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Abstract—The Krylov–Fock theorem is applicable to describing the decay of an excited quantum-
mechanical system in the case where the time of excited-state formation is much shorter than the char-
acteristic decay time. The results obtained by calculating, on the basis of this theorem, the average lifetime
tav of an excited state for nuclei that resonantly scatter γ rays are in serious contradiction with available
data on tav, including experimental data. This disproves the assumption that the resonance absorption and
emission of γ rays proceeds within times much shorter than τ = �/Γ (Γ is the intrinsic width of a nuclear
level). A qualitative explanation of this effect is proposed. c© 2003 MAIK “Nauka/Interperiodica”.
Referring to the monograph of Migdal [1], Stepa-
nov and Tsipenyuk [2] indicated that the duration
of photon emission from a nucleus [as well as the
duration of resonance photon absorption by a nucleus
(A.D.)] is about λγ/c, where λγ is the γ-ray wave-
length; for photons of energy 100 keV, this is approxi-
mately equal to 3× 10−20 s. However, there exist the-
oretical and experimental data that cast some doubt
on the validity of the statement that the duration of
nuclear gamma-ray resonance absorption (emission)
is much shorter than the average lifetime of a nucleus
in the state excited upon photon absorption. We now
consider the process of “ideal” Mössbauer resonance
gamma-ray scattering—that is, a process where
gamma-ray-emission and gamma-ray-absorption
lines have an intrinsic width Γ and where they are not
shifted with respect to each other and are described
by a Lorentzian function,

F (E) ∼ Γ2/4
(E − E0)2 + Γ2/4

, (1)

where E is the gamma-ray energy and E0 is the
position of the resonance center. In the resonance ab-
sorption of such gamma rays, excited nuclei are char-
acterized by an excitation-energy distribution W (E)
that is proportional to the product of two functions
in (1):

W (E) ∼ (Γ2/4)2

[(E − E0)2 + Γ2/4]2
. (2)

This function is no longer a Lorentzian function;
therefore, the decay of excited nuclei does not obey an
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exponential law. The spectrum of gamma rays emitted
by the excited nuclei of the scatterer has the same
form. It can be proven that the FWHM of a γ line
described by (2) is approximately 1.5 times less than
Γ. Hence, we can expect that the average lifetime
tav of nuclei in the excited state that arises upon
Mössbauer resonance absorption is about 1.5 times
longer than τ = �/Γ. Below, it will be shown that the
relation tav = 1.5τ holds exactly under the conditions
being considered.

The angular distribution of resonantly scattered γ
rays that is perturbed by a magnetic field orthogonal
to the scattering plane was analyzed theoretically in
[3]. Considering the particular case where the nucleus
excited upon photon absorption goes over from the
ground state of spin–parity 0+ to the 2+ state, the
authors of [3] showed that, for µH � Γ, where µ is
the magnetic moment of the excited nucleus andH is
the magnetic-field strength, the angle of rotation δθ
of the rosette of the angular distribution of resonantly
scattered photons is given by

δθ = Ωτ
∆ + 2Γ
∆ + Γ

, (3)

where Ω = gµNH/� is Larmor frequency for the 2+

nuclear state, g is the gyromagnetic ratio for this
state, µN is the nuclear magneton, and ∆ is the
γ-line width of the exciting radiation. In the case un-
der consideration, ∆ = Γ and expression (3) reduces
to

δθ = 1.5Ωτ. (4)

Since the above angle of rotation must be equal to the
product of the Larmor frequency Ω and the average
2003 MAIK “Nauka/Interperiodica”
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duration of nuclear-spin precession (that is, the aver-
age lifetime tav of the nucleus in the excited state) it
follows from (4) that tav = 1.5τ .

Later on, a similar problem was considered by
Eicher [4], who generalized it to the case of an ar-
bitrary multipolarity of the γ transition and showed
that expression (4) is valid if the γ-emission line is
not shifted with respect to the absorption line. In the
study performed by a group from the Institute of The-
oretical and Experimental Physics (ITEP, Moscow)
PH
and reported in [5], a general expression for the an-
gular distribution of resonantly scattered γ rays that
is perturbed by a magnetic field was derived for the
case where transitions involve an arbitrary mixture of
multipolarities and where no constraints are imposed
on the energy of hyperfine interaction. For µH � Γ,
the following result was obtained in [5] for the angle of
rotation of the angular-distribution rosette (see also
[6]):
δθ = Ω�

{
(Γ + ∆)

[
(Γ + ∆)(3Γ + ∆)

4
+ s2

]
− Γ(Γ + ∆)2

4
− Γs2

}
[
Γ(Γ + ∆)2

4
+ Γs2

]
(Γ + ∆)

. (5)
Here, s is the shift of the source γ line with respect to
the absorption line of the scatterer.

Setting s = 0, we again arrive at (3) and, hence, at
(4). Expression (3) was confirmed by the experiment
[6] performed by a group from ITEP with γ rays from
191Ir. In this experiment, use was made of a metallic-
osmium γ source, where, after exposure to thermal
neutrons in a reactor, 191Os arose. It is well known
from the literature that the width of the Mössbauer γ
line emitted by this source is ∆ = (1.351 ± 0.050)Γ.
For this value of ∆, expression (3) yields

δθ = (1.425 ± 0.010)Ωτ.

The experiment reported in [6] resulted in δθ =
(1.40 ± 0.11)Ωτ , which confirmed the above theoret-
ical predictions. Thus, there is every reason to believe
that the following statement has been proven: in the
ideal Mössbauer resonance scattering of γ rays, the
scattering nucleus “spends,” on average, 1.5τ in an
excited state.

Let us now address the following question: What
result will quantum-mechanical calculations yield
for tav in the case where the time of the nuclear-
excitation process (that is, the photon-absorption
process) is much shorter than τ . The answer can
be obtained by means of the Krylov–Fock theorem
[7]. According to this theorem, the probability L(t)
that an excited system does not decay within the time
t from its formation is controlled by the excitation-
energy distribution W (E) formed in the excitation
process—that is, over a time much shorter than τ—
and is given by

L(t) =
∣∣∣∣
∫
e−iEt/�W (E)dE

∣∣∣∣
2

. (6)

Adopting expression (2) forW (E), we find that it
is then necessary to calculate the squared modulus of
the quantity

I =
(

Γ2

4

)2 ∞∫
−∞

e−iEt/�dE

[(E − E0)2 + Γ2/4]2
. (7)

The integral in (7) is calculated by taking the residue
at the second-order pole in the lower half-plane. Dis-
carding factors independent of t, we obtain

L(t) ∼
∣∣∣∣
(

2 +
Γt
�

)
e−Γt/2�

∣∣∣∣
2

=
(

2 +
Γt
�

)2

e−Γt/�.

(8)

The number of decays per unit time at the instant t is
determined by the time derivative of L(t),

dL(t)
dt

= −Γ2t

�2

(
2 +

Γt
�

)2

e−Γt/�. (9)

The average lifetime of nuclei in an excited state ap-
pears to be

tav =

∞∫
0

t
dL(t)
dt

dt

∞∫
0

dL(t)
dt

dt

= 2.5
�

Γ
= 2.5τ (10)

instead of the value of 1.5τ , which follows from the
width of the γ line emitted by the scatterer; from
the theory of magnetic-field-perturbed angular dis-
tributions of resonantly scattered γ rays; and, finally,
from experimental data on the angle of rotation of
the rosette of the angular distribution of resonantly
scattered γ rays from 191Ir. For the first time, this
was indicated in [8]. It should be noted that the ex-
perimental value in question differs by ten standard
deviations from the value of tav that results from the
Krylov–Fock theorem. In all probability, this result
is sufficient for disproving the statement that, in the
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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process of ideal Mössbauer resonance scattering, the
nucleus involved absorbs (and, hence, emits) a pho-
ton within a time much shorter than τ . As a matter
of fact, this result indicates that the excitation-energy
distribution of width Γ/1.5 cannot be formed within a
time less than 1.5�/Γ.

There arises the question of whether the assump-
tion that the photon-absorption (photon-emission)
process is long (that is, of duration commensurate
with τ ) can remedy the situation. We will present a
few qualitative arguments in support of this assump-
tion. Measurements of the magnetic-field-perturbed
angular distribution of resonantly scattered γ rays
show that the nucleus spends, on average, 1.5τ in
an excited state, in agreement with the theory. This
implies that nuclear transitions from the ground state
to an excited state and inverse transitions proceed
within a time much shorter than τ . Thus, we arrive
at the conclusion that, although nuclear transitions
are associated with photon-absorption and photon-
emission processes, the respective time scales differ
considerably. At the beginning of the γ-wave effect
on a nucleus, the nucleus goes over to an excited
state; that is, it acquires the spin, parity, andmagnetic
moment of the excited state. However, the energy
of this state has a large uncertainty at the initial
instant of γ-wave absorption, since the excitation-
energy distribution of nuclei at the instant t must
be determined by the frequency spectrum (Fourier
integral) of that part of the wave train which has
affected the nucleus to this instant. The longer the
time within which the wave train affects the nucleus,
the narrower the excitation-energy distribution and,
accordingly, the smaller the uncertainty in the en-
ergy of the excited state. A broad excitation-energy
distribution at the initial period of the absorption of
the γ wave must be associated with a high proba-
bility of photon emission by the excited nucleus at
this stage. This very pattern of radiation leads to the
value of 1.5τ instead of 2.5τ , which results from the
Krylov–Fock theorem. It is worth noting that the
initial excitation-energy distribution fixed according
to the Krylov–Fock theorem at the initial instant of
the decay process retains its shape in the course of
time. Within our model of state formation, this distri-
bution must vary (become narrower) in the process
of prolonged γ-wave effect on the nucleus. Under
these conditions, the Krylov–Fock theorem does not
provide a correct description of excited-nucleus de-
cay. It is valid only in the case where the distribution
W (E) is formed within a time much shorter than the
characteristic time of excited-state decay; moreover,
the distribution formed must not undergo, during the
entire decay process, changes in shape that are due to
any external effects on the nucleus. These conditions
are satisfied, for example, in experiments aimed at
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
observing the magnetic-field-perturbed angular dis-
tribution of bremsstrahlung photons originating from
electrons and undergoing resonance scattering on
nuclei. In this case, the wave trains of absorbed ra-
diation are very short, while the photon spectrum is
wide, so that, in the nuclear resonance region, it can
be treated as an energy-independent constant. As a
result, the excitation-energy distribution is described
by the Lorentzian function (1) and is formed within a
time much shorter than τ . In this case, expression (3)
and the Krylov–Fock theorem yield the same value
(τ ) for the average lifetime of the nucleus in an excited
state.

It should be noted that the values of tav that are
obtained from experiments measuring the angular
distributions of resonantly scattered γ rays and those
that are produced by the Krylov–Fock theorem have
the same meaning by definition. In both cases, they
are averaged over the time dependence of the photon-
emission probability. In the first case, there occurs
averaging of the angle of rotation of the angular-
distribution rosette with respect to its undisturbed
position (this angle is equal to δθ = Ωt, where t is the
lifetime of a specific nucleus in an excited state), and
this is equivalent to the averaging of t. In the second
case, t is averaged directly.

There may arise the question of whether the man-
ifestation of the spatial and time extension of γ rays
may provide the possibility of pinpointing the origin of
photons. Prior to answering this question, we would
like to indicate that a detection of a single photon
does not reveal its wave properties. In order to ob-
serve interference and diffraction patterns and to fix a
resonance character of γ-ray interaction with nuclei,
it is necessary to detect a large number of photons.
At the same time, corpuscular features of photons—
such as its momentum and energy and the coor-
dinates of its interaction with a detector material—
can be determined by detecting a single photon from
either the Compton effect or from photoabsorption.
Therefore, we can state that the origin of photons
cannot be revealed in those processes where their
corpuscular properties manifest themselves. At the
same time, different-origin photons differ by their
wave properties, this difference being seen only in
photon ensembles (it cannot be observed in detect-
ing a single photon). For example, bremsstrahlung
from electrons that is absorbed by nuclei generates
a natural Lorentzian excitation-energy distribution,
and this leads to a intrinsic lifetime of excited nuclei.
However, exposure of the same nuclei to Mössbauer
photons that are in resonance with them generates,
as was shown above, a narrower (by a factor of 1.5)
excitation-energy distribution, the average lifetime of
excited nuclei being accordingly longer.
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Abstract—By using the most recent generalized form of the density-dependent nucleon–nucleonDDM3Y
interaction, namely, CDM3Yn-Paris interaction, the basic static properties of symmetric and asymmetric
nuclear matter such as binding energy per particle, pressure, velocity of sound, and compressibility are
calculated. Also, at finite temperature, the thermal properties of nuclear matter are studied, such as the free
energy, the pressure, the entropy, and the compressibility. In addition, a comparison using different density-
dependent M3Y-Paris interaction (DDM3Y1 and BDM3Y1) is considered. The importance of using the
density-dependent term in the M3Y-Paris interaction is to fulfill the saturation requirement for the nuclear
matter becauseM3Y-Paris interaction has an attractive character. Thus, the nuclear matter generated with
this interaction is unstable against collapse. This new version of the DDM3Y is the general one, and other
previous density-dependent forms can be considered as a special case of this one. Therefore, all the explicit
theoretical developments are based on the density-dependent CDM3Yn version. The results obtained are
in good agreement with previous theoretical estimates. c© 2003 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

An important subject in theoretical nuclear phy-
sics is the study of the properties of dense nuclear
matter (NM). These properties are also important
for particle physics and astrophysics as well as for
nuclear physics. Theoretical calculations of the NM
properties, a fully microscopic description of both
symmetric and asymmetric NM, remain a challenge
for the nuclear many-body theory.

The so-called M3Y effective (in-medium) nucle-
on–nucleon (NN ) interaction based on theG-matrix
element of the Paris [1] NN potential is used in our
present work. Various effective NN interactions, as
well as the adjustments of their parameters to satisfy
the constraint imposed by the saturation properties
of NM, are described in detail by Khoa et al. [2, 3].
Since the original M3Y interaction can be shown to
give a wrong description of the saturation properties
of normal NM, some realistic density dependences
(DDM3Y1 and BDM3Y1) are introduced into this
interaction to reproduce the saturation properties
of cold, symmetric NM at density ρ0 = 0.17 fm−3.
The DDM3Y1 and BDM3Y1 versions of the density-
dependent M3Y interaction are shown to give a rather
soft equation of state (EOS) for symmetric NM, with

∗This article was submitted by the author in English.
**e-mail: azshal@hotmail.com
1063-7788/03/6612-2117$24.00 c©
the nuclear compressibilityK around 200 MeV, with-
in a consistent Hartree–Fock calculation [2]. These
versions also are shown to give the most realistic
shape for the nucleus–nucleus potential calculated
within the double-folding model [3]. It is therefore of
considerable interest to use the new version of the
M3Y interaction (CDM3Yn, n = 1–6) in order to
study the symmetric and asymmetric properties of
NM. The three different density-dependent versions
DDM3Y1, BDM3Y1, and CDM3Yn, which give
the nuclear incompressibility K = 170–270 MeV,
appeared to be the most realistic ones in the folding
analysis of refractive α-nucleus and nucleus–nucleus
scattering data [4].

In the present work, we use the special version
CDM3Y6 of M3Y-Paris interaction to produce the
symmetric and asymmetric NM binding energies,
pressures, compressibilities, speeds of sound, and
entropies at zero and finite temperature. Also, a
comparison using the DDM3Y and BDM3Y versions
is considered.

2. THEORETICAL FORMALISM

The direct (D) and exchange (EX) parts of the
M3Y-ParisNN forces can be written in terms of cen-
tral component V D(EX)

C (r) (where the spin–orbit term
and the tensor term are not considered) and in terms
2003 MAIK “Nauka/Interperiodica”
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Table

Version Parameters

C α β γ, fm3

DDM3Y1-Paris 0.2963 3.7231 3.7384, fm3 –
BDM3Y1-Paris 1.2521 1.7452 1.0 –
CDM3Y6-Paris 0.2658 3.8033 1.4099, fm3 4.0

of spin–isospin-dependent components V
D(EX)
σ (r),

V
D(EX)
τ (r), and V D(EX)

στ (r) as

V D(EX)(r) = V
D(EX)
C (r) + V D(EX)

σ (r)(σ1 · σ2) (1)

+ V D(EX)
τ (r)(τ1 · τ2) + V D(EX)

στ (r)(σ1 · σ2)(τ1 · τ2),
where

V D
C (r) = 11 061.625

e−4r

4r
− 2537.5

e−2.5r

2.5r
, (2)

V EX
C (r) = −1524.25

e−4r

4r
− 518.75

e−2.5r

2.5r
(3)

− 7.8474
e−0.7072r

0.7072r
,

V D
σ (r) = 938.875

e−4r

4r
− 36

e−2.5r

2.5r
, (4)

V EX
σ (r) = −3492.75

e−4r

4r
+ 795.25

e−2.5r

2.5r
(5)

+ 2.615
e−0.7072r

0.7072r
,

V D
τ (r) = 313.625

e−4r

4r
+ 223.5

e−2.5r

2.5r
, (6)

V EX
τ (r) = −4118.0

e−4r

4r
+ 1054.75

e−2.5r

2.5r
(7)

+ 2.6157
e−0.7072r

0.7072r
,

V D
στ (r) = −967.125

e−4r

4r
+ 450

e−2.5r

2.5r
, (8)

V EX
στ (r) = −2210

e−4r

4r
+ 568.75

e−2.5r

2.5r
(9)

− 0.872
e−0.7072r

0.7072r
.

The various density-dependent effective NN in-
teractions are assumed to have the separable form

V D(EX)(ρ, r) = f(ρ)V D(EX)(r), (10)

where V D(EX) is the direct (exchange) term, derived
from the M3Y interaction [5, 6]; r is the interaction
PH
separation; and ρ is the density of the surrounding nu-
clear medium, in which the two nucleons are embed-
ded. The original DDM3Y interaction [7] is assumed
to have an exponential dependence on the density,

f(ρ) = C[1 + αe−βρ], (11)

where the values of the parameters α, β, and C given
in [4] are adjusted to satisfy the saturation properties
of NM.Amore flexible power-law density dependence
(DD) is introduced in [2, 3]:

f(ρ) = C(1 − αρβ). (12)

These interactions are labeled BDM3Yβ. From
this type of DD, the one with a linear density de-
pendence (β = 1), which yields K = 270 MeV when
used with the M3Y-Paris interaction, seems to
give the best overall description of elastic nucleus–
nucleus scattering. It is used extensively in the
folding-model analysis as well as in heavy-ion elastic
scattering [3, 8]. In amore recent study of the density-
dependent effects in refractive nucleus–nucleus scat-
tering [4], a flexible hybrid of the DDM3Y1 and
BDM3Y1 forms was introduced to examine the sen-
sitivity of the scattering data on the K value in more
detail (at the price of introducing one new parameter),

f(ρ) = C[1 + αe−βρ − γρ]. (13)

Parameters of the density dependence in Eqs. (11),
(12), and (13) for versions DDM3Y1, BDM3Y1,
and CDM3Y6 are given in the table. The density-
dependent terms of the M3Y interaction, denoted
CDM3Yn (n = 6), are used to infer the value of the
compressibility coefficient K with more precision [4].
Since the DDM3Y1 and BDM3Y1 types of the DD
can be obtained as special cases of theCDM3Yn type,
all the explicit theoretical development is based on the
CDM3Yn type of the DD.

Polarized nuclear matter is composed of numbers
n ↑ (n ↓) of spin-up (spin-down) neutrons and p ↑
(p ↓) of spin-up (spin-down) protons, with corre-
sponding densities ρn↑, ρn↓, ρp↑, ρp↓, respectively;
thus,

A = n↑ + n↓ + p↑ + p↓ (14)

is the total number of particles and the total density ρ
is given by

ρ = ρn + ρp = ρn↑ + ρn↓ + ρp↑ + ρp↓. (15)

For polarized nuclear matter, we can define the
following parameters [9, 10]. The neutron excess pa-
rameter,

X =
ρn − ρp

ρ
. (16)

The neutron spin-up excess parameter,

αn = (ρn↑ − ρn↓)/ρ. (17)
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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The proton spin-up parameter,

αp = (ρp↑ − ρp↓)/ρ. (18)

There are four Fermi momenta in this general
case, namely, kn(λn) for neutrons with spin-up (spin-
down) and kp(λp) for protons with spin-up (spin-
down). These Fermi momenta are related to the ex-
cess parameters by the relations

k3
n = k3

F(1 +X + Y + Z), (19)

λ3
n = k3

F(1 +X − Y − Z) (20)

and
k3

p = k3
F(1 −X + Y − Z), (21)

λ3
p = k3

F(1 −X − Y + Z), (22)

where kF is the Fermi momentum of unpolarized NM,

Y = αn + αp, (23)

Z = αn − αp. (24)

By using the M3Y-Paris interaction [Eqs. (1)–
(9)] with the three versions of density dependence
[Eqs. (11), (12), and (13)], the energy per nucleon of
the NM at zero temperature can be written as

E = EV +X2EX + Y 2EY + Z2EZ , (25)

where

EV =
3�

2k2
F

10m
+

1
2
ρf(ρ)

[
JD +

∫
ĵ21(η)V EX

C (r)d3r

]
,

(26)

EX,Y,Z =
�

2k2
F

6m
+

1
2
ρf(ρ) (27)

×
{

−
∫
j21(η)V EX

C (r)d3r +
∫
V D

τ,σ,στ (r)d3r

+
∫

(ĵ21(η) − 2ĵ1(η)j2(η) + j22(η))V EX
τ,σ,στ (r)d3r

}
.

Here,

JD =
∫
V D

C (r)d3r, (28)

ĵ1(η) =
3j1(η)
η

, (29)

where jn(η) is the nth-order spherical Bessel function
and η = kFr. In Eq. (25), terms higher than quadratic
in X, Y , and Z are neglected. The pressure of a
nuclear system is given by

P = ρ2∂E

∂ρ
, (30)
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
 

0 2 4 6

 

ρ

 

/

 

ρ

 

0

 

0

40

80

120

160

 
E

 
, MeV

DDM3Y1
BDM3Y1
CDM3Y6
FP

Fig. 1. The energy per particle of nuclear matter as
a function of density using different density-dependent
M3Y interactions (DDM3Y1, BDM3Y1, and CDM3Y6)
in a comparison with FP potential [11].

and the compressibility is given by

K = 9
∂P

∂ρ
. (31)

By using Eq. (25), we get the pressure and the com-
pressibility at zero temperature as

P = PV +X2PX + Y 2PY + Z2PZ (32)

and

K = KV +X2KX + Y 2KY + Z2KZ . (33)

Using Eqs. (26) and (27) for EV , EX , EY , and EZ ,
one gets simple analytical equations for PV (KV ),
PX(KX), PY (KY ), and PZ(KZ).

Also, the speed of sound is given by

Vs/c =
(
∂P

∂ρ

)1/2

. (34)

It is well known from classical thermodynamics that
thermal properties of the system are completely de-
termined if the free energy F is known in terms of the
density ρ and temperature T ,

F (ρ, T ) = E(ρ, T = 0) − TS(ρ, T ), (35)

where E is the total energy and S is the entropy. The
volume term of the entropy is given by

SV (ρ, T ) =
π2m∗

�2k2
F

k2T, (36)
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Fig. 2. The pressure of nuclear matter as a function of
density at temperature T = 5 MeV in comparison with
FP potential [11] using the different density-dependent
versions of the M3Y interaction.
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Fig. 3. The same as Fig. 2, but for T = 10 MeV.

where k is the Boltzmann constant and is taken to be
equal to unity (in the presently considered units), and
m∗ is the effective mass. The symmetric terms of the
PH
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Fig. 4. The free energy of nuclear matter as a function of
density using the CDM3Y6 version at T = 5 and 10MeV
in comparison with that of FP potential [11].
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free energy at finite temperature are given by

FX,Y,Z(ρ, T ) = EX,Y,Z(ρ, T = 0) +
π2T 2

9�2k2
F

m∗
X,Y,Z ,

(37)

where

m∗
X,Y,Z (38)
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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= m

[
1 +

m

12�2
ρf(ρ)

∫
j0(η)r2V EX

τ,σ,στ (r)d
3r

]
,

and the pressure of the asymmetric NM at tempera-
ture T is given by

P T
X,Y,Z(ρ, T ) = PX,Y,Z(ρ, T = 0) +

π2T 2

9�2
(39)

×
{

m2ρ2

12�2k2
F

[ ∫ ((
a(ρ) − 2

3
f(ρ)

)
j0(η)

−1
3
f(ρ)ηj1(η)

)
r2V EX

τ,σ,στ (r)d
3r

]
− 2mρ

3�2k2
F

,

}
,

where

a(ρ) = ρ
df(ρ)
dρ

+ f(ρ). (40)

Also, the compressibility of asymmetric NM at tem-
perature T is given by

KT
X,Y,Z(ρ, T ) = KX,Y,Z(ρ, T = 0) (41)

+
π2T 2m

3�2k2
F

{
m

4�2

∫ [(
g(ρ) − 1

27
η2ρf

)
j0(η)

− 2
3
ηρa(ρ)j1(η) +

2
27
η2ρf(ρ)j2(η)

]
r2

× V EX
τ,σ,στ (r)d3r − 2

3

}
,

where

g(ρ) = ρ3 d
2f

dρ2
+

8
3
ρ2 df

dρ
+

4
9
ρf(ρ). (42)
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Fig. 7. Symmetry terms of cold NMEOS for the versions
DDM3Y1, BDM3Y1, and CDM3Y6 of Paris potential.

3. RESULTS AND DISCUSSION

The formalism described above studies symmetric
and asymmetric nuclear matter at zero and finite tem-
perature (T = 5 and 10MeV). In the present analysis,
the effect of the density-dependent term introduced
into the M3Y-Paris interaction, i.e., the DDM3Y1,
BDM3Y1, and CDM3Y6 versions, is also considered.
The values of the parametersC,α, β, and γ of f(ρ) are
03
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potential.

given in the table (see [2] and [4]) for the M3Y-Paris
interaction.

In Fig. 1, the EOS is plotted as a function of the
density for the DDM3Y1, BDM3Y1, and CDM3Y6
versions and a comparison with the previous work
of Friedman and Pandharipande (FP) [11] is shown.
The CDM3Y6 version gives a softer EOS than that
of BDM3Y1.
PH
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Fig. 9. Symmetry terms of free energy at T = 10 MeV for
the versions DDM3Y1, BDM3Y1, and CDM3Y6 of Paris
potential.

The pressure is shown in Figs. 2 and 3 at tempera-
ture T = 5 and 10 MeV, respectively, with a compar-
ison of FP calculations [11].

The free energy at temperature T = 5 and 10MeV
is presented in Fig. 4. The agreement with the previ-
ous work of FP [11] is quite good.

The entropy using the CDM3Y6 version is given in
Fig. 5, and the speeds of sound of the three versions
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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DDM3Y1, BDM3Y1, and CDM3Y6 are illustrated in
Fig. 6 with comparison of FP calculations [11]. Here,
we can notice that the CDM3Y6 is closer to the FP
estimates than the other versions.

According to the present analysis, it is found
that the compressibility of normal NM is 176, 270,
and 252 MeV for the three versions used, namely,
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
 

0 1 2 3 4

 

ρ

 

/

 

ρ

 

0

 

–30

0

10
CDM3Y6

–40

–20

–10

–60

0

20
BDM3Y1

–80

–40

–20

0

10

30
DDM3Y1

–10

20

 
P

 
, MeV fm

 
–3

 

P

 

X

 

P

 

Y

 

P

 

Z

Fig. 11. Symmetry terms of pressure at T = 10 MeV for
the versions DDM3Y1, BDM3Y1, and CDM3Y6 of Paris
potential.

DDM3Y1, BDM3Y1, and CDM3Y6, respectively,
which may explain the results obtained.

The symmetry energies EX , EY , and EZ (for cold
NM) as a function of the relative density ρ/ρ0 are
shown in Fig. 7 for the versions DDM3Y1, BDM3Y1,
and CDM3Y6.
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Concerning the version DDM3Y1, an increasing
behavior of EX , EY , and EZ is noticed, while for the
others (i.e., BDM3Y1 and CDM3Y6) the increase in
EX , EY , and EZ is noticed up to about 2ρ0 and then
smoothly decreases with increasing density.

The symmetry energy EX is evaluated for cold
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Fig. 13. Symmetry terms of compressibility as a function
of relative density at T = 0 for the versions DDM3Y1,
BDM3Y1, and CDM3Y6 of Paris potential.

NM [12] at neutron–proton asymmetries using dif-
ferent density-dependent M3Y interactions.

An empirical estimate of EX , EY , and EZ may be
obtained with the help of the empirical values of the
Landau parameters [13], where EX = 27 MeV, EY =
34.5 MeV, and EZ = 39 MeV for kF = 1.36 fm−1.
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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Fig. 14. Symmetry terms of compressibility as a func-
tion of relative density at T = 10 MeV for the versions
DDM3Y1, BDM3Y1, and CDM3Y6 of Paris potential.

Dabrowski [10] calculated EX , EY , and EZ using
the K-matrix theory with the Brueckner–Gammer–
Thelar and soft core potential and obtained EX =
26.5 MeV, EY = 32.5 MeV, and EZ = 38 MeV. Ac-
cording to the generalized hydrodynamics model of
Uberall [14], using the Seyler–Blanchard potential
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
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Fig. 15. Symmetry terms of free energy as a function of
temperature for the versions DDM3Y1, BDM3Y1, and
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(where the calculations are performed with different
values of EY ), it is found that the observed maximum
neutron-star mass and surface magnetic field are
best explained with EX = 33.4 MeV, EY = 15 MeV,
and EZ = 36.5 MeV. These values are in reasonable
agreement with our values.
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Figures 8 and 9 show the free energy for asym-
metric NM as a function of relative density at different
temperatures for the three versions.

Concerning the pressure, the effects of the temper-
ature on PX , PY , and PZ using the three versions are
shown in Figs. 10 (T = 0 MeV), 11 (T = 10 MeV),
PHY
and 12, where we notice that there is a small effect of
the temperature on the pressure of asymmetric NM. A
similar dependence on X has been observed by Bar-
ranco et al. [15]; onX, Y , andZ by Abd-Alla [16, 17];
and byMoharram [18]. The symmetry, spin symmetry,
and spin–isospin symmetry compressibilities (KX ,
KY , andKZ) are shown in Figs. 13 and 14 as a func-
tion of the relative density ρ/ρ0 for the three versions
for T = 0 and 10 MeV, respectively. In the version
DDM3Y1, KX , KY , and KZ increase at T = 0 and
10 MeV, while in versions BDM3Y1 and CDM3Y6
KX , KY , and KZ increase slowly until ρ = ρ0 and
then decrease rapidly at T = 0 and 10 MeV.

The effect of the temperature on the free energy
of asymmetric NM is shown clearly in Fig. 15. This
illustrates that, for versions DDM3Y1 and BDM3Y1,
FX , FY , and FZ increase smoothly with temperature.
For the CDM3Y6 version, the behavior is different;
namely, FX has a very slight increase with the tem-
perature up to T = 20 MeV, while FY and FZ are
nearly the same asFX until T = 5MeV and then they
decrease rapidly with increasing temperature.

The effect of temperature on the compressibility of
asymmetric NM for the three versions is shown in
Fig. 16, where KX , KY , and KZ decrease slowly as
the temperature increases.

The importance of the functional form of the den-
sity dependence is to facilitate folding calculations of
nucleus–nucleus potentials and it can also be used as
an effective interaction in a nuclear-structure model.
The density dependence CDM3Yβ is somewhat
softer than the linear dependence of the BDM3Y1
version with a popular choice of noninteger power,
β = 2/3 (which givesK = 218 MeV [13, 19]).

We also note that, even with K = 270 MeV, we
are still dealing with a quite soft EOS compared
with the hard EOS which is sometimes consid-
ered in the study of heavy-ion collisions (with K =
400–500 MeV [20]).

We choose the CDM3Y6 version to show that
such a version gives a good representation of realistic
potential for use in a folding-model analysis of α
scattering [21, 22], and it also gives good estimates
for static and thermal properties of NM.
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Abstract—An isospin-self-consistent approach based on the continuum-random-phase approximation
(CRPA) is applied to describe the Fermi andGamow–Teller strength distributions within a wide excitation-
energy interval. To take into account nucleon pairing in open-shell nuclei, we formulate an isospin-self-
consistent version of the proton–neutron-quasiparticle-CRPA (pn-QCRPA) approach by incorporating
the BCS model into the CRPA method. The isospin and configurational splittings of the Gamow–
Teller giant resonance are analyzed in single-open-shell nuclei. The calculation results obtained for the
208Bi, 90Nb, and Sb isotopes are compared with the available experimental data. c© 2003 MAIK “Nau-
ka/Interperiodica”.
1. INTRODUCTION

The Fermi and Gamow–Teller (GT) strength
functions in medium-heavy mass nuclei have been
studied for a long time. The subject of studies of
the GT strength distribution is closely related to the
weak probes of nuclei (single and double β decays,
neutrino interaction, etc.) as well as to the direct
charge-exchange reactions [(p, n), (3He, t), etc.].
The weak probes deal with the low-energy part of
the GT strength distribution (see, e.g., [1, 2]). The
direct reactions allow one to study the distribution in
a wide excitation-energy interval including the region
of the GT giant resonance (GTR) (see, e.g., [3–7] and
references therein) and also the high-energy region
(see, e.g., [8, 9]). The discovery of the isobaric analog
resonances (IAR) and the subsequent study of their
properties have allowed one to conclude that there
is a high degree of isospin conservation in medium-
heavy mass nuclei. It means that the IAR exhausts
almost the total Fermi strength and the rest is mainly
exhausted by the isovector monopole giant resonance
(IVMR) [1, 10].

The random-phase-approximation (RPA)-based
microscopical studies of the GT strength distribution
started from the consideration of a schematic three-
level model taking the direct, core-polarization, and
back-spin-flip transitions into account [11]. One or

∗This article was submitted by the authors in English.
1)Institut für Theoretische Physik der Universität Tübingen,
Germany.

2)Moscow Engineering Physics Institute (State University),
Kashirskoe sh. 31, Moscow, 115409 Russia.

**e-mail: vadim.rodin@uni-tuebingen.de
***e-mail: urin@theor.mephi.ru
1063-7788/03/6612-2128$24.00 c©
two weakly collectivized GT states along with the
GTR were found in the model. Realistic continuum-
random-phase-approximation (CRPA) calculations
for the GT strength distribution were performed
in [12, 13]. Some of the states predicted in [11] were
found in [13]. Attempts to describe the GT strength
distribution in detail within the RPA + Hartree–
Fock model have been undertaken recently in [14].
Unfortunately, the authors of [12, 14] did not address
the following questions: (i) the GT strength distribu-
tion in the high-energy region of the isovector spin-
monopole giant resonance (IVSMR); (ii) effects of the
nucleon pairing; (iii) the isospin splitting of the GTR.
Having taken the nucleon pairing into consid-

eration in CRPA calculations, the authors of [13]
predicted the configurational splitting of the GTR in
some nuclei and initiated the respective experimental
search for the effect [3]. In [13], however, the influence
of the particle–particle interaction in the charge-
exchange channel was not taken into account. Along
with the pairing interaction in the neutral channel,
the proton–neutron interaction is taken into con-
sideration within the proton–neutron-quasiparticle
random-phase approximation (pn-QRPA) to de-
scribe the double-β-decay rates (see, e.g., [2] and
references therein). Unfortunately, most current ver-
sions of the pn-QRPA do not treat the single-particle
continuum, which hinders the description of both
high-lying IVMR and IVSMR. In addition, it seems
that the question whether the modern versions of the
pn-QRPA comply with the isospin conservation has
not been raised yet.
The present paper is stimulated partially by the

experimental results of [3–7] and by the intention
to overcome (to some extent) the shortcomings of
2003 MAIK “Nauka/Interperiodica”
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previous approaches. As a base, we use the isospin-
self-consistent CRPA approach of [15–17], where
direct-decay properties of giant resonances have
mainly been considered. We pursue the following
goals:
(i) application of the isospin-self-consistent

CRPA approach to describe the Fermi and GT
strength distributions in closed-shell nuclei within a
wide excitation-energy interval, including the region
of the isovector monopole and spin-monopole giant
resonances;
(ii) formulation of an approximate method to deal

with the isospin splitting of the GTR;
(iii) taking into account the spin-quadrupole part

of the particle–hole interaction for description of GT
excitations;
(iv) incorporation of the BCS model into the

CRPA method to formulate an isospin-self-consis-
tent version of the proton–neutron-quasiparticle
continuum-random-phase-approximation (pn-
QCRPA) approach;
(v) application of the pn-QCRPA approach to de-

scribe the Fermi and GT strength distributions in
single-closed-shell nuclei within a wide excitation-
energy interval;
(vi) examination of the GTR configurational split-

ting effect within the pn-QCRPA and its impact on
the total GTR width.
We restrict ourselves to an analysis within the

particle–hole subspace and, therefore, do not address
the question of the influence of 2p–2h configura-
tions (see, e.g., [18]) nor the quenching effect (see,
e.g., [19]). However, we simulate the coupling of the
GT states to many-quasiparticle configurations, us-
ing an appropriate smearing parameter.
The above-listed goals could apparently be achie-

ved within the pn-QCRPA approach based on the
density-functional method [20]. However, the authors
of [20] focused their efforts mainly on the analysis of
the low-energy part of the GT strength distribution
relevant for astrophysical applications.3)

The paper is organized as follows. In Section 2,
the basic relationships of the isospin-self-consistent
CRPA approach are given. They include descrip-
tion of the model Hamiltonian, its symmetries and
the respective sum rules (Sections 2.1 and 2.2),
the CRPA equations taking into account the spin-
quadrupole part of the particle–hole interaction for
description of the GT excitations (Section 2.3), and
an approximate description of the isospin splitting of
the GTR (Section 2.4). In Section 3, we extend the

3)We should emphasize the decisive contribution of
Prof. S.A. Fayans in developing such a powerful approach.
We much regret his too early passing away.
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CRPA approach to incorporate the BCS model to
describe both the nucleon pairing in neutral chan-
nels and the respective interaction in the charge-
exchange particle–particle channels. The generalized
model Hamiltonian, its symmetries, and respective
sum rules are given in Sections 3.1 and 3.2. The
standard pn-QCRPA equations are reformulated in
terms of radial parts of the transition density and
free two-quasiparticle propagator. That allows us to
formulate the coordinate-space representation for the
inhomogeneous system of the pn-QRPA equations
(Section 3.3). As applied to single-open-shell nuclei,
a version of the pn-QCRPA approach is formulated
on the basis of the above system (Section 3.4).
The choice of the model parameters and calculation
results concerned with the Fermi and GT strength
distributions in the 208Bi, 90Nb, and Sb isotopes are
presented in Section 4. A summary concerning the
approach and discussion of the calculation results are
given in Section 5.

2. DESCRIPTION OF THE FERMI AND GT
STRENGTH FUNCTIONS

IN CLOSED-SHELL NUCLEI
2.1. Model Hamiltonian

We use a simple, and at the same time re-
alistic, model Hamiltonian to analyze the Fermi
(F), Coulomb (C), and GT strength functions in
medium-heavy mass spherical nuclei. The Hamilto-
nian consists of the mean field U(x) including the
phenomenological isoscalar part U0(x) along with
the isovector U1(x) and the Coulomb UC(x) parts
calculated consistently in the Hartree approximation:

U(x) = U0(x) + U1(x) + UC(x); (1)

U0(x) = U0(r) + Uso(x),

U1(x) =
1
2
v(r)τ (3),

UC(x) =
1
2
UC(r)(1 − τ (3)).

Here, U0(r) and Uso(x) = Uso(r)σ · l are the central
and spin–orbit parts of the isoscalar mean field, re-
spectively; v(r) is the symmetry potential. The po-
tential U(x) determines the single-particle levels with
the energies ελ (λ = π for protons and λ = ν for
neutrons, λ being the set of the single-particle quan-
tum numbers, (λ) = {lj}) and the radial wave func-
tions r−1χλ(r) along with the radial Green’s func-
tions (rr′)−1g(λ)(r, r′; ε). On the basis of Eq. (1),
one can get expressions relating the matrix elements
of the single-particle Fermi (τ (−)) and GT (σµτ

(−))
operators (σµ are the spherical Pauli matrices):

t
(0)
(π)(ν){(επ − εν)(χπχν) + vπν − (UC)πν} = 0, (2)
03
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t
(1)
(π)(ν){(επ − εν)(χπχν) + vπν − (UC)πν (3)

− ((σ · l)(π) − (σ · l)(ν))(Uso)πν} = 0,

with

(χπχν) =
∫

χπ(r)χν(r)dr,

fπν =
∫

f(r)χπ(r)χν(r)dr,

t
(0)
(π)(ν) =

√
2jπ + 1δ(π)(ν),

t
(1)
(π)(ν)

=
1√
3
〈(π)||σ||(ν)〉.

We choose the Landau–Migdal forces to describe
the particle–hole interaction [21]. The explicit expres-
sion for the forces in the charge-exchange channel is

Ĥp–h = 2
∑
a>b

(F0 + F1σa · σb)τ (−)
a τ

(+)
b (4)

× δ(ra − rb) + h.c.,

where the intensities of the non-spin-flip and spin-flip
parts of this interaction, F0 and F1, respectively, are
the phenomenological parameters.

2.2. The Symmetries of the Model Hamiltonian
and Sum Rules

The model Hamiltonian Ĥ complies with the
isospin symmetry provided that

[Ĥ, T̂ (−)] = Û
(−)
C , (5)

Ĥ = Ĥ0 + Ĥp–h, Ĥ0 =
∑

a

(Ta + U(xa)), (6)

T̂ (−) =
∑

a

τ (−)
a , Û

(−)
C =

∑
a

UC(ra)τ (−)
a .

Using the RPA in the coordinate representation
for closed-shell nuclei, one can get according to
Eqs. (1), (4)–(6) the well-known self-consistency
condition [22, 23]

v(r) = 2F0n
(−)(r); (7)

n(−)(r) = 〈0|
∑

a

τ (3)
a δ(r − ra)|0〉 = nn(r) − np(r),

nβ(r) =
1

4πr2

∑
λ

(2jβ
λ + 1)nβ

λ(χβ
λ(r))2, (8)

where n(−)(r) is the neutron excess density and nβ
λ

are the occupation numbers (β = p, n). The self-
consistency condition relates the symmetry potential
to the Landau–Migdal parameter F0.
PH
The equation of motion for the GT operator

Ŷ
(−)
µ =

∑
a(σµ)aτ

(−)
a can be derived within the RPA

analogously to Eq. (5) [23]:

[Ĥ, Ŷ (−)
µ ] = Û (−)

µ , (9)

Û (−)
µ =

∑
a

Uµ(xa)τ (−)
a , Uµ(x) (10)

= [Uso(x), σµ] + (2(F1 − F0)n(−)(r) + UC(r))σµ.

Equations (5) and (9) allow one to render some re-
lationships useful to check the calculation results for
the strength functions within the RPA. The strength
function corresponding to the single-particle probing

operator V̂ (∓) =
∑

a V (xa)τ
(∓)
a is defined as

S
(∓)
V (ω) =

∑
s

|〈s|V̂ (∓)|0〉|2δ(ω − ωs), (11)

with ωs = Es − E0 being the excitation energy of the
corresponding isobaric nucleus measured from the
ground state of the parent nucleus. Using Eqs. (5)
and (11), one gets the relationship

S
(∓)
F (ω) = ω−2S

(∓)
C (ω). (12)

Here, the F and C strength functions correspond to

the probing operators T̂ (∓) and Û (∓)
C , respectively.

The model-independent non-energy-weighted
sum rule (NEWSR) for F(0+) and GT(1+) excita-
tions is well known [24]:

(NEWSR)J = 〈0|
[
Ĝ

(−)+
Jµ , Ĝ

(−)
Jµ

]
|0〉 = (N − Z);

(13)

Ĝ
(−)
00 = T̂ (−), Ĝ

(−)
1µ = Ŷ (−)

µ .

The energy-weighted sum rules (EWSR)

(EWSR)J = 〈0|
[
Ĝ

(−)+
Jµ ,

[
Ĥ, Ĝ

(−)
Jµ

]]
|0〉 (14)

are rather model-dependent and according to
Eqs. (5), (9), and (10) are equal to

(EWSR)0 =
∫

UC(r)n(−)(r)d3r, (15)

(EWSR)1 = (EWSR)0 −
4
3
〈0|Ûso|0〉 (16)

+ 2(F1 − F0)
∫

(n(−)(r))2d3r,

with

〈0|Ûso|0〉 = 4
∑
β

∑
λ

nβ
λ(jβ

λ − lβλ)lβλ(lβλ + 1)(Uso)λλ.
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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According to Eqs. (5), (13), and (15), the exact
(within the RPA) isospin SU(2) symmetry is realized
for the model Hamiltonian in question in the limit

UC → ∆C = (N − Z)−1

∫
UC(r)n(−)(r)d3r.

In this limit, the energy EA and the wave func-
tion |A〉 of the “ideal” isobaric analog state (IAS)
are EA = E0 + ∆C and |A〉 = (N − Z)−1/2T̂ (−)|0〉,
respectively. The “ideal” IAS exhausts 100% of
(NEWSR)0. In the calculations with the use of a re-
alistic Coulomb mean field, the IAS exhausts almost
100% of (NEWSR)0 (with the rest exhausted mainly
by the IVMR). Therefore, one can approximately
use the isospin classification of the nuclear states.
Redistribution of the Fermi strength is caused mainly
by the Coulomb mixing of the IAS and the states
having the “normal” isospin T0 − 1 (T0 = (N −Z)/2
is the isospin of both the parent-nucleus ground state
and its analog state). In the present model, the mixing
is due to the difference UC(r) − ∆C. The Wigner
SU(4) symmetry is realized in the limit Uso → 0,
F1 → F0, UC → ∆C. In this limit the energy EG

and the wave function |Gµ〉 of the “ideal” Gamow–
Teller state (GTS) are EG = EA and |Gµ〉 = (N −
Z)−1/2Ŷ

(−)
µ |0〉, respectively. Redistribution of the GT

strength is mainly due to the spin–orbit part of the
mean field.

2.3. The Strength Functions
within the Continuum-RPA

The distribution of the particle–hole strength can
be calculated within the continuum-RPAmaking use
of the full basis of the single-particle states. Being
based on the above-described model Hamiltonian,
the CRPA equations for calculations of the F(C)
and GT strength functions can be derived using
the methods of finite Fermi system theory [21].

Let V̂
(∓)
JLSµ =

∑
a VJLSµ(xa)τ

(∓)
a be the multipole

charge-exchange probing operator leading to ex-
citations with angular momentum J and parity
π = (−1)L. Here, VJLSµ(x) = VJLS(r)TJLSµ(n),
where TJLSµ(n) =

√
4π
∑

M ′M CJµ
LM ′SMYLM ′σSM

is the irreducible spin-angular tensor operator with
σ00 = 1, σ1µ = σµ. In particular, we have V000(r) =
1(UC(r)), T0000 = 1 and V101(r) = 1, T101µ = σµ for
description of F(C) and GT excitations, respectively.
After separation of the isospin and spin-angular
variables, the strength functions corresponding to

the probing operators V̂
(∓)
JLSM are determined by the

following equations:

S
(∓)
JLS(ω) = − 1

π
Im
∑
L′S′

∫
VJLS(r) (17)
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×A
(∓)
JLS,JL′S′(r, r′;ω)Ṽ (∓)

JL′S′(r′, ω)drdr′,

Ṽ
(∓)
JL′S′(r, ω) = VJLS(r)δLL′δSS′ +

2FS′

4πr2
(18)

×
∑
L′′S′′

∫
A

(∓)
JL′S′,JL′′S′′(r, r′;ω)Ṽ (∓)

JL′′S′′(r′, ω)dr′.

Here, Ṽ (∓)
JLS(r, ω) are the effective radial probing oper-

ators, FS=0,1 are the interaction intensities of Eq. (4),

and (4πrr′)−2A
(∓)
JLS,JL′S′(r, r′;ω) are the radial free-

particle–hole propagators:

A
(−)
JLS,JL′S′(r1, r2;ω) (19)

= 4π
∑
νπ

〈(π)||TJLS ||(ν)〉〈(π)||TJL′S′ ||(ν)〉∗
2J + 1

×
{
nνχν(r1)χν(r2)g(π)(r1, r2; εν + ω)

+ nπχπ(r1)χπ(r2)g(ν)(r1, r2; επ − ω)
}
.

The expression for A(+) can be obtained from
Eq. (19) by the substitution π ↔ ν with ω being the
excitation energy of the daughter nucleus in the β+

channel measured from the ground state of the parent
nucleus. For Jπ = 0+ excitations (L = S = 0), there
is only one nonzero propagator A(∓)

000,000 and, there-
fore, Eqs. (17), (18) have the simplest form. Such a
form has been used explicitly in [16] for describing
IAR and IVMR. For Jπ = 1+ excitations (S = 1),
propagators A(∓)

1L1,1L′1 are diagonal with respect to S

and, therefore, Eq. (18) is the system of equations for

effective operators Ṽ
(∓)
101 and Ṽ

(∓)
121 . As a result, the

spin-quadrupole part of the particle–hole interaction
contributes to the formation of the GT strength func-
tion, as follows from Eqs. (17), (18). The use of only

diagonal (with respect to L) propagators A
(∓)
JL1,JL1

corresponds to the so-called “symmetric” approxi-
mation. In particular, this approximation was used
in [15, 17] to describe the monopole and dipole spin-
flip charge-exchange excitations. As a rule, the use
of the “symmetric” approximation leads just to small
errors in calculations of the strength functions S(∓)

JLS
in the vicinity of the respective giant resonance (see,
e.g., [25]). Nevertheless, the detailed description of
the low-energy part of the GT strength distribution
appeals to the “nonsymmetric” approximation.

The Fermi and GT strength functions S
(∓)
J (ω)

(hereafter, indices L = 0, S = J are omitted) cal-
culated within the CRPA for not overly high ex-
citation energies (including the region of IAR and
GTR) reveal narrow resonances corresponding to
the particle–hole-type doorway states. Therefore, the
03
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following parametrization holds in the vicinity of each
doorway state:

S
(∓)
J (ω)  − 1

π
Im

(r(∓)
J )s

ω − ωs + i
2Γs

. (20)

Here, (r(∓)
J )s, ωs, and Γs are the strength, energy,

and escape width of the doorway state, respectively.

The values of xtotJ = x
(−)
J − x

(+)
J = (

∫
S

(−)
J (ω)dω −∫

S
(+)
J (ω)dω)/(NEWSR)J , ytotJ = y

(−)
J + y

(+)
J =

(
∫
ωS

(−)
J (ω)dω +

∫
ωS

(+)
J (ω)dω)/(EWSR)J are use-

ful for comparison with unity to check the quality of
the calculation results. Due to the relations given
in Eqs. (11) and (20), the ratio of the C to the F
strengths has to be ω2

s for each doorway state.

2.4. Isospin Splitting of the GT Strength
Distribution

Due to the high degree of the isospin conservation
in nuclei, the GT states are classified with the isospin
T0 − 1, T0, T0 + 1. In particular, T0 components of
the GT strength function can be considered as the
isobaric analog of the isovector M1 states in the
respective parent nucleus:

|M,T0〉 = (2T0)−1/2T̂ (−)|M1, T0〉. (21)

According to the definition (11), the strength function
of the T0 components is proportional to the strength
function of the isovector M1 giant resonance in the
parent nucleus:

S
(−)
T0

(ω) = (2T0)−1S
(0)
M1(ω

′ = ω − ∆C). (22)

Here, S(0)
M1(ω

′) is the M1 strength function corre-
sponding to the probing operator M̂

(0)
µ =∑

a(σµ)aτ
(3)
a and depending on the excitation energy

in the daughter nucleus. Within the CRPA, the M1
strength function is calculated using relations that are
similar to those of Eqs. (17), (18) and can be found,
e.g., in [26].
According to Eq. (22), a noticeable effect of the

isospin splitting of the GT strength function takes
place only for nuclei with not too large a neutron
excess. The suppression of the T0 and T0 + 1 com-
ponents is the reason why the GT states |s〉, obtained
within the RPA, are usually assigned the isospin T0 −
1, although the RPA GT states do not have a def-
inite isospin. In fact, the states |s〉 and |M,T0〉 are
nonorthogonal:

〈M,T0|s〉 = (2T0)−1/2 (23)

× 〈M1, T0|
[
T̂ (+), Q̂(−)

s

]
|0〉 = bs

M ,
PH
where Q̂
(−)
s is an RPA boson-type operator corre-

sponding to the creation of a collective GT state |s〉.
Therefore, one has to project |s〉 states onto the space
of the GT states with the isospin T0 − 1 = T< by
means of subtraction of the admixtures of T0 states
to force the relevant orthogonality condition:

|s, T0 − 1〉 =

(
1 −

∑
M

(bs
M )2

)−1/2

(24)

×
(
|s〉 −

∑
M

bs
M |M,T0〉

)
.

This equation is valid under the assumption that the
integral relative strength x> =

∑
M xM of the T0 =

T> component is small compared to unity. In this
case, taking into account the T0 + 1 component is
even more unimportant. We restrict the further anal-
ysis to the approximation that there is only the GT
state in the respective RPA calculations exhausting
100% of the NEWSR and, therefore, this state can be
considered as the “ideal”GTS. Under these assump-
tions, one has

bs
M = (2T0)−1/2〈M,T0|Ŷ (−)|0〉 = x

1/2
M , (25)

x< = 1 − x>.

Having averaged the exact nuclear Hamiltonian over
the state |s, T0〉 in the form of Eq. (24), one gets

ω< = x−1
<

(
xsωs −

∑
M

xMωM

)
. (26)

According to the approximate relations (25) and (26),
the relative strength and the energy of the T0 − 1
GTS diminish as compared with the respective RPA
values. The decrease is determined by the zeroth and
first moments of the strength function of the isovector
M1GR in the parent nucleus:

x> = (N − Z)−2

∫
S

(0)
M1(ω

′)dω′, (27)

∑
M

ωMxM = (N − Z)−2

∫
S

(0)
M1(ω

′)ω′dω′.

These relations again lead to the conclusion that the
value x>  2A1/3(N − Z)−2 is rather small even if
the value (N − Z) is not large. Only for nuclei with
a minimal neutron excess (a few units) could all three
isospin components of the GT strength have compa-
rable strengths.

