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We use Landau’s concept of a Fermi liquid to study the theory of superfluidity of symmetric
nuclear matter. For the nucleon—nucleon potential we take the effective Skyrme
interaction(the Ska, SkM, SkM, and RATP potentia)s The density-dependence of the

transition temperature is studied for different superfluid phases of nuclear matter. We show that
the phase in which there is proton—nuclear pairing in the spin-triplet state is realized at
densities close to the saturation density. We demonstrate that phase transitions in density from
the given phase to a phase with singlet—singlet or triplet—triplet nucleon pairing are

possible. The density-dependencelat0 of the energy gap in the quasiparticle spectrum is
established for the case of unitary and nonunitary spin states. Finally, we establish that the phase
transition to a nonunitary phase is accompanied by the appearance of magnetization, which

is found as a function of the nuclear matter density. 1897 American Institute of Physics.
[S1063-776(97)00107-9

1. INTRODUCTION anomalous @) distribution functions for the initial fermions
(self-consistency equationsand, in accordance with the

It is known that an atomic nucleus can be in a superfluidabove classification, find a simpler system of equations for
state. The reality of superfluidity in nuclei is proved by suchthe components of the distribution functiofsr the order
experimental facts as the presence of a gap in the energyarametens An analysis of these equations makes it possible
spectra of even—even nuclei, the moments of inertia in deto find the transition temperatures for different phases of su-
formed nuclei, explained by the presence of a superfluigherfluid nuclear matter and the values of the energy gaps in
component in nuclear matter, and the special features of exhe Cooper-pair spectrum. Note that in the case of nonunitary
cited states of nuclei and of the probabilities @f and  states(either S, or T, is nonzerd a phase transition to the
B-decays:~> A consistent theory of superfluidity in nuclei is superfluid state is also a phase transition into a spin-ordered
much more difficult because of the finite size of nuclei.or isospin-ordered stat@ghe latter means that the pair con-
Hence it would be interesting to study the superfluidity insists of either a proton and another proton or a neutron and
infinite nuclear matter, especially in connection with astro-another neutron Here the transition temperatures, in con-
physical applications. trast to energy gapdor symmetric nuclear matter, where the

In this paper we study the superfluidity of nuclear matterneutron and proton densities are equate independent of
using Landau’s semiphenomenological concept of a Ferm§, and T, but strongly depend o8 andT.
liquid.® For simplicity we assume that the energy functional  Note that the method we develop differs from the
is invariant under rotations in the configurational, spin, andGreen’s function method commonly used in phase transition
isospin spaceor infinite uniform nuclear matter the spin— theory and the BCS theofy!! The transition temperatures
orbit coupling is zerp Hence superfluid phasg€ooper for the 'S, and®S,—3D; pairings(in the case of noncentral
pairg are classified by specifying the values of the quantunforceg for nuclear matter were obtained in Refs. 12-16.
numbers related to the total spin of the pais0,1, the Phase transitions in the case of triplet pairing in the spin
isospinT=0,1, their projectionss, andT, on thez axis, and  space within a BCS-theory setting that uses separable poten-
the orbital angular momentuin=0, 1, 2, ... . Thepossible tials were studied in Refs. 17—19. Various potentials have
values of the orbital angular momentumfor each value of been used to describe the nucleon—nucleon interaction;
S and T must be found according to the Pauli principle: atamong these are the Paris, Graz, Mongan, and Reid poten-

S=0,T=0 orS=1,T=1 the values oL are 1, 3,5,..., tials. Alm etal?? studied D, pairing in asymmetric
and atS=1, T=0 orS=0, T=1 we haveL=0,2,4,... . nuclear matter and the possibility of its realization in the core
Each superfluid phase is described by its own set of ordesf massive neutron stars.

parameters: =0, T=0 by a scalar order paramet&g, The general theory developed here requires no specific

atS=1, T=0 or S=0, T=1 by the vector order parameter potential for the nucleon—nucleon interaction. However, to
Ay or Agy, respectively k=1,2,3), and aS=1, T=1 by  obtain numerical results we employ the effective Skyrme
the tensor order parametay, (i,k=1,2,3)(we are speaking interactiorf? as the nucleon—nucleon potential. This interac-
of scalars, vectors, and tensors in the spin and isospition is self-consistent: it depends on the nuclear matter den-
spaceys These order parameters determine the correspondirgjty and effectively takes into account the multiparticle inter-
gaps in the quasiparticle energy spectrum. action of nucleond® We use the variants of the Skyrme

We use the Landau concept of a Fermi liquid to set upinteraction that describe the properties of nuclei in the best
the equations for finding the equilibrium normal Y and  possible way*
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In this paper we do numerical calculations of the depenyY,, in (2.4) are related to the temperatufeand the chemical
dence of the transitions temperatures and order parametepstentialsu, and w, by the following formulas:
for various phases on the density in the case of symmetric
nuclear matter. For nonunitary states we study the depen- vy ==, Y, =-
dence of magnetization on the density of superfluid nuclear T
matter. General investigations into the properties of the self-
consistency equatiof2.4) were conducted in Refs. 25-28.
2. BASIC EQUATIONS These included the study of diagonalization, the construction
of the appropriate thermodynamics and hydrodynamics, and
A superfluid Fermi liquid is described by two fermion the inclusion of external electromagnetic fieldgrivation of
distribution functions: the normal distribution function the [ondon equatidd and the Ginzburg—Landau
=(a,,a), with 5 . =f, ., wherea, anda, arethe  equatiof®33. In the present paper we limit our discussion
creation and annihilation operators for fermions with mo-to the case where the functiora(f,g) is quadratic inf and
mentum p, spin (isotopic spin projection « (a), and g and is invariant under rotations in the spin and isospin
k=(p,a,a), and the anomalous distribution function spaces. We also assume that the state of the system is spa-
Dy, = (B, B,y WIth O o, = =i, (DETE(- - )=Tr p- - tially uniform.
is the mathematical expectation, or average, of the operators, Let us expand the normal distribution functiénin the
with p the density matrix of the systemit is convenient to  Pauli matricesr;, 7, andoj7y, i.e.,
combine the distribution function$ and g into a matrix

o M
T Y= T (2.5

leKZ

Foyasa; poapa, = T(P1) ayay apa,9p, iy

distribution functionf: (2.6
f g f(P1) = fodP1) + fro(P1) ot For(P1) Tkt Fi(P1) o 7.,
~ K1K2 K1K2
K1K2:( n s ) (2.1)  and the anomalous distribution functignin the matrices
Yurwy  Orare Ty, 02, 0,05, T, andryr,, i.e.,

We will call %Kle the statistical operator of a nonequilibrium Up,aga; poasay = 9(P1) ajay apaydp,  —py

superfluid Fermi liquicf® 2.7)
Landau’s concept of a Fermi liquid is based on specify-  9(P1)=080d(P1) 0272+ Gko(P1) %0272 + Gok(P1) 0277

ing the energy of the Fermi system as a f_unc.tlonal of the +0u(P1) kT2 T

normal (f ) and anomalousq) fermion distribution func- ) _ _

tions, E=E(f,g). The energy functional determines the fer- We write the energy functiondt(f,g) in the form

mion single-particle energy, E(f,9)=Eo()+Ein(f) + Ein(9), (2.8
JE where
_ * —
Cupiy ™ g1 Eryxy Srpny (2.2 ,
o =43 eo(p)f P 2.9
and the matrix order parameter of the system, Eof)=4 5 go(P)fodlP),  2o(P)= 510, 2.9
. oE _ A 2.3 m is the nucleon mass. In accordance with the requirement
Kyky ™ ag:m' KoKy TKiKp ' that the energy functional be invariant under rotations in the

spin and isospin spaces, fBt(f ) andE;(g) we have
Thermodynamically, the equilibrium state of a superfluid

Fermi liquid is determined from the condition for maximiz- E. (f )= E f U f
ing the entropy at the given values of the system energy ndf) 7/;1 [TodP)Uo(P.0)Tool @)
E(f,g) and the numbers of particleN, andN,, of species

a andb, which leads to a self-consistency equation for de- +Tio(P)U1(P.0) Fro(A)
termining the distribution functions andg (or, what is the +for(P)Ua(p,q) f (@)
same, the energy, ., and the order parameterKle) as
functions of the temperatur€ and the chemical potentials +fi(P)Us(p.a)fi(@)], (2.10
Ma and up of the system: 2
. — *
) . . Ein(9)= 5 22 [93P)Vo(P.Q)dod )
f= — = = . (2.9
exp(Yoe+Ya)+1  exp(Yo) +1 +0ko(P)V1(P,a) gro( Q)

Here the matrices andY, have the following form: +95(P)Va(P,a) Yok(a)

P I T D +gh(PVa(p,a) (@], (241

A+ — & ' O _Y4 '

whereZ”is the volume occupied by the system. The quanti-
wheree, A, andY, are, in turn, matrices in the space of the ties U andV are known as the normal and anomalous am-
« variables, withY, . =Y4a d.,«,, and the tilde stands for plitudes of the Landau interaction in a superfluid Fermi
the transposition operation. The paramet¥gs Y,,, and liquid.
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The quasiparticle energy,. ., and the order parameter
AKle will also be expanded in the Pauli matricegsand 7 :

8 1y, = € ayanaan(P1) o, oy 012
AklkzzAalazalaz(pl) 5p1,7p21
wheresalazalaz(p) andA (p) are the respective ma-
trices in the spin and isospin spaces:

@858y

e(p)==gooP) + &xo(P) okt gok(P) T+ &ik(P) Ty T 213
A(P)=Ago(P) o272+ Ayo(P) 00272 + Aok(P) 027 T2
+Aw(p)oyoam7s.

The conditionAKlK2= —AK2K1 and the expansion df(p) in
(2.13 imply that Agg(p) and A (p) are odd functions op
while Ajo(p) andAg;(p) are even functions gd. These sym-

metry properties lead to a situation in which singlet—singlet

1
Aio(P)= -2 Va(P.P")Gio(P"),
P (2.15

1
:7. y y
Aok(P)= 5= 2 V2(P.p")Gok(P')
p

1
Aik(p):7~2 V3(p,p")gi(p").
p

The symmetry properties of the interaction potentials
Vo, . ..,V3 must correspond to the symmetry properties of
the order parameters:

Vo(=p,p")=Vo(p,—p")=—Vo(p,p")
Vi(=p,p")=Vi(p,—p")=+Vi(p,p’),
Va(=p,p")=Va(p,—p")=+Va(p,p’)
Va(=p,p")=Vs(p,—p")=—V3(p,p’).

(2.19

and triplet—triplet pairing of nucleons can occur in states

with odd values of the orbital angular momentm while

To obtain the self-consistency equation we must express

the singlet—triplet and triple—singlet pairing of nucleons canthe functionsf andg in terms ofe andA. This problem is

occur in states with even values bof

According to the definition$2.2) and (2.3), the quanti-
ties e and A can be related to the functiorfsand g. Pre-
cisely, thee are related to thé as

2
sodP)=e0(P) + 5= 2 Uo(p.p")fodP'),
7

2
gjo(p) = 7—/2 Ui(p.p")fio(p"),
p

studied in Secs. 3 and 4.

3. TRANSITION TEMPERATURES FOR DIFFERENT
SUPERFLUID PHASES

Near the phase transition points the order parameters
are small. Hence, if the self-consistency equation have been
found, the equations for determining the temperatures of
transition to various superfluid phases can be obtained by
linearizing the self-consistency equationsAnWe will use

(2.14 another approach, however. The expressions for the anoma-
( )_i S Uy(p.p') o p') lous distribution functiongy can be found in thed-linear
gokiP)= 7> &2 PP oP), approximation by expanding the statistical operdftan a
) series in powers oA and keeping only terms that are linear
eu(p) = 72 Us(p,p") Fi(p'), in A.. To this end we write the operatdrin the form of a
and theA to theg as o E 0 . 0 A
=&+ = ~ = . .
1 , , §=&tA, & o—g’A At o) (3.1
AodP)= 5 2 Vo(P.p)GodP'), , _ o
" p Then in theA-linear approximation we have
f=fo+ 1/,
0 3.2
B ~ _
0 (1—fO)J e MAe M (1—fg)d
~ (fo 0 ) ~ 0
foz ~ |, fl=-
0 1-f ~ (B 3
0 fof M AT M odN 0
0
|
Here B -~
g=—(1—fo)f e MAe M(1—fy)d\. (3.9
1 0
fOZW. (33)

Comparing(2.1) with (3.2), we arrive at the following
expression for the anomalous distribution functgn
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Hereg is a matrix in the momentum, spin, and isospin vari-
ables, with the dependence on momenta determined by for-
mula (2.7). Now we assume that the phase transition to the
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superfluid state begins from a normal state, in which there isemperature of a transition to the superfluid phase with
no spin ordef;;=f; =0; for symmetric nuclear matter the singlet—singlet nucleon pairing=0 andT=0) assumes the
distribution functionf, is zero, tog. Assuming that the am- following form:

plitudesUy(p,p’) andU,(p,p’) are quadratic in momenta,

s Aoo(P)
Uo(p,p’)=do+eo(p?+p’2)+hop-p’,
o(p,p")=do+eg(p~+p’“) +hop-p ——Ef &3p’ " ,)Aoo(p’)

Uo(p,p')=do+ex(p?+p'?)+hop-p’,  p,p’<po, =74 ) @an)R VPP e on

with pg the cutoff momentum, we can write Yo(&o(p') + &3(p'))
X |tanh

§=(&omot &373) 00, (3.5 2

where Y ") — !
+tanh o(fo(p)2 &(p')) . 3.9
o p2 +Y2a+Y2b . p2 +YZa_YXb
gO_zmo 2Y, §3_2m3 2Y, Similarly, in the case of singlet—triplet pairing E¢3.6)
yields

-2 t(patpp) = ( ) Ag(p)

—=—_—T(pPatPp)€, —=(Pa"Pn)€2, «(p

Mo M M3 Jok(P) (TkT2)ab= — m [1-fa(p)
with the quantitiesy, andY7,, renormalized by the Fermi- :
liquid interaction, determined from the normalization condi- —fo(=P)1(7kT2)an- 3.9
tions Settinga=b=1 in (3.9), we get

4 4 .

— = — = — . liAyptA Yo(éotés)

7/% fooP)=pa+tpp. 7/2;, fosd(P)=pa—pp. igort o= 5 5(;1+§302 anh—> ; =
In the above formulas, and 7, are the identity matrices in - At 5—p=2 we have
the spin and isospin spaces, andand p, are the densities
of fermions of speciea andb (for symmetric nuclear mat- it e — 1 —iAgtAg hYo(ﬁo—fs)
ter, 1m3=0 and&;=0). Thus,¢ is a diagonal matrix. Inte- 19017802~ ~ 3 E0— &3 an 2 '

grating in(3.4), we arrive at the following expression for the
matrix elemeng,,(p) (u=(«,a)):

AP o o g :_ﬂ[ hYo(§0+§3)+tanhYo(§o_§3) .
R L R 03~ g, BN 5 a5

2 2
Now we use the expansion&.7) and (2.13 for g and A. Thus, to determine the temperature of a transition to the su-

Since these expansions are done in linearly independeR€rfluid phase with singlet—triplet n.ucle.on pairifg=0 and
symmetric and skew-symmetric Pauli matrices,(36) we | —1) we have the following equations:

can replacey,, gndAuU by the matrlx elements belongln.g to iAga(P) + Ao p)

the corresponding terms. For instance, in the case of singlet—
singlet pairing of nucleons we have

Finally, fora=1 andb=2, Eq.(3.9) yields

guv(p): -

B 1j d3p’ v ,
=72 @ 2(p,p")

0( )(7-) :_&
oo PHT2)a0™ " ¢ (D) + &(—p) (BaP) AP L Yo(€olP)FE(P) o
X[1= o)~ To(~P)](72)an,  a=1,2, SolPD &P ?
(3.7 —i1Ao0(p)+AAP)
where ——Ef d3p’ y ,
1 - 2 (2,”%)3 2(p,p)
f =T e N1 = + 160 . : ’ ’ ’ ’
oY) 1 e bt ~i80i(p) A P) Yol Eo(p) —s(P)
In (3.7 we do not write the dependence on spin indices £o(P’) — &3(P') 2 ,
explicitly, since this dependence is the same for the left- and (3.11
right-hand sides of the equations. Assumayg1l andb=2,
we get Ao3(p)
3n7 ’
Moo, Yolfotés) Yoléo— &) __t f 9P gy AesP)
9002—4—50 tanhT+tanhT . 4 (27Tﬁ)3 2(p,p") fo(p')
Thus, with allowance for2.15, where we have replaced Yo(€o(p")+&3(p"))
. . . : g X|tanh
summation by integration, the equation for determining the 2
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+tanhYo(§o(p’)2— £3(p")) ’ (3.12

Below we study these equations for the case of symmet-
ric nuclear matterlequal neutron and proton densities, or
Yia= Y4, and€;=0). Then Eqs(3.8) and(3.10—(3.16) be-

which describe the pairing of, respectively, two neutronscome simpler:

(isospin projectioril,= —1), two protons T,=+1), and a

proton and neutronT,=0).

The equation for determining the transition temperature
corresponding to other types of pairing can be found by rea-
soning along similar lines. For instance, for triplet—singlet

nucleon pairingS=1 andT=1) we have

Ayo(p)

Ao(p")
&(p")

N :
——Zf WW(D,P)

Yo(€o(P")+&3(p"))
2

Y0(§0(p’)—§3(p’))}
nh .

X | tanh

+tal 5 (3.13

For triplet—triplet nucleon pairingS=1 andT=1) the cor-
responding equations are

. 1 &
8P+ AP = 5 [ oo Vpe)

Ak (p")+Ak(p")
E(p')+é&3(p")

Yo(éo(p')+&3(p"))
> ,

Xtanh

(3.19
—iAk(p)+Ak(p)

1 3pr
3 f Wvg(p,p’)

—1A(P") +Ak(p") anhYo(éo(p’)—§3(p'))

G -&) 2

(3.19

dp’ Aa(p’)

Aks(p):_zf (Zw—ﬁ)sVs(P,P') ()

Yo(éo(p') +£5(P"))
2

hYo(fo(p/)—fs(p'))
2

X|tanh

+tan

. (3.16

_ 1 °p’ AodP) . Yoéo(p)
AOO(p)__Ef (27T—h)3V0(p,p) () tanh 5 ,
(3.17)

_ 1 °p’ AP Yoko(p)
AgO(p)__Ef (277—ﬁ)3V1(p,p) () tanh 5 ,
(3.189

1 °p’ Aos(P) . Yoko(p')
Aos(p)=—§f (zw—;)gvz(p,p’) ;j(pp,) tanh—2 ;p ,
(3.19

1 °p’ Aso(p') . Yo&o(p')
Ags(p)=—§f (277—2)3V3(p,p') gz?(pp,) tanh—2 ;p .
(3.20

Here we have listed only the equations that refer to different
transition temperatures. For instance, E¢3.10—(3.12,
which in the case of asymmetric nuclear matter determine
the temperature of a transition to states with different isospin
projections T,=0,=1) for singlet—triplet nucleon pairing,
are replaced by a single equatidfg. (3.19) in the case of
symmetric nuclear matter. Hence, actually, in the case of
symmetric nuclear matter we are dealing with transitions into
superfluid phases with singlet—singlet, triplet—singlet,
singlet—triplet, and triplet—triplet nucleon pairing, and each
has its own transition temperature, independent of the spin
and isospin projections. In what follows we denote these
transition temperatures by.(00) (singlet—singlet pairing
T.(30) (triplet—singlet pairing, T.(03) (singlet—triplet pair-
ing), andT.(33) (triplet—triplet pairing.

Equations(3.17—(3.20 contain the anomalous Landau
interaction amplitude¥y(p,p’),...,Va(p,p’), which in the
low—momentum range can be ordered with respect to the
arguments andp’. Allowing for the symmetry properties
(2.16), we get

Vo(p.p')=copp’, Vi(p,p’)=a;+by(p?+p’?),
Va(p,p’)=as+by(p?+p’?),

V3(p,p’)=czpp’.
(3.2

Here the expansion coefficiendés b, andc characterizing

the anomalous interaction amplitudes are independent pa-

rameters of the theory and, generally speaking, must be de-

termined from comparison with the experimental data.
Equations(3.17—(3.20 make it possible to determine

the temperatures of transitions to various superfluid phases

Here Eq.(3.14 determines the temperature of a transition oy, generally require doing numerical calculations. Analytic

the phase with triplet pairing in the spin space of two neu
trons (T,= —1), Eq.(3.15 determines the temperature of a £e/2T > 1, wheresp
transition to the phase with triplet pairing of two protons
(T,=1), and Eq.3.16 determines that with triplet pairing

of a proton and neutronT=0).

Note that Eqs(3.8) and(3.10—(3.16 are valid for the
general case of asymmetric nuclear matter, where the proton

and neutron densities are different.

5 JETP 85 (1), July 1997

expressions for the transition temperature can be obtained if
is the Fermi energy.

We start with singlet—singlet pairing. This type of pair-
ing is determined by the potentiaVWy(p,p’)=copp’
(p,p’ =<pg, with py the cutoff momentum This, together
with (3.17), implies that the gap\o(p) has the structure

Ago(p)=Agpn, p=po, (3.22
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wheren is an arbitrary real-valued unit vector. Integrating must be replaced bg, andb; by b,. In the case of triplet—

over the angles if3.17) and allowing for(3.22), we arrive at

triplet pairing,V3(p,p’)=c,p - p’, and the transition tem-

the following equation for determining the transition tem- perature is given by3.24) with ¢, replaced bycs.

perature:

c

0 ofo
127°H°

1+ —0. (3.23

f dpp*— tanh
p<po o

If we calculate the integral i163.23 in the logarithmic ap-

proximation Eg/2T,>1), we obtain the following expres-
sion for the temperaturg.(00) of a transition to the super-
fluid phase with singlet—singlet nucleon pairing:

T.(00) = '\/ Yo +1 eXD( CopZr 4), (3.29
where
Po YO 8 c
=_1 _1 =e 1
Yo b Yy= 3 +Yo— Y

v=m"*pe/m°h° is the density of states at the Fermi surface,

andC is Euler’s constant.

For triplet—singlet nucleon pairing the potential is

Vi(p,p')=as+b(p*+p'?) (p.p'<po), with the results
that, with allowance for(3.18, the formula for the gap
Aso(p) becomes

Az(p)=A1+Ayp%  p<po, (3.29

whereA; and A, are momentum-independent coefficients.

Plugging(3.25 into (3.18 and nullifying the determinant of
the resulting system of Iinear equations oy and A,, we

These formulas are valid in the limifT2 /eg<<1. If this
inequality is invalid, Eqs(3.17—(3.20 must be solved nu-
merically if we wish to find the transition temperature. To do
numerical estimates, we express the Landau amplitudes in
terms of the nucleon—nucleon interaction amplitude by using
the leading approximation in the interaction. To this end we
write the nucleon interaction Hamiltonian in the form

>

K1KpK3Ky

1

Vint=77/~

aaa

V(K1 Ka;K3, KA By

(3.28

where the interaction amplitude(«,«,;k3,x4) invariant
under rotations in the spin and isospin spaces has the follow-
ing form:

v(Kl,Kz;Ka,K4)Ev(|01,pz;ps,p4)211?2?j§4
= [00(P,0) Sy Saryey Sagay S
T01(P,A) O oy 0,0 aya, Oaya,%,a,
T02(P,A) SayayOuya, Taya, Taya,
T3P A) O oy 0,0 aya, Tayas Taa,)
X8 (3.29

P4)/2. Here we have as-

P11+ P2,P3 TPy

with p=(py—p2)/2 andq=(ps—

ture:

where

1 &
- = & -
L= 7273 fpépodppz tanh , 1=1,2,3.
This yields the following expressiofin the logarithmic ap-
proximation for the temperaturd .(30) for a transition to
the phase with triplet—singlet nucleon pairing:

a vp
1+§’¢2+b1vp$¢4 i f) (W= Watbe)

X exp 5 ,
v f
_; +byvpf+ ) (24— b= be)
(3.27
where
5 .3

_ _YO Yo 46

=Yoo= 2, ¢6—_ §+YO_ 15

Similar reasoning can be carried for the cases of singlet—
triplet and triplet—triplet nucleon pairings. For singlet—triplet

pairing V,(p,p’) =a,+ b,(p?+p’?), and the transition tem-
peratureT;(03) is determined by formulé.27) in which a;

6 JETP 85 (1), July 1997

Vo, vl, v,, andvg are independent of the total momentum
of the colliding particles.

To find the energy functional corresponding to the inter-
action Hamiltonian(3.28, we must average the operator
(3.28 over the state of an nonideal gas of particfeBor this
state the Wick rules for averaging operators are valid. The
interaction energy functiondt;;(f ) can be obtained from
the operatoV;,;, by linking the fermion operators into the
following scheme'

Enlf )= 2@, P

V(K. K5 K3 ,K4){aK1aK2a a,
K2K3K4 ] ]

| —

+aK1aK2aK3aK4}.
o T

Since 0:10K2=f,<2x1, we obtain (at k= (p—q)/2)

Uo(p,d) =4vo(K,K) —vo( —k,k) = 3v1(—K,k)
—3v,(—k,k)—9v3(—k,k),

U1(p,q) =4v1(k,k) —vo( —k,k) +v1(=k,K)
—3v,(—k,k)+3v3(—k,k), (3.30

Ua(p,q) =4va(k,k) —vo( —k,k) =3vi(—k,k)
+vo(—Kk,k)+3v3(—Kk,k),

Ua(p,q) =4va(k,k) —vo(—k,k) +v1(—kk)

Akhiezer et al. 6



+v,(—k,k)—v3(—k,K). TABL!E |. Parameters of the di.fferent versio_ns of t'he $kyrme interaction
used in the present papéccording to the review article in Ref. R4

The interaction energy functiond;(g) can be obtained

o : . Potential Ska SkM Sk RATP
from the operato¥ by linking the fermion operators into the
following scheme: ty, MeV-fm?3 —1602.78 —2645.00 —2645.00 —2160.00
1 ty, MeV-fm® 570.88 385.00 410.00 513.00
5
En(8)=m= 2 v(ki.KkyiK3.Ka)a7ata,a,.. t,, MeV-fm -67.70  —120.00 —135.00 121.00
nt 2T g2k e ty, MeV-fm®3*  8000.00  15595.00 15595.00 11 600.00
Xo -0.02 0.09 0.09 0.418
. . 0.00 0.00 000 —036
Allow r = 1
lowing for the fact that clz,(_zla,‘1 8k x,» WE Obtain X 0.00 0.00 0.00 29
X3 —0.286 0.00 0.00 0.586
13 1/6 1/6 1/5

VO(p!Q):UO(p!q)_svl(piq)_302(p1Q)+9v3(p!Q);

Vl(p!Q):UO(plq)+vl(pvq)_302(p!Q)_3U3(plq);

(83D interactions. For symmetric nuclear matter with Skyrme in-
Va(p,a) =vo(p,d) —3v1(p,a) +va(p,d) —3vs(p,a), teraction the effective nucleon mass is given by the follow-
ing expressiorf*
V3(p,a)=vo(p,q) +v1(p,q) +v2(P,q) +v5(p,q).
A2 h% 1
—m+ 16 [3t;+tx(5+4x%5)]p, (3.33

Below we use the Skyrme interaction as the nucleon— o 2

nucleon potentiat? For the Skyrme interaction the functions

vo,---w3 in (3.29 are wherem is the “bare” nucleon massgcf. Eq. (3.5)).
3 1 3 There are sets of parametérs, and« that are used to
vo(p,p’)= §t0+ Et3p”‘+ th(phr p’2) descr}be the physical ch.aracterlstlcs of the grpund states of
nuclei(the mass and radius of a nucleus, the binding energy,
1 the moment of inertia, etcand the data on giant resonances
+ Wt2(5+4x2)pp', and fission barriers for heavy nuclgiee Ref. 23, the review
in Ref. 24, and the literature cited thergifiVe use the most
1 1 recent versions of the Skyrme interaction taken from the lit-
vl(p,p’)=—§t0(1—2x0)—4—8t3p“(1—2x3) erature (the Ska, SkM, SkM, and RATP potentials; see
Table ), in which, in contrast to the earlier work with expo-
1 nenta=1, in which the term dependent on the density con-
Wtz tains a variable power of the density, #a<1/3.
Using Egs.(3.21), (3.31), and (3.32, we arrive at the
following expressions for the parametas b, andc that

- th(l—le)(pz—k p'%)+

X(1+2xz)p-p’,

1 1 (3.32 characterize the anomalous Fermi-liquid interaction ampli-
vo(p,p’)=— §t0(1+2x0)— 4_8t3pa(l+zx3) tudesVy,...,V3 in the case of a Skyrme interaction:
1
ag o= to(1EXg) + =t3p“(1£X3),
—Wt1(1+2xl)(pz+p'2)+ ar2t2 6
X (1+2%,)p-p’ L Lo
2 : bl,ZZth(lixl)y Co,3:ﬁt2(1+xz)- (3.39
’ 1 1 a 1 2 12 . . . .
va(p,p’)=— gto— 4—8t3p - th(p +p'9) As Egs.(3.21) and(3.34) imply, singlet—singlet and triplet—
triplet nucleon pairings in the corresponding superfluid
1 ) phases occur in states with orbital angular momenitu#,
+ S—ﬁztzp' p. while triplet—singlet and singlet—triplet nucleon pairings oc-

cur in states withL=0.
Here p is the density of symmetric nuclear matter, and Note that if the parametex, in the effective Skyrme
to,....l3, Xo,....X3, @nda are phenomenological parameters. interaction is zeroy, andV; are equal and the temperatures
In the above formulas we assume that the mompraadp’ of transition to phases with singlet—singlet and triplet—triplet
do not exceed a cutoff momentywg, which in turn is some- pairing coincide,T.(00)=T.(33) (this is true for the Ska,
what larger than the Fermi momentupg, or po=pe (for  SkM, and SkM potential3. Figure 1 depicts the results of
numerical calculations we assume tlgat= 1.1pg; see Ref. the numerical solution of Eq$3.17)—(3.20 represented in
14). The local Skyrme interaction describes the effective inthe form of a density vs transition-temperature diagram.
teraction of a pair of nucleons in the presence of a nucleoQualitatively the behavior of the transition curves is the same
medium, which is reflected by the term dependent on denfor all four Skyrme potentials, although some numerical dif-
sity. This term is the result of allowing for three-particle ferences do indeed exist. Note that at the saturation value of
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T. MeV - T. MeV

[T(30) SKM [ 7(30) SkM® 1
LTo3) ST () !
0.1 E E 0.1 3 -
E 3 ! T(00XT(33))]
' T(O0XT(33) ]
0.01¢ { 0.01f E
a ] b
o ol 0.2 03 0 0.1 02 } ,
p im-3 p im>3 FIG. 1. Transition temperature as a function of
T. MeV ’ T. MeV ! density for different pairing types in SkNg),
T T SkM* (b), RATP (c), and Ska(d) potentials.
30) Ska
1t :
0.1}
0.01F T(00XT(33))
W01 I v 681 23
o fm™>

nuclear matter density),or p.., the temperature of transition nuclear matter density determines the spin and isospin state
to the state with triplet—singlet nucleon pairitege Table I in a which there is nucleon pairing.
is the highest for all types of interaction. Note the special features of the resulting phase curves.
The superfluidity of nuclear matter with the Skyrme in- Figure 1 shows that for the SkM and SkMpotentials there
teraction was also examined by gtal!* They, however, is a certain critical density, the point at which the curves
studied nucleon pairing without allowing for the spin and T.(30) andT.(00) (or T.(33)) intersect, such that fgy<p,
isospin structures of a pair, which means in deriving thethe highest transition temperature is that of the transition to
energy functional they ignored the spin exchange interactiothe phase with triplet—singlet nucleon pairing, while for
between nucleon@ll the parametex; in the Skyrme poten- p>p. the highest transition temperature is that of the transi-
tials are set equal to zexrdur treatment makes it possible to tion to the singlet—singlet or triplet— triplet transiti¢ior the
determine the structure of the phase diagrams for differen6kM and SkM potentials the two coincide Thus, for the
superfluid phases and to establish how the variation of th&€kM and SkM potentials there is a phase transition in den-
sity from the triplet—singlet phase to the singlet—singlet or
triplet—triplet phase.
TABLE II. Values of the transition temperatufie(30), the energy gap for A similar conclusion holds for the RATP potential, the
unitary (A}, ) and nonunitary 4 ) states, and the magnetization density only difference being that the phase transition in density
(nonunitary statgsin the case of triplet—singlet nucleon pairing at a density from the triplet—singlet phase can only end in the triplet—
equal to the saturation densipy. of nuclear matter. triplet phase, since for the RATP potential the equation for
the temperature of transition to a phase with singlet—singlet

Potential Ska SkM SkmM RATP .. .

nucleon pairing has no solutions.
Tc(30), Mev 0.0069 2.36 1.75 2.57 For the Ska potential the curvdg(30) andT.(00) (or
Ap . MeV 8'8326 ‘z‘gg 2'0; ‘;53 T.(33)) do not intersect, so that a phase transition from the
i?%nt/ff\r/n* 1.4%10°7 0.0013 0.'01010 0"3009 triplet—singlet phase to the singlet—singlet or triplet—tripl_e_t
p.., fm3 0.1554 0.1603 0.1603 0.1599 Pphase proceeds through the normal phase. Such a transition,

however, is purely formal since this section on the phase

8 JETP 85 (1), July 1997 Akhiezer et al. 8



diagram corresponds to high nuclear matter densitieSolving Eq. (4.3 for the X matrix requires knowing the
(=1.3fm3). structure of¢ in the spin and isospin spaces. According to

To compare our results with those of by 8ual,'* we  (2.2) and (4.2), this structure is determined by the form of
note that in their calculations they used the old Skyrme pothe energy functionaE(f,g). For triplet—singlet nucleon
tentials Skl-SkVI(see Ref. 28 known from the beginning pairing we specify the functiondt(f,g) by the following
of the 1970s, and of the new potentials only the 3kpb-  formula (compare this with the general expressid2s3)—
tential was selected. For the SkMotential, Stet al'* con-  (2.11)):
cluded that the equation for the transition temperature of the 5
second-order phase transition into the superfluid state at a g(f g)=4>, So(p)fg+ 72 fSUo(p,p’)fﬁr

PP

density equal to the saturation density has no solutions. Our p

calculations with the SkM potential show that at a density >

equal to the saturation density it is not the normal phase that + 5 > gVi(p.p )Gy . fI=fodp). (4.5
is realized but the superfluid phase with triplet—singlet pp’

nucleon pairing and the co_rresponding transition temperaturgere, in the view of the weakness of magnetization, we ig-
Te(30) of 1.75 MeV. The difference can be explained by thengred the exchange interaction in the normal part of the
fact that, as noted earlier, &t al.”* did not take into account Fermi-liquid energy(not to be confused with the micro-
the terms in the Skyrme potential that describe spin exchan%copiC spin exchange interaction between nucleons, taken
interaction between nucleons. Allowing for these terms, asnto account in the Skyrme potentials via the parameters

we have seen, is important and leads to qualitatively diﬁertombining(4.5) with (2.13, (2.14), and (4.2, we see that

ent results. for symmetric nuclear matte(,=Y,,=Y,), & is propor-
tional to the identity matrices in the spin and isospin spaces:
4. ENERGY GAP §K1K2: §p15p1,p2( 0-0)0'1,0'2( TO)al,azy

. ) where
The analysis of the phase curves done in Sec. 3 shows

that at densities close to the saturation density a superfluid
phase appears with triplet—singlet nucleon pairiSg (. and
T=0). In this section we determine the energy gap and the . ) )
order parameters for triplet—singlet pairing. To this end we 1hen, solving Eq(4.3 and allowing for(4.1), we arrive
turn to the self-consistency equatiéd.4). Using the diago- at th_e fgi_!owmg expression for the anomalous distribution
nalization procedure described in Ref. 25, we can reduce thi&inction:
equation to a form that contains operators that act only in the 1
momentum, spin, and isospin spaces. As a result, for thg,=

Y 2
E=colP)+y+ 72 Valpp)fy 46

1
{ S(1=mp—n% )[(255—Ap- AD)A,

equilibrium distribution functions andg we obtain m
f=Kn+X(1-T)X*K,g=KnX+K(1-n)X, (4.1 +(AZ)A]+ %55“2<§3_%(5p+5p)2
where PP
n=(eXYo£-XA )41} L, E=etof, _AP'AE)A"_(AP)ZA;”' “7
K=(1+XX")1, (4 ere
and the matrixX satisfies the equation ngzl(n;+n‘;)1 nu,=%(n;—n;),

EX+XE+A—XATX=0, X=-X. (4.3

2
For triplet—singlet nucleon pairing the anomalous distribu- ngz[exp{Yo( —{pt
tion functiong has the form

gp_§p+|[Ap'A;]|>
2 T2,

-1
al

and{, andG, are given are defined as follows:

gKlKZZQKO( pl) 5p1,7p2( Gka-Z)a'l,O'z( TZ)al,azv (44)
1 1
whereg,o( —p) =dko(p). Combining this with(2.3) yields gﬁzz[ApA; + Z(§p+ §_p)2+ Gpl,
AK1K2:AkO(pi)5p1,—p2(0-k0-2)1)'l,(r2( 72)31'32’ 1 >
Ago(—p)=Ako(P)- Gp= \/ Ap-Ap+ Z(§p+§fp)2 —[Ap- AR T2
~ To simplify the formulas below we introduce the follow- The structure of the normal distribution functiénn the
Ing notation: momentum, spin, and isospin spaces is given by the follow-
9p=(910(P),920(P),J30(P)), g expression.
_r0
Ap=(A1o(p). Azl P), Asg(P)). Feina =10, 0010, 4 T, (@) 0100, ;%2
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where, ag4.1) and the solution of Eq4.3) imply, the func-
tions f) andf,, have the form

0 0 0 pP\Sp P 0 0
fp _p[(]+np_n p)GD+— ]_np_n b

. 2[55—<1/4><§p+§_p>2—Ap~A;]<np+n”_p>“

[Ap-AF ]|
4.9
TAXAR][ gtEy
P 26, | 4,
223(nl +nl )} nl—nl ]
1-n0—np° 2P Py P Pl @9
o B B v [ R oo R

Thus, according to Eqg2.15 and (4.6—(4.9), §, and A,
can be found by solving the following equations:

- Y, 1
ép=e0(P)+ Y_0+ 7

UO(pvp,) 0 0
X% G—pr (1+np;_n,pr)
éVp’(fp’”Lf—p’) 0 0
XGp+ S| 1-ny,—n’,,

2 _ 2_ A A* vl
+2(§p, (U (Epr+E-p) = Ay Ap,)(np,+n_p,)H
Ay -AL]|

(4.10
1 Vi(p,p")
APZW'Z oGy
p p"=p
1_n0,_n(1 ’
x| (20— Ay A7)
(nl,+nl 22
X Ay + AL AN+ —E—E P
[Ap- AL
2 (fp’_"gfp’)z
x|\ 2| G- = —Ap- A% Ay
—Af,,A;,H . (4.1

thatA, X A; =0). Such states are called unitary. A charac-
teristic feature of these states is that the projection of the
total spin of a nucleon pair on the quantization axis in the
spin space is zero. The order parameter for unitary states has
the form A,=dA,, whered is a real-valued unit vector
along the quantization axis, ai,, as(4.11) implies, satis-
fies the equation
1 Ay YoEy
8= g7 2 Valpip) g tanh =5

Ep= V& +]Ap% (4.12

This equation is of the BCS type and has nonzero solutions
A, # 0 at temperature§ <T(30), whereT.(30) is the
transition temperature of the triplet—singlet phase transition
specified by (3.18. According to (3.21), the potential
V1(p,p’) in Eq. (4.12 has the following form:

Vi(p,p')=a;+by(p?+p'?), p,p'<po-
This leads to the following structure of the energy ggp:
Ap:A1+ Azpz, pg po. (413

Solving Eq. (4.12 at T=0 on the assumption that
Ay leg<1, we obtain the ordinary relationship linking the
energy gampF at the Fermi surface with the transition tem-
peratureT.(30):

o
85 (T=0)=TL(30,

with T;(30) given by(3.27). In the general case the solution
of Eq. (4.12 can be found only numerically. The results of
numerical integration for the gap dt=0 and p=pg are
depicted in Fig. 2a. Clearly, the SkM, SEM and RATP
potentials yield values foApF(T=O), in contrast to the Ska
potential, which yields somewhat lower values. Table Il lists
the values of the energy gap for the different variants of the
Skyrme potential at a density equal to the saturation density
P -

Now let us examine the states of superfluid nuclear mat-
ter for which the producAA ™ is not reduced to the identity
matrix in the spin space. Such states are called nonunitary.
Among these are states whose projection of the total spin of
a nucleon pair on the quantization axistid. For such states
the order parametek, has the form

1
A,=d®A,, d<i>=%(1id1+d2), (4.19

These equations Comp|ete|y solve the genera| prob|em d4vhere d]_ and d2 are real-valued orthonormal vectors. The

triplet—singlet nucleon pairing in superfluid nuclear matter.Upper sign in(4.14 stands for the spin projectiod,= +1

Formulas(4.11) do not require a specific form for the inter- and the lower sign for the spin projectidh= —1.

action amplitude, the requirement being that the symmetry ~ The dependence af, on momentum, a¢+.11) implies,

conditions(2.16) are met. To be exact, Eq&l.10 and(4.11)  Is given by the equation

for the quantities, andA, should be solved simultaneously. 1 Vi(pp') [ 1

We, however, ignore the effect of a finite gap &m (4.10 Ap=—+ » 1—[ —[t

and assume, therefore, thigt=(p®— pg)/2m*. 4775 GpEp (2
Let us first examine the states of superfluid nuclear mat- Yo(2E2, | A [2)

ter for which the producAA* is proportional to the identity +tanh T p P’

matrix in the spin spac@vhich is equivalent to the condition 4E,

Yo(2E7, + A [?)
4E,,

}(ZEi,— 1A%
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A, MeV A, MeV
10 M -
a b
6>
8
RATP { RATP
SkM SkM .
6} SkM” 4 SkM
FIG. 2. Energy gap as a function of density for
af Ska Ska unitary (a) and nonunitaryb) states.
2 4
2
| ;
0 " A 0 . A
0 0.1 0.2 0 0.1 0.2
p, fm™ p. fm>
Y0(2E§,+|Ap,|2) YO(ZEz,—|Ap,|2) _ The results of numericallintt_agration .fm' are.depicted
+|tanh = —tan 4E in Fig. 3. Clearly, the magnetization density is fairly I¢per
P’ P’ nucleon it amounts to roughly (0.006—0.008) at a den-
E2 [2(E2 _ g2 )—|A 2] sity equal to the saturation density for the SkM, SkMand
pr pr gpr p’ . —7 .
W P’ (4.15 RATP potentials, and 9210 ‘¢ for the Ska potential,
P’ where un,q IS the nuclear magnetonThe explanation is
where that, on the one hand, in this superfluid phase the paired
A 1 particles are a proton and a neutron whose magnetic mo-
G,=£\/1+2 P E.=\/=(A2+£+G,) ments point in opposite directions, and, on the other, the
P~ Sp &£ p 2\=p T Sp T op/ . .
p larger fraction of nuclear matter is in the normal state.

As A,—0, Eqg. (4.19 becomes Eq(3.18 for determining

the temperature of the transition to the superfluid phase witg concLusiON

triplet—singlet nucleon pairing. As in the case of unitary ) ) _ )

states, we should look for the solution of Eg.15 in the We investigated a semiphenomenological theory of su-

form (4.13. Figure 2b depicts the results of numerical cal-Perfluid nuclear matter based on Landau’s concept of a

culations of the energy gap for the nonunitary states ofermi liquid. We classified the various superfluid phases of

nuclear matter af =0 andp=pg . A comparison of Figs. 1a symmetric nuclear matter and derived the equations for de-

and b shows that for equal densities the gap for nonunitarfermining the corresponding transition temperatures. In the

states is narrower than the gap for unitary states. Table §heory of a superfluid Fermi liquid, the normal and anoma-

lists the gap values\, (T=0) in the case of nonunitary lous Landau interaction amplitudes, interpreted phenomeno-
F

states for different Skyrme potentials at a density equal to the
saturation density. In connection with examining the nonuni-
tary states in the spin space we note that the transition to the
superfluid state is accompanied by the appearance of sponta-
neous magnetization in superfluid nuclear matter, which is
caused by the ordering of the spins of the pairing nucleons. 2t
The magnetization density is given by the following ex-
pression:

m 107y, /fm™

1 1
m:TrK[Lf, ﬂ:§(1+73)ﬂp0+§(1_7'3)ﬂn(7,

1
(4.16 Ska
where u is the operator of the nucleon’s magnetic moment,
up and p, are the magnetic moments of the proton and
neutron, respectively, anflis the normal nucleon distribu-

tion function. Calculating the trace {@.16), we arrive at the 0
following expression for the magnetization density at 0 0.1 02
T=0: p fm”
A 2 FIG. 3. Magnetization density as a function of density for nonunitary states
&plAp g y y y
m=—(up+ pn) 2 EG._ (4.1 in the case of triplet—singlet nucleon pairifthe curve corresponding to the
P=<Po p~p RATP potential is depicted by a dashed )ine
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logically, are considered independent, and the derived equasplications(for neutron stars, for instance, the inner temperatures are of the
tions do not assume any relationship between the normal angrder 10° MeV; see Ref. 3 If we continue the curved(30) and
anomalous Fermi-liquid amplitudes. However, to be able to T.(00) (or T¢(33)) still farther in density, they will obviously intersect, but

. T : ' . the point of intersection corresponds to a transition temperature
estlmat.e th.e Fgrml Ilqwd am.plltudes, we used the Ieadlnch<1o_3 MeV.
approximation in the interaction and expressed the normal
and anomalous Fermi-liquid amplitudes in terms of the pa-
rameters of the effective nucleon—nucleon interaction. For
the nucleon—nucleon potential we used the effective Skyrme
mtgracnon, with the most recent va}lues of the phenomenoqA. Bohr, B. Mottelson, D. Pines, Phys. Reu10, 936 (1958.
logical parameters taker! from the literattee SKa, SKM, 25 T Belyaev, K. Dan. Vidensk. Selsk. Mat. Fys. Me@d, 11 (1959.
SkM*, and RATP potentia)s Note that we clearly separated 3N. N. Bogolyubov, Dokl. Akad. Nauk SSSRL9, 52 (1958 [Sov. Phys.
the spin and isospin parts of the interaction potential, which4502aféyf' 279(;?15%3- Teor. Fiz35, 823 (1958 [Sov. Phys. JETR

: : : : : : _"V. G. Solov'ev, Zh. Kksp. Teor. Fiz35, ov. Phys. \

makes it pqssmle to easily follow the spin and isospin struc 572(1959]; 36, 1869(1959 [9, 1325(1959]; Nucl. Phys9, 655(1958.
tures of pa”eq nucleons. N V. G. Solovev,Effect of Pair Correlations of the Superconducting Type

An analysis of the temperatures of transition to various on the Properties of Atomic Nuclin Russiai, Atomizdat, Moscow
superfluid phases of symmetric nuclear matter shows that(1963.

. T i . . L. D. Landau, Zh.’IEsp. Teor. Fiz30, 1058(1956 [Sov. Phys. JETB,
there is the possibility of phase transitions in density from 920 (1956]: 32, 50 (1957 [5, 101 (1957

the triplet—singlet superfluid phase into the singlet—singlet o173 gardeen, L. N. Cooper, and J. R. Schrieffer, Phys. R©& 162
triplet—triplet phasdthe SkM and SkM potential$ or from (1957; 108 1175(1957).
the triplet—singlet phase into the triplet—triplet phasee 8A. A. Abrikosov, L. P. Gorkov, and I. E. DzyaloshingkiQuantum Field

RATP potential. For the Ska potential the transition from Theoretical Methods in Statistical Physid3ergamon Press, New York

the triplet-singlet phase into the singlet-singlet or triplet— oy N éogolyubov, V. V. Tolmachev, and D. V. ShirkoMew Method in
triplet phase is possible only through the normal phase. SuperconductivityPlenum Press, New York 959.
For the Ferm|_|lqu|d model of Superﬂu|d nuclear matter 04, B. Mlgdal, Theory of Finite Fermi Systems and Properties of Atomic

. . . . _Nuclei Interscience, New York1967.
with the effective Skyrme interaction as the nucleon 1y, G. Solov'ev, Theory of Atomic Nucleilnst. of Physics, Bristol, U.K.

nucleon potential we conclude that at densities close to the 199,
nuclear-matter saturation density the superfluid phase thatth. Aim, G. Ripke, and M. Schmidt, Z. Phys. 837, 355(1990.
occurs is the triplet—singlet orithe particles that form a pair L. Amundsen and E. Ostgaard, Nucl. Phys437, 487 (1985.

. . . ¥R. K. Su, S. D. Yang, and T. T. S. Kuo, Phys. Rev3§ 1539(198%;
are a neutron and a proton in the triplet spin gtaddthough M. F. Jiang and T. T. S. Kuo, Nucl. Phys. 481 294 (1988,

this result might seem somewhat unexpectsitiglet spin 15y Baido, J. Cugnon, A. Lejeunet al, Nucl. Phys. Ad51, 509 (1986.
pairing is realized in atomic nucleithere has been research 3. M. Chen, J. W. Clark, E. Krotscheit al, Nucl. Phys. A451, 509
into the superfluidity of nuclear matter that studied spin- (1986

. .
triplet nucleon pairingwith other interaction potentials; see 185'1%?23:& ZQZQ'ETgigazr?*fiui?g’éﬁiz?& 163(1985

the literature cited in the Introduction _ _ 19A Sedrakian, G. Roke, and Th. Alm, Nucl. Phys. /A94, 355 (1995.
For triplet—singlet superfluid phases there is the possibil2°Th. Alm, B’ L. Friman, G. Rpke et al, Nucl. Phys. A551, 45 (1993.

ity of states of the pairing proton and neutron that are unitary Th- Alm, G. Ripke, A. Sedrakiaret al, Preprint MPG-VT-UR 66/95
or nonunitary in spir(the prolectl_on of the total spirg,, is 22T H. R. Skyrme, Nucl. Phys, 615 (1959.

either S,=0 or S,= =1, respectively. We have found the 2p. vautherin and D. M. Brink, Phys. Rev. & 626 (1972; B. I. Barts,
density-dependence of the energy gaf &0 in the unitary Yu. L. Bolotin, E. V. Inopin, and V. Yu. GonchafThe Hartree-Fock

and nonunitary cases. For nonunitary states the transition tozg\"MEtETOd li(” g‘ugeatf ThzOLﬁnBRgSSkiaﬂ, Naukgxa Dumkayz*%e(\glg%?-
. . . . brack, C. Guet, an .-B. Hakansson, yS. Rmﬂ, .
superflwd phase 1S accompanled by the appearance of SpoﬁA. I. Akhiezer, V. V. Krasil'nikov, S. V. Peletminskiet al, Phys. Rep.

taneous magnetization, which incidentally is not very strong 245, 1 (1994.
(see Table I\ 2y, V. Krasil'nikov, S. V. Peletminskii, and A. A. Yatsenko, Physica A

Among the other problems related to superfluid nuclear,162 513 (1990. o
. . A. |. Akhiezer, S. V. Peletminskii, and A. A. Yatsenko, Phys. Lett1 3\,
matter we would like to mention the effect of the asymmetry o (1990.

of nuclear matter on the transition temperature and the ersa. |. Akhiezer, V. V. Krasilnikov, S. V. Peletminskii, and A. A. Yat-
ergy gap for various superfluid phas@symmetric nuclear _ senko, Usp. Fiz. Nauk63 No. 2, 1(1993 [Phys. Usp36, 35 (1993].

0,36,37  °H. London and F. London, Proc. R. Soc. Londb48, 71 (1935.
matte), the effect of bound nucleon stat@euterons 30y, L. Ginzburg and L, D. Landau, Zh.K8p. Teor. Fiz20, 1064(1950.

on the superfluid propertiéé,and the problem of setting up a1g Bliashberg, Zh. Esp. Teor. Fiz39, 1437(1960 [Sov. Phys. JETP
the equations of hydrodynamics and of studying kinetic 12 1000(1961].
phenomengf_3 32, P.;Gorkov, Zh. EKsp. Teor. Fiz34, 1518(1958 [Sov. Phys. JETR,
1048(1958].
The authors would like to express their deep gratitude t3>1- A. Akhiezer and S. V. PeletminskiMethods of Statistical Physics

. Pergamon Press, Oxfo(d980.
Profs. G. Rpke and P. Schuck for the useful remarks and34D. M. Sedrakyan and K. M. Shakhabasyan, Usp. Fiz. Nkt No. 7, 3

the discussions concerning the results of the work. (1991 [Sov. Phys. Usp34, 555(1993)].

S5A. A. Isaev and S. V. PeletmingkiUkr. Fiz. Zh.37, 952(1992.

) ) ) ] 36M. Baldo, U. Lombardo, and P. Schuck, Phys. Re\6Z> 975 (1995.
YBy the nuclear-matter saturation density we mean the density at which therg_ Ripke, Ann. Phys3, 145 (1994).

binding energy per nucleon is at its maximum. 3K, Morawetz and D. Kremp, Z. Phys. 851, 157 (1995.
2) ; - -3
Note that in our study we limited ourselves to temperatard®d > MeV,

this range being of principal interest owing to possible astrophysical ap-Translated by Eugene Yankovsky

12 JETP 85 (1), July 1997 Akhiezer et al. 12



Suppression of superconductivity close to the metal—insulator transition in strongly
disordered systems

E. Z. Kuchinskil, M. V. Sadovskii, and M. A. Erkabaev

Electrophysics Institute Ural Branch, Russian Academy of Sciences, 620049 Ekaterinburg, Russia
(Submitted 24 October 1996
Zh. Eksp. Teor. Fiz112, 192-199(July 1997

By means of the self-consistent theory proposed earlier for a metal—insulator transition in

strongly disordered systems, which takes into account interelectron interaction effects, the effects
of the suppression of the superconducting-transition temperétyreaused by the formation

of a Coulomb pseudo-gap in the density of states, are studied in a wide interval of disorder
values—from a weakly disordered metal to an Anderson insulator. It is shown that the

proposed theory gives a satisfactory description of the experimental data for a number of systems
that have been studied. @997 American Institute of Physid$$1063-776(197)01607-7

1. INTRODUCTION from the metal—insulator transition point. Such behavior of
the density of states gives good qualitative agreement with

The problem of the degradation of the superconductingexperiments in a number of disordered systems close to the

transition temperature under conditions of strong disorderingnetal—insulator transitioh,from amorphous alloy$=° to

has attracted the attention of theoreticians for a rather londisordered single-crystal metal oxides, including high-

timel It is closely associated with the question of the breaktemperature superconductdfs.

down of the superconducting state close to the metal—- In this paper, the results of calculations of the density of

insulator transition caused by disorderfndd number of states of a system for the case of a band of finite width are

mechanisms for the suppressionTof have been proposed, used to numerically study how Coulomb pseudo-gap effects

such as an increase of the Coulomb pseudopotétftidle  in the density of states affect the suppression of supercon-

effect of Coulomb corrections to the density of statesc.  ductivity close to the metal—insulator transition.

Most of these papers discussed only small correctiorig to Superconductivity in strongly disordered systems will be

because of these mechanisms. treated in terms of a simple BCS model. In the weak-binding
The theory of the metal—insulator transition proposed inapproximation, the linearized equation for the gap has the

Refs. 6 and 7, which generalizes the self-consistent localizgollowing form:?

tion theory® in the direction of taking into account ,

electron—electron interaction effects, made it possible to A(g):_f” de'V(E EN(E) itanr‘(g—)A(g’)

study the behavior of a generalized diffusion coefficient over — ' 2¢’ 2T, '

a wide range of variation of the system parameters both in (1)

the metallic and in the insulator regions. The substantial in- : . :
fluence of electron—electron interaction on the generalize!i_'ereN(g) Is the density of states of the disordered system

diffusion coefficient was treated. These results were used t veraged over the implementations of the disorder, allowing

study the behavior of the single-particle density of states o c;; e[[?\jztrci)r?[—relegtrrc:n n:tenrta}lcltlo_lpheffer::lts, dﬁ?ﬂg’rg] ) Ifsr t21eth
the system, taking into account the influence of electron—et ecd ed erac Oh 'p?het tﬁ. et(') yl q N edcecmo €
electron interaction effects. standard approach is that the nontrivial dependende(gj

. . on electron energy¥ measured from the Fermi lev8l: is
The results of the corresponding calculations demon- . g¥% F
aken into account here.

strate the formation and evolution of a Coulomb pseudo-ga . : .
b 9 It is assumed in BCS theory that an effective electron—

in the density of states of a system close to the Fermi IeVelélectron attraction exists, which is determined by a certain
In the metallic region, the behavior of the density of state ' y

cloe t e Coulomh peudo g coresponcs 1o the ordfSCE PENEED B the o secton_ o ercton
nary Al'tshuler—Aronov root correctiof. When one ap- P ' 9 9

proaches the metal—insulator transition as the disorder pébe effective interaction potential:

rameter increases, the depth of the pseudo-gap increases and "n— ' '

the effective width of the region of the root behavior de- VIEE)=Vel£ 8D+ Virl 8.8, @
creases; at the metal—insulator transition point, the density ofthere V (£,£') =V 60(Ex—|£]) 0(ER—|&']) and V(£,£")
states at the Fermi level goes to zero, i.e., a Coulomb gapg —V0(wp—|£]) 6(wp—|&'[) are the electron—electron
forms. In the insulator region, for the case of a band of finiteand electron—phonon interaction potentials, respectively, and
width in the region of the Coulomb gap, a quadratic depenwy, is the Debye frequency. The constauts>0 andV,>0
dence of the density of states is obtained. The effective widtlcorrespond to repulsion and attraction, acting in substantially
of the corresponding region increases with increasing disordifferent energy interval€E:> wp .

der parameter. This recalls the well-known behavior of the  After substituting this expression into E(.) and trans-
Efros—Shklovskii Coulomb gapin the insulator region far forming, using the parity of the slit functioA(¢), we get
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A(&)=[Vpnb(wp— &) —V.HEr—§)] (’)";5)”"0(0)

3 \/"’/
XJO dé¢'N(¢") = & tanl‘( ) A(§") =V O(E;

0.6+
E 1 '
—o [ Taene) & tanr(§

2
A(g"). 3 \/"/
z (&) ()
04 3
As usual, we shall seek the solution of this equation in a v

two-step formt8

A lé|<w
phs D
A(E) =[ 4
AC! wD<|§|<EF1 _
where A, and A are certain constants that can be deter- -0.10  -005 0 0.05 £ 0.10
mined, after substituting Ed4) into Eq. (3), from a system
of homogeneous equations of the following form: FIG. 1. Density of states of a system in the case of a band of finite width

2Er when (8/3r)u=1.0, for various values of the disorder parameter

(pel) ™Y 1—0.1...5—0.5 in the metallic region/—0.7...10—1.0 in the
wp EF
1—(Vph— V)Ng(0)K| 5= Aph+ VNo(0)| K| == insulator region. The dashed curéecorresponds to the metal—insulator
2T, 2T, transition point. Energy is in units ofDokS in the graph.
w
—K|==]|A.=0,
2T,
®  where GR®(p,&)=[ - ¢,=iy—3EN(p,&)] L s the re-
wp Er tarded (advancedl single-particle Green’s function, and
VeNo(0)K 2T, Apnt | 1+VeNo(0)| K 2T, SR (p, &) is the Fock contribution to the eigenenergy
part®10
K| =2 ||a,=0
ANy 26 (P ) ~4i yzuNa%mGA(R)(p,a
Here Ny(0) is the single-particle density of states of nonin- f f .
teracting electrons at the Fermi level, and we have intro- lal<kg 277)

duced the notation

N(2T £ x [—Iw+D(w)q2]2' ©)

No(0)

¢ 1
K<§>=f0d§' 2 anhe’ ®)

HereD(w) is a generalized diffusion coefficient, which sat-

isfies the following self-consistent nonlinear integral
The condition for this homogeneous system of equations g 9

to be solvable is the equation for determinifig: equationt?”
D(w) 1 1 D(w) J d3q
w =1—
(A—u*)K 2 =1, Dy 7Np(0) Dy lal<ko (277.)3
2T,
1 X 1
Be | (o]l o BT
* R @b p 2)0
pur=uy 1+ K(ZTC) K(ZTC) ] , 7)
| ,LLDO
where u* is the Coulomb pseudopotentigh=VNg(0) is "3 No( f fQ<ko (2m)®

the Coulomb repulsion constant, and=VNy(0) is the

pairing constant due to the electron—phonon interaction. In %

the pure limit, when the density of states at the Fermi level (—i(Q+w)+D(Q+w) 2)(—iQ+D(Q)g%)?’

can be regarded as constant, the usual equation of BCS (10)

theory follows from this.
Equation(7) for determiningT. has been studied nu- where Dy=Eg/3my is the classical diffusion coefficient,

merically over a wide region of variation of the system pa-y=1/27 is the Born damping,r is the free path time,

rameters in both the metal and the insulating states. The deky=min{pg,| 1} is the cutoff momentumpg is the Fermi

sity of states of the system was computed using the lowemrmomentum, and is the free path length. The values shown

order corrections in the interelectron interactfoh: below for static conductivity were also obtained by numeri-
, cally solving Eq.(10).57
N(&)= — 1 Im f d°p GR(p, &) ) Figure 1 shows the behavior of the density of states of
(2)3 the system close to the Fermi level, demonstrating the evo-
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FIG. 2. Degradation of as a function of the disorder parametegk) ~* FIG. 3. Degradation oT; as a function of the disorder parameter{) ~*

for a fixed pairing constant (A =0.5—continuous curved,=1.0—dashed  for fixed Coulomb repulsion constant (8/Bu=0.4 for various values of

curves for various values of the Coulomb repulsion constant §3: the pairing constank: 1—0.3,2—0.4,...,8—1.0. The inset shows the de-

1—0.2;-- ,5—1.0. The inset shows the dependencd obn the static con-  pendence of the Coulomb pseudopotenfidl on the disorder parameter

ductivity o of the system for the corresponding values of the pairing con-(pgl)~* for the corresponding values of the pairing constanand the

stantA and Coulomb repulsion constant Coulomb repulsioru. The arrow shows the position of the metal—insulator
transition pointu.

lution of the Coulomb pseudo-gap as the disorder parameter
increases. It is this behavior that results in suppression of thelose to the superconductivity-suppression point. This is ap-
superconducting transition temperature. parently fairly natural, since the different processes that
The graphs in Fig. 2 demonstrate the suppression.of renormalize the matrix element of the Coulomb interaction
with increasing disorder parametgse{) ~* for various val- in Eq. (2) because of Anderson localization effects and
ues of the Coulomb repulsion constantwith fixed pairing  electron—electron interaction and that substantially increase
constant\. For largeu, as disorder ffel) ! increasesT.  the Coulomb pseudopotential close to the metal—insulator
rapidly decreases and goes to zero in the metallic region faransitiorf are not considered in this case.
from the metal—insulator transition. Whenis reduced, the Similar behavior ofT . as a function of static conductiv-
falloff of T, with increasing disorderg:l) ~* slows down, ity ¢ and of the disorder parameter was experimentally ob-
and, for smally and large\ (dashed curves in figuresu-  served in a number of disordered systems that remain super-
perconductivity can occur in the insulating regfofine latter  conducting close to the metal—insulator transition caused by
is clearly demonstrated by the graphs in the inset of Fig. 2disordering*?*2~171%-2}The results of our numerical calcu-
which shows the dependence®f on the static conductivity |ations agree well with experiments in the amorphous alloys
o of the system for corresponding values of the pairing coninO, ,** Nb,Si; _,,*>*®and AySi; _,.*>%*
stant\ and the Coulomb repulsion constanut For largepu, Reference 14 presented the results of measurements of
T. rapidly decreases as conductivitydecreases, and super- the disorder parameterpgl) ™! for the amorphous alloy
conductivity is suppressed in the metallic region rather fannQ,, as well as data fof . and static conductivity close to
from the metal—insulator transition. Whenis reduced, the the metal—insulator transition.

falloff of T, slows down with decreasing conductivity, According to Refs. 6 and 7, the static conductivity of the
and, for smallu and rather larga (dashed curves in inset  system close to the metal—insulator transition has the follow-
T, remains finite in the limitoc— 0. ing form:

The graphs in Fig. 3 demonstrate the degradatiom of
as the disorder parametgod]) ~! increases for various val- o=oo (Pel)We(u)—1]. (1

ues of the pairing constant with fixed Coulomb repulsion

constantu. For small\, as the disorderf(zl) " increases, Hereoy is some characteristic conductivity scale close to the
T. rapidly decreases and goes to zero in the metallic regiometal—insulator transition, ant¥.(x) is the disorder param-
far from the metal—insulator transition. Wharis increased, eter corresponding to the metal—insulator transition, which
the decrease of, with increasing disorderpgl) ! slows depends on the Coulomb repulsion constant.

down, and, for sufficiently larga, the superconductivity is Approximating the experiment for the static conductivity
suppressed only in the insulating region. The dependence af the amorphous alloy InCby Eq.(11) makes it possible to
the Coulomb pseudopotential* on the disorder parameter estimate the characteristic conductivity scalg and, from
(pel) ~! shown in the inset of Fig. 3 for corresponding val- the value ofW,, the Coulomb repulsion constapt Satis-
ues of the pairing constark and the Coulomb repulsion factory correlations(see inset in Fig. 3 are obtained
constantu demonstrates an insignificant increase of the Coufor the following values of the parameters:y=324.95
lomb pseudopotentigh* with increasing disorderpl) ™t  (Q-cm)~ !, W.=0.606, andu=1.0.
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FIG. 4. Behavior ofT, as a function of static conductivity for the amor-

phous alloy InQ. The inset shows the results of an approximation of the

data for the static conductivitg as a function of the disorder parameter
(pel) %

Figure 4 shows a comparison of our results with the

experimental data fof; as a function of the static conduc-
tivity o of the amorphous alloy InQ using T.q=3.41 K,
wp=112 K, andEg=9.98x10" K, [wp/Er]=1.1x103
for pure In and the resulting values of, and u, which
makes it possible to estimate the pairing conskar8atisfac-
tory correlation is obtained fax=0.45. The dashed curves
correspond to the values=0.4 and 0.5.

Let us consider the results of studies of the dependen

of T, and the static conductivity on the Si concentration in

the amorphous alloys NBi; _, (Refs. 15, 16and AuSi;
(Refs. 19-2] close to the metal—insulator transition. As-

suming a disorder parameter proportional to the Si concend

tration for these systems, so thate() "*~1—x, we trans-
form Eq. (11) for the static conductivity close to the metal—
insulator transition to the form
X—X¢
TTo0 T

12

wherex. is the critical concentratiofcorresponding to Nb or
Au) at the metal—insulator transition point.

Approximating the experiment for the static conductivity

of the amorphous alloys NBi; _, and AySi; _, by Eq.(12)

makes it possible to estimate the characteristic conductivity

scaleoy and the critical concentratiox, . Satisfactory cor-
relations(see the inset in Figs. 5 and &ére obtained for the
following values of the parameters:

Nb,Si;_,: 09=1963.9(Q-cm) 1,
Au,Si;_,: 0=2782.13(Q-cm)

X.=0.115;
X.=0.14.

The graphs in Figs. 5 and 6 demonstrate the comparison

of our results with the experimental data fy as a function
of static conductivityo in the amorphous alloys NBi;_,
and AySi; _,, using the values of, shown above and the
following parameters: T;;=9.26 K, wp=276 K, and
Er=6.18<10* K, [wp/Eg]=3.0x10"2 for pure Nb;
Teo=Te max=0.86 K, wp=170 K, and Er=6.42< 10" K,
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FIG. 5. Behavior ofT, as a function of static conductivity for the amor-
phous alloy NBSi, _, . The inset shows the results of an approximation of

the data for the static conductivity as a function of the Nb concentration.

[wp/EF]=0.9x10"2 for Au,Si,_,. This comparison
makes it possible to estimate the pairing conslamissum-
ing a Coulomb repulsion constant p&=1 for these systems,
satisfactory correlation can be obtained with=0.54 for
Nb,Si; _, and withA =0.62 for AuSi; _, .

Of course, these computations, which are based on the
BCS model, are oversimplified. A consistent approach to the
problem of computing the superconducting transition tem-
perature must be based on a solution of ttiadbberg equa-
jons and must use realistic models of the electron—electron
interaction*® This is especially true of the results given
above for large values of the pairing constantvhich dem-
onstrate that superconductivity can exist in the insulating re-
ion. At the same time, we have not questioned the genesis
of the initial T in a pure system in this paper, but have been
occupied only with the question of hoW, depends on the
disorder. In this sense, the results can be qualitatively applied
in the strong bonding region. We should point out that it is
still necessary to more consistently take into account disor-

1000
o, (Qcm)’

FIG. 6. Behavior ofT as a function of static conductivity for the amor-
phous alloy AySi, _,. The inset shows the results of an approximation of
the data for the static conductivity as a function of the Au concentration.
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Anomalies of the baric and temperature dependences of the elastic characteristics
of ice during solid-phase amorphization and the phase transition
in the amorphous state

E. L. Gromnitskaya, O. V. Stal'gorova, and V. V. Brazhkin

L. F. Vereshchagin Institute of High-Pressure Physics, Russian Academy of Sciences, 142092 Troitsk,
Moscow Region, Russia
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Zh. Eksp. Teor. Fiz112 200-208(July 1997

The elastic characteristics of ice up to pressures of 1.7 GPa are determined for the first time at a
temperature of 77 K, along with features of their variation associated with the phase
transformation of hexagonal icé into high-density amorphous ideda. The elastic instability

of the ice lattice before solid-phase amorphization is experimentally confirmed. Elastic

instability during a transition from one amorphous state to another amorphous state was also
observed for the first time; this took place whada ice was warmed ap=0.05 GPa from
T=77 K. © 1997 American Institute of Physid$51063-776(97)01707-1

1. INTRODUCTION cerned, the facts of polymorphism between amorphous
modifications under pressure are fairly reliably established
It is well known that water is not only a widely distrib- by now, and the structure, the optical properties, and the bulk
uted substance on earth and in outer space, but also is a vetfaracteristics of k0, GeQ, and SiQ during transitions in
interesting object for scientific studies with practical applica-the amorphous state have also been experimentally
tions. The phase diagram of water, studied with varying temstudied'>?°~2®However, the development of a microscopic
peraturesT and pressurep that largely correspond to the theory of transformations in the amorphous state requires
conditions actually existing on the planets of the solar sysadditional experimental information.
tem, demonstrates more than ten crystal modifications of ice The lh—hdaandhda-lda transitions in ice occur in an
that possess different physical properties and is an object @xperimentally accessible range of pressures and tempera-
numerous but far from complete investigatidn&® tures, which makes ice an extremely attractive model object
Moreover, the phase transformation detected not londor verifying various concepts of solid-phase amorphization
ago of hexagonal icehl (the atmospheric-pressure phase and transitions in the amorphous state. A study of the elastic
into high-density amorphous icénda) and the transition of properties of both crystalline and amorphous modifications
ice from hda into low-density amorphous icdda) are of  of ice, as well as an investigation of their features during
interest from the viewpoint of studying the phenomenon ofsolid-phase amorphization and during transitions in the
solid-phase amorphization and transitions from one amoramorphous state would contribute greatly to the solution of
phous state to another. It has been establishédat, at these problems. However, there are not many corresponding
T=77 K, under the action of high pressure, the transformaexperimental paperd=1® The elastic properties ofhl ice
tion Ih—hda occurs atp~1.1 GPa, with thénda phase be- were studied earlier by Brillouin scattering under a pressure
ing maintained when the pressure is removed. Warrhihg ~ of up to 0.28 GPa af =237.5 K(Ref. 10 and in ultrasound
ice at atmospheric pressure, as shown by x-ray diffractiomeasurements up tp=0.7 GPa atT=248 K. Recent
methods, successively causes the transitibds—Ida at  studies by Brillouin scattering made it possible to determine
T~120 K, then Ida—Ic (the cubic modification at the elastic moduli of single crystals of ice VI and VIl at room
T~140-145K, and finallyd—lh at T~160 K.1=4%38 temperature and ice Ill aT=253 K1*®|n Ref. 12, we
More than a hundred publications are devoted to thepresented for the first time experimental confirmation of the
phenomenon of solid-phase amorphization under pressurelastic instability of the crystal structure of
and there are fairly complete reviegee, for example, Refs. |h ice before the transition to the amorphous state under the
5 and 17. At the same time, the mechanism of this phenom-action of high pressure at=77 K.
enon remains largely unclear. The most popular concept to
explain th(i pher_mmenon.of”sohd—state amorph|zat|orj IS CUM5 o DERIMENTAL TECHNIQUE
rently the “elastic instability” model of the crystal lattice at
definitep andT. The softening of the elastic characteristics This paper is a more complete presentation and refine-
before amorphization, occurring under the action of irradia-ment of the results of the studies of the elastic properties of
tion, during supersaturation of solid solutions, or obtained byice by a pulsed ultrasound method begun earlier in Ref. 12.
other methods, has been observed many ti&&¥However, The p—T dependences of the velocities of longitudinal and
no experimental studies have been made until recently of theansverse ultrasound waves for ice are obtained for the first
elastic properties of the lattice during solid-phase amorphizatime in the pressure range from zero to 1.7 GPa and a tem-
tion under the influence of pressure. perature ofT=77 K, as well as in the natural warming re-
As far as transformations in the amorphous state are corgime fromT=77 K to T=180 K at a constant pressure of
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p=0.05 GPa. The features of the behavior of the elasti®f ice hda occurs; next, as the pressure is raised from 1.4
properties of ice during then-hda, hda—Ida, andlda—Ic GPato 1.7 GPa and then as the pressure is removeldihe
transitions are established and studied. ice maintains its metastable state.

The ultrasound piezometer described in Ref. 24 was The compression of thehlhexagonal ice increases its
used for the low-temperature studies. The samples of icéensity by about 10% before the transition begins, with the
were prepared from distilled water by rapid cooling in orderbulk modulusKg(p) increasing nonlinearly with pressure.
to obtain homogeneous polycrystalline samples. After prepaAs the transition into the amorphous state is approached
ration, the samples, in the form of cylinders 8—10 mm high(p~1.0 GPa), the increase of the modulkg(p) slows
and ~17 mm in diameter in thin-wall £0.04 mm) lead down, so that the derivative with respect to pressure,
shells, were placed into a high-pressure cell and were iso?Kg(p)/dp, decreases by a factor of 1.5 by comparison with
lated from the punches by thin copper f¢@.02 mn) over  the original value. Such behavior Bfs(p) can be explained
the ends. During the experiment, the changes of the times dfy an increase of the negative contribution of the elastic
flight of the longitudinal ultrasound wavesit,(p) or  modulusc,y(p):%’

At (T), and of the transverse ultrasound wavas,(p) or 52

At(T), were determined by the method of visual superposi- Kg:[033(c11+ C1) — 2€35][ 2(Caxt C1a) F Cagt 4C1]

tion of the signal$® We usedx-cut andy-cut quartz plates, 9(Cyyt+Cpt 2C53—4C13)

with carrier frequencies of 5 and 3 MHz, respectively, aSynich, according to Ref. 10, increases more rapidly with

piezoelectric sensors. The change in the sample heighgressure than the other elastic mocly}i.

Al(p) or AI(T), was determined by means of dial-type mi- © The most interesting phenomenon that precedes the

crometer indicators remote from the low-temperature zone.amorphization of theH ice is the decrease with pressure of
the transverse ultrasound wave veloaitfp) and, accord-
ingly, of the shear modulu§&(p). Such a change of the

3. MEASURED RESULTS AND DISCUSSION shear characteristics indicates that the crystal lattice has lost

stability because of softening of one of the shear modes

(TA;), which is discussed in more detail in Ref. 12. The

Measurements were carried out Bt=77 K with the  strong increase of the Poisson ratio with presq@&) is
high-pressure unit totally immersed in the liquid-nitrogenevidence of a decrease of the degree of covalence of the
reservoir. The temperature in the working volume was meabonds or, in other words, of decreased rigidity of the bonds
sured with four copper—constantan thermocouples mounteith certain crystallographic directions in the hexagonal struc-
in the immediate vicinity of the sample. The pressure in theure of ice(lh).
chamber was determined from the force of the press and a In a number of cases, the process of compressing the
multiplication factor to take into account the deformation of Ih ice was accompanied by a sharp dry crackling, which can
the piezometer channel with pressure and temperature. It wae caused by “penetration and slippage” of the correspond-
shown that this pressure-measurement method is sufficientipg planes in which the microdefects accumulate that deter-
accurate by determining the Csl-Csll phase-transition presnine the decrease of the resistance to stress. It was pointed
sure in cesiump= (2.25+0.02) GPa® out in Ref. 28 that the mechanical resistance to shearhfor |

The baric dependenced,(p), At,(p), andAl(p) were ice decreases with pressure, and that extrapolation of its baric
measured in the pressure interval from zero to 1.7 GPa whildependence to zero leads to a pressure of 1.0-1.5 GPa,
increasing and relieving the pressure after the temperatunghich agrees well with the pressure of tHe-hda transi-
stabilized afT =77 K at all points of the ultrasound piezom- tion. The behavior of ice under pressure at low temperatures
eter. The resulting behavior was used to calculate the velocthus gives a clear example of the connection of the softening
ties of the longitudinal ultrasound wave,(p), and the of the elastic constants determined by interatomic interaction
transverse ultrasound wawug(p), which made it possible to at the microscopic level and the corresponding falloff of the
determine the compressior= V(p)/V, of the ice, the adia- macroscopic mechanical characteristics.
batic bulk modulusKg(p), the shear modulusG(p), The Ih—hda phase transition was recorded from the
Young’s modulusE(p), and the Poisson ratio(p), which  marked change of all the measured parameters
are shown in Figs. 1 and 2. The results of five experiment§At, /t;=19.0%, At,/t;=38.0%, Al/l;=20.0+=0.5%),
on the determination af (p) and of four on the determina- which occurred especially intensely at a pressure of
tion of v;(p) were used in the calculations. The calculationsp~1.1+0.1 GPa, and this transition can be considered
took into account corrections for friction in the piezometermainly complete byp=1.4 GPa. We took the pressure
channel, as well as for deformation of the chamber with presp~1.1+0.1 GPa to be the pressure of the—-hda phase
sure and temperature, which were determined in separate etransition, which is in good agreement with the work of other
periments. authorst=46:8

The variation of the properties of ice over the range of = The strong density increase=0.0+=0.5)% accompa-
pressures studied here can be broken up into several sectiomying the h—hda transition measured in this work virtually
As the pressure is raised from zero to 1.1 GPa, the resultingoincides with the jump determined in Refs. 2, 4, 6, 8. As
dependences characterize the hexagonal phase of ice; was already pointed out in Ref. 12, the transverse ultrasound
then, from 1.1 GPa to 1.4 GPa, the phase transformation affave velocityv(p) increases significantly19%), whereas
the lh hexagonal ice into the high-density amorphous phaséhe longitudinal ultrasound wave velocity increases by only

3.1. Measurements at T=const = 77 K
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FIG. 1. Solid-phase amorphization of ice, the-hda transition. Baric de-
pendences af =const= 77 K of the compressio/V,, the longitudinal
velocity v, and transverse velocity, of ultrasound waves as the pressure is
increased (®) and relieved K); v, (p=0, T=77 K) and v, (p=0,
T=77 K) are from the data of Refs. 9—11.

FIG. 2. Solid-phase amorphization of ice, the-hda transition. Baric de-
pendence al =const= 77 K of the adiabatic bulk modulusg, the shear
modulusG, and the Poisson ratio as the pressure is increasg@) and
relieved (X).

2% during the transition. The increase of the adiabatic bU|K/|’ VII, and VIII. 11,13—15AS a ru|e?9_32the amorphous phase
modulus (26.0% and the shear modulu§0.0% and the  hask(p) values 5-30% less ar@(p) values 15-50% less
decrease of the Poisson rafip6.0%) are evidence that the than the corresponding crystalline prototypes. On the basis of
rigidity of the bonds increases during the transitiontoide  experimental data concerning the structure and spectra of
into thehda phase. vibrations, Refs. 33 and 34 concluded that the close-order
The baric dependences of the elastic characteristics c&tructures ohdaice and of crystal modifications VI and VI

incide and do not show any anomalies as the pressure igre similar. The values of the elastic moduli obtained in our
increased from 1.4 GPa to 1.7 GPa and when the load iﬁ/ork also Support this conclusion.

subsequently completely removdéFigs. 1 and 2 from
which it follows that amorphous high-density ice stays in a
metastable state all the way to atmospheric pressure. V\F’e‘
should point out that amorphous high-pressure ice aridd The sequence of phase transformations of ice
have extremely similar pressure dependences that charactérda—lda—Ic was studied under conditions of warming at
ize the ability of the substance to react to volume deformafixed pressure p=0.05 GPa. The warming rate was
tions under pressufe,(p), Kg(p)]. It follows from the be- =~0.8 K/min in the temperature interval 77 K-110 K and 0.5
havior under pressure of the shearing elastic characteristid§min in the interval 110—-200 K. The warming characteris-
vi(p) and G(p), as well as the Poisson ratio, thatla ice  tics and the use of the same type of high-pressure chambers
possesses greater rigidity and a larger degree of covalenshow that the experimental conditions of Mishiragal=*

than doesh hexagonal ice. virtually coincide with ours.

The absolute values of the modiig(p) and G(p) of The temperature dependences of the ultrasound veloci-
hda amorphous ice appreciably exceed the correspondinges v, and v; (Figs. 3 and 4 during warming of ice, first
values for crystalline iceshl I, lll, and V extrapolated to reported in this paper, showed features associated with phase
our p—T levels and are 10—30% less than the moduli of icedransitions of ice in the temperature interval 77-180 K.

2. Measurements with p=const = 0.05 GPa
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existence of amorphous high-density ieda (77-130 K,

the region of its transition to amorphous low-density lida
(130-140 K, a narrow section of the metastable existence of
Ida ice (140-148 K, and the crystallization dfda ice into

Ic ice (the cubic modificationat T~148-157 K.

There is significant interest in the phenomenon of a tran-
sition from one amorphous statdhda) to another amor-
phous statel@a), which differ from each other in density by
approximately 20%. The intense increase in volume
V(T)/Vy on the 130-140 K section and the minima of the
v(T) andv(T) temperature dependencesTat 130 K are
logically associated with théda—Ilda transition. The un-
usually strong decrease of the(T) andv(T) values pre-

FIG. 3. Phase transition of high-density amorphous ice into Iow-densityceding this and the character of tN&T)/V, variation at

amorphous ice Hda-lda).

ultrasound wave$2), and the shear moduls (3).

Temperature dependences fqr=const
= 0.05 GPa of the compressioWV, (1), the velocityv, of transverse

T=110-130 K indicate softening of the amorphous net-
work of the ice before the transition from one amorphous
state to the other amorphous state, and this was also observed
for the first time. The strong dropoffs in the;(T) andG(T)

Three experiments each were carried out on the determindariation at the threshold of theda—Ida transition, which

tion of v,(T) andv(T). Note that the ultrasound method of begins aftel =100 K, and the acceleration of the growth of
studying transitions between disordered states and duringie derivativesiv(T)/dT, dKg(T)/dT, and dG(T)/dT as
crystallization of an amorphous phase is highly sensitivethe temperatur@ =130 K is approached are also anomalous.
Anomalies associated with these transitions appeared in the Note that the strong softening of the moduli in thea

form of extrema of they(T) andv(T) dependences. As we phase during heating from 100 K to 130[R5% for G(T)
assume from Refs. 1—4, it is possible to discriminate sectionand 11% forKg(T) ] cannot be explained by the usual tem-
corresponding to different stages of phase transformationgerature dependence because of thermal broadening, since
from the positions of these anomalies: the section of théhe characteristic variations @ (T) and Kg(T) with tem-

FIG. 4. Phase transition of high-density amorphous ice into low-density,

amorphous ice lda-lda). Temperature dependences fqr=const
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perature for different crystalline modifications of ice equal
about 0.1-0.2% per degree. The strong falloffs of the moduli
are thus also apparently associated with anomalous softening
of the amorphous network before thela—Ida transforma-
tion.

It is natural to associate the maxima on th¢T) and
v(T) behavior afT =140 K and the completion of the bulk
effects by that time with the completion of theda—Ida
transition, while the experimental dependences of the elastic
characteristics afl =140—-148 K are assumed to be charac-
teristic of thelda phase of ice(the temperature interval
agrees with Mishima’s data®). Note that the modulK ¢(T)
andG(T) are 5—10% lower in magnitude for the amorphous
phase of icdda than the corresponding values for ices |
and h (Figs. 3 and 4 This is additional evidence that the
close-order structure of amorphous itea is apparently
based on thed or |h structure of ice.

As established in Ref. 2, the density of amorphous ice
Ida, ice of the cubic modificationcl and hexagonal icehl
are very close to each other in the-T region studied here,
and therefore th&/(T)/V, dependence has no singularities
for T>145 K. However, there are extrema on the experi-
mentalv,(T) andv(T) curves afT=148 K andT=157 K,
which evidently reflect anomalies observed in the substance
during thelda—Ic phase transitionT{=148-157 K). As al-
ready noted, the transition from the amorphous phase to the
crystalline phase is accompanied by appreciable increases of
the adiabatic bulk modulus~{11%) and shear modulus
(=3%); this is associated with an increase of the ordering
and a strengthening of the bonds in the lattice. In this case,

= 0.05 GPa of the velocity, of longitudinal ultrasound waves, the adia- the Poisson ratier(T) changes insignificantlyit increases
batic bulk moduluKg, and the Poisson ratie.
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Influence of a nonmagnetic impurity on the properties of the quasi-one-dimensional
antiferromagnet CsNiICl 5

S. S. Sosin, I. A. Zaliznyak, L. A. Prozorova, Yu. M. Tsipenyuk, and S. V. Petrov

P. L. Kapitza Institute of Physics Problems, Russian Academy of Sciences, 117334 Moscow, Russia
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Zh. Eksp. Teor. Fiz112, 209-220(July 1997

Various magnetic properties of the diluted quasi-one-dimensional antiferromagnet ¢ley;Cls

are investigated experimentally for several impurity concentrations. The antiferromagnetic
resonance spectrum and the phase diagrams are found to depend significantly on the amount of
added Mg. The field and temperature dependences of the static magnetization is measured

for crystals with two different contents A substantial increase in the magnetization is observed

at low temperature, where the additional susceptibility is approximately proportional to the
concentration. The physical mechanisms underlying the observed strong influence of magnetic
defects formed at breaks in the spin chains in a quasi-one-dimensional antiferromagnet on

its magnetic properties in the ordered state andTfoiTy are discussed. €997 American
Institute of Physicg.S1063-776(97)01807-9

1. INTRODUCTION known Ni-organic Haldane systems(NiNO and
TMNIN) (Ref. 6, having confirmed the occurrence of a
Quasi-one-dimensional systems with antiferromagnetigaramagnetic contribution that increases with the impurity
exchange have been a topic of considerable interest in the,ncentration, have shown that the absolute value of this

last decade. The hypothesis advanced by Haldane regard'%%ntribution is usually substantially smaller than the value

the existence (.)f agap in the 'spectr'um'of magnet!c exCItaéalculated for the model of free spil$s=1/2 at the ends of
tions of one-dimensional chains with integral spirsas

stimulated a series of experimental studies to test the hypotl’?—"’mh chain. An investigation of the magnetic contribution to

esis, along with subsequent theoretical investigationst® heat capacifyof the Zn-doped inorganic Haldane anti-

Among the latter is an exactly solvable model proposed b);erromagnet ¥BaNiO5 definitely refutes the model of free
Affleck et al. for such a chain with additional biquadratic SPinsS=1/2 in favor of equally populated finite chains of
exchange /3)2;(S-S.1)? (J is the Heisenberg exchange triplet and singlet states.

constant? The “valence-bond solid"(VBS) ground state of The occurrence of exchange between chains in real
the system is constructed as follows. The wave function ofjuasi-one-dimensional compounds wi=1 can cause
each spirb=1 is represented by the symmetrized product ofthem to become ordered at a finite temperature. The breaking
the wave functions of two spin§=1/2. So-called valence of chains by impurities in such an ordered system induces

bonds are then introduced between neighboring sPing,  agnetic defects that are not free, but are weakly bound with
i.e., the wave function of the system is antisymmetrized Ohither spins(which form Neel order on the averagelt is

the pairs of indices associated with the spfhs1/2 at adja- natural to expect the magnetic moment associated with finite

cent nodes. This model has a singlet ground state with a

short correlation length 1/In 3 and a gap spectrum of excitthainS to be a potentially significant factor governing the

tions, i.e., it is an example of a Haldane system. HoweverPTOC€SS and properties of magnetic ordering. If the isolated
despite the simplicity of the formal construction of the VBS chains of triplet and singlet states are assumed to be equally
state, its physical interpretation involving the segregation oPopulated with breaks, the quantum caSel becomes

the initial electron spin$=1/2 at each node is not a trivial analogous to the classical spin case treated in Ref. 8 on the
matter, because the energy binding them i8tel within  basis of the theory of spin waves. In particular, “quasi-one-
one electron orbital is incomparably higher than the ex-dimensional enhancement” of the influence of impurity con-
change interaction energy between neighboring ions. centration should be observed, producing large variations in

All the same, the simplicity of the approach has made ithe observed quantities far from the classical percolation
a very attractive object for experimental testing. In particular it

it has been noted that the fourfold degeneracy of the ground Here we report an experimental study of the diamagneti-
state of a finite chain of spirfS=1 in this model can actually . . .
cally diluted compound CsNigl which at temperatures

be represented by “broken valence bonds” at its eh@PR b the th di ional antif tic ordering t
studie® have revealed the presence of split paramagnetiél ove the three-dimensional antiferromagnetic ordering tem-

lines in the Haldane antiferromagnet NENP lightly dopedPerature exhibits properties typical of a Haldane gap system
(~0.5%) with various impuritiegpreferably replacing Niin ~ With a singlet ground state. This case affords the possibility
chains withS=1), consistent with the presence §& 1/2 of investigating magnetic defects formed by finite chains

degrees of freedom at the ends. However, numerous investvith S=1 both in the free state and in a state associated with
gations of the magnetization in diluted NENP and otherantiferromagnetic ordering of the system.
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2. SAMPLES AND MEASUREMENT PROCEDURE I m
_ !samp_ gt _ "Mg
) Mg = | Myg s PMg_Wv

One of the most important parts of the present study was st
the preparation of homogeneously diluted GsNMg,Cl;  whereM is the mass of the crystal, and the required atomic
single crystals and the monitoring of their impurity content.contentx was easily obtained from the results. The impurity
The samples were prepared by the following procedure: Theoncentration, reliably determined from the results of these
initial CsCl, NiCl, and CsMgCJ-6H,0 powders were measurements, was approximately half the initial stoichio-
mixed in the prescribed stoichiometric ratio and placed in anetric value in every case, most likely on account of the
quartz ampoule. To dehydrate the carnallite for subsequenipecific characteristics of the fusibility diagram of the com-
preparation, hydrogen chloride was passed through the anponents.
poule for one hour as the mixture was gradually heated to the  The procedure used for the resonance measurements was
melting point(800 °Q. The ampoule was then evacuated at asimple and has been described many times. We used a set of
temperature of 150-200 °C, sealed off, and moved through epen-ended, direct-amplification spectrometers with various
760 °C furnace at the rate of 1 mm/h. The resulting crystalsypes of absorbing cells designed for frequencies from 25
were annealed for 7-10 days at a temperature of approxGHz to 80 GHz. The magnetic field was generated by a
mately 400 °C. The samples were transparent, dark red isuperconducting solenoid with scanning up to 65 kOe. The
color, with dimensions of-1 cn?, and were easily drilled measurements at temperatures above 4.2 K were performed
along the binary planes, facilitating their visual orientation.on instruments with a vacuum jacket with a heater and a
Spot radiographic examinations did not reveal, within thesemiconductor thermometer mounted in its interior. The low-
experimental error limits{ 0.5%), any changes in the unit- est temperature obtained by helium vapor pumping was 1.3
cell parameters of the prepared crystals from the puré&. The experimental errors for the various parameters were:
CsNiCk. It can therefore be assumed that Mgimpurity  temperature+ 0.05 K; resonance field 0.1 kOe; frequency
ions replace Ni* ions in the lattice, and the closeness of the+0.1 GHz.
lattice parameters of CsNigland CsMgC} (a=7.17 A, The static magnetization was measured on a standard
c=5.94 A anda=7.27 A c=6.19 A respectivef}), to-  Quantum Design SQUID magnetometer, which is capable of
gether with the low concentration and uniform distribution of operating in fields up to 55 kOe in the temperature range
the impurity throughout the crystal precluded the possibility1.8—300 K and has negligible relative error at the amplitudes
of detecting any variation of the lattice by this technique. of our measured signals. Samples with masses of several tens

The magnesium concentration of the measured singlef milligrams were drilled out of the large single crystals and
crystals was tested by-activation analysis. The investigated were bonded to a nonmagnetic quartz glass holder by cyano-
crystals together with magnesium fdés the standajdvere lite. In all the measurements the samples were oriented visu-
irradiated on a microtron by 26-MeV electron bremsstrah-ally within ~1° error limits.
lung for 10 min. The photonucleary(p) reaction at the
2"Mg nuclei produces a radioactiv&Na isotope, whose
emission spectrum contains a readily measurgbliee with 3 ExpPERIMENTAL RESULTS
energyE,=2753 keV (half-life T,,=15 h). This emission ) _
was recorded by a high-resolution germanium semiconductot 1 Antiferromagnetic Resonance Spectrum and Phase
detector 15—20 h after irradiatidio ensure the decay of all Diagram
other short-lived, background-forming nuclige§he mag- The main part of the work consisted in the investigation
nesium content was determined according to the intensity aff the antiferromagnetic resonance spectrum of eight
the recorded emission from the standalrg) (and the sample CsNiCk crystals with various Mg contentfrom 0.5 at.% to
(I'samp With allowance for their respective massm%}g and 7.5 at.% at the minimum temperature. All the absorption
myg. The relative scatter of the concentrations determinedines corresponding to different branches of the spectrum are
from the results of several measurements~i40%. The found to be significantly shifted, even at the lowest impurity
mass contenpyy Was calculated from the equations concentration. The situation thereafter continues to change
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FIG. 2. Temperature dependence of the width of the electron spin resonanddG. 4. Variation of the resonance line at the frequency45 GHz in a

lines (for the T<T, branch of the antiferromagnetic resonanee at sample containing 4.4% impurity as the temperature is lowered from 10 K to
H>H,) for various impurity concentrations. 2.0 K (the sharp secondary resonances in a 16-kOe field are DPPH tracer
marks)

considerably until the resonance fieldxat7.5% differ by a
factor of two or three from their initial levels. ) )
Figures 1a and 1b show experimental records of the sigf®duency range. Figure 3 shows several such spectra, which
nal transmitted through the resonator containing differenProvide an example for tracing all the characteristic varia-
samples at two frequencies. The distinct resonance lines afons attending dilution. The principal effects are, first, a ma-
easily traced, and their shifts can be estimated as the concel! 'eduction in the relativistic gap,(0) (from 55 GHz in
trationx is varied. Also obvious is an appreciable broadeningn€ Pure crystal to 30 GHz at=0.075) and, second, the
of the lines, which for the most part have a regular LorentzShift of the spin-flop fieldH. (from 19.5 kOe to 10 kOe,
ian profile, owing to the nature of the homogeneous vibral€SPectively. Moreover, beginning with a concentration
tions in the spatially inhomogeneous system. Figure 2 shows 3%, the antiferromagnetic resonance spectra acquire a
temperature curves of the widttiull width at half maxi- field dependence, which cannot be described by the custom-
mum) of the absorption line corresponding to the mode &Y equatiogls fora t.riangular antiferromagnet W'ith easy-axis
for T<T\ (see Fig. 3in crystals with various impurity con- anisotropy™® In particular, the abrupt frequency jump of the
tents. The measurement frequencies were chosen so that tffe(H) branch, corresponding to the spin-flop field féfCe
derivative Jw/dH would exhibit the weakest possible tem- (S€€ the solid curve at the top of Fig, 8preads out over the
perature dependence in fieltls=H,q (i.6., Hosis far from  field axis by as much as-2-3 kOe, suggesting that the
H.). At the minimum temperaturd=1.3 K AH depends first-order phase transition has vanished. All these effects are
linearly on the impurity concentration, the amount of its in- diScussed in detail in the next section. _
crease being much smaller than the variation of the corre- W€ concluded the antiferromagnetic resonance experi-
sponding resonance field. Consequently, an increageHin ~ Ments by studying the temperature dependence of the reso-
does not imply the excitation of spatially inhomogeneous21ce peak near the pomts pf transition of the magnetic sys-
modes, but is more likely associated with an increase in thim (0 the three-dimensionally ordered state. These
damping of long-wavelength vibrations due to microscopicmeasurements were performed with a view toward disclosing
inhomogeneity of the magnetic system. possible anomalies of the diluted magnetic system in the
We have used the measurement results to plot the antRritical region and investigating the dependence of thelNe

ferromagnetic resonance spectra over the entire accessijfgmperature on the impurity concentration. A typical series
of resonance absorption plots for a crystal with 4.4% impu-

rity as the temperature passes throdghis shown in Fig. 4.

