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Drift of domain walls of the ab type in weak ferromagnets
V. S. Gerasimchuk and A. A. Shitov
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The drift motion of 180° domain walls of theab type in a weak ferromagnet in an elastic stress
field created by a sound wave propagating parallel or perpendicular to the plane of the
domain wall is investigated. The dependence of the domain-wall drift velocity on the direction,
amplitude, and polarization of the sound wave is found. The conditions for drift of a
stripe domain structure are determined. ©2002 American Institute of Physics.
@DOI: 10.1063/1.1531390#
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INTRODUCTION

The study of the dynamics of domain walls~DWs! in
weak ferromagnets~WFMs! has been the subject of a larg
number of both theoretical and experimental works~see, e.g.,
Refs. 1 and 2!. One of the most intensively studied classes
WFMs are rare-earth orthoferrites. The reason for the hei
ened interest in this class of magnets is the high DW velo
ties in orthoferrites. The DW velocity in WFMs in a stat
magnetic field is the highest attainable in magnetically
dered materials. Moreover, DW motion can also be brou
about by alternating fields, in particular, by a sound field,
influence of which on DWs has been inadequately stud
The elastic strain due to a sound wave acts on a DW
changing its energy, which leads to motion of the DW.3

In rare-earth orthoferrites far from the spin-reorientati
region there can exist two types of 180° DWs, which se
rate domains with opposite orientations of the antiferrom
netic vectorl and ferromagnetic vectorm.1,4,5 DWs of one
type (ac) correspond to a rotation of the vectorsl andm in
the plane of the DW, while DWs of the second type (ab)
correspond to a rotation of the vectorl with a simultaneous
change in the magnitude of the vectorm. Which of the types
of DWs is realized is determined by the sign of the diffe
ence of the anisotropy constants of the magnet. This s
changes at the transition through the critical point, and a D
of one type is transformed into a DW of the other type. Su
a transition is observed, in particular, in dysprosium orth
errite DyFeO3 at T5150 K,6 below which a DW of theab
type is realized, and above which, a DW of theac type.

The majority of theoretical and experimental studies
WFMs have been done for DWs of theac type. At the same
time, as was shown in Ref. 2, the dynamic properties ofac
and ab walls are substantially different. A comparativ
analysis of DWs of theac andab types under the influenc
of an alternating magnetic field was done in Ref. 7. T
approach used in that paper was based on a description o
nonlinear dynamics of the magnet by means of an effec
Lagrangian. That approach has also been used to study
dynamics in two-sublattice WFMs and in ferrites.8,9 The drift
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of DWs in a ferromagnet in the field of a sound wave w
considered in Ref. 10 on the basis of the Slonczewski eq
tions.

In this paper we investigate theoretically the influence
a sound wave on the dynamics ofab DWs in a WFM.

EQUATIONS OF MOTION

For description of the nonlinear dynamics of DWs in
two-sublattice WFM we use the Lagrangian density writt
in terms of the antiferromagnetic unit vectorl ( l251). We
assume that the Cartesian axesx, y, z coincide with the
crystal axesa, b, c. To describe the DW dynamics it i
convenient to transform to a spherical coordinate system

l x1 i l z5sinu exp~ iw!, l y5cosu. ~1!

For a WFM of the rare-earth orthoferrite type with cha
acteristic symmetry 2x

22z
2 the Lagrangian density in angl

variables can be written in the form4,7

L~u,w!5M0
2H a

2c2 @~ u̇ !21~ ẇ !2sin2 u#2
a

2

3@~¹u!21~¹w!2sin2 u#2
b1

2
sin2 u sin2 w2

b̃2

2

3cos2 u2g@sin 2u~uxy cosw1uyz sinw!

1uyy cos2 u1sin2 u~uxx cos2 w1uxz sin 2w

1uzzsin2 w!#J , ~2!

where an overdot denotes a time derivative,M0
25(M1

2

1M2
2)/2, M0 is the modulus of the sublattice magnetizati

vectors,M1 andM2 are the sublattice magnetization vecto
c5gM0Aad/2 is the minimum spin-wave phase velocity,d
and a are the homogeneous and inhomogeneous excha
interaction constants, respectively,g is the gyromagnetic ra-
tio, b1 and b2 are the effective rhombic anisotropy con
stants,b̃25b21d2/d, d is the Dzyaloshinski� constant,uik

is the elastic strain tensor, andg is the magnetoelastic con
© 2002 American Institute of Physics
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stant. From here on we shall treat the sound wave as
external field. We have not included in~2! the term describ-
ing the energy of the elastic subsystem, as we are neglec
the influence of the magnetic subsystem on the elastic
system. We shall assume that the wavelength of the soun
much larger than the width of a DW, so that we can igno
the internal structure of the DW.

The dynamic drag on a DW due to dissipative proces
is taken into account by means of a dissipative functionF:

F5
lM0

2g
i25

lM0

2g
~ u̇21ẇ2 sin2 u!, ~3!

wherel is the Gilbert damping parameter.
The equations of motion in the angle variables with t

damping taken into account have the form

a¹@~¹w!sin2 u#2
a

c2

d

dt
~ ẇ sin2 u!

2b1 sin2 u sinw cosw2g

3$sin2 u@~uzz2uxx!sin 2w12uxz cos 2w!

1sin 2u~uyz cosw2uxy sinw!%5
l

gM0
ẇ sin2 u, ~4!

aS Du2
1

c2 ü D1sinu cosuFaS 1

c2 ẇ22~¹w!2D
2b1 sin2 w1b̃2G2g@sin 2u~uxx cos2 w

1uxz sin 2w1uzzsin2 w2uyy!

12 cos 2u~uxy cosw1uyz sinw!#5
l

gM0
u̇. ~5!

If b1.b̃2.0, then far from the spin-reorientation regio
in the WFM and in the absence of external fields the DW
theab type is stable: the vectorl rotates in thexy plane, and
the ferromagnetic vectorm varies only in magnitude (m
5(M11M2)/2M052dezsinu/d, ez is the unit vector along
thez axis!.4,5 this DW corresponds to a valuew5w050, and
the variableu5u0(y) satisfies the equation

au091b̃2 sinu0 cosu050, ~6!

where a prime denotes differentiation with respect to
variabley. The solution of equation~6!, which describes a
static 180° DW, has the form

u0852
R

y0
cosu0~y!52

Rr

y0
cosh21

y

y0
,

sinu0~y!52R tanh
y

y0
, ~7!

wherey05Aa/b̃2 is the DW thickness,R561 is the topo-
logical charge, andr561 is a parameter describing the d
rection of rotation of the vectorl in the DW. In solving
equation~6! we have assumed that it satisfies the bound
conditionsu0(6`)56p/2.

180° DWs separating domains with opposite directio
of the magnetization in the stripe domain structure have
posite topological chargesR. Rotation of the vectorl in a
an
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DW can occur both through the positive and negativez di-
rections, depending on the parameterr. Therefore, adjacen
DWs making up a stripe domain structure with rotati
of the vector l in the xy plane correspond to value
l x(y56`)57R and to one of the two value
l y(y50)56r. In the presence of an external field and for
certain matching of the signs of the topological chargesR
and parametersr in adjacent DWs of theac type in a WFM,
translational motion of the stripe domain structure as a wh
can occur.9

SOUND WAVE PROPAGATING IN THE PLANE OF THE DW

Let us find the solution of system~4! and~5!. For this we
use a version of perturbation theory for solitons.7–10We con-
sider a monochromatic sound wave of frequencyv propagat-
ing parallel to the plane of a DW:u(r' ,t)5u0exp(ik'•r'

2 ivt), wherek'•r'5kxx1kzz. We introduce the collec-
tive variableY(r' ,t), wherer'5(x,z), as the coordinate o
the center of the DW. Assuming that the amplitude of t
sound wave is sufficiently small, we seek the solution of
system of equations~4!, ~5! in the form of an expansion,

u~r ,t !5u0~j!1u1~j,r' ,t !1u2~j,r' ,t !1...,

w~r ,t !5w1~j,r' ,t !1w2~j,r' ,t !1..., ~8!

where j5y2Y(r' ,t), and the indicesn51, 2, ... indicate
the order of smallness of the quantities in respect to the
plitude of the sound wave. The functionu0(j) describes the
unperturbed DW and satisfies relations~7!. The functionsun

andwn (n51, 2, ...) describe the distortions of the shape
the DW due to excitation of spin waves. The drift velocity
a DW is determined as the average of the instantaneous
locity V(r' ,t)5Ẏ(r' ,t) over the oscillation period, i.e.
Vdr5V(r' ,t) ~the overbar denotes averaging over the per
of the sound wave!.

Representing the derivatives of the collective variable
series in the amplitude of the sound wave, we can obtain
system of equations of the first approximation. It follow
from those equations that in the given geometry of the pr
lem, in a linear approximation in the amplitude of the sou
wave the wave will not cause motion of the DW but will lea
to the excitation of localized and nonlocalized spin wav
Here the spin waves are excited by both the transverse
longitudinal components of the external field.

From the dynamical equations for the magnetization
the second order of perturbation theory one can determ
the DW velocity. By averaging the resulting expression ov
the period of the sound wave, we obtain the DW drift velo
ity Vdr5V25]Y2 /]t:

Vdr5Rrm1~v!@~kzu0x!~kzu0y!1~kxu0y!~kzu0z!#, ~9!

where the nonlinear DW mobility

m1~v!52m0

q2

~11s!2s2 , ~10!
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with

m05
py0gg2M0

4lb̃2

, q5
vv r

v1
2

, s5
~b12b̃2!

b̃2

,

v15c/y0 is the activation frequency of the lower branch
bulk spin waves, andv r5ldgM0/4 is the characteristic re
laxation frequency.

If we set R521 andr511 in formula ~9!, then that
expression describes the drift of a solitary DW. The prese
of the factorRr in the expression for the drift velocity~9!
attests to the possibility of drift of the stripe domain structu
as a whole. Adjacent DWs have opposite values of the to
logical chargeR, and for drift of the stripe domain structur
it is necessary that the parametersr in the adjacent DWs also
be different, i.e., the orientation of the vectorl in adjacent
DWs should be opposite, while the direction of rotati
should be the same. In that case the factorsRr for adjacent
DWs have the same sign, and the DWs move in the sa
direction, i.e., motion of the domain structure occurs.

SOUND WAVE PROPAGATING PERPENDICULAR TO THE
PLANE OF THE DW

Let us consider the equations of motion~4!, ~5! in the
case of a sound wave propagating perpendicular to the p
of the DW:u5u0exp@i(kyy2vt)#. For simplicity we consider
the case when there is noz component of the sound field
u05u0(1,1,0). We introduce the collective coordinate of t
center of the DW,Y(t), which here, unlike the case consi
ered above, is independent ofr' . In the first order of pertur-
bation theory the sound wave excites spin waves and ca
oscillatory motion of the DW with a velocity

V152
ig~ky0!3pv1

2

2b̃2~v r2 iv! F Rru0x

ch
pky0

2

1
iu0y

sh
pky0

2
G eikY2 ivt,

~11!

wherek5ky .
From this relation one can determine the amplitude

the displacement,h5Re(iV1 /v), which is equal to 1026 cm
for YFeO3 at a frequencyv;106 s21. The oscillations of
the DW, like the spin waves, are excited by both the tra
verse and longitudinal components of the sound wave.
note that a DW of theab type does not oscillate in a soun
wave propagating in the plane of the DW. Domain walls
the ac type do not oscillate for either geometry of th
problem.8,9 To describe the oscillations in these cases it
necessary to take into account the internal structure of
DWs, e.g., the presence of Bloch lines in them.

In the second order of perturbation theory the dom
structure undergoes drift motion at a velocity

Vdr5mxx~v!~ku0x!
21Rruxy~v!~ku0x!~ku0y!

1myy~v!~ku0y!2, ~12!

where the nonlinear mobilitym i j (v) in the long-wavelength
approximation has the form

mxy5h1m0~ky0!2, mxx52h2m0ky0q,

myy5h3m0ky0q. ~13!
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The numerical coefficientsh1;1, h2;0.4, andh3;3
are obtained by evaluating the expressions form i j (v). The
main contribution to the drift velocity is from the nonlinea
mobility mxy . To estimate the drift velocity we use the p
rameters of yttrium orthoferrite:1 m0'231013 cm/s, y0'4
31026 cm, s;2, b̃2;1, v1'431011 s21, and v r'6
3108 s21. The drift velocity associated with the mobilit
mxy for v;109 s21, a sound velocitys5105 cm/s, and a
maximum attainable value of the strain tensorku0;1025 is
Vdr'3 cm/s.

The presence of the factorRr in expression~12! indi-
cates that in the field of a sound wave having compone
u0y and u0x and propagating perpendicular to the plane
the DWs, a drift of the stripe domain structure will occur.

On the basis of the analysis given above, we have es
lished that in a WFM the drift of a solitary DW of theab
type and of the stripe domain structure can occur both
sound waves propagating perpendicular and parallel to
plane of the DW.

In the field of a sound wave propagating in the plane
the DW the drift effect is negligible. The greatest effect on
DW of theab type should be expected in the field of a sou
wave propagating perpendicular to the plane of the DW. T
maximum drift velocity in such a sound wave is attained
the simultaneous presence of a longitudinal componentu0y

and a transverse componentu0x of the field. The simulta-
neous presence of transverse and longitudinal componen
the sound wave is also necessary for the drift of a dom
structure containing DWs of theab type.

From the expressions for the drift velocity of DWs of th
ab andac types,8,9 it is seen that in a sound wave propaga
ing perpendicular to the plane of the DWs the drift veloc
of the DWs is determined by those components of the so
wave which lie in the plane of rotation of the antiferroma
netic vectorl, i.e., u0x andu0z in a DW of theac type and
u0x andu0y in a DW of theab type.

*E-mail: vme@dgasa.dn.ua
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~2000! @JETP91, 1198~2000!#.

9V. S. Gerasimchuk and A. A. Shitov, Fiz. Nizk. Temp.27, 170 ~2001!
@Low Temp. Phys.27, 125 ~2001!#.

10S. I. Denisov, Fiz. Tverd. Tela~Leningrad! 31, 270 ~1989! @Sov. Phys.
Solid State31, 1192~1989!#.

Translated by Steve Torstveit



LOW TEMPERATURE PHYSICS VOLUME 28, NUMBER 12 DECEMBER 2002
Influence of Cr concentration on the structural and magnetic properties of the diluted
magnetic semiconductor Hg 1ÀxCrxSe
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The results of a study of the structural and magnetic properties of single-crystal samples of the
diluted magnetic semiconductor Hg12xCrxSe with different concentrations of chromium
ions (0,x<0.07) in the temperature interval 50–300 K are reported. It is found that the boundary
of the existence region of the homogeneous solid solution lies at chromium concentrations
x,0.05. In samples withx>0.05 the sharp growth of the magnetic susceptibility in the
region of the phase transition temperature is due not only to a transition to a phase similar to a
spin-glass phase, which is observed in all the samples studied, but also to a ferromagnetic
contribution from ferromagnetic inclusions of HgCr2Se4 and CrSe in those samples. ©2002
American Institute of Physics.@DOI: 10.1063/1.1531391#
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Diluted magnetic semiconductors~DMSs!, such as
II–VI compounds containing controlled amounts of substi
ent magnetic ions, are currently the subject of intensive
search. The most characteristic feature of DMSs is a la
spin splitting of the spectrum of free carriers in a magne
field as a result of the strong spin-dependent interaction
the band carriers with the localized spins of the magn
ions. The search for new DMSs with large spin splittin
takes both the path of increasing the concentration of m
netic ions and the path of achieving large exchange c
stants. In the last few years a new gapless DMS contain
chromium rather than the traditional Mn, Co, or Fe as
magnetic ion in the diamagnetic matrix has been attrac
attention. A number of new physical effects observed1–3 in
Hg12xCrxSe distinguish this system from the other DM
known previously.

Our more recent experimental studies of electron s
resonance and magnetic susceptibility in samples of
DMS Hg12xCrxSe with different chromium concentration
in the interval 0.00112<x<0.07 in the temperature rang
50–300 K have revealed a transition of this system to
phase similar to a spin-glass phase.3 The transition is accom
panied by an asymmetric lattice distortion due to the de
mation of the crystal as a result of the change in temperat
Both the temperature at which the change in lattice sym
try occurs and the phase transition temperatureTg increase
with increasing chromium concentrationx. In particular, the
curves of the temperature dependence of the magnetic
ceptibility x measured by an inductive method3 exhibit a
pronounced maximum atT5Tg ~Fig. 1!. The character of the
change inx(T) was the same at the four chromium conce
trationsx50.01, 0.03, 0.05, and 0.07, although the tempe
ture Tg at which the susceptibility reached its maximu
value and the values ofx at T<Tg were different for the
different x. Nevertheless, for the sample withx50.07 an
inexplicable~at that time! sharp growth ofx(T), dispropor-
8801063-777X/2002/28(12)/3/$22.00
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tionate to the change in the chromium concentration, w
observed. Here the value ofx at the transition temperatur
was approximately an order of magnitude higher than th
for the samples withx<0.05, and the susceptibility re
mained larger all the way down to 50 K. This behavior of t
magnetic susceptibility is apparently related to an increas
the chromium concentration in the initial HgSe lattice abo
x50.05, which leads to a substantial change in the magn

FIG. 1. Temperature dependence of the magnetic susceptibility
Hg12xCrxSe samples with different chromium concentrationsx ~Ref. 3!.
© 2002 American Institute of Physics
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properties of the system. In view of this circumstance and
known fact that chromium is less soluble in HgSe than
manganese and iron, for example, and also the fact tha
terstitial chromium atoms can create local inhomogenei
in the crystal, it is of great interest to study the solubility
chromium in HgSe and the dependence of the structural
magnetic properties of Hg12xCrxSe onx, particularly since
no data on the state diagram of this system have been
lished before.

EXPERIMENT

Single-crystal samples of Hg12xCrxSe were grown by a
modified Bridgman method at a temperature gradient in
region of the crystallization front of around 2.5–3.0 K/m
and a rate of crystallization of 1.2 mm/h. The chromiu
concentration in the samples was varied over the ra
0<x<0.07.

Structural studies of the samples were done on a Hita
4100-S scanning electron microscope~SEM! in both the sec-
ondary and scattered modes and on a Philips 515 S
equipped with a system for x-ray energy dispersion anal
~EDAX!. Additional structural studies were carried out o
Hg12xCrxSe powders (0<x<0.07) with a Siefert XRD-
3000TT biaxial x-ray diffractometer by a powder diffractio
technique.

Measurements of the magnetic susceptibility were m
in the temperature region 50–300 K by an inductive meth
on an apparatus consisting of a modified differential mag
tometer with modulation by a low-frequency field.3 The fre-
quency of the alternating magnetic field inducing the emf
the measuring coils of the device was chosen so as to re
dynamic effects to a minimum while providing sufficient si
nal for the measurements. The frequency was 233 Hz a
amplitude of the modulating field of 1 Oe. For the magne
susceptibility measurements the samples were made in
form of circular cylinders 10 mm in height and 1 mm
diameter. The axis of the cylinder coincided with the fourfo
crystalline axis along which the Hg12xCrxSe samples were
grown. The system of modulation and measurement c
made it possible to study the susceptibility along this ax
The sensitivity of the apparatus was sufficient for measur
the differential magnetic susceptibility to an accuracy
231025 cm3/g.

RESULTS AND DISCUSSION

To determine the miscibility coefficient of chromium i
the initial HgSe lattice we did electron-microscope and str
tural studies of Hg12xCrxSe single crystals and powders wi
0<x<0.07. The structural characteristic obtained as a re
of the EDAX showed that for solid solutions withx,0.05
the samples were stoichiometrically single-phase cryst
but when the chromium concentration was increased ab
5% the excess~superstoichiometric! Hg, Cr, and Se atoms
form macroscopic inclusions. These needle-shaped in
sions appeared as inner~dark! and outer ~gray! regions
against a bright field. The EDAX analysis of the chromiu
concentration showed that the inner region of the inclusi
consists of CrSe, while the adjacent regions contain co
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pounds of Hg, Cr, and Se. The main part of the sample~the
bright field! is an Hg12xCrxSe solid solution.

In addition, x-ray structural studies by the powder d
fraction technique were carried out on the two types
compounds—with and without inclusions. The results
x-ray diffractometric studies for Hg12xCrxSe samples with
x50.03 and 0.05 are presented in Fig. 2. The diffractogr
for the Hg0.97Cr0.03Se sample~Fig. 2a! has clearly visible
peaks corresponding to the cubic lattice of the original Hg
with a slight deviation of the lattice parameter. These pe
were identified and indexed as shown in the diffractogra
For comparison, in Fig. 2b we show the diffractogram of t
Hg0.95Cr0.05Se sample, which exhibits peaks due to the pr
ence of a new phase. The identification of these peaks i
cated the presence of the compound HgCr2Se4 . Other
phases, such as CrSe, were not observed in this x-ray diff
tion study for either sample. As a result, the combined ana
sis by the electron microscope and x-ray diffraction metho
showed that the inclusions present in Hg12xCrxSe samples
with x>0.05 are made up of CrSe surrounded by regions
HgCr2Se4 , while the main part of the sample remains u
changed.

In addition, the powder diffractograms obtained can
used to calculate the crystal lattice parametera as a function
of the chromium concentrationx ~Fig. 3!. As is seen in the
figure, a decreases linearly with increasing chromium co
centration up to 5%, i.e., Vegard’s law for a three-compon
crystal lattice is obeyed in this concentration region. F
x.0.05 the lattice parameter starts to increase.

FIG. 2. Powder diffractograms of a homogeneous sample of Hg0.97Cr0.03Se
~a! and a sample of Hg0.95Cr0.05Se containing inclusions~b!.

FIG. 3. Dependence of the lattice constanta on the chromium concentration
x in Hg12xCrxSe.
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Thus the present studies have established a regio
chromium concentrations in the solid solution~below 5%! in
which the chromium dissolves in the initial HgSe latti
without the formation of inclusions. When the percent ch
mium content increases above that value, other phases
pear, mainly forming inclusions of CrSe and HgCr2Se4 , and
the homogeneity of the samples is broken. Let us comp
the results obtained from the structural analysis with the d
on the temperature dependence of the magnetic suscepti
for Hg12xCrxSe samples (0,x<0.07). The maximum val-
ues of x measured at the temperatureTg of the magnetic
phase transition for the samples with different chromiu
concentrations are divided by the value ofx at 140 K, where
their magnetic susceptibilities are the same, within the
perimental error, and we construct the dependence of
relative value of the magnetic susceptibilityxTg

/x140 K on
the chromium concentration in the solid solution~see Fig. 4!.
We note that extrapolation of the linear dependence obse
for the first three samples to the region of higher chromi
concentration~the dashed line in Fig. 4! gives a considerably
lower value of the magnetic susceptibility for the samp
with x50.07 as compared to experiment. Consequently,
jump of the magnetic susceptibility in samples wi
x>0.05 is due not only to the transition to a phase similar
a spin-glass phase~this transition is observed in all th
samples studied! but also to ferromagnetism arising on a
count of the presence of CrSe and HgCr2Se4 inclusions in
these samples. Indeed, it is known4 that the chalcogenide
spinel HgCr2Se4 at temperatures down to 4.2 K is a ferr
magnet with a Curie temperatureTC5106 K. The proximity
of TC to the temperature of the phase transition to the sp
glass phase, which isTg5103 K for the sample with
x50.07, should be noted. Thus it is clear that the obser
tion of high values of the susceptibility in the the samp
with x50.07 as the temperature is lowered fromTg to 50 K
is explained by the ferromagnetic contribution of HgCr2Se4

to x. Furthermore, there is also a contribution tox from CrSe
inclusions, which, by analogy with CrTe (TC5333 K),5 are
apparently also ferromagnetic. Starting from the experim
tal data shown in Figs. 1 and 4~curve 1!, we can obtain a
numerical estimate of this ferromagnetic contribution of t
HgCr2Se4 and CrSe inclusions at the magnetic phase tra
tion point Tg . The experimental value ofxTg

can be written

FIG. 4. Relative value of the magnetic susceptibilityxTg
/x140 K ~1! and the

phase transition temperatureTg ~2! as functions of the chromium concen
tration x.
of
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-
he

ed

e

o

-

a-

-

i-

as a sum of the contributionx8 from the homogeneous soli
solution ~the quantity obtained as the result of an extrapo
tion of the linear dependence, illustrated by the dashed
in Fig. 4! and the contributionx9 of the ferromagnetic inclu-
sions. Then the contribution of the ferromagnetic inclusio
is calculated asx95xTg

2x859.7231023 cm3/g, which is
5 times larger than the contributionx8 due to the magnetic
phase transition.

The fact that 5% chromium is a critical concentration f
the Hg12xCrxSe solid solutions under study is confirmed
a change in the linear dependence of the transition temp
tureTg on x ~curve2 in Fig. 4!. The observed increase of th
temperature of the transition to the spin-glass phase whe
additional fraction of the mercury ions is substituted by ch
mium ions is disproportionate to the rise of the susceptibil
This is also consistent with attributing the growth of th
magnetic susceptibility for samples withx.0.05 to the pres-
ence of ferromagnetic inclusions of HgCr2Se4 and CrSe.
Moreover, needle-shaped inclusions in Hg12xCrxSe crystals
with x.0.05 have been linked to anomalies in the tempe
ture dependence of the magnetoresistance which were
served in recent studies on these same samples.6 The pres-
ence of such inclusions in samples withx.0.05 caused the
largest growth of the magnetoresistance with magnetic fi
attesting to an increase of the mobility of the charge carr
in that case.

Thus we have established on the basis of structural
magnetic studies of Hg12xCrxSe that the existence region o
the homogeneous solid solutions lies at chromium concen
tions x,0.05, while for x>0.05 there are inclusions o
HgCr2Se4 and CrSe, which have a substantial effect on
magnetic and magnetotransport characteristics of the m
rial. However, progress in the growth of these crystals a
improvement of their characteristics will involve not on
reducing the concentration of inclusions and defects but a
taking advantage of them in basic research and applicati
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For the example of a system with a ferromagnetic exchange interaction between ions with spins
S51, it is shown that the methods of the phenomenological theory based on the use of a
Landau potential can be used for a description of processes of ordering and magnetization of
magnets with a large single-ion anisotropy. ©2002 American Institute of Physics.
@DOI: 10.1063/1.1531392#
p
Th
h

gic

e
ne
el
th

-io
n
r-
m

n
a
t

o
s
-
s

n
tic
ti

nd
on

a
lit
ro
-

te

ion

spin

,
n-

tic

in
-
rv-
ies

dif-
act
of

etic
ere
all,
ger-
y of

the
t-
of

ke
s

INTRODUCTION

The study of magnets having large single-ion anisotro
has attracted and continues to attract significant interest.
is because the quasi-classical methods developed for slig
anisotropic magnets and based on the phenomenolo
theory of magnetism are inapplicable in this case.1 In par-
ticular, in highly anisotropic magnetic crystals in which th
anisotropy is of a single-ion character, the value of the o
site magnetization is formed not only by the exchange fi
but also to a considerable degree by the crystalline field,
constants of which also determine the value of the single
anisotropy. If the single-ion anisotropy is of the easy-pla
~and not of the easy-axis! type or has a more general cha
acter~biaxial, cubic, etc.! and is large enough, then a syste
consisting of paramagnetic ions with integerS can be found
in a nonmagnetic~singlet! state. However, the introductio
of a magnetic field, which acts on the spin sublevels of
ion in general and of a crystal in particular, can bring abou
transition from an initial nonmagnetic state of the crystal t
magnetic state, and the field dependence of the modulu
the mean one-site~and crystal! magnetization gives an ap
preciable contribution to the susceptibility of the crystal a
whole, which is reflected in its static and resonance~dy-
namic! properties.2

In this paper we attempt to show that anisotropic ‘‘no
classical’’ magnets in the region of the external-magne
field-induced transition from a nonmagnetic to a magne
state can be described by a potential analogous to the La
potential that is well known in application to the descripti
of temperature-induced phase transitions from the param
netic to a magnetic state. Without restricting the genera
we consider the extremely simple case of a uniaxial fer
magnet with ion spinS51 and with anisotropy of an easy
plane character.

As we know,1 in that case the normalized ground-sta
wave function in the local coordinate systemj, h, z, wherez
is chosen as the quantization axis, has the form
8831063-777X/2002/28(12)/6/$22.00
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cqr5 (
M z561

CM z
uM z&; uC1u21uC21u251, ~1!

where uM z& are the eigenfunctions of the operatorSz, and
CM z

is the quantum-mechanical weight of the functionuM z&
in Cqr . In accordance with~1! the ~quantum-mechanical!
mean magnetization of the ion is determined by the relat

^CqruSzuCqr&[s5uC1u22uC21u2. ~2!

from which it follows thatsÞ0 when uC1u2ÞuC21u2. This
case corresponds to a magnetic state in which the mean
~and, hence, the mean magnetization! in the ground state can
differ substantially from the ‘‘nominal’’ valueS51. If the
probabilities of realizing the statesu61& happen to be equal
then s50, and the ground state of the system will be no
magnetic. As we see, the ground-state wave function~1! ad-
mits the possibility of transformation of the nonmagne
state into a magnetic state.

We note that the probabilistic definition of the mean sp
in ~2! differs little from the usual definition of the thermody
namic mean value, which is written as a sum of the obse
able products of microscopic values times the probabilit
of their realization~occupation of the states!. This similarity
is of a provisional character, since, generally speaking,
ferent calculation procedures are intended. In view of the f
that in highly anisotropic systems admitting the existence
a nonmagnetic state and its transformation to a magn
state under the influence of an external magnetic field, th
is a region of parameters in which the magnetization is sm
as in the case of thermodynamic transitions, it seems
mane to find out whether the method of the general theor
phase transitions is applicable to such systems.

In the aforementioned case of an easy-plane system
difference~2! depends on the ratio of the single-ion aniso
ropy constant to the exchange constant. The influence
these constants is opposite in character:1 while the exchange
‘‘restores’’ the value of the spin projection, tending to ma
it equal to the initial valueS51, the anisotropy decrease
© 2002 American Institute of Physics
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this projection to zero. From this we infer a certain form
but physically justified assumption that the effect of sing
ion anisotropy is similar to the disordering effect
temperature—in both situations there is a limiting val
s50, at which the system becomes nonmagnetic. And,
though the single-ion anisotropy constant, which is a cha
teristic of the particular substance, is essentially unchang
the macroscopic state of the system can be altered by ap
ing an external magnetic field. In this way the correspond
phase transitions can be observed experimentally eve
T50 K ~actually forT!Tcr , whereTcr is the Curie or Ne´el
temperature!. A magnetic field, as we shall see, can affe
CM z

@see Eq.~1!#, makings finite, so that for smalls one can
expand the ground-state energy of the magnet in a serie
is done in the Landau theory of phase transitions.3 Here, of
course, the order parameter iss.

It should be kept in mind that the effect of an extern
magnetic field will depend on its orientation, and for th
reason the two different field directions—parallel and p
pendicular to the hard axis, which is the initial axis
symmetry—will be considered separately. The spin confi
rations of such a ferromagnet were considered in Refs. 4
5 ~see also Ref. 1! and, with allowance for biquadratic ex
change, in Refs. 6–8. In those papers the calculations w
done with the use of a self-consistency procedure,1 which,
however, does not permit determination of the stability of
phases. For those purposes, as in the quasi-classica
proach, one uses expressions for the ground-state en
which are obtained quantum-mechanically and, as will
shown, have the form of a Landau potential for an excha
ferromagnet in a magnetic field.

MODEL

Let us first restrict consideration to the bilinear exchan
interaction, the single-ion anisotropy, and the Zeeman te
In this case the Hamiltonian of the ferromagnet has the s
dard form~in the crystallographic coordinate system!

H52
J

2 (
n,r

Sn•Sn1r1D(
n

~Sn
Z!22h(

n
Sn , ~3!

where J.0 is the exchange interaction between neare
neighbor spinsn and n1r, D.0 is the easy-plane aniso
ropy constant, and the magnetic field vectorh is defined in
energy units,h5mBgH (mB is the Bohr magneton, andg is
the g factor! and theZ axis is directed along the hard axis

Neglecting the spin fluctuations and using the funct
~1!, we write the ground-state energy per spin,Eqr , as

Eqr52
1

2
Jzs21DQ2hs, ~4!

wherez is the number of nearest neighbors,s is the mean
spin vector defined in Eq.~2!, and Q is the quantum-
mechanical mean of the squares of theZ projections of the
spin operators , which is easily related to the component
the quadrupole spin moment.1

If we transform to the local axes in such a way that t
angle between the spin quantization axisz and theZ axis is
l
-

l-
c-
g,
ly-
g
at

t

as

l

-

-
nd
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e
ap-
rgy
e
e

e
.

n-

t-

of

equal tou, while the j axis lies in the Zz plane, then in
accordance with~1! the wave function of each ion will be
given by the simple linear combination9

Cqr5coswu1&1sinwu21&, ~5!

where the anglew ~see below! is determined from the con
dition that the ground-state energy be minimum.

It is easily shown by a direct calculation using the e
plicit form of the function~5! that the spin projections an
the spin quadrupole moment have the following nonz
components in the local coordinate frame:

s5cos 2w; Qzz51; Qjj5
1

2
~11sin 2w!;

Qhh5
1

2
~12sin2 2w!. ~6!

Using them, we can write the energy~4! in the form

Eqr52
1

2
Jzcos2 2w1DFcos2 01

sin2 u

2
~11sin 2w!G

2~hi cosu1h' sinu!cos 2w, ~7!

where the vectorh is decomposed ash5hi1h' , where
hiiZ andh''Z.

It was pointed out above that the spin configurations~in
contrast to the self-consistency procedures proposed in
9 ~see also Ref. 1! and used, e.g., in Refs. 5–8! are more
conveniently found in the usual way by minimizing expre
sion ~7! with respect to the unknown ‘‘geometric’’ angle an
unknown ‘‘mixing’’ angle w of the states;1 as a result, we
arrive at the equations

Jzsin 4w1D sin2 u cos 2w12

3~hi cosu1h' sinu!sin 2w50,

2D sin 2u~12sin 2w!12~hi sinu2h' cosu!

3cos 2w50. ~8!

For an arbitrary direction of the fieldh or, equivalently, ar-
bitrary hi and h' , the system of equations~8! cannot be
solved analytically. However, it can be stated unequivoca
that the value of the mean spins at an arbitrary orientation
except for strictly longitudinal along the hard axis of th
crystal,hiZ, is always nonzero~the Van Vleck mechanism
of magnetization!.

In the absence of external field (h50), two solutions
can be obtained from system~8!: a nonmagnetic state with
s50, which is realized forD.2Jz, and a magnetic state fo
D,2Jz, which corresponds to a value

s05A12~D/2Jz!2. ~9!

It is seen thats0,1, and a values51 is reached only when
D50. A small value of the single-ion anisotropy leads on
to second-order corrections with respect to the quan
D/2Jz.1!

Let us consider separately the casesh'Z, when the
field is oriented in the easy plane, andhiZ, when the field is
oriented along the hard axis.
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TRANSVERSE FIELD

We find from system~8! thatu5p/2 or, in other words,
the quantum-mechanical mean value of the spin is form
and lies in the easy plane along theh' direction. Here, ac-
cording to ~6!, the quantity which we seek has the val
s5cos 2w; assuming that it is small, we write the groun
state energy~7! for this orientation of the field as an expa
sion in s:

Eqr5
1

4
~D22Jz!s21

D

16
s41

D

32
s62h's. ~10!

Minimizing ~10! with respect tos, we obtain the equa
tion of state

1

2
~D22Jz!s1

D

4
s31

3D

16
s52h'50. ~11!

If h'50, we obtain from~11! the solutions described abov
s50 for D>2Jz, ands05A2(2Jz/D21) under the oppo-
site inequality. The second solution is just solution~9! under
the condition 2Jz/D21→0.

It can already be seen from~10! that the type of solution
is determined by the sign of the coefficient of thes2 term in
~10!, which changes at the pointD52Jz where the phase
transition would occur~see the monograph2 and the literature
cited therein! if the value ofD could be varied.

For comparison we give the expression for the Land
potential describing an isotropic ferromagnet withS51 in an
external magnetic field at a finite temperatureTÞ0. The free
energy of such a ferromagnet isF5E2TSen, whereE is the
internal energy andSen is the entropy, which in the mean
field method is of a configurational nature and depends o
on the order parameter. The nonequilibrium free energy
this ferromagnet can be written as10

F~s!52
1

2
Jzs21T

3S s ln
s1A423s2

2~12s!
1 ln

11A423s2

12s2 D 2hs,

~12!

wheres is the thermodynamic mean value of the spin, t
direction of which in the case of an exchange ferromagne
always alongh. Expanding~12! in a series ins, we write the
Landau potential as

F~s!5
3

4 S T2
2

3
JzD s21

32

26 Ts41
32
•17

29
•5

Ts62hs. ~13!

The coefficients in~13! due to the entropy are positive an
proportional toT. Comparing expressions~13! and~10!, we
see that forT50 the single-ion anisotropyD formally plays
the same role asT. Moreover, the valueD52Jz divides the
magnetic states in the same way as does the Curie tem
ture TC52Jz/3—a magnetically ordered phase forT,TC

and a paramagnetic phase forT.TC . In view of the simi-
larity found, one can say that forD.2Jz the magnetization
of a highly anisotropic ferromagnet in an applied magne
field is similar to the magnetization of an isotropic ferroma
net for T.TC , and, in the opposite case, the magnetizat
for D,2Jz is analogous to the caseT,TC .
d

u

ly
f

e
is

ra-

c
-
n

Using~11!, one can easily calculate the magnetic susc
tibility for h'→0:

x', '5
]s

]h'
Uh'→05

2

D22Jz1
3

2
Ds2~0!1

15

8
Ds4~0!

.

