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Abstract—A theory is presented of cyclotron superradiance from an electron bunch rotating in auniform mag-
netic field and drifting at avel ocity closeto the group velocity of awave propagating in awaveguide. It isshown
that, in a comoving frame of reference, the bunch emits radiation at a frequency close to the cutoff frequency
of the waveguide. Superradiance implies the azimuthal self-bunching of electrons, which is accompanied by
coherent emission of the stored rotational energy in a short electromagnetic pulse. Linear and nonlinear stages
of the process are analyzed. The growth rate of the superradiance instability is determined. It is shown that the
maximum growth rate is attained under group synchronism conditions. The peak power and the characteristic
duration of the cyclotron superradiance pulse are determined by numerical simulation. The characteristic fea-
tures of the superradiance pulses are described in the comoving and laboratory frames. The results of theoretical

analysis are compared with experimental data. © 2000 MAIK “ Nauka/Interperiodica” .

INTRODUCTION

Induced emission from aspatially localized electron
ensemble (bunch) whose size significantly exceeds the
emission wavelength but is much smaller than the inter-
action scale length is one of the promising methods for
generating ultrashort electromagnetic pulses. Emission
from such abunch can be considered a classical analog
of a quantum effect known as Dicke superradiance
[1-3], which is the emission of an electromagnetic
pulse with a duration shorter than the rel axation time of
the emitting atomic ensemble with population inver-
sion. In classical e ectrodynamics, superradiance (SR)
can be attributed to various mechanisms for induced
emission [4-21]; in particular, SR can be produced by
an electron bunch rotating in a uniform magnetic field
(cyclotron SR) [10-22].

Cyclotron SR implies the azimuthal self-bunching
of electrons, which is accompanied by coherent emis-
sion of the stored rotational energy. The phase self-
locking is related to the relativistic dependence of the
gyrofrequency on the particle energy [23] and issimilar
to that occurring in cyclotron resonance masers (CRM).
However, in CRMs, guasi-continuous electron beams
are used; i.e., the electrons that leave the interaction
region are replaced by the electrons continuously
injected from the cathode, thus providing the condi-
tions for steady-state generation. In contrast, SR is
pulsed in character and can be realized when each par-
ticle stays in a moving or resting electron bunch for a
long time (idedlly, for an infinitely long time). Thisfact
also accounts for the absence of an SR threshold [18].

Earlier, we showed [19] that the regime of group
synchronism is the most favorable for the observation
of cyclotron SR. In thisregime, the drift velocity of the

electron bunchis closeto the group vel ocity of the elec-
tromagnetic wave:

V=V, )

The low rate at which the energy outflows from the
electron resonator formed by the electron bunch allows
the maximum growth rate of the SR instability [16, 19].

Condition (1) can be met, e.g., when the radiation
propagates in a waveguide; in this case, the dispersion
curves of the wave and of the electron flux are tangent
(Fig. 1a).1 Note that, in the comoving frame, in which
the bunch asawholeisat rest, the regime of group syn-
chronism corresponds to the emission of radiation at a
frequency close to the cutoff frequency and, therefore,
exhibits several advantages typical of electron-wave
interaction in gyrotrons, in which the operating modeis
also excited at the quasi-cutoff frequency [22]. In par-
ticular, SR at the quasi-cutoff frequency isless sensitive
to the scatter in the electron bunch parameters, includ-
ing the longitudinal bunch spreading caused by both
Coulomb repulsion and the spread in theinitial electron
velocities.

Earlier, we reported on the first experimental obser-
vations of cyclotron SR in the millimeter wavelength
range [20, 21]. In those experiments, we used electron
bunches with alength of 5-7 cm, particle energy of up
to 200-250 keV, and current of about 200-500 A. The
electron bunches propagated in a 30-cm smooth cylin-
drical waveguide placed in a uniform magnetic field.
We observed the generation of ultrashort (up to 400 ps)
electromagnetic pul seswith the peak power higher than

L Group synchronism condition (1) can also be met in the case
when an electron bunch propagates in a dispersive medium, e.g.,
in a homogeneous plasma.
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Fig. 1. Dispersion curves corresponding to the regime of
group synchronism in (a) laboratory frame and (b) comov-
ing frame.

200 kW. SR pulses were recorded only under condi-
tions close to the condition of group synchronism with
various waveguide modes. Far from group synchro-
nism, the generation of SR pulses was absent. Thus, the
experimental results proved that the regime of group
synchronism is optimum for SR.

This paper is devoted to atheoretical study of cyclo-
tron SR in the regime of group synchronism.

1. CYCLOTRON SUPERRADIANCE
IN THE COMOVING FRAME

1.1. Basic Equations

Let aplanar bunch of cyclotron oscillators of length b
move in a cylindrical waveguide at a longitudinal
velocity close to the group velocity of an electromag-
netic wave, so that condition (1) is satisfied. In the lab-
oratory frame, the dispersion curve of the electromag-

netic wave (h = c (o — w’)¥2) and of the electron flux
(w—hV| = wy) are tangent (Fig. 1a). Here, w is the
waveguide cutoff frequency and wy = eHy/mey is the
relativistic gyrofrequency.

We consider the emission from the electron bunchin
the comoving frame K', in which the bunch as awhole

isat rest. The Lorentz transformation for the longitudi-
nal wave number h'is

o= Y||H'1 _(x)V|

where V,, = w/histhe phase velocity of the electromag-
netic wave and y; = (1 - Vﬁ/cz)—ﬂz.

Itiswell known that, when an el ectromagnetic wave
propagates in awaveguide, the relationship VgV, = ¢2
holds [23]. It is seen from the group synchronism con-
dition (1) that the longitudinal wavenumber vanishesin
the comoving frame. Similarly, the allowance for the
relationship Ej = [Hp, Zo] /€ (Where z, is a unit vec-
tor), which is valid for transverse electric (TE)

V||
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waveguide modes, yields the following expression for
the transverse component of the magnetic field:

Hp :V||H'|D—

Therefore, the regime of group synchronism in the
laboratory frame (the dispersion curves are tangent)
corresponds to the emission of radiation at a quasi-cut-
off frequency in the comoving frame (Fig. 1b).

Thus, in the K* frame, the bunch electrons rotate in
the magnetic field but the bunch as awhole is at rest.
The linear size of the bunch in the Z directionisb' =
by,p. The bunch radiates isotropically in the +Z direc-
tions. Assuming that the transversefield structure of the
emitted radiation coincides with that of one of the
waveguide modes E(r), we represent the radiation
fieldin the form

E' = Re[Ep(ro)A(z, t)exp(int)], )

where w is the carrier frequency coinciding with the
cutoff frequency of the operating mode. According to
the dispersion relations, the evolution of the axial field
A'(X, ") distribution is described by the inhomogeneous
parabolic equation

. 9°

02

\Y Vv
| O_ — 1Y phl]
C[zo, ED]D—y”HD%L Z O 0.

g- 2if (2')GJ. 3)

2T A
The transverse electric current J = 1/nJ' B+dO,
0

exciting the electromagnetic field can be found from
the equations of electron motion. Assuming that the
transverse electron velocity is nonrelativistic (V5 < c),
these eguations can be represented in the form of equa-
tions for nonisochronous oscillators, which are well-
known in the CRM theory:

%Ef+i[§+(|f3+|2—A—1) - ia. @)

Equation (4) describes azimuthal self-bunching of
electrons caused by the dependence of the gyrofre-
guency on the electron energy. In Egs. (3) and (4), we
use the following dimensionless variables: the

normalized transverse electron velocity . =
exp(iwt)(Bx + 1By )/Br,;

a= (2eA‘/mcwCB'D?;)Jm_1(ROwC/c),

Z' = ZBnwlc, T = t'B'DZOwCIZ;

2 Similar considerations for transverse magnetic (TM) modes show
that the transverse component of the electric field vanishes in the
comoving frame when condition (1) is satisfied. For this reason,
the interaction with TM maodes is ineffective in the regime of
group synchronism.
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the detuning of the unperturbed cyclotron frequency
from the cutoff frequency (in the comoving frame) A =

2(wy — wc)/ch'Di ; and the form factor

_delo 1 A Jna(Rdc)
ATtmc’ Bz, By Y TR o (V) (1 —m*/vy)

written under the assumption that an annular electron
bunch with the injection radius R, radiatesin a circular
waveguide of radius R, where |, is the total current in
the laboratory frame, A = 21c/w, = 2R/, misthe azi-
muthal index of the waveguide mode, and v, is the

nth root of the equation J;, (v) = 0. The function f(Z")
describes the axial distribution of the electron density.

A uniform (correct to small fluctuations specified by
the parameter r << 1) initial distribution of the electrons
over cyclotron rotation phases yields the following ini-
tial conditions for the set of equations (3) and (4):

Bile-0 = exp[i(©p+rcosOy)],

0,010, 21, ©

al'l"=0 = 0.

1.2. The Linear Sage of Cyclotron SR

In the linear approximation, the bunch of cyclotron
oscillators can be regarded as a finite-length active
medium that forms an active resonator exhibiting adis-
crete eigenmode spectrum. To determine the eigen-
modes, we assume that the electrons are distributed
uniformly in the bulk of a planar electron bunch of

length B = By, b'w/c, sothat f(Z') = 1at Z' O [-B/2,
B/2]. The emission field can be presented asa(Z', t') =
a(Z")exp(iAt' +iQt"), where
a(Z') = Ciexp(ixZ') + Coexp(-ixZ’)
in the bulk of the layer and
a(Z') = C, .exp(Fihz')

on the left (the upper sign) and on the right (the lower
sign) of the electron bunch. We linearize Egs. (3) and
(4) with allowance for the boundary conditions

Uoa O
{a}, =0 =0, (6)
(PZ =48

corresponding to the continuity of the transverse elec-
tric and magnetic fields at the boundaries of the elec-
tron bunch. Asaresult, we obtain a characteristic equa-
tion determining the complex eigenfrequencies Q:

. 2
. _ +XD
exp(-2ixB) = h+X : (7)
h—xE
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where h = (Q + A)2and x = (Q + A —4G(Q — 1)/Q?)V2
are the wavenumbers outside and inside the bunch,
respectively.
First, we consider arelatively short electron bunch
hb' < 1; (8)
i.e.,, we assume that the bunch length is much smaller
than the wavelength of the waveguide mode A' = 217/h'.
Inthiscase, xB < 1and x/ﬁ < 1, which makesit pos-
sible to reduce the characteristic equation (7) [19] to

iQ°/Q+A+2GBQ = 2GB. 9)
In the regime of exact group synchronism A = 0

(W =wy), assuming that the bunchisrarefied (G < 1),
we can neglect cyclotron absorption [the second term
on the left-hand side of Eq. (9)] and find an analytical
solution to Eg. (9). Among the solutions to Eq. (9),
there is a unique solution,
- 25 LN
Q = (2GB) exp%ED (10)
corresponding to the excitation of amode that growsin
time (ImMQ < 0) and whose electromagnetic energy flux

isdirected to the bunch periphery (Reﬁ >0). According
to (10), the growth rate of the SR instability is

IImQ| = (2GB)**sin(1U5) (12)
or, in the dimension variables,
1 el, B, Ab
Imow| = = einle2 2 29
2 % 5 CBBnoVﬁo”RS
(12

22 (Rywyc) O
2 2 2 D *
Ja(v))(1-m/v) [

Note that, according to Egs. (11) and (12), in spite
of the fact that the bunch is limited in the longitudinal
direction and there are energy |osses due to emission of
radiation, the instability has no threshold, which is
explained by an infinite lifetime of electron oscillators
in the region of interaction with the electromagnetic
field.

Due to a positive electron frequency shift

ReQ = (2GB)**cos(10/5) >0, (13)
the emission frequency exceeds the cutoff frequency
even at A = 0. Asaresult, thereal part of the longitudi-

na wavenumber Reh becomes positive. This means

that the group velocity aso becomes nonzero, which
causes the energy outflow from the electron bunch.

Figure 2 shows the dimensionless growth rate ImQ,
electron frequency shift ReQ, and real (Reﬁ) and
imaginary (Imh) parts of the wavenumber versus the
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Fig. 2. (@) Thereal (Reh) and imaginary (Imh) parts of the
longitudinal wavenumber and (b) the electron freguency
shift ReQ and the growth rate of the SR instability ImQ ver-
sus the detuning parameter A for a short electron bunch at
GB = 0.01. The dashed curve shows to the space charge
parameter g = 0.015.

detuning parameter A. It is seen that detuning from the
cutoff frequency (i.e., the violation of the tangent
regime) leads to a decreasing growth rate. If the detun-

ingispositive (wy > W), theinstability developsat any
arbitrarily large value of the parameter A. At A > 1, the
asymptotics

Q = (GB)"’a™(1-1),

12 _3/4(1—i)/2,

- (14)
h=A"+(GB) A

corresponding to crossing of the dispersion curves[15],
arevalid. Inthe range of negative detunings (wy < ),

the instability ceasesat A < A = —0.3.
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Since, in the vicinity of the cutoff frequency, the
longitudinal wavenumber ish' ~c,/2w.(w — w,) and
it follows from (10) and (11) that the frequency shift is
of the same order as the growth rate (| — | ~ Imw),
we can rewrite inequality (8) inthe form

b.2
AcT' <L

(15
where T' = (Imw) is the characteristic growth time of
the SR instability (inverse growth rate).

Note that, under condition (15), the characteristic
equation (9) can be obtained by linearizing Egs. (3) and
(4), in which we should set f(Z') = B&(Z'), where &(Z")
isthe deltafunction.

An electron bunch of an arbitrary length exhibits an
infinite number of unstable modesthat differ from each
other by the number of field oscillations along the lon-
gitudinal coordinate. Figure 3 shows the growth rate of
the first symmetric and first antisymmetric modes ver-
sus the parameter B at a constant number of particlesin
the bunch (constant bunch charge). It is seen that the
first symmetric mode[its growth rateisgiven by (11) at
B < 1 has the maximum growth rate at any electron
bunch length. Asthe bunch length increases, the growth
rates of the other modes get closer to the growth rate of
the first symmetric mode.

Inthelimiting case of an extended layer (B > 1), the
characteristic equation (7) can be represented in the
form

2
s_I°m

Q0°-—=0Q%-4GQ +4G = 0, (16)
B

wherel =0, 2, 4, ... for symmetric modesand | = 1, 3,
5, ... for antisymmetric modes.

If the particle density is sufficiently low (G < 1), the
first order of the perturbation theory over the small
parameter B yields the following solution to this
equation:

Q = (46)“expHz +iZ(j -1 -

where j = 1-3.

Expression (17) apparently coincides with a well-
known relationship for the instability growth rate in an
infinitely long bunch of nonisochronous oscillators [24].
Thelimiting value of the growthrateinFig. 3at B — o
is determined by the root j = 3in (17), corresponding
to the solution that growsin time.

Figure 4 shows the growth rate versus the detuning
parameter A at a fixed total charge and two different
lengths of the bunch. It is seen that the larger the bunch
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length, the more pronounced the decrease in the growth
rate with detuning from the regime of group synchro-
nism.

1.3. The Nonlinear Sage of Cyclotron SR

We studied the nonlinear stage of the cyclotron SR
instability under the group synchronism conditions by
numerically solving Egs. (3) and (4) for the parameters
close to the experimental ones (see above): the operat-
ing mode was TE,;; the waveguide radius was about
0.5 cm; the electron injection radius was 0.25 cm; and
Bo/B) ~ 1. The corresponding values of the dimension-
less parameters were G = 0.12 and B = 10. Figure 5a
shows the waveforms of the amplitude of the emission
field at three values of the detuningsA. It isseen that the
radiation is emitted in the form of a short pulse. The
main part of the transverse oscillatory energy of elec-
trons is transformed into the radiation energy in atime
of afew inverse growth rates. The characteristic dura-
tion of the electromagnetic pulse is determined by the
electron azimuthal phasing and dephasing times.
Indeed, a comparison of Figs. 5a and 5b shows that the
duration of the electromagnetic pulseisamost equal to

the duration of the azimutha current pulse. For B ~

0.5, the duration the main SR pulse is about ten cyclo-
tron periods. The additional maxima of the radiation
field in Fig. 5a are apparently related to the additional
maxima of the current, which are typical of theinertial
azimuthal bunching of the particles.

According to thelinear theory, the growth rate of the
SR instability is maximum a A = 0. However, SR
pulses can be generated at both positive and negative
values of the detuning parameter A. Detuning from the
group synchronism condition decreases the growth rate
and dightly lowersthe SR peak power.

1.4. Allowance for the Space Charge Field

The transverse Coulomb field arising in the course
of the azimuthal bunching of the particles may signifi-
cantly influencethe SR process. Thisfield may giverise
to a “negative” mass effect [25, 26] and sometimes
increase the growth rate of the SR instability.

We consider the effect of the space charge within a
model widely used in the gyrotron theory [22]. If the
radius and length of an annular electron bunch are sub-
stantialy larger than its thickness, we can assume that
the space charge field has only aradial component and
that the field structure coincides with that of a planar
charged bunch. The bunch isformed of electronswhose
Larmor-orbit centers lie on one line and that have dif-
ferent azimuthal positions with respect to the guiding
centers. The bunch can be presented as an ensemble of
charged planes consisting of electrons that fall into a
narrow interval of the initial azimuthal angle dy and
differ from each other by the position of the Larmor-
orbit center. Then the effective force acting on a given
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Fig. 3. The absolute values of the growth rates of (1) thefirst
symmetric and (2) the first antisymmetric modes as func-
tions of the bunch length B for GB = 0.1.
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Fig. 4. The absolute value of the growth rate of thefirst sym-
metric mode as a function of the detuning parameter A for
the fixed bunch charge GB = 0.1 and bunch lengths of B =
(1) 0.5and (2) 10.

electron can be found by averaging over the positions
of al the other planes. As a result, the eguation of
motion (4) takes the form (see [26] for details)

%+ if.(p.

|2

~A-1)
(18)

21 ~ A~
= ia—iq—z—l—J’dlIJ BAT, Bp) ~BulT, 1)
B (v, @0) =BT w)
where g = 2(w,/ B'DO wy)? isthe space charge parameter,
W, = J4men/m isthe plasma frequency, and n. is the
electron density.

Equation (18) and the excitation equation in its
former representation (3) describe SR with alowance
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Fig. 5. (8) The field amplitude at the edge of the electron
bunch versustimein the comoving frameat B=10; G=0.1;
andA=(2)0,(2) 1, and (3) -0.7. (b) Thetransverse electron
current in the same cross section as a function of time at
A=0.
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Fig. 6. The electric field amplitude in the comoving frame
versustime (1) with and (2) without allowance for the space
charge field in a short-bunch model at GB = 0.01 and
gq=0.015.

for the space charge field. The form of characteristic
equation (7) derived within the linear approximation is
also conserved, but, in the case under consideration, the
wavenumbers outside and inside the electron bunch are

GINZBURG et al.

given by
h = (Q+A)"
Q+25-1 4% (19
(Q-&)°-4a@G-1"

where § = 2g/3, A = A — 3§, and only the first har-
monic of the space charge field is taken into account.

We will analyze the effect of the space charge in the
case of arelatively short electron bunch satisfying ine-
quality (8), which meansthat the bunch length bisless
than the wavelength of the waveguide mode. At the
same time, we assume that the bunch length is larger
than the radius of electron cyclotron rotation and use
the right-hand side of (18) to write the expression for
the space charge field. With the use of (19), the charac-
teristic equation (7) transformsinto

iJQ —A{(Q —§)?—49(§-1)} +2GBQ = 2GB. (20)

The dashed line in Fig. 2 shows the growth rate of
the SR instability as afunction of A with allowance for
the space charge field. It is seen that the space charge
dlightly increases the growth rate of the SR instability.
This can be attributed to the “negative mass’ effect,
which causes the azimuthal bunching of electrons even
in the absence of the radiation field [25]. Numerical
solution of Egs. (3) and (18) in the case of a short elec-
tron bunch also proves that allowance for the space
charge field leads to an increase in the growth rate and
adlight increase in the peak amplitude of the radiation
field (Fig. 6).

X = %2+A—4G

2. CYCLOTRON SR IN THE LABORATORY
FRAME

It follows from the above anaysis that, in the
comoving frame K', the electron bunch radiates isotro-
pically in both +z' and —z' directions aong the
waveguide axis. Since, in this frame, the radiation fre-
guency iscloseto the cutoff frequency, the group veloc-

ities V, of the electromagnetic pulses emitted in both

directions are rather low (their difference from zero is
related to the electron frequency detuning, see Section
1.2). In the laboratory frame, the bunch moves with the
longitudinal velocity V| > Vg, (under the experimental
conditions, V, ~ 0.7¢). If the bunch moves towards a
detector, the radiation emitted in the +z' (forward)
direction in K' frame affects the detector earlier than
that emitted in the —z' (backward) direction. Indeed, it
follows from the velocity addition law that, if the
source (electron bunch) velocity ishigher than the elec-
tromagnetic wave group velocity in the source frame,
then, in the laboratory frame, both the radiation compo-
nents propagate in the direction of the source motion.
The group velocity of the “forward” pulse in the labo-
ratory frame is dightly higher and that of the “back-
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Fig. 7. Thefield amplitude recorded by adetector in the lab-
oratory frame asafunction of timeat A = (a) 0 and (b) -0.4.

ward” pulse is dightly lower than the longitudinal
velocity of the electron bunch. Thus, the distance
between the two pulses increases with increasing
observation length.

The shape of the SR pulse at the detector can be
obtained as follows. First, we caculate the field distri-
bution in the (Z, t') plane and then determine the field
on the Z = -V|t' + const line, along which the detector
moves. Figure 7a shows the electric field amplitude at
the detector versus time calculated for the case of the
exact group synchronism (A = 0). It is seen that the
detector signa has a two-hump shape; i.e., the emitted
radiation consists of two pulses. The first and second
pulses are formed by photons emitted by the bunch in
the K' frame in the positive and negative directions
along the Z-axis, respectively. Due to the Doppler
effect, the carrier frequency of the first pulse is higher
than that of the second pulse. Hence, the first pulse
turns out to be substantially shorter than the second
pulse. The amplitude of thefirst pulseislarger, because
it arrives at the detector earlier than the second pulse
and, thus, is less subjected to dispersion spreading.

Note that, for negative values of the detuning
parameter A, the difference between the group veloci-
ties becomes negligible. Hence, the signal detected in
the laboratory frame at a given observation length looks
like asingle pulse (Fig. 7b).

Therefore, the SR pulse shape can be varied by
changing the observation length at a constant A or/and
changing the detuning parameter at a given observation

TECHNICAL PHYSICS Vol 45

No. 7 2000

819

length, which was experimentally demonstrated in
[20, 21].

The radiation power at the detector that is at rest in
the laboratory frame is determined by the vector prod-
uct of the electric and magnetic fields on the trajectory
of the detector motion in the (t', Z) plane. These fields
can be obtained by the Lorentz transformation of the
fields in the comoving frame. Integration over the
waveguide cross section yields the following expres-
sion for the power in the laboratory frame:

'R’ (Vo) (L =m’/vy) s

6

Yi,B

2 2 )2 ‘]rzn—l(RO(’oc/C) llo o
fda*[1

X B3||0|a12 + By (1+ BﬁO)Im%‘b—fDD

Note that (21) is written with allowance for the fact
that the transverse component of the magnetic field is
small inthe K' frame.

P =

(21)

CONCLUSIONS

Therefore, we have shown that cyclotron SR can be
used to generate short (about ten cyclotron oscillations)
electromagnetic pul ses. The group synchronism regime
appears to be the most favorable for cyclotron SR
observation. A detuning from this regime leads to a
decrease in both the growth rate of the SR instability
and the SR peak power. Note than this decreaseis even
more pronounced for positive detunings A if we take
into account the longitudinal dynamics of areal elec-
tron bunch caused by the spread in theinitial longitudi-
nal velocities and longitudinal Coulomb repulsion.
These two factors cause relative displacement of elec-
trons in the comoving frame, which may result in sub-
stantial suppression of the SR instability if the displace-
ment is comparable with the wavelength of the
waveguide mode A' = 2rth'. Under the exact group syn-
chronism regime (A = 0), h' tends to zero, the wave-
length A' of the waveguide mode becomes infinitely
large, and the radiation is almost independent of the
longitudinal displacement of electrons. However, as A
increases (i.e., the regime of group synchronism isvio-
lated), the longitudinal wavenumber increases and,
accordingly, the wavelength of the waveguide mode

decreases and tends to the vacuum wavelength A, =

21c/w'. Inthis case, the samelongitudinal displacement
can result in substantial suppression of SR. Experimen-
tal results [20, 21] demonstrate almost complete sup-
pression of the microwave signal as the detuning from
the exact group synchronism increases.

Finally, we estimate the parameters of cyclotron SR
pulsesin the regime of exact group synchronism under
the conditions close to experimental (see the Introduc-
tion). The pulse duration, which can be found from
Fig. 5, isapproximately 300 psand agreeswell with the
experimental data. The corresponding growth rate of
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the SR instability in the comoving frame is equa to
0.9 x 10'°s™. For the bunch drift velocity V| = 0.5 s, the
distance corresponding to the e-fold increase in the
power inthe laboratory frameisabout 1.6 cm. In exper-
iments, such an increase was observed at a distance of
approximately 4 cm. Numerical results predict a peak
power of 8 MW, whereas the experimentally detected
power amounted to 200-300 kW. Such a discrepancy
between the calculated and experimental values of the
growth rate and the peak power can be attributed to the
presence of a spread in the initial electron energies and
pitch angles, which aretypical of real electron bunches.
Note also that the emission power reported in [20, 21]
should only be considered alower estimate, because, at
present, the methods for recording individual subnano-
second electromagnetic pulses require additional
improvement.
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STATEMENT OF THE PROBLEM

Harmonic and biharmonic functions are of frequent
use in technical physics. They are applied in the theo-
ries of eladticity, plasticity, equilibrium figures in a
rotating liquid, etc. An apparatus for expanding the func-
tions over an appropriate basis depends on the body
shape. Most often, spherical functions are used [1].
Spheroidal functions are less known [2]. Spheroidal
bodies are usually characterized by harmonic func-
tions. In [3], we elaborated the biharmonic function
apparatus for spheroidal bodies to tackle a variety of
problems when the bounding surface is close to sphe-
roidal. Spherical bodies, however, can also betreated in
wider mathematical terms than is generaly appreci-
ated.

Indeed, in technical physics, we handle not only
scalar characteristics. The tensor character of pressure
and pressure-related parameters is perhaps the most
prominent example. Such an anisotropic analog of
pressure is used in magnetometric prospecting for gas
fields, as well as in exploration of bulk materials, inte-
rior of the Earth and other planets, etc. In star dynamics
and the theory of plasma, the analog of pressure also
exhibits more or less anisotropic properties [4]. The
same is true for applications such as the study of equi-
librium in round elastic bodies. The only difference
hereisthat gravitational forces are replaced by external
forces applied to the surface [5]. Therefore, it is of
interest to classify spatial distributions of anisotropic
pressureinside abody intermsof symmetry under rota-
tion.

Pressure tensor components will be assumed to be
harmonic or biharmonic functions. Such a restriction
often follows from additional physical conditions
[1, 3]. Then, a random pressure distribution that satis-
fiesthe harmonicity or biharmonicity condition, aswell
as the condition of equilibrium inside the volume, can
be represented as a superposition of simpler distribu-
tions that satisfy certain symmetry requirements.

For the specific case of spherical bodies, the classi-
fication of tensor fieldsis naturally related to the sym-
metry under rotation of the entire body, in contrast to
the more general case[3], whereit may seem somewhat
formal. That is why we consider the spherical case
separately. It requires a solution to the biharmonic
equation AAU = 0 to meet representations of rotation
group [6]. Such representations may be one- or two-
valued, but we are certainly interested in the former.
Each representation is characterized by an index n,
which runsover 0, 1, 2, ... values and combines 2n + 1
states of an object into a unified set. Under any rota-
tions, the states are linearly transformed into each
other. One cannot get by with alesser number of states;
otherwise, new states will arise at some rotations.
A trivial example isthe transformation of a single vec-
tor under rotations: in thistransformation, all three vec-
tor components are involved. An example of another
sort isthe transformation of scalar fields on asphere. In
this case, the standard basis of representation at fixed
n'sisaset of 2n + 1 spherical harmonics with the same
index [7].

In general, spinor, vector, and tensor fields on a
sphere have been studied by Gel’fand and coworkers,
but the derived formulas are of arather abstract charac-
ter. They are hard to apply to specific technical prob-
lems, especially if the harmonicity or biharmonicity
condition isadditionally set. Therefore, we will address
the problem in a somewhat different way.

CONDITIONS OF EQUILIBRIUM

Of basis states (or vectors) corresponding to agiven n,
we shall consider the onewhich isthe easiest to express
in Cartesian coordinates. With scalar fields, experience
suggests that this is the extreme “vector,” which, being
rotated about the polar axis through an angle ©,
acquiresthefactor exp(in®). In the case of scalar fields,
this vector is called sectorial harmonic.

1063-7842/00/4507-0821$20.00 © 2000 MAIK “Nauka/Interperiodica’
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Let m be the degree of polynomials describing pres-
sure tensor components. A pressure tensor is known to
have the form of a symmetrical matrix

HPy Py Py
Epyx Pyy PYZ

O sz sz I:)zz U

(P =P sz = szv Pyz = sz)’

yxs

|

where X, y, and z are Cartesian coordinates and zis the
polar axis.

Since the component P,, by itself does not change
when rotated about the polar axis, the azimuth depen-
dence must show up through the factor exp(in®) or, in
Cartesian coordinates, the factor ¢, [, = (X + iy)7,
where the other factor is some polynomial in zand R? =
X2 + y?. Hence, if we start with the component P, it
should be sought in the form P, = ¢;¢, (m=u), P, =
¢z, (M=n+ 1), or P, = (R + ¢,2)9, (M= n + 2);
for m<n, it is necessary to construct a similar polyno-
mial and put P, = 0. It will be shown below that the
case [m—n| > 2isimpossible.

When rotated about the polar axis, the quantity ® =
Py + Pyy, also ascalar, istransformed in aquite similar
way but with other coefficients. We will pursue our
consideration as follows. When rotated about the polar
axis, the components P,, and P, by themselves trans-
form following the same law as the components of a
two-dimensional vector; that is, P,, — P,,c0s0@ —
P,sin® and P, — P,sinO + P,,cosO. For their
complex combination, we have P,, + iP, —
Fexp(i®) and P, —iP,, — F,exp(i©), WhereF Py, +
iP,andF, = P —iP,.

In this way, the components P,, and P, by them-
selvestransform. Here, account istaken of the fact that,
under rotation, as was noted, a point in space to which
they are related changes when the field as a whole
rotates. Hence, to find these components in a fixed
coordinate system, the factor exp(in®@) must be
included in the above formulas. Thus, unlike P,, the
general expression P, + iP,, must involve the factor ¢,,.
The second factor should again be either a polynomial
of the [m — (n £ 1)] degree in z and R? or zero if the
expression in the brackets is a negative. Finaly, the
components P, Py, and P, transform under rotation
about the polar axisin the same way as the components
of atwo-dimensional tensor, that is, in the same way as
pair products of two different vectors. The combina-
tionsH = P, — P,, — 2iP,, and H; = P, — P,, + 2iP,
show simple properties under rotation. Similar consid-
erationsindicate that H and H; must involve the factors
¢,.0and §,,_,, respectively [if m—(n+2) = Q).

The previous argument referred to rotations about
the polar axis. However, they are insufficient to prove
the desired total symmetry of thefield. A typical feature
of the extreme state under consideration is that it must

BARANOV

vanish when the operator I, + il is applied, where I,
and |, are the infinitesimal operators of rotations about
the axes x and y, respectively (it is assumed that rota-
tion, viewed from the positive ends of both horizontal
axes, proceeds in the same direction).

For the I, + il operator, the table of action on the
tensor components alone is easily constructed in the
same way as for rotations about the x-axis (with the
changed roles of coordinates). Eventually, six equa-
tions that relate the pressure tensor components are
obtained [6]. On rearrangement (details are omitted),
we come to the following set:

H%fmmaﬂmW)w

: P, 0P,

0 , .0 .
_ZEDb_xHW%PXZHPVZ)_Hl =0,

(x+iy) 52 22> +ig 5

. aHl Da a _
(x+ |y)E—zm+ IW%Hl

D+ 2(Py, +iP,,) = 0,
(1

. OH 0 .0, . -
—(x+iy) 3 +ZDTX+IWH_I 4(P,, |Pyz) =0,

|j) sz

0Py,
(x+iy) 2 ~i—2g

"5z 0
—z%f_x+i%%|3xz—ipyz)+2pzz—¢ = 0.

Equations (1) are basic in our problem. Recall that
we are interested in only those tensor fields satisfying
the mechanical equilibrium condition

aPXX+aPXy+aPXZ _ <3Pyx+aPyy+aPyZ
0Xx ay 0z 0x oy 0z
_ aPZX+aPZY+aPZZ -0
ox dy 0z

where P, = p,, + pV in the presence of self-gravitation;
Py =Py, ---; pisthemateria density, whichisassumed
to be constant; pyy, Py, ... are the components of pres-
sure as such; and V(X, Y, 2) isthe gravitational potential.
Naturally, P and p coincide in the absence of external
forces.
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After transformation, the equilibrium condition can
be written in the form [3]

® .0P 0 .0
2_(sz+lpyz)+[@x +i— 0O |_%'|1 =0,

ayd Dox oy
0 PP _.0%0, Da _
257 P 1P + 5 —1G00* G gy %4 0,

5 3 )
% + iW%sz_ [ I:)yz)

e .o . oP,,
+ _IWEFPXZHP = 0.

Cx 0z

In what follows, we will consider various indexes n
at a given degree m of the polynomials.

DETERMINATION OF THE BASIC
FUNCTIONS

The extreme case n = m + 2 is the easiest. In this
case, aswas hoted, the tensor components are freefrom
the factors exp(in®), exp[i(n £ 1)©], and exp[i(n +
2)Q]. Then, H = cd,, remains as the only other-than-
zero combination, so that, with the constant coefficient ¢
properly selected (c = 4), we have

= ¢n1 I::’yy = _q)n’ ny
sz = I:)yz = I:)zz =0

Notice that this solution automatically satisfies both
the equilibrium and harmonicity conditions. Next, we
taken=m+ 1. Thefactors exp(in®), exp[i(n + 1]©, and
expli(n + 2)@] are impossible here, hence P, = ® =
P, +iP,=H,; =0. However, H = cz$,,_, and we obtain
P, —iP,, =—c/4)¢, from the last but one equation in (1).
For example, at ¢ = 8,

- _¢n! F)yz = _i¢n! Pxx = 22¢n—ll
Pyy = _22¢n—l' ny = 2iZ¢n_l.

Again, the equilibrium and harmonicity conditions
are satisfied automatically. Now let us pass to the case
m = n. The possibility of the factors exp[i(n + 1)©] and
exp[i(n + 2)O] iseliminated; that is, P, + iP,,=H; = 0.
We can start with the component H = (¢,R? + ¢,29) ¢, _».
Then, the last but one equation in (1) yields P, —iP,, =
(¢, —¢y)z,,_4/2, and the last equation gives ® —2P,, =
(¢, — ¢)9,/2. The second equation in (2) yields @ =
(c, —3c)d,/(2n), so that P, = (1/4)[(c, — 3c)/n—(c, —
)l dn-

In the previous calculation, we invoked equilibrium
condition (2). The components remain harmonic or
biharmonic functions. The difference from the preced-
ing casesis that we are dealing with two linearly inde-
pendent solutions. One of them is obtained if the har-
monicity condition is imposed on the components.

= iy,
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Then, 2(n— 1)c; + ¢, = 0. For example, a ¢, = 4 and
¢, =—-8(h—1), we have

sz_lpyz = 2(2n_1)¢n—11 sz = (Zn_l)zq)n—l’
=i@2n-1)z¢,_,,
® = P+ Py, =-2(2+1/n)¢,,

P, = —(2n+1+1/n)d,,
H = [4R*-8(n-1)Z]¢, ».
Po—Py = 2R =2(n-1)719, .,

P, = i[R°=2(n-1)Z]¢,_».

The other solution will be essentially biharmonic
rather than harmonic. Forc, =4(n+ 1) andc, = 4(n + 2),
we have

sz—ipyz = _4Z¢n—l1 sz = _22¢n—1’
Pyz = —2iZ¢n_1;
Pu—Py = [20+ DR +2(n+ 3210, .

Py = i[(N+ DR +(n+3)29,_,
® = P,+P, = 40, P, =0

Consider now the case n = m—1. Only H, vanishes
immediately. Let P,, = czd,,_, (according to the general
rule). Then, the first equation in (1) yields P, + iP,, =
(c/2)¢,,. We can, however, take H = (¢,Z + ¢,ZR?) ¢, _s.
Substituting this equality into the last but one equationin
(1) yields P, —iPy, = (U/4)[-C,R* + (2¢, — 3c) Z] § .

From the last equation in (1), we find ® = [2c +
3(c, — ¢)/2)zd,_,. Findly, the third equation in (1)
relates the coefficients through the expression (c, —
c)/2 + ¢ = 0. Eventualy, we arrive a ® = (¢, —
c,)zd, - ,/2. Taking into account the second equilibrium
condition in (2), one finds the unique relationship
between the coefficients ¢; and ¢,: (n + 2)c; — (n +
3)c, = 0. Wecantake ¢, = 4(n + 3), ¢, = 4(n + 2), and
c=2.Then,

P tiPy, = ¢,
Pe=iPy, = {(n+ 2R +(n+5)Z19, 2
Py + Py = —226,,_4,
Py—P,, = 22[(n+3)72+ (n+2)R,_s.

Py = iZ[(n+3)Z +(n+2)R*0,_5 Pn=220, ;.

Finally, consider the last case n = m— 2. Symmetry
considerations cannot immediately eliminate any of the
combinations. Let us start with the component P, =

(CR2 + ¢Z°)d,,_,. Then, the first equation in (1) yields
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Py + iP, = (C — C)zd,_;. In addition, H = (¢;z* +
c,R?Z + ¢;RY),,_ 4. After substitution into the last but
one eguation of (1), we obtain

Py—iPy, = 2(C3—C/2)R + (co2-¢,)Z 195
From the last equation of (1), it follows that
(0]

= [833_92_2 + ZCHQZ + %c2—3c1—2c3 + 2c%2}¢n_2.

Return to the second equation in (1). It yields the
relationship H; = (T —c)¢,,. Finaly, the third equation
in (1) relates the coefficients by the expression

C—C =c3+cC,—C,. 3

Turn to the equilibrium condition again. The substi-
tution of the functions found aboveinto Egs. (2) yields
relationships that are partly dependent on the previous
one and on each other. Two independent equations
remain:

2(n+1)(C—c)+2c;—c,+4c = 0,
2(n+2)c;—nc,+4(n—-1)c = 0.

As a result, we have found three relationships for
five parameters; hence, two independent parameters are
actually available. These may be, for example, ¢; and
C,. Then, in particular,

cC=[(n+4)(n=-2)c+c,]/[(h+1)(n+2)].

Consider the biharmonicity condition. It is nontriv-
ial only for the function H (the other functions under
consideration become biharmonic automatically) and
yields 3¢, + 2(n—3)c, + 4(n—2)(n—3)c; = 0.

Combining the abtained relationships with (3) and
(4), we find, with an accuracy to an arbitrary common
coefficient,

(4)

¢, = 2(n=3)(n+2), ¢, = 2n°—5n—6

and then
o = 20°=2n-3 _2n°-5n"+n+6
3 2(n-2) ' 4(n-2)
= 2n°—5n°—3n+ 12
4n-2)

It is easy to check that, for n=m+ 2, any nonnega-
tive values of m are admissible. In the other cases, m
should be bounded below; otherwise, fractional func-
tions, rather than polynomials, would have been the
result. Specifically, at n=m+ 1 or n = m, mshould be
=1 (for n = m, the only variant among those considered
in this work, i.e., the linear combination, remains).
Similarly, for n=m—1 and n = m— 2, the restriction
m= 3isimposed.

BARANOV

It iseasy to verify that, in all of the cases, the values
of the quadratic form Q = x2P, + y?P,, + 7P, +
2xyP,, + 2xzP,, + 2yzP,, give a space field with a
desired type of symmetry; in other words, at a given
r (= (2 +y? + 22)V?), they are proportional to the spher-
ical harmonic of order n.

OPERATOR APPROACH

It would be worthwhile to consider another
approach to constructing found solutions that is based
on the direct construction of the pressure matrix com-
ponents. It usessomeinitial scalar function ¢, and sym-
metry-preserving operations.

For n=m, we, as expected, have two variants of the

pressure tensor. The first is P, = (2,]5 -n-1¢,and
Py = (3dy + 3,000, where
_.0 0 _,0 0 _,0 0

are rotation operators [3].

The other components are easily constructed by
anal ogy.

The second variant for our caseis

On

P = 200 _(n+3)p,, Py = X0y 2

v~ Ty Tax
Consider the case n = m—1. We have

U

Pa = 2(n+4)3,5- Y _ox3.aU,

Py = (n+ 4)Jy5— + —(yd, +xJ,)AU,

where U = r?¢,,
Finally, consider n=m-—2. Then,

20°U

Pxxzr——axAU+Bx—+yU+6rAU
X
20°U
Py =T aay—cxxyAU B%/ Er
where
__2n+5 B=_2n2+9n+8
2(n+3)’ n+3 '
2n°+15n°+37n+28 o _ |

2(n+3) ’

In these formulas, the coefficients are such that the
pressure tensor components satisfy biharmonicity and
equilibrium conditions (2). Using the formulas, we per-
formed the necessary cal culations to make sure that the
results obtained are in agreement with those reported in
the basic part of the paper (with an accuracy to multi-
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plying the pressure tensor matrix by an arbitrary fac-
tor).

The agreement occurs for any n but, obviously, is
most readily established for not too large n’s.

Natice the following easy-to-check feature of the
solutions found; namely, the biharmonic solutions for
n=m, m—1, and m— 2 subjected to the L aplace oper-
ator are transformed, with an accuracy to a constant
factor, into the harmonic solutions for, respectively,
n=m+ 2, m+ 1, and m (this m differing from the pre-
vious m). This feature can also serve as a means to
check the solutions.

CONCLUSION

Thus, for each m, we can construct only six linearly
independent tensor fields satisfying the equilibrium and
biharmonicity conditions for each of the components.
The six fields refer to five types of symmetry, the dual-
ity of the solutions being observed only at n = m.

Recall that each of the symmetry typesis (2n + 1)-
fold degenerate; that is, 2n + 1 linearly independent ten-
sor fields result when the configurations considered
rotate about different axes. Similar degeneracy of sca-
lar, vector, and other fields is frequently encountered in
applications (see, for example, [8]). The symmetry of
internal states is usually due to external conditions.
Naturally, the geometrical symmetry group is narrower
for spheroidal bodies [3]. It is, however, reasonable to
expect that some deeper symmetry formally similar to
the considered symmetry of thefieldsin spherical bod-
ieswill also be found for spheroidal bodies.
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825

The constructed stress fields can be useful for repre-
senting equilibrium and vibratory states in elastic and
plastic bodies largely of spherical or close-to-spherical
shape. Certainly, in many applications, it will be neces-
sary to use a superposition of afinite or infinite number
of found solutions.
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Abstract—A Hamiltonian formalism is applied to derive an exact solution to the equation of motion of a
charged particle in the electromagnetic field of a traveling current wave. The particle motion is studied in a
monochromatic magnetic field and in the traveling jump-like front of the magnetic field, and the wave mecha-
nism for betatron acceleration is analyzed. It is shown that, in each of these situations, a charged particle can
be accelerated simultaneoudly in both the longitudinal and transverse directions. © 2000 MAIK “ Nauka/l nter-

periodica’ .

INTRODUCTION

In present-day relativistic mechanics, only a few
problems relevant to the motion of charged particlesin
the field of an electromagnetic wave excited in a real
electrodynamic system are known to possess exact ana-
Iytic solutions. Pavlienko et al. [1] solved the equations
of motion of a charged particle in the field of a TEM
wave propagating in a quadrupole waveguide. This
el ectrodynamic waveguide system, which wasfirst pro-
posed by V. Paul, made it possible to develop a high-
resolution mass spectrometer of nonrelativistic parti-
cles[2, 3]. An analysis of thedomains of stable particle
motion showed that quadrupol e waveguides can also be
used to focus relativistic particles, to separate them out
by mass and specific charge, and to reduce the spread
in transverse velocities of the beam particles.

In this paper, we derive exact analytic solutions to
the Hamiltonian equations of motion of a relativistic
particle in the electromagnetic field of atraveling cur-
rent wave in an axisymmetric electrodynamic system.
The solutions obtained make it possible to investigate
the stability domains and to determine the kinetic
energy and longitudina momentum of the particle. We
consider particle acceleration in a monochromatic
magnetic field and in the traveling jumplike front of the
magnetic field. We show that, in the regime of betatron
wave acceleration, a condition analogous to the well-
known 2 : 1 rule should hold. The solution method pro-
posed hereis based on the theory of canonical transfor-
mations and applies to any mechanism for field excita-
tion.

ELECTROMAGNETIC FIELD
OF AN ELECTRODYNAMIC SYSTEM

The 4-potential of the electromagnetic field can be
represented as

AY(X) = [(eX)€] —(erx)€5] B(kx)/2, )

wherex! = (ct, X, ¥, 2); €3, =(0,1,0,0); €} =(0,0, 1,
0); "t =(1, 0, 0, 1); k! = (w/c)n¥; B(kX) is an arbitrary
function of the argument kx = wt — wz/c [4]; the metric
tensor isg = diag(1, -1, -1, —-1); the scalar product of
two 4-vectorsisdefined asab = ab, = agh, —ab, so that
a? = al'a,; and the 4-potential satisfies the wave equa-
tion 0Y0, A" = 0 and the L orentz gauge 9, A" = 0.
The electromagnetic field tensor has the form

F* = t"'B(kx) + [(e;x) 1" — (e,x) f**] B'/2,

wheret® = el e/ €l € , WV = ek’ —K'epy,y, 1V =
efz) k' — k“ez'z) , and B' = dB/d(kx).
The electric and magnetic fields are equal to
E = (ykoB'/2, —xk,B'/2,0),
B = (xk,B'/2, yk,B'/2, B),

Obvioudly, we have EB = 0. Note that, in the case
B = const, potential (1) definesaconstant uniform mag-
netic field. The traveling magnetic field B, = B(wt —
wz/c) initiates vortex electric and magnetic fieldsin the
plane orthogonal to the symmetry axis of the system.
The function B(kx) satisfies the natural boundary con-
ditions: B(kx) — B, for kx — —c0 and B(kx) — B,
for kx — +o0, where B, and B, > B, are positive con-
stants.

ko = wlc.

SOLUTION OF THE EQUATIONS
OF MOTION

We describe the particle trgjectory in parametric
form: x* = x¥(1), where T is the intrinsic time. The

4-velocity of the particleis X" = (ct, X); the superior
dot indicates the derivative with respect to T, so that we

have X" =y(c, v), wherey = [1— v2/cq Y2, We solve the

1063-7842/00/4507-0826%$20.00 © 2000 MAIK “Nauka/Interperiodica’
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equations of motion of acharged particleintermsof the
Hamiltonian formalism. The particle motion in the
electromagnetic field defined by the 4-potential (1) is
described by the Hamiltonian [5]

H(x, p) = —(12m)[p—(e/c)A(X)]* + mc’/2. (2)

Taking into account the relationship [x*, p'] = —g"
for the fundamental Poisson bracket, we arrive at the
equations

x' =[x, H], mx* = p"—(elc)A", (3)

p. = [P HI, P, = (el0)%,0A%/0X",  (4)

with the boundary conditions x*(0) = (0, X,, Yo, Z,) and

X" (0) = UM, where Ut = y,(c, vg) and y, = [1— (vo/c)?] 2.
Equations (3) and (4) have three integrals of motion.
Oneof theintegrals can be obtained by taking the scalar
product (convolution) of Eq. (4) with the 4-vector k*:
kp = mku. Then, taking the convolution of Eqg. (3) with

k, yields the second integral of motion: kx = ku, which
can also be written in terms of coordinates as

ct—z = nu. (5)

We thus obtain the wave phase along the particletra-
jectory: kx = kut + kx,. The third integral of motion for

Egs. (3) and (4) hasthe form X° = c2 or
(ch)’ =3 —y* -7 = & (6)
Resolving Egs. (5) and (6) in t and z, we obtain

cf = nui2+ (U2nu)(c’ + X +Y°), -
2 = —nui2+ (U2nu)(c” + X"+ 7).
Theintegral of motion (5) is actually a conseguence
of Egs. (3) and (4) taken withu =0.3:
mct = p,, Mz = p,,
Po = (elc)ko(yx—xy)B'/2, )
p, = (elc)ky(yx—xy)B'/2.
Since the increment E = mc2t in the particle kinetic

energy is governed by the vortex electric field, we can
write

dE/dt = cXE, dE/dT = —(ew/c)(xy —yX)B'/2. (9)

Equations (3) and (4) taken with the integral of
motion (5) and p = 1.2 can be reduced to the Hamilto-
nian system

m>:< = p,t(c/c)yB(0)/2, (10
my = p,—(c/c)xB(0)/2,
Py = (e/lc)yB(0)/2, p, = —(e/c)xB(0)/2, (11)
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where o(1) = kut + kx,. Equations (10) and (11) are
generated by the part of Hamiltonian (2) that is inde-
pendent of the momentum components p, and p,:

Hi, = (U2m)[p; + p;] + (e/2me)[yp,—xp,] B(0)
+(€48mc%) (6 + Y BX(0). (12)

Thefirst integral of Egs. (10) and (11) isthe projec-
tion of the generalized particle momentum onto the z-
axis:

M, = m(xy —yx) + (e/2c)(X’ + y*) B(0),

in which case law (9) describing how the particle
kinetic energy increases becomes

dE/dt = (e°w/8mc?)(X* + y*)(B%) —ewM,/mc.

