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Abstract—The Voss random addition algorithm is modified for simulation of a stochastic fractal function that
describes the distribution of the capillary system characteristics in a locally inhomogeneous porous medium
with regard to porosimetry data. The influence of the dispersion function shape and the density of pores on the
distribution of the capillary equivalent diameter in a given domain is analyzed. © 2005 Pleiades Publishing,

Inc.

A wide range of structural and thermal physical
properties, the ease of producing intricate parts, the
developed internal surface, and intense heat exchange
all make it possible to apply powder capillary—porous
materialsin various environments.

To work out physically correct methods for thermal
and hydraulic ssimulation of devices containing porous
elements, it isnecessary to havereliableinformation on
theinternal structure of and mass and energy transfer in
penetrable materials.

An important stage in solving these problems is
development of an effective algorithm to simulate the
distribution of the equivalent diameter (as well as any
other parameter of a porous medium) from the general-
ized characteristics of the medium in a given region.

Note that some of the researchers who examined the
structure of capillary—porous materials considered the
characteristic dimensions of a porous medium as a
whole [1, 2]. However, when studying the dynamics of
fluidsin the internal channels of voids, one has to take
into account the size and velocity profile distributions
over the cross section of the channel and also adecrease
in the effective cross-sectional area of the channel due
to loca flow separation from the walls. Therefore,
it seems to be worthwhile using the notion of the
equivalent diameter (by analogy with noncircular chan-
nels), which has gained acceptance in applied hydrody-
namics[3].

At present, there are strong grounds to believe that
most locally inhomogeneous penetrabl e structures have
the properties of stochastic self-similarity in a certain
range of characteristic scales[4].

One of the most efficient procedures for construct-
ing aspatia distribution with fractal characteristicsisa
generalization of the random addition algorithm, which
was first proposed by Voss at a Conference on Funda-
mental Algorithms in Computer Graphics (Berlin,
1985) [5].

The basic version of the Voss algorithm represents a
recursive sequence of the additions of theinitial values
of some pseudorandom function d, _; with increments
Ad, that obey an unbiased normal distribution law with
given rms deviation o;. A change in the number of
points is specified by the partition coefficient

r = AlL/Al 4, (1)

where Al; and Al; _, are the increments of an indepen-
dent variable for two sequential generations of the frac-
tal curve. For constructing a one-dimensional Voss
curve, we have to require that the dispersion of the
increments of a dependent variable meet the relation-
ship

o’(d) = r*o’(d,_y), )

where 0?(d,) is the dispersion of the increments of the
dependent variable for an ith generation of the random
addition sequence and H is the Hurst exponent (which,
in the general case, belongs to the open interval H [
(0; 1)).

For this procedure to be algorithmically realized for
each element from the range of a current-generation
function, it is convenient to use a recursive representa-
tion in the form of a normally distributed pseudoran-
dom number with a mathematical expectation that is
equal to the value of the previous-generation function
and with adispersion that is determined from (2).

The number of points for determination of a fractal
function from generation to generation also has arecur-
sive representation where partition coefficient (1) has
the form

N(d;) = rN(d;_,). ©)

Let us complete the set of Egs. (2) and (3) by an
expression for a dimensionless spatia resolution &(d;)
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Fig. 1. O'iz and N; vs. current spatial resolution &; obtained
by using the (a) standard and (b) modified Voss random
addition agorithm. (-O-) and (-J-) refer to cz(di) and
(-A-) and (=V-), to N(d;). The basic parameters for these
distributions are as follows. (a) &(d,) = 1.000 and &(d,)' =
0.833; (-O-) H = 0.600 and 02(d},) = 0.268; and (-A-) r =
0.500, N(d,) = 1.638 x 10% and N(d,)' = 0.410 x 10*. (b)
(-O-) g =8.0, By = 2.5, and (02) ey = 0.320; (1) a5 =
3.0, By = 1.7, (0%)max = 0.181; (-A-) ay = 8.0, By = 2.5,
and N(d,) = 1.638 x 10* and (-V-) ay = 3.0, By = 1.7, and
N(d,) = 1.638 x 10*.

normalized to the amplitude values of variable d;:
o(d)) = (dy—d;)/(dy—ds,), (4)
where d, and d, are the minimal and maximal valuesin

the range of independent variable d;.

Theindependent solution of Egs. (2) and (3) inview
of spatia resolution (4) (Fig. 1a) shows that the stan-
dard realization of the Voss algorithm implies a mono-
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Fig. 2. Two realizations of the standard Voss random addi-
tion algorithm for stochastic fractal function d(x, y) that
describes the distribution of the equivalent hydraulic diam-
eter of voids in alocally inhomogeneous porous medium.
The basic parameters for these realizations are the follow-

ing: () cz(db) = 0.268, d(d,) = 0.833, and N(d,) = 0.410 x
10% (b) 0?(dy) = 0.268, 5(d,) = 1.000, and N(dy) = 1.638 x
10%. For both realizations, r = 0.500 and H = 0.600.

tonic increase in the number of points, N(d;), in each
next generation of stochastic fractal function d; with a
similar monotonic decrease in the dispersion 6?(d;) of
its additional amplitude values Ad..

In addition, we note that this random addition algo-
rithm admits atrivial generalization for the case of con-
structing afractal function of two or more independent
variables.

Theredization of such afunction for two values of
maximal spatial resolution &(d,), with al other param-
eters unchanged, is exemplified in Fig. 2a (8(d,) =
0.833) and 2b (8(d,) = 1.000). The minimum value of
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the spatial resolution was kept constant (&(d,) = const)
inall therealizations.

As applied to simulation of penetrable powder
porous materials with a given grain composition, this
means that, in the former case, the finest grains are
excluded from theinitial material.

Theinitial state of the function generating a pseudo-
random number sequence, which governsthelocal dis-
tribution of increments Ad; of the desired function, was
set to be identical in both cases.

However, when using this algorithm in applications
where the gpatial structure of locally inhomogeneous
capillary networks is to be ssimulated, one has to take
into account the distributions of o%(d;) and N(d,) at dif-
ferent spatial resolution levelsin real porous materials.

Experimental data on the structural characteristics
of porous materials used in machine building [2, 6]
indicate that the behavior of the dispersion function and
the equivalent capillary diameter density function differ
from that shownin Fig. la.

A typical distribution of the equivalent pore diame-
ter in powder porous materials is shown in Fig. 3. The
materials studied were BrOF10-1 tin—phosphor cast
bronze (State Standard 1.90054-72) (Fig. 3a) and
12Kh18N10T stainless steel (State Standard 5632-72)
(Fig. 3b). The experimental curveswere obtained using
the method of invasive mercury porosimetry at the Bau-
man State Technical University [6].

According to the test results, the voidage versus the
equivalent pore diameter for all fractions no finer than
acurrent fraction is given by

_ %AV

nd) = =5— (5)
where AV, is a voidage increment due to the current
fraction d; of the porous material when the mercury
pressure increases and V; is the total volume of the
porous sample studied.

In Fig. 3, curve —VV— shows the integrated depen-
dence of the total number of pores, N(d;), on their
equivalent diameter for all fractions no finer than the
current fraction. This curve is constructed from the
experimental dependence M(d;)) under the following
assumptions: (i) the pore size within afraction is con-
stant and equal to the mean equivalent diameter for the
fraction, (ii) the pores are spherical and may intersect
each other, and (iii) the fraction of the volume that is
lost when two poresintersect is equal to, or larger than,
half a smallest pore.

In this case, the lower estimate of the number of
pores for each fraction depends on voidage AV; due to
this fraction,

AV, x 6

N(d,) = 2
(dy) -

(6)
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Fig. 3. Integra distributions of (O) voidage M; and (V)
number of pores N; for the main fractions vs. mean eguive-
lent diameter d;. The basic parameters for the samples under
study arethefollowing: (a) porousbronze, dg=25mm, hy =
20 mm, Mg = 0.260, and Ny = 6.067 x 10; (b) porous stain-
less steel, dy = 20 mm, hg = 10 mm, Mg = 0.111, and Ny =
0.858 x 10"

Analysis of distribution functions N(d;) obtained by
jointly solving Egs. (5) and (6) indicates that the exper-
imental data are best fitted by afamily of integral beta-
distribution functions [7],

N(d) = (d)* M a-d)Pd(d). ()

d;

1
IENo |
Here, a and B are the distribution parameters and

B(a, B) isthe betafunction defined by theintegral rela
tionship

B(a,B) = j(t)“‘l(l—t)ﬁ‘ldt, 8)
0
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Fig. 4. Two realizations of the modified Voss random addi-
tion agorithm for stochastic fractal function d(x, y) that
describes the distribution of the equivalent hydraulic diam-
eter of voids in alocally inhomogeneous porous medium.
The distributions of the basic parameters for these rediza-
tions over spatial resolution levels are shown in Fig. 1b.
Structurally, the realizations correspond to the samples
(Fig. 3) of the (a) porous bronze (05 = oy = 3.0 and B, =
Bn = 1.7) and (b) porous stainless steel (o = oy = 8.0 and

Bo=Bn=25).

where

— dx_da
- db_da

t

isthe variable of integration.

The approximations of the number of pores versus
equivalent diameter dependence, N(d)), using Egs. (7)
and (8) are exemplified in Fig. 1b.
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When simulating the dispersion distribution over
spatial resolution levels, we used the relationship

_1
B(a,B)
for the differential beta function. Here, I(d)) istheindi-

cator of the event {d; < d,}, which has the form of the
piecewise constant function

Dla di < dx
0, d>d,

o’(d) = (d)* ' 2-d)*i(d), (9

I(d) =

In all the cases under consideration, the coefficients
of the 02(d,) distribution were taken to be identical to
those of the N(d,) distribution, o, = ay and B, = By
With such a choice, function ciz is asymmetric and
peaks in the range where the gradient of function N,
reaches a maximum (Fig. 1b). Such behavior satisfac-
torily agreeswith the experimental differential distribu-
tions of pores over their equivalent sizes in the materi-
als under study [6].

Two redlizations of the modified Voss algorithm

using distribution functions N; and oiz intheform of (7)
and (9) are shown in Fig. 4. Structurally, these realiza-
tions correspond to the parameters of the samples,
namely, the porous bronze (Fig. 4a) and the porous
stainless steel (Fig. 4b). The only discrepancy isin the
total number N, of equivalent pores, which form the
capillary structure of the samples.

Thetotal number of poresin real porous materialsis
extremely large. Subject to the above assumptions, itis
determined from porosimetry data as the integral sum
of the number of pores over al fractions. The lower
estimates are as follows: for acylindrical sample of the
porous bronze (d, = 25 mm, hy = 20 mm, and voidage
M, = 0.260), the number of poresis N, = 6.067 x 107;
for a sample of the porous stainless steel (d, = 20 mm,
hy =10 mm, and M, = 0.111), we have N, = 0.858 x 10’.

When simulating the capillary system of a porous
body with the Voss algorithm, we restricted the dimen-
sion of the computational gridto Ny = (128)? = 1.638 x
10%in order to cut the machine time.

This restriction means a decrease in the linear
dimensions of the region being simulated; in the two-
dimensional case, this decrease is proportional to the

ratio
_lo _ |Ng
Ho =, = ﬁ

where | and |, are the characteristic linear dimensions
of the virtual (simulated) and real regions, respectively.

Solving Eg. (10) for unknown variable |, yields
lower estimates of the characteristic linear dimensions

(10)
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of the regions shown in Fig. 4. for the porous bronze
simulant with I, = dy = 25 mm, we obtain |, =
0.411 mm; for the porous stainless steel ssimulant at |, =
do = 20 mm, we get |, = 0.874 mm.

Thus, when compared with the standard version, the
modified Voss algorithm, which takes into account the
behavior of the structura indices in real capillary—
porous materials on various spatial scales, substantially
changes the structure of the resulting capillary system.

First, the small value and the slow increase of index oiz

inthe range of low spatial resolutions d, produce amore
uniform stochastic distribution of equivalent diameters.
This is because the portion of coarser fractions
decreases and basic fluctuations of function d(x, y) shift
toward medium scales. Second, the sharp decline in

index oiz in the range of high 9, considerably smoothes

stochastic function d(x, y), because the finest fractions
become minor contributors to the resulting equivalent
diameter distribution.

CONCLUSIONS

The modified version of the Voss algorithm offers a
high flexibility, which is very important in applied
research. The betafunctions applied to simulate the dif-
ferential and integral distributions allow one to repro-
duce most practically important smooth functionsin a
limited interval. Moreover, these functions may be
specified in tabular form (e.g., based on empirical data)
without any restrictions and missing values may then be
found by interpolation using reference points. No
restrictions are also imposed on interpolation methods.
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It is shown that a porous structure under study can be
reproduced from porosimetry data as fully as desired.
Owing to itsrecursive structure, the modified algorithm
generates stochastically self-similar realizations of a
multidimensional fractal function with characteristics
specified in agiven domain of the space of independent
variables. The aforesaid suggests that the procedure
proposed in this work could be helpful in theoretical
and applied studies of locally inhomogeneous porous
structures. However, a relationship between the fractal
characteristics of a function thus obtained and the
parameters of theinitial distributions has yet to be reli-
ably established.
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Abstract—The probe-forming system of anuclear scanning microprobe based on the parametric multiplets of
guadrupole lensesis optimized. The optimization isaimed at creating an ion probe with energy of several MeV
that produces a micrometer spot on the target at a current of ~100 pA. The influence of different geometric and
physical parameters on the ion—optical properties of the probe-forming systems considered is determined. The
optimization is carried out by varying the parameters specifying a given parametric multiplet, and its efficiency is
found from aquality criterion that takesinto account the beam current for given sizes of the spot and target. The beam
parameters at the entrance to and at the exit from the EGP-10 electrostatic tandem accelerator (produced by the
VNIIEF) are involved in the optimizing calculations. These are the maximal energy, normalized brightness,
transport conditions, and chromatic inhomogeneity of the beam (i.e., the energy straggling of beam particles).
Allowanceisaso madefor the parasitic components of the magnetic quadrupol elensfield, which arise because
of quadrupole symmetry breaking by technological and physical reasons. © 2005 Pleiades Publishing, Inc.

INTRODUCTION

Electrostatic accelerators (EAS), which were ini-
tially devel oped for solving the problems of experimen-
tal nuclear physics, continue to be promising for vari-
ous fields of science and technology. In the first place,
thisis because the beams used in EAs are highly mono-
chromatic and their energy can be smoothly varied. An
interesting application is an EA-based nuclear scanning
microprobe (NSMP) intended for studying the structure
and elemental composition of various, including bio-
logical, materials by such matured methods as particle-
induced X-ray emission (PIXE), nuclear reaction anal-
ysis (NRA), Rutherford back scattering (RBS), and
others. NSMPs have found wide utility in producing
parts for micromachines [1] and in precision ion
implantation [2]. The need for a probe using focused
ion beams with energy of several MeV that produces a
micrometer spot on the target has stimulated design of
probe-forming systems (PFSs) capable of providing the
desired parameters. Experience gained by the research-
ers engaged in electron microscopy studies, where
focusing units generate axisymmetric fields, may help
little in the case of an NSM P because of the high energy
of the beam. In most advanced nuclear microprobes, a
magnetic quadrupole lens serves as a basic focusing
element. Accordingto [3], therelativistic effects should
be taken into consideration when the particle velocity v

issuch that v/c > 0.2, where c is the speed of light. For
protons with energy of 14 MeV, v/c = 0.17. Therefore,
the charged particle motion here is assumed to be non-
relativistic. The power of a magnetic quadrupole lens
depends on the dimensionless excitation k of a hyper-

bolic-shape pole piece: K = Lg A /W,4/29/mV . Here, W,
is the quadrupol e component, which is governed by the
field gradient in the direction transverse to the
optical axis; L is the effective length of the lens field;
m and q are the ion charge and mass, respectively; and
V isthe potential difference acrossthe accel erating gap.
Unlike axisymmetric lenses, the power of a quadrupole
lens can be raised by increasing not only the field gra-
dient but also the effective length of the lens field.
Hence, there are no major restrictions on the beam
energy. Since quadrupoles can focus in only one trans-
verse direction, the stigmatic focusing of the beam on
the target is provided with multiplet systems consisting
of several lenses. The arrangement of quadrupolesin a
multiplet is shownin Fig. 1.

The PFS itself consists of object and angular colli-
mators, focusing elements, and the target. Their posi-
tion onthe optical axisis specified by geometric param-
etersa, g, a, |, and Lg, (i) where aisthe object distance,
i.e., the distance between the object and angular colli-
mators; g is the working distance, i.e., the distance
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between the exit boundary of the effective field of the
last lens to the target plane; a; specifies the position of
anith lens; | isthelength of the system; and L ;,isthe
effective length of the field of theith lens.

Each of thelensesisfed by acurrent sourcethat pro-
vides the distribution of the quadrupole component
W, (2) along the optical axis (zaxis). Thelocal Carte-
sian coordinate system of each of the lenses is related
tothe optical axiszof thelensand its planes of quadru-
pole antisymmetry. The optical axes of the lenses are
aligned with the optical axis Z of the laboratory coordi-
nate system. Thelocal coordinate systems of the lenses
may either coincide with the laboratory system or be
rotated through +90° about the Z axis.

The PFS thus defined will be called the PFS based
on the parametric multiplets of magnetic quadrupole
lenses. Here, variable parameters may be the number N
of lensesin the system and the number n of independent
power suppliers, parameters |, a, &, g, and Lg , are
defined above. Triplets (N = 3) and quadruplets (N = 4)
of magnetic quadrupole lenses with two independent
power suppliers (n = 2) are today well understood and
extensively used. The triplet that has found the widest
recognition and, in particular, is used in the microprobe
at the Oxford laboratory [4] is fed as follows: the first
and second lenses are fed by one source, and the third
one is fed independently by another source. The local
coordinate system of the second lensis rotated through
+90° about the Z axis of the laboratory coordinate sys-
tem. Inthe PFS known by the name Russian quadrupl et
(N =4) [5], the first and fourth lenses are fed from one
source and the second and third ones, from another
independent source. The local coordinate systems of
the second and fourth lenses are rotated through +90°
about the Z axis of the laboratory coordinates. The sys-
temswith N >4 and n > 2 are yet little understood. The
quintuplet (N =5, n = 2) of magnetic quadrupole lenses
isapplied in microprobesin Melbourne [6] and Sydney
[71.

When optimizing the PFS, we consider the beam
parameters (the energy E,, normalized brightness b,
and ion energy straggling & = AE/E,) provided by the
EGP-10 VNIIEF accelerator. The dimensions of the
lenses and their fields take into account the magnetic
properties of the material. In the process of PFS operat-
ing parameter optimization, the geometric parameters
of the system are varied. The analysis also includes the
nonlinear effects associated with both intrinsic and par-
asitic aberrations due to technological imperfections.
The optimal PFS meets a quality criterion that is
defined as the current provided by the system when the
beam is focused into a spot of agiven size.

ION-OPTICAL PROPERTIES
OF PROBE-FORMING SYSTEMS

By the ion—optical properties of a PFS, we mean the
demagnification and aberration coefficients. Aberra-
TECHNICAL PHYSICS Vol. 50

No. 2 2005

147

LEI LE2
e g bR

a

Lg (v-1) aNLEs N g

T

a

Fig. 1. Arrangement of quadrupole lenses in a multiplet.
(1) Object and (2) target.

tions include first-order chromatic aberrations; third-
order intrinsic aberrations; and second- and third-order
parasitic aberrations, which are due to the sextupole
and octupol e parasitic components of thelensfield. The
parasitic components arise when technology-related
inaccuracies in fabricating the magnetic circuits and
coils break the quadrupole symmetry of the field.

Field gradient W, ;(2) in each of the lenses must
keep the stigmatism of the system for given parameters
of a parametric multiplet. The aberrations were calcu-
lated by the matrizant method [8]. In terms of matrix
methods, the aberrations of the entire system are found
by caculating those of each active element. Our
approach to calculating the aberrations of a magnetic
guadrupole lens with regard to contributions from the
parasitic components of thelensfield [9] isbased on the
axial field model. It isassumed that thereisarectilinear
optical axisin the lens along which the field vanishes,
|B| = 0. This approximation impliesthat the particlesdo
not change the direction of motion at the entrance to
and the exit from thelens. In the local Cartesian system
(x, ¥, 2) the field generated by a magnetic quadrupole
lensin the pole gapsis described by the scalar magnetic
potential

W(X, ¥,2) = 2Wy(2)xy + U3(2)X* +3W5(2)Xy
—3U5(2)xy” —~W5(2)y’ + Uy(2)X’
+ (AW, (2) = W3 (2)/6)X°y —6U ,(2) XY’
—(AW,(2) + W;(2)/6)xy’ + U, (2)y" + ...,

where W,(2) is the major quadrupole component, W;(2)
and U;(2) are the major and skew parts of the sextupole
parasitic component, and W,(2) and U,(2) are the major
and skew parts of the octupole parasitic component.

The coordinate system (X, y, 2) that is related to the
optical axis of the lens and the planes of antisymmetry
of major quadrupole component W,(2) is termed the
intrinsic coordinate system. Accordingly, components
W;(2), Us(2), Wy(2), and U,(2) are called the compo-
nents of the intrinsic parasitics of a magnetic quadru-

(D)
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pole lens. Expression (1) is obviously a superposition
of the fields of 2n-pole multipoles (n = 2, 3, 4, ...)
where each of the multipole fields has its own local
coordinate system coincident with its optical axis and
planes of antisymmetry. Noncoincidence of this local
coordinate system with the planes of antisymmetry
because of rotation about the optical axis causes extra
skew component U,(2) to appear. Since the parasitic
multipole components are of random character, their
local coordinate systems arefreely oriented, i.e., are not
related to thelocal coordinate system of the quadrupole
component. Hence, they have both a major, W,(2), and
skew, U,(2), component at n > 2. Thus, any minor rigid
transformation of the lens is bound to redistribute the
multipole components and/or to contribute to the para-
sitics of the dipole component and/or to the parasitics of
the skew quadrupol e component. The allowablelevel of
the parasitics due to technological inaccuraciesin lens
fabrication, as well as field quadrupole symmetry
breaking because of variously fed polar pieces, is con-
sidered in [9, 10].

The matrizant method maps the phase space (x, X', V,
y') where the position and direction of motion of a par-
ticlein amagnetic field are described onto the space of
phase moments. To calculate the mapping matrix for
our magnetic quadrupole lens (whose field is described
by scalar magnetic potential (1)), we represent the
space of phase moments by the vector

X = (X, X,¥,Y,X0d, X9, yo, y'0, X%, XX, X2, y2, WA
y‘2, Xy, X'y, Xy, X'y, x3, xzx', xx'2, x‘3, xyz, Xyy',
2 a2 wal2 3.2 2 3 2 ' (2)
Xy, XYL XYY, XY YL Y YL Yy Y yx yxX,
yx2, Yy, yxx, yx°) .
Here, x and y are the deviations of the beam particles
from the optical axis, x' and y' are the angles between
the velocity vector projections onto planes x0z and y0z
and the z axis (these angles specify the direction of par-

ticlemotion), and & = (p—py)/py istherelative deviation
of the particle momentum p from the mean value py.

In the matrizant method, the evolution of vector X
along the z axisis given by

X(2) = R(Z2)X(z). ©)

Here, R(Z'z) is the matrizant (the matrix mapping the
coordinates of the 38 x 38-dimensiona phase moment
space from plane z, onto a plane with coordinate 2)
where the first and third rows contain a complete set of
the linear properties of the magnetic quadrupole lens
and aberrations (including chromatic aberrations, sec-
ond- and third-order aberrations due to the sextupole
and octupole components, and all intrinsic geometric
aberrations of the third order). For the rectangular dis-
tribution of the field components W,(2), Wi(2), and U;(2)
(i = 3, 4), an analytic representation of the matrizant
was obtained.

ABRAMOVICH et al.

Based on the aforesaid, the program PROBFORM
was developed, which makes it possible to determine
the ion—optical properties of PFSs from the parametric
multiplets of magnetic quadrupol e lenses. The program
was carefully tested on analytical models. The test
results were compared with those of other authors and
checked experimentally [11].

QUALITY CRITERION FOR A PROBE-FORMING
SYSTEM

Since, in our work, the ion—optical properties of a
PFS imply the demagnification and aberration coeffi-
cients, PFS optimization is aimed at designing systems
with high demagnification and low aberration coeffi-
cients, since a high demagnification decreases the spot
on the target, while aberrations, conversely, increase.
Unfortunately, high demagnifications considerably
enhance aberrationsin al PFSs. Therefore, PFS optimi-
zation means finding a tradeoff between these coeffi-
cients for a particular system. By varying the parame-
ters of parametric PFSs, one usually seeksfor a system
where the tradeoff between these coefficients maxi-
mizes the current density in the spot on the target. The
current density in the spot istherefore taken asthe qual -
ity criterion for PFSs. In other words, those systems are
preferable that provide a maximal current at the target
for agiven size of the beam. Such a criterion meets the
requirements of the chemical or physical analysistech-
niques that extract information from interaction events
between beam particles and target atoms. Clearly, the
rate of such eventsisin direct proportion to the number
of particles incident on the spot per unit time, but the
spot itself must be minimized in order to adequately
examine the element distribution in the material. There-
fore, the current density on the spot is limited from
abovein anumber of applications. In thiscase, the min-
imal size of the spot on the target at a fixed current is
taken as the quality criterion [12, 13]. It is known that
| = beE, where | is the current and b, €, and E are the
normalized brightness, emittance, and energy of the
beam, respectively. Since the normalized brightness
characterizes the ion source and beam transport system
and so depends on a specific accelerator design, afunc-

tional relationship d = d* (¢) (where d is the minimal
beam size at given emittance €) should be known for
each general-purpose PFS. From physical consider-

ations, it follows that function d* (¢) monotonically
increases (d grows with €). Then, the inverse depen-
dence € = £* (d) can be constructed by seeking for the
maximal emittance of the beam with its size on the tar-
get fixed. A method based on this principle was sug-
gested in [14]. This method of finding the maximal
beam emittance isrealized in the MaxBEmit numerical
code and allows one to determine the maximum emit-
tance provided by a PFS when its beam is focused into
aspot of agiven size.
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SELECTION OF OPTIMAL PARAMETERS
FOR A PROBE-FORMING SYSTEM

We investigated the effect of various geometrical
and physical parameters on the ion—optical properties
of the PFS based on the parametric multiplets of mag-
netic quadrupole lenses, using the quality criterion sug-
gested above. With this criterion, one can choose the
optimal PFS design for the EGP VNIIEF electrostatic
accelerator. The choice relies upon the following rea-
soning. It was shown [9, 15] that the Russian quadru-
plet is of higher performance than the Oxford triplet
and theincrease in the number of the lensesto five does
not cause asignificant increasein the current density on
the target. Therefore, the PFS chosen uses the multiplet
like the Russian quadruplet (N = 4, n = 2). Previous
investigations [15] let us argue that, if the beam ion
energy straggling in accelerators is &g ~ 1073, the per-
formance of such PFSsisvirtually independent of their
length in therange 2 < | <9 m and they cannot provide
a submicron resolution at a current of =100 pA when
used in PIXE, RBS, and NRA studies. Thisis because
chromatic aberrations will necessitate smaller size col-
limators to be used in order to provide a submicron
beam on the target; accordingly, the current will
decrease. Therefore, it makes no sense to take
long PFSs (I = 7-9 m), which offer a high demagnifica-
tion (D = 100). The resolution isaso limited by arela
tively low normalized brightness of the beam, b =
1 pA/(um? mrad? MeV), which is typical of tandem
acceleratorswith the standard ion source of duoplasma-
tron type. Finaly, the arrangement of the microprobe
channel should also be taken into consideration.

Based on the aforesaid, thelength | =4 m of the PFS
was taken as the basic length of the NSMR. For the
given basic length, it remains to determine the follow-
ing parameters of the system: a, the object distance;
g, the working distance; Lg ;) and Lg (), the effective
lengths of the lenses; r, the radius of the lens aperture;
and W/W, and U,/W, (i = 3, 4), the allowable relative
levels of the field parasitic components in magnetic
guadrupole lenses.

These parameters will specify the PFS that is opti-
mal in terms of the maximum current for a given size of
the spot on the target.

It was shown [9] that the allowable relative levels of
the field parasitic components in the magnetic quadru-
polelenses used in the PFSs based on the Oxford triplet
and Russian quadruplet are Wo/W, = U, /W, =
0.000375 cm* and W,/W, = U,/W, = 0.000538 cm?,
respectively. The aperture radius depends on the accu-
racy of positioning of the pole piece that can be pro-
vided in magnetic circuit fabrication. Our equipment
(an electric spark machine with auxiliary facilities) pro-
vides a pole piece positioning accuracy of £5 um. Cal-
culations show that the parasitics will fall into the
allowable range in magnetic quadrupole lenses with an
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| LE, (1) = 965 cm, LE, 2) = 665 cm
oLy 1)=10.65cm, Ly ) =7.65cm
aLg y=12.15¢cm, Lg 5y =9.65cm
vLg 1y=13.65cm, Lg o) =10.65cm
o Lg )=15.65cm, Lg ) =12.65cm
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Fig. 2. Maximal emittance €* and maximal magnetic induc-
tion B at the pole piece of the quadrupole lensesin PFSsvs.
parametersa, Lg (1), and Lg, (2).

aperture radius of 6.5 mm at a pole piece positioning
accuracy of < 5 um.

Figure 2 shows the PFS characteristics versus
parameters a, Lg (3, and Lg, (5. Figure 1aplots the max-
imal emittance provided by the systems being consid-
ered when abeam of 14-MeV H* ionsisfocused into a
square spot of sized = 1.8 um at the given working dis-
tance g = 20 cm (parasitic aberrations are disregarded).
In Fig. 1b, the vertical axisis magnetic induction B that
provides the desired beam parameters on the target for
given lengths of the lenses. The lengths of the lenses
should be selected such that the maximal induction at
the pole meets the requirement B < 0.27 T (in this case,
wefall into the range of linearity of the pole piece mate-
rial characteristics) and that the systems using such
lenses provide a maximal emittance.

It follows from Fig. 2 that the systems with the
effective lens lengths Lg () = 12.15 cm and Lg (o) =
9.65 cm offer the maximal emittance and satisfy the
restrictions on the maximal magnetic induction at the
pole piece. These lengths were taken as the basic
dimensions of magnetic quadrupole lenses in the PFS.
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tion B at the pole piece of the quadrupole lensesin PFSsvs.
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v Wy/W, = 0.000375 cm~', W,/W, = 0.000538 cm2
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Fig. 4. Maximal emittance €* in PFSsvs. object distance a
and different levels of the field parasitic componentsin the
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Parameters of the basic probe-forming system (the Russian qua-
druplet of magnetic quadrupole lenses) for the EGP VNIIEF
accelerator

magnetic quadrupole lenses.

1 I 1
50 100 150 200 250 300 350
a, cm

System length |, cm 400.0
Lens effective lengths Lg (3, cm 12.15
Lg (2, €M 9.65
Lens spacing in doublets a, = a4, cm 3.0
Doublet spacing ag, cm 129.0
Lens apertureradiusr,, cm 0.65
Working distance g, cm 20.0
Object distancea = a;, cm 2014
Maximal magnetic induction at pole 0.269
Bmao T (E =14 MeV)
Demagnifications: Dy 27.2(27.2)
Dy 27.2(27.2)
Chromatic aberrations, um/mrad/%: X/x'd0 | —-607(—606)
y'd0 | —125(-124)
Intrinsic spherical aberrations, 807(840)
pum/mrad®: /x30
B/Xy20] 177(123)
yy30 16(19)
Wy’ x20] 177(123)
Parasitic aberrations due to allowable sextu-
pole components, pm/mrad?: X/x?0] 92
BU/xy'0 =17
Xy?0 3
y/x20] -8
y/xy'd 6
yy?0 3
octupol e components, pm/mrad®: X/x30 370
/xy30 —63
yy®0 7
Wly'x20 -63
Collimator size for focusing H* beam,
E=14MeV
Square spot on target d = 1.8 um, | = 100 pA
Object collimator, 2r, [um] 27
2ry [um] 25
Square spot on target d = 0.6 pum, | = 1.7 pA
Object collimator, 2r, [um] 8
2ry [um] 9

Figure 3 plotsthe same parameters of the systemsas
in Fig. 2 against g and a. As working distance g
increases, so does the emittance, but magnetic induc-
tion B at the pole piece aso grows, falling outside the
allowable range (the range of linearity). Moreover, it is
anticipated that the NSMP will employ an x-y ferro-
magnetic scanning unit with implicit pole pieces of
active length 12 cm. Their design is similar to that

TECHNICAL PHYSICS Vol. 50 No.2 2005



OPTIMIZATION OF THE PROBE-FORMING SYSTEM

described in [16]. To avoid lens aberrations, which
cause beam parameter degradation at the edge of the
raster, the scan unit is placed downstream of the last
lens. For amaximal deflecting field of 0.02 T and work-
ing distance g = 20 cm, a necessary scan length of
+300 pm is provided. Analysis shows that, with such a
scanning scheme, the increase in the beam diameter at
the edge of the raster is no more than 2% and is related
primarily to the chromatic inhomogeneity of the beam.
Therefore, g = 20 cm is the lower limit of the working
distance from both the physical and technological
points of view.

Figure 4 shows the maximal emittance as afunction
of object distance a for lens lengths Lg ;) = 12.15 cm
and Lg (, = 9.65 cm, working distance g = 20 cm, and
different levels of the field parasitic components. The
system with a = 201 cm, which is the least sensitive to
the parasitic components, is taken as the basic one.

The table summarizes the ion—optical properties, as
well as the geometrical and physical parameters, of the
basic PFS using the Russian quadruplet of magnetic
guadrupole lenses. The parasitic aberrations are listed
for the maximal permissible levels of the sextupole and
octupole components of the lens fields. The aberration
coefficients are designated starting from the map of the
particle coordinates on the plane (x,, Y,) of the object
collimator onto the plane (x;, y;) of the target,

o, = ...+ Ai[j‘ﬂmx'ox'o’y'gygém+
where Ai[ﬁ(],m = m/Xx'y*y'c"D are the aberration
coefficients, a = {x, y};1,j,k 1,m=0,1,2,3, ....

In the column showing the demagnifications, aswell
asthe chromatic and intrinsic spherical aberrations, the
related values calculated with the PRAM program are
presented in the parentheses for comparison.

Thus, we optimized the PFS based on the parametric
multiplets of magnetic quadrupole lenses. As a quality
criterion of the system, the beam current at a given size
of the spot on the target was taken. This value was the
target function in the optimization problem. The geo-
metric and physical parameters of the optimal PFS for
the EGP VNIIEF accelerator. The rated beam size on
the target is 1.8 x 1.8 um at a current of =100 pA,
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energy of 14 MeV, normalized brightness of
=1 pA/(um? mrad?® MeV), and beam ion energy strag-
gling of 103,
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Abstract—The properties of the exponential Abelian transform (EAT), which is defined as the exponential
Radon transform (ERT) of aradially symmetric object just as the Abelian transform is the Radon transform of
aradially symmetric object, are considered. A new approach to deriving the inverse EAT directly from the
inverse ERT is suggested. The problems of numerical implementation of the EAT are discussed, including the
problem of loss of information from deep-seated regions of the object, which is nonexistent in the case of the
conventional Abel transform. The results obtained may be useful for reconstructing the spatial distribution of
axisymmetric or spherically symmetric radiation sources. © 2005 Pleiades Publishing, Inc.

INTRODUCTION

Computerized tomography is now a mature domain
of science with its own scope of problems and solution
methods [1-4]. Central in computerized tomography
are the Radon transform [5], which arises in transmis-
sion tomography, for instance, in determining the spa-
tial distribution of the radiation attenuation coefficient,
and the exponential Radon transform [6-8], which is
used in single-photon emission tomography when, for
instance, the spatial distribution of radiation sourcesis
sought. As applied to radially symmetric functions, the
associated transformations are of particular impor-
tance. It turns out that the Radon transform of aradially
symmetric function is the Abelian transform, which
waswell known before Radon and istoday widely used
invarious domains of science[9]. At the sametime, the
exponential Radon transform of a radially symmetric
function [10], which it is natural to call the exponential
Abelian transform (EAT), has long been in disfavor,
possibly because of the scarcity of relevant works.

The history of the integral Abelian transform (inte-
gral Abelian equation) dates back to 1823, when Niels
Henrik Abel generalized the well-known problem of
tautochrone. He obtained an integral equation of form

9(x) = j () < (1)

and found its solution (the inverse transform)

g(t)
f(x) = ndxf dt 2

At present, the term the Abelian equation (a gener-
alized Abelian equation) is usually referred to any
equation of form

X

=t
900 = o ©
(where0 < a < 1anda>0) having asolution like
_ smomd g(t)
100 == dXI(x £t adt @

Integrating by parts, one obtains the inversion for-
mula

f(x)

S

Of frequent occurrence is another form, which may
be called the “ exterior” Abelian transform in contrast to
“interior” Abelian transform (3),

9(a) ©)

(x-a)"

_ sinatt
m

g(x) = I(tg(t) dt.

In this case, the inversion formulais

smomd

I de(t

f(x) = 9t (6)
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or, after integration by parts,

SlnGT[

Tt Jl(t

f(x) = [ gow e @

ABELIAN TRANSFORM IN TRANSMISSION
TOMOGRAPHY

The integral methods of transmission computerized
tomography (TCT) are based on the Radon transform

+00 +00

PE.8) = [ [S(x y)3(&~xcosd~ysine)dxdy, (8)

where &(-) isthe Dirac delta.

Here, asis customary in computerized tomography,
we introduce fixed, (X, y), and rotating, (€, ¢), coordi-
nate systems (see Fig. 1), which arerelated as

[k = xcosB +ysind
= —xsin@ + ycoso.

9)

For a radially symmetric function s(x, y) =
s(/x* +y?) = §(r) in the polar coordinate system

[X = rcos
o . ¢ (20)
[y = rsing,

Radon transform p(&, 6) turns into a particular case of
Abelian transform p(&),

p(¢) = J'J’S(f)5(5—rCOS¢)rdrd¢
(11)

Zsr r 2s(r)r

I =i - |a|)dr=j L)
[

where n(-) isthe Heaviside unit step function.

Using general inversion formula (6) for the Abelian
transform, one can write the inverse transform for (11)
as

Ep(&)
s = -+ I N (12)
Integrating (12) by partsyields
s(r) = % j Jl_[dp(a)} NG
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y

s(x, )

Fig. 1. Fixed, (x, y), and rotating, (€, {), coordinate systems
used in the tomographic reconstruction of function s(x, y).
(2) Projection line.

Here, the regularity condition at infinity, p(§) — 0 as
& — +oo, iscertainly assumed to be met.

Note that, in his classical papers[11, 12], Cormack
proposed an inversion formula different from (12) and
(13), namely,

PE) g
ndrjzﬂ

However, integration by parts bringsformula(14) to
form (13), as could be expected.

Of particular interest is derivation of the inverse
Abelian transform directly from the inverse Radon
transform. As the initial inversion formula, let us take
the one that corresponds to the filtered back projection
method [3, 4],

s(r) = (14)

s(X,y)

2T+ 00

= %1_” p(E, 8)h(xcosB + ysind — £)dz do. (15)

Here, h(+) isafilter function that admits an integral rep-
resentation in the form of the inverse Fourier transform
that exists on the class of generalized functions,

+o00

h(z)—4nf|x|e'x€dz_ ol

Tt (16)

where p(1/€?) isageneralized function [13] that actsin
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accordance with the rule

%E%, fef = Ipé—lzf(adz
17)
v If(&) FO-1O -\, pJ’f(E)dE

and v.p. means integration in the sense of the Cauchy
principal value.

Then,
S(X,Y)

2T+00

_ 1 1 1
- ZH,!J:Op(E’e)[ 27Tp(xcose+y3|n9 £)°

} dEde
(18)

1
(2n)2.! v '_fm[(xcose +ysing—¢§)?

21 +00

= — 1 [9p&.0)
= (2n)2.!V'p'_,[xcose+ysin6—El_ or|dEae,

whichistheinverse Radon transform in the Radon form
[5].

In the case of radial symmetry, p(§, 6) = p(§) and,
passing to the polar coordinates, we have

K L dp(E) e o

_ 1
s(r) = (ZT[Z V'p'_{rcose & dt

(19)

2n
1 dp(E) 1
= o I [ .p.JO’rcose_Ede}dE.

Note that p(¢) isan even function, while dp(§)/d¢ is
an odd function. Since

2m

1 _ (=2m) 2T[)
0

where sgn(-) isthesignumfunction, theinverse Radon

transform yields the inverse Abelian transform in form
(13),

rI(IEI r)sgn(g). (20)

1 dp(&)_(-2m)
s(r) r](|E| r)sgn(&) |dg
(2T[) I [ [e% }(21)
1 _dp(@)
o Ty o

TERESHCHENKO

EXPONENTIAL ABELIAN TRANSFORM
IN EMISSION TOMOGRAPHY

The integral methods in emission computerized
tomography (ECT) are based on the exponential Radon
transform [3, 4]

+00 +00

p(€.0) = IIS(X, y)8(& —xcos8 —ysing)

—00 —00

x ep(—xsine + ycose)dxdy,

(22)

where [ is the coordinate-independent coefficient of
linear attenuation of radiation.

For instance, for the gammas from the *"Tc¢ radio-
nuclide with an energy of 140 keV in water, we have

i = 0.15 cmr. For the radially symmetric function s(x,

y) = S(/X° +y?) = S(r) considered above, exponential
Radon transform p(€, 8) turnsinto the exponential Abe-
lian transform p(¢),

+00 2TT

p(%) = IIs(r)é(z—rcos¢)e“'3'”¢rdrd¢
00

J.Zs(r)cosh(uA/ )
0 NP -g?

_ }OZS(r)cosh(uA/rz—Ez)rdr
H JrP -’

In contrast to [10], we will derive the inverse expo-
nential Abelian transform directly from the inverse
exponential Radon transform. According to the filtered
back projection method [4, 8], we have

—[g)rdr  (23)

2T+ 00

s(x,y) = %TIIp(E,G)hu(xcose+ysin9—E)
0 —

(24)
x e—p(—xsine + yCOSB)dEde
where h,(-) is afilter function that also has an integral

representation in the form of the inverse Fourier trans-
form that exists on the class of generalized functions:

+o00

(&) = 4 J ML=t - ey

. (25)
= —%T E—lz—g—n[s c(né) -5 smczgl;%}
Here, sinc(x) = sinx/x.
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Then, the inverse exponential Radon transform can
be written in the Radon form as

2T+

1 01 1
] = 5= ’e o
s(x, y) ZHJ()’_J;D(E )E_an(xgne+ysin6—2)2

2
_g_nsinc[p(xcose +ysing —&)]

2
+ B
41t

2[K(xcosb + ysine—z)} E
U

sinc [ 5 (26)

x e—p(—xsine + ycose)déde

. " cos[(xcosB + ysind — £)]
I pI XcosO +ysin —¢§

(2)

—H( _XSing + ycose)[ap(z- e):|dEde
FR '

In the case of radial symmetry, p(§, 6) = p(¢) and,
passing to polar coordinates (10), we find

1
s = (211)2

cos[u(rcose &)l rsnedp(E)
J’v pI e dede (27)

I{ pIcos[u(rcose &)l QHrsnd g }dp(E) g

(2T[) rcosf —¢& dg

It can be demonstrated that

cos[p(rcose &)l ghrsing
v-p. _[ rcoso —¢& d

(28)

—2n) cos(uA/ )
A/E —r?

Finally, we arrive at the inverse exponential Abelian
transform in the form

coS(HAE°~17)
0 <A

dp(E)dE _ 1ICOS(M )dp(E)

n(&l—r)san(g).

n(gl - r)sgn(E)}
(29)

2
r
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NUMERICAL IMPLEMENTATION
OF THE INVERSE EXPONENTIAL ABELIAN
TRANSFORM

When numerically implementing the inverse expo-
nential Abelian transform, one faces a number of prob-
lemsthat introduce distortionsinto the results obtained.
Among such distortions are, first of all, those dueto the
ill-posedness inherent in the problem of solving inte-
gral equations of the second kind. In practice, this
makes the results unstable when the right-hand side has
astatistic error. In this paper, no consideration is given
to such distortions, since, on the one hand, they have
been extensively discussed in the literature (see, e.g.,
[14]) and, on the other hand, thistopic callsfor separate
investigation.

Distortions of another type are due to the structure
of the abject itself; e.g., they may arise because of dis-
continuities at the boundaries of or inside the object
(Fig. 2). Such distortions can be effectively corrected
by considering each of them as an additive component
proportional to the amount of a discontinuity. Such a
correlation workswell if the statistical noiseislow; if it
is high, general methods of regularization of ill-posed
problems in combination with distortion correction
techniques should be applied.

Next, distortions may be associated with intrinsic
peculiarities of a particular problem. In the case of the
exponential Abelian transform, the loss of information
from deep-seated regions of the object is an example.
For the conventional Abelian transform, when p = 0,
this problem does not arise. The Fourier image of filter

s, arb. units
1.2

1.0r

0.8

?

0.6

0.4

0.2

]
0 2 4 6 8 10
r, cm

Fig. 2. Correction of the distortions associated with discon-
tinuities in the radiation source distribution function. The
solid line shows the origina function; the dashed line, the
function reconstructed without correction. The function
reconstructed with correction coincides with the original
function.
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Fig. 3. (a) Fourier image of thefilter function, (b) apodizing
function, and (c) Fourier image of the filter function with
regard to the apodizing function.

function (25),
H,.(X)
1 e . 1 (30)
= —f(h MdE = —— —H),
mj; J(8)e X dE 2Jﬁlxln(lxl H)

is shown in Fig. 3a. In caculations, function H,(x)
should be multiplied by some apodizing function A(X)
that regularizes the ill-posed problem of finding the
inverse EAT. Even without the apodizing function, the
maximal size of domain R being discretized and dis-
cretization interval Ar specify the lowest, X, and
highest, Xmax, Spatial frequencies in the Fourier space.
In essence, this corresponds to introduction of the
apodizing function presented in Fig. 3b. Then, with
regard to the apodizing function, the Fourier image of
the filter function depends on a relationship between p
and Xmin (See Fig. 3c¢). If U < Xpmin, the lowest of low spa-
tial frequenciesisequal to Xins fOr > Xmin, It €QUaIS L.
In the latter case, information is partialy lost and the
object reconstructed is distorted. Physicaly, this means
that the radiation from very deep-seated areas of the
object isnot detected at all. Since the lowest spatial fre-
guency corresponds to the maximal size of the object,
attention should be paid to a proper relationship

Fig. 4. Effect of the radiation attenuation coefficient on the
quality of reconstruction of the radiation source distribution
function. The solid line, the original function; the dashed
line, the function reconstructed. p = (@) 0.5Kmin =

0.005X mexs (0) 5Xmin = 0.05Xmax, and (€) 10X min = 0.1X max-

between the object size and the radiation attenuation
coefficient.

The aforesaid isillustrated by Fig. 4. Aslong as L <
Xmin» the original function is restored almost exactly
(Fig. 4a). When U > X, the function reconstructed
contains distortions (Fig. 4b), which build up as the
truncated part of the spatial frequency band expands
with y. Even if this part is about 10%, the distortions
become unallowably large (Fig. 4c).

CONCLUSIONS

The basic properties of the exponential Abelian
transform as a generalization of the classical Abelian
transform are considered. A new approach to deriving
theinverse exponential Abelian transform directly from
the inverse exponential Radon transform is suggested.
The problems of numerica implementation of the
inverse exponential Abelian transform are discussed.
The principal distinction between the exponential Abe-
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lian transform and the conventional Abelian transform
is that the radiation (information) from very deep-
seated regions of the object is partialy lost in the
former case. The results obtained may be useful in
reconstructing the spatial distribution of axisymmetric
or spherically symmetric radiation sources, e.g., in
diagnostics of fuel elements for nuclear reactors, as
well as of other abjects.
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Abstract—Nonlinear second- and fourth-order corrections to the critical Tonks—Frenkel parameter (which
characterizes the stability of the uniformly charged flat surface of anideal conducting incompressible fluid) are
found by asymptotic calculations of the fifth order of smallnessin ratio of the wave amplitude to the capillary
constant of the fluid. A nonlinear integral equation for the time evolution of the unstable wave amplitude is
derived and solved. It turns out that the linear stage of instability development takes a major part of the total
time, while the nonlinear stage is very short. It is shown that the characteristic time of instability devel opment
on thefluid surfaceisarapidly decreasing function of theinitial amplitude of avirtual wave and the overcritical
surface charge (i.e., the excess of the charge over the critical value). © 2005 Pleiades Publishing, Inc.

(1) Investigation into the physical mechanisms of
instability development on the charged flat fluid surface
is of both scientific and applied interest (see, for exam-
ple, [1-9] and Refs cited therein). Most of the theoreti-
cal studies has been conducted in an approximation lin-
ear in amplitude of deformation of theflat fluid surface.
Works reflecting the nonlinear essence of this phenom-
enon have appeared only recently [10-15]. Yet, many
issues concerning its nature still remain unclear. In par-
ticular, mechanisms behind the formation of Taylor
cones have not been covered to date. By Taylor cones,
researchers mean protrusions arising on the charged
fluid surface at the nonlinear stage of instability devel-
opment. These protrusions emit finely dispersed highly
charged droplets from their tops, thereby removing an
extra charge [1-8]. A qualitative model of protrusion
formation was proposed by Tonks as early as in 1936
[1]. Numerical analysis of the protrusions was dis-
cussed in [10, 16]. However, nobody hastried to evalu-
ate the characteristic time of Taylor cone formation
from the very beginning of instability development on
the charged fluid surface. The instability growth rate as
a parameter characterizing the growth time of a protru-
sion is inappropriate. The fact is that it adequately
describes the growth of the protrusions only at the lin-
ear (initial) stage, i.e., aslong asthe height (amplitude)
of a protrusion remains much less than its transverse
linear size, whereas a Taylor coneisan essentially non-
linear object. Inthiswork, we calculate the characteris-
tic time of Taylor cone formation following the scheme
used earlier in the analysis of the nonlinear stages of the
evolution of a highly charged drop [17, 18] and of an
uncharged drop subjected to a high uniform external
electrostatic field [19].