The shift of the resonance peak to the left as the tem-
perature drops in the disordered state implies an increase in
the effectiveg factor as three-dimensional correlations grow
stronger. After passing throughy, the resonance becomes
antiferromagnetic and, if the resonance field at the given fre-
quency is greater thaH_, begins to shift to the right. The
transition point can be determined fairly accurately by vary-
ing the temperature in 0.1 K intervalshe corresponding
plots of the resonance field are shown in Fig. Bnfortu-
nately, this is the only region of the phase diagrar)
(H||Cg, H>H,) that can be reliably investigated by this
technique. In all other cases thie.{ T) curves do not exhibit
FIG. 3. Antiferromagnet resonance spectrum in Gsh¥g,Cls. Solid abrupt changes at the pOlnTS\], and the transitions have_
curves x=0, plotted according to equations in Ref. 10) x=0.01; X) been determined from prominent features of the magnetiza-
0.018;V) 0.044; @) 0.075. tion curves(see the next section
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FIG. 5. Graphs ofH,{T) for various impurity concentrations. Reading FIG. 7. Temperature dependenceMfH in a field of 4 kOe for the pure
from the top downx=0.0, 0.018, 0.03, 0.044, 0.075, 0.15. The tick marks crystal(from Ref. 13 and in samples NdL and No.2 for H||Cg andHL C.
indicate phase transition points.

lowest temperature for our choice of fitt=4 kOe, so that
the dependenchkl (T) is consistent with the more customary

To clarifv th ¢ f this ph h x(T). It is evident from the figure that in both orientations
° carlfy € nature ot this phenomena, we have pery,q magnetization increment observed in the ordered phase
formed a series of measurements of the static magnetizati

¥bw occurs at a temperature of 25-30 K, i.e., in the range of
on the SQUID magnetometer in samples with 3.@%6. 1) P P 9

d 7% (No. 2) i " tents. We h otted field the onset of one-dimensional correlations in the chains. As
an 6(No. 2) impurity contents. We have piotied el y, temperature is lowered further, it increases approximately
curves of the magnetizatiadd (H) in two principal orienta-

i £ th | t the | ; ble t i 1 s 1T down to the Nel point, gradually becoming aniso-
lons of the samples at the lowest possible temperalure, opic in the presence of the easy axis. Upon entering the

IK’ afrjdldwe have investigated their temperature behavior Irfhree—dimensionally ordered state, the susceptibility in the
OW”"? S- ident f Fig. 6 that th tal taining i field H||C4 makes a sharp bend and begins to decrease, while
_H1s evident from F1g. © that the crystals comtaining Im-;, yhe fielgH1 Cg it passes through a removable singularity

purities acquire a large additional magnetization contrlbu-and continues to increase. ConsequentlyT atTy the sus-

Ec'm’t Y\tlh'Cht IS rr:amfesij[ed n tv(\j/o Ch?]raCte”tSt'ct.prope?'elz'ceptibility tensory,g acquires the typical profile for a non-
55 ISI(')S If(;ohgy nog mter?r an retac_: es _satura lon Ir';hlet " ollinear exchange antiferromagnet, but the quantities
of 20— €, second, It has a certain anisotropy, so that Ing andy, /x| increase far above their initial valuése., the

magnetic moment is several percent higher for easy-axiégl’ue in the pure systerd

alignment of the field. It must be borne in mind that nonlin- We have also performed a series of measurements of the

eariFy and anisotropy of opposite signs are ob;erved in thfaemperature and field dependences of the magnetization in
undiluted system as a result of the zeroth vibrational nidde. the vicinity of critical points for the purpose of plotting more

The temperature dependence .Of the _magngtlzatpn %tomplete phase diagrams of the investigated samples and
H=4 kOe for the same samples in two field orientations

. o . ! comparing them with antiferromagnetic resonance data. It is
(H||Cg andH_L Cg) is shown in Fig. 7. The magnetizing field parnng 9

t be ch th hand to k th | evident from Fig. 8 that the plotted phase-transition lines
must be chosen, on Ef onéhand, so as to keep the SambI€{farmined from the kinks of the magnetization curves are in
the single-domain stateand, on the other, to avoid entry

: . . good agreement with the results of our antiferromagnetic
into a range where the process of paramagnetic saturati

begins t titself. W that the i lati sonance measurements. They also show that the intermedi-
€gins to assert itsell. Ve can assume that the linear relatiog temperature ranggy <T<Ty. broadens considerably
M= xqpH g is not seriously violated anywhere down to the 2 1

3.2. Measurement of the static magnetization

H. kOe
M, emu/mol 40 = -
800 o2 / .
o* 30+ o ° a
600} "., N!‘I.‘,:ﬁ,” s
:/'. -/ - 20¢ s as e %a
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FIG. 8. Phase diagrams of the investigated sampleslf@;. ®) Sample
No. 1; ) No. 2; A) pure sampldfrom Ref. 13; the dark symbols repre-
sent data of our antiferromagnetic resonance measurements.

FIG. 6. Graphs oM (H) in the pure crysta(from Ref. 13 and in samples
No. 1 and No.2 for H||Cg andH_L Cs.
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as the concentration is raisésee Ref. 1B It has a width of M, emu/mol

0.4 K in the pure sample and increases to 0.6 K for a 3% 400
impurity and to 0.8 K for 7%, indicating an increase in the
influence of anisotropy in the evolution of three-dimensional 3001
ordering. The results are qualitatively consistent with previ-
ously publishetf measurements of the phase diagram of a 200}
CsNiy ggMgg.oLl3 crystal, but the effects observed in the lat-
ter was far less pronounced. This discrepancy can be attrib- 100+

uted to the error in determining the added-impurity concen-
tration in the crystal. In our experiments the impurity content
of the investigated crystals has been accurately measured by : 40 H. KOe 60
y-activation analysis. '

FIG. 9. Difference in the magnetizations of samples N¢J), No. 2 (&),
and the pure sampléor H_L Cg (see Fig. 5. Solid curve$ Brillouin function
for S=1, T=1.8 K; dashed linesmean-field approximation &=0.

4. DISCUSSION AND MAIN CONCLUSIONS

Several conclusions regarding the influence of dilution
on quasi-one-dimensional antiferromagnets can be drawn There is a fairly simple technique for qualitatively ex-
from the experimental data. The principal consideration herg@laining the behavior of the magnetic defects at the breaks in
is the magnetic susceptibility of weakly interacting spinthe chains, based on the mean-field model. It follows from
chains fragmented by nonmagnetic inclusions. our experiment that the additional magnetization at satura-
As discussed in the Introduction, without three- tion is exactly equal toM¢,=gugNsx/2, and the additional
dimensional orderingbut with one-dimensional correlations, susceptibility in weak fields is approximately proportional to
i.e., for Ty<T<J) the behavior of the “breaks” of the x. We can assume that in the ordered phase the parts of the
chains can be described either as additid®all/2 degrees chains between two impurities reside in a certain effective
of freedom at the ends® or as paramagnetism of half the field H., which is induced by interchain exchange interac-
segments existing in the triplet stdtike the case of classical tion and does not depend on the concentratsae Fig. 9. In
spins, where it corresponds to paramagnetism of clusters dhis case, when the field is applied along and perpendicular
odd numbers of antiferromagnetically ordered spinsThe  to the easy axis, the total susceptibility of the systefi-aD
temperature dependence of the susceptibility of the chainis given by an equation of the forftaking anisotropy into
must have the formy=2xC,,,/T in the first case and account
x=XC4/2T in the second case, whef®,;;, and C, are the
Curie constants for spirS=1/2 andS=1, respectively. Un- 1 X 1
fortunately, the required temperature interval is too narrow in Xt~ 948 HexAD TS H =D/ @
CsNiCl, for the reliable experimental confirmation of either ©
approach. All we know is that the second value of the conwhere H,, is the exchange field inside the chaid, is the
stant coefficient of I differs less than the first value from anjisotropy constartof the order of 0.3 kOg and\ and\’
the experimental, consistent with the results of Ref. 7. are numerical factors with values1. The factorx/2 in the
When three-dimensional antiferromagnetic ordering setgecond term implies that half the segments have positive spin
in, the additional degrees of freedom acquired by the mags=0 and contribute nothing to the additional magnetization.
netic system as a result of dilution are no longer independent;his equation can also be used to explain the significant
and all the effects observed in CgNiMg,Cl; must beginto  anisotropy of the additional susceptibility. For example, ac-
exhibit collective behavior. The magnetic properties of sucheording to our experimental data, the susceptibifity at an
a system have been analyzed previolisijthin the frame-  impurity concentratiox=0.03 increases approximately 2.5-
work of the classical approximation of spin-wave theory atfo|d, so thatH,~0.02H.~ 15 kOe. Consequently, the anisot-
T=0. In Ref. 8 the calculated static susceptibility of a di- ropy constant, which can be disregarded in comparison with
luted antiferromagnet is given by the following expression iny_ | is found to be quite substantial in the second term of Eq.

the first and second perturbation approximations: (2). For classical spins, comparing Eq4) and (2), we can
3 J obtain the estimatel,~JJ’, which is of the same order of
x(X)=x(0)| 1+ ax \/;"- ,BXZJ—,) , (D) magnitude as the mean field affecting one spin in the ordered

state. It follows, therefore, that the additional susceptibility
where x(0) is the susceptibility of the undiluted system, of diluted CsNiC} can be identified with distortion of the
and B are numerical coefficients that depend on the configutriangular structure in a magnetic field.

ration of the spins and the number of nearest neighbors, and The paramagnetic character of thgH) curves in Fig.

J’ is the interchain interaction constant. Clearly, the role of9 can be attributed to the high experimental temperature
the small perturbation parameter is not taken by the simpl¢T,;,=1.8 K), which is comparable with the exchange field
impurity concentration, but by the quantity/J/J’, which Hs. As a result, the additional magnetization can undergo
is qualitatively consistent with our results)/(’~50 for  slow thermal fluctuations, which lower its equilibrium value
CsNiCl). in static measurements and do not affect it in measurements
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Parameters of CsNi,_,Mg,Cl,, arb. units decrease significantly, as is indeed observed in experiment.
1.0 The existence of nonlinear magnetizationTat- 0 causes
® the spin-flop interval to broaden by as much as 2-3 kOe,
g beginning with a concentrationr 3% (see Fig. 3. This ef-
0.8; fect is attributable to the fact that the potential energy of the
exchange system acquires a complex field dependence,
which does not pass through a minimum upon flopover of
8 the spin plane at the poitdi=H_.. As a result, it is more
likely that spin-flop does not take place at a point, but within
04 " R . a certain field interval, i.e., the first-order phase transition is
0 0.2 04 06 08 replaced by two second-order transitions.
However, even when the variation of the total suscepti-
FIG. 10. Parameters of diluted CsNidh arbitrary units versus impurity  bility of the system is taken into account, the observed field
concentration®) H,; V) w;(0); ) Ty; X) iy the experimental  dependence of the antiferromagnetic resonance spectrum can
error I?mits are contain_ed within the size of the point symbols; the solid be described only for the lowest impurity concentrations.
curve is plotted according to E€L). . . . . . . .
This fact is mainly attributable to the increase in the effective
measurement temperaturg;,/ Ty, SO the experimental con-
ditions no longer satisfy the necessary conditio’ Ty. A
at high resonance frequencies. This phenomenon could tszcond cause is more fundamental and lies in the fact that the
analogous to the superparamagnetism of small partisk=s,  smallness of relativistic interactions relative to exchange in-
e.g., Ref. 154 teraction is a necessary condition in describing the long-
The substantial lowering of the ‘Metemperature upon wavelength spin dynamics of magnetic structures within the
dilution of the initial system can also be attributed to its approach of Ref. 17. In pure CsNiChe degree of distortion
quasi-one-dimensionality. Indeed, when infinite one-of the exchange structure depends mainly on the Btidy,
dimensional chains are fragmented at lengths &fif/the  and only in the vicinity ofH~H~800 kOe does the influ-
quasiclassical approximation, their excited levels becomence of the field begin to be felt. Upon dilution, as mentioned
discrete and separate from the main dep 2xJ (Ref. 16.  more than once, the magnetic structure acquires a new spin-
Since this gap will necessarily be suppressed by threeffop degree of freedom, associated with the weak exchange
dimensional correlations when exchange ordering sets in, thigeld, where fieldsH~H_,~ 15 kOe are no longer small for
Néel temperaturéTy~2yJJ" decreases by-A, becoming  this degree of freedom. Consequently, the range of applica-
equal to bility of the given approach is narrowed considerably, being
J restricted to low fields. A rigorous microscopic calculation
1- 2xJ—, . 3 based on the spin Hamiltonian with easy-axis anisotropy also
appears to be nearly impossible, so that the question of de-
This approach yields fair agreement with our own ex-scribing the field dependences of the antiferromagnetic reso-
perimental results up to impurity concentrations3%, at nance spectrum is still open.
which the observed shift ofy is approximately 1.2 K, and In summary, the following conception of the properties
we have the estimaté=2-0.03 17=1 K. of a quasi-one-dimensional antiferromagnetic system with
The extraordinary resonance characteristics of dilutedmpurities is formed on the basis of the reported experimen-
CsNiCk can also be satisfactorily explained on the basis ofal data. When infinite chains are fragmented by nonmag-
the notion of the collective properties of the magnetic de-netic inclusions, new degrees of freedom are formed in them,
grees of freedom in the ordered phase. All the principal pahalf the segments acquiring an additional susceptibility to the
rameters of the antiferromagnetic resonance spectrum anglagnetic field. In the temperature intervB<T<J this
the phase diagram of crystals with various impurity concensusceptibility is paramagnetic and depends on the tempera-
trations are summarized in Fig. 10. Also shown as a visuajure according to the Curie law. When infinite three-
aid in this figure are the values of the parallel susceptibilitydimensional correlations set iT & Ty), all the chain seg-
in coordinates l/;Hand the corresponding theoretical curve ments are coupled together, acquiring the properties of a
from Ref. 8. single integral magnetic system. As a result of quasi-one-
Assuming that the entire low-temperature magnetizatiordimensionality, however, the spin-flop degrees of freedom of
of the antiferromagnet is associated with the ordered phasge chain segments in a magnetic field continue to exert a
and is linear in the field, we readily obtain expressions formajor influence on the collective static and resonance prop-
the critical spin-flop field and the upper relativistic gap of theerties. As before, the primary consequence of this influence

ag

0.61

TNNTNO_ ANTNO

antiferromagnetic resonance spectrtfm: is a significant increase in the static susceptibility, but now it
2 is all associated with the ordered exchange systesn, is
, D w1(0))° D . . :
He=—", =—, (4) antiferromagnetic This effect readily accounts for the pro-
X~ XL Y XL nounced decrease in the critical spin-flop field and the anti-

in which it is required to substitute the actual values of theferromagnetic resonance gap. In the quasiclassical approach
susceptibility. Consequently, after the severalfold increase dhe quasi-one-dimensionality effect is manifested quantita-
x| andy, relative to the initial systenl; andw4(0) should tively by the emergence of the quantity/J/J’ rather than
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the simple impurity concentrationas the small perturbation  This operation causes the symbgis and x| to change placeésee Ref.
parameter of the initial systeffisee Eqs(1) and (4)]. The 4)10)- _ _ _ _
same is true of the variation of the’ Bletemperaturé?a). We TheI authors are grateful to A. N. Bazhan for calling their attention to this
note that the foregoing analysis does not require any modi->"* %
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The lifetime of charge carriers in the lowest excited states of some impurities of groups Ill and
V in diamond, silicon, and germanium can be sevé@lr to six) orders of magnitude

longer that the lifetime of free carriers. Accumulation of carriers in these long-lived states may
give rise to several new effects, such as hopping photoconductivity via long-lived excited

states of impurities in dc and microwave electric fields, slow relaxation of induced absorption, and
infrared absorption at energies lower than the impurity ionization energyl19@y

American Institute of Physic§S1063-776(97)01907-(

1. INTRODUCTION pation of phonons is a complicated problem, therefore

experimental studies of these states are of fundamental im-
The fastest process which controls the rate of recombiportance.

nation of nonequilibrium charge carriers due to extrinsic ex-  This paper reports about a study of phenomena related to

citation in doped and compensated diamond-like semiconaccumulation of nonequilibrium charge carriers in long-lived

ductors is a capture at attractive impurity centers. Extensivexcited states of some impurities of groups Il and V in dia-

investigation of capture at the centers in semiconductors hasiond, silicon, and germanium.

been carried out for more than thirty years. The physical

nature of giant capture cross sections, which are several or-

ders of magnitude larger than geometrical cross sections ¢f DIAMOND

ground states of such impurities, was explained by 1@ke Investigation of photoelectric properties of synthetic dia-
theory of cascade capture at attractive impurity centers denonds doped with boron attracts attention because the solu-
veloped by nov is based on Lax's concept and is in agree-pjlity of boron in diamond is high, the boron impurity creates
ment with experimental data. The cascade model is based @ relatively deep level with the ionization energy
the assumption that a carrier is captured not in the groun¢i2370 meV, and, given the strong interaction between
state of an impurity center, but in a highly excited state ancholes and optical phonons, the response time of the impurity
then goes down the “ladder” of close energy levels of thephotoconductivity to an optical pulse can be shorter than a
impurity center through emission and absorption of acoustiganosecond.
phonons. We have studied cubic single crystals of semiconducting
The model of cascade capture, however, does not takgiamond with volumes of about 6 cm™3 synthesized un-
into account the discrete nature of the impurity spectrum angjer high pressure and temperature. The samples were doped
assumes existence of close energy levels with differencegith boron in the process of Synthegim the crystals se-
between them smaller than the energy of a characteristicted for experiments the boron concentratibly was
phonon participating in these transitions. The bottleneck ino*-10° cm™3, and the degree of compensation was 10—
this process is the capture of a free carrier in a highly excite®0%. Current contacts were applied to sides of the crystals.
state, and the relaxation rate of excited states is assumed The electric conductivity of the samples in the temperature
be relatively high. However, as a carrier goes down the ladrange of 90-370 K was controlled by two mechanisms: at
der of excited levels, the energy difference between the levhigher temperatures by free holes in the valence band and at
els increases. Therefore nonradiative transitions between thewer temperatures by hops between ground states of im-
states of the impurity center can be slow, and the lifetithe  purities. Smirnova and Gontat'demonstrated that the hop-
of carriers in such excited states may be considerably longgsing conductivity is an exponential function of the average
than the lifetimer of free carriers. Such long-lived excited distance between acceptors, and the Bohr radius of the
states of impurities should have considerable influence oground state is~10 A.
relaxation of nonequilibrium charge carriers. We have measured the frequency, spectral, and tempera-
The long lifetime of excited impurity states in diamond- ture characteristics of impurity photoconductivity signal in
like semiconductors is due to their complex band structuredc electric fieldU (DC), which is proportional to the change
The lowest excited states of group V donors a&Il;,I"5), in the conductivity. At high temperatures;>200 K, the bo-
whose configurations are determined by the valley—orbiton impurities are only partially ionized, and the conductivity
splitting. In the case of acceptors in diamond and silicon, thés an exponential function of temperature with an activation
lowest excited states areS(I';) due to the spin—orbit energyE;=370 meV. In this temperature range and at low
coupling® Owing to the equal parity, radiative dipole transi- modulation frequencies of exciting light< 10* Hz, U(DC)
tions from these excited states to the ground state are forbidvas controlled by the bolometric effect, whose time constant
den. The calculation of rates of the transitions with partici-was 10 2—10 2 s. By increasing the modulation frequency,

121 JETP 85 (1), July 1997 1063-7761/97/070121-09$10.00 © 1997 American Institute of Physics 121



Ts cally different from those of lightly doped samples. A qua-
10710 sistationary photoconductivity due to free holes was ob-
served only at temperatures near the room temperature
(section IIl of curvesd4—7 in Fig. 2). The photoresponse
U(DC) increased exponentially as the temperature decreased
10 A (section Il in Fig. 2, and in heavily doped compensated
semiconductors the signal increased by three orders of mag-
nitude. The activation enerdy; determined from the slope
1072 .o of section || was a periodic function of the exciting phpton
10'6 1(;” 10% N om™3 energyfiw, oscillating bgtwegn 130 and 1.70 meV. The signal
< U(DC) also exponentially increased with decreasing tem-
FIG. 1. Lifetime 7 of holes versus concentratidf. of compensating impu- perature when the gample WQS e.XCIted. by Ilght.WIth a photon
rity in diamond doped with boron at 300 K. energy corresponding to excitations within an impurity cen-
ter (hAw=347 meV). The photoresponse magnitude in
heavily doped samples was an oscillating function of the
we could get rid of the bolometric effect and study only thephoton energy with a period corresponding to the optical
photoconductivity’ By comparing the quasistationary photo- phonon energy: wo~ 165 meV?&?°
conductivity with the bolometric signal, we could determine The time constants* of the photoresponse were much
ut, Where u is mobility. This allowed us to estimate the longer than the lifetimes of free holes. At=90 K and pho-
lifetime 7 of free holes in diamond, which is small in the ton energies corresponding to the activation energy
crystals studied4<10 19 s), and its determination by other E;=130 meV, the time constant* was 40 ns, and at
methods is a complicated task. The lifetiméas inversely E;=170 meV it was 200 nésee Fig. 12 beloyy whereas the
proportional to the concentration of compensating impuritiedifetime of free holes, according to our estimates, was shorter
N, (Fig. 1), and the cross section of a capture at ionizedthan 10 % ns. The comparison between the curves of the
boron atoms is~10 3 cn? at 300 K, in accordance with photoresponse and dark conductivity versus temperature
Ref. 2. demonstrated that the photoconductivity increased exponen-
In lightly doped diamond sampleN{<10'® cm™3) the tially with decreasing temperature in the range where the
impurity photoconductivity is due to free holeand is a flat  dark conductivity was controlled by hopping.
function of temperaturécurvesl1-3 in Fig. 2). But it turned The increase in the time constant of photoconductivity
out that in heavily dopedN>10'® cm %) and compensated and drastic changes in the spectral and temperature charac-
crystals the curves dfi (DC) versus temperature and photon teristics of the photoresponse with the increase in the doping

energy have anomalous shagesrves4—7 in Fig. 2), radi-  level and compensation result from accumulation of carriers
2 I
5 4
ZL 130 meV/, *
8 °o°ooooo°°°°°
5 aastsa AAA6
103 I ““‘ ¢

10 -“h
.”

e, "...'
e, '\... ®ceeses |

-’ ."'oot.....
ﬁ"" \~.~.23
1
3 4 5 6 7 8 9 10 11
10°7, k™!

FIG. 2. Photoresponse signid(DC) in boron-doped diamond versus temperature. Impurity concentrations in the samples are the followifig (cm

Sample 1 2 3 4 5 6 7
No 2.6x 10" 3.2x 10" 9.6x 10V 2.6x 108 2.7x10'8 3x10% 2.8x 108
N, 2x 10" 9x 10 4x10° 2x 10 1x10' 1.2x10' 4.3x 10"
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in long-lived excited states of impurities. Holes created by Iny,
light in the valence band or in higher bound states of impu-
rities relax to lower excited states and increase their popula-
tion. The change in population leads to an increase in the 8r
hopping conductivity via these deep states. This photocon- 1
ductivity is determined by the concentration of holes in ex- 6 ~~
cited states and the hopping probability. This probability 2 o
should be an exponential function of the Bohr raditiand afF "o ¢
for excited states it should be much higher than for the o .
ground state. o] ~Q
The photoconductivity via excited states can be higher .
than the photoconductivity due to free carriers only if the T
population of excited levels is very high, and greatly exceeds 07 08 095 10 L1 12 ‘-i s
the concentration of holes in the valence band. This is pos- 10N, cm
sible if the lifetime7* in excited states is much longer than
the lifetime 7 of free carriers. The model of hopping photo- F!G: 3. Hopping mobilitys, ~ U(DC);/U(DC)y N, via excited impurity
.. . ) levels in a diamond witlil) E;=130 and(2) 170 meV versus concentration
conductl\{lty, basgd on the_ assgmptlpn that carriers are ACCY; ot compensating impurity at 90 K.
mulated in long-lived excited impurity states, accounts for
anomalous curves of photoconductivity versus temperature
in heavily doped samplés. these two levels is in good agreement with experimental
Indeed, at low temperatures, when thermal ejection oflata®
carriers from deep excited states is small and their population Carriers in excited states can hop to ionized majority
is determined by equilibrium between the capture of holesmpurities. The hopping probability can be sufficiently high
from the valence band or from higher excited states and resnly if the concentration of ionized centers, which is equal to
laxation to the ground state, the hopping conductivity viathe concentratiorN, of compensating impurities, is high.
these deep levels is essentially independent of the temperdhe hopping mobilityw, should be an exponential function
ture (sections | of curved—7 in Fig. 2. The population of of the distance between ionized majority impurities. This
long-lived excited states drops with temperature owing to théunction can be derived from experimental data by compar-
thermal ionization, and the photoresponse exponentiallyng the quasistationary respontgDC), in the region of
drops with temperature and it corresponds to the ionizatiofopping photoconductivitysections | in Fig. 2 and the re-
energy of long-lived levels populated by photoexcitationsponsdJ(DC),, (sections Ill in Fig. 2, which is due to free
(sections Il of curvest—7 in Fig. 2). A simple calculation holes, in samples with various, .
yields the temperaturd@* of the onset of the exponential In fact, U(DC), ~ 7* u,, andU(DC),;, ~ w/N. (Fig.
drop in the hopping photoconductivity as a function of thel), henceu, ~ U(DC),/U(DC);;N.. Figure 3 shows the
ionization energ\E; of an excited level participating in the curves corresponding to population of long-lived states with
hopping conductivity and the ratio between the lifetimes inionization energies of 130 and 170 meV. It is clear thats

"~

~< 9

/

the valence band and in the excited state: an exponential function dfl; *®. Characteristic radii of ex-
cited states derived from the curves in Fig. 3 are close to 20
. A.
* ! L. .
kT IN(NL(7/NJ)7)” ) The states with ionization energies of 130 and 170 meV

are much lower than the states of tRg, series’ which are
where N, is the effective density of states in the vaIenceWeII known f“’”? studies of absor.ption and photoconduc;tiv-
band, and\. is the concentration of compensating impuri- gﬁssoee;g? iﬂftgéagﬁng :r%%er% \ggg rgg(? C\}a': (;I:/a?:;eo dptl(r::\lli-
ties. At relatively high temperatures, the hopping conductiv- P 9 P

ity is no longer the dominant process, and the photoresponsoeUSIy only in heavily doped diamorid which indicates that

. : - . optical transitions between the ground state and these excited
is determined by the conductivity due to free holssctions : o : . gt
Il in Fig. 2). states are forbidden. This is consistent with the long lifetime

L . . of holes in these states. Both these facts indicate that the
The two activation energies of photoconductivity mea- arities in the ground and excited states are the same, and the
sured in experiments, which vary periodically with photonp 9 '

energyfie, indicate that the hopping current is due to one ofexcite.d states are split from the ground state by spin—orbit
the two excited boron states with ionization energies Ofcoupllng.

~130 meV and~170 meV, and lifetimes of 40 and 200 ns,
respectively. The period of variation i, is approximately
fhiwg. This leads us to a conclusion that the capture of free  We have studied silicon samples doped with impurities
holes in long-lived states occurs with emission of opticalof groups Ill and V, such as B, Ga, In, As, P, Sh, and Bi in
phonons. The spectral dependence of the photoresponsetime concentrationdNo=10"-10"® cm™2 in the process of
heavily doped and compensated samples can be interpretéidating zone melting. The ionization energies of these impu-
in terms of population of two excited long-lived states with rities range from 43 meV in Sb to 157 meV in InThe
different 7*. The temperatur@™* calculated by Eq(1) for compensating phosphorus impurity was introduceg-igpe

3. SILICON
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UMCW), rel. units
1
= s 1071
3 3 a
3
' 4 >~
. . 10° -
o 1 2 4ms 0 10t 100 10t 10 £z
b FIG. 5. Photorespons¢&—3) U(MCW) and(4) U(DC) versus modulation
frequencyf of exciting radiation &5 K in silicon doped with various im-
purities in concentration, andN, (cm™3): (1) Sb(2.7x 10, 1.4x 10);
(2) In (9x 106, 10'); (3, 4 B (2.8x 10'6, 5x10').

0 3 6 9 17, ms

FIG. 4. Microwave photorespond¢(MCW) under pulsed excitation as a . Figure 4 shows Curve,s & (MCW) versus time for t\,NO,
function of time at T=5K in silicon doped with (@ boron  Silicon samples doped with In and B under pulsed excitation
(No=2.8x10' cm™3, N.= 10" cm™3) and(b) indium (Ng=5X 10 cm™3, by CO and CQlasers with a pulse duratiakt~50 us. Itis
N=3x10" cm™). clear from Fig. 4 that the signal consists of two components,
one of them is fast with a time constant shorter than the
exciting pulse width 5Qus, and the other is slow with a time
samples in concentratiors,=10"?—10" cm 2 using neu-  constant* varying from sample to sample. The existence of
tron transmutation doping. In other samples, compensatinthe two components is also clearly seen in Fig. 5 from the
impurities were introduced during zone crystallization. Con-magnitude—frequency characteristics for silicon samples
tacts to samples were fabricated by ion implantation. doped with various impurities. We have established that the
As was noted above, hopping photoconductivity wastime constantr* of the slow component depends on the
predominant in heavily doped diamond in the ranges of conehemical nature of both majority and compensating impuri-
centration and temperature where the conductivity was alsties, but is almost constant with concentration for
due to hops. It should have been expected that similar effectd,>10'® cm™2 and temperaturd <15 K.*® The values of
manifest themselves in silicon &y, No>10Y cm™3. In 7 derived from pulsed and/or frequency measurements are
fact, the relaxation ofJ (DC) excited by a CQlaser at 4.2 K presented in Table I. One can see that the slow relaxation
in samples with such impurity concentrations was slowoccurs for all studied majority impurities, except Ga and Bi.
(~1072 s). But it is known that silicon with such high im- In silicon doped with these impurities)(MCW) had only
purity concentrations is used as a material for cooled bolomthe fast component due to relaxation of free charge carriers.
eters whose relaxation times are approximately the same. As The temperature dependencies of the 1d¢DC) and
will be shown below, the relaxation times of excited impu- slow U(MCW) components of the photoconductivity for
rities in silicon are of the same order of magnitude, thereforesilicon samples doped with Sb under a quasistationary exci-
the difference between relaxation times of photoconductivitytation are shown in Fig. 6. The figure demonstrates that, as in
and bolometric signal cannot be used in silicon, as in a dopethe case of diamond, the curves consist of three characteristic
diamond. At lowerN, the relaxation time olU(DC) was sections, namely, section Ill, whet¢(DC) and U(MCW)
10" 7-10 1°s and was determined by the lifetimeof free  coincide, section Il, wheré&J(MCW) grows exponentially
charge carriers. with the exponent determined by the activation energy
The situation was completely different when the photo-E;~30 meV, which is approximately equal to the ionization
response was studied in doped silicon in a microwaveenergy of excited levelsS(I"5,I's) of Sbh, and section I, on
(36—40 GHz electric fieldU(MCW).*? which U(MCW) is two or three orders of magnitude higher

TABLE |. Time constantr* (ms) of slow relaxation ofU(MCW) in silicon doped with various majorityN;) and compensating\;) impurities

No /N, B Ga In P As Sb Bi
B - - - 0.5 - - 1.6
Ga - - - <10°° - - -
In - - - 2 - -

P 0.7 - - - - - -
As 0.6 - - - - - -
Sh 0.8 4 8 - - - -
Bi <107° - - - - -
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U(DC), UMSW), rel. units The set of presented experimental results indicate that
[ the slow component ity (MCW) is due to accumulation of
photoinduced carriers in long-lived excited impurity states.
The main tendencies in diamond and silicon are similar, but
in silicon they manifest themselves in a microwave electric

10 field at lower concentrations and degrees of compensation.
Direct participation of long-lived impurity states is con-

o'k firmed by the absence of slow relaxationldfMCW) in the
case of Ga and Bi impurities. Fast intracenter relaxation of
nonequilibrium carriers at these impurities can be due to

10° emission of optical phonorisThe energies of excited states

2 4 6 810121416 1152;0[(_, of B, In, P, Sb, and As are beyond the band of optical

phonons, and the carriers can accumulate in long-lived ex-

FIG. 6. U(DC) (dashed lingsand U(MCW) (solid lineg as functions of cited states d“_“”g th_e process _Of relaxatlon_‘ .
temperature under quasistationary excitation of silicon doped with Sb and ~ Th€ quantitative interpretation of experimental data is

compensated with B in concentratiohg, and N, (cm™3): (1) 2.7x 10, based on the model of polarization photoconductivity in mi-
1.4x10'%; (2) 10Y, 2x 10", crowave electric fieltP based on the model of equilibrium
hopping conductivity in low-frequency electric fielfl. The
polarization conductivity in doped compensated semiconduc-
thanU(DC). Similar curves were obtained for other impu- tors is due to the changes in the dipole moment of pairs of
rities of groups Ill and V in silicort>'* The temperature ionized majority and compensating impurity atoms induced
interval |, where the slow component predominates over th®y a varying electric field. It can be several orders of mag-
conductivity due to free carriers, is determined by both thenitude higher than the dc conductivity. Under impurity exci-
impurity nature and its concentration, and also by the comtation, the hops of carriers between excited and ionized ma-
pensating impurity concentration. The difference betweenority impurities contribute to the polarization conductivity.
the magnitudes of the fast and slow components was th8ince the Bohr radiua* of the excited state is greater than
larger, the higher the concentrations of both majority andhe radiusa of the impurity ground state, the polarization
compensating impurity. At low temperatures, this differenceconductivity should be greater, and the problem reduces to
could be up to three orders of magnitude. The magnitude ogalculation of the probability of such hops. In our experi-
the slow component is saturated with increasing excitatioments, the electric field frequency was more than six orders
rate, and at high excitation intensity the fast component wagigher than in Ref. 16. At this frequency, only the nearest

dominant! pairs can contribute to the polarization conductivity. Let us
Figure 7 shows the dependenciestlfMCW) on mag- consider_ the situation ip-type _semiconductors:
netic inductionB for a silicon sample doped with boron at Carriers are accumulated in long-lived excited states as a

various excitation rate& and modulation frequencigsof  result of capture at both isolated majority impurities and di-
exciting light. One can see that at 5 K, when the fast photopoles (pairs of ions of majority and compensating impuri-
conductivity component predominatésigh G or f ), the ties. Processes of photoionization and capture are random,
curves correspond to the familiar transverse magnetoresigherefore the probability of creating a close pair of an excited
tance effect with a free hole mobility 10* cn?/V-s. But at  impurity state and an isolated ionized majority impurity is
lower G andf the photorespondd (MCW) slowly increases low. Excited atoms captured by a dipole are localized near
with B, which cannot be explained in the terms of free-holecompensating impurity ions, thus a positively charged pair is
photoconductivity. formed. In this case, the distance between the excited and
ionized majority impurities is also fairly large immediately
after the capture. However, electrostatic attraction between
isolated negatively charged majority impurities and posi-
tively charged pairs cause a “drift” of the negative charge
towards the positively charged complex. The drift is due to
hops of carriers among majority impurities. If the drift time
is not considerably longer than the lifetime of excited impu-
rities, complexes containing an excited and an ionized ma-
jority impurity and a compensating impurity ion are formed.
A calculatiort® yields the concentratioN, , _ of such trip-

lets under stationary excitation at temperatures when thermal
0.1 - . L ionization of excited impurities can be neglected:

B, T:

UMCW), rel. units
09

i 1

0.7

0.5

03

N, . - =CGr*/(1+ 7y /71"), ()

FIG. 7. U(MCW) at 5 K versus magnetic field inductid® in silicon doped o .
with boron(No=3.5- 101, N.= 10 cm™?) at the excitation modulation fre- @nd under pulsed excitation at a pulse width<ry,

quencies (1, 2) 1.2x 10° Hz; (3, 4) 1.8x 10° Hz and excitation rate€ (1,
3) G;; (2, 4 G, (G,/G,=20). N, ; _=CGAt exp(—t/7)[1—exp(—t/my)]. 3
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This concentration is determined by C UMCW), rel. units

(a) the fraction of the recombination current captured at 10° 10°

dipoles:
a(+—)N(+—
c (+—=)IN(+—) , @ } l
a(+—=)N(+—)+a(—)N(—) 107'r 110

whereN(—) andN(+ —) are concentrations of isolated and o—
dipole traps, respectively, and(—) and a(+ —) are the -0
corresponding capture coefficients; 1072 ) L 10°

(b) hopping conductivityo, in a dc electric field via 10" 1o 4
ground states of impurities: N..om

v = eldmo,~expprs/a), 5 FIG. 8. U(MCW) and paramete€ defined by Eq(4) versus phosphorus

- : “ L tratiorN, in sili ith =3.5xX10% cm™) at 5 K.
where 1= (47Ny/3) 1/3, B is the percolation concentratioN,, in silicon doped with boronN,=3.5x10'® cm™3) at 5

parameterf’ and ¢ is the dielectric permittivity;
() lifetime 7* of carriers in the excited state and the ;ation of excited state€Fig. 6). The activation energieg;

photoexcitation ratés. obtained from the shapes of the exponential sections are 23
_ The polarizatior_1 hopping photoconductivity is deter- je\A4 3nd 30 meMFig. 6 for B and Sb, which corresponds
mined by the equatidd to ionization energies of the lowest excited states of the

N, . P a*\°T'(13/2 impurities.3
a(MCW) = 52 510 B| 2| 287 (6) As was noted above, the lifetimg* of excited states
S

depends on the chemical nature not only of the majority
Equation(6) indicates that the concentration of triplets impurity, but also of the compensating impurityable I.
N, ;- given by Egs.(2) and(3) determiness(MCW) as a This may be due to participation of active triplets in the
function of the excitation rate, concentrations of the majorityprocess of relaxation. Indeed, the presence of a heavy
and compensating impurities, and temperature. compensating-impurity ion near an excited majority-impurity
The model has been tested by taking a large set of siliatom can perturb the local phonon spectrum and thus change
con samples doped with boron and compensated with phoshe relaxation timer* .
phorus under quasistationary photoexcitafibive have de- When the long-lived excited states are populated, addi-
termined that the slow component &J(MCW) grows tional absorption due to ionization of the excited state should
linearly with the excitation rat€&s and saturates when the appear in absorption spectra of the samples. In spectral mea-
concentration of excited atoms is higher than that of comsurements, however, background radiation corresponding to
pensating impurities@7* >N.). This means that the con- the room temperature and emitted by warm cryostat compo-
centration of triplets, which controls the hopping photocon-nents is always present. The spectrum of background radia-
ductivity, is maximal at such excitation level, since antion has a maximum close to the maximum of photoconduc-
ionized and an excited majority impurity are localized neartivity of silicon doped with most of group Il and V
any compensating impurity atom, and a further increase ifimpurities. Thus, the long-lived excited states of some ma-
the excitation level should not lead to an increase injority impurities should be populated by the background ra-
a(MCW). diation. In fact, in studies of absorption in the presence of the
The dependence &, . _ on the compensating impurity background radiation, we detected absorption in the IR band
concentration is determined by the fractiGnof nonequilib-  at energies lower than the ionization energy of the impurity
rium charge carriers captured by dipoles given by B).  ground staté® At the same time, the background is a pow-
Moreover,C(N;) can be derived from the temperature de-
pendencies o) (DC), which is due to free holes, measured

in the samples with variousl,.*®> The measured values of UMCW)/(DC). rel. units
U(MCW) as a function ofC andN,, are plotted in Fig. 8. 10 o oon

The rate of creation of active triple impurity complexes *
is determined byoy, and is an exponential function of the 10%

majority impurity concentratioy. In a set of samples with
N.=10" cm 2 and variableN,, the magnitude of the slow

component ofU(MCW) is a flat function of the majority 10'f

impurity concentration at low temperatur¢s K) if

No>2.7-10' cm™3, and at lowemN, it exponentially drops 0 .

with the average distance between majority impuritiesg). A - e
9). This dependence results from Edg) and (5) and is 1 15 2 25 3 35 4

determined by the ratio betweeti and 7. 107, cm

_AS the temperature mqreasda!;(_l\/lC%/g\/) grao_lually drops FIG. 9. U(MCW)/U(DC) versusr ;= (47Ny/3)" Y in silicon doped with
owing to thermal destruction of triplets,then it decreases yqon in various concentratio, and with phosphorusN,= 10" cm~3)

exponentially in the rang&>15 K because of thermal ion- at5K.
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FIG. 10. Absorption spectra of silicon doped

30r in concentrationdN, (cm™3) with boron: (1)
3.5x 10 (2) 7.6x10%; (3) 1.5x10Y, and
arsenic: (4) 12x10: (5) 18x10': (6)

201 20X 10" at 4.2 K.

101

0

15 20 25 30

Aw, meV

erful source of IR radiation, whose absorption is a functionstrong absorption lines due to transitions from the impurity
of the population of long-lived excited impurity states. ground state to excited states of thg, series were detected
Modulated impurity excitation of silicon samples leads toin the 10—-40-meV band. The ionization energies of the low-
modulation of the population of the long-lived excited im- est excited states of antimony and phosphoE;js-(30 meV)
purity states, thereby modulating the absorption of backare also in the range of these transitions, and absorption due
ground radiation by excited impurities. This induced absorp+to transitions from the excited states to the conduction band
tion was detected when the silicon samples were exposed tannot be selected because of stréhg absorption. None-
modulated laser beaM.In order to detect a change in the theless, the lack of additional absorption in the range of en-
background absorption, a photoresistor screened by an optrgies between 10 and 20 meV confirms our conclusion that
cal filter absorbing laser light was placed downstream of thebsorption due to transitions between the ground state and
sample. In order to separate a certain spectral band, we coullowest excited states of these donors is negligible.
place optical filters both downstream and upstream of the Thus, we have established that some impurities of
sample. In fact, a photoresistor signal corresponding to agroups Ill and V in silicon have long-livedrf ~0.5—8 ms)
increase in the silicon absorption was detected when a dopezkcited states. They manifest themselves in the hopping pho-
silicon sample was exposed to impurity excitatfSrMore-  toconductivity in microwave electric field, spectra and kinet-
over, typical relaxation times* of induced absorption were ics of induced IR absorption.
close to the decay times &f(MCW) in the same samples.
Using various optical filters and photoresistors, we have, sermanium
found that the induced absorption of the background radia-
tion in samples is localized in the range of 20—-40 meV. Up to the present time, few studies of long-lived excited
Absorption spectra of silicon samples doped with boronmpurity states in germanium have been published. Calcula-
and arsenic under background radiation are given in F|g 1(j_ions for acceptor stat&sindicate that the rates of transitions
The spectra have step-like shapes. The long-wave absorptiGgtween highly excited states are one or two orders of mag-
edge in the sample doped with arsenic is at 32 meV anditude higher than the rate of the phonon-assisted transition
corresponds to the ionization energy of the lowest excitedrom the 'y excited state to the [lg ground state. The
states B(I's,I';) due to the valley—orbit splitting.In the
case of the boron impurity, the long-wave absorption edge at
23 meV corresponds to either ionization of the excited state o, cm”

1S(I';) or excitation of a hole from the ground state to this
excited staté® Taking into account that the{I';) state is
singlet, whereas the ground state is degenerate and should be 257
split by deformatior?, we recorded absorption spectra of 20r
uniaxially compressed samples. Figure 11 shows such spec- 157
tra under a small strain directed along {HELO] axis. One 10¢
can see that the long-wave absorption edge shifts to higher St
energies but does not split, and the absorption intensity is ot " ; "
15 20 25 30 ha, mev

almost constant. This indicates that the absorption by boron
impurities is due to ionization of the lowest excited StateFIG. 11. Absorption spectra of silicon at 4.2 K doped with boron in con-

populatgq by the baCkg_round radiation. . centrationsdNy: (1, 2) 1.5 1017 cm™3; (3, 4) 7x 10'° cm ™3 and compressed
In silicon doped with phosphorus and antimony, only along the[110] axis by pressur®: (1, 3) 0; (2, 4 44 MPa.
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FIG. 12. Photoresponse of diamond-like semiconductors versus modulation
frequencyf (Hz) of exciting radiation:(1) U(MCW) in silicon with boron
atT=5K; (2) U(MCW) in germanium with arsenic at 2.2 K3) U(DC) in
diamond with boron at 90 K.
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lifetime of the 'y excited state £10 ' s) is in good 10’ 2

agreement with measurements of magnetic impurity 10'h 1
oscillation€® and far-infrared photoconductivity in p-Ge. s

Lifetimes of the 2, excited states of donors in germanium 10°0 53 o3 06

are essentially shorter~10"° s),? and in experimental

conditiong* were no longer than lifetimes of free electrons.
Nonetheless, conditions can be created when a deeFHG 13. Temperature dependencies of quasistationary photoresponses in

long-lived excited state manifests itself in germanfiin-  giamond-iike semiconductors doped in concentratibigs (2) U(DC) in

like the case of diamond and silicon, the spin—orbit splittingdiamond with boron:(1) Ny=5x 10" cm™3; (2) Ng=3x10®¥ cm™3; (b)

in germanium is largg290 meV); therefore the $(I';)  silicon with boron,No=3.5x10"cm™®: (1) U(DC); (2) U(MCW); (c)

states of the acceptors excited due to the spin—orbit splittingemanium with arsenidio=10' cm™%: (1) U(DC); (2) U(MCW).

should be in the valence bahand play no role in relaxation

of charge carriers. But in the case of donors, the situations i§. conCLUSION

silicon and germanium are similar, so one can expect that the

1S(I's5) donor state in germanium should be long-lived.
The arsenic impurity in germanium is most suitable fo

investigating the hopping photoconductivity since its ioniza-

tion energy of 14.18 meV and valley—orbit splitting of 4.24

meV are the highestThe magnitude of the hopping photo-

conductivity in microwave electric field strongly depends on

the ratio between the Bohr radii of the long-lived and groun ) . . ) )
excited states are due to the valley—orbit or spin—orbit split-

states of the impurity. Since the ionization energies ofithe i e " d states. Th it f the d
excited states of group V donors in germanium are the samg'd O Impunty ground states. Ine exisience ot the ceep
long-lived excited states, which affect nonequilibrium elec-

(~10 meV).’ we prefer the donor with the minimal Bohr tronic processes, can be expected in other semiconductors
radius of the ground state, i.e., with the maximum ionization . pro ' P .
energy with similar band structures. In fact, the long-lived

. . (r* ~7 ms) 1S(I's) excited state of the tellurium donor split
We have measured the photoresponse in germaniu rom the ground state by valley—orbit interaction has been
samples doped with As in concentrations of>2 B cm™3 9 y y

and 13° cm 2 and containing compensating acceptors inobserved recently in gallium phosphitfe.
concentrations of- 10'* cm™3. The photoresponses under dc  The work was supported by the Russian Fund for Fun-
and microwave electric fields was studied as a function of theglamental ResearcliProjects Nos. 93-2-2070 and 96-2-
modulation frequencyf, excitation intensity, and tempera- 16243.
ture in the range between 2.2 and 15 K. At the higher doping
level, a slow ¢* ~30 us) component ol (MCW) appeared  1j. Lax, Phys. Rev119 1502(1960.
(Fig. 12. At 2.2 K, the magnitude of the slow component 2V. N. Abakumov, V. I. Perel’, and I. N. Yassievich, Fiz. Tekh. Polupro-
was almost two orders higher than that(DC), which is ~ ,vodn.12 3(1978 [Sov. Phys. Semicond2, 1 (1978,
d to free eIectronéFi 13) and the decay time* was at A. K. Ramdas and S. Rodrigues, Rep. Prog. PH¥s1287(1981).

ue g. ’ i y 4The Properties of Natural and Synthetic Diamoed. by E. Field, Aca-
least four orders longer than the lifetime of free electrons. As demic Press, Londof1992.
in silicon, U(MCW) saturated at some excitation intensity 5(0. l-asmimova and A. G. Gontar’, Sverkhtverdye Materialy, No. 1, 12

; ; o (1993, o

a.md dropped with t_emperature. These reSL!Its are m.qu?“taeo. I. Smirnova, EE. Godik, and A. G. Gontar’, Fiz. Tekh. Poluprovodn.
tive agreement with the model of hopping polarization g 646(1985 [Soy. Phys. Semicond.9, 398 (1985].

photoconductivity*> 0. 1. Smirnova, EE. Godik, and A. G. Gontar’, Fiz. Tekh. Poluprovodn.

ur, k™!

In conclusion, we note that deep long-lived excited im-
rpurity states in diamond-like semiconductors manifest them-
selves in diamond, silicon, and germanium in different
ranges of impurity concentration and temperat(fgs. 12
and 13. This is due, above all, to the various scales of en-
ergies of impurity levels, features of their band structure, and

nergy spectra of their impurities. The existing long-lived
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Synchrotron and annihilation channels for axion production in an external
electromagnetic field

V. V. Skobelev

Moscow State Industrial University, 109280 Moscow, Russia
(Submitted 26 November 1996
Zh. Eksp. Teor. Fiz112, 25-31(July 1997

We consider axion formation processes in the synchroteon{e™a) and annihilation

(e"e*—a) channels in a constant crossed fiélg,,F’”=F;VF“”=0, which approximates
constant fields of other configurations in the ultrarelativistic asymptotic limit. The probability and
intensity of axion emission are obtained, and we analyze the energy and field asymptotics.

A comparison with the characteristic neutrino chargiel-e™ v v yields the constraints on the
axion mass and the energy scale for Peccei—Quinn symmetry breaking. Possible
astrophysical applications are discussed. 197 American Institute of Physics.
[S1063-776(197)00207-2

1. INTRODUCTION channels for neutrino and axion production, which are open

in the strong magnetic fields that are formed, for example,

The line of inquiry associated with the possible existencqJpon collapse in a neutron stahannel(3a) is also open in
of the axion as a pseudoscalar Goldstone boson in thg s gpsence of a field

mechanism of Peccei—-Quinn global symmetry .brer?ﬂkisg A calculation of the axion luminosity, which is one of
presehtly fairly populatsee, for example, th.e'rewew in Ref. 1o purposes of the present work, requires the specific form
2). This is due both to the prospect of obtaining a reasonablgs e Lagrangian of theaed interaction. The literature

explanation for the presendguantum chromodynamie®r  yegcribes the use of two forms of the Lagrangiami the
absencethe electroweak sectpof CP invariance, and to mass of the electron

astrophysical insight into, e.g., the nature of dark matter in

the Universe. The nonzero mawg of the axion(if it exists) o (m) —
is an inherent attribute of this particle, and can be uniquely ~#= ~i¢{ ¢ |a(¥y>¥), (43
expressed in terms of the energy schlef global symmetry
breaking’ 1 sa —

L=Cor (P y,y°V), (4b)

2f ox,
6x10° GeV
My = f ev, @D with pseudoscalar and pseudovector couplings, respectively,

which can lead to results that may or may not be the Same

the coupling constants of the axion with ordinary particles(c is the unitary charge of an electron under the global
being proportional to T/ Therefore, estimation of the pos- Peccei—Quinn transformatiobpo (1), which is of order
sible value off by independent methods is of fundamentalunity). The two Lagrangians differ by a total derivative, and
importance, especially since the theoretical possibilities exin the absence of excitation of the electron—positron vacuum
tend over an enormous range, from the characteristic eledt suffices to consider only the pseudoscalar alternaiha
troweak scale (2G) ~ 2~ 250 GeV to the Planck mass*f0 We next use the invariant technique to calculate interac-
GeV (an invisible axioi. tion processes in a constant crossed field

One of the procedures used involves finding a lower W %
bound onf by requiring that the axion luminosity observed Fu P =R, Fr=0, ®
upon the collapse of stellar objects not exceed the ”eU”i”R/hereF* =(1/2)e

Co U ) b o wapF P is a dual tensor, which was de-
luminosity, which is believed to be one of the principal cool- ¢+riped in a paper by RitdsThis method also yields accu-
ing mechanisms. In particular, there is interest in the syn

fate results in constant fields of arbitrary configuration if

chrotron
_ [FuF* IR F"
e —e vy, (2a) = > - > <1,x%, (6)
F0 FO
e —ea (2b)  whereFy=m%e=4.41x 10'3 G, and the invariant parameter
and annihilation Ve?(pF?p) @
X=7 3
_ m
e et -y, (33
is expressed in terms of the ultrarelativisiccording ta6))
e et—a (3b)  electron momentunp.
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The wave function of an electron in a constant crossedvhere y=x' + k. One characteristic feature of this expres-
field with potentiala,¢, where ¢=kx, has the form(we  sion is its lack of dependence @n which, after transforma-
henceforth retain the notation used in Ref. 4, as much ason of the phase volume

ossibl
P ¢ d3k’ xmx'u 4o dr d 13
eka ea e?a’p® T p a7 au,
=1+ =2 lu(p)exp| —i kP Mk 4 +px| i, 2ky  2x(1+u)?
2kp 2kp 6kp i ) )
(8) makes it possible to integrate over(see Ref. 4
uu=2m. i dp=L,.

— oo

Using (4a) and (8), we can easily obtain an expression _ N _
for the square of the matrix element of the process-e"a  Using the additional relations
after summing and averaging over the polarization of the 1 @2
electron: y¢z+¢,2:§p¢2,

, 4g2(2m)® (= Y
M| :L—f ds 8(sk+p—p’'—k’)
— © T )
¢ f dr d%(a+brd)= — f% d(2)dz,
X[(pp'—m?)|Al?+45(kk")|A'|? - 2\b J2%%
+a(kk')Im(A*A")] (9)  after integrating over the “angular” variable, we obtain
the distribution with respect to the “energy” variable

A(s, B):ir de exp —i a—qu—iﬂqog—w m? (e 232
R T 2 3 ! w9 f u({) o'(2)
a 2 3
(93 (2m)“po/0 U (1+u
’ 2,2 ~2
ap ap eca’| 1 1 m fm
=e|l—-——|, =— =], 9b +———| P(y)dy|, 14
“ (kp kp’) F=3 (kp kp’) (90) 21rul, TV y] 19
whereL , is a “large” interval of phasep, p’ andk’ are the u\ 23  1+u
momenta of the final electron and the axigm; cnv/f is the z= (—) 1+m2—2 . (14a
effective interaction constant, and the derivaths, «, 8) u

is taken with respect to the first argument. Integration by parts reduces the expressionfgrto a single
Further simplifications are achieved by introducing thejntegral,

new variables

2.2 1/3
) e I [ ”) @'(2)
k kp' kk' e’(—a == -
X= _FZJX, X!:_ple K= _ZX’ X=—, a (277)2p0 0 1+u X (1+U)2
m m m ~\ 2 13
. ay 9 B L I Pl P (15)
_a et K 6| x) \u w2 !
P 8B’ T mic ! !
X which, of course, no longer describes the distribution with
with an expression foA in terms of Airy functions: respect tau.
(4pB)" 13 sa  8B[ a3 The integral can be evaluated for special valuesi@nd
A= p ex —|@+| 3 % D(y), (11 X-
a) m<y, y<1. In this case we can generally set=0.
g S a\? After some simple calculations we obtain
y=04B) " 12\ gzl | (11a
413 8B 1®2m2
__ 2 .3
Now the differential probability of axion emission per unit Wa= 3273 X (16)
. . . Po
time can be written in the form _ _
5 13 b) m<y, y>1. Similarly, settingn=0 and making the
qw.=2 x(2x/u)™ u replacement
2m3poxL,x’ 11U 316
|23 a3k’ ®'(2)—P (0)2—7F(§),
X[ =] (1+7)d*+d'2|—, (12) ,
2x 2k} we find
u\23 1+u m g°m?T’(2/3)
= — 2. m2_— m= —2 W= — %R 1
y (2)() 1+ 7+m o M= (129 P X 17)
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c) m>y. As is easily seen, the argument of the Airy and summation over the spin states of the final electron must
functions in this case is large everywhere in the domain oP€ replaced by averaging. Then, for the annihilation prob-

integration, and its minimum value is ability per unit time, we obtain
3 ()28
A Bl B ~ < 2 1\ 13
Zmin—22,3 2 >1, m<l. (19 We ,g (2)()( )
_ . PoPol VX! K
We can use the asymptotic representation o3
Jm 2 ——| 1+ Py + D'y |, (24)
b= 72_ 1/48X4 - §Z3/2) . (19) ZXX
We were unable to calculate the corresponding integral, 23 .
but there is no need to do so, since it is clear frdi@) and _ 14 Tz_mzﬂ (243
(19) that the probability is suppressed in any case by the 2xx’ k2]’

exponential factor

m whereV is the normalization volume, and the result is rep-
exp( -3 —) <1 (200  resented in a symmetrized form with respect to the electron
X variabley and the positron variablg’, with k= y+x'. The
We note that the analogous result from an analysis of théransition to a physically reasonable rediigt accomplished
processe” —e~ vv with massive neutrinos provided some by multiplying (24) by VnT (n is the electron concentration,
basis to assert that the small mass of the neutrino can YA T is the total time and then making the replacement
measured electron storage-ring experiméntswould be T/L ,—1/k,. This yields the probability of axion annihilation
very tempting to carry out this program in the case of syn-Of & positron “for all time,”
chrotron axion emission, since a measurement of the mass

would simultaneously also determine the value of the scale g?nm [ 2y’ |13

factor f (see Eq.(1)). However, this will hardly be possible W= - )

in the foreseeable future, since it is not clear whether this PoPoFel X

hypothetical particle exists at all, not to mention the lack of « 2/3

axion detectors. X (— (14 ) P%(y)+D'%(y) |, (25)
The mean intensity of axion emission by an electron can 2xx’

be obtained by adding the factor
whereF =ky/—a? is the field amplitude.

Let us evaluate the scale factbrby comparing the lu-
minosities (or intensitie3 due to the synchrotron axion
to the integrand in Eq(14), and again integrating by parts e~ —e~a and neutrine” —e~ v v emission channels. Typi-

, u
po:p01+u

@?m? (= du AELI gal vglues of the temperature and the magnetic field induc-
= — Xf 2 _) —d'(2) tion in neutron star circumstellar shells cover the rafiges
(2m)2"Jo (1+u) |\ X/ (1+u)? T~10%-10'° K and F~10?— 10" G; such temperatures
o 13 correspond to an electron energy/m~10~2—10° when
m

distribution effects are neglected. On the “brink” of fulfill-
ment of (6), we must take the upper energy value and the
wer field value together witly~ 102, which should yield
result that is correct in order of magnitude for a “pure”
magnetic field. We then clearly have<y, the effective
energy of the axion or neutrino pairs is of orgryy, and in

d(2)|. (21

2
X
u

. . I
As before, we present some asymptotic representations %?
this expression:

a) m<y, y<l1:

(1+2u)| 2 maty
12 X u2

g°m? 4 this approximation, instead of comparing the intensities, we
la= o X (22 can restrict attention to a comparion of probabilities.
_ Using expressiori16) and the results in Refs. 4, 5, and
b) m<y, x>1: 7, from the requirementV,<W, (c~1) we obtain
7T (2/3)g*m?
|a=—; 3)12/3 X3, (23 f=10"eV. (26)
a

with the same remarks as f51>X_ The luminosity per unit We note that with consideration €f) this is consistent with
volume, neglecting temperature effects, can be obtained frorthe conditiony>m. The lower bound fof specified by this
(21)—(23) by multiplying by the concentration of monoener- relation is approximately three orders of magnitude lower

getic electrons. than the value obtained from an analysis of astrophysical
When the annihilation channel"e”—a is considered, data?® If the latter bound is considered reliable, one of the
the replacements— —k andp’— —p’ must be made if9), interpretations of our result will be that the contribution of
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the synchrotron mechanism of neutrino and axion emissiofiSee Table 2.1 on p. 17 of Ref. 2 and the notes to it.

to the total luminosity for the values of the parameters con-

sidered is, in fact, small against the background of the other'R. D. Peccei and H. R. Quinn, Phys. Rev. L&8&, 1440(1977.
TR ; ; 2G. G. Raffelt, Phys. Refl98 1 (1990.

contributions. If this assumption does not hold, then from ,

. . 3G. Raffelt and D. Seckel, Phys. Rev. LeD, 1793(1988.
(26) and (1) we obtain a possible range for the mass of thea,,”| Ritus, Tr. Fiz. Inst. im. P. N. Lebedev, Akad. Nauk SSSRL 5

axion, (1979. ;
5V. V. Skobelev, zZh. Esp. Teor. Fiz.107, 322 (1995 [JETP 80, 170
(1995].
m,s<leV. (27 8A. D. Kaminker, K. P. Levenfish, and D. G. Yakovlev, Pis’'ma Astron. Zh.

17, 1090(199)) [Sov. Astron. Lett17, 450(1991)].

_ _ o ’N. R. Merenkov, Yad. Fiz42, 1484(1985 [Sov. J. Nucl. Phys42, 938
which leaves some hope for measuring it in analogy to the (1985].

program for measuring the mass of the neutrino described iﬁ*T. Altherr, E. Petigirard, and T. del Rio Caztelurrutia, Preprint No.
Ref. 5. In this case the role of the axion as a candidate for a CERNTH 7044/93, Geneve.o93.

hidden mass “carrier” clearly increases. Translated by P. Shelnitz
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High quantum efficiency of intersubband transitions in coherent tunneling of electrons
through asymmetric double-barrier structures

E. I. Golant and A. B. Pashkovskit

State Research & Production Corporation “Istok,” 141120 Fryazino, Moscow Region, Russia
(Submitted 25 July 1996
Zh. Eksp. Teor. Fiz112, 237-245(July 1997

A converging perturbation series that can be summed analytically has been obtained for
intersubband transitions of electrons coherently tunneling through the middle of a dimensionally
guantized level in an asymmetric double-barrier structure in a high-frequency terahertz

electric field. The possibility of a substantial increase in tunneling current accompanied by either
absorption or emission of a photon has been demonstrated. The quantum efficiency of

radiative transitions between dimensionally quantized levels can be up to 66%99® American
Institute of Physicg.S1063-776097)02007-§

In our earlier publicatiot,we demonstrated that the re- barriers, and the interaction potential is written in the form
flection coefficient of electrons whose energy coincides withcommonly used in the dipole approximatidn.
the middle of a dimensionally quantized level, and which are  Let the initial electron energy coincide with that of level
driven by a high-frequencghf) electric field, can be reduced N (the main level and the hf field frequency correspond to
to zero at a field amplitudén energy unitsmuch lower than  transitions to levelL. Using the approach developed in Ref.
the separation between levels. In this process, electrork we seek a solution for a sufficiently low field amplitude in
transfer energy to the hf field, and the current through thahe form of a perturbation series without assuming, however,
structure increases. We have also determined the conditionisat the resonant condition is exactly satisfied. Depending on
in which the largest number of electroagp to 100% fed to  the relative positions of the levels and conduction band bot-
the structure efficiently interact with an hf field at frequencytoms on the left and right, we consider three main configu-
w, and pass into a neighboring resonance level by emitting orations:
absorbing a photon of enerdyw. There is, however, a ques- (1) transitions occur between levels above the conduc-
tion of whether these effects can be detedimdch less uti- tion band bottom in both the lefinput) and right(outpu
lized) in a realistic situation, when energy levels have finitesemiconducto(Fig. 13;
widths and the energy of incident electrons is distributed (2) electrons go to a level below the conduction band
continuously over some range. In order to solve this probbottom of the left semiconductor and above the conduction
lem, one must calculate the change in the electron wavband bottom of the right semiconductdtig. 1b);
function when its energy and hf field frequency deviate from  (3) transitions occur between a level below the conduc-
their exact resonant values. tion band bottom of the right semiconductor and a level
Following the approach of Ref. 1, we consider an asym-above the conduction band bottom of the right semiconduc-
metric double-barrier structure with widtla and thin, tor (Fig. 10.
&-shaped barriers in a uniform electric field that varies in  In the first two cases, the unperturbed electron wave

time as function »y normalized to a single electron is

Z coswt=E(e“'+e 'Y, Z£=2E. exp(ikox)+ Dy exp(—ikgx), x<0,

We assume for definiteness that a current of electrons  #o(X)=1{ Ao Sin kx+Bg coskx, 0<x<a, (2
with fixed energy flows from left to right. Then the time- Co exdikyi(x—a)], X>a,

dependent Schdinger equation has the form
where

Y h2 %y
ih— =g = [2m* [2m* (e +U
in— o o THOOUFHX DY, o= 228, VN Ll ;:;2 ),

H(x)=—U(6(x)— 8(x—a)) —U16(x—a)+ ad(x) [2m* (e + U)
+yad(x—a), (2) ky= 72

H(x,t)=—qgE[x(8(X)— 8(x—a))+ab(x—a)] are wave vectors and is the energy of the incident elec-
trons.

In the small-signal approximation, the correctigyn to
Hereq andm* are the electron charge and masss; ¢,b, the wave function of the initial state is givensoy
¢p andb are the height and width of the first barrié(x) is _ ext —i T olt
the Heaviside step functiony is a numerical factory and 1= 008X ~i{wot o)t]
U, are the jumps in the conductance band bottom at the + i _(X)exd —i(wg— w)t], wo=c¢elh.

X(eiwt+e—iwt)
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£
ho FIG. 1. Diagrams of energy bands in
double-barrier structures under discussion.
~—— U A 4
a . <2 a
a b [
In the first cas&® \/Zm*(s+ U= fho)
Ki+= 2 )
Dy exp(—iko«X), h
X<O, ’
Ajs Sinkex+Bj. coskiX+ yi+(X), Y1a(X)= inX'/’O(X) + AE¢o(X)
l/’li(x): 0<X<a, 1+ hw m*w2 !
Ci exfiki+(X—a)]+ Py exfdiki(x—a)],
' Pioa=F——.
3 - ho
where In Ref. 1 the -coefficientsA;+,B;+,Cq+,Di+ were
. calculated for the case of electron energies exactly equal
Koo = 2m* (e +fiw) to those of mid-level positions. Here we calculate
- h? ’ these coefficients for the case of small deviations of
_ the wave vectors from their resonant values. The
oo \/2”' (etU*hw) equations for the coefficients in the wave functi@it-* have
= h° ’ the form
1 0 _1 O Dli fl
ikKo+—y K. 0 0 A f,
. X = , (4)
0 sink.a) cogk.a) -1 B+ fs
0 —k. cogk.a) K. sin(k.a) ikj:—yy Cia fy
I
where tions between the initial and higher resonance ledalseled
’ by “+"), or the initial and lower levelglabeled by “—").
f1=x1-(0), fo=—x1.:(0), f3=P1=—x1:(a), Let the wave vectors of electrons transmitted across the
_ , ) structure and those interacting with the hf electric field be
fa=(yy—ik)Pis+x1.(a), y=2m*alh” close to resonance:
When the barriers are high enougys-k., and at a k=k,+ 6k, k=K .+ k.,

wave vector corresponding to a resonant Idtkés condition
is satisfied when tak({a)=—(1+ y)k. /vy)), the determinant wherek> 8k, k. > dk. . It can be shown that the determi-
of the system(4) is small: nant of the systeni) in this case is

Ak )=ike (kg + ¥kos) (1) Yy, P )
A(Kr++ 0K )~ —(kq++ ¥°kos+ ) —yy“ok.a

and in the case of nonresonant tunneling the determinant is, Y

at least, linear iry. Thus, for narrow resonance levels, the X (—1)-+1 (5)
transition probability will only be significant between two

levels. Therefore, we consider in what follows only transi- Naturally, in this approach it makes sense to take into
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consideration only such deviations from resonance at whiclp, . exgk;(x—a)]. Thus, having repeated the calculation of

A(k,++ dk.) is only slightly larger tham\ (k) and

A(kr+6ks) Yy

Ao ke ©

corrections to the wave function described above, taking into
account the fact that only; _(x) contributes to the second-
order correction if the initial electron energy coincides with
the upper resonant level, or ondy , (x) if it coincides with

Given that the matrix describing transmission of elec-the lower level, whereas the other components are small, we
trons through the structure without changing their energy isbtain

similar to the matrix in Eq(4), and the determinants used in

the calculation of the coefficientsdy, By, and Cy of the
time-independent wave functiof2) depend weakly ordk,
we obtain

_’yzko_kl_is B _ _ 2’)/2k0
0_'}/2k0+k1+iS, o~ 0_'}/2k0+k1+iS,

_Bo N1 Y 2kyko
Co=" (DT Ae=Boj Hiima Ty Fis)!

(7)
where

y2y25ka
S=—.

k

Note that when the barriers are strong enougkrK),
the ground-state wave function on the intervat¥<a, as
in the case of exactly resonant transmissiazgn be ex-
pressed as

Yo~ Bo % sin(kx) + cogkx) |. (8)
For y>k. , taking into account only terms with maxi-
mal powers ofy (only terms withf, andf, contribute to the
column-wise expansion of the determinante derive from
Eq. (4) the coefficients of the wave functiaf®) for transi-
tions in which the change in the level number is odd:

5 qE 2y%y? _
1= im* w2 k1t+ ‘}/2k0i+i3i :80_1311 (9)
L+1 y
Bi:~Dy~(=1)"""9Crsy Age~1—Dis.

*

D, exp(—ikgX), X<0,
Ua(x)~{ Az sin(kx) +B, cogkx), 0<x<a, (12)
C, exdik,(x—a)], X>a,
where
D qE |*
N P

" 4y%y* B
(Kot 7%k +15) (K- + 7Kg +is,) PO~ ~Poz

y
By~Dy~(—1)N"1yC,, Az*EDz.
2y2sk.a
A A 12
ke
y
o~ — BoZ ESln(kx)Jrcos(kx) , 0<x<a,
[ 9E\? 4yty*
“lm* w2 (kit y%Ko+18)(Kpe + 7%Koa +182) "
(13

Here, as in the previous case, we have taken into account
only terms with the maximum power gfk.

Thus, if we continue the procedure of calculation of
higher-order corrections, as in Ref. 1, taking into account the
smallness ok/y, and then add them, the wave function co-
efficients at each resonant level can be expressed in the form
of a constant factor times an alternating sefieslike the
case of an exact resonance, it is complex

Note that, when the initial and final energies of electrons

are close to the centers of the levels, an important property of
resonant transmission noted in Ref. 1 applies: between thﬁe1
barriers (0<x<a) the first-order correction to the ground-

state wave function is similar to the wave function itself:

I (x)=Ba| - sinlk..a)+cosk. a)|. (10

Here we have taken into account the fact that, siyeek..
and y;-(x) contains only terms at most linear yk-,

1-z+22—Z23+.. . +(—1)"" 1" (14)

its domain of convergende| <1, this is the expansion of
1/(1+z) in powers ofz, and the desired electron wave func-
tion has the form

while the deviation from the resonant condition is such that

condition (6) is satisfied for the determinant of the system ¥n(X)=
(4), the contribution to the first-order correction to the wave

function due toy. (X), like the contribution to the particu-

lar solution of the equation for the second-order correction, D=

is small, as in the case of exact resonahMoreover, since
|C1+|>|P;~| and the functiorf ,, which includesP,.., does
not make a significant contribution 0, , here and in sub-

sequent calculations we can neglect components like® 1+z
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= Pn(x)exp —iwgt) + ¢ (X)exd —i(we*+ w)t], (15
where
explikgx) + D exp —ikgx), x<O,
A sin(kx) +B cogkx), 0<x<a, (16)
C exgiki(x—a)], X>a,
Boz 1 1
0" 15z AT 1zl BE17Bo
Co,
E. I. Golant and A. B. Pashkovskil 132



L D+ exp(—ikg«X), x<0, explikgx) +D exp —ikgx), x<O0,
YL(X)= 77 A+ sin(kex)+B;. cogk.x), 0<x<a, In(x)=1 A sin(kx)+B cogkx), 0<x<a, (23
Ci+ exdik,-(x—a)], X>a. C exd — «x(x—a)], X>a,

17 i
oIS BoZ A Bo Y B Bo

Interestingly enough, the larger the offset from reso-D=

| _ | | Fis 1+z0 M 1ezk P 1wz
nance, the greater the field amplitude at which the sétiés kotis 14z 1+zk 1+z
converges. Bo Ni1 2kg y?ska
In the second case, when the resonance level to whick= 77> —(—1) =

1427 o BT s STk

the electrons go is below the conduction band bottom down-
stream of the structurey, _ is derived from Eq(3), and the D, exp(—ikgsX), x<0,
equation system for its coefficients is derived from E&.by

= i X<
replacingik_ with — «, where k=[2m* (hw—s)/h? 12 Y1) =157| Are SiNKex)+By, cogkx),  0<x<a,

The determinant of this system is small if Ciy exdiky(X—a)], x>a, 0
1+ K\ k_
tar(k_a)=—(—y—— —, qE 4y%y?
Y y y D1+% % 2 2 n y
im*w Ky + vk, +isy
and at small offset from resonance,
y
ik_kq_ Bii~Dyi~(—1)""1Cyy, A1+’~Vk_D1+a (25)
A(K _+ ok_)~ —yy?sk_a|(—-1-*"L (18 +
- . - B C]E 2 4,},2y4 26
Using the procedure of calculation of corrections to the wave&= M* @2 (Kys + 72Kos +15,)(Ko+is) (26)

function described above with due account of the fact that
Eq. (18) applies to transitions from the higher to lower level, These equations enable us to estimate the intensity of
and Eq.(5) to transitions from the lower to higher level, one interaction between electrons and hf field of a finite ampli-
can easily show that the solution of the problem is describetude in conditions of finite widths of resonant levels and an
by the wave function(15) with ¢\ (x) determined by Eq. arbitrary energy distribution of incident electrons.

(16), while i (x) takes the form It is clear that even for the case of a fixed energy of
electrons, the above expressions for the wave function coef-
1 D1 exp(xx), x<0, ficients are notably different from those given in Ref. 1 for
YL (x)= [ A;_ sin(k_x)+B;_ cogk_x), 0<x<a, the case of exact resonance. Since the range of possibilities is
z C,_ exgik,_(x—a)], x>a, wide, especially when realistic electron energy distributions

(19 are considered, it is hardly possible to compare the resonant
and nonresonant interaction between electrons and hf field in
where all possible cases. Therefore, we discuss the cases of electron
GE 2922 transmission through the structure which are, in our opinion,
~ s ———f, the most interesting. We assume that the electrons are uni-
im*w® kg +is_ formly distributed over a certain energy range, at least when
the deviation from the resonance is comparable to the main-
B,_~D;_~(—1)-*1yC,_, Ak“lDlﬂ (20 level width.
- Let the energy of incident electrons be lower than the
2 4.4 conductance band bottom on the right, thus the third configu-
qE 4ty . . . .
z=( — 2) 5 d _ . (22) ration of energy levels is realize@Fig. 19. At resonance
m* w*) (ky+7y°ko+is)(ks_+is_) (s=0) and at the field amplitude correspondingezte-1, all

In the third case, when electrons transfer from a levefl€ctrons go to the upper levéthe reflectivity |D|?=0).!
below the conductance band bottom upstream of the stru¢Vhen the electron energy deviates from resonance by

ture to a level above the conductance band bottom, given that I n/2, whereI'y is the resonant-level width, the static
the resonance conditions have the form transmission coefficient is half the resonance value. This cor-

responds to twice the determing22) squared:

1+ k| k 2m*(U,—¢
Ty ek (A Uame) A (K, + 8K)[2=2| A (K,)|2.
Yy  Yyly fi

) ) _ The upper level width", is usually much larger than that of
and the determinant of the equation system for corrections tgyga |ower level(for a symmetric structur, /T y=(L/N)3)
the wave function is so we can assume that all electrons absorbing photons with
Ak, + 8K) = (i ykok— yy2oka) (— 1)N* 1, (22) energth go to the region of allowe(21I states around the
middle of the upper level g, <k;, + y°kgy.). It follows
one can easily show that the solution is described by thérom Egs.(23) and(26) that the dynamic reflectivity at the
wave function(16), where edges of the transmission band decreases five-fold

D,_

tanka) = —
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(D=—i/(2+i) # 0,|D|?=0.2), thus about 80% of incident 1,2 (1+Dy),
electrons at the lower level go to the upper level. L . : .
A much more interesting process is the transfer of eIec—and’ taking into account Eq7) we obtain their ratio:

tron energy to the field due to the hf field. Consider the |, L2k,

second configuration of the structu(f&ig. 1b and transitions T 2K INZ_3L%K, /2 kg T k)] (28)
from the upper to lower level. If the transmission coefficient ) o o

is high (k;~ ko), the structure transparency cannot be in-For k1= ¥°ko (large transmission coefficientve have

creased by the hf field. Therefore the largest change in the l, L3
current through the structure should occur when the static T~ oNF=3L32 (29

transmission coefficient is small. In the case of exact reso-
nance of electrons with the upper leyek0, Dy is rea) and  if ki /k;~L/N, and
atz, =D, the transmission coefficient goes to zero. | L2

Let us estimate the offset from resonance at which the —~_-——5———>—
transmissivity increases to half ﬁfé. It follows from Eqgs. I 2N=3L72
(16) and (21) that this occurs as_/k;_=1+Dg,. For Dy if the ratiok,_/k; is close to unity. Hence it follows that for
close to unity, this offset is approximately double the widthsufficiently large quantum numbers of resonance levels
of the lower levell'| , wheres_/k;_=1. Let us approxi- |,/I~2, thus the quantum efficiency of photon emission can
mate the dynamic transmission coefficient by unity withinbe up to 66%, which is much higher than the parameters
the “transmission band” and by zero outside it. Thus theobtained heretofore This discrepancy can be attributed to
increase in current due to the hf fieldAd ~ 2FLD§, and the fact that in experimental conditionscattering plays an
the direct current via the states of the maippe) level is  important role in electron transport, whereas the estimates
proportional to the product of its width and the transmissiongiven above apply to the case of ballistic transport, for which
coefficient:| o I'\(1—D3). With due account of Eq(7), the time of flight through the structure is appreciably shorter
we obtain than the collision time in it. Such conditions can be realized
Al ( L\2k, Dg in both symmetrigwith an injectoy and asymmetric double-

(30

—~ =] 2= _ (27)  barrier structures with thin enougtmuch thinner than in
| N/ ki 1+Dg Ref. 5 barriers, so that the electron time of flight should be

It is clear that when the ratidL(N)2k,_ /k, is close to unity relatively short and the resonant properties of the structure
(transitions occur between levels with large quantum numpersist‘.3 In principle, the quantum numbers of levels at which
berg, Al/1~0.5. Detection of this increase in the current the maximum quantum efficiency is achieved can be signifi-
concurrently with emission of photons with energy is  cantly reduced by fabricating a structure with>y°ko. At
quite feasible. first sight, it might seem that the ratig,/| can be indefi-

In the cases discussed above, the hf field generates tiiely large in this case. One must bear in mind, however,
greatest change in the current through the structure. From tHBat Eq.(28) applies only when the upper level is consider-
standpoint of application of such devices as sources of radigaPly wider than the lower level, and if they are comparable,
tion, the more interesting parameter is quantum efficiency@ More accurate calculation is needed.

i.e., the ratio of the number of electrons that have emitted a This work was supported by the Russian Fund for Fun-

photon to the total number of transmitted electrons. damental ResearciGrant No. 94-02-04449nd Scientific
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Photoinduced light absorption by C 4, films in the 0.08—4.0-eV spectral range
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Spectra of photoinduced light absorption igy@lms at high and low excitations in the

temperature range between 15 and 300 K have been measured. In addition to the well-known
explanation of photoinduced absorption in terms of optical transitions in the system of
photogenerated singlet excitons, triplet excitons, and polarons, changes in the absorption spectrum
of the fullerite ground state must be considered. We suggest taking into account the effect

of crystal field in explaining the features of the photoinduced absorption spectrum. A feature
similar to the inverted luminescence spectrum and ascribed to optical excitation of singlet
excitons, which is partially allowed owing to intermolecular interaction, has been detected in
spectrum of photoinduced absorption. 197 American Institute of Physics.
[S1063-776(197)02107-0

1. INTRODUCTION ported in Ref. 19, since phase transitions occur in fullerite at
T=260 and 80—90 K°
It follows from the analysis of published dateat crys- Dick et al?! interpreted results similar to those of Ref.

talline G behaves in some experiments as an almost ideal9, but obtained at high levels of excitation by femtosecond

molecular crystal. In such crystals, absorption of light leads|aser pulses, as optical transitions in a system of photoex-
as a rule, to generation of nonconducting electronic excitaeited singlet excitons, whereas the spectrum of photoinduced
tions, i.e. excitond. Presently, there is no commonly ac- absorption was interpreted in Ref. 19 as changes in the
cepted interpretation of fullerite luminescence in the spectrafjround-state absorption due to optical pumping. In addition,

range around 1.7 e¥3*but all authors agree that this lumi- unlike the case of pulsed laser excitation, a broad absorption
nescence is due to recombination of singlet excitons. At thdand with a maximum around 1.1 eV was detected under
same time, some experimental resultan be interpreted in excitation by a cw laser with a photon energy lower than the

terms of a one-electron semiconductor model. Investigationfllerite band gag? Magneto-optical measuremefitslem-

of spectra of  photoconductiviff;’  persistent onstrated that in this case the spectrum of photoinduced ab-
photoconductivity® photovoltai€ and xerographf€ effects ~ sorption in the range 0.5-2.5 eV consists of lines with ener-

have demonstrated that in fullerite, as in a common semicorgies 1.1 and 1.8 eV, due to generation of excitations with

ductor, free carriers are generated by light. Wahgl! sug-  spin 1, and lines with energies of 0.8 and 2.0 eV due to

gested that the best model is, probably intermediate betweegxcitations with spin 1/2. These pairs of lines were associ-

these two extreme approaches. ated with transitions between states of triplet excitons and
Fullerite doped with alkali metals is a high-temperaturepolarons, respectively. . _ _ '
superconductoHTSO). Like semiconducting phases of a In order to test this model, clarify the inconsistencies,

copper HTSC, it is a highly correlated systéhit is con-  and search for photoinduced optical transitions indicating
ceivable that it manifests some features of cuprates, in whicgorrelation interactions in thegfullerite, we have studied
optical generation of electron—hole pairs pidoping leads Photoinduced absorption spectra both at high and low levels
to radical restructuring of the electronic spectrum, namely©f optical pumping in the spectral range 0.08 to 4.0 eV, at
the spectral weight of transitions between the valence aniemperatures between 15 and 300 K.
conducting bands decreases, and a complex abslttz)rggion spec-
trum emerges in the low-energy ran@e1-0.5 eV."~

The photoinduced absorption technique, which enable%’ EXPERIMENTAL TECHNIQUES
one to study changes in the electronic spectrum at a low We have studied fullerite films with thicknesses of about
uniform concentration of optically generated excitations, ha®).1 and 2.0um fabricated from g, powder by vacuum sub-
demonstrated its efficacy in semiconducting phases of a cofimation and deposition on a sapphire substrate. Their quality
per HTSC. In the fundamental absorption range of fulleritevas tested using IR absorption spectra and by viewing
the photoinduced absorption techniquelat300 K allowed  through an optical microscope. At a substrate temperature of
detection of redistribution of the spectral weight in favor of about 100 °C, the film surface was specular, i.e., the crystal-
optical transitions dipole-forbidden in theggmolecule!® lite size was less than Am. The basic measurements were
also known as HOMO-LUMO transitionighest occupied performed on films with clearly defined texture. According
molecular orbital-lowest unoccupied molecular orbitlllis  to x-ray diffraction measurements, tk@01) axis of the ful-
worthwhile to study photoinduced absorption igy@t low  lerite was normal to the substrate surface. No absorption
temperatures, which can be radically different from that redines associated with either GO(2350cmY) or C-H
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D hvy=4.03 eV, laser light excited almost the entire film vol-

1.8 ume. Therefore the film was heated by laser light uniformly,
and this technique could be utilized in measurements of fea-
L2r tures due to the overheat by laser light. These measurements
data for a G film on a sapphire substrate are given in Fig.
06t 1b. The spectral features of the heating effecT at300 K
and their relation to the fundamental absorption spectrum
0.0 were discussed in Ref. 19. When the temperature was low-
ered to about 170 K, the intensities of tB& andB2 lines
-~ Ir increased considerably, which corresponded to a drop in the
= ool intensities of the lines at 2.7 and 3.5 eV in the fundamental
31 absorption spectrum. Unlike overheating at 300 K, at low
f-1t temperatures there was a drop in absorption in the 1.5—
2.3-eV spectral range. When the temperature was further re-
-2 duced to 90 K, overheating abated.
30 1 2 3 4 hv, eV

3. EXPERIMENTAL RESULTS
FIG. 1. (a) Spectra of optical density ofgfilms with thicknesses afcurve

1) 0.1 and(2) 2.0 um on sapphire substrates &t=300 K. Curve3 is a The optical density spectrum of fullerite films with

Iuminesc_enc_e spectr_um a_t 15K plotted in arbitrary urgtig Effect of 4-°C thicknesses of O.Z]um at T=300 K (Fig. 2@ is similar to

%grhaer?c:lg? slar(]) ?(.% film with  thickness of 0.Jum at(1) T=270 K, (2 spectra previously described in the literatirand consists

’ of dipole-allowed transitions in theggmolecule with ener-

gies of 3.5 and 4.4 eV, and forbidd@&1 andF2 transitions
with red edges at abouty=1.65 and 2.25 eV. The low-

(2900 cm'Y) vibrations of the organic solvent were detectedenergy edge oF 1 is difficult to detect in the 0.%em film,

in IR spectra. Narrow absorption lines corresponded to prebut in the spectrum of the 2m film (curve2 in Fig. 13 it is

viously known intramolecular vibrational modes of,C clearly visible against the background absorption, which

Photoinduced absorption spectra in the range 1.1-4.0 e¥honotonically decreases with decreasing energy down to
were obtained using a prism spectrograph and an opticdlv=0.6 eV. This absorption suggests the existence of tails
multichannel analyzer, and in the range 0.08—1.2 eV using i the density of states. It has been establiéfi&that fuller-
Fourier transform spectrometer. The photoexcitation was inite films are disordered, and exhibit properties typical, for
duced either by a cw Ar laser hr=2.54 eV) with power example, of amorphous Si:H.
density P<1Wi/cn? or by an XeCl excimer laser The spectrum of photoinduced absorption due to a
(hv=4.03 eV) with a pulse width of 20 ns and a repetition pulsed laser witth»=4.03 eV at 300 K(Fig. 2b is notably
rate of 20 Hz (the time-averaged power density was different from the overheating spectrum. It does not contain
P=60 mW/cnf, the peak power density was the B1 andB2 features of the lattetFig. 1b), i.e., laser
P=150 kWi/cnf). In both cases, we measured the time-overheating can be neglected at 300 K. Ssshaped feature
averaged signal of photoinduced optical absorptioncan be seen around th€l transition in the photoinduced
Al/l=(1—-14)/1, wherel (v) andl(v) are the intensities of absorption spectrum, i.e., photobleaching in the range 1.6 to
probe light transmitted through the sample in the presenc2.0 eV, and absorption enhancement with a maximum at
and in the absence of laser pumping, respectively. The difav=2.2 eV. Optical generation of electron—hole pairs leads
ference signalAl was integrated over multiple measure-to higher absorption around tH€2 transition. The absorp-
ments ofl;(v) andI(v). In each cycle, the luminescence tion line athv=3.5 eV corresponds to a&-shaped feature
spectrum was recorded in addition to transmission spectrdn the photoinduced absorption spectrum, with the inflection
and subtracted from the lattécurve 3 in Fig. 13. As a  point near the absorption-line maximum, i.e., the line shifts
result, we completely eliminated the luminescence contributo lower energy under optical pumping. Moreover, since the
tion and greatly attenuated scattered laser light. The meanflection point is in the region of negative photoinduced
surement accuracy akl/I was 10°° in the range 1.2—4.0 absorption, photoinduced absorption at the maximum of the
eV, and 104 in the range 0.08-1.2 eV. 3.5-eV line is reduced by optical pumping.

Measurements of photoinduced absorption are always As the temperature is lowered to 90 K, photoinduced
complicated by overheating, i.e., changes in the light transabsorption turns into an increase in transmisgiBiy. 20.
mission owing to sample heating by laser light. In our caseBut this effect is hardly caused by the phase transition at 260
overheating was the more significant, as the sample was ld<. The spectrum clearly demonstrates & andB2 fea-
cated in the evacuated volume of a helium cryostat. In ordetures typical of overheating-ig. 1b), i.e., the combination of
to elucidate the spectral signature of overheating, we meaverheating and of photoinduced absorption proper is mea-
sured changes in the optical transmission of a film,sured. We could not eliminate overheating by reducing the
Al/I=[I(T)=I(T+6T)]/I(T), at a temperature variation pumping power density at 90 K. The dashed line in Fig. 2c
8T=4°C provided by a small heater. The optical densityshows an approximate spectrum of photoinduced absorption
spectrum in Fig. la(curve 1) demonstrates that at obtained by subtracting the overheating spectrum multiplied
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by a factor at which features characteristic of overheating arenergy edge, and an absorption line Bt=1.9 eV. The
eliminated (this corresponds to overheating by 2°Qts  shape of theB feature in the 1.3—1.8-eV range is essentially
shape is similar to that of the spectrum recorded at 300 Kidentical to the inverted luminescence spectrum of the film
but its intensity is an order of magnitude higher. (dashed line in Fig. 3aonly the position of the lumines-

When the temperature is reduced to 15 K, the effect isence line maximum is 0.03 eV lower than the minimum of
again invertedFig. 2d, and the spectrum shape is similar to the B line. When optical pumping is reduced, the intensities
that obtained at 300 K. This results from a decrease in ovelof the E,, E,, andB features decrease proportionalfig.
heating due to the temperature reduction from 90 to 15 K4g). The photoinduced absorption Av=1.1 and 1.9 eV
Thus, the thermal effect can be neglected at 15 K, as ajepends on the pumping power R? (Fig. 5).

300 K. The shapes of the 1.1-eV and 1.9-eV lines are constant

Note that the overheating contribution to the photoin-with temperatureFig. 4b), but above 40 K the photoinduced
duced absorption spectra of(Js notably larger at higher
pumping powers and larger film thicknesses. This fullerite
property is substantially different from that of the copper
HTSC, because its thermal conductivif4 and 1.2 W/mK
at 300 and 77 K, respectivéR) is about an order of magni-
tude lower than in cuprate compounds. At low temperatures
this difference is even more significant, since the fullerite
specific heat drops by a factor of seven as the temperature is
reduced from 300 to 100 &

The photoinduced absorption spectra under cw optical —1 - K
pumping P=<1 W/cn?) were studied in the spectral range —
0.08 to 2.2 eV. No changes in the transmission of ayir- b
film, to within Al/1=10"4, were detected in the 0.08—
1.6-eV range. Since the photoinduced absorption signal
should be proportional to the film thickness in sufficiently
thick films, we tested a 2¢m film (optical density spectrum 0
2 in Fig. 19. The analysis of photoinduced reflection and -\
absorption of such a film based on equations given in Ref. 27 -1 . ) _
indicates that, at least &tv=0.6 eV, reflection can be ne- 0 1 2 hv, eV

glected, and the effect should be determined only by changes
in the optical density. FIG. 3. Spectra of photoinduced absorption(af fresh and(b) aged G,

. . . . film with a thickness of 2.Qum under an electron—phonon pair excitation by
As shown in Fig. 3a, pumping of fullerite by a cw Ar a cw Ar' laser (iwv=2.54¢eV). The pumping densityP=1 W/cn?,

laser atT=15 K generates a broad absorption ”_ne with aT=15 K. The dashed line shows an inverted luminescence spettnpiot-
maximum atE;=1.1 eV, a feature &,=0.8 eV at its low-  ted in relative units.
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It turned out that optical properties of fullerite films

a | change with time. In particular, the photoinduced absorption
at 0.6—2.1-eV increases consideraliyg. 3b. The spectral
position of the photoinduced absorption is constant, but its
spectral shape is notably different, specifically, there is no
enhanced transmission at tBdeature. Note that even in this
film, in which the magnitude of the effect is an order of
magnitude higher, no photoinduced absorption lines were de-

0 tected in the 0.08—0.5-eV spectral range.
b 12 4. DISCUSSION
] Low pumping power
14
The similarities between the spectrum shapes of 1.7-eV
L luminescence and the increase in transmission in the same

1.0 1.5 2.0 hv.eV spectral rangéFigs. 3a and 4band their temperature depen-
dences indicate that this feature in the photoinduced absorp-
FIG. 4. (a) Spectra of photoinduced absorption of a 20 Cg, film at  tion spectrum is due to the photoinduced decrease in light
different pumping power densitie8= 1000, 250, and 45 mW/ch{curves absorption by luminescent states. At low pumping power

1, 2, and3, respectively at T=15 K. (b) Spectra of photoinduced absorp- . - . . . .
tion at T=15, 60, and 90 K(curves 1, 2, and 3, respectively for denSIty P 1 chmz)' a decrease in the excitonic absorp

P=1Wicn?. CurvesL1-L3 are luminescence spectra at the same tem-tiON in the fullerite ground state is possible only at suffi-
peraturesh is the overheating spectrum &t=90 K. ciently long lifetimes of singlet excitons. At=300 K and

high power of femtosecond laser pumping, the characteristic
luminescence decay time is in the nanosecond range, and the

absorption ahv=1.7 eV anch»=2.0 eV becomes negative luminescence intensity drops with time 8>’ (see Ref.
because of the larger contribution of overheating. At 15 K21). Given that the luminescence intensity decays as a power
this contribution is small, but at 90 K the overheating spec-of time, one can expect the lifetime of a singlet exciton to
trum exhibits an appreciable decrease in absorption foincrease to microseconds at low temperatures and low pump-
hv=1.5 eV (dashed linéh in Fig. 4b. Therefore, in plotting ing powers, then excitonic absorption should decrease owing
experimental data against temperature, the amplitude of thi® partial filling of excitonic states. This mechanism is sup-
1.9-eV line was measured with respect to the curvEigure  ported by the absence of a featurehat=1.73 eV in the

6 shows that the amplitude of the 1.1-eV photoinduced abspectrum of photoinduced absorption of aging films. It
sorption line is a flat function of temperature below 40 K, turned out that unlike freshly fabricated films, they contain
and drops abruptly as the temperature approaches 90 K. Aines of GqO, and GgH complexes in their IR spectra. It is
the same time, the amplitude of the 1.9-eV line changes noknown that fullerite oxidation leads to lower luminescence
tably less in the range between 15 and 90 K. Its intensity anéfficiency athv=1.69 eVZi.e., a shorter exciton lifetime.

the amplitude of increased transmission in Bhdeature as Presently, several mechanisms of fullerite luminescence
functions of temperature are similar to the curve of lumines-are under discussion, namely, recombination of autolocalized
cence ahv=1.7 eV versus temperature, which is essentiallyexcitons; free excitons in the crystal volume and excitons
constant between 15 and 50 K and drops by a factor of onljocalized on defectglines at 1.69 eV and a set of neighbor-
1.3 as the temperature reaches 90 K. According to Matu#g lines,* and recombination of singlet excitohsince the

et al,® this temperature dependence of the luminescence iratter process is dipole-forbidden owing to the state symme-

tensity of a G, film indicates a low content of impurities.  try, a vibronic model was invoked in interpreting it. Accord-
ing to this model, the red edge of excitonic absorption is at

hy=1.95 eV, i.e,, it is shifted with respect to the lumines-
cence spectrum to the high-energy sidefy 0.26 eV.

Al 10%)Y . . .
( ) r In the case under discussiah=0.03 eV, and it can be

interpreted in terms of relaxation of interatomic bonds under
photoexcitation. Investigation of the luminescence excitation
spectra of G films?® confirm thatA is considerably smaller
than the value suggested by the vibronic mecharigthe
excitation spectrum, in fact, contains lines of vibronic origin
at 1.92, 2.0, and 2.2 eV, but the excitation efficiency in-
creases as the energy of incident photons decreases to 1.8
. - eV. This observation cannot be interpreted in terms of the
0 500 1000 1500 vibronic model*

P. mW/om A model in which symmetric wave functions of singlet
FIG. 5. Photoinduced absorption squared in a20-ullerite film at(0)  States responsible for the absorptiorhat=2.7 eV mix with
hy=1.1 eV and(X) 1.9 eV versus pumping power densityTat 15 K. the antisymmetric function of states participating in the tran-
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|21

log(-AlI) conclusions by Diclet al=* Our measurements with pulsed

- i 1' ; excitation refer to a 10-ns time interval or more, but the

28} . 0-----9-——----’2'“'2 ; spectrum aff =15 K was similar to th&t measured in the

"""‘”’i"‘ ~~~~~~~~~~~~~ - spectral ranghiv<2.2 eV atT=300 K. That is, singlet ex-

i 3 citons dominate in the nanosecond range g, (&t least at

low temperatures. The reason may be, as pointed out in Ref.

21, that the conversion time of singlet excitons to triplets is

substantially longer tham=1.3 ns, which is typical of g

molecules in solution. The low intensity of the photoinduced

0 0025 0050 0075  0.100 absorption line at 1.1 e\(Fig. 2), which is due to triplet

ur, X! excitons? suggests that the concentration of triplet excitons
generated by 20-ns laser pulses is low.

