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Abstract—The isomeric ratios measured for 44m, gSc in (γ, n), (p, n), (p, αp3n), and (α, p3n) reactions are pre-
sented. The values obtained in this way are compared with the results of calculations within the cascade–evap-
oration model and with data coming from an investigation of reactions like (n, 2n), and (d, t). © 2000 MAIK
“Nauka/Interperiodica”.
1. INTRODUCTION

One of the ways to deduce information about the
properties of nuclei consists in studying the excitation
of isomeric nuclear states and measuring isomeric
ratios in various nuclear reactions. These data are of
interest both from the standpoint of their possible prac-
tical application—for example, in optimizing the con-
ditions under which induced gamma radiation [1] can
produce radioactive pharmaceuticals—and from the
standpoint of studying reaction mechanisms and the
viability of their theoretical description [2]. In this con-
nection, comprehensive investigations that permit a
comparison of data obtained in various nuclear reac-
tions are of importance.

Among the few nuclide species that can be obtained
experimentally, we would like to mention the 44Sc
nucleus. Owing to the availability of this nuclide, the
excitation of its isomeric states can be studied in vari-
ous nuclear reactions, including 45Sc(γ, n)44m, gSc,
45Sc(n, 2n)44m, gSc, 41K(α, n)44m, gSc, 44Ca(p, n)44m, gSc,
44Ca(α, p3n)44m, gSc, and 46Ti(γ, pn)44m, gSc. The present
article reports on a continuation and a generalization of
an investigation of the energy dependences of 44Sc iso-
meric ratios in (γ, n), (p, n), (p, αp3n), and (α, p3n)
reactions [3, 4].

2. EXPERIMENTAL PROCEDURE AND RESULTS

Methodologically, the activity of 44Sc can be mea-
sured rather straightforwardly. The half-lives of the 6+

isomeric (m) and the 2+ ground (g) state of 44Sc are

 = 2.44 days and  = 3.92 h, respectively. The
lines of gamma rays accompanying their decays have
nearly 100% intensities. The decays of these states
were identified by the photopeaks at 0.271 and
1.157 MeV, respectively. The isomeric ratios of the
cross sections, r = σm/σg [yields Ym/Yg for (γ, n) reac-
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tions], were calculated by the formula

(1)

Here, ϕm, g = (Ω/4π)ξm, g km, gαm, g, (Ω/4π)ξm, g, km, g, and
αm, g being, respectively, the photoefficiency, the line
self-absorption factor in the sample under study, and
the line intensity; Ng and Nm are the numbers of pulses
in, respectively, the ground-state and the isomeric-state
photopeak; and

where tirrad, tcool, and tmeas are, respectively, the irradia-
tion time, the time of cooling, and the time of measure-
ments; λm, g is the decay constant; and c = c1c2 is a factor
representing corrections for pulses that were missed
and for those that overlapped. The spectroscopic data
were borrowed from [5]. The (γ, n) reaction was inves-
tigated in a beam of bremsstrahlung photons from the
M-30 microtron installed at the Institute for Electron
Physics (Uzhgorod, Ukraine), whereas the reactions
induced by charged particles were studied at the U-240
and U-120 cyclotrons of the Institute for Nuclear
Research (Kiev, Ukraine). Our experimental procedure
was described in detail elsewhere [4, 6].

The isomeric ratios of the yields (d = Ym/Yg) from
the reaction 45Sc(γ, n)44m, gSc were measured in the
energy range E = 12–21 MeV. Figure 1a shows the
experimental values of d versus the endpoint energy of
the bremsstrahlung spectrum Eγ, m (closed circles). It
can be seen that, above the threshold, d increases
sharply, reaching a plateau at Eγ, m = 21 MeV, its level
there being that of 0.21 ± 0.01, a value that is compati-
ble, within the errors, with the result obtained previ-
ously at Eγ, m = 22 MeV (open circles) [7]. However, it
is significantly larger than the isomeric ratio of the
yields that was estimated in [8] as d < 0.02 for the reac-
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tion 46Ti(γ, pn)44m, gSc at Eγ, m = 48 MeV. Curve 1 in
Fig. 1a represents a least squares fit to the experimental
dependence d = f(Eγ, m) in terms of the form d =
Atanh[B(E – E0)], the fitted parameter values being Ä =
0.218 ± 0.007, B = 0.228 ± 0.02 MeV–1, and E0 = 11.6 ±
0.07 MeV.

The yield Y(Eγ, m) from (γ, n) reactions is known to
be related to the cross section σ(E) by the equation

(2)

where W(E, Eγ, m) is the spectrum of bremsstrahlung
photons, k is a normalization factor, Ethr is the reaction
threshold, and Eγ, m is the endpoint energy of the
bremsstrahlung spectrum.

Using the total cross sections σ(E) for (γ, n) reac-
tions from [9] and relation (2), we have calculated the
absolute total yield from the (γ, n) reaction in ques-
tion—that is, the sum Yn = Ym + Yg, where Ym and Yg are

Y Eγ m,( ) k σ E( )W E Eγ m,,( ) E,d
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Fig. 1. (a) Isomeric ratios of the (curve 1) yields and
(curve 2) cross sections versus energy for the reaction
45Sc(γ, n)44m, gSc. Curve 3 was calculated within the cas-
cade–evaporation model. (b) Cross section for the reaction
45Sc(γ, n)44m, gSc (curve 1) along with the total photo-
neutron cross section for this reaction (curve 2).
the yields for the population of, respectively, the iso-
meric and the ground state. After that, the yield Ym of
the isomeric state was determined as Ym = dYn/(d + 1) by
using the measured isomeric ratios d, which correspond
to curve 1 in Fig. 1‡. The calculation was performed
with a step of 0.5 MeV. On the basis of the values
obtained in this way for the yield Ym, we have then com-
puted the cross section σm for the reaction
45Sc(γ, n)44m, gSc (Fig. 1b) with the aid of the Penfold–
Leiss inverse matrix [10]. The mean-square error in the
cross section at its maximum was about 15%. For sake
of comparison, the total cross section for the reaction
45Sc(γ, n)44Sc is also displayed in Fig. 1b (curve 2).
Since we have both the cross section σm and the cross
section σ at our disposal, we can estimate the isomeric
ratio r = σm/σg. As a result, we find that, in the range 14–
16 MeV, the isomeric ratio σm/σg is greater than the
yield ratio Ym/Yg by about 10% and that, at energies in
excess of 20 MeV, these two ratios virtually coincide
(curve 2 in Fig. 1a). That the ratios σm/σg and Ym/Yg for
the reaction being considered behave in the way
described above gives sufficient grounds to believe that
a comparison of the experimental values of the iso-
meric yield and cross-section ratios (d and r, respec-
tively) would be reasonable for other reactions as well.

In dealing with protons and alpha particles, we
employed targets 10–15 mg/cm2 thick manufactured
from enriched 44CaCO3 in the form of a powder pressed
with polyethylene and then baked at t = 100°C.

Target assemblies were irradiated with a proton
beam from the U-120 cyclotron, the primary beam
energy being Ep = 6.7 MeV. The protons were moder-
ated by aluminum foils. In order to study (α, p3n) reac-
tions, target assemblies were exposed to alpha particles
of beams extracted from the U-240 cyclotron. The pri-
mary beam energies of 80 and 100 MeV were reduced,
in that case, with the aid of tantalum foils. The irradi-
ated targets were transported to a semiconductor spec-
trometer by a pneumatic rabbit. The proton and α-par-
ticle ranges were calculated on the basis of data tabu-
lated in [11].

We have also measured the isomeric ratios for the
reaction 51V(p, αp3n)44m, gSc implemented by exposing
foils from natural vanadium to 50- and 70-MeV protons
of U-240 internal beams.

All the measurements were performed with semi-
conductor spectrometers having a resolution of about
2.0 keV for the 60Co gamma lines. The measurements
were grouped into series with an interval of 2 to 3 h. In
order to estimate the contribution of background
admixtures, the residual activity was additionally mea-
sured after a lapse of a day since the completion of the
exposure. The results obtained for the reactions
44Ca(p, n)44m, gSc and 44Ca(α, p3n)44m, gSc are displayed
in Figs. 2 and 3, respectively. In these figures, the iso-
meric ratios for the reactions 45Sc(d, t)44m, gSc [12] (Fig. 2)
and 41K(α, n)44m, gSc [13] (Fig. 3) are also shown for the
sake of comparison. For the (p, αp3n) reaction in ques-
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tion, it was found that σm/σg = 1.4 ± 0.2 and 1.5 ± 0.2 at
Ep = 50 and 70 MeV, respectively.

3. DISCUSSION OF THE RESULTS
A comparison of experimental data shows that the

isomeric ratio r is one order of magnitude greater in the
(α, p3n) reaction in question than in the (γ, n) reaction
(see Figs. 1‡, 3‡). This distinction is compatible with
the statistical pattern, because alpha particles introduce
a significant angular momentum in the target nucleus,
predominantly populating the 6+ high-spin state.

A comparison of (γ, n), (p, n), and (d, t) reactions
can be conveniently drawn in terms of the excitation
energies of the residual nucleus. Figures 1–3 show the
excitation energy E* = E – Ethr (top scale), where Ethr is
the reaction threshold. It can be seen that, for the (γ, n)
and (d, t) reactions, the values of σm/σg nearly coincide
at close excitation energies of the residual nucleus. At
the same time, the value of σm/σg for the (p, n) reaction
is one order of magnitude less than that for the (γ, n)
reaction. Qualitatively, this can be explained within the
statistical approach by considering that the angular
momentum of the input channel is J = 1 + 7/2 in the
(γ, n) reaction and J = 0 + (1/2 or 3/2) in the (p, n) reac-
tion. By merely taking into account equiprobable
branching in gamma cascades from states with these
spin values, we can find that the 6+ state is populated in
the (p, n) reaction with a probability that is 20–30 times
less than that in the (γ, n) reaction.

In support of the above, we also note that recent
studies of partial photonuclear channels (γ, ni) and (γ,
pi) of giant-resonance decay that populate individual
(ith) levels of the final nucleus A – 1 showed that, for
44Sc, the statistical mechanism saturates 70 to 90% of all
such decays [14]. In order to draw a comparison with
experimental data, we have therefore estimated the iso-
meric ratios for the reaction 45Sc(γ, n)44m, gSc within the
cascade–evaporation model (CEM) [15, 16], which is
based on the statistical approach. In these calculations, it
was assumed that the 45Sc nucleus absorbs a dipole pho-
ton. After the evaporation of a neutron, excited states of
the daughter nucleus go over to the ground or the isomeric
state via a cascade of E1 transitions. The density of nuclear
levels was calculated by the Bethe–Bloch formula [17].

Curve 3 in Fig. 1a represents the results of these cal-
culations. We note that consistent calculations within
the above model [15, 16] fail to reproduce the experi-
mental data. The agreement is achieved if the spin-cut-
off parameter in the Bethe–Bloch formula is fixed at
σ = 3 (curve 3 in Fig. 1a).

From Fig. 1a, it can be seen that, for the (γ, n)m reac-
tion, the results obtained with σ = 3 are qualitatively
similar to the corresponding experimental data. The
calculation with σ = 3 agrees with the experimental
data at E = 20 MeV. We note that, for the reaction
45Sc(γ, n)44m, gSc at Eγ, m = 45 MeV, Völpel [18] obtained
σm/σg = 0.23 and the spin-cutoff parameter of σ = 2.8,
which is close to our value.
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
Calculations within a similar model that were per-
formed in a number of studies to determine theoreti-
cally the isomeric ratios for the neutron-induced reac-
tion 45Sc(n, 2n)44m, gSc also yielded close values for σ:
for the (n, 2n)m reaction at En = 15.0 MeV, Karolyi and
Csikai [19] obtained σm/σg = 0.71, the agreement
between the calculated and measured values being
achieved at σ = 3.5 ± 0.1; at En = 14.1 MeV, Völpel [18]
found the value of r = 0.91, with the spin-cutoff param-
eter being fixed at σ = 3.68; at the same value of En =
14.1 MeV, Tatarczuk and Medikus [8] arrived at r =
0.72 and the spin-cutoff parameter of σ = 3.68.

A more sophisticated version of the CEM was used in
[20] to calculate isomeric ratios for reactions induced by
massive particles. In this version, the isomeric pair is
populated on the basis of the scheme according to which
low-lying states deexcite and which is known from
experiments; in particular, it is considered that an yrast
trap can escape from states in the vicinity on an yrast line
that have angular momenta exceeding those of metasta-
ble states, and an yrast line is introduced.

The yrast-line energy is represented as

(3)Y J( ) h2

2)
-------J J 1+( ),=

σ m
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Fig. 2. Isomeric ratios for 44Sc in the reactions (a) 44Ca(p,
n)44m, gSc and (b) 45Sc(d, t)44m, gSc.
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Fig. 3. Isomeric ratios versus energy for the reactions (a) 44Ca(α, p3n)44m, gSc and (b) 41K(α, n)44m, gSc.
where ) = )rig[1 – bexp(–0.693E/d)] is the moment of
inertia of the nucleus. Here, b and d are numerical
parameters (their commonly accepted values are b =
0.5 and d = 6 MeV), E is the excitation energy of the
residual nucleus, and )rig is the moment of inertia of a
rigid body. The bracketed expression takes into account
deviations of the moment of inertia from the rigid-body
value at low excitation energies.

The density of nuclear levels was calculated on the
basis of the expression prescribed by the back-shifted
Fermi gas model; that is,

(4)

where δ is a correction for even–odd distinctions and

(5)

For the energy dependence of the level-density param-
eter a, we employed the phenomenological representa-
tion

(6)

where δW = Mexpt(Z, A) – MLD(Z, A) (Z is the charge of
the nucleus, and A is the number of nucleons in it) is the
experimental value of the shell correction to the mass
formula, Mexpt(Z, A) and MLD(Z, A) being, respectively,
the experimental value of the nuclear mass and the
binding energy of the nucleus in the liquid-drop model;

 is the asymptotic value of the level-density parameter
at high excitation energies,

(α = 0.154 MeV–1, β = –6.3 × 10–5 MeV–1);

and

  γ = 0.054 MeV–1.
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Expression (5) is valid for E @ T (T is the tempera-
ture of the nucleus); in view of this, the model level
density was matched with the mean experimental level
density at excitation energies of 0–2 MeV. If there was
no experimental information, the model level density
was matched with the value of ρ(E, J) = 1 MeV–1 in the
vicinity of the yrast line.

In simulating the (α, p3n) reaction, we took into
account all possible sequences of particle emission
(p3n, 2npn, and 3np). The results of the calculations are
represented by solid curves in Figs. 2‡ and 3‡. It can be
seen that, for the reactions featuring charged particles,
the experimental values in question are faithfully repro-
duced on the basis of the CEM version used here. This
suggests that the reactions being discussed are gov-
erned predominantly by the statistical mechanism.

It should be noted that the yrast trap was not consid-
ered in the calculations. That the giant E1 resonance is
split into two maxima (Fig. 1b) indicates that the 45Sc
nucleus is severely deformed. Figure 3b displays data
on the isomeric ratios r of the cross sections for the (α, n)
reaction [13]. We can see that, here, the ratio r begins to
decrease as soon as the excitation energy of the residual
nucleus reaches a value of E* ~ 30 MeV. Concurrently,
this is the excitation-energy value at which the ratio r
calculated for the (α, p3n) reaction begins to deviate
from experimental data. All these observations may be
explained upon taking into account the yrast-line con-
tribution.

Bogila and Kolomiets [21] showed that, from some
value of the particle energy in the input channel, the
populations of states in the vicinity of the yrast line in
the residual nucleus affect significantly σm(E*). In the
(α, p3n) reaction, the 48Ti compound nucleus is pro-
duced in states whose angular momenta exceed

(44Sc) for excitation energies E* of the residual
nucleus not less than 25 MeV. This leads to Γγ ≥ Γpart
(where Γ stands for the channel widths). In such situa-
tions, σm/σg changes significantly upon taking into
account the competition of channels involving particle
emission in the gamma deexcitation of 44Sc in the vicin-

Ji
max
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ity of the yrast line (Fig. 3‡, dashed curve). We can see
that, at energies up to 100 MeV, this can also improve
considerably the quantitative agreement of the σm/σg

values calculated for the (α, p3n) reaction with experi-
mental data.

It should be emphasized that the statistical process
is operative in the (p, αp3n) reaction as well, but the
channel of quasielastic proton scattering must be addi-
tionally taken into account here. The fact that, for this
reaction, the ratio σm/σg changes only slightly within
the energy range 50–70 MeV can be explained in this
case.

From the above, it follows that quite a vast body of
experimental data on the excitation of the 6+ isomeric
state of the 44Sc nucleus in various reactions is available
at present. An analysis of these data shows that the sta-
tistical mechanism plays an important role over a wide
range of excitation energies of the residual nucleus and
a wide range of particle species. This result could seem
important, but it should be taken with caution, because
a direct mechanism can contribute significantly to (d, t)
reactions, as well as to (p, n) reactions near the thresh-
old, and because, in reactions featuring alpha particles,
preequilibrium particle emission occurs at energies
Eα > 25 MeV.
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Abstract—In order to describe the doublet nucleon–deuteron system at low energies, Tomio et al. [Phys. Rev.
C 35, 441 (1987)] proposed a two-body model featuring a potential whose asymptotic behavior is consistent
with the Faddeev equation—that is, a potential involving a long-range component. The characteristics of the
bound and the virtual triton and the position of the pole of kcotδ—these quantities were not considered in the
above article of Tomio et al.—are calculated in the present study. A comparison of the results obtained in this
way with analogous results for the short-range Hulthén and Yukawa potentials reveals that, for the doublet neu-
tron–deuteron system, the effects of long-range interaction do not play a significant role—that is, the system in
question is far from a state of the Efimov type. © 2000 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The spin-doublet neutron–deuteron system is a clas-
sical testing ground for three-body Faddeev equations
featuring various versions of nucleon–nucleon forces.
Numerous investigations demonstrate that the proper-
ties of the neutron–deuteron system depend greatly on
the version of NN interaction. By way of example, we
indicate that correlations of the Phillips line type [1]
were discovered for the dependence of the triton bind-
ing energy εT on the doublet scattering length a2 and
that correlations of the Girard–Fuda type [2] were
found for the dependence of the virtual-triton binding
energy εT* on the same variable. The opinion that,
because of the smallness of the deuteron binding
energy εd in relation to the triton binding energy εT, the
three-body character of the neutron–deuteron system
must play a decisive role even at energies below the
threshold for deuteron breakup had long been prevalent
in the literature. However, calculations within the N/D
method revealed [3–5] that the low-energy features of
the neutron–deuteron system can be described fairly
well within the two-body model taking no account of
the three-body cut of the S matrix in the complex plane
of energy. It follows that a two-body potential model
can also be used in this energy region.

The two-body potential model was proposed in [6,
7]. The first of these two studies relied on the Hulthén
potential

(1)

The parameters V0 and µ were determined by fitting
data on the scattering length a2 and the binding energy
εT (for the neutron–deuteron system, the corresponding
experimental values are a2 = 0.65 and εT = 8.48 MeV).

The nuclear vertex constant  was calculated in [6],

V r( ) V0 µr( )exp 1–[ ] .⁄–=

GT
2
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and the value obtained there complies well with that
which was presented by Simenog et al. [8], who made
use of the results of a phase-shift analysis of experi-
mental data on elastic neutron–deuteron scattering. It

should be recalled that the nuclear vertex constant 

and the asymptotic normalization factor  in the
radial wave function of the bound state are related by a
linear equation (see below). In addition, it was shown
in [6] that the proposed model reproduces fairly well
the character of variations that the vertex constant cal-
culated on the basis of Faddeev equations displays in
response to changes in a2 and εT values. Later on, it was
indicated in [9, 10] that other low-energy features of the
doublet neutron–deuteron system—such as the posi-
tion of the virtual pole (binding energy εT* of the virtual
triton T*), the corresponding nuclear vertex constant

( ), and the position of the pole of kcotδ [zero of the
partial scattering amplitude f(k)] [10]—can be
described satisfactorily on the basis of the same model
without further fitting the parameters of the Hulthén
potential.

In order to assess the sensitivity of the results to a
specific form of the neutron–deuteron interaction
potential, we calculated [10] all the aforementioned
quantities for the Yukawa potential

(2)

and arrived at results that agree fairly well both with
experimental data and with the results obtained with the
Hulthén potential.

Two potentials were proposed in [7]; of these, one
(version B) has the form

(3)

GT
2

CT
2

GT*
2

V r( ) V0 µr( ) 1– µr–( )exp–=

V r( ) V0 R r⁄( )2 r R⁄( )sin[ ] 2 µr–( ).exp–=
000 MAIK “Nauka/Interperiodica”
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In contrast to the potentials (1) and (2), the potential (3)
involves three parameters—V0, R, and µ—which were
determined by fitting data on three quantities that
include, in addition to a2 and εT mentioned above, the
3He binding energy. The objective of the study reported
in [7] was to assess theoretically the doublet proton–
deuteron scattering length associated with nuclear
interaction. The aforementioned characteristics of the
doublet neutron–deuteron system other than the analo-
gous scattering length were not computed in [7]. The
oscillating factor in (3) was introduced in order that the
potential be regular at zero value of the radius. In the
other potential version (A), which is not considered in
the present study, regularization at zero was achieved
by matching the potential being considered with a con-
stant potential in the central region.

The present study is aimed at (i) filling the existing
gaps by calculating all the aforementioned low-energy
features of the doublet neutron–deuteron system for the
potential (3), (ii) refining the parameters of the poten-
tial (3), and (iii) comparing the results of these calcula-
tions for the potentials (1)–(3) in order to assess the
sensitivity of these physical quantities to the character
of the asymptotic behavior of a potential of the form

(4)

where C(r) < const, while the exponent n takes the val-
ues of n = 0, 1, and 2 for, respectively, the Hulthén
potential, the Yukawa potential, and the potential (3)
(which was used in [7]). We note that the potential (3)
was chosen on the basis of the fact that the Faddeev
equations lead to an effective interaction of the form
V(r)  C/r2 when the scattering length in the two-
body subsystem tends to infinity. In the two-body
potential model, this corresponds to the limit µ  0.

In this study, we consider only the two-parameter
problem, fixing the value of µR at 0.2646, as in [7]. This
choice was motivated, on one hand, by the fact that
there are correlations between the low-energy features
of the doublet neutron–deuteron system and, on the
other hand, by a desire to perform a systematic analysis
of the potential models (1)–(3) at the same level of gen-
erality (that is, with two parameters). Varying µR is
beyond the scope of the present study. We also made
use of the scaling properties of the potential (3) (see
[10]). This enabled us to consider such combinations of
physical quantities (these combinations may include
the potential parameters) that are invariant under the
scaling transformations r  γr and p  γ–1p. The
combinations in question depend only on the interac-

tion strength g = R2, where  = (2m12/"2)V0, m1, 2

being the reduced mass of the system. In the case of the
neutron–deuteron system, which is considered here, the
reduced mass is m12 = (2/3)m, where m is the nucleon
mass. Specifically, we calculated the quantities

(5)

V r( ) C r( )r n– µr–( ),exp

K0
2 K0

2

aχ1 χ1 µ χ2 µ⁄ κ0 µ⁄ C1 C2,, , , ,⁄,
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where χn = (2m12εn)1/2/", ε1 and ε2 being, respectively,
the binding energy in the ground (real) state with prin-
cipal quantum number n = 1 and the binding energy in
the first excited (virtual in this case) state with principal
quantum number n = 2; κ0 = (2m12E0)1/2/", E0 being the
position of the pole of kcotδ in the complex plane of
energy E; and C1 and C2 are asymptotic normalization
factors. It is well known that the nuclear vertex constant
G2 and the asymptotic normalization factor ë are
related by the equation (see, for example, [9]; v ≡ T*)

(6)

The distinction between CT, v and C1, 2 is associated
with taking into account the identity of nucleons in the
isospin formalism.

By eliminating the parameter g, we can obtain rela-
tions that involve the aforementioned scaling physical

quantities—for example,  and aχ1—but which are
free from the potential parameters. Allowances for the
scaling properties of the potential simplifies consider-
ably the procedure for fitting the potential parameters
to specific values of a and χ1. In determining the param-
eters, we proceeded along the following chain:

aχ1  g  χ1/µ  µ  R  V0. (7)

As matter of fact, the above scaling properties make it
possible to reduce the two-parameter problem to a one-
parameter problem. This facilitates considerably the fit-
ting of parameters and a comparison of the results
obtained with the different potentials.

The virtual triton represents the first excited state of
the triton. Therefore, its features are determined by the
same parameter set as the features of the triton; that is,
the quantities χ2 and κ0—or, on the energy scale, ε2 and
E0—as well as CT*, are determined simultaneously with

χ1 and . The position of the virtual pole (Bv = ε2 =
εT – εd) and the position of the pole (–E0) of the function
kcotδ are reckoned from the threshold for the neutron–
deuteron scattering channel at E = –εd. A comparison of

the aχ1 dependences of  for all three potentials over
a wide range of the interaction strengths, including
those that correspond to the formation of the extremely
light bound nuclear states [deuteron d, hypertriton 3Hλ,
triton T(3H)], is of particular interest, because such a
comparison does not involve the potential parameters
explicitly.

In our calculations, we relied on the integral Lipp-
mann–Schwinger equation and the Schrödinger equa-
tion in the momentum representation. Here, the doublet
proton–deuteron scattering length was not calculated,
because the method used here cannot take properly into
account Coulomb interaction.

GT v,( )2 3π 3 2⁄( )2
" mc⁄( )2χ1 2, CT v,( )2,=

CT v,( )2 2 3⁄( ) C1 2,( )2.=

C1
2

C1
2

C1
2
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Below, we consider such energies at which it is
legitimate to retain only the s wave. We use the system
of units where " = c = 1.

2. EFFECTIVE POTENTIAL AND ANALYTIC 
PROPERTIES OF THE SCATTERING AMPLITUDE

That the pole Feynman diagram that corresponds to
proton exchange between the deuteron and the neutron,
the singularity of this diagram in momentum transfer
lying closely to the physical region, plays an important
role in neutron–deuteron scattering is a theoretical
argument in favor of the two-body potential model. The
corresponding singularities of the partial scattering
amplitude are logarithmic branch points and the rele-
vant cuts in the complex plane of momentum that go
along the imaginary axis. The interval (−ik1, ik1), where

k1 = (2/3)  = 0.154 fm–1—or, on the energy scale,
Ö1 = –εd/3 = 0.738 MeV—is the domain of analyticity
of the partial amplitude. This character of singularity
can be simulated by using Yukawa type potentials—
that is, potentials whose asymptotic behavior is given
by (4), in which case a dynamical singularity occurs at
k = ±iµ/2 (see, for example, [11]). Setting µ = 2k1, we
obtain the range M = µ–1 of about 3 fm.

The properties being discussed follow from the ana-
lytic structure of the kernel of the Faddeev equation
(see, for example, [12]). Among other things, it follows
that a long-range interaction of the 1/r2 type arises
when the scattering length for a pair subsystem tends to
infinity. It is well known that this results in the accumu-
lation of Efimov levels. Following the study of Efimov
[13], Tomio et al. [7] deem it necessary to introduce the
factor 1/r2 in the potential of the two-body model as
well. It should be emphasized, however, that this char-
acter of long-range interaction is indeed of importance
if the physical system under study is close to a state
where the Efimov effect manifests itself—that is, where
µ  0. As a matter of fact, the actual parameters of
the nucleon–nucleon interaction are such that the dou-
blet neutron–deuteron system has only one bound state
(triton). For this reason, it is natural to expect that a spe-
cific form of potential—and in particular, the value of
the exponent n in (4)—does not play a very important
role, provided that an exponential decrease of the
potential at infinity is ensured. On this basis, we believe
(see also [6]) that all the above potentials (1)–(3) can be
used on equal terms to construct a model description of
the characteristics of the doublet neutron–deuteron sys-
tem. The oscillations of the potential (3) look somewhat
unnatural. Tomio et al. [7] questioned the applicability
of “conventional” short-range potentials—in particular,
the exponential and the Yukawa potentials—to the
problem being discussed, but the critical comments of
those authors do not seem justified. For example, their
general statements that experimental data on the virtual
triton cannot be reproduced with short-range potentials
and that such potentials give no way to determine cor-

mεd
rectly the pole of the function kcotδ are invalid, because
they are at odds with the results obtained in [9, 10]. The
assertion that the virtual state of the triton is unobserv-
able physically, another point advocated in [7], does not
withstand experimental tests—in fact, the existence of
the state in question was reliably established on the
basis of experimental data via a phase-shift analysis of
doublet neutron–deuteron scattering (see [8]) and was
confirmed by numerous calculations relying on the
Faddeev equations for various models of nuclear forces
(see, for example, [14]); we admit, however, that it is
rather hard to see this state in neutron–deuteron scatter-
ing directly.

In analyzing the results of our numerical calcula-
tions, we rely on what is known from quantum scatter-
ing theory, as well as on the theorem of symmetry for
bound and virtual levels [15], and on its important cor-
ollary concerning the trajectories of the zeros of the
partial scattering amplitude f(k) [16]. Recall that, for
Yukawa type potentials, whose asymptotic behavior is
given by (4) (with n ≤ 2)), it was proven in [15] that the
disposition of the points at which the trajectories of the
poles for bound and virtual states intersect the lines of
dynamical singularities is characterized by a mirror
symmetry with respect to the zero-momentum axis. It
was shown in [16] that these symmetry points also
belong to the trajectories of the poles of kcotδ [zeros of
f(k)]. For Yukawa type potentials, the trajectories of the
zeros of f(k) issue from the points where the scattering
length ‡ is zero (a = 0) and intersect the lines of dynam-
ical singularities simultaneously with the trajectories of
the poles corresponding to bound and virtual levels—
that is, at the same symmetry points.

3. COMPUTATIONAL METHOD, CHOICE
OF PARAMETERS, AND RESULTS

OF THE COMPUTATIONS

The low-energy features of the doublet neutron–
deuteron system whose behavior is governed by the
potential (3) were computed by solving the integral
Lippmann–Schwinger and Schrödinger equations in
momentum space. These calculations are completely
analogous to those for the Yukawa potential (see [10]).
In order to describe virtual states, we used analytic con-
tinuations of these integral equations to the unphysical
sheet of energy (see, for example, [14]). These equa-
tions feature the Fourier transform V(k, k') of the poten-
tial V(r)—in particular, its values at imaginary
momenta and at zero momentum as well. The potential
in the form (3) is convenient because the function V(k,
k') is known for it in an analytic form (see Appendix).

The results of the calculations for the scaling quan-
tities in (5) are presented in Fig. 1 (M = µ–1) versus the
potential strength. For the argument, we took the quan-

tity ρ = , where gcr = 1.4218 is the g value at
which the ground state becomes a bound state. It is
interesting to note that, for the potential (3), the ρ

g gcr⁄
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dependence of χ1M is nearly linear; a linear relation
between χ1M and g holds approximately for the
Yukawa potential and exactly for the Hulthén potential
(see [6, 10]). The results obtained for the parameters of
the potential (3) by fitting the experimental values of εT

and a2 for the doublet neutron–deuteron system are dis-
played in Table 1, along with the parameter values from
[7]. The fitting was implemented according to the chain
presented in (7). The R and µ values obtained in the
present study are close to those from [7]. Our potential-
depth value of V0 = 40.5 MeV is somewhat greater than
that presented in [7]. The slight difference of ∆V0 ≅
0.7 MeV affects, however, the value of the scattering
length a2, a quantity that shows the highest sensitivity
to changes in parameter values. By using the parameter
values from [7] (see Table 1), we obtained a2 = 0.82 fm,
the experimental value being 0.65 fm. For the position
of the closest dynamical singularity at k = ±ip, the value
of µ ≅  0.15 fm–1 found from fitting for the exponent in
(3) yields p = µ/2 = 0.075 fm–1. The last value is
approximately one-half as great as the momentum
value that determines the position of the singularity asso-
ciated with one-nucleon exchange (k1 = 0.154 fm–1).

The value of the potential range (M = µ–1) is of cru-
cial importance for correctly describing the position of
the virtual level of the triton. Indeed, the trajectory of
the virtual level (of the energy of the first excited state),
χ2M, cannot intersect the line of the first dynamical sin-
gularity determined by |pM | = 0.5 until the trajectory of
the bound level approaches this line—that is, until ρ
reaches a value of about 1.12, in which case χ1M = 0.5.
The value of ρ ≅  1.68 corresponds to the experimental
value of aχ1 = 0.291. This sets the constraint χ2 ≤ µ/2 =
0.0753 fm–1. On the energy scale, we accordingly have
Bv ≤ 0.18 MeV, which is three times as small as the
well-known estimate Bv ≅  0.5 MeV, which was
deduced from experimental data, as well as from the
calculations based on the Faddeev equations. A com-
parison of the characteristics of the doublet neutron–
deuteron system for the potentials (1)–(3) is illustrated
in Table 2. This table also displays the results of the
phase-shift analysis of experimental data that was per-
formed for this system by using the modified formula
of effective-range theory for the function kcotδ, which
has a pole at k = ±iκ0 and which involves (or which does
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
not involve) a k4 term:

(8)

For the asymptotic normalization constant, this yields
(see [10] and references therein)

(9)

It is worth noting that the position of the dynamical
singularity in modified effective-range theory [equation
(8)] is close to the singularity of the Feynman diagram
for one-nucleon exchange (E1 = 0.738 MeV). The posi-
tion of the dynamical singularity in the two-body
model that employs the Hulthén potential [at n = 0 in
(4), this singularity appears to be a spurious pole] also
proves to be close to the position of the singularity of
this diagram. In the case of the Yukawa potential, the
corresponding point (on the energy scale) is offset from
the physical region by a distance twice as large as those
in the preceding examples. For the potential given by

k δcot 1 k2 κ0
2⁄+( ) 1–

1 a C2k2 C4k4+ +⁄–( ).=

C2 1 χ2 κ0
2⁄–( ) 1 2C2χ– 3χ2 κ0

2⁄– 4C4χ
3+( ).⁄=

1.5

1.0

0.5

0

–0.5

1.5 2.0 2.5 ρ

χ1M

aχ1

χ1M × 10–1

χ2M
κ0M

Fig. 1. Results of the calculations of the scaling quantities
aχ1, χ1M, χ2M, and κ0M with the potential (3) (introduced

in [7]) versus the scaling variable ρ = . Circles (and

arrow) indicate those points on the curves that correspond to
the experimental value of aχ1 = 0.291 for the doublet neu-
tron–deuteron system. For the fast growing function χ1M,
the scale was changed by one order at ρ = 1.35.

g gcr⁄
Table 1.  Parameters of the potential (3) and their fitted values

                     Parameter
Potential V0, MeV R, fm µ, fm–1 εT – εd , MeV a2, fm

Tomio et al. 39.839 1.7571 0.1506 6.013 0.822

Our study 40.495 1.7565 0.1507 6.260 0.650

Note: So large a number of decimal places have been presented only because this was done in [7] (since the model in question is quite
rough, it is sufficient to calculate only three decimal places).
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Table 2.  Features of the doublet neutron–deuteron system

Model , fm Bv , MeV , fm –E0, MeV

Effective-range theory:

[8, 10], C4 ≠ 0 1.48 0.530 0.0073 0.150

[17], C4 = 0 0.33 0.482 0.008 0.047

Hulthén potential [9, 10] 1.48 0.75 0.018 0.20

Yukawa potential [10] 1.16 0.61 0.025 0.18

Potential of Tomio et al. from [7]
[equation (3) in the present study]

1.47 0.176 – 0.063

GT
2 G– v

2

(3), the dynamical singularity is one order of magnitude
closer to the physical region than for the Yukawa poten-
tial. So great a distinction is due to the concerted effect
of two factors, the different powers of r [n = 2 in the
potential given by (3)] and the presence of the oscillat-
ing factor in the potential (3). Both these factors smooth
out the attractive properties of the potential, but this is

ëT
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0
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Fig. 2. Results of the calculation for the asymptotic normal-

ization factor  of the radial wave function of the ground

bound state versus the product aχ1. The calculations were
performed with the Hulthén potential (Hu); the Yukawa
potential (Yu); and the potential in the form (3) (Tom),
which was introduced in [7] and which takes into account
long-range interaction. Closed circles represent the results
of calculations based of the Faddeev equations with various
nucleon–nucleon potentials (see references in [6]): (1)
results obtained with the separable Yamaguchi potential, (2)
results obtained on the basis of the quark-bag method, (3, 4)
results obtained with the rectangular-well potential, (5)
results obtained with the Malfliet–Tjon potential, and (6, 7)
results obtained with soft-core Reid potential. Experimental

data on  were borrowed from (closed rectangle A) [18],

(closed square B) [19], (closed square C) [8], and (cross)

[20]. The error presented in [20] (  = 2.78 ± 1.09) corre-

sponds to the scatter of the experimental data in Fig. 2.

CT
2

CT
2

CT
2

compensated by an increase in its range (M = µ–1) and
an increase in its depth (V0). For the potentials (1)–(3),
the depth and range parameters are compared in Table 3.
These parameters do not differ very strongly for the
potentials (1) and (2). In the case of the potential (3),
the depth V0 is approximately twice as large as those for
the potentials (1) and (2), the corresponding potential
ranges being roughly in the ratios M3/M1 ≈ 3 and
M3/M2 ≈ 2. From the point of view of practical applica-
tions in the theory of nuclear reactions, the most impor-

tant quantity is the vertex constant ; its value
obtained for the potential (3) is close to the results that
are produced by the Hulthén potential and by modified
effective-range theory according to equations (8) and
(9) (see Table 2). The same can be seen in Fig. 2, which
illustrates the relationship between the asymptotic nor-

malization factor  and the quantity aχ1. The results
obtained with the potentials (1)–(3) are qualitatively
similar, but they deviate drastically from the curve
computed in the effective-range approximation {see
equation (6) from the present study and equation (8)
from [10]}:

(10)

The distinctions emerge immediately beyond the deu-
teron region, where aχ1 = 1.26. For the potential (3), the
position of the pole of the function kcotδ on the energy
scale (Ö0 = 0.063 MeV) is strongly underestimated in
relation to the results produced by the Hulthén and
Yukawa potentials (see Table 2), as well as in relation
to the experimental value of E0 = 0.15 MeV [8]. In all
probability, this is also because the value obtained for
the range å as the result of fitting is overly great, as
was discussed above in connection with the position of
the pole for í*. As can be seen from Fig. 1, the latter
takes the maximum possible value at given å because
the trajectory of χ2å tends to the dynamical-singularity
line as ρ approaches 1.8, the experimental value of aχ1
for the doublet neutron–deuteron system correspond-
ing to ρ = 1.68. We cannot rule out the possibility that,

GT
2

CT
2

Ceff.range
2 aχ1 2 aχ1–( )⁄ .=
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in the case of the potential (3), the results for Bv and E0
can be refined by including the third parameter Rµ in
our fitting procedure.

It should be emphasized that, in effective-range the-

ory, the  value at C4 = 0 differs dramatically from
those at C4 ≠ 0. We note that, by formally extending
equation (10) to the region where aχ1 < 1, we obtain the

value of  = 0.17. Adhikari [5], who derived formulas
of the N/D method that correspond to expression (9)

with C4 = 0, also drew attention to the  value
strongly underestimated in relation to the results of the
calculations from [2], which were based on the Faddeev
equations. The conclusion of Adhikari was radical and
incorrect: he asserted that the above implies the need
for taking into account the three-body cut of the S
matrix. In our opinion, the reason behind the aforemen-
tioned discrepancy is that, in [5], the number of terms
retained in the expansion of the amplitude (or the func-
tion kcotδ) in power series in k was insufficient. In

Table 2, a dash is placed instead of the  value for the
case being discussed, because it is meaningless to cal-
culate this quantity when the virtual-pole position
found for the potential (3) differs very strongly from
that which is known very well (the calculations for the
region ρ < 1.8 have been performed, but their results are
not presented here). Moreover, the fact that the position
of the virtual pole nearly coincides with the position of
the dynamical singularity generates purely technical
problems in calculating the residue of the scattering
amplitude at the virtual pole.

In solving the aforementioned integral equations,
we used here the dimensionless variable x = q/µ (q is the
wave number) and made the change of variable x = et.
The latter guaranteed a correct cutoff at the lower and
upper limits of the integrals involved and enabled us to
evaluate these integrals by the method of rectangles. It
is well known that, for functions taking the same values
at the upper and lower limits of integration, other
quadrature formulas provide no advantages over this
method (in our case, the integrand tends to zero both at
the lower and at the upper limit). The accuracy of the
calculations was monitored by varying the width and
the number of steps (up to the value of N = 600; usually,
a reasonable accuracy was achieved at N = 150) and by
verifying the behavior of the integrand over the entire
interval of integration. For the bound state, the energy
eigenvalues were determined by iterating the integral
Schrödinger equation in momentum space. As a matter
of fact, we solved the set of algebraic equations that
emerged as the result of applying the method of rectan-
gles to evaluating the integrals. The energies of virtual
levels were found by solving the following set of equa-

tions (see [12, 14]) for the vertex function (q)
(below, the superscript n, which represents the principal
quantum number or the number of the level, and the

GT
2

GT
2

GT
2

Gv
2

gl
n( )
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orbital angular momentum l are suppressed for the sake
of brevity):

(11)

(12)

Here, p =  is the arithmetic value of the square
root, z is the eigenvalue of energy Ö (it is real and neg-
ative for a virtual level), and V(q, k) is the Fourier trans-
form of the potential. The method that we used in deal-
ing with this set of equations consisted in the following.
First, we solved the nonhomogeneous equation (11),
imposing the normalization condition g(p) = 1. After
that, the eigenvalue of z was determined from equation

(12). In order to find  [Gv = g(iχv)], we used the
generalized normalization condition [12, 14]

(13)

In the case of a bound state, the second term is present
neither on the right-hand side of (11) nor on the left-
hand side of (13). The scattering length and the position
of the zero of the amplitude f(k) were determined by
solving the conventional nonhomogeneous integral
Lippmann–Schwinger equation (see, for example, [10]).