~14!

In expression~14! the quantitys(0) in the denominator
denotes the mean value of the spin for the caseh'50, which
is either equal to zero or to the expression in~9!, depending
on the ratio of the constantsD and Jz. In particular, when
D.2Jz, the susceptibility

x', '5
2

D22Jz
~15!

is the Van Vleck susceptibility, and as a result of the sing
nature of the ground state it is independent of the exte
field.

LONGITUDINAL FIELD

This case is more unusual. In fact, from the second eq
tion of system~8! we obtain an expression for the angleu:

cosu5
hi cos 2w

D~12sin 2w!
. ~16!

Then it follows from~16! and the first equation of sys
tem ~8! that for field valueshi>D a state characterized b
cosu51 is realized. Here the projection of the mean spin
the external field direction is equal to the limiting value, i.
s5cos 2w51.

Substituting~16! into ~7!, we write an expression for the
ground-state energy in fields less than the single-ion ani
ropy, i.e.,hi,D:

Eqr52
1

2
Jzs21

1

2 S D2
hi

2

D D ~12A12s2!. ~17!

By minimizing ~17!, we obtain the same two solutions:
singlet state withs50, and a magnetic state in which5

s5
1

2JzD
A~2JzD!22~D22hi

2!2. ~18!

These solutions transform into each other in a field

hQP5AD~D22Jz!. ~19!

The value ofEqr for the solution~18! has the simple form

Eqr52
~hi

22hQP
2 !2

8JzD2 , ~20!

from which we see that it goes to zero at the pointhi

5hQP , where the energies of the magnetic and nonmagn
ground states turn out to be equal. It follows from this th
the transition from a singlet~nonpolar! to a magnetic~polar!
state occurs continuously. In the regionhi.hQP the energy
of the latter is negative and less than the energy of the sin
state.

The projection of the spin on the directionhiiZ can be
found by differentiating expression~20!:
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si5
hi~hi

22hQP
2 !

2JzD2 . ~21!

The value of this projection increases continuously with
creasinghi , and its derivative, i.e., the magnetic susceptib
ity, does not go to zero anywhere. The latter statement me
that no transformations occur in the system at fields up
hi5D, and the canted phase occupies a finite field reg
hQP<hi<D. One can see this from an analysis of the e
ergy ~20!.

The stability of solution~18! is ensured by a negativ
sign of the exchange contribution to the energy~17!. In the
absence of an exchange interaction the canted phase doe
arise in a longitudinal field. In that case there will occur
jumplike transition of the system from the nonmagnetic to
magnetic state with the maximum valueMZ51 of the spin
projection on theZ axis.

Let us consider an anisotropic ferromagnetic syst
placed in a longitudinal field in the framework of the ph
nomenological theory, expanding the energy~17! in a series
in s, which is assumed small:

Eqr5
1

2 S 2Jz1
1

2 S D2
hi

2

D D D s21
1

16S D2
hi

2

D D s4

1
1

32S D2
hi

2

D D s6. ~22!

This expression, in contrast to~10!, does not contain a term
of first degree ins. The absence of such a term means t
the action of a magnetic field in this orientation is of a cri
cal character. Here it counteracts the effect ofD, so that all
of the expansion coefficients in~22! decrease forhiÞ0.

Let us analyze in more detail the caseD.2Jz, when the
initial state prior to the turning on of the field is the singl
state. Then we find from~22! that in a fieldhi5hQP the
coefficient of thes2 term becomes equal to zero, and
higher values ofhi it is negative. The other coefficients d
not change sign. In complete correspondence with the L
dau theory of phase transitions, a field-induced second-o
transition from the singlet to the magnetic state occurs at
point. If we assume thats!1, then we have the approxima
relation

Eqr5
hQP

2D
~hQP2hi!s21

D

16
s4 ~23!

which gives the equation of state

hQP

D
~hQP2hi!s1

D

4
s350. ~24!

We see from~24! that the solutions50 is realized for fields
hi<hQP , while in higher fields

s5
2AhQP

D
Ahi2hQP. ~25!

The same critical dependence was obtained in Ref. 8
the basis of a solution of the self-consistency equatio
However, Ref. 8 made use of an expansion of the wave fu
tion ~6! in the parameterw, which is not the order paramete
-
-
ns
o
n
-

not

a

t

t

n-
er
is

n
s.
c-

and is not an observable quantity, since it specifies a ‘‘ro
tion’’ of the eigenfunctions of the spin operatorSz in Hilbert
space.

Using ~16! and ~25!, we can determine the spin projec
tion on the hard axis and on the plane whenhi.hQP ~but
hi,D):

si52
hQP

2

D3 ~hi2hQP!; ~26!

s'52
AhQP

D F12
hQP

3

2D4 ~hi2hQP!GAhi2hQP. ~27!

Thus in a fieldhi.hQP the initially nonmagnetic system
indeed is found in a canted ferromagnetic phase, in wh
not only the diagonal but also the off-diagonal compone
of the magnetic susceptibility tensor,x i ,i5]si /]hi and
x',i5]s' /]hi , are nonzero. These components, which
zero in the nonmagnetic state, are written in the canted ph
as

x i ,i5
2hQP

2

D3 ; x',i5
AhQP

D

1

Ahi2hQP

~28!

~because of its small effect onx',i , we drop the contribution
from the second term on the right-hand side of~27!!.

We see that the longitudinal~along the field! component
x i ,i of the susceptibility tensor is constant and does not
pend on the value of the magnetic field. Its value is invers
proportional to the third power ofD and will be appreciable
only for a large value ofhQP . The transverse componen
however, goes to infinity at the point of the magnetic pha
transition, as at a phase transition from a paramagnetic t
ordered state. This, in turn, means that the crucial elem
for this phase transition is the spontaneous onset of a
projection oriented in the easy plane perpendicular to
field. We also note that these features of the magnetiza
under the influence of a magnetic field, which were obtain
from an analysis of the energy~22!, remain present in the
exact solution, although their analysis is not as obvious.

For D,2Jz the solution withs50 is unstable, and for
all values of the external field belonging to the interv
hiP@0,D# only the usual canted phase with a spin value

s5s0S 11
hi

2

D2s0
2D ~29!

is realized. For this solution the components of the magn
susceptibility tensor have the values

x i ,i5
s0

2

2D
; x',i5

2hi

D2s0
2 . ~30!

We see that forD,2Jz the longitudinal component of the
susceptibility tensorx i ,i is constant; here its value is consid
erably greater than that given in~28!. The off-diagonal com-
ponent of the susceptibility tensor~30! is proportional to the
value of the field and goes to zero forhi→0. This means that
when the magnetic field field is first applied the main fac
in the magnetization is the rotation rather than the chang
magnitude ofs, notwithstanding the fact thats0!1 under
the proposed conditions (D;2Jz). The change of the mag
nitude of the mean spin under the influence of the field w
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become significant when when the components of the
ceptibility tensor~30! become comparable. This will occur i
fields hi;(2Jz2D)2/D.

INFLUENCE OF NON-HEISENBERG ISOTROPIC
INTERACTIONS

We restrict discussion to non-Heisenberg isotropic int
actions of fourth degree in the spin, the Hamiltonian
which has the form

H85P(
n,r

~Sn•Sn1r!21L (
n,r,n

~Sn•Sn1n!~Sn1n•Sn1r!

1P (
n,r,n,t

~Sn•Sn1r!~Sn1n•Sn1t!, ~31!

where the parametersP, L, andP refer to the two-spin~bi-
quadratic!, three-spin, and four-spin interactions, respe
tively.

The non-Heisenberg interactions~31! are isotropic and
do not depend on the orientation of the coordinate syst
Their contribution to the ground-state energy~4! in the local
coordinate system may be written as11

Eqr8 52
1

2
Ps21Ls2Qzz1P@~Qzz!2

1~Qhh!21~Qjj!2#1Ps4. ~32!

Generally speaking, the interaction parameters in~32! should
be multiplied by the number of scalar products formed
nearest neighbors. The corresponding renormalization is
included in~31!, since all of the non-Heisenberg interactio
in it are described by phenomenological parameters.

Taking ~6! into account, we write expression~32! in the
form

Eqr8 5~L2P!s21Ps4. ~33!

Taking the energy~33! into account will lead to a chang
in the expression for the expansion of the ground-state
ergy. Thus the expansion ins of the ground-state energy in
longitudinal field~22! with the non-Heisenberg interaction
included will become

Eqr5F2
1

2
Jz1L2P1

1

4 S D2
hi

2

D D Gs21
1

16

3S D1P2
hi

2

D D s41
1

32S D2
hi

2

D D s6. ~34!

We see that the parameters of the non-Heisenberg inte
tions ~31! only affect the expansion coefficients. The para
eters of the biquadratic and three-particle exchanges ente
coefficient of the second-degree term. Taking them into
count will lead to a change in the value of the field of t
phase transition from the singlet to the magnetic state
will not affect the type of phase transition. The four-sp
exchange parameter appears in the coefficient of the fou
degree term. If the four-spin interaction is significant and
conditionP,0 obtains, it can happen that when a magne
field is applied the coefficient of the fourth-degree term
~34! will go to zero and become negative before the coe
cient of the second-degree term does. For such values o
s-

r-
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four-spin interaction parameter the phase transition from
nonmagnetic to the canted phase will occur as a first-or
transition.

CONCLUSION

The foregoing calculations lead to the rather unexpec
conclusion that the description of phase transitions in m
netic fields in highly anisotropic magnets, which at t
present time cannot be considered few in number~see, e.g.,
Refs. 12 and 13!, can be carried out in complete correspo
dence with the Landau phenomenological theory of ph
transitions. Here, as we have said~see also Ref. 12!, the
anisotropy plays the role of a ‘‘disordering’’ factor, while th
exchange and external magnetic field are ordering factors
the vicinity of transitions from a singlet state with no ma
netization to a state with nonzero magnetization, the exp
sion of the energy in the order parameter has a form co
pletely analogous to the Landau potential, so that the orde
the corresponding transition can easily be established.
important that in the proposed description with with both t
dipolar and quadrupolar spin averages taken into acco
this transition is always second-order, while in the absenc
self-consistency the transition can be first-order.12,13 The ap-
proach developed here also makes it possible to take
account in a trivial manner the non-Heisenberg isotropic
teractions of fourth degree in the spin. A generalization of
proposed treatment to the case of half-integer spins, an
tropic antiferromagnets, and finite temperatures will be do
separately.

We thank Prof. S. M. Ryabchenko for a critical discu
sion of the results and, in particular, for noting that alo
with the similarity mentioned between temperature- a
field-induced ~in highly anisotropic magnets! transitions,
there is also an important difference: whereas the first
transitions of the order–disorder type, the second are ord
order transitions, i.e., analogous to transitions of the disp
cive type.

This study was performed as part of two projects su
ported by the Foundation for Basic Research of Ukra
~Grants 02.07/0114 and 04.07/0114!.
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1!We note that the classical theory contains only the spatial angles, an

number of equations is accordingly smaller.
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Resonance properties of the quasi-one-dimensional Ising magnet
†„CH3…3NH‡CoCl3"2H2O in the paramagnetic and magnetically ordered phases
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A study is made of the angular, frequency–field, and temperature dependences of the magnetic
resonance of the quasi-one-dimensional Ising magnet@(CH3)3NH#CoCl3•2H2O in the
paramagnetic phase. The experimental results obtained are explained in a model of spin-cluster
resonance in a strongly exchange-coupled spin chain. The frequency–field dependences
of the ferromagnetic resonance spectrum measured below the Ne´el temperature are studied for
magnetic-field directions along the crystallographic axesa, b, andc. It is shown that for
H→0 the spin-wave spectrum of this quasiferromagnet has two gaps (n1570.1 GHz and
n2552.5 GHz). © 2002 American Institute of Physics.@DOI: 10.1063/1.1531393#
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INTRODUCTION

Interest in the dynamic and static properties of lo
dimensional multisublattice magnetic systems has b
growing for several decades. This is partly due to the ap
cation of multisublattice materials~e.g., hexaferrites and yt
trium iron garnets! in microwave technique and to the sear
for analogs of exactly solvable one-dimensional magn
models. In addition, the behavior of one-dimensional Is
magnetic systems exhibits resonance features due to the
ence of spin clusters or magnon bound states. Although
presence of spin clusters should be manifested in all Is
systems, they have been detected experimentally only
limited number of compounds.

In recent years new compounds have been obta
which have properties close to those of one-dimensional
two-dimensional systems. Promising quasi-one-dimensio
multisublattice systems include the family of crysta
@(CH3)3NH#MCl3•2H2O (M5Mn, Co, Ni, Fe,...!, for
which a large body of experimental material has been ac
mulated, mainly in relation to static magnetic studies. T
high-frequency and resonance properties of this class of c
tals in the paramagnetic and magnetically ordered phase
main less studied.

The present study investigates the resonance behavi
the Co21 ion in the@(CH3)3NH#CoCl3•2H2O lattice at fre-
quencies in the 14–120 GHz range and at temperature
1.8–60 K. An earlier study of the magnetic and therm
properties of the magnet@(CH3)3NH#CoCl3•2H2O showed
that this crystal has a sufficient degree of one-dimensiona
and a three-dimensional magnetic ordering temperatureTN

equal to 4.135 K.1,2 According to the results of Ref. 1, th
exchange interaction in the chain,J/k, is equal to 15.4 K,
while the interchain exchange is20.28 K. This system can
8891063-777X/2002/28(12)/7/$22.00
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therefore be a model for cobalt-containing low-dimensio
compounds. Information obtained from resonance studies
the value of theg factors and the identification of effects du
to the low dimensionality and multisublattice nature of t
magnetic structure are useful for developing model conce
of the behavior of complex magnetic systems.

EXPERIMENTAL TECHNIQUE AND THE PROPERTIES
OF THE MAGNETIC SUBSYSTEMS OF THE
†„CH3…3NH‡CoCl3"2H2O CRYSTAL

Single crystals were grown by the method of slo
evaporation from an equimolecular solution of (CH3)3NHCl
and CoCl2•6H2O at a temperature of 75 °C. Crystals of
dark blue color with linear dimensions around 5 mm a
with distinct faceting were obtained. X-ray measureme
showed that the symmetry of the crystal lattice of this co
pound can be described by the space groupPnma(D2h

16),
in agreement with the results of Ref. 1. The values of the u
cell parameters are a516.67 Å, b57.273 Å, and
c58.113 Å. The unit cell contains four magnetic ions Co21.
Geometric fragments of the structure are illustrated in Fig
which was taken from Ref. 1. The principal feature of t
@(CH3)3NH#CoCl3•2H2O structure is the presence of para
lel chains of Co21 ions extending along theb axis. The
octahedral environment of the Co21 ion consists of four Cl
atoms and two water molecules, and the octahedra in a c
are inclined successively from thec axis first to one side and
then the other. In thebc plane the chains are separated
trimethylammonium groups, and the crystals are ea
delaminated.

From measurements of the heat capacity and magn
susceptibility, Losee and coauthors1 established that the mag
© 2002 American Institute of Physics
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netic structure of@(CH3)3NH#CoCl3•2H2O consists of Ising
chains along thec axis, with a ferromagnetic intrachain ex
changeJ515.4 K and an antiferromagnetic interchain inte
action withJ8520.18 K.

The magnetic structure of the compoun
@(CH3)3NH#CoCl3•2H2O was determined by Spence an
Botterman3 from the results of magnetization and NMR me
surements. The structure in zero magnetic field is prese
in Fig. 2. The magnetic moments of the chains lie in theac
plane and deviate from thec axis by an angle of the order o
10°, which leads to a nonzero magnetic moment along tha
axis. Since in zero field the directions6a are physically
indistinguishable, it is reasonable to assume that forT,TN

the magnetic system of the sample consists of domains
ing opposite directions of the moment along thea axis.
These possible configurations are labeled by the numbe1
and2 in Fig. 2. When a magnetic field is applied along thec
axis, a metamagnetic phase transition is observed in a fie
64 Oe. The width of this transition is determined by t
demagnetizing fields and can reach 500 Oe~configuration3!.
Above those fields the system is found in a ferromagn
state. Groenendijk and van Duyneveldt2 showed on the basi
of magnetic susceptibility measurements that there e
three exchange interactions, which differ in sign and mag
tude: a strong ferromagnetic interaction in the chainJb

513.8 K), a much weaker interaction (Jc50.28 K) which
orders the chains in thebc layer, and a still weaker antifer
romagnetic interaction (Ja520.032 K) coupling the ferro-
magnetic layers, and that the region of short-range magn
order in this quasi-one-dimensional structure extends
15–17 K.

We made resonance absorption measurements on a
plex of radio spectrometers with replaceable resonator c
The polarization of the microwave field at the sample w

FIG. 1. Fragments of the crystal structure of@(CH3)3NH#CoCl3•2H2O
~Ref. 1!.
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perpendicular to the direction of the external magnetic fie
The angular dependences of the absorption spectrum in
ac and bc planes were recorded at a fixed frequency. T
accuracy of adjustment of the sample in the resonator w
respect to the crystallographic axes and external magn
field was61°. The temperature was measured by a galli
arsenide thermometer with an accuracy of 0.01 K or bette
the temperature interval 1.8–4.2 K and to 0.2 K or better
the high-temperature end of the range.

EXPERIMENTAL RESULTS

Paramagnetic region

For Hic the absorption spectrum of the Co21 ion in
@(CH3)3NH#CoCl3•2H2O at a frequency of 71.59 GHz con
sists of two intense low-field linesH153.5 kOe andH2

57.2 kOe and three low-intensity lines at resonance field
H3519 kOe, H4522 kOe, andH5524.73 kOe. Figure 3
shows an example of the recorded trace of the EPR spec
of the Co21 ion in this compound forHic. Of greatest inter-
est are the two intense low-field components, the behavio
which we shall describe in more detail. Figure 4a shows
angular dependences of the resonance field for these com
nents of the spectrum, taken in theac plane. All of the mea-
surements of the angular dependences were made at a
perature of 9.5 K. The observed doubling of each compon
of the spectrum attests to the presence of two nonequiva
centers for Co21 ions in the unit cell. This nonequivalence

FIG. 2. Noncollinear magnetic structure of the compou
@(CH3)3NH#CoCl3•2H2O ~Ref. 3!. The numbers label possible spin con
figurations.
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expressed in a symmetric rotation of the magnetic axes of
centers in theac plane relative to the direction of thec axis
by an angleu5612°, while the other parameters of th
centers remain identical.

For an Ising system the angular dependences of the r
nance fields of the componentsH res 1 and H res 2 for each of
the centers can be described by an expression of the
H1(2)5H0 /cosu, since only the component ofH along thez
projection of the spin plays a role~the other parameters ar
equal to zero!. The solid curves in Fig. 4 were calculated b
the formulas

H15H10/cos~u6u8!;

H25H20/cos~u6u8!. ~1!

We see that the angular dependences obtained ex
mentally are described quite satisfactorily by formulas~1!.
The deviation from the experimental dependences at la
angles is indicative of nonideality of the Ising system~the
experimentally determined value ofgx is nonzero!.

The angular dependences of the resonance fields o
low-field components of the resonance spectrum in thebc
plane are presented in Fig. 4b. It is seen that the structur
the absorption lines remains single at all angles. Furth
more, these curves do not intersect anywhere, as could b
case for two misoriented crystals. The crystallographic axb
coincides with the local magnetic axisy. The solid curves, as
in Fig. 4a, were calculated according to formulas~1! with
u850. The angular dependence of the position of the abs
tion lines in theab plane is extremely weak and not ve
informative.

For the three low-intensity lines presented in Fig. 3 t
values of the effectiveg factors areg352.6960.1, g4

52.3260.1, andg552.0660.1. These lines have pract
cally no angular dependence.

FIG. 3. A sample recording of the absorption spectrum of the Co21 ion
in the compound @(CH3)3NH#CoCl3•2H2O for Hic. T59.5 K,
n571.59 GHz. The narrow line is the reference signal of diphenyl pic
hydrazyl ~DPPH!.
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To determine the values of the effectiveg factors in the
direction of their maximum values, which is the direction
greatest interest, we studied the frequency–field depend
of the absorption spectrum of@(CH3)3NH#CoCl3•2H2O for
an orientation of the external magnetic field along thez axis
of the crystal~see Fig. 5!. As was have said, two low-field
absorption lines of the Co21 ions are observed along thi
direction. Then(H) curve obtained shows that in the fre
quency range 14–105 GHz the absorption lines in this co
pound are described, within the error limits, by a linear d
pendence. However, for the two absorption lines an ini
splitting of DE151.9 kOe andDE254.9 kOe is observed
This linear dependence of the absorption spectrum is
scribed by an expression of the formn5DE1(2)

1g1(2)mBH. From the slopes of the straight lines we dete

l

FIG. 4. Angular dependence of the resonance fields of the absorption
of the Co21 ion in the compound@(CH3)3NH#CoCl3•2H2O in theac plane
~a! and bc plane ~b!. The square and circular symbols denote the exp
mental values of the resonance fields for the two low-field lines investiga
The filled and unfilled symbols correspond to different centers. The s
curves were calculated using formulas~1!.
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mined the values of the effectiveg factors along this axis o
the crystal:g1z56.5760.05 for the first line andg2z511.8
60.05 for the second.

The g factors along the other axes were determined i
similar way.

The experimentally measured effectiveg factors (g1z

56.57, gx51.91, gy52.29) confirm the conclusions of Re
1 that the compound@(CH3)3NH#CoCl3•2H2O can be de-
scribed to a sufficient degree of accuracy by the Ising mo

The temperature dependence of the intensity of the l
field lines in the absorption spectrum of the Co21 ion was
investigated in the temperature interval 4.1–60 K in a sta
field applied along the local magnetic axisz. The main fea-
tures of the variation of the spectrum are as follows. A
temperature close toTN54.13 K the absorption spectrum
not observed. Starting at a temperature of 4.5–4.6 K
observes two narrow resonance lines of low intensity, witg
factorsgz156.5760.05 andgz2511.860.05. The fact that
no critical broadening of the absorption line is observed
the investigated temperature interval apparently confi
that the ferromagnetic interaction is dominant in the syste
With increasing temperature the peak intensity of the lin
increases, reaching a maximum value at 9.5–11 K. The r
of the intensities of the spectra is about 1:1.5, and the w
of the two lines at half maximum in this temperature interv
remains constant and equal to 920 Oe. Further increas
temperature leads to a decrease of the intensity of the s
trum without altering the linewidth, and only above 31
does substantial broadening of the absorption lines oc
after T534 K the line with the lowest intensity is hardl
observed, but the second line is discernable to 60 K and
a width of 3500 Oe. In the whole temperature interval inv
tigated the position of all the lines with respect to magne
field remains practically unchanged. The described temp
ture behavior of the absorption intensity of the low-field li
is shown in Fig. 6.

The temperature behavior of the high-field lines diffe

FIG. 5. Frequency–field dependence of the absorption spectrum of
Co21 ion in the compound@(CH3)3NH#CoCl3•2H2O for Hic. T59.5 K.
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from the that described above for the low-field lines. As w
have pointed out, at a temperature of 4.5 K one obser
three low-intensity absorption lines. With increasing te
perature their intensity decreases, and forT.15 K they are
no longer observed.

Magnetically ordered phase

We did a study of the frequency–field dependence of
magnetic resonance n(H) of the compound
@(CH3)3NH#CoCl3•2H2O in the frequency interval 30–11
GHz and at magnetic fields up to 80 kOe at a tempera
T51.8 K.

The results of these measurements for an orientation
the external magnetic field along the crystallographic dir
tions a, b, and c are presented in Fig. 7. Analysis of th
magnetic structure and studies of the magnetization
metamagnetic transition show that the easy axis in this c
pound is along thec direction and the hard axis is alongb.

If the external magnetic fieldH is directed along the
easy axisc, then the observedn(H) dependence is describe
within the experimental error by a quadratic function i
creasing with field. AsH→0 the spin-wave spectrum has
gap equal to 70.160.1 GHz. As we have mentioned, a ma
netic field applied along thec axis will lead to a metamag
netic phase transition, which forH564 Oe takes the system
to a ferromagnet state.3

When the external magnetic fieldH is oriented along the
a axis ~the intermediate direction!, at a frequency of 47.6
GHz one observes two FMR absorption lines, at fie
H155.8 kOe andH2532.5 kOe. Forn.52.5 GHz the low-
field component is not detected. Unfortunately, because
the strong magnetization of the crystal along this directi
with long relaxation times~several hours!, we were unable to
measure the frequency–field dependence in this freque

he
FIG. 6. Temperature dependence of the intensity of the absorption lin
the compound@(CH3)3NH#CoCl3•2H2O. The points are experimental, an
the solid curve was calculated using formula~6!, in the spin-cluster reso-
nance model.
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interval. However, extrapolation of the experimental dep
dence ton→0 gives a value of the transition fieldHcr1

'29 kOe.
When the external magnetic field is oriented along

hard~b! axis, one observes a softening of the resonant mo
and atH535 kOe its frequency goes to zero. Above a fr
quency of 52.560.1 GHz the soft mode in the FMR spe
trum was not detected.

Thus, as can be seen in Fig. 7, forH→0 there are two
gaps in the spectrum of resonance excitations of the s
wave system, equal to 70.160.1 and 52.560.1 GHz.

DISCUSSION OF THE RESULTS

Paramagnetic region

It is known that at low temperatures the EPR spectr
of the Co21 ion in a distorted octahedral environment
usually single-component and is described by an effec
spin S51/2 with a sharply anisotropic effectiveg factor.
Here the local magnetic axes of the paramagnetic center
responding to the extremal values of theg factor are deter-
mined by the symmetry and character of the intracrystal
field, and the sum of the principal values of the effectiveg
factor does not exceed 13.4 As a rule, observations of th
EPR spectrum are made at low temperatures. Increasing
temperature leads to a sharp broadening of the resonance
and a decrease in its intensity.

The resonance absorption spectrum of the compo
@(CH3)3NH#CoCl3•2H2O differs appreciably from those
which are usually observed. The characteristic features o
absorption spectrum of the Co21 ion in the paramagnetic
phase of the multisublattice magnet@(CH3)3NH#CoCl3
•2H2O cannot provide an explanation for the following e
perimental facts: the presence of several absorption l
with values of theg factor exceeding the limiting values fo
a ‘‘nearly free’’ ion, the presence of initial splitting in th

FIG. 7. Frequency–field diagram of the ferromagnetic resonance in
crystal @(CH3)3NH#CoCl3•2H2O for the crystallographic directionsa, b,
andc. T51.8 K. The lines are drawn for convenience and represent a q
tative description of the diagram of a two-dimensional biaxial ferromag
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excitation spectrum, and anomalous temperature behavio
the intensity of the low-field absorption lines. These effe
may result from features of the magnetic structure and
change interactions in this system. As was pointed out ab
in this quasi-one-dimensional system the region of sh
range magnetic order extends to 15–17 K, making it poss
to treat it above the magnetic ordering point as a set
weakly coupled ferromagnetic ordered chains, the length
which ~the correlation length! depends on the temperature

To explain the experimental results we have used
spin-cluster model first introduced by Date and Motokaw5

for explaining the magnetic resonance in the quasi-o
dimensional Ising ferromagnet CoCl2•2H2O. The ratio of
the effectiveg factors for @(CH3)3NH#CoCl3•2H2O also
permit one to describe its quasi-one-dimensional magn
structure in a first approximation by an Ising model of e
change interactions.

The concept of spin clusters, according to the mode
Date and Motokawa, is based on the assumption that
exchange-coupled ferromagnetic Ising chain contains th
mally excited groups of spins whose moments are flipp
with respect to those in the rest of the chain. A spin-clus
resonance consists in the excitation~flip! of one (n51) or
several (n52, 3, etc.! of these spins at the edge of the clus
under the influence of a high-frequency field. The Ham
tonian of this system has the form

H522J(
i

SiSi 112gzmBH(
i

Si . ~2!

With the weak interactions taken into account, one o
tains the following expression6 for the energy of excitation of
n-fold clusters in an Ising ferromagnetic chain with effecti
spin S51/2:

En52uJu1n(
i

a iJi1nmH, ~3!

wherea i contains information about the features of the loc
magnetic ordering;m5gmBS is the magnetic moment of th
site of the chain, andn is the number of sites in the cluste
Since the exchange interaction in the chain along theb axis
is J/k515.4 K, at low temperatures the excited level will b
found a distance 22 cm21 above the ground state, and the
will be no absorption in a microwave field. As the temper
ture is raised, however, when thermally excited spin clus
appear, it becomes possible to observe transitions within
excited level, which correspond to a change in the numbe
cluster sitesn, i.e., an additional flip of one or several spin
at the edge of the cluster. The frequency of such a reso
transition will be determined by the change in the energy
the system upon a change in the cluster length byn sites:

hn5n~DE12mH !, ~4!

where

DE54J212J1 , ~5!

andJ1 andJ2 are the weak ferromagnetic and weak antife
romagnetic exchange parameters. Date and Motokawa ca
these transitions ‘‘spin-cluster resonance.’’

Starting from this model, one can interpret the results
the frequency–field curves~Fig. 5! of the absorption spec
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trum of the compound@(CH3)3NH#CoCl3•2H2O. The solid
lines correspond to expression~4! for the casesn51 andn
52, according to which the angular coefficients are prop
tional to the values of the effectiveg factors for the two
components of the spectrum, and the initial splittingsDE1(2)

should differ by a factor of two. The values obtained,g1z

56.5760.05, g2z511.860.05 and DE151.9 kOe, DE2

54.9 kOe have close to this ratio.
Using these values, we can estimate the exchange

rameters of the system under study. Recall that the magn
structure of the compound@(CH3)3NH#CoCl3•2H2O can be
regarded as a set of ferromagnetic chains with a weak in
chain ferromagnetic interaction, and the ferromagne
planes are coupled by a very weak antiferromagnetic
change. Therefore an external fieldHc564 Oe applied along
the axis of anisotropy breaks the weak antiferromagnetic
teractions and brings the system to a ferromagnetic state

In the effective-field model the interplane exchange c
be estimated from the relation 2zJ2S25gmBSHc with
z54, S51/2, and g56.57; this gives a valueJ2

520.007 K. An estimate ofJ1 from expressions~4! and~5!
gives values of 0.16 K (n51) and 0.202 K (n52), the
average value beingJ150.18 K. Then, using the well-
known Onsager formula for a rectangular Ising lattic7

sinh(J/kTN)sinh(J1 /kTN)51, and the averaged value ofJ1 ,
we obtainJ515.6 K. This estimate is in good agreeme
with the values obtained by other authors: 15.4 K,1 13.3 K,2

and 14.7 K,6 and the ratios of the exchange parameters
tained on the basis of these results confirm the high degre
magnetic one-dimensionality of the system under study.

A characteristic feature of the spin-cluster resonanc
the anomalous temperature dependence of the absorptio
tensity I in comparison with the usual magnetic resonan
According to Refs. 8 and 9, for a ferromagnetic Ising ch
the absorption intensity is described by the expression

I 5exp~22J/kT!@12exp~2jgmBH/kT!#, ~6!

where j5@2 ln$tanh(uJu/2kT)%#21 is the correlation length
for a one-dimensional Ising magnet.10

Figure 6 shows the temperature dependence of the
sorption intensity~the solid curve! calculated according to
formula ~6! for an n52 cluster, whereJ/k515.4 K and
gmBH53.43 K. It can be seen from Fig. 6 that the qualit
tive and quantitative description of the experimental data
quite good. The slight disagreement at high temperature
apparently due to the broadening of the line and the erro
the estimate of the intensity. Furthermore, expression~6! was
obtained for an isolated Ising chain without taking the we
interchain interactions into account. The temperature beh
ior of the intensity of the absorption line for ann51 cluster
was calculated in an analogous way. The resonance line
clusters of greater length (n.2) are not observed exper
mentally. This is apparently because the correlation lengl
of the chain decreases rapidly with increasing temperat
and l'2 at typical experimental temperatures.

Thus the spin-cluster resonance model gives a ra
good description of the resonance properties of the Co21 ion
in the @(CH3)3NH#CoCl3•2H2O lattice in the paramagneti
phase.
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The presence of low-intensity high-field lines in th
spectrum may be due, we believe, to the presence of p
magnetic impurity ions or defects in the system. This is co
firmed by the characteristic features of the those lines:
values of theg factors, the absence of anisotropy in the
and the temperature behavior of the absorption intensity.

Magnetically ordered phase

It should be noted that although the three-dimensio
magnetic ordering in@(CH3)3NH#CoCl3•2H2O is of an an-
tiferromagnetic character, in a real resonance experiment
actually studies a ferromagnetic structure, since, as we h
said, forH→0 there is a metamagnetic phase transition t
ferromagnetic structure.

Therefore, for describing such a system one can use
Hamiltonian of a one-sublattice ferromagnet with an orth
rhombic structure, which has the following general form:

H52
1

2 (
l ,m

Jl ,mSl•Sm2D(
l

~Sl
2!22E

3(
l

@~Sl
x!22~Sl

y!2#1gmHi(
l

Sl i
, ~7!

where the first term describes the exchange interaction,
second and third terms describe the contribution of the a
and rhombic anisotropies, and the last term takes the exte
magnetic field into account.

It should be noted that the influence of orthorhombic
on the FMR spectrum was observed previously in the co
pound@~CH3!3NH#NiCl3•2H2O by the authors in Ref. 11. In
that paper, theoretical expressions were obtained for
frequency–field dependences of the magnetic resonance
one-sublattice model withS51 and an external field direc
tion perpendicular to the local axisz, which satisfactorily
describes the experimental curves. However, the authors
not find the absorption spectrum along the easy axis.

The solution of this Hamiltonian for ferromagnets wi
spin S53/2 and a theoretical description of the frequenc
field curves have not been given in the literature. Nevert
less, the dependences obtained experimentally corresp
qualitatively to the behavior of the resonance frequenc
obtained in Ref. 11 for an orthorhombic ferromagnet in e
ternal magnetic fields directed parallel and perpendicula
the easy axisc. This made it possible for us to measure t
axial D and rhombicE anisotropy constants and also to e
timate the critical fields of the phase transitions in a magn
field, which have the valuesHcr1'29 kOe, Hcr2'35 kOe,
D518.75 kOe, andE56.28 kOe.

Apparently this is the first experimental observation
the frequency–field dependences in a biaxial quasiferrom
net along all three crystallographic directions.

CONCLUSIONS

Our resonance studies of the compou
@(CH3)3NH#CoCl3•2H2O in the paramagnetic and magne
cally ordered phases permit the following conclusions.
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1. The angular dependences of the absorption lines
temperatureT.TN provide grounds for stating that tw
magnetically nonequivalent centers arise, with an angle
rotation relative to thec axis of u85612°.

2. Above TN in the short-range order region one o
serves a spin-cluster resonance in strongly exchange-cou
Ising ferromagnetic chains.

3. For temperaturesT,TN , in the magnetically ordered
phase, we have obtained the ferromagnetic resonance cu
n(H). We have shown that forH50 (Hib) and H→0
(Hic), two gaps exist in the spin-wave spectrum of the
quasiferromagnet@(CH3)3NH#CoCl3•2H2O. We have deter-
mined the values of the effective magnetic interaction para
eters in this crystal.

We should point out in closing that only the prelimina
experimental results have been presented in this report,
our study of@(CH3)3NH#CoCl3•2H2O continues.



LOW TEMPERATURE PHYSICS VOLUME 28, NUMBER 12 DECEMBER 2002
On correlated heterogeneities of glass-forming liquids
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The thermodynamics and structure of glass-forming liquids are considered within the framework
of the heterophase fluctuation~HPF! model. The main goal of the theory developed is to
find a description for the long-range correlations~LRC! of the density fluctuations known as the
Fischer cluster. The van der Waals approximation of the HPF model shows that the liquid
can have an isolated solid–fluid critical point analogous to the critical point of a gas–liquid system.
Heterophase fluctuations in the form of solidlike noncrystalline and fluidlike clusters can
have LRC in a narrow vicinity of the critical point. An analysis shows that the properties of the
conventional critical fluctuations differ from those of the Fisher cluster. This forces one to
look for another explanation of the observed LRC in glass-forming liquids. Large configurational
entropy of liquids and glasses is a manifestation of multiplicity of the short-range ordering
of molecules in the amorphous solidlike and fluidlike clusters. The multiplicity of short-range order
results in structural heterogeneities. Random-field Ginzburg–Landau equations for the HPFs
are deduced taking into account the structural heterogeneities. The random field is generated by
these heterogeneities. It is found that at least three characteristic correlation scales are
inherent to the HPFs: the radius of local order,r 0 , which is comparable with the radius of the
first coordination sphere; the random-field-controlled radius of critical fluctuations,Rc ;
the average correlation lengthjav of fractal aggregations formed by the correlated domains~the
domains have size;Rc). The lengthjav is the characteristic size of the Fischer cluster.
The conditions for the appearance of the listed correlations are deduced by requiring that they
provide minimization of the free energy of the system. The annealing kinetics and
dynamics~the ultraslow modes! of the Fischer cluster are described. ©2002 American Institute
of Physics. @DOI: 10.1063/1.1531394#
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1. INTRODUCTION

Structural and dynamic heterogeneities of the gla
forming liquids have wide spectrum of space and tim
scales, see, e.g., Ref. 1 and the references cited therein
most mysterious is the phenomenon of long-range corr
tions ~LRC! of the density fluctuations~Fischer cluster! dis-
covered and investigated during the last decade.2–9 In a wide
temperature range above the glass transition temperatureTg ,
the correlation length of density fluctuations is much larg
than the molecule size. The annealing time of the Fisc
cluster is many orders of magnitude larger than
a-relaxation timeta . The main peculiarities of the Fische
cluster are following:

1! It exists in a rather large temperature range,;100 K,
aboveTg .

2! The correlation length is up to 300 nm, while th
short-range order~SRO! radiusr 0;1 nm.

