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The interplay between the widespread phenomena such as 1/f noise and self-organization of the critical stateis
studied both theoretically and by computer simulation using a model of multijunction SQUID exposed to an
external magnetic field. It is demonstrated that the spectra of the average current in the systems of different size
exhibit a broad region of 1/f noise limited only by the system size. However, the coexistence of 1/f noise and
self-organization of the critical state was observed only in one two-dimensional system. © 2001 MAIK

“ Nauka/Interperiodica” .
PACS numbers: 74.40.+k; 05.65.+b

1/f noise is known to be among the most abundant
phenomena in nature. It is present in the spectra of
diversified processes such as quasar light, river flow,
music, speech, electrotechnical measurements, etc.
However, in spite of its abundance, the origin of this
phenomenon is still not clearly understood. To explain
it, the concept of self-organized criticality (SOC) was
suggested in [1].

According to this concept, giant dissipative dynam-
ical systems consisting of a large number of mutually
interacting elements are capable of accumulating small
external perturbations to come, under their action, to
the critical state. Every new perturbation removes the
system from the state it came to and initiates a dynam-
ical process (avalanche) that releases a part of the
energy so that the system reenters the critical state,
whose local characteristics, however, strongly fluctu-
ate. Such systems never attain equilibrium but undergo
transitions from one metastable critical state to another.
The set of such metastabl e states mutually transforming
viaavalanchesis called the self-organized critical state.
A power-low distribution of the avalanche sizes in the
system is considered the mathematical criterion for
self-organization.

This type of behavior is aso widespread in nature
and occurs, in particular, in geological systems, where
the earthquake intensity distribution also obeys the
power law; in biology (population growth dynamics);
etc. For this reason, the originators of the SOC concept
have advanced the assumption that complex natural
sources of 1/f noise are in the self-organized critical
state.

However, subsequent investigations have revealed
that the spectra of main characteristics in the standard
mathematical models of self-organized systems such as
the sandpile model [1, 2] or model [3] show the 1/
dependence, where a isusually closeto two. Neverthe-

less, because of the relative simplicity of these mathe-
matical models, they have come into use as basic mod-
elsfor simulating systems with 1/f noise. For example,
a modification of the perturbation rules gave rise to
1/f noise in a quasi-one-dimensional sandpile model
[4] or in the nonconservative model [5]. However, inal
these cases the critical state of the system was not self-
organized. Therefore, the question of interplay between
self-organization and U/f noise is still open, so that a
search for the systems in which these two phenomena
can coexist is being continued, because it may clarify
the mechanisms responsible for the 1/f noise.

Earlier, we demonstrated [6-10] that granular
superconductors with the large parameter V ~ j.a%®,
(aisthegrainsize, j.isthecritical current density inthe
intergrain junctions, and @, is the magnetic flux quan-
tum) represent an interesting example of systems with
self-organization. Due to their physical properties,
these systems can be used for studying the self-organi-
zation phenomena under conditions that are physically
unreasonablefor the previously suggested systemswith
SOC but are natural to granular superconductors. This
allowed usto assume that granular superconductors are
precisely the ones which can be used for studying the
interplay between 1/f noise and self-organization.

The purpose of this work was to study the above
interplay for the critical state of amultijunction SQUID
exposed to an increasing external magnetic field. For
each avalanche appearing in the critical state of the sys-
tem, we examined its characteristics such as the inte-
grated avalanche voltage, which is an analogue of the
avalanche size in the SOC models, and the average cur-
rent at the end of the avalanche. In addition to the dis-
tribution of integrated voltages, the interavalanche cur-
rent correlations were also considered. A detailed study
of the systems differing in size has shown that the spec-
tra of average current in the quasi-one-dimensional
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Fig. 1. (x, y) Cross section of atwo-dimensional multijunc-
tion SQUID.

case exhibit abroad region of 1/f noise limited only by
the system size. However, the critical state is not self-
organized in this case. Asfor the two-dimensional case,
1/f noise and self-organi zation were found to coexist in
the system.

The multijunction SQUID considered in this work
consists of two superconducting plates connected
together by Josephson junctionsat the sitesof anN x M
lattice. The junction sizel is much smaller than the lat-
tice spacing a (Fig. 1). The external magnetic field H®
is aligned with the y axis. The current in this geometry
flows along the z axis. The system of equations for the
gauge-invariant phase differences ¢,, ., at the junctions
with coordinates (na, ma) can be written based on the
equation for alarge Josephson junction [11]. Using the
resistive model of a Josephson junction without ther-
mal fluctuations [12], we obtain the following dimen-
sionless system of equations:
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wherej, isthecritical current density, A, isthe London
penetration depth, @, is the magnetic flux quantum, p,
is the surface resistance of the junction, and j, , isthe
density of the injection current.

One can see from these equations that theincreasing
external magnetic field induces a negative current at the
left boundary of the system and a positive current of the
same magnitude at its right boundary. We assume in
thiswork that currents of opposite signsare not injected
into all junctions of the left and right boundaries simul-
taneously but every time into asingle randomly chosen

junction at each of the boundaries; i.e, Hip =
Him, =H®, wherem, and m, arerandom independent

variables, and HI |, = HY', = O for al m# myand my.
It should also be noted that the systemisclosed; i.e., the
current is conserved.

This system, together with the method of perturba-
tion described above, was analyzed in detail in [8, 10],
where it was demonstrated that, although the systemis
closed, itscritical state is self-organized.

We studied this system by computer simulation
using the Eulerian scheme with a step of dt = 0.01 and
V = 40 in the regime that is ordinarily applied to sys-
tems with self-organization. Starting with the state for
which al ¢; = 0, we perturbed the system by increasing
the magnetic field. The injection of a current into the
system initiated an avalanche, which manifested itself
as a voltage pulse. Every next injection was done only
after the system had come to the metastable state.

After a certain transient period, the system attained
its critical state. The latter represented a set of metasta-
ble statesin which the junction currentsin the right part
of the system were positive and close to the critical
value while the currents in the left part were negative
and close to the negative critical value. The junction
currents fluctuated upon the transition from one meta-
stable state to another, but the structure of the critica
state remained unchanged.

For each avalanche in the critica state, we calcu-
lated a current averaged over the “positive” part of the
JETP LETTERS Vol. 73
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system at the end of the avalanche

1 N M o
Zn, m(tei) ’
N, M z Z )

n=N;m=1

Zi=

Zflt m = V/ZT[Si n¢ n, m(tei) ’

wherety isthe time of the end of theith avalanche and
N, = (N —1)/2 + 2. We aso calculated a voltage aver-
aged over the positive part of the system and integrated
over the avalanche time to obtain the quantity analo-
gous to the avalanche size in the previously considered
models with SOC:

__%
Ui = 21N, M

Z z [q)n m(tei) _¢n, m(tbi)]’ (3)

n=N;m=1
where t; is the time of the beginning of the ith ava-
lanche.
We characterized the system by the probability den-
sity p(U) of integrated voltages
p(U) = B(U-U)H 4)

and by the spectral densities S(f) of average currents[13]

S(f) =2y D(e™™, (5)
j=—0
DAj) = Zz.,0- . (6)

Here, [..Ostands for the averaging over the avalanche
number i.

It should be emphasized once more that the correla-
tion functions and, hence, the spectral densities of the
guantities are taken with respect to the avalanche num-
ber i rather than to timet; i.e., we consider the interav-
alanche correlations in the system. The importance of
these characteristics was discussed in [7].

We considered our system for different M and N
equal to 43. The magnitude of acurrent injected per one
step into the right and left boundaries is unity unless
otherwise stated. The results are presented in the fig-
ures.

Aswas aready shown in [1], neither self-organiza-
tion nor 1/f noiseis present in the one-dimensional case
(M = 1). After each perturbation, the system reenters
the same (the only) critical state and the avalanches are
either of zero or of a certain fixed size U,. The spectra
in this case are delta-shaped.

We next considered the quasi-one-dimensional case
N > M. It is seen from the figures that the spectral den-
sities of average current have abroad region of 1/f noise
limited only by the system size M. In particular, it was
maximal for M = 2 (Fig. 2b). However, self-organiza-
tion did not occur in these cases and only afinite set of
avalanches with fixed sizes and quasi-periodic behavior
was observed (Fig. 2a).
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Fig. 2. Results of computer simulation of the systems with
different M and N = 43. (&) Probability density p(w/®g) for

M = 2. (b) Spectra density of the average current for M = 2;
the slope of the straight line a = —1.00. (c) Probability den-
sity p(w®g) for M = 10. (d) Spectral density of the average

current for M = 10; the slope of the straight line a = —1.05.
(€) Probability density p(u/dg) for M = 21; the slope of the
straight line a;, = —1.01. (f) Spectral density of the average
current for M = 21; the slope of the straight line a = —1.05.

As M further increased (N > M), avalanches of dif-
ferent sizes appeared in the system, but 1/f noise per-
sisted (Figs. 2c, 2d).

Itisseenin Figs. 2e and 2f that the system becomes
self-organized, with the persistence of 1/f noise, at M =
(N —1)/2. We already observed this situation in [8], but
did not analyze it in more detail.

To demonstrate pictorially what the presence of 1/f
noise means, we also calculated, in addition to the spec-
tral density S(f), the interavalanche correlation func-
tion D,(j) for the average current [Eq. (6)]. Figures 33,
3b, and 3c show the D.(j) function for different M. In all
cases, the oscillations with a frequency of /M are
clearly seen and produce apeak at thisfrequency in the
spectral functions of the process. In al cases consid-
ered, an exceedingly slow logarithmic decrease is the
most prominent feature of the correlation functions. For
instance, D,(j) = D,(0)/(1 + 0.33In(j)) for M = 2; i.e,,
D,j) = D0)/3forj = 10°
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Fig. 3. Interavalanche correlation functions for the average
current in the systems with different M and N = 43; M =
(a 2, (b) 10, and (c) 21. Insets: enlarged fragments of D(j);
oscillations with frequency f = 1/M are clearly visible.

Thus, it is seen from the figures that the z values for
the metastable states separated by thousands of ava-
lanches strongly correlate with each other. Moreover,
not only the z values but also the overall structure of
these states change slowly, as was already pointed out
in [4]. Therefore, the system possesses a long-time
memory, which is to say that mixing is absent in the
system and it is nonergodic.

Note in conclusion that the coexistence of 1/f noise
and self-organization in the system is highly unstable
againgt variations in the method of external action. For
example, 1/f noise disappears, whereas the self-organi-
zation isretained upon achangein the magnitude of the
current injected into the boundaries (Fig. 4).

In summary, this work presents a detailed study of
the interavalanche correlations of the average current
and voltage in the critical state of multijunction N x M
SQUIDs exposed to an increasing external magnetic
field. The main results can be formulated as follows.

In al cases considered, the spectra of average cur-
rent exhibit a broad region of 1/f noise limited only by
the system size M, indicating the presence of long-time
interavalanche correlations in the system, i.e., its non-
ergodicity.

The self-organized critical state was observed for
one two-dimensional system with integer addition. The
coexistence of 1/f noise and self-organization in the
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Fig. 4. Results of computer simulation of the 43 x 21 sys-
tem; the magnitude of the current injected into each bound-
ary is 0.2. (a) Probability density p(w/®); the slope of the
straight line a = —1.01. (b) Spectral density of the average
current; the slope of the straight linea; = -2.8.
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same system is highly unstable against the variations of
external conditions, suggesting that these two phenom-
ena are mutually exclusive in practice.
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Theinterference of spontaneous parametric radiation was observed from two nonlinear crystals separated by a
macroscopic layer of alinear substance and excited by a common pump beam. In the presence of strong dielec-
tric dispersion in the layer, the frequency—angular spectra display features analogous to the Rozhdestvenski
hooks. The hook wavelength corresponds to the compensation of group velocity dispersions in the nonlinear
crystals and the layer. © 2001 MAIK “ Nauka/Interperiodica” .

PACS numbers; 42.50.Dv; 42.70.Mp

By now, a number of experimental procedures are
known for the observation of the interference of two-
photon (biphoton) radiation in either the second or
fourth order in field [1]. Such an interference underlies
many effectsin quantum optics[2]. Because of the lack
of adequate classical analogues of the biphoton states
of the electromagnetic field, two-photon interference
(T1) hasfound a purely quantum interpretation. Indeed,
some experimentally detected quantities have values
that are basically unattainable in the classical experi-
ments. At the same time, a qualitative comparison of
the classical and quantum optical interference effects
reveals many common regularities. In some cases, the
known analogues serve as the only “bridges’ connect-
ing the quantum and classical worlds at alevel of inter-
pretation of the experimental results [3].

In this work, the distortion effect observed in the
interference pattern at frequencies close to the absorp-
tion band of alayer placed between two crystals spon-
taneously radiating photon pairsis discussed. Such dis-
tortions are caused by a phenomenon that was first
employed by Rozhdestvenski in 1912 in his hook
method. This elegant method was later used for the
accurate quantitative investigation of anomalous dis-
persion in metal vapors [4].

Spontaneous parametric light scattering (SPS) in
crystals with quadratic susceptibility isasource of two-
photon radiation [5]. The SPS can be interpreted as
resulting from the decay of pump photons with fre-
quency w, into pairs of correlated photons with fre-
quencies w; and wy, according to the scheme 7wy, —
fiw, + 7w, in acrystal with quadratic susceptibility x@.
In the case of ahomogeneous crystal and a plane mono-
chromatic pump wave, the spontaneous radiation of
photon pairs occurs predominantly in the directions
determined by the stationarity w; + 63 —w, = 0 and spa-
tial homogeneity Ak = kg + k; — k, = 0 conditions

[k; ( =s, i, and p) arethe wave vectors of the signal (s),
idler (i), and pump (p) modesinside the crystal]. These
expressions, called matching conditions, together with
the dispersion law w(k) of the crystal, define the rela-
tion B, = 84w, between the frequencies and angles of
the scattered radiation. The presence of spatial inhomo-
geneity in the scattering volume materialy aters the
frequency—angular SPS spectrum.

Let the biphotons be emitted from two identical
plane nonlinear crystals separated by alayer of atrans-
parent substance (Fig. 1). Then the dependence of the
scattering line shape (i.e., of the normalized intensity)
on the scattering angle and frequency is determined
from the condition

00(8s ) = [SE2

where o and &' are the wave detunings in the nonlinear
crystal and the layer, respectively,
o(w, 0) = AL = (k,—ks—k)L,

8w, 8) = AL = (K,—K.—K)L',

cos%6 ; 8%} , D

)

8, is the angle inside the crystal, and k and k; are the
projections of the wave vectors onto the direction per-
pendicular to the layers. Equation (1) is derived without
regard for absorption in the intermediate layer. The
function g(Bs, wy) is proportional to the square of the
modulus of the biphoton amplitude

2
4

[P 0 W,
O

? = g(8, ws)E!%[Emex
0

which determines the contribution of the two-photon
Fock’s states to the wave function of the SPSfield for a
given pump field E, [6] (m= 2 isthe number of nonlin-
ear crystals). Equation (1) describesthe Tl effect in the
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second order in field [7]; the phase incursions of all
three modes in the intermediate layer L' modulate the
line shape following the law cos?[(d + 8)/2]. According
to Eqg. (1), spontaneousradiation isfully suppressed for
some frequencies and angles. Since the dispersion
properties of the intermediate layer influence only the
modulation multiplier, the Tl can be used for determin-
ing the dispersion law for the substance placed between
the crystals [8, 9]. The distinguishing feature of such
spectroscopy is that the scattering intensity is deter-
mined by the nonlinear SPS process, whereas the inter-
ference modulation is driven by the phase incursion in
the layer, where, in the general case, X@ = 0; i.e., the
substance may be linear.

By expressing the wave detunings d and &' explicitly
in terms of frequencies and angles [8], one can deter-
mine the condition under which the slopes of the inter-
ference maxima (o + & = 2rim) are zero, i.e., 09 /0w, =
0, where § isthe external (observed) scattering angle:

09,
I,
(ts—T) + (1= 1)) _o0 O

9 BA)SDZDLDl L 10, L'Dl + i

TeOE Tk kO 0 K

Condition (3) is derived in the approximation of small
scattering angles (3 <€ 1) and without regard for the
anisotropy of the group and phase velocitiesin the non-
linear crystals. In the noncolinear scattering regime
(B % 0), the derivative 08 /0w is zero if

(Ts=T) +(Ts-1) = 0. (4)

Here, 1= L/u, T, = L/u, T, =L"ug, and 1; =L"/u; have
the sense of times of the signal- and idler-photon tran-
sition across the nonlinear crystal (1) and the interme-
diatelayer (1,) and u, = du/dk, (u, = dwy/dk, ) arethe
corresponding group velocities (g = sand i).

When detecting the SPS by the crossed-dispersion
method [10], the output of the spectral instrument pro-
vides a two-dimensional intensity distribution of the
scattered radiation in the {w, 94 coordinates [see
Eqg. (1)]. In these coordinates, the interference pattern
has a form of alternating fringes with slopes deter-
mined by the dispersion of the nonlinear crystals and
intermediate layer. The interference maximum forms a
hook if the fringe slopes become zero (09 /dw, = 0).
The dispersions of the group velocities in the nonlinear
crystals and intermediate layer are compensated at the
corresponding frequencies of the signal (w,) and idler
(W = w,—wy) waves, i.e, the differencesin the times of
signal and idler photon transitions through the crystal
and the layer coincidein magnitude and are oppositein
sign: At = -AT'. The slope increases in the range of
strong dispersion in the substance, i.e., near the absorp-
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Fig. 1. Diagram of anonlinear interferometer. Two optically
nonlinear crystals of thickness L are separated by alayer of
the optically linear substance L' and are excited by a com-
mon pump beam.

tion bands. If the nonlinear crystals are transparent over
a broad spectral range for al three frequencies while
the layer is transparent in the range of signal and pump
waves but has resonances of dielectric constant at idler
frequencies (in the IR range), then the interference pat-
tern will reflect a change in the dispersion of idler
waves in the intermediate layer. The specific feature of
the Tl is that the absorption in the layer between the
crystals, which increases as the frequency approaches
resonance, does not diminish the integrated intensity of
the scattered radiation. In this case, only the interfer-
ence visibility is reduced and in the limit where the
absorption coefficient becomes of the order of the layer

reciprocal thickness a; = 1/L' the visibility tends to

zero [11]. The expression for the scattering line shape,
with allowance made for the absorption at theidler fre-
guencies, takes the form

—a'l'
_ L 2orl+e " cos(d+ )
gl(es' (1)5) = snc [ED] 2 [l (5)

As follows from Eq. (5), by the visibility is meant the

e “" function. The unity in the second multiplier in
Eqg. (5) appears because of the spontaneous nature of
the TI effect.

The frequency—angular T1 spectra and their features
are physically similar to the interference patterns
obtained by Rozhdestvenski. In his hook method, the
two-dimensional interference spectra are also recorded
by using the crossed-dispersion method, when the pat-
tern at the interferometer output is that which is pro-
jected onto the entrance dlit of the spectrograph. The
substance under study is placed in one of the interfer-
ometer arms and glass plates of different thicknesses
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Fig. 2. The frequency—angular SPS spectra: (&) two LiNBO3 crystals (L = 440 pm) are separated by alayer (L' = 50 um) of paraffin
oil; hooks are indicated by the lines parallel to the angular axis; (b) one LINBO3 crystal.

are placed in the other. Because the dispersion strongly
varies near the absorption band of the substance under
study, there will always be a wavelength for which the
action of the substance is exactly compensated by the
action of a glass plate, so that the slope of the interfer-
ence curve will pass through zero at this point; to the
left of this wavelength, the curves go down and, to the
right, they go up (or vice versa), thus forming a hook,
whose position can be accurately measured on the
wavelength scale [12]. Of course, the Rozhdestvenski
method deals with the linear effect, i.e., with the com-
pensation of light velocities in different substances at

n
135 o
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130  «°
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1.25 j ...E.ﬂ
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1 | ] | I | I 1
2800 3000 3200 3400
-1
o, (cm )

Fig. 3. Frequency-dependent refraction index of paraffin oil
in the vicinity of the wy = 2950 cm™ band as derived from
the Tl spectra.

the same frequency under the condition of broadband
illumination of the interferometer. The requirement on
the frequency corresponding to the hook top can be
expressed in terms of the group and phase delay times
in the substance and plate:

(T'gr _Tgr) + (T:/ac_rvac) = 0. (6)

Here, 14 = L(dw/dk)™, Ty = L/C, Tyo = L'/c, and Ty, =
L'(dwydk)™ are the group delay times in the substance
(of length L) and the plate (of length L"). Asin Eq. (3),
the small-angle approximation 8,, << 1 isused, wherem
is the order of interference. Therefore, for the hook to
appear in the Rozhdestvenski methaod, it is necessary

that the difference in group delays 1, — T, in the sub-
stance and plate coincide in magnitude with the differ-
ence in group (phase) delays T,,. — Ty iN the vacuum
and be of the opposite sign toit.