4. CONCLUSION

To summarize, we can state that the effects of long-
range interaction are insignificant in the case of the
doublet neutron–deuteron system and that the potential
(3), which has a correct asymptotic behavior, does not
show substantial advantages over short-range poten-
tials usually used in nuclear physics, such as the
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Table 3.  Parameters of the potentials (1)–(3) and position
(–E1) of the closest dynamical singularity

Parameter
Potential

V0, MeV µ, fm–1 –E1, MeV

Hulthén [9, 10] 22.11 0.506 1.01

Yukawa [10] 17.43 0.360 2.01

Tomio et al. [7] 40.50 0.1507 0.352

Note: The one-nucleon-exchange diagram leads to a singularity at
E1 = –0.738 MeV
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Yukawa and Hulthén potentials. It seems that the
Hulthén potential provides quite a reasonable descrip-
tion of the low-energy properties of the doublet neu-
tron–deuteron system; this potential is especially con-
venient because an analytic solution to the problem in
the s wave is known for this case. It would be desirable
to improve the precision to which the nuclear vertex

constant  is determined experimentally. This would
make it possible to make a more motivated choice
between various potentials of the two-body model that
are used in describing the doublet neutron–deuteron
system at low energies.
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APPENDIX
By definition, the Fourier transform of the potential

V(r) for an orbital angular momentum l is

(A.1)

where jl(x) is a spherical Bessel function [j0(x) =
x−1sinx]. For the potential (3), we can easily obtain (see
[21, item 3.948]) the expression (l = 0)

(A.2)

where

(A.3)

The absolute value is taken in the argument of the log-
arithm, since we need its real branch. It is worthwhile
to present expressions for v (x, ib) for the case where
one of the arguments is purely imaginary. This function
is required for calculating the asymptotic normalization
factor; it is also needed for calculations on an unphysi-
cal sheet of energy in the case of a bound or a resonance
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F2 x y α, ,( ) w2 x y α, ,( ) w2 x y α–, ,( ),+=

w1 x y α, ,( ) v 1 x y α, ,( ) v 1 x y α–, ,( )+[ ] 2,⁄=

w2 x y α, ,( ) v 2 x y α,–,( ) v 2 x y α, ,( ),–=

v 1 x y α, ,( )

=  1 x y– α+( )2+[ ] 1 x y α+ +( )2+[ ]⁄ ,ln

v 2 x y α, ,( ) x y α+ +( ) x y α+ +( ).arctan=
state [see equations (11)–(13)]. By using expressions
(A.2) and (A.3) and going over to the limit y  ib, we
arrive at

(A.4)

where

(A.5)

(A.6)

The second term on the right-hand side of (A.5)—it
contains a Heaviside step function [θ(t) = 1 for t > 0 and
θ(t) = 0 for t < 0]—has been introduced in order to
ensure the continuity of the function v3(x) when the
principal value of the arctangent (first term) is used.
From (A.2) and (A.3), we can easily find that, at x = y =
ib, the potential is given by

(A.7)

In order to calculate the scattering length, we must have
at our disposal an expression for the potential where
one or both arguments are close to zero. These expres-
sions can be obtained easily with the aid of equations
(A.2) and (A.3), which can be used down to very small
values of the arguments. In the limit x  0 or y 
0, it is necessary evaluate an indefinite form of the 0/0
type. In particular, we have

(A.8)
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Abstract—The  and  hypernuclei are treated as the S = 0, T = 0 (for the former) and S = 1/2, T = 0
(for the latter) bound states of the three-cluster systems ΛΛα  and Λαα , respectively. The cluster-reduction
method is used to solve the s-wave differential Faddeev equations for these systems. On the basis of the MT I–III

model, the ΛΛ interaction potential is specified in the form VΛΛ = VNN. Phenomenological potentials are used

to describe Λα and αα  interactions. The binding energies of the  and  hypernuclei and the parameters

of low-energy Λ-hyperon and α-particle scattering on a  hypernucleus are calculated. It is shown that the
proposed ΛΛ interaction potential makes it possible to reproduce faithfully the binding energy of the

 hypernucleus and that scattering in the  system is similar to neutron scattering on a deuteron.
© 2000 MAIK “Nauka/Interperiodica”.
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1. INTRODUCTION

In recent years, much attention in nuclear physics
has been given to three-particle systems consisting of
two identical particles and a third particle different
from the first two. Among the factors that provoke this
interest, we would like to indicate the development of
baryon models and attempts at obtaining a consistent
description of the properties of baryons at different
energies [1–4]. A feature peculiar to these realms is that
experimental data on direct interactions of baryons at
low energies are scanty. A calculation of the binding
energies of mixed systems like Λ(Σ)NN (hypertriton

nucleus ) and ΛΛα  (  hypernucleus) may serve
as a test for various model approaches. Theoretically,
such systems are usually studied on the basis of Fad-
deev equations either in the integral or in the differen-
tial form [5]. In the case of three identical particles (for
example, three nucleons), the set of Faddeev equations
takes the simplest form. Broad experience gained in
applying Faddeev equations to such systems was sum-
marized in [6]. Since the number of coupled equations
in Faddeev sets grows as soon as we embark on studies
of nonidentical particles, relevant computational prob-
lems become more involved. The situation is further
aggravated upon taking into account higher partial
waves. Here, direct computational methods lead to
algebraic problems of enormous dimension. These can
hardly be solved without invoking supercomputers.
Only in some recent studies were therefore systems like

H3
Λ He6

ΛΛ
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1063-7788/00/6303- $20.00 © 20336
those mentioned above (ΛNN [1] and nnα [4]) analyzed
on the basis of Faddeev equations with realistic interac-
tion potentials.

In the present article, the three-particle systems
ΛΛα  and ααΛ  are investigated on the basis of Faddeev
equations in configuration space. In the s-wave approx-
imation, which is used here, the equations for the coor-
dinate parts of the Faddeev components take the same
form for the two systems in question. The s-wave Fad-
deev equations are numerically solved by the cluster-
reduction method. Previously, we used this method in
[7–9] to study three- and four-nucleon systems and in
[10] to study the Λnp system. In our calculations, the
Λα and αα  intercluster interactions are simulated by
the phenomenological potentials from [11, 12]. The ΛΛ
interaction is specified on the basis of the s-wave model
employing the MT I–III potential [13] modified as in
[14], the singlet component of the ΛΛ interaction

potential being taken in the form VΛΛ = VNN. The

hypothesis that the singlet ΛΛ interaction is similar to
the singlet nucleon–nucleon interaction has already
been put forth in some previous studies. In our model,
the proportionality factor between the ΛΛ and NN
potentials is chosen in such a way as to reproduce the

experimental value of the  binding energy.

The ensuing exposition is organized as follows. In
Section 2, we describe the model and present the
s-wave differential Faddeev equations for the ΛΛα  and
ααΛ  systems. There, we also give a brief account of the
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method for solving these equations on the basis of clus-
ter reduction. Section 3 contains the results of the cal-

culations for the hyperon binding energy in the 

and  nuclei. The rate at which the results of the cal-
culations performed within the proposed approach con-
verge is investigated in the same section. The wave
functions of the hypernuclei are used to assess the
degree of clustering in the systems being considered.
Further, we investigate two-cluster scattering at ener-

gies below the three-body threshold—namely, 

scattering and  scattering. We calculate the rele-
vant phase shifts and the parameters of the effective-
range expansion. It is shown that the behavior of the

function p  for  scattering is similar to that
in the case of nd scattering.

2. BASIC EQUATIONS AND METHOD
FOR SOLVING THEM

We consider a three-particle system involving two
identical charged particles. In order to describe this sys-
tem, we make use of modified differential Faddeev
equations, where the Coulomb potential of interaction
between the charged particles is included in the unper-
turbed Hamiltonian. Specifically, we have

(1)

where e = –1 (+1) for fermions (bosons), while the
components U and W of the total wave function Ψ cor-
respond to, respectively, the {12}3 and the {13}2 parti-
tion of the {123} system. The relevant kinetic-energy

operators are denoted by  and . By convention,
the particles of the (12) pair are taken to be identical.
We denote by Pik the operator of particle permutation in
the {ik} pair, by Vik the short-range pair interaction
potentials, and by VCoul the Coulomb potential of the
{12} pair. The total wave function of the system can be
represented as

For the ΛΛα  and ααΛ  systems in the S = 0, T = 0
and S = 1/2, T = 0 spin–isospin states, respectively, the
s-wave differential Faddeev equations form, in either
case, a set of two coupled equations for the coordinate
components of the spinors U and W; that is,

(2)

He6
ΛΛ

Be9
Λ

Λ He5
Λ

α He5
Λ

δ( )cot Λ He5
Λ

H0
u VCoul V12 E–+ +( )U V12 W eP12W+( ),–=

H0
w VCoul V13 E–+ +( )W V13 U eP12W+( ),–=

H0
u

H0
w

Ψ U I eP12+( )W .+=

h0
u

v u
Coul x( ) v 12 x( ) E–+ +[ ]U x y,( )

=  v 12 x( ) du
xy
x'y'
--------W x' y',( ),

1–

1

∫–

h0
u

vw
Coul x y,( ) v 13 x( ) E–+ +[ ]W x y,( )
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where

are the kinetic-energy operators that are expressed in
terms of the Jacobi coordinates and which correspond
to, respectively, the {12}3 and the {13}2 partition of
the {123} system. The Jacobi coordinates of the system
being considered are schematically illustrated in Fig. 1.

For the ΛΛα  system, we have

where mΛ is the Λ-hyperon mass, mα is the alpha-parti-
cle mass, VΛΛ(x) is the singlet part of the ΛΛ interaction
potential, and VΛα(x) is the potential of interaction
between the Λ hyperon and the alpha particle. There are
no Coulomb potentials in the ΛΛα  system:

For the ααΛ  system, we have

where Vαα(x) is the αα -interaction potential. The Cou-

lomb potentials (x) and (x, y) are given by

where r> = max{bx, y} (the parameter b will be defined
below). The transformations of the coordinates in the

= 
1
2
---v 13 x( ) du

xy
x1y1
----------U x1 y1,( ) du

xy
x2y2
----------U x2 y2,( )

1–

1

∫+

1–

1

∫ ,–

h0
u 1

4
---

2m m3+
m3

--------------------∂y
2– ∂x

2,–=

h0
w 1

2
---

2m m3+
m m3+

--------------------∂y
2–

m m3+
2m3

-----------------∂x
2–=

m3 mΛ, m mα , v 12 x( ) VΛΛ x( )
mΛ

"
2

-------,= = =

v 13 x( ) VΛα x( )
mΛ

"
2

-------,=

v u
Coul x( ) vw

Coul x y,( ) 0.= =

m3 mα , m mΛ, v 12 x( ) Vαα x( )
mα

"
2

------,= = =

v 13 x( ) VΛα x( )
mα

"
2

------,=

v u
Coul vw

Coul

v u
Coul x( ) n/x, vw

Coul x y,( ) n/r>,= =

1 2

3 3 3

2 21 1
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y ''
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x
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Fig. 1. Jacobi coordinates in the three-particle system. 
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integral terms of equations (2) are given by

where a = , b = , and c = 

(a = 0.615, b = 0.77, and c = 0.23 for the ΛΛα system and
a = 0.885, b = 0.23, and c = 0.77 for the ααΛ  system).

The potential of interaction between two alpha par-
ticles is given by [11]

(3)

where V1 = 125.0 MeV, β1 = 1.53 fm, V2 = –30.18, and
β1 = 2.85 fm. The interaction between the Λ hyperon
and the alpha particle has the form [12]

where V0 = –47.97 MeV and β0 = 1.566 fm. Equations
(2) must be supplemented with the asymptotic bound-
ary conditions for the components U and W. States that
belong to the discrete spectra of the systems being con-
sidered correspond to boundary-value problems with
zero boundary conditions at x = 0, at y = 0, and at the
boundary of the asymptotic region in the coordinates x
and y. Further, we consider boundary-value problems
for two-cluster scattering at energies of relative motion
that do not exceed the threshold for the breakup of a

bound cluster (  nucleus). The asymptotic boundary

conditions for the scattering processes in the  and

 systems must be considered separately. In the

case of hyperon scattering on a  nucleus, the
asymptotic forms of the components U(x, y) and
W(x, y) for y  ∞ are

where ψ0(x) is the wave function of the ground state of

the  nucleus, while χp(y) is a function that

x'
1
4
---x2 y2 xyu+ + 

 
1/2

,=

y' ax( )2 by( )2 2abxyu–+( )1/2
,=

x1 bx( )2 y2 2bxyu–+( )1/2
,=

y1 ax( )2 1
4
---y2 axyu+ + 

 
1/2

,=

x2 cx( )2 y2 2cxyu+ +( )1/2
,=

y2 4 abx( )2 cy( )2 4abcxyu–+( )1/2
,=

1
2
---

2m m3+
m m3+

--------------------
m3

m m3+
----------------- m

m m3+
-----------------

Vαα r( ) V1
r2

β1
2

-----–
 
 
 

V2
r2

β2
2

-----–
 
 
 

,exp+exp=

VΛα r( ) V0
r2

β0
2

-----–
 
 
 

,exp=

He5
Λ

Λ He5
Λ

α He5
Λ

He5
Λ

U x y,( ) 0,∼
W x y,( ) ψ0 x( ) χ p y( ) a p( ) py( )cos+[ ] ,∼

He5
Λ

describes the free relative motion of the Λ hyperon and

a  nucleus in the initial state. For the latter func-
tion, we have χp(y) = sin(py)/p, where ap2 = E – ε0, ε0

being the binding energy of the  nucleus. The
phase shift δ is related to the amplitude a(p) by the
equation a(p) = /p.

In the problem of alpha-particle scattering on a 
nucleus, the asymptotic expressions for the compo-
nents U(x, y) and W(x, y) in the limit y  ∞ are given
by

where χp(y) = F0(η, py) and η =  with n = ,

F0(η, ρ) and G0(η, ρ) being, respectively, the regular
and the singular Coulomb function. Here, we have con-
sidered that there is the Coulomb interaction between
the alpha particles. The amplitude a(p) is related to the

phase shift by the equation a(p) = – /p , where

 = 2πη/[exp(2πη) – 1].

The set of differential Faddeev equations (2) is
solved here by the cluster-reduction method, which was
proposed in [7–9] and which was used to calculate
bound states and low-energy scattering states in three-
and four-nucleon systems. Within this method, solu-
tions to the original equations are expanded in the bases
of eigenfunctions of the Hamiltonians of two-particle
subsystems. Taking relevant projections, we arrive at a
set of equations describing the relative motion of the
clusters involved.

A solution to equations (2) can be represented as

(4)

where the functions φl(x) and ψl(x) are the solutions to
the boundary-value problems for the Hamiltonians of
the subsystems with zero boundary conditions; that is,
these functions satisfy the equations

(5)

(6)

and the boundary conditions φl(0) = φl(Rx) = 0 and
ψl(0) = ψl(Rx) = 0. They form orthonormalized sets of
functions. By taking relevant projections, we reduce the
set of two-dimensional integro-differential equations
(2) to a one-dimensional set of equations for the func-

He5
Λ

He5
Λ

δ( )tan

He5
Λ

U x y,( ) 0,∼
W x y,( ) ψ0 x( ) χ p y( ) a p( )G0 η py,( )–[ ] ,∼

1
2a
------ n

p
---

4mαe2

"
2

---------------

δ( )tan C0
2

C0
2

U x y,( ) φl x( ) f l y( ),
l 0=

N

∑=

W x y,( ) ψl x( )gl y( ),
l 0=

N

∑=

∂x
2

– v x( )+( )φl x( ) εl
uφl x( ),=

m m3+
2m3

-----------------∂x
2

– v x( )+ 
  ψl x( ) εl

wψl x( )=
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tions fl(y) and gl(y) describing the relative motion of the
clusters. These functions must satisfy asymptotic
boundary conditions that are obtained by taking similar
projections [7, 8].

3. RESULTS OF THE CALCULATION

In this section, we present the results that we
obtained by solving numerically the effective equations
for the functions fl(y) and gl(y) describing the relative
motion of the clusters. We have considered boundary-
value problems corresponding to the bound states in the
ΛΛα  and ααΛ  systems and the problems of low-energy

Λ-hyperon and alpha-particle scattering on a 
hypernucleus. The equations for the functions fl(y) and
gl(y) were solved by means of a finite-difference
approximation on an equidistant mesh having Ny nodes.
In these calculations, the number Ny of nodes, the radii
Rx and Ry that specified the region where the asymptotic
expressions for the sought solutions were used, and the
number N of terms retained in expansions (4) were
parameters to be chosen. For the bound state in the
ΛΛα  system, a relative error at a level of 0.5% was
achieved at Ny = 100, Rx = 17 fm, Ry = 17 fm, and N =
10. For the ααΛ  system, the same precision was
obtained at Ny = 100, Rx = 35 fm, Ry = 35 fm, and N =
30. That the greater values of Rx, Ry, and N were
required in the latter case was due to a slow decrease of
the Coulomb interaction between the alpha particles.
Figure 2 shows the binding energies of the ααΛ  and
ΛΛα  systems as functions of N. The results of various
calculations for the energy of hyperon separation from

the  hypernucleus are displayed in Table 1 along
with the experimental value of this energy [in the three-

body model, the separation energy E( ) coincides

in magnitude with the binding energy of the 
hypernucleus, these two energies being opposite in
sign]. Our result is seen to comply well with the exper-
imental value. We note that the calculations performed
in [15] by the method of hyperspherical harmonics in
momentum space relied on model potentials and that
the calculations performed in [2] employed the Fad-
deev equations with realistic potentials. For the root-

mean-square radius of the  hypernucleus, we
obtained the value of 〈r2〉1/2 = 1.43 fm. The calculation
was based on the relation

where  is the root-mean-square radius of the
alpha particle in the three-body system ΛΛα , while
〈R2〉1/2 is the root-mean-square radius of the alpha par-
ticle as the 4He nucleus (〈R2〉1/2 = 1.61 fm). The results

He5
Λ

He6
ΛΛ

He6
ΛΛ

He6
ΛΛ

He6
ΛΛ

r2〈 〉 1/2
rα

2〈 〉
mα

mα 2mΛ+
----------------------- R2〈 〉+ 

 
1/2

,=

rα
2〈 〉 1/2
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of various calculations for the energy of Λ-hyperon

separation from the  hypernucleus are presented in

Table 2. This separation energy, E( ), was calcu-

lated by the formula E( ) = –EB( ) + EB(8Be),

where EB( ) is the binding energy of the  hyper-
nucleus, while EB(8Be) is the binding energy of the 8Be
nucleus [EB(8Be) = 0.09 MeV]. The separation-energy
value that resulted from our calculation is less than the
experimental value by about 1.0 MeV, but the former
complies well with the results obtained in [16, 17] on
the basis of the three-body model. The calculation from
[16] was performed by the method of hyperspherical
functions in the momentum representation, model
potentials being used there. The calculation from [17]
was based on the differential Faddeev equations. In that
study, the Λα interaction was simulated by the potential
from [18], while the αα  interaction potential was taken
in the form (3).

The expansions in (4) are convenient for studying
the degree of clustering in the three-particle systems
ΛΛα  and ααΛ . Indeed, the probability P23 of finding
the {123} system of particles in the 1{23} form, where
the {23} pair appears to be a bound subsystem, can be
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Λ Be9
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Fig. 2. Binding energies of the  and  hypernuclei as

functions of the number N of terms retained in expansion (4).
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Table 1.  Energy of Λ-hyperon separation from the 
hypernucleus and its root-mean-square radius

References E( ), MeV 〈r2〉1/2, fm

Our study 10.88 1.43

[15] 10.69 1.66

[2] 11.6 –

Experimental study 
reported in [2]

10.9 ± 0.6 –

He
6

ΛΛ

He
6

ΛΛ
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estimated as

where Ψ is the total wave function and where integra-
tion is performed with respect to the coordinates in
Fig. 1b. The probability P{13} is defined is a similar way
(integration is performed with respect to the coordi-
nates in Fig. 1c). Since the particles in the {12} pair are
taken to be identical, the total probability P that the sys-
tem is clustered in the form particle 1 (or 2) + a bound
pair formed by particle 2 (or 1) and particle 3 is deter-
mined as the sum P = P{23} + P{13}. In addition, we have
P{13} = P{23}. For the systems being considered, we are
to deal with clustering of the form Λ hyperon (alpha

P 23{ }
ψ1g1 Ψ〈 〉

Ψ Ψ〈 〉
------------------------,=

Table 2.  Energy of Λ-hyperon separation from the  hy-
pernucleus

References E( ), MeV

Our study 5.67

[16] 5.78

[17] 5.76

Experimental study reported in [16] 6.71 ± 0.4

Be
9
Λ

Be
9
Λ

Table 3.  Probability of clustering in the  and  hy-
pernuclei

System P{23} P

Λ(Λα) 0.39 0.79

α(αΛ) 0.42 0.85

He
6

ΛΛ Be
9
Λ

δ, deg

0

–10

–20

–30

–40

–50
0 1 2 3

E, MeV

Fig. 3. Phase shift for alpha-particle scattering by a 

hypernucleus: (points) values obtained on the basis of a
numerical solution to equations (1) and (curve) phase shifts
obtained by formula (7) with the aid of approximation (8)
for the function Kc(E).

He
5
Λ

particle) + . The results of our calculations for P{23}

and P are displayed in Table 3. For the sake of compar-
ison, we indicate that, for the nnp(3H) system, the quan-
tity analogous to P{23} is estimated at 0.448 [1]. The
method of cluster reduction makes it possible to go over
easily to scattering problems. Here, we have studied

low-energy scattering in the α  and Λ  systems
within the s-wave approximation. By virtue of the
asymptotic boundary conditions, expansions of the
form (4) are valid at energies of the relative motion of
the clusters below the threshold for the disintegration of

the bound subsystem ( ). By numerically solving
the equations for the functions fl(y) and gl(y), we evalu-
ated the relevant phase shifts at energies of relative
motion (in the c.m. frame) that do not exceed the bind-

ing energy of the  hypernucleus (E < 3.12 MeV).

An analysis of the energy dependence of the s-wave

phase shift for α  scattering shows that this phase
shift behaves anomalously at energies of relative
motion below 1 MeV. There, the phase shifts are small
and positive. It is well known that, in the case of
charged-particle scattering, the effective-range expan-
sion holds for the function

(7)

where h(η) = –lnη + Reψ(1 + ηi), ψ(z) being a

digamma function, while p2 = . The function

KCoul(E) can be closely approximated by a modified
effective-range expansion in the form

(8)

For the coefficients A, r, q, and , we obtained the
numerical values of A = –103 fm, r = 0.59 fm, q =

−4.55 fm3, and  = –0.94 MeV. Here, the parameter A
has the meaning of the scattering length for alpha-par-

ticle interaction with the  nucleus. The phase shift

for α  scattering is displayed in Fig. 3, where the
circles represent its calculated values, while the solid
curve corresponds to the use of approximation (8) in
the calculation based on expression (7). In accordance

with (8), the scattering length for α  interaction is
large in magnitude and negative. This circumstance can
be attributed to the presence of a virtual level in the
Λαα  system near the threshold for scattering [19]. On
the basis of expansion (8), we find the effective range r0

He5
Λ

He5
Λ He5

Λ

He5
Λ

He5
Λ

He5
Λ

KCoul E( ) C0
2 η( ) p δ p( )( ) n

a
---h η( ),+cot=

mα

"
2

------E
a
---

KCoul E( )
1/A– r p2 q p4+ +

1 p2 p0
2⁄+

-------------------------------------------.=

p0
2

p0
2

He5
Λ

He5
Λ

He5
Λ
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for α  interaction by using the formula

(9)

The result is r0 = 1.2 fm.
Further, we investigated the applicability of the

effective-range approximation to describing the scatter-

He5
Λ

r0 2
dKCoul

d p2
--------------- for p2 0.=

–0.4

–0.6

–0.8

–1.0

0 1 2 3
E, MeV

K(E), fm–1

n

p

n

EB = –2.223 MeV

Λ

α

Λ

EB = –3.12 MeV

EB = –8.54 MeV

EB = –10.9 MeV

A = 0.64 fm, 0
2 = 0.177 MeV,  r0 = 460 fm

A = 1.0 fm, 0
2 = 1.1 MeV,  r0 = 27.8 fm

Fig. 4. Function K(E) = pcot(δ) for Λ-hyperon scattering by

a  hypernucleus: (curve) approximation (8) for the

function K(E) and (points) results obtained for pcot(δ) from
a numerical solution to equation (1).

He
5
Λ

Fig. 5. nnp and ΛΛα  systems. The scheme depicted in this
figure is explained in the main body of the text. For the nnp
system, the parameter values were obtained in [8].
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ing process in the Λ  system. For this purpose, we
evaluated the function K(E) = pcot(δ) at low energies.
This function is closely approximated by a modified
effective-range expansion of the form (8) with the
parameter values of A = 1.002 fm, r = –5.5 fm, q = 0 fm3,

and  = 1.1 MeV p2 = . In Fig. 4, the approx-

imation of K(E) by (8) is represented by the solid curve,
while the calculated values of pcot(δ) are shown by cir-
cles. Here, we can clearly see the analogy with the thor-
oughly studied low-energy behavior of the function
K(E) in doublet neutron–deuteron scattering [8, 20].
The expansion given by (8) is usually associated with
the presence of a virtual level in the nd system. The
energy of the virtual level (pole of the S matrix) is
determined [19] by solving the equation

(10)

If a representation of the form (8) is used in (10) for the
function K(E), the energy of the virtual level is
2.38 MeV. For specific values of the parameters in the
effective-range expansion (8) for Λ-hyperon scattering

on a  hypernucleus, the scattering length is 1.0 fm,
while the effective range calculated for this interaction
by equation (9) is 28.8 fm. Further, we note that the

behavior of the function pcot(δ) for the Λ  system
is similar to the behavior of this function for nd scatter-
ing (the binding energies of the entire systems and the
binding energies of the corresponding subsystems are
also similar); therefore, we can construct a direct anal-
ogy between the ΛΛα  and nnp systems. This analogy is
illustrated by the scheme in Fig. 5, where we present
the parameters of the nnp system that were obtained in
[8]. Obviously, this similarity is due to the compactness
of the alpha particle.
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Abstract—The 16O nucleus is treated as a bound state of the four-alpha-particle system showing 3α + α clus-
tering. The pair interaction of the alpha particles involved is simulated by a phenomenological potential. Addi-
tional three-particle potentials are introduced in order that the entire system and its three-particle subsystems
be bound. The parameters of these potentials are determined by fitting the experimental values of the binding
energies and the root-mean-square radii of the 12C and 16O nuclei. The calculations are performed on the basis
of the s-wave differential equations for the Faddeev and Yakubovsky components. The ground and the first
excited state of the 16O nucleus are investigated. The most probable spatial arrangement of the alpha-particle
clusters in the system is determined. The charge form factors are calculated for the 12C and 16O nuclei. The
results of our model calculations comply well with experimental data. © 2000 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

It is commonly accepted at present that correlations
of the alpha-particle-cluster type exist in the light
nuclei 12C and 16O. However, a complete theoretical
description of the properties of these nuclei that takes
into account clustering of the above type has yet to be
obtained [1–5]. Meanwhile, the idea of using a three-
body potential in treating the 12C nucleus as a system of
three alpha particles made it possible to reproduce [4]

the experimental values of the parameters of the  res-
onance state in the 12C nucleus. This was done by con-
structing solutions to the differential Faddeev equations
at positive energies. From the studies reported in [6],
which implemented the microscopic variational
approach, it can be seen that, by taking into account
three-body forces, the experimentally observed behav-
ior of the 16O charge form factor is reproducible within
this approach as well; in particular, a second diffraction
minimum, which did not arise in models relying on pair
nucleon–nucleon interaction potential, could be
described upon the inclusion of three-body interac-
tions.

In the present study, we address the question of
whether it is possible to choose the parameters of the
three-body potential in such a way that the properties of
the 16O nucleus could be described on the basis of the
4α cluster model. In our analysis, we employ the Fad-
deev equations for the 3α subsystem and the four-par-
ticle Yakubovsky equations in the differential form [7].
The s-wave Faddeev and Yakubovsky equations are
solved numerically by the cluster-reduction method
[8]. The short-range interaction between two alpha par-
ticles is simulated by the phenomenological potential
from [9].

02
+
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The ensuing exposition is organized as follows. In
Section 2, we describe the model underlying our inves-
tigations and formulate basic equations. In Section 3,
we give an account of the method used to solve the
equations from Section 2 and present our numerical
results. A brief summary of these results is given in the
Conclusion.

2. DESCRIPTION OF THE MODEL

2.1. Potentials Used

For the pair potential of interaction between the
alpha particles involved, we take the potential from [9]
(version “a”), which makes it possible to reproduce
faithfully the phase shifts for low-energy αα  scattering.
The s-wave projection of this potential has the form

(1)

where V1 = 125.0 MeV, β1 = 1.53 fm, V2 = –30.18 MeV,
and β2 = 2.85 fm. Since a pair potential cannot bind the
systems of three and four alpha particles because of the
strong Coulomb repulsion, a three-body potential V3(ρ)
is additionally introduced in the system of three alpha
particles in order that the system be bound. Following
[4], we specify this potential in the form

(2)

where ρ2 = , ri being the radius vector of the ith
particle (with respect to the center of mass of the sys-
tem).

For the four-particle system, we introduce two-

types of three-body potentials, (ρ) and (ρ). Of
these, the first binds a three-particle cluster in the sys-
tem, while the second specifies the interaction between

V r( ) V1 r2/β1
2–( ) V2 r2/β2

2
–( ),exp+exp=

V3 ρ( ) V3 ρ/β( )2–[ ] ,exp=

ri
2

i 1=
i 3=∑

V3
I V3

II
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the fourth particle and each particle pair bound in the
three-particle cluster. These potentials are chosen in the

form (2), their parameters being denoted by  and βI

for the former and by  and βII for the latter. In this
way, the 3α + α cluster structure is explicitly singled
out in the four-particle system. The three-body poten-
tials in the system of four alpha particles are illustrated
in Fig. 1. That the 16O nucleus can be described within
this scheme of clustering is confirmed by the calcula-
tions of Dubovichenko [10], who used the 12C + α two-
cluster model to study the electromagnetic disintegra-
tion of the 16O nucleus. By fitting the parameters of the
intercluster potentials involving forbidden states, that
author was able to reproduce the structure of the 16O
nucleus near the breakup threshold.

2.2. Three-Particle System

We consider the system of three charged particles
having the same mass mα. The particles are assumed to
have neither internal structure nor spin. In order to
describe this system, we make use of modified Faddeev
equations in the differential form, with the Coulomb
potential of particle interaction being included in the
unperturbed Hamiltonian [7]. Since the particles of the
system being considered are identical, the relevant Fad-
deev equations reduce to an equation for the U compo-
nent of the total wave function. Specifically, we have

where H0 is the kinetic-energy operator, P± are the
operators of cyclic permutations of the particles
involved, V is the short-range potential of pair interac-
tion between the particles, and VCoul is the Coulomb
potential of the system. The three-particle-interaction
potential V3 enters into the equations through the
unperturbed Hamiltonian. The total wave function of
the system can be represented as

V3
I

V3
II

H0 VCoul V3 V E–+ + +( )U V P+ P–+( )U ,–=

Ψ I P+ P–+ +( )U .=

1

2
3

4

V3
I

V 3
II

Fig. 1. Three-body potentials in the system of four alpha

particles: [ (ρ)] potential binding a three-particle cluster

within the system and [ (ρ)] potential simulating the

interaction between the fourth particle and the pairs of the
particles forming the three-particle cluster.

V3
I

V3
II
The system can be described in terms of the Jacobi
coordinates x and y, which are related to the particle
radius vectors rk (k = 1, 2, 3) by the equations

The 3α subsystem is considered here in the s-wave
approximation—that is, the total orbital angular
momentum of the whole system and those for all of its
subsystems are zero. The s-wave Faddeev equation rep-
resents an equation for the coordinate part 8(x, y) of
the Faddeev component U and has the form

(3)

where h0 = –  –  is the kinetic-energy operator,

x = |x|, y = |y|, and

The s-wave projection vCoul(x) of the Coulomb poten-
tial has the form

where r> = max{x/2, y} and n = 4mαe2/"2 (n = 0.556 fm–1).
The short-range potential of interaction between the
alpha particles, vαα(x), is given by (1). The three-body
interaction potential v3(ρ) has the form

(4)

where ρ2 = y2 + x2,  = –24.32 MeV, βI = 3.795 fm,

and "2/mα = 10.44 MeV fm2. The choice of values for

the parameters  and βI is explained in Section 3.

2.3. Four-Particle System

The system of four alpha particles represents a sys-
tem of four identical bosons. For such systems, the dif-
ferential Yakubovsky equations reduce to two equa-
tions for the components U1 and U2 of the wave func-
tion [7]. These equations can be written as

x r2 r1, y– r1 r2+( )/2 r3.–= =

h0 vCoul x( ) v αα x( ) v 3 ρ( ) ε–+ + +( )8 x y,( )

=  v αα x( ) dv
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x1y1
----------8 x1 y1,( ),
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2
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4
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2
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4
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3
4
---xyv–+

 
 
 

1/2

.=

vCoul x y,( ) n/x 2
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v 3 ρ( ) V3
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=  V P1
+ P++( )U1 P1

+ P4
++( )U2+( ),–
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where V is the pair potential of particle interaction,
VCoul is the Coulomb interaction potential, V3 is the
three-body potential, H0 is the kinetic-energy operator,
P± are the operators of cyclic permutations of four par-

ticles, and  are the operators of cyclic permutations
of three particles (here, the subscript indicates the num-
ber of a particle that is not involved in a given permuta-
tion). The components U1 and U2 correspond to,
respectively, 3 + 1 and 2 + 2 partitions of the system.
The wave function of the system can be represented as

In order to describe the system in configuration space,
we make use of the Jacobi coordinates X = {xi, yi, zi},
i = 1, 2, where the subscript i labels coordinates associ-
ated with the different partitions of the system, taking
the values of i = 1 and 2 for the 3 + 1 and 2 + 2 parti-
tions. The Jacobi coordinates are expressed in terms of
the particle radius vectors rk (k = 1, 2, 3, 4) as

We consider the system of four alpha particles in the
s-wave approximation; that is, we assume that the
orbital angular momentum of the whole system and the
orbital angular momenta of all its subsystems are equal
to zero. The s-wave differential equations for the coor-
dinate parts 81 and 82 of the Yakubovsky components
can be written as

(5)

H0 V VCoul V3 E–+ + +( )U2 V P+P+( )U2+

=  V P+ P1
++( )P+U
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where x = |x|, y = |y|, z = |z|, and

The transformations of the coordinates appearing in (5)
are given by

The s-wave projection of the Coulomb interaction in
the equation for the component of the 3 + 1 type has the
form

+ v αα x( )82
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× dv
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The s-wave projection of the Coulomb interaction in
the equation for the component of the 2 + 2 type is
given by

where

As before, the short-range potential of interaction
between the alpha particles, vαα(x), is taken in the form
(1). The three-body interaction potential is simulated
by the expression

(6)

where the subscript a2 takes the values that correspond
to the {123}{4}, {124}{3}, {134}{2}, and {234}{1}
two-cluster partitions of the system. The potential for
the {123}{4} partition is given above [see equation (4)
in Subsection 2.2]. The remaining potentials ( )
are determined by expression (2) with the parameters

 and βII. In equation (6), the variables  are
expressed in terms of the Jacobi coordinates of the 3 +
1 type. Specifically, we have

where
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The expressions for the variables  in terms of the
Jacobi coordinates of the 2 + 2 type are given by

For these potentials, the parameters  and 

 

β

 

II

 

 are cho-
sen in such a way as to reproduce the experimental val-
ues of the binding energy of the 

 

16

 

O nucleus and its
root-mean-square radius.

 

2.4. Root-Mean-Square Radius of the 
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and 
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Systems

 

Since the above model is based on the three- and
four-particle Faddeev and Yakubovsky equations, the
internal structure of the alpha-particle clusters cannot
be taken into account explicitly in this model. It is obvi-
ous that, in considering the geometric properties of the

 

12

 

O and 

 

16

 

O nuclei, it is necessary to choose some way
to take into account the geometric features of the alpha-
particle clusters. From the literature, we know two
models that allow for the internal structure of clusters
in describing cluster systems. In the first model, all fea-
tures of the clusters that are bound in some system are
identical to their features in a free state. The second
model admits modifications of some properties of the
clusters when they are combined into a cluster system.
Within the first model, Mikhelashvili 

 

et al.

 

 [1] treated
the 

 

12

 

C nucleus as a system of bound alpha particles,
whereas Dubovichenko [10] studied the 

 

12

 

C + 

 

α

 

 model
of the 

 

16

 

O nucleus. However, the experimental behavior
of the charge form factor at high momentum transfers
could be reproduced neither in [1] nor in [10]. A clus-
ter-model modification that takes into account changes
in the properties of bound clusters was considered by
Kamada 

 

et al.

 

 [11], who studied the properties of the
6Li nucleus treated as an α + d system. It turned out that
the elastic form factor is faithfully reproduced for the
lithium nucleus upon taking into account distortions of
the deuteron cluster, its root-mean-square radius being
a function of the intercluster coordinate [11]. Changes
in the root-mean-square radii of the clusters were also
taken into account by Bluge and Langanke [12], who
studied α + t cluster systems, and by Dubovichenko
and Dzhazairov-Kahramanov [13], who studied n +
3He cluster systems. In [11–13], the cluster-deforma-
tion factor served as an adjustable parameter. Obvi-
ously, its choice cannot be substantiated rigorously
within the cluster model.
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Following [11–13], we assumed that the root-mean-
square radius of the alpha-particle clusters in the 12C
and 16O nuclei differs from that of a free alpha particle.
We define the alpha-particle-deformation factor A as
A = (Rα/Rc)2, where Rα is the charge radius of the alpha
particle (Rα = 1.47 fm), while Rc is the root-mean-
square radius of the alpha-particle cluster. By varying
the deformation factor A, the experimentally observed
behavior of the charge form factors for the 12C and 16O
nuclei at high momentum transfers can be faithfully
reproduced within the model outlined above. By using
the deformation factor A, the root-mean-square radius
of the systems of three and four alpha-particle clusters
is calculated as

(7)

where r stands for the root-mean-square radius of the
system of structureless particles. We note once again
that the parameters of the three-body potentials are
determined by requiring that the potential models spec-
ified by equations (3) and (5) reproduce not only the
relevant binding energies but also the experimental val-
ues of the root-mean-square radii of, respectively, the
12C and 16O nuclei. At a given value of the deformation
factor A, equation (7) fixes the root-mean-square radius

r. The adjustable parameters (ρ) and (ρ) of the
potentials from (3) and (5) must lead to this value of r.
Thus, the choice of values for the parameters of the
three-body potentials depends on the cluster-deforma-
tion factor A.

Taking into account equation (7), we evaluated the
form factor for either of the 12C and 16O nuclei as the
product of the form factor f(q) for the system of struc-

tureless particles and the form factor Fα(q/ ) for the
alpha-particle cluster; that is,

(8)

According to [10], the charge form factor Fα(q) for the
alpha-particle cluster can be parametrized as

where a = 0.09986 fm2, b = 0.46376 fm2, and n = 6. We
use this parametrization here in calculating the form
factors for the 12C and 16O nuclei by formula (8). For
the deformation factor A, it was found here that, for the
12C and 16O nuclei, the values of, respectively, A = 3 and
A = 4 must be substituted into equations (7) and (8).