From Eg. (8), wefind cdp,/dt = dE/dt, which allows
us to draw the important conclusion that the longitudi-
nal momentum of the particle increases simultaneously
with its energy.

Equations (10) and (11) can also be solved by carry-
ing out a sequence of canonical transformations (CTs).

First, wemakethe CT x,y, p,, p, —= X, Y, Py, Py such
that

x = (U2m)(x +y), y=-i(12m)*(x -y),
1/2 ' ' . 1/2 ' ' (13)
pxz(mlz) (px+py)’ pyzl(m/Z) (px_py)-

In the new variables, Hamiltonian (12) becomes
Hi, = pypy + (iel2me)(y p, —X'py)B
+ (eB/2mc)2x'y'.

Now, we eliminate the second term in (14) by per-
forming the CT

(14)

X = exp(-ip/2)x;, Y = exp(iB/2)x,,

Py = exp(iB/2)py, py = exp(=ip/2)p,,

(15)
B(1) = (e/mc)J'dG)BIo(G))I,
0
which puts the Hamiltonian in the form
Hy, = pips + (eB/2mc)’x)x,. (16)

The solution to the canonical equations
dx;/dt = p,, dxy/dt = py,

dp,/dt = —(eB/2mc)°xy, dps/dt = —(eB/2me)°x;
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can be represented as
x, = (U2)"*(wa, +w*a}),
xy = (U2)"*(wa, +w*al),
pi = (1/2)"(Wa, +\i*at),

py = (U2)"(wa, +W*af),

(17)

where a; and a, are constants. The function wt is a
complex solution to the oscillator equation

d’w/dt? + [eB(o)/2mc]’w = 0 (18)

with the initia condition w = (2/w,)Y2exp(=iw,1/2)
(where w, = eB,/mc) for T —= —oo. The Wronskian of
the two functionsw and w* isindependent of T: ww* —
ww* = 2i. We substitute (15) and (17) into (13) to
arrive at the solution to the equations of motion (10)
and (11):

x = (UJ/m)Re[(way +w*a3)exp(-iB/2)],
(19)

y = (UJ/m)im[(wa, +w*a3)exp(-iB/2)].

In order to determine the functions t(t) and z(t), we
insert (19) into (7). Below, we will beinterested only in
the solutions to Eq. (18) in thelimit T — oo, in which
the function B(kx) approaches a constant value B,. In
this case, we can use the asymptotic expressions

w= (Z/wl)ﬂz[Clexp(—i w,1/2) + Coexp(iw,)1/2],
w, = eB,/mc. (20)

Let us make two remarks.

(i) The coefficients C, and C, can be found from the
solutions known in quantum mechanics, because
asymptotics (20) are consistent with the problem of
particle scattering by a one-dimensional potential.
According to [6], the quantities 1/C, and C,/C, play the
role of the amplitudes of the forward and backward
wavesinto which the wave that isincident on the poten-
tial from theright is scattered. Let 1/p be the character-
istic scale on which the function B(o) varies. Then, if
this function changes adiabaticaly, |dB(o)/dt| <
pkuB(o), we can see that the ratio C,/C; ~
exp(—Ttwy/pku) is exponentialy small [6].

(i) Since the Wronskian of the linearly independent
solutions w and w* is equal to 2i, solution (17) is a
CT X, P — X,=a,, P,=1a) (n=1, 2) whose gen-
erating function depends on both the old and new vari-
ables[5]:

p, = 0F,/0X,, P, = 0F,/0X,,

Fr = (LIW*)[W*X; Xo — i //2(X1 X0 + X5 Xq) + WXg X]

TOROPOVA

With this Wronskian, the Hamiltonian transformed
to the new coordinates using the above procedure, h =

Hi, + dF,/0t, isidentically zero.

PARTICLE MOTION IN THE TRAVELING
JUMPLIKE FRONT OF THE MAGNETIC FIELD

Of particular importance is the magnetic field (1),
for which the function

B*(0) = (1/2)(Bf + B3) + (1/2)(B; - B})
x tanh[ p( — 0,)] + [By/2chp(c —0,)]°

takes on the limiting values Bf and B§ and has amax-

imum in therange B§ > BS - Bf. In quantum mechan-
ics, this function is known as the Eckart potentia [6].
The most interesting case here is pku > wy, which cor-
responds to a sharp jump in the function B(o). Setting
B, = 0, we arrive at a function such that B(o) = B, for
0 < 0y and B(o) = B, for 0 > g,,. Since the relationship
0 — 0y = ku(t — 1) with 1. = (0y — kxg)/ku > 0 holds
along the trajectories of a particle, we can integrate the
second-order differential equations following from
(20) and (11) over asmall vicinity of thepoint T =1.in
order to obtain the boundary conditions in the form of
the incremental velocity components AX(w, -
wW)Y(1)/2 and Ay = —Hw, — w)X(T)/2. In accordance
with (20), the solution to Eqg. (18) can be written as

Wy = (2/w1)”2exp(—ioo1T/2), T<T,;

12 (21a)
Wy = (2/0) "[Dexp(—iw,1/2) + Sexp(iw,1/2)],
2T,
D,S = (Dg S)eXp(—iwT/2+iw,T/2),
(Do So) exp( 1 LT./2) (21b)

Do S, = (U2)(1+ w,/wy).

Letusset x;=0,y,>0,7=0,and vy=(v4, 0,0). Then

X" (0) = (Cyo, Uy, 0, 0), Uy = Yvy, and B = wyT follow.
Substituting (21a) into (19) and setting T = 0 gives
(mw,) ™2, = iR and (mw,)2a; =i(y,— R) with R=
u,/w,. Intheinterval 0< T < 1, the particletrgectory is
described by the equations x(t) = RsinwT, Y(1) =
Rcosw;T + (Y, —R), and z(1) = 0; i.e, thetrgjectory isa
circle of radius R centered at (0, y, — R, 0). Inserting
(21b) into (19), we abtain the solution to Egs. (10) and
(11) intheinterva 1 > 1. X(1) = Rex, and y(1) = Imx,,
where x,(T) = x + iy, which can also be written as

X,(1) = i[DoRexp(—iw;Tc) + SH(Yo—R)]
x eXp[—i (T —To)] +i[ SRexp (- w; Tc) + Do(yo — R)].
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 Setting [DgRexp(-ie,T) + Sy(yo— R)] = Ryexp(in)
yields the components of the 4-velocity:
X(1) = w,R,cos[w,(T—-T1,) + N1,
() 22.[2( )+nl 22)
y(1) = —0,Rysin[w,(T—-T¢) +n].
The kinetic energy T = E — mc? (where E = mc?t),
and the longitudinal momentum p, = mz can be found
from (7):

ct = cyo+ [(w,R,)* = (w,R)*]/(2¢cyy),
z = [(w,Ry)* — (w;R)]/(2¢y0).

Thisindicates that the particle moves along a spiral
trajectory of radius R,, with the axis lying at a distance
r, = |SRexp(—iw 1) + Do(Yo, — R)| from the z-axis. Note
that, for v, = 0, we have X(T) = W,R,COSW,(T — T,),
Y (1) = —w,RSINW,(T — T¢), Ry = SYo, and 1, = Dy, In
the other particular case, y, = R, we obtain X (1) =
R, CO (T —T¢) + nT],

Y(1) = —0,Rsin[w,(T—T) + o T¢],
R, = DyR, r, = SR.

From (23), we can see that, after the particle passes
through the magnetic field front, its energy becomes
higher.

(23)

PARTICLE MOTION IN A MONOCHROMATIC
FIELD

We consider the function B(kx) = B, + bcoskx.
Then, from (18) we obtain the Hill equation

d*w/dt® + (1/4)[ Qg + wycoso(T)]°w = 0,
Q, = eB,/mc,
Setting
2s = kut +kx,, M = (Q§+m§/2)/(4ku)2,
q = weQo/(4ku)?, @, = (0/8ku)?,
we arrive at the Hill equation in the standard form:

w, = eb/mc.

d’wids’ + (U +2gcos2s+ 2g,cosds)w = 0. (24)
The exponential index in (15) isequa to
B(1) = Qo1 + (wy/ku)[sin(kut + kx,) —sin(kxg)].

In the case g, < g (or b < 2B), we arrive at the
Mathieu equation [7, 8]. The theory of Mathieu func-
tionsimpliesthat, in the plane of the parameters (U, ),
there are regions that correspond to either bounded or
unbounded solutions[7]. In theregion of small pand g
in the (4, g) plane, the solution to Eq. (24) isfinite in
the first stability domain, which is located to the right
of the curve pyo(q) = —g%2 + 79¥/128 + ... and is
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bounded by the curve p4(q) =1-q—g¥8 + ... inthe
upper haf-plane (q > 0) and by the curve py(Q) =
Ue(—0) inthe lower half-plane (q < 0).

Of particular interest is the case of parametric reso-
nance, in which it may be expected that the energy and
longitudinal momentum will increase significantly at
uM=1,4,9, .... An analysis of the stability domains
allows us to conclude that charged particles can be
accelerated in the regime of parametric resonance and
can be separated out by specific charge.

BETATRON ACCELERATION REGIME

Itiswell known that particlelosses can be prevented
by a focusing magnetic field which decreases away
from the axis of the system. We consider particle
motion in a traveling nonuniform magnetic field
defined by the following components of the 4-potential
in cylindrical coordinates:

P
Ap= A=A, =0, A= (1/p)J’dppB(p, kx),
0

where kx = wt — wz/c.

The Lagrangian describing the motion of arelativis-
tic particle can be written in terms of the intrinsic time
(in SI units) as[9]

L = (m2)[p* +p2p +7*—c%]

P
+ eipfdppB(p, ot —wz/c).
0

The Euler-Lagrange equations have the first inte-
grals (5) and (6): kx = a(1) and o(1) = kut + kx,. We
solve the equations of motion by analyzing the acceler-
ation cycle on a cylindrical surface of constant radius.

Setting @ = Q and p = R, we obtain the equations
dE/dt = —(eQw/2M)dd/do,

R

(25)
P(0) = 2nJ’ dppB(p, 0),
0
0 = mQ +eB(R, o), (26)
mR*dQ/dt + (e/2m)dd/dt = 0, (27)
md°z/dt® = —(eQu/2mc)dd/do, (28)

where @ isthe total magnetic flux through a membrane
bounded by the particle orbit.

From (26) and (27), we obtain the equation d®/dt =
21R?dB/dt. We supplement this equation with the ini-
tial conditions B(R, ) =0 and ®(0) =0at 1 = 0 and
integrate it over the acceleration cycle. As aresult, we
arrive at an analogue of the “betatron rule”: ®(o,,) =
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21R?B(R, 0,,), where a,, = kut,, + kx,. Substituting ®
and Q into (25) and (28), we find the kinetic energy T =
E — mc? and the z-component of the 4-velocity:

E(t,) = mc2y0+ eZRZBZ(R, o)/ (2mnu),

mz = mz(0) + €€R°B*(R, 0,,)/(2mcnu).

We denote the maximum magnetic field strength by
B(R, 0,) = B,,and assume that z(0) = 0. Then, we have
Yo = 1, so that the particle kinetic energy at the end of
the acceleration cycle is T(t,) = €R2BZ /(2m). Since
ecRB,, = 300[R(M)B,(T)] MeV, the kinetic energy
T(t,) can be represented as T(1,) =
45[R3(m) B2 (T)/mc? (MeV)] GeV. For proton accelera-
tion, we have T(t,) = 45[R%(m) B,i (M] MeV; and, for
electron  acceleration, we have T(t,) =
90[R?(m) qu (T)] GeV. Note that, in the regime of con-
ventional betatron acceleration, the kinetic energy of a
particle is equa to T(t,) = [(mc?)? + (ecRB.,)3]Y? —
mc? = ecRB;,,.
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Abstr act—One-quantum bound-bound transitions between high-excited states of a hydrogen atom are consid-
ered. Electron wave functions involving an electromagnetic field even in a zero-order approximation are con-
structed semiclassically. With these functions, it is shown that transitions accompanied by violation of the
dipole selection rules are possible in strong fields. The probability of such transitionsis a nonlinear function of
electromagnetic field intensity. © 2000 MAIK “ Nauka/lInterperiodica” .

The probability of transitions between states of
hydrogen-like atoms under the action of an electromag-
netic field has been studied in detail (e.g., [1-4]). Basi-
cally, the avail able tables of oscillator forces[1] and the
values of reduced matrix elements for the dipole
moment [2—4] make it possible to calculate the proba-
bilities of one-photon transitions between arbitrary
states of a hydrogen-like atom in the dipol e approxima-
tion. However, such caculations are valid for moder-
ately strong electromagnetic fields weakly perturbing
the corresponding atomic states. Therefore, stationary
wave functions for the Coulomb problem are used as
wave functions in the zero-order approximation [1, 5].
As follows from classical treatment, such an approach
isvalid for electromagnetic field strengths bounded by
the inequality

Ea
(2n; f)zl

where E; = M2e°/#i4 is the atomic field strength; e and
M are the electron charge and mass, respectively; and
n ¢ are the principa quantum numbers of the initial
and final states.

In this paper, we consider the probability of one-
photon transitions between high-excited states of a
hydrogen atom with large orbital angular momenta. In
contrast to the standard approach [1-4], quasistationary
wave functions describing an electron in the field of
both the Coulomb potential and a high-frequency elec-
tromagnetic wave are used as wave functions in zero-
order approximation (we will further refine the condi-
tion on the field frequency). Taking into account the
electromagnetic field in the zero-order wave function
makes it possible to relax constraints on the strength of

(D)

E, <

the external electromagnetic field and fall outside the
framework of perturbation theory. Aswe will show, the
dipole selection rules for the orbital quantum number
are violated in strong fields (the selection rules for the
magnetic quantum number holds true), and the proba-
bilities of one-photon transitions become nonlinear
functions of the electromagnetic field intensity.

Since high-excited states are semiclassical, an elec-
tron in such astate islocated basicaly in the vicinity of
its classical trajectory. Therefore, it is worthwhile to
consider the motion of a classical electron in a wave
field in more detail. It is well known that, if in the
absence of an electromagnetic field, an electron moves
inapath r(t), then in afield with strength E(t) and fre-
guency w and under the conditions

minr (t) > max o(t), (2
0> 1, @3)
where
a(t) = eE(t)
me’

and T isthe period of the unperturbed electron motion,
it will move in the quasi stationary path (see the figure)

r'(t) = r(t)—a(t). (4)

Thus, the influence of a high-frequency wave is
basically reduced to the appearance of oscillations
about unperturbed electron trajectory r(t) (for more
details, see [6, Section 30]). This trgjectory formally
coincides with the electron trgjectory in the absence of
the external field in a noninertial reference frame with
coordinates related to theinitial onesby (4). Therefore,
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Figure.

we may semiclassically conclude that the electron wave
function in the wave field is approximately represented
by the Coulomb wave function in the noninertial refer-
ence frame:

A (T)

W(r, t) = W(r —a(t), t)expEl—ﬁJ'dT D, (5)

where A(t) is the vector potential of the external elec-
tromagnetic field in the dipole approximation, c is the
speed of light, and W(r, t) is the Coulomb wave func-
tion.

Note that (5) is a state with indefinite energy and
orbital angular momentum. However, it isconvenient to
characterize it by the number triple (nlm), which refers
to the corresponding Coulomb wave function.

Relation (5) can be obtained more accurately. The
Hamiltonian of an electron in both the Coulomb and
electromagnetic fields has the form

e
B-SamT
H = —_E
2M Ir|’
The Hamiltonian of the system can be represented
asfollows:

H = Ho+ Vi,
) %—EA(t)g 2 (6)
Ho = 2M r—aft)’
V.. = e—z_e_z (7)
"y —a(t) e

One can readily see that (4) is the solution of the
classical equations of motion resulting from Hamilto-
nian (6). Thus, precisely (6) basicaly determines the
electron trgjectory in the wave field. Therefore, expres-
sion (6) is the Hamiltonian in the zero-order approxi-
mation, whereas (7) should be considered as a small

PREPELITSA

perturbation. The validity of dividing the Hamiltonian
into the principal term H, and perturbation V,; alsofol-
lows from comparison of the magnitudes of (6) and (7)
(they are treated classically here) in the trajectory r (t).
Indeed, one can consider V,; as a small perturbation if
it is much less than H,. Using the virial theorem, it is
sufficient to ascertain that (7) is much less than the sec-
ond term in (6). Since the latter is proportional to 1/|r |
at large distances, whereas (7) is proportional to 1/r2,
one can easily seethat (7) issmall when (2) is satisfied.
Since the Feynman paths located in the vicinity of a
classical electron trajectory make a major contribution
to the evolution of a high-excited electron (due to the
semiclassical nature of the state), the division of the
Hamiltonian into the principal term H, and perturbation
Vi holds true from the quantum-mechanical point of
view aswell. Therefore, the solutions of the Shrodinger
equation with the Hamiltonian H,

QW(r, 1) _

hdt

= HoW(r,t). (8)

should be used as wave functions in the zero-order
approximation.

Immediate substitution implies that function (5) sat-
isfies EQ. (8), while W(r, t) is the subject to the
Shrédinger equation in the Coulomb problem:

iﬁawc(r,t) _ Dﬁ_z_e_zﬂpc(r t)

at M Jri” Y7

Using well-known formulas of the Coulomb prob-

lem, we represent criteriaof the applicability of (2) and
(3) to the model in the form

Eo U*)adj 1 .
EyDo dﬁm<1’ ©
nH- 1- Cho0
w1
an— <1, (20

where w,; = Me¥/A3 is the atomic frequency and nand |
are the principal and orbital quantum numbers.

Since the interaction of an atom with the field is
considered in the dipole approximation (vector poten-
tial A(t) isindependent of coordinates), conditions (9)
and (10) should be complemented with a condition set-
ting an upper bound on the field frequency:

%)maxlr(t)l <1,
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or, aternatively,

2 dfqw €

n%u 1- ChOCho, <1 (11)

The more the orbital quantum number I, the better
inegqualities (9) and (11) are satisfied, since thisis the
very case when the electron is located far from the
nucleus with overwhelming probability. Furthermore,
due to the semiclassical nature of the state that implies
| > 1 aong with n> 1, wewill assumen, | > 1 here-
after. For a state with I/n ~ 1, conditions (9) and (11)
can be represented in the form

Eoroarf 1
Eole 0 <1, (12)
2 e
== €
n T 1 (23

Conditions (9)—(13) are consistent in a wide range
of parameters. Note that inequalities (9) and (12)
bounding the electromagnetic field strength essentially
differ from similar inequality (1), which determinesthe
applicability region of the standard perturbation theory.
Expressions (9) and (12) reflect the fact that the influ-
ence of the field on electrons increases with decreasing
field frequency, so that, in the limiting case of w =0
(stationary field), perturbation theory isno longer valid.

We consider the transition from the initial atomic
state W,(r, t) characterized by quantum numbers (n;l;m)
tothefinal state W(r, t) with quantum numbers (n;l ;my).
According to the above discussion, wave functions of
the considered states in the wave field have the form
(5). Operator Vi, defined by (7) is the operator that
mixes states W,(r, t) and W(r, t). Thus, the transition
amplitude takes the form

t

Ag(t) = ——J’dtJ’dr‘-Pf (r, )V Wi(r, t).

We consider a circularly polarized electromagnetic
field. We also assume that the atom is oriented in such
amanner that the quantization axis is perpendicular to
the polarization plane of the external electromagnetic
field. Choosing the coordinate frame where the quanti-
zation axis is directed aong the Oz-axis, we represent
the electromagnetic field strength in the form

E(t) = Ep(escoswt + e sinwt),
where g, and e, are the unit vectors directed along Ox
and Oy, respectively.
Taking into account the explicit form of the Cou-
lomb wave functions W¢(r, t), after a simple change of
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the integration variable and some transformations we
obtain

o |
Ait) = 3 S CiMii(ao)
. l=1m=- (14)
exp%(sf —& - mﬁw)t%— 1

X

€ —&—MAw

| 2|+1
Cfgn =

J(ZI +1)(2, + )EI'Im;'I

O - [ 0
cproyf TR
O-m;mm J0 000

(15

2 I

fJ(O(o) = Idr Ra, (r) nili(r)’
(16)

Mw

where P"(x) is the associated Legendre polynomial,

iy, 11, 8. , :
O O is the Wigner 3j-symbol,
Om; mm, O

means that the corresponding magnitude refers to the
initial (final) state, and R,(r) is the radial part of the
Coulomb wave function.

It is worth noting here that integral (16) can be cal-
culated analytically, but we do not present the result
here because it is rather cumbersome (detailed calcula
tion of integrals of the form (16) is presented in the
mathematical appendix in [5]).

The properties of the Wigner 3j-symbols (e.g., [5])
and zeros of Legendre polynomials

index i (f)

PI"(0) DcosqI + IM)gE

imply that transition amplitude (14) is nonzero if the
following conditions are satisfied:

m; —m; = m, a7
=<l <li+1; (18)
I+, +1 =2p, p=123,...; (29
l+im = 2p, p =123 ... (20)

Expression (17) impliesthat the number of photonsm
coincides with the difference between the magnetic
guantum numbers of the final and initial states. This
corresponds to the well-known selection rule for mag-
netic quantum numbers in dipole transitions under the
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action of circularly polarized radiation. Furthermore,
we will restrict our consideration to one-photon transi-
tions and, hence, take m = 1 in (14) and (15). In this
case, it follows from (20) that | should be an odd num-
ber. Taking (19) into account, one can conclude that
the difference between the orbital quantum numbers
of the final and initial states should be an odd number
aswell:
Ii=1 =2p+1, p=0,12, ... (22)
Otherwise, the probability of transition turns out to
be zero. The term with the smallest | satisfying the pre-
sented conditions makes the major contribution to the
sumin (14). According to the summation rule for angu-
lar momentum (18), the smallest | is
I = [l =1]. (22
On thisbasis, the transition amplitude takes the final
form

exp%(sf —§— ﬁw)t%— 1
Ai(t) = ClﬁlMlﬂ(O‘o)

€ —€&—hw - (23)

Here, | is defined by (22) and the denominator in
(23) is assumed to be nonzero.

Inthecasel;=1I; £ 1 (I = 1), the obtained expressions
coincide with those describing one-photon transitions
in ordinary perturbation theory when the transition
operator is expressed in the “acceleration representa-
tion” (e.g., [7]). Such transitions are dipole-allowed in
perturbation theory, and they are the most likely. How-
ever, as expression (21) shows, transitions between the
stateswith| = |l;—I;|=2p + 1, wherep=1,2,3, ..., are
also possible. It isclear that such transitions are dipole-
forbidden in the standard approach.

Sincethetransition probability is proportional to the
intensity of the exciting field to the | power, asis seen
from (16) and (23), the transition probability becomes
anonlinear function of thefield intensity for | = 3. This
fact essentialy differs from the result of the standard
perturbation theory where the probability of aone-pho-
ton transition is proportional to the intensity to the first
power. Therefore, the observation of nonlinear depen-
dence of the probability of the process on the intensity
of the applied electromagnetic field can be an experi-
mental verification of the results obtained in this paper.
Note that |n; — n;| > 1, as follows from both condition
(10) and anatural assumption that quantum Aw s of the
order of the energy level spacing between theinitial and
final atomic states.

PREPELITSA

We present some numerical estimations. For exam-
ple, for the ratio of matrix elements n =

M (@o)/ M3, (@) (see (16)), we obtain n ~ 10, where

M,%i (0p) defines the amplitude of the ordinary dipole
transition from the state n; = 10, |; = 5, and m = 0 to the

staten; = 30, |; =6, and m;=1; and Mf’i (ap) determines
the amplitude of the forbidden dipole transition from
the sameinitial stateto thefinal staten; = 30, I; = 8, and
my = 1 for E, = 9 x 10° V/cm, w = 10* s, Thus, the
probability of the forbidden dipole transition turns out
to be only 10? times less than the probability of the
ordinary dipole transition in the perturbation theory.

The above consideration of bound-bound transi-
tions in a high-frequency electromagnetic field is an
advance outside the framework of perturbation theory
(compare criteria (12) and (1)). It became possible due
to a more accurate account of the interaction of the
atom with the wave field compared to a standard
approach, even at the beginning of solving the problem,
i.e., inthe zero-order wave functions (5). Notethat sim-
ilar wave functions for the states of continuous spec-
trum were considered in multiphoton ionization of
atoms [8-11]. This made it possible to fall outside the
framework of perturbation theory and obtain the limit-
ing case of atom ionization by a stationary field (it is
well known that perturbation theory is inapplicable to
the case of a stationary field, since the radius of conver-
gence for the corresponding series is equal to zero).
Note also that the obtained results are applicable not
only to a hydrogen atom but to multielectron atoms as
well. Sincefor n > 1, an electron is located on average
far from the atomic residual, the influence of the latter
can be taken into account by replacing n by n — 9,
where ¢, is the quantum defect.

The resonance case (& — € = fiw) has remained
beyond consideration since it requires other mathemat-
ical methods. The problem is complicated by the fact
that, in the resonance case, the standard two-level
approximation is no longer valid for two reasons: the
electron quickly leaves the selected two-level system,
and the wave packet spreads due to strong mixing of the
states coupled by transitions accompanied by violation
of the dipole selection rules. From the classical point of
view, this means that electron motion in the wave field
becomes stochastic (for more details, see[12]).
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Abstract—Processes involved in positron—matter interaction are studied. The stopping power and mean free
path are calculated for positrons with an energy of about 1 eV, which are scattered mostly by phonons. The mean
free path and range of positrons in tungsten, as well as the stopping power of tungsten, are calculated for
positron energies between 0.025 and 10 eV. © 2000 MAIK “ Nauka/Interperiodica” .

INTRODUCTION

L ow-energy positron sources are finding wide appli-
cation in atomic physics, solid-state physics, physics
and chemistry of surfaces and thin films, materias
technology, study of lattice defects, etc. One of the
methods for producing high-flux low-energy positron
beams is the use of a charged particle accelerator. This
method has been implemented, for example, in the
SPring-8 complex [1]. Superconductive wiggler mag-
nets installed in the electron—positron storage ring
generate high-power synchrotron radiation with a pho-
ton energy significantly higher than the pair-production
threshold. The positrons thus produced are thermalized
by passing through a decelerator. The process of
positron deceleration should be taken into account to
properly assess the thermalization efficiency and yield
of dow positrons.

The ionization processes have been well studied
both theoretically and experimentally [2], whereas the
intricate lattice processes (collective excitations, inter-
action with holes and phonons) have not yet been sub-
jected to adequate experimental study. The goal of this
work was to calculate the parameters of positron scat-
tering by phononsin tungsten. Calculations were made
using the existing theoreticall models of positron—
phonon interaction and experimental data on the
positron energies in metals.

KINETIC EQUATION FOR POSITRONS

Positron interaction with matter involves different
processes depending on the positron energy. High-
energy positrons induce ionization [2]; positrons with
an energy higher than the plasmon-production thresh-
old may cause collective excitations [3]; positrons with
lower energies may cause, production of electron—hole
pairs, and those with an energy of about 1 eV experi-
ence mostly phonon scattering.

The kinetic equation for positron distribution func-
tion f(r, p, t), where p is the positron wave vector, is

L +v(p), +FO(r,p.1)

, «y
= [m} —()\b+K)f + fi(r, p,t)-

Here, A, is the rate of annihilation of delocalized pro-
tons; K istherate of positron trapping by lattice defects;
f; isthe source function; and [], is the rate of scattering

[%} - IdQ[R(q’ p)f(r,a,t) —R(p, q) f(r, p, 1], (2)

where Ris the scattering amplitude.

The intensity of low-energy positron scattering by
conduction electrons can be calculated in terms of the
random-pulse approximation for electron—positron
interaction [4]:

2 2 2 2
_ 13 fi"(k+p—0q)
Ra(p. a) = 7 B fdké[————————Zme
2 2 2, 2,2 2
+h q° Ak'Ap } 3)
2m*  2m, 2m*

2 2 2, 2
offt (k+p—Qq) o[f’K
X|:1—f|:|:| 2me 1T||%i|fp|:|2mesTE1

where a,isthe Bohr radius, k- isthe Fermi wave vector,
m* is the positron effective mass, and fg(E, T) =
{exp[(E — Ep)/kgT] + 1} . The random-pulse approxi-

mation can be applied if the positron energy is lower
than the ionization threshold (about 10 eV).

A comprehensive review of the theory of positron—
matter interaction and its applicationsto materialstech-
nology isgivenin [5].

1063-7842/00/4507-0836%$20.00 © 2000 MAIK “Nauka/Interperiodica’
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POSITRON-PHONON INTERACTION

Thermalized positrons are scattered mainly by lon-
gitudina acoustic phonons. In the Debye approxima-
tion with E(k) = #Ask, the expression for scattering
amplitude takes the form [ 2]

2
R, @) = Lslq—pld Fo(slq —pl, T) + 115
4711 0

D B9 g —ps f3(hsia—pl, )5 (@)
(OGS _fp DEB
X Fprr ~ 2~ 1510 = PIEEB(wp —sla—pl),

where s is the sound velocity, wp = s(6rm)Y2 is the

Debye frequency, and fg(E, T) = [exp(E/kgT) — 1]t is
the Bose—Einstein distribution function. The first sum-
mand in equation (4) represents phonon emission; and
the second summand, phonon absorption. Feynman
diagrams of the processes of phonon emission and
absorption are givenin Fig. 1.

The positron—phonon coupling constant in the
deformation potential approximation is given by

_ Eq
(2ps)™”

where p is the density, E; is the deformation potential
given by

)

OE.
VR (6)

and E, isthe total energy of acrystal with a positron at
the lowest energy level (k = 0). Experimental [6] and
theoretical data [7] for the deformation potentials of
several materials are given in the table.

For tungsten, E, =—1.31 eV. It belongs to the same
group as molybdenum. Therefore, Ej=—11 eV.

E, =V

POSITRON RANGE

In EQ. (4), R depends only on the absolute values
=|p|, g=|q|, and A = [p — q|. Therefore, Eq. (2) can
be written as

[Q%(T@} - %[J'qqudA[R(q, p, 8)f(q)
—R(p, g,8)f(p)].

Integrating with respect to A yields

(7)

[af(p)} = [dalRu(a, P)f(a) ~Ry(P. ) F(P)], (8)
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Fig. 1. Feynman diagrams for phonon emission and absorp-
tion.

where R,(p, g)dqadt isthe probability that a positron will
pass from the state with the wavenumber p to the state
with the wavenumber between gand g + dginatimedt.

Using Eqg. (4) and removing delta functions, we
obtain

qmin<q<p’
P < d < Omax

y2 qleDfe(fish) + 1,

R, =
anﬁSDf (B)(ﬁSAO)a

9)

where

By = o~ o, (10)

Substituting (10) into (9), we come to

2

_Yq_#
Y 2mpgns?

(q°-p)

ODﬁ S=(p°-a)g* 1 Gme<a<p, (1

ogh
B[Qm(q _p)D p<q<qmax

Now consider the energy distributions using the
energy variabley, = A2 2/2kaT:
m(kgT)"

2
Ry(Yp Ya) = 2T[ ﬁ5_3p (Yp—VYq)

0 (12
% EfB(yp_yq) + 11 ymin<yq<yp!
ng(yq_yp)1 yp<yq<ymaX'

The values of y,;, and Y, are determined from the
conditions

Ip-d<A<p+q, sA<uwp (13)
and are equal to
_ 2ms /2myp
ymin - max%/ kBT k T yp yDD
(14)
_ 2ms } myp,
ymax - k T yp yDD

whereyp = (h(*)o)/(kBT)-
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Fig. 2. Mean free path of positrons in tungsten with regard
for positron scattering by phonons at T = 200-1000 K.
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Fig. 3. Stopping power of tungsten with regard for positron
scattering by phononsat T =300 K.
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Fig. 4. Positron range in tungsten cal culated with regard for
positron scattering by phononsat T = 300 K.

Consider the energy range where positron backscat-
tering does not occur; i.€., Xminmax) = Yp £ Yo- Thisisthe
case when

o T o, 2ms
P 2mbs ~ k,TO"

The mean time between interactionsis

1 _ Yo m(ksT)*1
.[._ph - I y(yp1 yq)d 2.,_[ ﬁs 3 p ’ (15)
where
Yo
= ZIX £O(x)dx + y3'3. (16)
Therefore, the mean free path is
h 4n 7' E
Ao = T = ot (17
M y*m(kgT)
where E is the positron kinetic energy.
The energy lossis given by
d
N (S ALIVAALY
18
_ Y m(ksT)’yp1 (9
8 4°%° P
and the stopping power by
G mdyy _ y* M)’ s
= ke T)inat = 16w Poca (19)

L et us calculate the same parameters for phononsin
tungsten. For tungsten (in the system of units ¢ = 1),
|Eq|=11¢€V, wp =3534 x 108 s, p=193gcm3=
2917 x 10% eV s3,s=1.112x 10°=3.33kms?, and
V¥ =1.865x 10 eV s3.

Putting T = 293 K, we obtain kg T = 0.0252 eV, yp =
0.9230, and & = 0.8819.

The range under consideration is E > 4.58 eV.
Within thisrange, calculationsyield ([E,] = eV)

Ton = 1219x 104, /E 5,

Apn = 7.228 x 107 E, cm, (20)
dE
_pE( = 372E eV cm’ g .

To calcul ate the mean time between interactions and
the energy loss in the entire range, the following

TECHNICAL PHYSICS Vol. 45 No.7 2000
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Deformation potential E, determined by Eq. (6) and positron
lifetime for several materials

Materia | E2® ev | EY, ev | Ejev T,ps
Al -6.7 —7.70 -4.41 166
Cu -94 -9.45 -4.81 106
Ag -11 -9.48 -5.36 120
Mo -16 -14.3 -1.92 111
w -1.31 100
Au —-4.59 10

equations should be used:
1 _ m(kBT) 10
_[.ph - 2.,_[ h S @;2( p ymll"l)
1 O
+ %Z(ymax - yp) + é(yp - ymin)3 %
. (21)
dy, _ y’'m(ksT) 10
dt  2m 758 pg‘d*’s(Yp_ymin)
1 O
+ @3(ymax - yp) - _(yp - Ymin)4 )
4 0
where
_ y'dy
Fal0 = ,[ exp(y) -1’
Assuming E > ms?, we obtain
4 4
A = 4Ttﬁ S E (@)

ph = 73
y 2T3 2%E LR +3 (E Emln)D

d_E _ y2 m (E_Emin)4

Tdx  lbmpig  E @3)
E
ﬁ4
LtOt IdEdE yz_nqss
In—E—, E<E,  (24)
2ms
X ~ 2 4
In E_, ms —, E>E,
2ms” 4 %wp (E°—E%)
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where

Epin = Max(E —sJ2mE, E-7%wp),

7lwp (29)

E =

-
2ms

The temperature dependences of dE/dx and positron
range L areinvolved only in the expressions for sound
velocity and Debye frequency. In the approximation
used and within the temperature range under consider-
ation, these values can be regarded as temperature-
independent.

The mean free path of apositron in tungsten and the
stopping power of tungsten were calculated for
positron energies between 0.025 and 10 eV and temper-
atures ranging from 200 to 1000 K. A plot of the mean
free path vs. positron energy is presented in Fig. 2; the
stopping power vs. energy, in Fig. 3; and the positron
range vs. energy, in Fig. 4.

CONCLUSION

Thermalized positrons are scattered mainly by
acoustic phonons. The Debye approximation allowsthe
phonon contribution to positron scattering to be esti-
mated. In thiswork, the mean free path of apositron in
tungsten and the stopping power of tungsten were cal-
culated for the positron energies 0.025-10 eV and tem-
peratures 200—1000 K.
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Abstract—It is shown that, as the velocity of the flow around a charged drop of viscous liquid increases the
drop charge value critical for the occurrence of drop instability rapidly decreases. It is found that, for some
domains of values of the charge, the ratio of densities of the media, and the ambient vel ocity, the even and odd
modes of the drop capillary oscillations pairwise couple with each other, which represents drop vibrational
instability against the tangential discontinuity of the velocity field at the drop surface. At medium velocities
larger than those associated with such domains, the instability growth rates for odd modes exceed the incre-
ments of even modes with smaller orders, which corresponds to the parachute-like deformation of the drop in

the flow. © 2000 MAIK “ Nauka/Interperiodica” .

INTRODUCTION

The ingtability of a charged viscous drop moving
relative to a medium is manifested in a number of aca
demic, engineering, and technological problems. The
problem of stability against the tangential discontinuity
of velocity field at the drop free surface arisesin oper-
ation of various drip—et devices, in paint sputtering,
and in the atomization of liquid fuels[1-3]. This prob-
lem is of considerable interest for studying thunder-
storm e ectricity in the context of investigation of the
physical mechanism of lightning initiation: lightning
may start with coronadischargein the neighborhood of
afree-falling, large, water-bearing hailstone [4—6]. The
instability of a drop either falling in the atmosphere or
moving with a constant speed in a medium with higher
density was studied in a large number of papers [7].
Nevertheless, the conditions of occurrence of the insta-
bility against the tangential discontinuity of the veloc-
ity field at the surface of a drop moving relative to a
medium are still poorly understood. The same problem
in the case of acharged drop isamost unstudied. Insta-
bilities of two types must evidently occur in this case:
the instability of the drop against its charge [3, 8] and
theinstability of the drop—medium interface against the
tangential discontinuity of the velocity fidld, i.e., the
instability of the Kelvin—-Helmholtz type [9, 10].

Therefore, it isof interest to study the conditionsfor
occurrence of instability of a charged viscous-liquid
drop moving with a constant speed in a medium. We
solve the problem treating the surrounding medium as
aperfect liquid.

1. Let a perfect incompressible dielectric liquid of
density p; and dielectric constant € move with the con-

stant velocity U relative to aspherical drop that consists
of a perfectly conducting liquid with density p, and

kinematic viscaosity v, and has radius R and charge Q.
Let us find the critical conditions for instability of the
drop capillary oscillations under these assumptions. We
will use spherical coordinateswith the origin at the cen-
ter of the drop and employ the linear approximation in
the perturbation value &(0©, t) of the equilibrium spher-
ical surface of the drop that is caused by the capillary
wave motion of the liquid. The equation for the per-
turbed surface of the drop istaken intheform r(©, t) =
R+&(0,1).

The set of hydrodynamic equations modeling the
capillary motion of theliquid in the system includesthe
Euler equation for the potential (curlV, = 0) motion of
the medium and the Navier—Stokes equation for the
drop

6V1 1 2y _ 1
ot + ZD(Vl) = _plmpl’ )
oV 1
—6-t-2 = —p—ZDP2+v2AV2; )
continuity equations
divv; =0, j =12 3
with the boundary conditions
r=0: V,=0, 4
- R % _, _1, 08 0% _
r=~R ot Vi rvleBO’ 5t Vo, (9)
n(r M)V, +1(n 1)V, = 0, (6)

—P1—Ps+Pg = =P, +2p,von (n M)V, (V)
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r—o: V, =U; (8
the condition reflecting theinvariance of the volumes of
both media

IE(@, ¢,1)dQ = 0; (9)

and the following condition meaning that the center of
mass of the system is fixed:

[(@.¢.heda =0 (10)

Hereafter, subscript 1 relatesto parameters of the exter-
nal medium; subscript 2 relatesto the parameters of the
drop; n and t are the unit vectors, respectively, normal
and tangent to the drop—medium interface; V;(r, t) and
P,(r, t) arethe velocity and pressure fields, respectively;
P, is the following perturbation of the pressure of the
surface tension forces [9]:

Po(8) = —5(2+A0)E, (11)
R

where o isthe surface tension at the interface; A, isthe
angular part of the Laplacian in the spherica coordi-
nate system; Pg is the following perturbation of the
electric field pressure related to the perturbation of the
drop surface [11]:

2« n 2

_Q m Q
I:)E - %nzom:z_n(n-'- l)Aann (@1‘1))—%5,

(12)

21T

Am = Q[ [&(O, ¢, )Y (O, ) Sin©dedp,

where Y, (©, ¢) are the normalized spherical func-
tions; and dQ is the solid angle element.

The term proportiona to ~Vf was retained in (1),
because it includes the first- and second-order terms.
Conditions (9) and (10) set alower bound on the spec-
trum of the system capillary oscillations[11].

2. To simplify the solution procedure, it is appropri-
ate to go over from the dimensional MTL basis, where
M, L, and T are the units of mass, length, and time,
respectively, to another, more convenient, basis reduc-
ing the number of the model parameters. In this basis,
the units of the volume density p, of the constituent
substance of the drop, drop radius R, and surface ten-
sion ¢ are taken as the basic units and are equated to
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unity: p, = R= 0 = 1. The characteristic scales corre-
sponding to the new basis have the form

32 12 _ -1/2 —-1/2 -1/2 __1/2

r« =R te=R7p,y0 ", U=R"p,y 0",
—1 3/2 _1/2 1/2 -1/2 _1/2

P. =R a0, Q. =R70", v, =R 7p, 0.

We denote the dimensionless quantities as v, = v;
andp; =p.

Taking into account the axial symmetry of the prob-
lem, we will ignore the dependence of the quantities on
the angle ¢. This means that the velocity field has no
azimuthal rotational component, which is of no inter-
est, because it does not couple with the potential
and rotational poloidal velocity components [11] and
does not affect the drop stability. The velocity field V,
in the drop is represented as the sum of two orthogonal
fields[11]:

Vo(r,t) = OW, (r, )+ Ox(Oxr)W,(r,t), (13)

where the first term defines the potential part of the
velocity field and the second oneisthe rotational poloi-
dal part.

In accordance with [9, 10], the velocity field in the
medium in a neighborhood of the unperturbed surface
of the spherical drop iswritten in the form

Vv, = 06 +009,

: (14)
v = 0p® = —253[3n(u Ch)—U] +U,
r

where W,, W,, and ¢ arethe first-order quantities.

3. Scalar functions W,(r, t), Wy(r, t), and ¢(r, t)
appearing inthe expression for thevelocity fields of lig-
uid motion in the medium and in the drop, aswell asthe
perturbation &(r, t), are sought in the form

Wi = T WR(NYa(@em(s) (=1.2),

O(r 1) = dn(r) Yn(©) exp(SH); (15

JEDEDFAACLLEN

We solve the problem (1)—(15) by using the scalar-
ization method described in detail elsewhere [11] and
applied to particular problemsin [12-15]. Omitting inter-
mediate cal culations, we write the following find system
of agebraic equations for unknown amplitudes Z, of the
liquid capillary motion forming the contour of the per-
turbed interface:

pU’K,Z,_,—pUSL,Z,_, +{K,S +2VF,(X)S
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—pUM, +V,}Z,+ pUSI, Z,, 1 +pU*3,Z,,, = O,

=_9_2_ =9aan— 9Bnan+1
W_4ne’ " 2n 1+2(n+2)’
_90,0,_1 _(9n+6)a,
o= =on LT onrD)
(9n+12)B, _9BBn+1
"T2(n+1)(n+2)’ J“=2(n+2)’ (16)
_ n(n—1) - (n+1)(n+2)
J2n=1)(2n+1) J@2n+1)(2n+3)

©

X:A/\:)S’ K”E(n+1)+:_1-’ Vo= (N=1)[n+2-W],

F.(x) = ]ﬁ'(n—l)(2n+1)

. in(X)
Lo 1yns 1)[1—%@}

where i (X) represents the spherical Bessel functions.

In the limit of anonviscous drop, the problem under
consideration transforms to the problem of motion of a
perfect-liquid drop with constant velocity U in aperfect
medium, which was solved in [10]. Since F,(X) aso
tends to zero at v — 0 [11], Eq. (16) reduces to the
corresponding equation obtained in [10]. In the case
when p = 0, the problem transforms to the problem of
capillary oscillations of a charged viscous drop in vac-
uum, which was solved in [11, 12], and Eqg. (16)
reducesto the egquation derived in these papers. At U =0,
we have the problem of capillary oscillations of a
charged drop in a dielectric medium. This problem is
the limiting case of the problem studied in[15] at v, = 0.
Thus, the problem correctly reducesto simpler limiting
Cases.

4. In the limiting case of adrop of low-viscosity lig-
uid, one can analytically study the effect of viscosity on
the natural frequencies of capillary oscillations, their
damping rates, and the growth rate of instability. In this
case, x > 1 and we use the following asymptotic expan-
sion of the spherical Bessel functions at large values of
argument [11]:

109 1= 3¢ 1+ 0]

Then, the ratio of the Bessd functions has the
asymptotic behavior

in(x)
inea(X)

and the second term in the bracesin (16) dependson the

- (o
1+057

x>1
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viscosity v and the frequency Sas
2VF,(X)SO2VF,,S—2v.JVs,

Fo= %(n—l)(2n+ 1),

Retaining in (16) the terms of no higher than thefirst
degree in v and neglecting the coupling of modes, we
obtain the dispersion equation

K,S +2VF,,S—pU°M, +Y, = 0. (17)

Solutionsto (17) are asfollows:

-1
S = ~v(n-1)(2n+1)E-"E— + 15

Hn+1)

J[n(n D[W=(n+2)] + npU Mn]annpl)+1gl.

Three different cases can be realized:

(a If

W< (n+2)- o

—pU Mn, (28

1)

the quantity S determines the natural frequencies w, of
the surface oscillations for the charged drop of low-vis-
cosity liquid. These frequencies coincide with the nat-
ural frequencies of oscillations of the drop of perfect
liquid; and the allowance for viscosity results in the
appearance of the damping decrement (3, of the drop
surface natural oscillations, whichisproportional to the
viscosity:

-1
h=—v(n-1)(2n+ 1)E(nn+p1) + 1%
-1

iiJ[n(n—l)[(n +2)—W] —npU°M,] annfl) + 1% .

S=-B,tiw

(b) If the condition opposite to (18) is valid, S
describestherising rate &, for instability of the charged
drop of low-viscosity liquid,

S= 6n = 6nO_anl(’onl _Bni
where &,y = |wy,| is the rising rate of instability of the
charged drop of perfect liquid.

(c) Asin the case of perfect liquid [10], equality in
(18) determines both the boundary separating stable
and unstabl e solutions and the critical relation between
the charge of the drop and its velocity with respect to
the medium.

5. To analyze the case of ahigh-viscosity liquid, i.e.,
x — 0, we use the following asymptotic expansion of
TECHNICAL PHYSICS Vol 45
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the spherical Bessel functions for small argument [11]:

2

x () 7.2 [, X
[Zim(x)‘ } ~(2n+1)[ ‘(2n+1)(2n+5)(
19

4
X

i (2n+1)(2n+5)°@2n+7) 1

Substituting (19) into (16), neglecting the coupling
of modes, and collecting the terms with the same pow-
ersin S we abtain the following dispersion equation in

the approximation of high viscosity:

np
[A” " (n+1)

}SZ+ BnS\)—npUZMn+nyn =0,

A = 3(4n’+8n°+6n+3)
(2n+1)*(2n + 5)
_ 2(n-1)(2n*+4n+3)
(2n+1) '
Solutions to (20) have the form

(20)

Bn

S = [— Bn\ziJan2+4[An+E%}[n(n-l)[w—(n—z)] +npU2Mn]}[An+—DE—}_l.

L et us analyze the dependence of these solutions on
the parameter W.

(@) If condition (18) is fulfilled and the radicand is
negative, the expression for S becomes complex. The
imaginary part of S determines the frequencies w, of
the surface natural oscillations, and the absolute value
of the real part represents damping decrements [3,,:

S=-B,tiw,.
Therefore, the drop surface undergoes damped

oscillations.

(b) If condition (18) isvalid and viscosity v islarge
enough so that the radicand is positive, both roots of
equation (21) are negative. Their absolute values deter-
mine damping decrements B,ﬂl) and [3512) of the pertur-
bation of the drop surface. The time dependence of the
amplitude of the perturbation described by the
nth-order spherical function Y, (®) in (15) has the form
of the sum of two exponents

Zy = Crexp(—By 1) + Crexp(—B:1).
At small values of timet (t — 0), the perturbation
damping is characterized by the smaller decrement

B'Y . because the exponent with the larger value B
vanishes faster.

The condition that the radicand in (21) is equal to
zero separates the periodic and aperiodic, decaying in

(21)

time solutions
[n(n=1)[n+2-W] —npU°M,]vip
1 22
= -Ii—“[Aﬁ—”p} . #)

n+1
Equation (22) determinesthe bifurcation points, i.e.,
the values v, of viscosity for given drop charge Q and
oscillation mode order n such that the oscillation fre-
guency wy, vanishes and, instead of one damping decre-

ment B, two decrements, B{” and B, appear. The

numerical calculationswithW=0,p=0,andU =0
yield thefollowing critical values of dimensionlessvis-
cosity at which the capillary oscillations vanish: v =
2.1,2.66, 3.15, 3.57,3.96,and 4.31forn=2, 3,4, 5, 6,
and 7, respectively. It is seen from (22) that, asthe Ray-
leigh parameter W and velocity U of the medium
increase, the critical value of the dimensionless viscos-
ity v decreases. The increase of the relative density of
the medium results in the increase of the critical value
of the dimensionless viscosity v for low velocity val-
ues, i.e.,, when U < 1, and leads to the decrease of the
critical value for high velocity values.

(c) If the condition opposite to (18) is valid and the
roots of (21) are real and have opposite signs, the drop
surface is unstable, because solutions exponentially ris-
ing intime appear. The positiveroot determinesthe rate
0, of instability rising, which depends strongly on vis-
cosity asfollows:

5, = [JBnVZ + 4[An + n”Tpl][n(n— 1[W—(n+2)] + npUM,] - Bbv}[An + ﬂr.

Therefore, as in the limiting cases of perfect and
low-viscosity liquids, the equality in (18) in the case of
high-viscosity liquids describes both the boundary
between stable and unstable solutions and the critical
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relation between the charge of the drop and its vel ocity
with respect to the medium.