3. THE STRENGTH FUNCTIONS
IN OPEN-SHELL NUCLEI
3.1. The Model Hamiltonian

The interaction Ĥp–p in the particle–particle
channels has to be included in the model Hamiltonian
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003



ON THE FERMI AND GAMOW–TELLER STRENGTH DISTRIBUTIONS 2133
for nuclei with open shells, in order to take the effects
of nucleon pairing into consideration. We choose the
interaction in the following separable form (as is used
in the BCSmodel) in both the neutral and the charge-
exchange particle–particle channels with the total
angular momentum and parity of the nucleon pair
being Jπ = 0+, 1+ (L = 0, S = J):

Ĥp–p = −1
2

∑
Jµ

GJ

∑
β=p,n
β′=p,n

(P̂ Jµ
ββ′)+P̂ Jµ

ββ′ . (28)

Here, GJ=0,1 are the intensities of the particle–
particle interaction, and P Jµ is the annihilation
operator for the nucleon pair:

P̂ Jµ
ββ′ =

∑
λλ′

(χβ
λχ

β′

λ′)P Jµ
ββ′,λλ′ , (29)

P Jµ
ββ′,λλ′ = t

(J)
(λ)(λ′)

∑
mm′

(Jµ|jβ
λmjβ′

λ′m
′)aβ′

λ′m′a
β
λm,

where aλm(a+
λm) is the annihilation (creation) oper-

ator of the nucleon in the state with the quantum
numbers λm (m is the projection of the particle an-
gular momentum). The interaction (28) preserves the
isospin symmetry of the model Hamiltonian.

We use the Bogolyubov transformation to describe
the nucleon pairing in the neutral channels in terms
of quasiparticle creation (annihilation) operators
α+

λm(αλm) (see, e.g., [27]). As a result, we get the fol-
lowing model Hamiltonian to describe F(C) and GT
excitations in the β− channel within the quasiboson
version of the pn-QRPA:

Ĥ = Ĥ0 + Ĥp–h + Ĥp–p; (30)

Ĥ0 =
∑

β=p,n

∑
λm

Eβ
λ (αβ

λm)+αβ
λm − 1

2
(µp − µn)T̂ (3).

Here,Eβ
λ =

√
(ξβ

λ )2 + ∆2
β is the quasiparticle energy;

ξβ
λ = εβ

λ − µβ ; and µβ and ∆β are the chemical po-
tential and the energy gap, respectively, which are
determined from the BCS-model equations:

Nβ =
∑

λ

(2jβ
λ + 1)(vβ

λ )2, (31)

∆β = G0

∑
λ

(2jβ
λ + 1)uβ

λv
β
λ

with Nβ being the corrsponding particle number,
v2
λ = (1 − ξλ/Eλ)/2, and u2

λ = 1 − v2
λ.

The total interaction Hamiltonian in both par-
ticle–hole (4) and particle–particle (28) channels can
be expressed in terms of the quasiparticle pn-pair
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
creation and annihilation operators which obey ap-
proximately the bosonic commutation rules:

AJµ
πν =

∑
mm′

(Jµ|jπmjνm
′)ανm′απm, (32)

[AJ ′µ′

π′ν′ , (AJµ
πν )+] = δππ′δνν′δJJ ′δµµ′ .

The explicit expressions for the interactions are

Ĥp–h =
∑
Jµ

2FJ

4π

∑
πνπ′ν′

(χπχνχπ′χν′)(QJµ
πν )+QJµ

π′ν′ ,

(33)

Ĥp–p = −
∑
Jµ

GJ

∑
πνπ′ν′

(χπχν)(χπ′χν′)(P Jµ
πν )+P Jµ

π′ν′ ,

(34)

where

QJµ
πν = t

(J)
(π)(ν)(uπvνA

Jµ
πν + vπuν(ÃJµ

πν )+),

P Jµ
πν = t

(J)
(π)(ν)(uπuνA

Jµ
πν − vπvν(ÃJµ

πν )+),

ÃJµ
πν = (−1)J+µAJ −µ

πν ,

(χπχνχπ′χν′) =
∫

χπχνχπ′χν′r−2dr.

3.2. The Symmetries of the Model Hamiltonian
and Sum Rules

Due to the isobaric invariance of the particle–
particle interaction (28), Eq. (5) still holds and leads
exactly to the same self-consistency condition of
Eq. (7) with the only difference that the proton and
neutron densities are determined with account of the
particle redistribution caused by the nucleon pairing:

nβ(r) =
1

4πr2

∑
λ

(2jβ
λ + 1)(vβ

λ )2(χβ
λ(r))2. (35)

The direct realization of Eq. (5) within the pn-QRPA
with use made of Eqs. (30)–(34) and T̂ (−) =∑

πν(χπχν)(Q00
πν)

+ also leads to the self-consistency
condition of Eq. (7), provided that the full basis
of the single-particle states for neutron and proton
subsystems is used along with Eq. (2) for the radial
overlap integrals for the proton and neutron wave
functions. The consistent mean Coulomb field UC(r)
and (EWSR)0 of Eq. (15) are determined by the
proton and neutron excess densities of Eq. (35),
respectively.
Equation (12), relating the F and C strength func-

tions, also holds within the pn-QRPA if all the above-
mentioned conditions are fulfilled. In particular, the
use of a truncated basis of the single-particle states
within the BCS model leads to an unphysical viola-
tion of the isospin symmetry. In such a case the degree
03
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of violating Eq. (12) can be considered as a measure
of the violation.

The equation of motion for the GT operator Ŷ (−)
µ

with the nucleon pairing taken into consideration is
somewhat modified as compared to Eqs. (9), (10).
According to Eqs. (30)–(34) and making use of the
full basis of the single-particle states along with
Eq. (2) for the radial overlap integrals, we get within

the pn-QRPA (Ŷ (−)
µ =

∑
πν(χπχν)(Q

1µ
πν)+)

[Ĥ, Ŷ (−)
µ ] = (Û (−)

µ )p–h + (Û (−)
µ )p–p. (36)

The operator (Û (−)
µ )p–h is defined by expression (10),

in which both the neutron excess and the proton den-
sities are used according to Eq. (35). The expression

for (Û (−)
µ )p–p has the form

(Û (−)
µ )p–p =

G0 −G1

G0
(∆n(P̂ 1µ

pn )+ − ∆p
˜̂
P 1µ

pn ). (37)

According to Eqs. (10), (36), and (37) the expres-
sion for (EWSR)1 consists of two terms, the former,
(EWSR)p–h

1 , coinciding with Eq. (16) with the nu-
cleon densities and the occupation numbers appro-
priately modified by the nucleon pairing, and the latter
being due to the nucleon pairing only:

(EWSR)p–p
1 =

G0 −G1

G0

∆2
n + ∆2

p

G0
. (38)

In the SU(4)-symmetry limit, one has the equality
(EWSR)1 = (EWSR)0, which also holds for double-
closed-shell nuclei.

3.3. The pn-QRPA Equations

The system of the homogeneous equations for
the forward and backward amplitudes XJ

πν(s) =
〈s, Jµ|(AJµ

πν )+|0〉 and Y J
πν(s) = 〈s, Jµ|ÃJµ

πν |0〉, re-
spectively, is usually solved to calculate the energies
ωs and the wave functions |s, Jµ〉 of the isobaric nu-
cleus within the quasiboson version of the pn-QRPA
(see, e.g., [2]). In particular, the system of equations
for the amplitudes follows from the equations of
motion for the operators A+ and Ã making use
of the Hamiltonian (30), (33), (34). Instead, we
rewrite the system in equivalent terms of the elements
r−26J

i (s, r) of the radial transition density. The el-
ements are determined by the amplitudes X(s) and
Y (s) as follows:

6J
i (s, r) =

∑
πν

t
(J)
(π)(ν)χπ(r)χν(r)〈s, Jµ|

(
RJµ

πν

)
i
|0〉,

(39)

i = 1, 2, 3, 4,
PH
(
RJµ

πν

)
1

=
(
QJµ

πν

)+
,
(
RJµ

πν

)
2

= Q̃Jµ
πν , (40)(

RJµ
πν

)
3

= P̃ Jµ
πν ,

(
RJµ

πν

)
4

=
(
P Jµ

πν

)+
,

where the operators P and Q are defined after
Eqs. (33), (34). According to the definition (39),
the elements 61, 62, 63, 64 can be called, respec-
tively, the particle–hole, hole–particle, hole–hole,
and particle–particle components of the transition
density, which can generally be considered as a four-
dimensional vector {6J

i }. In particular, the particle–
hole strength of the state |s, Jµ〉 corresponding to a
probing operator V̂ (−)

Jµ is determined by the element

6J
1 :

(r(−)
J )s =

(
4π
∫

6J
1 (s, r)VJ (r)dr

)2

[compare to Eq. (20)]. The pn-QRPA system of equa-
tions for the elements 6J

i is the following (hereafter
only the “symmetric” approximation is considered):

6J
i (s, r) =

1
4π

∑
k

∫
A

(−)
J,ik(r, r1;ω = ωs) (41)

× F J
k (r1, r2)6J

k (s, r2)dr1dr2,

F J
1 (r1, r2) = F J

2 (r1, r2) = 2FJ
δ(r1 − r2)

r1r2
, (42)

F J
3 (r1, r2) = F J

4 (r1, r2) = −4πGJ ,

A
(−)
J,ik(r1, r2;ω) =

∑
πν

(
t
(J)
(π)(ν)

)2
χπ(r1) (43)

× χν(r1)χπ(r2)χν(r2)A
(−)
πν,ik(ω),

A
(−)
πν,11 =

u2
πv

2
ν

{−} − u2
νv

2
π

{+} ,

A
(−)
πν,12 = uπvπvνuν

(
1

{−} − 1
{+}

)
,

A
(−)
πν,14 = uπvπ

(
v2
ν

{−} +
u2

ν

{+}

)
,

A
(−)
πν,13 = uνvν

(
u2

π

{−} +
v2
π

{+}

)
,

A
(−)
πν,22 =

v2
πu

2
ν

{−} − v2
νu

2
π

{+} ,

A
(−)
πν,23 = uπvπ

(
u2

ν

{−} +
v2
ν

{+}

)
,

A
(−)
πν,24 = uνvν

(
v2
π

{−} +
u2

π

{+}

)
,

A
(−)
πν,33 =

u2
πu

2
ν

{−} − v2
νv

2
π

{+} ,
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A
(−)
πν,44 =

v2
πv

2
ν

{−} − u2
νu

2
π

{+} ,

A
(−)
πν,ik = A

(−)
πν,ki, A

(−)
πν,34 = A

(−)
πν,12,

where {−} = ω(−) − Eπ − Eν , {+} = ω(−) + Eπ +
Eν , ω = ω(−) + µp − µn gives the excitation energy
with respect to the mother-nucleus ground-state en-
ergy. All actual calculations in the present work are
performed in terms of ω, whereas the experimen-
tal energy difference between the ground states of
daughter and mother nuclei is used to represent the
results in terms of the daughter-nucleus excitation
energy Ex.

According to Eq. (41), schematically represented

as 6J
i =

∑
k A

(−)
J,ik(ω = ωs)F J

k 6J
k , the 4 × 4 matrix

(4πr2
1r

2
2)

−1A
(−)
J,ik(r1, r2;ω) is the radial part of the free

two-quasiparticle propagator, whereas the quantities
vJ
k (s, r1) =

∫
F J

k (r1, r2)6J
k (s, r2)dr2 are the elements

of the radial transition potential. To describe the
excitations in the β+ channel, one should use the
same system (41) withA(−) superseded byA(+). The
expression for the particle–hole propagator A(+) can
be obtained from Eqs. (43) by the substitutions ν ↔
π, n ↔ p. In the case of neglecting nucleon pairing
(GJ = 0), the system of Eqs. (41) decouples and

A
(−)
J,11 becomes determined by Eq. (19) taken in the

“symmetric” approximation (it can be shown easily
using the spectral expansion for the radial Green’s
functions g(λ)(r, r′; ε)).

The expression for the elements of the free two-
quasiparticle propagator (43) can be obtained by
making use of the regular and anomalous single-
particle Green’s functions for Fermi systems with
nucleon pairing in an analogous way as was done
in monograph [21] to describe the Fermi system
response to a single-particle probing operator acting
in the neutral channel. Namely, the matrix A can be
depicted as a set of diagrams shown in Fig. 1. To
illustrate this statement, let us consider the system of
equations for the elements of the transition potential
vi. The system follows from Eq. (41) and can be

schematically represented as vi =
∑

k FiA
(−)
ik (ω =

ωs)vk.

Using expression (43) for the free two-quasipar-
ticle propagator, one can obtain a system of inho-
mogeneous equations of the pn-QRPA to calculate
the strength functions (11) with the full basis of the
single-particle states taken into consideration for the
particle–hole channel. The system has a form similar
to that of Eqs. (17), (18) taken in the “symmetric”
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
Fig. 1. Diagrams corresponding to elements A(−)
πν,ik of

the free two-quasiparticle propagator of Eq. (43). Upper
(lower) lines correspond to propagation of proton (neu-
tron) quasiparticles.

approximation:

S
(∓)
J (ω) = − 1

π
Im
∑

i

∫
VJ(r) (44)

×A
(∓)
J,1i(r, r

′;ω)Ṽ (∓)
J,i (r′, ω)drdr′,

Ṽ
(∓)
J,i (r, ω) = VJ(r)δi1 +

1
4πr2

(45)

×
∑

k

∫
F J

i (rr1)A
(∓)
J,ik(r1, r2;ω)Ṽ (∓)

J,k (r2, ω)dr1dr2.

The same as in the case without pairing, the residues

(r(∓)
J )s in poles of the strength functions [see Eq. (20)]

coincide with the particle–hole strengths of the
pn-QRPA excitations corresponding to the probing

operators V̂ (∓)
Jµ .

3.4. Strength Functions in Single-Open-Shell
Nuclei

We restrict further consideration to the case of
single-open-shell nuclei. For this case, the sys-
tem of Eqs. (45) for the radial effective operators
Ṽ

(∓)
J,i (r, ω) is noticeably simplified. Let us consider
for definiteness the excitations in the β− channel
for a nucleus in which only the proton pairing is
realized (∆n = 0). Then, according to Eq. (43), the
elements A

(−)
J,12, A

(−)
J,13, A

(−)
J,24, A

(−)
J,34 of the free two-

quasi-particle propagator equal zero and the sys-
tem (45) reduces to a system of equations for only

two radial effective operators Ṽ
(−)
J,1 and Ṽ

(−)
J,4 . The

elements A(−)
J,11, A

(−)
J,14, A

(−)
J,44 entering this system can

be rewritten in a form that allows one to take the
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full basis of the single-particle states in the particle–
hole channel for both subsystems. To get this form,
one should setEπ = |επ − µπ| forEπ > k∆p (k � 1)
and use the spectral expansion for the radial single-
particle Green’s functions in Eq. (43). As a result, we

come to the following representation for A(−)
J,11:

A
(−)
J,11(r1, r2;ω) (46)

=
∑
ν(π)

(
t
(J)
(π)(ν)

)2
nνχν(r1)χν(r2)

× g(π)(r1, r2; εν + ω) +
∑
(ν)π

(
t
(J)
(π)(ν)

)2
v2
πχπ(r1)

× χπ(r2)g(ν)(r1, r2;µπ − Eπ − ω)

+
∑
νπ

′ (
t
(J)
(π)(ν)

)2
nνχν(r1)χν(r2)χπ(r1)χπ(r2)

×
{

u2
π

ω − µp − Eπ + εν
+

v2
π

ω − µp + Eπ + εν

− 1
ω − επ + εν

}
,

where
∑′

νπ denotes the sum taken over the proton
states withEπ < k∆p only. For the consistency of the
consideration, the same truncation should be used in
realization of the BCSmodel according to the second
of Eqs. (31). The corresponding expressions for the

elements A(−)
J,14 and A

(−)
J,44 are

A
(−)
J,14(r1, r2;ω) (47)

= −
∑
(ν)π

′ (
t
(J)
(π)(ν)

)2
uπvπχπ(r1)χπ(r2)

× g(ν)(r1, r2;µπ − Eπ − ω)

+
∑
νπ

′ (
t
(J)
(π)(ν)

)2
nνχν(r1)χν(r2)χπ(r1)χπ(r2)

×
{

1
ω − µp − Eπ + εν

− 1
ω − µp + Eπ + εν

}
,

A
(−)
J,44(r1, r2;ω) (48)

=
∑
(ν)π

′ (
t
(J)
(π)(ν)

)2
u2

πχπ(r1)χπ(r2)

× g(ν)(r1, r2;µπ − Eπ − ω)

+
∑
νπ

′ (
t
(J)
(π)(ν)

)2
nνχν(r1)χν(r2)χπ(r1)χπ(r2)

×
{

v2
π

ω − µp − Eπ + εν
+

u2
π

ω − µp + Eπ + εν

}
.

PH
Equations (44)–(48) realize a continuum version of
the pn-QRPA (pn-QCRPA) on the truncated basis
of the BCS problem in proton-open-shell nuclei.

To go to the case where only the neutron pair-
ing is realized, Eqs. (46)–(48) should be changed
by the substitution π ↔ ν, p ↔ n, ω → −ω. As be-
fore, the expression for the elements of the free two-
quasiparticle propagator A(+) can be obtained from
the corresponding elements A(−) by the substitution
π ↔ ν, p ↔ n.

4. CALCULATION RESULTS

4.1. Choice of Model Parameters

Parametrization of the isoscalar part of the mean
field U0(x), along with the values of the parameters
used in the calculations, has been described in de-
tail in [28]. The dimensionless intensities fJ of the
Landau–Migdal forces of Eq. (4) are chosen as usual:
FJ = fJ · 300 MeV fm3. The value f0 = f ′ = 1.0 of
the parameter f ′ determining the symmetry potential
according to Eq. (7) is also taken from [28], where the
experimental nucleon separation energies have been
satisfactorily described for closed-shell subsystems
in a number of nuclei. The value of the dimension-
less intensity f1 = g′ of the spin-isovector part of the
Landau–Migdal forces g′ = 0.8 is chosen to repro-
duce within the CRPA the experimental energy of the
GTR in the 208Pb parent nucleus [15].

The strength of the monopole particle–particle in-
teraction G0 is chosen to reproduce the experimen-
tal pairing energies [actually, we identify the pairing
energy with ∆, obtained by solving the BCS-model
Eqs. (31)]. The summation in the second of the equa-
tions is limited to an interval of 7 MeV above and
below the Fermi level. The same truncation is used
in the expressions like (46)–(48) for the elements
of the free two-quasiparticle propagator. Comparing
the calculated value of the nucleon separation en-
ergy Bcalc

β  −µβ + ∆β with the corresponding ex-
perimental one can be considered as a test of the
version of the BCS model used. The parameters of
the BCS model, along with Bcalc

β and B
exp
β , are listed

in Table 1. Note also that the strength of the spin–
spin particle–particle interaction G1 is chosen equal
to G0, which seems close to the realistic ones used in
the literature. Such a choice allows us to simplify the
calculation control using the (EWSR)1, because the
“particle–particle” part of this sum rule goes to zero
in accordance with Eq. (38). Another reason for the
choice is the “soft” spin–isospin SU(4) symmetry,
which is roughly realized in nuclei (see, e.g., [29]).
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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Table 1. Calculated values of the pairing gap ∆β along with the calculated and experimental proton and neutron

separation energiesBcalc, exp
p,n . The monopole pairing strength G0 is also given (all values are given in MeV)

Nucleus G0A ∆β
Bcalc Bexp

n p n p

90Zr 14.0 1.15 11.5 8.2 11.98 8.36
112Sn 11.5 1.3 10.9 7.5 10.79 7.56
114Sn 11.5 1.4 10.7 8.3 10.30 8.48
116Sn 11.5 1.3 9.9 9.1 9.56 9.28
118Sn 11.5 1.4 9.7 9.9 9.33 10.00
120Sn 11.5 1.4 9.4 10.7 9.11 10.69
122Sn 11.5 1.4 9.1 11.5 8.81 11.4
124Sn 11.5 1.2 8.7 12.3 8.49 12.10

Table 2. Calculated characteristics of the Fermi strength distribution along with respective experimental data [3, 4, 7]
(see the text for details)

Parent
nucleus

x, % y, % EIAR, MeV ĒIVMR,
MeVIAR high (+) IAR high (+) calc. exp.

90Zr 98.6 1.5 0.5 94.2 4.2 0.9 4.6 5.0 27.1
112Sn 97.8 2.4 0.6 92.9 5.6 0.7 5.6 6.2 25.0
114Sn 98.0 2.4 0.5 93.5 5.5 0.7 6.8 7.3 25.3
116Sn 97.3 2.4 0.4 93.2 5.4 0.5 7.8 8.4 25.5
118Sn 97.7 2.4 0.3 93.9 5.3 0.5 8.8 9.3 26.0
120Sn 97.6 2.4 0.3 93.9 5.2 0.4 9.7 10.2 26.4
122Sn 97.5 2.4 0.2 94.0 5.2 0.3 10.7 11.2 26.8
124Sn 96.8 2.5 0.2 93.4 5.2 0.3 11.7 12.2 27.3
208Pb 94.4 6.2 0.2 89.8 6.2 0.2 14.4 15.1 32.5
4.2. F(C) Strength Functions

The F(C) strength functions have been calculated
within the CRPA for the 208Pb parent nucleus ac-
cording to Eqs. (17), (18) and within the pn-QCRPA
for 90Zr and tin isotopes according to Eqs. (44), (45)
or their modifications. The “cutoff” parameter k = 3
was used in calculations of the radial propagators of
Eqs. (46)–(48). All the above-mentioned equations
have been taken for J = 0. The following character-
istics of the F strength distribution have been deduced
from the calculated F strength functions: the IAR en-

ergy EIAR; the mean energy Ē
(−)
IVMR of the IVMR

(−);
relative Fermi strength x for three energy intervals:
the vicinity of the IAR, IVMR(−), and IVMR(+);
relative energy-weighted Fermi strength y for these
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
three energy regions. As for the low-energy interval,
for all nuclei in question, the values of x are below
0.1% (except for 90Zr, where x  0.2%). The value
of (EWSR)0 entering the definition of y has been
calculated according to Eq. (15) with the nucleon
densities modified by the nucleon pairing. All the
characteristics of the Fermi strength distribution are
listed in Table 2 along with the experimental IAR
energies. To check the self-consistency of the model,
the parameter

z =

∣∣∣∣∣
∫
S

(−)
C (ω)dω∫

S
(−)
F (ω)ω2dω

− 1

∣∣∣∣∣
has also been calculated.
03



2138 RODIN, URIN
Table 3.Calculated characteristics of the Gamow–Teller strength distribution alongwith respective experimental data [3,
4, 7] (see the text for details)

Parent
nucleus

x, % y, % EGTR, MeV Γ̄GTR, MeV

low GTR high (+) low GTR high (+) calc. exp. calc. exp.
90Zr 14.8 76.5 9.1 4.1 6.7 79.3 8.2 2.4 8.8 (8.4) 8.8 ± 0.1 3.1 (2.7) 4.8 ± 0.2

112Sn 21.5 77.1 7.5 2.1 13.1 72.6 11.8 1.9 9.2 (9.2) 8.94 ± 0.25 3.4 (2.8) 4.8 ± 0.3
114Sn 20.6 75.6 6.9 3.8 12.4 72.8 11.3 1.6 9.9 (9.5) 9.39 ± 0.25 4.4 (2.8) 5.6 ± 0.3
116Sn 17.6 74.8 7.1 0.9 10.3 73.0 11.8 1.1 10.7 (10.3) 10.04 ± 0.25 5.2 (3.0) 5.5 ± 0.3
118Sn 17.1 75.6 7.0 2.0 9.3 74.1 11.6 1.3 11.9 (11.5) 10.61 ± 0.25 4.9 (3.3) 5.7 ± 0.3
120Sn 28.6 61.4 7.8 1.2 19.5 63.4 12.8 1.3 13.0 (12.5) 11.45 ± 0.25 4.5 (3.4) 6.4 ± 0.3
122Sn 22.3 65.6 8.5 0.6 14.1 67.4 13.8 0.8 13.8 (13.5) 12.25 ± 0.25 3.9 (3.5) 5.6 ± 0.3
124Sn 21.6 66.9 9.0 0.6 12.5 68.5 14.3 0.8 14.4 (14.3) 13.25 ± 0.25 3.6 (3.5) 5.2 ± 0.3
208Pb 17.0 65.8 18.7 0.7 9.1 63.8 25.0 0.7 15.6 15.6 ± 0.2 3.7 3.54 ± 0.25
4.3. GT Strength Functions

The GT strength functions have been calculated
within the CRPA for the 208Pb parent nucleus ac-
cording to Eqs. (17), (18) and within the pn-QCRPA
for 90Zr and tin isotopes according to Eqs. (44),
(45) or their modifications taken for J = 1. From
the calculated GT strength functions, the relative
GT strength x and relative energy-weighted GT
strength y for four energy intervals (low-energy, the
vicinity of the GTR, high-energy, and the vicinity
of the IVSMR(+)) have been deduced. The value of
(EWSR)p–h

1 entering the definition of y has been
calculated according to Eq. (16) with the nucleon
densities and the occupation numbers modified by
the nucleon pairing. The value of (EWSR)p–p

1 de-
fined according to Eq. (38) equals zero because of
setting G1 = G0 in our calculations. The values of
the parameters x and y are listed in Table 3 along
with the calculated energies of the GTR. The values
of the relative strengths xs = rs/(N − Z) of the
GT doorway states calculated according to Eq. (20)
with and without the nucleon pairing taken into
consideration are shown in Figs. 2 and 3 (solid and
dotted vertical lines, respectively) for 90Zr and tin
isotopes. The values of xs calculated within theCRPA
for 208Pb are shown in Fig. 4 (solid vertical lines).

The coupling of the GT doorway states to many-
quasiparticle configurations is taken into considera-
tion phenomenologically and is described on average
over the energy in terms of the smearing parameter
I(ω) simulating the mean spreading width of the
doorway states. Following [15], we choose I(Ex) to
be a universal function revealing saturation at rather
PH
high excitation energies:

I(Ex) = α
E2

x

1 + E2
x/B

2
, (49)

where α and B are adjustable parameters and Ex is
the excitation energy in the daughter nucleus. Equa-
tion (49) is close to the parametrization of the in-
tensity of the optical-potential imaginary part ob-
tained within the modern version of an optical model.
The choice of parameters α = 0.09 MeV−1 and B =
7 MeV has allowed us to describe satisfactorily the
total widths of a number of the isovector giant res-
onances (including GTR) in the 208Pb parent nu-
cleus [17]. In this work, the energy-averaged GT

strength function S̄
(−)
1 is calculated as S̄

(−)
1 (ω) =

S
(−)
1 (ω + iI(Ex)/2) using the same parametrization
of I, where S

(−)
1 is the GT strength function calcu-

lated according to the CRPA or pn-QCRPA equa-
tions. The calculation results are shown in Figs. 2–4
(thin solid curve). The calculated energy dependence
in the vicinity of the GTR is approximated by the
Breit–Wigner formulas to get both the GTR energy
EGTR and the width Γ̄GTR. The values of EGTR ob-
tained thereby and Γ̄GTR along with the values calcu-
lated without the nucleon pairing taken into consider-
ation (in brackets) are listed in Table 3 in comparison
with the corresponding experimental data.
We analyze the effect of the isospin splitting ac-

cording to Eqs. (24), (26) without taking the nucleon
pairing into consideration, because this effect turns
out to be weak even for such a rather light parent nu-
cleus as 90Zr. In this case, there is only the T0 compo-
nent of the GT strength function in 90Nb (due to the
g9/2 → g7/2 M1 transition in the proton subsystem).
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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Fig. 2. The relative GT strengths x in 90Nb and 112–116Sb calculated within the pn-QCRPA (solid vertical line) and
CRPA (dotted vertical lines) in comparison with the respective experimental data [3, 7] (dashed vertical lines). The smeared
pn-QCRPA GT-strength distribution S̄ is also shown (thin solid curves).
Its relative strength and energy are x> = 4.7% and
E> = 12.8 MeV, respectively. It leads to a decrease
in the relative strength and energy of the GTR equal
to x> and x>(E> −E<)/x< = 0.3MeV, respectively,
as compared with the values found within the CRPA.

5. DISCUSSION OF THE RESULTS
5.1. Summary Concerning the Approach

We have extended the CRPA approach, used pre-
viously in [15–17] for describing the GTR and the
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
IAR in closed-shell nuclei, and have formulated a
version of the pn-QCRPA approach for describing the
GT and F strength distributions in open-shell nuclei.
The common ingredients of both approaches are the
following: the phenomenological isoscalar part of the
nuclear mean field; the isovector part of the Landau–
Migdal particle–hole interaction; the isospin self-
consistency condition being used to calculate the
symmetry potential; the mean Coulomb field calcu-
lated in the Hartree approximation; the use of the full
basis of the single-particle states in the particle–hole
03
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Fig. 3. The same as in Fig. 2 but for 118−124Sb (the experimental data are taken from [3]).
channel and, as a result, formulation of the continuum
versions of the RPA; a phenomenological description
of the coupling of the particle–hole doorway states
to many-quasiparticle configurations in terms of the
mean doorway-state spreading width (the smearing
parameter).

The specific feature of the developed pn-QCRPA
approach is the use of an isospin-invariant particle–
particle interaction to describe both the nucleon
pairing phenomenon in neutral channels and the
particle–particle interaction in charge-exchange
channels. The method to check the isospin self-
consistency, which could be violated by the use of
PH
a truncated basis of single-particle states in the
particle–particle channel within the approach, is also
used.

5.2. F(C) Strength Distribution

The present results (Table 2) show at the micro-
scopic level that the isospin is a good quantum num-
ber for medium-heavy mass nuclei. In particular, the
IAR exhausts almost all the Fermi strength. The rest
is mainly exhausted by the IVMR. The heavier the
nucleus, themore the relative F strength of the IVMR
becomes. Similar results have also been obtained for
the energy-weighted F strength distribution.
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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The appropriate choice of the particle–particle
interaction, along with the use of the same truncated
basis of single-particle states in the neutral and
charge-exchange channels, ensures the isospin self-
consistency of the approach (the calculated values
of z are found to be less than 0.1%). For the same
reason, the effect of the nucleon pairing on the Fermi
strength distribution is small.
The systematic lowering of the IAR energy com-

pared with the experimental value is a shortcoming of
the approach, possibly caused by the absence of the
full self-consistency.

5.3. GT Strength Distribution

For all nuclei in question, the calculated GT
strength function splits into three main regions (see
Table 3 and Figs. 2–4). The main part of the GT
strength (70–80%) is exhausted by the GTR. In the
case of 208Bi, the calculated GTR relative strength is
found to be in reasonable agreement with the respec-
tive experimental value x

exp
GTR = (60 ± 15)% [4]. The

spin-quadrupole part of the particle–hole interaction
is taken into account only for 208Bi. As a result,
the calculated GTR relative strength is decreased
from 68 to 66% and the low-energy GT strength
is noticeably redistributed. In the case of 90Nb,
the difference between experimental and calculated
results is somewhat larger: xexpGTR = (39 ± 4)% [6];

x
exp
GTR = (61 ± 8)% (xexp = (66+20

−10)% up to 20 MeV
in excitation energy) [5]. This could be partly due
to the well-known quenching effect that has been
discussed during the last two decades. This effect is
still not established experimentally, and its discussion
is beyond the scope of this work.
The calculated high-energy part of the GT

strength distribution is mainly exhausted by the
IVSMR and its satellites. This part is relatively large
for 208Bi (about 19%) and decreases to about 9%
for 90Nb (4.6% due to the IVSMR and 4.5% due to
the T> component of the GTR). The low-energy part
contains the weakly collectivized GT states, which
can be related to those found in [11, 13, 14]. The
nucleon pairing leads to noticeable enriching of the
calculated low-energy part of the GT strength distri-
bution in open-shell nuclei. This fact is in qualitative
agreement with respective experimental data (shown
in Figs. 2–4). The calculated values xlow/xGTR =
19.2 and 25.8% are found to agree reasonably with
the corresponding experimental values of 28.2 and
30.4% [7] for 90Nb and 208Bi, respectively. Bearing
in mind also the above-mentioned calculated and
experimental values of xGTR, we can expect that the
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
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Fig. 4. The relative GT strengths x in 208Bi calculated
within the CRPA (solid vertical lines) along with the
respective smeared distribution S̄ (thin solid curve). The
experimental data are taken from [7] (dashed vertical
lines).

quenching effect is not as noticeable as is usually
assumed.

The configurational splitting of the main GT state
is found for some single-open-shell nuclei (Figs. 2,
3). In the case of the 90Zr parent nucleus, the splitting
is caused by the direct spin-flip transition 1fn

7/2 →
1fp

5/2, which becomes possible due to the proton

pairing and whose energy is close to the GTR en-
ergy calculated without this transition taken into ac-
count. The value of the splitting (about 0.5 MeV) is
found to be rather small. For this reason, the total
GTR width is only slightly increased. In the case of
the Sn isotopes, the strongest effect caused by the
1hn

11/2 → 1hp
9/2 transition is found for the

120Sn par-

ent nucleus. The splitting energy is found to be rather
large and leads to a noticeable increase in the total
GTR width. The calculated isospin splitting energy
03
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for 90Nb (4.0 MeV) is found to be in good agreement
with the respective experimental one (4.4 MeV [6]).
In conclusion, we incorporate the BCS model in

the CRPA method to formulate a version of the par-
tially self-consistent pn-QCRPA approach for de-
scribing the multipole particle–hole strength distri-
butions in open-shell nuclei. The approach is applied
to describe the F and GT strength functions in a wide
excitation-energy interval for a number of single- and
double-closed-shell nuclei. A reasonable description
of the available experimental data is obtained.
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6. J. Jänecke et al., Nucl. Phys. A 687, 270c (2001).
7. A. Krasznahorkay et al., Phys. Rev. C 64, 067302
(2001).

8. T. Wakasa et al., Phys. Rev. C 55, 2909 (1997).
9. T. Wakasa et al., Nucl. Phys. A 687, 26c (2001).
10. N. Auerbach, Phys. Rep. 98, 273 (1983).
11. Yu. V. Gaponov and Yu. S. Lyutostanskii, Yad. Fiz.
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Abstract—The process γ∗γ → σ is investigated in the framework of the SU(2)× SU(2) chiral NJLmodel.
The form factor of the process is derived for arbitrary virtuality of γ∗ in the Euclidean kinematic domain.
The asymptotic behavior of this form factor resembles the asymptotic behavior of the γ∗γ → π form factor.
c© 2003 MAIK “Nauka/Interperiodica”.
A recent analysis of the experimental data on the
pseudoscalar meson production in the transition pro-
cess γ∗γ → P [1] (where γ∗, γ are photons with large
and small virtuality, respectively, and P is a pseu-
doscalar meson) revealed satisfactory agreement with
the perturbative QCD (pQCD) predictions [2–6] for
the asymptotic behavior of the γ∗γ → P form factor
at large negative virtuality of one of the photons.
However, for a correct description of the asymptotic
behavior of the transition form factor, it is not enough
to apply only the pQCD technique, and it is necessary
to use the nonperturbative sector for determining a
distribution amplitude (DA) of quarks in a meson. In
the lowest order of pQCD, the light-cone operator
product expansion (OPE) predicts the high Q2 be-
havior of the form factor as follows [2, 3]:

FP (q2
1, q

2
2 , p

2 = 0)
∣∣
Q2→∞ (1)

= JP (ω)
fP

Q2
+ O

(αs

π

)
+ O

(
1
Q4

)
,

with the asymptotic coefficient given by

JP (ω) =
4
3

1∫
0

dx

1 − ω2(2x− 1)2
ϕA

P (x). (2)

Here, ϕA
P (x) is the leading-twist meson light-cone

DA normalized by

1∫
0

dxϕA
P (x) = 1; (3)

αs is the strong coupling constant; Q2 and ω are,
respectively, the total virtuality of the photons and the

∗This article was submitted by the authors in English.
**e-mail: volkov@thsun1.jinr.ru
1063-7788/03/6612-2143$24.00 c©
asymmetry in their distribution:

Q2 = −(q2
1 + q2

2) � 0, and (4)

ω = (q2
1 − q2

2)/(q
2
1 + q2

2), |ω| � 1,

where q1, q2 are the momenta of photons; fP is
the meson weak decay constant (for the pion, fπ =
93 MeV).

Unfortunately, the determination of ϕA
P (x) is a

rather nontrivial problem and cannot be performed
in the framework of only pQCD. At asymptotically
high Q2, the DA is ϕ

A,asympt
P (x) = 6x(1 − x) and

J
asympt
P (|ω| = 1) = 2. The fit of the CLEO data [1] for

the pion corresponds to JCLEO
π (|ω| ≈ 1) = 1.6 ± 0.3,

indicating that, already at moderately high momenta
(Q2 = 8 GeV2), this value is not too far from its
asymptotic limit.

In our previous work [7], it was shown that the
calculation of the γ∗γ → P amplitude in the frame-
work of the chiral quark model of the NJL type [8] is
free from difficulties connected with the necessity of
determining the DA. Our results for the form-factor
asymptotics agreed with experiment [1] and with the
predictions made in QCD sum rules [4–6] and the
instanton-induced quark model (IQM) [9]. Also, both
the NJL and IQM model allow one to derive the
meson DA.

Here, we continue the investigation started in [7]
and consider the scalar–isoscalar-meson produc-
tion through the process γ∗γ → σ, where σ is as-
sociated with the lightest scalar–isoscalar state
f0(400–1200) [10], and the photon γ∗ is off-shell.
Direct observation of σ is hardly possible; however, in
the low-mass region, it can show itself as a resonance
in the pion pair production [11].

In our paper, all the calculations are performed
in the framework of the SU(2) × SU(2) NJL model.
2003 MAIK “Nauka/Interperiodica”
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Fig. 1.Diagrams contributing to the amplitude of the process γ∗γ → σ.
We derive a gauge-invariant expression for the ampli-
tude of γ∗γ → σ and determine the form factor of the
process, for which the asymptotic behavior is studied
at large virtualities of γ∗. Notice that the asymptotic
behavior of the γ∗γ → σ and γ∗γ → π form factors is
similar.

The interaction of mesons with u and d quarks is
described by the following quark–meson Lagrangian:

L(q̄, q, A, σ, π) = q̄(x)[i∂̂ −M (5)

− eQÂ(x) + g(σ(x) + iγ5τ · π(x))]q(x),

where q̄ and q are the u and d quark fields

q(x) =


u(x)

d(x)


 ; (6)

M is the constituent mass matrix, M =
diag(mu,md) (mu ≈ md ≈ m); Â = Aµγ

µ is the
photon field; σ stands for the scalar–isoscalar meson;
π is the pion triplet, τ are the Pauli matrices; e is
FM charge, e2/4π = 1/137; Q = 1/6(1 + 3τ3) is the
charge operator; and g is the constant of quark–
meson interaction1) defined by the relation g−2 = 4I2,
where

I2 =
3

(2π)4

∫
d4
Ek θ(Λ2 − k2)
(k2 + m2)2

. (7)

The subscript “E” in d4
Ek means that the integration

is performed for momenta in the Euclidean metric.
The cutoff Λ eliminates the UV divergence.

Using theGoldberger–Treiman relation g = m/fπ

and the relation gρ =
√

6g [8], where gρ ≈ 6.1 is the
constant describing the decay ρ → 2π, we determine
the constituent quark mass m = 234 MeV and Λ =
1050 MeV.

Let us note that the γ∗γ → σ amplitude also de-
scribes a two-photon decay of σ. The amplitudes for
radiative decays of scalar mesons (S) were obtained
in [12]. The amplitude of the process S → γγ has the
form

A = e2T µν
S→γγεµ(q1)εν(q2), (8)

1)Following [7], we do not take into accountπ− a1 transitions.
Therefore, gπ = gσ = g.
PH
where ε are polarization vectors, and q1 and q2 are
photon momenta.

Up to the one-loop, the process is described by the
diagrams in Fig. 1, which give for the tensor T µν

S→γγ
2)

T µν
S→γγ = T

(1)µν
S→γγ + T

(2)µν
S→γγ , (9)

where

T
(1)µν
S→γγ = CS (qν

1q
µ
2 − gµν(q1 · q2))Jm(q1, q2), (10)

T
(2)µν
S→γγ = CSB

µν(q1, q2), (11)

and the transversality condition εµ(q1)q
µ
1 = εν(q2) ×

qν
2 = 0 is taken into account. Here,

Jm(q1, q2) = − i

(2π)4

∫
d4k

1
D(0)D(q1)D(−q2)

,

(12)

Bµν(q1, q2) = − i

(2π)4
(13)

×
∫

d4k
gµν(m2 − k2) + 4kµkν

D(0)D(q1)D(−q2)
,

D(q) = m2 − (k + q)2. (14)

The constant CS is to be specified for each type of
scalar meson. In the case of σ, it is

Cσ =
40
3
gm. (15)

The term T
(1)µν
σ→γγ has a gauge-invariant form. The

Pauli–Villars regularization is necessary to restore

the gauge invariance of T (2)µν
σ→γγ , which leads to the

following form of Bµν (see Appendix for details) for
q2
1 = q2

2 = 0:

Bµν(q1, q2) = 2
(

qν
1q

µ
2

(q1 · q2)
− gµν

)
m2 (16)

× (Jm(0, 0) − Jm(q1, q2)).

2)Here, the first part of Tµν
S→γγ can be obtained in the gauge-

invariant form immediately. In order to obtain the gauge-
invariant form for second part of Tµν

S→γγ , it is necessary to
use intermediate Pauli–Villars regularization.
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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In our paper, we apply the Pauli–Villars regular-
ization with one subtraction for an arbitrary function
Y (m2) as follows:

Y PV (m2) = Y (m2) − Y (M2). (17)

Formally, as all integrals we calculate here converge,
the regularization can be lifted off by reaching the
M2 → ∞ limit. In our particular case, the regularized
expression will, however, differ from the nonregular-
ized one; the constant term, which violates gauge
invariance, is thereby canceled.

In the case of σ production through γ∗γ → σ, the
amplitude can also be divided into two parts:

T µν
γ∗γ→σ = T

(1)µν
γ∗γ→σ + T

(2)µν
γ∗γ→σ, (18)

where the first term is again gauge-invariant,

T
(1)µν
γ∗γ→σ = Cσ (qν

1q
µ
2 − gµν(q1 · q2)) Jm(q1, q2), (19)

whereas the second one becomes gauge-invariant
after the Pauli–Villars regularization is implemented
and then lifted off. Moreover, as one of the photons
is off-shell, Bµν acquires an additional term propor-
tional to q2

1 (see Appendix):

T
(2)µν
γ∗γ→σ = Cσ

(
qν
1q

µ
2

(q1 · q2)
− gµν

)
(20)

×
[
2m2 (Jm(0, 0) − Jm(q1, q2)) −

q2
1

2(q1 · q2)

× i

(2π)4

∫
d4k

1
D(q1)

(
1

D(−q2)
− 1

D(0)

)]
.

After the gauge invariance of the amplitude is re-
stored, we define the process form factor F (q1, q2):

T µν
γ∗γ→σ = (qν

1q
µ
2 − (q1 · q2)gµν)F (q1, q2), (21)

where

F (q1, q2) =
40fπg

2

3

[
Jm(q1, q2) −

2m2

(q1 · q2)
(22)

× (Jm(q1, q2) − Jm(0, 0)) − q2
1

2(q1 · q2)2
i

(2π)4

×
∫

d4k
1

D(q1)

(
1

D(−q2)
− 1

D(0)

)]
.

After the change of variable k = k′ − (q1 − q2)/2 (in
the following, we omit the prime symbol), the form
factor takes the form

F (q1, q2) =
5fπg

2

6π2

∫
d4k

iπ2
(23)

×
[

1 − 2m2/(q1 · q2)
D(−p/2)D(p/2)D(−(q1 − q2)/2)
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
+
2m2

(q1 · q2)
1

D(0)3
+

q2
1

2(q1 · q2)2
1

D(p/2)

×
(

1
D(−p/2)

− 1
D(−(q1 − q2)/2)

)]
,

where p = q1 + q2. It is convenient to consider
F (q1, q2) in terms of p2 (notice that p2 = M2

σ ), q
2
1, and

q2
2 . Further, we restrict ourselves to the case of q

2
2 = 0;

thus, we have two independent variables p2 and q2
1 .

The kinematics of the process under investigation
corresponds to large negative q2

1, and we introduce,
for convenience, a positive magnitude Q2 defined as
Q2 = −q2

1. After that, the form factor F (q1, q2) can be
considered as depending on p2 and Q2:

F̃ (p2, Q2) = F (q1, q2)|q2
2=0;q2

1<0, (24)

F̃ (p2, Q2) =
5fπg

2

6π2
(25)

×
[(

1 − 4m2

p2 + Q2

)
KΛ(p2, Q2) +

4m2

p2 + Q2
LΛ

− 2Q2

(p2 + Q2)2
(
MΛ(p2) −NΛ(p2, Q2)

) ]
,

where

KΛ(p2, Q2) =
∫ Λ d4k

iπ2
(26)

× 1
D(−p/2)D(p/2)D(−(q1 − q2)/2)

,

LΛ =
∫ Λ d4k

iπ2

1
D(0)3

, (27)

MΛ(p2) =
∫ Λ d4k

iπ2

1
D(−p/2)D(p/2)

, (28)

NΛ(p2, Q2) =
∫ Λ d4k

iπ2

1
D(−(q1 − q2)/2)D(p/2)

.

(29)

In all integrals, we implement the UV cutoff Λ that
constrains quarkmomenta to the domain where chiral
symmetry is spontaneously broken and the bosoniza-
tion of quarks takes place [see (7)].

An analogous method was used in [7]. One can
compare (25) with the pion form factor obtained in [7]
for q2

1 �= 0, q2
2 �= 0,

Fπ(p2, q2
1 , q

2
2) = Cπ

∫
d4k

iπ2
(30)

× 1
D(−p/2)D(p/2)D(−(q1 − q2)/2)

,
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Fig. 2. The form factor of the process γ∗γ → σmultiplied
by Q2 at Q2 from 0 to 10 GeV2. The thick curve is for
p2 = (0.45 GeV)2 and the thin one is for p2 = 0. We
compare these curves with the theoretical limit for the
pion transition form factor: 2fπ.

where Cπ is a constant. In [7], the following expres-
sion was obtained for KΛ(p2, Q2) after introducing
Feynman parameters, integrating over the angles,
and changing the variables k2 = u:

KΛ(p2, Q2) =

Λ2∫
0

duu

m2 + u− p2/4
(31)

×
1∫

0

dx

[
1√

b2 − a+

(
b +

√
b2 − a+

)

+
1√

b2 − a−
(
b +

√
b2 − a−

)
]
.

Here,

b = m2 + u +
1
2
xQ2 − 1

4
(1 − 2x) p2, (32)

a± = 2uxQ2 (x± (1 − x)) − (1 − 2x) up2.

Analogously, one can write the integrals NΛ(p2, Q2)
andMΛ(p2) as follows:

NΛ(p2, Q2) (33)

= 2

Λ2∫
0

duu

1∫
0

dx
1√

b2 − a+

(
b +

√
b2 − a+

) ,

MΛ(p2) = 2

Λ2∫
0

duu

b0

(
b0 +

√
b20 − a+0

) . (34)
PH
Here,

b0 = b|x→0 = m2 + u− 1
4
p2, (35)

a+0 = a+|x→0 = −up2.

Now, we can calculate the asymptotics for
F̃ (p2, Q2) when Q2 → ∞. Using the approximation
described in [7] and expanding in a series of 1/Q2, we
obtain the following asymptotics for the form factor
F̃ (p2 = 0, Q2) in the leading order [the last term
in (25) is of the order of 1/Q4]:

F̃ (p2 = 0, Q2) =
5fπg

2

6π2

1
Q2

(6.21 + 1.81 − 4.2)

(36)

+ O

(
1
Q4

)
= JS

fπ

Q2
+ O

(
1
Q4

)
,

JS ≈ 3.28 + 0.96 − 2.22 = 2.02. (37)

We also calculate numerically Q2F̃ (p2, Q2) for
intermediate values of Q2 and for a different choice
of p2. The curves drawn for p2 = 0 and p2 = M2

σ =
(0.45 GeV)2 are shown in Fig. 2. The value Mσ =
450 MeV is consistent with recent experimental [13]
and theoretical [14] data. A comparison of the results
for the functionQ2F̃ (p2, Q2)with an analogous func-
tion for the pion [7] shows similarity in their asymp-
totic behavior. However, some differences occur at
intermediate values of Q2. Indeed, the pion function
grows monotonically in the whole region ofQ2. At the
beginning, it grows rapidly, and for Q2 > 2 GeV2, it
slowly approaches the asymptotic value. In the case
of the σ meson, the function Q2F̃ (p2, Q2) also expe-
riences a rapid growth up to approximately 2 GeV2;
after that, it slowly decreases to an asymptotic value.
Asymptotic values for these functions are practically
equal to each other.

In this work, we have shown that, in the framework
of the SU(2) × SU(2) chiral quark model of the NJL
type, it is possible to describe the behavior of the
γ∗γ → σ form factor in a wide region of Q2. The
exact expression for the form factor of the process is
obtained, and its asymptotic behavior is investigated.
A comparison of the π (see [7]) and σ form factors
reveals similarity in their asymptotic behavior, which
can be understood as a consequence of chiral symme-
try.

Our results can be useful in investigations of the
processes where pion pairs in the S wave are pro-
duced in two-photon collisions [15]. Indeed, in these
processes, as a rule, the σ-pole diagram plays the
dominant role [8, 11]. Some data on the pair-pion
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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production is already available [16]. Also, one can find
a discussion on this topic in [17].

Note also that the information concerning the
amplitudes γ∗γ → π, γ∗γ → σ can allow us to cal-
culate corrections to the muon anomalous mag-
netic moment from the processes γ∗γ → π → γ∗γ∗,
γ∗γ → σ → γ∗γ∗, where γ∗ interact with the muon.
Last year, this topic was discussed in various papers
(see [18]).

Further, we plan to calculate the transition form
factor for two off-shell photons with arbitrary virtu-
alities in the framework of both the NJL and IQM
model, and it will allow us also to define the DA.
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APPENDIX

Expression (12) for Jm(q1, q2) can be rewritten in
the following form:

Jm(q1, q2) = − i

(2π)4
(A.1)

×
∫

d4k
1

D(0)D(q1)D(−q2)
= − 1

(4π)2
1

2(q1 · q2)

×
1∫

0

dx

x
ln
(
m2 − p2x(1 − x)
m2 − q2

1x(1 − x)

)
.
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Let us rewrite the expression for Bµν [see (13)] using
the Feynman parameters:

Bµν(q1, q2) = − i

(2π)4
(A.2)

×
∫

d4k
gµν(m2 − k2) + 4kµkν

D(0)D(q1)D(−q2)

=
gµν(q1 · q2) − qν

1q
µ
2

(4π)2

1∫
0

dx

1−x∫
0

dy
4xy
Z

+
gµν

(4π)2

1∫
0

dx

1−x∫
0

dy

(
1 +

q2
1x(1 − 2x)

Z

)
,

where

Z = m2 − q2
1x(1 − x) − 2(q1 · q2)xy. (A.3)

The first term in (A.2) is gauge-invariant, while the
other is noninvariant and can also be divided into two
terms

1
(4π)2

1∫
0

dx

1−x∫
0

dy (A.4)

+
q2
1

(4π)2

1∫
0

dx

1−x∫
0

dy
x(1 − 2x)

Z
.

The first term in (A.4) is a constant and is canceled by
the Pauli–Villars regularization. Integrating over y in
the second term and making substitution 1− 2x = z,
one can see that this part equals zero:
− 1
(4π)2

q2
1

4(q1 · q2)

1∫
−1

dzz ln
(

4m2 + (q2
1 + 2(q1 · q2)(1 − z2))

4m2 + q2
1(1 − z2)

)
= 0. (A.5)
Therefore, the expression for Bµν becomes gauge-
invariant after the Pauli–Villars regularization is im-
plemented and then lifted off:

Bµν(q1, q2) (A.6)

= (qν
1q

µ
2 − (q1 · q2)gµν)(I(m2) − I(M2))|M2→∞,

I(m2) = − 1
(4π)2

1∫
0

dx

1−x∫
0

dy
4xy
Z

. (A.7)

Integrating over y in I(m2), we obtain

I(m2) =
1

(4π)2
1

(q1 · q2)
+

1
(4π)2

m2

(q1 · q2)2
(A.8)
×
1∫

0

dx

x
ln
(
m2 − p2x(1 − x)
m2 − q2

1x(1 − x)

)

− 1
(4π)2

q2
1

(q1 · q2)2

×
1∫

0

dx(1 − x) ln
(
m2 − p2x(1 − x)
m2 − q2

1x(1 − x)

)
.

Now, let us show that I(m2) can be expressed
through the integral

i

(2π)4

∫
d4k

D(0) −D(−q2)
D(0)D(q1)D(−q2)

(A.9)
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=
1

(4π)2

1∫
0

dx ln
(
m2 − p2x(1 − x)
m2 − q2

1x(1 − x)

)

=
2

(4π)2

1∫
0

dx(1 − x) ln
(
m2 − p2x(1 − x)
m2 − q2

1x(1 − x)

)
.

Using (A.1) and (A.9), we rewrite I(m2) as follows:

I(m2) =
1

(4π)2
1

(q1 · q2)
(A.10)

− 2m2

(q1 · q2)
Jm(q1, q2) −

q2
1

2(q1 · q2)2
i

(2π)4

×
∫

d4k
D(0) −D(−q2)

D(0)D(q1)D(−q2)
.

Formally, the first term in (A.10) can be rewritten as

2m2

(q1 · q2)
Jm(0, 0), (A.11)

because

Jm(0, 0) = − i

(2π)4

∫
d4k

D(0)3
=

1
2(4π)2m2

. (A.12)

Finally, the regularized expression for Bµν(q1, q2)
has the form

Bµν(q1, q2) = (qν
1q

µ
2 − (q1 · q2)gµν) (A.13)

×
(

− 2m2

(q1 · q2)
Jm(q1, q2) +

2m2

(q1 · q2)
Jm(0, 0)

− q2
1

2(q1 · q2)2
i

(2π)4

∫
d4k

D(0) −D(−q2)
D(0)D(q1)D(−q2)

)
.

Equation (A.13) is expressed in terms of formal in-
tegrals. This gives us an advantage of further im-
plementing a regularization different from the Pauli–
Villars scheme.
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Z. Phys. C 75, 127 (1997);M. K. Volkov, E. A. Kuraev,
D. Blaschke, et al., Phys. Lett. B 424, 235 (1998);
M. K. Volkov, A. E. Radzhabov, and N. L. Rus-
sakovich, Yad. Fiz. 66, 1030 (2003) [Phys. At. Nucl.
66, 997 (2003)]; hep-ph/0203170.

12. M. K. Volkov, Theor. Math. Phys. 101, 1473 (1994).
13. E.M. Aitala et al. (E791 Collab.), Phys. Rev. Lett. 86,

770 (2001).
14. M. K. Volkov and V. L. Yudichev, Eur. Phys. J. A 10,

223 (2001).
15. M. Diehl, T. Gousset, B. Pire, and O. Teryaev, Phys.

Rev. Lett. 81, 1782 (1998); hep-ph/9805380; Ph. Ha-
gler, B. Pire, L. Szymanowski, and O. V. Teryaev,
Phys. Lett. B 535, 117 (2002); 540, 324 (Erratum)
(2002); hep-ph/0202231.