3. METHOD FOR SOLVING EQUATIONS (3)
AND (5) AND RESULTS

OF THE CALCULATIONS

In the present study, the differential equations (3)
and (5) for the Faddeev and Yakubovsky components
were solved by the cluster-reduction method. Previ-
ously, this method was used in [8] to calculate the
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bound states of three- and four-nucleon systems and
low-energy scattering in these systems. The cluster-
reduction method alleviates considerably computa-
tional difficulties in solving relevant equations. Within
this method, solutions to the original equations are
sought in the form of expansions in the bases formed by
the eigenfunctions of the Hamiltonians of two-particle
(three-particle) subsystems. A transition to relevant
projections leads to a set of equations for functions that
describe the relative motion of the clusters. In this set,
the dimensionality of each equation is less than the
dimensionality of the original equations by unity. This
reduction procedure was described in detail elsewhere
[8]. The number N of basis functions that must be
retained in the above expansions in order that the
results of the calculations be convergent is the main
parameter that determines the efficiency of the method.
The point is that this parameter specifies the dimension
of the algebraic problem that we are to solve in order to
construct numerical solutions to the reduced equations.
It is obvious that the smaller the value of N, the greater
the gain in efficiency in relation to directly solving the
original equations by the finite-difference method. This
value is dependent on special features of the problem
being solved. In particular, the value of N is reduced if
the degree of clustering in the physical system under
investigation is high.

Let us now proceed to describe the results obtained
by numerically solving the differential equations (5) for
the Yakubovsky components. The basis functions that
are necessary for performing the above reduction were
calculated as the eigenfunctions of the boundary-value
problem for the Faddeev operator in (3) and the opera-
tor conjugate to it [8]. Equations (3) and (5) were
solved within the rectangular domain Ω of configura-
tion space. We denote by Rx, Ry, and Rz the parameters
that specify the dimensions of this domain as

and set these parameters to Rx = Ry = Rz = 25 fm. At the
boundary of the domain Ω , we impose zero boundary
conditions on solutions to equations (3) and (5).

Let us now address the problem of calculating the
3α system, whose bound state represents the 12C
nucleus. The three-body potential (4) makes it possible
to reproduce the experimental value of the 12C binding
energy. The results of this calculation are displayed in
Table 1 (here, the energy is reckoned from the threshold
for the breakup of the system into separate alpha parti-
cles). For the sake of comparison, the corresponding
values from [4] are indicated there for the parameters of
the three-body potential and for the binding energy in
the ground state of the 3α system. The distinctions
between the potential parameters are explained by the
use of the different models here and in [4], where the
orbital angular momentum of the subsystems was taken
into account up to that of the d wave. Table 1 also
quotes the root-mean-square radius as calculated for
the 12C nucleus by formula (7) at A = 3. It can be seen

Ω x y z: x Rx y Ry z Rz<,<,<, ,{ } .=
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that this value complies well with the experimental
result. The representation in (7) makes it possible to
describe, on the basis of the 3α model, the experimen-
tally observed behavior of the charge form factor for
the 12C nucleus at high momentum transfers (or the
charge-distribution density in this nucleus at small dis-
tances). In Fig. 2, the form factor f(q) for the 3α system
is represented by the dashed curve. Closed circles in

Table 1.  Parameters of the three-body potential, binding en-
ergy of the 12C nucleus, and its root-mean-square radius (the
energy is reckoned from the threshold of the 12C breakup into
separate alpha particles)

References , MeV βI, fm EB, MeV R, fm 

[4] –96.8 1.957 –6.81 2.36

Our study –24.32 3.795 –7.27 2.47

Experimental data 
from [4]

–7.27 2.47

V3
I

F2

10–2

10–4

10–6

0 1 2 3
q, fm–1

Fig. 2. Charge form factor for the 12C nucleus: (closed cir-
cles) experimental values from [14], (dashed curve) results
of the calculation for the system of three structureless alpha
particles, and (solid curve) results obtained by taking into
account the alpha-particle-cluster form factor by formula
(8) at A = 3.

Table 2.  Binding energies of the 12C and 16O nuclei versus
the number N of basis functions taken into account in the
cluster-reduction method

N EB(12C), MeV N EB(16O), MeV (16O), MeV

1 –5.32 1 –14.37 –8.48

5 –7.73 2 –14.39 –8.79

10 –8.10 3 –14.39 –8.79

15 –7.69 4 –14.40 –8.78

20 –7.39

25 –7.28

26 –7.27

27 –7.27

EB
*

this figure show experimental data from [14]. The func-
tion F(q) is depicted by the solid curve. The diffraction
minimum of the function F(q) is displaced with respect
to its experimental position, but the behavior of this
function at large values of q approximates closely the
behavior of the 12C form factor.

The results of the calculations for the binding ener-
gies of the 3α and 4α systems versus the number N of
basis functions taken into account in the calculation are
quoted in Table 2. The rate at which the results pro-
duced by the cluster-reduction method converge mea-
sures the degree of clustering in the subsystems. That
the binding energy of the 4α system converges in N fast
suggests that the degree of clustering of the 3α + α type
is high, which is in accord with the results presented in
[10]. The binding energies calculated for the ground
and the first excited state of the 4α system are displayed
in Table 3, along with relevant experimental data. The
parameters of the three-body potentials used in the cal-
culations are also quoted in this table.

The parameters of the potential (ρ) in equation
(4) were determined in calculating the ground state of
the 12C nucleus. In order to specify unambiguously the

parameters  and βI, we used the experimental values
of the binding energy and the root-mean-square radius.
We will illustrate the above by the graphs in Fig. 3, but
we first redefine the parameters of the three-body

potential (ρ) via the relations  = V0/µ and ν = βI,
where V0 = 99 MeV. Thus, the binding energy obtained
in the calculation for the 3α system appears to be a
function of two variables: E = E(µ, ν). In Fig. 3‡, we
depicted a curve such that each point of it was obtained
as a solution to the equation E(µ, ν) = Eexpt, where E(µ,
ν) is the binding energy calculated as described imme-
diately above, while Eexpt is the experimental value of
the 12C binding energy. As can be seen from this figure,
the parameters µ and ν of the three-body potential can-
not be fixed unambiguously on the basis of the 12C
binding energy alone. The calculated root-mean-square
radius r(µ, ν) of the 3α system is displayed in Fig. 3b
as a function of ν at a µ value specified according to the
data in Fig. 3a. By using the dependence in Fig. 3b, we
can unambiguously determine the parameters µ and ν
by requiring that the functional form of r(µ, ν) corre-
spond to (7)—that is, by taking it to be r(µ, ν) =

, where we denote by R the experimental
value of the root-mean-square radius of the 12C nucleus
(R = 2.47 fm). This illustrates the way in which the
cluster-deformation factor A affects the choice of val-
ues for the parameters µ and ν. The situation here is
such that, for various values of A, we can fit the binding
energy and the root-mean-square radius of the 3α sys-
tem to the corresponding experimental values for the
12C nucleus, thereby fixing the parameters µ and ν for
each given value of A. The ambiguity in choosing a
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I
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I

R2 Rα
2
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Table 3.  Parameters of the three-body potentials, binding energies of the 16O nucleus in the ground and in the first excited

state (EB and , respectively; these energies are reckoned from the threshold of the 16C breakup into separate alpha parti-
cles), and corresponding root-mean-square radii (R and R*, respectively)

References , MeV βI, fm , MeV βII, fm EB, MeV R, fm , MeV R*, fm

Our study –24.32 3.795 –5.66 5.7 –14.4 2.7 –8.8 3.5

Experimental data from [10] –14.4 2.71 –8.34 –

EB
*

V3
I V3

II EB
*

value for the deformation-factor A is removed by
requiring that the form factor obtained for the relevant
3α system according to (8) reproduce the experimen-
tally observed behavior of the 12C form factor. For the
3α system, we deduced here the value of A = 3. The
crosses in Fig. 3 show the values of µ and ν that corre-

spond to A = 3. The parameters of the potential (ρ)
were determined in a similar way from a fit to the bind-
ing energy in the ground state of the 16O nucleus and to
the experimental value of its root-mean-square radius
taken to have the form (7). In that case, the cluster-
deformation factor was chosen to be A = 4, which
enabled us to reproduce the experimentally observed
behavior of the 16O form factor with the aid of represen-
tation (8) for the system of four alpha-particle clusters.
The resulting s-wave potential model formulated in
terms of equation (5) with the parameters specified as
is described above has two bound states, the ground
state and the first excited state. The 16O nucleus also has
two 0+ levels in the discrete spectrum. It can be seen
from Table 3 that, for the first excited state, the calcula-
tion yields an energy value close to the experimental
one.

It is interesting to note that, geometrically, the 4α
cluster model considered here is compatible with the
simple 12C + α representation of the ground state of the
16O nucleus. Let us demonstrate this explicitly. Accord-
ing to the two-cluster model, the root-mean-square dis-
tance d between the alpha-particle and 12C clusters is
calculated by the formula [15]

where AC = 3 (AO = 4) is the number of alpha particles
in the 12C (16O) nucleus, while R, RC, and Rα are the
root-mean-square radii of, respectively, the 16O
nucleus, the 12C nucleus, and the alpha particle. By
using the experimental values of R, RC, and Rα, we
obtain d = 3.4 fm. Within our model, a natural choice
for d is (4/3)r, where r is the root-mean-square radius of
the alpha-particle cluster in the 4α system (r = 2.58 fm).
It can easily be verified that d ≈ (4/3)r.

Let us now discuss the results of the calculations for
the 16O form factor. These calculations were performed
by formula (8) at A = 4. In Fig. 4, the dashed curve,
points, and the solid curve represent, respectively, the
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form factor f(q) for the 4α system, the experimental
values from [16], and the function F(q). The function
F(q) reproduces faithfully experimental data—in par-
ticular, the positions of the first and the second diffrac-
tion maximum, as well as the behavior of the charge
form factor for the 16O nucleus at high momentum
transfers q. Figure 5 shows the charge-distribution den-
sity ρch(r) for systems formed by three and four alpha
particles treated as structureless objects. The Fourier
transforms of these functions appear to be the functions
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f(q) in (8). In Fig. 5, the solid, the dotted, and the dashed
curve correspond, respectively, to the ground state of
the 4α system, to the first excited state of the 4α sys-
tem, and to the ground state of the 3α system. The func-
tions ρch(r) are normalized by the condition

(r)r2dr = 1. Let us compare the result obtained for

the form factor of the 4α system at A = 4 with the cor-
responding result at A = 1, in which case the alpha par-
ticles in the nucleus are identical to a free alpha parti-
cle. The results of the calculations performed at A = 1
are presented in Fig. 6 (the notation there is identical to

ρch0

∞∫

F2

10–2

10–6

q, fm–1

10–10

Fig. 4. Charge form factor for the 16O nucleus: (closed
squares) experimental values from [16], (dashed curve)
results of the calculation for the system consisting of four
structureless alpha particles, and (solid curve) results
obtained by taking into account the alpha-cluster form fac-
tor by formula (8) at  A = 4.

0 1 2 3 4

ρc(r), fm–3

0.16

0.12

0.08

0.04

0 2 4 r, fm

Fig. 5. Charge-distribution density in (solid curve) the
ground state of the system of four alpha particles, (dotted
curve) the first excited state of the system of four alpha par-
ticles, and (dashed curve) the ground state of the system of
three alpha particles.

1 3
                    

that in Fig. 4). In this case, the behavior of the resulting
form factor differs drastically from the behavior of the
16O form factor, especially at high momentum trans-
fers. For the sake of completeness, we indicate that, in
the calculation at A = 1, the fitted values of the param-

eters that appear in the potentials (ρ) and (ρ) are

 = −82.5 MeV, βI = 2.35 fm,  = –6.27 MeV, and
βII = 5.95 fm.

The wave functions obtained for the 4α and 3α sys-
tems by solving equations (5) and (3) were then used to
study the spatial disposition of the alpha-particle clus-
ters in the 16O and 12C nuclei. The coordinate compo-
nent of the wave function of the 4α (3α) system
depends on six (three) variables. These are the absolute
values of the Jacobi coordinates—x, y, and z (x and y)—
and the angles between the vectors x, y, and z (x and
y)—u = (x, y)/xy, v = (x, z)/xz, and w = (y, z)/yz. The
most probable spatial configuration of the constituent
alpha particles in the 4α or the 3α system is determined
as that which is formed by the points at which the
square of the total wave function of the system being
considered peaks. Such configurations correspond to
the values of x = 2.9 fm, y = 2.5 fm, and u = 0 for the
3α system; x = 2.7 fm, y = 2.6 fm, z = 2.7 fm, u = 0, v =
0.5, and w = –0.4 for the 4α system in the ground state;
and x = 2.5 fm, y = 2.6 fm, z = 2.7 fm, u = 0.5, v = 0.86,
and w = 0 for the 4α system in the first excited state.
Figure 7 illustrates these configurations.

In the 12C nucleus, the centers of mass of the alpha-
particle clusters are situated at the vertices of an equi-
lateral triangle with a side length of 2.9 fm (see
Fig. 7a). This result is close to that from [4], where the
corresponding side length is 2.98 fm; in contrast to

V3
I V3

II

V3
I V3

II

Fig. 6. Charge form factor for the 16O nucleus: (closed
squares) experimental values from [16], (dashed curve)
results of the calculation for the system consisting of four
structureless alpha particles, and (solid curve) results
obtained by taking into account the alpha-cluster form fac-
tor by formula (8) at A = 1.
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10–6

10–10
1 2 3 4

q, fm–1
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Fig. 7. Most probable disposition of the alpha-particle clus-
ters in (a) the ground state of 12C nucleus, (b) the ground
state of 16O nucleus, and (c) the first excited state (0+) of the
16O nucleus. The figures at the vertices indicate the numbers
of the clusters, while the figure by the sides of the triangle
in Fig. 7a and the figure by the edges of the tetrahedra in
Figs. 7b and 7c indicate the distances (in fm) between the
clusters. 

Fig. 8. Square of the wave function, Ψ2(x, y, u), of the sys-
tem of three alpha particles for the ground state of the 12C
nucleus. The distance x between two alpha particles is fixed
at x = 2.93 fm (closed circles indicate the positions of the
centers of mass of the alpha-particle clusters). The function

is expressed in terms of the coordinates yu and y
plotted along the axes in fm.
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what was obtained in the present study, however, the
binding energy in [4] is less in magnitude than the
experimental value by 0.5 MeV. Figure 8 provides a
clear view of the spatial disposition of the alpha-parti-
cle clusters in the 12C nucleus. There, we can see the
square of the wave function, Ψ2(x, y, u), of the 3α sys-
tem. The distance between two alpha particles is fixed
at x = 2.9 fm, and the function itself is plotted in terms

of the coordinates yu and y .

In the ground state of the 16O nucleus, the centers of
mass of three alpha-particle clusters are situated at the
vertices of an isosceles triangle with side lengths of 2.7,
2.9, and 2.9 fm (see Fig. 7b). The point offset from the
center of mass of the 3α cluster by a distance of 2.7 fm
in the direction determined by the angles θxz = 60° and
θyz = 65° between the vectors x and z and between the
vectors y and z, respectively, corresponds to the most
probable position of the fourth alpha particle. For the
first excited state of the 16O nucleus, the disposition of
the alpha-particle clusters is illustrated in 7c. The spa-
tial configuration of the alpha-particle clusters was
investigated in [2, 3, 17, 18], where the authors consid-
ered primarily a regular tetrahedron and a linear chain
of alpha particles. Our calculations reveal that neither
of these is realized in the 16O nucleus. By way of exam-
ple, we compare our results for the ground state of the
16O nucleus with the corresponding results of Dufour
et al. [3], who used the method of generator coordi-
nates and who considered the disposition of the alpha-
particle clusters at the vertices of a regular tetrahedron
with an edge length of 2.39 fm. The calculations of
Dufour et al. [3] underestimate greatly the root-mean-
square radius of the 16O nucleus, leading to the value of
R = 2.25 fm. At the same time, their results for the 12C
nucleus are consistent with ours—namely, the disposi-
tion of the alpha-particle clusters in the 12C nucleus is
in accord with their disposition at the vertices of an
equilateral triangle with a side length of 2.8 fm. We
would also like to mention the study of Bauhoff et al.
[18], who relied on the shell model of the nucleus. By
employing the “Rhomb” configuration of the alpha-
particle clusters in the 16O nucleus, those authors were
able to reproduce closely the position of the first
excited (0+) level. The above configuration from [18] is
similar to the configuration obtained here for the
excited 0+ state of the 16O nucleus.

4. CONCLUSION

The 16O nucleus has been treated here as a bound
state of the system consisting of four alpha-particle
clusters. In addition to pair short-range potentials of
interaction between the alpha particles, we have also
considered three-body interaction potentials of two
types. Of these, interaction of the first type binds three
alpha particles into a cluster, while interaction of the
second type simulates coupling between the fourth
alpha-particle cluster and the pairs of the alpha parti-

1 u2–
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cles bound into the above three-particle subsystem. As
a matter of fact, this means that we have introduced a
four-body interaction. The potential parameters have
been determined by fitting the experimental values of
the binding energies and of the root-mean-square radii
for the 12C and 16O nuclei. The potential model
obtained in this way on the basis of equations for the
Yakubovsky components reproduces faithfully the first
excited (0+) state of the 16O nucleus. Following [11–
13], where in-medium changes in the root-mean-square
radii of the clusters involved were considered in dealing
with cluster systems, we have assumed here that the
root-mean-square radius of the alpha-particle cluster in
the 3α and 4α bound systems differs considerably from
that of a free alpha particle. By calculating, within this
framework, the charge form factors for the 12C and 16O
nuclei treated as the 3α and 4α systems, respectively,
we have been able to reproduce the experimentally
observed behavior of these form factors and their mag-
nitudes. Based on the results of our calculations for the
wave function of the 16O nucleus, we have found that
the most probable disposition of four alpha-particle
clusters in this nucleus is that at the vertices of a
deformed tetrahedron.
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Abstract—All formulas that are necessary for deriving not only upper (EU) but also lower (EL) variational
bounds on the energy of systems featuring a few nonrelativistic particles are obtained with trial functions in the
form of expansions in multidimensional Gaussian functions or exponentials. For potentials that are used most
widely, all matrix elements are expressed in terms of known functions, a circumstance that simplifies consider-
ably relevant numerical calculations. This is so for systems featuring an arbitrary number of particles in the case
of a Gaussian basis and for three-particle systems in the case of an exponential basis. Numerical results for EU
and EL, which are characterized by record accuracies, are presented for some Coulomb and nuclear systems
such as the He atom; the e+e–e–, ppµ–, 3α, and 4α systems; and hypertritium (pnΛ). Lower bounds with expo-
nential trial functions are obtained for the first time (the corresponding formulas are presented for the first time
as well); for a Gaussian basis, lower bounds for Coulomb systems have not been known either. Given EL and
EU, limits within which the exact value of energy, E0, lies can be indicated with confidence. Moreover, an anal-
ysis of the correlation between EL and EU with increasing number of terms in the expansion of the trial function
makes it possible to improve the accuracy (at least by one order of magnitude) of the value E∞ extrapolated to
infinity. By considering specific examples, it is shown that the exponential basis is advantageous in relation to
the Gaussian one. © 2000 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Investigation of systems involving three and more
particles is of paramount importance for theory because
this makes it possible to reveal qualitatively new effects
of multiparticle forces and multiparticle correlations
that are absent in two-particle systems. Moreover, such
investigations contribute to understanding the role of
relativistic effects in systems of more than two parti-
cles. Calculations for few-particle systems are impor-
tant from the point of view of practical applications in
rapidly developing realms of science such as spectros-
copy of multiply charged ions and the physics of
positronium atoms and positronium molecules, mesic
molecules, exotic nuclear systems, hypernuclei, and
other hadronic and quark objects.

In the most popular nonrelativistic potential
approach, various methods—primarily, Faddeev’s
methods, the method of hyperspherical functions, and
the Monte Carlo method—are commonly used to solve
the Schrödinger equation. In calculating bound sys-
tems, the variational approach, which provides the
highest accuracy, remains, however, the most universal
one in what is concerned with the shape and the struc-
ture of the potential. The absence of oscillations of the
resulting estimates around the true value and the possi-
bility of finding both the upper (EU) and the lower (EL)
bound on energy—in many cases, this ensures the

1) Nuclear Safety Institute, Russian Academy of Sciences,
Bol’shaya Tul’skaya ul. 52, Moscow, 113191 Russia.
1063-7788/00/6303- $20.00 © 0353
accuracy and reliability of calculations—are important
advantages of the method.

In the overwhelming majority of studies, the authors
restrict themselves to a determination of an upper
bound on the ground-state energy E0,

, (1)

where H is the Hamiltonian of the system, and ψ is the
trial function. But there is always the problem of
assessing the proximity of EU to E0. In calculations fea-
turing many parameters, it is possible to approach an
exact value by taking an ever more involved trial func-
tion and by constructing the dependence EU = EU(n),
where n is the quantity directly related to the number of
variational parameters. For n, we can take the number
of terms in the general expansion

(2)

where φi are basis functions that are dependent on vari-
ational parameters ai and αi.

In order to obtain an extrapolated energy value that
is closer to an exact value, the n dependence of EU is
usually approximated by the expression

(3)

where fU is some nonnegative function tending mono-
tonically to zero as n  ∞, while E∞ is the sought

E
ψU min

ψ H ψ〈 〉
ψ ψ〈 | 〉

----------------------=

ψ aiφi α i( ),
i 1=

n

∑=

EU n( ) E∞ f U n( ),+=
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extrapolated estimate of energy. However, the results of
this procedure are open to criticism. In order to clarify
this point, we note that, if the set of functions under use
is not complete or if variational parameters are sought
over some part of the full admissible region, E∞ will not
coincide with E0, remaining only some far or close
approximation of it.

Provided that a lower bound is derived along with
EU, the variational method frequently makes it possible
to answer the most difficult question, that of the accu-
racy of the results it yields. If, in particular, the energy
E1 of the first excited state2) (or its lower bound) is
known, then EL can be found by the Temple formula [1]

(4)

which is valid for all trial functions ensuring fulfillment
of the inequality 〈ψ|H|ψ〉 < E1. It can be seen easily that,
at ψ = ψ0, this formula yields the exact value for the
energy of the system (as the expression for EU does).
Moreover, it can be shown (see, for example, [2]) that,
if there is no a priori information other than that about
〈H〉 , 〈H2〉 , and E1, equation (4) leads to the best lower
bound on E0.

The calculations of few-nucleon nuclei from [3–6]
show that EL is a rougher estimate of E0 than EU. For
example, the quantity

(5)

which is often used in comparing various estimates,
proved to be 50–100 in calculating 3He and 4He nuclei
bound by simple NN potentials featuring a hard core
[3]. In calculating tritium with the Hamada–Johnston
potentials, Delves et al. [4] obtained the value of η ~
800 and arrived at the conclusion that η tends to ascend
with increasing number of variational parameters. At
the same time, η values appear to be much less in the
case of potentials characterized by a simpler radial
dependence. In particular, it was found in [5] that η ≈
40 for three-particle systems bound by the soft-core
Ali–Bodmer αα  potential [7] and that η ≈ 5–10 for
three- and four-nucleon systems governed by the purely
attractive Baker potential. 

2. CHOICE OF TRIAL FUNCTIONS

Variational calculations prove successful if the
choice of basis functions having good approximating
capabilities is combined with a highly efficient proce-
dure for optimizing parameters in order to ensure a fast
convergence of energy estimates. At the same time, it is
important that matrix elements of the Hamiltonian of

2)Here, we mean an excited state corresponding to the same sym-
metry of the wave function and the same angular momentum as in
the ground state.

E
ψL max

E1 ψ H ψ〈 〉 ψ H2 ψ〈 〉–
E1 ψ H ψ〈 〉–

----------------------------------------------------------,=

η
E0 EL–
EU E0–
------------------,=
the system and of its square have a form as simple as is
possible.

For S states of the system of particles—and we
investigate here precisely such states—these require-
ments are met by taking the functions

(6)

(7)

where rkl is the distance between the kth and lth parti-
cles, while N is the number of particles.

For the function in (6), the matrix elements of the
Hamiltonian and of its square for systems featuring an
arbitrary number of particles bound by potentials used
extensively can be computed analytically, whereby
numerical calculations of both the upper and the lower
bound are simplified considerably. All formulas
required for such calculations (see also [5]) are pre-
sented in Appendix 1.

For the functions in (7), the needed matrix elements
can be calculated analytically only for three-particle
systems. Some relevant calculations—both for nuclear
and for atomic systems—can be found in the literature
(see, for example, [8–12]), but these refer to upper
bounds EU exclusively. This is not only because a deter-
mination of lower bounds is laborious but also because
some necessary formulas have not yet been derived. In
the next section and in Appendix 2, we present all for-
mulas required for calculating both the upper and the
lower bound on the energy of a three-particle system.

3. UPPER AND LOWER BOUNDS
ON THE ENERGY OF A THREE-PARTICLE 

SYSTEM IN AN EXPONENTIAL BASIS

Upon separating the center of mass, the Hamilto-
nian of the three-particle system reduces to the form

where P1 ≡ p23 and P2 ≡ p31 are the momentum opera-
tors for relative motion, V is the potential-energy oper-
ator, and

For coordinates, it is convenient to choose the inter-
particle distances R1 ≡ r23, R2 ≡ r31, and R3 ≡ r12 and the
Euler angles. In the case of central forces

φi α i( ) α kl
i rkl

2

k l> 1=

N

∑–
 
 
 

,exp=

φi α i( ) α kl
i rkl

k l> 1=

N

∑–
 
 
 

,exp=

H
P1

2

2µ23
----------

P2
2

2µ31
----------

P1 P2⋅
m3

----------------– V ,+ +=

1
µ23
------- 1

m2
------ 1

m3
------+ 1

µ
---

1
m1
------,–= =

1
µ31
------- 1

m3
------ 1

m1
------+ 1

µ
---

1
m2
------.–= =
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[V = (rij)], the ground-state wave function
depends only on the relative coordinates, whereas the
kinetic-energy operator can be represented in the form

where nk is a unit vector aligned with the vector Rk.
In our notation, the basis functions (7) are written as

while the normalization condition for the trial function
(2) is given by

where

The expressions for the upper and lower variational
bounds on the energy can be found by differentiating
the fundamental integrals

(8)

(9)

with respect to the parameters xk (=  + ).

The integral

(10)

Viji j≠ 1=
3∑

T
"

2

2
----- 1

µ
--- 1

mk

------– 
  1

Rk
2

----- ∂
∂Rk

--------- Rk
2

Rk∂
∂

 
 

k 1=

3

∑




–=

– 1
µ
--- 1

mk

------– 1
ml

-----– 
  nk nl⋅( ) ∂2

∂Rk∂Rl

-----------------




,
k l≠ 1=

3

∑

i| 〉 φi≡ α k
i Rk

k 1=

3

∑–
 
 
 

,exp=

ψ ψ〈 | 〉 aia j i j〈 | 〉 ,
i j,
∑=

i j〈 | 〉 8π2 R1 R1 R2 R2d

0

∞

∫d

0

∞

∫=

× R3 R3expd

R1 R2–

R1 R2+

∫ α k
i α k

j+( )Rk

k 1=

3

∑–
 
 
 

.

I000 x1x2x3( )

≡ 8π2 dR1 dR2 R3 xkRk

k 1=

3

∑–
 
 
 

,expd

R1 R2–

R1 R2+

∫
0

∞

∫
0

∞

∫

U1
000 x1x2x3( )

≡ 8π2 dR1V R1( ) dR2 R3 xkRk

k 1=

3

∑–
 
 
 

expd

R1 R2–

R1 R2+

∫
0

∞

∫
0

∞

∫

α k
i α k

j

Iklm x1x2x3( )

≡ 8π2 R1
kdR1 R2

l dR2 R3
m R3 x jR j

j 1=

3

∑–
 
 
 

expd

R1 R2–

R1 R2+

∫
0

∞

∫
0

∞

∫
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can be evaluated by using the relation

while the integral

(11)

is taken with the aid of the relation

The integral in (8) can be calculated easily, the result
being

while the integral in (9) for arbitrary V(R1) reduces to
the form

For the sake of convenience, we now introduce the
notation

We also introduce the operator Opq implementing a per-
mutation of any pair of coordinates xp and xq, for exam-
ple,

and satisfying the condition Opp ≡ 1, p = 1, 2, 3. It fol-
lows that

After some simple algebra, we find that the matrix
elements of the operator T between the states i and j can

Iklm x1x2x3( )

=  ∂
∂x1
--------– 

  k ∂
∂x2
--------– 

  l ∂
∂x3
--------– 

  m

I000 x1x2x3( ),

U1
klm x1x2x3( ) 8π2 V R1( )R1

kdR1 R2
l dR2

0

∞

∫
0

∞

∫≡

× R3
m R3 xkRk

k 1=

3

∑–
 
 
 

expd

R1 R2–

R1 R2+

∫

U1
klm x1x2x3( )

=  ∂
∂x1
--------– 

  k ∂
∂x2
--------– 

  l ∂
∂x3
--------– 

  m

U1
000 x1x2x3( ).

I000 x1x2x3( )
16π2

x1 x2+( ) x2 x3+( ) x3 x1+( )
-------------------------------------------------------------,=

U1
000 x1x2x3( )

16π2

x2 x3+( ) x2 x3–( )
-----------------------------------------=

× V R1( ) R1 e
x3 x1+( )R1–

e
x1 x2+( )R1–

–( ).d

0

∞

∫

t1 2 n2 n3⋅( )≡
R2

2 R3
2 R1

2–+
R2R3

------------------------------,=

t2 2 n3 n1⋅( ),≡ t3 2 n1 n2⋅( );≡

T p i tp j〈 〉 , Gp i 1/Rp j〈 〉 ,≡≡

Iklm Iklm x1x2x3( ).≡

O12 f x1x2x3( ) f x2x1x3( ),≡

Gp Op1I011, T p Op1 I120 I102 I300–+( ),= =

p 1 2 3., ,=
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be represented as

where

The matrix elements for potentials used extensively
are given by quite simple expressions. In particular, we
have

for the Coulomb interaction V(R1) = 1/R1,

for the exponential potential V(R1) = exp(−λ1R1), and

for the Yukawa potential V(R1) = exp(–λ1R1)/R1. The
expressions for the matrix elements of V(R2) and V(R3)
are similar.

A determination of the lower variation bound (4)
requires additionally calculating the matrix elements of
the operators T2, V2, and VT. For this purpose, it is con-
venient to introduce the quantities

A calculation of the matrix elements of T2 leads to
the expression

where

i T j〈 〉 sp
i Gp d p

i T p–( ) uiI111,–
p 1=

3

∑=

s1
i "

2

µ23
-------α1

i , s2
i "

2

µ31
-------α2

i , s3
i "

2

µ12
-------α3

i ,= = =

ui s1
i α1

i s2
i α2

i s3
i α3

i ,+ +=

d1
i "

2

2m1
---------α2

i α3
i= , d2

i "
2

2m2
---------α3

i α1
i= , d3

i "
2

2m3
---------α1

i α2
i .=

i 1/R1 j〈 〉 I011 α1
i α1

j α2
i α2

j α3
i α3

j+,+,+( )=

i λ1R1–( )exp j〈 〉

=  I111 α1
i α1

j λ1+ α2
i α2

j α3
i α3

j+,+,+( )

i λ1R1–( )/R1exp j〈 〉

=  I011 α1
i α1

j λ1+ α2
i α2

j α3
i α3

j+,+,+( )

J pq i 1 Rp⁄ Rq j〈 〉 , W pq i tp/Rq j〈 〉 ,≡≡
Qpq i tptq j〈 〉 .≡

i T2 j〈 〉 uiu jI111 sp
i u j sp

j ui+( )Gp

p 1=

3

∑–=

+ d p
i u j d p

j ui+( )T p sq
i d p

j sq
j d p

i+( )W pq

p q, 1=

3

∑–
p 1=

3

∑

+ sp
i sq

j
J pq d p

i dq
j Qpq,

p q, 1=

3

∑+
p q, 1=

3

∑

W pp Op1 I020 I002 I200–+( ),=

W pq Op1Oq2 I1 12– I110 I3 10––+( ),=
The integrals in (10) with positive indices k, l, and m
represent algebraic functions of combinations of the

parameters (  + ). The case of negative indices in
(10) can be interpreted in terms of integrals with
respect to the parameters xk. In the presence of at least
one negative index in Iklm, this leads to the emergence
of logarithmic terms in the ratios of nonlinear parame-
ters; for example, we have

In the case of two negative indices, there arise dilog-
arithmic functions, but they lead to divergences at no
finite parameters values. In particular, the integral

remains finite.
In numerical calculations, an accurate evaluation of

integrals featuring negative indices nonetheless caused
the greatest difficulties, which were sidestepped by
means of special expansions whose form depended on

the relations between the parameters . The integrals
appearing in the expressions for EU and EL are pre-
sented in Appendix 2.

A calculation of the matrix elements of V2 is similar
to the procedure for determining 〈i|V| j〉 . In particular,
we have

for the Coulomb interaction,

for the exponential potential, and

Qpp Op1 I5 1– 1– I13 1–+(=

+ I1 13– 2I31 1–– 2I3 11–– 2I111+ ),

Qpq Op1Oq2 2I22 1– I04 1–– I40 1–– I003+( ),=

J pp Op1I 111– ,=

J pq Op1Oq2I001, p q.≠=

α k
i α k

j

I 100– 16π2

x2 x3–
---------------

x1 x2+
x1 x3+
----------------.ln=

I 1– 10– 16π2

x3
----------- dη

η2 1–
--------------

η x1 x3+( )
η x1 x3+

-------------------------ln

0

x3 x2⁄

∫=

α k
i

i 1/R1
2

j I 111– α1
i α1

j α2
i α2

j α3
i α3

j+,+,+( ),=

i 1/R1R2 j〈 〉 I001 α1
i α1

j α2
i α2

j α3
i α3

j+,+,+( )=

i 2λ1R1–( )exp j〈 〉

=  I111 α1
i α1

j 2λ1+ α2
i α2

j α3
i α3

j+,+,+( ),

i λ1R1– λ2R2–( )exp j〈 〉

=  I111 α1
i α1

j λ1+ α2
i α2

j λ2+ α3
i α3

j+,+,+( )

i 2λ1R1–( )/R1
2exp j〈 〉

=  I 111– α1
i α1

j 2λ1+ α2
i α2

j α3
i α3

j+,+,+( ),
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for the Yukawa potential.
Further, the matrix element of the operator V(R1)T +

TV(R1) can be represented in the form

We have

for the Coulomb potential V(R1) = 1/R1,

for the exponential potential V(R1) = exp(–λ1R1), and

for the Yukawa potential V(R1) = exp(–λ1R1)/R1.

4. NUMERICAL CALCULATIONS

In our numerical calculations, the trial function was
taken in the form of expansion (2) in the basis functions
(6) or (7). Optimal values of the variational parameters
were determined by means a procedure that combined
step-by-step and global searches [13, 14]. According to
this procedure, the trial function is constructed by suc-
cessively adding terms to the expansion in (2). At each
step, only the nonlinear parameters of the added term
are determined at fixed parameters of the terms found
previously by minimizing an upper bound. For this pur-
pose, we invoke the Monte Carlo method with a distri-
bution function that is deduced in each calculation from
an analysis of the distribution that is actually being
formed (learning algorithm). The nonlinear parameters
obtained in this way can be used for the lower bound as
well. At each step, the linear parameters are determined
for EU and EL independently by means of conventional
methods. Specific calculations reveal (examples are
given below) that, at a fixed degree of precision, this
approach makes it possible to reduce considerably (by
a factor of 2 or more) the number of terms in expansion
(2) in relation to the case where nonlinear parameters
are fixed at some preset grid, chosen in one way or
another rather than varied. Stochastic searches become
more advantageous as the number of functions
increases.

Given an upper bound, a determination of a lower
bound is of importance, above all, for it fixes an interval
where the exact value of the energy lies. Although
lower bounds usually show more pronounced devia-
tions from E0 than upper bounds, a determination of the
two bounds may refine the results of variational calcu-

i λ1R1– λ2R1–( )/R1R2exp j〈 〉

=  I001 α1
i α1

j λ1+ α2
i α2

j λ2+ α3
i α3

j+,+,+( )

i V R1( )T TV R1( )+ j〈 〉 s1
j U1

011 s2
j U1

101 s3
j U1

110+ +=

– u jU1
111 d3

j U1
003 U1

201– U1
021–( )+

+ d1
j U1

300 U1
120– U1

102–( ) d2
j U1

030 U1
012– U1

210–( ).+

U1
klm Ik 1 l m, ,– α1

i α1
j α2

i α2
j α3

i α3
j+,+,+( )=

U1
klm Ik l m, , α1

i α1
j λ1+ α2

i α2
j α3

i α3
j+,+,+( )=

U1
klm Ik 1 l m, ,– α1

i α1
j λ1+ α2

i α2
j α3

i α3
j+,+,+( )=
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lations. This concerns primarily calculations in which a
trial function is gradually complicated by increasing
the number of variational parameters. In such cases, an
analysis of the parametric relationship between EL and
EU at various values of n may be very informative [2].
Let us clarify this point further. If an expression similar
to (3) is used for the lower bound, then the upper and
the lower bound are related by the equation

(12)

where η = –fL/fU is the quantity introduced in (5). It can
be seen from (12) that, if the two bounds are character-
ized by approximately the same character of conver-
gence [so that fL(n) ∝  fU(n); hence, η = const], equation
(12) is linear. It should be emphasized that this is so for
any law of convergence, which is unknown, as a rule. It
is obvious that, in this case, the estimate of E0 is of the
highest reliability. In actual practice, however, η is not
strictly constant, slowly growing, in the majority of
cases, as we approach the exact solution (see, for exam-
ple, [4]). Nevertheless, the use of relation (12) simpli-
fies considerably the extrapolation procedure in rela-
tion to that based on formulas of the type (3).

The convergence of variational bounds is often
approximated by the power-law dependence

(13)

where γU and γL are adjustable parameters. In this case,
relation (12) can be recast into the form

(14)

where γ ≡ (γU – γL)/γL. In deriving this formula, we have
replaced E∞ by EU on the right-hand side of it, assuming
that η @ 1. It may be used to extrapolate the results of
the calculations in order to refine them.

5. GAUSSIAN FUNCTIONS

Figures 1 and 2 show an upper and a lower bound on
the energies of the 3α and 4α systems, respectively, for
various numbers n of terms in expansion (2) with the
basis functions (6). Table 1 displays the upper and
lower bounds obtained at maximal n and the corre-
sponding extrapolated values (the probable extrapola-
tion error at the last decimal place is given there in
parentheses). The same table also quotes the expecta-
tion values of the kinetic- and potential-energy operators
and the root-mean-square radii.3) Here and below, all
energy values and all dimensions are given in MeV and
fm, respectively, for the nuclear systems and in atomic
units (a.u.) for the atomic systems.

The calculations were performed with the Ali–Bod-
mer potential (the d0 version featuring no Coulomb

3)The radius values are listed for the purpose of reference exclu-
sively—a dedicated analysis of the character of their convergence
was not performed for nuclear systems, so that the number of dec-
imal places retained in the table was not matched, in general, with
the accuracy of the energy bounds.

EU E∞ E∞ EL–( )/η n( ),+=

f U n( ) ∝ n
γU–

, f L n( )  ∝ n
γL–

,

EU E∞ const EU EL–( )1 γ+× ,+≈
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interaction; \/Mα = 10.4465 MeV fm2). In order to
determine EL, we used the energy of the first excited
state; it is equal to zero in the 3α system (there is no
excited bound states with zero angular momentum in
the 3α system) and to the binding energy of the 3α sys-
tem in the 4α system.

An analysis of the results revealed that the two
bounds converge similarly; that is, their convergence
can be approximated by a power-law dependence of the

EL, MeV

–5.15

–5.20

–5.25

–5.30
–5.125 –5.120 –5.115

EU, MeV

100
80

70

60

n = 50

EL = EU

Fig. 1. Relation between the upper and lower bounds on the
energy of the 3α system (Gaussian basis).

EL, MeV

EL = EU

EU, MeV

–11

–12

–13

–14

–15
–11.2 –11.1 –11.0

1000
800

600

400

n = 300

Fig. 2. Relation between the upper and lower bounds on the
energy of the 4α system (Gaussian basis).
type (13) with γU ≈ γL ≈ 3.7 for three-particle systems
and γU ≈ γL ≈ 2.3 for four-particle systems. Hence, the
dependence EL = EL(EU) is close to a linear one, so that
uncertainties in the calculation can be reduced consid-
erably. Indeed, the extrapolation errors are estimated at
about 10–5 MeV in the three-particle case, the differ-
ence between the estimates being 0.003 MeV. In the
four-particle case, the accuracy of the calculations is
much poorer. This is due above all to the doubled num-
ber of interparticle couplings in the presence of strong
repulsion at small distances. It should be noted that η is
close to 35 for the 3α system and to 24 for the 4α sys-
tem. At present, the results that we obtained for the 3α
and 4α systems are the most precise (compare with [6]
and [13], respectively).

It can be seen from (4) that, in general, the lower the
energy of the first excited state, the poorer the accuracy
of the lower bound. By way of example, we present the
results of our calculations for hypertritium, the three-
particle system pnΛ with an anomalously low excita-

tion energy, which is equal to the binding energy  =
0.13 MeV (the total binding energy of the system is
2.35 MeV). In the calculations, we used the semirealis-
tic NN potential from [5] and the simplest ΛN potential
from [15], the latter being corrected in such a way as to

obtain a correct value for the  binding energy. The
energy of the first excited state is equal to the deuteron
binding energy (in our calculations, E1 = Ed = 2.221 MeV).