A comparison of Egs. (4) and (6) shows that in both
cases the hooks can be observed only if the dispersion
of the substance under study is compensated. With Tl,
the differences in the transition times of the signal and
idler photons in the nonlinear crystal and the interme-
diate layer are compensated. In the Rozhdestvenski
method, the dispersion of the substance appears as a
difference in the group delay times in the studied and
reference substances relative to the delays in the vac-
uum. The following important feature of two-photon
interferometry is noteworthy: although the recording is
inthevisibleregion, the contribution to the interference
2001
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Fig. 4. Qualitative comparison of the (a, ¢) hook method and (b, d) two-photon interferometry. (a, b) Schemes of the respectiveinter-
ferometers. (c, d) Observed interference patterns: (c) taken from [4] and (d) calculated TI modulation function for L = 440 um and

L' =50 pm. The envelope si n02(6/2) restricting the observed frequency—angular T1 spectrum is shown by the dotted line.

pattern is determined by the group delay at a conju-
gated frequency lying in the IR range.

In the experiment, the SPS was excited in two thin
(L = 440 pm) lithium niobate crystals arranged in
tandem and exposed to a common argon laser beam.
These crystals are transparent over a wide range
(0.4-5.0 um) and their parametric scattering spectra
are well understood. The gap between the crystals was
filled with a layer of paraffin oil. The layer thickness
was varied within 1 < L' < 50 pm. The oil has an iso-
lated absorption band at a frequency of 2950 cm with
awidth of 95 cm™. The photograph of afragment of the
frequency—angular T1 spectrum of the crystal—oil—crys-
tal systemisgivenin Fig. 2a. For comparison, the SPS
spectrum of one of thelithium niobate crystalsis shown
in Fig. 2b (L = 440 pm), i.e,, in the absence of Tl. The
resonance-induced distortion of a monotonic progres-
sion of the TI ordersisclearly seen near 2950 cm (sig-
nal wavelength A,= 5700 A). The visibility of theinter-
ference pattern within the absorption line width is close
to zero. In this frequency range, the spontaneous radia-
tion from two crystalsis independent, because the idler

JETP LETTERS  Vol. 73
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photons are absorbed in the gap. A sharp changein the
slope of the interference maxima occurs in close vicin-
ity of theresonance. Itisin thisrangethat the oil refrac-
tion index n'(w) strongly depends on frequency. For
some frequencies (w, = 3105 and 2805 cm™), the Slope
of the orders is zero and hooks (indicated by lines)
appear in the spectra: the differences in the times of
transition through the lithium niobate and paraffin ail
coincide for the signal and idler photons. By varying
the thickness L' of the gap between the crystals, one
can, according to Eq. (4), shift the hooks on the fre-
quency axis, as it also happens in the Rozhdestvenski
method. It is notable that the zero slope of the interfer-
ence orders can be observed away from the resonance
as well, because the compensation is also possible in
the case of aweak dispersion variation in the substance,
but the hooks are then widely extended on the fre-
quency scale.

The TI spectra were used to calculate the n'(w)
dependence for mineral oil. Using the data on the dis-
persion n(w) in lithium niobate [13] at frequencies
wy = 3105 cmt (\y = 5752 A) and w, = 2805 cmt
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(Ao = 5654 A), where the hooks are observed (see
Fig. 2a), the differences in the group delay timesin oil

were determined from Eq. (4). They proved to be 14, —
1, =330 fsand, respectively, 1., — T;, = 312 fs. After
measuring the oil dispersion in the visible range by the

prism method, Eq. (5) was used to find the group veloc-
ities on different sides of the resonance frequency wy, =
2950 cm ™ u; (W) = Uy (W) = (8.3 +0.5) x 10° cn/s.
These data agree, within the experimental error, with
the results obtained by estimating u' from the measured
n'(w) dependence (Fig. 3).

In conclusion, let us turn to Fig. 4, where the two
methods are pictorially compared with each other. The
schemes of linear and nonlinear interferometers [14]
are shown in Figs. 4a and 4b. The intermediate layer
(L") is an analogue of the substance under study (of
length L") and the nonlinear crystals (L) are analogues
of the compensation plates (of length L). The respective
delays are shown by the shaded rectangles. The fre-
guency—angular Tl spectra and the Rozhdestvenski
interference patterns borrowed from [4] are shown in
Figs. 4¢c and 4d. For clarity, only the modulation TI
component cos?(d + /2] is shown, without taking
into account the envelope sinc?(8L/2) (shown by the
dotted line). The qualitative similarity of both pictures
confirms that the anal ogues are adequate. It should also
be emphasized that the mechanism of formation of the
frequency—angular Tl spectranear the absorption bands
of the intermediate substance has much in common
with the formation of the polariton-scattering spectra
observed in crystals without center of inversion [15].

We are grateful to A.N. Nozdryakov and
S.\V. lvanchenko for assistance in obtaining the IR
spectra. Thiswork was supported by the Russian Foun-
dation for Basic Research, project nos. 99-02-16418,
99-02-16419, and 00-15-96541.
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The stimulated millimeter radiation from n-typeindium phosphidewas observed at T=4.2 K in astrong electric
field. The generation is due to the appearance of negative differential conductivity near the electron-transit-time
resonance and el ectron bundling in momentum space in a strong electric field under conditions of low-temper-
ature scattering from optical phonons. The dependence of the radiation frequency and intensity on the electric
field was experimentally measured and the radiation spectrum is presented. The experimental data satisfactorily
agree with the results of numerical simulations obtained previously by the Monte Carlo method. © 2001 MAIK

“ Nauka/Interperiodica” .
PACS numbers: 72.20.Ht; 78.20.-e; 78.45.+h

1. Introduction. The charge-carrier momentum dis-
tribution function in relatively pure semiconductors
becomes spike-shaped in strong electric fields under
conditions of low-temperature charge-carrier scattering
from optical phonons. In this regime, charge carriers
execute cyclic motion in momentum space; they move
amost ballistically in the passive energy region é <
hupo (€ and fwpg are the energies of charge carrier
and optical phonon, respectively), emit optical phonon
in the active region € > #iwpo, and then return to the
vicinity of the € = 0 point. The time of ballistic transi-
tion through the passive region in a field E is 1, =

[2m A wpg /€E, where m, is the charge-carrier effec-

tive mass. The condition for the formation of a spike-
shaped distribution is

Tho < Ty <T,, &

where 154 is the optical-phonon emission time and T,

is the scattering time in the passive energy (or momen-
tum) region €(p) < 2wpo. The condition T, < T, can
easily be fulfilled in weakly doped semiconductors at
low temperatures. The scattering from acoustic lattice
modesisthen suppressed, whiletheimpurity scattering
is insignificant because of the weak doping. The ine-

quality Tpo < T, means the weak penetration of elec-

trons (or holes) into the active region. Otherwise the
charge carrier, after emission of aPO phonon, will have
too high an initial energy in the passive region for the
spike-shaped distribution to form.

If condition (1) isfulfilled, new effects may emerge
such as the interband population inversion of hot holes
in germanium in crossed electric and magnetic fields
and the amplification of far-IR radiation [1]. In this
case, population inversion between light- and heavy-
hole subbands arises because of a difference in the
motional dynamics of heavy and light holesin acertain
range of electric and magnetic fields E O H [1]. The
population inversion was observed and quantitatively
estimated in [2]. Shortly after, generation of far-IR radi-
ation was obtained on the direct interband optical tran-
sitions of hot holes in germanium in crossed electric
and magnetic fields [3, 4].

The realization of a spike-shaped hole distribution
in germanium made it possible to develop amillimeter-
range negative transverse effective mass heavy-hole
maser [5]. Thus, the idea of designing a negative effec-
tive hole mass amplifier and generator (NEMAG) was
implemented 25 years after it had been proposed by
Kromer as early as 1959 [6].

The appearance of a high-frequency negative differ-
ential electron conductivity (NDC) near the transit-
time-resonance frequency v,, = U1, in strong electric
fields was predicted and theoretically considered in[7-9].
Equation (1) is the necessary condition for the occur-
rence of dynamic NDC. NDC appears due to electron
transition and bundling about the main trajectory in
momentum space. According to [7-9], the modulation
of electron distribution can be caused both by the elec-
tron penetration into the active region at a relatively
small depth € —7iwpo < At and by arelatively weak
electron scattering in the passive region, with the NDC

0021-3640/01/7305-0219%$21.00 © 2001 MAIK “Nauka/Interperiodica’
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Fig. 1. Radiation detector signal asafunction of the electric
field in the n-type indium phosphide samples at 4.2 K.
(1) Samplewith electron concentration Ng =1 x 1014 cm™3;
the Schottky diode detector. (2) Sample of different sizes
(compared to sample 1) with electron concentration Ng =

3 x 10 cmi3; the n-InSb detector. Inset: field dependence

calculated in [11] for the dynamic negative mobility in InP

with impurity concentration N; = 101° cm™3,

magnitude depending on the electron-scattering mech-
anism in the passive region [10]. According to [10], the
scattering mechanisms whose probabilities decrease
with increasing €, e.g., impurity scattering, are most
favorable to NDC.

A direct numerical Monte Carlo simulation of the
electron motion in strong dc and high-frequency ac
fields was carried out in [11] to demonstrate that the
conditions for the occurrence of NDC in InP are more
favorable than in GaAs and that the NDC magnitude in
InPisseveral timeslarger thanin ap-Ge cyclotron-res-
onance NEMAG.

In spite of the fact that more than 25 years have
elapsed since the prediction of the NDC near the tran-
sit-time-resonance frequency, this phenomenon has not
been observed until recently. Thiswork reportsthefirst
results on the generation of millimeter radiation in the
range of hot-electron-transit-time resonance. Although
this phenomenon was observed in n-InP, an analogous
phenomenon can be observed in other semiconductors
aswell. In particular, it was demonstrated in [12] that
the NDC and the terahertz-range transit-time-reso-
nance lasing can be obtained in n-GaN at appreciably
higher freguencies in the range 0.2-3.0 THz (A =
1.5 mm-100 pum).

2. Samples and experimental method. One of the
samplesof n-typeindium phosphidewasa54 x 8 x 7 mm
parallelepiped with mutually perpendicular faces. The
faces were plane-paralel to within one and a half of
angular minute. Ohmic contacts were applied to two
faces with sizes 54 x 7 mm. The cavity mirrors were
formed by two gold-evaporated germanium (Ge : Au)

VOROB’EV ¢t al.

plates with high-resistance at |ow temperatures. To pro-
vide radiation escape, one of the mirrorswas smaller in
size than the 7 x 8-mm crystal faces to which the mir-
rors were attached. Note that the cavity quality was not
high because the transverse sizes of the sample were
comparable with the radiation wavelength so that the
diffraction losses were appreciable.

The Hall concentrations and mobilities measured at
T = 77 K were, respectively, N, = 1 x 10* cm™ and
Uy = 3 x 10* cm?/(V s) for the first sample and N, = 3 x
10* cm=3 and py = 3.3 x 10* cm?/(V s) for the second
sample. The duration of strong-field pulseswas 2 us.

The radiation wavelength was measured using a
specialy designed wavemeter with cavity tuning.
n-Type indium antimonide or a Schottky semiconduc-
tor diode was used as a detector of millimeter radiation.

3. Experimental results and discussion. Figure 1
shows the normalized dependence of the detector sig-
nal on the electric field applied to the sample. Measure-
ments were made using the Schottky diode for the first
sample and the n-InSb detector for the second one.
Since the radiation wavelength depends on the electric
field, these curves reproduce the field dependence of
therelative radiation intensity only approximately, with
an accuracy requiring correction for the spectral sensi-
tivity of the detectors. The field dependence of the
dynamic differential electron mobility (a quantity pro-
portional to NDC) in n-InP with concentration of ion-
ized impurities N, = 10'® cm™ (shown in the inset in
Fig. 1) was calculated in [11] by the numerical Monte
Carlo simulation of electron motion in strong dc and
weak ac electric fields. The correlation between the cal-
culated field dependence of the negative differential
mobility and the field dependence of the detector signal
isclearly seen.

Figure 2 shows the spectra of the detector (Schottky
diode) signal measured by the wavemeter for the first
n-InP sample in different electric fields. The widths of
the stimulated emission lines were determined by the
instrumental resolution.

Finally, the frequency of stimulated emission is
plotted in Fig. 3 as a function of electric field for the
first n-InP sample (dots). The field dependences calcu-
lated in [11] for the amplification frequency range
(dashed lines) and the maximum amplification fre-
guency (see Fig. 1) are shown in the same figure. The
discordance between the experimental and calcul ated
data at low frequencies can be due to the error in mea-
suring frequency by the wavemeter in the long-wave-
length range and to the voltage drop at contacts, which
may affect the accuracy of field determination at weak
currents.

Let us now estimate the region where condition (1)
necessary for the occurrence of NDC is fulfilled. The
scattering from the deformation acoustic (DA) lattice
modes, impurity (1) scattering, and scattering from the
polar optical (PO) lattice modes are the dominant elec-
2001
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tron-scattering mechanisms in the indium phosphide
samples studied. According to [13], the probabilities of
scattering by the DA and PO phonons are

o 1=
Woa = Vpwpa(Q)
D NgO[E(k') —€(k) —hiwpa(@)] O

E(N + 1)BE) ~E(K) + hoon(@)] ]

)

ho _ AT weo(En —£5)
PO — qu
y E NoO[€(K') —€(K) —fwpo(a)]
[(Ng + 1)3[E(K) —E(K) +Awpo(0)]
k' = kzq,
where = is the deformation potential; g is the phonon
wave vector; p is the density; wpg and wp, are the fre-
guencies of optical and acoustic |attice modes, respec-
tively; wpa = viq (v, isthe sound velocity); €, and g, are
the high-frequency and the static dielectric constants of
the crystal, respectively; k and k' are the electron wave
vectors in the initial and final states, respectively; and
= [exp(fiwpa, po/KsT) —1] 2. Thefirst rowsin Egs. (2)
and (3) correspond to the phonon-absorption processes
and the second rows are for the phonon-emission pro-
cesses. The probability of scattering from the screened
impurity potential ¢ = (e/ggr)exp(—r/rp), whererp isthe
Debye screening radius rp = g = (€oka T/ATEZN,) Y,
can easily be found:
2re’ 1 .
wy = == — —5[€(k) —E(K)],

Veoli [gf + (k' —k)7] (4)

k' = k+q.
Let us first find the electron—optical phonon colli-
sion frequency. Summing (integrating) in Eq. (3) over

al k' (or q) values, one obtains

Woo = T = 26 Wpo JMe(E — €5
hAfé
N, In JE +hwpo + € )
JE +hwpo— €

JE+ € —Titdpg
J€ —-Jé —ﬁwpo}

where the first and the second terms in square brackets
account for the processes with phonon absorption and
emission, respectively. At low temperatures (kgT <
itdpo), Ny = 0 and only the second term can be kept in
Eg. (5). The scattering with emission of optica

0 ©)
0
0

+(Ng+1)In
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Fig. 2. Spectra of the detector signal (Schottky diode) for
different electric fields: E = (1) 200, (2) 250, (3) 300,
(4) 350, and (5) 400 V/cm.
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Fig. 3. Variation of the generation frequency with the field
for n- InP sample 1 (dots). Field dependences calculated in
[11] for the amplification frequency range (dashed lines)
and the maximum NDC frequency are also shown.

phonons occurs only in the active energy region € >
A Wpe.

In the passive region € < fiwpo, €lectron scattering
with absorption and emission of acoustic phonons and
impurity scattering should be taken into account. We
will estimate the scattering probability (or frequency)
only for the processes that can materially change the
direction of the initial wave vector k (for the spike-
shaped distribution, k is amost aligned with the field
E) and, thereby, break the spike-shaped electron-
momentum distribution. The simplest estimates will be
done under the assumption that a change in the k direc-
tion within an angle 6, (6, <€ 90°) has no dramatic
effect on the direction of electron movement. We are
now in a position to consider the total probability of
scattering to al k' states beyond the cone with an angle
of 8, between k and k' in k space. Summing (integrat-
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ing) in Egs. (2) and (4) over al k' states beyond this
cone, we obtain

1 22 Mk T JE(1—sin"8y)

Wpa = Tpa = nﬁ"pvf (6)
4
me' N
W, =1 ————
| | 2/\/285,\/@%3/2 (7)
(1-sin’8y)

X

(1+€p/4€)(sin"0, + €p/4€)

where € = ﬁZqZD /2m, and N, is the concentration of
charged impurities. According to [14], the electron
mobility p =3 x 10*cm?/(V s) at T= 77 K istypical for
the InP samples with a total concentration of charged
impurities N, = Np + N, = (5-7) x 10% cm3. Let us esti-
mate Egs. (6) and (7) for 6,=30°, T=4.2K, and € =
fiwpo/2 and Eq. (5) for € = 1.5%wpp and the following
InP parameters, taken from [15, 16]: m,=0.078m, v, =
5 x 10°cm/s, p = 4.81 g/cm®, fipo = 43 meV, g, = 12.5,
€, =952, and = =9eV. ThisgivesTpp =4 x 100s 1, =

(0.7-1) x 101 s, and Tp, = 0.56 x 10 s,
The generation in our samples sets in near E =
200 V/cm. For E =200V/cm, thetransit time acrossthe

passive region is T, = 10! s, Inasmuch as Tpg < Ty,

electrons penetrate into the active region at arelatively
small depth. It can be estimated from a simplerelation:

o2 _ [pot+eET'(E)]

<€ =
2m, 2m,
eET (€)7° ©
= hipo| 1+ 22|
(*)Po[ Dy }

Using Eq. (8), it is straightforward to find that the elec-
tron penetration depth into the active region is about
0.2%iu, at E =200V/cm.

The impurity scattering dominates the passive
region; i.e., T, = T,. According to the above estimate
T/1, = 0.7-1, theinequality T, > 1, isnot fulfilled. The
calculation in [11] was carried out for InP with N, =
10% cm3. For a sample with such concentration, 1, =
5 x 10! sand the NDC, according to [11] (seeinset in
Fig. 1), appears a E = 70 V/cm. For such fields, 1, =
3x 10 sand 1/1, = 1.7. Hence, the condition T, > 1,
is aso poorly fulfilled. Nevertheless, the direct Monte
Carlo computations [11] suggest the appearance of the
NDC. Our investigation also testifies that the NDC
appears and the generation sets in, despite the high
impurity concentration in the samples studied.

VOROB’EV ¢t al.

4. Conclusions. In thiswork, the generation of mil-
limeter radiation in n-type indium phosphide was
observed in strong electric fields. The experimental
data suggest that this phenomenon is caused by transit-
time resonance. The generation is observed in amoder-
ately doped samples, in which the condition for colli-
sionless electron mation in the passive region is poorly
fulfilled. One should expect the generation of a more
intense radiation in the n-InP samples with concentra-
tion of charged impurities lessthan 5 x 10'° cm=.

Thiswork was supported by the Ministry of Educa-
tion of the Russian Federation.
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The nonstationary problem of the evolution of perturbation and its transformation into nonlinear wave structure
in complex plasmas (multicomponent plasmas containing ions, €l ectrons, charged microspheres or dust grains,
and neutral gas) isconsidered. For this purpose, the model, which takesinto account the variation of ion density
and the ion-momentum dissipation due to dust-particle charging, as well as the source of plasma particles due
to the ionization process, is developed. The model is appropriate for the description of laboratory experiments
in complex plasmas and contains all basic mechanisms responsible for the formation of a new kind of shock
waveswhich isrelated to the anomal ous dissi pation due to the dust-particle charging process. The consideration
on the basis of this model allows us to obtain shock structures as aresult of evolution of an initial perturbation
and to explain the experimenta value of the width of the ion acoustic shock-wave front, aswell asthe shock-wave
speed. The solution of the problem of the evolution of perturbation and its transformation into a shock wave in
complex plasmas opens up possibilities for description of the real phenomena like supernova explosions, as well

as of the laboratory and active space and geophysica experiments. © 2001 MAIK “ Nauka/l nterperiodica” .