16. J. Dominik et al. (CLEO Collab.), Phys. Rev. D 50,
3027 (1994).

17. C. Vogt, hep-ph/0207077.
18. E. Bartos, A. Z. Dubnickova, S. Dubnicka, et al.,

Nucl. Phys. B 632, 330 (2002); hep-ph/0106084;
M. Knecht and A. Nyffeler, Phys. Rev. D 65, 073034
(2002); hep-ph/0111058.
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003



Physics of Atomic Nuclei, Vol. 66, No. 12, 2003, pp. 2149–2158. Translated from Yadernaya Fizika, Vol. 66, No. 12, 2003, pp. 2199–2208.
Original Russian Text Copyright c© 2003 by Burkert, Mokeev, Ripani, Anghinolfi, Battaglieri, Boluchevskii, Golovach, De Vita, Elouadrhiri, Ishkhanov, Osipenko, Markov, Ricco,
Taiuti, Fedotov.

ELEMENTARY PARTICLES AND FIELDS
Theory
New Possibilities for Studying Nucleon Resonances on the Basis
of an Analysis of Polarization Observables and Off-Scattering-Plane

Angular Distributions in the Reaction γvp → π+π−pγvp → π+π−pγvp → π+π−p

V. Burkert1), V. I. Mokeev, M. Ripani2), M. Anghinolfi2), M. Battaglieri2),
A. A. Boluchevskii3), E. N. Golovach, R. De Vita2), L. Elouadrhiri1), B. S. Ishkhanov,

M. V. Osipenko2), N. S. Markov3), G. Ricco2), 4), M. Taiuti4), and G. V. Fedotov
Institute of Nuclear Physics, Moscow State University, Vorob’evy gory, Moscow, 119899 Russia

Received April 30, 2002; in final form, October 9, 2002

Abstract—A model for describing the double charged-pion production by real and virtual photons in the
energy region of nucleon-resonance excitation is further developed for calculating the angular distributions
of reaction products off the scattering plane and the beam asymmetry. It is shown that investigation of these
observables has a rich potential for extracting the first data on the Coulomb excitation of many nucleon
resonances and for separating the contributions of various helicity amplitudes to the excitation of nucleon
resonances by transverse photons. c© 2003 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Presently, extensive investigations of electromag-
netic form factors for nucleon resonances (N∗) are
being performed in the experiments of the CLAS Col-
laboration [1] by using the entire set of observables in
various channels of real- and virtual-photon interac-
tion with nucleons. At total c.m. energies W above
1.7 GeV, the exclusive channel of double charged-
pion production (π+π−), along with channels involv-
ing the emission of pion pairs that contain neutral
particles (π+π0n, π0π0p), makes a dominant con-
tribution to the cross section for real- and virtual-
photon interaction with nucleons. This channel is
very promising for extracting data on electromag-
netic form factors for high-lying nucleon resonances
(MN∗ > 1.6 GeV), since the majority of the decays
of such nucleon resonances lead to final multipion
states; it is also of great interest for seeking baryon
resonances that are predicted within general princi-
ples of quark models [2–6], but which have not yet
been discovered experimentally (missing baryon res-
onances). According to model predictions, missing
baryon resonances are much more strongly coupled
to final two-pion states than to states resulting from

1)Jefferson Laboratory, 12000 Jefferson Avenue, Newport
News, VA 23606, USA.

2)Istituto Nazionale di Fisica Nucleare, Sezione di Genova,
Genova, Italy.

3)Department of Physics, Moscow State University, Vorob’evy
gory, Moscow, 119899 Russia.

4)Universitá di Genova, via Dodecaneso 33, I-16146 Genova,
Italy.
1063-7788/03/6612-2149$24.00 c©
the emission of a single pion; at the same time, the
electomagnetic form factors for discovered and miss-
ing resonances of this type are commensurate.

A strong overlap of many high-lying nucleon res-
onances and a significant contribution from nonres-
onance mechanisms, which decreases as the square
Q2 of the photon 4-momentum grows, are features
peculiar to reactions that involve the production of
π+π− pairs by real and virtual photons. These fea-
tures entail serious difficulties in applying model-
independent approaches to extracting electromag-
netic form factors for nucleon resonances—for exam-
ple, an expansion in terms of partial waves that is
followed by a determination of form factors for each
partial wave.

A phenomenological model was developed in [7–
10] for describing double charged-pion production by
real and virtual photons over a region in which one
can employ meson and baryon degrees of freedom—
to be more specific, this is a region where W <
4.0 GeV and where the Mandelstam variables u and
t, as well as Q2, do not exceed a few GeV2 units. The
model faithfully reproduces the entire body of data
obtained worldwide for processes involving double
charged-pion production by photons. This model was
used to analyze the first data of the CLAS Collab-
oration on the production of π+π− pairs by virtual
photons over the region 0.65 < Q2 < 1.3 GeV2 [10].
That analysis was aimed at a determination of first
data on electromagnetic form factors for the majority
of nucleon resonances of mass higher than 1.6 GeV,
as well as at searches for missing baryon states.
2003 MAIK “Nauka/Interperiodica”
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Fig. 1. Diagrams for quasi-two-body processes leading
to the production of π+π− pairs on a proton.

In view of a phenomenological character of the de-
scription of nonresonance mechanisms and the am-
plitudes of nucleon-resonance decays off the mass
shell, reliable information about the electromagnetic
form factors for nucleon resonances can be deduced
only from a simultaneous analysis of many exclu-
sive channels and of the entire body of observables,
including differential cross sections, the polarization
asymmetry of the beam or the target, and the dou-
ble beam–target polarization asymmetry. A model
for describing the differential cross sections for the
production of π+π− pairs by photons was presented
in [7–9]. In [11], the model was extended to describe
the double beam–target polarization asymmetry

A =
σ1/2 − σ3/2

σ1/2 + σ3/2
, (1)

where σ1/2 and σ3/2 are the cross sections for double
charged-pion production for the cases where the total
helicity of the system formed by a primary photon
and a primary proton is 1/2 and 3/2, respectively.
New information about the structure of nucleon res-
onances can be obtained by studying so-called off-
scattering-plane angular distributions, which are de-
fined as single-differential cross sections with respect
to the angle between the momentum of one of the par-
ticles and the electron-scattering plane, dσ/dϕ, in the
reaction γvp → π+π−p. (Here and below, γv stands
for a virtual photon.) This differential cross section
is controlled by the interference between the matrix
elements corresponding to different helicity states of
the photons involved: (i) between λγ = +1 and λγ =
−1 and (ii) between λγ = 0 and λγ = ±1 [12–14].
Thus, measurement of these cross sections furnishes
additional information about the interference between
PH
the transverse form factors A1/2 and A3/2 for nu-
cleon resonances, as well as about the interference
between the longitudinal form factor C1/2 and the
transverse form factors for nucleon resonances. The
asymmetry of a polarized electron beam receives a
contribution from the interference between the matrix
elements of the amplitudes for the photon helicities
of λγ = 0 and λγ = ±1 [13, 14]. It should be noted
that, while off-scattering-plane angular distributions
depend on the real parts of the aforementioned inter-
ference terms, the beam asymmetry depends on the
imaginary parts of those terms. Therefore, informa-
tion about the interference between the longitudinal
and transverse amplitudes from measurements of the
beam asymmetry may be supplementary to that from
measurements of off-scattering-plane angular distri-
butions. It should be emphasized that, in studying
cross sections that are determined by the sum of the
squared moduli of helicity amplitudes, it is impossible
separate the form factors A1/2 and C1/2 because they
manifest themselves identically in observables; thus,
a global analysis of data on off-scattering-plane an-
gular distributions and on the beam asymmetry would
make it possible to obtain data on the experimen-
tally unexplored Coulomb electromagnetic form fac-
tors C1/2(Q2) for nucleon resonances. In this study,
we present a further development of the model de-
scribing double charged-pion production on protons.
In particular, we derive expressions for off-scattering-
plane angular distributions of final particles and for
the polarization asymmetry of the beam in the case
of double pion production. We also investigate the
possibility of extracting the form factor C1/2 for the
P11(1440) resonance.

2. DESCRIPTION
OF THE OFF-SCATTERING-PLANE

ANGULAR DISTRIBUTIONS
OF THE PRODUCTS OF THE REACTION
γvp → π+π−p AND OF THE POLARIZATION

ASYMMETRY OF THE BEAM

Within the model proposed in [7, 8], the production
of π+π− pairs on a proton is described in terms
of a superposition of the mechanisms represented
by the tree diagrams in Fig. 1. All the remaining
mechanisms contributing to the cross section are
parametrized by using a complex-valued amplitude
C(W,Q2) whose choice will be discussed below. Each
of the quasi-two-body mechanisms represented by
the diagrams in Fig. 1 is described by a superposition
of nonresonance processes and nucleon-resonance
excitations in the s channel in a photon–proton
collision followed by a decay into π−∆++ and ρ0p
states. The model includes all nucleon resonances
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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having a mass below 2.0 GeV and a ∗∗∗∗ status by
the Particle Data Group and experimentally mani-
festing themselves by decays through the π−∆++ or
the ρ0p channel. Nonresonance mechanisms in the
π−∆++ channel are described by a set of Reggeized
Born terms whose gauge invariance is restored upon
Reggeization. A special approach is developed for
describing effects of initial- and final-state interaction
in the quasi-two-body channels γvp → π−∆++ and
γvp → π+∆0 [9]. Nonresonance processes in the
quasi-two-body channel γvp → ρ0p are described in
the diffraction approximation [8]. The model devel-
oped in [7–9] relates the electromagnetic form factors
for nucleon resonances to the measured differential
cross sections for the reaction γvp → π+π−p and
makes it possible to extract these electromagnetic
form factors from the best fit to the measured cross
sections. A detailed description of resonance and
nonresonance mechanisms in the processes shown
in Fig. 1 is given in [7–9]. In the present study, we
restrict our consideration to the use of this model in
describing the off-scattering-plane angular distribu-
tions of negatively charged pions, dσ/dϕπ− , and the
polarization asymmetry of the beam, dσh/dϕπ− (the
definition of σh is given below).

The differential cross section for the reaction
γvp → π+π−p in the absence of incident-electron
polarization can be represented in the form [7, 8, 12,
13]

d5σ

dτ
=

4πα
4KLMN

{(
JxJ

∗
x + JyJ

∗
y

2
+ εLJzJ

∗
z

)
(2)

+ ε
J∗

xJx − J∗
yJy

2

+
√

2εL(1 + ε)
J∗

z Jx + J∗
xJz

2

}
1

32W 2

1
(2π)5

,

where dτ is a phase-space element, dτ =
dSπ+π−dSπ+pdΩπ−dα; Sπ+π− is the squared in-
variant mass of the π+π− system; Sπ+p is the
squared invariant mass of the π+p system; dΩπ− is
an element of the solid angle of π−-meson emis-
sion, dϕπ− sinϑπ−dϑπ− ; and α is the angle between
the reaction plane and the plane spanned by the
3-momenta of the π+ and p particles.

All kinematical variables are defined in the c.m.
frame of the colliding photon and proton. The quantity
W is the sum of the photon and primary-proton ener-
gies; α = 1/137 is the fine-structure constant; and

KL =
W 2 −M2

N

2MN
, (3)
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where MN is the nucleon mass. The degrees of the
longitudinal (εL) and transverse (ε) polarizations of a
virtual photon are given by

ε =
(
1 +

(2q̄2

Q2

)
tan2 ϑe

2

)−1
,

εL =
Q2

ν
ε, (4)

where ν and q̄2 are, respectively, the energy of this
photon and the squared modulus of its 3-momentum;
ϑe is the electron scattering angle in the labora-
tory frame; and Q2 is the sign-reversed square of
the virtual-photon 4-momentum. The hadron cur-
rents Jµ (µ = x, y, z) appearing in (2) and the helicity
amplitudes

〈
ππλp′ |T |λpλγ

〉
of the reaction γvp →

π+π−p are related by the equations

Jx(λp, λp′) = − 1√
2
(〈λp′ππ|T |λγ = +1, λp〉 (5)

− 〈λp′ππ|T |λγ = −1, λp〉),

Jy(λp, λp′) =
i√
2
(〈λp′ππ|T |λγ = +1, λp〉

+ 〈λp′ππ|T |λγ = −1, λp〉),

Jz(λp, λp′) =
ν√
Q2

〈λp′ππ|T |λγ = 0, λp〉.

The angular distribution of negatively charged
pions off the electron-scattering plane, dσ/dϕπ− ,
can be obtained by integrating the fivefold-differential
cross section (2) over all variables, with the exception
of ϕπ− ; that is,

dσ

dϕπ−
=
∫

d5σ

dτ
dτ ′, (6)

where dτ ′ = dSπ+π−dSπ+p sinϑπ−dϑπ−dα.

Within the model used here, the dependence of the
helicity amplitudes on the angle ϕπ− is controlled by
the equation

〈λp′ππ|T |λγλp〉 (7)

= 〈λp′ππ|T |λγλp〉|ϕπ−=0 · ei(λγ−λp)ϕπ− ,

where 〈λp′ππ|T |λγλp〉|ϕπ−=0 is the helicity amplitude
calculated at zero emission angle of the negatively
charged pion, ϕπ− = 0. Substituting (7) into (5) and
evaluating the bilinear combinations of the hadron
currents in (2), we find that the first term in the
parenthetical expression on the right-hand side of (2)
is independent of ϕπ− ; it is merely the sum of the
quantities obtained by averaging, over the initial spin
states of the photon and proton, and summing, over
the final helicity states, the squared moduli of the
matrix elements of the helicity amplitudes and yields
03
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the cross sections for the reaction γvp → π+π−p that
are integrated over the angleϕπ− . The second term on
the right-hand side of (2) is broken down into the sum
of terms that are proportional to cos2ϕπ and sin2ϕπ ,
while the third term in this expression is given by the
sum of terms that are proportional to cosϕ and sinϕ.
Upon integration in (6), the differential cross section
dσ/dϕπ− reduces to the form

dσ/dϕπ− = A+B cos 2ϕπ + B̃ sin 2ϕπ (8)

+ C cosϕπ + C̃ sinϕπ.

The coefficient A in (8) is determined by the sum
of the squared moduli of the matrix elements of the
helicity amplitudes in the parenthetical expression on
the right-hand side of (2):

A =
∫

4πα
4KLMN

(9)

×
(

1
4

∑
λγ=±1,λpλp′

〈λp′ππ|T |λγ , λp〉∗

× 〈λp′ππ|T |λγ , λp〉

+ εL
1
2

∑
λpλp′

〈λp′ππ|T |λγ = 0, λp〉∗

× 〈λp′ππ|T |λγ = 0, λp〉
)

1
32W 2

1
(2π)5

dτ ′.

The coefficients B and B̃ are controlled by the second
term in the braced expression on the right-hand side
of (2) and are due to the interference between the
amplitudes for transverse photons of helicity λγ = +1
and −1:

B =
∫

(4πα)ε
4KLMN

(
−2Re

(
1
4

(10)

×
∑

λγ=±1,λpλp′

〈λp′ππ|T |λγ = −1, λp〉∗

× 〈λp′ππ|T |λγ = +1, λp〉
))

1
32W 2

1
(2π)5

dτ ′,

B̃ =
∫

(4πα)ε
4KLMN

(
2Im

(
1
4

×
∑

λγ=±1,λpλp′

〈λp′ππ|T |λγ = −1, λp〉∗

× 〈λp′ππ|T |λγ = +1, λp〉
))

1
32W 2

1
(2π)5

dτ ′.

The coefficients C and C̃ are determined by the third
term in the aforementioned braced expression and are
PH
due to the interference between the λγ = 0 and λγ =
±1 amplitudes:

C =
∫

4πα
4KLMN

ν√
Q2

1√
2

√
2εL(1 + ε) (11)

×
(
−2Re

1
4

∑
λpλp′

〈λp′ππ|T |λγ = 0, λp〉∗

× (〈λp′ππ|T |λγ = +1, λp〉

− 〈λp′ππ|T |λγ = −1, λp〉)
)

1
32W 2

1
(2π)5

dτ ′,

C̃ =
∫

4πα
4KLMN

ν√
Q2

1√
2

√
2εL(1 + ε)

×
(

2Im
1
4

∑
λpλp′

〈λp′ππ|T |λγ = 0, λp〉∗

×(〈λp′ππ|T |λγ = +1, λp〉

+ 〈λp′ππ|T |λγ = −1, λp〉)
)

1
32W 2

1
(2π)5

dτ ′.

We note that, upon the integration of the expression
in (8) with respect to the angle ϕπ− , all terms featur-
ing the dependence on the angle ϕπ− vanish. For the
reaction γvp→ π+π−p, the approach developed in [7,
8] describes the cross section integrated with respect
to the angle ϕπ− .

In the case where a polarized electron of helicity
λe is scattered by an unpolarized proton, the cross
section (2) develops an additional term that is pro-
portional to λe [13, 14]; that is,

d5σh

dτ
=

4πα
4KLMN

{
h
√

2εL(1 − ε)
i(J∗

yJz − J∗
z Jy)

2
(12)

+ h
√

(1 − ε2)
i(J∗

xJy − J∗
yJx)

2

}
1

32W 2

1
(2π)5

,

h = 2λe,

where λe is the incident-electron helicity. Substi-
tuting expression (5) for the currents Jµ into (12)
with the phases in (7) for the helicity amplitudes and
integrating the cross sections (12) with respect to
all variables, with the exception of ϕπ− , we obtain
dσh/dϕπ− in the form

dσh/dϕπ− = h(Ãh + Ch sinϕπ− + C̃h cosϕπ−).
(13)
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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The coefficient Ãh emerges from the second term
in (12) and has the form

Ãh =
∫

4πα
4KLMN

1
4

√
1 − ε2 (14)

×
(∑

λpλp′

|〈λp′ππ|T |λγ = +1, λp〉|2

−
∑

λpλp′

|〈λp′ππ|T |λγ = −1, λp〉|2
)

1
32W 2

1
(2π)5

dτ ′.

The coefficients Ch and C̃h are given by

Ch =
∫

4πα
4KLMN

√
2εL(1 − ε)

1
4

ν√
Q2

1√
2

(15)

×
(

2Im

(∑
λpλp′

〈λp′ππ|T |λγ = 0, λp〉∗

× (〈λp′ππ|T |λγ = +1, λp〉

− 〈λp′ππ|T |λγ = −1, λp〉)
))

1
32W 2

1
(2π)5

dτ ′,

C̃h =
∫

4πα
4KLMN

√
2εL(1 − ε)

1
4

ν√
Q2

1√
2

×
(
−2Re

(∑
λpλp′

〈λp′ππ|T |λγ = 0, λp〉∗

× (〈λp′ππ|T |λγ = +1, λp〉

+ 〈λp′ππ|T |λγ = −1, λp〉)
))

1
32W 2

1
(2π)5

dτ ′.

The helicity amplitudes appearing in Eqs. (9)–(11),
(14), and (15) are calculated at ϕπ− = 0. From the
results obtained by measuring the differential cross
sections (2) for the exclusive channel γvp → π+π−p
at two opposite helicities of the incident electron,
h = ±1, one can deduce the differential cross sec-
tion (12): the difference of the differential cross sec-
tions (2) at h = +1 and h = −1 is equal to the dou-
bled cross section in (12). The resulting structure of
expressions (8) and (13) for the ϕπ− dependence of
the cross sections dσ/dϕπ− and dσh/dϕπ− is co-
incident with that presented in [14] for the produc-
tion of more than two particles in the final state.
The requirement that the amplitude of the reaction
γvp → π+π−p be invariant under a space inversion
leads to the vanishing of the tilde-labeled coefficients
in Eqs. (10), (11), and (13)–(15) upon integration
with respect to τ ′, whereupon relations (8) and (13)
reduce to the well-known relations presented in [13]
for the production of two particles in the final state.
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The vanishing of the tilde-labeled coefficients is of
a dynamical character, and its verification is a good
test of the description of various mechanisms within
the present model—above all, of the choice of the
relative phases of the quasi-two-body processes illus-
trated in Fig. 1 and the phases between the resonance
and nonresonance components of these processes,
as well as of the parametrization of the remaining
mechanisms in terms of the complex-valued quan-
tity C(W,Q2). Upon taking into account the vanish-
ing of the tilde-labeled coefficients, the cross section
dσh/dϕπ− proves to be proportional to sinϕπ− ; there-
fore, the integral of this cross section with respect
to the angle ϕπ− is equal to zero. As follows from
expressions (11) and (15), the coefficients C and Ch

appearing in (8) and (13) carry information about the
interference between the Coulomb form factors for
nucleon resonances and the transverse form factors
A1/2 and A3/2. It should be noted that measurement
of the off-scattering-plane angular distributions of
negatively charged pions yields information about the
real part of the interference term [coefficient C in
Eq. (8)], while measurement of the polarization asym-
metry of the beam furnishes information about the
imaginary part of this interference term [coefficient
Ch in Eq. (13)]. The coefficient B in expression (8)
for the off-scattering-plane angular distribution car-
ries information about the interference between the
transverse form factors A1/2 and A3/2 for nucleon
resonances.

In order to describe observables that contain terms
associated with the interference between different
helicity states of the photon—for example, the off-
scattering-plane angular distributions and the po-
larization asymmetry of the beam—it is necessary
to introduce the amplitude C(W,Q2) correctly. A
parametrization of C(W,Q2) by a real-valued func-
tion of W and Q2 is illegitimate, since a real-valued
amplitude that does not feature a dependence on the
helicities of initial- and final-state particles does not
satisfy the requirement that the amplitude be invari-
ant under the transformation of space inversion; as a
result, the tilde-labeled coefficients in expressions (8)
and (13) would prove to be nonvanishing in that case.

We have tested the correctness of two parametri-
zations for C(W,Q2): (i) The first was a parametriza-
tion with the aid of the contact term

C(W,Q2) = C ′(W,Q2)εµ(λγ)ūp′γµup, (16)

where εµ(λγ) is the wave vector of the photon whose
helicity is λγ ; ūp′ and up are Dirac spinors that de-
scribe, respectively, the initial- and the final-state
proton; and C ′(W,Q2) is a real-valued factor that is
determined from the best fit to experimental data on
the cross sections for the production of π+π− pairs in
03
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Fig. 2. Invariant-mass distributions of π+π− pairs ac-
cording to calculations employing the parametrization
in (16), along with data of the CLAS Collaboration [10].
The data are presented at Q2 = 0.95 GeV2 in two W
bins. Different curves correspond to different values of
the relative phase of the amplitude associated with the
diagrams in Fig. 1 and the phase-space amplitude: (solid
curve) 0◦, (dashed curve) 90◦, (dotted curve) 180◦, (dash-
dotted curve) 270◦.

each (W,Q2) bin. (ii) The second was a parametriza-
tion of the form

C(W,Q2) = C ′(W,Q2)eiϕ3b , (17)

where ϕ3b is the phase of the sum of the amplitudes
of the tree diagrams in Fig. 1. The absolute value
C ′(W,Q2) of the amplitude in (17) corresponds to the
phase-space approximation. With the phase ϕ3b cho-
sen as was indicated above, we were able to describe
the transformation of the amplitude under a space
inversion correctly. The calculations performed for the
kinematical region of the E-93-006 experiment of the
CLAS Collaboration [10] (1.44 < W < 1.89 GeV at
Q2 = 0.65 and 0.95 GeV2 and 1.41 < W < 2.09 GeV
atQ2 = 1.3 GeV2) revealed that the parametrizations
in (16) and (17) both lead to the vanishing of the tilde-
labeled coefficients in (8) and (13); therefore, each
of them makes it possible to describe the properties
of the total amplitude under the transformations of
space inversion adequately.

In Fig. 2, the invariant-mass distribution
dσ/dMπ+π− calculated with the parametrization
in (16) for C(W,Q2) is compared with its coun-
terparts measured in the E-93-006 experiment of
the CLAS Collaboration [10] for Q2 = 0.95 GeV2

at W = 1.46 and 1.54 GeV. The different curves
in this figure correspond to different values of the
relative phase of the amplitude associated with the
PH
diagrams in Fig. 1 and the amplitude of the contact
term (16): 0◦, 90◦, 180◦, and 270◦. This phase was
additionally introduced since the measured distribu-
tions dσ/dMπ+π− could not be reproduced with zero
phase. One can see that the calculated cross sections
are greatly dependent on the relative phase of the
contact term. This strong dependence stems from the
fact that, if one chooses five independent kinematical
variables (Sπ+π− , Sπ+p, ϑπ− , ϕπ− , α), a change
in the invariant mass of the π+π− system at fixed
values of the remaining variables leads to a change
in the emission angle of the final proton, which is
described by the spinor ūp′ in (16); this in turn
leads to a pronounced change in the contact term.
We note that the parametrization in (16) is purely
phenomenological, its choice not being dictated by
any basic physical principles. Therefore, the choice
between the parametrizations in Eqs. (16) and (17)
must rely on the possibility of obtaining the best fit
to available data. Our calculations have revealed that,
in the case of a contact term in the form (16), it is
impossible to choose, for this term, a W -independent
phase that would lead to a good description of data
for W < 1.6 GeV. In view of this, the parametrization
in (17) is used everywhere below for the phase-space
amplitude.

3. EFFECT OF NUCLEON RESONANCES
ON OFF-SCATTERING-PLANE ANGULAR

DISTRIBUTIONS OF NEGATIVELY
CHARGED PIONS

AND ON THE POLARIZATION ASYMMETRY
OF THE BEAM

Within the approach outlined above, we have cal-
culated theW dependence of the coefficients B and C
in (8), which control the off-scattering-plane angular
distributions of negatively charged pions, and the W
dependence of the coefficientsCh in (13), which char-
acterize the beam asymmetry at Q2 = 0.95 GeV2.
The calculations were performed for 12 nucleon res-
onances presented in [7, 8], the nucleon-resonance
form factors and model parameters used in these
calculations being chosen on the basis of the best
fit to the data of the CLAS Collaboration at Q2 =
0.95 GeV2 [15]. In order to verify the sensitivity of the
coefficients Ch and C as functions of W to variations
in the Coulomb form factors for nucleon resonances,
the calculations were performed at three values of the
Coulomb form factor C1/2 for the P11(1440) state:
the value of C1/2 = −0.157 GeV−1/2, which cor-
responds to the best fit to the data of the CLAS
Collaboration [15]; the sign-reversed value of C1/2 =
0.157 GeV−1/2; and zero value, C1/2 = 0, which cor-
responds to the assumption that the P11(1440) state
undergoes no Coulomb excitation.
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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The results obtained by calculating the inte-
grated cross sections and the coefficient C versus
W are shown in Figs. 3a and 3c, respectively, by the
solid curves for C1/2 = −0.157 GeV−1/2, the dashed

curve for C1/2 = 0.157 GeV−1/2, and the dash-
dotted curves for C1/2 = 0. As follows from the data
presented in Fig. 3a, which displays the integrated
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cross sections for the reaction γvp → π+π−p at two
opposite values of C1/2, this integrated cross section
as a function of W exhibits but a relatively weak
dependence on the sign of the form factor C1/2. At
the same time, a strong dependence on the sign of the
form factor C1/2 for the P11(1440) state is observed in
the coefficients C as a function of W , variations in C
versus C1/2 being the most pronounced in the region
of W around P11(1440); however, the effect of C1/2 is
sizable at high values of W , up to W ∼ 1.7 GeV.

In analyzing data reported in [10, 15], the Coulomb
form factor for the P11(1440) state was introduced as
an adjustable parameter in describing the cross sec-
tion for the reaction γvp → π+π−p as a function of W
for W < 1.7 GeV. From data presented in [15], which
contain the differential cross sections dσ/dΩπ− ,
dσ/dΩπ+π− , and dσ/dΩπ+p defined in terms of the
sum of the squared moduli of helicity amplitudes, it
is impossible to separate the nucleon-resonance form
factors A1/2 and C1/2, since all of the aforementioned
cross sections depend on these form factors only
through the combination A2

1/2 + εLC
2
1/2. On the

other hand, the coefficients C in (8) are determined
by the products of electromagnetic form factors,
A1/2C1/2, and that is why the coefficient C greatly
depends on the form factor C1/2 for the P11(1440)
state, as is predicted by the present calculation.
In view of this, an analysis of the off-scattering-
plane distributions of negatively charged pions with
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respect to the angle ϕπ has a very high potential for
a determination of the Coulomb form factor for the
P11(1440) state. Experimental data on the Coulomb
form factor for this state are of particular interest
for obtaining deeper insight into its structure—in
particular, such data may furnish information about
the presence of a gluon-component admixture [16].

Figure 4 shows the calculated coefficients Ch for
the asymmetry of the beam versus W . The calcu-
lations were performed for the above values of the
form factor C1/2 for the P11(1440) state. It turns out
that the magnitude and the sign of the form factor
C1/2 for the P11(1440) state affect the W dependence
of the coefficients Ch significantly. At C1/2 = 0, the
coefficients Ch are also close to zero, which is in-
dicative of a dominant contribution of the Coulomb
excitation of nucleon resonances to the beam asym-
metry. The interference between the longitudinal and
transverse amplitudes for photon interaction gener-
ates the only contribution to the beam asymmetry;
owing to this, the Coulomb form factors for nucleon
resonances can be determined, in this case, via a more
straightforward procedure in relation to an analysis of
angular distributions off the scattering plane, since,
in the latter case, there are a contribution from the
interference between the longitudinal and transverse
amplitudes and a contribution from the interference
between transverse amplitudes for different photon-
helicity values. At the same time, a global analysis of
PH
angular distributions off the scattering plane and of
the asymmetry of the beam will make it possible to
improve the reliability of extracting the Coulomb form
factors.

At present, there are virtually no data on the
Coulomb form factors for nucleon resonances heavier
than P11(1440). An analysis of JJNAF data on
angular distributions off the scattering plane and on
the beam asymmetry within the approach proposed
in the present study will make it possible to obtain
the first experimental information about the Coulomb
form factors for most nucleon resonances.

The solid curve in Fig. 5b depicts the calculatedW
dependences of the coefficients B in (8), which char-
acterize the off-scattering-plane distribution of neg-
atively charged pions with respect to the angle ϕ. In
the same panel, the dashed and the dash-dotted curve
represent the contributions of, respectively, nonreso-
nance and resonance mechanisms. The results of the
calculations performed within the same approach for
the integrated cross section and for its resonance and
nonresonance components are displayed in Fig. 5a.
The contribution of nonresonance mechanisms to the
integrated cross section ranges between 20 and 60%,
while the contribution of nonresonance processes to
the coefficient B is less than the nucleon-resonance
contribution by more than one order of magnitude.
A comparison of the calculated W dependence of
the coefficient B and the resonance contribution to it
reveals that the structure observed at W = 1.5 GeV
is formed owing predominantly to the interference be-
tween nucleon resonances and nonresonance mech-
anisms.

The formation of the structure at 1.5 GeV in the
W dependence of the coefficient B is due to the fol-
lowing circumstances. As follows from Eq. (10), the
coefficient B is sensitive to variations in the product
of the helicity electromagnetic amplitudes A1/2 and
A3/2 for nucleon resonances. At Q2 = 0.95 GeV2,
this product is greater for the D13(1520) state than
for all other states included in the model. Moreover,
it was shown in [17] that a significant interference
with nonresonance Born terms is characteristic of
this state. These are the circumstances that lead to
the emergence of a structure at W = 1.5 GeV in the
W dependence of the coefficients B.

A strong suppression of the contribution from
nonresonance processes and a significant contribu-
tion from the interference between nucleon reso-
nances and nonresonance mechanisms to the W de-
pendence of the coefficient B may open the possibility
for extracting, from data on the W dependence of the
coefficient B, the relative phase of the interference
between resonance and nonresonance mechanisms.
It is rather difficult to estimate this phase on the basis
of theoretical models, and its determination from
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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experimental data is therefore of considerable interest.
Providing additional information compared to the
total cross section, measurement of the coefficient B
may help to separate the contributions of the helicity
amplitudes A1/2 and A3/2 more accurately.

In order to explore these possibilities, we have
calculated the coefficients B at four values of the
relative phase of the resonance and nonresonance
mechanisms in the channel γvp → π−∆++: 0◦, 90◦,
180◦, and 270◦. For the various values of this relative
phase, Fig. 6b displays the calculatedW dependences
of the coefficients B. In the region W < 1.7 GeV, one
can see a significant effect of the relative phase of
the resonance and nonresonance mechanisms in the
π∆ channel on the W dependence of the coefficients
B. At the same time, the effect of this relative phase
on the W dependence of either the integrated cross
sections or the coefficients B is quite modest in the
region W > 1.7 GeV. Thus, it may prove to be pos-
sible to extract the relative phase of resonance and
nonresonance mechanisms from the W dependence
of the coefficient B for W < 1.7 GeV.

For the value of
√
A2

1/2 +A2
3/2 for the D13(1520)

state from a fit to data of the Е-93-006 experiment
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at JLAB [10, 15], we have calculated the W depen-
dence of the coefficients B for (i) the case where the
contribution of A1/2 is 10% of the contribution of√
A2

1/2 +A2
3/2, (ii) the case where A1/2 and A3/2 are

set to the values from a fit to data given in [10, 15], and
(iii) the case where the contribution of A1/2 is 90%

of the contribution of
√
A2

1/2 +A2
3/2. The results of

these calculations are given in Fig. 7. The prospects
for separating the form factors A1/2 and A3/2 are not
optimistic here. At the same time, a simultaneous
analysis of the ϑ distributions of negatively charged
pions (ϑ is the emission angle of these particles with
respect to the virtual-photon 3-momentum), their
off-scattering-plane distribution with respect to ϕ,
and the double beam–target polarization asymme-
try [11] opens new possibilities for separating the
contributions ofA1/2 andA3/2 to the electromagnetic
excitations of nucleon resonances.

4. CONCLUSION

A further development of the model proposed
in [7–10] and intended for describing double charged-
pion production by photons on a proton has been
presented. Within the approach formulated in the
present study, we have calculated off-scattering-
plane angular distributions of pions and the beam
asymmetry.

Our model calculations have revealed that off-
scattering-plane angular distributions and the polar-
ization asymmetry of the beam are highly sensitive to
the Coulomb excitation of the P11(1440) state. Ana-
lyzing, within the approach developed in the present
study, data of the CLAS Collaboration on polariza-
tion beam asymmetries and on off-scattering-plane
angular distributions would make it possible to obtain
the first information about the Coulomb excitation of
nucleon resonances.

A global analysis of the angular distributions of
negatively charged pions with respect to the photon
momentum, their off-scattering-plane distributions,
and the double beam–target polarization asymmetry
would provide additional possibilities for distributing
the electromagnetic strength of the nucleon reso-
nance between the amplitudes A1/2 and A3/2. More-
over, it may prove to be possible to determine, from
experimental data, the relative phase of the resonance
and nonresonance mechanisms in π∆ production;
this would be of importance since it is rather difficult
to estimate this phase theoretically.
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Abstract—The first experimental results for the coherent π0 electroproduction on a deuteron,
e + d → e + d + π0, at large momentum transfer, are reported. The experiment was performed at Jefferson
Laboratory at an incident electron energy of 4.05 GeV. A large pion production yield has been observed
in the kinematical region 1.1 < Q2 < 1.8 GeV2, from the threshold to 200-MeV excitation energy in
the dπ0 system. The Q2 dependence is compared with theoretical predictions. c© 2003 MAIK “Nau-
ka/Interperiodica”.
1. INTRODUCTION

After elastic scattering, the reaction e + d →
e + d + π0 is the simplest coherent process for ed
collisions that contains information on the deuteron
structure and on the elementary nucleon amplitudes.
This reaction has characteristics that make it a very
good source of knowledge on the deuteron structure,
complementary to other probes. The presence of a
deuteron with zero isospin in the initial and final
states leads to a specific isotopic structure for the
corresponding amplitudes. The elastic ed scattering
is essentially determined by an isoscalar combination
of nucleon electromagnetic form factors, whereas
the coherent pion electroproduction on the deuteron
allows both a scan of the full isospin structure of the
nucleon electromagnetic current in the resonance
region and a separation of isoscalar and isovector
contributions. This increases the degree of com-
plexity, but simultaneously opens a unique way to
progress in the understanding of the deuteron and
nucleon structure.

∗This article was submitted by the authors in English.
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1063-7788/03/6612-2159$24.00 c©
Besides the calculation of static hadronic proper-
ties like masses or magnetic moments, the descrip-
tion of elastic and inelastic form factors (which con-
tain dynamical information on the hadron structure)
represents a powerful test for theoretical models. In
particular, in the intermediate energy region, the elec-
tromagnetic form factors should be a helpful signa-
ture of the transition from the confinement regime to
perturbative QCD [1].

The experimental determination of the three form
factors of the deuteron requires the measurement
of polarization observables. The most recent elas-
tic scattering ed data at large values of momentum
transfer squared, Q2 ≤ 6 GeV2 [2], have been suc-
cessfully compared to pQCD predictions, whereas
polarization measurements [3] lead to the conclusion
that, up to Q2 � 2 GeV2, the deuteron structure can
be described by conventional models based on nu-
cleon and meson degrees of freedom. It seems very
difficult to extend such measurements to higher mo-
mentum transfer with existing techniques [4]. How-
ever, inelastic processes, such as e + d → e + d + π0

(accessible with existing beams and polarimeters),
probe the deuteron at smaller distances than the elas-
tic scattering at the same value of Q2. An appropriate
choice of kinematics can lead to new and interest-
ing information. Two dπ0-excitation-energy regions
seem particularly promising: the threshold region and
the ∆-excitation region.

Considerable experimental activity has been going
on in the field of near-threshold pion production in γp
collisions [5, 6], ep collisions [7], and γd collisions [8],
but the data on pion production in ed collisions are
scarce. The experimental study of this reaction is
now possible at Mainz and at Jefferson Laboratory
2003 MAIK “Nauka/Interperiodica”
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Fig. 1. Kinematical lines of ed interaction in the Q2-vs.-
ν∗ plane calculated for a beam energy E1 = 4.05 GeV.
The elastic line (solid line) and the threshold lines for
one-pion (dashed line) and two-pion production (dotted
line) are indicated. The angular range covered by the
kinematics of the electron is also indicated (dash-dotted
lines).

(JLab), due to the high duty cycle of the electron
machines. Threshold π0 electroproduction on protons
and deuterons has been investigated by the A1 col-
laboration at Mainz [9] at small momentum transfer
squared Q2 ≤ 0.1 GeV2.

At this low momentum transfer, different, non-
perturbative QCD, approaches, in particular, Chi-
ral Perturbation Theory (ChPT), can be applied.
Phenomenological approaches such as effective La-
grangian models, isobar models, quark models, and
hybrid models are widely applicable. A general theo-
retical study of pion electroproduction on deuterons
was first developed in [10]. An adequate dynami-
cal approach to pion electroproduction has to take
into account all previous theoretical findings re-
lated to other electromagnetic processes on the
deuteron, such as elastic ed scattering, π0 pho-
toproduction γ + d → d + π0 [11], and deuteron
photodisintegration γ + d → n + p [12]. Like these
processes, the reaction e + d → e + d + π0 involves
the study of the deuteron structure and of the re-
action mechanism and the determination of the
neutron elementary amplitudes, γ∗ + n → n + π0,
where γ∗ is a virtual photon. Note that the ex-
act cancellation of rescattering effects, due to the
processes γ∗ + d → p + p + π−(n + n + π+) → dπ0

in the near-threshold region [13], allows one to
extract the neutron amplitudes from the data on
e + d → e + d + π0, in the framework of the impulse
approximation.

Here, the first experimental observation of π0 elec-
troproduction on deuterons is reported at large values
of the momentum transfer squared and at relatively
PH
small excitation energy of the produced dπ0 system.
This kinematical region is only accessible at JLab.

The data were collected during the t20 experiment,
the primary aim of which was the measurement of
the deuteron tensor polarization in elastic ed scat-
tering [3]. We have reconstructed the dependence on
the kinematical variables that contain the physical in-
formation for the process e + d → e + d + π0, taking
into account the difficulties related to limited exper-
imental acceptance and to low detection efficiency.
With a complete measurement of the fivefold differen-
tial cross section, the comparison to the theory would
have been straightforward. Here, the detection of the
deuteron, due to limited resolution and statistics, does
not allow a complete and precise reconstruction of
the physical event. We derive from the experiment
the Q2 dependence of the yield, which can be directly
compared to theoretical models, such as an effective
Lagrangian model and pQCD predictions.

Our paper is organized as follows. In Section 2,
we present kinematical and dynamical characteristics
of the process e + d → e + d + π0. The description of
the experiment is presented in Section 3. Section 4 is
devoted to the discussion of the experimental results
and to the comparison with theoretical predictions.
The main results are summarized in the Conclusions.
The Appendix contains a detailed scheme of the ex-
perimental analysis in the case of incomplete event
reconstruction.

2. THE PROCESS e + d → e + d + π0

2.1. The Kinematics

In the framework of the one-photon mecha-
nism, the process e + d → e + X is equivalent to
γ∗ + d → X, where X is a hadronic system, and
this gives the most convenient choice of kinematical
variables for the electroproduction processes. The
detection of the recoil deuteron in coincidence with
the scattered electron allows a full reconstruction of
the kinematics for γ∗ + d → d + π0.

In the limit of zero electron mass, the momentum
transfer squared from the incident to the outgoing
electron, Q2, is defined as

Q2 = 4E1E2 sin2 θe

2
,

where E1 (E2) is the energy of the incident (scattered)
electron and θe is the electron scattering angle (in the
laboratory system). As defined here, Q2 is positive in
the spacelike region.

The energy and the angle of the scattered electron
enable the determination of the momentum transfer
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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squared Q2 and of the invariant mass of the produced
hadronic system W :

W =
√

M2 −Q2 + 2ν∗,

where M is the deuteron mass and the quantity ν∗ =
M(E1 − E2) is related to the energy transferred from
the electron to the hadronic system X.

Events from elastic scattering and electroproduc-
tion of one and two pions follow straight lines in a
plane defined by Q2 vs. ν∗ (Fig. 1), corresponding
to a definite value of the invariant mass W . Fixed
values of θe also correspond to straight lines in the
Q2–ν∗ plane. In Fig. 1, the lines corresponding to
θe = 18.5◦(±1.5◦) are drawn to emphasize the kine-
matical limits of the experimental setup.

For the analysis of the π0-production data near
threshold, instead of the invariant variable t = (p1 −
p2)2 (p1 and p2 are the 4-momenta of the target and
of the outgoing deuteron, respectively), it is preferable
to use cos θ̃π, where θ̃π is the pion production angle
in the center-of-mass system (c.m.s.) of the final dπ0

system.
At a given value of W , the final deuteron energy

in the laboratory system, Ed, can be expressed as
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
a quadratic function of the cosine of the deuteron
scattering angle, cos θd, which is drawn in Fig. 2 for
different values of ∆W . In this figure, the threshold
point for π0 electroproduction and the point for elastic
ed kinematics, at a fixed value of incident electron en-
ergy and electron scattering angle, are also indicated.

These considerations are valid for coplanar kine-
matics, where all momenta of the final particles in
e + d → e + d + π0 are in the same plane. This cor-
responds to two values of the azimuthal angle of
the final deuteron, φ = 0 and φ = π, relative to the
electron scattering plane, defined by the directions of
the 3-momenta of the initial and final electrons k1
and k2. The left-hand side of each ellipse in Fig. 2
(with respect to the center, i.e., the threshold point)
corresponds to φ = π (the deuteron scattering angle
is smaller than the threshold value) and the right-
hand side of the ellipses corresponds to φ = 0 (the
deuteron scattering angle is larger than the threshold
value).

Note, in conclusion, that the measurement of Ed

allows the determination of cos θ̃π as a function of Ed,
W , and Q2 through the following expression:
2M2 − 2MEd = −Q2 + m2
π − (W 2 −Q2 −M2)(W 2 + m2

π −M2)
2W 2

(1)

+ 2cos θ̃π

√[
(W 2 −Q2 −M2)2

4W 2
+ Q2

] [
(W 2 + m2

π −M2)2

4W 2
−m2

π

]
.

The knowledge of the cos θ̃π dependence for the dif-
ferential cross section of γ∗ + d → d + π0 is essential
in order to perform a multipole analysis.

2.2. The Dynamics
In the framework of the one-photon mechanism,

the differential cross section for e + d → e + d + π0

can be written as [14]

σ(φ) =
d5σ

dE2dΩd̃Ω
= N

[
HT + εHL (2)

+ εHP cos 2φ +
√

2ε(1 + ε)HI cosφ
]
,

where N is a normalization kinematical coefficient,

N =
α2

64π3

E2

E1

qπ

MW

1
(1 − ε)

1
Q2

, (3)

and ε is the degree of linear polarization of the virtual
photon,

ε−1 = 1 + 2
kγ2

Q2
tan2 θe

2
. (4)
Here, k2
γ = (k1 − k2)2 = E2

1 +E2
2 − 2E1E2 cos θe, qπ

is the pion 3-momentum in the c.m.s. of the reaction
γ∗ + d → d + π0 with q2

π = E2
π −m2

π, Eπ = (W 2 +
m2

π −M2)/(2W ), and α = e2/(4π) � 1/137.

The terms Ha (a = T,L, P, I) are related to the
four standard contributions to the differential cross
section for γ∗ + d → d + π0, corresponding to the
different polarizations of the virtual photon: T and P
are the transverse components, L is the longitudinal
component, and I is the interference between the lon-
gitudinal and transversal components. The element
of solid angle for the scattered electron (deuteron) in
the laboratory (c.m.) system is dΩ (d̃Ω). Note that
d̃Ω = d cos θ̃πdφπ.

The different contributions Ha depend on Q2, W,

and cos θ̃π. The azimuthal dependence is explicit in
the cosine terms [Eq. (2)]. The three kinematical
quantities ε, N , and φ depend on the electron kine-
matics.
03
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labeled “Signal”) and to estimate the background (con-
tour II, labeled “Background”). The events at ADC val-
ues around 3000 correspond to random electron–protons
coincidences.

A measurement of σ(φ) for three values of φ (for
example, φ = 0, π/2, and π) and for two values of the
parameter ε allows a complete and unique separation
of all four contributions to the cross section. Note
that Eq. (2) can be considered a generalization of
PH
 

2000

1000

0
1.6 1.8 2.0 2.2 2.4

Counts
 

W

 

, GeV

Fig. 4. Experimental distribution of the invariant mass
W corresponding to events in the range of time of flight
1280–1440 (solid line) and to events selected, according
to Fig. 3, by contour I (dashed line) or by contour II
(dotted line).
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the elastic peak are centered aroundW = M .

the Rosenbluth formula for a three-body reaction, in
which only two particles are detected in the final state.

In the near-threshold region, in the framework
of the S- and P-wave pion production, the four
contributions to the differential cross section of
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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e + d → e + d + π0 can be parametrized as functions
of cos θ̃π as follows (omitting, for simplicity, the
deuteron form factors):

HT = a0 + a1 cos θ̃π + a2 cos2 θ̃π, (5)

HP = b0 sin2 θ̃π,

HL = c0 + c1 cos θ̃π + c2 cos2 θ̃π,

HI = sin θ̃π(d0 + d1 cos θ̃π),

where the real coefficients ai, bi, ci, and di are well-
defined quadratic combinations of multipole ampli-
tudes for γ∗ + d → d + π0, which are functions of
only two variables, Q2 and W . All the dynamical
information about this process is contained in these
multipole amplitudes. The experimental determina-
tion of the Q2 and W dependences of the multi-
pole amplitudes would allow a direct comparison with
the theory. In the framework of the S- and P-wave
contributions, the fivefold cross section has to be
measured for at least nine points (for different cos θ̃π,
φ, and ε) in order to determine fully the multipole
amplitudes (the moduli and relative phases).

In the case of limited acceptance or of partial in-
formation on one or both of the final particles, one
can extract from the experiment—and compare to
theoretical predictions—only some combinations of
the above-mentioned coefficients. For example, near
threshold, the pions are emitted in a narrow cone
around the virtual photon direction (in the laboratory
system) and the experimental resolution may not al-
low a precise determination of the azimuthal angle,
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
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ical factor N (Eq. 3).

or, on the contrary, far above threshold the detection
acceptance may not cover the full phase space. We
derive in the Appendix a rigorous method for the data
analysis, in the case of limited kinematical informa-
tion.

3. THE EXPERIMENT

From Figs. 1 and 2, it appears that the kine-
matical characteristics of the outgoing particles
(the scattered electron and deuteron) in the process
e + d → e + d + π0 in the threshold region are close
to those of the elastic process e + d → e + d. There-
fore, the experimental setup of the t20 experiment at
JLab, which had a double-arm detection for elastic ed
scattering, could be used to study the inelastic pro-
cess of π0 production. The experiment was performed
in Hall C. With small changes in the spectrometer
settings, it was possible to reach near-threshold kine-
matics in which π0 events were detected. The typical
luminosity was about 2 × 1038 cm2 s−1 obtained
with a 40-µA continuous electron beam and a 12-
cm-long liquid deuterium target. The electrons were
detected in a large-solid-angle (6 msr) spectrometer
(HMS) with an energy resolution ∆E/E = 10−3.
The deuterons were focused on the polarimeter
03
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POLDER [15] through a magnetic transport line
located at a fixed angle, θd, of 60.5◦. For the initial
electron energy, Ee = 4.05 GeV, the scattered elec-
trons were detected at an angle θe = 18.5◦ corre-
sponding to a range of 4-momentum squared 1.1 <
Q2 < 1.8 GeV2. The coincidence between electrons
and deuterons reduced the high background. A more
detailed description of the experimental setup can be
found in [3, 16].

The deuterons were identified in the two-dimen-
sional spectrum corresponding to the time-of-flight-
versus-the-ADC signal related to the energy loss in
the POLDER start detectors. The deuterons were
selected by the contour shown in Fig. 3 (contour I,
labeled “Signal”). An estimation of the background,
done by displacing the contour (contour II, labeled
“Background”), is about 20%. The largest part of the
background, corresponding to protons coming from
deuteron breakup, does not appear in the figure, as it
corresponds to a different region of the time-of-flight
spectrum.

The spectrum of the invariant mass W is shown in
Fig. 4 for different selection criteria of events. Above
the pion threshold, Wth = M + mπ, a significant
number of events were observed. The transition
PH
between the elastic and the pion production regions is
illustrated in Figs. 5 and 6. The number of counts is
plotted as a two-dimensional function of Q2 and W ,
for the e + d → e + X reaction, for spectrometer set-
tings corresponding to elastic kinematics (Fig. 5) and
to pion kinematics (Fig. 6), where a tail from elastic
scattering is still visible. The experimental resolutions
are ∆W/W = 0.3% and ∆Q2/Q2 = 0.7%.

In this measurement, in four hours of beam on tar-
get, 25 815 pion events were counted in contour I, 330
of which correspond to the near-threshold region in
an invariant mass range ∆W = W −Wth = 40 MeV.
This total number is comparable to the number of
events for elastic ed scattering in similar experimental
conditions.

4. THE RESULTS

The deuteron magnetic channel has large angu-
lar acceptance and low momentum resolution. The
deuteron momentum and scattering angle could not
be reconstructed with precision. For this reason, the
information presented here concerns the kinematical
variables calculated from the electron channel. We
focus here on the Q2 dependence of the differential
cross section of the process e + d → e + d + π0, for
which theoretical predictions are available.

In Fig. 7, we show the Monte Carlo expecta-
tion [17] for the Q2 and the W distributions, calcu-
lated for a uniform input distribution (solid line) and
for a distribution weighted by the kinematical factor
N (Eq. 3). The figure shows the range of detection
where the acceptance of the apparatus is reasonably
flat: 1.3 ≤ Q2 ≤ 1.6 GeV2 and W from threshold up
to 2.3 GeV.

In order to extract the Q2 distribution, quite con-
servative cuts were applied in order to select events
well inside the acceptance of the deuteron channel.
We assumed that the efficiency is constant in this
central region. This is reasonably supported by the
Monte Carlo simulations.

Systematic errors due to event selection were es-
timated with the help of a parallel analysis, where the
selection of events was done by a window in the time-
of-flight and electron-momentum bidimensional plot.
Background subtraction was done by displacing a
window in the time-of-flight spectrum. The final dis-
tributions were consistent within the error bars.

In Fig. 8, the Q2 dependence of the counting rates
integrated over the experimental acceptance is given
for different region of W , in bins of 40 MeV, from
threshold to the ∆-excitation region. The data are
corrected by the kinematical factor N [see Eq. (3)]
in order to make an easier comparison with the the-
oretical predictions. We did not attempt to apply an
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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absolute normalization of the data due to a large un-
certainty on the reconstruction of the deuteron kine-
matics, although the dπ0 events were unambiguously
identified.

Moreover, the radiative corrections are necessary
to extract absolute values of the cross section. For
the considered process, at relatively large momen-
tum transfer, radiative corrections are, in principle,
far from being negligible. Their calculation is com-
plicated from a theoretical point of view, and to the
best of our knowledge, no calculation exists for pion
coherent electroproduction on the deuteron. Further-
more, the acceptance has to be taken into account
precisely. But if we consider relative yields, this prob-
lem can be neglected, mainly due to the logarithmic,
i.e., weak, dependence of radiative corrections on Q2

and relatively small Q2 interval in the present experi-
ment.

The four spectra show a similar steep decreasing
behavior.10) In general, the acceptance in one variable
is a complicated function of other variables and it is
usually estimated through sophisticated simulations.
But if the φ acceptance is small or constant, or in
the case of full 2π φ acceptance, a rigorous treatment
of the data is possible, even without full information
on the azimuthal angle (see Appendix). The relative
Q2 dependence of the yields can be compared with
theoretical calculations, such as the impulse approx-
imation or pQCD scaling laws [18].

Predictions available from a classical (mesonic)
model on coherent pion electroproducion [10], where
the reaction mechanism is described within the im-
pulse approximation (the deuteron is described by
the Paris wave function) and the γ∗ + N → N + π
interaction is treated in the framework of an effective
Lagrangian model [10], are shown in Fig. 8. The
solid and dashed curves correspond, respectively, to
φ integration over 2π and to the limit for small ∆φ,
which is closer to the experimental conditions. For 2π
acceptance, only HT and HL contribute to the cross
section, whereas, in the case of small φ acceptance,
all contributions to the exclusive cross section are
present (see Appendix).

The theoretical curves are normalized to the high-
est experimental point, for the smallest value of Q2.
After normalization, the results are not very sensitive
to the opening of the azimuthal angle. Such behav-
ior can be interpreted as an indication of a weak φ
dependence of the d(e, e′π0)d cross section. Another
possibility is that the different contributions induce a
similar Q2 dependence of the cross section, integrated

10)The deviation from a monotonic decrease forQ2 ≥ 1.6 GeV2

may reflect a limitation in the acceptance (see Fig. 7).
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
in this kinematical region. The theoretical model [10]
indeed predicts a large φ dependence in the ∆ region.