The results of the calculations are displayed in Table 2
[row (a)] and in Fig. 3. It can be seen that, as in the case
of alpha-particle systems, the dependence EL = EL(EU)
is close to a linear one, but the η value is about 2800.
Nevertheless, even so rough a lower bound makes it
possible to determine one more decimal place by
means of the extrapolation procedure (E∞ = –2.3689 ±
0.0003 MeV, which corresponds to BΛ = 0.1479 ±
0.0003 MeV).

As an example of the calculation for Coulomb sys-
tems, we quote the results for the He atom with an infi-
nitely heavy nucleus (∞He). The calculations were per-
formed up to n = 525. As might have been expected, the
convergence of the variational procedure proved to be
much poorer than in the case of nuclear systems. This
was associated above all with the difficulties in describ-
ing the asymptotic behavior of the wave function in
terms of the Gaussian basis. Apart from this, the con-
vergence of the lower bound is poorer than that of the
upper bound because of the special features of the spec-
trum of Coulomb systems (in calculating EL, the E1
value was chosen on the basis of the results of the cal-
culations with exponential functions; see below). By
way of illustration, we indicate that, in the present cal-
culation, γU ≈ 1, while γL ≈ 0.3. Figure 4 displays the
relation between EU and EL and its approximation
according to (14) (dashed curve). The extrapolated
value appeared to be –2.9039, whereas EU(525) =
−2.9031 and EL(525) = –5.18, η being about 4200.

BΛ
expt

H3
Λ
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Table 1.  Upper and lower bounds on the energies of the 3α and 4α systems, extrapolated values of these energies, and mean
kinetic and potential energies and root-mean-square radii for these systems

System E∞ EU EL 〈T〉 〈V〉 〈r2〉1/2

3α (n = 100) –5.12212(1) –5.122038 –5.125085 7.62 –12.74 2.44
4α (n = 1000) –11.161(1) –11.154 –11.322 14.51 –25.67 2.562

Table 2.  Upper and lower bounds on the energy of the  system, extrapolated values of this energy, and mean kinetic and
potential energies and root-mean-square radii for this system

E∞ EU EL 〈T〉 2〈VΛN〉 〈VNN〉

(a) –2.3689(3) –2.3677 –5.72 18.96 –4.30 –17.03 6.15 4.05
(b) –2.3586114(2) –2.3586111 –2.3641 18.00 –4.75 –15.62 6.62 4.33

Note: (a) Gaussian basis, n = 500; (b) exponential basis, n = 300.

H
3
Λ

rΛ
2〈 〉

1/2
rN

2〈 〉
1/2
6. EXPONENTIAL FUNCTIONS

As a first example of the calculation with exponen-
tial functions, we present the results for the helium
atom with an infinitely heavy nucleus (∞He) (see Table 3).
At n = 100, we obtained EU = –2.903724364 and EL =
–2.903741. In calculating EL, we used the value of E1 =
–2.1753, which is obviously smaller than the energy of
the first excited state.4) It can be seen that the results are
much more accurate (by a few orders of magnitude)
than those in the case of a Gaussian basis. The sought
value of energy is constrained in a relatively narrow
energy interval whose width can be further reduced by
increasing the number of terms in (2).

Figure 5, which shows a correlation between the
upper and lower bounds on the energy of the helium
atom ∞He for various numbers of terms in expansion (2)
with the basis functions (7), illustrates the procedure of
extrapolation in accordance with equation (14). An
analysis of convergence of variational bounds reveals
that the dependences EU = EU(n) and EL = EL(n) can be
approximated by power-law functions with power-law
exponents γU = 6.7 and γL = 5.1, the extrapolated value
being E∞ = –2.903724377(2). Despite the large value of
η ≈ 1300 (owing to fast convergence of variational
bounds), an extrapolation makes it possible to reduce
computational errors by 1.5 orders of magnitude. It
should also be noted that the virial theorem holds to a
high accuracy (which increases further with increasing
n). By way of example, we indicate that, at n = 200, the
ratio |2〈T〉 /〈V〉| differs from unity only at the eleventh
decimal place.

As to the upper bound, the most precise results for it
are presently thought to be those of Frankowski and
Pekeris [16] (EU = −2.9037243770326, E∞ =
−2.9037243770333), which were obtained at n = 246
by using a rather cumbersome basis of the exponential
type, including, in particular, logarithmic terms. We

4)The energy of the first excited state was determined as that eigen-
value of the energy matrix which follows the eigenvalue correspond-
ing to the ground state; at n = 200, we have E1 = –2.17522938.
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would also like to indicate the study of Schwarz [17],
who combined exponential and power-law bases.
Purely exponential bases were used in [9, 11], but the
accuracy of calculations were poorer there. We empha-
size that, at a given number of terms in expansion (2),
our results for EU are the most precise ones. Among
other things, this shows that the accuracy of the calcu-
lation is more sensitive to the choice of procedure for
determining extrema of variational estimates than to
taking into account logarithmic terms in the trial func-
tion.

Finally, we have calculated the energies of some
helium isotopes—3He, 4He, 6He, and 8He—and deter-
mined thereby mass effects. It is interesting to note that
the specific mass effect is quite large here. The specific

EL, MeV

EL = EU

EU, MeV

0

–10

–20

–30
–2.370 –2.365 –2.360

500
400

300

n = 200

Fig. 3. Relation between the upper and lower bounds on the
energy of hypertritium (Gaussian basis).
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Table 3.  Upper and lower bounds on the energy of the ∞He system, extrapolated values of this energy, and mean kinetic and
potential energies and root-mean-square radius for this system (exponential basis, n = 100)

E∞ EU EL

–2.903724377(2) –2.903724364 –2.903741

〈T〉 〈2Vee〉 〈Veα〉

2.9037243770 0.9458184488 –3.3766336014 1.0924664734

re
2〈 〉

1/2

Table 4.  Total and specific mass effects in helium atoms (in 10–4 a.u.)

3He 4He 6He 8He 3He 4He 6He 8He

5.57166 3.98036 2.79175 2.09148 5.1878% 5.1887% 5.1904% 5.1906%

Table 5.  Upper and lower bounds on the energy of the e+e–e– system, extrapolated value of this energy, and mean kinetic and
potential energies and root-mean-square radii for this system (exponential basis, n = 150)

E∞ EU EL 〈T〉
–0.2620050699(2) –0.2620050694 –0.26200561 0.2620050700

0.1556319057 –0.6796420457 5.1074695 3.3416086

V
e

–
e

–〈 〉 2 V
e

–
e

+〈 〉 r
e

–

2〈 〉
1/2

r
e

+

2〈 〉
1/2
mass effect with respect to the total mass effect is given
in Table 4, all restrictions on the accuracy being due to
the experimental uncertainties in nuclear masses.

Another example is provided by the exotic system
e+e–e–. Here, the calculations were performed up to n =
150, the results being presented in Table 5. A correla-
tion between EU and EL over a final segment of the

EU, a.u.

(EL/EU – 1)3.3

525

400

300

n = 250

–2.9030

–2.9035

–2.9040
0 2 4 6

Fig. 4. Relation between the upper and lower bounds on the
energy of the ∞He atom (Gaussian basis).
curve is illustrated in Fig. 6 (in atomic units). The char-
acter of convergence is specified by the values of γU =
5.6 and γL = 4.7, the extrapolated estimate being E∞ =
−0.2620050698(2), η ≈ 900. In deriving the lower
bound, the value of –0.25, which corresponds to the
breakup of the system into e+e– and e–, was chosen for
the energy of the first excited state.

Presented below are additionally the results of the
calculations for the mesic hydrogen molecule:

A calculation with the aid of the Gaussian basis again
yields the rougher results

As an example of what can be obtained from a cal-
culation of three-body nuclear systems in an exponen-
tial basis, we present our results for hypertritium. In
this calculation, we employed the simplest nuclear
potentials of the exponential form V(r) = –V0exp(–νr)
with the same parameters as in [15]:

V0 = 192.7 MeV,  ν = 1.506 fm–1

for the NN potential;

V0 = 711 MeV,  ν = 4.44 fm–1 

for the ΛN potential.

EU 100( ) 102.223723,–=

EL 100( ) 102.2258,–=

E∞ 102.223742 3( ).–=

EU 400( ) 102.14,–=

E∞ 102.20 4( ).–=
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EU, a.u.

–2.903724200

–2.903724300

–2.903724400
0 2 × 10–7 4 × 10–7

(EL/EU – 1)1.23

100
90

80

n = 70

Fig. 5. Relation between the upper and lower bounds on the energy of the ∞He atom (exponential basis).

Fig. 6. Relation between the upper and lower bounds on the energy of the e+e–e– system (exponential basis).

EU, a.u.

–0.262005067

–0.262005068

–0.262005069

–0.262005070
0 4 × 10–7 8 × 10–7

(EL/EU – 1)1.2

n = 120

130

140150
Although these potentials differ from those used in the

calculations of  with a Gaussian basis, the results are
also presented in Table 2 [(b) row]. The relation between
EL and EU for various n values is illustrated in Fig. 7
[here, the extrapolated value is E∞ = –2.3586114(2)
MeV]. In just the same way as in the case of atomic sys-

H3
Λ
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tems, the exponential basis ensures here a faster con-
vergence and more precise results in relation to the Gaus-
sian basis. For example, a precision of about 10–3 MeV is
achieved only at n ≈ 300 with the Gaussian basis and at
a much smaller value of n ≈ 100 with the exponential
basis.
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APPENDIX 1

Gaussian Basis: Matrix Elements of the Hamiltonian 
and Its Square for Systems Featuring an Arbitrary 

Number of Particles

It is convenient to represent Gaussian functions as

where R is the (N – 1) × 1 vector column {R1N, R2N, …,
RN – 1, N}, while the elements of the (N – 1) × (N – 1)
matrix Ai are related to the variational parameters αi by
the equations

Overlap Integral

For the overlap integral, we have

where

φi α i( ) i| 〉 = R+AiR–( ),exp>≡

Akk
i α lk

i , Akl
i

l k≠ 1=

N

∑ α kl
i ,–= =

k l≠ 1 2 … N 1.–, , ,=

i j〈 | 〉 R+ Ai A j+( )R–{ }exp R1N…d RN 1 N,–d∫=

=  π3 N 1–( )/2/D3/2,

D det Ai A j+( ).≡

EU, MeV

(EL/EU – 1)1.5

n = 200–2.35859

–2.35860

–2.35861

–2.35862
0 0.005 0.010

300
250

220

Fig. 7. Relation between the upper and lower bounds on the
energy of hypertritium (exponential basis).
Kinetic Energy

For the matrix element of the kinetic-energy opera-
tor, the result is

where

here, we formally set

Potential Energy

For the potential Vkl(rkl) of interaction between the
kth and lth particles, we have

From here, it is easy to calculate the matrix elements
for all widely used potentials (see [5]). In particular, the
results for the Gaussian and Coulomb potentials are

Matrix Elements of the Squared Hamiltonian

For the relevant matrix elements, we have

i T j〈 〉 i j〈 | 〉7 α i α j,( ),=

7 α β,( ) µkα kmβlm Lkl Llm Lkl–+( ),
klm

N

∑≡

µk 3"
2/2mk,≡

Lkl ∂/∂α kl( ) D;ln≡

α kk 0, βkk 0, Lkk 0; k 1 2 … N ., , ,= = = =

i Vkl rkl( ) j〈 〉 i j〈 | 〉 4
π
--- Vkl Lklx( )e x

2– x2 x.d

0

∞

∫=

i νrkl
2–( )exp j〈 〉 i j〈 | 〉 1 νLkl+( ) 3/2– ,=

i 1/rkl j〈 〉 i j〈 | 〉 2/ πLkl.=

i T2 j〈 〉 i j〈 | 〉 72 α i α j,( ) 2
3
--- µmµm'α km

i

klmk'l'm'

∑–=

× α lm
i α k'm'

j α l'm'
j 4Lkmk'm' 2Lklk'm'– 2Lkmk'l'– Lklk'l'+( ) ,

i VklVmn j〈 〉 i j〈 | 〉
2 1 gklmn–( )3/2

πgklmn

---------------------------------=

× x2– 2gklmnxy y2–+( )xyexp xd yd

∞–

∞

∫
∞–

∞

∫

× Vkl Lkl 1 gklmn–( ) y( )Vmn Lmn 1 gklmn–( ) x( ),

i TVkl VklT+ j〈 〉 27 α i α j,( ) i Vkl j〈 〉=
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Here, we have introduced the additional notation

APPENDIX 2

Integrals Iklm

The integrals Iklm(x1, x2, x3) with nonnegative indices
are homogeneous polynomials of degree k + l + m +3 in
the variables

In order to obtain upper variational bounds in prob-
lems involving Coulomb, exponential, or Yukawa
potentials, we must calculate the following integrals
and their combinations:

To deal with similar integrals featuring negative
indices, it is convenient to introduce the notation

In order to deduce lower variational bounds, we
need the following integrals and their combinations:

+
8 i j〈 | 〉

3 πLkl

----------------- Vkl Lklx( ) x2 3
2
---– 

  x2 xd

0

∞

∫

× µq αmq
i αnq

i αmq
j αnq

j+( ) Lmqkl Lnqkl Lmnkl–+( ).
mnq
∑

Lklmn
∂2

∂α kl∂α kl

--------------------- D,ln≡

gklmn Lklmn/LklLmn– .≡

A1 x2 x3+( ) 1– , A2 x3 x1+( ) 1– ,≡≡

A3 x1 x2+( ) 1– .≡

I000 16π2A1A2A3,=

I111 2I000 A1 A2+( ) A2 A3+( ) A3 A1+( ) A1A2A3–( ),=

I011 I000 A1A2 A2A3 A3A1 2A1
2

+ + +( ),=

T1 2I111 8I000A2A3 A2 A3+( ).–=

B1 x2 x3–( ) 1– , B2 x3 x1–( ) 1– , B3 x1 x2–( ) 1– ,≡≡≡

SC1
n[ ] B1

n A2

A3
------ B1

n 1– A3– …–
B1A3

n 1–

n 1–
------------------,–ln=

SE1
n[ ] B1

n A2

A3
------ B1

n 1–
A2– … 1–( )n 1– B1A2

n 1–

n 1–
------------------,+ +ln=

S1
n[ ] SC1

n[ ] SE1
n[ ] ,+=

N n[ ] 1
n
--- A3

n A1

A2
------ A2

n A3

A1
------ SC3

n[ ]– 1–( )n 1– SE2
n[ ]+ln–ln 

  .=

I001 I000 A1 A2+( ),=

I 111– A1
3S1

1[ ] A1S1
3[ ]– I000 A1 A2 A3+( )/2+( ),+=

W11 2I011 4I000A2A3,–=
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
Here, Li2 is a dilogarithmic function.
In the case where the parameters u = x1/x2 and v =

x1/x3 are small simultaneously, we can use the expan-
sions

These expressions are employed for max(u,v) < 0.3.
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Abstract—Effects of weak nucleon interaction are calculated for the ground-state doublet of 5/2± levels of the
strongly deformed nucleus 229Pa91. A parity-nonconservation effect in the doublet states can be observed in the
conversion spectrum for the isomeric transition between the doublet levels. By using a generalized model of
the nucleus, the matrix element of the effective one-nucleon weak-interaction potential, which determines the
weight of the opposite parity admixture in the doublet components is estimated in the single-particle approxi-
mation. The reduced probabilities of the E1 and M1 nuclear transitions between the doublet states are calculated
within various models of the deformed nuclear potential. The effect of Coriolis forces on the dipole electric
transition in question is considered. The lifetime of the upper doublet state is estimated. © 2000 MAIK
“Nauka/Interperiodica”.
1. INTRODUCTION
It was predicted theoretically in [1] and established

experimentally in [2, 3] that the ground state of the
strongly deformed protoactinium nucleus 229Pa actually
represents a doublet of I = 5/2 states characterized by
opposite parities (±), their energy splitting and the life-
time of the upper level being respectively, ∆E = 220 ±
50 eV and τexpt = 0.6 × 10–6 s.1) 

In the interactions of 229Pa nuclei with electrons, this
unique situation can be used to observe parity-noncon-
servation effect in the doublet states—namely, in the
conversion spectrum for the isomeric transition
between the doublet levels and in the differential cross
section for inelastic electron scattering leading to the
excitation of this transition. The parity-mixed (E1 +
M1) nuclear transition is almost completely saturated
by the contribution of conversion channels (the inter-
nal-conversion ratio is about 104) featuring the upper
electron shells 5d3/2, 5d5/2, 6s1/2, 6p1/2, 6p3/2, 6d3/2, 5f5/2,
and 7s1/2 of the atom.

Among the effects that can be observed experimen-
tally, there are those that are linear in the weak-interac-
tion coupling constant GF—for example, the helicity of
conversion electrons in the multipolarity-mixed nuclear
transition and the circular polarization of primary pho-
tons of atomic radiation that accompanies this transi-
tion under the condition that the momentum vector of a
conversion electron is fixed—and those that are qua-

† Deceased.
* e-mail: lomon@cerber.mbslab.kiae.ru
1) On the basis of their experiments, Levon et al. [4] questioned the

existence of this doublet and proposed an alternative diagram of
229Pa levels, but Sheline [5] and Ahmad [6] furnish additional
evidence for the existence of the above doublet.
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dratic in GF—for example, the effect that the admixture
of the magnetic M1 multipole to the basic electric E1
multipole exerts on the intensities of the lines associ-
ated with the excitation of electron orbits of the 229Pa
atom via the conversion of the (E1 + M1) nuclear tran-
sition.

In the present study, we estimate the lifetime of the
upper isomeric state of the doublet, thereby verifying
the hypothesis of the one-nucleon structure of the dou-
blet states. The wave functions of the orbitals involved
were derived in the form of expansions in terms of a
single-particle basis in a spherical Woods–Saxon
potential, the expansion coefficients being taken from
the tables presented by Gareev et al. [7]. In order to test
the sensitivity of the results to the form of nuclear
potential, we compare them with analytic estimates
obtained on the basis of the Nilsson model with func-
tions of the spherical oscillator basis [8].

We calculate here the reduced probabilities of the
basic E1 and the admixed M1 nuclear transition and
present a tentative estimate for the possible variations
of the mixing amplitude in the (E1 + M1) transition that
are due to uncertainties in the parameters appearing in
the model of the nucleus used and to the possible com-
plications of the structure of the doublet (because of
Coriolis mixing).

2. MODEL WAVE FUNCTIONS OF THE (5/2)± 
DOUBLET OF STATES OF THE 229Pa NUCLEUS

In order to describe the states of the strongly
deformed nucleus 229Pa, we make use of the general-
ized model of the nucleus due to Bohr and Mottelson
[9]. In accordance with the experimental results pre-
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sented in [2], the ground state of the 229Pa91 nucleus is
interpreted here as the doublet of single-particle proton
orbits with quantum numbers [523]5/2, –, 5/2 and
[642]5/2, +, 5/2 (we follow here the [NnZΛ]Ω, Π, I clas-
sification of orbits according to Nilsson [8]). The shape
of the nucleus is determined by the expression

(1)

where r0 =1.28 fm, Yλµ(ϑ ', ϕ') are normalized spherical

harmonics [ (ϑ , ϕ) = (–1)MYL – M(ϑ , ϕ)], and βλµ are
deformation parameters. In the laboratory frame, the
wave function of a deformed nucleus has the form [8, 9]

(2)

where I is the total angular momentum of the nucleus,
M is its projection onto the z axis that is fixed in space,
and K is its projection onto the symmetry axis z' of the
nucleus. The total angular momentum of the nucleus, I,
is the sum of the angular momentum of the odd
nucleon, J, and the angular momentum of the nuclear
core, R, Ωp being the projection of J onto the symmetry
axis z' of the nucleus (K ≥ Ω ≥ 0). The quantities

(θi) are the normalized elements of the rotation
matrix [8, 9]. The single-particle wave function (r')
is a solution to the Schrödinger equation in the strongly
deformed model Woods–Saxon nuclear potential [7,
10] or in the Nilsson oscillator potential [8]. Within the
model used in [7, 10], we have

(3)

where (r') are solutions to the Schrödinger equa-
tion in the spherically symmetric (βλµ ≡ 0) Woods–
Saxon potential, n is the radial quantum number, l is the
orbital angular momentum of the nucleon, and j is the
total angular momentum of the nucleon (j = l + s). The
above solutions can be represented as

(4)

where (r'/r') is a spherical spinor of the form

(5)

Here, Σ is the projection of the nucleon spin s onto the
symmetry axis z' of the nucleus, Λ is the projection of
the nucleon orbital angular momentum l onto the same
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ΛΣ
∑=
axis,  is the relevant Clebsch–Gordan coefficient,
and φsΣ is the nucleon spin wave function. The coeffi-

cients  were calculated in [7] and were presented
in [10]; they satisfy the normalization condition

(6)

The effective potential of weak interaction, ,
leads to the mixing of the doublet states, which is taken
here into account in the first order of perturbation the-
ory. The resulting states are then represented as

(7)

where b is a factor that characterizes the admixture of
an opposite-parity state. We have

(8)

where ∆E > 0.

The phases of the wave functions are chosen in such
a way that the relevant matrix elements are purely
imaginary quantities:

(9)

3. MATRIX ELEMENTS
OF THE SINGLE-PARTICLE E1 TRANSITION 

BETWEEN THE [523]5/2, –, 5/2 AND [642]5/2, +, 
5/2 STATES OF THE DEFORMED NUCLEUS 229Pa

In the laboratory frame, the operator of the electric
dipole transition of a proton has the form

(10)

Going over to the reference frame comoving with the
nucleus and taking into account the equalities I1 = I2 = I
and K1 = K2 = Ω1 = Ω2 = Ω, we find that the matrix ele-
ment of this operator between the deformed-nucleus
states |I1M1Ω1〉 and |I2M2Ω2〉 can be represented as
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(11)

where κ = K2 – K1 = Ω2 – Ω1.

By using the above formulas, we have calculated the
reduced probability B(E1; (5/2)–  (5/2)+) of the
electric dipole transition within the model relying on
the Woods–Saxon potential and within the Nilsson
model. The results are presented in Tables 1 and 2,
respectively. An estimate of the reduced probability for
this transition according to Weisskopf [9] yields the
value of BW(E1; I1  I2) = 2.75 e2 fm2. Hence, the E1
transition between the [523]5/2, –, 5/2 and [642]5/2, +,
5/2 states of the deformed nucleus 229Pa is suppressed
in proportion to (2.8–6.4) × 10–4. The model based on
the deformed oscillator potential leads to a stronger
suppression of the E1 transition between these states.
We note that either model predicts the growth of the
reduced probability B(E1; (5/2)–  (5/2)+) of the
above electric dipole transition with increasing quadru-
pole deformation β20 of the nucleus.

4. ESTIMATING THE LIFETIME
OF THE UPPER [(5/2)–] DOUBLET STATE

OF THE 229Pa NUCLEUS

As was indicated above, the transition between the
[532]5/2, –, 5/2 and [642]5/2, +, 5/2 states of the
deformed nucleus 229Pa is almost completely saturated
by the contribution of conversion channels.

By calculating the intensity of the conversion lines
of the E1 nuclear transition for all electron subshells
involved in the conversion process, we can obtain the
total probability of conversion and the lifetime of the
upper doublet level, which is to be compared with the
experimental value of τexpt = 0.6 × 10–6 s [2]. The wave
functions of the conversion electron are determined
within the relativistic Hartree–Fock–Slater method. In
order to assess the stability of the effect magnitude to
uncertainties in the parameters of the atomic potential,
we vary both the form of the exchange atomic potential
and the population of the valence zone of the atom (a
simulation of the effect of chemical environments). The
details of our calculation of the total conversion proba-
bility can be found in [11]. For the 229Pa atom, the total
conversion probability was also computed in [12, 13].

For the E1 nuclear transition, the total conversion
probability (that is, that which is summed over all elec-
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tron shells of the atom) per unit time [14, 15] is
given by

(12)

where (E1, ∆E = "ω) is the dimensionless electron-
conversion factor for the E1 multipole (this factor is
defined, for example, in [11, 14]), B(E1; (5/2)– 
(5/2)+) is the reduced probability of the electric dipole
transition in e2 fm2 units, ∆E = "ω, ε is the electron
energy, and a0 is the Bohr radius for the electron. The
contribution of the admixed M1 nuclear transition to
the total conversion probability can be disregarded;
hence, the lifetime of the [523]5/2, –, 5/2 isomer of
229Pa91 is determined completely by the E1 conversion
nuclear transition.

For various values of the transition energy ∆E, the
calculated dimensionless conversion factor for the E1

multipole, (E1; \ω), and the calculated total con-

version probability (E1, (5/2)–  (5/2)+; ε1 
ε2) per unit time for the E1 nuclear transition are dis-
played in Table 3 versus the parameter β20 of the qua-
drupole deformation of the nucleus.

Thus, the estimated lifetime of the [523]5/2, –, 5/2
isomer of 229Pa91, τcalc, falls between 4 × 10–6 and 1 ×
10–5 s. So dramatic a deviation of those estimates from
the experimental value of τexpt = 0.6 × 10–6 s, which
requires, however, a further refinement, may be due to
the disregard of some factors in τcalc—such as Coriolis
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Table 1.  Reduced probability B(E1; 5/2–  5/2+) of the
electric dipole transition (the calculations were performed on
the basis of the model employing the Woods–Saxon poten-
tial; (β40 = 0.08)

β20 B(E1; 5/2–  5/2+) × 103, e2 fm–2

0.20 0.77

0.23 1.31

0.25 1.80

Table 2.  Reduced probability B(E1; 5/2–  5/2+) of the
electric dipole transition (the calculations were performed on
the basis of the Nilsson model)

β20 η B(E1; 5/2–  5/2+) × 103, e2 fm–2

≈0.1 2 0.14

≈0.2 4 0.25

≈0.3 6 0.28
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mixing, core polarization, and admixtures of multipar-
ticle configurations—that affect the structure of the
doublet states, rendering it more complicated. In this
study, we restrict ourselves to estimating the effect of
Coriolis forces, which admix nucleon orbits within an
interval of ±5 MeV to the 5/2± doublet states.

5. CORIOLIS MIXING OF PROTON ORBITS
IN THE STRONGLY DEFORMED NUCLEUS 229Pa91

In the laboratory frame, the Hamiltonian of the
Coriolis interaction has the form [16]

(13)

where (0 is the moment of inertia of the nuclear core
with respect to the x ' axis of an axisymmetric nucleus
((x' = (y' = (0).

The operator  mixes the orbits that differ in the
projections Ω of the total angular momentum J of the
particle by |∆Ω| = 1 and in the projections K of the total
angular momentum I of the nucleus by ∆K = 1. The
∆Ω = 0 term leads to the shift of the level only for Ω ≥
3/2 [16]. Thus, the orbits [NnZΛ]3/2, –, 5/2 and
[NnZΛ]3/2, +, 5/2 can be admixed to the original dou-
blet components [5233]5/2, –, 5/2 and [642]5/2, +, 5/2,
respectively; here, Ω ≤ I, K1 = Ω1, and K2 = Ω2. Gareev
et al. [7] indicate the following series of such Ω = 3/2
orbits: [532]3/2, –, 5/2; [521]3/2, –, 5/2; [512]3/2, –,
5/2; [501]3/2, –, 5/2; [411]3/2, +, 5/2; [402]3/2, +, 5/2;
and [651]3/2, +, 5/2. In the first order of perturbation

theory in the small parameter , the expres-

sion for the first level of the doublet has the form
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Table 3.  Total electron conversion factor (E1, ∆E =

"ω) [for 5f5/2)
2(6d3/2)

1(7s1/2)
2, a normal configuration of the

protoactinium atom] and total conversion probability

(E1; 5/2–  5/2+) per unit time 

∆E, 
eV (E1, ∆E = "ω)

(E1; 5/2–  5/2+) × 10–5, 

s–1

β20 = 0.20 β20 = 0.23 β20 = 0.25

170 9.91 1.12 2.00 2.63

220 8.86 1.01 1.79 2.35

270 8.32 0.95 1.68 2.21
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For the second level of the doublet, we have

(15)

In these expressions, A1 and A2 are new normalization
constants, and

(16)

The matrix elements of the Coriolis interaction

operator  (Ω1 = 5/2, Ω2 = 3/2) has the form

(17)
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E1 transitions to the dominant orbitals of the superpo-
sition.
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The spectrum of nuclear states of the core has not
yet received adequate study; therefore, its moment of
inertia (0 is uncertain to a considerable extent. The
present calculations have been performed with \2/(0 =
10, 15, and 20 eV. The contribution of the admixed E1
transitions to the reduced probability (see Table 4) is
small (less than 5%); hence, it has virtually no effect on
the estimate of the isomer lifetime.

6. MATRIX ELEMENT
OF THE NUCLEAR-VOLUME-AVERAGED 

POTENTIAL (r, , )
OF PARITY-NONCONSERVING FORCES
FOR THE DEFORMED NUCLEUS 229Pa

The simplest Hermitian operator of the effective
parity-nonconserving potential acting on the odd
nucleon (proton) has the form [17]

(18)

Here, GF = 10–5"3/ c is the Fermi constant of weak

interaction; mp is the proton mass;  is the nucleon-

momentum operator;  is the nucleon-spin operator;
ρ(r) is the density of the nucleon distribution over the
volume of the deformed nucleus—it is taken in the
Woods–Saxon form

(19)

where ρ0 = (3/4π)(1/r0)3; and α(N, Z) is a numerical
coefficient of about unity. Data on the effects of parity
nonconservation in resonance-neutron interactions
with heavy ions can be interpreted in such a way that
this coefficient is enhanced by one to two orders of
magnitude; this in turn enhances, in the same propor-
tion, the effects being discussed (see, for example,
[18]). Nonetheless, we set α(N, Z) = 1 in our ensuing
calculations. By using the expansion in (1) and equa-
tion (19), we obtain

(20)

For axisymmetric nuclei, µ = 0 and the quantities rep-
resented by ξ are even.

Let us now calculate the matrix element of the par-
ity-nonconserving potential (18) between the [523]5/2,
–, 5/2 and [642]5/2, +, 5/2 states of the deformed
nucleus 229Pa (Ωp1 = Ωp2 = Ωp, I1 = I2 = I, K1 =K2 = Ωp).
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In the case of the wave function taken in the form (2),
we arrive at

(21)
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Table 4.  Reduced probability B(E1; 5/2–  5/2+) of the
electric dipole transition with allowance for Coriolis mixing
of orbitals (β40 = 0.08)

"2/70, eV
B(E1; 5/2–  5/2+) × 103, e2 fm2

β20 = 0.20 β20 = 0.23 β20 = 0.25

10 0.72 1.22 1.75

15 0.69 1.17 1.63

20 0.67 1.13 1.56
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Table 5. Matrix element  of the effective parity-nonconserving potential (the calcula-

tions were performed on the basis of the model employing the Woods–Saxon potential; β40 = 0.08)

β20 , eV

0.20 0.48

0.23 0.52

0.25 0.55
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Table 6.  Matrix element  of the effective parity-nonconserving potential (the calcula-

tions were performed on the basis of the Nilsson model)

β20 η , eV

≈0.1 2 0.11

≈0.2 4 0.21

≈0.3 6 0.27
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For the model based on the single-nucleon potential
in the Woods–Saxon form, Table 5 displays the calcu-

lated matrix element of the operator (r', , )
(18) between the [523]5/2, –, 5/2 and [642]5/2, +, 5/2
states of the deformed nucleus 229Pa. Table 6 presents
the results of analogous calculations within the Nilsson
model.2) The coefficient b (8), which characterizes the
weight of the opposite-parity admixture, is depicted in
Fig. 1 as a function of the spacing ∆E between the lev-
els in question; it is seen to vary between 1.6 × 10–3 and
3.2 × 10–3.

Thus, our calculations have revealed that the parity-

nonconserving potential (r, , ) generates a siz-
able mixing of the doublet components since the rele-
vant matrix element of this potential is not suppressed
owing to the complicated structure of the proton orbits
that form the 5/2± doublet of states in the spectrum of
the strongly deformed nucleus 229Pa91.

7. MATRIX ELEMENT OF THE OPERATOR
OF THE SINGLE-PARTICLE M1 TRANSITION 

BETWEEN THE [523]5/2, –, 5/2 AND [642]5/2, +, 5/2 
STATES OF THE DEFORMED NUCLEUS 229Pa

Only states characterized by identical parities con-
tribute to the matrix element of the operator of the mag-

netic dipole transition between the parity-mixed 

2)Here, we took into account only the spherically symmetric term
(ρ = 0) in the interaction operator.

V̂PNC
N

p̂ ŝ

V̂PNC
N

p̂ ŝ

5–/2| 〉
and  states (7) of the deformed nucleus 229Pa.
Therefore, the matrix element of the M1 transition is
proportional to the difference of the magnetic moments
for the [523] and [642] orbits, the mixing constant b (8)
being the proportionality factor:

(22)

In the laboratory frame, the operator of the magnetic
dipole moment for the deformed nucleus with one odd
nucleon has the form

(23)

where µN = e"/2mpc is the nuclear magneton,  =  + 
is the total angular momentum of the whole nucleus,

and  =  +  is the total angular momentum of the odd
nucleon. For the proton, we have (provided that the spin
polarization of the core is disregarded) gs = 5.585, gl =

1, and gR = Z/A. The operator  is a complete integral
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of the motion, whence it follows that, for the [523]5/2,
–, 5/2 and [642]5/2, +, 5/2 orbits (I1 = I2 = I = 5/2), the
relation

(24)

holds in the laboratory frame.
In the case being considered, we have I1 = I2 = I and

Ω1 = Ω2 = Ω; therefore, the first two terms on the right-
hand side of (24) do not contribute to the required dif-
ference.

Within the models relying on the Woods–Saxon
potential and on the oscillator potential, we have calcu-

lated the reduced probability B(M1;   ) of

the magnetic dipole transition between the  and

 states of the deformed nucleus 229Pa. The results

of these calculations (in  units) are quoted in Tables 7

IMK }̂m 1µ( ) IM̃K〈 〉
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4π
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5/2– 5/2+

5/2–| 〉
5/2+| 〉

µN
2

b × 103

3.2

2.8

2.4

2.0

1.6
170 190 210 230 250 270

∆E, eV

1

2
3

Fig. 1. Coefficient b (8), which characterizes the mixing of
opposite-parity states, as a function of the spacing between
these states for the quadrupole-deformation-parameter val-
ues of β20 = (1) 0.20, (2) 0.23, and (3) 0.25 (the calculations
that yielded these results were based on the model employ-
ing the Woods–Saxon potential).
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and 8 for the former and latter model versions, respec-
tively. Either version predicts the growth of B(M1;

  ) with increasing quadrupole-deforma-
tion parameter.

The resulting reduced probability B(M1;  

) of the magnetic dipole transition is on the same

5/2– 5/2+

5/2–

5/2+

∆E, eV

B(M1) × 106, µ2
N

16

14

12

10

8

6

4
170 190 210 230 250 270

1

2

3

Fig. 2. Reduced probability B(M1;   ) of the
magnetic dipole transition between the doublet states as a func-
tion of the spacing between these states for the quadrupole-
deformation-parameter values of β20 = (1) 0.20, (2) 0.23,
and (3) 0.25 (the calculations that yielded these results were
based on the model employing the Woods–Saxon potential).

5/2
–

5/2
+

Table 7.  Reduced probability B(M1;   ) of the
magnetic dipole transition (the calculations were performed
on the basis of the model employing the Woods–Saxon po-
tential; β40 = 0.08)

β20 B(M1;   )/b2, 

0.20 1.31

0.23 1.39

0.25 1.44

5/2
–

5/2
+

5/2
–

5/2
+ µN

2

Table 8.  Reduced probability B(M1;   ) of the
magnetic dipole transition (the calculations were performed
on the basis of the Nilsson model)

β20 η B(M1;   )/b2, 

≈0.1 2 0.21

≈0.2 4 0.64

≈0.3 6 0.99

5/2
–

5/2
+

5/2
–

5/2
+ µN

2
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order of magnitude as the Weisskopf single-particle

estimate BW(   ) = 1.8 /b2; hence, the
M1 transition between the states being considered is
not suppressed. Figure 2 shows the reduced probability

B(M1;   ) of the M1 transition as a func-
tion of the energy spacing between these levels.

8. CONCLUSION

Theoretical estimates of the parity-nonconserving
single-particle nuclear potential depend on the scheme
chosen for the formation of the weak interaction
between nucleons. Quantitatively, estimates obtained
within different schemes differ substantially. Available
experimental data were obtained for nuclei having a
complicated structure, and this reduces the reliability of
quantitative data analysis. In the case of the 229Pa91
nucleus, which is being considered here, there are
grounds to interpret the levels of the (5/2)± doublet as
single-particle ones. However, an additional experi-
mental check upon this interpretation is required, the
more so as an alternative diagram of protoactinium lev-
els was proposed by Levon et al. [4] on the basis of
their experimental study. It is also of interest to refine
the lifetime of the [523]5/2, –, 5/2 isomer of the 229Pa91
nucleus and to determine more precisely the energy
splitting ∆E in the doublet.

It should be noted that, within this original interpre-
tation of the (5/2)± doublet of states of the 229Pa91
nucleus, the E1 transition is strongly suppressed, which
leads to the estimated isomer lifetime of τcalc . 4 × 10–6–
1 × 10–5 s; at the same time, the experimental value,
which requires, however, a refinement, is τexp . 0.6 ×
10–6 s. We have shown that the inclusion of Coriolis
forces does not remove this discrepancy. Possibly, the
effect of nuclear-core polarization and the admixture of
multiparticle configurations are factors that enhance
the E1 transition in question.

We note that the above P-odd effect of mixing of the
(5/2)± states in the spectrum of the 229Pa91 nucleus can
also be observed in the electron lines of conversion
involving the outer 6s1/2, 6p1/2, 6p3/2, 6d3/2, 6d5/2, and
7s1/2 shells of the atom. By virtue of parity nonconser-
vation, the M1 multipole is admixed to the dominant
the E1 transition between the doublet states. From our
calculations, it follows that the intensity of the M1 tran-
sition is suppressed in relation to the intensity of the E1
transition by four orders of magnitude. In the conver-
sion channel, however, the M1 transition for some
intense conversion lines is enhanced, according to our
estimate, by a factor of about 102–103, which compen-
sates, to a considerable extent, for the smallness of the
doublet-mixing amplitude. A detailed discussion and
estimates of parity-nonconservation effects accessible
to observation will be presented elsewhere.

5/2– 5/2+ µN
2

5/2– 5/2+
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and Phase Transitions in Rapidly Rotating Nuclei
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Abstract—Three different effects observed in experiments with rotating nuclei—backbending, noncollective
quadrupole transitions between different levels of the same band, and transitions that occur, in rapidly rotating
nuclei, from large-K isomeric states immediately to the levels of a rotational band despite their strong forbid-
denness in K—are explained in terms of nonconservation of the quantum number K in such nuclei. © 2000
MAIK “Nauka/Interperiodica”.
Shortly after the experimental discovery of back-
bending [1], it was assumed [2] that this phenomenon
was due to the alignment of the angular momenta of
constituent nucleons along the angular-velocity vector
of the nucleus. However, the physics behind such align-
ment has not been clarified until now. That the above
alignment is of a collective nature is supported by the
entire body of data on the levels of rotational bands in
various nuclei. In order to clarify this point in some
detail, we can consider the frequency of a rotating
nucleus as a function of the angular momentum I; from
the graph of this function, which, at large values of I,
has the form

(1)

we can see that backbending is always accompanied by
a fall of  below the rigid-body line

(2)

where

(3)

is the rigid-body value of the moment of inertia of the
nucleus being considered, M and R being its radius and
mass, respectively. For the first backbending, such a
correlation is observed for each rotational band of a
nonspherical nucleus. In contrast to this, secondary
backbends occur completely under the rigid-body line,
whereas so-called low-frequency anomalies [3, 4] show
no correlation with this line. By way of illustration, the
rotational frequency as a function of I is plotted in Fig. 1
for three rotational bands of the 160Yb nucleus (experi-
mental data on the transition energies for this nucleus
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were borrowed from [5]). For each of these bands, we
see that, in the region of the first backbending, the rota-
tional frequency as a function of I traverses the rigid-
body line in the downward direction. In the rotational
band built on the ground state of the 160Y nucleus (that
is, in the yrast line of this nucleus), the second back-
bending occurs below the rigid-body line. In the rota-
tional band built on the Iπ =  state, the low-I irregu-
larity of Ω represents a low-frequency anomaly. Such
anomalies are probably due to a noncollective align-
ment of an “odd” angular momentum, which is weakly
coupled to the nuclear core [6, 7].