FIG. 6. Logarithm of photoinduced absorptiontat=1.1 eV and 1.9 eV The behavior of photoinduced absorption in the spectral

(curvesl _and2, respective_AIya_nd of Iumines_cence intensity av=1.7 eV range 1.7-4.0 eV with changing temperature indicates that

(curve3) in a 2.0um fullerite film as a function of temperature. The pump- . . . .

ing power densitP =1 Wicr. the inversion of the photoinduced absorption as the tempera-
ture is reduced from 300 to 90 K and the repeated reversal of
the sign of the effect between 90 and 15 K are not associated

sition h»=3.5 eV was suggested in Ref. 19. This mixing is with changes in electronic properties of the fullerite due to

due to the crystal field and should increase with both dropPh@se transitions al=260 K and 90 K. The inversion of
ping temperature and increasing pumping power. As followd?hotoinduced absorption is due to changes in the thermal
from calculation€® the 2.7-eV line corresponds to the conductivity and specific heat of the film—sapphire substrate

dipole-forbidden transitiotA,— T, and the 3.5-eV line system with decreasing temperature. _
to the allowed transitiotA,—*T;,. Studies of spectra of Given the equal parity of the ground and lowest excited

luminescence quenching ingJilms by electric field and of  States of the g molecule, Dicket al*! suggested that at
photoconductivity spectra indic&fethat these transitions are Nigh pumping powers the photoinduced absorption spectrum
related to intermolecular charge-transfer states, i.e., absorghould be similar to the absorption spectrum of the fullerite
tion of photons withhv>2.3 eV generates free carriers. The I the ground state, but shifted by the energy of the first
admixture of the antisymmetric wave function to charge-€xcited state, which corresponds to a singlet exciton. It fol—
transfer singlet states absorbing light lat=2.7 eV (the  lows from_our measurements that this energy is 1.7 eV, i.e.,
low-energy edge is at 2.25 @\eads to a similar admixture the transitions with energies of 3.5, 4.4 €¥g. 24, and 5.7

to the singlet exciton state. As a result, dipole-forbidden tran€V>’ allowed in the dipole approximation should correspond
sitions are partially allowed not only for charge-transferto the lines=1.8 eV, y=2.7 eV, and5=4.0 eV (Fig. 23
states, but also for singlet excitons. Therefore the spectral the photoinduced absorption spectra. The energy of latter

positions of the excitonic luminescence and of the lowestine is essentially identical to that of the pumping laser line,
excitonic absorption line are close. and the line could not be detected, while the energies of the

The lines with energies 1.1 and 1.9 eV in spectra offormer two lines are close to the energies of lines detected at

photoinduced absorption were interpréfeds light absorp- low temperaturesFig. 2d. The ratio between their intensi-
tion by photoexcited triplet excitons. In this case, their inten-ties, however, is opposite that of the respective lines in the
sities should be described by similar functions of temperaoptical density spectrum in Fig. 2a. At room temperature
ture and pumping power density. The latter condition is(Fig. 2D, the line at3=1.8 eV is much weaker than the line
satisfied with fair accuracyFig. 5), but the intensity of the at y=2.7 eV, whereas in accordance with the absorption
1.9-eV line is a notably flatter function of temperature thanspectrum of the fullerite ground statEig. 23, they should
the intensity of the 1.1-eV lin¢Fig. 6). The reason for this not be so differentthe 2.2-eV line observed in this spectrum
discrepancy in our case can be an appreciable contribution ¢fust be ascribed to a transition in the system of photoexcited
the 1.9-eV transition in the system of singlet excitons generpO|ar0n§l)-
ated by the pumping light to the photoinduced absorptfon. In our opinion, the coincidence of the 1.8-eV and 2.7-eV
This is also suggested by the similarity between the curves dfnes with theF1 andF2 transitions in the fullerite absorp-
the intensity of the 1.7-eV singlet exciton luminescence linetion spectrum(Fig. 28 should be taken into account. There-
and of the 1.9-eV photoinduced absorption line plottedfore, photoinduced changes in the ground state absorption
against temperature, as well as partial saturation of absorgan contribute to the photoinduced absorption, along with
tion by singlet excitons with an energy of about 1.73 eV. light absorption by photoexcited singlet excitons. An in-
crease in the absorption due to dipole-forbidden transitions
in the Gso molecule due to the crystal field is most probable.
Its dominant effect at 300 K can account for the absence of
The most important difference of photoinduced absorpthe 1.8-eV line from the photoinduced absorption spectrum
tion spectra under pulsed pumping is the absence of thand the presence of the intense 2.7-eV line.
1.1-eV line (compare Figs. 2d and)3At high excitation In thehv=1.6—2.25 eV rangéransitionF1 in Fig. 23,
powers, the photoinduced absorption spectrum in the picothe absorption spectrum of the fullerite ground state is deter-
second range is controlled by singlet excitons, according tanined by a number of factors. Absorption due to tails in the

*

High pumping power
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density of states can be ruled out because the spectral shajge in solutions of G, and the lower luminescence quantum

is substantially different. The high-energy section of the abefficiency in solutions, as compared to fullerite crystdls.
sorption feature in the range of 1.95 to 2.1 €Wig. 139
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Kinetics of avalanche mixing of granular materials
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The problem of the avalanche mixing of two fractions of granular material is solved. Mixing of
the fractions takes place in a cylinder that rotates slowly about its longitudinal axis, which

is positioned horizontally. The cylinder is not filled completely and at all times mixing only occurs
in the surface layer of granules. It is shown that, depending on the relation of the volumes

of the fractions and the volume of the empty space, mixing can take place slowly, over a large
number of rotations, in a diffusive regime with convection or rapidly, by the time the

cylinder has turned through a small angle. The mixing process is described analytically in terms
of a purely geometrical approach and can, in a number of situations, be reduced to a
sequence of discrete mappings. The characteristic mixing times are determined, including the
times over which one or the other of the pure fractions no longer exists in the regions

adjacent to the surface of the cylinder. Their dependence on the degree of filling of the cylinder
and on the ratio of the volumes of the fractions is found. 1897 American Institute of
Physics[S1063-776097)02207-3

1. INTRODUCTION purely geometric approach! The following discussion is
based on the configuration introduced in Ref. 10.

A new burst of interest in problems associated with the  Our cylinder(or drum is flat, so that it is more or less a
interspersion and mixing of granular materials in rotatingdisk and mixing of granules along the longitudinal axis of
cylinders—** has arisen following the publication of pioneer- the cylinder is negligible. The cylinder rotates adiabatically
ing work on self-organized criticalitf?** These problems slowly and the free surface of the granular material, as in the
are also related to the intensely studied crumbling of sandexperiment? is plane and always lies at the friction angle
piles. Because of the complexity of these systems, the ovelthe angle of reposdo the horizontal(In a real experiment
whelming bulk of published papers on this topic have in-the angle of inclination of the surface fluctuates slightly in
volved experimental studies and cumbersome computaime, but it turns out that these variations are stfahd we
simulations. In general, the physics of the mixing process hashall neglect them For definiteness we shall assume that the
turned out to be extremely nontrivial and the experimentallydirection of rotation of the cylinder is counterclockwi¢See
observed patterns are often very striking, as, for example aRig. 1a)
illustration in Ref. 10 appeared on the cover of the March ~ We shall assume that while the granules are inside the
1995 issue ofNature That figure essentially initiated the volume of the material they cannot move relative to one
present paper. another or slip relative to the cylinder walls. They can inter-

Exactly what sort of systems are we discussing? Asperse only when they escape to the free surface of the ma-
granular material has been poured into a cylinder that is roterial. Mixing of the different fractions of material, therefore,
tating about its axis, which is positioned horizontally. Thetakes place in avalanches which move continuously down-
cylinder lies in a gravitational field and is not filled com- ward along the free surface. Thus, this kind of mixing has
pletely, so that a free space remains on the ¢8pe Fig. 12  been called avalanche mixif§although it would be more
The questions of how the material will be interspersed, howprecise to refer to it as mixing in avalanches. Since the gran-
the granules will mix, and how different fractions of the ules intersperse only at the free surface, within an inner
material will mix, if there is more than one, are indeed verycircle of radius equal to the normal from the center to the
complicated and a direct computer simulation will requirefree surfacegthe radius vectoOE in Fig. 1b), the material
thousands of hours of calculations on large machif®se rotates along with the cylinder as a whole without mixing.
Ref. 2, for examplg.In fact, the problem is three dimen- Thus, we have only to study processes taking place in the
sional; granules can also move along the longitudinal axis ofmaterial lying in the outer annulus adjacent to the cylinder
the cylinder and the surface is not necessarily flat; the anwalls. When the drum is less than half full of material, of
swers depend on the rate of rotation of the cylinder, on theourse, all of it mixes.
characteristics of the granules, etc. We shall assume that the granules are small and we can

The experiment of Metcalfet al1°is remarkable in that introduce the concept of a concentration of one or another
the system proposed there makes it possible to distinguisinaction at a given point in the drum. The granules of the
the essential feature of the mixing process in a rotating cyldifferent fractions will be distinguished only by color. The
inder. Furthermore, as we shall show below, mixing in thisstate at each point of the material will be described by the
system can be explained analyticalfywithout resorting to  quantity p, the concentratioriportior) of the black material
any kind of microscopic behavior and essentially using aat that point.(Where all of the material is blaclg=1 and
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FIG. 1. (a) A sketch of avalanche mixing. For an
infinitely small rotation of the drum the granules of
the different fractions from sectoh, on mixing,
spill into sectionB. The free surface of the granu-
lated material lies at the friction angle to the hori-
zontal. The region with mixed material is shaded.
Here and in the pictures to follow the different de-
grees of mixing are not indicate¢b) The distribu-
tion of the fractions before the cylinder starts to
rotate. The position of the tange@D is fixed by
the angley. (c) One of the tangents intersects the
free surface of the materiali2—26<y<2m. This
b c is the case of a cylinder that is more than half full.

where it is all white,p=0.) Thus, we have to study the equal to unity. Finally, the friction angle does not appear in
variable p(x,t), the concentration of the black fraction at our answers, so in all the mixing schemes shown bekx
point x at timet. cept that of Fig. 1p we set it equal to zero for convenience;
Let the white fraction be below and the black, above, atthe horizontal surface will be depicted as a horizontal line.
the initial time. Later it will be convenient to introduce the We now proceed to one of the key points. We have to
notation shown in Fig. 1b. We shall characterize the fractionrmake a strong assumption which, as such, allows us to solve
of unfilled space in the drum and the volume of the blathhe prob|em avoiding any microscopic ana|ysis' This as-
fraction by the angle®) and x, respectively. We shall not symption makes it possible to convert our model essentially

give the trivial formulas relating the volumes of the fractionsnig a problem on a circle and reduce the problem to a purely
and these angles here. In the following we shall also use th&eometric oné! Thus. we shall assume that in the ava-

anglea: whose ;ignificance is indicated in Fig. 1b. It is easy|3ches the material mixes completely, i.e., to a homoge-
to confirm that it obeys neous statgSee Fig. 1a; if this assumption is satisfied, then
a=arcco$cog 6+ y)/cos 6]. (1)  the material mixes completely, spilling over from sectoto

1 angL thn s syt show = Zy Tand 1 Se00% L TR0 Sose Tl seeutitin oo 0 el
also evident thatv= 7 for 20+ y=m, i.e., if the white frac- PP

tion occupies the same volume as the free space. the structure of the granulétheir clustering, meshing, ejc.
How fast should the cylinder rotate to satisfy the adia_Then as the cylinder is rotated, at all points on the left half of
baticity condition? LefT, be the rotation period of the cyl- 1€ free surface of the material the concentraioof the
inder ands be the friction angle formed by the free surface Plack material is the same. Thus, even after the first tafn
of the material. We require that the angléhrough which ~ course, with the cylinder more than half filledor all the
the slowly rotating cylinder turns as a granule slides frommMaterial in the outer annulus we can introdygd@),t), the
one edge of the free surface to the other be much smalléfensity of the black material at timeat points on the tangent
than the friction angle. This is the adiabaticity condition in ©f the type denoted bgD in Fig. 1b(¢ is the angle between

our case. Let s be the time over which a granule slides from the corresponding radius vector and the normal to the free
one edge of the free surface to the other. Then surface and the fundamental quantity with which we shall

be dealing below. If, on the other hand, the cylinder is less

€=2mt;/To<. @ than half full, p(#,t) gives an exhaustive description of the
Simple elementary estimates yield state of the system fdr>2(7— 6).
Rsing We note as justification that a computer simulatfoem-
ts~2\— —. (3 ploying this assumption gave a surprisingly good fit to the
g sing original experiment.
Here R is the cylinder radius angd is the acceleration of We shall describe the evolution pfy) in Secs. 2 and 3.
gravity. This leads to the following condition for the rotation Two mixing regimes will be distinguished: slow mixing,
period of the cylinder: with the drum more than half fullSec. 2, and rapid mixing,
1 Rsnd with the drum less than half fu{lSec. 3. In the first case, we
To>4m — [y (4)  find a discrete linear mappin@) which describes the trans-
6 Vgsing formation p(y) after each new turn of the drurfWe believe

(Usually the formulal ;> \R/g, introduced as a justification that the mapping9) is the principal result of this papg¢he

for the dimensional arguments in Ref. 10, is employed inanswer is especially simple when the cylinder is almost half
place of Eq.(4).) full. When we transform to a coordinate system attached to

When condition(4) is satisfied, the rotation speed of the the rotating cylinder, the evolution @f(¢) appears as diffu-

drum does not enter in our answers, so that in the followingsion with convection on a circle: the black fraction gradually
we take the time to be simply the angle of rotation of thewashes out into the white, while the maximumpify) drifts
drum, i.e., we measure “time” in terms of angles. The an-in the direction of rotation of the drum. Here the drift veloc-
swer does not depend on the cylinder radius, and we set thiy is of order 8 (recall that we are measuring the dimension-
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less time in terms of anglgs@nd the characteristic mixing f

27 r(y)
time is of orderg 2. M= . d%l/fo dr rp(g,t)
When the drum is less than half full, the material is
already mixed over times of order 2 0). Here an exhaus- Sir? @ 2726
tive description of the mixing is provided by the linear inte- ~ o fo dgp(,1)
gral equationg15) and(16) for p(¢=0,t). These equations
can be solved analytically. We shall see that the resulting cog @ (2w 2m—
p(=0t) contains rapidly damped oscillations similar to + 2 fﬁ_zed‘ﬂp(‘p’t)taﬁ_ 2 ) ®

those observed in the experiméfit.
The situation is unique for a half filledd& 7/2) cylin- (Of course M does not vary in timé¢.Here the coefficient in

der. In this case, as we shall see, complete mixing does ndfont of the first integral is the result of integrating

occur in general, even though all the material is interspersed sing

on reaching the free surface. The system rapidly goes into a f drr

state where the distribution of the fractions changes periodi-

cally. The corresponding period is half the rotation period of|ong the tangent over the range (8;226) of anglesy for

the cylinder. Part of the black fraction remains in its purethe radius vector. When, on the other hand, these angles lie

form, while the pure white fraction vanishes. between Zr—26 and 2, the tangent is cut by the free
We shall find two other characteristic times for this sys-syrface(see Fig. 1}, its lengthr () can easily be shown to

tem. (See Sec. 4.t turns out that for an analytic calculation equal cogtar{(27—¢)/2], and we obtain the second inte-

of these times it is sufficient to use a substantially weakegra| of Eq. (5).

assumption than that employed above. We are concerned  sjnce mixing takes place only on the free surface and the

with the answers to two questionl) after what timeT,,  granules inside the interior volume of material rotate to-

does it first become true that>0 everywhere, except per- gether with the drum, for & p<2s andt= ¢, we have
haps the central region in the cage 7/2, i.e., when does

the maximum possible volume of the white material first ~ P(¢.1)=p(0t—@). (6)
“get spoiled?” Or, when is there no more white material left ager substituting this relation in Eq5) and substituting the
in the outer annulus@) After what timeT,, doesp<1 ev- | 4iiablee=t— &, we obtain
erywhere, except perhaps the central region in the case
0</2,i.e., when does the maximum possible volume of the 2M -t
black material first get “spoiled?” Or, when is no more 14 e_ft
black material left in the outer annulus?

In order to findT,, and T, analytically we only have to +cof aft‘z’”zo
introduce the following requirements. We require that after
the granules spill out over the free surface, the material
should be in a mixed state at each of the points on its left half @)
if there are granules of both types on the right hgdee Fig. We differentiate both parts of Eq7) with respect to time
la) As opposed to the previous assumption, the degree and use the constancy . Then,
mixing at different points in the left half of the free surface
can now be arbitrary. After the first turn of the druify for

0

dep(0,e)

—27+260

dep(0,e)tar?

27T+E—t)

t—2mw 2

0=p(0t)—p(0t—27+26)+cof 6

example,#< m/2), there are now three possibilities for each 2 t—27+20

individual tangent of the typ&€D shown in Fig. 1b: the X[P(OI—ZW*‘ZG)'@”Z > —f dep(0,€)tan
material at all points on the tangent is either black or white, e

or in a mixed state. After studying the evolution of the state 27+ e—t o2+ et

for all these tangents, we fin@l,, and T,. Thus, we have X T) cos’ T) ] (8)

again reduced our problem to a problem on a circle.
In Section 4 we construct functiong, () and T,(6), After cancelling the second and third terms on the right of
on each of which a sequence of nonanalytic poidiscon- Eq. (8), we obtain an equation which shows hgu) is

tinuities) is observed(See Eqgs(32) and(35).) transformed during a rotation:
(@, t+2m)=cof ejzad ( t) sin(¢/2) 9)
L :CO - L
2. MIXING DYNAMICS IN THE CASE OF CYLINDERS THAT pre 4 0 tple—¢ cos(¢{/2)

ARE MORE THAN HALF FULL . . . - "
a discrete linear mapping. As an initial condition for E®)

We shall describe the kinetics of avalanche mixing in thewe take, for example, the distributigi(¢,t=2) obtained
case where the cylinder is more than half full, i@s w/2).  after the first turn of the drumFor arbitraryy, describing
As we have already shown, the above assumption of conthe state of a system with the distributipfp,t) is generally
plete mixing in the avalanches makes it possible to describeeaningful fort=27—26— x only!) Finding the distribu-
the distributionp(y,t) after the first turn. Then the total tion p(¢,t=27) from a givenp(¢,t=0) (see Fig. 1bis a
amount of the black fraction outside a circle of radiusvery simple problem(We, however, have not had to do this,
1-cosé will be since in the following we restrict ourselves to examining the
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special case of a small amount of the black fractign; 0,
for which p(¢) can already be specified at the initial time
t=0.)

The discrete linear mappin@), along with this sort of
initial condition, completely describes the avalanche mixing
process when the drum is more than half full. In principle,
Eq. (9) is the main result of this paper.

The simplest description of the mixing process can be
given for the case of an almost completely filled cylinder,
i.e., for 6< «/2. Then the right hand side can be expanded in
6 and, on introducing the “discrete” timé=2x[t/(27)]
for convenience(we are describing the slow variation of
p(¢), observing this distribution at times separated by inteIG. 2. One of the timeg<t<29— y (9==—6) during mixing with a
gral period$, we obtain the following equation: cylinder that is less than half filled.

ap 4 Jp ) ﬂzp
™ EZ - 5 0 £+ 0 5_(,02. (10 Here we make one further comment. The location of an
individual granule in the outer annulus can be specified by
(We could equally well transform to a coordinate systemthe coordinatesr( ¢), i.e., the linear coordinate on a tangent
rotating with the cylinde). Equation(10) has been obtained of the typeCD in Fig. 1a and the corresponding angle. Then
by expanding the integrand in E(P) as a series irf. This  the granule changes its “angle” byéRas it slides over the
equation is valid fot>2s. Thus, in the regime considered free surface. The average rate of change of this angle is,
here avalanche mixing reduces to diffusion with convectiontherefore, 2/27. The drift velocity of the peak in the distri-
on the circle Bz p<27. bution obtained above is close to this value.
If we assume for simplicity that there is little of the

black material f<#), then initially it will all be concen- 5 \isiNG WHEN THE CYLINDER IS LESS THAN HALE
trated at small angles. An examination of this limiting caseg |
illustrates the fundamental features of mixing when

< #/2. As an initial condition we can take We now consider the case/2<#<m, i.e., a cylinder
p(¢,0)=4x5(¢). In fact, the integral that is less than half fullFig. 2, where mixing takes place
. over the entire volume and much more rapidly than in the
fs'n 0dr rf dodyd(p)=2y 02 case examined in Sec. 2. We again use the assumption of
PIXOPI=EX complete mixing in avalanchésee Sec. ]l so thatp=const

for t>2(7— ) along all the tangents shown in Fig. 2. Now,

as opposed to the case examined above, all these tangents
intersect the free surface. Thus, it is convenient for us to
describe the time evolution of the mixing process using the
quantity p(0t), the fraction of black material at the points

on the tangent, which coincides with the free surface at time

yields the correct amount of the black fraction in the region
of the outer annulugFor y< #< /2 it equals the product of
the length 2 of the free surface and the thickness of the
black fraction layer at the initial timeg6. See Fig. 1h.Then
we obtain the solution of Eq10) in the form

_ 1 1= 62 _ t. We use the notatiott==— 6. (See Fig. 2.
P(<P,t)=4x{§+ p 2 exp —n? o t)cos{n( ¢ First we find howp(0t) is transformed in the situation
n=1 where the state at any point of the material is exhaustively
2 4y o—26U37T 6* _ described byp({,t), i.e., whent>29—y. (The angle¢
~ 3 0t>H =5 O(T’ >3 t), characterizes the position of the corresponding tangent; see

Fig. 2) In this case the total amount of the black fraction in
(11 the drum is

where 6, is the theta functiof® At late timest> 72/ 62 29 [sino 1 (29
exponential relaxation takes place, with a characteristic time M :j d(f drrp(l)=3 f dép({t)
te=2m/6% to a uniform distribution p,=2y 6% 76> ° "o °
=2xlm. (Here 2n[1—(1— 6%/2)]=m6? is the amount of _ {
material in the outer annulus fop<#<m/2.) At smaller x(sm2 9 —cos ¥ tarf 5
times, however, we obtain

: (13

s where sind is the total length of the tangeffrom the point
_ 4y T 20t of tangency to the intersection with the surface of the grum
plet)=——= exp{ T~ ( - _) ] (12)  andr(¢)=cosd tan(/2) is the distance between the point of
NG 26% 37 , . c
tangency and the point of intersection with the free surface

the standard answer for linear diffusion with convection overfor the tangent characterized by the angle(cosd is the
an infinite interval, where the center of the distribution driftslength of the normal drawn from the center of the drum to
at a velocity of /3. (Recall that we are measuring time in the free surface. See Fig.)2Jsing Eq.(6) and substituting
radians). the variablee=t— ¢, we rewrite Eq.(13) in the form
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1-cof o tarf

oM t—29
- =—f dep(0,e)
t

t— e” Here the solution of the first equation of the system serves as
si® &

N an initial condition for the second. We notice at once that no
(14) system parameters enter explicitly in Eq9); they are all
implicit in the variabler and the quantityw. The first equa-
and differentiate with respect tb Given the constancy of tion yields»(0)=1 at the initial time. After termwise differ-

M, we obtain an equation fgr(0t) whent>239— y: entiation of Eq.(19), we find
29 sin({/2) T
p(0t)=cof ﬁfo dZp(0t—2) 032 ) v’(r)=2f0dev(e)+1, 0<r<1,

Evidently, for O<t<y we have p(Ot)=1. For ,
x<t<23%-yx, on the other hand, on the right hand side of v’(r)=2f dev(e)—2v(7—1), 7>1, (20
the equation the integral over the region which can be de- 1

scribed using(£,t) must be supplemented by an additional \yhere(...)' =d/dr. From the first of Eqs(20) it follows at

term which accounts for the scatter in the granules belonging, .« that' (0)= 1. Differentiating Eq(19) twice, we obtain
to the “pure black” fraction(see the sector of the black the differential-difference equations ’

fraction cut off by the free surface of the material in Fig. 2
V'(m)=2v(7), 0<7r<1,

ot o [ sin(z/2)
p(O1)=co ﬁfo £p(01=0) 53 (22) V(R=2u(1)—2u(r—1)— 20 (r—1), >1, (21
2 JS(t—y) where »(0)=»'(0)=1 at the initial time. A number of
tST e g (16)  pooks deal with this type of equatidfr;*®

The form of Egs.(199—(21) and the equations for the
wheredS(¢)/d¢ is the derivative of the area of the triangle following higher order derivatives imply the following: at
FGH (shown by the dashed lines in Fig), 2vhich charac- the point 7=1 the solution¥(7) has a discontinuity in its
terizes the additional contribution to the avalanche fromvalue and discontinuities in all derivatives, at the paint2
granules belonging to the black fraction. The significance othere are discontinuities in all the derivativétae solution
the anglep is clear from Fig. 2. Fot= y the anglep goes to  itself is continuouy at the pointr=3 there are discontinui-
zero, so it is understandable why the combinatieny ap- ties in all the derivatives of the solution beginning with the
pears in Eq(16). second(the solution and its first derivative are continugus

In order to obtain an expression f8(¢) it is necessary and so on. For example, Eq(19) implies that
to solve a “high school” geometry probleniSee Appendix »(1+0)—»(1—-0)=—2, Eq. (200 implies that
A.) Here we limit ourselves to examining the simplest andy’(2+0)—»'(2—0)=2[»(1—0)—»(1+0)]=4, etc.
most instructive casey<<d<w/2 (i.e., a black fraction It now remains to solve Eq19) (or, for example, Eq.
much smaller than the white and an almost empty drum (21)). The solution of the first of Eqg21) has the form
The following expression for this derivative in this limit is
found using the method given in Appendix A:

dS(¢) 14 ( @
se 23X 73

v(r)= % [(VZ+1)exp(v27r)+(V2—1)exp —v27)],

. (17) (22)

so thatv(1—0)=3.546, »'(1—0)=4.915. The second of

(The derivation of I_Eq(l_?)_ is not entirely trivial and from the Egs.(19) or (21), however, can be solved using the Laplace
content of Appendix A it is understandable why we preferredtransform?g in A’ppendix B it is shown how to find the so-

to isolate the factors 1/2 and 4/3 in EG47).) As a result, for lution
x<9<7/2 we have

9 2(z;+1)
1 ¢ 4 x t )=+, 5————exgz(r—1)]
= — = — - = — - J
p(01)= 52 fodizp(ol O+3 192(1(“‘2 : 49 Z(z+2)
1
1 (2¥ Xf dev(e)[1+z(1—€)—(1+z)exp—ze€)].
0<t<2d; p(0)=52 f dggp(o,t—g), t>29. 0 etz (1=e)=(1+z)exp—ze)]
0
(18) (23
Now, introducing the “dimensionless” quantities=t/29  Here the sum is taken over all rodexcept the zergof the
and v(7)=p(0,t)/(4x/39), we obtain characteristic equatiorz®—2+2(z+1)exp(~2=0.% The
roots of this equation are positioned as follows: there is a
W)= ZJTd e(r—e)v(e)+1+r, 0<r<1 triply degenerate zero root that leads to the appearance of the
0 ' ’ term 9/4, which corresponds to uniform mixing with a den-
sity p..=3x/ 9 at late times. In fact, the total amount of the
v(r)szT de(r—e)v(e), 1. (19) black fraction in this case is equal t@¥2- yJ and of all the
1 ’ material,
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this case at all' This can be explained as follows: when the
cylinder is half full, the tangents mentioned above become
radius vectors of the cylinder. Thus, if the concentration
p=const at all points of some radius vector, then even after
spilling over the entire left half of the free surface, the same
value of the concentratiopwill appear on the entire left half

of the free surface. Here it is clear that the distribution pat-
tern of the fractions will repeat itself with a period of i.e.,
with a period equal to half the rotation period of the drum.
Of the two pure fractions, only the black one “survives,”
since the pure white fraction vanishes by the titaer— .
(Although we have not shown the mixing schemes specially

FIG. 3. The density of the black fraction on the left half of the free surfacefor this case, it is easy to understand from Fig. 2 how the
(see Fig. 2 as a function of time in the case when the total volume of material begins to mix in this situation.

material is small compared to that of the empty space and the volume of the

black fraction is small compared to that of the white=t/(29),
v(7)=p(0,t)/(4x/(39)). The narrow peak at=0 is not indicated(See
the text)

9— 1 sin(29)= 2 93,
2 3
so that
2x9% 3y
P==29%13 9 °

It is easy to see that on the left half of the free surface,
(26)

Attimes y<t=< 7 — y the densityp(0.t) is given by Eq(16),
in which the first term on the right vanishes singe 7/2:

aS(t—x) Siré y
g siPt’

Here we have used an expression for the area

p(0,0st<y)=p(0,7— ysts=m)=1.

p(0)=2 (27)

1 sin¢ siny

H7 2 S

There is also a set of complex conjugate roots with theVhich follows from Eq.(Al) of Appendix A. This set of

asymptotic form
z.p=—In(pm) = (2p—3/2) i +O(In p/p),

wherep is a positive integer greater than unity. For a2

values of p(0t) together with the periodicity condition
p(0t+)=p(0t) provides an exhaustive description of the
mixing process when the cylinder is half full.

these values are easily refined by successively iterating thf LOSS TIMES FOR THE PURE ERACTIONS

expressionz=In[2(z+1)/(2—2)]. Taking the sum in Eq.
(23), we obtain the curve shown in Fig. 3. Oscillations simi-
lar to these have been observed experimentdliy. Fig. 3
one can see the discontinuitiesir) and in the derivatives
at integral values of of which we spoke above.

Beginning with 7=2.5, the functionu(7) is well fitted
when the two lowest nonzer@& 2) roots of the character-
istic equation,z.,=—1.392+7.553, are taken into ac-
count. This expression appears to be extremely compact if
is written down directly with the numerical coefficients

(7)=9/4+0.496 exp—1.392 7—1)]

X co47.5537—1)—1.336]. (24)

We note that the period of the cosine oscillations was les

than unity here. In the region<d7<<2, on the other hand, the
answer can be converted to the following analytic expressio
(see Appendix €

v(7)=[v(1-0)—2-3(7—1)/2]coshv2(7—1)]+[(v'(1
—0)—3/2)/v2—v2(7—1)]sinHv2(7—1)], (25

where the numerical values @{1—0) andv»'(1—0) have
already been given after E(R2).

n

We now determine the time when one or the other pure
fraction no longer remains in the outer annu{us., outside
the circle of radius cog). We denote the loss times for the
white and black fractions by, andT,,. We shall demon-
strate how to obtain expressions for these times on the fig-
ures.

As noted above, in this section it is no longer necessary
to introduce the assumption of complete mixing of the frac-
tions in avalanches, which had to be used previo(S8ics. 2
and 3. It will be sufficient to assume that if granules of both
types appeared on the right half of the free surfaae, in
sectorA of Fig. 19, then at each point of the left surface

gi.e., at each point of sectd of Fig. 1a the fractions will

exist only in a mixed state. Here the degrees of mixing of the
fractions at different places in sector B can be utterly differ-
ent, but the fractions should not exist anywhere in seBtor
their pure forms(if only there is no single pure fraction in
SectorA).

Again, as in the previous sections, the material inside the
circle indicated by a dashed curve in Figs. 1, 2, 4, and 5
rotates along with the drum without mixing. As for the re-
gion outside the circle of radius c@safter even the first turn

Up to now we have only considered cylinders that areof the drum(here we have in mind the cage<w/2) the

less than half full. It is easy to see, however, that Bd)
can be used for the case of a cylinder that is exactly half full

above assumption implies the following regarding each of
the tangents of the typ€D indicated in Fig. 1b: either all

This case is unique in that complete mixing does not occur ipoints on this tangent are in a mixed state or there is a pure
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FIG. 4. Sketches of the distribution of the fractions in
a cylinder at different times if the fractions are dis-
tributed as shown in sket@hat timet,: (a) t=tg, (b)
t=ty+27—26— o, (0 t=tyt27m—o, (d)
t=ty+27—26, (e) t=ty+2m.

material(white or black at all its points. In order to find,
or T, it is necessary to know whether the material at a given ~ Tw=to+27
point is in a pure or a mixed state. The degree of mixing of
the material at a given place is of no significance to us now|n this case, 2 of the white materiallwhich occupies an
so it is unimportant how the degree of mixing varies alongangle 27— ¢ in Fig. 48 vanishes during each complete turn
these tangents. The only important thing is on which of thesef the cylinder. The second term on the right hand side of
tangents a given point lies. Thus, for our purposes it is agaiftq. (29) corresponds to the maximum number of complete
sufficient to compare just the angle between the correspondurns of the drum for which the white fraction still exists in
ing radius vector of typ®©C and the normaDE to the free  the outer annulus. The next two terms on the right hand side
surface(see Fig. 1 i.e., the angleCOE, at each point of of Eq. (29) correspond to the angléess than 8) through
the material in the outer annulus. The sizes of the regions iwhich the drum must be turned in order for the last traces of
the outer annulus occupied by the different fractions can béhe white fraction to vanish from the outer annulus. Equation
measured in terms of the corresponding aperture angles. (29) does not change if the black fraction in Fig. 4a is re-
Some preliminary discussion is needed. For example, lgplaced by mixed material or an arbitrary combination of the
the situation depicted in Fig. 4a exist at time (The black  black fraction and the mixture.
material in the inner region of the cylinder is not shown, but  Now we can use Eq928) and (29) to find the final
the “angle” ¢ occupied by the black material in the outer result for the loss time for the pure fractions in the outer
annulus is). Figures 4b—e show how events develop subseannulus. We shall determine the loss tifig for the white
quently. fraction. It will be convenient to start with the simplest lim-
It is easy to see by comparing Figs. 4a and 4d the purding casey—0, i.e., with a negligibly small fraction of black
black material vanishes in the outer annulus at the time  material. The material is positioned as shown in Fig. 5a at
the initial timet=0. Evidently, for 7w/2<6<r, i.e., when

27— ¢
26

T @
26

(29

+(277—<p)—2(9[

To=to+(2m—26) %

(30

the drum is less than half fulll,,=2(7— 6). If, however,
+ 21, (28)  the drum is more than half fulld< /2), we can simply set
¢—0 andty=0 in Eq. (29 (see Fig. 4a forp—0) and
. . . . . finally get
i.e., 20 of the black material vanishes in each rotation by an
angle 2r—26 and in order for a residue smaller thad @f Tw o\l
the black material to be lost in the outer annulus, yet another o 1+|1- ;) [g
complete turn of the cylinder is necessaityere[...] denotes
the integer part.Note that instead of the white fraction in a function containing a sequence of discontinuiti€See
Fig. 4a, there could be mixed material or any combination ofFig. 6).
the white fraction and the mixed material; all the same, the  We now turn to the general case, examined above, of an
answer(28) for T, remains unchanged. arbitrary y, i.e., an arbitrarily thick black layer. First of all,
On comparing Figs. 4a and 4e, we see that the purlbowever, it is obvious that we must hagel m— y. Next, if
white material vanishes from the outer annulus at the time 6> (7 — x)/2 (i.e., if there is more of the black material in
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FIG. 5. The form of the mixed material at some times
for o<(m—x)/I2: (@ t=0, (b t=y, (¢
t=2(7—0)—x, d)t=2/7—a, () t=2(7—6) +x,

) t=27+a.

the upper half of the drum than in the lowethen it is easy 27— (20+a+y)
to see thatT,=2w—260—yx. If, on the other hand, +X)—20{ 20

0> (m7—x)/2, thenT,(#) becomes nontrivial. Some succes-

sive times in the initial stage of mixing in this situation are Therefore,

shown in Fig. 5. At the time Z+ a shown in Fig. 5f the

white material in the cylinder is in the same position as in T, X 0
Fig. 4a.(The anglex is introduced in Fig. 1b.Thus, we can on 1T o-F ( 1- ;)
use Eqg.(29) if, in it, we setty=27+ a and the “angle” of

the white material Z—¢=27—(20+a+x). Ultimately,  \yhere the anglex is expressed in terms @fandy using Eq.
we have (1). Since we also have—0 everywhere except at= 7/2
when y—0 (see Fig. 1b or Eq(1)), in this limit Eq. (32
transforms to Eq(30). The set of resulting curves is shown
in Fig. 6.

. (3D

7m—(x+ta)l2

Pt (32

27— (20+aty)
20

Ty=a+t27+2m +27—(20+

T2

FIG. 6. The time after which none of the pure white fraction
remains anywhere in the drufexcept, perhaps, in the central
region when the drum is more than half filjeas a function of
the degree of filling of the drum. Curves are shown for the
following values of the parametai/ = which characterizes the
volume of the black fraction: 0, 0.01, 0.1, 0.25, 0.5, 0.75.
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2(n-6)-2y
2(n9)216

b FIG. 7. Some times during mixing for the case
72— x[2< 0< 7/2: @ t=0, (b t=y, (c)
t=2(7m—6)—x, (d) t=2(7—6) + x.

We now consider the additional jump 1q,=3= which = #/2—0. We see, therefore, that tfig(6) curves have a
occurs wheny # 0. (Compare with the curve foxy=0 in  minimum for smally. (See Fig. 8.t can be verified that this
Fig. 6,) This jump takes place &= 7/2— x/2, i.e., when the minimum exists fory<w/6. It vanishes fory= /6 at the
dashed circle in Fig. 1b is tangent to both the upper angboint 6= 7/3. Equation(35) does not give a unique result
lower boundaries of the black fraction. Then the angles  when the drum is exactly half filled. This case, in which
equal to 7/2, which, as is easily shown, means thatcomplete mixing does not occur, requires special treatment.
Tw(0= 72— x[2)=3. It was described at the end of the previous section.

We can now turn to the question of when the black frac-
tion vanishes everywhere except the inner circle. It is easy to
show that for6> /2, i.e., when the drum is less than half 5. CONCLUSION
full, We have, therefore, explained the nature of avalanche

Ty=27—20+y. (33 mixing. It turnec_j out to be sufficient to apply an _es_sentially

) simple geometric approach for an analytic description of the

Now let 7/2— x/2< 6<m/2. (See Fig. J. As can be seen model that was used. It turned out that in a number of cases
from Fig. 7d, at the time 2¢— 6) + x the fractions are po-  the mixing process can be described as a sequence of discrete
sitioned such that Eq.(29) can be used on setting |inear mappings. We have shown that the problem has an
to=2(m—6)+x andp=2x in it (cf. Fig. 43. As a result,  exiremely nontrivial solution, although it does not involve

2(nr-6)-2y

26
X @x
2
a
2
X 2
C

for these values ob we have complicated nonlinear mapping®?! Two regimes of ava-
Ty 6 x 0\[ x lanche mixing have been described: a diffusive regime with
PP - ( - —)[5}- (34  convection when the cylinder is more than half full and a

rapid mixing regime when it is less than half full.

Finally, we turn to the casé<m/2— x/2. (See Fig. 5. We have calculated the characteristic mixing times, in-
Comparing Figs. 5e and 4a, we see that it is again possible luding the times over which the pure fractions vanish in the
use Eq.(29) on settingt,=2(7—60)+x ande=x+a—260  regions adjacent to the surface of the cylinder. These times
in it. Thus, are a discontinuous function of the degree of filling of the
Y+a—26 center and consist of a series of jumps. Singularities of this
—> | (350  type are generally characteristic of a wide range of systems

with phase slippage centers, which include, in particular, Jo-
Equations(34) and (35) agree with one another at the point sephson structures, thin films of second order superconduct-
6= m/2— x/2. In fact, at this pointv= 7 and, therefore, Eq. ors, etc?>~2* This concept can also be introduced for the
(35) transforms to Eq(34). system examined here. We have actually used only one

Equations(33)—(35), together with Eq.(1), provide a quantity for describing the distribution of the granules—the
description of the curves shown in Fig. 8. In the ligi=0  angle between the radius vector of the corresponding tangent
Eq. (35) transforms tol',= 24 for anglesf< /2, since then and the normal to the free surfa¢8ee Fig. 1h.This angle,
a—0. In the same limit Eq.(34) yields T,=3# for the “phase” of the granules, varies discontinuously by 2

Th 0 x
—= +
2 T 27
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8 a
FIG. 8. The time after which none of the pure black fraction
6fF remains anywhere in the drufexcept, perhaps, in the central
region when the drum is more than half filleals a function
0.75 of the degree of filling of the drum. Curves are shown for the
following values of the parametey/ = which characterizes
4 { 0.5 the volume of the black fraction: 0, 0.02, 0.1, 0.3, 0.5, 0.75.
03 L The value ofT,(6= w/2)=2 is not shown.
3
Z_LI 0.1
10.02 0.1
0 0.3
0.02
L s ! i { ..

0o 02 04 06 0.8 1.0
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every time the granules slide along the free surface. Thus, ifithis last function has a narro@f y<<dJ) peak of widthy at
our problem the free surface of the granular material servethe pointe=0 (the maximum ofgS(0)/de=92/2) and a

as a unique “phase slippage center” in our problem. minimum equal toyd/2 at the pointg=yx and is varies
_ linearly asy(0+ ¢/2)/2 for o> .
| 'am grateful to E. N. Antonov, V. V. Bryksin, S. A. - 1py5 if there is little of the black materiai.e., if

Ktitorov, E. K Kudinov, A. M. Monakhov, A N. S_amukhln, <9<1) then at timeg <29 the mixing pattern is as fol-

and Yu. A. Firsov for numerous, helpful discussions. Part Oﬁgws: a black “leader” with an angular width of moves in

the results presented here were obtained while the author Wa%nt, a very dark narrow “tail,” also of widthy, stretches

at the School on Problems in Self-Organized Criticality aty + pehind it, and this is followed by a much less dark re-

Turin financed by the INTAS program. gion. In the limity—0 we can join the narrow “tail” to the
black leader and fop>0 deal only with the linear portion of
dSIde. Then, in order to obtain the correct answer for the

APPENDIX A amount of the black fraction
The form of the source in Eq. (16) 2% 4S )
S(¢=29)=| d¢ %=219 X
0

We shall find the derivativeS(¢)/d¢, which appears in

the left hand side of E(16). Here S(¢) is the area of the it js necessary to renormalize with a factor of 4/3. As a

triangle FGH indicated by the dashed lines in Fig. 2. The yegyt, we obtain Eq(17) for S(¢)/de, which is valid for
significance of the angle=t—y is also clear from this | < ,<g<1.
figure.

Evidently, the side of the triangle is AppeNDIX B
FG=sin d+tan(g/2)cosd. Using the standard formulas for _
the area of a triangle, we obtain Solution of Eq. (19)

Since the standard formulas for this type of equation

. 2 .
S(g)= 1 S'n_‘P(FG) sin x from the classical handbook of Pitfiilead to incorrect re-
2 sin(m—¢@—x) sults, we must briefly describe in general the entirely con-
P . ventional procedure for solving E(L9) using Laplace trans-
) 10 sin ¢ sin y
=5 |sin9+tanz cos | ————— forms.
sin(m—¢=x) We shall solve the second of the system of E(d®)
1 e\ oy over the interval ¥ 7<<oo, assuming that the solution{7) is
= > (19+ > m. (A1) already known in the intervaD,1). (See Eq.(22), which is

obtained from the first equation of this syst¢ie apply the
The last relation was obtained after a transition to the limit-@place transform

X, ¢<U<1. In this case, we have o
y(Z)=f dye” ?v(y+1) (B1)
IS(¢) x 9+ ¢l2 I+ @l2 0
io 2 ot e+x . (A2) _
¢ ptx etx to both parts of Eq(19):
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y y and for the odd K=0,1,2,..):
V(’)/+1):2f de(y—e)v(e+1)=2f de(y—e€)v(e
y—1 0

- 2k D(14+0)=2»"(1—-0)—3(k+1)]. C2
+1)—2fy “de(y-1-(e+1) o=l A0 TSt L] ©2
0

y-1 Finally, on the interval ¥ 7<2 we have
+2f dev(e+1), (B2)
0
wherey belongs in the interval0,0). Now it is necessary to o ok
use the standard formulas v(r)=k20 (211 [¥(1—0)—2(k+1)](r—1)%
z o y
&Z):f dyefzyf dev(e+1), * ok -
0 0 JE— 4 — — —
; +k=o kD)1 [v'(1-0)—3(k+21)](7—1) .
an
(C3)
y@ (= (7
> = 0dye Ode(y—e)v(e+1)

o _ _ These series immediately sum to the final analytic expression
and carry out successive integrations by parts, separating afd, sinh and cosh in Eq25).

collecting the terms witty(z). We then obtain

2 1
y(@)= 72— 2+2(z+1)exp —2) fo dev(e)[1+2(1
—e)—(1+2z2)e *]. (B3) *e-mail: sn@dor.ioffe.rssi.ru

It follows immediately from the limiting value theorem that

v(T7—)=Ilim zy(z)=9/4.
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The mass of a large polaron
A E. Myasnikova and E. N. Myasnikov

Rostov Teachers’ Training University, 344092 Rostov-on-Don, Russia
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We show that, beginning with the works of L. D. Landau and S. |. Pekar, the effective mass of a
large polaron has been determined with a crucial error. Since all such research ignored the
spatial dispersion of the lattice polarizability, the maximum group velocity of phonons is found to
be zero, so that the phonon “cloud” of a polaron is unable to follow the polaron. We allow

for the spatial dispersion of the lattice polarizability and derive an expression for the effective
polaron mass valid over the entire velocity range in which a polaron can exist: from zero to

the maximum group velocity of phonons. According to this expression, the polaron mass depends
not only on the phonon frequency, reciprocal effective dielectric constant, and the carrier

mass but also on the maximum group velocity of phonons interacting with the carrier and on the
polaron velocity. ©1997 American Institute of Physids$§1063-776(97)02307-X|

1. INTRODUCTION interval of velocitiesp <u, whereu is the minimum phase
velocity of the phonons participating in the localization of
Polaron motion is the coordinated motion of two wavethe carrier(or the higher of the two minimum phonon phase
packets: of the charge carrier and of lattice polarizationvelocities if the medium has several phonon branches ca-
Naturally, this is possible if the group velocities of thesepable of autolocalizing the carrier
wave packets coincide and are nonzero. However, if one as- An important aspect of the theory of a moving polaron is
sumes that the frequency of the lattice polarization waves ithe effective mass of the polaron. On the basis of the above
independent of their wave vector, a common approximatiormeasoning we conclude that calculating the effective polaron
in polaron theory beginning with the fundamental work of mass correctly is possible only if we allow for the depen-
Landau and Pekar® the group velocity of the polarization dence of the polarization wave frequency on the wave vector,
wave is found to be zero, which means that it is impossibleor for the spatial dispersion of lattice polarizability. Landau
in this approximation to study polaron motion. If we assumeand Pekdr obtained their formula for the effective polaron
that Q=0 and calculate the polarization induced in the me-mass without taking this dependence into account, i.e., as-
dium by a moving localized charge, then, as shown in Ref. 3suming that the group velocity of the polarization waves is
the polarization, rather than being localized, corresponds taero. In this case the motion of a polaron as a whole is
real polarization waves of the Cherenkov-radiation typeimpossible, but there was no way Landau and Pekauld
emitted by the charge. This fact is in full agreement with thehave noticed this since they used an impermissible expansion
results of Landau's theory of a quantum Bose ligtfd, of the pole functiorc(w) = const/@?—?) in a Taylor series
where the motion of the Bose vacuum with a velocity higherin powers ofw?/Q? (O is the frequency of longitudinal op-
than the minimum phase velocity with respect to the subdtical phonons
system linked to the coordinate system is accompanied by Davydov and Bol'skii’ were the first to study the prob-
spontaneous emission. The destruction of the polaron’s pdem of the effective polaron mass with allowance for the
larization “cloud” due to fact that the polaron velocity is Spatial dispersion of lattice polarizability. However, with the
higher than the minimum phase velocity of the phononsapproximation they adopted they were able to derive only a
comprising the cloud has been demonstrated in Ref. 6 via 8rmula for the effective polaron mass valid for low phonon
model of a medium with two phonon branches interactingdispersion(characterized by a maximum phonon group ve-
with the carrier and having different minimum phonon phasdocity u) and phonon velocity, i.e., u,v<a( (a is the
velocities. In such a medium a polaron at rest has two polarattice constant or u,u<25x 10" cms* (see Ref. J. Nev-
ization clouds formed by phonons of two types. If the branchertheless, their theory contained no internal contradictions,
with the higher minimum phonon phase velocity is capablesince the polaron velocity was less tham.
of ensuring the localization of the carrier, when the two-  Below we rigorously allow for the dependence of the
cloud polaron reaches the lower of the two velocities it losegP0larization wave frequency on the wave vector and derive
the cloud formed by the lower-velocity phonons, as shown iformulas for calculating the effective polaron mass valid for
Ref. 6. Here, although the carrier remains in the autolocalarbitrary phonon dispersidine., arbitraryu) and an arbitrary
ized state, the polaron energy, mass, and total polarizatioRolaron velocityv <u.
charge change. When the polaron reaches the higher mini-
mum phonon phase velocity, the carrier becomes delocaf- POLARON ENERGY WITH ALLOWANCE FOR PHONON
ized, since the equations of motion of carrier and polarizaP'SPERS'ON' AND THE EFFECTIVE POLARON MASS
tion have no autolocalized stationary solutions at such  The Hamiltonian of a system consisting of the medium
velocities. Thus, a polaron can exist only within a limited and the carrier has the following forfr:
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where (r,t) is the carrier wave functiofassumed real P
is the polarization vectoK) is the frequency of longitudinal —Tst)
optical phonons at the center of the Brillouin zokeis the

reciprocal effective dielectric constart 1/e.,— 1/e), and We seek the effective polaron mass in the form
u is a quantity to which the phase and group velocity of them** =2(E(v) —E(0))/v? (Ref. 7, whereE is the polaron
phonons participating in the localization of the carrier as-energy. Bearing in mind that i) only the Green'’s function
ymptotically converge. We examine the variation of the po-G(r,t) depends on the polaron velocity, we can easily
larization self-energy and the energy of interaction of the obtain the following expression fon** :

carrier and the polarization fieldd ,,+Hjy, caused by
variation of the polaron velocity. If we allow for the equation p** —
of motion for P, the corresponding part of the Hamiltonian v
(1) is

] . (5)

e’c0? f d3rd®r,dqr,
: Ir—rq

1 2 ><[¢2(r2)¢2(r)[G(r1—rz,v,t)—G(rl—rz,O,t)]
Hport Hin= = 5 f P-Dd3r+W

2 2

de3r (aP) o 0P

ot s
The polarization charge density can be expressed in terms of
the free charge density at time zeg(r), via the Green’s
functionG(r—r’,t) (see Ref. §

d d
-] d3r3w2<rz>w2<r3>[ae<rl—rz,v,t>EG
@

Jd J
X(r—rg,v,t)— EG(rl—rz,O,t) EG(r—rg,,O, t)

(92
_G(rl_r21vvt)WG(r_rs,U,t)

p(r,t)=ec£)2f G(r—r',t)y?(r")d3’, 52
+G(ri—r,,0, t)WG(I’_rg,O, t)

}- (6)
so that the polarization vector has the form
ecO? G(r1—r.t) (1) d% d%r Clearly, calculat.ing .th_e numerical values of the effec_:tive
P(r,t)= vrj (ra =2, )97 (rz)drad’r, (3)  polaron mass by6) is difficult. Note, however, that the in-
4m [r=r4 tegral in(6) is of the convolution type, which can be simpli-
We select a system of cylindrical coordinates with zrexis ~ fying by introducing Fourier transforms. It is more conve-
parallel to the polaron velocity. Then the Green’s function hient to introduce Fourier transforms in Eq2). The

G(r,t) obtained in Ref. 3 has the following form: integrands in both integrals on the rigttand side of Eq(2)
are products of two functions of the radius vectors. By ex-

wherei=1,2. Plugging(3) and the expression fdd(r,t) in

terms of ¢?(r,t) into (2) and transforming the result, we

arrive at the following formula:
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rexp(—ﬂi[(Z—vt)z/ﬂfi+r2]1/2/ui) panding each in a Fourier series and integrating over the
4mu? Byl (z—vt)? pg+r2M2 radius vector we can transfor(@) to the following form:
2
2_,_ Y 1 d3k
v<<Uj, B:I_i_:L u_i2’ HpoI+Hint:§f Pk'DkW
cog Q[ (z—vt)? B3, —r?1¥3u;) . E
2n (75— 1t\2/ @2 _ 2712 ° + kszPZ, @
Gi(r,t)=* 2mU; Bail (z l;t) (;:82| re] (4) cQ? (27T)§ z
—ut< . . —
v>U;, [Z<r B t’|/ whereP, is the Fourier transform of the polarization vector
r<iz=vti/Bai, (we have also allowed for the fact th&i_,=—D, and
0. vou |z—vt|<0, P_.=—P,). Clearly,(3) is a convolution in the variables
LA r>|z—uvt|/ By, andr,. Using(3) and the property of Fourier transforms of
02 convolutions, we can write the Fourier transfoRp of the
k|z—vt|>0, B%i:?—l, polarization vector as a product of the Fourier transforms of

the functionsV,(1//r|")G(r,t) and 4(r,t):

_ec? 4mik 1 )
Car R - k- 0z Vo

®
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whereys? is the Fourier transform of the square of the carri-
er's wave function. Pluggind®, specified by(8) and Dy
found in a similar manner int¢7), we arrive at a formula for

the dependence of the energy considered here on the polaron
velocity:

H

Ly & f k dk dk ($)°
pol Z TNy k2+kZ kZ(1-v%u?)+k*Q?/u?

X|1

©)

2k2v?/u?
K- ud) + K2+ Q)
The expression for the effective polaron mass obtained in the
usual way via(9) is

L 26%c0? Jm kdk dg
m™ = 7,2 . (1) PN 0 0.4 08 o/

0

204 _n.,.2/,,2 2 27112 FIG. 1. The polaron-velocity dependence of the effective polaron mass cal-

— Ky(1=3v™/u) +k™+ QU (10) culated by Eq(10) with the following values of the medium parameters:
(kg(l—vz/u2)+ k?+Q2/u?)?|" Q=360 cm'}, ¢=0.27, andm*/m,=1. Curvesl, 2, and3 correspond to

the following values of the minimum phonon phase velocity:

For polaron velocities low compared to the minimum pho-u;=2x10° cm/s,u,=10° cm/s %, andu;=5x 10° cm/s. The point on the

non phase velocit}a (U<u) the expression for the polaron vertical axi_s ¢©=0) denoted bymj}, stands for the valye of the effective

mass is simpler: mass obtained by Landau and Pekar’s forrh@ifar the given values of the

medium parameters.

.. 2e%c0? foc k dk Kdk,  (42)?

Ms™ 00 o TR KK QP )

u

3. DISCUSSION polaron mass grows as the polaron velocity approaches its
critical value equal to the minimum phonon phase velocity.
Equation(10) shows that the effective mass of a large This increase, apparently, is due to the deformation of the
polaron depends not only on such medium parameters as tilarization cloud of the polaron, as the form of the Green’s
optical phonon frequencgl, the reciprocal effective dielec- functionG(r,r’,t) implies (see Eq(4)). The decrease in the
tric constantc, and the ratiom*/me, as follows from the  phonon part of the effective polaron mass with the increase
formula of Landau and Pekamr the coupling constaritle-  in the minimum phonon phase velocitycan easily be ex-
termined by the same parameferas, say, stated in Refs. 8 plained by the growing ability of polarization to move inde-
and 9, but also on the minimum phase velodityof the  pendently.
optical phonons participating in the localization of the carrier  Such behavior of the effective polaron mass considered
and on the polaron velocity. More than that, the energy of &s a function ofu and v agrees with the result obtained
polaron at rest proves to be dependent on the minimurearlier by Davydov and ol'skii’ for the region of low pho-

phase velocity of the phonons, which is quite natussle  non dispersion. They derived an approximate expression for
(9)) since, as the expressidd) for the Green's function m** of the form

implies, the spread of the distribution of the polarization
charge is proportional ta/(). 4622
Figure 1 depicts the dependence of the effective polarom** ~m* + ———=—
mass on the polaron velocity for different values of the (9m)“a’Qd
minimum phonon phase velocitthe ratiov/u is laid off on
the horizontal axisin the limited velocity intervab <u in
which a polaron can exist. The polaron mass was calculat
by formula(10) for the following values of the medium pa-
rameters) =360 cm }, c=0.27, andn*/m,=1. The wave
function was taken in the form of the Pekar wave function

y?[181 v? 18 u?
T 5a 21 2202 °a202| )
(12

oWith y=(e*c/a)(m*a’/#?), by replacing the exact formula
(4) for the Green'’s functiorG(r,,t) with an approximation
expression on the assumption thiat <af). Their results in
the region v,u<a) (for typical ionic crystals this
correspondsto v,u<2.5x 10° cm/s, and for the values of

a2 the parameters used in constructing Fig. 1 the region is
P(r,t)= \/ﬁ(lJr ar)exp —ar), v,u<5x10° cm/9 are close to those obtained in the present

paper: formula(12) demonstrates that the effective polaron
where the values of (the localization parametewere ob- mass decreases with increasingand increases with.
tained by minimizing the polaron’s energy functional. However, outside the region whene<a() formula(12) may
Curvesl, 2, and3 correspond to the following values of the yield negative values aih** for v close to zero.
minimum phonon phase velocity:u;=2x 1 cm/s, The point on the vertical axisv=0) denoted bymgk,
u,=10° cm/s, anduz;=5x10° cm/s. Clearly, the effective stands for the value of the effective mass obtained by Landau
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and Pekar’s formufe? for the given values of the medium 3E. N. Myasnikov and A. P. Popov, Dokl. Akad. Nauk UKSSR 73
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Magnetic and structural correlations in EUMNO and BiMnO crystals in the paramagnetic
temperature range

E. I. Golovenchits,*) V. A. Sanin, and A. V. Babinskif

A. F. loffe Physicotechnical Institute, Russian Academy of Sciences, 194021 St. Petersburg, Russia
(Submitted 24 October 1996
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The magnetic and dielectric properties of Euj@g and BiMn,O5 crystals are investigated over

a wide range of temperatures 4.2—250 K, including the rangd =40 K. Significant

departures from the Curie—Weiss law are observed in both crystals for the magnetic susceptibility
in the paramagnetic range; they are attributed to the presence of correlated domains of

magnetic order over a wide range of temperatures. Anomalies in the dielectric properties of the
crystals are observed in the same temperature rang€y and, as in the case<Ty,

are correlated with the magnetic properties. 1897 American Institute of Physics.
[S1063-776(97)02407-4

1. INTRODUCTION bounded, correlated magnetic domains at these temperatures.
We carry out a comparative analysis of the magnetic and
Crystals of the series RM®s (R®**Mn®*Mn**OZ—,  dielectric properties of EuMyDs and BiMn,Os crystals. The

where R" denotes a rare-earth ion or8j) belong to the EuMn,Os crystal has two magnetic subsystems: the sub-
class of magnetoelectric crystals, for which magnetic andystem of manganese iofiIn®>" and Mrf*) and the sub-
structural phase transitions take place at the same tempersystem of Ed* ions. The Ed" ions are nonmagnetic in the
ture T=40 K (Refs. 1-6. At room temperature these crys- ground state’F,. However, the first excited staté; of
tals have orthorhombic symmetry described by the spacthese ions, which is separated from the ground state by an
group Pbam’® Neutron-diffraction studies of several energy~300 cm 2, is magnetidi.e., the Ed" ions form a
RMn, 05 crystaP~13have shown that magnetic ordering with Van Vleck paramagnetic subsystenWe assume that the
an incommensurate propagation veckor (0.5, 0, k) sets  magnetic subsystems of Mh and Mrf* ions are similar for
in at a temperatur@ <40 K, where 0.16:«<<0.37 for crys-  both of the crystals investigated. Consequently, the magnetic
tals with various rare-earth ions. Magnetic studies ofproperties of the BiMpOs crystal provide a gauge for as-
RMn,O5 at temperatures of 16—22 K have often disclosedsessing the magnetic properties of the subsystem of manga-
one other magnetic phase transition. A linear magnetoeleaiese ions in the EuMy®s crystal as well(since BF* ions
tric effect and pyroelectric effect have been observed in @re nonmagnetjc
number of RMpQO; crystals at temperatures conducive to the  In the paramagnetic range correlated anomalies of the
existence of long-range magnetic ordet. magnetic and dielectric susceptibilities are observed both in
Here we investigate the magnetic and dielectric properBiMn,Os and in EuMROs. However, the dielectric proper-
ties of EuMR,O5 and BiMn,O5 crystals in the paramagnetic ties of EuMROs have certain distinctive features of their
temperature range. It has been shbfvihat the magnetic own, which are clearly attributable to the influence of ther-
phase transitions in EuM®; at temperatures of 18 K and mally excited Ed* ions.
40 K are associated with structural phase transitions. It has
also been shownthat a linear magnetoelectric effect takes
place in EuMBOg at temperature3 <40 K, implying that
the structural phase transition Bt=35 K is a transition to a The static magnetic susceptibility was investigated on a
noncentrosymmetric space group. vibration magnetometer in the temperature range 4.2—-250 K
According to neutron-diffraction dafé,a magnetic in- along the three principal axes of the crystals. The Bitn
commensurate structure appears in Ey®infor T<T, with and EuMnO; single crystals were grown by the technology
the propagation vectdt= (0.5, 0, 0.33), and at a tempera- described in Ref. 1 and had the appearance of brilliant, well-
ture T<18 K a magnetic superstructure emerges with arfaceted pyramids with dimensionsx& x4 mm. X-ray
incommensurate propagation vector close&ktA compara- phase analysis was performed, confirming the orthorhombic
tive analysis of data in Refs. 2 and 13 suggests that the onssymmetry of the crystals with space groBpam The crys-
of a complex magnetic structure and the associated change fals were oriented radiographically to within angles of
crystal structure could be attributable to the presence of nusrder 1°.
merous, essentially equivalent magnetic exchange couplings The low-temperature magnetic properties of Eyla
of Mn®* and Mrf* ions through oxygen ions. have been investigated previoudlyas have those of
In the present study we show that correlation betweerBiMn,Os.2* Here we are concerned primarily with the mag-
the magnetic and dielectric properties of the investigatedetic properties of these crystals in the paramagnetic tem-
crystals is also observed in the paramagnetic temperatuggerature range. Certain prominent features of the temperature
range Tny<T<250 K), probably because of the presence ofcurves of the reciprocal susceptibility at temperatures close

2. MAGNETIC PROPERTIES OF BiMn ,05 AND EuMn ,0g
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to 40 K and 20 K(the latter for EuUMROs) are visible in Fig. (T+®y) for antiferromagnets in the two temperature inter-
1. As mentioned in the Introduction, the anomaly near 40 Kvals 40 K<T<130 K andT>130 K, we find that the para-
in all crystals of the RMpO; class is usually caused by the magnetic Nel temperatureé , is much higher than the true
onset of long-range magnetic order, which has been consalue Ty=40 K for EuMn,O5 along thec axis, having val-
firmed by neutron-diffraction examinations for several crys-ues of —430 K and —270 K, respectively. The effective
tals, including EuMgOs (Ref. 13 and BiMn,O5 (Ref. 14. moments for the two temperature intervals @g=8.7ug
The paramagnetic susceptibility of BiMBs is isotropic, —and ués=7.3ug, respectively. These moments are approxi-
whereas the susceptibility of EuMI@; along thec axis (y.) mately equal to the sum of the effective moments of the two
differs from the two susceptibilities along tleeandb axes ions M* and Mrf* (see, e.g., Ref. 17We note that simi-
(xap), Which are close to each oth&ee Fig. L Itis also lar ratios betweer®y and Ty and close values of the mo-
apparent from Fig. 1 that the values of the paramagnetiments w4 are obtained for orientations along theand b
susceptibility forT>40 K are close for both crystals and, axis in the EuMpOg crystal and for all orientations in the
therefore mainly characterize the contribution of the®¥Mn  BiMn,Os crystal.
and Mrf" ions. Usually the Van Vleck susceptibility for
paramagnets containing Euions is of order 102 emu/mol 3. DIELECTRIC PROPERTIES OF BiMn ;05 AND EuMn ;O
(see Ref. 1§ i.e., are generally of the same order as our
measured total paramagnetic susceptibility of the Ex®in Wafers of thickness 150—2Q0m oriented perpendicular
crystal. Moreover, the Van Vleck paramagnetic susceptibilto the principal(a, b, c) axes were cut from BiMyO5 and
ity can be anisotropic. According to Ref. 16, rare-earth iondEuMn,Og single crystals. Capacitors were fabricated from
with an integer-valued total momentuin(J=1 of the state these wafers by the spray deposition of gold contacts having
’F)), as a rule, have Ising anisotropy, which is precisely thean area of X2 mm. The real part of the dielectric suscep-
type of anisotropy we should expect of the Van Vleck paradibility (¢’) and the dielectric loss tangent (&§nwere mea-
magnetic susceptibility of BUi ions. As a result, we can sured in the temperature range 4.2—250 K at frequencies of
infer from an analysis of Fig. 1 that the contribution of the 100 Hz to 20 kHz.
Van Vleck susceptibility of E%i ions imparts anisotropy to Dielectric investigations of EuMiOs with an electric
the paramagnetic susceptibility of the Eupy crystal and field applied along thea and b axes and along thgl10]
is responsible for the deviation of. from the values of direction (| a,b,[110]) have been carried out previougly.
Xab - Here we report detailed investigations for BidMPy along all
Furthermore, it is evident from Fig. 1 that the paramag-the principal axes of the crystal and for Eup@y in the case
netic susceptibilities of both crystals deviate significantlye|c. For the paramagnetic range dielectric investigations
from the Curie—Weiss law. The slope of the temperaturealong thec axes are the most informative, because dielectric
curve of the reciprocal susceptibility changes for both crys-anomalies are observed only for the orientat@o in the
tals at a temperatur€~130 K, a feature that is especially temperature rangéy<T<250 K. We note that the kink on
conspicuous for EuUMyOs along thec axis of the crystal. If  the temperature curve of the reciprocal magnetic susceptibil-
we attempt to process the temperature curve of the reciprocil (see Fig. 1is most conspicuous for orientation along the
susceptibility according to the paramagnetic laye C/ c axis. In the low-temperature rang&<€T,), on the other
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hand, the anomalies of the magnetic susceptibility are ac- The observed low-frequency dispersion of the dielectric
companied by prominent features of the dielectric susceptiproperties of EuMgO;s is typical of structural glass&sand
bility and loss tangent for directions in thab plane (see is usually attributed to the coexistence of relaxors with a
Fig. 2 for EUMROg). broad spectrum of relaxation times,,< 7<< 7nax. ASSUM-

It is evident from the inset to Fig. 2 that a somewhating that the structural-glass state occurs for Ey®l)) we
weak anomaly of thee’(T) curve is observed at analyze the dielectric susceptibility in the anomalous disper-
T~ 140-150 K for EuMRO; with orientatione|c. The value  sion range with a view toward finding characteristic quanti-
of &’ begins to increase rapidly at a higher temperaturdies of this state.

(T>250 K). This increase has been investigated previdusly  Let the temperatur@ = T, correspond to the tempera-

for orientationse|a,b,[110], where it was shown to be ture where the loss tangent is a maximum at a fixed fre-
caused by structurally correlated states associated with thequencyw; (Fig. 4). It can be verified that the dependence of
mal population of the first excited level by Euions. the relaxation timer on the temperature corresponding to

Figures 3 and 4 show the dielectric anomalies observed=T,,,x Satisfies the Arrhenius law, andr=1/w,
in a EuMn,Os5 crystal for orientationgl|c, along with their =7, expEa/ksT). It is evident from Fig. 5 that In
frequency dispersion. Clearly, the step anomalie’)/e’ as a function off for EuMn,O5 has two linear segments with
has a relative maximur¥ 5%, but is readily distinguishable. a kink at Tpa=T,=130 K and7=17,=1.5-10 * s. The

values of the characteristic quantitieg and =, of the acti-
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FIG. 3. Temperature dependence of the real part of the dielectric susceptIG. 4. Temperature dependence of the dielectric loss tangent of a
bility of a EuMn,Og crystals at several frequencies with the alternating EuMn,Og crystal at several frequencies with the alternating electric field
electric field oriented along theaxis of the crystall) 230 Hz;2) 500 Hz; oriented along the axis of the crystall) 200 Hz;2) 500 Hz;3) 1 kHz;

3) 1 kHz; 4) 5 kHz; 5) 20 kHz. 4) 10 kHz; 5) 20 kHz.
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Int 7o) Structurally correlated domains having a high activation

-6 barrier. The nature of the structurally correlated domains in
the crystal change quite abruptly Bt 130 K. We recall that
i the magnetic properties of the EuMDy crystal are also ob-
10} served to change at this temperature. Consequently, correla-
tions of the magnetic and structural properties of Ey®in
~12 N N N crystals are observed experimentally at temperaftire$,
0.6 0.8 1.0 1.2 14 for which long-range magnetic order is nonexistent.

T 107K As mentioned, the contribution of thermally excited
F1G. 5. Graoh of I vs T-L for EuMmO.. See the text for furth o Ew®" ions leads to cooperative structural correlations in the
Fatons. P max MDs. S€€ the textior iuriher expla- £yMn,05 crystal only forT>250 K (Ref. 1). The observed
anomalies of the dielectric susceptibility and the correlations
in the magnetic and structural properties Tgy<<T<<250 K

vation barrier for the high-temperatutend simultaneously ~are therefore naturally linked to the subsystem ofMand
high-frequency linear segment differ significantly from the Mn** ions. It was deemed important in this light to also
values of these quantities for the low-temperatiaed low-  investigate the dielectric susceptibility in Bil@s crystals
frequency Segment_ In the temperature ran'gg 130 K we (FlgS 6 and 7 It is evident from Flg 6 that at temperatures
have Ep=0.04 eV andry=4x10"% s. In the temperature below 120-130 K the susceptibility, does not depend on
rangeT>130 K we haveE,=0.17 eV andry=10"''s. Itis  the temperature and is close to the background leve[ dor
evident that the values of the activation barriers differ con-EUMn;Os (Fig. 3). The most noticeable maximum of t&n
siderably. Here a lower temperature corresponds to a small@nd the growth ot are observed for BiMsOs at T~ 130 K
value ofE, . The values of the characteristic relaxation times(superposed on the high-temperature growth (o&nd tard),
7o, On the other hand, differ by five orders of magnitude. preceding the main high-temperature rigégs. 6 and Y.
Thus, the structural-glass state in Eu)g is character- Unfortunately, the high-temperature growth of the dielectric
ized by the critical temperatur€=130 K and the critical susceptibility in BiMOs begins at lower temperatures
relaxation timer= 7,=1.5x10"* s (i.e., the critical scale of (T>180 K) than in EuMBOs.
the range of correlated stajeat which the properties of the It is evident from Fig. 7 that BiMgOs does not exhibit
glass state suddenly change. In the temperature intervéite strong frequency dispersion observed in the ExM4n
Ty<T=130 K strong dispersion is encountered in thecrystal at temperaturéf<T<130 K (Figs. 3 and % There
EuMn,Os crystal due to the presence of a broad set of stateis only slight dispersion near 130 K, and it can be identified
with a low activation barrier and long characteristic relax-with ordinary relaxation processes. A comparison of Fig. 4
ation times, i.e., large domains that are structurally correlatewith Figs. 6 and 7 reveals that the dielectric losses in
but weakly coupled with the lattice exist in this temperatureBiMn,Os are much higher than in EuM®5. The relaxation
interval. On the other hand, at temperatufes130 K there  processes in BiMyOg have been studied in Ref. 19, where
are smaller-scaléwith small characteristic relaxation times the estimateE,~0.15 eV is given for the characteristic re-
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laxor activation barrier. We have obtained a similar value influctuations with large correlation lengths. Here we attempt

our experiments. We also note that the valueEf for  to apply the orbital-glass mod8lto the investigated crystals

BiMn,Os is close to the value dE, for the high-temperature and to find out why an analogous glass state occurs in

(high-frequency segment in the case of EuMD;. EuMn,Os but is not observed in the related BiMbsg crys-
Consequently, the dielectric and magnetic properties ofg|.

BiMn,Os also have correlated anomalies at a temperature e orbital-glass mod® is based on two principal as-

T~130 K well aboveT =40 K. These anomalies are not as sumptions: 1 The C#* ions have a degenerate orbital

clearly pronounced as in EuMs, but they show up experi- - statétetragonal doubldt,= + 1 with wave functions

mentally at the same temperature at which the properties ngz andd,,); 2) orbital—orbital interaction through spin fluc-

EuMn,Os change. We can therefore assume that the indi- ** . . :
cated anomalies in the magnetic and structural properties (yrlatlons exceeds orbital—orbital interaction through phonons.

EuMn,Os and BiMn,O; crystals are mainly associated with Reference 20 was concerned primarily with the Jahn—Teller
manganese ions. effect, in which the role of vibronic interactions is played by

interaction through spin fluctuations. Orbital—orbital interac-
tion through spin fluctuations in EGUQ, is distinguished by
its long-range character and by a change of sign at each
lattice constant. The long-range character of the interaction is
The investigated crystals contain the Jahn-Teller mageletermined by the correlation length of the spin fluctuations
netic ion Mr?*. We assume that the observed correlation ofand significantly intensifies the interaction.
the magnetic and structural properties in these crystals are in - The orbital ground state of the ¥ ion in the investi-
fact attributable to the Jahn—Teller nature of these ions.  gated crystals has not been established at the present time.
It is noteworthy that the anomalies of the structural-glassrne M8+ ion has a nonstandard nearest-neighbor environ-
state in EuMpOs are analogous to those of the orbital-glassyeny. 1t exists inside a distorted square pyraisiee Refs. 2
state observed earlier in a FLuQ, crystal containing the and 8. We assume that the orbital ground state of the
Jahn—Teller ion Ci" (Ref. 20. Anomalous dispersion of 34 . ) .
. . - . . . Mn*" ions in EuMRO5 and BiMn,Og crystals is a tetrago-
the dielectric susceptibility with a low activation barrier and . L : X
. ! 4 X nal doublet crated by splitting of the principal orbital triplet
long relaxation times, which suddenly changes in characte]Lt . . !
5(t2g) in a cubic lattice(see Ref. 21 for the state notatjon

at T>250 K, is also observed in EuM@s in the tempera- . i .
ture interval 120 KT<250 K. The anomalies of the di- It follows from an analysis of the magnetic prop_erUes of
electric susceptibility of EUMSOs, as in the crystals ana- theé EuMnOs and BiM,Os crystals(see Sec. Pthat in the

lyzed by us, are correlated with distinctive characteristics ofaramagnetic range there is a significant difference between
the antiferromagnetic state. the paramagnetic temperatudg, and the true temperature

It is postulated in Ref. 20 that the anomalous dielectricTn- Such a difference can be attributed to the existence of
properties of EuMpOs are attributable to the orbital-glass correlated, bounded, magnetic-order domains Tor Ty .
state induced by two-dimensional antiferromagnetic spirThe investigated crystals are known to have several ex-

4. MAGNETIC AND STRUCTURAL CORRELATIONS:
INTERPRETATION OF THE EXPERIMENTAL DATA
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change integrals with different values and signs betweetion through spin fluctuations is dominant at temperatures
neighboring pairs of magnetic ioRs. TN<T<T,~130 K, while forT>T,, for BiMn,Os orbital—
Exchange coupling between Bih and Mr** ions, be-  orbital interaction through phonons is dominant over the en-
tween Mif* and Mrf* ions, and between M and Mrf™  tire temperature range. This pattern is consistent with the
ions through @~ ions in the lattice of RMgOs crystals has experimentally determined activation barriers and character-
been investigated previouslyThe subsystem of M ions istic lifetimes, and it accounts for the rather abrupt changes
forms quasi-one-dimensional chains running along the of these parameters @t=T,, and r= 7. For correlated do-
axis. For the MA™ ions there are closely spaced pairs in themains of critical size the magnitudes of orbital—orbital inter-
ab planes with the coordinate=1/2. Clearly, MAi*—-Mn*"  action through magnons and through phonons are equal at all
coupling also determines the dBldemperature of the crystal. temperatures. AT=Tg=130 K the most probable size of a
However, the correlated magnetic-order domains due teorrelated domaikcorresponding to the maximum density of
Mn®*—Mn®* and Mrf*—Mn*" exchange coupling can be state$ is simultaneously the critical size.
preserved at temperaturds>Ty=40 K. Furthermore, we Consequently, the correlations of the magnetic and struc-
note that thermal population of the low magnetic excitedtural properties of both investigated samples are attributable
level ’F, by EU*" ions can also be conducive to the onset ofto the Jahn—Teller nature of the Mnions. The difference
(or the consolidation of existingcorrelated magnetic-order in the dielectric properties of EuUM@s and BiMn,Os crys-
domains in EuMgOs crystals as a result of the inclusion of tals is associated with the contribution of thermally excited
E@*—Mn®", Mn*" exchange couplings. This possibility EUW** ions. In EuMROs, owing to the presence of magnetic,
does not exist in BiMgOs crystals, so that the correlated thermally excited E" ions, magnetic fluctuations with
magnetic-order domains in EuM®; can exceed the same large correlation lengths occur at temperaturesTy . This
domains in BiMpOs crystals. phenomenon is responsible for the anomalous dielectric dis-
At temperaturesT>Ty, therefore, EuMgOs and Persion observed in EuM@s in the temperature interval
BiMn,Os crystals have nativénot attributable to defects or 40 K<T=<130 K. The upper and lower limits of this inter-
impurities and not frozen in by thenbounded domains of val are dictated by the following considerations. Hor 130
magnetic order, i.e., spin fluctuations with correlation lengthd<, although the density of thermally excited Euions in-
comparable to the size of these domains exidtaffy. The creases, the exchange coupling in the manganese subsystem,
change of slope of the reciprocal magnetic susceptibility as which accounts for the existence of magnetic fluctuations
function of the temperature af=130 K for both the with sufficiently large correlation lengths, is disrupted. At
EuMn,Os and the BiMBOs crystal evinces a change of temperature§ <40 K, on the other hand, in the domain of
magnetic state in the subsystem of Mnand Mrf* ions at long-range magnetic order, first of all, magnetic fluctuations
this temperature. It is natural to assume that the correlatiof® Suppressed by the molecular mean field and, second, the
length of the magnetic fluctuations will decrease at this temsymm_emi 3°f the crystal is lowered as a result of phase
perature. transition,” an_d the degeneracy of the orbital ground state
Consequently, the postulated degenerate orbital state f&annot be maintained. _
Mn3* ions and the presence of spin fluctuations at tempera- 1hUS, correlation of the magnetic and structural proper-
tures T>Ty set the stage for orbital—orbital interaction t€S €xists in the paramagnetic rangeX(Ty) in magneto-
through spin fluctuations in EuM®s and BiMn,Og crys- electric EuMBOs and BiMn,Os crystals. A particularly in-

tals. This interaction exists together with the usual vibronicteresting physical situation arises in the Eul®g crystal, in
Jahn—Teller interaction for Mii ions (orbital—orbital inter- ~ Which we assume that the Jahn—Teller effect occurs at suf-

action through phonopslf interaction through spin fluctua- ficiently low temperatures by virtue of orbital—orbital inter-
tions is dominant, we encounter a magnon analog of th@ction through spin fluctuations, and an orbital-glass state
Jahn-Teller effect and the emergence of an orbital-glas$etS in- The detection of such a state in GO, crystal

state. But if vibronic Jahn—Teller interaction is dominant, weN@s been reported earli_@r. _
have the customary vibronic Jahn—Teller effect for3Vin This work has received support from the Russian Fund

ions. When the Jahn—Teller effect has a magnon charactd®’ Fundamental Researcferants 94-02-05025 and 97-02-

the tetragonal doublet splits, primarily by virtue of spin fluc- 18063.

tuations with low lattice distortion. For the ordinary vibronic

Jahn—Teller effect the splitting of the orbital doublet is ac-*E-mail: EGOL@golov.ioffe.rssi.ru
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with strong repulsive interactions

S. |. Matveenko

Landau Institute for Theoretical Physics, 117940 Moscow, Russia

A. R. Bishop

Theoretical Division, Los Alamos National Laboratory, 87545 Los Alamos, New Mexico, USA
A. V. Balatsky

Landau Institute for Theoretical Physics, 117940 Moscow, Russia; Theoretical Division, Los Alamos
National Laboratory, 87545 Los Alamos, New Mexico, USA
(Submitted 31 October 1996

Zh. Eksp. Teor. Fiz112 296-303(July 1997

We study a one-dimensional, two-band model with short-range electron—electron repulsions
(onsiteU and nearest-neighba&f termg and electron—phonon coupling. We show that there is a
region ofU, V and band filling in which singlet superconductivity fluctuations are dominant.
This region is absent without electron—phonon interactions and includes large valdesnafV.

© 1997 American Institute of Physids$$1063-776(97)02507-9

1. INTRODUCTION the quantum lattice model. Then in some vicinity of the
phase separatiofwhere the correlation exponent satisfies
The physics of low-dimensional strongly correlated fer-K ,— ) one has a divergent SC responsk jf>1 holds(see
mion systems with repulsive interactions is a topic of activeEq. (24) below). Here we investigate RG weak-coupling so-
interest, largely because the origin of higlhsuperconduc- lutions. Therefore we do not consider phase separation. We
tivity in cuprate oxides and the role of phonons in theseshow that in a region of sufficiently large—e repulsion,
correlated systems are not clearly understood. Using a simplehere the RG approach is still applicable, a ground state
one-dimensional1D) Cu—O chain model,we investigate with a dominant SC response can be achieved due to the
the effects of both short range electron—electrend) re- interplay ofe—e ande—p interactions. We will show that,
pulsive interactiongonsite U and nearest-neighbor Cu—O due to two-band hybridization, the repulsion amplitudies
repulsionV) and electron—phononetp) coupling in the andV are multiplied by small parameters in the RG equa-
ground state of the system. We show that superconductingons. This allows us to consider largél and V values,
(SO correlations are absent in the model if we take intowhich exceed, for example, the width of the upper band.
accounte—e interactions only. The inclusion a&—p inter- The plan of this article is as follows. In Sec. 2 we define
actions leads to the appearance ofla\,p) region(wherep  our Hamiltonian and calculate the band structure in the ab-
is the band-filling in which superconducting fluctuations are sence ofe—e ande—p terms. In Sec. 3 we take into account
dominant. On the other hand, the ground state of the systeg—e and e—p terms, and construct the ground-state phase
in the absence oé—e repulsion is a state with a charge- diagram on the basis of our RG analysis. In the Conclusion
density wave(CDW) or spin-density wave(SDW) state  we discuss our results and their implications.
without a divergent SC response. Thus, the region with
dominant SC response results from the combined effect of

e—e ande-p interactions_ for this model. 2 THE HAMILTONIAN
We use a renormalization-groufRG) two-cutoff ap-
proach developed in earlier works With some assumptions We consider a chain consisting of two types of atoms:

on the model parameters, our analysis is valid in the limit ofCu on odd sites wittd-orbitals and O on even lattice sites
large U and V. The possibility of SC fluctuations in with p-orbitals. The Hamiltonian of the system is
guasi-1D systems with strong repulsigee interaction and

e—p coupling was first raised in work of Zimanyt al.® H=HoHHeet Hep, @
where results are obtained for a massive Thirring model. The

two-band model withoue—p interaction was considered in Ho= _tE C;iCd,j+h-C-+Z A(C;r,icp,i_ccticd,i)v
Ref. 1, where numerical results are presented, pointing out 0 ' )
the possible existence of SC fluctuations in the strong-

coupling limit. This statement is based on the numerical re- Ho— 2 Uct ¢ .ct c..

sults, which point to the presence of phase separation in the ~ ®¢ &, 4 ~« @hlrallFallFall
strong-coupling limit, and an intuitive assumption that re-

s_ul_ts obtain(_ad for t_he_Luttiqger liquid in the wgak-_co_upling +vY ¢ .cq iC;ijj , A3)
limit are valid qualitatively in the strong-coupling limit for )
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wheret is the hopping integraki,j) are nearest-neighbor
sites,A=(E,—Eg)/2, E, andE4 are site energied)y and
U, are Hubbard onsite repulsive energies, ahe the re-

2at? sin(2kga)
Jat? cod(kea) + A2

(€)

V=

pulsion amplitude between nearest-neighbor sites. Direct an-
tiferromagnetic coupling between Cu sites is omitted. Also 3. RG TREATMENT

Hep: Hep,1+ Hep,21

(4)

Since we will use an RG approach we take into account
only states in the upper band in the vicinity Bf which are

and we consider two models of electron—phonon couplinggescribed by the operatoes. ThenH, has the form, in the

the molecular crystalMC) model with the Hamiltonian

X-representation,

Hep,1 in which optic phonons couple to the electron site en-

ergy, and the Su—Schrieffer—Heed&SH model with the
HamiltonianH,,, in which the lattice distortions modulate
the electron—hopping matrix elemetnt The Hamiltonian
Hepa consists of two partsHep1=Hep g+ H where
each part has the form

ep.p:

2

Py 1 1
HepZEi m“'i in2+)\Qipi:2k wo(d;dk‘l‘z
2 (de+df)p (5)
\/N k k /Pk

With wo=k/M, g=\/2Mwq, px=2Cy,Cq. HereM is
the ion masswq is the optic-phonon frequency is the
elasticity constant, andl is the e—p coupling constant. All
terms in(5) have labeld or p, and the sum is over odd or
even sites foH, 4 or Hep ,, respectively. The Hamiltonian
Hep,2 takes into account intermolecular phonon modes:

2

PZ 1
Hep,ZZZ mJFE K(Qi+1_Qi)2_<iZj> 8 ,iCq,iCp.j
1 1
= fofits|+—= K,
Ek: Wy k Tk 2 \/NKE,(:] g( q)

(6)

where 6t ;=N\(Qi—0j), ©q=2V«/M sin@a2) is the
acoustic—phonon frequencyg(k,q)=4i\ sin(@a/2)coska
+0gal2)/\2M wq, anda is the Cu-O lattice constant.

First we consider the noninteracting Hamiltoniéty .
Diagonalization gives

Ho=V4t? cos ka+A?[c; (K)Co(K)—c1(k) Tey(k)],
(7

+ +
X(fq+fIq)Cqk +qCpk

where
cq(k)=cos 6,c,(k) +sin 6,c,(k), ®

Cp(k) = —sin #,c4(k)+cos 6, c,(k)

with tan(29)=—2t coska)/A, — 7/2<26<w/2. Now we

have a two-band electronic structure and consider the case of

an entirely filled lower band. The filling factor of the upper
band is G<p<2 (empty forp=0 and filled forp=2). With
unit cell 2a, the quasimomentaandk+ 7r/a are equivalent,

+ H d + . d
HOZUFW2’+ —1 5 W2’++UF\I’2’_ Ia_X \1’2’,, (10)

where¥, .. include momenta neat kg, respectively. Be-
low we will omit the subscript 2 and also terms kh with
W, . (Taking into account the terms withf; can produce a
shift of the chemical potential and some renormalization of
the Fermi velocity. Therefore in the Hamiltonian we can
make the replacements

Wy—sin 0¥ (x), W,—cosfeV(x). (11
Note that in the casBfA<1 or p<1 we have
t sin(mwpl4
sin 6F~0F~¥. (12

First we considee—e interaction effects. For the Cu-0O
case it is appropriate to conside>U,. Let us study the
caseU,=0. The effect of small, is easily taken into ac-
count and will be discussed below. In terms of a «g-ology»
model? the HamiltonianH ., gives the scattering amplitudes

Ua
01=— sint 6:+2Va sir’ 6 cog2kea)=0s.
(13

Ua
92:7 S|n4 0|:+2Va S|r']2 0|::g4,

whereg; is the backscattering amplitude, agg andg, are
forward scattering amplitudes. The «Umklapp» ggrexists
only for the half-filled casep=1: for simplicity we will not
consider this case. Since we use a RG approach below, we
considerg;/mvg=<1, i.e.,, Ua, Vaswug or sin6<l for
largeU andV. We have a spin-rotation invariance, i.g,,
=g,. Therefore, when they are not essential, we will omit
spin indices. The effect of thg, term is taken into account
separately: it simply produces a shift in the velocity of the
spin and charge degrees of freedom,=vg(1+4g4), v,
=vE(1-04).

The familiar RG equations defining the scaling behavior
of the system afe

- g 14
_7TU0- g]_v ( )
g.=0;— 2g,=const. (15

For g;=0 the excitation spectrum is gapless,—gi =0,

and we may assume that the states in the lower band hawehile there is a gap ifj;<0. The charge excitation spectrum

guasimomenta in the intervat w/2a<k<w/2a and that in
the upper band in the intervat/2a<|k|<w/a; then kra
= m/2+ wpl4. The Fermi velocity is
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Ua _ esting region from (12) we find thatg, scales toward small
gc=— 5 Sin" fe+2Va Sin* 0 cos’ O positive valuesgl<g(°). Note that in the cas#<1 we
haveg(logpg(z’gh, i.e., 7~7v. From (13 it follows that g*
xX[coq2kg) —2]<0. (16 —2g5=9g{”~20(,. A positive derivative in(19) implies

thatg, ,, scales toward large negative values. We consider
the opposite casgilph< 0. Then, at least initiallyg, ,, will
gicale toward a small negative value. Therefore we demand

Therefore there is no region inJ(V) with divergent SC
fluctuations, in accordance with resdlt$or the weak-
coupling case. The possible ground states are a CDW

SDW, depending on the sign gf . (This sign can vary due that
to the cosk-a term) We see that in order to obtain SC cor- 3 1
relations it is necessary to have large positijeor negative 2 9(10)+ > gé°)+g(l(”,§h> 0, (22

g5 terms. As we will see below, this condition can be
achieved by taking into account an approprietep interac-  sinceg; ,p<<0. The inequality22) can not be valid through-
tion. out the scaling process, singg scales to small values.
Second-order perturbation theoryearp interaction pro- ~ Therefore the valugy ,, may not be very small. We do not
duces a retarded—e interactiorf for w less than the Debye require |91ph|<7- for our purposes it is sufficient that
frequency, w<wp~k/M. (We consider the casesp  Qipn™>7Y— 2% holds, as we show below. The valgeg, is
<Eg.) The effectivee—e interaction can be described in not scaled, as follows fror(R0), i.e. gzlph— y. This value
«g-ology» terminology:g; pnh= —Zgz(k,:,ZkF)/kaF, g2pn  does not contain the renormalization coefficient&nAs a
= —209%(kg,0)/wq, U3ph=01pn (half-filled band only. In result of scaling we have the state W'g|71=gi* +gi’fph. The
the case of the MC modéb) we have ground state of the system with the new scaling amplitudes
has dominant divergent SC susceptibility if

)\2

91ph=0G2ph=0aph= " 7> (17 9c=0;1—29;=9y"— 29+ g} )+ 27>0. (23

whereas the SSH modé) gives Since we assume thgriyphwg’l*,ph< 0, we have a state with
) spin gapA,. Therefore the dominant singularity is the sin-
AT let SC response with SC correlation function
gl,phZQS,ph: _47 (S|r-]2 19|: CO§ 0|:) (18) g p
C1k 1+gcl27'rv
The parametersc and \ in (17) and (18) are, of course, R(X)~x"""r, K,= T=aors. >1. (24)
g./2mv,

different, as well as the other parameters in the Hamiltonians
Hep1, Hepz- Note that all terms are negative, aggl,, is  In this case the CDW response can be divergent with a cor-
due solely to onsitee—p coupling and does not contain relation functionex™ K. The inequalitieg22) and (23) de-
renormalization terms sif: and cosé:. In the cased<1, fine the region in which the singlet SC correlations are domi-
the onsitee— p interaction is dominant. Now we have two nant. In terms ofu=(Ua/2)sirf 6, v=Va sir’ § cog 6 we
types ofe—e interaction with cutoffsEg andwp . Thus we  rewrite (22) and (23) as

use the RG procedurd for a two-cutoff model. The one-

loop scaling equation€l4) and(15) for g; are unaffected by y+2v| 142 cosﬂ) <u<2y* —2v 2+cosﬂ)
the presence of retarded interaction. The equations for the 2 2)
gi,pn, taking into account the cross termg;j ,», were de- (25
rived in Ref. 3: where 2y* =2y+gj ;. It is easy to obtain the solution of
1 /3 1 (25). This is the regiorABCDi~n Fig. 1 bounded by the lines
gi,ph=7T—UF 5 91% 5 9t G1ph|Guph, (19  u=0,v=0, u=y-2v, u=2y+97,n— 2v. Recall that in
the limit 6<<1, Eq. (12), the bare repulsive energies satisfy
95pn=0. 200 U~ul6* V~uv/¢?>7y. Thus our model includes the case of

strong electron repulsion. For any point,{) in the region
We shall consider the Ca%’ph: 0. The integration |r(19) ABCD the |nequa||ty(25) is valid for
and(20) is taken fromEg to wg~ wp(wg), Wwherewp(wg) is

; 3 ; 2 u—vy—2v 2y*—4v—u
the_ renorm_allzed value o_rf)D. As a res_ult, the _comblned p>Z cos Y max Y , Y (29
action of different scattering processes is described by T 4y 2v
g/ =gf +07 ph- (21 In the limit t/A<1 we can obtain the phase diagram in

. . terms of the bare valudd andV. Then the coordinates of
The properties of the system at energies small compared i@ pointsA, B, C, and D are A={0,(4y*)(A/t)%), B

wq are derived from a model with single interacticgn%and ={0,2y(A/)%, C={(y/2)(A/1)2,0}, and D={(y*/2)

bandwidthw,. X (A/t)2,0}. The SC region is deformed to include region II

Now we examine the solutions of Eqd4), (15), (19),  que to the sinkp/4) term. The equation of the cunE&F is
and(20). The initial conditions fo(14) and(15) are defined

by (13). The initial conditions for(19) and (20) are defined e A% ((29* — y)k+4y+16y*)? Uz 2k A?
by (17) and (18). We write g(logh= -, g2p —5. 1f g9 2 72Ak+2)(y+2y%) T t2
=0 holds(we shall see that this is the situation in the inter- (27)
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4

terms of the two-chain model and use the results of RG
investigatior? It is easily to see that electron—hole pair in-
terchain hopping is irrelevar{scales to small valugsif U
>V. Thus we can consider the region of large valUeand

V (U>V) in comparison with the upper-band width
~t2/A<A.

In this treatment we have not taken into account the
effects ofU, repulsion. This is easily achieved by substitut-
ing u into (20) in the formu=(Ua sin* 6:+U,a cos 6)/2.

For small values o, the RG approach remains valid, and
all results continue to hold in terms of the newandv. For
t/A<1 we have co®:-~1, so that we cannot consider the
largeU,, limit in our approach.

4. CONCLUSIONS

In conclusion, using a two-cutoff RG approach we have
studied a two-band, 1D tight-binding model wigi-e and
e—p interactions. We included onsité) and nearest-
neighborV electron repulsions, as well as intra- and inter-
moleculare—p coupling. We have showifin accordance
with Ref. 1) that there is ndJ, V, p, t, A parameter region

FIG. 1. Phase diagram obtained by two-cutoff RG scaling. The divergenwith dominant divergent SC response in the absence of

SC response regions are | and II.

In the limit k—% we haveUxV?2 but in this regionp
~1/UY 0. The inequality(25) with t/A<1 becomes

(Up+8Vy)y?—6Vy—y>0,
(4V,—U)y?— 6V, y+2y*>0, (28)

where V,;=V(A/t)?, U;=(U/2)(A/t)*, y=sir’(mpld). In
region | the solution of (28) is py<p<2, where
siré(mpol4) =Yy, is the largest root of Eq28). In region Il
we havep,(U,V)<p<p,(U,V), wherep,; and p, can be
easily obtained fron§28). If V=0 holds, the solution is

*\ 1/4

2y
1

(29

4 y 1/4 4
_ . 71 _ _ - 71
—sin (Ul) <p<ﬂ_ sin
for U;>v; if U=0 holds, then in the region/2<V,;<y*
the solution is sif(mp/4)>y,, wherey, is the largest root of
Eq. (28) for U=0.

—p interaction. In the lowest-order RG approach we found
that such a region does occur if we include p coupling
with optical intra-molecular modes. Only this form ef-p
interaction produces an effective renormalizgg,, term.
We have found that the singlet SC region includes large
values of the U and V repulsive interactions if

t sin(mp/4)/A<1. Note that a similar behavior is possible in
a one-band model, for which= 0. Then, instead ai25), we
have

y+2V[1-2cogmp)]<U
<2y+g}pn—2V[2—cogmp)],

(30)
where y=—g{3,, 7=—9%),, 0<p<2. The solution of
(30) is the same regioMBCD in Fig. 1 provided that 3
+075pn>7. However, the bare values and V must be
small, of the order of phonon scattering strengths. Note also

that we have used a RG approach. Therefore we did not
consider the strong-coupling limify, U>t, A), where a

In using the RG approach, we supposed as usual thathase separation instability could take place.

gi/mve<1. For smallt/A we have the initial value)")
~ (t?/A)sin(mp/2). Recalling that;~ V[t sin(mp/4)/A]? or

The main results of our treatment are the following:
1) Using a 1D two-band model, we have taken into ac-

U[t sin(mpl4)/A1%, g2ph=const, we can regard our results count bothe—p coupling ande—e repulsion and have
as reasonable if we are not too close to band edges, wheghown that there is a region of parameters with dominant

ve—0, i.e., e,<p<2—¢€, and p#1 (gz=0). It follows

divergent SC response. This effect is absent in the model

from our analysis that in region Ill we have the large spinwithout e—p coupling and is a result of the interplay ef
and charge gaps, so that there is only a CDW divergent re—e ande— p interactions.

sponse. In region IV we havg] <0, smallg]<0 and thus
divergent CDW and SDWin the limit g7 —0) responses.