3! No critical behavior of the heat capacity, compres
ibility, and thermal expansion coefficient is observed abo
Tg .

4! The density fluctuations have a fractal structure
dimensionD,3. The dimension depends on the temperat
T and the substance. It differs from the universal critic
exponent of the pair correlation function.

5! Ultraslow modes characterizing the Fischer clus
dynamics are some orders of magnitude faster than the
cher cluster equilibration~annealing! time.
8961063-777X/2002/28(12)/11/$22.00
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Thea-relaxation is insensitive to the Fischer cluster fo
mation. The ultraslow dynamics is considerably slower th
the a-relaxation processes.

A few papers are devoted to theory of the Fisch
cluster.10–12The approach proposed in10 to description of the
fluctuation patterning is not completed as yet. In Ref. 11
LRC are treated as long-range critical fluctuations. They
described within the framework of a two-order-parame
model. But the features 3!–5! still have no proper explana
tion in Ref. 11.

In Ref. 12 it is shown that the LRC appears as result
aggregation of heterophase correlated domains~CDs! having
the same short-range order. This paper is devoted to a fur
development of the theory.

We start from the idea that the glass-forming liqui
have heterophase mesoscopic structure consisting of s
like and fluidlike species. The average lifetime of each s
cies is comparable with thea-relaxation timeta . As a result
of the rearrangements the species change their SRO and
~solidlike species become fluidlike and vice versa! but the
average concentration of the species possessing a spe
SRO is constant at a fixed pressureP and temperatureT. The
fraction of molecules belonging to the solidlike specie
ns(x,t), is chosen as the order parameter. It is a random fi
due to the randomness of the configurations formed by
species. The correlation properties of these configurati
have to be found by minimization of the free energy of t
© 2002 American Institute of Physics
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system. These ideals form the basis of the heterophase
tuation model of the glass-forming liquids. For brevity a li
uid with developed heterophase fluctuations~HPFs! will be
called a heterophase liquid.

In one form or another the idea of an important role
HPFs in the liquid-to-glass transition has been used in m
treatments of the glass-forming liquids. In Refs. 13–23
free energy of the heterophase liquid is described in the m
field approximation. Equations proposed in Refs. 12, 14,
17, 22, 23 show that the heterophase liquid can have a c
cal point. Moreover these equations are isomorphic to
van der Waals theory of the gas–liquid critical point~see
below!. By adding a gradient term to the van der Waals fr
energy one can get the Ginzburg–Landau~GL! description
of the gas–liquid states.24 The same procedure allows one
use the GL equation for heterophase liquids.25 Assuming that
the supercooled liquid aboveTg is close to the critical point,
one can get a description of the correlation phenomen
heterophase liquids. Apparently the formation of a Fisc
cluster possessing the properties 3!–5! cannot be treated a
conventional critical fluctuations. This way of explaining th
LRC fails. To come up with a solution of the problem whi
staying in the framework of the HPF model, one has to ta
into account the SRO statistics and correlations. The
energy of a heterophase liquid is a functional of the or
parameter and of the space distributions of the species
sessing different SRO. In seeking the free energy one is
straightforwardly to the random-field Ginzburg–Land
model~RFGLM!.12 Subsequent minimization of the free e
ergy shows when and why the aforementioned correlati
are beneficial.

It should be noted that the mean field approach is va
only outside the fluctuational critical region24 and that the
location and size of fluctuational region depend strongly
the random field properties. Therefore the applicability co
ditions of the mean field model have to be checked.

The outline of this paper is as follows. Theoretical mo
els of heterophase liquid states are considered in Sec. 2.
free energies of solidlike and fluidlike clusters are formula
in terms of constituent species possessing different free
ergies. The space distribution of these species in the fra
work of mean field theory~MFT! are described by fields
ms(P,T,x), m f(P,T,x); the subscriptss andf mean solidlike
and fluidlike, respectively. With the space-averaged qua
ties m̄s(P,T) andm̄ f(P,T) the free energy takes the form o
a two-species model which, as is shown below, is isomorp
to the van der Waals theory of a gas–liquid system. A g
eralization of the van der Waals theory including the gradi
term and random fieldsms(P,T,x) and m f(P,T,x) is the
Ginzburg–Landau random-field model. Equations of t
model are deduced. Short-range and long-range correla
of the random fields are investigated in Sec. 3. A theory
the critical point in the framework of RFGLM is develope
in Sec. 4. Section 5 is devoted to the static properties of
long-range density fluctuations, while the dynamics of
heterophase fluctuations including description of the
traslow modes and annealing kinetics of the Fischer clu
are considered in Sec. 6. The conclusion in Sec. 7 includ
discussion of the theory developed.
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2. THEORETICAL MODELS OF THE HETEROPHASE
LIQUIDS

The phenomenological description of heterophase
uids ~HPLs! usually starts with the introduction of the bas
thermodynamic quantitiesm f , ms and m int , which are
chemical potentials of the ‘‘pure’’ fluid and solid phases a
of the interface, respectively. This last one for simplicity
assumed to be independent of the interface geometry. H
we are interested in consideration of the liquid states w
comparable fractions of the solidlike and fluidlike clusters

0.15,ns ,nf,0.85, ~1!

where nf512ns is the fraction of fluidlike clusters. The
numbers 0.15 and 0.85 are the percolation thresholds of
clusters.26 The condition ~1! means that the solidlike an
fluidlike species form interpercolating clusters.

The interpercolating heterophase states form easily w
the interfacial free energy is small,

0,Dm int!T, ~2!

where

Dm int5m int2
1

2
~m f1ms!. ~3!

The condition~2! provides for comparatively small~positive!
contributions from the interfaces to the free energy of
system. As a result of that, the interface turns out to be ra
developed to gain large phase-mixing entropy. Because
phase formation is a cooperative phenomenon, single m
ecules can not be statistically independent species in the
erophase states. The phase miscibility is characterized by
associativity parametersk0 . It determines the size of statis
tically independent units in calculations of the mixing e
tropy. Evidently,k0.1.

2.1. Chemical potentials of the pure phases

Macroscopically homogeneous condensed amorph
phases-liquid and~or! noncrystalline solids-are heteroge
neous on microscopic scales due to multiplicity of the SR
The number of structure states ofN molecules (N@1) in
these states can be presented in the following form~see, e.g.,
Ref. 27!

Wi~N!5exp~z iN!, i 5s, f , ~4!

z i is the configurational entropy of ergodic states, or t
complexity of nonergodic states,

sc,i5kBz i , ~5!

andkB is Boltzmann’s constant.
The multiplicity of the structure states reflects rando

ness of the potential relief of molecules. The set of minim
of the relief is often called inherent structures.27,28 The dis-
tribution of the potential energy minima,c(«,N), describing
the density of structure states of a solid cluster in liquid, i21

cs~«,N!5
N

A2pds
2

exp$N@zs2~«2 «̄s!
2/2ds

2#%, ~6!

where« is the potential energy per molecule at a minimu
«̄s is its average value, andds

2 is the variance per molecule
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The chemical potential of a noncrystalline solid clus
can be presented in the following form:

ms~P,T,x!5m̄s~P,T!1m̃s~P,T,x!, ~7!

wherem̄s is the average value andm̃s describes variations o
the chemical potential due to randomness of the poten
relief. Ignoring dependence of the molecule vibrations a
librations on the depth of the potential well, we havem̃s(x)
'«(x)2 «̄s .

The first and second moments of this random quan
are

^m̃s~x!&5
1

V E m̃s~x!d3x50,

^m̃s~x!&25
1

V E m̃s
2~x!d3x5ds

2. ~8!

HereV is volume of the system, and^...& means the ensembl
average, which is equal to space average by virtue of erg
icity.

For m̄s the following expression is obtained:21

m̄s~P,T!5 «̄s2
ds

2

T
2sc,sT1ms,vib~P,T!1Pys . ~9!

Herems,vib is the vibrational part of the chemical potentia
andys is the specific volume.

In analogy with ~6!–~9! the chemical potential of the
fluid phase can be written as

m f~P,T,x!5m̄ f~P,T!1m̃ f~P,T,x!, ~10!

m̄ f~P,T!5 «̄ f2
d f

2

T
2sc, fT1m f ,vib,trans~P,T!1Py f . ~11!

In the last term the translational mode of the motion is
cluded.

The moments ofm̃ f(x), like ~8!, are

^m̃ f~x!&50, ^m̃ f
2~x!&5

1

V E m̃ f
2~x!d3x5d f

2. ~12!

2.2. Mean field model of HPFs „van der Waals approximation …

The average chemical potentials of the phases,m̄s(P,T)
and m̄ f(P,T), determined by~9! and ~11!, respectively, are
used in this approximation. The chemical potential of t
heterophase liquid is22

m~P,T!5n̄sm̄s~P,T!1~12n̄s!m̄ f~P,T!

1n̄s~12n̄s!Dm int~P,T!1k0
21T@ n̄s ln n̄s

1~12n̄s!ln~12n̄s!#, ~13!

wheren̄s is the average value of the order parameter.
The solid–fluid coexistence curve on the~P,T! plane is

determined by the equation

m̄s~P,T!5m̄ f~P,T!. ~14!

The equilibrium value of the order parametern̄s is de-
termined by the equations

dm~P,T!

]n̄s
50, ~15!
r

al
d

y

d-

-

e

]2m~P,T!

]n̄s
2 .0. ~16!

It follows from ~13!–~16! that on the coexistence curve

n̄s~P,T!51/2. ~17!

The solution of this equation, which is a direct analog of t
critical isochore in the van der Waals theory of the ga
liquid critical point, gives the pressure dependence of
coexistence temperatureTe(P), at which both phases are i
equilibrium.

Routine analysis22 shows that~15! has only one stable
solution with

0,Dm intuTe
,

2Te~P!

k0
. ~18!

If

Dm intuTe
.

2Te~P!

k0
, ~19!

then Eq.~15! has three solutions in the vicinity of

Tc5Te~Pc!5k0Dm int/2. ~20!

Equation~20! determines the location of an isolated critic
point on the coexistence curve. At this point a second-or
phase transition takes place. On the coexistence curve b
the critical point a first-order phase transition takes place
continuous phase transformation with crossing of the co
istence curve occurs above the critical point. The condit
Dm int.0 in ~17! is needed to provide the phase separation
the supercritical region.

It is worth noting once again that the expression~13! is
isomorphic to the free energy of a liquid–gas system in v
der Waals theory~see Ref. 24!, but the order parameter use
here is different. This follows immediately from~26! after
omitting the gradient term and puttingh5m̄s2m̄ f .

An approximate solution of~13!, ~15! with the condition
~18! is

n̄s'
1

11exp~Hb!
, ~21!

where

H5
k0@m̄s~T!2m̄ f~T!#

12k0Dm int/2Te~P!
. ~22!

In the vicinity of the coexistence curve

ms~T!2m f~T!'Ds~Te!~T2Te!,

Ds~Te!5sf~Te!2ss~Te!. ~23!

Here ss(T), sf(T) is the entropy per molecule in the soli
and fluid states, respectively.

Equation~21! describes the evolution of the order p
rameter with a continuous phase transformation.

It should be pointed out that the two-state, two-spec
two-phase models considered in Ref. 13–17 formally
particular cases of~or can be presented in the form of! Eqs.
~13!–~16!.

As is shown in Ref. 23, the mean field approach dev
oped gives a reasonable description of the observed con
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ous phase transformation in glass-forming liquids. Alo
with that, the above-mentioned LRC are outside the fram
work of this model.

2.3. Random-field Ginzburg–Landau model

The GL approach allows one to investigate the struct
of HPFs in the vicinity of critical points. Near the coexis
ence curve the free energy with the fields¹ns(P,T,x) and
m̃s(P,T,x), m̃ f(P,T,x) taken into account can be present
in the GL form:27

G5G01G1 , ~24!

G05Nm̄~P,Te!, ~25!

G15
1

y E F1

2
A~¹a!21

1

2
Ba21

1

4
Ca42haGd3x, ~26!

wherey is the specific volume,

a[a~P,T,x!5ns~P,T,x!2n̄s~P,Te!5ns~P,T,x!2
1

2
,

~27!

B[4k0
21T22Dm̄ int~P,T!1m̃s~x!1m̃ f~x!

[4k0
21T2Dm̄ int~P,T!1m̃ int~x!, ~28!

C516k0
21T/3, ~29!

h5m̄s~P,T!2m̄ f~P,T!1m̃s~P,T,x!2m̃ f~P,T,x!

5h̄1h̃,

h̄5m̄s2m̄ f ; h̃~x!5m̃s~x!2m̃ f~x!. ~30!

The coefficientA is connected with the interfacial energy,

A5r 0
2A0;r 0

2Dm int , ~31!

and r 0 is the correlation radius outside the critical region;
is comparable with the molecular size. Apparently the as
ciativity parameterk0 is proportional tor 0

3,

k0;~r 0 /a!3, ~32!

wherea is the characteristic size of a molecule.
With h̃50, ¹ns(P,T,x)50, and m̃ int50 the equations

~24!–~26! are equivalent to~13! with accuracyO(a6). In
this case the free energy~26! is isomorphic to that of the van
der Waals theory of the critical point.

The random fieldh̃(x) plays an important role in the
formation of the order parameter and density fluctuations
the vicinity of Tc .

Equation~26! implies the saddle-point equation:

2ADa~x!1Ba~x!1Ca3~x!5h̄1h̃~x!. ~33!

It describes both the conventional critical fluctuations a
fluctuations driven by the random fieldh̃(x). The equations
~24!–~33! form the framework of the RFGLM.

3. CORRELATION PROPERTIES OF THE HPF

3.1. Critical fluctuations with h̃ „x …Ä0

To study out the role of random fields we start from
brief description of correlation phenomena without rand
-

e

o-

n

d

fields, puttingm̃s(x)5m̃ f(x)50. With h̃(x)50 the equation
~33! describes the conventional critical fluctuations of t
order parameter in the absence of the random fields.
dimensionless parameter

t05Be /A0 , Be54k0
21Te22m̄ int~Te! ~34!

determines how close the system is to the critical point.
the region~18!, this parameter is;2/k0 .

According to the conventional theory of critical fluctua
tions, the correlation radius of the order parameter fluct
tions is

Rc;r 0ut0u2n, h̄!h̄c~B!,

Rc;r 0uh̄u2m, h̄@h̄c~B!, ~35!

h̄c~Be!5Be~Be /C!1/2,

wheren, m, andg are the critical exponents. They have th
mean field values with

t0@~a/r 0!6;k0
22 ~36!

when mean field theory is valid~~36! is the Levanyuk-
Ginzburg condition!. In the fluctuational region, witht0

,(a/r 0)6, the universal values of the critical exponen
~known, e.g., from Wilson’s theory! have to be used. It is
worth noting that fork0@1 the fluctuational region is quite
narrow.

The pair correlation function of the critical density fluc
tuations in the mean field approximation is known~see, e.g.,
Ref. 24! to be

r̄22^drT~x!drT~x1!&5kTTV21d~x2x1!, ~37!

ux2x1u@Rc .

HerekT is the compressibility of the HPL,22

kT5
nsyskTs

1~12ns!y fk f

nsys1~12ns!y f

1
ns~12ns!~ys2y f !

2

@nsys1~12ns!y f #~Be13Ca2!
, ~38!

where ys and y f are the specific volumes of the solid an
fluid fractions, respectively.

In the critical regionkT;ut0u2g;Rc
g/n , g.0 is a criti-

cal exponent. Accordingly to experimental data,4 the com-
pressibility does not show any changes when the correla
length of the Fischer cluster grows. Therefore the obser
LRC can not be identified as the conventional correlation
critical fluctuations. If h̃(x)Þ0, a new set of correlation
lengths can appear due to correlations ofh̃(x).

3.2. Correlations driven by the random fields

To consider the order parameter fluctuations genera
by the random fields, let us put

a~x!5ā1ã~x!. ~39!

Substitution of~39! into ~33! and space averaging give th
following equation:

~Be13Cda
2 !ā1Cā35h̄, ~40!
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da
25

1

V E ã2~x!d3x.

Combining~33! and~39! and using averaging of the nonlin
earities, it is easy to get

2ADã~x!1~B13Cā213Cda
2 !ã~x!5h̃~x!. ~41!

The resulting equation~41! includes two random fields
h̃(x) andm̃ int(x). It is known29,30that the fluctuationsm̃ int(x)
~fluctuations ofB! result in strong coupling effects of th
fluctuations in a small vicinity of the critical temperatur
with uT2Tcu;Tc exp(2const/̂m̃int

2 &). This effect is small.
We neglect it here and putm̃ int50.

The equation~40! has solution~21! whenda
250.

To calculateda
2 the equation~41! has to be solved. The

solution is

ã~x!5
1

4pA E K~ ux2x1u!h̃~x1!d3x1 , ~42!

K~r !5r 21 exp~2kr !, ~43!

k25
B̃

A
, B̃5Be13Cā213Cda

2. ~44!

Let us consider the contribution of the random fields
the free energy. Combining~26! and ~42!, we have

G̃5G̃11G̃¹ ,

G̃152
1

2y E h̃~x!ã~x!d3x

52
1

8pAy E h̃~x!K~ ux2x1u!h̃~x1!d3xd3x1

[2
1

8pAy E K~ ux2x1u!^h̃~x!h̃~x1!&d3xd3x1 , ~45!

and

G̃¹;
1

2y E A~¹ã!2d3x ~46!

is the contribution of the gradient term to the free energy
is a positive quantity, whileG̃1 is negative. A minimum ofG̃
can be achieved ifG̃¹ is minimal whileG̃1 has a maximum.
It is seen that these conditions are independent of each o
becauseG̃¹ depends on the gradient ofh̃(x) on a scale
;Rc , while G̃1 is proportional to the correlator of the ran
dom field h̃(x). Therefore the short-range and even lon
range correlations ofh̃(x) are needed to minimizeG̃1 .

It follows from ~42! that

~¹ã~x!!2;k22~ h̃~x!!21k24S ]h̃~x!

]x
D 2

1... . ~47!

The term proportional to]h̃/]x is omitted in ~47! be-
cause it gives zero after integration. It is seen from~46! and
~47! that G̃¹ has a minimal value,G̃¹;NAk2^ã2&, if h̃ is
nearly constant within the CD and the second term of
right-hand side of~47! is small compared to the first.
It

er

-

e

Thus each CD is specified by the value ofh̃ within it.
This value fluctuates around the mean^h̃(x)&cd , where
^...&cd means averaging over CDs. The order parameter fl
tuation within a CD has the estimate24

^dã2&cd5
3Ty

4pAVcd
E

0

Vc
K~ uxu!d3x'

T

4zcdB̃
,

zcd[
Vcd

y
5

4pRc
3

3y
5

4pr 0
3

3y S A0

B̃
D 3/2

. ~48!

Noting that~42! gives

ã'h̃/B̃, ~49!

we see that therefore

Dh
25^h̃2~x!2^h̃2~x!&cd&'

TuB̃u
4zcd

. ~50!

Apparently a CD can be specified by a valueh̃ only if

h̃2@Dh
2. ~51!

Becauseh̃ is a finite quantity,uh̃u<h̃max,`, the condition
~51! has to be valid withuh̃u5h̃max, or otherwise the therma
fluctuations depress the random-field-driven effects.

The distribution of the random field values is

P~ h̃!5
1

V E d@ h̃~x!2h̃#d3x, ~52!

and

ccd~ h̃!5
1

V E
h̃2Dh

h̃1DhE d@ h̃~x!2h̃#d3x dh̃'2P~ h̃!Dh

~53!

is the concentration of CDs withuh̃(x)2h̃u,Dh .
In CDs with uh̃u,Dh the average value of fieldh̃(x) is

smaller thanDh and the field correlation effects are d
pressed by the fluctuations. The concentration of such
mains,cnc , is

cnc'2P~0!Dh . ~54!

The relations~52!, ~53! determine the distribution o
CDs onh̃.

As it follows from ~45! and ~46! that the change of the
free energy per molecule driven by fieldh̃ is

g~ h̃!'2
h̃2

2B̃
. ~55!

Now it is clear that the LRC of the fieldh̃(x) ~when it exists!
is a correlation of CDs having nearly the same values of
meanh̃. In other words, the CDs of nearly the sameh̃ have
to form a correlated aggregation to provide the long-ran
correlations of the fieldh̃(x). The pair correlation function
of such an aggregation can be presented as

f̃ ~ h̃,r !5H 1, r ,Rc ,

r D~ h̃!23 exp~2r /j~ h̃!!, r .Rc .
~56!
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HereD(h̃), j(h̃) are the dimension and correlation length
the aggregation.

Because the average concentration of CDs within
aggregation is31

c~D,j!'
3

4p S j

Rc
D D23

~57!

and c(D,j(h̃))5ccd(h̃), the correlation lengthj(h̃) is re-
lated to the concentrationccd(h̃):

j~ h̃!5Rc@ccd~ h̃!#1/D235Rc@2P~ h̃!Dh#1/D23. ~58!

The ~fractal! dimensionD depends on the nature of the a
gregating species. Usually it is within the range 1.8–2.531

There is no reason to suspect that it depends strongly oh̃.
Therefore we consider it here as anh̃-independent constan
which is a property of the liquid.

To show that the aggregation of CDs diminishes the f
energy, we compare the free energy of a liquid with agg
gated and nonaggregated CDs. With nonaggregated CD
virtue of ~50!, ~51!

H̃~r !5^h̃~x!h̃~x1!&'^h̃2~x!&5dh
2 ~59!

and

G̃152
N

2A E K~r !H̃~r !r 2dr'2
Ndh

2Rc
2

2A0r 0
2 . ~60!

When the CDs are aggregated we have to use~56!, and

H̃~r !'H dh
2, r ,Rc ,

E P~ h̃!h̃2 f̃ ~ h̃,r !dh̃, r .Rc
~61!

or

H̃~r !'H dh
2, r ,Rc ,

dh
2r D23 exp~2r /jav!, r .Rc .

~62!

Herejav is the average correlation length andD is the aver-
age fractal dimension.

Substitution of~62! into ~45! gives

G̃1~j!'2
Ndh

2Rc
2

8A0r 0
2 F114e21S jav

Rc1jav
D D21G . ~63!

It is seen from~60!, ~63! that the fractal aggregation of CD
really does lower the free energy.

BecauseG̃1;2dh
2, the random fieldsm̃s(x),m̃ f(x) have

to provide a maximal value ofdh
2 for minimization of the

free energyG̃1 . Variation of

dh
25

1

V E h̃2~x!d3x5
1

V E @m̃s~x!2m̃ f~x!#2d3x ~64!

with conditions~41!, ~45! and the assumption that the distr
butions ofm̃s , m̃ f can be approximated by a Gaussian fun
tion with variances gives the result that~63! attains a maxi-
mum for

m̃s~x!52~ds /d f !m̃ f~x!. ~65!
e

e
-
by

-

This result is obvious: in this casedh
2 has the maximal value

dh
25(ds1d f)

2. If m̃s(x) and m̃ f(x) are uncorrelated, then
dh

25ds
21d f

2<(ds1d f)
2.

Is worth noting that the relation~64! describes the cor-
relation of solid and fluid short-range orders within CD
Thus the inherent structures of the solid and fluid fractio
are correlated on this scale.

The entropy of the system is reduced due to the corr
tions. The main entropy reduction is caused by the inhom
geneous redistribution of species having the same SRO in
granulated liquid. By virtue of relation~65! m̃s(x) and
m̃ f(x), i.e., the SRO of the solidlike and fluidlike species, a
determined byh̃(x). When the species of the sameh̃ are
collected in CDs of sizezc , the mixing entropy per molecule
is

s~ h̃!52zc
21 ln ccd~ h̃!. ~66!

Note that when they are homogeneously distributed,
has s(h̃)5k0

21 ln ccd(h̃). Thus the entropy reduction due t
formation of correlated domains is

Ds~ h̃!5k0
21 ln ccd~ h̃!~122k0 /zc!. ~67!

It follows that the total change of the free energy p
molecule due to the fieldh̃ is

Dg~ h̃!52
h̃2

2B̃
1TDs~ h̃!. ~68!

It has to be negative,

h̃2

2B̃
.TDs~ h̃!, ~69!

to provide the random-field-driven formation of CDs.

4. RANDOM-FIELD-DRIVEN CRITICAL FLUCTUATIONS

The correlation properties of the random fields result
correlations of the order parameter and density fluctuatio
Besides the location of the critical point, even the order
the phase transition can change due to the random field,
shown below.

4.1. Critical fluctuations and location of the critical point

Returning to Eqs.~40!–~42! and taking into accoun
~50!, ~51!, we have

ã~x!5
h̃~x!

B̃
1OS 1

kj
D ~70!

and

~Be13Cd̃a
2 !ā1Cā35FBe1

3Cdh
2

B̃2 G ā1Cā35h̄, ~71!

where it is considered that

da
25dh

2/B̃2. ~72!

These relations complete the RFGLM equations.
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The impact of the chemical potential fluctuations on t
location of the critical point is seen from~71!, ~72!. On the
coexistence curve (T5Te) these equations give

B̃eā1Ceā
350, B̃e5Be13Ceda

2. ~73!

Equations~72! has only one solution,ā50, with B̃e.0, and
two additional solutions

ā1,256~2B̃e /Ce!
1/2 ~74!

with B̃e,0.
With ā250, i.e., on the coexistence curve above t

critical point, the equation~72! has just one solution,

da,1
2 'S dh

2

9Ce
2D 1/3

2
2Be

9Ce
, ~75!

if

Be.Be,c529CeS dh
2

36Ce
2D 1/3

. ~76!

For B,Be,c and ā250 the equation~72! has three real so
lutions. The additional two roots turn out less thanda,1 .
Because the free energyG̃1 is proportional to2da

2, it has a
minimal value forda

25da,1
2 . Therefore the aforementione

additional roots of~72! with Be,Be,c belong to unstable and
metastable states and are not of interest to us.

A similar analysis withāÞ0 shows that Eq.~72! has
three real roots with

Be,Be,c1529CeS dh
2

144Ce
2D 1/3

. ~77!

The smallest of them,da,2
2 , is

da,2
2 '

dh
2

4Be
S 12

3Cedh
2

2Be
3 D ,

uBe2Be,c1u@uBe,c1u;

da,2
2 >S dh

2

24Ce
2D 1/3F122S Be,c12Be

Be,c1
D 1/2G ,

Be,c12Be;uBe,c1u. ~78!

It provides a minimal value of the free energy~which is less
than that withā250 andda

25da,1
2 ) when

Be,Be* '22~Cedh
2!1/3. ~79!

Thus the average value of the order parameter,ā, for Be

5Be* is nonzero:

ā.āc'~Be* /Ce!
1/2 ~80!

for Be,Be* , but ā50 for Be.Be* .
This result shows that atBe5Be* , i.e., at

Tc~dh ,P!5
k0Dm int~P,Te!

2
2

k0

2
~Cdh

2!1/3

5Tc~0!2
k0

2
~Cdh

2!1/3, ~81!

a first-order phase transition takes place.Tc(0) is the critical
temperature of the system forh̃50. The order paramete
jump at T5Tc(dh ,P), accordingly to ~80!, is ;(dh)1/3.
Thus the random field changes not only the critical po
location but also the order of the phase transition.

A similar result is known for the mean field version o
the random field Ising model~RFIM! with a frozen-in ran-
dom field.29,30

The relations obtained show that for

uBeu5A0t0,2~Cedh
2!1/3 and uh̄u,h̃max ~82!

the random-field-driven fluctuations of the order parame
are dominant. Taking into account the condition~36!, the first
of relations~82! can be presented as follows:

2~Cedh
2!1/3@A0k0

22. ~83!

The relation ~82! determines the critical region of th
RFGLM, whereB̃;(Cedh

2)1/3 and

Rc
3;r 0~A0 /B̃!3/2;r 0

3~A0
3/Cdh

2!1/2. ~84!

Condition ~51! and relation~84! show that the correlation
effects considered are relevant if

dh
2@S a

r 0
D 18T6C5

A0
9 ;

T6C5

k0
6A0

9 . ~85!

Noting that the coefficientsA0 , C, T all are of the same orde
of magnitude, we see that condition~85! is compatible with
condition ~83!.

The condition ~69! in the critical region ~where B̃
;(Cedh

2)1/3;(Tdh
2)1/3) reads

h̃2.h̃c
25

2~122x!

k0x4/3 dh
2 ln ccd~ h̃!, ~86!

x5dh /T.

Thus the RFGLM used here is valid when the variance of
random field obeys the condition~85! and LRC are setting
in, if there are some CDs for which the inequality~86! is
fulfilled.

5. LONG-RANGE DENSITY FLUCTUATIONS

It follows from ~24!–~26! that the specific volume o
liquid is

y5
1

2
~y f1ys!2~y f2ys!a~x!. ~87!

Density fluctuations include the conventional thermal flu
tuationsdrT(x) aroundr̄ and the random-field-driven fluc
tuationsr̃(x). It follows from ~42! and~87! that the random-
field-driven density fluctuations have the following pa
correlation function:

1

r̄2
^r̃~x!r̃~x1!&5S ys2y f

ȳ
D 2

^ã~x!ã~x1!&

5S ys2y f

ȳ
D 2

H̃~ ux2x1u!

B̃2
. ~88!

Noting that the correlation function~88! has to be added to
~37! to get the complete pair correlation function, we hav
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1

r̄2
^dr~x!dr~x1!&5

1

r̄2
@^drT~x!drT~x1!&1^r̃~x!r̃~x1!&#

>kTT
1

V
d~x2x1!1S ys2y f

ȳ
D 2

3
~ds1d f !

2

B̃2

1

r 32D
expS 2

r

j
D . ~89!

The first term of the right-hand side of~89! is proportional to
B̃21 ~see ~38!!, while the second is;B̃22. Therefore the
random-field-driven density fluctuations are dominant wh
condition ~85! is fulfilled.

Fourier transformation of~89! gives the spectral compo
nentsdrq

2:

rq
2

r̄2
5kTT

1

V
1S ys2y f

ȳ
D 2

~ds1d f !
2

B̃2

G~D21!

~11q2j2!~D21!/2

3S j

Rc
D D

sin@~D21!arctan~qj!#

qj
, ~90!

whereG(x) is the gamma function.
The second term of the right-hand side of~90! describes

the random-field-driven heterophase fluctuationsr̃q
2. It has

simpler forms in two limiting cases, with smallq and with
qj.1:

r̃q
2

r̄2
55

S ys2y f

ȳ
D 2

~ds1d f !
2G~D !

B̃2
S j

Rc
D D

, q→0,

S ys2y f

ȳ
D 2

~ds1d f !
2

B̃2

G~D21!

~qj!D S j

Rc
D D

3sinF ~D21!
p

2
G , qj.1.

~91!

6. TIME-DEPENDENT GL EQUATIONS

The HPFs have short-range correlation on a scalr
;Rc and long-range correlation withr;j. The parameters
dn

2 and j and the Fourier components$ãq% are time-
dependent quantities. Conventional dynamic equations
them describe the short-range and long-range relaxatio
well as the ultraslow modes. We are using here the tim
dependent GL approach32 to describe these relaxation pro
cesses and ultraslow modes.

6.1. Short-range correlation relaxation

It follows from ~65! that in equilibrium (t→`)

^m̃s~x,t !m̃ f~x,t !&'2dsd f ~92!

and

dh
2~`!5ds

21d f
222^m̃s~x,`!m̃s~x,`!&'~ds1d f !

2.
~93!

In ~92!, ~93! the thermal fluctuations of the random field
within a CD are not taken into account, as is justifiable
~see~52!!
n

or
as
-

f

2dsd f@TB̃/zcd , ~94!

i.e., if the fluctuations of the product~92! are much smaller
than its average value.

The solid–fluid short-range order correlation~64! re-
laxes to the equilibrium value~92! if the condition ~94! is
fulfilled. An elementary short-range structure transformat
involves not a single molecule but a group of them. T
conventional name of such a group is the cooperatively re
ranging domain~CRR!. The part of the average free energ
of the CRR which varies withdh

2(t) is

^g̃crr&'
zcrr

B̃
dh

2~ t !, ~95!

wherezcrr is the number of molecules in the CRR.
The average free energy deviation from the equilibriu

value of these molecules due to the difference

Ddh
2~ t !5dh

2~ t !2dh
2~`! ~96!

is evidently ;zcrr B̃
21Ddh

2, and thus the dynamics of th
short-range correlation is described by the following eq
tion:

1

2

]dh
2~ t !

]t
5

]^dms~ t !dm f~ t !&
]t

52
1

2ta

zcrr B̃

T
@dh

2~ t !2dh
2~`!#, ~97!

where ta is the CRR rearrangement time, which is th
a-relaxation time.

The Langevin term is not included in~97!. It is not im-
portant under the condition~94!. It is seen thatta is a char-
acteristic relaxation time of the short-range correlations.

6.2. The long-range relaxation

To describe the relaxation kinetics ofj(t) we assume
that a fractal cluster consisting of CDs with the same va
of h̃ appears as a result of an aggregation process of CD
analogy with the aggregation of small species which
forming fractal structures.31 The kinetic equation of fracta
cluster formation in the simplest form is

]j~ h̃,t !

]t
5

Rc

D
GjS j~ h̃,t !

Rc
D 12D

j~ h̃,`!2j~ h̃,t !

j~ h̃,`!
, ~98!

whereGj is the growth rate of the fractal. The last term o
the right-hand side describes saturation of the fractal gro
when the correlation length approaches its stable equilibr
valuej(h̃,`), determined by~58!. To get an estimate ofGj

we note that the free energy of a CD within a fractal clus
of correlation lengthj(t), as is seen from~63!, is

g̃cd~ h̃2,j!5
zcdRc

2

8A0r 0
2 h̃2F114e21S j

Rc1j D D21G
'

zcdRc
2

8A0r 0
2 h̃2F114e21S 12~D21!

Rc

j D G . ~99!

Then
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Gj;
Rc

ta

zcc~ h̃!

T

]gc

]j
Rc5~D21!

zcd

2eA

ccd~ h̃!h̃2

taT

Rc
4

j2

[~D21!g0

h̃2

2eAT

Rc
4

j2 . ~100!

In ~100! ta is taken as the characteristic time of CD rea
rangement:Rc /ta is the rate of the one step of the clust
growth; T21Rc]gcd /]j is the thermodynamic driving force
of the fractal growth; the termccd(h̃) is introduced to take
into account that justccd(h̃) of CD transformations result in
the formation of CDs specified by the field strengthh̃.

The solution of ~98!, ~100! with the initial condition
j(h̃,0)50 and j(`)2j(t);j(`) ~not very close to the
equilibrium value! is

j~ h̃,t !5RcS ~D21!~D12!

D

h̃ 2Rc
2

2eAT
g0t D 1/D12

. ~101!

To estimate the growth-rate exponent it should be noted
for D51.5– 2.5 the exponent 1/(D12) varies from 0.29 to
0.22.

In the vicinity of j~`!, for uj(`)2j(t)u!j(`), the dif-
ferenceuj(`)2j(t)u decreases exponentially, as is easy
see from~98!.

The solution~100! describes the kinetics of fractals wit
the specified field strengthh̃. this result has to be average
with the distribution~52! to get an averaged description.

The relaxation time of the long-range correlation,t rel ,
can be estimated by substituting into~101! jav anddh

2 instead
of j and h̃2:

t rel'
D

~D21!~D12!

2eAT

Rc
2dh

2g0
S jav

Rc
D D12

. ~102!

6.3. Ultraslow modes

To get a dynamical equation for the Fourier compone
ãq of the long-range order parameter fluctuations, the f
energy~45! has to be presented in a proper form:

G̃152
1

2 E h̃~x!ã~x!d3x52
1

2 (
q

h̃qãq

52
1

2 (
q

~Aq21B̃!uãq
2u. ~103!

Then the time-dependent GL equations forãq are

]ãq

]t
52Gq

1

T

]G̃1

]ãq
52GqS Aq21B̃

T
D ãq . ~104!

Here the Langevin force providing the equilibrium value
^ãq

2& is omitted because our main goal is to get the spect
of ultraslow modes.

In an isotropic medium

Gq5G01g1q21g2q41... . ~105!

As follows from textbooks~e.g., Ref. 32!, the parameterG0

in our case is equal to 0 due to conservation ofuãq50
2 u

5^ã(x)&250. Therefore

Gq5g1q21g2q41... . ~106!
-

at

o

s
e

m

This equation determines the form of the ultraslow mo
spectrum.

Because the CD transformations which are controll
the fractal growth are also responsible for the fractal str
ture rearrangements, we can put

g1;g0Rc
2 and g2;g0Rc

4. ~107!

The factorsRc
2, Rc

4 are included to preserve the correct d
mension ofGq . It is seen from~104!, ~106!, and~107! that
the ultraslow mode spectrum has the following form:

vus~q!5~g1q21g2q4!S Aq21B̃

T
D 5c1B̃g0Rc

2q2

1S c1A1c2B̃Rc
2

T
D g0Rc

4q41...

'c1g0Rc
2q2

B̃

T S 11
c11c2

c1
Rc

2q2D , ~108!

wherec1 andc2 are someq-independent coefficients whic
can be considered as constants in the critical region.
resulting expression of the ultraslow mode spectrum is
tained taking into account thatA/B̃;Tr0

2/B̃'Rc
2.

7. DISCUSSION AND CONCLUDING REMARKS

In the theory developed, based on the concept of h
erophase fluctuations, the multiplicity of the SRO, which is
basic property of the glass-forming liquids, is taken into a
count. In particular this property manifests itself in the d
veloped inherent structure and in the free-ene
landscape.27,28 The free-energy landscape results in the a
pearance of the random-field term in the GL equations.

The relation of the present theory to the other models
supercooled liquid and to the theory of the critical fluctu
tions was already elucidated. To emphasize this connectio
should be noted that the RFGLM developed can be redu
to the models of supercooled liquid proposed in Refs. 13–
For example, to get the equations of two-state model13,17

from ~26!–~30! we have to putds
25d f

25Dm int5A50, and
k051.