PACS numbers; 52.27.Lw; 52.35.Tc

At present, a major portion of the investigations of
plasmas is devoted to multicomponent plasmas con-
taining electrons, ions, charged microspheres or dust
grains, and neutral particles. The term “complex plas-
mas’ is finding increasing use for such plasmas. Com-
plex (dusty) plasma systems cannot usually survive in
the absence of either external sources of electrons and
ions or plasma particle fluxes from the regions where
there is no dust. The fluxes of electrons and ions are
absorbed by dust particles, which results in variable
charges of the latter. The strong dissipativity of the
complex plasma system originating from the dust-par-
ticle charging processes [1] points to the exceptional
role of the dissipative structures (like shock waves) in
complex plasmas.

Shock waves often arise in nature because of a bal-
ance between wave-breaking nonlinear and wave-
damping dissipative forces. Collisional and collision-
less shock waves can appear because of friction
between the particles [2] and wave—particle interaction
[3], respectively. In complex plasmas, the appearance
of anomal ous dissi pation, which originates from charg-
ing processes, resultsin the possibility of the existence
of anew kind of shock wave related to this dissipation.
They are collisionless in the sense that they do not
involve electron—-ion collisions. However, in contrast to
the classical collisionless shock waves, the dissipation

L This article was submitted by the authorsin English.

due to dust charging involves interaction of the elec-
tronsand ions with the dust grainsin the form of micro-
scopic grain currents. The case when the shock waves
related to the dust-particle charging process are rather
intense corresponds to ion acoustic wave propagation.
The basic theoretical results on ion acoustic shocks in
complex plasmas are obtained in [4-8]. Recently, the
first laboratory experimental results confirming the
effect of negatively charged dust on ion acoustic shock
formation have been obtained [7, 9]. The problem of
shock waves in complex plasmasis considered now in
the dusty plasma community as one of the key prob-
lems. The importance of shock waves in complex plas-
mas is associated, in particular, with different astro-
physical and geophysical applications [5, 6, 10]. For
example, the investigation of such shocks can be
important for the description of the process of star and
planet formation, shocks in supernova explosions, par-
ticle acceleration in shocks, for the explanation of the
effects in active experiments which involve the release
of gaseous substance in the Earth’s ionosphere, etc.

In spite of the importance of shock structures in
complex plasmas, the question of whether the evolution
of an arbitrary perturbation leads to the formation of
shocks in a charge-varying complex plasma is still an
open question. All previous investigations dealt with
steady-state or steady-state shocklike wave solutions.
However, it isthe solution of the problem of the evolu-
tion of perturbation and the possibility of its transfor-
mation into shock wave that can allow usto investigate
in detail (with taking into account the charge-varying
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macroparticles) real phenomena like supernova explo-
sions, as well as laboratory and active space experi-
ments.

Furthermore, the main theoretical results which

concern theion acoustic shocksin complex plasmasare
obtained in two ways:

(1) by using and solving the exact equation for dust-
particle charge variation (see, e.g., [4]);

(2) by using aKorteweg—de Vries-Burgers equation
with a dissipation coefficient proportional to the fre-
guency of collisions between ions and dust particles
(see eq., [7, 9]).

Both these approaches use the ion continuity equa-
tion with azero right-hand side (see [4, 8]). This means
that the total ion density is constant. This assumption
for complex plasmas can be valid, e.g., if theions and
electrons entering the dust grain recombineinto neutral
atoms, which then reenter the plasmaand reionize, thus
preserving the number of ions and electrons. However,
in most laboratory complex plasmas, thisassumptionis
violated. As it has been mentioned, complex plasma
systems cannot usually survive in the absence of either
external sources of electrons and ions or plasma parti-
cle fluxes from the regions where there is no dust. In
laboratory experiments, the external source of plasma
particles is usually due to the ionization process. Thus,
amore appropriate model for the description of labora-
tory experiments must include the effects of the varia-
tion of ion density and the ion-momentum dissipation
due to dust-particle charging, as well as the source of
plasma particles due to ionization process.

In this study, we develop a model based on a set of
fluid equations, Poisson's equation, and a charging
equation for dust, which takes into account the varia-
tion of ion density and the ion-momentum dissipation
due to dust-particle charging, as well as the ionization
process. This model is a nonstationary analogue of the
model used for the description of dust voids (see [11]).
We compare the computational results with the experi-
mental data[9].

We assume that the following simplifying approxi-
mations are valid:

(1) the plasma can be considered as uniform and
unmagneti zed;

(2) the time scale corresponds to ion acoustic wave
propagation;

(3) the dust-particle charge variation is solely dueto
the microscopic electron and ion grain currents origi-
nating from the potential difference between the
plasma and the grain surface;

(4) the average radius a of the dust particlesis much
smaller than the electron Debye length A, the spatial
scal e of the perturbations, and the distance between the
plasma particles;

(5) the dust grains are negatively and heavily
charged (with an absolute values that can exceed 10%,
where —e is the electron charge);
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(6) the dust particles are massive (m Z; << my, where
m, and my are the ion and dust masses and qy4(X) = —Z4e
is the dust-particle average charge). Then the dust can
be considered stationary, and its density ny is constant
in theion acoustic time scale [12, 13];

(7) inthe absence of perturbations, the quasineutral -
ity condition njy = ng, + Zyny (Where ny;, isthe electron
(ion) density, the subscript 0 denotes unperturbed quan-
tities) holds;

(8) theions are singly charged;

(9) the electron (T,) and ion (T,) temperatures are
approximated to be spatially uniform;

(10) the orbit-limited probe model [14, 15] isvalid;
(12) nonlinear waves propagate along the x axis.

Furthermore, we neglect any heat transfer processes
that might influence the propagation and evolution of
ion acoustic perturbation. Asin [11], the most notewor-
thy approximation isthat we do not include ion-neutral
collisions, which would exert a drag force on the ions.
They reduce theion vel ocity, which affectstheion drag
force on a dust particle, as well as the dust-particle
charge. Neglect of the direct influence of neutrals on
dust particles is justified by the consideration of ion
acoustic time scales, so that the dust can be considered
as stationary. Finally, we assume that in the absence of
perturbations in plasmas the number of electrons and
ions is constant due to competition of the processes of
their recombination on dust particles and ionization.

In this case, the evolution equations for ion density
n; and velocity v; take the form (cf. [11, 16])

0 +0,(NiVi) = —Veu; +Ving, )
o(nv) +0,(nv]) = ~Z0,0~Ingv,, ()

where ¢ is the electrostatic potentia, v, is the plasma
ionization frequency, which increases exponentially
with T, and also depends on the atomic parameters of
the neutral gas[17], v, is the frequency of ion recom-
bination on dust particles,

1+ Z4odzo(1+ Til T+ 25)’

Ven =

Vg = Wy a(l + z + T/T)/J/21vy; is the dust-particle
charging frequency, z = Zye?/aT,, d = Ng/Ne, Wy =

A/4nni0e2/mi istheion plasmafrequency, vy, = /T,/m,

is the ion thermal speed, Vv is the frequency character-
izing aloss in ion momentum due to recombination on
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dust particles and Coulomb elastic collisions between
ions and dust,
Zyod
VAT Zyg) 2oL+ /T, + 2)
ZZOTe 0

*5t A
N\ =In(Ap/max{a, b}) isthe Coulomb logarithm, A, is
the ion Debye length, and b = Z,,€/T,. Equations (3)
and (4) for the values vy, and v are valid for vi/cs< 1.

Asin[11], the electron density is taken to be of the
Boltzmann form with a constant electron temperature

V=V

(4)

r"e = neoexpgrq)% (5)
We aso use the equations (see, e.g., [4])
050 = 4me(n, + Zyng—n) (6)
and
0.y = le(qqg) +1:(qq) )

for the electrostatic potential and the variation of the
dust-particle charge, respectively. Here, the micro-
scopic electron and ion grain currents (for equilibrium
electrons and kinetic ions) are

_2eBTed? o (B%
l,= Ttae Chm.0 Ng eXpDaT (8
and
O v:O
I, = T2 Ven, 2exp[-|——D
2 02vi0
2 ©
+ﬁ T|D]_+ V2' 2eqy U [Effg Vi D.
vig v amviO S2vD

m, is the electron mass and erf(x) is the error function.

The set of Egs. (1)—«7) describes the evolution of
perturbation and its transformation into nonlinear wave
structure. The only steady-state solution of this set of
equations corresponds to the unperturbed plasma
parameters. Thus, the evolution of perturbation within
the ionization-source model can lead only to the
appearance of a nonstationary nonlinear ion acoustic
wave structure.

L et us consider the evolution of a nonmoving region
with a constant enhanced ion density within the frame-
work of the above (ionization-source) model. In this
consideration, we apply the data close to those of the
University of lowalaboratory experiment [9].

This experiment was performed in a Q machine
device that was modified to alow the introduction of
dust grains into the plasma. The experiment was con-
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Fig. 1. The profiles of ¢(x), vj(x)/cs, and nj(x)/ngg at t = 100,
300, and 500 showing the evolution of the initial perturba-
tion obtained within the ionization-source model. The
parameters are Zyod = 3, T, = Tj = 0.2 eV, a= 0.1 ym, and
Neo = 2.56 x 10° cm 3. The initial normalized dust-particle
charge number iszy = 3.36. Theinitial profiles (t = 0) of the
potential ¢ and the normalized ion density nj/ng are pre-
sented by the thin lines at the | eft of the figures.

ducted with Cs' ions. The plasma parameters in the
experiment were T, = T, = 0.2 eV, n, ~ 106107 cm3,
and a ~ 0.1-1 pum. The parameter eZy, = NyoZyo/Nip Was
varied from 0 to 0.95. This corresponds to the variation
of the parameter Z,d from 0 to 19. The evolution of
large-amplitude density pulses propagating in complex
plasmas was investigated. In the presence of a substa-
tional component of negatively charged dust (when
€Z4,20.75; i.e., Zyd = 3) asharpening up of theleading
edge of the pulse asit propagates down the plasma col-
umn (shock formation) was observed.

The results of the calculations on the basis of the
proposed ionization-source model, which describe the
evolution of the initial nonmoving region with a con-
stant enhanced ion density within the set of Egs. (1)—<7)
are given in Figs. 1 and 2. We use the normalization
X/\p — X for the spatial variable and tc/A; — t for

thetimevariable, wherec,= ,/T./m; istheion acoustic
speed. The plasma parameters are Z;,d =3, T, =T, =
0.2eV,a=0.1um, and ny = 2.56 x 10° cm™3. Theini-
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Fig. 2. lon density vs. timefor different axial positionsfrom
the grid. The parameters arethe same asin Fig. 1. The pro-
files of the perturbations are shown by bold lines. The sets
of thin lines indicate some steepening (shock formation).

tial ion density in the perturbation is two times larger
than the background one, which correspondsto the case
of Fig. 2bin[9]. Theinitial charge of the dust particles
is the equilibrium onein the absence of wave perturba-
tions (z, = 3.36). Figures 1a—1c show the profiles of the
potential ¢(x), the ion speed normalized to the ion
acoustic speed, and theion density n; normalized to the
unperturbed electron density ny, at the instants of time
t = 100, 300, and 500. Theinitia profiles (t = 0) of the
potential ¢ and the normalized ion density n/ny are
presented by thin lines at the left of the corresponding
figures. We see that the relationship vi/c; < 1 remains
valid in the process of the evolution of the perturbation.
Thus, the use of Egs. (3) and (4) for the values v, and

U isjustified.

From Figs. la—1c, we see that the evolution of an
intense initial nonmoving region with a constant
enhanced ion density results in an appearance of a
shock wave structure. For t > 200, the speed of the
structure is approximately constant (M = 1.94). The
width of the shock front ison the order of AE ~ 100\ ~
20 cm. This value isin good agreement with the theo-
retical estimate [6] A ~ cJv, for the width of the front
of shocksrelated to dust-particle charging. For compar-
ison with the data of the experiment [9], we haveto find

POPEL et al.

the width of the front calculated in terms of the time
variables A¢/Mc ~ 0.3 ms. This value corresponds to
the observed one (see Fig. 2b in [9]). Thus, the pro-
posed ionization-source model allows one to obtain
shock structures as aresult of the evolution of aninitial
perturbation and to explain the width of the shock front.
This means that the shocks observed in [9] are related
to the anomalous dissipation due to the dust-particle
charging process.

Figure 2 is constructed by analogy with Fig. 2b in
[9]. It shows the dependence of the ion density on time
for different axial positions from the grid of the exper-
imental installation [9] (the grid is used to separate the
region of enhanced ion density from the background
one in a Q machine device). The profiles of the pertur-
bations are shown by bold lines. The sets of thin lines
indicate some steepening (shock formation). The com-
putational results presented in Fig. 2 are in good quali-
tative and quantitative agreement with the experimental
onesshowninFig. 2bin[9]. In particular, this concerns
the width of the shock front (as mentioned, the calcu-
lated value corresponds to the observed one). Further-
more, the experimental profiles of the perturbations at
large distances from the grid (60, 65, and 70 cm) are
similar to each other (see Fig. 2b in [9]). Thisindicates
the fact that at large distances from the grid a quasi-
steady-state shock structure is formed. An analogous
statement for the theoretical results can be made on the
basis of Fig. 2. Finally, the comparison of these two fig-
ures allows usto conclude that the vel ocity of perturba
tion predicted by theory on the basis of the ionization-
source model is close to the experimentally observed
value.

To summarize, we have considered the nonstation-
ary problem of the evolution of perturbation and its
transformation into nonlinear wave structure. From this
consideration, we have devel oped the one-dimensional
(ionization-source) model which takes into account the
variation of ion density and the ion-momentum dissipa-
tion due to dust-particle charging, aswell as the source
of plasma particles due to the ionization process. We
have performed the consideration of the evolution of a
nonmoving region with a constant enhanced ion den-
sity within the framework of the ionization-source
model for the data of the laboratory experiment [9].
This consideration has shown that this model allows
oneto obtain shock structures as aresult of evolution of
an initial perturbation and to explain the experimental
value of the width of the shock-wave front, as well as
the shock-wave speed. This indicates that the shocks
observed in [9] arerelated to the anomal ous dissipation
due to the dust-particle charging process. In the future,
weintend to carry out the description of the experiment
[9] in more detail using the modified ionization-source
model, which additionally includes the effects of Lan-
dau damping of ion acoustic waves and ion—neutral col-
lisions.
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Band Gap Collapse and Ultrafast “Cold” Melting
of Silicon during Femtosecond L aser Pulse
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It is established experimentally that a high concentration of electron—hole plasma produced in silicon by fem-
tosecond laser pulse induces a sequential “ collapse” of the band gap inthe [111] and [100] directions and leads
to the formation of a“cold” metallic liquid phase during the pulse. © 2001 MAIK “ Nauka/Interperiodica” .

PACS numbers; 78.47.+p

1. Femtosecond laser pulses are capable of produc-
ing high-density electron—hole plasma[1, 2] that desta-
bilizes the crystal structure of semiconductors. Various
types of subpicosecond structural transitionsinto anew
crystal or metallic liquid phase were predicted for such
astrongly excited semiconductor state [3-7].

Ultrafast structural transitions into the metallic lig-
uid phase in Si, GaAs, and InSb and the crystal phase
in amorphous Ge, 3,Shy o Were repeatedly observed
with atime delay of several hundreds of femtoseconds
after the pump pulse (see [8] for hibliography) and
interpreted as nonthermal phenomena. An alternative
explanation for transitions with such atime delay con-
sistsin the ultrafast transfer of kinetic energy to the lat-
tice in an amount exceeding the enthalpy of melting in
a substance [5, 7] and destabilizing the acoustic
phonon-mode continuum.

Owing to the instability of some optical or acoustic
modes, the nonthermal structural transitions may pro-
ceed in atime on the order of a period of lattice vibra-
tions (1073s), with the transition time decreasing as the
concentration of electron—hole plasma increases [6].
Consequently, one may, in principle, observe the non-
thermal structural transitionsfor alaser pulse of adura-
tion of 100 fs, provided that the energy density per
pulse far exceeds the instability threshold for certain
lattice modes in a semiconductor. To our knowledge,
this possibility has not been experimentally imple-
mented so far.

Inthiswork, experimental datawere obtained by the
time-resolved methods of femtosecond pump-pulse
self-reflection (FH, Aw = 1.56 eV) and linear reflection
of probing second-harmonic (SH, 22w = 3.12 eV) and
anayzed to prove that plasma-induced band-gap (E,)
“collapse” and nonthermal silicon melting occur during
alaser pulse of 100 fs.

2. A standard femtosecond laser setup of the Insti-
tute of Laser and Plasma Physics (Essen, Germany),

analogous to that described in [9], was used in the
work. The laser output at awavelength of 800 nm (FH),
(Gaussian) pulse duration T = 100 fs (FWHM), arepe-
tition rate of 10 Hz, and relative amplitudes of spurious
pulses no higher than 5-7% was 1.5 mJ per pulse
(TEMgo) and led into the pump and probe channels.

The FH in the pump channel was focused and
directed at an angle of 45° onto an undoped silicon
Si(100) target placed on a two-coordinate stepping
motor-driven translational (from pulse to pulse) stage.
The energies of mirror-reflected s and p-polarized
pump beams were measured by a pyroelectric detector.
The time delay in the probe channel was set optically,
and after frequency doubling SH was filtered and used
at normal incidence on the S target for probing,
through the lens of optical microscope, the target area
excited by the pump pulse [10]. A mirror-reflected-SH
image of the target was recorded by a synchronized
video camera. The characteristics of the probe channel
allowed the target reflectivity transients to be studied
with a spatial resolution of 2 pm and a time resolution
of about 100 fs.

In the experiments, the pump-beam (FH, w) self-
reflectivity was studied as a function of the pulse
energy for both beam polarizations and the reflectivity
transients of the probe SH (2w) were examined at a
fixed maximum fluence of the p-polarized pump pulse.

3. The coefficients R and R} of the pump-beam

self-reflection from silicon were measured as functions
of pulse energy for both beam polarizations, and the
corresponding dependences were processed using the
appropriate spatial transformation (X transformation)
to obviate the averaging of this coefficient because of
the inhomogeneity of the fluence F in the beam spot on
the target (Gaussian distribution with parameters o, =

73 pm and o, = 43 um). The resulting Ry, and RY,
coefficients are presented in Fig. 1 as functions of the
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effective (pulse-integrated) pulse fluence F = (1 —
Rix p)F. This representation allows the portions of the

Ri: and Ry, curves corresponding to the identical

excitation conditions to be juxtaposed in a common
plot.

Due to the laser “self-action” effect [2, 4], which
manifests itself in the variation of optical characteris-
tics of a semiconductor during the pump pulse, the

dependences of Ry, and Ry, on Fy prove to be aver-

aged over the pulse time. These curves were subjected
to the additional graphical processing (tempora T
transformation) according to the formulas

Feito
J’ R,(F")dF'

Ry(Fe) = i, (©)

J’dF'

Feffl

Ro(Ferr) = Ri(Fer) + (dRy(Fer)/dF ) Fer,  (2)

where Ry, and R, (Fig. 1) arethe“true” silicon reflec-
tivities corresponding to the instantaneous F 4 (t) value
equal to the emission intensity integrated to time t of
the pulse and the F, and F;, values define the inte-
gration limits for which this transformation is valid.
Note that, according to Egs. (1) and (2), the T transfor-

mation of the Ry, and Ry, functionsof F impliesthat

excitation is atransient process for which the diffusion
and recombination contributions to the kinetic equation
for electron-hole plasma density can be ignored. The
first can be done if alg; < 1, where g ~ 10 nmis the

plasma diffusion length during the pulse and a is the
skin depth of the excited semiconductor. The second
(recombination) contribution can be ignored at a mod-
erate (Fg < 0.5 Jcm™) fluence of afemtosecond pulse
for which the density of the electron—hole plasma
reaches a value (on the order of 10?2 cm [5]) that is
critical for the destabilization of the semiconductor lat-
tice but till lower than the equilibrium plasma density
for the competing optical-generation and Auger pro-
cesses (see below).

