fol-
lows:

0s(X, 1) = 04(Xo, 0) = 2(Xo). (20)

Introduce a polar coordinate system (r, 8) fitted to
the center of the tube cross-section. We assume that the
initial distribution of function Z(x,) is dightly different
from the radial distribution

S(rg, 0) = =°(ro) + 0= (rg, Bg) + ... 1)

In the region a°%t) < r < b%t), the solution corre-
sponding to the planeinertial ess spreading of anideally
plastic tube, which isinhomogeneous only in the radial

DOKLADY PHYSICS  Vol. 50
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direction, with a yield limit Z°r,) at t = O takes the
form [7]

= ——Z %/r -2c Se=0
p° = pa—%z"%/rz—zc%
r ol d
—ﬁj'zf’ 22—2c%§

a%(1)

(22)

where v? and v are the components of the velocity

vector, s, and s’y are the components of the stress

deviator, p° is the pressure, p, and p, are the pressures
specified on the tube surfaces (p, > p,), and c >0 isan
arbitrary constant.

The condition of full plasticity has the form:

(1)

Pa— Py = IZJ’ Z"%/EZ—ZCEO'E—E

a’(n

b(0) 4
Eﬁf nZ (n)dn

2
10 n-+2ct

In the case of a homogeneous plastic material with the
yield limit oy, this condition implies the well-known
relation between the pressure drop and the tube geom-
etry at each time instant [7]

(23)

b(t)
= J20n=2 ol

In Egs. (22) and (23), the law of motion of
Lagrangian particles along the rays

r(ro, 6, t) = ,\/I’g +2ct= Ro(ro, t),

(24)

(25)
8(ro, 6o, 1) = 6,
and the inverse law of motion
_ 2 _ 0
ro(r, 0,t) = Ar'=2ct=Ry(r, t), (26)
By(r,0,t) = 6
are used.

We note that the distribution of theyield limit Z°(r,)
can bearbitrary and, in particular, discontinuous, which
DOKLADY PHYSICS  Vol. 50
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corresponds to the spreading of a plastic composite
tube [1].

Similarly to Egs. (8) and (9), we present the laws of
motion for aweakly inhomogeneous flow in the form

(e 8, t) = R(rg, t) + aRY(rg, 6, t) + ...,

(27)
8(rg 85, 1) = 0, + a0 (g, Op, t) + ...
ro(r, 0,t) = RY(r,t) + aRy(r, 8,1) +

X (28)
Bo(r,0,t) = B+ 0a0Oy(r,6,t) +...
The linearized system C% of seven equations in

seven unknown disturbances with superscript 1 is as
follows:

+ (rsr) +5ree_

’

29)
—p,le—srlr,e"'F(rzsrle),r =0
Vil Yee g (30)
rr r r
250S
31
=ﬂ%ﬁ®mﬁEMme@()
org
0
Sre = (IEO) Vies (32)
Vi
1 0
R = VHR 8,0+ SHRIR(D, RO =0,
(33)

do' _ 1
o = V(R 800,

©'(0) = 0.
For the sake of brevity, in Egs. (31) and (32), the argu-
mentsr and t of R are omitted.

We also write two boundary conditions on each sur-
face of the tube carried over to the undisturbed circles

r =al(t) and r = bO(t):

0
~pl+s) = 5"—0‘; %8y (34)
1 _ 0 10b*
Sre - (_p pb) oae (35)

Now, we pass to the analysis of system (29)—33)
with boundary conditions (34) and (35). Algebraic
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equation (31) and formulas (22) immediately imply an
expression for the component s;, :

s = ——}—Z[zl(RS(r,t), 0)
+%§;(R8<r,t)>Ré<r,e,t)} (36)

We will seek the disturbance of the velocity field
vy, vg intheform of aFourier seriesin angle 8

—sn—\

z c,cosmB, Vg = va(r),

1 [oe]
Vi o= _ZZ C,nCOSMB, (37)

1 1D 1'
Vi = 2D z mc smme]

where vy isan unknown function and c,, = const. Thus,
the incompressibility condition (30) is automatically
satisfied.

After the expressions for v° (22) and v (37) are

substituted into the first equation of (33), the latter can
be rewritten in the form

i C,COSMB,

— m=0
Jréa+2ct

The exact solution to the Cauchy problem (38)

dR cR!

R'(0) = 0. (38)
dt r0+20t

t z Cn,cosmo, t z C,,COSMO,

R'(ro, 6, t) = =2 = D=0 (39)
Jre+2ct R(ro,t)
enables us to easily determine R;:
t z c,cosmo t Z C,,cosmo@
Ro(r, 8,1) = —1=2 =_m=0 . (40)

Jri—2ct Ro(r, 1)

Expression (40) can be substituted into Eq. (36) with
the result that the component srlr becomes a known

GEORGIEVSKII

function of the Eulerian coordinatesr and 6 and time t
for any given distribution of theyield limit X!.

Then, Egs. (37) and (32) imply that

S,l— zoﬂl.
° 2VD

Z mc,, smmaj 41)

With account for Eq. (41), the first equilibrium equa-
tion (29) gives

1 0
p,rzss-r,r-i-ﬁ_ 2
rooavor®

Z m’c,,cosmo,  (42)

the right-hand side of Eq. (42) being known. Integrat-
ing Eqg. (42) with respect to r with the boundary con-
dition (34), where we substitute

bt = t -
=0 Z C,,CoSmM0O, (43)

we arrive at an expression for the pressure disturbance

b0

1_ 1 dg
P = sy ZISH(E.GJ)E

o b°
1 2 o][g2 d&
+ Zﬁcmzom cmcosme'rrz %/E 20% ;

4 o250 (44)
bo m=0
Substituting r = a°(t) into Eq. (44), we obtain
Pa=Po < g d€
a— Fb 2 _ 1 Ug
S Zom C,,coSm0 ZJ'S”(E,GJ) :
m= 0 (45)

0
= ﬁt (aO) z (bO)D Z C,,CoSMB.
a b

This is the condition of realizability of a plastic flow
with kinematics (37), which isanaogousto Eq. (23) for
a radial motion. Analyzing the dependence of both
sides of Eqg. (45) on 6 and expanding X! in a Fourier
series in the same set cosmB with coefficients d,,,, we
can express d, in terms of c,,.

The last unknown stress component srle is deter-
mined by integrating the second equation (42) with
DOKLADY PHYSICS  Vol. 50
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respect to r with the boundary condition (35). Then,
vg(r) is found from Eq. (41) and the function
O'(r,, 6,, t), from the second equation (33).
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Within the framework of the model of local interac-
tion between a moving body and a medium and under
the assumption that the tangential stress on the body
surface is described by the mixed model of friction, the
shapes of the bodies that have a given area of base and
afford, for arectilinear motion in the medium, a mini-
mum to the resistance or a maximum to the length of
the trajectory of an inertial motion are found. The
parameters of the optimal body shape are related with
the medium characteristics and the body velocity.

STATEMENT OF THE PROBLEM

Consider arectilinear inertial motion of abody in a
medium opposite to vector x. Neglecting the gravity,
write the equation of motion for a body of mass m and
the medium resistance force D in the form

moc'j—li’ = -D, D = [[lo,(n ) +0y(x K)]dS. (1)

Here, tistime, U is the mation velocity, 6, and o, are
the normal and tangential stresses exerted on a body
surface element, n and T are the unit vectors of inward
normal and tangent to the surface element (vector t is
directed in the line of the particles’ dlide over the sur-
face), and the integration is taken over the surface S of
contact between the body and the medium.

We consider the interaction between the medium
and surface S within the framework of the model of
local interaction (ML) and write g, as the sum of the
dynamic and strength terms:

o, = A\U’a’+B,, a = (n[X). 2)

In (2), positive constants A, and B, are parameters of
the model determined by the characteristics of the

Baranov Central Institute of Aviation Motors,
ul. Aviamotornaya 2, Moscow, 111116 Russia

Sate University of Management,
Ryazanskir pr. 99, Moscow, 109542 Russia

e-mail: galina_yakunina@mail.ru

medium. Under certain assumptions, expression (2)
describes a,, on the surface of abody that movesinagas
or in dense media such as soil, concrete, or metal.