(2) Let anideal perfectly conducting incompressible
fluid with adensity p occupy the spacez< 0in the Car-
tesian coordinate system. The fluid experiences the
action of a gravitationa field (g || -, where n, is the
unit vector in the direction of the z axis). The equilib-
rium (undisturbed by wave motion) flat surface of the
fluid (which coincides with plane XQOY) borders a vac-
uum, experiences the action of surface tension forces
with a surface tension coefficient y, and bears a uni-
formly distributed el ectric charge with adensity o. The
wave motion of fluid molecules generates small-ampli-
tude capillary waves on thefree fluid surface, so that its
shape becomes a function of coordinate and time: z =
&(x, t). The mathematical statement of the problem of
nonlinear capillary—gravitational waves on the free uni-
formly charged fluid surface has the form

z>8 AP = 0; z<&: AP =0
2
08 , 0809 _ 09.
ot o0xox 0z’
(@) _ | 0%n 0&t™ o
T _yaxz%HEBxDD =0

zZ—00: VO — —Eye,;
Z—» —00; V(p—>0

Here, ¢(r, t) is the potential of the fluid velocity field,
d(r, t) isthe potential of the el ectrostatic field abovethe
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NONLINEAR ANALYSIS OF THE TIME EVOLUTION

fluid, p(r, t) isthe pressurefield in thefluid, and A isthe
Laplacian.

It is aso necessary to formulate the initial condi-
tions of the problem. The solution of nonlinear prob-
lems with arbitrarily postulated initial conditions is a
challenge. Therefore, it is reasonable to specify the ini-
tial conditionsin such away that the result of the solu-
tion hasaformthat isassimple as possible. To thisend,
we suppose that a capillary—gravitational wave on the
fluid surface is a travelling sinusoidal wave in a first
approximation in small wave amplitude; that is, its pro-
file has the form

& = acos(kx—wt) + O(a°),

where a and w are the amplitude and frequency of the
wave, respectively, and k is the wavenumber.

We assume that the wave amplitude is much smaller

than the capillary constant of the fluid, a = ./y/pg, so
that ratio a/a is natural to take as a small parameter in
the following asymptotic analysis. It is also assumed
that all second- and higher order additions to the wave
profile, which are proportional to cos(kx — wg) and may
appear due to the nonlinearity of the problem, are equal
to zero.

In a zeroth approximation in small parameter a/a,
the free fluid surface is unperturbed and described by
the equation z= 0, thefluid is quiescent, and the electric
field is uniform throughout the space:

=0U; =) = . EO
EO_Ol V(I)O—O, VCDO _EOeZ7 pO = _8T[
Substituting these expressions into the initial equa-
tions gives

®,=-Eyz.

The perturbation & of the free surface, velocity field
potentia ¢, and electric potential ® are unknown func-
tionsin the problem. We shall seek them in the form of
expansions in small parameter,

2 3 4
£ = B+ Be,+ Ble+ e, + 0T
2 3

2N 2N B2N
H;D(I)l + Q;D CDZ + Q_XD q)g

E0Y
+0Eb(D’

4

(A o

+ Q}D

5

2 3 4
& = 0.+ B 02+ B $a+ B €4+ OFES

€ 1O(1), @0 0(1), ¢K O(1).
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(3) We will solve the problem by the method of
many scales [14, 20-22] in the fifth order of smallness
in wave amplitude using dimensionless variables such
that g = y = p = 1 (consequently, the capillary constant
of thefluid isalso equal to unity, a = 1). Then, the pro-
file of acapillary—gravitationa wave will take the form

£ = acos[kx—(w+ a3, +a’3,)t]

+a°X,,cos[ 2kx — 2(0 + a°3,)1]
+a° X5€08[ 3kx — 3(w + a°3,)t] (1)
+a*(X,pcos[2(kx — wt)] + X4, c08[4(kx — wt)])
+a°X5cos[5(kx — wt)] ;

(al variablesin (1) are designated as before, except for
the small parameter, which is denoted by a). Here,

W’ = k(1+K —kW); W = 4nd’;

K3(16K2W2 — 16K3W + 2k* — 16KW + K +8).

o, =
160(1 — 2k?)

k5
5126(1 + k2 —kW) (1 - 2k?)*(1 - 3k?)
x (256 — 2386kW + 788Kk> + 8704k*W” — 5188Kk*W

—15616k>W° + 229k* + 11040k*W? + 13056k*W*
+ 942K°W — 2432k>W° — 4096k°W° — 377k®

—18528Kk°W? — 9984Kk°W* + 11948k"W + 31232k"W°
+ 6144k W® — 2218k® — 22400k>W? — 13824k*W*

+ 6056k°W + 7680k°W° — 1148Kk™ + 1920k °W?
—1968K"'W + 24k™);

_ k(14K —2kwW).
2(1-2K°)

22

k(6 — 32KW + 21K? + 32k>W? — 32kW+6k)

Xea = 16(1 — 2k%)(1 - 3K%)

3
X, = K (34-164kW 33K
48(1 - 2kK3)%(1 — 3K%)

+ 336K°W? — 52k*W — 192k*W° + 171k*

— 240K*W? + 124K°W + 192K°W?
—134Kk° — 24k"W — 48K°);
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_ K(1 + K — 2kwW)
Xa = 2,2 2 2
48(1-2k*) (1 -3Kk*)(1-4Kk?)
+ 77K + 128K*°W? + 160k>W — 248k* — 288k W?

+288Kk°W — 12k%),

and W is the dimensionless Tonks—Frenkel parameter
characterizing the stability of the free fluid surface
against the surface charge.

The expression for Xs is omitted, because it is awk-
ward and has an insignificant influence on the profile of
the resulting wave. InthelimitW — 0 (i.e.,, 0 —= 0),
expression (1) for the shape of a nonlinear wave on the
free charged surface of anideal fluid coincides with the
known expression [21, 22] for the shape of nonlinear
capillary—gravitational waves on the uncharged surface
of anideal fluid up to the third order of smallness.

From (1), it is seen that amplitude factor X,, multi-
plying the second-order correction builds up resonantly
at k =k, = 1/(2¥?) and factor X5; multiplying the third-
order correction, at k = k, and k = k; = 1/(3"?). The
amplitude factor X,, of the fourth-order correction has
three resonances: at k = k,, k = ks, and k = k, = 1/(4Y2).
It was shown [20] that, in an approximation quadratic
in wave amplitude (when there is only one resonant
wave number k = k;), the resonant interaction causes
energy transfer from longer waves with wavenumbers
k = k;, to shorter ones with k = 2k,. It is also seen from
expression (1) that energy transfer takes place not only
under the third-order resonance conditions mentioned
above but also at k = ks the energy is transferred from
longer waves with wavenumbersk = k; to shorter waves
with k = 3ks. In the fourth order of smallness, one more
resonance is observed, namely, a k = k,. Here, the
energy istransferred from the waveswith k = k, to those
with k = 4k,.

It is also seen that the frequency correction that is
proportional to &, involves the amplitude squared and
the frequency correction proportional to o,, the ampli-
tude in the fourth power. These corrections influence
the frequencies in the third and fifth orders of small-
ness, respectively (which can be shown by expanding
acog(w + a%d, + a*d,)t] in powers of a2d, and a*d,).

The nonlinear corrections to the frequency, as well
as amplitude factors X,,, Xa3, X42, @and X,,, have reso-
nant form (i.e., their denominators have factors vanish-
ing at certain wavenumbers). This means that the appli-
cability of expression (1) near wavenumbers k = k,,
k = kg, and k = k, islimited, since the amplitude factors
multiplying frequency corrections o, and &, and ampli-
tude coefficients X,,, Xa3, X4, and X,, must be on the
order of O(1).

The fundamental frequency is equal to (w + a2d, +

a*d,). Thecritical conditions under which the free fluid
surface is unstable against self-charge are the follow-

(16 — 128kW
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ing: (i) vanishing of the square of the frequency Z, 22 =
(w+ a%d, + a*d,)?, of thevirtual wave and (ii) vanishing
of the derivative of frequency Z with respect to wave
number. The first condition yields critical Tonks—Fren-
kel parameter W the second, the wavenumber Kk of

the most unstable wave [2, 23]. In the framework of the
linear model, the critical values of W7 and ki are

related as[20]
W, = ke + K75, ke = 1. @)

In the nonlinear problem being solved, we will seek
for nonlinear corrections to Tonks—Frenkel parameter
W that is critical in terms of instability development
under the assumption that condition (2) is met and the
wave with k = 1 becomes unstable. To do this, we rep-
resent Win the form of the expansion

W, =2 -—w,a’ +w,a’. ©)

Substituting this expansion into the equation Z2 =0,
one can readily obtain by the method of successive
approximations that w, = 11/10 and w, = 51/160. Thus,
it turns out that the critical value of parameter W at
which theflat charged surface of anideal fluid becomes
unstable depends on the amplitude of the virtual wave,
which loses stability, giving rise to Tonks—Frenkel
instability. In full-scale experiments, the free fluid sur-
face exhibits an infinite spectrum of capillary waves

with an amplitude onthe order of /kT/y (k istheBolt-
zmann constant, T is the absolute temperature of the
fluid), which are generated by the thermal motion of
fluid molecules. It is these waves that play the role of
virtual waves[2]. It is easy to see that, for most real flu-
ids, the amplitude of such waves at reasonable temper-
atures (i.e., at which the fluid exists) amounts to half an
angstrom or, in our dimensionless variables, ~107%. In
terms of instability development on the charged flat
fluid surface, such a small wave amplitude means that
the critical instability conditions follow from the linear
theory: k= 1 and W= 2. Asfor the nonlinear correc-

tions (see (3)), their influence shows up as an increase
in the amplitude growth rate, which is amplitude-
dependent. This phenomenon is discussed in detail
bel ow.

(4) Assume that, at the zero time (t = 0), parameter
W at the uniformly charged free fluid surfaceis equal to
the critical value predicted by the linear theory, W = 2.
Then, according to the linear theory, the squared fre-
guency of the wave with k = 1 and an infinitesimal
amplitude vanishes[2],

= k(1+K —Kkw). (4)

This circumstance as such does not yet mean that
the wave becomes unstable, because, according to the
linear theory, the instability growth rate of such awave
isequal to zero. Thefact isthat, in the linear theory, the
dispersion relation does not contain the wave amplitude
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and all the components of the dispersion relation are of
the zeroth order of smallness. The nonlinear analysis
performed above shows, however, that the critical value
of parameter W depends on the wave amplitude and
decreases with increasing amplitude according to (3).
This means that the electric field near the fluid surface
(which is characterized by parameter W) exceeds the
critical value and, hence, that the instability growth rate
for awavewith an amplitude assmall asdesired isother
than zero. The excess of parameter W over its critical
value is defined by the difference between W= 2 —

w,a? + w,a* and W= 2. In other words, the squared fre-
guency of the waveis given by

0’ = —w,a’ +w,a’, ©)

that is, the wave becomes unstable with an instability

growth rate X, where x = a./(w, — w4a2) according to
(5). If onetakesinto consideration that the amplitude of
the unstable wave increases with time, this relationship
gives the growth rate as a function of amplitude a(t),
which increases with time:

X = a(t) (W, —waa(t)?). (6)

It should be emphasized that relationship (3) (which
follows from the nonlinear analysis) is used for deriv-
ing an analytical expression for the linear parameter
characterizing the time evolution of the unstable wave,
i.e., the growth rate.

Since the amplitude of the wave is a function of
time, the instability growth rate also depends on time
(see (6)), x = x(t). This means that the amplitude
increases with time as

a(t) = agexp(xt)

= agexpla(t) J/(w, —w,a(t)*),

that is, considerably faster than by the normal exponen-
tial law, and, consequently, will rapidly go beyond the
domain of applicability of the expansions in small
parameter that were used in the derivation of (7).

(7)

To find an amplitude variation law applicable for
any amplitude values, consider a sequence of amplitude
valuesatakenintimestepsAt; (i = 1, 2, 3, 4, ...) such
that expression (7) applies within each of them. It
should be noted that (7) is valid only if amplitude
growth rate da/dt is linearly related to amplitude a(t).
The width of step At; will be found from the condition
that an increase in the growth rate increment within this
step, X; — X -1, iIsmuch smaller than theincrement at the
end of the preceding step; that is, AX =X —Xi—1 <€ Xi_1
Then, the value of x; may be considered invariable
within step At; and the increment Ag; of the amplitude
may be calculated with relationship (7).
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Let, at W= 2, the wave with k = 1 become unstable
and itsamplitude start to increase with growth rate x; =

g/ (W,

JKT of the initial virtua wave increases to a, =
auexp(x;At,). According to (6), the growth rate will

—w,a’). For atime At,, the amplitude a, =

then increase to X, = ag./ (W, —w4a§) . Within the next
time step At,, the amplitude will grow with such arate
to a, = a,exp(X.At,). At the end of step At,, the growth

rate will be x5 =a,A/(W, —w4a§) . Within the following
time step At;, the amplitude will grow by the law a; =
3,eXP(X3At).
Thus, for an ith time step At;, we obtain
8 = a_;exp(XiAt). (8)

Now, we substitute into (8) the expression for g, _1,
which is expressed via g _,. The latter, in its turn, is
expressed via a,_; and so on down to a,. Eventually,
instead of (8) we will have

& = ageXP[Zn= 1 (Xrbta)] -

Passing to the limit At,, — 0 (m — o) in this
expression, we arrive at

t

a(t) = aoexphx(t)dt}.
0

Let us substitute into this expression relationship
(6), which relates the growth rate to the amplitude:

t

m0=%aﬁpm(m—mmfm% (9)

Thus, we have derived the nonlinear integral equa-
tion for time-varying wave amplitude a(t). To find a
solution to Eq. (9), we take the logarithm of (9),

t

In(a(t)/ag) = J’a(t) (W, —w,a(t)")dt

and differentiate the resulting expression with respect
da(t) _

tot,
a(t)dt a(t)/(w,— W4a(t)

Separating the variables, we get
da

a’ ./ (w, —w,a’)

= dt.
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Integration yields
Jwo—waah)  Jw—wia)?) _
W>39 w,a(t)

or

1
g 2 20
_ 0
a(t) = Ofw,lMe=Wel) 5 WO 4
0 W 0wy

From expression (10), it follows that the character-
istic time T of instability development (the characteris-
tic time of nonlinear increase of the amplitude, which
can be determined as the time at which expression (10)
reaches a maximum) has the form

_ Al(wy— W4a§)

T = —F—",
W>3,

Considering the instability development of the vir-
tual wave (beginning from itsthermal amplitude at W=
2), we can argue that the characteristic time of ampli-
tude growth is very long. Specifically, in terms of our
dimensionless variables, it reaches ~108; in the dimen-
sional variables, for example, for water bordering a
vacuum, thistime is as long as 2.5 x 10* s, i.e., about
7 h (the characteristic scale of dimensionless time is

pg’ly; thatis, T = t./pg’ly). For other fluids or their
mixtures, this time may somewhat change depending
on the interfacial tension coefficient, densities of the
media, and temperature. However, the order of magni-
tude of the characteristic time remains the same, since
just the physical parameters listed above influence the
thermal amplitude of virtual waves and the scales on
which the quantities are made dimensionless. Thisisin
gualitative agreement with the observations of Taylor
and Mclwan [8], who noted that the linear stage of
instability development is many times longer than the

(11)

10 20 30

Fig. 1. Dimensionless amplitudes of nonlinearly growing
waves with the dimensionless wavenumber k = 1 as func-
tions of dimensionlesstime (expression (10)) for W= 2 and
initial amplitudes ag = (1) 0.03, (2) 0.10, and (3) 0.30.
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nonlinear stage, during which the amplitude of emitting
protrusions (Taylor cones) on the charged fluid surface
rapidly increases. Nevertheless, the authors of experi-
mental works [3, 24] did not report a long delay of
instability development, although this fact is hard to
escape the researchers attention. This suggests that, in
those experiments, instability developed on the virtual
wave, whose amplitude is considerably larger than that
of the wave due to the thermal motion of fluid mole-
cules.

Figure 1 demonstrates the time dependencies of the
amplitudes of nonlinearly increasing waves that were
calculated at various initial amplitudes far exceeding
the thermal one. Along with the delay of instability
development mentioned above, one can al so seethat the
amplitude of a nonlinearly increasing wave passes
through amaximum and then decreases. The maximum
amplitude of the nonlinear wave is independent of its
initial amplitude but depends on arelationship between
the coefficients multiplying the second- and fourth-
order nonlinear corrections. This is because these cor-
rections to the critical Tonks—Frenkel parameter have
opposite signs (see (3)). If the second-order correction
alone is taken into consideration, the limitation on the
amplitude (see Fig. 1) is removed and the amplitude
growsto infinity. This circumstanceis most likely to be
associated merely with a limited applicability of the
relationships derived; that is, they rapidly fall outside
the domain where expansion (3) is uniformly applica-
ble. As the amplitude grows, the fourth- and second-
order corrections become equal to each other, causing
the maxima in the curves and then (at long times)
the former correction is responsible for amplitude
damping.

(5) One more factor causing the unstable wave to
rapidly build up isthe overcritical electric field strength
(surface charge density o) applied to the unperturbed
fluid surface. In experiments, the critical conditions for
instability development are usually stated by relation-
ship (2) for well-conducting fluids. In real well-con-
ducting fluids, the time of Maxwell relaxation of an
electric charge must be much shorter than the charac-
teristic time of instability development in order to pre-
vent the electric potential of the fluid surface from
being equalized faster than the surface deformation is
complete. In most of the experiments known (see, e.g.,
[8, 24]), this requirement was met but the critical insta-
bility conditions differed from (2) and depended on the
experimental conditions (in [24], the critical conditions
depend on the characteristic time of rise of the electric
field strength near the fluid surface). This allows us to
suppose that the electric field in the experiments [8, 24]
somewhat exceeded the critical value W= 2; conse-

guently, the instability growth rate of the virtual wave
was governed by two factors: the excess of parameter W
over its critical value and nonlinear corrections (3).
Therefore, we will repeat the line of reasoning similar
to that in Sect. 4 of this paper, taking into account that
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Tonks—Frenkel parameter W exceeds its critical value
Wby AW and, thus, contributes to the growth rate. In

this case, instead of (6), the instability growth rate of
the charged surface of an ideal incompressible fluid
will take the form

X = JAW+a(t)’(w, —w,a(t)?).

Then, instead of (9), the amplitude of the unstable
wave as a function of time is given by the nonlinear
integral egquation

t

a(t) = aoexp{NAwa(t)z(wz—w4a(t)2)dt ,
0

which has the solution

a(t) = J 4AWF (1)
1+ (W2 + 4AWW,) F(t)? = 2w,F(t)’
where

12)

asexp(J/AWt)
2AW + W82 + 2,/ AW(AW + w,a2 —w,a2)

Figure 2 plots the amplitudes of the nonlinearly
increasing waves against time that were calculated by
(12) at various AW = W — Wpjand the initial thermal

amplitude a, = 1078 of the virtual waves. Itiseasy to see
that the curvesin Fig. 2 are qualitatively similar to those
presented in Fig. 1. The discrepancy is only quantita-
tive: as was mentioned above, the characteristic time of
instability development at AW =0 and a, = 102 isvery
large, t ~ 108, while, at high W # 0 and a, = 1078, the
dimensionless characteristic time of instability devel-
opment may be very short, t = 10-100. The latter value
isin good agreement with the experimental datain [8,
24]. However, the accuracy of measurement of the elec-
tric field in [8, 24] is doubted, since there is reason to
think that parameter W in the experiments [8, 24]
exceeded the critical value by a certain value AW. It is
seen from Fig. 2 that variation of excess AW from sev-
eral percent to 100% of Winfluences the process phe-

nomenology (the instability development time) only
dightly. In other words, only when the characteristic
time of instability development is =2.5 x 10% s (i.e,
when the instability at W = W= 2 is due to virtual
waves of thermal nature) can measurements of the crit-
ical conditions for instability development on the
charge surface of a conducting fluid be considered cor-
rect. Only in this case does it make sense to believe that
the true field strength is measured and that the wave
with k = a~* becomes unstable, as follows from the the-
ory [2].

It is worth emphasizing that the curvesin Fig. 2, as
well asthosein Fig. 1, are meaningful only if theampli-
tude a(t) < 1. At larger values of a(t), expansion (3)

F(t) =
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Fig. 2. Dimensionless amplitudes of nonlinearly growing
waves with the dimensionless wave number k = 1 and
dimensionless initial amplitude a; = 10~ as functions of
dimensionless time (expression (12)) at W= 2 + AW, where
AW (the excess over the critica Tonks—Frenkd parameter) =
(2) 0.1, (2) 0.2, (3) 0.3, (4) 0.5, (5) 0.75, (6) 1, and (7) 2.

loses uniformity, which is central to our reasoning.
Nevertheless, the presence of the maximain the curves
a = a(t) allowsusto qualitatively investigate the depen-
dence of the characteristic time T of instability develop-
ment on excess W and theinitial amplitude a, of the vir-
tual wave. To do this, we take into account that the
curves a(t) sharply increase and assume that the posi-
tions of the maximamay be taken as adequate estimates
of the characteristic time of instability development.
We aso take into account that the derivative da(t)/dt
vanishes at the maxima, which makesit possibleto find
characteristic time T = 1(a;, AW) as a function of the
physical quantities we are interested in, namely, excess
AW over the Tonks—Frenkel parameter and initial
amplitude a,, of the virtual wave:

1
2. /AW
+16(AW)? + ag(Ws — 12W,AW) ) + 2./AW

In{ [ (W,25 + 2AW) (16AWW,a;

x Jw,a2 + AW — w,a(16AWW,a’
+16(AW)” + ag(3w; — 4wW,AW) ) |/[ 2ag./AW

X w25 + AW — W,a5(—w5 — 4w, AW)
—ag(W,ag + 2AW) (W5 + 4w,AW) ]} .

The plots of thefunction T = T(AW) at a, = const that
were constructed for different ranges of AW using this
expression are presented in Figs. 3a-3c. The depen-
dencet = 1(a,) would be more informative when calcu-
lated at AW = 0; however, the function T = 1(ay, AW)
obtained diverges at AW —» 0. Therefore, we will find
the desired functiona relation by equating the time
derivative of amplitude a(t) (given by expression (10),
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which was derived just for the case AW = 0) to zero.

Eventually, we arrive at
/ 2
W2 - W4a0

T = e ——
(av) i
which coincides with (11). This dependence is illus-
trated in Fig. 4. It iseasy to seethat, at W= 2 (AW = 0),
the a, dependence of the characteristic time of instabil-
ity development on the charged flat surface of afluid,

1= la,./w,, differs little from the pure hyperbolic
function over a wide range of the initial amplitude,
108<a,< 1.

The dependences T = T(AW) and T = 1(a,) substanti-
ate the conclusions drawn above from indirect esti-
mates that the characteristic time of instability devel op-
ment may be short (Iessthan asecond) only if theinitial
amplitude considerably (by four orders of magnitude)
exceeds the thermal amplitude (or, in other words, if
AW = 107). This circumstance should be taken into
account in further experimental verifications of the crit-
ical conditionsfor Tonks—Frenkel instability in order to
accurately measure the time of instability develop-
ment—a physical quantity that has eluded the attention
of researchers.

(6) Above, we have derived the time dependence of
the amplitude of the unstable wave withk=1at W= 2.
The fact that, according to (1), not only the wave with
the wavenumber k = 1 but also those with k = 2, 3, 4,
and 5 become unstable because of the nonlinear inter-
action calculated up to the fifth order of smallness has
remained in the shade. However, it would be of interest
to see how the amplitudes of the waves with k= 2-5
vary with time.

Without going into details, we assume (as a first
approximation to a solution of the problem stated) that
the dependence a = a(t) derived above for the wave with
k = 1 holds for the second- and higher order amplitude
corrections to a fundamental solution. It is also
assumed that the quadratic-in-a corrections to the fre-
guencies of thewaveswithk=2and 3in (1) vary ina
similar manner. These assumptions are based, first, on
the very classical procedure of seeking for nonlinear
corrections to the fundamental wave, which was speci-
fied at the zero time [15, 21, 22] in the form of an
asymptotic expansion in its amplitude a. Second, at the
value of the Tonks—Frenkel parameter that isadopted in
this work (W = 2), the waves with k > 2 are stable
against the surface charge and their amplitudes grow
only through the nonlinear interaction with the funda-
mental wave with k = 1.

In the next approximation, it should be taken into
account that the field strength at the ridges of the waves
increases with wave amplitude. When the amplitude of
the fundamental wave with k = 1 becomes sufficiently
large, the shorter wave with k = 2 appearing at the ridge
of the fundamental wave may become unstableinterms
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of thelinear analysis(i.e., criterion (2) is satisfied). The
instability of the shorter wave means that the Tonks-
Frenkel parameter averaged over the half-cycle of the
wave with k = 2 exceeds W= 2.5 at the ridge of the

growing wave with k = 1 will. As the wave amplitude
rises further, the same may occur with a still shorter
wave (with k = 3). However, such a possihility is not
obvious and calls for special detailed analysis.

(7) Let usrecall aresult obtained from the analysis
of instability of drops against self- and induced charges
[17-19]. In this case, the variation of the characteristic
dimensional timetrjof instability development with the

amplitude {, of the initial perturbation of the equilib-
rium shape (the perturbation was specified in the form
(,P,c0s6, where P,cos6 isthe Legendre polynomial) is
shaded by the strong dependence of tjon the radius R

of the drop (the radius dependence had the form t~

RYC,. At R~ 1072 cm (such was the size of drops tested
for stability against self-charge in the experiments [5])
and ¢, ~ 108 cm, we obtain R¥{, ~ 1. Therefore, the
strong dependence of the characteristic time of instabil-
ity development on the initial amplitude near the criti-
cal value of the Tonks—Frenkel parameter (W= W= 2),

which was found in this work, is inherent to the flat
charged surface of afluid.

(8) The fact that the characteristic time of Tonks—
Frenkel instability development is long (and, conse-
quently, the velocity of fluid surface motion is very
low) when the virtual wave amplitudes areinfinitesimal
sheds light on the influence of the fluid viscosity on the
instability development mechanism. Indeed, for amost
part of the characteristic time, the unstable surface
moves very slowly. Accordingly, the dissipative energy
losses are low and may be neglected. The fluid surface
moves fast only at the final stage of instability develop-
ment, the duration of which is much shorter than the
total characteristic time of the process. Let us expand
the time dependence of the wave amplitude (expression
(20)) in powers of agt up to the quadratic term,

a(t) = an +8g,/wat

w10

wille

; O.5a§[3t2 —xvﬁ‘ —w,F?
2

It is seen that this expansion is asymptotically cor-

rect for times At < (1/aq,/w, ). Comparing this interval

with the total time of instability development given by
(12), we find that the duration of the linear stage is a
good approximation of the total time of the process.
The characteristic velocity of the fluid surface, V =
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agﬁ , isvery low throughout the linear stage. Early
in the nonlinear stage, when the velocity is approxi-
mated well by theterm quadraticin agt, the acceleration
of the fluid surface, 2a%w,, is also minor. Consequently,
the influence of the fluid viscosity on the characteristic
time of instability development is wesak.

Finally, the fact that the linear and quadratic (in agt)
stages of instability development are long implies the
asymptotic validity of the results (in particular, of the
integral equations derived for the time evolution of the
unstable wave amplitude).

CONCLUSIONS

The characteristic time of instability development
on the uniformly charged flat surface of anideal incom-
pressible conducting fluid can be subdivided into two
stages. a stage of ingtability initiation, or the linear
stage, covering a mgjor part of the total time and
depending ontheinitial conditions (ontheinitial ampli-
tude of the virtual wave and the excess over the critical
Tonks-Frenkel parameter at the initial instant), and a
very short nonlinear stage when the unstable wave
amplitude increases infinitely.
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Abstract—Physical processes accompanying the flow of a conducting bubble liquid in crossed electric and
magnetic fields are considered. Based on the general equations of mechanics of multiphase media, we develop
aone-dimensional model of the flow of and heat exchange in acompressible bubble liquid when the phases are
not in thermal and velocity equilibrium. The model is numerically investigated. It is demonstrated that, when
the bubble liquid flows along the el ectromagnetic force vector, the bubbles lag behind the carrying flow and are
compressed and warmed up. This causes oscillations of the bubble volume, aswell as oscillations of the param-
eters of both the disperse and carrying phase. In particular, the compression of the bubbles reduces the volu-
metric gas content, as well as increases the effective conductivity of the flow and the electromagnetic forcein
the downstream direction. This sets conditions for crisis of the bubble flow when the electromagnetic force
expel s the bubbles against the main stream. On the basis of the solutions obtained, the efficiency of a gas com-

pressor is calculated. © 2005 Pleiades Publishing, Inc.

INTRODUCTION

Nonmachine compression of gases and vapors is of
great interest in different areas of industry, since it
allows for implementation of inverse thermodynamic
cyclesand offers possibilities of developing new-gener-
ation compressors, refrigerators, and thermal pumpsfor
various engineering systems. In particular, it was pro-
posed [1-3] that a gas be compressed in a magnetohy-
drodynamic (MHD) pump containing a low-tempera-
ture liquid metal like the gallium—indium—bismuth
eutectic. For this purpose, the gas phase was injected
into the liquid metal to form a bubble structure.

Gas bubbles in a stream subjected to the field of an
electromagnetic force experience the action of inertia
forces; expulsive forces in the pressure gradient field,
which are directed opposite to the stream; and forces
retarding the flow around the bubbles (drag forces) in
their relative motion, which are codirected with the
stream. If the drag force exceeds the expulsive electro-
magnetic force, the bubbles are carried by the flow
toward the high pressure zone and, hence, are com-
pressed. Otherwise, they will stop inside the channel,
which resultsin their accumulation and makes the bub-
ble structure unstable, or be expulsed from the mag-
netic field zone. The dynamic processes of the bubble
flow are superposed on the processes of gas-iquid heat
exchange and on the el ectromagnetic processes associ-
ated with a change in the effective conductivity due to
avarying volumetric gas content in the flow when the
bubbles are compressed.

Designing agas compressor (including performance
evaluation) is possible only by solving a system of
equations of motion and heat exchange for a bubble
flow.

1. STATEMENT OF THE PROBLEM

Our aim isto calculate the distribution of kinematic,
dynamic, thermodynamic, and electric parameters of a
monodisperse bubble flow in the adiabatic channel of a
conductive MHD pump with a constant cross-sectional
area(l x b =congt, wherel isthe electrode spacing and
b is the distance between the insulating walls). The
pump is placed in a uniform magnetic field B(0, 0, B)
(B = const), which abruptly vanishes at the ends of the
channel of length L. It is assumed that magnetic Rey-
nolds numbersare small, Re,, < 1. Voltage U acrossthe
channel eectrodes, magnetic field induction B, and the
flow parameters at the entrance to the channel (x = 0)
are assumed to be given. To solve this problem, let us
invoke the equations of mechanics of a two-phase
medium.

Consider the Rayleigh—Lamb system of the continu-
ity equations for momenta and heat inflow, as well as
the conditions of joint deformation of the phasesin a
collision-free monodisperse bubble medium where the
carrying phase (i = 1) is a viscous incompressible con-
ductive liquid and the disperse phase (i = 2) isan ideal
gas [4]. Complemented with the expressions for the
Ampére force and differential Ohm’s law, the system

1063-7842/05/5002-0167$26.00 © 2005 Pleiades Publishing, Inc.



168
has the form (phasewise)

ap ap,

1+D(p1 1) 0, 6t+D(p2 2)—0
. 1
at D (n 2) = 0
P, = 0(1F)(10)a P = Olng, a,+a, =1,
4 2
é"asn = ay, pcz) = P/ (R, Ty),
_da
W, = 'ai—i (3)
d W, - s w
(1-¢pate = BP0t gy, =
P1 p.a p.a
3 , 2 Blaw 1 @
~(1=92)5We = 50u——— + (1= 95)7(vi—Va)",
1
d1V1
Pi— dt =0, [Py, + alD Tl* —a;nf, +p,g+f;,(5
d,v, k_k
pzw = —0,0Py, +a,0 1, +a;nfy +p,g, (6)
d;u, k_k
P1— at - = -0y + NGz, + P1 AL+ O + 5, (7)
dyu, azpzdng
P2 = +NQs,. (8)
dt pg dt
f, =j1xB, j1= o‘i(E+v1xB), (9, 10)
d
fo = f,+f,+f, — + (v, (O
" at = at (11)

Wy, = |V —v2| .

Here, p, and pg are the reduced and true densities of an
ith phase, respectively; v; isthe velocity; nisthe numer-
ical concentration of the bubbles; aisthe bubbleradius;
0; is the volume content of the ith phase; T, is the tem-
perature; p; is the pressure; w, is the radial velocity of
the interface; o4 is the effective conductivity of the
bubble medium; P,jis the spherical component of the

surface stress tensor in the collision-free bubble flow;

1%, are the components of the viscous stress tensor in
the carrying flow; g is the gravitational force density;
f, is the density of the electromagnetic force acting on
the carrying phase in aunit volume of the mixture; fjis
the action of the carrying phase on the disperse one due
to different velocities of the phases; q,is the reduced

heat flux density; gs isthe heat flux in the ith phase at

VASILYEV

theinterface; p;A; isthe viscous stress power in the car-
rying flow in a unit volume of the mixture; ¢, and g
are the densities of volume heat rel ease sources due to
the conductive and eddy electric currents; f,, istheiner-
tial force of apparent masses that acts on abubble; fis
the expulsive force due to the nonpotentiality of the
electromagnetic force bear abubble; f, isthe drag force

(retarding the flow around a sphere); j; and j(l) are the

reduced and true densities of the electric current,
respectively; E isthe electric field strength; and Z isthe

surface tension coefficient. Functions ¢, = (1.10(sz3 -
a)lay, ¢, = (L503° — 1.30,)/a,, and o5 = a,/a, take
into consideration the fact that the flow contains many,
rather than one, bubbles [4]. Factor 2/3 in Eqg. (4)

appears as aresult of averaging the eectromagnetic force
due to the eddy currents over the spherical surface [5].

We average the differential Ohm’s law over the rep-
resentative volume of the bubble flow, taking into
account that the conductive phase occupies a fraction
o of the mixture volume V and that the conductivity

og of the disperse phase is equal to zero,

= D— av = 0EdV+ o5, x BdV
ji= 04 IJ 1 VlI 1 I V1

v, (12)

= 0,05 (E0+0 ,0 0% B = oeﬁ%Em G—i VANES %

Here, 04 = 0,05 + 0,09 is the effective conductivity

of the bubble structure and o= O/ of isthe effective
conductivity coefficient given by [6]

(13)

1-3 9—“0(%

0220

The interfacia forces due to different velocities of
the phases can be written as follows [4].

Theinertial force of the apparent massesis

21 orfhvy dyv,
fm = FPiggr —gr (Ve 1)“5,[—5, (14)
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and the drag force retarding the flow around the bubbles
is

o(vy— V2)2 Vi—V,
f, = ma CDpl > v, vy’ (15)

where

= c%u HaED [7]
and
C=C(Rep) =
|
+ 3/

024 1+ (VOARe, o <15

1—G2

%Relz
g 68
, 15<Re;, <500
F ielz( l1-a ) 2

85, 192 gofl L,

>
Re12 07= Re;, > 500

[4, 8]. Here, Rey, = 2alv, —V,|/v) and Ha, = aB /oo/p) .
In crossed electric and magnetic fields, a bubble expe-
riences the action of force f, dueto the nonuniform cur-
rent spread near the sphere [9],
— 03— 0) _1
ms= — s = 2
0,+20, 2

f, = —gjﬁ x Bgnag,

0
0,=0

It should be noted that the above system of equa-
tionsis not closed, since heat fluxes 0o, a theinterface,

reduced heat flux density q;; the tangential compo-

nents G'I'* of the stresstensor, and the dissipative func-
tion are not specified.

In the case of a one-dimensiona steady flow, the
missing relationships may be replaced by empirical
dependences closing the system.

2. ONE-DIMENSIONAL MODEL
OF A COMPRESSIBLE BUBBLE FLOW

For a steady flow, we average the above system of
equations, using the methods of hydraulic theory [10]
and assuming that all the parameters are uniform over
the cross sections, and rearrange the equations
obtained.

From the equations of phase continuity and state of
gas, aswell asfrom thelaw of conservation of gas mass
in abubble, reduced gas content a = 0,({)/a,(0) inthe

flow can be expressed as
V2(O)E

% (Q) = V(X) Pax

(16)
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Here, = x/L isthereduced longitudinal coordinate and
the reduced temperature and pressure of the disperse
phase are given by

Tow = T2(0)/T3(0),  pax = P2()/p2(0).
Condition (3) of joint deformation of phases can be
transformed to

da, 1-0a,({)
& et

where a7= a(¢)/a(0) is the reduced radius of a bubble.

The numbers N, and 1, of the problem, characteristic
velocity w, for radial small-scale displacements, and
phase dlip coefficient Sare expressed as

= My, (17)

W, L
=0 2T a0)ay

_ [p2(0) _ Wa(@) _ V(9

0 pg , * Wy v,(Q)

In the reduced coordinates, generalized Rayleigh—
Lamb equation (4) takes the form

dw, _ o(QMN, Q)

a (1—¢1)S(Z)[ iPr = 5,0) PO
2 1 4Dw(
We,M,a,({) Reaya, ()

(18)
-3 20, (O Za, (w0
1-¢, a3(0) 2}
+ 1- .
(1-0a,(0))° am, 17D

Here, the Weber number, Reynolds number, and Hart-
mann number are specified by the conditions at the
entrance to the MHD channel,

0 2
plvl(o), Re, = pl 1(0)D
218y Wi

0
Ha=BD |2, D =42
b+l

M1

and D isthe hydraulic diameter of the channel.

In Eq. (8) for the heat inflow to the disperse phase,
the heat fluxes from the carrying phase to the interface
and from the interface to the disperse phase will be
described by the Newton—Richmann heat transfer law.
Heat transfer coefficients 3; involved in thislaw will be
found through the Nusselt number. For smoothly vary-
ing flows, the dimensionless equations of heat transfer

We, =
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in either phase are described by the expressions [4]
9 9
EZ + Iépelv +

IéF>eiv, Re,, <1
Nu,=2, Nu, =
Ez+ PrisRer;, Rey, >1,

where the Peclet number, Reynolds number, and
Prandtl number are given by

2a0p1 1(0)0‘1(0)3‘* (1- S)
Ulal
23,v,(0)a,(0)a, (1-9)

all ’

Relv(a*! S) -

Pe,,(a, S) =

IDelv

Per = Relv .

0
Mm_ M

0
P1Cy

ductivity and specific mass heat capacity of an ith
phase, respectively.

With interphase heat exchange described in this
way, energy equation (8) reducesto the equation for gas
pressure in abubble

Here, a; , and A; and ¢; are the thermal con-

0

dp2« a,(Q)n,n,u
=3 "
7= e @)

)\ NU2T2* T2(0)|:| (19)

)\ONulTl* 1(O)D

JheNu, g
AINU, a

1 Nu, 1(0)
2M,Pe,a,(2) Tax

To rearrange energy equation (7) for the carrying
phase, we assume that the channel walls are adiabatic
and the heat transfer along the flow via heat conduction
is much less than the convective heat transfer. On the
right-hand side of Eq. (7), we take into account the vis-
cous dissipation of energy in small-scale radial and
trandational displacements [4]. The work of viscous
forces over a large-scale trandational displacement is
included in terms of the homogeneous model of bubble
flow, i.e., through the hydraulic friction coefficient,
with regard to the presence of a magnetic field by for-
mulas given in [11, 12]. The Joule dissipation due to
eddy currents around the bubbles is calculated by for-
mulas given in [5], and that due to conduction currents
is found under the assumption that the channel elec-
trodes are equipotential surfaces. For such a channel,
the equation of continuity for the carrying phase
impliesthat the product a,({)v,({) isconstant along the
stream. Then, in a channel kept under a constant volt-
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age ((U(Q) = const), the ratio between the electromotive
force of magnetic induction, E = a,v,Bl, and electrode
voltage U = El isalso constant: E/U = a,v,B/E = const.
Represent this constant in the form (1 —6)a{(0). Then,
the Ohm’s law in terms of the effective current density
in a bubble medium is written as follows:

Q) = ou(@HE- 25T
0*(() 00
=10 6 0*(0) JDolalle.

It should be noted that compression of the bubbles
along the channel is attended by a decrease in the vol-
ume gas content in the flow and an increase in the effec-
tive conductivity. In a channel kept at a constant volt-
age, this causes an increase in the electric current den-
sity and electromagnetic force density in the
downstream direction.

To clarify the physical meaning of parameter 6,
assume that the flow is single-phase. Then, a; = 1,
o{{)/o{0) =1 (¢ U [0; 1]), and the Ohm's law takes

the form

, 0
1 =1z eolv 1B.

In this formula, parameter 8 augments the channel
electric efficiency n. = v,Bl/U to unity. In what follows,
parameter 6 is assumed to be specified. In the above
writing, the Ohm’slaw allows oneto cal cul ate the Joule

dissipation caused by conduction currents g, = jf/oeff.

With these remarks taken into account, energy equation
(7) transforms to a temperature equation for the carry-
ing phase,

D
dT.. _M,n, Wa[J Baf .2
dZ - Rea ECllina]_GZ%*D +2|_|1a2[|r|:| Ha
]
+m fFLHa Re, 0(1(0)
01-6 0 DRe,M,M,0, ()
( S) 2(0) 29
3 Rea 3, 0o(1— a, ()0, — SD
+8CD %(0) a,a; 9 M, o?Ja, D
O 4.0 Nusz*Tz(O)DD
3Re, Nu, Tl*%[ AONU T, T4 (0)H
T 2Pe.M,Ec, 2a, O 0o
1 &g 12N
0 AN, 00
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The Eckert number, Reynolds number Re, and
Peclet number Pe, are given by

2 0
v1(0) P18V 1(0)
Ec, = , Re, = ————,
' el Ty(0) ™
o = 3Vi(0) %
a m T 50 '
Q P2(0)c,,

The temperature T, of the disperse phase is
uniquely defined by gas pressure p,jin abubble and its
radius a7from the equation of state

Tox = Pax(Q)a5 (). (21)

To describe the motion of a bubble flow, it is more
convenient to use, instead of the equations for phase
momenta, the momentum equation for the whole mix-
ture (which is obtained by adding up Egs. (5) and (6))
and momentum equation (6) for the disperse phase.
Averaging these equations by the methods of the
hydraulic theory (with regard to the expression for the
spherical component of the reduced stress tensor for a
one-dimensiona flow [4]) and neglecting the mass
forces related to the gas phase density, one arrives at a
system of equations for the phase dip coefficient and
the pressure in the carrying flow,

Alg? Azdgzl*
:—cldd"‘é* C, 52* —Cy+C,—Cs+ Gy,
813? B, gg*

- Dldo‘l’;* Dzd(?é* D,+ D, + D + D

Denote the right-hand sides of these equations by F;
and F,, respectively. Assuming that the determinant of
the system isnonzero, A = A;B, —A,B,; # 0, we solve the
system for the unknown derivatives and find

& = A(FiBmFAy), (22
dpux _ 1
5 = 3(FA-FiBY. (23

The coefficients and functions on the right-hand
sides of these equations are given by the expressions

laz a,(0) 1 Q.
A -3 1 Z =
17720, s @@ s7a
0 (0)Sal
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Fig. 1. Distributions of the reduced parameters of the bub-

ble flow along the MHD channel.
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where & = cos(g, i).
For the horizontal flow under consideration, d = 0
and the Euler number is specified by the conditions at

the entrance to the channel, Eu, = p,(0)/p5v; (0).

Thus, we have come to anormal system of differen-
tial equations (17)—20), (22), and (23) that is comple-
mented by two dependences (16) and (21). The
unknowns here are a; the bubble radius; wj the radial

velocity; p;jand p,[, the phase pressures; T;qand T,

the phase temperatures; S the phase dip coefficient;
and o= a,({)/a,(0), the reduced gas content.

For abubble flow nonuniform in velocities and tem-
peratures at the entrance to the channel, the initial con-
ditions for the desired functions are specified in the
form

(=0:8S=1, a =1 w, =0, pj =1,

(24)
Pox = 1, a, = 1, Tl* :T2* =1, Tl(O) =T2(0)

3. NUMERICAL INVESTIGATION
OF A COMPRESSIBLE BUBBLE FLOW

The system of equationswith initial conditions (24)
was numerically integrated by the fourth-order Runge—
Kutta method. Spatial step 8¢ was chosen such that the
results of numerical integration would remain the same
even if it were half as large. Our aim was to study the
effect of the flow and electromagnetic field parameters

| | |
0.005 0.010 0.015 C

Fig. 2. Distribution of the reduced radial velocity of the
interface over theinitial section of the channel.

on gas compression in the bubbles. Variable parameters
were magnetic field induction B, load parameter 6, the
velocity v4(0) of the carrying flow at the entranceto the
MHD channel, bubble initia radius a,, and initial gas
content a,(0) at the entrance to the channel of fixed
geometry (I =50, b =10 mm, L = 1 m). In the calcula-
tions, gallium and nitrogen were taken as the carrying
phase and disperse phase, respectively.

Figures 1-3 show the solutions to the system of
equations for a bubble flow in a constant-voltage chan-
nel that were obtained for the gas content at the
entrance to the channel a,(0) = 20%, bubble initia
radius a, = 0.25 mm, magnetic field induction B =
0.25T, the carrying flow velocity at the entrance
v41(0) = 3 m/s, and load parameter 6 = 0.3.

In Fig. 1, the distributions of the desired functions
along the length of the MHD channel are depicted:
curve 1 stands for §{); curve 2, for af{{); curve 3, for

ar{{); curve 4, for p,j and curve 5, for p,; Figure 2
plots function w({{) for the oscillating phase of the pro-
cess, and Fig. 3 plots temperature functions T;{{)
(curve 1) and T,{({) (curve 2).

Thecurvesin Fig.lillustrate that the gas bubbleslag
behind the carrying phase when moving in the flow.
Note that the smaller the bubble radius, the closer the
phase dlip coefficient to unity (=0.9 for curve 1). The
reduced radius of the bubble decreases in the down-
stream direction (curve 2), which indicates that the gas
in the bubble is compressed. At the entrance to the
channel, the reduced gas content of the flow first
increases and exceeds unity. Then, as the bubbles
become compressed, it decreases and attains a value of
0.5 at the exit from the channel. The increase in the
reduced gas content at the entrance of the MHD chan-
nel is dueto the stagnation of the disperse phase and the
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Fig. 3. Distribution of the reduced temperature in the phases
aong the MHD channel.

corresponding increaseinitsloca concentration (curve 3).
The pressures of both the liquid and gas phases grow
downstream, the liquid pressure (curve 4) everywhere
exceeding the gas pressure (curve 5).

The difference between the pressures givesriseto a
small-scale flow of the liquid around the bubble with
velocity w{{) at the interface. At the entrance to the

channel, this radial velocity oscillates (see Fig. 2).
However, the magnetic field rapidly damps the oscilla-
tions and, as the bubbles are compressed further, the
radius of the bubbles and the radia velocity vary
smoothly. The carrying phase temperature (Fig. 3,
curve 1) increases along the MHD channel insignifi-
cantly, so that the carrying phase behaveslike athermo-
stat, accumulating the heat being released during the
compression of the disperse phase. The disperse phase
temperature first rises (Fig. 3, curve 2) and then
decreases, while everywhere remaining higher than the
liquid temperature. This decrease can be explained by
moreintense heat removal dueto ariseinthe heat trans-
fer coefficient when the bubble radius decreases
because of compression.

Figure 4 shows the variation of the carrying phase
pressure with channel length ¢ for various initial gas
contents: curve 1 corresponds to a,(0) = 1%,; curve 2,
to a,(0) = 5%; curve 3, to a,(0) = 10%; and curve 4, to
0,(0) = 20%. The other parameters are a; = 0.25 mm,
v1(0)=2m/s,6=0.2,and B=0.25T. At alow gas con-
tent in the flow, the dependence p,({) becomes linear,

which istypical of single-phase flows. As the gas con-
tent increases, the dependence p;({) becomes nonlin-

ear, which suggests that the second phase starts influ-
encing the flow. In particular, the current density grows
along the channel: the compression of the bubbles
decreases the volume fraction of the gas phase in the
flow, which rai ses the effective conductivity of the flow
and, hence, the current density.
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Fig. 4. Distribution of the reduced pressure in the carrying
flow along the channel for various gas contents.

Theinfluence of theinitial radius a, of the bubble on
the compression pattern is illustrated by Fig. 5, which
shows the dependence of the bubble radius on length
for various a,: curve 1isdrawn for ¢ = 1 mm; curve 2,
for 0.8 mm; curve 3, for 0.5 mm; and curve 4, for
0.1 mm. Here, magnetic field induction B=0.3 T, load
parameter 6 = 0.1, a,(0) = 30%, and v,(0) =2 m/s. As
follows from these curves, smaller bubbles undergo
stronger compression. On the one hand, the current
density in a small-bubble flow is higher, parameter 6
being the same. Indeed, small bubbles travel in the
MHD channel with a larger phase dlip coefficient S
accordingly, the local gas content is lower compared
with that in alarge-bubble flow and, hence, the conduc-
tivity of the small-bubble flow and the current density
init are higher. That iswhy a small-bubble liquid flows
in the field of a high gradient of electromagnetic pres-
sure. On the other hand, smaller bubbles undergo a
higher bubble pressure 2>/a than larger ones. It should
also be noted that, with an increase in the bubble initial
radius, the dependence ar{{) starts oscillating. The

enlargement of this dependence for curve 2 is depicted
in the inset to Fig. 5. The oscillation of the bubble vol-
ume gives rise to oscillation of other parameters of the
flow, namely, the phase slip coefficient, the reduced gas
content, and, as a consequence, the current density.
However, arise in the magnetic field induction effec-
tively damps these oscillations over the initial section
of the MHD channel. The flow parameters also start
oscillating when the velocity of the carrying flow
grows. For instance, if velocity v,(0) changesfrom 2 to
3 m/sfor curve 3, sustained oscillations of the parame-
ters throughout the MHD channel are observed.

Figure 6 demonstrates the distribution of the
reduced gas content along the length of the MHD chan-
nel for load parameter 6 = 0.1 (curve 1), 0.2 (curve 2),
and 0.3 (curve 3). The other parametersareB=0.25T,
0,(0) = 20%, v4(0) = 2 m/s, and a; = 0.5 mm. An
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Fig. 5. Variation of the bubble reduced radius aong the
channel.

increase in parameter 6 (i.e., an increase in the electro-
magnetic force density) generates sustained oscilla
tions of the bubbles.

Figure 7 plotsthe distribution of the reduced density
F= f1(Q)/f1(0) of the electromagnetic force along the
MHD channel for B = 0.3 T, a4(0) = 30%, 6 = 0.1,
v1(0) = 2 m/s, and a;, = 0.8 mm. The electromagnetic

force oscillations are caused primarily by the oscilla-
tions of the bubble volume.

4. ESTIMATION OF THE GAS COMPRESSION
EFFICIENCY IN AN MHD COMPRESSOR

Solution of the system of equations for a bubble
flow allows one to evaluate the energy performance of
an MHD compressor. Indeed, from the dependence
ar{¢), one can determine the velocity of the carrying

phase

_ 1-0a,(0)
vi(Q) = Vl(o)m1
the current density
2(0) = L du,@va(e,

and the el ectromagnetl c force density
f1(Q) = ju(O)B, fi = 0,4({)/0,(0)-1.