Optical diagnostics of the excited Si was also car-
ried out at a normal incidence of the probe SH. The
reflected-probe-beam images of the silicon sample
were normalized, with the use of a computer program,
to the image of the unexcited sample for several time
delays between the pump and probe pulses and repre-
sented, after calibration, a two-dimensional array of
reflection coefficients distributed symmetrically about
the center of the pump beam spot. After the reduction
of space coordinates, the vertical cross sections passing
through the center of the spot in the normalized images
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Fig. 1. Self-reflection coefficients of S for the s and
p-polarized pump beams (FH) vs. the integrated effective

fluence Fg: (light squares) R(l”S and (dark circles) R(l*)p.
The same as functions of the instantaneous effective fluence
Fest(t): (solid line) Ry and (dashed line) R, .

characterize the dependence of Rf“’ on the integrated
F characteristic (Fig. 2). Inasmuch as the probe- and
pump-pul se durations were virtually identical, the time
resolution higher than 100 fs was obtained for small
time delays (—100-100 fs) by applying the procedure of

obviating the averaging of Rf“’ for times shorter than

the probe-pulse duration; in so doing, the probe-pulse
shape was approximated by a rectangle with awidth of
100 fs (FWHM of thereal pulse). The T transformation

described above was applied to the Rf“’ curve for zero

time delay, i.e., for the coinciding probe and pump
pulses.

The resulting Ros (Fer(t)) and Rj, (Fe(t)) curves
exhibit a single broad minimum for the p polarization
and two narrow minima in the same region for the s
polarization at small F(t) < 0.15 Jcm™ vaues and a
sharp rise at higher F«(t) values (Fig. 1). Likewise, the

dependence of Rﬁ“’ on Fg(t), shown by the heavy line

inFig. 2, showstwo small minima preceded by maxima
at the same F4(t) values in the indicated region. It is
worth noting that a single minimum followed by the
ascending portion was repeatedly observed in the
experimental linear reflectivity vs. fluence curves of
semiconductors and treated as an indication of reaching
the plasma reflection edge [1, 2]. However, the pres-

ence of two resolved minima observed for Ry, in this
work calls for new interpretation of these features. To
this end, the Ry, and R, dependences were used to
calculate the optical constants n® and k® of excited Si
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Fig. 3. Real n® (dark triangles) and imaginary K* (light
rhombi) parts of the refractive index of Si vs. the instanta-
neous fluence density Fg(t).

for different F4(t) values (Fig. 3). The calculations
were carried out by using the Fresnel formulas and
choosing those pairs of n® and k® values which mini-
mize the difference between the calculated and experi-

mental values of R;; and Ry, .

One can see from Fig. 3 that two minimain the R
curve correspond to two intense linear absorption
bands at F(t) = 0.07 and 0.17 J cm. Note that the
two-photon absorption and the free-carrier absorption
can beignored for Si in the range 0.05-0.2 Jcm [11]
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because both are weaker than the residual absorption
between the peaks in the k®(F«(t)) curve. The position
and height of the first maximum in k(F(t)) agree well
with the datain [11], but the second maximum has not
been observed previoudy. Taking into account the
effect of plasma-induced red shift in the linear absorp-
tion spectra of semiconductors with high-density elec-
tron—hole plasma [12, 13], we assume that both inter-
band absorption bandsE; and E, (L; — L, and X, —
X; transitions in Si) with maxima at, respectively, 3.4
and 4.3 eV [14] are recorded during the pump pulsein
thiswork. An analysis carried out using the sum rulefor
the optical conductivity o(F«;(t)) of excited silicon and
frequency-dependent o(w) of unexcited silicon (con-
structed using the datain [14]) showed that the peaksin
the k®(F (1)) curve in Fig. 3 correlate with the silicon
E; , bands to within 5%. In particular, the red shift of
the Ly — L, transition is initiated by two-photon
absorption [11], which then gives way to the intense
linear absorption as E([111] decreases.

It is adso evident from the n®(F4 (1)) and k®(F (1))
curves that the intense generation of electron—hole
plasma above the threshold F(t) = 0.23 J cm™ ini-
tiates the ultrafast nonthermal melting in Si during the
laser pulse (jumpsin Ry, and R3, in Fig. 1). Thisfol-
lows from the correspondence of the n®(F(t)) and
k¥(F4(t)) values calculated in the range Fg(t) =
0.23 Jcm (Fig. 3) to the optical constants of the equi-
librium liquid phasel-Si: n(1.5eV) =3.3and k(1.5eV) =
5.7 [15]. The ratio of the thermal melting threshold
F = 0.16 Jcm™ (peak in the Rf‘*’ curve for 100 psin
Fig. 2) to the nonthermal melting threshold F(t) =
0.23Jcm?in Si equals approximately 1.5 and corre-
sponds to the analogous data for Si and GaAs [16].

Note that, compared to the Ry, and Rj, curves in

Fig. 1, the Rﬁ‘” curve for zero time delay has an addi-
tional minimum at F(t) = 0.23 J cm? (Fig. 2). This

feature of Rg‘*’ can be explained by the metal—insulator
transition near the plasmafrequency w, of acold metal-

lic Si melt, provided that w < w, < 2w. Finally, the R3*

curvein Fig. 2, asaso Ry, and Ry, in Fig. 1, tends at
F(t) = 0.5Jcm™2 to asaturation at alevel of 0.66, cor-

responding to the reflection coefficient of the equilib-
rium thermal |-Si melt at atime delay of 100 ps and its
nonequilibrium melt at 200 fs (Fig. 2). The above-men-

tioned plateausin R;®, R, and Ry, correspond to a
“resistively saturated” liquid phase of Si, for which
WTe << 1 (T, isthe characteristic time of electron—elec-
tron collisions). This conclusion follows from the fact
that the photoconductivity o® cal culated with the use of
the n®(F4(t)) and k®(F«(t)) dependences tends at
2001
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Fei(t) = 0.5 Jcm™2 to avaue equd to the static conduc-
tivity of equilibrium |-Si (10.9 PHz [15]) as aresult of
astrong decrease in 1, upon melt heating.

A dteady decrease in E; for the Ly — L; and
X, — X transitionsin Si with increasing F(t), asis
evident from the sequential appearance of the E; ,
bands, can beinduced by both electronic [13] and struc-
tural [3, 5-6] effects. The upper bounds for the densi-
ties of electron—hole plasma at the blue edges of the
E; , bands[F(t) = 0.1and 0.2 Jcm?] can be estimated
from the condition that the rates of optical generation
and Auger processes (Y, = 4 x 1031 cm® s [6]) are
equalized. That is, at the upper limit of applicability of
the T transformation, the expression

Ne(Fua) = 3 oo ©

yields, respectively, 1.4 x 10?2 and 2 x 10?2 cm~3 for the
corresponding values of F(t) and absorption coeffi-
cient a = 2wk®/c of excited S (datafor k» arein Fig. 3).
These plasma densities satisfy both the condition for
the collapse of a E; = 34 eV band gap as a result of
ion-core screening and many-particle interactions in
the electron—hole plasma[13] and the condition for lat-
tice destabilization in Si [3, 5]. In the latter case, the
steady decrease in Eg in the [111] or [100] direction
during the laser pulse can be explained by the fact that
the interatomic distances amost simultaneously
increase within the skin depth, as is evident from the
instantaneous formation of an “optically thick” layer in
the melt (Fig. 3). Thisis caused by the presence of the
appropriate “ soft” longitudinal optical modes [6]. The
presence of a soft mode is an indication of a structural
second- order phase transition from the metastable dia-
mond structure of excited Si, probably, to the orthor-
hombic structure of a semimetal (Ej[111] = 0) and,
with a further increase in F(t), to a disordered liquid
metallic phase. The formation of a metallic phase with
the tetragonal structure of optical tin [3], whose optical
constants are unknown to us, is also possible. It should
be noted that the phenomena described in this work
were also observed by usin a GaAs(100) sample.

4. In summary, the effects of sequentia band-gap
collapse in the [111] and [100] directions of Si fol-
lowed by the formation of a cold metallic liquid phase
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during the 100-fs laser pulse have been experimentally
observed in thiswork.

We are grateful to D. von der Linde, K. Sokolowski-
Tinten, and V.V. Temnov for fruitful discussions an
assistance in experiments and to the German Academic
Exchanges Service for a partial support (in 1999—
2000).
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The effect of a quantum phase transition associated with the appearance of fermionic condensation in an elec-
tron liquid on the properties of superconductorsis considered. It isshown that the electron system in both super-
conducting and normal states exhibits characteristic features of a quantum protectorate after the point of this
Fermi-condensate quantum phase transition. The single-particle spectrum of a superconductor can be repre-

sented by two straight lines corresponding to two effective masses Mg and My . The Mg mass characterizes
the spectrum up to the binding energy E,, which is of the order of the superconducting gap in magnitude, and
M} determinesthe spectrum at higher binding energies. Both effective masses areretained in the normal state;

however, Ey = 4 T. These results are used to explain some remarkable properties of high-T, superconductors
and are in good agreement with recent experimental data. © 2001 MAIK “ Nauka/Interperiodica” .

PACS numbers: 71.27.+a; 74.20.Fg; 74.25.Jb

Recent experiments using angle-resolved photo-
emission electron spectroscopy gave accurate data on
the dispersion of single-particle excitations over awide
range of binding energies [1-3]. These experiments
were carried out with high-T, superconductors
Bi,Sr,CaCu,Og , 5 differing in the doping level both at
temperatures T below the critical temperature T, of the
decay of the superconducting stateand at T, < T. It was
inferred that the dispersion of quasi particle excitations
£(p), where p isthe momentum, can be described in the
energy range (—200-0) meV by two straight linesinter-
secting at the binding energy E, ~ (50-70) meV [2, 3].
This circumstance directly points to the existence of a
new energy scalein the self-energy part of the quasipar-
ticle excitations at temperatures T< T,and T, < T [2].
Therefore, new additional constraints can be imposed
on the theories that are in principle applicable to the
description of properties of high-T. superconductors.
For example, such a scale is absent in the theories of
normal [4] and marginal [5] Fermi liquids, aswell asin
the theory based on the idea of quasiparticle spin—
charge separation [6]. The kink in the quasiparticle dis-
persion law described above could be explained by the
interaction of quasiparticles with collective magnetic
excitations [3, 7] that was observed in high-T, super-
conductors in experiments on inelastic neutron scatter-
ing a T< T, and described in the literature; see, for
example, [8]. However, a dispersion kink is also
observed at T, < T, when these collective excitations

disappear. Moreover, these excitations are successfully
described as inelastic neutron scattering from Cooper
pairs [9], which is confirmed by other experimental
results [10, 11]. With regard to this explanation of the
physics of magnetic excitations, it isunlikely that these
excitations can significantly affect the single-electron
dispersion. Experimental data on the single-particle
electron spectra of high-T, superconductors with
d-wave symmetry indicate that the perturbation of the
superconducting phase and single-particle spectra by
phonons, collective states, or impurities is very small.
Therefore, this state can be described as a strongly col-
lectivized quantum state or asa* quantum protectorate”
[6, 12, 13]. From here, it may be inferred that the kink
description proposed in [3, 7] is very likely contradic-
tory to the quantum protectorate concept.

In this letter, we show that the dispersion kink can
be explained based on the assumption that the electron
system of high-T, superconductor is after the point of
the Fermi-condensate quantum phase transition. Thus,
the Fermi-condensate quantum phase transition serves
as the point separating a normal Fermi liquid from a
strongly correlated liquid of a new type [14, 15] that
fulfills the quantum protectorate requirements.

Let us start with abrief description of the properties
of an eectron system with a fermionic condensate.
Consider a two-dimensional electron liquid in the
superconducting state at T = 0 on asimple square crys-
tal lattice, which we replace temporarily by a uniform
positive charge. Then, the ground state energy

0021-3640/01/7305-0232$21.00 © 2001 MAIK “Nauka/Interperiodica’



FERMI-CONDENSATE QUANTUM PHASE TRANSITION

EgdK(p), n(p)] isafunctional of the order parameter of
the superconducting state k(p) and occupation numbers
n(p) [16] and is determined by the known equation

Eq[k(p), n(p)] = E[Nn(p)]

1 2 1
* [Viulos PIK(pIKCLp) Pae )p @

The pairing interaction Vp,(p, 2) is assumed to be
weak. The ground-state energy E[n(p)] of the normal
Fermi liquid isafunctional of occupation numbers n(p)
[4], which, at T = 0, are related to the order parameter
by the simple equation

np) = vip); KkP) = vP)/1-vip). (2
Minimizing the energy Ey in Eq. (1) with respect to

occupation numbers and taking into account Eq. (2),
we obtain the equation

1-2v’(p)
2 )

where the single-particle energy €(p) is determined by
Eq. [4]

&) —H = AP) <

&(p) = Q%-[,%E)ﬂ (4

and U is the chemical potential. The superconducting
gap is given by the equation

dp,
A®) = [Vl pl)K(pl)Zf—[z. 5)

L et us assume that the interaction V,,, — 0. Then, the
gap A(p) =0, and Eq. (3) isreduced to the equation pro-
posed in [14]

gP)-p =0, if 0<n(p)<l; pispsp;. (6)

This equation defines a Fermi liquid of a new type for
which the order parameter k(p) differsfrom zeroin the
Lrc range of momentap; < p < py; the occupation num-
bersn(p) = 1 and O outside the L range, asmust bein
the normal Fermi liquid. It followsfrom Eq. (6) that the
effective mass M7 of quasiparticles in the fermionic
condensate is infinitely largein the L range:

1 _ 1de(p)

= 0. 7
Mi. P dp ™

The effective mass M} of normal quasiparticles with
momenta p < p; is finite and is defined by the known

equations [4]
1 _ 1de(p)
My p dp

It follows from Egs. (7) and (8) that afermionic system
with a Fermi condensate is broken into two quasiparti-

(8)
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cle subsystems: the dispersionless part of the single-
particle spectrum is occupied by the Fermi condensate
in the momentum range Lrc and is adjoined by the sub-
system that is occupied by quasi particles of finite mass
with momenta p < p;. We will assume for simplicity
that the Fermi condensate occupies a small part of the
Fermi sphere p; —p; < pg, where the Fermi momentum
is related by the common equation pg = (312p)Y° to the
particle density p. The Fermi condensate appearsin an
electron system at a low density when the effective
electron—electron interaction constant is sufficiently
large. In a common electron liquid, this constant is
directly proportiona to the dimensionless parameter
rs = 9T04pLag, Where ag isthe Bohr radius. For smplic-
ity, wewill assumethat it equalsr,. It wasshownin [17]
that the appearance of a Fermi condensate occursin a
system at a certain ry = rec < rgy, and precedes the
appearance of acharge-density wave, which takes place
in atwo-dimensional electron liquid at r 4, = 6-8[18].
Thus, the Fermi-condensate phase transition occurs at
T = 0 when the parameter r, attainsits critical valuergc
and represents a quantum phase transition. At rg > rec
and ry — ree << rec, the region pr — p; occupied by the
Fermi condensate is (p; — p.)/Pg ~ s — . This estimate
is confirmed by caculations for simple models
[19, 20].

Because the order parameter of a Fermi-condensate
phase transition is K(p), the maximum value of the
superconducting gap 4, in a system with a Fermi con-
densate A, ~ V,, asit follows from Eq. (5). It is perti-
nent to note that k(p) is determined in this case by the
relatively strong particle-hole interaction or by the
Landau amplitudes F,. Therefore, the perturbation of
the parameter K(p) can be neglected in the first order in
Vp/FL < 1. It is self-evident that we assume the Lgc
range to be sufficiently large, so that its perturbation is
small compared with the size of thisrange. Considering
that T, = A,/2 in the weak-coupling theory of supercon-
ductivity [20, 21], we obtain high T, values for systems
with aFermi condensate[14]. At the sametime, thesin-
gle-particle spectrum in the range L occupied by the
Fermi condensate will be disturbed by the interaction
V- This perturbation is quite notable for the effective

mass, because the value of 1/Mf. becomes finite.
Simultaneously, the perturbation of the single-particle
spectrum at p < p;, as well as the effective mass M} ,
can be neglected.

Let us use Eq. (3) for calculating Mg by differen-
tiating both sides of this equation with respect to the
momentum p at p = pr

Pe _ Ay 1 _ 210,
Mic  4k¥p)Pi—Pi  Pr—p

When obtaining Eg. (9), we took into account the facts
that kK(p) = 1/2 at p = pg, the gap A(p) has a maximum

9)
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at the Fermi surface, and, hence, its derivative there
equals zero. The derivative dv(p)/dp was calculated
with the use of Eq. (2) and the simple estimate
dn(p)/dp = —1/(p; — p;). We may conclude that the elec-
tron system with a Fermi condensate in the supercon-
ducting state is, as before, characterized by two effec-
tive masses, and that the single-particle dispersion at
p ~ pr can be approximated by two straight lines. Let us
estimate the binding energy E, at which these lines
intersect. Multiplying both sides of Eq. (9) by the dif-
ference p; — p;, we obtain

_ (P —P)Pe
MEc
It follows from this equation that the intersection point

of the two straight lines approximating the spectrum
does not depend on the difference p; — p;, although the

effective mass M5 is proportional to this difference.

The calculation of Mf at T — T, iscompletely sim-

ilar to the preceding calculation; one should only take
into account that now [21]

n(p) — f(p)

v¥(p) = R (11)
where
f(p) = L.
1+ exp(E(p)/T)’ (12)

E(p) = /(e(p) —p)* + A%(p).

With regard to the facts that the function f(p) has a
maximum at p = pe (and itsderivative equals zero there)
and E(p) < T, simple transformations of Egs. (11) and
(12) give

d(v(p) _ 2T
dp E(P)(pr—p1)
Differentiating both sides of Eq. (3) with respect to the
momentum and taking into account Eq. (13), we obtain

(13)

p_: - i (14)
Mee Pi—Di
It directly follows from Eq. (14) that
E, ~ (pf_fi)pF:4T. (15)

FC
Considering that 2A, = T, we conclude by comparing

Egs. (10) and (14) that the effective mass Mg and E,
weakly depend on the temperatureat T< T..

It follows from the above consideration that the
form of the single-particle spectrum g(p) and the order
parameter K(p) are determined by the Fermi-conden-
sate quantum phase transition and, therefore, their
forms are universal. Actualy, the amplitudes F, define
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only the region Lgc occupied by the condensate after
the point of the Fermi-condensate phase transition.
These amplitudes are determined by the properties of
the system under consideration, which already include
the contribution from impurities, phonons, and other
collective excitations. Finally, we may conclude that a
system with a Fermi condensate is characterized by a
universal form of the single-particle spectrum and pos-
sesses quantum protectorate featuresat T < T..

We now turn to the description of the system at T >
T., which is given by the equation of the Fermi-liquid
theory [4]

H =g(p, T) —p(T) —Tln% -0(9

Here, F isfree energy, which, as well as the energy E,
isafunctiona of the occupation numbers n(p, T). The
occupation numbers now depend on momentum and
temperature, and the quasiparticle energy €(p, T) is
defined by EQ. (4). Assuming that T.=0and T — 0in
Eqg. (16) and that the occupation numbers differ from
zero and unity in the range L, we obtain that the term
TIn(...) — 0, and Eq. (16) is reduced to Eq. (6) for a
Fermi condensate [14]. If the interaction V, = 0, the
Fermi-condensate phase transition is absent at any
finite temperature. Actually, as shown above, the order
parameter K(p) after the point of the Fermi-condensate
phase transition differsfrom zero in theregion L, and
the gap A(p) = 0. From here, it is clear that the critical
temperature of this transition equals zero. However, a
trace of this quantum phasetransition persistsinitsrad-
ical effect on the properties of the system up to temper-
atures T < Ty, where T; is a temperature at which the
effect of this phase transition disappears. For example,
the system entropy can be taken as such a property,
resulting in the estimate [20]

Ti o= Ok
€ 2 Q'
F Pr F

where Q. is the volume occupied by the Fermi con-
densate, Qr isthe volume of the Fermi sphere, and €¢ is
the Fermi energy. Taking into account that the occupa
tion numbers at T < T; are defined by Eq. (6) and
n(p, T) = n(p), we obtain from Eq. (16)

(17)

_ _tipl=nPE) _+1-2n(p)
EP, T —(T)=TIn ) T )

Differentiating both sides of Eq. (18) with respect to the
momentum p and using the estimate dn(p)/dp =
=1/(p; — p;), we obtain the approximate value for the
effective mass

.(18)

P = Pe

Pe _ 41

i
Mic

Pt — P

(19)

T< T;
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Multiplying both sides of Eq. (19) by the difference
P — p;, we obtain for the parameter

E,~4T. (20)

Equations (19) and (20) indicate that the mass M and
the energy E, start to depend ontemperatureat T.< T <
T;. However, thisdependenceisvery weak at T = T, as
is evident from a comparison of Egs. (14), (15) and
(19), (20). We may conclude that the system under con-
sideration still possesses quantum protectorate features
at these temperatures, because the spectrum of the sys-
tem is determined by the solutions of Eg. (6) and the
temperature. It isevident from Egs. (18), (19), and (20)
that this spectrum has a universal character and is
weakly affected by phonons, collective states, etc.