Following the quark counting rule of pQCD
[1], the asymptotic behavior of the electromagnetic
(elastic and inelastic) form factors of hadrons follows
a (1/Q2)(n1+n2)/2−1 dependence, where n1(n2) is
the number of quarks in the initial (final) state. For
pion electroproduction on the deuteron (at relatively
large momentum transfer and small excitation en-
ergies, where the electroproduction process is de-
termined by the inelastic electromagnetic current,
γ∗ + d → d + π0, with n1 = 6 and n2 = 6 + 2 = 8),
we expect a value of n1 + n2 = 14, which corresponds
to a steeper decrease in the cross section compared to
elastic ed scattering, where n1 + n2 = 12.

The Q2 behavior for the coherent inelastic deute-
ron cross section is illustrated in Fig. 8, where we
show the results of the parametrization

σdπ0(Q2) =
σdπ0(0)

(1 + Q2/m2)N
(6)

for N = 14 (dotted curve) and for m2 = 1.41 GeV2,
according to [1].

The results from these two approaches are consis-
tent with the present data. As for elastic ed scatter-
ing [2], the measurement of the cross section alone
does not allow us to disentangle predictions given by
different models of the deuteron structure.

5. CONCLUSIONS

Coherent π0 electroproduction on the deuteron,
e + d → e + d + π0, at relatively large momentum
transfer has been detected for the first time. The
specific conditions of this experiment covered coher-
ent π0 production in the near-threshold region and
in the region of excitation of the ∆ resonance. A
steep decrease with Q2 in the counting rate has been
observed at different values of W .

The present results show that it is possible to
foresee a research program based on the experimen-
tal study of coherent pion electroproduction on the
deuteron at relatively large momentum transfer, at
threshold, and in the ∆ region, to access

the relative contributions of S and P waves for
different values of Q2;

the Q2-scaling behavior of S- and P-wave excita-
tion for γ∗ + d → d + π0;

the specific mass parameter, m2, which enters into
the Q2 dependence of the different contributions to
the differential cross section to be compared to meson
and nucleon form-factor values;

the ∆-isobar excitation on the deuteron, γ∗ + d →
∆ + N → d + π0.
03
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We have established the feasibility of such an ex-
perimental study, since counting rates are similar to
elastic scattering. More complete results could be
obtained at the Jefferson Laboratory in a dedicated
experiment, which would stimulate parallel efforts
from the theoretical side in developing specific cal-
culations adapted to this newly accessible region. In
particular, in addition to the differential cross section,
measurements of the vector and tensor polarization
of the outgoing deuteron are possible in this energy
domain [19].

Finally, we would like to recall that, after several
decades of experimental and theoretical studies of
ed elastic scattering, the situation with the deuteron
models (choices of nucleon form factors, deuteron
wave functions, corrections to impulse approxima-
tion, etc.) is not yet disentangled. In this respect, a
detailed study of e + d → e + d + π0 will bring new
important pieces of information.
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APPENDIX

We present here a possible scheme for the analysis
of e− + d → e− + d + π0 data, taking into account
the case of partial information of the detected parti-
cles.

For the estimation of the φ acceptance, it is
necessary to know the relative angle between the
3-momentum of the virtual photon, kγ , and the
momentum of the scattered deuteron. This angle
depends on the variable W and can be calculated
using the following expression for the production
angle of the virtual photon θγ relative to the electron
scattering angle:

cos θγ =
E2 cos θe + E1

kγ
.

Limited φφφ acceptance. If we approximate the φ
acceptance for the emitted deuteron as

−∆φ

2
≤ φ ≤ ∆φ

2
,

then, for ∆φ 
 1, all possible contributions in Eq. (2),
namely, 1, cos 2φ, and cosφ, will give the same results:

∆φ/2∫
−∆φ/2

1dφ = ∆φ,
PH
∆φ/2∫
−∆φ/2

cos 2φdφ = sin ∆φ � ∆φ,

∆φ/2∫
−∆φ/2

cosφdφ = sin ∆φ � ∆φ.

Thus, we can write the φ-integrated cross section as
follows:

d4σ

dE2dΩd cos θ̃π

= ∆φNσ(Q2,W, cos θ̃π, E1),

with the following dependence for cos θ̃π:

σ(Q2,W, cos θ̃π, E1) = A0 + A1 cos θ̃π (A.1)

+ A2 cos2 θ̃π + A3 sin θ̃π + A4 sin θ̃π cos θ̃π,

where the five coefficients Ai are definite linear com-
binations of the coefficients (5):

A0 = a0 + ε(c0 + b0), (A.2)

A1 = a1 + εc1,

A2 = a2 + ε(c2 − b0),

A3 =
√

2ε(1 + ε)d0,

A4 =
√

2ε(1 + ε)d1.

The E1 dependence of all these coefficients Ai is
contained only in the parameter ε.

If we can measure the cross section
d4σ/dE2dΩd cos θ̃π at five different values of θ̃π, we
will determine all five coefficients
Ai(Q2,W, cos θ̃π, E1), which can be compared to
theoretical predictions.

Full 2π2π2π acceptance. In this case only the L and
T components of the cross section contribute to the
integral of (2) in the interval 0 ≤ φ ≤ 2π:

d4σ

dE2dΩd cos θ̃π

= 2πNσ(Q2,W, cos θ̃π, E1),

with the following dependence on cos θ̃π:

σ(Q2,W, cos θ̃π, E1) (A.3)

= A0 + A1 cos θ̃π + A2 cos2 θ̃π

and the three coefficients Ai are definite linear combi-
nations of the coefficients (5):

A0 = a0 + εc0, (A.4)

A1 = a1 + εc1,

A2 = a2 + εc2.

The Rosenbluth fit in ε is very useful for the separa-
tion of the different contributions to the coefficients
A0–A2.
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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cos θ̃πcos θ̃πcos θ̃π integration. This integration has to be
done if the deuteron energy (in the laboratory system)
is not properly measured.

The representation (5) is well adapted to cos θ̃π in-
tegration over the energy acceptance of the deuteron
channel. We can use the one-to-one correspondence
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
between the deuteron energy Ed (in laboratory sys-
tem) and cos θ̃π. From Eq. (2), we find

cos θ̃π =
T0 − Ed

T1
,

where T0 and T1 are
T0 =
1

4M

[
W 2 −Q2 −m2

π +
(M2 −Q2)(M2 −m2

π)
W 2

]
,

T1 =
1
M

[(
(W 2 + Q2 −M2)2

4W 2
−Q2

)(
(W 2 + m2

π −M2)2

4W 2
−m2

π

)]1/2

,

i.e., the energies T0 and T1 are functions of Q2 and W
only.

The final result can be written as

d3σ

dE2dΩ
= ∆φN σ̃(Q2,W,E1),

where

σ̃(Q2,W,E1) = A0I0 + A1I1

+ A2I2 + A3I3 + A4I4.

The coefficients I0–I4 are the integrals over the ac-
ceptance of the deuteron channel:

I0 =
∫
∆

d cos θ̃π =
1
T1

Emax
d∫

Emin
d

dEd, (A.5)

I1 =
∫
∆

cos θ̃πd cos θ̃π = − 1
T 2

1

Emax
d∫

Emin
d

(T0 − Ed)dEd,

I2 =
∫
∆

cos2 θ̃πd cos θ̃π

= − 1
T 3

1

Emax
d∫

Emin
d

(T0 − Ed)2dEd,

I3 =
∫
∆

sin θ̃πd cos θ̃π

= − 1
T1

Emax
d∫

Emin
d

dEd

√
1 − (T0 − Ed)2

T 2
1

,

I4 =
∫
∆

sin θ̃π cos θ̃πd cos θ̃π = − 1
T 2

1

×
Emax

d∫

Emin
d

dEd(T0 − T1)

√
1 − (T0 − Ed)2

T 2
1

,

where Emin
d and Emax

d are the minimal and maximal
energies of the deuteron (in the laboratory system).
The coefficients I0–I4 are functions of Q2 and W for
each initial energy of the electron beam E1.

The calculation of the coefficients A0–A4, in the
framework of a definite model for γ∗ + d → d + π0,
together with numerical values for I0–I4, allows a
straightforward comparison of the measured cross
section d2σ̃/dQ2dW with theoretical predictions.
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Abstract—The dependence of the Z-resonance shape on the location of the threshold of the NN̄ produc-
tion (N is the fourth-generation neutrino) is analyzed. The bounds on the existence of the fourth generation
are derived from the comparison of the theoretical expression for the Z lineshape with the experimental
data. The fourth generation is excluded at 95% C.L. for mN < 46.7± 0.2 GeV. c© 2003 MAIK “Nau-
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1. INTRODUCTION

The straightforward generalization of the Stan-
dard Model through the inclusion of extra chiral gen-
erations of heavy leptons (N , E) and quarks (U , D)
was studied in a number of papers [1–10]. In [1–3],
the analysis of deviations from the Standard Model
due to the fourth-generation contribution was carried
out in terms of S, T , and U parameters for fourth-
generation particles much heavier than mZ . The case
of new light physics was investigated in [4, 5], using
modified S, T , and U parameters, in order to take into
account the effects of relatively light new particles.
Particle and astroparticle implications of the fourth-
generation neutrinos were studied in [7]. Amore thor-
ough investigation of the properties of the fourth gen-
eration in the framework of GUT models was carried
out in [8]. It was shown in [9] that, unifying spins
and charges in the framework of SO(1, 13) group,
one gets four families of leptons and quarks. Pos-
sible manifestations of fourth-generation particles at
hadron colliders were studied in [10].

The bounds on the existence of the fourth genera-
tion from the analysis of an electroweak data fit were
obtained in [6, 11–14]. However, the dependence of
the Z resonance shape on the contribution of the
fourth generation and, in particular, on the location of
the threshold of NN̄ production was not considered

∗This article was submitted by the authors in English.
1)CPPM, IN2P3, CNRS, Universite Mediteranee,Marseilles,
France; ITEP, Moscow, Russia.
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*****e-mail: rozanov@cppm.in2p3.fr
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1063-7788/03/6612-2169$24.00 c©
in [11–14] because the results were obtained in the
Breit–Wigner approximation. This approximation is
valid for the thresholds of the fourth-generation par-
ticle production being far from mZ . If the threshold
location approaches mZ (mN → mZ/2), then one
gets a fast worsening of the fit (see Fig. 4 of [13]). It
is due to the fact that the standard approach to the
radiative corrections to the electroweak observables,
used in [6, 11–14], does not work in the presence of
a heavy neutrino (N ) with mN − mZ/2 < ΓZ . After
Taylor expansion over (p2 − m2

Z), the expression for
the polarization operator tends to infinity for mN →
mZ/2 because the point at which the Taylor expan-
sion is performed becomes the branch point of the
polarization operator.

According to the results of [11–14], the best fit
corresponds to mN ≈ 50 GeV, which is why careful
analysis of the region mN ≈ mZ/2 is undertaken in
this paper. We study the dependence of the Z line-
shape on the location of the threshold of NN̄ pro-
duction. We analyze the energy dependence of the
e+e− → Z → hadrons cross section near Z reso-
nance and find that it exhibits a characteristic behav-
ior near the threshold, a cusp.2) The cusp is caused

by the square root
√

s − 4m2
N appearing in the con-

tribution of the fourth-generation neutrino to the po-

2)Such behavior of the cross section in quantum mechan-
ics was discovered by Wigner, Baz, and Breit and is dis-
cussed in [15]. In particle physics, an analogous phenomenon
was considered in [16]. Unlike cases analyzed previously,
Z-boson physics is purely perturbative, allowing one to get
explicit formulas for cross section. However, being perturba-
tive, the variations of cross section because of the cusp are
small. Nevertheless, high precision of experimental data on
Z production allows us to limitN mass from below.
2003 MAIK “Nauka/Interperiodica”
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R

A

B

f

Fig. 1. The reactionA+B → R→ f .

larization operator of Z boson. The form of the cusp
is determined by the location of the threshold with
respect to mZ .

Then, we compare the theoretical expression for
the Z lineshape with the experimental data presented
in [17] using ZFITTER [18] in order to take into
account the electromagnetic corrections and find that
the fourth generation is excluded at 95% C.L. for
mN < 46.7± 0.2 GeV. This bound depends on the
masses of the charged fourth-generation particles
and on the mass of the Higgs. Using the results
of [14], we fix the mass of the charged lepton (E) and
take into account that the splittings of quark masses
and Higgs mass are not independent. This leaves
us with one free parameter—the splitting of quark
masses, which we vary from 0 to 50 GeV. This varia-
tion is the source of the theoretical uncertainty in the
bound on N mass, as well as the uncertainties of the
input parameters of ZFITTER. Note that χ2/nd.o.f.
for the Z lineshape with the fourth generation is even
better for certain region of mass values than χ2/nd.o.f.
for the SM prediction.

The paper is organized as follows. In Section 2,
we discuss the general behavior of the cross sections
near threshold. In Section 3, the exact formulas for
the contributions of the fourth-generation particles to
the cross section of e+e− → hadrons are presented.
We study the behavior of the e+e− → hadrons cross
section near the threshold of NN̄ production in Sec-
tion 4. Using the result of Section 3, we compare our
prediction for the Z lineshape in the presence of the
fourth generation with the experimental data in Sec-
tion 5. The conclusions are presented in Section 6.

2. THE CROSS SECTIONS NEAR
THRESHOLD

Let us consider the interaction of two particles
A and B, which form some resonance R, which in
turn decays into a system of particles f (see Fig. 1).
The behavior of the cross section of this process near
the R peak can be calculated in the general case,
regardless of the exact form of interaction. We need
only the partial width of particle R. The cross section
PH
near the resonance is described by the Breit–Wigner
formula [18]

σ =
4πs2

I2

2SR + 1
(2SA + 1)(2SB + 1)

(1)

× ΓR→A+BΓR→f

(s − M2)2 + Γ2s2/M2

s

M2
,

where s = (pA + pB)2; M and Γ are mass and total
width of R, respectively; I = (1/2) ×√

(s − (mA + mB)2)(s − (mA − mB)2); and SR,
SA, and SB are spins of particles R, A, and B,
respectively.

Let us consider the case when the reaction occurs
not only near the resonance, but also near the thresh-
old ofNN̄ production. In order to study this effect, we
write explicitly the contribution of theNN̄ loop to the
propagator of particle R:

1

s − M2 + iΓs/M +Σ(N)
R (s)

; (2)

the imaginary part of polarization operator Σ(N)
R (s)

is connected with the R → NN̄ decay probability by
the unitarity relation. The decay probability is propor-

tional to
√

s − 4m2
N , the factor that arises from the

integration over phase space. Then, if we rewrite the

polarization operator as Σ(N)
R (s) = a + ib

√
s − 4m2

N

and expand the expression for the propagator near
s = 4m2

N , it will take the following form:

T0 + iT1

√
s − 4m2

N , (3)

where T0 and T1 are some functions of a, b, s,m2
Z , and

ΓZ . Then, the cross section is proportional to [15]

σ ∼ |T0|2 + 2
√

s − 4m2
N Im[T0T

∗
1 ], s > 4m2

N ; (4)

σ ∼ |T0|2 − 2
√

4m2
N − sRe[T0T

∗
1 ], s < 4m2

N .

The form of the cross-section energy behavior near
threshold is defined by the value of the angle arg(T0)−
arg(T1) (see Fig. 2) [15]. In all cases, there are two
branches lying on both sides of a common vertical
tangent. Thus, the existence of the reaction threshold
leads to the appearance of the characteristic energy
dependence of the cross section. The cross section

near threshold is a linear function of
√

s − 4m2
N

with different slopes under and above threshold. The
existence of the square root branch point, s = 4m2

N ,
prevents the amplitude expansion near the branch
point in the Taylor series.

Below, we will consider the case when R ≡ Z.
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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Fig. 2.Different cases of cross-section behavior near threshold. The vertical axis is σ, while the horizontal one is s; the dashed
line crosses the horizontal axis at 4m2

N .
3. POLARIZATION OPERATOR

The cross section of e+e− → Z → hadrons near
Z resonance is well described by the Breit–Wigner
formula [18]

σSM
h =

12πΓeΓh

|p2 − m2
Z + iΓSM

Z p2/mZ |2
p2

m2
Z

, (5)

where p = p1 + p2, p1 and p2 are momenta of initial
electron and positron, mZ is the mass of Z boson, Γe
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
is the width of Z → e+e− decay, Γh is the width of
Z → hadrons, and ΓSM

Z is the total width of Z in the
SM.

The fourth generation contributes to the Z-boson
polarization operator. This contribution can be ac-
counted for in expression (5) by replacing the denom-
inator:
|p2 − m2
Z + iΓSM

Z p2/mZ |2 → |p2 − m2
Z + iΓZp2/mZ +Σ(4th)

Z (p2)− Re[Σ(4th)
Z (m2

Z)]|2, (6)
where the subtraction is performed due to the fact that
we follow the approach of [11–13] and use experi-
mental values formZ ,α, and Fermi coupling constant
Gµ. Thus, the renormalization scheme is an on-shell
one. The real part of the polarization operator at s =
m2

Z is subtracted in order to avoid the shifting of Z
boson mass. It is due to the fact that the real part of
the polarization operator contributes to mZ ;

Σ(4th)
Z (p2) = Σ(N)

Z (p2) + Σ(E)
Z (p2) (7)

+Σ(U)
Z (p2) + Σ(D)

Z (p2)

is the contribution of the fourth generation toZ polar-
ization operator. The contribution of the NN̄ channel
toZ width is taken into account by the imaginary part

of Σ(N)
Z (p2).
Note that ΓZ in (6) includes decays of Z into

particles of the first three generations. The fourth
generation also influences ΓZ in a nondirect way. It is
due to the fact that the polarization operators of gauge
bosons enter the radiative corrections for gA and gV ,
which in turn enter the amplitude of the Z-boson
decay into a fermion–antifermion pair:

M(Z → f f̄) =
1
2
f̄Zαψ̄f (γαgV f + γαγ5gAf )ψf ,

(8)

where f̄2 = 4
√
2Gµm2

Z = 0.54866(4). In the case of
Z decay into νν̄, the contribution of final-state inter-
action equals zero and

Γν = 4Γ0(g2
V ν + g2

Aν), (9)
where Γ0 = Gµm3
Z/(24

√
2π) is the so-called "stan-

dard" width. If we neglect the masses of neutrinos,
then gV ν = gAν = gν . For the decay into any pair of
charged leptons, we get

Γl = 4Γ0 (10)

×
[
g2
V l

(
1 +

3ᾱ
4π

)
+ g2

Al

(
1 +

3ᾱ
4π

− 6
m2

l

m2
Z

)]
,

where ml is the mass of the lepton and ᾱ ≡ α(m2
Z) =

[128.896(90)]−1 . The situation changes slightly in the
case of Z → qq̄. There appear the radiative correc-
tions (RV q and RAq) due to gluon exchange and
emission in the final state:

Γq = 12Γ0

(
g2
V qRV q + g2

AqRAq

)
. (11)

According to the results of [19], the one-loop ex-
pressions for gAl and Rl = gV l/gAl are

gAl = −1
2
− 3ᾱ

64πs2c2
VA, (12)

Rl = 1− 4s2 +
3ᾱ

4π(c2 − s2)
VR,

gν =
1
2
+

3ᾱ
64πs2c2

Vν , (13)

and in the case of quarks

gAq = T3q

[
1 +

3ᾱ
32πs2c2

VAq

]
, (14)

Rq = 1− 4|Qq|s2 +
3ᾱ|Qq|

4π(c2 − s2)
VRq,
03
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where c ≡ cos θeff and s ≡ sin θeff.
The exact expressions for VA, VR, VAq, and VRq in

the SM can be found in [19].
The fourth-generation particles contribute to

physical observables through polarization operators
of gauge bosons, as was mentioned above. This gives
corrections δVi to the functions Vi (i = A, R) [11],

3ᾱ
16πs2c2

δVA = Π(4th)
Z (m2

Z)−Π(4th)
W (0) (15)

− Σ(4th)′
Z (m2

Z),
3ᾱ

16πs2c2
δVR =

[
Π(4th)

Z (m2
Z)−Π(4th)

W (0)

− Σ(4th)′
γ (0)

]
− sc(c2 − s2)

s2c2
Π(4th)

γZ (m2
Z),

where ΠZ(m2
Z) = ΣZ(m2

Z)/m
2
Z . Note that all sin-

gular terms, proportional to 1/ε (ε = D − 4), on the
right hand sides of Eqs. (15), arising from polarization
operators, cancel, as was shown in [19]. Thus, expres-
sions (15) are finite. However, these formulas work
well for new particles much heavier than the Z boson.

If mN → mZ/2, then Σ(4th)′
Z (m2

Z) tends to infinity.

Σ(4th)′
Z (m2

Z) comes from the Taylor expansion of the
Z boson polarization operator near mZ . In order to
get rid of this unphysical infinity, which arises due to
the fact that the expansion is performed at the branch
point of the polarization operator, we use the exact
expression for the contribution of fourth-generation
particles to the Z boson polarization operator.

For the contribution of the fourth-generation par-
ticles, we get

Π(φ)
Z (p2) =

Ncᾱ

8πs2c2

[
∆φ + 4g2

Aφ

m2
φ

p2
F

(
m2

φ

p2

)

(16)

−
2(g2

Aφ + g2
V φ)

3

((
1 + 2

m2
φ

p2

)
F

(
m2

φ

p2

)
+

1
3

)]
.

PH
Here, φ = N ,E, U ,D;Nc = 3 for quarks andNc = 1
for leptons; Σ(φ)

Z (p2) = p2Π(φ)
Z (p2);

F (x) =
[
−2 + 2

√
4x − 1 arctan

1√
4x − 1

]
; (17)

∆φ are singular parts,

∆φ = 2

(
1
3
(g2

Aφ + g2
V φ)− 2g2

Aφ

m2
φ

p2

)
(18)

×
(
1
ε
− γ + ln 4π − ln

m2
φ

µ2

)
,

where ε → 0, γ = −Γ′(1) = 0.577 . . ., and µ is a pa-
rameter with dimension of mass, which is needed to
preserve the dimensionality of the initial integral.

Let us consider the contribution of N to gA and
gV .Σ′

Z(m
2
Z) arises in gA due to the renormalization of

theZ bosonwave function. In order to avoid infinities,
we will expand near mZ only the singular part of the
polarization operator, i.e.,

p2 − m2
Z +ΣZ(p2) = (1 + Σ′

Z(m
2
Z)
∣∣
s
)

×
[
p2 − m2

Z

(
1−ΠZ(m2

Z)
∣∣∣
s
− p2

m2
Z

ΠZ(p2)
∣∣∣
FP

)]
,

where index “s” denotes the singular part and index
“FP” denotes the finite part. Then, in Eqs. (15), we
should replaceΣ′

Z(m
2
Z) by Σ′(m2

Z)
∣∣
s
andΠZ(m2

Z) by
ΠZ(m2

Z)
∣∣
s
+ (p2/m2

Z) ΠZ(p2)
∣∣
FP. The combination

of singular terms in the resulting expression is the
same as in (15) and that is why they cancel each other.

Let us consider the expression for the e+e− →
hadrons cross section in the presence of the fourth
generation. The singular part of the polarization op-
erator is absorbed in partial widths Γe and Γh and also
in total width of Z, ΓZ :
Γ0
eΓ

0
h

|p2 − m2
Z + iΓ0

Zp2/mZ +Σ(4th)(p2)−Re[Σ(4th)(m2
Z)]|2

(19)

=
Γ0

eΓ
0
h

(1 + Σ′|s)2|p2 − m2
Z + iΓ0

Zp2/[(1 + Σ′|s)mZ ] + (Σ(4th)(p2)− Re[Σ(4th)(m2
Z)])|FP|2

=
ΓeΓh

|p2 − m2
Z + iΓZp2/mZ + (Σ(4th)(p2)− Re[Σ(4th)(m2

Z)])|FP|2
,

where Γe = Γ0
e/(1 + Σ′|s), Γh = Γ0

h/(1 + Σ′|s),
ΓZ = Γ0

Z/(1 + Σ′|s), and we used the decomposition

Σ(4th)(p2)− Re[Σ(4th)(m2
Z)] = (Σ(4th)(p2)
Y

− Re[Σ(4th)(m2
Z)]|s + (Σ(4th)(p2)

− Re[Σ(4th)(m2
Z)])|FP = Σ′(m2

Z)
∣∣
s
(p2 − m2

Z)

+ (Σ(4th)(p2)− Re[Σ(4th)(m2
Z)])|FP.
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The cancellation of the singularities is due to the fact
that Γe, Γh, and ΓZ are proportional to f̄2

0 , which
can be rewritten in terms of Gµ, mZ , and polarization
operators as in [19]:

f̄2
0 = 4

√
2Gµm2

Z [1−ΠW (0) + ΠZ(m2
Z)− D],

(20)

where D comes from the radiative corrections to
Gµ [19]. If we divide f̄2

0 by (1 + Σ′|s), then the
resulting expression will be finite, due to the fact that
all singular terms cancel. Thus, in the expression for
the cross section of e+e− → hadrons, there are no
singular terms.
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We should note that there is an ambiguity in the
definition of singular and finite parts of the polariza-
tion operator. The constant term, proportional to ᾱ,
can be added to the singular part and subtracted from
the finite part:

ΠZ(p2) =
(
ΠZ(p2)

∣∣
s
+ aᾱ

)
+
(
ΠZ(p2)

∣∣
FP − aᾱ

)
.

However, this ambiguity does not affect the expres-
sion for the cross section. It is obvious from the fol-
lowing expressions:
Γ0
eΓ

0
h

(1 + Σ′|s + aᾱ)2|p2 − m2
Z + iΓ0

Zp2/[(1 + Σ′|s)mZ ] + Σ̂− aᾱ(p2 − m2
Z)|2

=
Γ′

eΓ
′
h

|(p2 − m2
Z)(1 − aᾱ) + iΓ′

Zp2/mZ + Σ̂|2
=

Γ′
eΓ

′
h/(1 − aᾱ)2

|(p2 − m2
Z) + iΓ′

Zp2/[(1 − aᾱ)mZ ] + Σ̂|2

=
ΓeΓh

|(p2 − m2
Z) + iΓZp2/mZ + Σ̂|2

,

where Σ̂ = (Σ(4th)(p2)− Re[Σ(4th)(m2
Z)])|FP;

Γi =
Γ′

i

1− aᾱ
=

Γ0
i

(1 + Σ′|s + aᾱ)(1 − aᾱ)

=
Γ0

i

1 + Σ′|s + aᾱ − aᾱ
=

Γ0
i

1 + Σ′|s
,

where i = e, h, Z.

4. Z LINESHAPE IN THE PRESENCE
OF FOURTH GENERATION

According to the results of the previous section,
the amplitude of e+e− → hadrons is proportional to

Ah ∼
[
p2 − m2

Z + iΓ0
Zp2/mZ (21)

+Σ(4th)
Z (p2)− Re(Σ(4th)

Z (m2
Z))
]−1

.

In order to study the behavior of the cross section
near the threshold qualitatively, we shall neglect the

contributions of U , D, and E to Σ(4th)
Z (p2), as well as

the contribution of all fourth-generation particles to
gA and gV . Then, expression (21) takes the following
form:

Ah ∼
[
p2 − m2

Z + iΓZp2/mZ (22)

+ (Σ(N)
Z (p2)− Re[Σ(N)

Z (m2
Z)])|FP

]−1
.

Expanding this expression near the threshold of NN̄

production (p2 = 4m2
N , Ah ∼ T0 + iT1

√
p2 − 4m2

N ),

we obtain the following behavior for the cross section:
σp2<4m2

N
(23)

∼ 1
γ


1 +

f̄2m2
Z

64π

(4m2
N − m2

Z)
√

4m2
N/p2 − 1

γ


 ,

σp2>4m2
N

(24)

∼ 1
γ


1− f̄2m2

Z

64π

mZΓZ

√
1− 4m2

N/p2

γ


 ,

where γ = (4m2
N −m2

Z)
2 + (mZΓZ)2 and the second

terms in the brackets in Eqs. (23), (24) are propor-
tional to Re[T0T

∗
1 ] and Im[T0T

∗
1 ], respectively. As was

mentioned in Section 2, the form of the p2 dependence
of the cross section near the threshold is determined
by the relative phase of T0 and T1. In our case, we have
two types of cusps (see Fig. 3), which correspond to
argT0 − argT1 lying in the fourth quadrant for 4m2

N <

m2
Z and in the third quadrant for 4m2

N > m2
Z , or to

Re[T0T
∗
1 ] and Im[T0T

∗
1 ] being negative for 4m2

N <

m2
Z and Re[T0T

∗
1 ] being positive and Im[T0T

∗
1 ] being

negative for 4m2
N > m2

Z . It can also be seen from
Fig. 3 that the cross section of e+e− → hadrons
decreases above the threshold in accordance with the
unitarity.
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Fig. 3. The dependence of relative departure of the e+e− → hadrons cross section in the presence of the fourth generation
from the SM prediction on the c.m. energy of e+e− formN = 45 (a) and 47 GeV (b).
Though the change in Z lineshape due to these
cusps is very small compared to the pure Breit–
Wigner curve, as is shown in Fig. 3, this effect may
manifest itself, when the theoretical predictions are
compared with the experimental data. This is due to
the fact that the Z lineshape is measured with very
high precision. In the next section, we will compare
the theoretical cross section with the experimental
data.

5. COMPARISON WITH THE EXPERIMENT

The experimental data on the cross section of
e+e− → hadrons reaction is usually presented in the
form that includes the electromagnetic corrections,
i.e., initial- and final-state interactions and photon
emission [17]. In order to compare our formulas for
PH
the cross section with experimental ones, we use the
ZFITTER code [18], which takes into account these
corrections. We use the following inputs:

mZ = 91.1882(22) GeV, mt = 175(4.4) GeV,

ᾱ = 1/128.918(45), αs = 0.1182(27),
mH = 120 GeV.

With the reasonable assumption that the initial- and
final-state radiation effects are not significantly mod-
ified by the fourth generation, we can calculate the
cross section

σth
h = σh

σZF
h

σSM
h

, (25)

where σZF
h is the result of the ZFITTER code and
σh =
12πΓeΓh

|p2 − m2
Z + iΓZp2/mZ + (Σ(4th)(p2)− Re[Σ(4th)(m2

Z)])FP|2
p2

m2
Z

(26)
at values of c.m. energy at which the experimental

values of cross section were measured [17]. There

are 35 experimental points from 1993 data, which we

use.3) These points are extracted from Fig. 2 of [17]

and presented in the table. We took only the points

corresponding to the 1993–1995 set, due to the fact

that they are measured with higher precision than the

1991–1993 set. Then, we calculate χ2/nd.o.f., where

nd.o.f. = 35−N ,N being the number of fitted param-

3)If we also fit the value of mZ together with mN using
these 35 experimental points, it will lead to the new value
of mZ = 91.1901 GeV. However, this value and the SM
value 91.1882(22) coincide within the accuracy of calcu-
lation. The bound of mN is only slightly affected (mN <
46.6 ± 0.2 GeV).
eters,4) and

χ2 =
35∑
i=1

(
σth

h − σ
exp
h

δσ
exp
h

)2

, (27)

σ
exp
h being the experimental value of the cross section

and δσ
exp
h being its error, in order to determine at what

confidence level the fourth generation is excluded by
the experimental data. However, the bound on N
mass from below depends on the Higgs mass and
mass splittings betweenU andD quarks and between
E and N leptons. The effects of varying mH , |mU −
mD|, and |mE − mN | are not independent. As was
shown in [14], the increase in |mU − mD| or |mE −

4)In our case N = 1, because only heavy-neutrino mass is a
free parameter; all other parameters are fixed.
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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10 GeV; χ2
min = 0.85 denoted by crosses. Solid curves represent the borders of 1σ, 2σ, 3σ, 4σ, and 5σ regions.
mN | can be compensated by the increase in Higgs
mass. This leads to the appearance of χ2

min valleys. It
can be seen from Fig. 4, where the dependences of χ2

on mH , |mU − mD| and mH , |mE − mN | are shown
for mN = 49GeV.

If we then use the LEP II bound mE > 100 GeV
and the results of [14] that the best fit of electroweak
data corresponds to the light E near the bound and
mN ≈ 50 GeV, then we have only two parameters,
mH and |mU − mD|, that affect the bound on mN .
As can be seen from Fig. 5a, the best fit is acquired
for 0.11mH − 19.7 GeV < |mU − mD| < 0.12mH −
9.2 GeV. In this region of masses, we calculate χ2

and find that the fourth generation is excluded at
95% C.L. for mN < 46.7± 0.2 GeV. The theoretical
uncertainty is caused by the variation of |mU − mD|
from 0 to 50GeV, as well as by the uncertainties of the
input parameters of ZFITTER, which were also used
in the calculation of σh and σSM

h . The main contri-
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
bution to the theoretical uncertainty comes from mt

and αs. The variation from 0 to 50 GeV is chosen
because the quality of the fit is fast worsening for
|mU − mD| > 50GeV.

In order to illustrate the dependence of the fit
quality on the Higgs mass, we study χ2(mN ,mH)
(see Fig. 5b). From this figure, it is seen that the
95%-C.L. bound lies below 50 GeV and varies
slightly with the increase in the Higgs mass near
mN = 47 GeV. In this figure, we take |mU − mD| =
10 GeV. It can be seen from Fig. 5 that, for a certain
region of the fourth-generation particles and Higgs
masses, the quality of the fit can be even better
than in the SM. According to the results of [17],
χ2/nd.o.f.(SM) = 1.09, which corresponds to the 2σ
level, while in the presence of the fourth generation it
is χ2

min/nd.o.f. = 0.88, which is inside the 1σ region.

We should note that the direct search for heavy
neutrinos in e+e− annihilation into a pair of heavy
03
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The experimental values of the e+e− → hadrons cross section, obtained by ALEPH, DELPHI, L3, and OPAL
Collaborations, extracted from Fig. 2 of [17] (

√
s is presented in GeV; σh, in nb; the 1993–1995 data set)

ALEPH DELPHI L3 OPAL
√

s σh δσh
√

s σh δσh
√

s σh δσh
√

s σh δσh

89.4316 9.891 0.043 89.4307 9.87 0.044 89.447 10.088 0.034 89.4415 9.980 0.044

89.4400 9.980 0.044 89.4378 9.93 0.056 89.4515 10.08 0.034 89.45 10.044 0.034

91.1806 30.500 0.078 91.186 30.392 0.065 91.206 30.358 0.067 91.207 30.445 0.053

91.1980 30.43 0.032 91.2 30.50 0.044 91.222 30.547 0.034 91.222 30.46 0.025

91.2200 30.458 0.067 91.203 30.46 0.19 91.297 30.525 0.087 91.285 30.64 0.098

91.2840 30.555 0.13 91.28 30.65 0.13 91.309 30.545 0.067 92.973 14.27 0.046

91.2950 30.678 0.078 91.292 30.67 0.098 92.983 14.231 0.046 93.035 13.85 0.046

91.3030 30.660 0.090 91.304 30.46 0.086 99.035 13.91 0.053

92.9685 14.300 0.060 92.966 14.35 0.044

93.0140 14.04 0.056 93.014 13.89 0.045
neutrinos with the emission of an initial-state brems-
strahlung photon (e+e− → γ + nothing) could result
in the bound mN ≥ 50 GeV [12, 13] if all four LEP
experiments were to make a combined analysis [20].

Though this bound onmN would be slightly better
than the one obtained in the present paper, the data
and the procedure used to extract the bounds are
completely different and independent.

6. CONCLUSIONS

In the present paper, we analyzed the dependence
of Z lineshape on the location of the threshold ofNN̄
production. We studied the behavior of the e+e− →
hadrons cross section near the threshold of NN̄ pro-
duction and determined how this threshold changes
the Z lineshape. In order to find the bound on mN ,
we compared the theoretical predictions for the Z
lineshape with the experimental data, using the ex-
act formulas for Z polarization operator, instead of
expanding it in a Taylor series near mZ .

We found that the bound on N mass depends
on the Higgs mass and the splittings of fourth-
generation quark and lepton masses (|mU −mD| and
|mE − mN |). However, the effects caused by them
are not independent, because the increase in mass
splittings can be compensated by the increase in the
Higgs mass, as was shown in [14]. Using the results
of [14], we fixed mE = 100 GeV. Then, we used the
fact that |mU − mD| and mH are not independent.
Thus, we had one free parameter left: |mU − mD|. We
varied |mU − mD| from 0 to 50 GeV and found that
the fourth generation is excluded by the experimental
PH
data at 95% C.L. for mN < 46.7 ± 0.2 GeV. The
theoretical uncertainty is caused by the variation of
|mU − mD|, as well as by the uncertainties of the
input parameters of ZFITTER, which were also used
in the calculation of σh and σSM

h .
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(1998) [JETP Lett. 68, 685 (1998)]; JETP Lett. 69,
434 (1999); K. M. Belotsky et al., Yad. Fiz. 65, 407
(2002) [Phys. At. Nucl. 65, 382 (2002)]; Phys. Lett. B
529, 10 (2002).
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003



Z LINESHAPE VERSUS FOURTH-GENERATION MASSES 2177
8. C. D. Froggatt and J. E. Dubicki, in Proceedings of
theWorkshops “WhatComes beyond the Standard
Model,” 2000, 2001, Vol. 1.

9. A. Borstnik-Bracic and N. Mankoc-Borstnik, in Pro-
ceedings of the Workshops “What Comes beyond
the Standard Model,” 2000, 2001, 2002, Vol. 2;
D. Lukman, A. Kleppe, and N. Mankoc-Borstnik,
in Proceedings of the Workshops “What Comes
beyond the Standard Model,” 2000, 2001, 2002,
Vol. 2.

10. E. Arik et al., Phys. Rev. D 66, 033003, 116006
(2002).

11. M. Maltoni, V. A. Novikov, L. B. Okun, et al., Phys.
Lett. B 476, 107 (2000).

12. V. A. Ilyin et al., Phys. Lett. B 503, 126 (2001); hep-
ph/0006324; V. A. Ilyin et al., in Proceedings of the
ICHEP2000 Osaka Conference; hep-ph/0009167.

13. V. A. Novikov et al., Phys. Lett. B 529, 111 (2002);
hep-ph/0111028.
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
14. V. A. Novikov et al., JETP Lett. 76, 127 (2002); hep-
ph/0203132.

15. L. D. Landau and E. M. Lifshitz,Quantum Mechan-
ics (Nauka, Moscow, 1974), Para. 147 [in Russian].

16. A. I. Baz and L. B. Okun, Zh. Éksp. Teor. Fiz. 35, 757
(1959) [Sov. Phys. JETP 8, 526 (1959)].

17. LEP Collab., CERN-EP/2000-153; hep-
ex/0101027.

18. D. Bardin et al., Comput. Phys. Commun. 133, 229
(2001).

19. V. A. Novikov et al., Rep. Prog. Phys. 62, 1275
(1999).

20. ALEPH Collab., ALEPH 2001-010; CONF 2001-
007 (2001); P. Abreu et al. (DELPHI Collab.), Eur.
Phys. J. C 16, 53 (2000); M. Acciari et al. (L3 Col-
lab.), Phys. Lett. B 470, 268 (1999); G. Abbiendi
et al. (OPAL Collab.), Eur. Phys. J. C 14, 73 (2000).
03



Physics of Atomic Nuclei, Vol. 66, No. 12, 2003, pp. 2178–2182. From Yadernaya Fizika, Vol. 66, No. 12, 2003, pp. 2228–2232.
Original English Text Copyright c© 2003 by Kerbikov.

ELEMENTARY PARTICLES AND FIELDS
Theory
Neutron–Antineutron Oscillations in the Trapping Box*

B. O. Kerbikov
Institute for Theoretical and Experimental Physics,

Bol’shaya Cheremushkinskaya ul. 25, Moscow, 117259 Russia
Received December 25, 2002; in final form, April 9, 2003

Abstract—The problem of n–n̄ oscillations for ultracold neutrons confined within a trap is reexamined.
It is shown that the growth of the n̄ component with time is to a decent accuracy given by P (n̄) =
ε2

nn̄tLt, where εnn̄ is the mixing parameter and tL ∼ 1 s is the neutron propagation time between
subsequent collisions with the trap walls. Possible corrections to this law and open questions are discussed.
c© 2003 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

For several decades, the problem of nucleon in-
stability has been a subject of intense and diversified
theoretical and experimental studies. An interesting
facet of this fundamental problem is a hypothetical
process of neutron–antineutron oscillations [1]. Such
oscillations have been thoroughly discussed in the
free-space regime and inside nuclei (see, e.g., [1–5]
and references therein). The third and very interesting
possibility of searching for n–n̄ oscillations is to use
ultracold neutrons (UCN) confined in a trap. This
subject was discussed by several authors [2, 3, 6],
but, in contrast to the first two regimes, the picture of
n–n̄ oscillations of UCN remains rather obscure. On
the other hand, several experiments of this kind are
in preparation now. Therefore, it is appropriate to ad-
dress this subject again. We shall follow two comple-
mentary lines of arguments. The first one is based on
simple qualitative estimates, while the second makes
use of the time evolution equation focusing on the
interaction of the two-component n–n̄ system with
the walls of the trap. Both approaches lead to a con-
clusion that the n̄ component grows (approximately)
linearly with observation time contrary to quadratic
time dependence in the free-space regime.

2. RELEVANT PARAMETERS

We start by introducing a set of definitions and pa-
rameters. Our treatment will be somewhat schematic
in the sense that we do not consider any specific
geometry of the trap, concrete UCN spectrum, or
a variety of trap materials. All these points can be
easily accounted for as soon as one sticks to a given
experimental setup.

∗This article was submitted by the author in English.
1063-7788/03/6612-2178$24.00 c©
First, we recall that neutrons with energy E <
10−7 eV = 100 neV are called ultracold. A useful re-
lation connecting the neutron velocity v in cm/s and
E in neV reads

v � 102(E/5.22)1/2 . (1)

In particular, the velocity corresponding to E =
100 neV is v � 4.4 × 102 cm/s.

A less formal definition of UCN involves a notion
of the real part of the optical potential corresponding
to the trap material. Namely, neutrons with energies
less than the height of this potential are called ul-
tracold. The two definitions are essentially equivalent
since for most materials the optical potential is on the
order of 100 neV (see below).

Our main interest concerns strongly absorptive
interaction of the antineutron component with the
trap wall. Therefore, very weak absorption of neutrons
on the wall will be neglected. Interesting by itself,
this problem is beyond the scope of the present work.
According to the second definition of UCN (i.e., E <
UnA), they undergo complete reflection from the trap
walls and may be stored for about 103 s (β-decay
time), as was first pointed out by Zeldovich [7]. For
each material, the limiting neutron velocity is given
by (1) with E replaced by UnA.

To be concrete, we consider neutrons with energy
E = 80 neV, which, according to (1), corresponds
to v = 3.9 × 102 cm/s. Such neutrons have mo-
menta k � 12.3 eV and de Broglie wavelengths
λ � 10−5 cm. As for the wall material, we take 12C
with the density ρ = 2.25 g/cm3, or N � 1.13 ×
10−16 fm−3. The coherent n12C scattering length is
an = 6.65 fm [8] (the imaginary part of the scattering
length is at least three orders of magnitude smaller
2003 MAIK “Nauka/Interperiodica”
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and is ignored, as was already stated). The corre-
sponding n12C optical potential reads

Un =
2π
m

Nan � 195 neV, (2)

with m being the neutron mass. The limiting velocity

corresponding to E = Un is v
(0)
n � 6.1 × 102 cm/s.

Thus, neutrons under consideration with vn = 3.9 ×
102 cm/s are certainly ultracold with respect to 12C
trap walls.

Experimental data on antineutron–nucleus scat-
tering lengths at ultralow energies are absent. Only
some indirect information may be gained from the
level shifts of antiprotonic atoms. The energy behavior
of the n̄A annihilation cross section is governed by the
well-known 1/v law:

σa = −4π
Iman̄A

k
. (3)

Several fits to the n̄A scattering lengths have been
proposed in the literature. We consider as the most
reliable that of [9] based on the internuclear cascade
model. Even within this particular model, one finds
several solutions for n̄12C scattering length. There-
fore, the one we have chosen for our analysis may be
called “motivated” by [9] and reads

an̄ = (3 − i · 1) fm. (4)

Then, according to (2), the n̄12C optical potential
is equal to

Vn̄ = Un̄ − iWn̄ � (90 − i · 30) neV. (5)

The limiting n̄ velocity corresponding to Un̄ from

(5) is, according to (1), v(0)
n̄ � 4.15 × 102 cm/s. Now,

our choice E = 80 neV< Un̄ < Un is clear since we
want to deal with ultracold n̄ as well. The case Un̄ <
E < Un will be considered in the next publication.
Needless to say, due to strong n̄ absorption, the con-
dition En̄ < Un̄ in no way provides complete reflection
of n̄ from the wall (see below).

Next, we recall that the lower limit on n–n̄ oscil-
lation time τnn̄ has been obtained from experimental
study of n–n̄ transitions in free space and inside
nuclei (see [4, 9–11] and references therein). For our
purposes, it is enough to keep in mind a crude value

τnn̄ > 108 s. (6)

Correspondingly, the value of the mixing parame-
ter is

εnn̄ =
1

τnn̄
< 10−23 eV. (7)

The dynamical meaning of εnn̄ will be clear from the
evolution equation that will be presented below. To
give some perception of the value of εnn̄, we may say
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that, if one considers a neutron confined in a one-
dimensional 5-m-long box, then the level splitting
will be just 10−23 eV.

Finally, we introduce the parameter tL ∼ 1 s—the
time which neutrons need to cross the trapping box,
or the time between two subsequent collisions with
the walls. We also recall that both the β-decay time
and the UCN storage time are on the order of 103 s.

3. HITTING THE TRAP WALL: SIMPLE
ESTIMATES

Now, with relevant parameters at hand, we can
analyze what happens with an admixture of neutrons
and possible antineutrons when they interact with the
wall of the trap. In this section, we present simple
estimates.

Treatment based on the time evolution equation
will be postponed until the next section. A third ap-
proach based on the wave packet formulation will
only be touched on in the present paper and will be
discussed in detail in the next publication.

First, we consider the collision of neutrons with
the wall. As compared to antineutrons, this problem
is much simpler due to the lack of absorption (see
remarks on the previous pages).

In our illustrative example, a neutron with v =
3.9 × 102 cm/s hits the 12C wall of the trap. Such

a velocity is well below the limiting 12C value v
(0)
n �

6.1 × 102 cm/s and, hence, the neutron undergoes a
complete reflection, R = 1. Being absolutely correct,
the statement that the reflection coefficient R = 1
does not constitute the whole story. First, even at v <

v
(0)
n , the tail of the neutron wave function penetrates

inside the wall. On general grounds, the penetration
depth is lw(n) ∼ λ � 10−5 cm, with λ being the de
Broglie wavelength. Second, collision with the wall
is not an instantaneous act, but is characterized by
a certain collision time. The rigorous derivation of
this time should be based on the wave packet formal-
ism [12–14]. However, simple estimates presented
below yield the same results.

Inside the wall, the neutron wave function has the
form

ψn(x) ∝ exp{−κnx}, κn =
√

2m(Un − E). (8)

From (8), it is natural to identify

lw(n) � 1/κn � 0.14 × 10−5 cm, (9)
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which is a few times less than the naive expectation
lw(n) ∼ λ = 10−5 cm. The collision time may be es-
timated as1)

τcoll(n) � 2lw(n)
v

� 0.7 × 10−8 s. (10)

This result is in perfect agreement with what is
predicted from collision theory formulated in terms
of the wave packets. Namely, if one describes the
incident neutron by a wave packet

ψn(x, t) =
√

a

π
exp

(
ikx− k2t

2m

)
sin[(x− vt)/a]

x− vt
,

(11)

where a is its width in x space, then

τcoll = [E(U0 − E)]−1/2 � 0.7 × 10−8 s (12)

for E = 80 neV and U0 = 195 neV. At this point, we
note that

τcollv � 2lw 
 a =
λ

π

(
∆λ

λ

)−1

.

We shall return to this remark in connection with
possible decoherence of n and n̄ due to the difference
in their collision times.

Now, we turn to n̄ with the same velocity v =
3.9 × 102 cm/s hitting the 12C wall.

Due to absorption (annihilation), the n̄ wave func-
tion inside the wall has the form

ψn̄(x) ∝ exp(ikn̄x− κn̄x), (13)

(ikn̄ − κn̄)2 = 2m(Un̄ − iWn̄ − E), (14)

where E is the energy of the incident n̄. Equa-
tions (13) and (14) yield

lw(n̄) � 1
κn̄

(15)

= m−1/2
{
Un̄ − E + [(Un̄ − E)2 + W 2]1/2

}−1/2

� 0.32 × 10−5 cm.

Then, n̄ collision time is

τcoll(n̄) � 2lw(n̄)
v

� 1.6 × 10−8 s, (16)

which is about 2 times larger than the neutron colli-
sion time given by Eq. (10).2)

The crucial parameter that determines the fate of n̄
hitting the wall is the ratio of the collision time (16) to
the absorption (annihilation) time. The latter quantity

1)Strictly speaking, neutron velocity inside the wall is different
from v.

2)The wave packet formalism, as was shown by V.A. Lensky,
leads to a somewhat smaller value (see our next publication).
PH
is velocity independent by virtue of the 1/v law (3)
and is expressed through the n̄ mean free path Λ
according to

τabs(n̄) ∼ Λ
v
� m

4πN |Iman̄A|
� 1.1 × 10−8 s (17)

for the 12C trap wall. Thus,

τcoll(n̄)/τabs(n̄) > 1, (18)

which implies the collapse of the possible n̄ compo-
nent on the wall.

Already at this point, it is clear that this, in turn,
leads to the time dependence of the probability of find-
ing the n̄ component stated in the Abstract, namely,
P (n̄) = ε2

nn̄tLt. A rigorous derivation of this equation
is given in the next section.

Still, one may argue that the above estimates
should be taken with caution and a certain fraction of
n̄ may still be reflected from the wall. Then, Eqs. (10)
and (16) enable one to estimate the splitting between
the centers of the n and n̄ wave packets [see (11)] after
the reflection. One has

δx � v(τcoll(n̄) − τcoll(n)) (19)

� 0.35 × 10−5 cm ∼ λ 
 a.

Whether this retardation influences the n–n̄ mixing
in free space between collisions with the trap walls
will be discussed elsewhere.

The main point to be improved on in the above es-
timates is mentioned in the footnote to Eq. (10). Cer-
tain guidance in this direction may be found in [15].

Finally, we note that the treatment presented
above seems physically more transparent than formal
calculations of the reflection coefficient from the
complex potential.

4. HITTING THE TRAP WALL:
TIME-DEPENDENT APPROACH

As a “warming up” exercise we consider n–n̄
oscillations in free space with β decay neglected. This
is a standard two-level problem treated in any serious
textbook on quantum mechanics. The phenomeno-
logical Hamiltonian is a 2 × 2 matrix in the basis of
the two-component n–n̄ wave function

H = Eiδij + εσx, (20)

with i, j = n, n̄. The evolution equation reads

i
∂

∂t


 ψn

ψn̄


 =


 En ε

ε En̄




 ψn

ψn̄


 . (21)

Assuming that ψn(t = 0) = 1, ψn̄(t = 0) = 0, and
diagonalizing the Hamiltonian (20), one arrives at the
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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following expression for the probability of finding n̄ at
time t [2–6]:

|ψn̄(t)|2 =
4ε2

ω2 + 4ε2
sin2

(
1
2

√
ω2 + 4ε2t

)
, (22)

where ω = En̄ − En. In free space, the difference be-
tween En̄ and En may be due to the Earth’s magnetic
field. In this case,

ω = 2µnB � 6 × 10−12 eV, (23)

where µn is the neutron magnetic moment. Without a
magnetic field, i.e., at ω = 0, and at t 
 τnn̄ � 108 s,
one has

|ψn̄(t)|2 � ε2
nn̄t

2, (24)

while with the Earth’s magnetic field Eq. (24) is valid
only at extremely short times, t 
 (µnB)−1 � 2 ×
10−4 s, while at larger times

|ψn̄(t)|2 � 4ε2

ω2
sin2(t/τB) � 10−23 sin2(t/τB),

(25)

where τB = (µnB)−1 � 2 × 10−4 s.
The use of (22) to test fundamental symmetries is

discussed in [5].
Next, we consider the general Hamiltonian of the

n–n̄ system inside the wall with annihilation and
β decay included. The problem is reminiscent of
strangeness oscillations in the KK̄ system. With an-
nihilation and β decay included, the Hamiltonian (20)
is replaced by

H =


 En − i

Γβ

2
εnn̄

εnn̄ En̄ − i
Γa

2
− i

Γβ

2


 , (26)

where Γ−1
β ∼ 103 s and Γa � 2Wn � 60 neV for 12C.

In arriving at (22), diagonalization of the Hamilto-
nian (20) has been done exactly. Performing a similar
procedure with (26), use can be made of a small pa-
rameter 4ε2 
 |H11 −H22|2. Indeed, inside the wall,
effective fields acting on n and n̄ differ by tens of neV
[see (2) and (5)], while εnn̄ ∼ 10−14 neV. Expand-
ing {(H11 −H22)2 + 4ε2

nn̄}1/2 with respect to this
small parameter, one finds the two eigenvalues of the
Hamiltonian (26)

µ1 � E′
n − i

Γβ

2
− i

Γε

2
, (27)

µ2 � E′
n̄ − i

Γa

2
− i

Γβ

2
+ i

Γε

2
. (28)

Here, E′
n = En −Eε, E′

n̄ = En̄ + Eε, and

Eε + i
Γε

2
=

ε2
nn̄

En̄ − En − iΓa/2
. (29)
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The “wrong” sign of the last term in (28) is an artifact
of the square root expansion, but this is physically ir-
relevant since Γε 
 Γβ 
 Γa (Γε ∼ 10−39 eV, Γβ ∼
10−18 eV, Γa ∼ 10−7 eV).

In terms of eigenvalues µ1 and µ2, the general
solution of the two-component evolution equation
has the form [16]

ψ(t) =


 ψn(t)

ψn̄(t)


 (30)

=
(

H − µ2

µ1 − µ2
e−iµ1t +

H − µ1

µ2 − µ1
e−iµ2t

)
ψ(0).

Again, we start with a solution corresponding
to initial conditions ψn(t = 0) = 1, ψn̄(t = 0) = 0.
Then, from (26)–(30), one gets

|ψn̄(t)|2 =
ε2
nn̄

ω2 + Γ2
a/4

e−(Γβ+Γε)t (31)

×
{

1 + e−Γ′
at − 2e−Γ′

at/2 cosωt
}
,

where ω = En̄ − En, Γ′
a = Γa − 2Γε, and Γε is de-

fined by (29). Since Γε 
 Γβ and Γε 
 Γa, one can
rewrite (31) in a simpler form without noticeable lost
of accuracy, namely,

|ψn̄(t)|2 =
ε2
nn̄

ω2 + Γ2
a/4

e−Γβt (32)

×
{

1 + e−Γat − 2e−Γat/2 cosωt
}
.