2) We have found that wead— p interactions and rela-
tively stronge— e repulsions can result in effective electron

We considered the effect of the lower band only throughpairing and a divergent SC response. This is possible in the

the renormalization of the bare valudsandV. Thus, we did
not take into account the terms/@%+ U)W, ¥, ¥ ¥,

limit t/A<1, where we can take into account laldeandV
values, since effective— e interactions are scaled by a fac-

+(V+UBA) W ¥, W, ¥,. Therefore our results are valid tor t/A. As a result we find that dominant divergent SC
in the regionU, V<Ey,;~A. In order to estimate the effect fluctuations are possible in the regidf(t/A)%~U(t/A)*
of the cross term, we can rewrite our two-band model in~g,,, V<U<A, as shown in Fig. 1.
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3) We have found that dominant SC fluctuation statesorbital structure of the order parameter in this céswave
are possible only in a some interyay<p<p, of band fill-  vs d-wave is unclear without detailed calculations.
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g One of us(S.M) wishes to thank Los Alamos National

Laboratory for support and hospitality. The work at Los Ala-
mos was performed under the auspices of the U.S. DoE.
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The effect of the moment of a magnetic impurity on the order parameter of an unconventional
superconductor is examined. The coupling of the magnetic moment to the order parameter
induces a locally time-reversal symmetry-breaking state which generates a magnetic field
distribution in the vicinity of the impurity. The magnetic field can cause precession of

the magnetic moment. The case of a spin polarized muon injected into the superconductor is
discussed. ©1997 American Institute of Physid$S1063-776(97)02607-3

1. INTRODUCTION superconducting state, which is lifted due to the interaction
with an impurity>?®

Some heavy-fermion superconductors possess complex In this work we consider the problem of spontaneous
phase diagrams with various superconducting phb$éese currents for the time-reversal symmetric phase above the
phase diagrams provide strong evidence for unconventiondwer transition in the presence of a static magnetic “impu-
superconductivity, because the different phases should hdty.” This impurity could be an injected muon whose spin
distinguished by symmetry. The two examples of such heavgan be regarded as static on the relevant time scales of the
Fermion superconductors arg YTh,Be;3 and UP§, which  superconductor. The magnetic moment of the impurity
both show two consecutive transitions with high- and low-couples to the superconducting order parameter. As we will
temperature superconducting states. The minimal requireshow, the basic effect is the appearance of a locally
ment for such behavior is that the order parameter have morg&-violating order parameter. By analogy with the case men-
than one component. Considerable effort on the theoreticaloned above, spontaneous supercurrents will be generated.
and experimental sides has been invested in determining thehe aim of this paper is to investigate the spatial distribution
symmetry of the order parameter in both systems. So far nof these currents and the field pattern. Of particular interest is
unambiguous identification of their order parameter symmethe magnetic field generated at the impurity site, as it would
try has been achieved. Nevertheless, there is convincing eviause precession of the impurity spin. The essential coupling
dence that the low-temperature states in both systems bredletween impurity and order parameter originates from the
the time-reversal symmetry”. This fact arises very naturally combined scattering from the hyperfine and nonmagnetic
in most of the phenomenological theories explaining the(and/or spin—orbit and spin—spiimpurity potentials.
phase diagram7-violating states have particular magnetic
properties which can be observed in experiment. The zero-
field relaxation rate of injected muons shows an increase. GINZBURG-LANDAU THEORY
when the material enters the low-temperature statpugh

the magnitude of this increase may depend sensitively on the OUr discussion is based on a generalized Ginzburg—
sample quality. This rate is a measure of the internal field -andau(GL) functional. To be concrete, we use the example

distribution and its increase indicates additional magnetiza®f & t\f/v%-coraponer)t order 2aram(re1ter ?}S introduced in theo-
tion occurring in connection with the lower transition. ries of the phase diagram of UPThus the order parameter

The additional magnetic fields are due to spontaneoud—(71,71) belongs either to the irreducible 'rgprcleosentation
supercurrents flowing in the vicinity of inhomogeneities of 1 OF E2 of either parity(singlet or triplet pairing™ The
the time reversal symmetry-breaking superconducting Orde(;;eneral free energy functional is identical for both cases and
parameter, for example, arouflonmagneticimpurities®=° has the following form
The net magnetization of an isolated impurity vanishes. 5 5 5 -
There are two length scales involved, the London penetration F:f dVi ay| 71|+ ag| 72| *+ Ba(| 71| “+ [ 72]*)
depth\ and the coherence lengéhWhile screening currents .
usually affect the magnetic field over a lengththe spatial + Bal 71+ 5|+ Kiod | pyxma| >+ [ py 72|%)
modulation of the currents can lead to an effective canceling 2 2 * %
of the magnetization on a shorter length comparable With FKa(Ipxmal*+ Py 7al®) + Ko((p5 71 Py 72
rather thanm\. At the same time, the possmlg §X|stence of a + pxﬂ1p§ 75)+Ka(pZ 7% py71+ Pxﬂzp;’ 7¥)
supercurrent decreasing over a characteristic scale greater
than ¢(T) with distance from the impurity, may be associ-
ated in this approach with the continuous degeneracy of the

5 o VXA?
+K4(|pz771| +|pz772| )+ 87 |’ (1)
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where p=—iV—(2e/c)A (A is the vector potential a; g, 1/15—K1233§y¢§—Klﬂixlﬁg—ngz%—Kzﬁy
=a(T—Tj) and the coefficients are real numbers in the

standard notation. We assuriig,>T., so that in the tem- , 2emng , 2€mno
* X ax‘ﬂl_ —— Ax| —Kadx ay¢1_ Ay
perature rangd .,>T>T* only the »;-component of the c c
order parameter is finiteT* denotes the low-temperature
transition point below whichy, appears, =—punod(r); (6)
Tai+Teo  Ba and with respect to the vector potential
=555 Ta=Te). 2
2 _ 16men, . 2enq
In order to have a7-violating low-temperature phase, it is Ix div A= AA= Kizg dxih1= —— Ax
necessary thg,>0.
We introduce now the coupling to an impurity located at n 16meng Ky
the origin. The terms in lowest order are c 2%y72,
1 2
Fimp:f dVL k(| 722+ 721%) + v(| 9212 = 7)) d, div A—AAy:M Kl(ayl//l'_ €70 Ay)
c c
+y(mms + ny m2) +i (s — 75 12)18(r). 16mem, )
3) t o Kaduia,

@)

From the invariance of this expression under the spatial sym- 16me e

metry group for the system of the crystal and the isolated 5 div A—AA,=— K4({92¢f1/_ 70 Az)-
impurity and from its time-reversal symmetry, it follows that c c

v, v, andu are not scalar quantities. The coefficientand y Here the following abbreviations were usella=a,—a,
differ from zero for a hexagonal crystal only for impurity a,=2Ba(T—T,)/(1+B), B=pB,/B,. Note that the fir,st
states breaking the symmetry with respect to rotation?\,;;0 equations ao not codple to the remaining five. The
around the hexagonal axis through the angl8. The last '

i . ) and y terms inF;,, act only on the real part of the order
te”_“ describes the linegor odd ordey coupling of the melg— parameter, inducing a finite regl,-component in the vicin-
netic moment to the order parameter. Note thaty;

i fini v if th q breaks f ity of the impurity. We will not discuss these two equations
— 717 IS Tinite only if the order parametep breaks time- ¢ o here, since they cause distortion of the order param-
reversal symmetry,

) i.e., the relative phase. petwee_n the Wter without interesting effects involving the magnetic prop-
components is not 0 ofr. Hence, the coefficient. differs erties
from zero only for the time-reversal-breaking state of the Clearly the imaginary part of the order parameter and the
|mpL\JAr/|ty. id he eff fthe i ) he ord vector potential couple in Eq$6) and (7). The right-hand
€ const erhnovk\]/_t he effect of the lmhpurlty OE the order giges of the last three equations correspond essentially to the
Fiaranle(t)er 'rr: ¢ € g -tTmpﬁrature phase where 7 components of the supercurrentsrjdc. It is only the last
= 10(1.0), choosingy, real wit term of Fiy, which enters into these equations. Obviously,
,  —ay(T) the presence of a magnetic moment drives the imaginary
ﬂo:m- (4) order parameter components. This leads immediately to fi-
o o nite supercurrents and a magnetic field distribution.
For simplicity we assume that the coupling is weak so that A simplification occurs if we take the gauge freedom
the distortion of the order parameter is small. We considepf the order parameter phase into account. In first
=10+, wherey= ¢/ +iy¢/ is small compared Wlth?p- order the quantityy/ 7, is in fact a common phase of the
Since for the homogeneous phase the vector potential vagyder parameter o+ ) +i g b F i) =(no+ ¥, i)
ishes, we can also assurAeto be small. Therefore we ana- ) exp(iiln,)), whose value is directly associated with a

lyze the GL equations linearized g andA. This leads t0 gayge for the vector potentil. Therefore we can choose
seven coupled equations, obtained by vary#igFm,, with

respect to the order parameter, #1=0 (8

28,15 + Kyog by + Ky thy + K45 1 + K pada 105 as a gauge condition. Furthermore, one can see easily that
the first equation in Eq96) is equivalent to the condition

= (it ) mo0(r), divj=0, and the same condition obviously follows from the
Aay,— K123‘7§y¢§_ K13§x¢é— K4‘9§z¢é— K23(9>2(y¢:/|. Maxwell equations. Therefore, t_his equa_tion may be omitted
and we reduce the problem with the aid of E8) to the
=—ymod(r); (5 following four equations for the unknown quantitiés ¢ :
4 26770 4 26770 — 16/77 "
KlZSax( Ixih1— S Ax|+ K1‘5)y< Ay — ¢ Ay ﬁ)%yAy"_ 07)2(ZAZ+ ()\1223— 0)2/y_ agZ)AXZT enoKydyi,,
I 287’0 2 gn_ 2 2 -2 2 2 16m "
+Kady| 9241~ e A; +K2319xyl//2—0, axyAx+‘9yzAz+()\1 —Jyx— azz)Ay:T enoKsdxipy,
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FIG. 1. The spatial distribution of the magnetic
field atz=0 for Kz=1.K,<K,;=K,, =10, I,
=0.258, 13=0.316, I,=1. The parameters
I, 1,5, 15,14 are defined as followshk;=I,\,
; ' . s SBes =d =l3h3=1404=1&,(T). All distances are mea-
—gpr T . N g ,’f"f o +{  sured in units of,(T), while the magnetic field
= is given in units of K,)/(Kq) (u/m3a* £(T))
e 3 T N . | (¢o/2w&(T)). The value ofB,(0) is about 77%
- 407 pa ] - /e i of its maximum value

-447

P AP A+ (N, 2= 32— 32 )A,=0 The solution of this equation is straightforward but gives a
P ysz 4 xx~ Oyy)Az= Y, ) .
5 ) X rather complicated resu(see below Eq(16) and figure. A
a, 5= Kadsuth = Koy b — Kady 45 good picture of the result can be obtained by solving the last
equation fory; in the absence of the vector potential and
26770 . . . . .
=—punod(r)— S (KadyActKadyA,). 9) then inserting the latter into the other three equations. This

approximation may be justified, for example, under the con-
We have introduced here the notation)\Fz ditions Kz"‘ K3< Kl"“ K4. Then the order parameter has the
= (32me?n2/c?)K; . These equations can be easily solved inform

momentum space. We use the Fourier transformation Wy 1
0

Ca,(T) 1+ &K+ 2,43+ K2

(k)= (12)

A(k)= dVA(r)e,

vl
W (10) which corresponds to a shape like an anisotropic Yukawa
potential in real space. The induced imaginary comporént
Zg(k):i J dv(re, of the order parameter leads to a locatviolation. The
W length scales over which); decays are the anisotropic
temperature-dependent coherence Iengfthi /a,, which

which leads to diverge asT approache§™. Obviously, ¢ is infinite atr

o o o ~ ~ ic __, ~, =0 in real space, because the use of a delta function in Eq.
(N gt ky+ k) Ac—kekyAy = kykzA— 2en, Ay “ky =0, (3) eliminates the lower cutoff-length scale. Within the
Ginzburg—Landau theory the natural cutoff length &s.
~ _ ~ ~ | o Therefore for the qualitative consideration of quantities at
— 2 2 2 _ o 2 "n_
KAt (N T KA KD A kA, 2emnq N Ka2=0. _0 \we need a cutoff which is at least of order the zero-
- ~ Lo o a temperature coherence length gf The order parameter
— Kk Ax—KykAy+ (N g “+ K KA, =0, (1) modulation yields supercurrents in the form
2ie _~ ~ v . n o . n
?%(KZKyAx"— ksk,A,) ix=4enoik Koy, jy=4engikKzis, (13

andezo if we neglect the screening currents for the mo-

—_n Pl ment. We use now these currents as a source and calculate
+(1+ £33+ £2, K2+ E2K2 W= — —— . : .
(L1 E3kict €125y + £k W ax the induced vector potential
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~ A7 ~ b o 5 expectation value of the muon spin and thaxis of the
Ax=pe x(RyR=kikz) + ] ykyky (R k7)1, crystal. Becaus®, is proportional tou the frequency is

A wxB,(r=0)oxpoxcosé. (17)
T 22y LT 2
Ay_Dc Ly (RR=kike) +ikeky (Rt k), (14) Of course, the precession of the muon spin can only be

4 seen if 0< < 7/2.
_am = 2y, 7 2 On the other hand, in a dirty sample the trapping posi-
2= b e Ry TR+ Tkl Rt i) ] tions of the muons may be scattered so that the magnetic
field generated at the muons is spread over many values.
Then we would not observe a pure precession, but rather a
D =R,R,R,— 2kZkZkZ - R,kZkZ — R kZk2 — R K2KZ, depolarization for thex-y-component of the spin. In both
cases the effect should become stronger as we approach the
transition atT*.

>

where

Re=Astki+K2,  Ry=A72+ki+kZ, (15)
R, =\ 2+ K+ K.

We consider now the magnetic field distribution around

the impurity site. Usingd=Vx A we obtain for the Fourier- - MICROSCOPIC DERIVATION OF THE IMPURITY TERMS

transformed magnetic fiel@=ikxA, In the following we discuss briefly the microscopic cal-
_  16mey “l/;uk K culations of the coefficient as well ask, v and y, assuming
BX:# [sz,z,(ﬂiz_)\fz) for simplicity hole—particle symmetry for the energy spec-
De trum. In quasiclassical theory the basic equations for the
+ Ks()\1_223k2+7\22Rx)], propagators in the presence of the isolated impurity may be
o written as follow$
~ 16me Tkyk . A A . . o
By=$ [—Ko(A; 22N, 2R)) [ien7s— o(Ke R).(Ke Rien) ] +iVeVRa(Ke Riep)
n ng)z(()\l_zzg,— )\22)], :[t(kF ku ;Sn)rgint(kF \R= Rimp;sn)]ﬁ(R_ Rimp)-
_ (16) (18
~ l6meny) _ ; ;
B,= DZO‘IIZ [szi()\;zk§+Rz)\Iz Heree,=(2n+1)#T is the Matsubara frequencl is the

momentum direction on the Fermi surfacg(kg) is the

—Kaki(hzzk§+Rz>\12%)]- Eg;r(r:]; velocity, andr; is the third Pauli matrix in Nambu
The magnetic field distribution has a rather complicated  The normalization condition for the matrix propagator is

structure, as we show for th&, component in figure. We do S2(k. Ree)— 23 1

not analyze this structure further, but concentrate on the 9°(ke ,Rieq)=—7"1. (19

magnetic field at the site of the impurity. For this purpose we  Equations(18), (19) must be supplemented by the equa-

have to perform the Fourier transform from momentumtion for the quasiparticle scatteritgmatrix of the impurity
space to real space. At=0 this corresponds simply to the

k-integral of B(k). We see immediately that there are xo t(Kke Ki 80)=D(Ke k) +N(O)

and y-components, because the angular dependence in 201

k-space leads to an exact cancellation. Tieomponent, xf v(ke kE) Qi KE R
however, is finite, if we take the lower cutoff length into 4

account properly. = Rimp:2n)(KE KE20). (20)

As a consequence the magnetic field would lead to pre- .
cession of the magnetic moment around zkexis. This pre-  Here v(kg kg) is the matrix of the impurity potential. The
cession does not change thgomponent of the moment so auxiliary quantity giy(kg,R;e,) obeys the normalization
that the coupling term with the superconducting order pacondition and Eq(18) without thet-matrix impurity term on
rameter in Eq(3) is not changed at all. Therefore the local the right-hand side. A
superconducting state and its field distribution is essentially ~ The impurity potential matrix(ke ,kg) may be repre-
static despite the precession of the impurity moment. Resented in the form
garding the muon as an impurity, one could measure the . , ~ - ~ ~n
precession in the standard way through the muon decay into  *(KF 1KF) = Wik 1+ 10k 73+ Uie M- St+imyge - St 01
positrons. In a very clean material all muons are usually @D
trapped in crystallographically equivaletiery symmetri¢  Here termsw,,, vy , U andmy, describe the conven-
points and, consequently, have the same environment. tfonal nonmagnetic potential, the hyperfine interaction, the
completely spin-polarized muons are injected, all of themmagnetic spin-spin and spin-orbit coupling respectively. The
should generate the same local magnetic field distributiofiorm of the spin operato$ is defined as in Ref. 11.
and hence have the same precession frequencihe fre- The Ginzburg—Landau equations are obtained by ex-
guency o depends, however, on the anglebetween the panding the self-consistency equation
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d2k’ , , proportional toM,, the coefficientw changes its sign under
A(ke ,Q):ZTN(O)SZ 2. V(e Ke)T(Ke . 0ien) the time-reversal operation, which ensures the time-reversal
" (220  symmetry of the whole expressiop(7; 75— N 7).

in powers of the order parameter and its spatial derivatives.
For one-dimensional representations the contributions from
an isolated nonmagnetic impurity to the free energy func-
tional were gon§|dered m_Refs_. 12 and 13 for estlmatlion 01;1_ CONCLUSION
the vortex pinning potential. Since we are interested in the

terms in Eq.(3), we can puig=0 in Eg.(22), omitting gra-
dient terms. This equation is written in the form valid for
singlet pairing, A(kg) =ioyi¥(ke), and for the particular
kind of triplet pairing QA(kg)=i(d(kg)o)oy, with diz,

We have demonstrated phenomenologically that a mag-
netic impurity can generate a locally-violating supercon-
ducting phase. This leads to a distribution of supercurrents
wherez is the hexagonal crystalline axjsf one makes use and magnetic fields.which acts on thg magnetic moment. For
of the notationsA(p)=(p) for the former andA(p) the two representatiorts; anq E, considered here, only the
=d,(p) for the latter cases. Mostly, these types of p‘.Jlirmgz-component of the magnetic moment couples to the super-
are discussed for the analysis of experimental data of.&fpt conducting order parameter, and the resulting magnetic field

We consider the pairing potential of the form has only a finitez-component at the impurity site. We have
g shown that this fact yields the precession of the magnetic
V(p,p')=— > [o1(P)@1(P") + @2(P) ea(p')] moment without changing the locally™-violating order pa-

rameter configuration. Thus, for injected muons this may
and assume the basis functions to be real and normalizégad to precession of the spin. However, it is difficult to
according tofdQ) gof AK)=41. estimate whether the generated magnetic field would be suf-
The solution of'Eq(20) in the second Born approxima- ficiently large to really give an observable precession. Our
tion and its substitution into Eq18) are straightforward, discussion may also apply to other systems besides the UPt
since one can use the bulk expression for the quagiityn  we had in mind here. This is important for the enhancement
the caseas/ §§< 1, whereg is the quasiparticle cross-section of effects considered to be in the vicinity of a bulk transition
for the impurity potentiaf:® From the solution of the Eilen- to a superconducting state with broken time reversal symme-
berger equations in this approximation we obtain the imputry.
rity contribution to the anomalous propagator
We are grateful to T. M. Rice and H. Monien for helpful

2 ’
fimp:(i) N(O)J & [_(vik,_mik,jLMzuik, discussions. M. S. would like to thank the Swiss National-
& 4m fonds for financial support. Yu. S. B. and A. G. G. were
supported by Grant No. 96-02-16249 of the RFBR. Two of
the authorgY. B. and M. S) are grateful to the I. S. I. for
+wik,)A(kF)+2i(vkkrwkk, hospitality at the Villa Gualino in Torino, where this paper
was finished.
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Wi )ACKE) = (g + My + MU,

— Uge Mg - M)A (KE) ] (23

Only the last term of this expression for thdunction, sub-
stituted into the self-consistency equati@?), yields a finite

value of u,
5 IM. Sigrist and K. Ueda, Rev. Mod. Phy83, 239(1991).
ar ) . .
_ 2 R. H. Heffner, J. L. Smith, J. O. Williet al, Phys. Rev. Lett65, 2816
n=1g MzaveAN (0)f dﬂf dQ' (P — buy) (1990, 4
A 3G. M. Luke, A. Keren, L. P. Leet al, Phys. Rev. Lett71, 1466(1993.
XWkk/(ka)',— Kyky) @1(Kg) @o(KE). (24) 4(Pl.9135de Reotier, A. Huxley, A. Yaouaret al, Phys. Lett. A205, 239

Here the coupling constant=gN(0) is expressed in terms °p. Rainer and M. Vuorio, J. Phys. C: Sol. St. Phys, 3093(1977.
of the critical temperature in the conventional way.( °E. V. Thuneberg, J. Kurkiji, and D. Rainer, J. Phys. C: Sol. St. Phys.
= exp(—1/\)) and the matrix elements for the hyperfine and _14 5615(1981.

7 ) .
o o . . C. H. Choi and P. Muzikar, Phys. Rev. 3, 9664 (1989.
spin-orbit interactions are represented in the form 8C. H. Choi and P. Muzikar, Phys. Rev. . 1812(1990,

Cha
=X M)y, M=o YTl T Lt oo

Note, that for the point-like impurity potential, when *'J. A. X. Alexander, T. P. Orlando, D. Rainer, and P. M. Tedrow, Phys.
Wy, P @anduy,, do not depend upon the mometak’, 12Rev. B:;l, 55:)11(1985- Gt and _ )
the coefficientu vanishes for singlet pairing. This is not the '(El'g\é;pT uneberg, J. Kurkii, and D. Rainer, Phys. Rev. B9, 3913
case fqr triplet supgrconduptors due to the different 'parltyisM. Friesen and P. Muzikar, Phys. Rev.58, R11953(1996.
properties of the basis functiors ,(kg) for singlet and trip-
let superconductors. This result may be justified beyond theuplished in English in the original Russian journal. Reproduced here with
Born approximation as well. Since the expression(@2d) is stylistic changes by the Translation Editor.
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The value of the deep inelastic scattering cross-section Ratior /o1 is found in the range
10 4<x=<10"2 from F, anddF,/d In Q> HERA data using very simple relations based
on perturbative QCD. ©1997 American Institute of Physids$51063-776(97)00307-1

1. INTRODUCTION ture functionF_(x,Q?) can be found in Ref. 8, where we

) ) ) also took into account the cage-0 corresponding to the
In recent years the behavior of deep inelastic lepton—;,nqard pomeron.

hadron scattering at small values of the Bjorken variable Assuming Regge-like behavior for the gluon distribution
has been studied in depth. One of the many interesting deep, Fo(x,Q%) atx %>1

inelastic scattering variables is the ratio of cross-sections of

the absorption of a longitudinally and transversely polarized ~ 9(X,Q%)=Xx"%g(x,Q%), F1(x,Q%)=x"5(x,Q?),

photon by a hadrorR= o /o7. The ratioR, which can be
represented as a combination of the longitudifia(x,Q?)
and transvers€,(x,Q?) deep inelastic scattering functions,

we obtain the following equation for th@? derivative of the
structure functiorf:®

dFy(x,Q3) 1 s~
FL(x,Q?) “anor — 2% "2 [15 (a)B0QY

Fo(xQ)—FL(x,0")" @

R(x,Q?) =
+r3(a)Xp '(0Q%)+0(x?)], @

is a very sensitive QCD characteristic because it vanishes for

free quarks. At small values of, R data are not yet avail- FL(x,Q)=x"" 2 [rip(a)P(0.Q%
able, as they require a rather cumbersome procetkge p=sg
Ref. 1, for examplefor the extraction from the experiment. +rfp(a)x'5 "(0,Q%)+0(x?)],

We study the behavior d®(x,Q?) at small values ok, o
using the H1 daf® and the methdtlof replacement of the Where rdy(a) and r{,(«) are the combinations of the
Mellin convolution by ordinary products. By analogy with anomalous dimensions of Wilson operatopd,= a v’y
the case of the gluon distribution functideee Refs. 3 and +a*¥{)""+0(a®) and Wilson coefficients aBp”
5-7), it is possible to obtain a relation betweBp(x,Q2),  X(1+aRP")+0(a®) and aBb7+0O(a?) of the 7 “mo-
F,(x,Q?), and dF,(x,Q%)/d In Q% at smallx. Thus, the ment” (i.e., the corresponding variables extended from inte-
small x behavior of the ratidR(x,Q?) can be extracted di- g€r arguments to noninteger ojes
rectly from the measured values B(x,Q?) and its deriva- n _ npso S7_RS7 3
tive. These extracted values 8 may be well considered rlf(a)=aBr 1+ a(R7-B2")]+O(a%),

new smallx “experimental data”® Moreover, when accu- e BY7BY”
rate experimental data f@& at smallx become available, the rlgla)=+ aBP7 1+ a| RY7— —go7 | |* O(a®),
L

breakdown of this exactly perturbative relation will be in-
dlgatlve of.thel importance of other.effects, such as.h|gher r7(a)=ayQ "+ a?(y L7+ Bg"’y;%)"“r 2B80B37)
twist contributions or nonperturbative QCD dynamics at

small x. +0(ad).
We follow the notation of our previous wofl The sin- o
glet quarks(x,Q3) and gluong(x,Q3) parton distributiorf8 )=+ {ay Q7+ a2y D7+ By 750 7+ BE (2,

at somng are parameterizetsee, for example, Ref.) by

g "= s "I +0(), e
P(X,Q3) =Apx (1= X)"P(1+ ey X+ ) ) oo
and
(hereaftemp=s,g). — d _
Further, we restrict the analysis to the case of lafge p ’(O,QZ)E& p(x,Q% at x=0,
(i.e., x %>1) following recent H1 datd.A more complete
analysis concerning the extraction of the longitudinal strucwheree=2ifei2 is the sum of squares of the quark charges.
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R(x.Q%=20 GeV?) R(x,Q% FIG. 1. The ratioR= o /o7 at smallx. The points
0. -

SRS y T 0.5F e e were extracted from Eqg1) and (8) using H#®
RS a8 o Hi 199, 5203 b 5203 0 Q=45Gev? data. The dashed-dotted liflPRW) is the predic-
04r 1 BCDMS. & CCFR 3 0.4¢ 0 Q% 20Gv? tion of the Saclay groug based on the dipole pic-
03 MRS(RI) ™ 3 @ Q% 35 Gev? ture of BFKL dynamics. The band represents the
: 0.3¢r 1 uncertainty from the DGLAP analysis of HERA

] 0.2 SLAC R(1990) data in Ref. 18. Also shown are BCDMS dta
{ ¥y N\ points at highx and the preliminary CCFR data
b 0.1F \ 1 point from Ref. 12. The solid lineén Fig. 1b are

the SLAC R1990 parametrizatiof? at Q>=8.5, 20

0 PN ORI E T T beddaatiad o i 0 PR UITY SRR U bl P
10-* 10-? 102 107! 10° 10-* 107 10-2 107! 10° and 35 GeV (lower curve corresponds to low&?
x x value.
To accuracyO(x?>°), we have for Eq(3) , 0.84 [dF,(0.48,Q2)
P Q)= 150w | dnQ?
dF,(x,Q?% 1+5 —oy| X 2
a2 =5 |Tsg (§sg 9|7, Q 2
dinQ 2 ésg +3.5%F,(0.48,Q°)
+red OFo(%, Q)+ (rd—rid? +O(a2,x2 0, axt ™). ®
Xx'78 " (x,Q%) | +0(x*79) 5 . o .
Notice that thexg correction in the denominator of the factor
on the right-hand side of E¢8) makes a large contribution.
X For example, aQ?=20 Ge\? the denominator is +0.92.
FLx,Q)=rl; 5(§Lg)5g(§—, Q2| +rld%F,(x,Q?) With the help of Egs(1) and(8), we have extracted the
Lo ratio R(x,Q?) from H1 1994 datd&, determining the slopes
+(rfs_rt;5)xl—3§ '(x,Q%)+ O(x2~?) dF,/d In Q? from straight line fits as in Refs. 3 and 5. In the

present calculation, only statistical errors from those mea-
6) surements have been taken into account. To estimate the sys-
tematic errors that have been added in quadrature, we have
with &gg=r35 °Ird, and & g=r{°/r},. From Egs.(5) and  used those from an early analysis performed by*Hid the
(6) one can obtairF| as a function of bothF, and the calculation of the running coupling constamf(Q?) at two

derivative: loops we have takef(4)/MS]=225 MeV.
s , _Figure 1a shows the extracted rafoat Q2=2(_) GeV
FL(x.0%)=— ¢ 2 Mg~ dF2(x£,Q%) using the above formula fof=0.3. This value of5 is very
LA rég” dInQ? close to those obtained by various groups from QCD fits to

H1 data®>!° Fig. 1a also shows BCDM$ and preliminary

o o f;a rlﬂs) F,(x£,02) CCFR(see, Ref. 1pdata points with much larger errors.
L plg0 s AT For comparison we have also plotted various predictions
for R using QCD formulas a®(a?2)**~** 7 and parton den-
+O(x20 axl—g)} 7 sities extracted from fits to HERA data. The large difference
' ' between the result from MRS) and the latest set

MRS(R1)! shows the sensitivity oR to the update of these
parton densities to new HERA data. One can also notice that
all these predictions remain higher than our extracted points.
On the other hand, recent theoretical calculationfof
— ,(0),1+819,6/,(0),650,1+4 based on the conventional NLO Dokshitzher—Gribov—
€sglELg—E=vsg" "B Tvsg ‘BL Lipatov—Altarelli—Parisi (DGLAP) evolution analysis of
_, , HERA data (LBY)'® and on the dipole picture of the
and neglected the ters1’(x&sg,Q”). Balitskii—Fadin—Kuraev—Lipatov  (BFKL)  dynamics

This replacement is very useful. The anomalous dimen(NpRW)m are in very good agreement with our points ob-
sions y{)" in the next-to-leading order approximation tained with Eq.(8).
(NLO) are singular at botm=1 andn=0, and their pres- Finally, Fig. 1b shows the extracte® with §=0.3 at
ence in the arguments g§(x,Q%), makes the numerical three differentQ? values showing only statistical erroft
agreement between this approximate formula and an exagloid the strong overlap between the data points at different
calculation worsgwe have checked this point using some Q2 values, in comparison with the SLAC R990
MRS setS of parton distributions parametrizatioff based on largex data. Relatively good
Using the NLO approximation 0@;5 and rﬁgﬁ forthe  agreement at<102is achieved when systematic errors are

specific values= 0.3, we obtain(for f=4 andMS schemg  taken into account. Notice that points at the samand

where the result is restricted @(x?~?,ax* ™). To arrive at
the above equation we have performed the substitution
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different Q? are correlated by the form in which the deriva- ”The quark singlet and nonsinglet kernels in M8 scheme are taken from
tive termdF,/d In Q? is determined. Ref. 13. It was noted in Ref. 16 that the gluon kernel given in Ref. 13 is

In summary, we have extracted the raRe= U'L/O'T at erroneous. We use the correct result given in Refs. 14 and 15.
smallx from the structure functiofr, and itsQ? derivative
with the help of Eqgs(1), (7), and(8). These equations pro-
vide the possibility of an indirect determination Rf This is 'A. M. Cooper-Sarkar, G. Ingelman, K. R. Long, R. G. Roberts, and D. H.
; ; ; ; ; Saxon, Z. Phys. (39, 281 (1988; M. W. Krasny, W. Placzek, and H.
ljmi)ortam smcg the direct eXt;aCtlonRaf:romMeXpenmer:rt]al Spiesberger, Z. Phys. &3, 687(1992; L. Favart, M. Gruwe, P. Marage,
ata is a cumbersome procedusee Ref. 1 Moreover, the 4047 zhang, 7. Phys. €2, 425 (1996.
fulfillment of Egs. (1), (7), and(8) by deep inelastic scatter- 2T. Ahmed, V. Andreev, B. Andrieet al, Nucl. Phys. B470, 3 (1996.
ing experimental data is a cross-check of perturbative QCDjT- Aid, V. Andreev, B. Andrietet al, Phys. Lett. B354 494 (1995.

A ’ ) ) Phys. Rev. D49, 5746(1994.

parametrization oR as a function of the most widely used s\ Derrick, D. Krakauer, S. Magikt al, Phys. Lett. B345, 576 (1995;
phenomenologicaF,. Z. Phys. C65, 379(1995.

_ _ . Kunszt, and E. M. Levin, Nucl. Phys. B20, 517 (1994).
In the case= 0.3, which is very close to the values obtained ;"\ Kotikov and G. Parente, Phys. Lett. 9, 195(1996.

- . 2 -
by H1 groug in the considere®? interval, we found rela- €A’ v. Kotikov and G. Parente, Report No. US-FT-19-@prints archive
tively good agreement with the SLAC parametrizatfband hep-ph/9605207 submitted to Mod. Phys. Lett. B.
also very good agreement with the studies based on NLOA: D. Martin, W. S. Stirling, and R. G. Roberts, Phys. Lett386 145

. (1993; 354, 155(1995.
DGLAP and BFKL dynamicgsee Refs. 18 and 19, respec- 10K, Adel, F. Barreiro, and F. J. Yndurain, Report No. FTUAM 96-39

tively). However, the calculation performed with the latest (e-prints archive hep-ph/9610380
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. . H. Abramowitz, Test of QCD at Low xtalk given at the EPS Conference,
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Calculation of the effective permeability of a randomly inhomogeneous porous medium
E. V. Teodorovich?

Institute of Problems in Mechanics, Russian Academy of Sciences, 117526 Moscow, Russia
(Submitted 11 November 1996
Zh. Exsp. Teor. Fiz112 313-324(July 1997

The effective permeability of a porous medium is calculated nonperturbatively. An exact
expression for the permeability in terms of a double path integral is derived on the assumption
that the permeability obeys a log-normal distribution function. Path integration is carried

out in general form in the large-scale limit. The result confirms the well-known conjecture that

the effective permeability is independent of the structure of the correlation function, but it
disagrees with the hypothesis that the effective permeability depends exponentially on the variance.
© 1997 American Institute of Physids$1063-776097)02707-§

1. INTRODUCTION the lowest perturbation approximation that the effective per-
o o _ _ meability does not depend on the form of the correlation
The description of filtration flows in porous media posesfynction and is determined entirely by the variance of the
a very timely problem in view of its applications to various fluctuating variable at the given point.
problems in hydrogeology, petroleum recovery, chemical  The question arises, to what extent are these conclusions
technology, etc. It is natural to regard a porous medium ag, ¢ the effective permeability depends exponentially on the
randomly inhomogeneous and to Specify its properties statig;, jance and not on the form of the correlation functions

tically by means of distribu;ion functiqns or statistical mo- bound to the application of perturbation theory? In particular,

ments and correlation functions of various orders. When th<=De Wit” has recently shown on the basis of calculations up to

spatial scales of the random inhomogeneitiesrrelation . ) . ) o

lengthg are small in comparison with the characteristic fil- and mclupl ing the third pe_rturbatlon approximation th_a t the
hypothesis of an exponential dependence of the effective per-

tration flow scales, for their description it is sufficient to . . . L .
know the effective permeability, which determines the rela-Meability on the variance is not justified and that in the case

tion between the average filtration flow rate and the averag@f arbitrary statistics the permeability in higher approxima-
pressure gradient in accordance with Darcy’s law. tions is found to depend on the functional form of the pair
The problem of calculating the permeability, which es- correlation function of the permeability fluctuations and not
sentially entails investigating and finding statistical solutionsmerely on the variance. The description of the structure of
to stochastic differential equations, has a long history. Theény term of the permeability series and the refinement of
simplest and most natural approach to its solution is by perpermeability theory by the partial summation of certain infi-
turbation theory. The solution is represented by a power salite subsequences of the complete series can be implemented
ries in fluctuations of the permeability, and then each term obn the basis of methods analogous to Wyld's apprdach,
the series is averaged on the basis of certain assumptiomich are borrowed from quantum field theory and utilize
regarding the nature of the statistics for the permeabilityFeynman diagrams, the Dyson equation, and a renormaliza-
fluctuations(a normal or log-normal distribution is custom- tion procedure. Working within the framework of the field
arily assumelt'~ This approach is similar to the method of approach and assuming that a log-normal distribution for the
description proposed by Wyld in the theory of turbulence,yermeanility is equivalent to a Gaussian distribution for

where the solution is represented by a functional power seésma fiyctuations, Kinfhas reproduced the results obtained

ries in the density of random_ Langevin force sources modell—n the lowest permeability approximations, but at the same
ing the onset of stochasticity due to the development o

: o ; ,Las succeeded in justifying the hypothesis that the effective
instability* The authors of most papers have confined their justifying yp

. . . ) ermeability depends exponentially on the variance.
calculations of the effective permeability to the first nonva—p y dep P y

nishing approximation of perturbation theory. The adopted We look at the problem from the standpoint of finding

boundary conditions stipulate that the pressure gradient is @e eff.ectlvel-permeabtl]hty oult.3|d(.a perfturbart:o(;] th;aory, be-
given constant, and the problem is reduced to calculating thgause In reality even the application of methods of quantum

average filtration flow rate. Corresponding calculations havdi€!d theory is based on perturbation theory and the refine-
been carried out to estimate the role of higherme”t thereof by partial summation of diagrams of a certain

approximations;® showing that the results of the second per_kind. A nonperturbative approach can be based on the repre-
turbation approximation do not contradict the hypothesissentation of the solution of the stochastic differential equa-
stated in Ref. 2: that the result of the first approximation istion in the form of a Feynman path integral previously con-
the first term of the Taylor series expansion of the exponenstructed by the present author in the problem of the diffusion
tial function describing the exact solution of the probléh  of a passive impurity in a field of random velocitiesithout
least in the case of a log-normal distribution of the perme+elying on the assumption of smallness of the relative per-
ability of the mediun). It follows from the results obtained in meability fluctuations.
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2. STATEMENT OF THE PROBLEM [V2+Vu-V]p=—k; e Yp. 2.9

The relation between the filtration flow rateand the  The formal solution of this equation can be represented by
pressure gradiemtis given by Darcy’s law, which is written the relation
as follows for an isotropic system: p=k; L V2o vy V) le b, 2.9

v(r)=—kr)vp(r), @D Averaging Eq.(2.9), we obtain an explicit representation for
where the susceptibilitypermeability coefficientk(r) is a  (p(r)), which can be used to find the effective permeability
certain random function of the coordinatéée generaliza- according to(2.4) or (2.7).
tion to the case of an anisotropic medium requires special
investigation. The condition of continuity for an incom-

pressible fluid is given by the equation 3. CONSTRUCTION OF THE INVERSE OPERATOR

V-v(r)=p(r), 22 To construct the inverse operator ?—Vu-V) ! (the
where p(r) is the number density of real deterministic Green’s functiol we invoke the Feynman operator formal-
sources or equivalent sources governing the boundary condsm, which essentially entails the following. In the case of an
tions of the problem. It follows from Eq$2.1) and(2.2) that  equation with constant coefficienf8u = const, the inverse
the pressure is the solution of the equation with random coeperator can be written in the operator exponential form pro-

efficients posed by Fock:

V-[k(r)V =— . 2.3 *

[k(NVIp(r)==p(r) 23 (_Vz_Vu.V)flzf dr exp{—(— V2= Vu-V)).
We define the effective permeability operator of the medium 0
by the relation 3.1
N which must be interpreted as an expansion in an infinite Tay-

(V(r))=—ke(Vp(r)). (24 |or series in powers of the operators. In our case, however,
In the general casky; is a certain integral operator of the where the coefficients of the operator are not constant, the
form operators Vu(r) and V do not commute,

(1) - (9ju) —(9;u)- () = (9;9;u), and in the series expan-
sion of the exponential function is it necessary to specify the
order of operation of the operators of differentiati@nand
multiplication by the function of the coordinatesu. Fol-
lowing Feynmart® we introduce the ordering parameter

‘proper time”), assuming that the operators act in whatever
sequence corresponds to increasing value of the parameter

Once the order of the noncommuting operators has been

(V(9)) =kes(@)ig{p(q)). defined, they can be treated as numbers, whereupon the in-
verse operator can be written in the form

()=~ [ dr ke, 12)(TBU). @9

For a statistically homogeneous medium the kekaglr,r,)
depends only on the difference in the coordinates, and th
transformation to Fourier transform space takes &45)
into the form

The objective of the present study is to calculatg(q() and

its Fourier transformkeg(r —r4). ) [ T )
Averaging(2.2), we then obtain from this equation (=Ve=Vu-v) = 0 dr exp — OdS[_V (s)
(v(r))y=V"1p(r)+curl A, (2.6)

where the operatoV ~1=V(V?)~! is well-defined, since —Vu(r,s)V(s)]}. (3.2

(V?) ! represents the Green’s function for the Laplace equa_—l_ “di le” th ial it
tion. With the exception of certain exotic conditions for an 0 “disentangle” the operator exponential, it is necessary to

anisotropic medium we can s&t = 0 in Eq. (2.6)) dispose of the square of the opera¥ds) in the exponential,
As a result we obtain the expressioﬁ fé)r t'he FOurierWhereupon the remaining expression can be interpreted as an

transform for the inverse effective permeability operator oper_ator of transla’Flon of the argument of the function ac-
cording to the relation
q%p(a))

, 2.7 explavV}H(r)f(r+a). (3.3
p(a)

. _ For this purpose we use the Stratonovich transfbrmhich
and the problem reduces to the calculation of the Fouriefs 5 fynctional analog of the well-known Weierstrass trans-
transform of the average pressure for a given density Ofyrm in the theory of integral transforifsin application to

sources. _ _ . . our situation(see Appendix A this transform has the form
To facilitate the ensuing discussion, we introduce the

notation k(r) = kye'". In this expressiork, and u(r) de V2(s)+V v
= In[k(r)/ko] are not uniquely defined, and the arbitrarinessex 0 VA + VU SV(s)]
in their definition will be exploited in writing an expression

for the characteristic functional of the random functigm). :A‘l(l - f dIX(S)Jexpl — Efrds[X(s)
As a result, the pressure equation assumes the form 4’ 4Jo

k;ffl(q) =
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) 7 It is readily verified that the ensemble average of the random
+Vu(r,s)]°expl — deSX(S)V(S) : (3.4 permeability field in(3.7) admits the representation

7 \If[a(x)]=<exp[ij dx0(x)u(x)]>, (3.9
A(a,T)=j d[X(s)]exp{—afodst(s)].

0(x)=fords[Y(s)V+2i5(s)]5

x—r+ffds’X(s’)>

Equation (3.4) involves an integral over all possible
d-components of the vector function§(s) defined on the
interval O0<s< 7. The ambiguity in the definition of the mea-
sure d[ X(s)], which specifies the weight of the paths, is
unimportant, because expressi4) contains an integral

with respect to the measure in the numerator and the denon%bout the nature of the statistics for the permeability field

natOé[in t(_armszogA(c;, ;)]' 3.4 and th | ing th k(x). If we assume thak has a log-normal distribution for
quations(2.9), (3.2), (3.4) and the rules governing the u = In[k(x)/ky] (Refs. 3, 6, and 8, then the characteristic

action of the translation operators reduces the arguideBt ¢, tional is easily calculated, and in the céap = 0 it has
to the following representation of the solution fofr): the form

and can be interpreted as a characterigjgnerating func-
tional of the random fieldi(x) and, as such, is the functional
Fourier transform of the distribution function for.

Further progress can be made under certain assumptions

fd[X(S)]p(r—fOTdsX(S)) \If[a(x)]zexp{—%j dx dx’' 8(x)8(x")B(x,x") ¢,

1~ T
Xexp[ ——f ds[X(s)%—Vu r—J ds’X(s’))
4Jo 0
which in our case of a statistically homogeneous system de-

—u(r—f ds’X(s’))
0
pends only on the difference in its arguments. It is always

[the explicit dependence af(r,s) on the proper times is possible to satisfy the conditiofu) = O by virtue of the
omitted from(3.5), because no noncommuting operators argatitude in the choice oko.

left in the exponentid! _ Calculating the Fourier transform fép(r)) with allow-
The evaluation ofp(r)) reduces to averaging.5 over  anco for the fact that the functionai[ 6] in (3.7) is inde-

the ensemble of realizations of the permeability. In the averbendent ofr, substituting(p(q)) into (2.7), and using Egs.

aging operation it is convenient to avoid the square of th§3 g anq(3.9), we obtain an expression for the Fourier trans-

expression containin§ u(r — f¢ds'X(s")) in the exponent. ¢, of the reciprocal effective permeability:
To do so, once again we invoke the functional Weierstrass

o 1
transform k;ﬁl(q):kalqu dr Al(Z,T)Al(]_’ 7)
0

p(r)=k0_1fomd7' A_l(%,r
(3.9

whereB(x,x") is the pair correlation function of the random
field u(x), and

B(x,x') =(u(x)u(x')), (3.10

2

3.5

T T 2
exq’—%J dg X(s)+Vu r—f ds’X(s’)) ] ,
0 0 ><Jd[X(s)]d[Y(s)]exp{—Jods[YZ(s)
=A"L(1, T)f d[Y(s)]exp[ - des[Yz(s) 1
0 +iY(s)-X(s)+iq-X(s)]]exp{ 3
+iY(s).X(s)+iY(s)Vu(r—des’X(s’)) } (3.6 7
s xfods[—Y(s)VJrZi&(s)]
As a result, we obtain
o Td’Y’V 2i8(s’)]B Sds”X” .
R T PRI xJascvevaas e [Jaexie |
° (3.19)
XJ d[X(s)1d[Y(s)Jexp — ffds[Yz(s) We note that Eq(3.11) is exact under the sole condition that
0 the permeability field is assumed to have log-normal statis-

tics; no assumptions have been made about smallness of the
—|—iY(S).X(S)]]p( r— deSX(s)> permeability fluctuations. The independence of the effective
0 permeability from the density of sourcgdndicates that this
quantity characterizes the medium and has no connection

><< exp{ i JTdS[—Y(S)V-FZi 5(3)]u(r with the properties of the filtration flows.
0
4. EFFECTIVE PERMEABILITY IN THE LARGE-SCALE LIMIT
_ JTds’X(s’) _ 3.7 Normally the case of interest is the one in which the
0 characteristic scales of the filtration flow are large in com-
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parison with the scales of the permeability inhomogeneitieand the rules of integration using delta functions, we then
(large-scale limit In the large-scale limit we can set perform integration with respect ®@ands’ to obtain
(p(r"))={(p(r)) in the integrand of Eq(2.5 and take this . 1

expression outside the integral sign. The latter approximation k;ﬁl(CI)ZkSleBm)lzfo dr Al(_’T)Al(l, 7

corresponds to the substitution 4
keﬁ(r—r’)—>6(r—r’)f dr'Keg(r—r") XJ' dXdYexp{—(Y2+iY -X+iqg-X)7}
=58(r—r’ —0- ) Y-X[Y-X
o r)keﬁ(Q)|q_0 (4 1) Xexq—v(v‘lﬂ [B(O)_B(XT)]} (45)

Consequently, the large-scale limit fégy is obtained by
passing to the limitg— 0 in Eq.(3.11), a nontrivial operation [in Eq. (4.5 we have dropped the subscript 0 frofg, Y,
in view of the nonanalyticity of the integral on the right— and Ag(a,7) = [dXqexp(—aX37)].
hand side of(3.11) with respect toq at the pointq = 0. Introducing the substitutioty —Y —iX/2, we carry out
When such a transition is made (8.11), one can make the the integration with respect to thkdimensional vectoY by
substitutionst— 7/g?, s—s/q? and thenX(s/q?)—qgX(s),  means of the relation
Y(s/q?)—qY(s). The results of these substitutions are the (Y-X)?
disappearance of the factgf on the right-hand side of f y2 _
(3.11) and the substitution dvex Yo X4 [B(0)=B(X7)]

1[5

— | ds'™X(s")]. =

qJs’ (")

The correlation functior(x) IS nonvanishing in an N The rest of the integration with respectXoand the passage
terval on the order of the correlation length. The substltutlon[0 the limit q—0 are conveniently executed by means of
B(x)—B(x/q) in the limit g—0 corresponds to the case o jnyersion fork(q) with subsequent integration
when the correlation length tends to zero. As a result, on%ver the entire volume according to Ed.1))

.. _ s ’ , . .
minimum-length pathsx = J4ds’[X(s")| are given in The inverse Fourier transform producés — X 7) in the
B(x). Inasmuch as minimum-length paths correspond to Mojiegrand of Eq(4.5), making it possible to integrate with
tion with a constant velocityX(s) = const, we can set respect toX. As a result, we have

X(s)~Xq in the argument of the correlation function in

1

T d/r2
(T) V1+[B(0)-B(X7)]/X37

(4.9

S
Q—>qo=ﬁ, B(f,dg'X(s"))_)B
g s

(3.12) in the large-scale limit. - ko 1eB0)2 1
ek . , Keit (1) =— v? (r)
Functional integration can be carried out completely eff (4)97? pd=2%d\t)
with the aid of Fourier series in this approximatibhAc- (4.7

cordingly, we represent the vector functiodés) and Y (s)

_ e [BO-BOA [ gt -3zt 4
in the interval (0, 7) by the expansions ea(r)=e fo dtt [t+B(0)

- mNns —B(r)]‘l/ze‘”“,
X(s)=Xg+ > X, cosS—,
n=1 T wheret = r?/r. Integratingkgﬁl(r) over infinite volume and
w transforming the volume integral into a surface integral, we
7Nns ;
Y(9)=Yo+ 3 Y, cos—, (4  obtain
=1
n . . kgleB(O)/Z i1 9 (P(r)
so that path integration is replaced by integration of infinite Kefi = Keft (Q)|q:0:W2_ P B .
multiplicity with respect to the coefficientdy, Y,, X,, and H°°(4 )
Y,. '
The integrations with respect 1, are carried out by Wwhere Sy = 279%T'(d/2) is the surface area of the
means of the readily verifiable relation d-dimensional sphere of unit radius.

In calculating the derivative i4.9), it must be borne in
mind that the derivative satisfiego(r)/or~adB(r)/ar,
which is assumed to decay faster than asr—o. As a
(43  result, taking into account the relation(k™1)
ko 'exp(B(0)/2} (see Appendix B we find

A;l(%,r)Agl(li T)f dX, exp(i Y- Xp1)=68(Y,),

which facilitates the subsequent integrations with respect to

Y,. Making use of the identity ) L (d=2)Sy
ko =(k™ ). 4.9
o N Xo 0 N off = )Wz_ﬁod( ) (4.9
s—s' =7 —B[(s—¢’
A o] X?, as 3 o] It is evident from Eq.(4.9 that, sinceB(«) = 0, in the
N large-scale limit the effective permeability actually depends
=— —2—,5[(5— s")Xo] (4.4y  only on the quantityB(0), which is related to the relative
Xo s variance of the permeabilityD by the equationB(0)
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= In(1+D) (see Appendix B We have thus confirmed the APPENDIX A: FUNCTIONAL WEIERSTRASS TRANSFORM
conclusion on which perturbation theory is based, that the

effective permeability of an isotropic system is independent 1 he Weierstrass transform is defined by the equétion

of the structure of the correlation function.
In the general case of arbitrary dimensionatitghe in- exp{an(s)}=A‘1(a)J dX exp{—a[X*+2X-F(s)]},
tegral () defined by Eq.4.7) is expressed in terms of (A1)

Whittaker functions, which have singularities of the type
I'[+(d—2)/2] for d—2 = 0, so that the coefficierk,; is
finite for d = 2.

Of immediate interest here is the three-dimensional CaS&is transform can be used to express an exponential of the

(%.:I.g).’ n Whllc?_;%(m) |;5_expressed n tﬁrmshof ]Ehe prob- square of a certain functiofvector or scalgrin terms of an
ability integral. The resulting expression has the form exponential of the first power of this function.

If the function F(s) is specified in the interval (07),
we can partition the interval intdl subintervals of length

A(a)=J dX exp[—ax?}.

(k) As; and approximatd-(s) by piecewise-constant functions
Kefr= o (410  F . In the continuous limitN—o, As,—0 such an approxi-
(1+D)[1-®(VB(0)/2)] mation is equivalent to specification of the functib(s).

Let us consider the identity

For small fluctuations we can sB{0)~D and expande exp{aFizAsi}=Af1(a)f dX; exp{— a(X?+2X;-F)As},
in powers ofD. Invoking the expansion of the probability

integral & (x)~2x//7, we see at once that the expansion (A2)
contains half-integer powers @, and the results of pertur-

bation theory are not reproduced. This fact indicates that théi(a):f dX exp{— aX?As;}.
perturbation expansion must be regarded as an asymptotic )
series, and the inclusion of higher approximations can sigVVe form the product of the left-hand sides of E(¢$2) and

nificantly alter the picture of the kinds of laws involved Pass to the continuous limit:

when based on an analysis of results obtained in the lowest N N
approximations. On the other hand, we should not rule out  |im [] exp{aF?As;}= lim exp[ a, FizASi]

the possibility that the inferred asymptotic character of the  N—= i=1 N— o =1

perturbation series is associated with the use of a log-normal

distribution for the permeability and that the application of Eexp{ adeSFZ(S)}. (A3)
perturbation theory might be justified in the presence of al- 0

ternative statistics. All the same, we still point out the short- . . :

i . : Analogously, we write the product of the right-hand sides of
comings of the traditional perturbation scheme whereby th ;

o . . gs.(A2) in the form

boundary conditions correspond to the stipulation of a con-
stant pressure gradient. At the same time, the renormaliza- N dX;
tion of the pressure gradient has been disregarded. In ouim [] (A— exp{ — a(XP+ 2Xi'Fi)ASi}}
proposed approach the renormalization of the pressure 1§~ =1 [ Aila)
taken into account by the substitution @éxp(—u) for p on .
the right-hand side of Eq2.8). Another reason for the non- Ef d[X(s)]exp{ - af ds X2(s)+2X(s)- F(S)]},
reproducibility of the results of perturbation theory is that 0
usually only the statistical moments of even orders are in- (A4)
cluded in the term-by-term averaging of the functional series .
even though the statistical moments of odd orders have norv]/\_/here the integral measure
zero values in the case of a log-normal distributieae Ap- N dx;
pendix B. dX(s)1= lim [1 ( A,(a)]

Another conclusion that can be drawn from HE4.9), N—e 1= LA
which is exact in the large-scale limit and under the assumpdefines the contribution of the “pathX(s) running through
tion of a log-normal distribution of the permeability, is the the sequence of point$; the intervaldX;, evaluated at the
incorrectness of the assumption that the lowest perturbatiortime” s;. In the continuous limit the measure integral must
approximations correspond to an expansion of the exponerbe regarded as a path integral. The concept of the path inte-
tial function representing an exact solution of the problem ofgral was first introduced by Einstein and Smoluchowski in
the effective permeability of a randomly inhomogeneous methe theory of Brownian motion and was later substantiated
dium. mathematically in the work of Wiener.

We close with the observation that the final redltL0 The resulting equation
can be applied without modification of any kind to the prob-
lem of the effective electrical conductivity of mixtures and o, adeSFZ(S)
alloys**®and to a number of other problems. 0
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=A71(a17)fd[x(8)]expf d[X(s)]

Xexp{ —afons[xz(s)+2X(s)-F(s)]],
(A5)
A(a,q-):J’ d[X(s)]exp{ —afOTdsxz(s)]

is a functional analog of the Weierstrass transfaii). It
was proposed by Stratonovicthand can be used to express

(K(x)k(X2)) =K3W[ —i 8(x—x1) —i 8(x—Xz)],  (B3)
(K™ 1(xq))=kg "W[id(x—x1)],

etc. The characteristic functional for the log-normal distribu-
tion is specified by Eq(3.9). In this case Eq9B3) give

(k(x))= koeB(O)/2,<k_ 1(X)> —Ky 1gB(0)/2
(k(xp)K(xp))=(k)2eB1—%2), B4

(K(X1)K(x2) ) (k(x1)K(x3))(K(X2)K(X3)
(k)° '

(K(x)k(X2)K(x3)) =

the integral of the square of a certain function in the argusom (B4), in particular, we deduce the expression for the
ment of an exponential in terms of an exponential containingg|ative variance

an integral of the first power of this function.

APPENDIX B: EQUATIONS FOR THE LOG-NORMAL
DISTRIBUTION

The case of a log-normal distribution fda(x) corre-
sponds to a normal distribution for the quantity(x)
= In[k(xX)/kq]. It is convenient to replace the distribution
function for u(x) by its functional Fourier transform or so-
called characteristic functional:

(B1)

lIf[t9(x)]:<exp[if dx 6(x)u(x)

_(k?)

D=2

—1=eB9 -1 B(0)=In(1+D). (B5)
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Role of decay processes in the propagation of slightly nonequilibrium thermal-pulse
phonons in YAIO ;:Lu crystals
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Data on the propagation of slightly nonequilibrium phonah3<T, (T, is the cryostat bath
temperaturgin Y oLug ;AlO5 crystals with effective elastic scattering by rare-earth

metal atoms are analyzed. The experimental results are interpreted on the basis of the
“quasidiffusion” model, where three-phonon inelastic decay processes play a decisive role in the
phonon kinetics. Monte Carlo calculations with these processes taken into account yield

good quantitative agreement with the experimental data.1997 American Institute of Physics.
[S1063-776(197)02807-2

1. INTRODUCTION In compiling the table, we have assumed that elastic
scattering in the low-frequency range can be written in the

The kinetics of nonequilibrium phonons injected into aform

semiconductor or insulator crystal is determined by two main 4

scattering processes) Elastic scattering by structural de- Urg=BT", @

fects (including isotopel 2) three-phonon decay processes, yhereT is the phonon energy in kelvins. For the injection of

in which a high-frequency phonon decays into two Iower-phonons into the investigated material with a Planck distri-

energy phonons. bution we interprel as the energy of the dominant group of
Whereas elastic scattering processes are fairly efficienthermal-pulse phonorfs.

nonequilibrium phonons injected into a crystal propagate dif-  The decay rate for anharmonic processes, averaged over

fusely, and in work with a thermal-pulse schéftfee bolom-  the phonon polarizations and directionscnspace, can be
eter signal has a characteristic diffusion-induced, bell-shapegyitten in the form

profile. The analysis of this curve can vyield information
about the efficiency and nature of the scattering ceftéhe UrpA=AT>. 2
dlffuswg motion qf noneqUIllb.rlum phonons in t_he presenceMaris11 has introduced the dimensionless ratio of the effi-
of elastic scattering can be influenced by their decay pro-.~ " : .
cesses, which cause phonons to travel more rapidly throug‘ﬁIenCIeS of elastic and anharmonic decays
the crystal. This phenomenon is known as “quasidiffusion” B* =B/(A*Vp/L)Y®, ®)
and was first treated analytically in Refs. 3-5. In these and ] o ]
later paper§; including numerical modeling studies of the WhereVp is the averaged phonon velocity in the material of
decay processes, the injected phonons are assumed to & sample, which has length For the data in Table | the
highly nonequilibrium particles with respect to frequency, ballistic transit timety,=L/Vy is taken equal to 10 s for
which is close to the Debye frequency. This hypothesis fol-2ll the materials, which is consistent in order of magnitude
lows from a quantitative analysis of the efficiency of the With typical ~experimental conditions L&=1 cm  and
elastic and decay mechanisms of phonon scattering for se¥o=10°~1C° cm/s. It has been showhthat analytical cal-
eral well-known materials used in experiments using thermafulations for the description of quasidiffusion processes are
pulses. possible only under the condition

It is_ necessary to di_stinguish betwee_n the strong non- B*=3% 105 (4)
equilibrium of phonons with respect to their frequeneyand
with respect to their occupation numbEfw). The forego- It is evident from the table that this condition is not satisfied
ing discussion applies to the caB¥w)<<1. ForN>1 the for conventional semiconductor-class materials, and numeri-
coalescence of phonons becomes significant, altering thegal simulation is required to take account of the contribution
kinetics. A qualitatively new phenomenon emerges here, thef decay processes.

formation of a “hot spot,” which was first investigated theo- A significantly higher level of elastic scattering can be
retically in Ref. 8 and observed experimentally in Refs. 9encountered in substitutional solid solutions such(es)
and 10. yttrium rare-earth aluminum garnets and yttrium rare-earth

Table | shows data on the efficiency of elastic scatteringaluminates. The closeness of the ionic radii of yttrium atoms
and decays for materials most commonly used in experiand the rare-earth metal iqe.g., LU ensures total mutual
ments on the propagation of nonequilibrium phonons. substitution, Y¥-Lu, without any appreciable lattice distor-

179 JETP 85 (1), July 1997 1063-7761/97/070179-04$10.00 © 1997 American Institute of Physics 179



TABLE I.

Compound: Caf[Ref. 13 Si[Ref. 10 Ge[Ref. 1 GaAs[Ref. 15 Y;Al50;,:Lugs[Ref. 1, 4 Yg4 ug;AIO;

A, sIxK™5 8x10°* 1.6x10°*% 7.4x10°4 39x10°*4 2.07x10°* 48x 1074
B, s IxK™* 0.5 0.46 7.0 1.4 195 %10°

B* ~95 315 141 7.5 ~10* 3.16x10*
T=Tuin K T>38 K T>38K T>19K T>29 K T>10 K T>35K

Note: The literature sources are given in brackets after each compound in the column headings; the data in the
last column are from the present article.

tions, whereas the large difference in their masses creates2aEXPERIMENTAL METHODS

high level of elastic scattering and mak&$ large. We have ] ) ]

calculated the coefficientd and B for yttrium garnets and ~ Here we investigate the propagation of a thermal pulse

aluminates in accordance with a procedure proposell! @ Yo Uo AlOg crystal. The yttrium aluminate crystal

earliet?*%on the assumption that the decay rate is devoid of'ave a distorted perovskiteorthorhombig structure with

anisotropy inq space. space group_DZh. As a rule, thg mvgsngqted samples were
The analytical theoryy® rests on the assumption that the Cut perpendicular to the003) direction with an area of 1

relation between the timess, 7, andt, satisfies the con- cn? and a length of 0.5 cm in the direction of propagation of

dition the injected phonons. The planes of the crystal were polished
to optical standards; a gold film of thickness 800-1000 A
T8<TA lpal, ®)  was deposited on one of the faces by thermal spraying to

which can be used to estimate the range of temperaturé¥eate a phonon injector. A bolometer in the form of a thin
(phonon energigsat which quasidiffusion is possible. The indium film was deposited on the opposite face in a meander
relation 7 < 7, establishes an upper limit roughly equal to Pattern with an area of 0:80.25 mnf and an impedance of

T~10® K for the materials listed in the table. A more sig- approximately 5.
nificant factor is the lower limit The sample was placed in a helium cryostat, whose tem-

_ 14 perature was maintained by evacuation and vapor-pressure
Trin= (Vo /LB)™, ©) monitoring. This technique enabled us to work in the interval
which is given in the fourth row of the table. The quantity 1.7—3.8 K with a temperature instability less than or equal to
Vp/L is again set equal to $G 1. 103 K.

For the quasidiffusion effect to be observable for the =~ Nonequilibrium phonons were generated by a short
majority of the materials investigated, it is necessary thafl00-ns current pulse, which heated the gold film. The
T>20 K. It is evident from Fig. I(curve 1) that this condi- meander-resistor bolometer was in a state close to the super-
tion requires the injection of highly nonequilibrium phonons conducting transition point and was used to detect phonons
with a temperature close to the Debye temperature. In worktransmitted through the sample. The superconducting transi-
ing with slightly nonequilibrium phonons injected while the tion temperature of the bolometer was varied in accordance
phonon source is subjected to moderate heatih@<(0.5  with the bath(cryostaj temperature by the application of a
K), strong elastic scattering makes the quasidiffusion effecveak magnetic field.
observable only for YAIQ:Lu crystals, which are the object In our experiments the power dissipated in the phonon
of the present investigation. It is evident from Fig(curve  injector ranged from % 10~2 W/mn¥ to 10" * W/mn¥. The
2) that the energy of the dominant group of phonons satisfiebeater injected nonequilibrium Planck phonons with a heater
the condition from the table within certain error limits. temperatureT,,, which is close to the bath temperature at
such a low dissipated power level, i.AT=(T,—Tp)<Ty.

This “quasiequilibrium” phonon injection regime has
definite advantages: From an analysis of the behavior of a
slightly nonequilibrium thermal pulse, in garnets for ex-

E ample, we know the temperature of the dominant group of

injected phonons forming the bolometer response signal,

(3.2-3.8),. Simple estimates show that the condition

T>3.5 K holds over the entire temperature range, and the

] quasidiffusion effect should be appreciable.

¢ Figure 2 shows typical plots of the bolometer response

vs time at several thermostat temperatures. The graphs ex-

R hibit a typical diffusion profile. We see that the maximum of

1 10 100 1000 the bolometer signal and the temperature both decrease with
T.K time. Figure 3 shows the temperature dependence of the po-

FIG. 1. Spectral density of the number of phonons injected into a crystal forsmon of the diffusion Maximun . The dEpendence of

; i ~TL8
T,=3.81K.1) AT>T; 2) AT<T: 3) equilibrium distribution of phononsin ~ tmax ON Ty can be approxmz_ate_d by the relatio,=CT _
the hater af=3.81 K. (curve 1) within the error limits of measurement of this

1 PSP RN YN |
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tions with respect to the initial frequency of the distribution
(7). The experimental results shown in Fig. 2 represent an
intermediate case between planar and point sources. The
simulation results for a point source are reduced to the ex-
perimental geometry by multiplying the time scales by 1.9
according to the procedure set forth in Ref. 2.

Simulation is carried out with only elastic scattering
taken into account and again with both scattering mecha-
nisms (elastic scattering and three-phonon decay procgsses
taken into account.

. ‘ , It is important to note that simulation with the spectral
o 2 50 5 density of the number of phonons in the foi® gives a
Time, pis sharp peak at small times. This peak corresponds to the par-
FIG. 2. Experimental time plots of the bolometer response for atlal ContrlbUt_lon of low-frequency phonons, which do not
YodlUoAIO; sample of lengti. =0.6 cm at various temperatureis.3.81  decay ballistically and reach the detector. The absence of the
K; 2) 3.38 K; 3) 2.40 K; 4) 2.31 K; 5) 2.21 K. ballistic peak in experiment can be attributed to two causes:
1) the escape of acoustic phonons into the liquid helii);

. ) . . ] o “cutoff” of the spectrum of injected phonons in the low-
guantity. Simple estimates in the limMT<T, indicate that frequency range, an effect observed for thi 2000 A)

_ -4
a dependence of the fortp,,=CT" should be expected, as neaterd® To incorporate this phenomenon into the simula-

shown in Ref. 2. Since the authors of Ref. 2 proceed from o the spectrum of injected phonons is depleted at frequen-
pure diffusion model, the resulting disparity can be attributetjes ,,<0.15 THz.

to the involvement of the decay process in the given mate-  gimyjation is carried out for initialA and TA phonons.
rial. Also shown in Fig. 3 are the results of a model experi-he results do not depend on the polarization of the initial

Bolometer signal

ment(curves2 and3), which will be discussed below. phonons, because rapid mode conversion takes place in the
elastic scattering of phonons in the investigated crystal.
3. MONTE CARLO SIMULATION The Monte Carlo simulation process is a two-parameter

In our simulation we solve the problem of the motion of problem, where the parameters are the elastic scattering and

phonons of a particular frequency from the center to the sur@nharmonicity constants. The best agreement with experi-
face of a sphere. To determine the partial contribution of thig"€Nt is obtained when these constants have the values

group of phonons to the bolometer signal, we multiply the A=800x10%s 'K5, B=25x10% s 'K4.
number of phonons reaching the surface by the sphere by
their frequency. The number of phonons injected into theClearly, the elastic scattering constant is close to the theo-
crystal at a given frequency is given by the equation retically calculated valuésee Table)lin order of magnitude,
_or i holkTe -1 o holkTp_ ay—1 whereas the anharmonicity constant, as the factor responsible
N(w)=ol(e "1 (e D @ for decay, is an order of magnitude higher than the theoreti-
whereTy, is the bath(crysta) temperature, an@,=Ty,+AT  cally calculated value. This disparity indicates the more sig-
is the temperature of the heater. The valuédfis assumed nificant role of anharmonicity in the investigated crystals. It
to be close to the experimental values of 0.2 KTgr=2.21 s evident thatB* =1.2x10° holds for the parameters ob-
K'andAT=0.4 K at all other temperatures. To simulate thetained above. Hence, according to the criterid) it is im-
total bolometer signal, we sum the resulting partial contribupossible to solve the phonon “quasidiffusion” problem ana-
lytically, and analytical estimates could be incorrect, thereby
justifying recourse to the Monte Carlo approach.
z'g“ ks The results of simulation of the bolometer signal with all
: the above-stated conditions taken into account are shown in
Fig. 4. A comparison of the simulation results shown in this
figure reveals a substantial difference in the phonon fluxes
obtained with(curvesl1 and 2) and without(curves1’ and
2') regard for their decay. This difference is manifested in
the values of the phonon fluxes and in the position of their
maxima @Ana) 0on the time scalet(,,,). If only elastic scat-
tering processes are taken into account, the quanttigs
andt,,,, are always smaller than simulation results obtained
‘ ) ) with allowance for phonon decay processes, even though the
20 2.5 30 35 40 number of injected phonons is the same in both cases.
X At first glance the difference in the values Bf,, ap-
FIG. 3. Temperature dependence of the delay time of the maximum of thé)e_ars to contradict the guasidiffusion model. ACCOI.’dlng to
diffusion signal.1) Experimental result2) simulation with decays3) simu- this model, the decay of phonons should form a maximum of
lation without decays. the phonon flux at shorter times than for the flux of nonde-

20

15r
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25 4. CONCLUSIONS
2 20t We have investigated the kinetics of slightly nonequilib-
; rium phonons in YAIQ:Lu crystals. We have shown that it
® 2 cannot be described within the framework of phonon diffu-
Tg” sion without regard for three-phonon decay processes. We
3 have carried out a Monte Carlo simulation of the diffusion of
g 10 nonequilibrium phonons with a continuous spectral distribu-
£ 2 tion. The simulation results well describe the experimentally
25 observed behavior for elastic scattering constants close to the
! . calculated values, whereas the anharmonicity constant must
. I exceed the value calculated from the known parameters of

0 10 20 30 40 5? 360 the crystal by more than an order of magnitude. For this
H reason the Gmeisen constant can be expected to exhibit
FIG. 4. Results of simulation of the bolometer signal at two crystal tem-@nOmalous behavior at low temperatures.
peratures, 2) With decays afT=2.21 K andT=3.81 K, respectively; The authors are grateful to T. Paszkiewicz and I. Kaga-
1, 2') without decays al =2.21 K andT=3.81 K, respectively. nova for valuable discussions and to I. Obukhov for assis-
tance rendered in the Monte Carlo simulation.
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Microphase separation in multiblock copolymers
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The phase diagram of a multiblock copolymer containing domains of coexistence of phases
having different superlattice symmetries with a density of monomers of a given type that varies
periodically in space. The parameters of such superlattices are calculated in the mean-field
approximation, and it is shown that their wave vector varies continuously with the temperature.
© 1997 American Institute of Physids$1063-776097)02907-1

1. INTRODUCTION units of a given typé and the average block length for
such units are expressed in terms of elements of the transi-

Heteropolymer systems consisting of two or more YP€Sion matrix v (Ref. 3

of monomers are intriguing by virtue of their capability of
forming periodic superlattices. Such structures were first pre-__
dicted and subsequently studied in detail in the case of @a=——F——p, pB= P, =0
polymer having mglecul)e/s of the same species consisting of vas VBA vasT VBA vasT VBA 1)
two blocks whose monomers “do not like each othéRef.
1). The possibility of the formation of superlattices by multi- We assume that the block lengthis small in comparison
block copolymers is still an open question. It has been hywith the average length of the chain, i.e., each chain contains
pothesized that such a structure is formed by a third-ordea large number of blocks. By the incompressibility condition
transition®® It was later remarked that this continuous tran-we havepa(x) + pg(X)=p, wherep is the total density of
sition must be replaced by a first-order transition when thenonomers. The deviatiordps(x) = —Apg(x) of the den-
polymer composition is highly asymmetfic. Angerman  sity of monomers of a given type from their average are
et al®> have proposed a phase diagram of a multiblock coconveniently described by the dimensionless order parameter
polymer consisting of two types of chains. L

Multiblock copolymers differ from previously studied Y(X)=App(X)/p, p=patps. 2
monodisperse polymer systems mainly in the possibility of
local variations of their molecular-structural distribution, We show below that a critical point corresponding to a sym-
which is described by so-called nonlocal terms in the freesmetrical polymer compositiorp o= pg, exists in the inves-
energy functionaf:>® We intend to show that this phenom- tigated system. Near this point the transition to a spatially
enon significantly alters the phase diagram of the system iilnhomogeneous phase takes place as a first-order, almost
comparison with the results of Ref. 5. In the mean-field ap-second-order transition. Consequently, the free energy of de-
proximation we construct the phase diagram of a multiblockcay of multiblock chains can be expanded in powers of the
copolymer consisting of two types of monomers with a Mar-order paramete(2) in the vicinity of this point. Since the
kov distribution of block lengths, and we show that the sys-expansion is made relative to the spatially homogeneous
tem goes through a series of first-order transitions intcstate, it is useful to consider the free energy of a system of
phases with different superlattice symmetries as the tempergiven volumeV at a temperaturé:
ture of the system is varied. A distinctive feature of multi- 3
block heteropolymers is the existence of temperature inter- T1Y] _ E d°q (xe— x+a%02) tho W
vals in which different phases coexist, and their relative pT 2] (2m3WXemxT&4 Yo% —q
volume changes with the temperature. Both the amplitudes

VBa — YaB 1

3 3 3
and the wave vectors of such superlattices are strongly de- _ fj 5 2 q H " dq;
pendent on the temperature. 6 < )i T 2m)?

4 4 3

g d°q;
+ —— .
2. FREE ENERGY 24f 6(21 I)Il_[l Yo (2m)?
We consider a melt of heteropolymer chains with Mar- k d3q d3q’ botb—qtbq g

kov statistics of unitsA and B, for which the probability tav f 2a?) o A+ ©

(transition matrix »;; that a unit of typgj =A,B will follow
a unit of typei along the chain does not depend on unitsas a functional of the Fourier components of the dimension-
farther removed along the chain. The average densityf  less order parameter
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phase transition line the order parameter can be represented
¢/qu dxy(x)expiq-x). (4 py a superposition ofi plane waves with wave vectotg
) lal=g (n=0, 1, 3, 6 for the isotropic, lamellar, hexagonal,
The tempera_ture c_iependence enters into _the free energy,q body-centered cubic phases, respectively
through the dimensionless monomer interaction parameter

which has a critical valuey, corresponding to a spinode A, <

(stability thresholdl of the spatially homogeneous state. We ¢q|n:ﬁ gl [6(a—aw + é(a+aW]- (6)
note that destabilizatiocorresponding to loss of the

quadratices term in the free energ8)] takes place ay=y.  Substituting this expression into E(B), we represent the
for zero wave vector. It has been notédhat in the case of free energy of the phase with a given numiveof plane
polydisperse polymer systems this fact does not imply thavaves

emergence of a new spatially homogeneous pHasec- P K A4

rophase separation of the polymer meis in the case of n =F,[q,A,]+ _2_”2 (7)
monodisperse systems. TpV 2a%q

The first three terms in E3) have the form of the usual py the sum of the local contribution
Landau free-energy expansion, where the coefficieot the
cubic term vanishes at the critical poipiy=pg. The last, Fla,An]=(xc— x+a%q?)A2— EA%_ %Aﬁ (8)
“nonlocal” term (~Kk), which is not included in Ref. 7, 6 24

describes effects associated with the presence of polydispegng the nonlocal contribution. Hede, =0, g,=6g for the
sity due to the finite width of the block-length distribution. |amellar phase) ;=4\ \6/3, gs= 15g for the bce phase, and
This term gives the energy cost due to local variation of the\ ,— 4) /3/3, g,=10g for the hexagonal phase. Minimizing

block-length distribution to create the density inhomogeneitype resulting free energy with respect to the amplitéde
Apa(x) with a characteristic spatial scale of order the recip-gpd the wave vectay, we find

rocal wave vector of the inhomogeneity 1. Since the for-

mation of such an inhomogeneity involves only blocks with 3
a characteristic lengtly™2, in effect it “sucks in” chains A”_a
with such blocks from the surrounding space. In the case of
polydisperse systems this phenomenon depletes the block- " \/ E—S\/ﬂ
length distribution throughout the entire volume of the inho- 2
mogeneity and, as a consequence, enhances interaction of _ 1a

two (or more inhomogeneities arbitrarily far apart. We shall aq=[kAn/2]™

not discuss the processes of relaxation to thermodynamiConsequently, in the single-phase domain both the amplitude
equilibrium on the scale !, which can last quite a long and the wave vector of the structure increase monotonically

)
3“—3@

2+ - 9
S x|, ©)

time for small values of. with the interaction parametey. It is important to note that

The parametera, g, andk of the Landau free-energy for sufficiently large values of the period of the structure
expansion(3) are determined from microscopic thec?ry: becomes of the order of the block length, and domain struc-
3 1-2f 3 5-16f(1-f) tures with very distinc_t boundar_ies appear _in the investigated

A= mmz g= BWW system. T_he_ harmonic apprommatu_ﬁﬁ) is inadequate fqr
the description of such structures in this case, and higher
1 1 harmonics must also be included in the expansion of the

k= NI (5)  order parametey(x).

To describe the transition between two phasesdm,
whereN is the average number of monomers of per blockit is necessary to write the free energy of a system in which
andf= p/p is the fraction of monomers of a given type  there are two coexisting phases with wave vectpysand
In the casef=1/2 (i.e., a:g) the coefficientn of the dm- In each of these phases the Fourier component of the
cubic term vanishes by virtue of the symmetry of the systenfrder parameter is given by Ed$) with n plane waves and
under a change of monomer type. The parameteWith m plane waves, respectively. Substituting this order pa-
a=b(x.N)"2 can be expressed in terms of the monomer@meter into Eq(3), we find the free energy of the two-phase
lengthb and the critical value of the interaction parameterSystem:

Xc=1/2Nf(1-f). —~

TV = ¢Fn[Qn 7An]+(1_ ¢)Fm[qm7Am]

3. PHASE DIAGRAM
. PPAL  2¢(1— p)AZAZ  (1-¢)%Ar,

In the presence of microphase separation the equilibrium 2a’q? + a%(q2+q3) 2a’q?,
value of the order paramete¥(x) is determined from the
condition of minimization of the free enerd$). In the mini- (10
mization operation we allow for the fact that the system carHere ¢ and 1- ¢ are the volume fractions occupied by
exist in either the single-phase or the two-phase state. Wphasesn and m, respectively, and the dimensionless free
first consider the single-phase state of the polymer. Near thenergyF,, is defined in Eq(8). The first two terms of Eq.
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FIG. 1. Phase diagram of a Markovian multiblock copolymer melt in the FIG. 3. AmplitudeA, of superlattices vs temperature fior0.3. The num-
variables §N,f), where x is the interaction parameteN is the average  bers have the same significance as in Fig. 1.

number of monomers per block, arfids the constituency of the polymer.

The curves are numbered according to the domain of existence of different

phases0) isotropic; 1) lamellar; 3) hexagonalg) body-centered cubic.

not depend ory or the fraction¢. According to Eq(12), the
volume fraction of phasa varies from 0 to 1 as the interac-

(10) give the local contributions of each phase to the frelion parametely yaries. _ _ _
energy and are proportional to the volumés= ¢V and The phase diagram of the system in variablgsl(f) is
Vi,=(1—¢)V of these phases. The last term describes efshown in Fig. 1. The numbers alongside the curves indicate
fects of redistribution of chains with different block lengths different types of phased) isotropic; 1) lamellar; 3) hex-
between the two coexisting phases and includes a fre@gonal;6) bce. This figure differs from the phase diagram of
energy contribution proportional to the product of the vol-a melt of monodisperse diblock copolymersrimarily in
umes of these phases. The free eneft§) is minimized having bands of coexistence of two phases. The existence of
with respect to the parameters of such phases in Appendix £uch domains in a system of polydisperse heteropolymers
where, in particular, it is shown that the wave vectors in thewas first predicted in Ref. 8. Most notable is the broad do-
coexisting phases must have the same magnitudéﬂain of coexistence of the isotropic and bcc phases in con-
0n=0m=09. The minimization of the functional (10) with junction with the relative narrowness of the domains of co-

respect taﬁ andq gives the dependence of the wave Vectorexistence of all other phases. More detailed information on

on the interactiortemperaturgparametery: the properties of the coexisting phases is obtained from an
investigation of the temperature dependence of their param-

3a29%= y— yo+ hAm_ g_mAz ' (11) eters — the wave vectay, whose magnitude is identical in
4 12" both coexisting phases, and the amplitudes of the superlat-

along with the volume fraction of phase tices in each of these phases. The dependence of the wave
vector of the superlattices on the parametein the case
3 2aq*/k—AZ, f=0.3 is shown in Fig. 2 in variablesqtb?N, yN). The
- Anz_A?m : (12) vertical lines indicate the values gf for the beginning and
. . ) end of the corresponding transitions between different phases
When two phases coexist their amplitudés and A, are (=0 and =1, respectively We note thatq increases

determined from the 'condition.for the mﬁnimumizations of continuously as the parametgrincreases, becoming of the
the free energy10). It is shown in Appendix A that they do order of the block length for large. Figure 3 shows the

dependence of the amplitudés, for all phases in the case
f=0.3. In the single-phase domains the amplitude of the

gbN superlattice increases monotonically wigh In the two-
0.5 phase domains the amplitude is independeny @ind takes
! the two valuesA,, andA,, corresponding to the two coexist-
04 ”L,/ ing phases andm. The volume fractions occupied by each
03 3 phase are shown in Fig. 4 as functions of the interaction
’ parametery.
0.2 b On the whole, we can state that allowance for the possi-
» 8 bility of the coexistence of phases with different superlattice
0.1 4 symmetries significantly alters the phase diagram of the sys-
0 ° . . _ _ _ tem from its form in Ref. 5, where this effect is ignored.
2 3 4 5 6 7 N 8 We close this section with a discussion of the validity of
X

the approximations made in the study. We note first of all

FIG. 2. Wave vectoq of a periodic superlattice vs temperatuneteraction that the expression for the free energ is written in the

parametery) for f=0.3. Thenumbers have the same significance as in “inﬁnitely _|0Il’lg chain” ?pproximaﬁon, i.e., when the wave
Fig. 1. vector satisfies;>1/bLY? whereL is the average number of
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0 This approximation is admissible because in the domain of

1.4 validity of the Landau expansiaf3) the characteristic values
L2F loud |[ses sal) of the wave vector of the superlattice are small in compari-
o— H son with the reciprocal Gaussian block length. Consequently,
08t the allowance for the corresponding dependences of the co-
efficients of the Landau expansion in Ref. 5 is a refinement
0.6 0 p B ' .
that patently exceeds the computational accuracy.
04 Fluctuation corrections to the mean-field theory have
02 been investigatéd for the case of a symmetrical copolymer
0 2 3 p 5 6 7 8 with f=1/2. It was shown that these corrections are small of
aw order the parameter N#* and result in the generation of a

superlattice from the isotropic phase with a magnitude of the

FIG. 4. Volume fractionsp occupied by each phase for=0.3. The num-  \yave vector that is proportional to this parameter but is still
bers have the same significance as in Fig. 1. nonzero

monomers in t_he molgcule. If thIS C(_)ndltlon does_ not hold,4_ CONCLUSION
the curve in Fig. 2 will not begin witlq=0 but with the
quantity g~ 1/(bLY?). In our situation, where the chains We have shown in the self-consistent field approxima-
contain a large number of blocksy,, is small, and the tion that as the temperature is varied, a melt of multiblock
finite-length effect can be disregarded. The finiteness of theopolymers undergoes a succession of first-order transitions
chain lengths is also essential in the analysis of effects ininto microphase-separated states with a wave vector of finite
volving the separation of the system into macroscopic phasasagnitude, which varies continuously from zero to the char-
with different average densities of monomers of given typesacteristic block lengtaNY? see Fig. 2. We note that a simi-
A andB. Such separation is possible in a system with a smallar conclusion in Refs. 2 and 3 has been made on the as-
number of blocksn, =L/N, because the number of mono- sumption of a third-order phase transition, which actually
mers of given type can differ for different chains by an describes the spinodal decomposition of the spatially homo-
amount of ordeMNni?=(NL)¥2 The corresponding varia- geneous state of the system yat x.. It is readily shown
tion of the density of monomers of a given type for a systenthat the free energy of our investigated two-phase states lies
with an average density of chaipéL is estimated as below the energy of the single-phase spatially inhomoge-
12 neous state. Consequently, a thermodynamic transition with
App=(pIL)(NL)*= LA the formation of a r?1icrop¥1ase-separa¥ed phase takes place
For smalln,, and a large interaction parameperconditions  through the formation of equilibrium nuclei of a new phase
are favorable for the spatial separation of such chains intin the old phase. As the interaction parameteincreases,
different macroscopic phases. In the opposite limit of largehe volume of these nuclei increases until the new phase
ny>1 the variation of the density of monomers of tdar  occupies the entire volume of the system; see Fig. 4. We

more coexisting phases can be disregarded. therefore have a finite temperature interval in which both
The influence of a variation of the densities of coexistingphases coexist.
phases on the phase diagram of a diblool;€2) copoly- We note that from the standpoint of the general theory of

mer has been investigated previodsiy the mean-field ap- phase transitions a melt of Markovian copolymers comprises
proximation. The authors of Ref. 9 ignore the contribution ofa system with a frozen-in, or “quenched” randomness. It is
the nonlocal term to the free energy of the two-phase systenwell known that such systems exhibit a localization or glass
but take into account the contribution of this term to the freetype of behavior in the case of solids having a random dis-
energy of each phase. According to the discussion &Ber tribution of interactions that is fixed in three-dimensional
regarding the physical significance of nonlocality, this ap-space. A fundamental distinction of polymer systems is the
proximation is tantamount to the possibility of the exchangefact that only a one-dimensional sequence of monomers
of molecules with different block lengths within each phase,along the chain is random, whereas the chain can assume
but prohibits such exchange between different coexistingrbitrary spatial conformations and exist in any domain of
phases. Such a peculiar equilibrium can be only be estalthe system space. The presence of such translational invari-
lished at small times; in the thermodynamic limit both chan-ance is conducive to the formation of a regular three-
nels of relaxation to equilibrium must be taken into accountdimensional structure in polymers with a random sequence
On the other hand, it is shown in Appendix B that the varia-of monomers along the chain. We shall not discuss the phe-
tion of the average densities of monomers in each phase camomenon of ordinary thermodynamic fluctuations, which
be neglected in the case of multiblock copolymers with arlead to the breakdown of long-range crystal order on large
average molecular length>N, and the only effect that scales in a process analogous to liquid-crystal systéms.
leads to a qualitative change in the phase diagram from the Our general expressidB) used for the free-energy func-
case of a monodisperse molt of diblock copolymdssthe  tional is not bound to any specific choice of model of a
nonlocality effect. Markovian copolymer, for which the parameters of the
In deriving the free-energy expressi@8), we have also Ginzburg—Landau functional are given by expressif)s
disregarded the dependencenxofindg on the wave vectors. Consequently, the main results of the present study are
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equally valid for a multiblock copolymer of arbitrary struc- \s[15 172 A3

ture. Aj=—|—(7+36)| =10.37—,
9| 2 O3 (A7)
)\3 3 1/2 )\3

APPENDIX A: MINIMIZATION OF THE FREE ENERGY A3:g_3 6+ E‘/E) :9'679_3'

We minimize the free energyl0) with respect to the anq for transition from the hexagonal to the cubic phase the

parameters of both phasesandm. In the event of transition  amplitudesA; and Ag are found by solving EqA6) nu-
from the isotropic phase with=0 we haveqo=0, and the  merically:

magnitude of the wave vector in the new phase is given by

the expression A3
4 2 4 A3:348_,
am=Kk(1— ¢)A3/2a*. (A1) 93 (A8)
We now consider the case of transition between phases with 3
different superlattice symmetries with # 0 andm # O. A623-17g_3-

The conditions for the minimum of the free energy with
respect to the wave vectogs andq, of these superlattices Solving the second of the equatiot®4) for q, we find the
have the respective forms temperature dependence of the superlattice wave vector; see
k¢A2 2k(1— ¢)A2 Eqg. (11) in the main text of the article. Equatidfi2), which
ny m_ together with(11) describes the dependence of the volume
234(1:11' a4(Q§+Q§1)2 ' fraction of new phaseb on the interaction parameters, is

(A2) . )
determined by solving EqA3) for ¢.
K1- @AY 2koAl y solving EdA3) for ¢
+ =1.
2a*qy  a*(gptap)’
A solution of these equations is readily found: APPENDIX B: ESTIMATION OF THE VARIATION OF THE
a4 4 5 5 . AVERAGE DENSITY IN COEXISTING PHASES
q9'=9,=qn= k[¢An+(1_ ¢)Am]/2a . (A3)

] We show that the variation of the average density in
We note that Eq(AL) can be regarded as a special case ofpexisting phases can be ignored for polymer molecules con-

Eq. (A3), sinceAy=0 in the isotropic phase. If the equality taining a large number of blocks,,=L/N>1. The physical
of the wave vectors in the coexisting phases witit 0 and  pictyre of the absence of this effect is discussed in Sec. III.
m # 0 is taken into account, along with EA3), the con- 14 gescribe such a variation of density on macroscopic
ditions for the minimum of the free enerd@) with respect  gcqjes; it is necessary to include the zeroth harmonic in the
to A, and A, assume the form expansion of the order parameté) in each phase:

2(x— xc+3a%9%) — N pyAn/2+ g,A26=0, Ad) A
2y yo+ 38°G7)— A A2+ G AZ/6—0, Vel =And(0)+ - 2 [8a-q+a(a+a)l. (BY)

and the minimization of the free energy with respect¢tio

yields the equation The amplitudes\,, and A, characterize the variation of the

average density in each of the coexisting phasaadm and
(x— xc+3a%9%)A2—\ A6+ g, Al24 are related by the condition of invariance of the total number
b o x2 3 4 of molecules in the system
=(x— xct3a°q9) AL~ NpAn/6+ 9AL24.  (A5)

Substituting the combinatioly — x.+ 3a2g? from the two Phnt (1= ) An=0, (B2)

equations(A4) into the right- and left-hand sides of Eq.
(A5), respectively, we find equations for the amplitudes
andA,:

which can be used to parametrize these amplitudes by a
single parameteA:

— 3\ pAnt GnAZ= — 3\ A+ OnA2, ”6) An=(1=d)A, Am=—44A. (B3)

—ZAnAﬁ+gnAﬁ=—27\mA%+gmAﬁ1- Here ¢ and 1- ¢ are t_he volume fre_lctions_ occupied by

phases andm, respectively. As mentioned in Sec. lll, al-

The most important consequence of these equations is tHewance for the finite length of the polymer chain “re-
fact that neither of the amplitudes depends#dand y. We  moves” the singularity of the nonlocal term in the free en-
arrive at the conclusion that the amplitudes of the two coexergy (3) for zero wave vectog=0 (Ref. 3. Consequently,
isting phases do not vary with the temperature. substituting the order parameter for each of the coexisting

In the case of transition from the Lamellar to the hex-phases in the forniB1) and(B3) into the functionak3), we
agonal phase);=0, and the solution of EqA6) has the obtain the expression for the free energy of the two-phase
form system
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p

Fom T om model treated in the present article, inequalBg) is always

Ty~ Fomt 6F(A), Fap= W|Lﬂoc , satisfied, and the variation of the average density in this limit
(B4) can therefore be ignored. In the transition from one ordered
SF(A)=—Ng(1—¢)(A2—A2)A phase(n) to another ordered phagm), inequality (B6) as-
sumes the form
k ¢%(1—¢)°A*
Zazq—2-+ ce 1— p<(L/IN)Y1—2f| 32 (B8)
min

where the free energg,, in the limit L— is calculated in and is always satisfied for sufficiently long molecul@sth
(10), g2,,=1/b°L, and the expansion afF is written in the L=N).

principal approximation with respect toandL. Minimizing ) _
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In the limit of infinitely long molecules, which is in fact the Translated by James S. Wood
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Resonant Josephson tunneling through S-I-S junctions of arbitrary size
I. A. Devyatov and M. Yu. Kupriyanov®

Institute for Nuclear Physics Research, M. V. Lomonosov Moscow State University, 119899 Moscow,
Russia

(Submitted 6 December 1996
Zh. Eksp. Teor. Fiz112 342-352(July 1997

The Josephson tunneling current in S-1-S structures where the main current transport channel is
resonant tunneling through an isolated localized state is calculated using the
Bogolyubov—de Gennes equations. It is shown that the efficiency of equilibrium Josephson
resonant tunneling is determined only by the ratio of the width of the resonance level to the
absolute value of the order parameter for the superconducting electrodes with arbitrary
relationships among the system parameters. 197 American Institute of Physics.
[S1063-776(197)03007-2

1. INTRODUCTION into these structures are found to exist. Besides depending on

the lengtha (Eq. (1)), which actually determines the effec-

Experimental studies of Josephson HTSC junctions withjye penetration depth of normal quasiparticles into the sub-
a semiconducting oxide spacer layer have led to the obsef;, rier region, the solutions depend on the parameteaad
vation of the “long-range proximity effect.*~1°It involves . ’
the existence of a significant critical currehtin structures
with spacer layer thicknessed=100 nm. Experimental V—pu 1 N—u V—pu
J,(d) = exp(-d/§) curves have yielded temperature inde- 5~ E ~E NV om =2« In( E

pendent coherence lengtlisthat are considerably longer .
(10-50 nm in these materials than in the superconductingWhereE is the energy of the bound Andreev state respon-

oxides(1—3 nmy. This effect has been explairiédn terms sible for transport of the superconducting current. In an ear-
of a model bas;ad on the assumption that the main mech jer theoretical analyst$® of resonant Josephson tunneling
rough a dielectric barrier it was assumed implicitly that the

nism for transport of the normal and superconducting curs = "9" = .
rents in these structures is resonant tunneling through |ocaparrler Is thin on.the scale of the Iengtbsqnd &- I th|s .
aper we examine the case of an arbitrary relationship

ized states in a low energy tunnel barrier. It is found that th d d d refine th f licability of
characteristic scale length for the reduction in the superconzflmong » &, andg, and refine the ranges of applicability o

ducting current with increasing spacer thickness was dete_peﬂ:ele_Jlts_tongged 'r:] there_arllﬁr W(?;]kl't.lt IS ?g‘t’gv n fﬂ;ﬁt
mined by the effective penetration defthk « of quasiparti- in the fimi , Wherel 1S he efiective wi ot the

cles into the spacer. As opposed to the coherence length inrgsonanclcle Ie;el,t.the d':je(t::] and Andr_eevfrefi(re]ctlon chantnﬁls
superconducto,=#vg [2A, wherevg is the velocity at the are equally etiective and the expression for the resonant Jo-

Fermi surface and is the absolute value of the order pa- sephson current is the same as the analogous formula for a

rameter for the superconducting electrons, the characterist]f cT0SCoOPIC short circuit. In the opposite limit of a narrow

length« is independent of the parameters responsible for thgesonance levell’<4, thg anomalou_; proximity effect is
accompanied by a reduction in the critical current by a factor

superconducting properties of the electrodes and its rela: . .
tively large values are a consequence of the low energy balo-?c A/T owing to the mlsmz_;\tch of the resonance channels_ f(_)r
rier of the spacer material, direct and Andreev reflecthn of the qga5|part|cles. Then it is
found that for structures with an arbitrary lengih as op-
posed to shortd<<¢; ,&,) structures, not just one, but three
a= W~100— 1000 A, (1) channels for Andreev penetration by quasiparticles may op-
M erate during transport of a superconducting current. Never-

as well as of a double gain in the exponent owing to thetheless, their interference may lead to exact cancellation of
resonant character of the current transpéot the normal the terms that depend ofy and ¢, in the formula for the
curren}. In Eq. (1) m is the effective mass of the charge superconducting current, and this yields the same value for
carriers,u is the chemical potential, and is the potential of ~ the superconducting current as the one calculated for short
the bottom of the conduction band of the spacer material. Junctions.

On the other hand, it is knowhthat the nonequilibrium
properties of the weak b(_)nds may depend on the effef:tlvg_ MODEL FOR THE JUNCTION
coherence lengt; determined by both the superconducting
properties of the electrodes and by the spacer parameters.  We shall assume that the density of localized states in

In this paper resonant Josephson tunneling in S-I-She spacer layer is low, so that the interaction among quasi-
structures is analyzed in a physically clear approach based guarticles belonging to different states is unimportant, their
the Bogolyubov—de Gennes equations and three characterigffective interaction with the electrons is negligibly small,
tic lengths describing the penetration of superconductivityand they are uniformly distributed, both over the volume of

. (@
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P p— 1 . .
s FIG. 1. Schematic and energy diagram of the
S Eo r structure being discussed here.