We write o, with the use of the mixed model of fric-
tion, which is suggested in paper [1] and that general-
izes both the Coulomb model of friction and the model
of constant friction:

o,, If 0,<Ts,
g, = (Mo n- HoOn=Tg . 3)
HoOn > Ts.

Here, Y, is a constant coefficient and 15 is the shear
yield point of the medium. As aresult, o, is described,
similar to o,,, by the two-term formula

o, = A,U’a’+B,. )

Moreover, according to (2) and (3), if

A<y, O = 0 (A) = /af—o—lg%,

AU?
Bl ’

(&)

A = A(U) = c:-;—j,

then o, is calculated by the Coulomb model of friction
and
Az = HoA, By = HoBs. (6)

Otherwise, o, involves the modd of constant friction

and
A, =0, B,=Ts (7

Within the framework of MLI, vector t is assumed
to be coplanar to vectors U and n and surface S is
defined by the condition

O<ac<l.

Supposethat, at theinitial timeinstant, U =U,. Tak-
ing into account (1)—7), we write the resistance D =

1028-3358/05/5012-0650$26.00 © 2005 Pleiades Publishing, Inc.
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D, = D(U,) of the body and thetotal length H,, of itstra-
jectory inthe form

0= Bl_];.ff(a)a dS, f(a) = Aggi(a) +gy(a), (8)

Ao

m dA
Ho= =—(————=, D, = ()ads, (©
0 2Al{}\D1+D2 ISIg( ) ()
i =12,
B
g,(0) = a’F+ Y20 gy(a) = 1+ 2,
— BZ
B = B,

Here, A, = A(Up), Y= (t - x) = 41 —a”, and the friction
parameters B and v depend on a and a:
v=1, |if

(10)

B = Mo, o<ay,

B=C, v=0, if a>aqa,. (11)

Model (2)—(7) represents aparticular case of writing
the stresses in the framework of MLI. Given the char-
acteristics of the medium and velocity U,, it makes it
possibleto represent D, and H,, in the form of function-
als of the shape of surface S This makes it possible to
apply methods of variational calculus when determin-
ing the shapes of the bodies that afford the minimum

D* = min(D,) or the maximum H* = max(H,).

For the generalized MLI, it has been demonstrated
[2] that, velocity U, being fixed, in the class of three-
dimensional configurations, for a flow without separa-
tion past a body with a given area of base S, the mini-
mum D* is attained on the bodies such that the condi-
tion

a = a* = const (12)

is satisfied at each point of the body surface.

In [2], methods for constructing three-dimensional
configurations satisfying condition (12) have been
developed. These methods are based on blending the
patches of the surfaces of the optimal cone with half-
angle3* = arcsina* and thetangent planes. It has been
shown that, for a specified S, and under given con-
straints on the length and lateral dimensions of the
body, one can construct infinitely many three-dimen-
sional bodies having the same resistance D*; they have
been called absolutely optimal bodies (AOB).

Below, in the framework of model (2)—7), by
known characteristics of the medium and given values
of U, and §,, wefind the o* that determines, according
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to (2) and (12), the optimal angle of incidence between
the flow of the medium and the normal to the element
of the AOB surface. It is demonstrated that the maxi-
mum H* of the trgectory length is attained on the bod-
ies that also satisfy condition (12), but, in the general
case, they are not the bodies of the minimal resistance
and their value of a* is different.

OPTIMAL SHAPES OF THE BODIES

For an AOB, value a* in (12) is the value of a at
which the positive function f (a) present in (8) has the
minimum on the segment [0, 1]. The values of B and v
for functions g;(a), i = 1,2, present in (8) are calculated
in accordance with (10) and (11) at a, = o(A,) and
function f (a) is seen to be continuous and independent
of §,. Hence, the minimum of f(a) and value a* are
determined only by velocity U, and parameters of

model (2)—7).

If valuesD;, i = 1, 2, in expression (9) are indepen-
dent of A, which is the case for constant B and v, then
one can integrate expression (9) and write H, in the
form

)\D]D

Ho = 2A1D1| %L

This expression may be used when o, presented in (4)
iscalculated by the Coulomb model of friction (6) or by
the model of constant friction (7) and parameters A, and
B, in (4) are constant. It has been shown [3] that,
parameters A, and B, i = 1, 2, being constant, in the
class of three-dimensional configurations, for a flow
without separation and for given U,, S,, and m, the
maximum H* is attained on the bodies such that condi-
tion (12) is satisfied at each point of their surface. This
means that, in this case, the shapes of the bodies with
the longest tragjectory have the same structure as AOB;
however, they have adifferent a*, which isthe value of
o O[O0, 1] that affords a maximum to the function

h(a) = N1+ A).
By
+ =L
q%l al (13)
_ 2 0 +VBy
G = Aod a + By

Here, constants B and v are determined by expressions
(10) or (11) for the models of friction (6) and (7),
respectively.

For the mixed model of friction, according to (5),
(10), and (11), values B, v, and D;, i = 1, 2, depend on A
and, for an arbitrary shape of the body, expression (9)
for H, cannot be integrated. Nevertheless, this does not
preclude the use of the methods of variational calculus
when searching for the extremum of H,, and, following
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091

Fig. 1. The pg-dependence of the values a* for the bodies
with the longest trgjectory in the case C = 0.2 given for Ay =
1, 5, and 50 by curves 1, 2, and 3, respectively. The solid
lines correspond to the mixed model of friction, the dashed
lines, to the Coulomb model of friction, and the dot-and-
dash lines, to the model of constant friction.

the technique employed in [3], one can show that, in
this case, again, the bodies that afford the maximum H*
are constructed under condition (12) just as AOBs are,
and their o* isthevalue of a [1 [0, 1] at which the func-
tion

(@) = M@+ @)
AoQ (14)
Cy
2 Ao+ =L +1
) = I, gy =9
1+%’ )\10(2+-a¥+1

attains its maximum. Here, A; depends on a and A,.
However, for C < |, the second condition in (3) is
alwaystrue and o, is calculated throughout by model (7).
Inthiscase, A, =0, h,(a) =0, and function h(a) = hy(a)
with B and v given in (11). When C i, if SHS —
a“Ho
O 1C o -
15< Ay, then A, = =5— —15; otherwise, A, = A,. In
0 0 1 aquo 0 1 0
the latter case, condition (5) isalwaysvalid, o, iscalcu-
lated by the Coulomb model (6), h,(a) =0, and function

YAKUNINA

h(a) = hy(a) with B and v defined in (10). This caseis

realized, in particular, for A, < “9 —1.
0

Thus, there is a domain of values of C, y,, and A,
such that h(a) = hy(a) and, hence, in this domain, h(a)
and hy(a) havethesamea*. Curves1, 2,and 3inFig. 1
show the p,-dependence of values a* for function h(a)
when C = 0.2 and A, = 1, 5, and 50, respectively. The
values of a* obtained for hy(a) by models (6) and (7)
for the same C, A,, and ,, are shown in Fig. 1 by
dashed and dot-and-dash lines, respectively. It can be
seen that, for small p,, the values of a* calculated for
h(a) coincide with those obtained for hy(a) with B and
v defined in (10) and, when |, = C, these values coin-
cide with a* obtained for hy(a) with B and v defined
in(112).