6. Let us return to the general case of arbitrary vis-
cosity. The condition necessary and sufficient for the
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Fig. 1. Real ReS(U) and imaginary ImSU) parts of the
dimensionless frequency Sof the drop capillary oscillations
against dimensionless ambient velocity U for p =107, v =
0.1,and W=0.

existence of nontrivia solutions to homogeneous sys-
tem (16) is that the determinant composed of the coef-
ficients of desired amplitudes Z,, be equal to zero:

X, pUSl, puU%J, 0
—pUSL, Xs pUSI, pU?J; ...
pU’K, —pUSL, X, puUSI, ...
0  pU°Ks —pUSLs  Xs

Xj = KjSZ+2vFj—pU2Mj+yj;
j =234,5,...

GRIGOR’EV et al.

This equality represents the dispersion eguation
describing the spectrum of the drop capillary oscilla-
tions depending on the dimensionless physical param-
eters W U, p, and v. Variation in these parameters
changes the spectrum of capillary oscillations: at defi-

nite values of W, U, and p, certain solutions S,f vanish

and become positive with further variation of the
parameters. Amplitudes of the corresponding capillary
oscillations increase exponentialy in time; i.e., the
drop becomes unstable and decomposes [3]. The zero
solutions to the dispersion equation appear under the
condition that the free term in equation (23) vanishes.
This condition determines the relation between the
charge and velocity of the drop that is critical for the
drop instability occurrence, and it can be easily
obtained by putting S=0in (23). The numerical calcu-
lation for the resulting equation demonstrates that the
desired critical relation between W and U differs little
from the analytical form obtained by neglecting the
coupling modes:

W, = (n+2)—(n-1)"pUM?. (24)

As pU? increases, the W parameter value critical for
occurrence of the drop instability againgt drop charge
rapidly decreases, which gives reason to revive the phys-
ical model of lightning initiation developed in [4-6].
This model is based on the idea that the corona dis-
charge lights in the neighborhood of a large melting
hailstone freely falling in a thundercloud. The results
obtained above enable us to derive correct numerical
estimates and to fit the model of discharge initiation to
real thundercloud parameters using measured val ues of
charge, velocity of falling drops, and strength of elec-
tric field inside the cloud.

Successive-approximation numerical calculations
for dispersion equation (23) reveals that the frequency
S=YU) of thedrop capillary oscillations as afunction
of the velocity of the incident flow has the same quali-
tative character for variousmodesat W=0and v = 0.1;
itisshownin Fig. 1 for the first six modes at p = 103,
Curves 2 to 7 display the respective modes. Curve 1 is
absent, because the corresponding mode is responsible
for the trandational displacement of the drop [9]. Note
that the second mode couples with the third; and the
fourth mode couples with the fifth, which resultsin the
appearance of oscillatory solutions 8 and 9, respec-
tively. The parts ReS > 0 of the curves ReS = ReS(U)
correspond to the rate of instability rising of relevant
modes of the drop capillary oscillations. Thus, for the
velocity region associated with curves 8 and 9, the
vibrational instability of the drop takes placethat istyp-
ica of the Kelvin-Helmholtz type instabilities [9, 10,
16]. Curves 10 and 11 correspond to the aperiodic rota-
tional polar motion of liquid. This motion does not
affect the instability of the drop and was analyzed in
more detail in[13, 15].

Itisof interest that, to the right of the velocity region
where the second and third modes couple with one

TECHNICAL PHYSICS Vol 45
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ReS
5.0 2 4

Fig. 2. Thesameasin Fig. 1, but for p = 0.1. The curvesfor
polar motions are not shown.

another, the rising rate for aperiodic instability of the
third mode is larger than that of the second mode. The
sameistruefor thefourth and fifth modes. Thisfact can
be explained on the basis of Egs. (16) with neglect of

the coupling of modes. Indeed, the derivative of ﬁ

with respect to pU? determines the rate of S, increase
with varying U and is proportional to nM,,~ n3. It means
that, even in the absence of the coupling of modes, the
rising rate for the instability of high modes against
increasing ambient velocity increases with the order of
modes. An analysis of the classical Kelvin—Helmholtz
instability at the plane free surface of a liquid also
revealed the increase in the wave number of the most
unstable mode with the velocity of the displacement
flow [9, 16].
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ReS

Fig. 3. Thesameasin Fig. 1, but for p = 1.

The above-mentioned difference between rising
rates for the second and third modes must be phenom-
enologically manifested in the pattern of the decompo-
sition of the unstable drop. If the second fundamental
mode has the maximum instability rising rate at given
drop and medium densities and ambient velocity
(velocity of the drop falling in the rest medium), the
unstable drop takes a shape close to the spheroid
defined by the second Legendre polynomia P,(cos®)
and then decomposes asdescribed in[8, 17]. If thethird
mode has the maximum instability rising rate, the
unstable drop takes the parachute-like shape defined by
the third Legendre polynomia P;(cos®) and decom-
poses into a wealth of small, and several large, frag-
ments [7]. The vibrational instability of a free falling
drop was also observed in experiments [7].



846

ReS

1
100U

50
ImS
7
10 2
5
4
\2& 8 49 10
0 _/) =
_10 L
1
50 U

Fig. 4. ThesameasinFig. 1, but for thedrop chargeW=3.5
subcritical in the Rayleigh sense. Curves 2—7 display
respective modes. Curve 10 results from the coupling
between modes 6 and 7. Curves 11 and 12 correspond to the
rotational polar motions of the liquid.

Numerical caculations revea that, as the medium
density increases, the critical value of dimensionless
velocity U ensuring the instability of the nth mode
decreases and the variety of liquid motions dightly
changes. The vibrationa instability resulting from the
coupling of the second and third modestakes place over
the entire region U > 12. The domain of the Kelvin-
Helmholtz typeinstability is extended, and the frequen-
cies corresponding to given solutions increase. In all
other respects, the curves S = §U) are qualitatively
similar to the curvesin Fig. 1.

Figures 2 and 3 show the functions S= SU) calcu-
lated for p = 0.1 and 1, respectively, and demonstrate
that only the even modes are unstable. The damping
decrements of the odd modes of capillary motions in
the domain where these modes should be unstable rap-
idly increase with the ambient velocity.

The critical velocities at which various modes of the
drop capillary oscillations become unstable against the
tangential discontinuity of the velocity field at drop sur-

GRIGOR’EV et al.
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Fig. 5. ThesameasinFig. 4, but for thedrop chargeW=4.5
supercritical in the Rayleigh sense. The curves for polar
motions are not shown.

face, as well as the spectrum of unstable oscillations,
depend on the ratio of densities of the media. It is seen
from Figs. 2 and 3 that only the even modes are unsta-
ble at p = 10, whereas both the even and the odd
modes are unstable at p = 1 and at smaller values of the
velacities. As the velocity of the medium increases, the
amplitudes of al unstable modesfirst increase aperiod-
icaly and then, at larger velocities, the instability
becomes vibrational. The many-valued functions in
Figs. 2 and 3 correspond to the aperiodically unstable
branches.

If thedrop carriesacharge subcritical intermsof the
Rayleigh stability (see Fig. 4), the basic features of the
function S= §U) coincide with those described above.
The charge presence only decreasesthe critical velocity
values at which the drop becomes unstable, whichisin
agreement with the analytical result (24).

Figure 5 presents the pattern for the case when the
drop charge is slightly supercritical (W = 4.5) in terms
of the Rayleigh instability (the drop becomes unstable

TECHNICAL PHYSICS Vol 45
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Fig. 6. Thesameasin Fig. 4, but for the drop charge W= 10
highly supercritical in the Rayleigh sense. The curves for
polar motions are not shown.

at W=4[3]). Thefunction S= JU) inthisfigureissim-
ilar to that given in Fig. 4, but, as compared to Fig. 4,
the critical velocity value at which the drop is unstable
in the Kelvin-Helmholtz senseis lower and the second
mode isinitialy unstable.

The function S = SU) for highly supercritical
charge W = 10 is plotted in Fig. 6. In contrast to the
cases considered above, the rising rate for the funda-
mental mode takes the minimum value as compared to
the values of instability rising rates for higher modes
whose instability is vibrational or aperiodic (depending
on velocity U) and determines the drop decomposition.
It is of interest that nonsequential, i.e., third and sixth,
modes couple with one another, which results in the
formation of the branch of the vibrational instability.

Numerical calculations reveal that both decrements
and frequencies of liquid capillary motions decrease
only slightly with increasing p. Figure 7 shows the real
and imaginary parts of the frequency asfunctions of the
ratio of the densities of the medium and the drop for the
supercritical drop charge value W= 4.5. Curves8 and 9

TECHNICAL PHYSICS Vol 45

No. 7 2000

847
ReS
3 -
0
3L ) p
7
7
1 1
0.5 1.0p
ImS
7
6
75+
5
\/
9
0 —~ S 4
W
/\
5
7.5+
6
7 1 1
0.5 1.0 P

Fig. 7. Real ReS(p) and imaginary ImS(p) parts of the fre-
quency S of the drop capillary oscillations as functions of
theratio of densities of the medium and thedropfor v =0.1,
U =1, and W= 4.5. Curves 2—7 display respective modes.
Branches 8 and 9 are formed due to the coupling of modes.

represent the motions resulting from the coupling of
modes. Curves 8 and 9 correspond to the vibrationally
unstable and oscillatory damped motions, respectively.

CONCLUSIONS

A charged drop in aflow around it can decompose
into highly charged drops when the drop chargeis less
than that in the rest of the surrounding medium. This
behavior is due to the composition of two instability
types: theinstability of the drop free surface against the
tangential discontinuity of the velocity field and the
instability against the drop charge. Depending on the
ratio of the densities of the drop and the medium, the
drop charge, and ambient vel ocity, the drop can decom-
pose due to both aperiodic and vibrational instabilities.
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Owing to the aperiodicinstability at low ambient veloc-
ities, the drop is deformed to a stretched spheroid and,
because of the electrostatic repulsion, decomposes
either via the Rayleigh mechanism [8] or into severa
fragments of comparable dimensions [17]. The aperi-
odic instability at high ambient velocities leads to the
instability of odd modes;, as a result, the drop is
deformed to a parachute-like shape and, due to the
aerodynamic forces, decomposes into a wedth of
small, and several large, drops. The results of the study
arein qualitative agreement with experimental data[7].
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Abstract—It was shown that, under certain conditions, the growth of anew phase becomes much like a coope-
rative optical phenomenon during which the heat of phase transition evolves as a sequence of superradiance
pulses (phase-transition radiation). The optical control of new-phase growth and the effect of optical properties
of substances on the kinetics of phase transitions are considered. © 2000 MAIK “ Nauka/l nterperiodica” .

INTRODUCTION

The phenomenon of strong near-infrared above-
thermal radiation of boiling-up water has been
described in [1]. The radiation intensity from the
water—glass interface at awavelength A = 1.7-1.8 um
isapproximately two orders of magnitude greater than
that of absolutely black body at 100°C. This effect
was related to the evolution of condensation heat as a
nonequilibrium radiation, which was called phase-
transition radiation. A similar phenomenon also takes
place upon the boiling up of metals[2]. In metallurgy,
the condensation and solidification of metal vapors
are known to be attended with a burst of radiation at
frequencies that are considerably higher than that of
the heat radiation peak at the phase transition temper-
ature. The bursts were also observed at the crystalliza-
tion of alkali halides and sapphire from the melt [3, 4].
The spectra of the above-thermal radiation were rela-
tively wide (of the order of 102 s) and free of emis-
sion lines and bands. The photon energy in the peak of
the spectra corresponded to the melting heat of the
substance per molecule. It was found that the intensity
of the above-thermal radiation depends on melt cool-
ing conditions, and the leading and trailing edges of
the burst do not necessarily coincide with the begin-
ning and completion of crystallization. The radiant
energy of the burst includes a significant part of the
total radiant energy of a crystallizing melt. Note that
the spectrum of the phase-transition radiation of boil-
ing-up water [1] contains the fundamental absorption
bands and the radiation peak is shifted to the short-
wave spectral range.

Although experimental evidence on phase-transi-
tion radiation is till poor, the mere fact of its occur-
rence is surprising. This phenomenon does not follow

from the available phase-transition conceptions and is
not considered in analysis of the transition kinetics.

THE FORMATION OF PHASE-TRANSITION
RADIATION PULSES

Three stages of new-phase growth (fluctuation
nucleation, extension of nuclei, and coaescence) are
usually recognized. Here, the second stage is the con-
cern. Let us assume that, in a single-component super-
cooled melt, nuclei grow to the point where the transi-
tion heat and temperature take macroscopic values. For
metals, thisis attained at ry > 20 nm [5], whererjisthe
nucleus radius. As chemical bondsform, each molecule
or atom relaxes from the melt-related state to the crys-
tal-related one. The former condition can be treated as
excited in relation to the latter.

We estimate the probability of excitation energy
being converted to light emission at phase transition.
For afree molecule in the excited state, its optical life-
time (the longitudinal relaxation time) isequal to T; =
107-108s. For transitionsin the near-infrared range at
T ~ 10° K, the nonradiative multiphonon relaxation

timeinsolidsis T} < 107° s[6]. Then, the probability

of light emissionp~ T /T, < 1. Therefore, most of the

transition energy isconverted to heat. It isassumed here
that bonding does not change the position of a particle
passing from the melt into the crystal. Hence, in accor-
dance with the Franck—Condon principle, the optical
transition to the crystal ground state is allowed and the
probabilities of optical transitions to the excited states
of the crystal are small. Actually, the particle position
may vary and the transition to the crystal ground state

1063-7842/00/4507-0849%$20.00 © 2000 MAIK “Nauka/Interperiodica’
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may go through a number of intermediate states, for
which multiphonon relaxation is more essential [6].
Then, the probability of light emission will be still
lower. Phase transitions with p < 1 will be called
nonradiative.

For a radiative phase transition with p ~ 1, the
time T, of the optical transition between the melt and
crystal ground states has to be less than or comparable

to the nonradiative relaxation time T} . Thisis obtain-

able in agreat ensemble of particles. The feasibility of
radiative phase transition in an ensemble of particles
was originally treated in terms of quantum electrody-
namics even before the phenomenon of collective spon-
taneous radiation (or superradiation) had been experi-
mentally discovered [7, 8]. Asis known, the phenome-
non of superradiation is that a system of excited
particles undergoes the optical transition to the lower
state dueto their interaction with each other through the
common radiation field, the transition time being much
shorter than the radiative decay time of an individual
particle[9]. Next, thefeasibility of radiative phasetran-
sition will be considered in terms of the theory of
superradiation, where the semiclassical approach is
often employed [10].

Let us have an ensemble of K (K > 1) particles that
surround nuclei in amelt areaof sizel < A, where A is
the wavelength of radiation corresponding to the spe-
cific (per particle) transition heat. Also, let parameters
T, and T, stand for the dephasing times of the wave
functions of excited particles due to uniform and non-
uniform line broadening (the parameter T, is aso
referred to as the transverse relaxation time). For cubic
crystalswith homogeneous|line broadening, T, = 10710
107 s; for noncubic and impure crystals with inhomo-
geneous broadening, T; = 101100 s[6]. Thus, the

condition T, < T,< Ty < T, ismet. We assume that
the optical transitions of particlesfrom the ground state
of the melt to that of the crystal are allowed. For super-
radiation to take place, its pulse duration t should be
much less than the dephasing times T, or T, and the
photon transit time through the melt area of size |
should be much less than T; that is, I/c < T, wherecis
the velocity of light (we assume that the refractive
index of the medium n ~ 1). The initial level Q, of
noncoherent spontaneous radiation at a transition
frequency y, depends on the new-phase growth

rate K/T7 :

Qo UphwoKI/TY = AweK/T, Q)

where % is Planck’s constant (thermal radiation from
the melt is neglected). The time T, is conventionally
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related to the dipole matrix element d of the transition
as T, = 3hc¥/4|dPo .

With no regard for transverse relaxation and in the
adiabatic approximation, the dynamics of radiation Q
and theinversion AK of the system (AK =K —K_, where
K. isthe number of particles passed to the ground state
of the crystal) are written asin [10]:

dQ _ 4TQwV  dAK _  2Q

&t aga | d ke P

where V is the domain volume, t is time, and mf =

-8r|dPAKwy/AV is the square of the so-called cooper-
ative frequency of the medium.

The solution of system (2) has the form
AK = —Ktanh[(t —tg)/21],

2 4 3
Q = AwgK/4tcosh™[(t—ty)(21) .
The superradiation pulse duration T = T,/K is K
times shorter than that of the spontaneous radiation
from an individua particle. The maximum power
Qmax = hu)K/4T, varying in proportion to K2, is approx-
imately K times higher than the initial spontaneous
radiation level Q, and is achieved within the delay time
ty = TIN[Qmax/Qq] or, inview of Eq. (1),

.
ty = fln%. 4

In our case, the superradiation mode isrealized only
ifty< T, T3 .Assumingthat T, =107s, T; =107°s,
and T, = 1071° s and taking into account (4), we arrive
at the requirement for the threshold number of particles
K; = 10° for uniform-broadening media (cubic crys-
tals). This requirement is readily met even for one
nucleus. The lumped model of superradiation (I < A) in
media with nonuniform broadening seems to be
unlikely [9]. In this case, phase-transition superradia-
tion may occur in a melt transparent at the frequency w,
when the radiation propagates from one nucleus to
another practically without loss and superradiation
pulses are simultaneously generated from the whole
melt area of size | = A. The radiation dynamics in this
system is similar, most of the energy being radiated
along the greatest extension of the area. In the melts of
cubic metals having a high conductivity, the penetra-
tion depth of radiation with the frequency wy, is about
102 nm [11]. Hence, if theinternuclear distanceis much
greater than thisvalue, each nucleusis able to indepen-
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dently generate superradiation pul ses with aduration of
T1=102s

NEW-PHASE COLLECTIVE GROWTH
IN THE SUPERRADIATION MODE

The nonradiative growth rate v of a nucleus, which
is defined as the number of new-phase particles formed

in a unit time, equals K/T; . Therefore, there is a

threshold value for thisrate, v, = K,/ T; , that marks the
beginning of the superradiative process. If v < v,, the
new phase grows nonradiatively; if v exceedsv;, after a
delay time t,, a superradiation pulse is generated and a
nucleus grows up jumpwise. In this case, most of the
transition heat is removed from the nucleus into the
ambient melt by radiation and the heating of the inter-
face limits the growth rate to a lesser degree. Then,
other superradiation pulses may form. In the case of
high-melting crystals, the thermal radiation from the
melt is essential for the initiation of a superradiation
pulse. The orientation ordering of the dipole moments
of molecules due to the reradiation field at the second-
harmonic frequency may also contribute to the new-
phase growth rate [9].

The classical theory of new-phase growth suggests
that the maximum growth rate is observed when, at
some temperature, an optimum relation between the
supercooling of the melt and its viscosity is set. Actu-
ally, for the majority of substances, the crystal growth
rate turns out to be well above the theoretical value and,
in addition, does not vary over a wide temperature
range [12]. Thisinconsistency is still left unexplained.
Within the framework of our model, it finds a natural
explanation. Indeed, if the phase transition is radiative,
the growth rate considerably increases and the temper-
ature, supercooling, and viscosity at the interface are
governed not by external conditions but by transport of
radiation inside the crystal.

Consider bulk crystallization in a supercooled metal
melt. Let the bulk of the melt have nuclel of radiusr, >
20 nm. If the nonradiative growth rate of anucleus or a
number of nuclei inan areaof sizel < A reachesv,, then
a delay time t4 later, a superradiation pulse forms. We
assume roughly that, if this pulse, acting on other
nuclei, reaches the level of Q,, they aso start to super-
radiate. At T, =107 s, T; =10°s, and K = 10°, the
value of Q. Will exceed Q, approximately by afactor
of 10°. During a superradiation pulse, a nucleus with
ro =20 nmincreasesitsradius by lessthan 1 nm. If non-
linear adsorption is neglected, the radiation flux density
falls with distance r as (r/r)?exp(—kr), where k is the
absorption factor of the melt at the frequency w,. Put-
ting ro = 20 nm and k = 0.01 nm%, we will find that the
initial (driving) pulse has an effect up to the distance
a= 500 nm. Then, the maximum interface velocity in
such amelt will be a/ty= 5 x 10° cm/s. The evolution of
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crystallization heat results in the partial melting of
nuclei, and levels for new superradiation pulses arise.
Heat transfer in the melt becomes due to radiant heat
conduction. This equalizes the temperature in the melt,
and the heat is quickly removed toward the crystallizer
walls. At the stage of coalescence, when growing grains
come closer together, polaritonic solitons and the effect
of self-induced transparency [10] may add to the rate of
heat removal from the melt.

Because of the temperature spread AT of an actual
phase transition [13], the integrated-over-time spec-
trum of phase-transition radiation broadens by a value
of Awy ~ AHAT/ATN, (AH; is the transition heat per
mole of a substance, T is the average temperature of
transition, and N, is Avogadro’'s number), which may
be far in excess of the linewidth Aw = T of anindivid-
ual superradiation pulse (in [4], Aw = 10" s1). More-
over, when passing through the medium, phase-transi-
tion radiation may broaden further due to nonlinear
optical effects[14].

Asshown in [15], optical radiation is stimulatory to
the formation of large-scale density fluctuations (dila-
tons and compressons) and new-phase nuclei. Because
of this, phase-transition radiation, acting on an areafree
of nuclei, makes for nucleation and fast growth of the
new phase over the medium. This point callsfor special
investigation and is beyond the scope of this article.

In melts transparent at the frequency wy, the super-
radiation pulses will appear from large regions if the
temperature distribution over them is rather uniform
(AT = NpAT/TAH;). When the parameter 1/c becomes
comparableto 1, superradiation may appear asatrain of
pulses with decreasing height (the oscillatory mode).
At l/c > T,, superradiation may change to superlumi-
nescence (when Q.. ~ K) and the radiation becomes
induced [10]. The duration of such pulsesisof the order
of |/c, and light emission, in this case, carries away no
more than half the energy stored by excited levels
(induced amplification occurs at AK > 0).

The oscillation threshold is defined by the condition
Bla = 3N%KT,l/4AnVT, > 1, and the transition to the
superluminescence mode is observed when
3\%K1l/8nVT, > 10 [16]. Cooling a melt transparent to
the radiation at the frequency wy, generates a train of

superradiation pulses, which cause nuclei to grow
jumpwise with each pulse.

OPTICAL CONTROL OF NEW-PHASE
GROWTH

If the melt isinside an optical resonator, the emerg-
ing radiation increases and crystallization proceeds
faster. For instance, if a superradiating medium with
a =102 and B = 101 is placed into a resonator with
plane-parallel semitransparent mirrors with a reflectiv-
ity p = 0.8, the radiation peak increases and the delay
timeisreduced by almost one order of magnitude [16].
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In this case, the pulse width decreases by a factor of
VInp~ = 4.5. For media with nonuniform broadening,
the influence of the resonator on the radiation parame-
tersisqualitatively similar; that is, the resonator can be

used to providethe superradiation conditionty < T,, T7.

On the contrary, the use of the resonator at superlumi-
nescence will result in a decrease in the radiation peak
intensity [16] and rate of crystallization. Notice that
generators of phase-transition radiation are radically
distinguished from those of coherent radiation, which
are known in quantum electronics, namely, in the
former case, pumping can be performed by low-grade
heat (ordinary heating) rather than by electric current,
high-power gaseous-discharge lamp, etc. Thismay also
be essential in designing low-grade heat utilizers.

The use of laser pulses or continuous infrared radi-
ation from ahigh-power source (laser, arc lamp, globar,
etc.) to promote superradiation is another way of con-
trolling the crystallization rate. Optical control of the
crystallization rate seems to be rather intriguing in pro-
ducing materials not only with desired properties but
alsowith desired grain size distribution (for instance, in
devices of gradient optics). In this case, it should be
taken into consideration that coarse grainswill enhance
radiation scattering in the melt and the oscillatory mode
may eventually break down.

Optical control would be aso appropriate for usein
the case of vapor-liquid transitions taking place in gas
liquefiers and solid—solid transitions in the technology
of producing different crystal modifications.

A considerable rise in the phase-transition rate due
to the radiative processes should cut the lifetime of
metastabl e states such as supercool ed vapor and liquid.
It is evident that a high crystallization rate associated
with the radiative phase transition inhibits the occur-
rence of the vitreous state under rapid cooling of the
melt. One can substantially reduce the radiative growth
rate or even break down the superradiation mode by
adding impurities that absorb the radiation at the fre-
guency wy, or cause significant nonuniform broadening
of aradiation line into the melt. This effect should be
allowed for in technologies of glasses and Pyroceram-
like materials.

The complex crystal structure, polymorphism, a
great discrepancy between maxima in the temperature
dependences of the nucleation rate and crystal growth
rate, high viscosity of the melt, rapid cooling, and the
absence of foreign inclusions are al thought to cause
the formation of amorphous solids. It follows from our

consideration that the parameters k and T, or T , as

well as the system geometry, which specifies the
parametersK, a, and 3, play akey rolein the formation
of amorphous substances. In many cases, they become
deciding. The amorphous phase is most difficult to
form in substances with low k and high T, that is, in
saltswith the cubic crystal lattice (NaCl, KCI, KJ, etc.),
which are transparent to the radiation at the frequency

SALL’, SMIRNOV

of transition. In substanceswith largevaluesof kand T,
(that is, in metals with the cubic crystal lattice) or with
low values of k and T (that is, in noncubic crystals,
such as Si, Ge, Al,Os, etc., which are transparent at the

frequency of transition), the amorphous phase is more
plausible. Finaly, the amorphous phase readily forms
insubstanceswith largek andlow T5 , that is, in dielec-
trics with the noncubic crystal lattice (SIO,, B,O;,
GeO,, etc.), which are opaque at the transition fre-
guency. While amorphous substances of the first group
are unknown, the substances of the second and third
groups have been obtained amorphous only under
superfast cooling of the melt or in the form of films,
small particles, and gels; the substances of the fourth
group form glasses when the melt solidifies. The sub-
stances of the fourth group crystalize from the melt,
solution, or vapor exclusively nonradiatively, that is,
particle by particle and comparatively slowly. Small
particles and thin films (water drops, metal and semi-
metal films, carbon black particles, Al,Os;, etc.) are
fairly proneto vitrification or supercooling, becausethe
requirement for K; is not met here.

Phase transitions occurring with energy absorption
(evaporation, melting, and polymorphous transforma-
tions) may likewise bear some resemblance to a coop-
erative optical phenomenon, However, inthiscase, itis
associated with energy collective absorption, or super-
absorption. It is this phenomenon that can apparently
explain experiments where substances melted when
exposed to <1-ps (subpicosecond) laser pulses.

Our method of analyzing new phase growth can be
extended to the more general case of multicomponent
systems, as well asto a number of related (in our opin-
ion) phenomena: chemica reactions (including self-
propagating high-temperature synthesis), explosive
crystallization, polymorphous transformations, sonolu-
minescence, explosive emission, etc.
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Abstract—The dependence of the mean size of dispersed phase particles on the physical parameters of a sys-
tem (temperature, density, and sound velocity in a substance) was found. The generalized Fokker—Planck equa-
tion was used to calculate the particle size distribution. The obtained binary distribution function was proved to
adequately describe alarge array of experimental data in actual physical conditions. It was shown rigorously
that the fine-grain phase (powder) results when the viscocrystalline phase is subjected to shear loads. The shape
of the distribution turned out to be independent of external actions, i.e., remained the same both on sedimenta-
tion and at pressure drop. © 2000 MAIK “ Nauka/Interperiodica” .

Interest in the properties of fine-grain powders
stems largely from the fact that many industrial tech-
nigues are intimately related to powder metallurgy. Itis
particularly remarkable that theoretical findings are
quickly employed in practicein thisfield. The problem
discussed below also has a direct bearing on powder
technology, since its solution physically justifies a
number of processes and makes it possible to produce
high-quality fine powder.

Let us have a viscocrystalline phase where the vis-
cous liquid and crystalline phase occupy 85-95 and 5—
15 vol.%, respectively. A very thin (8 = 10#-10° cm)
near-surface layer of this substance is subjected to a
shear load F (Fig. 1). Upon being stripped off, thislayer
isreleased to athermostat and is converted into a pow-
der. The first question immediately arises as to what
forces are behind the formation of the fine-grain phase.
To tackle the question, imagine the following situation
(Fig. 28). Let a Ax-long thin layer of aviscocrystalline
structure be dropped into athermostat. Because of tem-
perature fluctuations 8T in the thermostat, each piece of
the structure is under its own temperature T + 3T(X) that
differs from others. The characteristic range of x has a
very small dimension R on the order of 3. As follows
from Fig. 2b, “icicles’ that form under the action of the
gravity force began to nonuniformly “freeze” from the
lower end. The freezing processisin no way related to
heat conduction (we are dealing with very short times!)
but is due to the phonon transfer of the given local tem-
perature by a distance on the order of R. The transfer
time 1 = R/c,, where ¢, isthe sound velocity in the solid
phase (for example, polipropylene or metal). The upper
portion (lower end) of aniciclethus cooled for atimeT
beginsto “pool” the as yet liquid lower portion (upper
end). This results in necking, and the neck eventually

breaks. As a result, many fine pellets with a character-
istic linear size R are produced.

To describe this picture mathematically, we should
first elucidate how the shape of the pellet size distribu-
tion depends on R. For simplicity and without loss of
generality (as will be seen later), we will assume the
pellets to be spherical.

Initially, the pelletswere absent. This meansthat the
distribution function at t = 0 (t istime) equals zero and,
hence, no equilibrium (or quasi-equilibrium) distribu-
tion function existed. It appeared at times on the order
of T, when thermostatic control due to phonons set in.
The situation when phonons do not interact and are free
to move from boundary to boundary is known as Knud-
sen situation [1]. This would have been the case if the
pellets had roughly equal sizes. Actualy, however, the
dispersed phase derived is highly nonuniform and con-
tains pellets of different sizes. Then, aong with the
Knudsen mechanism, one must also take into consider-

ation phonon interaction. Formally, this means replac-

ing the time T by T*, where L/t* = 1;" + 1;". (Here,

Toisused instead of 1.). Thetime 1, can be given by the

Fig. 1. Fine powdering process: Vg,, shear rate; 6, removed
layer thickness; (1) shear stress; (2) viscocrystalline sub-
stance; and (3) thermostat.
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formula
11, = AR, 1

where A depends on the ambient temperature T.1

This function is readily determined if a specific
mechanism of phonon interaction is known (see, for
example, [2]). Here, consideration must be given to one
important point. In a “norma” crystalline substance,
thetimert, isproportional to N/V, where N isthe number
of atoms in the lattice and V is the crysta volume.
Therefore, as applied to our case (highly nonequilib-
rium state), the assumption (as yet purely hypothetical)
should be made that the core of aforming pellet has a
fixed number of atoms (of the already crystalline struc-
ture!). Then, we can introduce into consideration a
phonon gas and treat volume as a parameter that fluctu-
ates. Thisisincluded in formula (1). It will be shown
below that this assumption makes possible the exact
determination of the distribution function with allow-
ance for a spread in particle sizes. Running ahead, we
notice that the distribution function obtained by solving
the generalized Fokker—Planck equation has two peaks.

Thus, for the time 1*, pellets can grow up only to a
certain (limiting) size. This circumstanceisreflected in
the macroscopic equation

dr/dt = yR([R’O-RY), )

where A isaparameter (that will be discussed later) and
R s the limiting radius of the pellets.

CALCULATION OF THE DISTRIBUTION
FUNCTION

For our specific problem, the general form of a
kinetic equation that takes into account gravity forces
or pressure drops must have the form

9t /0t + (dR/dt)af /OR+ Fof /ap = L { f} + f/1*, (3)

wheref =f(R, p, t) isadesired distribution function and
F isan external force acting on pellets.

In the case of sedimentation (motion in a gravita-
tional field),

F = mg-6mRu, 4%
and in the case of a pressure drop,

F = (P,—P,)mRn. (5)

I Notice that ballistic (collisionless) phonon movement from
boundary to boundary is actualy an n-fold process. Phonons
striking one boundary pass to it a part of their energy, reflect,
reach another boundary, pass to it a part of the energy again, etc.
The process is repeated n times until the phonons are thermalized
and acquire the mean kinetic energy. Such phonons in combina-
tion are nothing el se than athermostat. Asthe pellet size R grows,
phonon interaction comes into play. Generally, at a certain (criti-
cal) size R, phonon collisions become competitive with the tg
mechanism (the condition 1, > 14 is violated). In this case, the
formula l/t* = 1/t + 1/tq isvalid.
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T~ _— Ax/Vy, =Dt = T =R/c,
T~~~ 1
| T
_________ Ax
(b)
T(x) =T + 8T (x)
/\/_
S
L T
|| Ax
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Fig. 2. (a) Origination of fine powder: Ax, small displace-
ment of viscocrystalline phase 1 for atime 1q (tg = Ax/cy)
and R, radius of formed crystalline structure. (b) Early stage
of icicle formation: (1) neck; (2) grain; and (3) finely dis-
persed phase.

In formulas (3)—(5), n isthe normal to the spherical
pellet surface, p = mu isthe pellet momentum, misthe
pellet mass (m = pv, where p is the pellet density and
v = 41R%/3 is the pellet volume), and u is the pellet
velocity.

The operator L,{f} describes the particle velocity

distribution (see, e.g., [3, 4]). Itsform is typical of the
Fokker—Planck equation:

L,{ f} = a(Daf/ap +kpf)/dp, (6)

where k and D are coefficients.

The solution of (3) should be sought only for the
case 0f/ot = 0. In fact, for timeslessthan 1, the classical
consideration fails and the problem must be treated as
purely quantum. For times comparable to T, the pellet
distribution function has already been established and
only the steady-state solution should be found. In con-
nection with this, we put f = f,{u}f,{ R} and, after sep-
aration of variables, obtain

[(8f,/OR)YR([R*D-R) f5' — 1/1*]
= f1[Lo{ f.} —Faf./ap].

Equation (7) is solvable if the right- and left-hand
sides equal some constant B. The ssimple mathematics

in view of the relationship /t* = rgl + r[l yields the

(7)
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Fig. 3. (a) Particle size distribution function for B < [cg +
AMRM)/IRD (1) Peak at Ry g = RI{L —€) for £ = 0.25 +
bi4(l-a),B<0,a<0;(2B<0,b<<1,a<0, Ry mx=
ARMDY?/3, Ry min = RI{1 —¢), and Ry i = 3RI4. (b) Dis-
tribution function for B > [cq + ALRC]/(RE (3) B> 0, a> 0,
B < 1, Ry max + 4RMYZ/3, and Ry i, = (R{1 —€); (4) B>
0, equation (9) has four rea roots. In this case, an analytic

solution is impossible to find, and the distribution function
vs. radius curve is shown schematically.

desired pellet size distribution function:

—B/y

f.{R} = AR ([R+ R"([RO-R)"
x exp{—(c/YR) —(AR/B)},
where A isanormalizing constant, which isfound from

the conservation-of-mass condition [f,{R}dR = M

(M is the total mass of one removed layer); u = (¢, +
ARDA)/2y[RH B/2y; and v = —L.
f,{ R} curvesfor cases of practical value are demon-

strated in Fig. 3. Their extremaare found by solving the
algebraic equation of the fourth order

(8)

X' +ax’+ax’—ax+b = 0, )

where

x = RIIR] a=BAMRY, b=c/ARI

GLADKOV

Two cases are possible B<0(a<0)and B> 0
(a> 0). Intheformer case, the distribution function has
either one maximum or two maxima and one minimum
(Fig. 3a); in the latter, either one maximum and one
minimum or two maximaand two minima (Fig. 3b). In
both cases, the distribution function reflects the actual
physical situation dealt with in the process of powder
production.

Now we turn to the constant y, involved in (1). The
formation of a crystalline structure is known [5] to be a
highly nonequilibrium process. Under such conditions,
crystallization formally depends on two temperatures:
thermostat temperature T and crystallization tempera-
ture T, . As the temperatures are close to each other in
our given case, the coefficient y, which characterizes
the rate of nucleus growth, depends on their difference.
The growth rate can be related only to the viscosity of
the system. Thelatter isknown [6, 7] to be described by
the expression

N = Noexp(+A/kg(T - Tg)), (10)

where A is the energy gap and ng is the viscosity at
T = oo,

The nucleation rate (the rate at which a hydrody-
namic viscous flux adheres to the basic crystaline
structure) must beinversely proportional tor. Theonly
possible relation in this case has the form

y = uglv, (1D

where the kinematic viscosity v and dynamic viscosity
n areconventionally related asn = vp (p isthe density).

The velocity u, is defined by the exchange interac-
tion integral J,, and mean interatomic spacing [@0i.e.,

Uy = Jo [BA, (12)

where 1 is Planck’s constant.

Eventually, the desired growth rate of a microscopic
nucleusis given by

y = (Jo adA)°/V. (13)

This expression adequately covers real situations,
since it includes al the basic physical parameters
needed for growth description at both the micro- and
macroscopic levels.

THE EFFECT OF A HIGH-FREQUENCY
ELECTRIC FIELD ON THE FORMATION
OF THE DISPERSED STRUCTURE

When the molten material is exposed to an ac elec-
tric field whose frequency satisfies the inequality

w> K (14)

(K is the rate of a chemical reaction that specifies the
exchange interaction), the exchange integral dimin-
ishes, affecting the crystallization process [see, e.g.,
[8,9]). This is associated with the fact that exchange
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coupling sets in because the wave functions of elec-
trons of neighboring atoms overlap. Since the electrons
strongly interact with the ac field, the exchange energy
becomes frequency-dependent. It is significant that the
frequency range where this takes place israther narrow
and only specific frequencies of the field can influence
the exchange energy. From the physical standpoint,
condition (14) merely indicates that the chemical reac-
tion has no time to be completed during the cycle of the
electric field; hence, exchange coupling weakens.

If the field begins to act from the instant that the
entire substance represents a viscocrystalline structure,
it must act to the end of crystallization. Only then can
one expect the realization of the above effect: dispersed
pellets become still finer (exchange interaction weak-
ens); and their agglomerate, more homogeneous.

As follows from the above formulas, the structure
will be homogeneous if (1) the substances to be dis-
persed are selected such that the sound velocity is as
low as possible, (2) the relaxation time 1, isaslong as
possible, (3) the melting (crystallization) point is as
high as possible, and (4) the applied field frequency is
such that the exchange interaction does not show up
[8, 9]. Thefield frequency w must be such that electron
bonds have no time to form; that is, it must exceed K,
where K is the chemical reaction rate.
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Abstract—T he photoel ectric phenomena and orientational nonlinearity induced by nanosecond laser pulsesin
planar layers of liquid crystals oriented by silicon oxide (SiO) and activated with polymethine dyeswere inves-
tigated. These phenomena are due to the photogeneration of surface and bulk chargesin the liquid crystal cell,
their spatial distribution between the grating vector and the beam propagation directions, and the el ectrohydro-
dynamic instability. © 2000 MAIK “ Nauka/Interperiodica” .

Previoudly [1, 2], we have observed the phenome-
non of static grating recording in the planar layers of
nematics oriented with silicon oxide and activated with
dyes such as phthalocyanines, bisanthenes, and poly-
methines used for the passive Q-switching of ruby
lasers [3, 4] and laser wave front inversion [5, 6]. The
gratings were recorded at a radiation power of 5 x
108W/cm? and had a spatial frequency of not less than
500 line/mm. They existed for a long time (severa
weeks) and could be erased either by heating liquid
crystals above the temperature of transition to the iso-
tropic state or by applying an electric voltage of about
30V. Thelattices represented the regions of “domains,”
where the director orientation deviated from the initial,
surrounded by disclinations[7, 8]. Study of the reorien-
tation in these regions by means of polarization micros-
copy and dynamic holography revealed a number of
spectral features connected with the photorefractive
properties of dye-activated liquid crystals.

The experimentally observed photorefractionin lig-
uid crystals (LCs) [9,10] is of considerable interest due
to the unusualy large nonlinear response of the
medium. By now, various mechanisms for the photore-
fraction phenomena observed in nematics activated
with dyes[9,10], fullerene Cg, [11], and discotic nem-
atics [12] have been proposed. A space charge field
induced by the interference field of continuous wave
gas lasers at a small satic voltage (1-2 V) can be
explained by diffusion, drift, or transport of the photo-
generated charges or by anisotropy of thedielectric per-
mittivity and conductivity (Karr—Helfrich effect).
Another possible reason for the photorefraction can be
the photovoltaic effect in LC cellsreported in [13, 14].

We have used nanosecond ruby laser emission
pulses to record orientational dynamic holograms of
high diffraction efficiency in nematics activated with
ionic polymethine (cyanine) dyes [15]. The accompa:

nying photoelectric phenomena were studied in this
work.

LIQUID CRYSTAL SAMPLES

The experiments were performed with planar ori-
ented liquid crystals of two types. Samples of the first
type had both conducting and orienting coatings, while
those of the second type had only the orienting coating.
The orientation was performed by the obligque vacuum
deposition of SIO layers with a thickness of about
300 A. Director slope angle to the substrate surface var-
ied within 1°-3°. Stoichiometry of the near-surface sil-
icon oxide layer to a depth of 14 A was studied by
means of X-ray photoelectron spectroscopy using an
ESCA spectrometer (Eygkq1,2 = 1253.6 €V). A maxi-

mum attributed to Si4*, characteristic of silicon dioxide,
was observed in the Siy, electron band. After the ion
sputter cleaning, an additional maximum shifted by
0.5 eV, which is characteristic of SIO, was observed as
well. The ratio of oxygen to silicon was equa to
approximately 1.2. Such an inhomogeneous structure
contains oxygen vacancies, which favor the formation
of local energy levels in the bandgap of the dielectric
SiO film. We must also note that the evaporated films
exhibit some absorption at the ruby laser wavelength
(A =694.3 nm), with the absorption coefficient equal to
a = 1.5 cm™. To study the conductivity, we used LC
cells with transparent evaporated el ectrodes of indium
oxide In,O; covered with a SiO film.

We used nematics with a small positive dielectric
anisotropy such as 5TsB (Ac = 5) and a mixture of
ZhK-440 (Ae < 0) with up to 15 wt. % ZhK-497
(Ae >0) (NIOPIK, Moscow). Figure la shows the
structures of polymethine dyes PK-686 and PK-742
(Institute of Organic Chemistry, Kiev) used as the acti-
vating agents. The absorbtion dichroism of PK-686 and
PK-742 additives in 5TsB was equal to 0.02 and 0.33;
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and that in the ZhK-440+ZhK-497 mixture was 0.46
and 0.69, respectively. The LC cdll thickness was equal
to 50 pm.

INTRINSIC CONDUCTION OF LC ACTIVATED
WITH IONIC POLYMETHINE DYES

L Cs activated with ionic dyes represent weak elec-
trolyte solutions. In polar LC solvents, polymethine
dyes dissociate into organic cations and iodine anions
(J). In the stationary case, when the electric current
density satisfies the condition dj(t)/dt = O, the conduc-
tivity is determined by the well-known equation [16]

o =e(u +p)n’
= e(u" + W)Yo (E)Ne/yal %,

where e is the carrier charge; y* are the positive and
negativeions mobilities; n = n* = n-isthe concentration
of charge carriers; ny isthe impurity concentration; and
Vo(E) and yr are the constants of dissociation and
recombination, respectively (yp depends on the field
strength in strong electric fields).

The conductivity measurements were performed
using the scheme presented in Fig. 1b. The value of o
was determined as 0 = dU'/[SR,(U — UY], where d is
the layer thickness, S is the sample cross section
through which the current flows, R, is the load resis-
tance, U is the source voltage, and U' is the voltmeter
reading. The perpendicular conductivity component
o5(j OL, L being thelayer director) was measured dur-
ing the study of planar layer. The parallel component
was 1.5 times larger. Figure 2 shows atypical current—
voltage characteristic of an LC activated with polyme-
thine dyes and the plots of conductivity versus voltage
across the sample for various dye concentrations. Asis
seen, the current increases slowly and the conductivity
remains virtualy constant and equa to o =
10°Qtcm™ in the range of voltages from 0 to 1 V.
Note for comparison that the intrinsic conductivity of
5TsB is g, = 2 x 10" Q' cm™ and that of the
ZhK-440 + ZhK-497 mixture is approximately 5 x
101t Qtem™

Already at a small voltage (~0.1 V), the LC cell
exhibits the properties of agalvanic cell. This might be
evidence of the éectric double layer existence in the
vicinity of the electrode. According to the formula for
the Debye screening radius, the layer thicknessisrp =
(De/4to)¥?, where D is the diffusion coefficient. For
the molar concentrations of impuritiestypically used in
experiments (1074...10- mol/l), the screening radius is
usually smaler than 1 um [17]. Taking this into
account, we obtain the value of diffusion coefficient D =
106 cm? s for the conductivity vaue o = 10° Q% cn ™.
Using the Einstein relationship D = kgTa/ne? for the
diffusion coefficient, we may estimate the concentra-
tion of carriersn= 1.4 x 103 cm3, It isalso possible to

)
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Fig. 1. The structure of polymethine dye (a) and the scheme
of conductivity measurements in LCs activated with poly-
methine dyes (b).
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Fig. 2. A current-voltage characteristic of the LC cell
(dashed line) and the plots of (1-3) conductivity and (1'-3")
photoconductivity versusabsorbance a and voltage U for (1,
1) ng=3x10% cm™3 (a = 14 cm™); (2, 2) 9.6 x 100 cm3

(o =48cm™); (3,3) 3x 10 cm™3 (a = 154 cm™).
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Fig. 3. The plots of photoconductivity versus energy density
at various a, cm™: (1) 14; (2) 48; (3) 154. Theinset shows
the plots of photocurrent versus absorbance in (1) the
absence and (2) the presence of voltage across the cell elec-
trodes. U =1.6 V.

calculate the mobility of the carriers p = o/2en = 2 x
10°cm?V1s?. The mobilities and diffusion coeffi-
cients of ions are not the same because of a consider-
abledifferenceinsize (iodineionradiusisr; =2.19A,

while that of the organic cation isroc, = 20 A). A rela-
tionship between the mobility of ions and the viscosity
of a liquid insulator established by Walden [18]
gives Uy = e/6r1r, where x is the viscosity. This allows
one to estimate u* and D* using the ratio r; /roc,.

Thefina valuesare p~ = 1.8 x 10°cm? V1 st u* =
2x10%cm?V1st D =9x 107 cnm? s, and D* =
107 cm? s, Then the parameter v = (D* — D7)/(D* + D")
characterizing therelative mobility of ionsis 0.8, which
is considerably higher than the valuesin other photore-
fractive LCs [9, 10]. In practice, this value is dightly
smaller than the estimate due to the different degrees of
cation and anion coupling with the molecules of sol-
vent.

In contrast to the region of voltages below 1V,
where the current grows slowly, both conductivity and
current increase rapidly in the interval from 1 to 2 V.
This is due to the growing role of dye ionization with
increasing electric field strength in accordance with the

SERAK et al.

Onsager theory o ~ exp(E)Y? [18]. The conductivity of
a solution with the concentration ny = 3 x 10* cm=

risesfrom 10°to 9 x 10° Q' cm, and the concentra-
tion of carriers also grows by almost one order of mag-
nitude to reach n = 1.3 x 10 cm=3. At alarge current,
the concentrational emf causes saturation of the cur-
rent—voltage characteristic.

PHOTOINDUCED CONDUCTION IN LIQUID
CRYSTALS ACTIVATED WITH POLYMETHINE
DYES

The conductivity of LC cellsincreased as aresult of
pulsed excitation by radiation of the ruby laser (pulse
duration, 60 ns). The radiation beam was expanded
with alensto fit the size of the sample, after which the
energy density was equal to ~0.1 Jcm?. The photocur-
rent was measured by means of an oscillograph
(Fig. 1b) using the maximum value in a pul se response.
In the presence of a static electric field, the current
relaxed to its stationary value within a time period of
about 10 ms. Here we can see a steady growth of the
photoconductivity with an increase in the solution con-
centration and the voltage across the electrodes (Fig. 2,
curves 1'-3"), which makes these curves different from
theinitial ones (Fig. 2, curves 1-3). One of the possible
reasons for the photoconductivity growth is the addi-
tional dissociation of excited molecules into ions,
which are distributed in the cell volume in accordance
with formulap(2) = pyexp(—az), where a isthe absorp-
tion coefficient. Here, the z axisis parallel to the beam
propagation and perpendicular to the layer director L
and the substrate. This is confirmed by the growth of
conductivity with an increase in the absorption coeffi-
cient and radiation intensity (Fig. 3). For the cell with
a = 154 cm, the number of carriers increases from
1.3 x 10" up to 2 x 10** cm3. We may describe the
dependence of the photoconductivity on the radiation
intensity | and the absorption coefficient a under some
simplifying assumptions. The balance equation of the
photoinduced ion production is as follows [9]:

on + -
3t +ygnN N al(2), 2
where ygr = D*&?/kgT, | = lyexp(-az), and a = a0 isa
constant characterizing the photodissociation effi-
ciency.

The dissociation of the excited dye molecules can
occur in the presence of states with large lifetimes,
where the probability of collisions with molecules of
the crystal matrix is sufficiently large. On the other
hand, the intercombination conversion from a triplet
level increases the temperature in a loca interaction
region and also resultsin a growth of the degree of dis-
sociation. Study of the kinetics of interaction of pulsed
ruby laser radiation with polymethine dyes in LCs
showed that dye molecules radiate via a three-level
scheme involving a metastable state with a lifetime of
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~1.5 ps[19]. Thus, the main processes of ion recombi-
nation and dissociation occur after termination of the
laser pulse. Then the balance equation (2) splits into
two parts:

%‘ = aly,exp(—az) for t<r, 3
on _ + -
5= VRN = 0 for t>T, (4)

where T isthe pulse duration.
The first equation gives the number of radiation-
induced charge carriers n, = al,exp(—az)t. The second

equation alows us to determine variation of the
induced charge density with time after the laser pulse:

No

n'(t) = ——.
(© NeYgrt + 1

®)
For the parameters yg = 5.7 x 103 cm® s, t = 100 ps
(the moment the maximum current amplitude is
reached), and n, = 0.7 x 10 cm~3 (the maximum num-
ber of induced charge carriers under our experimental
conditions) we obtain the value n, ygt = 0.004, which is

much less than unity. Taking into account Egs. (1) and
(5), the photoinduced conductivity can be expressed as

o'(t) =e(k” + 1 )agalexp(-a2)z. (6)

Here, the function o'{alyexp(—ad)} isin fact close
to linear, which isillustrated in Fig. 3 (curves 1'-3).