The above feature of the experimental I depen-
dences of Ω suggests [8] that the first backbendings
have a specific collective origin that distinguishes them
both from higher backbendings and from low-fre-
quency anomalies. Experimental data indicate that
backbending has nothing to do with intersections of
different bands; therefore, it may be viewed as an
intrinsic property of a given band. In [8], we hypothe-
sized that backbending results from nonconservation
on the quantum number K, the projection of the total
angular momentum onto the symmetry axis of the
nucleus. Generally, the quantity K = I · n is well defined
only in the limit Ω  0—that is, for a nucleus at rest.
As soon as components with different values of K
appear in the rotational density matrix of a nucleus, the
angle ϑ  between the direction of angular momentum I
and the symmetry axis n of the nucleus becomes uncer-
tain. For the spin of the nucleus in excess of some crit-
ical value, Ic, all K in the interval –I ≤ K ≤ I become
equiprobable. In this way, a smooth evolution of the
scheme governing the coupling of angular momenta in
a rotating nucleus is completed, resulting in a simple
form of this coupling; the most typical mean values are
then given by

(4)

6–

K〈 〉 0, K
2〈 〉 I I 1+( )

3
-------------------, cos

2ϑ〈 〉 1
3
---;= = =
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that is, we go over from a less symmetric to a more
symmetric rotational state: in particular, the distribution
of the angle ϑ becomes isotropic [see the last relation in
(4)]. The critical value of the nuclear spin, Ic, corresponds
to the first backbending of the rotational band being con-
sidered; experimentally, this backbending manifests itself
as the above intersection of the rigid-body line.

The above collective (macroscopic) transition that
involves a change in symmetry is naturally formulated
within the theory of phase transitions due to Landau
[9]. In [8, 10–12], the required formalism was devel-
oped in terms of the order parameter

(5)η 1
3 K

2〈 〉
I I 1+( )
-------------------,–=

\ Ω, keV

500

300

100

(a)

500

300

100

10 20 30 I

(b)

Fig. 1. Rotational frequency Ω as a function of the angular
momentum I (a) for the yrast line of the 160Yb nucleus and
(b) for the Iπ = (closed circles) 6– and (open circles) 9–

bands of the same nucleus. For the yrast line of 160Yb, the
critical value of the angular momentum is 12.5. The straight
line corresponds to the rigid-body approximation.
which vanishes in the more symmetric I ≥ Ic phase—we
refer to it as the n phase. At the point where Ω(I) inter-
sects the rigid-body line in the region of the first back-
bending, we have

(6)

where Ωnc is the value of the rotational frequency at I
values just above Ic—that is, at the onset of the n phase.

Let us describe the situation in some detail. In the
limit of adiabatically slow rotation, the wave function
can be represented as

If, however, the values of I and M = Iz are fixed, the total
wave function of a nonspherical nucleus generally has
the form

(7)

In order to obtain a self-consistent description in terms
of the collective variable n, we assume, as usual, that
the extrinsic and intrinsic values of K coincide:

(8)

Upon the convolution of the internal (nonrotational)
variables ξ, the relevant density matrix takes the form

(9)

In the representation of three angular-momentum vari-
ables I, M, and K, the rotational density matrix has the
particularly simple form

(10)

Generally, the rotational state w(K) is mixed—it
becomes pure and factorizes only for the degenerate
case where K assumes a definite value. In the region
I ≥ Ic, where the scheme of coupling of angular
momenta is simplified, we have w(K) = (2I + 1)–1.

The proposed interpretation of the backbending
phenomenon must be verified or disproved by confront-
ing other predictions of the underlying approach with
data. One of the possible checks was indicated in [8].
The probability w of electric quadrupole transitions
between different levels of a band is known to depend
on K2. Therefore, a calculation of the lifetime of a state
that picks up contributions characterized by different
values of K necessarily involves averaging over the K
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distribution. In the semiclassical approximation, the
probability w for I @ 1 was derived in [8, 12] as

(11)

where ω = 2Ω and Q0 is the macroscopic quadrupole
moment of the nucleus due to its deformation. At the
same time, the result at K = 0 is

By somewhat formally defining the quantity QI as

(12)

we finally arrive at the interpolation formula

(13)

which holds approximately for all values of I. We can
see that, in the n phase (I ≥ Ic), the effective quadrupole
moment for radiative transitions, QI, amounts to only
two-thirds of the quadrupole moment Q0 for the lowest
value of I in the yrast band of an even–even nucleus.
The predictions are conveniently compared with the

data in terms of the ratio / , where Q0 is the qua-
drupole moment for the 2+  0+ transition. We have

(14)

That the probability of quadrupole transitions in a
rotational band decreases with increasing I was indeed
observed experimentally (see, for example, [13]), but
no attempt has been made to relate this phenomenon,
referred to as the loss of collectivity, to nonconserva-
tion of K in rapidly rotating nuclei. The observed I
dependence of the ratio ζI for the yrast line of the 160Yb
nucleus [14] is displayed in Fig. 2 along with our pre-
dictions. As a rule, ζI ≤ 1, and the experimental values
of ζI tend to decrease with increasing I. Because of
large uncertainties, the agreement with the prediction is
not compelling.

Previously, there was one more experimental find-
ing that supports the hypothesis of K nonconservation
in rapidly rotating nuclei. We mean here the observa-
tion of direct radiative transitions from the large-K iso-
meric states of the 182Os, 174Hf, and 179W nuclides to the
levels of the rotational bands built on the corresponding
ground states [15–19]. Had K been constant throughout
the above bands, such radiative transitions would be
strongly forbidden. That these transitions occur only to
higher levels in the vicinity of backbending suggests
that the amount of K nonconservation increases as I
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approaches the critical spin value Ic. Yet another impor-
tant observation is that some transitions to different
bands of the 174Hf nucleus (namely, to the ground-state
band, to the band built on the β-vibrational state of the
nucleus, and to the octupole and hexadecapole bands)
are characterized by very similar delay factors fν (ν =
|Ki – Kf | – λ is the order of forbiddenness in K, λ being
the multipolarity of the transition from the state i to the
state f). This implies that violation of the quantum num-
ber K has a universal character independent of the
structure of a particular band. Likewise, the data are
consistent with the assumption that final states are
broadly spread in K.

To summarize, nonconservation of the quantum
number K provides a clue to understanding the afore-
mentioned phenomena. Experimental data suggest that
K is violated because the scheme of coupling of angular
momenta gradually evolves as I increases within a
band.
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Abstract—The coupled-channel method is used to calculate photonuclear reactions on 24Mg, 28Si, and 32S
nuclei within the intermediate-coupling scheme. The origin of relatively narrow peaks corresponding to photo-
absorption on these nuclei is studied. Partial channels of giant-dipole-resonance decay are considered. It is shown
that the splitting of the giant dipole resonance in the 24Mg nucleus into two broad maxima is due to the defor-
mation of its surface. © 2000 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

In light and medium-mass nuclei (A ≤ 100) with
unfilled outer shells, giant multipole resonances
(GMR) are formed from configurations of the particle +
(A – 1) core in an excited state and hole + (A + 1) core
in an excited state type rather than from configurations
of the particle + hole type because particle and hole
excitations of the valence shell that are generated by
primary single-particle transitions (see Fig. 1) decay
fast, transferring their energy to a large number of
valence nucleons. This circumstance was partly taken
into account in [1–3], where basis configurations of the
particle + (A – 1) core type were used in calculating
GMRs in 1p-shell nuclei within the so-called interme-
diate-coupling scheme, but where configurations corre-
sponding to single-particle transitions from deep filled
levels were disregarded.

Calculations within the intermediate-coupling
scheme have not become popular because it is difficult
to treat quantitatively low-lying states of heavy and
medium-mass nuclei in the full configuration space of
the valence shell. Recently, a method for computing
low-lying nuclear states by consecutively adding nucle-
ons to the nuclear system was proposed in [4]. In this
method, a relatively small number of basis states are
used at each step of the calculations. The method is
applicable not only to light but also to medium-mass
nuclei. Owing to this, a version of the coupled-channel
method within the intermediate-coupling scheme could
be developed in a form that is rather simple, but which
is suitable for calculating the structure and decay fea-
tures of GMRs in light and medium-mass nuclei with
unfilled outer shells [5].

In [5], nucleon–nucleus scattering states 
that feature diverging (+) or converging (–) spherical

α@( )Λ
±( )| 〉
1063-7788/00/6303- $20.00 © 20377
waves at infinity were represented in the form

(1)

where Λ is the total angular momentum of the nucleon
system (if isospin is considered to be a good quantum
number, Λ will represent the set of quantum numbers
that includes the above angular momentum and the
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Fig. 1. Basic types of single-particle transitions leading to
the formation of giant resonances in light and medium-mass
nuclei.
000 MAIK “Nauka/Interperiodica”



 

378

        

GOLOVACH 

 

et al

 

.

                                                                          
isospin moment of the system); α ≡ εα  ≡ εαlα jαmατα,
α', … stand for the quantum numbers characterizing
unfilled single-particle states in the mean nuclear field
u(r); γ, γ', … are quantum numbers of filled single-par-
ticle states in the mean nuclear field u(r); |(α@)Λ〉 ≡
( |@〉)Λ, |(α'@')Λ〉, … are basis wave functions that
describe open and closed channels of the particle + (A –
1) core type (by a channel, we mean here a partition of
the nuclear system in question into two components);
|(γ!)Λ〉  ≡ (aγ|!〉)Λ, |(γ'!')Λ〉 , … are basis wave function
that describe closed channels of the hole + (A + 1) core

type;  and aλ are the operators of, respectively,
nucleon creation and annihilation in the single-particle
state |λ〉; |@〉 , |@'〉 , … (|!〉 , |!'〉 , …) are low-lying nat-
ural-parity excited states of the A – 1 (A + 1) nucleus
that diagonalize the nuclear Hamiltonian within the
configuration space of the valence shell; and  denotes
summation over discrete quantum numbers and inte-
gration with respect to continuous quantum numbers x.

This approximation provides a natural generaliza-
tion of the standard 1p1h approximation for light and
medium-mass nuclei with unfilled shells; in just the
same way as the latter, it takes no account of correla-
tions in the ground state of the nucleus.

The expansion coefficients 〈(α'@')Λ|(α@ 〉  and

〈(γ'!')Λ|(α@ 〉  characterize the contributions of var-
ious α'@' and γ'!' channels to the scattering state

|(α@ 〉 . Coupling between the channels arises in the
internal region of the reaction in question, where the
residual nucleon–nucleon forces Vres are operative over
distances r < R0 ≈ 1.5A1/3. In a finite spatial region, sin-
gle-particle states |α〉 of the continuous spectrum can be
expanded in terms of a discrete set of the oscillator

functions {|n 〉} as

(2)

where n = 0, 1, 2, … is the number of the oscillator
quanta. For the channel amplitudes, we therefore have
the relation

(3)

The scalar products 〈(n' , @')Λ|(α@ 〉  and

〈(γ'!')Λ|(α@ 〉  describe the configurational content
of the scattering state in the internal region of the reac-
tion being considered. They determine completely all
the characteristics of the nuclear reaction. In particular,
the amplitude of the probability for the transition of a

α

aα
+

aλ
+

x∑

)Λ
±( )

)Λ
±( )

)Λ
±( )

α

α| 〉 nα α〈 | 〉 nα| 〉 for r
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∑ R0,<=

α'@ '( )Λ α@( )Λ
±( )〈 | 〉 α' n'α '〈 | 〉 n'α ' @ ',( )Λ α@( )Λ
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for r R0.<

α ' )Λ
±( )

)Λ
±( )
nucleus from the ground state |Ψ0〉  to the scattering

state |(α@ 〉  under the effect of the multipole opera-
tor Fλ that is responsible for GMR excitation can be
expressed in terms of these scalar products. In [5], a
compact set of algebraic equations (equations of chan-
nel coupling) was derived for the quantities

〈(n' , @')Λ|(α@ 〉  and 〈(γ'!')Λ|(α@ 〉 . The
matrix for this set of equations was obtained within
standard shell-model calculations in the basis
{|(α@)Λ〉 , |(γ!)Λ〉}, which in turn was computed by the
procedure proposed in [4].

In the present study, the model in question is
employed to describe the photodisintegration of 24Mg,
28Si, and 32S nuclei in the giant-dipole-resonance
(GDR) region.

2. DETAILS OF THE CALCULATIONS

The interaction of nuclei with an electromagnetic
field can be taken into account by perturbation theory.
In the absorption of a photon with energy E between
about 8 and 30 MeV by a nucleus, a dominant role is
played by electric-dipole-excitation processes leading
to the formation of a GDR, which subsequently decays
into a residual nucleus and a nucleon. In order to obtain
the effective cross sections for photonuclear reactions,
it is then sufficient to calculate the amplitudes of the
probabilities for the electric-dipole transitions,

〈(α@ |(D|Ψ0〉)Λ, where D is the electric-dipole-
moment operator. These probability amplitudes can be
represented as linear combinations of the scattering-state

components 〈(n' , @')Λ|(α@ 〉 and 〈(γ'!')Λ|(α@ 〉
in the internal region of the reaction [5].

In order to simplify the calculations, we assume that
nuclear Hamiltonian is invariant under the charge-con-
jugation operation and that the isospin is a good quan-
tum number. In actual nuclei, these assumptions are
violated because neutrons and protons move in differ-
ent potential wells and have different separation thresh-
olds. Therefore, only proton features [in describing (γ,
p) reactions] or only neutron features [in describing (γ,
n) reactions] are usually included in calculations that
take into account isospin conservation in light nuclei
[6]. It should be emphasized, however, that the use of
the same potential well for neutrons and for protons and
of the same separation threshold for these particle spe-
cies gives no way to take into account the effect of these
factors on the competition between the neutron and
proton channels of GDR decay. The fact that this pro-
cedure is not correct has an especially strong effect on
the description of the photodisintegration of N ≠ Z
nuclei (owing to the strong impact of the neutron excess
on the nucleon-separation thresholds). Taking this into
account, we restricted our consideration to three self-
conjugate nuclei, 24Mg, 28Si, and 32S, not belonging to
close vicinities of the beginning or the end of the 1d2s

)Λ
±( )

α ' )Λ
±( ) )Λ

±( )

)Λ
–( )

α ' )Λ
–( ) )Λ

–( )
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shell, in order to avoid dealing with strong correlations
in the ground state of the nucleus.

For these nuclei, we have calculated the partial pho-
toproton cross sections σ(γ, pi) corresponding to the
ground state (i = 0), the first excited state (i = 1), and
other states of the final nucleus, as well as the total
cross section for E1 absorption, σabs ≈ 2[σ(γ, p0) + σ(γ,
p1) + σ(γ, p2) + …]. We did not consider the photo-
neutron cross sections because, within the isospin for-
malism, the reaction cross sections for the neutron
channels of photodisintegration on self-conjugate
nuclei are close to those for the proton channels.

2.1. Single-Particle States

For the 1d2s shell nuclei, the unfilled single-particle
states {|α〉}, the valence states {|β〉}, and the filled
states {|γ〉} correspond, respectively, to 1f7/2, 5/2 and
2p3/2, 1/2, to 1d5/2, 3/2 and 2s1/2, and to 1p3/2, 1/2 orbitals
(see Fig. 1).

In calculating the single-particle states |1f7/2, 5/2〉  and
|2p3/2, 1/2〉 , we used the proton potential

(4)

where u0 and us are amplitudes of, respectively, nuclear
and spin–orbit interactions; uCoul(r) is the Coulomb
potential; and f0(r) and fs(r) are the Woods–Saxon form
factors. With the exception of the nuclear-potential-
well depth u0, which is generally dependent on the
orbital quantum number l, the parameters of these
potentials were chosen to be identical to those in the
global optical model [7]. On the basis of data presented
in [8] for one-nucleon-transfer reactions, we can obtain
an upper bound on the depth of the nuclear-potential
well for f states (by using the energy of the 1f7/2 level):
u0f ≤ 64, 60, and 58 MeV for 24Mg, 28Si, and 32S, respec-
tively. The eventual values of the parameters u0f and u0p
were found by varying them in the course of calcula-
tions. They are presented in Table 1. The states |1f7/2, 5/2〉
and |2p3/2, 1/2〉  of the continuous spectrum correspond to
these parameters.

For the single-particle states |1d5/2, 3/2〉 , |2s1/2〉 , and
|1p3/2, 1/2〉 , we used spherical-oscillator functions with
oscillator parameter ν = ("/mω)1/2 = 1.005A1/6 fm ("ω =
41A–1/3 MeV). These functions were also used as a basis
for the expansion of the states {|α〉} = {|1f7/2, 5/2〉  and
|2p3/2, 1/2〉} in the internal region of the reaction. The
energies of the states {|γ〉} = {|1p3/2〉 , |1p1/2〉} appearing
directly in the coupled-channels equations (see [5])
were considered as model parameters. They can be
roughly estimated on the basis of data on quasielastic
nucleon knockout. For example, it follows from the
data of Arditi et al. [9] that, for 24Mg, the energies 

and  are equal, respectively, to 22 ± 2 and to 18 ±
2 MeV (if we assume that the maxima of the strength

u r( ) u0 f 0 r( ) us r⁄( ) d f s r( ) dr⁄( )l s uCoul r( ),+⋅+=

ε1 p3/2

ε1 p1/2
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function that are observed experimentally at excitation
energies of 23Na nuclei equal to about 14.4, 9.9, and 2.5
MeV correspond to the three Nilsson orbits into which
the 1p3/2 and 1p1/2 levels split in the deformed nucleus
[10]). The parameters  and  were varied in the
course of the calculations in order to obtain better
agreement between the theoretical and experimental
GDR structures. Their eventual values are presented in
Table 1.

Strictly speaking, the single-particle basis described
above is not orthonormalized, since the bound states
|1p3/2, 1/2〉 , which appear in it and which were approxi-
mated by the oscillator states |113/2〉  and |111/2〉 , are
not orthogonal to the states |2p3/2, 1/2〉  of the continuous
spectrum. In discretizing the continuum, measures
were therefore taken to restore the orthogonality of the
basis—the oscillator states |113/2〉  and |111/2〉  were not
included in the set of oscillator states in which we
expanded the state |2p3/2, 1/2〉  in the internal region of the
reaction.

The value chosen for the oscillator parameter
ensures a fast convergence of the results of the calcula-
tions with increasing total number N of oscillator func-
tions used in expanding the single-particle states of the
continuous spectrum. This is illustrated in Fig. 2, where
the estimates of the model photoabsorption cross sec-
tion that were obtained for the truncated {|@〉 , |!〉}
basis (10 + 10 states) are depicted at various values of
N. It can be seen from this figure that the results prove
to be reasonable even at N = 1 and that, from N = 3, the
curves calculated for different N become virtually
indistinguishable.

2.2. Low-Lying States of A  1 Nuclei

Natural-parity low-lying states {|@〉 , |!〉} for the
A  1 nuclei were calculated by the method that relies on
successively adding nucleons to the nuclear system in
the configuration space of the 1d2s shell [4]. In these cal-
culations, the energies of the single-particle valence
states and the matrix elements of the effective two-parti-
cle interaction, which are dependent on the mass number
A, were taken in just the same way as in [11].

In describing the photodisintegration of 24Mg, 28Si,
and 32S nuclei, we took into account all low-lying states
|@〉 and |!〉 at excitation energies not exceeding
11 MeV. This made it possible to calculate the structure

ε1 p3/2
ε1 p1/2

+−

+−

Table 1.  Fitted parameters of the model used

Nucleus u0f , MeV u0p , MeV
, 

MeV

, 

MeV
V0, MeV

24Mg 62 62 –20 –17 50
28Si 58 58 –23 –19 50
32S 57 62 –24 –20 45

ε1 p3/2
ε1 p1/2
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Fig. 2. Model cross section for photoabsorption as a function of energy for the cases where single-particle states were approximated
by using N = (dotted curve) 1, (dashed curve) 2, (thin solid curve) 3, and (thick solid curve) 4 oscillator functions.
and the decay features of the GDR up to about 30–32 MeV
(the last value is obtained as the sum 11 MeV +
nucleon-separation threshold + energy of the highest
single-particle resonance in a continuum).

2.3. Residual Nucleon–Nucleon Interaction

The coupled-channel equations (see [5]) do not
involve the matrix elements of the effective two-parti-
cle interaction between nucleons belonging to the
valence shell, nor do they contain explicitly the ener-
gies of single-particle valence levels. Therefore, it is
not necessary to match the nuclear Hamiltonians used
to describe the low-lying states |@〉 and |!〉 with those

used to calculate the scattering states |(α@ 〉 .

As was indicated above, the coupling of reaction
channels is due to the residual nucleon–nucleon inter-
action Vres. This interaction must be chosen in such a
way as to prevent the emergence of an additional mean
field for particle α and hole γ–1 moving in the field of
the A  1 core; otherwise, expansion (1), which implies
that the single-particle states |α〉 and | |γ〉 correspond the
true mean field of the nucleus, becomes meaningless.

Taking this into account, we choose the residual
interaction Vres in the form

(5)

where

)Λ
–( )

+−

V res V Uadd,–=

V
1
4
--- κλ〈 |v µν| 〉 asaκ

+
aλ

+
aνaµ

ν
∑

µ
∑

λ
∑

κ
∑=
is the effective nucleon–nucleon interaction
(〈κλ |v |µν〉as stands for antisymmetrized two-particle
matrix elements), while 

is the additional mean field that is generated for a par-
ticle (hole) by V forces if the A  1 core is in the state
|#〉 = |@〉, |@'〉 , … (|!〉 , |!'〉 , …) [12]. In the expression
for Uadd,

is the occupation number for the single-particle level |λ〉.
In this study, we employed the Rosenfeld forces for

the effective nucleon–nucleon forces V. The radial
dependence of these forces is determined by the
Yukawa potential of radius 1/µ = 1.5 fm. The amplitude
of the forces, V0, was considered as a model parameter
and was varied to fit the energy position of the giant res-
onance. The resulting values of V0 are presented in
Table 1.

3. DISCUSSION OF THE RESULTS
OF THE CALCULATIONS

The main results of our calculations are displayed in
Figs. 3–9 and in Tables 2–5.

3.1. Intermediate Structure of GDRs

Figure 3 shows the calculated (thin solid curve) and
experimental (thick solid curve) cross sections for Ö1
photoabsorption. Both theoretical results and experi-

Uadd µλ〈 |v νλ| 〉 asv λ #( )
λ
∑ aµ

+
aν

ν
∑

µ
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+−

v λ #( ) # aλ
+aλ

τλ

∑
mλ

∑ # 2 2 jλ 1+( )[ ]–1=
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Fig. 3. Photoabsorption cross sections: (thin solid curve) theoretical cross section σabs ≈ 2[σ(γ, p0) + σ(γ, p1) + σ(γ, p2) + …] and
(thick solid curve) experimental data {cross section for photoabsorption on a natural mixture of isotopes for Mg [13], cross section
for photoabsorption on 28Si [14], and the sum of the cross sections σ(γ, p) [15] and σ(γ, n) [16] for 32S}. For the 24Mg nucleus, the
dashed curve represents the sum of the experimental cross sections σ(γ, p) [17] and σ(γ, n) [18].
mental data exhibit a pronounced intermediate struc-
ture of GDRs. This structure can be associated with the
intrusion of closed γ! channels into the continuum of
the nuclear system. Indeed, it was shown in a number
of studies (see, for example, [19]) that discrete states
superimposed on a continuous spectrum must generate
a resonance structure in the reaction cross section.

The role of closed γ! channels corresponding to
1p  1d2s dipole transitions in the formation of the
intermediate structure of giant resonances is illustrated
in Fig. 4, which displays the results of our calculations
for the GDR in 24Mg for the following cases:

(i) Effective interaction is switched off completely
(dotted curve).

(ii) We take into account only the interaction
between the configurations |(α@)Λ〉  corresponding to
the 1d2s  1f 2p dipole transitions (dashed curve).
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
(iii) We take into account the interactions between
all reaction channels (solid curve).

Figure 4 demonstrates how the residual nucleon–
nucleon interaction forms a collective dipole state [case
(ii)] from single-particle resonances [case (i)] and how
the inclusion of closed channels increases the intensity
(integrated cross section) of a GDR and leads to the
emergence of many resonance states [case (iii)].

The importance of taking into account γ! channels
in describing the intermediate structure of GDRs can be
seen from the configurational content of resonance
states. As was indicated above, the scalar products

〈(n' , @')Λ|(α@ 〉  and 〈(γ'!')Λ|(α@ 〉 , which
characterize the configurational content of scattering
states in the internal region of the reaction being con-
sidered, are found in solving the equations for channel

α ' )Λ
–( )

)Λ
–( )
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Fig. 4. Effect of channel coupling on the properties of the GDR in 24Mg: (dotted curve) no coupling is taken into account, (dashed
curve) only the coupling of channels that correspond to 1d2s  1f 2p transitions is taken into account, and (solid curve) all chan-
nel couplings are taken into account.
coupling. By using these quantities, the contribution of
various configurations of the |(α@)Λ〉  and |(γ!)Λ〉  types
to the GDR can be estimated at any excitation energy E
of the nucleus involved. For some dipole states of the
nuclei considered in this study, the relevant data are
given in Tables 2–4, which list the contributions of the
ten most important configurations near resonance ener-
gies. From these data, it can be seen that the intermedi-
ate structure of the GDRs in 1d2s-shell nuclei is of a
collective origin and that it arises owing to the strong
Table 2.  Main components of the GDR in 24Mg near some photoabsorption resonances

Eres = 17.1 MeV Eres = 18.6 MeV Eres = 19.8 MeV Eres = 24.2 MeV Eres = 25.5 MeV

configuration contribu-
tion, % configuration contribu-

tion, % configuration contribu-
tion, % configuration contribu-

tion, % configuration contribu-
tion, %

(8.80) 17.14 1f7/2(0.45) 7.00 (6.01) 5.90 (7.62) 4.33 (10.19) 3.65

(7.88) 11.36 (4.56) 4.33 2p3/2(5.51) 4.09 (6.76) 2.57 (10.54) 2.69

(7.77) 7.04 (6.01) 3.83 (6.76) 4.01 (9.09) 2.02 (8.80) 2.54

1f7/2(0.45) 5.46 2p1/2(4.54) 3.80 (5.63) 3.59 1f5/2(0.45) 1.90 (8.36) 1.92

(2.91) 3.60 2p3/2(5.51) 3.42 2p3/2(6.09) 3.45 (6.28) 1.85 (8.37) 1.88

(6.01) 3.48 2p3/2(4.54) 3.13 1f7/2(0.45) 3.04 1f7/2(5.80) 1.82 (9.39) 1.84

(4.56) 2.95 1f7/2(5.51) 2.85 1f7/2(5.51) 2.93 1f7/2(7.54) 1.79 (8.88) 1.80

(7.62) 2.78 (9.92) 2.81 (0.00) 2.57 (7.62) 1.77 (7.83) 1.79

(9.92) 2.65 2p3/2(2.42) 2.64 2p1/2(2.76) 2.46 1f7/2(8.80) 1.50 (8.64) 1.64

1f7/2(5.51) 2.40 2p3/2(2.76) 2.33 2p1/2(4.54) 2.38 (9.20) 1.36 (6.76) 1.63

Note: Here and in Tables 3–5, the theoretical excitation energies (in MeV) of states of the A  cores are indicated in parentheses.

1 p1/2
1 1 p1/2

1 1 p1/2
1 1 p1/2

1

1 p3/2
1

1 p1/2
1 1 p1/2

1
1 p1/2

1

1 p3/2
1 1 p1/2

1 1 p1/2
1

1 p1/2
1 1 f 7/2

1 p1/2
1 2 p3/2

1 p3/2
1 1 p3/2

1 1 f 7/2

1 p1/2
1 1 p1/2

1

1 p1/2
1 1 f 7/2

1 p3/2
1 1 p1/2

1
1 p3/2

1 1 p3/2
1 1 f 7/2

1 p3/2
1 1 f 7/2

1 p1/2
1

1 p3/2
1

  1 +−
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Table 3.  Main components of the GDR in 28Si near some photoabsorption resonances

Eres = 18.1 MeV Eres = 19.0 MeV Eres = 19.7 MeV Eres = 20.6 MeV Eres = 21.2 MeV

configura-
tion

contribu-
tion, %

configura-
tion

contribu-
tion, %

configura-
tion

contribu-
tion, % configuration contribu-

tion, % configuration contribu-
tion, %

(7.89) 5.46 (9.52) 11.95 (0.00) 6.95 (11.67) 6.04 (11.08) 3.58

(2.35) 4.90 (5.68) 5.68 (6.22) 3.94 (5.18) 3.03 (1.23) 1.89

(4.00) 4.65 (0.00) 5.60 (2.72) 3.81 (6.45) 2.84 (7.08) 1.83

(2.72) 4.49 (2.36) 3.74 (9.52) 3.43 (10.32) 2.22 (11.67) 1.83

(4.78) 4.16 (5.49) 3.18 (10.32) 3.39 (0.81) 2.15 (7.04) 1.83

(4.11) 3.61 (1.49) 2.82 (6.45) 2.99 (8.40) 1.99 (6.81) 1.77

(2.36) 3.58 (2.70) 2.18 (3.15) 2.74 (7.08) 1.91 (8.70) 1.75

(3.65) 3.34 (6.74) 2.08 (1.49) 2.69 (5.68) 1.79 (6.86) 1.59

(2.72) 3.19 (5.18) 1.99 (10.32) 2.67 (0.00) 1.68 (8.40) 1.55

(1.23) 3.18 (2.70) 1.94 (2.36) 2.05 (6.45) 1.67 (5.51) 1.46

2 p3/2 1 p1/2
1 1 f 7/2 1 p1/2

1 1 p1/2
1

1 p3/2
1 2 p3/2 2 p3/2 1 p1/2

1 1 f 5/2

2 p3/2 1 f 7/2 1 f 7/2 2 p3/2 2 p3/2

1 f 7/2 1 f 7/2 1 p1/2
1 1 p1/2

1 1 p1/2
1

1 f 7/2 2 p3/2 1 p1/2
1 2 p3/2 2 p3/2

2 p3/2 1 p1/2
1 1 f 7/2 1 p3/2

1 2 p3/2

1 f 7/2 2 p1/2 1 f 7/2 2 p3/2 2 p3/2

2 p1/2 1 f 7/2 1 p1/2
1 2 p3/2 1 p1/2

1

2 p3/2 1 p1/2
1 1 p3/2

1 1 f 7/2 1 p3/2
1

2 p1/2 2 p3/2 1 f 7/2 1 f 7/2 1 f 7/2

Table 4.  Main components of the GDR in 32S near some photoabsorption resonances

Eres = 17.1 MeV Eres = 19.1 MeV Eres = 19.6 MeV Eres = 21.4 MeV Eres = 24.3 MeV

configura-
tion

contribu-
tion, %

configura-
tion

contribu-
tion, %

configura-
tion

contribu-
tion, %

configura-
tion

contribu-
tion, %

configura-
tion

contribu-
tion, %

(2.49) 7.58 (6.73) 4.87 (7.28) 5.87 (7.55) 9.33 (5.28) 4.46

(4.43) 4.61 (7.55) 4.49 (6.50) 4.66 (6.19) 3.96 (5.82) 3.31

(5.82) 4.03 (7.28) 4.05 (6.99) 3.80 (8.10) 3.14 (6.81) 3.25

(5.13) 3.45 (7.61) 3.74 (2.17) 3.72 (6.84) 2.74 (7.35) 2.75

(5.96) 3.18 (6.51) 3.09 (5.13) 2.86 (3.73) 2.67 (4.58) 2.51

(5.10) 2.99 (8.41) 3.04 (7.89) 2.68 (5.28) 2.37 (7.50) 2.11

(6.99) 2.88 (0.00) 2.75 (6.51) 2.49 (2.49) 2.29 (5.60) 2.07

(7.00) 2.80 (7.61) 2.70 (6.22) 2.01 (4.71) 2.15 (4.67) 2.05

(8.53) 2.74 (2.49) 2.09 (7.00) 2.01 (6.99) 1.98 (6.41) 1.92

(6.38) 2.62 (6.99) 2.09 (5.82) 1.99 (6.50) 1.84 (7.78) 1.86

1 f 7/2 1 f 7/2 1 f 7/2 1 f 7/2 1 f 7/2

1 f 7/2 2 p3/2 1 f 7/2 1 f 7/2 1 p1/2
1

1 f 7/2 1 f 7/2 1 f 7/2 1 f 7/2 1 p1/2
1

1 f 7/2 2 p1/2 1 p1/2
1 1 f 7/2 1 f 5/2

2 p1/2 1 f 7/2 1 f 5/2 1 p1/2
1 1 p1/2

1

1 p1/2
1 2 p3/2 2 p1/2 1 f 7/2 1 f 7/2

2 p3/2 1 p1/2
1 1 f 7/2 1 f 7/2 1 f 7/2

2 p3/2 2 p3/2 1 f 7/2 1 f 5/2 1 p1/2
1

1 f 7/2 1 f 5/2 2 p1/2 1 f 7/2 1 p1/2
1

2 p3/2 1 f 7/2 1 f 5/2 1 f 7/2 1 f 7/2
                 
mixing of the |(α@)Λ〉  and |(γ!)Λ〉  configurations; of

these, the configurations corresponding to the 1
hole play the most important role in the formation of
the intermediate structure of GDRs. Figure 5, which
shows the energy dependences of those components in
the cross sections for photoabsorption on 24Mg, 28Si,
and 32S that are associated with the (dashed curve)
|(α@)Λ〉  and (dotted curve) |(γ!)Λ〉  configurations, also

p1/2
1–
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illustrates the strong mixing of these configurations in
dipole states.

In going over from 

 

24

 

Mg

 

 to 

 

28

 

Si

 

 and further to 

 

32S,
the contribution to the photoabsorption cross section
from the |(γ!)Λ〉 configuration decreases steadily
because the filling of the 1d2s valence shell leads to the
blocking of 1p  1d2s single-particle transitions.
Nonetheless, these configurations continue to play a
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Fig. 5. Configurational content of the GDRs in the 24Mg, 28Si, and 32S nuclei: (dashed curve) contribution of configurations corre-
sponding to 1d2s  1f2p transitions, (dotted curve) contribution of configurations corresponding to 1p  1d2s transitions,
and (solid curve) total photoabsorption cross section.
significant role in the formation of the intermediate
structure of GDRs. This is confirmed by the data from
Table 5, which displays the configurational content of
the GDR in 32S in the vicinity of the 17.1-MeV reso-
nance. As can be seen from this table, the resonance
correlates definitively with one of the γ! closed chan-
nels: as the excitation energy of the nucleus approaches
the position of the resonance peak, the contribution of
the |!; E! = 5.1 MeV〉  configuration to the pho-
toabsorption cross section increases sharply.

3.2. Gross Structure of GDRs

In addition to the intermediate structure, the cross
section for photoabsorption on the 24Mg nucleus shows
a gross structure: it distinctly splits into two broad
peaks localized in the regions 16–22 and 22–28 MeV.
Usually, these features of the GDR in 24Mg are

a1 p1/2
explained by the deformation of the nuclear surface.
Indeed, there are a few experimental factors indicating
that the 24Mg nucleus has the shape of a prolate spher-
oid of revolution.

The effect of nuclear deformations on the properties
of GDRs in 1d2s-shell nuclei was considered by
Bassichis and Scheck [20], who first calculated single-
particle states in an axisymmetric self-consistent Har-
tree–Fock potential in order to use them, at the next
stage, in an analysis of a GDR within the 1p1h scheme.
Those authors found that the dipole states in 24Mg and
28Si break down into two energy groups, the upper one,
which is due primarily to 1p  1d2s transitions, and
the lower one, which is associated with 1d2s  1f2p
transitions. In addition, they established that the upper
energy group of states corresponds primarily to ∆K = 1
single-particle transitions, where K is the projection of
the nucleon angular momentum onto the symmetry axis
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
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Table 5.  Changes in the configurational content of the GDR in 32S in the vicinity of the 17.1-MeV resonance

E = 16.8 MeV E = 16.9 MeV E = 17.0 MeV E = 17.1 MeV E = 17.2 MeV

configura-
tion

contribu-
tion, %

configura-
tion

contribu-
tion, %

configura-
tion

contribu-
tion, %

configura-
tion

contribu-
tion, %

configura-
tion

contribu-
tion, %

(6.19) 7.09 (6.19) 7.26 (2.49) 6.61 (2.49) 7.58 (6.99) 5.34

(6.38) 6.75 (6.38) 4.41 (4.43) 4.34 (4.43) 4.61 (2.49) 4.86

(5.22) 5.14 (2.49) 4.20 (6.19) 3.96 (5.82) 4.03 (4.43) 4.12

(8.53) 4.60 (4.43) 3.63 (7.00) 3.78 (5.13) 3.45 (5.60) 3.85

(5.28) 3.17 (7.00) 3.22 (5.82) 3.70 (5.96) 3.18 (5.82) 3.66

(7.35) 3.09 (5.22) 3.18 (5.10) 3.35 (5.10) 2.99 (8.53) 3.14

(7.00) 2.92 (1.22) 2.70 (5.96) 3.31 (6.99) 2.88 (5.13) 2.95

(5.13) 2.74 (8.53) 2.59 (6.38) 2.99 (7.00) 2.80 (7.35) 2.83

(4.93) 2.73 (5.13) 2.59 (4.93) 2.32 (8.53) 2.74 (5.65) 2.73

(6.84) 2.64 (5.10) 2.55 (5.13) 2.20 (6.38) 2.62 (6.84) 2.66

2 p3/2 2 p3/2 1 f 7/2 1 f 7/2 2 p3/2

2 p3/2 2 p3/2 1 f 7/2 1 f 7/2 1 f 7/2

2 p1/2 1 f 7/2 2 p3/2 1 f 7/2 1 f 7/2

2 p3/2 1 f 7/2 2 p3/2 1 f 7/2 1 f 7/2

2 p3/2 2 p3/2 1 f 7/2 2 p1/2 1 f 7/2

2 p3/2 2 p1/2 1 p1/2
1 1 p1/2

1 1 f 7/2

2 p3/2 1 f 5/2 2 p1/2 2 p3/2 1 f 7/2

1 f 7/2 2 p3/2 2 p3/2 2 p3/2 2 p3/2

2 p1/2 1 f 7/2 2 p1/2 1 f 7/2 2 p1/2

2 p3/2 1 p1/2
1 1 f 7/2 2 p3/2 2 p3/2
of the nucleus and that the lower energy group corre-
sponds to transitions leaving this quantum number
unchanged (∆K = 0 transitions). On this basis,
Bassichis and Scheck [20] concluded that there are
configuration splitting of the giant resonance in these
nuclei [21] and the splitting of it due to nuclear defor-
mations.

The analysis performed in [20] is disadvantageous
in that (i) it relies on a phenomenological two-particle
interaction in evaluating the deformed self-consistent
field, (ii) it covers only 1p1h configurations, and (iii) it
takes no account of the continuum effect on giant-reso-
nance formation. The present calculation also suggests
that configurations associated with 1p  1d2s transi-
tions play an important role in the formation of the sec-
ond, high-energy, maximum of photoabsorption on the
24Mg nucleus (see Fig. 4). From Fig. 5, it can be seen,
however, that these configurations come to be dominant
above the second GDR maximum (their contribution
grows significantly there)—that is, in the energy region
E ≥ 28 MeV, where the role of 1p3/2  1d2s transi-
tions becomes more pronounced. This means that the
observed gross structure of the GDR in 24Mg is of a col-
lective origin.

Let us consider the possibility of the splitting of the
GDR in 24Mg due to a deformation of the nuclear sur-
face. We have already indicated that this GDR, as well
as the other ones considered in the present study, pos-
sesses a high degree of collectivization. On the basis of
the Danos–Okamoto model [22], it was deduced that, in
a prolate axisymmetric nucleus, there can arise two
types of collective dipole vibrations of neutrons with
respect to protons—that, with a lower energy, along the
symmetry axis of the nucleus and that, with a higher
energy and doubled intensity (because there are two
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
degenerate transverse modes), in the plane orthogonal
to the symmetry axis. This is precisely the reason that
the photoabsorption cross section is split into two
peaks.