Multiplicity of the short-range order results in polychro
matic fractal heterophase structure. Polychromatic clu
structures are described, e.g., in Ref. 33 in connection w
the percolation problem. If clusters have a property descri
by a parameter, this last one can be used as a ‘‘color’’ sp
fying a cluster. In a three-dimensional system the percola
threshold is about 0.15. Thus several interpercolating clus
can form a polychromatic structure. Along with that, a
number of differently colored clusters can coexist if th
have finite correlation lengths. In the heterophase liquidh̃c

plays the role of CD color. It parameterizes the chroma
spectrum of CDs. The correlation lengths are finite. Th
Fischer clusters are polychromatic fractal aggregations
specific feature of these polychromatic structures is the a
ity of a CD to change its color.

It is worth noting that if the conditions~51!, ~69! are
satisfied, the fieldh̃ changes the criticality~the mean field
approximation is correct!, the location of the critical point
~81!, and the order of the phase transition at the critical po
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The order parameter jump atTc(dh ,P) is ;(dh /Te)
1/3. Re-

lation ~81! shows that the random field lowers the critic
temperature. This is one of reasons why the majority of
glass-forming liquids do not have a polymorphous liquid
liquid phase transition.

Since the mean field model~13! is isomorphic to the van
der Waals theory of the critical point and~26! is a generali-
zation of this theory taking into account the gradient ter

one could ask why the random fieldh̃(x) does not play a
significant role in the critical fluctuations of gas–liquid sy
tems. It is due to predominance of the thermal fluctuation
the gas–liquid critical region. The Ginzburg number is nea
for the gas–liquid phase transition, i.e., (a/r 0)6;1, and con-
ditions ~36!, ~82!, and ~85! are not fulfilled. According to
relation ~36!, the Ginzburg number is proportional tok0

22.
Therefore within the gas–liquid critical regionk0

22;1, i.e.,
the assossiativity of the molecules is small,;1, and the fluc-
tuational region is rather wide. In the solid–fluid system t
correlation radius far from the critical point,r 0 , is approxi-
mately equal to the radius of the first coordination sh
Thereforek0 is ;10 in this case and, according to~36!, the
mean field theory has a wide region of applicability even

h̃(x) is neglected.
The random-field-driven LRC qualitatively differs from

the conventional critical LRC. The former LRC possess
properties 3!–5! of the Fischer cluster~see Introduction!,
while the latter LRC cannot have them. In Refs. 18 and 1
was attempted to identify the Fischer cluster as critical fl
tuations, assuming that the critical temperature is belowTg .
The analysis performed in Ref. 12 shows that the the
proposed in Refs. 18 and 19 for the LRC observed by F
cher et al. in ortho-terphenil does not fit the experiment
data even if the features 3!–5! of Fischer’s cluster are ig
nored.

Glass inherits the structural features of supercooled
uid. For this reason short-range and long-range correlat
of liquid are also present in the glassy state. Because
annealing time needed for the Fischer cluster formation
rather long compared tota , the structure and properties o
the glass are sensitive to the thermal history of the liqu
The correlations and topology of SRO in the glassy st
play a rather important role in phase transformations tak
place in glasses. For example, ordering and relaxation of
spin system of a magnetic glass are extremely sensitiv
the structural and compositional correlations.34 The structural
heterogeneities play the role of a ‘‘frozen’’ random field
this case. Another example is the polymorphous phase t
sitions in the glassy state. This phenomenon is observe
some glasses~see Refs. 35 and 36!. It has also been reveale
in amorphous carbon using computer simulations.37 Because
glass is a nonergodic system, a phase transformation is
sible due to changes of SRO resulting in a long-range or
ing. The structural heterogeneities cause an inhomogen
distribution of internal stresses due to thermoelastic effe
Therefore the transformations of the SRO are necessarily
homogeneous and depend on the distribution and correla
properties of the internal stresses and compositional or
ing.

A topological phase transition connected with the form
tion of a percolating cluster possessing some SRO stipul
e
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a thermodynamic phase transition due to the singular beh
ior of the thermodynamic coefficients, e.g., the compressi
ity or thermal expansion. Therefore polymorphous pha
transitions in the glassy state have to be sensitive to st
tural correlations that depend on the thermal history of
liquid.

Recently anomalous behavior of the thermal expans
coefficientl(T) of pure and inert-gas doped fullerite atT
,20 K was observed.38,39Fullerite C60 is a fcc cubic crystal.
Due to the fivefold symmetry of the C60 molecules, long-
range orientational order is impossible in fullerite. For th
reason fullerite is an orientational glass belowTg>90 K.
Impurities distort the crystalline structure and disturb the
termolecular interactions in the fullerite. The thermal expa
sion coefficient depends considerably on the concentra
and kind of inert gas impurities. It is remarkable that hyst
esis ofl(T) was observed atT,20 K in krypton-doped ful-
lerite. It is attributed to a phase transition connected w
changes of the short-range orientational order of the C60 mol-
ecules. One can expect that the observed hysteresis phe
enon depends considerably on the concentration of kryp
and on the thermal history of samples atT.Tg due to
changes of the short-range and medium-range orientati
order in the orientational liquid state.
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Non-Fermi-liquid behavior: Exact results for ensembles of magnetic impurities
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In this work we consider several exactly solvable models of magnetic impurities in critical
quantum antiferromagnetic spin chains and multichannel Kondo impurities. Their ground-state
properties are studied, and the finite set of nonlinear integral equations which exactly
describe the thermodynamics of the models is constructed. We obtain several analytical low-
energy expressions for the temperature, magnetic field, and frequency dependences of important
characteristics of exactly solvable disordered quantum spin models and disordered
multichannel Kondo impurities with essential many-body interactions. We show that the only low-
energy parameter that gets renormalized is the velocity of the low-lying excitations~or the
effective crossover scale connected with each impurity!; the others appear to be universal. In our
study several kinds of strong disorder important for experiments were used. Some of them
produce low divergences in certain characteristics of our strongly disordered critical systems
~compared with finite values for the homogeneous case or a single impurity!. For weak
disorder, or for narrow distributions of the local Kondo temperatures, our exact results reveal the
presence of Kondo screening of disordered ensembles of magnetic impurities by low-lying
excitations of the host. We point out that our results qualitatively coincide with the data of
experiments on real disordered quasi-one-dimensional antiferromagnetic systems and with
the similar behavior of some heavy metallic alloys. ©2002 American Institute of Physics.
@DOI: 10.1063/1.1531395#
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1. INTRODUCTION

The study of the behavior of magnetic impuritie
coupled to paramagnetic hosts remains one of the mos
teresting problems of the many-body physics. The Kon
effect,1 which describes the exchange interaction between
spin of a magnetic impurity and the spins of itinerant ele
trons, is, perhaps, the best known example in which mod
theoretical methods like renormalization group~RG! theory,
Bethe ansatz, bosonization, conformal field theory, etc. h
displayed their strength.2–4 The crossover from the stron
coupling to the weak coupling regime is one of the m
famous examples of nonperturbative effects in conden
matter theory.

In the last few years, interest in the non-Fermi-liqu
~NFL! behavior of magnetic systems and metallic alloys h
grown considerably. A large class of conducting nonmagn
materials does not behave as usual Fermi liquids~FLs! at
low temperatures. One of the best-known examples of s
behavior is the Kondo effect for multi~n! channel electron
systems: For an impurity spin less thann/2 a NFL critical
behavior results.5 The critical behavior of a single magnet
impurity can also be connected with a quadrupolar Kon
effect or nonmagnetic two-channel Kondo effect.6 However,
for most dirty metals and alloys in which the NFL behavi
has been observed~see, e.g., the recent reviews7–10and Refs.
11–20!, the magnetic susceptibilityx and low-temperature
specific heatc usually manifest logarithmic or weak powe
law behavior with temperatureT. The resistivity decrease
linearly with temperature, showing a large residual resis
9071063-777X/2002/28(12)/14/$22.00
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ity. That is different from the predictions of the theory of th
overscreened Kondo effect.4,5

The last property together with the alloy nature of co
pounds suggests that disorder~a random distribution of lo-
calized f electrons or a random coupling to the conducti
electron host! may play the main role in the low-temperatu
NFL character of such systems. The idea of~nonscreened!
local moments existing in disordered metallic systems
already been formulated recently.21–23 It was proposed tha
near metal-insulator transitions~or for sufficiently alloyed
systems far from the quantum critical point! disordered cor-
related metals contain localized moments. The change in
interactions between impurity sites and host spins can
considered as a modification of the characteristic ene
scale, the Kondo temperatureTK . At that scale the behavio
of the magnetic impurity manifests the crossover from
strong coupling regime~for T, h!TK , whereh is the exter-
nal magnetic field! to the weak coupling regimeTK!h,T.
The impurity spin behaves asymptotically free in the we
coupling case, and it is screened by the host spins in
strong coupling case. The random distribution of magne
characteristics of the impurities~i.e., their Kondo tempera-
tures! may be connected either with the randomness of
change couplings of itinerant electrons with the loc
moments22 or with the randomness of the densities of co
duction electron states.21 In fact, both types of randomnes
renormalize the single universal parameter—the Kon
temperature—which characterizes the state of the magn
impurity. In Ref. 16 the results of the measurements of
© 2002 American Institute of Physics
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magnetic susceptibility, nuclear magnetic resonance~NMR!
Knight shift, and low-temperature specific heat have be
reported. To explain the observed features it was necessa
assume some disorder, with a Gaussian distribution of
Kondo temperatures. However, the model used for the ex
nation of the experiment was oversimplified by an ina
equate representation of the Kondo magnetization by
simple replacementT→T1bTK in the Brillouin function,
B(ah/T1bTK), with which the magnetization of a singl
magnetic moment was approximated~a andb are some con-
stants!. It was noted16 that the data for the specific heat an
Knight shift did not agree with the predictions of that simp
theory, especially for nonzero values of the magnetic fie
The inhomogeneous magnetic susceptibility was confirm
recently24 by muon spin rotation experiments. The role of t
long-range Ruderman–Kittel–Kasuya–Yosida~RKKY ! cou-
pling between the local moments was taken into acco
recently25,26 ~Griffiths phase theory!, and the model was
found to exhibit properties qualitatively similar to those
models with noninteracting local moments.24 In addition, the
presence of the spin–orbit interaction in some disorde
heavy fermion alloys demands the study of magnetic ani
ropy, which can play an essential role in the physics of d
ordered spin interactions.25,26

Another interesting topic of research, which is related
the one mentioned above, is the behavior of disordered m
netic impurities in one-dimensional~1D! antiferromagnetic
~AF! spin chains. Here we can mention several experime
on spin chains.27–30 The theoretical works devoted to th
description of disordered magnetic impurities in critical sp
chains have mostly involved the approximate RG treatm
of the problem.31–35 Recently, however, we proposed an e
act solution to the problem of the behavior of spin-1/2 A
quantum spin chain coupled to disordered magn
impurities,36–38 which was later generalized to the descr
tion of disordered magnetic impurities in correlated elect
chains.39

It is known that the physics of a single magnetic imp
rity in a 1D AF Heisenberg spinS51/2 chain and that of a
single Kondo impurity in a 3D free electron host are d
scribed by similar Bethe ansatz theories,2,3,40,41e.g., the mag-
netization and the low-temperature magnetic specific hea
the impurity for the two models coincide. The Heisenbe
model is the seminal model for correlated many-body s
tems. Most of its static properties are exactly known.
single spin-1/2 magnetic impurity in the AF spin chain a
the Kondo impurity manifest total screening with the~mar-
ginal! FL-like low-temperature behavior of the magnetic su
ceptibility and specific heat, i.e., the finite values ofx(T)
and c(T)/T in the low-temperature limit.2,3,41,42 In other
words, the moment of the impurity is quenched by the loc
ized host spins or by the spins of the conduction electro
respectively. The magnetic anisotropy of the Kondo e
change interaction between the impurity spin and the spin
the free electron host has also been taken into accoun
actly for the single Kondo impurity3,43 and for a magnetic
impurity in a AF spin chain.44,45 It was pointed out that the
magnetic anisotropy does not change drastically the Ko
effect of a single impurity. On the other hand, for the in
grable lattice models one can incorporate a finite concen
n
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tion of magnetic impurities46,47 without destroying the exac
solvability. Hence, for a random distribution of magnetic im
purities we can suppose that low dimensionality is not ess
tial for the Kondo screening. The absence of magnetic ord
ing in the NFL Kondo systems7,9,10 also confirms this
assumption.

The goal of our present study is to find exactly t
ground state and thermodynamic characteristics of dis
dered ensembles of spin-S8 magnetic impurities in magneti
cally uniaxial spin-S chains in the critical region, i.e., in th
domain of values of the magnetic anisotropy where exc
tions of the homogeneous host are gapless. As a byprod
we find the exact solution to the behavior of random e
sembles of multichannel Kondo impurities, coupled loca
to the free-electron host with an ‘‘easy-plane’’ magnetic a
isotropy of that coupling. We allow for variousrandomdis-
tributions of the impurity–host couplings for arbitrary valu
of external magnetic field and temperature. The magn
anisotropy parameter is assumed to be homogeneous fo
host spins and for the impurity spins. In this paper we sh
that for several kinds of strong disorder of the impurity–ho
couplings the~Kondo! screening is absent, but for a weak
disorder the quenching persists, but with a NFL temperat
behavior of the magnetic characteristics. We also show
the magnetic field lifts the degeneracy and effectively e
hances the quenching of the impurity spins, hence decrea
the effect of disorder.

This paper is organized as follows. After the introducti
in Sec. 1, the Hamiltonians for the spin chains studied
introduced in Sec. 2. Section 3 is devoted to the stand
Bethe ansatz equations of the problem, and to the connec
with the multichannel Kondo case. In Sec. 4 we present
ground-state properties of the systems considered. The
modynamic Bethe ansatz is introduced in Sec. 5 for rand
ensembles of magnetic impurities in the ‘‘easy-plane’’ sp
chains and the multichannel Kondo situation, by use of
‘‘quantum transfer matrix’’ approach. In Sec. 6 we prese
our results for the temperature and magnetic field dep
dence of the magnetic susceptibility and the specific h
obtained analytically and compare them with numerical c
culations of the nonlinear integral equations. Section 7 c
tains concluding remarks.

2. BETHE–ANSATZ SOLVABLE HAMILTONIANS

In our treatment we shall use the Bethe ansatz met
~for a review, see, e.g., the monograph48 and references

therein!. Let us start withRa ib i

m im i 11(u), the standardR matrix

of a spin-S chain with uniaxial easy-plane anisotropy~see,
e.g., Refs. 44, 45, 49!. The indicesa i andb i denote states o
the spin at sitei ~acting in the Hilbert spaceVi), and m
denotes states in the auxiliary space~Hilbert spaceVa). The
R matrix has the form
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R5P(
j 50

2S

)
l 50

j 21
sinhg@ i2~2S2 l !2u#

sinhg@ i2~2S2 l !#

3 )
i 5 j

2S21
sinhg@ i2~2S2 l !1u#

sinhg@ i2~2S2 l !#

3 )
p50
pÞ j

2S
2 sin2 gX̂ia2singp sing~p11!

sing~ j 2p!sing~ j 1p11!
, ~1!

whereu is the spectral parameter,g is the parameter of the
~easy-plane! magnetic anisotropy, the operatorP permutes
the spacesVi andVa , and

X̂ia5eigSi
zS 1

2
@Si

1Sa
21Si

2Sa
1#

1
cosgScosg~S11!

sing
Si

zSa
z

1
singSsing~S11!

sin2 g
cosgSi

z cosgSa
zD e2 igSa

z
, ~2!

where S65Sx6 iSy, and which in the limit of the SU~2!-
symmetric system (g→0) simplifies toSiSa1S(S11). The
R matrices satisfy the Yang–Baxter~triangle! relations.3,48

The row-to-row~from the viewpoint of the associated stati
tical 2D problem!, ‘‘standard’’ transfer matrixta

b(u) has the
form of the trace over the auxiliary space of the product oR
matrices with the same values of the spins~S! in sitesi

ta
b~u,$u% i 51

L !5(
m

)
i 51

L

Ra ib i

m im i 11~u,u i !, ~3!

whereL is the length of the quantum chain andu i are the
inhomogeneity parameters, which are shifts of the spec
parameter. TheR matrices satisfy the Yang–Baxter equ
tions, and, hence, the transfer matrices with different spec
parameters commute.48 The Hamiltonian of the uniaxia
spin-S quantum chain with impurities of the same spinS
is obtained as the derivative of the logarithm of the trans
matrix with respect to the spectral parameter~taken at
u50).49

The Hamiltonian of the uniaxial spin-S chain with spin-
S8 impurities is obtained as the derivative of the logarithm
the transfer matrix, which is the trace over the auxilia
space of the product ofR matrices withdifferent values of
spin ~S for host sites andS8 for impurity sites! in the spaces
Vi , with respect to the spectral parameter~at u50). Notice
that R matrices with different values of the spins for th
quantum and auxiliary spaces mutually satisfy the Yan
Baxter relations. The Hamiltonian has the form

H5(
j

2H j , j 111H imp1H imp– imp

~the host exchange constantJ is set to 2!. In general, the form
of the lattice Hamiltonian is very complicated; it depends
S, S8, u j , and the anisotropyg. We can directly write down
several important limiting cases of the Hamiltonian to clar
al

al

r

f

–

the situation. For example, for a spin-S8 impurity introduced
into the spin-1/2 Heisenberg chain we haveH j , j 11

5SjSj 11 . The impurity part of the Hamiltonian has th
form, say for thej th impurity situated between sitesm and
m11 of the host36,41,50

H imp5Fu j
21S S81

1

2D 2G21H ~Hm, imp1H imp,m11!

1$Hm, imp,H imp,m11%2S 1

4
13S8~S811! D

3Hm,m1122iu j@Hm, imp,H imp,m11#J , ~4!

where@.,.# ~$.,.%! denotes the~anti!commutator. One can se
that u j50 andS851/2 corresponds to the simple inclusio
of an additional site coupled to the system by the bulk int
action. On the other hand, foru j→` one obtains an impurity
spin totally decoupled from the host. For the easy-plane s
1/2 chain with spin-1/2 impurities we have38

H imp5
sin2 g

sinh2 u j1sin2 g
H B̂j~Hm, imp,H imp,m11!

2Hm,m112 i2
tanhu j

sing
@Hm, imp,H imp,m11#J , ~5!

where the operatorB̂j modifies the Heisenberg-like interac
tion by multiplying the transverse terms by coshuj . For the
isotropic SU~2!-symmetric spin-S host the structure of the
Hamiltonian is more complicated~without the impurity it
corresponds to the Takhtajan–Babujian chain51,52! with

Ha,b5 (
j 5uS2S8u11

S1S8

(
k5uS2S8u11

j
k

k21u2 )
l 5uS2S8u

S1S8 x2xl

xj2xl
,

~6!

x5SaSb (a,b5m,m11,imp), and 2xj5 j ( j 11)2S(S11)
2S8(S811). Note that in this case the overall multiplier
@u21(S1S8)2#21 and the coefficient in front ofHm,m11

becomes22S8(S811)2(S81S)2. For the anisotropic case
one has to replacex by X̂m,m11 , cf. Eq. ~2!, andxj by the
appropriate coefficients from Eq.~1!.

If two impurities are situated between two neighbori
host sites, they can interactdirectly, e.g., for the isotropic
case the impurity–impurity part of the Hamiltonian
H imp-imp5( ju j

2Jimp
j Hj , j 11 ; for illustration, see Fig. 1. These

impurity–impurity couplings can model, e.g., a RKKY inte
action~one of short range though! between the impurities in
oncentrated metallic alloys. In the following we shall stu
the case with asmallnumber of such neighboring impurities

One can independently incorporate any number of im
rities, described above, into the host spin chain. Each of th
will be characterized by its own coupling to the host, i.e.,
its own u j . The lattice Hamiltonian has additional term
which renormalize the coupling between the neighbor
sites of the host, and three-spin terms. However, it has b
shown50 that in the long-wavelength limit such a lattice for
of the impurity Hamiltonian yields the well-known form o
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the contact impurity–host interaction, similar to that of t
usual Kondo problem.2,3 The contact impurity coupling in
this ~conformal! limit is also determined by the same co
stantu j . We also point out that it was shown that the ma
netic behavior of the impurities in the bulk and the magne
behavior of the impurity situated at the edge of the ch
~where the renormalization of the coupling between
neighboring sites of the host and three-spin terms can
eliminated, and the only interaction between the impur
and the host is the standard two-spin exchange interac!
coincide.41,53 Finally, we would like to note that all the im
purities considered in our work areelastic scatterers, i.e.
each excitation only changes its phase when scattering
each impurity, but is not reflected. It is worthwhile to no
the same property holds for the theory of a standard Ko
impurity in a free-electron host.2,3 Equally important to men-
tion is that we are studying alattice model, and, hence, al
two-particle scattering processes, in particular, from o
Fermi point to the other~backscattering!, are taken into ac-
count in our work. However, we emphasize again that
model ~as well as the exact solution for the Kondo proble
in metals!2,3 does not describe reflecting impurities.

The Hamiltonian and other integrals of motion, whic
can be constructed in a similar way as higher-order logar
mic derivatives, commute with the transfer matrix.

3. BETHE ANSATZ AND RELATION TO THE KONDO
PROBLEM

The eigenvalues and eigenstates of the above-mentio
problem are parametrized by the quantum numbers~rapidi-
ties! $uj% j 51

M , whereM is related to thez projection of the
total spin asSz5(S1S8cimp)L2M , where L is the total
length of the chain~including the impurity sites! andcimp is
the concentration of impurities. Notice that the Hamiltoni
commutes with thez projection of the total spin; hence,M
enumerates all possible states. We shall consider not
large concentrations of impurities. Those rapidites are
solutions of the Bethe equations

)
j 51

L

e2s~uj20 j !52)
k51

M

e2~uj2uk!, ~7!

where j 51,...,M ,

en~x!5
sinhg~x1 in !

sinhg~x2 in !
,

FIG. 1. Illustration of the impurity–host and impurity–impurity intera
tions. Here in the simplest case of the isotropic Heisenberg interac
the local impurity–host exchange constantJ52@u j

21(S1S8)2#21 and
J8;2u j

2J in units of the host exchange constant 2.
-
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s5S for the host sites~with u f50) ands5S8 for impurity
sites, whereu f can be nonzero. The energy of the state w
thez projection of the total spin, characterized byM, is equal
to

E0[Le052 i
sin~2gS!

4S (
j 51

M
d

duj
ln es~uj !. ~8!

This formula is valid for the cases in which the lengths of t
clusters of neighboring impurities, which interact with ea
other, are small.

It is easy to show that the behavior of the ensemble
multichannel~with 2S channels! Kondo impurities, each of
which is coupled to the free-electron gas via its own ea
plane-anisotropic local exchange interaction, with the Ham
tonian

HK5 (
k,l ,s

ekck,l ,s
† ck,l ,s1

1

2 (
j

d~x2xj !

3(
l 51

2S

$D j@~S8! j
z#21Jj

par~S8! j
z~cx,l ,↑

† cx,l ,↑

2cx,l ,↓
† cx,l ,↓!1Jj

perp@~S8! j
1cx,l ,↓

† cx,l ,↑

1~S8! j
2cx,l ,↑

† cx,l ,↓#%, ~9!

whereck,l ,s
† creates an electron of channell with the spins

and impurities are situated at sitesxj , can be also describe
within the Bethe ansatz scheme. In the scaling limit for sm
magnetic anisotropy one hasJj

par52g/u jr, Jj
perp5Jj

par(1
2d j /3), andD j52Jj

pard j /3, whered j5(u j
2/2)1(g2/8) and

r is the density of states of conduction electrons at the Fe
level. In this case the low-energy spin behavior~which is the
most important one for the Kondo impurities! is determined
by the solution of Eqs.~7!, while the energy is determine
via

EK[Le0K52 i
sin~2gS!

4S (
j 51

M

ln es~uj !. ~10!

The condition of applicability of the Bethe ansatz scheme
ensembles of disordered impurities is the presence of la
enough numbers of magnetic impurities with equal excha
constants, while those constants for other impurities can
randomly distributed. For small enough impurity concent
tions the probability of having long clusters of impuritie
connected by the direct impurity–impurity interactions
small, and in the thermodynamic limitL→` one can neglect
the contribution of such clusters. In this case the contribut
of each impurity~or of each small cluster of directly couple
impurities! is additive, and we can solve the problem fo
each impurity~cluster!, determined by the local exchang
coupling constant~related tou j ) and, then, introducing the
distribution ofu j over the chain~in the volume of the meta
for the case of the Kondo impurities!, average the answer
for the thermodynamic characteristics. Such an addit
property is a consequence of the exact integrability of
problem and is strictly connected with the structure of t
Hamiltonians considered. It turns out, however, that in

n
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long-wavelength limit the ‘‘triangular’’ structure of the
impurity–host interaction actually produces a local cont
impurity–host interaction,36–38,50 and the ‘‘fine-tuning’’
structure of the couplings between magnetic impurities
the host becomes nonessential.
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4. THE GROUND-STATE BEHAVIOR

Let us first study the ground-state behavior of the s
tems considered. In the absence of magnetic field
ground-state energy of the impurity is
e0~u j !52
p sin~2gS!

4gS E dvei (pvu j ) /g

sinhFpv

g
min~S,S8!GsinhF S p2

2g
2p max~S,S8! DvG

sinh~pv!sinhS pv

2 D , ~11!
te

f

tic
de

e
on-
and the total ground-state energy is equal to

E05(
j

e0S p

g
u j D , ~12!

where the sum is taken over all the sites~for sites without
impurities we gete0(0)). Notice that foru j50 and forS8
5S the impurity is just an additional site of the host, th
ground-state energy per site of which is

e0~0!52
p sin~2gS!

4gS

3E dv

sinhS pv

g
SD sinhF S p2

2g
2pSDvG

sinh~pv!sinhS pv

2 D . ~13!

For the Kondo impurities Eq.~11! can be used with the over
all multiplier 1/2.

The coupling of the impurity to the host (Jimp
j ) is deter-

mined by the constantu j . We can show~see also Refs. 41
and 50! that precisely this constant determines the effect
Kondo temperature of the impurity in a spin chain viaTjK

}exp(2puuju). For energies higher than this crossover Kon
scale one has the asymptotically free impurity spinS, while
for lower energies the impurity spin is underscreened
S8.S ~with the Curie-like behavior of the remnant effectiv
spin S82S), totally screened forS85S ~with the usual mar-
ginal FL-like behavior persisting with the finite susceptibili
and linear temperature dependence of the specific heat a
temperature, and, hence, finite Wilson ratio in the grou
state! and overscreened forS8,S ~with the critical non-FL
behavior of a single spin5!. It is similar to the findings in the
theory of a Kondo impurity in a free-electron matrix.2,3 In
other words,u measures the shift off the Kondo resonan
~higher values ofuu j u correspond to lower values on th
Kondo scale! of the impurity level with the host spin excita
tions, similar to the standard picture of the Kondo effect
the electron host. The difference between the two mode
that in the free-electron host the spins of free electrons sc
the magnetic impurity, while in the spin chain the low-lyin
spin excitations~spinons for the AF chain! quench the spin
of the impurity.
e

o

r

ow
d

is
en

Let us illustrate this with the help of the ground-sta
behavior of impurities in small magnetic fieldh. The ground-
state energy per site is equal to~we shall consider sufficiently
small g,p/2S)

e0~u j ,h!5e0~u j !

2E dveivpu j /g

y1S pv

g D sinh~vpS8!

2 coshS pv

2 D sinh~vpS!

~14!

for S8<S and

e0~u j ,h!5e0~u j !2
p~S82S!h

p22Sg

2E dv

2g
eivpu j /g

y1S pv

g D sinhFvS p2

2g
2pS8D G

2 coshS pv

2 D sinhFvS p2

2g
2pSD G

~15!

for S8>S. Herey1(v) is the positive part of the solution o
the equation

y~u!1E
0

`

du8y~u8!J~u2u8!2
h

2
1

p sin~2gS!

4gScoshFp~u1B!

g G
52E

0

`

du8y~u8!J~u1u812B!, ~16!

where the Fourier transform ofJ(x) is

J~v!5

sinhS gv

2 D sinhS pv

2 D
2 coshS gv

2 D sinh~gvS!sinhFvS p

2
2gSD G ~17!

and B is connected with the value of the external magne
field. Notice that for the Kondo problem the right-hand si
of Eq. ~16! is small and is usually dropped~see, however,
Ref. 54!. Equation~16! for small fields can be solved as th
sequence of Wiener–Hopf equations. It also gives the c
nection betweenh andB:
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h5
p2 sin~2gS!

2gS
e2~B1a!p/g

3

GS 11
p

2g D
G~11S!GS 12S1

p

2g D 1..., ~18!

wherea is some nonuniversal constant.
For S85S we close the contour of integration in Eq.~15!

through the upper half plane~the main pole is that of
cosh(pv/2)) and have

e0~u j ,h!5e0~u j !2
2S2g~p22gS!h2

2p3 sin~2gS!TjK

2
Ah212g~p22gS!

TjK
2..., ~19!

for h!TjK , where for small g, TjK5ve2puu j u/g (v
5p sin(2gS)/2gS is the Fermi velocity of low-lying excita-
tions! plays the role of the ‘‘local’’ Kondo temperature, andA
is some nonuniversal constant. Each single magnetic im
rity is totally compensatedfor h<TjK . The susceptibility of
a single impurity isfinite ash→0 and is renormalized by a
factor of TjK with respect to the host susceptibility. Agai
the total ground state energy is the sum of energies of
impurities and host spins~the latter with u j50, i.e., TjK

5v). We shall show below~see Sec. 4! that the strong dis-
order in the distribution of the local Kondo temperatures c
lead to the divergent magnetic susceptibility forh→0, i.e., to
the NFL behavior.

It turns out that some studies connect the multiplier
22gS/p) with the renormalization of the effectiveg factor
of the spins,3 while other works relate such a change to t
NFL behavior caused by the magnetic anisotropy.43,44

For S8.S the main contribution to the integral arise
from the poles atv5 ip/g ~and thenv52p/(p22gS))
which produces forh!TjK

e0~u j ,h!5e0~u j !2
~S82S!ph

~p22gS!

2ChS h

TjK
D 2g/~p22gS!

1..., ~20!

where C is a nonuniversal constant. We can see that
h→0 the magnetization isfinite for a single impurity, and
spins of single impurities areunderscreenedto the value
S82S by host low-lying excitations.

Finally, for S8,S andh!TjK we have

e0~u j ,h!5e0~u j !2C8hS h

TjK
D 1/S

1..., ~21!

for S.1, where C8 is a nonuniversal constant, and fo
S51, S851/2 we have

e0~u j ,h!5e0~u j !2
2g~p22g!h2

4p3 sin~2g!TjK
ln~TjK /h!1... .

~22!

Hence, forS8,S the spins of single impurities areover-
screened, and that produces the NFL behavior.
u-
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r

5. THERMODYNAMICS AND THE ‘‘QUANTUM TRANSFER
MATRIX’’ APPROACH

For our 1D inhomogeneous quantum spin system a
nite temperature we choose a suitable lattice path inte
representation by a mapping which preserves integrabi
For a general formulation of the Trotter–Suzuki decompo
tions used in our approach we refer to Refs. 55–58. As us
we study the associated 2D classical vertex model instea
the direct treatment of the 1D quantum system.

One can introduceR matrices of different types, relate
to the initial one by a counterlockwise rotation,R̄ab

mn(u)
5Rnm

ab(u), and by a clockwise rotation,R̃ab
mn(u)5Rmn

ba(u).
The transfer matrixt̄(u,$u% i 51

L ) can be constructed in a
way similar to the case oft. Then we substitute
u52J sing/NT, whereN is the Trotter number. We find

@t~u!t̄~u!#N/25e2H/T1O~1/N!. ~23!

Hence, the partition function of the quantum 1D system
identical to the partition function of an inhomogeneous cl
sical vertex model with alternating rows on a square latt
of sizeL3N:

Z5 lim
N→`

Tr@t~u!t̄~u!#N/2. ~24!

The interactions on the 2D lattice are four-spin intera
tions with coupling parameters depending on (NT)21 and
interaction parametersu i , wherei is the number of the col-
umn to which that particular vertex of the lattice belong
Note that the interactions are homogeneous in each colu
but vary from column to column. This is similar to th
McCoy–Wu model,59 which is the Ising model with disorder
~However in its 1D realization the Hamiltonian of th
McCoy–Wu model can be mapped on the quadratic ferm
form by means of the Jordan–Wigner transformation, i
there are no interactions in that model. Our models definit
reveal an essential coupling between particles.! We study this
system in the thermodynamic limitN, L→` using an ap-
proach which is based on a transfer matrix describing tra
fers in the horizontal direction. The corresponding colum
to-column transfer matrices are referred to as ‘‘quant
transfer matrices’’~QTMs! ~where an external magnetic fiel
h is included by means of twisted boundary conditions!:

tQTM~u j ,u!5(
m

em1h/T)
i 51

N/2

Ra2i 21b2i 21

m2i 21m2i

3~u1 iu j !R̃a2ib2i

m2im2i 11~u2 iu j !. ~25!

See Fig. 2 for an illustration of the transfer matrices of t
associated 2D statistical model.

In general all QTMs corresponding to theL columns are
different. However, all these operators commute pairwi
Therefore, the free energy per lattice site of our 1D quant
system can be calculated from the largest eigenvalues o
quantum transfer matrices~corresponding to only one eigen
state!. The free energy per sitef of the 1D inhomogeneous
quantum spin chain is given by only the largest eigenvalue
the quantum transfer matrixLQTM as
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f 52 lim
L→`

T

L (
i 51

L

lim
N→`

ln LQTM~u i ,u!, ~26!

whereu52J sing/TN and the dependence onN is under-
stood implicitly.

Let us consider the hierarchy of QTMs acting on t
subspacê NV2S ~the index specifies the spins of the scatt
ers! with Tn being a member of such hierarchy with th
auxiliary subspaceVn ~here the indexn specifies the spin o
the auxiliary particle, i.e., the auxiliary particle with sp
n/25S8 scatters offN spinsS!. By means of a Bethe ansa
procedure we find the eigenvalue of the quantum tran
matrix to be given by

LQTM~u i !5

L2S8S 2u i

g D
)p51

2S8 @sinh~ ipg!#N/2
~27!

and

Lp~x!5 (
l 51

p11

l l
~p!~x!,

l l
p~x!5c l

~p!~x!eh~p1222l !/T

3
Q@x1 i ~p11!#Q@x2 i ~p11!#

Q@x1 i ~2l 2p21!#Q@x1 i ~2l 2p23!#
,

c l
~p!~x!5 )

z51

p2 l 11

f2@x2 i ~p22S22z!#f1@x1 i ~p22S

1222z!#)
z51

l 21

f2@x2 i ~p22S12

22z!#f1@x1 i ~p22S22z!# ~28!

with p>2, L051 and

L1~x!5f1@x2 i ~2S21!#f2@x2 i ~2S11!#eh/T

3
Q~x12i !

Q~x!
1f2@x1 i ~2S21!#

3f1@x1 i ~2S11!#e2h/T
Q~x22i !

Q~x!
. ~29!

Here we have dropped the dependence onu and u i , which
are fixed, and consider the dependence on the spectra
rameterx explicitly. We have used

FIG. 2. The classical 2D model with four-spin interaction around verti
and alternating coupling parameters from column to column, related to
quantum 1D chain.
-

er

pa-

f6~x!5sinhN/2S g
x6 iu8

2 D ,

Q~x!5)
j 51

m

sinhS g
x2xj

2 D ~30!

with ‘‘renormalized’’ u852u/g. Here $xj% j 51
m is the set of

Bethe ansatz rapidities, which are subject to the ‘‘local’’ B
the ansatz equations

f2@xj1 i ~2S21!#f1@xj1 i ~2S11!#

f1@xj2 i ~2S21!#f2@xj2 i ~2S11!#

5e22h/T
Q~xj12i !

Q~xj22i !
, ~31!

where m is the number of the roots of the ‘‘local’’ Bethe
ansatz equations, being different for different eigenstate
the QTM. For the largest eigenvalue we have to takem
5NS. However, we shall not solve Eqs.~31! directly but
rather shall be interested in the functional properties of
eigenvalue of the transfer matrix. Note thatL051 and

Lp~x1 i !Lp~x2 i !5 f p~x!1Lp21~x!Lp11~x!, ~32!

wherep>1 and

f n~x!5)
j 51

n

)
6

f6@x6 i ~n22S22 j 11!#

3f6@x6 i ~2S2n12 j 11!#. ~33!

For this purpose we introduce auxiliary functionsyn(x),
Yn(x)511yn(x), b(x), b̄(x), B(x)511b(x), and B̄(x)
511b̄(x) by

yn~x!5Ln21~x!Ln11~x!/ f n~x!, n>1,

b~x!5
l1

~2S8!~x1 i !1...1l2S8
~2S8!

~x1 i !

l2S811
~2S8!

~x1 i !
,

b̄~x!5
l2

~2S8!~x2 i !1...1l2S811
~2S8!

~x2 i !

l1
~2S8!~x2 i !

, ~34!

wheren>1. Then one can straightforwardly check that (y0

50)

yn~x1 i !yn~x2 i !5Yn21~x!Yn11~x!,

L2S8~x1 i !5B~x!l2S811
~2S8!

~x1 i !5e22S8/T)
6

)
j 51

2S8

f6@x

1 i ~2 j 12S22S8261!#
Q~x22iS8!

Q~x12iS8!
,

L2S8~x2 i !5B̄~x!l1
~2S8!~x2 i !