We now turn to the description of the experimental
data[2] using the results presented above. We return to
the consideration of an electron system on a square lat-
tice. Experimental studies showed that the Fermi sur-
face in the case of the Bi,Sr,CaCu,Og, 5 metal has the
shape of an approximately regular circle with the center
at the point (11, 1) of the Brillouin zone filled with hole
states [22]. A van Hove singularity is located in the
vicinity of the (11, 0) point, and an almost dispersionless
section of the spectrum is observed in this region (see,
for example, [22]). This allows the suggestion to be
made that the Fermi condensate is disposed in the
vicinity of this point [23]. The straight line YT, which
is known as the line of zeros of the Brillouin zone,
passes through the points (11, T)—(0, 0) at an angle of 174
to the straight line YM passing through the points
(1t, (11, 0). The density of states attains a minimum

at the point of intersection of the YT line and the Fermi
surface. The single-particle spectrum was measured

along thelines parallel to YT [2] and YM [3], from the

line of zerosto the YM line. As aresult, it was shown
that the parameter E; is constant for a given sample;
that is, it does not depend on the angle @ reckoned from

the line of zerosto YM . The angle (kink) between the
straight line characterizing the part of the spectrum
with the binding energy lower than E, and the straight
line related to the spectrum with the binding energy
higher than E, grows with increasing ¢ and with a
decreasing doping level [2, 3]. This generad pattern is
retainedat T > T, [2].

To describe these experimental data, we assume the
following model: the volume of the Fermi condensate
Q¢ depends on the angle @, Qrc(®) ~ (P (@) — Pi(@)Pe,
increases with increasing ¢, and attains a maximum at
(rt, 0). In addition, r grows with decreasing doping
level and exceeds the critical value rgc in the optimal
doping region. Note that the values of r corresponding
to the optimal doping level arecloseto rec [17, 24, 25],
whereas strong fluctuations of the charge density or
charge-density waves are observed in undoped samples
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[26]. From here, we may conclude that the formation of
a Fermi condensate in copper oxides is a determinate
process stemming from the general properties of alow-
density electron liquid.

It follows from Eqg. (15) that the energy E, does not
depend on the angle @ at T < T,. It aso follows from
Eq. (14) that the kink increases with increasing @,
because the effective mass linearly depends on the dif-
ference (pi(¢) — pi(@)). Comparing Egs. (9), (10) and
(14), (15), one can conclude that these properties
weakly depend on temperatureat T < T.. Equations (19)
and (20) demonstrate that this behavior persistsat T, <
T, however, a temperature dependence appears.
According to experimental data, E; = (50-70) meV
[2, 3], which is in agreement with Egs. (10) and (20),
because E, = 24, in these materials. The volume of the
phase condensate Q. in our model growswith increas-
ing r,, and the mass M. correspondingly increases, as
evident from Egs. (9) and (14). Hence, the dispersion
kink in the single-particle spectrum must increase with
increasing doping level. Because E; = 2A,, the kink
point must shift towards higher binding energies as the

doping level decreases. All these results are in good
agreement with experimental data[2, 3].

The line shape of a single-particle excitation is
another important characteristic property of this excita-
tion that can be measured experimentaly. The line
shape L(qg, w) is afunction of two variables. Measure-
ments carried out at a fixed binding energy w = wy,
where wy, is the energy of the single-particle excitation
under study, determine the line shape L(g, w = wy,) asa
function of momentum q [1]. As shown above, the

effective mass My. is finite at finite temperature.

Therefore, the system behavesasanormal Fermi liquid
characterized by a certain effective mass at energies
W4T (orws 24, if T<T). Quasiparticles with ener-
gies of the order of temperature will beinvolved in res-
cattering processes, which determine the width of the
single-particle excitation. As follows from Eg. (20),

these are precisely the quasiparticles with mass Mg,

which leadsto awidth of the order of T [20]. It wasthis
behavior that was observed in experiments on measur-
ing the line shape at a fixed energy, when well-defined
quasiparticles at the Fermi level were found even in the
region of the (1, 0) point [1]. The line shape can be
determined differently as afunction of the energy w at
afixed momentum g [27]. At small w, thelinewill have
a characteristic maximum and width as well as in the
case of fixed energy w. At energiesw=4T (or w= 24,

if T < T,), quasiparticles of mass M{ will come into

play, which will lead to a growth of the function that
determines the line shape. Thus, this line will have a
characteristic shape: a maximum [24, 25], then amini-
mum, and then again aflat maximum. At the sametime,
one can use the Kramers—Kronig relations for con-
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structing the imaginary part of the quasiparticle excita-
tion self-energy, provided that the real part is known
[3]. One can see from above that thereal part isformed

by two effective masses M. and M} . Asaresult, we

again arrive at the characteristic shape: a maximum, a
minimum, and then again a flat maximum. This result
isin qualitative agreement with the experiment [3, 27].
V. R. Sh. is grateful to the Racah Institute of Phys-
ics, Hebrew University of Jerusalem for hospitality.
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The conventional Ginzburg—Landau theory of interphase boundaries is generalized to values of order parame-
tersthat are not small, with application to polytwinned structures characteristic of cubic-tetragonal-type phase
transitions. Explicit expressions for the structure and energy of antiphase boundaries viathe functions entering
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Ordering phase transitions between the cubic disor-
dered and the tetragonal ordered phases are observed in
many different solids. The known examples are the
transitions between the disordered FCC phase
(Al phase) and the CuAu I-type ordered tetragonal
phase (L1, phase) in anumber of metallic alloys [1-3];
the ferroel ectric transitions between the cubic parael ec-
tric and the tetragonal ferroelectric phase in BaTiOs-
type perovskites [4], etc. A characteristic feature of
such transitionsisthe formation in the ordered phase of
so-called polytwinned structures consisting of arrays of
ordered bands separated by antiphase boundaries
(APBs) with (110)-type orientation, while the tetrago-
nal axes of antiphase-ordered domains (APDS) in the
adjacent bands have twin-related (100) and (010)-type
orientations. As an example, Fig. 1 shows a typica
microstructure of the L 1, phasein CoPt aloys observed
by Leroux et al. [1]. The formation of polytwinned
structures is explained by the elimination of the vol-
ume-dependent part of the elastic energy for such struc-
tures [4—7] discussed below.

Studies of microstructural features of polytwinned
structures, such as the properties and distribution of
APBs, attract interest from both fundamental and
applied points of view, in particular in connection with
applications of such structures in various magnetic
devices for which the structure and the distribution of
APBsarevery important [1-3]. Below, | present aGin-
Zburg—L andau-type theory that enables one to explic-
itly calculate the characteristics of APBs in poly-

L This article was submitted by the author in English.

twinned structures, both phenomenologicaly and
microscopically.

To be definite, we consider the A1 — L1, transi-
tionin abinary aloy A.B; _.. Different distributions of
atoms over lattice sites i are described by the occupa-
tion numbers {n}, where n; = n,; is unity when the site
i isoccupied by atom A and zero otherwise. The mean
occupation M= ¢ = c(r;) (wherer; isthe FCC lattice
vector) in the homogeneous L 1, phase can be writtenin
terms of three long-ranged order parameters n,, see,

eg., [7]:
¢ = c+n.exp(ikyry)
+nexp(ikar;) + naexp(iksry),

where k, is the superstructure vector corresponding
toNng:

k, = [100]2Wa, k, = [010]21a,
ks = [001] 21V,

and a is the FCC lattice constant. Within each L1,
ordered domain with atetragonal axisa, only one non-
zero parameter n, is present, being either positive or
negative. Therefore, six types of ordered domains are
possible with two types of APB. The APB separating
two APDs with the same tetragonal axis will be called
for brevity the shift-APB, and the APB separating the
APDs with perpendicular tetragonal axeswill be called
the flip-APB.

Below, | consider the weakly inhomogeneous states,
for which quantities ¢ and n, in Eq. (1) are not con-
stants but slowly varying functions of coordinatesr =r;

(D)

)

0021-3640/01/7305-0237$21.00 © 2001 MAIK “Nauka/Interperiodica’
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Fig. 1. Typica microstructure of the L1, phase in CoPt [1], with the (001) direction normal to the plane of the figure and the (110)
direction lying horizontally in the plane of the figure. Bright areasin frame (a) or (b) correspond to ordered domains oriented along

the (100) or (010) direction, respectively.

with the characteristic length | (which in this problem
isthe APB width d) far exceeding the interatomic dis-

tance |, = a/./2. Both theoretical and experimental
studies of APBs show that the inequality | > 1, is usu-
aly fulfilled in alloy systems of practical interest, par-
ticularly in systems with an extended interaction range
or for small values of order parameters; see, e.g., [8].
The weakly inhomogeneous states can be described
within the Ginzburg—L andau approach using the gradi-
ent expansion of the free-energy density f.

Let us suppose for simplicity that the concentration
C is close to the stoichiometric value ¢, = 0.5. Then,
variations oc = c(r) — ¢ of local concentrations c(r) in
the APB region are very small, which isillustrated, for
example, by the results of computer simulation [9]. The
smallness of dc follows from the symmetry of the free-
energy density for the homogeneous L1, ordering,
fon(C, Ng) With respect to the substitution (c —c)) —»
(c,— ¢), which implies that variations &c are propor-
tional to the small factor (c —cJ). Therefore, in the gra-
dient expansion one can neglect dc and keep only terms
with the order-parameter gradients [} , and the elastic
strain Uyg = (U,/0Xg + 0UR/0X,)/2. Then the Ginzburg—
Landau functional F for the problem takes the form

F= J'dgr[f(,h+

1
- tuyénan Buy6 + ECaBy5ua|3uy6%i| :

i PRI ELLY
o By
aplse axB 0X5

©)

Terms with gqp,5 N Eq. (3) will be called the striction
terms, by analogy with the terminology used in the the-
ory of ferroelectricity or magnetism [4]. The micro-
scopic expression for coefficients g,p,5 [9] Shows that,

in usual approximations neglecting many-atom effec-
tive interactions (which are usualy small [10Q]), these
coefficients do not depend on the order parameters n.
Variation of elastic constants c,g,s With ordering is also
usually small, and it will be neglected for simplicity.
However, coefficients gqp,5 in EQ. (3) can generaly
strongly vary with n,.

Taking into account the crystal symmetry, one can
write the integrand in Eq. (3) as

f=fod+ Y

a,B,Yy,0

U U 1
- Z Ugq %Jnrli T z QEE+ écnz Uéu (4)

B£a a

+Cpp Z UgoUpp + Cag Z Ucsz-

a#zf a<p

Here, elastic strains u,g are counted from their valuesin
the disordered cubic phase, and the usua Voigt-type
notation [4] for coefficients g and c is used.

The equilibrium distribution of strains ug(r) is
determined by the equation &F/du, = O:

2 2 2 2
0
Cna u; e Z aax u)f sy )] uzol . aax u)[(3 3
aXa fra a B B#aDaXB a*pl] (5)

on_ ona
= Q1lalxj +Q1zﬁz 0_:(]5’
Eo

while the distribution of order parameters ny(r) is
determined by the equation 6F/dn, = 0, to be discussed
below.
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Let us first find the spontaneous strain U, in the
homogeneous (100)-ordered domain with the |ng| = [N
value equal to the equilibrium order parameter n, =
Nne(c, T). The nonzero strains Uy; and U,, = O3 inthis
case can be found from the zero-stress condition o,g =
0f/0uyg = 0, whichyields:

€ = Uy —(Oyp+0g)/2 = q_nilc_: ()

o 2
= Uy + Uy + Uy = Q.NC/C,,

il

where g_ = g3 — Oz, C_ = €13 — Cpp, G4 = Cyg + 20, and
Cy = Cy1 + 2Cy,.

Analogous expressions for T,z can be obtained
when several nonzero homogeneous n, are present.
After substitution of these U, into Eq. (4), thefunction f

can be written as the sum of the renormalized function f;,
for the homogeneous ordering, the gradient term, and
the elastic energy Eg4, with the following expressions
for f, and Ey:

2
f,(0a) = Forla) — 5 3 Nans
+G,B

, . )
q- 4 2 2
“3c P Me = D MaNild

a<pB

E, = %c+(u—ﬂ)2+%c_(s—é)2

1 (8)

=2
ZC—(Z -{) + C44(Ui2 + U§3 + Ugl)-

+
Here, u=Uy; + Uy, + Ugg, € = Uyy — (Upp + Ugg)/2, and { =

Uy, — Uz While O, €, and { are expressed vian, asfol-
lows:

0= q.(nf+n3+n3lc,
g€ = q[ni-(n3+n3)/2l/c., (9)
{ = q.(n;—-n3)lc..

Let us note that the strictive renormalization f,, — fy, in
Eq. (7) is proportional to the ordering-induced elastic
energy per atom, Eg4, which usualy is small. For exam-
ple, for CoPt aloys [1] the tetragonal distortion € is

about 0.03; U = 6 x 104 and E, is about 0.01 of the
transition temperature T,.

Let usapply Eq. (5) to the strains u,g(r) near aplane
flip-APB that is norma to vector n = (sin6cos¢,
sinBsind, cosB) and separates the (100)- and (010)-
ordered domains. Then the functions u, and nf( in
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Eq. (5) depend only on the coordinate & = rn and at
¢ —> —o thenonzero n2 in Eq. (5)isn3 = n2, while
at & —~ oo the nonzero n> is N5 = n>. The strain
(Ugg — Uggp) should vanish at both & —» *oo, otherwise
the elastic energy E4 in Eq. (8) increases proportionally
to the total volume of the ordered domain. Integrating
Eq. (5) over & from & = —oo to o, one finds that the

above-mentioned conditions for elastic strains lead to
the following equations for angles 6 and ¢:

_ 2 .2 .2 2 .
CuE[cos B+ snB(sin"d—cos ¢)] = 0; (10

CE[COS 0 + sin“B(cos’d —sin‘$)] = 0,

which implies that cos® = 0 and sin’p = cos’d. There-
fore, an equilibrium flip-APB should have the
(110)-type orientation, in accordance with experimen-
tal observations and theoretical considerations men-
tioned above [1-7]. The present Ginzburg—Landau-
type approach is just a reformulation of previous theo-
retical treatments [5—7], but it is aso convenient for
studies of other properties of polytwinned structures.

Let us now consider the structure of a plane shift-
APB in the (100)-ordered twin band with the APB
plane normal to vector m = (cosa, Sinacosd,
sinasing). The eastic equilibrium Egs. (5) now have a
local equilibrium solution u,g = T,g(n,) for any orien-
tation m. Therefore, in finding the order parameters
Na(r) (which here depend only on & = rm), one can
retain only thefirst two terms on the right-hand sides of
Egs. (3) and (4), with the substitution of f,, by the
renormalized function f, from Eq. (7).

From aconsideration of the symmetry, the only non-
zero component n, isn; =n(§), which varies, say, from
Nn=—.a§=—ooton=n.at& = oo. Let usdenote coef-
ficients g;111 and Q1212 = 013153 Of NONzero gradient terms
by g;, and g;,, respectively. Then functional (3) per unit
areanormal to the APB plane takes the form:

F = [dE[fy(n) +g(n)(dn/d&)], (11)

where

g(n) = gu(n)cos’a + gy,(n)sin‘a. (12)

The equation 6F/dn = O for functional (11) can be writ-
ten as

2gdy/dg + gy’ = f}, (13)

wherey is dn/dg, and prime means the derivative with
respect to n. Writing the derivative dy/d¢ as ydy/dn and
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integrating EqQ. (13) over n from n,to n, one obtains:

y = dn/dg = [Af,n)/gn)]".

Here, Af,(n) =f,(n) —f(nNe) and it istaken into account
that y = y(§ = «0) =0 at n = n.. Equations (14) and (11)
enabl e oneto find both the coordinate dependence n(§)
and the APB surface energy o:

(14)

n

£ = fdn'[g(n')mfhm')]”, (15)

Ne

o = F{n}-F{ng = 4jdn[g(n>mh(n)1”2. (16)

The conventional Landau—Ginzburg theory corre-
sponds to the case of small n when f,(n) is (-an? +

bn%), ni is a/2b, and g does not depend on n. Then
Egs. (15) and (16) yield the known expressions [11]:
nE) = netanh@E/e), & = (gbn:)¥2 and o =

8r]2(gb)1’2/3. Equations (11)—(16) generalize the con-

ventional Ginzburg—Landau theory to the case of order
parameters that are not small, which is most interesting
for applications.

Let us now discuss the orientation dependence of
APB energies. For an isolated shift-APB, this depen-
dence is determined by the function g(n) in Eq. (16),
i.e., by theratio of coefficients g;, and g4 in Eq. (12).
Therelation g;, = g;; corresponds to an approximately
isotropic g, and this case is typical of alloy systems
with extended-range interatomic interactions [9]. On
the contrary, in the short-range-interaction systems,
where the nearest-neighbor interaction V, far exceeds
the not-nearest-neighbor ones V,,, one has: g;, << gy;. It
can be illustrated, for example, by the estimates of g,
using the mean-field approximation (MFA), which
show that g, is proportional to V,. The APB energy
o(a) for such systems is strongly anisotropic, and its
minimum value G, ~ (g;,)Y? corresponds to a = 172,
i.e., to the APB plane paraléel to the tetragonal axis,
while the APB width & in this case, according to
Eqg. (15), is aso small: d ~ (g;,)Y2. These conclusions
gualitatively agree with the results of more precise
studies of APBs in the short-range-interaction systems
[9], adthough at small & under consideration the gradi-
ent expansion used above becomes quantitatively inap-
plicable.

Let us now take into account that the evolution of
shift-APBs in polytwinned structures actually occurs
within a twin band formed at very first stages of phase
transformation. These orientations of APBs tend to

VAKS

minimize their total excess free energy F. not at afixed
APB areaShut at afixed cross section of the twin hand,
S,. Therefore, the APB energy in this caseis more ade-
guately characterized by the quantity o, = FJ/S, rather
than by o = FJ/S given by Eq. (16). Taking aso into
account therelation S, = (mn,)S, where the vector n, =
(1, 1, 0)2¥2 describes the orientation of the twin band,
one obtains:

0, = 0y(a, §) = 0./2/(cosa + sinacosd), (17)
where o = o(a) is given by Eq. (16).

Minimization of Eq. (17) with respect to ¢ yields
¢ =0; i.e, equilibrium APBs are oriented normally to

the (100) plane, while minimization over a gives the
equation:

ne ne
O 00 ol
cota = 5[ dng(Af /o) T g[ dngy(Af/g) "3 (18)
0 D 0 D

If the dependence of the ratio g,,/g;; on n isweak, in
particular, when g;, and g;; do not depend on n (asin
the case of smal n or in the MFA calculations),
Eq. (18) issimplified:

cota = g1p/0a1. (19
Equations (18) and (19) show that in the isotropic case
02 = 0;; the equilibrium shift-APBs should be normal
to twin boundaries, while for the usual relation g, < gy;
the APB plane should be tilted about the tetragonal
axis. This seemsto agree with the avail able experimen-
tal data. In particular, the figure shows a distinct tilt of
shift-APBs about the tetragonal axesfor both (100) and
(010) twin bands, whilein CuAu alloys (in which inter-
atomic interactions seem to be short-ranged [9] and
0:2/01; is small) shift-APBs appear to be parallel to the
tetragonal axes [12]. Equations (18) and (19) can also
be used to estimate the ratio g,,/g;; from experimental
data for the equilibrium tilt angles, which can provide
both qualitative and quantitative information about
interatomic interactionsin an alloy.

| am grateful to |.R. Pankratov, G.D. Samolyuk, and
K.D. Belashchenko for assistance. This work was sup-
ported by the Russian Foundation for Basic Research,
project nos. 00-02-17692 and 00-15-96709.
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It has been established experimentally in the last
decade that the distribution of the magnetization vector
M(r) [M(r)? = MS] in thin magnetic films with strong
perpendicular anisotropy of the easy-axis type can
undergo self-organization under certain conditions.
Under the action of aharmonic or unipolar pulsed mag-
netic field, the labyrinth domain structure generates
guiding centers (target-type structures, spiral domains,
and domain structures with a high degree of tranda
tional and orientational ordering [1-5]) which can be
observed using the magnetooptic Kerr effect. This phe-
nomenon wasinterpreted in [1-3] asthetransition from
the chaotically moving domain boundaries to the
dynamic magnetic structures similar to the dissipative
structures in distributed active media [6]. Static stabil-
ity and strong nonlinearity are the distinctive features
of these magnetic structures. They do not disappear on
switching off the magnetic field because the lifetimes
of targets and spiral domains are several orders of mag-
nitude longer than the period of magnetic field. Due to
this property, magnetic structures of the target type and
spiral domains can be considered as magnetic defects
excited by pumping energy into magnetically-ordered
media and relaxing to the thermodynamically equilib-
rium state during arather long time [4].