We search for the minimum of f(a) and maximum
of h(a) among their local and boundary extrema. The
local extrema are attained at o = o, and satisfy the
equations f'(a) = 0 or h'(a) = 0. The boundary mini-
mum of f (a) and maximum of h(a) may occur at a = 1.
Hence, the values of a* for f(a) and h(a) are such that

F(a*) = min(f(a.), f(1)), f(1) = 1+ A,
(@) = max(h(ay). h(D), h(1) = 52

Write the equations for f (o) and hy(a) at a = a,,in
the form

2A,0°y + VBA 0’ (y*—a®) —QB = 0. (15)

Here, we take Q = 1 when searching for the minimums
of f(a) and

q2
(g+1)In(g+1)—q
for the maximums of hy(a). It can be shown that, when

2
o

Q:

(16)

< 1, the value Q in (16) is close to a constant:
Q=2. Then, in the dender-body approximation,
assuming that

a’ <1, (17)

one can write solutions to Eqg. (15) in the form

- _ [RB1”
a= oy, am—@)\p , (18)
where Q = 1 for theminimumsof f (a) and Q = 2 for the
maximums of hy(a).
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It can be demonstrated that, for afixed A, and small
B, thevalues a* = a,,. However, according to (18), the
values o, grow with increasing B. In this case, the val-
ues f(a,, increase and the values hy(a,,) decrease. The
growth of f(a,,) when a* = a,, is bounded by the value

f(1) attained at B=B* and a,,,= oy, : f(ak) =f(1). Tak-
ing into account formulas (8) and (15), one can write
the following expressions for B* and o, :

Ao x 1

B* = _— Y o, = —.
2, /1+ AV " 2+ AV
Figure 2 shows B* related to A, for the bodies of the
minimal resistance (curves / and 2 constructed for
models (6) and (7), respectively) and for the bodies
with the longest trgjectory (curves 3 and 4 constructed
for models (6) and (7), respectively). For the function

hy(a), thevaluesof B* and o}, suchthat hy(a ) =hy(1)
are abtained with the use of (13) and (15). One can see

that, for hy(a), aswell asfor f(a), a}, < %2 . Thevalue

a,<ay < iz and since, for B< B*, thevaluea* =q,,,

in this case, we aways have 3* < 45°. If B = B*, then
o* =1, B* = 90°, and the optimal body is the cylinder
with the end face of a given area. As far as, for most
media, B < 0.3, it can be shown that the latter case is
realized for comparatively sow motions, when the
shape of the body exerts little influence on the resis-
tance and the length of its trajectory.

It was demonstrated above that there are values of C,
Mo, and A, such that h(a) = hy(a) and, hence, for these
values, thelocal maximumsof h(a), aswell asof hy(a),
are attained in approximation (17) at o = a,,, (see (18)).
Figure 1 showsthe valuesa* = o, related to |, for C =
0.2. One can see that, parameters C and A, being fixed,
thereisarange of values of , such that h(a) and hy(a)
have different a*. However, in this range, the values of
o* for h(a) may be approximated by the values of a*
for function hy(a) with B and v defined in (11).

It can easily be shown that, for the mixed model of
friction, functionsf (a) and h(a) have at most two local
extrema and, since, for B < B*, the values a* = a,, in
thiscase, a* isdetermined in approximation (17) by the
relations

1 for Ag<A,

19
Ao> Ay, (1%

a* = %p(
o, for

U(Dlls B @CD:US

“QEmO 0 %2 T D
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B*

047

2/ 1 4 3

03

02

0.1F

| | J
0 1 2 3

Ao

Fig. 2. Limiting values of the friction parameter B* related
to A for the bodies of the minimal resistance (curves 1
and 2) and for the bodies with the longest trajectory (curves3
and 4) constructed for the Coulomb model of friction
(curves 1 and 3) and for the model of constant friction
(curves 2 and 4).

AH
1.0
3 2 1
0.5+
1 J
0 0.5 1.0
a
. Ho(a)
Fig. 3. The a-dependence of the values of AH = P

presented for the mixed model of frictioninthe case C=0.2
and pg=0.1 by curves 1, 2, and 3 constructed for Ay =5, 10,

and 50, respectively.
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Here, we take
(20)

for the bodies of the minimal resistance and

Q=2 A —159—%3 @1

NNTEETE

for the bodies with the longest trajectory.

One can demonstrate that, for A, [1 [3, 50] and B <
0.3, approximation (19)—(21) allows constructing bod-
ies such that D, and H, differ from D* and H* by less
than 3%. Such A, and B correspond to the cases of the
motion in soil, concrete, and metal, when the shape of
the body exerts an essential influence on its motion
characteristics and the optimal bodies exhibit signifi-
cant advantages over other bodiesin terms of resistance
and trgjectory length. For instance, curves/, 2, and 3 in
Fig. 3 show the a-dependence of the values AH =
Ho(a)

H*
0.2 and Y, = 0.1. Here, Hy(a) isthe length of the trajec-
tory of the cones with half-angle = arcsina having
the same initial velocity, mass, and area of base as the
optimal body. For a > 0.3, the advantages of the opti-
mal bodies are seen to grow with increasing a and A,
and, for A, = 50, the trgjectory of the optimal body is
almost five timeslonger than that of the cylinder having
o =1 onthefront face.

for A, = 5, 10, and 50, respectively, when C =

YAKUNINA

CONCLUSIONS

Within the framework of model (2)—7), the shapes
of the bodies that have a given area of base and afford,
for arectilinear motion in a medium, a minimum to the
resistance or a maximum to the length of the trgjectory
of an inertial motion have been found. For aflow with-
out separation, the angle of incidence between the flow
of the medium and the normal to the element of the sur-
face of the optimal body has been shown to be constant
throughout the body surface. In approximation (17),
formulas (19)—(21) relate this angle with the charac-
teristics of the medium and the velocity of the body.
Note that, within the framework of model (2)—7), con-
dition (12) holds on the surface of the optimal bodies.
Therefore, these bodies may be constructed with the
use of the methods developed earlier [2] for construct-
ing AOBs, which allows constructing optimal three-
dimensional bodies of various configurations.
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A theory based on the asymptotic analysis of Rey-
nolds-averaged Navier—Stokes equations and dimen-
siona analysis is proposed for obtaining a complete
solution to the problem of the turbulent boundary layer
on a plate with uniform suction without involving any
special closure hypotheses. The profiles of velocity and
shear stress, the friction distribution over the wall, and
the integral characteristicsin the entire possible region
of the parameters are cal culated using only the velocity
profile known for an impermeable plate. Theresultsare
presented in the scaling variables.

1. We consider theflow of anincompressiblefluidin
the turbulent boundary layer on a flat smooth plate
streamed by a uniform flow with the velocity U, con-
stant along the plate length at the outer boundary of the
layer and constant suction velocity v,, directed along
the normal to the surface. We assume that the turbulent
flow is developed directly from the leading edge of the
plate. We assume that the level of turbulent pulsations
inthefree streamisnegligibly small and does not affect
the flow in the boundary layer.

All mean quantities including the gradient of the
longitudinal velocity, turbulent shear stress, and the
boundary-layer thickness A are functions of the Carte-
sian coordinates x and y and determining parameters of
the problem

a—u = 1(X! y,V,VW,Ue),

ay (1)
WvO=Fy(xVY,v,v,,U), A=Fsxv,v,,U).

Here, v is the kinematic viscosity coefficient and the
origin of the Cartesian coordinate system is on the lead-
ing edge of the plate. The quantity A that is a certain
transverse scale of the flow in the boundary layer will
be defined below.

Central Institute of Aviation Motors,
ul. Aviamotornaya 2, Moscow, 111116 Russia

e-mail: ivigdorovich@ciam.ru

The substitution of x and U, expressed from the first
and third of Egs. (1) into the second of Egs. (1) yields

e ou]

WviO= Fu, v, Vn B 5

Applying dimensional considerations to this relation,
we obtain

- Q0uT _ yu
VD= 5 SRBM. R= 5
y (2)
_ w -y
B = R you/ody’ = A
The function S as well as the functions F, ..., F,, is

universal for the class of flows under consideration that
depend on the three parameters v, v,,, and U,. We
assume that the function Sis continuousfor 0 < R, < oo,
-0 <B<0,and0<n <o andisdifferentiable with in
this region, which physically corresponds to usual
assumptions according to which viscosity is significant
only in a thin near-wall region (viscous sublayer),
where the outer scale (boundary layer thickness) does
not affect the flow. In addition, we assume that
S0, 0, 0) #0. Aswasshownin [1], thisisthe existence
condition for the logarithmic velocity profile in the
boundary layer over the impermeable plate.

The flow under consideration is described by the
boundary layer equations with zero pressure gradient
under the corresponding boundary conditions on the
wall. Taking into account closure relation (2), we arrive
at the boundary value problem for the mean velocity
field. Below, we will give the asymptotic solution of
this boundary value problem for large Reynolds num-
bers.