In the generalized model from [23], the collective
transverse and longitudinal dipole vibrations of a sphe-
roidal even–even nucleus can be described in terms of

the wave functions | 〉  and | 〉  that, in the labo-
ratory frame, are given by

(6)

where  is the operator of creation of collective
dipole vibrations, |Ψ0〉  is the ground state of the
nucleus, and |Ψ2〉  is the first excited (Jπ = 2+) state of the
nucleus. {In going over to the intrinsic coordinate
frame, formulas (6) are transformed into the conven-
tional relations

and

Ψ1M
|| Ψ1M

⊥

Ψ1M
||| 〉 1

3
---q1M

+ Ψ0| 〉 2
3
--- q1

+ Ψ2| 〉( )1M,–=

Ψ1M
⊥| 〉 2

3
---q1M

+ Ψ0| 〉 1
3
--- q1

+ Ψ2| 〉( )1M,+=

q1M
+

Ψ1M
||| 〉 3

8π2
--------$M0

1 θi( )q10
+ Ψ0| 〉=

Ψ1M
⊥| 〉 3

16π2
----------- $M1

1 θi( )q11
+ Ψ0| 〉( )[=

$M 1–
1 θi( )q1 1–

+ Ψ0| 〉 ] ,+
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Fig. 6. Contributions of the longitudinal and transverse configurations to the GDRs in the 24Mg, 28Si, and 32S nuclei: (dotted curve)
longitudinal component, (dashed curve) transverse component, and (solid curve) total photoabsorption cross section.
since, for a deformed nucleus, the relation

holds in the strong-coupling approximation.}

In (6), we replace the operator  by the dipole-
moment operator D(1M), considering that, if the giant
resonance is fully collectivized, we have D(1M) ∝
[  + (–1)1 + Mq1 – M] and q1|Ψ0〉  = q1|Ψ2〉  = 0. We can
then obtain the relation

(7)

Ψ2M| 〉 5

8π2
--------$M0

2 θi( ) Ψ0| 〉=

q1M
+

q1M
+

α@( )Λ
–( ) ΨΛ

||〈 | 〉
2

α@( )Λ
–( ) ΨΛ

⊥〈 | 〉
2

--------------------------------------

=  
α@( )Λ

–( )〈 | D Ψ0| 〉( )Λ 2 α@( )Λ
–( )〈 | D Ψ2| 〉( )Λ–

2

2 α@( )Λ
–( )〈 | D Ψ0| 〉( )Λ α@( )Λ

–( )〈 | D Ψ2| 〉( )Λ+
2

---------------------------------------------------------------------------------------------------------------,
which determines the ratio of the probabilities for the
excitation of the longitudinal and transverse dipole

vibrations in an arbitrary scattering state |(α@ 〉 with
energy E and which makes it possible to break down the
total photoabsorption cross section into the longitudinal
and transverse components. The matrix elements

〈(α@ |(D|Ψ2〉)Λ and 〈(α@ |(D|Ψ0〉)Λ, which are
necessary for such calculations, can be expressed in
terms of the intrinsic components of the scattering states

〈(n' , @')Λ|(α@ 〉 and 〈(γ'!')Λ|(α@ 〉.

The results obtained by breaking down the photoab-
sorption cross section into the longitudinal and the
transverse component are displayed in Fig. 6. It can be
seen from this figure that, for 24Mg, the longitudinal
vibrational mode is indeed localized predominantly in
the region of the low-energy photoabsorption maxi-
mum and that the transverse mode is localized in the

)Λ
–( )

)Λ
–( )

)Λ
–( )

α ' )Λ
–( )

)Λ
–( )
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Fig. 7. Differential partial cross sections corresponding to proton emission at a right angle for the 24Mg nucleus: (thin curve) theo-
retical results and (thick curve) experimental data. The figures indicate the mean energies (in MeV) for those groups of states of the
final nucleus that were singled out in the experiment reported in [17]. The experimental cross section  dσ(γ, p0)/dΩ was rescaled
from the cross section dσ(p, γ0)/dΩ [24].
region of the high-energy maximum. This suggests a
direct relationship between the gross structure of the
GDR in 24Mg and the nuclear deformation. For 28Si and
32S, on the contrary, it is impossible to separate the lon-
gitudinal and transverse photoabsorption peaks. This
makes it possible to state that these nuclei are nearly
spherical.
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
The dominance of the transverse component of 28Si
and 32S photodisintegration at energies E < 23 MeV

suggests that the strong inequality |〈(α@ |(D|Ψ0〉)Λ| @

|〈(α@ |(D|Ψ2〉)Λ| holds in this energy region (see for-
mula (7)) and that the photoabsorption cross section is
determined primarily by the giant resonance over the

)Λ
–( )

)Λ
–( )
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Fig. 8. Photoprotonic partial cross sections for the 28Si nucleus. The notation is identical to that in Fig. 7. The experimental cross
sections σ(γ, pi), i = 1, 2, were borrowed from [25], whereas the remaining experimental data were taken from [26].
ground state of the nucleus. At higher energies (E >
23 MeV), the relative value of the longitudinal compo-
nent of the photoabsorption cross section increases,
which indicates that the effect of the giant resonance
over the first excited (Jπ = 2+) state of the nucleus
becomes more pronounced.
3.3. Partial Channels of GDR Decay

More detailed information about the character of
nuclear photodisintegration is contained in partial pho-
toprotonic cross sections that correspond to fixed states
(or groups of states) of the final nucleus. The calculated
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
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Fig. 9. Differential partial cross sections corresponding to proton emission at a right angle for the 32S nucleus. The notation is iden-
tical to that in Fig. 7. Experimental data were taken from [15].
partial cross sections are presented in Figs. 7–9, where
they are contrasted against experimental data.

In practice, partial cross sections are often
employed to estimate the contributions of various shell
configurations to giant resonances. However, some
caution should be exercised in this case. In particular, it
can be seen from Table 2 that, for 24Mg, none of the ten
most important configurations of the 17.1-MeV reso-
nance corresponds to the ground state of the final
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
nucleus. At the same time, the partial cross section σ(γ,
p0) saturates about one-half of the total proton cross
section σ(γ, p) ≈ σabs /2 at the excitation energy E of the
nucleus about 17.1 MeV (compare with Figs. 3 and 7).
A similar pattern is observed at other resonance excita-
tion energies of 24Mg.

It is well known that partial cross sections are much
more sensitive to the details of the calculation than the
total reaction cross section. Therefore, they provide a
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reliable criterion for testing various models. It can be
seen from Figs. 7–9 that, by and large, the coupled-
channel equations in the scheme of intermediate cou-
pling describe fairly well partial channels of the photo-
disintegration of 24Mg, 28Si, and 32S nuclei. This means
that the approach in question takes into account the
main factors that affect the formation and decay of
giant resonances in light and medium-mass nuclei with
unfilled outer shells.

4. CONCLUSION

We have demonstrated the capabilities of the cou-
pled-channel method in the intermediate-coupling
scheme by applying it to the photodisintegration of
some 1d2s-shell nuclei. The results that we have
obtained (see preceding section) reveal that the pro-
posed model is able to describe satisfactorily the mech-
anism of GDR formation and its position on the energy
scale, as well as its width, structure, and decay charac-
teristics, in light and medium-mass nuclei with unfilled
shells. This is the main result of our study.

It should be noted, however, that there are discrep-
ancies between the theoretical results and experimental
data and that these discrepancies are due to the model
approximations used. As can be seen from Figs. 3 and
7–9, the calculations give the poorest fit to the experi-
mental data at high excitation energies of the nucleus.
One of the possible reasons for this is that the basis con-
figurations {|@〉 , |!〉} were restricted to states with
excitation energies of E & 11 MeV. The agreement with
experimental data could probably be improved by
expanding the basis, but this is hindered by difficulties
in calculating the states |@〉 and |!〉  at high excitation
energies, difficulties that stem from the fact that, in the
region E > 10–11 MeV, mixing effects must be taken
into account for different principal nuclear shells. It is
possible that the results of the calculations are also
affected by the disregard of ground-state correlations in
nuclei (see [27]). First of all, this concerns the
deformed nucleus 24Mg, where deformed orbitals of
opposite parities may approach. However, taking into
account ground-state correlations in a nucleus would
also require significantly expanding the basis used in
the intermediate-coupling scheme.
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Abstract—The effect of pion–nucleon and nucleon–nucleon rescatterings on polarization observables of the
reaction γd  ppπ– are calculated in the delta-isobar region. Pion–nucleon and nucleon–nucleon rescatterings
are considered on the basis of a diagrammatic approach. Lorentz invariant expressions are used for the operators
of photoproduction and of pion scattering on a free nucleon. A unitarization procedure in the K-matrix approx-
imation is used for resonance partial-wave amplitudes. It is shown that, in the delta-resonance region, rescatter-
ing has a sizable effect on polarization observables of the reaction γd  ppπ– at high momenta of final pro-
tons. © 2000 MAIK “Nauka/Interperiodica”.
1. In [1, 2], the reaction e   e'ppπ– was studied
at the photon point by using the internal polarized tar-
get of the VEPP-3 storage ring. In this experiment, pro-
tons with momenta in excess of 300 MeV/c were
recorded in coincidence. The resulting differential
cross sections and asymmetry components, especially
a20, differ significantly from the results obtained on the
basis of the spectator model. In view of this, it seems
necessary to take into account final-state interaction
(FSI) for the reaction in question—that is, pion–
nucleon and nucleon–nucleon rescatterings. In [3], a
diagrammatic approach allowing for FSI was used to
compute the spin-averaged differential cross sections
for negative-pion photoproduction on a deuteron in the
process

(1)

The effect of final-state interactions on polarization
observables of the electro- and photodisintegration of
deuterons was taken into account in [4–8]. In the
present study, we calculate the effect of FSI on polar-
ization observables of reaction (1). The results of these
calculations can serve as a basis for simulating the
behavior of polarization observables in specific ele-
ments of the phase space of reaction (1) and for plan-
ning polarization experiments at high proton momenta
in an optimal way. These results can also be used for a
direct comparison with available experimental data.
Such a comparison can contribute to clarifying the
question of whether it is necessary to consider more
complicated mechanisms of reaction (1).

The present article is organized as follows. In Sec-
tion 2, we describe the model used and derive expres-
sions for the amplitudes corresponding to various res-
cattering mechanisms. In Section 3, we determine the
relevant helicity amplitudes and polarization observ-

d

γd ppπ–.
1063-7788/00/6303- $20.00 © 20391
ables. The results of our calculations are presented in
Section 4.

2. In order to obtain the amplitude for reaction (1),
we make use of the diagrammatic approach developed
in [9, 10]. In [3, 11], the diagrammatic approach was
applied to the reaction of pion photoproduction on a
deuteron. In our calculations, we take into account the
contributions to the amplitude that come from the dia-
grams in Fig. 1 and from the diagrams that differ from
those by the permutations of identical final-state nucle-
ons. The first diagram corresponds to the spectator
model, which describes well experimental data corre-
sponding to kinematical conditions close to those of
quasifree pion photoproduction. If the momenta of both
nucleons are rather high (greater than 200 MeV/c), it is
necessary to take into account the contributions of the
remaining diagrams, which describe rescatterings in
the final state. The need for taking these diagrams into
account stems from the fact that, with increasing
momentum of the spectator nucleon, the probability of
finding it inside the deuteron decreases. Within the
spectator model, this leads to the reduction of the reac-
tion amplitude. At the same time, the rescattering
amplitude is determined by an integral with respect to
the momentum of the nucleon in the deuteron. Even at
high momenta of the nucleons in the final state, the
main contribution to this integral may come from the
low-momentum component of the deuteron wave func-
tion. Therefore, the role of rescattering effects increases
with increasing nucleon momenta.

In constructing analytic expressions corresponding
to the diagrams in Fig. 1, Laget [3] and Blomqvist and
Laget [11] took the photoproduction amplitude in the
nonrelativistic form. In the delta-isobar region, this
form is valid in an arbitrary reference frame at small
values of p2/m2, where p and m are the nucleon mass
and the nucleon momentum, respectively. In order to
000 MAIK “Nauka/Interperiodica”
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describe the resonance partial-wave amplitude ,
they took the delta-isobar mass with a small imaginary
addition dependent on the isobar energy. The parame-
trization that those authors used for this dependence
gave no way to obtain a unified description of the pho-
toproduction of charged and neutral pions. We make
use of the amplitude for pion photoproduction on
nucleons from [12]. This amplitude is written in the
Lorentz invariant and gauge-invariant form; it realizes
the pseudovector version of pion–nucleon interaction
and takes into account the contributions of the Born
diagrams in the s, t, and u channels; the s- and the
u-channel contribution of the delta isobar; and the con-
tribution of the t-channel exchanges of rho and omega
mesons. The unitarization procedure in the K-matrix
approximation was used for the resonance partial-wave

amplitudes  and . This made it possible to
avoid introducing an imaginary addition to the delta-
isobar mass and to obtain a unified description of the
photoproduction of charged and neutral pions. Pion–
nucleon scattering was described by the Lorentz invariant
amplitude from [13]. This amplitude also realizes the
pseudovector version of pion–nucleon interaction and
takes into account the contribution of the Born terms in
the s, t, and u channels; the contribution of the delta isobar
in the s and u channels; and the contribution of the t-chan-
nel exchanges of σ and ρ mesons. In just the same way as
in the case of pion photoproduction on nucleons, the uni-
tarization procedure in the K-matrix approximation was
used for the resonance partial-wave amplitude P33.

The amplitude of nucleon–nucleon scattering was
represented in the form of multipole expansion includ-
ing partial waves to order L = 2 inclusive. The partial-
wave phase shifts for nucleon–nucleon scattering were
taken from [14].

For the final NN state, the wave function that satis-
fies the requirements of symmetry under nucleon per-
mutations and which is written in terms of the coupled
basis in spin and isospin spaces has the form

(2)

M1+
3/2

E1+
3/2 M1+

3/2

p1 p2 sms tmt,, ,| 〉 1

2
------- p1| 〉 1 p2| 〉 2(=

1–( )1 s t+ + p2| 〉 1 p1| 〉 2 ) sms| 〉 tmt| 〉 ,+

(a) (b) (c)
k p1

n q

p2

k kp2 q

n n

q

p1

p2

p'

p''

p'

q'

p1

d d

Fig. 1. Diagrams for the reaction γd  ppπ–: (‡) diagram
of the spectator model, (b) diagram for pion–nucleon rescat-
tering; and (c) diagram for nucleon–nucleon rescattering.

d

where p1 and p2 are the nucleon momenta; s and ms are,
respectively, the nucleon-pair spin and its projection
onto the z axis; and t and mt are the nucleon-pair isospin
and its projection onto the z axis. In the reference frame
where the deuteron momentum is d and where the z axis
coincides with the photon-momentum direction, the
amplitude for reaction (1) in the spectator model then
has the form [15]

(3)

where q is the final-pion momentum; k and λγ are,
respectively, the photon momentum and helicity; d and
md are, respectively, the deuteron 3-momentum and the
deuteron spin projection; s and ms are the spin of the
final-state nucleon pair and its projection on the z axis;

 is the projection of the total spin of the nucleons
forming the deuteron onto the z axis; Ep is the on-shell
energy of a nucleon with a momentum p; and

(p1, q; d – p2, k, λγ) is the amplitude of nega-

tive-pion photoproduction on a neutron—this ampli-
tude is treated as an operator that acts on the spin vari-
ables of the first nucleon, |1 〉  and |sms〉 , in two-

nucleon systems. The quantities (p) are
expressed in terms of the S- and D-wave components of
the deuteron wave function as [15]

(4)

where Ed is the deuteron energy, and  is the unit vec-
tor in the direction of the momentum p. In the calcula-
tions, we use here the deuteron wave functions for the
Bonn potential (full model) [16].

Pion–nucleon rescattering is described by the dia-
gram in Fig. 1b and by the analogous diagram where
the identical final-state nucleons are interchanged. In
reaction (1), there can occur the charge-exchange-free
pion–nucleon rescattering π–p  π–p and the charge-
exchange pion–nucleon rescattering π0n  π–p. With
allowance for this and for the identity of final-state
nucleons, the contribution of pion–nucleon rescattering
to the amplitude of reaction (1) can be represented as

T spect p1 p2 q s ms; k λγ d md, , ,, , , ,( )

=  sms〈 |
Ep2

Ed p2–
--------------T

γn pπ–→
1 p1 q; d p2 k λγ, ,–,( )

ms'

∑–

× Ψms' md,
1
2
--- d 2p2–( ) 

  1–( )s Ep1

Ed p1–
--------------+

× T
γn pπ–→
1 p2 q; d p1 k λγ, ,–,( )Ψms' md,

1
2
--- d 2p1–( ) 

  1ms'| 〉 ,

ms'

T
γn pπ–→
1

ms'

Ψms' md,

Ψms' md, p( ) 2π( )3/2 2Ed=

× iLuL p( )YLmL
p̂( ) LmL1ms' 1md ,

mL

∑
L 0 2,=

∑

p̂
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(5)

TπN p1 p2 q s ms; k λγ d md, , ,, , , ,( )

=  
d4 p'

2π( )4
-------------

sms〈 | TπN
1 p1 q; p' q',,( )TγN

2 p2 q'; d p' k λγ, ,–,( )[ ] 1ms'| 〉
n0 Ed p'–– ie+( ) p'0 Ep'– ie+( ) q'2 mπ

2– ie+( )
--------------------------------------------------------------------------------------------------------------------------------V d p' p'; ms' md,,–( )

ms'

∑∫

+ 1–( )s d4 p'

2π( )4
-------------

sms〈 | TπN
1 p2 q; p' q',,( )TγN

2 p1 q'; d p' k λγ, ,–,( )[ ] 1ms'| 〉
n0 Ed p'–– ie+( ) p'0 Ep'– ie+( ) q'2 mπ

2– ie+( )
--------------------------------------------------------------------------------------------------------------------------------V d p' p'; ms' md,,–( ),

ms'

∑∫
where (p1, q; p', q') [ (p2, q'; d – p', k, λγ)] is the
pion–nucleon scattering amplitude (pion-photoproduc-
tion amplitude) acting, as an operator, on the spin vari-
ables of the first (second) nucleon in two-nucleon sys-
tems |1 〉 and |sms〉. The quantities n0 and p'0 (Ed – p' and
Ep') are the off-shell (on-shell) energies of nucleons with
momenta d – p' and p', respectively. The quantity

[ ] stands for a sum over isospin variables in the
two-particle operator; that is,

(6)

Since the deuteron isospin is zero, the amplitude of
charge-exchange pion–nucleon scattering and the
amplitude of charge-exchange-free pion–nucleon scat-
tering appear in the rescattering amplitudes with oppo-
site signs. The quantity V(p'', p'; , md) is the dnp ver-
tex function. In the nonrelativistic limit, it is related to

 as [3]

(7)

where p' and p'' are the momenta of nucleons constitut-
ing the deuteron. In expression (5), we decomposed the
relativistic nucleon propagators into terms correspond-
ing to virtual nucleons with positive and negative ener-
gies and retained only terms with positive energies.
This was done because virtual nucleons with negative
energies manifest themselves only from momenta
higher than a value of about 1 GeV/c [17], but such
momenta are not reached in the kinematical region of
the delta isobar. In this kinematical region, the relativ-
istic form must be used for the pion propagator. The

TπN
1 TγN

2

ms'

TπN
1 TγN

2

TπN
1 TγN

2[ ] T
π–

p π–
p→

1 T
γn pπ–→
2 T

π0
n π–

p→
1 T

γ p pπ0→
2 .–=

ms'
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integrand in (5) has four poles in the variable p'0; of
these, two lie in the upper half-plane of the complex
variable p'0, while the other two lie in its lower half-
plane:

(8)

Here,  is the energy of the pion–nucleon pair
involved in the rescattering process, while ωq' is the on-
shell energy of the pion with the momentum q'. Integra-
tion with respect to energy in (5) is performed by clos-
ing the contour of integration in the lower half-plane. In
evaluating the resulting contour integral, we take into

account only the residue at the nucleon pole . The

residue at the pole  of the pion propagator is disre-
garded because of its smallness [3]. In performing inte-
gration with respect to the nucleon 3-momentum, the
pion propagator can be represented in the form

(9)

The expression in (5) then decomposes into the sum of
terms corresponding to the contribution of the delta
function and the contribution of the principal value of
the integral. Specifically, we have

(10)

where

p1+
'0 Ed Ed p'–– ie, p2+

'0+ p∆
0 ωq'– ie,+= =

p1–
'0 Ep' ie– , p2–

'0 p∆
0 ωq' ie–+ .= =

p∆
0

p1–
'0

p2–
'0

1

q'2 mπ
2– ie+

----------------------------- P
1

q'2 mπ
2–

------------------ iπδ q'2 mπ
2–( ).–=

TπN p1 p2 q s ms; k λγ d md, , ,, , , ,( )

=  Ton
πN p1 p2 q s ms; k λγ d md, , ,, , , ,( )

+ Toff
πN p1 p2 q s ms; k λγ d md, , ,, , , ,( ),
(11)

Ton
πN p1 p2 q s ms; k λγ d md, , ,, , , ,( )

1–

16π2 p∆

-------------------- dφ' p' p'd

p–

p+

∫
0

2π

∫=

× sms〈 | TπN
1 p1 q; p' q',,( )TγN

2 p2 q'; d p' k λγ, ,–,( )[ ]
ms'
∑ 1ms'| 〉

× Ψms' md,
1
2
--- d 2p'–( ) 

  1–( )1 s+

16π2 p∆

-------------------- dφ' p' p'd

p–

p+

∫
0

2π

∫+
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(12)

× sms〈 | TπN
1 p2 q; p' q',,( )TγN

2 p1 q'; d p' k λγ, ,–,( )[ ] 1ms'| 〉Ψms' md,
1
2
--- d 2p'–( ) 

  ,
ms'

∑

Toff
πN p1 p2 q s ms; k λγ d md, , ,, , , ,( )

=  iP
d3 p'

2π3
----------∫–

sms〈 | TπN
1 p1 q; p' q',,( )TγN

2 p2 q'; d p' k λγ, ,–,( )[ ] 1ms'| 〉
q'2 mπ

2–
--------------------------------------------------------------------------------------------------------------------------------

ms'

∑ Ψms' md,
1
2
--- d 2p'–( ) 

 

+ 1–( )1 s+ iP
d3 p'

2π3
----------∫

sms〈 | TπN
1 p2 q; p' q',,( )TγN

2 p1 q'; d p' k λγ, ,–,( )[ ] 1ms'| 〉
q'2 mπ

2–
--------------------------------------------------------------------------------------------------------------------------------

ms'

∑ Ψms' md,
1
2
--- d 2p'–( ) 

  .
In expression (11), the quantities p– and p+ are given by

(13)

where Q is the invariant mass of the pion–nucleon pair;
Ec.m. and pc.m. are, respectively, the nucleon energy and
momentum in the c.m. frame of the pion–nucleon pair;

and  and P∆ are the energy and momentum of the
pion–nucleon pair in the reference frame used. The
quantities |p–| and p+ represent, respectively, the mini-
mal and the maximal values of the nucleon momentum
in the reference frame where the energy and the

momentum of the pion–nucleon pair are  and P∆. We
note that p+, p–, and the kinematical variables appearing
in (13) take different values for the first and the second
term in (11). In the amplitude given by (11), integration
with respect to the momentum p' is performed in the
reference frame where the z axis is aligned with the
momentum of the pion–nucleon pair; the integration
with respect to cosθ' is removed by the delta function,
whereby the angle θ' is fixed.

The amplitude in (11) depends crucially on the inte-
gration limit |p–|. Let us consider it in the laboratory
frame. If the motion of the nucleons in the deuteron and
the contribution of the D-wave component of the deu-
teron wave function are disregarded, each term in [11]
is proportional to the integral

(14)

In the kinematical region of the delta isobar, the upper
limit p+ is almost always greater than 300 MeV/c; at the
same time, the lower limit |p–| depends greatly on the
momenta of the nucleons and of the pion, varying
between 0 and 300 MeV/c. Therefore, the integral in
(14) increases strongly at small |p–| and depends only
slightly on p+. In the c.m. frame of reaction (1), the
argument of the deuteron wave function develops an

p±
P∆

Q
---------Ec.m.

P∆
0

Q
------ pc.m. ,±=

P∆
0

P∆
0

I lab p' p'u0 p'( ).d

p–

p+

∫=
azimuthal dependence; as a result, each term in (11)
now proves to be proportional to the integral

(15)

which also depends primarily on the lower integration
limit |p–|.

In the amplitudes  and , the residue at the
nucleon pole fixes one nucleon on the mass shell. Here,
the second nucleon is not on the mass shell, but its off-
mass-shellness is moderately small in the kinematical

region being considered. In the amplitude , relation
(9) fixes the pion on the mass shell. In the amplitude

, the pion is not on the mass shell, but the main con-
tribution to the integral comes from the region where
we can use the on-shell amplitudes for pion photopro-
duction and pion–nucleon scattering. The amplitudes in
(11) and (12) were determined by means of a numerical
integration; in doing this, the approximation where the
amplitude of pion photoproduction and the amplitude
of pion–nucleon scattering are factored out of the inte-
gral sign at zero momenta of the nucleons within the
deuteron was used to evaluate the principal value of the
integral.

Nucleon–nucleon rescattering is described by the
diagram in Fig. 1c and the analogous diagram with the
interchanged identical final-state nucleons. The contri-
butions of these diagrams to the amplitude of nucleon–
nucleon rescattering are identical in magnitude, but
they are opposite in sign. Since the diagrams with inter-
changed fermions enter into the amplitude with oppo-
site signs, their contributions add up; as a result, the
expression for the amplitude of nucleon–nucleon res-
cattering in the coupled-basis representation takes the
form

Ic.m. dφ' p'd p'u0
1
2
--- d 2p'–( ) 

  ,

p–

p+

∫
0

2π

∫=

Ton
πN Toff

πN

Ton
πN

Toff
πN
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(16)

T NN p1 p2 q s ms; k λγ d md, , ,, , , ,( ) 2
d4 p'

2π( )4
-------------∫=

×
sms〈 |T p p pp→

1 p1 p2; p' p'',,( ) s''ms''| 〉 s''ms''〈 |T
γn pπ–→
2 p'' q; d p' k λγ, ,–,( ) 1ms'| 〉

n0 Ed p'–– ie+( ) p'0 Ep'– ie+( ) p''0 Ep''– ie+( )
--------------------------------------------------------------------------------------------------------------------------------------------------------------------------------V d p' p'; ms' md,,–( ),

s''ms
''

ms'

∑

where (p1, p2; p', p'') [ (p'', q; d – p', k,

λγ)] is the proton–proton scattering amplitude (pion-
photoproduction amplitude) acting, as an operator, on
the spin variables of both nucleons (the second
nucleon) of the two-nucleon systems |sms〉  and |s'' 〉
(|1 〉  and |s'' 〉). In just the same way as in the case
of pion–nucleon rescattering, integration with respect
to the variable p'0 is performed by closing the contour
in the lower half-plane and by taking the residue at the
nucleon pole p'0 = Ep ' – ie. Upon factoring the photo-
production amplitude and the amplitude of nucleon–
nucleon scattering out of the integral sign and disre-
garding the contribution of the D-wave component of
the deuteron wave function, we can represent the
amplitude of nucleon–nucleon rescattering as [3]

(17)

where mn, mp', and mp'' are the z projections of the spins
of intermediate-state nucleons; W is the energy of the
nucleon pair in its c.m. frame; pc.m. is the nucleon
momentum in the same frame; P = p1 + p2 – d; p'' = p1 +
p2 – d/2; and β = 241 MeV. The quantities Tpp → pp(p1,
p2, s, ms; p', p'', s, ms) are the diagonal matrix elements
of the pp-scattering amplitudes in the channel-spin rep-
resentation; represented in the form of a multipole
expansion, they are expressed in terms of the phase
shifts for nucleon–nucleon scattering. The integral with
respect to the variable ξ in (17) can be calculated ana-
lytically [3].

T p p pp→
1 T

γn pπ–→
2

ms''

ms' ms''

T NN p1 p2 q s ms; k λγ d md, , ,, , , ,( )

=  i
4πW
m pc.m.
-------------- 1

2
---mn

1
2
---mp' 1md

1
2
---mp''

1
2
---mp' sms

mnmp'mp''

∑–

× T p p pp→ p1 p2 s ms; 
d
2
--- p'' s ms, , ,, , , 

 

× T
γn pπ–→

p'' mp'' q; 
d
2
--- mn k λγ, , ,, , 

 

× d3ξ
2π( )3

-------------
2π( )3/2 2Edu0 x P/2+( )

4π
--------------------------------------------------------------∫

×
pc.m.

2 β2+( )
pc.m.

2 ξ2– ie+( ) ξ2 β2+( )
-----------------------------------------------------------,
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Double rescattering in reaction (1) can be repre-
sented by the diagrams in Fig. 2 and the analogous dia-
grams with the interchanged identical final-state nucle-
ons. We have calculated the contribution of these dia-
grams to the squared modulus of the amplitude and
found that, under the kinematical conditions being con-
sidered (that is, in the delta-resonance region and at
high momenta of final nucleons), it is about 1% of the
contribution from single rescattering. For this reason,
we disregard the effects of double rescattering and rep-
resent the amplitude of reaction (1) in the form

(18)

The use of the amplitude for pion photoproduction on
nucleons from [12] ensures gauge invariance of the
amplitude in (18).

3. The amplitude in (18) is written in the mixed rep-
resentation: the polarization of the initial-state particles
is described in terms of the photon helicity λγ and the z
projection md of the deuteron spin, while the polariza-
tion of the final state is described by the total spin s of
the nucleon pair and its z projection ms. In order to cal-
culate polarization observables, it is more convenient to
use helicity amplitudes [18]. In order to accomplish a
transition to the helicity amplitudes of the reaction in
question, we perform a unitary transformation from a
coupled basis of the nucleon pair to its helicity basis
and go over from the deuteron-spin projection onto the
z axis (which is aligned with the direction of the photon

T p1 p2 q s ms; k λγ d md, , ,, , , ,( )

=  T spect p1 p2 q s ms; k λγ d md, , ,, , , ,( )

+ TπN p1 p2 q s ms; k λγ d md, , ,, , , ,( )

+ T NN p1 p2 q s ms; k λγ d md, , ,, , , ,( ).

k q

p'

p2

p1

q'

k k qp2

p''

p'

q

d d
p1

q'

p1

p2

p'

(a) (b) (c)

Fig. 2. Diagrams for double rescattering in the reaction
γd  ppπ–: (‡) πN–πN rescattering, (b) πN–NN rescatter-
ing, and (c) NN–πN rescattering.

d
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momentum) to the deuteron helicity. Specifically, we
have

(19)

where (φi, θi, 0) are D functions defined according
to [18], φi and θi being the Euler angles specifying a
transition to the individual helicity frame of the ith
nucleon. The helicity amplitudes in (19) are antisym-
metric under the interchange of final protons. From the
parity-conservation law, it follows that they also satisfy
the relations

(20)

where ηi and si are, respectively, the intrinsic parity and
spin of the ith particle and where the momenta on the
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× T p1' λ1 p2' λ2 q'; k' λγ d' λd–, ,–,,–, ,–,( ),

0.8

0.4

0 40 80 120

|Tfi|2, MeV–4

θ2, deg

6

1

4

2

3
5

5'

Fig. 3. Squared moduli of the amplitudes corresponding to
the diagrams in Fig. 1 as functions of the proton emission
angle θ2 at p1 = 300 MeV, θ1 = 100°, φ1 = 0°, φ2 = 180°, and
Eγ = 360 MeV (all kinematical variables are taken in the
c.m. frame of the reaction): (1) results produced by the spec-
tator model, (2) contribution of on-shell pion–nucleon res-
cattering, (3) contribution of off-shell pion–nucleon rescat-
tering, (4) contribution of nucleon–nucleon rescattering, (5)
contribution of double rescattering, and (6) sum of all con-
tributions.
 

right-hand side are obtained from the original ones by
means of a reflection with respect to the 

 

xz

 

 plane. In the
case of coplanar kinematics, these relations coincide
with those for two-body reactions. In all, there are 24
complex helicity amplitudes for reaction (1). In order to
determine them, it is necessary to know 47 independent
observables (the common phase factor remains indefi-
nite). For coplanar kinematics, the number of indepen-
dent helicity amplitudes of reaction (1) is halved by
relations (20), so that we are left with the same number
of these as that in the case of the two-body reaction

 

γ

 

d

 

  

 

pn

 

.
According to [18], the general expression for polar-

ization observables of the three-body reaction (1) is

 

(21)

 

where 

 

T

 

 are the helicity amplitudes given by (19); 
is the spherical spin–tensor for a nucleon with a
momentum 

 

p

 

i

 

; and  and  are the spherical
spin–tensors of the photon and the deuteron, respec-
tively. It should be noted that, at a given initial-state
energy, polarization observables of the two-body reac-
tion depend only on one kinematical variable, scatter-
ing angle; in the three-body reaction, however, the anal-
ogous observables depend on five variables, whose
choice is ambiguous. Frequently, the momentum and
two emission angles for one of the particles and two
emission angles for a second particle are chosen for
these.

 

4.

 

 In order to illustrate the effects of rescattering, we
have calculated the squared moduli of the amplitudes
corresponding to the diagrams in Fig. 1, the compo-
nents of the analyzing power of reaction (1) with
respect to beam and target polarizations (

 

T

 

22, 00

 

 and

 

T

 

00, 20

 

, respectively), and the polarization of one of the
final protons (

 

P

 

1

 

y

 

). The calculations were performed in
the c.m. frame of reaction (1) under the conditions of
coplanar kinematics. The results are presented below
versus the proton-emission angle 

 
θ

 

2

 
 at 

 
p

 

1

 
 = 300 MeV/

 
c

 
,

 θ  1   = 100°,  φ  1   = 0°,  φ  2   = 180° , and  E γ  = 360 MeV.
Figure 3 shows the quantities obtained upon averag-

ing the squared moduli of the amplitudes over the spins
of the initial particles and summing the result of this
averaging over the spins of final particles. At proton-
emission angles 

 

θ

 

2

 

 in excess of 

 

120°

 

, the effect of res-
catterings is insignificant in relation to the contribution
of the spectator mechanism. For this reason, these
results are displayed only for 

 

θ

 

2

 

 values between 

 

0°

 

 and

 

120°

 

. In these data, the most spectacular feature is that
the squared modulus of the amplitude for on-shell
pion–nucleon rescattering has a distinct maximum at

 

θ

 

2

 

 ~ 40°

 

. The main contribution to this maximum
comes from the first term in the amplitude given by
(11). This term corresponds to the case where the pro-
ton with the momentum 

 

p

 

1

 

 participates in the scattering
process. In this kinematical domain, the value of 

 

|

 

p

 

–

 

|

 

 is

FIγMγ Id Md,
I1M1 I2M2, trTτ IγMγ

τ Id Md
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----------------------------------------------------------,=
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τ Id Md
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small for the first term in (11), so that the integral in
(15) is maximal. As to off-shell pion–nucleon rescatter-
ing, the main contribution to it comes from the first
term in the amplitude given by (12). In just the same
way as in the preceding case, this term corresponds to
the rescattering of the proton with the momentum p1.
The behavior of the amplitude for off-shell pion–
nucleon rescattering is determined primarily by the
dependence of the integral

on the proton emission angle θ2. The contribution of
nucleon–nucleon rescattering increases fast with
decreasing kinetic energy of the relative motion of final
nucleons. This is because the 1S0 phase shift increases
in that case. In Fig. 3, this is manifested in the growth
of the contribution from nucleon–nucleon rescattering
in the region of small θ2. With increasing kinetic energy
of the relative motion of final nucleons, the contribution
of 1S0 scattering decreases, but this is accompanied by
an increase in the contribution of scattering in L = 1, 2
states (3P0, 3P1, 3P2, 1D2). In Fig. 3, an increase in the
contribution from nucleon–nucleon rescattering in the
region around the point θ2 ~ 90° is due to rescatterings
in the P and D states.

Ioff-shell P d3 p'

u0
1
2
--- d 2p'–( ) 

 

q'2 mπ
2–

---------------------------------------∫=

0 40 80 120
θ2, deg

–0.4

0

–0.8

1 2

3

4

Fig. 4. Effect of rescatterings on the reaction analyzing
power T00, 20 (the calculations were performed for the same
kinematics as in Fig. 3): (1) results produced by the specta-
tor model, (2) results taking into account on-shell pion–
nucleon rescattering, (3) results taking into account on-shell
and off-shell pion–nucleon rescatterings, and (4) results tak-
ing into account on-shell and off-shell pion–nucleon rescat-
terings and nucleon–nucleon rescattering.

T00, 20
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Figures 4 and 5 illustrate the effect of rescattering
on, respectively, the tensor analyzing power with

respect to target polarization, T00, 20 = , and the
tensor analyzing power with respect to beam polariza-

tion, T22, 00 = . On-shell pion–nucleon rescatter-
ing has the most pronounced effect on these quantities,
leading to the emergence of deep minima near a value
of θ2 ~ 40°. Off-shell pion–nucleon rescattering and
nucleon–nucleon rescattering reduce the depths of the
minima, especially for T22, 00. It is interesting to note
that a partial filling of the minimum for T22, 00 is caused
by off-shell pion–nucleon rescattering, although the
squared modulus of its amplitude has a minimum pre-
cisely in the region around θ2 ~ 40°. The main contribu-
tion to the reduction of the minimum depth for T22, 00
comes from the interference of the amplitudes for off-
and on-shell pion–nucleon rescattering.

Figure 6 illustrates the effect of rescattering on the
polarization of the final proton with the momentum p1
in the case of an unpolarized initial state. We define the
above polarization as

where T are the helicity amplitudes given by (19), while
(1/2)σy(1) is the operator of the y projection of the pro-

F00 20,
00 00,

F22 00,
00 00,

P1y

trTT†σy 1( )
trTT†

---------------------------,=

0 40 80 120
θ2, deg

T22, 00

0.4
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0

–0.2

1

2

3

4

Fig. 5. Effect of rescatterings on the reaction analyzing
power T22, 00 (the calculations were performed for the same
kinematics as in Fig. 3). The notation for the curves is iden-
tical to that in Fig. 4.
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ton spin; under the conditions of coplanar kinematics,
the other components of the polarization vector vanish.
It can be seen that rescattering affects considerably the
behavior of P1y, especially in the range θ2 ~ 40°–60°. It
should be noted that, in the case of an unpolarized ini-
tial state, the polarization of the protons originating
from reaction (1) is nonzero even within the spectator
model (that is, without allowing for pion–nucleon and
nucleon–nucleon rescatterings). This is because the
description of pion photoproduction on a nucleon in the
delta-isobar region requires taking into account, in
addition to the Born terms, the s- and u-channel contri-
butions of the delta isobar and the contribution of the
t-channel exchanges of rho and omega mesons. Allow-
ance for the delta-isobar contribution in the s channel
induces an imaginary part in the amplitude of pion pho-
toproduction on a nucleon; as a result, the final nucleon
proves to be polarized even in the case of an unpolar-
ized initial state. At the same time, the polarization of
final nucleons from the reaction e–d  e'–pn proceed-
ing from an unpolarized initial state is nonzero only if
proton–neutron rescattering is taken into account [4],
since the amplitude of elastic electron–nucleon scatter-
ing is real-valued in the Born approximation.

In summary, we have used a diagrammatic approach
to calculate the effect of pion–nucleon and nucleon–
nucleon rescatterings on polarization observables of the
reaction γd  ppπ–. Our calculations have revealed
that, at high momenta of final-state protons, these res-

0 40 80 120
θ2, deg

P1y

0.4

0

–0.4

1

2
3

4

Fig. 6. Effect of rescatterings on the nucleon polarization
P1y (the calculations were performed for the same kinemat-
ics as in Fig. 3). The notation for the curves is identical to
that in Fig. 4.
cattering processes affect noticeably the behavior of the
polarization observables in the kinematical region of
the delta isobar. We would like to emphasize that res-
cattering effects must be taken into account in analyz-
ing experimental data.
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Abstract—Data on the scattering of protons with energies 5 MeV < E < 65 MeV by 90Zr nuclei and data on
the energies of proton particle and hole levels in the A + 1 and A – 1 systems with A = 90 are analyzed within
the dispersive optical model. The parameters of the mean proton field for 90Zr are determined in the energy
range –60 MeV < E < +65 MeV. The predicted single-particle features of the levels (root-mean-square radii of
orbits, occupation numbers, spread widths, spectroscopic factors, and spectral functions) comply well with
experimental data obtained in (d, 3He), (3He, d), (n, d), and (d, n) reactions for levels near the Fermi surface and
in (e, e'p) and (p, 2p) reactions for deep levels. © 2000 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The shell and optical models are widely used in
studying the structure of nuclei and nuclear reactions.
In these models, nucleon–nucleus interaction is
described on the basis of the mean-field concept. In tra-
ditional realizations of the models, the mean nuclear
field is represented as a single-particle local potential
that is complex in the optical model (optical potential)
and real in the shell model (shell-model potential).
These potentials are determined independently of each
other in the energy regions E > 0 and E < 0 within,
respectively, the optical and the shell model.

A unified approach to determining a mean field for
nucleon–nucleus interaction was developed in recent
years (see [1, 2] and references therein). This approach
relies on the assumption that the optical and the shell-
model potential are both complex-valued; it indicates a
way to determine the shell-model potential by extrapo-
lating some parameters found at positive energies to the
region of negative energies. The extrapolation proce-
dure is based on the use of dispersion relations between
the real and imaginary parts of the mean field and is
referred to as a dispersive optical-model analysis. The
approach in question makes it possible to determine a
unified mean field for both positive and negative ener-
gies by using simultaneously experimental data on
scattering and on the positions of single-particle levels.
This in turn permits a determination of single-particle
features of levels such as root-mean-square radii, occu-
pation numbers, spectroscopic factors, and spectral
functions at energies well below the Fermi energy,
where experimental data are very scanty as a rule.

The dispersive optical-model analysis also provides
a physically reasonable description of scattering at
energies below the Coulomb barrier, where the predic-
1063-7788/00/6303- $20.00 © 20399
tive power of the traditional optical model is question-
able because of well-known continuous and discrete
ambiguities. The region of subbarrier energies is inter-
esting in that it is the region where the optical potential
can be used to describe both scattering cross sections
and the properties of quasistationary nucleon states in a
nucleus. In particular, there arises the possibility of
describing a direct nucleonic decay of subbarrier sin-
gle-particle states [3, 4].