We observed the phenomenon of photocurrent exci-
tation in the absence of any externa static electric field.
This effect qualitatively differs from that discussed
above. In the presence of an externa field, the photo-
current polarity followsthe polarity of the applied volt-
age, whilewithout thefield, the polarity of thesignal on
theload resistor R, isdetermined by the direction of the
incident light beam. The photocurrent flows from the
illuminated electrode to the dark one (i.e., cations move
from the bulk of the crystal toward the input electrode).

High-power laser radiation (~10° W/cm?) may give
riseto theinjection of electrons from the electrode (this
effect was observed experimentally) and to the genera-
tion of charges on the surface of silicon oxide films.
Combined thermal and field effects of the laser radia-
tion will result in the accumulation of negative charge
at the film surface [20]. This process is favored by the
existence of local energy levelsin the bandgap of insu-
lating SiO film, by the light absorption in the film, and
by the injection of charge carriers from the electrode.
Recombination of the free charge carriers and cations
of the solution at the relief film surface [15] will cause
the formation of radical ions of dye molecules. These
ions can settle as defects on the surface, which is one of
the possible reasons for the formation of disclinations,
bounding the regions with different orientations

TECHNICAL PHYSICS Vol 45

No. 7 2000

861

induced in the bulk of the LC by the interference radia-
tion field as a static lattice of domains.

The relaxation time of the induced charge was of the
order of milliseconds. The Debye relaxation time of the
volume chargeisty = £/410,. For €5 =10and o =3 x
10° Q1 cm™, thisformula gives 1, = 0.3 ms, which is
smaller by one order of magnitude than the value
observed in experiment. Thus, inhomogeneous distri-
bution of the volume charge along the beam direction
up to a depth exceeding the electric double layer thick-
ness arises as a result of the photoinduced unipolar
injection of charge carriers at the surface and the disso-
ciation of dye molecules. This leads to the appearance
of a photoinduced electric field E,. Photogeneration of
the volume charge also results in the electric double
layer destruction and more intensive growth of the cur-
rent beginning with very small voltages, as can be seen
inFig. 2 (curves 1'-3)).

DIFFRACTION GRATINGS IN LIQUID
CRYSTALS ACTIVATED WITH POLYMETHINE
DYES

The orientational photorefractive nonlinearity in
LCs induced by the pulsed radiation of the ruby laser
operating in the TEM, mode (pulse energy E = 60 mJ,
pulse duration T = 60 ns) was studied by means of
dynamic holography using the radiation of a He-Ne
laser as a probe. The geometry of experiment in which
the direction of the lattice vector q coincides with that
of thedirector L (see Fig. 4a) was selected from anum-
ber of various possible geometries. If the polarization
vectors of the pumping waves E; and E, and the prob-
ing wave E;are parallel to the director L, the diffraction
efficiency of the gratings is 2-3 times greater than in
the case of E; , || L, Eg O L and an order of magnitude
larger than that for E; , O L. The director is mainly
reoriented in the xz plane.

The radiation field generates charges inhomoge-
neously distributed in space along the x-axis (with a
grating constant A) and along the z-axis (Fig. 4b). Inthe
absence of an externa static electric field, a photoin-
duced field E, arisesin the region of diffraction maxima
along the z-axis and the diffusion of induced chargesis
observed along the x-axis with alattice relaxation time
Tp = N%/41PD. Weak electric current accompanied by
the gradient of positive ion concentration aong the
z direction might cause isotropic electrohydrodynamic
instability. The mechanism of thisinstability formation
under conditions of unipolar injection was considered
by Felici [21]. Figure 4b shows a model describing the
mechanism of instability in our case. Due to inhomoge-
neous charge density distribution, both in the laser
beam direction and along the substrate, an electrostatic
forceF = dpE, arising in the bulk of the layer will cause
the formation of two vortices over alength equal to the
grating constant /. Rotation of the director as a result
of the hydrodynamic flow will have a period close to
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Fig. 4. Schematic diagrams showing (a) the interaction
geometry and (b) amodel of the electrohydrodynamic insta-
bility formation in LCs activated with polymethine dyes.
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Fig. 5. Osscillograms of the first-order diffraction intensity
for the probing beam of aHe—Ne laser in LC cells oriented
with (a—€) silicon oxide and (f) polyimide. Time scale
(mg/div): (a) 0.1, (b) 5, (cf) 100; a = 14cmL; (e) lattice
relaxation in the presence of electric field U = 1.2V (higher
amplitude) and in the absence of the field.

the cell thickness [22]. The threshold voltage of insta-
bility of an LC with Ae > 0 may be lower than that of a
electrohydrodynamic instability of the anisotropic type
according to the Karr—Helfrich model [16].

In the presence of a static electric field Ey, the inter-
ferencefield of the laser radiation givesrise to the pho-
toinduced field E, (Fig. 4b) due to anisotropic conduc-
tivity (the conductivity is equal to o) along the x-axis
and to o along the z-axis. In accordance with the Karr—
Helfrich model, the field E, is determined by the for-
mula[23]

(0,—0p)cosO©snO
EX,G =

Eo, (7)

2 ;2
0)cos © +opsin'©

where © is the angle of director deviation in the xz
plane.

Electrohydrodynamic instability of the anisotropic
type arisesif thereisaninitial disturbance of the direc-
tor orientation in the layer, which can beinduced by an
isotropic instability. Therotation of the layer director is
enhanced when the direction of the static field E, coin-
cides with the direction of the induced field E,. The
period of sinusoidal deformation of the director
remains the same and is close to the layer thickness.

Typical oscillograms of the first-order diffraction in
the LC cells oriented with SIO without electrodes are
presented in Fig. 5. Two types of the characteristic
relaxation time are observed, the first being the thermal

diffusiontime 1 = pOCFZJ N?/4TPA\1 (equdl to 0.5 ms, see

Fig. 5a) and the second, the orientational time, whichis
determined essentially by the charge diffusion 15 =
N?/41¢D (Figs. 5b-5f). Typical values of the LC param-
etersare asfollows: py = 103 kg/md, x =7 x 102 kg/(m 9),
C,=1500J(kgK),A; =0.16 J(K sm), D = 10° cm?/s.
For agrating constant of A =40 um the time constants
T and T are equal to 0.5 ms and 400 ms, respectively,
in good agreement with experiment. The orientational
component is observed after vanishing of the thermal
component and has abuildup period of 20 ms(a), while
the relaxation time varies from 0.4 to 1 s. The time
parameters of the holograms depend not only on thelat-
tice constant and properties of LC media, but on the
conditions of orientant deposition and the laser radia-
tion intensity as well, which resultsin the formation of
both dynamic and static gratings. A typical oscillogram
of variation of the probing beam of arectangular shape
in the case of equilibrium of the hydrodynamic and ori-
entational momentsis shownin Fig. 5d. A grating con-
stant A close to 40 um is the optimum value for effec-
tivegratings (Fig. 6). The diffraction efficiency n grows
with increasing radiation intensity and absorption coef-
ficient, reachingamaximum at al, =16 Jcm? (Fig. 74).
With the further growth of al, the value of n drops as
a result of convective motions in the bulk of the cell.
Heating of the liquid crystal does not affect the diffrac-
tion efficiency but resultsin adecrease of the relaxation
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Fig. 6. The plot of diffraction efficiency n versus grating
constant A.

time 1o = XA%412 K from 600 (T = 20°C) to 150 ms
(T — T, = 1°C), which corresponds to the reduction in
viscosity X (in the isotropic phase, thistime is 50 ms).
The maximum diffraction efficiency of the gratingswas
equal to 3-4%.

Theéefficiency of the gratings can beincreased using
an additional static field. Typical oscillograms of the
diffraction beam intensity with and without voltage
acrossthe cell electrodes are presented in Fig. 5e. Here,
no relaxation of the cell to the initial state is observed
because of a static grating formation. The character of
the diffraction efficiency variation as function of the
absorbed radiation al is not atered in the presence of
the field (Fig. 7b). The results of our study reveal sev-
eral subsequent stages in the variation of n with
increasing voltage. The efficiency does not change con-
siderably in the region below 0.6...0.8 V, where the
conductivity and also exhibits no significant variation
(Fig. 2). The range 0.6...1.3 V reveals the growth of
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both n and conductivity. Here the value of n is approx-
imately three times greater than the value without bias
voltage. At U = 1.4V, which is close to the Fredericksz
transition (for our LCs, the threshold voltage is U, =
2V), n decreases, because the geometry of experiment
does not provide for the formation of el ectrohydrody-
namic instability. The diffraction efficiency in the pres-
ence of electric field was equal to 10%.

As a result of comparative experiments involving
nonionic dyes and other orienting substances, we may
conclude that the reorientation described above has
remarkablefeaturesin theionic compositionsLC + dye
with orienting SIO layers. Figure 5 compares orienta-
tional components for the LC cells with SiO and poly-
imide orientants. The conductivity and the grating
appear in the LC cellswithout a static electric field and
are only enhanced by the external field. Apparently, we
initially observe an isotropic electrohydrodynamic
instability with alower threshold and then the instabil-
ity of anisotropic character, which issimilar to the opti-
cal Karr—Helfrich effect in liquid crystals. Our experi-
mental conditions provide for the observation of these
effects[22]. Indeed, the efficiency of gratingsin planar
layersis maximum when the grating constant A isclose
to the cell thickness. In addition, the cells exhibit a pos-
itive anisotropy of conductivity (o, = 1.50). Finaly,
the effect in LCs with positive dielectric anisotropy
(Ae > 0) is observed at voltages U < Ug,. Dynamics of
the orientational grating shows that reorientation
occurs within a period of ~20 ms simultaneously with
the photocurrent relaxation (10 ms) and the onset of
macroscopic mobility in the liquid crystal volume.

Thus, the photogeneration of surface and bulk
chargesin the LC cdll, the distribution of these charges
in space in the beam direction and along the grating
vector, and the interaction of photoinduced fields with
the applied static field result in the phenomena of elec-

r]’ % r]’ %
5.0r 50F
40+ 40+
3.0F 3.0+
2.0F 2.0F
1.0+ 1.0+
1 1 1 1 1
0 10 20 30 0 0.5 1.0 1.5 2.0
aly,Jecm™3 U, v

Fig. 7. The plots of diffraction efficiency versus (a) parameter alg and (b) voltage for a = 14 (1), 48 (2, 1'), 154 cmt (3, 4, 2) and

U=0(1-3), 1.2V (4).
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trohydrodynamic instability and effective reorientation
of the LC layer director.
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Abstract—Analogs of the Brewster effect and total internal reflection were investigated for cylindrical waves
passing through acylindrical interface. It wasfound that, in the case of cylindrical geometry, the Brewster effect
is also observed but weakens with decreasing moment of momentum of a cylindrical wave. Wave reflection
from asmall-radius cylindrical interfaceisanalyzed. Asymptotic expressionsfor the reflection factor of acylin-
drical wave are obtained when the radius of theinterface tendsto zero. It was found that, as the radiustheinter-
face decreases, the reflection factor of a cylindrical wave with a nonzero moment of momentum approaches
unity from the left but does not reach this value. © 2000 MAIK “ Nauka/Interperiodica” .

INTRODUCTION

The incidence of a plane light wave on the planar
interface between two media with refraction indices n,
and n, seems to be the physical phenomenon that has
been investigated in most detail [1, 2]. The Brewster
effect (the reflection factor is exactly equal to zero
when ap-polarized waveisincident at an angle g that

satisfies the relationship tanBgz = n,/n;) and tota

internal reflection (the reflection factor is exactly equal
to unity when n; > n, and the angle of incidence
exceeds the critical value sinB,;; = n,/n;) are finding
wide application in technology. In the last few years,
designers have been trying to use cylindrical structures
in various optoelectronic devices [3, 4]. Severa theo-
retical papers are devoted to the propagation of cylin-
drical waves in laminated cylindrical structures and
through a cylindrical interface [5-7]. However, anum-
ber of intriguing features, such as an increase in the
reflection factor when the radius of the interface is
small and the dependence of optical properties on the
light polarization, call for further investigation. In this
paper, wetry to contribute to the study of these effects.

RESULTS AND DISCUSSION

Consider acylindrical light wave with afrequency w
that propagates perpendicularly to the axis of structure
symmetry (z-axis) and is incident on the cylindrical
interface between two media with refraction indices n;
(internal medium) and n, (externa medium). The
media are assumed to be infinite along the z-axis
(Fig. 1). Cylindrical waves of arbitrary polarization can
be represented as a superposition of E (electric field E
is parald to the axis of symmetry) and H (magnetic
field H is parallel to the axis of symmetry) waves [7].
The reflection amplitude factor ry (introduced as the

ratio between the tangentia electric field components
in the reflected and incident waves) for the E- and H-
polarized cylindrical light waves scattered fromacylin-
drical interface of radius p isgiven by [7]

1) (1)

_ NG —niCry
4= =G o &)
N;Cmi —NCr
and
1 1
_ No/Cln —n,/Cly @
n,/2c? —n,ict

respectively. Here, Cr(nll' 2= H,(nl 2 (n|Kp)/H,(nl 2 (nKp),
H&? (nKp) is the Hankel function, K = wlc, ¢ is the
speed of light, and the derivative sign means differenti-
ation with respect to the whole argument and not just
top.

Figures 2 and 3 show the variations of the phase and
squared absolute value of the reflection amplitude fac-
tor for the E-polarized cylindrical wave scattered from
the interface between media with refraction indices of
1.0 and 3.0. In the figures, the three curves correspond
to moments of momentum m = 0, 2, and 5. Figure 2
illustrates the situation when the external medium is
optically denser, while in Fig. 3, the situation is
reversed. Figures 4 and 5 present the same for the H-
polarized wave.

In a cylindrical wave, Poynting's vector is radially
directed when m = 0. When the moment of momentum
is nonzero, the angle © between Poynting’s vector and
the radius depends on p and satisfies the approximate
relationship

sn® = m/nKp, )

1063-7842/00/4507-0865%$20.00 © 2000 MAIK “Nauka/Interperiodica’



866

KALITEEVSKII, NIKOLAEV

Fig. 1. Trajectory of energy transfer in arefracted cylindrical wave for p = 0.55*(217K) and m = 5: (&) n; = 3 and n, = 1 and (b)

n=landn,=3.

()

(b)

]
0 0.5 1.0 1.5
pK/2Tt

Fig. 2. (a) Phase and (b) square of the absolute value of the
reflection amplitude factor for the E-polarized scattered
cylindrical wavevs. interfaceradius. ny =1, n, =3, andm=
(1) 0, (2) 2,and (3) 5.

The azimuth component of Poynting’'s vector being
proportional to m/p. Within asmall portion of the inter-
face, one could consider an incident cylindrical waveasa
plane wave incident on the plane interface at an angle ©.
This, however, may yield qualitatively false results, as
demonstrated below.

As p increases, the azimuth component of Poynt-
ing's vector vanishes and angle © approaches zero; i.e.,
the incidence of a cylindrical wave on a cylindrical
interface of large radius is equivalent to the normal
incidence of a plane wave on a planar interface [7].
Indeed (Figs. 2-5), for large p's, the square of the
reflection factor magnitude tends to 25% and its phase
approaches zero or 11, depending on medium alterna-
tion, for both polarizations.

(a)

(b)

0 0.5 1.0 1.5
pK/2Tt

Fig. 3. ThesameasinFig. 2forn; =3 and n, = 1.

As p decreases, the angle © determined by (3)
increases. When n, > n, and a light wave comes from
the internal medium, total internal reflection is
observed if p = py,; and © = O, The critical value of
the radius py,; is determined by the formula Kpy,; =
m/n,. When n; < n,, total internal reflection must be
absent.

The above considerations are in conflict with the
following properties of cylindrical waves. First, using

(1), one can show (taking into account that ij) isthe

complex conjugate to Cr(nzf ) that the reflection intensity

factor does not depend on the sequence of layers, asin
the case of the normal incidence of a plane wave on a
planar interface (Figs. 2-5) [7]. Second, after the wave
crosses the interface, ©® determined by (3) does not

TECHNICAL PHYSICS Vol. 45
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Fig. 4. Thesame asin Fig. 2 for the H-polarized cylindrical
wave.

depend on the refraction index of the layer from which
the wave comes. However, the angles © on both sides
of the interface are formally related by Snell’s law
[1, 2] [see (3)].

In fact, when the radius p of the interface decreases
and reaches a certain m-dependent characteristic value
(mis assumed to be nonzero), the reflection intensity
factor starts increasing, asymptotically approaching
unity from the left (see Figs. 2-5 and Appendix). This
phenomenon, briefly described in [5], was called total
reflection at small radius. It was indicated that the
reflection amplitude factor is equal to (-1)™*%i at a
small (but nonzero!) radius. According to our calcula
tions, the absolute value of the reflection factor, while
approaching unity as p tends to zero, aways remains
less than unity at any nonzero p. The phase of the
reflection factor behaves in a quite different way,
approaching Tt A small variation of the reflection factor
magnitude from unity may affect the observed optical
properties of an actual cylindrical structure only
dlightly. However, being involved in the phase of the
reflection factor, such an error radically changes the
calculated spectrum of the optical eigenmodes in the
cylindrical system.

Thus, total internal reflection is not observed for
cylindrical waves propagating perpendicularly to the
axis of symmetry, which can be explained in simple
physical terms.k In the plane case, when total internal
reflection occurs, light passes through the interface into
the lower index medium, turns, and comes back to the
higher index medium. Such is not the case in cylindri-
cal systems, because the curvature of the interface
exceeds that of the light “trajectory.”

For H-polarized waves, one can find, for every m, a
radius pgg such that © determined by (3) will be equal

1 Note that the situation under consideration has nothing to do with
light propagation in fibers, where total internal reflection takes
place for light waves propagating along the axis of symmetry.

TECHNICAL PHYSICS Vol. 45 No.7 2000

867
n (a)
© 1\2 3
(b)
| | |
0 0.5 1.0 1.5
PK/2Tt

Fig. 5. Thesameasin Fig. 3 for the H-polarized cylindrical
wave.

to the Brewster angle Ogg. It is easy to check that this
“Brewster radius’ satisfies the relationship

Kpgr = My nIZ + ngz. 4

Figures 4 and 5 demonstrate that, when m # 0, the
dependences of the reflection factor for the H-polarized
wave on interface radius have minima located close to
those predicted by (4). Thisfact enables usto argue that
these minimareflect the Brewster effect. In the minima,
the reflection factor is other than zero but the minimum
for m=5isdeeper than for m= 2. This can be explained
if we take into account that the Brewster effect is a
result of the transversality of electromagnetic waves
[1, 2]. Hence, this effect must be weaker in the case of
cylindrical waves, whose Poynting's vector is locally
transverse. As the moment of momentum m increases,
the Brewster radius grows, the curvature of the surface
decreases, the situation more and more resembles the
plane case, and the minimum becomes deeper.

Our analysis demonstrates that, for cylindrica
structures, a phenomenon similar to the Brewster effect
is observed but, instead of total interna reflection, the
reflection factor grows at a small radius.

APPENDIX

Asymptotics of the Reflection Factor
for the Small-Radius Interface

The reflection factor of the E-polarized wave scat-
tered from the interface between media 1l and 2 is rep-
resented by

(1) (1)
_ NCrp—nCpy

B 2 )
N1 Crmi —N2Crz
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Replacing the Hankel functions by combinations of
the Bessel (J,,,) and Weber (Y,,) functionsin the formula

for C,(nl 2 one can use the approximate expressions

Jo+iY, Y O J J
C(1)= m” mD_rn+iBm m__mD
m Inti¥m Yo OY2 YeO
(1A)
1 1 2
 Indn Yol
Yo o Ym
and
P (A LV RV o VI N
Ch = ———U—-10—-=—0
m Jn—1Ym  Yn, DYan Y
(2A)

1 1 2
L dndn Yadn
2 3

Ym  Ym

as the argument of the functions approaches zero. This
isvalid, since, at small arguments, the Weber function
tends to infinity, while the Bessel function approaches

zero (or unity when m= 0). The formulafor Cﬁj’ ? can
be written in the form C&? (x) = F(X) + iG(X). When
m =0, F(x) and G(x) are defined by

F(x) = Re[ 2 1}+O(x), (3A)

T+ 2i (In(X/2) +y) X

i 1
T+ 21(In(x/2) + V) ?J +000. (4A)

G(x) = Im[
Form=1,

F(x) = —)-1(—x|nx+0(x), (5A)

G(x) = gx + g(zln(x/z) —1+2y)xC+0O(x°), (6A)

whereyisthe Euler constant.

Formz=2,
F(x) = -mZ0+ Eﬁ-l:—l—)x-i- o).  (7A)
G(x) = WI!TZZZHXZP”_”O(X”“”). (8A)

The reflection amplitude factor of the E-polarized

KALITEEVSKII, NIKOLAEV

wave can be written in the form
i 2n,G(n,Kp)
(n,F(n,Kp) —n,F(n,Kp))
4 o{(MG(NiKp))” + Ny G(n,Kp)* n,G(n,Kp))
(n.F(n,Kp) —n;F(n,Kp))*

EASIN(N

Atm= 0, thisyields for the reflection amplitude (r)
and intensity (R) factors

r=-1

(9A)

iln(ny/n,)

YT = T in(ng/my) (108)
and
2
lim(R) = - hy) (11A)
p-0 T + In"(n,/n,)
raspectively.2
Form=1,
m’
r=-1l+i——s Il
n; —ny)In(K
(n;—n3)In(Kp) (12A)
T(ny +Niny)
27 5 +O(Kp)
2(n;—ny) In"(Kp)
and
nn;
R=1-——12 +O((Kp)®).  (13A)
(nz —ny) In"(Kp)
Formz= 2,
2m
= —ei— o ke
(m=1)1"2 (n;—ny)
. ®(m-1)% (n"+ nfmnfm)(Kp)4m_4 (14A)
(m=1)1"2"""°  (n2_n?’
+0((Kp)™™)
and
2 2. 2m_2m
R = (kP ™
(m=1)!"2"" "(n;—ny) (15A)

+0O((Kp)™™™).
The reflection amplitude factor of the H-polarized

2For m = 0, one should prefer exact formula (1) rather than the
asymptotic approximation, which is too awkward.
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wave can be represented in the form

2N, G(n;Kop)
(N 'F(nykep) — N3 F(nokop))

r=-1-i

— 2 _ —
+ o{(N2-G(n:Kp))” +n;"G(n,Kp)* n; G(n,Kp))
_ — 2
(N, F(n,Kp) =i F(MiKP)™  (g6p)
6o
*OrFon
which, at m=0, yields[9]
lim(r) = 1 (17A)
p-0
and
lim(R) = 1. (18A)
p-0
Form=1,
T[n3n
. 2
=-1-i 21 22 (Kp)
n, —n;
2 4 2( 2 2) (19A)
T nN,(N, +n
22 L (Kp)*+O((Kp)°)
2(n; —ny)
and
T[2I’14I’l4
R = 1-—=2(Kp)*+O((Kp)").  (20A)
(n; —ny)
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Formz= 2,
2m+1n
r= —1—i 1 2 (Kp)zm
(m=1)"m2*""*(n; —n;)
_,_[2(n4m + n2mn2m)n2n2 (21A)
* l4 2 im_i 2l 22 2(Kp)4m+o((Kp)6)
(m=1)"m2"" "(n; —ny)
and
2 2m+2 2m+2
R=1— nn, yem
(m=1)"m*2""*(n? —n?)’ (22A)
+0((Kp)™).
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Abstract—The evolution of the glow of the energy-release zone in porous transparent aerogel, with a density
of 0.03-0.25 g/cm?, which is irradiated by a high-power pulse electron beam, is studied experimentally. In
addition to afast (T < Tpegm) and aluminescent (t = 1078 s) glow components, a slow glow component (t = 2 x
10°s) has been reveal ed. The appearance of this slow component is associated with an aerogel rarefaction wave
and itsdestruction (cracking) arising after itsisochoric bulk heating by electron radiation, which may occur due
to an electrostatic field induced under irradiation. The discovered glow is utilized to visually determine the cur-
rent position of the rarefaction wave front. The sound velocity measured as a function of the density of SO,
aerogels with porosities of 10-100 allowed us to experimentally determine the percolation parameter of the
aerogel equation of state. © 2000 MAIK “ Nauka/lInterperiodica” .

INTRODUCTION

Porous condensed media are widely used to solve
numerous important problems in science and technol-
ogy. They are promising materials for damping short-
term impact loads, are used as radiation converters on
heavy-ion accelerators, and are included in targets for
inertial thermonuclear fusion [1, 2].

Shock-induced compression of porous substances
has long been used in shock-wave physics for con-
structing equations of state[3, 4]. The effects of intense
energy fluxes on condensed substances are being inves-
tigated in many laboratories [5, 6], but the analysis of
the action of pulse radiation fluxes on porous mediais
incomplete; the models for describing such media
under isochoric heating and formation of shock waves
under these conditions have not been considered.

The interaction of a high-power high-current pulse
electron beam with a highly porous materia (SO,
aerogels) was studied in [7-9]. In these experiments,
the aerogel was a homogeneous medium, because the
typical irradiation and rarefaction time was sufficient
for the pressure in the aerogel structural elementsto be
equalized. In experiments performed in [10], the inter-
action of high-power pulse laser radiation with an
“Agar-agar” -type (C4,H;,50;) low-density porous sub-
stance (irregularly aternating cavities and particles of
various shapes and normal solid-state density) was ana-
lyzed. Therefore, under pulse irradiation [10], “Agar-
agar” is a heterogeneous medium. The absorption of
intense radiation fluxes, energy transfer mechanisms,
and hydrodynamic processes in homogeneous and het-
erogeneous porous media have specific features and are
currently attractive to researchers[11, 12].

Upon impact compression of porous aerogels, the
temperature behind the shock wave front with an
amplitude of about 10 kbar is large enough to cause an
intense glow. In this case, the glow front position virtu-
ally coincideswith the position of the shock wavefront,
which is used for determining the shock adiabat of the
weakly ionized plasma that appears [13]. However, the
most interesting physical effects manifest themselves
in studies of aerogels under pressures of 1 to 50 kbar,
when aerogels preserve the features of their internal
structure. In this loading range, an aerogel with a high
optical transparency is able to emit light in the visible
region under irradiation by an intense electron beam.
This allows one to use convenient optical diagnostics
for obtaining information on the equation of state of an
aerogel with a porosity that changes several times
under rarefaction [8]. A nonlinear self-consistent equa-
tion of state representing fractional properties of highly
porous materials was modeled in precisely thisway. In
particular, this equation allowed one to calculate the
velocities of the flying-apart irradiated and rear aerogel
parts, which differ by two orders of magnitude, under
irradiation with a high-power pulse electron beam [9].

The objective of this study is to anayze the glow
evolution along the beam radius and into the depth of
an aerogel irradiated by a high-power pulse electron
beam, as well as to investigate the interaction of the
electron beam with targets of complex configurations
consisting of several aerogel layers of different densi-
ties.

Thiswork also aimsto study the sound velocity asa
function of the density of porous SiO, aerogels with a
porosity ' = po/p — 1 in a porosity range of 10-100in
order to directly verify the power dependence of the
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Fig. 1. Layout of the diagnostic equipment.

sound velocity in an aerogel on its porosity and to
directly determine the percolation coefficient that can
be used in the equation of the aerogel state [9].

EXPERIMENTAL CONDITIONS

The behavior of transparent porous SIO, aerogels

with adensity p = 0.03-0.25 g/cm? under fast isochoric
heating was studied experimentally on the Kal'mar
electron accelerator operating with the following
parameters of the electron beam: the current is| = 10—
15 kA, the electron energy isU = 270-300 keV, and the
current pulse FWHM duration is T = 150 ns. Aerogel
samples 5-34 mm thick with cross sections of 25—
50 mm were exposed to the electron beam. The sample
under study was placed in a vacuum chamber of the
Ka'mar accelerator behind the anode foil. Figure 1
shows the arrangement of the diagnostic equipment.

An electron beam with an effective diameter of 11—
12 mm passed through the 10-um-thick aluminum foil
(the accelerator anode) and hit the sample positioned
immediately adjacent to the foil or at a 5-mm distance
fromit. A 10-um-thick aluminum foil set up ontherear
of the aerogel served to reflect a diagnostic laser beam.
The following diagnostic devices were used: an FER-7
streak camera with dlit scanning that allowed us to
obtain a time-scanned aerogel glow intensity distribu-
tionintheradial and longitudinal directions; adifferen-
tial laser interferometer (based on an LGN-215 laser)
with an interference period of 26 m/s that records the
time of arrival and mass velocity of adisturbance at the
rear surface of the aerogel; an MDR-2 monochromator
with aspecial cassette extending the range of the emis-
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sion spectrum under study; a spall particle detector for
measuring the velocity of split-off fragments by using
the time-of -flight technique; an X-ray detector for reg-
istering the instant of the interaction between the elec-
tron beam and aerogel; and cameras for recording the
trajectories of flying-away glowing fragments in the
integral regime. The velocity of the elastic disturbance
propagation in the aerogel was measured under modi-
fied experimental conditions. The anode aluminum foil
was replaced by a 4.5-mm-thick stainless steel disk
with a diameter of 90 mm, to which an aerogel sample
was attached by a special holder. A pulse electron beam
excited a short pressure pulse in the metallic anode,
which was transmitted to the aerogel sample and prop-
agated in it as an elagtic disturbance. The instant at
which this disturbance reached the free aerogel surface
was recorded by adifferential laser interferometer.

EXPERIMENTAL RESULTS

The time dependence of the aerogel glow along the
radiusis shown in Fig. 2 presenting photochronograms
of the interaction process between the electron beam
(j = 15kA/ecm?, U = 300 keV) and aerogels of different
densities. The entrance dlit of the FER-7 streak camera
was positioned perpendicular to the electron beam axis
and, in both cases, was focused 2-3 cm from theirradi-
ated sample surface.

The dynamicsof electron beam interaction with lay-
ered aerogel targets is illustrated by the photochrono-
gramsinFig. 3 (here, the FER-7 entrance dlitisparallel
to the electron beam axis). The photochronogram in
Fig. 3a refers to the action of the electron beam (j =
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Fig. 2. Time-dependent aerogel glow along the radius of the zone of the electron-beam energy release; p = 0.25 (a), 0.034 (b) g/cmd.

15kA/cm?, U = 300 keV) on a four-layer target with
the following aerogel densities: p, = 0.08, p, = 0.15,
ps = 0.05, and p, = 0.15 g/cm? with the corresponding
thicknessesh, = 4, h, = 4, h; =4, and h, = 3 mm. The
layers are numbered from the front (irradiated) target
surface.

Figure 3b shows a photochronogram for the interac-
tion of the electron beam (with the same parameters)
with athree-layer target at afaster scan. Thetarget con-
sists of the following aerogel layers: p, = 0.05 g/cmd,
h, = 10 mm; p, = 0.25 g/cm?, h, = 2.5 mm; and p; =
0.05 g/cm®, hy = 9 mm.

The photochronogram in Fig. 3c shows the interac-
tion dynamics between the electron beam and a three-
layer target, in which thefirst layer hasthe highest den-
sity (p; = 0.25 g/lcm?®, h, =5 mm; p, =0.034 g/cm?, h, =
10 mm; and p; = 0.25 g/cm?, h; =5 mm).

The studies performed with the MDR-2 monochro-
mator have shown that the aerogel emission from the
zone of the eectron-beam energy release spans the
entire visible spectrum region. For example, Fig. 4
shows a part of the emission spectrum for an aerogel
with p = 0.034 g/cm? exposed to the electron beam (j =
10kA/cm?, U =270 keV). The dit of the monochroma-
tor isadjusted to the region of the el ectron-beam energy
release. The bright lines in the upper part of the spec-
trum are the reference lines of a mercury lamp.

The electron beam interacts with the aerogel and
excites a shock wave with a velocity reaching 500—
600 m/s in dense aerogels. Arriving at the free aerogel
surface, the shock wave causes a spall destruction.

Figure 5a shows aerogel samples with a density of
0.25 g/cm?® with a cross section of 25 x 25 mm and an
initial thickness of 22.5 mm after being exposed to the
electron beam (j = 15 kA/cm?, U = 300 keV). As a
result of the separation of a split-off plate, the sample
thickness decreased by 5 mm. For alow-intensity irra-
diation mode (j = 8 kA/cm?, U = 250 keV), irreversible
effects occur in the bulk of a similar aerogel sample,
resulting in its turbidity. However, the spalling effect is
absent (Fig. 5b) and the sample thickness remains
unchanged.

The velocity of flying-apart fragments at constant
parameters of the electron beam (j = 15 kA/cm?, U =
290 keV) depends heavily on the aerogel thickness and
density. For example, the velocity of spalled fragments
of an aerogel sample with a density of 0.16 g/cm?
changes from 500 m/s at a 5.5-mm sampl e thickness to
80 m/s at a 14.6-mm thickness.

Figure 6 shows a set of interferograms characteriz-
ing the propagation velocity of elastic disturbancesin
aerogels of various densities under the same parameters
of the electron beam producing pressure pulses in the
metallic anode of the accelerator. The densities of the
aerogels under study were as follows: p; = 0.02, p, =
0.057, p; = 0.076, p, = 0.13, ps = 0.16, and pg =
0.25 g/cm®. The sample thicknesses were h, = 22, h, =
34, hy = 30, h, =18, hy = 25, and hg = 26 mm, respec-
tively (1-6 in Fig. 6).

Theresults of processing the interferograms are pre-
sented in Fig. 7 in the form of aplot of the propagation
TECHNICAL PHYSICS Vol 45
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Fig. 3. Time-dependent aerogel glow along the depth of multilayer targets: (a) four-layer target and (b, c) three-layer target.

velocity of an elastic disturbance as a function of the
aerogel density.

ANALY SIS OF EXPERIMENTAL
RESULTS

The comparison of the photochronograms shown in
Figs. 2a and 2b allows us to conclude that the aerogel
density appreciably affects the character of the glow in
the region of the electron-beam energy release. In con-
trast to Fig. 2b, three stages of the aerogel glow with
significantly differing durations are clearly observed in
No. 7

TECHNICAL PHYSICS Vol. 45 2000

Fig. 2a. The first glow stage lasts T, = 10~ s; and the
durations of the second and third stages are 10 and
2 x 107° s, respectively. The duration of the first glow
stage coincides with that of the electron-beam action,
causing aglow through the excitation of aerogel atoms
and molecules (mainly by secondary electrons) and
subsequent reemission in the visible spectrum region
[14, 15]. Changesin the intensity of thisglow aong the
target radius show that the electron-beam current den-
sity decreases from the center to the periphery, making
it possible to estimate the effective electron-beam
diameter (11-12 mm).
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Fig. 4. Integrated spectrum of the glow in the blue-green wavelength region in the zone of the electron-beam energy release.

Fig. 5. Aerogel samples exposed to an electron beam: (a) high-intensity and (b) low-intensity irradiation modes.

The glow induced by the direct action of the elec-
tron beam on optically transparent dielectric mediacan
be divided into two stages, taking into account the
degree of its origin and decay delays. The first, most
intense glow stage has virtualy no timelag (1 = 10>
101 s) and is directly associated with cascade cooling
of high-energy secondary electrons with energies € =
€4 = 10-15 keV. The second stage, with atimelag T <
1 s, isdetermined by the slow relaxation of the excited
atoms and molecules with excitation energies of about
g4 and is responsible for the luminescence effect.

The third stage of the aerogel glow revealed in our
experiments has the longest time lag and is of the great-
est interest. Thisglow propagatesin theradia direction
from the central region of the target to its periphery
with avelocity of 500-550 m/s. The measured velocity
is close to the maximum propagation velocity of the
region with aglow duration T = 20 pys from the zone of
the electron-beam energy release to deep into the target
[9]. Hence, this glow coincides with the pattern of the
aerogel dynamic rarefaction, with the mass compres-
sion wave propagating deep into the aerogel.

The high bulk electrization of the aerogel, which
arises under itsirradiation by a pulse electron beam, is
evidently responsible for the appearance of the slow
glow component. Experiments on recording the profile
of thefast glow component in an aerogel with theinitial

density p < 0.2 g/cm3 [8] have revealed a strong influ-
ence of the aerogel electrization on the formation of the
zone of electron-beam energy release. In experiments
with high-porosity aerogels, the internal electrostatic
field reaches the maximum possible threshold field
E;, = 70-80 kV/cm for high-energy secondary elec-
trons with energies of the order of the optical phonon
energy € = (hw — €y). Therefore, a mass rarefaction
wave propagating into the aerogel (=1 cm) may lead to
an increase in the electrostatic electron energy, with a
subsequent excitation and reemission of atoms in the
optical wavelength region.

When a highly porous aerogel was irradiated with
an electron beam (Fig. 2b), the FER-7 entrance dlit was
adjusted to the beginning of the energy-release zone (in
contrast to the experiment in Fig. 2a). Therefore, the
aerogel rarefaction in the dit zone began immediately
after termination of the irradiation, and no pronounced
separation of the second and third glow stages was
observed.

The photochronograms shown in Fig. 3 also confirm
agreat influence of theinduced electrostatic field onthe
glow evolution during the interaction between the elec-
tron beam and the aerogel. Experiments with a depth-
inhomogeneous aerogel directly point to the existence
of internal rarefaction waves due to inhomogeneities
causing a prolonged glow of the aerogels' interfaces,
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which are clearly seen in Fig. 3. The glow duration of
the aerogels interfacesin Figs. 3aand 3bislonger than
that of theinterfacesin Fig. 3c. Thisisexplained by the
first layer inthe layered targetsin Figs. 3aand 3b being
ahighly porous aerogel, which ensures a higher el ectri-
zation at the interface of aerogels and, correspondingly,
alonger glow. Note that the difference in the interface
glow durations for various layered targets shows only
an insignificant contribution of the plasmain the accel-
erator diode chamber to the glow.

The integrated aerogel-emission spectrum pre-
sented in Fig. 4 is actually continuous. In the short-
wavelength region, a system of bandstypical of molec-
ular spectrais observed. Fairly intenseisolated Si lines,
which could help diagnose macroscopic parameters of
the aerogel, are absent. In order to extract quantitative
information from spectroscopic data, further experi-
mental and theoretical investigations are necessary.

Figure 5 shows spaling phenomena in porous
media, which are nontrivial for such media. It is clear
that such phenomena have a threshold effect that
depends on the medium porosity.

Figure 7 shows alinear dependence of the propaga-
tion velocity of an elastic disturbance in the aerogel on
itsdensity. Thisvelocity can be considered asthe sound
velocity C,, at least for comparatively dense aerogels.

According to the cluster model of the equation of
state for a porous medium [ 16], thermodynamic param-
eters depend on the density according to a power law.
In particular, the sound velocity in the aerogel can be
represented by the dependence Cyq = Cy(pi/p)¥~27?,
where p; and p, are the densities of different porous
aerogel samples and vy is the percolation coefficient
characterizing the aerogel structure. For porous metals,
the power law for the sound velocity and the percola-
tion coefficient were determined in [17]. The revealed
linear dependence of the sound velacity in the aerogel
on its density confirms a power dependence of the
sound velocity in the aerogel on its porosity and allows
us to directly determine the percolation coefficient,
which was found to be equal to 3. The measured coef-
ficient was close to the value y = 3.2 utilized in [9] in
the numerical hydrodynamic simulation of an aerogel
exposed to intense irradiation.

NUMERICAL SIMULATION

In order to determine the induced electrization of
highly porous aerogels, we numerically calculated the
interaction of the electron beam from the Ka' mar
accelerator with aerogels.

When an electron beam is absorbed by an aerogel,
strong electricfieldsariseinit, leading to its breakdown
and a charge flow from the volume of the energy-
release zone to the aerogel surface. These electric fields
may significantly distort the electron energy-release
profile[8, 9]. To correctly determine the effect of these
fields on the formation of the energy-release zone
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1

Fig. 6. Interferograms illustrating the propagation velocity
of an elastic disturbance in aerogels of various densities.
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Fig. 7. Elastic disturbance velocity in an aerogel as afunc-
tion of its density.

requires an allowance for the high-energy conductivity
[14, 15] of dielectrics, which is brought about during
the absorption of electron radiation.

The high-energy conductivity in wide-gap dielec-
trics is determined by the fact that, when electrons are
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Fig. 8. Profile of the maximum induced conductivity during
aerogel irradiation.

cooled to an energy € = 1.5¢, of the order of magnitude
of the forbidden zone &, = 10-20 eV, the energy loss
rate abruptly falls (by a factor of 1000), because it
becomes impossible to continue exciting electrons
from the forbidden zone to the conduction band. The
main cooling channel [14, 15] for electrons with ener-
gieseinarange {T, hw} <& < 1.5¢,istheinteraction
with optical phonons and with electrons thermalized at
the temperature T with the energy loss rates

Quo = Hwphwo(e/hoy)

Qr = Wo/L°(Nra’) hwy(hay/e) 2,

respectively.

Here, wy, is the optical phonon frequency; (Nra°) =
1071 (x, )T 3¥2(x, t)} ¥2is the number of thermalized
electronsin an elementary cell a3 determined by binary
collisions; W(x, t) [J/(cm?® ns)] isthe energy-releaserate
of the electron beam at a depth x and moment t; and p =
(MYM)Y4 = 0.1 is the series expansion parameter [15].
The electron heating power in the induced electrostatic
field E in the prebreakdown regime is evaluated as

Qe = eE(2e/m,) "%,

where m, is the electron mass.

With further electron cooling, € < huy, the emission
of optica phonons becomes impossible and only the
interaction of electronswith acoustic phonons and traps
(defects of the crystal lattice) is efficient. The latter
effect depends heavily on the dielectric features and
determines the slow charge relaxation after the irradia-
tion is completed [14, 15]. Since the experimentally
measured time lag of the slow glow component in the
aerogel israther large, we neglect this low-energy con-
ductivity.

DEMIDOV et al.

Thus, the high-energy conductivity is

15¢,

F(e)Tn(¢)de,

max{ T, n oy}

2

_€
o= —
me

where 1 = Ty = Hy(T/Nwo)(E/Nw,)Y? isthe relaxation
time of an electron pulse and F(g) isthe nonequilibrium
distribution function for high-energy electrons, which
can be estimated from the energy balance

{ Quo(€) + Qr(€) — Qe(€)} F(€)
= G(x, H)[1-(e/1.5e,) ™,

where G(X, t) = W(x, )/1.5¢, is the volumetric genera-
tion ratefor high-energy electronsand the expressionin
the square brackets approximately describes the den-
sity of energy states.

The F(g) singularity (zeroing of the expression in
the braces) corresponds to the high-energy breakdown
that develops at the breakdown field E,,, [8],

Ep = H(w/€) (Man ) 2[1 + (nwyle*) ™

x (N7’ /p®) /(1 + M < 200/(1 + )™ [kv/em],

which is several orders of magnitude lower than the
equilibrium value. Here, we take into account that
(e*/INwy) < (g4/Nw) = p2 and (1 + M) 2 is the correc-
tion for the material porosity (discontinuity) I.

The specific energy release of the electron beam as
afunction of the Lagrangian coordinate of the absorp-
tion depth and irradiation time was calculated in the
diffusion approximation [18] taking into account the
guasistationary generation of electric fields, as well as
actual oscillograms of the current and voltage of the
Ka" mar accelerator and the dependence of the electron
path depth on the electron energy taken from [19].

Numerical caculations have shown that, at an irra-
diation power J, = 15 kA/cm?, U = 300 keV, the high-
energy breakdown intensity E, = (70-80) kV/cm is
reached at the moment of termination of theirradiation
in amost the entire energy-release zone. In highly
porous aerogels with a depth R = 2 cm of the energy-
release zone, the electrostatic energy becomes compa:
rable with the energy of primary electrons, thus
strongly affecting the formation of the energy-release
zone [8, 9] in an aerogel with a density of 0.03 g/cm?.
The calculated profile of the maximum conductivity,
which is induced during irradiation, corresponding to
thisregimeis shownin Fig. 8.

CONCLUSIONS

(1) The spatial glow of an aerogel irradiated by a
high-intensity pulse electron beam is studied experi-
mentally.
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(2) Along with the classical glow of a transparent
dielectric medium exposed to an electron beam, a slow
glow component (=2 x 107 s) is revealed, which coin-
cideswith the pattern of dynamic aerogel rarefaction—
with a compression wave propagating deep into the
aerogel.

(3) The origin of the slow glow component is evi-
dently due to the significant volumetric electrization of
ahighly porous aerogel arising under its irradiation by
an electron beam.

(4) Experiments with layered targets have con-
firmed the existence of internal rarefaction waves from
aerogel inhomogeneities.

(5) Direct experiments have confirmed a power
dependence of the sound velocity in the aerogel on its
density and helped determine the percolation coeffi-
cient, the value of which (y = 3) agrees satisfactorily
with the value y = 3.2 utilized in previous cal culations.
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Abstract—~Polarization holographic recording and the reconstruction of the field of a nonstationary object
wave are considered theoretically. Expressions for the nondiffracted beam, as well as the virtual and real
images, formed by a space-time polarization hologram are analyzed. It is shown that, under certain conditions
imposed on the isotropic, anisotropic, and gyrotropic responses of a polarization-sensitive medium, one can
adequately reconstruct the space structure, time waveform, and polarization characteristics of thefield of anon-
stationary object in the virtual image. © 2000 MAIK “ Nauka/Interperiodica” .

Recently evolved so-called time holography,
extending the holographic method to recording and
reconstructing the time behavior of nonstationary wave
processes, has attracted considerable interest. This
direction represents a great heuristic contribution to
completing the construction of holography fundamen-
tals [1, 2]. The concept of holographic recording and
reconstruction of nonstationary wave fields was first
put forward in[3]. It is based on the unambiguous rela
tion between the time waveform of anonstationary pro-
cess and its frequency spectrum [4, 5]. A rigorous the-
oretical substantiation of space-time holography for
the scalar description of nonstationary waveswas given
in[6].

In this work, the developed theoretical approach is
extended to the case when the state and degree of polar-
ization of nonstationary electromagnetic wave fields
aretreated rigoroudly. Earlier, in order to prove the fea-
sibility of recording and reconstructing the state and
degree of polarization of arbitrary electromagnetic
waves, the holographic method was modified for sta-
tionary wave fields [7-9].

We represent the field from anonstationary object in
the paraxia approximation of the Kirchhoff vector dif-
fraction integral modified for the case of nonstationary
wave fields[10]:

[ W
Eaw(X, Y,z 0,t) = RJ-J-?Eob(Xm Yor Zo, to)
STo (@)

x expico[(t _t)) - %r}dtodsb,

where c is the velocity of light; w is the frequency; (X,
Yo Zo» to) @nd (X, Y, z, t) are the space and time coordi-
nates of object and observation points, respectively; r is
the distance between these points;, §, and T, are the
space and time intervals occupied by the object; and
dS) = dxdyo.

In (1), Egs(X0r Yor Zo» tp) IS the field immediately
behind the object. It isformed when atotally polarized
monochromatic wave of frequency wy, with the Jones
vector [11]

_EOy
G 0<e= E <1 )

E, = Eoxexp
propagates along the z axis through a nonstationary
object with the Jones matrix [11]

M op(Xos Yo Zos to)

E My (Xor Yor Zos to) Mya(Xor Yor Zos to)
0 My (X0, Yor Zo» to) Maa(Xo, Yo Zo, o) D

In the following, the properties of the nonstationary
object are assumed to be independent of the frequency
of illuminating light; that is, My (Xo, Yo, Zo, to) # f(y).
Such alimitation, not being fundamental, makesit pos-
sible to substantially simplify subsequent calculations.
Clearly, for actual media, the condition of object inde-
pendence of the light frequency is an approximation
similar to the “black screen” approximation used in
[12, 13].

The nonstationary object depolarizes the illuminat-
ing monochromatic wave, which is assumed to be ini-
tialy totally polarized. In the general case, the wave
transmitted through the object is partially elliptically
polarized. The modified Jones vector for the transmit-
ted wave immediately behind the object can be repre-
sented in the form of partialy coherent elliptically
polarized orthogonal components [14]:

1]
Eon(Xo Yor Zo, to) = [EAxMob(Xo’ Yo 2o, to)D u
©)

[ EByl\/lob(xO! yO! ZO: t()) %E} eXp| (.l)to,
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where € = Ep/Ex, = Eg/Eg,; 0< €< 1; [ isthe symbol
designating noncoherent summation of amplitudes (it
was introduced in [14], where the Jones vector—matrix
method was formally extended to partially polarized

light); Ea isthe complex amplitude of a component of

basis A; and Eg isthe complex amplitude of a compo-
nent of basis B orthogonal and noncoherent to basis A.

For the reference illuminating wave, we use awave
passed through an infinitely narrow time gate with a
0-shaped transmission. It is known that the interruption
of awave train changes the wave frequency: aninitialy
monochromatic train becomes nonmonochromatic
after passing the gate. In this case, according to the def-
inition of the & function, the passed wave has a contin-
uous spectrum, with the spectral density constant over
the entire frequency range [15]. In addition, the gate
totally depolarizes an initially polarized wave. Then,
the modified Jones vector of the reference wave can be
represented as an orthogonal basis of elliptically polar-
ized components [14]:

Eo [EOXexplq)DlDD EOXexplﬂP g%f%}

(4)
x expin—%zE

where € = Eq /Eq, and Eg,, Eq, and ¢, W are the respec-
tive amplitudes and initial phases of two mutually non-
coherent components.