The electromagnetic force power in the active zone
of the channel is

= j(j‘ixB) v, dV

0 1+f /0

= blL7—50:(a;(0)v,4(0)B) Il z(Z)dZ
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Fig. 6. Distribution of the reduced gas content along the
channel for various load parameters.

and the el ectric current in the active zone of the channel
is given by the integral

J= IjldS

_ .8 @
= bL7=5910:(0)v4(0)v, (O)BJ’%L+ .0 )D

The electric current through the end zones of the
channel is calculated through the geometric conductiv-
ity C of the longitudina effect [10],

1

Jow = BL=50:(0)V1(0)B[(1+ F. (O,
0

and the electrode voltage, through load parameter 6,

1 o,(0)v,(0)BI

U=178" 0,00

The Joule dissipation in the end and active zones of
an MHD channel is

C_ (ay(0)v1(0)B)

Nend = bIL(l_e) O'*(O)

I(1+ f.(Q))dd,

D 6 D (1+f (Z)/e)
The electric power in the active zone of the channel
is N2 = Ngy + Nj; the electric power supplied to the
channel, Ng= N2 + Ngg.
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The mass flow rates of the phases are calculated
from the conditions at the entrance to the channdl,

my, = pia;(0)v,(0)bl,

p,(0)
Rﬁz(o)a2<0)sovl(0)bl.

The specific work of pressureforcesin the expanded
thermodynamic system (the work of compression and
pushing) is given by

m, =

po(L) Py p
= [ 9(mdp = RT(0) ITZ*(Z) =
p,(0)

= R TZ(O)ITZ*(Z) Lt

where 3(p) is the specific volume of the gas and tem-
perature T,is determined from a solution to the equa-

tion system for a bubble flow.

The useful power delivered to the gas flow by the
compressor is Ny = r, |, and the useful power of the
carrying flow is

Nl = ml[pl( )(pl*(l) 1)
+3VIOFEH -1-8pa ]

where Apg,q]is pressure losses in the end zones of the

magnetic field due to the transverse effect that are given
in terms of the dynamic pressure of the carrying flow at
the entrance to the channel.

The total useful power of an MHD compressor is
N= N? + N3, and the power supply equas N.. The

ratio between these powers gives the total efficiency of
an MHD compressor,

o= N_oNe N3 New Ne
7 Ne Ny NgH Ng Ne

= (Mi2* Ni)NeNena = NiNeNena-

Here, factor n;, which is equa to the ratio between the
useful power and the electromagnetic power, may be
called the internal efficiency. Then, n;; and n;, are the
internal efficiencies as applied to the liquid and gas
phases, respectively; n. is the electric efficiency; and
Neng ISthe “end” efficiency. The efficiency of an MHD
compressor itself isSNg = Ni2NeNeng-

Forb=10mm, | =50 mm, L =1000 mm, B=0.3T,
8=0.1, a;=0.8mm, v,(0) =2 m/s, a,(0) = 30%, C =
0.022, and p,(0) = 10° Pa, the calculated characteristics
of a constant-voltage MHD compressor were found to
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Fig. 7. Distribution of the reduced density of the electro-
magnetic force in the bubble flow along the MHD channel
at U = const.

be as follows: the specific work |, = 9.8 x 10* Jkg; the
nitrogen mass flow m, = 0.349 g/s; the useful power in

terms of the gas phase Ny = 34 W; the useful power in

terms of the liquid phase N° = 12.8 W; the total useful
power of the compressor N = 47 W; the electric power
supply N, = 85 W; the internal efficiencies n; = 0.83,
N, = 0.225, and n;, = 0.6; the eectric efficiency n, =
0.853; the end efficiency neg,q = 0.783; the total effi-
ciency in terms of the liquid phase Ny = NiNdNend =
0.15; the total efficiency in terms of the gas phaseng, =
Ni2NeNens = 0.41; and the tota efficiency of the MHD
COMPressor Ny = NiNdeng = 0.55. Note that, with an
increase in load parameter 8, the pressure ratio grows
but the efficiency decreases, al other parameters of an
MHD compressor being the same. For instance, when
6 =0.3and 0.4, p;{1) = 5.83 and 9.21, respectively.

For each geometry and each set of the parameters of
the MHD channel, there exists a limiting value 6,4, of
the load parameter above which expulsive electromag-
netic forces exceed the drag forces retarding the flow
around the sphere even at the entrance to the channel.
In this situation, a bubble flow becomes impossible;
i.e., wearefacing the problem of crisis of flow. Another
type of crisis may be observed in a channel with U =
congt, as follows from numerical analysis: the bubbles
are impeded by the increasing electromagnetic expul-
sion force inside the channel. As a consequence, the
local gas content attains a limiting value and a bubble
flow collapses.

The method of gas compression considered in this
work was tested experimentally [13]. It was found that,
along with the stable bubble flow, there exist critical
modes of MHD compressor operation, which are asso-
ciated with electromagnetic expulsion of the bubbles
against the carrying stream.

CONCLUSIONS

(1) A system of equations that describes the flow of
and heat exchange in a compressible bubble liquid sub-
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jected to an electromagnetic force field in the channel
of a conductive MHD pump is derived. Its solutions
found by numerical methods using the hydraulic
approach demonstrate the stability of gas compression
along the stream.

(2) It is demonstrated that an increase in the initial
gas content, velocity of the carrying flow, bubble initial
radius, or magnetic field induction causes the parame-
ters of abubble flow in the MHD channel to oscillate.

(3) Under certain operating conditions, a crisis of
the bubble flow arises. It is stipulated either by electro-
magnetic expulsion of the bubbles against the main
stream or by an increase in the local gas content when
the bubbles are impeded by expulsive electromagnetic
forces.

(4) The total energy conversion efficiency of an
MHD compressor may amount to 40-45%.
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Abstract—The profile of a periodic capillary—gravitational wave propagating over the surface of a viscous
finite-conductivity fluid is found in a second-order approximation in initial deformation amplitude. When the
finiteness of the rate with which the potential of the fluid smoothes out as capillary—gravitational waves travel
over itsfree surfaceistaken into account, theintensity of nonlinear interaction between the waves changes. This
intensity isfound to depend on the electric charge surface density, conductivity of the fluid, and wavenumbers.
Thefiniteness of the potential smoothing rate influences the nonlinear interaction between the waves nonmono-

tonically. © 2005 Pleiades Publishing, Inc.

In a series of recent works concerned with the
asymptotic nonlinear analysis of periodic capillary—
gravitational waves on the flat surface of a deep fluid
[14], a mathematical apparatus making it possible to
correctly include the finiteness of the fluid viscosity
was developed. The profile of anonlinear periodic cap-
illary—gravitational wave traveling on the free surface
of aviscous perfectly conducting fluid and the effect of
the charge uniformly distributed over the fluid surface
on the wave profile were considered in detail. It was
shown that second-order correction A to the initia
deformation amplitude as a function of dimensionless
wavenumber K (i.e., the dependence A = A(k)) behaves
in a resonance-type manner and has a maximum near

wavenumber k= 1/./2 =0.707. It is near this value of

k that the nonlinear character of the wave motion shows
up most vividly. The height of the peak of amplitude A,
which characterizes the intensity of the internal reso-
nant nonlinear interaction between the waves, depends
on thefluid viscosity [1]: asthe viscosity decreases, the
peak monotonically grows and tends to infinity in the
ideal fluid limit. It was demonstrated [2—4] that the
intensity of the nonlinear resonant interaction isacom-
plicated function of the surface charge density, the
square of which is proportional to Tonks—Frenkel
parameter W (this parameter characterizes the stability
of the fluid free surface against the charge uniformly
distributed over it). In the line W = (k + k™)/2 lying on
the parameter plane (k, W), amplitude A hasaminimum
tending to zero as the viscosity drops to zero.

With the fluid viscosity adequately taken into
account, one can trace the effect of relaxation phenom-
ena, which generate stresses tangential to the free sur-
face, on the nonlinear interaction between capillary—
gravitational waves and on nonlinear corrections to the
wave profiles. In thiswork, we study how the finiteness

of therate of electrostatic potential smoothing over the
free surface influences the nonlinear capillary—gravita-
tional wave mation.

1. PROBLEM DEFINITION

Let a viscous incompressible fluid placed in the
gravitational field occupy the semi-infinite space z< 0
and plane Oxy of the Cartesian system (with axis 0z
directed oppositely to the force of gravity) coincide
with the equilibrium flat free surface of the fluid. The
mass density, kinematic viscosity, surface tension coef-
ficient, and conductivity of thefluid are designated asp,
v, y, and o, respectively. We assume that the surface
bears a uniformly distributed electric charge with sur-
face density X,. The surface diffusion coefficient and
the surface mobility of the charges are designated as D
and |, respectively, and the fluid permittivity is ;. Our
goal isto find the profile of aplanar periodic capillary—
gravitational traveling wave with wavenumber k = 217A
(A isthe wavelength) at an arbitrary time moment t > 0.
At the zero time (t = 0), the wave starts propagating
over thefree surface of thefluid in the positive direction
of axis Ox. It is assumed that the motion of the fluid is
independent of coordinate y and that the amplitude of
the fundamental harmonic in the expansion of the peri-
odic wave praofilein Fourier series over spatial period A
is known and equals . We a so take into account that,
as the wave propagates, the electric charge is redistrib-
uted over the deforming free surface with acharacteris-
tic time comparable to the oscillation period of the
wave. In other words, the surface charge density
becomes a function of time and the horizontal coordi-
nate, X = X(t, X).

Mathematically, the problem of finding the velocity
field of thefluid, electrostatic potential, and profile of a

1063-7842/05/5002-0177$26.00 © 2005 Pleiades Publishing, Inc.
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nonlinear capillary—gravitational wave traveling over
the charged free surface of thefluid is stated asfollows:

U+ ((Uv)u =—%Vp+vAU +0; U=ue +ve,;
divU = 0; Ad,, = 0;

z=2¢& 0,+uog = v;

AD,, = 0;

—&((n IV)®;,)°
Y 0xx&
(1+(2,8))"
—pV[(t(n DV)U) + (n(x V)U)] =X (x V) D}, = O;
Do = Pip;

p—2pv(n(n TV)U) + = ((Vby,)’

+(&=2)(tV)D,)°) = -

0 x +a(n V)®d;, + xU,divg(n) + divg(xU,T)
+udivg(XEjn t) + Ddivg(grads(x)) = O;

_ _Z}ﬁ((n (V)P —&(n IV)D,);

Z—-0:Uu—0;, v—0; Vo,, —0;

Z— 0. [® , —-Eje,; E, = 41).

Here, Aisthe Laplacian, e and e, are the respective unit
vectors along the axes, and n and t are the unit vectors
of the outer normal and tangent to the free surface dis-
turbed by the wave motion of the fluid (an equation for
the surface disturbed takestheform z = € = &(t, X); ana
lytical expressions for n and t are given in the Appen-
dix). Below, we will apply the technique common to the
problems of nonlinear periodic waves [1-6]: theinitial
conditions will be determined in the course of solution
so asto simplify afinal result as much as possible and
obtain the expression that is the most convenient for
subsequent qualitative analysis of the profile.

In the statement adopted, the following functions
are to be found: & = &(t, x), the profile of the free sur-
face; u=u(t, X, 2) and v = v(t, X, 2), the horizontal and
vertical components of velocity field U(t, X, 2), respec-
tively; p = p(t, X, 2), the pressure distribution in the
fluid; ®;,,= d;,(t, X, 2 and P, = D.(t, X, 2), the electric
field potentials inside and outside the fluid, respec-
tively; and x = x(t, x), the electric charge surface den-
sity. Parametersn, k, p, g, v, ¥, Xo, G, D, W, and &; serve
asinput data.

2. CONSTRUCTION OF AN ASYMPTQOTIC
SOLUTION

Let us take advantage of the technique described in
[3, 4] to find a solution to the problem of nonlinear
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waves in aviscous incompressible fluid in the form
0

0 0 5 £ DO(El) 0
n&g O o O 0%O O%C 0
58 O 0 0,0 00 DO(ul)D
PER o B
avl g _E 8Y15 gvzm g Ovd g
DpE:E"pg 8 +EP1E+EP2%+DO(pf) %;

0 £, 0 W0 Q0
EZ"“H 0 So? 0 %DWE Par 0 %3((619333%

in O (1 (2
3.9 O g Pho %‘)'HD m«m.(?f)z
xY 0O E O 0,0 0,0 O i
O z¢ U DO(Xl) b
£ D oltH N
9.8 8ow o
u
0*0 o D
0”2g DO(V;) 0
EP{E =g o(P) g
2
%"OUE @3«@&3)%
(2
in[] o) q)l(i)
Oy, D(( Z)ZE
o O(x1) O
&, = n f(t)cos(kx—wt); f(0) = 1.

Here, the quantities with sub- and superscripts 1 and 2
refer to first- and second-order amplitude corrections.

With the expansions for &, u, v, p, ®gy, Pin, a@nd X,
one can easily construct the first- and second-order
problems (see[3, 4]):

oU,+ %me—vAUm =V

divu, = 0; Ao =0; Ad™ = 0;

zZ= E: atEm_Vm = f1m;
Eoy pm .
pm—szm—ZPVanm—E{azq’om +yOaxxEm = me’
(m) _
pv(a Uy + a><Vm) + _a CD|n f3m1
qDSJTt) - EO‘Em - ch(rT) = 1:4m;
E
atXm + Z.’_(.)[axum
©) Eoy 4@ — ¢ .
+0—az¢in _Daxme_“4_T[axchin - f5mﬂ
+ (0,000 —£,0,00) = fo
Xm 4.,.[ z ¥ out f - 'ém
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Z—»—wilUy—>0; Vy—>0; |@ " o0

z— o0 |@ &) — 0.

For m = 1, the above relationships state the first-
order problem, for whichVV, =0and f; = 0 (n = 1-6).
For m = 2, we are dealing with the second-order prob-
lem. The related quantities V, and f, (n = 1-6)
expressed through the first-order solution are given in
the Appendix.

3. SOLUTION OF THE PROBLEM
IN THE APPROXIMATION QUADRATIC
IN PERIODIC TRAVELING WAVE AMPLITUDE

According to the routine practice in solving the
problems of this class (see, e.q., [3, 4]), the next step is
the solution of the problem in the first- and second-
order approximations. In this way, we will obtain an
expression for the profile of a periodic capillary—gravi-
tational traveling wave in the second-order approxima-
tioninn:

& = ncosb exp(dt)
+ZnZ[Re(Z)cos(Ze)—Im(Z)sin(Ze)] exp(24t); 1)

kx; w = Im(S); & = Re(S); Z‘M

0= wt— M.

Here, Sisthe complex frequency that is derived from a
dispersion relation when the first-order problem is
solved and M, and M, are cal cul ated during the solution
of the second-order problem (see the Appendix).

Alternatively, expressions (1) can be written in the
form

& = ncosBexp(dt) + r|2Acos(29 + @) exp(20t);

A = 2JRe(7)? +Im(Q)% @)

CarctanBMED. it Re(z) >0

P TRe(0)
¢=§if%m=o

dm(Qn :
DarctanER 2y +11 if

It should be noted that the expressions for M, and
M; given in the appendix involve the reciprocal of the
conductivity, r = 1/o, instead of conductivity o. Such a
replacement simplifies asymptotic passage to the limit
of a perfectly conducting fluid (0 — co O r — 0),
for which the charge relaxation phenomenon is absent.
In addition, asanumerical parameter characterizing the
surface charge density on the flat free equilibrium sur-
face of a fluid, we take dimensionless Tonks—Frenkel

Re(Z) < 0.
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parameter [7, 8]

W = 4my/J/pgy = E5/ (4L pgy). €)

Thus, quantities S, My, and M, are functions of ini-
tial parametersp, g, v, v, k, W, r, D, i, and &;.

The complex frequency is calculated by the formula
S = wa(p, gy, V,k,W,r D, g&); (4)
where
w5 = kg(1+ (ak)® —akw)

(wy is the frequency of infinitesimal-amplitude capil-
lary waves with wavenumber k on the free surface of an
ideal perfectly conducting fluid),

a = Jylpg
isthe capillary constant, and a is adimensional root of
the dimensionless dispersion relation that corresponds
to a capillary—gravitational wave (for the complete dis-
persion relation and the choice of a proper root, see the
Appendix).

It is known [8] that parameter W characterizes the
stability of the uniformly charged flat surface of afluid
against its self-charge. In going to a perfectly conduct-
ingideal fluid (v, r —= 0), therelationship for the com-
plex frequency Stakestheform S= tiw, (since a = +i).
Therefore, when

W>aik+akm We<00 S = #ay), )

that is,
Im(S)=w =0, Re(S=6>0,

the electric forces at the ridges of waves with wave-
number k = 1/a dominate over the surface tension
forces (even in thefirst order of smallness), making the
charged surface of the fluid unstable against its self-
charge [7-9]. The motion of the free surface ceases to
be awave motion, since w = 0. From (5), it readily fol-
lowsthat all wavenumbersk >0 arestableif 0< W< 2.

In view of the aforesaid, we will study the profile of
wave (1) under the assumption that

w<i+am Im(S) % #0, &= Re(S)<0.(6)

Then, parameter & has the meaning of the damping
decrement of the wave in the first order of smallness
and asymptotic approximations (1) and (2) for the wave
profile remain homogeneousin thelimitn — O at any
timet > 0.

According to (2), in a quadratic approximation, the
profile of a nonlinear periodic capillary—gravitational
wavetraveling over the free surface of afluid isthe sum
of the leading (proportional to n) term (k wave) and the
nonlinear-interaction-related correction, which is pro-
portional to n? (2k wave). Amplitude factor A in (2)
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serves as a measure of the intensity of interaction
between these waves.

In the calculations, we used the dimensionless vari-
ables such that p = g = y = 1; the other quantities were
measured in terms of their characteristic scales:

* = 1' * = = 1' * = a.

k - a1 n a! Z* a! r /\/;’
3 3 1

v* = Jga;, D* = Jga;, p* = —.
Jp

4. EFFECT OF CHARGE RELAXATION
ON THE INTENSITY OF NONLINEAR
INTERACTION BETWEEN WAVES

To study the effect of the finite conductivity of a
fluid on the intensity of nonlinear interactions between
the waves, we assume for simplicity that the diffusion
coefficient D and the mobility p of charge carriersequal
zero (the terms proportional to them play a noticeable
role only in the case of poorly conducting fluids like
liquid hydrogen or helium [10-12]). This assumption
implies that the electric charge relaxation in a fluid is
totally governed by its conductivity. Dimensionlessvis-
cosity v and permittivity &; are set equal to 0.1 and 50,
respectively.

The family of curves A = A(k) depicted in Fig. 1 for
different r is constructed in that wavenumber range
where the charge relaxation effect is the most pro-
nounced (we recall that A(k) is the amplitude factor
multiplying the second-order correction to the profile
of the nonlinear capillary—gravitational wave). For the
given Tonks—renkel parameter (W = 1), the variation
of r from 0 to 1 does not change the resonance-like
shape of curves A = A(K) but insignificantly (by 6%)
decreases the absol ute value of the peak and somewhat
shifts it toward lower wavenumbers k. It is easy to
check that the charge relaxation affects the nonlinear

1
2— & 2|

N
3 A B
1 1 ﬂ\t 1 1 1 1
0.6 / 0.8 \\\ .
N

0.16

0.12

Fig. 1. Dimensionless amplitude factor A = A(k) = 2|{(K)|
multiplying the second-order correction to the wave profile
vs. dimensionless wavenumber k for W= 1 and dimension-
lessfluid conductivity r = (1) 0, (2) 0.1, (3) 0.5, and (4) 1.0.
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interaction intensity more appreciably in the case of
short waves. It is also noteworthy that the value r = 1
refers to poorly conducting fluids (for which the
assumption D = u = 0 is applicable with some reserva-
tions). For example, the conductivity of ethyl alcohol is
r = 1.3 x 1072 in terms of the dimensional variables
adopted.

Yet, the surface charge density (parameter W)
affects the dependence A = A(K) in the case of poorly
conducting fluids (r = 1), as well as of perfectly con-
ducting ones, nonmonotonically (Fig. 2). As W grows
from values close to zero to W = 1, the nonlinear inter-

()

-~ 2/

p L
//./,—.\. \\
/ J 3 A 08\"_\

Fig. 2. Dimensionless amplitude factor A = A(K) = 2|{(K)|
multiplying the second-order correction to the wave profile
vs. dimensionless wavenumber k for r = 1 and surface-
charge-related parameter W = (1) 0.1, (2) 0.3, (3) 0.5,
(4)0.7, (5) 1.0, (6) 1.3, (7) 15, and (8) 1.8. (a) W< 1,
(b)W=1,and(c) 0.5sW<18.
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2(¢]

0.4

0.3

0.2

Fig. 3. Dimensionless amplitude factor A = A(W) = 2|{(W)|
multiplying the second-order correction to the wave profile
vs. dimensionless parameter W, which characterizesthe sta-
bility of the fluid free surface against its uniformly distrib-
uted self-charge, for k = 0.73 and dimensionless fluid con-
ductivity r = 0 (dashed line), 0.1 (thick line),0.5 (dash-and-
dot line), and 1.0 (thin line).

2[¢]
1.0794

1.0790

1.0786

2[¢]
0.246

0.242

0.238

2[q]
0.732

0.730 |t

0.728

0 0.5 1.0 1.5 2.0 2.5

action intensity first declines (Fig. 2a) (the second-order
correction amplitude A(k) in the interval 0 < W < 1
decreases) and then substantially grows in the interval
1< W< 2(Fig. 2b). Theinteraction intensity isminimal
at W=1 (Fig. 2c). From Fig. 3, which plots curves A(W)
at different conductivities and k = 0.73 (at this value of
k, curves A(K) peak in the range where the nonlinear
interaction isthe most intense), it follows that this min-
imum for poorly conducting fluids is deeper.

Figure 4 plots amplitude A versus conductivity r for
k = 0.73 and different values of Tonks—Frenkel param-
eter W, It is easy to see that this dependence noticeably
depends on the surface charge (Tonks—Frenkel parame-
ter) both qualitatively and quantitatively. It also follows
from Fig. 4 that curves A = A(r) run most smoothly at
W = 1. That is why the peak value of amplitude A(k)
smoothly declines as parameter r increases (see Fig. 1).
Figure 5, where afamily of curves A = A(k) calculated

2[¢]
0.467

0.465

0.463

2[¢]
0.216

0.212

0.208

2(¢]

3.52

3.44

3.36 ] 1 1 1 1 1
0 0.5 1.0 1.5 2.0 2.5 r

Fig. 4. Dimensionless amplitude factor A = A(2) = 2|{(2)| multiplying the second-order correction to the wave profile vs. dimension-
less fluid conductivity r for dimensionless wavenumber k = 0.73 and different values of W.
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Fig. 5. Dimensionless amplitude factor A = A(K) = 2|{(K)|
multiplying the second-order correction to the wave profile
vs. dimensionless wavenumber k for W = 1.8 and dimen-
sionless fluid conductivity r = O (continuous line), 0.2
(dashed line), and 0.75 (dotted line).

for W = 1.8 is depicted, demonstrates that the mono-
tonic decreasein nonlinear amplitude correction Awith
increasing r persists only for k> 0.8 and that the mono-
tonicity breaks off in the range where the nonlinear
mode interaction is the most intense (k = k). However,

the absol ute variation of amplitude A with magnitude of
r is insignificant: in Fig. 5, the change exceeds the
thickness of the lines only dlightly. It should also be
noted that, for W> 1, the interaction intensity hasadip
at other-than-zero values of r (Fig. 4); i.e., this dip
meets the case of finite-conductivity fluids.

CONCLUSIONS

The finiteness of the fluid conductivity most signifi-
cantly influences the nonlinear interaction of capillary—
gravitational waveswith wavenumbers higher than k=

1/./2 = 0.707 (the doubled square of this value equals
unity divided by the capillary constant squared). The
shape of the curves plotting the intensity of the nonlin-
ear interaction between separate harmonics constitut-
ing anonlinear capillary—gravitational wave versus the
fluid conductivity appreciably depends on the surface
charge density. As the charge density approaches a
valuethat iscritical in terms of Tonks—Frenkel instabil-
ity, there appears a nonzero value of the conductivity at
which the mode interaction intensity is minimal. For
finite-conductivity fluids, the resonance wavenumber at
which the nonlinear wave interaction is the most
intense is somewhat smaller than for perfectly conduct-
ing fluids. The fluid conductivity affects the nonlinear
interaction intensity to afar less extent than the surface
charge: when the conductivity varies over wide limits,
the interaction intensity changeswithin several percent,
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while the variation of the surface charge density in the
subcritical range causes a several-fold change in the
interaction intensity.

APPENDIX: AUXILIARY QUANTITIES
AND RELATIONSHIPS

(i) The unit vectors tangent and normal to the per-
turbed free surface of the fluid:

_ 0,& 1 _
n - - eX + e21
J1+08)°  J1+(0,8)°
_ 1 0,¢
T

= - e+ e,.
J1+(08)7  J1+(08)°

(ii) The right-hand sides of the relationships that
state the second-order problem:

Vo = = ZV(UD) + Uy x (V x (U);

fio = &0,V —U0,&y;

E
f22 = 2pv%lazzvl + ale&—.ﬁ%-:)axq)inﬁl%_zlazpl

1
~ (Vo))" ~ 2E010,,Pou, —£,(0,Pyy,)°

+ (&= 2)(0,Pin)%);

fo = —pv(40,v10,&; +&10,(0,U; +0,V4))
E
_4_.,?[6x(zlazq)inl) - Xlaxcbinl;

f42 = _El(azq)outl_azcbinl);

E
fe = _ax(u1X1)_4__.;.)[§laxzul_ chinlaxE]E

—0
41 pva
- 0-(Elazchinl - axE.lachinl) U qu__.’(.)[(axxz 162(:Din1

+ 26><Ela><chin1 + E.1ax><zq:)inl) + Xlaqu:)inl + a><Xla><q)ing

1
f 62 = _2]_—.,_.[%lazz(q)out1 - 8f(Din1)
Eo 20
_ax‘ﬁlax(q:)out1 _sfcbinl) + ?(ale) i
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(i) Coefficients M;:

M, = det
0 , O
o 0 0 -« ik Ry; 0
B KE, ) E
B T 0 —p(S+4vk) 2pvikw sz 0E
. 0 o v S+4vkd) R, 0
.0 Cigm AU -p(s+auid) Ry 0O
0 1 = 0 0 R,; OO
0 i°g
Hakr(2DK*+s) L -2rkK’E,  irkEgw  Rg; O
5k k i
a on _SfE[ 0 0 RG] 1|]
where

L = 4k(21t+ r (Eouk + £(2DK* + S)));

w= 2%k2+\%;
Rio = 2S5, Ry = —(pg+4yk2); Ry = 0;
Ry,

_1 ic(k’=q°) -
= Skigkg - (3k+ ) (25+ v (k— q)(3k+Q)ﬂ icds

1 = 7kEhSp + 20v(bK - ica?)

2

Eok
+ 4_?’.[(aout + ((Ef - 1)ain - 2)ain)

_ 2pibck(k—g)(2S+ V(5K + 2kg + 0°))
(3k+q)(2S+v(k-q)(3k+q)) U

R = 2EbvEba(5K + o)

+ bk%iikz +

c(k®~q°)(5k*+ 2kq+q°) O
(3k+q)(2S+ v(k—q)(3k + q))-

E212
+ i#ain(z +ag t sfain)%

E
Ry = kzo(aout"-ain);
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_ e
S EOD—|CQ(q+2k(aout+€fain))
+ bKEK(L + 2( 80 + Ea4))

~ 2ic(k—q)(k +q)° 0
(3k+q)(2S+ v(k—q)(3k+ )0

~kH2DK* + S)(1-4(a0 ~ £1a1r))

EZ
*+ Bnfrros + 2EoHK(2 + Bgs + Erd) T+ 2NEK By

Eok’
Rev = 35 (1-4(8ox —&ain));

2

4T[G 4T[ p

ks + 2vk(k - q) —4HG4np( —q)%

w; + 2vkqS+ ((k q)S+ k> D)

E2k
@) +S(S+ 2vk?) + 4rG4;kaDH

r E2k 1
kB +2vk(k—g ‘Rzﬁop k-0

G = 1+ —((1+£)(S+K'D) + Eokh);

O
_ EokD I
d=Znt-U+ezg

0
x(k—q)(w§+§+2vk2(8+ K’D)) + Sk’D

k%+ 2vk(k—q) —

N

o Eok
AMGATIp k—q)%
Qo =1
r (k=q)(wp+ S+ 2vK(S+ K D))+SkD

441G r Eok
ks + 2vk(k - q)_4T[GZF[—p k-a)X]

I
4nG
. (k=0)(c + S+ 2vK*(S+K'D)) + KD

ap = —

r E2k
kB + 2vk(k—q) - 4HG4T°[pk—q)B
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- hesS
q= /k+v,

we = kg(1+(ak)’—akw); a = %;

Eo = 2JTWVPQY,

and i isthe imaginary unit.
(iv) The dimensionless dispersion relation has the
form

F(a,B.RE.AM.g) = Jo + B2
[(Re(F(a,B,R,E,A,M,¢&)) >0,
where
F(a,B,R,E,A,M,&)

R(a”+1+2p%(2a +A))E’ [
o(1+R((AL+¢g) (o +A) + EM)H.
s R+ 1B 2a+A)E O ’

0 a(l+R((1+g)(a+A)+ EM))4B%

a2 4 1

S ('
Wy’ T4
E.k

o M = J/4mp.
We/4TIp H P

In the general case, the dispersion relation has two
pairs of complex conjugate roots. To avoid awkward-
ness, we will consider only waves propagating in the
positive direction of axis Ox. To this end, we take the
roots with positive imaginary parts. One such root cor-
responds to a capillary gravitational wave, while the
other, to a wave due to the relaxation of the surface
electric charge.

Let these roots be known for given B = B E=Ej
A=AM=MpandR=RgIfweput =B E=Eq
A=A M =Mp and R=0in the dispersion relation
(i.e., if we consider a perfectly conducting fluid, for

B:

2
A:%; E =
O]
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which the relaxation wave is absent), there will be only
one root with a positive imaginary part. Then, varying
Rfrom 0 to R we trace the variation of the root found
(the procedure is accomplished numerically). At R =
R thisroot will equal to one of those found previously

and, thus, correspond to a capillary—gravitationa wave.
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Abstract—The difference between internal nonlinear three-mode degenerate and Raman resonances is found
for the first time: in the former case, the energy spent on the initial deformation of a drop is only transferred
from lower to higher modes; in the latter case, it is transferred in both directions. It turns out that degenerate
resonances are slightly sensitive to the physical quantities that are responsible for the exact positions of theres-
onances (i.e., to the amount of electric charge). A deviation from the resonant value only changes the fraction
of the energy the modes exchange and the time of resonant energy exchange: the interaction itself remains res-

onant. © 2005 Pleiades Publishing, Inc.

(1) Among the effects related to nonlinear oscilla-
tions of a charged conducting incompressible liquid
drop, internal nonlinear resonant interaction between
oscillation modes occupies a prominent place, to judge
by the number of publications concerned with this
issue. From the pioneering works [1-5], appearing
20 years ago, to this day [6-18], more than three-
fourths of the articles touching upon the problem of
nonlinear oscillations of a charged drop have been
devoted to the internal resonant interaction in one way
or another. The fact isthat resonant interaction provides
the fastest and most efficient redistribution of theinitial
deformation energy of the drop between the modes
excited vianonlinear interaction. To put otherwise, res-
onant interaction exerts a decisive effect both on the
development of nonlinear oscillations (and, accord-
ingly, the generation of their related acoustic and elec-
tromagnetic radiations [12, 14]) and on the disintegra-
tion of the drop that bears a near-critical (in terms of
linear stability) charge[2, 5, 9, 11, 15, 17]. In spite of a
great deal of articles devoted to resonant mode interac-
tion, many related issues remain to be understood, the
direction of resonant energy transfer between modes
among them. Degenerate three-mode resonances,
where one of two modes interacts with the other twice,
were discovered and studied first [1-3]. It was argued
[10, 16] that the energy in such resonances is trans-
ferred only from lower to higher modes, which, gener-
ally speaking, isinconsistent with the concept of disin-
tegration instability as applied to three-mode interac-
tions [19]. Furthermore, it was found [13] that
disintegration instability may occur at truly three-mode
resonances (secondary Raman resonances), specifi-
caly, that there are a number of resonant situations
when the energy is transferred from two higher modes
to athird (lower) one. However, the parameters of such
an interaction (the time and amount of interaction) have

not been explored. In [17], where four-mode interac-
tionswere studied, it was al so demonstrated that energy
may be transferred from higher to lower modes but the
intensity of such transfer islow, sincetheseinteractions
have the third order of smallness. Energy transfer from
higher modes of nonlinear oscillations to lower ones
(more specifically, to the fundamental mode) is of spe-
cial interest in view of the mechanism of corona-initi-
ated lightning discharge near a coarse highly charged
drop, which isbeing discussed in the literature [ 15, 18].

In this work, we perform a detailed study of the
energy transfer between modes that occurs in degener-
ate and secondary Raman resonances under three-mode
interaction.

(2) Consider the time evolution of the surface of a
nonlinearly oscillating drop of an ideal incompressible
conducting liquid. The drop has aradius R, density p,
surface tension coefficient y, and charge Q that is uni-
formly distributed over the surface. At the zerotimet =
0, the equilibrium shape of the drop experiences an axi-
symmetric perturbation of fixed amplitude that is much
smaller than the radius of the drop. Our aim is to find
the spectrum of oscillations of the drop at t > 0.

We assume that the drop is axisymmetric from the
initial time on, so that the equation of its surface in the
spherical coordinate system with the origin placed at
the center of the drop has the form

r(e,t) = 1+&(0,t); & < 1. 1)

(we use dimensional variablessuchthat p=R=y=1).

The flow of the liquid in the drop is assumed to be
potential with avelocity field potential Y(r, t). Velocity
fieldV(r, t), inturn, is specified by a potential gradient:
V(r, t) = grad((r, t)). If the hydrodynamic velocity of
theliquid in the drop istaken to be much lower than the

1063-7842/05/5002-0185$26.00 © 2005 Pleiades Publishing, Inc.
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propagation velocity of electromagnetic interactions,
the electric field of charge Q near the drop can be
assumed to be electrostatic. Then, it can be described
by potential ®(r, t), which isrelated to field strength E
as E = —grad(®).

Mathematically, the problem is stated as

AY(r,t) = 0, AD(r,t) = O; @)
r— 0: y(r,t) — O; ©)
r — oo! [grad(®(r, t))| — O; 4
r=1+g@1): % = %—‘f—r—lzg‘g, ®)
p-2¢-2(VU) + =(VO)’ = dvn; (9
o(r,8,t) = cons; ™
[r*drsinededy = i+ ®
V = [0<r<1+&(0,1),0<0<Tm0<d<2m];
J'er [t°dr sin6ded¢ = 0; (9)
—4iuf(n [Vo)ds = Q, -
S=[r=1+£0.1),0<0<m 0 <2,
t = 0:&(8) = &oPo(H) +51P1(H)+€z hiPi(W);
0= (11)

= 0.

_ 4. 08(6,1)
Z =1 ot
i0o=
Here, A isthe Laplacian.

Since conditions (8) and (9) must be fulfilled at any,
including initial, time instant, they define (at t = 0) the
amplitudes of the zeroth and first modes in the expan-
sion of the equilibrium (spherical) shape of the drop,
&(08), in Legendre polynomials. This means that the
amplitudes of both modes cannot be taken arbitrarily:
they will depend on the initial deformation.

In expressions (6)—(11), 1 = cosB; Ap is the differ-
ence in the pressures inside and outside the drop in
equilibrium; n is the unit normal vector to surface (1);
€ isthe amplitude of a small initia perturbation of the
surface (the small parameter of the problem); P;() are
the ith-order Legendre polynomials; h; are the coeffi-
cients specifying the partial contribution of anith vibra-
tional modeto thetotal initial perturbation; = isa set of
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the numbers of initially excited vibrational modes; and

2

2 h;
¢ mZ @i+ 1)

Z (2i =

arethe constants that are found from conditions (8) and
(9) at the zero time (in (12), they are given accurate to
the third order of smallnessin €).

+0(e%);

(12)
9i hI 1h;

3
D1 OE)

(3) To find a solution to the problem stated, we will
take advantage of the method of many scales (used to
solve similar problems considered in [2, 57, 9-18]).
Desired functions &(6, t), Y(r, t), and &(r, t) are repre-
sented as series in powers of small parameter € and are
assumed to be independent not merely of time t but of
various e-defined times T,,, = €™

£(0,1) = Z g™ (0, Ty, Ty, ..0);
m=1

W(r,t) = zsmlp(m)(r,e,To,Tl,...); (13)

d(r, t) = z "™ (r, 0, Ty, Ty, ...).

m=20

We will restrict our analysis to a quadratic approxi-
mation and seek for dependences of the desired quanti-
tieson time scales Ty and T;.

Substituting expansions (13) into set (2)—(11) and
equating the terms of the same power of €, we arrive at
a set of boundary-value problems for functions &M,
Y™, and ®™. Obviously, each of functions Y™ and
@™ must satisfy linear equations (2).

In the zeroth order of smallness, we obtain expres-
sions for the electrostatic potential near an equilibrium
(spherical) drop with charge Q, ®© = Q/r.

Thefirst- and second-order solutionsto Egs. (2) that
satisfy boundedness conditions (3) and (4) are written
in the form

™, 8, Ty, T,) = z D™ (T, TOr"Po(W) (M= 1, 2);
" (14)
®™(r,8,To, T o—z#Wn TOr "W).
n=0
First- and second-order corrections to the equilib-
rium surface of the drop are also represented as expan-
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sionsin Legendre polynomials:

£7(6.To, T) = Y Mi(To, TYPL() (M=1,2).
o (15)

Substituting solutions (14) and (15) at m= 1 into the
set of first-order boundary conditions that is derived
from (5)—(7) and carrying out necessary transforma-
tions, we arrive at differential equationsfor coefficients

M (T, Ty):

M (T, Ty)

2 L+ wMP(To, Ty) = 0;
0T,

(16)
W = n(n=1)((N+2)-W); W = QL
) ' 4Tt
A solutionto (16) isaset of harmonic functionswith
T,-dependent coefficients:

MP(T,, T,) = AD(T)exp(iw,T,y) +c.c.,

1 1 . 1 (17)
AP(T) = alP(T)exp(ib{(Ty)) (n=2),

where c.c. hereafter stands for complex conjugate and

a™ (1)) and b{” (T,) are real functions for which the
dependence on T, can be found by only solving the
problem in the next order of smallness.

From conditions (9) and (10), which are written in
the approximation linear in small parameter ¢, it fol-
lows that

Mo (To T1) = 0; Mi’(To T) = 0. (18)

Note that, formally, expressions (18) do not contra-

dict Egs. (16) atn=0and 1.

Satisfying initial conditions (1) in the first-order
approximation in €, we get

®(0) = 2h; bP(0) = 0 (i03);
&7 (0) = 3 (0) (i0=) (19
a”0) =0, bP(n)=0 (nOZ3).

Now we substitute first-order solutions (17) and
(18), aswell as solutions (14) and (15) at m= 2, into the
set of second-order boundary conditions (that has
been found from (5)—(7)) and, after tedioustransforma:
tions, come to an equation for unknown coefficients

M (T, Ty):

IMP(T,, T,)
oT:

dA(T))

M (To, T) = —2i6—g
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(<)

x EXp(i wnTO) + Z Z {(ylmn + (’olwmrllmn)

I=2m=2

x ADT) AT exp(i(w; + ) To)
+ (Yimn = QO @ im) AT AR(TY)

x exp(i(w —w,) T, +cc.};
Yijin = Kijn[w?(n—i +1)+2n(j(j+ D) -+ (j(i +1)

—i(2i-2n+7)+ 3)n\/§v} + aijn[%wiz + n\%\/};

. 1 n
Nijn = Kijn%_l"']%"'aijn-_ o

I Z_jD’ (20)

2
Kijn = [C?&o] ;
ijn = =i + 1) (j + 1)ClojoCl1-

Here, Clojo and Ci(y;; are the Clebsch-Gordan coef-
ficients. They are other than zero if the subscripts meet
the conditions

li=jlsns(i+j); (i+j+n)=29. (21

Therefore, only those oscillation modes whose
numbers meet (21) will be excited in the second-order
approximation.

(4) From the second part of (20), it follows that, if
any three surface oscillation modes with numbers p, q,
and k meet one of the relationships

Wy + Wy = W, (22
then, these modes start resonantly interacting, accord-
ing to the general idea of the method of many scales. In
this case, one may speak of the secondary (i.e., second-
order) Raman resonance.

Note that, according to (16), the frequencies w, of
the surface eigenmodes depend on the self-charge of
the drop (i.e., on parameter W). For W, = 4, the funda-
mental mode (n = 2) frequency vanishes, and a further
increase in W makes the surface of the drop unstable
againgt the sdlf-charge. Therefore, the secondary reso-
nances affect the nonlinear oscillations of the drop and
merit study only if relationships (22) are valid at W <
W, Such a resonance was first discovered [2] in the
case Wy = 2wy, and later it was shown [11, 13, 15] that
the number of such resonances at W < 4 is large
(reaches several hundreds for p, g, k < 100).

L et subscript n refer to the second-order modes that
are excited because of nonlinear interaction and sub-
scriptsk, p, and g, to the resonantly coupled modes.

(i) Consider the case when n £ k, p, q (i.e., when
mode n drops out of any resonance rel ationship) and the

(A)k"'(l)q = (Op,
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condition of eliminating secular and small-denomina
tor terms from a solution to Eqg. (20) has the simple
form

dA(TY) _
dt '

Substituting Aﬁl) (T,) expressed through scalar func-

tions at” (T,) and b (T,) (see (18)) into this equality
and requiring that the real and imaginary parts of the
resulting expression vanish, one can easily check that

dai(Ty) _ dbi’(T,)

a - a0

These equalitiesimply that al” (T,) and b{” (T,) are
independent of slow time T, and may be taken to be

equal to their constant initial values (see (19)) in the
second-order approximation. First-order coefficients

Mff) (t) (see expression (17)) in expansion (15) of the
perturbation £M(, t) of the equilibrium surface shape
in Legendre polynomials will take the form

Mi2(t) = 8, ihicos(at);

id=; n#k,p,q, (23

where §,, ; is the Kronecker symbol.

The amplitudes of the second-order corrections that
are obtained by solving Eg. (20) will then havetheform

MP® = 3 S hihy .ﬂ?sn@(w +@+w)H

iDzjoz=

X sm%(w - W, — W )IE+)\,,nsun%‘(oon+ooi —ooj)%

(24)

_ 0
x sm%(wn—wi +wj)%% (n22;n#q, p,k);

-1
A = (Vijn £ 00N (07— (0 £ 0)")

(ii) To analyze Eq. (20) for n =k, p, q, we introduce
an offset parameter o ~ O(1) that reflects the proximity
of the difference w, — w, to frequency w, and can be
determined from the expression

W, — W, = w(1+0k). (25)

Note that one may relate the offset parameter to the
self-charge of the drop (or to parameter W), implying
that the oscillation frequency may be controlled and, in
particular, detuned from the exact resonance frequency
by varying the self-charge of the drop.

SHIRYAEVA et al.

With (25) substituted into (20), theright of (20) con-
tains the terms involving the following factors:

exp(i(w, —wy)To) = exp(i(wy + €w0)Ty)
= exp(iowT;)exp(iwTo);

exp(i(wy + wy)To) = exp(i(w,—ewy0)To)
= exp(-iowT;)exp(iw,Ty);

exp(i(w, —w)To) = exp(i(wy +ewy0)Ty)
= exp(iowT,)exp(iw,To).

Then, for n =k, p, g, the conditions for eliminating
secular terms from a solution to (20) can be written as

dAQ(T)
dt

—2i 0, + ASkexpioaT)AYMADM) =0

dAT) , oo

~2iw, e e exp(- o T)ALMYAY(TY = 0;
(26)
- dAY(TY) . NP
~2i 0y A:jt /\E)k)qexp(mwle) Ag)(Tl) AY(T) = 0;
/\I(;)n = (ylmn + ymln) * wlwm(nlmn + ymln)'

Equating thereal and imaginary parts of expressions
(26) to zero and introducing function

B(TY) = owT,—b’(Ty), 27)
we arrive at a set of differential equationsfor real func-
tions al” (Ty), B (Ty), a5’ (Ty), b (Ty), al? (Ty), and
b{” (T):

(1)
;
260 dT( ) = AQLaO(T,)a®(T) sn(OX(TL));
(1)
o1y 8BET)

dT,
= 2w’ (T)o + ALa (T al (T,) cos(dien(T1));

20 d—ai)l) (Tl) =

PdT, (k;)pa(kl)(Tl)a(l)(Tl)Sn(q)(k:t))q(-rl));

dbl’(T,)
dT, (28)

= Npal(T1)al(T) cos(dipy(T));

200,857(T,)

day’(Ty) _

2qolT

Ao @S (T (T1) Sin(dien(T1));
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()]
00,80 1)db (T1)
= g %’(Tl)a“)(n)cos(¢83q(T1»;
Oion(T2) = B(TL) + b5 (T —b(T).

Relationships (19) serve as initial conditions for
Egs. (28). From the requirement that set (28) be self-
consistent at t = 0, wefind that, if one of modesk, p, and
g is lacking in the spectrum = of the initially excited
modes (i.e., its amplitude equals zero at the zero time),
its phase at t = 0 equals T2 rather than being arbitrary.
Eventually, the initial conditions for set (28) can be
written in the compact form

al’(0) = & ;h/2; b{Y(0) = £(1-5, )12;
id=; j=knpq.

For resonantly interacting modes k, p, and q, the
first-order coefficients in expansion (15) are written as
(see (17))

MP(t) = 2a”(et) cos((w, — 0g)t - B (ED));

(29)

M (t) = 2al(et) cos(w,t + b (et));  (30)

MP(t) = 2a”(et) cos(w,t + b{Y(et)),

where coefficients a” (Ty), B (T, &l (Ty), b (T,

al? (Ty), and b (T,) are the solutions to set (28) with
boundary conditions (29).

It should be noted that, in the approximation used
(up to the second order of smallness), three modes res-
onantly interact only if at least two of them are present
in the spectrum = of the modes excited at the zero time;
that is, the amplitudes of these modes must be other
than zero at t = 0. The third mode, even having the zero
initial amplitude, appears in the first-order spectrum
when its number satisfies the conditionsp + g + kisan
even number and [p—qg|<k<(p+q) (forp,q[E ; kDO
=). Both conditions result from the requirement that

coefficients Ao, Ay, and AL, in Egs. (28) vanish.

Figure 1 shows the evolution of the first-order
amplitudes of the fourth, fifth, and seventh modes reso-
nantly interacting at W = 1.649 when the fourth and
seventh modes are responsible for the initial deforma-
tion. The calculation was made by formulas (28)—(30)
for e = 0.3. Itisseen that the fifth mode, which is absent
in the initial spectrum, results from resonant energy
transfer from the seventh (highest) mode. It is also seen
that the energy of the seventh mode is partially trans-
ferred to the fourth mode as well, the amplitude of
which grows synchronously with the amplitude of the
fifth mode. In other words, we observe energy transfer
from the higher modeto the lower ones according to the
concept of disintegration instability.
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Fig. 1. Dimensionless amplitudes MS) of the fourth, fifth,

and seventh nonlinear capillary oscillation modes of the
charged drop that are in exact resonance (W = 1.649) vs.
dimensionless time. The thin, bold, and dash-and-dot lines
refer, respectively, to the seventh, fifth, and fourth modes.

(iii) Consider now the case of degenerate resonance,
where one of the modes interacts twice with another,
i.e., where w, = 2w,

Proceeding in the same way as above, we obtain
expressions for the first-order time-dependent coeffi-
cientsin expansion (15):

MO (t) = 2aP(et) cos(204t — B (et));

M &) &) (31)
(t) = 2a;”’(et)cos(2w,t + b’ (gt)),
where real functions al” (et), B (et), al” (et), and

D (gt) are solutions to the set of differential equations

dal(T . 2
47 = AQE(T)) (o)
(1)
4020(1) Bl = 410

dT,

+ AGUEP(T1) cos(0% (T);

(1)
20,218 = 7018 (T s (Ty)
1
2 DT db(kl)(Tl) 2
(‘oka ( l) dTl

= —AQaP(T)al (T, cos(94)(Ty));
0S(Ty) = BL(Ty) +2b{(Ty);

BTy = owT,—b(Ty).
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Fig. 2. Dimensionless amplitudes of the resonantly interacting fourth and sixth modes vs. dimensionless time. W = (a) 2.66667
(exact resonance), (b) 1.5, (c) 2.5, (d) 3.0, and (e) 3.9. The thin and bold lines refer, respectively, to the fourth and sixth modes.

From relationships (19), it follows that set (32)
allows the following combinations of the initial condi-
tions:

[s K 0=:a®(0) = hy2: BY(0) = 0;

a’(0) = hJ/2; b(0) = 0;

sz, kO0Z:a0) = 0; BL(0) = W2;
a0) = h/2; bP) = 0.

IfK[E ands[E (i.e,if a”(0)=0and al” (0) =

approximation used, since it follows from set (32) at
t=0that

dal’(0) _ dal’(0) _
ar,  dT,

that is, amplitudes a{” and a” retain their initial val-

ues.
Figure 2a shows the time evolutions of the ampli-
tudes MS” (t) and MY (t) of the resonantly interacting

fourth and sixth modes in the position of exact reso-
nance, W, = 2.66667, for € = 0.3. Here, at the zero time,

0,

the fourth mode alone is excited, while the sixth mode

hJ/2), modes s and k do not resonantly interact in the is absent (its amplitude is zero). Note that, if the sixth

TECHNICAL PHYSICS Vol. 50 No.2 2005
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mode alone is excited at the zero time, the resonant
buildup of the fourth mode does not take place. Figu-
res 2b—2e demonstrate the same dependences for dif-
ferent (other than W,) values of parameter W, which
defines offset @.

It follows from Fig. 2 that the nonlinear interaction
between the modes is of aresonance character for any
W< W, = 4. This means that the frequency offset is
small when W varies in the range considered. An
increase in the absolute value of the offset parameter
causes adecreasein (i) thetime of resonant interaction,
which depends on the time it takes for the mode ampli-
tude to reach amaximal value; (ii) the time period over
which the energy isin aresonantly growing mode; and
(iii) the part of the energy that istransferred from anini-
tially excited mode to that growing resonantly (the
complete energy exchangeis observed only at the exact
resonance). To this must be added that the mode of ini-
tially zero amplitude acquires a first-order amplitude
upon resonant buildup, athough the resonant interac-
tion itself shows up only in the second order of small-
ness.