The dispersive optical model (see, for example, [5])
and the variational moment approach [6, 7], also known
as DOM and VMA, respectively, are the main two ver-
sions implementing the above ideas. These versions
differ by procedures for constructing the energy depen-
dence of the parameters determining the mean-field
potential. In the studies quoted above, these versions
were applied to the interactions of neutrons and protons
with 40Ca, 90Zr, and 208Pb nuclei. These systems repre-
sent an important subject of theoretical and experimen-
tal studies, and a vast body of data for bound and scat-
tering states are available in the literature for them. As
a development of the DOM version from [5], a proce-
dure was proposed in [8] for determining the parame-
ters of the mean-field potential for protons in the mass-
number region 40 ≤ A ≤ 208 and in the energy region –
60 MeV < E < +65 MeV on the basis of global system-
atizations of the potential parameters in the traditional
(nondispersive) optical model. In particular, use was
made of the CH-89 systematization [9], which was
based on an analysis of rich experimental information
about differential cross sections for scattering, σ(θ),
and the polarization ê(θ) for the above class of nuclei
in the energy range 10 MeV < E < 65 MeV. By addi-
tionally including data on reaction cross section from
[10] in the above analysis, the Ä dependence of the
parameters appearing in the imaginary part of the
000 MAIK “Nauka/Interperiodica”
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potential was determined more precisely (CH-89* ver-
sion [11]).

In the present study, the DOM version proposed in
[8] is used to analyze the p + 90Zr system. We pursue
here the following goals.

(i) Within this DOM version, the procedure for
determining the mean geometric parameters of the
imaginary part of the mean-field potential differs from
that in [5]. In contrast to what was done in [5], the data
set analyzed here contains data on scattering at low
energies (6 MeV < E < 25 MeV); at the same time, the
energy range included in our analysis is bounded from
above by a value of 65 MeV. Experimental and esti-
mated information about the total proton cross sections
for p + 90Zr interactions is used at the initial stage of the
analysis. A comparison of the parameter values found
in the present study and in [5] is important for assessing
the accuracy in determining the parameters.

(ii) In the present study, the calculated features of
single-particle states are compared both with the exper-
imental data used in [5] and with the results of the most
comprehensive and precise investigation of deep hole
states in 90Zr that was performed at the Petersburg
Nuclear Physics Institute by the method quasielastic
proton scattering at 1 GeV [12]. Owing to this, the pre-
dicted and measured features of deep hole states could
be compared for the first time.

The present article is organized as follows. In Sec-
tion 2, we give a brief account of the DOM version used
here. In Section 3, we determine the average parame-
ters of the mean-field potential within the DOM version
proposed in [8]. Problems that arise in determining the
energy dependence of the Hartree–Fock component of
the mean-field potential for the p + 90Zr system in the
energy range –60 MeV < E < +65 MeV are discussed
in Section 4. Proton scattering by 90Zr nuclei for E <
20 MeV is analyzed in Section 5. In Section 6, we com-
pare the calculated and measured features of the bound
states in 90Zr. In Section 7, we compare the mean-field
parameters for the 40ë‡, 90Zr, and 208Pb nuclei. The
results of our study are summarized in the Conclusion
(Section 8).

2. DISPERSIVE OPTICAL MODEL

The most justified DOM version was applied in [5].
The method developed in [8] for determining the aver-
age parameters of the mean field relies on the DOM
version from [5]. Given below is a brief description of
this version.

The proton–nucleus potential, both in the traditional
and in the dispersive version of the optical model, is
represented as the sum of three components; that is,

(2.1)

where Up(r, E) is a central potential, Uso(r, E) is the spin–
orbit potential, and VCoul(r) is the Coulomb potential.

U r E,( ) U p r E,( )– Uso r E,( ) VCoul r( ),+–=
In the region E < 65 MeV, the real and imaginary
parts of the central potential and the spin–orbit poten-
tial in the traditional optical model are usually
expressed in terms of the Woods–Saxon form as

(2.2)

(2.3)

where 

(i = R, s, d, so) 

is the Woods–Saxon function. The Coulomb interaction
is simulated by the potential of a uniformly charged
sphere of radius RCoul = rCoulA1/3. The subscripts s and d
label, respectively, the volume and the surface part of
the imaginary potential. Within the DOM, the central
component of the mean-field potential can be repre-
sented as the sum of two components, a static and a
dynamical one. The former is a smooth function of E
determined by the local approximation. Physically, it
corresponds to the Hartree–Fock potential for the sys-
tem of A nucleons; therefore, it is usually referred to as
the Hartree–Fock component of the mean field (VHF).
The dynamical component is a complex quantity
dependent sharply on energy near EF. It is assumed that
this component carries information about correlation
(for E < EF) and dynamical polarization (for E > EF)
effects. By virtue of analytic properties, its real and
imaginary parts (∆V and W, respectively) are related by
a dispersion equation. In view of this, the dynamical
component is often referred to as a dispersive term. It is
precisely this component that determines the important
energy dependence of the central component (VR):

(2.4a)

For this component, we also use the Woods–Saxon
parametrization

(2.4b)

The volume and the surface dispersive components of
the real potential [∆Vs(r, E) and ∆Vd(r, E), respectively]
can be calculated with the aid of the dispersive relation,

U p r E,( ) V R r E,( ) iWI r E,( )+=

=  V R E( ) f r rR aR, ,( ) iWs E( ) f r rs as, ,( )+

– i 4× adWd E( ) d
dr
----- f r rd ad, ,( ),

Uso r E,( ) 2V so E( )1
r
--- d

dr
----- f r rso aso, ,( )l s,⋅=

f r ri ai, ,( ) 1

1 r riA
1/3–( ) ai⁄[ ]exp+

----------------------------------------------------------=

Up r E,( ) V R r E,( ) iWI r E,( )+=

=  VHF r E,( ) ∆Vs r E,( ) ∆Vd r E,( ) iWI r E,( ).+ + +

U p r E,( ) VHF E( ) f r rHF aHF, ,( )=

+∆Vs E( ) f r rs as, ,( ) 4ad∆Vd E( )
d
dr
----- f r rd ad, ,( )–

+ iWs E( ) f r rs as, ,( ) i 4× adWd E( ) d
dr
----- f r rd ad, ,( ).–
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provided that the corresponding components of the
imaginary part are known. Specifically, we have

(2.5)

where the symbol ê denotes the principal value of an
improper integral.

Various applications of the optical potential are
often based on the traditional Woods–Saxon form of
the real potential. In order to go over from the parame-

ters of (r, E) to the parameters of the effective

real Woods–Saxon potential, (E) and (E), we
can proceed as in [6], requiring invariability of the vol-
ume integral of the real potential and invariability of the
real-potential value at r = 0. The diffuseness aR of the
effective potential then coincides with the parameter
aHF for the Hartree–Fock component of the real disper-
sive optical potential.

We note that, in (2.4b), the same geometric shape of
f(r, ri, ai) (i = s, d) is assumed for the corresponding
components of the dispersive part and the imaginary
part of the potential. This follows from fulfillment of
the dispersion relation between these components, pro-
vided that the geometric shape of f(r, ri, ai) (i = s, d) is
independent of (or dependent very slightly on) energy,
or, in other words, provided that the same is true for
geometric parameters rs(d) and as(d), which determine
this function.

Experimental data on scattering can be conveniently
analyzed in terms of the volume integrals of the poten-
tial components being considered:

(2.6)

(2.7)

(2.8)

(2.9)

The dispersion relation (2.5) remains in force for these
volume integrals as well:

(2.10)

The volume integrals Ji(E) (2.8) and JI (2.9) of the
imaginary potential are determined on the basis of the
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parameters Ws, Wd, rs, as, rd, and ad found within the
conventional optical model from an analysis of data on
elastic scattering for each energy value Ek individually.
In order to determine the dispersive contributions

(E) and (E) according to (2.10), the resulting
sets Js(Ek), Jd(Ek), and JI(Ek) are approximated by
dependences that are integrable analytically. Various
expressions for JΙ(E) and Js(E) were considered in [1,
2]. Here, in just the same way as in [5, 8], JI(Ek) and
Js(Ek) are approximated by the JM formulas [1]

(2.11)

(2.12)

The parameters αI and βI are determined by minimizing

the functional χ2 in fitting (E) to the set JI(Ek), while

the parameter βs is determined by fitting (E) to the
set Js(Ek) (in doing this, it is assumed that αI = αs).
Upon this parametrization, the integral in (2.10) is cal-
culable analytically. The results are

(2.13)

(2.14)

(2.15)

A transition to the strength parameters of the potential
is accomplished by using the formulas

(2.16)

(2.17)

In analyzing σexpt(θ), êexpt(θ), and  on the basis
of the DOM, the substitution of (2.16) and (2.17) into
(2.2) makes it possible to find, for each value of Ek, ten
parameters of the mean-field potential. These are VHF,
rHF, aHF, rs, as, rd, ad, Vso, rso, and aso. From individual
parameter sets, we then determine the energy-averaged
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geometric parameters rHF, aHF, rs, as, rd, ad, rso, and aso,
as well as the energy dependence of the strength param-
eter Vso(E). Further, the fitting procedure is applied
once again in order to derive the optimal parameters
VHF(Ek) at fixed averaged parameters listed above. On
the basis of the set VHF(Ek), we can determine the aver-
aged energy dependence VHF(E) for E > 0.

In order to find VHF(E) for E < 0, we use experimen-
tal information about the energies of particle and hole

levels  in the A + 1 and A – 1 systems, respectively.
In solving the Schrödinger equation for bound states,

(2.18)

where

(2.19)

the method that relies on fitting the well depth is used
to determine the strength parameters VHF(Enlj) and the
single-particle wave functions for the subshell having
the quantum numbers n, l, and j:

(2.20)

The parameters ∆Vs(E) and ∆Vd(E) of the potential
(2.19) are calculated by formulas (2.17); for the geo-
metric parameters, we take averaged results from the
analysis of scattering data. In the following, the wave
functions (2.20) are used to determine the single-parti-
cle features of the levels.

3. p + 90Zr SYSTEM: DETERMINATION
OF AVERAGED PARAMETERS

As in [5], we analyze here the p + 90Zr system. In this
analysis, we included data from [13] at Ek = 6.35 and
8.38 MeV; data from [14] at 9.7, 9.8, 10.75, 12.7, 16.0,
18.8, 19.08, 20.25, 20.37, 22.04, 22.5, 22.9, 40.0,
49.39, and 61.4 MeV; and data from [5] at 30 and
65 MeV. In contrast to [5], we restricted our analysis to
the energy region E ≤ 65 MeV, but we included a vast
body of data from the energy region E < 20 MeV.

In [5], the average values of the geometric parame-
ters rs(d) and as(d) were fixed by using the parameter sets
determined in the conventional optical model individu-
ally for each specific energy value Ek. The parameters
rs and as were averaged over the interval 80 MeV < E
< 135 MeV, where surface absorption is negligibly
small, while the parameters rd and ad were averaged
over the region E < 80 MeV. This way is well validated,
but it is difficult to implement it for the majority of 40
< A < 208 nuclei, because the main body of experimen-
tal data for these nuclei was obtained for energies in the
region E < 65 MeV. We note that the individual analysis
from [5] did not invoke data on total reaction cross sec-

Enlj
expt

∇ 2

2m
-------– V r Enlj,( )+ Φnlj r( ) EnljΦnlj r( ),=

V r Enlj,( )– VHF r Enlj,( ) ∆Vs r Enlj,( )+=

+ ∆Vd r Enlj,( ) Uso r Enlj,( ),+

Φnlj r( )
unlj r( )

r
---------------Ylm W( ).=
tions σr. The values obtained in [5] for JI(Ek) in the
energy interval 20–65 MeV differ from their arithmetic
mean of 〈JI(Ek)〉20–65 MeV = 107 MeV fm3 by more than
10%.

In analyzing data on the p + 40Ca system within the
VMA version, Maxaux and Sartor [6] showed that the
mean parameters of the conventional optical model can
be used for the mean values of the parameters rs(d) and
as(d). In [8], it was proposed to determine the parameters
rs(d) and as(d) by using the global systematization CH-
89* [9], which was composed for the parameters of the
conventional optical model and which included data on
total reaction cross section measured to within 3% [10].

For the p + 90Zr system, the dependence (E) in the
region 20 < E < 65 MeV was estimated in [11] to within
5%. The result proved to be in fairly good agreement
with that which was found within the conventional
optical model with the parameter values from the
CH-89* systematization (  = 0.61 fm). For the imag-
inary volume integral JI ≤ (E), the mean value obtained

in [11] for this energy interval is 〈 (E)〉 = 100 ±
2 MeV fm3.

In accordance with what was said in Section 2, the
first stage of our analysis involves determining the
parameters αI, βI, and βs, which appear in (2.11) and
which are used to calculate, by means of dispersion
relations, the strength parameters of the components of
the dispersive term in the real part of the mean-field
potential [see equations (2.13)–(2.17)].

First of all, we note that, at sufficiently high ener-
gies, the approximate relation αI ≈ JI(E) follows from
(2.11). From the results presented in [5, 8, 11], it can be
seen that, in the approximation given by (2.11), the
dependence JI(E) for p + 90Zr at β ≈ 10 MeV
approaches a nearly constant value for E > 20 MeV.
Therefore, it is expedient to fix the parameter αI at the

value equal to 〈 (E)〉; that is,

αI = 100 MeV fm3. (3.1)

(The value of αI = 106.97 MeV fm3 was found in [5].)
Thus, it is seen that, by additionally invoking, at the ini-
tial stage of the analysis, data on total reaction cross
sections, we were able to refine the αI value fixed in the
ensuing calculations. The parameter βI is determined
by the values of JI(Ek) in the region Ek ≤ 20 MeV. At E ≈
10 MeV, reliable values of the volume integrals JI(Ek)
within the conventional optical model are clustered in
the interval 75–90 MeV fm3, which corresponds to the
interval 9.4 MeV ≤ βI ≤ 12.2 MeV. The value of βI =
12.208 MeV was obtained in [5]. In the present study,
the calculations were performed at βI = 12.2 and

9.4 MeV. The dependence (E) according to (2.11)
at the above two βI values and at αI = 100 MeV fm3 is
displayed in Fig. 1, along with the dependence

σr
est

ad*

JI
CH-89*

JI
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JI
JM
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(E). In Section 5, it will be shown that the above
ambiguity in βI does not have a pronounced effect on
the agreement between the calculated and measured
values of the cross sections. The results presented
below were obtained at

βI = 12.2 MeV, (3.2)

unless otherwise stated.
The results of numerous analyses within the conven-

tional optical model reveal that, because of ambiguities
inherent in multiparametric fits, the quantities Js(Ek)
show a wider scatter than JI(Ek) = Js(Ek) + Jd(Ek) do. For
some nuclei with mass numbers between 40 and 124,
the scatter of the empirical values of Js(Ek) often goes
beyond the corridor within which the dependences

(E) predicted for these nuclei lie. Therefore, the

parameter βs extracted from a fit of (Ek) to the set of
empirical values of Js(Ek) (this procedure was
employed in [5]) is determined with large uncertainties.
In the present study, the value of βs was found from the

condition requiring that the deviation of (E) from

(E) be minimal in the interval 20–65 MeV (see
Fig. 1). The value of

βs = 60.3 MeV, (3.3)

which was deduced in this way, is 30% greater than the
value of βs = 46.695 MeV, which was obtained in [5].
The distinctions between the βs and αI values from this
study and those from [5] lead to a 30% decrease in

(E) (2.14) for energies of E ≤ 30 MeV in relation to
the result presented in [5]. In the energy region 30 MeV <
E < 60 MeV, the dependence (E) obtained here is
close to that in [5].

At the next stage, we determine the mean values of
the geometric parameters of the spin–orbit potential
and a smooth energy dependence of the strength param-
eter Vso(E). The CH-89 systematization of the potential
parameters was based not only on the analysis of a vast
body of data on elastic-scattering cross sections but
also on analyses of polarizations. For the p + 90Zr sys-
tem, the mean values of the parameters of the spin–
orbit potential in the CH-89 systematization are close
to values obtained in [5]. In the present study, we
employed the mean values of the parameters of the
spin–orbit potential both from [5] and from [9]. The
calculations revealed that the small distinctions
between the values obtained in [5] and in [9] for the
parameters of the spin–orbit potential have only a slight
effect on the determination of the parameters of the
Hartree–Fock component. Wiesel et al. [15] studied
changes in the positions Enlj of single-particle levels in
response to variations in the parameter Vso between 5.3
and 7.3 MeV and in response to variations in the param-
eter rso between 1.03 and 1.23 fm at a fixed value of aso.
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Js
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Js
JM

Js
JM

Js
CH-89*

J∆Vs
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The calculations performed there for the n + 208Pb sys-
tem showed that, for particle and for hole states, the val-
ues of Enlj undergo virtually no changes for j < 7/2,
depending noticeably on Vso and rso only for j > 7/2.
Because these regularities are observed both for pro-
tonic and for neutronic systems and because our calcu-
lations were performed only for j ≤ 9/2, moderately
small uncertainties in choosing the parameters of the
spin–orbit potential must not affect the results of the
calculations for Enlj. For this reason, we will henceforth
fix the parameters of the spin–orbit potential in accor-
dance with [9], setting them to

(3.4)

The next step consists in determining the parameters
of the Hartree–Fock component of the potential given
by (2.4a) and (2.4b). For this purpose, we first fix the
geometric parameters of the imaginary part of this
potential at the CH-89* values of

rd = rs = 1.24 fm, (3.5)

ad = as = 0.61 fm (3.6)

and calculate the parameters Ws, Wd, ∆Vs, and ∆Vd at

V so E( ) 5.9 MeV fm2,=

rso 1.072 fm, aso 0.63 fm.= =

Fig. 1. Volume integrals of the imaginary potential for the

p + 90Zr system: (thick solid curves 1 and 2) (E) at βI =

9.4 and 12.2 MeV, respectively; (thin solid curve)

(E); (thick dashed curve) (E); (thin dashed

curve) (E); (thick dash-dotted curve) (E); (thin

dash-dotted curve) (E); and (points) empirical value

of  within the conventional optical model.
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each energy value Ek according to the equations

(3.7)

(3.8)

The values of (E), (E), (E), and (E)

were found on the basis of equations (2.11)–(2.15). The
parameters VHF(Ek), rHF(Ek), and aHF(Ek) were estab-
lished by means of two procedures. Within the first of
these, all three parameters were varied freely, and their
set was determined, for each individual energy value
Ek, by minimizing the χ2 functional in fitting the com-

puted values σDOM(θ), PDOM(θ), and (Ek) to the
corresponding experimental results in the range 20 MeV <
E < 65 MeV. Within the second procedure, the strength
parameter of the Hartree–Fock component was esti-
mated by using the CH-89 systematization of the
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Fig. 2. Strength parameter of the Hartree–Fock component
of the dispersive optical potential for the p + 90Zr system:
(solid curve) dependence specified by equations (4.1) and
(4.4) with the parameters set to the values from (4.2), (4.3),
(4.6), and (4.7); (closed circles) VHF(Enlj) values for Enlj
from [12]; (open circles) VHF(Enlj) values for Enlj from [16–
21]; and (open triangles) our data for Ek > 0.
parameters:

(3.9)

The last equality is based on the results presented in
[11], where it was shown that, to within 3–5%, the
empirical values of JR corresponding to those parame-
ter sets that make it possible to reproduce not only

σexpt(θ) and Pexpt(θ) but also (Ek) are consistent

with the values  for 40 < A < 124 and 20 MeV <
E < 65 MeV. At this step, the geometric parameters
rHF(Ek) and aHF(Ek) remained free. As within the first
procedure, their values were determined for each indi-
vidual value of Ek. The calculations relied on the mod-
ified SPI-GENOA code, which makes it possible to
vary the geometric parameters of the potential at fixed
values of the corresponding volume integrals. In either
case, we used the values from (3.1)–(3.6) and rCoul =
1.264 fm [9]. The values of VHF(Ek), rHF(Ek), and aHF(Ek)
as determined by applying the above two procedures
are consistent within 1 to 2%. On the basis of the result-
ing parameter sets, we found the mean values of the
geometric parameters of the Hartree–Fock components
in the energy range 20–65 MeV. The results are

rHF = 1.24 ± 0.04 fm, (3.10)

aHF = 0.68 ± 0.02 fm. (3.11)

4. p + 90Zr SYSTEM: DETERMINATION
OF THE ENERGY DEPENDENCE VHF(E)

IN THE ENERGY RANGE –60 MeV < E < +60 MeV
The energy dependence VHF(E) was determined on

the basis of data on VHF(Ek) for 20 MeV < Ek < 65 MeV
and data on VHF(Enlj) for E < 0 at rHF and aHF values
fixed according to (3.10) and (3.11). For 20 MeV < Ek <
65 MeV, VHF(Ek) values are presented in Fig. 2. In order
to determine VHF(E) for E < 0, we used experimental
information from [12, 16–21] on the energies of parti-
cle and hole states in the systems A + 1 and A – 1 sys-
tems (A = 90), respectively, which was obtained from
an analysis of various nuclear reactions and which is
displayed in Table 1.

The energies of bound states were computed with
the aid of subroutines from the DRUCK-4 package
[22]. The strength parameter VHF(Enlj) was determined
by fitting the energies Enlj calculated for single-particle
states in solving the Schrödinger equation (2.18) with
the potential (2.19) to the corresponding experimental
values. In doing this, the parameters rHF and aHF were
set to the values in (3.10) and (3.11) and were not var-
ied, while the spin–orbit potential was fixed in accor-
dance with (3.4). The fitted values of VHF(Enlj) are given

VHF Ek( )
JHF Ek( )

f r rHF aHF, ,( ) rd∫
-----------------------------------------=

=  
JR

CH-89 Ek( ) J∆V Ek( )–

f r rHF aHF, ,( ) rd∫
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Table 1.  Energies Enlj (in MeV) of single-particle proton states in 90Zr

nlj
Experimental data Results

of the calculations

(e, e'p) [16] (p, 2p) [17]** (p, 2p) [12] (d, 3He) [18] (n, d) [19] (3He, d) [20] (d, n) [21] our study [5]

2d5/2 –1.30 –1.09 –0.05 –0.45

1g7/2 –0.34 >0 >0

1g9/2 –5.11 –5.16 –5.10 –4.87

2p1/2 –8.36 –9.1 (0.4)* –8.36 –8.36 –8.10 –8.60

2p3/2 –10.4 (0.2) –9.87 –9.87 –9.66 –10.30

1f5/2 –10.8 (0.2) –11.0 (0.4) –10.11 –10.11 –9.84 –9.68

1f7/2 –17.0 (0.5) –17.2 (0.5) –15.56 –15.38 –15.69

2s1/2 –21.8 (0.4) –22.3 (0.5) –23.8 –24.01

1d3/2 –23.8 (0.5)* –27.0 (0.8)* –24.8 (0.6) –25.78 –25.19

1d5/2 –30.2 (0.8) –31.72 –30.39

1p1/2 –43.0 (0.8)* –41.9 (1.1) –43.03 –41.81

1p3/2 –46.8 (1.5) –45.24 –44.40

1s1/2 –54.0 (0.8) –59.4 (2.1) –57.62 –59.88

  * Mean value for the nl orbits.
** Data from [17] were borrowed from Table 2 of the study of Vorob’ev [12].
in Fig. 2. On the basis of this data on VHF(Enlj), we
approximated it in the region E < EF by the dependence

(4.1)

where the parameters found on the basis of a least
squares fit are

(4.2)

(4.3)

Information about VHF(Enlj) values that was deduced
from an analysis of experimental data presented in [12]
for the energy region –60 MeV ≤ E ≤ –9 MeV suggests
that, for –60 MeV ≤ E ≤ EF, VHF(E) is a linear function
of energy to within 5%. The parameter values in (4.2)
and (4.3) are close to the values of VHF(EF) = 60.8 MeV
and λ = 0.606, which were found in [5] under the
assumption of a linear behavior of VHF(E) in the region
–25 MeV ≤ E ≤ EF.

In a number of studies (see [1] and references
therein), it is assumed that VHF(E) is a linear function of
energy for E > 0 as well. From Fig. 2, it can be seen,
however, that the functional form of VHF(E) for E < EF
is different from that for E > EF. That VHF(E) is a linear
function of energy for E > EF leads to the reversal of the
sign of the real potential at E ≈ 90 MeV rather than in
the region E ≈ 350–500 MeV, as is predicted by an
analysis of scattering data within the relativistic version
of the conventional optical model [23].

VHF E( ) VHF EF( ) λ E EF–( ),–=

VHF EF( ) 58.06 0.81 MeV,±=

λ 0.591 0.035.±=
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In just the same way as in [5], VHF(E) for E > EF is
approximated here by the dependence

(4.4)

(4.5)

where the parameter values are

(4.6)

(4.7)

In Figs. 3b and 3c, the elastic-scattering differential
cross sections and polarizations calculated with the
parameter values from (3.1)–(3.6), (3.10), (3.11), (4.3),
(4.6), and (4.7) are contrasted against relevant experi-
mental data over a broad energy region not covering,
however, near-barrier and subbarrier energies. It can be
seen from these figures that, in the region E > 20 MeV,
the computed dependences σDOM(θ)/σR and PDOM(θ)
comply well with the experimental angular distribu-
tions σexpt(θ)/σR and Pexpt(θ).

5. p + 90Zr SYSTEM: ANALYSIS OF SCATTERING 
DATA IN THE REGION E < 20 MeV

It was shown in [6, 24] that, in the region of near-
threshold and subthreshold energies, the assumption
that the mean geometric parameters rs = rd and as = ad

are independent of energy leads to an overestimation of

VHF E( ) VHF
1 EF( ) VHF

2 EF( )
λ E EF–( )–

VHF
2 EF( )

--------------------------- ,exp+=

VHF EF( ) VHF
1 EF( ) VHF

2 EF( ),+=

VHF
1 EF( ) 15.16 MeV,=

VHF
2 EF( ) 42.90 MeV.=
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Fig. 3. Differential cross sections for elastic scattering in the energy regions (a) E < 20 MeV and (b) 20 MeV < E < 65 MeV: (points)
experimental data, (solid curves) results of the calculations with the average parameters from the present study (βI = 12.2 MeV),
(dotted curve) results of the calculations with the average parameters from the present study (βI = 9.4 MeV), and (dashed curves)
results of the calculations with the average parameters from [5]; (c) polarizations (the notation here is identical to that in Figs. 3a
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the total reaction cross sections and to considerable
deviations of σDOM(θ) and PDOM(θ) from σexpt(θ) and
Pexpt(θ). Since the main contribution to absorption at

low energies comes from the surface term,  and

 can be brought into closer proximity by introduc-
ing an energy dependence in the geometric parameters
rd and ad of the imaginary potential at the volume inte-
grals JI, s, d(E) fixed in accordance with (2.11) and

(3.1)–(3.3). Agreement with the values (E) esti-
mated in [11, 25, 26] for E < 20 MeV is then achieved
by reducing the parameter ‡d and by slightly increasing
rd with decreasing energy. As to the volume integrals
JI, s, d(E), they still remain fixed in accordance with
(2.11) and (3.1)–(3.3), whereas the dispersive surface
component is computed with the parameters rd and ad

set to the values in (3.5) and (3.6).
Following [27], we parametrized the energy depen-

dences of the geometric parameters rd(Ek) and ad(Ek) of
the imaginary potential (see Fig. 4) for 5 MeV < E <
20 MeV as

(5.1)

(5.2)

where

(5.3)

From the dispersion relations, it follows that, if the
surface-absorption form is dependent on energy, the
potentials Wd(r(E), E) and ∆Vd(r(E), E) cease to be
identical. The estimates presented in [25] give suffi-
cient reason to believe, however, that, in the energy
range 5 MeV < E < 20 MeV, the effective real potential

(r, E) that, in the conventional optical model, cor-
responds to the DOM potential featuring a dispersive
component modified by the energy dependence of the
form of the potential Wd(r(E), E) changes insignificantly
(by less than 1%) in relation to the potential computed
with the parameters rd and ad independent of Ö.

Figure 3‡ shows the cross sections σDOM(θ)/σR and
σexpt(θ)/σR for E < 20 MeV. The calculations here were
performed with the mean values of rd and ad from
(5.1)–(5.3). At Ek = 6.35, 8.38, and 9.7 MeV, the dis-
tinctions between the calculated and measured values
of the cross sections for scattering angles in the region
θ < 90° may be due to the contribution of elastic scat-
tering through a compound nucleus. The values calcu-
lated for the total reaction cross section on the basis of

the DOM, , agree with the corresponding values
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estimated in [26] with allowance for the compound-

nucleus contribution, , within the errors of the esti-
mate. For Ek = 9.7 MeV, Fig. 3‡ displays two computed
dependences σDOM(θ)/σR at βI = 9.4 and 12.2 MeV. It
can be seen that these computed angular distributions
are close. The computed total reaction cross sections
also differ only slightly from each other. In view of this,
it proves impossible to remove the ambiguity in βI by
comparing the computed angular dependences
σDOM(θ)/σR and the computed total reaction cross sec-
tion with available experimental or estimated values.

The cross section (E) calculated with the mean
parameter values found in this study is displayed in
Fig. 5 along with the experimental values from [10], the
estimates from [11, 28], and the predictions from [5].
From this figure, it can be seen that the cross sections

 as computed within our DOM version comply
with the experimental data and with the estimates.

6. BOUND STATES

The mean-field parameters were used to calculate
the features of single-particle bound protonic states in
the A + 1 and A – 1 nuclei at A = 90.

6.1. Energies of Single-Particle Levels in 90Zr

The positions (energies) of single-particle bound
states in the mean-field potential were calculated by the
method of fitting. The Schrödinger equation (2.18) was
solved with the potential V(r, Ei) (2.19) computed by
using equation (3.8) with the parameters set to the val-
ues in (3.1)–(3.6), (3.10), (3.11), and (4.1)–(4.7); this
was done at some energy Ei playing the role of a free
parameter. In fitting Ei, the difference between the

σr
est

σr
DOM

σr
DOM

E, MeV

rd, ad, fm
2.0

1.5

1.0

0.5

0 10 20 30 40

Fig. 4. Geometric parameters of the imaginary surface
potential for 5 MeV < E < 20 MeV as functions of energy:
(solid curve) rd(E), (dashed curve) ad(E), and (points)
results of fitting from the present study.
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resulting eigenvalue (Ei) and Ei,  = | (Ei) –
Ei|, decreases with increasing number i of iterations. By
analogy with [29], the value of Ei is treated here as the

eigenvalue Enlj as soon as  ceases to exceed 10 keV.
The results of seeking Enlj in this way are quoted in
Table 1.

We note that, for the levels from the 1g9/2 to the 1s1/2
one, the Enlj values computed here agree with those
from [5] to within 3%. An experimental investigation of
the hole states in 90Zr was performed in [12]. Within the
experimental errors, the calculated values of Enlj agree
with those measured in [12].

6.2. Effective Proton Mass

The energy dependence of the mean field can be
taken into account by introducing the concept of the
effective nucleon mass in the real central potential of
the nucleus. This quantity is used in the ensuing calcu-
lations of the root-mean-square radii, of the occupation
numbers for nucleon shells, of spectroscopic factors,
and of spectral functions. The ratio of the total effective
mass m* to the bare nucleon mass m is expressed in
terms of the derivative of the potential as

(6.1)

The Hartree–Fock effective mass  is defined in a
similar way:

(6.2)

Enlj
i( ) ∆nlj

i( ) Enlj
i( )

∆nlj
i( )

m* r E,( ) m⁄ 1
d

dE
-------V r E,( ).–=

mHF*

mHF* r E,( ) m⁄ 1
d

dE
-------VHF r E,( ).–=

E, MeV

σr, mb
1500

1000

500

0 20 40 60 80

Fig. 5. Total reaction cross section: (closed circles and open
diamonds) experimental data from [10] for 90Zr and natZr,
respectively; (open squares) estimate from [11]; (open cir-
cles) estimate from [28]; (solid curve) results of the calcula-
tions with the average parameters from the present study;
and (dashed curve) results of the calculations with the aver-
age parameters from [5].
The so-called E mass (r, E) is related to m* and 
by the equation

(6.3)

In evaluating quantities characterizing the single-parti-
cle motion of nucleons in a nucleus, the effects of non-
locality can be taken into account in terms of the wave
function [1]

(6.4)

where

(6.5)

is the Perey factor and where the normalization factor
Cnlj is determined from the condition

(6.6)

The expectation value of the ratio of the total effective
proton mass to the free-proton mass was calculated by
the formula

(6.7)

The 〈 /m〉  values as computed by this formula are
quoted in Table 2, along with the corresponding results
from [5] and the estimates from [30]. The values pre-
sented in [30] were obtained by fitting the results of the
calculations performed in the spherical approximation
with sets of parameters of the effective Skyrme interac-
tion to the measured energies of single-particle proton

states. The values of 〈 /m〉 from this study proved
close to the corresponding values from [5] for all levels,
with the exception of the 1s1/2 one; for this level, our
results are in better agreement with the estimates from
[30], which comply with our present results and with
data from [5] to within 10–15%.

6.3. Root-Mean-Square Radii of Orbits

From an analysis of the spectral functions for the
reaction 90Zr(e, e'p), Den Herder et al. [16] determined
the root-mean-square radii of single-particle orbits for
some states. Below, the predictions of the DOM involv-
ing the mean-field potential obtained here will be com-
pared with data from [16].

The root-mean-square radii of single-particle orbits
were computed here according to the standard prescrip-

m mHF*

m r E,( ) m⁄ m* r E,( ) mHF* r E,( )⁄=

=  1 m mHF* r E,( )⁄[ ] d
dE
-------∆V r E,( ).–

unlj r( ) CnljPnlj r( )unlj r( ),=

Pnlj r( ) mHF* r Enlj,( ) m⁄[ ]1/2=

unlj
2 r( ) rd

0

∞

∫ 1.=

mnlj* m⁄〈 〉 unlj
2 r( ) m* r Enlj,( ) m⁄[ ] r.d

0

∞

∫=

mnlj*

mnlj*
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tions of quantum mechanics:

(6.8)

The root-mean-square radii calculated with the mean
parameters of the potential (2.19) are listed in Table 3,
along with the corresponding results from [5] and the
experimental and theoretical values of these radii from
[16] and [31], respectively. From this table, it can be
seen that our results comply with those from [5] to
within 1% for high-lying levels and to within 1 to 2%
for deep levels; our results also agree with those from
[16, 31] to a precision not poorer than 5%.

6.4. Shell Occupation Numbers

For single-particle orbits, the occupation numbers
were calculated by the formulas

(6.9)

(6.10)

The expressions for  were obtained with the aid
of the REDUCE system for analytic calculations [32].

Approximate expressions for  can also be found
in [7].

The results of the calculations according to formulas
(6.9) and (6.10) are presented in Table 4, along with
experimental data from [16], the results from [5], and
the theoretical predictions from [33–35]. In the micro-
scopic calculations, Brand et al. [33] used the G-matrix
approach allowing for short-range calculations, Kumar
and Gunye [34] relied on the Hartree–Fock–Bogolyu-
bov formalism for quadrupole-plus-pair interaction,
and Van Neck et al. [35] took into account the coupling
single-particle and vibrational degrees of freedom to
short-range correlations. The present calculation and
that from [5] somewhat underestimate the occupation
numbers for the levels from the 2p3/2 to the 1s1/2 one and
overestimate them for particle levels in relation to the
theoretical values. We note that our results comply with
the theoretical values from [35] to within 5%. We also
note that, in [16], the occupation numbers were deter-
mined with the aid of the sum rule in the independent-

Rnlj
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particle model: Nnlj = Snlj /(2j + 1). The spectroscopic
factors Snlj extracted from data on (e, e'p) reactions are
dependent on the choice of model. Presently, there are
no experimental methods that would make it possible to
determine occupation numbers in a model-independent
way. The discontinuity Z between the occupation num-
bers for particle and hole orbits at E = EF is found here
to be 0.47 (see Fig. 6). It was 0.53 in [5].

Table 2.  Effective proton mass on the nlj orbit in 90Zr

nlj
〈m*/m〉nlj

our study [5] [30]

2d5/2 1.07 1.10

1g7/2 1.06

1g9/2 0.97 0.947

2p1/2 0.91 0.902

2p3/2 0.94 0.917

1f5/2 0.90 0.844 0.75

1f7/2 0.84 0.814 0.68

2s1/2 0.49 0.543 0.65

1d3/2 0.51 0.554 0.63

1d5/2 0.54 0.571 0.59

1p1/2 0.57 0.544 0.54

1p3/2 0.57 0.525 0.53

1s1/2 0.50 0.384 0.50

Table 3.  Root-mean-square radii  (in fm) of single-

particle proton orbits in 90Zr

nlj
Results of the calculation Experimental 

data [16]our study [5] [31]*

2d5/2 5.60 5.63

1g9/2 4.99 5.01 4.93 4.97(10)

2p1/2 4.70 4.77 4.63 4.57(9)

2p3/2 4.68 4.66 4.57 4.48(7)

1f5/2 4.55 4.51 4.52 4.54(7)

1f7/2 4.38 4.39 3.91 4.51(11)

2s1/2 3.85 3.90 4.01 3.87

1d3/2 3.91 3.90 4.08 3.99(10)**

1d5/2 4.06 3.99 4.01

1p1/2 3.57 3.46

1p3/2 3.65 3.53

1s1/2 3.03 2.86

  * The theoretical estimates of Negele and Vautherin [31] were bor-
rowed from the study of Den Herder et al. [16] (Table 11).

** Mean value for the 1d orbits.

Rnlj
rms
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Table 4.  Occupation numbers Nnlj for single-particle proton orbits in 90Zr

nlj
Results of the calculation

Experimen-
tal data [16] nlj

Results of the calculation
Experimen-
tal data [16]our 

study [5] [33] [34] [35] our 
study [5] [33] [34] [35]

2d5/2 0.134 0.131 0.054 0.02 2s1/2 0.873 0.880 0.96 0.84 0.64
1g7/2 0.04 0.02 1d3/2 0.877 0.880 0.95 0.84 0.71*
1g9/2 0.251 0.210 0.08 0.19 0.04 1d5/2 0.892 0.891 0.96 0.85
2p1/2 0.768 0.790 0.86 0.65 0.76 0.36 1p1/2 0.909 0.910 0.97
2p3/2 0.794 0.813 0.88 0.88 0.77 0.56 1p3/2 0.912 0.913 0.97
1f5/2 0.779 0.804 0.90 0.86 0.78 0.60 1s1/2 0.922 0.928 0.98
1f7/2 0.830 0.845 0.93 0.97 0.80 0.68
* Mean value for the 1d orbits.
6.5. Spectroscopic Factors of States

The spectroscopic factors for nlj single-particle
states were computed by the formula [1]

(6.11)

The Snlj values obtained in the present study are quoted
in Table 5, along with the results of the calculations
from [5] and the experimental data from [16, 18–21].
Our predictions are close to those from [5] for all levels,

with the exception of the 1s1/2 one. The values 
show a wide scatter and deviate strongly from the cal-
culated values. Among the reasons behind the wide

scatter of , we can indicate the following. Spectro-
scopic factors extracted from data on one-nucleon-
transfer reactions are sensitive to the parameters (in
particular, to geometric parameters) of the potential for
the proton bound state in a nucleus and to the parame-
ters of the optical potentials for incident and scattered

Snlj unlj
2 r( ) m m r Enlj,( )⁄[ ] r.d
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∞
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Snlj
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0
–60 –40 –20 0
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Z

Fig. 6. Occupation numbers for (closed triangles) particle
and (closed circles) hole orbits. The lines were drawn to
guide the eye.
particles. In practice, it is impossible to take into
account all transitions in sum rules, since it is difficult
to detect weak transitions. Moreover, different defini-
tions for spectroscopic factors extracted from experi-
mental data are used in different studies. Therefore, a

comparison of  and  should be performed
with caution. The spectroscopic factors Snlj calculated
on the basis of (6.11) are “absolute” ones [1], but there
is no experimental information about the absolute spec-
troscopic factors for the p + 90Zr system.

6.6. Spectroscopic Functions and Widths of Levels

For nlj single-particle states, the spectroscopic func-
tions, which appear to be averaged energy distributions
of spectroscopic factors, were calculated by the for-
mula [1]

(6.12)

where

(6.13)

For the 1f7/2, 1d3/2 + 1d5/2, and 2s1/2 states, the spec-
tral functions calculated with the aid of (6.12) are
shown in Fig. 7, along with the corresponding results
from [5] and experimental data from [16].