In polarization holographic recording, mutually
coherent components of the orthogonal basis of the ref-
erence and object waves independently interfere with
each other at corresponding frequencies and the result-
ing fields are summed up noncoherently (additively).
The net field in the hologram plane has the form

Es(X,y,21t) =E, +Eg = EEOxeXpicbexpin —(-1325
0
2T[CII r EAXMOb(X01 yO’ 201 O)
STo
x explu)[(t _t,) ——r]dSDdto %sﬂ
)

ZTICII r EByMob(X@ Yor Zo» to)
STo
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x expiw[(t —to) - %r}dsbdto %fg

Theintensity of the electric vector of the net waveis
described by the real part of expression (5) [16]:

Re(Es) = pcoswt + gsinwt, (6)

where the parameters p and q of the net elipse are
determined in terms of polarization ellipse components
for the bases A and B according to the rules [14]

P = Re(E;), U Re(Es)g = Pall P,
q = Im(E5), 0 IM(Es)g = da U Qe.

In order to record net wave (5), we use a polariza-
tion-sensitive medium [17, 18]. We assume that both
the recording medium and the nonstationary object are
spectrum-nonselective in the entire frequency range.

The photoanisotropy and photogyrotropy induced in
the photosensitive recording medium are related to the
polarization characteristics of the inducing light viathe
relationship obtained in [19, 20]. Thisrelationship con-
tains complex coefficients of the light-induced ellipti-
cal birefringence; and the vector photoresponse of the
pol arization-sensitive medium is described by the func-
tions of isotropic, §, anisotropic, V, , and gyrotropic,
Vg responses. In our work, we assume that the func-

tions §, v, , and Vg do not depend on the frequency of
incident radiation.

The light-induced anisotropy and gyrotropy of the
polarization-sensitive medium can be described by
Jones matrices[8, 11]. In[20], rules of constructing the
Jones matrix for a polarization-sensitive medium were
formulated for the case of partialy polarized inducing
radiation. With these rules and the relationship
obtained in [20], we come to the resulting expression
for the Jones matrix:

(7)

U O
M = exp(~2ikdny)0 M M2 ®)
MZl M22 D
where
ikd
My =1- A [ S(Iy+1)a+8(1,+1)g

+V,00s20,(1; — I2)A +V,c0s20g(1,—15,)5],

ikd
Mz = 5= 27 [VLsmzeA(ll—lz)A

+VL5|n2@B(|1—|2)B+ Vel =15)a

1:)s]-

In formula (8), k = 217A; A is the wavelength of the
initial illuminating wave; d is the thickness of the
recording medium; N, is the complex refractive index

Fivg(l,—
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of the medium in the initial (unilluminated) state; (I, +
[,), and (I, + 1,)g are the first Stokes parameters, (I, —
I,)5 and (I, —1,)g are the second Stokes parameters, and
(ls—=T3)aand (1. — I ;)g arethefourth Stokes parameters
for A and B components, respectively; and @, and Oy
are the orientation angles (measured counterclockwise
from the x axis) of the major axis of the polarization
ellipse for A and B components, respectively.

Expressing the Stokes parameters appearing in (8)
in terms of the parameters p,, Pg, da and gg [8], we
obtain the formula for the holographic matrix repre-
sented as the sum of three matrices in the entire fre-
quency range:

M = Mo+ M+ M,,. ©)
Here, M, is the matrix responsible for the undiffracted
beam,

ikds ]

10 0
exp(—2|»<dno>[1——(1+ £)E2, 0 00ao

M_; isthe matrix responsible for the virtual image,

eXp( 2|Kdn )D( —1)11 (M—l)lz |:| (11)
1)21 (M 1)22

M., = 4c

with matrix elements

VL) (Myy +iemyy)

(M) z = [[[PLEM(32
SToQ
—ie(8F U,) (M, + iefy,) | Egexp—id + Egy

X [(BF VU )(My +iefMy) —ie(B£V)(My, +icMy)]

. O .w
x Eq, exp—i %IJ - g%%expl EZ
X exp—imB0 + %r%ﬂwdtodso,

W, ~ ~ ~ A N
(M_)p 2 = J'J'J'?{ Eax[ (VL £ Vg)(Myy +i€My,)
SToQ
—ig(0, FUg)(fyy + ieMy,) | Eg exp—id + Egy

X[(V FV6)(My, +iery,)

T[DD

—ig(OL £ 06)(My, + i£My) ] Egxexp—i W — 250
ZDD

LW . 1 ]
xexplzzexp—lcoBO + Er%ioodtodso,
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and M, isthe matrix responsible for the real image,

( +l)11 (M+1)12

M, =- Kd exp(-2ikdh )D
O (Mig)z (Myg)p, O

471chy,

(12)

with matrix elements

(Mi1)1, 22 = J-J-J’_DEAX[(S"'VL)(mu i)

SToQ
+ig(8F 0,) (M3 —iempy) ] Egexpid + Edy

x[(8F 0 )(y, —iemy) +ie(S+ 0)(My, —iei)]

, O ) . 1
x Eq expi E-P —EE%BXp—lgzeXplw%o + (—:rg

x dwdtydS,,

(M) 2 III— [EAX[(VL +0¢) (M —iey,)
SToQ

+ig(0, £ 0g) (M}, —iemyy) ] Eocexpid + Edy

[ (0 % 06)(Mi; —i€ryy)

. ~ ~ ~ LA . D
+ig(O, F Oa)(ME, — i) ] Eocexpi b - g%%

) . 1
X exp—i Ezexplu)BO + (—:r%jwdtods,.

In the above formulas, my; = My; (X, Yo, Z o) are the
coordinate- and time-dependent elements of the two-
dimensional matrix of the nonstationary object. In this
work, we do not analyze convolutions. Under certain
relationships between the response functions, namely,
for

(13)

expressions (11) and (12) are simplified. It should be
noted that conditions (13) are satisfied with a high
accuracy for many polarization-sensitive media [8].

Then the matrices M_; and M, are given by

§=V,, V=g,

exp(—2|Kdno)J'J'J’ M, P

2thn
S$HToQ 14
X exp—i w[to + %(r - z)}do)dtodso,
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Kdv,
2thn

+l

exp(— 2|Kdno)J'J'J’—P*

$To0 (15)

X expioo[t0 + %(r —z)}doodtodsb.

Expressions (14) and (15) involve the object matrix
Mg, and matrix P, whichis

and P* and M}, are Hermitian conjugates.

Let usilluminate the obtained hologram by arecon-
structing nonpolarized wave with complex amplitudes

Eox expi¢’ and Eyexpi¥' (€' = E,, /Ey,) and a fre-

quency W'
L] ' oxpi
Eee = [oneXplq) EE'ED EOXEXplg.P TZT%JF: E|
(16)
xexpioo'B'——ZEr

The transmitted wave takes the form

E(X,Y,Z,t) = -2—'T-[6 I-r('-),-MErecexp—i%r'dS, (17)

where S is the hologram area and r' is the distance
between a point on the hologram surface and the obser-
vation point.

Sequentially substituting expressions (10), (14), and
(15) into formula (17), we determine the nondiffracted
beam and the virtual and real images formed by the
hologram. Now it is necessary to determine which
wave should be used to reconstruct the object field in
the virtual image. Evidently, this requires the determi-
nation of the eigenvectors (and their related eigenval-
ues) of the matrix P. It has been found that, correct to a
constant factor, the eigenvectors of the matrix P are

E‘ég and Ef% and the eigenvalues are (1 + €2)a and

(1+ €2)b. This implies that the reconstructing wave

should be identical to the reference wave used in
recording.
TECHNICAL PHYSICS Vol. 45
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For the nondiffracted wave, we obtain
= exp(-2i Kdno)[l — @(1 +€ )EOX}
1 . €
[E(,Xexplq)D Un EOXexpl%P T%lg] (18)
- 10
X explw% —(—:z'D

and the virtual and real images are given, respectively,
by
kdv

E_(X, Y, Z,t)= L
by ) (2nc)2‘

Ng

exp(—2ikdiy) Eo (1 + €)

e [EAXMob<xo, Yoo ) 3¢

s3,To0 (19)

E €
U EByMob(XOv Yo Zos 0) El E} eXpI(.o

x [(t‘ —t)) - Zl:(r‘ ¥ r)}dmdtodSOdS

and

E (X, V. Z,t) = — |Kde
(2

exp(—2ikdng) EOX
n0

<[ [ PEMA 0 vo 20 D

S50 (20)

aed

|:| Pg M:b(x()l yO! ZO! to) Dl Di| eXpI w

x [(t' ) — %(r' i+ 22)}doodt0d80ds,
where
Px = expi¢P*, Pg = expigv—g%*.

Theintegrasinformulas (19) and (20) will be taken
in the linear approximation for distances r and r' and
infinitely large domains of integration S &, Ty, and Q.
The integrals over the domains Sand Q are essentially
space and time & functions. Calculations similar to
those performed in [6] lead to the final expressions for
theimagesformed by the space-time polarization hol o-
gram.
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For the virtual image, we obtain from (19) at Z = z,

E_(X,Y,Z, t)~—2nLdvL exp(=2iKkdf,) Eg,(1 + %)
flo (21)
[ EnMalx. v. 2,0 HD EaMa. v, 2. OH.

It follows from formula (21) that this expression,
correct to a constant factor, describes the complete
reconstruction of both the space-time structure and
polarization characteristics of the nonstationary object
wave field.

For thereal image, we obtain from (20) at Z = 2z—z,

£y, 2, 1) =25 o Coikdg) E2,
<[Prmz Lk, y, 2, 22y (22)
A WVlob ’ yl! C EDSD

2z [TiEf

0 PEMEE. Y. 2,2 tmm}.

One can see from formula (22) that, at the distance
Z = 2X — z,, the image with the pseudoscopic spatia
structure of the object field is formed symmetrically to
the virtual image about the hologram plane. It has an
inverted time waveform with a time delay due to pass-
ing the distance 2z = Z + z, from the observation point
to the real image. Its polarization state is transformed

according to the matrices P and Pj .

In conclusion, the capability of the polarization
hol ographic method to reconstruct the spatial structure,
timewaveform, and polarization state of theinitial field
of a nonstationary object ultimately extends the poten-
tialities of the holographic method.
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Abstract—We analyzed the possibility of improving the efficiency of microwave devices operating with rela
tivistic electron beamsin systems with particle postaccel eration in the interaction space. The fundamental fea-
ture of this approach is the formation of the accelerating-potential profile with the inherent electric field of a
high-current electron beam. It is shown that the use of the space-variant beam-potential sag helps raise the esti-
mated efficiencies of relativistic Cherenkov TWT and BWO up to values of about 50%. © 2000 MAIK

“ Nauka/Interperiodica” .

Facilities with postaccel eration of an electron beam
in the interaction space are a promising version of pow-
erful RF devices. This kind of acceleration helps
increase the average energy of previously formed elec-
tron bunches, as in Reltron [1], simultaneously reduc-
ing the relative energy spread, and thus effectively
achieve ahigh output RF power. Applying an accelerat-
ing electric field to the el ectrons captured by a synchro-
nous el ectromagnetic wave also provides the mode of
their adiabatic deceleration [2, 3]. In this case, the elec-
tron-beam potential energy in the accelerating static
field is actually converted to RF radiation.

Note that, asarule, electron postacceleration is per-
formed by introducing supplementary high-voltage
electrodes which need intricate and bulky insulation
and are unsuitable for transporting the electron beam.
At the same time, for high-current electron beams
focused by a longitudinal magnetic field, the particle
energy is likely to be controlled by the beam-inherent
fields. Powerful relativistic microwave devices are con-
ventionally used when the electron currents account for
an appreciable fraction of the limiting vacuum value.
The inherent fields of this electron flux are rather
strong, and, therefore, the potential difference between
the beam and the transport-channel wall AU islarge. In
this connection, the particle energy in the beam E =
e(U,—AU) may noticeably differ from the peak energy
determined by the anode (accel erating) voltage U,. The
drop of potential AU depends on the beam current, its
configuration, and position in the transport channel. For
example, for acircular cross section of the drift channel
and a narrow tubular (circular) electron beam, we have

_ 2JIn(R/r)
V )

AU N

where J is the beam current, v is the electron velocity,
and Rand r are the anode and electron-beam radii.

One can easily seethat, astheratio R/r changes, i.e.,
as the beam approaches or recedes from the transport-
channel wall, the electron energy in the beam may vary
within wide margins. This control of the beam position
can be attained by creating the required configuration
of thelines of force of the static magnetic field focusing
the high-current electron beam. For instance, diverging
field lines (magnetic field decreasing along the chan-
nel) maintain a constant electron accel eration.

Let us estimate the possibilities of controlling the
particle energy under changes of the “beam-potential
sag.” The electron energy in the stationary beam is min-

imumE,,,= rncz(y: ® _1) when the current hasthelim-
iting value for this transport channel

mc’(ya®-1)""
2eln(R/r) '’ 2

where e and m are the electron charge and mass, y, =
1+ eU,/mc?, and U, is the accelerating voltage. If the

electron energy in the initial beam state is close to the
minimum value, the possible relative increment in their
kinetic energy is (€U, — Enin)/ Emin = Vo (V2® + 1). Itis
evident that the particle energy in the transport chan-
nels can be increased three times even for dightly rela
tivistic (y, — 1) flows. This acceleration technique
seems to be best suited to relativistic-electron beams,
whose potential profile, defined by relation (1), isvirtu-
ally unchanged during their interaction with the RF
field because of the weak energy dependence of therel-
ativistic particle velocity.

Now we analyze the usability of electron-beam
postacceleration for specific tasks. By way of example,

Jiim =

1063-7842/00/4507-0883%20.00 © 2000 MAIK “Nauka/Interperiodica’
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Fig. 1. The efficiency and the effective accelerating force
versus the longitudinal coordinates in the TWT with elec-
tron postaccel eration.

consider the relativistic Cherenkov traveling-wave tube
(TWT) and the backward-wave oscillator (BWO). For
simplicity, we use a one-dimensiona TWT (BWO)
simulation in which the particle acceleration is taken
into account by means of an additional force that is
dependent on the longitudinal coordinate. Electron tra-
jectories are assumed to coincide with the lines of the
guiding magnetic field. This approximation is valid if
the radius and pitch of the Larmor electron spiral inthe
magnetic field are small with respect to the characteris-
tic scale of the focusing-field-strength variation. Under
these assumptions, the force acting on the electron that
moves along the field line of force r(2) is defined with
relation (1):

du .

G(z) = easmq)

where ¢ = arctan(H,/H,) < 1 and H, and H, are the
vector components of the focusing-magnetic-field
strength. The interaction of an ultrarelativistic electron
beam (y= E/mc? > 1) with a synchronous wave is

described by a system of nonlinear equations [4], sup-
plemented with the accelerating force G(2):

_2eJldr
T v ordz )

21
[] i O
dw _ Reg[aF+i0Ie‘9d80EB ‘9E+ a(q),
dc i . O O
. (4)
o _ 1 5 dF _ _ i
_Z = = d, az +0(I_!)’e ds,.

Here, w = Vyly, is the electron energy normalized by
theinitia value; y = (1 — v¥/c?)2 is the relativistic
mass factor; 8 = wt — kz is the particle phase with
respect to the synchronous wave; F = 2ey,E,/mcwa;

g = 2y,G/Imcw; { = kz/2y§; k=wl; d= 2y§ (hk -1)

ABUBAKIROV, SAVEL’EV

is the initial detuning of synchronism; | =
(VS eIImumP)|E,/a 5, o = |E,[#/2h?P is the coupling

resistance of electrons with the wave; P is the power
transferred by thewave; hisitslongitudina wave num-

ber: o = 4y, T(emc3)IT(y; — 1)¥2 is the coefficient of

space charge; T is the depression coefficient; e and m
are the electron charge and mass.

To give specific expressions to the dependences
a(€) and a(Q), we assume that the electrodynamic sys-
tems of the TWT and BWO are circular corrugated
waveguides. In this case, o = aglg(Xr)/ly(Xro); 0 =
O T(r)/T(ro), whereryistheinitia beam radius; x isthe
transverse wave number of the synchronous harmonic;
T(r) = lo(pr)[1o(PR)K(pr) — 1o(Pr)Ko(pR)/1o(PR); 1o and
K, arethe modified zero-order Bessel function; and p =

k/A/yS —1. Sign (-) in expressions (4) corresponds to
the case when the el ectrons and the energy in the wave
(TWT) move in the same direction, and the sign (+)
corresponds to their counterpropagation (BWO). If
the beam entering the interaction space is not modu-
lated, the boundary conditionsin (4) are written asfol-
lows:

w(0) = 1, 9(0) = 9,0[0, 2],
F(0) = Fo(TWT) or F(Z,) = 0(BWO),

where &, is the dimensionless length of the interaction
space.

While simulating the TWT, the configuration of the
guiding-magnetic-field lines was selected so that the
electrons were postaccelerated in the region where a
compact bunch of electrons had already been formed.
For simplicity, the accel erating force was assumed to be
constant in this region and a specific dependence r({),
needed for evaluating a(¢) and o(¢), was found
from (3). Note that the beam radius should be varied
adiabatically smoothly in order to avoid a significant
loss of electrons from the bunch produced. A solution
of Egs. (4) is shown in Fig. 1 as the interaction effi-
ciency versus the longitudinal coordinate

)

2mn

. Jw(2)dd,

=1—-=-0

1 +J'9(Z')dZ'

Simultaneously with the postacceleration, an
increase in the beam radius causes the coupling coeffi-
cients and the space charges to change (Fig. 2). In this
case, the relative change in the kinetic energy of elec-
trons due to postacceleration is AE/Ej = 0.75. The peak
efficiency achieved in this case is nearly 50%.

In high-current devices, the space charge signifi-
cantly affects the electron-bunching process in the
TECHNICAL PHYSICS Vol. 45
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Fig. 2. Variations in the coupling and space-charge coeffi-
cients in the TWT with postacceleration of the electron
beam.

field of a synchronous wave, preventing the formation
of a compact bunch. The advantage of the postaccel-
eration scheme in question is that the beam broaden-
ing results in the attenuation of the space charge and
reduction of the repulsive forces, favoring formation
of a dense electron bunch. Moreover, bringing the
beam closer to the walls of the waveguiding system in
Cherenkov devices is accompanied by an increase in
the synchronous-harmonic amplitude, which provides
more effective deceleration of the electron bunch by
the wave.

The feasibility of beam postacceleration in the
BWO was similarly analyzed. It is interesting to com-
pare these results for the BWO with the coupling-resis-
tance jump [5]. Asin [5], the interaction space in the
BWO with postaccel eration can be functionally divided
into two parts. The electron bunching predominantly
occursin the part with reduced coupling resistance and
relatively low electron energy; in the other BWO part,
energy is taken up from the bunched flow. Analyzing
the electron phase distribution, we see that the bunch is
not formed until { = 1.5 and the average el ectron energy
dightly changes up to this moment (Fig. 3). The elec-
trons then reach the region of stronger coupling with
thefield, where the bunch gives up most of its energy to
the wave. In contrast to [5], the coupling of the elec-
trons with the wave varies smoothly and is accompa-
nied by the postacceleration of the electron bunch.
When a({)/a(0) = 3, {, = 3.25, and AE/E, = 1, this
BWO has an efficiency of 48.2%. It is important that,
without the postaccel eration, this drop of the coupling
resistance provides a significantly lower efficiency
(18.4%) of the BWO with the given parameters.

Now we discuss the features in using the method
with finite magnetic fields, when particles may move
across the magnetic-field lines of force. Note that,

TECHNICAL PHYSICS Vol 45
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Fig. 3. Variations of the normalized energy dw = w({) —
Jég (€")dC' — 1 of electronswith variousinitial phases (solid

lines) and their average energy (dashed line) in the BWO
with electron postaccel eration along the interaction space.

when implementing the postaccel eration principle, the
configuration of the static magnetic field confining the
electron beam corresponds to beam decompression,
which helps maintain the microwave-device efficiency
for finite values of the magnetic field [6]; therefore,
similar estimates are used. The longitudinal motion is
assumed to govern until vy < cy™?, where v is the
transverse electron velocity [4]. When a coaxial diode
with magnetic insulation is used to form the electron
beam, those particles emitted by the cathode side have
the maximum transverse vel ocity; their Larmor radius
is defined by therelation R, = v /wy. = (Mc?/e)E./H,,
where v corresponds to the drift velocity in the
crossed radial electric field at the cathode side E.. and
focusing magnetic field closeto the cathode H... Asthe
magnetic field changes, the peak-to-peak amplitude of

transverse oscillations increases as R = Ry./H/H;
hence, v; = wyRy = (cly)E.//JHH . Therefore, the

transverse velocities are small when E; < ,/H.H.

Naturally, this condition is more stringent than that
with a homogeneous magnetic field which is equal to
thefield at the cathode; however, the differenceisonly

JH:H times.

Thus, the calculations corroborate the feasibility of
using particle postaccel eration to increase the sensitiv-
ity of microwave devices with relativistic electron
beams. The advantage of the postacceleration scheme
isthat thelongitudinal distribution of potential required
for its implementation is formed by the electron beam
itself. In addition, the space charge of the beam
decreases, and the coupling between electrons and the
wave increases during the interaction. However, it is
important that just imparting additional kinetic energy
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to electrons, i.e., postacceleration, plays the decisive
role in raising the device sengitivity.

1
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Abstract—Dispersion dilution of the beam emittance in a linear accelerator due to the initial uncorrelated
spread of the particle energy in abunch is considered. Both coherent beam oscillations and the case of the dis-
turbed central trajectory and itslocal correction are treated. Emphasisis given to the analytic description of the
dispersion dilution of the beam emittance. Exact analytic expressions derived for the emittance evolution along
the accelerator are strengthened by the numerical simulation of particle tracks in the main linear accelerator of
the future electron—positron collider. © 2000 MAIK “ Nauka/Interperiodica” .

INTRODUCTION

The achievement of ultimately small electron
(positron) beam emittances in the future electron—
positron collider is a key challenge in obtaining high
luminosity at the collision site [1-3]. In the main linear
accelerator of the collider, where particles are acceler-
ated from several GeV to severa hundred GeV, the nat-
ural emittance, in the ideal case, must shrink as much
as possible because of the adiabatic damping of trans-
verse particle oscillations. Actualy, however, the tra-
jectories of the particles are disturbed because of toler-
ances imposed on elements of the electron—optic sys-
tem of the accelerator and transverse wake fields
arising in accelerating sections [4, 5]. In addition, a
bunch has an energy spread both correlated with the
particlelongitudinal coordinate (because of theinterac-
tion with the accelerating structure) and uncorrelated
(because of beam preforming). The Balakin-
Novokhatsky—Smirnov method [6] allows one to sup-
press an increase in the emittance due to the correlated
energy spread and wake fields within a bunch if so-
called particle autophasing conditions are met [7, §].
However, the remaining uncorrelated energy spread
causes beam emittance dispersion dilution (BEDD).
This poses major problems for obtaining energetic
beams with ultimately small lateral and vertical emit-
tances.

An increase in the emittance of a beam with an ini-
tial energy spread isassociated both with coherent beta-
tron oscillations of a beam with nonzero initial ampli-
tudes (deflection and angle of deflection) of its center of
gravity and with the disturbed central trgectory. The
disturbance of the trajectory stems from quadrupole
lens misarrangement. When passing through the focus-
ing system of the accelerator, particles having different
energies acquire a phase incursion of betatron oscilla-
tions and, if the central trajectory is nonzero, separate

on the phase plane, resulting in BEDD. In this case, the
Liouville theorem isinvalid and the beam emittance is
defined datistically as the root-mean-sguare (rms)
spread of particles over the phase plane of transverse
oscillations.

BEDD has been treated from various standpoints
[9-17]. Both the analytic characterization of the phe-
nomenon and numerical simulation of particle trajecto-
riesin alinear accelerator have been performed. Phys-
ically, BEDD in linear accelerators is well understood
(see e.g., [9, 13, 15]); however, the unified approach to
the problem that makes possible the rigorous analytic
characterization of the beam emittance in the presence
of aninitial spread of the particle energiesislacking in
the literature. Let us consider in detail two important
issues.

First, the two-particle model of bunch is obviously
inappropriate for the analytic description of BEDD
when the spread of the particlesislarge. Indeed, if the
relative phase incursion of betatron oscillations of a
nonequilibrium particle is 21t (one turn of the nonequi-
librium particle about the phase ellipse with respect to
an equilibrium particle), the rms emittance goes to
zero. In reality, however, as the particles spread, the
entire phase ellipse of the transverse betatron oscilla-
tions of the center of gravity of abeam becomes occu-
pied by particles with nonequilibrium energies. There-
fore, in the analytic description of BEDD, one should
rely on the actual energy distribution of the particlesin
abunch.

The second remark concerns BEDD numerical sim-
ulation when the central tragjectory is disturbed and
associated corrections are made. Note that lens misar-
rangement can be taken into account only by specifying
the offsets of the quadrupole lenses relative to the
accelerator axis. The offsets are presented as arandom
set of uncorrelated displacements with a known rms
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alignment precision. However, the disturbed central
trajectory may significantly (by several orders of mag-
nitude) differ for two sets [18, 19]; hence, it is neces-
sary to average the BEDD effects over many sets of the
displacements of focusing components from the zero
trajectory. As shown in [20], by introducing the rms
area of the disturbed machine phase €ellipse, one can
rigorously describe the rms disturbance of the central
trajectory (along the accelerator) to which particle
tracks converge when averaged over many sets of lens
misarrangements. Virtually, the analytic description
provides the exact averaging of the rms beam parame-
tersover al possibletrgjectories of particlesin abunch.

In this work, we study the BEDD effect in linear
accelerators that is due to the uncorrelated initial parti-
cle energy spread in a bunch. First, we will consider
coherent betatron oscillations with the central trgjec-
tory disturbed because of quadrupole lens misarrange-
ment. Then, the case when a dipole corrector in each of
the quadrupole lenses compensates for central trajec-
tory distortions by determining the position of the cen-
ter of gravity of a beam will be discussed. Results for
FODO (F, focusing lens; O, open gap; D, defocusing
lens) periodicity cells for various phase incursion vs.
particle energy dependences along the accelerator [8,
21] will be presented. Analytic expressions for rms
beam emittance are compared with simulations of par-
ticle trajectories in the main accelerator to be used in
the SBLC thermal linear collider (accelerating field fre-
guency 3 GHz) and the TESLA superconducting linear
collider (accelerating field frequency 1.3 GHz) [22].

EQUATIONS OF MOTION AND PHASE
DISPERSION OF BETATRON OSCILLATIONS

As usual, we assume that the focusing system of an
accelerator consists of many FODO cells (periods),
each having two accelerating sections. Particles in a
bunch experience the same accel eration with a constant
gradient y, so that the equilibrium energy of the parti-
clesvarieslinearly aong the accelerator: y(2) =y, + Yz,
where y, and y(2) are, respectively, the initia and
instantaneous L orenz factors of an equilibrium particle
and z is the particle position y. It is assumed that the
phase incursion of betatron oscillations per cell varies
with energy as[8]

ks - 1

2 - ZKnLq(Bnmax_Bnmin) = tanggn, (1)
where |, is the phase incursion in the nth cell, g, =
Yo/Yor Ya = Yo + (n—1)Ayisthe energy of aparticle enter-
ing the nth cell, Ay is the energy gain per FODO cell,
K., = ec(0B/0X)/E is the normalized strength of quadru-
pole lenses, e is the electron charge, ¢ is the speed of
light, 0B/dx is the gradient of the lens magnetic field, E
is the instantaneous energy of an equilibrium particle,
and L, isthe quadrupole lens length.

TSAKANOV

Note that the above formulais nothing else than the
cell chromaticity, which defines arelative changein the
phase incursion of betatron oscillations per period for a
nonequilibrium particle. The parameter a specifies the
lav of phase variation with particle acceleration
(energy). Thus, the phase incursion |, during the first
period and parameter a uniquely characterize the
focusing systems of an accelerator and linear optics of
an electron beam if it is assumed that lateral and verti-
cal oscillations are uncoupled. Such an approach is
applicable to al possible beam trajectories. As shown
below, the BEDD effect to agreat extent depends on the
phase incursion at the beginning of an accelerator and
its variation along the accelerator. It is significant [8]
that, with the focusing system defined in such a way,
the particle autophasing conditions are met and the
exponent a in formula (1) equals 0.5.

The linearized equation for transverse motion of a
nonequilibrium particle in a linear accelerator where
guadrupole lenses are displaced from the axis has the
form

x"+%+KX(1—6)(x—xq) = 0, @

where X is the transverse (vertical or lateral) displace-
ment of the particle, x, = x(0, dy) and X, = X(0, &) are
the initial amplitudes, 8(2) = dyYo/Y(2) is an accelera
tion-dependent change in the uncorrelated relative
energy deviation, &, = AE/E; (8, < 1) is the initia
uncorrelated energy deviation, K, is the lens strength,
and x,(2) = X, are random displacements of the quadru-
pole lenses from the axis. The derivative is taken with
respect to the coordinate z along the accelerator axis.

The general solution of the equation of motion is
represented as the sum of betatron oscillations x, and
the disturbed tragjectory x,:

X(z, d) = X,(z 0) + X4(z d). 3

The explicit form of these solutions is found by
applying Twiss matrix formalism [23-25]:

1/2
%(28) = & SB@E coslp@ +9.], (4

z

X4(z 8) = jMfz(z, 2)K,(2)dz, (5)
0

where the M fz element of the Twiss matrix for a non-
equilibrium particleis given by

M2, 2) = JB@)B(z)E,‘%EU sin[f@) ~A@)]. (6)

Here, =B+ AP and i = P + Ap are the amplitude B
function and phase of betatron oscillations for the par-
ticle, respectively; AB and Ap are their changesrelative
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to the equilibrium values 3 and y; and a, and 9, are the
initial transverse deflection and angle of deflection (at
the exit to the accel erator), respectively. It can be shown
that AR and Au are expressed through the parameters of
the focusing system as [ 23, 24]

z

AR = [AZ)B()KAZ)sin[2u(z) —2p(Z)]dZ, (7)

Ap@) = —I5(2)B(i)Kx(i)Silﬂz[u(Z)—H(i)]dz - (8

Thus, the mean change in the amplitude function in
linear accelerators can be ignored, unlike magnetic res-
onance accelerators [24]; on the other hand, the mean
increase in the phase incursion causes beam spreading
on the phase plane and, hence, an increase in the rms
beam emittance. The current emittance € is defined sta-
tistically as the rms spread of particles on the phase
plane of transverse oscillations [26]:

e = DT - mxaxt, 9)

where AX =X — X: AX =X — X', and X and X' arethe
position and angular coordinate of the center of gravity
of abeam.

Averaging is accomplished over al particles in a
bunch. We are interested in the averaged (over the
instantaneous phases of betatron oscillations) emit-
tance along the accelerator. Then, € = [AX?B if the dis-
persion of the betatron function is absent.

The uncorrelated particle energy spread in a bunch
is observed when the bunch is injected into the main
linear accelerator. The spread is the consegquence of the
beam forming history (storage ring and bunch com-
pressor). If al of the particles have the same accelera
tion in agiven cross section of the bunch, the spread is
inversely proportiona to the energy of an equilibrium
particle. Then, in the thin-lens approximation, the mean
change in the phase incursion for anonequilibrium par-
ticle that has the relative initial energy deviation 9, is
given as the sum over periodicity cells:

1
AR = =580 GnKnlan(Brmac=Bnmn)-  (10)

For our representation of the focusing system, this
formulaisrecast as

P TI R
Ap = 260tan2 Zgn Ay, (11)

Ay

which is the energy integral at a Slow energy variation
along the accelerator (Ayly < 1). In terms of the accel-
TECHNICAL PHYSICS Vol 45
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Fig. 1. Beam chromaticity vs. particle energy in the main
accelerator of the (a) SBLC (0g = 0.01) and (b) TESLA
(69 = 0.014) colliders.

erator parameters, it is given by

_ HiYo1l a
Ap 29 tan 5 Aya(l g).
An important parameter of the machine is its chro-
maticity &. For linear high-energy accelerators, it can
be defined as a change in the number of betatron oscil-
lations of anonequilibrium particle with the rms energy
deviation o, from the equilibrium energy after asingle
transit of a bunch through the accelerator: & = A /21
In linear accelerators, chromaticity is virtually respon-
sible for beam spreading on the phase plane of trans-
verse betatron oscillations. The beam spread, as evi-
denced by the foregoing, depends on the initia rms
energy deviation in the beam, energy gain per cell,
phaseincursion in thefirst cell, and avariation of phase
incursion along the accelerator.

Figure 1 showsthe growth of the chromaticity along
the main accelerator in the SBLC thermal and TESLA
superconducting colliders with constant betatron phase
incursions per period (a = 0) of V2 and 173, respec-
tively [22]. Notice that the small phase incursion per
period of the focusing system and the relatively large
particle energy gain per period (~900 MeV) in the
TESLA design are key factors that specify the small
chromaticity of the machine. This, as demonstrated
below, is significant for retaining the natural beam
emittance in the main linear accelerator.

(12

COHERENT OSCILLATIONS
OF THE BEAM

To beginwith, wewill consider the dynamics of par-
ticles in a bunch with an uncorrelated initial Gaussian
energy spread of coherent betatron oscillations entering

into alinear accelerator (x, and X, aretheinitial trans-

verse amplitudes). The focusing system is assumed to
be perfectly arranged with respect to the accelerator
axis. With the amplitude dispersion ignored, betatron
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Fig. 2. Phase dlipse splitting in the invariant phase plane
(%, X) for beam coherent betatron oscillations in the main
accelerator of the SBLC. The phase ellipses of equilibrium-
energy particles (solid line) and those with higher (dashed
line) and lower (dotted line) energies are shown. E =
(a) 3.15, (b) 25, (c) 100, and (d) 250 GeV.

oscillations of a particle with a small initial relative
energy deviation ¢, from the equilibrium value [the
term x, in (3)] can be written as

X(z,0) = X4(z 0) +x3(X, 3), (13)
where
Yo
Xe,p(2 8) = 2o,5fi( >y(z)g 14

x CoS[H(2) + Au(z 0) —=Fo,p]-

Here, a, and 3, define the initial position of the center
of gravity of the bunch on the phase plane (x, X') and ag
and 3 define the initial position of the particle relative
to the center of the bunch.

Then, the instantaneous center of gravity X and rms
size g, = [AX?[¥? of the bunch are defined as the means

over energy spread and initial coordinates of the parti-
clesin the bunch:

[

X(2) = [Po(®) (z 8)04, 5,98, (15)

TSAKANOV

[

0:(2) = [ Po(d) (2, 8) = X*(2) 3y 0,05,  (16)

where Py(d) is the initial uncorrelated particle energy
distribution. Let it be Gaussian with the rms devia-
tion o..

Averaging yieldsthe expression that locates the cen-
ter of gravity of abeam in the accelerator:

X(2) = a0l >y{;)5

X exp(—AuSZ/Z) cos[(2) —9,],

(17)

where Ay is the mean shift of the betatron phase of a
nonequilibrium particle for the initial rms energy devi-
ation o, [see (12)].

The rms size of the bunch isfound similarly:

Yo 2 ao\/o
ox —ag 1—[cos )
v A e CEl G R DR

— Ccos(2p ~ 280)] exp(-Au3)},
where o istheinitial rmstransverse size of the bunch.

The mean contribution to the increase in the rms
emittance is determined by averaging the obtained
expression over the instantaneous phase of betatron
oscillations pwithin (0, 2m). Ignoring the dispersion of
the amplitude betatron function, we will have for the
dispersion dilution of the bunch emittance:

Ae = g—¢g; = aOyo[l exp(=Apd)],
where g and € are the natural and rms instantaneous

beam emittances.

(19)

If it is taken into account that aé is the area of the

initial central phase ellipse, the emittance dilution is
limited by the half-area of the ellipse of coherent beta-
tron oscillations of the beam:

AE g = 1y°

(yxXO +200,X0Xg + BXXO )s (20)
where a,, By, and v, are the Twiss matrix parameters at

the exit to the accelerator.

Note that the BEDD effect does not depend on the
natural emittance. At a high beam spread, the effect
becomes a crucia factor if the vertical emittance is
small, since the machine ellipse may considerably
exceed the beam natural emittance. Hereafter, it will be
supposed that the initial phase ellipse of coherent beta-
tron oscillations coincides with the natural phase
ellipse, or, in other words, that the initial amplitudes
(deflection and angle) of the center of gravity lie on the

one-sigma contour (ag = gg). Figure 2 shows the evo-
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[ution of the normalized phase ellipses of particleswith
different energies in the main linear accelerator of the
SBLC collider. As the particles are accelerated, the
ellipses in the phase plane are split so that low-energy
particles are ahead of equilibrium particles in phase,
while high-energy ones lag behind. Bunch particles
tend to occupy the machine phase ellipse of coherent
betatron oscillations irrespectively of theinitial oscilla-
tion phase (Fig. 3). Of importance hereisthat the center
of gravity of the beam approaches the accelerator axis
and the coherent betatron oscillation amplitude expo-
nentially dropswith increasing BEDD, which isassoci-
ated with Landau collisionless damping [5]. For an
uncorrelated initial Gaussian particle energy spread in
abunch, the expression for Landau damping parameter
follows from formulas (12) and (17):

Hi1Yo 1

a(z) = Aus—g[ g s (1 g)} (21)

At small beam spreads (§ < 1), the BEDD effect can
be approximated as
Ae I»l y l 0,2
20 Spen50-¢). @)

The BEDD evolution along the main linear accel er-
ator in the SBLC and TESLA colliders [see (19)] are
shown in Fig. 4 (dashed ling). The solid line stands for
the BEDD numerical smulation in the accelerator. The
analysis and numerical simulation are seen to be in
good agreement. The sameis aso true for the variation
of the Landau damping parameter with particle acceler-
ation. Thus, the derived formulas can be thought of as
the rigorous analytic description of uncorrelated BEED
for the case of coherent betatron oscillations in linear
accelerators. Note that, if the autophasing condition
(a = 0.5) [8] is met, the uncorrelated BEDD is mark-
edly suppressed, as follows from the datafor the SBLC
design (Fig. 4, dotted ling). It is al'so worthy to notice
that the BEDD effect at coherent oscillations is revers-
ible. Asshown in [17], an increase in the emittance can
be almost totally avoided if particles on the phase plane
areredistributed in adispersionless positive-chromatic-
ity arc that is placed in the injection stage.

DISTURBANCE AND CORRECTION
OF THE CENTRAL TRAJECTORY

We now proceed to a study of the disturbance term
in the equation of motion. Recall that disturbanceis due
to lens misarrangement. Let usfirst consider the distur-
bance of the central trgjectory with regard for random
lens offsets from the accelerator axis. In view of (3),
(5), and (6), the partial solution (of the equation of
motion) that corresponds to the disturbed central trajec-
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Fig. 3. Machine phase ellipse (M) and actua phase portrait
(A) of abeam after particle spreading in the phase plane at
beam coherent oscillations in the SBLC linear accelerator.
E = 250 GeV.
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Fig. 4. Relative dilution of the rms emittance of a bunch at
beam coherent oscillations. Solid line, particle tracing;
dashed line, analytic description. (a) SBLC (8 = 0.01) and
(b) TESLA (8g = 0.014).

tory (8 = 0, X, = 0, X, = 0) can be represented in the
form

_ @ |
X2 = j%g ol BRI W],

where quantities with the subscript k refer to the corre-
sponding valuesin the kth quadrupole lens.
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Fig. 5. Areavariation for the rms disturbed machine ellipse
aong the accelerator (particle tracing). Averaging over
100 sets of random lens displacements from the axis. The
rms deviation is (1) 0.1 (SBLC) and (2) 0.5 mm (TESLA).
(3, 4) analytic description.

Therandom lens offsets are assumed to be mutually
uncorrelated; hence, cross terms make no contribution
to the rms displacement of the central trajectory
(XqXq= 0 at k # ). As for free betatron oscillations,
we introduce the rms disturbed instantaneous phase
ellipse of the beam [20]:

v, OCH 20, Tk Xy B, K, 0= A% (24)

The area of the disturbed ellipse (divided by 2m) is
given by

0 m
q n
16 Ve Z yptan

Wi 1 Yoryrf™ ‘-
s a (xy[ELIO 1}

Here, a,, B,, and v, are instantaneous Twiss matrix
parameters and L is the FODO cell length. In deriving
(25), we made use of the following relationshipsfor the
amplitude functions of a symmetric FODO cell [25]:

2L
Bmax + Bmin = ﬁl
Notice that the rms displacement of the lens and tol-

erance a, are related through the relationship as =

3D<§ LIAsshown in[20], expression (25), which relates
the area of the rms disturbed phase €ellipse to the key
accelerator parameters, yields the exact rms distur-
bance of the central trgjectory for uncorrelated random
lens offsets. The variation of the disturbed phase ellipse
area aong the main accelerator in the SBLC and
TESLA designs is depicted in Fig. 5. The rms phase
ellipse areas converge to the exact solution after aver-

(25)
5G0Yo,

=16y

KLgL, = 4sin%. (26)
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aging the particletrack over 100 or more sets of random
lens offsets.

In the presence of an initia uncorrelated particle
energy spread in abunch, nonequilibrium particleswill
tend to occupy the disturbed phase €ellipse of the accel-
erator. For a nonequilibrium particle with an initial
energy deviation &y, its trgjectory will then be defined
by the expression

X4(z,0) = J%Z Kququkm

(27)
x sin[W(2) — W(z) + AUz, 2] + X5(z 9),
where
AUz, 7) = -2, Vsl “215[1 - %VVKE } (29)

is the phase shift of the betatron oscillations for the
noneguilibrium particle under the action of the kth qua-
drupolelens.

Assuming, as before, the Gaussian initial particle
energy distribution and performing averaging over par-
ticle energies and positions, we will obtain the expres-
sion for the rms transverse beam size:

2 1.2 2, 2
0x(2) = QD(qdjg_gZKqukBka

(29)
x[1-exp(-Afi)] + 05(2),

where A[i, is now the phase shift of the betatron oscil-

lations for the nonequilibrium particle with the rms
energy deviation.

In deriving the rms beam size, averaging was also
performed over the instantaneous phase W(z) within
(0; 2m). On averaging, account was taken of the fact
that the undisturbed trajectory averaged over the initia
amplitudes (ag, ) goesto zero and the rms deviation
is coincident with the instantaneous undisturbed rms

beam size D<§D= oé. Supposing that a single cell
makes a negligible contribution to the phase shift

(whichisjustified for Ayly < 1), the rms beam size can
be represented as the sum over the periodicity cells:

5B,
L. v(Z)

x[1- exp(-Af,)] + 03(2).

0i(2) = 8 Ep ek

(30)

Passing from the sum to the energy integral, one
obtainsthe fairly good approximation for anincreasein
No. 7
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the admittance (provided that the beam spread is
small):

5an 3
B¢ . 3p a2l
€ gL, LAyl

Ha 1 oy
x tan’ ok [ N —1}.
2 4?0y

Note the very strong dependence of the BEDD on
the phase incursion per period of the focusing system
L, and the energy gain per periodicity cell Ay. Figure 6
compares the relative emittance increase aong the
main accelerator for the SBLC and TESLA colliders.
The rms beam sizeswere averaged over 100 sets of lens
offsets. Clearly, the central tragjectory of the beam needs
correction.

Let us correct the central tragjectory by measuring
the position of the center of gravity of the beam and find
therms BEDD. We assume that beam position monitors
are embedded in each of the quadrupole lenses with a
misarrangement b, relative to the center of the kth lens.
Let the kth lens be randomly displaced by X from the
accelerator axis. The misarrangements of the accelera-
tor components are assumed to be constant. Once the
center of gravity in the kth lens has been determined,
the trajectory of subsequent bunches is corrected
toward the lens center by previous dipole correctors
with aresolution d,. In so doing, the central trajectory
remains disturbed, but the disturbance does not grow
along the accelerator. The center-of-gravity displace-
ment in the kth quadrupole lens after correction, Xy, is
given by

(31)

Xek = Xgk T D+ dy. (32)

Note that all of the quantities are random and mutu-
aly uncorrelated. The rms deviation of the center of
gravity along the accelerator is expressed as

g0 = g+ gy [+ Oeesl] (33)

where D<§ [¥2 isthe rms deviation of thelensesfrom the

accelerator axis, D(éPM (¥ is the rms deviation of the
beam position monitors from the centers of the lenses,

and D(éES [¥2 is the rms resolution of the monitors.

It is easy to check that, correct to the first order in
energy deviation (§, < 1), the displacement of a non-
equilibrium particle from the disturbed central trajec-
tory, Ax = X5 — X, satisfies the equation

Ax' + L Ax + K, (1-8)Ax
Y (34)

= 6Kx(xc - Xq) - 6Gx(z)1
where G,(2) = ecB(2)/E = 1/p¢(2) is the instantaneous

curvature of the central trgectory disturbed by the
dipole correctors.
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Fig. 6. BEDD in the case of the disturbed central trajectory
(solid line). Dashed line, analytic curve. (a) SBLC (&g =
0.01, p = 1v2) and (b) TESLA (8¢ = 0.014, p = 173).

As usual, we will assume that the additional disper-
sion function dueto dipole correctors goesto zero at the
end of the accelerator and does not contributeto therms
beam emittance. Then, the solution of (34) using the
Twiss matrix element M,, [see (6)] appears as

z

Ax(2) = 501\7\(% Ku(2)[X(2) = X{(2)IM1x(Z, 2) 02 .(35)

With the above correcting technique, the BEDD
exact value can be found if, for any given set of random
quantities Xy, by, and d, aong the accelerator, the dis-
turbed central trgjectory x.(2) is represented as a
smooth function of coordinate z, F(z), with the exten-
sion F(z) = 4. The square of the relative displacement
of a nonequilibrium particle averaged over instanta-
neous phases and energy deviationsisthen given by

1 Yo

2 2
5 GBS

mxz(z)Dz

36
Yo, 2, 2 (30
y_Knan(Bn max+Bnmin)!

X

where the quantity (X5 0= CXgpy O+ Xaes Odepends
only on the arrangement accuracy of the correctors and
their resolution.

Passing to integration in view of formulas (26) for
the amplitude functions, we come to the expression for
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Fig. 7. BEDD inthelinear accelerator for the corrected cen-
tral trajectory. Averaging over 100 sets of monitor displace-
mentsfrom thelens centersand their resolutions (solid line).
The rms deviations for the monitor displacements and reso-
lutions are, respectively, 0.1 and 0.01 mm for the SBLC and
0.5 and 0.05 mm for the TESLA. Dashed line, analytic
curve.

the relative dilution of the emittance along the acceler-
ator:

X: o
A8 _ gg? B%tan“—@[l—mﬂ] 37)

e cgl.Ay  2al” OyO

Note that the correction of the central trajectory
considerably diminishes its smearing even in compari-
son with free betatron oscillations of a beam. Figure 7
showstherelative dilution of the beam lateral emittance
for the SBLC and TESLA designs after such a correc-
tion. Again, the results of particle tracing are averaged
over 100 sets of center-of-gravity random displace-
mentsfrom the accel erator axis. Sincethe vertical emit-
tanceis, asarule, markedly smaller than the lateral, the
accuracy of arrangement of the lenses and correcting
system in the vertical plane must be much higher. With
the autophasing condition fulfilled (o = 0.5) and the
same correcting system used, the uncorrelated BEDD
considerably decreases, as before (the dashed line for
the SBLC design).

CONCLUSION

The exact analytic expressions for BEDD in high-
energy linear accelerators were derived for the case
when the betatron oscillation phase randomly varies
with the equilibrium particle energy. Free coherent

TSAKANOV

betatron oscillations, the disturbance of the central tra-
jectory, and the correction of the disturbed trajectory
were investigated. The obtained expressions allow
researchers to precisely estimate the beam quality and
predict its behavior in high-energy linear accelerators,
as well as to optimize the focusing and correcting sys-
tems. Under the conditions of the energy-dependent
betatron phase incursion, autophasing was shown to
considerably suppress the uncorrelated BEDD.
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Abstract—A theoretical and experimental study of spatial and temporal current oscillations in a magnetron
injection gun is presented. Basic features of the device operation are ascertained. Complicated system dynamics,
namely transitions from regular to chaotic oscillations in response to changing the system parameters, is
revealed. The conclusions are drawn based on the analysis of the computed electron trajectories and output-
current waveforms and spectra. Experimentally, the spectra of the beam-current oscillations, noise-intensity
spectral density, etc., are obtained. Strong broadband microwave oscillations of the output current are observed
for a wide range of the lengths of the emitting and the nonemitting portions of the cathode. © 2000 MAIK

“ Nauka/Interperiodica” .

INTRODUCTION

Complicated dynamical phenomena (particularly,
dynamical chaos) in nonlinear oscillators have attracted
considerable interest for many years dueto their signif-
icance for both basic research and various applications.
Nevertheless, among alarge number of papers devoted
to numerical and experimental investigations of chaos,
only few studies concern the dynamics of systems with
distributed parameters or many degrees of freedom.
This fact stems from serious difficulties faced by any-
one who triesto construct realistic models of such sys-
tems under the conditions where they behave in acom-
plicated fashion. By now, a lot of papers have been
devoted to the dynamical chaos of oscillations in elec-
tron flows without a magnetic field (O-type tubes);
however, there are few papers in which analogous phe-
nomena were studied in the presence of the crossed
electric and magnetic fields (M-type tubes). Asearly as
in[1, 2], it was noted that M-type tubes can produce
intenseinternal noise, which makesthem promising for
practical applications.

The reason for an anomalously high noise level in
M-type tubes is till poorly understood. For M-type
diodes and guns, an attempt to explain the interna
noise in terms of the complicated dynamics of an elec-
tron stream in crossed fields hasbeen madein [3]. Here,
we extend this approach to the magnetron injection gun
(MIG), which may be useful for designing high-power
microwave noise sources [4].