(5) The conclusion that the resonance conditions
depend on the self-charge of the drop only slightly can
be generalized for the case of several resonanceinterac-
tions proceeding simultaneously [20]. Let any, e.g., a
jth mode be involved in several resonant interactions at
W < 4 that differ in interacting modes and the values of
W corresponding to exact resonances. For example, the
jth mode participates in two resonance situations: j, i, k
awWw=C andj,n maW =C,, where C;, C, < 4.
Then, the excitation of the jth mode causes the modes
involved in both resonance situations (ith, kth, nth, and
mth) to resonantly interact with it. The amplitudes of
the modes resonantly building up through the interac-
tion with the jth mode in either combination will
depend on offset parameter W in a given situation (i.e.,
on the difference between W and its resonant values C;
and C,). For example, among the first ten modes, the
fourth one may take part in the following resonant
interactions; at W = 0.612, it may resonantly interact
with the sixth and eighth modes; at W = 1.649, with the
fifth and seventh modes; at W= 2.66667, twice with the
sixth mode (the generate resonance considered above);
and a W = 3.623, with the third and fifth modes
[16, 17]. Thus, at any W < 4, the fourth mode may vir-
tually interact with all the modes listed above, with the
degree of interaction (the fraction of the transferred
energy) being dependent on the offset in each of the
possible combinations.

Consider the situation where mode k participatesin
two resonance interactions (one two-mode degenerate
and one three-mode nondegenerate) simultaneously.
L et the offset parameters for these resonance situations
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be g, and 0:
W,— W = Wy(l+eoy); 2w = wy(l+eaqy).

Analyzing this situation in the same way as above,
we find that the first-order amplitudes for modes p, q,
and k have the form of (28). For mode s, we get

MP(t) = 2al”(et) cos(2(w, — wy)t —BL7 (gt)).

Functions B (t) from this expression and B\ (et)
from (28) are defined as

BTy = 0, T —bP(Ty);

BTy = (0,0, +2000) Ty = b5 (Ty).

The set of differential equations for real functions
al (et), bY (et), al” (er), b (), al” (et), L (ev),
a (et), and B (et) includes the third, fourth, fifth,
and sixth equations of set (28), aswell as the equations

da’(T)) _
dT,

2603 AP (T)aP (T sin(diey(T1))

~ N5 (T)al (T sn(95) (To);

eM(D
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0.050

0.050
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001Sh 4 )
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X
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0.100}
—0.150F 'V

(=)

Fig. 3. Dimensionless amplitudes MS) of the resonantly

interacting fourth, fifth, sixth, and seventh modesvs. dimen-
sionless time for W = (a) 1.649 and (b) 2.66667. The thin,
heavy, bold, and dash-and-dot lines refer, respectively, to
the seventh, sixth, fifth, and fourth modes.
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dB(T))
dT,
+ A (T)alP (Ty) cos(diny(T1))
+ Nooa (T1)al’ (T) cos(0 ) (T1));

2008 (Ty) BT 52207y,

da(sl) T + 2 .
4w5%11) = ADEOTY S0P (T)): (33)
o dB;’(Tl) o
4was (T)—= = 4wy(0,w+20,w)as (T,)

i?s(a‘”(Tl))zcos(¢<“(m)
0(Ty) = B(Ty) — 26 (Ty).

The initial conditions for this set are given by (29)
wherej =k, p, q, S.

Figure 3a shows the time dependences of the reso-
nantly interacting modes, including the resonantly
growing fifth and sixth modes, for the sameinitial con-
ditionsasin Fig. 1. It isremembered that, in Fig. 1, the
fourth, fifth, and seventh modes are under the exact res-
onance conditions and the initial deformation is speci-
fied by the fourth and seventh modes. The curves in
Fig. 3 were calculated using set (33) complemented by
the third, fourth, fifth, and sixth equations of set (28). It
is seen that the energy is transferred from the seventh
mode to al the lower number modes. It is interesting
that, being in degenerate resonance with the fourth
mode, the sixth mode builds up viataking the energy of
the fourth mode [10] (see also Fig. 2). Nevertheless, as
follows from Fig. 3, the fourth-mode amplitude does
not decrease; on the contrary, it even slightly increases
synchronously with the fifth and sixth modes. In other
words, the energy transferred from the seventh mode to
the fourth one not only compensates for the energy
losses of the fourth mode (a part of its energy was
gained by the sixth mode) but even increasesits energy.

Figure 3b shows the results of the same calculations
for W= 2.66667, i.e., when the fourth and sixth modes
come into exact degenerate resonance (the initial con-
ditionsarethe same asin Fig. 3a). Here, unlike Fig. 3a,
both the fourth and the seventh modes give up their
energy and the time dependences of the amplitudes of
the resonantly growing fifth and sixth modes become
asymmietric.

CONCLUSIONS

When Rayleigh parameter W, which isrelated to the
self-charge of thedrop) issubcritical (W< 4 for the fun-
damental mode), the frequency offset of the modes
being excited is insufficient for nonlinearly interacting
modes to be in resonance at any Wirrespectively of the
exact resonance values of W(W,). Inthis case, the offset

SHIRYAEVA et al.

influences only the fraction of the energy being trans-
ferred and the transfer time.

When the self-charge of the drop is small, disinte-
gration of anonlinearly oscillating drop may be related
to the resonant transfer of the capillary oscillation
energy from higher to lower modes.

Under the three-mode resonance conditions, disin-
tegration instability is observed only for Raman reso-
nances. For degenerate resonances, this effect is absent.
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Abstract—The quasi-fluid flow of microdispersed solids at the stage of rapid dynamic high-pressure loading
under the conditions of the Bridgman effect is considered in terms of the hydrodynamic approach. Under these
conditions, the effective dynamic viscosity of the rapidly flowing solid medium is estimated to ben = 1-3 Pas,
which istypica of only low-viscous fluids. The time of dynamic loading at the stage of rapid compression in
the Bridgman effect is estimated ast = (3-6) x 107 s, which agrees well with the available experimental data.

© 2005 Pleiades Publishing, Inc.

(1) Strong quasi-static compression of insulators
and semiconductors between open Bridgman anvils
(Fig. 1) in many cases causes volume fracture, whichis
accompanied by fast gection of the material in the
microdispersed state from the compression system
[1-3]. Such explosive instabilities appear when the
elastic energy of a body heavily compressed at high
pressures (P = 0.1-10 GPa) is converted to the mechan-
ical work of superfast volumerelief once certain critical
P—T parameters have been reached in the system [4-6].
Each material has its own characteristic pressure and
temperature thresholds at which this type of instability
occurs. Therefore, the Bridgman effect (BE) conditions
[4] are well suited to studying the mechanical stability
of insulators at high pressures. Also, the Bridgman
effect gives the unique chance to estimate the ultimate
mechanical stability of minerals, which may reside
inthe seismic areas of the Earth’s crust or in rock-
impact-prone underground workings, in laboratory
conditions [4].

Two stages may be distinguished in the Bridgman
effect. At the first stage, an insulator is slowly (quasi-
statically) loaded with arate dP/dt < 0.1 GPa/sto a cer-
tain threshold at which it fails throughout the volume,
passing into the microdispersed state. The second stage
starts when the microdispersed material becomes simi-
lar to a quasi-fluid and, being subjected to a high
pressure, is explosively (totally or partially) ejected out
of the compression system with a velocity v, = 0.5~
2.0 km/s[4].

The fast quasi-fluid flow of a material between
Bridgman anvils during the gjection [6-15] alows one
to use the Bridgman effect for effective activation-free
modification of nonmetals. Unlike the other modifica-
tion methods, such a mechanochemical high-pressure
approach enables keeping the mean pressure and the
ambient temperature constant during the process. In

addition, it excludes the penetration of equipment-
related chemical impurities into an agglomerate or
alloy to be produced. Moreover, in the Bridgman effect
conditions, one can easily control the mechanochemi-
cal processes, changing the excitation threshold of the
explosion by varying the temperature [6-8] or placing
the samples in eectric fields with various amplitudes
and frequencies [16-22].

The purpose of thiswork isto estimate the effective
values of the viscosity, as well as the time of dynamic
loading, of materialsin the Bridgman effect. These esti-
mates may be helpful in predicting the intensity of
mechanochemical interactionsin the reagentsand gain-
ing a better insight into the nature of the Bridgman
effect.

(2) The superplasticity of materials under the criti-
cal conditions of nonuniform compression between
Bridgman anvils may be associated with a substantial
decrease in their viscosity when explosive breaking of
atomic bonds results in local heating of grain bound-
aries [23]. In this case, the superplastic flow of a dis-
persed material may bein many wayssimilar tothevis-
cous flow. Therefore, such a quasi-fluid flow can be
described in terms of the hydrodynamic approach
[24, 25]. However, as applied to the BE-related pro-
cesses, this approximation seemsto be formal. Accord-
ing to the available experimental data, materials sub-
jected to dynamic loading under the BE conditions usu-
aly do not melt, while are substantialy heated (by
several tens or hundreds of degrees, depending on the
conditions) [26, 27].

Consider a model of the quasi-fluid flow of a dis-
persed body at the instant of its fast compression
between Bridgman anvils. The quasi-fluid film being
compressed is between two surfaces rapidly approach-
ing each other, which tend to squeeze the viscous quasi-
fluid out of the gap between them (Fig. 2). If the sur-

1063-7842/05/5002-0193$26.00 © 2005 Pleiades Publishing, Inc.
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Vv =05-20km/s

V]

Fig. 1. Compression of sample 1 between two Bridgman
anvils 2 with superhard inserts 3, which generate the explo-
sive effect with fast gjection 4 of the material out of the sys-
tem.

h(r)

X/ S

Fig. 2. Compression of afluid film between two plates by
applying a pressure P. The thickness h of the film depends
ontime, h = h(t). Sis the hydrodynamic contact area.

faces are flat and move parallél to each other along the
normal to them and if the fluid between them isincom-
pressible and has an effective dynamic viscosity n, the
pressure distribution can be described by a set of
Navier—Stokes equations with appropriate boundary
conditions. In the general case, when the velocity and
pressure fields are nonstationary and depend on time
only through a generalized coordinate h (the thickness
of the fluidlike film), this set of equationsis reduced to
the Reynolds equation. Solving it, we can find the

Characteristic values of the parameters in Bridgman-effect
experiments

Parameter Typical value Refs.
ho =4 x 10%4m [4-22]
h ~10%m [4-22]
P, ~10° Pa [4-22]
R =25x10°m [15-22]
Vo (0.5-1.5) x 103 m/s [4]
Vo= (hyRWV2 (0.8-2.4) x 102 m/s -
n 0.8-2.6 Pas (6)
t (3-6)x 10°s 2

FATEEV

velocity v, of the approaching plates as a function of
initial load P and the effective viscosity [28],

Ph®
Vp = S 1

Here, the hydrodynamic contact area is equa to the
effective cross-sectiona area S= (3/4)1R? of the anvils
of radius R. The time it takes for the quasi-fluid film
thickness to decrease from initial thickness h, to an
intermediate thickness h (at a given load P) is found
from the simple relationship

r= 05010 @

Note that the viscosity may increase considerably
with pressure P and substantially drop with increasing
temperature T. The estimates that follow are based on
the qualitative relationship

v
n DnoexpEEk—T%, 3)

which, in particular, can be applied for describing the
viscosity of melts [29]. Here, k is the Boltzmann con-
stant and V,, isthe volume of amicrovoid that coincides
(in order of magnitude) with the volume occupied by
particles in the melt, V, = (0.5-2.0) x 10 m3. This
qualitative relationship is also applicable to a flow of
disperse particles if we assume that the surfaces of
micrometer particles are molten at the instant of gec-
tion.

(3) Let us estimate the effective dynamic viscosity
of materials rapidly flowing between the anvils at the
instant the Bridgman effect is observed. At normal tem-

perature, the gjection velocity v° = (R/h)v, is propor-
tional to thevelocity v, of theanvils (see Eg. (1)). Then,
we have

2 Ph*
3Ry

Using the available experimental datafor the param-
eters relevant to the conditions of Bridgman instability
(see table), we abtain n, = 0.8-2.6 Pa s (the effect of
high pressure on the dynamic viscosity is disregarded).
This value is typical of a low-viscosity fluid, such as
glycerin (~0.85 Pa s), in order of magnitude; is three
orders of magnitude higher than the viscosity of water
at its melting point (=0.002 Pa s [30]); and is five to
eight orders of magnitude lower than the viscosity of a
molten oxide glass (~10° and ~10° Pa s, respectively,
for SiO, and B,O;[29]). Next, for typical values of the
parameters, the time of dynamic loading (without
regard to the effect of high pressure) is t; = (1-4) x
107 s, as follows from Eq. (2). This value is one order
of magnitude lower than the estimate given in [4]. This
time is likely to control the rates of mass transfer and

(4)

No
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chemical reactions. Such an assumption is also based
on estimates of the relaxation times in chemical trans-
formations observed in the Bridgman effect, ~10° s
[4,5, 9-13].

Fractionation of chemical elements under the BE
conditions [15] may indicate that microparticles
enriched by different elements that have entered into
the quasi-fluid flow with different rates. This supposi-
tion may explain the fractionation in GeSe, disk sam-
ples [15], where the loca Se concentration at the
periphery of the disk that remained in the anvils after
the explosive effect was 10-15% higher than the Se
concentration at the center. It is worth comparing the
melting points of Se, Tg, = 170-217°C, and Ge, Tg =
936°C. This observation meansthat the viscosity of Se-
enriched fine particles may be much lower than that of
Ge-enriched particles at the same pressures and tem-
peratures (see Eq. (3)).

Because of low values of effective dynamic viscos-
ity, amaterial placed in the BE conditions may become
heterogeneous; i.e., it may so happen that the material
in the quasi-fluid stratifies and some of the layers flow
with a still lower viscosity. Then, it becomes clear that
the reason for an extremely high rate of various chemi-
cal reactions and other interactions is the ultrahigh
mobility of the elements under high pressures. It is
guite possible that the reactions in the BE conditions
will proceed to completion, as observed in [9-13]. Cer-
tainly, the rate of the reactions is bound to depend on
theinitial temperature of the reaction mixture, sincethe
threshold pressure of the Bridgman effect is tempera-
ture dependent. To a first approximation, this depen-
dence appears as [6, 20, 22]

P(T) OPy(1-AT), (5)

where P, is the BE threshold at room temperature and
Aisaparameter depending on the structure of the mate-
rial, energy parameters, and so on.

Therefore, according to Egs. (3)—(5), the effective
dynamic viscosity of the material may depend on tem-
perature and pressure as

2P(T)h* _ P(T)V,
o *P T
3nRv,

and vary as shown in Fig. 3 for the parameterslisted in
the table and A ~ 10° Pa/K. The flow rate of the quasi-
fluid between the anvils (and, correspondingly, the
gjection velocity) versus the initial temperature of the
sample with regard to a high pressure in the loading
system may be estimated from Egs. (1), (5), and (6) in
the form

no , (6)

_ TV
v, Ov2exp %P(k'l)' % 7

Therun of thisdependenceisshowninFig. 4. Using
Egs. (2), (5), and (6), one can a so find the impact |oad-
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Fig. 3. Temperature dependence of the effective dynamic
viscosity for the rapid flow between Bridgman anvils with
(solid line) and without (dashed line) allowance for the
effect of pressure on the viscosity.
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Fig. 4. Effect of the initial temperature on the flow rate of
the quasi-fluid between Bridgman anvils with allowance for
the high pressure effect.

ing timewith allowancefor the high-pressure effect, t =
(3-6) x 108 s. In order of magnitude, this value agrees
well with the time found experimentally [4].

(4) Thus, studying the low-viscous flow of solidsin
the microdispersed state under the conditions of the
Bridgman effect, we managed to estimate their effec-
tiveviscosity, N = 1-3 Pas. In other words, under extre-
mal conditions, the effective viscosity of solid dis-
persed mediais comparable to that of low-viscous flu-
ids, such as glycerin. Basicaly, the mobility of
chemical elements may be extremely high under such
conditions, including high pressures. A high mobility
of the elements is likely to greatly intensify chemical
reactions and other interactions under the conditions of
the Bridgman effect, as was demonstrated in [9-15].
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Abstract—The shock adiabat of porous stilbene (1,2-diphenylethylene) up to the pressure P = 41 GPa and the
dynamic compressibility of this material in reflected shock waves up to 77 GPaare studied experimentally. The
run of the expansion isentropes of stilbene down to 0.1 GPais determined. The experimental findings are used
to construct a semi-empiric equation of state of stilbenefor awide range of high-energy states. © 2005 Pleiades

Publishing, Inc.

INTRODUCTION

The equation of state of amaterial exposed to pulsed
high-energy actionsis of great interest for high energy
density physics [1-4]. The behavior of materials in
compression shock waves and adiabatic expansion
waves provides valuable information for checking the
adequacy of theoretical models or describing the ther-
modynamics of extreme states on a semi-empirical
basis over awide range of the phase diagram [1, 3, 4].

In this work, we report data for the compressibility
of porous stilbene CgHsCH=CHCH; (1,2-diphenyleth-
ylene) in shock waves of intensity up to P = 41 GPa, as
well as systematize the states of the material upon
repeat dynamic loading up to P = 77 GPaand in waves
of adiabatic unloading downto P =0.1 GPa. Theearlier
[5] and newly found data are generalized in the form of
a semi-empiric equation of state.

EXPERIMENTAL METHODS AND RESULTS

Test porous samples (cylindrical pellets) were pre-
pared by pressing of flakes. The density of stilbene
crystals under normal conditionsisp, = 1.16 g/cm?. In
our experiments, it varied from py, = 113 to

0.85 g/cm?®. Shock waves were generated through cop-
per, aluminum, or iron screens by steel striking rods,
which were accelerated to 56 km/s by the detonation
products of condensed explosives. With the shock wave
amplitude in the screen fixed, determination of wave
velocity D (accurate to =1.5%) in the sample makes it
possible to find mass velocity U and pressure P from a
known dynamic adiabat of the screen by the reflection
method [4]. The measurements were made by the con-
tact electrical method, and the signals from the sensors
were recorded on a fast-response oscilloscope. In the

experiments, the diameter and thickness of the samples
were 12 and 3 mm, respectively. Table 1 lists the
dynamic compressibility values for stilbene with pg, =
0.85 g/cm?® that were averaged over six to eight inde-
pendent measurements, and Fig. 1 shows the associated
data points in D-U coordinates.

In the experiments with reflected shock waves and
adiabatic expansion waves, the initial density of the
samples was py, = 1.13 g/cm®. The velocity Dof the

D, km/s
8 -
a
)
b
4+
o]
[ 2/
1 1 1
0 2 4 6
U, km/s

Fig. 1. Shock adiabats for the stilbene samples with the ini-
tial porosity my, = pg/pgp = () 1.027 and (b) 1.365. Wavy
segments show the onset of physicochemical transforma-
tion. Data points are taken from (1) [5] and (2) this work.

1063-7842/05/5002-0197$26.00 © 2005 Pleiades Publishing, Inc.
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Table 1. Experimental datafor the shock compressibility of
Stilbene

U, km/s D, km/s P, GPa o, glem?®
0.98 2.64 2.199 1.3518
1.85 4.29 6.746 1.4945
2.34 497 9.885 1.6063
3.24 6.06 16.689 1.8266
4.44 7.24 27.324 2.1979
4.95 7.89 33.197 2.2811
5.47 8.79 40.869 2.2505

Note: pog = 0.85 g/em®, my, = 1.365.

shock waves was measured in obstacles with different
dynamic impedances that were placed behind the sam-
ples. From these measurements, the parameters of the
initial states were found. Data points on the repeat
shock adiabats were obtained by reflection from obsta-
cles (aluminum, Teflon) for which the dynamic adia-
bats are known and that are more rigid than the test
material. The low pressure (high rarefaction) range was
studied with soft dynamic obstacles (polyethylene,
polystyrene foamed plastic of different density, as well
asargon and air under atmospheric pressure) for which
the shock adiabats are well known (see, e.g., [6]). In
most of the experiments, the 2-mm-thick test samples
of 38-mm diameter were covered not only by 3-mm-
thick pellets of 12-mm diameter made of the obstacle
materials but also by pellets made of the test material
itself in order to keep track of the initial state parame-
ters. The parameters of theinitial and final statesin the
condensed obstacles were measured using the reflec-
tion method with the shock wave velocity recorded by
contact electrical sensors. In the case of argon, the opti-
cal radiation emitted from the shock wave front was
recorded by optical methods. When the air obstacle was
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used for relieving, the velocity U of the free surface of
the sample upon passing the first shock wave through it
was measured by the electrical contact sensors. In this
case, the wave front velocity Dpjin the air obstacle was

measured, and pressure P behind the front was found
from the known shock adiabat for air. The experimental
techniques and approaches used in this paper were
described at greater length in [6], where isentropic
expansion of shock-compressed materials was consid-
ered. The experimental data for repeat shock compres-
sion and adiabatic expansion of stilbene are summa-
rized in Table 2, and the data points, each being the
average of six to eight independent measurements, are
applied on the P-U diagram (Fig. 2).

MODEL OF THE EQUATION OF STATE

On the pressure-volume-energy surface, the early
[5] and newly obtained shock-wave data for stilbene
show the run of only two shock adiabats (for the sam-
pleswith py, = 1.13 and 0.85 g/cm?). Our datafor repeat
shock compression and isentropic expansion shed new
light upon the stilbene behavior at high energy densi-
ties. Similar experiments performed earlier on metals
[3, 6-9], Plexiglas and Teflon [10], polystyrene and
Fenilon [11, 12], and carbon [13, 14] confirm the valid-
ity of the thermodynamic description of a new (previ-
ously uncovered) range of densities and pressures.
However, abare handful of experimental dataand some
theoretical uncertainty regarding the behavior of
organic substances at high energy densitiesimpose sub-
stantial restrictions on the form of the semi-empiric
potential and necessitate using a simplified model of
the equation of state with few adjustable parameters.

In generalized form, the caloric model of the equa-
tion of state [11, 15], in terms of which the thermody-

Table 2. Experimental data for repeat shock compression and adiabatic expansion of stilbene

Adiabats R; and S; Adiabats R, and S, Adiabats R; and S;
Material of obstacle

D.,km/s| U, km/s | P, GPa | D«,km/s| U,km/s | P,GPa | D«,km/s| U,km/s | P, GPa
Aluminum 8.97 2.68 65.147 9.22 287 71.710 9.42 3.01 76.840
Teflon 6.82 291 43.463 7.41 3.26 52.903 8.22 3.75 67.507
Stilbene 7.394 3.83 32.0 7.878 4.10 36.5 8.598 4,58 445
Polyethylene - - - 8.95 412 33.924 - - -
Foamed plastic0.74 | 7.11 431 22.677 - - 8.26 512 31.295
Foamed plastic0.39 | 6.91 5.04 13.582 7.23 5.29 14.916 8.02 5.88 1.840
Foamed plastic 0.16 - - - 8.02 6.29 8.071 - - -
Argon - - - 9.04 8.05 0.130 - - -
Air - - - 8.64 8.23 0.092 - - -

Note: Figures by the foamed plastics are densitiesin g/cm®. pog = 1.13 g/em®, my, = 1.027.
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namic properties of stilbene are described, is given by
v, E
P(v,E) = Pv) + S BE_E V)], ()

where E(V) and P(V) = —dE/dV are the el astic compo-
nents of energy and pressureat T=0K and I'(V, E) is
the coefficient that takes into account the contribution
of thermal components to the equation of state.

The volume dependence of the elastic compression
energy is represented in the potential [7-9]

By V
E(V) = —=—(a¢/m-og¢/n) + Ey, 2
m-n
where o, =V /V, V. isthe specific volumeat P = 0 and
T = 0 K, and By, is the value of bulk modulus B, =
-VdP/dV at o, = 1.

Quantity Eg, which has the meaning of the charac-
teristic energy of destruction, isfound from the normal-
ization condition Ey(Vy) = 0, which yields E; =
By Vo/mn. The derivative of the bulk modulus with
respect to pressure, By, = dB/dP,, at o, = 1 providesa
relationship between coefficients m and n in the form
n = By, —M—2. Parameters V., B, and By, arefound
by iteration so as to fit (under normal conditions) the
tabulated value of specific volume V = V,, as well as
adiabatic sound velocity Cq = Cg, and the derivative of
isentropic bulk modulus Bg = —V(dP/0V)s = CE/V with
respect to pressure (Bg = (AB40P)s = By, ), which are
determined from dynamic measurements. Exponent m
in formula (2) is taken such that the resulting equation
of state provides the best fit to the experimental data
obtained in forward and backward shock waves.

Similarly to the caloric model [7, 8], the dependence
of coefficient I on volume and energy is stated as

Ye(V) -y
1+0 P [E-—E/(V)]/E,

here, = Vy/V, function y.(V) refersto the range of low
thermal energies, and y, characterizes a heavily heated
condensed substance (high energy range). Energy of
anharmonicity E, specifiesthethermal energy of transi-
tion from one limiting case to the other and is found
from data of dynamic high-pressure experiments.

The volume dependence of the elastic component y,
of [ isgiven by [11, 15]

rV.E) =vi+

©)

2 2
o,+In"o,

Ye(V) = 23+ (Yoo —2/3) . @
° o2+ In’(clo,)
where
E,— E.(V,)72
Yoc =Y, +(vo—vi)[l+°T(°)} :
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Fig. 2. Experimental (data points) and calculated (lines)
shock adiabats (H,,), repeat compression curves (R), and
expansion isentropes (S) of stilbene. The curves marked by
the asterisk refer to the transformation products. (3) Adia-
batsR; and Sy; (4), Ry, and S,; and (5) Rz and S;. For (1) and
(2), seeFig. 1.

E, is the specific internal energy, and Y, is Griineisen
coefficient y = V(0P/OE),, under normal conditions.

It is easy to check that dependence (4) provides the
fulfillment of the condition y(V,, Ey) = Vo, as well as
yields the asymptotics y, = 2/3 in the limiting cases of
low and high compressions. Adjustable parameters o,
and o,,, in expression (4) are taken so as to provide an
optimal fit to experimentally found dynamic compress-
ibilities and rel ease isentropes of the porous samples.

RESULTS OF CALCULATION

The experimental data for stilbene obtained earlier
[5] and in thiswork suggest that the material undergoes
a physicochemical transformation at the front of
intense shock waves. In the shock adiabat for the solid
samples, this transformation starts at P = 15 GPa and
results in a considerable decrease in the density (by
=20%) and compressibility. Such transformations,
which are triggered by intense dynamic loading and
cause adrastic consolidation of the material, aretypical
of the class of aromatic substances [11, 12, 16-22].
They are routinely explained by bond breaking in the
initial compound with the formation of a dightly com-
pressible mixture of diamond-like carbon and various
low-molecular components [23]. In this work, the ther-
modynamic properties of stilbene are studied in terms
of caloric model (1)—(4) separately for the states before
and after thetransformation. The density and bulk mod-
ulus of the transformation products under normal con-
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P, GPa

0
1.0

Fig. 3. Phase diagram of stilbene at high densities and pres-
sures. For designations, see Fig. 2. P isthe elastic compres-
soncurveat T=0K.

ditions, which are necessary for constructing the equa-
tion of state, were found from the shock-wave experi-
ments performed at pressures above the pressure range
of the transformation. The coefficients of the equations
of state that optimally generalize the available thermo-
dynamic data for stilbene and for the products of its
transformation are given in Table 3.

As follows from Fig. 1, the equations of state
derived in this work fit well the shock compressibility
of the solid and porous stilbene samples throughout the
range of the kinematic parameters. When calculating
the parameters of the shock adiabats corresponding to
the material transformed, we took into account the
effective initial porosity of stilbene, which may influ-
ence the density of the transformation products. It
should be noted that the combined analysis of the cal-
culated adiabats and experimental datamadeit possible
to find the parameters of state of the transformation
products under normal conditions with ahigh degree of
reliability.

Table 3. Coefficientsin the equation of state for stilbene

VO VOc BOc m n Om |On| Yoc | ¥i Ea

0.862|0.857(12.136|2.3 {09 |08 |1|0.7 |05]30
0.57* | 0.568|28.7 |3.95|1.05|0.575| 1 |0.75|0.5|70

Note: Coefficientsin the lower row, which is marked by asterisk,
refer to the products of physicochemical transformation of
stilbene under shock wave loading. The coefficients are
given in the basic units of measure: P = 1 GPa, V = 1 cm/g,
and E=1kJg

KHISHCHENKO et al.

Figure 2 shows the calculated shock adiabats for
stilbene, aswell as the curves of repeat loading and the
expansion isentropes for the transformation products.
Comparing the calculation results with the experimen-
tal data, we can argue that the equations of state con-
structed reliably determine the material parameters at
pressures higher and lower relative to the shock adiabat.
The same is true for the whole range of densities and
pressures that was used in the compression experi-
ments, as follows from Fig. 3, which compares the cal-
culated adiabats with the data points obtained in the for-
ward and backward (reflected) shock waves.

The P—o diagram depicted in Fig. 3 demonstrates
the domain of high-energy states occurring in the
reflected compression and unloading (release) waves
versusthe parameters of the shock adiabats for the sam-
ples of different initial porosity. The extent of the
domain is considerable both toward cold curve P,
(repeat adiabats R) and toward the rarefied gaseous
phase (isentropes ). It should be noted that the initial
states for the release isentropes are the dissociated
states, which arise under intense dynamic loading.
Theseisentropes persist up to rarefied gaseous states at
a pressure P = 0.1 GPa and density p = 0.3p,. In this
parameter domain, any noticeable steps in the thermo-
dynamic functions or any hydrodynamic anomaliesthat
might be related to phase transitions in the products of
stilbene transformation in the release wave were not
observed (Fig. 2).

To conclude, our experimental data cover the previ-
ously unstudied range of densities and pressures. The
constructed equations of state for stilbene and the prod-
ucts of its transformation fit well the available data
gained in high-energy experiments. Therefore, these
wide-range equations will be helpful in numericaly
simulating the effect of intense energy fluxes on amate-
rial.
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Abstract—The one-dimensional boundary-value problem of determining the stationary temperature field of a
thermoel ectric branch isnumerically solved for the case of amaximal temperature difference. The Fermi energy
distribution over the thermoel ectric branch is calculated in terms of the quantum statistics of carriers. Homoge-
neous and inhomogeneous thermoel ectric branches are considered. © 2005 Pleiades Publishing, Inc.

The low efficiency of thermoelectric coolers holds
back their production. Therefore, improvement of the
thermoel ectric figure of merit isamong the most impor-
tant problems of semiconductor materials science. The
values of this parameter that have been reached up to
now are still very far from the theoretical limits [1].
Moreover, even today’s figure of merit of thermoelec-
tric materialsisnot used in full measure. Application of
thermoel ectric materials in cooling devices depends on
their operating temperature interval. Accordingly, the
material of choice is that offering the highest figure of
merit under given temperature conditions. Therefore,
there arises the need to optimize the properties of ther-
moelectric materials using various optimization
approaches. In this work, we consider optimization of
the thermoel ectric material properties in the operating
temperature range of athermoelement.

Asisknown, the basic quality criterion of athermo-
electric material isits figure of merit [2]
2
a°o
Z=—, 1
X D

where a isthe differential thermal emf, ¢ isthe electric
conductivity, and ¥ is the thermal conductivity.

Parameter Z as afunction of temperature and carrier
concentration is usually calculated under the assump-
tion that either the lattice or electron component of the
thermal conductivity can be ignored. In the latter case,
expressions for the kinetic effects are analytically easy
in the case of nondegenerate carriers and the thermo-
electric figure of merit may be calculated [2]. However,
these calculations are not rigorous; rather, they are esti-
mates of the parameter. In addition, it isgood to bear in
mind that the most important thermoelectric materials
feature weak degeneracy in the range where the figure
of merit reaches amaximum [3].

Let us find the optimum chemical potential under
which Z reaches a maximum value. For this purpose,

we will calculate the thermoelectric figure of merit for
a one-band semiconductor for the case of moderately
degenerate carriers obeying the quadratic dispersion
law. From liquid-nitrogen temperature on, carrier scat-
tering by lattice vibrations dominates even in heavily
doped semiconductors. Therefore, we will consider
carrier scattering only by acoustic phonons. The charge
carrier mobility, lattice thermal conductivity, and the
scattering parameter are assumed to be independent of
the carrier concentration.

Using the one-band approximants given in [4], we
calculate the differential thermal emf,

_ kiF2n) o
= Em @)

charge carrier mohility,
eTo(T) Fi(n)

M Fau(n) ®

electric conductivity,
o = enu, 4

thermal conductivity,
X = Xpn* LOT, ©)

and L orentz number,

_ dj]z F3(ﬂ)_[F2(n)D2
L= B lFm - Fap ) (©)

Here,

“gofey
Fi(n) = [ pxdx
0

arethe Fermi integrals[4], wherefy =[1 + exp(x—n)]Lis
the equilibrium distribution function. The effective
mass of carriers was taken to be equal to 0.5m,.

1063-7842/05/5002-0202$26.00 © 2005 Pleiades Publishing, Inc.



EFFECT OF THE CARRIER CONCENTRATION DISTRIBUTION

Fig. 1. Thermoelectric figure of merit vs. the reduced Fermi
level at (1) 100, (2) 150, (3) 200, (4) 250, and (5) 300 K.

Let the lattice (phonon) component of the thermal
conductivity depend on temperature in the form

Xph = const/T. 7

The absolute values of the carrier mobility and lat-
tice thermal conductivity were taken to be close to
those in the best thermoel ectric materials, which have a
room-temperature figure of merit near 3 x 102 K. For
scattering by acoustic phonons, the dependence of the
carrier mobility on temperature and effective mass has
the form [4]

u Om* 27732, (8)

The results of numerical calculation of the thermo-
electric figure of merit versusthe reduced Fermi energy
at temperatures from 100 to 300 K are presented in
Fig. 1. Asthetemperaturerises, the reduced Fermi level
decreases, reaching —0.87 at room temperature. The
value of the reduced Fermi level thus obtained is usu-
ally taken to be optimal.

However, one should always bear in mind that the
thermoelectric figure of merit can be used only if the
kinetic coefficients are temperature independent [2];
otherwise, it cannot be viewed as areliable criterion of
thermoelectric efficiency. Therefore, to calculate the
thermoelectric branch efficiency, we apply another
approach. Under the steady-state conditions with
allowance for the Thomson effect, the temperaturefield
of a one-dimensional adiabatically isolated homoge-
neous thermoel ectric branch is described by the station-
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Fig. 2. Temperature distribution in the unloaded thermo-
electric branch at hot end temperatures of (1) 100, (2) 150,
(3) 200, (4) 250, and (5) 300 K.
ary eguation of heat conduction
ddio.y* - dodT
—X=——t+t=—-yIT—=—=0 9
dxB'ax! o dT dx ©)
with the boundary conditions
X9 = ayT|.o. Thei=To  (10)
dX x=0

wherey = JI/S | is the length of the branch, Sis the
cross-sectional area of the branch, and J is the current
inthe branch. Coefficientsa, g, and X are calculated by
formulas (2), (4), and (5), respectively.

Since the boundary-val ue problem given by (9) and
(20) is nonlinear, it was solved numerically. Simulta-
neously, numerical optimizationintermsof current and
carrier concentration was performed. The position of
the reduced Fermi level was found from the expression
for the carrier concentration [4]

n = f—;(Zm* KT)*2Fan(n). (11)

The reduced Fermi level varied between —4 and 2.5.

The temperature field and reduced Fermi level that
were calculated for a thermoelectric branch operating
in the conditions of maximal temperature difference are
presented in Figs. 2 and 3, respectively. It is of interest
to compare both approaches. From Figs. 1 and 3, it fol-
lows that the optimum values of the reduced Fermi
energy, which determine the positions of the maximaof
Z (Fig. 1), even fall beyond the range of variability of
the reduced Fermi level along the thermoelectric
branch (Fig. 3), although generally the reduced Fermi
level increases with decreasing temperature. Thus, one



204

O

02 04 06 08 1.0

Fig. 3. Distribution of the reduced Fermi energy along the
unloaded branch at different hot-end temperatures.
(1-5) Thesameasin Fig. 2.

can conclude that the performance of a thermoelectric
branch intended for operation in a given temperature
interval can be optimized by optimization of the bound-
ary-value problem. Figure 2 shows the temperature dis-
tributions along the thermoel ectric branch for the opti-
mum values of the reduced current under the maximal
temperature difference conditions. In this regime, the
temperature reaches a maximum at the hot end of the
branch. Therefore, the heat flux at the hottest point is
absent. A vague mirror similarity between the tempera-
ture curvesin Fig. 2 and the dependences of the reduced
Fermi level in Fig. 3 stands out. Such behavior of the
reduced Fermi level is apparently explained by the fact
that the charge carrier concentration in the branch is
fixed in the framework of the one-band model.

Actually, the kinetic coefficients in thermoelectric
materials are temperature-dependent; therefore, in
order that a thermoelectric branch be optimized in the
entire temperature range, it must be inhomogeneous.
The thermoelectric efficiency may be raised by using
thermoel ectric branches that are inhomogeneous along
their length [5]. It has been established that the thermal
efficiency is improved if the electric conductivity
increases and the thermopower decreases from the hot
to cold end. Such a conclusion was drawn from the
study of graded-property thermoelements as a limiting
case of composed thermoelement [6]. The electric con-
ductivity distribution along the length that improvesthe
branch efficiency was also found. It turned out to be
linear.

The calculation of the thermoelectric branch effi-
ciency by solving the boundary-value problem was
demonstrated by Ivanovaand Rivkin[7]. When solving
this problem in the variational statement using the max-

MARKOV

Fig. 4. Distribution of the reduced Fermi energy along the
thermoelectric branch at T, = 300 K for the linear distribu-
tion of the carrier concentration. ng/ny = (1) 1, (2) 1.5, (3) 2,
(4) 3, (5) 4, and (6) 5.

imum principle of Pontryagin, they had to linearize the
initial conditions. It was also assumed that the ther-
mopower, thermal conductivity, and electric conductiv-
ity depend on temperature only dlightly. It was found
that the optimal charge concentration distribution along
the branch is also linear.

The author of this paper solved this problem in a
somewhat different formulation with allowance for a
temperature dependence of the kinetic coefficients and
the linear distribution of the charge carrier concentra-
tion [8, 9]. The regimes of maximal temperature differ-
ence and maximal cooling capacity were considered.
Eventually, it was found that the linear distribution of
the carrier concentration increases both the temperature
difference across and the cooling capacity of athermo-
electric branch. The weak point in the studies cited is
that they use classical statistics, while thermoelectric
materials feature aweak degeneracy of carriers. There-
fore, quantum statistics should be invoked to solve this
problem. The stationary temperature field of a one-
dimensional adiabatically isolated inhomogeneous
thermoelectric branch is described by the stationary
equation of heat conduction (with allowance for the
Thomson effect and distributed Peltier effect)

d y _rdadT  dog _
xFadt o Y rax Tad - °

with the same boundary conditions as (10), wherey =
JI/Sand coefficients a, g, and x are calculated by for-
mulas (2), (4), and (5), respectively.

The boundary-value problem given by (10) and (12)
was solved numerically, and the solutions obtained
were humerically optimized in terms of current. Since

dgdig, y* (12)
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Fig. 5. Temperature distribution along the thermoelectric
branch at T, = 300K for thelinear distribution of the carrier
concentration. ng/ny = (1) 1, (2) 2, and (3) 5.

the optimal distribution of the carrier concentration for
the nonlinear problem is impossible to find, we will
consider particular distribution functions of charge car-
riersalong the branch. It wasargued [6, 7] that the opti-
mal distribution islinear; therefore, thelinear law of the
carrier concentration distribution,
n = ny(1-9x), (13)
will be considered first. Here, g = 1 — 1/k, where k =
ny/n, is the ratio of the concentrations at the cold and
hot ends. Let thisratio vary intheinterval 1<k < 5.

For an inhomogeneous branch, the distribution of
the reduced Fermi level depends on k (Fig. 4) and so
doesthe temperature difference, which increaseswith k
but nonlinearly: asthe concentration drop increases, the
temperature difference tends to saturation. As is seen
from Fig. 5 (curves 2, 3), the temperature is no longer
maximal at the hot end of the branch and the heat flux
from the hot end rises, since the temperature gradient at
this point is other than zero. To avoid this, the region of
heat absorption in the distributed Peltier effect should
be shifted toward the cold end of the branch. Accord-
ingly, the carrier concentration distribution must be
changed. Specifically, the carrier concentration near the
hot end of the branch must be kept unchanged and the
region where the concentration varies sharply must be
shifted to the cold end. This can be achieved if the car-
rier concentration distribution obeys the exponential
law,

n = ny(bexp(-ax) +c), (14)
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Fig. 6. Distribution of the reduced Fermi energy along the
thermoelectric branch at T; = 300 K, ng/n; =5, and the car-
rier concentration distributions obeying (1) the linear law
and exponential law witha = (2) 1, (3) 3, (4) 5, and (5) 10.

where n, is the carrier concentration at the cold end of
the branch, b = (k — 1)/k(1 — exp(-a)), and ¢ = (1 — k x
exp(-a)/k(1 — exp(-a)).

The distribution of the reduced Fermi energy along
an exponentially inhomogeneous branch is demon-
strated in Fig. 6. The concentration gradient lowers the
temperature at the cold end, because a lower tempera-

AT,
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110

100
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80

| | | |
1 2 3 4 5
no/nl

Fig. 7. Maximal temperature difference across the branch
vs. theratio ny/n, of the carrier concentrations at the hot and
cold endsat T, = 300 K and the carrier concentration distri-
butions obeying (1) the linear law and exponential law with
a=(2)1,(3)3,(4) 5 and (5) 10.
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ture is needed in this case to compensate for the Joule
heat in this region. Figure 7 plots the temperature dif-
ference against the concentration drop for various con-
centration distributions along the branch. Curve 1
describes the linear distribution; the other, exponentia
distributions with different constants a in the exponent.
The concentration drop being the same, the maximal
temperature difference increases with constant a in the
exponent.

To conclude, we showed that the thermoelectric fig-
ure of merit as an adjustable parameter in optimization
of the charge concentration can be used only at the (ini-
tial) stage of thermoelectric material selection. The
final stage of optimizing the carrier concentration in the
operating temperature interval of a thermoelement
implies the solution of an optima boundary-value
problem even for a homogeneous branch. The linear
distribution of the charge carrier concentration along
the branch is not optimal: athermoelectric branch with
exponential distribution of the carrier concentration
offers a higher efficiency.

MARKOV
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Abstract—The mean electrical characteristics of an insulating matrix composite that contains unidirectional
fibers of two sortsare calculated analytically. Thefibersdiffer in physical propertiesand in cross-sectional area.
They form alternating layers and make the material anisotropic. The calculations are based on finding an exact
solution to the problem of interaction between cylindrical bodiesin an external electric field. © 2005 Pleiades

Publishing, Inc.

INTRODUCTION

This paper concerns the electrical properties of a
composite insulator that represents a matrix reinforced
by long cylindrical fibers of two sorts having different
permittivities and radii. The fibers are paralel to each
other and form a cubic lattice (a square array in the
cross section). Each sort of the fibers is arranged into
alternating layers. Although individualy the compo-
nents of the composite areisotropic, the composite as a
whole is anisotropic. The electrical performance of
such composites is of interest in studying a number of
natural objects and for developing composites to be
applied in electrical engineering, mechanics, and ther-
mal physics [1-4].

The calculation of the effective permittivity tensor is
carried out by the standard procedure: first, local elec-
tric fields in the system are cal culated and then they are
spatialy averaged. It suffices to calculate the field in
one cell of the periodic structure, since the structure is
regular. A cell ischosen such that its sides coincide with
equipotentials and field lines. An exact solution to the
problem of interaction between two parallel cylinders
in an external magnetic field is of great importance in
calculating the local electric field [5], which can be
found in an approximation of any order. However, as
the accuracy of calculation rises, the analytical expres-
sionsfor the effective parameters become awkward and
much more difficult to visualize. To shed light on the
behavior of the mean characteristics of the structure, it
sufficesto consider the case of low inclusion concentra-
tions, which simplifies the mathematics and still yields
comprehensible results.

LOCAL AND MEAN ELECTRIC FIELDS

Let us consider an infinite diel ectric medium of per-
mittivity €, with a doubly periodic arrangement of uni-

directional cylindrical fibers of permittivities €, and €,
and radii r, and r,. The cross-sectiona plane of the
fibersis subdivided into square cellswith period h. The
fiber axes pass through the vertices of the cells. Either
sort of the inclusions is arranged into rows that period-
ically alternate along the x axis (Fig. 1). The concentra
tions of the inclusions in the material, s, and s,, are
given by the expressions

s, = ri/2h, s, = mws/2h’, 1)

A uniform external €electric field is directed nor-
mally to the fiber axes.

Ded el
Dedel
DeEew .
De0 el
De0 el

Fig. 1. Fragment of an insulating composite with cubic
packing of long circular fibers (square array of the fibersin
the cross section).

1063-7842/05/5002-0207$26.00 © 2005 Pleiades Publishing, Inc.
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Under these conditions, the electric field in the
materia is two-dimensiona and can be calculated in
any approximation. The calculation scheme is as fol-
lows. The electric field inside and near an inclusion is
determined as aresult of itsinteraction with each of the
other inclusions in the system. The paired interactions
are then summed using an exact solution to the model
problem of interaction between two parallel cylindrical
bodies with arbitrary permittivities and radii that are
subjected to a uniform electric field [5]. The interplay
of the inclusions is mathematically expressed through
dipole—dipole interaction. These are image dipoles
located inside the circles that bound the cylindrical
inclusions on aplane. The number of the dipolesisinfi-
nitely large, but their moments indefinitely decrease
with increasing order. If the concentration of the inclu-
sionsissmall, as assumed in thiswork, the calculations
may be restricted to the one-dipole approximation. In
this case, the interaction between only the first dipoles
is taken into account. These dipoles are placed at the
centers of the circles and have the highest moment;
hence, they are the major contributors to the interplay
of the inclusions in the system. To refine the results of
the calculations, the second, third, etc., dipoles should
be included. Their moments and coordinates are
defined by specified parameters of the system and are
found from simple relationships.

Following this cal culation scheme, we write expres-
sions for the electric field in a square cell. To be defi-
nite, we place the origin of the rectangular coordinate
system on the axis of an inclusion with permittivity €,.
If only the first image dipoles are taken into account,
the electric field is given by the following expressions:

near the inclusion,

=0 _
Ei(2) = EO—Eo%ﬂuriZZ
. 2
- 2 U
* Y 3 Beri(zman) 4 Aula(z—bw) 1

m=1n=1

inside the inclusion,

Ex(2) = (1+4y) EEO - Eoﬁnzlnzl[Alzri(Z— amn)(:)

. 10
+ A 3(z—bpn) 1 00
[N
Here,

Ev(z) = Exv_iEyv (Z=X+iy); (V=11 2) (4)

is the complex electric field intensity, Ey = Eg —iEy, is
the external uniform electric field intensity (the bar

EMETS

above E, means complex conjugation), and

g ¢,

v — €1+8V (_lSAleJ-);

v=23 (5)
is the parameter describing the relative permittivity of
each sort of the inclusions.

It follows from relationship (5) that
Alv = _Avl- (6)

In Egs. (2) and (3), a,, are the coordinates of the
dipoleslocated at the centers of the inclusionswith per-
mittivity €, and radius r, (except for the dipole of the
inclusion in which the electric field is determined; i.e.,
at the origin) and b,,,, are the coordinates of the dipoles
located at the centers of theinclusions with permittivity
€, and radius r,, At the x axis, we have, according to
Fig. 1,

& = ¥2mh, b, = th(2m-1);
at they axis,
a,, = x2nh;
outside the axes,

a,, = h(x2m=in), b,, = h[x(2m-1)xin],

wherem,n=1, 2, ....

Below, when calculating the effective parameters of
the system, we will need an expression for the electric
field inside and near an inclusion with permittivity €.
In this case, one may use Egs. (2) and (3), making the
substitution

E.(2) — E5(2),

Such a substitution shifts the origin to the center of
an inclusion with dielectric permittivity €.

Equations (2) and (3) include the interaction of the
inclusionsin afirst approximation. If the concentration
of theinclusionsis so small that their interplay isinsig-
nificant, the double sums in Egs. (2) and (3) can be
neglected. As aresult, we obtain

Ei(2) = EO_EOAIZriZ_Zf Ex(2) = Eo(1+Ay,). (8)

In this case, the electric field is uniform in al the
inclusions. Expressions (8) (and similar formulasfor an
inclusion with permittivity &;) definetheelectricfieldin
the composite in a zeroth approximation.

To find the effective parameters of the system, it is
necessary to spatially average thelocal electric fieldsin
aplane normal to the fiber axes,

(D0 = € 4 [EQl 9)

DAp~——Dy, Ti~—1, (7)

Here, €4 is a symmetric effective permittivity tensor
that has two components, € x aNd €

Owing to the regular structure of the composite, it
sufficesto average the electric field in one cell that cov-
TECHNICAL PHYSICS Vol. 50
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ers inclusions of both sorts. The cell of choice for the
calculations is a rectangle like that shown in Fig. 2. If
the external field is aligned with the x axis (E, = Eg,) in
this case, segments OV and UW will be equipotentials
and segments OU and VW, field lines. If the externa
fieldisaligned withthey axis (E, = iE,,), segments OU
and VW are equipotentia lines, while OV and UW are
field lines. Thus, depending on the external field direc-
tion, the potential remains unchanged at one boundaries
of cell OUWV and the tangentia electric field on the
others. In this case, the calculation of the mean field
simplifies and reduces to taking of contour integrals.

Let the external electric field be directed along the x
axisinthe system; that is, E, = E,,. Then, the mean val-
ues of the field can be expressed by

ry h/2
D, = {82 I Ex(y)dy + slj’ Elx(y)dy}

Iy

1 h/2
[E0 = {J’EZX(X)dX + I E1(X)dx

51

(10)

h-r, h
+ I E, (X)dx + J’ ESX(x)dx}.

h/2 h=r,

Note that, in (10), the values of field E;,(X) differ
over theintervas[r,, h/2] and [h/2, h—r,] in the same
way as was mentioned when substitutions (7) were
introduced. The calculations yield

[DO=€,[1-2(2=A)Apur2 +2B,Apr
- ZAiniwl(rl) - 2A12A13r§¢’1(r1)] .