-dn2 0z, dn2

the spacer and with respect to enefgyleast, in a region of The bound statefE| <A are determined from the con-
orderT, near the chemical potential). To retain the physi- dition Q= 0, which yields a dispersion equation of the fdfm
cal clarity of this picture, we restrict ourselves below to con-

sidering the one dimensional problem in a single mode re- E2=A2 cos’-( Bl
gime, i.e., to studying processes in an S-c-S structure with 2
tunnel conductivity in the constriction region and with a po- ~
tential barrier of the forn{see Fig. 1 sin B=Im(a,a*)D, |B|*a=0. (7)

V(x)=VO(|x| —d/2) - (B/2m) 8(x—Xo). (30  The quantitieD=1/a.a*| andR=Re(.,b*)Din Eq. (7)

Herex, is the coordinate of the localized state described by€Pend on the values of the energy that are symmetrically

a s-function potential with a single allowed energy state with Positioned relative to the chemical potengiaind represent
an energy off,=B2/8m. transmission and reflection coefficients for the quasiparticles

through the direct and Andreev channels. The paramaters
andb. are given by

), cosa=R+Dcos g,

3. TRANSMISSION COEFFICIENTS AND THE ENERGY OF

i [ke K

THE BOUND STATES a.= { [B. sinh(x.d)—coshx.d)]+ 5 k_;_ K_*)

Under the above assumptions the magnitude of the order * *
parameter in superconductors can be regarded as indepen- _ Ki
dent of the spatial coordinates and the processes taking place X[sinh(k.d)—B.coshx.d)]— i
in this system can be described using the 1D Bogolyubov—de *
Gennes equationghere and in the followingh=1 and K% K%
kg=1): +K—i B.. cosfixaXo) |1 - (8

Lz Vv A(X) | W =EW and
“omad BTV o+ AX) (W =EY,
i 1
R 0 Ae'¢? b+=—:(k*—k )[coshk.d)
A(X):(Ae_i‘P/Z 0 )®(|X|_d/2) (4) - 2k + + -

B . . .
Here o, is the third Pauli matrixg is the phase of the order B.. sinf(xd)]B. (K3 +k.)sinh(x.Xo)

parameter for the superconducting electrdBsare the en- i
ergy eigenvalues, ar is a spinor composed of the and +— [(x% +|k|?)[B.coshx.d)—sini(x.d)]
v- functions of Bogolyubov and de Gennes. The solution of "
Egs.(4) in the neighborhood of the spacer and superconduct-

ing electrodes can be written in the form of a superposition

of plane waves transmitted and reflected from the boundaries

of the junction and localized state. By matching these plan&iere
waves and their derivatives, we have found the ditéand

Andreev t*  transmission  coefficients for  the k=v2mu, ke=v2m(V-(uxE)),
quasiparticles?1°

+B+(K2+—|k+|2)cosf(f<+xo)]}. 9

y Bt:B/ZKt.

k+=\/2m(,u+i§)=k(1+%

A= kfg%' (E-|¢he*?a, —(E+|¢he |,
D.=|a.| 2andR.=|b. /a.|? are, respectively, the trans-
k. T3|§| A - mission and reflection coefficients in the normal tunneling
tN|=—= < [€¥?b, —e "¢ _|, (5 channel for quasiparticles with energiesoE. It is easy to
kQ A \ o = .
confirm that the normalization conditid®R. +D. =1 is sat-
where isfied for both normal channels. When there are no localized
Q=(cosa—cos B)—2(E/A)? cos 3 states B=0), Eq.(7) transforms to the previousi§ estab-
lished dispersion equation for tunneling junctions of finite
—2i(E/A?)|¢|sin B, (=+A*—EZ (6)  thickness.
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4. THE JOSEPHSON CURRENT cases examined below, the current from the bound states is

) . . the main contribution to the resonance Josephson current.
We write the superconducting current flowing through

the structure as the sum of two terth®

I's= lbound™ ! cont» 5. THE LIMIT OF A SHORT TRANSITION AND A HIGH
BARRIER
JE; 1

Ihound™ 2621_: % WE,-/T)' When the inequalities

e (= |E|<(V—w)exp —«d/2), (14
Icont:; fo d| §|{|IN(QD,X0)|2_ |tA(¢!X0)|2_ |tN( - ¢, and

E |Erl<(V—pu)exp — kd/2)cosh kXg) (15
_ 2 Ar_ o _ 2 =
Xo) |+ [t"(— ¢, = Xo)| }tanhZT, (10 are satisfied(condition (14) is identical to the condition

d<¢p), it is possible to neglect the differences in both the
Yransmission coefficients and the phase shifts of the
Bogolyubov—de Gennes functiomsandv in the = E chan-
nels, which makes it much simpler to calculate the supercon-
ducting properties of the structure. If we rewrite the disper-
sion equatior@Q=0 in the form

which determine the contributions from the bound state
I vound (|E| <A) and from the continuunh,, (|E|>A), re-
spectively.

Equations(4)—(10) are valid for arbitrary relationships
among the characteristic lengths, €; , &g, &y , @) and charac-
teristic energies\{— w,A,I') of the structure. In the follow- ,
ing, however, we limit ourselves solely to the practically 1
important case of low barrier transparency, i.e., to the case of (Z) Re(ata-)- A2 Im(ata-)- 2 [Reata-)
a relatively thick barrier:

+cose+Reb*b_)]=0 (16)
kd>1, w|dR2Exo|>1, k=y2m(V—p)=a"*, '

(12) and note that when the inequaliti€s4) and (15) are satis-

_ _ fied, the quantities in the dispersion relatitk6) are given
when the localized state has well determined energ;by

eigenvalues®

In this limit the expression for the transmission coeffi-
cients in the normal tunneling channel®,. , reduces to the
standard Breit—Wigner formut&

E
Im(a*%a_)=—2—= coshx,Xg),
Lo

Ez—E?
r3 Rea*a_)= ——>— +cost(kxy),
0

_ r
Di_(EI(ERJr 8E5))2+T2 cosB(k+Xo)
Reb,b*)=Rga*a_)—1, 17
T'o=2(Vo—u)\Do, . N . : :
we arrive at a dispersion relation obtained previously by
16k% 2 Beenakker and van HoutEhwithout rigorously determining
DO:(k?+K?)? exp(—2kd), (12 the conditions for its validity(they only pointed out that
5 . d< ¢, holds, while the actual conditions for validity of Eq.
k®—«k (17) are that the inequalitiedl4) and (15) be satisfiejt

Er=(V=u)~ gy 1o 5 coshixxo),

o (A2—E?)(E?—E&—T'%/4)+ AT ,T'; sir?(¢/2)

-T, T: exf (k— K. )d]coshk.xo), (13 +TE2/A?_E2=0,

in which Er is the renormalized energy of the localized state,] ~11712: T'1i=o exp(=«Xp), I';=I'o exp(+ KXol)é

I'y is the width of its resonance level located inside the bar- (18)

rier, andD,, is the normalin the absence of a localized state The dispersion relatio(L8) implies that, in this case, the

transparency of the junction. amplitude and shape of the bound Andreev states depend
According to Egs.(5)—(10), the Josephson current only on the relationship between the magnitulieof the

through the structure is determined by a combination of thé@rder parameter and the characteristic endrgyof the lo-

a. andb. which describe the coherent processes of normagalized state, as well as on its coordinage

and Andreev quasiparticle reflection. Thus, besides the con- In the limit of a wide energy band of the localized state

ditions (11), which determine the thickness of the junction I'o>4, i.e., in the range of spacer thicknesses

anq the cpordinate of the Iocalize_d_state, Which_hgs a_well ) IN[8x(V— w)/kA]

defined eigenenergy, and are sufficient for describing single « l<d< ,

particle tunneling processes, additional conditions arise for

the energies of the localized and bound states, and the thickARe dispersion relatiofil8) and Eq.(10) yield an expression

ness and height of the barrier which separate the variour the energy of the bound Andreev state and the Josephson

regimes of coherent Josephson tunneling. Note that in all theurrent through this structure:

SEq

(19
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E(@)a<r,=*A J1—D(ER)sird(¢/2), is the volume of the optimal spacer layer region nea0.
Note that the suppression parameter for the averaged Joseph-

D(ER)={(Er/T' )%+ cost(kxq)} 1, (200 son current' g, introduced in Ref. 11 is directly propor-
tional to the ratio ofA(0) to I'y (for a three-dimensional
sin ¢ |E(o) geometry. Thus, the predictéd suppression of the critical

I(¢)a<r,= - D(Er) - . i i i i i
) J1-D(Ep)sii(¢l2) 2T junction current as the parametEy g increases is a direct

consequence of Eq§20)—(22): asT'| g increases, there is a

Equation(20) is formally the same as the dependence for geduction in the width of the resonant Andreev level and a
single mode S-c-S transitid:"® The difference is that the corresponding reduction in the critical current which is de-
transparency (Eg) is the Breit—Wigner resonance transpar- scribed by the transition from the limit of E420) to the
ency (12) for localized states with a different energy . limit of Eq. (21).

Increases in the junction thicknedsare accompanied by The averaged resonant conductivity of junctions with
a reduction in the width of the resonance band and in theormal edges and a single localized state on the trajectory is
limit I'y<A, i.e., for strong failure of the inequalitl9),  given by
Egs.(10) and (18) imply that

1 é?
- 2
AT oJ1-D(Eg)sir(¢i2) By~ 7 MR TSk, (23
E((,D)A>r02i 7 2 ) . . L.
VD(Eg) VEZ+(A+T costixxo)) wheree?/ 7 is the quantum mechanical unit of conductivity.
—_—— An analysis of resonance quasiparticle tunneling in S-Sm-S
(@) par. = eAlo D(Er) structures has showhthat superconductivity in the edges
°© 2 EZ+(A+T, coshkxy))? does not have an asymptotic efféfdr eV>A) on the con-
. ductivity of the structure. At the same time, as E@) and
% Sin ¢ tar]h|E(<P)| 21) (21) imply, the maximum critical current depends on the
V1—D(ER)sirt(¢/2) 2T ratio A/T'y and equal®A for I'p> A andel’ in the opposite
_ o ~ limit.
It follows from Eq. (21) that in the limitI'y<<A the maxi- Combining Eqs{(22) and (23), we see that in the limit

mum Josephson curreffor Er=0, Xo=0) has a phase de- [ s A the productJ)e. (p,)e. depends weakly on the
pendence proportional to sipl) and an amplitude that is a Rxp™ " T "R . _ .
factor of A/T, smaller than in the limif"y>A. Then the SPacer parameteréio within a proportionality coefficient
bound Andreev state is compressed toward the chemical pd!hich is not written down in Eq(20)) and is determined
tential . The rise inE, “repels” the Andreev levels and the Mainly by the maximum critical junction curreed, while
gap boundaries and ensures that the phase dependence of fh&he opposite limil’o<A we have
Josephson current is proportional to gin -~ (D g ol P Eg o * Lo 1P, g

Equations20) and(21) imply that in both limiting cases o _ _
I(¢) differs from sinusoidal for energies of the localized This is a possible explanation for the dependence
states such thd&g=<Ij. In partigular, forER=0 e}ndxozo Jepnllp,
the resonance transparency is equal to unity abg) ) ] . )
« sin(@/2) in both limiting cases. As the difference between (the so-called Sfa‘,"‘“ng lawobserved in experiments with
the energy of the localized state and the chemical poteatial HTSC junctions.
increases, the resonance transparency drops sharply, so that
| (¢) approaches a sinusoidal dependence quite rapidly. Thi§ THE LIMIT OF INTERMEDIATE SPACER THICKNESSES
means that the superconducting current averaged over theip BARRIER HEIGHTS

energy and coordinates of the localized states is proportional , . , ,
to sine over almost the entire temperature range. In experiments, especially with HTSC structures, condi-

An averaging procedure carried out in the three-tions (14) and(15) may be violated, while conditiof.1) for

dimensional case in calculations of the superconducting cu€ffective resonant single-particle tunneling continues to be
rent using the Green’s function formalism yielded the samesatisfied. Let us first examine the case where the junction
result!! length is still small on the length scale of the quasiparticle

The procedure for averaging over the coordinates an?lephasin&f for all values of the bound state energies

energies of the localized resonance Josephson current dt§—|$A' Le.,
scribed in Eqs(20) and (21) leads to a dependence of the fp<d<§, (24)

form . . . . .
while the eigenenergy of the localized state and its coordi-

<J>ER,xooc(‘]c)maanR,XOFOS/K! (220  nate equal zero, i.eEr=0 andx,=0. In this case an ana-
lytic solution of the dispersion equati@i) is possible. Note

where Jc)max 1S the maximum critical resonant tunneling {ha; condition(14) can fail only in the “narrow resonance
current through an isolated localized state which followsjina |imit. i.e. A>T, since in the opposite limit<T'

from Egs.(20) and(21) for Eg=0, Xo=0, ande=1r; MEryx,  condition(14) is automatically satisfied.
is the concentration of localized statéy, is the size of the Thus, in the limit of a narrow resonance line>T", for
optimal energy band near the chemical potentiahnd S/ « relatively thick junctions conditioril4) may fail at least for
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E/A | . =signE sin <p(eAE)’2)[1

E + B/\AD(5/2+ co(¢/2))]. (27)

1-02-107} Both of the currentg27) are substantially higher than the
forward current, which does not involve localized tunneling
states and is given by the Ambegaokar—Baratoff formtila,
and have a phase dependence proportional tp&in(These
1-0.25.10° i currents are lower than the current from the Andreev level
* (21) only by the preexponential factor(k)(A/(V—w)).
However, as in the case of the long S-I-S junction, the cur-
rents(27) have different signs and cancel each other under
equilibrium conditions, yielding an overall amplitude of the
0 05 10 s 2.0 same order as the forward tunneling curreaigk/ «)?D,,
Phase difference ¢/m which is exponentially smaller than the currd@fl). Thus,
the appearance of additional solutions to the dispersion equa-
FIG. 2. Split Andreev levels foE~A, d/a=12, A/u=2.5x10"% and  tjon (7) when conditiong14) and(15) are no longer satisfied
(V=) n=0. does not affect the equilibrium resonance Josephson current
through a junction.

Andreev levels with an energy on the order&fHowever,
for Eg=0 the solution(21) is “pressed down” against the
chemical potential. and has amplitud€, so that condition
(14) for the solution(21) is satisfied for arbitrary junction As noted in the previous section, a further reduction in
thicknesses. At the same time, we note that for a localizethe ratio A/(V—u«) and (or) an increase in the junction
state eigenenergg>1g, the solution(21) corresponds to thicknesskd, which leads to failure of the second inequality
Andreev levels with an enerdy approachingA. Then Egs. in Eq. (24), does not affect the expression for the Andreev
(20) and(21) imply a crossover in the form of the resonancelevel near the chemical potential (21) (for Eg~TIy). Nu-
curves of the critical current with B4 and 1E% when  merical analysis of Eq(7) shows that, as before, two split
Er~A>T, (first noted in Ref. 18 Since condition(14)  roots exist neaE~A, but they become flatter and have a
fails for Eg~A in the relatively thick junctions which satisfy phase dependence proportional to @osThus, as before,
condition (24), this crossover will not occur in these junc- their presence has no effect on the equilibrium resonance
tions. Josephson current of the junction determin@d) by the
When condition(24) is satisfied for|E|~A, two new  Andreev level.
roots of the dispersion relatiof¥) will appear. These two
new solutions are direct analogs of the “split” Andreev lev- g concLUSION
els examined in Ref. 12 for the case of a long S-I-S junction.
The difference is that the effective reflection coefficiént
now has an anomalous sigR=—1. (In the case of a long
S-I-S junctionR=1.) Thus, the anglex is close tor:

7. THE LIMIT OF LOW BARRIER HEIGHT AND ARBITRARY
JUNCTION THICKNESS

The above analysis of resonance Josephson tunneling
through a single isolated state in a spacer layer reveals the
existence of two additional characteristic lengths in the sys-
tem, & and &, (see EqQ.(2)) which separate the different
a=m+ag, ay=2(82+cod(¢/2))D<1, regimes for transport of Cooper pairs through the structure.
_ Nevertheless, the interesting feature of resonance Josephson
o=((ks—r_)d)%2<1, D={2(V—-pu)/A}*Dy. (25  tunneling was that, despite the substantially different dynam-
ics for transport of Cooper pairs through the structure in the
different regimes(the appearance of additional bound An-
dreev states the overall equilibrium current through the
B=2(ry—k_)K<1. structure is determined only by the ratio of the order param-
Then the dispersion relatiof?) yields an expression for the ©ter of the superconducting electrodasfo the width of the
split Andreev levels neah: resonance levell’y, in all regimes and for arbitrary spacer
thicknesses. The results of this paper can be used to establish
E2=A%{1-[B/2+ fD( 812+ cog(¢l2))]%}. (26) precisely the limits of applicability of earlier calculations of
the resonant Josephson curféntand to explain, in a natu-
ral way, the predicteld suppression of the resonant Joseph-

dreev levels of a long S-I-S junction when ceK) is re- ' ) o T
laced by siné/2) andD by D. Since it follows from the son current compared to single-particle tunneling in the limit
P y Sing/2) yB. ol ! W A>T, as well as thel.p, « 1/p, dependence observed in

first inequality of Eq.(24) that 8/2> \/5 neither of the so- experiments with HTSC junctiors®
lutions (26) reaches the boundagy=A (Fig. 2).

The expression for the dephasing angleas the same form
as in the case of a long S-I-S junctith:

Equation(26) transforms to the expression for the split An-

The steepness of the ban@®) in E(¢) determines the This work was supported by the Program on Modern
current flowing through each bound state in accordance witfProblems in Solid State Physics and the INTAS-RFBR 95-
Eq. (10): 1305 project.
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Effect of interparticle interactions on radiative lifetime of photoexcited electron—hole
system in GaAs quantum wells
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The paper reports on an investigation of changes in the photoluminescence linewidth and lifetime
of excitons and electron—hole plasma over a wide range of densities betwesdf and

3% 10 cm2 at a temperature of 77 K in GaAs/AlGaAs quantum wells. The roles played by
thermal ionization of excitons at low densities of nonequilibrium carriers, exciton—exciton

and exciton—electron collisions, and ionization of excitons at high pumping power densities have
been studied. ©1997 American Institute of Physid$§1063-776(97)03107-7

1. INTRODUCTION 2. EXPERIMENTAL TECHNIQUE

. o : . e We selected for our experiments an undoped
Radiative recombination of excitons in quasi-two GaAs/Ab 1 GasAs heterostructure grown by the MBE

dimensional semiconducting structures is quite differentt . L ) :
. . . . . technique and containing a single quantum well of width
from the three-dimensional case. The lower dimensionality

of the system leads to radical changes in the interaction b(%izS nm. Excitons were generated by a pulsed picosecond

tween excitons and electromagnetic waves. Owing to th R6G dye laser operating at a wavelength of 590 nm with a
9 ' 9 90—ps pulse with a repetition rate of 4 MHz. The sample was

translational symmetry of a bulk crystal, this interaction re'placed in a cryostat. Pumping radiation was conducted to the

sults in formation of stationary excitonic polaritons, which . )
) . sample and luminescence was fed from the cryostat via an
can decay only through phonon scattering or conversion on .. . . . .
2 . : optic fiber with a diameter of 0.6 mm, adjacent to the sample
the crystal surfacé? In the case of excitons in quantum

. . o surface(within 0.5 mm). In order to prevent the spread of
wells, the translational symmetry in the direction perpen- - . i .
nonequlibrium carriers from the optically excited area, we

dicular to the quantum well plane is broken, which results in . : .
very fast(of order 10 psd f excitons with very small used samples with 0.5-mm mesas selectively etched on their
a very tastot orde padecay of excitons €1y Small - surfaces. Luminescence was detected by a photomultiplier

m-p_lane quaS|mqmentak(<koénw_X/c). Here_ﬁwx is the tube operating in the time-correlated photon-counting mode.

exglton energyn 1s .the refraction index, aqd Is the speed The densityN of nonequilibrium carriers in the quantum

of light. Excitons withk>ko do not rgcombmé. . . well at high pumping powers, when a dereseh plasma was
The cause of the fast recombination of excitons with roduced, was determined using two methods, namely, by

k<k, is the phase coherence of the excitonic states. The Io%nalyzing, the luminescence line shamnd by dériving it,

of coherence due to either localization of excitons, or Scatfrom the pumping power densitgunder conditions of the

tering by phonons, electrons or other quasiparticles leads to@xperiment, the lifetime of nonequilibrium carriers was al-

sha_rp increase in the electron lifetih®artial |on|zat_|on of ways much longer than both the laser pulse width and the
excitons at higher temperatures also leads to an increase Wdth of the time gate during which luminescence was de-
the excitonic system lifetim@.

. . tected. The values ofN determined by the two methods
In the present work, we have studied the effect of inter-

C i . o= . agreed within 10%, which indicates that nonequilibrium car-
particle interactions in the excitonic system in GaAs/AlGaAS o were effectively contained in the quantum well. At

quantum wells on the luminescence linewidth and lifetime|y o, pumping power densities, when the excitonic line

over a wide range of densities of nonequilibrium carriers,jominated in the luminescence spectrum, the concentration
including the region of the tr.anS|t|on from excitonic gas t0 55 derived from the pumping power density under the as-
electron—hole plasma. Experiments have been conducted akgmption that the fraction of carriers contained in the quan-

relatively high temperature of 77 K, when excitons andy,m well was constant as a function of the pumping power
electron—hole plasma coexist in equilibrium and the effect OHensity.

exciton localization on potential irregularities is negligible.

Under these conditions, it is possible to reliably determine

both the total density of photoexcited carriers and the syster%‘ EXPERIMENTAL RESULTS

composition, which allows us to analyze on a quantitative  Figure 1 shows luminescence spectra of a GaAs/AlGaAs
level the effect of exciton—electron collisions on the decay ofquantum well recorded over a wide range of pumping den-
excitonic states and on the radiative annihilation of excitonssities at an ambient temperature of 77 K. For comparison, an
and also to study the radiative recombination time in a quasiexcitonic spectrum recorded at 4.2 K is shown by a dashed
two-dimensional system in the region of high densities/ine in Fig. 1a. This curve demonstrates that the full width at
where the transition from excitons to electron—hole plasmdalf maximum(FWHM) A, of the exciton line at liquid he-
occurs. lium temperatures is 1.4 meV. This linewidth is due to local-
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ization of excitons at potential fluctuations caused by thenear this transition to the Fermi energy in theh plasma®
inhomogeneities in the quantum well width and the content  Figure 2 displays a decay of luminescence from the
of Al in AIGaAs.® Inhomogeneous broadening of the excitonquantum well| (t), at various pumping power densities. The
line of about 1 meV is typical of high-quality quantum wells luminescence decay time constatrfalls monotonically with
with L=5 nm? As the temperature is increased to 77 K at athe density of carriers in the quantum well. In a general case,
low pumping power density, the excitonic spectral line when the radiation lifetime, of the excitonic system recom-
broadens toA,=2.2 meV. In the range of low pumping bination is density-dependent, the time constarg related
powers, the linewidth is aImo;;[ consztant for photogeneratetb 7, by the equation

carrier densities of up ttN~10° cm™~. This leads us to a _

conclusion that the increase i in the temperature range =77 /(14 7dr /db), @
betwea 4 K and 77 K is mainly caused by the increase inwhere n= 7. /(7 + 7,,) is the luminescence quantum effi-
the exciton state damping due to the exciton—phonon scatiency andr,, is the nonradiation lifetime. Equatiofi) is
tering, i.e., it is a manifestation of the increase in the homoderived from the relations

geneous linewidth of the excitonic lirté. di/dt=—1/t %)
Figure 1 shows that the exciton line monotonically ’
broadens with the pumping power densitWw for =N/, ©)]

W=>3 nWi/cn?. This broadening is an indication of addi-
tional exciton damping due to collisions among particles, ~ AN/dt= =N/ +1ry). )
primarily exciton—electron collisions. The exciton binding Measurements of the quantum efficiency as a function of
energy in the quantum well is comparablekibat 77 K, and  electron—hole pair density in the quantum well at 77 K are
the excitonic gas is highly ionized in the range of densitiesplotted in Fig. 3. In the range of high densities
up to fairly high values. Besides, the exciton—exciton inter-(N=10-10"* cm™?) the quantum efficiency is constant.
action (involving two neutral particlesis notably weaker Measurements taken at lower temperatures indicatesilst
than the exciton—electron interaction.
At pumping power densitie$vV>100 nW/cnd, the car-
rier concentration is higher than the critical value for the
Mott transition from the excitonic gas to thee-h plasma. 10*3
Figure 1b clearly shows that the shape of the recombination ]
line in this case is in a good agreement with calculations
based on the plasma approximatioand the density and
temperature of thee—h plasma can be derived from the
shapes of experimental curve8ur fits of calculations to the
experimental line shapes indicate that the temperature of the
e—h plasma increases from 90 K dt=5x 10! cm 2 to 150
K at N=2x10'2 cm 2 Figure 1 also clearly demonstrates 10'3
that there are no peaks in the behavior of the linewidth in the 1
0

—
[
W
o

Intensity, rel. units
S
N
asal

density range corresponding to the transition from the exci- 10°
tonic gas to are—h plasma. This should have been expected,
because the excitonic line broadening just below this transi-

tion due to inte_raCt_ion between p_arti_cle_s is approximatelyg. 2. Luminescence decay curves for the quantum well at different den-
equal to the excitonic Rydberg, which is, in turn, comparablesities.

20 40
Time, ns
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FIG. 3. Quantum efficiency as a function @fh pair density in the quan-

tum well at 77 K. FIG. 5. Lifetime 7’ as a function oe—h pair concentration. Measurements

are plotted by full circles, calculations by Eq4), (9)—(12) by the solid
line. The dashed line shows the calculate¢h plasma lifetime at 77 K.

en  squares show calculations &=10cm™2 T=150K and
also constant in this density range as the temperature drOR£3xlglz cm 2, T=280 K.

down to 2 K, although the lifetime in this range drops more

than threefold. Therefore, in this range of densities we as-

sume 5~ 1. Figures 2 and 3 show thatincreases and the

quantum efficiency drops as the density falls below Sity of free electrons can be determined from the equality
10 cm™2, so the radiation lifetime becomes comparable tobetween chemical potentials of excitons and free electrons
o in this density range. In the range<10® cm 2 the and holes in equilibrium:

quantum efficiencyy is Iqwer_ than 0:1, i.e., the nonradia- = fot s (6)
tional channel of recombination dominates.

where uy o, are the chemical potentials of excitons, elec-
trons, and holes, respectively.

It follows from the approximation thag.=9.5. This
value is in agreement with earlier estimatesggfbased on
the four-wave mixing measuremenitgj,=10.2. The effect
of exciton—electron collisions on the width of the lumines-

4. DISCUSSION

The exciton line FWHM as a function of the density of
e-h pairs is given in Fig. 4. In the range<10' cm 2 the
function I'(N) is linear. It can be approximated using the

expressio cence line has been quantitatively estimated using the for-
malism developed by Feng and Spe&dhe homogeneous
Ax(Ne)=Axo+'e(Ne), (5 linewidth i€
where 2mg+m
, f dkIRQf| —= hk),
I'e(Ng)=0emRa& N, me+my,

R and a, are the exciton binding energy and Bohr radius,whereM = mg(mg+mg)/(2me+m;), me(my,) is the electron
respectively N, is the number of decoupleg-h pairs, and (hole) effective mass, and is the Fermi distribution func-
0. is the constant of electron—exciton interaction. The dention. The scattering cross section in this case is expressed as

M \? ™ m.K
_ s -1 -2 e
Q 477( me> k fo doK am,

21-3/2

1|

K 2

a8

2} -3/2

Q0
v

whereK =2ka, sin(d/2) and @ is the scattering angle. As a
result, we have derived the constant of the exciton—electron
L interactiong.=12.4, which is in a fair agreement with the

Linewidth, meV

FIG. 4. FWHM of the exciton line versus density @fh pairs.
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experimental data.

Figure 5 shows the function’ (N) = »7(N) obtained by
processing the data plotted in Figs. 2 and 3. It follows from
Eq. (2) that 7'(N) equals the radiation lifetime divided by
the factor & nd, /dt, which is, as will be shown below,
approximately equal to 2. Figure 5 clearly shows that in the
rangeN=3x10"—1C¢ cm2 the time 7'(N) decreases by
more than one order of magnitude in inverse proportion to
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the density. At higher excitation densities this dependence is
weaker. The increase in the radiation lifetime at Ibivis f | Wo(r=0)|?
caused by ionization of excitons.

The fraction of nonionized excitons in the photoexcited

1- WaiNx—(’TTZ— 77')E31>2<Ne

system is + I In 2(k )2 ~ (12
a |
2v3 0 m,
a=&=1—+, (7)  Where
N 2NV(1+4N/K)
47N e?
where 07 e KT
NNy m.m,kT R w is the exciton reduced mass, agglis the material dielec-
K= N,  wh%m, &R 1) ®  tric permittivity. The ratio betweehl, andN, is determined

by Eq.(7). This result has been obtained in the likjb, <1
andm, is the exciton mass. Since the exciton Rydberg in theand R>kT, i.e., Eq.(12) is valid for No< 10 cm~2. The
quantum well(11.5 meV is comparable t&T at 77 K, the  second condition corresponds to the cRse11.5 meV and
ionization degree of excitons at low densities is high andkT=6.6 meV.
@ = 1IN (Fig. 5. Luminescence due to free electrons and  The first two terms in Eq(12) are due to the exchange
holes is negligible, so the radiation lifetime of the two- interaction between excitons, and between an exciton and
dimensional system can be expressed by free carriers, respectively. The third term is the contribution
of recombination of a free electrghole) with a hole(elec-
7(N)=7(T)/a(N). ©) tron) bound in an exciton. This term is positive, i.e., it de-
creases the exciton lifetime, and its contribution is significant
atN~10"°cm™2.
The solid trace in Fig. 5 corresponds to the function
TX(T)zngkTTO/ﬁZkg_ (10) 7' (N) calculated by Eqgs(1), (9)—(12) with due account of
exciton ionization, exciton—electron collisions, and changes
In the range of densitie>10" cm2, when the exci- in f,. The only adjustable parameter is the radiation time
ton line FWHM increasegFig. 4), the effect of collisions |t was selected to fit the calculations to experimental data in
among particles om, should be also taken into account. In a the range of low densities, where interparticle interaction can
general case, the time, is related to the homogeneous be neglected. The valug =24 ps derived from this fitting is

Here 7,(T) is the exciton radiation lifetime. It is related to
the reduction lifetimery for excitons withk<<k, by

2

broadeningl’y, of the luminescence line as follows: in a fair agreement with the calculatioris,=16 ps for a
AlGaAs/GaAs quantum well with =50 A) based on Ref. 2.
o hl'h The calculation ofr’(N) shown in Fig. 5 by the solid
Tx 70- (11 .. . .
1—exp(—#Al'L/KT) trace is in a good agreement with measurements for carrier

At . tration& L <kT. the lifet ) densities of up tdN~7x 10'° cm™2. At higher densities, the
isfi og E’flrrrlerdcpnp%n ra '%n ti:jﬂ H, elite Itrf?e sat calculations of7’(N) are notably different from measure-
ISTIES 7y and Is Independent ai. However, the con- ments, which indicates that in this region excitonic correla-

tribution of exciton—electron collisions becomes important atgﬁns are no longer dominant and the lifetimeesth pairs

Elgher densities, v;?egj_thle exctl_tonl damr;)_lngtlncgeaseds a%hould be calculated in the plasma approximation.
ecomes comparable tol. In particuiar, estimales based on The lifetime of dissociate@—h pairs in the quantum

Elq— 3(;11)01¥|eld_2anh mclze_ase N7 tby8 nh;:a\rlly hz;lf _atd well can be calculated similarly to that of excitchhe
N cm = whenl increases 1o eV as denved j,yerse lifetime of a pair can be expressed as follows:
from the luminescence line FWHM.
2

In addition, note that at high densities the exciton wave 1 27
function is modified by interparticle interaction, which leads T&}IN ———=e’m EehE My f peip,dV
i i i mOCO\/f—O
to a change in the exciton oscillator strendth and there-
fore in 7y (sincery « 1/f,, see Ref. 1D In fact, an electron 1 1
or hole, either free or bound in an exciton, can be scattered X325 2 f N S(k—k")d*kd?k’, 13

only to an unoccupied cell of tHespace. Therefore the scat-
tering rate of carriers decreases at high density. The modifiwheren, is the fermion distribution function, ang,, is the
cation of the exciton wave function results in a smaller os-envelope of the wave function in the conductalealence
cillator strength since it satisfiek, «| ¥ (r=0)|?, hence band. It follows from Eq(13) that the usually accepted den-
longer 7o and 7. sity dependence of the—h pair lifetime 7 =« n~? is valid
The contribution of interparticle interaction to the oscil- only in the case of nondegenerate fermion distribution,
lator strength can be taken into account in perturbatiorwhereas in the limitN77%2/m>kT of degenerate fermion
theory with the Coulomb interaction treated as a perturbastatistics, the lifetime oé—h pairs becomes independent of
tion. A similar technique was used by Schmitt—Rietkal,'°  the density and approaches a constant which equals 0.24 ns
who studied the many-body effects on excitonic absorptionfor the parameters of the quantum well in question. This time
To first order, the oscillator strength is given by is about an order of magnitude longer than the lifetime of
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excitons fork<<kg, but considerably shorter than the exciton ticle interaction in a GaAs/AlGaAs quantum well on the
lifetime at 77 K: 7,=0.8 ns. The measured and calculatedwidth of the luminescence line and carrier lifetime. At low
radiative lifetimes in the region of high densities are com-excitation densities, the role of thermal ionization of excitons
pared in Fig. 5, where the calculated dependence is indicateghs been considered. At higher excitation levels, including
by a dashed line. Even at very high densitls; 102 cm™%,  those corresponding to the region of the transition from the
the lifetime of thee—h plasma calculated fol =77 K is  exciton gas to electron-hole plasma, the effects of exciton—

notably shorter than measured. This is not surprising beg|ectron and exciton—exciton collisions and ionization of ex-
cause, as was noted above, the temperature of the photo€Xions have been analyzed.

citede—h plasma in a quantum well is higher than 200 K at
such densities. At so high temperatures, holes are nondegen- The authors acknowledge helpful discussions with Prof.
erate, which increases the radiative lifetime of ¢éh pairs. A, Forchel (Wurzburg University, Germany The work was
The two points indicated by open squares in Fig. 5 corresupported by INTASGrant No. 94-211Pand Russian Pro-
spond to calculations fdl = 102 cm 2 at T=150 K and for gram Physics of Solid-State Nanostructures
N=3x10" cm 2atT=280 K, i.e., at temperatures derived
from luminescence spectra of tiee-h plasma. These calcu-
lations are in good agreement with experimental values.
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Recently a new effect in the Raman scattering of x-ray radiation has been predicted theoretically
and discovered in experiments, the effect of restoration of the selection rules for the

scattering tensor under strong electron—vibrational interaction. We propose a fairly simple model
for describing this effect, a model that allows for an exact solution and takes into account

the real vibrational structure of the molecule and electron—vibrational interactionl 9%
American Institute of Physic§S1063-776(97)00407-]

1. INTRODUCTION transitions(in the Born—Oppenheimer approximatjottt is
gvell known, however, that the adiabatic approximation fails

x-ray scatteringRIXS), or resonant Raman x-ray scattering, In the presence of two or s_everal closely lying elgctronic
began about a decade ago. This work became possible pﬁgates. In_thls case the selecthn rules for the scattering tensor
marily because of a new generation of high-intensity sourceB12Y be violated, since according to the Jahn—Teller theorem
of polarized synchrotron radiation. The high power of these'€ Symmetry of the electron subsystem is lowered because
sources radiation makes it possible for a monochromator t8f Strong electron—vibrational interaction, which mixes the
“cut out” a fairly strong narrow line from the smooth broad- closely_ lying electronic states of dlfferent symmetry. Ob_V|—
band spectrum. Thus it became possible to tune x-ray radi@us!y. in the case of RIXS by symmetric molecules or solids,

tion in frequency and monitor the degree of polarization, this €ffect is more the rule than the exception. The only
The physics of RIXS can be explained in following man- exception is homonuclear diatomic molecules, in which there

ner. An initial x-ray photon excites the targéttom, mol- is only a symmetric vibratipnal mpde, which does not mix
ecule, or solidl There are two channels, radiative and non-€lectronic states of opposite parity. Experimental data on
radiative, into which this highly excited intermediate stateR1XS bY O; (@w<I) moleculesRef. 8 and N (w>1) mol-

can decay emitting a spontaneous photon or an Auger e|eg_cules(Ref. 9 do indeed demonstrate that the selection rules

tron, respectively. There can in turn be radiative R¥28nd hold rigorously for the scattering tensor. Violation of the

nonradiative RIXSor the Auger resonance Raman efiéct selection rules for the x-rayscattering tensor was first discov-
depending on what final particlan x-ray photon or an Au- ered in experiments with theggmolecule(Ref. 7), the ben-

ger electropis registered by the spectrometer. zene moleculéRef. 14 and the CQ molecule(Ref. 15.

The cross section of the Auger resonance Raman effect A general theory of RIXS that allows for electron—

in the soft x-ray range is considerably larger than the radigvibrational interaction and an arbitrary spectral distribution

tive RIXS cross section, since the Coulomb interaction, re®f the excitation radiation has recently been developed in

sponsible for the Auger decay, is stronger than the electroXefs- 15 and 176' The case of broadband excitation was con-
dered earliet! An important result was obtained in Refs.

magnetic interaction. This is the reason why at presen?i

radiative RIXS has lower spectral resolution than nonradial® @nd 16 by theoretical means and was confirmed in experi-

tive RIXS. On the other hand, radiative RIXS spectra argnents. The effect cqnsists in the restoration of the selection
simpler and hence more informative. The reason is the dipol@/€s for the scattering tensor when the detunid@f the
nature of the interaction between radiation and target, in adréduencye of the excitation narrowband radiation from the
cordance with the selection rules for the scattering tefiggr.  €lectron—vibrational absorption band corresponds to a cer-
As shown in Refs. 5-12, the selection rules for the scatterinéa'n nonadlat?atlg electron transition. Note that the selection
tensor cause the spectral shape of the radiative RIXS crodyles are again violated for extremely large detunmbGQB('a-
section to depend strongly on the initial-photon frequeacy fore; formulat!ng the goal of the present research we list the
The case where is below the thresholdl of ionization of a  Main theoretical results of Refs. 15 and 16. The effect of
core electron was considered in Refs. 5-9, and the theory 6pstoration of se_lection rules is described in these papers at
RIXS for w>| was developed in Refs. 10 and 12. three levels of rigor.

Theoretical®°~**and experimentat® studies of radiative (1) A rigorous theory with a corresponding nonempirical
RIXS by molecule¥®1?and solid$™ 3 demonstrate the ef- calculation of the C@ molecule allowing for the nonadia-
fectiveness of these selection rules in determining the synbatic interrelationship of the electron and nuclear sub-
metry of occupied and vacant electronic states. In the abovgystems. The positive side of this approach, the rigor, is at
papers RIXS was studied for adiabatic electron—vibrationathe same time a drawback in view of extreme complexity.

Systematic experimental studies of resonant inelasti
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(2) A rigorous proof of the fact that the ratio of the The presence of two spectral peaks given(Byand (3) in
intensities of the forbidden and allowed transitions tends tdghe cross sectiofil) is the reason for Stokes doubling of the
zero for large detuning$). Since this asymptotic result is RIXS line>!%2° Recently the existence of this effect has
valid only for large detunings, the corresponding descriptiorbeen confirmed in the experiment of Akselgal*
allows for no conclusions about the shape of the spectral The differential cross sectiofl) describes the scattering
RIXS band in the intermediate range of value(bf of a monochromatic beam of x-ray photons by a molecule. In

(3) A qualitative description of the spectral dependencepractice, the spectral distributieh(w;— w,y) centered at
of the relative intensity of the forbidden transition via a five- has a finite widthy. Thus, if we wish to describe the experi-
level model. Here the vibrational structure of the molecule isment correctly, we must use the convolution
taken into account by two parameters: the electron—
vibrational interaction parameteyr, and the effective width Bo(w',wq)
of the corresponding electron—vibrational band in the ab- a(w’,w)zf dwlw
sorption spectrum. A drawback is the poor accuracy in al-
lowing for the vibrational structure of the molecule.

P(w1~0,7) 4

h h . | hi | _Iof the RIXS cross sectiorfl) and the spectral function
Thus, the main goal of our research is to select a fairlyg, (, _, ) normalized to unity. Note that the finite width

simple model that takes into account the _real wbrauonalyof the spectral function violates the linear dependence on
structure of the molecule and at the same time allows for 4t the RIXS line given by Eq(3).2°'21

rigorous solution of the problem of symmetry restoration in
radiative RIXS. Since here we study only radiative RIXS, for
the sake of brevity we use only the abbreviation RIXS.

Below we will also need the integral cross sectigime
area of the corresponding electron—vibrational RIXS band

a'(w)ZJ dw’o(w’,w)ZJ dw,09(w1)P(w— w,7),
2. RIXS AND ELECTRON-VIBRATIONAL INTERACTION (5)

2.1. Differential and integral RIXS cross sections

The differential cross section of RIXS into the solid which is expressed in terms of the integral cross section

angledO,
/dza(w,’“’) 2 —3 2
do(o' o) , oo Uo(w):fdw Tde'do  loww > IRl (6)
W=roww Z [F:[?8(w +wf0—w), (1) f

is expressed in terms of the classical electron radiud the event of monochromatic excitation< 0). Here with
ro=a’=2.82<10" 1% cm (a=1/137) and the scattering am- & high accuracy we can considef as the center of gravity
plitude given by the well-known Kramers—HeisenbergO©f the corresponding emission line.

formula'®

T4 Zho , , ibrational | i
Fi= 2 PR gJ=e.d, Y'=¢€-d. (2 2.2. The electron-vibrational interaction model
I 0 To determine the amplitud€) and the integral cross
Here it is assumed thatR<1, whereR is the size of the sectiong5) and(6) we choose a reasonable model reflecting
molecule. This condition is met for soft x-ray radiation andthe main features of the problem. The simplest molecule in
not very long molecules. The casek=1 was studied in which there is an antisymmetric vibration connecting the
Refs. 5, 10, and 11. In the present paper we use the atomiglectronic states of opposite parity is a linear triatomic mol-
system of units f=m=e=1); w,e,k andw’, €, k' are  ecule XY, (e.g., CQ). We assume that the initial photon
the frequencies, polarization vectors, and wave vectors of thexcites theK-electrons of the Y atoms to an unoccupied
initial and final photons, respectivelg;is the operator of the molecular orbitalor a quasistationary state above the ioniza-
dipole moment of the molecule; ana; = ;- Z; is the fre-  tion threshold of the-level) of definite parity(u or g). We
quency of the resonant transition between the moleculaslso assume that the molecule in theexcited state remains
states andj. The half-widthI" at the half-maximum of the linear. In accordance with the symmetry of the molecule, the
absorption line is assumed constant for simplicity. In 89.  intermediate delocalizeH-hole electronic state may be ei-
we ignored the broadenirgy of the final statdf), sinceitis  ther even-parity V) or odd-parity ). These states are
small compared td". The scattering amplitude) describes quasidegenerate, i.e., their electron energies are practically
the absorption of the initial photon followed by the transition the same,
of the molecule from the ground std® to the x-ray excited
intermediate staté) followed by spontaneous decay to the E=E.~E @)
final state|f). The delta function in Eq(1) reflects the con- g Tw

servation of energy in the scattering process and describes . :
the Stokes shift of the emission line since the wave functions of thes®lectrons belonging to

different Y atoms overlap only weakly. For instance, for the
0'=w— . (3  CO, molecule,|Eq—E,|=0.005 eV. This high degeneracy
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uQ) uQ)

U(Q@) U@ FIG. 1. The shift of the potential curves. (Q) of the
- states(13) for the antisymmetric mode, caused by the
U@ X)) electron—vibrational interaction. Her®=Q,. The

nonadiabatic potentialf) .. (Q) for the antisymmetric
mode of theK-excited state is determined by the ex-
pression foH .. in Eq. (15) without the contribution of
the harmonic potential of the symmetric mode. The
light curve depicts the potential curvd(Q) of the

U adiabatic K-excited state(a) The adiabatic potential
O(Q) UO(Q) curves of the ground,(Q)) and K-excited U(Q))
states have different equilibrium distanceb) The
ground andK-excited states have the same vibrational
frequencies and the same equilibrium distances.

of the x-ray excited states is the main reason for strong

1 1
electron—vibrational interaction. In the two-level approxima- ~ ¥ =—(W,—V ), V,=—(V +¥,), (13
tion, the total Hamiltonian of the molecule, V2 V2
He V whereV; is the eigenfunction of the Hamiltonian, , and
H=( 0 , (8) W, is the eigenfunction of the Hamiltonias _ .
V. Ho According to the Jahn—Teller theorem, the resyii8)

in the intermediatéK -excited state is the sum of the adia- and(13) have a profound physical meaning: the interactfon

batic Hamiltonian lifts the degeneracy of the initial adiabatic statieg and¥,
by lowering the symmetry of the system. Since the initial
Ho=E+h ) statesV 4 and'V, are of opposite parity, they can be coupled

and the operatov responsible for the nonadiabatic coupling ©Nly by an interactior with an antisymmetric vibrational
of the degenerati-hole electronic state¥, and¥,. The mode. Thus, we can writ¥ in the linear approximation in

Hamiltonian Q, as follows?*t’
P2 1 V=\Qy. (14)
h:j;"w (2|\/|j + EMJ“’iQi ' (10 Plugging this into the expressiqd?2) for H.., we see that

. _ o _ _ H. is again reduced to a sum of two harmonic Hamiltonian:
which describes nuclear motion in the harmonic approxima-

tion, allows for two normal modes, the symmetric mode with H.=E+ P_S n EM w2Q2+ P_ﬁ_l_ EM ©2Q2,
frequencywy and normal coordinat®y, and the antisym- 2My 2 7979F9 0 2M, 2 YUY
metric mode with frequency, and normal coordinat®,, .

For simplicity we ignore the contribution of bending vibra- Qlf:Qui 5. (15)
tions in Eq.(10). The coefficientM, and M, have the di- Moy

mensions of mass and for the XYnolecules can be ex-
pressed in terms of the masdds and My, of the atoms X
and Y as follows:

In the expression forH. we ignored the term
—)\2/(2Muwﬁ), which is quadratic im\, since allowing for
this term takes us beyond the linear approximatibf). The
My My(2My+My) nonadiabatic approximatiofil4) shifts the equilibrium dis-
MgZTv T TV IV tance for the antisymmetric mode b;t)\/Muwﬁ for the
% HamiltoniansH -. , respectively(Fig. 1).
The orthogonal transformatibh

1 (1 -1 3. PARTIAL AMPLITUDES AND THE SCATTERING CROSS
=— ( ) , (11)  SECTIONS IN THE SYMMETRY-FORBIDDEN AND
vzl 1 SYMMETRY-ALLOWED SCATTERING CHANNELS
which diagonalizes the Hamiltonig) (H=U"HU) For definiteness we assume that the ground electronic
H 0 state is an even-parity ondf@). In this case, in the absence
H= 0* H ) H.=E+h=V, (12)  of electron—vibrational interaction, the final electronic state

W must also be an even-parity orl\i!(g), since a transition

lifts the degeneracy?) of the “delocalized” statesVy and ~ t0 an odd-parity final state¥(; ) is symmetry-forbidden.
¥, and establishes a transition to the localized electron basEhe nonadiabatic interactiofil4) “opens” the forbidden
functions scattering channel into the final staiefu. Thus, in addition
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to the ampIitudeFfg and the integral cross sectiony(w) of

the allowed scattering channel, there is a finite amplifdgde  stand for the set of quantum numbers of the vibrational lev-
and a finite integral cross sectiar,,(w) for the forbidden els of the symmetric and antisymmetric normal modes of the
scattering channel. Then the differential and integral scatterground, K-excited, and final states, respectively. Here we
ing cross section&Egs.(1) and(6)) are given by sums of two assume that the medium is kept at room temperature, at

The vectorso=(0,0), m=(mg,m,), and mf=(mfg,mfu)

terms: which only the lower vibrational levels of the ground elec-
Ro(w'0) (o) tronic state with frequenciesyq and wq, are occupied
— == D [op (@) +w; o— ) (Mgg=mg,=0) in moderate-sized molecules. The matrix el-
dw'dO o’ 0f fg0 .
ements of the electron dipole moment,

+UOfu(w)5(w,+wfu0_w)]’ i/gu:<qf(g)|£j|q,u>v

= + 1 U U o U
7o) =0og(@)+ oou(w), (19 D, =Wl 2 W), Ty =(Wo| 7|V ), (19
where
describe the processes of absorptigr() and emission
4 o 0
Ton( @)= oor (@), crofa(w)=fgw53||:fa|2, (,(/ufg andggfu), where¥,, ¥, ar?d\lffa are _the electron
wave functions of the ground -excited, and final states of
a=g,u, parity «.
In contrast to the differential cross secti¢tb) and the
1 1 scattering amplitudél8), in the partial integral cross section
=E; —Eo+ +-|+ + = ’ ol ©
@r,0=Er, ~Botor | My, 2) @, M 2 0o.(®) (Eq. (17)) we can sum over the vibration levels of
the final state:
- E(w()g+ woy)- (17)

ool ®)= %rgwﬁsfwsu%}”az [(|<0,0|1,m>|2
Here wo, and w; are the vibrational frequencies of the m
ground and final electronic states, respectively, and the index
a=g, u denotes the parity of the electronic state. The sums
in Egs. (6) and (17) mean summation over the vibrational
levels (m; =0,1,2,..) of thefinal state. Using the localized

representatior{13), which diagonalizes the total molecular
Hamiltonian, and the Frank—Condon approximation, we ar- o _
rive at the following expressions for the amplitud@sof the ~ Note that the partial integral cross secti@®) does not co-

symmetry-allowed 'ng) and symmetry-forbidden R ) inci_de with the absorption cross section. According to the
scattering channels: optical theorem, the absorption cross sectior®isg, (),

where we mean summation over all the final state of the
molecule and the final photdithe corresponding analysis for
RIXS can be found in Ref. 230bviously,

+1(00]2m)|?)|Gm[> =2 Re > [(0,0/1,m)
my

X Gpl(1,m|2m;)GF, (2m4|0,0) (20

1
Ffa:

E %gu%%fa%: (i<010|11m>Gm<11m|fa 7mf>

(21)

+ (0,0|2,m>Gm(2,m|fa ,mf>), <1’m|21m1>: é\mg ,mlg<11mu|21m1u>-

1
m_Q—mgwg—muwu-i-iF '

since the nonadiabaticity parametér(Eq. (14)) does not
change the vibrational wave functions of the symmetric
mode. The antisymmetric mod¢s,m,) and|2,m,) of the
electronic state€13) differ only in their equilibrium dis-
tances, which are shifted in relation to each other by
12)\/(Muwﬁ) (Eq. (15). The expression for the Frank—
Condon factor(21) is given below(see Eq.(28)).

In the total integral cross sectiarny(w) (Eq. (16)) it is
advisable to distinguish the cross sectiog(w) of the al-
lowed scattering channel and a parameges) equal to the
relative intensity of the forbidden scattering channel:

G

1
O=w—| v+ E(wg—wog-l-wu—w()u) . (18
According to the dipole selection rules, in the matrix elemen
Ze  of the dipole moment of the emission transition the

parity B8 of the K-excited state is opposite to the parityof
the final state(if @=g,u, then 8=u,g). In the scattering
amplitude(18) the “plus” corresponds to an even-parity fi-
nal state ¢=g) and the “minus” to an odd-parity final state

(a=u); the frequencywy,=E—E, is the difference between

the equilibrium values of the electron energies of the

K-excited stateE (Eqg. (7)), and the ground stat&,. The
Frank—Condon factor between the vibrational wave func
tions of the ground stat,0) and theK-excited statéi,m)
(i=1,2) is denoted by0,0/i,m), while (i,m|f,,m;) stands

oou(w)
O'Og(w) .
The restoration of the selection ruldg(w)=0 and
F¢,=0) in the adiabatic limit { =0) follows directly from
Egs. (18) and (20), since in this limit the vibrational wave

oo(w)=0gg()(1+x(w)), x(w)= (22

for the Frank—Condon factor between the vibrational wavedunctions of the electronic states, Eq$l3), coincide

functions of theK-excited,|i,m), and final,|f,m;), states.
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3.1. Restoration of the selection rules at large detunings deed, Eq(25) and the physical picture of the process show
that the delay time between the absorption and emission
acts cannot be much longer than the lifetifie! of the
intermediate state. The second mechanism of the correlation
between absorption and emission differs qualitatively from
(Q2+T%) %> A w, (23)  the first and is due to the phase difference

where the effective width of the band dsw. In this limit of =0t (26)
large detunings or large natural width'sof the absorption . )

line, the quantityG,, specified in Eq(18) is independent of Petween the “instantaneous™ amplitudig (0) and the am-
m and can be taken outside the sum in the expression for tHalitude F; (t) of emission of the final photon at tinte To
scattering amplitud&; in Eq. (18). Allowing for the com- be more exact, this phase i€ ¢ mgwy,—m,w,)t. Because

Let us examine the important limiting case of large de-
tunings() of the initial photon from the electron—vibrational
absorption band under consideration,

pleteness condition of the interference of the partial scattering amplitudes
Ffa(t), their contribution to the total scattering amplitude
> li,myi,m/=1, i=1,2, F_is significant only for delay times<|Q|~*. Thus,
m
7= (Q?+T?) 12 (27)

we arrive at the following asymptotic expressions for the
scattering amplitude and the relative intensitiw) of the  can be interpreted as the duration of the RIXS process, or the

forbidden scattering channel: correlation time(the effective delay timebetween the ab-
(00|f.my) sorption and' emission acts. '

Fi =0, Ft =95, —gf Y(0)=0, (24) _ R_estoraﬂon of the selection rulé24) for short cqrrela-

u 9 o Q+il tion times7.<Aw ! (see Eq(23)), corresponding to instan-

which demonstrates that the scattering channel into the odd@neous RIXS, means that in the course of the Raman pro-
parity final state in the limit12) is again parity-forbidden cess(the time intervalr.) the molecule is unable to perform
(Fr,=0 andx(w)=0) in the limit (23). This result is rigor- ~an antisymmetric vibrationt<w, ") capable of mixing the
ous and model-independéit'® The case of largd in electronic states with different parities.

broadband excitation was also examined be Cederaum.

Equation (24) implies that the carrier frequency of the

excitation radiation provides a means of actively controllings.3. identical potential surfaces for the ground and

the selection rules in nonadiabatic transitions. K-excited states
Calculations can be made simpler if the initial potential

3.2 Analysi.s of the selection rules in the time-dependent surfaces of the ground arid-excited states coincidéFig.
representation 1b). In this casewy=woy= wy=w, and the Frank—Condon

To clarify the physical meaning of the phenomenon, it isfactors for the symmetric mode disappear, in view of which
advisable to write the scattering amplitudi) in the time- 0.0 s

L < ,QI,mg>— mg,0-

dependent representation: 9

- The fact that the remaining Frank—Condon factors for the
F¢ =f dt F; (t) antisymmetric mode are off-diagonal is due solely to the
s Jo ‘ shift in the equilibrium distances ifi5) (¥ \/M w2 for the
states¥, and¥,, respectively.

(0.di,my= " ")mexp( - ’7_2) p——
—myoy+iD)t)[£(0,0/1,m)(1,m|f,,m;) Jm! 2 NIV

+(0,0/2,m)(2m|f,,m)]. 25  (1m|2my)=e27"
|

This expression can be interpreted as follows. Because of m\ Y2
photoabsorption at timé=0, the molecule goes into the (27])'“‘"“1(—) L™ M (44?),

. . o m! my
K-excited state. According to quantum theory, it is impos-
sible to say at what timé the molecule will emit a photon % ¢ 12
and go into the final state. What the theory does state is that (_Zn)ml—m(l) L™ ™(492)
the spontaneous transition probability amplitulaea(t) is my! m ’
different for different timest. The integral(25) over the \ m<m.
emission timeg sums all the partial amplitudersfa(t) into Here L%(x) is the generalized Laguerre polynomial, and
the total Scattering amplitudéfa. ObViOUSly, not all timeg¢ i=1, 2. In the first equation |(|28) the “p|us” Corresponds
of emission of the final photon are equally probable, so ther¢o state¥; and the “minus” to statelV,.
is a strong correlation between the emission and absorption The integral cross sectiany(w) in Eq.(22) is expressed
acts in Raman scattering. The primary reason for this correin terms of the integral RIXS cross section of the allowed
lation is the finite lifetime [ 1) of the K-excited state. In- transition,

i = ,
=5 @guyufg% fo dt exp(i(Q—myo,

(28)

m>m,,
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x(w) xw

1.5 20 R
a — n=i$ b —Tw,=0.1 Lo
—-n=10 — T7a, = 0.257 FIG. 2. Dependence of the relative in-
L5f — oy =1 tensity of the forbidden transitiony(w)
T, =25 (Eg. (30)), on the frequencw of the ex-
[ citation radiationia) for different values
L0 of the nonadiabaticity parameter (Eq.
(28)) (I'' wy=0.257), andb) for differ-
05 A ent ratios of the natural absorption line-
width to the vibration frequencyl’/w,
e N =1).
0 ; ol (n=1)
-5 0 5 10
Qlw,
, & we have only a transition from the lower vibration level of
aog(w)zréwaﬂﬁjéu@;fge"’ > Brmm[|Grl? the ground state to the lower vibrational level of the
m.m; =0 K-excited statéa 0—0 transition Figure 2b depicts the spec-
+Re(GGY )1, (29)  tral dependence of the functiog(w) for different ratios of
! the natural width of the x-ray absorption line and the vibra-
and the parameter tional frequencyl'/wq. The decrease iy(w) with increas-
o\ 2w 2 ing I was explained above in discussing the correlation time
» Zgt,| - oBmm(1Gnl*~Re(GrGR)) 5 P g
X w)= © 2 ! |
gltlfg 2m,mlzoﬁmml(le| +RquG:€nl))

@0, concLusion
which describes the frequency dependence of the intensity of o ) )
the forbidden transition. By taking into account the proper- ~ Du€ to electron—vibrational interaction, the RIXS spec-
ties of generalized Laguerre polynomi&fsye can easily see frum symmetric molecules and solids acquires a parity-

that the coefficientﬁmml are symmetric: forbidden electron—viprational band. We have_ studie_d the
dependence of the ratidw) (Eq.(22)) of the total intensities
e 27 o M—m of the parity-forbidden and parity-allowed transitions in a
Bmm, = ! (2n7)"™Lt (47, Bmm =Bmm- linear triatomic molecule XY on the durationr, (Eq. (27))

(31) of the RIXS process. According to E(R7), the duration of
. . - . the resonant scattering process depend@ @amdI". Being a
Clearly, ReGp El) in (29) is the term describing the inter- constant quantity for a given spectral transition in the mol-
ference of the channels of scattering through different intergcyle, the natural linewidth is a passive parameter, not
mediate state¥. The expressior(30) for the functionx(w)  making it possible to actively vary(w). The extent to which
clearly shows that the interference of these scattering chahe electron selection rules are violated, characterized by
nels plays an important role in the formation of the parity- (), can be actively controlled by another paramegerpy
forbidden electron—vibrational band. varying the difference between the initial-photon frequency
The restoration of the selection rules in parity 4, and the center of the band of the electron transition being
(x(@)—0) for the scattering tensor at large detunirigse  considered. We have found that the selection rules are
the Condition(ZS)) fO||OWS direCtIy from Eq(30) for X((J)), Strong|y Vio'ated k(w)wl) in the region of maximum pho_

since in this limit toabsorption 6|Q|<Aw and then are restoreg/(»)=0)
|Gyl2— RE(G,GE, ) —0. when'the detuning of the injtial—photon frequency reaches
. the wings of the absorption ling€)|> A w.
The spectral dependence of the relative intengily) of a The adopted model of the RIXS effect with electron—

forbidden transition(Eq. (30)) shows that the characteristic vibrational interaction has made it possible to establish the
frequency scale on which functigffw) decays is determined spectral dependence of the extent of violation of the selection
by the effective widthAw of the absorption spectrumy,(w) rules, x(w), and to show that(w) is determined by the prod-
(see Refs. 15 and 16This result, which agrees with the uct (7;Aw) of the duration of the RIXS process and the
estimate(23), justifies the use of the simplified five-level effective absorption linewidtlisee Eqs(23) and(27)). Fig-
model adopted in Refs. 15 and 16. The dependence of there 2a shows that when electron—vibrational interaction is
spectral shape of(w) on the nonadiabaticity parameter fairly strong (p~1), the width of the function(w) is given
(Eqg. (30)), depicted in Fig. 2a, shows that this function tendsby the effective widtPAw of the absorption line. A decrease
to zero in the adiabatic limip— 0. The narrowing of(w) to  in the electron—vibrational interaction parametgiEq. (28))

a single resonance with a natural linewidthis due to the leads to decrease in the functigiw), which narrows to a
specific features of the adopted model. Indeed, in the modedingle resonance with a width (Fig. 29. For I'/ wy small

we are using the potential surfaces of the ground an@nd 7~ 1, the spectral dependengéw) is of a clearly reso-
K-excited states coincide ag—0. Therefore, in this limit nant nature. An increase I/ wy smears out this resonance
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Adsorption of cesium atoms at structural defects on sapphire surfaces

A. M. Bonch-Bruevich, T. A. Vartanyan, Yu. N. Maksimov, S. G. Przhibel’skil,
and V. V. Khromov

S. I. Vavilov State Optics Institute, 199034 St. Petersburg, Russia
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Zh. Exsp. Teor. Fiz112 362—-370(July 1997

Results are presented from an experimental study of the adsorption of cesium atoms on sapphire
surfaces and their photostimulated desorption. The adsorbed atoms are found to form

chains on the surface which are localized near one-dimensional structural defects of the surface.
One-dimensional adsorption is analyzed theoretically with different assumptions regarding

the mobility of adsorbed atoms along a chain. A comparison of the theories with experimental data
favors localized adsorption described in terms of a one-dimensional lattice gas model. The
energy of adsorption for an isolated atom on a linear surface structural defect is 0.58 eV, while
the energy of attraction between neighboring atoms in the chain is 26 me\1999

American Institute of Physic§S1063-776(97)03207-]

1. INTRODUCTION ing the adsorption enerdywe interpret the experimental re-
sults as a manifestation of one-dimensional adsorption in the

Studies of atomic and molecular adsorption on solid surform of filaments. This sort of adsorption can be described in

faces are a classical and widely used method for determiningrms of a one-dimensional lattice gas model, modified to

the energy and structural properties of surfaces. In thisake into account the contact between the adsorbed and bulk

method the experimentally measured adsorption isothermshases. The good agreement between the theoretical curves

(or isobarg are compared with a theoretical analysis of equa-and the experimental data allows us to estimate both the

tions of state for the adsorbed phase that have been obtainadsorption energy for atoms at a step and the interaction

with different initial assumptions regarding the nature of theenergy of neighboring adsorbed atoms.

adsorption. This kind of comparison is effective and unique

only in the simplest cases, i.e., for adsorption on energeti-

cally uniform surfaces when no lateral interactions exist, etc2- EXPERIMENTAL APPARATUS AND RESULTS

In more complicated cases, additional experimental data on Al the experiments were done with sapphire slabs cut
the processes taking place during adsorption are needed. Afm single crystak-Al 05 parallel to the(0001) plane. The
understanding of one of the basic properties of the test suinechanically polished and chemically cleaned surface of the
faces, namely, the inhomogeneity of their adsorptive characcrystal slab was turned inward toward a sealed-off vacuum
terstics, requires either complicated quantum mechanical cakystem with a cryogenic pump. A droplet of metallic cesium
culations or the use of delicate and expensive experimentglas placed in a special extension and served as a source of
techniques, most of which are applicable only to electricallytest particles. All the experiments were conducted under dy-
conducting surfaces. In this paper the nature of the adsorgyamic equilibrium conditions between the bulk and surface
tion centers is evaluated on the sole basis of the thermodyshases. The design of the cell made it possible to vary inde-
namic characteristics of the processes involved in the desorrendently the temperatures of the test surface and the metal
tion of cesium atoms from sapphire surfaces. A combinatiojroplet. This made it possible to study the temperature and
of two methods is used here to study the surface properties efensity characteristics of the adsorption, while avoiding si-
sapphire: one, which we have discovered previolislges multaneous condensation of metal on the test surface. The
nonthermal photostimulated desorption of alkali metals fromemperature dependence of the photodesorption and thermal
single crystal sapphire surfaces, and the other is laser therm@ésorption of cesium atoms from the sapphire surface was
desorption. studied.

An analysis of the experimental data showed that with  Photodesorption was triggered by pulsed light from a
saturation adsorption the Cs atoms occupy a small fraction aluby laser, whose wavelength=694 nm, lies in an absorp-
the surface of a single crystal, while lateral interactionstion band of the adsorbed atoms. To detect the desorbed
among the atoms make a significant contribution to the enparticles a 2-cm-diameter probe beam resonant with the
ergetics of adsorption. This seeming contradiction is restrong A =894.3 nm absorption line of the free atoms was
solved by the fact that adsorption occurs at centers whicllirected parallel to the test surface, almost touching it. In this
form agglomerations that can, in general, have the attributegeometry the change in the absorption of the probe beam
of clusters, islands, or filaments. A qualitative analysis of thewas measured when a pulsed flux of desorbed atoms arrived
cluster and island adsorption models shows that they cannat it; this made it possible to estimate the number of atoms
be reconciled with the experimental data. Using the reliablyand their average ejection velocity based on their time of
established existence of steps on the surface of ioniflight across the cross section of the detector beam. Note that
crystals? in particular on sapphiréand their role in increas- the presence of stronger, but constant in time, absorption by
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FIG. 1. The signal produced by the photodesorption of cesium atoms fronfFIG. 2. The signal produced by thermal desorption of cesium atoms from a
a sapphire surface as a function of the reciprocal surface temperature forsapphire surface as a function of the reciprocal surface temperature for a
constant concentratiohl=3-10' cm~3 of cesium atoms in the gaseous constant densitjN=23-10 cm 2 of cesium atoms in the gaseous phase.
phase. Driver radiation wavelengi=694 nm, pulse length 0.2 ms, and The driver radiation had wavelength=694 nm, pulse length 0.2 ms, and
intensity 350 W/crh The points are experimental data and the smoothintensity 16 W/cn? The points are experimental data and the smooth curve
curve, a calculation using Eq&), (3), and(4). is from a calculation using E¢4) with E;=0.026 eV andE,=0.58 eV.

Within this temperature range a calculation using @g.with E,=0.95 eV

is indistinguishable from the smooth curve on the scale of the figure.

atoms in the gas phase does not interfere with these measure-
ments. The average velocity of the thermally desorbed atomigation as a function of temperature undergoes saturation,
corresponded to 700 K, and of the photodesorbed atoms, t@aching a level on the order of cm 2. The estimated
500 K. The number of desorbed atoms was determined frorsystematic error in our determination of this quantity is
the amplitude of the change in the intensity of the probe+50%, and the scatter in the experimental points shown in
beam. Here we took the resonant absorption cross section &igs. 1 and 2 characterizes the relative error in the experi-
the atoms to ber=3-10 2 cm 2, which corresponds to a ment, which is+10%. Since our value for the surface con-
Doppler mechanism for broadening of the atomic line at thecentration is substantially lower than the maximum with
temperatures indicated above. The distributions of the destense packing, 20 cm™2, it is obvious that adsorption does
orbed atoms with respect to velocity and ejection angle wer@ot take place over the entire surface, but only at adsorption
not recorded in the present experiments. Similar measuresenters whose density determines the maximum adsorbate
ments for an NaZ-Al,O; systent show, however, that the concentration.
velocity distribution of the ejected atoms is Maxwellian to
high precision with a temperatufe=700—-900 K, depend-
ing on the wavelength of the exciting radiation, while the
angular distribution is close to diffuse. Given that the detected saturation density of adsorbed Cs

The experimentally measured dependence of the numbeatoms is much lowe(Fig. 2) than the density with dense
of photodesorbed atoms on the substrate temperature forpacking, it is natural to assume the possibility of adsorption
fixed concentration of gaseous phase atoms is shown in Figt centers. In principle, adsorption at centers can be analyzed
1. The photodesorption quantum yield at room temperaturén terms of two models: cluster and Langmuir. However, the
was (5+2)-10 . first model, different versions of which have been examined

A linear dependence of the number of desorbed atomi detail elsewheré,cannot explain the invariability of the
on the incident radiation power, which is typical of the pho- characteristics of the photoprocesses and adsorption energy
todesorption process described above, is observed for intemith covering density, while the maximum numbers of par-
sities below 10 kW/crh At higher intensities a thermal de- ticles in a cluster can be large. In addition, in all the experi-
sorption phenomenon is observed with a threshold rise in thments the surface temperature of the sapphire was somewhat
number of desorbed atoms, which is soon replaced by satdtigher than the temperature of the metallic cesium droplet
ration owing to complete desorptoin of adatoms during thewhich created the equilibrium atomic cesium vapor pressure
time the laser pulse acts. The number of atoms desorbed in the volume. Under these conditions clusters cannot be
this regime is determined only by the surface concentratiostable if we make the obvious assumption that the binding
of the adsorbate, and we have used this to measure the lattenergy of the atoms in them is lower than the binding energy
as a function of substrate temperature. in the large droplet of metal.

The measured surface concentration of adsorbed atoms These difficulties are eliminated by the Langmuir model,
is shown in Fig. 2. At low temperatures the surface concenso it is natural to attempt to interpret the experimental data

3. DISCUSSION OF RESULTS
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using such a model. Lety be the surface density of centers. The disagreement between the point-center models and
Then the surface density of adsorbed atoms is given by  the experimental data means that it is necessary to consider
adsorption in models of reduced dimensionality. It is natural
- to assume that one dimensional adsorption is realized in the
n , ) : ) :
1+expEa/T, —Eal/T) form of chains lying along the bases of the steps which al-
ways exist on a real crystalline surfat&his assumption,

where T, is determined by the density of particles in the b : . .
. ed on the well known increase in the adsorption energy
gaseous phase and represents the temperature at which halr

. . near the base of a stépneans that it is necessary to include
the adsorption centers are filled. For T, , the surface den- . ; pear . y )
, . o ) the interaction between neighboring adsorbed atoms, since,
sity falls off exponentially with rising temperature, while for . . . .
) i . . in general, saturation of adsorption may occur with dense
T<T, it rapidly reaches its maximum valug,. The best

soesment betvieen Et) and th expermental dta s o TS 0 DT, W Steriales Suions s becor
tained forT, =336 K andE,=11000 K. X

Despite the qualitative agreement between the theoretrs-orptlon line. As will be shown below, including lateral in-

cal and experimental data on thermal desorptfeg. 2), the eragtions and choosing a I.O calized adsorption model can
estimate forE, obtained from it cannot be made consistentprOVIde an adequate desciption of the experimental results.
with the data on photodesorption. In fact, the photodesorp-
tion of atoms from the surface of wideband dielectrics can bQ_ ONE-DIMENSIONAL LOCALIZED ADSORPTION MODEL
explained in the following way:in the first stage, because of
the transparency of Sapphire in the range of the absorption AdSOI’ptiOﬂ on linear chains of centers can be described
bands of the adatoms, selective excitation of the optical ele¢heoretically in terms of a one-dimensional lattice gas model.
tron of an adsorbed atom takes place without significant perfhen the lateral interaction is determined by a single param-
turbation of the electron and phonon subsystems of the sutgter, the nearest-neighbor interaction endggy The thermo-
strate. Later, the electronic excitation of the adatom isdynamic parameters of this type of model can be calculated
quenched rapidly and the energy of the photon is redistribexactly using the methods employed in the theoretical analy-
uted statistically among the vibrational degrees of freedonsis of the Ising modéi. This model differs from the tradi-
of the adsorbed atom and the substrate atoms closest to {tonal model of a lattice gas in that the lattice system has
Here some fraction of the adatoms may obtain enough erfontact with a bulk phase and an occupied lattice site has a
ergy to overcome the attractive potential to the surfégg, Nnonzero energy. These differences, expressed through the
and be desorbed from the surface. chemical potentia and the binding energl, of its bond

A study of the time of flight spectra of the desorbedWith a lattice site, show up as the enef@yof a spin in an
atoms showed that they are well described by an elementag§xternal magnetic field in the Ising model:
modet in which a uniform distribution of the photon energy 2B=pu+E,+E,
among a fixed number of degrees of freedom of the adsorp-
tion complexz is assumed. This model leads to a Maxwell- and, thereby, restrict the exact solubility of the model to the
ian distribution of the desorbed atoms with respect to theiPhe-dimensional case alone. Without dwelling on the details
ejection velocity with an effective temperature that depend@f the derivation, which reduces basically to redefining the
linearly on the photon frequenay and is independent of the Notation and making corrections to E@.6.77 of Huang's
intensity of the exciting radiation. Takin§ as the surface POOK, here we give only the final result for the surface den-
temperature, we can write the effective temperature of théity of adsorbed atoms,
adsorption complex after absorption of a photon and quench-

No

ing of the resulting excited electron state as n= ?O 1
T=T+2hw!/z (2
) i ] . sinf (E,+E;j)/2T— (E,+E;)/2T, ]
The quantum vyield of this process can then be written in the +-— .
form VSINF[(Ea+ E)/2T— (E4+E;) /2T, ]+ exp —E; /T)

4
f= \/% exp( — ?) 3 Equation(4) transforms to the Langmuir formuld) if we
€ € neglect the lateral interactions, settiBg=0. ForT>T, the
As noted above, the temperature dependence of the photodéegree of filling of the adsorption centers is low and both
sorption signal, which is proportional to the prodadt(Fig.  formulas reduce to a simple exponential dependence,
2), and the experimentally determined quantum yield at room E
temperaturef,=5-10 ° is inconsistent with the estimate of nocex;{ )
E, from the thermodesorption data if EQL) is used forn.
Here we notice at once that the valueEf=0.95 eV deter- which coincides with the temperature dependence of the de-
mined in this way is considerably higher than the valuegree of coverage for unlocalized forms of adsorption. In the
E,=0.7 eV given in Ref. 1 for adsorption of Na on sapphire earlier studies of the adsorption of sodium atoms on sapphire
and is even greater than the binding energy of an atom isurfaces, just this sort of dependence of the degree of cov-
metallic cesium. erage on the surface temperature was observed, which made

®
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it impossible to reach any definite conclusions about the ex- o

istence or nature of any adsorption centers. During adsorp- €XH(x—Ea)/T] fo exg —sx—U(x)/T]dx=\, (8
tion of Cs from a vapor with considerably greater elasticity

at room temperature, saturation is observed with a substai? wWhich U(x) is the lateral interaction potentia\,is the de
tially lower degree of coverage, and this is evidence of thé3roglie wavelength of an atom with the thermal momentum,
presence of adsorption centers. and =T In(NA%) is the atomic chemical potential.

The theoretical curves constructed from E4). for dif- These results yield the well-known Hill-de Boer equa-
ferentE; are essentially the same within the range of tem-tion of staté in the case of low coating densities and lateral
peratures that was studied, provided the valug pfor each  attractive potentials that are small compared to the thermal
value of E; is chosen so that at the temperatdrg corre-  energy.
sponding to a coverage of 0.5, their slopes corrrespond to We have analyzed the results of this model numerically
that of the experimental curve. In order to determine theover a wide range of parameters for a lateral potential in the
model parameters uniquely, it is necessary to turn to thérm of a solid core with a rectangular well. A comparison of
results of the photodesorption experiment. calculations based on this model with the experimental data

It should be noted that in this model atoms occupying ashowed that agreement between them is not satisfactory for
different position in the chains have different adsorption entealistic values of the model parameters. It turned out that in
ergies. Single atoms have an adsorption eng&gy The at-  the model saturation of the adsorption is not fast enough as a
oms at the ends, with only one neighbor, are bound with afiunction of surface temperature. This happens because when
energy ofE,+E;. Finally, atoms lying within the chains the lateral adatom attraction energies are not too large, their
have two neighbors each and, therefore, a binding energy dhermal motion inhibits adsorption saturatidvecause of the
E.+ 2E;. In terms of the theoretical model the relative frac- lateral repulsion Better agreement is attained when the mo-
tions of each type of atom can be calculated exactly. Wédion of the adatoms along the adsorption line is retarded. In
shall not give the corresponding results here, since for higithe limit of complete freezing out of this motion, we return
degrees of coverage most of the atoms belong to the last tyge the localized one-dimensional adsorption model discussed
and in comparisons with experiment the contributions of atabove.
oms with coordination numbers less than 2 can be neglected.

Using the measured photodesorption quantum yiéld 6. CONCLUSION

=5.10"° at the lower limitT;=293 K of the temperature
range, we find the missing relationship between the params .
eters with Eq(3):

The different approaches to describing adsorption on
uniform surfaces and accounting for the interaction be-
tween adsorbed particles are being actively discussed in the
E,+2E; modern literature on surfacésin this paper we have at-
m: 13.5. (6) tempted to .interpret the results of an experimentgl study of
the adsorption of cesium atoms on sapphire in which effects
Varying the sole parameté&; when condition(6) is satisfied,  5ssociated with the energy inhomogeneity of the sapphire
we can obtain good agreement between the theoretical curvgface with respect to the adsorption of cesium atoms, as
and the experimental photodesorption ddtg. 2). The best \ye|| as effects associated with the interaction of adsorbed
approximation is obtained foE;=300 K, from which we  5toms among themselves, have been observed.
find E;=6700 K, Ziw/z=250 K, andz=165. A theoretical description has been provided in terms of a
one dimensional lattice gas model. This model is especially
attractive in that its thermodynamic characteristics can be
5. NONLOCALIZED ONE-DIMENSIONAL ADSORPTION calculated exactly using the methods employed in the theory
MODEL of the Ising model. We note here that, although it cannot be
solved exactly, the two dimensional model can be analyzed
We examined the alternative possibility, delocalized onegualitatively and yields results that differ strongly from the
dimensional adsorption, in terms of a model of classical freexperimental data. In fact, in two dimensional systems there
motion of particles along adsorption lines with a pairwisejs always a phase transition which manifests itself as a sharp
lateral interaction between nearest neighbors. The repulsiqump in the Coating density over a very narrow temperature
of adatoms as they come close to one another and their atange. In one dimensional systems, on the other hand, there
traction as they move apart were taken into account in thgs no phase transitiohin agreement with the smooth rise in
interaction. the coating density observed experimentally as the surface
Here we present only the results of the derivation of anemperature is lowered. From the standpoint of the general
adsorption equation of state. The temperature dependence @ncepts of surface structure, there is no doubt of the exis-
the one-dimensional concentrationof adatoms for a con- tence of steps on real crystalline surfaces. Steps have been

stant volume concentratiod of the vapor is given by observed directly on am-Al,O; surface using a scanning
tunnelling microscopé.Furthermore, according to quantum
s(w,T) : ) .
c= on (7) mechanical calculations the adsorption energy at the edge of
)72

a step is higher than on the terraééhe decoration of steps
where the dependence efon the argumentg. and T is  with metallic clusters, which is widely used in electron mi-
expressed by the formula croscopy, also is related to the preferential deposition of at-
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oms at the edges of steps. These facts suggest that steps eadius of the outer electron shell is larger in cesium than in
the most likely candidates for the linear structural defectsodium. Evidently, the lower adsorption energy of cesium
which we have observed in our photodesorption and thermaitoms (compared to sodiumon a sapphire surface is also
desorption experiments. It should be emphasized that, as welated to this circumstance. Of course, cesium atoms are
have shown here, data on the temperature dependence of thlso adsorbed on terraces as well as on the steps, but the
degree of coating are not, in themselves, sufficient for a&energy of adsorption on terraces is so much lower than on
unique determination of the adsorption energy when lateralhe steps that the terraces do not contribute signficantly to the
interactions are taken into account. Only the additional phoeverall density of adsorbed atoms. At the same time, photo-
todesorption data made it possible to establish that neighbodesorption should be accompanied by efficient ejection onto
ing atoms attract one another and to find that their interactiothe terraces of atoms adsorbed on the steps. The appearance
energyE; =300 K or 0.026 eV. The adsorption enerfgy for ~ of excess adsorbed atoms on the terraces, compared to the
an isolated atom is 0.58 eV and the binding energy of arequilibrium amount, with an effective temperature higher
atom in the middle of a chairk,+ 2E;, equals 0.63 eV. If than the surface temperature must cause a signficant change
lateral interactions were neglected, then the Langmuir forin the kinetics of all surface processes. We believe that these
mula (1) would give an estimatE,=0.95 eV for the adsorp- questions merit special study.

tion energy that is far too high and exceeds the binding en- ) . o
ergy of the atoms in metallic cesium. The lattice gas mode| ' NS wWork was carried out as part of the State Scientific
assumes that adsorption centers, near which the adsorbE§o9ram on Surface Atomic Structures and partially sup-

atoms spend most of their time, are positioned more or lesRorted by grants from the Internz_itional Science Foundation
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The paper considers the topological characteristics of dispersion funetifpisin energy bands
in single crystals related to classical electron trajectories in uniform magnetic fields.
Specifically, the topological properties of open trajectoriep-space on various energy levels
within one energy band and related physical effects are described. 998 American

Institute of Physicg.S1063-776197)03307-9

This paper is a continuation of an earlier publication along the magnetic field vector, but in all directions perpen-
and treats physical effects related to the results recently oldicular to the average direction of such trajectoriadich
tained in three-dimensional topology. Initially, the problemwe denote byz) in an arbitrarily strong magnetic field. In
statement was based on the physical effects of open quashis case, levels near the Fermi energy are most important, so
classical electron trajectories in metal single crystals in ahe properties of the conductivity tensor are controlled by the
uniform magnetic field. Let us briefly review the situation. topology of trajectories on the Fermi surface. This property

Under conditions such that the quasiclassical approximawas utilized in experimental studies of Fermi surfaces of
tion applies, one can introduce a one-particle electron distrimetals reported in Refs. 5—-8 and reviewed in detail in the
bution functionf(x,p,t) with respect to position and quasi- monograph by Lifshitst al®
momenta within a single energy band which satisfies the  Novikovi®13 formulated the topological problem con-

Boltzmann equation: cerning classification of all possible open trajectories, which
_ of _ of can be obtained by crossing between surfaces of constant
ft+v'gr(p)—|—+F'(x,p,t)—zl[f(x,p,t)], (1) energy of triply periodic arbitrary function and a plane in
IX ap; 3 . . .
.72°. In particular, he conjectured that any open trajectory
wherel[ f] is the collision integral. should lie in a rectilinear strip of finite width, passing

The group velocity,(p) is the gradient of the disper- through it. This issue has been studied extensitsisf
sion functioneg(p) in the given energy band. This function Zorich'* and Dynniko¥®>*° obtained results which led to a
is triply periodic inp with periods equal to the vectors of the detailed description of the general case discussed below.

reciprocal lattice. We are interested in the case Suppose there is an arbitrary triply periodic functigp)
e _ with periods equal to vectors of the reciprocal lattice, whose
F(x,p.t)= £ Vg P) X B+F(x.) (2)  values range betweety,i, and enay. Then®*8in the case of

a general magnetic field orientatidine., when the plane
for strong magnetic field® (the criterion iswg> 71, where  II(B) perpendicular to the magnetic field does not contain
7 is the time of the electron free pathin this case, the vectors of the reciprocal latti¢gopen trajectories exist either
motion of electrons in quasimomentum space is determinedver a continuous energy intervah<e(p)<e,, where

to lowest order irB by the system of equations €1> €min and €,< €y, OF ON a single energy levady (in
dp e particular, it is impossible that no energy level has open tra-
T [Ves(p) X B]. ©) jectories. In the former case, all open trajectories are in rec-

tilinear strips of finite width in planes perpendicularBand

The integral trajectories derived from E(B) are the pass through these strips. The orientation veetaf these
intersection of planes perpendicular to the magnetic f&ld strips is unique for all energy levels and open trajectories and
with surfaces of equal energies(p)=const. An important is defined by the intersection between the plal&) and a
role is played by open trajectories, which lie in the planecertain(a priori unknown integer pland” (i.e., one gener-
perpendicular to the magnetic field in a strip of finite width ated by two vectors of the reciprocal latticéoreover, there
and pass through it. The specific role of such trajectories waks a stability zone around the field directi@) which is a
analyzed in detail long ago? In studies of metal conductiv- region of finite measure with a piecewise smooth boundary
ity in strong uniform magnetic fields determined by proper-on the unit spherg”? such that for all general orientations of
ties of time-independent solutions of E(L) whenF is a B in this region a similar situation obtains, and the orienta-
weak uniform electric field, striking manifestations of suchtion of the planel’ is the same, although the directiop
trajectories were considered, and a contribution of such trainterval boundarieg, ande,, and the measure of open tra-
jectories to the electrical conductivity tensor which is nonva-jectories on each level are, generally speaking, different. On
nishing asB—« and leads to a finite conductivity not only the boundary) of the stability zoneg; ande, are equal but
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In case(a) any open trajectory is periodigrrespective
of whether the direction dB belongs to any stability zone or
not). Thus, it is always in a strip of a finite width with an
integer directionnp and passes through the strip. If this direc-
tion is within any stability zone, the previously discussed
trajectories corresponding to a general field alignment con-
tinue to exist, however, additional open trajectories directed
along integer vectors ibl(B) may emerge. The remarkable
property of such trajectories is that each trajectory is stable
against variations dB perpendicular to the integer vectgy,
[such thatlI(B+ 6B) contains#,] and vanishes for other
variations inB (whereas the contribution of trajectories of

FIG. 1. Boundary of a stability zone with adjacent smaller zones. general orientation persists for arbitrary variationsin
It also follows from the topological analysis that the di-

the open trajectories are still in strips of finite width and theirr_eCt'onS”“ corresponding 1o th? cqmplementary traje<_:to-
es also belong to the appropriate integer plnélence, if

direction is defined, as in other cases, by the intersectioﬁ[ o . ) . .
y (B) does not coincide witH", these directions coincide

between the planEl(B) and the integer planE. ) L T ) .
In the second case, however, when open trajectories e)\(\_nth general directions, being intersection lines betwé&en
ist only on a single energy level, they may, generally speakiind I(B). Like traj_ector!es of a gener_al_ orientation, the
complementary trajectories occupy a finite phase volume,

ing, be not in a strip of a finite widtlithe magnetic field . S
direction does not belong in this case to a boundary of am:imd their contribution to transport effects can be measured

stability zong; moreover, for magnetic field directions with sepa:'ately. 'g exp§r|mentsdovt\)/|ng to éhelr 'prqdpertle.?hltjnder
irrationality 3[i.e., II(B) does not contain any vector of the variations inB, as discussed above.llB) coincides wi

reciprocal latticg open trajectories do not attain an (correctly defined for a given stability zopewhich is an

asymptotic direction, and the mean projection of the groupeXCeptionaI case, the directiong, can be defined by any

velocity vg(p) on II(B) on each of the associated closing Lnteg:ar_;/ectt_ors_lrﬂ(Bl)_. Ifdthere ISI m(t)r:e thar:jont(_a,_tan szcep-”
components of such trajectories is zero. ional situation is realized, namely, the conductivity along a

The unit sphere”? of magnetic field directions can be three axes remains finite #@—co for this specific field

either a single stability zone or contain an infinite number oial!gnment(thls property is lost for any yarlatlon n the.fleld.
lignmenj. Note also that such a situation can be realized in

such zones, and in the latter case any two stability zone%1 e : . : L
have no more than one common boundary point. The avefne case of magnetic fields aligned with a rational direction

I : , : outside all stability zone3.
age directionn of open trajectories corresponding to the A
common point should belong to the two integer plahgs Zorich'™® (see also Ref. J5proved that for an energy

andT', corresponding to these stability zones, i.e., it is de-![ﬁvel (_)f gene_rarl]g) rler:]nta(';lon, fr?rtr?rlyf ratl(?lng_l d|rte_:ct|on B)'ff f
fined by their intersection line. Thus, the direction of the ere IS a neighbornood such that for all direction

magnetic fieldB corresponding to the common point of two this neighborhood all open trajectories on this leffebny)

stability zones(); and Q, is such thatll(B) contains the are in a strip Of. a finitg Wi(.jth and pass through it. .
integer vectorT;NT,. The resulting pattern is far from In case(b), if the direction ofB belongs to one stability

zone, periodic open orbits can also occur. They are abso-
jutely identical to those described above, and are directed
@Iong an integer vector belonging Ib(B) and aligned with

the direction of trajectories of the general orientation. They
have the same properties and produce no new effects in com-
parison to casda), except thatll(B) may be outside the

sphere”?, but it has been hitherto unknown whether their . . o
total measure equals the measure/8t The complement of integer pland’. Generally speaking, open trajectories in case
B) (if B does not belong to any stability zonenay not

the union of all zones on the sphere is an everywhere den{) | N il trio of a finite wid@.In thi
set, whose measure has not been determined yet. To gene &iong fo a rectilinear strip of a finite widtfl.In this case,

they also belong to a single energy level and correspond to a
finite phase volume. Note, however, that in cdbg such
hérajectories, nonetheless, always have an asymptotic
. direction’® defined as

nite number of smaller zones contact it at an infinite numbe
of points™® (Fig. 1).
The union of all the stability zones densely fills the

orientations ofB from this set, the second of the situations
described above applies.

This pattern provides a comprehensive description of t
behavior of open trajectories for field directions of irrationa

ity 3. Now let us discuss additional effects in the cases when 1 p(T)—p(0)
the magnetic field alignment is such tH&(B) contains vec- Im TTo(M=p(0"
. ) ) . . T T [P(T)=p(0)|
tors of the reciprocal lattice. In this case, two different situ-
ations are possible, namely, wherep(t) is the trajectory radius-vector in thespace.
(a) TI(B) is generated by two vectors of the reciprocal Now let us discuss in detail the topological situation in
lattice (irrationality 1); the case whemB belongs to a stability zone. The function

(b) II(B) contains one vectojwith an arbitrary integer «(p) can be defined on a three-dimensional tortis .7 (in
facton of the reciprocal latticdthe case of irrationality 2 the first Brillouin zong obtained by factorizing the Euclid-
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ean space’=.%° in terms of the reciprocal lattice vectors. the motion of electrons on the quasiclassical trajectories de-
Integral trajectories of the flux generated in the quasimomenscribed abovenote that the flux generated by the magnetic
tum space by the uniform magnetic fidd= (B,,B,,B;) are  field in the quasimomentum space conserves the phase vol-
defined on each energy level by level surfaces of the form ume elementi®p). Moreover, in measuring parameters aver-
aged over a certain time interval (this averaging will be
@=Bydp,+Badpy+Bsdp,, denoted by...)r), we will obtain values calculated with the
distribution function averaged over time on each trajectory

For fieldsB with irrational directiongirrationality 3, closed  (In the case when a trajectory forms an irrational winding on

and open trajectories i3 correspond to closed and open a tqrus' with holes,_this implies constancy on the thrﬂ'ﬂ;l.e
trajectories in#2, but if TI(B) contains vectors of the recip- Proiection of the time averagevy, of the group velocity
rocal lattice,77° may contain periodic open trajectories cor- Var(P) on thell(B) plane, as directly follows from Ed3), is
responding to closed trajectories.iff. Given a fixed align-  Z€M0 On closed trajectories and nonzero on open trajectories

ment of the magnetic field, let us remove from each energ)llying in rectilinear strips of finite WidthS. and passing across
level in .7 the parts which consist of nonsingular trajectoriest'€Mm- In the second cageg,) is perpendicular to the trajec-
closed in#. The boundary of the resulting manifold consists {0y direction (although, generally speakingy,,) is not in
of singular orbits closed i, which can be covered iy the plane perpendicular t8). The I1(B) projection of the
with disks in the plandI(B). There is a nontrivial topologi- average velocity on trajectories not covered by strips of finite
cal theorert*” which asserts that, for those directionsiof ~Widths but with an asymptotic direction (which is possible
which are in a stability zone or on its boundary, the resulting©" dire_ctions of B with irrationality 2.outside all stability
manifold is a union of nonintersecting tori in%. Two- ~ Z0N€$ is also nonzero and perpendicular p The TI(B)
dimensional tori on different energy levels also do not inter-Projection of a velocity averaged over any connected closure
sect. of trajectories without an asymptotic directigwhen the di-
Two types of two-dimensional tori can emerge. The sim-rection of B has irrationality 3 and is outside all stability
p|est one is a “need|e” or aN_type torus defining a region anes iS alWayS Zero, as fOIIOWS from tOpOlOgical ConSideI‘—
in % and topologically homologous to zero i#. The em-  ations.
bedding of such a torus it looks like a cylinder or tube Thus, it becomes obvious that any of the tori with holes
and can be continuously deformed to a closed curveinn ~ described abovewhenB is in a stability zongyields in the
the extended zone i#, the covering of such a torus is an case of a distribution function constant over its trajectories a
infinite periodically deformed“rippled”) cylinder corre- nonvanishing contribution to the component of the electron
sponding to a certain vectoy, of the reciprocal lattice. Lon- current j(x,p,t) perpendicular to B. The condition
gitudinal cross sections of such a cylinder made by the planEX,p,t)L 7 is always satisfied, which allows one to deter-
T1(B) yield trajectories open ir¥. It is obvious that tori of ~Mine experimentally the asymptotic trajectory direction as a
this type can occur only ifI(B) contains vectors of the re- Vvector product X B. Note that for distribution functions con-
ciprocal lattice and disappear after a variatiorBiviolating ~ stant on each energy level, for example, in the case of ther-
this condition. mal equilibrium and in the absence of external foFge,t)
Another option is a “membrane” or aM-type torus, [Eq.(2)], the total contribution tg(x,p,t) of all such tori in
which is not homologous to zero i, i.e., it does not bound any energy interval £, e+de) is zero because all energy
any region in%. In the extended Brillouin zone, its covering levels in.7> are homologous to zeft is easy to prove that
is a periodically deformed integer plari&rippled” plane),  the average of the group velocity componenjép) =V (p)
whose intersection with the plard&B) defines open trajec- over the regione<e(p)<e+de (de is smal) reduces to
tories of a general direction discussed above. All such planegalues of basic 2-forms in two-dimensional cohomologies of
corresponding to all tori oM-type are parallel inZ since  the torus7> (dp,Odp,,dp,0dp,,dp,0dp,) on the surface
they do not intersect with each other, and their common hoe€(p) = € with unknown factor§ For example, iffo(p) is a
mology class is the integer plar&(B,) described above. Fermi distribution of electrons in the absence of the external
The closure of an open trajectory lying on one of Metype  force F(x,t) and we are seeking stationary distributions in a
tori in . covers this torus, except its initial holes, with wind- weak uniform electric field,>* the system can be described
ing numbera(B). Thus, such a trajectory can be treated asn terms of a linear response to an external perturbation,
guasiperiodic, so any open trajectory for a directio8oh a  hence the conductivity tensor. In this case, when the electric
stability zone is either periodic or quasiperiodic. The numbeffield is switched on, electrons of energy levels on half of all
of M-type tori on a given energy level is even, so their totaltori acquire energy and move to higher leve{s)E>0),
homology class equals zero, affdr internal points of the and their places are occupied by particles from filled lower
stability zone they are locally stable against variations in thelevels, whereas particles of the second half of all the tori lose
direction of B. energy (vg)E<O0), and their states are occupied by par-
The topological scheme described above permits an eagicles from higher levels. As a result, a new distribution with
investigation of general properties of solutions to ELf.in  a higher concentration of particles on the first half of the tori
the limit of strong uniform magnetic fielB with a direction and a lower concentration on the second half is formed, so
within a stability zone. Specifically, in the limit of high mag- that the described process could be compensated for by the
netic field, when the conditiomg> 7~ ! is satisfied, the evo- collision integral. The equilibrium current densitycharac-
lution of a one-particle distribution function is determined by terizes the response to an external field, and in the limit

limited on this level from the three-dimensional torgs.
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(1) stability zoned) , with piecewise smooth boundaries
and respective integer plangs,;

(2) integer directionsy, defining directions of compli-
mentary trajectories lying in strips aligned wig), and pass-
ing through them.

If it is possible to create distribution functions which are
nonzero in narrow energy intervalg,e+de), wherede is
small, then, in the case of a large stability zone where the
difference e,(B) — €;(B) is much greater thade, one can
also determine with an appropriate accuracy the functions
€,(B) and €,(B), which determine the energy interval in
which open trajectories exist for a given alignment of mag-
netic field.