DESCRIPTION OF THE MODEL
AND THE CONDITIONS OF THE NUMERICAL
SIMULATION

A schematic of aMIG isshown in Fig. 1. It isseen
that a real MIG is a fairly complicated device; there-
fore, the studying of the processes occurring in it is a
rather intricate problem. Hence, when modeling the
dynamics of the electron flow in such adevice, we will
use asimplified model shown in Fig. 2. We consider a
plane-electrode diode in a magnetic field; the dimen-
sions of the cathode and the anode in the x- and z-direc-
tions are assumed to be much larger than the interel ec-
trode spacing. Our numerical analysis of the electron
motion employs a version of a particle method (see,
e.g., [5]) in which we allow for the forces acting on a

1 2 z

Fig. 1. Schematic of the magnetron injection gun: (1) cath-
ode (the dashed line shows the boundary of the emitting
region), (2) injection region, (3) helical electron beam,
(4) control electrode, and (5) anode.

1063-7842/00/4507-0896%$20.00 © 2000 MAIK “Nauka/Interperiodica’
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Fig. 2. Plane-electrode diode (a simplified model of areal
device).

particle in the y- and the z-directions only. The only y-
component of the space charge field is taken into
account. The general concept of the model was formu-
lated in [5], and its application to the problem of
dynamical chaos was reported in [3]. Neglecting the
edge effects, the configuration under study implies the
following structure of the fields. The aternating elec-
tric field has the E, component. In the z-direction, a
drawing field E, is also applied, whose amplitude
depends on y as E, = Py and is constant along the z
direction. The magnetic field is uniform and has only
one component B, = B,. Thus, the crossed static fields
E, and B, govern the motion of emitted electronsin the
(%, y) plane, whereas the drawing electric field controls
the electron motion along the z-axis.

With allowance for the above assumptions, the
equations of electron motion in aM-type MIG [3] must

S,dB

-10

-20

-30

40

=50

897

be supplemented with the equation of motion along the
Z-axis.

z = Py, (1)

where z and y are dimensionless coordinates and P is
the ratio between the amplitudes of thelongitudinal and
transverse components of the electrostatic field.

Computer simulations of the complicated electron
dynamics in an MIG involved the following control
parameters. the emission current, the cathode length,
the drift length (i.e., the length of the nonemitting por-
tion of the cathode), and the parameter P = EJ/E, (the
ratio between the longitudinal, Eg, and transverse, E,,
components of the electric field). The fixed parameters
were the magnetic induction, theinitial electron veloc-
ity, the interelectrode spacing, etc. Note that such
parameters as the emission current, the cathode length,
and the drift length are also used in the models of a
magnetic diode and an M-type gun.

The numerical simulation yielded graphic represen-
tations of electron trajectories, waveforms of the output
and induced currents, and spectral charts (Figs. 3-6).

RESULTS OF NUMERICAL
SIMULATIONS

Numerical simulations revealed transitions to
intense chaotic electron motion, which resembles tur-
bulence and manifests itself in chaotic noisdlike oscil-
lations of the output current. The parameters of these
oscillations are very sensitive to the above control

-10 (@) (b)
20
~30
40
50
l|| | (© ' (d
0 10 0 10

ffo

Fig. 3. Numerical simulation: the MIG output-current spectrum at a small emission current (w,/o. = 0.16) for the cathode length

L.=(® 1, (b) 2, (c) 5, and (d) 10 mm.
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899

(b)

Fig. 5. Numerical simulation: electron trgjectories for different values of the cathode length.

parameters: |, (the maximum emission current), L. (the
cathode length), L, (the drift length), and P.

The scenario of the transition to chaosis very simi-
lar to those for amagnetic diode and an M-type gun [ 3]
but is quite different from those for systems with few
degrees of freedom.

For small values of the emission current, atransition
to the chaotic regime of electron motion occurs and the
oscillations of the output current appear with an
No. 7

TECHNICAL PHYSICS Vol. 45 2000

increase in the cathode length or/and a decrease in the
parameter P = EJ/E,. Figure 3 displays the normalized
noise spectral density (NSD) as a function of the fre-
guency (normalized to the cyclotron frequency) for dif-
ferent values of the cathode length. Figure 4 shows how
the electron trgjectories and NSD vary as the parameter
P increases.

Figure 3 demonstrates that an originally excited
periodic oscillation becomes quasi-periodic and then
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Fig. 6. Numerical simulation: (a, d) the output oscillation spectraand (b, ¢, €) waveforms of the gun current (I g) and induced current
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chaotic. Note that the energy of chaotic oscillations
concentratesin the lower frequency region. The excita-
tion and development of this type of oscillation stem
primarily from the oscillations of the beam boundary
due to the modulation of the time required for different
groups of electrons to reach this boundary. The beam
boundary is formed by the groups of electrons (each
group consisting of large number of particles) simulta-
neously occurring in this spatial region. Figure 5 shows
the evolution of the electron motion with an increasein
the cathode length. One can see the onset of chaotic
oscillations of the beam boundary (Figs. 5a, 5b), the
expansion of chaos (Fig. 5c), and the eventual estab-
lishment of turbulence in the entireinterel ectrode space
(Fig. 5d).

As the emission current increases (w,/w, > 0.5,
where wy, and w, are the plasma frequency and the
cyclotron frequency, respectively), the output current
exhibits oscillations due to the development of turbu-
lence in the electron flow (Fig. 5d). Starting from a cer-
tain value of the emission current, the el ectron trajecto-
ries begin to drift as awhole in the longitudinal direc-
tion under the action of an accumulated space charge,

their behavior istransformed completely, and akind of
fluid turbulence arisesin afraction of the electron flow;
there is a drift motion of a jet, on which a disordered
motion of each of the other individua jets is superim-
posed. The spectrum of such oscillationsisfairly wide,
and their intensity concentrates in the lower frequency
region (Fig. 3d). Asthe emission current increases fur-
ther, chaos setsin at smaller drift lengths, appearing as
a strong and broadband output current oscillations
(Fig. 69).

The transition to chaos resemble Landau’s scenario
for the onset of turbulence. However, there is some dif-
ference. At certain values of the parameters, the MIG
produces a stationary current. As some parameter var-
ies, quasi-periodic (sometime, single-frequency) oscil-
lations are excited. As the parameter is varied further,
the number of spectral components increases (the noise
appears). Thefurther variation in the parameter leadsto
a decrease in the number of spectral components; then,
the noise level increases again, and so on. Finally, the
transition to the regime of strong turbulence occurs. We
also revealed that, at certain intermediate values of the
parameter, the oscillations of the MI1G current may dis-
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appear completely so that the output current becomes
time independent. This occurs in a narrow parameter
range. After some time, quasi-stationary oscillations
appear again; further, they may transform into turbu-
lence and then terminate. Such a termination (quench-
ing) of oscillations may recur several times (Fig. 6). For
the fixed parameters, we observed up to three quench-
ings.

Under fully developed chaos, the NSD in an MIG
was found to exceed the spectral density of the Schot-
tky noise in electron guns by six to seven orders of
magnitude (Fig. 7).

We also carried out the stability analysis of the solu-
tions for different ranges of the control-parameter val-
ues. In particular, we studied the dependence of the nor-
malized bandwidth on the step size (expressed in frac-
tions of 1) and on the number of the layers between any
two successively extracted layers (Figs. 8, 9). It was
found that the solution is the most stable if the layers
are extracted at each step (or at least every fifth or sixth
step) and if the step size (expressed in fractions of 1) is
15-30 (an optimum value is 25). Such alarge step size
was dictated by computational problems.

EXPERIMENTAL RESULTS

The experimentswere carried out withamodel M1G
schematically shown in Fig. 10. The device includes a
conic cathode with a 1.5-mm-wide porous metallic
thermionic emitter, control electrodes, and an anode.
The anode—collector spacing is 3 mm. The angle of the
cathode face with the axisis 15°.

The NSD in the MIG beam was measured with an
analyzer, which was a segment of a dow-wave helix
attached to a shield by means of ceramic rods and
matched with an output coupler. Behind the analyzer,
there was an electron collector (microwave probe),
which was connected to the output coupler viaamatch-
ing unit. The collector was designed as a segment of
coaxial cable, which allowed us to measure the NSD.
The MIG was placed into a demountable vacuum
assembly under continuous evacuation [6]. The mag-
netic field was produced by permanent magnets; the
maximum magnetic field strength was 2000 Oe.

The setup scheme allowed us to move the magnetic
focusing system in both the longitudinal and transverse
directions. The measurements were carried out in a
pulsed regime (anode modulation). The other elec-
trodes were connected to dc voltage sources. The sig-
nals from the probes (the helix and the collector) were
examined with an S4-60 spectrum analyzer, which
operates in the range 200 MHz to 19 GHz, and with a
high-frequency S1-74 spectrum analyzer. The analyz-
ers were exploited in conjunction with high-Q filters
(the passband being 2 to 4 MHz), which offer the 1- to
2-GHz and 2- to 4-GHz tuning ranges; the detected out-
put signals were recorded by an EPP-09 recorder.

TECHNICAL PHYSICS Vol. 45 No.7 2000
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Fig. 7. Numerical simulation: the noise spectral density
Svs. the maximum emission current I for (1) fully-devel-
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Fig. 10. Schematic of the model gyrotron MIG: (1) cathode,
(2) emitter, (3) control electrode, (4) anode, (5) electron
beam, (6) slow-wave helix, (7) absorber, (8) output coupler,
(9) high-frequency probe (collector), and (10) inner conduc-
tor of the collector.
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Fig. 11. Experiment: the oscillation spectra of the electron beam for (a, b, g, h) U/Ug=1.0and I/15= 1.0, (¢, d, i, j) U/Ug=0.57 and
1/1g=0.43, and (e, f, k, I) U/Ug = 0.33 and I/l = 0.11. Panels (a—f) refer to 0.2 < F < 2.0 GHz, and panels (g-1) refer to 2.0 < F <

6.0 GHz.

Figure 11 presents typical spectra of stochastic
oscillations in the beam, measured in the 200 MHz to
6 GHz range in different operating regimes. It is seen
that the intensity of oscillations is the highest at lower
frequencies (400500 MHZz). The higher frequency
components grow with an increase in the accelerating
voltage and the beam current.

Figure 12 displays the chaotic spectra for different
values of the beam current, the latter being varied via

the change in the heater voltage. Note that, by varying
the heater voltage, we could change the structure of the
oscillation spectrum and vary the amplitude of oscilla-
tionsin awide range.

Thus, chaotic oscillations may arise in a high-cur-
rent beam produced by an MIG. The chaos stems from
the presence of virtual cathodes. The properties of the
excited oscillations can be controlled via the voltages
applied to the electrodes, the magnitude and distribu-
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Fig. 12. Experiment: the oscillation spectra of the el ectron beam for different values of the heater voltage: (a) U/U,, =0.39 with 1/l =
0.11, (b) U/U}, = 0.47 with 1/l = 0.35, () U/Uy, = 0.72 with I/15 = 0.71, and (d) U/U}, = 1.0 with I/15 = 1.0.

tion of the magnetic field, and the magnitude and har-
monic content of an external signal (single-frequency,
multifrequency, or noise-like signal) that comes from a
microwave source or from the output of the slow-wave
helix through a feedback loop.

DISCUSSION

Figure 13 showsthe NSD at frequenciesof f =5 and
10 GHz versus the normalized heater voltage U;, = Uy,
where U, is the heater voltage corresponding to the
space-charge-limited current. The figure also shows
the spectral density S(U,,/U,,) of Schottky noise. It is
seen that the intensity of oscillations at the output of the
anode is much higher than the intensity of Schottky
noise (by six to seven orders of magnitude) and does
not fall and even rises a the heater voltages higher
than U,,.

Note that the variations in the heater voltage U,, and
the accelerating voltage U, in the experiment corre-
spond to the variations in the emission current |, and
the parameter P in numerical simulations. Therefore,
we can point out a qualitative agreement between the
behaviors of the experimental and computed spectra
when the relevant parameters are varied. We also note
that, in both the experiment and numerical simulations,
the NSD in the MIG current is higher by six to eight
orders of magnitude than the intensity of Schottky
noise.

The measured dependences of the spectra of cha-
otic current-density oscillations on the electric and
magnetic parameters in M1G-based systems allowed
usto reveal the mechanism for the excitation and sus-
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taining of oscillations in the MIG beams and explain
why the measured noise level is higher than the theo-
retical one. Specifically, two factors should be high-
lighted. The first factor is the formation of a virtual
cathode (a minimum of the potential) near the MIG
cathode; the influence of this factor increases with an
increase in the width of the emitting belt at the cath-
ode. The second factor is the formation of a magnetic
mirror in the region where the magnetic field
increases. A substantial radial component of the mag-
netic field in this region gives rise to a second virtual
cathode. The chaotic oscillations in high-current MIG
beams result from a decreased drift velocity of elec-
trons and a significant scatter in the beam electron
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Fig. 13. Experiment: the NSD at the output of the anode vs.
the normalized heater voltage at frequencies of (1) 5 and
(2) 10 GHz; curve 3 refers to Schottky noise.
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velocity aswell asfrom oscillations of the parameters
of the virtual cathodes.

CONCLUSIONS

The results of numerical and experimental studies
show that, in an MIG, chaotic oscillations whose spec-
tral intensity is higher than the intensity of Schottky
noise can arise. The numerical and experimental results
arein good qualitative agreement. Thus, the theoretical
model presented can adequately describe the processes
occurring in real devices. Quantitative discrepancies
between the theory and the experiment (including a
higher noise level measured) may be attributed to the
assumptions of the model (such as replacing arealistic
gun configuration with a plane-electrode diode and
neglecting the cycloidal motion of electrons).

Finally, the results obtained allow usto infer that the
anomalously high noiselevel observed previously (see,
e.g., [3]) has a dynamica nature. We think that such

4, E. E. Zhelezovskii,

MIGs could serve as high-power sources of broadband
signals.
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Abstract—The effect of thermal annealing on properties of carbon films deposited on nickel electrodes by the
electrodeposition method was studied. It has been shown that annealing at atemperature of 300°C resultsin the
formation of nanosize diamond clusters. With an increase in the annealing temperature, the size of diamond
clusters diminishes. At an annealing temperature of 900°C, all of the carbon enters into reaction with nickel,
thus forming nickel carbide. © 2000 MAIK “ Nauka/Interperiodica” .

INTRODUCTION

A number of properties of diamond-like films
(transparency in the visible and infrared spectral
ranges, chemical stability, high hardness and good heat
conduction) make them an attractive material for usein
various technological fields. Characteristics of the dia-
mond-like carbon films largely depend on the method
and conditions of growth. Earlier, we developed a new
technique of producing diamond-like carbon films
using the electrolytic process. Description of this
method and some properties of the obtained coatings
aregivenin[1, 2]. Inthiswork, results of studies of the
electrodeposited films annealed at various temperatures
by the methods of Raman scattering, infrared absorp-
tion, and Auger spectroscopy are presented.

SAMPLE PREPARATION AND MEASUREMENT
TECHNIQUES

The films were prepared by the electrolytic method
at alow (—40°C) temperature. As an eectrolyte, acety-
lene solution in liquid ammoniawas used. The electrol-
ysis was carried out at a voltage of 10 V for 15 h.
Thefilm deposition technique is described in more
detail elsewhere [2]. Under these conditions, fairly
thick (1-2 pm) smooth light-brown high-ohmic films
were obtained. Properties of as-deposited films and
films annealed at 300, 600, and 900°C were studied.
The annealing was carried out for 1 h in quartz
ampoules pumped out to pressures not higher than
104 Pa. Raman scattering spectrain the range of 1000
1800 cm™ at room temperature were registered using
the RAMALOG-44 spectrometer (wavelength of inci-
dent radiation A = 514.5 nm). IR spectra in the range
1000-4000 cm™ were taken with the PERKIN-
ELMER 180 instrument in reflection geometry at room
temperature. Auger spectra were registered with the
PERKIN-ELMER PHI-660 spectrometer.

EXPERIMENTAL RESULTS

A vacuum anneal of carbon filmsresultsin visualy
detectable modifications of the surface. A film annealed
at 300°C changes in color from light-brown to almost
black and remains physicaly intact. Annealing at
600°C makesthefilm still darker: it becomes black and
glassy. After annealing at 900°C, the film becomes
transparent. For al samples of the Raman scattering
(RS) spectra, infrared (IR) spectraand spectra of Auger
electrons were taken.

(8) As-deposited film. An RS spectrum of the as-
deposited film with abroad asymmetric band in the fre-
quency range 1200-1700 cm is shown in Fig. 1. In
Fig. 2, an IR absorption spectrum of the same film fea-
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Fig. 1. Raman spectrum of the as-deposited film.
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Fig. 2. IR absorption spectrum of the as-deposited film.
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Fig. 3. Auger spectrum of the as-deposited film.

turing two broad absorption bands peaking at 1580 and
1350 cm is shown. In an Auger spectrum of the film
in Fig. 3, besides the carbon peak, peaks due to nitro-
gen, oxygen, and nickel are present.

(b) Film annealed at 300°C. An RS spectrum of this
film is shown in Fig. 4. It is generally similar to the
spectrum of the previous sample, except for some
enhancement of the scattering intensity at lower fre-
guencies. The IR spectrum of the annealed film differs
only dlightly from that of the as-deposited film. There
are also no significant differences in the Auger spectra
of these samples.

(c) Film annealed at 600°C. In the Raman spectra of
this film (Fig. 5), further enhancement of the relative
intensity of the scattering band in the vicinity of
1350 cm can be seen. The Auger and IR spectraof the
samples remain practically unchanged.

(d) Film annealed at 900°C. Spectral characteristics
of the film annealed at this temperature show consider-
abletransformations. In the RS spectrum, the scattering

DYMONT et al.

bands in the 1000-1800 cm™ range disappear. Consid-
erable changes are seen in the Auger spectra as well
(Fig. 6). The lines due to nitrogen are missing and,
besides, significant changes are found in the shape of
the low-energy part of the carbon peak (inset in Fig. 6).

DISCUSSION

Raman spectra of the two known crystalline forms
of carbon, graphite (sp? hybridization), and diamond
(sp® hybridization) have been considered in detail in
[3]. For monocrystalline and polycrystalline diamond,
only one peak at afrequency of 1332 cm™ is observed.
The spectrum of monocrystallyne graphite also con-
sistsof alinein the 1590-1600 cm™ range. The Raman
spectrum of polycrystaline graphite consists of two
bands. A G-line (graphite line) is localized around
1600 cm™ and a D-line (disordered graphite) in the
vicinity of 1355 cm. The D-linein the scattering spec-
trum isdueto the presence of small-sized crystallites of
graphite which causes the violation of the selection
rules. The ratio of integrated intensities of the D- and
G-lines (Ip/lg) is inversely proportional to the size of
crystallites[3]. The Raman spectraof carbon films con-
taining carbon in sp? hybridization are similar to spec-
tra of finely crystalline carbon [4]. The absence in the
RS spectra of the diamond line, even in those cases
where X-ray diffraction analysis indicates the presence
of diamond, is usualy explained by the fact that the
efficiency of Raman scattering for diamond islower by
afactor of 55 than for graphite. Therefore, the quantity
of the sp3-hybridized carbon is judged by indirect evi-
dence. Therefore, the spectral position of the G-line
gives an indication of the ratio of carbon in sp? and sp®
hybridization states in a sample [5]. Contributions to
the profile of the RS line of a carbon film may come
from other vibrations related to sp® hybridization car-
bon. For example, the spectrum may contain the fol-
lowing lines: a line due to disordered sp3-bonded car-
bon at 1140 cm?; a line due to distorted spi-bonded
carbon at 1488 cmr%; and aline due to hexagonal mod-
ification of diamond (lonsdaleite) at 1305 cm™ [6].

Thus, RS spectra of carbon films can be represented
as a superposition of Gaussian curves, with peak posi-
tions, integrated intensities, and hafwidths as fitting
parameters. By comparing the obtained results with
published data, one can make judgments about the
types of chemical bonds in the compounds comprising
the films under study, their relative content, as well as
the degree of perfection of the crystalline structure.

The experimental spectra could be approximated in
most cases by four Gaussian curves under the assump-
tion that two of the curves are related to sp?- and two
more, to sp3-hybridized carbon. The spectrum of the
film prior to annealing is best described with two
Gaussian curves centered at 1352 cm! (D-line) and
1568 cm™ (G-line). This shift of the G-line from the
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asymptotic position for graphite at 1600 cm towards
smaller wave numbers may be caused by the presence
of sp3-hybridized carbon. According to [7], the position
of the G-line at 1568 cm™ corresponds to a 70%-con-
tent of sp*-hybridized carbon. The ratio of integrated
intensities of the D- and G-lines is equal to 0.5. This
value is characteristic of hydrogenated amorphous sili-
con films (usually in the range 0.3-3.0), and its change
is dueto the difference in the number and/or size of the
graphite clusters. The halfwidth of the D- and G-lines
isequal to 180 cm. The samevalueis characteristic of
carbon films containing small graphite clusters.

The presence in the IR absorption spectrum of
bands in the region from 1350 to 1600 cm suggests
that part of the carbon atoms has been replaced by
nitrogen. This conclusion is based on an observation
that, in the IR range, vibrations related to sp?-bonded
carbon are inactive. Substitution of nitrogen for part of
the carbon lifts this prohibition [8]. The presence of
nitrogen in the film is confirmed by the nitrogen linein
the Auger spectra. Regrettably, qualitative determina-
tion of nitrogen in the film from available data is not
possible. It can only be hypothesized that the nitrogen
content does not exceed 5-10 at. %.

It is highly probable that, at room temperature, the
film consists of small graphite clusters doped with
nitrogen and uniformly distributed in the matrix of
amorphous hydrogenated carbon.

After annealing at 300°C, the D- and G-components
of the Raman scattering spectrum become narrower
and shift towards positions asymptotic for graphite
(Fig. 4), which is evidence of the structural ordering of
sp?-hybridized forms of carbon. The number and size
of the graphite clusters do not change because the ratio
of integrated intensities | 5/l ; remains equal to about 0.5.
Besides, components related to the spi-hybridized car-
bon appear in the film spectrum; a broad line centered
at 1320 cm™ (curve 1 in Figs. 4, 5), which can be
related to finely dispersed diamond, and aline centered
at 1440 cm™ (curve 2 in Figs. 4, 5), which can be
related to distorted sp3-hybridized carbon [6]. The for-
mation of the diamond form of carbon in the films at
atmospheric pressure does not run counter to the gener-
ally accepted view of the stability of allotropic modifi-
cations of carbon (graphite and diamond) in the
ultradisperse state. For example, according to estimates
in [10], carbon clusters with size <10 nm at room tem-
perature and normal pressure are stable in diamond
modification, whereas the bulk material representing
the stable phase under these conditionsis graphite.

The RS spectrum of the film annealed at 600°C is
also composed of four Gaussian curves (Fig. 5). The
lines centered at 1350 cm™ (D) and 1593 cm (G) can
be ascribed to polycrystalline graphite; the line cen-
tered at 1480 cm (curve 2) to distorted sp3-hybridized
carbon; and theline at 1280 cm (curve 1) tofinely dis-
persed diamond. The ratio (I5/lg) at this temperature
2000
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Fig. 4. Raman spectrum of the film annealed at 300°C.
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Fig. 5. SameasFig. 4, at 600°C.

also remains equal to 0.5. Halfwidths of thelines D and
G decrease considerably, down to 90 cmr* and 70 cm™?,
respectively. Also, the position of the G-lineis closeto
the asymptotic position for graphite. This indicates the
greater perfection of the structure of existing graphite
clusters. The observed shift of the position of the “dia-
mond” line (curve 1) towards smaller wave numbers
and the ssimultaneous increase of the integrated inten-
sity and the halfwidth of the line relating to the dis-
torted sp-hybridized carbon (curve 2) indicate that the
size of diamond clusters decreases asthe temperatureis
raised.
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Fig. 6. Auger spectrum of the film annealed at 900°C.

Itisvery likely that during the annealing of the film
at 900°C, the interaction of carbon with finely dis-
persed nickel, present in the film bulk, takes place. Asa
result of this interaction, nickel carbide is formed. An
Auger spectrum of such a film shown in the inset in
Fig. 6 isvery much like that of the pure nickel carbide.

CONCLUSIONS

Analysis of the obtained data warrants a conclusion
that the film that is not subjected to heat treatment con-
sists of nanosize graphite clusters uniformly distributed
in a matrix of hydrogenated amorphous carbon in
which a part of the carbon atoms has been replaced by
nitrogen atoms. It has been established that quite alarge
guantity of nickel and some oxygen are present in the
film. Therefore, the electrolytic method under given
conditionsyielded films of rather complex composition
containing 70-80 at. % of carbon. Analysis of the

DYMONT et al.

Raman spectra suggests that annealing at 300°C,
besides producing a higher degree of order in the film,
causes the formation of nanosize diamond clusters.
With a further increase of the annealing temperature,
the crystal structure of the graphite clusters becomes
more perfect, and the size of diamond clusters dimin-
ishes. At temperatures above 600°C, the interaction of
carbon with nickel in the film bulk takes place. As a
result, al carbon reacts with nickel thus forming nickel
carbide.

The work was supported by the Foundation for
Basic Research of the Republic of Belarus. One of the
authors acknowledges financial support from the Min-
istry of Education of the Republic of Belarus.
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Abstract—The determination of the equilibrium atomic structure of a nanotribocontact, formed by a hard
probeto be viewed as aparaboloid of revolution and subjected to an external 1oad, with the soft surface modeled
by a set of parallel atomic planesis considered. Structural, energy, and load characteristics are calculated. In
addition, dissipative static adhesive friction as a function of the normal load and the radius of probe curvature
for the diamond-—graphite system is derived. A number of approximations of the interatomic potentialsis used.
It is shown that an allowance for the deformation of the contact area causes the adhesive frictional force in the
tensile (negative) load range to decrease. For positive loadsin arange of 080 nN, the variation of thefrictional
force (when deformation is taken into account) depends on the radius of the probe curvature and
the used approximation of the interaction potential. The dependence of friction on the radius of the probe cur-
vature is close to a direct proportionality. The calculated results are compared with the available experimental

data. © 2000 MAIK “ Nauka/Interperiodica’ .

The achievements of scanning probe microscopy
have stimulated the advent and development of the
novel promising fields of research in physics, such as
nanotribology and nanolithography [1-3], that makesit
necessary to detail the nanostructure friction mecha-
nisms. According to present-day concepts, the fric-
tional force involves deformation and adhesive compo-
nents, the latter being theoretically described in the
most difficult manner. There are two main approaches
to solving this problem. They are based on the macro-
scopic contact theory [4-6] and molecular-dynamics
methods [7—11]. In the first case, the theory uses the
values of elastic characteristics known at the mac-
rolevel and a semiempirical relationship of Bowden
and Tabor for the frictional force [4]

F = tA,

where T isthe shear strength and A is the actual contact
area. Generaly speaking, both quantities lose their
meaning on the atomic scale; therefore, the results
derived by means of the contact theory must be treated
criticaly. In this case, in addition, the physical mecha-
nism of friction-related irreversible energy lossesis not
revealed. Numerical simulations have shortcomings as
well, since one has, first of al, to limit the number of
particlesinvolved in the process of the dynamical relax-
ation that makes it difficult to evaluate the fraction of
the energy dissipated into the heat. This is especially
the case if a“thermal” model of the system isinitially
considered. In molecular-dynamics calculations, inevi-
tably, it is necessary to consider only the finite number

of atoms of both the nanoprobe and surface; therefore,
during the dynamical relaxation, the energy is
“trapped” in the contact area, whereas it must be actu-
ally dissipated into the bulk of the contacting bodiesvia
vibrational modes. As aresult, when loading a contact,
the response of the simulated system may significantly
differ from that of an actual one. There are certain dif-
ficulties in a qualitative determination of the contribu-
tion of the “internal” and “external” frictions [9-11],
which are associated with energy dissipation into the
bulk of the rubbing bodies and governed by the dissipa-
tive component of lateral forces. Finaly, the temporal
and velocity scales for the numerical experiments
(typical values are 1-1000 m/s) significantly differ
from the scanning velocities in the probe microscopy
(10410 m/s). In [12], we suggested a “ quasistatic”
adhesive friction model for the nanoprobe dlipping
along the atomically flat surface, in which each el emen-
tary dipping act (“microdlip”) is accompanied by a
drastic disruption of existing adhesion bonds between
atoms of the tip and surface and, on the other hand, by
the avalanche-like process of creating new bonds. The
residual potential atomic energy of disrupting and new
arising bonds is further transformed into the heat via
vibrational modes. According to this model, we have
the following expression for a dissipative static (veloc-
ity-independent) adhesive frictional force

Z |Aw,|
m

= Ax

)
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(b)

Fig. 1. (@) Schematic diagram of the contact area between
the tip of a probe microscope and the surface and (b) the
shift directions of atoms of the top atomic plane of a mate-
rial due to deformation.

where Aw,,, isthe change in energy of the mth bond due
to amicroslip and Ax is the corresponding travel of the
probe. The initial position of the nanoprobe corre-
sponds to the minimum of the tribosystem energy. The
experiments performed with frictional microscopes
demonstrate that a typical travel Ax is approximately
equal to the surface lattice constant independently of
dimensions of the contact area. In the framework of the
model under consideration, this fact has a simple geo-
metric explanation, since the total number of the adhe-
sive bonds and the probe-surface interaction energy
quantitatively display the periodicity of the surface
atomic structure for a lateral travel of the probe apex,
and its equilibrium position corresponds to the mini-
mum of the tribosystem energy and is separated by a
spacing equal to the lattice period from other neighbor-
ing positions. To overcome the corresponding potential
barrier, each microdip needs an “activation energy”
accumulated in the form of the elastic deformation
energy in the cantilever—probe—surface system as the
movable part of the microscope scansalong the surface.

In [12], we considered a simplified contact model
regardless of the deformation of the contact area, which
is justified only for fairly large distances of the probe
apex from the surface. In this study, we take the defor-
mation into consideration by means of a geometric
model alowing us to find the form of the contact area
and the arrangement of atoms in it by minimizing the
energy of the system. Further, we calculate the fric-
tional force using formula(2). The particular numerical
calculations are performed for the contact between a
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Fig. 2. The single contributions and the total contact energy
for adiamond—graphite system for the probewithR=15nm
as a function of the vertical shift of the top graphite
plane, hy. The height of the probe with respect to the non-
shifted position of the top planeish=-0.2 nm.

hard diamond probe and a (0001) graphite surface. The
choice of this system is governed by simplicity (identi-
cal atoms) and the possibility of applying the rather
simple approximations of interatomic potentials. In
addition, the graphite was used as a standard test-object
in nanoprobe microscopy.

The diamond probe is assumed to have the form of
aparaboloid of revolution with aradius of curvature R.
It is oriented by the symmetry axis[111] along the nor-
mal to the surface, which is modeled by a set of atomic
planes separated by a spacing h,. Figure 1a shows an
approximate deformation of the surface, when an exter-
nal normal force P is applied to the probe. The shift
directions of atoms of a single atomic plane (initia
atom sites are shown by the dashes) aregivenin Fig. 1b.
We assume that the shape of the deformed atomic lay-
ers replicates the axial probe symmetry and may be
defined by a model function z(r). In specific calcula-
tions, we used the functions

b4
L 3
2R(r’ +b’a’™) ®

where R is the radius of the probe curvature, mis the
serial number of the atomic plane (counting inward of
the sample), and a and b are the variational parameters.

Equation (3) automatically takes into account the
fact that the radius of curvature of the top atomic plane
ar =0isRand with risng m (at a > 1), the planes
become more and more “smooth.” The suggestion
about the radius of curvature, however, is not basically

Z(r) =

TECHNICAL PHYSICS Vol. 45 No.7 2000
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important. With allowance for the above suggestions,
the relation between the (X, y) coordinates of an atom

on the nondeformed plane and (X, Y/, Z(A/x'2 + y'2)) on
the deformed oneis given by equation (3), in which the
(x, y) coordinates are replaced by the “primed” ones,

and the formulas
— 1= Y
(r +B" (4)

r' = A/x‘2+y'2, xly = X1y,

where A = b*/2R and B = ba™.

Let us represent the contact energy as the sum of
three main contributions

W =W, +W,+W,, 5)

where W, is the change in the energy of planes due to
deformation of the covalent bonds, W, is the changein
the coupling energy between planes, and W; is the
probe—surface coupling energy.

For the covalent carbon bond energy in the planes,
we used the Morze approximation

g(d)
= —Uy(exp(—2a(d —d,)) —2exp(—a(d —dy))),

where d, = 0.142 nm is the equilibrium bond length,
Uy=3.68 eV, and a = 3.093/d,. The small bond defor-
mation energy for this choice of constants is 35.2(d —

d0)2/d§ €V in agreement with [13]. The probe-surface

coupling and the interaction of carbon atoms of differ-
ent planes were calculated in the approximation of the
pairwise interactions using the C—C potential evaluated
by means of the electron gas model [12] and with the
L ennard—Jones potentia in the form

U(r) = —Co(r "= (ro/2)r™), (7

where Cg = 3.745 x 10718JA® is the dispersive coupling
constant for carbon atoms in their nonvalent states and
ro = 3.81 A. A combined potential was also applied,
which coincides with the electron gas model at r <
0.25 nm and smoothly changes to the potential (7) at
r >0.25 nm. In this case, both the short-range repulsion
and long-range attraction are taken into account more
correctly. The corresponding approximations to the
potentials are numbered by theindices 1, 2, and 3.

The equilibrium characteristics of the contact were
calculated by minimizing the energy W over the param-
etersa and b at fixed values of R and h for each partic-
ular lateral position of the probe apex with respect to
the surface (Fig. 1a). The value of h was assumed to be
positive if the probe was shifted upwards with respect
to the top nondeformed graphite plane; otherwise, it
was negative. Theload P of the contact and the normal
contact hardness were found by differentiation of the

. 2A7
r =1 —

(6)
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Fig. 3. The dependence of the parameter b on the height h of
the probe apex above the top nonshifted graphite plane for
several radii of the probe curvature corresponding to the
energy minimum of the probe-surface system. Calculated
curves correspond to the potentia 3. For positive h, the sur-
face of graphite determined by equation (3) is “heaved”
upwards, tending to form a connective neck with the probe.
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Fig. 4. The dependence of the normal load at the contact on
the apex height for several probe radii. The cal culations cor-
respond to the potential 3.

energy (minimized over parameters a and b) with
respect to h. Thefriction wasevaluated with formula(2) at
given values of a, b, and h.

Figure 2 shows generic dependences of individual
contributions and the total contact energy on the verti-
cal shift of the top atomic plane, h,, at the point r =0
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Fig. 5. The frictionHoad dependences for the potentias
(@) 1, (b) 2, and (c) 3. The radius of the probe curvature is
5 nm. Curves 1 and 2 are plotted without and with allowance
for the contact deformation, respectively.

(Fig. 1a). In this case, the probe apex height (R =
15 nm) above the upper nondeformed graphite plane
was equal to—0.2 nm. The parametersb and h, are con-

nected by the relationship b = ,/2Rh,| . It is seen that
the dependence W;(h,) follows the dependence of the
pairwise interaction potential r; i. e., it has a minimum,
asharprise at h; — 0, and a smoother increase with
the zero asymptotic at h; — —co. The sum of energies
W, +W,, on the contrary, changes monotonically, since
the deformation of atomic planes and their excessinter-
actions increase with therise in b. As aresult, the total
energy W always possesses the pronounced minimum
if we take into account the limitation |h| < |h, |, a which
the probe does not actually “puncture” the nearest
plane shifted downwards.

The parameter a characterizes the degree of relax-
ation of the atomic layer displacements with the dis-
tance inward of the sample. The minimum over a is
more flattened and depends dlightly on the probe radius
and distance h. In our evaluations, a = 1.054 was
obtained. The amplitude of the vertical plane shiftswas
decreased by afactor of 10 at m= 22.

Figure 3 shows the dependences b(h) for the energy
minimum of the contact for different radii of the nano-
probe. In Fig. 4, the dependences of the normal load P
on h are given. The range of positive values of h corre-
sponds to the separation of the probe in its lifting from
the surface. In Figs. 5aand 5b are shown the cal culated
friction-force dependences on the normal load for the
potentials 1 and 2 (corresponding to the approxima:
tions of the electron gas model and Lennard-Jones,
respectively) with and without allowance for the defor-
mation of the contact area. For both cases, the radius of
curvature was equal to 5 nm. The nonmonotonic char-
acter of the calculated pointsin the range of small loads
is determined by the discreteness of an atomic struc-
ture. In this case, the dependence W(a, b) revealsavari-
ety of fairly close minima, making it difficult to deter-
mine the most probable structure, since even a small
probe shift in the vertical direction may give rise to a
nonmonotonic variation in the coupling energy. Thus,
as awhole, the approximation 1 leads to higher values
of the friction force as compared with the approxima-
tion 2. In addition, the allowance for deformation of the
contact area causes the frictional force to increase. For
the potential 1, this increase is severa times in the
range of positive loads. For the potential 2, it liesin the
interval between 0 and 50% within aload range of 0 to
60 nN. For negative loads, the potential 2 with the
allowance for the deformation gives somewhat smaller
values of the pulloff probe forces (in magnitude) than
in the opposite case.

Figures 6a and 6b show the friction-Hoad depen-
dences for the nanoprobes with radii of 5, 10, and
15 nm using combined potential 3. A comparison of the
corresponding curves in Figs. 6a and 6b for the probe
with aradius of curvature of 5 nm shows that, for loads

TECHNICAL PHYSICS Vol. 45 No.7 2000
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Fig. 6. The friction- oad dependences for the probes of var-
iousradii. The calculated curves are obtained for the poten-
tial 3 in two cases: (a) without and (b) with allowance for
deformation of the contact area.

of 0-80 nN, the regard for deformation gives rise to
somewhat lesser values of the frictional force than in
the opposite case. Conversely, for alarger probe radius,
thefrictional forceisgreater when deformation istaken
into account. The calculation results also indicate that
thefrictional forceis approximately proportional to the
radius of probe curvature.

Unfortunately, the lack of information makes it
impossible to compare in detail our results with exper-
imental ones. Among the known studies devoted to
measuring “dry” adhesive friction in a vacuum by
means of a scanning frictional microscope, one can
notice papers[14-16] in which the friction— oad depen-
dences for anumber of contacts are given. Theseare Si
(probe)—NbSe, (the radii of the probe curvature are 12
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and 48 nm), diamond (probe)—tungsten carbide (the
radius of the probe curvature is 110 nm), and Pt
(probe)—mica (the radius of the probe curvature is
140 nm).

In analyzing the dependences given in these studies,
onecan, asisin our calculations, note anirregular char-
acter of the experimental points for small loads. These
irregularities are more pronounced at a small probe
radius when the discreteness of the structure is more
strongly exhibited. Note that in the absence of the con-
tact area deformation, the theoretical dependences are
smooth (compare a and b in Fig. 6). The results of our
calculations at R = 10 nm and the data from [15] for
Si-NbSe, at R = 12 nm are close qualitatively. In the
guantitative respect, our values of frictional forces are
two to three times greater. The discrepancy may be
caused by adifferent kind of interacting atomsand, cor-
respondingly, load characteristics of tribosystems, by
an error of formula (2), and (or) experimental data.

The conclusion about the proportionality of thefric-
tional force to the radius of the probe curvature is con-
firmed by the comparison of the experimental datafrom
[14, 15] with each other, since the friction for the
Pt—mica contact (R = 140 nm) in [14] is higher by an
order of magnitude than that for the Si—NbSe, contact
(R =12 nm). In [16], however, the values of the fric-
tional force are anomalously small for the large probe
radius (110 nm), and, therefore, too small for such a
stiff contact shear stress value (238 MPa) calculated in
the Derjaguin—Muller—Toporov contact approximation
[6]. Since the probe profile was uncontrolled, the
results may be explained by the fact that the probe tip
in actuality was considerably smaller (provided that the
friction was the same). It is possible that the radius of
the tip curvature was about 10 nm.
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Abstract—Emission from fullerene molecules excited by means of electron impact in crossed beams under
conditions of single collisions between electrons and Cgy molecules in a kinetic energy range E, from 25 to
100 eV was studied experimentally. Emission spectrain awavel ength range from 300 to 800 nm; the emission
excitation functions and the temperature of emitting molecules as a function of E, were measured with areso-

lution of 1.6-3.2 nm. The contribution to emission from ionized ng molecules has been determined and data

on the emissivity of the ng ion have been obtained. It has been shown that the emission spectra can be well

approximated with the spectral distribution of thermal emission from a black body (Planck’s formula), taking
into account the lowering of emissivity for asmall particle. The emission can be observed starting with electron
energy of about 27 eV; the emission excitation function is of a nonresonant form, peaking at an energy of E, =
70 eV. As E. isincreased, the temperature of emitting particles rises and reaches its maximum value of 3100
3200 K at E, = 47 eV. © 2000 MAIK “ Nauka/Interperiodica” .

INTRODUCTION

In previous investigations at our laboratory, emis-
sion from microparticles of condensed matter (clusters
of molecular gases (CO,),, (N,0),, (H,0),, and (Ny),
formed in supersonic jets under excitation by means of
electron impact) was studied [1-3]. It was found that
the energy of vibrational [1] and electronic [2, 3] exci-
tations is quickly dissipated through the heating of the
cluster. The rate of return from excited states back to
the ground states rises dramatically with the cluster
size, and the emission spectrum corresponds to emis-
sion from electron-excited states of molecules gjected
from the cluster. A similar picture was observed under
the laser excitation of vibrational degrees of freedom of
Sk, moleculesin clusters[4]. Thus, the g ection of mol-
ecules in excited states and the evaporation are the
major cooling channels in weakly bound clusters [5],
and the effect of radiation cooling is not observed. Still,
there is indirect evidence that radiation cooling in
molecular systems plays an important part, for exam-
ple, in gas-phase ion-molecular processes [6]. Corre-
spondingly, ion-molecular processes in clusters can
al so proceed with the participation of radiation cooling.

Tightly bound clusters (clusters of less volatile sub-
stances) were found to display radiation cooling with a
continuous emission spectrum similar to Planck’s spec-
trum [7, 8]. The temperature of emitting clusters, asin
the case of tungsten clusters W,, with n > 200, could be
as high as 3800 K [8]. The clusters were heated by
means of an oxidation reaction (Nb, clustersin [7]) or
by laser irradiation (Nb,,, W, and Hf, clusters [8]).

The discovery in 1985 of fullerenes possessing a
unique stability with respect to fragmentation stimu-
lated investigations of highly-excited fullerene mole-
culesin the gas phase [9-17], in particular of electron-
induced processes [10, 11, 14, 17]. It has been found
that the primary excitation of fullerene molecules, like
that of other complex molecules and clusters, initiates
cascades of secondary processes, while the complex
energy spectrum of the excited states (including collec-
tive excitations) facilitates the rapid dissipation of the
primary excitation and attainment of partial or com-
plete thermalization. However, the basic distinction
between fullerenes and most other microsystemsliesin
the extreme stability of the carbon cage [8]. Because of
this high stability, fragmentation, which is the domi-
nant cooling channel of an excited “excessive” com-
plex system (it is monomolecular disintegration in the
case of amolecule and evaporation of structural unitsin
the case of a cluster), is impeded by the relaxation of
the excited fullerene. As a consequence, competing
(not evaporating) molecule cooling processes of com-
parable intensity come to the foreground, namely, elec-
tron and photon emission (analogues of macroscopic
processes of thermionic emission and therma emis-
sion, respectively). For example, in [13, 14], a continu-
ous emission spectrum was registered in the visible
range from a flux of Cg, molecules heated in various
ways. Themoleculeswere either vaporized from asolid
sample by laser radiation [13] or excited by an electron
impact [14].

In this study, thermal emission from fullerenes was
excited in crossing beams of Cg, and low-energy elec-
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PM

Fig. 1. Schematic of the experimental setup.

trons. A continuous emission spectrum was observed
after excitation by means of electron impact in awave-
length range from 300 to 800 nm (the results given here
were obtained with spectral resolution AN = 3.2 nm;
check measurements at AA = 1.6 nm yielded identical
spectra). The spectrum could be described by Planck’s
formula for emission from a sphere of much smaller
diameter than the emission wavelength, d < A [19].

EXPERIMENTAL TECHNIQUE

The procedure and the experimental setup for the
generation of the molecular beam and excitation of Cg,
by electrons was identical to the ones used in experi-
ments on the measurement of the absolute cross sec-

tions of Cy, and Cg, [11, 17, 20]. For emission regis-
tration, the setup was equipped with an optical system.
The schematic of the experiment is shown in Fig. 1.

The effusion molecular beam was formed by vapor-
izing fullerenes from source 1 heated to T, =800 K and
intersected by an electron beam at an angle of 90°. The
beam of electrons emitted from oxide cathode 2 was
formed by a system of apertures 3-5, collimated with
the magnetic field (300 G) of magnets 6 and registered
a collector 7 of the Faraday cup type. The current of
electrons did not exceed 60 PA and the density of mol-
eculesin the region of crossing of the beams was of the
order of 10'° cm’3. In thisway, a pairwise interaction of
electrons and molecules was ensured. The energy of
electrons in the beam E, varied in the range from O to
100 eV.

The emission from the intersection region of thetwo
beams was collected at right angles to the electron
beam; the angle with the molecular beam direction was
40°. A system of short-focus lenses imaged the emis-
sion onto the entrance dit of an MUM monochromator
(MC) (200-800 nm, reciprocal dispersion 3.2 nm/mm)

VOSTRIKOV et al.

and, following spectral dispersion, it was registered
with an FEU-79 photomultiplier (PM). The spectral
sensitivity of the system of optical diagnosis was cali-
brated using a Cl 10-300 lamp as a standard emitter. In
order to determine the flux of photons I(A), the regis-
tered spectra were normalized using a curve of relative
spectral sensitivity n/(A). The integrated intensity was
registered by a photomultiplier, with the monochroma-
tor replaced by a ZS-8 broad-band filter (F). Under
these conditions, the integrated spectral sensitivity
curve had a maximum at 500 nm and a halfwidth of
150 nm. The spatia resolution of the detecting system
(the size of the spot from which the emission was col-
lected) was determined using a point radiation source.

To isolate the contribution from ng ions to the

total emission, an electric field was applied to the
region of beam crossing which was produced by two
deflecting plates (DP) placed along the axes of molec-
ular and electron beams. With increasing electric field
strength & between the plates, the time spent by theions
in the field of view diminished. Because of the mag-
netic collimation of electrons, there was no distortion
of the electron beam by the field €. To verify this, we
measured in the same setup the emission due to short-

lived states of N, (B°Z, A = 391 nm) and found that

their emission intensity did not depend on the strength
of the pulling electric field.

Generally speaking, contributions to emission may
also come from fragments, both neutral, C%,_,,, and

charged, Cq . . But the threshold for fragmentation

under electron impact suffers a significant kinetic shift,
being observed at 42—44 €V, and at E, < 100 eV, the
fraction of fragments does not exceed 5-7% [10, 12].
Taking this into account and also considering the char-
acter of I1(E,) plots obtained in this work, we conclude
that the emission is due mainly to unfragmented
fullerene molecules.

Contributions to emission from other sources was
eliminated in the following ways. The el ectron-induced
emission from the background gas and other possible
sources was measured while the beam source aperture
was closed with shutter 8. The contribution to the signal
of thermal radiation from heated parts of the fullerene
source was eliminated by modulating the electron
beam; it was chopped at a frequency of 80 Hz, and the
photomultiplier signal was measured in the lock mode
at the chopping frequency.

RESULTS AND DISCUSSION

In Fig. 2, typical spectra are shown (curves 1) of
emission, generated asaresult of electronimpact onthe
fullerene molecule in crossing beams at electron ener-
gies 66 (a) and 30 eV (b). In order to obtain these
curves, the contribution of the background gas was sub-
tracted from the total PM signal (curve 2); then the dif-
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Fig. 2. Electron-induced radiation spectra. Dashed line is an approximation of the experimental data by formula (1).

ference signal (desired signal, curve 3) was corrected
for the spectra senstivity of the optical system
(curve 4).

Let us compare this spectrum with the one that is
dueto the thermal emission of asmall spherical particle
heated to a temperature T. The rate of photon emission
I, in the wavelength range [A, A + AA] from a heated
body is described by Planck’s formula

lin(A, T)
1
- zncsme(A,T)/[)\“gexp%\h—chg— 1%}, @)

where Sisthe emitting areaand €(A, T) isthe emissivity
of asolid. It follows from the emission theory for small
particles[19] that the emissivity of asphere of diameter
d < Aisg(A) O d/A (because photon emission comes
from the bulk of the particles instead of their surface).
The Cg, molecule is spherically symmetrical and hol-
low; for this geometry, the function g(A) O At will
obviously be valid. The outer diameter of the electron
shell of amoleculeisd = 1 nm. Below we assume

£ = &, @

where g, isanumerical constant.

In order to derive the internal energy E, of a
fullerene molecule corresponding to the temperature of
emitting molecules, we calculated, following [13], the
vibrational energy in the approximation of harmonic
intramolecular vibrations of Cg,. Contributions of all
the 46 vibrational modes were summed up, taking into
account their degree of degeneration. The results of cal-
culations with the use of data on frequencies presented
in [21] practically coincided with calculations in [12].

TECHNICAL PHYSICS Vol. 45
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At T > 1500 K, the curve of E,(T) iswell approximated
by alinear function E,(eV) 013.9 + 0.0143(T — 1500).