Here, A, and B, are the constants that are numerically
found by the formulas

D00
Al:—4DZ|: 1 5+ 1 2i|
05,1+ 16m” 1-4m

1+2n

22 [(1 +2n)°+ 16m°

m=1n=1

(11)

+

1-2n }E 0.893051,
(1- 2n) +16m°
(12)

Oc 1
B, = 40y [— L
0%, t1+4(2m-1)
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z 1+2n
+
m;n;[(l +2n)% + 4(2m-1)°
+ 1-2n 2} g = ~1.106949,
(1-2n)"+4(2m-1)

Functions W,(r,) and @(r,) are given by

My
= — +
Walr) = ZDZ [rl+4m ri—mz}

ry+n

"2 Z[(r1+n)2+4m2+(r

m=1n=1

r,—n 0
2 2:|D
=N +4m°1g

r

@ (ry) = —ZDZ [m (13)

00 00

r,+n

"2 2 [(rl+ n)®+(2m-1)°

m=1n=1

r,—n O
+ 2 2:|D
(ri—n)"+(2m-1)

Hereafter, formulas are written in relative values

| El, 2, 3|
|Eol

where g, is the permittivity of vacuum (the asterisks
will be omitted in subsequent expressions for brevity).

It isworth noting that formula (11) isasymmetricin
equivalent parameters A, A3 and rq, r,. This is
because the expression for [ID,[depends on the way this
valueis calculated. In (11), the flux of vector D on seg-
ment OV in the calculation cell (Fig. 2) is specified by
the integralsin (10). Performing the same (equivalent)
calculations on segment UW, we come to

D,0=¢,[1-2(2—A)A 5+ 2B Ar
- ZAiSrgLPl(rZ) = 2A12A13ri(91(r2)] .

_ €123

€123% = e
0

_ T2
o =

|E1,2,3*| =

(14)

y
Vv
h/2
0 h—r k)

Fig. 2. Cell used to calculate the effective parameters.
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Although expressions (11) and (14) differ in form,
they, in fact, define the same value D, [(this can be
checked by direct calculations) and passinto each other
when the parameters are changed as A, ~—— Ay5 and
rl - rz.

L et us determine [ID,[as an arithmetic mean,

0= 5[y + Dl (15)

where subscripts OV and VW indicate the ranges of
integration.
Eventually, we get the expression
D,0=e,[1-(2=A; = B)(Aprs +Asr)) a8
=D Az ® (1, 1) —Aizriwl(rl) —Aisrgwl(rz)] ,
where

®y(ry, 1p) = 15@u(ry) +riQ(ry). (17)

As is seen, Eq, (16) is symmetric with respect to
parametersA, and A5, r, and r, and will beusedinfur-
ther calculations in such aform.

Calculations of the electric field following the
scheme described above lead to the following expres-
sion:

(EJ0= 1+(2+ Ap+ By) (Dol + Ar3) a8
+ARARO,(ry, 1) + ALrW,y(ry) + Aisrng(rz)-
Here, constants A, and B, are given by

O 1

A, =40 ————
Eln;l—4(2m—1)2

Z o 1-2(2m—-1)
2 Z[[1—2(2m—1)]2+4n2

m=1n=1

1+2(2m-1) ]D

0= —1.390452,
[1-2(2m-1)]*+4n°]0

(19)

00

Oc 1 1
B, = 4 +
’ qn;l—lamz 2 Tram

n=1

C e 1—4m
D e

m=1n=1

1+4m g_
—22} 0= 0.318397.
(1+4m)“+4n°1Q

Functions ®,(r4, r,) and Wy(ry, r,) in Eqg. (18) have
the form

Dy(ry, 1) = 170,(r,) + 1595(ry),

EMETS

Oo r 2o
Wo(ry,) = ZDZ > = > > =2 5 (20)
qn:1r1,2—4m ratn
.\ Z o [ r,—2m ri,+2m }%
mzlnzl (r1Y2—2m)2+n2 (r1'2+2m)2+n2 0
where
oo Mo
®(ry,) =20y 5¥—4———
v a“;riz—@m—l)z
00 (o] _ +
+z [ ry,—2m 21 ' 21)
e (ry,—2m+1)"+n

r,+2m-1 U
2 2i| D

(re,+2m=-1)"+n"1Q

Expressions (16) and (18) allow for determination

of the component £; ,, of the effective permittivity ten-
sor. The second component of thetensor, £ ,,, isfound
by similar calculations. One should consider the same

cell OUVW as before, but the external electric field is
now directed along the'y axis: Eq = iEg,.

The mean vaues of the electric field, (D [and [E,[]
are determined from the integral relations

5] h/2
1
D= H{sZJ'EZy(x)dx + slI Ey (x)dx
0

1
h-r, h

+81J' Ely(x)dx+£3I E3y(x)dx}, (22

h/2 h=r,

1 h/2
Ef= E{IEZy(y)dw [ Ely(y)dy}.
0

5]

Following the above computational scheme, we
obtain

D)0 =€,[1—(2+ Ay + B,) Ay} + Aggr))
+ A0 13P,(rg, 1) + Aizriwz(rl) + Aisrgq)z(rz)] ,(23)
[EJ= 1+(2—A;—By)(Apri+Agr3)
=D Py (ry, 1) _Aizriwl(rl) —Aisrgwl(rz)-

It is easy to see that the mean values of thefield sat-
isfy the symmetry transformations 6]

(DA 1,013) = € [EA 5, Agy),

(24)
EDyE(A 12013) = € EA 5, Ay).
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These relationships make it possible to check the
validity of calculation.

EFFECTIVE PERMITTIVITY TENSOR

In the cross section of the fiber axes, the averaged
properties of the material are described by the symmet-

211
ric effective permittivity tensor
Eat = et O (29)
0 Eqryy

Using formulas (16), (18), and (23), we can find the
components of tensor €4 that appear in Eqg. (9),

seff,xx =

e 1-20(A 1S + A13S)) = D1pA13P(ry, 1) _Aizril'pl(rl) —Aisrgqﬂ(rz)
1 ,
1+2B(A158; + A13S;) + DDy ®y(ry, 1p) + Aizriwz(rl) + Aiﬂ%‘“z(rz)

(26)

1-2B(ApS; + A13S)) + D113 Po(ry, 1) + Aizriq"z(rl) + Ai3r§llJ2(r2)

Eeff,yy =

Here, s, and s, are the concentrations of the inclusions
of either sort (see formula (1)) and a and 3 are con-
stants given by

_1 _1
a = .,_.[(2_A1_Bl)i B = ]‘.[(2+A2+Bz) 27)
(a+B =1, a=0.7047).

The above formulas yield a number of particular
results that are noteworthy.

() If the fibers have the same permittivity, €, = &5
(A, = Ay3), expressions (26) are transformed to the
form

1—20(5A12—A§291(r1, r)
11 +2BsA, + AizQz(rl, rz)’
1-2BsAy, + ALQ,(r, T2)
1 .
1+ 2a5A12_Aile(r11 r)

Here, s=s, + s, isthetotal inclusion concentration and
functions Q, ,(-) are expressed as

Seff,xx =€

(28)

Eeifyy =

Qy(ry, rp) = =®y(ry, 1) _rilpl(rl) —rgwl(rz), (29)
Qy(ry, 1p) = ®y(ry, 1y) + rin(rl) + rng(rz)-

Based on formulas (28) and (29), one can conclude
that the permittivity of the two-phase system remains
anisotropic, since the radii of the cylindrical fibers
arranged into rows alternating along the x axis are dif-
ferent.

(2) The two-phase materia remains anisotropic
even if fibers of one sort are present. Assuming €; = €;
(A3 =0) or r, = 0, which is the same thing, we obtain

1-2as,Ap, —Aizriq"l(rl)
1 )
1+2Bs,Ap, + ALrTW,(ry)
1-2Bs; Ay, + ALrWo(r)
l .
1420801 — A5rTWy(ry)

eeff,xx =€

(30)

8eff,yy -
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1+20(A158; + D13S;) =D ®y(ry, 1) _Ainqul(rl) —Aiargq)l(rz)

In this case, the anisotropy of the inhomogeneous
material is caused by the fact that the fibers are
arranged into rows in the y-axis direction, which alter-
nate with a period of 2h along the x axis. The spacings
between neighboring inclusionsin the longitudinal and
transverse directions are different.

(3) If the parameters of the system are such that the
equality

DSy = —AgsS, (31)
is satisfied, Egs. (26) take the form
_1=ALT (1))
8eff,xx - 11+A2 r (r r );
22 oA (32)
e _ L LHALI (g, 1))
eff,yy — ©1 ’
1—ALT (15, 1))
where
2
_n 2 2
Fa(ryrp) = r_zq)l(rlv rp) —ri®y(ry) —riWi(ry),
’ (33)

2
r

Mo(ry,ry) = _r—;cDZ(rl’ rp) + riCDZ(rl) + riwz(rz)-
2

Asis seen, the components of the effective permit-
tivity tensor do not contain first-order parameter A, but
till retain the anisotropic properties.

At equal concentrations of the phases (s, = s)),
equality (31) impliesthat their permittivitiesare related
as

€ =

€,€3. (34)

(4) If dl the fibers have the same radii and permit-
tivities, the two-phase material demonstrates isotropic
properties because the inclusions are located in the ver-
tices of the square cell (in this case, the same formulas
for the effective permittivity are derived if a square of
side h/2 is taken as a calculation cell). The electrica
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performance of such asystem has been studied in detall
in numerous papers tracing back to Rayleigh’'s classical
work [7].

CONCLUSIONS

The present-day theory of composite insul ators cov-
ers largely two-phase isotropic materials in which the
matrix contains one sort of inclusion. Such systems are
easy totreat analytically and, therefore, have been stud-
ied most thoroughly. The insertion of two or more com-
ponents allows for devel opment of insulating materials
with varied properties and structures. Investigation into
multicomponent systemsis still in itsinfancy.

The effective parameters of the material considered
in this paper are calculated in the case when the inter-
action between the inclusions is described by only the
first dipolesin an infinite set of dipoleswith decreasing
magnitudes of the moments. If an exact description of
the system’s properties is needed, higher order dipoles
should be taken into account. Such a need arises, for
example, when the inclusions are closely packed or
when the difference between the permittivities of the
matrix and inclusions is large. The following calcula-
tion scheme may then be suggested. The interaction
between neighboring inclusions is considered in detail
(i.e.,, a large number of image dipoles is taken into
account), while the interplay of widely spaced inclu-
sions is considered approximately (by taking into

EMETS

account severa initial image dipoles or even one
dipole). With such an approach, the mean parameters of
the composite material still can be described analyti-
cally. The results of simulation corroborate the effi-
ciency of the calculations performed. Thefact isthat, as
the dipole order grows, the dipole moments decrease
drastically, especially for widely spaced inclusions.
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Abstract—The formation of the interface between the GaAs(100) single-crystal surface and PTCDA and
NTCDA organic semiconductorsisinvestigated. The method of total current spectroscopy makesit possible to
trace the formation of theinterfacial €lectronic structure. The two organic materials and the GaAs substrate are
bonded together when the Tt electron cloud of an aromatic ring spreads toward the substrate. This modifies the
electronic states of interfacial organic molecules and generates adipole at the interface. © 2005 Pleiades Pub-

lishing, Inc.

INTRODUCTION

Organic semiconductors have recently received
widespread attention, and now they are finding increas-
ing application, e.g., in various devices. In their struc-
ture and principle of operation, they may be direct ana-
logues of the conventiona (inorganic) semiconductor
devices or have aradically new design (e.g., multilayer
light-emitting devices[1]).

Electronic processes occurring both in the bulk of a
semiconductor and at the contact of the semiconductor
with adissmilar material areto alarge extent responsi-
ble for the operation of semiconductor devices. The
contact properties are crucially dependent on phenom-
ena taking place at the interface, a near-contact region
with electronic properties distinct from those in the
bulk due to interaction between the contacting materi-
als. Electronic states at the interface may undergo con-
siderable modification. In particular, new interfacial
states may appear or the intrinsic states of contacting
material change[2—4]. Thismay lead to electron charge
transfer in a certain direction relative to the interface,
which shows up as a bending of the energy band in the
contacting materials and the polarization of organic
molecules.

In thiswork, we study thin films of two well-known
organic semiconductors, 1,4,5,8-naphthalene tetracar-
boxydianhydride (NTCDA) and 3,4,9,10-perylene tet-
racarboxydianhydride (PTCDA), that are formed on the
GaAs(001) surface. While the interaction of organic
molecules with metals and elementary semiconductors
iswell understood [5-8], the interface between organic
semiconductors and binary semiconductors is poorly
known [9]. The materials considered in this work
(Fig. 1), polyaromatic compounds with extra carboxy-
dianhydride groups, are the most extensively studied
and widely used organic semiconductors.

The method of total current spectroscopy (TCS)
makes it possible to study the structure and density of
unoccupied electronic states at the organic—inorganic
interface (at various film thicknesses starting from sub-
monolayer coverages) and the surface potential. In
addition, this method is nondestructive, which is
extremely important for organic molecules.

EXPERIMENTAL

Theorganic filmsweredeposited in situ in avacuum
chamber maintained under an extralow pressure (5 x
108 Pa) during the deposition and spectral measure-
ments. The chamber was equipped with a four-grid
electron energy analyzer, which enabled us to apply
solid surface analysis techniques such as TCS, Auger
electron spectroscopy (AES), and low energy electron
diffraction (LEED). In the TCS mode (the basic one
used in the experiments), a paralel electron beam of
given energy was directed onto the sample surface and
the current in the sample circuit was recorded as afunc-

o
Y
/

O\\ /O
2O

Fig. 1. Chemical configuration of (1) PTCDA and
(2) NTCDA molecules.
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tion of the incident electron energy [10]. The energy of
the probing beam was varied in the range 0-30 eV, and
the current density was about 106 A/cm?. The fine
structure was resolved by recording the first derivative
of the current with respect to energy (S(E) = dI(E)/dE)
using incident electron energy modulation and a differ-
entiating phase detector. The electron beam was
directed normally to the surface and focused to a diam-
eter of 0.2-0.4 mm.

As was found previously for the case of molecular
solids, which NTCDA and PTCDA films refer to, the
fine structure of the total current spectrum reflects the
density of unoccupied electronic states above the vac-
uum level [11]. If the energy of incident electrons cor-
responds to the allowed band of the sample material,
the coefficient of electron transfer from the vacuum to
the sampleincreases and, asaresult, so doesthe current
in the sample circuit. When the energy of incident elec-
trons becomes equal to the energy gap, the coefficient
of electron transfer and the current decline. For organic
molecules, the electronic states of solids studied by
TCS are the 1 and o* orbitals of the molecules. With

S(E)
N

|
5 10 15 20 25 30 35

E — Ep eV

Fig. 2. Evolution of thetotal current spectrain the course of
PTCDA film deposition: (1) total current spectrum of the
pure GaAs substrate, (2—6) variation of the spectrum with
the film thickness, (7) total current spectrum of the PTCDA
filmformed, and (8, 9) difference curves (curves8 and 9 are
obtained by subtraction of the substrate spectrum from
spectra 2 and 3, respectively). The difference curves are
enlarged fivefold.
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the TCS method, one can also keep track of the surface
potentia of the sasmple [10].

Before deposition, the sample surface was specially
conditioned. Prior to being placed into the chamber, the
GaAs single crystal was first chemically etched in HF
to remove the oxide film and then rinsed in distilled
water. However, the Auger spectra taken from the sur-
face thus prepared showed that it is heavily contami-
nated by carboniferous impurities. Therefore, the sur-
face was cleaned further using ion etching and subse-
guent annealing until the carbon peaks in the Auger
spectracompletely disappeared. In the following exper-
iments, the secondary cleaning of the substrate was per-
formed by ion etching. The total current spectrum of
the surface cleaned in such amanner wasin good agree-
ment with the well-known spectrafor the single-crystal
GaAs(001) surface [12]. It should be noted that the
composition of the surface subjected to different
actions (deposition and thermal desorption of organic
molecules, ion etching, and heating) varied and some-
what differed from the stoichiometric one. This varia-
tion caused corresponding variationsin thetotal current
spectrum of the clean GaAs substrate (though only the
relative intensities of different spectral features varied,
with their energy positions remaining unchanged) and
in the work function.

Thefilmswere grown by thermal sublimation of the
organic moleculesfollowed by deposition onto the sub-
strate. The configuration of NTCDA and PTCDA mol-
ecules is shown in Fig. 1. (For details of growing
PTCDA and NTCDA films, see [11, 13, 14].) Our
experimental setup made it possible to record the total
current spectrain situ, i.e., immediately during the film
growth.

In addition to the molecular film growth experi-
ments, experiments aimed at removing the films by
thermal desorption were carried out. To this end, the
structure was heating to a certain temperature and then
thetotal current spectrum was measured. Series of such
measurements with the successively increasing heating
temperature were performed for either type of mole-
cule.

RESULTS AND DISCUSSION

The families of the spectra recorded as the film
thickness was successively increased are presented in
Fig. 2 for the PTCDA (curves 1-7) andin Fig. 3 for the
NTCDA (curves 1-9). Both spectra vary with the film
thickness in the same manner: namely, the spectral fea-
tures characteristic of the organic compounds continu-
ously grow, while those characteristic of the substrate
decay. When the film thickness reaches a certain value,
the total current spectrum stops varying and takes the
form typical of the volume phase of the compounds.
The PTCDA spectrum has the following main features:
A, (5.8eV), A, (6.9eV),B; (95eV), B, (11.3eV), C;
(14.7 eV), C, (16.7 eV), C, (19.1 eV), and D (31 eV)
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(Fig. 2, curve 7). This spectrum was in good agreement
with the spectrataken from PTCDA films deposited on
other substrates [13, 14]. The basic features in the
NTCDA spectrum were A (6.3 eV), B, (8.5 eV), B,
(9.9eV),C(124¢V),D (16.1eV),E(22.6 eV), and F
(28.8 eV) (Fig. 3, curve 9). This spectrum also agrees
well with the previous results [14].

To gain a better insight into the interaction of the
organic molecules with the substrate, the spectra were
processed as follows. From the spectrum taken at a cer-
tain thickness of thefilm, the appropriately scaled spec-
trum of the substrate was subtracted. The scaling proce-
dure takes into account that the contribution from the
substrate drops with increasing film thickness [3, 4].
The scaling factor was calculated from that feature in
the total current spectrum of the substrate which does
not overlap with a spectral feature of the deposit. Then,
the intensity of this feature was measured both in the
spectrum of the film having a certain thickness and in
the spectrum of the pure substrate. The ratio of these
two values was used as the scaling factor at a given
thickness of the film. In order to increase the accuracy
of finding the scaling factor, it was calculated for sev-
eral features and the results obtained were averaged.

The difference curves are presented in Fig. 2 for the
PTCDA (curves 8, 9) and in Fig. 3 for the NTCDA
(curves 10-12). It is seen that they, in genera, are sim-
ilar to the total current spectra of the compounds. In
particular, the difference curves for both compounds
contain the same features as the NTCDA and PTCDA
spectra. Moreover, the similarity between the differ-
ence curves and the spectra becomes more evident at
higher energies (E > 14 eV for the NTCDA and E >
20 eV for the PTCDA, respectively). However, there
are also noticeable discrepancies between the differ-
ence curves and the spectra of the compounds. For
example, feature B, is missing in the case of PTCDA
(Fig. 2) and maxima C,—C; merge into one maximum.
The sameis basically true for the NTCDA curves: one
maximum instead of B, and B, and weaker maximum C.

Such dissimilarities between the interfacia total
current spectra and the spectra taken from the volume
phase of the materials under study (the latter character-
ize the materials as such) indicate that the film—sub-
strate interaction alters the molecular orbital configura-
tion. In the case of PTCDA/GaAs and NTCDA/GaAs,
several features in the interfacial total current spectra
merge into one and the spectra shift along the energy
axis (relative to the total spectra). This testifies that the
interface electronic states are the modified electronic
states of the initial macromolecules. At the same time,
interface states that are untypical of the macromole-
cules do not form, as distinct from the case when such
films are deposited on the copper substrate [5].

At low energies (lessthan 8 eV), two circumstances
regarding the difference curves should be taken into
account. First, since the beginning of the spectrum
involves the decay of the primary peak [10], whose
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Fig. 3. Evolution of thetotal current spectrain the course of
NTCDA film deposition: (1) total current spectrum of the
pure GaAs substrate, (2-8) variation of the spectrum with
thefilm thickness, (9) total current spectrum of the NTCDA
film formed, and (10-12) difference curves (curves 10, 11,
and 12 are obtained by subtraction of the substrate spectrum
from spectra 2, 3, and 4, respectively). The difference
curves are enlarged fivefold.

position may vary with the surface potential, subtrac-
tion of one spectrum from another may introduce a
gresat error. Second, the free path of electrons in solids
to a great extent depends on their energy [15], increas-
ing drastically at low energies. Therefore, the signal
from the low-energy features of the deposit is visual-
ized at larger thicknesses as compared with the high-
energy features. Accordingly, the error in the low-
energy part of the difference curvesincreases consider-
ably and the curves themselves become irregular.

There is another trend in the spectra of the
PTCDA/GaAs and NTCDA/GaAs interfaces early in
their formation. The spectral features characteristic of
the substrate shift toward higher energies asthe concen-
tration of the molecules on the surface increases, the
total shift between the curve from the pure substrate
and the final curve where the GaAs features still persist
being about 0.4 eV. Such ashift is due to the bending of
bandsin the substrate, and the direction of the shift sug-
gests that a negative charge is transferred to the semi-
conductor surface. Early in the interface formation, the
work function first decreases dightly (by 0.1-0.2 eV)
and then starts to increase. By the time the band bend-
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ing in the substrate reaches 0.4 eV, the work function
approaches the value typical of the substrate. This is
because molecules on the surface take a positive charge
and adipole arising between the molecul es and the sub-
strate surface compensates for the change in the work
function. Asfor the spectral featurestypical of the mol-
ecules deposited, their energy positions somewhat fluc-
tuate early in the interface formation (the fluctuations
are most distinctly seen in the difference curves for the
NTCDA, Fig. 3). The fluctuations are likely to reflect
the fact that both competing processes described above
(namely, the negative charging of the substrate surface
and the positive charging of the molecules deposited)
occur simultaneously. As the film grows further, the
interfacial dipole is screened and the work function of
the sample becomes equal to the value typical of the
deposit.

Thus, physically, the formation of the electronic
structure at the PTCDA/GaAs and NTCDA/GaAs
interfaces exhibits two specific features: (i) the electron
density is transferred from the molecules to the sub-
strate and (i) the deposit—substrate interaction involves
electron states with energies of upto 11 eV. Thisenergy
rangeis occupied largely by the 1t -orbitals of aromatic
rings of the molecules [11]. It follows from the afore-
said that the basic mechanism of interaction of NTCDA
and PTCDA molecules with the GaAs surface is
spreading of the Tt electron cloud of the aromatic rings
from the molecules to the substrate. The thickness of
theinterface was roughly estimated as 3 nm, which cor-
responds to two to three monolayers for both PTCDA
and NTCDA. Thisvalueissmaller than the thickness of
the copper—deposit interface [2], where the molecules
interact with the surface via oxygen-to-copper bonding.

The experiments where the macromol ecules depos-
ited were thermally desorbed from the GaAs surface
indicate that the molecules partially decompose rather
than being completely desorbed. As a result, features
typical of both pure GaAs and amorphous carbon [16]
appear in the total current spectrum even after high-
temperature (750 K) annealing. NTCDA molecules are
desorbed from the surface more readily than PTCDA
molecules. PTCDA—substrate bonds are stronger than
NTCDA—substrate bonds, possibly because of alarger
size of the aromatic ring and, hence, alarger number of
bond-forming Tt electrons.

CONCLUSIONS

The formation of the interface between organic
macromolecular NTCDA and PTCDA films and the
GaAs(100) substrate was investigated. Using the
method of total current spectroscopy, we kept track of
the occurrence of unoccupied electronic states by
increasing the film thickness starting from submono-
layer coverages. It was found that molecule-to-sub-

KOMOLOV et al.

strate bonding, which is due to 1t electrons of the aro-
matic rings of the molecules, modifies T and 1 elec-
tronic states of the molecules at the interface. Because
of the larger number of Ttelectronsin a PTCDA mole-
cule, it is bonded to the substrate more strongly. There-
fore, PTCDA molecules partially decompose during
annealing in the desorption experiments.
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Abstract—A process of fabricating microcavities and photon crystalsin GaAs structures by means of electron
lithography and reactive ion etching is described. Two types of structures, with micropillars and with photon
crystals, are considered. The latter structures have the form of a square or hexagonal array of holesin a planar
waveguiding structure. The minimal diameter of the micropillars is 100 nm, and their height is 700 nm. The
size of the holesin the photon crystals and the photon crystal period are controllably varied from 140 to 500 nm
and from 400 to 1000 nm, respectively. The etch depth of the crystals is more than 350 nm. © 2005 Pleiades

Publishing, Inc.

INTRODUCTION

Semiconductor cavities are of both scientific and
applied interest, since they are viewed as promising ele-
ments for optoelectronic devices. The semiconductor
cavity is a structure in which the electromagnetic field
is quantized in one, two, or three directions. The elec-
tromagnetic field in the microcavity can be confined
using distributed Bragg reflectors or by means of total
internal reflection. Specificaly, in a three-dimensional
microcavity, which is referred to as a micropillar, the
light is confined in the vertical direction by using upper
and lower distributed Bragg mirrors; in the horizontal
direction, due to total internal reflection from the air—
semiconductor interface. Using microcavities, one can
control the intensity of light—material interaction via
increasing or decreasing the overlap between electro-
magnetic field modes and/or between the el ectron wave
functions. It has been shown theoreticaly [1] that a
radiator placed in a microcavity may exhibit enhanced
spontaneous recombination (the Purcell effect). At
present, microcavities are being widely used in
advanced optoelectronic devices, such as vertica
microcavity surface-emitting lasers and resonance
light-emitting diodes.

Quantum dots (QDs), which are produced by the
method of self-organization in the process of growth,
offer anumber of propertiesthat make them very prom-
ising as an active medium of semiconductor cavities.
Since carriers are spatialy confined in an ideal quan-
tum dot, its electron spectrum consists of a number of
discrete levels separated by forbidden gaps and resem-
bles the el ectron spectrum of an atom. The small width
of the radiation lines of a single QD makes it possible
to observe the Purcell effect in a semiconductor micro-

cavity [2]. It seems very attractive to place quantum
dots into microcavities to create sources of single pho-
tons[3].

Development of next-generation lasers and light-
emitting diodes based on photon crystals is another
intriguing field of research [4]. The photon crystal isa
semiconductor or insulating periodic structure with a
period comparable to the radiation wavelength. In this
medium, photons form a band structure that is similar
to the band structure of electronsin asolid. These crys-
talsmay serve asvery efficient one-dimensional or two-
dimensional distributed Bragg mirrors. In a microcav-
ity surrounded by such a distributed two-dimensional
mirror, the radiation of the active material may be
totally concentrated into one alowed mode. It is
expected that such a possibility will help to design a
light-emitting device that combines the advantages of a
laser (coherent and weakly divergent radiation) and
light-emitting diode (the absence of a threshold) [5].
Photon crystals with quantum wells or quantum dots
may be used as active elements, e.g., lasers or light-
emitting diodes[6]. Optical integrated circuits based on
microcavities and photon crystals are currently under
development with the aim of creating a quantum com-
puter.

MICROCAVITY FABRICATION
TECHNOLOGY

To create sources of radiation that are based on the
Purcell effect and also sources of single photons, small-
size microcavities (it is best if they contain only one
QD) are necessary. A typical average spacing between
INAS/GaAs QDs produced by the self-organization
technique in the process of growth is about 100 nm.

1063-7842/05/5002-0217$26.00 © 2005 Pleiades Publishing, Inc.
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Fig. 1. Microcavity fabrication process: (a) application of a
350-nm-thick PMMA layer, (b) electron-beam lithography,
(c) PMMA development, (d) evaporation of a 30-nm-thick
nickel layer, (e) PMMA liftoff, (f) reactive ion etching of
the semiconductor, and (g) nickel mask stripping.
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Fig. 2. SEM image of (@) the nickel-mask-covered array of
mesas 140 nm in diameter and (b) a single mesa 140 nmin
diameter.

This value determines the desired diameter of the
micropillar.

The micropillarswere made by optical and electron-
beam lithography, as well as by chemical and reactive
etching. First, a mask of AZ 5214 organic resist was
applied on the surface of the structure by optical lithog-
raphy. Through this mask, the whole structure except
for 100 x 100-um squares several millimeters apart was
etched off. Then, mesa arrays were formed in these
squares. The absence of the active materia in the
regions between the mesa arrays excludes photolumi-
nescence from these regions under optical measure-
ments.

Further, the sample was covered by a positive elec-
tron resist (=350-nm-thick polymethylmethacrylate
(PMMA) film, Fig. 1a8) and electron-beam lithography
was performed on a CamScan Series 4-88 DV 100
scanning electron microscope (Fig. 1b). The beam was
controlled by a high-resolution eight-channel digital
card built around a16-bit DAC (ADLINK PCI-6208V).
We devised a Delphy 5-written software that applies a
voltage to the deflection system of the electron gun in
150-pV steps and also controls the exposure time per
feature by applying voltage pulses of desired duration
to the electron beam modulator. The lithography condi-
tions were optimized by patterning groups of features
with different periods (from 0.35 to 10 um) and differ-
ent exposure times (from 50 to 1000 ps depending on
the proximity of adjacent features). The optimum beam
current was 10-30 pA at an accelerating voltage of
15 kV.

Since PMMA is not plasma-resistant, it cannot be
used asamask for reactive ion etching. Therefore, after
developing the PMMA film (Fig. 1c), we evaporated a
=30-nm-thick nickel layer (Fig. 1d) and lifted off the
PMMA in dimethylformamide (Fig. 1€). The nickel
layer that remained on the surface after the liftoff
served as amask in subsequent reactive ion etching.

In this work, reactive ion etching was carried out in
an RDE-300 (Alcatel, France) computerized diode-
type rf plasma etcher. The etching parameters were
chosen such that the lateral surfaces of the structure are
vertical and contain asmall number of etching-induced
defects. The etching conditions were the following
(Fig. 1f): the gas components were taken in the ratio
Cl,:BCl;:Ar=1:4:16 sccm, the gas pressure in the
reactor was 1 Pa (the reactor was preevacuated to a
pressure of 5 x 10 Pa), and the self-bias voltage was
200 V. Under these conditions, the average etching rate
was =90 nm/min and the etch depth was 0.5-1.5 um,
depending on the parameters of the structure. The
micropillar diameter-to-height ratio was 1 : 6, with the
anisotropy of thewall remaining high. At thefinal stage
of the process, the nickel mask left on the micropillar
surfaces was removed by chemical etching (Fig. 19).
Figure 2 showsthe SEM (CamScan) images of an array
of mesas 140 ym in diameter and a single mesa 140 um
in diameter with the nickel mask intact.

TECHNICAL PHYSICS Vol. 50 No.2 2005
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00000 300 nm ——

Fig. 3. SEM images of the (a) square and (b) hexagonal
photon crystals.

PROCESS OF FABRICATING TWO-
DIMENSIONAL PHOTON CRYSTALS

Since production of three-dimensional semiconduc-
tor photon crystalsis right now a bugaboo, two-dimen-
sional photon crystals have gained awider application.
Such crystals represent a two-dimensional square or
hexagonal array of holes in a semiconductor structure.
Two-dimensional photon crystals made in an epitaxia
waveguiding structure are the most promising for appli-
cation in optoelectronics. Here, the electromagnetic
wave is confined in the direction parallel to the hole
axes dueto the waveguide effect. It has been shown that
ahexagonal photon crystal has a photon band forbidden
for the TE mode [7].

The technology of two-dimensional semiconductor
photon crystalsisin many respects similar to the micro-
cavity fabrication process illustrated in Fig. 1. At the
sametime, the two technol ogies somewhat differ. Inthe
former case, a 20-nm-thick nickel layer is evaporated
on the surface before PMMA application. Then, a pos-
itive PMMA resist is applied and el ectron-beam lithog-
raphy isaccomplished. After the PMMA layer has been
developed, the sample is etched with an argon beam.
The difference in the rates of Ar etching for the nickel
and PMMA layersisnot too large. Therefore, the nickel
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layer could be completely removed on those areas
where the PMMA is absent. A mask for subsequent
reactiveion etching isthusformed. The etch parameters
for the photon crystals were chosen so as to make the
walls vertical and smooth and also to minimizethe con-
centration of nonradiative recombination centers on the
semiconductor surface. Figures 3a and 3b show the
images of the prepared photon crystals with square and
hexagonal arrays of holes. The period of the “sguare”
photon crystal is 660 nm, and the hole diameter is
320 nm. In the “hexagona” photon crystal, the hole
spacing and hole diameter are 800 and 420 nm, respec-
tively. The holes are circular and have even edges. The
examination of the cleaved surface of the crystas
showed that the etch depth equal s 350 nm and the walls
are vertical and smooth.

CONCLUSIONS

A process of fabricating AlGaAsGaAs-based semi-
conductor microcavities and photon crystals by elec-
tron lithography and reactive ion etching is described.
The minimum mesa size is about 100 nm, which
allowed us to fabricate single-quantum-dot microcavi-
ties. The hole spacing and the hole diameter in the pho-
ton crystals vary from 400 to 1000 nm and from 140 to
500 nm, respectively. This corresponds to the wave-
length range 800-1300 nm, which is now common in
fiber-optic communication lines. The tentative optical
study of mesas and photon crystals the active region of
which contains quantum dots suggests that reactive ion
etching degrades the optical grade of the materia insig-
nificantly.
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Abstract—The possibility of measuring the hydrogen impurity concentration in dense gas mixtures by coher-
ent anti-Stokes Raman scattering (CARS) is studied. In this technique, biharmonic laser pumping based on
stimulated Raman scattering (SRS) in compressed hydrogen is used. Because of the interference between the
coherent scattering components from buffer gas molecules and molecules of the impurity to be detected, the
signal recorded may depend on the hydrogen concentration by a parabolic law, which has a minimum and
makes the results uncertain. It is shown that this uncertainty can be removed if the frequency of the biharmonic
laser pump, which is produced by the SRS oscillator, somewhat differs from the frequency of molecular oscil-
lations of hydrogen in thetest mixture. A sensitivity of 5 ppm isobtained as applied to the hydrogen—air mixture
under normal pressure. The coefficients of the nonresonance cubic hyperpolarizability of molecules and atoms
are measured relative to nitrogen in anumber of gas media. © 2005 Pleiades Publishing, Inc.

INTRODUCTION

Selective and rapid diagnostics of hydrogen in con-
densed media is presently a challenge in applications
[1-6]. Also, in physical experiments on the interaction
of hydrogen with metals, aloys, and semiconductors,
there often appears the need for express monitoring of
molecular hydrogen in gas mixtures [7]. Such experi-
ments are aimed, for example, at finding ways for pre-
venting tritium leakage through the thermonuclear
reactor walls or at devising coatings to protect steel
from hydrogenation, embrittlement, and fracture. Usu-
aly, such experiments determine the nonstationary
flow rate of hydrogen, which diffuses through a mem-
brane to a vacuum chamber, with a gage at a constant
evacuation rate of a vacuum pump. In another simple
method, hydrogen bubbles on the exit side of a mem-
brane that is in contact with glycerin or alcohol are
observed through a microscope. Clearly, these, as well
as the other available methods (such as mass-spectro-
metric and chromatographic methods and also the
unique sel ective method, which evaluates the hydrogen
content in a gas mixture by measuring the deflection of
aprobing laser beam from the surface of a passive pal-
ladium film sensor heated by the modulated radiation of
an argon laser [2]), are finding limited application and
do not allow researchers to perform many physica
experiments where real-time remote selective monitor-
ing of hydrogen in gas mixturesisrequired. Therefore,
for these and some other experiments (i.e., those that
study hydrogen emission from metals during pulsed
laser melting [8]), a simplified version of the CARS
method where biharmonic laser pumping (BLP) is

induced by SRS in compressed hydrogen [9-12] is
promising. In this regard, it is of interest to further
refine this nonlinear opticall SRS-CARS method of
hydrogen diagnostics in gas mixtures. It should be
noted that the SRS-CARS method may become attrac-
tive for diagnosing other gases owing to hollow micro-
structured optical waveguides that have been recently
developed [13], which open unique possibilitiesin non-
linear optics and substance spectroscopy [14, 15].

The purpose of this work is to study the effect of
interference between nonlinear susceptibilities on
SRS-CARS monitoring of the hydrogen concentration
in dense gas mixtures.

1. THEORY

CARS isafour-photon parametric processin which
two laser beams of frequencies wy, and w; are mixed in
amedium characterized by cubic nonlinear susceptibil-
ity x®. Asaresult of the mixing, acoherent directional
radiation at the anti-Stokes frequency w, = 2w, — w; is
generated [16, 17]. In SRS-CARS hydrogen diagnos-
tics, the medium is probed by biharmonic laser pump-
ing at frequencies w, and w, which meet the condition
of approximate resonance

(*)p —Ws= QH2—BG’ (1)

where Q,,,_g¢ isthefrequency of the Qy, (1) vibrational
transition of the hydrogen that is in a hydrogen—buffer
gas mixture of density py,_gc (Fig. 1).

1063-7842/05/5002-0220$26.00 © 2005 Pleiades Publishing, Inc.
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The biharmonic laser pumping is produced in an
SRS oscillator by focusing a high-power monochro-
matic laser radiation at a frequency w, into a cell con-
taining compressed hydrogen at a pressure Py, (w, —
Ws = Quo_pzr Qo < Qq, Where Q5 44, and Qg are the
frequencies of the Qy (1) vibrationa transition in
hydrogen at pressure Py, and at the gas pressure
reduced to zero, respectively). The intensity |, of scat-
tered radiation at frequency w, is given by the relation-
ship

IaD|X(3)R+X(3)NR|2|‘2)IS’ (2)

where |, and I are the radiation intensities at frequen-
cies w, and w, respectively; xR = n,py, is the cubic
resonance susceptibility of gas molecules under study;
X@NR = ng v IS the cubic nonresonance susceptibility
that is due to electrons mostly of buffer gas molecules
participating in a scattering event; y, and yzg are the
cubic hyperpolarizabilities of the gas being detected
and buffer gas (BG), respectively; and n,, and ngg are
the concentrations of impurity hydrogen in the mixture
and of buffer gasmolecules, respectively (it issupposed
that n., < ngg). Cubic resonance susceptibility x®R is
given by [16]

R _

1,n2MN,,,C do r
Ch hl s do Qo 5 — (Wp — ) =il

©)

where I is the haf-width at haf maximum of the

Raman transition line, Ay isthe difference between the

populations of the levels, and do/do is the molecular
cross section of spontaneous Raman scattering in this
transition.

As follows from expressions (2) and (3), when
Pz << 1 Amagat unit (ararefied gas mixture), non-
resonance contribution x®NR may be neglected and the

2 . . .
value of [I/1,1]Y? in expression (2) linearly depends
on hydrogen concentration n,,. However, when a low

hydrogen concentration in a buffer gas is measured at
atmospheric pressure (nonresonance contribution x &NR
issignificant), the dependence of [1./ 15 1J2 on ny, may
become nonlinear because of interference between the
nonlinear susceptibilities. Since the CARS process is
coherent, the contributions from molecules of different
types to the scattered signal intensity interfere instead
of being added up [16]. This circumstance is notewor-
thy when monitoring hydrogen impurity concentrations
in gases. As far as we know, this issue as applied to
SRS-CARS diagnostics of hydrogen in gas mixtures
has not been touched upon by other authors.
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Fig. 1. Energy levels of the Qq; (1) Raman vibrational tran-

sition in hydrogen that isin (&) the SRS oscillator and (b) a
rarefied gas mixture, as well as the quantum diagrams that
illustrate the () SRS and (b) CARS methods.

In view of expression (3), formula (2) can be recast
as[18]

la _ .oy 2 2NggYYech 2 2 [
?Ts_ rpyriiansronbft Ly

where b isadimensional coefficient,

1,.n2mc’ do
= 58« a0 (5)
3 “hre.do
A — QHZ—HZFQHZ—BG. (6)

Asfollows from formula (4), 1./1 ﬁ I is a monotoni-
cally increasing function of ny, at A < 0. However, if
A > 0, function (4) has aminimum if the impurity con-
centration is

nmizn _ nBnyBGA. @)

In the absence of impurity molecules, the SRS-
CARS signal isdetermined by nonresonance scattering
by buffer gas particles,

I
o= b(NacYac)- (8)
p's

At A > 0, introduction of hydrogen to a buffer gas
decreasesthe signal, whose minimum isfound from the

expression
I h3 VZ%
=0, B an ©
p's min

Asthe hydrogen concentration increases further, the
signal monotonically grows. Thus, at A > 0, analytical
results are uncertain, since, at low impurity concentra-
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tions (ny, < 2ny, ), the same signal is produced by two

hydrogen concentrations. This uncertainty is elimi-
nated when A < 0.

It should be noted that, according to (8), the slope of
the experimental [1./ Iﬁ | JV? versus ng dependence is
proportional to the nonresonance hyperpolarizability
Vec Of buffer gas particles. This fact alows ratios

between the cubic hyperpolarizahility coefficients of
different gas particles to be determined.

2. EXPERIMENTAL TECHNIQUE

The experiments were carried out following the
optical scheme for SRS-CARS hydrogen diagnostics
described in [12]. A simplified version of the experi-
mental schemeisillustrated in Fig. 2. As pump oscilla
tor 1, we used a singlewavelength passively
Q-switched (with the help of a LiF : F, crystal)
YAG : Nd® laser. The polarization extraction of the
radiation was accomplished with a one-active-element
resonator [19]. Theradiation of thislaser was converted
to the second harmonic with the help of aKTP crystal.
The peak energy at the wavelength A, = 532 nm was
40 mJ; the FWHM 1, 16 ns, and the beam divergence,
about 0.6 mrad. Deflecting mirror 2 and lens 3 (F; =
0.66 m) focused the radiation onto SRS cell 4 (L, =
0.86 m) filled with compressed molecular hydrogen at
apressure of 4 bar (T =295K). BLP generated incell 4
as aresult of SRS at the Qy,; (1) vibrational transition
was collimated by lens 5, separated out from other SRS
components with filter 6, and focused onto measuring
cell 10 (L, = 0.21 m) by objective lens 9 (F, = 0.1 m).
The BLP intensity was attenuated, if necessary, by set
of filters 8. The anti-Stokes component arising in cell
10 asaresult of one-dimensional CARS wasdirected to
the entrance of monochromator 13 by lens 11 and prism
12. Then, the signal was detected by photomultiplier 14
and multichannel system 15 of laser energy detection,
which was linked to IBM PC 16 [7]. After being split
by beam splitter 7, part of the BLP was focused by lens
17 onto the center of reference cell 18 kept at a constant
pressure of 4 bar. The anti-Stokes scattering component
arising in reference cell 18 was frequency-selected by
set of filters 20 and directed to photodiode 21 by

MIKHEEV et al.

lens 19. This additional optical path (elements 17-21)
was used to normalize the signal generated in measur-
ing cell 10 and to eliminate the effect of SRS-exciting
laser intensity fluctuations. It should be noted that,
essentially, reference optical path 17-21 allows one to
measure the SRS-CARS signal in the measuring cell,

which is proportional to (/1 ; 1)¥2, without measuring
the BLP component intensities.

Prior to performing the experiments, the measuring
cell was evacuated to a pressure of less than 0.1 kPa.
Then, abuffer gas (air, nitrogen, argon, helium, carbon
dioxide, neon, propane, ethane, or SF; gas) was
injected into the measuring cell to a certain pressure
Pgg. Pressure Py in the measuring cell was measured
with an elastic element pressure gage. The initia
hydrogen concentration in the gases listed was prelim-
inary measured with achromatograph and waslessthan
1 ppm. When measuring the nonresonance background
radiation as a function of buffer gas pressure Py, the
signa (Iallﬁls)ﬂzbeing measured was calibrated against
the signal from air. To this end, the buffer gas was
pumped out of the cell after the measurements and air
was supplied to the cell at room temperature and atmo-
spheric pressure. Then, other conditions being the
same, the nonresonance background from the air was
measured to perform the calibration.

To study the interference between coherent scatter-
ing contributions from buffer gas molecules and mole-
cules of the impurity, molecular hydrogen was injected
in portions using a chromatographic syringe into the
measuring cell containing the buffer gas under acertain
pressure. Once a portion of the molecular gas had been
introduced, the measurements were taken after no less
than 15 min for the buffer gas and the hydrogen injected
to uniformly mix together in the cell. The experiments
were performed at room temperature.

3. RESULTS AND DISCUSSION

First, we studied nonresonance signal [1./171J¥2as
a function of buffer gas pressure Pgs. The results are
shownin Fig. 3. For helium, air, argon, carbon dioxide,
SF; gas, and nitrogen, the [I /1 f, | JY? versus Pgg curves
are nearly linear but incline to the abscissa axis at dif-
ferent angles. The nonresonance background isthe low-
est for helium (Fig. 3, curve 8) and neon (not shown in
Fig. 3), whilethat for ethane and propane is many times
higher. It should be noted that such a significant differ-
ence in nonresonance background basically makes it
possible to study gas interdiffusion by the SRS-CARS
technique, for example, the diffusion of ethane, pro-
pane, and SF¢ gas in helium and neon. In Fig. 3, the

141 rz, | V2 versus Pgg curvesfor ethane and propane are

essentially nonlinear. Thismay berelated to the nonlin-
ear pressure dependence of the particle density at a
TECHNICAL PHYSICS Vol. 50
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Fig. 3. Nonresonance signal [Ia[IFZ, 1JY2 versus buffer gas
pressure Pgg for (1) propane, (2) ethane, (3) nitrogen,
(4) SFg gas, (5) carbon dioxide, (6) argon, (7) air, and
(8) helium.

given temperature in these gases. The experimental
data presented in Fig. 3 may be used to calculate the
ratios of the nonresonance hyperpolarizabilities of par-
ticles in the gases studied. The results are summarized
in the table.

In the experiments on interference between coher-

ently scattered signals, the dependenceof | =1,/1 f) lson

the hydrogen impurity concentration at various pres-
sures of the buffer gases (nitrogen, argon, helium, air,
carbon dioxide, neon, propane, ethane, and Sk gas)

was studied. As an example, Figs. 4 and 5 plot Iallf)lS
against the molar concentration C,;, of hydrogen with
ethane (Fig. 4) and argon (Fig. 5) pressure taken as a
parameter. At the ethane pressure Pg;, = 0.12 bar, 1/ 171

is a monotonically increasing function of C, (Fig. 4,
curve 1). However, at higher ethane pressures in the
TECHNICAL PHYSICS  Vol. 50
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Fig. 4. SRS-CARSsignal (I/1 rz) |9 versusmolar concentra-

tion Cy, of hydrogen at an ethane pressure of (1) 0.12,
(2) 0.20, (3) 0.30, (4) 0.52, (5) 0.76, and (6) 1.0 bar.

measuring cell (Py, = 0.2, 0.3, 0.52, 0.76, and 1 bar),
the introduction of hydrogen in small amounts
decreases the SRS-CARS signal. At a certain value of
Cyo Cho ., depending on P, the scattered signal
becomes minimal and subsequently grows with C,,, by
aparabolic law. Thus, for ethane, the scattered signal is
an ambiguous function of the hydrogen concentration
even at apressure of 0.2 bar (and above): at small levels
of signal Iallf,ls, the same signal corresponds to two
hydrogen concentrations. In fact, in Fig. 4 (curve 5), two

hydrogen concentrations in ethane, C') and C\2, pro-

duce the same signal, 1D- @, It also follows from Fig. 4
that the higher P, the higher the hydrogen concentra-

tion that minimizes1,/1 § Isasafunction of Cy,. Similar
results were also obtained for the mixtures of hydrogen
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Fig. 5. SRS-CARSsignal (1/1 g |9 versus molar concentra-

tion Cyy, of the hydrogen impurity at an argon pressure of
(1) 0.48, (2) 0.60, (3) 0.76, and (4) 1.0 bar.

with argon, nitrogen, air, carbon dioxide, propane, and
Sk, gas. For al these mixtures, 1./ Is | monotonically
increaseswith C,;, at pressures below 0.1 bar. However,
the critical pressure above which the signal versus
hydrogen concentration dependence becomes ambigu-
ous depends on the buffer gas. In particular, for ethane,
the critical pressure equals 0.2 bar (Fig. 4, curve 2),
while for argon, IallslS is a monatonically increasing
function of C,,, at pressuresbelow 0.5 bar (Fig. 5, curve ).
Remarkably, for the H,—helium and H,—neon mixtures,

the experimental curves 1/1314C,;,) monotonically
increase throughout the range of buffer gas pressures
(from O to 1 bar).

These experimental results agree with formula (4) if
the fact that parameter A depends both on the hydrogen
pressure in the SRS oscillator and on the pressure of the

MIKHEEV et al.
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Fig. 6. SRS-CARS signal (1 IFZ) |9 versus relative concen-

tration ¢y of hydrogen in air under atmospheric pressure.

The curves were obtained with the SRS oscillator cell filled
with (a) pure H, and (b) H, (84%)—-Ar (16%) gas mixture at
apressure of 4 bar (T = 295 K).

gas mixture is taken into account. Indeed, considering
that the pressure in the gas mixture is essentially the
pressure of abuffer gas and using the results from [20],
we can express A, in afirst approximation, as

A = A2 H2PH2-H2 — BH2BGPH2BG

r )

where ay, 4, isthe coefficient that characterizesthe sift

of the Qu,_, energy level due to collisions between

hydrogen molecules (a,,_1, < 0), Pro_nz iSthe hydrogen

density in the SRS oscillator, a,_g is the coefficient

characterizing the shift of the Q,,, g energy level due

to collisions between hydrogen molecules and buffer

gas particles, and py,_gs isthe density of the hydrogen—
buffer gas mixture.

According to [20-22], coefficient a,,_g¢ for the H,—
Ar and H,—N, mixtures is negative; for the H,—He and

(10)

TECHNICAL PHYSICS Vol. 50 No.2 2005
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Buffer gas-to-nitrogen nonresonance hyperpolarizability
ratio yga/Ynz & Ap = 532 nm (obtained in thiswork) and A, =
694.3 nm (calculated from the datain [16])

Buffer gas Apyﬁ%/g\fgzﬁm A= e [16]
N, 1 1
He 0.06 0.064
Ne 0.07 -
Air 0.98 -
Ar 1.3 1.14
co, 15 134
S, 2.0 1.84
NH, 4.7 -
C,Hs 53 4.6
CaHg 12.0 -

H,—Ne mixtures, it is positive. Consequently, for the
H,—Ar and H,—N, mixtures, A is negative at small
Po-sg and positive when py,_gg is large. According to
(4), this means that the experimental function

I/ 5 I(C,y,) increases monotonically with hydrogen
impurity concentration when buffer gas density pggis
low (Figs. 4 and 5, curve 1). At higher concentrations

crit crit

Pgc that meet the condition pgg = pgg , Where pgg isa

certain critical buffer gas density, this function behaves
in adifferent manner. As C,;, rises, the measured signal

/151 first declines, takes a minimum value, and then
increases monotonically (Fig. 4, curves 2-6; Fig. 5,
curves 2-4).