This equation resembles that giving the probability
of finding K̄0 in an initially pure K0 beam. Notice
that, instead of the overall factor 1/4 for the K0K̄0

system, we find in (32) an extremely small factor
ε2
nn̄(ω2 + Γ2

a/4)
−1 ∼ 10−32(!) reflecting the fact that

mixing is very small as compared to the complex
splitting of n and n̄ eigenvalues in the medium.

Consider (32) at t = τcoll(n̄) � 1.6 × 10−8 s [see
(16)]. Then, Γβτcoll(n̄) ∼ 10−11, Γaτcoll(n̄) � 1.5,
cosωτcoll(n̄) � 0.7, and (32) yields

|ψn̄(τcoll(n̄))|2 � 10−32. (33)

Physically, this means that, if a pure n beam col-
lides with a wall made of 12C, the tiny admixture of n̄
which would have emerged during the collision time
is completely damped by annihilation and n–n̄ energy
splitting.

The free-space regime (24) is “hidden” in (32)
at the limit of very short times, t 
 1/Γa ∼ 10−8 s.
Then,

|ψn̄(t)|2 � ε2
nn̄

ω2 + Γ2
a/4

sin2 ωt

2
(34)
03



2182 KERBIKOV
� ε2
nn̄t

2

1 + Γ2
a/(4ω2)

� 0.9ε2
nn̄t

2,

where, at the last step, use has been made of the
values of Γa and ω for 12C.

Next, consider Eq. (30) at initial conditions that
are closer to the real experimental situation. Namely,
suppose that a UCN beam collides with the wall after
crossing the trap. The Earth’s magnetic field is as-
sumed to be shielded, so that the free-space Eq. (24)
is valid inside the trap. Then initial conditions in (30)
read

ψn̄(t = 0) = εnn̄tL, ψn(t = 0) =
√

1 − ε2
nn̄t

2
L,

(35)

where tL � 1 s. Then, at t = τcoll(n̄) � 1.6 × 10−8 s,
i.e., just after the collision with the wall, one gets

|ψn̄(τcoll)|2 � ε2
nn̄t

2
Le

−(Γa+Γβ)τcoll [1 + O (1/tLΓa)] .
(36)

This result is again physically transparent. During the
collision, the n̄ component is depleted by annihilation,
while antineutrons “newly born” inside the wall are
damped according to our previous result (32).

Now, τcoll(n̄) � 1.6 × 10−8 s and Γa � 60 neV, so
that exp(−Γaτcoll) � 0.2. This means that only 1 per
�5n̄ survives after the collision.

This result is in line with estimates presented in
Section 3, but here we are on a somewhat more
qualitative footing.

If one considers the fraction 1/5 as a small param-
eter, then the probability of antineutron detection at
time t will be

|ψn̄(t)|2 = ε2
nn̄tLt, (37)

instead of ε2
nn̄t

2 free-space law (24). Indeed, the prob-
ability of n–n̄ transition between the two subsequent
collisions with the walls is ε2

nn̄t
2
L, while the number

of collisions during the observation time is t/tL. The
extrapolation between the laws (24) and (37) will be
discussed in the next publication.
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Abstract—The momentum distribution of kaons in the proton and the coupling-constant ratio
fKΛN/fKΣN are determined on the basis of the 3P0 quark model of meson–baryon coupling. The longitu-
dinal cross section for kaon electroproduction is calculated. The results of the present study are compatible
with available experimental data, but more detailed data on the longitudinal cross section would make it
possible to refine the absolute values of the coupling constants fKΛN and fKΣN . c© 2003 MAIK “Nau-
ka/Interperiodica”.
1. INTRODUCTION

The problem of studying the strange component
ss̄ in nucleons with the aid of processes involving the
photo- and electroproduction of φ [1] and K [2, 3]
mesons at beam energies of a few GeV is being ex-
tensively discussed in the literature. However, vector
dominance and Pomeron exchange, which are by no
means related to the strange component, play a key
role in the production of a vector φ meson. For this
reason, it is necessary to overcome serious difficul-
ties [1] in order to extract the contribution of the t-
channel pole diagram corresponding to the emission
of a virtual φ meson (which is present in a nucleon
owing precisely to the strange component ss̄) into a
continuum upon photon emission or electron impact.
There are no such problems in the knockout of a
pseudoscalar K meson if the strange component is
studied in the channels p(e, e′K)Y , where Y = Σ,Λ.

Previously, the knockout of a π meson was con-
sidered in [4], where it was shown that direct exper-
imental information about the momentum distribu-
tions of pions in nucleons in various channels of vir-
tualN → B + π decays [B = N , ∆,N∗(3/2−1/2−),
N∗∗(1/2+) . . .] or of ρ (ω) mesons in the same chan-
nels can be obtained if use is made of the kinematics of
quasielastic pion knockout by high-energy electrons,
N(e, e′π)B, at rather high values of the squared 4-
momentum of a virtual photon, Q2 � 2–5 (GeV/c)2.
In this case, the contribution of the t-channel pole
diagram in Fig. 1 featuring a virtual pion (for longitu-
dinal photons, π + γL → π) or a virtual ρ meson (for
transverse photons, ρ+ γT → π) is absolutely dom-
inant, which makes it possible to extract the above
momentum distributions directly from experimental
data.
1063-7788/03/6612-2183$24.00 c©
The pion momentum distribution |ΨBπ
N (k)|2 and

the free-scattering cross section dσ(e+ π → e′ +
π)/dΩ∗

π enter into the expression for the differential
cross section

d5σL

dEe′dΩe′dΩ∗
π

= Ee′
|ΨBπ

N (k)|2
(4π)3ENEBEπ

×
(

1 − Eπ

|kπ|
cos θπ

)
dσ(e + π → e′ + π)

dΩ∗
π

;

therefore, there does not arise the problem of gauge
invariance [4]. We perform our analysis in the labo-
ratory frame, taking into account the pole z-diagram
that represents the virtual production of a π+π− pair.
It is worth noting that the situation is completely
different in the case of pion photoproduction (Q2 =
0), where tree diagrams (that is, s-channel pole dia-
grams) also play a significant role [5].

In [6], the ideas outlined above were combined
with the quark microscopic approach and the pic-
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Fig. 1. Pole diagram corresponding to the quasielastic-
knockout reaction.
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Fig. 2.Quark picture of K-meson production.

ture of meson production from a scalar qq̄ fluctuation
in the polarized QCD vacuum. This polarization–
fluctuation picture is employed in the present study
as a conceptual framework for describing the contri-
butions of various types of mesons to the meson cloud
of a nucleon (in all probability, it may serve as a basis
for obtaining deeper insight into microscopic physics
behind such approaches as Regge pole theory). To be
more specific, use was made of the popular model of
a scalar 3P0 fluctuation (uū+ dd̄+ ss̄) [7]. The pion
wave functions in the aforementioned pion–baryon
channels of virtual N → B + π decays [B = N , ∆,
N∗(3/2−, 1/2−), N∗∗(1/2+) . . .] were determined by
projecting the multiparticle q4q̄ wave function onto
these channels [6]. For B = N , the agreement with
the momentum distribution extracted earlier in [4]
from experimental data reported in [8] was rather good
(the momentum distributions in other channels have
not yet been measured).

In the present study, we extend this microscopic
approach to Y +K channels (Y = Λ,Σ). We extract
the amplitude of the strange component ss̄ directly
from the kaon spectroscopic factor SKY

N in some of
the channels being considered.

2. DESCRIPTION OF THE FORMALISM

Within the 3P0 model, the Hamiltonian for K+-
meson production in the transition u→ s+K+ has
the same form as that for π+ production in the transi-
tion u→ d (see, for example, [9]), but we must replace
there the isospin τ matrix by the corresponding λ
matrix of the SU(3)F flavor group; that is,

H
(3)
u→s+K+ = −ifKqq

mK

exp(i
2
3
k · ρ′)

(2π)2/3(2ωK(k))1/2
λ(3)

u→s (1)
PH
× Ô(3)(ρ′,ρ)

(
σ(3)

[
ωK(k)
2msq

(
2
i
∇ρ +

2
3
k
)

+
(

1 +
ωK(k)
6msq

)
k

])
,

where fKqq is theKqq coupling constant (we empha-
size that, in the case of pion production, the amplitude
of a qq̄ fluctuation was normalized to the effective

πqq coupling constant fπqq =
3
5
fπNN , while, in the

case of K-meson production, fKqq is a free param-
eter); mK is the K-meson mass; k and ωK(k) are
the K-meson momentum and energy, respectively,

ωK(k) =
√

k2 +m2
K ; λ(3)

u→s is the Gell-Mann ma-

trix corresponding to the transition u→ s, the su-
perscript (3) corresponding to the third quark (see

Fig. 2); σ(3) stands for the spin Pauli matrices for
the third quark;msq = (ms +mq)/2,ms ≈ 500 MeV
and mq = 313 MeV; ρ and ρ′ are the relative Jacobi
coordinates of the third quark, respectively, prior to
and after meson emission, ρ = (r1 + r2)/2 − r3 and
ρ′ = (r1 + r2)/2− r4 (see the numbering of quarks in

Fig. 2); and Ô(3)(ρ′,ρ) is a nonlocal operator kernel,

Ô(3)(ρ′,ρ) =
1

(4πb2K)3/2
exp

(
i

2
k(ρ′ − ρ)

)
(2)

× exp
(
− 1

4b2K
(ρ′ − ρ)2

)
,

with bK being the kaon radius. Our calculations re-
vealed that the cross section is virtually independent
of this quantity, and we can set bK = 0 for a first
approximation. The nonlocal operator then reduces

to a delta function: Ô(3)(ρ′,ρ) = δ(3)(ρ′ − ρ). The
amplitudes for the transitions p→ K + Λ and p→
K + Σ are calculated as the product of the respective
matrix element of the operator in (1) and the number
of quarks in a nucleon. The initial- and final-state
wave functions are given by
|Y 〉 = |s3[3]XL = 0〉TISM|[13]C , ([21]S ◦ [21]F )[3]SF : [13]CSF 〉, (3)
where |s3[3]XL = 0〉TISM is the radial part of the

wave function in the translation-invariant shell model
(TISM) (all three quarks are in the s state). The flavor
parts of the wave functions for p, Λ, and Σ are

|[21]F ([2] × [1])〉 = − 1√
3

(
u1d2 + d1u2√

2

)
u3 (4)
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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+

√
2
3
u1u2d3,

|[21]F ([12] × [1])〉 =
(
u1d2 − d1u2√

2

)
u3

for the proton (udu);

|[21]F ([2] × [1])〉 =
1√
2

(5)

×
(
u1s2 + s1u2√

2
d3 −

d1s2 + s1d2√
2

u3

)
,

|[21]F ([12] × [1])〉 =
1√
6

×
(
u1s2 − s1u2√

2
d3 −

d1s2 − s1d2√
2

u3

)

+

√
2
3

(
u1d2 − d1u2√

2

)
s3

for the Λ hyperon (uds); and

|[21]F ([2] × [1])〉 = − 1√
6

(6)

×
(
u1s2 + s1u2√

2
d3 +

d1s2 + s1d2√
2

u3

)

+

√
2
3

(
u1d2 + d1u2√

2

)
s3,

|[21]F ([12] × [1])〉 =
1√
2

×
(
u1s2 − s1u2√

2
d3 +

d1s2 − s1d2√
2

u3

)

for the Σ hyperon (uds).
Using expressions (3)–(6), we obtain the p→

K + Y matrix element

〈Y (µ′, f ′)K|3H(3)
u→s+K+|p(µ, f)〉 (7)

= 3
fKqq

(2π)3/2(2ωK(k))1/2
i
|k|
mK

×
[
(σµµ′ · k̂)λff ′

]
FKY N (k2)

(
1 +

ωK(k)
6mqs

)
1
N
,

where N =
(

1 +
2
3
x2

)3/2

, x = bK/bN , with bN =

0.6 fm being the nucleon radius; (µ, f ) and (µ′, f ′) are
the spin and flavor projections of the initial and final
baryons, respectively; and

FKY N (k2) (8)

= exp
(
− 1

6
k2b2N

[
1 +

1
6
x2

(
1 +

2
3
x2

)−1 ])
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is the form factor of theKYN vertex, Y = Λ, Σ.
The spin-averaged square of the spin–flavor part[

(σµµ′ · k̂)λff ′

]
is

|〈ΛK|(σ · k̂)λ|p〉|2 =
1
3
, (9)

|〈ΣK|(σ · k̂)λ|p〉|2 =
1
3
· 1
27
. (10)

Finally, the spin-averaged squared amplitude for the
transition P → K + Y assumes the form

|J(p→ K + Y )|2 = f2
KY N

4MNMY

m2
K

k2 (11)

×
(

1 +
ωK(k)
6mqs

)2 1
N2
F 2

KY N (k2),

where fKΛN = −
√

3fKqq and fKΣN = (1/3)fKqq .
Thus, the microscopic model of a 3P0 scalar quark–
antiquark fluctuation leads to a specific value for the
ratio of theKΛN andKΣN coupling constants:

fKΛN/fKΣN = −3
√

3. (12)

This relation obeys SU(3) symmetry and follows from
the fact that, owing to the Pauli exclusion principle,
the F/D coupling-constant ratio for the interaction
of the baryon octet with the meson octet has a fixed
value of 2/3 in the quark model.

The total amplitude for the diagram in Fig. 1 has
the form

Jκ =
J(p→ K + Y )
k2 −m2

K

e(k + k′)ε(κ)FK(Q2), (13)

where e is the electron charge, k′µ is the 4-momentum

of the emitted (real) kaon, ε(κ)
µ is the photon polar-

ization 4-vector, and FK(Q2) is the electromagnetic
form factor for the kaon. Following [10], we took it in
the form

FK(Q2) =
a

1 +Q2/b21
+

1 − a
(1 +Q2/b22)2

, (14)

where Q2 is the square of the 4-momentum of a vir-
tual photon, a = 0.398, b1 = 0.642 GeV/c, and b2 =
1.386 GeV/c.

The cross section for quasielastic kaon knockout
from a proton was calculated by the formula

dσ

dt
= ε
dσL

dt
+
dσT

dt
, (15)

where ε is the degree of photon polarization, while
the transverse and the longitudinal cross section are
given by

dσi

dt
=

J2
i

32πW (W 2 −M2
N )|q∗| . (16)
03
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Table 1. Coupling constants fKΛN and fKΣN and their
ratio

fKΛN fKΣN |fKΛN/fKΣN | Reference

−3.16 ± 0.01 0.91 ± 0.01 3.47 [10]

−4.17 ± 0.75 1.18 ± 0.66 3.53 [11]

−2.38 0.27 8.81 [12]

−3.7 ± 0.7 1.1 ± 0.2 3.36 [13]

−1.73 0.33 5.2 This paper

Here, W is the total energy in the c.m. frame, W 2 =
(pN + q)2 = (k′ + pY )2; q∗ is the photon
3-momentum in the c.m. frame; and i = T,L with
JL = Jκ=0 and JT = (Jκ=+1 + Jκ=−1)/2.

The squared radial part of the virtual-kaon wave
function (momentum distribution) in the proton is

|R(k2)|2 =
|J(p→ K + Y )|2
(k0 − ωK(k))2

(17)

× 1
(4π)2EY (k)MNωK(k)

,

where EY (k) =
√
M2

Y + k2 is the energy of the final

baryon Y (Y = Λ or Σ) and k0 is the virtual-kaon
energy in the “cloud”; it is calculated on the basis
of energy conservation in the lower vertex of the pole
diagram in Fig. 1—we have k0 = mN −EY (k) in the
laboratory frame, for example.

The spectroscopic factor (the number of kaons in
a given channel) is equal to an integral of the squared
wave function:

SKY
p =

∫
|R(k2)|2k2dk. (18)

3. RESULTS AND DISCUSSION

As was mentioned above, the microscopic 3P0

model leads to the following expressions for the
meson–baryon vertex constants: fKΛN = −

√
3fKqq

and fKΣN = (1/3)fKqq . The model gives no way
to assess the absolute values of the coupling con-
stants fKΛN and fKΣN , since the quark constant
fKqq is a free parameter; however, it unambiguously
determines the ratio |fKΛN/fKΣN | = 3

√
3 ≈ 5.2.

Table 1 displays available experimental data on the
coupling constants fKΛN and fKΣN , along with the
results obtained in the present study. We extracted
fKqq from experimental data on the differential cross
section, assuming that the mechanism of quasielastic
kaon knockout from the meson cloud completely
PH
Table 2. Ratio R of the longitudinal and the transverse
cross section in the reaction H1(e, e′K+)Λ

Q2,
(GeV/c)2

0.52 0.75 1.00 2.00

R 0.82 ± 0.180.96 ± 0.160.65 ± 0.290.56 ± 0.24

determines the electroproduction cross section at
small angles. However, a different mechanism ac-
cording to which a kaon can be produced upon the
deexcitation of the virtual vector meson K∗(892)
via photon emission in the same cloud (see below)
contributes significantly to the transverse part of the
cross section.

If the transverse contribution to the cross sec-
tion could be disregarded, then, in order to re-
produce experimental data, it would be necessary
to choose a coupling-constant value in the range
fKqq = (2–2.8)fπqq , where the constant fπqq is nor-
malized to the known value of the πNN coupling
constant: fπqq = 3

5fπNN , fπNN ≈ 1. It is clear that
correct values of the coupling constants fKΛN and
fKΣN can be extracted only from more detailed data
on the longitudinal cross section.

Figure 3 shows the longitudinal cross section
dσL/dt. Experimental data exist only for the sum
(15) of the longitudinal and transverse cross sections.
In addition, there are data on the total-cross-section
ratio R = σL/σT [14] for individual values of Q2 (see
Table 2).

The calculations performed in [4] revealed that the
transverse part of the cross section for pion electro-
production at rather high Q2 is almost completely
determined by the contribution of vector (ρ) virtual
mesons. Therefore, it is natural to expect that, in the
case of kaon electroproduction, the main contribution
to the cross section dσT /dt comes from the process
p→ K∗ + Y followed by the rearrangement K∗ →
K.

The longitudinal cross section at rather high Q2

is almost completely determined by the quasielastic
contribution of pseudoscalar mesons. Therefore, it is
necessary to separate the experimental values of the
cross section into the longitudinal and the transverse
component in order to estimate the constant fKqq.
On the basis of the data in Table 2, we set dσ/dt ≈
2dσL/dt for a rough estimate. Figure 3 shows the
data obtained precisely in this way. The model consid-
ered here makes it possible to obtain not only vertex
constants but also analytic expressions for the form
factors in meson–baryon vertices [Eq. (8)]. We note
that the form factor (8) of the KYN vertex virtually
coincides with the form factor calculated for the πNN
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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Fig. 3. Longitudinal cross section for kaon electropro-
duction at Q2 = 1.35 (GeV/c)2 and W = 2.11 GeV in
the (solid curve) p→ K + Λ and (dashed curve) p→
K + Σ channels (the cross section for the channel p→
K + Σ was magnified by a factor of 10) versus−t (t is the
square of the virtual-kaon 4-momentum). Experimental
data from [8] for dσT /dt+ εdσL/dt in the p→ K + Λ
channel are used here with a factor of 0.5 merely as a
rough estimate of the longitudinal cross section (see main
body of the text).

vertex within the microscopic model proposed in [6],
the only difference lying in the corrections propor-
tional to powers of the parameter x, which is equal to
bK/bN for the kaon and bπ/bN for the pion. However,
the calculations performed in [6] revealed that the
form factor depends only slightly on these corrections.
With the aid of expression (8) for the form factor,
the momentum distribution of kaons in the proton in
the two channels being considered can be calculated
according to Eq. (17). The result is given in Fig. 4.
The spectroscopic factors are equal to SKΛ

p = 0.076
and SKΣ

p = 0.003, respectively. The smallness of the
ratio SKΣ

p /SKΛ
p ≈ 0.04 follows from a large distinc-

tion between the coupling constants fKΛN and fKΣN

that is predicted in the quark model [see Eq. (12)].
For the sake of comparison, the spectroscopic factor
of the pion is Snπ

p = 0.25 [4].

Let us summarize our results once again. With-
in the microscopic model of a 3P0 scalar quark–
antiquark fluctuation, we have obtained the kaon form
factor (momentum distribution) in the proton and the
coupling-constant ratio fKΛN/fKΣN , which is in ac-
cord with data reported in [10]. We have used this form
factor to calculate the longitudinal cross section for
kaon electroproduction. More detailed experimental
data on this cross section would enable one to refine
the values of the coupling constants fKΛN and fKΣN .
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Fig. 4. Momentum distribution of kaons in the proton
in the (solid curve) p→ K + Λ and (dashed curve) p→
K + Σ channels (the results for the p→ K + Σ channel
are magnified by a factor of 10).

In conclusion, we characterize some possible lines
of further investigations. In principle, it is necessary
to extend the projection of the multiparticle wave
function for the quark–gluon system nucleon plus
scalar qq̄ fluctuation (in the simplest case, this mul-
tiparticle system is the q4q̄ quark configuration, but it
is reasonable to go over in the future to more advanced
nonperturbative versions) onto B +m channels, as
is done in cluster physics in nuclei—namely, it is
desirable to include, in addition to the Bπ and Y K
channels, channels featuring virtually excited mesons
π∗, ρ∗, K∗, etc., since, for example, the electron im-
pact induces a transition of an orbitally excited meson
1+(l = 1) to the ground state 0−(l = 0), and so on.
As a result, the microscopic picture of quasielastic
meson knockout will become qualitatively richer. In
order to assess the contribution of excited meson
states, it would be helpful to use experience gained
in applying Regge pole theory [5] to the analysis of
pion and kaon electroproduction, where the contribu-
tion of the aforementioned states is treated at a phe-
nomenological level. Such a synthesis may also be of
importance for microscopically validating this theory,
especially as it provides, by and large, a reliable de-
scription of channels likeN(e, e′π)N orN(e, e′K)Λ.
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Abstract—It is proposed to extract the total cross section for proton–proton (pp) interaction from the re-
sults obtained by measuring the analyzing power for elastic pp scattering in the region of Coulomb–nuclear
interference.Contributions to the cross section are estimated that affect the accuracy in determining σT (pp)
and which originate from various sources, including single-spin-flip interactions. The applicability of the
factor of merit to extracting σT (pp) from experimental data is briefly discussed. It is concluded that, under
some conditions, measurement of the analyzing power AN (t) may be a good approach to determining
σT (pp). c© 2003 MAIK “Nauka/Interperiodica”.
INTRODUCTION

In this article, we discuss new methods for deter-
mining total cross sections for proton–proton (pp)
interactions, σT (pp), in experiments with polarized
beams at colliders. The approach proposed in [1] is
based on a relationship between σT (pp) and the factor
of merit,M(t) = A2

N (t)dσ/dt (where t is the invariant
momentum transfer), which was introduced in po-
larimetry [2]. The approach proposed here is different
from that and is based on the analyzing power AN (t),
which is related to the total cross section. The meth-
ods developed here may prove to be appealing for the
pp2pp (R7) experiment, which will be performed at
RHIC [3] and which is aimed at measuring three ob-
servables: σT (pp), dσ(t)/dt, and AN (t); it is possible
to apply the methods in question in this experiment.

In the present article, we give a detailed validation
of new methods for measuring total cross sections.
The ensuing exposition is organized as follows. Stan-
dard methods for measuring σT (pp) in experiments
with unpolarized beams at colliders are briefly de-
scribed in Section 1 in order to illustrate the ac-
curacies achieved in measuring σT (pp) and σT (pp̄).
In Section 2, we present a new procedure that can

1)Institute for High Energy Physics, Protvino, Moscow oblast,
142284 Russia.

2)Università di Trieste ed Istituto Nazionale di Fisica Nu-
cleare, Sezione di Trieste, Strada Costiera 11, Miramare–
Grignano, I-34014 Trieste, Italy.

3)Joint Institute for Nuclear Research, Dubna, Moscow
oblast, 141980 Russia.

*e-mail: ~ASP9702@nm.ru
1063-7788/03/6612-2189$24.00 c©
be used to determine the total cross section both
in unpolarized and in polarized beams at colliders.
In Section 3, we give an example of using new ap-
proaches to extract the total cross section from data
obtained in the Е704 experiment at the Fermi Na-
tional Accelerator Laboratory (FNAL). In Section 4,
we discuss simulated data of the pp2pp experiment
and the expected corrections to σT (pp) that originate
from various sources. In Section 5, we estimate the
contribution to σT (pp) from the single-spin-flip am-
plitude. In the Conclusion, we summarize the results
of the present investigation.

1. SURVEY OF STANDARD METHODS
FOR MEASURING TOTAL CROSS

SECTIONS AT COLLIDERS

Measurements of total cross sections at collid-
ers (ISR, Spp̄S, Tevatron) were performed by four
methods [4–12]. Given immediately below is a brief
description of these methods.

1.1. Direct Method

Thismethod is based on measuring the normalized
yields ṄT of secondary particles,

ṄT = Ṅ el + Ṅ inel, (1)

where Ṅ el and Ṅ inel are the normalized yields mea-
sured for, respectively, elastic and inelastic interac-
tions by a detector of elastic interactions and a de-
tector of inelastic interactions. The equipment in-
cluding these detectors must cover the entire solid
2003 MAIK “Nauka/Interperiodica”
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Table 1. Compilation of experimental data from measurements of σT in experiments with unpolarized beams at colliders

Experiment
√
s, GeV

σT , mb

References
direct method indirect method method independent

of luminosity
normalization to

Coulomb scattering

I II III IV

Tevatron, p̄p

E710 1800 71.71 ± 2.02 [4]

1800 78.3 ± 5.9 [5]

CGF 546 61.26 ± 0.93 [6]

1800 80.03 ± 2.24 [6]

1800 72.0 ± 3.6 [7]

Spp̄S

UA1 540 67.9 ± 5.9 [8]

UA4 541 63.0 ± 1.5 [9]

UA4/UA2 541 63.0 ± 2.1 [10]

UA4 546 61.9 ± 1.5 [11]

ISR

pp 23.5 38.8 ± 0.25 39.01 ± 0.27 39.22 ± 0.55 [12]

30.6 40.07 ± 0.24 40.38 ± 0.31 40.53 ± 0.62 [12]

44.7 41.90 ± 0.24 41.45 ± 0.23 41.00 ± 0.43 [12]

52.8 42.71 ± 0.35 42.38 ± 0.27 42.02 ± 0.47 [12]

62.7 42.96 ± 0.38 43.07 ± 0.30 43.20 ± 0.54 [12]

23.0 38.9 ± 0.7 [14]

31.0 40.2 ± 0.8 [14]
angle of 4π. In actual practice, however, a vacuum
tube and beam and detector parameters constrain the
minimum accessible angle of the escape of secondary
particles, θmin. In view of this, measurements are
performed down to this angle, whereupon the yields
are extrapolated to zero angle in order to introduce
corrections in σobs (by this symbol, we denote the
observed cross section) for undetected events. In con-
structing this extrapolation, one has to use a phe-
nomenological model for hadron amplitudes, and this
is a disadvantage of the method being discussed.

Under the assumption that the integrated lumi-
nosity L of the collider used is known from an inde-
pendent measurement, the total cross section can be
determined as the ratio

σT = NT /LT , (2)

whereNT and LT are summed over the entire experi-
mental time. The examples of direct measurements of
PH
σT in Table 1 (column I) were borrowed from [4, 12].
It can be seen that the highest precision in mea-
surements of σT was achieved at ISR (0.5–1%) by
applying a special technique for improving the quality
of the beam used. The precision in measurements
of σT at the Tevatron (±7.5%) was bounded by the
errors in measurements of the luminosity.

1.2. Indirect Method

This method is based on the theorem according
to which the differential cross section for elastic pp
scattering in the forward direction, (dσel/dt)t=0, is
related to the total cross section σT by the equation

(
dσel

dt

)
t=0

=
σ2

T (1 + ρ2)
16π(�c)2

, (3)
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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where ρ is the ratio of the real and imaginary parts
of the nuclear non-spin-flip amplitude. It is assumed
that the spin contribution to σT is negligible. In the
region of nuclear diffractive scattering (at moder-
ate invariant-momentum transfers t), the differential
cross section (dσel/dt) is usually represented in the
form

dσel

dt
=
(
dσel

dt

)
t=0

ebt, (4)

where b is the slope parameter. Therefore,
(dσel/dt)t=0 must be determined through an extrapo-
lation of dN el(t)/dt for measured elastic events to the
point t = 0; that is,

dN el(t)
dt

= L
dσel

dt
= L

(
dσel

dt

)
t=0

ebt =
dN el(0)
dt

ebt,

(5)

where

dN el(0)
dt

= L

(
dσel

dt

)
t=0

. (6)

From relations (3) and (6), we obtain

σT =
1√
L

[
16π(�c)2

(1 + ρ2)
dN el(0)
dt

]1/2

. (7)

It follows that, knowing L and ρ from independent
measurements, one can determine σT . The error of
this method is due to the error in measuring the
luminosity and is one-half as large as the error of
the above direct method. This is the simplest method
for determining σT . Examples in which this approach
was employed are given in Table 1 (column II). Mea-
surements at the Tevatron and Spp̄S were performed
with large errors because of an uncertainty of about
±2% in determining the luminosity. The most pre-
cise result was obtained in the UA4 experiment by
thoroughly measuring beam parameters. The highest
accuracy in determining σT was achieved at ISR.

1.3. Luminosity-Independent Method

In order to avoid measuring beam luminosities, the
following technique was applied in [4, 6, 11, 12]. From
relations (2) and (7), one can derive an expression for
the total cross section in the form

σT =
16π(�c)2

(1 + ρ2)NT

dN el(0)
dt

, (8)

which does not involve the luminosity explicitly. In
this method, it is necessary to employ detectors of
two types, that for elastic and that for inelastic in-
teractions. It is also assumed there that ρ is known.
The results obtained by using this method are given
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in Table 1 (column III). It can be seen that the high-
est precision in measuring σT was achieved at ISR.
The existing discrepancy of about 10% between the
results of the measurements of σT in the E710 and
CDF experiments at

√
s = 1800 GeV may be due to

some hidden systematic error.
In all of the above three methods for measuring

σT , it is necessary to extrapolate observables to zero
angle. Data on inelastic scattering can be extrapo-
lated by using a Gaussian function or an exponential
dependence. In extrapolating elastic-scattering data,
the following assumptions were made:

(i) The spin contribution is negligible.
(ii) At low t, the imaginary part of the nuclear

amplitude is an exponential function of the invariant-
momentum transfer.

(iii) The real and the imaginary part of the nuclear
amplitude depend identically on t, whence it follows
that ρ is independent of the momentum transfer.

The last two assumptions were questioned in [13].

1.4. Coulomb Scattering

This method, which is based on a theoretically
reliable calculation of the differential cross section,
makes it possible to avoid measuring luminosities.
We have

dσC(t)
dt

=
4πα2(�c)2

t2
F 4(t), (9)

where α is the fine-structure constant and F (t) is the
electromagnetic form factor for the proton. In order
to apply this method, it is necessary to reach the
Coulomb scattering region, which corresponds to the
condition |t| � |t0|, where |t0| = 1.6× 10−3 (GeV/c)2

(at σT = 40 mb) is a special point where the Coulomb
cross section is equal to the nuclear cross section.
In response to variations in the initial momentum
pin, the Coulomb scattering angle (in mrad) changes
according to the law

θ0 =

√
|t0|
pin

=
40 × 10−3

pin
. (10)

For ISR, the initial momentum is pin = 15 GeV/c and
θ0 ≈ (40/15)× 10−3 ≈ 3 mrad, which corresponds to
a 3-cm deflection of the scattered proton from the
beam axis at the end of the straight 10-m section
of ISR. This method was applied in the experiment
of Amaldi et al. [14] at two energies,

√
s = 23 and

31 GeV, at a distance of 10 m (at angles θ0 smaller
than 2 mrad, measurements by this method are im-
possible). Accordingly, measurements with the aid of
this method could not be performed at ISR for a mo-
mentum of each beam below 15.4 GeV/c [14]. The re-
sults of the experiment in question are given in Table 1
03
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(column IV). The precision attained in measuring σT

was 2%. But in accordance with relation (10), this
method cannot be applied at high energies without
substantial modifications.

2. NEW APPROACHES TO MEASURING
σT (pp)

In principle, any experiment where the total cross
section is related in some way or another to measur-
able quantities can be used to determine σT . Below,
we propose some new approaches to determining σT .

2.1. Collisions of Unpolarized Protons

Let us assume that two differential cross sections
for elastic pp scattering can be measured indepen-
dently to a high precision. The first is the Coulomb
cross section

dσC

dt
= π|fC|2, (11)

where

fC = ±2αF 2(t)
t

(�c) exp(∓iαϕ). (12)

Here, the upper (lower) sign corresponds to p̄p (pp)
interaction; F (t) = (1 + |t|/Λ2)−2 is the dipole form
factor for the proton with Λ2 = 0.71 GeV2; and ϕ is
the Coulomb phase shift, which is given by

ϕ = ln
2

|t|(b+ 8/Λ2)
− 0.5772. (13)

The second is the cross section for elastic nuclear
scattering,

dσn

dt
= π|fn|2, (14)

where

fn =
σT

4π
(ρ+ i)e−b|t|/2. (15)

Here, ρ is the ratio of the real and the imaginary part
of the nuclear amplitude at |t| = 0 and b is the slope
parameter.

We can extrapolate both cross sections, that in (4)
and that in (9), to the point t0, where they are equal to
each other:

dσC(t0)
dt

=
dσn(t0)
dt

. (16)

By using the above relations, we obtain

|t0|e−b|t0|/2

F 2(t0)
=

8πα
σT

. (17)
PH
At low |t|, we therefore have

σT ≈ 8πα
|t0|

. (18)

We are unaware of cases where relation (18) was used
in experiments studying high-energy physics. In all
probability, this is explained by difficulties encoun-
tered in measuring the Coulomb cross section at low
|t0|. It is assumed that lower values of t [about 2 ×
10−4 (GeV/c)2] can be reached in the pp2pp exper-
iment. In this case, it is possible to measure dσC/dt
off the region of Coulomb–nuclear interference (for
|t| < |t0|). If so, this method can be applied at RHIC.

In the following, we will consider additional special
features of the differential cross section for pp scat-
tering that are possibly of use for obtaining the total
cross section. It is well known that, in the region of
Coulomb–nuclear interaction, the differential cross
section for elastic pp scattering can be represented in
the form

dσel(t)
dt

=
dσC

dt
+ Int +

dσn

dt
, (19)

where the first and the third term are given by (9)
and (14), respectively, and Int stands for the interfer-
ence cross section, which can be expressed as

Int = ∓2Re(f∗Cfn)

= ∓αF
2(t)σT

t
ebt/2 [ρ cos(αϕ) ± sin(αϕ)] .

The upper (lower) sign corresponds to pp (p̄p) scat-
tering.

From relation (19), one can determine three spe-
cial points. The first of these, the point tin, is that
where the nuclear cross section is equal to the inter-
ference cross section:

Int = dσn/dt.

For the case of pp scattering, we therefore obtain

tin = − 16πα(�c)2

(1 + ρ)2σT
ebtin/2 [ρ cos(αϕ) + sin(αϕ)] .

Assuming that bt
 1 and taking into account the
smallness of αϕ, we can obtain

tin = − 16παρ
(1 + ρ)2σT

(�c)2 =
2ρ

1 + ρ2
t0.

At
√
s = 541 GeV (σT = 63 mb, ρ = 0.135), we ar-

rive at −tin = 3.1 × 10−4 (GeV/c)2, while, at
√
s =

19.4 GeV (σT = 38 mb, ρ = −0.034), the result is
−tin = 1.3 × 10−4 (GeV/c)2. Thus, a very interest-
ing situation arises in the case of elastic pp scattering.
First, the method being considered is more easily
realizable at high than at low energies because of the
value of ρ. Second, the interference term is negative
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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at t = tin and therefore fully compensates the term
that is responsible for nuclear scattering. As a result,
only Coulomb scattering occurs at this point, and one
can use this scattering to perform a normalization
of the particle yield—that is, the absolute luminosity.
There arises only one problem—in the pp2pp exper-
iment, it is planned to reach the value of tmin = 7 ×
10−4 (GeV/c)2, which is greater than the required
value of tin.

There is yet another special point (tiС), that at
which the interference cross section is equal to the
Coulomb cross section—that is, Int = dσC/dt; it is
given by

tiC =
4παF 2(t)(�c)2

σTρ
ebtiC/2.

At low values of t, this expression reduces to the form

tiC = −4πα(�c)2

σTρ
=

1
2ρ
t0. (20)

At
√
s = 541 GeV, we obtain −tiC = 4.2 ×

10−3 (GeV/c)2. This value can be accessible in the
pp2pp experiment. At the point tiС, there occurs only
purely nuclear scattering, and this makes it possible
to verify some hypotheses, such as the variation of
the slope parameter with |t| or oscillations of the
differential cross section [13]. Upon the improvement
of beam parameters and of the resolution power of
the equipment used, we can hope that all of the
above three approaches to determining the total cross
sections for pp scattering will be used.

Let us introduce the function f2 as

f2(t) = t2
dσ

dt
. (21)

It has a maximum at the special point t2 defined as

t2 =
8παρ

σT (1 + ρ)2
=

ρ

1 + ρ
t0, (22)

where t0 is given by (18). The point t2 is useful in that,
at this point, one can perform an absolute normaliza-
tion of the differential cross section to the Coulomb
cross section. At the highest RHIC energy value, we
have−t2 = 1.5× 10−4 (GeV/с)2. This is the smallest
value among four special points. It is very difficult to
reach t2 in experiments since it is less than t0 by an
order of magnitude. The results of this section are
summarized in Table 2.

In practice, tin and tiС can be found by applying
the following procedure. The differential cross section
dσmeas/dt is measured by using available equipment
under fixed experimental conditions. After that, the
Coulomb differential cross section dσC/dt is calcu-
lated by means of Monte Carlo methods. The differ-
ence of these two quantities vanishes at the point tin.
The point tiС can be found in a similar way.
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Table 2. Special points of t in the cross section for elastic
pp scattering [general formulas and numerical values in
(GeV/c)2]

Point Expression
in terms of σT and ρ

Value
at

√
s � 500 GeV

−t0
8πα(�c)2

σT
1.1 × 10−3

−tin
16παρ(�c)2

σT (1 + ρ)2
3.1 × 10−4

−tiC
4πα(�c)2

σT ρ
4.2 × 10−3

−t2
8παρ(�c)2

σT (1 + ρ)2
1.5 × 10−4

2.2. Collision of Polarized Protons

In the following, we discuss the possibility of ex-
tracting σT (pp) from the results obtained by mea-
suring the analyzing power AN (t) (our proposal) and
the factor of merit M(t) (proposal of Gauron et al.
[1]). First of all, it is necessary to obtain analytic
expressions for these quantities (this will be done in
this section and those that follow). Further, we need
experimental data on M(t) [data on AN (t) either are
available or will be obtained in the near future].

The simplest expression for AN (t) in the region of
Coulomb–nuclear interference was first given in [15].
A more detailed expression that includes the parame-
ter ρ and one- and two-spin interactions was recently
presented in [16]. We employ the expression from [16],
but we disregard all spin dependences, as is usually
done in conventional procedures for measuring σT . In
this approach, the expression forAN (t) has the form

AN (t) = C0 (23)

× σT (1 − ραϕ)(−t)3/2

1 + C1(ρ+ αϕ)σT |t| + C2(1 + ρ2)σ2
T |t|2

,

where
C0 = (µp − 1)/[8παmp(�c)2]

= 26.7735 GeV−3 mb−1,

C1 = −[4πα(�c)2]−1 = −27.9972 GeV−2 mb−1,

C2 = [8πα(�c)−2]2 = 195.9609 GeV−4 mb−2

(µp and mp are the proton magnetic moment and
mass, respectively). Assuming that the parameter ρ is
known from dσel/dt, we can determine the total cross
section σT as a parameter in a fit to experimental data.

The analyzing power has a maximum at the point
−tA given by [16]

−tA = −t0 (24)
3
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×
[√

3 − (ρ+ αϕ) +
8

(µp − 1)
(ρI5 −R5)

]
.

As is well-known, nucleon–nucleon scattering is de-
termined by five complex-valued amplitudes, which
are functions of the Mandelstam variables s and t.
In the helicity representation, these are the ampli-
tudes Φ1 and Φ3 corresponding to the scattering pro-
cess not involving nucleon-spin flip, the amplitude
Φ5 corresponding to single-spin-flip scattering, and
the amplitudes Φ2 and Φ4 corresponding to double-
spin-flip scattering. Usually, an analysis is performed
without including the amplitudes Φ2 and Φ4 because
of their smallness. The non-spin-flip amplitudes are
assumed to be equal to each other. The last term in the
bracketed expression on the right-hand side of (24)
corresponds to the single-spin contribution to the
total cross section. Below, this term will be taken into
account in calculating the single-spin contributions
to AN (t) and σT . Using the results quoted in [16],
we have also obtained an expression for the factor of
merit; that is,

M(t) = C̄0
σ2(1 − ραϕ)2ebt|t|

1 + C1σT (ρ+ αϕ)|t| + C2σ2
T (1 + ρ2)t2

,

(25)

where

C̄0 = (µp − 1)2/[16πm2
p(�c)

2]

= 0.1867 GeV−4 mb−1.

The remaining parameters were defined previously.
For |t| 
 1, we have αϕ ≈ αϕρ ≈ 0. The factor of
meritM(t) has a maximum at the point tM given by

−tM =
8πα(�c)2

σT

√
1 + ρ2

. (26)

Instead of the fitting procedure, one can therefore
employ expression (26) to obtain σT . We can see that,
over the energy range in which we are interested, tM
is not sensitive to changes in ρ.

3. DERIVATION OF σT (pp) FROM DATA
OF THE Е704 EXPERIMENT

The Е704 experiment involved the first measure-
ment of the analyzing power AN (t) in the reaction

p ↑ + p→ p+ p, (27)

at a primary polarized-proton-beam momentum of
pin = 200 GeV/c in the range 2 × 10−3 ≤ |t| ≤ 4 ×
75 × 10−2 (GeV/c)2 [17]. The relevant experimental
data are given in Table 3.

It is necessary to determine ρ at
√
s = 19.4 GeV.

This parameter was measured at FNAL for plab =
199 GeV/c [18]. The result was ρ = −0.034 ± 0.014.
PH
Upon substituting this value into (23) and construct-
ing a fit to six experimental values of AN (t), it was
found that

σT (pp) = 37.8 ± 8.1 mb (28)

at χ2 = 1.49 per fives degrees of freedom (see
Fig. 1a).

This result must be compared with the experi-
mental value of σT (pp) = 38.9 ± 0.7 mb, which was
measured for

√
s = 23.0 GeV at ISR [14]. As can

be seen from a comparison of the two values, there
are limitations on the possibility of applying the new
method. First, the statistics of Е704 are insufficient
for reaching the accuracy of the standard method—
an increase in statistics by two orders of magnitude
is required for the new method to be on par with the
traditional one in accuracy. The second limitation is
associated with the accuracy in measuring the beam
polarizationPB . In the Е704 experiment, it was found
that ∆PB/PB = ±6.8% [19], and this is an additional
source of uncertainty in σT (pp). The detector reso-
lution ∆t is a third source of uncertainties in deter-
mining σT (pp). The Е704 experimental facility had
the following resolutions: ∆t/|tmin| = 0.1 (geomet-
ric resolution), (∆t/|tmin|)ms

∼= 0.07 (resolution as-
sociated with multiple scattering), and (∆t/|tmin|) =
0.03 (resolution associated with errors in momentum
measurements). All these sources introduce an ad-
ditional systematic error of about 14% in ∆σT (pp)
in (28) and result in that the data from the Е704
experiment cannot compete with the standard tech-
niques.

In experiments of the Е704 type, a considerable
improvement of experimental accuracies in determin-
ing σT (pp) may be achieved at RHIC by using a po-
larized jet target [20]. First, the target polarization PT

can be measured there to a precision higher than that
in measuring beam polarization (∆PT /PT � 2%)
[21]. Second, the statistics of AN can be enlarged
by two orders of magnitude owing to a high lumi-
nosity. Third, an accuracy of ∆t/|tmax| < 5% may be
achieved at a recoil kinetic energy of Trec

∼= 1 MeV
[which corresponds to |t| ∼= 2 × 10−3 (GeV/c)2] ow-
ing to the fact that a silicon detector of recoil nuclei
has a high energy resolution of ∆T ≈ 50 keV in
kinetic energy [22]. Thus, the difficulties listed above
can be overcome at RHIC. Therefore, measurement
of AN (t) in the region of Coulomb–nuclear interfer-
ence in the fixed-target mode is quite appealing for
testing the new method.

Let us consider the factor of merit M(t). In con-
trast toAN (t), this quantity cannot be measured by a
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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Table 3.AN (t), dσel/dt, andM(t) at
√
s = 19.4 GeV

−t, (GeV/c)2 AN (t) ± ∆AN (t) dσel/dt, mb/(GeV/c)2 M(t) ± ∆M(t), mb/(GeV/c)2

0.00288 0.0446 ± 0.0316 106.4 ± 2.3 0.212 ± 0.295

0.0083 0.0311 ± 0.0109 77.1 ± 1.7 0.0745 ± 0.0522

0.0175 0.0262 ± 0.0101 64.5 ± 1.2 0.0443 ± 0.0342

0.0273 0.0317 ± 0.0107 55.6 ± 1.1 0.0559 ± 0.0377

0.0368 0.0217 ± 0.0139 52.0 ± 1.0 0.0245 ± 0.0314

0.0475 0.0027 ± 0.0277 49.9 ± 0.8 0.0003 ± 0.0064
direct method. Therefore, it is necessary to determine
the factor of merit as

M(t) = A2
N (t)

dσel

dt
(29)

and to calculate the relevant uncertainty ∆M(t). We
employ the experimental data on dσel/dt that were
obtained at FNAL [18] (Table 3, third column). Com-
paring the relative errors in AN (t) and dσeldt, we
arrive at

∆M(t)
M(t)

≈ 2
∆AN (t)
AN (t)

. (30)

Taking b = 12 GeV−2 and setting ρ to the value iden-
tical to that which was used above, we construct a fit
to the data (see Fig. 1b). The result is

σT = 22 ± 40 mb (31)

at χ2 = 3.8 per five degrees of freedom. At this ac-
curacy, one can draw no conclusions concerning the
value of σT . Therefore, the data on the analyzing
power from the Е704 experiment can only be used
as a qualitative illustration of the applicability of the
new method for extracting the total cross section.
However, the accuracy in measuring σT (pp) can be
improved considerably by performing a similar exper-
iment at RHIC with a jet target.

4. DERIVATION OF σT (pp)
FROM “SIMULATED DATA” OF THE pp2pp

EXPERIMENT AT RHIC

Measurement of the analyzing power AN (t) for
elastic proton–proton scattering in the region of
Coulomb–nuclear interference is one of the main
objectives of the pp2pp experiment at RHIC, special
equipment being intended for this in the experiment.
In simulating the experiment, the collision energy, the
degree of beam polarization, and the luminosity were
set to

√
s = 500 GeV, 70%, and 2 × 1029 cm−2 s−1,

respectively. In order to optimize left–right asymme-
try with a vertically polarized beam, allowances were
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
made for events lying in the azimuthal-angle region
cos |φ| < 1/

√
2 (acceptance of the facility [3]). Under

such conditions, 2.5 × 106 events were accumulated
over 3.7 h. In order to simulate the left–right ana-
lyzing power, we used expression (23) at ρ = 0. The
asymmetry AN (t) obtained as the difference of the
number of events in the left and the right part of the
detector is shown in Fig. 2a. The data in Table 4 were
borrowed from [3].

We used the results of our simulation as experi-
mental data and constructed a fit to them (solid curve
in Fig. 2a). For the total cross section, this yielded

σT (pp) = 58.64 ± 1.97 mb. (32)

This value must be compared with experimental re-
sults obtained at SppS for

√
s = 541 GeV, σT (p̄p) =

63.0± 1.5 mb (UA4) [9], and at the Tevatron for
√
s =

546 GeV, σT (p̄p) = 61.26± 0.93 mb (CDF) [6]. Good
agreement of the above results shows that the new
method works rather well, becoming competitive with
the standard method.

In order to extract σT (pp) from the simulated data
on рroton–рroton scattering, one can also use the
factor of merit. For this, it is necessary to prepare
experimental data onM(t). The differential cross sec-
tion for elastic proton–proton scattering at

√
s =

541 GeV can be obtained from the results of the
UA4/UA2 experiment [10] under the assumption that
the nuclear part of the cross section is equal to its
Coulomb part, in which case the interference terms
are equal in magnitude, but they have opposite signs.
The results obtained in this way for dσel/dt are quoted
in Table 4, along with the “experimental” data on
M(t). Using formula (25), we obtain

σT (pp) = 42.1 ± 4.9 mb

at χ2 = 1.42 per degree of freedom (see Fig. 2b). This
value is much less than the expected value of σT (pp),
and the error is twice as great as that in employing the
method based on AN (t); nevertheless, the method of
the factor of merit also makes it possible to determine
03
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Fig. 1. (a) Analyzing power AN (t) according to measurements of the Е704 Collaboration at
√
s = 19.4 GeV (points), along

with a fit to these data (solid curve); (b) factor of meritM(t) at the same energy (points), along with a similar fit (solid curve).
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Fig. 2. (a) Simulated data on AN(t) for the pp2pp experiment at RHIC for
√
s = 500 GeV (points), along with a fit to these

data (solid curve); (b) factor of meritM(t) at the same energy (points), along with a similar fit (solid curve).
σT (pp). It is only necessary to obtain more precise
experimental data and to refine the formula for M(t)
by including terms disregarded above.

Systematic errors generate the main difficulties
that must be overcome in applying the new ap-
proaches. The first of these errors is associated with
the beam polarization PB , which must be measured
to a precision higher than ∆σT /σT . This is because
the quantities PB and AN are related by the equation

AN =
1
PB

ε, (33)

where ε is the measured (“raw”) asymmetry. Present-
ly, the main task at RHIC is to attain a precision
of ∆PB/PB = ±5%, and the same will hold for
PHYS
∆AN/AN . This constrains the accuracy in measur-
ing σT (pp), since the degree of beam polarization
must be measured to a precision higher than 1% in
order to determine the total cross section at RHIC by
the new method.

The uncertainty ∆t is determined by experimen-
tal conditions: (a) the error in measuring the angle
between the beams (it is equal to 6 µrad, which
leads to ∆t/t ≈ 7%) and (b) the error in determining
the momentum of scattered particles (it is equal to
∆p/p ≈ 1.5%, which leads to ∆t/t ≈ 3%).

Summing the squares of the above errors and tak-
ing the square root of the above sum, we find that their
contribution to ∆σT /σT is about 9%. It is obvious
that the experimental value must be still smaller.
ICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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Table 4.AN (t) (simulated values), dσel/dt, andM(t) at
√
s = 500 GeV

−t, (GeV/c)2 AN (t) ± ∆AN (t) dσel/dt, mb/(GeV/c)2 M(t) ± ∆M(t), mb/(GeV/c)2

0.0015 0.034 ± 0.0025 275 ± 3.8 0.3179 ± 0.0467

0.0025 0.033 ± 0.003 216 ± 3.1 0.2352 ± 0.0429

0.0035 0.041 ± 0.003 199 ± 3.0 0.3345 ± 0.0492

0.0045 0.031 ± 0.003 192 ± 3.0 0.1845 ± 0.0358

0.0055 0.027 ± 0.003 187 ± 3.0 0.1363 ± 0.0304

0.0065 0.030 ± 0.003 184 ± 3.0 0.1656 ± 0.0332

0.0075 0.029 ± 0.003 181 ± 3.0 0.1522 ± 0.0316

0.0085 0.022 ± 0.003 178 ± 3.0 0.0862 ± 0.0235

0.0095 0.027 ± 0.003 175 ± 3.0 0.1276 ± 0.0284

0.0105 0.016 ± 0.003 172 ± 1.3 0.044 ± 0.0165

0.0115 0.025 ± 0.003 170 ± 1.3 0.1063 ± 0.0255

0.0125 0.021 ± 0.003 167 ± 1.3 0.0736 ± 0.0210

0.0135 0.022 ± 0.003 165 ± 1.2 0.0799 ± 0.029

0.0145 0.014 ± 0.003 163 ± 1.2 0.0319 ± 0.0137

0.0155 0.018 ± 0.003 160 ± 1.2 0.0518 ± 0.0173

0.0165 0.015 ± 0.004 158 ± 1.3 0.0356 ± 0.019

0.0175 0.018 ± 0.004 155 ± 1.3 0.0502 ± 0.0223

0.0185 0.01 ± 0.004 153 ± 1.3 0.0153 ± 0.0122

0.0195 0.02 ± 0.004 151 ± 1.3 0.0604 ± 0.0242
5. SPIN-FLIP CONTRIBUTION
TO MEASUREMENT OF σT (pp)

In order to assess the spin-flip contribution to the
total cross section σT (pp), it is necessary to use data
onAN (t) and dσel/dt from experiments at FNAL and
to reconstruct the measured function

ψ(t) =
mp

√
−t

σT
AN (t)

dσel

dt
. (34)

Experimental data for this function are given in Ta-
ble 5.

In accordance with [16], the function ψ(t) was
taken in the simplified form

ψ(t) = −α
(
µp − 1

2
− I5

)
+

σT

4π(�c)2
(ρI5 −R5)t.

(35)

Using the numerical values of σT = 38 mb, ρ =
−0.034, µp = 2.793, and α = 1/137, we reduce the
expression for ψ(t) at

√
s = 19.4 GeV to

ψ(t) = −0.00654 + 0.0073I5 (36)

+ 7.7(0.034I5 +R5)|t|,
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
where I5 and R5 are the ratio of, respectively, the real
and the imaginary part of the reduced amplitude Φ5

for single-spin-flip scattering to the imaginary part of
the non-spin-flip amplitude.

The results of a two-parameter fit to ψ(t) are given
in Fig. 3, the fitted values of the parameters in (36)
being I5 = 1.63 ± 0.31 and R5 = −0.05 ± 0.02.

This value of I5 is different from that quoted in [23],
but this is immaterial for our estimates. The position

Table 5. Function ψ(t) at
√
s = 19.4 GeV

−t, (GeV/c)2 ψ(t)

0.00288 0.0062863± 0.004454

0.0083 0.0053902± 0.0018892

0.0175 0.0055208± 0.0021282

0.0273 0.0071884± 0.0024264

0.0368 0.0053433± 0.0034227

0.0475 0.007248± 0.061125
03
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Fig. 3. Single-spin dimensionless function ψ(t) versus
−t at

√
s = 19.4 GeV. The solid curve represents a two-

parameter fit.

of the maximum changed by

∆t/t = ∆5 =
8(ρI5 −R5)

(µp − 1)(
√

3 − (ρ+ αϕ))
, (37)

with the result that σT (pp) changes by the same
value (about 4%). In order to determine σT (pp), for
example, to a precision of 1%, it is therefore necessary
to measure I5 and R5 to a higher precision.