Figure 3 shows the measured emission intensity of
the fullerene as afunction of energy E.. Herecurve lis
anintegrated emission (measured in “filter + photomul-
tiplier” scheme); curve 2 is the emission at a wave-
length A =540 nm, AA =3.2nm. Curve 3inFig. 3isthe
dependence of the temperature of emitting particles
T(E,) obtained by fitting the spectral data with formula
(1) using the least sguares method. It can be seen that
as E, is increased to about 47 eV, the temperature T
risesin proportion to E.. At E, > 47 eV, the temperature
of emitting particles rises to a maximum value of T* =
3100-3200 K corresponding to the internal energy of
the Cq4, molecule E, 036 eV. Taking into account that

1, I(C%y), arb. units T,K
100 - -3500
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Fig. 3. Plotsof the emission intensity (1, 2), the temperature

of emitting molecules (3) and the current of C;s fragments
(4) [10] versus electron energy.
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Fig. 5. Experimental (O, A) and calculated (dashed lines)
plots of the emission intensity of molecules, ion transit time
(I) and their ultimate temperature (1) against the electric
field strength (values of g are indicated at the curves).

the main emission source is the ionized molecule (ion-
ization potential U; = 7.6 eV [11, 18]) and that the ther-
mal energy of the Cg, molecule in the effusion beam
E, 0 = E,(To) 04.6 eV, we obtain that the energy trans-
ferred to the molecule by an electron (E, + U; — E, )
amounts to 39 €V. Thus, the primary and secondary
electrons take away only 8 eV. The transfer of such a
great amount of energy to the Cq, molecule implies a
multiel ectron excitation process.

The existence of alimit for the temperature increase

of the ng molecule can be explained by competition

between the radiation cooling of the molecule heated
by an electron and an aternative cooling process by

evaporation of C, through the process ng —

ng_ on +NC,, therate constant of which has a stronger

VOSTRIKOV et al.

temperature dependence[9]. Note, at this point, that the
sum KT* + U;, where U; is the ionization potential of
Csg, turned out to be close to the threshold energy E. for
the dissociative ionization [10, 12, 18].

Shown in Fig. 3 (curve 4) is the dependence [10] of
the current due to Cx, ions generated as aresult of the

metastabl e fragmentation of Cgo* during the time inter-
val 7.7-31.2 pyslapsed after interaction with an electron
for an initial thermal energy of the molecule E, o =
4.5 eV. Itisseen that the threshold for the generation of
the fragments isindeed close to the energy E,, at which
the temperature rise of emitters ceases, i.e., hotter mol-
ecules, apparently, rapidly loose energy through the
evaporation of C,.

Heating the Cg, molecule causes not only its frag-
mentation but also the thermal emission of an electron,
which isafaster process[9]. Therefore, the main emis-
sion source at E, = 40 eV, as shown earlier by the

present authors [22], is provided by the ionized Cgy

molecules. In Fig. 4, theintegrated intensity | is plotted
as afunction of the strength & and polarity of the elec-
tric field between the deflecting plates at energies E, =
40 (curve 1) and 65 eV (curve 2). Also shown in this

figure is the time of stay of a ng ion in the emission
region under observation (curve 3) calculated for anion
produced in the center of electron beam and having the
starting velocity equal to the velocity of a Cgy molecule
in the effusion beam. The asymmetry of the curvesis
related to the fact that the optical axis and the molecule
velocity are not collinear (the angle between them is
40°).

It can be easily shown that, at strong pulling fields,
the time of stay of theionsin the region under observa-
tion t, and, consequently, their emission intensities |*
are proportional to &2, By plotting 1(€) in coordinates
[(&) —&Y2 and extrapolating to the origin of the coordi-
nates, we find that the contribution to emission from
neutral particles does not exceed 16 and 4% for E, = 40
and 65 eV, respectively. These values are shown in
Fig. 4 by horizontal lines1' and 2'.

Data in Fig. 4 allow estimates to be made of the

emissivity of C;; . For this purpose, we subtracted
from thetotal emission | the contribution of neutral par-
ticles. In Fig. 5, the symbols correspond to data for the
ion emission 1*(&) derived from the left-hand branches
of curves 1 and 2 in Fig. 4. The calculated dependence
of timet, on ¢ isshownin Fig. 5, curvel.

Theemission at small € (corresponding to large val-
ues of time t;) does not vary in proportion to t. We
relate this behavior of 1*(€) to the radiation cooling of

the ng ion during its stay in the region under observa-
tion. In order to derive the dependence of the emission

TECHNICAL PHYSICS Vol. 45 No.7 2000



KINETICS OF RADIATION COOLING OF FULLERENES

intensity on the cooling rate, we integrate the emission
flux energy q = (hc/A)ly, with respect to A. Taking €(A)
in the form of (2), we get, as aresult of integration, an
expression similar to the Stephan—Boltzmann formula
for asmall particle

q = &0T (3)
where o, = 24.888 2nthc?Sd(k/hc)®.
Making use of
qdt = —CdT, (4)

and integrating (4), we get variation with time of the
temperature of Ceg

T(LT) = T{1+t[480.T1/IC} ", (9)
where T, isthe initial ion temperature.
Substituting (5) into (1), we get an expression for
the ion emission intensity |, as afunction of the time
intransitt and theinitial temperature T;. The integral of

It; (t) over the ion trgjectory with account taken of the

gpatial variation of the sensitivity of the optical system
n(r)

N = {lﬁln(r(t))dt (6)

represents the number of photons registered by the opti-
cal system per one emitting ng ion. Astherate of for-

mation of ng ions does not depend on the field &, the

N*(&) dependence to within a constant A coincides with
the measured signal 1*(g).

Depicted by a dashed line in Fig. 5 are the calcula-
tion resultsfor N*(€) at T, = 3150 K and A = 540 nm for
several values of the constant €. For illustration pur-
poses, the calculated N*(&) curves have been normal-
ized at their maximain the region of large timest,. In
comparing the experimental data points for 1*(§) with
calculated N*(&) curves, the differences between N* and
I* values were minimized using the least squares
method with constants A and € as fitting parameters. It
was found that the best agreement with the model is
observed at €, = 5.7 for E. =40 eV (triangles) and g, =
6 for E.=65eV (open circles). Thefinal temperature T;

of Cg; ions exiting the region under observation for
€, =6 1isshown by curvell in Fig. 5.

A qualitative confirmation of the temperature varia-

tion of the quantity T(Cg; ) has been obtained from

measurements of the emitting region profiles along the
direction perpendicular to the optical observation axis
and the axis of the electron beam for emission from
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Fig. 6. Transverse profiles of the electron-induced emission
(E¢=70€eV) from nitrogen ions (open circles) and fullerene
molecules (solid circles). Symbols show the experimental
results, and solid curves show the results of calculations.

nitrogen ions N (B’ A = 391 nm) and Cgy ions.
The obtained distributions of the emission intensity are
shown in Fig. 6. Maxima of 1* curves in Fig. 6 have
been made equal. Note that in these measurements,
nitrogen was leaked in the chamber to a pressure of

1074 Pa. The lifetime of the stateis B’S, ~ 0.1 pis; i.e.,

the thermal motion of the excited N, ions during a
radiative lifetime can be neglected. In this case, the
measured emission intensity is given to within adevice
constant by the integral

3
Ia(rs) = drn(r—rgP(r). ()
P(r),n(r)#0

Here, |rg| is the distance from the optical axis to the
electron beam axis, and the integration is carried out
over the region where both the excitation level P(r) and
the sensitivity of the registration system n(r) are non-
zero. For afullerene, taking into account the radiation
cooling, we get

(r) = [ droP(ry)
P(ro)#0 (8)
x [ -r)ln(t(r=ro),
n(r)#0
wheret(r —rg) = |r —rg|/|V,| isthetime of ion transit and
V, is the starting velocity vector (measurements were
carried out at & = 0).

The emission profile of N, calculated by formula (7)
and the emission profile of the fullerene derived using
formulas (1), (5), and (8) at £, = 6 are shown in Fig. 6
as solid curves. It can be seen that the shift of the
fullerene emission profile relative to that of nitrogenis
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Emitting particle Coefficient € Process considered References
Czo 05-1.2x10% Cooling of heated moleculesin abeam [5]
Con—on 2-4.4 x 102 M etastable fragmentation [8]

Con ~1.2x10* Thermionic emission [9]
Con 1.0-1.1x 1072 Optical emission This study

well described by our model of the radiation cooling
of Cey .

Previoudly [12, 15, 16], in studies of relaxation pro-
cesses in a gaseous fullerene, estimates of emissivity
have been made. However, in analyzing these data, the
following points should be taken into consideration.
Firstly, indirect estimates of the radiation cooling con-
stant are strongly influenced by the choice of the rate
constants of competing processes, mechanisms of
which are not quite well understood. Secondly, in [12,
15, 16], experimental determinations were carried out
of the loss rates of the internal energy q in different
temperature ranges and the € values were “recovered”
under certain assumptions differing from those adopted
in this work. For example, the dependence of € on A
was ignored [12, 15], and it was assumed [16] that g O
T8 or g(A) O (d/A)36. In view of the above, we have
used the data of [12, 15, 16] for the rate of radiative
energy loss g(T) and recovered the values of € using
formulas (2) and (3). Vaues of € for A = 540 nm and
d=1nm aregiveninthetable.

Note that our values of € are much higher than those
of indirect estimations. Thisis probably due to the dif-
ference in temperatures (in [12, 16] the temperature of
particles did not exceed 1800 K), which can have atwo-
fold effect. Firstly, as the temperature is increased, the

cooling rate of ng can rise because of the evaporation
of C,. However, this effect appears to be not strong
enough because the observed cooling rates are the same
at energies 40 and 65 eV, whereas fragmentation at
40 eV is practically zero (curve 4 in Fig. 3; see aso
[10, 12]). Secondly, the possibility that € dependson T
cannot be excluded. In our calculations above, this
dependence was neglected because of a rather small

temperature drop observed during crossing by the Cg,-
ion of the region under observation (curve Il in Fig. 5).

The most complicated issue is the formation mech-
anism of the Planck’s emission spectrum of a nanopar-
ticle. In ordinary media, the continuous thermal emis-
sion spectrum is formed as a result of the transfer of
resonant emission under conditions of photon reab-
sorption [23]. It is evident that because of the low den-
sity of Cg, moleculesin the beam, the reabsorption does
not take place. The absorption spectrum of unexcited

Ceo displays a resonant character typical of molecular
spectra[24] and showing that, in this place, the number
of optically active statesis small. The continuous char-
acter of the electron-induced emission of highly excited
fullerene molecules can possibly be explained by opti-
cal transitions between electron-excited states whose

density is high [25]. The shape of the observed Cg,"
emission spectra indicates that the highly excited
fullerene molecule is large enough for complete ther-
mal equilibrium between emission modes to be
achieved.

CONCLUSIONS

In this work, the emission of fullerene molecules
excited by electron impact in crossing beams under
conditions of single inelastic collisions Cg, + € in the
range of collision energiesfrom 25 to 100 eV was stud-
ied, and the following results have been obtained.

Callisions between Cg, and el ectrons produce emis-

sion from Cgo molecules and ng ions at electron
energies starting from =27 eV. The mgjor contribution

to the emission comesfrom Cg; ions, which form after
the fast thermal emission of electron.

The emission excitation function I(E.) has been
derived. The function has a nhonresonant character and
reaches a maximum at an energy E,= 70 eV.

It has been found that the spectrum of electron-
induced emission of fullerene molecules is described
by Planck’s formula for radiation from small particles
of sizes much smaller than the radiation wavelength.
The temperature of molecules determined from emis-
sion spectra rises in proportion to E, as the electron
energy isincreased to =47 eV and then stays constant at
T = 3150 K. Considering the distribution of tempera-
tures of the molecules, the heating can be as high as
T, = 3800 K.

The kinetics of radiation cooling of ng has been

investigated and the emissivity value obtained: € = 1072
a A =540 nm and d = 1 nm. The results of works[7, 8,
13, 14] and of this study show that the method of exci-
tation of metal clusters and Cg, molecules has no effect

TECHNICAL PHYSICS Vol. 45 No.7 2000
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on the emission spectrum; metal particles and fullerene
molecules produce Planck’s spectrum for thermal
emission. This is probably the common property of
tightly bound clusters and molecules.
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Abstract—Experimental studies on the self-organization of dissipative dynamic systems have shown that this
property isinherent to the structure of the discharge leader. © 2000 MAIK “ Nauka/lnterperiodica” .

In recent years, interest in studying the self-organi-
zation phenomenon in living and physical systems has
quickened. The latter are especially promising in this
respect because of their smplicity and the availability
of well-developed experimental methods and tools. At
present, few systems where self-organization is known
to take place are the objects of investigation. A wider
coverage of dissimilar systems would be of great value
for the in-depth analysis of the self-organization mech-
anisms and properties.

In this work, the self-organization of the discharge
leader on the water surface (LOW) was discovered.
This study is an extension of [1], where an arc discharge
initiated on the water surface was used as a source of UV
radiation to deactivate microorganisms[2].

When a cylindrical cathode was partially immersed
in water (vertically) and the anode tip was above the
water surface at a distance of 1-3 cm from the cathode
[1], the formation of the leader was found to shunt the
water resistance in the gap and cause nonlinear current
feedback (between the gap voltage and resistance) to
occur. In other words, if the LOW is initiated by a
capacitor, an R(t)C discharge arisesin the circuit and an
exponential current and voltage decay is not observed.

Further studies of LOW [3, 4] under creeping dis-
charge conditions (Fig. 1) have shown that the LOW
may be quasi-one- or quasi-two-dimensional depend-
ing on whether the cathode is one- or two-dimensional
(Fig. 2). The leader core is driven by the potential dif-
ference between it and the water surface in front of it.
The leader structure forms by repeatedly splitting the
core because of its flattening. The LOW structure thus
obtained is fractal with the fractal dimension D = 0.96
and 1.85 for quasi-one- and quasi -two-dimensional dis-
charges, respectively. Their evolution is self-consistent
[4,5].

Here, wereport additional information that provides
a deeper insight into the role of a coronain the leader
evolution. Based on these data and also in view of self-
organization signs [3-5] found in nonequilibrium
dynamic dissipative systems [6, 7], we establish the
fact of LOW self-organization. The self-organization
signs are, specifically, the spontaneous and threshold

character of structuring and structure breakdown, as
well as the relation between the dissipated power and
structuring.

CONDITIONS FOR LOW STRUCTURING

LOW structuring is demonstrated more distinctly
with the two-dimensional LOW [4]. The setup for
LOW study (Fig. 1) is essentially a 1.5-cm-high cylin-
drical glass cuvette 1 of diameter 9 cm, two-thirds full
of tap water 2 with a conductivity of (1L x 104 Q- e,
Cathode 3, an 0.05-cm-thick brassdisk 7 cm in diame-
ter was placed concentrically to the cuvette 0.3 cm
below the water surface. The end of a stainless steel
wire 7.5 x 103 cm in diameter served as anode 4. The
anode was 0.1-0.3 cm above the water surface at the
center of the cuvette.

In experiments, we used 0.1-pF-storage capacitor 5,
which was charged to the initial voltage U, = 3-6 kV.
A discharge was initiated by shortening air gap 6.
Oscillograms of the capacitor voltage U, and discharge
current i (Fig. 3) were obtained using resistive voltage
divider 7 and shunt 8. The discharge was photographed
with camera 9. The experimental conditions were
detailed in [3, 4].

At theinitial voltage Uy = 3-6 kV (positive anode 1
in Fig. 4), cone-shaped corona 3 was initiated in air
gap 2. As soon as the corona cone base reached the
water surface, from three to six initial leaders 4 began

)

[Hs ll% MJ:

Fig. 1. Experimental setup.

1063-7842/00/4507-0922%$20.00 © 2000 MAIK “Nauka/Interperiodica’
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Fig. 2. (a) Two-dimensional discharge and (b) the end of a
one-dimensional discharge.

to develop over it. The onset of the discharge in the gap
was indicated by the current passing through the dis-
charge circuit. Its value increased from that typical of
coronastoip = 3 A (U, = 6 kV) (Fig. 3, curve 2). The
final value was set after the corona cone had touched
the water surface. During this stage (=100 ns), cathode
layer 5 (Fig. 4), necessary for passing the conduction
current, formed in the anode—water gap near the water
and the initial corona was successively changed to
glow, abnormal glow, and arc discharges 6. The current
valueiy equals Uy/R,, where R, is the discharge circuit
resistance, which includes the plasma resistance in the
anode-water gap and the resistance of the water layer
between the cathode and corona cone. A further
increase in the current is due to the LOW evolution,
specificaly, an increase in the leader area and water
layer under the leader structure. This water layer
defines the discharge circuit resistance at this stage of
the discharge [4].

In [3], the structure of a quasi-one-dimensional
|eader was represented as consisting of achannel, arms,
and branches. Streamers at the leader core, though
2000
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Fig. 3. Time dependences (oscillograms) of the (1) capacitor
voltage, (2) discharge current, and (3) discharge circuit
resistance. Uy = (a) 6 and (b) 3kV.
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Fig. 4. Corona (dashed lines) and contracted (continuous
lines) discharges in the anode-water gap. Pluses and
minuses are charges on the plasma and water surfaces;
arrows, current streams.

expected, were absent in the photograph of the entire
leader. According to [8], it was assumed that they are
comparable in size with the core radius and remained
unresolved. However, in the photograph taken with a
greater magnification from a one-dimensional leader
developed in the gap (Fig. 2b), filament-like formations
againgt the diffuse background are seen in the last cen-
timeter of the channel on both of its sides. Away from
the core, branches are observed. The filaments were
observed most distinctly in a microscope with a 16x
magnification. The filament length increased from
150 um at the core to 400 um at 1 cm from it. The spac-
ing between the filaments was 100 and 30 pum, respec-
tively. Thefilament diameter was found to be 20-30 pm
throughout the channel. The angle between the channel
and filaments increases from 20° at the core of the
leader to 80° at its end. However, streamers ahead of
theleader were not observed either in the photograph or
in the microscope. Here, it should be taken into consid-
eration that the photograph of the entire leader isiden-
tical to the original only at the end part of the stopped
leader. Away from the core, the image of the leader,
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Fig. 5. (1) Core potential, (2) water surface potential, and
(3) core-water potential difference vs. the leader length.

including that observed in the microscope, is the con-
tinuous superposition of its previous images.

With regard for data for pulse coronas [8, 9], one
may suppose that the observed filaments are streamers
arising when the moving core displays corona.

The leader core is driven by the Coulomb force,
which is proportional to the potentia difference
between the core and water surface in front of it, U =
¢.— 9., (Fig. 5). In addition, the core motion is closely
related to a plasma generated at the core front. It has
been suggested [3] that the plasmais generated largely
in the cathode layer, the voltage drop across which is
0.3-0.4 kV. Therefore, the core stops when AU = 0.

However, the observed corona of the core and the
coincidence (within the experimental error) of the
corona threshold voltage in air (2.3 kV [10]) with the
potential of the core at theinstant it stops (2 kV) for any
of theinitial voltagesin the range 3-6 kV strongly sug-
gests that the corona discharge significantly contributes
to plasma generation. On the other hand, it follows
from the above that streamerswould arise only ahead of
the moving core if its potential exceeds 2.3 kV. Hence
the absence of streamersin front of the stopped corein
the photograph.

Themajor role of the core coronain the evolution of
the leader is aso strengthened by the decrease in the
corevelocity from (1-2) x 10°to (1-2) x 10* cm/swhen
the core potential dropsto =3 kV (Fig. 5). Thisisaso
the threshold potential for the evolution of the leader,
this threshold being of synergistic nature. The neces-
sary vaue of the anode potentia is the sum of the
threshold potential for the corona discharge initiated
from the tip, 2.3 kV, and the threshold voltage drop
across the cathode layer, 0.3-0.4 kV. The core moves
with avelocity of (1-2) x 10* cm/s (AU = 0.4 kV) also
because of plasmageneration in the cathode layer. Only
when this layer breaks down (AU < 0.3 kV) does the
core stop. Note that, when the leader core stops, the rest
of the channel may continue to display corona and,
accordingly, the surrounding cathode layer may remain

BELOSHEEV

intact, since the channel potential near the anodeis still
relatively high. However, as the capacitor and anode
voltages drop, the leader core moves towards the anode
and the leader shortens.

Thus, the LOW evolution proceeds at two levels. It
begins in the plasma of the corona cone near the water
surface (the microlevel), where initial leaders, early
macroelements, start to form (Fig. 4). However, the
evolution of the macrostructure through the movement
of the cores and their splitting are also provided by
microprocesses taking place in the corona and cathode
layer. The appearance of the corona and cathode layer
has athreshold character. Hence, LOW structuring also
has the voltage threshold.

LOW STRUCTURE AND POWER DISSIPATION
IN THE DISCHARGE CIRCUIT

The other sign of true self-organization in dynamic
dissipative systems is the growth of dissipated power
during self-organization. As noted, the LOW structure
develops from three to six initial leaders by repeatedly
splitting their cores.

Each of the cores in the LOW structure moves
through the interaction with the net field of polarization
charges on the water surface and with elements sur-
rounding the water. Therefore, the leading cores at the
periphery of the structure move in the radia direction,
while those lagging behind and being at the center of
the structure move according to the randomly directed
local field of the structure.

A combination of the determinate (radial) and ran-
dom movements of the core makes the structure spa-
tially stochastic and fractal [5]. The fractal dimension
D of the structure does not depend on the number of ini-
tial leaders and on the initial voltage in the 46 kV
range (the range being studied). The fractal dimension
of the structure is related to the full length L of its ele-
mentsin agiven radiusr; namely, L ~rP. In our case,
the radius of the structure equals the length of the lead-
ersl, | ~t¥2[3, 4]; hence, L ~tP2, At the same time, the
discharge circuit resistance is defined by that of the
water layer under the structure, that is, depends on the
structure size and element density. Eventualy, R ~
/L ~tP2, Asthe structure devel ops, the voltage across
the capacitor reducesinsignificantly (Fig. 3); therefore,
the current in the circuit i = Uy/R ~ tP2, and the power
dissipated in the discharge circuit isP ~ i?R ~ tP’2, That
is, the power dissipated in the circuit at the stage of cur-
rent growth is proportional to the full length of the
structure elements.

As stated above, when the corona ceases, the core
slows down, and when its potential becomes equal to
that of the water, the core stops. The current ceases to
grow, the power balance in the channel is violated, the
plasma in the core breaks down, and the structure
shrinks. This, in turn, causes the current, and hence,
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power in the discharge circuit to decrease further,
etc. [3].

The analysis of the origination and evolution of the
LOW structure, as well asits relation to the power dis-
sipated in the discharge circuit, allows us to argue, by
analogy with sdf-organization in nonequilibrium
dynamic dissipative systems|[6, 7], that the LOW struc-
ture evolution represents one more example of dissipa-
tive system self-organization.

STRUCTURE SELF-ORGANIZATION

Once the fact of self-organization is established, it
makes sense to treat this phenomenon at length. We
proceed from the assumption that system elements pro-
vide necessary conditions for structuring and structure
evolution.

By elements of the well-developed LOW structure,
we will mean leader channels in the region from the
corona cone to the most remote (along the radius) core,
side arms emerging from the channels or larger arms to
the core most remote from them, and arms emerging
from the last bifurcations together with their cores. The
role of branches in LOW self-organization is insignifi-
cant, and they will be excluded from consideration.
A specific feature of LOW structure self-organization
is that these structure elements appear immediately
during LOW evolution and self-organization.

Asnoted, at the early stage of structuring, areaswith
an elevated charge density, which give rise to cores,
appear in the boundary layer of the corona nonequilib-
rium plasma. These areas move, because the charged
plasma is unstable in the electric field. When moving,
the cores |eave behind them a conducting plasma chan-
nel, which transfers the corona cone potential to the
cores. The resulting core—channel plasmaformation is
theinitial macrostructure element, a leader nucleus. Its
further development implies core splitting and the
emergence of side arms, which are new structure ele-
ments. As the number of structure elements grows and
the system becomes unstable, self-organization at the
macrolevel starts. Here, the early channels become the
first (basic) ordering parameters. The side arms and
branches of leaders set up the final hierarchy of order-
ing parametersin LOW structuring.

Leader core splitting is certainly the key processin
LOW structuring. In [5], core splitting was associated
with alike residual charge present in front of acore. As
the core moves, the charge builds up, so that the core
front flattens at points where it touches the channel
envelope. It appears, however, that the residual charge
may not be a decisive factor in core splitting. Indeed, a
streamer coreis not split, asarule, but retains its shape
(self-sharpens) [11]. Thisself-consistent process can be
explained by a decrease in the energy density in the
streamer channel with distance from the core; accord-
ingly, the rate of ionization drops, and the channel nar-
rows. On the contrary, a leader channel expands with
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distance away from the core; hence, the core must flat-
ten on its axis. One can argue, in this case, that the
plasma formation (a cylindrical channel and a hemi-
spheric core) cannot be dynamically stable. According
to the type of core—€lectrode coupling, the formation
will necessarily be converted either to a streamer with
a narrowing channel or to an expanding leader. There-
fore, analysis of streamer or leader evolution within the
cylindrical model will inevitably cause errors.

Generally, self-organization in a system occurs
when it is necessary to enhance the energy flux through
it from an external source with a growing gradient at
the system boundaries. Under such conditions, amech-
anism of energy transfer through the system changes to
ahigher-rate one. In liquids, for example, heat conduc-
tion changes to Benard cellular convection, and in
lasers, spontaneous lasing changestoinduced lasing. In
our case, the system cannot enhance the energy flux by
locally increasing the process rate, since the water con-
ductivity remains unchanged. Here, the energy flux
grows owing to the extensive development of the sys-
tem in the form of LOW structuring. Remarkably, not
only LOW structure elements are produced but also the
nonlinear interaction of the entire system with the
energy source to sustain structure instability is pro-
vided.

It is known that positive feedback (PF) arising in a
system is asign of itsinstability. In our case, it shows
up (at the stage of current growth) as a continuously
maintained unambiguous correspondence between the
length of aleader and the current through it (IH corre-
spondence) [3], i.e., between the radius of the structure
and the current through it. This correspondence reflects
the relation between the leader core potential and the
anode (corona cone) potential. This relation sets in
through the channel, whose conductivity depends on
the passing current. Note that PF is inherent in leader
evolution and can be considered as an immanent prop-
erty in developing each of the structure elements.

As the cores are split, the number of structure ele-
ments increases and so does the charge interaction
between them. This interaction appears as negative
feedback (NF), which isinherent in the entire structure.

Itisobviousthat the PF prevails early in structuring;
therefore, the number of structure elements doubles
within 0.2 cm (Fig. 6). Then, NF comes into play, and
the rate of element production diminishes. Subse-
guently, the partial contributions of NF and PF to the
overall process presumably vary, as follows from the
varying number of elements (Fig. 6, curve 1). This
combined action continues until all structure elements
develop over the entire structure area and depends on
the element position in the structure. It is responsible
for the competitive growth of the elements and their
selection by formation rate and, hence, length. Eventu-
ally, the structure becomes hierarchically self-similar,
i.e, fractal [5].
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Fig. 6. Number of elements vs. radius: (1) actual structure,
(2) doubled number, and (3) averaged curve to calculate D.

However, the space-time characteristics of the
structure al so depend on other factors. Since each of the
elements is subjected to the determinate and random
fields and the element position specifiestheir combined
action on it during the structure evolution, the LOW
structure exhibits time-variant stochasticity. On the
other hand, the nonstationarity of the energy source and
the absence of limits for structuring make the system
spatialy irregular, unlike Benard cells and laser modes,
i.e., space-stochastic.

In the foregoing, LOW sdlf-organization after the
appearance of severa initial leaders was considered.
However, a mechanism of their appearance, i.e., pro-
cesses in the plasma layer at the water surface, is also
of great interest. This nonequilibrium plasma layer
formswhen the corona cone base comesin contact with
the water surface. The diameter of the layer is close to
that of the cone base (0.1-0.3 cm, depending on U,),
and its thickness is comparable to the core diameter,
=102 cm. Asthe current through the layer grows when
contracted along the anode-water gap axis, so does
(within =100 ns) the energy flux through the layer. This
may induce ionic—acoustic vibrations in the plasma
layer. Charge density crests at the layer periphery may
initiate the nucleation of initial leaders.

Another possible initiation mechanism is the occur-
rence of a planar double electric layer at the instant
when the positively charged cone base touches the neg-
atively charged water surface (Fig. 4). Further, this
layer serves as the cathode layer to provide a discharge
in the anode-water gap. Its diameter and thickness are
0.1-0.3 and =102 cm, respectively [10]. With regard
for the planar geometry of the cathode layer, oppositely
moving electrons and ions in it, and a drastic increase
in the energy flux when the current contracts, a current
structure of Benard cell type may form in this layer.

BELOSHEEV

Current stratification observed in the cathode layer of a
glow discharge [10] and cathode spot ordering [12] are
indirect evidence for this supposition. In this case, the
current structure in the cathode layer will modulate the
charge density in the plasma layer adjacent to it on the
anode side (Fig. 4), and the crests of the charge density
at the boundary of thislayer will giverisetoinitial lead-
ers.

In both mechanisms, the charge density variesin a
regular manner, including in the periphery of the layer,
which provides the symmetric arrangement of initial
leaders. Note that the symmetry isalso anecessary con-
dition for the resulting structure to be electrically sta-
ble.

The nucleation of initial leaders may follow the
third possible scenario. Since the - correspondence,
acting as PF, isuniversally present in the system, radial
charge-density microfluctuations in the corona plasma
layer at the water surface may be brought to the mac-
rolevel. The competition between (and eventualy the
selection of) macrofluctuations will cause radia split-
ting (contraction) of the current into severa channels
(Fig. 4), and the charge interaction between the macrof -
luctuations will provide the electrical stability of the
channels.

Obvioudly, the above scenarios are not mutually
exclusive and may coexist during self-organization at
the microlevel. The early stage of LOW structuring
calls for further investigation. It would be useful for
finding determinateness limits at the early stage of self-
organization in any system. In our opinion, the phe-
nomenon of LOW structuring offers a greater scope for
experimentation than other physical systems.

Our studies of LOW structuring and structure evolu-
tion [3-5] can be summarized as follows.

(1) LOW structuring exhibits all of the signs of self-
organization in nonequilibrium dynamic dissipative
systems|[6, 7].

(2) LOW self-organization proceeds in two stages.
First, the radial charge-density structure forms in the
disk-shaped layer of the nonequilibrium plasma near
the water surface; then, the LOW current channels
evolve from the charge density structure.

(3) The evolution and self-organization of the LOW
structure impose limits on the specific power (power
per element) dissipated in the system. This leads to a
rise in the number of structure elements by splitting
and, hence, the total dissipated power; in other words,
the self-organization proceeds in the extensively devel-
oping system.

(4) A structure element moves because of the move-
ment of itscore, which isdriven by the source potential.
The source potential is transferred to the core through
the channel. Hence, the cores and channelsfulfil differ-
ent functions during the process.

(5) The self-organization of the structure is gov-
erned by a combined action of PF, the immanent prop-
TECHNICAL PHYSICS Vol. 45
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erty of each of the elements, and NF, the immanent
property of the structure as a whole. This leads to the
competition between structure elements, their selec-
tion, and the fractality of the structure. In addition,
dynamic self-consistency between the structure and
power source is provided.

(6) The nonstationarity of the power source and the
unrestrictedness of LOW structuring are responsible
for the space-time stochasticity of the structure.

(7) Based on items 14, LOW self-organization can
be considered as a universal evolutionary model.
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Abstract—Experimental results on the melting of aluminum nitride heated by an electric arc burning in anitro-
gen atmosphere at a pressure of 0.2-0.3 MPa are presented. A qualitative explanation of the dissociation sup-
pression mechanism under arc heating is proposed. It has been shown that the suppression is possible at atmo-
spheric pressure due to the photoactivation of aluminum on the sample surface by resonant radiation of alumi-
num vapors present in the electric arc. © 2000 MAIK “ Nauka/Interperiodica” .

INTRODUCTION

Aluminum nitride (AIN) is a promising material
possessing a combination of properties valuable for
practical use [1]. Their full utilization is possible for
mono- or polycrystalline AIN. Dense crystalline alumi-
num nitride can be obtained either by gas-phase growth
[2] or by crystalization from melt [3, 4]. The latter
method is more productive but its implementation is
extremely difficult. Heating of auminum nitride at
atmospheric pressure results in intensive dissociation
and compl ete destruction of the sample (transition from
solid to gas phase) aready at 2400-2700 K, which is
much lower than its melting point T,, = 3070 + 100 K
[5]. Therefore, to determine the melting parameters of
aluminum nitride and produce it in polycrystaline
form, growth from melt at elevated nitrogen pressureis
used in order to suppress the thermal dissociation of
AIN. For example, laser melting requires a nitrogen
pressure not lower than 10 MPa [3], while in a con-
tainer melting, itis0.5 MPa[4].

In [6] an experiment on heating a porous AIN
ceramicsby an ac electric arc at nitrogen pressures 0.2—
0.3 MPa was carried out. The arc was initiated under
the AIN sample and the current was 60-80 A. Indica
tions of aluminum nitride melting were observed.

The choice of the aternating current arc as a heater,
the porous ceramics as an AIN sample, and the scheme
of heating from the bottom is not accidental. The alter-
nating field confines Al* ions [7] and having the arc
under the sample reduces the carry-over of aluminum
vapor forming as a result of AIN dissociation from the
reaction zone by convection currents. However, heating
from the bottom poses the problem of melt confine-
ment. The porous sample structure through the capil-
lary enables a sufficient amount of molten AIN phaseto
be accumulated for unambiguous instrumental proof of
the fact of melting. In these conditions, samples have
been obtained with a clearly distinguishable remelted

surface layer having properties differing from those of
the starting material and possessing high hardness.
X-ray phase analysis has shown that the dominant
phase (up to 99%) in the molten layer is a perfectly
crystallized aluminum nitride. Detailed description of
the experiment as well as of the preceding studies has
been given in [6].

This paper considers the suppression mechanism of
AIN dissociation as well as the specific conditions of
the electric arc heating favoring the AIN melting. The
possibility of melting aluminum nitride at atmospheric
pressure has been shown.

DISSOCIATION SUPPRESSION
MECHANISM

Suppose that the surface of an AIN sampleis heated
to melting point T, However, for the melting really to
occur, it is necessary that a dynamic equilibrium
between the condensed aluminum nitride and the gas
phase products of its decomposition be established
according to the reaction

AINC~— Al + 1/2N, (1)

(c denotes the condensed state). Otherwise, if the par-
tial pressures of nitrogen and aluminum vapors are too
low, instead of melting, an intensive dissociation will
take place. The constant of reaction (1) given by

K =P(AI)PY2(Ny) )

at thermodynamic equilibrium can be expressed, for
example, in terms of constants of the reactions
AIN(c) =— Al + N and N, —— 2N, which can be
found in [8]; at T 03000 K, it is equal to 0.12 MPa®2.
Thismeans that at a partial nitrogen pressure P(N,) of,
say, 0.1 MPa, the equilibrium pressure of aluminum
vapors should be 0.38 MPa, which is impossible since
the saturated vapor pressure of aluminum at this tem-
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peratureisonly 0.24 MPa[8]. If P(Al) =0.24 MPa, the
equilibrium nitrogen pressure will be equal to P(N,) =
0.25 MPaasit follows from (2).

Thus, the aluminum nitride can be melted only at
nitrogen pressures of no less than 0.25 MPa. In this
case, if P(N,) is not too high, the aluminum vapor
should be close to saturation, which is difficult to pro-
videtechnically since, in the absence of the hermeticity
of the heated volume, the vapor will intensively diffuse
to colder regions and condense there. To reduce P(Al)
by a factor of n while maintaining the equilibrium of
process (1), itisnecessary to increase the nitrogen pres-
sure by afactor of n?. Therefore, the melting of AIN can
be achieved only at pressures that are high enough.

The conclusion made above is true for the condi-
tions of therma excitation of aluminum atoms. In the
process of AIN dissociation, excited aluminum atoms
Al* are released, presumably to the first excited state
4s(?S) with energy E* = 3.14 eV [9]. Therefore, the
reaction that is actually taking placeis

AIN(C) — Al* + 1/2N,, 3)

and the reaction constant can be written in the follow-
ing form

K* = P(AI*)PY2(N,), (4)

where P(Al*) isthe partial pressure of aluminum atoms
in the 4s(?S) state.

At T = 3000 K, the equilibrium pressure of excited
atlomsis

P(AI*) = P(A )%exp%—%% o

= 1.77 x 10 °P(Al).

Here g* = 2 isthe statistical weight of the excited state;
> isthe statistical sum of an atom, which at a specified
temperature is actually equal to the statistical weight
g = 6 of the ground state 3p(°P). As aresult, we obtain
K* = 210Pa®?; that is, at atmospheric nitrogen pressure,
P(AI*) =0.7 Pa

After dissociation by (3), aluminum atoms pass to
the ground state and an equilibrium between the ground
and excited states sets up. Only then, if excitation/de-
excitation of the atoms in the near-surface gas layers
results from collision processes, the direct and reverse
reactions (3) (as well as (1)) may come to an equilib-
rium making the melting possible. Thiswill occur at the
extremely high equilibrium gas phase pressures speci-
fied above, athough the vast majority of aluminum
atoms in the ground state are not involved in the pro-
cesses (3). In this case, the number of excited alumi-
num atoms arriving at a sample surface element ds in
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time dt and maintaining equilibrium in (3) is deter-
mined by the expression

dN = A s, ()

J2TIMKT

where M is the mass of the auminum atom. It is
assumed that in the near-surface gaslayer of athickness
of the order of the atom free path, the temperature is
close to the surface temperature T,

If the occupation of the excited statesis governed by
some nonthermal process and isin excess of that given
by (5), only the equilibrium in (3) (but not in (1)) is of
importance. In that case, the melting is possible at
lower gas phase pressures.

When a sample is heated by arc, the excitation of
aluminum atoms at the surface can be caused by radia-
tion from the arc. Then, the condition for equilibriumin
(3) and therefore, the possibility of melting, can be
described as follows. After dissociation by (3), alumi-
num atoms pass to the ground state and escape to the
arc plasma. The density of aluminum vaporsin the arc
plasma increases until the intensity of radiation from
the arc due to the aluminum resonant transition
45(’S) — 3p(°P) becomes high enough for excitation
of such anumber of aluminum atoms at the sample sur-
face that an equilibrium between the direct and reverse
reactionsin (3) isestablished. To estimate the minimum
required aluminum vapor density in the arc, the number
of resonant photons arriving at the sample surface
should be no less than that given by (6). Expressing
P(AI*) from (4) and substituting into (6), we obtain that
the flux density of resonant photons emitted by the arc
should be no less than

j = K* (Tn)
J2TMKT P(N,, T)

(7)

At the same time, the flux density of aluminum
atoms coming to the sample surface should be no less
than the value given by (7), and all these atoms can be
considered to be in the ground state. For this to occur,
the aluminum vapor pressure in the near-surface layer
should be no less than the equilibrium partia pressure
of excited atoms at the melting temperature, which is
given by equation (4).

The flux density of photons at an emission wave-
length A is
CINXA  2me® INLof
Ja = AT mc )\ZZ(Ta)

0E*o

where A is the transition probability (Einstein coeffi-

cient); f is the oscillator strength; and N and N, are
the densities of excited atoms and the total density of
aluminum atoms in the radiating plasma layer of thick-
ness| at atemperature T,, respectively.
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For the transition under consideration, f = 0.12[10].
To make an estimation, assume that the temperature T,
and electron density n, in the arc are independent of the
aluminum vapor density; that is, the desired minimum
density N, is low enough. We take T, = 12000 K and
Ne = 107 cm3[11]. Thus, it is assumed that the density
of aluminum ions is less than 10" cm3. Assume aso
that the arc plasma s transparent for the resonant radi-
ation; i.e., the characteristic transverse dimension of the
arc | can be taken equal to =0.5 cm.

Based on the assumptions made and equating (7)
and (8), we obtain

2 x 10"

* PN, T

where the nitrogen pressure is measured in Pa and the
aluminum atom density, in cm=3,

From the Saha equation, it is easy to determine that
the aluminum ion density is N; = 30N,. At atmospheric
nitrogen pressure, N, = 6 x 102 cm=2 and N; = 2 x
10 cm= < 10Y cm3, as was assumed. In the condi-
tions under consideration, the broadening of spectral
linesis of the Stark type and the resonance line has a
Lorenz contour with a halfwidth AN = 0.016 nm [12].
For the Lorenz contour, the adsorption coefficient at the
center of thelineis

NN, f
mc’AN

and at nitrogen pressures approaching the atmospheric
pressure, the optical thickness k,| ~ 0.1; that is, for the
resonance aluminum line, the arc plasmais transparent.
Therefore, the assumptions made are valid.

At an aduminum vapor density N, + N, = 2 x
10 cm3, the respective partial pressure in the arc is
about 30 Pa. Taking into account that aluminum comes
from the AIN dissociation at the sample surface and the
fact that, with heating from the bottom, convective cur-
rents return the aluminum vaporsto the sample surface,
it can be assumed that, near the surface, the vapor pres-
surewill be not lower than in the arc. The latter exceeds
the equilibrium partial pressure of excited atoms at
T,,= 3000 K, which is of the order of 1 Pa as follows
from (5). Therefore, the second condition for suppress-
ing the dissociation will be fulfilled as well.

ky, =

CONCLUSIONS

In [6], it has been experimentally shown that it is
possible to suppress the dissociation of aluminum

D’YACHKOV et al.

nitride and melt it by an electric arc in a nitrogen envi-
ronment at pressures close to the atmospheric pressure.
In this study, relying on the analysis of the dissociation
mechanism, it has been shown that, even at aluminum
vapor partial pressure in the arc of the order of 10—
100 Pa, the conditions for the photoactivation of the
number of Al atoms necessary to suppressthe AIN dis-
sociation are ensured and the melting of auminum
nitride at atmospheric nitrogen pressure is made possi-
ble. Thisis aresult of aluminum photoactivation at the
AIN sample surface at the melting temperature by res-
onant radiation of the aluminum vapor from the hot
zone of the arc. It isimportant, therefore, that the arc be
positioned under the AIN sample; otherwise the con-
vective currents would carry aluminum vapors away
from its surface and the necessary vapor density may
not be attained.

The method considered can also be successfully
applied in melting other easily dissociating high-melt-
ing-temperature nonmetallic nitrides, like nitrides of
boron, silicon, and others.
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Abstract—A new model of a quantum magnetometer based on the principle of Cs—K tandem was devel oped
and experimentally tested. The specific features of the magnetometer are asingle absorption cell containing Cs
and K vapors, digital synthesis of the potassium resonance frequency by multiplying the cesium resonance fre-
guency by a conversion factor (the ratio of the atomic constants), and the use of four-quantum resonance in
potassium atoms. Device readings were found to be insensitive (within 10 pT) to variations of the main operat-
ing parameters even if the variations go far beyond the normal service variability. © 2000 MAIK “ Nauka/Inter-

periodica” .

INTRODUCTION

Since the late 1950s, the absolute values of mag-
netic fields falling into the geophysical range have been
usually measured with optically pumped quantum
magnetometers. Optically pumped magnetometers
(OPMs) are significantly more sensitive and faster than
conventional proton (precession) magnetometers
[1-3]. In addition, the recently developed OPM models
provide ahigher accuracy of measurement than the pro-
ton instruments. Many OPM models of different mea-
suring accuracy, resolving power, speed, working
range, power consumption, weight, dimensions, price,
etc., have been described in the literature. In view of a
wide variety of OPM applications, it is hardly probable
that they will ever be covered by one unified multipur-
pose OPM design. Therefore, the development of new
OPM models best suited to specific types of measure-
ment remains atopical problem.

The goal of this work is to describe a new OPM
model intended largely for observatory measurements
of the magnetic field magnitude in the geomagnetic
range. The model is distinguished by high speed (0—
100 Hz band) and high resolution (~10 pT/HZY?) in
combination with the record-breaking long-term stabil -
ity (reading variations within 10 pT) and a strictly lin-
ear dependence of the resonance frequency on mag-
netic induction. Although such good characteristics
have previously been achieved in some other types of
OPMs, the model under consideration is the first to
combine all of these advantages. Note also that, in the
field of metrology, it is always worthwhile to develop a
device based on an essentially new approach even if its
metrological performance is not superior to that of pre-
vious models.

PRINCIPLE OF OPERATION

In metrology, the problem of combining high accu-
racy with high speed is usually solved by integrating
two different measuring devices into asingle system so
that the readings of a high-speed device are corrected
with a slower-speed but high-precision device. This
principleis used, for example, in modern time-keeping
systems and was proposed to be applied in precise mea-
surements of the magnetic induction magnitude [4].
A magnetometer built around this principle is often
called tandem. It consists of OPMs of two types: aspin
generator with the output frequency proportional to the
external magnetic induction (M,~OPM) and a passive
radio spectrometer where a feedback loop is employed
for holding a sel ected resolved magnetic resonanceline
(M-OPM). The latter OPM provides a higher accuracy
of resonance frequency measurement, whereas
M,-OPM oscillates near the center of gravity of agroup
of unresolved lines and, therefore, is proneto large sys-
tematic errors.

In the early tandem model, the atomic vapor of the
rubidium isotope &Rb was used in both components.
However, 8Rb proved to be a poor choice, because its
magnetic resonance spectrum contains a group of lines
the spacing between which in the slightly disturbed
magnetic field of the Earth is only several times larger
than their widths. A Cs—K tandem [5] (cesium is used
in the M, component; and potassium, in the M, compo-
nent), devel oped many years after its Rb counterpart, is
free from this disadvantage, because the magnetic res-
onance spectrum of potassium is completely resolved
in the whole range of the earth’s magnetic fields. This
prevents the interference of adjacent spectral lines.

1063-7842/00/4507-0931$20.00 © 2000 MAIK “Nauka/Interperiodica’
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~1000 0 1000  f—f,, Hz

Fig. 1. Calculated dependence of the pump light absorption
by 3%K vapors on the frequency f of RF field H(f).

The distinguishing features of the OPM tandem
described in thiswork are asfollows: (1) the absorption
cell, containing amixture of Csand K vapors, is shared
by the component magnetometers and (2) the potas-
sium M,-OPM uses the four-quantum (4Q) magnetic
resonance line corresponding to the transition between
thesublevels|F =2, mg = 20= |F =2, me =-20

The common absorption cell by both magnetome-
ters eliminates the systematic error caused by a differ-
ence in the magnetic fields in two separate cells. In
addition, this reduces the size of the device. The use of
four-quantum magnetic resonance allows the device
resolution to be increased many times. Another advan-
tage is that the dependence of the four-quantum reso-
nance frequency on the magnetic induction is strictly
linear. Asshownin [6, 7], the high-order resonance line
n = 2F is prominent in the spectrum of n-quantum tran-
sitionslike AF =0, Ame = |n|. Thefrequency of thisres-
onance is almost independent of the aternating mag-
netic field intensity H,. Moreover, thisresonancelineis
the narrowest and has the highest intensity. In the case
of potassium, the maximum value of the total angular
momentum F equals 2. Therefore, the multiplicity of
the high-order resonance is4. At optimum values of the

ALEKSANDROV et al.

magnetic field intensity H,, the four-quantum reso-
nance width can be as small as several hertz, whereas
the other resonance lines are significantly broadened.
This allows the problem of searching and holding the
required resonance line (the total number of resonance
lines is 10) to be easily solved. An example of the
potassium magnetic resonance spectrum calculated for
the case of pumping with circularly polarized D,-line
light isshownin Fig. 1. The curve represents the super-
position of multiquantum resonances of multiplicity 1—
4inastrong magnetic field H; . The underlying discrete
spectrum shows four single-quantum resonances in a
weak field H,. The abscissaisf —f,, wheref isthe fre-
quency of the radio-frequency (RF) alternating mag-
netic field applied and f, is the four-quantum resonance
frequency. The continuous spectrum was cal culated for
the static magnetic field 50 uT and the relatively high
amplitude of the alternating magnetic field H, (yH, =
200r ,, wherey =7 Hz/nT isthe gyromagnetic ratio and
Iy is the width of the single-quantum resonance line).
The (discrete) spectrum of dlightly excited potassium
atoms is calculated for the weak alternating magnetic
field H, such that yH, = I",. This spectrum consists of
four almost equidistant lines corresponding to m: =
me + 1 transitionsfor F = 2. Their width isfar lessthan
the distance between them and cannot be resolved in
the scale of the figure. It is seen that the two spectra
diverge significantly. That of potassium excited by the
strong magnetic field is characterized by the extraordi-
narily narrow four-quantum resonance line and reso-
nance lines of multiplicity n = 1-3, broadened by the
magnetic field.

The block diagram of the deviceis shown in Fig. 2.
The detector of the magnetometer incorporates an evac-
uated spherical glassbulb 80 mmin diameter. Theinner
surface of the bulb is covered by a paraffin film. The
bulb has an extension containing a globule of the
cesium—potassium aloy. Thus, at a temperature of
about 50°C, the densities of Csand K vaporsinside the
bulb are kept close to each other.

cs\ (l)/
7L RE coils Modulation [
Ref. F mod = 5Hz
PhD
KRF
_H X Phase CsRF
control F
requency
PhD vVCO synthesizer
Fout = Fip % 2.002

Ref.

Frequency counter

Fig. 2. Simplified functional diagram of the Cs—-4QK tandem.
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The bulb is illuminated by beams of circularly
polarized light from cesium- and potassium-discharge
lamps. Only the D, lines of resonance doublets are
used. The potassium light is aligned with the static
magnetic field, whereas the cesium beam makes an
angle of ~45° with the field direction. After passing
through the cell, both beams are detected with silicon
photodiodes. The resulting photocurrents are amplified
and applied to theinputs of two phase detectors (PhDs).
The cesium spin generator is based on the principle of
self-tuning of the voltage-controlled oscillator (VCO)
frequency to the cesium resonance frequency. For this
purpose, the signal from the cesium beam photodetec-
tor is applied to one of the inputs of the phase detector.
The reference signal is generated by the VCO. If the
frequency of theV CO, feeding the RF induction coil, is
close to the cesium resonance frequency, the pump
beam, having passed the bulb, becomes amplitude-
modulated at the VCO frequency. The modulation
phase depends on how close the VCO frequency is to
the resonance frequency. The signal from the VCO is
applied to the second input of the phase detector. In
turn, the VCO frequency is controlled by the output
voltage of the phase detector. In this manner, the VCO
is tuned to the resonance frequency.