5e22S8h/T)
6

)
j 51

2S8

f6@x2 i ~2 j 12S22S861!#

3
Q~x12iS8!

Q~x22iS8!
. ~35!
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Notice that the first set of equations is nothing but the fus
hierarchy~so-calledY system!. Let us use the first 2S822
equations of theY system as they are. In the equation f
y2S821 we replaceY2S8(x) by B(x)B̄(x), due to

Yp~x!5B~x!B̄~x!, ~36!

i.e., we have

y2S821~x2 i !y2S821~x1 i !5Y2S822B~x!B̄~x!. ~37!

Then we obviously have

b~x!5e~2S811!h/T

3)
6

f6@x1 i ~2S22S861!#L2S821~x!

) j 51
2S8 f6@x1 i ~2 j 12S22S861!#

3
Q@x1 i ~2S812!#

Q~x22iS8!
,

b̄~x!5e2~2S811!h/T

3)
6

f6@x1 i ~2S22S861!#L2S821~x!

) j 51
2S8 f6@x2 i ~2 j 12S22S861!#

3
Q@x2 i ~2S812!#

Q~x12iS8!
~38!

and

Lk21~x2 i !Lk21~x1 i !5Yk21~x! f k21~x!, ~39!

which are consequences of the definitions.
What do these additional functions describe? We can

derstand this by taking into consideration only the SU~2!-
symmetric case, i.e.,g50. Here according to Ref. 60 th
scattering matrix of excitations of the quantum spin-1/2 s
tem factorizes into the matrix of the spin-1/2 SU~2!-
symmetric model and the matrix of the level-2S
sl2-symmetric RSOS~restricted solid-on-solid! model61,62

~consistent with the quantum field theory prediction that
conformal field theory~CFT! is the level-2S Wess–Zumino–
Novikov–Witten ~WZNW! model, which can be approxi
mately written as the sum of a Gaussian sector with the c
tral chargec51 and theZ2S parafermionic sector withc
5(2S21)/(S11).63 In the scaling limitZk parafermionic
theory is approximately equivalent to the sl2 RSOS model.
Hence the functionsb, b̄, B, andB̄ describe the spinon secto
~spinons of the spinS51/2 model!, which pertains to the
Gaussian for the SU~2!-symmetric case, while theyj func-
tions ~with the additional conditionyk50) describe the
RSOS sector.

One can see that these auxiliary functions are analy
nonzero, and have constant asymptotic behavior for the s
21,Im x<0 for b(x) andB(x), for the strip 0<Im x,1 for
b̄(x) and B̄(x), and for the strip21>Im x>1 for yn and
Yn . Introducing a(x)5b(2(x1 i e)/p) and ā(x)5b̄(2(x
2 i e)/p) ~infinitesimale.0), taking the logarithmic deriva
tive of these functions, then Fourier transforming the eq
tions, eliminating the functionsQ(x), and finally inverse-
Fourier transforming, we obtain the final set of nonline
integral equations. Eventually, we take the limitN→`. Pro-
ceeding in this way we find for our system the following s
n

n-

-

e

n-

c,
ip

-

r

t

of nonlinear integral equations for the ‘‘energy densit
functions of spinonsa, ā, A511a, Ā511ā, yn andYn in
dependence on the spectral parameterx:

ln y1~x!5E k8~x2y!ln Y2~y!dy,

ln yj~x!5E k8~x2y!ln@Yj 21~y!Yj 11~y!#dy,

2< j <2S821,

E @k8~x2y!ln Y2S822~y!1k8~x2y1 i e!ln A~y!

1k~x2y2 i e!ln Ā~y!#dy5 ln y2S821~x!,

E @k~x2y!ln Ā~y!2k~x2y2 ip1 i e!ln A~y!

1k8~x2y1 i e!ln Y2S821~y!#dy

5 ln a~x!1
v

T coshx
1

ph

2~p2g!T
,

E @k~x2y!ln A~y!2k~x2y1 ip2 i e!ln Ā~y!

1k8~x2y2 i e!ln Y2S821~y!#dy

5 ln ā~x!1
v

T coshx
1

ph

2~p2g!T
~40!

with kernel functions

k~x!5
1

2p E dv
sinh@~p2S/g2~2S11!p!v#cos~xv!

2 cosh~pv/2!sinh~Spv~p2g!/g!
~41!

and

k8~x!5
1

2p E dv
cos~xv!

2 cosh~pv/2!
. ~42!

The free energy per sitef is given by

f ~x!5e0~x!2
T

2p E ln A~y!dy

cosh~x2y1 i e!

2
T

2p E ln Ā~y!dy

cosh~x2y2 i e!
, ~43!

wheree0 is the ground-state energy. The free energy of
total chain with impurities is

F5(
j

f Fpg u j1 ip~S82S!G , ~44!

where the sum is taken over all the sites~for sites without
impurities we getf (0)).

The free energy per impurity of the multichannel Kond
problem of the ensemble of disordered impuritiesf K is given
by
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f K~x!5e0K~x!2
T

2p E sinh~x2y1 i e!ln A~y!dy

cosh2~x2y1 i e!

2
T

2p E sinh~x2y2 i e!ln ā~y!dy

cosh2~x2y2 i e!
, ~45!

wheree0K is the ground-state energy. Notice that forS8,S

one has to put lnY2S8 into Eqs.~43!–~45! instead of lnAĀ,
see Eq.~36!. The free energy of the total ensemble of Kon
impurities is equal to

FK5(
j

f KFpg u j1 ip~S82S!G , ~46!

where the sum is taken over all the impurities. It turns o
that for large arguments, which are important for the lo
temperature characteristics, the behaviors of the kernel
Eqs. ~43! and ~45! are similar. The difference appears to
important for the energies of order of the values of lo
exchange constants and higher, cf. Fig. 3.

These equations can be easily solved numerically
arbitrary magnetic field values and temperatures. The
dom distribution of the valuesu j can be described by a dis
tribution functionP(u j ). It is worthwhile to emphasize her
the simplicity of the equations derived. For each impur
there are only two parameters, the real and imaginary sh
of the spectral parameter in the formula for the free ene
per site, Eqs.~43!, ~45!. Then the exact solvability of the
problem for any number of impurities permits one to intr
duce the distribution of these shifts~the strengths of the
impurity–host couplings pertinent to the local Kondo te
peratures and the spins of the impurities!. We have only
2S811 nonlinear integral equations, Eqs.~40!, to solve, and
the answer can in principle be obtained for arbitrary tempe
ture and magnetic field ranges.

FIG. 3. The behavior of the kernels of Eq.~43! ~dashed line! and Eq.~45!
~solid line!.
r
-
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6. DISORDERED ENSEMBLES OF MAGNETIC IMPURITIES

One can see from Eqs.~40!–~46! that for low T the
temperature behavior of the magnetic susceptibility and s
cific heat of single impurities depends strongly on the re
tive values of the host spinsS and impurity spinS8.

For S.S8 the impurity is underscreenedby low-lying
excitations of the chain~in the case of the Kondo
impurity—by spins of conduction electrons!. The magnetic
susceptibilityx j of such an impurity is divergent ath50 for
T→0. The specific heatcj exhibits the Schottky anomaly
related to the undercompensated spin of the impurity. T
entropy of a single impurity atT5h50 becomes nonzero
Sj5 ln@112p(S82S)/(p22gS)#. A finite magnetic field lifts
the degeneracy and the remnant entropy becomes zero. N
rally, the total low-temperature magnetic susceptibility
any disordered ensemble of such impurities is also diverg
at low temperatures.

On the other hand, forS8,S the spins of low-lying ex-
citations of the antiferromagnetic critical chain~spins of itin-
erant electrons for the multichannel Kondo case! overscreen
the spin of a single magnetic impurity. This yields the critic
behavior, which reveals itself in the divergences of t
T→0 magnetic susceptibility of a single magnetic impur
and of the low-T Sommerfeld coefficient of the specific he
cj /T for h50. In this case one has a remnantT5h50
entropy of each impurity

Sj5 ln
sin@p~2S811!/~2S812!#

sin@p/~2S12!#
,

which is removed by a finite magnetic field that lifts the sp
degeneracy of the system. It is not difficult to show by so
ing Eqs. ~40!–~43! that at low T one has cj}Tx j

;(T/TjK)2/(S11) for S.1 and TjKcj /T}TjKx j; ln(TjK /T)
for S51/2 at zero magnetic fieldh50. The total low-
temperaturex j and the Sommerfeld coefficient of any diso
dered ensemble of such impurities are also divergent at
temperatures.

Here the disorder of the distributions of the impurity
host couplings~local exchanges between Kondo impuriti
and conduction electrons! does not yield any qualitative
changes but introduces only specific additional features
the NFL behavior of the system, which is already present
a single magnetic impurity.

A more interesting situation arises in the caseS85S.
Here the solution of Eqs.~40!–~43! can be obtained62 ana-
lytically. We know that at sufficiently low temperatures th
functions a and lnA manifest a sharp crossover behavio
reminiscent of a step function:uau!1 and u ln Au!1 for x
, ln aTjK /T, anduau, u ln Au;O(1) for x. ln aTjK /T, wherea
is some constant andTjK was introduced in Sec. 4. We ca
introduce37 the scaling functions

ln a65 ln a$6@x1 ln~aTjK /T!#%,

ln ā65 ln ā$6@x1 ln~aTjK /T!#%,

ln A65 ln A$6@x1 ln~aTjK /T!#%,

ln Ā65 ln Ā$6@x1 ln~aTjK /T!#%,

ln yp
65 ln yp$6@x1 ln~aTjK /T!#%,
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ln Yp
65 ln Yp$6@x1 ln~aTjK /T!#%,

where p51,...,2S821. In terms of those scaling function
Eqs. ~40! are renormalized in such a way that the drivi
terms ~those which do not depend on functionsa,ā,...,yp

andYp) in the last two equations forh50 become propor-
tional to v exp(2x6ie) ~where small corrections of orde
O(T) have been neglected!. Hence only the asymptotic be
havior of A and Ā at large spectral parameter is essentia62

Following the procedure described in Ref. 62, we obtain
low-temperature behavior of the free energy per site~for h
50)

f ~u j !5e0~u j !2
pSgT2

2~S11!sin~2gS!TjK

3F11
3S3

@ ln~aTjK /T!#3G1... . ~47!

In the presence of a weak magnetic fieldh!T we can cal-
culate the temperature corrections to the free energy per

f ~u j !5e0
j ~u j ,h!2

pSgT2

2~S11!sin~2gS!TjK

2
h2

4pTjK
F11

1

~2S11!ln~aTjK /T!

1
lnu ln~aTjK /T!u

~2S11!2 ln2~aTjK /T!G1O~T2!. ~48!

For a single impurityP(TjK)5d(TjK2TK) we immedi-
ately recover the famous Kondo behavior of the asympt
cally free spin~characteristic for a Kondo impurity in a free
electron host2,3 and for a single impurity in a Heisenberg A
chain!.41 For the homogeneous case we putu j50 ~which
means thatTjK→v, where v is the Fermi velocity of
spinons!. Naturally our result in this case coincides with th
Bethe ansatz solution58 and with the field theoretica
prediction.64 It turns out that the central charge of the CFT
c53S/(S11) and does not depend on the parameter of
impurity u j . One can see that only one parameter gets re
malized in the disordered case—the Fermi velocity of
U~1!-symmetric low-lying excitations: spinons~the Kondo
scale plays the role of a ‘‘local Fermi velocity’’ for a
impurity!.37

Our models permit averaging over a distribution ofu j

~or ‘‘local’’ Fermi velocities! because of the factorization o
the free energy of the system. This is a consequence o
integrability of our models~i.e., of the presence of onlyelas-
tic scattering off impurities!. Note that theu j dependence
present in the low-energy characteristics results only in
universal scalesTjK ~that is not so for higher energies, b
the latter are irrelevant for the low-temperature disord
driven divergences!. Hence for low energies we can use d
tributions of TjK , which are also more appropriate in co
nection to the experiments.11–20,27–29That is why the main
features of the low-energy characteristics of our disorde
spin chain are determined by the distributions of the effec
Fermi velocities for the impurities. Let us consider the stro
disorder distribution, which starts with the termP(TjK)
}G2l(TjK)l21 (l,1) valid till some energy scaleG for
the lowest values ofTjK ~that distribution has been shown
e

te:
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pertain to real disordered quantum spin chains27–29and some
heavy fermion alloys;11–20,25 see Figs. 4, 5, curves 3, fo
which we tookl50.7 andG52. Now we can calculate the
low-temperature behavior of the average magnetic susce
bility x, the Sommerfeld coefficient of the specific heat, a
the correlation length of the form~the lower limit of the
integral over the distribution ofTjK gives a regular contribu-
tion!

^x&}
^c&
T

;G2lTl21. ~49!

These formulas definitely manifest the low-T divergences of
^x& and ^c&/T and strong renormalization in the disorder
spin chain as compared to the homogeneous situation.
ground-state average magnetization displaysMz;(h/G)l

behavior, also different from the homogeneous case.
Other important characteristics of our disordered s

chain, e.g., the dynamic magnetic susceptibility^x9&(v,T),
can be calculated. We can use the standard ansatz fo
relaxational form of the susceptibility of a single magne
impurity,22,23

x9~v,T!5x~T!
G~T!v

v21G2~T!
, ~50!

in which one supposes that the relaxation rate~proportional
to the half-linewidth of the resonance line! G does not de-
pend on the frequencyv. That ansatz automatically satisfie
the Kramers—Kronig relation. At low temperatures the u
of the Shiba approximation22,23 determines the first (T50)
term in the expansion ofG(T) via

FIG. 4. Distributions, as functions of the local exchange constant~with g
52), used in this study, which produce the NFL behavior of the ensem
of spin-S impurities in the spin-Shost:1—the Lorentzian distribution ofu j ;
2—the log-normal distribution ofu j ; 3—the power-law distribution. Very
small values of the exchange constant are excluded.
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lim
v→`

x9~v,0!

pv
52x2~0!. ~51!

That gives the low-temperature dependence of the relaxa
rate per site for the disordered spin chainG(T);TjK . Hence
we get

^x9&~v,T!;G21~G/T!l21g~v/T!, ~52!

with g being the universal scaling function determined
g(x)5x*1

`dy/yl21(x21y2), which differs drastically from
the homogeneous case. Similar calculations, e.g., for
variation of the Knight shift and for the NMR relaxation ra
yield dK/K}dx/x;T2l/2 where dA denotes the mean
square deviation ofA due to the distribution ofTjK and
T1

21;G21(G/T)l21g(v/T).
For the importantmarginal casel51, logarithmicT di-

vergences appear. Here one has the distributionP(TjK50)
5P0Þ0 valid till G. Then averaging the low-temperatu
part of the susceptibility and Sommerfeld coefficient, we o
tain

^x&}
^c&
T

;2
P0

2p F ln
G

T
1

1

2
ln ln a

G

T
1...G . ~53!

Here we again see the zero-temperature divergences o^x&
and ^c&/T ~weaker, though, than in the previous case!. We
can also calculate the low-field ground-state magnetizati

^Mz&;hP0@2 ln~h/G!2 ln~ ln~h/C8G!!1...#.

FIG. 5. Distributions, as function ofTK , used in this study, which produc
the NFL behavior of the ensembles of spin-S impurities in the spin-S host:
1—the Lorentzian distribution ofu j ; 2—the log-normal distribution ofu j ;
3—the power-law distribution. Notice that we have used only small val
of TK .
on

e

-

:

We obtain for the dynamic magnetic susceptibility the sc
ing behavior

^x9&~v,T!;P0@~p/2!2tan21~2GT/0.41pv!#

~which is again in drastic contrast to the homogeneous ca!.
The weak power-law or logarithmic dependence perta

to the Griffiths singularities in the proximity of the critica
point T50 ~cf. Refs. 25 and 26!. For these distributions o
TjK the Wilson ratio atT50 is equal to 2p2/3, characteristic
for a FL-like situation. It turns out that our above-mention
results for low temperatures are also valid for random
sembles ofS85n/2 ~where n is the number of channels!
multichannel Kondo impurities with a local anisotropic, ge
erally speaking, interaction of the latter with conductio
electrons, because at low temperatures the difference
tween the energy of the spin chain and the spin subsyste
the Kondo system is small~cf. Fig. 3!.

We can illustrate our analytical results by numerical c
culations for the solutions of Eqs.~40!–~44! ~for accurate
numerical calculations see Ref. 38!. In Fig. 6 the temperature
dependences of the magnetic susceptibility and the Somm
feld coefficient for the most usual AF spin magnetically is

s

FIG. 6. Magnetic susceptibility~a! and the Sommerfeld coefficientc/T ~b!
at h50 for the isotropic spin-1/2 antiferromagnetic chain with spin-1
magnetic impurities. The exchange constant of the host is 2. The solid
shows the homogeneous chain; the long-dashed line—the Gaussian d
bution; the dashed line—the log-normal distribution; the dotted line—
Lorentzian distribution ofu j .
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tropic spinS51/2 chain are depicted. The solid lines sho
the finite values of the low-T x andc/T in this case. How-
ever, the dashed and dotted lines present the answers fo
distributions ofu j ~which, in turn, corresponds to the distr
butions of either the impurity–host exchange constants,
curves 1 and 2 of Fig. 4, or local effective Kondo tempe
tures, see Fig. 5, which presents results forg52) with
strong disorder. The latter means that the wings of the dis
butions are large enough compared to the maxima of
distributions. The dotted line corresponds to the Lorentz
distribution P(u j )5@(2u j /g)21p2#21. The dashed line
pertains to the so-called logarithmically normal distribution65

P~u j !5
exp~2@ ln~ u2u j /gu11026!11/4#2!

Ap~ u2u j /gu11026!
,

which is also characteristic for strong disorder. One can
the qualitative difference between the behavior ofS85S
magnetic impurities with the strong disorder of the distrib
tion of their couplings to the host as compared to the iso
pic spin chain. The magnetic susceptibility and the Somm
feld coefficient diverge strongly atT→0 for the highly
randomly distributed parameters of the impurity–host c
plings ~note that in Ref. 37 we have shown that at low te
peratures only theTjK determine the scaling behavior of lo
cal impurities!. This is in stark contrast with the
homogeneous case. It turns out that the low-temperature
ymptotics of the log-normal case of the disorder are38

c;$ ln~1/T!exp~@ ln ln~1/T!#2%21,

x;$T ln ln~1/T!exp~@ ln ln~1/T!#2%21, ~54!

while for the Lorentzian distribution one has

c;@ ln~1/T!#22, x;@T ln~1/T!#21. ~55!

The latter case is similar to the situation present for the
called Griffiths phase26 at very low temperatures.

In Fig. 7 similar behaviors are seen for the magne
susceptibilities and Sommerfeld coefficients of the homo
neous case and the cases with the log-normal and Loren
distributions~strong disorder! and the Gaussian distributio
~weak disorder, see below! for the mostly anisotropic easy
plane caseg5p/2 ~for S51/2 this corresponds to the XX
model, which for the homogeneous case pertains to the
spinless fermion gas!. One can see that the changes due
the nonzero magnetic anisotropy of the easy-plane type
only qualitative. This is clear, because such an easy-p
magnetic anisotropy does not produce gaps for the l
energy excitations~i.e., it is a marginally irrelevant perturba
tion from the RG viewpoint!, and, hence, the system remai
in the critical regime.

On the other hand, the weak disorder does not prod
such qualitative changes in the behavior of random
sembles of disordered magnetic impurities. By weak disor
we mean a narrow distribution ofu j . The long-dashed lines
of Figs. 6 and 7 depict the temperature behavior of the
semble of magnetic impurities with the weak Gaussian d
tribution of u j ~which is close to a single impurity distribu
tion P(u j )5d(u j )). One can obviously see that such
the
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narrow distribution~weak disorder! does not yield the diver-
gences of the low-temperature magnetic susceptibility
the Sommerfeld coefficient of the specific heat.

The reason for such a different behavior of wide a
narrow distributions of the parameters that determine
impurity–host couplings~or strong–weak disorder, respe
tively! is clear. At low energies the local Kondo temperatu
determines the crossover scale for the behavior of the m
netic impurity. For the caseS85S a single magnetic impurity
is screened by low-lying excitations of the host forT
,TjK , and is not screened forT.TjK ~with the Curie-like
behavior of the unscreened remnant spin!. For ensembles of
magnetic impurities with weak disorder the temperature
larger than the average Kondo temperature of the ensem
of impurities, and, hence, the total magnetic susceptibi
and the Sommerfeld coefficient are finite forT→0. For the
strong disorder, on the contrary, many local Kondo tempe
tures are less than the temperature. Those impurities rem
unscreened by the low-lying excitations of the host, a
hence, the total magnetic susceptibility and the Sommer
coefficient become divergent forT→0.

Finally we would like to show how the magnetic fiel

FIG. 7. Magnetic susceptibility~a! and the Sommerfeld coefficientc/T ~b!
at h50 for the anisotropicg5p/2 spin-1/2 antiferromagnetic chain with
spin-1/2 magnetic impurities. The solid line shows the homogeneous ch
the long-dashed line—the Gaussian distribution; the dashed line—the
normal distribution; the dotted line—the Lorentzian distribution ofu j .
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lifts the degeneracy. In Fig. 8 the temperature behavior of
magnetic susceptibilities and the Sommerfeld coefficient
the isotropic cases is shown for the log-normal and Lore
zian distributions~cf. Fig. 6!, but for the nonzero magneti
field h50.2. One can clearly see that such a field remo
the divergences in the low-T susceptibilities and Sommerfel
coefficients for the models with strong disorder. As an e
ample, the temperature dependences of the same value
h50.2 are shown for the homogeneous chain. It turns
that the weak magnetic field does not yield any qualitat
changes in the temperature behaviors, as expected.

For higher values of the spins the changes, compare
the caseS85S51/2, are only quantitative. For example, th
values ofx andc become larger for larger spin values. How
ever, there are no drastic changes in the behavior of di
dered ensembles of impurities, in comparison with the c
discussed above. This seems to be natural, because only
lying excitations~which have Dirac seas in the ground sta!
are responsible for the Kondo-like screening of spins of
purities, while other excitations~the quasienergies of whic
are described byyp and Yp), are higher-energy. In othe
words, spinons, which describe the SU~2! ~or U~1!! symme-

FIG. 8. Magnetic susceptibility~a! and the Sommerfeld coefficientc/T ~b!
at h50.2 for the isotropic spin-1/2 antiferromagnetic chain with spin-1
magnetic impurities. The solid line shows the homogeneous chain;
dashed line—the log-normal distribution; the dotted line—the Lorentz
distribution.
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tries of the system~or the Gaussian of the WZNW mode!
are essential for the process of screening of magnetic im
rities, while excitations that describe the sl2 symmetry of the
RSOS sector~or parafermions of the WZNW model! do not
play a qualitative role in that process.

We point out again that for low temperatures (T,2) the
numerical data are applicable to the behavior of the
sembles of Kondo impurities with easy-plane magnetic
isotropy ~and, naturally, without it! of the local exchange
interaction between magnetic impurities and conduct
electrons.

7. CONCLUSIONS

Summarizing, in this work we have considered a num
of exactly solvable models of magnetic impurities in critic
quantum antiferromagnetic spin chains and multichan
Kondo impurities. We have studied their ground-state pr
erties and constructed the finite set of nonlinear integ
equations which exactly describe the thermodynamics of
models. We have obtained several analytical low-energy
pressions for the temperature, magnetic field, and freque
dependences of important characteristics of the exactly s
able disordered quantum spin models and disordered m
channel Kondo impurities with essential many-body inter
tions. We also have analyzed the data of numeri
calculations of those nonlinear integral equations. We h
shown that the only low-energy parameter that gets ren
malized is the velocity of the low-lying excitations~or the
effective crossover scale connected with each impurity!; the
others appear to be universal.@Note that the finite-size cor
rections to the ground-state behavior of our disordered s
chains can be obtained just by replacing (G/T)→L]. We
used several kinds of strong disorder important for exp
ments. Some of them produce low divergences in cer
characteristics of our strongly disordered critical syste
~compared with the finite values for the homogeneous c
or a single impurity!. They pertain to wide distributions o
the local Kondo temperatures, i.e., to strong disorder in
system. On the other hand, for weak disorder, or, in ot
words, for narrow distributions of the local Kondo temper
tures, our exact results reveal the presence of the Ko
screening of the disordered ensembles of magnetic impur
by low-lying excitations of the host. We point out that o
results qualitatively coincide with the data of experiments
real disordered quasi-1D quantum AF system27–29 with l
;0.26– 0.42. Also, qualitatively similar behavior has be
observed in 3D heavy metallic alloys11–20 with l
;0.60– 0.85. It is interesting to note that similar results we
recently obtained in which the distributions of Kondo tem
peratures used in this work were derived either from
proximity to a phase transition point in the Griffiths pha
approximation~cluster percolation!26 or from the Anderson
localization effects in the infinite-dimensional statistical d
namical mean field theory approximation.66 Also our results
can be useful for the description of the Kondo neckla
model.67,68 All these similarities can be considered as t
manifestation of generic features of the behavior of conc
trated disordered magnetic systems for temperatures hi
than a critical temperature in our effectively one-dimensio
exactly integrable quantum models.
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Mechanism of vortex switching in magnetic nanodots under a circular magnetic field. I.
Resonance action of the field on the nanodot eigenmodes

A. S. Kovalev* and J. E. Prilepsky

B. Verkin Institute for Low Temperature Physics and Engineering National Academy of Sciences of Ukraine,
pr. Lenina 47, 61103 Kharkov, Ukraine
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The resonance activation of the eigenmodes of a two-dimensional easy-plane ferromagnet of
finite size by a circular magnetic field is considered as a basis for theoretical explanation of the
mechanism of vortex switching in magnetic nanodots under the influence of such a field. It
is shown analytically that in the case of weak easy-plane anisotropy, when the vortex has a nonzero
polarization~a total magnetization along the hard axis!, the influence of the field on the
eigenmodes of the system is of a complicated nature. A circular field acts in a resonance manner
on the azimuthal modes of the system, in which the magnetization depends on the azimuthal
coordinate~in the form of a direct resonance at the eigenfrequencies of the azimuthal modes!. The
coupling of the azimuthal and symmetric~independent of the azimuthal coordinate! modes
via the external field gives rise to complex parametric resonances at sum frequencies. The results
obtained are compared with the data of previous numerical studies. ©2002 American
Institute of Physics.@DOI: 10.1063/1.1531396#
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INTRODUCTION

Theoretical and experimental research on the nonlin
dynamics of magnetically ordered media is now one of
most important fields of study in modern nonlinear sol
state physics.1,2 By the end of the 1980s the construction
the theory of nonlinear waves and solitons in magnets
different physical natures was basically complete, and
existence of such waves had been confirmed in a numbe
experiments. However, the main body of results, both exp
mental and theoretical, had been obtained for o
dimensional models or quasi-one-dimensional magnets.1–3 In
recent years there has been a growing interest in the dyn
ics of magnets in connection with the synthesis of many n
magnetic materials with unusual physical properties.
mention first the quasi-two-dimensional metalorganic co
pounds consisting of magnetic layers with an orga
intercalant,4–11 magnetically ordered isostructural analogs
high-Tc superconducting compounds and those same c
pounds with the stoichiometric composition, and also tw
dimensional magnets based on Langmuir–Blodgett films.12,13

An important difference in the nonlinear dynamics of on
dimensional and two-dimensional magnets is the possib
of existence in the latter of specific two-dimensional top
logical excitations: magnetic skyrmions~in easy-axis
ferromagnets!1,14,15and magnetic vortices~in easy-plane fer-
romagnets and antiferromagnets!.1,16–18The role of the latter
is especially important because in 2D magnets a phase
sition to a magnetically ordered state occurs by
Berezinskii–Kosterlitz–Thouless mechanism,19,20 and near
the point of the transition the number of vortices and vor
pairs should be anomalously large. The existence of th
topological excitations has now been confirmed experim
tally in a number of studies.7,8,21 In their structure and dy-
namic properties, magnetic vortices are very close to p
vortices in the two-dimensional hydrodynamics of an inco
9211063-777X/2002/28(12)/9/$22.00
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pressible liquid,22 to Pitaevskii vortices in a gas of weakl
interacting bosons,23 and to optical vortices in nonlinea
optics.24 The main difference of the magnetic vortices fro
vortices in these other media is that besides the usual to
logical charge~which distinguishes a vortex from an antivo
tex! they have an additional characteristic associated with
polarization of the vortex—the direction of the magnetiz
tion ~or of the antiferromagnetic vector! at its center.18 In the
long-wavelength approximation in the description of t
structure of the vortex in the framework of differential equ
tions, its polarization is a topological invariant and is co
served. However, in real magnets the magnetization fiel
defined on a discrete crystal lattice, and the polarization
the vortices~like certain other topological characteristics
multidimensional solitons!25 is no longer a topological in-
variant. The experimental study of the out-of-plane struct
of a magnetic vortex is a rather complicated problem, sin
in real systems the core of a magnetic vortex, where subs
tial deviation of the spins from the plane occurs, is ve
small in size. At the same time, there is now some weig
experimental evidence both for the existence of vortices
nanosize magnetic particles~magnetic dots!26,27 and for the
presence of an out-of-plane maximum of the magnetiza
at the center of the vortex~see Fig. 1!. Studies by numerica
methods28 have shown that the inclusion of a noise sign
modeling the finite temperature of the magnet can cause
vortices to change their polarization. A more important qu
tion is whether one can deliberately act on the vortices
change their polarization, e.g., by applying a circular ma
netic field. It was shown in Ref. 29 by a numerical simu
tion that a vortex can change its polarization when acted
by a circular magnetic field, and the situation is not symm
ric with respect to the sign of the vortex polarization: on
vortices of one polarity are switched. This indicates that i
possible in principle to use such a field to bring the ov
© 2002 American Institute of Physics
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922 Low Temp. Phys. 28 (12), December 2002 A. S. Kovalev and J. E. Prilepsky
whelming majority of vortices in a magnetic sample to
unipolar orientation. This should give rise to a macrosco
magnetization proportional to the density of vortices in
easy-plane ferromagnet; such a magnetization should in p
ciple be detectable experimentally. This would provide ad
tional direct proof of the existence of magnetic vortices a
serve as a tool for their experimental investigation. Suc
process of changing the polarity of a vortex by means of
external magnetic field applied perpendicular to the plane
an arrangement of nanoparticles was implemented exp
mentally in Ref. 27, where confirmation of the possibility
directed change of the vortex polarity was obtained. A th
retical model for estimating the switching of the polarizati
of vortices was proposed in Refs. 28 and 29. The auth
assumed that, at least in the initial stage of the switching,
external field leads to a rise in the amplitude of the line
eigenmodes of the system in the presence of the vortex,
they took into account the dynamics of only a few spins
the core of the vortex. It was assumed for simplicity that
precession of these magnetic moments is in-phase, i.e.,
one low-frequency ‘‘symmetric’’ magnon mode was tak
into account. However, because of the symmetry of t
mode with respect to the sign of the frequency, the matte
the asymmetries of the vortex switching dynamics obser
in the number simulation29 has remained unclear.

In the present paper we consider the spin dynamics
two-dimensional magnetic nanodot of finite sizeL in a vor-
tex configuration under the influence of a spatially unifo
external rotational field, but here we take into account s
eral magnon eigenmodes of the system in the presence o
vortex. As will be shown below, to explain the results of t
numerical simulations it is not enough to take into accoun
single symmetric mode, but it is necessary to take into
count additional modes with azimuthal dependence of
phase of the spin precession~‘‘azimuthal modes’’!.

FIG. 1. Magnetic-force microscope image~taken from Ref. 27! of an array
of magnetic dots made of Permalloy (Ni80Fe20), each with a diameter of 1
mm. The point at the center of each dot corresponds to the maximum o
out-of-plane component of the magnetization in the vortex core, and
dark and bright spots correspond to different signs of the polarization of
vortex.
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1. MODEL AND STRUCTURE OF THE VORTICAL
SOLUTIONS

It is customary to treat the structure and dynamics
magnetically ordered media theoretically in the framewo
of the classical Heisenberg model with an exchange inte
tion of near-neighbor magnetic moments. In our case i
necessary to take into account the weak anisotropy, assu
uniaxial, of this interaction. Here the Hamiltonian has t
form

H052J(
n,d

~Sn
xSn1d

x 1Sn
ySn1d

y 1lSn
zSn1d

2 !, ~1!

whereSn is the classical site spin~we shall henceforth as
sume that the modulus of the spin vector is the same for
sites and, with a suitable renormalization,uSnu51), the index
n is the number of the site of the spin lattice~in our case
two-dimensional!, d enumerates its nearest neighbors, the
change interaction constantJ.0 in the case of a ferromag
net, and the exchange anisotropy parameterl for easy-plane
symmetry varies in the range 0<l<1. In actuality the ex-
change anisotropy, which is of a relativistic origin, is wea
and (12l);1022. In this case its effect on the structure an
dynamics of the magnetic interactions is qualitatively simi
to that of a weak single-ion anisotropy, which leads to t
appearance of an additional term of the formb(n(Sn

z)2 in
the Hamiltonian~1!.

The classical dynamics of the magnetization vector
described by the Landau–Lifshitz equations~LLEs!,1,2 in the
framework of which the length of the magnetization vec
~site spin! is conserved, and the vector can be characteri
by two variables. It is convenient to use thez projection of
the spin on the hard axis,mn5Sn

z , and the azimuthal angle
of the spin,wn5arctan(Sn

y/Sn
x), since in terms of these vari

ables the LLEs take on a Hamiltonian form, andwn andmn

play the role of canonically conjugate coordinates and m
mentum for the HamiltonianH0(mn ,wn). The Hamiltonian
~1! in terms of these variables is written as

H052J(
n,d

@lmnmn1d1A12mn
2

3A12mn1d
2 cos~wn2wn1d!#, ~2!

and the LLEs have the form

dwn

dt
5

]H0

]mn
,

dmn

dt
52

]H0

]wn
. ~3!

In the long-wavelength limit the solution of the LLE
with the Hamiltonian~1! for a static magnetic vortex in an
infinite system was obtained in Refs. 16 and 17~see also
Refs. 30–32!. In polar coordinates (r ,x) tied to the center of
the vortex this solution has the form

w0~x!5qx1C, ~4!

m0~r !5pF12aS r

r v
D 2G , for r→0,

m0~r !5pbAr 0

r
expS 2

r

r v
D , for r→`, ~5!
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wherea andb are numerical constants of order unity andC
is an arbitrary constant, the presence of which reflects
continuous degeneracy of the ground state with respect to
direction of the spins in the easy plane; the parameter v
5@l/4(12l)#1/2 characterizes the radius of the vortex. W
note that even for a weak anisotropy (12l)50.1, the value
for which the numerical simulations were mainly done, o
hasr v51.5, i.e., the size of the vortex core is of the order
the interatomic distance (a051), and it is necessary to tak
into account the discreteness of the system in the vortex c
The parametersq and p characterize the topological struc
ture of the vortex:q561, 62,... is its topological charge
(q.0 for a vortex, andq,0 for an antivortex!, and
p561 is the polarization~the value ofm at the center of the
vortex!. The product of these two characteristics specifies
so-called gyrovectorG52ppqiz , which is directed perpen
dicular to the plane of the two-dimensional magnet and g
erns the vortex dynamics. In the long-wavelength limit~in
the description of the spatial distribution of the magneti
tion in the framework of differential equations! the two pa-
rametersq and p are topological invariants. In a discre
system only the topological chargeq is an invariant quantity,
while the polarizationp is no longer an invariant. In Ref. 3
the dependence of the discrete analog of the gyrovector~and,
hence, of the polarization of the vortex! on the anisotropy
parameterl was calculated, and it was shown that the pol
ization of the vortex vanishes at a critical value of the a
isotropyl5lc'0.72. At a larger value of the anisotropy th
static vortex undergoes a transition to an in-plane configu
tion with a nonzeroz component of the magnetization whic
is independent of the parameterl.32 In the long-wavelength
description an in-plane vortex~IPV! does not exist, since th
energy of its core diverges, while the energy~4!, ~5! of an
out-of-plane vortex~OPV! remains finite. In the discrete
model the core energy of the in-plane configuration is fin
and it is stable forl,lc . Here the energy difference of th
in-plane and out-of-plane vortices is equal in order of m
nitude toEOPV2EIPV5D;pJ ln(a0 /rv), wherea0 is the in-
teratomic distance. It is seen from the above estimates th
transition of the vortex from one configuration to the oth
occurs ata0;r v . It follows that for a small anisotropy, whe
the OPV is stable, it is in principle possible in the discre
model for a switching of its polarization to occur: for this
is necessary to overcome a finite energy barrierD ~see Fig.
2!, as may occur under the influence of temperature28 or an
external magnetic field.27,29

In this paper we consider the dynamics of an OPV un

FIG. 2. Illustration of vortex switching in a circular field as a process
overcoming an energy barrierD.
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the influence of a circular external magnetic field applied
the easy plane,h5h(cosvt, sinvt, 0!, which leads to the
appearance of an additional term in the Hamiltonian:

Hint~ t !52h(
n

A12mn
2 cos~wn2vt !. ~6!

Then the LLEs~3!, with the damping taken into accoun
in Gilbert form,34 become

dwn

dt
5

]

]mn

~H01Hint~ t !!2
g

12mn
2

]H0

]wn

,

dmn

dt
52

]

]wn
~H02Hint~ t !!2g~12mn

2!
]H0

]mn
, ~7!

whereg is the damping coefficient~assuming that the exter
nal field and the damping are small, in the last terms we t
only H0 into account!. Smallness of the dampingg must be
defined in comparison to the characteristic time scales of
processes under consideration.

Substituting the expressions forH0 andHint into Eq.~7!,
we obtain the dynamical equations in final form:

dwn

dt
5(

d
S m'd

m'n
@mn cos~wn2wn1d!2g sin~wn2wn1d!#

2lmn1dD1h
mn

m2n
cos~wn2vt !, ~8!

dmn

dt
5(

d
~2m'nm'n2d@gmn cos~wn2wn1d!