CONCLUSION

Our proposal to extract σT (pp) from a measure-
ment of the analyzing power for elastic proton–proton
scattering in the region of Coulomb–nuclear inter-
ference is realistic in principle, but its implementa-
tion in practice involves serious experimental prob-
lems. Some limitations are associated with accu-
racy in measuring beam polarization (contribution
to ∆σT /σT is about 5%) and in measuring the 4-
momentum transfer t (contribution to ∆σT /σT is
about 9%). In order to apply the above new methods,
it is necessary to improve the accuracy in determining
these parameters; otherwise, the new methods will
PH
not be able to compete with the standard procedures
for measuring σT (pp).
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Abstract—A new method is proposed for determining the coefficient of elliptic anisotropy of jets in
ultrarelativistic heavy-ion collisions. This method, which does not involve directly reconstructing the
reaction plane, is a generalization of the method used in current experiments to measure the coefficient
of elliptic anisotropy of particle fluxes. It is shown that, for the spectrum of hadronic jets, the method makes
it possible to explore the azimuthal asymmetry caused by the rescattering of hard partons and by their
energy losses in dense quark–gluon matter formed in the region of the initial overlap of nuclei in collisions
at a nonzero value of the impact parameter—in particular, under the conditions of the CMS experiment at
LHC. c© 2003 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Interest in studying azimuthal correlations in ul-
trarelativistic heavy-ion collisions has grown sharply
in recent years (see, for example, [1]). One of the
reasons for this is that the rescattering of hard partons
and their energy losses in an azimuthally asymmetric
volume of dense quark–gluon plasma may lead to
anisotropy in the distribution of high-pT hadrons at
RHIC [1–3] and of jets at LHC [4, 5]. In the yield
of jets from noncentral collisions of nuclei, the az-
imuthal asymmetry induced by the rescattering and
the energy loss of hard partons produced in an asym-
metric dense-matter volume formed in the region of
the initial overlap of nuclei was earlier theoretically
studied by our group in [4, 5]. Investigation of the
azimuthal-angle distribution of jets seems promising
from the experimental point of view since this does not
require precisely measuring the initial energy of a jet
(this would be a rather difficult challenge involving the
dependence on the algorithm of searches for jets and
on the size of the jet cone [6])—only a determination
of the jet emission angle with respect to the angle of
the reaction plane is necessary in this case.

The analysis in [4] revealed that, for noncentral
Pb–Pb collisions at the LHC energy, it is possi-
ble in principle to find, on the basis of the HIJING
Monte Carlo model [7], the angle of the reaction plane
spanned by the beam-axis and impact-parameter di-
rections. For jets of transverse energy in the region
ET ≥ 100 GeV, the corresponding estimate obtained
there for the coefficient vjet2 (see below) of elliptic
anisotropy varied between 0.01 and 0.16, depending
on themechanism of energy losses and on the angular
1063-7788/03/6612-2199$24.00 c©
size of a jet. Also, this estimate decreased somewhat
with increasing jet energy.

In the present article, we would like to consider the
possibility of calculating (measuring) the coefficient
of elliptic anisotropy of jets without determining the
angle of the reaction plane. In a sense, this is a devel-
opment and a generalization of well-known methods
proposed and summarized in [8–10], which are in-
tended for measuring the coefficients of anisotropy of
particle fluxes. The ensuing exposition is organized as
follows. In Section 2, it is shown that the correlation
between the azimuthal position of the axis of a jet
and the azimuthal angles of particles not entering
into the composition of this jet makes it possible to
determine the coefficient of elliptic anisotropy of jets.
In Section 3, we present formulas for calculating this
coefficient in terms of higher order correlation func-
tions. In Section 4, we compare the results obtained
in [4] by precisely calculating the coefficient of elliptic
anisotropy of jets on the basis of the known angle of
the reaction plane and the result derived by determin-
ing this coefficient in terms of correlation functions.
In the Conclusion, we summarize our basic results.

2. CORRELATION FUNCTIONS
AND COEFFICIENT OF ELLIPTIC

ANISOTROPY OF JETS

We begin by briefly recalling basic ideas of the
methods proposed in [8, 9] and used in current ex-
periments for measuring the coefficients of anisotropy
of particle fluxes, irrespective of the determination of
the angle of the reaction plane. In the case of elliptic
2003 MAIK “Nauka/Interperiodica”
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azimuthal asymmetry, the distribution of particles has
the form

dN

dϕ
=
N0

2π
[1 + 2v2 cos 2(ϕ− ψR)], (1)

N0 =

π∫
−π

dϕ
dN

dϕ
,

where ψR is the azimuthal angle of the reaction plane,
ϕ is the azimuthal angle of a particle, and N0 is
the number of particles in an event. Knowing ψR,
we can calculate (determine) the coefficient of elliptic
asymmetry, v2, in terms of the mean cosine; that is,

〈cos 2(ϕ − ψR)〉 =
1
N0

(2)

×
π∫

−π

dϕ cos 2(ϕ− ψR)
dN

dϕ
= v2.

If the particles being considered are correlated only
with the reaction plane, the coefficient of elliptic
asymmetry can be determined in terms of the two-
particle azimuthal correlation function as

〈cos 2(ϕ1 − ϕ2)〉 =
1
N2

0

π∫
−π

dϕ1 (3)

×
π∫

−π

dϕ2 cos 2(ϕ1 − ϕ2)
d2N

dϕ1dϕ2

=
1
N2

0

π∫
−π

dϕ1

π∫
−π

dϕ2

× cos 2((ϕ1 − ψR) − (ϕ2 − ψR))
dN

dϕ1

dN

dϕ2
= v22 ,

and the evaluation (measurement) of this correlation
function is independent of the angle ψR of the reaction
plane.

It should be noted here that the disregard of other
correlations is legitimate only if the coefficient v2 of
azimuthal anisotropy is much greater than 1/

√
N0,

but, in fact, this condition is not always satisfied. In
this connection, the recent article of Borghini et al.
[11], who proposed a new method that relies on a
cumulant expansion of multiparticle correlation func-
tions and which makes it possible to measure az-
imuthal asymmetry up to values of about 1/N0, is
worthy of special note. This method eliminates au-
tomatically the majority of systematic errors caused
by the azimuthal asymmetry of the detectors used
and may contribute to improving the accuracy of our
approach (see Section 3).
PH
It was shown in [4] that, in noncentral collisions,
the distribution of jets with respect to the azimuthal
angle ϕ can accurately be approximated by the de-
pendence

dN jet

dϕ
=
N

jet
0

2π
[1 + 2vjet2 cos 2(ϕ − ψR)], (4)

N
jet
0 =

π∫
−π

dϕ
dN jet

dϕ
.

Further, the coefficient of elliptic asymmetry of jets,

v
jet
2 , is calculated (measured) in terms of the cosine
averaged over events; that is,

〈cos 2(ϕ − ψR)〉event (5)

=
1

N
jet
0

π∫
−π

dϕ cos 2(ϕ − ψR)
dN jet

dϕ
= vjet2 .

In order to determine this averaged cosine, it is nec-
essary to know the angle ψR of the reaction plane in
each event.

If, however, we calculate the azimuthal correlation
between the angle that determines the direction of
the jet axis1) and the angles at which particles not
belonging to the jet fly, the values of this cosine can be
related to the ellipticity coefficients v2 and v

jet
2 as [12]

〈cos 2(ϕjet − ϕ)〉event (6)

=
1

N
jet
0 N0

π∫
−π

dϕjet

π∫
−π

dϕ cos 2(ϕjet − ϕ)
dN jet

dϕjet

dN

dϕ

=
1

N
jet
0

π∫
−π

dϕjet cos 2(ϕjet − ψR)
dN jet

dϕjet
v2 = vjet2 v2.

Using Eq. (3) and the intermediate result in (6), [upon
averaging over particles, cos 2(ϕjet − ϕ) reduces to
v2 cos 2(ϕjet − ψR)], we can easily derive the formula

v
jet
2 =

〈
〈cos 2(ϕjet − ϕ)〉√
〈cos 2(ϕ1 − ϕ2)〉

〉

event

, (7)

which makes it possible to calculate (or to measure)
the coefficient of elliptic asymmetry of jets without
knowing the angle of the reaction plane. The angular

1)A different possibility consists in fixing the azimuthal posi-
tion of a leading particle in a jet. In this case, the calculation
of the correlation function will furnish information about the
azimuthal anisotropy of particles having high transversemo-
menta, and this may also be of use in analyzing experimental
data from RHIC.
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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Coefficient of elliptic anisotropy of jets, vjet2 , as a function of the impact parameter b: (solid curve) results of a “theoretical”
calculation along with those obtained on the basis of the algorithm specified by Eq. (9) for two values of the charged-particle
multiplicity per unit rapidity interval at yh = 0 in central Pb–Pb collisions [dN±/dyh = (dotted curve) 3000 and (dashed
curve) 6000].
brackets 〈 〉 denote averaging over particles not be-
longing to the jet in a given event. The brackets 〈 〉event
denote averaging over events.

This formula can be generalized by introducing
particle momenta as weights; that is,

v
jet
2(p) (8)

=

〈
〈pT (ϕ) cos 2(ϕjet − ϕ)〉√

〈pT1(ϕ1)pT2(ϕ2) cos 2(ϕ1 − ϕ2)〉

〉

event

.

In this case, the angular brackets 〈 〉 denote averaging
not only over the angles of particles but also over
their transverse momenta. Upon slightly modifying
expression (8), we arrive at

v
jet
2(E) (9)

=

〈
〈E(ϕ) cos 2(ϕjet − ϕ)〉√

〈E1(ϕ1)E2(ϕ2) cos 2(ϕ1 − ϕ2)〉

〉

event

,

whereEi(ϕi) (i = 1, 2) is the flux of energy in the seg-
ment i at an angle ϕi. Expression (9) enables one to
determine the coefficient of elliptic asymmetry of jets
under the conditions of calorimetric measurements of
energy fluxes in the CMS experiment. Under these
conditions, all cells of the calorimeter used are filled,
and the elliptic anisotropy of jets can be determined
by employing information about the energy fluxes in
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
segments, whose azimuthal anisotropy is obviously
correlated with the angle of the reaction plane in an
event.

3. HIGHER ORDER CORRELATION
FUNCTIONS

As was shown in [11], a basic advantage in em-
ploying correlation functions of higher rank is that
the contribution of so-called nonflow correlations,
which are not associated with the reaction plane, to
the coefficient v2 expressed in terms of multiparticle
correlation functions is suppressed2) in relation to
its definition in terms of the two-particle correlation
function, the degree of suppression being proportional
to an additional power of the particle multiplicity N0

in an event.
By way of example, we indicate that, for the elliptic

anisotropy of the particle flux, the fourth-order cumu-
lant has the form [11]

c2[4] = 〈cos 2(ϕ1 + ϕ2 − ϕ3 − ϕ4)〉 (10)

− 〈cos 2(ϕ1 − ϕ3)〉〈cos 2(ϕ2 − ϕ4)〉
− 〈cos 2(ϕ1 − ϕ4)〉〈cos 2(ϕ2 − ϕ3)〉

2)This circumstance may play an important role in analyzing
experimental data where the multiplicity of particles in an
event is insufficiently high.
03
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and, in the case where particles correlate only with the
reaction plane [factorization of multiparticle distribu-
tions as in (3)], becomes

c2[4] = −v42. (11)

If we now define the coefficient v2 of azimuthal
anisotropy in terms of the two-particle correlation
function as

v2 =
√

〈cos 2(ϕ1 − ϕ2)〉, (12)

then, as was shown in [11], the contribution of non-
flow correlations is of order 1/

√
N0. At the same time,

their contribution to the coefficient v2 defined in terms
of the four-particle correlation function as

v2 = (−c2[4])1/4 (13)

is of order 1/N3/4
0 ; that is, it is suppressed by the

additional factor 1/N1/4
0 . The corresponding analysis

of current RHIC data that employs the four-particle
correlation function (10) and relation (11) was already
performed by the STAR Collaboration [13].
PH
By using the derivation of Eq. (7) and the re-
sult presented in (11), we can obtain a formula for
calculating (measuring) the coefficient of azimuthal
anisotropy of jets in terms of correlation functions
of higher rank, which are less sensitive to nonflow
correlations. The result is

v
jet
2 [4] =

〈
1

(−c2[4])3/4
(14)

× [−〈cos 2(ϕjet + ϕ1 − ϕ2 − ϕ3)〉
+ 〈cos 2(ϕjet − ϕ2)〉〈cos 2(ϕ1 − ϕ3)〉

+ 〈cos 2(ϕjet − ϕ3)〉〈cos 2(ϕ1 − ϕ2)〉]
〉
event
.

We emphasize once again that, in the case where
there are correlations only with the reaction plane,
Eq. (14), as well as Eq. (7), reduces to an identity.
In just the same way as was done in Section 2, the
expression for the coefficient of azimuthal anisotropy
can be generalized to the case of calorimetric mea-
surements of energy fluxes. This yields
v
jet
2(E)[4] =

〈
1

(−c2(E)[4])3/4
[−〈E1(ϕ1)E2(ϕ2)E3(ϕ3) cos 2(ϕjet + ϕ1 − ϕ2 − ϕ3)〉 (15)

+ 〈E2(ϕ2) cos 2(ϕjet − ϕ2)〉〈E1(ϕ1)E3(ϕ3) cos 2(ϕ1 − ϕ3)〉

+ 〈E3(ϕ3) cos 2(ϕjet − ϕ3)〉〈E1(ϕ1)E2(ϕ2) cos 2(ϕ1 − ϕ2)〉]
〉
event
,

where

c2(E)[4] = 〈E1(ϕ1)E2(ϕ2)E3(ϕ3)E4(ϕ4) cos 2(ϕ1 + ϕ2 − ϕ3 − ϕ4)〉 (16)

− 〈E1(ϕ1)E3(ϕ3) cos 2(ϕ1 − ϕ3)〉〈E2(ϕ2)E4(ϕ4) cos 2(ϕ2 − ϕ4)〉
− 〈E1(ϕ1)E4(ϕ4) cos 2(ϕ1 − ϕ4)〉〈E2(ϕ2)E3(ϕ3) cos 2(ϕ2 − ϕ3)〉.
If the azimuthal position of the jet axis is correlated
not only with the reaction plane, an attempt can be
made to improve the accuracy of the method by us-
ing multiparticle correlation functions of a different
type, those where averaging is performed over some
subclasses of events rather than over all events. For
example, one can consider subevents 1 and 2 in which
jets are produced with rapidities y > 0 and y < 0,
respectively. Evaluating the correlation function

c
jet
2 [4] (17)

=
〈

1√
〈cos 2(ϕ1 − ϕ2)〉〈cos 2(φ1 − φ2)〉

× [〈cos 2(ϕjet − ϕ+ φjet − φ)〉
+ 〈cos 2(ϕjet − ϕ− φjet + φ)〉
− 〈cos 2(ϕjet − ϕ)〉〈cos 2(φjet − φ)〉]
〉
event 1,2

,

we find that, in the absence of nonflow correlations
of product particles and under the condition that the
azimuthal-angle distribution of jets in subevents is
still described by expression (4), this correlation func-
tion becomes

c
jet
2 [4] = vjet2 (y > 0) vjet2 (y < 0). (18)

In Eq. (17), ϕ and φ stand for the azimuthal angles
of particles and jets in, respectively, y > 0 and y <
0 subevents. Accordingly, the angular brackets 〈 〉
denote averaging over particles in subevents 1 and 2,
while the angular brackets 〈 〉event1,2 denote averag-
ing over these subevents. A generalization of expres-
sion (17) to the case of calorimetric measurements of
energy fluxes is obvious [it is similar to (9) and (15)];
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003



DETERMINATION OF AZIMUTHAL FEATURES OF JETS 2203
for this reason, we do not write this result explicitly,
nor do we provide examples of employing correlation
functions of still higher rank.

4. SIMULATION AND NUMERICAL
RESULTS

In order to illustrate the efficiency of the algorithm
developed here and the possibility of performing a
calorimetric measurement of the coefficient of elliptic
asymmetry of jets, we compare the results of its pre-
cise calculation performed in [4] under the assump-
tion that the angle of the reaction plane is known and
the result obtained in terms of correlation functions
[for the example of the simplest two-particle correla-
tion function in expression (9)] within the following
model.

Jets. The initial distribution of jets in nucleon–
nucleon collisions within nuclei at

√
s = 5.5 TeV was

generated with the aid of the PYTHIA model [14].
After that, these hard jets underwent rescattering and
lost energy in gluon-rich plasma formed in the region
of the initial overlap of lead nuclei in collisions at a
nonzero value of the impact parameter. A detailed
account of this is given in [4, 15, 16]. What is of im-
portance for us here is that the azimuthal distribution
of jets in noncentral collisions is well described by
the elliptic dependence in (4). Within the model used,
the effect of azimuthal anisotropy grows almost lin-
early with increasing impact parameter b (see figure),
reaching a maximum at b ∼ 1.2RA = 8.2 fm (RA is
radius of the lead nucleus), whereupon the coefficient
of elliptic anisotropy of jets begins to decrease (this is
the region of bwhere the effect of a decrease in the jet-
energy losses because of the reduction of the effective
size of the dense region and because of the reduction
of the initial medium energy density becomes critical
and is not compensated by an increase in the degree of
asymmetry of the volume). The pT dependence of the
coefficient of elliptic anisotropy—for particle fluxes,
this dependence displays different types of behavior
in hydrodynamic models [17] (a linear or a quadratic
growth of v2 with pT ) and in models where an elliptic
flux results from the fragmentation of minijets losing
energy in an asymmetric volume [3] (a decrease in
v2 with increasing pT )—is yet another interesting
feature of azimuthal anisotropy. In our model, the
azimuthal anisotropy of jets becomes less pronounced
with increasing jet energy E (the corresponding vari-
ation is smoother for collisions characterized by a
higher degree of centrality); this can be explained
by the reduction of the effect that the energy losses,
which are weakly dependent on E, exert on the yield
of jets with increasing primary energy. We have also
taken into account kinematical cuts characteristic of
the CMS facility [6]. Specifically, only pairs of jets
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
such that each jet had a transverse energy in excess of
100 GeV and a rapidity in the region |yjet| < 1.5 were
selected, whereupon these two-string events were
mixed with thermal events from Pb–Pb collisions.

Isotropic particle flux. The need for simulat-
ing nucleus–nucleus interactions at high energies
led to creating microscopic Monte Carlo models
(so-called generators of events) that are based ei-
ther on perturbative calculations of parton cascades
(HIJING [7, 18], PCM [19]) or on string phe-
nomenology (FRITIOF [20], VENUS [21], QGSM
[22, 23]). But the use of these generators in simulat-
ing heavy-ion collisions at the LHC energy consumes
much machine time; at the same time, the results
of such calculations are strongly model-dependent
and, for the most part, underestimate the effect of az-
imuthal anisotropy (see, however, [23]). On the other
hand, simple macroscopic hydrodynamic models are
able to reproduce experimental data at the SPS [24–
27] and RHIC [17] energies and can in principle be
used for our purposes.

In thermal models [17, 26, 27], the spectrum of
final hadrons,

E
d3N

d3p
=
∫
σ

f(x, p)pµdσµ, (19)

is assumed to have the form of a superposition of
a thermal distribution and a collective motion of a
liquid, the collective motion obeying hydrodynamic
equations; here, the invariant distribution function
f(x, p) is taken in the Bose–Einstein form for par-
ticles of integral spin and in the Fermi–Dirac form for
particles of half-integer spin (pµ is the 4-momentum
of a hadron, and E = p0 is its energy). Integration is
performed over the hypersurface σ at the hadronic-
liquid-decay temperature (so-called freezing temper-
ature) T = Tf .

In the case of central collisions of nuclei (b =
0), cylindrically symmetric matter expands predom-
inantly along the collision axis [28]; as to the trans-
verse motion, it can be taken into account as a cor-
rection within simple models [24, 29, 30] (the va-
lidity of this approach was confirmed in [27] by di-
rectly constructing a numerical solution to relevant
hydrodynamic equations). In describing the motion
of the liquid, we use the variables τ , r, η, and Φ,

where τ =
√
t2 − z2, r =

√
x2 + y2, η =

1
2

ln
t+ z
t− z ,

and tan Φ =
y

x
, instead of the Cartesian coordinates

t, x, y, and z. For the sake of simplicity, we consider
only pions, kaons, and protons, kaons and protons
being assumed to be thermally suppressed because
of their higher mass. In addition, it is assumed that
the velocity profile in the transverse direction is linear,
03
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ur = sinhYT =
dR

dτ

r

R
(this follows from a solution to

the continuity equation at a uniform density [24, 30]);
the motion in the longitudinal direction is specified
in accordance with the one-dimensional scaling so-
lution YL = η [28] (YT and YL are, respectively, the
transverse and the longitudinal rapidity of collective
motion, while R is the effective transverse radius of
the system).

The following procedures were applied in perform-
ing a Monte Carlo simulation of thermal Pb–Pb
events at the LHC energy [29].

(i) The 4-momentum p∗µ of a hadron of mass m
was generated at random in the rest frame of a liquid
element in accordance with the isotropic Boltzmann
distribution

f(E∗) ∝ E∗
√
E∗2 −m2 exp (−E∗/Tf ), (20)

−1 < cos θ∗ < 1, 0 < φ∗ < 2π,

where E∗ =
√
p∗2 +m2 is the energy of the hadron

and the polar angle θ∗ and the azimuthal angle φ∗

specify the direction of its motion in the rest frame (in
spherical coordinates) of the liquid element.

(ii) The spatial position of a liquid element and
its local 4-velocity uµ (in the system of cylindrical
coordinates) were generated at random in accordance
with phase space and the character of motion of the
liquid; that is,

f(r) = 2r/R2
f (0 < r < Rf ), −ηmax < η < ηmax,

(21)

0 < Φ < 2π, ur =
r

Rf
sinhY max

T ,

ut =
√

1 + u2
r cosh η, uz =

√
1 + u2

r sinh η,

where Rf is the effective final transverse radius of
the system and ηmax = Y max

L and Y max
T are model

parameters that specify the maximum rapidities of
the collective motion of the liquid in, respectively, the
longitudinal and the transverse direction.

(iii) Further, a Lorentz transformation of the
hadron 4-momentum (in Cartesian coordinates) was
performed in such a way as to go over to the reference
frame comoving with center of mass of the event
being considered; that is,

px = p∗ sin θ∗ cosφ∗ + ur cos Φ
[
E∗ +

(uip∗i)
ut + 1

]
,

(22)

py = p∗ sin θ∗ sinφ∗ + ur sin Φ
[
E∗ +

(uip∗i)
ut + 1

]
,

pz = p∗ cos θ∗ + uz

[
E∗ +

(uip∗i)
ut + 1

]
,

PH
E = E∗ut + (uip∗i),

where

(uip∗i) = urp
∗ sin θ∗ cos (Φ − φ∗) + uzp

∗ cos θ∗.
(23)

In our calculations, we have also used the values
of dN±/dyh = 6000, 3000 for the particle multiplici-
ties per unit rapidity interval and the values of Tf =
140 MeV, Y max

L = 5, and Y max
T = 1 for the freezing

parameters. In that case, the mean transverse mo-
mentum of hadrons is equal to 0.55 GeV for both
values of the particle multiplicity per unit rapidity
interval.

The slope of the pT spectra of final hadrons is
determined by the freezing temperature Tf and the
maximum rapidity Y max

T of the transverse collective
motion of the liquid. The maximum rapidity Y max

L of
the longitudinal collective motion of the liquid affects
the width of the distribution of hadrons with respect
to the rapidity yh. The spacetime dimensions of the
freeze-out region depend on the proper time of freeze-
out, τf , and on the effective final radius of the system,
Rf , these parameters affecting primarily the absolute
normalization of the spectra of final hadrons, which is
fixed here by specifying the mean particle multiplicity
per unit rapidity interval, dN±/dyh, in the final state.

Anisotropic particle flux. The simple hydrody-
namic model proposed in [24, 29] yielded results that
comply well with experimental data obtained by the
NA35 [31] and NA49 [32] Collaborations at SPS
and made it possible to develop more efficient meth-
ods [29] for separating thermal and hard QCD jets
under the conditions of the CMS experiment at LHC.
Under one simple assumption that the spatial trans-
verse ellipticity of the freeze-out region,

ε =
〈y2 − x2〉
〈y2 + x2〉 , (24)

coincides with the ellipticity of the system formed in
the region of the initial overlap of nuclei,

ε0 =
b

2RA
, (25)

the model can easily be generalized in such a way as
to become appropriate for describing particle fluxes in
noncentral collisions.

This scale invariance enables one to avoid intro-
ducing additional parameters and, at the same time,
leads to an azimuthal anisotropy of the pT spectrum of
generated particles because the effective final radius
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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Rf in (21) now depends on the angle Φ:3)

Rf (b) = Rf (b = 0)min
{√

1 − ε20 sin2 Φ + ε0 cos Φ,

(26)√
1 − ε20 sin2 Φ − ε0 cos Φ

}
.

In developing this approach, the total multiplicity of
thermal particles in an event was assumed to be
proportional to the standard nuclear-overlap function
TAA(b). As a matter of fact, initial-state nuclear ef-
fects of the shadowing or saturation type may lead to
a weaker dependence of the multiplicities dN±/dyh

per unit rapidity interval on the impact parameter b
(see, for example, [33]). It follows that, if the particle
density in central collisions is fixed as a parameter,
then we arrive at the most “pessimistic,” minimal
estimate of the mean multiplicity for noncentral col-
lisions. Since the proposed method becomes more
precise with increasing multiplicity, its weaker depen-
dence on the impact parameter b will ensure a more
accurate determination of vjet2 .

It is important to note that by no means do we
pursue here the goal of describing the azimuthal pT
spectrum of thermal particles in detail or the goal of
performing a comparison with current experimental
data [one can reach agreement by considering, for
example, ε0 in (26) as a parameter]. The only point
of importance for us here is that particles grouped in
the way indicated above imitate well an anisotropic
energy flux correlated with the reaction plane and
enable us to test the efficiency of the recipe in (9)
for measuring the coefficient of elliptic anisotropy of
jets. (Yet, the problem of the azimuthal structure of
energy fluxes under the conditions of the CMS ex-
periment is of importance in and of itself and may
be the subject of a further investigation.) This may
be done either by refining our simple model on the
basis of ideas that are similar to those developed
in [34] (where the azimuthal asymmetry was due to
the spatial ellipticity εs of the radiation region and
to the azimuthal asymmetry of the collective velocity
uµ with a characteristic momentum ellipticity εf , εs
and εf being model parameters) or by directly con-
structing a numerical solution to three-dimensional
hydrodynamic equations [17].

Anisotropic energy flux. For the sake of defi-
niteness, we have employed the parameters of the
CMS facility at LHC [6]. By way of example, we

3)The geometry of noncentral symmetric ultrarelativistic col-
lisions of nuclei and the model of hard-parton production
and propagation through dense matter formed is described
in detail elsewhere [15, 16].
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indicate that the central, barrel, part of the facil-
ity covers the pseudorapidity range |η| < 1.5 and
that the dimensions of the cells in the η–φ space
of the electromagnetic and hadronic calorimeters
are ∆η × ∆φ = 0.0174 × 0.0174 and ∆η × ∆φ =
0.0872 × 0.0872, respectively. In order to reproduce
the experimental situation quite roughly (without
allowance for detector effects, only the tightness of the
calorimeters being assumed), we defined the energy
fluxesEi(ϕi) as the sum of the energies of all particles
generated in the way indicated above over the entire
pseudorapidity range |η| < 1.5 within each of the 72
segments of the calorimeter that cover the whole
azimuth (72 × 0.0872 = 2π; i = 1, ..., 72).

Efficiency of the method. The results obtained
in [4] by precisely calculating the coefficient of elliptic
anisotropy of jets, vjet2 , as a function of the impact
parameter b are displayed in the figure along with
the results produced by the algorithm in (9) for the
case where energy fluxes are simulated in the way de-
scribed above. The estimations were performed at two
values of the charged-particle multiplicity per unit ra-
pidity interval at yh = 0 in central Pb–Pb collisions:
dN±/dyh = 3000 and 6000. It can be seen that the

accuracy in determining vjet2 is close to 100% for semi-
central events (b ≤ RA), but that it becomes much
poorer for highly peripheral collisions (b ∼ 2RA), in
which case a decrease in the multiplicity and in the
azimuthal anisotropy leads to relatively large fluctu-
ations of the energy deposition in calorimeter seg-
ments. It is worth noting here that the applicability of
the hydrodynamic model to such peripheral collisions
is questionable. Moreover, it is necessary in that case
to take into account some other potentially impor-
tant phenomena, such as boundary effects near the
nuclear surface, the impact-parameter dependence of
parton structure functions in nuclei, and a possible
early transverse collective motion [35].

To conclude this subsection, we will discuss the
effect of various factors on the result of determining
v
jet
2 with the aid of the algorithm proposed here. First
of all, we note that the theoretical absolute value of
the coefficient vjet2 and its impact-parameter distri-
bution are of course model-dependent. For exam-
ple, the energy losses of jets and the correspond-
ing azimuthal anisotropy are sensitive to the angular
size of the jet cone [36–39]. This effect will be less
pronounced for jets of finite angular size (θ0 �= 0),
since energy losses are considered here only at the
parton level. The azimuthal anisotropy of jets may
also decrease because of a possible sharp transverse
collective expansion [35] in events characterized by
large impact parameters. However, the relative er-
ror in determining vjet2 is virtually independent of the
03



2206 LOKHTIN et al.
absolute value of this coefficient. The reason for this
is that, if use is made of fluxes, the relative error
of the method based on Eq. (7) can be roughly es-
timated as the sum of two terms that are propor-
tional to (vjet2 Nevent)−1 and (v2N0)−1. If the number
of events is quite large (Nevent  1 ), as is indeed
the case in our calculations, then the error is deter-
mined primarily by the term that is independent of
v
jet
2 . For the same reason, the relative error becomes
large at small values of the coefficient of azimuthal
anisotropy of particles and of their multiplicity. Under
the condition N0  Nsegment  1 (in the calorimeter
considered here,Nsegment = 72), the same conclusion
is also valid for the algorithm specified by Eq. (9), in
which case use is made of energy fluxes.

In an actual experiment, the azimuthal distribution
of particle fluxes and energies can be much more
complicated because of the presence of other nonflow
correlations, a limited accuracy in determining the
impact parameter, a finite calorimeter resolution, and
some other factors not considered above. In that case,
an attempt at improving the accuracy of the method
may rely on employing correlation functions of higher
rank—such as those in (14) and (15)—or on averag-
ing the quantities in question over some subevents, as
is exemplified in (17).

5. CONCLUSION
In the case of jets, a methodological advantage of

azimuthal observables is obvious: it is only necessary
to reconstruct the azimuthal position of a jet without
measuring its total energy. One of the possible meth-
ods is to analyze jet production versus the azimuthal
angle, but this requires determining the angle of the
reaction plane in each event. In the present article, we
have proposed a method for measuring the coefficient
of elliptic anisotropy of jets without directly recon-
structing the reaction plane. The method is based
on calculating correlations between the azimuthal
direction of a jet and the azimuthal angles of particles
that do not enter into the composition of this jet.
For the example of a calorimetric measurement of
energy fluxes, which is implementable in the CMS
experiment, it has been shown that, under conditions
close to those prevalent in an actual physical situ-
ation, the method is highly efficient even if use is
made of the simplest two-particle correlation function
in (9). It has been found that the method becomes
more accurate with increasing multiplicity of product
particles and with increasing azimuthal anisotropy of
their flux (energy); also, the accuracy of the method
can be improved by employing correlation functions
of higher rank [such as those in (14), (15), and (17)],
but it is virtually independent of the absolute value of
the coefficient of elliptic anisotropy itself.
PH
We believe that the algorithm proposed in this
article will be of use in analyzing future experimental
data from LHC and that it can also be employed in the
current treatment of data fromRHIC that concern the
azimuthal anisotropy of high-transverse-momentum
particles.
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Abstract—The contributions to the parameters S, T , and U of radiative corrections from the doublets of
scalar leptoquarks and scalar gluons are analyzed within the minimal model based on four-color symmetry
of the Pati–Salam type. It is shown that current experimental data on the parameters S, T , and U admit
the existence of relatively light scalar leptoquarks and scalar gluons (of mass lower than 1 TeV), the best fit
to experimental data being attained at mass values not greater than 400 GeV. In particular, the existence
of scalar leptoquarks of mass below 300 GeV is found to be compatible with data on the parameters S, T ,
and U at χ2 < 3.1 (3.2) for mH = 115 (300) GeV as against χ2

SM = 3.5 (5.0) in the Standard Model. The
mass of the lightest scalar gluon is then predicted to be less than 850 (720) GeV. It is emphasized that
the aforementioned doublets of scalar leptoquarks and scalar gluons can play a significant role in processes
involving a t quark at LHC. c© 2003 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Searches for new physics beyond the Standard
Model have become one of the lines of investigations
in elementary-particle physics. One of the extensions
of the Standard Model is based on four-color quark–
lepton symmetry of the Pati–Salam type [1]. This
model predicts the existence of vector leptoquarks V
whose mass is bounded from below by 100 TeV or by
some smaller value [2–7]. It also admits the existence
of scalar leptoquarks [8, 9] and other particles.

Provided that the quark and lepton masses are
generated via the Higgs mechanism, four-color sym-
metry also leads to the existence of scalar-leptoquark
and scalar-gluon doublets [2, 3, 10], which, in the ap-
proach being considered, are responsible for the mass
splitting of quarks and leptons, appearing to be some
kind of partners to the standard Higgs doublet. There
then arises the problem of deriving constraints on
the scalar-leptoquark masses from available experi-
mental data. Nonobservation of scalar leptoquarks in
direct-production experiments sets a lower limit on
their masses at about 250 GeV [11]. At these mass
values, leptoquarks could manifest themselves in ra-
diative corrections. The first estimates of the masses
of the scalar-leptoquark doublets were obtained from
an analysis of radiative corrections in terms of the pa-
rameters S, T , and U [12]. This analysis revealed that,
in view of the possible mixing of their components of

*e-mail: povarov@univ.uniyar.ac.ru
**e-mail: asmirnov@univ.uniyar.ac.ru
1063-7788/03/6612-2208$24.00 c©
charge 2/3, the leptoquark masses may be as low as
1 TeV or even below this [13, 14]. In these estimates,
it is assumed that the doublets of scalar gluons are
degenerate in mass, so that their contributions to the
parameters S, T , and U can be neglected.

In this study, we calculate and analyze the con-
tributions to the parameters S, T , and U of radiative
corrections from the doublets of scalar leptoquarks,
along with the respective contributions of the dou-
blets of scalar gluons, taking into account the mass
splittings in the scalar-gluon doublets. We derive
limits on the masses of scalar leptoquarks and scalar
gluons from current experimental data [11] on the pa-
rameters S, T , and U . Some of the results discussed
here were briefly mentioned in [15].

2. CONTRIBUTION
OF SCALAR-LEPTOQUARK

AND SCALAR-GLUON DOUBLETS
TO THE PARAMETERS S, T , AND U

We consider the minimal model based on quark–
lepton symmetry [2, 3]. In this model, the dou-

blets of scalar leptoquarks S
(±)
aα and scalar gluons

Fja belong to the (15, 2, 1) multiplet Φ(3)
i,a of the

SUV (4)× SUL(2)×UR(1) group, where a = 1, 2 are
the SUL(2) indices; i = 1, 2, . . . , 15 are the SUV (4)
indices; α = 1, 2, 3; and j = 1, 2, . . . , 8 are theSUc(3)
(color) indices, the vacuum expectation value for this
multiplet being denoted by η3. The (15, 2, 1) multiplet
2003 MAIK “Nauka/Interperiodica”
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Φ(3)
i,a and the (1, 2, 1) multiplet Φ(2)

a (its vacuum
expectation value is η2) give rise to the masses of
quarks and leptons, splitting them via the Higgs
mechanism. A more detailed description of the scalar
sector of the model under study is given in [14], along
with some special points in the calculation of the
scalar-doublet contributions to the parameters S, T ,
and U .

General expressions for the contributions of scalar
leptoquarks to the parameters S, T , and U were ob-
tained in [13, 14]. Here, we examine the particular
case of the simplest mixing of scalar leptoquarks,

neglecting the small parameter ξ2 =
2
3
g2
4η

2
3/m

2
V �

1, where g4 is the coupling constant associated with
the SUV (4) group and mV is the mass of the vector
leptoquarks generated by this group. In this case, the
doublets of scalar leptoquarks can be represented in
the form

S(+) =


 S

(+)
1

cS1 + sS2


 , S(−) =


 S

(−)
1

−s
∗
S1 + c

∗
S2


 .

(1)

Here, the upper components S
(+)
1 and S

(−)
1 have the

electric charges of 5/3 and 1/3, respectively, while
the lower components are combinations of the scalar
leptoquarks S1 and S2 having a specific mass and the
charge of 2/3; c = cos θ and s = sin θ, where θ is the
mixing angle in the simplest mixing scheme.

The contributions of the scalar-leptoquark dou-
blets (1) to the parameters S, T , and U can then
be derived by appropriately simplifying the general
expressions obtained in [13, 14] and are given by

S(LQ) =
nc

12π

{
− Y SM

+

[
c2 ln

m2
+

m2
1

+ s2 ln
m2

+

m2
2

]
(2)

− Y SM
−

[
s2 ln

m2
−

m2
1

+ c2 ln
m2

−
m2

2

]

+ 4c2s2f2(m1,m2)

}
,

T (LQ) =
nc

16πs2
Wc2Wm2

Z

(3)

×
{
c2
[
f1(m+,m1) + f1(m−,m2)

]

+ s2
[
f1(m+,m2) + f1(m−,m1)

]

− 4c2s2f1(m1,m2)

}
,
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U (LQ) =
nc

12π

{
c2
[
f2(m+,m1) + f2(m−,m2)

]
(4)

+ s2
[
f2(m+,m2) + f2(m−,m1)

]

− 4c2s2f2(m1,m2)

}
,

where

f1(m1,m2) = m2
1 + m2

2 −
2m2

1m
2
2

m2
1 −m2

2

ln
m2

1

m2
2

; (5)

f2(m1,m2) = −5m4
1 + 5m4

2 − 22m2
1m

2
2

3(m2
1 −m2

2)2
(6)

+
m6

1 − 3m4
1m

2
2 − 3m2

1m
4
2 + m6

2

(m2
1 −m2

2)3
ln

m2
1

m2
2

;

nc = 3;Y SM
± = 1 ± 4/3 are the hypercharges of the

scalar leptoquarks S(±); m± = m
S

(±)
1

and m1,2 =

mS1,S2 are the masses of the scalar leptoquarks; c2W =
1 − s2

W, sW being the sine of the Weinberg angle; and
mZ is the Z-boson mass. In view of S1–S2 mixing,
the contributions T (LQ) and U (LQ) are not positive
definite; they can take negative values if m+ and m−
lie between m1 andm2.

In general, the scalar-gluon doublets Fja can be
represented in the form

Fj =


 F1j

(φ1j + iφ2j)/
√

2


 , (7)

where the charged field F1j and the neutral fields
φ1j and φ2j , j = 1, 2, . . . , 8, describe scalar gluons of
specific mass (in general, the real part φ1j and the
imaginary part φ2j of the lower component of the
doublet Fj may be split in mass).

In the case of arbitrary mass splitting, the contri-
butions of the scalar-gluon doublets (7) to the param-
eters S, T , and U are given by

S(F ) = − kF

24π

{
ln

m2
F1

m2
φ1

+ ln
m2

F1

m2
φ2

− f2(mφ1,mφ2)

}
,

(8)

T (F ) =
kF

32πc2Ws2
Wm2

Z

{
f1(mF1 ,mφ1) (9)

+ f1(mF1,mφ2) − f1(mφ1 ,mφ2)

}
,

U (F ) =
kF

24π
{f2(mF1,mφ1) (10)
03
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+ f2(mF1 ,mφ2) − f2(mφ1 ,mφ2)},
where kF = 8 and the functions f1(m1,m2) and
f2(m1,m2) are defined in (5) and (6), respectively.
The contributions T (F ) and U (F ) are not positive
definite: they are negative if mF1 lies between mφ1

and mφ2 and are positive if mφ1 = mφ2 , in which
case the contributions in (8)–(10) coincide with
those obtained in [14]. At mF1 = mφ1 = mφ2 , these
contributions vanish.

3. SCALAR POTENTIAL AND MASSES
OF SCALAR LEPTOQUARKS AND SCALAR

GLUONS
In what follows, we assume that the masses of

scalar leptoquarks and scalar gluons are generated
by the scalar potential that describes their interaction
with the standard Higgs doubletΦ(SM)

a , which is a su-

perposition of the doublets Φ(3)
15a and Φ(2)

a . In general,
the terms of the scalar potential that contribute to the
masses of scalar leptoquarks and scalar gluons can be
represented in the form

Vm(Φ(SM), S) =
∑
+,−

[
m

(0)2
± (

+
S(±)S(±)) (11)

+ β±(
+
Φ(SM)Φ(SM))(

+
S(±)S(±))

+ γ±(
+
Φ(SM)S(±))(

+
S(±)Φ(SM))

]

+
[
δS(

+
Φ(SM)S(+))(

+
Φ(SM)S(−)) + h.c.

]
,

Vm(Φ(SM), F ) = m
(0)2
F

∑
j

(
+
FjFj) (12)

+ βF (
+
Φ(SM)Φ(SM))

∑
j

(
+
FjFj)

+ γF

∑
j

(
+
Φ(SM)Fj)(

+
FjΦ(SM))

+
[
δF

∑
j

(
+
Φ(SM)Fj)(

+
Φ(SM)Fj) + h.c.

]
,

where m
(0)2
± and m

(0)2
F are parameters that have di-

mensions of mass and β±, γ±, δS , βF , γF , and δF are
the dimensionless scalar-interaction coupling con-
stants. Spontaneous symmetry breaking for the po-
tential (11) gives rise to the mass matrix of the lower

scalar leptoquarks (S(+)
2 ,

+
S

(−)
2 ) that has the form

M =


M11 M12

M21 M22


 (13)
PH
=


 m2

+ + γ+η2/2
+
δSη

2/2

δSη
2/2 m2

− + γ−η2/2


 ,

where m2
± = m

(0)2
± + β±η2/2 are the squares of the

masses of the upper scalar leptoquarks and η =√
η2
2 + η2

3 is the vacuum expectation value in the
Standard Model.

Likewise, the masses of the scalar gluons are de-
termined by the potential (12). The expression for the
squares of the masses has the form

m2
φ1,φ2

= m2
F1

+ γFη2/2 ± δF η2, (14)

where m2
F1

= m
(0)2
F + βF η2/2 is the square of the

mass of the charged upper scalar gluon.
For real values of δS in (13), the masses of the

scalar leptoquarks of electric charge 2/3 and the mix-
ing angle are given by

m2
1,2 = M11,22 ∓

[
2M12 cos θ sin θ (15)

+ (M11 −M22) sin2 θ

]
,

tan2θ = −2M12/(M11 −M22). (16)

For the ground state of the scalar fields to be
stable, their scalar potential V (Φ(SM), S, F ) must be
positive definite; that is,

V (Φ(SM), S, F ) ≡ Vm(Φ(SM), S) (17)

+ Vm(Φ(SM), F ) + VSM(Φ(SM))

+
∑
+,−

λ±(
+
S(±)S(±))2 + λF


∑

j

(
+
FjFj)




2

+
∑
+,−

λS(±)F (
+
S(±)S(±))

∑
j

(
+
FjFj) > 0,

where VSM(Φ(SM)) = λSM(
+
Φ(SM)Φ(SM) − η2/2)2 is

the scalar potential in the StandardModel and λSM >
0, λ± > 0, λF > 0, and λS(±)F ≥ 0 are dimensionless
coupling constants of scalar interactions. For the
condition in (17) to be valid, it is necessary to require
that the coupling constants in the potentials (11),
(12), and (17) satisfy the inequalities

β± > 0, β± + γ± > 0, (18)

|δS | <
√

(β+ + γ+)(β− + γ−),

βF > −2
√

λSMλF , (19)

βF + γF > 2|δF | − 2
√

λSMλF ,
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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which must be taken into account in varying the
parameters of the model.

In what follows, we consider

m1,m2,mφ2 , γ+, γ−, δS , γF , δF (20)

as adjustable parameters and determine the masses
m+, m−, mφ1 , and mF1 and the mixing angle θ
from Eqs. (13)–(16). The values obtained for these
masses and for this mixing angle are then used to
calculate the contributions in (2)–(4) and in (8)–
(10) to the parameters S, T , and U from, respectively,
the doublets of scalar leptoquarks and the doublets
of scalar gluons. Note that perturbation theory is
applicable only if the coupling constants appearing
in the potentials (11), (12), and (17) are not overly
great, which constrains the allowed domain of the
masses and the mixing angle in (2)–(4) and (8)–
(10). In the following, we assume that all coupling
constants in expressions (11), (12), and (17) do not
exceed in absolute value some preset value λmax at
which perturbation theory is still valid. In our numeri-
cal analysis, we restrict our consideration to values of
λmax in the range λmax = 1.0–4.0, this leading to rea-
sonable values of the perturbation-theory parameter:
λmax/4π = 0.1–0.3.

4. NUMERICAL ANALYSIS
AND DISCUSSION OF THE RESULTS

In our numerical analysis of the contributions
in (2)–(4) and (8)–(10) to the parameters S, T , andU
from, respectively, the scalar-leptoquark doublet (1)
and the scalar-gluon doublet (7), we use, for these
parameters, the experimental values S

expt
new , T

expt
new , and

U
expt
new that are assumed to be determined by new

physics. The latest experimental data [11] yield

S
expt
new = −0.03 ± 0.11(−0.08), (21)

T
expt
new = −0.02 ± 0.13(+0.09),

U
expt
new = 0.24 ± 0.13(+0.01),

where the central values correspond to the Higgs
boson mass of mH = 115 GeV and the values given
parenthetically are the respective shifts for mH =
300 GeV.

By varying the parameters in (20), we minimize
the functional of χ2 defined as

χ2 =
(S − S

expt
new )2

(∆S)2
+

(T − T
expt
new )2

(∆T )2
+

(U − U
expt
new )2

(∆U)2
,

where S = S(LQ) + S(F ), T = T (LQ) + T (F ), and
U = U (LQ) + U (F ) are the sums of the contributions
in (2)–(4) and (8)–(10) to the parameters S, T ,
and U from the scalar leptoquarks and scalar gluons
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and ∆S, ∆T , and ∆U are the experimental errors
from (21).

In order to determine the effect of the scalar lep-
toquarks and scalar gluons on the parameters S, T ,
and U , we vary the masses of these particles without
allowing them to fall below some lower limitmlower

scalar:

m1,m2,m±,mF1,mφ1 ,mφ2 ≥ mlower
scalar. (22)

We sought aminimum ofχ2 with respect to variations
in the adjustable parameters (20) under the condition
in (22) and studied the resulting minimum value χ2

min
as a function of the lower limit on the particle masses,
mlower

scalar, and the upper limit on the coupling constants,
λmax.

For the case where there is no mixing of lepto-
quarks (θ = 0), the minimum value
χ2
min(m

lower
scalar, λmax) as a function of the lower limit on

the scalar-particle masses,mlower
scalar, is shown in Figs. 1

and 2 for, respectively, mH = 115 and 300 GeV at
λmax = (curve 1) 1.0 and (curve 2) 4.0. Our analysis
reveals that χ2

min depends only weakly on θ, showing
a shallow minimum at θ = 0. For the Higgs boson
mass of mH = 115 (300) GeV, the horizontal line in
Fig. 1 (Fig. 2) indicates the level of χ2

SM = 3.5 (5.0)
at which zero values of the parameters S, T , and U in
the Standard Model agree with the data in (21).

As can be seen from Figs. 1 and 2, the experi-
mental data in (21) admit lower limits on the scalar-
leptoquark and scalar-gluon masses within a broad
range between large values at which the respective
contributions to S, T , and U are small and values as
small as 1 TeV or even below this. It is interesting
to note that, both at mH = 115 GeV and at mH =
300 GeV, the agreement with the experimental data
in (21) at lower masses of the scalar particles is bet-
ter than in the Standard Model. At mH = 115 GeV
(Fig. 1), this improvement is observed for mlower

scalar <
400 GeV, whereas, at mH = 300 GeV, this is so over
the entire region below 1 TeV (Fig. 2), the best fit in
the latter case being attained for mlower

scalar < 400 GeV
as well. The predictions of the model involving light
scalar leptoquarks of mass as small as 300 GeV
(λmax = 4.0) agree with the data in (21) at a level of
χ2 < 3.1 (3.2) formH = 115 (300) GeV, whereas the
Standard Model predictions agree with these data at
a level of χ2

SM = 3.5 (5.0). In this case, the mass of
the lightest scalar gluon,mφ2 , is expected to be below
850 (720) GeV.

The fact that, at mH = 300 GeV, the leptoquark
model describes the data better than the Standard
Model over the range 400 GeV ≤ mlower

scalar ≤ 1 TeV
is due to significant contributions of the scalar lep-
toquarks and scalar gluons to the parameters S and
03
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Fig. 1. Minimum value of χ2, χ2
min(m

lower
scalar, λmax), as a

function of the lower limit on the scalar-leptoquark and
scalar-gluon masses,mlower

scalar, at the Higgs boson mass of
mH = 115 GeV for upper limits of λmax = (curve 1) 1.0
and (curve 2) 4.0 on the coupling constant.

T , their contributions to the parameter U being neg-
ligible. At lighter scalar leptoquarks, the leptoquark
contribution to the parameterU increases, being pos-
itive; concurrently, the leptoquark contributions to the
parameters S and T cancel to a considerable extent
the respective contributions of scalar gluons. Owing
to this, the description of the data in (21) within the
model under study becomes much better in the region
mlower

scalar < 400 GeV than the respective description
within the Standard Model, this being so both at
mH = 300 GeV and at mH = 115 GeV.

By way of example, we indicate that, at θ = 0,
the contributions of the scalar leptoquarks and scalar
gluons having the masses

m
S

(+)
1

= 330 GeV, m
S

(−)
1

= 430 GeV, (23)

mS1 = 250 GeV, mS2 = 250 GeV,

mF1 = 850 GeV, mφ1 = 1040 GeV,

mφ2 = 770 GeV

are given by

S(LQ) = −0.07, T (LQ) = 2.03, U (LQ) = 0.02,

S(F ) = 0.03, T (F ) = −2.05, U (F ) = −3 × 10−3,

S = −0.04, T = −0.02, U = 0.02.

These values agree with (21) atmH = 115GeV at the
level χ2 = 2.9 (the respective SM value χ2 = 3.5).
PH
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Fig. 2. As in Fig. 1, but formH = 300 GeV.

For

m
S

(+)
1

= 430 GeV, m
S

(−)
1

= 430 GeV, (24)

mS1 = 250 GeV, mS2 = 250 GeV,

mF1 = 650 GeV, mφ1 = 890 GeV,

mφ2 = 550 GeV,

we obtain

S(LQ) = −0.17, T (LQ) = 3.39, U (LQ) = 0.04,

S(F ) = 0.05, T (F ) = −3.32, U (F ) = −0.01,
S = −0.12, T = 0.07, U = 0.03.

At mH = 300 GeV, these values agree with the data
in (21) at a level of χ2 = 2.9, which is to be compared
with the respective value of χ2 = 5.0 in the Standard
Model.

The masses of the lightest scalar leptoquarks
in (23) and (24) are chosen in the domain allowed
by the constraints obtained from searches for scalar
leptoquarks in direct production experiments. The
most stringent constraint of this type comes from
experiments that sought a direct production of pairs
of scalar leptoquarks. For first-generation scalar
leptoquarks, such experiments yield [11]

mLQ > 225, 204, and 79 GeV (25)

under the assumption that the branching fraction
for leptoquark decay into a quark and an electron is
B(eq) = 1, 0.5, and 0, respectively.

Since the scalar-particle masses in the model un-
der consideration are generated by the Higgs mecha-
nism, the fermionic coupling constants of the scalar
leptoquarks and the scalar gluons are proportional
to the ratios of the fermion masses to the Standard
Model vacuum expectation value η (general expres-
sions for the interactions of the scalar doublets with
fermions are given in [10]). The respective coupling
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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constants are small for all quarks, with the exception
of the t quark, for which they are significant. For this
reason, scalar leptoquarks decay predominantly via
modes involving a t quark, the probability of first-
generation-fermion production in leptoquark decay
is small: 0 < B(eq) � 0.5. Thus, the lower limit on
the masses mS1 and mS2 of the lightest scalar lep-
toquarks must be close to the last value in (25), the
scalar-leptoquark masses m

S
(−)
1

and m
S

(+)
1

then be-

ing consistent with the other constraints from direct
searches for leptoquarks (this is so for the second and
third generations inclusive).

It should also be noted that the existence of the
light scalar leptoquarks is compatible with indirect
constraints coming from decays of the type K0

L →
µe. Since the coupling of the scalar leptoquarks to
the d and s quarks is small, the scalar-leptoquark
contribution to the probability of the decay K0

L → µe
is sufficiently small for the available stringent con-
straint Br(K0

L → µe) < 4.7× 10−12 on the branching
fraction for this decay mode to be satisfied even for
relatively light scalar leptoquarks.

Experimental data onZ-boson decays give a lower
limit of about 400 GeV on the scalar-leptoquark
mass [16], provided that the leptoquarks are degener-
ate in mass.

Thus, both data on the direct production of scalar
leptoquarks and indirect constraints on their masses
coming from decays of the type K0

L → µe and Z-
boson decays do not rule out at present the existence
of relatively light scalar leptoquarks. Moreover, not
only does our analysis of the parameters S, T , and
U of radiative corrections admit the existence of such
particles, but it also favors their lighter masses in the
region mlower

scalar < 400 GeV. In view of the aforemen-
tioned features of scalar-doublet interactions with
fermions, it is of interest to seek scalar leptoquarks
and scalar gluons in processes involving a heavy
quark (predominantly, a t quark) at LHC.

5. CONCLUSION

Within the minimal model based on four-color
symmetry and the Higgs mechanism of quark- and
lepton-mass generation, we have performed an anal-
ysis of the contributions to the parameters S, T , and
U of radiative corrections from scalar leptoquarks and
scalar gluons.

It is shown that current experimental data on the
parameters S, T , and U admit the existence of rel-
atively light (lighter than 1 TeV) scalar leptoquarks
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2
and scalar gluons; moreover, the model involving very
light leptoquarks (that is, of mass less than 400 GeV)
provides a better fit to experimental data on the pa-
rameters S, T , and U than the Standard Model.

In particular, we have shown that the existence
of scalar leptoquarks having masses in the region
mlower

scalar < 300 GeV is compatible with current data
on the parameters S, T , and U at a level of χ2 <
3.1 (3.2) for mH = 115 (300) GeV versus χ2

SM =
3.5 (5.0) for the Standard Model fit. In this case, the
mass of the lightest scalar gluon is expected to be
below 850 (720) GeV.