Rotary helical waves and guiding centers are stud-
ied in detail in the self-oscillatory systems, where they
are one of the main types of dissipative structures|[7, 8].
For aferromagnet with uniaxial anisotropy, only small-
amplitude nonlinear helical waves have been described
to date [3, 9], and it was shown that they can, in princi-
ple, be stabilized.

In thiswork, spiral domains and targets are consid-
ered as defects in magnetically ordered media. It is
shown that structures of the spiral-vortex type are
formed in a 2D ferromagnet even by the main
(exchange) interaction. A broad class of new exact
solutions of the corresponding equations are found, the
structure and interaction of spiral vortices are studied,
and the influence of remaining interactions on the
structure of aspiral vortex is qualitatively analyzed.

In the continuous approximation, the stationary
magnetic structuresin a 2D ferromagnet are defined as
solutions of the equation

M(@) x[0AM(r)+H] =0, M%r) = M, (1)

where a is the exchange interaction constant and the
effective magnetic field H is determined by the energy
of magnetic anisotropy and the magnetostatic field. In
the absence of field H, Egs. (1) coincidewith the n-field
(D =2 and N = 3) and nematic equations in a single-
constant approximation. Although these equations are
integrable [10] and the “dressing” procedure is known
for them [10-12], the construction of adesired class of
solutions by using an analogue of the D’ Alembert for-
mula[11] presents serious difficulties.

Below, a broad class of exact solutions is consid-
ered, for which thefields ®(x, y) and 8(x, y) parametriz-
ing the magnetization vector M (X, y) = My{ sSindcos8,
sinBsin®, cosB} depend on the functionally indepen-
dent variables a(x, y) and b(x, y) as

B(x.y) = 8(alx,y)), ®(xy) = ®b(xy). (2
It then immediately follows from Egs. (1) (with H = 0)

that the fields 8(a) and ®(b) satisfy the simple system
of differential equations

o'@ = D@y, om=0 @

provided that additional conditions hold for thefieldsa
and b. These conditions can conveniently be written in
the form of equations

0,0,Q = 0,Q0,Q =0,
z=x+iy = rexp(id)

for the complex function Q = a + ib. Without loss of
generality, one can choose P (X, y) = b(x, y) and take the

(4)
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solutions for 6(a) in the form of a soliton lattice (cnoi-
dal wave)

_ AR 9) O _
cosO = GsnDT’k[r R = Inr

O<k<1l).

(%)

(o =41,

Solutions (4) and (5) generdize the well-known class
of BeavinPolyakov multi-instanton solutions [13].

Indeed, cos6 — tanh(a) at k —» 1, so that the com-
plex field W = cot[6/2] exp[i®P] — exp[iQ] satisfies,
according to Eq. (4), the duality 9,% =0 or antiduality
d,¥ = 0 eguation.

It follows from the uniqueness of magnetization and
symmetry conditions sn(u, k) = sn(u + 4K, k) and
sn(u, k) = sn(2K —u, k) [K = K(k) isthe complete ellip-
tic integral of the first kind] that the function Q must
satisfy either of the conditions

fdQ = 4kKN+2imQ (N,QU2) (6a)

or

fdQ = —2N(Q) + 2kK(2N + 1) +iT(2Q + 1)
(N,QU2),

where integration goes around the center of magnetic
defect. In what follows, condition (6a) is only consid-
ered. Then the general solution for the system of mag-
netic defects with centers at points z takesfor Q = Q(2)
the form

(6b)

Q=a+ib

= Z%%Nﬁggln(z—zjhw(z) (7
i

(N;, Q;02),

wherew(z) isan arbitrary meromorphic function. When
going aong the closed contour around the center of
field defect, a and @ acquire, respectively, the incre-
ments —4kKN and 2nQ, thereby ensuring, according to
Eqg. (5) and the magnetization definition, unigueness of
theM(x, y) field in the (x, y) plane. Solution (7) is char-
acterized [at w(z) = const] by 4n + 3 parameters and
describes the structure and interaction of magnetic
defects. Notice that N may be a halfinteger for the
director fields in a nematic. In hydrodynamics, the
function Q of the form (7) at w(2) = const is the sum of
complex potentials of vorticity-source flow.

AtN,=0(j=1,2,...,n),solution (5), (7) coincides
with the multi-instanton solution (at k = 1) or describes
a system of interacting magnetic targets (at k # 1). The
isolated magnetic defect with discrete parameters o,
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Fig. 1. Core structure of asingle-turn spiral (N=1) for k=
12 and Q =1 (rg = 0). Inset: domains with positive (white)
and negative (black) M, values. The twisting of the spiral
domain increases with adecreasein k.

N # 0, and Q represents a spiral vortex with the normal
magnetization component

M, = MoosnHTD 2Ky g yn kT (8)

Tt

and azimuthal angle
@ = Qb -09 + E i), ()

According to the classification given in [3], solution (8)
corresponds to a spiral domain, because it can be
obtained inthe (R, ¢) spacefromtheregular band struc-
ture with period d = 4kK(K) by applying the Volterra
procedure [14] consisting of the relative shift of cut
edges by Nd periods, the 2rtrotation, and the free relax-
ation. The dependence of Eq. (9) onthe polar angle ¢ is
typical of the 2D magnetic vortices [15], so that the
solutions of the form (8), (9) will hereafter be called
spiral vortices. It is notable that the magnetic vortices
arise on the nonmagnetic defects and solutions (8), (9)
are valid within the distances on the order of the defect
radius d.

For N = 1, solution (8) represents two oppositely
magnetized spiral domains separated by two logarith-
mic spiras (Fig. 1). For the arbitrary N, Eq. (8)
describes an N-turn logarithmic spiral whose chirality
(sense of twisting) is determined by the N sign. The
graph of the M,(x, y) field and the configuration of
domainsinadouble-turn spiral areshowninFig. 2. The
width of spira solitons (domain boundaries) depends
on the k value and increases with moving away fromthe
vortex center. At K — 1, the width of domain bound-
aries decreases to zero and the spiral vortex approxi-
mates to two domains (with constant magnetizations)
with aboundary at ¢ = ppand ¢ = ¢ + 1L
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Fig. 2. Structure of a double-turn spiral for k = 1/4, Q = 1,
andN=2.

The energy W of aspiral vortex, as also of the other
nonlocal structures of thistype (dislocations and discli-
nations), depends logarithmically on the system size L
and the radius d of the vortex core:

W = % [YME)VM(r)dxcly

2 2,2
— 2 Q" ANKf,2 .. 2E7, L0
aMEnES + = E[k 1+—K}|nEbID

where E is the complete liptic integral of the second
kind and N # 0.

In the presence of thefield H, Egs. (1) are no longer
scal e-invariant and the exchange interaction determines
the structure of spiral vortex only near its center. The

-10 -

Fig. 3. A spira dipole composed of two single-turn spiras
with centers at z; = 4 and z, = —4 and parameters (N, = 1,
Q1 =1) and (N, = -1, Q, =-1), respectively; k = 3/8.

BORISOV

spirals and targets are observed, in particular, in the
films with large quality factor, for which the magneto-
static field can be ignored, as compared to the magnetic
anisotropy field
H =pBn(nM) n=(0,0,1) (B>0).

In this case, the magnetization of aspiral vortex at large
distances from its center tends to a homogeneous
ground state [B(X, y) — mit, m O Z]. Self-similar solu-
tions (8), (9) are adequate for an isolated spiral vortex

only at distancesr <| = J/a/3. At larger distances (r >
), the domain boundary is smeared and one of the spi-
ral domains breaks even in a weak external magnetic
field. Numerical studies show [16] that the structure of
magnetic target is described by solution (8), (9) for
N =0, where the r dependence of k = k(r) should be
taken into account. At distances shorter than magnetic
length |, the k value remains constant, and it rapidly
tends to unity at r > |. The asymptotic value of m (the
number of ring domains reckoned from r = |) is
uniquely defined by the numerical value k(r)|, _ o. The
radius of the end ring increases with decreasing
k(DI — o-

As distinct from the multi-instanton solutions, the
energy of the multivortex solution (5), (7) depends at
k # 1 on the distances between the centers of spiral vor-
tices, suggesting their interaction. Let us consider some
types of vortex dipoles as an example. The interaction
between two vortices with parameters (N, Q) and
(=N, —Q) has the attractive character. The correspond-
ing solution islocalized: 6 — 1/2 &t r — oo (Fig. 3).
The energy of this dipole is independent of the system
size L (the energy density is inversely proportiona to

-10

Fig. 4. A spiral dipole composed of two single-turn spirals

with centersat z; = 4 and z, = —4 and parameters (N1 = -1,

Q1 =-1) and (N, = 1, Q, =-1), respectively; k = 1/4.
JETP LETTERS Vol. 73
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r4). This remarkable feature indicates that the dipoles
may contribute to the thermodynamics of two-dimen-
sional magnets. The spiral vortices with parameters
(N, Q,) and (N, Q,) are also attracted together because
the corresponding solution transforms at large dis-
tances into a system of concentric (with respect to the
R variable) ring domains—magnetic target (Fig. 4)
with parameters (0, Q; + Q,).

| am grateful to G.S. Kandaurova for clarifying the
experimental data and stimulating discussions; to
A.B. Shabat, V.G. Marikhin, and A.V. Mikhailov for
interest in the work; and to S.A. Zykov for discussions
and assistance in computer graphics. This work was
supported in part by the Russian Foundation for Basic
Research (project no. 00-01-00366) and the INTAS
(grant no. 99-1782).
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A generalization of the known theory describing the Hall channelswith integer filling factorsininhomogeneous
2D electronic samples to the case of a stationary nonequilibrium state (with a nonzero Hall voltage V,, across
the 2D system) is proposed. For the central strip located near the extremum of the electron density, the theory
predicts a change in its width and a shift of the whole strip from the equilibrium position as functions of V.
The theoretical results are used to interpret recent experiments on measuring the local electric fields along
the Hall samples both in equilibrium conditions and in the presence of transport in the quantum Hall regime.
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The phenomenological theory [1-5] of Hall chan-
nels with integer filling factors in inhomogeneous
2D electron systems was developed for equilibrium
conditions, with the electrochemical potential p being
constant along the sample. However, many experiments
with inhomogeneous samples and, in particular, almost
all measurements of the local characteristics of various
2D systems [6-10] were performed in a transport
regime with a nonzero bias voltage V,, across the sam-
ple. In this case, the problem arises as to how the volt-
age V, # 0 affects the characteristics of individual inte-
ger (incompressible) channels. To be more specific, one
has to consider possible changes in the width 2a of the
strips and their possible displacement A from the equi-
librium position under the effect of V. Below, this
problem is solved for the central incompressible chan-
nel in an inhomogeneous 2D electron system with an
electron density profile n(x) that is one-dimensiona
and symmetric about the center of the 2D system. In
addition to the one-dimensionality of the problem, we
will also use some simplifications (asin [1-5]), namely,
we will assume that the transverse dimensions 2w x 2L
of the 2D system are sufficiently large (relative to the
Bohr radius and the magnetic length), the screening
electrodes are absent, the temperature is low but finite
(to avoid the correlation effects, which lead to the frac-
tional quantum Hall effect), and the Hall voltage V,, is
less than or comparable with the cyclotron energy,
eV < w, (Where wy, isthe cyclotron frequency).

The general results obtained for the quantities A(Vy)
and a(Vy) are then used to interpret the experimental
data [8-10] on the behavior of the local characteristics
of Hall samples with an inhomogeneous profile n(x) of
contact origin.

1. We begin by considering the electrochemical
potential Y. In nonequilibrium conditions, its value is

not constant along the 2D system, and its behavior is
determined by the requirements

divj = 0, rotj = 0, 1)
ji = €70,0,/0%, 2

where g;, is the conductivity tensor [3, Eg. (56); 11],
Ohm'’s law contains the electric potential ¢ instead of
the quantity p). The combination of requirements (1)
and (2) leads to the equation

Ap =0 (3)
even in the case where o,, — 0 (note that the authors

of [11] do not agree with this statement).

From Eq. (3) and the inequality w < L, where L is
the length of the Hall-geometry sample, it follows that,
in the presence of the Hall voltage V, the function pi(X)
is a linear function of the x coordinate in the region
away from the contacts:

u(X) = eVy(x—A+a)/2,
—at+A<sx<+a+A,

Oyy > Oyy,
@)

a<w

(the parameter A will be determined below (see Egs. (7)

and (14)).

Expression (4) together with the definition of p(x)
for electronsin the magnetic field form the basisfor the
formulation of the problem on the properties of incom-
pressible strips in the presence of transport. To solve
this problem in asimplified version, it is expedient (by
analogy with [1-3]) to begin with modeling within an
incompressible strip with the eectron density on(x)
selected in such away that its effective valueis constant
and corresponds to an integer filling factor. Knowing
on(x), we reconstruct the distribution ¢(x) with addi-
tional requirements that the tangential electric fields be
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zero at the strip boundaries. The function ¢(x) is fitted
in with the behavior of u(x) at the same strip ends. The
problem with V,; # 0 allows one to use such an ago-
rithm only for the central strip. Asfor the side channels,
the extension of the approach used in [1-3] to the case
with transport encounters some difficulties that require
specia consideration.

Thus, we assume that
dn(X) = (Va—1)ny + A& +nag?/2,
E=x+A, 1=123,...,

v(X) = Tan(x), ny = 1/(m?),

)

—at+Asx<+a+A,

wherel,, isthe magnetic length, A isthe shift of the cen-
tral strip as awhole relative to the origin of the coordi-
nates, and v, = v(x = A). Inthelimit A — 0, Eq. (5)
coincides with dn(x) from [3].

The corresponding distribution E,(x) follows from
the Poisson equation represented in the form that takes
into account the constancy of the electrochemical
potential outside the integer strip:

PO

edn(§) = —;{2 J; dsE—:—é :

Asaresult, we obtain
E/(1-E/a%)
_ 2me
K
+naa’(Ta(E/a) + T1(8/@))/8] + Ey,

where T,(s) are the Chebyshev polynomialsand E isan
arbitrary constant; below, this constant will be related
to V..

For field (6) to become zero at € = +a, the following

[(va=1)nuTy(&/a) + npaT,(&/a) (6)

conditions should be satisfied:
2menja+KE, = 0, (7)
a® = —4[vy-llng/(ny), 1=12,23.., (8

where n(x) is the equilibrium electron density profile.
The difference between Eq. (8) and the definition of a?
from [3] isthat, in the case under study, the quantity v,
and the derivative n, are calculated at the point x = A
rather than at the zero point.

The potential ¢(&) isobtained from Eq. (6) by asin-
gle_i ntegration. Taking into account Egs. (7) and (8), we

erive

0E) = Vy(lJ1 -+ w2+ arcsinl)/mt

9)
+2mensa®(1-23) 16k, T = &la
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with the following requirement being satisfied:

—Penya’/k = V. (10)
Requirement (10) in combination with Eq. (7) deter-
mines the constant E,; = 2V, /ma. Equations (7)—<10)
terminate the sol ution of the problem on the behavior of
the main channel near the extremum of electron density
with an even profile n(x) in the presence of V; # 0.

2. Recent experiments carried out for Hall-geometry
samples in the quantum Hall regime with the use of
scanned potential microscopy [9, 10] testify that the
samples have an inhomogeneous but regular distribu-
tion of electron density in the form n(x) (where x isthe
coordinate in the sample cross-section normal to the
lines of current). The inhomogeneity of n(x) is caused
by the contact phenomena, which are very likely to
occur in the experiments under discussion. In this case,
for Hall-geometry sampleswith the dimensions2w x 2L,
where L > w, the distribution n(x) away from the con-
tacts has the form [12]

KW
ce® WP — X2

Here, W is the contact energy between the 2D system
and the metal terminas, and ng is the mean electron
density in the sample without contacts.

Using the explicit expression (11) for n(x), we
rewrite some of the definitions given above. The equi-
librium distribution ¢(X) can be represented as

n(x) = ng+ c = 2min(L/w). (12)

0(x) 0 (a°-x)™,

4 2 3 _
g2 = ce'w’[v(0) I]nH, _asxs+a,
KW

v(0) = [n(0)] 7}

(12)

Here, 2a < 2w is the width of the incompressible strip.
Its maximal valuefor the electron density in the form of
Eqg. (11) is

(AmadW)® = 3chw /TW, (13)

where the quantity c is taken from Egs. (11).

We note that the strip width is highly sensitive to the
magnetic field: it varies from zero to the critical size
given by Eqg. (13) when the magnetic field grows and
the maximal value of potential (12) at the channel cen-
ter reaches the value wy,; after that, the strip splits in
two (the details of this process can be found in [3]).

The definition of A is

(14)
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Records [10] of the local electric potential along one of the
Hall cross sections in the middle part of the sample for dif-
ferent magnetic fields. The order numbers of therecordsare
shown on the right, and the numbers on the left show the
local values of thefilling factor v(0) at the point correspond-
ing to the maximal electron density on the assumption that
curve 2 correspondsto thefilling factor v(0) = 2 and the Hall
voltage is sufficiently small. The ordinary arrows on
curves 2-5 indicate the boundaries of the central incom-
pressible strip in the absence of thetransport current accord-
ing to the calculations by Eq. (12). The double arrows on
curve 6 illustrate the asymmetry that arises in the boundary
positions under the effect of the transport current. The inset at
thetop showsthe experimental data[10] onthe Hall resistance
of thesamplefor magnetic fieldsin thevicinity of the quantum
plateau under consideration. Some of the curves (1-11) from
the main plot are also shown in the inset, which allows one
to make certain inferences about the relationship between
the quality of the plateau and the width of the incompress-
ible strips corresponding to these curves.

In addition, we note that the potential
00 = ¢(x, Vi) —0(X) = Vy[(x+A) +a]/2,
—a+As<x<+a+A

behavesin anearly linear way in the cross section of the
central strip between the values 0 and V,,.

(15

SHIKIN

Turning to the experiments, we discuss the most
complete Hall data from [10] (Fig. 2 from the cited
paper) for the distribution d¢(x) over the cross section
of aHall sample with awidth of 2w = 10 um; the data
were obtained in the middle part of the samplein differ-
ent magnetic fields. The experiment was performed
using a scanning microscope, which madeit possibleto
work in the linear region eV, < w.. However, the tun-
neling technique proved to be inappropriate for equilib-
rium measurements (as in [7]). Therefore, the cited
paper [10] contains only the difference data for d¢(x),
which correspond to Eqg. (15). The experimental depen-
dences are shown in the figure with our own notation.
The numbers 1 to 11 on the right indicate the order
numbers of the records of dd(x) obtained for different
values of magnetic field. Some of these numbers are
also shown in the inset, which illustrates the behavior
of R, of the given sampleinthevicinity of the Hall pla-
teau.

The numbers on the | eft show the local values of the
filling factor v(0) for each of the given curves (i). These
values differ from those presented in [10] by a linear
shift and are selected to achieve the self-consistency of
the contact scenario. In our version of the process, the
quasi-symmetric incompressible strip first appears in
the vicinity of curve 2 (curve 1 contains no indications
of the strip presence, whereas curve 3 aready corre-
sponds to a finite width of the strip). Hence, on this
curve, the quantity v(0) must be equal to two, whichis
taken as the basis for the normalization of the values of
v(0). As the number (i) increases, the magnetic field
decreases and the width of the central strip increases.
Such abehavior of a(H) is possible only when thelocal
density n(x) decreases away from the middle of the
sample. In other words, the data on the behavior of a(H)
on curves 26 testify to the type of the contact interac-
tion that leads to a depletion of the 2D system.