In the boundary layer equation that iswritten for the
stream function of the mean flow s, we change to new
variables by the formulas [2]

dR,

drR
R:Uex R = A
X V’ A V'

U= UAW(E ), ARQ) = ¢ = InR,,

1028-3358/05/5012-0655$26.00 © 2005 Pleiades Publishing, Inc.
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In addition to the dimensionless stream function
W, n), we introduce the second unknown function
A(€), which has the physical meaning of the rate of the
longitudinal variation of the transverse scale A. For
W(E, n) and A(§), we obtain the equation [2]

/\[Lpnwin - qum(LP + LPE)]

2 I 3)
= [(nl'prm) S(RI1B1r])+e LIJr]r]]r]’
where
R =en’W,, B=BNRY,);
§>—0, n =0 WY =0 AW+Y¥)=-B ¥

N — o Lpn_>1’ r]l'ler/\/S(Rh BJ]) —0. (5

Here, B= EY-V isthe suction factor. Relations (4) and (5)
e

specify the conditions on the plate and the outer bound-

ary of the boundary layer, respectively. Two conditions

(for the velocity and shear stress) are imposed at the

outer boundary taking into account the order of the dif-

ferential equation.

We seek the asymptotic representation of the solu-
tion of the problem given by Egs. (3)—5) for { — co.
Let us introduce the small parameter € and new inde-

pendent variable { = €€ such that % = Q(1). Thus, the

small parameter € is the reciprocal of the logarithm of
the Reynolds number calculated in terms of the charac-
teristic transverse scale of the flow.

The suction velocity on the wall is specified as

B =¢’b, b= 0(1), (6)

i.e., we assume that the transverse velocity at the wall
isasmall quantity of the second order in €.

2. Inthe transverse direction, it is necessary to con-
sider two characteristic regions: outer and near-wall
regions of the boundary layer. The flow in the near-wall
region was studied in [1, 3]. In particular, it was shown
that, for arbitrary suction, the profiles of the velocity
and shear stress can be evaluated using only the veloc-
ity profile in the boundary layer on an impermeable
plate.

In what follows, we consider only the outer region
of the boundary layer, where % = O(1). According

to[4, 5], two characteristic regions along the flow are
generally formed in the boundary layer with suction. In
the initial section of the plate, the moderate suction
regimeis realized such that the shear stress at the wall
isof the same order asthat in the outer region. At acon-

VIGDOROVICH

stant suction velocity and increasing Reynolds number,
the moderate suction region is followed by the strong-
suction region, where the shear stress at the wall is
much larger than the valuein the outer region. The solu-
tion abtained in [4] for the moderate-suction case has a
singularity at = 2k(-b)~'2, which corresponds to van-
ishing of the leading term of the expansion of the func-
tion A€).

Then, we consider the vicinity of thissingular point,
where strong suction occurs. We change to the new
variable s= O(1) by the formula[5]

s = £ 7 —2k(=b) ™ —=2kIne —KkIn(=b), (7

where k is a constant to be determined.

For moderate suction, the function A(€) is on the
order of € and, aswas mentioned above, vanishesin the
leading term at the singular point [4]. For this reason,
the solution in the strong-suction case is sought in the
form [5]

A(E) = —€’bA(s) + O(e’), )

W(E,N) = W,(8)+n—¢e’bg(s n) +O(e). (9

Here, W, (&) is the stream function on the wall and,
therefore, g(s, 0) = 0. In view of Egs. (6) and (8), from
the second of conditions (4) on the wall, we obtain

d¥.(8) _ 1
BT; = @4‘0(8)

W, (&) + (10)

Substituting expansions (8)—10) into Eq. (3), taking
into account Eq. (7), and performing the passage to the

limit as € — 0 such that s= O(1) and % =0(1), we

arrive at the following partial differential equation for
the functions g(s, n) and A(s):

[(NGyy) Sy + (L +NA)Gyy = Aen, (11)

where
9(50) = gy(s®) = 0, limng./S=0

and S= S, 0, ).

The case of moderate suction correspondsto thefol-
lowing passageto limit in Eq. (11):

S——0, A(S) — o, g(s,n)—A(s)f(n), (12)
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where the function f(n) satisfies the following bound-
ary value problem for the ordinary differentia equ-
ation:

[(nf")F'+nf" =0, f(0) = f'() =0,
limnf"./S = 0.

n-o

(13)

The solution of boundary value problem (13) has the
form

00

f'(n) = _Iﬂlgﬂ_
n

_ (dn
e 0%

The function f'(n) specifies the velocity profile in the
boundary layer on the impermeable plate [2]. Accord-
ing to Eq. (14), itsasymptotic expression at thewall has
the form

(14)

F a
f'(n) = =(Inn + Ay~ InFy) +O(n"), n—0,
(15)

where
a>0, F,=./~f(e) = @,

and A, is a constant.

Another limiting case, A = 0, corresponds to the
asymptotic suction boundary layer with suction, i.e., a
one-dimensional flow, where al mean quantities
depend only on the distance from the wall [6]. Such a
flow on the plateis achieved in afar downstream region
of the flow. Setting A = 0in Eq. (11), we find that the
function g satisfies the ordinary differential equation

[(ng)’S'+g" = 0; o
9(0) = g'() =0, nIilrr]mng"fs =0
and can be represented in the form
2

. h wdr]
=—, h(n) = [—=
g =-7. hn) {nfs

Here, the function h(n) has the following logarithmic
asymptotic behavior on the wall:

(17)

() = g + A —InFy) +0%),

n—0, a>0,

where A, is a constant.
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Thus, the solutions of Eq. (11) describe the entire
family of velocity profiles in the turbulent boundary
layer with suction, including the limiting cases of the
impermeabl e plate and asymptotic boundary layer.

Then, we consider the function y(s, n) related to
g(s,n) as

2
g, = -L-v./G, (19)

where

6(9) = A@[a(s =) + s )] @0

From Eqg. (11), the asymptotic expression for y(s, n) on
the wall isfound in the form

V(s n) = —2[Inn + A(s) - InF] +0(n°),

a>0,

21
n-o,
where A(s) is acertain function.
3. The skin-friction coefficient is sought in the
form [5]

% = —e?b+£'blt(s) + O(e?).
Aswas shownin[5], the asymptotic matching of the
solutions for the outer and near-wall regions with the

(22)

use of asymptotic representation (21) provides k = —%
and two equalities
A(s) — InF; —2k./G(s) = s+ C,, (23)

where C, = 2.05 is the additive constant in the logarith-
mic law for the velocity profile near an impermeable
wall [1], and

t(s) = G(s). (24)
Relation (23) makes it possible to close the boundary
value problem given by Egs. (11) for two desired func-
tions g(s, n) and A(s). Relation (24), together with

Eqg. (20), is the representation of skin-friction in terms
of the solution of this boundary value problem.

To solve the boundary value problem specified by
Egs. (11) with additional condition (23), it is necessary
to know only the function S, 0, n). In view of
Eq. (13), thisfunctionisunambiguously related tof'(n)
and can be expressed in quadratures in terms of the lat-
ter function as

_ f—f(x)=nf’

S 2
(nf")
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Since the function f'(n) specifies the velocity profile in
the boundary layer on the impermeable plate, it is well
known from experimental data. To calculate this func-
tion, we use the Coles empirical formula[7]

(M) - L11nn — 0551 + cos(m))]
F, K
O<nsi, F= —1'K55-

Here, A isthe distance from the wall at which the lon-
gitudinal component of the mean velocity differs from
U, by 0.5%. Itisthe general definition of the transverse
scale A.

Solving EQ. (19) as a quadratic equation with
respect to y and taking into account Eq. (24), we obtain

2(U.—u
: ( i — = y(a.) +O(/e)
Ue%\/ch+8+/\/écf+u_bg
€ (25)
qEL:_£+O(J?B), —0=<(q<0.

l%cf +B Jt

Relation (25) shows that velocity profilesin the bound-
ary layer with suction beyond the viscous sublayer can
be described by the family of curves depending on one
parameter g. For g = 0, scaling rule (25) expresses the
well-known velocity defect law for an impermeable
plate. According to Egs. (12), (20), and (24), y(0, n) =
_f'(n)

Fy
the asymptotic boundary layer when y(—o, n) = h(n).