In conclusion, the authors express their gratitude to S. P.
Novikov for formulation of the problem and constant interest

FIG. 2. Largest stability zones for the surface described by the equatior|1n this work.
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Relativistic wave equation for the bound states of a system of interacting particles
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A method for obtaining the relativistic wave equation for the bound states of a system of
interacting charged particles without consideration of spin is proposed. An expansion of the wave
function of the system in a complete basis of orthonormal wave functions of vacuum states

for each type of particle is used in this equation. It is shown that this equation contains two types
of solutions for a protont electron system. The first type corresponds to Bohr bound

states. Exact expressions are obtained for the energy and Bohr radius of the ground state with
consideration of the finite mass of the particles. An influence of the energy of translational

motion of the system as a whole on the structure of the atomic levels in the laboratory frame is
predicted. This effect is due to the finite valuerofM, and leads to removal of the

degeneracy of the levels with respect to orbital angular momeihtluand partial removal of the
degeneracy with respect to its projection. The second type of solution represents states of

the system with binding energl,=M +m— \/|M2—m2| and an exponential wave function
damping radius equal to the Compton wavelength of the electron. A complete description

of this state requires consideration of the electronic vacuum polarizationl9%7 American

Institute of Physicg.S1063-776(97)00507-4

1. INTRODUCTION We shall not be concerned with spin effects here. In the
final analysis, for the hydrogen atom they lead to relativistic
A systematic description of the properties of relativistic corrections of orden®, wherea is the fine structure con-
qguantum particles is possible only within quantum fieldstant. The purpose of our work is to obtain a relativistic
theory. The relativistic effects are large when the energies oéquation for the bound states of a system of interacting par-
the particles are comparable to their rest energies. Particleéikles, in which a complete basis of orthonormal vacuum
(real or virtua) can be created at such energies; thereforeywave functions is taken into account for each type of particle
consideration of only a given original system of particles isin the system. In the case of a pairwise interaction this equa-
incorrect in the general cadé. tion should have definite permutational symmetry with re-
However, in some problems particle production can bespect to the parameters of any particle.
disregarded, and familiar wave equations can be used for one Below we derive and investigate an equation for the
particle (the single-particle approximatipror several given bound states of two interacting charged partidi@gproton
particles! The calculations are based on relativistic generali-and an electron We disregard the electronic vacuum polar-
zations of the Schidinger equation for free particles: the ization, which, as we know, distorts the Coulomb field in a
Dirac equation for particles with spin 1/2, and the Klein—region of the order of the Compton wavelength of the elec-
Gordon equation for particles with spin 0. tron. The interaction potentid(r) between the two particles
These equations contain a particle momentum operatocan be represented in the form

The general approach to describing particles in an external 5

electromagnetic field is to replace that operator by a gener- e r>p

alized momentum, which includes the field potentialand V(r)= r’ P )
A,.l For example, the relativistic corrections to atomic en- Vi(r) r<p

ergy levels, which determine their exact structure, are found P

in this manner. Herep, is a quantity of the order of the radius of the proton:

We note that such an approach to problems of this type=0.8—0.9 fm# The form of V,(r) is unknown, but it is
(for example, atomic spectrdias some logical loose ends physically reasonable that the wave function of the electron
and cannot be regarded as a systematic theory. should be influenced by the corpuscular properties of the

This paper proposes a method for obtaining the relativproton in the region of spaae<p, . If the proton is treated
istic wave equation for a system of particles for problems inas a rigid solid particle, the electron wave function for any
which the creation of real or virtual particles can be ne-bound state should vanish & p,, since this region is oc-
glected. The method is based on the results of the quantuupied by the proton with its finite dimensions.
theory of scattering and the ideas which were used to de- Of course, the radius of this region is very small in com-
scribe deep impurity levels in doped insulatdis. this case parison with the characteristic length scales of the problem,
only the free wave functions of all the types of particles inviz., the Bohr radius and the Compton wavelength of the
the system, the interaction potentials between the particleglectron. We shall not take into account the perturbation of
and their statistics are important. the wave functions due to the potentid in the region
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r<p,. In the differential equations for the systems discussed  Let #(r,,r,, ... r,) be the wave function of a bound
below, we seek a solution outside this small region, and thestate of a system of particles with rest massesnd radius
we shall go to the limit — 0 in that equation after allowing vectorsr;. Then, according to the quantum theory of scat-
all the operators to act on the wave function. Then, the actiotering, this wave function should satisfy the Lippman—

of the operatore(p) on the wave function is completely Schwinger equatiot?
determined and unique. W(Fy,Fas o FniE)

We show that this equation contains two types of solu-
tions. The first corresponds to Bohr bound states. It predicts n ;0 . ,
that the energy of translational motion of the system as a :f ce f IHl driG-(ry—ry,....Iy=rp:E)
whole on the structure of the atomic levels in the laboratory
frame. This effect comes from the finite value of the ratio ., ., .
m/M between the masses of the particles, and leads to re- Xi2>j Vi =rpg(ryrz, ... B, )
moval of the degeneracy of the levels with respect to the ) ) ] o )
orbital angular momenturh and partial removal of the de- WhereV(ri—r;) is the interaction between particlesndj,

generacy with respect to its projection. We calculate the= IS the total energy of the system, a@f is the causal
shifts of thens and sp atomic levels at low values of the Green'’s function of the noninteracting system. To determine

energy of translational motion of the center of inertia of thelt We introduce the field operator of a system of noninteract-

systemE(?)(g) <mcm/2M. ing particles:
The fact that a bound stat@ther than a Bohr state no
appears in the proposed approach to the problem with an \I’5=H Py, 4
=1

exponential wave function damping radius equal to the
Compton wavelength of the electron and a binding energwhere
Ep,=M +m—[M?—m? is an unexpected result. The equa-

tion _of state has a significantly non-Hamlltonla_n fqrm, so  4H=> (aE)“"z,b;(ri ,t)+aé7)"t//§(ri 1), (5)
that it does not make sense to separate the contributions from p

the potential and kinetic energies to the binding energy of gyhereal ™)' andal")' are the annihilation operators of the
particle. For this state of the system the vacuum polarizatiofty particle in the bands of free states with energies
will significantly distort the interaction energy, and the re- ;= _ ¢ (p) ande= +(p), respectively. The lower band is

sults must be regarded only as a prediction of the possibilityssumed to be filled. The commutation rules for these opera-
of such a state. A complete description should include theg s are assumed to be the same as for fermions.

state of the perturbed electronic vacuum. The Green’s function is defined as

The system of units in which=#=1 is used below. .
Go{r} t{r bt =TT {r}y .0 {riht))),  (©

where ( ...) denotes averaging over the vacuum ground

2. METHOD FOR DERIVING THE RELATIVISTIC EQUATION state. Expressiof6) is ann-particle two-time Green’s func-
FOR BOUND STATES OF A SYSTEM OF INTERACTING tion, which is used in the quantum theory of scattefing.
PARTICLES Substituting(2), (4), and(5) into (6) and calculating the

Fourier component with respect to time, we obtain
To obtain the relativistic wave equation for the bound

n
states of a system of particles we use the expansion of the, , e m;
complete wave function of the discrete spectrum in a comh-é (=, ’r”_r”’E)_plyZ_ on iﬂl &i(p)
plete basis of orthonormal wave functions of the free states
for each type of particle in the system. The basis for a par- x( E (E+(—1)/1e,(py)
ticle of massm consists of free states with particle energies 0,512
e=+¢g(p), where g(p)=(m?+p?)Y2 The form of wave 1=1...n
functions of free particles is dictated by the uniformity of +(—1)2g,5(py) + . ..
space and time, i.e., symmetry under any parallel displace-
ment of the four-coordinate system. Then the free state of a (- 1)jn£n(pn))1)
particle with definite four-momenturp”=(e,p) should be

represented by the plane wave exjyx). When the conti-

nuity equation ¢,,j*=0, wherej* is the current four-vector o

is used, the normalized wave functions for the free-particle XeXD( IkZl pk(fk—rﬁ)) - (1)
states have the form

. m With consideration of7), in Eq. (3) it is convenient to
Yo.0=\ ) exp(i(p-r+e(p)t))up (2)  transform to coordinates in which the radius ved®of the
center of mass of the system can be separated out:
whereu,, , is an orthonormal spin function. s
Henceforth we neglect the spin interaction. Then the R_ irisi(pi)_ @)
spin part in Eq(2) can be omitted. Zigi(pi)
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The choice of the remaining coordinatesx; First and foremost, let us discuss the features distin-
(j=1,...n—1,n=2) is dictated by convenience or the guishing Greens’ functiort9) and Eq.(10) from the more
symmetry of the problem. The wave function of the systemfamiliar expressions. If we were to change the sign between
can then be written in the form the two pole functions in expressid@8) (strictly speaking, it
) , is determined by the commutation relations of the particle
Y(Xes - Xo-1;9€XRIG-R), creation and annihilation operatgrave would obtain the
whereg is the momentum of the system as a whole in theexact form of the Green’s function for the Klein—Gordon
laboratory frame. It specifies the relationship betweerpthe equation:
in Eq. (7): g=2'k‘:1 Pk - As a result, (— 1)-fold integration 1 1 )
over the momenta and coordinates of the system remains GO%p:E)= m — = m )
in the Lippman—Schwinger equation for a system with e(P)\E-e(p) E+e(p)) E2-42(p)

= 2. _ _ _ ) The corresponding integral equation for the bound states
Equation(3) can also be obtained directly from the inte- woy|d then be the Klein—Gordon equation in an external

gral equation of quantum scattering theory, which we writegcg|ar potential:

in the form

(—A+2mV(r)g(r;E)=(E2—m?)y(r;E).

;E V(r{=r)y({ri};E), When we are dealing with shallow bound states
E—Hy+ieiS] ! ; ]

V|E2—m?|<m, such a choice of the sign, of course, does
where Hq is the unperturbed Hamiltonian of the system, not lead to fundamentally incorrect results: Bohr states with
which, as was assumed in Ref. 6, is equal to the sum of themall relativistic corrections are obtained. However, if there
unperturbed Hamiltonians for each particle in the system. Agre deep bound states with binding energies of the order of
in Eq. (3), the particular solution of the homogeneous equam, such a choice of sign would result in a complete loss of
tion is omitted, sincey refers to bound states of the the information about them.
systent® In principle, the same situation obtains in the Dirac

Using the expansion of({r;};E) in the complete basis equation. In momentum space the Green’s function for the
of functions of the systen®; consisting of the wave func- Dirac equation has the form

tions (2) for each particle

y({rihE)=

0 vp+ m/ 1 1
G*(p;E)= — — -
¢=ZP Op(Pp, ), 2e(p) \E—&(p)+i0 E+e(p)—i0
where P={p;}, and going to the limite—+0, we obtain :&_
Egs.(3) and(7). Generally speaking, the form of the unper- E*—¢?(p)+i0
turbed HamiltoniarH, for theith particle is not important to  Here y denotes the Dirac matrices in the standard represen-
us, just the fact thal o, ,= £ &(p) ¥ - tation, and the four-vectap= (E,p).

It is noteworthy that in contrast t®), here the ampli-
tudes of the simple poles for the two allowed regions of the

3. ONE PARTICLE IN A COULOMB FIELD free-particle spectr&= *e(p) have different signs. In this
sense the structure of the Green’s function for the Dirac
equation is similar to a boson propagator and, in particular,
to the Green'’s function for the Klein—Gordon equation. This

From (7) for the Green’s function we obtain

GOr—r";E)=2 GUp;E)exp(ip-(r—r')), analogy can also be traced in the expression for the Green'’s
P function of phonons in a solid, which has the form
where
VL) S S
0/ E) — m / 1 1 @mT \w—wo(k)-l-iO o+ wg(k)—i0/’
G (p;E) +
e(p)|E—&(p) E+e(p)

Here wy(k) is the dispersion law for phonons. Clearly, the
2mE 1 structure of the Green’s function for the Dirac and Klein—
= W( EZ——SZ(D)) ©) Gordon equations is similar to that for phonons, with the
exception of the amplitudes of the simple poles. However, in

Taking Eq.(9) into account, we can easily show that the the nonrelativistic limit, in whichp—0 ande(p)—m, we

integral equation for the bound states have
0 , 10
Pp(rE)= | dryG (r—r";E)V(ry)¢(ry;E) yprm=2m| |,
corresponds to the differential equation and the fermion Green’s function for the Dirac equation
OV (E2—£2(p rE)=2mEVr)(r:E), 10 transforms into the boson Green’s function for the Klein—
8(?)( " (P)Y(rE) (N¥(TE) (10 Gordon equation, i.e., here we are dealing only with Bohr
wherep=—1iV,. states.
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Note that the expressiof®) that we have derived here tion the problem of the deep levels in semiconductors, whose
corresponds completely to the familiar Lehmann spectrasolution was the subject of a paper by Keldysis well as
representation for the fermion Green’s funcfionith real  the description of hydrogenic atoms in a low-temperature
and positive-definite pole amplitudes. Of course, Bohr stateplasma, which was presented, for example, in papers by Kili-
are also realized in Eq10), which, as can easily be shown, mannet al. (see Ref. 8 and the literature cited thejeim
reduces to the Schdinger equation whem # O, if the  contrast to the present work, in those studies the correspond-
binding energy is small compared to the particle mass. Being medium was a “vacuum.” The wave equation obtained
low we obtain a solution of this equation for wave functionsin Ref. 3 for a deep impurity level in an insulator likewise
with s symmetry. does not have a Hamiltonian form. Only by making a num-

We seek a solution of EQ.(10) in the form  ber of simplifications can it be reduced to a form similar to
y=exp(=r/&). Introducing the notationn=1/m for the the relativistic Dirac equation, which contains several addi-
Compton wavelength of a particle, we obtain tional terms, such as an “attracting” center, regardless of the
sign of the carrier.

(E 2+§ 2)((1 )\2§ 2)1/2+ é_—(l )\25 ) l/2>
, 4. FINITE-MASS NUCLEUS
(l )\25 2)1/2 ZE( er ) (11) 4.1. Equation for bound states

ré .
According to Eq(7), we can represent the Green’s func-

Combining terms containing the same powets(j=0,1),  tion of a system of two particles in the form
from (11) we find two algebraic equations in the unknowns

. M 1
Eandg. GO(r _r/ r _r/.E):E m
1 1:'2 2 2 E_E _
(Ez_)\,2+§,2)(1_)\2§,2)1/2=0’ (12) pP.q s(p) (Q) (q) 8(p)
1
(EZ_)\72+572)(1_)\2572)71/2_2)\72(1_)\2572)1/2 +E E(q)+ (p)
- &
+2e’E&EN2=0. (13 1
Solution of (12) yields two values for the exponential + E+3(q)—e(p)
wave function damping radius:
1

H=(\"2-ED"Y% &=\
Substituting £, into (13), we obtain the energy of the

TE+s(q) relp)

Bohr 1s,,, ground state for a fermion, Xexpi(p-(r1=ri)+q-(rz=rz))),
E;=myl—a? (14
_ _ _ whereM is the mass of the nucleus aBdq) = (M?+qg?)*2
where a is the fine structure constant. Hege is the Bohr Here it is convenient to separate out the coordinates of
radius. _ _ the center of mass of the system:
Solving (13) for E, we easily obtain
, o _ r1e(p)+rX(q)
B A O ESI )
2¢—2\112 !
en 1=\t We seek the wave function of the system in the form
and whené,=\, the binding energy of the particle is (r,R;g)=x(r;g)expig-R),
E,=0. Here g is the momentum of the system as a whole in the

oratory frame.

Thus, this deep level is located in the middle of the energ)}ab Then for the wave functiop((r'g) we obtain

gap of width 2n in the spectrum of free states of the particle.
We note here that Eq(10) has a significantly non-

Hamiltonian form. We have shown that this equation has twoX(":9) = J dr12 m

solutions with wave functions o§ symmetry. One of the

solutions,E4, corresponds to the Bohrs},, ground state for

the electron. For such solutions and low binding energy com-

pared to the particle mass, H§0) can be reduced to Hamil-

tonian form(the Schrdinger equation Then we can sepa- Xex;{ (q g 2(q) ) (r—r ))

rate the contributions of the potential and kinetic energies to 2(q)+e(q—09) !

the binding energy of the particle. In the caseEf such a i

separation makes no sense. XV(r)x(ri;9). (15
In a certain sense the analogous problem of the boundo obtain the differential equation for the bound states of the

states of Fermi particles in many-body systems also exists inystem corresponding to integral equati@s), we must find

the nonrelativistic energy range. In this context we can menthe solutionq(f,g) of the equation

X

> vl

Ex2(q)*e(q—0)
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2(q) 142
f=q-9s————. (16) +mA/1- L4 22
S@Tea-0 Gy T’ (2
i I at.s?lutlont_of (%6) tlﬂ trge fo(rjm :q(tf,g) ;sﬂl:ound,tthe whereag is the Bohr radius, angg=m/M.
ierential equation for the bound states of the System can e, +he second solution @f9) and (20) we obtain

easily be obtained fronfiL5):

da(f.g) 1 &E=max\m,\y) (23
( af 2(9)e(g-g) and
1 1 Ep=[MZ—m?, (24)
X( > Ex3(q)*e(q—0) x(r;g) The binding energy of the system in the deep bound state
can be determined from the last equation:

=MmV(r)x(r;g). 17
Hereq=q(f,g) andf=—iV,.

Ep=M+m—|M?—m?|. (25

WhenM>m, from (25) we have

Eb=m(1+z

5. (26

4.2. Two types of states in the center-of-mass system

The radius vectoR describes the motion of the system which in the limit M—oo is consistent with the result in
as a whole. Using this degree of freedom, we can obtain th&ec. 3.
effective mass of a system of two particles in any bound
state. This will be done below, but we shall first ascertain the
influence of the ma§3 of the nucleus 9” the spectrum 05.3. Influence of the momentum of the system as a whole
bound states. For this purpose we consider a system of twgh, the Bohr energy levels in the nonrelativistic case
bound particles at rest. Theg=0 and q=f. Taking into

account Egs(16) and (17), we obtain Let the system as a whole move with a certain velocity
<c. Let E®(g)=g%2(M+m) be the energy of transla-
e(HZ(H(E*—2E2(e4(F) +32(F)) tional motion of the system.
. . When g=0, the integral ovelq for the Bohr states is
+(2(H)—22(1)?) x(r;E) taken for characteristic momentum valuesrm. Therefore,

— AMME(E2— 2(F)—S2(F))V ). 18 in (15) 3(q) ande(q) can be expanded into seriesgnThe
MME e () =2AMVINX(E) (18) same thing can be done fgr# O, if
We find the solutions of18) corresponding to a wave func-
t?on yvith S symmetry:zp_z_exp(— r/é). Sub;ti_tuting this func- E(Z)(g)<m£:140 eVv.
tion into (18) and combining terms containing the same pow- 2M

ers r' (j=0,1), after some simple but cumbersomeyhys for the electronic subsystem the nonrelativistic case
calculations, we find two algebraic equations Eoand ¢: corresponds to rather low energies of translational motion of

Z=E*—2E2(\ 2+ N ;2= 26 )+ (N, 2—N-2)%=0, (19 the system as a \_/vhoIe. . o
Here we confine our attention to energy contributions up

ZEH1-N2E )1 N\Z )12 to a*. Therefore, the solution ofL6) can be written in the
form
)\ﬁ‘ )\%A 32 1 2 2\1/2
X + —2°E“¢ (1N & 2 _
I-NpE2 1-Ajé? ¢ IR q="f+ M g+ g [ M Mz, M g-f
M+m m(M+m)C2\ M M+m
X(L=N{E Y2 (27)
= —4e2E(E2—)\,\’,|2—)\;2+ 2679). (20) Using this solution, we can reduce H47) to an equa-

tion of the Schrdinger type. For this purpose, the “reso-
Here\,=1/m andAy=1/M are the Compton wavelengths \,.5nce” term Eg_(z(q)_s(q_g))—l in the sum in the

of the particles. _ ~ parentheses ifil7) is expanded up to fourth-order termsfin
Equations(19) and (20) have two solutions. The first a4, It is easily seen that in the three remaining terms of

corresponds to the Bohr ground state, which is character- o sum, we must keep only the zeroth order of the expan-

ized by the radius sion. This leads to the contribution 12 where
3 . — to=mM(M+m)/((M+m)2+Mm). In the first three fac-
gl_aB\/7(7+7 +t2yl-af) 2D tors on the left-hand side ofL7), the expansion must be
and energy restricted to second order fnandg. As a result we obtain
\/ yaz fz 4 .
E;=M~1\/1— E(9)—E®(9)~ 53—~ —=5—W(g.f) | x(r:0)
' (y+y 1+2V1-a? 2p 8ud
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32 E(g)-E®)(g) regarded as a relativistic particle, its contribution to the ef-
=|1-—+ — 5 V(r)x(r;g). (280  fective mass of the system should significantly exceed the
Aps K2 rest mass of the electron.

HereE®)(g) is the sum of the first three terms in the expan- 10 conclude this section we point out the following situ-
sion of V(M+m)2+g? with respect tog?; the symbols ation. In this paper we derived the equations for bound states
w=mM/(M +m) Miz M3m3/ (M3 + md) and,u§=m2M 2 (10) and(17) on the basis of the Lippman—Schwinger equa-

(M2+Mm+m?) are used, and the perturbation operator ap1ion in form (3). A similar result can be obtained if we start
pearing when the “resonance” term in E@.7) is expanded the derivation with the Dyson equation for the two-particle
which is important for the following, is Green’s function with the corresponding self-energy part.

) ) Such a procedure for obtaining the Bethe—Salpeter eqdation

W(g,f)= 9 A;—2(ngVy) for dispersive media was used in Refs. 8 and 10. In Ref. 10

' 2(M+m) 2Mm ' the wave equation for the bound states of two charged non-
wheren,=g/g relati'vistic particles in a medium.withl a diellectric constant

- g| from(28) that the soluti d to Boh that includes frequency and spatial dispersion was obtained

ILis clear from(28) that the solutions correspond to Bohr by a simple replacement of the vacuum photon propagator by

. - - . . 4
states )[N'(tjh gllowe}ncihfor reIat|V|?t|c c;)hrrecuonsa ' (’?S the corresponding propagator in a dispersive medium in the
was noted above, for Inese corrections the corresponding m%’ethe—SaIpeter equatigsee, for example, Ref) 71t is easy
trix elements should be calculated as Jim/ sdr. When

. to show that this equation also contains the influence of the
M—o andg=0, for the Bohr ground state we obtain from d

(28) the first three terms in the expansiont1—a? in a? translational motion of the system as a whole on the spec-

Th t0f29) ts the infl fthe t | trum of bound states in the laboratory frame. This corre-
. € operato represents the influence ot the trans a'sponds qualitatively to the results of the treatment presented
tional motion of the system as a whole on the structure of th

. X . T’1ere for an essentially two-band model of the vacuum.
atomic levels in the laboratory frame. This is a very unusua

result, and it is a consequence of the finite value of the ratio
m/M.

It is easy to show that for thes states, Eq(28) leads to 5. CONCLUSIONS
the level shifts

(29

The solution corresponding to a bound state in a proton
2 m + electron system with an exponential wave function damp-

o
AEn= - — = E?(g). (300 ing radius equal to the Compton wavelength of the electron
6n2 M g q p g
is an unexpected result. We have taken an approach in which
For the 2 states we have the creation of real or virtual particles was neglected and
2 only a given initial system of particles was taken into ac-
a®m X
AEy=+ EME(Z)(Q) (31)  count. However, for this state of the system, the vacuum

polarization will significantly distort the interaction energy,
and the results should be regarded only as a prediction of the
possibility of such a state. Its complete description must in-
clude the state of the perturbed electronic vacuum.
However, we believe that consideration of the vacuum
polarization will not qualitatively alter the result. This is sup-
ported, in particular, by the aforementioned theory of the
bound states of charged particles in dispersive media. Al-
though only the shielding of the Coulomb potential due to
temporal and spatial dispersion was taken into account
Lihitially,m a subsequent more systematic treatment of the
bound states of Fermi particles in many-body sysfems
shows that renormalization of the self-energy part does not
AE;=2X103cm}, have an appreciable influence on the spectrum of bound
o i i ) states, not only at a qualitative level, but also at a quantita-
which is approximately 17 times less than the Lamb shift fortive level in some cases.
the ls.state. , ) We presume that vacuum polarization should provide for
It is noteworthy that the influence of the translational y,q gyapility of atomic systems and, in particular, the hydro-
motion of the system as a whole on the Bohr levels leads t en atom H in the presence of the unoccupied deep Exel

a correction to the mass of the system, which depends on it o1, the matrix element of the radiative transitibp— E,
with emission of a photon has the form

for the state with momentum projection=0, and

AE, =~ 32 M) 32
2=~ 720 mE (9 (32
for states with momentum projection=*1.

Thus, removal of the degeneracy with respect to the or
bital angular momenturh and partial removal of the degen-
eracy with respect to its projectiom in terms of |m| are
predicted when the particle moves as a whole. Let us eval
ate the shift in the nonrelativistic case. Whd&t?)(g)
=50 eV, for the & state we obtain

state. Foms states, from(30) we obtain

o (vac* (Bl (1) [Erglvacd),

AMns:Qm

where@(r) is the transition operator acting on the electronic
We were unable to solvél?) for the deep bound state wave function, andvac*) and|vac®) are the vacuum states
E, wheng # 0. Since the electron in this state should befor the E, and E;4 states of the system, respectively. This
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transition matrix element vanishes if the vacuum states araucleus of a hydrogen atom for whicac*|vac®) # 0,
orthogonal, i.e., ifvac*|vac®y=0. We attribute the stabil- the following reaction with the release of energy should take
ity of atomic systems to just this situation. place, in principle:

Let us now discuss th&, state, in which we also in-
clude vacuum polarization. The only existing reality that
might correspond to this situation is the neutron, which iswhereH is a hydrogen atomhv is a y ray with energy of
known to be an unstable particle. In the free state it decaysrderm, and|vac®) is the excess excitation of the electronic
according to the reaction vacuum.

H+|vac®)—|E,)+hv+|vac®),

n—p+e+ 'Ije
) o ) V. B. Berestetskii, E. M. Lifshitz, and L. P. Pitaevskpuantum Electro-
with a lifetime =15 min. dynamics Pergamon Press, Oxfofd982.
In the present approach, this decay can be attributed téN N. Bogoliubov and D. V. _ShirkoMntroduction to the Theory of Quan-
the ionization of theE, state by high-energy particles in the ,ized Fields 2nd Am. ed., Wiley, New York1980.

: o . L. V. Keldysh, Zh. Esp. Teor. Fiz45, 364 (1963 [Sov. Phys. JETRS,
Earth’s inner radiation belt with an energy greater than the 553 (1964))]'. P (19631 Y

binding energy of the system. Then decay of the systen*H. Frauenfelder and E. M. Henleysubatomic PhysigsPrentice-Hall,

should be accompanied by the appearance of a scattered pafEnglewood Cliffs, N.J(1974. ‘ _

ticle. a free proton and a knocked-out free electron. and by J. M. Ziman,Elements of Advanced Quantum Thed@gmbridge Univer-
T ' . ’ sity Press, New YorK1969.

re_laxat_lon of the excited electronic vacuum staec*). ~ ®T.-Y. Wu and T. OhmuraQuantum Theory of Scatteringrentice-Hall,

Since it follows from our treatment that neutron decay is London(1962.

regulated by the flux of the original near-terrestrial high- "A. A. Abrikosov, L. P. Gorkov, and I. E. DzyaloshinskilMethods of

energy particles the theory could be verified by the variation Quantum Field Theory in Statistical Physid3rentice-Hall, Englewood

o U L Cliffs, N.J. (1963.

of the neutron lifetime in response to variation in the energysg_ kilimann, D. Kremp, and G. Ropke, Teor. Mat. F&S5, 448 (1983.

distribution and flux of particles with energies greater thanlz,E. E. Salpeter and H. A. Bethe, Phys. R&4, 1232(1951). _

the binding energy of the system. Eééill\élgjr;ykln, M. I. Ozhovan, and P. P. Pékiev, Teor. Mat. Fiz.49,
We note that if it were possible to create a perturbed '

vacuum state|vac®) at the space-time location of the Translated by P. Shelnitz
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Correlation echoes in the stochastic excitation of inhomogeneously broadened two-
level systems

S. A. Baruzdin

St. Petersburg State Electrical Engineering University, 197376 St. Petersburg, Russia
(Submitted 30 October 1996

Zh. Eksp. Teor. Fiz112, 63-77(July 1997

The third-order cross-correlations between a free induction signal of an inhomogeneously
broadened two-level system and white Gaussian noise exciting this system are studied. The
temporal properties of the third-order cross-correlation functions are found to correspond

to the characteristics of ordinary two- and three-pulse spin and (ftdtor) echoes excited by
determinate radio pulses. The nonlinear properties of correlation echoes are studied as
functions of the noise pulse parameters. It is established that the correlation echo amplitude is
determined not only by the noise pulse parameters but also by the position on the time

axis of the noise counts that form the given type of echo. Finally, the behavior of the spin and
light correlation echoes in the appropriate ranges is discussed.99F American Institute

of Physics[S1063-776(97)00607-0

1. INTRODUCTION linear systems$:° In this case instead of the cross-correlation
function (1) one studies higher-order cross-correlation func-

The use of stochastic excitation in NMR Spectroscopyjqns, which can be related to the pulse characteristics of the
was first proposed by Erristsee also Ref. 2to lower the respective order

excitation power and to ensure that the excitation covers a Theoretical studies of the correlation properties of the

wide band. The method became known as the stochastpésponses of two-level spin systems described by Bloch

resonance method. Its use also allows various mU|t'd'menéquations and excited by white Gaussian noise were carried

sional spectra to be obtained, while lowering the exc:itationOut by Ernst, Knight, and Keisef. Here the excitation was
power facilitates solving the problem of the receiver’s “deadcontinuous, and the spin system was in a stable stationary
time.” In addition to NMR, stochastic excitation is used in state

EPRRstul_d|_es i?ld n O?;Iéj' . tensive dat Pulsed stochastic excitation is used alongside continuous
: eallzing this method requires extensive data processs, qiation. In Ref. 7 the statistical properties of the free in-
ing, however. For instance, to measure the pulse CharaCte”aUction signal of an inhomogeneously broadened spin sys-

tic of a linear systemi(t), related to the frequency transfer_ tem excited by finite samples of white Gaussian noise were

coeﬁicient through a Fourigr transformation, t.he system I%nvestigated. It was found, among other things, that in this
excited not by a delta-function pulse but by white not¢t case the free induction signal is a nonstationary Gaussian

with a spectral power densityo and a correlation function process with zero mathematical expectation, which carries no
(X(t1)X(t2))=Ngd(t;—t5). information about the system under investigation. Note that

in the optical range, optical free induction serves as the free
What is determined here is the cross-correlation function bel- P g P

. i nduction signaf
tween the output process of the system, Nevertheless, stochastic excitation can form responses

o whose mathematical expectation is nonzero. For instance, in
y(t)= fﬁw X(&)h(t—=§)d¢, experiments on excitation of stimulated light echo, the first
and second delta-function coherent excitation pulses were
and the input process delayed by time replaced by longer noise puls&$These pulses were formed
from the incoherent radiation of a pulsed laser whose beam
Ca(a) =(y()X(t=))=Noh(0r). (1) P

was split into two beams time-delayed with respect to each

Thus, short coherent pulses are replaced in the experdther. Thus, the noise counts of the first and second pulses
ment by band white noise, which allows the excitation powerseparated by the delay time were coherent, which ensured
to be several orders of magnitude lower. Here, however, intheir coherent addition in the stimulated light echo, and this
stead of formingh(t) directly in real time, according tél) became known as an “echo with internal coherence,” which
we must, first, statistically average the produgtt) x(t— o) means coherence of two noise pulses within each excitation
and, second, measure the functibft) at different points, period. By measuring the mean value of the amplitude of this
each time changing the delay tirpe Simultaneous measure- echo as a function of the delay time between excitation
ment of several points of the pulse characteristic in parallepulses it is possible to extract information about the times of
data processing is also possible. longitudinal (T;) and transverseT(,) relaxations of the sys-

In addition to studies of the characteristics of linear system. Stimulated spin echo can be excited in a similar way. Its
tems, white Gaussian noise used as excitation provides ronlinear properties were studied in Ref. 10.
convenient model for consistent studies of properties of non-  In the experiment described in Ref. 3, Paff and Blumich
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studied the stochastic analog of stimulated spin echo excitetthan T;, so that by the time the next excitation pulse has

by quasicontinuous white Gaussian nai¢g). The transmit-  arrived the system has returned to its state of thermodynamic
ter and receiver were alternately gated after isolating the reequilibrium.

sponse by separating it in time from the excitation process. A Let us first examine an inhomogeneously broadened
correlator was used to calculate the third-order crosstwo-level spin system. Bearing in mind the above, we can

correlation function between the respongé) of the nonlin-  write the equation of motion of the magnetization vedibr

ear spin system and the excitation: in a magnetic field with inductioB as follows?
* M
C3(01>02>a3)=f Yy(O)X(t— o )X(t— o) X(t— o3)dt, WzyMXB, 3
_ o @ wherey is the gyromagnetic ratio.
whereo; is the delay time in the correlator. Suppose that the spin system placed in a nonuniform

The spin system was in a stable state, in which B§th  magnetic field with inductiorB,e, is subjected, on the inter-
andy(t) were interpreted as stationary processes, which acyal |t|< /2, to a circularly polarized magnetic field
tually allows the cross-correlation functiofi2) to be calcu- )
lated from the time average of the product in the integidnd.  Bi(D)=B(t)cog wot+¢(t) Je—B(t)sinwot+ ¢(1) Jey,
For this reasorC;(o,,0,,03) is independent of the time  whereB(t) and ¢(t) are functions describing the variations
The functionC5(0,0,,03) was successively measured of the amplitude and phase of the magnetic induction, and
by the correlator point by point. Here the delay times werey,, is the vibration frequency coinciding with the central fre-
chosen by the condition that quency of the inhomogeneously broadened absorption line.
In the system of coordinates rotating with a frequency

_ ] ) wg about the longitudinal axis the equation of motion of the
and the delay timerz=t; was varied. The maximum of magnetization vector is

C3(O’1,O'2,0'3) was found to be alb'3:0'1_0'2.

This result can be compared with the time at which a ~ dmM-+ :<dm_
stimulated echo excited by three ordinary delta-function dt dt
pulses appears. If the distance between the first two excita- . .
tion pulses is; =0, — 0, and the distance between the sec- M__ %R*(t)m++ IE R(OM_, %)

0'1—0'2=t1=COI’ISt, 0'2—0'3=t2=COI’ISt,

) —iQm, —iR(t)m,,

ond and third pulses is,=o,— 03, a stimulated echo is dt

formed after a timet;=o3=0,— 0, following the third  \yherem, =(m_)* are the complex-valued transverse com-

pulse has elapsed. Thus, the maximumQg(oy,02,03)  ponents of the magnetization vecton, is the longitudinal
corresponds to the time when stimulated echo is formed, angomponent,

the third-order cross-correlation functié®) resembles a re- - -
sponse to three delta-function pulses, i.e., is the stochastic R(t)=yB(t)=yB(t)cose(t)—iyB(t)sin ¢(t),
analog of stimulated echo. At the same time, the use of sto-
chastic excitation made it possible to lower the excitation
power in this experiment by a factor of 1000 and easily In the corresponding two-level systems of the optical
solved the dead-time problem of the receiver. range the magnetic dipole transitions are replaced by electric
The measured cross-correlation functions were distortedipole transitions. The equation of motid8) now corre-
by system noise caused by the finite time of integration in thesponds to the equation of motion of a pseudoelectric dipole
correlator in the averaging process. Here the signal-to-noisia a pseudoelectric fiel& (see Refs. 8, 11 and 12
ratio increases in proportion to the square root of the integra-
tion time. o o _ il YePXE, (5)
The possibility and advisability of extending these ex-
periments to the optical and EPR ranges are also noted. wherey, is the gyroelectric ratio.

The present work studies the nonlinear properties of cor-  The analogy between Eq&) and(5) are similar can be
relation echoes, i.e., responses induced in inhomogeneousékplained by employing a common vector model used in
broadened two-level spin and optical systems by finiteanalyzing free induction signals and spin and light echoes in
samples of a band white Gaussian noise of lengtfihese  inhomogeneously broadened two-level systéris-*
echoes can be isolated from the free induction signal in cal-  Thus, Eq.(5) can be written in a rotating coordinate
culating third-order cross-correlation functions. system in the forn{4) if in the latter we replace the compo-
nentsm.. and m, with the corresponding components.
and p, of the pseudopolarization vector andR{t) is inter-
preted as the complex-valued envelope of the exciting pro-
cess and is_linked to the pseudoelectric fi€lft) by the

If the length 7 of a noise pulse is assumed to be muchrelationshipR(t) = y.E(t) (see Ref. 15
smaller thanT, and T,, the effect of relaxation processes Let us introduce a new state vector of the systam,
can be ignored. We will also assume that the period withinvhose components are related to those of the vectors intro-
which the excitation pulses act on the system is much longeduced earlier in the following manner:

=vyB,— wp=w— wg.

2. THE EQUATION OF MOTION OF THE STATE VECTOR OF
THE SYSTEM
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Y+ (D) =[p+(t,Q) or m.(t,Q)]exd £iQ(t—tpy)],

VA1) =p,(t,Q2) or my(t,Q), (6)
where to=—17/2. Introduction of these components is /\
equivalent to going over to a system of coordinates rotating -2 w0 wy, T2 2u-u '

with a frequencyw = wy+ ) about the longitudinal axis.
In terms of the new variables the equation of motion offiG. 1. Time diagram of excitation of two-pulse correlation echo from two
the state vector of the systerfdl), can be written in matrix noise counts at times; andu,.

form:
dy
el 3. SPIN AND LIGHT CORRELATION ECHOES
5T =QMY. @) . |
To analyze the nonlinear properties of the two-pulse cor-
v relation echo formed by the noise countsandu,, we must
y=|y_|, determine the third-order cross-correlation function between
Y, the free induction signal and the excitation. We start by de-
_ fining the corresponding cross-correlation function for a
0 0 —s(t) single spectral component of the nonstationary response of
Q)= 0 0 —s*(1) ®) an inhomogeneously broadened system,
s ()2 32 0 Ce(t)=(®(1))=(S(up)[s* (ux) ?Y (1)),
() =iR(t)exd —iQ(t+7/2)]. 9) 2u2—u1>%, tgg_ (14)

Prior to excitation the system was in an equilibrium state, in
which the components of the vectgrare determined by the ;
pulse, of the response of the system in the form of a free

initial conditions ; . . .
induction signal, and of the two-pulse correlation echo sepa-
T T rated from the free induction signal is depicted in Fig. 1.
Y| =3]=00 Yo 5=

The time diagram of the envelopes of the excitation

=Yo. We assume that the system is excited by band white
. o o noise with a Gaussian distribution and a zero average, with
HereY) is the equilibrium value of the magnetizatioM()  the bandwidth of the noise being much larger than the width

or pseudopolarizationRp). _ . of the excited inhomogeneous line. In this case the correla-
For further analysis it is convenient to introduce two tion functions of the complex-valued amplitude of the noise
matrices: can be approximated as follows:
0 0 -1 0 0 O (R()R* (u))=Ngd(t—u),
Q=0 0 0/, Q=0 0 -1). (10 -~ ~ T
0 12 0 172 0 0 (RIOR(W)=0, [tul<z, (15)
As a result, the equation of motidi) of the state vector of where N, is the spectral power density of the complex-
the system can be written as follows: valued Gaussian proceBt).
dy To calculate the cross-correlation functi@h) we mul-
— =3(1)Q,Y +5* (1) Q,Y. (11  tiply Eq. (12) by's(uy)[s* (u,)]? and average, assuming that
dt t>ty=u,. The result is
Equation(11) can be integrated in two symmetric forms; Ce(t)=D;+ Dy,
t t_
Y(t)=exn[Q1ft S(t’)dt’}Y(tw Dl=<exp[Q1f S(t')dt’ <I>(u2)>,
0 uz

t t
s*(£)Q.Y(&)dé, (12 DZ:U exp{Qlff(t’)dt’

s*(g)Q2¢(§)d§>. (16)

t t
+f exp{Qlfg(t’)dt’
to ¢
t In averaging we allow for the fact that the response of a
Y(t)=exp{ sz 5*('[')dt'}Y(to) physically realizable systenY,(t), is independent of the ex-
fo citation’s(¢) and the functions of this process fge>t in
t I view of the causality principle, and the fact that the moments
+ ft exp{ Q2LS (t)dt"[s(§)Q1Y(£)dé. (13)  of a Gaussian process are factordBl@he vectorY, which
0 enters into the expressions oy andD,, can be determined
The validity of Egs.(12) and(13) can be verified by differ- by solving Eqg. (7) by the method of successive
entiation, and the result is E¢L1). approximations:
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t Q Q
o=+ [ asoe 0:=0: [ cupaes NS [ ede (29
t & T Now we determine the cross-correlation functidd) taking
+f dflf d£,Q(€1)Q(&2)+ -+ Y[ = 5], Eq.(19) as the basis:
—7/2 —17/2
17) Ce(t)=D3+ Dy,
wherel is the identity matrix. According to Eq$17) and _ U _
(8), the components of are given by a series whose terms D3~ | €XR Q2 | s*(1)dt"|®(u;) ) =Ce(uz),
can be expressed in terms of the products of the exciting
rocess, which makes factorization Bf and D, possible. t L
ﬂere we can write t 2P D4= ju2< eXF{QZJ§S*(t )dt S(§)Q1®(§)>d§
D,=(exp @, [ st)ar | ) cuuy) _a [ 0Q1Q2
! ], e =Q u<§(§)‘l>(§)>d§+ e(§)d§
2

(24)

> (S(up)Y(up)).
If we integrate Eq(11) and then multiply the result by
(18) 'S(uy)[s*(u;)]? and average, we find that the same cross-
correlation function can be written as

t~
+<[s*<u2>]2 exp[Qlfu St

The cofactors containing matrix exponentialg118) can
be averaged by expanding them in series and allowing for _ t
the fact thafs(t) is a complex-valued Gaussian process de- Ce(t) = Ce(U2) + Q4 u2(§(§)¢(§)>d§
fined by (9) and(15):

t
P(¢))dé. 25
<[s o) exr{Qlf )t D :<[S*(u2)]2[| +Qa |, Glewe): 25
Adding (16) to (24) and subtractind25) from the sum,
2+._,]> we get

+Q1f ()t +— Qlf“s“(mdt'

NGQ7
Lo Cel(t) = 7~ (U Y (1)) + Celup)
=57 Qi fuzdt' fuzdt"(é(t’)s(t">[s*(uz)]2> t
+NoL | Ca(&)dé, (26)
N2Q? ° f U ©
= °2Q1 Jt dt’Jt dt"25(t" — u,) (1" — us) ?
"2 U2 L= Q1Q2+ Qle. (27)
N6Q1 2
= : (19 . - . .
4 Differentiation of (26) yields the equation
If in (19) we puts* (uy) =1, we find that
t gt ~NoLC.(t),
<exr{Qlf S(tHdt’ >=I. (20) o
uz whose solution is
Plugging(19) and(20) into (18) yields Co(t)=exgNgL(t—u5)]Ce(uy), t=u,. (28

2Q? To determine the correlation mome®g(u,) in (28), we

D;=Ce(Up) + —— ((Ul )Y (Uz)). 21  setty=u;<t<u, in Eq. (13, multiply the equation by
S(uy)[s*(1)]" (n=1 or 2, and average:
The expression describirig, can be transformed in the fol-

lowing manner: (S(up[s*(D1"Y(1))
D,= ft <ex;{Qlfg(t’)dt’}>Q2(s*(§)<l>(§))d§ <S(u1)[s (1] exp[sz s*(t)dt (u1)>
uz ¢
+ft <exp[Qlft§(t’)dt' s*(§)>Q2C (&)déE. +<"S“(u1)[8*(t)]”ft exr{QZIIS*(t’)dt’}
up ¢ © ug ¢
(22) XS(£)Q1Y(§)dé. (29)
Averaging the cofactors containing matrix exponentials inAt n=2 the first term on the right-hand side of E@9)
(22) yields vanishes and the second can be written as
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(S(up)Y(up))=NoQx(Y(uy)). (37)

Finally, to determin€Y (u;)) we use(33), where we set
S(uy)[s*(uy)]?=1 and replaces, by — 7/2:

R

Ce(t)=NgQ1(5(uy)s* (1) Y(1)). (30) Since initially the state of the system, defined by the

) ) initial conditions, is determinate, &t&=u, Eq. (38) has the
To find (S(u;)s* (1) Y(t)), we sem=1in (29). Thenthe {5

first term on the right-hand side of E9) vanishes and

N
GBS O¥ )= SEEuYY(D), t=u. (@

t —~
Ce(t)=2f (s*(1)s(§))
up

X < ex;{sz;s*(t’)dt’

If we allow for Egs.(9) and(15), we get

g(ul)S*(t)QlY(§)>d§-

t+ 2
2

(Y(t))zex;{NoL

+’T
uq 2

<Y(u1)>=ex;{NoL Y(—%). (39)

The cross-correlation functiofi4) at the end of the ex-
citation pulse can be found from Eq28), (32), (34), (37),
N3Q7 and(39) if in (28) we sett=1/2. This yields

Q
CelUz) = —5+ (S(Up Y (uy). 32 o
:eXF{NoL<%_Uz) Q

On the basis 0f30) and(31) we conclude that at=u,

%exp{NoL(uz

r
To find (S(u;)Y(uy)) in (32), we use the correlation Ce(i
moment(28),

T T
Ce(t)=(S(ug)[s* (Ux)1?Y (1)) =exd NoL (t—uy)] —U1)INoQ exp{ Nol{ui+ 3 Y( - 5) :
X(8(up)[s* (u)12Y (up)), (33 (40)
in which we ses* (u,) =1, after which we replace, by u; . After we have plugged the initial conditions and the ma-
Then att=u, we have trices (10) and (27) into (40), we find that the components

(3(up) Y (up))=exd NoL (us—up) J(3(up) Y(uy)). (34 Y- andy, of the state vector are not correlated with the
excitation, and the correlation of the compongnt is de-

To find (S(uy) Y(uy)) in (34), we use an equation that scribed by the following expression:
follows from (12):

~ t T <§(U1)[S*(u2)]2y+(1) > _ NSYO [{ _ Noae)’ 41
<§(t)wt>>=<s<t)exp{ql [ s )dt’DY( . E) == a
t iy S ae=3—T+u1. (42)
+Jl <s(t)exr{Qlf s(t')dt’} 2
" § When the excitation pulse is terminatedtat /2, i.e.,
SCCCI L i o b AL

The first term on the right-hand side is zero, and averaging\j((t):Y(T/Z)’ and

the second term yields

(‘s’<u1>[s*(u2>12y+<t>>=<§<ul>[5*<“2”2y+(g)>’

t
(S(HY(1))=Nog f o= (43
N,Q with t=7/2.
xexd —iQ(t—&)]1QxY(&))dé= °2 2<Y(t)). (36) To sum the contributions of all the spectral components
of an inhomogeneously broadened system, we must go back
If in (31), which is valid fort=u,, we sefs(u;)=1, to the initial system of coordinates rotating with a frequency
then wg Via Egs.(6), (9), and(43).
N,Q Then, in the case of magnetic resonance, the cross cor-
(s*(1)Y(t))= 0 1<Y(t)>. relation between the spectral component (t,{2) of the
2 transverse component of the magnetization vector, which has
In view of the symmetry of symmetry ofL2) and (13) we 2 frequency detun_ing):w—wo with_ respect to the ce_:ntral
can also write frequency of the line, and the excitation can be written as
follows:
NoQ2 -
EOYM)=—5(Y(1), t=ur. (R(Up)[R* (Up)1?m, (1,Q))=i exgiQ(t+u;—2u,)]
Then att=u,, with allowance for the second half of this ~ % P 7
result described by Ed36), we obtain ><<s(u1)[s (U2)] y+(§> > 44
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FIG. 2. Time diagram of the excitation of stimulated correlation echo from
three noise counts at times, u,, andus.
4t

To find the third-order cross-correlation function be-
tween the free induction signal and the excitation, we must 2t
integrate (44) with a weight function determined by the
shape of the low-frequency equivalent of the inhomoge- . ) :
neously broadened absorption lirgg(): 0 0.5 10 N 10° rad? s

-

(R(up)[R* (Uz)]2m+(t)> = f g(Q)(R(uy) FIG. 3. Dependence of the normalized amplitude of correlation echo on the
- spectral power density of the noiseN,. For two-pulse echo
~ 2 a=ag=37/2+u,, and for stimulated echa=a;=37/2+u;—u,+uz.
X[R(Uz)] m+(t,Q)>dQ. The values of the parametessare 10us (curve 1), 15 us (curve 2), and
(45) 20 us (curve 3).

Plugging(41)—(44) into Eq. (45) finally yields

(R(up[R* (uz)1?m_ (1)) dependence, determined by the functioB$t+ u;— 2u,)
MoNS p( Noa and G(t+u;—u,—ug), fully corresponds to ordinary two-
e
exp —

=i 5 1 G(t+u;—2uy), and three-pulse echoes, i.e., the responses generated by de-

terminate delta-function radio pulses at timesandu, or

1 (o uq, Uy, andus, respectively(see Figs. 1 and)2The same is
G)=5— f g(Q)exp(iQt)dQ. (46)  true of the shape of the echo-responses and the times of their
o formation.

Reasoning along similar lines, we can find the third-  As noted in the Introduction, Paff and Blumitétudied
order cross-correlation function the stochastic analog of stimulated spin echo. Comparison of
~ the cross-correlation functiond6) and (48) with the results

(R(u)R* (u2)R* (uz)m..(1)) (47) of their experiment shows that the maximum of the function

for t>7/2>u3>u,>u;>—7/2 andu,+us—u;>17/2. This G(t+u;—u,—uz) coincides with that of the function
function corresponds to stimulated correlation echo. TheCs(oq,05,03) in (2) atu;=t—o; (i=1,2,3). Their shapes
time diagram of the envelopes of the excitation pulse, thecoincide to within system noise caused by the finite averag-
free induction signal, and the stimulated correlation echdng time.
separated from the free induction signal and formed by the However, due to the nonstationary nature of the free
noise countsiy, U,, andus is depicted in Fig. 2. induction signal, all averaging in the present paper was done
Using the above method, we can show that the crossaver the ensemble and not over tiltas opposed to the situ-
correlation function(47) is given by the following expres- ation in Ref. 3. As a result, the cross-correlation functions
sion: have, in addition t&G(t+u;—2u,) andG(t+u;—u,—ug),
~ . . exponential factors that depend on the position of the noise
(R(U)R* (uz)R* (uz)m.. (1)) countsu; on the time axis, in accordance with Eg42) and
. 3 NOaS (49)
=iTMoNg GXD( 4 |G(ttui—u;—ug), (48 In the present paper we also find the dependence of the
correlation echo amplitudes on the parameters of the noise
3r pulse. According tq46) and(48), this dependence is nonlin-
as=—5 U~ Ut Us. (49 ear and is given by the function

Equationg44)—(49) are also valid for the corresponding Noa
inhomogeneously broadened systems of the optical range if F(N0)=Ng exy{ - T) (50
m, andM, are replaced by, andP,, respectively.

with a= a, for two-pulse echo andv= a4 for stimulated

echo. The diagrams of these functions for different values of
The mathematical expectations of the complex-valuedr are depicted in Fig. 3.

envelopes of the two-pulse and stimulated correlation echoes In the limit Nga<<4 the dependence is cubic. The rate of

are given by the expressiorig6) and (48). Here the time growth of the function diminishes &, increases. The maxi-

4. DISCUSSION
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mum of the normalized correlation echo amplitude deter-  Another distinctive feature of the optical range that sets

mined by the functiorF (No) is [12/x€e]® and is reached at it apart form the range used in NMR experiments is the con-

Noa=12. dition of spatial synchronisfiHere the free induction signal
The exponential dependence(B0) is a reflection of the propagates in the same direction as the exciting pulse in the

effect of noise in the intervals between noise counts formingorm of a plane wave with a vectde. The two-pulse and

the echo-response. We analyze this effect by using the exstimulated echoes in the light induction signal are formed by

ample of a two-pulse echo formed on the noise couptand  pairs and triples of noise pulse counts.

u,. These moments divide the noise pulse into three inter- As is known® two-pulse and stimulated light echoes

vals. Here at timau; the longitudinal component, of the  propagate in the directions

state vector is transformed into thye component, and at

time u, they_ component is transformed into, . To put it Ke=—kit2ka, G
schematically, ke=—k;+k,+ks, (52
Y, Y- =Y. respectively, wherg; is the wave vector of theth excitation

light pulse. Since in the case under consideration all noise

The matrix components it40) describe the damping of the o nts belong to the same excitation noise pulse propagating
components of the state vectércaused by the noise in the , the directionk. we have

three intervals. Equatio0) implies that in the first interval
the longitudinal componen, decays according to the law ki=kp,=kz=k. (53
exfd —No(uy+7/2)/2], while in the second and third intervals Equations(51)—(53) imply thatk.=ks=k, and all ech-
the componentsy_ and y, decay with a rate that is oes propagate in the direction in which the light induction
two times smaller: exp- No(u—up)/4] and  sjgnal propagates.
ex —No(7/2—up)/4], respectively. The overall damping is  |n conclusion let us briefly discuss the results related to
determined by the expressio#l) and(42). Here it occurs  stimulated correlated echo. In the formation of this echo the
that according to41) and (42) the amplitude of the two-  components of the state vector are transformed at times
pulse correlation echo depends both on the lengdi the  , andu, according to the schemg—y_—y,—y, . The
noise pulse and on the timg . Since|u;|<7/2 holds, for a  |ongitudinal componeny, decays twice as rapidly as the
fixed pulse lengtfr the values ofx, may differ by a factor of  transverse components. As a result the overall damping is
two, depending on the position af . For Noa,<4 the po-  determined by the exponential factor(#8). Here, according
sition ofu, has no effect on the amplitude of the echo. In theg (49), the stimulated echo amplitude depends on the posi-
opposite case the echo amplitude depends on the position ghn of all three noise counts, , u,, andu; on the time axis.
u;, and this dependence is quite strong. For instance, &s in the case of two-pulse echo, for a noise pulse of fixed
t=10us the value ofae can change from I0s as |engthr the values ofas can differ by a factor of two, de-
Up——7/2 t0 2X10 ° s asu;—7/2 (see Fig. 3 Here at pending on the position afy, u,, andus.
No=10° rac® s*! the correlation echo amplitude changes
more than by a factor of ten. The present work was made possible by a grant from the

The parameters of the noise pulse given in the abovinistry of General and Vocational Education of the Russian
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7=10 us<T,. L ) )
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The results of an investigation of the formation of Pb, Th, and U clusters over a broad range of
numbers of atomgfrom a few atoms to macroparticlespon interaction of high-power

pulsed laser radiation with matter are presented. Clusters of fissionable elements are studied for
the first time. A setup for determining the yield of clusters and the number of atoms in

them, which is based on the use of several different metkladsr resonance fluorescence, time-
of-flight measurements, and counting the number of tracks of fission fragments from the

cluster nuclej, is described. The dependence of the yield of clusters with various numbers of
atoms on the conditions for their formation is discussed. 1997 American Institute of
Physics[S1063-776097)00707-3

1. INTRODUCTION laser powers, and therefore different cluster formation tem-
peratures, are described.

The investigation of atomic clusters is presently one of  The interaction of high-power laser radiation with matter
the most promising and rapidly developing research areas ihas been studied in great detsif® At pulsed laser power
physics!~® A unique possibility for investigating the evolu- densities below 10 W/cn?, three processes dominate) 1
tion of systems from an atom to a solid has appeared owinfjeating without alteration of the phase statentlting and
specifically to atomic clusters. The information obtained invaporization, and Bionization and plasma formation. These
these investigations is of great importance for developing ouProcesses are accompanied by the ejection of atoms, mol-
understanding of atoms, nuclei, solids, and crystals. ecules, singly- and multiply-charged ions, clusters, and mac-

Several directions can be identified in experiments with0SCOpic particles of the material from the surface of the
clusters. One of the most promising is the study of |argérrad|ated sample. The relatlpnshlp of the intensities of' a!l
clusters, which combine the properties of both micro- anothese componer_ﬂs_ is determined both by the cha_ractenshcs
macrosystems. The investigation of how such clusters fom_‘?f the laser radiation and by the surface properties of the

in various processes, and of shell structure in them, is olirradlated sample. This leads to substantially different condi-

great interest. It is expected that the transition from micro- totlons for the occurrence of cluster_ forma_mon. Three p”nC'pal
. cluster formation paths can be identified; @ndensation
macrosystems in these clusters can occur when the numbgr

of atoms in them is of the order of several tens of thousandsrom vaporized atoms at the initial instant of fragmentation
) . of the material, b disintegration of hot macroscopic pellets,
This number naturally depends on the kind of atoms, th

&nd 0 intense vaporization of atoms and dimers from the

temperature, and several other characteristics of the clustelgtiar |t can be expected that because of the variety of con-
However, these questions have been investigated 10 a COMfions in these processes, the clusters formed will be char-
paratively small extent. There is an especially small amoungterized by a large set of masses and temperatures.

of data on the properties of clusters of the heaviest elements

(with atomic numberg;>82). Actually, the data cover ele-
ments up to lead, whose clusters were studied, for exampl@, EXPERIMENTAL SETUP
in Refs. 1 and 7—11. There is essentially no information on

clusters of actinides and transuranian elements. This is aRs e

parently due primarily to the difficulties of working with 50 65copic particlesincorporates three different methods
radioactive elements. for detecting them. The detection of single atoms or singly-
This paper presents the results of research on clusters @harged ions is based on recording their resonance fluores-
heavy element¢Pb, Th, and U over a broad range of the cence, which is excited by a tunable laser. In clusters of up to
numbers of atoms in therfup to millions. Atomic clusters  several hundred atoms, time-of-flight measurements were
of fissionable elements are considered for the first time. Th@mployed. Finally, the heaviest clustesith more than a
clusters were obtained via the interaction of high-powerthousand atomswere identified by counting the number of
pulsed laser radiation with the metals cited. The experimennuclear fission fragments in the cluster.
tal setup and measurement of the dependence of the yield of A block diagram of the setup is presented in Fig. 1. The
different clusters on the number of atoms in them at variousutput of a pulsed laser was focused on a sample in a

The setup used in our experiments to investigate clusters
r a broad range of masségeom a few atoms or ions to
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The spectra of the resonant frequencies of the atoms or
ions measured in this manner enable one to determine their
intensity and mean velocit{from the Doppler line broaden-
ing). These data are a source of information on the condi-
tions for cluster formation when high-power laser radiation
interacts with matte¢specifically, on the plasma temperature
and density at the surface of the sample

The characteristics of the clustetmass and velocity
spectra were determined by measuring the time of flight of
charged clusters over a given distari@®m the surface of
the sample to the detecidP The charged clusters entered a
region with an accelerating electric field after passing
FIG. 1. Experimental setud: — sample;2 — collimator; 3 — continuous  through the shaping collimator. This field was produced by a
dye Iaser_ beanﬁ— optical Iense§5— beam of atoms and cluster$ ;i— high voltage(up to 2.8 k\} applied to a gridithe length of
accelerating grids7 — electrostatic lens — deflecting platesy — pho- 0 5ccelerating gap was 30 mirithe beam of clusters with
tomultiplier; 10 — ion detector;11 — detector of pulsed laser radiatioh2 ) . . .
— time analyzer13 — computer;14 — dielectric detectorsl5— pulsed ~ SOME given energy obtained in this manner was focused by
laser beam. an electrostatic lens and entered a drift gap 400 mm long. A
cluster detectofsecondary electron multipliewas located
at the end of this gap. Deflecting plates, within the gap were

ed to separate the charged and neutral clusters so that the

11 15

vacuum chamber, which was evacuated by a turbomolecul i Id not strike the detect
pump to a residual pressure o&k&0 © Torr. The laser ra- atter would not strike the detector.

diation was focused by a lens with a diameter of 20 mm and. Pulses from this detector were the “StOP” signals for'the
a focal length of 45 mm. The dimensions of the laser spot offme analyzer, and pulses from the photodiode onto which a

the surface of the sample were varied by moving the lengortion of the pulsed laser radiation was directed served as
using a vacuum bellows drive the “start” signals. The latter signals corresponded to the

Pulsed lasers of two types, viz., a copper vapor Iasepme of escape of a cluster from the sample surface to suffi-

(LGI-201) and an yttrium—aluminum garnet las@TIPCh- cient accuracy. Thg measureq time of flights related to
7), were used to obtain the clusters. The parameters of theége cluster mas#/ (in mass units by

lasers(wavelengthi, frequencyw,_pulse widthAt, pulsed 7.25x1077L,

power densityg, and mean powelP) are presented in Table M=T? T ESU

I. These laser parameters clearly make it possible to vary the 0

incident power density at the sample over a broad range 1.44X 10*6(L2\/E0+U—L1\/E_0) -2

(from 1 to 1 W/cn?), and thereby to study the formation + U : @

of clusters over a broad range of temperatures.

The flux of atoms, ions, and clusters formed upon interwhereU is the accelerating potentiV], Eq is the initial
action of pulsed laser radiation with the sample surface wagnergy of the clusterigV], andL, andL, are, respectively,
shaped by a system of collimators into a beam with a specithe lengths of the accelerating and drift gapsm].
fied angular divergence. This beam crossed the laser beam The velocity distribution of neutral atoms could also be
employed for resonant excitation of the atoms or ions at aneasured in the same manner. In this case, a pulse from the
right angle. The source of the latter radiation was a dye lasgphotomultiplier recording resonantly scattered fluorescence
pumped by a continuous-wave argon ion laser. The lasegerved as the “stop” signal. This velocity distribution also
frequency was automatically swept over a predeterminegerved as a source of information regarding the temperature
range with a width up to 30 GHz. When a stabilization sys-at the sample surface.
tem was employed, the half-width of the laser line was at As the mass of the singly-charged clusters increases,
most 20 MHz, which is significantly less than the Dopplertheir kinetic energy remains unchanggédis determined by
shift due to the energy and angular spread of the beam dhe accelerating voltagebut their velocity decreases. For
atoms or ions. The spontaneous optical fluorescence emittdwavy clusters containing more than 10 000 atoms, the ve-
by the excited atoms or ions was focused by a system dpcity approaches the thermal value ¢£0L0° cm/9, and the
lenses onto the cathode of a photomultiplier operating in th&ignal from the ion detector decreases to the noise level.
single-photon counting modé. Therefore, another method was used to detect such heavy
clusters and to determine their mass. This method is appli-
cable only to clusters consisting of atoms of fissionable ele-
ments(for example, Th or | and is based on counting the
fission fragments produced by an intense flux of neutrons or

TABLE |. Parameters of the lasers used to obtain clusters.

Laser A,nm e, Hz At,ns E,,mJ p,w g, Wicn? v rays. The number of fission fragments from a cluster is
iven b
LGI-201  510+570 1d 20 0.5 5 16—-10 9 y
LGIPCh-7 1064 25 10 50 012 183x10° Eo
532 25 10 20 06 10-2x10° NZZAJ o(E)Y(E,t)dE, 2)
0
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whereA is the number of atoms in the cluster, antE) and TABLE Il. Characteristics of the elements investigated.
Y(E,t) are the fission cross section and the total flux of

bombarding particles with enerdy during timet. Na Pb ™ v
The fission fragments were detected by a dielectric deDensity, g/cr 0.371 11.34 11.72 19.04
tector, a Mylar film 20um thick. After chemical treatment Boiling point, K 1159 978 5063 4303
of the detectofetching in a 20% NaOH solution for 15 min Heat of .SUb“m?t'on’ kJfmole 0.1 178 540 494
Resistivity, 10 °Q)-cm 4.28 19.2 13 21

the fission fragment tracks became visible under an optical

microscopdtheir lengths amounted ts 10 xm).'® Counting

the number of tracks that emerge from one point and are due

to the splitting of cluster atoms yields the number of atoms  Dielectric detectors of fission fragments are essentially

of the element undergoing fission in the cluster. The relationnsensitive to other types of radiation, viz., plasma fluores-

between these quantities is given by cence, atoms, and ions. They can therefore be placed in di-
rect proximity to the surface of an irradiated sample, and

3) high measurement sensitivity can thereby be achieved. The

disintegration of hot clusters as they move away from the

sample can be evaluated by positioning detectors at different

wheree is the fragment detection efficiency of the dielectric .
detector. In the experiments described here, in which thglstances(10—400 mm from the sample surface and com-

clusters were deposited on the detector surfaee0.5, i.e paring the mass distribution of the clusters for the various
the observed number of tracks corresponded to the numbgretectors.
of nuclei undergoing fission in a cluster.

It is clear from(3) that the coefficient relating the num- 3- EXPERIMENTAL RESULTS

ber of tracks to the number of atoms in a cluster is deter- Experiments were performed on the setup described
mined by the fission cross section of the nuclei sample angpove to determine the mass spectrum of partitiesn a

the total ﬂzléx of bombarding particles. For example, for afew atoms and ions to macroparticieermed when laser
sample of**U and irradiation of the detector by hot neu- radiation acts on samples of lead, thorium, and uranium
trons, the fission cross sectian=5x10"%* cn?, and the (233 and?38) over a broad range of power densities. Table
intensity of the neutrons in a thermal column of a nuclearn| presents some characteristics of these elements, as well as
reactor can reach 1D neutrons/scn?. Under these condi- of sodium, which is widely used in cluster reseat&Hor

tions, after the detector has been irradiated for several hOUEﬁ)mparison_ These characteristics permit evaluation of the

-1
A=N

Eo
ZSJ o(E)Y(E,t)dE
0

(=2x10"s) thermodynamic and electrical properties of the elements in-
Eo vestigated. Comparison with sodium reveals that they require
J o(E)I(E)dEdt=10"2, (4) a considerably higher atomization temperature and energy,

0

while their comparatively low electrical conductivity indi-

i.e., each observed track corresponds to about a hundr&@tes a smaller concentration of free electrons. In each of our
cluster atoms. Heavier clusters containing many thousands &xperiments, we determined the mass of vaporized material
millions of atoms are detected more conveniently usingfom the sample by weighing the sample before and after the
smaller neutron fluences or irradiation lyrays, for which ~ experiment, and by measuring the size of the crater produced
the fission cross section is appreciably smalte=0.1-0.5  On the sample surfacghe two methods led to similar re-
barng. Thus, this method makes it possible to detect ancpults.
identify clusters that are inaccessible to the time-of-flight _Figure 2 presents the measured time-of-flight spectrum
method. of 228 atoms for laser radiation with a wavelength of 1064

Measurement is most convenient when some dozens d¢fm and two different power densiti¢the area of the optical
tracks (up to a hundredare observed from each cluster. radiation spot on the sample surface wa$ mnt). Know-
When the number of tracks is large, they overlap, and, coning the length of the flight pattfrom the sample to the laser
sequently, there are counting errors. Since the number d¥¢am and the mass of the atoms, we can easily calculate the
nuclear fission events in a cluster is a statistical quantity, the
error counting, and hence the number of atoms in a cluster, is

given by Y“, rel. units
AN a - 5 2 I
N KN’

whereK is the number of clusters observed. WherandK
ranged from 10 to 100, the counting accuracy for cluster

0 " i
. . . 0 0 40 60 o 3
atoms, which characterizes the mass resolution of the fg/é’ TS 1‘0; Lk
method, was 3—10%. Although such resolution fails to pro- 2 2 F 2, v lUcms
30 10 5§ 2 15 E eV

vide a detailed picture of the mass distribution in some cases,
this methoq is highly sensitive and can be used successfullyic. 2. Time-of-flight spectra of uranium atoms for various power densities:
for small yields of clusters. 1— q=3x10" W/cn?; 2 — q=10° Wicn?.
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LAsifp:g.s Velocities and yields of atoms upon laser irradiation of Pb and Y, cipuise

10% 1 2 Pb
\, nm g, Wiem?  d, mm v, 10° cm/s Y4, atoms/pulse 3y

5
Pb u 10t 67

510+570  3.0x 10’ 0.3 1.5<10°  3.5x10% 5.0x10° 1o 8910
1064 1.x10° 1.4 2.0<10°  4.0x10 1.5x10%
1064 2.5¢10° 1.0 2.2<10°  1.5x10% 1.0x108 1
1064 5.0<1¢° 0.7 25<10°  6.0x10% 4.0x108 10" u*
1064 3.x10° 0.3 2.8<10°  2.5x10" 1.5x10"

10.’..
velocity and energy spectra from these spectra. The corre- 10 20 3014 ps
sponding values are presented in Fig. 2 on parallel horizontal 200 500 1000 2000 A, au

axes. The resulting spectra correspond to Maxwellian veloc- S _

ity and energy distributions of the atoms vaporized from theEIG. 4. Mass distribution of Iea7d and uranium clusters measured by the
. . time-of-flight method forg=3x 10" W/cn?. Peaks are labeled by the num-

sample. They permit evaluation of the temperature of thg ., o atoms in a cluster.

sample surface in the laser radiation spot. The temperature

was evaluated with consideration of the increase in the ve-

locity of the atoms due to the gas-dynamic expansion of the

plasmat>®Table IIl presents the mean velocities and yieldsContalnlng up to 10 atoms are observed in the case of Pb,

. ... _while only single ions are observed in the case of U. A
of atoms from Pb and U samples for various power densities. . D : . . . .

. Similar mass distribution with a single peak of single ions is
and diameters of the laser spot.

: . . obtained for the Th sample. The fraction of ionized clusters
Figure 3 presents the yield of singl&U atoms and the g ;
: i : containing from 2 to 100 atoms is less than 1% for both
mass of vaporized material that condenses into clusters an . .
. . . elements. Similar results were obtained at other power den-
macroparticles as a function of laser power density, mea-. . .
" . . sities (the lowest power density was A0W/cn?, and the
sured under the same conditidiseir mass spectrum is con-

sidered below The temperature of the sample surface iscorrespondmg temperature was2000 K) and for laser ra-

) . . -diation at a different wavelengtti064 nn).
presented on a parallel horizontal axis. It is clear that opti- C -
The mass distributions of the clusters containing more

mum power dgnsme$or temperaturgs— at which thewl than 1000 atoms were measured using the track method for
yields are maximum — are observed for clusters and single

atoms(this temperature is lower for clusterdhe measure- counting fission fragments after the irradiation of dielectric

ments also show that the yield of ions over the entire ex erigetectors in a neutron flux. Such clustéos macroparticles
y P ere observed in the case of the Th and U samples. For the

mental range of laser intensity is less than 1% of the tota] .
. . ighest neutron fluence dna U sample, one track corre-
amount of vaporized material. We therefore conclude that a ;
: . S . : sponded to 1100 atoms at the detector surface. The single
considerable fraction of the material is vaporized in the form . oo
: tracks could belong either to individual U atoms or atoms
of clusters, neutral atoms, and macroparticles. ; . .
) St rouped in a cluster wittA<<1000. A comparison of the
Figure 4 presents the mass distribution measured by th : .
number of tracks with the number of atoms determined from

time-of-flight method of particles vaporized from Pb and U
o . the resonance fluorescence measurements showed that at
samples by laser radiation at 510 and 570 nm with powey

. 7 . i east 95% of the single tracks belong to individual atoms and
density 3< 10" Wicn™. We see that singly-charged clusters that at most 5% of the clusters ha#e<1000. At the same

time, instances with more than two tracks correspond to clus-
ters (or macroparticlescontaining more than 1000 atoms.

An example of one of the distributions of such systems
14l ] with respect to the number of atoms in them is presented in
10 Fig. 5. To minimize the statistical error in the number of
2 clusters, they are combined into groups containig3A
atoms, where\ is the minimum number of atoms in a cluster
12| belonging to a given group. In this manner, the error in the
yield of clusters in each group is at most 5%. It is clear from
3 Fig. 5 that, as when there are few atoms in the clusters, their
yield decreases with increasig This is typical of the en-

10} tire range of laser intensity.

Table IV presents the yield of various compone(@s
oms, ions, small A=2-100), and large A>1000) clus-
5-10 K ters for various laser intensities. We see that for Pb, the
FIG. 3. Dependence of the total amount of the matdfigl the number of fractlon of small CIU_SterS amou_nts to10"* of the_ number
neutral atomg2), and the number of uranium clusters with>1000(3) per of S'ngle atoms, while the fraction for U and Th is less than
laser pulse on the power density of the laser radiation. 10 3. The fraction of large clusters with>100 atoms is

Y,;, atoms/pulse

10

10

q wicm?
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Y. chpulse disintegration or intense vaporization of atoms from them,
which could otherwise have led to the production of small
10'f o clusters. This hypothesis is confirmed by measurements of
, the yields and mass distributions of pellets wik-10° at
107 ! 2-6 various distances from the sample. It was found that the yield
5l I 6-18 of such pellets decreases as the square of the distance from
10 18-54 the sample, and that the mass distributions determined from
10 234, the number of fission fragment tracks are essentially identi-
cal. This can mean that the disintegration of the pellets or the
) 102 - 10° A, atoms vaporization of a large number of atoms from them, which

could lead to the formation of small clusters, is unlikely.
FIG. 5. Mass distribution of uranium clusters determined from the numberEStimates of the time needed for that many atom4.Q00)
of fission fragment tracksy=3x 10’ W/cn?. The lines are labeled with the tg vaporize, which are similar to those described in Ref. 20,
number of fission fragment tracks observed. The point corresponds to thaemonstrated that it is Iarge>(10‘3 s) — much greater than
number of single atoms. . .

the time of flight of the pellets to the fragment detectors.

Large clusters wittA> 1000 might form with high prob-

even smaller. An appreciable yield of these clusters was okability from macroscopic pellets. A typical feature is their
served owing to the higher sensitivity of the measuremenoscillatory dependence of the surface energy — and there-
method, the absence of a background, and summation overfare the yield — on the number of atorAsHowever, the

broad range of numbers of atoms in a cluster. method for counting fission fragments used in the present
work does not make it possible to identify such oscillations.
4. DISCUSSION Therefore, the production of large Th and U clusters from

. - N . . macroscopic pellets requires further study.
These experiments exhibited significant differences in pic p 9 Y.
Small clusters can form when vaporized atoms con-

tho?/vngllg\scgrcrlzjitgtrif): fS%eé??geegzg??:rsag;%ﬁ ?:%r?git?(;?\gdense' This probably takes place in lead, in which we ob-
gn appreciable yield 6f ionized Pb clusters containin 2—16%’ed the production of ionized clusters containing 2-10

bp y . 9 atoms. However, only individual ionized atoms were ob-
atoms was observed, but similar clusters of Th and U wer

not detectedtheir yield was at least two orders of ma nitude%erved for U and Th. In all likelihood, such a difference in
Y 9 cluster formation probabilities is associated with signifi-
lower than the yield for Ph

cantly different electronic states of the resulting systems.

from the measured velocity spectra of the atoms of the ele; . o .
) : » : for lead, which has low specific heat, were quite acceptable,
ments investigated. At laser power densities ranging from

2 : .~ 'more optimal conditions are apparently needed for Th and U.
gi 183_ 6t$< 10? iloj'hezglc\:jlhestgrse ater?gsi:grre rezlasterThey could probably be achieved by using a cluster cooling

. . - P Y9 systemt which would permit more accurate control of their
than in typical experimental setups, for sample, in system

emploving supersonic vanor iets throuah a narrow nokle formation conditions. We propose doing this in our forth-
ploying sup por ] 9 ' coming investigations.

Slﬂg?e:ifgiﬁqhatliacl;sruijvircssrgtu;eléivg:etz rrl%l re]?;tﬁirzﬁ | for Consistent previous investigatiohs’the mass distribu-
' ' P tion of ionized Pb clusters exhibits a sharp decrease in yield

sznotr)ii ec:jbzlonnii g?/oloswser::rg Ithee.l,az?:riatl)lonfﬁ)hé Z'ueég gfracth>7. This can basically be accounted for by the icosahe-
P b Py, €sp Y ral packing of atoms in lead clustefs° which is respon-

tory elements as Th and U, which naturally reduces the yiel Lible for the features a=7, 10, 13, and 10.
of clusters.

The probability of producing small clusters with
A=2-100 from macroscopic pellets, which can be observe
by measuring fission fragments of Th and U nuclei in them,  These experiments showed that the present setup, which
is also very low. Their temperature is probably too low for incorporates three different methods, offer great promise for

d’;. CONCLUSIONS

TABLE IV. Yield of various components upon irradiation of Pb and U samples by laser radiation 5064

nm.
Y., clusters/pulse Y, clusters/pulse

Y4, atoms/pulse Yion, @atoms/pulse (A=2-100 (A>1000
q, Wicn? Pb u Pb u Pb u u
1.1x10° 1.5x10% 53x10% 1.8x10" 1.0x10° 2.5x10% <i1@® 6.5x 1010
2.5x 10° 55x10% 2.5x10% 6.5x10" 2.3x10° 6.0x10% <10’ 1.5x 101
5.0x 108 2.2x10%  1.2x10% 2.2x10% 1.2x10% - - 1.8<10%?
3.0x10° 3.5x 10" 1.8x10° 4.5x10° 2.5x10% - - 2.7x 10

46 JETP 85 (1), July 1997 Gangrskil et al. 46



research on the formation of clusters of heavy elements overJ. Muhlbach, K. Satteler, P. Pfau, and E. Recknagel, Phys. Rev.8Zett.
a broad range of masses. It has been shown that the yield 01415 (1992.
clusters formed when high-power laser radiation interacts, °K. Satteler, Surf. Sci156, 202(1985.
with matter depends on the temperature of the plasma’ - S Lim: C. K. Ong, and F. Ercolessi, Surf. S270 1109(1992.
H. S. Lim, C. K. Ong, and F. Ercolessi, Z. Phys.2B, 45 (1993.
formed. At the same time, the distribution of the clustersu, g Siekmann, E. Holubkrappe, B. Wrenggral, Z. Phys. B30, 201
according to the number of atoms in them is significantly (1993
less critical with respect to these conditions. The probability*2). F. Ready Effects of High-Power Laser Radiatipicademic Press,
of cluster formation under such conditions varies signifi- New York (1971.
cantly for various element§t is markedly greater for Pb Byy, A. Bykovski, S. M. Sil'nov, E. A. Sotnichenko, and B. A. Shestakov,
than for Th and U The atomic systems of the fissionable ,,2™ Eksp. Teor. Fiz93, 500(1987 [Sov. Phys. JETRG, 285 (1987
. . . . Yu. P. Gangrski K. P. Marinova, B. N. Markowet al,, l1zv. Akad. Nauk

elements U and Th have been investigated for the first time. SSSR, Ser. Fiz49, 2261(1985.
A new method for measuring the number of atoms in thems. N. izosimov, 1. V. Vorykhalov, and A. A. RimskiKorsakov, Izv. Akad.
based on counting fission fragments is proposed. ) Nauk SSSR, Ser. Fi&9, 21 (1995.

In conclusion, we thank Yu. Ts. Oganesyan and Yu. E*°R. L. Fleischer, P. B. Price, and R. M. Walkétuclear Tracks in Solids:
Penionzhkevich for their sustained interest in this work, Principles and ApplicationsUniversity of California Press, Berkeley,
V. V. Kresin for useful discussions, and V. P. Perelygin and17Callf (1975.

Physical Constants. A Handbodi Russian, I. S. Grigor'ev and E. Z.
his coworkers for their assistance in processing and scanningyejjikhov (eds), Energoizdat, Moscow1992.

the dielectric detectors of the fission fragments. 18], A. Zeldovich and Yu. P. RaizerPhysics of Shock Waves and High-
Temperature Hydrodynamic Phenomerfacademic Press, New York

1W. A. de Heer, W. D. Knight, M. Y. Choet al, Solid State Phys10, 93 (1966-1967.

(1987. 193, Bjornholm, J. Borggreen, O. Eckt al, Phys. Rev. Lett65, 1627
2V. V. Kreisin, Phys. Rep220, 1 (1992. (1990. ]

3V. O. Nesterenko, Fiz. Elem. Chastits At. Yad?3, 1665(1992. 20B. M. Smirnov, Zh. Ksp. Teor. Fiz110, 47 (1996 [JETP83, 24(1996)].
4W. A. de Heer, Rev. Mod. Phy$5, 611 (1993. 21B. M. Smirnov, Zh. Kksp. Teor. Fiz.108 1810 (1995 [JETP 81, 992
5M. Brack, Rev. Mod. Phys65, 677 (1993. (1995].

6C. Brechignac and J. P. Connerade, J. Phys. B: At. Mol. Opt. Ft¥s.

3795(1994). Translated by P. Shelnitz

47 JETP 85 (1), July 1997 Gangrskil et al. 47



High-order optical-harmonic generation in films of nonmetallic crystals
V. A. Kovarskil
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High-order optical-harmonic generation in nonmetallic films interacting with pulses of laser light

is examined. The wave functions of the current carriers in a crystal in an external
electromagnetic field are chosen in the form of Volkov—Keldysh solutions. An explicit expression
for the intensity of thesth harmonic, which depends on the crystal parameters, is derived. A
plateau and a cutoff effect, similar to those in the case of harmonic generation on an isolated atom,
have been detected. Finally, numerical estimates are made for GaAs films excited by pulses

of radiation from a carbon dioxide laser. €997 American Institute of Physics.
[S1063-776(197)00807-X

1. INTRODUCTION The emission of photoelectrons due to absorption of har-
. . ) ) monics, with a distribution close to the intensity distribution

“The high-order harmonic generatidhiHG) effect, in ot the harmonics, is also predicted. The method of calculat-

which in atomic gases the intensity of the harmonics slowlyi the intensity of harmonics is based on the original ideas
decreases with increasing harmonic number, has been g .5 icylating the multiphoton photoelectric effect in nonme-
object of numerous studies, both experimental and theoret{—a"iC crystals proposed in the landmark paper of Kel(‘}ysh

cal (see, e.g., Refs. 134The main interest here lies in the 54 i the paper of the present author and Sedletsky on the
possibility of a sizable anti-Stokes transformation of the iN-HHG effect in atoms with a hydrogen-like ground sthte.
cident laser radiation into hard UV radiation or even soft

x-ray radiation.

The number density of the emitting atoms plays an im-
portant role in the intensity of high-order harmonics. Re-2- GENERAL EXPRESSION FOR THE INTENSITY OF
cently there have been reports on observations of high-ordétARMONIC GENERATION IN BAND-TO-BAND TRANSITIONS
harmonics in the reflection of intense monochromatic radia-
tion from a solid surfacé. The main parameter in the theory Sy
of the HHG effect is the ponderomotive energy

Consider a crystal with band gay,, in the Kane model.
ppose that a direct optical transitionkat 0 is allowed,
and that a linearly polarized wave of frequeneyand am-
e2F2 plitude FIIX, whereX is a chosen axis of the crystal, is inci-

0 dent on the crystal. We assume that

e0F|XCU|<ACU '

wher i . . .
eree, andm is the electron charge and mass, &hdnd whereX., is the band-to-band transition matrix element, and

re the ampli nd fr n f the exciting laser ra-, . : .
w are the amp tl.Jde and equency o the e .Ct g lase aACU is the band gap. The wave function of the system in the
diation. The maximum harmonic is characterized by a num- ! .

. coordinate representation depends on the electron and hole
ber Ny, corresponding to the end of the plateau on the curve _ . =
) . . - Tadius vectorst, andry, (re,rp=r).
representing the dependence of the logarithm of intensity on : .
If we allow for the interaction of the external electro-

the harmonic’s number, which constitutes a cutoff effect: magnetic field with the electron and hole, the appropriate
Schralinger equation has the form

o__
SF 4m0(1)2 !

1
Ninax=7—(1+(2=3)e), (1) -
# - =[Ho(r)+H(r,t)+H"4(r,t)]¥(r,t). (2

wherel is the ionization potential of the atom.

In the present paper the HHG problem is analyzed foHere Hy(r) is the crystal Hamiltonian without an external
nonmetallic crystal films. Usually in crystals, the quantity field, andH%(r,t) andH"%(r,t) are the diagonain indicesc
gr, in which the free electron masg, is replaced by the andv) and off-diagonalmixing the bands andv) parts of
effective current-carrier mass, acts as the ponderomotive the interaction with the external electromagnetic field.

potential. Sinceu can be smaller tham, by a factor of We assume that in the ground statecompletely filled
several tens, the shorter the pulses of laser excitation, thealence band and a vacant conduction barlde electron
larger the parameterg . and hole wave function can be chosen in the form

Obviously, to observe the harmonics the films must beo(r) = 6(re—rp). In what follows, we assume that interac-
thin. As we will shortly see, for GaAs crystals and exciting tion with the electromagnetic wave is taken into account by
radiation from a carbon dioxide laser, it is possible to ob-H® exactly, whileH"? is allowed for only in the lowest per-
serve the 95th harmonic in films with thickness 300—1000 Aturbation order. The adopted model simplifies the calculation
and a peak field strength=4x10° V cm™1, of the average dipole momeN{(t) considerably:
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— with UE'(’{)(r) the periodic parts of the Bloch function. As a
X(t)=f W (r, )XW (r,t)dr. (3 result we find that

The observable quantity is the intensj¥,|? of a harmonic

Kz - s wo
at frequency(): (H)=21Im “Fon t2 o(t—t')

1 * L 9
- -iQ N ,

Xo=5— Lce X (t)dt. 4 x(vk(t)|X|ck(t)><ck(t )| —ih—|vk(t )>
We use the Furry representatioh ).%° We select¥(t) in _ i (v
the form Xsin ot’ ex —gft ex(ty)dty |, (16)

W(t)=u(t)gy(t). (5) wheree,, describes the dispersion law, which in the Kane
Here model is

h2K2(t
H ou d c v 2 ( )
IﬁE:[HO—i_H (t)]u, (6) 8k(t):8k(t)_8k(t): ACU+ “ ACU' (17)

i [t The band-to-band matrix elements of position and mo-

u(t)=T eXPl % f (Ho+HY(ty))dty ¢, (7)  mentum in the external field are calculated, as usual, over the
o unit cell volume. Since the transverse momentoin=7k,

is not perturbed by the electromagnetic field, the main con-

J
iﬁ%ﬂHnd(t)]f%(t), (8)  tribution to the sum ovek in (16) is provided by the term
with p2 =0 (this follows directly from(17), sincep? enters
[H"(t)];=u"{(t)H"(t)u(t), (99 into (17) together withA.,). As we will shortly see, the
dependence of the probability of harmonic generation on the
(1) =S(t, =) hy(—0). (10 pand gam,, leads to a sharfexponential decrease in the

rate of the process a&., grows. Hence from now on we
assumepf=0. The position matrix element for a band-to-
band transition |(>f=0) has the following form in the Kane

where

i ! nd
S(t,—©)=T ex _%J_M[H (ty)]f dtqp, (11

model®
)= ih [Ag,
=)= dal1). A2 ok [Xck(t)=Xult) =5\~
We introduce the Green’s function
. 1
[
G(r,t;r’,t’)=—%a(t—t’)ﬁ(r—r’)u(t)u‘l(t’). (13 XACU+(ﬁzl,u)(kx+(e|:/ﬁcu)sin wt)?’
: — (18
Clearly, the expression foX(t) becomes ) _ )
Accordingly, the momentum matrix element is
x_(t):2|mU dt'(¢0|H”d(t)é(r,t;r’t’)H”d(t’)|zpo)}, Ag,
- p12:,U~TX12- (19
R i
G(rtir',t")=— 7 ‘9("_"'); Pin (1D @ (1,1, Thus, we must calculate
— i eFXgo(t
S= (14) wr
Mmoo Mg Me -
where Xf, dt’; (t—t")pyt’)sin wt’
@k(t)(r,t): wﬁ(t)(revt) lzblli(t)(rh 1t)1 i t!
with 4 (r,t) and i, (r,t) solutions of the Volkov type Xexp[ A ft Skx(tl)dtl} ) (20

for an electron and hole in the external electromagnetic S )
field ¢ and Here an exact calculation is difficult, so we adopt an approxi-

mate approach based on taking the value of the pre-
exponential factop,,(t') at the saddle poirit, calculated at
k,=0 outside the sign of integration over. The fact that
the factor is calculated &,=0 means that the term with
jtsc,v dt k,=0 provides the main contribution to the sum ovgr.
o K= This statement is corroborated by the calculations below.
(15 The function

eF

k() =k+ 7—

sin wt,

¢mﬂD:WmWWUWﬁWUa%—%
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i t’ 2 .
f(t/): +it'w— — f Elt )dtl (21) Iog(X ), rel. units
h t x\1

0.
has stationary points, so that
i -10
iw— gskx(t)ZO. (22) h
=20t i
At k,=0 we have !
. -30¢ :
t, = sinh ! ©
* w v Y= “)tun 40l ;
1 95 N=2s+]
W= €oF /%, (23 FIG. 1. Harmonic intensityin relative unit$ as a function of the harmonic’s
A, —hw number(q= 15 andp=40).

where the tunneling frequeney,,, is determined by the tun-

neling transition from the valence band to the conduction

band in the field of the external electromagnetic wave. In theNote that the expression inside the braceél®) is the clas-
adopted adiabatic limiiw<A,, the expression fow,,,  sical action, and finding,, leads to the energy conservation

can be written as law?
14> (ﬁw)) (0)_ _SoF 24 RO = ey - (27)
= @iun 2\A,) )’ @tun™ N This condition can be used in the matrix elemnpi(t).
Let us employ the expansion

In (20) it is convenient to replace the summation okghy

integration overk, : =
" e o= 3 Jn(p)e™, (28)
1 n=—o
% = ga | ke whereJ, (p) is the Bessel function of a real argument.

Now we can easily integrate with respecttandt’. We
The integral ovek, contains a simple pole. Indeed, the ma- find

trix elementp,(t, ) has the poles

ool 3 [l

(1) — K2 (2) _
k ik .,k ikogv2,
X 02‘/2 X 0

p p 1
212 2 s Ll )
w: k2= ho (25) I Z)Jms(z)} m—s+a/’
2u Ag,
. . . . 7 A hw
The integral ovek, is calculated in the Appendix. Thus, the Xo=— _2_2_cU -
; : ; ; 078 #%0%w o’
integral overk, can be calculated directly, and in calculating K
Xq we can replacé, by k)((l) in the integrals with respect to 1
t andt’. Since|k{M/ko| is much smaller than unity, we can, Q=(2stlw, a=z(q+p-1). (29)
to make matters simple, set it equal to zero. This was the
condition for taking the pre-exponential factor at the pojnt Next we use the weltknown formula*

calculated ak,=0 outside the integral. Further calculations
of the integral ovet’ are done by simplifying the expression Z In(X)Imss(X) ——
containing a square root in the exponential:

mTa_ sinaals-a¥)da(x), (30

wherea is an integer.

=% f dtl\/A2 +Ag, sm2 oty Thus we find that
a5 3]
=i <q+p>w<t—t')—§<sin2wt—sin2wt'> , - snam | SRR AR

A, eF eSFZ This formula implies that forp<1 the intensity of the
“Ge’ P he 5 dua? (26)  (2s+1)st harmonic is

|X23+l|2~p23+ lN(F2)25+ 1,

Note that there can be no objection to expanding the root in
(26) after all singularities are taken into account. This corre-which corresponds to the result obtained by applying
sponds to the way in which the conduction and valenceperturbation-theory techniques. Here the harmonics for
bands are treated in the model of parabolic dispersion lawsvhich p/2=s—a are the most interesting ones. The curve
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representing the dependence of the harmonic’s intensity on | am grateful to E. Yu. Kanarovskifor his useful re-
the harmonic’s number has a plateg&ig. 1), which extends marks.
to the highest harmonic,

Nmax= 2Smaxt 1= %(ACU"'Z‘JF), APPENDIX
corresponding to the cutoff effect. Consider the integral
—
3. DISCUSSION ) LY ey (ztiay)

A specific feature of solids is that they can absorb the
generated harmonics. The harmonics can be observed in re-
flected light, as was done by von der Lineeal? But if we t
are dealing with thin films, the spectrum of the generated Xex;)(iBf,\/22+ ZA(t)) +C(ty)dty ¢,
harmonics can be observed by transillumination in the ranges ‘
where AQ>A.,. For instance, for GaAs we have
A.,=1.5 eV andu=0.06M,. The crystal is transparent to
the radiation of a carbon dioxide laser withw=0.1 eV.
The calculation done in Ref. 5 is valid for fields<F,,
with

F(z)=6(t—t")f(2)

whereF(z) has no poles and decreases as a power function
at infinity. We examine the pole in the upper half-plane at
Z=lia4. The residue at this point requires that the Jordan
lemma be valid. We close the integration contour in the up-
per half-plane and examine the behavior of the integrand
. F(2)/(z+iay) atz=|z|e'*:

F =
" egl Xy

=3x10" V/cm. (32

Figure 1 depicts the dependence of the harmonic intensity for 2=, ¢el00].

generation of harmonics in a fiell=4x 10° V/cm (p=40
andg=15) on the harmonic’s number. We see that the high-
est harmonic has the numbe,,., which means that
7 =9.5 eV. The absorption coefficient at this wavelength
in GaAs is 16—10° cm ™! (see Ref. 12 . .

Thus, to observe this harmonic we need a film with a.(One can easily verify that on the rays=/4 and 3r/4 the

thickness 300-1000 A. A convenient way of recording thelntegrand in the mtegral_ with respect tg is also mdepen-
dent oft as|z|]—.) The integrals for the complex conjugate

harmonics is to study the photoemissive effect they produce%.unction where the contour is closed in the lower half-pl

For GaAs the photoemission threshold #s=5.5 eV (see ' - o “plane,
. .m0 can be calculated in a similar manner.

Ref. 13, which corresponds to a threshold harmonic with a

numberNy,=55. The absorption coefficient in the interval

between the 55th and 95th harmonics, which is capable of

causing a photoemissive effect in the crystal, varies rela-*A. L'Huillier, L. A. Lompre, G. Mainfray, and C. Manus, ifProc. 5th

tively weakly. As a result, the energy distribution of the pho- Intem. Conf. on Multiphoton Processegaris(1990.

toelectrons generally follows the harmonic intensity distribu- gigégrause, K. J. Schafer, and K. C. Kulander, Phys. Rev. B8{13535

tion (see Fig. 1 3p. B. Corkum, Phys. Rev. Leff1, 1994(1993.

Note that a direct multiphoton photoelectric effect in the *M. Lewinstein, Ph. Balcou., M. Yu. Ivanov, A. L’'Huillier, and P. B.
crystal determines the energy of an emitted electron in termg Corkum, Phys. Rev. A9, 2117(1994. » _ _
of the free electron masy,. Here, if we employ the Volkov bDér\i/r?; dAerMI;ZSfO’V\;'CZEr;ganSA" injtgﬂlgft’i F;thOSRt'er:,";' S;g"?fégg Nib-
solutions for a free electron, the corresponding cutoff effectsi. v. Keldysh, zh. tsp. Teor. Fiz47, 1945(1964 [Sov. Phys. JETRO,

for the energy of the emitted electron is clearly given by ~ 1307(1965].
’ V. A. Kovarsky and O. A. Sedletsky, iRroc. 7th Intern. Conf. on Mul-
eOF2 tiphoton ProcessesGarmisch-Partenkirchen, Germa(i996.
(33 8V/. B. Berestetskj E. M. Lifshitz, and L. P. PitaevskiQuantum Electro-
dynamics 2nd ed., Pergamon Press, Oxfqi®82.
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Clearly, F(z) with |z|—o is

6(t—t"expli(t—t")|z|e'¢}—0.
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Polarization characteristics of the “forbidden” second optical harmonic of femtosecond
laser pulses in a bacteriorhodopsin solution
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The generation of the second harmonic of femtosecond laser pulses in a bacteriorhodopsin
solution has been experimentally studied for various wavelengths and polarization states of
radiation at the fundamental frequency. The polarization properties of the effect are

analyzed under various experimental conditions. The nature and properties of the signal are
treated as the manifestation of a superposition of nonlinear optical effects of various (bheéers
second and the fourthThe second-order effects can have both an electric-dipole and a
magnetic-dipole or electric-quadrupole character. In analyzing fourth-order processes, besides the
direct electric-dipole contribution, the possibility of the participation of cascade processes at
second- and third-order nonlinearities is also allowed. 1897 American Institute of Physics.
[S1063-776(197)00907-4

1. INTRODUCTION active liquids. It has been shown that second-harmonic gen-
eration in this case can be sensitive to the noncentrosymme-
Nonlinear second-order optical processes such as they of the medium being studied, because of the appearance
generation of the second optical harmonic and the generatiosf specific components of the nonlinear second-order suscep-
of radiation at sum and difference frequencies make it postibility tensor y(?) that are absent in a centrosymmetric me-
sible to obtain unique information concerning the internaldium.
structure of crystals, thin films, surfaces, and interfaces of Even-order nonlinear optical processes in an isotropic
both centrosymmetric and noncentrosymmetric materials, asedium that were sensitive to its noncentrosymméggyot-
well as concerning laser-induced processes on the sutrface.ropy, chirality) were observed for the first time in nonrace-
From the standpoint of a phenomenological descriptiommic solutions ofd andl arabinose, and were associated with
of second-order nonlinear optical processes, one importamectric-dipole nonlinear optical susceptibilities of second or-
factor is the symmetry of the medium. Thus, inside an isoder (generation of radiation at a sum frequeytéyand fourth
tropic centrosymmetrigi.e., invariant under inversigrme-  order (generation of the second harmonic in noncollinear
dium, even-order nonlinear processes are forbidden in thbeams.'®
electric-dipole approximatiohiThis forbiddenness can be re- Our previous papet§!’ described for the first time the
moved at the interface between two media, where the symgeneration of the second harmonic of femtosecond laser ra-
metry breaks dowfwhile inside centrosymmetric materials, diation in a finely dispersed suspension of purple membranes
generation of the second optical harmonic and generation afvith fragment sizes less than 50 hirontaining bacterior-
radiation at the sum and difference frequencies can appe&odopsin. It was shown from an analysis of the dependences
only because of “nonlocal’—quadrupole and magnetic-of the intensity of the second-harmonic signal on the inten-
dipole—interactiong:*% In homogeneous isotropic media sity of the fundamental-frequency pulses that the recorded
in which there is no macroscopic inversion cenfiee., in  signal is caused by bulk nonlinear processes of both second
noncentrosymmetric media, including isotropic media suchand fourth order and their interference.
as optically active liquids nonlinear processes generated by ~ Second-harmonic generation in an agueous suspension
even-order dipolar optical susceptibilities become posgible.of large fragments of purple membranes having a character-
Noncentrosymmetric properties are possessed by many méstic size of up to Lum was reported in Refs. 18 and 19, in
lecular systems in which intrinsidinterna) asymmetry  which the recorded process was explained by hyper-Rayleigh
exists? including solutions of natural biological macromol- scattering resulting from high nonlinear second-order polar-
ecules with helical structure. izability of each fragment of the membrane as a whole, and
Substantial interest in the study of the asymmetry propalso in Ref. 20, in which, on the contrary, it was noted that
erties of complex molecules by nonlinear-optics methods hathe recorded process is not associated with hyper-Rayleigh
resulted in recent years in a number of interestingscattering. The nature of the emergence of the second-
experimentd’!! and theoreticaf'® papers on second- harmonic signal in a bacteriorhodopsin suspension has been
harmonic generation from the free surfaces of solutions corthe subject of intense discussion in the literafth®. How-
taining noncentrosymmetric molecules and native opticallyever, the experimental and theoretical studies have yet to
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FIG. 1. Layout of experimental appa-

ratus. GTP are Glan prisms, DFR is a
double Fresnel rhomb, SFR is a single
Fresnel rhomb, SSF is a spatial spec-
tral filter, M are mirrors, L are lenses,

GF is a glass color filter, S is the

sample, and LN CCD is a CCD cam-

era.