The positions of the boundaries +a(H) determined
for different magnetic fields by using approximation (12)
are shown by arrows on curves 3-6. The free parameter
W/, is chosen so that, in conditions 6 corresponding
to the splitting of the central strip into two satellites, the
value of a,,, determined by Eqg. (13) is approximately
egual to (as one can see from the figure) half the value
of w. This condition in combination with Eq. (13)
yields

Wi(heo,) = SS0W.T = 2a¢/m (16)
¢ m Lo, 0 '

max

The variation of d¢(x) observed in experiment [10]
mainly occurs in the region between the arrows. From
expression (15), it follows that this distribution is
approximately linear between the strip edges. A small
asymmetry is caused by the effect of the Hall voltage
on the boundaries of the central incompressible strip.
Its estimate is obtained with the use of Eq. (14) for A.
Taking into account Eg. (16), the characteristic scale of
the cyclotron energy on curve 5, and the experimental
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value of eV, = 0.01eV < > (see [10]), we obtain
for A:

Ag< 01w, (17)

The A-corrected positions of the boundaries of the cen-
tral strip are shown by double arrowsfor curves5 and 6.

The current asymmetry is most pronounced on
curves 7-11. Here, the central part istransformed to the
“normal” state, i.e., it isequipotential, while theincom-
pressible satellites asymmetrically adjoin the bound-
aries of the Hall-geometry sample. Unfortunately, the
equilibrium language [3] allows no generalization to
the case of the side satellites at V; # 0. This fact was
mentioned above, and, hence, there is no point in dis-
cussing the data on the splitting of the central channel
(curves 7-11) in the framework of our study.

Thus, this paper proposes aformalism that general-
izes the results reported in [1-3] for integer (incom-
pressible) strips in inhomogeneous 2D systems to the
case of a finite Hall voltage V,; # 0. The theoretical
results are used to interpret the experimental data
[7, 10] with the help of the hypothesis that the inhomo-
geneity of the Hall sample is caused by the contact
effects. This hypothesis proved to be effective in dis-
cussing the equilibrium properties of inhomogeneous
Corbino disks with integer strips (see [13, 14]). The
appearance of this kind of channels in Hall-geometry
samples seems to be quite natural.

Qualitatively, thetheoretical pictureisfairly closeto
the experimental observations, which allows an expla-
nation of some specific experimental results. In partic-
ular, for the samples studied in the experiments [10],
we determined the sign of the contact energy that cor-
responds to the depletion of the 2D region; we aso
determined the characteristic scale of the contact
energy, which proved to be much greater than the
cyclotron energy (see the quantity W in Eq. (16)). An
explanation is found for the shift A of the central strip
dueto thevoltage Vy # 0 (Egs. (14), (17)), aswell asfor
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the not yet clearly observable shift of the extremum of
¢(X) under the effect of V, # 0.

| am grateful to Professor V.F. Gantmakher for dis-
cussing the results of this study. The work was sup-
ported in part by the Russian Foundation for Basic
Research, project no. 01-02-16467.
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We have derived a simple recursion formula for the amplitude and chirp of the optical pulse propagating over
a Dispersion Managed fiber with zero mean dispersion. We neglect dissipation and assume that the dispersion
is constant along the adjacent legs of the waveguide, thus providing the applicability of theintegrable nonlinear
Schrédinger models within each leg. Choosing the legs long enough to ensure the formation of a self-similar
profile, we apply the well-known asymptotic formulas for the nonsoliton initial pulses. Matching them through
the interfaces of the legs, we get recursion formulas for the pulse amplitude and chirp. Our analytical results
arejustified by numerical simulations. © 2001 MAIK “ Nauka/Interperiodica” .

PACS numbers: 42.81.Dp

We consider the problem of the propagation of non-
linear el ectromagnetic pulsesin optical fiberswith peri-
odically aternating dispersion (so-called Dispersion
Managed, or DM, fibers) and absence of dissipation. If
the mean dispersion over the period vanishes and the
amplitude of the pulseis small, then, according the lin-
ear theory, complete compensation of the chromatic
spreading would be achieved. In this case, the map over
the period of the DM fiber would be an identical trans-
formation and the pulses would completely restore
their profiles. However, to provide a low-error trans-
mission and increase the signal-to-noise ratio one
should use optical pulses of relatively high amplitude;
thus, the nonlinear effects become important and have
to be accounted in the theoretical description.

The solution of the above problem is very challeng-
ing theoretically and important for many applications
including industrial ones (see, for example, [1]). Many
interesting results in this direction have already been
obtained numerically. Probably, the most advanced
analytical results were established on the basis of the
Gabitov—Turitsyn approximation [2—4].

Our approach to the problem is entirely different.
We use the fact that the corresponding nonlinear
Schradinger equations (NLS) with positive and nega-
tive dispersion are completely integrable systems. The
integration scheme { the I nverse Scattering Transforma:
tion (IST), see [5]}, first developed by V.E. Zakharov
and A.B. Shabat in 1971, provides an adequate tool to

L This article was submitted by the authorsin English.

monitor in details the pulse dynamics. We also assume
that the length z, of each leg of the fiber islong enough;
this enables us to use the asymptotic methods for the
solution of the direct and inverse scattering problems
(cf.[6]). Our god isto find an explicit map of the pulse
over the period of the DM fiber. Suppose that we have

apulse profile 0,(t) at the entrance of the nth leg (for
example, with negative dispersion) and we want to find
the profile G, ,(t) of the pulse at the exit of the conse-
guent leg with positive dispersion. We propose the fol-
lowing scheme:

(a) Using the Lax operator L= corresponding to the
NL S equation with negative dispersion with the poten-
tia u, (t, —zy/2) = 0,(t) , we solve the direct problem to
determine the scattering data.

(b) The scattering data have a simple evolution law;
it isthus easy to find the corresponding data at the exit
of the nth leg with negative dispersion.

(c) By solving the inverse scattering problem, we

find the profile u,(t, zy2) a the exit of the nth leg,

which serves asinitial datafor the next leg (with posi-
tive dispersion).

(d) Using the Lax operator L* corresponding to the
NLS equation with positive dispersion with the poten-
tial u’ (t, —zy/2) = uj (t, z/2), we solve the direct prob-
lem to determine the scattering data.

(e) Find the corresponding scattering data at the exit
of the leg with positive dispersion.

0021-3640/01/7305-0250$21.00 © 2001 MAIK “Nauka/Interperiodica’



THE PERIOD MAP FOR PULSE PROPAGATION

(f) Solve the inverse problem in order to find the
emerging pulse 0, ,(t) = uj (t, z/2) after the period of
the DM fiber.

We would like to emphasize that al the above-men-
tioned steps can be explicitly performed and we aso
can totally control the accuracy of asymptotic solutions
to the direct and inverse scattering problems. As the
result, we obtain an explicit recurrent relation that
enabl es us to determine the propagation of a pulse over
many periods of the DM fiber.

We have compared our analytical solution with the
direct computer simulation of the problem and found a
good agreement of the results. Moreover, it immedi-
ately follows from our solution that the nonlinear con-
tribution to the chirp of the pulse accumulates with dis-
tance. This observation is in excellent agreement with
numerical simulations aswell.

1. Basic facts and notations. The basic model for
describing optical fibers is the nonlinear Schrédinger
equation, which can be written in the dimensionless
form

iu,+u,+2u’u =0, u=utt2, (1)
after proper rescaling. The plus and minus signs stand
for the positive and negative dispersion legs, respec-
tively. The NL S equation is known to beintegrable; the
corresponding Lax operators

0 iA 0
Eaﬁf Fit E
L* = g N LW =0, 2
0 —u 4,—-=10
O 20

for the spectral transform were found by V.E. Zakharov
and A.B. Shabat about thirty years ago. We will con-
sider pulses rapidly decaying as |t| — c and assume
that the spectral problem (2) does not have discrete
eigenvalues. Thisisthe most interesting region of pulse
parameters which are commonly used in optical sys
tems of telecommunications [1]. The continuous spec-
tral datayield the standard z-evolution [5]

t—>+001
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Fig. 1.

and satisfy the unitary condition |a*[? £ |b*[]* = 1 together
with the analysis of the a* functions in the upper half-
plane ImA > 0.

Here, we will assume that both legs with positive
and negative dispersions have equal length z, and & =

zgl is a small dimensionless parameter of our theory

0 < 1. It is convenient to introduce a notation for the
small parameter € = 7," Inz,,

Suppose that we have apulse u(t, 0) at the middle of
aleg with positive dispersion. We assume that this ini-
tial state does not contain solitons. Then at the exit of
the leg, i.e, a z = zy/2, it evolves into the following
asymptotic form (see [7-10])

U% ZOD 6ﬂ2|:0(€) E(a4 (E(;))EE + O(a)i|
4

&, 20°) O . _
xexp|¥6+a >3 +O(1)E & = 9o,

where the amplitude a(&) can be expressed in terms of
scattering data a%(€) = —%Tln [a*(&)| for the correspond-

ing spectral problem.
Solution (4) suggests the following forms for func-

tions u,(t, —z/2), u,(t, z/2) = u.(t, —z/2), and
u (t, z/2) (see Fig. 1):

it —2/2) = 3 ©) + 0N pE Y o

Un(t, 20/2) = un(t, ~2o/2)

©
= 56, ©) + 0N 5 S

it 2f2) = BAE 9 + O et =S (1)
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where
S(E, €) = &%+ 2ey,(E) + 50, + O(€%),
S(E, €) = &2+ 2ey,(8) + 3, + O(£?).

We call functions y,(§) and y:(¢) the nonlinear

logarithmic phases and A, €) and A, (€, £) the ampli-
tudes. Representations (5)—7) can rigorously be justi-
fied by the asymptotic solutions of the corresponding
inverse scattering problems, provided that the condi-
tions

dy,
de?

de?

€ <1, ¢ <1 (8

hold.

We call conditions(8) the small nonlinear chirp con-
ditions. The origin of these conditionsis the following.
We apply the WKB method to solve the corresponding
direct and inverse scattering problems, and conditions (8)
guarantee that only one turning point contributes to the
result.

2. In items a-f, which correspond to the steps
described in Fig. 1, we work with one period of the DM
fiber and omit the index n in our notations. We will
restore this index in the item devoted to the recursion
relation.

a. In order to solve the direct scattering problem cor-

responding to potential u,(t, —zy/2), we substitute
Eq. (5) in the spectral problem (2), (3) and change the
variables. Asthe result, we get

0S(E, €) + 2iNED

'\/S"IJ;L = _IA_eXpD 26 21
O 0
9)
Sy, = iA_expE"Sr(E';()S—Z')‘ED 5
O 0
Where' — d/dE and LIJ - (Lpleit}\/21 Lpze—it}\IZ)T,
Oyw. O On0
g% g 090
Ow,§ ,, 010
i -
n Zor OA%0 (10)
Ob 5\, -2 0
qug R
e 0 g 20 8
a\—
O 20 g

Following the pioneer work of V.E. Zakharov and
S\V. Manakov, we solve system (9) by the WKB
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method. The stationary (or turning) points are found
from the equation S, — 2\ = 0, which reads

E+eyi()-A =0 (11)

Condition (8) guarantees that there is only one turning
point

+o00

2
0 _Z0_ .. Ai(p. €) O
am\—5r= &XpH [ ———— =dpO
it 0 ip—k+sv+(p) o 12
ImA >0,
. 2 .
-0 Z0_ o m2IEAL(A, €) —2iey.(A)g
ImA = 0,

wherethefunction B~(A) can befound explicitly, but we
do not use it in the following consideration.

c. Using the asymptotic solution of the inverse scat-
tering problem for operator L~ (following the original
method prosed in [6]), we can relate the amplitude
A(§, €) and the logarithmic phase y(§) at the exit of the
leg with negative dispersion with A=(§, €) and y (&)

(A€, 0)° + (AL, 0)*+Y(€) -V(-E) = 0, (14)

__(Ap®)Y
Jemasio=eqmy®

, (15)
_ f (A(p,g)) ,
p—A-i0+e(y(p)

—00

where ImA = 0.

Under the assumption of the small chirp (8), it is
easy to solve the integral in Eg. (15). Since each func-
tional equation

& = H+re(y (W), & =v+e(y(-Vv))

has only one root, the real parts of the singular inte-
grals (15) yield

(AW, &) = 2BV (a7,
1+e(y (W)

Equations (14) and (16) can easily be solved in order

to express A€, €) and y(§) interms of A7 (¢, €) and y(&).

d—f. Similar to theitems a—c, we solve the direct and

inverse scattering problems for the operator L* in the

leg with positive dispersion. This enables us to relate

the amplitude A(§, €) and logarithmic phase y(§) given

at the entrance of theleg with the exit valuesA*(§, €) and
V*(&). Theresult is very similar to Egs. (14) and (15):

(A€ 0))° + (A=, 0))*+Y(®) -y'(®) = 0, (17)

2001

(16)
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}° (A"(p,€))’
J p-A-i0+e(y'(p)
o (18)
_ (A(p.£))°
" o rio—eamr ™

whereImA = 0.
Considering the small-chirp condition (8), Eq. (18)
can be easily solved

(Ao = Tl (A 0"

where 1 and v are the unique solutions of the equations

E=p+e(y' (W), & =v+e(y-v)).

3. Collecting the results obtained in the previous
items and restoring the index n which enumerates the
legs of the DM fiber, we arrive at the recursion relations
for the amplitudes and logarithmic phases of the pulse

(ALE, 0)" + (A€, 0)° + V(&) —Yo(=E) = O,
(ALE, 0))+ (A(=E, 0))* + Vo(-E) —Yi(E) = O,

1—-e(Yn(Vn)"
1+ &(Yn(fin)"

1+ &(Yn(Hn)"
1—g(yn(Vn)"

A;+1(Ev 8) = A;(E, 8)1
Ya+1(8) = Va(®)-

Here v, [, 1, and ¥, arethe solutions of the follow-
ing equations:

€= Mhte(yn(ln)', & = vate(ya(-vi),

&= Un+E(Valka)', & = Dn+e(va(-On)"

These solutions are unique, provided the small-chirp
conditions (8) hold.

It follows from the above recursion relation that the
small-chirp condition is not uniformly valid and will
break at some distance, even if it satisfies the input
pulse. Indeed, suppose that the initial profile is of
form (4)

(19)

(Ax(Vp 8)° = (Afin €))7,

(An(k 8)° = (A0, €))%,

4
~EY = o2 - _ (07(8))ee
=qa , A&, e) = a(f) —er—2==
and satisfies condition (8). It follows from the above
recursion relations that after n periods of propagation
we obtain

Yns2(€) = (2n+1)a’(E),
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Fig. 2. The subsequent pulse amplitude profiles. The solid
line corresponds to numeric simulation; dashed line, to
asymptotic expansions by the recurrence formulas.

- (2n+1)(a’(®)) 2
Anri(8,8) = a(8) ~eX 7 e + O,

Yae1(8) = (2n+3)a’(®),

: _ (2n+3)(a’(®) 2
Ane1(8,8) = (€) + T n + O(e).

It is clear that for n ~ max((y(€))")e2, condition (8)
fails and we have to take into account other turning
pointsin the WKB analysis, which is beyond the scope
of this paper. According to our theory, the nonlinear
contribution to the chirp (y"(€)) increases as the pulse
propagates along the DM fiber.

4. Direct numerical simulations of the NL S equation
with alternating dispersion arein good agreement with our
anayticd results. The standard split-step pseudospectra
scheme was used for the numerical solution of the
problem. Theinitial condition was taken in the form

2 .
u(t,0) = 0.42exp B—{é + 'z;[%

(20)
By the numerical solution of the direct scattering prob-
lem, we have checked that the spectral problem with
potential (20) does not have discrete eigenvalues. The
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length of each leg was taken to be large enough, z, =
400, so that

_ 1 _ _ In400

0= 200 - 0.0025, € = 200

We compared the numerical profiles of the pulse at the
interface points with the anaytical expressions
obtained via the recurrence relations. The results are
shown in Fig. 2. Theincrease in the nonlinear contribu-
tion to the chirp obtained analytically is in a perfect
agreement with our numerical simulations.

5. Conclusion. The study of the DM mapsis a hew
approach to the problem of description of pulse propa-
gation in optical fibers with dispersion management.
Our paper isthefirst and quite modest step in thisdirec-
tion, but we believe that it can be useful for further
understanding and even description of the optical pulse
evolution over a number of initial DM periods of its
propagationin DM systems. It isvery important that we
can rigorously control the accuracy (more precisely, the
residue terms) in our asymptotic formulas. Small non-
linear chirp condition (8) poses natural limitations on
the applicability of our theory. We are till unable to
analytically control the formation of true DM solitons.
There are significant difficulties in the application of
the WKB asymptotic technique while dealing with
multiple stationary points, which contribute to the solu-
tions of the corresponding direct and inverse scattering
problems. Work in this direction is currently in
progress. We hope to overcome this drawback and
obtain a functional discrete dynamical system for the
corresponding amplitudes and phases, which would
have the DM soliton as its attractor. This would also
open the perspective to solve the challenging problem
of description of the DM-soliton interaction.

Another promising direction of the development is
the study of systems with amplifiers and filters at the
junction points of the legs with different dispersion. It

= 0.015.
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is easy to control the pulse dynamics through multiply-
ing the transmission coefficient a(A) by afixed constant
(the amplification factor), or even by afunction (filter-
ing). One can aso make obvious modifications of the
above theory to describe DM systems with a near-con-
stant profile of dispersion.
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Phenomena caused by strong correl ations between nonlinear modesin planar systems are briefly reviewed. The
analysisisrestricted to the model of anonlinear Schrédinger equation. Stationary field distributions are found.
The number of particles is obtained as a function of a parameter characterizing the degree of linking of the
world lines of excitations. It is shown that, for small values of this parameter, atwo-dimensional latticeis char-
acterized by universal attraction, which can be a dynamical cause for the transition to the coherent state. The
relation between the chiral nonlinear edge modes and breaking of the Galilel invariance in the system under
consideration is discussed. © 2001 MAIK “ Nauka/Interperiodica” .
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Strong electron correlations in spatially two-dimen-
siona systems are extensively studied nowadays. In
[1-4], the correlation effects were examined in the
model described by the gauged nonlinear Schrodinger
equation (NSE). This equation was applied to various
problems[5-8]. Two basic reasonsfor applying NSE to
the examination of strong correlations in (2 + 1)-
dimensional systems are noteworthy. The first method-
ological reason is that the equations of motion in the
case of stationary states coincide with the equations
derived by varying the Ginzburg-Landau functional
supplemented by the Chern-Simons term. This
approach was extensively used [9, 10] for analyzing
guantum statesin a strongly correlated medium such as
an incompressible Fermi liquid in the fractional quan-
tum Hall effect.

The second reason is that we are interested in the
effect of the short-wave quantum dynamics of particles
on the behavior of observables in the infrared limit.
Because the phase of the complex order parameter is
sensitive to long distances, an analysis of the dynamics
of this phase in the long-wave limit provides additional
information about the origin of small-scale strongly
correlated states. Thisis facilitated by the fact that the
dynamics of the Chern-Simons gauge fields, which
reflects the specific character of (2 + 1)-dimensiond sys-
tems, makes a considerable contribution to the phase of
the order parameter. Nonlocal statistica Chern—Simons
interactioninthe (2 + 1)D Fermi systeminthelong-wave
description encodes the quantum-group structure of
guantum states. Along with the large value of the cou-
pling constant, it presents the basic content of what we
mean when talking about strong correlations.