Since the coupling of the doublets of scalar lepto-
quarks and scalar gluons to the t quark is not small,
these particles can play a significant role in processes
involving a t quark at LHC.
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Abstract—A theory of a non-Abelian gauge field is considered on the basis of an effective Lagrangian that
possesses the property of asymptotic freedom. In this theory, the confinement–deconfinement phase transi-
tion has a nontrivial scenario according to which the two phases may exist in the same spacetime region. In
the low-momentum region

∣∣p2
∣∣ < Λ2

QCD, we have a confining regime in the presence of a gluon condensate,
while, in the high-momentum region

∣∣p2
∣∣� Λ2

QCD, perturbative QCD holds. An iterative scheme for

refining parameters of the effective Lagrangian is outlined. c© 2003 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

In order to describe nonperturbative effects within
QCD, it is desirable to have an appropriate model for
the vacuum state of a gauge field. In developing such
a scheme, it is necessary to rely on the Yang–Mills
equations for the SU(3) color group and, at the same
time, to include, in the theory, the generally accepted
concepts of a running coupling constant and of a
nonzero expectation value of the squared gluon field
(gluon condensate), 〈F 2〉 > 0. We will employ an ef-
fective Lagrangian in constructing a basic formalism
and invoke, in describing a condensate, the model
of a gluon field in non-Abelian configurations that
is constant in time and space, additionally admitting
chaotic fluctuations. The possibility that a condensate
may arise in Yang–Mills theories owing to quantum
corrections was first indicated by the authors of [1–
3], who used the model of a covariantly constant field;
as a matter of fact, this model reduces to an Abelian
configuration of potentials: a constant field strength is
achieved owing to a linear dependence of the poten-
tials on coordinates. In the present study, we consider
a different configuration: the potentials of the conden-
sate are constant on average, but their components
are noncommutative, which is the fact that leads to
the emergence of a constant field strength (this is a
mechanism that has no analogs in Abelian theories).

In a naive treatment, the constant-condensate
model corresponds to the breakdown of gauge sym-
metry and Lorentz invariance, but, if states in which
the field is shifted as V a

µ → Aa
µ + wa

µ, where Aa
µ

is a constant field and wa
µ is a small addition, are

considered as stationary-phase points in an infinite-
dimensional Fock space, this difficulty can be re-
moved. Each solution associated with classical values
of the vector V a

µ must be considered together with all
1063-7788/03/6612-2214$24.00 c©
solutions that can be obtained from it by means of
a gauge transformation. Integration over the color
group then yields a state that possesses a gauge
symmetry. The problem of restoring the invariance
of such a vacuum under Lorentz transformations is
more involved, since the Lorentz group is noncom-
pact. If, however, an effective Lagrangian that leads to
a spontaneous emergence of a condensate possesses
the property of invariance under Lorentz transforma-
tions, then one solution goes over to another upon
a change of the reference frame, so that the entire
ensemble of admissible solutions can be considered
to be invariant. As a matter of fact, the restoration
of gauge symmetry does not require explicitly per-
forming integration over the color group either. It is
sufficient to postulate that, by a physical vacuum, one
should mean the entire set of solutions of minimum
energy that satisfy the requirement that the effective
action be stationary. With these provisos, the physical
vacuum treated as an ensemble of constant solutions
possesses the following properties: 〈Fµν〉 = 0 and
〈F 2〉 �= 0. In the limitwµ → 0, there are no transitions
between individual components of the ensemble;
each component can be separately considered as a
formal solution featuring a spontaneous breakdown of
symmetry, and this is quite convenient in intermediate
calculations. In an actual system, where wµ �= 0,
transitions of course proceed, and it is owing to them
that the system in question occurs in a color-singlet
state.

From the aforesaid, it follows that the effective La-
grangianmust be a scalar function of group invariants
composed of field components and their derivatives.
The linearized field equations must not have tachyon
solutions. At the same time, we admit the dependence
of the condensate (constant field components) on the
2003 MAIK “Nauka/Interperiodica”
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type of field being considered. In particular, we admit
the dependence of the condensate on the gluon off-
shellness in considering single-gluon excitations. For
the sake of brevity, this construction will be referred
to as a “floating condensate.” Within this approach,
there is of course a logical difficulty: the constant field
of a condensate is not quantized, and it is not clear
how the momentum of the propagating gluonmay af-
fect the magnitude of this field. A preliminary answer
to this question is the following: in a physical vacuum,
there are condensate fields of different strength, and
the gluon chooses, among them, those that yield a
minimum of energy at a given momentum.

The Yang–Mills Lagrangian [4] was obtained as
the simplest Lagrangian that leads to a local gauge
invariance; however, the formalism of quantum field
theory admits a wider class of Lagrangians that sat-
isfy this requirement. This class includes effective
Lagrangians that can be obtained from the original
Yang–Mills Lagrangian by including quantum cor-
rections. In electrodynamics, this was demonstrated
in [5]. An attempt at implementing a similar program
for a non-Abelian theory is made here. In electro-
dynamics, a gauge field is strictly neutral, but, in a
Yang–Mills theory, it carries a group charge. In the
theory of a charged massless vector field, there are
intrinsic inconsistencies: in a magnetic field, there
arise instabilities (tachyons). The use of Lagrangians
that lead to asymptotic freedom makes it possible
to circumvent this difficulty and to obtain confine-
ment. In contrast to what we have in electrodynamics,
these modifications to the Lagrangian lead to radical
changes in the properties of the theory.

In analyzing renormalizations within QCD, it is
usually assumed that the effective coupling constant
g remains finite in the infrared region. Here, use is
made of an alternative scenario: as the gluonmomen-
tum decreases, g reaches infinity, whereupon there
arises a condensate, which ensures confinement. In
addition to a component that is constant in time and
space, the condensate involves stochastic fluctua-
tions.

The term “effective action” is treated below in a
wider sense than is usually done: by it, we will im-
ply a dimensionless scalar generating functional that
determines correlation functions for vacuum fields.
By the self-consistency of an effective action, we
mean the following: treating it as a bare action func-
tional, we determine quantum corrections, remove all
divergences (both ultraviolet and infrared ones) by
means of conventional renormalization procedures,
and compare the resulting effective action with the
original one. If, for a reasonable choice of a finite
number of parameters, the results can be matched,
the effective action is thought to be self-consistent.
Forms that are used below for the effective action are
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
nonlocal (more precisely, they are quasilocal), since
the concept of asymptotic freedom does not fit in the
usual field-theory formalism, where the parameters of
the Lagrangian are fixed. Operators that represent the
field and its derivatives may appear in the effective
action not only in the form of polynomials but also in
more intricate functional combinations.

The ensuing exposition is organized as follows. An
iterative procedure for approaching a self-consistent
effective action is given in Section 2. There, the
possibility is also considered for removing instabil-
ities of fluctuations of a non-Abelian vector field in
a constant magnetic field (that is, for eliminating
tachyons). Section 3 is devoted to refining the equa-
tions of motion that follow from the effective action
and to studying their stability and the structure of
the condensate. Quantum corrections are calculated
in Section 4 for the simplest states. In Section 5,
the proposed approach is generalized to the case of
multigluon states. The results of the present study
are discussed in Section 6.

2. BARE AND EFFECTIVE ACTION
FUNCTIONALS

The classical equations for the gluon field,

Dac
µ F c

µν = −Ja
ν , (2.1)

Dac
µ = δac∂µ + gcabcV b

µ , (2.2)

F a
µν = ∂µV

a
ν − ∂νV

a
µ + gcabcV b

µV
c
ν , (2.3)

can be obtained from the classical Lagrangian

S = −1
4

∫
d4xF a

µνF
a
µν =

∫
d4xL(0), (2.4)

where F a
µν is the field-strength tensor; Dac

µ is a co-
variant derivative; Ja

ν is a current; g is a coupling
constant; V a

µ stands for the field potentials; a, b, c =
1, 2, ..., 8 are group indices of the SU{3} group; and
µ, ν = 0, 1, 2, 3 are Lorentz indices. If use is made of
a conventional quantization scheme, it is necessary to
introduce, in addition, gauge-fixing terms; the ghost
Lagrangian LFP; and a term that ensures coupling to
matter currents or external currents, Ja

µV
a
µ .

For a first step in constructing an effective La-
grangian, we employ the results presented in [6],
where an effective Lagrangian was found in the one-
loop approximation at zero field momentum. The
present analysis relies on an iterative procedure that
is not very common: on the basis of the equations
that follow from the classical Yang–Mills Lagrangian
L(0), one determines the quantum correction and
the Lagrangian L(1) and, thereupon, treats L(1)
03
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as a classical Lagrangian, determining the next-
approximation Lagrangian L(2) in the same way.
Such approximations can be continued ceaselessly,
but, even at the first steps, conditions for a phase
transition to a confining state are realized, which
is accompanied by the emergence of asymptotic
freedom at high q2. Upon going over fromL(0) toL(1),
the problem of tachyon branches in the Yang–Mills
equations arises at nonzero values of the average field.
The energy of a classical Yang–Mills field has the
only minimum at F a

µν = 0. As soon as one introduces
external currents shifting the field value, the system
develops an instability, with the result that there
appear tachyons [7]. A totally different behavior of the
system is possible if a nonzero average field emerges
spontaneously upon a change in the Lagrangian at
Ja

µ = 0. By way of example, we indicate that, if the
energy density in a stationary state, −L(1), has a
minimum at F 2 �= 0, the following relations hold in
the vicinity of the minimum: ∂L(1)/∂F 2 = 0 and

−L(1) ≈ −1
2

∂2L(1)

∂(F 2)2

∣∣∣∣∣
F 2=F 2

min

(F 2 − F 2
min)

2 + const.

(2.5)

For ∂2L(1)/∂(F 2)2
∣∣
F 2=F 2

min
< 0, we obtain a stable

energy valley, so that tachyons do not arise. It is
precisely the situation that results from a calculation
of the one-loop effective Lagrangian [6].

The distinction between the stability of the exter-
nal-current-induced shifted field and the stability of a
spontaneously arising field can be traced by consid-
ering the following simple example. Suppose that the
constant field component is specified by the potentials

A1
1 = A2

2 = A3
3 = A, (2.6)

the remaining being equal to zero, and that the fluc-
tuations are given by

w1
1 = −w2

2 = w cos kx3, w1
2 = w2

1 = w sin kx3.
(2.7)

The sum of the squares of spatial field components for
the potentials Aa

µ + wa
µ has the form(

F a
ij

)2 = 3A4 + 2(2Ak + k2)w2 + w4. (2.8)

For w � A, there is a momentum region (−2A <
k < 0) where (F a

ij)
2 < 3A4—that is, where the en-

ergy density of the classical Yang–Mills field is re-
duced. The equations that follow from the classi-
cal action functional (2.4) lead to the emergence of
tachyons in this region. In the case of the Lagrangian
in (2.5), there is no such reduction of the energy
density, so that tachyons cannot arise there. The
PH
expansion of this Lagrangian in a power series in
terms of the variable wa

µ ∼ w in the vicinity of the
minimum F 2

min = 3A4 begins from w4—that is, the
quadratic term is absent. It follows that, for the fluc-
tuations considered above, as well as for some other
fluctuations, it is impossible to construct linearized
equations and a conventional Green’s function. In
such a system, gluons do not propagate—there oc-
curs confinement.

In all probability, the inclusion of multiloop dia-
grams of perturbation theory does not lead to quali-
tative changes in the situation: the dependence of Leff
on F 2 changes, but a stable minimum of the energy
density survives.

Let us consider in greater detail the equations
for the shifted fields F a

µν = Ba
µν + fa

µν , V
a
µ = Aa

µ +wa
µ

in the case of the effective Lagrangian L(F 2, p2);
here, F 2 = F a

µνF
a
µν , ∂λB

a
µν = ∂λA

a
µ = 0, and p2 is

the square of the momentum of gluons (field fluctu-
ations). We admit the dependence of Ba

µν on p2. For
linearized equations, this is a conventional function of
one variable. We expand L(F 2, p2) in a power series
in terms of the variable F 2 −B2 to the second-order
term inclusive; that is,

L(F 2, p2) ≈ L(B2, p2) + L′(B2, p2)(F 2 −B2)
(2.9)

+
1
2
L′′(B2, p2)(F 2 −B2)2,

where

L′ =
∂L

∂F 2

∣∣∣∣
F 2=B2

, L′′ =
∂2L

(∂F 2)2

∣∣∣∣
F 2=B2

.

Varying the Lagrangian, we arrive at the equation

L′Dac
µ F c

µν + L′′Dac
µ F c

µν(F 2 −B2) = −4Ja
ν . (2.10)

Two regimes are distinguishable in solutions to this
equation: these are the usual region B2 = 0, L′ �= 0
(deconfinement) and the regionB2 > 0, where a con-
densate emerges spontaneously and where confine-
ment occurs. In the last case, the equality L′ = 0 and
the inequality L′′ < 0 inevitably hold. In the region of
deconfinement, where F a

µν = fa
µν , the second term in

Eq. (2.10) does not contribute in the linear approx-
imation; therefore, the gluon propagator differs from
the usual one only by the factor −(4L′)−1. Briefly,
the situation can be characterized in the following
way: upon introducing a constant external current in
the classical Yang–Mills Lagrangian, the respective
equations lose stability and become unrenormaliz-
able. In a theory based on an effective Lagrangian,
stability and renormalizability survive in the presence
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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Fig. 1. Energy as a function of x ∼ F 2 at various values
of y ∼ p4: y = 0, 0.5, 1.0, 1.5 (from bottom to top).

of an external current, but a spontaneous magneti-
zation arises at low momenta. In view of this dis-
tinction between stability for the classical Yang–Mills
Lagrangian and stability for an effective Lagrangian
that exhibits the property of asymptotic freedom, it
is better to choose a model effective Lagrangian as a
starting point for an iterative process. For the input
Lagrangian, one can take that which was proposed
in [8] or a similar functional that leads to stable solu-
tions.

Let us consider the model effective Lagrangian

L = −1
4
F 2t, (2.11)

where the evolution variable has the simplest form

t =
1
2

ln
γF 2 + q4

Λ4
=

1
2

ln(x + y). (2.12)

Here, γ is a numerical factor (under the simplest
assumptions, γ = 4), q is the gluon momentum, Λ
is a dimensional parameter of the theory, and x =
γF 2/Λ4 and y = q4/Λ4 are dimensionless variables.
In the asymptotic region specified by the inequalities
y � 1 and y � x, this Lagrangian leads to the usual
dependence of αs on q2. In this approximation, the
dependence of αs on the sign of q2 is not taken into
consideration. This Lagrangian is consistent with di-
mensionality considerations and reduces to the well-
known effective Lagrangians of the one-loop approx-
imation in the limiting cases of x � y and y � x. The
factor γ reflects the distinctions between the dimen-
sional constants defined in terms of the variables q4

and F 2. The dependence of L on the variable x at
various values of y is illustrated in Fig. 1. Different
expressions for t are also possible, but we always
assume that t is a function of invariant quantities.
Formulas (2.11) and (2.12) provide a recipe for de-
termining the density of an effective Lagrangian for
a system formed by a constant condensate and one
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
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Fig. 2. Gluon-momentum dependence of x ∼ F 2 for a
floating condensate.

gluon of momentum q. An extension of this approach
to multigluon states will be discussed in Section 5.

For the model Lagrangian in (2.11), we will now
trace the confinement–deconfinement transition ver-
sus the parameter y = q4/Λ4. In the region t > 0,
the minimum of the classical energy density, which is
equal to −L, is attained at F 2 = 0, whence it follows
that, at y > 1, the state in which 〈F a

µν〉 = 0 can be
treated as the ground state—that is, a classical vac-
uum. If y < 1, the energy density reaches a minimum
at a nonzero field strength, taking a negative value
there. Rewriting L in terms of the dimensionless vari-
ables x and y as

L = −Λ4

8γ
x ln(x + y), (2.13)

we can easily find the relation between xmin and y.
Indeed, the necessary condition for the existence of a
nontrivial minimum of the energy density then has the
form

ln(x + y) +
x

x + y
= 0. (2.14)

For y > 1, this condition has no solutions, but, for 0 ≤
y < 1, there are solutions, which can be expressed as
the dependence of xmin on y in the parametric form

xmin = −z ln z, y = z − xmin, (2.15)

where the parameter z varies within the range e−1 <
z < 1. The condition of stability of the minimum is
satisfied. At |q2| = Λ2, the confinement–deconfine-
ment transition is that of the second-order type: the
energy density is continuous, but its derivatives un-
dergo discontinuities. In particular, ∂L/∂F 2 = 0 at
x = xmin in the confining region, this corresponding
03
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to an indefinitely large coupling constant; this relation
(∂L/∂F 2 = 0) holds at the phase-transition point as
well. At higher momenta corresponding to y > 1, we
have ∂L/∂F 2 = −(1/8) ln y at x = 0. Admitting the
concept of a floating condensate—B2 = B2(q4)—we
can restrict ourselves to studying the effective La-
grangian in the vicinity of the point x = 0 for y > 1
and in the vicinity of the point x = xmin for 0 ≤ y ≤ 1
(see Fig. 2) instead of examining it in the entire space
of the variables x and y.

Presently, there are indications of the finiteness
of the gluon coupling constant at the boundary of
confinement [9]. In this case, a first-order phase tran-
sition seemsmore natural. Despite this circumstance,
we will try to explore the possibility of obtaining self-
consistent solutions on the basis of the Lagrangian
specified by Eqs. (2.11) and (2.12), in which case
there can occur the passage of the evolution variable t
through zero and an indefinite growth of the coupling
constant. If the coupling constant does not reach in-
finity, it is natural to expect within perturbation theory
that, as one approaches the infrared limit, the function
α−1

s begins to decrease more slowly with increasing
number of loops. The numerical investigation of this
function to the four-loop level in [10] yielded an oppo-
site result, and this provides an additional motivation
for studying the scenario outlined in the present arti-
cle above.

3. STABILITY, FIELD EQUATIONS,
AND STRUCTURE OF THE CONDENSATE

For our purposes, it is not always necessary to
fix the dependence of the evolution variable t on the
dimensionless variables according to (2.12). This for-
mula will be used in illustrative examples. Basic phys-
ical conclusions are controlled by the sign of t and by
the values of the first two derivatives. It is assumed
that t is a monotonically increasing function of each
of the dimensionless arguments x and y; it is also
assumed that this function is negative in the region
specified by the inequalities 0 < x � 1 and 0 < y �
1, but that it becomes positive when the arguments or
at least one of them is on the order of unity. Stability
of the solutions being studied depends on the sign of
the second derivative of xt with respect to x: if

∂2(xt)
∂x2

= 2tx + xtxx > 0, (3.1)

the solutions in question are stable. For the effective
Lagrangian, this circumstance makes it possible to
perform a Legendre transformation, but this could
not be done for the original Yang–Mills Lagrangian
because of tachyon branches. In doing this, it is only
necessary to take care that gauge-fixing terms would
not violate stability.
PH
Choosing the gauge of the background field as

LGF = −1
2
t(∇λVλ)2, (3.2)

where ∇ac
λ = ∂λδ

ac + gcabcAb
λ, we obtain the follow-

ing equation in the linear approximation:

(t + xtx)((∇2)acδµν + 2Bac
µν)wc

ν (3.3)

+ 2(2tx + xtxx)γΛ−4

×∇ac
ν (Bc

µνB
d
αβ(∇de

α we
β −∇de

β we
α)) = −Ja

µ;

the quantities t, tx = ∂t/∂x, and txx = ∂2t/∂x2 must
be taken at x = 0 if y > 1 and at the stationarity point
of the action functional, t+ xtx = 0, if 0 < y < 1. The
constant Λ is normalized in such a way that t(x, y) =
0 at x = 0 and y = 1. Also, we have introduced the
notation Bac

µν = gcabcBb
µν . The current on the right-

hand side of Eq. (3.3) is equal to the sum of a constant
component and currents that generate fluctuations.
In order to avoid confusion, it should be emphasized
that use is made here of the background-field gauge
rather than of the entire background-field formalism
as formulated in [11], where the field components Aµ

and wµ are both treated within perturbation theory. In
our approach, the simplicity of the classical compo-
nent Aµ makes it possible to dispense with imposing
the condition of smallness on it and to take exactly
into account the effect of a constant condensate on
gluons.

In the region where y > 1 and x ≈ 0, we have
the usual dynamics of gluon propagation, the only
distinction between Eq. (3.3) and the conventional
Yang–Mills equation consisting in the dependence
of the coupling constant on q2. Within this region,
the square of the momentum is constrained by the
inequality |k2| > Λ2

QCD. This makes it possible to
eliminate the emergence of tachyons in small fluc-
tuations and to perform a Legendre transformation
for a stochastic field. In accordance with (2.8), it is
sufficient for this to constrain the magnitude of the
constant potential component A by the inequality

4A2 < Λ2
QCD. (3.4)

Since the equilibrium value of the potential is equal
to zero in this region, the constraint in (3.4) does
not prevent the use of standard perturbation-theory
methods.

For y < 1, a totally different dynamics that is con-
trolled by the second term in Eq. (3.3) arises in the
vicinity of the point x = xmin. On the left-hand side,
there remains only the product of the fluctuating-
magnetic-field term fdαβ = ∇αw

d
β −∇βw

d
α, which is

linear in wa
µ, and the constant field Bd

αβ of the con-
densate. For gluon dynamics in the confining region,
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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it is of importance that the term 1
2L

′′(F 2 −B2) of the
Lagrangian does not involve all of the fourth-order
terms in the field—in particular, it does not involve
the combination ∼B2f2/Λ4. The only term that is
quadratic in f, ∼(B · f)2/Λ4, cannot be responsible
for the propagation of gluons, if for no other reason
than the absence of the electric field components and
the time derivatives of the potential in it. The time
dynamics of fluctuations is essentially nonlinear and,
for f� B, is controlled by the f4/Λ4 term. There are
no tachyons for y < 1.

The condensate given by (2.6) can serve as a
good example of solutions characterized by a nonzero
square of the field strength. Among condensates of
a different type (Nw according to the terminology
adopted in [8, 6])—those in which the SU(2) sub-
group consists of the SU(3) generators associated
with the structure constants ±1/2—one can single
out the condensate

A7
1 = A, A5

2 = −A, A2
3 = A, (3.5)

the remaining components being equal to zero, which
is symmetric under color permutations in the funda-
mental representation.

Neither of these condensate types possesses in-
variance under rotations in a conventional sense, but,
in the case of a spatial rotation, it is always possible
to indicate a global gauge transformation that returns
the condensate to the original state owing to a rota-
tion in the group space. Physically, this is equivalent
to invariance under rotations.

Stability of solutions in the confining region is
tightly related to the concept of a floating conden-
sate. If there were no condensate for y < 1, a situa-
tion would arise in which the square of the running
coupling constant would be negative. An imaginary
coupling constant implies instability. Instead of this
unsatisfactory picture, we obtain t < 0, x > 0, tx > 0,
and t + xtx = 0 in the presence of a condensate; for
passive degrees of freedom [(Bf) = 0], the effective
value of the evolution variable, which determines the
coupling constant, is equal to zero, while, for active
degrees of freedom, which contribute to the product
(Bf), it is controlled by the positive factor 2tx + xtxx.
The time derivatives of the potentials do not appear
in the equations of motion either for active or for
passive degrees of freedom. There is absolutely no
gluon propagation. Active degrees of freedom differ
from passive ones only by the contribution to the
static energy of the vacuum. It should be recalled that,
in the equations presented in this section, g means
the coupling constant at the normalization point that
is chosen for y > 1 (that is, off the confining region);
for this reason, g2 > 0, and the simplest choice of
normalization is that for which g = 1.
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In the confining region, the magnitude of the float-
ing condensate, 〈F 2〉, is dependent on the square of
the propagating-gluon momentum, k2, and is deter-
mined by the relation

∂Leff/∂F
2 = 0, (3.6)

the specific form of the k2 dependence of Leff having
no effect on physical results, since gluons do not
propagate in this region and since the relevant inte-
grals with respect to the gluon momentum are taken
over domains not intersecting this region of k2. In
practice, this circumstance makes it possible to treat
the floating condensate as a unified gluon-field state
in which the dependence of the Lagrangian density
on F a

µν disappears. The condition in (3.6), which is
necessary for the energy density to reach a minimum,
does not determine the constant components of the
potentials Aµ unambiguously. The space of admissi-
ble values of Aµ is not exhausted by the symmetric
solutions specified by Eqs. (2.6) and (3.5)—in gen-
eral, the absolute values of the spatial components
do not coincide, |A1| �= |A2| �= |A3|. The invariance
of such condensates under rotations is restored by
integration over the rotation group. If there are no, as
we assume in this article, significant constraints, with
the exception of the condition in (3.6), the floating
condensate proves to be a strongly degenerate state.

Considering L(A,w) as an effective Lagrangian,
one should treat the quantity−L(A, 0) as an analog of
the potential energy (more precisely, potential-energy
density). In the confining region, it becomes nega-
tive. At the same time, the vacuum energy density
is equal to zero by definition; therefore, a state in
whichA �= 0 and w = 0 cannot be a physical vacuum
in the confining region—there, vacuum fluctuations
for which 〈w〉 = 0 and 〈w2〉 > 0 must inevitably be
present. If the ergodic hypothesis is valid for vacuum
fluctuations (as seems most probable), they can be
described by introducing an effective temperature that
is proportional to |t|F 2

min. In doing this, it should be
borne in mind that, in this section, the effective energy
density is defined only for the condensate plus one
gluon system, the evolution variable being dependent
on the gluonmomentum. A generalization to the case
of multigluon states in considered in Section 5.

4. QUANTUM CORRECTIONS
TO THE LAGRANGIAN

For the case of a field shifted as Vµ = Aµ + wµ, we
will now recall a conventional scheme for calculating
one-loop corrections to the Lagrangian [12]. In this
scheme, the Lagrangian that involves a gauge-fixing
term and ghosts is supplemented with the quantity
JνVν , where the current Jν is equal to the sum of the
03
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constant term Jν(0) and terms that are responsible for
fluctuations, jν(q)eiqx.

The functional

eiW (J) = 〈0+|0−〉J (4.1)

depends on the currents aJν(0) and jν(q), a being a
numerical parameter. The mean field is defined by the
relation

Aµ =
[
〈0+|Vµ|0−〉
〈0+|0−〉

]
a→0
j=0

. (4.2)

The effective action is obtained upon the Legendre
transformation in the form

Γ(Aµ) = W (J) −
∫

d4xJµ(x)Aµ(x). (4.3)

In contrast to what we have in the theory of a one-
component scalar field, the action functional of the
mean field Aµ has, instead of isolated stationary-
phase points, an entire set of solutions that corre-
spond to a minimum of energy. The vacuum proves to
be strongly degenerate: the set of Aµ values for a = 0
depends on the configuration of currents for a �= 0.
Moreover, the potentials Aµ depend on q2, and this
makes it possible to introduce asymptotic freedom in
the calculations explicitly.
PH
In calculating the one-loop contributions to the
Lagrangian, the relevant integral with respect to the
square of the gluon momentum is taken over the
range Λ2 < q2 < ∞. Divergences arise at q2 = ∞
and at q2 = Λ2.

We begin determining one-loop corrections by
considering the simplest case of zero momentum in
the loop. The contribution that is divergent at infinity
is given by ∫

d4p

(2π)4
(4.4)

×
(
−1

2
ln(DetG/DetG0) + ln(DetD/DetD0)

)
,

whereG andD are the quadratic forms that determine
the linearized equations of motion for gluons and
ghosts with respect to the shift of the field according
to Vµ = Aµ + wµ, while G0 and D0 are the values of
G and D, respectively, at Aµ = 0. Since there is no
condensate in the asymptotic region, it is sufficient to
determine that part of the contribution which diverges
for p → ∞ only at low fields, A2

µ ≈ |Bµν | < Λ2.

From (3.3), it follows that
G/G0 →
[
−(∇2δµν + 2Bµν)wµ +

txγ

tΛ4
(∇µBµν + Bµν∂µ)Bαβ(∇αwβ −∇βwα)

]
(−∂2)−1δµνwµ. (4.5)
For ghosts, we merely have

D/D0 = ∇2/∂2. (4.6)

Under our assumptions, the second term in the
bracketed expression in (4.5) is small, and the correc-
tion stemming from it does not change the structure
of the original Lagrangian.

At the critical point z = 0, we have y = 1; for y <
1, the first term in (3.3) disappears, in which case the
behavior of the relevant integrand is controlled by the
second term. As a matter of fact, this is the region
of strong coupling, where the calculation of one-
loop diagrams may only provide estimates, which are
helpful in obtaining deeper insight into the qualitative
behavior of the action functional.

In assessing divergent integrals, we constrain the
region of integration with respect to themomentum in
order to perform an intermediate regularization. As a
result, the integrals are calculated only in the vicinity
of the stability line for x � 1 at y > 1, the confining
region 0 < y < 1 being eliminated, since gluons do
not propagate there. Since the lower limit of integra-
tion with respect to the square of the momentum is
equal to Λ2, an expansion in inverse powers of the
momentum can be performed in the relevant integral
as in [6], the only difference being that the second
term in (4.5) leads to a logarithmic divergence at
the lower limit. The introduction of the corresponding
counterterm leads to a change in the lower limit by
a quantity that is proportional to B2. As a result, we
arrive at the contribution to the effective Lagrangian
in the form

− 11
128π2

g2B2 ln
Λ4 + ξB2

M4
, (4.7)

where ξ is a numerical factor andM is the upper limit
of integration with respect to the momentum. This
quantum correction does not change the structure
of the effective Lagrangian, only shifting the dimen-
sional constant Λ. The main difficulty involved in the
calculation of integrals of lnDetG− lnDetG0 in the
confining region is associated with a high degree of
degeneracy of the matrices G and G0. The arising
indeterminate form of the ln(0/0) type can be eval-
uated for the particular case where the condensate
is scaled as B = λ2B(0) and A = λA(0), in which
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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case ln(0/0) = 0, passive degrees of freedom drop-
ping out completely. The remaining active (nonde-
generate) degrees of freedom do not yield corrections
to the Lagrangian for the reasons indicated in Sec-
tion 3.

Summarizing the results obtained by determining
the simplest quantum corrections, we can say that, at
the level of the first nonvanishing approximations, the
proposed effective Lagrangian has passed the self-
consistency test.

5. MULTIPARTICLE STATES
In this section, methods for dealing with more

complicated diagrams including the background field
and an arbitrary number of gluons are formulated on
the basis of the idea of multiargument renormaliza-
tion [13]. An effective Lagrangian that is dependent
on one additional variable, the Laplacian (squared
momentum) of the gluon field, was considered in [13].
In this section, we immediately introduce a second
invariant—the square of the field strength F 2—and
this makes it possible to include the confining region
in our consideration. In this connection, we would like
to recall basic points of multiargument renormaliza-
tion with the required extensions.

One introduces a shifted gluon field,
Vµ = Aµ + wµ, Fµν = Bµν + fµν . (5.1)

The background field specified by Aµ and Bµν is not
subjected to quantization, but its optimum value is
dependent on the fields involved in the process be-
ing considered. Physically significant quantities are
assumed to be deeply degenerate with respect to the
background field:B2 and, possibly, some other invari-
ants are significant, while the color and the direction
of Aµ and Bµν are immaterial, in just the same way
as quantities that are associated with gauge arbitrari-
ness. The quantityB2 is not a universal characteristic
of the gluon field and has a specific value of B2 = 0
only in the case where all of the gluons being consid-
ered are off the confining region. A general treatment
of multiparticle states requires considering B2 as a
floating condensate and establishing the algorithm of
calculations at least at the level of recipes. For the
quantized part of the field, it is convenient to use the
Fourier expansion

V (x, x′) = (2π)−4

∫
dxV (k) exp[ik(x− x′)], (5.2)

V (k) =
∫

d(x− x′)V (x, x′) exp[ik(x− x′)]. (5.3)

The substitutions gV → V and

L → − F 2

4g2
= −1

4
tF 2 (5.4)
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make it possible to write all formulas at g = 1 and
to go over from the renormalization of the coupling
constant to a renormalization of fields. In introduc-
ing a new argument, F 2, in the evolution variable t,
we retain basic hypotheses of multiargument renor-
malization: (i) the renormalization of propagators is
determined by F 2 and by the square of the gluon
momentum, and (ii) the renormalizion factor of a
vertex is equal to the product of the renormalization
factors of the fields appearing in this vertex and the
momentum-transfer-dependent renormalization fac-
tor of the coupling constant. It is implied that the vari-
able part of the field involved consists of the stochas-
tic background-field component Wµ and the sum of
gluons being studied, wµ → Wµ + Σi wi, which have
momenta ki, and it is necessary to determine the fields
Aµ and Wµ for each wi individually, irrespective of
other gluons. It should be emphasized that the recipes
outlined above are based on an educated guess that
must be confirmed by subjecting its corollaries to a
self-consistency test. The evolution variable t is a
factor in the effective Lagrangian. The relation g−2 =
t is valid only in the absence of a condensate—that
is, in the deconfining region. In the confining re-
gion, the effective coupling constant is determined by
means of the procedure described in Sections 2 and
3. The momentum arguments of t are determined by
the following considerations. A three-vector vertex
arises from the mixed term ∂µV

a
1νc

abcV b
2µV

c
3ν in the

Lagrangian with the gluon momenta equal to k1 =
−k2 − k3; accordingly, the quantity k2

1 = (k2 + k3)2
will be an argument of t. In a four-vector vertex, there
occurs momentum transfer from one pair of gluons to
the other (there is no momentum transfer there from
one gluon to the remaining three). The momentum
argument is equal to the square of the momentum
transfer from one pair of gluons to the other—that
is, (k1 + k2)2 = (k3 + k4)2, (k1 + k3)2, (k1 + k4)2. In
the deconfining region, one obtains Feynman rules for
renormalized diagrams [13]. In general, the domain
of integration with respect to momenta is partitioned
into sectors in accordance with the number nc of the
momentum arguments that fall within the confining
region, nc = 0, 1, 2, . . .. Since gluons do not propa-
gate in the confining region, integration is performed
only over the nc = 0 sector in calculating radiative
corrections. In this sector, there arises a logarith-
mically divergent contribution of one-loop diagrams
(ultraviolet divergence). At the boundaries of other
sectors (nc > 0), there are infrared divergences.

By way of example, we consider a calculation of the
polarization operator. Within perturbation theory, the
running coupling constant is calculated in terms of
multiplicative renormalization factors for propagators
03
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and vertices (Z3 and Z1, respectively); that is,

g2(p2)/g2
0 = Z3

3/Z
2
1 . (5.5)

With the aid of gauge invariance, we can somewhat
simplify the calculations by choosing the gauge where
Z1 ≡ 1. For this, it is sufficient to set the gauge fac-
tor to ζ = 17/9 rather than to ζ = 1, as is done in
the Feynman gauge. The polarization operator Πda

αλ
receives contributions from two diagrams. These are
the truncated gluon-field loop,

1
2

g2

16π2

∫
cdbccabc[t−1/2

1 (p1βηγα − p1γηαβ) (5.6)

+ t
−1/2
2 (k2γηαβ − k2αηβγ)

+ t
−1/2
3 (k3αηβγ − k3βηγα)]

× [t
− 1

2
1 (p1µηνλ − p1νηµλ)

+ t
− 1

2
2 (k2νηλµ − k2ληµν)

+ t
− 1

2
3 (k3ληµν − k3µηνλ)]k−2

2 k−2
3

× [ηβµ − (1 − ζ)k−2
2 k2βk2µ]

× [ηγν − (1 − ζ)k−2
3 k3γk3ν ]

d4k

π2i
,

where ηµν = diag(1,−1,−1,−1) is the metric tensor,
and the ghost loop,

g2

16π2

∫
cdbccabct−1

1 k−2
2 k−2

3 (k2k3)
d4k

π2i
. (5.7)

Calculating the scalar part Πda
λλ of the polarization

operator, we obtain its gluon component in the form

Πda
λλ =

3δda

2
g2

16π2

∫
d4k

π2i
{6[τ11p2 − τ12(pk2) (5.8)

− τ13(pk3) − τ23(k2k3) + τ22k
2
2 + τ33k

2
3]

− (1 − ζ)[2τ11(p2 + (pn2)2 + (pn3)2)
− 6τ12(k2n3)(pn3) − 6τ13(k3n2)(pn2)

+ τ22(k2
2 + 2(k2n3)2) + τ33(k2

3 + 2(k3n2)2)]

+ (1 − ζ)2τ11[(pn2)n3 − (pn3)n2]2}k−2
2 k−2

3

and its ghost component in the form

Πda
λλ = 3δda g2

16π2

∫
d4k

π2i
τ11(k2k3)k−2

2 k−2
3 . (5.9)

Here, we have introduced the notation τjk =

(tjtk)−1/2, nj = kj/
√

k2
j and used the identity

cdbccabc = 3δda for the structure constants of the
SU(3) group; the vectors p, k2, and k3 are related
by the conservation law pλ + k2λ + k3λ = 0.
PH
By extrapolating the Gell-Mann–Low equation to
the strong-coupling region, we can express the first-
order correction t(1) to the evolution parameter t of the
Lagrangian in terms of the polarization operator as

dt(1)

d ln p2
=

b

16π2
, b =

dΠλλ

g2dp2
. (5.10)

An investigation of the ultraviolet divergence of the
polarization operator leads to the following results:
in addition to a logarithmic divergence, there arises
terms featuring an integral logarithm of the upper
limit, but this does not cause qualitative changes
in the structure of the effective Lagrangian. A cut-
off at the lower limit leads to the emergence of the
new parameter |k|min > Λ, on which the dynamics
of soft particles may depend. Two spheres of radius
Λ are eliminated from the domain of integration with
respect to the momentum; they intersect for |p| <
2Λ and exist separately for |p| > 2Λ, a change in
the regime of radiative corrections occurring at |p| =
2Λ. A similar change in the topology of the domain
of integration takes place in higher orders of per-
turbation theory as well. As a result, the analytic-
ity of perturbation-theory series is violated at |k| =
2Λ, |k| = 3Λ, . . .. The question of whether these sin-
gularities may be compensated still remains open.

6. DISCUSSION

The asymptotic freedom of a non-Abelian theory
and the confinement of color fields appear to be closely
related to each other. An attempt at developing a for-
malism that would combine these two facets of QCD
has been made above on the basis of renormalized
diagrams. Since the language of diagrams is equiv-
alent to the original operator language of quantum
field theory [14], this description of quantum effects
seems quite reasonable. One could refer to the ef-
fective action introduced above as a conditional one,
assuming that it describes the behavior of all fields
under the condition that there exist a few gluons and
quarks of momentum ki and pi, respectively. In that
case, the action functional would depend on all of
the arguments ki and pi. The basic point of multi-
argument renormalization is that, in the deconfining
region, one can take into account the interaction of
each quark or gluon with an arbitrary number of other
degrees of freedom, irrespective of other quarks or
gluons singled out in this connection, whereby one
reduces the interaction to renormalization of separate
elements of Feynman graphs.

In QCD, which is a theory that features asymp-
totic freedom, there inevitably arises the question
concerning the behavior of the running coupling con-
stant in the infrared region. If the coupling constant
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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remains finite [9] and if there is no Landau pole in the
infrared region, QCDdoes not differ qualitatively from
conventional field theory developed for freely propa-
gating fields. In this case, additional ad hoc assump-
tions are required for explaining confinement, but
these have yet to be developed in detail. Here, we have
discussed an alternative version where the coupling
constant does in fact become infinite at k2 ≈ Λ2

QCD.
But in this case, there arises a different problem:
What occurs after the coupling constant has reached
infinity? No comprehensive answer to this question
has so far been deduced, but the following can be
indicated as a preliminary scenario. For k2 < Λ2

QCD,
the F a

µν = 0 field state (vacuum of perturbation the-
ory) ceases to play the role of a stable vacuum state.
The equality of the field to zero holds only on average,
the expectation value of the field squared becoming
positive. This description of the physical vacuum of a
gluon field in terms of a floating condensate is similar
to a phenomenological description of confinement as
a state analogous to a superconducting state, the
main distinction being that, in the case of floating-
condensate formation, a spatial separation of the two
phases does not necessarily occur: confinement and
deconfinement are separated in momentum rather
than in coordinate space. This picture is compatible
with basic experimental facts. Indeed, quarks, and
gluons are observed as jets in hard processes, but only
color-singlet hadrons are observed in soft processes.

The possibility of spontaneous-condensate forma-
tion accompanied by a transition of the gluon field
to a state where the effective Lagrangian is inde-
pendent of the expectation value of the field squared,
∂Leff/∂〈F 2〉 = 0, is a key point in the above scenario
of confinement. A realization of (5.1) provides an ex-
ample of such a state. Possibly, the representation of a
condensate characterized by 〈F 2〉 > 0 as the sum of
vortex-like excitations for which an integral along a
closed contour around the vortex axis corresponds to
the center of the color group [15] will prove to be more
promising. Also, we cannot rule out the possibility
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
that degeneracy is so deep that it makes no sense to
address the problem of describing the condensate in
detail.
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Abstract—The static three-quark potential is calculated analytically for an arbitrary arrangement of
quarks. The result is shown to be fully consistent with precise numerical simulations in lattice QCD. The
results of this study have important applications in nuclear physics, since they make it possible to perform
accurate analytic calculations of baryon spectra. c© 2003 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Good knowledge of the properties of nucleons is
of paramount importance for obtaining deeper in-
sight into nuclear processes. The static potential in
a baryon plays a key role in calculating the spectra of
baryons, as well as their wave functions and decays;
therefore, its investigation is one of the important
problems in nuclear physics. Moreover, investigation
of such static potentials is of interest since it is related
to two fundamental properties of strong interactions,
color-charge confinement and the scale of fluctua-
tions of confining gluon fields.

In the present study, the static potential in a
baryon is calculated by the method of vacuum corre-
lation functions [1], which is directly based on QCD
and which is intended for dealing with the vacuum
expectation values of correlation functions for gluon-
field strengths.

Within the method of vacuum correlation func-
tions, it is assumed that gluon fields play a double role
in QCD. On one hand, gluons dynamically propagate
in a vacuum, and this process can be described by
perturbation theory at short distances. In particular,
the interaction of quarks at short distances via one-
gluon exchange leads to color Coulomb interaction
between quarks. On the other hand, gluons form, in
a vacuum, a nonpertubative condensate, which is a
medium (background field) where perturbative gluons
propagate.

Within the method of vacuum correlation func-
tions, two-point correlation functions for gluon fields
are parametrized in terms of scalar form factors [2].
The form factors of gluon fields decrease exponen-
tially, which, in the case of mesons, leads to a linear
1063-7788/03/6612-2224$24.00 c©
growth of the potential and to the area law for theWil-
son loop at long distances between a quark and an an-
tiquark. It is well known that this behavior of the po-
tential and of the Wilson loop implies the formation of
a string that ensures color-charge confinement. The
slope σ of the linear confining potential for a quark
and an antiquark is a basic parameter in the method
of vacuum correlation functions; it corresponds to
the scale parameter in QCD, and its knowledge is
sufficient for calculating the spectra of particles (in
particular, mesons [3]) to within 5%. The magnitude
of this parameter is determined phenomenologically
by the slope of meson Regge trajectories.

The correlation length Tg for background gluon
fields, which determines the rate of decrease in the
form factors of the background fields, is another non-
perturbative parameter in the method of vacuum cor-
relation functions. This correlation length is small and
insignificant in the case of mesons because, at short
distances, quark–antiquark interaction is controlled
by a perturbative field. In the case of baryons, how-
ever, the correlation length proves to be of importance
for the interaction of background fields in the string-
junction region, this interaction leading, as will be
shown below in the present study, to an effective
reduction of the slope of the baryon potential at short
and intermediate distances between the quarks in-
volved. In addition, the correlation length can also
manifest itself in the dependence of the static potential
on the arrangement of quarks at a given total length
of the string. This effect will also be explored in this
study.

Without taking into account sea quarks, the static
three-quark potential was recently calculated in [4,
5] within lattice QCD to a rather high precision. In
the present study, it will be shown that the potential
2003 MAIK “Nauka/Interperiodica”
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calculated by the method of vacuum correlation func-
tions is in good agreement with lattice results.
Prior to proceeding to calculate the static poten-

tial, we will consider, in the next section, the baryon
Wilson loop, which, in the case of static quarks,
appears to be the baryon Green’s function. We will
express the vacuum expectation value of the Wil-
son loop in terms of the vacuum expectation val-
ues of two-point correlation functions for gluon-field
strengths and parametrize them in accordance with
the method of vacuum correlation functions; in this
connection, we will also briefly discuss the results
obtained by calculating the gluon condensate on the
basis of sum rules. In Section 3, we describe the
procedure used here to calculate the static potential
and analyze special features of its behavior versus
lattice data. In the Conclusion, we summarize our
results and discuss prospects for their application.

2. BARYON WILSON LOOP AND ITS
VACUUM EXPECTATION VALUE
IN THE METHOD OF VACUUM
CORRELATION FUNCTIONS

It is well known that the gauge-invariant state of
a baryon where its quarks are at the points x, y, and z
is described by the function

ΨB(x, y, z, Y ) = εαβγΦα
α′(x, Y,C1)Φ

β
β′(y, Y,C2)

(1)

× Φγ
γ′(z, Y,C3)qα′

(x)qβ′
(y)qγ′

(z),

where α, β, . . . are color indices of the fundamental
representation of the SU(3) group;

Φα
β(x, y,C) = (P exp ig

∫
C

Aµdzµ)αβ (2)

is the parallel transporter along the contour C con-
necting the points x and y [the symbol P in (2) means
the ordering of color matrices along the trajectory of
integration]; q andA are the operators of, respectively,
the quark and the gluon field; and Y is the string-
junction point. The baryon Green’s function is defined
as the vacuum expectation value

GB(X̄,X) = 〈Ψ+
B(X̄)ΨB(X)〉, (3)

where X ≡ x, y, z, Y . If quarks are static, this
Green’s function is equal to the baryon Wilson loop
WB , which is given by

WB =
〈1
6
εαβγε

α′β′γ′
Φα

α′(C1)Φ
β
β′(C2)Φ

γ
γ′(C3)

〉
.

(4)

The contoursC1,C2, andC3 and the direction of inte-
gration are shown in Fig. 1. The dotted line represents
the string-junction trajectory, which is denoted byC0.
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Fig. 1. Baryon Wilson loop.

It should be noted that this definition of the baryon
Wilson loop is generally accepted. The static potential
in the baryon and the Wilson loop are related as

VB = − lim
T→∞

1
T

lnWB , (5)

where T is the extension of the Wilson loop along the
time axis.

Let us express the Wilson loop (4) in terms of
correlation functions for the tensor of the gluon-field
strength. For this, we recast the Wilson loop into the
form

WB =
〈

1
6
εαβγε

α′β′γ′
Φα

α′(C̃1)Φ
β
β′(C̃2)Φ

γ
γ′(C̃3)

〉
,

(6)

where C̃i = Ci ∪ C0. Expression (6) is obtained by
substituting into (4) the relation

εα
′β′γ′

= εα
′′β′′γ′′

Φα′′
α′ (C0)Φ

β′′

β′ (C0)Φ
γ′′

γ′ (C0). (7)

It should be noted that the last relation is valid in
a generalized coordinate gauge where Φα

α′(C0) = δα
α′

and, in general, depends on the choice of gauge,
but expression (6) is a scalar of the SU(3) color
group; therefore, it does not depend on the choice of
gauge. Since integration in (6) is performed along
three closed rectilinear contours, the non-Abelian
Stokes theorem [1] can be used for these contours of
the baryon Wilson loop. As a result, we obtain

WB =
〈

1
6
εαβγε

α′β′γ′
Wα

α′(S1)W
β
β′(S2)W

γ
γ′(S3)

〉
,

(8)
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where Si are the minimal surfaces of the contours C̃i
and

Wα
α′(S) = P exp


ig

∫
S

dσµν(x)Fµν(x)Φ(x, x0)




α

α′

(9)

is independent of the choice of the point x0 if it lies on
the surface S [1]. Let us now expand the exponential
function in (9) as

Wα
α′(S) = δα

α′ + ig

∫
S

dσFα
α′ −

g2

2
(10)

×
∫
S

∫
S

dσ(1)dσ(2)Fα
β (1)F β

α′(2) + . . . ,

where we have written explicitly only color indices and
where the ellipsis stands for higher order terms of the
expansion. Since the vacuum expectation value of the
field-strength tensor is equal to zero, the Wilson loop
has the form

WB =
1
6
εαβγε

α′β′γ′

(
δα
α′δ

β
β′δ

γ
γ′ − δβ

β′δ
γ
γ′
g2

2
(11)

×
∫

S1

∫
S1

dσ(1)dσ(2)Fα
ρ (1)F ρ

α′(2)

− δγ
γ′g

2

∫
S1

∫
S2

dσ(1)dσ(2)Fα
α′ (1)F β

β′(2) + . . .

)
,

where the ellipsis stands for the double integrals that
are taken over S2S2, S3S3, S1S3, and S2S3 and which
are of a form similar to that of the integrals writ-
ten explicitly and for higher order correlation func-
tions. Considering that εαβγε

α′βγFα
ρ F

ρ
α′ = 2trFF

and εαβγε
α′β′γFα

α′F
β
β′ = −trFF and using (11), we

obtain

WB = exp

{
−

3∑
i=1

1
2

∫
Si

∫
Si

dσ(1)dσ(2) (12)

×
〈
g2

3
trF (1)F (2)

〉

+
∑
i<j

1
2

∫
Si

∫
Sj

dσ(1)dσ(2)
〈
g2

3
trF (1)F (2)

〉}
.

Here and below, we do not take into account
higher order correlation functions. We assume that
they do not affect the expectation value of the Wilson
loop. It will be seen that this assumption leads to
the area law for the Wilson loop. It was shown
in [6] that, in the approximation of two-point cor-
relation functions, the static potentials of sources
PH
in various representations of the SU(3) group obey
Casimir scaling—that is, they are proportional to the
corresponding Casimir operators. However, higher
order correlation functions violate Casimir scaling.
Since the property of Casimir scaling for the static
potentials of sources in various representations was
verified on a lattice to a high precision [7], it provides
an argument in support of the validity of the bilocal
approximation, where only two-point correlation
functions are taken into account in the Wilson loop.
The cancellation of the contributions to the Wil-

son loop from higher order correlation functions is
associated with the static properties of the QCD vac-
uum. It should be noted that the two-point correlation
functions written above represent the first term of
the cluster expansion used in the theory of fluctua-
tions [8] to describe correlated stochastic processes.
According to the fundamental identity of the cluster
expansion, higher order correlation functions appear
in (12) in the form of cumulants (an exact definition of
cumulants can be found in [8], along with the proof of
the fundamental identity), which, for almost indepen-
dent points, decrease fast with increasing order. Thus,
the inclusion of only two-point correlation functions
is validated by fluctuation theory at distances longer
than the correlation length for gluon fields. In the case
of the SU(Nc) gauge group, two-point correlation
functions are parametrized, in accordance with the
stochastic properties of four-dimensional Euclidean
space, in terms of two scalar form factors D and D1

as [2]

g2

Nc
tr
〈
Fµ1ν1(x)Φ(x, x′)Fµ2ν2(x

′)Φ(x′, x)
〉

(13)

= (δµ1µ2δν1ν2 − δµ1ν2δµ2ν1)D(z)

+
1
2

(
∂

∂zµ1

(zµ2δν1ν2 − zν2δν1µ2)

+
∂

∂zν1

(zν2δµ1µ2 − zµ2δµ1ν2)
)

×D1(z) ≡ Dµ1ν1,µ2ν2(z),

where z ≡ x− x′. The form factors for the back-
ground fields are given by

D(z) = D(0) exp
(
−|z|
Tg

)
, (14)

D1(z) = D1(0) exp
(
−|z|
Tg

)
.

The exponential behavior of the correlation functions
in (14) is confirmed by lattice simulations [9, 10] at
distances of z � 0.2 fm. For the background fields,
these lattice simulations yielded Tg = 0.12–0.2 fm for
the correlation length [9, 10] and D1(0)/D(0) � 1/3
for the form-factor ratio [9]. In the case of a static
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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quark and a static antiquark, the relation analogous
to (12) has the form

WB = exp

{
− 1

2

∫
S

∫
S

dσ(1)dσ(2) (15)

×
〈 g2

Nc
trF (1)F (2)

〉}

and, at long quark–antiquark distances, R � Tg ,
leads to the area law for the Wilson loop,

〈W〉biloc = exp(−σS), (16)

the string tension σ being given by

σ =
π

2

∞∫
0

dz2D(z). (17)

The string-tension value of σ ≈ 0.18GeV2 can be de-
termined phenomenologically from the slope of meson
Regge trajectories [3]. It is worth noting that the value
of Tg ≈ 0.12 fm can be extracted from the gluelump
spectrum calculated in [11] on the basis of the method
of vacuum correlation functions by using the only
nonperturbative parameter σ.
From (13) and (14), it follows that〈αs

π
F a

µν(x)F
a
µν(0)

〉
=

18D(x)
π2

. (18)

Among other things, this provides a relationship be-

tween the gluon condensate
〈αs

π
F a

µν(0)F a
µν (0)

〉
≡〈αs

π
F 2
〉
and the value of the form factor D at the

origin. This value formally does not appear in the
definition (17) of σ, but, if the behavior ofD(z) in (14)
is valid at short distances inclusive (and this is what
is assumed in the present article below), then σ =
πD(0)T 2

g , whereby one can assess the gluon conden-

sate:
〈αs

π
F 2
〉

= 18σ/(π3T 2
g ) ≈ 0.25 GeV4 if Tg =

0.12 fm.
The gluon condensate can also be evaluated with

aid of the ITEP sum rules, which are described in the
textbook of Ynduráin [12], where the interested reader
can also find references to the original studies. In the
sum rules, use is made of the operator-product ex-
pansion for currents, and the contribution of the gluon
condensate appears in them through the combination

〈αs

π
G2〉/Q4, the magnitude of the gluon conden-

sate being assumed to be momentum-independent.
By analyzing, with the aid of operator-product ex-
pansion, data on tau-lepton decay and the sum
rules for charmonium, the gluon-condensates values
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of
〈αs

π
G2
〉

= 0.006 ± 0.012 GeV4 and
〈αs

π
G2
〉

=

0.009± 0.007GeV4, respectively, were recently found
in [13].
It can be assumed that the sum rules involve

some effective condensate value that is equal to the

correlation function
〈αs

π
F a

µν(xeff)F
a
µν(0)

〉
at the cor-

responding distance xeff �= 0 between the points being
considered. For

〈αs

π
G2
〉

= 0.007 GeV4 and Tg ≈

0.12 fm, we have xeff = Tg ln
(〈αs

π
F 2
〉
/
〈αs

π
G2
〉)

≈
0.5 fm; that is, the sum rules involve the gluon
correlation function at the characteristic confinement
radius. If one further assumes that two-point corre-
lation functions are independent of the distance, in
which case D(x) = const, and performs integration
in (17) up to characteristic hadron dimensions of
rh = 1 fm, then the estimate obtained for the gluon
condensate from (17) and (18) is

〈αs

π
F 2
〉
≈ σ/r2

h ≈
0.007 GeV4, which is also consistent with the gluon-
condensate value derived in [13].
Thus, the results produced by the sum rules can

neither confirm nor disprove the parametrization used
in the method of vacuum correlation functions [see
Eq. (14)].