To represent the results, it is convenient to use the
transverse scale

. Another limiting case q = —c corresponds to

A, = dy.

2(Ue_ )
+ BUJ

OUEE}/%C“’BJ'Jz V)

For a particular case of an impermeable plate, this

—1
guantity is equal to &* DD /%CE and is the boundary

layer thickness introduced by Clauser [8].

Turbulent shear stress al so satisfies the one-parame-
ter scaling law. The substitution of Eq. (19) into Eq. (2)
yields

J-'v'D
nvi(qqn)gqv(q,n) H/S(,0,1) + O(/cy),

VIGDOROVICH

where
—0<(g<0.

This relation should aso be satisfied everywhere
beyond the viscous sublayer.

In[5, 9], auniversal friction law was found, which
can be represented as

Inz* = ®_(q)+0(/c), (26)

0.0
0x0 0 ] 0xO

where

s S
s e
®, = —g(s, o), D, = IA(S)ds
and Rs. is the Reynolds number based on the displace-
ment thickness. According to Eg. (26), the friction dis-
tributions over the plate for various suction velocities
and various Reynolds numbers can be described by one
universal curvein scaling variables.

4. In Eq. (11), we make the substitution

h2

O, =)\f'—z+¢n 27

and change the variable s to the independent variable

1= 1.A pair of functions ¢(t, n) and

A
dt
Q1) = —2 = — (28)
(0= ds t°ds
satisfies the boundary value problem
(®+ T)(1/Sgy )y + T[N /S00) T,
= Q17 — 1), (29)

®(1,0) = ¢,(1,0) =0, Jignf%qn =0, (30)

s(1) = A(1) —InF; —Cy— 2k J1(1), 31)

0<T<oo,

_F; F,D FiQ(1) ¢(t,)

t(T) = —2+ — —

KT T T

a do(t,)
1Q(T) a (32)
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where
D = A,—A..

Expression (32) is Eq. (20) rewritten with regard to
Eq. (27).

The asymptotic expression for the desired functions
for small T values has the form

i"‘O(T)

Q) = 5

¢(T.n) = ¢o(n) +O(1), (33)

where ¢, according to Eq. (29), satisfies the linear
ordinary differential equation

®(N/Spo) + = 0.

2K Fi (34)

This equation has the following solution satisfying
conditions (30) in the free stream:

hN, —N
by = _____;K 2 (35)
where
_fdn __“hi'dn
Ny = F,®’ N = F,®
n n

Asymptotic expression (33) enables one to obtain
the expansion of the function y for aregime closeto the
moderate-suction regime:

(f])

y(a,n) = - +ay.(n) +O(q%), q——0,(36)
where
f2 12 [Ny(0)=D]f'" hN,—
Vl:_2_2+[ 1(2) 1f ;
AF; KF; K

According to the last expression,

_ 2DN,(0)-D? N,(0)
yl(o) - 4K2 - 2K .

Thus, the first term of expansion (36) has the logarith-
mic asymptotic behavior and the next terms have no
singularities on the wall.
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The expansion of the functions ®, and @, given by
Egs. (26) hasthe form

,(q) = 2—;—In(—q)+Ao—co+b1q+0(q2),

@,(0) = 5+ In(-0) + Ay = Co+ [ + {Ha + O(a),

q—> _O,

N,(0)-D-1
2K '
5. To analyze the other limiting case A — 0, i.e,,

the flow regime close to the asymptotic boundary layer,
in Eq. (11) we make the substitution

b; = Ky,(0) +

h2
Oy = —7 tAY,

7 37)

and change s to the independent variable A. A pair of
functions W(A, n) and

0,0 = -2 = o (3%)
satisfies the boundary value problem
(/S0 + AL VS T,
MWy + QM + W)+ = = 0, (39)

2./s

YA, 0) = Yy(A, ) =0, r!i[nmnfswm = 0, (40)
s(\) = A(A)=InF,—=Cy—2k./t(A), O0<A<w,
t(\) = Qmmpo\ ®)[Q,(A\) =A]

+AZQl(A)W.

According to Eqg. (39), the function y,(n) = W(0, n)
satisfies the ordinary differential equation

(41)

h(n/Se) +“’—"’°+i =0, o= F,0,(0),

2./s 42)
Wo(0) = Wo() = 0, r]Iifnmrlfstué' = 0,

whose solution near the wall can be represented in the
form

Wo = F1Zy(w)h+ Z,(w) + O(n "),
n—20, a>0.

(43)
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Here, Z,(w) and Z,(w) are certain functions. Therefore,

Yo has the logarithmic asymptotic behavior on the
wall.

Solving EQ. (19) as a quadratic equation with
respect to y and taking into account Eq. (37), we obtain

y = JhP =4y, +4t-2,k.

Taking into account asymptotic representations (18),
(21), and (43), from this expression we obtain

A=A, +2KF A Zy(w) + 2K/t + ON%), A—=0.(44)

Substituting this expression into closure condition (41),
differentiating the resulting equality with respect to the
variable A, and taking into account Eq. (38), we arrive
at the following equation for the parameter w:
2KwZ,;(w)+1 = 0. (45)
Thus, the eigenval ue problem given by Egs. (42) and
(45) isobtained for determining the leading terms of the
asymptotic representation of the desired functions. The
numerical solution of Eq. (42) shows that Eq. (45) has
an infinite number of roots on the positive semiaxisand
has no root on the negative semiaxis. The smallest root
isequa to w=1.423.

Thus, the desired asymptotic representation cannot
be unambiguously determined by analyzing the solu-
tion of the boundary value problem given by Egs. (39)—
(41) for a parabolic equation near A = 0. The w value
will be finally chosen due to the numerical solution of
the problem with the initial conditionsat A = co.

The asymptotic representation of the functions @,
and @, hasthe form

®, = D,+In2——K_ +o(q?),
K wDq
D, (46)
e = ZZ In(-q) +O(1), D, = A,—C,,
q—»—OO.

Excluding the parameter q from Eq. (46) and taking
into account Eq. (26), we obtain the displacement
thickness as a function of the longitudinal coordinate:

1 D,
Zs = <€ —=exp(D; —we Z5)+ ..., Zf—oo,

The resulting expressions show that the asymptotic
boundary layer regime is achieved only in the limit
R, — oo rather than at afinite distance from the lead-

ing edge. In this case, the quantity %cf + B and differ-
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ence between the current and limiting values of the dis-
placement thickness tend to zero exponentially.

6. For numerical calculations, two formulations of
the boundary value problem are used. The problem
given by Egs. (29)—<31) is first solved in the interval
0<1 <a (0.8 < ac< 1.5 and the problem given by

Eqgs. (39)(41) is then solved in the nterval 0< A < i
We represent Eq. (29) in the form

(r] «/_Sq)rm)n = G11
Qs — 1)

® +th+2m./Sh,,

and solve Eq. (47) as the second order equation with

the known right-hand side. Taking into account condi-

tions (36) on the outer boundary of the layer, we arrive
at the integro-differential equation

(47)

Gy(t,n) =

00

¢q(t.n) = fIh(n) =h(n)]G.(T, ny)dn;.

n
For the desired function to have no singularity on the

wall, we make the change ¢, = hy. As a result, we
obtain the following equation for y(t, n):

_ (1)
V() = [[1-gas [Gatndn, @9
n
where
Gyt,n) = e DT

® + th+ 2t J/Shy, - 21y

From Eq. (31), there follows the closure condition

Q1) = [2KF1+2KT2(LT’O)I1. (49)

d

The system of Egs. (48) and (49) for two functions
y(1, n) and Q(1) is numerically solved by the iteration
method. With agiven function Q(1) [Q(1) = Q(0)] at the
first step of iterations, in order to determiney(t, n) from
Eq. (48) in each layer in the variable T, the integral is
changed to the sum according to the Gregory formula
(modified trapezoid formula, which is exact for the
third order polynomials), which alows for the calcula-
tion of the desired function by an explicit formula
sequentially for all n values. In order to approximate
the partial derivative with respect to T, the function val-
ues in the current and preceding layers in T are used.
After the determination of y(t, n), hew Q(T) values are
calculated from Eq. (49) using numerical differentia-
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2(U,—u) J-'v'o
1 B /1
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34
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0.001 0.01 0.1
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Fig. 1. Profiles calculated for (a) velocity and (b) turbulent
shear stress in the boundary layer for g = (1) 0, (2) -0.25,
(3) —1.5, and (4) —co.
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Fig. 2. Theoretical distributions of (a) friction and (b) dis-
placement thickness over the plate in the scaling variables
aong with the experimental data taken from (0) [10] and
(@) [11].
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tion with smoothing. The calculation shows that the
function Q(1) is amost constant in theinterval 0 < T <
a and the iteration procedure can be completed after the
third step.