The correlation contribution from the Chern—-Simons
gauge field to the spatial structure of the order parame-

ter isgreatest in the static case [11]. Indeed, let us con-
sider a (2 + 1)D system with the Lagrangian density

¢ = gs“BVAuaBAy+ WO, +iA) W

1 2,9,y @
It gives the equations of motion
. R 2
oW = _ED W+ AW —glW W, 2
1.,2
[OxAl, = =W, 3
_ 1
0.A +0;A; = ~iEiilis 4

where k is the Chern—Simons coefficient, g is the cou-
pling constant, j = J(W*DW) isthe current density, and
D = 0 —iA. From these equations, the gauge potential
A,, which is an auxiliary variable, can be expressed in
terms of the function W as

ACL ) = ﬁfdzr'cs(r—r')lwr',t)lz, 5)

Adr, 1) = 1Iolzr'cs(r —ir, ), ®)
K
where the Green’s function satisfying the equation

OxG(r) = -&(r) @
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has the form

G(1) = 5z

= )
It isseen from Egs. (5) and (6) that, to passto the clas-
sical NSE, where the contributions from the gauge
fields are neglected, it is necessary to use the limit
K —» oo,

The Chern—Simons coefficient k has a meaning of
the number of links of theworld lines of excitations. Its
fermion value k = 1 [12] corresponds to the unlinked
world lines. The case where the parameter k is amatrix
is more informative. For some systems [13], it coin-
cideswith the matrix of Haldane's statistical interaction
[14] in his formulation of the generalized state exclu-
sion principle. For simplicity, it will be assumed in this
study that the coefficient k is a number.

The system under consideration possesses a rich
variety of symmetry transformations and the corre-
sponding constants of motion [15, 16]. In particular, the
number of particles and the Hamiltonian are

N = J’dzr |y? (9)
and

1,0 2 4

S[dT(IDWP-glw), (10)
respectively. For convenience, the sign of the coupling
constant g in Eq. (10) corresponds to attraction, i.e., to
a negative scattering length in the swave channel.
Below, the following conserved generator of conformal
transformations is used:

K = —t?H +2tD + %J’dzrrZILPIZ, (11)
which isexpressed through the Hamiltonian H, the con-
served generator D of time scale transformations, and
the average value of the W-field distribution width
squared. For static distributions, the width of the field
distribution is independent of time. Because the quan-
tity K isconserved, it follows from Eqg. (11) that both D
and H are equa to zero for static fields.

By using the identity [11, 15]
IDW* = |(D,~iD,)W*
—[Ox AW - [0 % |]q,
the Hamiltonian is represented in the form

H = %Ider(Dx—iDy)Ll—'f—%—l—-lk—lawlg (13)

which indicates that the greatest changes in the effec-
tive coupling constant g« = g — 1/|k| occur at |k| =

In this case, the nonlinear term |W} in Eq. (13) cancels
out and this effect clearly demonstrates the role of the
Chern—Simons correlations. In this case, the Hamilto-

(12)
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nian isequal to zero on the W-field distributions satisfy-
ing the equations
(Dx—iDy)W¥ = 0. (14
The gauge potential A(r) in Egs. (14) obeys Gauss
law (3).
The substitution W(r) = p(r)e?t:9, A, = 0,p + 0,0,

and A, = —0,p + 0,0 transforms the self-duality equa-
tions (14) and Eq. (3) into the Liouville equation
OInp = —%pz, (15)

which has the exact n-soliton solution [11, 15, 17]

M( DETOD Lordd (1-mo

Wi, 9) = + 65 . (9

wherergisthescaleand n=1, 2, ... . The number of
particles N for this solution is 41mnk.

Sationary States

1. Equations of motion. Solutions of duality equa-
tions (14) arefirst-order equationsand only apart of the
set of solutions of the equations of motion. Now we are
interested in the correlation contribution to the observ-
ables from those solutions of the equations of motion
which do not coincide with the solutions of the duality
equations. In order to determlne this contribution, we
consider stationary states. In this case, the spatial dis-
tributions of the field W(r, t) acquire mass and become
narrower because the asymptotic behavior at far dis-
tances changes from power law [asin Eg. (16)] to expo-
nential. For this reason, it should be expected that con-
tribution of the gauge fields to the correlation effects
increases in magnitude.

L et us assume that

Y(r,t) = |k|3/2p(x, y)ei“”i“("* v, t),

wherea(x, y, t) isan arbitrary function and p isthe con-
stant chemical potential. To compensate ambiguity in
the choice of the phase a(x, y, t) of the field W(x, y, t),
we represent the solutions for the gauge potential com-
ponents in the form [19]

2

K
A, = _§W+a‘a’ A, = —ku+od,q, (17)
A, = kv +d,a
and perform the scale transformation of the coordi-
nates:
S oY
At e Y 09

1 Recall [18] that the equations for the stationary field distributions
in systems with the constant number of particles coincide with the
equations describing the static field configurations in the systems
with varying number of particles.
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Then, equations of motion (2)—(4) can be expressed in
terms of the functions p = p(X, y), W= w(X, y, t), u =
u(x, y, t), and v = v(x, y, t) of the new variablesx, y, and
tas

Pt Py —HP = —2Cp° +p(u”+ v —w),  (19)
where C = glK|,

U=V, = —p, (20)

U —w, = —2vp2, (22)

vi—w, = 2up’. (22)

Gauss (20) and Hall (21), (22) lawsimmediately result
in the conservation law for the number of particles

pr = 2((up)x+ (Vp)y). (23)
For C = 1inthe static limit and with u = (Inp), + d,q,
v =—(Inp),+ 4,0, and w = —p?, these equations coincide
with the Liouville equation (14). Taking into account that

the field amplitude p, the characteristic scale L of the
field, and the constant C obey the relations

2 2 1
Pur1 = MHPi=1 Lysa = =Ly,
pzl p=1 pzl ,\/L_,l p=1 (24)

Cp#—l = '\/r‘lcp:lv
one can set 4 = 1in Eq. (19) without loss of generality.

It follows? from Eq. (11) that 8%/0t2 [d’r r| WP = 4H.

Therefore, if the effectivewidth of thefield W increases
with time according to a parabolic law for H > 0, the
field width is zero at acertain timefor H < 0. This phe-
nomenon indicates that the field distribution in the sys-
tem may collapse, which was studied in this context in
[21]. It was found that the nonstationary states in the
automodeling variables satisfy the equations coincid-
inginformwith Eq. (19). Nonintegrahility of thisequa-
tion in the general case was tested in [19] by the
adapted Painlevé test [22] with separating solution sin-
gularities belonging to two-dimensional nonstationary
manifolds.

Asisseen, thevalue H = 0 isaboundary separating
two different time regimes of field behavior. Below, we
will be interested in those field configurations p(X, Y)
for which the Hamiltonian is equal to zero and in their
contribution to Eq. (9) for the number of particles. After
the substitution of the solutions of Egs. (19)—(22) into
Eq. (9), the result will depend on the only parameter C
of the problem, and the magnitude of this contribution
will determine the relative role of different sectors of
the theory, which correspond to different values of the
coefficient k.

The methods and results of numerical integration of
the set of equations (19)—22) and the configurations of

2 This statement is referred to in the literature as Talanov theorem [20].
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thefields p, u, and w are presented in [1, 2]. Thelinea
in the figure is the critical number of particles N, cal-
culated as a function of the parameter C for the states
with H = 0 using the found field distributions p(x, y).

Let us comment on the dependence N, (C) and the
origin of its divergence. Because the second term
p(u? + v2—w) on theright-hand side of Eq. (19) is pos-
itive®> and, therefore, describes the correlation repul-
sion, it effectively reduces the coupling constant g
entering into the first term in this equation and into the
second term in the Hamiltonian. For this reason, the
reconstruction of the zero value of Hamiltonian (10)
requires larger W-field values, as compared to the case
k — oo, Thisleadsto an increasein the critical number
of particles N,(C) compared to the value N(c) =
11.703. The position of the line N, (C) over the asymp-
totic line N (c0) testifies to the existence of the repul-
sion due to the correlation interaction between field
configurations in the model.

Another featureisthat with adecrease in the param-
eter C = glk|, the function N (C) increases until it
diverges at C., = 2.83. This phenomenon is caused by
the fact that the relative contribution from the term
p(u? + v2 —w) to the solutions increases with decreas-
ing C and the contributions from the first and second
termsin Eq. (19) to the solution become equal to each
other at C = C,,. At this point, a change in the sign of
the right-hand side of Eqg. (19) and the sign of the chem-
ical potential is accompanied by changing the spectral
properties of the operators of the problem, resulting in
the divergence of the function N.(C) at C = C,,.

The effect of the divergence of the function N (C)
upon strong renormalization of the bare interaction rep-
resented by the first term on the right-hand side of
Eq. (19) arises due to the exaggerated contribution
from the large-amplitude gauge fields, becauseit is pro-
portional to the unrestricted function u? + v2 —w. This
expression is valid, strictly speaking, in the long-wave
limit when the gauge fields are small. To correctly take
into account the contribution from gauge fields arbi-
trarily large in amplitude and to solve the problem of
existence for the function N, (C) at small values of
parameter C, it is necessary to formulate the | attice ana-
logue of the model described by Egs. (19)—(22). The
lattice compactification of the model restricts the con-
tribution of the gauge field in the absolute value but
retains arbitrarily large values of the gauge fields.

2. Discrete dynamics. Lattice gauge theory implies
the use of the derivatives

Oep(r) =€ ““p(r +e) —p(r), (25)

Tep(r) =p(r)—€ *“p(r —e) (26)

3 This term scales as I° and [after replacing p — Ip, the first

term on the right-hand side of Eq. (19) is proportional to 19]
describes the renormalization of the chemical potential p.
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NCI' a
12
11.5_K
1
10.5|||||||||I||||I||||I|
1 2 3 4 5
C

Critical number of particles vs. the parameter C = g|k| for
line a continuous, Eqg. (19), and line b lattice, Eq. (29),
gauged NSE models. The dashed straight line is the Ny, =

11.605 value obtained for the critical number of particleson
alattice by neglecting the Chern—Simons correlations.

and the Laplacian

AA) =00, = t+1,+hec. -4 (27)

Here, the subscript k indicates the direction of the unit

9 ting,

vector g inthelattice; T, = €™ isthe operator of
magnetic translations, and the notation As; , means
that the gauge-potential component A (m, n) defined on
a link with the coordinates of the ends (m, n) and
(m+ 1, n) depends on the coordinates (m, n) O Z2 of a
lattice site. According to the rules of lattice gauge the-

ory, the density of the particle number pﬁl . is defined
at the sites of the dual lattice.

The reason that forced us to formul ate the theory on
a spatial lattice due to the intense vector potential also
dictates the necessity for the introduction of a discrete
time. With allowance made for the gauge invariance,
the following replacement in the equation of motion (2)
for the stationary states W = p;,, ,€"

iA

0 0 .
0 Dot 5t Ao
e (LA

= —Wsin(Ag+1)

(28)

satisfies the above-listed requirements to the theory. It
IS seen that the transition to the uniform representation

™ of the contribution from all components of gauge
connectednesses A, i.e., the use of both Wilson e
and Polyakov e’ exponentials, together with the
requirement of the gauge invariance, forces us to treat
the time t as a discrete variable. When considering a
hyperbolic operator in the sine-Gordon equation, Fad-
deev [23] stated that the motion in the spatial lattice
needs the discrete evolution. Since A, plays the role of
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the chemical potential, the representation e™ for its
contribution physically means that the system energy
cannot change by an arbitrarily large value when the
system is added by one particle with energy A,.

By using Egs. (27) and (28), the equation of motion
in the model described by the discrete gauged NSE
takes the following form for stationary states:

0 . 0 ..

2 +iAs ZHiA -

a mn a m, n

%m +e”" +h'c'_4EPm~”

= _Zcp%n + pm,nSin(Wm,n_ 1)

(29)

In contrast to the Hofstadter problem of the states and
spectrum of a particle on alattice in an external mag-
netic field [24], the vector-potential components

A(m, n) = (Asn, Ana) entering into the Laplacian in
this equation are determined by the function on which
the Laplacian acts:

Ann = 5 DGm=-mn=-mpyq. (30

The scalar potential for the lattice analogue of Egs. (6)
and (17) isequal to
Wm, n— z [(DzG(m— ml1 n-— n'))

) ) (31)
x (pm n + pm’, n+ 1) Am', '
—(0,G(m =, n=1))(Pi o + P+ 1,0) At ]
where
G(m—m, n—-n)
_ i d2k ei{kx(m—m‘)+ky(n—n')} _ 1 (32)
_IH(ZTr)Z 4 —2cosk, —2cosk,

is the Green's function on the lattice and [, , f(r) =
f(r + e, o) —f(r).

The set of equations (29)—32) was numerically
solved in [3, 4], where the function N (C) was calcu-
lated by using the found distributions. Theline b in the
figure displays this function. The compaction removed
the divergence of the function N (C) a C = C, and
allowed us to perform the calculationsin therange 1 <
C < 2.83. The field configurations were found to be
qualitatively similar to those existing in the continuous
case. However, the sign of the correlation interaction
proved to be opposite to that in the continuous model.
The position of the N (C) curve under the asymptotic
line N (o) indicates that there is an universal correla
tion attraction between the field configurations in the
system. This effect was found when the symmetry of
the ground state was analyzed using the perturbation
theory with k > 1 [25-27].
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This phenomenon can be explained as follows. In
the continuous limit, there is a competition between the
bare NSE interaction and the Chern—-Simons gauge
interaction in its long-wave polynomial representation.
Now, one mare opponent of the bare NSE interaction—
the gauge-field action on the dispersion—appears. This
gauge-field effect reduces the derivatives of the func-
tion W, so it also reduces the kinetic term in the Hamil-
tonian. Under the condition H = 0, this reduces the Y-
field amplitude and, therefore, N, . In the long-wave
approximation, a decrease in the W-field amplitude in
Eqg. (10) at a constant H value can only be compensated
by increasing the coupling constant g.

Expanding the operator A(A) in powers of deriva
tives, we find the term

2 2
62 + cosAyi2
0X oy

describing the long-wave representation of Laplacian (27).
It isseen from thisterm that several effects occur in the
system. Firgt, the finite gauge-field values make the
coefficients appearing in Eq. (33) less than unity, i.e.,
they increase the mass of quasiparticles. Second, the
nonzero gauge-field values in the multipliers in
Eq. (33) form the field distribution p,, , with broken
axial symmetry, which was confirmed by the numerical
calculations. In this case, the relative change in the
characteristic size of the soliton core of the field p,, ,
for C = 1 islessthan two percent. Because the maxi-
mum change (N (1) — Ng(0))/N(c0) isalso only afew
percent, the addition to the coupling constant in the sys-
tems with an energy scale of about 1 €V is of the order
of 100 K in physical units.

COSA, (33)

Chiral Modes

The problem of existence of the dimensional reduc-
tions of the generally nonintegrable problem (19)—(22)
[28] and the solution of static equation (15) with the use
of the method proposed in [22] and the Backlund trans-
formation were discussed in detail in[29, 30]. Here, we
only focus on some properties that are related to the
features of exact solutions in the spatially one-dimen-
sional systems.

The simplest one-dimensional integrable case [19]
arises when al functions in Egs. (19)—(22) depend on
the combination & = a;x + ayy of the coordinates x and
y, where one of the constants a, and a, may be zero.
Then, for, e.g., 8, = 1 and a, =y, the phase a (&, t) of the
function W(E, t) = p(€, t)e*9& Y can be introduced such
that 0;a = (u+yv)/(L+y?) and o =w—-u?—v2+ (u+
yW)/(1+V?). Inthiscase, thefunction W(E, t) will satisfy
the (1 + 1)D NSE

0¥

e (34)

2
F(1+ yz)%-zi; = 2C|WPY,
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which has the exact solution a(&, t) = rit, ,
r r o
P = ————%’—E——’ V= : 2tanh = 2’
coshL2 J1+y J1+y
O O
w = riganh’ o8 —10 u = —yv,

0 l1+y2 0

wherer, isthe integration constant.

We anayze the properties of the one-dimensional
chiral field configurationsinthe (1 + 1)D NSE model [31]

0¥ _ 19°w

where nonlinearity is represented by the current | =
JIW 9, W rather that by the density |WF, asin Eq. (34).
By expressing the current density j =p2d,a in terms of
the absolute value and the phase of the function W =
pe’, we obtain the ordinary NSE, in which so-called
coupling constant g(x, t) = Ad,a is modulated due to a
gpatia changein the phase. For atraveling wave a(x, t) =
KX — wt, the current density isj = vp?, where v = K SO

that g = Av. It follows from the condition g > O for soli-
ton existence that v > 0. Thus, the soliton

a el v(x—ut)

JAvcosh[a(x—vt)]

for whicha=v.J/1-2u/v and u= w/K isthe phase
velocity can only move rightwards, i.e., represents the
chiral field distribution.

The factor 1/./v in Eq. (37) means that the soliton
velocity should be positive. In particular, the soliton
cannot be stopped. Because the velocity cannot be
changed arbitrarily, the Galilel invariance is broken in
this system.

The properties of the chiral edge modeswith thelin-
ear dispersion law in a phenomenon such as the frac-
tional Hall effect are described by using the Chern—
Simons term in the Lagrangian. By applying a spatial
reduction, let us demonstrate, following [31], that the
model with the equation of motion (36) partialy corre-
sponds to the Chern—Simons model (1) without the
term g|Wf. We assumethat all fieldsin Eqg. (1) areinde-
pendent of the y coordinate and denote A, = B. Then,
Lagrangian (1) transforms into the Lagrangian of the
B—F theory:

Y(x, t) =

(37)

k
58(1+1) =;Be

2 p,va,v+il‘U|:Kat+iAO)LP

38
1 . 2 12,2 (38)
_él(ax'HAx)Lw _QB |L|J| )
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whereF, , =9 A —0,A, X' ={t,x}, and A, = (Ay, A)).
Since this expression does not include the kinetic term
for the fields B and A, these fields can completely be
removed by choosing the phase of the field W. In this
case, we obtain the Lagrangian of the system in which
all interactions disappear [see Eq. (34)]. In order for the
fields W to interact with each other through the gauge
fields, the potentia and the field B should be made
dynamical by adding the kinetic term of the field B to
Eq. (38). Taking the Lagrangian &g = 0,B0,B [29], we
obtain the sum &g + £, , 3y, which is equivalent to the
Lagrangian

2

. 1 A2
£ = |wEBtw-§‘Bax+|§|w| %v (39)

with A = 2k?, where k is the coefficient in the Chern—
Simons action. Variation of Eqg. (39) leadsto the equation
of motion [31], which, after substituting W(x, t) —

@(p%A ds|W¥(s, t)|ZElIJ(X, t) and taking into account
g2J° 0

the continuity equation d|WF + d,j = 0, coincides with
Eq. (36) of the chiral model. In this case, the Galilei
noninvariance obviously arises due to the term £,.

Conclusion

The function W in the NSE models analyzed above
has the meaning of the order parameter in the effective
Ginzburg-Landau theory describing some coherent
state [see Egs. (16), (37)]. This function is a classica
variable at distancesL = & in strongly correlated planar
|attice systems, where the spatial correlation scale € is
larger than the lattice constant by only one order of
magnitude. However, by caculating the momentum
P, = 0/0A in Eq. (1) and using the canonical Poisson
bracket for the coordinate and momentum, one obtains
thefollowing Poisson bracket for the coordinates X = A,
and Y = A of the system:

(X, Y} = 1k, (40)

which reflects the noncommutative geometry of the
plane. Jackiw and Nair [32] discussed the physical con-
sequences of this geometry and demonstrated that the
second parameter in the two-parameter central exten-
sion of the Galilei group in (2 + 1) dimension is spin
s=1/k. Duval and Horvathy [33] aso examined this

effect by using Peierlssubstitution @, +iA, — €™ '™

Egs. (25)—27) and Hall dynamics (21), (22).

In quantum theory, the Poisson bracket is replaced
by a commutator and the gauge potential A, is a vector
operator whose spatial components do not commute
with each other in the general case because of Eq. (40).
Therefore, thefield A, can betreated asaclassical vari-
able only for the state for which the right-hand side of
Eq. (40) is zero. Thiscoherent state, which is character-
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ized by a reconstructed equivalence between the x and
y directions, wasimplied in this paper. The mechanism
of canceling the right-hand side of the commutator of
canonically conjugate quantities—the x and y compo-
nents of the trangl ation operators—by virtue of the con-
tribution from the edge modes has been discussed by
Chen et al. [34]. However, the details of this mecha-
nism are still an open topical problem.

| am grateful to S.N. Vlasov, V.E. Zakharov,
E.A. Kuznetsov, A.G. Litvak, and V.l. Talanov for stim-
ulating discussions. This study was supported in part by
the Russian Foundation for Basic Research, project
no. 98-02-16237.
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