1sin~wn2wn1d!#1glm'n
2 mn1d!2hm'n

3sin~wn2vt !, ~9!

where we have introduced the notationm'n[A12mn
2 and

have setJ51.

2. NUMERICAL SIMULATION AND ANALYSIS OF THE
SWITCHING OF THE VORTEX IN A CIRCULAR FIELD

In Ref. 29, Eqs.~8! and~9! were solved numerically for
a two-dimensional easy-plane ferromagnet with a square
tice ~for which the critical value of the anisotropy for th
IPV–OPV transition islc'0.72). Computations were don
for a region of radiusL524 ~the lattice constant is set equ
to unity!, containing;1800 spins, at values of the aniso
ropy parameter l50.9 and damping parameterg52
31023. The amplitude of the external field was chosen
the regionsh<0.02, and its frequency in the intervaluvu
,0.5. As the initial condition we took a configuration wit
an OPV and various polarizations. The main results obtai
in the numerical calculations of Ref. 29 reduce to the follo
ing: 1. The switching dynamics of vortices and antivortices
identical, i.e., the character of the switching does not dep
on the topological charge of the vortex. 2. Switching occ
in a threshold manner when the field amplitude exceed
certain critical valuehcr , which depends on the sign of th
external pump frequencyv ~at a fixed value of the damping
g!. 3. Thehcr5hcr(v) dependence is substantially nonmon
tonic and is of a resonance character. Figure 3 shows
dependence, taken from Ref. 29. We have added the p
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~denoted by a circular dot! corresponding to the valu
v520.1, which was discussed in the text of Ref. 29. 4. T
vortex switching process is asymmetric with respect to
sign of the polarization and the direction of rotation of t
magnetic field and depends essentially on the sign of
productpv. For pv,0 ~e.g., in the case of a vortex with
positive polarization in a field rotating clockwise! the switch-
ing occurs easily, and forv520.1 the critical value of the
field amplitude ishcr'0.0025. When the field is rotating i
the counterclockwise direction (v50.1) the critical value of
the amplitude of the circular field is an order of magnitu
higher: hcr'0.02. 5. Forpv,0, the switching results in a
stable vortex configuration with a switched vortex, while f
pv.0 the structure of the vortex core after the switching
completely destroyed by large-amplitude spin waves. T
last circumstance follows in a natural way from the previo
result: for pv,0 and a field slightly above the thresho
value, the system after the switching will be in the subthre
old region withpv.0, while for pv.0 in the initial state
and a field exceeding the high threshold value, the field a
the switching of the system will be found in a far abov
threshold region withpv,0.

3. SCENARIOS FOR VORTEX SWITCHING

It is natural to propose the following scenario for th
observed vortex switching process in an external circu
magnetic field. In the initial stage the field excites one
several linear eigenmodes of the system in a resonance
ner. Then a nonlinear growth of the amplitude of the
modes occurs, leading to switching of the vortex. Howev
to explain the data of the numerical simulation this mec
nism must satisfy a number of conditions. First, the frequ
cies of the eignmodes should be close to the resonance
quencies observed in the simulation.~In Fig. 3 one can
clearly see the minima of the absorption threshold at
quenciesv520.05, v520.06, andv520.1.) Second,
the profile of these normal modes must have an appreci
maximum amplitude in the region in which the vortex
localized in order to lead basically to its excitation and not
the activation of the entire system. Finally, the modes m
tioned must have a pronounced asymmetry with respec
the sign of the frequency in order to explain the difference

FIG. 3. Dependence of the critical amplitude of the external field on
frequency. The figure was taken from Ref. 29. We have added the p
denoted by a circle at the frequencyv520.1; this point was discussed i
the text of Ref. 29.
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the threshold values for vortex switching for different sig
of the frequency of the external pump in the simulation.

In Ref. 29 the authors assumed that the switching of
polarity of a vortex in a field is due to excitation of a ‘‘soft
~the lowest-frequency! symmetric eigenmode of the system
This mode corresponds to small corrections to the static v
tex solution (w,m) ~4!, ~5! of the form w(r ,t)2w0(x)
5n(r ,t), m(r ,t)2m0(r )5m(r ,t), where r is the distance
from the center of the vortex~when the vortex is located a
the center of the circular region!. Here it was shown that the
dynamics of the amplitude of this mode is described by
effective equation for an anharmonic oscillator under the
fluence of direct and parametric activation.

In our view, the scenario proposed by the authors of R
29 has a number of shortcomings. 1. The analytical treatm
was done for small-amplitude vortices, which exist at valu
of the anisotropy parameterl close to the critical valuel
5lc'0.72, while the numerical simulations were done a
valuel50.9, and the frequencies of the eigenmodes at th
values ofl are substantially different. 2. The proposed a
proach is applicable only for fixed boundary spins of t
system ~Dirichlet conditions: mur 5L50 and wur 5L5x),
while the numerical simulations revealed the presence
vortex switching in the case of a free boundary a
(]w/]r ur 5L5]m/]r ur 5L50). 3. In the analytical approac
of those authors the vortex switching could be realized o
when the vortex was displaced from the center of the syst
the effect of the external field was small in the parame
R/L, whereR is the distance between the center of the v
tex and the center of the system. 4. As was shown in Ref.
the distribution of the magnetization field of the fundamen
symmetric mode is not localized near the vortex. It is pra
tically the same as in the absence of the vortex and, m
over, vanishes in the vortex core. Thus this mode ‘‘shak
the entire magnetic system rather than the vortex itself
Finally, the field variables in this mode are independent
the azimuthal coordinate, and its properties are there
symmetric with respect to the sign of the frequency, and th
slight asymmetry arises in the process of pumping only
account of a shift of the center of the vortex from the cen
of the system and a slight deviation of the total magneti
tion of the vortex from the hard axis. However, it is eas
shown using the results of Ref. 29 that the ratio of the thre
old fields for vortex switching at pump frequencies of equ
absolute value and opposite sign in the resonance region
the formhcr(v)/hcr(2v)'(11jv)/(12jv), wherej;1.
Since forl.lc in the investigated system of radiusL524
the frequencies of the soft symmetric mode lie in the inter
0<V<0.063, we have, to good accuracy,hcr(v)/hcr(2v)
'1, whereas in the numerical simulation this ratio was of
order of 10.

The disagreements mentioned made it necessary to
mulate a different scenario for the changing of the vor
polarity. Since a central role in it is played by several eige
modes of the system, let us briefly discuss their classifi
tion.
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3.1. Classification of the eigenmodes of a system with
a vortex

We start by considering a vortex located at the cente
a circular system of radiusL (R50). The eigenmodes of th
LLEs linearized in the small additionsn(r ,t) andm(r ,t) will
have the form

n~r ,t !5n lk~r !sin~kx2Vt !,

m~r ,t!5m lk~r !cos~kx2Vt !. ~10!

where the indexl classifies the radial functions with respe
to the number of nodes. The functionsn lk(r ) andm lk(r ) and
the corresponding frequency dependencesV5V lk(l) have
been investigated in detail in Refs. 35–38 for both fixed a
free boundaries. Figure 4 shows~qualitatively! the functions
V5V lk(l) of the four low-lying modes of a system of ra
dius L524 for the case of free~Fig. 4a! and fixed~Fig. 4b!
boundary conditions. It is seen that at the critical value of
anisotropyl5lc a bifurcation of modes withkÞ0 occurs.
~Curves are plotted only for the modes withk51, which we
shall call the ‘‘first azimuthal modes.’’ The splitting of th

FIG. 4. Frequencies of the lowest-lying magnon modes of a system of
L524 with a vortex at the center:37 for free boundary conditions~a! and for
a fixed boundary~b!. The dashed curves show the corresponding eigenm
frequencies for the system in the absence of the vortex.
f

d

e

modes with large values ofk is substantially smaller.! The
symmetric modes withk50 are not split. What will be im-
portant for us below is the classification of modes at sm
values of the anisotropy (12l!1). Importantly, in this re-
gion the functionsV5V(l) for the modes in the presenc
of a vortex are practically the same as the correspond
functions for the eigenmodes of the system in the absenc
a vortex. Moreover, the profiles of the field distribution
n lk(r ;l) andm ik(r ;l) are close to those in the system wit
out the vortex in the region outside of the vortex core and
expressed to high accuracy in terms of Bessel functions.
exception is the case of the lowest-frequency quasilo
modes~1 in Fig. 4!, which do not have analogs in the ide
system and which describe a gyroscopic precession of
vortex. The frequencies of these modes are anomalously
(V (1);(L22R2)21'0.0015) and depend on the rotation r
diusR of the vortex. The frequencies of the remaining mod
lie significantly higher (Vs.1;L21@V (1)), and, impor-
tantly, are practically independent of the value of the d
placement of the vortex from the center of the system37

Therefore, the results obtained in Ref. 35 for a vortex at
center of the system may be used for these modes.

As we see from Fig. 4, the symmetric modes~e.g.,V00

in Fig. 4b andV10 in Fig. 4a! are degenerate with respect
the sign of the frequency, while for the azimuthal modes
frequencies split. Here it must be kept in mind that the d
ferent branches of the doublets that appear correspon
different directions of rotation of the spin waves~i.e., to
different signs of the frequency!. In the case of a free bound
ary the vortex rotates counterclockwise, as does the wav
mode2 ~mode3 rotates clockwise!. In the case of a fixed
boundary the vortex rotates clockwise, as does mode4, while
in mode 3 the wave rotates counterclockwise. As w
pointed out above, the radial profile of the symmetric mod
practically coincides with the profile of these modes in t
system without a vortex and vanish in the vortex core, i.e.
the regionr<r n . The shape of the azimuthal modes chang
substantially in the presence of a vortex: it is almost the sa
as the profile of the wave function in the absence of a vor
at r;L, but it deforms and has appreciable maxima~exceed-
ing the average mode amplitude! near its core. According to
the results of Refs. 35, 37, and 38, which are in rough ag
ment with the estimates for modes in the absence of a vor
the absolute values of the frequencies of the modes in Fi
have the following values forL524 andl50.9. For a free
boundary: V (1)'0.0015, V (2)'0.044, V (3)'0.051, and
V (4)'0.1, and for a fixed boundary:V (1)'0.0015, V (2)

'0.063, andV (3)'V (4)'0.1. Comparing these data wit
Fig. 3, we see that the frequencies of modes2, 3, and4 for
the two types of boundary conditions are close to the mini
of the numerical dependence of the critical field amplitu
on the pump frequency.

The arguments given above indicate that the scena
for the switching of vortices under an external influence m
be much more complex than that proposed in Ref. 29,
the excitation of azimuthal modes must be included in it.
first glance this seems strange, since we are interested in
change of polarity of the vortex, i.e., the change of the to
projection of the magnetization of the system. In the sy
metric modes this change is nonzero and varies with tim
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while in the azimuthal modes it is equal to zero. However
the presence of an external influence the situation is alte

3.2. Analysis of the action of a circular field on the
symmetric and azimuthal modes

For a qualitative description of the phenomenon, let
first restrict discussion to a long-wavelength treatment
neglect damping in the system. Then the dynamical eq
tions ~8!, ~9! take the form

]w

]t
5m~4~12l!2~¹w!2!2S 1

m'
2 211l D Dw

2
m~¹m!2

m2
4 1h

m

m'

cos~w2vt !, ~11!

]m

]t
5¹~m'

2 ¹w!2hm2sin~w2vt !. ~12!

We consider a vortex found at a short distanceR!L
from the center of a circular system of radiusL. Since the
velocity of the gyrotropic motion of the vortex in this case
small: V'R/L2!c52(12l)1/2 ~wherec is the spin-wave
velocity!, we can limit consideration to the static vortex a
proximation. Here the gyrotropic rotation of the vortex wi
frequencyV;L22 and the change of its shape~in particular,
the appearance of power-law additionsdm;V/R to solution
~5!! is taken into account forR→0 by the presence of th
lower azimuthal mode~1 in Figs. 4a and 4b!. In a static
vortex themth component of the magnetization is nonze
only in its core of radiusr n . Outside that region we can se
m(r ,t)'m(r ,t) in Eqs.~11! and ~12!. To satisfy the bound-
ary conditions for a vortex displaced from the center, so
tion ~4!, which is written in polar coordinates tied to th
center of the vortex, must be modified as follows:

w0'x1
Rt

L2 sinx. ~13!

For a qualitative treatment of the caser !L we can limit
consideration to the regionr @R and treatr and x as polar
coordinates tied to the center of the system. For the pr
ously introduced small additionsm andn to the static vortex
solution, Eqs.~11! and~12! reduce approximately to the fol
lowing:

]n

]t
5

1

r n
2 m1hmcos~w02n2vt !, ~14!

]m

]t
5Dn2h sin~w02n2vt !, ~15!

with w0 given by formula~13!. ~In the derivation of Eqs.
~14! and~15! we have dropped terms;Dm and;m(¹w0)2,
which are small compared to the main termsm/r n

2 in ~14!.!
Equations~14! and ~15! are supplemented by the bounda
conditionsnuL5muL50 at the~fixed! boundary of the mag-
net.

For a qualitative understanding of the difference betwe
the different scenarios for the action of a circular field on
system, let us analyze the dynamics of only two s
modes—one symmetric and one azimuthal. As the symm
d.

s
d
a-

-

i-

n
e
n
t-

ric mode we choose the lowest-frequency symmetric m
~2 in Fig. 4b!. In the absence of the vortex and external fie
the solution corresponding to this mode has the form

n~2!
~0!5AJ0S r

r

L D sinV~2!t,

m~2!
~0!5AV~2!r n

2J0S r
r

L D cosV~2!t, ~16!

where J0(z) is the Bessel function,V (2)5r/r nL, and r
'2.4 is the smallest root of the equationJ0(z)50.

As the azimuthal mode we choose the mode which in
absence of the vortex and pump goes over to the lo
frequency azimuthal mode with the solution

n~3!
~0!5BJ1S r̃

r

L D sinx sinV~3!t,

m~3!
~0!5BV~3!r n

2J1S r̃
r

L D sinx cosV~3!t, ~17!

whereV (3)5 r̃/r nL andr̃'3.8 is the smallest nontrivial roo
of the equationJ1(z)50. Generally speaking, the given so
lution corresponds to a standing wave. The mode in ques
is twofold degenerate, and the two different solutions cor
spond to spin waves rotating in opposite directions and
pending on time and the angular coordinates as sin(6x
1Vt). In the absence of the vortex these two solutions h
slightly different frequencies and shapes. These differen
may be the cause of the asymmetry of the process of vo
switching in a circular field. Nevertheless, being interested
the qualitative influence of the azimuthal modes on
change in polarity of a vortex, we shall ignore this circum
stance and use the following ansatz for the solution of eq
tions ~14! and ~15!:

n5n~2!~r ,t !1n~3!~r ,t !sinx,

m5m~2!~r ,t !1m~3!~r ,t !sinx, ~18!

where the radial dependences of the functionsn (n) andm (n)

are close to those in solutions~16! and ~17!. Indeed, as was
shown in Ref. 35, the profiles of all the modes except mo
1 differ only slightly from the profiles for the correspondin
solution in the absence of the vortex in all regions except
vortex core.

Here we must make an important remark. In this Sect
we are actually ignoring thez component of the vortex so
lution, and, although we are considering small values of
anisotropy, we are nevertheless dealing with a vortex i
plane. In this case there should be no asymmetry of the
tex switching. Asymmetry can appear only when the diff
ence between azimuthal modes3 and4 is taken into account
along with the lowest-frequency mode1, which alone, unlike
all the higher-lying azimuthal modes, does not belong to
doublet pair of close-lying modes. Then the problem is co
plicated substantially, since we cannot use ansatz~18! for
‘‘standing waves’’ and are forced to consider spin waves
tating in different directions. But the consideration of tw
modes,2 and ~3,4!, allows one to demonstrate clearly th
process of interaction of modes of different symmetry on
qualitative level.
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After substituting ansatz~18! into Eqs. ~14! and ~15!,
performing a linearization of the trigonometric functions
them with respect to smalln (n) , and integrating the awkward
equations obtained over the angular variablex, we obtain the
following pair of equations:

]n~2!

]t
5

1

r n
2 m~2!2

h

2

Rr

L2 m~2! cosvt1
h

2
m~3! sinvt, ~19!

]m~2!

]t
5D rn~2!1

h

2

Rt

L2 sinvt1
h

2
n~2!

Rr

L2 cosvt

2
h

2
n~3! sinvt, ~20!

where D r5]2/]r 252(1/r )]/]r . We see that these equa
tions do not form a complete system, since they contain a
functionsn (n) andm (n) . The other two equations needed a
easily obtained if before integrating Eqs.~14! and ~15! over
the coordinate one first multiplies them by sinx. Then one
obtains the following additional pair of equations:

]n~3!

]t
5

1

r n
2 m~3!2hm~2! sinvt2

3h

2

Rr

L2 cosvt, ~21!

]m~3!

]t
5S D r2

1

r n
2D n~3!2h cosvt2hn~2! sinvt

1
3h

2
n~3!

Rt

L2 cosvt. ~22!

We shall assume approximately that the radial dependenc
the functionsn (n) andm (n) remain the same as in the fun
tions n (n)

(0) and m (n)
(0) . ~Here D rn (2)52r n

2V (2)
2 n (2) and (D r

21/r 2)n (3)52r n
2V (3)

2 n (3) .) Setting

n~2!5F~2!~ t !J0~rr /L !/r n
2V~2! ,

m~2!5M~2!~ t !J0~rr /L !,

n~3!5F~3!~ t !J1~ r̃r /L !/r n
2V~3! ,

m~3!5M~3!~ t !J1~ r̃r /L !

and integrating Eqs.~19!–~22! over r from 0 toL, we obtain
the final system of equations:

dF~2!

dt
2V~2!M~2!52h

R

L
aV~2!r n

2M~2! cosvt

2hbV~2!r n
2M~3! sinvt, ~23!

dM~2!

dt
1V~2!F~2!5h

R

L
a

F~2!

V~2!r n
2 cosvt

2hb
F~3!

V~3!r n
2 sinvt1h

R

L
c sinvt,

~24!

dF~3!

dt
2V~3!M~3!52h

R

L
f V~3!r n

2M~3! cosvt

1hgV~3!r n
2M~2! sinvt, ~25!
4

of

dM~3!

dt
1V~3!F~3!5h

R

L
f

F~3!

V~3!r n
2 cosvt

2hg
F~2!

V~2!r n
2 sinvt2hscosvt,

~26!

where

a'0.25, b'0.42, c'0.77,

f '0.88, g'1.2, and s'2.79.

One notices the complicated character of the excitation of
system under study. There is a direct excitation of the s
tem, described by the last terms on the right-hand side
~24! and ~26!, a parametric pumping—the first terms on th
right-hand sides of all the equations, and a complicated m
tual influence of the different modes—the second terms
the right-hand sides. In addition, an asymmetry of the dir
action of a circular field on different modes is seen: it is lar
for the azimuthal mode and small~in the parameterR/L
!1) for the symmetric mode.

3.3. Effect of the field on the symmetric modes

As we have said above, in Ref. 29 a simple scenario w
proposed for the action of a circular field on a vortex wher
only a symmetric mode is taken into account. If we s
M(3)5F (3)50 in ~23! and~24! and introduce the new vari
ables F5F (2) /V (2) and M5M(2) /V (2)

2 , then Eqs.~23!
and ~24! take the form

dF

dt
5V~2!

2 M2hBM cosvt, ~27!

dM
dt

52F2hA2F cosvt1hA1 sinvt, ~28!

where A15(R/L)c/V (2)
2 , A25(R/L)a/(V (2)r n

2), and B
5(R/L)aV (2)

2 r n
2 . In the linear limit and in the absence o

damping, these equations are the same as those derive
the authors of Ref. 29. Unfortunately, the values of the
rametersAi andB were not calculated or even estimated
Ref. 29. The nonlinear analog of Eqs.~27! and ~28! with
damping taken into account was used by the authors of R
29 to explain the asymmetry of the vortex switching proce
with respect to the sign of the frequency of the external fie
They showed that the asymmetry of the functionhcr

5hcr(v) comes entirely from values hcr;uv/V (2)

2B/A1u21. For estimation they took the valuesB5A1 and
reached the unjustified conclusion that there is a strong
ference in the value ofhcr at frequencies of opposite sig
which are close to the resonance frequenciesv'6V (2) ~we
are talking about a vortex with a fixed sign of the polariz
tion!. However, as is seen from our approximate calculatio
B/A'4L24;1023. Thus in actuality there is no asymmetr
of the vortex switching with respect to the sign of the fr
quency in the scenario proposed in Ref. 29. It is also s
from Eqs.~27! and ~28! that sinceA1 , B;R/L, all of the
effects due to the external field are small and vanish in
limit R→0. Meanwhile, in experimental studies of vortice
and the switching of their polarity in magnetic nanodots, a



la
th

-
f

ci

as
r

c
s
-
i

li-

c

th

on
z

te
t

p-
ua

o
o
in
th

e

two
tial

nly
al

ith

t is
f the

un-

-
by

at

er
the

at a

the
-
ng

al
fect
f a
of

g
tion

zero
the
ec-

928 Low Temp. Phys. 28 (12), December 2002 A. S. Kovalev and J. E. Prilepsky
rule, the vortex is located at the center of a circu
system.26,27 It is easy to show that as a consequence of
smallness, the second term on the right-hand side of Eq.~24!
can be dropped, and system~27!, ~28! reduces to the equa
tion of an oscillator under the simultaneous influence o
direct and a parametric pump:

d2F

dt2
1V~2!

2 S 12h
R

L

a

r n
2V~2!

2 cosvt DF5h
R

L
c sinvt.

~29!

In this equation the amplitudes of the two types of ex
tation are small and approximately equal:hRa/La2

'hRc/L5«!1. It is seen that at frequenciesv56V (2)

there are direct resonances, the solutions for which are e
found in the form an expansion in powers of the paramete«:

F'
« sinvt

~V~2!
2 2v2!

1O~«2!.

Here additional weaker resonances arise at frequen
V (2)/2(;«2), V (2)/3(;«3), etc. Parametric resonance
arise at frequenciesv562V (2) , and the corresponding so
lutions are also constructed in the form of expansions
power of«. The regions of exponential growth of the amp
tude, as usual, are bounded by the straight linesv'2V (2)

60.03hR. Here we see that the picture of the resonan
excitation of the system~both direct and parametric! is ab-
solutely symmetric with respect to a change in the sign of
frequency.

3.4. Taking azimuthal modes into account

We propose a different scenario for the effect of field
the system—one incorporating the excitation of the a
muthal modes. It is seen from Eqs.~23!–~26! that in this case
a circular field influences the vortex even when it is loca
at the center of the system. Here the terms proportional to
small parameterR/L;« can be dropped in the leading a
proximation, and we arrive at the simplified system of eq
tions

dF~2!

dt
2V~2!M~2!5hbV~2!r n

2M~3! sinvt, ~30!

dM~2!

dt
1V~2!F~2!52hb

F~3!

V~3!r n
2 sinvt, ~31!

dF~3!

dt
2V~3!M~3!5hgV~3!r n

2M~2! sinvt, ~32!

dM~3!

dt
1V~3!F~3!52hg

F~2!

V~2!r n
2 sinvt2hscosvt.

~33!

We see that in this case the direct pumping acts only
the azimuthal mode, while the symmetric mode is acted
indirectly by the field—also via the azimuthal mode. As
the previous case, by making use of the smallness of
parameterL22 the system of equations~30!–~36! can be
substantially simplified, reducing it to two second-ord
equations:
r
is

a

-

ily
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n

e

e
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n
n

e

r

dF~2!

dt2
1V~2!

2 F~2!52h
b

r n
2

V~2!

V~3!
F~3! sinvt, ~34!

d2F~3!

dt2
1V~3!

2 F~3!52h
g

r n
2

V~3!

V~2!
F~2! sinvt

2hsV~3! cosvt. ~35!

We have arrived at an unusual system describing
oscillators coupled via the external field. Here the essen
difference of the symmetric mode2 and the azimuthal mode
3 lies in the fact that a direct resonance action occurs o
on the azimuthal mode. At the frequency of this azimuth
mode there is an ordinary resonance w
F (3)52hsV (3) cosvt/(V(3)

2 2v2);hL, which is symmetric
with respect to a change in the sign of the frequency. I
accompanied by a resonance at one-half the frequency o
symmetric mode:

F~2!5
2h2sbV~2! sin 2vt

r n
2~V~2!

2 24v!~4V~3!
2 2V~2!

2 !
;h2L3

and by a sequence of resonances at lower frequencies.
The parametric resonances in this system are rather

usual. The main resonances (;h) are observed at the sum
frequenciesv56(V (3)1V (2)), and the region of exponen
tial growth of the amplitude of the solutions is bounded
the lines

v'V~3!1V~2!6
h

2r n
2

Agb

AV~2!V~3!

. ~36!

Here each of the two generalized oscillators oscillates
approximately its own eigenfrequency:

V~2,3!~h!5V~2,3!6
h

4r n
2

Agb

AV~2!V~3!

. ~37!

Besides these resonances there also exist weak
(;h2) parametric resonances of the usual type at
doubled eigenfrequencies of the system, 2V (2) and 2V (3) .
In those resonances both generalized oscillators oscillate
common frequency (V (2) or V (3)). The region of exponen-
tial growth of the amplitude is bounded by the parabolas

v'2V~ i !1h2
gb

4r n
2

1

V~ i !

1

~V~3!
2 2V~2!

2 !)
, ~38!

where i 52,3, i.e., unlike the previous case~when only the
symmetric mode was taken into account!, wherev22V (2)

;hR, now the regions of this resonance have a width of
order of v22V ( i );h2L3. It becomes quadratic in the am
plitude of the external field, but it increases with increasi
size of the system.

We see that inclusion of the influence of azimuth
modes on the system radically alters the picture of the ef
of an external field on a spin system in the presence o
vortex and is absolutely necessary for solving the problem
vortex switching in a circular field. However, for explainin
the asymmetry of this process upon a change in the direc
of rotation of the field~or of the polarization of the vortex! it
is necessary to take into account the presence of a non
projection of the magnetization and the asymmetry of
properties of the azimuthal modes with respect to the dir
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tion of rotation of the spin waves. This problem is mu
more complicated. Therefore, we shall treat it in full meas
in a subsequent based on consideration of a small
plaquette, which models a magnetic dot in a vortex confi
ration.
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Wigner-like crystallization of Anderson-localized electron systems with low
electron densities
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We consider an electron system under conditions of strong Anderson localization, taking into
account interelectron long-range Coulomb repulsion. We establish that at sufficiently
low electron densities and sufficiently low temperatures the Coulomb electron interaction brings
about ordering of the Anderson-localized electrons into a structure that is close to an ideal
~Wigner! crystal lattice, provided the dimension of the system is.1. This Anderson–Wigner glass
~AWG! is a new macroscopic electron state that, on the one hand, is beyond the conventional
Fermi glass concept, and on the other hand, qualitatively differs from the known ‘‘plain’’
Wigner glass~inherent in self-localized electron systems! in that the random slight electron
displacements from the ideal crystal sites depend essentially on the electron density.
With increasing electron density the AWG is found to turn into the plain Wigner glass or Fermi
glass, depending on the width of the random spread of the electron levels. It is shown that
the residual disorder of the AWG is characterized by a multivalley ground-state degeneracy akin
to that in a spin glass. Some general features of the AWG are discussed, and a new
conduction mechanism of a creep type is predicted. ©2002 American Institute of Physics.
@DOI: 10.1063/1.1531397#
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1. INTRODUCTION

As was shown by Wigner long ago,1 the slow decrease in
the Coulomb electron-electron interaction potentiale2/kr ~e
is the free electron charge,r is the distance between th
interacting electrons, andk is the permittivity! with increas-
ing interelectron distance inevitably causes the Coulomb
ergy of a free-electron gas to exceed its kinetic energy
sufficiently low electron densities, with the resulting tran
tion of the gas into an electron crystal~Wigner crystal!. In
the wake of Wigner’s prediction a natural question w
raised whether long-range~weakly screened! Coulomb
forces can lead to ordering of charge carrier ensemble
conductors. The experimental evidence that has been
lected to date shows that it is very difficult~if possible at all!
to observe the Wigner crystallization in conventional co
ductors. Therefore, charge carrier Coulomb ordering sho
be expected to exist first of all under conditions such that
kinetic energies of the charge carrier movement over a c
ductor are sufficiently small.

At present much attention is being given to electron/h
lattice systems with so small an overlap integral that tunn
ing of the charge carriers between the host-lattice site
suppressed by their mutual Coulomb repulsion. Under th
conditions aCoulomb self-localizationof the electrons/holes
inevitably takes place, bringing about their ordering in t
following two cases: 1! If the host lattice is regular, an in
commensurate electron/hole structure is generally formed
any charge carrier density.2,3 2! If the host lattice is disor-
dered, but the mean separation of its sites,a0 , is much less
9301063-777X/2002/28(12)/5/$22.00
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than that of the electrons/holesr̄ , the ground-state spac
structure of the lattice gas of the charge carriers, though
ordered, is obviously close to the corresponding Wign
crystal lattice~WCL!, since the WCL spacingaW; r̄ , while
the random charge carriers’ displacements from the W
sites are;a0 . Such a randomly but slightly disordered WC
is often called Wigner glass.1!

The present paper aims to draw attention to a new t
of Coulomb ordering that can occur in Anderson-localiz
electron systems.~For definiteness, we consider the localiz
charge carriers to be electrons.! The Anderson localization is
considered to be ‘‘strong’’ in the sense that the external r
dom potential localizing the electrons exceeds the mean
ergy of the Coulomb repulsion per electron«C;e2/k r̄ .
Without essential loss of generality the external potential
be conceived as a random set of potential wells~centers of
electron localization!, the spread of their electron levelsD
~the disorder energy! being @«C . The smallness of«C as
compared withD is believed to be a good reason to descr
the influence of the Coulomb electron–electron interact
on an Anderson-localized system in terms of a Fermi gla5

a random system of the electrons occupying all wells w
energies less than or equal to the Fermi energy«F . Up to
now, the Fermi-glass approximation, modified to allow f
the existence of the so-called Coulomb gap~Efros–
Shklovskii gap!6 at the Fermi energy, has been the ba
approach to the problem. We show further that at sufficien
low electron densities,ne , and sufficiently low temperatures
T, the mutual Coulomb repulsion of the electrons inevitab
© 2002 American Institute of Physics
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forces the Anderson-localized electron ensemble to be
ranged close to the WCL, provided the dimension of
system d.1. This Coulomb-ordered Anderson-localize
electron system, which can be called an Anderson-Wig
glass (AWG), is beyond the scope of the Fermi-glass conc.

There are strong reasons to suggest that the ran
spread of the energy levels of the Anderson-localized e
trons results in a qualitative difference of the AWG from t
above ‘‘plain’’ Wigner glass inherent to the Coulomb se
localized electron systems. As will be seen from the follo
ing, in an AWG, unlike the plain Wigner glass, the electr
displacements from the WCL sites depend essentially onne .
This imparts to the AWG a number of new interesting fe
tures. In particular, it will be shown below that an increase
ne turns an AWG into a Fermi glass or a plain Wigner gla
depending on the value of the parameterg5D/«0 («0

5e2/kr 0 , r 0 is the mean separation of the wells! governing
the interplay between the random spread of the electron
els and the Coulomb interelectron repulsion.

The residual disorder in an AWG is further described
terms of adipole glass, a random system of interacting d
poles that issue from the WCL sites. The dipole represe
tion of the disorder offered here turns out to be helpful
revealing a multivalley degeneracy of the AWG ground sta
reminiscent of that in spin glasses.

2. THE BASIC ASSUMPTIONS

The quantum numbers of the Anderson-localized el
tron states are the radius vectorsR of the wells’ centers.
These states will be denoted byuR&. The electron energie
«(R) in the statesuR& ~we will call them excitation energies!
are random values, while the structure of theR set is as-
sumed to be arbitrary; in particular, it can be regular. T
lowest of the excitation energies is taken to be zero. As
are dealing with«(R)!D, the densityn of the number of
excitation energies on the interval@«,«1d«# can be written
in the form

n5gn0 /D, ~1!

wheren0;r 0
2d is the density of the wells, and the consta

g;1. For simplicity, in what follows we putg51.
In the considered limiting case of low electron densit

we can neglect perturbations produced in the eigenstate
the system by the electron-electron interaction with accur
to additions of the order of

l5g21S r 0

r̄ D 2

expS 2
r 0

r l
D!1, ~2!

wherer l&r 0 is the localization radius. In this approximatio
the eigenstates can be identified with

uR&5uR1&uR2&...uRN&, ~3!

whereR5R1 ,...,RN denotes the set of wells occupied b
the electrons, andN is the number of electrons. The comple
set of eigenstates comprises all possibleR with different
R1 ...RN . With the same accuracy, the eigenvaluesE(R)
corresponding to the statesuR& take the form

E~R!5EC~R!1Eexc~R!, ~4!

where
r-
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EC5
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2k (
i ,k51
iÞk

N

uRi2Rku21 ~5!

is the energy of the mutual electron repulsion and

Eexc~R!5(
i 51

N

«~Ri ! ~6!

is the total excitation energy, i.e., the energy of the nonin
acting electrons localized at the wells.

We aim to find the structure of the electron configurati
Rg that minimizesE(R).

3. ELECTRON ORDERING AND FERMI-GLASS INSTABILITY

Let us first discuss how mutual electron repulsion affe
the ground state of the Fermi glass in the limitne→0. As
«F!D, from Eq. ~1! we obtain

ne5n0«F /D,

i.e., «F decreaseslinearly with ne . Since«C is proportional
to ne

1/d , we find that ford.1 the ratio«F /«C}ne
(d21)/d tends

to zerowith a decrease inne . Hence, asne goes to zero, the
Fermi glass becomesunstablewith respect to mutual Cou
lomb repulsion of the electrons, the energyEC @Eq. ~5!#
dominating the excitation energies«(R).

As is known, the absolute minimum ofEC is realized by
a WCL. Since the electrons of Fermi glass arerandomly
arranged, the Coulomb energy per electron of the Fermi g
exceeds that of the WCL,«W , significantly, i.e., by an
amount;«C . This suggests that for sufficiently lowne the
configurationRg falls into a class ofR that meet the follow-
ing conditions: i! for each WCL site there is an electro
located in a small vicinity of the site; ii! the upper bound«b

of the excitation energies«(R1),...,«(RN) satisfies the
inequalities

«F!«b!«C . ~7!

The energy per electron«R5E(R)/N of suchR is near«W .
It cannot be less than«W , as«exc5Eexc/N is positive~more
precisely, it is>«F).

Any configuration of the above class is bound to belo
to the set of pointsR at which «(R)<«b . The density of
these points equalsn0(«b /D). Correspondingly, their mean
separation is

r~«b!;r 0~D/«b!1/d. ~8!

It is much less than the WCL spacingaW; r̄ owing to the
first of the inequalities~7!. Therefore, for each WCL sitem
there are inevitably severalR of the set such thatuR2mu
;r. Populating these ‘‘proximate’’ statesuR& ~one electron
per site! yields just the configurations of the class mention
above. For such a configuration the energy«R is the sum

«R5«W1d«, ~9!

where d« is expected to be a small correction to«W . It
consists of two terms:

d«5aS r

r̄ D 2

«W1bS r 0

r D d

D. ~10!
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The first term is the deformation energy produced by el
tron displacements over distances;r from the WCL sites.
The second term is«exc expressed in terms ofr in view of
Eq. ~8! and the fact that«exc;«b . The factorsa5a(R), b
5b(R) depend on the details ofR, but they are both;1 for
any of the configurations considered.

The ground-state correction,d«g , to «W is the least of
thed« values. Puttinga, b51 in expression~10! and finding
its minimum with respect tor, we obtain the estimate

d«g;g
2

d12 S r 0

r̄ D
2~d21!

d12
«W , ~11!

the minimum being reached at

r5 r̄;g
1

d12 S r 0

r̄ D
d21
d12

aW;S D

dEC
D

1
d12

r 0 , ~12!

where g is the parameter defined in Sec. 1;dEC

5(r 0 / r̄ )2«C ; the physical sense of this energy parame
will be explained below~Sec. 5!. The quantityr̄ character-
izes the deviation ofRg from the WCL.

Expressions~11! and ~12! show thatd«g /«W and r̄/aW

both go to zero whenr̄ /r 0→`. Hence, for sufficiently low
ne the ground-state electron configuration is the WC
slightly perturbed by random electron displacements fr
the WCL sites. This is just the AWG mentioned in Sec.
The space structure of the AWG differs from that of the pla
Wigner glass in Coulomb self-localized electron syste
~Sec. 1! in an important aspect: the typical displacement
the electrons/holes from the WCL sites in the plain Wign
glass is of the order of the geometrical constanta0 , while
that in the AWG,r̄ @Eq. ~12!#, depends not only on the geo
metrical parameterr 0 but also on both the disorder energyD
and the electron density.

It should be noted that estimates~11! and ~12! can be
rewritten in the form

r̄

aW
;S «F

«C
D

1
d12

,
d«g

«W
;S «F

«C
D

2
d12

, ~13!

It follows herefrom that smallness of«F as compared with
«C is sufficient for the AWG to come into existence.