The boundary value problem specified by Egs. (39)—
(41) is solved similarly. After the representation in the
form

1

(n’\/_Squm)n = _Hl_z_,\/_s1

Ql(}\l-l-’)\r] + l-I*'r])

H.(\,n) =
(A.n) h+ 220 /S0,

Eq. (39) isreduced to the integro-differential equation

[

Wy(T,A) = J'[h(m)—h(rl)] Hi(A,ny)dn, + f'(n).

The calculated limiting value of the function
F,Q,(0) coincides with the smallest root of Eq. (45).

1
ds
entire range of A and increases monotonically from

i = 1.220 corresponding to A = o to 1.423 corre-

spondingto A = 0.

Figure 1 shows the calculated profiles for (a) the
velocity and (b) shear stress for various values of the
scaling parameter g. Figure 2a shows a universal curve
specifying the friction distribution over the plate with
suction along with the measurement data [10, 11] plot-
ted in the scaling variables given by Egs. (26). Experi-
ments reported in [10, 11] were carried out in a rather
wide region of the parameters: 3.8< R, x 10° < 35 and
1 <-B x 10° < 3.6. On the whole, the agreement of the
theoretical dependence with the measurementsis satis-
factory. Discrepancy is observed only for large values

of the scaling variable Z. corresponding to the strong-

suction regime. In Fig. 2b, the calculated curveis com-
pared with the datareported in[10, 11] for the displace-
ment thickness distribution. All experimental points
plotted in the scaling variables given by Egs. (26) lie
near the theoretical curve.
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In this paper, we study general solutions to the
Stokes equations in hydrodynamics and equations of
equilibrium in the elasticity theory, obtain new forms
for the representation of general solutions, and con-
struct a numerical method for calculating the Stokes
flows of a viscous fluid. By the representation of the
solutions to the Stokes equations we mean the expres-
sion of these solutions in terms of harmonic functions.
The new formulas include the representation in terms
of the first order operator and a class of 27 representa-
tions. The symmetries of fluid flows with low rates and
of elastic media equilibria have been found.

The suggested numerical method involves the
above-mentioned representations and a boundary inte-
gral equation of aparticular type. Itisessentially differ-
ent from the known methods of boundary integral equa-
tions based on multipole solutions to the Stokes equa-
tions [1-3].

The manner in which the solutions to the Stokes
equations and to the equations of the elasticity theory
are related to the solutions to the Laplace equations is
considered in detail in[4] for the case of plane problems.

REPRESENTATION OF THE VELOCITIES IN
TERMS OF THE FIRST ORDER DIFFERENTIAL

OPERATOR
The solutions to the Stokes equation
Oip = pAu;, O =0, i,j=1,2,3, )

are known to be the same as the solutions to the dis-
placement equations of equilibrium in the elasticity
theory

(1-20)Auy; + Odivu = 0 2)

Institute of Theoretical and Applied Mechanics,
Tyumen Branch, Sberian Division,

Russian Academy of Sciences,

ul. Tafmyrskaya 74, Tyumen, 625000 Russia

e-mail: o0.v.voinov@mtu-net.ru

at the Poisson coefficient o = % Here, summation is
taken over repeated subscripts.

It is known that the general solution to the three-
dimensional Stokes equations (1) can be represented [5]
in terms of the second order differential operator. The
representation of the solutions to Egs. (2) in terms of
the second order operator is also known [6].

By contrast, we represent the solution to the Stokes
equations in terms of the first order differential opera-
tor:

U = Tydy, Ty = (205X + 0% — 0 X)) Uy,
Ap; = 0, p = 2ul;,,

where 9, is the Kronecker delta. To solve Egs. (2), we
replace coefficient 2 in representation (3) with
4(1-0)
3-40
@ of avortex-free flow of an idea liquid, we call the
harmonic functionsin (3) the generalized potentials.

For an arbitrary axisymmetric flow, according to (3),
the velocity field may be specified via two harmonic
functions ¢ and Q in the form

ur = 2X2Dr¢ —rD2¢ + DrQa
u, = ri¢ +2x,0,6 + 0,Q, 4)

AQ =0, p=2u,h, r = /XC+x.

Consider the Poiseuille flow through a channel with
aunit circular cross-section at the unit average velocity

u =0, U,=2-2r°, p=-8ux,.

The Poiseuille flow is associated with two generalized
potentias

3)

. By analogy with the velocity potential u = [

¢ = r2—2x§, Q= gxg—4r2x2+2x2. 5)

The Oberbeck formula[7, 8] for the solution to the
problem of motion of an ellipsoid in a viscous fluid

1028-3358/05/5012-0663$26.00 © 2005 Pleiades Publishing, Inc.
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involving two arbitrary harmonic functions implies,
with one of them being neglected and the indices being
circularly permuted, the representation of the solutions
to the Stokes equations

u = xUid; - (3-40)9;,
p = 2ul;0;.

Note that formulas (6) and (3) are qualitatively dif-
ferent, because representation (6) involves the func-
tions themselves along with their derivatives.

A formulafor the general solutionsto Eq. (2), which
issimilar to (6), has been obtained in works by PF. Pap-
kovich, H. Neuber, and G.D. Grodskii (see [9, 10));
their formulaincludes an additional potential vector.

(6)

THE CLASS OF GENERAL REPRESENTATIONS
OF THE SOLUTIONS
TO THE STOKES EQUATIONS

Theorem 1. An arbitrary solution to the Stokes
equations (1) or Egs. (2) that is sufficiently smooth in
some domain may be represented in the Cartesian
coordinates as

4(1-0
u = ﬁxmmiq)'i_xKDkq)aim_xiqu)
+0U;Q + &40, . (7

where ¢, Q, and  are harmonic functions of x; theindi-
cesm, =1, 2, 3; and g, is the Levi—Civita antisym-
metric tensor.

Theorem 1 isalso valid for the representation

U = Xpid —(3-40)9d, + 0,Q +g;,00;W.  (8)

In the case of solutions (7) and (8) to the Stokes equa-
tions, the pressure p = 2pu, 0.

Finaly, the theorem also holds for the following
representation implied by the first two representations:

U = 4(1-0)9dim + X0 0 — X Uy
+ ;i Q + &40 Y. 9)

In the case of solution (9) to the Stokes equations, the
pressure p = —2p,.¢.

Formulas (7)—<9) form a class of representations
consisting of 27 vector formulas. Arbitrary functions
in (7) may be called generalized potentials. Note that
the three-dimensional character of representation (7) is
essential: thereis no simple formulafor the plane case.

Thefirst termsin (8) are similar to the termsin the
Oberbeck formulaor the

Papkovich—Neuber—Grodskii formula (see [9, 10]).
The first terms in (9) are similar to the formula in
paper [9]. It should be emphasized that formulas (8)

VOINOV

and (9) are qualitatively different, due to their last
terms, from the formulas in the aforementioned works.

SYMMETRIC EQUATIONS
FOR THE VELOCITY FIELD

Write the Stokes equations in a certain domain V in
theform

Au, = 20,M; (10)

divu+2(1-20)l =0, x0OV. (11)
The pressure p = 2ull. The equations also correspond to

Eqgs. (2) for the displacement in an elastic medium.