For the H-He and H,-Ne mixtures, coefficient
a,_pg IS positive. Consequently, parameter A for these
mixtures is negative at all pgg. Then, formula (4)

. . . 2 . .
implies that the signal 1./1; 1 increases monotonically

with the concentration of hydrogen in helium or neon at
any pressure of the mixture. This speculation is con-
firmed by the experimental results obtained.

Critical buffer gas density pSe , above which I/1 5 I
as a function of the hydrogen concentration shows a
minimum, may be raised either by increasing the
hydrogen pressure in the SRS cell or by adding a buffer
gas that decreases the frequency of the Qp,; (1) vibra-
tional transition (e.g., argon). The dependence
1/ 1514(Crp) (Where ¢, = np/N isthe relative hydrogen
concentration and N = 2.68 x 10%° particles’cm?® is the
Loschmidt number) experimentally found for air under
atmospheric pressure with the help of the SRS oscilla-
tor at Py, = 4 bar (Fig. 6a) exhibits a minimum. The
same dependence obtained with the cell of the SRS
converter (T = 295 K) at a total pressure of the H,
(84%)—Ar (16%) mixture of 4 bar monotonically grows
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(Fig. 6b). Thus, the concentration of hydrogen in dense
gas mixtures can be uniquely determined by appropri-
ately choosing the composition and pressure of a
hydrogen—buffer gas mixture in the SRS cell. The
application of the computerized laser system for SRS—
CARSdiagnostics [ 7] and optimization of the gas com-
position and pressure in the cell of the SRS oscillator
allowed usto achieve the sensitivity of hydrogen detec-
tion in air at atmospheric pressure as high as 5 ppm.
This value is more than one order of magnitude better
than that obtained in [10].

CONCLUSIONS

In this work, we report the results for gas mixture
diagnostics by the SRS-CARS technique. The depen-
dence of the nonresonance SRS-CARS signal on the
pressure of various gases is studied. Interference
between the resonance and nonresonance nonlinear
susceptibilities is shown to significantly affect the sig-
nal recorded when low hydrogen concentrations in
dense gas mixtures are monitored by the SRS-CARS
technique. Because of this effect, in gas mixtures (such
as H,~Ar, HN,, H,~C,Hg, and others) where the fre-
guency of the Raman vibrationa transition in H,
decreases with increasing gas mixture pressure, the
scattered signal intensity versus hydrogen concentra-
tion becomes ambiguous after a certain pressure has
been reached. In H,—He and H,—Nemixtures, wherethe
frequency of this vibrational transition increases with
pressure, the ambiguity is absent. It is shown that the
ambiguity in the SRS-CARS signal can be removed
through a frequency offset of the biharmonic laser
pumping and by appropriately choosing the pressure
and composition of the compressed gas in the SRS
oscillator.
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Abstract—Experimental datafor the photoanisotropy kineticsin azo dyes embedded in various polymer matri-
ces are reported. The Weigert effect in these dyes is shown to depend on the polarized actinic radiation wave-
length and matrix constitution. The effect of dark relaxation in the dyesis found. © 2005 Pleiades Publishing,

Inc.

Light-sensitive mediathat become anisotropic when
exposed to polarized light find application in polariza-
tion holography [1]. An example of such anisotropic
media is organic azo dyes embedded in polymeric
matrices. Previous studies[2, 3] showed that the photo-
anisotropic properties of these media depend on the
constitution of the matrix and dye. Under normal con-
ditions, most azo dyes exist as a combination of trans-
and cis-isomers, the former prevailing because of their
greater volume. When absorbed, the energy of visible
or near-UV photonsisinsufficient for N-N bond break-
ing in a dye molecule; however, the absorbed energy
loosens the bond to the point where the end groups may
rotate around it, giving rise to coordination trans- or
cis-isomerism [4]. Further irradiation raises the con-
centration of cis-isomers and decreases that of trans-
isomers. Once the irradiation has been terminated, cis-
isomers spontaneously turn into energetically more
favorabletrans-isomers. Although the quantum yield of
cis- and trans-isomers in solid matrices is two to three
times higher than in liquid solutions, the efficiency of
the reverse transition does not depend on the aggrega-
tive state of the medium and recovery to theinitial state
may be difficult under certain conditions[5].

Irradiation by linearly polarized light considerably
increases the probability that those randomly oriented
dye molecules the oscillation axes of which make a
small angle with the oscillation axis of the electric vec-
tor of the light will take part in photochemical reac-
tions. According to the phenomenological model, the
number of elementary cells oriented within d8 near 6 is

N = Nao.
Tt

After the action of the polarized light, the number of
the cdllsremaining in the initial state will be

—p(Hy +Hy)

dN'(6) = e dN(0)

on the assumption that a photochemical reaction obeys
the exponential law. Here, N is the total number of the
cells and p is the photochemical reaction efficiency.
Then, the number of cells of the same orientation that
have reacted with the light is given by

dN"(8) = dN(8) —dN'(8).

During irradiation by linearly polarized light, amol-
ecule entersinto a photochemical reaction and changes
orientation until the orientation of its absorbing oscilla
tor becomes nearly orthogonal to the polarization of the
incident radiation [6].

The photoinduced anisotropy was measured in real
time with a photometric setup that writes anisotropy
data at the wavelength A = 4416 A and reads them out
at A = 6328 A in one measurement cycle. The measur-
and in this work was effective anisotropy Ag:, Which
equals the magnitude of the anisotropic invariant of the
Jones matrix:

i

Agt = |V
- %exp{ _2kd(nt)} [costk dA(nT) — coskdAn],

wherekd(nt ), kKdA(nt), and kdAn are, respectively, the
average absorption, dichroism, and birefringence of the
medium.

Anisotropicinvariant |y?| is numerically equal to the
transmission of the sample placed between two crossed
polarizersin the case when the induced anisotropy axis
and the axis of one polarizer make an angle of 45°.
From the expression for A, it follows that this param-
eter takes into account the net contribution of dichro-
ism, birefringence, and scalar absorption to the induced
anisotropy [7].

Based on experimental data, we constructed kinetic
curves Ag = f(t) and calculated the photoanisotropic
sensitivity. This sensitivity is defined as the reciprocal

1063-7842/05/5002-0227$26.00 © 2005 Pleiades Publishing, Inc.
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Fig. 1. Photoanisotropy kinetics Ag = f(t) in the gelatin
matrix for dyes (1) chrome yellow “K,” (2) chrome yellow
“Z) (3) MPY, (4 MPY “M," (5) AYF, (6) chrysophenine,
and (7) bright yellow.

of the exposure that is necessary for Ay to exceed an
initial level Q, by a certain amount Q,, the so-called
photoani sotropic sensitivity criterion:

S={Ho=Q+Q ", Q= logAy:.

It is usualy assumed that Q, = 0.3, which reflects
the sengitivity threshold of most of the devices, and
Q4 = 0.2. The photoanisotropic sensitivity character-
ized in such away makesit possible to contrast various
photoanisotropic materials (the same dye embedded in
different matrices and the same matrix incorporating
different dyes). The dark relaxation was estimated from
parameter 1,5, which isthe time period over which Ay
is halved.

In this work, we studied polymeric matrices with
different activities (gelatin, polyacrylic acid (PA), a
PA—caprolactam (CL) polymeric complex, nitrocellu-
lose (NC), an epoxy polymer (EP), polyvinyl pyrroli-
done (PVP), polyvinyl acohol (PVA), polystyrene
(PS)) and 14 azo dyes. The concentrations of the dyes
and polymers were 0.3 and 3%, respectively. The
homogeneous solutions of the dyes and polymers were
mixed together and applied on glass substrates. The
thickness of the films dried was =10 pm.

PETROVA et al.

Consider the photoanisotropic properties of each of
the matrix—dye systemsin detail. The gelatin matrix is
neutral. It has the form of a globule with a variable
space between individual fragments of a gelatin macro-
molecule. The water-soluble dyes considered in this
work dissociate in an aqueous solution and may either
add to amphoteric gelatin molecules or diffuse in the
free space between individual fragments of a gelatin
molecule [§].

A specific feature of photoanisotropy in this matrix
isthat the accumulation of the cis-forms proceeds grad-
ually; that is, it takes a considerable time for anisotropy
to reach a maximum. The reverse process, cis-to-trans
dark relaxation, proceeds very slowly, since the mate-
rial properties are stable. In the samples covered by a
water-proof layer, the induced anisotropy persists for a
long time. Therefore, this material is used in polariza-
tion holography, in production of polarization optics
and anisotropic diffraction gratings, etc. It seemslikely
that the stability of the material is associated with a
decrease in the free volume of the rigid matrix, which
hinders molecule reversal. The fact that the induced
anisotropy disappears upon moistening of the sample
favors this supposition. The materia is reversible, i.e.,
allows for multiple data write/read. The photoanisot-
ropy may be erased by exposing the samples to radia-
tion of the same wavelength but orthogonal polariza-
tion (Figs. 1a, 1b).

Figure 1 shows that mordant monoazo dyes chrome
yellow “K” and chromeyellow “Z" (curves 1, 2) exhibit
arapid rise in the effective anisotropy (relatively high
values of Ag) even early in the illumination. After the
illumination, the curves asymptotically fall.

In mordant pure yellow (MPY) diazo dye (curve 3),
aswell asin its methyl analogue MPY “M” (curve 4),
the number of possible structural isomers grows, pro-
viding a high absolute value of Ag. The same fact, in
our opinion, decreases the light sensitivity of the mate-
rial and causes a rapid increase in the anisotropy with
exposure. The dark relaxation proceeds very slowly.

The light sensitivity of the diazo dyes acid yellow
for fulling (AYF) (curve 5), chrysophenine (curve 6),
and bright yellow (curve7) islow, and so isthe absolute
value of the induced anisotropy early in the illumina-
tion. However, earlier studies [9] indicate that high
exposures result in a drastic increase in the effective
anisotropy. Thisto a greater extent refersto bright yel-
low dye, where a hydroxyl group is bonded to an azo
group, making the formation of hydrogen bridges pos-
sible. Because of these competing factors, the anisot-
ropy at low exposures is low. At high exposures, the
effect of trans—cis isomerism becomes appreciable.
Therefore, the photoanisotropy greatly increases in
chrysophenine and AYF (Fig. 1b), since the electron
donation power of a hydroxyl group is much higher
than that of an ethoxy group.

PVA and PS are neutral hydrogen-containing matri-
ces. In both, small dye molecules interact with seg-
TECHNICAL PHYSICS Vol. 50
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ments of polymer macromol ecul es, presumably viavan
der Waals forces and diffusion of the small molecules
into the free volume in the macromolecules (Figs. 2, 3).

For all the dyesembedded in these matrices, Ay rap-
idly grows early in the illumination. The sensitivity of
these materias reaches 50 Jm, and the dark relaxation
takesfrom4.5t0 20 s.

PVP, NC, ERP, PA, and the PA—CL complex are
chemically active matrices. The PVP matrix with dyes
tropeolin 00, metanil yellow, chrome yelow “K)
chromeyellow “Z,” MPY, and MPY “M” offersahigh
sensitivity and high absolute values of effective anisot-
ropy A« Here, the quick rise in the anisotropy may be
attributed to the fact that, owing to the nitrogen atom
present in a pyrrole ring of the polymeric molecule, it
may form complexes with the dye molecules and
isomerization due to polarized photons is facilitated
[10].

Figure 4 shows the kinetic curves of the effective
anisotropy for the dye-PVP systems. For diazo dyes,
suchasMPY and MPY “M,” embedded in PVP, therun
of the curvesisthe same asfor these dyesin the gelatin
matrix: the absolute value of Ay grows with exposure
and becomes considerable within 15-20 min after the
beginning of illumination.

Let usturnto NC, which alsois achemically active
matrix. Its chemical activity is apparently related to the
presence of nitrogen atoms and shows up in achangein
the absorption spectra of the dyes compared with their
absorption spectrain the inactive matrices.

Figure 5 demonstrates the kinetic curves of the
effective anisotropy in NC. The run of the curves is
nearly identical for all the dyes, but curve 1 for dime-
thyl yellow dyeincreasesvery steeply at low exposures.
The light sensitivity of the material is fairly high,
50 Jm. Further illumination increases the photoani sot-
ropy only dightly, and saturation is observed at rela
tively low absolute values of Ay. The time of dark
relaxation is roughly the same, =13 s.

The epoxy polymer is a polymeric phenolic ether
with epoxy end groups, which are highly reactive and
readily enter into a chemical reaction, breaking the
bonds.

Asfollows from Fig. 6, the photoanisotropy rapidly
increases early in the illumination and, consequently,
the sensitivity of this dye-matrix system is high,
=100 Jm. The absolute value of the photoanisotropy is
also appreciable, =37%. The dark relaxation lasts
=1 min, indicating that the molecules of the dye in the
modified state are stable.

The next chemically active matrix in which al the
water-soluble dyes were embedded was the specially
synthesized PA—CL complex (for the synthesis proce-
dure, see [11]). The interaction of the dyes with this
matrix depends on their structures. The absorption
spectra of acid monoazo dyes (metanil yellow, tropeo-
lin 00, and methyl orange) exhibit a bathochromic shift
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Fig. 2. Photoanisotropy kinetics Ag = f(t) in the PVA
matrix for dyes (1) methyl orange, (2) tropeolin 00,
(3) methy! yellow, (4) MPY “M,” and (5) alizarin yellow.
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Fig. 3. Photoanisotropy kinetics Ag; = f(t) in the PC matrix
for dyes (1) dimethyl yellow and (2) methy! red.

because of their interaction with the matrix. The spectra
of the dyes brilliant yellow, chrysophenine, and AYF
are modified in a more complicated way. The mordant
dyes in the CL matrix are somewhat bleached, which
also follows from their absorption spectra. The spectra
of the dyes Indian yellow and azoflavin N remain
unchanged.

The irradiation of these samples by linearly polar-
ized light induces a noticeabl e anisotropy, although the
light sensitivity of these dyesin the CL matrix is mod-
erate, indicating that isomerization competes with a
chemical reaction in these systems (Fig. 7). The time of
dark relaxation has a significant spread: from 1 s for
chromeyellow “K” (curve5) to 40 sfor AYF (curve 6).

The last of the matrices studied was the PA matrix.
Inits chemical properties, PA is akin to polybasic satu-
rated acids. The interaction of the dyes with this matrix
is similar to the interaction with the CL matrix but is
more pronounced. Because of the acidity of this matrix,
molecules of dyes tropeolin 00, metanil yellow, and
methyl orange are protonated with the formation of a
quinoid benzene ring. The bathochromic shift here is
more pronounced. Similarly, the bleach of the mordant
azo dyesis more intense. The absorption spectra of the
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Fig. 4. Photoanisotropy kinetics Ag = f(t) in the PVP
matrix for dyes (1) tropeolin 00, (2) chrome yellow “K.”
(3) metanil yellow, (4) MPY “M,” and (5) MPY.

dyes brilliant yellow and chrysophenine are irregular.
The samples exhibit awide variety of colors.

The dyes whose molecules incorporate strongly
accepting groups, such as NO, and NO nitrogroups,
have nearly the same color in both theinitial and proto-
nated state. These are Indian yellow and azoflavin N.

The irradiation of samples with all the dyes consid-
ered by actinic radiation from a He-Cd laser (A =
441.6 nm) does not induce anisotropy, irrespective of
whether their absorption spectra are modified or not.

Thus, we can state with assurance that the chemical
reaction with the PA matrix makes the photochemical
reaction of cis—-transisomerizationimpossiblein all the
dyes studied in thiswork. In these dyes, thisreactionis
a basic photochemical reaction responsible for photo-
anisotropy [12].

Our results suggest that the matrix is of crucia
importancein development of a photoanisotropic mate-
rial.

All the matrices used in thiswork can be subdivided
into those entering into a chemical reaction with dye
molecules and those that are chemically inactive.

The latter form multicomponent complexes with
dye molecules. Sometimes, the resulting effect is bene-

PETROVA et al.
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Fig. 5. Photoanisotropy kinetics Ag = f(t) in the nitrocellu-
lose matrix for dyes (1) dimethyl yellow, (2) methyl red, and
(3) benzyl orange.
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Fig. 6. Photoanisotropy kinetics Ag = f(t) in the epoxy
polymer matrix for dimethyl yellow dye.
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Fig. 7. Photoanisotropy kinetics Ag = f(t) in the PA—CL
matrix for dyes (1) tropeolin 00, (2) metanil yellow,
(3) Indian yellow, (4) azoflavin N, (5) chrome yellow “K,”
(6) AYF, (7) bright yellow, and (8) MPY “M.” The vertical
bars indicate the beginning of relaxation.

ficial: the photoanisotropic activity and light sensitivity
of the dye—polymer system are improved. Such matri-
cesare PVP, NC, and the epoxy polymer.

It seems that complexation does not modify the
molecular congtitution of the dyes in these systems and
irradiation by linearly polarized actinic light favors
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photoisomerization and, accordingly, imparts to them
photoani sotropic properties.

In anumber of cases, chemical reactionsin the dye—
polymer system change the t-electron constitution of
dye molecules with the formation of the resonant
quinoid structure.

If isomerization competes with the formation of the
guinoid-hydrazone form of adye, actinic radiation will
induce anisotropy but its absolute value, as well as the
light sensitivity of the material, will below. The PA—CL
polymer is an example of such matrices.

If isomerization is completely suppressed, asin the
PA matrix, polarized light does not cause anisotropy.

In the neutral matrices, such as gelatin, PVA, and
PS, the free volume between fragments of a polymer
macromol ecule where small dye molecules may diffuse
is of particular importance. The photoani sotropic prop-
erties of such materials will depend on their isomeriza-
tion facility, i.e., on therigidity of the matrix, tempera-
ture, moisture content, etc.

Research in this area is being continued. Related
results will be reported in following publications.
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Abstract—A heat wave resulting from the absorption of laser radiation in the core of an optical fiber is studied
using anonstationary 2D heat conduction equation. The velocity of the wave as afunction of the laser intensity
isdetermined, and the threshold intensity generating the heat waveis calculated. At high intensities, the velocity
of the wave can be qualitatively described by a well-known formula from combustion theory; i.e., the velocity
isshown to be proportional to the square root of theradiation intensity. The analytical threshold laser intensities
closely agree with the available experimental data. © 2005 Pleiades Publishing, Inc.

INTRODUCTION

It has long been known that intense laser radiation
may have adramatic impact on the physical parameters
of a transparent condensed medium [1]. In particular,
when the laser intensity exceeds a certain threshold, the
absorption factor increases steeply. Under the condi-
tions of optical discharge in condensed media[2, 3] or
gases [4], this gives rise to an absorption wave propa-
gating toward the laser radiation.

In recent years, much interest has arisen in the same
phenomenon in optical fibers [5-15]. If the absorption
factor rises somewhere in a fiber, heating of this place
further enhances the absorption. Due to the heat con-
duction process, such a heat absorption wave (HAW)
propagates toward the laser radiation.

Previoudly, the HAW was considered in asimplified
stationary 1D approximation using acoordinate system
related to the wave [7, 8]. In this study, HAW analysis
is based on a nonstationary 2D heat conduction equa
tion. The dependences of the HAW vel ocity onthe laser
intensity are derived, and the threshold intensities at
which the HAW arises are determined.

MATHEMATICAL MODEL

Heat conduction equation. A nonstationary 2D
model of an HAW in the cylindrical coordinates (r, 2)
within the rectangular domain 0 <r <r,, 0<z< |

(roand | are the outer radius and length of the fiber,
respectively) is described by the heat conduction equa-

tion

Cp(T)p(T)a%T(t, 21) = a%[k(T) a%(T(t, z r))}

(1
+ %(%[fk(T)%%(T(t, Z, r))H} +a(T)I(t, z 1),

and the radiation transfer equation

0 -
5z 1) = —aMIizn). @)

Here, zis the coordinate along the fiber, r is the radial
coordinate, c,(T) is the specific heat at constant pres-
sure, | isthe intensity (energy flux density) of the laser
radiation, a(T) isthe absorption factor, k(T) is the ther-
mal conductivity, and p(T) is the density of the mate-
rial. The time dependence of the intensity is embodied
in the time dependence of the temperature. The temper-
ature dependence of the absorption factor was chosen
asfollows:

0, T<T,
0

a(T) = [ (T-TY/(T,~-Ty), T,<T<T,
o T>T,

where o, isthe peak value of the absorption factor, T, is
the temperature at which o reaches a peak value, and
T, isthe temperature at which the absorption starts rap-
idly growing. We assumethat (T,—T,) < T,, so that the
results are virtually independent of T,. According to
[7, 8], we put a, = 560 cm* and T, = 2000°C. If a, is
far from this value, the result of calculation become

1063-7842/05/5002-0232$26.00 © 2005 Pleiades Publishing, Inc.
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inconsistent with experimental data. We also take T, =
1700°C.
The dependence of the specific heat on temperature

and on the parameters of the phase transition was rep-
resented in the form

Co(T) = Co(T) + AC(T, Ty, ATy, AH,)
+Ac(T, T,, AT, AH,).

Here, function c,(T) describes the temperature depen-
dence of the specific heat in the absence of the phase
trangition,

Ac(T, Ty, ATy, AH)
= (AH/T°AT ) exp{ ~[(T = To)/AHg1}

is the discontinuity of the specific heat at the point of
the phase transition, Ty, is the melting point, T, is the
temperature at which the absorption steeply increases,
AH, is the heat of melting, and AH, is the heat of the
phase transition when the absorption is enhanced. The
value of AT, characterizes the width of the phase tran-
sition.

For glass, we used the following values of the
parameters in our calculation [7, 8, 16]: p(T) =
2.2 g/cmd, k=0.02W/(cmK), co(T) =0.74 Jg K, T, =
1600°C, T, = 2000°C, AH,, = 142 Jg, AH, = 142 Jg,
AT, = 100K, and AT, = 100 K.

Boundary and initial conditions. It isassumed that
radiation of intensity |, entersthemediumat z=0; i.e.,
[(t, O, r) =1y(r). Then, from Eq. (2), we have

4

I(t,2) = IoexpE)—J'O((T(t, z'))dz%.
O 5 O

However, this expression isinconvenient for numer-
ical integration, since it contains the desired quantity
T(t, 2). In the calculations, a step radial distribution of
the input intensity wastherefore used: 1(r) =lgatr <rq
and ly(r) =0at r =2 r,. Heat removal from the fiber sur-
face was assumed to be absent,

) 0
arT(t’ Zr) . 0, GZT(t’ Zr) roae 0.
The initial conditions corresponded to the step dis-
tribution: T(t, z, r)k-g=Toat z<z,and T(t, Z, 1)k -0 =T,
at z 2 z,. Here, z, is the coordinate of the point where
theinitial perturbation occurs. The temperature was set
equal to T, = 20°C.

SOLUTION ALGORITHM
FOR THE 2D PROBLEM

Let us construct a five-point finite-difference sec-
ond-order approximant for Eq. (1) using a spatial grid
uniform in the z direction with a step hz and a grid
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guasi-uniform in ther direction [16, 17],

In” (101 + at) — In”(1.01)

In(1.01+a)—In"(1.01)
_ i1

where t = Nr—1"

Then, for an internal grid node (i, j) (1 <i<Nr, 1<
j <N2), we have

Y(a,t) =r,

0
Cp(Ti,j)p(Ti,j)a_tTi,j = PiJTi,J—l"'Pie:JTi,Hl

2 4 5 5
+P Ty v P Ty —(Pri + Pz )T+ a(T )l

where
K, -2 K, j+1
plo=—2 P =2 p2 =P +P,
1] hi 1] hi 1,] 1] ]
ri_;Ki_lj ri+lKi+_j
P, = 2 ZVD'P:J': 2 z'D'
hri_lﬁwl—ri_ﬂri hri%i+}—ri_;|]ri
2 2 2 2
5 2 4
Pl'i’j = Pi,j+P'

ij?

andhr,=r;,,—r;,and M1 isthe midpoint of the quasi-
2

uniform grid interval, which is found via the same

transformation Y that specifiesthe grid itself:

ni-ig
r o, = yd 20
i+3 CNr — 10
2 O 0
Taking into consideration that, at r = 0, Eq. (1)
appears as

cp(T)p(T)(%T(t, 7r) = a%[k(T)a%(T(t, z, r))}

+ 2k(T):—22(T(t, z,n))+a(T)I(t, zr)
r

and that the Neumann boundary conditions are set on
the boundaries, we obtain the difference scheme coeffi-
cients at the corresponding boundariesin the following
form:

fori=1, ..., Nr,
2K 2K
Pl,=0, P, = ?2 P! 2 7
Plne = O;
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Fig. 1. Isotherms spaced at 500°C intervals (temperature
values in 1000°C are shown by the curves): (a) Iy =
1 MW/cm?2 andt— 80 ps (P = 0.5 MW, rg = 4 pm) and
(b)lg=4 MW/cm? and t = 210 ps (P = 4 MW and ro =

41m).
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Fig. 2. Temperature distributions T(t, z, r = 0) along the
fiber at different time instants: (&) lp = 1 MW/cm?, P =
0.5 MW, ro=4pm, andt = (1) 10, (2) 38, (3) 66, and (4) 80;
(b) lg=4 MW/cm=, P=4 MW, rg =4 pm, and t = (1) 10,
(2) 90, (3) 170, and (4) 210.

forj=1,...,Nz

Ko 1
p2 = Nr-31
Nr,j — |:|’
hry, - —r
Nr -1 Nr nr—
2

Thus, we arrive at the evolutionary problem

cp(T)p(T)(%T(t, Zr)
= (A, T) + (N, T) +a (T I

©

4 -
I:)Nr,i -

i,jr

where
(AT) = PL T+ P T —PZ T,
(NT), | = Po T s+ P Ty —Pro T,

Applying the method of splitting of spatial variables
[18] to this problem, we construct an absolutely stable
implicit scheme of first-order accuracy,

!
a7y,

1
n+2

p(TI ])p(TI J) I J

1
n+z
n+1 2

n n Ti' _Ti'
Cp(Ti,j)p(Ti,j)“"J—A‘t—"J— =

where n and At are the number and length of the time
step, respectively.
Each of the three-point difference equations

obtained are easy to solve by the factorization (sweep)
method.

(AT +a(T ),

RESULTS AND DISCUSSION

HAW propagation. Typical isotherms and temper-
ature distributions along the fiber axis for the cases of
low and high laser intensities are illustrated in Figs. 1
and 2, respectively. As expected, there is atemperature
peak propagating toward the laser beam. After the peak,
the temperature declines, since absorption in a layer

a;l = 18 um thick and cooling via heat conduction
decrease the laser intensity. At a lower intensity, cool-
ing is stronger and the peak is more distinct.

The velocity v; of the HAW front was determined
from the time dependence of the front coordinate z(t),
which, in turn, was found from the equality T(t, r = 0O,
z) =T, (Figs. 2, 3). The dependence z(t) was closely
approximated by the linear function z(t) = v; t + const,
and v; wasfound fromits slope. The calculation results,
along with the experimental data[15], are presented in
Fig. 4.

The HAW velocity. In combustion theory, the flame
propagation rateis proportional to the squareroot of the
specific power of energy release [19]. The correspond-
ing expression, which is also used in discharge propa

TECHNICAL PHYSICS Vol. 50 No.2 2005
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Fig. 3. Time dependences of the heat wave front coordinate
z that is defined as the point where T(t, z, r = 0) = Ty =
2000K.15=4 MW/cmz, P=4MW, andrqg =4 pm. The dot-
ted line depicts the dependence z(t) = vst + const, where
v§=0.29 m/s.

gation theory [2], in our case, has the form

vi = Jkaylo/(Tp=To)/(pCy). 3

A dlightly different expression for the HAW front
velocity was proposed in[7, 8],

Vi = Vig(J(lo/len) +1-1), (4)

where v;, = ka/2pc, characterizes the linear growth of
the front vel ocity with laser intensity in weak fields and
len = kay(T — Tp)/4 is the intensity at which the linear
dependence changesto the root one. For the calculation
parametersin Fig. 4, we have v, = 0.034 m/s m/s and
lsn = 5.8 x 103 MW/cn?.

At |y > |y, formula (4) coincides with (3). In con-
trast to the latter, formula (4) includes the energy spent
on heating the mixture. The results of our cal culation of
front velocity v; in the absence of cooling agree with
the calculations by formula (4) when the intensity con-
siderably exceeds the threshold (see below). However,
expressions (3) and (4) yield closeresults (Fig. 4) under
the conditions considered. The effect of cooling turns
out to be more significant.

Threshold intensities. We determined threshold
intensity Iy, for various values of r, (Fig. 5). At Iy < I,
the heat wave is absent. An estimate of the threshold
intensity, 14,4, can be found by equating the absorbed
power dly, with the effective heat removal (6(T, —

ToK)/re. Asaresult, we arrive at

6(T,—To)k
lpy = —5——. )
In our calculation, the threshold was estimated for a
velocity of 0.1 m/s. The values given by formula (5),
our estimates, and the threshold intensities measured in
[12] are compared in Fig. 5. It is seen that, for the
TECHNICAL PHYSICS Vol. 50
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Fig. 4. HAW front propagation velocity vs. the laser inten-
sity. Curves (1) and (2) show the results of calculation by
formulas (3) and (4), respectively; curves (3)«7) are the
numerical results for core radius rq = 50, 20, 10, 4, and
2 um, respectively. The symbols are data points for SiO,—
GeO, fiberswith an outer radius of 125 pm [12]. The differ-
ence An between the refractive indices at the axis and
periphery of thefiber is(x) 0.04, (+) 0.009, and ((J) 0.0015;
core diameter d = (x) 3.3, (+) 5.75, and ((J) 11.05 pm.
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Fig. 5. Threshold laser intensity vs. core diameter dg. The
symbols are data points [12]; the solid line, numerical cal-
culation; and the dashed line, estimate by formula (5).

parameter values considered, estimator (5) yields val-
uesthat are roughly twice those obtained by the numer-
ical calculation. At the same time, the calculation isin
good agreement with the experimental data.

CONCLUSIONS

Our calculations demonstrate that a heat absorption
wave traveling along a fiber core can be fairly accu-
rately described by a nonstationary 2D equation of heat
conduction combined with a stationary equation for
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laser intensity. For intensities far exceeding athreshold,
the HAW velocity is closely approximated by a well-
known formulafrom combustion theory, i.e., is propor-
tional to the square root of the radiation intensity. The
threshold value can be estimated (in order of magni-
tude) by comparing the amount of heating with that of
heat removal. The analytical value of thethresholdisin
good agreement with the experimental value.

The analytical wave velocity versus laser intensity
dependences and the threshold intensities are consi stent
with the available experimental data.
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Abstract—Computer analysis of the arbitrary source image obtained in 3D electron—optic systems is per-
formed. The systemsinvolve el ectrostatic fields focusing and defl ecting electron beams. Specifically, the struc-
ture of a net electron beam from an extended source at the crossover is examined. It is shown that the spread
function of the source, which characterizesthe imaging quality of the system most fully, may serve asaprimary
computational criterion. © 2005 Pleiades Publishing, Inc.

INTRODUCTION

Fast processes, such as plasma and ballistic pro-
cesses, thermonuclear fusion, etc., are basically studied
with pulsed electron—optic converters, among which
instruments offering a subpicosecond time resolution
and introducing minor image distortions are attracting
increasingly more attention. In analytical models of
electron—optic systems (EOSs), the imaging quality is
usually characterized by the shape of a spot of confu-
sion in an appropriate cross section of the electron
beam coming from a point source (emitter) and by the
current density distribution over this spot (the spread
function of a point source) [1]. However, the analytical
studies are basically restricted to paraxial beamsin axi-
symmetric EOSs. This means that the point-spread
function cannot be considered as a measure of resolu-
tion of the instrument in terms of an analytical model.
Thefact isthat, onthe one hand, wide (instead of parax-
ial) beamsare currently used according to modern tech-
nology’s requirements and, on the other hand, deflect-
ing plates and diaphragms used in the system break its
axial symmetry. Under such conditions, only direct
computer simulation of beam-forming and beam-
deflecting fieldsfollowed by wide beam trajectory anal-
ysis can adequately describe EOS operation.

Today, preference is given to two types of EOSs
with a subpicosecond resolution. In the former case,
both focusing and scanning of the image are accom-
plished by means of an electric field alone. In the latter,
a magnetic lens focuses the image, while an electric
field scans. A great number of electrodes and their var-
ious configurations necessitate the solution of 3D field
problems, which are difficult to solve even in the
steady-state case. Moreover, the diameter of the spot of
confusion in the focusing systems may be severa
orders of magnitude smaller than the characteristic type
of the instrument. In the EOS design that is considered
bel ow, the cathode-to-screen distance (the longitudinal

dimension of the converter) is 300 mm and the trans-
verse dimension of the converter is 60 mm. At the same
time, an elementary electron beam may be constricted
to acircle of diameter d = 0.01-0.20 mm in the screen
plane (the diameter of the circle depends on the point
emitter position and the scanning potential). Therefore,
finding the spread function, which is defined just on the
spot of confusion, requires an exact cal cul ation of many
beam electron trajectories in the 3D electromagnetic
field with the accuracy of solution of the field problem
matched to the accuracy of trgjectory analysis. Note
also that the domain of definition of the point-spread
function in the computer model is discrete and so must
be smoothed by digital techniques of processing 2D
discrete signals. Therefore, engineers employing com-
puter models usually discard studying the spread func-
tion in favor of the resolution of the instrument, which
is a much rougher criterion incompletely meeting the
present-day requirements and inadequately reflecting
the structure of the image.

In part 1 of thiswork, we study the imaging quality
in typical multielectrode EOSs operating in the electro-
static regime. The second part of thiswork is devoted to
3D EOSs, where image transfer is accomplished by
means of a stationary electromagnetic field.

BASIC DIAGRAM OF AN ELECTRON-OPTIC
SYSTEM

The EOS efficiency depends on avariety of physical
processes, each being responsible for the image struc-
ture in one way or another. It therefore seems reason-
able to consider the most significant processes specify-
ing theimage structure in most EOS designs. Such pro-
cesses are certainly image scanning, diaphragming, and
adjustment of the instrument.

Figure 1 projects the basic diagram of a particular
EOS design onto two orthogonal planes containing the

1063-7842/05/5002-0237$26.00 © 2005 Pleiades Publishing, Inc.
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optical axis. Here, S, is the cathode; S,, accelerating
electrode; S;, focusing electrode; S, anode chamber;
S, deflectors; S;, shutters; S~S,, dit digphragm; and
Sio, screen. We assume that all electrodes § (i = 1-10)
are conducting and are under given potentias. In this
case, an electrostatic field isinduced in the EOS.

COMPUTER MODEL OF AN ELECTRON-OPTIC
SYSTEM WITH AN ELECTROSTATIC FIELD

Asapplied to EOSs of agenera type[2-5], fast and
exact numerical solution algorithms may be con-
structed in terms of the finite-group method (FGM),
which exploits the local symmetries of the system’s
subsystems and iterative joining. The basic versions of
the FGM are presented in [6-16]. In addition, for elec-
trostatic-field (hereafter, electrostatic) EOSs, efficient
algorithmsof trajectory analysisthat are based on adap-
tive (beam-attending) spatial computational grids [17]
have been developed [2, 3]. Therefore, we will high-
light only basic points in describing a computer model
of electrostatic EOSs.

Consider set {S} of N conducting screens S(§ are
the electrodes of a desired EOS) under the assumption
that {S} constitute multiply connected surface S in

three-dimensional space R?,
N
s=[]s, Sns=0, i#] (D)
i=1

and that each screenj (j = 1, 2, ..., N) isunder agiven
potential. Then, if E={E} (i = 1, 2, 3) isthe vector of
the electric field induced by the set S of screens, we
have E;(X) = —0¢(x)/0x;, wherex = {x;} arethe Cartesian
coordinates of point x in R® and ¢(x) is the potential of
field E that satisfies the Laplace equation subject to the

BAD’IN et al.

Dirichlet conditionson S
AD(X) = 0, A=00X +0°10%; + 0°19x5,

x 0 RA\S,
2

d(x) = sz(x)vi, xOS.
i=1

Here, X5 (X) is the characteristic function of a set of
points on surface § and A is the Laplacian.

A solution to boundary-value problem (2) may be
represented as the potential

) 3
o (x) = _|S'|X_Xl|du(xl), x; OR\S
of asimple fiber with density u(x), x O S, that satisfies
the boundary integral equation of the first kind

(AU () = F(9, [AU[(X) = jli‘(_xi)lldu(xl),
: ©

f(x) = z Xs(X)Vi,
i=1

where du(x) is the contraction of an element of the
Euclidean space onto surface Sand [x—x,| isthe Euclid-
ean distance between points x and x; .

A numerical solution to Eqg. (3) is constructed in
terms of the FGM version that employs finite groups of
symmetries discontinuously acting on surfaces § and
takes into account the invariance of operators A; =

Xs (WAXs (X) (the contraction of A on §) under trans-
formation of these groups.

The characteristics of EOSs, including the point-
spread function, are determined by trgjectory analysis.
Namely, the electron tragjectories in the electrostatic
field are described through the Cauchy problem for a
set of ordinary differential equations

St of = e (0, @

where r is the radius vector of a particle with mass m
and charge e and t is the transit time.

In turn, theinitial conditions of particle escape dis-
tinguish the initial velocities of the electrons emitted
from a point by magnitude and direction. Such adistri-
bution, characterizing a specific cathode, is usually
found experimentally.

Let P be a point from which electrons leave a cath-
ode (point emitter). It is routinely assumed in simula-
tion that the probability of a particle escaping within a
solid angle dw at an angle 6 to normal n, varies as
cos@dw, k=1, 2, 3, ... (k=1 corresponds to the Lam-
bert law). Unless otherwise stated, we below consider
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bundles of N equiprobable trgectories obeying the
angular distribution law cos®0 on assumption that the
escape energy of the electrons is the same (the energy
spread in the source is disregarded).

The properties of theimage will be studied on a par-
ticular surface s, where s may be a screen, image sur-
face, or given secant plane, with the electrons emitted
from point P on the cathode being gathered within a
segment ds, on surface s.

Let (11, 12, 1°) be aset of orthogonal coordinates that
is chosen in such away that surface sis a part of coor-
dinate surface 12 = const. In this case, each of the elec-
tron trajectories {1}, i = 1, 2, ..., N, emerging from
cathode point P on surface sisdescribed by coordinates
{(t}, T°)}. Then, the spreading center T = (&', T°) of
an elementary beam and the rms deviation o (or 6",
k =1, 2, in coordinate-wise form) from the center of
gravity are given by

N
ey

i=1

1/2
o™ = Dl%(r-k_fk)% ;
%qizl o]

5)

k =

|:|1 N _%:UZ
1,2; o= -1 ,
w2,

where |1, — T | is the Euclidean distance between points
tadT (1, T OS).

The rms deviation from the center of gravity gives
an estimate (rather accurate in the case of axisymmetric
EOSs) of only the size of the spot of confusion (seg-
ment ds;). The shape and structure of this spot for an
elementary electron beam can be judged from the
spread function S,(t) for point emitter P, whichis deter-
mined as follows:

o T = =T
S"(T)_Ep, to{t}, i=12..,N, tHs (6

Point-spread function S,(t) is afunction of continu-
ous argument T [ s with the discrete domain of defini-
tion. Such functions are inconvenient for analysis and
visudization. Instead of S§,(T), wewill consider approx-
imating functions Sy(i, j). To construct them, we insert
the spot of confusion ds, (S,(t) =0 at T O ds,) into a
rectangle ds, the center of which coincides with the
spread center T of electron beam {1;}. Thisrectangleis
covered by a uniform rectangular grid

oM. {M3)= O o, O
i O{{Mg},{M3}
where{M;} and{M,} are setsof integersthat are taken

so that the spread center T of the beam is the center of
the rectangular mesh wy.
TECHNICAL PHYSICS  Vol. 50
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Assigning the values equal to the number of elec-
trons falling into a mesh w; to §y(i, j), we obtain the
desired approximating function.

Spread functions S(i, j) characterize the spatial
structure of an elementary electron beam fairly ade-
guately. However, the entire information on the beam
structure that is contained in these functions may be
extracted by applying smoothing digita filtering. The
essence of this procedure will be understood by visual-
izing the values of some of the spread functions.

Below, the digital processing of spread functions
Si(i, J) uses separation adaptive digital filters of 2D sig-
nalsthat are based on discrete B splines. Smoothing fil-
tering is carried out in the interactive mode: first, adis-
crete scaling B splineis prescribed and then sharpening
digital iterative filtering is accomplished. Earlier, such
a procedure of smoothing 2D pulsed signals was
applied in computer analysis of inverse multidimen-
sional problems of unsteady heat conduction [18].
Hereafter, the digitally processed spread functions

S,(i, j) are designated as S, (i, j).

When numerically analyzing the structure of images
transferred by EOSs, we considered not only elemen-
tary but also net beams, which comprise all the elec-
trons emitted from a given set { P} of cathode points.
By analogy with elementary beams, net beams are al'so

characterized by appropriate spread functions 1), S(i,
), and §(, ).

It should be noted in conclusion that spread func-
tions S(1) (S,(i, j)) characterize the spatial structure of
an electron beam and can be used to estimate only the
spatial (technical) resolution of the instrument. How-
ever, the electron trgjectories in our EOS model are
functions of the coordinates and time. Consequently,
we may consider functions §,(t, t) (S,(i, j, t)) instead of
S(1) (S4(i, J)) and thus obtain an estimate of the time
resolution of the instrument. Thisissue callsfor special
investigation.

IMAGE STRUCTURE IN AXISYMMETRIC
EOSs

Computer analysis of the image structure in the 3D
EOSs under consideration isapreliminary to numerical
simulation of an axisymmetric EOS consisting of elec-
trodes S-S, (Fig. 1). Electrodes S—S, inside anode
chamber S, are omitted from consideration.

A computer model of axisymmetric EOSs that is
based on numerical solution algorithmsfor one-dimen-
sional boundary integral equations from the potential
theory (these algorithms provide a high accuracy of
constructing axisymmetric electrostatic fields) and on
trajectory analysis methods could be elaborated and
program-implemented only after the work by
Antonenko [19] had been published (1964). The early
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routines of thistype appeared in the United Statesin the
mid-1970s.

Below, we give the results of computer analysis of
the real axisymmetric EOS design (see above) that are
necessary for further discussion.

Numerical simulation data for axisymmetric EOSs
as representatives of multielement three-dimensional
structures (Fig. 1) may also help in optimizing com-
puter analysis of these structures. Numerical experi-
ments have shown that the external electric field gener-
ated by electrodes S-S, penetratesinto anode chamber
S, insignificantly. In turn, the electric field inside the
anode chamber, which isgenerated by electrodes S; and
S;, is damped near the circular hole of chamber S;. In
other words, the interaction between these fields is
weak and local. This makes it possible to perform a
comparative calculation using two program packages
intended for simulating axisymmetric and 3D EOSs.
Such a calculation greatly simplifies the selection of a
set of boundary elements on desired boundary surface
Sformed by all the electrodes of a 3D EOS and pro-
vides effective control of the 3D simulation accuracy.
To do this, the structure formed by electrodes S-S, is
simulated using the program package for analysis of
axisymmetric systems. When tragjectory analysisis car-
ried out, the number of calculation points on the gener-

atrix of the surface of revolution S, S, = [] i“: 1§, and
the mesh spatial size in the attendant grid are selected
so as to fit a given calculation accuracy € (eg., € =
0.1%). Then, using the program package for analysis of
3D EOSs, the desired EOS design (Fig. 1) is simulated
with electrodes S-S, grounded (i.e., these electrodes

are under the potential of anode chamber S,). Here, a

set of boundary elements on surface S S= D?: 1S,

and an appropriate attendant grid are selected in such a
way that the results of simulation using the two pack-
ages coincide within an error not exceeding €. If neces-
sary, the set of boundary elements and the attendant
grid are refined by applying low scanning potentials on
electrodes S, and S;. It should be emphasized that
results of simulation must include all computable EOS
parameters and characteristics (from the magnification
to the point-spread function).

(i) Crossover. In focusing EOSs, the net electron
beam (i.e., the beam of the electrons emitted from all
cathode points) has a minimal cross-sectiona area
(crossover) in some plane (the plane of crossover). In
the analytical models of EOSs, much attention is paid
to the crossover position and the current density in it.
For axisymmetric EOSs, it was found [1] that the cur-
rent distribution over the crossover is Gaussian. Analyt-
ical and experimental data of this sort are of great value
for EOS designers.

Consider cylindrical coordinate system (r, y, 2) that
is related to Cartesian system XYZ depicted in Fig. 1.
Let the net electron beam consist of six elementary

TECHNICAL PHYSICS Vol. 50 No.2 2005
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beams issuing out of cathode points (r,, U =172, z=0),
wherer,=kmmand k=0, 1, ..., 5; that is, all emitters
(emitting points) lie on the positive Y semiaxis. Itisalso
assumed that each of the elementary beams (the elec-
tron escape energy U, = 0.35 €V) may trace 512
equiprobable trgjectories with the escape angle distri-
bution law cos®0. The potential difference between the
cathode (S;) and anode chamber (S,) is 15 kV.

The values of the spread function i, j) of the net
beam in the crossover are visualized in Fig. 2a and its
isolines, in Fig. 2b. The visuaization of the spread
function (Fig. 2a) seems to carry little information,
while Fig. 2b, which plots the S, j) isolines, gives
insight into the shape and sizes of the spot of confusion
of the net beam in the crossover (the maximal size of
the spot is 0.8 x 1.0 mm). In addition, it is clearly seen
from Fig. 2b that the elementary beams are not com-
pletely coincident in the Y direction (complete coinci-
dence takes place in EOSs with magnetic focusing,
where the crossover area is larger; see part Il of this
work). However, neither the plot of function i, j)
(Fig. 2a) nor itsisolines (Fig. 2b) give acomprehensive
idea of the net beam structure in the crossover.

The structure of the net beam in the crossover
became evident after function (i, j) had been digitally
processed by means of adaptive B-spline-filters. Fig-
ures 2c and 2d show, respectively, the isolines and val-

ues of function S(i, j) (function (i, j) after digital pro-
cessing).

Since the cathode points generating the net beam
under consideration lie on the sameray passing through
the center of the cathode and a solution to the problem
stated is invariant under transformations from rotation

group C,, the plot of S(i, j) (Fig. 2d) lets us conclude
that the digitally processed point-spread functions of
the net beams emitted from cathode points (rp,, Uy, 2=
0) (wherer,=nR/N; ,,=2rm{(m-1/M; n=1,2, ..., N;

m=1, 2, ..., M; and Ristheradius of the cthode) WI||
have the bel I-shaped (near-Gaussian) form in the cross-
over. This assertion was confirmed experimentally.

(i) Structure of elementary beams. The behavior
of the net beam in the working region of an axisymmet-
ric EOS sheds light not only on the crossover parame-
ters but also on other EOS characteristics of applied
interest. Among them is, in particular, the image sur-
face, since the centers of gravity T; (i=0, 1, ..., 5) of
the focused elementary beams constituting the given
net beam lie on the generatrix of theimage surface. The
potentials of electrodes S, and S; (the potentials of S;
and S, are fixed, see above) are taken such that the ele-
mentary beam that escapes from the cathode with the
radial coordinate r, = 2 mm is focused on the screen.
Note that the image surface is approximated fairly well
by an ellipsoid of revolution and that the beams with
radial escape coordinatesr < (>) r, are focused behind
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(before) the screen plane. This fact is embodied in the
respective spread functions.

Figure 3a shows the values (on the |eft) and isolines
(on the right) of the spread function S; (i, j) of point
emitter P, =P (r,=0, ¥ =172, z=0) onthe screen. Fig-
ure 3b shows the same for the spread function S, (i, j)
of point emitter P, = P (r, =2 mm, Y = 172, z = 0);
Fig. 3c, for the spread function S;, (i, j) of point emitter
P,=P(ry;=4mm, ¢ =12, z=0). Smilarly, Figs. 4a—
4c visualize the values and isolines of spread functions

S5, (i, 1), Sp, (i, ), and Sp, (i, j) (i-e., functions S, (i, j),
wherek =0, 2, and 4, after adaptive B-spline digital fil-
tering), respectively.

Only the central beam has a regular structure
(Fig. 3), which is due to the initial conditions of elec-
tron escape from the cathode. Even a small offset of an
emitting point (emitter) from the cathode center (by
several hundredths of a millimeter) causes a rapid
breakdown of the structure. At the same time, spread
functions S, (i, j) (k=0, 2, or 4) on the image surface
had a clearly cut bell-shaped form, which deforms as
the emitter is displaced from the cathode center
(Fig. 4b). The spread functions of the elementary
beams that are focused behind the screen plane (r <
2mm) appear on the screen as a flattened-top bell
(Fig. 4a), while the bell-shaped spread functions of the
beams focused before the screen plane (r > 2 mm) have
a diffuse base (substrate) (Fig. 4c). Thus, in electro-
static axisymmetric EOSs, the structures of the elemen-
tary beams that are focused before and behind the
image surface radically differ and the change takes
place fairly rapidly. It should be noted that, in the mag-
netic focusing instruments where focusing is provided
by adc coil, the beams behave in the same manner (see
part Il of thiswork).

EFFECT OF SCANNING ON THE IMAGE
STRUCTURE

Let us see how the fields scanning the image that is
formed in an electrostatic EOS influence the structure
of the elementary beams constituting the net beam con-
sidered in the previous section (these fields are gener-
ated by the potential applied to deflecting plates S,
Fig. 1). Scan potentia ¢ is applied to deflecting plates
S in two, one-phase (asymmetric) and two-phase
(symmetric), modes. In the former case, one of the
plates is under the (zero) potential of the anode cham-
ber (i.e.,, is grounded). In the latter, the potentials
applied to the plates are equal in magnitude but differ in
sign (relativeto the potential of the anode chamber). We
will assume that the elementary beams being scanned
are emitted from cathode points P, (x =0, y,, = kmm, z=
0; k=0,1,...,5) and consider the image structure on
both the image surface and screen. The beam focus is
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determined from the minimum of rms deviation g, (k)
from the center of gravity T, (k). Then, wewill analyze

the dependence of spread functions §p‘t) @i, ) (Sgt) @i, 1)

on scan potential ¢.

(i) For the symmetric scan mode and potentials ¢ =
+0, +100, +200, and +300V, the values of rmsdeviation

0,(K) and the Cartesian coordinates (xi”, yi¥, ) of

the centers of gravity T, (k) (k=0, 1, ..., 5) of the ele-

mentary beams on the image surface are given (in mil-
limeters) in Table 1.