4. DIPOLE GLASS

To gain better insight into the ‘‘residual’’ disorder of th
AWG ground state it is necessary to consider all elect
configurationsR that are close toRg . To this end, it is
appropriate to map these electron configurations on the
of dipoles issuing from the WCL sites. The mapping is bas
on the fact that each pair consisting ofa neutral (empty) site
of the WCL1the electron of a given configuration neare
to the siteis the same as the pair described asthe site with
the electron1dipole edm , where the dipole vectordm
5R2m, R andm are the radius vectors of the electron a
the site, respectively. In dipole terms the Hamiltonian~4!
takes the form

E~R!5N«W1Heff ,

where the effective HamiltonianHeff is a functional of the
dipolesdm as the independent variables. Taking into acco
-

r

.

s
f
r

n

ts
d

t

that udmu!aW for the configurations considered and expan
ing EC in powers ofdm

a ~the indexa enumerates the compo
nents of vectors!, in the quadratic approximation we obtain

Heff5(
m

«̃~dm!1
e2

2k (
m,m8

Laa8~m2m8!dm
a dm

a8 . ~14!

Here the matrix

Laa8~m!5umu23~daa823mama8 /umu2!

determines the interaction of two dipoles issuing from si
0, m; the function

«̃~dm!5«~m1dm!1
e2

2k
L̄aa8dm

a dm
a8 ,

where

L̄aa852(
m

Laa8~m!.

Here and below, summation over repetitive indexesa, a8 is
implied, and the sums ofm, m8 are taken over all WCL sites
The second term in«̃(dm) is the energy of interaction of a
given dipole with the WCL; the second term in Eq.~14! is
the energy of the dipole—dipole interaction.

The Hamiltonian ~14! has sense provided thatHeff

!N«W. This is true if not only udmu!aW but also «(m
1dm)!«C . As follows from the previous Section, the d
polesdm meeting these requirements are bound to form so
random set, i.e., the dipole system considered is in fac
dipole glass. There are good reasons to suggest that the
pole glass has much in common with the spin glass.7 The
similarity becomes clear if one considers a fairly simplifi
model in whichdm5d0emsm , the independent variablessm
561, d0 is a constant, and the unit vectorsem constitute
some given random set. In such a caseHeff takes the form

Heff5 (
mÞm8

Jmm8smsm81(
m

h~sm!, ~15!

where sm play the role of ‘‘spins,’’ Jmm85d0
2Laa8(m

2m8)em
a em8

a8 , a random function of m, m8, is correspond-
ingly an ‘‘exchange integral;’’ the function h(sm)
5 «̃(d0emsm) can be considered as an external random fie
The system with the Hamiltonian~15! falls into the class of
spin glasses possessing their known general property: a
tivalley ground-state degeneracy7. The real dipole Hamil-
tonian~14! differs from the model one~15! only in that each
dipoledm meeting the above conditions runs through a giv
finite random set that comprises more than two vecto
Therefore, the multivalley degeneracy of the dipole-gla
ground state holds in the general case.

An adequate description of the above-mentioned deg
eracy can be given in terms of ‘‘N excitations,’’ which are
dipole configurations that containN@1 dipoles other than
those in the ground state. The total numberZ of theN exci-
tations is exponentially large inN, while an increase in the
dipole glass energy produced by anN excitation cannot ex-
ceed N«C . Therefore, the typical separation between t
neighboring energies of theN-excitation energy spectrum
dE(N)}N/Z, is exponentially small inN. Due to the
dipole-glass randomness the gap between the lower boun
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the N-excitation spectrum and the ground-state ene
dEg(N), is comparable withdE(N). This just results in the
multivalley degeneracy of the dipole glass ground sta
since in the limitN→` there are an infinite set ofN exci-
tations ~‘‘valleys’’ ! whose energies differ from that of th
ground state only by exponentially small~in N! values, their
dipole arrangements having nothing in common with o
another.

5. THE AWG EXISTENCE REGION

Estimates~12! show that the ratior̄/aW is a monotoni-
cally increasing function ofne , though r̄ itself is a mono-
tonically decreasing one. This brings about, depending on
value of the parameterg, two different scenarios of wha
happens with the AWG asne increases. Ifg@1, the typical
electron deviation from the WCL sitesr̄ inevitably reaches
values;aW with an increase inne , the ratio«F /«C , as is
seen from Eq.~13!, becoming;1. This allows the conclu-
sion that there exists some criticalne5nc1 at which the
AWG turns into a Fermi glass~supposedly, by a second
order phase transition!. Denoting byb the critical ratior̄/aW

corresponding tonc1 ~it is bound to be,1/2!, we find from
Eq. ~12!

nc1;b
d~d12!

d21 g
2d

d21 n0 .

For g!1, an increase inne reducesr̄ down to its least
possible value,r 0 , the ratior̄/aW remaining!1. This occurs
for D;dEC . The parameterdEC is the typical change in the
Coulomb energy of the system as an electron is shifted o
a distance;r 0 . Therefore, ifdEC@D, the random spread o
the electron levels can be neglected to good accuracy,
the arrangement of the Anderson-localized electrons is
tirely determined by the mutual electron repulsion.2! In such
a case the space structure of the Anderson-localized elec
system is in fact the same as that of the self-localized s
tems discussed in Sec. 1, i.e., it is an incommensurate e
tron structure3 ~the potential wells are regularly arranged! or
plain Wigner crystal4 ~a disordered arrangement of th
wells!. Hence, for sufficiently smallg the AWG is bound to
turn into a structure of the self-localized type at some criti
ne5nc2 meeting the conditionD;dEC . From the second o
the estimates~12! we have

nc2;gd/3n0 .

It follows from the aforesaid that the AWG existenc
region on thene , g plane is bounded by theg axis and the
two curves ne5nc1(g) and ne5nc2(g) (nc1(g)→0 as
g→`; nc2(0)50). They intersect at the pointne5n̄e

;bdn0 , g5ḡ;b3, the valuen̄e being the maximalne at
which the AWG exists.

Heating affects the AWG ifT exceedsd«g , both terms
in Eq. ~10! (r5 r̄) being ;T. Under these conditions th
dipole thermal-fluctuations amplitudedT; r̄ («C /T)1/2, the
fluctuating dipole vector taking values;(T/d«g)11d/2. As T
increases,dT becomes;aW , and at some criticalT;«C the
AWG turns into a glassy state.
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6. SOME GENERAL FEATURES OF THE AWG

Macroscopically, the AWG manifests both electro
crystal and glassy-state features.

Due to the proximity of the AWG space structure to
WCL the only possible one-electron excitations that c
transfer charge in the AWG are point defects, positive
charged WCL vacancies, and interstitial electrons. In ot
words, the one-electron variable-range hopping that is inh
ent to the Fermi glass5 is impossible in the AWG. In this
respect the AWG is similar to an ideal Wigner crystal.

Conduction in the AWG is by two mechanisms: i! trans-
fer of charged point defects, ii! multi-electron processes of
creep type that reside in the dipole glass. Here we only o
line them.

The above point defects form an ideal gas whose c
ductivity sdef, being proportional to the concentration of d
fects, depends on the inverse temperature exponentiall
within a pre-exponential factor:

sdef} expS «v2« i

T D .

Here «v;«C and « i;«C are the energies of vacancy an
interstitial-electron formation, respectively (« i.«v). It is in-
teresting that at sufficiently low temperatures the p
exponential factor obeys Mott’s law for the Fermi glas5

Namely,T is bound to be less than the quantityd«g!«C ~Eq.
~11!!, which is the typical value of the random spread of t
electron energies in an AWG. With respect to the hopping
a point defect between WCL sites,d«g plays the same role a
the disorder energy of the familiar Mott’s picture.

The conduction of the second type is by a creep in
dipole glass~Sec. 4! produced by the creation and annihil
tion of N excitations as phonons are adsorbed and emitted
AWG electrons. It is essential that only thoseN excitations
take part in the charge transfer whose energiesEN are expo-
nentially close inN to the AWG ground-state energyEg .
~According to Sec. 4, it is just these excitations that cause
infinite degeneracy of the AWG ground state!. It is just the
exponential smallness ofEN2Eg that makes possible th
creation and annihilation ofN excitations by one-phonon
absorption and emission at temperatures as low as des
The correspondingN are determined by the relationEN
2Eg;T. This givesN; ln(«C /T). Taking into account that
the quantum amplitude of transition~produced by the
electron-phonon interaction! between the ground state and a
N excitation is proportional tolN @the parameterl!1 has
been defined in Sec. 2, Eq.~2!#, we find the contribution
screepmade by the creep mechanism to the AWG conduc
ity to be given by the following estimate:

screep}~T/«C!22u ln lu.

As screep depends onT by a power law, it exceedssdef at
sufficiently low temperatures.

The multivalley degeneracy of the dipole glass, like th
in a spin glass,7 is bound to cause an infinite spectrum
relaxation times, and, in consequence of this, nonergodic
havior of the AWG. This can be revealed by the observat
of various relaxation processes in the AWG that go on
anomalously long times. An example is the relaxation o
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nonequilibrium AWG polarization created in one way or a
other. This has much in common with relaxation of a no
equilibrium magnetic moment in spin glass.

As follows from the evaluations made in Sec. 5, und
moderate-disorder conditions (g&1) the AWG can exist up
to values ofne that are only several times less thann0 . The
proper materials to observe the AWG are various amorph
narrow-band conductors, superlattices, and inversion la
whereinne can be varied over wide limits without affectin
the disorder. Favorable conditions for semiconductor AW
are expected to exist in super-lattices with the so-called
layers. Of special interest is a conductive sheet in a metan-
type GaAs-p-type GaAs system with charge transfer in
impurity band.8 It is distinguished by pronounced regula
type oscillations inne , which cannot be explained in con
ventional one-electron terms and most likely are a mani
tation of a two-dimensional AWG. We intend to provide ne
evidence to confirm this suggestion and to specify the e
tron structure in the very near future.

The main outlines of the AWG mentioned here are to
the subjects of our further detailed publications.
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Staged work hardening of polycrystalline titanium at low temperatures and its relation
to substructure evolution
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Tensile test diagrams of commercial-grade polycrystalline titanium foil are obtained in the
temperature range 10–373 K, and the corresponding work hardening curves are plotted as stress
versus plastic deformation,s(«p). It is shown that the hardening curves consist of two~at
low temperatures! or three~at high temperatures! fragments or stages, which are approximated by
the equations5const1h«p

n with constant rheological parametersn andh within each stage,
and the empirical values of these parameters are determined over the investigated temperature
range. The behavior of the hardening curves is compared with the features of the substructure
evolution of the polycrystalline titanium at different stages of the plastic deformation, which are
revealed by methods of electron and optical microscopy. The presence of correlations
between the individual stages of the hardening and the structural states formed in the samples in
the process of deformation is established. The effectiveness of the different types of
substructures—ensembles of randomly distributed dislocations, reorientation bands, and twins—
in the hardening of polycrystalline titanium is discussed. ©2002 American Institute of
Physics. @DOI: 10.1063/1.1531398#
or
o
in
r
n

an
in
ce
r

iff

gl

o
d,
as
in
a

s
n
ys
a
th

ru
t
r
c

of
ult-

ly
ns,

of
roxi-
evo-
o a
The
ure

of
ed
n
ed
en-
of
ave
ob-
ys
age
f a
nite
s to
and

tals

s
t of
INTRODUCTION

The behavior of the hardening curve in the plastic def
mation of crystals reflects the evolution of the system
dislocations which arise and interact. Two factors—the
crease of the total density of dislocations and the characte
their distribution—underlie the phenomenon of work harde
ing, determining its rate and level, and, hence, the mech
cal properties of crystalline materials beyond the yield po
The changes of the structural state of a sample in the pro
of plastic flow correspond to specific mechanisms of wo
hardening and cause the stress–strain curves~«! to have a
staged character, i.e., several extended segments with d
ent values of the hardening rateds/d«. Usually the staged
character is clearly expressed for single crystals with sin
slip.

In polycrystalline metals a distinct staged character
the stress–strain curve is generally not discerned. Grante
a number of metals with the fcc lattice in the absence of e
slip the linear parts of the second stage of the harden
curves of single crystals and polycrystals turn out to be p
allel, while the third stage, varying by a parabolic law, ha
complicated character.1 Polycrystalline samples of bcc iro
also exhibit hardening curves similar to those of single cr
tals with the~001! orientation. In addition, in both cases
cellular substructure arises after a tensile strain greater
0.03, when the dislocation density is 33109 cm22 ~Ref. 2!.
It should be emphasized here that the dislocation subst
tures formed and the sequence of structural changes tha
cur in an individual grain of the polycrystalline aggregate a
analogous to those observed in single crystals. Using spe
9351063-777X/2002/28(12)/7/$22.00
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methods of analysis of the parabolic deformation curves
single crystals,3–7 one can reveal the staged character res
ing from the succession of structural states: from random
distributed dislocations to ordered dislocation formatio
both disoriented and not.4–10

Establishing the interrelation between the behavior
the parameters appearing in the equations used to app
mate the stress–strain curves and the regularities in the
lution of the substructure of a deformable sample is key t
deeper understanding of the nature of work hardening.
absence of studies of the evolution of the microstruct
along the deformation curve has prevented the majority
authors from obtaining convincing evidence of the stag
nature of the work hardening of polycrystals. Informatio
about the dislocation structure is taken from publish
sources and invoked to explain the features of work hard
ing, often without the necessary rigor in the interpretation
that information, especially in cases where the studies h
been done over a wide temperature range. The results
tained for a number of polycrystalline bcc metals and allo
in Ref. 7 are an exception to this. There a stage-by-st
electron microscope study of the dislocation structure o
sample at values of the strains corresponding to defi
stages on the tensile test diagram permitted the author
establish the correspondence between its structural state
the staged hardening curve.

In the analysis of the stress–strain curves of hcp me
of group IVA ~a-Ti and a-Zr! it has been observed5,8–10that
the presence~or absence! of staged work hardening depend
on the straining temperature and on the impurity conten
© 2002 American Institute of Physics
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the given metals. In the absence of systematic investigati
solely on the basis of general information about the dislo
tion structures formed in these metals, it was conjectured
the regularities observed in the variation of the work hard
ing are due to the circumstance that the transverse sli
dislocations, with the formation of a cellular substructu
can occur rather easily. However, the direct interrelations
between staged work hardening and the structural state o
sample was not established.

Recently we made a detailed electron microscope st
of the evolution of the dislocation structure of polycrystalli
titanium under tensile straining in the temperature ran
4.2–373 K.11,12 Knowledge of the substructure that form
along the the strain curve makes it possible to compare
characteristics of the substructure with the behavior of
hardening rate. In the present paper we obtain tensile
diagrams of a polycrystalline titanium foil in the temperatu
range 10–373 K and construct the hardening curves co
sponding to them in coordinates of true stress versus
plastic deformation. A special analytical processing of
hardening curves has revealed their staged nature and m
it possible to determine the rheological parameters chara
izing the work hardening within the individual stages.
comparison of the hardening curves with the electron mic
scope data of Refs. 11 and 12 revealed a correlation betw
the individual stages of hardening and the structural st
formed in the sample during the deformation, making it p
sible to establish the effectiveness of different types of s
structures in the hardening process.

EXPERIMENTAL METHODS AND SAMPLES

We investigated commercial-grade titanium containin
concentration of interstitial impurities, mainly oxygen,
around 0.2 at. %. Experiments on tensile testing at a st
rate «̇5231024 s21 in the temperature range 10–373
were carried out on foil samples 30 mm long, 6 mm wid
and 0.1 mm thick, cut in the direction of rolling. After th
samples were annealed for 1 h at atemperature of 1025 K in
a vacuum of 1024 Pa, the average grain size was;35 mm.
The presence of recrystallization texture in the annea
samples led to the circumstance that the direction of strai
the majority of the grains was in the^101̄0& direction, while
the basal plane~0001! lies at an angle of'25° to the plane
of the foil.

Intermediate temperatures in the intervals 130–240
and 10–77 K were obtained by blowing liquid nitrogen
helium through a Shapiro shower which cooled the sam
and they were maintained to within 0.3 K.

The tensile strain diagrams recorded in coordinates
load versus time,P(t), were converted by a computer t
coordinates of true stress versus true deformation, taking
account the change in the total length and cross section
ing the straining. In the region of uniform strain the tru
strain « and stresss can be calculated by the formulas«
5 ln l/l05ln(11d) ands5(P/s0)(11d), wherel 0 and l are
the initial and instantaneous lengths ands0 is the initial
cross-sectional area of the sample. The strain« and stresss
determined in this way more adequately reflect the physic
the work hardening process as compared to the nominal
ues often used for them, viz.,d5( l 2 l 0)/ l 0 andS5P/s0 .
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We note that for interpreting the work hardening rate
the framework of dislocation theory one ordinarily uses t
relation s(«p), where «p is the true plastic deformation
which can be found from the condition

«p5«2s/M ; ~1!

here M is the combined modulus of the machine–sam
system~in our caseM'25 GPa at load levels up to 750 N!.
The differences between thes(«p) and s~«! curves can be
seen by comparing the data in Figs. 1 and 3. To determ
the values of the work hardening rateu5ds/d«p , after con-
structing the hardening curvess(«p) at different experimen-
tal temperatures we differentiated them along each curve
10 K the deformation curve for«p.0.04 became saw
toothed, reflecting the jumpy character of the plastic flo
of titanium ~see Fig. 1!, and therefore the derivative
u5ds/d«p for this case was determined from the envelo
of the jumps of the curve.

In the dislocation theory of plastic flow the deformin
stresss can be written as a sum of effective and intern
stresses:s5s* 1s i . Empirical estimates of the effectiv
stresss* and the internal stresss i have been obtained b
several methods separately in measurements of the rate
sitivity of the deforming stressDs/D ln «̇ and the stress re
laxation depth.13–15

The dislocation substructure of deformable samples w
studied on an E´M-200 electron microscope at an accelerati
voltageof 175 kV using ‘‘self-supporting’’ thin foils for trans
mission electron microscopy. The foils were prepared by
method of double jet electropolishing. For studying t
twinned microstructure an optical microscopic was used.

RESULTS AND DISCUSSION

Figure 1 shows the deformation diagrams in the coor
nates true stress versus true plastic deformation,s(«p), ob-
tained in the tensile straining of the titanium samples in
temperature range 10–373 K. Studies of t
microstructure11,12 ~see below! attest to the formation of dif-
ferent substructures in different stages of plastic deformat
Moreover, thes(«p) curves given in Fig. 1 do not revea
clearly discernable regions corresponding to different str

FIG. 1. Work hardening curves of polycrystalline titanium~foil ! at different
temperatures:«p is the true plastic deformation ands is the true deforming
stress; the boundaries of the stages are indicated by the symbold.
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tural states. The boundaries between the regions~stages! are
revealed only by plotting in special coordinates the hard
ing rate u(«p)5ds(«p)/d«p or the second derivative
d2s/d«p

2 versus the deformationsp .
Various relations are used6 for analytical approximation

of the hardening curvess(«p) of polycrystals. Most often
one uses simple parabolic approximations for individ
fragments~stages! of the hardening curve. For example, f
some stages one can use the Ludwig equation:

s5const1h«p
n , ~2!

where h and n are rheological parameters of the materi
which within a given stage remain constant in many caseh
characterizes the hardening rate, andn is called the harden
ing index.

Equation~2! is empirical, and the parametersh andn in
it do not always have a simple physical meaning. Howev
in those cases when the staged nature of the hardenin
quite pronounced, the transitions from one stage to ano
are accompanied by sharp jumps in the values and even
signs of these parameters; the hardening indexn plays a
special role as an indicator of staged hardening.

To reveal the stages recorded in our experiments~Fig. 1!,
the hardening curves were differentiated numerically and
results were plotted in double logarithmic coordinat
log(ds/d«p)–log«p ~so-called Crussard–Jaoul graphs!. As a
result of these operations, the hardening curvess(«p) are
transformed into broken lines~Fig. 2! consisting of severa
rectilinear segments with different values of the slope. Fig
2 clearly illustrates the staged nature of the work harden
of polycrystalline titanium: the hardening curvess(«p) con-
sist of two or three~depending on the straining temperatur!
stages, each of which is described by Eq.~2! or by the cor-
responding equation

log~ds/d«p!n5 log~hnnn!1~nn21!log«p , ~3!

where the indexn51, 2, 3 denotes the number of the ind
vidual stage. By comparing Figs. 1 and 2 with Eq.~3!, it is
easy to find the rheological parametershn and nn for each
individual stage (n51, 2, 3) and also the values of the crit
cal strains«n and stressessn , above which the substructur
arising in stagen21 becomes unstable and undergoes re
-
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rangement. The values of the strain«n correspond to the
kinks in the curves in Fig. 2 and allow one to find the valu
of sn using the data in Fig. 1. The values of the paramet
nn21 and log(nnhn) are determined by the coefficients of th
equations of the rectilinear segments in Fig. 2. The comp
set of values found for the rheological parameters of po
crystalline titanium for all of the work hardening stages r
vealed here are presented in Table I.

We note once again that the work hardening rateu
5ds/d«p in the case of a parabolics(«p) curve changes
continuously with increasing plastic deformation, but the p
rametershn and nn remain constant over rather extend
segments of the hardening curves, which can be interpr
in a certain sense as regions of uniform hardening.

Special note should be made of the fact that all of
hardening curvess(«p) shown in Fig. 1 also contain initia
stages:

s5s01s~0!~«p!, «p,«1 , ~4!

where s0 is the limit of elasticity ~proportionality!, and
s (0)(«p) is a certain function describing the stage of t
transition from microplastic to macroplastic deformation.

FIG. 2. Work hardening rate versus the true plastic deformation for po
crystalline titanium at different straining temperaturesT @K#: 10 ~h!,
77 (1), 185 ~n!, 240 ~d!, 293 ~s!, and 373~j!.
e
TABLE I. Empirical values of the parameters in the Ludwig equation~2! for the three stages of work hardening of polycrystallin
titanium.
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this stage the plastic deformation rate«̇p increases from zero
at the limit of elasticity to the value of the strain rate set
the testing machine. In the region of well-developed plas
deformation,«p.«1 , the hardening curves, according to E
~3!, can be approximated by a piecewise continuous func
consisting of a sequence of fragmentsn51, 2, 3 of the type
described by the Ludwig equation~2!. An individual frag-
ment with numbern is described by the equation

s~n!~«p!5sn1hn~«p
nn2«n

nn!,

«n,«p,«n11 . ~5!

As we have already mentioned, the deforming stress
can be written as a sum of two components:s5s* 1s i ,
wheres* is the effective stress, which depends on the te
perature, rate of strain, and chemical composition~the inter-
stitial impurity content in the case of titanium13!, while s i is
a characteristic value of the long-range internal stresses
is determined mainly by the substructural state of the sam
As an example, in Fig. 3 we show data obtained in meas
ments ofs* ands i along the strain curves~«! of a titanium
sample at a straining temperature of 293 K. It is found t
the thermal component ofs* is independent of the degree o
deformation at«p>0.005. An analogous result for polycrys
talline titanium was obtained previously in Ref. 16. Th
finding means that the work hardening due to the evolut
of the structural state of the sample in the process of pla
deformation turns out to affect only the value of the intern
stress s i . Thus the increments of deforming stressDs
5h«p

n on the right-hand side of Eq.~2! or ~5! in our case
have the meaning of substructural hardening on the in
vidual stages along the tensile test diagram. In view of w
we have said above, analysis of the staged character o
change in work hardening and its comparison with the d
location substructure that forms is correctly done for def
mations«p.«1>0.005.

To elucidate the physical meaning of the rheological
rameters given in Table I we compare them with the res
of a stage-by-stage study of the substructures formed a
the deformation curve. According to the data of transmiss
electron microscope~TEM! studies,11,12 in the initial stage of
deformation in polycrystalline titanium at all the temper

FIG. 3. Variation of the thermals* and athermals i components of the
deforming stresss with increasing deformation; the curves were recorded
the tensile straining of polycrystalline titanium at room temperature.
c
.
n

-

nd
le.
e-

t

n
ic
l

i-
t
he
-
-

-
ts
ng
n

tures studied a disordered substructure is formed which c
sists of randomly distributed, so-called compensated dislo
tions ~Fig. 4a!. These are dislocations of different sign with
mutually compensated~equal to zero! total Burgers vector,
which, as they are stopped by various kinds of obstac
accumulate randomly in the volume. The scalar densityr of
these dislocations increases in proportion to the degre
plastic deformation«p :

r2r05A«p , ~6!

wherer0 is the initial density of dislocations, and the coe
ficient of proportionalityA at a straining temperature of 29
K has a value'1.731011 cm22 ~Ref. 17!. This substructural
state of our samples corresponds to the parts of the defo
tion curves which are approximated by straight line segme
with n1'0.5 ~stage I! on the plots of log(ds/d«p)–log«p

~Fig. 2!. In this case Eq.~2! derives from Taylor’s dislocation
theory of work hardening,18 according to which the incre

FIG. 4. Dislocation substructure of titanium after deformations«p50.025
~a!, 0.15 ~b!, and 0.17~c! at T5293 K.
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ment of deforming stress on the initial stage of we
developed plastic flow is described by the relation

Ds5aGb~r2r0!1/2, ~7!

whereb is the Burgers vector,G is the shear modulus, anda
is a coefficient which is usually taken close to unity. We no
that the valuea'1 follows from a theoretical analysis of th
amplitude of the internal stresses both for coplanar and
domly distributed ‘‘forest’’ dislocations.19,20 Equations~6!
and~7! imply a parabolic relation between the true stress a
true plastic deformation in the first stage (n1'0.5):

s~«p!5s11h1«p
1/2. ~8!

From relations~6!–~8! we obtain an equation relating th
rheological parameterh1 with the coefficientA:

h15aGbA1/2. ~9!

Using the values of the coefficientA and parameterh1 ~see
Table I!, we find from ~9! at T5293 K that in our case
a'0.9. This value of the coefficienta indicates that our
interpretation of the hardening in stage I as being the re
of interactions between dislocations is correct. Thus the
rameterhi acquires a concrete physical meaning: it char
terizes the intensity of the accumulation of dislocations in
process of plastic deformation.

According to the regularities revealed in the behavior
the hardening indexn, which reflect the supposed successi
of hardening mechanisms along thes(«p) curve, the inves-
tigated temperature interval should be divided into two pa
separated by a temperatureTh'190 K. For T,Th stage I
(n1'0.5) gives way practically immediately to stage I
(n3'1). For T.Th the parabolic (n1'0.5) and linear (n3

51) hardening stages, each of which is predicted by
dislocation theories of hardening, are separated by a tra
tional stage II with negative values of the parameterh2,0
and n2,0 ~the deformation interval«p'0.06– 0.08). Of
course, these values of the rheological parameters refle
different physics of work hardening in the transitional sta
In connection with the presence of a characteristic temp
ture Th , it is advisable in further analysis of the interrel
tionship between the structural state of the sample and
hardening parameters to treat the cases of high (T.Th) and
low (T,Th) values of the straining temperature separate

In the temperature region 240–373 K the densities
disordered edge and screw dislocations in titanium are
proximately equal, which is an indirect indication that t
probabilities of nucleating dislocations in the interior of
grain~internal sources! and on its boundary~surface sources!
are relatively equal. As we showed in Ref. 21, this circu
stance is a consequence of the approximately equal mob
of the edge and screw components of a dislocation loo
these temperatures. Near grain boundaries the density of
locations is somewhat higher. When the deformation reac
«p>0.04, low-angle~with a misorientation of less than 10°
band elements of substructure having a mesoscopic scal~of
the order of several microns! appear against the backgroun
of the random network of dislocations as a result of p
cesses of their self-organization. These are the so-called
location reorientation bands~RBs!. Figures 4b and 4c show
RBs with the preferred substructural elements for realiza
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of one slip system~Fig. 4b! and for the case of activation o
two equivalent slip systems~Fig. 4c!. Their nucleation and
development becomes possible only when a number of c
ditions are met.22 One of these conditions is the creation
sufficiently high rotational stresses and their gradients, wh
usually occurs more rapidly near junctions of grain boun
aries. Another condition is that it is necessary to reac
critical density of mobile dislocations (rcr

>109– 1010 cm22) of the type that make up the walls of th
RBs: in our case, these are type-a edge dislocations. The
appearance of RBs signifies a transition of the deforma
process from the stage of translational~laminar! plastic flow
to a stage in which, together with the ongoing translatio
slip of individual dislocations, a rotational~turbulent! motion
of large dislocation ensembles occurs~Fig. 4b,c!.

Figure 5 shows the dependence of the specific volumb
occupied by the RBs as a function of the deformation
different temperatures. BelowT5135 K the RBs are not ob
served. A comparison of the data in Figs. 2 and 5 and
data given in Table I shows that for temperatures of 240–
K the transitional stage on the log(ds/d«p)–log«p plots, with
negative values of the hardening parametersn2 andh2 , cor-
responds to the onset and rapid growth of the volume fr
tion of RBs~the interval of deformations«p>0.04– 0.1), i.e.,
to a rearrangement of the previous dislocation structure~ow-
ing to its instability! to an energetically more favorable stat
As a result of this rearrangement, ordered dislocation c
figurations, RBs, appear, the volume fraction of whi
reaches 30–60%. Upon further increase in the deforma
the value ofb remains practically unchanged. The fraction
grains in which RBs is observed grows from 50% to 90%
the temperature is raised from 240 to 373 K. There is
simultaneous growth of the intragrain specific volume oc
pied by the RBs. Thus at high degrees of deformation
RBs become the main substructural element that determ
the parameters of the hardening curve. At any straining te
peratures the values of the deformations«2 ~see Table I! at
which the influence of the RBs on the staged character of
s(«p) curves begins to be manifested correspond to the
ment when their specific volumeb in the samples reache
approximately 20%~Fig. 5!. The end of the transitional stag
II ~or the start of stage III! corresponds to a deformation«3

FIG. 5. Specific volumeb occupied by reorientation bands versus the d
formation«p at various temperaturesT @K#: 160~h!, 185~d!, 240~n!, 293
~j!, and 373~s!.
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at which the growth of the specific volume of the RBs go
to saturation.

Negative values of the parametersn and h have been
observed previously for Fe~Ref. 4! and Zr ~Ref. 9! in an
analysis of the stress–strain curves with the use of
Crussard–Jaoul method. This feature was explained by a
namic rotation due to the transverse slip of dislocations d
ing the formation of the cellular structure. The low straini
temperatures in our case precludes the appearance of
effect ~see Ref. 9!. The results of TEM studies attest to th
fact that in the region of deformations corresponding to
transitional stage, as a result of the rapid rearrangemen
the dislocation structure, edge dislocations are ‘‘expend
on the creation of the walls of the RBs. As a consequen
the intensity of the accumulation of dislocations falls off, a
there is a marked decrease in their density in the space
tween the walls of the RBs, i.e., in the random disorde
substructure which previously had governed the rate of w
hardening in the first stage@see Eq.~8!#. This change in the
character of the dislocation substructure causes a chang
the mechanism of work hardening. Thus the negative va
of the parametersh2 andn2 obtained are a reflection of th
dynamic process due to the transformation of the characte
the plastic deformation from purely translation to predom
nantly rotational.

At deformations«p>0.1, the volume fractionb of the
RBs stops increasing. After that the increase in the dislo
tion density occurs mainly in the walls of the RBs, whic
leads to an increase in the rotation of adjacent microregio
These values of the deformation correspond to the star
stage III ~Table I!, i.e., the linear hardening stage, in whic
the parametern3 in relations~3! and~5! is close to unity. The
character of the substructure formed in titanium in this st
is in principle comparable to those of its types~somewhat
disoriented ordered dislocation formations! which are con-
sidered in the theoretical models of linear harden
mechanisms.23

When the temperature is lowered (T,200 K) the mo-
bility of edge dislocations becomes much higher than tha
screw dislocations. The increase in the density of dislo
tions with deformation occurs mainly through the accumu
tion of their screw components. Such a change in the di
cation dynamics leads to an increase of the criti
deformation for the onset of RBs as the temperature is l
ered~see Fig. 5!, which is due to the slower accumulation
the critical density of edge dislocations, from which t
walls of the RBs are made up. Theb(«p) curves for tem-
peratures of 160 and 185 K are qualitatively different than
higher temperatures.12 In the entire interval of« the volume
fraction of RBs increases in proportion to the deformatio
but much more slowly. Even at the highest deformation
does not exceed 20%, and then the process of deformatio
twinning begins.

For T,190 K stage II is absent, and on th
log(ds/d«p)–log«p plots stage I gives way almost immed
ately to stage III, and the lower the temperature, the low
the critical deformation«3 for the start of stage III and the
sharper the transition between stages. Since the two-s
nature of the hardening curves means a change in the me
nism of structural evolution, let us compare the parame
s
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characterizing these stages with the results of the microst
ture study.

At deformations corresponding to stage I («p

<0.03– 0.06 in the interval 77–185 K!, reorientation bands
are absent~see Fig. 5! and the main element of substructu
consists of rectilinear screw-dislocation segments which
components of slip bands, the development of which is of
restricted to the space between twins~Fig. 6a!. The volume
fraction of twins at these deformations does not exceed 0
The value of the parametern1'0.5 in this stage also indi-
cates that in the type of substructure that is forming,
ordering is due to an increase of the density of dislocati
which are not localized in ordered substructural formatio
One notices the lower value of the work hardening rate
stage I at 185 K in comparison with temperatures of 240 a
293 K; this is at odds with the general tendency for t
hardening rateu5ds/d«p to increase as the temperature
lowered. This fact indicates that the work hardening eff
due to uniformly distributed rectilinear segments of scr

FIG. 6. Twinned microstructure of titanium deformed atT577 K,
«p50.025~a! and 0.15~b!, and atT510 K, «p50.11 ~c!.
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dislocations~the planar dislocation substructure! is less than
the hardening due to the substructure consisting of screw
edge dislocations distributed randomly in approximat
equal numbers. As the temperature is reduced further f
77 to 10 K, the density of twins increases markedly. The
fore the decrease of the critical deformation«3 for the start
of stage III can be regarded as a consequence of activ
twinning.

As we mentioned earlier, at 10 K in the region of defo
mations corresponding to stage III, the plastic flow becom
discontinuous~or jumplike!. The ‘‘instantaneous’’ increase o
the deformation in this case is manifested as a narrow lo
ized shear band on the wide face of the sample~ribbon!,
lying at an angle'50° to the axis of tension. The relativ
deformation in the zone of the localized band was'0.005
for the first two load overshoots and approximately 0.013
the last ones. The relative value of the stress jumpDsser/s
in this case increased from 5% to 11%. The presence
substantial nonuniformity of the plastic deformation does
affect the hardening parametersn and h analyzed in this
paper, which in the given stage are practically independen
the degree of deformation.

The microstructure of the sample in stage III is char
terized by a high density of twins~Fig. 6b, c! and rectilinear
segments of screw dislocations between them. The secon
twinning is very well developed. The deformation in the a
comodation zone at the twin–matrix boundary is due exc
sively to secondary twinning. The relaxation of the local
ternal stresses arising at places where the twins intersec
in the twin interlayer itself when the twin interacts with
grain boundary, etc. also occurs on account of second
twinning. At these temperatures the twinning accounts for
to 30–40% of the elongation of the sample under tension
is seen from the log(ds/d«p)–log«p plots ~Fig. 2! that such
an evolution of the microstructure of the sample correspo
to a practically linear character of the hardening (n3'1).
This result agrees with the data obtained earlier5,24 for poly-
crystalline titanium deformed at 77 K.

CONCLUSION

The curves of the stress versus plastic deformat
s(«p), of polycrystalline titanium~a foil of thickness 0.1
mm! recorded in the temperature range 10–373 K have b
analyzed on the basis of the analytical approximat
s5const1h«p

n using log(ds/d«p)–log«p plots. It is shown
that the low-temperature work hardening of polycrystalli
titanium is a multistage process. The relationship betw
the hardening parametersn and h and the substructure
formed in the sample in the deformation process has b
found for each stage.

The analysis showed that the temperature interval inv
tigated can be divided into two parts, separated by a temp
tureTh'190 K. ForT.Th one hasn1'0.5 in stage I—this
is a consequence of ordering due to an increase in the de
of randomly distributed edge and screw dislocations (Ds
;(Dr)1/2). As the deformation increases and the critic
density of edge dislocations is reached, the random subs
ture loses stability, and ordered dislocation configuration
reorientation bands~RBs!–are formed. This stage~II ! is
characterized by negative values of the parametern2 andh2 .
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The sharp decrease of the work hardening rate in this stag
a consequence of the sharp drop in the density of dislo
tions in the space between walls of the RBs. Eventually
volume fraction of RBs, which have become the main su
structure element, goes to saturation, and stage III begin
stage III the ordering has a linear character:n351 and
h3.0. This stage is characterized by the appearance o
appreciable number of mechanical twins, but their volu
fraction and their influence on the ordering are insignifica

At low temperaturesT,Th the ordering in stage I is
governed by the increase in the density of rectilinear s
ments of screw dislocations, stage II is absent, and stag
is dominated by strongly activated mechanical twinning.
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Structure and photoluminescence of helium-intercalated fullerite C 60

I. V. Legchenkova, A. I. Prokhvatilov, Yu. E. Stetsenko, M. A. Strzhemechny,
K. A. Yagotintsev, A. A. Avdeenko,* V. V. Eremenko, P. V. Zinoviev, V. N. Zoryansky,
and N. B. Silaeva

B. Verkin Institute for Low Temperature Physics and Engineering of the National Academy of Sciences
of Ukraine, 47 Lenin Ave., Kharkov 61103, Ukraine

R. S. Ruoff

Northwestern University, Department of Mechanical Engineering, 2145 Sheridan Road, Evanston,
Illinois 60208, USA
~Submitted September 25, 2002!
Fiz. Nizk. Temp.28, 1320–1323~December 2002!