Consider other field equations within domain V and

a particular condition on its boundary dV, which is a
surface S

Au, = 20,1, AN =0,

xdV; (12)

divu+2(1-20)1 =0, xOS (13)

The following theorem asserts the equivalence of
the two ways of describing the field (under the conven-
tional assumptions about the smoothness of the fields
on the boundary of the domain and about the smooth-

ness of the boundary).

Theorem 2. Within a simply connected domain V,
equation system (12) together with the boundary condi-
tion (13) are equivalent to the equation system(10), (11).

According to Theorem 2, the solutions to Egs. (12)
under condition (13) satisfy the source system (the con-
verse statement is obvious).

Equations (12) possess the property of symmetry;
namely, they are invariant under a transformation that
involves four arbitrary harmonic functions:

MN=nN+®d, u=u+xd+¢,

Ad, = 0.

A® =0,
(14)

The field symmetry characterized by the invariant
transformation (14) isaproperty of Egs. (12), which are
valid in the framework of the global description of the
field in a certain domain under condition (13) on its
boundary.

According to (14), in the genera case, the velocity
field has the form

u = MNx+v;, AN =0, Av, =0, xOV

. ' (15)
divu = -2(1-20), xOS
By the field equations (12), I and v; are arbitrary har-
monic functions.
Particular condition (13) on the boundary surface S
should be considered together with the conventional
DOKLADY PHYSICS  Vol. 50
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boundary conditions for the velocities (displacements)
or stresses in the statement of boundary-value prob-
lems. For the case of a viscous fluid, this means the
incompressibility of the fluid on the boundary surface.
This condition makes sense, because the flow is not
affected by the fluid inertia.

Note that Egs. (12) or the first formulas in (15) are
usually considered [5, 8, 10] together with an equation
of the type (11), which precludes a simple symmetric
description of the field, and are not treated as the field
eguations.

A NUMERICAL METHOD
BASED ON THE GENERAL REPRESENTATIONS
OF THE VELOCITIES
AND THE INTEGRAL EQUATION

Denotefunctions¢, Q, and Y in representations (7)—
(9) by @, a =1, 2, 3. The components of velocity u on
surface Smay be expressed intermsof ¢ and [P |s. In
the case of representation (7), they are independent of
¢. On surface S, the gradient

Ols = nlg+ T, 0, + 1,05,

wheren, t,, and 1, are the unit normal and tangent vec-
tors, and |, and |, are the lengths of the arcs of ortho-
gonal curves on S. Write the normal and tangent
stresses P,,, P;;, Py, in the form of linear functions of
@ qlS» |:||1@ o and Dlz@ o

In the axisymmetric case, for representation (7), we
have

un = 2X2Dn¢ + I'D|(|) + DnQ;

u, = —rid, ¢ +2x,0,06 +0,Q; (16)

1 Ju, U,
—P, = ———=+01
20" al R ¢,
where Ristheradius of curvature of the contour of sur-
face S The normal stress

Pn = _p_2u|ﬁ+ﬂ1+u_'[l

ot TRYTOD (17

The pressure p = 2u,¢. Stress formulas (16) and (17)
are also valid for representation (8). Here, the normal
velocity

U, = X2Dn¢ _n2¢ + EIn(?

In the case of the symmetric description of thefield,
expression (15) for velocity u implies the formulas for
the velocity components on surface S, tangent and nor-
mal stresses:

P, = 2u(MN(1-20) +x th,M +n;0,v)).

(18)
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In the axisymmetric problem, the components of
vector v can be expressed in terms of two harmonic
functions: v, = 0,Q, v, = 0,Q + 1.

The statement of boundary-value problems for the
Stokes equations on separate parts of the boundary sur-
face Susually involves the specification of the velocity

u =u, x0$0S (19)
(i=1, 2, 3), the surface force
pny = P, xO050S (20)

(p; isthe stresstensor), the normal velocity and the tan-
gent stresses
uth =u, pnty =Py, xO0S0S

(P, is written in the same way). The representation of
the general solution viathree harmonic functions or the
symmetric description of the field, which involves four
functions of this kind, allows us to express the bound-
ary conditionsin terms of the values of ®, on Sand in
terms of the normal derivatives 0, ®,. To make
the equations closed, we need a relation between @,
and O,P,. Such arelation is the integral equation (IE)
on the boundary surface

_ oo, . 0 10
AKD(X) = J’JE}F%(X)—(CD(x)—CD(x))a—nFEdS,
S 1)
X, Xx'OS,

wherer = |x — X'|, x" isthe integration point. This equa-
tion was first introduced in [11] for the cases of plane
and axisymmetric problems for the surfaces of severa
cavities in an unbounded liquid. In these cases, coeffi-
cient K = 1. The problem being posed inside the closed
surface S, coefficient K = 0. For an arbitrary case, K is
determined via cal culation of the right-hand side of the
main integral relation for the harmonic function const
and subtraction of both sides of the obtained identity
and relation. For the plane problem, functionr="' in (21)
is replaced with Inr and coefficient 41T is replaced
with 21T

If the flow domain is not ssmply connected, then,
following Kelvin [8], we include the partitions that
make this domain simply connected into surface S
Function ® may have a cyclic constant k on a partition,
namely, the increment of @ in tracing a closed contour
partitioned by the partition. The possible contribution
of the integral over the partition to (21) is proportional
tothe cyclic constant K. Since all the possible partitions
are included in surface S the form of Eq. (21) is pre-
served.

The coefficient in the main integral relation of the
theory of harmonic functions is known to undergo a



666

PnO_Pn

Figure.

jump on S (between close pointsx L Sand x [0 §). This
jump may be eliminated by subtracting ®(x) and ®(x")
under theintegral signin (21). Then, the |lE may be dis-
cretely approximated (by the same scheme) with a
much higher accuracy than in the presence of the jump.
This is due to the fact that the presence of coefficient
P(x') — D(x) vanishing at r = 0 significantly diminishes
the impact of the error of approximation of the normal
derivative O, r~! in the close neighborhood of point r = 0.

Writing the modified |1E (21) for each function @,
together with the boundary conditions on S, we obtain
a closed description of the viscous fluid flow.

In the framework of the method, one may also con-
sider operator A of taking the normal derivative, which
is defined by |E (21):

A(®|) = O,0. (22)

With the use of operator A, the normal derivatives 0, @,
may be eliminated from the boundary conditions. Asan
operator of differentiation, operator A is unbounded.

In the design of numerical algorithms, points of sur-
face Sare specified by two parameters, T and n:

X' = X(T!n)i X = X(Tovno)' (23)

Express the singularity of the integrand in (21) in
terms of the singularity of the function of the para-
meters:

1_1
== =f(1,n,70,N0)s
T (T,N,To, No) (24)

r' = [X;o(T—=Tg) + Xpo(N —No)l,

VOINOV

Here, X,, and X, are the derivatives with respect to T
and n at point T, No-

For r > 0, the function f = r'r~! in the three-dimen-
sional problem has bounded first derivatives with
respect to T and n. By comparison, note that, in plane
and axisymmetric problems [11], transformation (24)
with asingle parameter t gives an infinitely differentia-
blefunction f in a certain neighborhood of point T, pro-
vided that the contour is an analytic curve.

In the two-dimensiona problem, substitution (24)
replaces the singularity of Inr with the singularity of
In|T - 1)

Functions @ and O,® in (21) are represented by
interpolation on acertain number of nodes. For the two-
dimensional case, the integrals in the two-dimensional
version of (21) are approximated by quadrature formu-
laswith aweight [11]

Ty N

IF(T)In|r —Toldt = Z cF(1). (25)
T k=1

In three-dimensional problems, we useasimilar for-
mulafor integration with respect to the parameters with
the weight function r*-!.

CALCULATION OF A FLOW
WITH A MOVING ANGULAR POINT
ON THE BOUNDARY CONTOUR

An axisymmetric flow of aliquid that slowly fillsa
channel with a circular cross-section, where the free
surface is close to a sphere segment intersecting the
wall at an angle of a,, has been calculated. On the
sphere, P, = 0 and anormal velocity u,, is specified. The
velocity on the wall is equal to zero. Away from the
sphere, the flow is close to the Poiseuille flow.