Note that, for scan potentials$ = ¥0, ¥100, ¥200,
and F300 V, the quantities listed in Tables 1 and 2

remain virtually unchanged (for coordinate x, the scan
direction, thisis true up to sign).
TECHNICAL PHYSICS  Vol. 50
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It follows from Tables 1 and 2 that the depth of the
image surface along coordinate z (the optical axis of the
system) is about 22.2 mm but the values of o,(K) for the
elementary beams (i.e., for ¢ and k fixed) on the image
surface and on the screen in general (¢ # 0) vary insig-
nificantly (a considerable depth of focus of the image).
As the scan potentia increases, the resolution of the
instrument drops on both the image surface and screen

TECHNICAL PHYSICS Vol. 50
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(by afactor of 1.5-5 at the edge of the screen). Yet, the
resolution of the structure simulated remains high in
this scan mode.

Table 3 lists the values of rms deviation g,(k) and

the Cartesian coordinates (x(k"’) , y(k"’) , z(k"’) )(k=0,1, ...,
5) of the centers of gravity of the elementary beams on
theimage surface for the one-phase scan modewith ¢ =
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Table 1. Image surface (two-phase mode)
d\k 0 1 2 3 4 5
oV | gpk 0.004 0.019 0.013 0.001 0.003 0.003
ov | x¥ 0 0 0 0 0 0
y¥ 0 —2.22 -451 —6.63 -8.71 -10.90
Z? 255.5 254.9 257.1 253.2 2505 250.4
+100V | 04(K) 0.007 0.019 0.015 0.007 0.008 0.007
-100V | x¥ 5.98 5.97 6.1 5.95 5.82 5.82
y® 0 -2.10 ~4.30 -6.31 -8.27 -10.33
ZY 245.6 245.4 248.6 244.8 2416 2415
+200V | 04(K) 0.012 0.021 0.020 0.013 0.015 0.015
—200V | x¥ 11.81 11.84 12,17 11.85 11.53 11.50
y® 0 ~2.09 ~4.29 -6.30 -8.21 -10.23
ZY 2437 244 248.1 244.2 240.1 239.6
+300V | 0y(K) 0.024 0.03 0.032 0.027 0.026 0.025
-300v | x¥ 16.68 16.69 17.37 16.85 16.40 16.33
y®» 0 -1.98 -4.13 —6.03 ~7.86 -9.77
Z® 235.3 235.3 240.8 236.5 232.7 232
Table 2. Screen (two-phase mode)
o\k 0 1 2 3 4 5
0V | 0y(K) 0.013 0.022 0.020 0.009 0.006 0.006
y® 0 —211 ~4.24 -6.36 -8.49 -10.61
+100V | gp(k) 0.007 0.019 0.016 0.007 0.01 0.009
X 5.99 6 6 6 6 6.01
y® 0 -211 ~4.24 -6.35 -8.49 -10.61
+200V | 0y(K) 0.012 0.021 0.02 0.014 0.017 0.017
X&) 11.99 12 12 12 12.01 12.02
y® 0 —211 ~4.24 -6.36 -850 -10.63
+300V | gp(K) 0.028 0.033 0.033 0.030 0.032 0.031
X 18 18.01 18.01 18.01 18.02 18.04
y® 0 -2.12 ~4.26 -6.38 -8.52 -10.66
TECHNICAL PHYSICS Vol. 50 No.2 2005
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Table 3. Image surface (one-phase mode)
o\k 0 1 2 3 4 5
200V o4(K) 0.026 0.032 0.036 0.036 0.032 0.034
oV x¥) 6.38 6.21 5.72 5.72 5.91 5.88
y¥ 0 -2.15 -4.01 -6.01 —8.25 -10.30
Z 255.7 251.4 2395 2395 244 243
400V o4(K) 0.066 0.069 0.078 0.079 0.074 0.076
oV Yol 13.11 12.32 10.17 10.36 11.30 11.16
y® 0 -2.12 -3.59 -5.46 ~7.88 -9.72
ZY 260.5 250.7 2244 226.6 237.9 236
600V 4 (K) 0.081 0.084 0.091 0.092 0.089 0.092
oV x 17.86 15.97 12.95 13.2 14.73 14.46
y® 0 -1.86 -3.12 ~4.74 -6.96 -8.53
ZY 246.2 230.7 205.9 207.9 220.2 217.8

200, 400, and 600 V. The values of g,(k) on the screen
are presented in Table 4.

For ¢ =—200, —400, and —600 V in the asymmetric
mode, the associated values of g,(k) and ¥, v,

2 differ from those listed in Tables 3 and 4 insignif-
icantly.

The extent of the image surface along the z coordi-
nate in this mode is much larger, =51.2 mm, than in the
symmetric scan mode. As in the case of the two-phase
mode, the values of g,(K) for a specific beam on the
image surface and on the screen are comparable and the
drop in the resolution with increasing scan potential is
even higher: by a factor of 4-17 at the edge of the
screen.

Tables 1 and 3 (as well as 2 and 4) imply that the
two-phase scan mode is two to three times more effi-
cient in terms of theimaging quality than the one-phase
mode, at least in the EOS design under consideration.
For the deflecting system in magnetic-focusing EOSs,
the results are qualitatively the same (see part |1 of this
work).

(if) Thermsdeviation may serveto estimate only the
area of the spot of confusion (for an elementary or net
beam) and makes it possible to reveal the factors that
have the most obvious effect on the image structure.
Theimage structureitself ismost fully characterized by
the spread functions.

Figure 3 demonstrates the values and isolines of
spread functions S(p‘t) (i,]) for point emittersP, =P (x =

TECHNICAL PHYSICS Vol. 50 No.2 2005

0,y=0,z=0),P,=P(x=0,y=2mm, z=0),and P, =
P (x=0,y=4mm, z=0) when plates S; are grounded
(¢ = +0). InFig. 4, the values and isolines of functions
8, (i, }) (functions S (i, j)) after filtering) are shown.

Consider the effect of the scan potential on the structure
of these beams.

For the scan potential ¢ =300V in the symmetric
scan mode, Fig. 5 shows the isolines of spread func-

tions S5 (i, j) (k= 0, 2, 4) (left-hand column) and the

values of 357 (i, j) (right-hand column). Figures 5a-
5c correspond to emitters Py, P,, and P,, respectively.

Figures 6a-6c present the isolines of S, (i, j) (Ieft-

hand column) and the values of S5 (i, j) (right-hand

Table 4. Screen (one-phase mode)

d\k 0 1 2 3 4 5
200 V]
o 0.029 | 0.032 | 0.038 | 0.038 | 0.032 | 0.034
ov U
00V,
gl E 0.069 | 0.069 | 0.085 | 0.083 | 0.075 | 0.077
oV
00 V,
Be E 0.081 | 0.086 | 0.116 | 0.11 | 0.096 | 0.1
oV
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column) for point emitters P, (k = 0, 2, 4) in the one-
phase scan mode at ¢ =600 V.

Figures 3-6 validate the conclusions regarding the
rms deviation that the area of the spot of confusionin a
given cross section of an elementary electron beam
depends on the scan mode and potential, as well as on
the point emitter position. However, the rms deviation
characterizes only a circle (coordinate-wise an ellipse)

containing most electrons of the beam but cannot
inform us about the true shape and a fortiori structure
of the spot of confusion. For example, the spot of con-
fusion for the undeflected central beamiscloseto acir-
cleof radiusr = gy(0) = 0.013 mm (Figs. 3a, 4a). When
the deflecting plates are under potential ¢ =300V in
the symmetric scan mode, the related spot of confusion
on the screen is heavily extended along the scan direc-
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tion (Fig. 5a) (accordingly, 6%, (0) = 0.028 mm and

093)00 (0) =0.003 mm). Such an dllipse with the semi-

axisa=0.028 mm and b = 0.003 mm, which is centered
at the center of gravity of the beam, encircles about
70% of the trajectories. The same is also true for the
other elementary beams being scanned (Figs. 3-6).

Detailed investigation of the effect of scan fields on
the image structure in EOSs requires a large body of
TECHNICAL PHYSICS Vol. 50

No. 2 2005

computing experiments. However, certain conclusions
can be drawn by comparing the spread functions shown
inFigs. 4-6. In the absence of the scan potential, spread

functions AS(p? @i, ) (k =0, 2, 4) for the elementary
beams emitted from points P,, P,, and P, on the cath-
ode (Fig. 4) substantially differ from each other on the
screen, adequately reflecting the structure of the beams.
Next, inthe symmetric (Fig. 5) and asymmetric (Fig. 6)
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scan modes (the respective scan potentialsare ¢ = +300

and

600V), the resolutions of theinstrument at the edge

of the screen are nearly the same in the scan direction,
whereas the two-phase mode offers a much (severa
times) higher resolution in the perpendicular direction.
Other features related to the beam structures (Figs. 4—
6) are less obvious and call for further anaysis.

1
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Abstract—Computer analysis of the image of an arbitrary (point or extended) source obtained in 3D electron—
optic systems is performed. The systems involve magnetostatic and electrostatic fields, which, respectively,
focus and deflect the el ectron beams. Two approaches to image scanning are considered where the scan poten-
tials are applied in two (symmetric and asymmetric) modes. It is shown that the spread function of the source,
which characterizes the imaging quality of the system most fully, may serve as a primary computational crite-

rion. © 2005 Pleiades Publishing, Inc.

INTRODUCTION

The electron—optic systems (EOSs), including the
scan units, of pulsed electron-to-optic image converters
where imaging is accomplished under the action of the
magnetic field produced by a dc coil may basically
offer a femtosecond time resolution. An integral stage
in designing magnetic (as well as electrostatic [1])
EOSsis computer analysis of them.

A 3D mathematical model of such an EOS is con-
structed on the assumption that the net electromagnetic
fieldin it is stationary. An axisymmetric magnetostatic
field here is produced by adc coil, and an electrostatic
field (including that deflecting the electron beams) is
generated by the electrodes under given potentials. A
computer model of such EOSsisrealized in theform of
a program package.

Below, a devised program package is used to ana
lyze the effect of image scan modes (one-phase or
asymmetric and two-phase or symmetric) on the reso-
lution of a magnetic-focusing EOS. Image scanning is
carried out in two ways:. using a pair of separate plates
and using a pair of plates with two (entrance and exit)
dlit diaphragms.

1. BASIC DIAGRAM OF AN ELECTRON-OPTIC
SYSTEM

The basic diagram of an EOS with magnetic focus-
ing and electrostatic scanning is depicted in Fig. 1.
Here, S, isthe cathode; S,, fine-mesh grid; S;, anode;
S,, deflecting plates; S and S;, dlit diaphragms; S,
screen; and S;, dc coil. Conducting electrodes § (i = 1-
7) are under fixed potentials, S, being assumed to be
transparent for electrons.

2. COMPUTER MODEL
OF AN ELECTRON-OPTIC SYSTEM
WITH A STATIONARY ELECTROMAGNETIC
FIELD

The electromagnetic field will be assumed to be sta-
tionary. Then, the electrostatic and magnetostatic prob-
lems can be solved separately.

The electrostatic field is generated by the electrodes
kept under given potentials. The statement of this field
problem and its numerical solution by the finite-group
method (FGM) are considered in [1].

Unlike a potential electrostatic field, a magneto-
static field of strength H is a vortex field. A numerical
solution to linear field problems of magnetostatics can
generally be obtained by solving boundary integral
equations.

A dc coil generates an axisymmetric magnetic field.
Such magnetostatic fields can be calculated by analyti-
cally extending thefield from the axis of symmetry into
the interior of the domain. If H(r, 2 = (H,, 0, H,) isthe
strength of an axisymmetric magnetostatic field in the
cylindrical coordinate system (r, ¢, z) and zis the axis
of revolution, the magnetic field components can be

X, mm
- S S Ss S, S S S
4218;/1 2 Sg ‘514 o 53 )7
of 1L \
-20F || |
-40F 1 1 1 Z' 1 1 1 1 1 1 1 1
50 100 150 200 250 Z, mm
Fig. 1.
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represented as

H,(r,z) = H,(0, z)—rZZH'Z'(O, 2)+ ...,
(1)
H(r, 2) = —%H;(o, z)+:[—;H§3)(0, 2)+ ...

It is assumed that the magnetic field distribution at
the axis of the system, H,(0, 2), either is set analytically
or is known from experimental data.

Such a technique, being rather simple, has found
wide application. At the same time, the procedure of
analytical extensionisconditionally stablein numerical
terms. Therefore, an algorithm implementing relation-
ships (1) becomes of crucial importance.

The calculation scheme for analytical extension that
is embodied in the program package for EOS simula-
tion allowed us to construct a magnetic field in the
cylindrical domain 0<r < (1/2)R, where Risthe radius
of the anode chamber, with a high accuracy.

The characteristics of the system, as in the case of
electrostatic EOSs, are found by means of trgjectory
analysis[1].

Electron trgjectoriesin a stationary electromagnetic
field are described by the Cauchy problem for the set of
partial differential equations

ad't %{(x, tH = —ed (x)+§[ca’{(x, t)H(x)}, @

where r is the radius vector of a particle with mass m
and charge e and c is the speed of light (for the initial
conditions of particle escape, see[1]).

In relativistic case (2), numerical integration of the
equations of motion is performed by standard (implicit
or explicit) second-order schemesinvolved in thefinite-
difference method. It isessential that here, asinthe case
of electrostatic EOSs, adaptive beam-attendant spatial
computational grids are used.

Asbefore[1], the image of point emitter P on given
surface s will be characterized by the center of gravity
T of the electron beam emitted, rms deviation o of the
beam from center of gravity T, and spread function S(i,
j) of the point emitter.

The calculation results will be visualized in Carte-
sian coordinate system XYZ where the origin is placed
at the center of the cathode and the Z axis is aligned
with the optical axis of the EOS; cylindrical coordinate
systemr, U, z related to the XYZ system; and Cartesian
system X'Y'Z' to visualize the spread functions. Coordi-
nate system X'Y'Z' is obtained from XYZ by rotation
through the angle equal to the angle of rotation of the
image on the screen. In this case, the electrons emitted
from cathode points (0, y, 0) are collected on the screen
along the Y' axis provided that the plates are grounded.

BAD’IN et al.

3. IMAGE STRUCTURE IN AN AXISYMMETRIC
ELECTRON-OPTIC SYSTEM

Unlike an electrostatic field, a magnetostatic field
impartsnot only translational but al so rotational motion
to electrons. This necessitates a close ook at the elec-
tron gun of an EOS (an axisymmetric EOS without
scanning is meant, Fig. 1).

Imaging by means of the electron gun may be
viewed as bringing electrons emitted by point emitters
on the cathode surface to anet beam that has a minimal
cross-sectional area(crossover) inacertainplaneZ =2,
(the plane of crossover). In axisymmetric focusing
EOSs, the position of the crossover and the net beam
structure in the plane of crossover virtually completely
define the imaging quality, since, in these EOSs, the
electron trajectories downstream of the plane of cross-
over are close to straight lines. Therefore, computer
analysis of net beam passage through the EOS working
region (from the cathode to the screen) and approxima:
tion of the subsequent trajectories by straight lines give
a comprehensive estimate of the performance of the
electron gun. Such an approach is efficient in determin-
ing the shape and position of the image surface; image
structure on the image surface, screen, or any secant
plane of interest; angle of rotation of the image, magni-
fication on a given plane; position of the crossover and
the structure of the net beam in it; and position of the
scan unit. Moreover, one may aso extract the time
characteristics with this approach (they are omitted
from the present consideration).

Below, we report computer analysis data on the
behavior of a net beam consisting of 11 elementary
beamsin the working region of the electron gun (Fig. 1)
(the scan unit is under the potential of the anode cham-
ber, i.e., grounded). Each of the elementary beams that
is emitted from a cathode point (r, ¢ = const, r =0, 0.5,
1.0, ..., 5.0 mm) may trace 512 equiprobable trgjecto-
ries on assumption that the probability of a particle
escaping within asolid angledw at an angle 6 to normal
n, to point P varies as cos®0dw [1]. As follows from
computing experiments, this number of tragjectories suf-
fices to study the structure of an elementary electron
beam in the EOS under consideration. We also assume
that the electrons have the same escape energy Uy, that
is, the energy spread in the source is disregarded. The
results that follow were obtained for Uy, = 4 eV and a
potential difference between the cathode (S;) and grid
(S) of 10 kV.

(i) The parameters of the magnetic lens were
selected such that the beam emitted from the cathode
point with theradial coordinater =r, =3 mmisfocused
on the screen (i.e., the rms deviation o, from the center
of gravity 1, of the beam is minimal). When focused,
the centers of gravity of the 11 beams lie on the gener-
atrix of asurface of revolution that istheimage surface.
Inthiscase, g, (i = 1, 2, ..., 11) take values from the
segment [0.01, 0.15 mm] and theimage surfaceisfairly
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accurately approximated by part of an ellipsoid of rev-
olution.

Figures 2a and 2b show, respectively, the values and
isolines of the spread functions S _ (i, j) of the point

emitter with the radial coordinate ry; =5 mm (the edge
of the cathode) on the image surface. When visualized
on the image surface and a fortiori on the screen, the
spread functions of the elementary beams look much
different. It should be emphasized, however, that dis-
crete spread functions are hard to compare visually: an
extra smoothing procedure is needed.

Spread functions § (i, j), k = 1-11, were smoothed
with the same B-spline digital filter [1]. Smoothed
spread functions S (i, j) will be designated as Sk @i, ),
k=1-11.
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Ontheimage surface, functions érk @i,]) haveawell-

defined bell-shaped form, which somewhat deforms
with distance from the axis of the system. Figures 2c
and 2d demonstrate, respectively, the isolines and val-

ues of spread function Sk (i, })- Onthe screen, function

37 (i, ) aone has a bell-shaped form. This is because
the beams emitted from cathode pointsr;, i = 1-6, are
focused behind the screen plane and those emitted from
points r;, i = 8-11, are focused before the screen.
Accordingly, functions Si @i, ), i = 1-6, on the screen
have the form of a flattened bell and bell-shaped func-
tions Si (i,]), 1 =811, haveaclearly cut substrate (dif-
fuse base).

The advanced digital processing techniques make it

possible to comprehensively analyze the image struc-
ture in an EOS by computer methods. For instance,
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Fig. 3.

Fig. 3a shows the “photograph” of the point emitter
image (r, = 0, the center of the cathode) on the screen
with a 1000-fold magnification (the photograph was
obtained by digital processing methods); Fig. 3b, the
photograph of the point emitter with r;; = 5 mm; and
Figs. 3c and 3d, the photographs of the emitter r,; and
the emitter 0.01 mm distant. In Fig. 3c, the emitterslie
on the same ray passing through the center of the cath-
ode; in Fig. 3d, the emitters lie on anormal to thisray.
In both cases (Figs. 3c and 3d), theimages on the screen
are separated, the separation being more distinct in
Fig. 3d.

(ii) Computer analysis of mathematical models that
are developed for technical systems (EOS in our case)
is of practical value if computation is carried out with
split-hair accuracy. It is, as a rule, assumed that the
mathematical model of a given system adequately
describes physical processesin it. It would be good to
compare the system’s characteristics found experimen-
tally and analytically; however, this is a challenge
sometimes for a number of reasons (relevant experi-
mental data are impossible to obtain, a high cost of the
experiment, rough measurements, etc.). At the same
time, computational tests, representative as they may
be, cannot serve as an undeniable indication of validity
of computer analysis. Moreover, a known test problem

that is fully adequate to a given mathematical model
usually can be selected only in simplest cases. Fortu-
nately, thereisatest problem that isapplicable (to acer-
tain degree of confidence) to the EOS 3D mathematical
model under consideration.

Gaussian dioptrics assumes that systems with an
axisymmetric stationary electromagnetic field have a
cylindrical region G of small radiusr =Rz < L (L isthe
EOS length) that encircles the axis of revolution of the
system and where the radial components of the electro-
magnetic field linearly depend on r. If so, paraxial
monochromatic beams tracing smooth trajectories that
entirely fall into axial region G arefocused into apoint.
If, in addition, there exists an external electromagnetic
field that deflects the electron beams and weakly inter-
acts with the starting focusing field, the paraxial beam
is deflected as a whole, i.e., again is focused into a
point.

The EOS mathematical model considered in this
work is stated in a much more general manner than
Gaussian dioptrics. At the sametime, if we assume that
cylindrical region G of radius R; is accessible to
machine calculation (Rg/L > 10 and that the com-
puter model inaccuracy (associated with the need for
solving axisymmetric and 3D field problems and inte-
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grating the equations of motion) iscomparableto R/L,
there appears a possibility of Gaussian dioptrics being
numerically implemented in the framework of the EOS
computer model mentioned above. To do this requires
that solid angle dw to which the elementary paraxial
beams are confined (180° in the previous cal culations)
be considerably decreased.

Figure 4a shows the isolines of spread function
S, (i, ]) for the central electron beam (r, = 0) with solid

opening angle dw = 180° on the optimal image surface.
Here, the rms deviation of this beam, o;(dw) =
0,(180°) = 0.01 mm, isalmost equal to the radius of the
spot of confusion. Having fixed all the basic parameters
of the elementary beam under consideration (the num-
ber of trajectories (512), the electron escape energy, and
the electron angular distribution), we will see how the
size of the spot of confusion varies with the opening
angle dw of the beam.

The threefold decrease in the opening angle (dw =
60°) does not cause any appreciable change in the spot
of confusion (Fig. 4b), and the characteristic size of this
spot for the electron beam with dw = 20° (Fig. 4c) is
only =2.2 times smaller than itsinitial value (for dw =
180°). At the sametime, the central beam with dw= 10°
is focused to a“point of calculation” (Fig. 4d); that is,
the characteristic size of the spot of confusion on the
image surface becomes 200 times smaller than the ini-
tial value, 0,(10°) =5 x 107> mm.

A shift of the point emitter from the cathode center
(dw = 10°) resultsin arapid diffusion of the focus: the
beam emitted from the cathode point with the radial
coordinate r = 0.5 mm has a spot of confusion that is
comparablein sizeto the spot of theinitial central beam
with dw = 180° (Fig. 4€). Then, when the scan poten-
tials applied to the deflecting plates equal +30 V (the
dlit diaphragms are under the potential of the anode
chamber, Fig. 1), the central paraxial beam (r, =0, dw =
10°) is deflected by 3 mm virtually asawhole (o = 8 x
10> mm). At the same time, as the scan potential rises
to £100 V, the spot of confusion of the central paraxial
beam on the image surface substantially expandsto o =
0.004 mm (Fig. 4f).

Thus, the basic concepts of Gaussian dioptrics are
implemented in terms of our computer model of EOSs
with an electromagnetic field.

(iii) Investigation into the behavior of a bunch of
elementary beams as a whole (net beam) in the EOS
working region makesit possible to find the position of
the crossover and determine the net beam structureinit.
Other parameters that can be determined are the posi-
tion of the deflecting plates and an optimal angle
between them that eliminate vignetting, as well as the
angle through which the image should be rotated. To
illustrate the aforesaid, let us consider a bunch of six
elementary beams emitted from cathode points (r, Y =
const), r =0, 1, ..., 5mm. Each of the beamsis assumed
to cover 32 equiprobable trajectories.
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Figure 5 visualizes the structure of the net beam in
different cross sections (z = 0). Figure 5arefers to the
section where the effect of the magnetic field (rota-
tional moment) on the net beam becomestangible. Fig-
ure 5b shows the net beam structure in the plane of
crossover. Figures 5¢c and 5d illustrate the situations
when the net beam, respectively, comes into and goes
out of the space between the deflecting plates. Figure 5e
demonstrates the net beam structure in a section
between the scan unit and screen. Finally, Fig. 5f visu-
alizes the net beam structure on the screen. Note the
angle of rotation of the image remains nearly constant
from the entrance to the deflecting space to the screen.
The transverse sizes of the net beam at the entrance to
and the exit from the defl ecting space specify aminimal
distance between the deflecting plates that excludes
vignetting with the scan unit grounded.

4. EFFECT OF ELECTROSTATIC SCANNING
MODES ON THE IMAGE STRUCTURE

Let us set the task of elucidating the influence of the
one-phase (asymmetric) and two-phase (symmetric)
scan modes on the image structure in an EOS. Two
types of scan units are considered: a pair of separate
deflecting plates and a pair of plates with dit dia-
phragms (Fig. 1). Inthe one-phase scan mode, one plate
is grounded and the other is under a given potential. In
the two-phase mode, the deflecting potentials are equal
in magnitude but oppositein sign.

(i) Separ ate deflecting planes. The EOS resolution
versus scan potential ¢ for the symmetric and asym-
metric scan modes was studied as follows. Given ¢, six
elementary beams escaping the cathode (z = 0) with
escape coordinates (x=0, V;; i =0, 1, ..., 5) were calcu-
lated (Yo=0,y; =1, ..., y5 = 5 mm). Each of the beams
consisted of 512 equiprobable trgectories (the el ectron
angular digtribution for U, = 4 eV is given above).
Then, the least rms deviation g,(i) (i =0, 1, ..., 5) was
calculated for each of the beams; that is, the focus of the
beams was found in terms of this criterion. The values
of ay(i) (namely, o,(0) = 0.009 mm, gy(1) = 0.009 mm,
05(2) = 0.015 mm, 0y3) = 0.013 mm, oy4) =
0.014 mm, and gy(5) = 0.015 mm) correspond to the
case of the grounded plates (¢ = +£0 V, axisymmetric
system), with the beam originating from point (x = 0,
y3 =3 mm) being focused on the screen.

For the symmetric scan mode, Table 1 lists ratios
ay(i)/oo(i) (i =0, 1, ..., 5) for scan potentials ¢ = +90,
+180, ¥90, and ¥180 V.

From Table 1, one can see that the resolution on the
image surface may drop 1.33-5.10 times depending on
scan potential ¢ and the point emitter position. Column
X shows the values of coordinate x (the scan direction)
of the spread centers for all the six elementary beams
on the screen.
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[ution of the instrument on the image surface may drop
6-24 times depending on the scan potential and the
point emitter position.

For the asymmetric scan mode, ratios o, (i)/0, (i)
(i=0,1,...,5) for scan potentias ¢ = 180, 360, —180,
and 360V are given in Table 2. In this case, the reso-
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In the symmetric and asymmetric scan modes, the
image surfaces do not coincide and share a single line
of intersection, which isthe generatrix of theimage sur-
face in an axisymmetric EOS. Also, the deflection of
the elementary beam is virtually completely defined by
potential difference Ad between the deflecting plates
(columns X in Tables 1, 2). Consequently, the resolu-
tions of the instrument on the image surfaces that are
observed in the two scan modes can be well compared

Table 1. Two-phase scan mode

VWl o | 1| 2| 3|4 | 55 | X
+180 |51 |51 | 333|408 | 414 | 46 | 172
90 | 178 | 1.89 | 167 | 215 | 236 | 28 | 865
490 | 178|167 133| 177|214 | 3 | -865
180 |51 | 489 |32 | 385|379 | 493|-172

if A is fixed. Ratio 0, (i)/ 04, (i) (Where oy, (i) and

oiq, (i) arethe rms deviationsin the one- and two-phase

scan modes, respectively) showsin which of the modes
and how much the resolution on the image surface is
higher.

Thevaluesof oy, (1)/04e (1) (1=0,1, ..., 5) for Ap =
180, 360, —180, and —-360V aregivenin Tables1 and 2.
As follows from these tables, the resolution on the
image surface is two to seven times higher under the
two-phase scan conditions. Moreover, the depth of the
image surface along the z coordinate is 13 mm in the
symmetric mode and 30 mm in the asymmetric one.
Thus, in the system under consideration, the two-phase
scan mode is several times more efficient in terms of
imaging.

(ii) Deflecting plates with dlit diaphragms. The
EOS design (Fig. 1) the scan unit of which consists of
deflecting plates with two, entrance and exit, dit dia-
2005

TECHNICAL PHYSICS Vol. 50 No. 2



COMPUTER ANALY SIS OF THE SOURCE IMAGE STRUCTURE

10.6 ©

10.4 -

10.2

10.0

Y, mm

9.8

9.6

94+

1 1
-16.2 -15.8

X, mm

1 1
-17.0 -16.6

257

10.6 S e ®)

10.4

10.2

Y, mm

10.0

9.8

9.6

94+

1 1
-16.2 -15.8

X, mm

1 1
-17.0 -16.6

Fig. 7.

phragms will be numericaly analyzed following the
scheme used to analyze the design with a pair of sepa-
rated scanning plates (see the previous section).

For the symmetric scan mode and scan potentials
¢ =90 and £180 V, ratios gy(i)/oy(i) (i=0, 1, ..., 5)
arelisted in Table 3.

The results of calculation for ¢ = +90 and £180 V
arevirtually identical tothosefor ¢ = 90 and ¥180 V
up to sign (Table 3, column X). Thus, the resolution of
the EOS design under consideration decreases two to
seven times on the image surface according to the scan
potential and point emitter position.

For the asymmetric scan mode and scan potentials
¢ =180, 360, —180, and 360V, ratios o,(i)/a(i) (i =0,
1,...,5) arelisted in Table 4.

Under these scan conditions, the resolution on the
image surface drops by afactor of 5-18.
TECHNICAL PHYSICS Vol. 50

No. 2 2005

Comparing Tables 3 and 4 shows that, for the EOS
design considered, the resolution in the two-phase scan
mode may exceed that in the one-phase mode by afac-
tor of four a most. Thus, diaphragming somewhat
reduces the difference between the two scan modes.
Because of this, it would be of interest to estimate the
effect of diaphragming on the resolution in either scan
mode.

It follows from Tables 1 and 3 that digphragming in
the two-phase mode leads to an insignificant increase
(=10%) in the resolution at the edge of the image sur-
face; inthe remaining part of theimage surface, theres-
olution, however, drops. In the one-phase mode, con-
versely, diaphragming improves the resolution by 30—
60% throughout the image field (Tables 2, 4).

Thefact that diaphragming variously affectstheres-
olution in the one- and two-phase scan modesisjust the
reason why the resolutions approach each other in the
scan mode with diaphragming. At the same time, the
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Table 2. One-phase scan mode

¢,n\]/r>1yi, 0| 1] 2| 3| 4] 5 [Xmm
BB?E 14.89|14.22| 9.67|12.54|14.71|16.93| 17.2
gliq% 944| 956| 6.13| 8 | 879[10.27| 865
%’108(% 12 |1211| 7.66| 9.77|10.64|11.73| -865
%VZG(E 24.11|23.67|15.06 | 18.85|19.93|21.47 |-17.2

Table 3. Two-phase scan mode

¢1 V\y. Xl
mm. | 0 1 2 3 4 5

mm
+180 | 711|644 | 406 | 438 | 385 | 4.2 | 163
+90 | 4 23324 | 246|221 | 26 8.2

Table 4. One-phase scan mode

¢1V\y'1 X1
a0 1 2 3 4 5 | o
6

Bﬂh 6.56| 6.22| 4.93| 7.07/1035|14 | 163
o[l

8

gqﬂ 5 5 3.73| 546| 657| 83 | 82
0

18

goqa 8.11| 811| 533| 7.31| 836 9.87| -82
360,

5 0| 1733|171 | 1285|1477 |16.43| 1853|163

depth of the image surface along the z coordinate is 11
and 27 mm for the symmetric and asymmetric scan
modes, respectively. Hence, in this case, too, the two-
phase mode seems much more preferabl e than the one-
phase regime. Such a conclusion is totally consistent
with the result for electrostatic EOSs [1].

(iii) Structure of the spot of confusion for an ele-
mentary electron beam. The ¢ criterion (o isthe rms
deviation of the trgjectories from the center of gravity T
of a beam) is a straightforward [1], reliable, and more
or less information-carrying criterion in simulating
EOSs with an electrostatic and stationary electromag-
netic field, in which the spot of confusion is near-circu-

BAD’IN et al.

lar. Furthermore, this criterion is quite convenient for
comparative analysis of basically different operating
modes (designs), e.g., of those considered above (asev-
era-fold difference in resolution). At the same time,
scanning of the image not merely deforms but consid-
erably reconfigures the spots of confusion of point
emitters; consequently, it is necessary to replace the
rms deviation by a more informative criterion in study-
ing the image structure. The point-spread functions

before, S(i, j), and &fter, ép (i, ), the smoothing proce-
dure characterize the structure of the spot of confusion
of an electron beam most comprehensively [1].

Inreal EOSs, numerical image analysisrequiresthat
agreat number of spread functions (for different emit-
tersin order to gain a representative set of scan poten-
tials ¢) to be known. Here, we will consider only the
spread function on the image surface for point emitter
P (x=0,y=-5,z=0) at scan potentials ¢ = +0, £180,
and —360 V (asymmetric scan mode) in the case of dlit
diaphragm scanning (Fig. 1).

The values and isolines of the spread functions
before, S (i, j), and after, 8 (i, ), filtering at ¢ =
+0V are given in Fig. 2. For the two-phase scan mode
at ¢ = +180V, the values and isolines of S (i, j) are
givenin Figs. 6aand 6b, respectively. Figures 6¢ and 6d

show the isolines and values of AS%Z) (i, ]), respectively.
Similar information on spread functions S\’ (i, j) and

&% (i, j) in the asymmetric scan mode (¢ = -360V) is
visualized in Fig. 7.

Spread functions S\ (i, j) (i = 1-3; Figs. 2a, 6a, 7a)
and especially their isolines (Figs. 2b, 6b, 7b) clearly
demonstrate that the rms deviation as a criterion for
studying the image structure is inappropriate. At the
same time, the isolines (Figs. 2c, 6¢, 7¢) and values

(Figs. 2d, 6d, 7d) of spread lines 8 (i, j) (i = 1-3) cor-
roborate the validity of the scan mode analysis per-
formed above.

Note in conclusion that use of point-spread func-
tions greatly extends the potentialities of numerical
analysis when studying the image structure in various
EOS designs (Fig. 3) and makesiit possible to study not
only stationary spatial characteristics but many of oth-
ersaswell.
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Abstract—The influence of a gas atmosphere (O, or air) on the transverse photovoltage (TPV) induced by
X-ray irradiation in Cdl, specimensis studied. It is shown that the TPV measured at 295 K in avacuum grows
amost linearly with X-ray dose rate R. In a gas atmosphere, the TPV is of opposite sign and tends to saturation
when R exceeds 200 R/min. After evacuation of the system, the TPV value increases, attains a maximum, and
then abruptly drops (changing sign) to the initial “vacuum” value. Based on the results of this study and pub-
lished data, it is shown that such behavior of the TPV in Cdl, isrelated to X-ray-stimulated chemisorption pro-
ceeding by the acceptor mechanism. © 2005 Pleiades Publishing, Inc.

The processes induced by high-energy radiation at
the solid—air interface are today among the most topical
and yet poorly studied problems in radiation materials
science [1]. Interest in these processes is a so heighten-
ing because of the search for promising materials for
high-sensitive gas analyzers[2].

The transverse photovoltaic effects arising in lay-
ered Cdl, crystals exposed to optical and X-ray radia-
tioninavacuumwere considered in[3-5]. In this study,
weinvestigate the influence of gases (O, and air) onthe
transverse photovoltage arising in X-ray-irradiated
Cdl, crystals.

Specimens from Cdl, crystals grown by the Bridg-
man-Stockbarger technique [6] were prepared and
studied in the same way asdescribed in [3, 4]. The pho-
tovoltage was measured in the open-circuit mode, U,
on the specimens prepared in the form of ~10 x 8 x
(0.5-6.0)-mm parallelepipeds such that the normal to
the surface irradiated (10 x 8 mm) made an angle of 0°
and 45° with crystallographic axis C;. Ohmic contacts
made of K-13b silver paste were deposited on the 8 x
(0.5-6.0)-mm lateral surfaces. The specimens with the
contacts were placed into ametallic cryostat, where the
measurements were performed at 295 K both in a vac-
uum and in the gas media. URS-55A equipment with an
VSV-2 copper-anode X-ray tube (U = 45 kV, | = 0-
12 mA) served as an X-ray source.

In the 0°-cut specimens measured in a vacuum, the
TPV valueisamost independent of their thickness. For
both the 0°- and 45°-cut specimens measuring 10 x 8 x
6 mm, the TPV grows linearly with dose rate R. Curve 1
in Fig. 1 shows this dependence for the 0°-cut speci-
men. The 45°-cut specimen is approximately 2.5 times
more sensitive to X rays. The TPV values measured on
the layered cadmium iodide crystalsin a vacuum agree
with the datareported in [3-5, 7].

X-ray irradiation of Cdl, crystals at atmospheric
pressure in air also generates a TPV. However, in this
case, the voltageis of opposite sign and tendsto satura-
tion at R > 200 R/min (Fig. 1, curve 2). For the Cdl,
specimens in the O, atmosphere, the dependence is
similar but the saturated value of the TPV is 20-25%
higher. For theirradiation in air, the TPV induced in the
0°-cut specimen 0.5 mm thick is nearly half that mea-
sured in the 1.5-mm-thick specimen.

The dependence of the TPV generated in the 45°-cut
Cdl, crystal onthe oxygen pressureat R= 700 R/minis
shown in Fig. 2. As the pressure decreases, the TPV
grows, peaks, and then abruptly drops, changing sign
and saturating at the initial (vacuum) level. In air, the

U, mV

30F

20F

| O+

1 1 1
200 400 600 R,R/min

10
20 2

Fig. 1. TPV vs. Rfor the 0°-cut Cdl, crystal (1) inavacuum
and (2) inair.
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Fig. 2. TPV vs. the oxygen pressure for the 45°-cut Cdl,
crystal at R= 700 R/min.

run of the TPV versus pressure dependenceisthe same.
Such behavior is also typical of the 0°-Cdl, crystals.

When O, isfirst introduced into the cryostat during
theirradiation and then is pumped off, the TPV exhibits
aspike. In addition, the voltage changes sign when the
gasisboth introduced and pumped out. As compared to
the curve in Fig. 2, such a dependence shows an extra
peak at the instant of gas delivery.

It was found that the TPV resulting upon the X-ray
irradiation in oxygen strongly (nearly exponentialy)
varies with temperature in the interval from 295 to
380 K. In the high-temperature range, the dependence
U,. = f(R) becomes even linear at R > 150 R/min. With
adecreasein the crystal temperatureto 295 K, the TPV
takesitsinitia value. Preirradiation of the specimensin
avacuum does not affect their adsorptivity with respect
to air and oxygen either.

Theresults presented above suggest that a gas atmo-
sphere has a considerable effect on the value of a TPV
induced by X raysin Cdl, and may change its sign. It
was shown [3-5] that transverse photovoltaic effectsin
layered Cdl, crystals exposed to optical or X-ray radia-
tion in avacuum appear as the photogal vanic effect and
the transverse Dember effect [8], since the structure,
chemical bonds, and el ectric conductivity in these crys-
talsare highly anisotropic. The saturation of the TPV in
the gas media at 295 K and R > 200 R/min may be
attributed to competition between adsorption and the
process associated with the Dember mechanism [7],
with adsorption prevailing at high temperatures.

An intriguing feature of our observations is that the
R dependence of the TPV in Cdl, at 295 K under atmo-
spheric pressure (Fig. 1, curve 2) issimilar to that taken
inavacuum at 90 K [8]. At low temperatures, cadmium
diiodide has n-type conductivity, while at 295 K, unex-
cited cadmium iodide is a p-type semiconductor. Irradi-
ation by X raysat thistemperature generates donor cen-
ters at the surface and the surface takes a negative
charge [8]. Sorption of acceptor-type gases (O,, NO,,

MATVIISHYN et al.

N,O, ar CO,) [9, 10] reducesthe electron concentration
at the surface and lowers the conductivity of the speci-
men. Simultaneously, the concentration of holes near
the surface grows. The competition between the sorp-
tion on the surface and the generation of nonequilib-
rium charge carriers in the bulk specifies the sign and
absolute value of the TPV as a function of pressurein
the system [10].

Since the TPV takes the initial value and sign after
the gas has been pumped off, one can suppose that
X-ray-stimulated adsorption takes place on the surface
irradiated. The charge carriers trapped by surface
defects are likely to act as absorption centers, short-
lived defects playing a major part in the sorption pro-
cess[10].

The participation of free charge carriers in the
adsorption-related processes on the surface, as well as
the fact that these processes are temperature-activated,
suggest that the gases influence the transverse photoef-
fects via chemisorption [10-13]. It is implied that gas
particles are adsorbed on the surface, capturing free
electrons, rather than penetrate into the crystal [14].

The chemisorption produces a local surface energy
level, whichissimilar to normal impurity levelsrelated,
for example, to surface defects[12, 13]. Localization of
charge carriers on surface electron states charges the
surface. If free carriers are present in the bulk, they are
redistributed so as to neutralize the surface charge. A
double electrical layer thus forms near the surface, with
its thickness depending on the concentration of free
carriers and ionized impurities.

Thus, the efficiency of chemisorption to a large
extent depends on the charge concentration near the
surface and on the density of surface states. Under sta-
tionary conditions, adsorption on the semiconductor
surface comes into equilibrium when two processes
equilibrate with each other: (i) exchange between parti-
cles adsorbed and the gas medium and (ii) electron
exchange between the el ectron-hole system of thecrys-
tal and the adsorption-produced level [10-12]. In this
system, surface and bulk charges generate an intense
electric field directed normally to the surfaceirradiated.
Under sorption, electron (hole)-enriched or depleted
regions may be as deep as 0.5-50 nm [12].

The thinner the 0°-cut crystal, the more intense the
chemisorption on the rear surface due to X rays that
extend through the crystal. This generates an extraelec-
tric field opposing the field caused by the gas adsorp-
tion on the front surface. Competition between the
fields diminishes the TPV value. The increase in the
TPV early in the pumping may be due to the fact that
the absorption of X rays by the gas medium and charge
exchange between the particles adsorbed and the gas
weaken. The sharp fall of the TPV and reversa of its
sign during pumping are related to a decrease in the
number of particles adsorbed on the surface.
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Abstract—Analysis of a simplified equation derived previously for small-scale velocity components shows
that any turbulent flow of an incompressible liquid becomes unstable against infinitesimal perturbations of
small-scale velocity components if the strain rate tensor for the large-scale velocity is high. Such a statement
comesinto conflict with the classical stability theory, which specifically asserts that the Poiseuilleflow in acir-
cular tubeislinearly stable against infinitesimal perturbations. © 2005 Pleiades Publishing, Inc.

INTRODUCTION

The behavior of a turbulent flow under shear is of
fundamental interest, sincejust thistype of flow ismost
frequently encountered in applications. The question
arises as to whether turbulence can be suppressed by
the shear induced by alarge-scaleflow [1]. Our analysis
based on an approximate equation for small-scale
velocity components [2] shows that shear always
enhances the turbulence in a linear approximation. On
the other hand, data following from the analysis of the
Orr—Sommerfeld equations indicate that the Poiseuille
flow inacircular tubeislinearly stable against infinites-
imal velocity perturbations, however large the Rey-
nolds number, being unstable against finite-amplitude
perturbations|[3, 4]. A possible physical explanation for
such a contradiction will be given in the last section.

LINEAR ANALY SIS OF SMALL-SCALE
POLARIZATION FOURIER COMPONENTS OF
THE VELOCITY IN ANISOTRPIC TURBULENCE

With viscous forces showing up on small scales
ignored, the instability depends on the positive real
parts of characteristicindicesA; , involvedin thelinear
stability theory:

M= -S2/PP-40, M

where P contains only strain rate components §; =
%(ajui + 0,U;) (here, U; is an ith component of the

large-scale velocity) and Q contains, in addition, the
components of large-scale vorticity vector Q = curlU [2].

Evidently, the condition —P/2 > 0 suffices to induce
instability along some of the directions in the spectral
space. Hereafter, we will seek for the directions along
which quantity —P/2 is maximal. Note that the square

root in expression (1) may only increasethevalue of A;.
Rotating the coordinate system, one can bring symmet-
ric tensor Sto a diagona form, with eigenvalues S,
S,,, and S;; occupying the leading diagonal. They may
be ranked in descending order as

S112 5,2 Sy 2
In view of the incompressibility condition, we have
SutSpt+Ss =0. (©)

In the spherical coordinate system, the expressions
for P and Q after straightforward transformations take
theform [2]

-1 _3 _1
P = b 4cosze 4cosZr] 40032r] cosZEHSll

(4)
1
+ %‘1‘+ 400526 40052n + = cosZr] cosZ(%Szz,

Q= —%1(1—00529)(1+ cos2n)S,

S

-S,,5,c052n — —(1 +c0s20)(1+cos2n) (5
+ i(cosecosr]Ql + sinBcosnQ, + siang)z,

where 8 [0, 2] and n O [ > ﬂ arethe anglesin
the spherical coordinate system and = curlU (Q =
{Q1, Qz Qg}).

Let usintroduce, for convenience, function

f = —S% S.>0, (6)

1
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and seek its maximum in angular variables. In view of
(2), the explicit expression for function f will be
1.1

_ 3
f = —4+400529+4c032r| +

3 1
ZcosZr] — Zcoszn cosZEH

icosZr] c0s20

(7)

0l 1
+ o= —= +
a 0 cos26

whereda = S,/S;;.
From (2) and (3), it follows that

1
all [_é’ } ©)
Now we introduce new variablesa = cos20 and b =
cos2n (Jaj =1, |b| < 1) The relationships

_ 1, Y, =

0,f = 4 4b 4ba =0, 9)
_3,1,,3, 1

o0, f = 4+4a+40( 4a0(—0 (10)

are the necessary maximum conditions for functionfin
the new variables.

At a = 1, the linear set of Egs. (9) and (10) has no
solutions; at a # 1, it has the unique solution

6
a=3+ To1 (1)
= -1. (12
From (8) and (11), it follows that
as-1. (13)

With regard to the above restrictions imposed on
variablesaand b (i.e., to their ranges of definition), we
conclude that, in the angular variables, function f may
reach amaximum only at the extremities of their ranges
of definition, i.e., on the sides of a unity square. Con-
sider four sides of this square in detail:

@a=1 -1<hbsl,
f= __+b%l+2D’
then, f,x=1ab=1,
(bya=-1, -1l<b<l,
1, .0
f—— +b +0(D,
then, f, =0 ab=1,
(b =1, -1<ax<l,
1 a a
= 2 2 2(1 a),
then, f=1ata=1,
(db=-1 -l<ac<l,
f =-1-aq,
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then, f = const.

Thus, for any a O [—%
maximum of function f, f,, = 1. In other words, in a
coordinate system moving with loca velocity U, any
flow of an incompressible liquid that has a locally
large-scale tensor S # 0 becomes unstable against infin-
itessimal small-scale velocity perturbations provided
that S;; islarge enough for viscosity forces to be over-
come [2]; that is,

Su

7>vkﬁm.

1} , there exists a positive

(14)

Here, v is the molecular viscosity and K, = 2n/3IL,
where L is ascale that separates large-scale and small-
scale motions.

ANALYTICAL RESULTS ND
CONCLUSIONS

Relationship (14) impliesthat, in alocal coordinate
system moving with large-scale velocity U, any large-
scale flow of an incompressible liquid that exhibits
arbitrary large-scale vorticity Q is linearly unstable
againgt infinitesimal perturbations of the small-scale
velocity, provided that strain rate tensor Sfor the large-
scale velocity is high (i.e., exceeds viscosity forces).
Then, the validity of the approach adopted in the clas-
sical stability theory becomes questionable. This
approach leads to the Orr—Sommerfeld equation, in
terms of which, specifically, the parabolic profile of the
Poisedille flow in a circular tube reproduces the large-
scale and small-scale regions of the flow simulta-
neously (the parabolic or linear profile contributes to
the Fourier harmonics of small-scale vortices). Accord-
ingly, the small-scale velocity components are taken
into account twice. Thisraisesthe question: isthe state-
ment of the classical theory that the Poiseuille laminar
flow is stable against infinitessimal velocity perturba-
tions [3, 4] correct? It would be of interest to experi-
mentally verify the results obtained in this paper, rela-
tionships (14) in the first place, by artificially generat-
ing small-scale harmonic perturbations like those
considered in [4].
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Abstract—Questionsrelated to the effect of a plasmalayer on the vortex structuresin agasflow are considered
for the case in which the layer formsin aturbulent flow or in aflow of amixed type. It is shown that the onset
of a plasma layer in the turbulent flow leads to the efficient suppression of the low-frequency components of
the turbulent spectrum and to the displacement of the spectrum toward higher frequencies. © 2005 Pleiades

Publishing, Inc.

When aviscous gas flows along the surface of athin
plate, alaminar or aturbulent boundary layer (or alayer
of mixed type) arises near the plate. In the case of atur-
bulent flow or aflow of amixed type, the flow structure
at the outer boundary of a viscous sublayer in an inho-
mogeneous turbulent region near the plate surface is
spontaneously destroyed. The substantial vorticity gen-
erated at the plate surface evolvesinto pronounced vor-
tices, which then move away from the surface sublayer
and carry with them the angular momentum into the
outer region [1]. In statistical models [2] used to
describe the physical processes occurring in developed
turbulence, it is assumed that such a flow is generated
by an ensemble of irregularly evolving vortex elements
(perturbations, inhomogeneities, etc.) with very differ-
ent sizes. In order of magnitude, the sizes of the largest
vortices are equal to the dimension of the region of tur-
bulent motion and the sizes of the smallest vortices are
equal to the dimension of the region across which the
momentum can be efficiently transported under the
action of molecular viscosity, which smoothes the
velocity gradients [3].

Some questionsrel ated to aviscous gas stream fl ow-
ing around a plasma sheet produced by a slipping dis-
charge were discussed in [4, 5]. In [4], the problem was
analyzed of how the plasma sheet affects the character
of the gas flow, as well as of the dependence of the vis-
cosity on the degree of gas ionization in the plasma
sheet. In[5], theissuesregarding the dynamic evolution
of a dipping discharge at the surface of a dielectric
platein aviscous gas flow were considered. The results
obtained in those papers show that, after the discharge
has come to an end, aplasmalayer with acharacteristic
temperature distribution over its cross section formsin
a boundary layer above the plate around which the gas
flows [5]. Figure 1 shows the profile of the normalized
temperature T/T,,, across the boundary layer at the
timet, just after the termination of energy depositionin

the slipping discharge (in the figure, &* corresponds to
the maximum temperature T, [5]).