MM Mira 900
Chromex
50018

M ¥ RegA 900

GTP1GTP2 DFR SFR

produce a definitive picture of the phenomenon, which hagither obtained directly from the output of the RegA 9000 or
come to be called in the literature the generation of the forconverted by means of an OPA 9400 optical parametric am-

bidden second harmonic. plifier (shown in Fig. 1 with a dashed outlindn the latter
The bacteriorhodopsin molecules are grouped in thease, the femtosecond continuum obtained by focusing the
membrane into unit cells with three molecules apiécédri-  amplified pulses of the master oscillator into a sapphire plate

men, while the individual cells are arranged in a hexagonalwas used as trigger radiation. All the laser equipment is pro-
two-dimensional latticé® Since the size of a single trimer duced by Coherent, Inc. When the parametric amplifier was
does not exceed 6 nm, each membrane fragment in the refised, the experimental system also included a two-prism spa-
erences indicated above contained about 50 000 bacteriatial spectral filter SSHshown in the figure with a dashed
hodopsin molecules. It can be assumed that the secondutling), which suppressed the residues of the continuum ra-
harmonic radiation from molecules localized in an individual diation. The filter uses a two-pass scheme with zero disper-
membrane was spatially coherent in this case, while the rasion, and the input and output radiation were decoupled in
diation generated by different membranes added incohethe vertical plane.
ently. Each membrane fragment can be regarded as a single The polarization and energy characteristics of the femto-
scattering center whose hyperpolarizability is proportional tosecond radiation were controlled by a common scheme in
the mean number of bacteriorhodopsin molecules found in itboth cases. A combination of two Glan—Taylor prisms
Coherent generation of the second harmonic of monochraclGTP1 and GTPRwas used to isolate vertical plane polar-
matic radiation within a homogeneous isotropic medium isization and to smooth the variation of the radiation energy.
strictly forbidden in the electric-dipole approximation even The light beam remained plane polarized as it passed through
when the medium is macroscopically noncentrosymmétric.a double Fresnel rhomtDFR), while the anglep between
With respect to the generation of the second harmonic othe polarization orientation direction of the light wave and
circularly polarized beams, a “double forbiddenness” is ac-the vertical plane containing the beam axis was varied by
tive in such media—in addition to the first, there is a forbid- rotating the rhomb around an axis coinciding with the propa-
denness associated with the impossibility of conserving thgation direction of the ray. A single Fresnel rhorf®FR)
momentum of a pulse of optical radiation when the secondvas used to vary the degree of ellipticity of the radiation.
and higher harmonics are generatéé® Rhomb SFR was oriented in such a way that the complex
This paper, which is a continuation of Refs. 16 and 17,vector of the electric field of the transmitted light wave var-
discusses the polarization dependence of the generation @d according to the law
the second harmonic of femtosecond pulses in a finely dis-
persed suspension of fragments of purple membranes. The E(¢)=A(g cosp+ei sing), 1)
use of femtosecond pulsed laser radiation made it possible to
increase the peak radiation power while keeping the energ
of the light pulses at a level low enough not to damage th
test object. The characteristics of the processes under inve ) . :
tigationJ differ radically from the basri)c characteristics of . Thus, ?‘CCW“'”Q to qu)’othe rgd|at|0n had Imear_ver-
hyper-Rayleigh scattering and can be interpreted only by takt-'_Cal polarlza'qon_ whene=0 . which chgnged to_ right-
ing into account the fourth-order electric-dipole nonlinear-CIrCUIar polarization fore=45°, next to linear horizontal

optical susceptibility of the medium and second-order nonpolarization forgo=9(_)°, then_ fo left circ_ular polari_zati_on for
local processes ¢=135°, and again to linear vertical polarization for

¢=180°. The intermediate values of angpecorresponded
to different states of the degree of ellipticity and orientation
of the polarization ellipse.
At the output of SFR, the laser radiation had the follow-
A diagram of the experimental apparatus is shown ining parameters: the wavelength was 820 nm, the spectral
Fig. 1. Laser radiation of femtosecond width was formed andvidth was 8 nm, the pulsewidth at half-height was about 250
amplified by means of a Mira 900 solid-state titanium—fs, the energy per pulse was adjusted over the range 0-1.2
sapphire laser and a RegA 9000 regenerative amplifiegJ, and the pulse repetition rate was 200 kHz. When the
pumped with all the lines of an Innova 425 Ataser. De- optical parametric amplifier was included in the setup, we
pending on the experimental conditions, we used light pulsesould obtain at the output of the SFR light pulses tunable

hereA is the field amplitude, ané, ande, are, respec-
Ively, vertical and horizontal unit vectors forming a plane
e_erpendicular to the propagation axis of the beam.

2. EXPERIMENTAL APPARATUS AND SAMPLE
PREPARATION
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over the spectral range 470—700 nm, having a width of abour A t
150 fs at half-height, a maximum energy of 45 nJ, and a
repetition rate of 200 kHz. 0.5r
Focusing lens L1, with a focal length of 17 cm, provided

a beam convergence angle of about 2° inside the medium o 04
interest in the first case and about 1° in the second. Assum ;
ing a Gaussian beam and allowing for the initial divergence, 9-3]
the beam-waist diameters at the focus of the lens were 2(
pm and 30um, respectively. Fused-quartz spectroscopic cell 0.2r
S, in which the test solution was placed, had internal dimen- _ |
sions of 1x 2.5 mm, and focusing took place along the long ™
side of the cell. Using quartz lens L2, the radiation to be

recorded at the second-harmonic frequency was collimatec 0.0
and directed into the analyzer—a Glan—Taylor prism 200 300 400 500 600 700 200
(GTP3. Prism GTP3 was oriented in such a way that the A.nm

recor nd-harmonic signal was minimal when the ori- . - .
ecorded second-harmonic signal was a € €o FIG. 2. Absorption spectra of an unprecipitated santpl#id curve and a

entaﬁon_ of the polarization vector of the exciting ra_diatior_1 completely precipitated samplelashed curyecontaining bacteriorhodop-
was horizontal. The use of the analyzer and the choice of itsin. A is the optical density, anil is the wavelength in nanometers.

orientation made it possible to eliminate the influence of the
polarization dependence of the reflectance of the spec-
trograph gratings. ately after the suspension was placed in the (sallid curve
The second-harmonic radiation was next isolated withand 1.5 h later, after natural precipitation of the large par-
the help of suitable glass filte(6&F) and was focused by lens ticles (dashed curve The presence of relatively large mem-
L3, with focal length 5 cm, onto the entrance slit of a brane fragments in the suspension increased the optical den-
Chromex 500IS spectrograph. An SZS 21 filter was usedity of the sample uniformly over the entire spectrum,
when the sample was excited by radiation with a wavelengthecause it increased the concentration of bacteriorhodopsin
of 820 nm, and a UFS 1 filter was used for excitation bymolecules. The kinetics of optical absorption had an expo-
590-nm radiation. The spectrum of the second-harmonic sigaential character, with a characteristic time of 1-1.5 hr to
nal was recorded by means of a Princeton Instruments Inceach the steady state.
CCD camerdLN CCD) cooled with liquid nitrogen. A naturally precipitated sample with properties close to
A specially prepared finely dispersed suspension of fragthose of a colloidal solution was used in subsequent experi-
ments of the purple membraneshddlobacterium Halobium  ments. The absorption spectrum of the sample was similar to
containing bacteriorhodopsin, was used for the experimentshe spectrum shown in Fig. 2 as a dashed curve. The maxi-
To reduce the effects associated with structural ordering ofnum absorptance in the visible region=568 nm) was at
the placement of the bacteriorhodopsin in the membranesost 10% when the cell was 1 cm long, which corresponded
and to maximize the isotropic distribution of the moleculesto a concentration of bacteriorhnodopsin molecules of about
in the sample, the membrane fragments, prepared by thk0 ™ M.
standard methotf were fragmented by means of additional
ultrasound processing with multistep precipitation and
16 . . 3. EXPERIMENTAL RESULTS
filtering.™ The resulting extract was prepared in a phosphaté
buffer (PBS, which kept the acidity of the solution at For this paper, we experimentally studied the polariza-
pH=7.35. tion dependence of the second-harmonic signal intensity in a
The quality of the suspension was monitored via micro-suspension of purple membranes, both off-resonance at the
scopic measurements of the characteristics of a monolaydundamental frequency\(,=820 nm), and with resonant
film obtained by precipitating the prepared sample onto axcitation (. ,=590 nm). The wavelength of the fundamen-
quartz substrate, with drying at constant humidity. The chartal and the second harmonic for both cases is marked in Fig.
acteristic size of the membrane fragments was estimated &by vertical arrows. The absorption of the test sample can be
means of an atomic-force microscéfidor the sample used considered negligible at, =820 nm, but it is nonzero at the
in the experiments, it was at most 50 rfthe accuracy with second-harmonic wavelength {,=410 nm). Absorption is
which the size was measured was determined by the resolgtrong at A ,=590 nm and the corresponding second-
tion of the microscope, and equalled 50 Jarmmediately  harmonic wavelength\,,=295 nm, which can easily be
after preparation, the suspension contained not only pulveiseen from Fig. 2.

MasH =295 nm

Az =590 nm

)y =820 nm

-
-
.~

ized but also relatively large particlggnore than 50 nm Figure 3 shows how the energy of the pulses of second-
acros$, which precipitated to the bottom of the cell after a harmonic radiation generated in a bacteriorhodopsin suspen-
sufficiently long delay as the concentration stabilized. sion, normalized to the maximum value, depends on the po-

The precipitation dynamics of the large fragments wadarization state of the pump radiation upon entering the test
studied by recording the absorption spectra of the samplmedium for nonresonant irradiation of the sample
with a spectrophotometer every 6 min, beginning at the timg\ ,=820 nm). The different curves correspond to different
of preparation. Figure 2 shows the spectra recorded immedexperimental conditions.
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W, rel. units not change with oblique incidence, while the dependence of
the conversion efficiency on the input polarization state was
1.007 essentially identicalto within the experimental error$o the
dependence of in Fig. 3. Moreover, we took special mea-
075t T sures in all of our experiments to position the beam waist of
the fundamental radiation at the center of the cell and not at
the input or output window. Effects associated with nonlin-
0.50 ear susceptibility of the interface between two media thus did

not substantially influence the experimental results.
Curve2in Fig. 3 reflects the dependence obtained under

0.25} the same conditions as fdr but with a lower input-pulse

energy(0.17 uJ). It can be seen from Fig. 3 that the character

P O Ce -0 ! OO =009
, N \’ ) ) ) ! u ) O it 3 of the dependence changes as the energy decreases. It should
0 45 9 135 180 225 270 315 300 be pointed out that there are differences between the second-
9. deg harmonic signal values at=0°, 180°, and 360fwhere the

. . , , . I[])Iane-polarized radiation at the input is parallel to the direc-
FIG. 3. Energy of second-harmonic pulses in a bacteriorhodopsin solutior). . L Ao
vs. the polarization state of radiation at the fundamental frequencyliOn Of maximum transm|53|_0n Of_the analyyand ¢ =90
(A, =820 nm) in the absence of absorption for various energigsand ~ and 270°(with orthogonal orientation as well as atp=45°

widths 7, of the exciting pulses:1—W,=12puJ, 7,=250fs; 2—  and 135°(right- and left-circular polarization of the input
W, =0.17 pJ, 7,=250 fs; 3—W,, =0.17 uJ, 7,=0.9 ps. Each experimen- 4 qiation, respectively Decreasing the peak intensity of the
tal curve is normalized to its maximum value. Anglg(in degreesdefines .. . . .

the polarization state of the input radiation according to @g. pump radiation(without Changmg the pulSEWIdth and the

beam sizg reduces the difference between the maxima and
consequently reduces the sensitivity of the experiment to the

Curve 1 was obtained using input radiation pulses with chirality of the medium.
an energy of 1.2uJ/pulse. The energy has characteristic ~ AS the peak intensity of the exciting radiation is further
maxima for circular polarization of the initial radiation and reduced(curve 3), the dips in the neighborhood af=0°,
minima when the polarization is linear. An appreciable dif-180°, and 360° disappear almost completely. The differences
ference of the signal intensity of the second harmonic can b# the second-harmonic signal amplitudes for right- and left-
seen for right(¢=45° and 225 and left (p=135° and Ccircularly polarized input radiation also disappear. The re-
3159 circular polarization. This difference can probably be sults shown by the given curve are obtained by means of a
associated with macroscopic noncentrosymméthjrality)  pulse with incompletely compensated dispersion of the group
of the test medium, which causes the nonlinear susceptibilityelocity (linear chirp of the exciting radiation, having a
to be different for right- and left-circularly polarized initial pulsewidth of about 900 fs and the same spectral width and
radiation. Since the concentration of the solution was kept agnergy as the pulse for cur2e The polarization dependence
a low level, no appreciable manifestations of linear opticalrepresented by curv@is close to the analogous dependence
rotation or circular dichroism were observed in the sample athat we obtained under the same conditions, but using nano-
the fundamental frequency. second exciting radiation whose peak power was at least an
Another typical feature of the polarization dependenceorder of magnitude lower?
shown here is that the signal is different for the two mutually =~ When the sample undergoes resonant excitation at a
perpendicular linear polarizations of the fundamental radiawavelength of\ ,=590 nm, the dependence of the second-
tion. It should be pointed out that the difference of theharmonic intensity on the polarization state of the initial ra-
second-harmonic signal from zero when the input polarizadiation has an essentially different characteig. 4). The
tion is orthogonal to the output cannot be explained bysecond-harmonic signal in this dependence is also normal-
simple scattering depolarization, since the latter, as shown biged to the maximum value, which was a factor of 3—4 lower
special measurements that we carried out, was negligible. in absolute value than the maximum signal in the nonreso-
In order to check whether the second-harmonic generanant caséFig. 3, curvel). However, it must be emphasized
tion process is a consequence of surface effects at the intethat the energy of the pulses at 590 nm was at most 45 nJ;
face between the test sample and the cell material, the polare., the peak intensity of the radiation in the test sample,
ization dependence measured under the same conditions wiking into account the other parametéhorter pulsewidth
studied at 45° incidence of the exciting radiation at the inputand less divergengavas two orders of magnitude less than
face of the cell. Surface generation of the second harmonic i the nonresonant case. An increase in the efficiency of the
forbidden for normal incidence of the input radiation at thesecond-harmonic generation process was thus observed in
interface between two media. Since the input beam had finitgoing to resonant excitation conditions. The increase in
divergence, it stands to reason that an interface could comnodulation depthto 70%9 shows that the observed amplifi-
tribute to the second-harmonic signal even at normal incication is selective with respect to the polarization state of the
dence. In this case, a significant increase in second-harmongump radiation upon entering the medium; it is greatest for a
intensity should be observed as the angle of incidence ineircularly polarized wave and least for a plane-polarized
creases, reaching a maximum value at 45°. wave. Moreover, the difference in the conversion efficiency
In our experiments, the maximum recorded signal diddisappears for input radiation plane-polarized in the vertical
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Wy, rel. units dipole susceptibility tensop()° go to zero as a consequence
h of permutation symmetry over the last two subscripts, even
10f in a noncentrosymmetric isotropic medidrff However,

with noncollinear interaction, in the nondegenerate case,
whenw,; # w,, radiation can be generated at the sum fre-

08r quency because of the frequency dispersion of the second-
order nonlinear electric-dipole polarizability of the mol-
0.6} ecules studied hefé. In analyzing second-harmonic

generation in a focused beam of femtosecond laser p(dses
in our experiments—see abowsith relatively large spectral

04r width (in the given paper, about 8 nm at a wavelength of 820
nm), the noncollinear frequency-nondegenerate character of
0.2t the electric-dipole interaction must be taken into account.

The various spectral components of the focused femtosecond

1 V=200 L 3 CL—~o Dy ¢ pulse can interact among themselves, generating radiation at
0 45 90 135 180 225 270 31S 300 the sum frequency. The spectrum of the recorded signal will
¢, deg be localized at the second-harmonic frequency, and has finite
width.

FIG. 4. Energy _of second-harmonic pu|§e§ in a bacteriorhodopsin soluti_on The finite spatial size of the molecular system, compa-
e e 158 2 o P**Fable with the wavelength of the light, suggests that spatial
curve is normalized to the maximum value. dispersion effects of the nonlinear susceptibilities can play
an appreciable role in the nonlinear optical processes under
consideration. This is especially promoted by the presence of
(¢=0°, 1809 and horizontalo=90°, 2709 planes, as well spiral components in the structure of the bacteriorhodopsin
as for right-circular =45°, 2259 and left-circular (¢  molecule, which produce a substantial magnetic moment in
=135°, 3157 polarization. addition to the electric-dipole moment. The presence of a
nonzero magnetic moment induced by the electric field of the

4. GENERAL APPROACH TO ANALYZING THE PROCESS I'ghrt] wave, ads k‘:"e" as.ar; electric d'P%:e mgrgen; oscﬂla;ng g
OF GENERATING THE SUM FREQUENCY AND THE at the second-harmonic frequency, induced by the combine

SECOND OPTICAL HARMONIC WITHIN GYROTROPIC action of the electric and magnetic fields of the light wave,
(CHIRAL) MEDIA causes a magnetic-dipole component to appear in the result-

. ) ) ) ing electromagnetic field at the second-harmonic frequency,

A phgnomenologlcgl analy3|s of_nonlmear optical Pro-\which is determined by the nonlinear susceptibilitf®™.
cesses in macroscopically isotropic noncentrosymmetrighe rejatively large spatial size of the bacteriorhodopsin
(chiral) media was carried out in Refs. 7 and 27. A specificygjecyl@® can also engender a substantial contribution de-
feature of the theoretical approach to describing the experimined by the quadrupole susceptibiligf?)? of the me-
ment reported in this paper is that the experimentally reyium of interesf
corded second-harmonic signal cannot be ascribed to only  \when the spatial-dispersion effects of the nonlinear sus-
one isolated optical nonlinearity mechanism. We showegepyipijities are allowed for, the induced nonlinear polariza-
earlier "' that the second-harmonic signal in a bacterio-jjon of the medium, along with the purely electric-dipole
rhodop_sm solution _excned with femtosecond light pulses iScontribution of Eq.(2), will contain “nonlocal” contribu-
determined by the interference of at least two coherent corygg corresponding to the magnetic-dipole and electric-
tributions, due to nonlinear susceptibilities of different Or- quadrupole interactions:
ders, x? and .

We first consider possible contributions to the recorded  P{?M(2¢)= D2X§ﬁ2""(2w;w,w)Ef‘(w)HE(w), (3)
signal by second-order nonlinear processes. In the electric-
dipole approximation, the nonlinear polarizatiBf- of the P(?%(20) =D x {3 (2w;0,0)VEf(0)EX(w),  (4)

medium at the sum frequeney, + w,, induced by two non-
collinear plane monochromatic wave&8(w;) and E°(w,),
can be represented as

WhereHE(w) is the magnetic field component corresponding
to the light wave, and; is the differentiation operator along
the corresponding coordinate, with the indicated operator
P{?P(w1+ 05) = Dox (R (w1 + 0y 01, 05) acting on each of the fields lying to the right of it.
a b Equationq3) and(4) are written for the degenerate case,
XEj(0)By(w2), @ i which the frequencies coincide); = w,=w, on the as-

WhereEf‘(wl) andEP(w,) are the vector components of the sumption of noncollinearity of the interaction. Such a repre-
electric fields of the corresponding light waves, dhglis a  sentation is assumed to be justified in zeroth order of the
factor that takes possible frequency degeneracy into accourtheory of the frequency dispersion of the optical susceptibili-
Repeated Cartesian indices represent summation from 1 to es, since nonzero components of the second-order

In the case of frequency degeneracy, i.e., if the frequenmagnetic-dipole and electric-quadrupole susceptibility ten-
ciesw, and w, coincide, all the components of the electric- sors exist in the degenerate version of the interaction for
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isotropic media. We point out that nonlocal second-ordetthe Cartesian components of vect®¥é'°(2w), P?9(2w),

processes can occur in centrosymmetric mfédiad can be and P®®M(2w) are defined in Eq92), (3), and(4), respec-

associated in the same way with the ‘“chiral-insensitive” tively; k=2k,, is the wave vector of a wave with nonlinear

components of the hyperpolarizability tensor of the chiralpolarization at the doubled frequency; an@w) and e(w)

molecules being studied. Therefore, a nongyrotropic contriare the permittivity of the liquid at the second-harmonic fre-

bution will be present in the second-harmonic signal alongquency and the fundamental frequency, respectively.

with the “chiral-sensitive”” contributions. The second-harmonic field of E() is mixed with the
Femtosecond laser radiation having a high peak intensitfjundamental-frequency fiel(w) in the second stage of the

provides a unique capability for studying processes assoctascade, with the generation of fourth-order nonlinear cas-

ated with high-order nonlinear optical susceptibilities, in par-cade polarization at the second-harmonic frequency, of the

ticular those with fourth-order nonlinear susceptibility. In the following form:3

electric-dipole approximation, the induced nonlinear polar-

ization PP of the medium at the second-harmonic fre- P9 2w)=D3{x3h420;20,0,— w)

guency, due to the indicated processes, can be expressed in

terms of the components of the fourth-order electric-dipole XE(20)(E(0)E* (w))
nonlinear susceptibility tensoy{m, in the forn? + X4 20:20,0, - 0)E(w)
PI¥%(20) = Daxijiim(20;0,0,0,~ ) X (E(20)E* (0))+ X220 20,0, — 0)
X EXNw)EX(0)EX w)ES (w), (5) X E* (0)(E(20)E(w))}. 8

whereD, is a 4-factor that allows for frequency degeneracy,
and the asterisk denotes the complex conjugate.

Unlike the second-order electric-dipole susceptibility
tensor in Eq(2), the tenson (), in a macroscopically non- ean _ . et

: ; (electric-dipole nonlinear optical susceptibility tensor.
centrosymmetric medium has nonzero components even e X oo _
the deg{znerate case, and therefore [By.is w?itten in the Another possible process_c_o_ntr_lbutmg to the effective
zeroth approximation of frequency dispersion. The nonlocaponl('?)e?rr] f?hu:?i_rzrtdztraSL:asczgltfl-belmltl:tt?olr? tohfetl;loenof\lljv:]r:jga{mental-
fourth-order contributions can also be neglected, since th?requency wave occurégeé:ause of third-order dipolar non
nonlinear susceptibilitieg™ and x(*° corresponding to . Ve ¢ , el poiat ot
these processes are of the orderdék with respect to the Ilr?e?r susceptibility, due to cubic nonlinear polarizability of
corresponding fourth-order electric-dipole susceptibiliys the form
the characteristic size of the molecule, axds the wave- (3), \_~ (3D, . N
length. Therefore, we shall restrict ourselves in what follows Pi™(@)=Dsxijui (0;0,0,~ 0)Ej(0)E(w)E; (“’)’7
to the consideration of nonlocal second-order contributions. (7a)

In the nonlinear optics of high-order nonlineariti8st is where D, is a frequency degeneracy factor, and
well known that besides the contribution of the “direct” _(3)p, . 3 .
nonlinear optical process of higher ordém our case, the Ik (0;@,0,~v) are the components of the third-order

. i ' (electric-dipole nonlinear optical susceptibility tensor.
fourth or_der, due to the nonlinear polarization of I';’_a)), (2) In the second stage of the cascade, the second-
there E).('St caspade processéef t.he same order in the harmonic field is generatethecause of second-order nonlin-
optical field, which resuit _from .the S|multa}ne0us bresence Ofear susceptibilitywith the participation of waves of the fun-
several lower-order nonlinearitiésin particular, a process damental frequency partially modified by the self-action
can occur as follows:

. L rocess, which is determined by nonlinear polarization of the
1. In the first stage, a second-harmonic fidlgquency b y P

2w) is generated because of a quadratic nonlinearity of th‘};ﬁ;t]cg; Iizr?.taza)r.nlandituhr: ;ﬁ%‘;’ ;Zi oﬂz?ggfrigr?igl?rrgcﬁf: oy
form of Egs.(2)—(4). gan be written in the form

2. In the second stage of the cascade, the second-
harmonic field is mixed with the field of the fundamental
frequencyw at a third-order dipole nonlinearity according to
the scheme @=2w+ 0—w.

According to Refs. 31, 32, and 33, chap. 4, the second
harmonic field generated in a liquid in stage 1 can be writte

Here D3 is a frequency degeneracy fact@in this case,
D3;=6), andx{3){2w;2w,w,— w), etc. are the correspond-

ing linearly independent components of the third-order

P9 2w) = X3 (20;0,0)E] (0)E(w). (8a

Here x{3(2w;®,®) are the components of the second-order
nonlinear optical susceptibility tensor, and the prime denotes
The optical field of the fundamental frequency, modified by
4ak(k-PP(2w)) 4 the self-action effect of Eq7a).

E(20)= [k[2e(2w) (cki2w)?—¢e(w) The self-action described by the nonlinear polarization
of Eq. (7a) can manifest itself in phase self-modulation of the
fundamental-frequency field, thereby broadening its spec-
trum, and in distortion of the phase front of the light wave,
causing self-focusing/self-defocusing of the light bé&am
and, if the input wave is elliptically polarized, causing self-
P2 (2w)=P?P(2w)+P?2w)+PPM(2w), (7) rotation of the polarization ellipse. Of all the enumerated

X P<2>(2w)—%z(k-|3<2>(2w)) , (6)

where
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consequences of the self-action of the fundamentalintensity is determined by the linear optical parameters of the
frequency wave, the last effect might play the greatest rolesolution and the beam-focusing parameters at the fundamen-
under our experimental conditions. tal frequency, which remained unchanged during our experi-
The cascade polarization of E@) can be comparable in ments; therefore, in describing the dependence of the second-
magnitude to the direct fourth-order polarization of ES). harmonic intensity on the polarization state and intensity of
Writing Eq. (8) in Cartesian coordinates and using E6), the fundamental-frequency wave, we shall be interested only
expressions can be obtained for the fourth-order cascada the corresponding dependence of the nonlinear optical po-
nonlinearities, which are too involved to include here. larization.
The total fourth-order nonlinearity can be written as In general, the complex nonlinear susceptibilitig®)
and x¥) can be represented a8V =|x"|exp(a,), where
a,, is a phase factor that reflects the complex character of the
corresponding quantity. The intensity of the second-
harmonic signal in this case can be written

Xf;‘k)|m(2(1),(x),(1),(1),_(U):Xl(flk)|?n(2(x),(x),(1),(1),_(l))

+Xi(f|2|°rﬁs(2w;w,w,w,—w).

9
, . . - |20 [Pau(20) 2 X 2|2 154+ 2| x P [x ¥ cos al
Initially assuming that the nonlinear susceptibilities are com-
plex quantitiegbecause of the possible electronic resonance +x@2 12, (13)

associated with absorption at one or several of the wav
lengths involved in the interactipnit is necessary to take

int t not only th itudes but also the phases deX values of® and x(.
Ito account not only the amplitudes but aiso the phases The dependence of the total second-harmonic signal de-
the individual components, as well as the possible interfer:

. o oo . termined by Eq(11) has a complex character and contains
ence of the different contributions. This circumstance is suc- y Eq(1D) b

full d f o | h ¢ anti-Stokes R not only second- and fourth-order contributions but also an
cessiully used, for %>3<amp €, In coherent anti->tokes RaMmafyq ference term that determines a contribution that depends
spectroscopyCARS)** to analyze and separate the informa-

. K ) . cubically on the initial radiation intensity. Note that either
tive coherent contributions in the CARS sigiialt must be gonstructive or destructive interference can occur, depending

kept in mind in this case that, besides the interference o n the sign of cose. From an analysis of the experimentally
coherent processes of the same or@aectric-dipole and measured dependentg,=f(I,), we established in Ref. 17
magnetic-dipolg processes that have different orders ofy . when =820 nm,a=15§£2°, so that cose=—0.89,
nonlinearity can also interfere. : gnd the interference was destructive.

Let us assume that the recorded signal at the second- A more rigorous treatment requires that the tensor char-
harm_omc frquen_cy is generated by tyvo poherent SOUIC€3cter of the nonlinear susceptibilities defined by Egs-(5)
the first of which is a sum of the contributions due to non'and(9) be taken into account. In this case, the induced non-

i ibilitieg/ (2D /(2)M (2)Q i - L . .
Imt(ejqr sdusc?ptlblllitlles( ' X t"b?';;‘))( (i V‘{h'le dthe seca linear polarizations in Eq(10) are vector quantities, and
ond Is due to nonfinear susceptibil Irectand cascade . qi girection and amplitude will depend on the polarization

processgs Fundamental-frequency radiation with intensity state of the initial radiation. Then EL1) remains in force,

|, and complex field amplitudeE(w) induces in the by x® and x(*) we denote the polarization-dependent ef-
medium ~ two waves Wltfgz) nonlme(zz;\)r 2 polarization fective nonlinear susceptibilities of the corresponding orders.
a?ﬂ COTpI(%( 3 amletudes P .(Zw):X E (@) and  1pe total second-harmonic intensity will also have a com-
P™(2w)=x"E*(0)E" (w) that interfere with each other. plex polarization dependence, with the character of the latter
The amplitude of the_ total nonlinear polarization of the me—being determined not only by the relationship among the
dium can then be written as components of the nonlinear susceptibility tensors, but also
Pnl(20)=P?(2w)+PY(2w), (100 by the intensity of the initial radiation.

Svherea= a,— a, reflects the phase shift between the com-

(2) i i (4) i -
whereP (w) is determined py Eq7), P. (2.“’) IS deter_ 5. DISCUSSION OF THE EXPERIMENTAL RESULTS
mined by the sum of the nonlinear polarization waves given

in Egs. (5), (8), and (8a), and the second-harmonic signal It must be pointed out, above all, that the form of the
intensity isl,, | Py (2w)]|?. polarization dependence shown in Figs. 3 and 4 substantially
Strictly speaking, the dependence of the seconddiffers from the corresponding dependence predicted by
harmonic field intensity is determined not only by the non-hyper-Rayleigh scattering theot{. In fact, the hyper-
linear polarizabilityPy (2w) and consequently by the non- Rayleigh scattering signal intensity should be maximized
linear susceptibilitiegdirect and cascadebut also by the when the exciting radiation has linear polarization and is
linear optical susceptibilities at the fundamental frequencypriented in a plane coincident with that of the maximum
xM(w), and the doubled frequency)(2w), since the transmittance of the analyzer, whereas in our experiments at
“coherence length” depends on these latter susceptibilitiedigh intensities of nonresonant exciting radiation, as well as
during second-harmonic generation. This quantity in our exwith resonant excitation, the maximum is reached when the
periments wasd .,,= w/Ak=\,/4(n,,—n,)~15 um when polarization is circular. The authors of Refs. 19 and 22 asso-
A,=820 nm andl/,~5um when\,=590 nm (n, and ciate the anomalously high level of hyper-Rayleigh scatter-
n,, are the refractive indices of the bacteriorhodopsin soluing that they observed with the coherent character of the
tion at the corresponding frequendieslowever, the corre- radiation of dipoles located in the same membrane, so that
sponding factor in the expression for the second-harmonithe fact that a maximum of the second-harmonic signal is
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present for circular polarization of the input radiation is width, interaction of different spectral components of the ex-
noted as a distinguishing feature of such an interadidh. citing radiation(the generation of sum frequencidecomes
The intensity of the second-harmonic radiation in this case igmportant. In the linear approximation of quadratic nonlin-
proportional to the square of the number of molecules in arearity theory?® it can be expected that the effective value of
individual membrane. The characteristic size of the memithe second-order electric-dipole nonlinear susceptibility will
branes in our experiments was less by a factor of 10—20, sbe proportional taS\/AN, whered\ is the spectral width of
that the individual fragments contained about 200—-500 bacthe exciting radiation and\ is the offset of the wavelength
teriorhodopsin molecules. The lower concentration of bacteA of the exciting radiation from the maximum of the absorp-
riorhodopsin molecules corresponded to approximately thé&on band. The magnetic-dipole and quadrupole susceptibili-
same number of fragments per unit volume of the suspensiaties are of orded/\, whered is the characteristic size of a
as in the papers cited above. The efficiency of hypersingle molecule. Taking into account our experimental pa-
Rayleigh scattering should have been reduced by about mmeters, it can be seen that the local and nonlocal second-
factor of 1¢f in this case, and should be below the sensitivityorder contributions can have comparable values.
limits of the recording apparatus in our experiments. An important difference between local and nonlocal
Two more experimental facts must also be pointed outnonlinearities is their differing sensitivity to the symmetry of
For a sufficiently high intensity of the exciting radiation the medium and the geometry of the experiment. Nonlinear
(curvelin Fig. 3), the second-harmonic signal intensity has polarization induced in a gyrotropic medium by magnetic-
different values for left- and right-circular polarization of the dipole and quadrupole interactions is identical for left- and
input radiation; this is probably associated with the chiralright-circularly polarized input radiation, whereas polariza-
properties of the test mediuthere an analogy can be drawn tion induced by electric-dipole interaction should change
with linear circular dichroismh Moreover, as our experi- sign when the sign of the “twist” of the light wave’s polar-
ments showed, for plane-polarized input radiation, thezation changes. This circumstance can probably explain the
second-harmonic radiation was elliptically polarized par-  intensity difference between the second-harmonic signal and
tially depolarized, so that rotation of the principal axis of the the polarization dependences in Fig. 3 fer=45° and
polarization ellipse from the linear polarization direction of ¢=135°: the various contributions interfere constructively
the input radiation was observédn analogy can be drawn in the first case, and destructively in the second.
with linear optical rotation This rotation, however, cannot The polarization dependences shown in Fig. 3 change as
be explained by linear optical rotation at the fundamentathe peak power of the nonresonant interaction at the sample
frequency, which, as we have mentioned, was small. Thesehanges. The greatest changes in second-harmonic signal in-
two facts are not explained by the extended theory of hypertensity occur in the case of plane-polarized input radiation
Rayleigh scattering of Refs. 21 and 22, in terms of which a¢=0° and 180}. This experimental fact can be described in
suspension of purple membranes is represented by a ceterms of the interference interaction of the second- and
trosymmetric medium. fourth-order optical nonlinearities of the medium determined
We now point out the other principal features of the by Eq.(11): as the intensity of the exciting pulse increases,
experimental technigue that we used. The process of seconthe contribution of the fourth-order nonlinearity to the
harmonic generation was observed by means of femtosecorsgcond-harmonic signal increases by comparison with the
laser pulses having high peak powéall the way to contribution of the second-order nonlinearity, with the inter-
4x10° W) with relatively low mean power of the radiation ference of the various contributions having a destructive
(no more than 200 m\V The exciting radiation had a rela- character. The destructive character of the interference of the
tively high spectral width §x/\~10"2). The experiment second- and fourth-order processes is confirmed in our other
was carried out using focused beams, so that the waves imeasurement$:’ The dependence of the second-harmonic
volved in the excitation process substantially differed fromintensity on the intensity of input radiation with femtosecond
plane waves. excitation substantially differed from quadratic, decreasing
A theoretical analysis of second-harmonic generation irsignificantly at high enough excitation intensities. In this
a gyrotropic medium consisting of arbitrarily oriented chiral case, the dips in the polarization dependence-a0°® and
molecules requires that one take into account l¢ekdctric- ¢ =180° were absent when nanosecond pulses were used in
dipole) second- and fourth-order nonlinear contributions, agshe same sample, whereas the dependence of the second-
well as nonlocal(quadratic and magnetic-dipglesecond- harmonic intensity on the excitation intensity was close to
order contributions. The most general approach to formulatgquadratic’
ing the basic principles of this analysis is outlined in the  The transition to resonant excitation conditions in our
preceding section. However, a more complete and detailedxperiments was accompanied by an increase in the second-
theoretical analysis of the mutual influence of all the indi-harmonic generation efficiency for circular polarization of
cated contributions requires separate consideration. In thihe input radiation by comparison with the conversion effi-
section, we wish to concentrate on a qualitative analysis ofiency of plane-polarized radiation. This fact can be ex-
the basic characteristics of the recorded processes. plained by recalling that for fourth-order processes, reso-
The generation of the second harmonic of monochrohances play a role not only at the fundamental frequency and
matic radiation due to nonlinear second-order susceptibilityat the second-harmonic frequency, but also at intermediate
is forbidden even in a gyrotropic isotropic medidrivhen ~ Raman frequencien our case, at frequencys3.’
the initial spectrum in noncollinear geometry has a large  This suggests that processes associated with fourth-order
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Tunneling ionization of Rydberg molecules
B. A. Zon®)

Voronezh State University, 394693 Voronezh, Russia
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Zh. Eksp. Teor. Fiz112 115-127(July 1997

The theory of tunneling ionization of atoms is generalized to ionization of symmetric top
molecules, either polar or nonpolar. Low-lying excited states of molecules, for which the ordinary
Born—Oppenheimer approximation holds, and high-lying excited states, for which the

inverse Born—Oppenheimer approximation holds, are discussed. lonization in a constant external
field is analyzed, as is ionization in an alternating field. It is shown that the orientation of

the molecule’s axis along the field does not lead to any appreciable increase in the ionization
probability as compared to other orientations. 1®97 American Institute of Physics.
[S1063-776(197)01007-X

1. INTRODUCTION of the modern state of ADK theory and a comparison of its

results with experimental data can be found in Ref. 11. A
The qualitative explanation of tunneling constituted onemore recent work in this field is the paper of FaiSalyhere

of the triumphs of quantum mechanics. However, the quanan attempt was made to describe tunneling detachment of

titative theory of this phenomenon for atoms and moleculesyg electrons from an atom.

prOVed to be d|ff|CU|t The reason IieS primarily in the preS- The present paper deve'ops the theory Of tunne”ng for

ence of a long-range Coulomb potential perturbing the elecmojecules. In contrast to atoms, an electron in a molecule

tron’s motion in the continuous spectrum. Rigorous results s no definite value either of orbital angular momentum or

were obtained only for the hydrogen atom, since in paraboli¢he projection of that momentum on the direction of an ex-

coordinates the variables in the Satiirgger equation for an  emg field, quantities that play an important role in the

electron moving in thez Coulomb field and a constant externakmirnoy—chibisov theory. Furthermore, calculations of the
electric field separatt’ electronic wave functions of molecules done by quantum

With the development of laser physics the problem Ofchemistry methods lead to complicated and implicit depen-

:Jhesclilblngththfe tunneling Efltelftldc);a%r;vi toh the dfct)r:e?;gunddencies of these functions of the angular variables. At
anks to Ine famous paper of f.e 0 showed that the resent, relatively simple expressions for the angular parts of

tunneling ionization regime emerges in an alternating electri . . :
he electronic wave functions for molecules, which are

field as well. largely not centrally symmetric, are known only for two

a Zogfersnm?xg\]}'f;gecﬁE?Srg\;\fht:r:JnSZl:jng abrz%?)rl}cwclt:orem()dels: an electron in the field of short-range potentifé,
bap P nd an electron in the field of a point dipble!’ (a review of

dinates to describe electron motion in the tunneling region o . .
an arbitrary atom. The matching of this region with the Vi_these topics can be found in Ref.)1 the present paper the

cinity of the atomic core takes place on a surface on whictfiéscription is done using the second model, since it corre-
the sum of the energy of the electron—core interaction angPonds better to real mglecules. _ . _

the interaction of the electron with the external field is con- _ Vote that the existing tunneling theory is essentially

siderably lower than the total electron energy. Clearly, thes§Ngle-particle, so that, strictly speaking, it can be applied
ideas are similar to the well-knowR-matrix method in  ©nly to Rydberg states. However, vibrational and rotational
nuclear reaction theofywhich recently has found wide ap- excitations play an important role in molecules even in the
plication in the theory of multiphoton processes in atoms and@®ne-electron approximation. This fact and the lack of spheri-

moleculed cal symmetry complicate the theory of tunneling in mol-
The next important step was taken by Perelorabal,”  €cules considerably. _ _ _
who found that Keldysh’s tunneling ionization regime fol-  In Secs. 2 and 3 we discuss the asymptotic behavior of

lows, to within a multiplicative factor, from Smirnov and the electronic wave function of a polar molecule inside the
Chibisov’s formulas if(@) the field is formally assumed to be barrier. In Sec. 4 we calculate the probability of tunneling
alternating andb) one averages over the field’s period. ionization in a constant uniform external field. Such a field is
In Refs. 4 and 7 the tunneling probability was found toan interesting object in its own right, in connection particu-
within a constant that determines the asymptotic behavior ofarly with problems of ZEKE spectroscopy?® However,
the radial wave function of an atomic electron. This constanthe formulas cannot be applied to high-lying excited Ryd-
was calculated by Ammosov, Delone, and #@? who  berg states of moleculéand these are studied primarily by
used the semiclassical approximation and the model potentiZIEKE-spectroscopy methodsbecause the adiabatic, or
method. The resulting theory of tunneling in atoms providedBorn—Oppenheimer, approximation is used in deriving them:
a quantitative explanation of a number of experimentathe separation of the Rydberg states in this region must be
result$'1° and became known as ADK theory. A description considerably greater than the frequencies of rotational tran-
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sitions of the molecular core.This leads to a situation in

which the inverse Born—Oppenheimer approximation is  Noo™ — §d2, Nyo=1+ Edz, Npo=2+ ﬁdz,
valid.*® The corresponding tunneling effect is discussed in
Sec. 5.

Section 6 is devoted to a transition from a constant field
to an alternating one by the method developed in Ref. 7 and
mentioned earlier. In Sec. 7 we discuss the effect of orienta-
tion of the molecule. Finally, in Sec. 8 we examine the effect
of the dipole moment on the tunneling probability. We also
calculate the probability of ionization of nonpolar molecules.

The influence of collective effects associated with rota-
tional and vibrational excitations of the molecule on the tun-
neling probability is not studied in this paper. These prob-

Ag=1 1d2 A 2+ld2 A 3+ld2
11— 1_51 21— 1_051 31— mv

2 d?, Azp=3, Agp=4+ 4 d?
105 72T MAZTT T 34e5T

Thevin (1) can be interpreted as the electron’s effective
principal quantum number. If we allow for the short-range
core in the quantum defect methtf? we can write the
radial wave function in(1) in the fornf®

)\2222_

lems merit a separate investigation. R _(_q1)nC-12 i’zw g
Throughout the paper we use natural units. (M) =(=1)"Cypm pr A2 :
dIu‘Vlm
Com=| 1+ =557 |T(r=N)T (41 +1), 3)

2. WAVE FUNCTION IN THE in-REGION

v=v,m=nN+A+1— , A=\,
The effect of an external electric field on the motion of nim Hovtm m

an electron moving inside the barrier created by the field caR=0. 1, 2,... is the radial quantum numbgem, is the quan-
be ignored In this region the electron moves in the field of tum defect due to the core, aid is the Whittaker function.
the short-range molecular core, the Coulomb field of the reThe energy of the statél) is given by the usual Rydberg
sidual ion with charge, and the field of the point dipoleat ~ formula
rest. A fixed orientation of the dipole corresponds to the 72
Born—Oppenheimer approximation. E=—- 2,2 4

In the one-particle approximation one must assume that
the core possesses no electron angular momentum that dfhe radial functior(3) differs from the corresponding atomic
fects the motion of the electron. Then the electronic wavdunction in that the second index in the Whittaker function is

function can be written 43° not half an odd integer. Note that the quantum defect method
immediately gives the value of the normalization constant
Win(r=Rym(r)Zim(0,¢). (1 Coim-

Here m is the conserved projection of the electron angular  Calculating tunneling probability requires knowing the
momentum on the direction of the dipole moment. For sym-asymptotic behavior of the radial functidd) asr —«. If we
metric top molecules, in which the dipole moment is directeduse the well-known asymptotic behavior of the Whittaker
along the symmetry axiéas we assume belowm=0 cor-  function?* we obtain

responds to th& state,m=1 to thell state, etc. 0,312 21\ [27r| -1
The angular functionZ,,(6,¢) are eigenfunctions of me(f):(—l)”—z—c,]%q/z eXF{ - _)(_) . (5
the equation v vivw
L2+ 2d cos 0]Z;( 0, ) =N ( A+ 1) Z1( 6, ), The wave function is written here in the molecular system of
: 12m(6,:8)=Nim(Mim+ 1) Zim( 0. 6) coordinates. Let us go over to the system of coordinate
wherelL is the orbital angular momentum operator. linked to the external field.

The number is not the electron’s orbital angular mo-
mentum since it is not conserved in the absence of spherical \,Ave FUNCTION IN THE LABORATORY COORDINATE
symmetry, but it labels the eigenvalukg, in such a way gysteM
that\;,—1=|m| asd—0. _ _

The functionsZ,,, can be expanded in the usual spherical ~ We direct thex; axis of the laboratory system of coor-

harmonics, dinates along the electric fiell TheX; axis of the molecu-
lar system of coordinates is directed along the dimbléet
Zim(6,0)=2 a], Y m(6,0), 2 B be the angle betweahandF; thex, andX; axes lie in the
1

same plane as the; andX; axes. Then the, andX, axes
prove to be coincident, while the transformations of the other

where th fficients, linear algebrai ion .
ere the coefficients,, obey linear algebraic equations coordinates are

with a tridiagonal matrix that follow from the above eigen- _ _ _ _

value equation. The solution of these equations based on X3=X3 COSB—X; Sin B, X=Xz sin B+X; COSpB.
perturbation theory ird provides a good description of the | 5qdition to Cartesian coordinates, we introduce parabolic
exact solutions up to the critical value of the dipole moment,.,,dinates in the laboratory reference frame:

at which a “fall-to-center” effect occurs and the point-
dipole approximation becomes invalid. Some valuea gf = o _} _
obtained by this method are X1=VE7 COSe, Xp=\Em sing, Xs=5 (& 7),
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X2
E=r+Xx3, m=r—Xs, <,o=arctanx—.
1

Let us examine the region near tkgaxis, which deter-

mines the penetrability of the barrier. As noted earlier, in the
theory of tunneling the external field is assumed to be weak

If we employ the expression§)—(11), the Eqgs(1), (2),
and (5) can be written in the following formwe have
dropped all inessential phase fachors

G

compared to the atomic field, so that there exists a range of

distance,
Ve 2
—_—<< < =
z §<&o V2F "

where the field of the molecular core can be neglected but

the external field is still not strong enough. &t=¢, the
wave functions in thén- and outregions are matched.

At such distances the substantial values of the coordinate

7 are determined by the decay of the wave funciidn

14

< po=—.
777702

Thus, in the matching region there is a smallness parameter

V3F

23

(6)

™

whereF,=2%/1° is the atomic field strength in a state with
effective principal quantum number

F 1/2
—| <
Fo) b

B Im z g vl
. . __7 —2z&Rv| > —znl2v
\I,IH(BEGaévnI(P) \/ﬂe (2 e ’ (12)
\Pin(ﬂe Li 15!7]1(10)
v—1—|m|/2 eiimtp
:BL e—zf/Zv(_) e—Z77/21/(2,)7)\m\/2 ’
vim 2 \/E
(13
zvzv+1/2 B
B(V;|m: v+1 Cvlr%nm; aﬂ]r
2|r+1(|r_|m|)| 1/2 -
> (7 m])! P, (cosB), (14
Bl _ 2vz 12 o-vosy g [21741 (I+[m])! v
vim VV+1|m|! vim T 1 2 (I/_|m|)|

(15
If we neglect the difference betwedd® and B, we can
interpret(12) as a special case (f3) with m=0. Comparing
(13) with Eq. (7) of Ref. 4, we notice that the two yield the

In parabolic coordinates, the dependence of the functionf§6‘;"cr':‘oer dependence @nn, and ¢ and differ only by a phase

(2) on the anglep=arctank,/x;) is given by

sin B+2¢(cosB cose+i sin ¢)|™?

sin B+2{(cosB cose—i sin ¢)

=P (B;¢).

The function®,, is simpler in(a) the regionG of large
values ofB, whereB,7— B> (.

im¢__

D(Bi¢)=1; ()
(b) the regionL , of small values of3, whereg<¢:

DB p)=€""?; ®
and(c) the regionL _ wherew— B<{:

D Brp) ="M 9

We transform the Legendre polynomials in a similar
manner:

P (cos #) = le|<¥) =P|"[(1-2¢%cos B

+2¢ sin B cos ¢].

If we exclude the neighborhood of the zeroes of the Leg-

endre polynomials i,

Pl”“(cos e)zPl””(cos,B). (10
In L, (see Ref. 24
I +|m])! Imi72

Finally in L _ the Legendre polynomidll) acquires an addi-
tional phase factor{ 1)".
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4. PROBABILITY OF TUNNELING

Finding the probability of tunneling requires calculating
the barrier penetration factor, which can be done in parabolic
coordinates. Since the strength of the external field is as-
sumed to be low compared to that of the atomic field, the
classical turning points are positioned at laggand at such
distances the centrifugal term in the electron energy can be
ignored®>*” The electron—dipole interaction decays with dis-
tance in the same way as the centrifugal interaction. Hence
the effect of the dipole moment on the electron motion under
and outside the barrier can be ignored.

Thus, to obtain the probability of tunneling ionization of
molecules we can employ the results of calculating this ef-
fect in atoms. As noted above, the difference here is only in
the value of the normalization constant.

The final expression for the ionization rafi@nization
probability per unit time has the form

S2,(F)
Wom(Bel+)

WV'IT](BEG)
B m[ (21" +21)(1" =[m])
_(; a[ (I +[m)!
CV|m ’
[z
|/

17172 2
} Plr,“l(cosﬁ))

(16)

21"+ 1)(1" +|m]|)!
(1" =|m[)!

2Sy,—m|(F)

|m|!cvlm ,

17

m
I’

)
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where the constart,,, has been defined i(8), and 6. TUNNELING IN AN ALTERNATING FIELD

22 (VPF\17P 27° In an alternating field of frequenay, tunneling emerges
Sp(F)= B2z XA ~ 3.3 (18 at small values of the Keldysh paraméter
Zw
Clearly, (17) follows from (16) at angles y="2 1, (21)
F \U2 [,3F\12 vF
ﬂ,Tr—,3=,3minE(4—F0) = @) <l (19 whereF is the electric field amplitude.

Below we assume that the inequalit®l) is valid for
Recall that the small paramet@,, reflects the presence o,y |ying excited Rydberg states, which satisfy the Born—

of a boundary in the cone of orientations of the molecuIe’soppenheimer approximation. For the conditie2l) to be
axis with respect to the external field, and EAs) and(16) (e for the high-lying Rydberg states considered in Sec. 5, it
are valid inside and outside the cone, respectively. Bearing ify necessary, at least, that the frequencyf the external
mind the substitutior{19) for the regions..., we examine fie|q he much lower than the molecule’s rotation frequency.
only Eq. (16). To obtain the probability of ionization in an alternating

and linearly polarized field, we can, following the results of

Ref. 7, make the replacemefRt—-F coswt in (16) and(17)
5. HIGH-LYING EXCITED RYDBERG STATES and average over the field’s period. Calculating the integrals

We now repeat all the calculations for high-lying excited i;jqiti(c?r?;ua:‘gccj:t(olrn by the saddle-point method leads to an ad-

Rydberg states, for which the inverse Born—Oppenheime
approximation mentioned in the Introduction is valid. 3F |12
In the Appendix we show that in this approximation the (W_FO <1 (22)
wave function of a molecule is of the tyg#), with all the ] _
arguments of the function referred to the laboratory coordi\With allowance for this factor, Eq17) becomes the well-
nate system. The asymptotic behavior of the radial functiod"oWn ADK result? provided that one neglecti./dv and
is determined, apart from notation, by E¢8) and (5). The allows for the fact that neglecting the core’s dipole moment
angular function now depends explicitly on the Euler angled€ds to
) that specify the orientation of the molecular core in the 3, —¢5,,, \p—I=|m|. (23)
laboratory coordinate system, and is given by &#).
Clearly, the main contribution in the vicinity of the;
axis is provided by the component of the functi@) cor-

The difference is that in the ADK theory the detached elec-
tron is described by the method of the Simons model
responding tar=0. Hence, introducing intéA4) the substi- pote_nt|al, Whlch corresponds to the formal mtr_odu_ctlon of a
tution nonintegral orbital angular momentui¥, while in the
present paper to describe electron motion we use the quan-
r f21'+1 tum defect method, being more consistent theoretically.
r - 2 a0 However, numerically both methods leads to essentially
_ identical result$?
we obtain In the same manner we can examine arbitfatiyptical)
: 7 polarization of the alternating field. Not wishing to go into
r . (2j+ 12" +1) . . :
F’Q =D}(Q)> BT a— further details, thoroughly discussed in Refs. 7 and 8, we
I i only note that in a circularly polarized field the ionization
xalikgIM probability is given by the same Eg4.6) and(17), since in
" =imiro such a field the instantaneous electric field does not change.
When we calculate the electron flux along the axis  Hence, for elliptical polarization, Eq$16) and (17) acquire
with such molecular wave functions, bilinear combinationsan additional factor that varies between unity and the value
of the core wave function®-functiong emerge. Integrating specified by(22).

Yl’a’

9—0

jki
Ziwm

over Euler angles, we obtain for the ionization rate We now turn to some limits and special cases of the
2s, (F) above formulas.
’ IM v
Wosim= Z v2l +1aﬁ’CjMI’O C. '
! sl 7. ROLE OF ORIENTATION OF THE MOLECULE
dieysi When the orientation of the molecule with respect to the
Ca=| 1+ dv F@=As)T(r+rgt 1), (20 polarization of the external field is random, E6) must be

averaged over the angjeé Using the orthonormality of the
coefficientsaﬂ“, and Stirling’s formula for the gamma func-
Equation(20) provides an explicit expression for the depen-tion I" in the C,,,,, we obtain, with allowance for the factor
dence of the ionization rate on the magnetic quantum numbe&g?2),

M. The dependence of the rate on the core quantum numbers i _

j andk and the molecule’s total angular momentunis W, — e (1 d/uvlm)

contained in the\g anda, . N e O dv
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V_}\ A+1/2 Sz (F)
| Se-dF) W= (21 + 1)(Citio)* =5, (28)
Y=Vam, A=Nim- (24)  where\g must also be replaced Hyin the expression for

Similarly, Eq.(20) can be averaged over the magnetic quan- °
tum numberM:

- 2v -1
W € SZV(F) <1+ dMVS')

VSIZZW(VZ—)\Z)” dv

| .
Equation (28) also describes tunneling for extremely
high-lying excited Rydberg states of polar molecules, which
A+1/2 for typical molecules begin at~60. In such states the in-
' teraction of the Rydberg electron and the dipole moment
proves to be weaker than the splitting of the core’s molecular
V=vpsi,  A=Ng). (295 levels, a splitting responsible for the formation of a dipole
With a high-intensity light field, in which tunneling is ob- Moment, for exampleA-doubling in diatomic molecule¥.
served, the distribution of orientations of molecules is highly N conclusion, we note that the dependence of the ion-

anisotropic?® with the result that Eq(24) can be used only ization probability of atoms and molecules on the external
for estimates. However, this equation can be employed tfeld strength is given by the same functici8). This agrees

V—NA\
v+A\

simplify (16) and (17): with the experimental data obtained by Ckéhal* in ob-
) ) 1112 serving the_ |or_1|zat|on of Hland N, molecules by the light of
W, ()= W] S am [(2| +1)(1I"—[m])! a carbon dioxide laser. The fact that these molecules do not
vim vim| < < (I"+|m|)! dissociate, although the dissociation potential is several

times lower than the ionization potential, finds its explana-

2 . . .
% PIE"'(COS,B)) _ 26) tion in the model adopted in Ref. 30.

| am deeply grateful to N. B. Delone, V. P. Krev, and
Concluding this section, we note that, for example, Seidmaty- E. Chernov for discussions and useful remarks.

et al? allowed for a strong dependence of the ionization rate

on the molecule’s orientation with respect to the externalAPPENDIX: THE GREEN'S FUNCTION OF A MOLECULE IN
field. According to the above equations, no such dependenceHE INVERSE BORN-OPPENHEIMER APPROXIMATION

emerges fok. states. In Ref. 23 the quantum defect method was used to build

the one-electron Green'’s function of a polar molecule in the
Born—Oppenheimer approximation. Here we derive a similar
quantity when the inverse Born—Oppenheimer approxima-
tion is valid. The significant difference is that now the
Since the probability of tunneling ionization of atoms at Green’s function is not one-particle, since the rotational de-
moderate Va'ues af depends Strong|y on the e|ectron’s or- grees Of freedom Of the molecu|al’ core must be taken intO
bital angular momenturhone should expect a considerable account.
change in the ionization probability for molecules because of ~We write the molecule’s Hamiltonian in the form

8. ROLE OF THE DIPOLE MOMENT AND THE IONIZATION
OF NONPOLAR MOLECULES

the presence of a dipole moment. The point here is that the z d-r

dipole moment can force the Rydberg electron to go intoa H=H"+T+V.— P (A1)
state with orbital angular momentum such that the ionization

probability is a maximum. Herer is the radius vector of the Rydberg electrdnis the

However, as the above equations imply, the ionizatiorelectron’s kinetic energy is the dipole moment of the core,
probability is determined by the conserved quantum numbeand V. is the short-range part of the core potential, which
\, and the fact that it is not an integer is due primarily to thedetermines the values of the quantum defects. The core is
effect of the dipole moment on the ionization probability. assumed to be axisymmetric, and its Hamiltonih is

The difference between the coefficiemts and their limit- t_pi2 _pyi2
ing values(23) can be neglected to a high accuracy. Then, HY=BJ"+(C-B)if, (A2)
for instance, Eq(26) takes the much simpler form whereB andC are the rotational constants.
(21+1)(1— | m|)! — Followi_lgg Ref. 17, we introduce the molecular angular
W, im(B) = ——————— W,;m[ P|™(cos )12 functionsz}y, (r/r,Q), which are eigenfunctions of the equa-
(I+[m)! tion
(27) g
For nonpolar molecule3) is strictly observed. In such L2+ 2Tr zng(;,Q) =N\ + 1)Z£kM<£,Q . (A3)

molecules the difference between the initial hydrogen-like

states of the Rydberg electron is determined solely by theéiere Q={«,3,y} denotes the set of Euler angles, which

short-range molecular core, which is manifested by the difdetermine the orientation of the molecular core in the labo-

ference in the corresponding quantum defects. Here the prolatory system of coordinates, andis the orbital angular

ability of Rydberg states becoming ionized is given by Eq.momentum operator of the electron.

(27), with N, =1 in the expressiofi24) for W, . The functions in Eq(A3) correspond to molecular states
Similarly, Eq.(20) for nonpolar molecules becomes with total angular momenturd and projectionM on an axis
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fixed in space, and with a core angular momenturand
projectionk on the molecule’s axis of symmetry. They can
be represented in the form

2j+1 . r
,Q) =\ 8.2 % aFCfM.UDLm(!l)Yl,,(;).
(A4)

The coefficientsa] in (A4) satisfy a finite system of linear
algebraic equations, in contrast to the infinite system of

. r
zik | _
IM r

In particular, the electronic radial wave function is found
by calculating the residue of the Green’s function, and is
given by Eqgs.(3) and (5), in which the change of notation
(A10) and the change in indicg$m}—{ls} must be intro-
duced in the appropriate places.

equations that emerge in the Born—Oppenheimer approximaye-mail: zon@niif.vucnit.voronezh.su

tion; they are normalized by the condition
> |af*=1.
|

The eigenvalues in Eqg. (A3) and the coefficienta} in (A4)
depend on the set of quantum numbses{JjQ}.

The functionsZ}jj, form a complete set, so that the
Green'’s function determined by the equation

(A5)

(H=E)Gg(r,Q;r",Q")=8(r—r")s5(Q—-Q"), (AB)
can be expanded in these functions:
o
Ge(r. Q1. Q") =2 gS(E;r,r’)Z‘JkM(F,Q)
sM
[ LA
XZa| . (A7)
If we also expand the delta functions,
,_E(r—r’) M. r'
o(r—r )_rr—’% Ym(;) Io(r_/)’
2j+1 . _
J(Q=0")=> —— Dln(Q)DQ"), (A8)
jkm 8

YA similar relationship for vibrational transitions introduces essentially no

changes into the theory, except for the rare cases of inversion degeneracy

of rotational spectra and the liR&.

2We note in passing that Eq&0) and(21) of Ref. 8 contain an error: the
factor (n* +1*)/(n* —1*) must be replaced bynf —I*)/(n* +1*).

3Since the system of equatiofs3) is finite, it can be solved exactly in the
simplest cases. Explicit expressions fqf andaﬁ, in some of these cases

can be found in Ref. 17.
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Features of the photon statistics of two coupled electromagnetic field modes under the
conditions of strong mode coupling

M. E. Velsman® and S. Yu. Kalmykov

Moscow Physicotechnical Institute, 141700 Dolgoprudnyi, Moscow Region, Russia
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Zh. Eksp. Teor. Fiz112, 128-136(July 1997

The probabilities of transitions between the Fock states of two electromagnetic field modes under
the influence of coupling between modes of finite duration are investigated. It is shown that

the transition probability is a strongly oscillating function of the mode numbers of the photons.
Under conditions in which the coupling frequency exceeds the geometric mean of the

mode frequencieéstrong coupling large numbers of photons are excited in the mode with the
lower frequency. The excitation of a two-dimensional radiation field oscillator and the

“red” asymmetry of the transition probabilities can be attributed to instability of the classical two-
dimensional oscillator with strong mode coupling. 1®97 American Institute of Physics.
[S1063-776(97)01107-4

1. INTRODUCTION consideration are found in explicit form in Sec. 2. The de-
sired transition probability can be expressed in terms of a
The distribution functions of photons in nonclassical op-Hermite polynomial of four variables with vanishing
tical states have been studied in recent years by a number afgument$® Under the conditions of strong mode coupling,
investigators. Interest in the photon statistics of nonclassicalin which the coupling frequency exceeds the geometric mean
light was stimulated by the work in Ref. 2, in which the of the mode frequencies, the classical two-dimensional oscil-
oscillating behavior of the distribution function of photons in lator is an unstable system that executes infinite motion in
a single-mode squeezed coherent state was detected for thkase space, because its potential energy is nonpositive defi-
first time, and it was suggested that such behavior of theseite. It is shown that strong mode coupling of finite duration
functions be regarded as a sign of the nonclassical nature édads to strong excitation of a two-dimensional quantum os-
the state under consideration. The squeezing of quantuwillator with considerable “red” asymmetry of the transition
fluctuations of a radiation field has been achieved experiprobability as a function of the mode numbers of the pho-
mentally using various quantum optical systehhs.particu-  tons. It is significant that these anomalies of the photon sta-
lar, two-mode squeezing was used in Refs. 4 and 5. Thastics are not observed in weak mode coupling, even though
distribution functions of photons in a two-dimensional the coupling frequency can be low in comparison with the
squeezed vacuuinand the photon statistics in a two- mode frequencies.
dimensional squeezed coherent state of general form with
complex displacement and squeezing parameteese in-
vestigated in Refs. 6 and 7. 2. INTEGRALS OF THE MOTION
In the present work we find the transition probabilities A licit . be obtained for the i
between Fock states of two electromagnetic field modes with N explicit expression can be oblained for the transition

differing constant frequencies under the influence of Cc)u_probabilities using the general theory of multidimensional

pling between modes of finite duration. Mode coupling canduantum systems with arbitrary quadratic Hamiltonians,

appear when coherent light propagates in a nonlinear mé/yhlch is based on their dynamic symmetries and linear inte-

dium with a refractive index that depends on the amplitudedra!s of the motior?:*° If & unitary evolution operatod(t)

of the field. It is presumed that the “coordinates” of a two- Of the system exists, ther\integrals of the motiop, and

dimensional field oscillator are coupled over the course of @, (N is the number of degrees of freedom in the system

restricted time interval and that the coupling frequency is acan be constructed via a canonical transformation of the mo-

constant real quantity.This quantum-mechanical model of mentum and position operatqi)sand&. The integrals of the

two-mode light is exactly solvable by a method that utilizesmotion are the initial momenta and the coordinates of the

linear integrals of the moti@ﬁ?of a particular quantum sys-  system. According to the Stone—von Neumann theorem, the

tem with a quadratic nqnstauonary Ham|lto.n|ar?. operatorsp, and g, form a complete sét.The propagator
Inte_g_rals of the motion that are quadratic with respect to(i.e., the evolution operator in a certain representatiza

the position and momentum operators were found for & On€sgnstationary quadratic system can be expressed explicitly in

dimensional quantum oscillator with a variable frequency ingerms of the elements of the canonical transformation matrix.

Ref. 11. Integrals of the motion that are linear in the position 1, light modes with nonstationary mode coupling are

and momentum operators were obtained for a oneyegeribed by a Hamiltonian of the form

dimensional parametric oscillator in Refs. 12 and 13 and for

a nonstationary multidimensional oscillator in Ref. 14. At = EQBQ (1)
Quantum integrals of the motion for the system under 2 '
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Here O=(p;,p»,01.0,) is the 4-vector of operators of the mation matrixA. In the opposite case of weak coupling, the

guadrature components, aBdt) is the 4<4 matrix classical system executes finite motion, the eigenvalues of
L0 2\t the problem are real, and the elementsAo&re bounded.
B:( 2 22( @1 (2)) Hamiltonian(1), expressed in terms of the ladder opera-
0 B MU w3 tors  a=(qoi+ip/Jo)/V2h and  af=(GiVe;

wherel, is a 2X 2 unit matrix. The coupling coefficientis a — iPi/w;)/\2%, wherei=1,2, has the form
piecewise constant function, )\(O<t<T)=w§, A 1. .
A(t<0,t>T)=0, andT is the mode coupling duration. In H(t)= EaDa,
the general case,; # w,. All frequencies are real, and the
masses of the oscillators are set to unity. The introduction ofvherea=(a;,a,,al,a}) is a 4-vectorD=KBK,
normal coordinates by a canonical replacement that pre- ) )
serves the commutation relations is impossible whgn K= \/E —IE, 1E, E — \/"’_1 0
# wy; therefore, the problem is solved in the original vari- 2\ ;Y EY) ¢ 0 Vo,
ables. A e aia
According to Refs. 9 and 10, the time-dependent quan] Ne linear invariantsb=(bl,.bz,b’lf,b;) can be constructed
tum integrals of the motion are linear superpositions ofVid & homogeneous canonical transformation of the photon

quadrature operators creation and annihilation operators
oo [P0 e (A Ad b=0a, @
(t)= Q)] Q. A= Az(t) Agl)) @ here Q=K "1AK. The equationQ=—i%"*Q3D with
e smolect rhA(t) d it . initial condition Q(0)=1, i§ a necessary and sufficient con-
) € S|m-p ectic matrl ( )A 0€s no 6_1 erthe commuta-- giiion for the invariance ob (Q(0)=1,). The matrix
tion relations [l4,15]=[Q4.Qpl=—i%2,,, Where
a,b=1,...,4, and has the property '= —3AT3, where Q:< { 77) )
0 |2 77* év*
:( —1, 0)’ consists of the X2 blocks/ and », which have the form

and the superscripk denotes matrix transposition. A neces-
sary and sufficient condition for invariance of the operators

1(t) (Eq.(2)) is their evolution according to the matrix equa- i

tion + E(E;lAZE;l— E,AsE,),
A=A3B )

with the initial conditionA(0)=1,, wherel, is the 4<4 unit =

matrix. The solution of systen8) with a piecewise constant
coupling coefficient has the form

AT =T, 0E,-T_QE_,

1 -1 -1
gZE(Ew Ale+EwA4Ew )

(—E,"AsE,+E,AE,D)

N -

i
+ E(EglAzE;H E,AzE,).

where the symbobk denotes the tensor product of the aux- 3 +rANSITION PROBABILITIES
iliary matrices
) The transformatiori4) preserves the Bose commutation
( cos-t) Q*S'”(Q*t)) relations[ b; ,b;1=[b;,b/1=0 and[b;,b/1=5; (&, is the
_Q;ls"‘mtt) cogQ.t) Kronecker delta making bt andb the formal creation and
1 (a+ 1 ) annihilation operators at some arbitrary time. The eigenvec-

L=

tor [n,t) of the formal operators of the number of particles
(blb,, bb,) in the coupled modes, which satisfies the rela-
which are expressed in terms of the parametersion b/b;|n,t)=n;|n,t), wherei=1,2, is a formal two-
wi=witw;, O%2=(02*Jo’+40)/2, a.=(Q2  dimensional Fock state of two modes with nonstationary
- wg)/wg, anda,a_=—1. The matrices5-. satisfy the coupling. It is important to note that a discrete complete set
relations=.. BZ=Q§Et and have the properti62i= +E. of Fock states for a system with a nonstationary quadratic
and E,5_=0. The eigenvalue$).. coincide with the ei- Hamiltonian can always be defined in a similar manner, even
genvalues of the Hamilton equations for a two-dimensionalf the energy spectrum becomes continuous at a certain mo-
coupled oscillator with Hamiltoniail). Under strong cou- ment.

pling conditions @§> wiwy), a classical two-dimensional In particular, the formation of a coupled state is impos-
coupled oscillator has a nonpositive definite potential energgible in the two-dimensional potential of classical oscillator
(detB,<0) and is an unstable system. In this case the ei{1) with strong mode couplingdz> w;®,), and the energy
genvalue() _ is purely imaginary, and is responsible for the spectrum of quantum systefh) is continuous. Nevertheless,
unstable behavior of the elements of the canonical transforthere is still a complete set of state vectgmst), which are

I

i:

a+_a7 1 _a:
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where|0;) is the vacuum state vector of thth mode.

) and

b
have all the algebraic properties of Fock states. It is assumed Whent<0 andt— e,

that the staten,t) reproduces the temporal evolution of the on time.
original Fock state of the uncoupled modas)|n,) at some
arbitrary time and coincides with it at the initial time=0):

h
2

+2

eigenvectors for the integrals of the motidﬁnlbl, b

ceases to depend

)

Hamiltonian(1
In this case the initial and final staté® of the

, and transitions

take place between them. The amplitude of the transition
from the initial state|in) to the final statelf) (which is

assumed to be given b)) is given by the matrix element

stationary system of uncoupled modes exist

)"

+

(&

)

6

(

10i),

ni)

Ing)[n),

—0)=
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=15

(weak coupling. The excitation of the field oscillators is neg-

FIG. 2. Same as Figs. 1la and 1b, except thgi{w,
ligible in comparison with the strong coupling case.

discrete vector variable. The transition probability has the

form®®
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(flt—), where|t—x) is the limit of the statgn,t) as

t—oo,

The amplitude(n|m,t), which relates the initial Fock

state|m,t) to the final Fock statgn), is none other than the

[(n|m,t)|2 is, by definition, the two-mode distribution
function of the photons in the Fock state of the coupledis a 4xX4 block matrix, and the 2 matrices{ and » are

sented in Refs. 10 and 16 in the form of Hermite polynomi-yherem!
modes|m,t). Herem is the label of the state, and is a

Green's function in the discrete Fock basis. It was repre-
als of several variables in terms of elements of the ma&®ix
(Eqg. (5)) of canonical transformatiod). The probability of

a transition between two-mode Fock statés,(n,t)

JETP 85 (1), July 1997

71



The examples of the distributions of the numbers of pho4. CONCLUSIONS
tons presented below were obtained numerically using the

familiar recurrence relation for Hermite polynomials Wf Although the general expressions for the transition prob-

abilities in multimode states of quadratic systems have been

variables ) . N
N known for a long time:%®the investigation of the photon
HR _ R HR statistics of specific multidimensional nonstationary systems
et ny(Y) k§=:1 e[ Hing'np. oY) is still of interest. The present work involved an investigation
N of the probabilities of transitions between Fock states of two
_z R.n.HR (y) modes with differing frequencies under the influence of
Sy K I strong mode coupling, where the formation of a coupled

, R (R} N state in the two-dimensional potential of the oscillator is im-
which starts with Hy™=1, Hg” 5. oY) =Zi=1RicYi- possible. Excitation of the low-frequency mode has been de-
This relation was obtained by differentiating the product oftected under the conditions of strong mode couplitige

the function forN-dimensional Hermite polynomiafs probability of the excitation of large numbers of photons
1 ©  n increases The oscillating character of the transition prob-
eXF{ — ~aRat+aRy|= >, a_|H§]R}(y)1 ability as a function. of_the photqn mode numpers has been
2 n=0 N demonstrated, confirming the highly nonclassical nature of
the formal Fock states of coupled modes.
n_ N1 _no N
vi/here T A AN E"=°_( ) We thank V. I. Man’ko for valuable discussions. S. Yu.
=Zn-0---Zny-o(---), and e@=ay,...ay IS AN fhanks the Soros Educational PrografSSER for its
N-dimensional vector with complex components. support(in the form of a Soros graduate stipend, Grant No.

The Hamiltonian(1) is represented in dimensional vari- 396-1913.
ables. Since all the dimensional parameters appear in the
expression for the transition probability in the form of di-
mensionless combinations, some convenient frequésmy,

a frequency in the optical range, viz.,"88 1) can be taken
as the nominal frequency unit.
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Optical pumping in a A-system by parametric luminescence light
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We examine the optical pumping effect in an ensemble of three-level atoms with a

configuration of the energy sublevels excited by parametric luminescence light in the squeezed
state. We derive quantum kinetic equations that describe the evolution of the density

matrix of atoms irradiated by low-intensity squeezed light with a finite-width spectrum. In
particular, we show that because of the quantum statistical properties of the squeezed light there
can be a redistribution of atoms among the lower energy sublevels, despite the equality of

the intensities of the spectral components of the light that resonantly excites optical transitions in
the A-system. The relation of the optical pumping effect to the correlation and
spatial-temporal spectral properties of squeezed light is discussed in detail. Finally, we show
that the effects are closely linked to the finiteness of the width of the squeezed-light

spectrum. ©1997 American Institute of Physid$1063-776(97)01207-9

1. INTRODUCTION description of the various applications of the effect of coher-
ent population trapping can be found, say, in the review ar-
The excitation of atoms by polarized or spectrally selec-icle in Ref. 8.
tive radiation leads to optical pumping, i.e., to the redistribu-  New horizons in studies of the optical pumping effect
tion of atoms among the Zeeman, hyperfine, and other metand related phenomena opened thanks to the discovery and
stable sublevels, and to the creation of nonequilibrium statesianufacture of sources of squeezed light. Such radiation,
of atomic ensembles polarized in the internal angular mowhich is neither coherent nor incoherefih the ordinary
mentum. Starting with the classic work of Kastlefor a  sense of the woid possesses statistical properties that reveal
long time the main source of electromagnetic radiation inthe quantum nature of the electromagnetic field. It comes as
optical pumping experiments were spectral sources of incono surprise, then, that the search for, and study of, various
herent radiation: gas-discharge tube, etc. The necessary seanifestations of the quantum properties of squeezed radia-
lectivity of excitation was achieved by using optical polariz- tion, both in measurements and in various interactions with
ers and spectral filters. Such sources, being fairly simple andtomic and other media, is the topic of detailed studies in
reliable, are widely used. The theory of the optical pumpingoptics and spectroscopy. Possible spectroscopic applications
effect and the various physical phenomena observed in sualf squeezed radiation were successfully demonstrated in
experiments are thoroughly described in a number of revievexperimentS:-*! Some quantum statistical effects caused by
articles (see, e.g., Refs. 2}4Research into the interaction the interaction of atoms with squeezed radiation have been
between radiation and an atomic ensemble polarized in arpredicted. For instance, in Refs. 12 and 13, a variation in the
gular momentum makes it possible to study the subtle feadecay constants for excited atomic states placed in the field
tures of the dynamics of collisions and other elementary proef broadband squeezed radiation with zero average ampli-
cesses affecting the polarization of atoms. Because of thiides(“squeezed vacuum)’ has been predicted. It has been
large relaxation times and small widths of Zeeman and hyshown theoreticalf#!® and corroborated by experimetits
perfine transition lines, the optical pumping method com-that in a two-photon optical transition the presence of strong
bined with EPR methods has found wide application in meacorrelations between the modes of squeezed radiation leads
suring weak magnetic fields and in manufacturing quantumo a linear dependence of the population of the excited level
clocks. on the light intensity in the low-intensity limit, while in ac-
The use of coherent sources of radiation has significantlgordance with classical ideas this dependence should be qua-
broadened the area of research into physical phenomena agratic. A review of preliminary resultémainly theoretical
sociated with the interaction of radiation and matter. In parconcerning the interaction of squeezed radiation with atoms
ticular, an important step in understanding the role of coherean be found in Ref. 16.
ent effects in the optical pumping process was the discovery In the present paper we discuss the optical pumping ef-
of coherent trapping of populations! which vividly dem-  fect in a three-level\-system excited by low-intensity two-
onstrated that the behavior of a multilevel atomic ensemblenode squeezed radiation. For definiteness we will speak of
controlled by coherent radiation differs significantly from the parametric luminescence light, although all our results are
behavior of such an ensemble excited by the radiation of aBqually valid for other sources of squeezed light that has a
incoherent spectral source. Because of the interaction wittow intensity and a low degree of squeezing. The principal
coherent fields, the optical pumping in stationary conditionsfeature in our analysis is the allowance for quantum correla-
is between states that are coherent superpositions of th®mns in the light interacting with the atomic subsystem from
lower atomic states. The current state of the problem and the viewpoint of their effect on the evolution of the atomic
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density matrix. We show that the squeezing effect in the light
irradiating the medium strongly influences the equations of
motion and the distribution of atoms among the sublevels. In
other words, we show that in the case where light has essen-
tially quantum statistical properties, the equation for the
atomic density matrix can be reduced neither to the known
optical pumping equations, valid for an incoherent spectral
source, nor to the Bloch equations, describing the interaction
with coherent radiation. These equations, occupying a posi-
tion between these two cases, so to say, possess a humber of

specific propertle§ that do not agree with the common IdealglG. 1. Diagram of the proposed excitation of a three-le¥edystem by
about the excitation of a three-level system by coherent Oparametric luminescence light. The emission of two phase-associated modes
incoherent radiation. characterized by median frequencies and w, is in quasiresonance with

. . L . the optical transitions -3 and 2-3.
The low-intensity approximation used in the present pa- € optical fransitions =< an

per is justified not only from the standpoint of real experi-

mental conditions but also because it allows examination of
the effects caused by the finiteness of the width of th g- ANALYSIS OF THE DIAGRAMMATIC EQUATIONS FOR

. ETHE DENSITY MATRIX OF THREE-LEVEL ATOMS
squeezed light spectrum. In most works that analyze the ef-

fect of squeezed light on the dynamics of a multilevel quan-  In this section we perform a QED analysis of equations
tum system, the spectrum of the squeezed light was assumé#@pt describe the evolution of the density matrix of three-
to be broadband, i.e., the width was considered to be mucl¢vel atoms when the medium is irradiated by low-intensity
larger than the natural widths of the excited leVér€® On spontaneous parametric; Iuminespence light. Such radiation is
the other hand, the known sources of squeezed light haVel‘grmed in the parametric scattering process: a decay of one

finite spectral width, comparable to the natural width of the?" two coherent pump wave photor)s Into a par of phqtons
o " because of the three- or four-wave interaction in a nonlinear
levels participating in the quantum transitions. More than

) i optical medium(see Ref. 2k We assume that the light emit-
that, the analysis done in Refs. 2022 for two-level systemg, py, the source and irradiating the atoms is a superposition

revealed, using this situation as an example, that the quantugy yarious phase-associated modes generated near median
statistical features in the behavior of the populations and th@equencyw; and w,. Parametric luminescence light is an
medium polarization, caused by the effect of the thermostagxample of squeezed light in which two squeezed quadrature
formed by the squeezed light, change significantly if thecomponents are superpositions of distinct-frequency compo-
width of the fluctuation spectrum becomes comparable to theents of two phase-associated modes. Here the average field
widths of the atomic levels. amplitudes near the two frequencies andw, are zero. We
Earlier the nontrivial features of the optical pumping ef- Show that in the given case, where the light has essentially
fect in the excitation of multilevel quantum systems by ”ghtquantum statistical properti€éts correlation characteristics

with nonclassical statistical properties and the effect of thé@ ; . .
complex-valued amplitud@sthe equations for the density

finiteness of the width of the fluctuation spectrum were re- . . :
matrix cannot be reduced to the well-known optical pumping

- . . eéquations, which are valid for an incoherent spectral source.
we use the fairly simple multileve-system to study not  congition important for our analysis and which a paramet-
only the qualitative picture of the phenomenon but also to dgic source of radiation must meet consists in the assumption
quantitative estimates. We also note that the closely relateghat the emitted light obeys quasi-Gaussian statistics. This
problem, the interaction of a three-level ladder system withassumption, which is valid for a light source consisting of a
broadband squeezed radiation, was considered in Ref. 1lgrge number of scatterers participating in parametric oscil-
and the effect of the finiteness of the spectrum width in thidation, means that the averages of the product of an arbitrary
case was discussed in Ref. 24. The finiteness of the fluctustumber of field operators separate into products of all pos-
tion spectrum is usually taken into account by the methodsible pair averages. Unlike ordinary Gaussian statistics,
that uses a stochastic differential equation for the densit?™ong the pair averages there are averages of products of
matrix, successfully employed in studies of two-level atomicoperators of not only different frequencies but also of opera-

transitions®-22 However, the use of this method for three- of the same frequency. .
. L The diagram of the active levels and the proposed exci-
level systems and more general multilevel systems is hin;

tation of a three-leve\-system is depicted in Fig. 1. Qua-

dered by considerable technical difficulties. In this connec;resonant light interacts with atoms on the optical transitions

tion we note t_hat a special methgdologlcal fegture of t_hel_,3 and 2 3. Two median frequencias, andw,, which
present work is the use of the diagram technique, whickyre assumed to be close to the frequenaigsandws, of the
makes possible a graphical analysis of the problems cause@rresponding optical transitions, are isolated in the spec-
by the finiteness of the fluctuation spectrum and their effectrum of the driving radiation. The states 1 and 2 are assumed
on the equation for the density matrix. to be separated by a low-frequency energy intewvgl and
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are characterized by a short time for the populations of thesender certain conditions can prove to be closed with respect

sublevels to relax to their equilibrium values. In practice thisto the atomic density matrix, i.e., have the form of a kinetic

means that the states 1 and 2 are either sublevels of a hyperguation.

fine structure or Zeeman sublevels separated by a magnetic We study the interaction of atoms with the electromag-

or electric field. netic field in the dipole approximation and in the rotating
We derive the equations for the density matrix of thewave approximation. The corresponding operator defined in

atomic subsystem by employing Keldysh's diagramthe interaction representation has the form

techniqueé?®?’ The atomic density matrix in the coordinate

representation is determined in this technique by one-time V(t):—E f d3rdmnE(*)(rt)\If%T(rt)\Ifﬂ(rt)+H.c.

components of the Green’s functi@ﬁn*z)(rl,tl;rz,tz): m.n 25

Glny (T1,t1372,tp) = Fi(w] L(Nat) W (i), (2D Hered,,, is the dipole-moment matrix element of the transi-
tion between the lower states=1, 2 and the excited state

where W, (rit;) and v} ,(r2tz) are the atomic annihilation — 3 andE(-)(rt) is the operator of the negative-frequency
and creatlon operators |n the Heisenberg representation, afigld-strength component. We use the definition of frequency
the quantum numbers; andn, correspond to internal states components of the field adopted in Ref. Z) o« e*'*!,
and in the case of the three-level system under consideratidre., the plus and minus are associated with photon creation
assume values 1, 2, and 3. The upper sigri2id) corre-  and annihilation, respectively. The time evolution of the op-
sponds to Bose statistics and the lower sign to Fermi statiseratorsW2/(rt), ¥9(rt), andE(*)(rt) is determined by the
tics. The equation for the atomic density matrix is set upHeisenberg equations with unperturbed atom and field
directly by using an equation that the Green’s functi@rl)  Hamiltonians:Ho=H,+H;. In the interaction representa-
must satisfy and that can be derived diagrammatically. Herajon the Green’s functhlG( +)(rl,'fl,fz, ty) can be written
employing the relationship that links the semiclassical
Wigner density matrixn, ,,=pn,n,(P,r,t) and the function ﬁ:nz (ro,ty;ra,ty)

Gf{n-;)(rlltl;rerZ)a

= FIMS MW (r,t) T(¥Y (1112)9)), (2.6
i A
pnlnz(p,r,t)= iif d3¢e7PE where the evolution operat@ is defined as
~A A i [
G(lnz r+§,t;r—§,t), (2.2 S:S(oo,—oo)=Texp(—g JwV(t)dt). @7

H these expressiong, andT are the operators of time or-
derlng and antiordering. The expansion of the evolution op-
erators in(2.6) in perturbation series generates a correspond-
ing expansion for the Green’s functlc@] (rl,tl,rz, 2),

which can be depicted dlagrammaucally The definition and
properties of the Green’s functions for atoms and for the

and assuming that the dependence of the density matrix
the atomic radius vectar and momentunp is smooth, we
can obtain the desired equation via the following,
transformatiorf’

d p
_tpnlnz(parvt) + Evrpnlnz(parat)

d field, which appear in diagrammatic expansions and corre-
spond to different types of time ordering, are discussed in
fd3§e ﬁpf[Goz —Go 1 AppendicesAand B. . o .
We examine the various diagram contributions obtained
X G (1 i t) (2.3 by summing diagram sequences using the funcdh
1 X(rq,t1;r,,t,) as an example and establish, in accordance
Here the action of the differential operat@g‘jl withj=1,2  Wwith (.2._3), the cor_respondi.ng. contributions in th_e equatipn
is defined as follows: describing the time variation of the density matrix
p11(p,r,t). Bearing in mind Eq{(2.3), we must analyze in
é(}l:i i+ ﬁA- (2.4 the diagram expansion of the Green's function

G{1"(r1,ty;r2,t,) only those diagrams leading to analytic
] contributions that do not vanish as a result of the action of
wherem is the mass of the atom, and the Laplace operatO{he operatoréall and éal* To simplify the calculations,

acts on the spatial coordlnaqa On the right-hand side of we use an optically thin medium and do not take into account
Eq. (2.3, after the operatoG; and the complex-conjugate e effect of the atoms on the state of the field. What is
operatorG,™ have acted it is assumed that the variablesmportant for our analysis is the assumption that the intensity
must be transformed in accordance with2). The meaning of the irradiating light is low, which limits the possible set of
of (2.3 is that after the analytic expression for the Green’sggjt- energy diagrams. Physically this assumption means that
functionG{_)(r1,t1:r2,t5), obtained as result of analyzing the light intensity must be low compared to the saturation
the Correspondlng diagrammatic equation, has been pluggendtensity on the 13 and 2- 3 transitions(the stimulated
into the right-hand side, we arrive at an equation describingransition rate is low compared to the rat®f the spontane-
the variation of the density matrix with time, an equation thatous decay of the excited statét the same time, the inten-

ety 2mT
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sity must be sufficiently high to induce a redistribution of C ,

populations among the sublevels 1 anét® optical pump- i(w)=5—— dre' @7 (7). (212

ing effec). There exists, however, a much more important

criterion of when the intensity of the irradiating light is low. In the general equations of optical pumping for the case of a

This criterion will be formulated later. multilevel atom, the polarization of the ground state de-
Some of the diagram sequences can be represented bgribed by a depopulation term of the fol®.10 is some-
the sums times called depopulation pumpifg®
o, The diagram sum of the form
@
1 W 3) () 2
- - - * L 3) w2
(28) - - + + (213
or
@,

describes the spontaneous and stimulated transitions of at-
oms from level 3 to state 1 in the equation for the density
matrix. If we assume that the excited state 3 can be populated
only through stimulated transitions from sublevel 1 or 2 and
(2.9 that the intensity of optical pumping is low, then allowing for
inverse stimulated 3>1 transitions only makes the accuracy
Here and in what follows light lines depict unperturbed of the calculations too high. Thus, the diagrél3 leads

Green's functions, heavy lines the exact atomic Green'sg the following term in the equation for the density matrix
functions, and wavy lines the Green's functions of the irra-p, , -

diating light(see Appendices A and)BThe diagram vertices
correspond to dipole-moment matrix elements. For conve- (aLn
nience, an atomic line is labeled by the number of the state at
and a photon line by the corresponding median frequencies.

Note that some of the terms i2.8) coincide with some of Here ys; is the rate of spontaneous decay from level 3 to
the terms in(2.9). But as a result of the subsequent transfor-level 1. In the general theory of the optical pumping of a
mation (2.3) only one of the diagram sum¢2.8) or (2.9), multilevel atom, the polarization of the ground state de-
provides a finite contribution, depending on whether we conScribed by the repopulation term of ty(@14) is sometimes

sider the action of the operatdo; or of the operator Called repopulation pumpirfy’ _ _
ngl* . In the equation for the density matrix the diagrams By employing the diagram technique we have derived

describe a stimulated process in which the atoms leave sta{Be, Wbelll' known con.trlbu1t_|rc])'ns entgrmg m_to aq ordmarly Ki-
1, with the rate of depopulation proportional to the intensitynetIC alance equat|on.. IS was done primarily So as aj[er to
of the irradiating light: compare these terms with additional terms that emerge in the

equation for the density matrix of atoms interacting with

1 (1 3 M 2

) = y3133(P.T,1). (2.149
r.p.

ap11 » do 27w ) spontaneous parametric luminescence light. Here we must
(T - fo o 7|d13| note, however, that the Markovian nature of the evolution of
dp the atomic density matrix, determined by the derivatives
« 0% X ¢ (2.10 and(2.14), can be related to the fact that in interpret-
(w— wgy— kyp/m)2+ 2141 @)pu(p.r.b). ing the diagrams we used the expressions of the atomic

Green'’s functions in terms of the atomic Wigner density ma-
(2.10 trix via Eqgs.(A4)—(A7) of Appendix A. A necessary prereq-
HereJ,(w) is the photon spectral flux density near the fre-uisite for such a procedure is the requirement that the diag-
guencyw; in the direction characterized by the wave vectoronal components of the density matrix for states 1 and 2 do
ky; it can be expressed in terms of the time spectrum of theaot change on the time scale on which the field correlation
field correlation functiond(* ~)(r,t;:r,,t,) defined in Ap-  functions decay and that the time variation of the population
pendix B, formula(B7). If we write the correlation function of the excited state on the same scale be determined solely
as by the spontaneous decay process. These assumptions, which
(+-) _ (4o _ in the case of the contribution®.9), (2.9, and (2.13 are
Pt ) =Py (Fatyira,ta) actually reduced to the requirement that the width of the
+<I>(2§’)(rl,t1;r2,t2), (2.11) gxciting light spectrum bellargeir than the stimulated transi-
tion rates and the relaxation times for states 1 and 2, are
where the first term corresponds to the contribution of theusually true, so that the expressio(&10 and (2.14 are
radiation at frequencw; and the second term to the contri- fairly accurate. What is important here is that the width of
bution at frequencyw,, thenJ;(w) is represented by the the spectrum can be much smaller than the atomic natural
spectral decomposition of the functio@(ﬁ’)(r,tl;r,tz) linewidth. In this case the kinetic stage in the evolution of
=d>(ﬁ‘)(t1—t2) as follows: the system is determined by the stimulated transition rates
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and the relaxation times for states 1 and 2. The time variation  Another diagram sum determined by anomalous correla-
of the density matrix of the excited state;;, on the slow tion functions,
time scale will adiabatically follow the componenig;, and

P2, Of the ground-state density matrix. ® w w, w
Some of the diagram sequences containing the anoma- L o 5o Fal?egl! v,
lous Green'’s functions of the electromagnetic fiédde the - - -+ + +
definitions(B3)—(B6) of Appendix B can be represented by
the sums (2.19

leads to an analytic expression of the following form in the

, w, w, o, equation for the density matrix:
1 3) )] 3) W 2 _
T -7 B ¥ (—‘2?1 =if d3ge 7 PE
(2.15 P
or X f f f d3r ,dt,d3rsdtsd%r gdtg
w . w
L < +I < < 2 +2 - +|"'i s h4|d13| ?|dp4%iG5; i,t,r4,t4)
(2.16 XiGh, (rg,tyirs,ts)iG5; " (rs,ts:r6.te)
Just as with the diagran{®.8) and(2.9), some of the terms (++4) _ (++4)
in (2.15 coincide with some of the terms {2.16). But as a XiGi; | relesr — E't P\ T
result of the subsequent transformati@y) only one of the
diagram sums provides a finite contribution, depending on §,t;r5 )<I>(21‘>(r4 tyirgtg)+c.c., (2.20
whether we consider the action of the operaiig_rfL or of the 2

operatorG0 . The equation for the density matrix acquires \\here the notation is the same as is(M17. Note that

the following term: actually neither(2.17) nor (2.20 depends on the quantum

Jp . Jpg . . . statistics _of the atoms, W_hich follows from the properties of

(T =if d>¢e 7 f f f d°r,dt,d>rsdtsd°rgdts the atomic Green’s functions and the assumed weakness of
the degeneracy effects in the semiclassical setting. Here all

- & the functions of the fornG(~ ) andG(* ") must be consid-
ﬁ4|d13| |dpgl?iGh; )| r + E,t;r4,t4) ered in these expressions as referring to the single-particle
case, i.e., they should actually be the unperturbed advanced
XiGYh, (rg,ta;rs,ts)iGhs (rs.ts;rg.te) or retarded Green's functions for one atom. Allowance for
the corrections to the advanced and retarded Green’s func-
XiG(ﬂ)(fe te:r— Et) tions_ that reflect the atom-field interacti(_)n leads only to ex-
2 cessive accuracy in the present calculations.
£ We denote the contribution€.17) and (2.20 in the
><q><++) r+-,tirs,ts equation describing the time variation of the density matrix,
2 by analogy with(2.10 and(2.14), as additional contributions

(]7)(r4,t4;r6,t6)+c.c., (2.17 to depopulgtion and repopulation processes. From thg clagsi—
. _~ cal viewpoint they correspond to higher-order corrections in
where c.c. stands for the complex-conjugate contributionthe light intensity and can be dropped. An important fact that
Here we used the notation for the atomic Green’s functiongorces us to keep these contributions is that in a quantum
and the field anomalous correlation functions defined in Ap-setting invo|ving squeezed ||ght with a low degree of squeez-
pendices A and B, with the anomalous correlation functionsing (parametric luminescence light is just such liglie
which are defined itB9) and(B10), represented in the form anomalous correlation functions are much larger than the
D1y Tt DGy Tt normal correlatlon_ _funct|0n§. This S|tu_at|on is graphlcall_y il-
(r1tair2, 1) = @5 7 (11t 1) lustrated by conditioriB15) in Appendix B, which is valid

(IR THIR D] (2.18  for dimensionless Fourier transforms of the correlation func-
. tions. Generally speaking, the contributiqg@sl7) and(2.20
DIyt t) =D (i, t) are of the same order of smallness in the light intensity as the

L1ty ) contributions(2.10 .and(2.1.4) and should also be taken 'into.
Rreren account when the interaction of atoms and the pump light is
where the first term corresponds to the contribution of beatslescribed in the low-intensity limit. The criterion of weak-
near the median frequencies;, and w, in the time argu- ness of the pump light in this case is the low degree of
mentst, andt,, and the second terms to the contribution of squeezing of the radiation emitted by the parametric source,
beats near the median frequenciesand w . which ensures the validity ofB15). This condition can be

77 JETP 85 (1), July 1997 D. V. Kupriyanov and I. M. Sokolov 77



pn (2.21

met if we use an optically thin nonlinear parametric medium dpi1 Jpa ap1e
as the sourc® We also note that the appearance in the equa- + (7) ( ) (7) '
tions describing optical pumping by squeezed light of terms d.p r R
corresponding to the linear dependence of two-stage transivhere the last term is responsible for relaxation processes.
tions on the intensity of the irradiating light in the event of Note that the diagram expansigand its analytic interpreta-
atom excitation by low-intensity light has been reported bytion) in the case of the equation for the density majsps
Parkins®® can be examined in exactly the same way as in the case with
Another important feature setting the contributionsp,; due to the symmetry of the problem with respect to states
(2.17) and (2.20 apart from(2.10 and (2.14 is that it is 1 and 2. The corresponding analytic expression can be ob-
more difficult to indicate the terms corresponding to thetained from(2.10, (2.14), (2.1, and(2.20), with the labels
atomic density matrix. For the contribution®.17 and 1 and 2 are interchanged. The variation of the density matrix
(2.20 to acquire the form of terms in a kinetic equation we p5; of the excited state also require no separate analysis since
must justify the use of the representatio®)—(A7) in the itis, obviously, described by the sum of contributions for the
atomic Green’s functions. Generally, when the correlationower sublevels 1 and 2 multiplied by 1, due to the con-
time 7. determining the decay of the field anomalous corre-servation of the total population of all sublevels in the optical
lation functions is comparable to or exceeds the transitionnteraction cycle. A simple analysis of the possible diagrams
times determining the evolution of the atomic subsystem, thehows that the equations for the off-diagonal components of
use of this representation is unjustified. Moreover, at largehe density matriXpnlnzzpnlnz(p,r,t) (ny # ny), are ho-
correlation times the diagran(&.19), (2.16), and(2.19 may  mogeneous and unrelated to the populations in the system.
become more complicated in view of the possible couplingThis means that there is no excitation of the coherence be-
of single-particle atomic lines into unfactorable two-particle tween the sublevels of th&-system when only spontaneous
Green's functions through the interaction with the thermo-parametric luminescence light is used. Exciting the optical
stat. The terms2.17) and(2.20 in the equation for the den- coherenceg,; and ps, and the radio-frequency coherence
sity matrix generally lead to a non-Markovian evolution of 5,, requires using external sources of light or radio-
the atomic subsystem. The evolution may become Markovfrequency field. The dynamics of the density matrix deter-
ian in the limit 7.< 7y, wherer, is the characteristic relax- mined by Eq(2.21) for p;; and similar equations fqs,, and
ation time for the difference in populations of the lower sub-p,, must differ dramatically from the dynamics described by
levels. Note that the question of whether the evolution of thehe cases of incoherent and coherent optical pumping. It is
density matrix of the atomic subsystem is Markovian or non-also important to note that the corresponding differences in
Markovian is related to the quantum statistical properties othe dynamics of the evolution of populations of three-level
the pump radiation. atoms are due primarily to the quantum nature of light and

There is one more important property of the diagramscannot be explained from the classical viewpoint.
(2.15, (2.16, and(2.19. It is related to the fact that they can

be interpreted as diagrams containing vertex corrections to
the initial point vertex of the interaction corresponding to the3- THE KINETIC EQUATION APPROXIMATION
dipole moments of the transitions. Vertex corrections also

ot f di incoh X diation. but thei Let us transform Eq(2.21) and similar equations fgs,,
exist for ordinary incoherent Gaussian radiation, but t €ind pas to a system of kinetic equations. Usually, in going

contribution is small du_e _to the smaliness of th? Qegen_eracgver to the kinetic equation approximation, it is assumed that
parameter for this radiation. For quantum radiation with &y, oy citation spectrum of incoherent radiatisqueezed, in
low degree of squee;m@he case examined herehe de-. particulay is broadband compared to the characteristic relax-
generacy parameter is small, too, but the vertex correctiongy. oo rates in the systefsee Refs. 12 and 16in this section
are nevertheless important because they can be expresseqyi yerive a system of kinetic equations under other condi-

terms of the field anomalous correlation functions. Clearly’tions, specific to the three-level system considered here, in
setting up an equation for the atomic subsystem in the casgyicn the characteristic relaxation timg, of the ground

of ragiation with an arbitrary d_egree of squeez.ing r(?qu"e%tate (sublevels 1 and )2is much longer than the natural
allowing for all vertex corrections and analyzing higher- lifetime ! of the excited state 3. Let us assume that the

order terms in the interaction with the optical pumping ra- ;g of the spectrum of both modes of the excitation radia-
diation in the perturbation-theory series. The possibility of; - A and the reciprocal relaxation time * (which de-
keepmg only th.e correctior@.139), (2.18, and(?.lg) to the, termines the width of the spectrum of the anomalous corre-
interaction vertices and, as a result, of deriving a rela’uvel;qation functions are much smaller thap. At the same time

simple equation for the atomic density matrix is a specialthe evolution has a kinetic stage only in the liniw

feature of the case of radiation with a low degree of squeez;_gl> 7'61- These inequalities are sufficient for the kinetic

ng. . . . . approximation to describe the evolution of the system for

The f'r.]al equation for the density matyix,= pay(p.r.1) times comparable te. Let us limit our discussion to the
can be written case of cold atoms evenly distributed over the interaction
volume. Here we assume that the Doppler shift of optical

transition lines is much smaller than the natural wigthwe
Ip11 5P11)
r.p

d p . ; )
Epll(p,r,t)-i- EVrpll(p,r,t): e + e estimate the effect of atomic motion at the end of our analy-
d.p.

sis. Under these conditions the kinetic equation can be intro-
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duced directly for the diagonal components of the density  The additional depopulation pumping terms emerging as

matrix of the internal statey,,(t) (n=1,2,3): a result of excitation of the atomic subsystem through the
field anomalous correlation functions are characterized by
1 d3pdr the ratesy, (n=1,2):
Prn(t) = e J ngnn(pyr.t), (3.) o
0 Wh=W(@1,02,())

wheren, is the atom number density. = 10135 01) 023 02) G Q)

Using the representation of the atomic Green’s functions * *
given in Approximation A, we represent the contributions o1 01) 07 02) G ), 3.6
(2.17) and(2.20 as terms of a kinetic equation. As a result, whereQ)=w;— w,, andn=2,1 forn=1 or 2, respectively.
the variation of the populationg,,=pn,(t) (n=1,2,3) in  The electromagnetic field enters into this expression through
the A-system is described by the following system of kineticthe spectral function$,(2) and G,,(2) defined as fol-

equations: lows:
a c? ”

~ ~ — —iwyqT
EP11=*W1P11+731P33+\MP11+721P22*F12P11+F21P221 GlZ(Q)_(zﬂ-ﬁ)zwlwz Jo dre e
J XOF (1,1, t) @5 7 (r,tyr,ty), 3.7
P22 —Wopoot Yaapazt Wepoot Uap11— [21p22t T'iop11, (3.2 o2 . '

G Q —— J— j d eiw21T
21( ) (27Tﬁ)2(1)1w2 o 7!