3. BARYON POTENTIAL

According to (5), (12), and (14), the baryon poten-
tial has the form

VB = lim
T→∞

1
2

∑
a=1,2,3

∫
Sa

∫
Sa

dσ(a)
µ1ν1

(x)dσ(a)
µ2ν2

(x′) (19)

×Dµ1ν1,µ2ν2(x− x′) − 1
2

∑
a<b

∫
Sa

∫
Sb

dσ(a)
µ1ν1

(x)

× dσ(b)
µ2ν2

(x′)Dµ1ν1,µ2ν2(x− x′),

where dσ(a) denotes integration over the surface
Sa. It should be emphasized that the off-diagonal
part of the potential (for a �= b) differs by a factor of
−1/2 = −1/(Nc − 1) from the corresponding quan-
tity in [14, 15], where the authors made an error {see
formula (24) in [14] and formula (46) in [15]}.
Since the surfaces of the Wilson loop are oriented

along the time axis, only color-electric-field correla-
tion functions contribute to the potential. Here, the
surface integral in four-dimensional space reduces to
a spatial curvilinear integral of the second kind and a
single integral with respect to the time variable; that
is,

Fi4dσi4 = E(ln, x4)ndldx4, (20)
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Fig. 2. Static nonperturbative potential of three quarks versus the minimum string length L within the method of vacuum
correlation functions [VB(L/3)] at σ = 0.22 fm (solid curve) and in the lattice simulation from [4] at the lattice parameter of
β = 5.8 (points). The dotted line is the tangent to the potential VB(L/3) at L = 0.7 fm. The size of the points corresponds to
the error in the lattice calculations.
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Fig. 3. Static baryon potential in an equilateral triangle versus the distance r between the quarks within the method of vacuum
correlation functions [Vpert(r) + VB(r)] at αs = 0.18 and σ = 0.18 GeV2 (solid curve) and in the lattice simulation from [5] at
β = 5.8 (points). The size of the points corresponds to the error in the lattice calculations.
where n is the directing unit vector aligned with the
straight line connecting the string junction with the
corresponding quark. Making the change of variable
x4 − x′4 = t, we obtain

VB(R1, R2, R3) =

(∑
a=b

−
∑
a<b

)
n

(a)
i n

(b)
j (21)
PH
×
Ra∫
0

Rb∫
0

dldl′
∞∫
0

dtDi4,j4(zab),

where zab = (ln(a) − l′n(b), t),Ra is the distance from
the string junction to the corresponding quark, and

Di4,j4(z) = δijD(z) +
∂

∂zi

zjD1(z)
2

. (22)

Since the form factorD1 is small and appears in (22)
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under a derivative sign, we can disregard its contribu-
tion to the potential and assume that

n
(a)
i n

(b)
j Di4,j4(z) = n(a) · n(b)D(z). (23)

In calculating the baryon potential, we must distin-
guish between quark configurations where the quarks
involved form (i) triangles where each of the angles
is smaller than 2π/3 and (ii) triangles where one of
the angles is larger than 2π/3. In the first case, the
minimal surface of the Wilson loop consists of three
surfaces intersecting at angles of 2π/3, as is shown in
Fig. 1. In the second case, theWilson loop consists of
two surfaces, the position of the string junction being
coincident with the position of the quark correspond-
ing to the larger angle. In Eq. (21), we can then set
R3 = 0.

Let us first consider the equilateral-triangle con-
figuration, in which case R1 = R2 = R3 ≡ R. The
baryon potential can then be represented as

VB(R) = 3VM (R) + Vnd(R), (24)

where VM is obtained upon performing double inte-
gration in (21) over the same surface, while Vnd is ob-
tained upon the analogous integration over different
surfaces. FromEqs. (14) and (21)–(23), we derive the
relation

VM (R) = 2D(0)

R∫
0

dz1(R − z1) (25)

×
∞∫
0

dt exp
(
−|z|
Tg

)
=

2σ
π

×


R

R/Tg∫
0

dxxK1(x) − Tg

(
2− R2

T 2
g

K2

(
R

Tg

))
 ,

where σ = πD(0)T 2
g andK1 and K2 are the modified

Bessel functions of the second kind. This potential
determines the interaction of a static quark and a
static antiquark at a distance R; that is, it is a static
potential in a meson. It is worth noting that this po-
tential and the gluon field calculated in a meson with
the aid of a bound probe by the method of vacuum
correlation functions [15] are related by the equation

dVM (R)
dR

=
2σ
π

R/Tg∫
0

dxxK1(x) ≡ E0(R), (26)

where E0(R) is the confining field that acts on the
quark.
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In the case of a nondiagonal potential, we have
n(a)n(b) = −1/2 and

Vnd(R) =
2√
3
σTg −

3
√

3
2π

σR2

Tg
(27)

×

π
3∫

π
6

dϕ

cosϕ
K2

( √
3R

2Tg cosϕ

)
.

It is worthy of note that this potential is positive,
growing from zero to (2/

√
3)σTg , and that it is sat-

urated for R � 0.6 fm.
The behavior of the potential in (24) as a func-

tion of the minimum string length in a baryon, L =
R1 +R2 +R3 = 3R, is illustrated in Fig. 2, along
with lattice data from [4]. It can be seen that the
potential faithfully reproduces these lattice results.
At long distances, L � 1.5 fm, the potential grows
linearly with a slope equal to σ. At characteristic
hadron scales, the slope of the potential decreases,
which is demonstrated in Fig. 2 by the tangent to the
potential at the point L = 0.7 fm, where its slope is
∼0.9σ. It is interesting to note that, for L < 1.5 fm,
all points from the lattice simulation fit in the tangent
quite well. In connection with the phenomenology
of baryon spectra, the effect of the baryon-potential
slope reduced in relation to the slope of the meson
static potential was discussed in [16] more than fifteen
years ago. Within the method of vacuum correlation
functions, this effect was calculated analytically for
the first time.
Let us analyze the potential calculated in [5] on the

basis of lattice theory. For this purpose, we supple-
ment the potential in (24) with the perturbative one-
gluon-exchange color Coulomb potential

Vpert = −3
2
CFαs

r
, (28)

whereCF = 4/3 is the fundamental Casimir operator.
The results are displayed in Fig. 3. It can be seen that
our potential faithfully reproduces these independent
results of numerical lattice simulations as well.
In the case of a triangle where the distances Ra

from the quarks involved to the string junction are
different and where the angles do not exceed 2π/3, we
have

VB(R1, R2, R3) =
3∑

a=1

VM (Ra) +
∑
a<b

Vnd(Ra, Rb),

(29)

where

Vnd(Ra, Rb) =
2σTg

3
√

3
−

√
3σ

4πTg
(30)
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×
{
R2

a

ϕ̃ab∫
0

dϕ

cos2
(
ϕ+

π

6

)K2




√
3Ra

2Tg cos
(
ϕ+

π

6

)



+R2
b

π
3∫

ϕ̃ab

dϕ

sin2 ϕ
K2

( √
3Rb

2Tg sinϕ

)}
,

with ϕ̃ab = arctan(
√

3/(1 + 2Ra/Rb)).
If one of the angles of the triangle is larger than

2π/3, then the string junction coincides in position
with the quark at the vertex of this angle. We denote
by α the angle complementary to this one and by r1
and r2 the distances from this vertex to the neighbor-
ing quarks. We then have n · n2 = − cosα and

VB(r1, r2, α) = VM (r1) + VM (r2) + Vnd(r1, r2, α),
(31)

where

Vnd(r1, r2, α) =
2α cotα

π
σTg −

σ sin 2α
2πTg

(32)

×


r2

1

ϕ̃∫
0

dϕ

sin2(α− ϕ)
K2

(
r1 sinα

Tg sin(α− ϕ)

)

+ r2
2

α∫
ϕ̃

dϕ

sin2 ϕ
K2

(
r2 sinα
Tg sinϕ

)
 ,

with tan ϕ̃ = r2 sinα/(r1 + r2 cosα). It should also
be noted that

Vnd(r1, r2, α) = Vnd(r2, r1, α),
Vnd(r1, r2, π/3) = Vnd(r1, r2),
Vnd(R,R) = (1/3!)Vnd(R).

In order to analyze the dependence of the potential
on the arrangement of quarks, we consider its be-
havior in isosceles triangles for a fixed string length
L = R1 +R2 +R3 versus the angle at the vertex γ. At
distances of Ra � 0.5 fm, it is legitimate to approxi-
mate the expression under study by using asymptotic
formulas that follow from (25), (30), and (32). We
then have

VM (R) ≈ σR− 4
π
σTg, (33)

Vnd(Ra, Rb) ≈
2σTg

3
√

3
,

Vnd(r1, r2, α) ≈ 2α cotα
π

σTg.

It follows that, at γ = 0, in which case the positions of
two quarks coincide, so that they are in the antitriplet
of the SU(3) color group, the baryon potential in an
PH
isosceles triangle reduces to a meson potential; that
is,

V L(γ = 0) ≈ σL− 4
π
σTg. (34)

If 0 < γ < 2π/3, the string consists of three straight-
line segments, in which case we have

V L(0 < γ < 2π/3) ≈ σL+
(
−12
π

+
2√
3

)
σTg.

(35)

But if the string consists of two segments, then we
have

V L(γ ≥ 2π/3) ≈ σL (36)

+
(
− 8
π

+
2
π
(π − γ) cot(π − γ)

)
σTg.

From formulas (34)–(36), it follows that, as the angle
γ increases from the value of γ = 0, the potential
decreases fast by the value

∆V1 =
(

8
π
− 2√

3

)
σTg ≈ 150MeV (37)

and changes only slightly in the range 0 � γ � 2π/3,
whereupon it increases fast in the vicinity of the point
γ ≈ 2π/3 by the value

∆V2 =
(

4
π
− 4

3
√

3

)
σTg ≈ 55MeV (38)

and grows slowly in the range 2π/3 ≤ γ ≤ π in such
a way that

∆V3 ≡ V L(γ → π) − V L

(
2π
3

)
(39)

=
(

2
π
− 2

3
√

3

)
σTg ≈ 30MeV,

where the numerical values are given for σ =
0.18 GeV2 and Tg = 0.12 fm. The baryon potential
in an isosceles triangle for L = 1.8 fm is shown in
Fig. 4 as a function of the angle γ. It should be
noted that the characteristic jumps of the potential
are proportional to σTg ; that is, they are determined
both by confinement and by correlations of stochastic
nonperturbative fields. It would be of interest to obtain
them independently within lattice QCD. The quark
configurations considered in [4], where the angles
satisfied the condition π/20 � α < π/2, provide no
information about this dependence. In the region
of small angles, simulations are complicated both
by a strong effect of perturbative fields and by the
finiteness of the lattice parameter. In order to examine
this dependence, it is therefore necessary to consider
configurations featuring large angles.
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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Fig. 4. Potential in an isosceles triangle for the total string length of L = 1.8 fm versus the angle at the vertex γ for
σ = 0.18 GeV2 and Tg = 0.12 fm.
It is also of interest to explore the effect of gluon-
field interaction on the string shape in the string-
junction region. This effect is determined by the en-
ergy in the string-junction region, that is, by the
quantity

Ṽ L(γ) =
1
2

(
3∑

a=1

VM (Ra)− σL

)
(40)

+
∑
a<b

Vnd(Ra, Rb).

In the case where the angle at the apex of the isosce-
les triangle satisfies the condition 2π/3 ≤ γ ≤ π and
where the string length is fixed, this potential be-
haves in just the same way as the total potential
V L(γ) since, in this region, the angular dependence
is determined by the off-diagonal term exclusively.
This means that the field in the string-junction region
grows with increasing angle. The jump of Ṽ at γ = 0
is

∆Ṽ1 =
(

4
π
− 2√

3

)
σTg = 0.12σTg ≈ 13MeV.

(41)

At γ = 2π/3, it is negative,

∆Ṽ2 =
(

2
π
− 4

3
√

3

)
σTg = −0.13σTg ≈ −15MeV;

(42)

that is, the energy decreases. It can be concluded that
the field in the vicinity of the string junction depends
on the arrangement of quarks insignificantly and that
its magnitude at the string junction is close to the
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magnitude of the field in the string segments, possibly
exceeding it. This conclusion is at odds with the field
distributions obtained in [14, 15], where the authors
made an error in input formulas (11)–(18) in [14]
and (27) in [15], which should be associated with the
distributions of fields in three interacting mesons for
the case where three antiquarks occur at the same
point.

4. CONCLUSION

The nonperturbative static potential in a baryon
has been calculated analytically for an arbitrary ar-
rangement of the quarks involved. The result obtained
in this way provides a basis for accurately investigat-
ing the spectra of baryons—first of all, nucleons—and
is of considerable importance for various applications
in nuclear physics.
Two effects peculiar to the potential in a baryon

have been examined. First, there is the effect of an
increase in the slope of the nonperturbative potential
with increasing total string length. It has been shown
that the slope grows from zero to σ and that it is
about 0.9σ at characteristic hadron scales. It has also
been shown that the behavior of the potential as a
function of the string length is fully consistent with
the latest lattice results. Second, the dependence of
the potential on the arrangement of quarks at a fixed
value of the total string length has been studied for
the first time. It has been revealed that the magnitude
of this effect (potential difference) is proportional to
the parameter σTg ; that is, it is determined by two
nonperturbative phenomena, confinement and corre-
lations of stochastic nonperturbative fields. The effect
03
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is the most significant when the quarks form a trian-
gle having a large angle. For configurations featuring
a large angle, further investigation on a lattice would
be of considerable interest since this would make it
possible to verify the effect of the configuration depen-
dence of the potential and to calculate the correlation
length Tg precisely.
The error previously made in [14, 15] in using the

method of vacuum correlation functions to calculate
off-diagonal terms of the potential in an equilateral
triangle—the necessary factor of −1/2 was absent in
those studies—has been corrected in the present arti-
cle. The error in the field distributions in a baryon that
were calculated in [14, 15] has also been indicated.
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Abstract—Within the framework of the NJL model, we investigate the modification of the pion damping
width in a hot pion gas for temperatures ranging from 0 to 180MeV. The pion is found to broaden noticeably
at T > 60 MeV. Near the chiral phase transition T ∼ 180 MeV, the pion width is saturated and amounts
to 70 MeV. The main contribution to the width comes from pion–pion collisions. Other contributions are
found to be negligibly small. c© 2003 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

In the atmosphere of growing interest in quark–
gluon plasma, observations of dilepton (electron–
positron pair) production in relativistic heavy-ion col-
lisions draw more and more attention of physicists
making efforts to investigate hadron physics in ex-
treme conditions of temperature and density. Exper-
imental data have already been taken, and some re-
cent analyses on the dilepton production in Pb + Au
(158 GeV/u) collisions are available, e.g., from the
CERES Collaboration [1, 2].

Insofar as the description of hot and dense me-
dia directly from QCD is not yet available, simu-
lation of such processes is an urgent problem. Re-
cently, an attempt was made to account for the ob-
served dilepton production rate [1, 2] using the simple
Bjorken scenario of the spacetime evolution [3, 4] of
an ultrarelativistic heavy-ion collision and the vector-
dominance-model expression for the pion electro-
magnetic form factor [4]. In [4], it was concluded
that the experimental dilepton spectrum could not be
explained without assuming a modification of the ρ-
meson mass and width in the medium.

Besides the ρ-meson mass and width modifica-
tion, the same is expected for pions. Pions dominate
in heavy-ion collisions and it is very important to
study how their properties change with increasing
temperature and density, especially when approach-
ing a phase transition in hot matter. The behavior
of the pion in extreme conditions has already been
investigated in models of the NJL type [5–8] within
the mean-field approximation, which is common in
NJL [9, 10], but does not take into account collisions
in the pion gas. However, as we show in our paper,
collisions can give a significant contribution to the
pion width in extreme conditions.

∗This article was submitted by the authors in English.
1063-7788/03/6612-2233$24.00 c©
For light particles (like pions), the density in-
creases with temperature approximately as T 3. Thus,
one expects that the density is large near the sup-
posed phase-transition temperature Tc, and collisions
of particles occur at a much higher rate than in cold
matter. Collisions lead to shorter lifetimes (or larger
widths) of hadronic states in extreme environmental
conditions. In terms of hadron correlators, an ad-
ditional imaginary contribution to the hadron self-
energy operator comes from collision integrals [11],
thereby broadening all particles in the hadron gas.
The resulting width is closely related to the process
of returning a disturbed many-particle system to an
equilibrium state: damping. Further, the width thus
formed is called the damping width.

There are several approaches to calculate the col-
lision integrals. In our work, we follow the prescrip-
tion given by Kadanoff and Baym [11]. This way, the
contribution to the hadron self-energy from collision
integrals has a straightforward interpretation: its re-
ciprocal is the average time between two consecu-
tive collisions, the lifetime. To estimate the average
lifetime of a hadron state, one needs to know cross
sections for different collision processes averaged over
the density of particles with the Bose amplification
and Pauli suppression taken into account.

One can try to find the modified self-energy of a
particle using a self-consistent functional formalism,
as is described, e.g., by Hees and Knoll in [12]. How-
ever, in [12], the pion damping width was treated as
an external parameter and was not fixed. Our purpose
is to find an estimate for the pion damping width
from a simple quark model and investigate possible
implications of the pion broadening. We calculate
cross sections in the framework of the bosonized NJL
model with infrared cutoff [8]. The meson spectral
functions are chosen to be of the Breit–Wigner form.
Then, we iterate the equation for the width until a self-
consistent solution is found.
2003 MAIK “Nauka/Interperiodica”
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The structure of our paper is as follows. In Sec-
tion 2, we introduce the pion damping width. In Sec-
tion 3, the cross section of the process ππ → ππ is
derived. The numerical results are given in Section 4.
The discussion is given in the last section.

2. PION LIFETIME IN HOT MATTER

In vacuum, the lifetime of a particular state is
determined by the probability of its decay into other
states. Thus, a stable particle gains no width in vac-
uum at all, whereas in a dense medium a particle can
strike another one and change its initial state. Thus,
the lifetime of a particular state is determined by its
collision rate. There are also inverse processes that
can restore the decayed state due to the interaction
of particles in the medium, and then one can find
this state again. This process prolongs the lifetime
of the state. Therefore, the average lifetime of a par-
ticular state is determined by the direct and inverse
processes.

The in-medium hadron properties are usually in-
vestigated in terms of correlators. A two-point corre-
lator can then be expressed through a spectral func-
tion that is just the correlator’s imaginary part. For a
stable particle, whose correlator has only one pole, the
spectral function is simply a delta function, while, for
a state whose energy is spread, the spectral function
is a continuous function of energy and momentum.

As discussed in [11], the probability that, after
putting a particle with momentum p in the gas at
the time t and removing the particle with the same
momentum at time t′, one can find the gas in the same
state as in the beginning decays as e−Γ(t′−t), where Γ
is a constant determining the decay rate and is usually
called the width. If one chooses the spectral function
in the Breit–Wigner form

A(s) =
1
π

MΓ
(s−M2)2 + M2Γ2

, (1)

where M is the mass of the state, the probability
decays as e−Γ(t′−t) (see [11]). Here, the width is a
measure of the dispersion of the state energy. In gen-
eral, the width is a function of energy and momentum,
and one would finally come to a set of functional
equations for the width, which are difficult to solve.
In our work, we approximate the pion width by a
constant and obtain a simple equation to be solved by
iteration. However, the width is supposed to depend
on the temperature and density.

The pion damping width (or lifetime τ ) can be
calculated by the following formula from [11]:

Γ(p) = τ−1(p) = Σ>(p) − Σ<(p), (2)
PH
where

Σ<(p) =
∫
p1

∫
p3

∫
p4

(2π)4δp1,p;p3,p4 (3)

× |T|2G>(p1)G<(p3)G<(p4),

Σ>(p) =
∫
p1

∫
p3

∫
p4

(2π)4δp1,p;p3,p4 (4)

× |T|2G<(p1)G>(p3)G>(p4),

in accordance with the notation given in [11]. Here,
T is the process amplitude (this will be given in
Section 3); G>

i (p) = [1 + ni(p, si, T )]Ai(p2), and
G<

i (p) = ni(p, s, T )Ai(p2), with ni being the boson
occupation numbers

ni(p, si, T ) =

[
exp

(√
p2 + si

T

)
− 1

]−1

(5)

and Ai(p2) being the spectral function of the ith
state. We also use the notations

∫
pi

=
∫
d4pi/(2π)4

and δp1,p2;p3,p4 = δ(p1 + p2 − p3 − p4) in (3) and (4),
omitting the subscript at p2 to comply with the
general definition of width (2); p2 = p is assumed
throughout the rest of the paper. The integration is
performed in the four-dimensional momentum space
over the momenta p1, p3, p4. The indices 1 and 2 cor-
respond to the initial states, while 3 and 4 correspond
to the final states. The width Γ is calculated for pion 2
resting in the heat-bath frame.

For the inverse lifetime of a pion, one thus obtains

τ−1 = Γ =
∫

d3p1

(2π)3

∫
ds1vrelAπ(s1) (6)

× [nπ(p1, s1, T )σdir∗(s; s1, s2)

− (1 + nπ(p1, s1, T ))σinv∗(s; s1, s2)],

where vrel is the relative velocity of particles 1 and
2, and σdir∗(s; s1, s2) and σinv∗(s; s1, s2) are the av-
eraged cross sections for the “direct” and “inverse”
processes, respectively, with the probability of the
final states to be off-mass-shell taken into account:

σdir(inv)∗(s; s1, s2) =
∫

ds3

∫
ds4Aπ(s3) (7)

×Aπ(s4)σdir(inv)(s; s1, s2, s3, s4)

(for definitions of s and si, see (13) and (16) below).
What one needs then is the cross sections of

the processes under investigation. The amplitudes
of these processes can be calculated in an effective
model of pion interaction. In the next section, we
calculate the amplitudes and cross sections in the
framework of the NJL model with infrared cutoff [8].
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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Fig. 1. Diagrams contributing to the ππ → ππ amplitude.
3. PION–PION SCATTERING AMPLITUDE
AND CROSS SECTION FROM NJL MODEL

3.1. The ππ → ππ Amplitude

Let us consider scattering of π0 on a pion from
the medium: π0π0 → π0π0, π0π0 → π+π−, π0π± →
π0π±. We allow also for the lightest scalar–isoscalar
resonance, the σ meson, as an intermediate state
(ππ → σ → ππ), because of its importance shown
in various investigations of pion–pion interaction [7,
9, 13, 14]. Here, we use an SU(2) × SU(2) chiral
quark model of the NJL type [9, 10], where, using the
bosonization procedure, one obtains the Lagrangian
for pions and σ mesons. The part that contains three-
and four-particle vertices has the form

Lint = 2mgσσ
3 + 2mgπ

√
Zσ(2π+π− + (π0)2) (8)

− g2
πσ

2π2 − g2
πZ

2
(4π+π−π+π−

+ 4π+π−(π0)2 + (π0)4) − g2
σ

2
σ4.

Here, m is the constituent quark mass (m = gπfπ;
fπ = 93 MeV is the pion weak decay constant in vac-
uum). The constants gπ and gσ describe the interac-
tion of the pion and σmeson with quarks, respectively.
They are related to each other by the equation

gπ = gσ

√
Z. (9)

The constant Z originates from π–a1 transitions and
is equal to

Z =
(

1 − 6m2

M2
a1

)−1

, (10)

where M2
a1

= 1250 MeV is the mass of a1 meson.
The values of the constituent quark mass and the
constants gπ and gσ were calculated in [8]. In vacuum,
we have m = 242 MeV, gπ = 2.61, and gσ = 2.18.
Their values at finite temperatures and zero chemical
potential were calculated in [8]; here, we use these
results as input data in our calculations.

In our approach, the total amplitude of π0π0 →
π0π0 consists of a contact term and three resonant
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
contributions in the scalar channel (see Fig. 1),

Tπ0π0→π0π0 = −24g2
π + 3Tσ(s) + 3Tσ(t) + 3Tσ(u),

(11)

where

Tσ(x) =
4g2

πm
2

M2
σ − x− iMσΓσ

(12)

and s, t, u are kinematic invariants,

s = (p1 + p2)2 = (p3 + p4)2, (13)

t = (p1 − p3)2 = (p2 − p4)2, (14)

u = (p1 − p4)2 = (p2 − p3)2, (15)

for which the following identity is satisfied:

s + t + u = s1 + s2 + s3 + s4; si = p2
i . (16)

The momentum p1 corresponds to the impacting
pion, while p2 relates to the pion resting in the heat
bath. The momenta p3 and p4 are those for the parti-
cles produced after collision.

For the charged pions in the final state, the ampli-
tudes contain two terms:

Tπ0π0→π+π− = −8g2
π + 2Tσ(s) (17)

for the process π0π0 → π+π− (Figs. 1a and 1b);

Tπ0π±→π0π± = −8g2
π + 2Tσ(t) (18)

for π0π± → π0π± (Figs. 1a and 1c).

In the medium, model parameters depend on tem-
perature and density. In our work, as only mesons
are considered, we restrict ourselves to the case of
zero chemical potential, for which the temperature
dependence of themodel parameter has been obtained
in [8]. We use these results in [8] as input data in our
calculations.
03
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Fig. 2. Pion damping width as a function of T .

3.2. Cross Sections

The differential cross section for pion–pion scat-
tering is determined by the equation

dσdir

dt
=

|T|2(1 + n3)(1 + n4)
64πs|p1,c.m.|2

(19)

for the direct process and by

dσinv

dt
=

|T|2n3n4

64πs|p1,c.m.|2
(20)

for the inverse process. Here, p1, c.m. is the momen-
tum of pion 1 in the c.m. frame for pions 1 and 2; n3

and n4 are the occupation numbers of produced pions.

Having integrated over t in the interval defined by
the lower and upper limits

tmin =
(
s1 − s2 − s3 + s4

2
√
s

)2

(21)

− (|p1,c.m.| + |p3,c.m.|)2,

tmax =
(
s1 − s2 − s3 + s4

2
√
s

)2

(22)

− (|p1,c.m.| − |p3,c.m.|)2,

we obtain the total cross section. The c.m. momenta
of pions are determined by the equation

|pi,c.m.| =
√

E2
i,c.m. − si, i = 1, 3, (23)

where the energiesEi,c.m. are defined in the c.m. frame

E1,c.m. =
s + s1 − s2

2
√
s

, (24)

E3,c.m. =
s + s3 − s4

2
√
s

. (25)
PH
To calculate the occupation numbers ni in (19) and
(20), one needs to know the energies of pion 3 and
pion 4 in the heat-bath frame,

E3 =
s2 + s3 − t

2
√
s2

, E4 =
s2 + s4 − t

2
√
s2

. (26)

In the case of pion–pion collisions, four processes
contribute to the total cross section:

σ(ππ → ππ) = σ(π0π0 → π0π0) (27)

+ σ(π0π0 → π+π−) + 2σ(π0π+ → π0π+).

The process π0π+ → π0π+ occurs at the same rate
as π0π− → π0π−, so we do not calculate them sep-
arately; we just put the factor 2 before the last term
in (27). To obtain the pion damping width, we substi-
tute the obtained cross sections into Eqs. (6) and (7).

4. NUMERICAL RESULTS

Using the definition of the pion lifetime given in
Section 2 and the cross sections determined in Sec-
tion 3, we evaluate numerically the pion damping
width at temperatures ranging from 0 to 180 MeV.
The upper limit on the temperature scale corresponds
to the expected transition from the phase with broken
chiral symmetry to the symmetric phase. The result-
ing curves are shown in Fig. 2.

All calculations are performed for a neutral pion
resting in the heat-bath frame. The pion self-energy
is approximated by a constant.

As one can see from Fig. 2, the pion state already
broadens noticeably in hot matter, as compared to
the vacuum state, at T ≈ 60 MeV. At T = 160 MeV,
the pion–pion scattering accounts for about 80 MeV
in the total width; this is the maximum value. Then,
the curve in Fig. 2 turns down; this behavior of the
damping width is caused by a noticeable decrease
in the constant gπ after T = 160 MeV. The cross
section is proportional to g4

π , whose value falls by
half at T = 180 MeV compared to T = 160 MeV. For
temperatures from 160 to 180 MeV, this weakening
of the pion–pion interaction overpowers the expected
increase in collision integrals.

Besides the pion–pion scattering, we also esti-
mated some other possible contributions to the pion
width. They come from the following processes: ππ →
σσ, πσ → πσ, ππ → σ, and ππ → q̄q. All these
contributions were calculated separately, i.e., with
other modes switched off. (This gives the upper limit
for a solution to the equation for width, because the
collision integrals decrease if the spectral functions
broaden.) They turned out to be small. At T =
180 MeV (which is a little below Tc = 186 MeV [8]),
πσ → πσ gives about 5MeV, ππ → σσ about 1MeV,
and ππ → σ even less than 1 MeV. The decays
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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to quarks contribute less than 7 MeV to the pion
width. The smallness of these contributions was the
reason for discarding them in our calculations, whose
purpose is to make a qualitative estimate for the pion
damping width.

5. DISCUSSION AND CONCLUSION

In the framework of the SU(2) × SU(2) NJL
model, the pion damping width was calculated for
the range of temperatures from 0 to 180 MeV. The
definition for the damping width given in [11] was
used. A self-consistent method, where the pion width
does not depend on energy and momentum, was used
to estimate the contributions to the pion damping
width from pion–pion scattering in hot and dense
matter. Upper limits for alternative contributionswere
estimated qualitatively. It was found that the pion–
pion scattering is dominant, and other processes that
give small contributions can be discarded.

In our investigation, we came to the conclusion
that, in a hot gas, the pion spectral function broad-
ens significantly while nearing the phase transition
point. This may have many implications for various
processes in hot and dense matter, where pions are
involved. In particular, this can affect the dilepton
production through pion–pion annihilation in heavy-
ion collisions [4].

Of course, amore systematic and formal approach,
like one suggested by Hees and Knoll [12], would
be more preferable for a study of processes occur-
ring in hot matter. Nevertheless, our approach, which
stems from quantum statistical mechanics, has a
clear physical interpretation, and it allowed us to
make a prediction for the behavior of the pion damp-
ing width in hot matter. Furthermore, similar cal-
culations can be done for other particles, e.g., for
the σ and ρ mesons. The σ-meson width at those
temperatures at which the direct decay σ → ππ is
suppressed and contributions from collision integrals
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
to the σ-meson width become noticeable is of partic-
ular interest. Moreover, the diagrams with the σ pole
play an important role in different processes occurring
in hot matter.
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Abstract—Wemake two remarks: (i) Renormalization of the effective charge in a four-dimensional (super-
symmetric) gauge theory is determined by the same graphs and is rigidly connected to the renormalization
of the metric on the moduli space of the classical vacua of the corresponding reduced quantum-mechanical
system. Supersymmetry provides constraints for possible modifications of the metric, and this gives us
a simple proof of nonrenormalization theorems for the original four-dimensional theory. (ii) We establish
a nontrivial relationship between the effective (0 + 1)-dimensional and (1 + 1)-dimensional Lagrangians.
(The latter represent conventional Kählerian σ models.) c© 2003 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Consider four-dimensional supersymmetric gauge
theory placed in a small spatial torus T 3 of charac-
teristic size L. We assume that the effective coupling
constant of the theory is g2(L) � 1 and perturba-
tion expansion makes sense. For unitary and sym-
plectic gauge groups G, the only classical vacua of
this theory are given by constant gauge potentials
Ak, k = 1, 2, 3, lying in the Cartan subalgebra of the
group G.3) The low-energy dynamics of the model
is determined by the effective Hamiltonian describing
motion over the vacuum moduli space. Due to super-
symmetry, the energy of a classical vacuum config-
uration remains zero after loop corrections are taken
into account—no potential is generated.4) However,
supersymmetry usually allows the existence of a non-
trivial metric on the moduli space, in which case such
a metric is generated after loop corrections are taken
into account.

The loop corrections to the effective Hamiltonian
were calculated first in [3] in the simplest case of
N = 1 supersymmetric QED (SQED) with two chi-
ral matter multiplets of opposite charges. In this case,
themoduli space is represented by the constant gauge

∗This article was submitted by the authors in English.
1)Institute for Theoretical and Experimental Physics,
Bol’shaya Cheremushkinskaya ul. 25, Moscow, 117259
Russia.

2)SUBATECH, Université de Nantes, France.
3)This is not the case for higher orthogonal and exceptional
groups [1], but these complications are beyond the scope of
the present paper.

4)This is true only for nonchiral theories, the only theories
considered in the present paper. In the theories with chiral
matter content, the situation is more complicated [2].
1063-7788/03/6612-2238$24.00 c©
potentials Ak and their superpartners. Note that, for
a field theory on T 3, the moduli space is compact,
0 ≤ Ak ≤ 2π/L.

The original calculation was carried out in the
Hamiltonian framework. The effective Hamiltonian is
expressed in terms of Ak, Pk = −i∂/∂Ak , and the
zero Fourier mode of the photino field ψα, α = 1, 2. It
has the form

1
e2
Heff =

1
2
f(A)P 2

k f(A) (1)

− εjkpψ̄σjψf(A)∂pf(A)Pk − 1
2
f(A)∂2

kf(A)(ψ̄ψ)2,

where e is the coupling constant, σi are the Pauli
matrices, and

f(A) = 1− e2

4

∑
n

1
|AL− 2πn|3 + . . . (2)

(we have rescaled A → A/e compared with the nor-
malization of [3]). In this formula, n is a vector be-
longing to the three-dimensional lattice, correspond-
ing to the torus. The dots stand for possible higher
loop corrections. Expression (2) is written for the
theory where the charged fields are massless.

Note that the sum on the right-hand side of Eq. (2)
diverges logarithmically at large |n|. This is none
other than the effective charge renormalization

e2(L) = e2
0

[
1− e2

0

4π2
ln(ΛUVL) + . . .

]
, (3)

where e0 is the bare charge and ΛUV is the ultraviolet
cutoff. In the massive case and if the box is large
enough, ln(ΛL) is replaced by ln(Λ/m), withm being
the mass of the lightest particle in the theory. On
the other hand, if we are dealing with dimensionally
2003 MAIK “Nauka/Interperiodica”
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reduced SQED, where all Fourier harmonics with
n �= 0 are ignored, we obtain

f(A) = 1− e2

4|LA|3 . (4)

It is obvious that the coefficients in Eq. (4) and in
Eq. (3) are related.5) The knowledge of the β function
allows one to determine the modification of the metric
on the moduli space, and this is how the effective
Hamiltonian for N = 1 non-Abelian theories was
evaluated in recent paper [5]. The inverse is also true,
however, and this is one of the main emphases of the
present paper. We note that the β function of field
theories can conveniently be calculated via modifica-
tion of the metric in the quantum-mechanical limit,
where all nonzero Fourier harmonics are ignored.
Ideologically, this is the ultraviolet cutoff procedure
brought to its extreme. One can call it ultraviolet
chopoff.

As wasmentioned, the result (1) was first obtained
in the Hamiltonian framework using a systematic
Born–Oppenheimer expansion for Heff. There is,
however, a simpler way to derive the same result:
to evaluate the term ∝ Ȧ · Ȧ in the effective La-
grangian in a slowly varying bosonic background
A(t), ψα = 0. Other structures in the Lagrangian
can be restored using supersymmetry. The plan of
the paper is the following. In Section 2, we present
one-loop calculations of the effective Lagrangian. We
use the background-field method and demonstrate
that the result is given by exactly the same graphs
as the graphs determining the four-dimensional β
function. As in the four-dimensional case, the con-
tribution of the scalar determinant cancels out in
the supersymmetric case, and we are left with the
graphs describing fermion and gauge bosonmagnetic
interactions.

Next, we go beyond one loop and prove in Sec-
tion 3 nonrenormalization theorems for four-dimen-
sional N = 2 and N = 4 super Yang–Mills (SYM)
theories. Section 4 is not devoted to the β function,
but addresses a related question of the connec-
tions between effective models in different dimen-
sions. The Hamiltonian (1) represents a nonstan-
dard σ model. The model enjoys N = 2 quantum-
mechanical QM symmetry (it has two different com-
plex supercharges), but is not a Kählerian model

5)The procedure for getting the aforementioned relation is sim-
ilar to the T -duality transformation on D branes in string
theory (see, in particular, [4]). In fact, N = 2 SQED with
doublet of hypermultiplets (plus free uncharged hypermul-
tiplets) reduced to one dimension can be interpreted as the
theory of aD0 brane in the vicinity of aD4 brane. The latter
system was extensively studied [4]. In this work, we concen-
trate, however, on theN = 1, d = 4 systems, which have not
been considered thus far in the string-theory framework.
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2
(Kählerian σ models are defined on even-dimensional
target spaces, whereas the model (1) is defined
on a three-dimensional conformally flat manifold).
We show that the model (1) is related, however,
to Kählerian models in a nontrivial way: to obtain
a Kählerian model out of Eq. (1), one has to go
back to the original four-dimensional field theory
and consider it on an asymmetric torus, with the
size of one of its sides much larger than the oth-
ers.

2. ULTRAVIOLET CHOPOFF
AND β FUNCTION

Let us consider for definiteness N = 1 four-
dimensional SU(2) SYM theory

L =
1
g2
Tr
(
−1
2
F 2

µν + iλ̄/Dλ

)
, (5)

where λ are Majorana fermions in the adjoint rep-
resentation of SU(2) and Dµ = ∂µ − i [Aµ, ·]. Put
the system in a small spatial box and impose peri-
odic boundary conditions. We would like to calculate
quantum corrections to the effective action in the
Abelian background field Aµ = Cµt

3, Cµ = (0, Ci),
i = 1, 2, 3. We assume thatCi varies slowly with time,
but does not depend on spatial coordinates.6) The
background fermionic fields (superpartners ofCµ) are
taken to be zero at this stage.

The calculation can conveniently be done using
the background gauge method [8]. We decompose
the field in the classical (Abelian) background and
quantum fluctuations,

Aµ → Cµt
3 +Aµ, (6)

and add to the Lagrangian the gauge-fixing term

− 1
2g2

(Dcl
µAµ)2, (7)

where Dcl
µ = ∂µ − i

[
Acl

µ , ·
]
. In what follows, we use

the notationAµ ≡ Acl
µ = Cµt

3. The coefficient chosen
in Eq. (7) defines the Feynman background gauge,
which is simpler and more convenient than others.
Adding (7) to the first term in Eq. (5) and integrating
by parts in the action, we obtain for the gauge-field-
dependent part of the Lagrangian

LA = − 1
2g2

Tr
(
F 2

µν

)
+

1
g2

(8)

6)The setup of the problem is basically the same as in [6, 7].
There are two differences: (i) We are considering the N = 1
rather than N = 4 theory and the corrections are not going
to vanish. (ii) The authors of [6] did their calculation bearing
in mind the geometric picture of scattered D0 branes, and
their background was slightly more sophisticated than ours.
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Fig. 1. One-loop renormalization of the kinetic term in
SYM. Internal lines are Green’s functions of the operator
(−D2). The vertices involve the spin operator Jαβ and are
different for the gauge boson (a) and fermion (b) loops.

× Tr
{
Aµ

(
D2gµνAν − 2i [FµνAν ]

)}
+ . . . ,

where the dots stand for the terms of higher order in
Aµ. The ghost part of the Lagrangian is

Lghost = −2Tr
(
c̄D2c

)
+ higher order terms, (9)

where c is the ghost field.
Now, we can integrate over the quantum fieldsAµ,

c, and also over the fermions using the relation

(i /D)2 = −D2 +
i

2
σµνFµν ,

σµν =
1
2
[γµ, γν ]. We obtain the effective action as

follows:

Seff = − 1
2g2

∫
T 3×R

d4xTr(F 2
µν) (10)

+log



det

1
4

(
−D2I+

i

2
σµν [Fµν , ·]

)
det
(
−D2

)

det
1
2 (−D2gµν + 2i [Fµν , ·])


 ,

where I is a unit four-by-four matrix. We see that
the fermion and gauge-field determinants involve,
besides the term −D2, which is also present in the
scalar determinant, the term ∝ Fµν describing the
magnetic moment interactions. An important obser-
vation is that, were these magnetic interactions ab-
sent, the contributions of the ghosts, fermions, and
gauge bosons would just cancel and the effective
action would not acquire any corrections. This fea-
ture is common for all supersymmetric gauge theories
(N = 1, N = 2, N = 4; non-Abelian and Abelian).
This fact is related to another known fact that, when
the supersymmetric β function is calculated in the
instanton background, only the contribution of the
zero modes survives [9].

For nonsupersymmetric theories, also nonzero in-
stanton modes provide a nonvanishing contribution
in the β function. On the other hand, the contribu-
tions due to det(−D2) in the effective action do not
vanish in the nonsupersymmetric case.

To find themagnetic contributions, we have to cal-
culate the graphs drawn in Fig. 1. The vertices there
PH
are proportional to εabcFαβJαβ (Jαβ being the spin
operator in the corresponding representation) and the
lines are Green’s functions of the operator−D2. Only
the color components 1 and 2 circulate in the loops.
They acquire the mass |C| in the Abelian background
Cit

3. One can be convinced that the gauge boson
loop involves the factor −4 compared to the fermion

one {the factor
1
2
: −1

4
= −2 is displayed in Eq. (10)

and Fig. 1 and another factor 2 comes from spin; see
Eq. (16.128) in Peskin’s book [8]}.

Let us calculate, say, the fermion loop. If all higher
Fourier modes are “chopped off,” −D2 → −∂2

0 − C2

and the corresponding contribution to the effective
Lagrangian is

1
4
1
2
· 2ĊjĊkTr{σ0jσ0k} (11)

×
∞∫

−∞

dω

2π
1

(ω2 +C2)2
=

Ċ2

4|C|3
.

(The factor 1/4 is the power of the determinant in
Eq. (10), 1/2 comes from the expansion of the log-
arithm, and 2 is the color factor.) Adding the gauge
boson contribution and also the free bosonic term, we
obtain

g2

L3
Leff
bos =

Ċ2

2f2(C)
(12)

with

f(C) = 1 +
3g2

4L3|C|3 + . . . . (13)

If higher Fourier modes are taken into account, we
obtain in the exact analogy with Eq. (2)

f(C) = 1 +
3g2

4

∑
nk

1

[
∑

k(CkLk − 2πnk)2]
3/2

+ . . . ,

(14)

where, bearing in mind further applications, we as-
sumed that the sizes of the torus Lk, k = 1, 2, 3, do
not coincide. The sum is logarithmically divergent
at large nk. The coefficient of the logarithm gives
the β function of the N = 1 SYM theory. For sure,
this could be expected in advance. What is not quite
trivial, however, is that the calculation in the trun-
cated theory is absolutely parallel to the well-known
calculation in four dimensions [8]: in four dimensions,
the corrections to the effective action are also given
by the graphs in Fig. 1, and the gauge boson and
the fermion contributions in the β function have the
YSICS OF ATOMIC NUCLEI Vol. 66 No. 12 2003
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respective coefficients 4 : −1.7) We will see soon that
this is specific for supersymmetric theories. In the
nonsupersymmetric case, the β function can also be
calculated with the chopoff technique, but the rele-
vant graphs are different.

The bosonic effective Lagrangian (12) can be su-
persymmetrized using the superfield technique devel-
oped in [10]. The explicit expression in components
was written in [5]:

g2

L1L2L3
L =

1
2f2

ĊjĊj +
i

2f2

(
Ψ̄Ψ̇− ˙̄ΨΨ

)
(15)

− ∂if

f3
εijkĊjΨ̄σkΨ+

D2

2f2
+

D∂if

f3
Ψ̄σiΨ

− 1
8
∂2

(
1
f2

)(
Ψ̄
)2 (Ψ)2 ,

where Ψ = ψf , ψ and ψ̄ being the canonically conju-
gated variables of Eq. (1), and D is the auxiliary field.
The action corresponding to the Lagrangian (15) is
invariant under the transformations

δεCk = ε̄σkΨ+ Ψ̄σkε, (16)

δεΨα = −i(σkε)αĊk + εαD,

δεD = i
(
˙̄Ψε− ε̄Ψ̇

)
,

where ε is a four-dimensionalWeil fermion generating
the SUSY transformations.

The chopoff procedure works also for nonsuper-
symmetric theories. Consider the simplest case of
scalar QED. The one-loop correction to the effective
Lagrangian is just

δLscalar QED = −i log det(−∂2
0 −A2

k). (17)

The double derivative term is given by the graph
depicted in Fig. 2. We obtain

δLscalar QED = −(A · Ȧ)2
∂2

∂ε2
(18)

×
∞∫

−∞

dω

2π
1

[ω2 +A2][(ω + ε)2 +A2]

∣∣∣∣∣
ε=0

=
(A · Ȧ)2

8|A|5 .

Restoring the contribution of the higher Fourier
modes, A → A− 2πn/L, and performing the sum-
mation over n, with averaging over directions njnk ≡

7)A remarkable fact is that one obtains the same ratio calculat-
ing the effective action in the instanton background field: the
correct coefficient 6 in the β function is obtained as 8 − 2,
where “8” is the number of bosonic zero modes and “2” is
half of the number of fermionic zero modes in the instanton
background.
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Fig. 2.Renormalization of the kinetic term in scalar QED
in theQM limit. The dashed lines correspond to Ȧ and the
dotted lines correspond toA.

1
3
n2δjk, we reproduce the known result for the one-

loop β function in the scalar QED,

1
e2(L)

∣∣∣∣∣
scalar QED

=
1
e2
0

+
1

24π2
ln(ΛUVL). (19)

Therefore, the chopoff method works also for non-
supersymmetric theories. Actually, it was applied be-
fore to pure Yang–Mills theory in [11]. There are three
important distinctions, however:

(i) In the nonsupersymmetric case, the effective
Lagrangian calculated in the Abelian background (6)
involves besides the kinetic term also the potential
part ∝ |C|. As a result, in the non-Abelian case,
the true slow variables are not only Abelian, but
all zero Fourier modes of the gauge potential, and
the Born–Oppenheimer Lagrangian becomes more
complicated.

(ii) A remark related to the previous one is that the
metric in Eq. (18) is not conformally flat as it is in
Eq. (12).

(iii) The graph in Fig. 2, which determines the
correction to the effective Lagrangian in theQM limit,
is quite different from the standard graph giving the β
function in four dimensions. In particular, the former
does not diverge in the ultraviolet in four dimensions.

3. NONRENORMALIZATION THEOREMS

In the dimensionally reduced N = 4 SYM the-
ory (alias maximally supersymmetric quantum me-
chanics, alias matrix model, alias the system of D0
branes), the corrections to the metric on the moduli
space are absent. There are D-brane arguments in
favor of this conclusion [12]; it was confirmed by
explicit calculation [6] and finally proven using simple
symmetry arguments [13]. To make the paper self-
contained, we present here a somewhat refined ver-
sion of these arguments.

In the maximally supersymmetric SU(2) theory,
the effective Lagrangian is written in terms of a
nine-dimensional vectorCk and a real 16-component
SO(9) spinor λα. The Lagrangian must be invariant
with respect to the supersymmetry transformations

δεCk = −iεγkλ, (20)
03
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δελα =
(
γkĊkε

)
α
+ [M(C)ε]α ,

where ε in this case is a real Grassmann spinor and γk

are the nine-dimensional γ matrices, γjγk + γkγj =
2δjk. They are all real and symmetric. The transfor-
mations (20) represent an analog of (16) with the
auxiliary field expressed out byM(C).

The commutator of two SUSY transformations
with parameters ε1 and ε2 should amount to a time
translation. A trivial calculation gives

[δ1, δ2]Ck = −2iε2ε1Ċk − iε2{γkM +MTγk}ε1,
(21)

and we conclude that

γkM +MT γk = 0. (22)

As was noted in [13], this implies that M = 0. Let
us prove it. At the first step, note that any M
satisfying (22) commutes with all generators Jkj =
1
4 [γk, γj ] of Spin(9). This means that, for any set λ
belonging to the spinor representation of Spin(9), the
set Mλ also forms a spinor representation. Hence,
M = ξR, where ξ is a real number and R ∈ Spin(9).
But R commutes with all generators of Spin(9) and
should belong to the center of Spin(9), i.e.,M = ±ξI.
Then, (22) tells us that ξ = 0.

When proving this, we used implicitly the fact
that the real spinor representation of SO(9) is irre-
ducible. If it could be decomposed in a direct sum
of two other representations, we could choose M
as diag(ξ1z1, ξ2z2), with z1 and z2 belonging to the
center of the group in the corresponding subspaces.
Such M would not necessarily be proportional to I.
This discussion is not purely academic. Actually, for
Spin(3) and Spin(5), where real spinor representa-
tions are reducible, nontrivial matrices satisfying (22)
exist.

The only structure not involving higher deriva-
tives8) and invariant with respect to the transforma-
tions (20) withM = 0 is

1
2

[
Ċ2

k + iλλ̇
]
.

Nontrivial corrections to the metric are not allowed.
Bearing in mind the discussion in the previous sec-
tion, this simultaneously proves that the β function in
N = 4 SYM theory vanishes exactly in all loops.

In the N = 2 case, the corrections to the metric
survive, but the presence of four different complex
supercharges dictates that the function f−2(C) (C
is now a five-dimensional vector; in four dimensions,

8)Higher derivative terms, in particular, the term ∝ (ĊkĊk)2

and its superpartners, are allowed. See [6, 14] for detailed
discussion.
PH
this corresponds to the gauge potential and a complex
scalar) is not arbitrary, but should be a harmonic
function, ∆(5)f−2(C) = 0 [15, 16]. The O(5) invari-
ance, which is manifested in the chopoff quantum-
mechanical limit, tells us then that the only allowed
form of the effective Lagrangian is

Leff =
Ċ2

2

(
1 +

const
|C|3

)
; (23)

i.e., all the corrections beyond one loop vanish. But
this means also that multiloop corrections to the β
function vanish in this case.

4. EFFECTIVE ACTION IN (1 + 1)
DIMENSIONS

Consider the gauge SYM theory with SU(2)
gauge group compactified on T 2 rather than on
T 3. The low-energy dynamics is described by an
effective (1 + 1)-dimensional field theory depending
on two bosonic variablesC1,2(z, t) and their fermionic
superpartners. The effective Lagrangian represents in
this case a supersymmetric Kählerian σ model.9) The
corresponding Kählerian manifold represents a two-
torus dual to the spatial torus. The precise form of
the metric can be determined by a simple one-loop
calculation. It can be done along the same lines as in
Section 2. Calculating the graphs in Fig. 1, we obtain
for the correction to the effective Lagrangian density

∆Ld=2
bos = −3(∂αCj)2 (24)

×
∞∫

−∞

d2p

(2π)2
1

(p2 + C2
j )2

=
(∂αCj)2

4πC2
j

,

where α = 0, 3 and j = 1, 2. We obtain

g2

L2
Ld=2
bos =

1
2
(∂αCj)2f̃−2(Cj), (25)

where

f̃(Cj) = 1 +
3g2

4πL2C2
j

. (26)

The fermion terms can be restored by supersym-
metrizing. The full effective Lagrangian is

g2Ld=2 =
∫

d2θd2θ̄

[
Φ̄Φ− 3

4π
lnΦ ln Φ̄

]
, (27)

where Φ is a chiral superfield with the lowest compo-
nent φ = L(C1 + iC2)/

√
2. When deriving (25), we

neglected higher Fourier modes associated with com-
pactified directions. This is justified if |φ| � 1. (On

9)This is a kind of folklore, but we did not see any explicit
calculation in the literature.
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the other hand, we have to keep |φ| � g, otherwise
higher loop corrections become relevant.) For |φ| ∼ 1,
the higher Fourier modes should be taken into ac-
count, which can be easily done by substitutingCj →
Cj − 2πnj/L and performing the sum over integer
two-dimensional nj .

It is very instructive to explore the relationship
between the effective d = 2 Lagrangian (27) and our
nonstandard (0 + 1)-dimensional σ model (15). To
begin with, let us study the geometric structure of the
Lagrangian (15). To this end, we integrate out the
auxiliary field D and express the Lagrangian in the
form

g2

L1L2L3
L =

1
2
gjkĊ

jĊk +
i

2

(
ψ̄ψ̇ − ˙̄ψψ

)
(28)

+ iωab
j Ċjψ̄σabψ +

1
4
[
f(∂2f)− 2(∂jf)2

] (
ψ̄
)2 (ψ)2 ,

where we have raised the index of the vector Cj in-
dicating its contravariant nature, gjk = f−2δjk, ψ =
Ψ/f , σab = i

2ε
abcσc is the generator of rotations in the

tangent space, and

ωab
i = δb

i ∂
a log (f)− δa

i ∂
b log (f) (29)

is the spin connection on a conformally flat manifold
with the natural choice of the dreibein, ea

j = f−1δa
j .

We have succeeded in presenting the bifermion
term in a nice geometric form. However, the 4-fer-
mion term in Eq. (28) does not have an obvious
geometric interpretation. In particular, its coefficient
is not a three-dimensional scalar curvature.

To establish the relation of (28) to the Kählerian
model, let us consider the original theory on an
asymmetric torus L3 � L1 = L2 ≡ L. The effective
QM model is given by the Lagrangian (25) with
f(C1,2, C3) written in Eq. (14). If L3 is very large,
the range where C3 changes is very small. In the
limit L3 → ∞, C3 is frozen to zero, but to perform
this limit, we cannot just set C3 = 0 in Eq. (14),
but instead must average over C3 within the range
0 ≤ C3 ≤ 2π/L3 and simultaneously perform the
summation over n3. This amounts to calculating the
integral

1
f2(C3, C1,2)

→ 1− 3g2

2

×
∑
nj

∫
da

2π
1

[
∑

j=1,2(LCj − 2πnj)2 + a2]3/2
,

which exactly gives the correction to the metric in
Eqs. (25), (26).

The Lagrangian (28) involves also the kinetic term
for the field C3 and the term where Ċ3 multiplies
PHYSICS OF ATOMIC NUCLEI Vol. 66 No. 12 20
a bifermion structure. Performing the functional in-
tegral of exp{iS} over

∏
t dC3(t), we arrive at the

expression

L =
1
2
g̃jkẏ

j ẏk + iχ̄a
(
δab∂t − ωab

j ẏj
)
χb (30)

+
1
8
R (χ̄)2 (χ)2 ,

where yj = Lcj/g, g̃jk = f̃−2δjk, χ is related to
ψ by a unitary transformation, ωab

j is the two-

dimensional spin connection (29), andR = 2[f̃∂2f̃ −
(∂j f̃)2] is the two-dimensional scalar curvature.
The Lagrangian (30) coincides with the standard
Lagrangian of the supersymmetric σmodel [17] in the
QM limit. The (1 + 1) effective Lagrangian could be
obtained if one takes into account the higher Fourier
harmonics ∝ exp{izn/L3} of Cj(z, t) and ψ(z, t) in
the background.
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