In the small neighborhood of the angular point, the
problem has been regularized in order that the problem
to be caculated have sufficiently smooth boundary
conditions. The small neighborhood has a size of 10~
of the channel radius in the example under consider-
ation.

The spacing of the nodes on the contour of the flow
boundary S could significantly vary over the boundary,
becoming closer near the angular point. The method
works even for a gross variation of the grid step (up to
100 times in the case that the total number of nodesis
on the order of 100). In the example (figure), the coef-
ficient of the step nonuniformity is50. The figure shows
the difference between the normal stress and its singu-
lar part P, — P, related to the polar angle 6 on the
spherical free surface; the contact angleisa,=30°. The
numerical values of this difference are compared with

DOKLADY PHYSICS  Vol. 50
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the asymptotics near the angular point, according to
which the stress

-1
P, =cir +cdnr+...,

where the constants are known [14]. The first term P,
istheTaylor stresssingularity for aflow inacorner. The
values given in Fig. 1 are calculated by the equivalent
formula

P, = c,sinagh™ +c,inh+ ...,

where h is the distance from the wall. It is seen that,
near the edge of the spherical segment, the numerical
value of the difference between the stresses (the solid
line) is close to its asymptotic values (the dotted line).
The diagram shows the difference between two values,
which are dightly different (about 10%) at the points
where the calculations are close to the asymptotic val-
ues. The calculated curve is smooth because of the
highly accurate calculation of the stress (the error isless
than 1073), which is maintained notwithstanding the
strong nonuniformity of the grid.

It is seen in the figure that, subtracting the Taylor
singularity from the stress, we do not obtain a bounded
function P,, — P,; there is another peak for the stress
difference. It isimportant that both peaks are correctly
described by the suggested numerical algorithm.

The numerical calculations employ the symmetric
equations for the velocity field with a special boundary
condition (13), representation (7) of the velocities via
the generalized potentias, and the representation by
formula (8). The results obtained by different methods
are in good agreement.

The presented calculation results demonstrate that
strong nonuniformities of the stressfield of aslow flow
of aviscous fluid can be calculated with the use of the
same integral equation that was used for the calculation

DOKLADY PHYSICS Vol. 50 No. 12 2005
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of the dynamics of anideal liquid with a free boundary
[11-13].
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The mechanism of the transition from two-dimen-
sional (2D) wavesto a 3D waveregimein aviscouslig-
uid film falling down on a vertical wall has been eluci-
dated for the first time. The linear stability of 2D soli-
tons with respect to 3D perturbations is analyzed. The
decomposition of solitary waves and their transforma-
tion into localized wave structures is described using
numerical methods. The proposed physical mechanism
of 2D solitary wave breakage is related to the destabi-
lizing action of capillary forcesin the transverse direc-
tion and to the development of a Rayleigh instability,
which leads to the decomposition of capillary streams.

1. The 3D flow in athin liquid film falling down on
a vertical wall a moderate Reynolds numbers is
described by the K apitza—Shkadov system of equations
[1-3]:

1)

Dah ah] pU
555 beaz 023D h%
oh,0q dp _
Jot 0x 0z

where g and p aretheliquid flow rates along the gravity
force (x axis) and in the normal (z axis) directions,

0,
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11/9
respectively; h is the film thickness; o = 532—[37@ is
the modified Reynolds number; Re is the flow-rate-
average Reynolds number; y = ap'v*#3g 1”3 is the
Kapitza number; o, p, and v are the surface tension,
density, and kinematic viscosity of the liquid, respec-
tively; and g isthe acceleration of gravity.

System (1) has a one-parametric family of solutions
of the 2D soliton type [4]:

0 0 0

p 3 0, 3 Cax’ (o = chy—c+1,
for which hy — 1 for x — oo [infinity]. These soli-
tons, which appear due to random perturbations arising
a the input and evolving downstream [5], have been
observed in experiment [6, 7]. In the case of relatively
large Reynol ds numbers and sufficiently long channels,
the 2D solitons exhibit disintegration with the forma-
tion of 2D localized structures[8, 9].

Let usimpose asmall perturbation on the above 2D
soliton-type solution:

h = ho(8) + A(E)eP ™™,

q = qo(&) + Q(E)eF ™, )

p = iP(E)ePN, &= x—ct.

Substituting expressions (1) into Eq. (1) and linearizing
the obtained relations, we obtain a boundary-value
problem for determining the eigenvalues A:

d U120, 6% 0 6,00~
daé%ho BT -
= L EH L e 8H - La s 2o
550 ° g Odﬁ e~ h g

1028-3358/05/5012-0668$26.00 © 2005 Pleiades Publishing, Inc.
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AP+ A 8% _ Al

dél6h, O
d H 10 ©
:— __ hH__
550" g2 B PE
H+—(Q cH)—BP = 0,

where A, Q,P—0 for

At & — too, the system of equations (3) transforms
into a system with constant coefficients, which has
solutions of the type exp(0x), where o are determined
by the dispersion relation

(o* + ((5¢*-12c + 6)5—-2p%)0°
+(3—=10Acd + 12A8 —c)0 + 53 + A + B*)
x((6-5c)da+5A0+1) = 0.

Three o, correspond to the components with Re{o,} >
0, which decay at & — —oo and yield the solution

A exp(0,X) + Aexp(0,X) + Azexp(03X).

System (3) was numerically integrated from these ini-
tial conditions to aregion of large & > 0, which corre-
sponds to the asymptotics at & — +oo. Thisregion is
described using the remaining two o, values with
Re{o,} < 0O, which decay a § — +o and yield the
solution

B, exp(a,x) + B,exp(asXx).

It was found that, for al & values, thereis asingle
unstable real eigenvalue A(B). In a small vicinity of
B =0, wehave A = 0. As 3 increases, A grows, passes
through a maximum (A, a 3 = 3,,), decays to zero at
B =f,, and goesto astable region of A <O.

Figure 1 shows the plots of B, and A, versus &. For
0 — 0, the problem has an asymptotic solution with
Bn— 0.3255(159)'2, A, — 0.0545(150)%, and
By — 0.4758(150)' (dashed linesin Fig. 1). For suf-
ficiently large & values, the solution exhibits a different
asymptotic behavior, which corresponds to 3, —
0.361, A, —= 0.2382, and 3, — 0.832.

Therecalculation from 3, to adimensional quantity
for water (y = 2850) yields an estimate of the most
“dangerous’ wavelength: 1.42Re'”. For Re=5-80, this
wavelength is on the order of 2 cm, which is in good
agreement with experiment [7, 8, 9]. Taking into
account that the initial perturbation amounts to 5-10%
of the soliton amplitude, the distance traveled by a 2D
soliton downstream until its complete disintegration is
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Fig. 1. Theplotsof (1) B, and (2) A, versus 6. Dashed lines
show the asymptotic behavior for small o.

6Re!”. This value also rather weakly depends on the
Reynolds number and ison the order of 10cm [7, 8, 9].

2. We have integrated system (1) using numerical
methods. The initial conditions corresponded to a 2D
soliton perturbed with respect to z

h = hy(x—ct) +e® Z A, cos(kBz),

g=ch-c+1, p=0,
where A, and b are constants. The calculations were
performed for N = 100, A, = 10, and B = 1%‘6 which

corresponded to a small random noise imposed on the
2D solution. A solution was found in a rectangular

domain x = %I, z = J_rg. The boundary conditions at

X = *l were selected intheformof h=q-ch=1,p=
0; the boundary conditions with respect to z were peri-
odic:

h(x2) = hk z+2] BD’ a(x2) = gk z+ 2 BD’

p(x2) = phk 2+ %TH

The solution was obtained by the high-order finite dif-
ference (lattice-point) method in a coordinate system
moving at a 2D soliton velocity, with an implicit finite
difference scheme in the time domain.
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Fig. 2. Decomposition of a 2D soliton with the formation of 3D solitons (& = 0.05).
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