The intercalation of C60 single crystals with helium is studied by powder x-ray diffractometry. It
is established that the intercalation is a two-stage process: octahedral cavities are filled first
and then tetrahedral ones, the chemical pressure being negative during both stages. The low-
temperature~5 K! photoluminescence spectra of helium-intercalated fullerite C60 are
studied for the first time. The presence of helium in lattice voids is shown to reduce that part of
the luminescent intensity which is due to the emission of covalently bound pairs of C60

molecules, the so-called ‘‘deep traps’’ with the 0–0 transition energy close to 1.69 eV. The
mechanism of the effect of intercalation with helium on the pair formation in fullerite C60 is
discussed. ©2002 American Institute of Physics.@DOI: 10.1063/1.1531399#
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The C60 fullerite has attracted attention during the la
years owing to its unusual properties, such as unique op
and photoelectrical phenomena1 and magnetism.2 The high
symmetry of the C60 molecule determines the geometric a
electronic structure of its electronic excited states. Althou
C60 is a typical representative ofp-electron systems and ex
hibits electronic properties inherent in these systems,
~quasi! degeneracy of the lowest excited states and symm
forbidden transitions between these states and the gro
state, and the peculiarities of the low-temperature cry
structure are factors that contribute to the unusual lo
temperature luminescence of fullerite.3,4

Despite the large number of publications about the lo
temperature luminescence spectra of C60, the mechanisms
that form these spectra are still far from clear. As it w
recently shown, the low-temperature photoluminesce
spectrum of C60 fullerite is determined by a set of emissio
centers of different origin, such as Frenkel–Davyd
excitons,3,4 charge transfer excitons,5 structural defects,3,4,6,7

as well as pairs or chains of molecules that play the role
deep exciton traps, typical of the C60 and C70 fullerites.3,8–10

In order to further investigate photoluminescence cen
in the low-temperature phase of C60 we measured photolu
minescence spectra of C60 fullerite saturated with helium
~which has an effective atomic radius of 0.93 Å!, which can
presumably11,12 bind to separate molecules in the crystal l
tice of C60. In crystalline C60 there are two tetrahedral cav
ties and one octahedral cavity per fullerene molecule,
mean diameters of which are respectively 2.2 and 4.2 Å.13,14

This allows the straightforward preparation of fullerite-bas
substitutional solutions over a wide range of dopant conc
9421063-777X/2002/28(12)/3/$22.00
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trations. Surprisingly, given the ever growing number of pu
lications in this field, no general review is yet available. F
some types of impurities~for instance, alkali metals!, there is
a more or less generally accepted physical viewpoint c
cerning the effects brought about by the impurities, while
the others~for instance, rare gases or simple linear m
ecules! such a unified concept is still to be worked ou
Among the rare gas intercalants the effects of saturation
C60 with helium have been the least studied.11,12 It is perhaps
surprising that elevated pressures are not required to re
high helium concentrations in C60, though it is quite reason
able to expect that saturation kinetics as well as the con
quences of intercalation will bear much similarity with r
sults for other small-size intercalant species.

In the first stage of this work we studied the kinetics
saturation of fullerite C60 with He at room temperature and a
pressures close to 105 Pa. For structure and luminescen
investigations we used C60 single crystals from the sam
batch; the preparation procedure was reported earlier.15 Evo-
lution of the intercalation process was monitored by me
of powder x-ray diffraction~DRON-3 diffractometer!; the
lattice parameters and other structure characteristics~reflec-
tion intensities and half-widths! were measured at particula
time intervals during a long-lasting experiment at room te
perature, with excursions to low~down to 20 K! tempera-
tures. A detailed description of these structure experime
will be reported in a separate publication. The conclusio
about the distribution and saturation level drawn from t
structure experiments were used for the interpretation of s
sequent optical measurements.

The room-temperature cubic lattice parametera as a
© 2002 American Institute of Physics
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function of the exposure time of the uninterrupted interca
tion process is plotted in Fig. 1. Noteworthy is the rather f
increase ofa during the initial 25–30 h of intercalation
which then converted to a much slower gradual increase w
distinct indications of a tendency to saturate only after 40
h of exposure to the helium atmosphere. The half-width
all reflections has a maximum approximately in the sa
region where the saturation regime changeover was d
mented for thea(t) dependence.

This temporal behavior of the structure characteris
allows us to tentatively reconstruct the scenario of heli
penetration into the sample. During the first stage, octahe
cavities are filled, which are larger in size and have mu
wider passes in between, as compared to tetrahedral cav
A characteristic feature of the beginning of stage 1 is
inhomogeneous distribution of helium over the sample~he-
lium diffuses from the sample surface inward!, which mani-
fests itself through a substantial broadening of the refl
tions. As the He concentration gets more homogeneous
half-width is restored to a value that differs little from that
the pure starting fullerite. After that, a much slower filling
tetrahedral vacancies begins. Estimates of the typical e
gies of helium in the respective environments of both
cancy types as well as the relevant diffusion problem will
published separately. It should be noted here that, unlike
tahedral vacancies, the system of tetrahedral vacancie
filled virtually uniformly over the whole sample. The H
content can be roughly~to within 5–10%! evaluated by com-
paring the Bragg reflection intensities calculated for kno
He fractions with measured intensities.

In the next stage of this work we studied effects of
tercalation on low-temperature photoluminescence spectr
C60 fullerite. The luminescence measurement technique
well as the experimental setup have been repo
elsewhere.7 A minor modification consisted in using
FÉU-62(S1) photomultiplier, which enabled us to recor
photoluminescence spectra down to energies around 1.2
Figure 2 shows photoluminescence spectra, normalize
integrated intensity, taken at 5 K for pure fullerite and fuller-
ite with helium impurities, as well as the difference betwe
the two. This difference spectrum is consistent with the
minescence spectrum of ‘‘typeA,’’ 4 which originates at the
so-called deep traps~the 0–0 transition energy being equal
1.69 eV!, formed by a pair or a chain of C60 molecules.4,8,9

Thus, we can infer that the helium impurity, which can for

FIG. 1. Variations of the cubic lattice parametera of C60 fullerite versus the
time of exposure to a helium atmosphere at a pressure of around 105 Pa and
a temperature of 295 K.
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a weak chemical bond with C60 and increase the crystal la
tice parameter, hinders the formation of radiation centers
could be responsible for type-A luminescence. A possible
mechanism of this phenomenon might be as follows. As w
shown by Davydovet al.,16 polymerization of C60 in its low-
temperature phase is affected by the number ratio of hexa
and pentagon pair-wise configurations, the hexagon confi
ration being the one that favors polymerization. The heliu
impurity should promote a depletion of hexagon configu
tions due to larger lattice parameters in doped crystals
thereby inhibit polymerization, which is often initiated b
stresses around dislocations.9 The only known mechanism o
producing covalent bonding in the low-temperature phase
C60 is polymerization in distorted areas aroun
dislocations.9,16 Generally speaking, since dimerization
hardly possible even in a purely hexagonal state of C60,
orientational disorder, irrespective of its origin, is the nec
sary condition for the formation of covalent dimers. Th
presence of orientation disorder in the C60 low-temperature

FIG. 2. Photoluminescence spectra of fullerite C60 at 5 K under excitation
by light with energy 2.84 eV: photoluminescence spectrum of pure C60 ,
normalized to integrated intensity~a!; photoluminescence spectrum~normal-
ized to integrated intensity! of C60 with helium impurities~the time of ex-
posure to helium at atmospheric pressure and room temperature is 4!
~b!; difference spectrum obtained by subtracting the upper spectrum f
the lower one~c!.
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phase is confirmed by the inhomogeneous broadening o
photoluminescence bands, which is removed using s
selective excitation.4 Thus, the hypothesis that the type-A
luminescence spectrum in the low-temperature phase of
lerite C60 is due to covalently bonded molecules is confirm
by our measurements on C60 intercalated with helium.

In conclusion, based on x-ray measurements we c
clude that ambient-pressure room-temperature intercala
of C60 with helium is accomplished in two stages. First, t
octahedral voids are comparatively quickly filled, while du
ing the second stage a much slower filling of tetrahed
vacancies occurs. In this paper we show for the first time
intercalation of C60 fullerite with helium gas leads to an in
tercalated material that displays an appreciably redu
type-A luminescence in the low-temperature phase. This
fect is tentatively ascribed to the hindering of polymerizati
owing to a decrease in hexagonal configuration conten
helium-intercalated fullerite C60.
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and C. Éckl’; 28 ~10!, 780-8.

02.60 Numerical approximation and analysis

02.60.C Numerical simulation; solution of equations

Temperature-dependent resistance of a finite one-dimensional Josephs
junction array. — K. Engstro¨m and J. M. Kinaret;28 ~1!, 1-5.
945
n

02.70 Computational techniques

02.70.U Applications of Monte Carlo methods

Temperature-dependent resistance of a finite one-dimensional Josephs
junction array. — K. Engstro¨m and J. M. Kinaret;28 ~1!, 1-5.

03. Quantum mechanics, field theories,
and special relativity

03.50 Classical field theories
Features of the x-ray bremsstrahlung in the scattering of intermediate-

energy electrons on atoms of inert elements. — E´ . T.
Verkhovtseva and E. V. Gnatchenko;28 ~4!, 270-8.

03.65 Quantum mechanics

03.65.G Solutions of wave equations: bound states

Exact solution of the problem of an electron in a magnetic field consist
of a uniform field and arbitrarily arranged magnetic strings parallel
to the uniform field. — I. M. Dubrovskiı˘; 28 ~11!, 845-52.

05. Statistical physics, thermodynamics,
and nonlinear dynamical systems

05.30 Quantum statistical mechanics

05.30.F Fermion systems and electron gas

On the classification of equilibrium superfluid states with scalar and ten
order parameters. — M. Yu. Kovalevsky, S. V. Peletminsky, and N.
N. Chekanova;28 ~4!, 227-34.

05.30.J Boson systems

Self-consistent calculation of the spectrum of quasiparticles in a superfl
Bose liquid with a quenched Bose–Einstein condensate. — E´ . A.
Pashitskiı˘, S. I. Vilchinsky, and S. V. Mashkevich;28 ~2!, 79-84.

Self-consistent field model for spatially inhomogeneous Bose systems.
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Poltavskaya, and K. A. Chishko;28 ~6!, 442-51.

65.40.G Entropy and other thermodynamical quantities
On correlated heterogeneities of glass-forming liquids. — A. S.

Bakai; 28 ~12!, 896-906.
65.60 Thermal properties of amorphous solids
and glasses: heat capacity, thermal
expansion, etc.
On the correlation of nonperturbative fluctuations of glass-forming liqui

and magnetic glasses. — A. S. Bakaı˘; 28 ~6!, 415-22.

66. Transport properties of condensed
matter „nonelectronic …

66.30 Diffusion in solids

66.30.D Theory of diffusion and ionic conduction in
solids
Dynamical chaos and low-temperature surface diffusion of small adato

clusters. — A. S. Kovalev and A. I. Landau;28 ~6!, 423-8.

66.30.L Diffusion of other defects
Instability zones and short-lived defects in the physics of crystals. — V

M. Koshkin; 28 ~8!, 695-705.

66.70 Nonelectronic thermal conduction and
heat-pulse propagation in solids;
thermal waves
Molar volume dependence of the thermal conductivity in mixed

cryocrystals. — V. A. Konstantinov, E. S. Orel, and V. P. Revyakin;28
~2!, 136-9.

Thermal conductivity of a GaAs single crystal grown in microgravity. —
A. I. Ivanov, A. N. Luk’yanov, B. A. Merisov, A. V. Sologubenko,
and G. Ya. Khadjai;28 ~6!, 462-4.

67. Quantum fluids and solids; liquid and
solid helium

67.40 Boson degeneracy and superfluidity of
4He

67.40.D Quantum statistical theory; ground state,
elementary excitations
Self-consistent calculation of the spectrum of quasiparticles in a superfl

Bose liquid with a quenched Bose–Einstein condensate. — E´ . A.
Pashitskiı˘, S. I. Vilchinsky, and S. V. Mashkevich;28 ~2!, 79-84.

Magnetotransport in a quasi-one-dimensional electron system on supe
helium. — B. A. Nikolaenko, Yu. Z. Kovdrya, and S. P. Gladchenko;
28 ~11!, 859-63.

67.40.F Dynamics of relaxation phenomena
Asymmetry of relaxation processes and the creation of high-energy

phonons in the anisotropic phonon systems of He II. — I. N.
Adamenko, K. E´ . Nemchenko, and A. F. G. Wyatt;28 ~2!, 85-94.

67.40.K Thermodynamic properties
Asymmetry of relaxation processes and the creation of high-energy

phonons in the anisotropic phonon systems of He II. — I. N.
Adamenko, K. E´ . Nemchenko, and A. F. G. Wyatt;28 ~2!, 85-94.

67.40.M First sound
Concentration dependence of the attenuation of first sound in

supersaturated superfluid3He–4He solutions under pressure. — A. A.
Zadorozhko, T. V. Kalko, E´ . Ya. Rudavskiı˘, I. A. Usherov-
Marshak, V. K. Chagovets, and G. A. Sheshin;28 ~2!, 73-8.

Sound propagation in a porous medium filled with superfluid helium. —
Sh. E. Kekutiya and N. D. Chkhaidze;28 ~11!, 795-802.

67.55 Normal phase of liquid 3He
Magnetic coupling between liquid3He and solid insulators~Review!. —

V. V. Naletov, M. S. Tagirov, and D. A. Tayurskig; 28 ~5!, 299-311.
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67.57 Superfluid phase of liquid 3He
On the classification of equilibrium superfluid states with scalar and ten

order parameters. — M. Yu. Kovalevsky, S. V. Peletminsky, and N.
N. Chekanova;28 ~4!, 227-34.

67.60 Mixed systems; liquid 3He, 4He mixtures

67.60.D He I–3He

Equation of state of an equimolar3He–4He mixture. — L. V.
Karnatsevich, R. M. Sibileva, M. A. Khazhmuradov, I. N. Shapoval,
and A. V. Meriuz;28 ~4!, 235-8.

67.60.F He II–3He

Concentration dependence of the attenuation of first sound in
supersaturated superfluid3He–4He solutions under pressure. — A. A.
Zadorozhko, T. V. Kalko, E´ . Ya. Rudavskiı˘, I. A. Usherov-
Marshak, V. K. Chagovets, and G. A. Sheshin;28 ~2!, 73-8.

67.80 Solid helium and related quantum
crystals

67.80.C Structure, lattice dynamics, and sound
propagation

Effect of impurity oxygen on the low-temperature plasticity of solid
normal hydrogen. — L. A. Alekseeva and Yu. V. Butenko;28
~2!, 140-2.

Spin–lattice relaxation in the bcc phase of phase-separated3He–4He solid
mixtures. — N. P. Mikhin, V. A. Maidanov, and A. V. Polev;28 ~4!,
239-41.

67.80.J Magnetic properties and nuclear magnetic
resonance

Spin–lattice relaxation in the bcc phase of phase-separated3He–4He solid
mixtures. — N. P. Mikhin, V. A. Maidanov, and A. V. Polev;28 ~4!,
239-41.

67.80.M Defects, impurities, and diffusion

Low-temperature unsteady creep of parahydrogen single crystals. — L
Alekseeva, A. V. Pustovalova, V. I. Khatuntsev, and Yu. V. Butenko;
28 ~1!, 58-60.

Effect of impurity oxygen on the low-temperature plasticity of solid
normal hydrogen. — L. A. Alekseeva and Yu. V. Butenko;28
~2!, 140-2.

67.90 Other topics in quantum fluids and
solids; liquid and solid helium „restricted to
new topics in section 67 …

Watergel—a new form of water condensed in liquid4He. — A. M.
Kokotin and L. P. Mezhov-Deglin;28 ~3!, 165-71.

68. Surfaces and interfaces; thin films
and low-dimensional systems
„structure and nonelectronic properties …

68.08 Liquid-solid interfaces
Magnetic coupling between liquid3He and solid insulators~Review!. —

V. V. Naletov, M. S. Tagirov, and D. A. Tayurskig; 28 ~5!, 299-311.

68.15 Liquid thin films
IR spectra of cryocondensates of an isotopic water mixture on

thermocycling. — A. Aldijarov, A. S. Drobyshev, and S.
S. Sarsembinov;28 ~4!, 290-4.
or

.

68.35 Solid surfaces and solid-solid interfaces:
Structure and energetics

68.35.F Diffusion; interface formation

Inelastic electron tunneling across magnetically active interfaces in cup
and manganite heterostructures modified by electromigration
processes. — M. A. Belogolovskiı˘, Yu. F. Revenko, A. Yu.
Gerasimenko, V. M. Svistunov, E. Hatta, G. Plitnik, V. E. Shaternik, a
E. M. Rudenko;28 ~6!, 391-4.

Dynamical chaos and low-temperature surface diffusion of small adato
clusters. — A. S. Kovalev and A. I. Landau;28 ~6!, 423-8.

68.35.J Surface and interface dynamics and vibrations

Dynamical chaos and low-temperature surface diffusion of small
adatom clusters. — A. S. Kovalev and A. I. Landau;28 ~6!, 423-8.

Multidimensional and surface solitons in a nonlinear elastic medium. —
A. S. Kovalev, E. S. Syrkin, and J. A. Maugin;28 ~6!, 452-61.

68.37 Microscopy of surfaces, interfaces, and
thin films

68.37.V Field emission and field-ion microscopy

Field emission microscopy of the cluster and subcluster structure of a
Zr–Ti–Cu–Ni–Be bulk metallic glass. — A. S. Bakaı˘, I. M.
Mikhailovskij, T. I. Mazilova, and N. Wanderka;28 ~4!, 279-83.

68.43 Chemisorption Õphysisorption:
adsorbates on surfaces

68.43.J Diffusion of adsorbates, kinetics of coarsening
and aggregation

Dynamical chaos and low-temperature surface diffusion of small adato
clusters. — A. S. Kovalev and A. I. Landau;28 ~6!, 423-8.

68.55 Thin film structure and morphology

68.55.J Structure and morphology; thickness; crystalline
orientation and texture

Giant resistance switching effect in nano-scale twinned La0.65Ca0.35MnO3
film. — V. G. Prokhorov, G. G. Kaminsky, V. A. Komashko, Y. P.
Lee, A. I. Tovstolytkin, and A. N. Pogorily;28 ~11!, 856-8.

68.55.L Defects and impurities: doping, implantation,
distribution, concentration, etc.

Aging effect on the magnetic and transport properties of laser-deposite
La0.5Sr0.5CoO32d films. — V. G. Prokhorov, G. G. Kaminskiı˘, V.
M. Ishchuk, I. N. Chukanova, Y. P. Lee, and K. W. Kim;28 ~5!, 354-8.

68.65 Low-dimensional, mesoscopic,
and nanoscale systems: structure and
nonelectronic properties
Structure and photoluminescence of helium-intercalated fullerite C60. — I.

V. Legchenkova, A. I. Prokhvatilov, Yu. E. Stetsenko, M. A.
Strzhemechny, K. A. Yagotintsev, A. A. Avdeenko, V. V. Eremenko, P
V. Zinoviev, V. N. Zoryansky, N. B. Silaeva, and R. S. Ruoff;28
~12!, 942-4.

71. Electronic structure of bulk materials

71.10 Theories and models of many-
electron systems
Self-consistent field model for spatially inhomogeneous Bose systems.

Yu. M. Poluéktov; 28 ~6!, 429-41.
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71.10.H Non-Fermi-liquid ground states, electron phase
diagrams and phase transitions in model systems
Exact solution of the problem of an electron in a magnetic field consist

of a uniform field and arbitrarily arranged magnetic strings parallel
to the uniform field. — I. M. Dubrovskiı˘; 28 ~11!, 845-52.

71.10.L Excited states and pairing interactions in model
systems
Exact solution of the problem of an electron in a magnetic field consist

of a uniform field and arbitrarily arranged magnetic strings parallel
to the uniform field. — I. M. Dubrovskiı˘; 28 ~11!, 845-52.

71.15 Methods of electronic structure
calculations

71.15.D Computational methodology „Brillouin zone
sampling, iterative diagonalization, pseudopotential
construction …

Dependence of semiconductor energy bands on the isotopic compositi
A universal relation for monoatomic crystals. — A. P. Zhenov;28
~2!, 128-35.

71.15.M Density functional theory, local density
approximation, gradient and other corrections
Self-consistent field model for spatially inhomogeneous Bose systems.

Yu. M. Poluéktov; 28 ~6!, 429-41.

71.15.R Relativistic effects
Electronic structure and magneto-optical Kerr effect in the compound

UCuP2. — O. Horpynyuk, V. V. Nemoshkalenko, V. N. Antonov,
B. N. Harmon, and A. N. Yaresko;28 ~7!, 533-8.

Metallic properties of lead dioxide. Band structure and NMR of207Pb at
low temperatures. — L. A. Boyarskiı˘, S. P. Gabuda, S. G.
Kozlova, and R. N. Pletnev;28 ~8!, 691-4.

71.18 Fermi surface: calculations and
measurements; effective mass, g factor
Features of the thermopower of Mo–Re and Mo–Re–Nb alloys and th

electronic–topological transition in these systems. — T. A.
Ignatyeva and A. N. Velikodny;28 ~6!, 403-11.

On the deviations from Matthiessen’s rule in quasi-one-dimensional
conductors. — A. I. Kopeliovich, A. A. Mamalui, L. G.
Petrenko, and T. N. Shelest;28 ~10!, 771-3.

71.20 Electron density of states and band
structure of crystalline solids

71.20.B Transition metals and alloys
Features of the thermopower of Mo–Re and Mo–Re–Nb alloys and th

electronic–topological transition in these systems. — T. A.
Ignatyeva and A. N. Velikodny;28 ~6!, 403-11.

71.20.N Semiconductor compounds
Dependence of semiconductor energy bands on the isotopic compositi

A universal relation for monoatomic crystals. — A. P. Zhenov;28
~2!, 128-35.

71.20.T Fullerenes and related materials; intercalation
compounds
On the role of Jahn–Teller vibrations in the mechanism of high-Tc

superconductivity of intercalated C60 fullerite films with p-
type conductivity. — V. M. Loktev and E´ . A. Pashitskiı˘; 28 ~4!, 295-7.

71.27 Strongly correlated electron
systems; heavy fermions
Superconductivity in impurity systems with a lower density of charge

carriers and with strong electron correlations. — M. E. Palistrant;
28 ~2!, 109-16.

Electronic excitations and correlations in quantum bars. — I. Kuzmenk
S. Gredeskul, K. Kikoin, and Y. Avishai;28 ~7!, 539-46.
g

g

.

.

Metallic properties of lead dioxide. Band structure and NMR of207Pb at
low temperatures. — L. A. Boyarskiı˘, S. P. Gabuda, S. G.
Kozlova, and R. N. Pletnev;28 ~8!, 691-4.

Wigner-like crystallization of Anderson-localized electron systems with
low electron densities. — A. A. Slutskin, H. A. Kovtun, and M.
Pepper;28 ~12!, 930-4.

71.35 Excitons and related phenomena

71.35.C Intrinsic properties of excitons; optical absorption
spectra
Excitons in the layered insulators ZnI2 and CdI2:Zn. — O. N. Yunakova,

V. K. Miloslavsky, and E. N. Kovalenko;28 ~4!, 284-9.

71.38 Polarons and electron-phonon
interactions
Dependence of semiconductor energy bands on the isotopic compositi

A universal relation for monoatomic crystals. — A. P. Zhenov;28
~2!, 128-35.

On the deviations from Matthiessen’s rule in quasi-one-dimensional
conductors. — A. I. Kopeliovich, A. A. Mamalui, L. G.
Petrenko, and T. N. Shelest;28 ~10!, 771-3.

71.45 Collective effects
Wigner-like crystallization of Anderson-localized electron systems with

low electron densities. — A. A. Slutskin, H. A. Kovtun, and M.
Pepper;28 ~12!, 930-4.

71.45.G Exchange, correlation, dielectric and magnetic
response functions, plasmons
Electronic excitations and correlations in quantum bars. — I. Kuzmenk

S. Gredeskul, K. Kikoin, and Y. Avishai;28 ~7!, 539-46.
Exchange interaction and magnetoresistance in La2/3Ca1/3MnO3:

experiment and models. — A. B. Beznosov, B. I. Belevtsev, E. L
Fertman, V. A. Desnenko, D. G. Naugle, K. D. D. Rathnayaka,
and A. Parasiris;28 ~7!, 556-61.

Low-temperature inversion of the magnetoresistance in charge-ordered
layered superstructures. — P. V. Gorskyi;28 ~10!, 767-70.

71.55 Impurity and defect levels
Magnetization dynamics of electron–impurity systems at paramagnetic

resonance. — E. A. Ivanchenko;28 ~2!, 117-22.

71.55.H Other nonmetals
Microscopic nature of Pr31 optical centers in Y2SiO5, Lu2SiO5, and

Gd2SiO5 crystals. — Yu. V. Malyukin, P. N. Zhmurin, B. V.
Grinev, V. P. Seminozhenko, N. V. Znamenskiı˘, É. A. Manykin, E. A.
Petrenko, and T. G. Yukina;28 ~10!, 774-9.

71.55.J Disordered structures; amorphous and glassy
solids
Wigner-like crystallization of Anderson-localized electron systems with

low electron densities. — A. A. Slutskin, H. A. Kovtun, and M.
Pepper;28 ~12!, 930-4.

71.70 Level splitting and interactions

71.70.C Crystal and ligand fields

Microscopic nature of Pr31 optical centers in Y2SiO5, Lu2SiO5, and
Gd2SiO5 crystals. — Yu. V. Malyukin, P. N. Zhmurin, B. V.
Grinev, V. P. Seminozhenko, N. V. Znamenskiı˘, É. A. Manykin, E. A.
Petrenko, and T. G. Yukina;28 ~10!, 774-9.

71.70.E Spin–orbit coupling, Zeeman and Stark splitting,
Jahn-Teller effect
Phase transformations of the decomposition type in systems with orbit

degeneracy. — M. A. Ivanov, N. K. Tkachev, and A. Ya. Fishman;
28 ~8!, 613-20.

Manifestation of the Jahn–Teller effect in the EPR spectrum of the
metalorganic complex@Cu~en!2H2O#SO4. — A. G. Anders,
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A. I. Kaplienko, O. V. Kravchina, V. S. Bondarenko, A. Feher, M.
Orendáč, A. Orendáčová, M. Kajňaková, and J. Černák; 28 ~8!, 642-5.

72. Electronic transport in condensed
matter

72.15 Electronic conduction in metals and
alloys

72.15.E Electrical and thermal conduction in crystalline
metals and alloys

Metallic properties of lead dioxide. Band structure and NMR of207Pb at
low temperatures. — L. A. Boyarskiı˘, S. P. Gabuda, S. G.
Kozlova, and R. N. Pletnev;28 ~8!, 691-4.

72.15.J Thermoelectric and thermomagnetic effects

Features of the thermopower of Mo–Re and Mo–Re–Nb alloys and th
electronic–topological transition in these systems. — T. A.
Ignatyeva and A. N. Velikodny;28 ~6!, 403-11.

72.15.N Collective modes „e.g., in one-dimensional
conductors …

On the deviations from Matthiessen’s rule in quasi-one-dimensional
conductors. — A. I. Kopeliovich, A. A. Mamalui, L. G.
Petrenko, and T. N. Shelest;28 ~10!, 771-3.

Magnetotransport in a quasi-one-dimensional electron system on
superfluid helium. — B. A. Nikolaenko, Yu. Z. Kovdrya, and S. P.
Gladchenko;28 ~11!, 859-63.

72.15.Q Scattering mechanisms and Kondo effect

Point-contact studies of the Kondo size effect in the alloys CuMn, CuC
and AuFe in a magnetic field. — V. V. Fisun, I. K. Yanson, J. M.
van Ruitenbeek, and J. A. Mydosh;28 ~2!, 123-7.

72.20 Conductivity phenomena in
semiconductors and insulators

72.20.E Mobility edges; hopping transport

Role of paramagnetic ions in the formation of the low-temperature curr
through a molecular wire. — E´ . G. Petrov;28 ~8!, 630-8.

72.20.F Low-field transport and mobility; piezoresistance

Elastic-strain mechanisms for the influence of temperature, magnetic
field, and pressure on the resistive and magnetic properties of
magnetic semiconductors. — P. I. Polyakov and S. S. Kucherenko;28
~10!, 744-8.

72.20.J Charge carriers: generation, recombination,
lifetime, and trapping

Low-temperature inversion of the magnetoresistance in charge-ordered
layered superstructures. — P. V. Gorskyi;28 ~10!, 767-70.

72.20.M Galvanomagnetic and other magnetotransport
effects

Galvanomagnetic effects in the normal state of high-Tc metal oxides in a
model two-band superconductor with a narrow band~level! near the
Fermi boundary. — V. P. Galaı˘ko and E. N. Bratus’;28 ~5!,
321-7.

Role of paramagnetic ions in the formation of the low-temperature curr
through a molecular wire. — E´ . G. Petrov;28 ~8!, 630-8.

Low-temperature inversion of the magnetoresistance in charge-ordered
layered superstructures. — P. V. Gorskyi;28 ~10!, 767-70.

72.30 High-frequency effects; plasma effects
Point-contact studies of the Kondo size effect in the alloys CuMn,

CuCr, and AuFe in a magnetic field. — V. V. Fisun, I. K. Yanson, J.
van Ruitenbeek, and J. A. Mydosh;28 ~2!, 123-7.
t

t

72.50 Acoustoelectric effects
Characteristics of the electric field accompanying a longitudinal acoust

wave in a metal. Anomaly in the superconducting phase. — Yu. A.
Avramenko, E. V. Bezuglyi, N. G. Burma, I. G. Kolobov, V.
D. Fil’, O. A. Shevchenko, and V. M. Gokhfeld;28 ~5!, 328-36.

73. Electronic structure and electrical
properties of surfaces, interfaces,
thin films, and low-dimensional structures

73.20 Electron states at surfaces and
interfaces

73.20.F Weak or Anderson localization

Magnetotransport in a quasi-one-dimensional electron system on
superfluid helium. — B. A. Nikolaenko, Yu. Z. Kovdrya, and S. P.
Gladchenko;28 ~11!, 859-63.

73.20.M Collective excitations „including excitons,
polarons, plasmons and other charge-density
excitations …

Electromagnetic surface waves in layered conductors. — V. M. Gokhfe
28 ~3!, 215-9.

73.21 Electron states and collective excitations
in multilayers, quantum wells, mesoscopic,
and nanoscale systems „for electron
states in nanoscale materials, see 73.22.-f …

73.21.H Quantum wires

Electronic excitations and correlations in quantum bars. — I. Kuzmenk
S. Gredeskul, K. Kikoin, and Y. Avishai;28 ~7!, 539-46.

73.23 Electronic transport in mesoscopic
systems

73.23.A Ballistic transport

Influence of dissipation on a low-voltage dc current in a long SNS
junction. — S. I. Kulinich and R. I. Shekhter;28 ~7!, 547-50.

73.23.H Coulomb blockade; single-electron tunneling

Manifestation of Coulomb blockade effects at an arbitrary degeneracy o
levels of a molecular contact. — Yu. O. Klymenko;28 ~6!, 395-402.

Role of paramagnetic ions in the formation of the low-temperature curr
through a molecular wire. — E´ . G. Petrov;28 ~8!, 630-8.

73.40 Electronic transport in interface
structures

73.40.G Tunneling

Role of paramagnetic ions in the formation of the low-temperature curr
through a molecular wire. — E´ . G. Petrov;28 ~8!, 630-8.

73.40.N Metal–nonmetal contacts

Inelastic electron tunneling across magnetically active interfaces in cup
and manganite heterostructures modified by electromigration
processes. — M. A. Belogolovskiı˘, Yu. F. Revenko, A. Yu.
Gerasimenko, V. M. Svistunov, E. Hatta, G. Plitnik, V. E. Shaternik, a
E. M. Rudenko;28 ~6!, 391-4.

Manifestation of Coulomb blockade effects at an arbitrary degeneracy
the levels of a molecular contact. — Yu. O. Klymenko;28 ~6!,
395-402.
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73.50 Electronic transport phenomena in thin
films

73.50.J Galvanomagnetic and other magnetotransport
effects „including thermomagnetic effects …

Low-frequency quantum oscillations of the impedance of layered
conductors at high magnetic field. — O. V. Kirichenko and I. V. Kozlo
28 ~5!, 359-64.

73.50.M High-frequency effects; plasma effects
Electromagnetic surface waves in layered conductors. — V. M. Gokhfe

28 ~3!, 215-9.

73.61 Electrical properties of specific thin
films

73.61.A Metal and metallic alloys
Aging effect on the magnetic and transport properties of laser-deposite

La0.5Sr0.5CoO32d films. — V. G. Prokhorov, G. G. Kaminskiı˘, V.
M. Ishchuk, I. N. Chukanova, Y. P. Lee, and K. W. Kim;28 ~5!, 354-8.

73.61.P Polymers; organic compounds
Low-frequency quantum oscillations of the impedance of layered

conductors at high magnetic field. — O. V. Kirichenko and I. V. Kozlo
28 ~5!, 359-64.

73.63 Electronic transport in mesoscopic or
nanoscale materials and structures
Magnetotransport in a quasi-one-dimensional electron system on

superfluid helium. — B. A. Nikolaenko, Yu. Z. Kovdrya, and S. P.
Gladchenko;28 ~11!, 859-63.

74. Superconductivity

74.10 Occurrence, potential candidates
On the criteria for superconductivity in PrBa2Cu3O6.6. — F. A. Boyko, G.

V. Bukin, V. A. Voloshin, and A. A. Gusev;28 ~2!, 95-8.
Key role of intramolecular Jahn–Teller vibrations and multivalley nature

of the band spectrum in the mechanism of superconductivity in
doped C60 fullerites. — V. M. Loktev, É. A. Pashitskiı˘, R. Shekhter, and
M. Jonson;28 ~11!, 821-9.

74.20 Theories and models of superconducting
state

74.20.D Phenomenological theories „two-fluid, Ginzburg-
Landau, etc. …
Flux-line pinning by columnar magnetic defects in a type-II superconduc

— S. A. Krivenko and N. M. Suleı˘manov;28 ~4!, 247-9.

74.20.F BCS theory and its development
Direct evidence for the occurrence of superconductivity in the magneti

compound YFe4Al8. — V. M. Dmitriev, L. F. Rybaltchenko, P.
Wyder, A. G. M. Jansen, N. N. Prentslau, and W. Suski;28 ~4!, 260-2.

Heat capacity of mesoscopically disordered superconductors:
implications for MgB2. — A. M. Gabovich, A. I. Voitenko, Mai Suan
Li, and H. Szymczak;28 ~11!, 803-11.

74.20.M Nonconventional mechanisms „spin fluctuations,
polarons and bipolarons, resonating valence bond
model, anyon mechanism, marginal Fermi
liquid, Luttinger liquid, etc. …

Superconductivity in impurity systems with a lower density of charge
carriers and with strong electron correlations. — M. E. Palistrant;
28 ~2!, 109-16.

74.20.R Pairing symmetries „other than s-wave …

Fluctuation conductivity in Y–Ba–Cu–O films with artificially produced
defects. — A. L. Solovjov;28 ~11!, 812-20.
;

r.

74.25 General properties; correlations between
physical properties in normal and
superconducting states

74.25.B Thermodynamic properties
Josephson effect in point contacts between ‘‘f-wave’’ superconductors. —

R. Mahmoodi, S. N. Shevchenko, and Yu. A. Kolesnichenko;28
~3!, 184-9.

Steady state diagram of current-carrying layered superconductors. — A
N. Artemov and Yu. V. Medvedev;28 ~4!, 242-6.

Anomalies of the electronic heat capacity of thulium cuprates in the
pseudogap phase region. — E. B. Amitin, K. R. Zhdanov, M.
Yu. Kameneva, Yu. A. Kovalevskaya, L. P. Kozeeva, I. E. Paukov, a
A. G. Blinov; 28 ~8!, 669-73.

Heat capacity of mesoscopically disordered superconductors: implicatio
for MgB2. — A. M. Gabovich, A. I. Voitenko, Mai Suan Li, and H.
Szymczak;28 ~11!, 803-11.

74.25.D Superconductivity phase diagrams
Steady state diagram of current-carrying layered superconductors. — A

N. Artemov and Yu. V. Medvedev;28 ~4!, 242-6.
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Orlov, Yu. V. — Interaction of Pr31 optical centers in the Y2SiO5 crystal.
— Yu. V. Malyukin, P. N. Zhmurin, A. N. Lebedenko, M. A.
Sholkina, B. V. Grinev, N. V. Znamenskiı˘, É. A. Manykin, Yu. V. Orlov,
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Pashitskiı̆, É. A. — Pinning of Abrikosov vortices on dislocations and th
critical current in high-temperature superconductors. — E´ . A.
Pashitskiı˘ and V. I. Vakaryuk;28 ~1!, 11-6.



;

ure

et

n
,

et

iaf

e-

.

s

ed

ted

I.

.

.

s

d

V.

d

969Low Temp. Phys., Vol. 28, No. 12, December 2002 Author Index
— Self-consistent calculation of the spectrum of quasiparticles in a
superfluid Bose liquid with a quenched Bose–Einstein
condensate. — E´ . A. Pashitskiı˘, S. I. Vilchinsky, and S. V. Mashkevich
28 ~2!, 79-84.

— Magnetic-field and temperature dependence of the critical current in
thin epitaxial films of the high-temperature superconductor
YBa2Cu3O72d. — Yu. V. Fedotov, S. M. Ryabchenko, E´ . A. Pashitskiı˘,
A. V. Semenov, V. I. Vakaryuk, V. M. Pan, and V. S. Flis;28 ~3!,
172-83.

— On the role of Jahn–Teller vibrations in the mechanism of high-Tc

superconductivity of intercalated C60 fullerite films with p-type
conductivity. — V. M. Loktev and E´ . A. Pashitskiı˘; 28 ~4!, 295-7.

— Key role of intramolecular Jahn–Teller vibrations and multivalley nat
of the band spectrum in the mechanism of superconductivity in
doped C60 fullerites. — V. M. Loktev, É. A. Pashitskiı˘, R. Shekhter, and
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