J J Jd
gthem T gt P XD (1,1, t) @ (1t ty),

gvherewz1 is the transition frequency between the sublevels 2

and 1. In(3.7) we have allowed for the fact that the inte-

grands, which depend only on the difference in the time ar-
ments,7=t, —t,, oscillate at frequency). Actually the

We placed the various contributions on the right-hand side
of these equations in the same sequence as ifZ2{). In
particular, the last two terms describe collisiofabnradia-
tive) transitions between the sublevels 1 and 2, characteriz i )
by the constant§';,, I'»;~ 7, 1. The last equation ir3.2) unctionsGy((2) andG,y((2) depend orQ through the dif-
means that thé\-system is closed, so that the rate of Spon_ferenceﬂ—w21. The two functions are linked by the sym-

H — *
taneous decay of the excited state is the sum of the rates gretry relationG,y(€2) = G,(€1). .
decay into states 1 and 2= ya1+ ya». Note the two facts that set the additional rate parameter

Let us discuss in detail the various contributions in Eqs.W] apart from the ordinary rate of stimulated transitions to

(3.2) that describe light-induced transitions in thesystem. the excited stateyy,, defined by(3.3). First, w, has no fixed

By w, (n=1,2) we denote the ordinary stimulated transition S'9": I-€., can be either posmye or negative, and can, In this
way, effectively decrease or increase the rate at which light-

rates, which correspond to the use of the classical time- :
dependent perturbation theory: induced gtoms'leave the ground statg. This should come as
no surprise, since these depopulation rate constants are
higher-order corrections tw,,, so that only the difference
w,,—W, must be positive. But since both quantities are of the
same order in the light intensity, the difference can be much
Stnaller or much larger than the ordinary rate of stimu-
lated transitions. Second, the rate parametadtepends in a
resonant manner not only on the frequencigsand w, but
also on their differencé€). The resonant dependence Qris
(Dg;’)(r,t;r,t). (3.4) rgpresented by the correqunding dependence of the func-
tions G15(Q) andG,4(Q), which are the spectral decompo-
sitions of the product of the anomalous correlation functions
The cross sectiow,;(w) is the real part of the complex- at the atomic transition frequency,,. Resonant buildup

Wn:Wn(wn):O'r,ﬁ(wn)\]n- (3.3

These transitions are characterized by an absorption cro
section o,5(w) of the n—3 transition and a photon flux
density in thenth mode,

JnZZWﬁwn

valued interaction cross section of the-3 transition: occurs where the frequency of the natural beats of the inte-
grands in(3.7) becomes comparable to the transition fre-
Tna(@)=0lg(w)+ioh(w) quencyw,,. Here the resonance width is determined by the
decay time of the anomalous correlations in the exciting
_4mo doy? 1 35 light
ch M —i(w—wgy)t+ yI2 ' The additional repopulation contributions, which de-

scribe the direct redistribution of atoms among the sublevels
By representing thev, in the form (3.3) we imply that ex- 1 and 2 induced by the introduction through the field anoma-
citation occurs in the vicinity of the median frequency lous correlation functions, are characterized in E§<2) by
w,~ w3, in a spectral interval small compared to the naturalthe rate constanfss; and™,. These constants have the
atomic linewidth. form
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W= A 01, 0,,Q) ing only the leading terms in the expansion of the solution in
a series in light intensity is sufficient. To this accuracy we

= 1(0n3(wn) g wn) Gm(2) obtain
+oms(wp) o0 GR(Q)), (3.8 Va1 wlwz—(w2+w1)Vv+ W

— . . P11~ o
n=1,2, n=2,1, and the notation is the same as(#:6). Wy yaWot YaaWy Wy
Clearly,;=",. The constant§3.8) can have an arbitrary 3 o~
sign (just as(3.6) can. However, one must allow for the fact Py Va2 Wiz (W2+W1)W+l\', (4.2
that the corresponding contribution in the kinetic equations Wz yaWot ysWy W
(3.2 must be considered with the repopulation terms de- WWo— (Wt W)W
scribing the spontaneous decay of the excited state, and their 172 272 i
total contribution must correspond to the total positive prob- Y3Wat y3Wy
ability of the light-induced transitions between the sublevel§,nere the— symbol means that we need only the leading
1and 2. terms in  the  expansions,  assuming I';,

The system of kinetic equation8.2) obtained in this 5 <Wy, Wy, W< y. In view of this, the normalization con-
section describes the evolution of populations in theyition for the components of the density matrix {4.2)
A-system and differs dramatically from the equations deineans that the sum @f,; and p,, is unity to within quanti-
scribing the optical pumping of an atomic ensemble by anjag of orderw; /'y, W,/y, andw'y.
incoherent spectral sourcand from the Bloch equations When the sublevels 1 and 2 are close to each other and
describing optical pumping by light from a coherent sourcene intensities of the exciting light in the legs of the

We note again that there is no way in which the given €qUa _system are the same,;<ws;, ws, andJd;=J,, the fol-
tions, valid at low intensities of the irradiating light with a lowing condition must be met:

zero average amplitude, can be derived on the basis of clas-
sical ideas about fluctuations of the field strength. All the — W;7y3,=W,7ya1, 4.3

additional rate parametens,, W, 7, andy,, are quan- _ . . .
tities proportional to the exciting light intensity, just as the since the left- and nght.-hand sides contaln.t_he same products
of dipole-moment matrix elements. If conditig#.3) is met,

ordinary stimulated transition rates andw, are. Equations th \uti 40 the followi imple form:
(3.2) have a fairly narrow applicability range because of the € solutions(4.2) assume the following simple form:

stringent conditions imposed on the source of parametric ra- 1 w1 1
diation. Below we formulate these condition and then for- P1ITS +§< )
mally solve the system of equations for the stationary case.

W; Wy

1 w1 1
4. STATIONARY SOLUTION: THE EFFECT OF OPTICAL P2=% +§<W—2 - W_l) , (4.4
PUMPING WITH EQUAL INTENSITIES OF THE EXCITING
LIGHT IN THE LEGS OF THE A-SYSTEM wiHw, W W
P33=

In the stationary case the solution of the system of equa- 2y 2y31 2y3°
tions (3.2), which describes the distribution of atoms among
the sublevels of thd-system, parametrically depends on the
frequenciesw; and w, and on the differencé€). From the

standpoint of classical perturbation theory, a characteristi

feature of the excitation scheme being discussed is that

equal differences; — w31= w>— w3y, Q= w,q, and at equal X . o .
d 1 @a1T W27 932 @21 d the quantum properties of parametric radiation and is based

excitation intensities in the legs of closed thesystem on the fact thafivis a quantity of the same order ag and
=yt the optical pumping effect must be reduced to . "
(7= ys1t ¥3) P pUMpIng w,. Below we estimate these quantities together, based on

an equalization of populations on the sublevels 1 and 2, pro- 2

vided that these sublevels are close to each otheX‘e general properties of field correlation functions listed in
(0p1< @31, 035 and thatl';,, T p<Wy,w,<y. This funda- ppendix B. We also formulate more carefully the require-

mental property of the three-levalsystem becomes invalid ments that_ thehs_orlljr;:r:a of p?rameftrllt_: ratt_dlatlon {més; meet n
in the case described by the system of kinetic equationvgz.(jrange in which the system of kinetic equatid@s) is

(3.2. D~ . .
We prove the above statement by solving the system 0{4 1)Le(t3u§ Sg?g (gé)eﬁgsm?;g‘?érvr‘r’]hmh in accordance with

equations (3.2 for the resonant case withw;= w3y,

These solutions show that when the optical-transition dipole
moments are distincid,g #| d,g, and hencev; # wy,
Ehe atoms may become redistributed among the sublevels 1
d 2 with probabilities differing from 1/2, even though
1=J,. This optical pumping effect is determined solely by

w,= w3y, andQ=w,;. Comparing(3.6) and (3.8), we no- 1,

tice that W= 2013‘723(612(6021) + Gl wz1), (4.9
W=W= %= p1=W 4.1
W =W = Y%2= Y1 4.1 where

After plugging (4.2) into (3.2) it is easy to obtain an exact

analytic solution for the stationary system of equations de- 0 _87Tw31|d13|2 0 87Tw32|d23|2 4.6

rived from (3.2). This is unnecessary, however, since keep- ‘713_% Uzazm
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FIG. 2. (@) Schematic of the proposed experiment in optically pumping three-level atoms by radiation emitted by two optical parametric oscillatarsj OPO
OPO, characterized by different time ordering in the creation of photons in the two associated kmedemndk,w,. The precooled atoms are kept in an
atomic trap. Photons of the associated modes are created as a result of the decay of pumgkphgtionghe four-wave mixing process. The difference in
orientation of the squeezing ellipses is determined by the relative phase difféx@scé, — 6, of the anomalous correlation functior(®) Distribution of
populations in the system of sublevelsgd, {) and 2 (p,,) of the A-system driven by radiation emitted by OP&nhd OPQ, as a function of the relative phase
differenceA#. The distribution forms in the limit of low intensity of the optical pumping radiation.

are the photon resonant absorption cross sections. We exam- X(ty—ty)+iK' (r;—ry)]

ine the spectral functio®,({2), which determines the rate

parametefv The causality principle imposes an important X (K, Q) @7
restriction on the type of anomalous correlation functions . . '
entering into the definitio3.7). Let us assume that the pho- <I>(1§+)(r1,t1;r2,t2)=ex+wp(tl— a2 +iwp| t— _2)
tons created in a parametric process are ordered in time: the ¢ ¢
photon in modew, is created either earlier or later than the d3«” (o dQ”

photon in modew,. This means that the anomalous correla- (2n)? f ) Zexp{—iﬂ”

tion functions fID(zz_)(rl,tl;rz,tz), which are defined in

(2.18 and refer to a physically specified process of paramet- X (ty—to) i (ri—r5)]
ric oscillation, will vanish only fort;<<t, or only fort,>t,. i e
Correspondingly, the functionB{} *)(r,,t;;r,,t,) will van- XP (K", Q"),

ish in the opposite cases. In this way the product of thes9\/herewp is the frequency of the pump light in the paramet-
functions, which enters into the definition &f,,((2) taken ¢ yrocess. According to the initial assumptions, the Fourier

for the same parametric scatterer, will vanish. But if thes§ ansforms of the correlation functions have resonant singu-
correlation functions are taken for two different scattereryyrities near the frequencie®’, Q"~Q/2. It has proved

with different time ordering in the creation of photons in ¢qnyenient to write the Fourier transforms as follows:
modesw; and w,, the integrands in3.7) are finite. For

defiqitengs; anq generalit.y of method, we assume that- thg(**)(“-',Q’):(Zw)zﬁwpﬁ(cKé_Q’)(ezml("i Q)
medium is irradiated by light from two optical parametric

oscillators characterized by different time ordering in the X1k Q") +e2 00 Q0 (1l 7)),
generation of thev; and w, modes and connected in series,
as depicted in Fig. 2a. The two parametric oscillators are (4.9
driven by the same pump radiation and are assumed to bb* *)(x", Q") = (27)%h w,8(CKly— (") (e~ 2l 2"
transparent for the generated squeezed radiation. The case .

where there is no time ordering in the creation of photons in Xro(K] Q") +e 200 (1 Q")),
modesw; and w, can obviously be considered a particular . .
one if we1 assumze that the radiation intensities and the pha:sg/shere the terms in parentheses correspond to the contribu-

of the anomalous correlation functions from both sources aré° > of t.he first and sgconq pgrametrlc oscillators. In accor-
the same. ance with the causality principle, each of these terms must

Using the Fourier transforniB12) for the correlation be an analytic function of)’ and()" in the upper or lower

i, e can e o eency componenDne- We asm t e phasgana ar st
4 tir0t,) and @G t;r,t,) defined in 9 P 9 y

) . ; .. nances.
(2.18 in the form of the following Fourier decompositions: Plugging(4.7) and(4.8) into (3.7), we get
(--) . Z1 . 22 * dZKJ,_ dej/_
Dy (ryutysrpt)=expg —iw, tl_g —lw, tz_g GlZ(Q)J’_GlZ(Q):JJ 2m2 2n)?
d3«’ (o dQ’ e fo fo dQ’dQ”2 5 o
x (277')3 —w 2T X~ x ol 2w 27" (w21t
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+Q"){e? %2 (k] Q" )rp(x] Q") o 11
| BT AT T+ > — (4.13
+e T ry(a,Q)ra(k] Q")) ©

(4.9 Although this condition agrees with the necessary require-

We assume that near the resonan€@s Q"~Q/2 the ment thatr.<rg, it is more stringent. In particular, the pa-
2 2 H
phases, and 6, vary in a coordinated manner, so that their rameter(r1) and(r3) can be interpreted as the average val-

difference remains constant. The presence of a delta functiofS of the ddegeneralllcy paramgter fo.r th‘l?h first .gnd second
in the integrand of4.9) implies that this expression can be SOurces and are smail compare _to unlty._ ; '?96' must
finite only if the transition frequency,; coincides withQ also be assumed small since we ignore diffraction effects and

within a scale of order; * that determines the width of the study radiation propagating along theaxis with small val-

spectrum of the integrands. Integration with respeot tar 365 02; ';he tran?v;zrse V\;atve VtiCt%Sftrz\l?;e that t_he contd;—h ¢
«" is limited to a scaleéS..L. The quantityki~Setis the " (4.13 must be met together with the requirement tha

71 1 i -
limiting spatial scale of coherence for a parametric oscillator’e> Y Formally, the two requirements can be met simul

that allows for coordination between the phases of the radiét_aneously if we select atoms with a spin ground state as the

tion scattered by different volumes of the medium. The givenA'syStem' The times of relaxation between the sublevels 1

scale can also be interpreted as the limiting spatial scale sui?l—nd 2 in this case may reach values of order 0.1 s for typical

able for low-noise measurements involving squeeze gl_useslocifg the_rrl]'fet'mef d(')f? tr:tete>|<(0|rt1ed gta’;es Olf f[)rtcriler
radiation®® The final estimate of the rate parameterde- N S- 1he Most dITlCUT task nere 1s 1o select the

source of parametric oscillations with the required correla-

fined in(4.5), is SO
tion time.
- 1 083023 1 The estimate$4.10 and(4.12 show that the transition
W~ 5 €0S 261~ 6) —7— —(rira), (410 ratesw w,, andw, are indeed of the same order of magni-

coh c

tude in the intensity of the irradiating light. The light inten-
where we estimated the integrél.9) by using the average sity enters into these expressions in the form of the average
values of the integrands. values of the degeneracy parameters in parametric oscilla-
The estimates of the transition rateg andw, can be tions,(r2) and(r3), and the productr;r,). But the transi-
done by reasoning along similar lines. Using the definitiongion rate w contains an additional smallness parameter
of Appendix B, we can write the photon flux densitigsand ~ \,/I<1. As noted earlier, this smallness parameter reflects

Jz as the limited nature of our approach, since formally, remaining
@2 (o da’ v_vit_h?n it, we cannot consider parametric oszcillations with the
Ji= _lz J — Nk Q)+ (k] QN limiting value of the coherence are$,,— A, and a length
(2m)* ) 2m 411 | of the parametric medium comparable Xg. In other

> , words, we are forbidden to consider the irradiation of atoms
3= d“«| foc dQ (i, Q)+ 0ok, Q) by light gathered from large solid angles. Ne\{erthe!ess, it is
0o 2w natural to expect, from general physical considerations, that

(2m)?
here ha(x! dral O the d the transition to exceptionally small coherence areas,
where (x| ,€") and (k) ,(1") are the degeneracy pa- Scoti— N2, Must lead to the most optimum conditions for ob-

rameters that'refer (o the first gpd second oscillators, resDegérving the discussed quantum statistical effects in the opti-
tively. Assuming that the conditio815) holds, we can es- cal pumping of a three-level atom. In this connection we

timate the transition rates, andw; as follows: believe that, despite the additional smallneswvaf relation

%1 ) ) to w, andw, present in our calculations, the actual redistri-
Wy~ 5 T—(<r1>+<r2>), bution of atoms among the sublevels 1 and 2 caused by the

coh *e (4.12  quantum nature of light may be essential. The above esti-

91 ) ) mates also show that ignoring atomic motion in our calcula-
w2~$‘7_—c(<r1>+<r2>), tions has a negative effect on observing optical pumping,

since allowing for it must lead to a decrease in the absorption

where we have averaged the integrand$4iril) under the cross section for resonant light in comparison)\t@ and
assumption that the values of averages deor the posi- hence to a relative decreasevinin comparison tow; and
tive and negative parts of the spectrum are equal. W, . The case of a cold atomic ensemble, which is character-

Let us now formulate more specifically the requirementsized by an average Doppler line broadening small compared
that a parametric source must obey in our scheme of optito the natural linewidthy, is optimal for observing the opti-
cally pumping theA-system. Effective redistribution of at- cal pumping effect based on the quantum statistical proper-
oms among the sublevels 1 and 2 is possible ifties of the light source.
Wy, Wp>T'1,, Ty~ 75 L. Let us estimate the order of mag- Figure 2b depicts the populations of the sublevels 1 and
nitude of the resonant cross section of photon absorption i@ as functions of the relative phase differerceé=60,—6,.
both transitions by the square of the optical wavelenygy,  For graphical reasons in Fig. 2a we show that this phase
and the coherence area 8By,,~\l, wherel is the length of  difference can be interpreted as the relative angle indicating
the layer in which parametric oscillation occifsUnder  the mutual orientation of the squeezing ellipses for the first
these conditions we find that pumping is effective when  and second sources. Geometrically, each ellipse characterizes
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the range of indeterminancy for the quantum fluctuations ofadditional repopulation and depopulation terms in the kinetic
the field amplitude at frequencies closedg,/2. A special equation must vanish when we go over to broadband
feature of this optical pumping scheme is that the differencesqueezed radiation.
in the populations of the sublevels 1 and 2 depends on the
relative phase difference; — 6, and may change sign when
2(0,— 6,)=m/2+7m (m=0,%1,...). Thus, because of the 5 DISCUSSION
asymmetry in the behavior of the quantum fluctuations of the  \y/a have derived quantum kinetic equations describing
field amplitudes in the sources an asymmetry develops in thie eyolution of the components of the density matrix for a
excitation conditions in theA-system. This sets optical a6 jevelA-system excited by radiation whose statistics is
pumping by parametric luminescence light apart from optical,oncjassical. The main feature of these equations is the pres-
pumping by light from a Gaussian spectral souiggontane-  gnce of terms reflecting the presence of anomalous correla-
ous emission of an atomic ensemble, thermal radiation), etC.tioy characteristics in the optical pumping radiation. Since
in which the distribution of the field fluctuations in the plane ¢ phases of the field anomalous correlation functions gen-
of complex-valued amplitudes is totally symmetric. erated by different sources may differ, the kinetic equations
Our calculations heavily rest on the assumption that the,cquire terms that reflect the specifically quantum interfer-
fluctuation spectrum of the squeezed radiation is narrow. Thgnce effect when the atom is irradiated by parametric lumi-
parametersiw and 7; *, which determine the widths of the nescence light generated by different sources. Note that this
spectra of the normal and anomalous correlation functiongype of interference difference from the ordinary type,
and are actually quantities of the same order of magnitude g sed by the phase difference in the product of complex-
are assumed small compared to the natural wigttf the  ygjued amplitudes of the fields from different sources. In the
excited level of theA-system. From the standpoint of these case at hand the average field amplitudes are zero. And the
effects the situation becomes unfavorable if the oppositgzterference of anomalous correlation functions gives rise, in
conditions hold, i.e., ifAw, 7, '>y. Let us prove this by particular, to an optical pumping effect, i.e., a redistribution
analyzing the relative order of magnitude of the kinetic co-of atoms among the sublevels of thesystem.
efficients that appear in the equations for the atomic density ~ An important feature of the system of kinetic equations
matrix in this case, bearing in mind that the conditions(3.2) is that the additional terms in these equations reflecting
Aw, 7, '>y are sufficient for the kinetic equation approxi- the quantum statistics of the radiation become important
mation to be valid. Direct calculations readily show that aswhen w;— w,~w,;. This condition for resonance must be
the width Aw of the optical-pumping radiation spectrum in- valid to within the spectral width_ * of the field correlation
creases with the integral intensity remaining constant, theéunctions. The reader will recall that this quantity was as-
stimulated transition rates; andw, decrease in proportion sumed to be considerably smaller than the natural atomic
to the ratioy/Aw. The calculation of the diagram@®.19,  linewidth y. This fact relates the effects described by Egs.
(2.16, and (2.19 and their transformation into the corre- (3.2) to the effect of coherent population trapping based on
sponding terms in the kinetic equation generates terms of thghe Bloch equations:® For instance, the last equation in
depopulation and repopulation type, similar to those that4.4) implies that there is a possibility of reduction of the
were considered earlier and have the same characteristic Sgdpulation of the excited sublevel 3 when the conditions for
of rate parametersy, W, H»2, and7,. But under the resonance are met and when the phases of the first and sec-
conditions we are studying here, when the widfh* of the  ond parametric oscillators are chosen accordingly. Note,
anomalous correlation spectrum increases, these rate parahewever, that in the case of coherent trapping the absence of
eters decrease in proportion to the prodby(?trﬁ. Since  atoms on the sublevel 3 is accompanied by their simulta-
Aw~TC_1, it is clear that the inequalitieSw,TC‘1>y leadto  neous trapping in a state that is a coherent superposition of
the following inequalities between the kinetic coefficients:states 1 and 2. No such coherent superposition of states
Wi, Wo>W, W, M, 1. These relationships between emerges in our case. Apparently, we can say that the derived
the kinetic coefficient are obvious even from an analysis ofptical pumping equations, being actually balance equations,
the general structure of the diagram contributig@slh), nevertheless exhibit some features of coherent Bloch equa-
(2.16, and(2.19, which constitute contributions in the per- tions. The possibility, which follows from the solutiof¥.4),
turbation series for the self-energy functions of a higher or-of the atoms being redistributed among the states 1 and 2
der than the diagram2.8) and(2.9). Indeed, the presence of leads to the following question: can squeezed light redistrib-
an additional virtual transition in the diagrams containingute (at least in principlg the atoms in a closed-system
anomalous correlations is characterized by additional inteamong states 1 and 2 and at the same time lower the popu-
gration over time with a natural limiting scalg™!. As a lation (or leave it unchangécf state 3 even if no superpo-
result, the corresponding correction to the self-energy funcsitions between states 1 and 2 are forniad happens in
tions decreases substantially because of the disappearancecoherent trapping The above estimates show that if such an
correlations on this time scale. effect is possible, the atoms must be irradiated by spatially
The above reasoning implies, among other things, thamultimode squeezed radiation collected from all directions.
the above optical pumping effect in/&system is truly re- However, an exact answer to this question lies outside the
lated to the finiteness and, more than that, to the narrownessope of our model and requires further investigation.
of the fluctuation spectrum of squeezed radiation. When the In conclusion we note that the assumption about the in-
radiation intensity is low, the optical pumping effect and theequality of the dipole moments of the transitiond;s
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# dpz, which we made in describing the optical pumping d®p i
effect, is not too important for observing the quantum statisJG%lnz)(flih;fzitz)=f Wexr{gp(rl—fz)— 7 €(p)
tical features in the system of equatiof®?2). The fact that

the dipole moments are equal only means that under [

A-resonance conditions the difference in the populations of X(t1=1ta) = o7 (€n, + €n,) (11~ o)
sublevels 1 and 2 must be zero owing to the total symmetry
of the problem, which under ordinary conditions agrees with
the effects of other relaxation processes on the atoms. But
when there is an additionalsay, collisional mechanism
leading to the formation of a finite difference in populations %
between these states, the quantum statistical effects manifests

1
- §(7n1+ 7n2)|t1_t2|}

5n1n20(t1_ tz)

themselves in the solution of the system of kinetic equations. ( i+, t+t )
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APPENDIX A: ATOMIC GREEN'S FUNCTIONS AND THEIR

RELATION TO THE WIGNER DENSITY MATRIX - %(Vnﬁ 7n2)|tl_t2|” On,n,
The unperturbed atomic Green'’s functions are defined as
(8(0102) . ipnlnz( P, r1+r2!@ , (AB)
nyn, (ri,t1iro,ts) 2 2
= =Ty o (P2 (r1t)W2(r,t0))), (A i (r tyr t):+J ds_pex Lo
71020 T Ny 2 ninp (M1t F2,2) == | 5oans hp(rl ra)

where the ordering operatofls, ., for the possible values . ,
01, 0= + act' according to the io!lowing rul'e§':_ _'=T is - ;L—f(p)(tl—tz)— 2|_h(€”1+ €n,)(t1
the time-ordering operatofl, . , =T is the antiordering op-

erator, T, _ is the identity operator, and_ , is the permu- 1

tation parameter. In the case of Fermi statistics, the expres- —ty)— 5(7“1+ 7n2)|t1—t2|
sion (Al) must be multiplied by —1 if the ordering

parametefT, ,, leads to a permutation of thé-operators. ri+r, ti+t,
In diagrams such functions are depicted by light lines: X Pnyny| Py 2 ' 2 (A7)
(0) —n2 . .
1 2 - iG:::a_J(rrtl; (). Here e(.p) p°/2m, €, ande,, are internal energies of the
! G, : atoms in the states; andn,, Yn, and ¥n, are spontaneous

decay rates for these stafwhich may be absent for the
(A2) lower energy sublevelsand 6(7) is the Heaviside step func-

. . . tion, equal to 1 forr>0 and to 0 forr<<0. The upper sign in
Clearly, if we consider, say, the decomposition of the evolu- ; -
X . : : these equations corresponds to Bose statistics and the lower
tion operator in(2.6) and if the atomic subsystem obeys

Gaussian statistics, the average of the product of an arbitrar&'lgn ;?] rrﬁrrglt::\?tﬁlgs{n %Ztﬁviratthiq(zi\séﬁé?'u;m'ﬁh are
number of¥-operators is reduced to the product of all pos- y b 9 q '

. . valid only if the evolution of the Green’s functions over the
sible pair averages of the for(i1). ; . .
. ; . . space—time arguments can be considered free and the times
The total atomic Green’s functions, which are average

. . . %1 andt, are close. They cease to be valid if the time differ-
of products of operators in the Heisenberg representation, - .
encet,—t, becomes comparable to the characteristic transi-

G;:ﬁZZ)(rlvtl;ertZ) tions time in the sublevel system.
_ t
== (To,0,(¥n, (rit) Wy (r2t2))), (A3)  APPENDIX B: GREEN'S FUNCTIONS AND THE

. . . ELECTROMAGNETIC-FIELD CORRELATION FUNCTIONS
and emerge as a result of “dressing” the functigAg) with

various interactions, are depicted by heavy lines in diagrams. In quantum electrodynamics, photon Green’s functions
These functions considered on small space—time scales afe expressed in terms of averages of products of vector po-
the differencer;—r, andt;—t, are related to the atomic tential operatoré®3!However, in the problem under consid-
Wigner density matrix as follows: eration, in which there is dipole interaction between the elec-
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tromagnetic field and the model sublevel system and thevhich obey the following symmetry relations:

vector properties of the field are not specified explicitly, it is (=+) ) (o) ]

advisable to introduce Green's functions directly for the LR CREH Il R U AP H Y (B11)
field-strength operators. Thrge t'ypes of these functiqns Can @+ )(ry tyirs,t) =[P 1y, thirg,t)]*.

be defined when the statistics is quasi-Gaussian. First, the

normal Green'’s functions existing both in the electrodynamWe also note that for a free field, because of the commuta-

ics of the vacuum and in the case of a Gaussian spectrdVity of the operators of the same frequency, the type of time

source: ordering in the functions ®(7)(ry,t;;r,,t,) and
© O )(ry,t1:r5,t,) may be assumed arbitrary.
F (192 (1 1ty T oty) = —{Ty. o (EC(rt) EF(r5tp))) For light emitted by a parametric source, e.g., in a four-
L 0'1("2 L

(B1) wave process, as a result of the monochromatic pump wave

. ) with a frequencyw, decaying into two phase-associated
which are the averages of time-ordered products of operatoffodes with frequencies, (2, the correlation functions

of different frequgncies: These'fu.nctigns are depicted in dia¢g7)—(B10) depend, after the rapidly oscillating phase fac-
grams by wave lines with a unidirectional arrow: tors have been isolated, only on the difference coordinates

I,\NM/{ Oca) 7=t,—t, and p=r;—r,. Assuming that the pump wave
o, o, = F T ). propagates along theaxis, we do a Fourier decomposition
of these functions in the difference space—time coordinates:
(BZ) (I)(Ulaz)(K,Q)
But there is also another pair of anomalous Green’s func- .
tions, :J' de d3pelrixe
(=) o
F (0102)(I’1t1,l’2t2) = _i<T0'10'2( E(i)(rltl)E(i)(rztz)» X @ 1o10p(t1 =21 /0)—iopwp(ty—2;/c)
(B3)
and X D172 (1 t1;15,1). (B12)
(+) The symmetry relationéB11) are transformed as follows:

F (7192)(r 3ty Foty) = — (T, o (B (1ot ) EYY O (e, Q)=P ) (—k,— Q)
s b (B13)
X(3t))), (B4) DD (16,0)=[D ) (s,Q)]*.

which are the averages of time-ordered products of OperatOLFhis shows that only two functions are independent, and for
of the same frequency. These functions are depicted in dia%- , - '
hese we takad (" )(x,Q) and®(” I(k,Q).

grams by wavy lines with arrows pointing in opposite direc- For guasimonochromatic radiation propagating along the

fons: z axis, the given pair of correlation functions can be repre-
1 2 - .
a0 = i, 0. sented as follows:
' ? 1) = (2m) oSk DN, Q). o
(BS) O (1,Q) = (27) i w0, 3(Cre,— Q)
and « @2 0l ,Q)r(KL ),
! z Ghoo)
m = if a‘a'(l‘.',‘ r,0). where we ignored diffraction effects and allowed for the fact

that the phase of the anomalous correlation functianay,
(B6) generally speaking, also depend on the transverse wave vec-

, ) tor k, and the frequency): 0= 6(«, ,Q)). What is impor-
Note that the anomalous Green's functidB8) and(B4) for 5 here is the assumption that the spectrum of these func-

light emitted by a parametric spectral source exist for zerqjy,s contains two resonance singularities near the

average values of field strength. frequencies)~ +Q,, whereQ; = w;— w,= w,— w,. This
A simple analysis shows that because the commUtatorg, s antees that the initial assumptions concerning the exci-

of free fields aree-number functions, irrespective of the type (501 of the A-system, formulated in Sec. 1 and depicted
of time-ordering in(B1), (B3), and(B4) the self-correlation Fig. 1, are valid. ’

properties of a quasi-Gaussian spectral source are completely When the source of parametric radiation is weak

determined by four correlation functions, the probability of a pump photon decaying into a pair of
D (r b1, 1) =(EF)(rit) EC)(r,t0)), (B7)  phase-associated photons is Jowhe radiation intensity is
characterized by a dimensionless paramatek, ,Q)) (the
(ET(rat) EC(raty)), (B8  degeneracy paramejemhich is small:\(x, ,Q)<1. The

M(rytyira,ty) =
J(ry oty rte) =(EC) (1t EC)(roty)), (B9) appearance of anomalous correlations in the emitted light is
( )=

(—+
(__
also characterized here by a small dimensionless parameter

b
)
d (EM(ritDEM(ryty)),  (B10)  r(x, ,Q)<1. In the case of parametric conversion close to

FH)(ry g0t
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Nonlocality of relative diffusion
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On the basis of numerical modeling, the hypothesis of the nonlocal character of Richardson
relative diffusion is tested and confirmed. ®97 American Institute of Physics.
[S1063-776(097)01307-3

Interest in the process of relative diffusion, i.e., the di-a turbulent harmonic of the same scale as the current distance
vergence in turbulent flow of two initially close-lying par- between them. Reference 6 was probably the first to call
ticles of a passive impurity, is chiefly associated with theattention to the possibility in principle of a nonlocal variant
possibility of avoiding here the fundamental difficulties (see also Ref.)7) Specifically, the following model equation
blocking the path of a complete analytic description of tur-(in dimensionless unijsvas written forT:
bulent mixing. Actually, since even turbulent flow, as was
already pointed out in the classical papérsee also Ref.)3 aT(Lt) _ v3 LG
is a regular flow on a scale of the order of the spatial period =~ gt 472 F(Z/S)Af -1 |573 dl’. @
of the given fluctuation, the dynamics of an impurity in an
actual turbulent field with a wide spectrutthe inertial in- The exponent in the kernel of the integral, equal to the
terval) possess the property of memory, which makes it exKolmogorov—Obukhov exponent, arises from the necessity
tremely hard to use analytic approaches to the problem. of satisfying Richardson’s lawl) o t¥2 which describes

On the other hand, the kinetics ©fl,t)—the probability  the variation of the characteristic diameter of a cloud of im-
density that, in a given experiment, two initially close-lying purity in a turbulent mediun;* while the complicated nu-
particles are at the ends of vectoat time t—as a conse- merical coefficientI” is Euler's gamma functiorarises from
guence of being used to define averaging over differenthe unity in the Fourier representation. This paper is devoted
implementations of turbulent motiofover different experi- to testing this hypothesis, since only experiméntluding
mentg, loses memory and, conversely, must possess theumerical modeling can confirm or disprove a theoretical
property of information losgthe mixing process occurs, and postulate. Let us discuss this feature.
entropy increases Equation(1), like the classical diffusion equation, is easy

Nevertheless, even this kinetic equation cannot be deto solve because of its locality in Fourier space, and de-
rived from first principles and has to be introduced into thescribes a similainformation loss—the evolution of any ini-
theory by simply postulating ifwhich, as B. Russell once tial impurity-distribution profile to a finite-parameter self-
noted, has many advantages, coinciding with those inheresimilar solution. Its fundamental difference, however,
to stealing by comparison with honest lapodsually, ac- consists in the presence of an exponential tail in this solution
cording to a tradition going back to Richards@vho himself  asl—x, i.e., a divergence of certain exponential moments in
introduced the very concept of relative diffusjpeveryone the self-similar functionT, which is a special case of the
reduces it to the usual diffusion equation and only arguesevi function®”® In practice, this property denotes the ex-
about how its coefficient depends on the parameters of thponential smallness of the probability of detecting in a given
problem?®24 experiment a cloud with a diameter that substantially ex-

It was proposed in Ref. 5 that the analytic possibilitiesceeds the mean Richardson value, but not at all the exponen-
be broadened by going to the region of integral equations dfial character of the falloff of the impurity concentration at
the convolution type(The most obvious physical reason for the periphery of the given cloud—as already mentioned, Eq.
nonlocality is that the main contribution to the divergence(1) does not strictly describe the process of turbulent mixing,
rate of two particles lying in the inertial interval comes from just as one plane projection does not give a complete repre-

(] &
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200 0.6}
160
04 FIG. 1. Realization of Richardson’s

120 law: (a) original data,(b) analysis.
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FIG. 2. Number of pairs with an interpar-
ticle distance greater than a fixdg (1—
lo=280, 2—100,3—150) vs. time: 4 origi-
nal data, b analysis.

10 30 s0 70 9% 1 20 40 60 80 100

sentation of a three-dimensional bo@nd a more appropri- The motion of 1004 pairs of points was studied in this
ate analogy in the given case is one with an infinite-given field of velocities, with the initial distance in each pair
dimensional body see also Refs. 2—4. being equal to 3i.e., of the order of a half-wave of the

It is especially simple to see the presence of such a tagmallest-scale harmoni&). To average over the implemen-
by rewriting Eq.(1) in the desired limit, takingl—1'|*=1%%  tations of turbulent flow, the pairs were placed at a distance
out from under the integral sign on the left-hand side andf 3000 from each otheii.e., of the order of the half-wave of

using the normalization conditiofiTd®l=1: the largest-scale harmonig)—here, by the way, the differ-
T V3 > 1 ence between the process being modeled and the blurring of
= 2.2 3|2 5 [ |>t32 2) any fixed cloud is again seen. _ o
m The results of numerical modeling are shown in Figs. 1

One more characteristic property of the relative diffusionand 2. The former demonstrates the accuracy of the agree-
process described by E€l) immediately follows from Eq. ment of Richardson’s law for the given model. It can be seen
(2)—the probability of finding a pair of particles separatedthat the self-similar regime is not reached too rapidly—in a
by a distance significantly greater than the Richardson distime greater than 30, when the particles in pairs diverge on
tance is a linear function of time. It is easy to see that thighe average by a distance of about 40. The second, key figure
property, unlike the exponent dn depends neither on the reflects the degree of correspondence of the hypothesis con-
turbulence spectrum nor the dimensionality of the problemgcerning the nonlocality of the numerical calculation process
but is associated only with the hypothesis of the nonlocality(the time shift by 10 in the processing does not contradict the
of the process. It is precisely this, as the most stable propertjinearity and is evoked by the initial datarhe theory of Ref.
that is convenient to choose as a verifiable parameter. 5 corresponds to constancy of the functions in Fig.(2hd

Starting from the possibilities of the authors, such a testheir proportionality tol,*%) at least untill;>(1) (see Fig.
was made on the basis of numerical modeling. The turbul). The agreement obviously looks rather persuasive. In
lence was modeled by a given two-dimensional incompressdther words, Eq(1) gives an extremely good description of
ible flow with a quasi-Kolmogorov spectrum. Specifically, the process of relative “diffusion.”
the flux function ¥ (v={vy,v,}=€,XVW¥) was chosen in

the form of a sum of 140 harmonics combined into groups O]:/v i tthr\;Eo?:tgtci)rfulé;rtee grtszué:% r\r/r;a\rﬁég?)? rﬁg’vsésrﬁuftsxgz
seven each in twenty scale classes; i.e., P )

also supported by the Russian Fund for Fundamental Re-
20 T search(Project No. 96-02-17249aand by the “Nonlinear
‘Pzzl v, ‘I’i=Ai;1 sin(w;t—Kij - r + aj;), Dynamics” program of the Ministry of Science.

where the moduli of all the wave vectors in each group are
identical, |kj;|=k;, and their ratio in adjacent classes is L. F. Richardson, Proc. R. Soc. London, Ser120, 709 (1926.
ki/ki+1=1.4=v2 (k;=1). Such a choice made it possible iG. K. Batchelor, Proc. Cambridge Philos. Sd8, 345 (1952.

to cover the scale range of the turbulent fluctuations in three A S- Monin and A. M. Yaglom,Statistical HydromechanicsNauka,
Moscow (1967), part 2, sect. 24.

orders of magnitudéi.e., 1.4°%. AmplitudesA,; ,i%?OYding “H. G. E. Hentshel and I. Procaccia, Phys. Rev2% 1461(1984.

to the Kolmogorov—Obukhov law, equallek ™. The 5K. V. Chukbar, JETP Lett58, 90 (1993.

angles of rotation ok;; relative to thex andy axes, as well 6249 8F7) Shlesinger, B. J. West, and J. Klafter, Phys. Rev. L%8f.1100
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We examine the absorption and amplification bands of a weak probe signal in the presence of
Bose—Einstein condensation of excitons that emerges in nonequilibrium conditions in the

field of coherent laser radiation with a wave veckgr We assume that the detunidgfrom
resonance between the enefgy.,(ko) + Lo of the exciton level, which is shifted because

of exciton—exciton interaction, and the laser photon enédrgy, is generally nonzero. The
elementary excitation spectrum consisting of the quasiexcitonic and quasienergy branches
determines the optical properties of the system. When there is real induced Bose—Einstein
condensation, aA=0 the two branches touch, as they do in spontaneous Bose—Einstein
condensation. In virtual induced Bose—Einstein condensation, wked, instabilities emerge in

the spectrum in certain regions of tkespace. These instabilities are caused by a real
transformation of two laser photons into two extracondensate particles. Nonequilibrium
extracondensate excitons strongly affect the absorption and amplification of the probe light signal.
We show that light absorption is due to the quantum transition from the ground state of the
crystal to the quasiexcitonic branch of the spectrum. On the other hand, amplification of the signal
is caused by the transition from the quasienergy branch to the ground state of the crystal.

The same transition can be explained by a real transformation of two laser photons into a vacuum
photon of frequencyicq and a crystal exciton with a wave vectokg-q. Finally, we

show that the excitonic absorption and light-amplification bands are essentially anisotropic at
A=~0 and depend on the orientation of the vecpendk,. © 1997 American Institute

of Physics[S1063-776(97)01407-§

1. INTRODUCTION tion change the internal electronic structure of the exciton.
These phenomena are similar to those occurring in spontane-
The optical Stark effect in the exciton part of the spec-ous Bose—Einstein condensatiois the concentration of
trum  has t6)een _studied both experimentally andejectron—hole pairgor exciton$ n, increases in the low-
theoretically The interpretation of this phenomenon SUG- density limit ne,as,<1, wherea,, of the exciton Bohr ra-
gested by Schmitt-Rink, Chemla, and Haligs based onthe  gjys, in the Hartree—Fock—Bogolyubov approximation the

idea of an induced Bose-Einstein condensation of excitongyciton level shifts into the violet part of the spectrum. How-
being produced by external coherent laser radiation. In COMsver, as shown by Zimmermafin bulk crystals this shift is
trast to the work of Keldysh and Kozidvdevoted to the | ;anceq by screening and correlation corrections. Hence

slportnane(;uT Boiﬁ—E|r;stemthco?densanon ?fﬂfx?tons In dt' ose—Einstein condensation of excitons in bulk crystals has
clectron—hole Setling, here the frequency of the faser ra Iaéssentially no effect on the position of the exciton level.

tion acts as the chemical potential. Induced Bose—Einstei .
. ; - evertheless, the level moves closer to the continuous spec-
condensation can be either real but nonequmbrﬁmhere . . N
trum of the electron—positron pair and the exciton’s binding

coherent laser photons excite resonant excitons in the ban

with the same value as the wave vector, or virtual, where thgnergy diminishes. The reason is the lowering of the ground-

laser frequency differs considerably from the exciton transi—State energy per electron—hole pair in the electron-hole

tion frequency’~® The second variant was realized in the plasma, and an effecn_ve degrease in the semiconductor’s
experiments described in Refs. 1 and 2, where the photoR2nd 9ap at concentrationg,a.,<1 (see Ref. 3 _

energy was much lower than the energy of the lowest exciton ~ E/€sin and KopaeV found that the number density of
level. The experimenters observed a shift in the exciton |evelisose3-conQensed electron—hole pairs in conditions where
after an ultrashort laser pulse was switched on. The levelex@ex<1 is not a unique function of the laser intensity and
returned to its initial position upon switch-off of the pulse. the detuning from resonance between the laser frequency and
Theoretical work devoted to this phenomefidhmade it the exciton transition frequency. There are amplitude and
possible to determine a number of features explaining théequency hysteresis loops, a situation that indicates the pres-
behavior of excitons in semiconductors in the presence ofnce of optical bistability.

laser radiation, which induces macroscopic coherent polar- The effect of an induced Bose condensate of excitons on
ization in the crystal. For instance, Schmitt-Rink, Chemla,the energy spectrum of extracondensate quasiparticles was
and Haud* demonstrated that the filling of the phase spacestudied in Refs. 5 and 6. In conditions of an optical Stark
by virtual electrons and holes produced by coherent macreceffect, the elementary excitation spectrum differs substan-
scopic polarization and the exchange electron—hole interadially from the energy spectrum in the theory of a nonideal
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Bose gas, and can be reduced to the latter only in a certaiother results are related to the features of the Bose—Einstein
special case. distribution function and to the anisotropy resulting from the
One important feature of the energy spectrum of extracoherent macroscopic polarization of the medium. In fact,
condensate quasiparticléexcitons, phonons, and vacuum there is damping in the system, so that the onset of instability
photong in the presence of laser radiation is its instability. is a threshold process. Instability can only occur when the
Mathematically, in the system where damping is ignored thenumber density of coherent excitoms,,, exceeds a thresh-
energy spectrum becomes complex-valued in certain regiorald valuen, determined by the decay of the exciton levels
of the k-space. One of the two complex conjugate solutionsand the exciton—exciton coupling constant.
has a positive imaginary part, which means that the ampli- The quantum statistical properties of polariton systems
tude of this solution increases without bound with the pasfear such thresholds of the onset of instabilities was studied
sage of time and that the system becomes unstable. Physy Keldysh and Tikhodee¥?® who used the example of
cally the instability is caused by a real transformation of twoStokes scattering of coherent polaritons by acoustic phonons,
laser photons into two extracondensate quasiparticles, sagnd in Ref. 14 by employing polariton—polariton Raman
into two excitons or an exciton and a vacuum photon. scattering. Keldysh and Tikhodeev showed that near the
These processes are real since they have corresponditityeshold of stimulated Brillouin scattering in the wave-
conservation laws that the energy and momentum must obeygector region where there is Stokes scattering and where in-
simultaneously, laws that link the initial and final states. Thestability emerges, the Green’s functions describing the scat-
transformations proceed through intermediate virtual statedered polariton and acoustic phonons have singularities of the
For instance, two laser photons are transformed into two exl/A type, where\ is the measure of the deviation of the
citons of the induced Bose condensate, after which the twdumber density of coherent polaritons from the threshold
excitons become virtually transformed into two extracondenvalue:
sate quasiparticles. The real process here is the transforma- Ney=Nc(1—N\), O<A<1.

tion of two laser photons into two extracondensate quasipar- . o
ticles. The occupation numbers of the scattered quasiparticles have

New waves can build up in the system due to the energ)t/he same singularity. This resglt provid_es a better under-
taken from the laser radiation, which for the sake of simplic-Standing of the above conclusion that in the nonthreshold
ity is assumed to be given, and inexhaustible. Unlimited®@S€ the mean occupation numbers of elementary excitations
buildup of new waves in the system must come as no sur*l."it.h wave vectors lying in the_ instability region tend to in-
prise then. The instabilities can be either convective or absdiNity- As shown in Ref. 14, stimulated Raman scattering of
lute. In the first case the build occurs as the wave moveSoherently excited polaritons has a smeared threshold, which
deeper into the medium, with the result that the system opProbably smooths out the singularity of the\Iiype. _
erates as an amplifier of waves. In the second the buildup B€low we study the probability of absorption and ampli-
does not leave the region of origin. The wave encompassfé‘?at'on of a weak probe light signal in the transition from the

an ever growing volume of the crystal and increases witffround state of the crystal to an excitonic state when the
crystal is in the field of intense coherent laser radiation,

As noted in Ref. 11, the concepts of absolute and Con\_/vhich induces coherent macroscopic polarization in the me-

vective instability are relative: they depend on the referenc&iUM- We are speaking of the probability of a transition in

frame in which the phenomenon is observed. In the referenc§1ich one more exciton is created in the presence of a large

frame moving together with the propagating wave the conhumber of real or virtual excitons created in stationary con-
itions by the coherent laser radiation. The presence of laser

vective instability becomes absolute, and vice versa. What ig

important is that the occupation numbers of the Bose quasf-ad""‘“tont"’fmdt thetﬁothleregtt p?:}arlzatlo.rtlj'lt.)tf thfe me?lum are
particles in the regions of thie-space where the instabilities Important factors that lead to the possibility of amplifying a

in the elementary excitation spectrum manifest themselve%/eak signal and .d'StmgL.“Sh. the given exciton absorption
become anomalously large. rom the one studied earlier in unexcited crystals.

In the simplest variant of a system of excitons without
damping, the emergence of instabilities is a nonthreshol
process. This means that instability appears at arbitrarily low  The Hamiltonian of excitons interacting with each other,
concentratiom,, of Bose-condensed excitons. In this sim- with laser radiation, and with vacuum photons can be written
plest variant the occupation numbers of the elementary excin the form>®°
tations in the regions of thk-space where instabilities ap-
pear be_come _|nf|n_|tely large. Since thg. process of exciton H=>, Eex(P)aSaerz ﬁcpg; si{b+2 )\p(a; Zy
absorption of light is related to the transition from the ground P P p
state Qf the cryngI gnd creatipn of a quasiparticle in the final +ap?5'+)+7\k (& T+ 7)
state, its probability is proportional totin,, whereny is the P 0o "0 0 "o

3. HAMILTONIAN AND TRANSITION PROBABILITIES

mean occupation number of quasiparticles in the final state. 1
Whenq approaches the instability region in the wave-vector tov > v(K)a, aq aq+kBp—k 1)
s . P . . i p_qyk
pace, this factor tends to infinity, which leads to singulari
ties in the exciton absorption spectrum. whereE,, is the exciton energyfcp is the photon energy;

This explains some of the results we arrive at below. Theag y Qg Z;,L , and 7, are the creation and annihilation op-
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erators for excitons and photons, respectiveifk) and A,

are the exciton—exciton and exciton—photon coupling con-

stants;\y is the exciton—laser coupling constant; avids

the volume occupied by the system. += 1 E L (e 2¢
We assume that the laser radiation is characterized by a 2

wave vectorky and photon frequencw, =ck,. Antireso-

nant interaction terms are ignored. The coherent laser radia- +e?ay ,ay _k)+2 h(clko+k]|

tion is introduced intd1) by replacing the operatofzgﬁo and ° ° k

Z ko with expressions like

%@:; {fillwed kot k) — o]+ Lo+ Lidag k@&

oy +kak0 k

zal 7 +
— o) Ok C gkt ; Mgt k(Z kg4 kg +k

CkO:\/Fko eX[X—ith—iQD), Fk0~V. (2)
+ 12
Quantum single-particle states of photons with= k, de- T Ak kprk)- (8)

scribe the vacuum electromagnetic field and a weak broa
band probe signal. The explicit time dependence in the
HamHtomgrl(l), W(h',,Ch emerges as a re;ul't of replacing theto diagonalize the exciton part of the Hamiltonig. In this
operatorsZy, and &, with (2), can be eliminated by trans- case we can assume, Without loss of generality ¢ha0

w_ . This is achieved by introducing the unitary transforma—operatOrS & and & via Bogolyubov's unitary
tion transformatior’”

dBelow we consider vacuum photons to be responsible for
quantum transitions and use the procedure adopted in Ref. 6

V=g ot NzEp(a;ap+Z;%p), 3) . kg kA i E—AE,
K= F—— .y O kT T——
VI-]A* 0 VI=[A?

and by considering a new Hamiltonian,
o ~ where the coefficientd, depend on the elementary excita-
F=VTHV—-fio N, @ ton energy:

in which free quasiparticles are characterized by an energy

€)

A+ Tt L= 2(K)

spectrum measured from the frequenay: A= (10)
Lk
%=2p H wey(P) — wL]a;ap—Ep h(cp—w)%q %y Here
Z(K) = V(A+ L+ T)2— L2 (11)
+ 2 Np(Zraptal Zp)+\Fi (af +ay)
PP TR Ko %Ko " Tho is a component of the total elementary-excitation energy
1 E(K),
- + 4+
+ >V p;q;k v(K)ag aq ag:k@p-—k- (5) - ko
E(k)=#(k)+AVk, V5=m—, (12
The terms that are linear in the operataﬁ% anday can be ex
eliminated by a Bogolyubov shitf which depends on the velociy; of the induced condensate.

The velocity is determined by the momentdik, of a laser

Ni efl(ﬁ‘sp,k tap, ©) photon and the translational exciton masg,. For the co-
wherea, is a small addition. The macroscop|c filling factor efficientsAy to meet the condition
Ny, of the exciton mode, is related toF, by'? |A=<1 (13
AN Ny Fy in the entirek-space, the square root {fil) must have the
0 "0 0 0 . = . .
Nk, = Y Ny, = v fi,= v same sign as the suk+T,+L,. We denote this solution

by #1(k) and define it according to the following rule:
A=filwexKo) @ ]+ Lo,  Lx=w(k)ng,. (7 sgn#1(K) =sgnA+Te+L,). (14)

We assume everywhere that repulsion between excitonhen the coefficient#\, ; meet the conditior(13). The en-
(Lx>0) is predominant. Here the damping factpy, has  ergy E;(k) selected in this manner generally follows the
been introduced phenomenologically and enters into the exgispersion law of the initial excitonic branch of the spectrum,
pression that describes optical bistability in the exciton Pary oo (ko+k)—%w +Lo+L,, present in the effective
of the spectrum. After the Hamiltonia(®) has been ex- Hamiltonian (8). Hence we call the elementary excitations
panded in the small operatois, ., and ay .k, With k  with an energyE, (k) quasiexcitonic elementary excitations.
# 0, we can separate an additive constant, a quadratic pafty addition toE, (k) there is a second quasienergy branch of
and higher-order terms. Here we are interested only in théhe spectrum with an enerdsy, (k) determined by the value
guadratic part, #o(k)=—#1(k) and the property that
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Eo(k)=Z,(K) +AVk=— £ (k) +AVk=—E (—k). and real quasiparticles is that the former exist only in the
(15 course of the laser pulse and disappear after switch-off of the
hpulse. Real excitons exist during their entire lifetime. In the
zeroth approximation, the states of the polarized crystal and
those of the vacuum photon fields are independent, since the
exciton—photon Hamiltonian in this case is only responsible
for quantum transitions. The polarization effect in the pres-
AA =1, |A =1 (16)  ence of coherent macroscopic polarization was taken into
account in Ref. 5.
Following the results of Ref. 16, we consider a light-

This branch generally follows the initial quasienergy branc
of the spectrumfiw| —fiwe(Kg—k)—Lo—L. The coeffi-
cientsA, , can be found by replacing(k) with £5(k) in
(10), and have the properties

Although the two energy levels — the quasiexcitonic

level and the quasienergy level — are close, there is only one Jced quantum transition from the ground stateof a

set O.f independent operatdfi , &, specified by(9), with all coherently polarized crystal into the quasiexcitonic state with
possible values ok. For such a set we select the operators

corresponding to the coefficien and the elementary- - ore vectorP, which we denote by;|0). We write the
esp 9 ) m.k'l Y~ initial and final states of a two-component system consisting
excitation energyE (k). To simplify matters we drop the

. ot of the polarized crystal and the vacuum field in the rotatin
subscript “1” on the operatorskfl,gm and the coefficients P y 9

A 1 but retain it on the branchk; (k). coordinate system as

The complete set of operato&g ,&,,&7, & with co- 1)=10)exn5/0)pn,  Ei=1i(clko+ Q| — o),
efficients|A,<1| and energie&, (k) proves to be sufficient N _
for describing elementary excitations of both types, and 11)=£¢p10)ex0)pn,  Ef=Ei(P)=Z1(P)+AVP, (21)
quantum transitions in the system. where|0) ,, is the ground state of vacuum photons.

This requires, as we will shortly see, allowing for both  The amplitude of the transition involving the interaction
resonant and antiresonant quantum transitions. After the eX4amiltonian that enters int(l7) is

citon part of the quadratic Hamiltonia8) is diagonalized

and the new photon operators (i [H )= 5o p Niy+P . 22
M= Ckyrk T1-1A?
are introduced, the Hamiltonia(® assumes the form The transition probability su_mmed_o.v_er final ;tat%$or a
fixed vectorQ of the photon in the initial state is
A= 2 Ei(RE bt 2 hlclkot k| = o) 7 . 21 PNgeol®
absorts Q) = W 1A
Y M(éﬁ; Bt T & X 8(ficlko+ Q| —hw —Ey(Q)). (23
€ VI-IAP The transition probability is a function of the vacuum-photon
-A} §—k77k—Ak§; ﬂfk)- (17 wave vectorQ, reckoned from the laser-photon wave vector

) . ko. The total vacuum-photon wave vectorgs ko+ Q, and
The ground state of the system of excitons in a crystal pogne energy of this photon i&w=7%cq=%c|ke+Q|. The
larized by coherent laser radiation is the vacuum state for thBrobabiIity of such a transition as a function of the wave
elementary excitation operatofg: vectorq is

§k|0>ex:0- (18 2 |)\q|2

. P =-_ a
Following the results of Ref. 14, we state that the nonequi- absoré ) fi |1—|Aq_ko|2|

librium distribution function of elementary excitations de-

pends on the absolute value of the energy of these excita- v I'(g—ko)

tions, N(E1(k))=N(|E;(k)|). Hence the ground statéd8) (hwo—ho,—E(q—kp)?+T%(q—ko)’

is stable even if the values & (k) in the rotating system of (24)
coordinates are negative. Even in this case, elementary exci-

tations do not appear Spontaneous'y_ with ﬁcq=ﬁw Here we have introduced the damplng factor

However, this state of the crystal is characterized byl (Q) for an elementary excitation with energy(Q), and
nonzero occupation numbers of the initial excitonic states: represented the delta function by a Lorentzian:

+ ex |Ak|2 & )ZEL =0 (25)
<ak0+kak0+k>:nk0+k:mv (19 X~ 212 :
1 The transition probability strongly depends on the orientation
<ak0+ka:0+k>= 1+ n§§+k= T=IA (200  of g relative toky. This dependence is especially apparent in
A S

the coefficients#Aq,ko|2 and is discussed in Sec. 3.

Thus, in the presence of resonant or nonresonant laser radia- However, the quantum transition with photon absorption
tion, a high-density exciton gas consisting of real or virtualand a Stokes mechanism of creation of a quasiexcitonic el-
excitons appears. The difference between virtual excitonementary excitation is not the only possible transition. There
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are three more possibilities. One is the anti-Stokes process efkcitation was created simultaneously with photon emission.
photon absorption and quasiexcitonic elementary excitatioriThe intensity of the wing was proportional to the coefficients
This is an antiresonant quantum transition. The probability of\/éz ngx, which are less thahls.
such a transition is nil, however, the reason being that at Equation(31) below describes a similar situation. Note
T=0 there are no quasiexcitonic elementary excitations irthat the probability of anti-Stokes emission of a photon ac-
the ground state. companied by absorption of a quasiexcitonic elementary ex-
What remains is the Stokes process of light emissiorcitation is nil, since atT=0 there can be no elementary
with simultaneous creation of a quasiexcitonic elementangexcitations. Thus, we have the probability of photon absorp-
excitation. Here the initial state is the vacuum one and théion (Eq. (23)) and the probability of photon emissidi&q.

final state is the two-particle state (27)) in the same system. The probability of light absorption
_ . N minus the probability of light emission yields the probability
||>:|0>ex|o>ph1 |f>:§P|O>ex77Q|0>phv of true absorption:
E;=hclko+Q|—fiw +E (P), E;=0. (26) 27Ny ql?

P et absorbQ) = Pabsorf Q) = Pemi Q) = T

This transition is also quasiresonant. In the final two-particle
state there is a photon with a fixed wave vecf@@rand a 1
second quasiparticle, a quasiexcitonic elementary excitation X |
with arbitrary wave vectoP. The probability of a transition 11— |AQ| |
involving the third term in the interaction Hamiltonidh?7), |AQ|2
summed over final statesSf) and averaged over initial
states, which here amount to only one state, has the form

8(hclko+ Q| —fiw —E1(Q))

- m&(ﬁdk(ﬁ‘ Q|—ﬁw|_

27 Niy+ ol |Ag|?
Pemi Q) = 7 |1_ |AQ|

+Eq(— . 31
o7 dlhclko+Ql ~ ey il Q))} (31
In ranges of frequencfiw where this difference is positive
+E1(—Q)). (27 there is true light absorption, and in ranges where it is nega-
tive there is true emission, or light amplification. After the
delta functions are replaced by Lorentzians, we have the de-
sired probability aff=0:

The law of energy conservation corresponding to this two-
particle antiresonant process can be written

helkot Ql—fiw +E(—Q)=0,

2|7\k0+Q|2 1

helkot Ql=ho +Ex(Q). (29  PretavsobQ) = | T=7A 1]

Bearing in mind that the branchw, + E{(—Q) approxi- r'(Q)
. : . B %
mately fqllows the exciton .d|sper5|on lafw o (Ko— Q), we (iclko+ Q- o, —E1(Q)2+T2(Q)
can rewrite Eq(28) approximately as
A 2
f¢lko+ Q|+ hwed ko~ Q)~2h wy . (29) - l—Q|2
|1—|Aql?|
This equation indicates that two laser photons in the system
: ! ] r(-Q

are transformed into a weak-source photon and an extracon X S )
densate exciton: (hclko+ Qo +E1(—Q))*+T%(—Q)

photor(ko) + photor(k) (32)

= photor(ky+ Q) + exciton k,— Q). (30 3. ANISOTROPY OF THE EXCITON BANDS OF

_ o ABSORPTION AND EMISSION IN A COHERENTLY
This all suggests that the only reason for emission ango| ARIZED CRYSTAL

amplification of a weak signal is the presence of external

laser radiation. Here it is advisable to recall the results ar- The energy spectrurd;(k) (Eg. (11)), the coefficients
rived at in Refs. 17 and 18 in the studies of the shapes ofA«| (Eq.(10)), and the factors (% |A,;|?) ~* are depicted in
absorption and luminescence bands at absolute zero in coRig. 1 as functions of the wave vectiorfor several values of
ditions of spontaneous quasiequilibrium Bose—Einstein conthe detunlngA (Eq. (7)): A= Lo, 0, and—Lg. The functions
densation of excitons in semiconductors. The bands conZ;(k) were derived in Ref. 6, but the coefficiemdg; and
sisted of narrow central peaks at frequencies close to thquantum transition probabilities have not been studied.
energy of the Bose-condensed excitons, with wider wings. In  The same expressions, viewed as functionsgef kg,
relation to the central peak, the absorption band wing was odepend on the orientation of the wave vedajoof the probe

the higher-energy side. The intensity of the wing was deterlight relative to the wave vectok, of the laser light that
mined by the coeﬁicientlslg=1+ ngx. An elementary exci- produces coherent macroscopic polarization in the medium.
tation was found to be produced simultaneously with theThree possible observational geometries for the light absorp-
absorption of light. The luminescence band wing was on theion coefficient are of interest here] Tky, glky, and
lower-energy side of the central peak, since an elementarg| kg, i.e., in which the probe radiation propagates in the
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same direction as the laser radiation, perpendicular to thike branch of the spectrum become much less than unity. At
laser radiation, and antiparallel to the laser radiation. A=0 we have a real but nonequilibrium induced Bose con-

The quantity| (q—Kko)|/|ko| takes on differing values for densate of excitons with wave vectas. The exciton occu-
the same value offg| =x|ko|, with 0<x<, depending on pation numbersig’, . (Eq. (19)) tend to infinity ask—0, as

the orientation ofq relative toko. The values aréx—1|,  follows from the Bose—Einstein distribution function with a
Vx“+1, andx+1 for parallel, perpendicular, and antiparal- chemical potential equal to zero. This leads to a large dis-
lel orientations, respectively. crepancy between the occupation numbers

For this reason the energy spectruffig—Kkg), coeffi-
cients|Aq_ |, and factors (+ |Aq,k0|)*1 as functions ok |Aq,ko|2
are given for three orientations gfrelative tok,. A depen- Niy+k=Ng :m,
dence orx also means a dependence on the frequency of the ™%
absorbed light, sinceiw=fcq=xAcky=xhw_, Where \henq tends tok, and wherq tends to—k,. Since the light
x>0. All this is shown in Figs. 2a, 2b, and 2c. Each figure isgpsorption coefficients are proportional te- Be*, the ab-
drawn for a definite detuning from resonande, and con-  sorption of light becomes highly anisotropic.
tains the frequency curves Z1(x), |A(x)[, and At negativeA the spectrum becomes unstable, a situa-
(1—|A(x)|?)~* for three observation geometries. tion discussed above. In wave vector ranges harboring insta-
The frequency dependence of t1A(x)|?) ~* depicted bijlity, the coefficientgA,|2=1, and the corresponding occu-
in Fig. 2 is markedly anisotropic. The anisotropy shows uppation numbers tend to infinity.
for positive resonance offseét=L,, and amounts to about In these wave-vector ranges, the canonical transforma-
2%. At large positive values oA the anisotropy becomes tions (9) become invalid. New waves are generated and
vanishingly small, since the coefficier{i,| for the exciton-  stimulated exciton scattering occurs. In our case the scatter-
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ing is of the nonthreshold type, since we have not allowedf the probe signal with respect to the wave vector of the
for the damping of the energy spectrum of the initial exci-laser radiation.

tons. Since the number of nonequilibrium excitons in these  |n conclusion we note that the properties of the absorp-
regions ofk-space becomes anomalously high, so does thgon and light-amplification bands depend strongly on the

light absorption coefficient. Figure 2c clearly demonstrates o e ofn, andA. These quantities are interrelated and can
this. Interestingly, the regions where anomalous light absorp- 0

tion is possible also are shifted along the energy scale, d&e determlned self-consistently _by Eq®). Generally they
pending on the observation geometry. In addition to the facfollow a bistable curve characterized by the presence of am-
tor (1—|A(x)|?) "1, the probabilities of true light absorption, plitude and frequency hysteresis loops. The stationary values
Egs. (31) and (32), contain a second factor, which in one Of Ni_ in the hysteresis loops or near such loops are usually
case is a delta function and in the other a Lorentzian. Aot Lyapunov stable. In such cases, the amplitude of the
Lorentzian can also possess a varying frequency dependenggherent wave experiences self-pulsations, and the steady
for different orientations off andko, but it also depends on  state becomes self-oscillatory. The self-pulsations may be
the small difference of such quantities/as andfw_, each  cyclic if the phase trajectory describes a limit cycle. In more

of which is large compared to the elementary excitationsompjicated cases the phase trajectory can move along the

SpectrumEy(q—ko) = £1(q—Ko) +7Vs(q—Ko). AniSOWOPY g race of a torus or even be a strange attrator.

'qu_rT'l;(\)re |Szf;9v¥s Fﬂ?thz::;?)rg??::]ye :r tuer;rZ?]tsoi)ft?r?e ]:ja;g Such self-pulsations have a higher probability of form-
“dko ) ' g. i ing when the coherent pump radiation is turned on or off. In

funct!ons n Eq.(.31) or of the correspor_1d|ng Lorentzians ar€ the case of stimulated Brillouin scattering this phenomenon

identical, all anisotropy of the sort discussed above disap-

pears. In this case, the regions with pure absorption and pu%as studied by Keldysh and TikhodeBvwho found that

emission coincide, and the anisotropies cancel perfectly. self-pulsations of the amplitude of the anti-Stokes compo-

Thus, anisotropy becomes imperceptible if the Lorentz €Nt have a frequency determined by the splitting of phon-

ians have a halfwidth larger thari2,(Q)|. The most favor- oriton curves. Thg gmplitude of-the Stc-)kes.component in-

able conditions for observing the anisotropy in the absorpSféases without limit as a function of time in the number

tion and luminescence bands correspond (@) <|#1(Q)| density of coherent polaritons exceeds a certain threshold.

and smaIIZ, whereupon théAQ|2 are close to unity. This is due to the emergence of absolute or convective insta-
Note that the anisotropy of two-photon absorption in thebility in the polariton—phonon system. Similar phenomena

transition from the ground state of a crystal to a biexcitoniccan occur in the case studied here.

state in the presence of laser radiation was studied in Ref. 19. The authors are grateful to S. G. Tikhodeev form draw-

When the exciton levels are degenerate, they can split an@lg their attention to these effects.

the corresponding quantum transitions can become polarized.

These aspects under the conditions of the optical Stark effect The present work was made possible by a grant from the

were studied by Combesc8t.In contrast, in our case the INTAS international projectGrant No. 94-32% The authors

exciton level is nondegenerate and the anisotropy of thare grateful to the coordinator of the project, K. Klingshearn,

guantum transitions depends on the direction of propagatioand to M. S. Brodin for collaboration.
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The effect of a local field on Raman scattering in a uniaxial crystal
M. V. Gorkunov and M. |. Ryazanov
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This paper discusses the Raman scattering of light in an anisotropic crystal in the crystal optics
approximation, taking into account local fields acting on the molecules. It shows that the

effect of the local field reduces to the introduction of the effective Raman polarizability tensor of
the molecules, which depends both on the properties of the molecules themselves and on

the characteristics of the crystal at the frequencies of the incident and scattered waves. Raman
scattering cross sections are obtained in a uniaxial crystal for various types of incident

waves. It is shown that, in the case of an extraordinary incident wave, the local field substantially
affects how the cross section depends on the direction of incidence.99@ American

Institute of Physicg.S1063-776(97)01507-3

1. INTRODUCTION gas and an atom of the condensed substance. Second, the
action of adjacent molecules is substantial in a dense me-
Ordered placement of the atoms of a crystal is essentialium, so that the mean field acting on a moledfthe local
for those processes in which the atoms participate coheffield) differs from the mean macroscopic field. In a gas, the
ently. Raman scattering in which the state of the atomic eleclocal field coincides with the mean field.
tron varies is not related to such processes. Therefore, the In considering Raman scattering in a crystal, one is usu-
existence of the crystal lattice affects Raman scattering onlglly given the macroscopic field of the incident wave and the
because the properties of electromagnetic waves in the cryseattering amplitude at an individual molecule of the crystal,
tal depend on it. For waves of optical frequencies, it is pos- and one is required to find the macroscopic field of the scat-
sible to use the crystal optics approximation, which treats dered wave. The first stage of the solution of this problem
crystal as a homogeneous anisotropic substance. This meamsgluces to determining the local field acting on the given
that only the ordering of the orientations of anisotropic mol-molecule. Knowing the scattering amplitude, it is possible to
ecules of the crystal is taken into account, but the ordering ofind the transition current that appears in a molecule under
the spatial placement of the centers of inertia of the molthe action of the local field. The fact that the scattered wave
ecules is neglected in this case. The properties of the crystés emitted from where the atom is situated makes it necessary
in this case do not differ from the properties of a homoge-at the second stage to solve the inverse problem—finding the
neous amorphous substance with identically oriented anisanacroscopic field of the scattered wave from a given dipole
tropic molecules. Taking into account the ordering of themoment.
spatial placement of the molecules results in small correc- In the final analysis, scattering at a molecule that forms
tions, of order the ratio of the lattice constant to the wave{art of a crystal occurs as if this molecule possessed some
length of the field, which is three orders of magnitudeeffective Raman polarizability that depends on both the Ra-
smaller than the quantities obtained in the crystal optics apman polarizability of the molecule and the macroscopic char-
proximation. Therefore, Raman scattering in a crystal can bacteristics of the crystal.
treated with good accuracy in the crystal optics approxima-  Earlier, the local field was taken into account in Refs.
tion. A rigorous treatment of the crystal in the case of Ramarf—7 for an isotropic substance when there is no dependence
scattering is much more involved but results in only insub-on the orientation of the fields and everything reduces to
stantial additional corrections by comparison with crystal-correcting factors in the overall characteristics.
optics corrections. It is interesting to estimate the local field effects in a
Raman scattering is considered below in the crystal opuniaxial crystal when they affect the angular distribution and
tics approximation as in a homogeneous amorphous suslepend on the orientation of the field of the incident wave.
stance with ordered orientation of the anisotropic molecules.
With such a treatment, one has to appeal to an amorphm&s
medium at intermediate stages, so that it is natural to us€e
terms that are used in considering an amorphous substance We shall regard a uniaxial crystal as a system of homo-
and sometimes do not coincide with the terms used in geneously distributed molecules that are assumed to be axi-
rigorous treatment of a crystaf ally symmetric and oriented parallel to the optical axis of the
Spontaneous Raman scattering in a gas differs from thatrystal.
in a condensed state of the same substance for two reasons. A molecule located at point in a crystal lying in an
First, the electrons of the valence bonds are in different stateslectromagnetic field acquires a dipole moment whose Fou-
in the gas and in the condensed state, which causes the Réer transformd;(r,») is associated with the polarizability
man scattering cross sections to be different at an atom of the;; () of the molecule and the Fourier transform of the mi-
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croscopic fieIdEJm‘C(r,w) acting on this molecule:

| f(q—|):(2w)*3f d3RI(R)exp{—i(g—1)-R}.
di(r,w)Zaij(w)EJm'c(r,w).

Equation (5) connects the polarization of a substance

The dipole mome_nts mduced_ In each rT‘O'eC“',e arSyith the primary field, i.e., with the field that satisfies Max-
sources of secondary fields. The microscopic field acting Oell's equations in a vacuum with the same current density

the molecule at poink, consists of the primary fiel&”, no as in the equations for the mean macroscopic fieldrhis

'F’”ger interacting with a single molecule, and the Second,a%ircumstance makes it possible to express the primary field
fields of all the other molecules. Therefore, for the FourlerEo in terms ofE andP:

transforms of the fields, one can write
EX(0,0)=Ei(q,0) +47Pi(q,0)

mic, _ 0 21-1 3
Ei (Ravw)_Ei (Ra!w)+[277 ] % f d quS(qaw) _4WQiS(q1w)PS(q1w)' (6)
R . . . o . - -
% () EME(R i0-(R.—R 1 Eliminating E* from Eqgs.(5) and (6), it is possible to
a5(@)ET Ry @)explia- (Ra=Rp)} (1) obtain an equation that connects the mean macroscopic field
where with the polarization:
0°8is— 0ids Noa;;Ej(q,w)=Pi(q,w) —4mNnga;;P;(q,») + 4mNnga;;

Qis(Qaw):m-
xfd3IQ,-S<|,w>f<q—I)Psu,w). @)

If the wavelength of the field is large by comparison
with the lattice constand, the effective field acting on a Introducing, as is usually done, the electric susceptibility

m_olegule is formed by adding the flelqls O_f many mOIe(_:we%ensorXij connecting the polarization with the macroscopic
lying in some volume of the crystal with linear dlmen5|onsﬁeld_

of L. When the inequality

clw>L>d @ Pi(g,0)= xij(q,0)E{(q, ),

_ _ i ) . we get for it

is valid, the value of the field acting on a molecule is close to

the field of the other molecules averaged over position, usu- Xij(q,w)={ai}1(w)/no+4w[T”(q,w)— s (9
ally called the local field. In the crystal optics approximation,Where

Eqg. (1) can be averaged over the coordinates of all the other

molecules as for an amorphous substance. In this case, the 3 IZ(S”- =il

microscopic field is replaced by the local field, and, to aver- Tij(q""):f d°lf(q-1) |2_(TC)2

age the sum, it is sufficient to multiply each term by the ] N ) . )
probability of finding the molecule in volumaV at distance 1 aking into account the inequaliti¢g), the integral inTj; is

R’ =R,— R, from the given molecule: built up whgnl %q, wlc. It is therefore possible to_assume
the approximatiorf (q—1)~f(l) and neglect ¢/c)? in the
dW(R")=g(R")dVIV=[1-f(R")]dVIV (3)  denominator. Then the dependencegpdisappears, and Eq.

(8) gives an electric susceptibility without spatial dispersion.

and to integrate over alR’. After this, the summation re- ) T : ; '
In this case, it is possible to transform from integration over

duces to multiplying by the number of identical terms, . ) ;
N—1~N. The distribution functiong(R’) vanishes for wave vectors to integration over coordinates, and then
R’<d because the probability of arbitrarily close approach 2 . R25ij —-3RR

of two molecules vanishes. On the other hand, there is no  Tij=3 ij— d°RI(R) — 5

correlation of the position of two molecules at large dis-

tances, so that(R’)=0 for R’>d andf(R’)=1 for R’ <d. In a uniaxial crystal,f(R) is axially symmetric, while
Introducing the polarizatio® of the substance, associ- the molecules are strictly oriented along the unit veetof
ated with the local field by the optical axis. Consequently, the optical axis of the crystal
oc is the principal axis of the axially symmetric tensarg and
Pi(q,®)=noajj(0)E[™(q,®), (4) T;j; i.e., they can be represented in the form
whereny=N/V is the number of molecules in unit volume, aij=a,(5;—ee)+aee,
we can write the result of averaging E@) in the form of an 9)
equation for the Fourier transforms of the fields over the Tij=T.(dj—ee)+Tee,
spatial coordinates: with
Pi(0, ) =npaij(w)EN(q, ) + 47N Qjs(0, @) 2 1, , ,
=33 f d*Rf(R)R[R?>—3(R-€)?],

X PS(q,w)—4Wn0aij(w)f d3|QjS(|,w)

2 1 B
xXf(a-DPy(q,), (5) TL=§+Zfd3Rf(R)R [R?—3(R-)%].

where The electric susceptibility accordingly takes the form
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Xij(w)=x, (0)(5j—eeg)+ x(w)ee;, 5 —eZE (mx|H{X[N)(@1h+ ©m)
T4 (

where o~ 0)(0nt o)

Noa, () ,3u=62§|: <m|z||><||2|n>(wln+wlm) (14)

Xi(w)=1—4ﬂ'n0ai(w)(1—TL)' (0 — o) (@t )

Noa(w) (10 In order to find the macroscopic field of the scattered
xi(w)= 1—-4mngey(w)(1-T))" wave, we write the analog of E{l) at frequencyw’, taking
into account that Eq(12) is now correct and that there is no
primary field at this frequency:

Finally, for the permittivity of a uniaxial crystal, we

have
eij= 9 +4mxij(w) = e, (8 —ee) Feee;, e (Ruo') =27 13 [ (a0 a(o)ED
b
1+4mngT, | _
ST 1 amna  (1-T)) X(Rp,0")exdig- (Ra—Ryp)]
e 1+477n0T”aH (11) +(27T2)71J‘ dSquj(q,w,)ﬂjs(wyw,)
Il

T 1-4mneq(1-T)
mic, ;
In the particular case of an isotropic medium, when XEsT(0w)exiia-Ral. (15

a, = andf(R)=f(R), Eq.(9) gives simplyT, =T,=2/3 The second term reflects the presence of the dipole mo-

and Eq.(11) goes over to the well-known formula for the ment induced at the origin of coordinates during the Raman

permittivity in the Lorentz—Lorenz model. scattering. Averaging over the position of tNe- 1~N mol-
ecules, we get for the Fourier transform of the local field

EP(a,0")=4m[Qij(q,0" )~ Tij(q,0") Hajs(w")
XER(q,0")+ Bis(w,0" ) EX(R=0,0)}. (16)

3. THE RAMAN SCATTERING AMPLITUDE IN A CRYSTAL

Since Raman scattering is an incoherent process, for
which the intensities of the scattered waves from each mol- Taking Eq.(4) into account, we can write
ecule add up, we calculate the scattering at one molecule of 1
the crystal, Iocated_ at the origin of coordlna_tes. E}°°(R=0,w): — aj](l(w)Pk(Rzo,w)

We shall consider the incident wave with frequensy No
and amplitudeF strong by comparison with the scattered

waves ha_ving frequency’ * . Neglgcting backscattering = i aﬂl(w))(m(w)ﬁ ] (17)
from ' into w, we can write the dipole moment of the No
molecule at the required frequencies in the form The polarization of the substance at frequemcyis made up
di(R=0,0)= aij(w)EJmic(R:o,w), of two components:
di(R=0,0")=a;(w )EM(R=00") Pi(0,®) =noasj (@) EL(0,0') +P(g,0), (18
+,8i]-(w,w')EJmi°(R=O,w). (12) wherePY is the Raman addition to the polarization, which

according to Eq(17) equals
The following formulas of perturbation theory are valid for

. - ] 1
the polarizability tensors: Pio(q,w')=,8ij(w,w’) = aﬁ(l(w))(m(w)ﬁ-
_ s [{nldIndiidyim - nld |11 ) ’
aij(@) = : o —w—i0 + o+ o+i0 |’ Equation (6), which is a consequence of Maxwell's

(13 equations for a macroscopic field, because there is no pri-

) (m|d;|1){I|d;|n) mary field at frequency’, now takes the form
Bij(w,a)’)=5(w _(1)+(1)mn)2| [ﬁ
n Ei(q,0")=47[Qjj(q,®") —~ §;]Pj(q,0"). (19

(m[d;[1){I[d;|n)
o
ot o+i

Equations(16), (18), and (19 relate the macroscopic
field, the local field, and the polarization to each other. In
order to find the macroscopic field of the scattered wave, we
eliminate the last two unknowns. Combining E¢&6) and

If statesn andm are axially symmetric, the tensors can
be represented in the form of E(@) and, consequently,

(18), we get
o =€ (1l 20n(0f,~0?) {8 4mnoais(@)[Qsi(d,0) — Tsj(d,0') [P =PY.
(20)
aH:ezZ |<||Z|n>|22w|n(w|2n—w2)’1, Using Eq.(8) to introduce the inverse electric susceptibility

tensor, we can rewrite Eq20) as
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noaij(w’){xj;l(w’)+477[5J.S—Q].S(q,w’)]}PS: P, which coincides with the results of Refs. 4-7.

(21
Substitution of Eq(19) gives the desired expression for the
macroscopic field: 4. RAMAN SCATTERING IN A UNIAXIAL CRYSTAL
{[Qij(a,0") =51 ' —4mxij(0')}E; In a uniaxial crystal, when the permittivity has the form
1 of Eq. (11), inverting the tensor on the left-hand side of Eq.
=47 o aj;l(w’))(ij(w’)Pg. (22) gives
. 4m(w'lc)?
Inverting the tensor, . "=
9 ( / )25 . El(q!w ) q2_8 ((D,/C)z
_, [(&'e)%;—qiq; |~ ,
@00 et X| 6y
o2 2 ' oeqiteq;—ee (w'/0)
w
:(7) (qz_(?) )5”' —qiq; | x,stﬁFs. (25

and introducing the permittivity of the crystal, we finally TensorA; is defined as

have N .
? e i ' Aii(q'w’):%(si—s)(?) eejt U)
9°dijeij(w’) o | T4 Ej(q,0") <
w
' X q2_8|(? }qiqj-f'(s“—gi)

2 1
=477(?) Xij(@") o aﬂ(l(w,)ﬂks(waw’)

X(q-e)(&q;+eq;),
xi a (@) xin(@)F (22) while q, andq, are, respectively, the transverse and longi-
ng ° In " tudinal components of the wave vector relative to the optic
It is easy to see by analyzing this result that it is analo-2Xis  Of the crystal.

gous to the result of calculating the radiation of a point di-.  1he inverse Fourier transformation can be broken up
pole d in a crystal, using the usual Maxwell's equations,'mo two stages—integration over the longitudinal and the

when the right-hand side of the analogous expression has tHE2NSVerse wave vectors:

form
47T(w'/C)2di . Ei(r7w,):(2w)7sf dqu exqiqL'r]f quEi(Ch 7quCU,)
Comparing this with Eq(22), it is easy to see that a mol- xXexdiqg,z].

ecule of the crystal during the Raman scattering actually b

haves as if it had an effective Raman polarizability of “The integral ove, is determined by the poles &(q, »").

The two types of poles in Eq25) correspond to the two
off , 1, , , types of waves in a uniaxial crystal—ordinary and extraor-
Bij (0,0")= g ok (0")xis(@") B(w,0") dinary. The scattered wave consequently is the sum

E(r,o')=E(r,0')+E®r,0’).

1
><no " (@) Xnj(@)- (23 The ordinary wave is determined by the poles

We should point out that this is valid in a crystal with q,==* w/sL(w’/C)z—qu_iiO.
arbitrary symmetry. For a uniaxial crystal, E®3) has a

simpler form: For positivez, the contour of integration can be closed via a
off o o half-circle of infinite radius in the upper complex half-plane,
Bij (w,0")=pB7(5;—ee)+ B ee, and likewise for negative in the lower half-plane. Taking
where into account the corresponding contributions gives
, , 1\ 2
effZXJ_(w )BL(w,0")x (o) E?f(r’wf):(zﬂ-)li(w_) J'qul
* Noa, (®')Npe (w) (24) ¢
ger_ (@) B0 () xexilid, r+2zye (0'/c)’—q7]
[— '
loay (@) Moer () A2V (0'10P— 2.0, ,0')
In an isotropic crystal, in the Lorentz—Lorenz model, Eq. ij— (SJ__SH)qJZ_
(23) gives
g(w)+2e(w')+2 B?sﬁl:s 26
! ! ><—-
ﬁ'ﬁ(w,w )= &ij (0,0"), \/sl(w’/c)z—qf 29

3 3
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To determine the waves at large distances in the wav@&he radiation intensity into an element of solid angle in this
zone, we use the stationary-phase approximation. The extrease is

mum of the expression in the exponential is found at the

point
,
d =" (w'le)eL,
which  corresponds  to q2=zr Y(w'/c)Ve,  or

a°=rr (w'/c) e, . Use of the well-known formulas of the

di®* ¢

wl 4
40 = 8n J—(?) Sirf 6

|B"F— B"F ., cos g cot 6]
[co 0+ (g le,)si? 6]°2

For the valuesf= = and 6=0, it should be taken into

(31)

stationary-phase method in the two-dimensional case give2ccount that both types of waves in these directions have

(1),

1\ 2
E?r(r,w’)=%ex;{i\/a?r (%)
Aij(rrfl\/;(w'/c),w')

T (e, —epe, (w'lc)2(r I1)?

X| 6

BiAFs.

(27)

Let the incident wave be polarized in the plane. Using
n to denote the unit vector of the axis, we write

F=F,e+F.n,
and, consequently,
TFs=B"Fie;+BSF n;.
Equation(27) in this case can be simplified:

1 - o'l o 2
E?’(r,w’)=;exr{lrﬁ?( ) BF.

c

Xr;
ni— +e .
i r2_22 i r2_22

The energy flux into an element of solid angle is
di

C
. —y2¢=¢r2 ___|E.H*|=
gn ST g, B

(28

2

0 *
a7 [EX(Q°XE")],

whereq? is the stationary-phase point. Substituting E28),
we get

di°r ¢

1\ 4
m:§<%) vsl(w’)lﬂﬁ“(w,w’)lilz sir? ¢,
(29

¢ is the azimuthal angle measured from thexis.

Similar calculations can be made for the extraordinar
waves. In this case, the integral owgrincludes the contri-

bution of the pole

g,==* \/sl(w'lc)z—qfsl ley=i0.

The stationary-phase method makes it possible to inteR
grate over the transverse wave vectors, and we finally hav%

o’ €
Eiex(r,w’)=ex;{i\/sL — A/ 2+r2 L
—302/ 1\ 2
€ ®
X 22+I‘2—” <_) BﬁﬁF”
€ C
ZX
ff 2
_Tﬁi Fo|leri—ryz]. (30
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identical wave vectors and orthogonal polarization. It there-
fore makes sense to speak only of their total intensity, which
is determined by

dltol

c o' N eff 2
m<0=o,w>=gﬁ s |BSF L |°.

It can be seen from the resulting formulas that the angu-
lar radiation distribution is determined by the components of
the effective Raman polarizability tensor and consequently
strongly depends on the local-field effects.

5. RAMAN SCATTERING CROSS SECTION IN A UNIAXIAL
CRYSTAL

The radiation intensity of the two types of waves can be
obtained by integrating the fluxes given by Eq29 and
(31) over angles:

C o' 4
o= Vo | o | 1872
|ex_ c \/— (,0, ¢ €l ? effF 2 €L +4 ef‘fF 2

B 12 &1 C € ﬂl L g BH I '
(32

The total radiation intensity of all the waves is given by

c \4 €
tot_ il effe | 2 hd
I A s [ BI'F, 3+8J_

eff 2 & ?
+4] B,"F e (33
€

In writing the scattering cross sections, it is necessary to
distinguish two cases, corresponding to different types of
incident wave. If the incident wave is ordinary, it is always

olarized perpendicular to the optical axis; i.e., thgr= 0.
The energy flux in the incident wave in this case,
c 1 c
So =87 o Q|F|2=g Ve, |F|? g

is independent of the propagation direction of the wave. The
aman scattering cross section of the ordinary wave is ac-
ordingly

Itot 27 (o' 4 8((1)’)
- eff| 2 I
TS, 3 (c) 181 ("”q(w'))

g (w")

g (w)’

We should point out that the label showing the type of
wave is written below in order to emphasize that one is deal-
ing with a type of incident wave and not a scattered wave, as
it was above.
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In describing the incident extraordinary wave, it is con- |H|?=|sxD|?=|s,D, —s, D|?
venient to introduce the ray vectsy defined by

=s?(g sir? y+e&, co¥ y)?|F|%.

F=Hxs, H=sxD. ” . i

The magnitude of the ray vector depends on its direction

The energy flux . i
in a known way:

S=(c/8m)|H|?s

is directed along the ray vector. Introducing the anglee-

tween the ray vector and the optical axis and also recallingherefore, finally, the energy flux in the extraordinary wave
that the vectors, g, F, andD lie in the same plane, we can equals

write

2

s?=(g, cog y+g Sirt y) L

c .
s=s(e cosy+n siny), Sex=g [Fl?(2, (w)cos y+&)(w)sir? y)Y2
F=F(—esiny+n cosy). The Raman scattering cross section of the extraordinary
Then wave is accordingly

_2_w(w_')4 o () B3 420" )e, (0)1008 v +4Le (0o, (o) PIBET S 5 ,
%e=3 1) Ve (e [co 7+ (s)(@)le, (@))Si? 417 39

The frequently used extinction coefficieht which charac- Expanding Eq(35) to terms of first order in the anisot-
terizes the energy loss of the incident wave per unit length ofopy, we can obtain in this case the scattering cross section
crystal during scattering, is obtained by simply multiplying of the extraordinary wave:

the cross sections by the number of molecules in unit volume

of the crystal: 8w ( ' 4|,36ﬁ|2+ 27 (w’)"’meﬁ'z gl—¢&,
(o = _— — —_— —
h=on,. 3 \ec 31lc P>
As can be seen from Eq$34) and (35), the scattered 1422~ 21s+10 Sir? y} (37)
energy depends on the propagation direction only for the e+2

extraordinary waves.
For comparison, we show the analogous formula calcu-
lated without including the local field:

w'\? 27 [w'\* g —¢
el 2, 27 | 27 *L
ot 27 ] et 2

X[1+5 sir? v].

8

To estimate the effect of the local field, let us consider  °® 3
the case in which the frequencies of the incident and scat-
tered waves are close, so that it is possible to assume

gij(w’)=¢ij(w). We assume that the anisotropy of the crys-
tal caused by anisotropy of the molecules in an isotropic Comparing dg tW'thlliq (t37) \:va (/:grl Stei that, tbe5|des tthe
lattice is weak. For simplicity, we also assume the intrinsiccommon adaitional tac of(s+2)/3]", taking into accoun

Raman polarizability of the molecules to be isotropic. Then,the local field in a uniaxial crystal resuits in a relative n-
in accordance with Eq11), we can write crease by a factor of 3 or 4 of that part of the cross section

that depends on the direction of the incident wave.

Thus, taking into account the effect of the local field on
the Raman scattering in a uniaxial crystal reduces to intro-
ducing the effective Raman polarizability of the molecules.
where In this case, the latter is determined both by the intrinsic
properties of the molecules and by the macroscopic proper-
ties of the crystal at the frequencies of the incident and scat-
The effective Raman polarizability tensor takes the form tered waves.

This is reflected both in the scattering intensity and in

6. DISCUSSION OF THE RESULTS (

2

gi—e, =4mNyd| ——| <e,

o=a—a <a.

off et o ET2 2 the angular distribution of the scattered waves. In the case of
L=RT=8 3 |’ an extraordinary incident wave, when the cross section de-
(36) pends on its propagation direction, it is the effective polariz-
pgefi— ety Zﬂeﬁ € ability that determines this dependence; i.e., it is essential to
I e+2 allow for the local field in this case.
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