In order to gain insight into the effect of the plasma
region on the vortex structures, it isimportant to deter-
mine the relationship of the spatial scale of the smallest
vortices to the Debye screening length and the molecu-
lar mean free path because it might be necessary to take
into account molecular motionsin order to describe sit-
uations in which the motions of the medium occur on
very short spatial scales. In turbulent flows at Py =
1 atm, the average molecular mean free path is much
less than the sizes of the vortices[2, 3] and, in the case
under consideration, it is also less than the Debye
screening length (n= 102 cmr3, Ry = 2.5 x 10 cm), so
we can apply afluid model [2]. If we consider a vortex
asatube (Fig. 2), associate the angular vel ocity w, with
the frequency f, and define the period of the vortex by
the equality T, = 217w\, then we can speak of a turbu-
lent flow spectrum whose width may amount to 10 kHz
and even more[3]. Itisusually assumed that vortices of
vastly different sizes only dightly influence one

T/Tmax
1.0}

0.8

0.6

0‘4 | | | | |
0 0.2 04 0.6 0.8 1.0

0, mm

Fig. 1. Profile of the normalized temperature T/T 5 Over
the cross section of the boundary layer for Tyg = 3000 K,
&* =0.7mm,and =1 mm.
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another; it is only vortices of comparable size that can
exchange energy. It was established that viscosity has
an insignificant impact on the motion and structure of
the main turbulent flow, but it plays agoverning rolein
the final stage of turbulent energy dissipation, when the
velocity gradientsin small vortices are smoothed out by
viscous stresses[2]. If aplasmaregion ariseswithin the
turbulent flow, then the energy of large-scale vortices
(such that their sizes are comparable to the transverse
size o of the plasma region, see Fig. 2) can be lost
mainly because of the rotation of an electric dipole
formed by a vortex in the nonuniform electric field of
the plasma layer.

Let us examine this process in more detail. We
assume that, after the dlipping discharge has cometo an
end, it leaves a plasma region with a charged particle
density (at the time t,) of about n = 10* cm™ [6]. At
later times, the plasma density decreases as a result of
diffusion toward the boundaries of the region. After the
plasma has relaxed to a quasineutral state (the charac-
teristic relaxation time being 1y, ~ (Rp)%/4D,, Where D,
is the electron diffusion coefficient [7]), the plasma
region of thickness & isdominated by the ambipolar dif-
fusion of charged particles toward its outer boundaries.
Let there be a vortex with a characteristic angular
velocity w,, and characteristic radius R, (R, < &*, see
Fig. 2) within a plasma layer of thickness &*. We
assumethat the density distribution of charged particles
over a cylinder of unit length with radius R, corre-
sponds to the density distribution of charged particles
inside the layer. In the one-dimensional case, the diffu-
sive flow of charged particlesis directed along the nor-
mal to the wall (which is assumed to be in the XZ
plane). The cylinder rotatesin the direction indicated in
Fig. 2. Inthis case, under the assumption that the cylin-
der rotates as a single entity, the lower density regions
lying inside the rotating cylinder will fall into higher
density regions lying outside the cylinder. In this case,
the charged particleswill diffuse from the outer regions
(where their density is higher) into the regions inside
the cylinder (wheretheir density islower). The depth to
which the charged particles diffuse into the cylinder is
determined by the rotation velocity of the cylinder, the
electron diffusion velocity, the ambipolar diffusion
velocity, and the gradients of the charged particle den-
sities between the regions outside and inside the cylin-
der.

The accumulation of the eectric charge at the sur-
face of the rotating cylinder results from diffusion
caused by the difference in the charged particle densi-
tiesinthe outer and inner layersjust adjacent to the sur-
face of the cylinder. The depth to which the charged
paticles diffuse into the rotating vortex does not exceed
the Debye radius R;. Let us estimate the charge accu-
mulated at the cylinder surface. This charge is deter-
mined by the ambipolar electric field E, and also by the
ratio of the linear velocity u, of the surface of the rotat-
ing cylinder to the diffusion velocity u, of the charged
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Fig. 2. Schematic cross section illustrating the position of
the vortex in a plasma layer of thickness o.

particles. The temperature distribution over the cross
section of the boundary layer was calculated in our ear-
lier paper [5]. According to the results of those calcula-
tions, we have On/n > OT/T, which indicates that ther-
mal diffusion is unimportant. The ambipolar electric
field E,is described by the expression [8]

E,=(T/e)On/n, (D)
and the ambipolar diffusion velocity u, is equal to
uy = —D0n/n, ()

where D, = 2T/myv;, is the ambipolar diffusion coeffi-
cient, my isthe massof anion, v, istheion—neutral col-
lision frequency (the plasma is assumed to be weakly
ionized and isothermal, T,=T, = T= 0.3 eV), and eis
the charge of an electron.

Under these circumstances, the electron—neutral
collision frequency in air isequal to v, = 4 x 10°P, st
and the ion—neutral collision frequency isequal tov;, =

(VmM/M)vg, =2 %107 Pys?, where Pyistheair pressure
intorr [9].

Using formulas (1) and (2), we can determine the
dipole moment of a vortex in an inhomogeneous
plasma layer. The extent of charge separation in the
ambipolar field E, inregion | in Fig. 2 isdetermined by
the depth | to which the charged particles diffuse into
the inner layer just adjacent to the surface of the rotat-
ing vortex. For w, = 0, the depth | is on the order of
Ro(EA/Ep), Where Ep = T/eR,. Under the conditions
adopted above, we have Ry = 2.5 x 10* cm. For n =
10 cm3, this yields the following value of the maxi-
mum surface charge density: g, = 6.3 x 10°% cm™. The
charge density profile in the plasma layer is given by
the expressions [8]

N = N COS(XVi/Dp), O* JVi/Da=12, (3)

where v, = TPD ,/4(8*)? is the rate of ionizing collisions
[8]. The angular distribution of the surface charge den-
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W/Wmax
1.0

WKm/max
—41.0
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0.6
04
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Fig. 3. Dependence of the quantities W (solid curve) and W
(dashed curve) on f for afixed value of R .

sity over the surface of the cylinder has the form o =
0,Cosb.

In the ambipolar electric field E,, a vortex having
such a surface charge density distribution rotates with
the angular velocity w,. Asaresult of thisrotation, the
dipole moment of the vortex is averaged out. Under our
conditions, we have E, = 2.6 x 102 V/cm, v, = 3 x
10 st v, =1.5x10%s?, D,=2D;= 7.2 x 10t cm?/s,
D, = 78 cm?/s, ag(max) = 6.9 x 10°e cm?, and v, = 7 x
10? s,

The dipole moment P is equal to [10]

P = E,0,R;/2. (4)

A dipole having such amoment rotates in the ambi-
polar electric field E, of the plasma layer; in this case,
the dipole moment isinversely proportional to the rota-
tion velocity .

Hence, a steady distribution of the charges forming
the dipoleis established at the expense of the energy of
the rotating vortex. Let us estimate the energy lost by a
vortex with adipole moment P during itsrotation in the
ambipolar electric field E,. Provided that the viscous
friction can be ignored, the portion W of the kinetic
energy lost by the rotating vortex is determined by the
energy lost by the dipole rotating in the field E,. The
energy lost during the time that a vortex of radius R, =
0/2, rotating with an angular velocity w =1 rad/s, exe-
cutes one revolution is equal to W, = 104 J. The
kinetic energy of a vortex of the same size is equal to

MINAEV, RUKHADZE

W = 2.5 x 10728 J. The dependence of the energies W
and Wonf=w/2rtisillustrated in Fig. 3.

The results obtained above show that (i) the kinetic
energy lost by avortex in aplasmalayer is determined
by the dipole moment and angular velocity, (ii) the
energy lost by a vortex of fixed radius decreases in
inverse proportion to the angular velocity, and (iii) the
kinetic energy of avortex increasesin direct proportion
to the square of the angular velocity. Hence, the forma-
tion of aplasmalayer in the turbulent flow region leads
to the efficient suppression of the low-frequency com-
ponents of the turbulent spectrum, thus resulting in the
displacement of the spectrum toward higher frequen-
cies, i.e., toward the frequency range in which the
energy of the vortices is efficiently dissipated by vis-
cous friction.
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Abstract—BY accurately measuring the position of the peaks in the ion mass spectrum of residual gases, itis
found that the peaks are associated with hydrocarbon ions. The“mass defect” spectrum is close to that obtained
analytically. The deviations observed are related to the presence of the 13C isotope and nonsaturation of bonds
in the ions recorded. The experimental data obtained may be used as a reference in impurity microanalysis, in
calibrating the mass scal e of mass spectrometers, and in checking the theory of mass spectrum analysis. © 2005

Pleiades Publishing, Inc.

The sensitivity of commercia spectrometers pro-
duced in the Commonwealth of Independent States
allows direct (without concentration or using reference
mixtures) analysis of microimpurities at a level of 1—
10 ppm. Impurity ion identification is facilitated in the
presence of reference masses (peaks), aswhich some of
the residual gas peaks may be used. The positions of the
remaining peaks must aso be known, since they may
merge with the impurity peaks.

The basic goal of this work is to identify the mass
spectra of residual gases in the mass interval 300-500,
which partially covers the mass spectrum of fragments
of a uranium hexafluoride molecule or a molecule of
heavy partialy or completely substituted haloid hydro-
carbons. Calibration of the mass scale in this case is
similar to the calibration used in determining the
masses of metastable uranium hexafluoride ions [1].

The measurements were made with an MI-1201
AGM mass spectrometer in the ion count regime,
which was equipped with a secondary emission multi-
plier and did not need any hardware refinement. Since
the instrument is delivered by the vendor with a control
and data acquisiton program compatible with MS-
DOS, we devised a program with similar functionality
in the software environment Delphi for the operational
system Windows 9x/NT/2000. In particular, the pro-
gram alows for determination of the position of a peak
and its width at a given height and mass calibration
using two peaks. The standard service of the software
environment allows one to look through spectrum frag-
ments. Among the drivers, there is the one starting the

program in MS-DOS. The Windows operational sys-
tems make network control of the instrument and pro-
gram authaorization (in the case of Windows NT/2000)
possible.

The mass spectrum may be stored asafilewrittenin
the format of the program or as a text file containing
two columns of figures.

The processing of the mass spectrum, including the
determination of the position, heights, and widths of the
peaks; the background level; and the associated errors,
is accomplished by another (processing) program [2].
The processing program splits the mass spectrum into
peak-containing areas and approximates each of the
peaks by a Gaussian function with the least squares
method. It also alows correction of the mass scale
using known (reference) lines. Also, the time of pro-
cessing of the mass spectrum is calcul ated.

Both programs complemented by the user’s manual
and the mass spectrum considered in this work are
available from the site http: //www.mp.dpt.ustu.ru./mass
spectrometry/.

The measurements were performed without cooling
the traps of the magnetic discharge pumps at a pressure
of =3 x 10 Pa (the reading of a vacuum gage), an
emission current from the cathode of 0.1 mA, and an
ionization voltage of 50 V. For the ion masses to be
measured with a high accuracy, the mass spectrum was
recorded with a step of 0.01 u and an integration time
of 0.1 s under a continuously varying magnetic field.
The basic reason for the systematic drift of the mass
scal e was probably heating of the uncooled magnet dur-
ing its long-term operation in the large mass range.

1063-7842/05/5002-0267$26.00 © 2005 Pleiades Publishing, Inc.
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Fig. 1. Measured and calculated defect mass spectra for
residual hydrocarbons. M, mass; dM, mass defect; 1, calcu-
lated spectrum; 2, measured spectrum; and 3, ions with a
high concentration of unsaturated bonds.

To identify the mass spectrum, specifically to locate
the molecular ion peaks, it was processed by the pro-
gram mentioned above [2]. The mass scale was cali-
brated against the highest and narrowest peaks, which
were 3 u distant from the molecular peaks on either side
(the reason for such an effect will be clarified below).

The calibration (correction) curve for the positions
of the peaks that were calculated by the program was
approximated by a parabola with a standard deviation
not exceeding 10 mmu (1 mmu = 1073 u). Then, the
mass spectrum was refined (corrected) by taking into
account the parameters of the parabola.

The position of the peaks in the mass spectrum thus
obtained is convenient to describe by introducing the
notion of ion mass defect (see [3, 4, p. 76]). The mass
defect is defined as the difference between the mass
expressed in atomic mass units and the mass number.
The mass defect spectra of residua hydrocarbons (one
was derived (measured) from the mass spectrum cor-
rected and the other was cal culated using the tabulated
values of the masses, which ignore the isotope compo-
sition) arepresented in Fig. 1. The sharp variation of the
mass defect in the spectrum measured is due to changes
in the ion composition,

CxHy _’Cx+1Hy—11- (1)

Figure 1 also shows afragment of the spectrum cal-
culated for C,H, ions where the concentration of
unsaturated bonds exceeds the minimal necessary value
for the given mass.

The qualitative agreement of the spectra indicates
the adequate identification of the mass spectrum. The
increasing and more irregular discrepancy observed at
masses above 480 u is due to the depression of the
peaks. The discrepancy is most pronounced near the
molecular ion masses. This is because most of the
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Fig. 2. Fragment of the mass spectrum of residual hydrocar-
bons. The positions of the molecular ions are indicated.

mol ecular ions constituting the peaks next to the mol ec-
ular peaks (on the side of larger masses) contain the 1*C
isotope; therefore, the points of the mass defect spec-
trum that correspond to these peaks lie above the spec-
trum calculated. In this case, change (1) in the isotope
composition turnsinto
2, B )
For example, peaks 381 and 409 (Fig. 2) almost
completely consist of the molecular ions ¥ C*2CzHx
and 13C?CgHg,, respectively. For these ions, the devi-
ation from the spectrum calculated is 85 mmu. The
height of 13C isotope-containing peak 381 that was cal-
culated from the height of peak 380 (with allowance for
the isotopic contribution of the latter to peak 379) coin-
cides with the measured height (accurate to the mea-
surement error). Thismeansthat peak 381 consistsonly
of molecules containing the **C isotope. That iswhy the

mass defects for peaks 380 and 381 are close to each
other.

The fact that the molecular peaks with masses 380
and 408 are high (which indicates the stability of
Cy/Hs and CygHgo molecules against el ectron impact)
needs special consideration. The interplay between the
peaks discussed above shows up not only near the
molecular ions but also when the change *C — *2CH
in the ion composition (the mass defect increases by
7.8 mmu) gives way to the change ?C —~ 3C (the
increase by 4.5 mmu).

lons with a high concentration of unsaturated bonds
(Fig. 1) basically may greatly influence the mass defect.
In our case, however, such ions are present in small
amounts, as follows from the moderate deviations from
the calculation data, including the deviation related to
the change in the isotope composition. The influence of
suchionsisyet seeninthereduction of the mass defects
TECHNICAL PHYSICS Vol. 50
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for the peaks lying on the other (smaller mass) side of
the molecular peaks. Thereductionisdistinct, e.g., near
peak 366. One more piece of evidencethat theionswith
ahigh concentration of unsaturated bonds are contribu-
tors to the mass defect is the broadening of the peaks
subject to influence of such ions.

Therefore, when calibrating the mass scale of a
mass spectrometer, one should select high narrow
peaks far away from molecular peaks. If, in our case,
the calibration masses met the formula M H,,_e, the
standard deviation of the calibration (correction) curve
would have reduced twofold to become 5 mmu.
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Abstract—Emission characteristics of a high-current pulsed discharge in xenon are studied experimentally.
The study isaimed at devel oping a source of spontaneous UV radiation (with A <250 nm) for controlling high-
voltage crystalline diamond switches. © 2005 Pleiades Publishing, Inc.

INTRODUCTION

Spontaneous emission sources based on pulsed or
continuous-wave dischargesin gases or gas-vapor mix-
tures have found widespread application [1-4]. Of
great promise are pulsed UV lamps based on a freely
expanding high-pressure discharge (the so-called glob-
ular pulsed lamps) [4]. Digtinctive features of such
lamps are the short pulse duration, the high emission
power, afairly high (afew electronvolts) temperature of
the discharge plasma, the broad emission spectrum
containing a continuum component, and the low dis-
charge volume that enables the efficient optical focus-
ing of radiation onto an irradiated object. As compared
to discharges in other noble gases, dischargesin xenon
are characterized by the highest electric field and the
lowest potential drop across the electrode sheaths. This
feature makes discharges in xenon most promising
from the standpoint of the lamp efficiency [1]. It isrea-
sonable to employ the advantages of xenon globular
lamps in developing inexpensive efficient emission
sources for controlling high-voltage crystalline dia-
mond switches [5-7]. It has been shown that such
switches can be controlled by an electron beam [8] or a
UV laser [9]. However, the use of lasers or electron
accelerators in commercial switches is inexpedient
because of their high cost. In this context, the develop-
ment of an inexpensive pulsed UV source for control-
ling acrystalline diamond switch is a challenging prob-
lem. It is necessary that the bulk of the emission energy
of such a source lie in the wavelength range of A <
250 nm, which corresponds to the fundamental absorp-
tion band of crystalline diamond (A < 225 nm), as well
as to the impurity absorption band [10, 11]. It is also
desirable that the pulse duration of such a source be ho
longer than a few microseconds.

This paper, which is a continuation of [12], is
devoted to studying the emission characteristics of the
plasma of afredly expanding discharge in xenon.

EXPERIMENTAL SETUP AND MEASUREMENT
TECHNIQUE

The experimental setup consisted of a storage
capacitor bank and a high-voltage generator loaded on
a pulsed gas-discharge lamp. The cylindrical quartz
lamp with an inner diameter of 20 mm was filled with
xenon. The interelectrode distance was 5 mm. The
transmittance of the lamp wall in the spectral range of
200-250 nm was no | ess than 85%.

The discharge circuit consisted of pulsed lamp F,
storage capacitor C,, and trigatron switch S (Fig. 1).
Capacitor C, was charged through resistance R. The
charging voltage U, was 12 kV; the storage capacitance
Co was either 3.3 or 233 nF; and the natural oscillation
period of the discharge circuit was 0.08 or 0.85 us,
respectively.

The system for recording the discharge emission
consisted of an FEK-22SPU coaxial phototube and an
EPP2000C-25 spectrometer (manufactured by Stellar-
Net Inc., USA) equipped with aCCD array photodetec-
tor. The spectrometer was used to record the emission
spectrum (in relative units) in the 200- to 850-nm spec-
tral range. The FEK-22SPU, with the known absolute
spectral sensitivity in the 200650 nm spectral range,

U, Co L
[

; o] -

Fig. 1. Discharge circuit.
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was used to monitor the time evolution of the emission
power. The combined data from the EPP2000C-25 and
FEK-22SPU allowed us to record the emission spec-
trum in absolute units within the spectral sensitivity
range of the FEK-22SPU.

The discharge glow was photographed with a Sensi-
Cam CCD camera. To synchronize the discharge igni-
tion with the operation of the CCD camera, the dis-
charge gap was illuminated with radiation from aweak
spark discharge in air. The discharge current and volt-
age were monitored with a current shunt and aresistive
voltage divider, respectively.

A diamond switch was modeled by alla-type crys-
talline diamond photodetector manufactured by the
Alameda Applied Sciences Corporation. The electric
circuit of the photodetector was similar to that used in
[9] and consisted of a detector, a storage capacitor, and
a load resistance. The charging voltage of the storage
capacitor was 250 V.

EXPERIMENTAL RESULTS
AND DISCUSSION

In our experiments, we recorded the waveforms of
the discharge current and voltage, the emission power
and spectrum of the discharge, and the time evolution
of the visible discharge glow.

Figure 2 shows the waveforms of the current and
voltage for a discharge in xenon (for C, = 233 nF and
Uy =12kV) at apressure of 550 Torr, aswell asthetime
evolution of the emission power from the discharge and
the power deposited in the discharge. It can be seen that
more than 70% of the deposited energy is supplied in
the first half-period of the discharge current oscilla-
tions. About 36% of the energy stored in the capacitor
C, was deposited in the discharge, whereas the rest of
energy was dissipated in the switch. The emission
energy within the wavelength range of 200250 nm
was 4.2% of the energy deposited in the discharge. The
total emission energy within the 200- to 850-nm wave-
length range under study was ~1 J, the peak emission
power being ~500 kW. The full width at half-maximum
(FWHM) of the discharge emission pulse was 1.6 ps.
The emission power reached its maximum ~700 ns
after the discharge ignition. The discharge afterglow
lasted over afew microseconds.

The discharge emission spectrumisshownin Fig. 3.
It can seen that most of the emission energy fals into
the UV region.

Photographing a discharge in xenon (for T = 0.85
and 0.08 ps) with a CCD camera (see Fig. 4) showed
that the breakdown of the discharge gap was almost
aways multichannel. Individua channels then
expanded and, after ~200 ns, merged together.

Asisknown [3], the spatial distribution of radiation
from pulsed lamps is mainly determined by the distri-
bution of the emission intensity over the plasma vol-
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Fig. 3. Energy spectrum of the discharge emission.

ume. Therefore, it is of interest to study the time evolu-
tion of the plasma glow.

Figure 4a illustrates the time evolution of the dis-
charge glow at C, = 233 nF and p = 550 Torr. It can be
seen that the discharge glow becomes more uniform as
the glowing region expands.

For amuch smaller storage capacitance, the plasma
glow remained spatially nonuniform till the end of the
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Fig. 5. Time evolution of (1) the discharge current density,
(2) the discharge channel radius, and (3) the expansion rate
of the discharge channel. The circles show the measured
discharge channel radii.

glow. This can be seen in Fig. 4b, which shows a series
of photographs of a discharge for C, = 3.3 nF, U, =
12 kV, and p = 550 Torr. The FWHM of the glow is
220 ns. The glow intensity is maximal within the first
150 ns, when there are severa discharge channels.

The photographs of the discharge glow allowed us
to estimate the radius of the discharge channel, the rate
at which it expands, and the averaged (over the dis-
charge cross section) current density (Fig. 5), aswell as
to determine the time behavior of the discharge bright-
ness. The estimates for C, = 233 nF are shown in Fig. 2.

1O},

0.8 |

Fig. 6. Waveforms of the detector current I (dotted curve)
and discharge emission power P, (solid curve).

These results are valid starting from the instant t ~
200 ns, after which there is only one discharge channel
(the discharge brightness and the current density were
calculated using the approximate time dependence of
the discharge channel radius).

When a crystalline diamond detector was illumi-
nated with the discharge radiation (at C; = 233 nF, T =
1.1 ps, and p = 550 Torr), the waveform of the current
pulsein the detector circuit differed from the waveform
of the emission pulse (Fig. 6). The reason is that the
time evolution of the emission power in the spectral
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range of A <300 nm (recorded by the detector) was not
the same asthat in the wavel ength range of 200650 nm
(recorded by the FEK-22SPU). In [13], under similar
conditions, the emission pulse in the wavelength range
of 200—-300 nm was also observed to be shorter than
that in the range of 200-650 nm.

CONCLUSIONS

We have studied the spectral, energy, and temporal
characteristics of apulsed dischargein xenon. Thetime
evolution of the discharge glow has been studied using
a CCD camera. At a pressure of 550 Torr, the emission
energy in the 200- to 850-nm wavelength range was
~1J, and in the 200- to 250-nm wavelength range, it
was ~0.3 J, the conversion efficiency of electric energy
into radiation being 4.2%. The maximal discharge
brightness was >400 kW/(sr cm?), and the peak emis-
sion power was ~500 kW. The results obtained open up
prospects of using pulsed xenon lamps to control high-
voltage crystalline diamond switches.
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Abstract—A new type of hologram that elaborates upon the simplest (Gabor) on-axis hologram is suggested.
The new approach makesit possibleto eliminate the projected image distortionstypical of the Gabor hologram.
Specifically, based on areference-free thick hologram, an on-axis holographic screen that does not transmit the
zeroth order is prepared. In addition, this screen does not produce a halo and the conjugate image. It allows for
recording in one spectral range and reconstruction in another, thereby greatly simplifying the choice of alight-
sensitive record medium. With this screen, a color image can be projected. © 2005 Pleiades Publishing, Inc.

Elaborating upon the concept of recording the
Gabor hologram for creating image-projecting screens,
we have conceived the idea of using a reference-free
volume hologram for this purpose. The essence of the
idea is that, during recording the reference-free holo-
gram of adiffuser, phase modulation may suppress the
zeroth order in theimage reconstructed. The schemefor
recording such ascreenisdepictedin Fig. 1. Diffuser D

isilluminated by coherent radiation | o. When interfer-
ing, therays scattered from points Py, P,, Ps, ... of dif-
fuser D produce a complicated interference pattern,
which is recorded on light-sensitive film F. The struc-
ture thus obtained is called the reference-free holo-
gram. Each point of an object (diffuser) recorded on
such a hologram, e.g., point P,, may be viewed as a
coherent source relative to the remaining points of the
object (P, P3, ...). The entire hologram H can be rep-
resented as a sum of subholograms sh;, sh,, shs, ...:

H = sh,+sh,+sh;+....

Each of the subholograms may be independently
read by one of the points of the diffuser. In this case,
this point can be viewed as a reference source for the
given hologram.

The scheme for reconstructing image Dy, of diffuser
D, which serves as a visihility zone when 2D images
are projected, is shown in Fig. 2. Hologram H with the
image of the diffuser is illuminated by the radiation

from point P'2 , which coincides with one of the points
(point P, inthis case) of theimage of diffuser D (Fig. 1)
recorded on the hologram. Interacting with an appropri-
ate subhologram, this radiation reconstructs virtual
image D,, of diffuser D. Lens L behind hologram H
converts virtual image Dy, to real image Dg.

The scheme for 2D image projecting with such a
screen is shown in Fig. 3. Projection lens L, placed at

the position of point P, (Fig. 1) projectsimage | of a
scene onto screen H. Lens L behind the screen produces

Fig. 1. Scheme for recording the diffuse screen. D, diffuser

illuminated by coherent radiation To; (P, Py, P3, ...), sep-
arate points of diffuser D; and F, light-sensitive film record-
ing hologram H.

by H

|
Py

Fig. 2. Scheme for reconstructing image Dy, of the diffuser,

which servesasavisibility zone. H, hologram; P'2 , position
of the point reference source used to reconstruct the image
of diffuser D recorded on the hologram; Dy, virtual image
of diffuser D; and L, lens converting the virtual image Dy, of
diffuser D to its real image Dg.

1063-7842/05/5002-0274%$26.00 © 2005 Pleiades Publishing, Inc.
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real image Dy, of diffuser D. Image Dy, servesasvisihil-
ity zone VZ, through which observer h seestheimage|
of the scene focused on screen H.

In the experiments, athick (0.10-0.15 mm) layer of
self-developing bichromated gelatin sensitive in the
blue range [1-3] was used as arecording medium. Data
recorded on this material are visualized (developed)
directly during exposure and are fixed when kept in the
dark for several days. Thus, recording of the diffuser
hologram may be controlled immediately during expo-
sure.

Figure 4 demonstrates the experimental setup used
for recording and reconstruction of the screens. Lens L,
focuses the laser radiation into point S and then pro-
duces an illuminated spot of diameter E; = 10 mm on
diffuser D. Diffuser D made by the special technology
scatters the light within a small angle (about 0.03 rad).
As aresult, the diameter E,, of the illuminated spot on
the surface of light-sensitive film F is about 20 mm.
Using the directional diffuser, one can completely uti-
lize the energy of the radiation exposing light-sensitive
filmF.

Specifically, early in the exposure, only the zeroth
order (bright point P, , which is the image of point P,
produced by lensL) is seen at the center of the plane of
visibility zone VZ (Fig. 4). As the exposure increases,
the point image of the zeroth order diffuses and the vis-
ibility zone is uniformly filled with diffuse light. Point
images related to higher diffraction orders were absent.
So were a halo and the conjugate image of the diffuser.

The most interesting feature of the reference-free
volume hologram obtained in our experiments is that,
being recorded by the radiation with A = 442 nm, it
allows reconstruction by the radiation with A = 633 nm.
Such an effect, which comes into conflict with the
selectivity rules the volume hologram obeys, may be
explained by the fact that hologram H includes not only
the subhologram corresponding to point P, but also
many subholograms corresponding to other points of
diffuser D.

The fact that the reference-free hologram can be
reconstructed by radiation of awavelength much differ-
ent from the recording wavelength virtually means that
the hologram may be recorded in the sensitivity range
of the photographic film and then be used to project
color images.

Thus, having taken the Gabor hologram asthe basis,
we devised a new type of hologram that is capable of
compensating for the projected image distortions typi-
cal of the Gabor hologram. Specifically, based on the
reference-free thick hologram, an on-axis holographic
screen was developed that does not transmit the zeroth
order. Nor does this screen produce a halo and the con-
jugate image. Also, it allows for recording in one spec-
tral range and reconstruction in another. Such afeature

TECHNICAL PHYSICS Vol. 50 No.2 2005
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Fig. 3. Scheme for projecting 2D images by means of the
screen developed. Ly, projection lens placed at the position

of point P'2 (Fig. 1); L, lens producing real image Dg of dif-

fuser D, which is visibility zone VZ for observer h; and |,
image of scene | focused on screen H.

B ~a

Fig. 4. Experimental setup used to record and reconstruct
the on-axisscreens. Lo, lensfocusing the laser radiation into

point S D, highly directional diffuser with an illuminated
spot of diameter Ep; F, light-sensitive film in the plane of
which the diffuse light spot has a diameter Ey; L, lens pro-
ducing the real image Dy, of the diffuser during reconstruc-

tion (here, the diffuser serves as visibility zone VZ for
observer h).

simplifies the choice of arecord medium and makes it
possible to project a color image through the screen.
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Abstract—The electron dynamics in a quasi-one-dimensional ballistic ring that is subjected to two rf electric
fieldsthat have mutually orthogonal polarizationsand liein the plane of thering is considered. The mean dipole
moment and the ring radiation intensity are calculated. The condition for spontaneous symmetry breaking, asa
result of which the dipole moment of the system acquiresaconstant component, isfound. © 2005 Pleiades Pub-

lishing, Inc.

Advances in the technology of mesoscopic struc-
tures are encouraging experimental and theoretical
investigation into low-dimensional one-electron sys-
tems, specifically, quasi-one-dimensional rings (see,
e.g. [1, 2]). Most of the related works were devoted to
guantum phenomena. It has been shown [3-9], how-
ever, that quasi-one-dimensiona rings aso offer
intriguing classical electrodynamic properties. In this
work, we study the response of an electron placed into
a quasi-one-dimensional ring to two externa electro-
magnetic (EM) waves with mutually orthogonal polar-
izations that propagate along the normal to the plane of
the ring (the electric vectors of the waves lie in the
plane of thering).

Consider a planar ring of radius R (the thickness of
the ring is small compared with its radius) that repre-
sents a quantum well between two concentric potential
barriers. Along the radius, the electron is assumed to
execute gquantum motion; along the circumference, its
motionisclassical. We a so assume that the free path of
the electron is much larger than 2R (ballistic motion)
and the wavelengths far exceed the diameter of thering.
Then, in the dipole approximation, the el ectron experi-
ences the action of only the electric fields of the waves,

E={Esn(wt+B,) Esin(wt+B,). (D)

It is assumed that, at the zero time t = O (the fields
are absent), the electron has energy W and circulates
along the circumference. The equation of mation of the
electron in the ring has the form

® +Qrsingsin(w,t + o,
¢ + Qisingsin(w,t+a,) @

—Q3cospsin(w,t +a,) = 0,

where Q7 , = |e|E, ,/(MR), e and m are the charge and
effective mass of the electron, a; , =B, , + L and ¢ is

the angular coordinate measured from the Ox axis
(whichis parallel to field E,).

Field E is assumed to be radio-frequency: w; , >
Wyow (Wgay 1Sthe frequency of the“slow” component of
the electron motion, see below). To gain insight into the
slow motion of the electron, we will make use of the
Kapitsaaveraging method [10], which assumesthat ¢ =
® + &, where @ and & characterize the slow motion and
high-frequency oscillations, respectively. The slow

motion obeys the equation MR2® = —9U /0P, where

_ R R
Ug = MR 54[[&15 E@ZD}S”]CD
) ©)
Q1Q5 0l 1 1l |, 1. U
+ A[q) o sm2¢}m
R L

is the effective potential energy and A= 0 if w, # w, or
A= (1/2)cos(a; —ay) if w; =w,.

Let us consider anumber of special cases following
from expression (3).

(D) If wy, # w,, we get from (3)

Uy = mRTE&ZEZ— Eﬁ?ﬂjs‘nzq:. @)

T4 [0 D[

If Q2/w, > Q5/w,, potential energy (4) has minima
a®=0and® =1 If Q%/w, < Q5/w,, the potential
energy isminimal at ® = +172.

(2) If W, = w, = w, we have from (3)

2
Uy = ™R [(Q!-Qf)sinfo
4w 5)

—Q%Q%cos(a, —a,)sin2®],

1063-7842/05/5002-0276%$26.00 © 2005 Pleiades Publishing, Inc.
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which yields
2
Ugs = —m—BEQ“cos(al—az)sinZCD (6)
4w
if0,=0,=0.

If o, —a,# £7172, potential energy (6) has minimaat
@ =174 and ¢ = 5174.

B If w=w,=wanda; —a, = 12 (eliptically
polarized EM wave), expression (3) takes the form

mR? .2
Ugr = —5(Q1-Q3)sin"®. 7
4w

(4) If Q7 /o, = Q% /w,, it follows from (3) that Uy =
Oat w, #w,and/or a; —a, = £172.

From expression (4) for the potentia energy, we
obtain an equation for the slow (averaged over rf oscil-
lations) electron motion:

22 22
b+ 20 20 oo =
q>+4[%1D Eb)zm}sanzqs = 0. ©)
A solution to equation of motion (8) subject to the

initial conditions ®, = ®(0) and ®; = P(0) =
R(2W/m)Y2 has the form

D = W+, 9)
where
rarcsin{ gsnf wot
o CFFlaesin@ sn(@o-A). @)}, a<1,
parcsing tanh[wot + F(®—A, 1]}, q = 1,
Earcsin{ sn[quet + F(®,—A,q7), "1}, 9>1,

A=0if Q2w > Q3/w, or A = TW2if Q% /w, < Q3/w,,

_ |yl el

@ = 4/2 Col ~ o' ()
- 2

2 = %’+%(1—0052(<D0—)\)), (12)
W

sn(X, K) is the dliptic sine, and F(X, K) is the elliptic
integral of thefirst kind [11].

The fundamental frequency of the slow motion of
the electron is given by

1
O <1
K(g)
Wgon = Gop 0 G = 1 (13)
DL_]_’ q>1l
K(g™)
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where K(X) is the complete eliptic integral of the first
kind [11].

The specific (per electron) dipole moment (relative
to the center of thering) and the ring radiation intensity
are expressed as[12]

P = eR{cos®, sind} , (14
2 =2 2 2,4 =2

| = =P = —(eR)(® +&). 15
e 303( )*( ) (15

Thering radiation intensity is found by substituting
(9) into (15),

2 2 4
| = —(eR) w,
3c? 0

Eﬁ“ + (1 —2q°)sn’[ wyt

%F(arcsn(q‘lsn(%—mq).q], a<1. (16
x%lsechz[(ooHF((Do—)\,l)], q=1,

Eq“ +(1-2q°)sn’[quyt

HrF(®o-A g ). a’], g>1.

The mean radiation intensity is given by

0= = (eR)*wiG(), (17)
3c
where function G(q) hasthe form
ap 2[4 _ E@)
éq +(1-2q )[1—K(q)}, q<1
G(q) = %D, q=1 (18)
-2y 1- B g>1
%q [ K(g )}

and E(x) is the complete elliptic integral of the second
kind [11].

At g < 1, the electron weakly oscillates and G(q) [J
g%/2; then, (17) yields

2,4 2

n0= L (eR)2wic’. (19)
3c

Atg>1(.e, wp < dp), wehave @ = Dol
therefore, G(q) g, (6x,0)* O &, and (17) yields
0= 1, = -2 (eR)’ds, (20)

3c

Expression (20) coincides with the expression for
the emission of an electron describing acircle of radius



0 | | | | | |
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q

Fig. 1. 0o vs. q = q(dJCZ)ImS) at ®y = 4.

0.5 06 0.7 0.8 09 1.0 ¢

Fig. 2. Mg vs. q = q(Pp) a Po/wy, = 0.45.

Rwith aconstant angular velocity [12] that corresponds
to energy W = R2dg m/2.
Consider function I{g) where q is a function of

either ®g/wd or By
G 1 .
10= 15221 M@+ M@ | (@0 = 100, (21

where

(1—cos2(®P,—A))
o — (1/2)(1 - cos2(®,—A))

M(q) =

FEDOROV et al.

or

- G(a) 1n2
Od= ly,—5*|1+B(q)+=B ,
e BRLCRSCIC) -

(Dalw? = fix),
where B(q) = 2(cRwi/ s —1).

Figures 1 and 2 plot the curves Il o(q) for Q7 /w, >
Qﬁ/oo2 that are constructed by formulas (21) and (22),
respectively.

The mean dipole moment [PLof thering isfound by
substituting (9) into (14) and averaging the result over

period Tyqy = 20wy, At q > 1, we have [PL= {0, O} .
At g <1, two cases are possible:

O 1 [l
(P = eR[(t=——,
T
for QF lo, > Q5 /0, and
O] mn U
PO = eR[D, =
RRTIC)

for Q3 /w, < Q5 /w,. Thiseffect can be explained asfol-
lows. When exposed to the electric field of an incident
EM wave, the ssow motion of the electron is motion
insideawell inthetwo-well potential relief (see(4)). At
g > 1, the energy of the electron exceeds the height of
the potential barrier between the two wellsand the el ec-
tron overcomes the barrier. At q < 1, the electron oscil-
lates within one well. Thus, a q = 1, the symmetry
spontaneously breaks and the dipole moment of the
system may acquire a constant component (optical rec-
tification) [3].

If the ring contains N electrons, the expressions for
P and 0PClre multiplied by N and those for | and Tl by

N2 (provided that ®, and & are the same for al elec-
trons).

Let us make numerical estimates. For R = 5 x
10"°cm, m = 0.1m, (m, is the mass of a free electron),
W=2x103eV, w, =10%s?, w,=10"%s?, E; = 1.5x
10*V/cm, and E, = 3 x 10° V/cm, we have Q, = 2.30 x
102 st Q, = 1.03 x 10¥ s?, wy, = 3.73 x 10" s,

Do /0y, = 0.45, and Q% /w, > Q3 /w,. For ®, = 174 and
the parameter values listed above, we obtain g = 0.84
(see (12)) and wy,,, = 2.82 x 10 st (see (13)). Thus, it
followsfrom (21) and (22) that Il , = 8.06. For the EM
wave frequencies used in this work, the inequality
Wy 2 > Wy Which is the condition necessary for the
Kapitsa averaging method to apply, holds. For the elec-
tron collision frequency v = 5 x 10° s%, we have 2mtv <

TECHNICAL PHYSICS  Vol. 50

No. 2 2005



QUASI-ONE-DIMENSIONAL BALLISTIC RING 279

Wyom Which means that the ballistic approximation

works well in description of the electron dynamics in
thering.
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Abstract—The behavior of surface polaritons that can propagate along a flat interface between a polarized
Dirac vacuum and anormal metal is studied. Dispersion relations for the surface wave are derived for different
field polarizations, and the frequency domains where this wave may exist are found. It is shown that a constant
electric field polarizing a Dirac vacuum can be determined from experiments on surface wave excitation. ©

2005 Pleiades Publishing, Inc.

Electromagnetic waves propagating along flat inter-
faces between materials with different insulating prop-
erties continue to be a subject of keen interest [1-3]. It
is known that a surface H wave (P polarization) may
propagate along the interface between media with pos-
itive and negative permittivities (g, and —&,|, respec-
tively), which decays on both sides of the interface [4].

The term surface wave was first introduced in the
context of the theory of rf wave propagation over the
terrestrial surface. As early asin 1907, Zenneck [5, 6]
theoretically showed that a slow rf wave may travel
over conducting areas of the terrestrial (or sea) surface.
Basically, thiswaveissimilar to that propagating along
a conductor.

The optical properties of free electron bunches
[7; Sects. 13, 48] alow investigation of their internal
structure. According to Dirac [8], vacuum may be con-
ceived as a set of free electrons occupying negative-
energy levels. It is shown in thiswork that, considering
surface polaritons at the polarized Dirac vacuum-nor-
mal meta interface, one can study very high constant
electricfields E, < E,, = mPc3/ef = 1.3 x 10'6V/cm (oth-
erwise, i.e., for E; > E,, breakdown of the vacuum will
take place).

A Dirac vacuum polarized by field E, exhibits not
only insulating but also magnetic properties. Its permit-
tivity and permeability tensors have the form [9]

g = (1+8TRE})S; + 16TRE Ey;, )
Hy; = (1-8MRES); + 56MREE,,, 2

where R = a/360m2E> and o = e?/fic.

Notethat formulas (1) and (2) apply to both constant
and variable fields if the frequency of the latter is w <
mc?/f [10].

The permittivity of a normal metal is given by
[11, 12]

Egj = 826” = [1—00,23/00(&)4'”'[)]6”1 (3)

where w, = (4me?/m*)¥2 is the electron plasma fre-
guency, n is the electron density, e is the electron
charge, m* isthe effective mass of an electron, and T is
the electron relaxation time (the time between collision
of electrons with defects or impurities).

Formula(3) for the permittivity describesthe contri-
bution of intraband transitions to the permittivity of a
gas of near-free electronsin a metal or n-semiconduc-
tor. In high-purity metals, T ~ 10° s; for typical metals,
w, ~ 10% s [12]. Therefore, in the range of positive
dispersion T < w < W, where w =10"-10% s, the
imaginary part of permittivity (3) may be safely
neglected and the decay may be considered weak.
Then, permittivity (3) becomes a real and negative
function of frequency,

&aj = &0 = ~(wy/w’ ~1)5;, @
and the metal represents a surface-active medium [13].

As ametd, it is convenient to take an alkali metdl,
e.g., Na, with aspherical Fermi surface, which provides
the isotropy of its permittivity. The permeability of a
nonmagnetic metal is py; = J;.

Consider the propagation of a surface electromag-
netic H wave along the polarized Dirac vacuum—normal
metal interface. Let the interface be plane xy. We
assume that the wave propagates along the x axis and
field H is directed along the y axis. For P-polarized
waves, which are proportional to exp(—iwt), with non-

1063-7842/05/5002-0280$26.00 © 2005 Pleiades Publishing, Inc.
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zero components {E,, H,, E;}, the Maxwell equations
have the form

9H,/9z = i(w/c)D,, 9H,/dx = —i(w/c)D,,
0E,/0z—0E,/ox = i(w/c)B,,

whereD = €E and B = L H.

Let the half-space z > 0 be filled with a polarized
Dirac vacuum with a positive (€, ) permittivity and the
half-space z < 0, with a normal metal with a negative
(g,) permittivity. The field in the wave decaying at
infinity (z— *c0) is sought in the form

H, = Hyexp(ikx—k,z) a z>0, (6)

H, = Hyexp(ikx+K,z) a z<0, @)
where k, K4, and K, are real. The boundary condition
H,(z=0) = H,(z=0) has been already satisfied, and the
continuity condition for E, yields a dispersion relation
k = k(w),

)

1 0H; 10H,

281

It will be seen below that K, > K, . Then, the inequal-
ity |&] > €14 IS @ necessary condition for the surface
waves to exist. This inequality imposes an upper limit
on the allowable frequency range: w < wy/(1 + £1,,)"2
Consequently, the surface wave frequency must satisfy
theinequalities T < w < wy/(1 + £,,) Y2

From Maxwell equations (5) for field (7), it follows
that

(10)

Now let us assume that E, (polarizing field) = (Eg,
0, 0). According to Maxwell equations (5) for field (6),
an expression for K, for this direction of the polarizing
field takes the form

K3 = (1+ 24TRES)

= —— 2 2 11
ez 5oz 2270 ®) x ———‘5———2—%(1—811RE§X) : (1)
or 1+8mRE;,, C
Ki ﬁ. (9) In view of (10) and (11), dispersion relation (9) is
€ €] expressed as
2
2 W
kK'(w) = =
Cc
(12)
[(1 + 8nREOX)(w - )[(1 8nRE0X)oo + 32nRE0Xoo ]g
D Wi (W — 2w°) — 32MRES,w' (1 + 6TIRED,) 0
~ Then, the surface wave frequency must satisfy the  to (5), by
inequalities K;lz _ (1+8nRE§y)
T < w< w/,J2(1+12nREZ). K2 (13)

If the polarizing field isaligned with they axis, E, =
(0, Eoy, 0), K4 appearing in field (6) is given, according

2
x| —=—— —2(1+48TRES) |,
1+8nRE,, ¢

and, inview of (10), we come to the dispersion relation

2

K(w) = &
c

(14)

E(l + 8nREoy)(oo -W )[(1 + 48nRE0y)w 40nREoyoo ]D

D Wi — 2w7) — 16TIRES,w' (1 + 4TIRED,) 0

Inthis case, the surface wave frequency must satisfy  to (5), by
the inequalities 5 5
K; = (1+81REg,)
-1 - 2

T < W< w/J2(1+41RE). 2 (15)

If the polarizing field is aligned with the z axis, E, =
(0, 0, Eg,), K, appearing in field (6) is given, according
TECHNICAL PHYSICS  Vol. 50
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and, in view of (10), we cometo the dispersion relation

LOMTEV

K(w) = =

c
(16)

D(l + 24T[REOZ)(00 -Ww )[(1 8T[REOZ)00 + 16nREOZoo ]g
D wi(W; — 260°) — 32MREL,w" (1 + 6TIRES,) 0

In this case, the surface wave frequency must satisfy
the inequalities

T < W< 0/ 2(1+ 4TIRES,).

It is seen from dispersion relations (12), (14), and
(16) that the field polarizing a Dirac vacuum causes the
dependence of the surface wave frequency spectrum on
its polarization.

The figure shows the dispersion curves for the sur-
face polaritonsthat are obtained by numerically solving
dispersion relations (12), (14), and (16). The difference
between the spectrum branches, which is dueto the dif-
ferent directions of the field polarizing the Dirac vac-
uum, is the most pronounced at frequencies close to
w = /(1 + &4,,) Y2 From expression (10) for k, and dis-
persion relations (12), (14), and (16), it follows that the
penetration depth of the electromagnetic field of the

surface wave into the metal is & = k;' = clay, =
J3clveks > 1y, where ve = 105108 cmi/s is the Fermi

velocity of electronsand ki = ryisthe Thomas—Fermi
radius. On the other hand, the free path of an electronin

chicy

'—‘I\)UJ-BUIO\
T

1
0 01 02 03 04 05 06 07
oy

Wavevector ck/oy, vs. reduced frequency w/wy, for surface
polaritons. The bottom curve is the solution to dispersion
relation (12); the middle curve, to dispersion relation (14);
and thetop curve, to dispersion relation (16). The parameter

values are &1, = 1, RE5, = 1073, REp, = 2 x 1073, and

RE(Z)z =3 x 1073, The allowable frequency range is 10° <
Wy <0.7.

ametal is 1= Tvg = /31wl > I The ratio 8/ =
(c/ve)lw,t is on the order of 10102 Since 6 < 1, it

may be considered that a surface wave in ametal expe-
riences the anomal ous skin effect.

The waves with dispersion relations (12), (14), and
(16) are Zenneck surface waves [5, 6] propagating
along the flat polarized Dirac vacuunm—normal metal
interface with the frequencies in the visible range.

If the volume of a polarized Dirac vacuum is exper-
imentally accessible, the contribution of the polarizing
field isthe easiest to determine by measuring either the
optical birefringence for linearly polarized light or the
angle of rotation of polarization ellipse for dliptically
polarized light [9]. If only the surface of a Dirac vac-
uum is accessible in an experiment, one readily finds

the contributions RE3, , RE5, , or REg, to the permit-
tivity and permeability of a polarized Dirac vacuum
from dispersion relations (12), (14), or (16) by optically
exciting surface waves.

It is easy to check that the propagation of surface E
waves (S polarization) with components {H,, E, H,)
along such an interface is impossible.
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In Memory of Sergel A. Kornilov

S.A. Kornilov, Dr. Sci., Prof., Honored Scientist of
the Russian Federation, and a member of the editorial
board of the Tekhnicheskaya Fizika journal, died Octo-
ber 27, 2004, after a serious disease.

Kornilov was born July 4, 1927, in Tambov in the
family of a serviceman. In 1938, his father was sub-
jected to repression, and Sergei and his mother left
Tambov for Leningrad. In spring 1942, being seriously
ill after the blockade winter, Kornilov was conveyed to
the“ continent” on thelast trip. After thewar, he entered
the Moscow Institute of Steel and Alloys. However,
dreaming of the seafrom childhood, he made adecision
to leave the Moscow ingtitute for the Leningrad Ship-
Building Institute but was not admitted because of his
bad eyesight. He entered the Leningrad Polytechnical
Institute, Department of Physics and Mathematics, and
graduated from that ingtitute in 1950. In 1954, he
defended his Cand. Sci. dissertation and, in 1968, doc-
toral dissertation. In 1974, Kornilov became the head of
the Chair of Radio Engineering and, in 1975, the dean
of the Department of Radio Physics. From 1978 to
1993, he worked as the head of the Chair of Electron
and Quantum Devices at the Bonch-Bruevich Electro-
technical Institute of Communication. In the last few
years, he worked in this chair as a professor.

Kornilov isthe author of 120 scientific publications,
including 2 monographs. Forty disciples of Kornilov

have defended Cand. Sci. dissertations, and two of
them doctoral dissertations.

The scientific activity of Kornilov was intimately
related to industry. In 1958, he founded a laboratory of
microwave electronics at the Chair of Radio Engineer-
ing, Leningrad Polytechnical Institute, which met the
orders of the Ministry of Electronic Industry of the
Soviet Union and became the forge of brainpower for
this branch of industry. Initially, the laboratory
designed and created microwave tubes. The unique
K-11 frequency-multiplier klystron, with a frequency
multiplication factor of 11, was produced by the Svet-
lana factory for more than 30 years.

From 1960 to his last days, the basic field of Kor-
nilov’s scientific interest was the physics of noise and
fluctuation in electron tubes and solid-state electron
devices. A specific feature of the scientific school
founded by Kornilov was unity of theory and experi-
ment. He devel oped the quasi-static method of fluctua-
tion analysis for microwave devices, aswell asthe ade-
guate noise models of amplifier, multiplier, and reflex
klystrons;, magnetrons and amplitrons; and oscillators
and amplifiers based on tunnel diodes, avalanche
diodes, bipolar and field-effect transistors, and Gunn
diodes. In addition, Kornilov devel oped the noise mod-
els of microwave mixers and detectors based on Schot-
tky-barrier diodes. Finally, he devised high-precision
techniques for noise and fluctuation measurement,
which are used in the industry as state standards, spe-
cificaly, by manufacturers of high-sensitive and ultra-
low-noise microwave systems.

Kornilov was a highly educated person. He knew
German and English. At the age of forty, he started
studying Spanish and leaned this language perfectly.
He was enthusiastic about poetry and began to translate
Spanish poems. Literary men consider Kornilov's
trandationsof M. Lorcaand O. Pasainto Russian asthe
best of those currently available. Some of the transa
tions were published in the Vsemirnaya Literatura
journal. A small collection of the Lorca poems trans-
lated by Kornilov was issued by the Borel publishing
house.

Those who knew Sergei A. Kornilov will remember
him as aman of mighty intellect and high moral princi-
ples.

Editorial Board
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