The cesium resonance frequency isarough measure
of the externa magnetic field intensity. However, its
value needs correction because of significant system-
atic errors. The correction is performed by bringing an
additional loop for controlling the VCO freguency in
the device circuit through the signal of four-quantum
potassium resonance. The doubled frequency of cesium
resonance deviates only by 0.1% from the four-quan-
tum potassium resonance frequency throughout the
range of geomagnetic fields. This allows the potassium
resonance frequency to be synthesized by merely mul-
tiplying the VCO frequency by a constant factor of
2.002395 .... Along with the frequency multiplication,
provision is made for a dlow (at a frequency of 5 Hz)
frequency modulation of the VCO signal. The signal
induced by the potassium beam is synchronously
detected at the modulation frequency. This alows the
error signa for correcting the VCO frequency (f, o) to
be obtained (provided that f o lies within the cesium
resonance line width). Thus, the output frequency
dynamicsismeasured using the fast cesium magnetom-
eter; then, the obtained data are corrected with regard
for the narrow potassium resonance frequency mea-
sured with the slower potassium magnetometer.

The frequency fy of four-quantum resonance in
potassium atoms depends on the magnetic field inten-
sity H as

f = Hug(g; +3g;)/(4h), )

where g is the Bohr magneton; g; and g; are the elec-

tron and nuclear g factors for potassium, respectively;

and h is Planck’s constant.
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The absolute values of the constants involved in
equation (1) are known with an accuracy to ~10~7. Tak-
ing the values of g; and g; for the potassium isotopes *K
and 4K from [8]:

g; = 2.00229421(24),
%9, = —1.14193489(12) x 10",

*g, = —0.7790600(8) x 10~

and that of pg/h from the CODATA Recommendations,
(1997):

Mg/h = 13.99624677(94) Hz/nT,
we obtain for proportionality factor f/H
fx/H = 7.00466137(58) Hz/nT. 2

Formally, the absolute accuracy of the tandem is
limited by an error involved in scaling factor fy/H (2).
However, in terms of reproducibility of device read-
ings, the absolute accuracy of the tandem can go
beyond these limits. Equation (1) relates the output fre-
guency of the magnetometer to the magnetic field
intensity through the atomic and fundamental constants
and, therefore, imposes no limitations on the reproduc-
ibility. The limitations occur when the parametric
dependence of the four-quantum resonance frequency
on the following factorsis taken into account: the spec-
tral composition and intensity of the pump light, the
amplitude of the resonance-inducing alternating mag-
netic field, the density of potassium vapors, and the
static magnetic field intensity. Magnetization of mag-
netometer parts and an imperfect procedure for deter-
mining the resonance peak position can also contribute
to systematic errors.

In four-quantum resonance OPMSs, the systematic
errors are expected to belower than in conventional sin-
gle-quantum resonance instruments because of a
smaller resonance width and higher resolution. Theres-
olution may, however, be increased at the expense of
reproducibility dueto reduced pump light intensity. Itis
well known that pumping causes optical shifts of the
resonance frequency. These are of two types [9]. One
occurs when RF coherence is transferred from the
atomic ground state to the excited state [10]. An optical
shift of this type is not observed in the case of four-
guantum resonance, since the coherence cannot be
transferred to the excited state at single-quantum opti-
cal excitation. The second component of the optical
shiftisthe Stark shift [11]. It istypical of four-quantum
resonance but can be linearly decreased by reducing the
pump light intensity or even completely eliminated by
selecting the appropriate spectrum of pump light.

Experimental study of the long-term stability of the
magnetometer is extremely difficult because of the lack
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Fig. 4. Effect of variationsin the cesium lampintensity on the readings of the Cs—K tandem (filled circles) and cesium magnetometer

(open circles). Hg = 49574.470 nT, 1, = 3.0 pA, and |, = 1.5 pA.

of standards of the desired accuracy. Also, it is hard to
produce a sufficiently stable magnetic field. To tackle
the problem, we placed the magnetometer into the sta-
bilized magnetic field and measured changes in its
readings induced by variations in pump light intensity,
RF-field strength, operating cell temperature, and
phase modulation parameters. These variations can be
made sufficiently fast, so that the drift of the magnetic
field intensity can be neglected.

The magnetometer resolution is basically limited by
the performance of the cesium spin generator. In the

experiments, however, the magnetometer sensitivity
was limited by a number of other factors, including the
magnetic field stability. Hence, the obtained value is
merely the lower limit of sensitivity. Figure 3, charac-
terizing the device resolution, shows the scatter in the
device readings at a rate of 10 counts per second in a
stabilized magnetic field of about 0.5 Oe. The disper-
sion of counts is 18 pT. Averaging over one second
decreases the dispersion almost tenfold. This means
that the shot noise of the photocurrent does not limit the
device sensitivity (i.e., theoreticaly, the sensitivity can
be increased).

TECHNICAL PHYSICS Vol 45
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The effect of variationsin the cesium lamp intensity
on OPM readingsisshownin Fig. 4 (filled circles indi-
cate the tandem readings; open circles, readings of the
cesium magnetometer decoupled from the potassium
magnetometer). The intensity of the cesium lamp was
subjected to stepwise twofold variations (alternate two-
fold increase and decrease). For the tandem, no effect

TECHNICAL PHYSICS Vol 45

No. 7 2000

on its readings was expected. It can be seen that they
remain unchanged within a random error of about
10 pT (abrupt changing in the light intensity causes
transient overshoots). On the contrary, the readings of
the cesium spin generator alone drift with time and
change abruptly by approximately 0.2 nT in responseto
the changes in the intensity of the cesium lamp.



936

H - Hy, pT
150

100 ©

o
© o0 o o o

o © 0 00455000

1 1 1 1 1 1

45 50 55 60 65 70
T,°C

Fig. 7. Dependence of the Cs—K tandem readings on the
absorption cell temperature. Hg = 49573.870 nT.

The variationsin the potassium lamp intensity were
expected to bring about small changes in the tandem
readings. The experimental curveis shownin Fig. 5. It
is hard to perceive any systematic variation in the tan-
dem readings (within the limits of 10 pT) against the
background of noise and drift, which is caused, in al
probability, by the imperfect magnetic field stabilizer.

A more pronounced effect on the tandem readingsis
exerted by variations in the RF field inducing four-
guantum resonance in potassium atoms (Fig. 6). It can
be seen that a 1.5-fold increase in the RF-field ampli-
tude makes the device readings larger by 10-20 pT. As
expected, the RF-field variations had no effect on the
device readingsin the case of cesium resonance.

Generally, OPM readings strongly depend on the
absorption cell temperature. The temperature depen-
dence of the tandem readings is shown in Fig. 7. The
device readings remain constant within 10 pT within an
uncommonly wide temperature range of 45-65°C. At
higher temperatures, potassium resonance is not
observed.

High absolute accuracy of the new magnetometer is
especially difficult to verify by experiment. To do this
requires a sufficiently stable and uniform magnetic
field and a high-precision reference instrument. In our
experiments, a certified alkali—helium magnetometer
[12] was used for this purpose. Within the magnetic
induction range 3060 pT, the discrepancy between the
readings of the tandem and alkali-helium magnetome-
ter did not exceed 0.5 nT.

ALEKSANDROV et al.

CONCLUSION

Testing of the Cs—K tandem supported its high met-
rological performance. It was found that, within the
limits of about 10 pT, the device readingswerevirtually
independent of the pump light intensity, RF-field
strength, and absorption cell temperature, even if
changes in these parameters went far beyond the nor-
mal service variability. The most pronounced effect on
the tandem readings was found to be exerted by the
variations in the RF field inducing four-quantum reso-
nance in potassium atoms. In this connection, it is rec-
ommended to use the instrument as a stationary mea-
suring device. In this case, the (normal) projection of
the alternating magnetic field H, on the direction of the
magnetic field H, to be measured is relatively easy to
maintain at a constant level.
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Abstract—The dependence of the threshold current of a double-contact low-inductance interferometer on the
capacitance of a Josephson contact and geometric inductance was found. © 2000 MAIK “ Nauka/ I nter period-

ica”.

The miniaturization of electrodes and striplines in
superconducting electron devices is known to increase
the circuit impedance. Therefore, the design of low-cur-
rent switches is of great importance. Interference
devices, which offer higher sensitivity to amagneticfield
than isolated Josephson contacts, seem to be the most
appropriate in this respect. Also, interference devices
made by advanced submicron technology alow for a
considerable decrease in the contact capacitance [1].

A double-contact interferometer is the simplest
device whose critical current depends on an applied
magnetic field [2]. Memory cells on isolated contacts
with the use of double-contact interferometers were
and remain to be the best candidates for superconduct-
ing computers. Double-contact interferometers are al'so
the basis for high-speed parallel analog-to-digital con-
verters. A variety of nonlinear properties inherent in
double-contact interferometers makes possible the cre-
ation of other pulse [3] and digital [4] devices. In [3],
for example, a double-contact interferometer was used
as a short strobe driver.

In double-contact interferometers, switching
between various states strongly depends on the external
(supply) current 1, the capacitance parameter (3 of a
Josephson contact, and the geometric inductance |.
Here, 3 = ZmCRﬁ, C/®, (C is the capacitance; Ry is the
resistanceinthe normal state; and ®, isamagnetic flux
guantum, ®, = #/2e), and | = 21l ./P,. As was noted
[2], there always exists the threshold current I, of the
interferometer (which dependson |, 3, and critical cur-
rent ratio I /1) such that, at I > Iq, the system is
switched into the resistive (R) state. At I < |, the sys-
tem passes to the superconducting (S) state.

In spite of the considerabl e progress into fabricating
Josephson-contact circuits with double-contact inter-
ferometers, a dependence of the threshold current I, on
| and B still remains unclear. In our opinion, this prob-
lem is also closely related to the problem of nonde-

structive data readout [5] and the need for using exter-
nal clocked power supplies in pulse-actuated circuits
[6, 7]. With this in mind, we evaluated the threshold
current in a balanced double-contact interferometer in
the low-inductance approximation.

It is known that, in the low-conductance limit, abal-
anced double-contact interferometer behaves as a sin-
gle Josephson contact with acritical current

¢ -9,
2

and an effective phase ¢ = (¢, + ¢,)/2. For closedness,
the equation for total magnetic flux,

bi-0, = ¢

where ¢, = 2P/ d,, must be added.

Atlow I's(l < 1) and in view of (1), the supply cur-
rent (in terms of contact critical current) within the
resistive model is given by

¢

Iy = 2l.cos

d.—Isin ecosq), (D)

2Qe
5 =sin2¢. 2

ie = I—e = 2cos ean) += sm

In deriving an analytic dependence of the threshold
current on | and 3, we ignore a similar dependence for
the supply current, since it is negligible in comparison
with the desired one. We will also ignore decay in the
contacts, assuming 3~ to be a small parameter. With
these assumptions met, the transition free energy is
expressed as

E=E = %+Zcos¢e(1 cos)
0

S 2¢e
21 (1 cos2¢) D

©)

where E. = @yl /21T
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Resistive losses in energy per cycle (2mn) are calcu-
lated by the formula

2n

W, = Ec_[¢(¢)d¢- (4)
0

The expression for ¢ (¢) isfound from (3):

b = EZDUZ Zcos (1 cosd)
D
g )
~Lsne(1-cos29) 5
0
wheree = E/E,.

The infinite phase variation is possible only if e =
4cog(d./2). At a fixed current, the energy delivered
from the power source isfound as

2m

W, = E;[iedp = 2mEd,. (6)

The mean voltage (¢ =9) is determined by equat-
ing energies (4) and (6). The supply current at which
Josephson oscillation ceases is found from the limit of
(5) at e =4cos(§p./2):

2n

1
= 5r 0. ™

In this case, integral (4) is calculated by expanding

ASKERZADE

(5) in the small parameter |; eventually, we obtain

Isin’(¢o/2) O
 6cos(d./2) [

I 1/2D

21 = [|cos(¢ 2)|

8
It follows from (8) that the value of 1,/2l, decreases
=0and ¢, =0, asin the case of the recovery current
for asingle contact [2]. Along with the critical current,
the threshold current of a balanced double-contact
interferometer turns out to be modulated by an external
magnetic field. With the inductance | fixed, the thresh-
old current vanishes at some flux ®,. This means that,
for I, # 0 and large B's, the system will always change
over to the R state.
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Abstract—A study is made of the effect of the magnetic self-field of arelativistic electron beam propagating
intheion focus regime on the transverse dynamics of plasmaelectrons. For Gaussian radial profiles of the beam
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Recently, much attention has been devoted to the
problem of the propagation of a relativistic electron
beam (REB) in the ion focus regime (IFR) [1-8]. The
IFR arises when the ion line density N; in the plasma
channel is lower than the line beam density N,. At the
entrance to a preformed plasma channel, the electric
self-field of the beam front expels the plasma el ectrons
from the channel, so that the ions remaining in the
channel focus and guide the beam, thereby preventing
its transverse dispersion.

The main onset condition of the IFR implies a suffi-
ciently low pressure of the background gas—plasma
medium. In this case, the electrons that are produced in
a preformed plasma channel or a channel created
directly by the electron-beam ionization of a gas and
are pushed away from the beam path by the transverse
component of the collective electric field cause no addi-
tional ionization of the background plasma. This situa-
tion occurs under the condition

A >Ry, 1)

where A, is the characteristic scale length on which the
avalanche ionization develops and R, isthe characteris-
tic beam radius.

For the space charge of an REB to be neutralized in
the IFR, the transverse component of the electric field
of the beam front should rapidly expel the background
electrons away from the beam path. However, the pro-
cess of charge neutralization can al so be affected by the
magnetic self-field of the beam, which may, to a sub-
stantial extent, prevent the background electrons from
leaving the beam region.

In this paper, assuming that the radial profiles of the
beam and the ion density in the channel are Gaussianin
shape, we investigate how the parameter n = R,/R
(where R, and R, are the characteristic radii of the beam

and ion channel, respectively) influences the transverse
collisionless dynamics of the plasma €electrons in the
process of charge neutralization at the beam front in the
IFR. In considering situations with different n values,
we also study how the escape of plasma electrons away
from the beam region is affected by the magnetic self-
field of the beam with a current in the range I,, = 5
50 kA. Note that the case n = 1 was examined by
Briggs and Yu [4] for a Bennet beam and a Bennet pro-
file of theion density in the channel.

We consider a paraxial monoenergetic REB guided
with a preformed plasma channel in the IFR. We direct
the z-axis of the cylindrical coordinate system (r, 6, 2)
along the channel axis and assume that the electron and
ion densities in the channel obey Gaussian distribu-
tions,

_ Nyi O 20
Npi = —5—exXpE—1, (2
MRy "OR O

where the subscriptsb and i stand for the parameters of
the beam and ion channel, respectively, and N, and N;
are the line densities of the beam electrons and theions
in the channdl.

We also assume that the z-component of the collec-
tiveelectricfield, E,, issmall, the net beam current 1, is
time independent, and the electron mation in the chan-
nel is collisionless. Under all the above assumptions,
the energy equation yields

ev, 21, U O (2
dy D————E——b [ — exp—
d et r | O OR

.0 - exp-H
=T L —€exp ’
5 e R

©)
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Fig. 1. Dependence of r,/R, on f. for N = Ry/R; = (1) 5,
(2) 2, (3) 1.5, (4) 1, (5) 0.5, and (6) 0.1.

where m and e are the mass and charge of an electron,
B = v,/c, v, and v, are the radial component and the
z-component of the beam electron velocity, 1, isthe net
beam current, c is the speed of light, f. = N;/N,, is the
effective space-charge neutralization fraction, vy is the
Lorentz factor, and t isthe time.

Note that the right-hand side of (3) incorporates the
contribution of the radial component E, of the electric
field of both the beam electrons and the ions in the
channel.

Assuming that the plasma electrons are initialy
immobile, from (3) we obtain

I
y=1= 2010 R) = f MR R)L - (4)
A
where |13 =17 [kA] istheAlfvén current for y=1and

ro=rat=0, E2 = , du exp(—u)/u is the integral
exponentia function, and

[Fo0 ?
N(r,re, &) = In%%g—El%—gE+ ElEér—Z% ®)

On the other hand, taking into account the paraxial
character of the beam, we turn to formula (2) and the
z-component of the equation of motion of a plasma
electron to obtain

v, b on
YWe o 5% (r, 1y Ry). 6)

c IA

Note that the right-hand side of (6) incorporates the
contribution of the 8-component of the magnetic self-
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Fig. 2. Dependence of r,/R, on Iy forn = (1) 1.5, (2) 1, and
(3) 0.5.

field of the beam. With allowance for the relationship

v o

from (5) wefind

E/%EZ = Zfb[m(Rb)_ fR(R)
- ®)
— IR (RYR(R) +5°Tb§)t2(Ri)},

where I, =1,/1% and the notation R (&) = N(r, 1o, ) is
introduced for brevity.

The maximum deviation of a plasma electron from
the axis of the beam—plasma system is defined as the
distancer ,, between the el ectron stopping point (v, = 0)
and the axis and can be found from the equation

fR(R)[2—FR(R)]
2(1- f R(R))

Figure 1 showsthe dependence of r /R, on f, for dif-
ferent valuesof N = R,/R at 1, =5 kA and r,/R, = 0.1.
Note that a curve analogous to curve 4 was obtained by
Briggs and Yu [4] for Bennet profiles n, and n; of the
beam and theion density in the channel. Figure 2 shows
the dependence of r /R, on I, forn =0.5, 1, and 1.5 at
f. = 0.5. From Fig. 1, we can see that the divergence of
the ion channel (n < 1) has a significant impact on the
escape of plasma electrons from the beam region. In
particular, for n = 0.1, the maximum deviation of the
plasma electrons from the system axisin the neutraliza-
tion phase (up to f, = 0.6) isr,/R, > 10° For larger val-
ues of the parameter n (n > 1), intherangef, > 0.2, the
maximum deviation r,, is much smaller. A comparison

R(R,) = 9
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field affect the resistive sausage instability of arelativistic el ectron beam propagating in a gas—plasma medium
with nonzero ohmic conductivity. It is shown that these factors significantly reduce the amplitude of the sausage

mode. © 2000 MAIK “ Nauka/Interperiodica” .

In recent years, much attention has been paid to the
dynamics of relativistic electron beams (REBS) propa-
gating in gas—plasma media [1-12]. Among the prob-
lems associated with the guiding of REBS, of special
interest is that of investigating the large-scale resistive
instabilities of the beams. Along with the resistive fire-
hose instability (the mode with the azimuthal wave
number m= 1), an important roleis played by theresis-
tive sausage instability (the mode with the azimuthal
wave number m = 0), which manifestsitself as axisym-
metric perturbations of the beam radius. Physically, the
mechanism for the onset of the resistive sausage insta-
bility (RSI) is governed by the phase delay between the
eddy currents induced by these perturbations and the
oscillating component of the beam current density. The
RSI of an REB was studied in a number of papers [3—
5, 9, 10], which, however, did not treat the often
encountered effects of multiple Coulomb scattering of
the beam electrons by the atoms and molecules of the
background gas and did not take into account the exter-
nal longitudinal magnetic field.

In this paper, we use analytic methods to derive the
perturbed beam radius as a function of the background
gas density and the strength of the external longitudinal
magnetic field.

We consider an axisymmetric paraxial REB propa-
gating along the z-axis of the cylindrical coordinate
system (r, 6, 2) in ascattering gas—plasma medium with
a high ohmic conductivity o such that 41toR,/c > 1,
where R, is the characteristic beam radius and c is the
speed of light. We assume that the beam is completely
charge-neutralized and that the magnetic self-field of
the beam (or, in other words, the beam current) is neu-
tralized only partialy, the degree of neutralization
being f,. We aso assume that the beam propagates
along a steady-state external uniform magnetic field of
strength B,

The transverse dynamics of such an REB is
described by the following equations for the doubled
root-mean-square beam radius R? and the root-mean-
square beam emittance E? [1, 3, 5]

2

2 2 2
a_|§+&+ch:4_E3+4i39, (1)
7z R 4 R° R
oE’ RUO°R 2
— = —0,,—— t+20,n,R". 2
0z ph E 622 1'%g

Here, U = EkérZDis the generalized perveance of the

beam (where the angle brackets stand for averaging
over the radia profile of the beam current density);

ké is the squared betatron wavenumber of the beam

electrons; kf = eB,/ymc? is the cyclotron wavenumber
of the beam electronsin alongitudinal magnetic field of
strength B, (where e and m are the charge and mass of
an electron and yisthe Lorentz factor); Py isthe 8-com-
ponent of the generalized momentum of the beam elec-
trons in the beam segment under consideration; o, is
the phase-mixing coefficient of the beam electrons [8];
0, is the transport cross section for multiple scattering
of the beam electrons by the background gas atoms;
and ny is the density of gas atoms.

Assuming that, in the linear stage of the RSI, the
perturbed quantities are small (in particular, SR = R —
Ry < 1, where R, is the doubled equilibrium beam
radius), from (1) and (2) we find

2 4U 2
0OR, Topr+kioR+22Y = B (5
0z Ry Ro R,
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95E> _  0,,RyU00%8R
2 -4 E 5 t2ReORon,  (4)
where the zero subscript denotes unperturbed parame-
ter values.
Assuming that, during the RSI, the perturbations of
the beam radius are self-similar, we can obtain

oR

dU = =—2W(1-f)U,, 5
R, ( )Uo 5)
where
4n2w
W = —zfdrr3J§(r), (6)
Iy 4

I, isthe net beam current, and J,(r) isthe radia profile
of the beam current density.
We will work under the condition

LZO
L_zl >1, (7
where
_ R _ JR
Lo = 0R,/0Z' Lo = 00R/0Z )

Condition (7), which implies that, in the positive
direction along the z-axis, the equilibrium root-mean-
square beam radius changes much more gradually than
the perturbed beam radius &R, allows us to solve equa-
tions (3) and (4) over distances of z < L, by taking the
Laplace transform

[

AF = J’dzexp(in)F(z), 9
0

where F isafunction of z
In this way, equations (3) and (4) yield

_ F(Q)
AR = 5&) (10)
Here,
F(Q) = %*%EL:O Q(?ZB(O)—iQéR(O)}, (11)
D(Q) = Qg_Qz_iathUo_ 4iS (12)
Eo QRS’

where S = 2a;ny, Uy = I/l 4, |4 is the limiting Alfven
current, and

2 _ 4y

Qf 21— fp+ W) + ke (13)

with f, as the degree of current neutralization and W as
the form-factor defined in (6). Taking the inverse
TECHNICAL PHYSICS  Vol. 45
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Radial perturbation dR/6R(0) vs. zfor (1) case (25), (2) case
(26), and (3) case (27).

Laplace transform and assuming ddR/0z(0) = O, we
obtain

OR(0) [ daep(-in2)

2T
- (14
(Q+ia,,R)Q

(QQZ-Q° i, RQ*—iA)

O0R(2) =

X

where i is the imaginary unit, Ay, = 4S/R§, and R =
Uy/Es.
Clearly, theintegral over Q in (14) can be evaluated

by the method of residues. In the particular case with no
scattering (A = 0), we readily obtain

5R(2) = 5R(0) exp Lo t20

o 2 0O
(15)
x [cos(zqJ )+ O(”h%sin(zw )}
! A v
where Q, is defined by (13) and
2 2 12
R
W, = gqg__pz E . (16)

Expression (15) isageneralization of the analogous
expression derived by Lee [5] to the case B, # 0. From
(15), we can easily seethat the processes of phase mix-
ing partially suppressthe RSI on the spatial scale L, ~

2Eq/(0pnUo).

With allowance for multiple Coulomb scattering
(A& # 0), the poles of the integrand in (14) can only be
found by solving the cubic equation

Q’+ia,,RQ°—QQ5+iA = 0. (17)

Again, applying the method of residues and per-
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forming laborious manipulations, we obtain

5R(2) = SR(0)exp[~(b/3+ T/2)z] —2—
(4A+9T?)
x E(zm 2B —3TW,)cos(J/Az)

(18)

[2AW, +3T(A+B)] . 0

+ sin(J/Az) O

JA 0

2 2

+ exp[—<(b/3=T)Z] 4T +bT/3 +22b /9)’
(4A+9T?)
where
T=M-(P"7+M+P)H” 9
M = T1+’l4$_°, b = aphg—;’, (20)
bQ: b A
T, = TO_§7+T’ (21)
Qg 2 bZD
P = E O_Z|:|+ /\schi (22)
2
A= Qé—% + gTZ, (23)
_ b, Treb_ TQ

B @*ams 20 (29

In order to illustrate the results obtained, we con-
sider an REB with a Bennet radial current-density pro-
file truncated at r = R, (ap, = 0.62). The figure shows
the z-profiles of &R obtained from formula (18) for the
cases

k. =0, A, =0, (25)

k= 36x10°, Ag =0, (26)

KOLESNIKOV, MANUILOV

k. =0, Ay =23x10°cm> (27)

under the conditions R, =1 cm and U, =2 x 103, The
value Ay, = 2.3 x 103 cm3 in (27) corresponds to the
case in which the scattering gas is nitrogen at atmo-
spheric pressure, the beam particle energy being E =

5MeV. The value of kf in (26) corresponds to B, =
100 G at y = 10.

From the figure, we can see that the external longi-
tudina magnetic field and the processes of multiple
scattering and phase mixing al act to suppress the
radial perturbations of the beam during the RSI. This
conclusion agrees with the results of experiments, in
which no undamped axisymmetric perturbations of the
beam radius were observed.
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Abstract—The atomic mechanism of self-diffusion in aface-centered cubic structure (exemplified by alumi-
num) is simulated by the molecul ar-dynamics method without resorting to a priori information. No confirma-
tion of vacancy-jump mechanisms of diffusion has been obtained. The cooperative mechanism of diffusion sug-
gested previously by Khait and Klinger and based on the assumption of possible local melting near vacancies
(within one-two nearest coordination shells) appears to be valid. As aresult, the preexponential factor proves
to depend on the temperature and heat of melting, and the exponentia factor depends on the heat of melting
and the current temperature. © 2000 MAIK “ Nauka/Interperiodica” .

1. Atomic diffusion in solidsisone of the fundamen-
tal phenomena which is a base for understanding a lot
of effects. But, strange as it may seem, there is no uni-
fied point of view on the diffusion mechanisms that
were devoid of internal contradictions. The quantities
entering into the equations for diffusion parameters
become meaningful only when the atomic mechanism
of the processisknown. Asarule, some conclusions on
these quantities can be made by measuring the energies
contralling the process. For simple metals far from the
melting point, such a parameter is the energy of
vacancy self-diffusion, which countsin favor (but by no
means proves) of the widely used model of diffusion
through vacancy jumps. As other possible mechanisms,
the following are usually listed: direct exchange, cyclic
exchange (ring mechanism), simple interstitial mecha-
nism, interstitialcy mechanism, crowdion mechanism,
etc. [1]. “First-principles’ calculations based on these
models underestimate the diffusion rates by tens and
even hundred of times and have a rather heuristic sig-
nificance. The inconsistencies appearing in such an
“individual” description of diffusion phenomena led
Frenkel’ [2] to the idea that in a self-consistent diffu-
sion theory, the interacting particles had to be consid-
ered as a coherent system, like in the Debye theory of
heat capacity.

An attempt to build such atheory was undertaken by
Khait [3]. In hisopinion, the application of the standard
theory of fluctuations has been unsuccessful because of
the incorrect consideration of thermal-energy fluctua-
tions as small corrections to the equilibrium distribu-
tion function in spite of the correct estimations of mac-
roscopic parameters. The thing is in that although the
short-lived fluctuationsthat involve alimited number of
particles give a negligible contribution to the averaged
equilibrium parameters, they nevertheless may play an
important part in some kinetic processes. In application
to diffusion through the vacancy mechanism, this

meansthefollowing. A diffusion jump may occur when
a fluctuation in the atomic distribution appears around
avacancy. After relaxation of the given fluctuation, one
of the atoms surrounding the vacancy may occupy the
vacancy position.

A similar approach was developed, e.g., by Klin-
ger [4]. In his opinion, the temperature in some region
around avacancy may exceed, due to a fluctuation, the
melting (more correctly, quasimelting) temperature of
the crystal. Upon the subsequent solidification, the
vacancy may occupy another site of the restored crystal
lattice. It is very important that Klinger obtained an
expression for the diffusion coefficient as a function of
the temperature and heat of melting

}\m—aoo v.n? nA
pEk s(Vin) o 0 " (1)

_ 142
P =gvde ST

6

where v is the mean frequency of atomic vibrations; d
is the length of a diffusion jump; T,,, the melting tem-
perature; A, the heat of melting; n, the number of

atoms of the second phase; 0& , the surface tension at

the liquid—crystal interface; V,, the volume per atomin
the liquid phase; and k, the Boltzmann constant.

Agreement with experiment for simple metals is
obtained when n = 12-20, i.e, at local disordering
within 1-2 coordination shells. This agrees with the
generalized coordinate relation for the self-diffusion
energy E = 15\, [1].

In this work, we used the molecular-dynamics
method (MDM) to qualitatively test the ideas devel-
oped in[1-4]. The method consistsin anumerical solu-
tion of the Newton equations of motion when pairwise
interaction potentials (PIP) are known. Its main advan-
tage is the minimum of physical information taken
apriori [5].
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Fig. 1. Pairwise interaction potential for aluminum.

It should be noted that the work requires a lot of
computer time, since diffusion processes are very slow
on the MDM scale.

2. Severa approaches are used in MDM to study
diffusion phenomena.

1. Determining diffusion coefficients by calculating
mean-square displacements

1< z[x,-(r)—x,-(onz>

D=6 T ' 2)

where X(1) is jth coordinate of an atom at the time
moment T and [Mstands for averaging over all atoms.
The method isintegral and does not allow one to deter-
mine the atomic mechanism of diffusion.

2. Determining the diffusion barrier by “squeezing”
a diffusing atom through a fixed lens of atoms in the
direction toward a vacancy.

3. Thesameasin 2, but with atomic relaxation.

4. The same as in 2, but with “shooting” the diffus-
ing atom through the lens.

In the last three methods, the model of diffusion is
actually specified. The corresponding energies differ in
aratioof 1:0.1: 0.3, respectively.

We propose a substantially different approach. At a
fixed temperature, we construct a crystallite with thisor
that defect. Then, we let the atoms in the equilibrium
state perform free vibrations and jumps and fix their
coordinates in the computer memory after certain time
periods. After executing an elementary diffusion act, a
return to the preceding time moment was made, and the
process was repeated with a more detailed analysis of
the parameters of atoms surrounding the defect (kinetic
and potential energies, velocity vectors of atomsin the
structure, etc.). Thus, no model assumptions on the
mechanism of the diffusion act is done in the computer
experiment, except for specifying the interatomic inter-
action.

We used a PIP of the Morse type for aluminum cut
at 0.7 nm (Fig. 1), which provided stability of the face-
centered cubic lattice, and an MDM20 computer code
[5]. A crystallite with cyclic boundary conditions was

CHUDINOV

formed having the face-centered cubic (fcc) lattice and
containing ~1500 sites (one of which was vacant). At
first, al of the atoms were given the same vel ocity (cor-
responding to a given temperature) with random direc-
tions. After that, no intervention to the system was
made. After a period of ~107%? s, an equilibrium state
with a Maxwell distribution of velocities was reached.
The criterion of a jump was an atomic trandation to
another Wigner—Seitz cell constructed for the ideal lat-
tice. Obviously, some of the jumps were reversible and
did not contribute to the diffusion. These jumps were
not taken into account. All the atoms were numbered
and their positions were traced in time. The average
jump time was ~103 s. About 100 jumps occurring
according to a common scheme were observed. The
melting temperature for a given PIP was ~1100 K. One
could hardly expect better agreement when using a
model potential. We believe that the main purpose
when using the MDM should be the investigation of
atomic mechanisms of diffusion (at least qualitatively)
rather than fitting numeric results to experimental data.

3. The temperature in the experiment was 900 K.
This choice was accounted for by two reasons: (a) at
lower temperatures, there were no jumps at al or their
numbers for the time periods used (10! s) were insuf-
ficient for reliable statistical analysis; (b) at higher tem-
peratures, double and triple jumps took place along
with common single jumps, which led to deviations
from the Arrenius law.

By assuming that an elementary act of vacancy dif-
fusion occurs as the overcoming of a potential barrier
by one of the surrounding atoms and the subsequent
relaxation of this fluctuation of thermal energy, we can
expect the existence of some characteristic jump fre-
guency and a uniform distribution of jumps in time.
However, they proved to occur as series consisting of
5-10 acts for 10*2 s, This agrees with the estimations
of the theory of short-lived large-energy fluctuations
(SLEF) [3, 4].

Analysis of velocity vectors and kinetic and poten-
tial energies of diffusing atoms revealed that there is
neither increase in the velocity in the vacancy direction
before ajump, nor a pronounced potential barrier to be
overcome when moving away from the four-atomic
lens.

Figure 2 displays the kinetic and potential energies
before and after a single diffusion act for two nearest-
neighbor coordination shells around a vacancy. One
can see that the kinetic energy increases by a factor of
~4, but the potential energy varies within the range of
common fluctuations. The atomic structure around a
vacancy istypical of liquid. The vacancy location can-
not be identified reliably. The fluctuation disappearsfor
~10? s, and the vacancy may occupy any site of the
crystal lattice after the solidification of the “quasimol-
ten” region. So, a cooperative mechanism of diffusion
isrealized, in which the number of atom jumps, includ-
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Fig. 2. Dependence of (a) the kinetic and (b) the potential
energies (in temperature units) per atom near avacancy (1st
coordination shell) before and after jump. The conditional
moment of the jump occurrence isindicated by an arrow.

ing nonreversible ones, is much more that in the tradi-
tional theory.

4. In conclusion, we would like to notice that the
whole body of the results obtained suggest that a coop-

TECHNICAL PHYSICS Vol. 45 No.7 2000
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erative mechanism of diffusion is preferable. It can be
interpreted as the quasimelting of the nearest surround-
ings of a vacancy due to rather small kinetic energy
fluctuations (with 20-100 atoms being involved in the
process). Then, diffusion according to a nonbarrier
mechanism, closeto the diffusion mechanismin liquid,
takes place; i.e., thisis an anharmonic processin which
the peculiarities of interatomic interaction become a
decisive factor [5].
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Abstract—It is shown that ionization density dueto afast charged particle influencesthe light output of ascin-
tillator through the relaxation transition of an electron from an impurity atom to a host-material ion. © 2000

MAIK “ Nauka/Interperiodica” .

(1) In organic scintillators, regardless of their
nature, the ratio of light outputs due to a particles and
electrons (a/p ratio) is known to be about 0.1 [1, 2].
The same has a so been observed in inorganic scintilla-
tors [3]. The independence of the a/f3 ratio on the scin-
tillation material and impurity type suggests that this
effect isrelated to general, rather than specific, proper-
ties of scintillators. Hence, the explanation of the
o/ ratio unigueness must rely on genera scintillation
laws and mechanisms. A uniqueness mechanism for the
o/ ratio was not considered earlier; however, the effect
has been supposed to be associated with molecule—
molecule and molecule-ion interactions [4].

(2) When exposed both to electrons and to a parti-
cles, organic scintillators in the pure state scintillate
weakly and the scintillation intensities are close to each
other. This indicates that the a/[3 ratio depends on the
states taken by scintillation impurities under the action
of electrons and a particles. The effects fast electrons
and heavy a particles have on amaterial differ in that a
heavy particle passing through the substance creates a
much higher ionization density than alight electron. It
seems therefore natural to look for an explanation of
the unique a/B ratio through the effect of ionization
density on impurities.

(3) A host atom ionized by a moving particle may
appear near an impurity atom. Usually, the ionization
potential of the latter islower than that of theformer. In
other words, the energy level of a valence impurity
electron is above that of a host-atom €electron; hence,
the capture of a bound impurity electron by a host ion
is energetically favorable. Such a capture may occur at
any relaxation process in the excited state. A bound
impurity electron may also be trapped by a host ion if
an impurity atom was excited during scintillation. The
ionization of animpurity atom changesthe occupancies
of excited electron states and shifts their energy levels.

Both factors decrease the light output at the fundamen-
tal frequency.

(4) Consider now how the ionization density influ-
ences the fraction of ionized impurities. An increase in
the ionization density raisesthe average number of ions
per unit volume and, thus, shortens the average interi-
onic distance and the distance between host ions and
impurity atoms. Eventually, the probability that a
bound impurity electron will be trapped by a host ion
increases. Consequently, the fraction of ionized impu-
rity grows with theionization density and the light out-
put drops.

(5) The a/f ratio is the same for different scintilla-
tors, because the energetically favorable capture of a
bound impurity electron by ahost atom may attend any
relaxation process. Therefore, for a given ionization
density, this capture has only aweak dependence on the
energy levels of excited impurity atoms and host-mate-
rial properties.

(6) It follows from the above that the qualitative fea-
tures of the light output vs. particle-induced ionization
dependence (the existence of the unique a/p ratio and
the emission at other frequencies when the ionization
density rises) can be accounted for within a single
mechanism. According to this mechanism, the capture
of a bound impurity electron by a host ion affects the
state of scintillation impurities.

(7) 1t should be noticed that, when an insulator is
doped by impuritiesin which electrons are bound more
weakly than in host atoms (in particular, scintillation
impurities [5]), the number of displaced atoms in a
heavy particle track decreases [6]. Thus, two effects
(lossin light output for heavy particles and atomic dis-
placement in heavy particle tracks) result from the
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Abstract—Phase-transformation waves that may arise in a conductor in the course of an electrical explosion
are considered. An estimate allowing one to predict the possibility of occurrence of several phase transforma-
tions at the front of the single wave is proposed. Mathematical simulation results are presented. © 2000 MAIK
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The problem of calculating the electrical explosion
of the skin layer in a gap for the one-dimensional case
in Cartesian coordinates was considered in [1]. This
paper is devoted to the ssmulation of the early stage of
the electrical explosion of cylindrical copper conduc-
tors. We use a modd similar to that employed in [2];
i.e., we solve the one-dimensional set of magnetohy-
drodynamics equations supplemented with the circuit
equation; the electrical conduction in the solid and lig-
uid states is described by a semiempirical equation [3]
and in the plasma state, by an equation proposed in [4]
for dense plasma. Following [5], we assume that at p/p,
= 0.2 conduction vanishes completely.

Variation of the distribution of both thelocal param-
eters of the conductor (density, temperature, pressure,
and electrical conductivity) and the integral ones (cur-
rent, voltage, resistance, and wire radius) is caused by
the propagation of the phase-transformation waves
through the conductor [6-8]. Figure 1 displays curves
describing the current-density and temperature distri-
butions over the radial coordinate of a copper wire (I =
15 mm and ry = 0.1 mm) at various instants at the fol-
lowing circuit parameters: L = 5 nH, C = 25 nF, and
Uy = 40 kV. The curves are shown in two panels of
Fig. 1 in order to separate an explosion stage specified
by the propagation of only one current wave (Fig. 1a)
caused by the redistribution of the current in the con-
ductor due to melting wave propagation through it from
another stage in which entire loss of the conduction in
the outer layers occurs (Fig. 1b).

In Fig. 1a, numerical-calculation results for instants
of 13, 16, and 17 ns are shown. The arrows near the
abscissa indicate solid—melt phase transition. It can be
seen that their locations correspond to the trailing edge
of the current wave. At the instant of 17 ns, another
phase transition occurs (it is indicated by the upper
arrow) at which the conduction entirely vanishes; at the
same time, one more peak in the current-density curve

is formed. The descending slope of the peak corre-
sponds to a new phase transition.

Figure 1b displays numerical calculation results
corresponding to instants of 17.1, 17.4, 17.7, and
17.8 ns. The bottom arrow indicates the solid-iquid-
metal transition. It can be seen that the region of this
phase transition is virtually not displaced (during the
time interval pointed out in the plots); therefore, the
first current wave is stationary.

The upper arrows indicate the transition of the metal
into the nonconducting state; in accordance with them,
the front of the second current wave is located at the
same instants.

It is clear seen that the second current wave, which
“takes in” the rest of the current that has remained in
the molten conductor layers, moves with a velocity
much higher than thefirst wave (v, variesroughly from
7 x 10* to 2 x 10° m/s while v, ~ 5 x 10° m/s), catches
up the latter, joins it, and after that, the joint current
wave propagates. Its further propagation gains specific
features of skin layer explosion [1] with the only dis-
tinction that, in an axially symmetric system, any pro-
cesses proceed more intensely (in accordance with [1]
v, = 10* m/s). This phenomenon features the explo-
sionswhose energy characteristics may cause fast heat-
ing of the molten layers of a conductor up to the tem-
perature of the next phase transition.

Such a process will be observed if a matter in some
phase state (f) is heated up to atemperature at which the
next phase transition proceeds so fast that the both
phase transitions may occur at a single wave front. In
this case, the lifetime of the intermediate phase state is
much less than the time necessary for the phase transi-
tion wave to travel a distance equal to the phase thick-
ness. The lifetime of any phase state can be evaluated
as the time necessary for heating the medium from the
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Fig. 1. Distributions of the current density (solid lines) and the temperature (dashed lines) over the radia coordinate at various
instants of time (the instants expressed in nanoseconds are denoted by numbers near the curves).

temperature of the preceding phase transition to that of
the next phase transition:

C;ATp; DjZTA/of. D

Here, ¢; is the specific heat of the medium at the phase
state considered; p; is the density; o; is the electrical
conductivity; j is the current density; AT = Ty; — Tx iS
the difference between the temperatures of the succes-
sive phase transitions;, and T, is the phase lifetime
which must be lessthan the time required for the phase-
transition wave front to travel through the conductor
T, = Io/u (here u is the velocity of the phase-transition
wave front).

If one uses the estimate for the phase-transition
front velocity proposed in [8], then, for superfast
regimesat 1, < T, it ispossible to write

C/AT < r_o_

YR

)

Here §; = (0.5p0w) 2 is the skin depth; u is the mag-
netic permeability; and w = 1-*dI/dt. According to [9],
the existence of the second current wave (in the case of
explosion of acopper wirewithr,=0.1 mm) ispossible
for w > 107 s%; it follows from (2) that a regime at
which several phase transitions may proceed at the
front of a single wave becomes possible at higher rates
of the current variation w > 10'° s. The regime pre-
sented is the limiting one for the second condition
since, for the given parameters, w = 10'° s*. For this
particular reason, the liquid metal at first occupies a
rather extended region ~r (it can be seen from the tem-
perature curves, for example, at the moment of the sec-
ond current wave formation) and then it practically dis-
appears when the waves merge into asingleone at t =
17.8 ns.

Further on, the melting wave first moves toward the
center and, only after it reaches the symmetry axis at
TECHNICAL PHYSICS Vol 45

No. 7 2000

the instant of 21 ns, does the next phase transition wave
start to move towards the center, causing the conduc-
tion to vanish (in accordance with [9], the phase transi-
tion wave may move only under a certain condition).
When thistakes place, the current wave moves together
with the melting wave crest.

If the stored energy is not sufficient for the regime
described to be achieved (for example, for the same
parameters and C = 20 nF), then only a single current
wave is formed and travels similarly to the process
shown in Fig. 1a In this regime, some conduction
remains in the expanded outer layers, which resultsin
nonzero current density there. It is only after the melt-
ing wave reaches the central layers that a new phase
wave is formed in the outer layers which causes the
metal conduction to vanish; when thistakes place, only
a single current-wave crest, which accompanies the
wave of the first solid—melt phase transition, is clearly
seen.

CONCLUSIONS

The simulation results demonstrate that regimes of
the ultrafast (nanosecond) electrical explosion of acon-
ductor differ from ones of the fast (microsecond) [2]
explosion (from the standpoint of the phase transition
dynamics) in the relation between the running time of
the wave of the material phase transition moving from
the outer boundary to the center and the lifetime of the
phase state considered. In ultrafast regimes, the lifetime
of intermediate phases may be much |ess than the time
of the phase boundary displacement from the conductor
periphery to its center; therefore, it becomes possibleto
realize such regimes in which a phase wave catches up
to the front of the preceding phase transition and, fur-
ther on, several phase transitions occur at asingle wave
front. Exactly in this case (w > 10'° s%), one can con-
ventionally assume that the conductor material trans-
forms from the condensed state immediately into the
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dense plasma. Probably, the products of such an explo-
sion have amore uniform size.
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Abstract—The Kirchhoff waveguide theorem provides an adequate description of an electrodynamic system
of ahigh-sensitivity microwave radiometer with wideband detector. A transition from the general analytical re-
presentation of thistheorem to aparticular caseis analyzed. Thistransition is equivalent to atransition from the
Planck distribution to the Rayleigh—Jeans approximation. A simple relationship is derived that determines, for
apreset accuracy, the high-frequency boundary for the above transition asafunction of the temperature. © 2000

MAIK “ Nauka/Interperiodica” .

The devel opment of nonlinear superconducting ele-
ments led, on the one hand, to the creation of novel
devices with unique parameters [1] and, on the other
hand, to the formulation of new radiophysical prob-
lems. This is true, in particular, for the so-called
Josephson’s edge junctions representing one type of the
nonlinear superconducting elements [2].

A theoretical basis for experimental investigations
[24] of the detector properties of the edge junctions
was provided by [5, 6]. In particular, Zavaleev and
Likharev [6] calculated the detector characteristics of a
junction included into a wideband electrodynamic sys-
tem modeled by a long line. However, unsatisfactory
agreement of the calculated characteristics with exper-
imental results allows us to decline the above model in
favor of the Kirchhoff waveguide theorem [7].

One term in the analytical expression of the Kirch-
hoff theorem represents the average energy of a quan-
tum oscillator described, to within the zero-oscillation
energy, by the formula

2 = hv(exp(hv/KT)=1)", (1)

where histhe Planck constant, k is the Boltzmann con-
stant, and T is absolute temperature.

Equation (1) allows significant simplification in the
extremal cases when hv < KT and hv > KT. From the
standpoint of the Kirchhoff waveguide theorem appli-
cation, only thefirst caseis of interest. Thus, the Kirch-
hoff theorem can be expressed in two forms: the gen-
eral, corresponding to rigorous equation (1), and an
asymptotic, following from equation (1) in the limit of
hv < KT.

It should be noted that a transition from the general
formulation of the Kirchhoff theorem to the asymptotic
case is equivalent to the transition from the Planck dis-
tribution to that described by the Rayleigh—Jeans law
(referred to below as the Rayleigh—Jeans approxima:
tion). The Rayleigh-Jeans approximation usually pro-

vides considerable simplification of the computation,
which makes this approach preferred to that based on
the Planck distribution. However, this simplicity can
sometimes be reached at the expense of lower preci-
sion. In particular, Karlov and Chikhachev [8] were
among the first researchers pointing out that the Ray-
leigh—Jeans approximation is inapplicable to the
description of the radiation sources operating at ~4.2 K
even in the millimeter wavelength range.

The purpose of our work wasto elaborate a criterion
for determining, for apreset accuracy, ahigh-frequency
boundary for the correct transition from the Planck dis-
tribution to the Rayleigh—Jeans approximation.

In this context, let us consider equation (1) for the
average energy of a quantum oscillator. In the limit
hv < KT, this expression coincides, to within a factor
describing the number of oscillators insignificant for
the following analysis, with that provided by the Ray-
lei gh—Jeans approximation:

[£[k; = KT. 2
In order to obtain the desired criterion, let us com-

pare expressions (1) and (2). Note that all v > 0 and
T > 0 obey the inequality

KT > hv(exp(hv/kT) —1) 7, ©)
which can be readily checked by expanding the expo-
nent into a Maclaurin series. On introducing the nota-
tion

x = hv/KkT, 4
we may rewrite inequality (3) in the following form:

X > (expx—1)". (5)

1063-7842/00/4507-0953%$20.00 © 2000 MAIK “Nauka/Interperiodica’
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Table
8 Vg, GHz
T=10K T=80K T=300K

0.001 0.4212 3.370 12.64
0.005 2.087 16.70 62.66
0.010 4181 33.45 125.4
0.050 21.20 169.6 635.9
0.100 43.16 345.3 1294

Introducing a coefficient 3 such that 0 < 3 < 1, this
expression can be transformed to an equation relative
tox:

(1-B)(expx—-1) = x. (6

The coefficient B possesses the following proper-
ties. Firt, this quantity represents a methodological
uncertainty caused by using the Rayleigh-Jeans
approximation instead of the Planck distribution.
Indeed, using equations (1), (2), (4), and (6), we may
express B as

B = ([elky— [ELD)/[ELky = ALELR/ [ELRy. (V)

Second, any permissible 3 value at a given fixed
temperature divides the frequency interval into two
parts, one of which is conveniently interpreted as the
region of applicability of the Rayleigh—Jeans approxi-
mation. Indeed, relationship (6) can be used to define 3
as function of x:

B = 1-x/(expx—1). (8)

A physica domain for the expression (8) is the
interval (0O, o), in which the function (3(x) isamonoton-
icaly increasing function of x with the range (0, 1).
Therefore, an arbitrary ordinate in the plot of B(X)
determines alevel uniquely corresponding to certain x.
Since the x and v values obey a linear relationship (4)
at afixed temperature T, any 3 level uniquely defines a
certain frequency vy,

Thus, on the one hand, the 3 value defined above
represents alevel determining the certain boundary fre-

~
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quency vg. On the other hand, by virtue of the proper-
ties of the B(x) function, this quantity is a measure of
the maximum uncertainty appearing in the frequency
interval (0, vg) when the Rayleigh—Jeans approxima-
tion is used instead of the Planck distribution. In this
context, the B value is expediently termed the error
level of the transition from the Planck distribution to
the Rayleigh-Jeans approximation and the vg fre-
guency, the high-frequency boundary for the Rayleigh—
Jeans approximation for the 3 uncertainty level.

Solving equation (6) and taking into account for-
mula (4), we obtain the following expression:

Vg = X(B)KT/h, 9)

which compl etes the analytical description.

A quantitative pattern corresponding to equations
(6) and (9) isillustrated by datain the table.
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