The full spread widths at half maximum, Γnlj, of nlj
single-particle states were calculated by the formula 

(6.14)

Table 6 presents the results of these calculations and the
corresponding experimental data from [12, 16] for deep
hole levels in 90Zr. We can see that the Γnlj values calcu-
lated in the present study for the 1f7/2, 1p1/2, 1p3/2, and
1s1/2 states comply well with experimental data deter-

Snlj
theor Snlj

expt

ζnlj E( )

=  π 1– Snlj Wnlj E( )〈 〉 mnlj* m⁄〈 〉⁄
E Enlj–( )2 Wnlj E( )〈 〉 mnlj* m⁄〈 〉⁄[ ]2+

------------------------------------------------------------------------------------------,

Wnlj E( )〈 〉 unlj
2 r( )WI r E,( ) r.d
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Table 5.  Spectroscopic factors Snlj for single-particle proton orbits in 90Zr

nlj
Results of the calculation Experimental data

our study [5] (e, e'p) [16] (d, 3He) [18] (n, d) [19] (3He, d) [20] (d, n) [21]

2d5/2 0.670 0.682 0.83 0.435

1g7/2 0.38

1g9/2 0.627 0.666 1.0 0.97

2p1/2 0.665 0.680 0.36(4) 0.90 0.85(3)

2p3/2 0.649 0.660 0.56(6) 0.98 0.45(13)

1f5/2 0.622 0.665 0.60(8) 1.48 0.13(7)

1f7/2 0.637 0.670 0.68(9) 1.41

2s1/2 1.070 0.959 0.64(8)

1d3/2 0.989 0.896 0.71(10)*

1d5/2 0.939 0.876

1p1/2 0.811 0.833

1p3/2 0.824 0.870

1s1/2 0.880 1.114

* Mean value for the 1d orbits.
mined for the first time in [12]. The calculated widths
Γnlj of the 2s1/2, 1d3/2, and 1d5/2 states are greater than
the corresponding experimental values from [12] by
nearly 50%, but they agree well with data on (Â, Â'p)
[16]. On the basis of this comparison, we conclude that
the degrees of fragmentation of deep hole states can be
reliably predicted on the basis of the DOM.

7. COMPARISON OF THE MEAN-FIELD 
PARAMETERS FOR THE p + 40ë‡, 90Zr, 208Pb 

SYSTEMS

It is of interest to compare the mean-field parame-
ters for the p + 90Zr system that were obtained here and
in [5] with the corresponding parameters for the p +
40ë‡, 208Pb systems from [7, 36]. For all of these sys-
tems, the values of the parameters rHF and aHF are dis-
played in Table 7.

Although the parameters in the dependence VHF(E)

[ (EF), (EF), and λ] take different values in this
study and in [5], the corresponding volume integrals
agree to within 3%. The values of rHF as determined
here and in [5] agree to the same degree of precision,
whereas the values of aHF differ by more than 10%. The
mean geometric parameters of the Hartree–Fock com-
ponent that were evaluated in the present study are
close to the geometric parameters of the real part of the
conventional-optical-model potential for the p + 90Zr
system (rV = 1.23 fm, aV = 0.68 fm) [37].

It should be noted that the total reaction cross sec-
tions calculated with the mean parameters from [5],

(Ek), are larger than  from [11, 28] by about
10%. This indicates that the mean parameters from [5]

VHF
1 VHF

2

σr
DOM σr

est
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should be refined. The values (Ek) as computed
with the mean parameters from the present study com-
ply with the corresponding estimates from [11, 28] to
within 3%.

σr
DOM

E, MeV

(2j + 1)ζnlj
3

2

1

0 5 10 15 20 25

1f5/2

1f7/2

0.6

0.4

0.2

0 10 20 30 40

1d3/2 + 1d5/2

1d5/2
1d3/2

0.2

0.1

0 10 20 30

2s1/2

Fig. 7. Spectral functions for the 1f7/2, 1d3/2 + 1d5/2, and
2s1/2 single-particle orbits: (solid curves) results of our
present calculation, (dashed curves) results of the calcula-
tions from [5], (dash-dotted curve) our present results for
the 1d5/2 orbit, (dotted curve) our present results for the
1d3/2 orbit, and (points on the histogram) experimental data
from [16].
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A detailed analysis of σexpt(θ) and (Ek) for the
energy range 6.35 MeV ≤ E ≤ 16 MeV was performed
in [25]. Processes leading to compound-nucleus forma-
tion and to the excitation of isobaric analogous reso-
nances were taken into account there at low energies.
All the parameters of the dispersive optical potential,
with the exception of rHF, aHF, rd, and ad, were fixed in
accordance with [5]. In varying these four parameters,

the volume integral (E) was required to be fixed at
the values corresponding to the parametrization from
[5]. The parameter values were tabulated in [25], and
graphs illustrating the qualities of relevant fits were
also presented there. The values averaged over the sets
rHF(Ek) and aHF(Ek) proved to be rHF = 1.26 ± 0.02 fm
and aHF = 0.65 ± 0.04 fm; that is, they are consistent
with the results obtained here.

The results of Mahaux and Sartor [6], who used the
variational moment approach to determine the mean
parameters of the Hartree–Fock potential for the p +
40ë‡ system, also agree with the value of aHF from the
present study. It should be recalled that, in the varia-
tional moment approach, the parameter aHF is a priori
introduced as the mean value of the diffuseness of a real
conventional-optical-model potential and that the
parameter rHF and the dependence VHF(E) are obtained
on the basis of a variational procedure (see [6]). Within
the variational moment approach, the correctness of a
determination of aHF is tested by requiring that the cal-
culated and measured values of Enlj, σ(θ), P(θ), and σr

σr
est

JHF
JM

Table 6.  Total widths Γnlj (in MeV) of single-particle proton
levels in 90Zr

nlj Results
of our calculation

Experimental data

[12] [16]

1f7/2 1.91 2.03(0.89) 6.7(1)
3.1(6)

2s1/2 10.59 3.65(0.63) 10(1)
8(2)

1d3/2 9.79 4.46(0.79) 7(2)
1d5/2 12.18 7.57(0.76) 13
1p1/2 10.65 9.18(0.88)
1p3/2 12.04 15.55(0.95)
1s1/2 17.94 18.78(1.0)

Table 7.  Parameters rHF and aHF of the Hartree--Fock com-
ponent of the mean field

Nucleus rHF, fm aHF, fm References

40Ca 1.20 0.73 [36]
90Zr 1.217 0.76 [5]
90Zr 1.24 ± 0.04 0.68 ± 0.02 Our study
208Pb 1.225 0.71 [7]
be in agreement, and it was established in [23] that this
is indeed the case. In the CH-89 systematization of glo-
bal parameters [9], a unified value of aR = 0.69 ± 0.006 fm
of the diffuseness of the real potential was established
for all 40 ≤ A ≤ 208 nuclei. We can thus see that it is
close to the value of aHF = 0.68 ± 0.02 fm found in the
present study.

8. CONCLUSIONS

(i) We have analyzed data on proton scattering by
90Zr nuclei and data on the energies of protonic particle
and hole states in the A + 1 and A – 1 (A = 90) systems.
This analysis was performed within the dispersive opti-
cal-model version proposed in [8]. In order to deter-
mine the average parameters of the mean-field poten-
tial, we have used the geometric parameters of the
imaginary potential from the CH-89 and CH-89* sys-
tematizations (see [9] and [11], respectively). In a free
determination of the remaining three parameters of the
Hartree–Fock component, this has made it possible to
reduce considerably the ambiguity in evaluating the
mean-field parameters and to achieve agreement
between the calculated and measured differential cross
sections for elastic scattering, polarizations, total reac-
tion cross sections, and positions of single-particle lev-
els to a precision better than 5%. The predictions that
we have obtained here for single-particle properties of
bound states agree with the results presented by Wang
et al. [5], who deduced the parameters of the mean field
by averaging the individual parameters for the p + 90Zr
system.

That the results of our calculations comply well
with experimental data both for E > 0 and for E < 0
gives sufficient grounds for using the proposed disper-
sive optical-model version to deduce information about
the average parameters of the Hartree–Fock component
of the mean-field potential for 40 < A < 208 nuc-lei in
the energy range –60 MeV < E < +65 MeV.

(ii) An analysis of (, 2) data on the positions
(energies) of hole levels in 90Zr has revealed that the
Hartree–Fock component of the mean-field potential,
VHF(E), is a linear function of energy in the range
−60 MeV < E < EF.

(iii) The method proposed in [8] for determining the
parameters of the proton mean field has enabled us to
predict the features of single-particle proton states in
the A + 1 and A – 1 systems (A = 90) down to deep ones.
The predicted features of proton states in 90Zr are in
good agreement with currently available experimental
information.
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Abstract—The effect of a parametrization of the temperature dependence of radiative strength functions for
electric dipole transitions on the cross sections for isomer excitation in (n, γ), (n, 2n), (n, p), (n, α), (γ, γ'), (γ, n),
(γ, p), and (γ, 2n) reactions is investigated. It is shown that the agreement of the results of calculations with the
observed isomeric cross sections can be considerably improved by using the proposed method. © 2000 MAIK
“Nauka/Interperiodica”.
1. INTRODUCTION

Investigation of mechanisms that populate isomeric
levels in nuclear reactions is of great topical interest in
nuclear physics, since this makes it possible to obtain
answers to some important questions concerning the
structure of nuclei and the ways of isomer deexcitation
and to refine methods for calculating theoretically the fea-
tures of nuclear reactions. An accumulation of a vast body
of experimental data on the cross sections for the produc-
tion of nuclei in specific states provides a testing ground
for new theoretical approaches that extends over wide
ranges of excitation energies and target mass numbers.

According to [1], isometric states are populated pre-
dominantly via a cascade deexcitation of a nucleus
excited in some reaction and via a direct population of
an isomeric level upon the emission of primary parti-
cles or photons. These mechanisms, which saturate,
respectively, 80–90 and 10–20% of relevant cross sec-
tion, are operative even in reactions where nonstatisti-
cal effects dominate the formation of the total reaction
cross section. Although being different in some details,
current theoretical methods for calculating isomeric
cross sections all employ two functionals to evaluate
the population probability for a specific nuclear state,
the level density in a nucleus and radiative strength
functions. Most often, physicists involved in relevant
investigations attribute discrepancies between the
results of calculations and experimental cross-section
values to uncertainties in the spin-dependence of the
level density, assuming that radiative strength functions
have a less pronounced effect on the results of the cal-
culations in question and that they have been deter-
mined to a higher precision than the level density of
nuclei with high angular momenta, which is based on
theoretical predictions alone. By analyzing experimen-
tal data on the spectra of photons from the deexcitation
of nuclei formed in neutron-induced reactions, it was

* e-mail: grudz@iate.obnisk.ru
1063-7788/00/6303- $20.00 © 20414
shown, however, [2] that it is necessary to refine meth-
ods for calculating radiative strength functions. The
method for calculating E1 radiative strength functions
fE1(Eγ, T) that takes into account quasiparticle fragmen-
tation and which was proposed by Kadmensky, Marku-
shev, and Furman [3] (KMF method) can be modified
by introducing a parametrization of fE1(Eγ, T) in such a
way as to describe the features of the observed radiative
transitions between discrete levels. It turned out that,
when the temperature of the residual nucleus, T = const,
is used as an adjustable parameter, which has the same
value for all excitation energies (KMF method of con-
stant temperature, quoted in the following as KMF–
CT), the upper limit on the experimental values of radi-
ative strength functions is reproduced satisfactorily for
photon energies Eγ ≤ 3 MeV.

Among the models that were invoked to calculate
relevant cross sections, we would like to mention the
statistical model of nuclear reactions that takes into
account the laws of total-angular-momentum and parity
conservation, the cascade–evaporation model of the
decay of an excited nucleus [4], and the generalized
superfluid model [5] (it is used to calculate the level
density together with parameters appearing in it). Typ-
ical examples illustrating changes exhibited by the pho-
ton spectra in response to modifications in the method
for calculating fE1 are given in Fig. 1. For all four iso-
topes of tungsten, the use of the KMF–CT method
improves considerably the agreement with the experi-
mental spectra of photons [6], a result that can hardly
be achieved within the other methods. By way of exam-
ple, we indicate that a reduction of the slope of the com-
puted spectrum as great as is needed for this would
require changing the level-density parameters by 10–
20%, but this is incompatible with available data on the
density of neutron resonances. By using strength func-
tions as determined on the basis of the KMF–CT
method, the agreement with experimental data was
improved for a wide range of target nuclei in (n, γ) and
000 MAIK “Nauka/Interperiodica”
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(n, n'γ) reactions and for a wide range of incident-neu-
tron energies (10 keV–14 MeV). The results of the cal-
culations of the isomeric ratios for radiative thermal-
neutron capture were also improved radically in this
way [2].

The present article reports on a continuation of a
series of studies devoted to developing theoretical
methods for calculating isomeric ratios [1, 2]. It is
aimed at further verifying the applicability of the
KMF–CT method via an analysis of isomeric cross sec-
tions for neutron-induced and photonuclear reactions.

2. NEUTRON-INDUCED REACTIONS

In radiative thermal-neutron capture, isomeric ratios
may undergo giant variations whose scale amounts to
ten orders of magnitude. In view of this, the most seri-
ous difficulties arise in interpreting these observable
isomeric cross sections. Agreement between the mea-
sured and calculated values within a factor of 2 would

Fig. 1. Spectra of photons from the (n, γ) reactions on tung-
sten isotopes 182, 183, 184, 186W at En = 0.5 MeV: (histogram)
experimental data from [6], (dashed curves) results of the
calculations employing E1 strength functions as determined
on the basis of the KMF method, and (solid curves) results
of the calculations employing E1 strength functions as
determined on the basis of the KMF–CT method (T =
0.1 MeV).
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be a great success, but this has not yet been achieved
[1]. In an attempt at improving the agreement between
theoretical and experimental results, it therefore seems
natural to use the KMF–CT method in calculating,
above all, isomeric ratios r = σm/σg for (n, γ) reactions
induced by thermal neutrons. A display of the general
situation is given in Fig. 2, which shows, along with
experimental data from [7] and theoretical results from
[1], results obtained with the strength functions calcu-
lated by the KMF–CT method (T = 0.1 MeV) for 89
isomeric states of nuclei from 24Na to 210Bi. Perfect
agreement has not yet been reached, but the calculated
values have a clear tendency to change in the desired
direction. Indeed, some points moved along the
abscissa toward the bisectrix corresponding to the coin-
cidence of the calculated and experimental values. Fig-
ure 2 shows neither data on the reaction 189Os(n,
γ)190Osm(10–)—here, the measured isomeric-ratio value
is 10–5, while the corresponding values calculated on
the basis of the KMF and KMF–CT methods are 8 ×
10–7 and 6 × 10–6, respectively—nor data on the reac-
tion 177Hf(n, γ)178Hfm2(16+), which were discussed in
[2]. It is for these two isomers, which are characterized
by high spin values, that the experimental isomeric-
ratio values can be reproduced with no reasonable vari-
ations in the spin dependence of the level density.

Of course, the partial cross sections for (n, p) and
(n, α) reactions leading to the formation of nuclei in

Fig. 2. Comparison of the measured and calculated ratios of
isomeric cross sections (σm/σg) for radiative thermal-neu-
tron capture. Experimental data were borrowed from [7].
Open and closed circles represent a comparison of experi-
mental data with the results of the calculations employing
E1 strength functions as determined on the basis of, respec-
tively, the KMF and the KMF–CT (T = 0.1 MeV) method.
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Fig. 3. Comparison of experimental and calculated values of the cross sections for (n, p) reactions leading to the formation of residual
nuclei in (a) ground and (b) isomeric states. The notation for the points is identical to that in Fig. 2.
ground and isomeric states are less sensitive to modifi-
cations in the method for calculating radiative strength
functions. This is because, in such reactions, the forma-
tion of a compound nucleus by neutrons having a broad
spectrum of orbital angular momenta is accompanied
by a substantial averaging of the features of the isomer
population over the total angular momentum. The same
occurs when the residual nucleus is populated by emit-
ted particles having broad energy spectra and, hence,
broad angular-momentum spectra. This explains iso-
meric-ratio values, which lie, as a rule, in the interval
0.1–1.0, and a weak sensitivity of the results to some
parameter or functional of the model. Nonetheless,
modifications in the method for calculating radiative
strength functions affect the results of the calculations
for isomeric cross sections. As a rule, the modified
results are in better agreement with experimental data
(see Figs. 3 and 4). Errors indicated in Figs. 3 and 4 are
not experimental uncertainties proper; in fact, they rep-
resent the scatter of cross-section values quoted by dif-
ferent authors. The present comparison was performed
not only for neutron energies En between 14 and
15 MeV but also for other energy values from the
region En < 20 MeV scanned with a step of 1 MeV.
Thus, each point in Figs. 3 and 4 represents a compari-
son of the calculated and experimental partial cross sec-
tions for neutrons with energies from En1 to En2 for a
reaction resulting in the formation of a given residual
nucleus. Of course, the statistical significance and the
meaning of different points are different, but I think that
this way of comparison is the most appropriate one for
qualitatively representing the situation for a given reac-
tion over the entire interval of energy.

For testing the method being discussed, (n, 2n) reac-
tions are less suitable, but representative examples can
be found in this case as well. Quoted below are typical
cases of desirable and undesirable changes in the calcu-
lated cross sections. An example where the modifica-
tion to the method for calculating the E1 radiative
strength function leads to a change improving the
agreement between the theoretical and experimental
values of the isomeric ratio is given in Fig. 5, while
some examples where there are no such changes—
although they are expected for the reactions 115In(n, 2n)
and 87Rb(n, 2n)—are illustrated in Fig. 6.
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
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Fig. 4. As in Fig. 3, but for (n, α) reactions. The notation for the points is identical to that in Fig. 2.
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Fig. 5. Ratios of the isomeric cross sections (σm/σg) for the
(n, 2n) reactions on 82Se and 74Se nuclei as functions of the
incident-neutron energy. Points represent experimental data
from [8, 9]. The notation for the curves is identical to that in
Fig. 1.
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Fig. 6. As in Fig. 5, but for 92Mo, 87Rb, and 115In target
nuclei. Points represent experimental data from [8–10]. The
notation for the curves is identical to that in Fig. 1.
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Thus, evidence that the new method for calculating
radiative strength functions makes it possible to remove
some pronounced discrepancies between the theoreti-
cal and experimental values of isomeric cross sections
has been obtained for neutron-induced reactions. In
many cases, the new values deduced for the cross sec-
tions are closer to the experimental values.

3. PHOTONUCLEAR REACTIONS

A vaster part of experimental data on photonuclear
reactions leading to the excitation of isomeric levels
come from experiments employing bremsstrahlung
photons [11–16]. This circumstance complicates a the-
oretical analysis of such data, since the observed energy
dependence is smoothed, so that information about the
bremsstrahlung spectrum is required for averaging the
computed cross sections. Nonetheless, the data in ques-
tion are of considerable interest for the following rea-
sons: (i) The input reaction channel is unique. (ii) The
possibility of constructing a consistent description of iso-
meric cross sections can be extended to a wider set of
data. (iii) The data in question furnish fundamentally new
information about the excitation of high-spin isomers and
about reactions occurring on isomeric targets [11].

That the sensitivity of photonuclear reactions to the
spin characteristics of both target nuclei and residual
nuclei is increased because there are only two dominant
waves—those of multipole orders λ = 1 and 2—in the
input reaction channel is a property common to all such
reactions viewed as a source of information about the
population isomeric levels. Hence, the populations of
isomeric levels of the residual nucleus that differ in spin
by a few units provide some sort of a proving ground
for methods used to calculate radiative strength func-
tions. In implementing such tests, however, it is neces-
sary to be confident that the deexcitation of the residual

10–7
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10–8

10–9

10–11

10–13

6 8 10 12 121086

σ, b
(a) (b)

Eγ, MeV

σ, b

Fig. 7. Isomer excitation functions for the (γ, γ') reactions on
(a) 180Hf and (b) 190Os nuclei. Points represent experimen-
tal data from [12]. The notation for the curves is identical to
that in Fig. 1. The computed cross sections were not aver-
aged over the bremsstrahlung spectrum.
nucleus via radiative and radiation-free transitions has
been simulated correctly. The method for mixing the
states of the decaying nucleus that belong to bands hav-
ing different values of the projection K of the total
angular momentum on the symmetry axis (selection
rules in K) may be an additional source of errors in the
model used. It is well known that transitions between
such states are characterized by the forbiddenness
degree dependent on the difference ∆ä = ä1 – ä2, but
it is very difficult to take into account these selection
rules in practical calculations. At this stage of our anal-
ysis of data on photonuclear reactions, we will there-
fore ignore the selection rules in ä (that is, we assume
perfect mixing of states) and try to find out whether it
is necessary to take them into account in describing the
observed isomeric cross sections, especially in reac-
tions of inelastic photon scattering. In part, the answer
to this question was given in [2], where agreement with
experimental data on the cross sections for the reactions
167Er(γ, γ')167Erm and 179Hf(γ, γ')179Hfm was achieved
without taking into account selection rules in K. Data
that are presented in Fig. 7 and which show that agree-
ment with experimental data from [12] is achieved by
modifying the method for calculating the strength func-
tion fE1 provide further evidence in favor of strong mix-
ing of bands with different K values. It is obvious that,
had the selection rules that forbid transitions between
bands with different K values been introduced in the
computational scheme, the calculated isomeric cross
sections would be reduced considerably because iso-
mers having high K values and appearing to be levels
on which the corresponding bands are built (band-
heads) are populated via a large number of successive
gamma transitions between the states of various bands.
Thus, we confirmed the qualitative conclusion of Oga-
nessian and Karamian [13] that the states in question
are strongly mixed. That agreement with isomeric cross
sections of so small a magnitude (10–7–10–9 b) was
achieved is a merit of the method for evaluating E1
strength functions that is tested here.

In establishing the mechanism of isomer popula-
tion, it is always hazardous to rely on an analysis of
only one reaction—for example, 180Hf(γ, γ')180Hfm—
because the model parameters can be strongly biased in
this specific case. The model itself then loses its origi-
nal meaning, and the mechanism underlying it is in fact
not tested via a comparison with measured cross sec-
tions. A consistent description of the population of the
same isomer in two or more reactions [say, 190Osm(10–)
in the (n, γ) and (γ, γ') reactions] is free from this flaw
and is more reliable from the viewpoint of testing theo-
retical methods.

We continue our consistent analysis by considering
one more example, the excitation of the 89Zrm(1/2–) iso-
mer in the (γ, n) and (n, 2n) reactions (Fig. 8). For the
first reaction, the results of the calculations with the
conventional KMF strength function deviate strongly
from experimental data, but the above change in the
method for calculating fE1 leads to quite reasonable
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
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agreement. Improving the agreement for the (γ, n) reac-
tion, the use of the radiative strength functions calcu-
lated by the KMF–PT method does not spoil it for the
(n, 2n) reaction.

The proposed method is not universal—in particu-
lar, it does not of course supersede the conventional
method for describing the isomeric cross sections and
yields by varying the spin-cutoff parameter of the level
density, σ2. For example, it was shown in [1] that a con-
sistent description of the isomeric ratios for 152Eum(8–)
from (n, γ) and (n, 2n) reactions can be obtained by
reducing σ2 in relation to its value corresponding to the
rigid-body value of the moment of inertia of the

nucleus, . This method is additionally validated by
the data in Fig. 9, where the experimentally determined
ratio Ym/Yg of the yields from the reactions 151, 153Eu(γ,
n) [15] are reproduced precisely upon changing σ2.
That changing this parameter is a viable procedure is
further evinced by the data in Fig. 10, where we can see
that the modification to the method for calculating radi-
ative strength functions affects the results only slightly,
but that the reduction of σ2 leads to satisfactory agree-
ment with experimental data [16].The modification to
the method for calculating E1 strength functions has
virtually no effect on the results of the calculations for
isomeric cross sections in Fig. 10 because the differ-

σrigid
2

σm/σg

100

E, MeV
12 16 20 24

(γ, n)

(n, 2n)

10–1

Fig. 8. Ratios of the isomeric cross sections (σm1/σg) for the
(γ, n) and (n, 2n) reactions leading to the population of the
isomeric pair of the 89Zr nucleus as functions of primary
energy [Eγ for (γ, n) and En for (n, 2n)]. Points represent
experimental data from [9, 14]. The notation for the curves
is identical to that in Fig. 1.
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Table 1.  Features of ground and isomeric levels populated in the reactions analyzed in the present article

Reaction Reaction

82Se(n, 2n)81Sem 0+ 1/2– 7/2+ 151Eu(γ, n)150Eum 5/2+ 5– 0–

84Se(n, 2n)83Sem 0+ 9/2+ 3/2– 153Eu(γ, n)152Eum,m2 5/2+ 3– 0–, 8–

115In(n, 2n)114Inm 9/2+ 1+ 5+ 190Os(γ, γ')190Osm 0+ 0+ 10–

87Rb(n, 2n)86Rbm 3/2– 2– 6– 191Ir(γ, γ')191Irm 3/2+ 3/2+ 11/2–

92Mo(n, 2n)91Mom 0+ 9/2+ 1/2– 197Au(γ, γ')197Aum 3/2+ 3/2+ 11/2–

90Zr(γ, n)89Zrm 0+ 9/2+ 1/2–

J t
π Jg

π Jm
π

J t
π Jg

π Jm
π

Table 2.  Ratio of the yields of isomeric and ground states (Ym/Yg) from photonuclear reactions on Ta and Hf isotopes

Reaction (Ym/Yg)expt (Ym/Yg)calc1 (Ym/Yg)calc2

180Hf(γ, γ')180Hfm 0+ 0+ 8– 0.0029 2 × 10–6 3 × 10–5

180Tam(γ, 2n)178Tam 9– 1+ 7– 3.0 15 14
180Tam(γ, p)179Hfm2 9– 9/2+ 25/2– 0.09 0.045 0.045
179Hf(γ, γ')179Hfm2 9/2+ 9/2+ 25/2– 0.0014 2 × 10–7 7 × 10–6

178Hf(γ, p)177Lum 0+ 7/2+ 23/2– <0.005 9 × 10–7 2 × 10–6

178Hfm2(γ, n)177Hfm2 16+ 7/2– 37/2– 0.12 0.19 0.19
Note: The experimental data quoted in this table were borrowed from [11]; the calculations were performed with the radiative strength functions

as determined on the basis of the (calc1) KMF and (calc2) KMF–CT methods. Presented in the table are the spin–parities , , and 

of the target nuclei, ground states of residual nuclei, and isomeric states of residual nuclei, respectively.

Jt
π Jg

π Jm
π

Jt
π

Jg
π

Jm
π

ence of the spins between the ground and isomeric lev-
els of the 191Ir and 197Au nuclei is moderately small (see
Table 1). For this reason, it does not seem reasonable to
introduce the above selection rules in K.

Eγ, MeV

Ym/Yg

100

10–1

10–2

179Hf(γ, p)

181Ta(γ, p)

16 20 24

Fig. 11. Ratio of the yields of the isomeric state 178Lum(9–)
and the ground state 178Lug(1+) from the reaction 179Hf(γ,
p) and ratio of the yields of the isomeric state 180Hfm(8–)
and the ground state 180Hfg(0+) from the reaction 181Ta(γ,
p). Points represent experimental data from [11]. The nota-
tion for the curves is identical to that in Fig. 1.
A theoretical analysis of the isomeric cross sections
for (γ, p) reactions is complicated by nonstatistical
effects and by proton emission. At the same time, it can
be hoped that selection rules in K for transitions in the
residual nucleus are less important for these reactions,
as well as for all other reactions featuring particle emis-
sion, than for photon scattering. That a satisfactory
description of the isomeric ratios for the reaction
181Ta(γ, p)180Hfm was obtained and that good agreement
with experimental data was achieved for the reaction
179Hf(γ, p)178Lum (see Fig. 11) support this assumption.

As can be seen from Figs. 7–11, our theoretical
model faithfully reproduces the energy dependence of
the isomeric cross sections for photonuclear reactions;
therefore, an analysis of data from [11], which were
obtained for one value of the photon energy, the end-
point energy of the spectrum, seems quite informative.
These data make it possible to study further the effect
of the spin characteristics of nuclei on the mechanism
responsible for the excitation of partial levels of resid-
ual nuclei. For some reactions, the measured and com-
puted yields of the isomeric and ground states are
quoted in Table 2, which shows that the use of the
KMF–CT method improves, by and large, the agree-
ment with experimental data. There remain, however,
glaring discrepancies for four reactions. It seems
strange that, despite a good description of the isomeric
cross section for the reaction 180Hf(γ, γ') (see Fig. 7‡),
the corresponding values (Ym/Yg)expt and (Ym/Yg)calc dif-
fer by nearly two orders of magnitude. Hence, the cal-
culated value of the cross section for the population of
the ground state is strongly overestimated. In all prob-
ability, the cross section σg for the reaction
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
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179Hf(γ, γ')179Hfm2 is also overestimated, since the iso-
meric cross section for 179Hf(γ, γ')179Hfm is reproduced
quite reasonably [2]. Following the same line of reason-
ing, we can assume that the calculated cross sections
for the population of states whose spins are close to the
spin Jt of the ground state of the target nucleus [this is
σm for 180Ta(γ, 2n)178Tam and σg for 178Hf(γ, p)177Lum]
exceed the corresponding experimental values. This
overestimation can be explained by the existence of
some barrier [13] above which states having different K
values are mixed freely, but below which selection rules
in K are operative. Indeed, a high-spin state is popu-
lated through a cascade of a large number of low-
energy transitions; hence, these transitions proceed
between highly excited levels—that is, they are unaf-
fected by selection rules in K. States whose spins are
close to Jt are populated with the highest probability via
one or two high-energy transitions, and these transi-
tions must involve subbarrier levels—that is, they are
quenched by selection rules in K.

4. CONCLUSION

We have tested the method for calculating radiative
strength functions for electric dipole transitions that
relies on the particle-fragmentation approach having a
sound theoretical basis and on experimental informa-
tion about transitions between discrete levels; it is
referred to as the KMF–CT method.

The results of the calculations have been compared
with a vast body of data on the cross sections for neu-
tron- and photon-induced reactions occurring on A =
90–180 target nuclei and leading to the population of
isomeric levels.

It has been shown that the method that was proposed
by the present author with the aim of improving the
description of the experimental spectra of photons from
neutron-induced reactions and which is based on a spe-
cific parametrization of the temperature dependence of
the E1 strength functions fE1(Eγ, T) appears to be quite
an effective means for removing some significant dis-
crepancies between the experimental and theoretical
values of isomeric cross sections. For cases where there
are relevant experimental data, a consistent description
of the cross sections for isomer population in two reac-
tions has been obtained, which renders the testing of
the method more reliable.

A considerable discrepancy (up to two orders of
magnitude) between the measured and calculated ratios
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
of the yields of isomeric and ground states was found
for four photonuclear reactions leading to the popula-
tion of high-spin states. Possible reasons behind these
discrepancies have been analyzed, and the most proba-
ble one has been indicated: it is the presence of a poten-
tial barrier affecting transitions between states having
different values of the projection of the total angular
momentum onto the symmetry axis of the nucleus.
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Abstract—It is shown that the new data on the excitation energy Eexc spectrum of the residual nuclear system
in the Σ-hypernuclear region in the reactions (K–, π±) on 9Be and in the reaction (K–, π+) on 4He and 12C can be
described without assuming the existence of excited Σ-hypernuclear states. The basis is formed by a simulta-
neous consideration of the quasifree Σ production and Σ-nuclear rescattering (elastic and with Σ  Λ con-
version) with allowance for the interference of the respective amplitudes. To answer completely the question
on the nature of the irregularities in Eexc spectrum, it is proposed to study the picture corresponding to the so-
called moving complex singularity of the triangle graph with Σ rescattering: the position and the width of the
peak in Eexc distribution should be appreciably changed with momentum transferred from the initial kaon to the
final pion. © 2000 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

New BNL data on 9Be(K–, π±) reactions at
600 MeV/c in the Σ-hypernuclear region [1] trans-
formed drastically the status on the problem of the
excited states for Σ nuclei. As followed from the former
data (see, for instance, review [2]), there were clear
indications on the narrow peaks (Γ < 10 MeV) in the
excitation energy spectrum of the residual nuclear sys-
tems in the region near Σ-hyperon production. For this
reason, the idea about the creation of excited hypernu-
clear states seemed to be quite attractive. However,
after its appearance, the problem of a small hypernu-
clear width was discussed, since due to ΣN  ΛN
conversion in the nuclear matter all estimations lead to
the widths exceeding 20–40 MeV [2, 3]. Recent data
[see Fig. 1, where circles correspond to 9Be(K–, π–)
reaction and squares to 9Be(K–, π+) one] exclude overly
narrow peaks but reveal the structures with the width up
to 20 MeV for (K–, π–) and 30–40 MeV for the case of
(K–, π+) reaction.

Several questions should be cleared up: Do these
peaks call for the idea about the existence of Σ hyper-
nuclei or are they caused by the reaction mechanism
and, probably, by the near-threshold phenomena? If
there is a way to understand the problem without Σ
hypernuclei, then how will the natural and doubtless
description be made through the simplest mechanisms?
Finally, are there crucial tests to clear up the question
about the nature of the irregularities in the excitation
energy spectrum of Σ-hypernuclear systems? Below,
we will try to answer these questions.

    * This article was submitted by the authors in English.
  ** e-mail: dalkarov@sci.lebedev.ru
*** e-mail: kolybasv@sci.lebedev.ru
1063-7788/00/6303- $20.00 © 20422
The first goal of this study is to show that there are
the means to describe entirely a set of data on the reac-
tion 9Be(K–, π–) and the reactions (K–, π+) on 9Be, 12C,
and 4He nuclei without the idea on the existence of
excited Σ-hypernuclear states (see Fig. 2d), but using
the Feynman graphs and taking into account the quasi-
free Σ-hyperon production (Fig. 2a), the elastic rescat-
tering of Σ (Fig. 2b), and final inelastic interaction of Σ
hyperon with the Σ  Λ conversion (Fig. 2c). In this
approach, the interference of the pole graph of Fig. 2a
and the triangle graph of Fig. 2b should be essential. We

60

40

20

0
–20 0 20 40 60

d2σ/dΩdE, µb/(sr 2 MeV)

Eexc, åeV

Fig. 1. The data of [1] on the differential cross sections of
the reactions 9Be(K–, π–) (circles) and 9Be(K–, π+) (squares)
at small angles at 600 MeV/c. The solid curve is the approx-
imation of the tail of direct Λ production used in Section 3.
000 MAIK “Nauka/Interperiodica”
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will also emphasize some characteristic features of the
process 9Be(K–, π+) distinguishing it against others.

Another purpose, and apparently the main one, is to
advance a theoretical method for final revelation of the
nature of the peaks in the excitation energy spectra in
order to give a way to distinguish the peaks caused by
the existence of Σ hypernuclei from the ones produced
by the reaction mechanism. This method is based on the
analytical properties of the Feynman graphs. In our
case, the singularities of the nonrelativistic triangle
graph (see Fig. 2e) are close to the physical region; this
leads to the appearance of moving maxima in the exci-
tation energy spectra as a function of the momentum
transfer from an initial kaon to final π meson. Note that
the extraction of this graph as a unique one is achieved
within the experiment if the Λ hyperon, produced by
the interaction of virtual Σ hyperon with the intermedi-
ate nucleus, is detected. Therefore, a study of the dou-
ble differential cross sections (with and without Λ-
hyperon detection in the final state) for A(K, π)X reac-
tions is an effective test to distinguish the main features
of the reaction mechanism.

The theoretical model is described in Section 2.
Kinematical relations between various differential
cross sections are given, and the detailed properties of
the amplitude for the triangle graph are discussed. Sec-
tion 3 is devoted to the procedure of 9Be data processing,
in particular, to a difference method which was used to
extract the contribution of the (K–, π–) process on the
outer weakly bound neutron. The question about the role
of relative phase between the amplitudes for pole and tri-
angle graphs (see Figs. 2a, 2b) is also discussed.

The final results for the (K–, π–) reaction on 9Be and
(K−, π+) on 9Be, 4He, and 12C nuclei, which are in good
agreement with the experimental data, are given in Sec-
tion 4. We also discuss possible reasons for the sizable
difference between the excitation energy spectrum for
9Be and the same quantities for 4He and 12C.

The picture of the moving triangle singularities is
discussed in Section 5. We present results of the calcu-
lations for the excitation energy spectra for the chan-
nels with Σ  Λ conversion for different momentum
transfers from initial kaon to final pion. These results
show that the moving peaks in the excitation energy
spectra are observable experimentally. For comparison,
the excitation energy spectra with a hypernuclear state
production (see Fig. 2d) are also calculated. In this
case, the position of the peak virtually does not depend
on the momentum transfer.

The main results and concluding remarks are given
in the Conclusion.

2. THEORETICAL MODEL

We will consider the graphs of Figs. 2a–2c, where
the pole graph (Fig. 2a) represents the quasifree Σ-
hyperon production. The triangle graphs correspond to
the rescattering of a virtual Σ hyperon on the interme-
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
diate nuclear system without any conversion (Fig. 2b)
and taking the conversion into account (Fig. 2c),
excluding production of the Σ-hypernuclear bound or
resonance states (this process would correspond to the
graph of Fig. 2d). Let us analyze more accurately the
general properties of triangle Feynman graphs before
making the fitting procedure. We will consider the gen-
eral form of Fig. 2e implying that the particle 2 is the Σ
hyperon and that the particle 1 is the residual nuclear
system and the lower vertex stands in principle for the
aggregate of all the processes that occur when the Σ
hyperon interacts with the residual nucleus. We denote
by pi and Ei the momentum and total energy of a parti-
cle i in the lab system and introduce the notation

(1)

Here, W is the invariant mass of the system 4 + … + n,
consisting of the particles produced after Σ conversion
in a nuclear medium. We shall henceforth be restricted
by transfers q2 small enough only and the quantity W
from a region where Σ hyperon 2 can be assumed as
nonrelativistic. If we neglect the complications caused
by the spin structure of the amplitudes and restrict our-
selves to the consideration of the triangle diagram only
(Fig. 2e), then the quantity d 2σ/dWdq2 can be
expressed in terms of the differential cross section
dσ3x /dΩ of the elementary reaction K– + N  π + Σ
(in c.m. frame of this reaction) and the total cross sec-
tion σ12(W) for the interaction of the Σ hyperon and the
nucleus 1 [4, 5]:

(2)

Here, s3x =  +  + 2m3Ex;  is the momentum
of the relative motion of the particles 1 and 2 in the c.m.
frame of particles 4, …, n; and  and  are the
momenta of particles x and z in the c.m. frame of the
reaction 3 + x  2 + z. The quantities γ2 and κ pertain
to the nuclear vertex

(3)
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Fig. 2. The graphs for the processes (K–, π±) on nuclei (a–d)
and a generic form of the triangle graph (e).
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γ2 is the reduced vertex part [6] and determines the
probability of the virtual disintegration (3), and κ =

, ε = m1 + m3 – mA. The factor M is determined
by the structure of the triangle graph.

We will also need the differential cross section
d 2σ/dΩdW for comparison with the experimental data.
It can be obtained from (2) in the following manner:

(4)

where θ is the angle between particles z and x and E0 is
the total energy of all particles in the lab system.

We shall henceforth focus our attention on the quan-
tity M which determines the behavior of differential
cross section (2) as function of kinematical variables
(1). It is convenient to introduce dimensionless vari-
ables [7]

(5)

The quantity M can be expressed through these vari-
ables in the form of a double integral in the momentum
space

(6)

with x = p/κ. Here, Fl(p) is the form factor of the vertex
A  1 + 3, normalized by the condition Fl(iκ) = 1; l
is the angular momentum of the relative motion of par-
ticles 1 and 3 in the nucleus A; and Pl is the Legendre
polynomial.

In practice, it is necessary to use the more general
formulas taking into account the realistic nuclear form
factor. In such a case, it is more profitable to operate
into the coordinate space where M can be expressed as
a single integral [4]

(7)

Here, jl is the spherical Bessel function, and the quan-
tity Ψ(r) is introduced by the equation

(8)

(in the single-particle model it would be proportional to
the wave function for the relative motion of the parti-
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cles 1 and 3). The quantities A and B are specified as

(9)

Hereinafter, except Section 5, we will take the
amplitude of the lower vertex of Fig. 2e to be constant
as we are first of all interested in the effects due to the
structure and analytic properties of the graphs. We
would like, whenever possible, to gain the results as
model-independent ones. As there are no reliable data
on sigma-nuclear interactions, we prefer not to rely on
the calculations using a Σ–A optical potential. Let us
point to the detailed research of K––4He interactions
with a variety of the forms for such potential [8]. In par-
ticular, it shows an appreciable dependence of the
results on the potential parameters.

The amplitude M (6) for the graph of Fig. 2e has two
kinds of singularities in W: (i) normal threshold at W =
m1 + m2 and (ii) so-called triangle logarithmic singular-
ity which appears in the complex plane. The position of
the triangle singularity is determined by the value of q2.
In terms of the variables ξ and λ, the triangle singularity
is found as

(10)

If we can approach closely to the position of the trian-
gle singularity point in an experimental investigation,
then the amplitude of a triangle graph would seem to be
a sharp function. Thus, it is possible to expect that a
bump in the W distribution will appear. The position
and width of the bump should be varied with q2. We will
discuss in Section 5 how this property of a triangle
graph can be verified.

3. PROCEDURE

Though the data [1] on the processes

(11)

and

(12)

(see Fig. 1) do not exhibit any narrow structures, these
data, as we shall see below, contain a lot of physical
information and unexpected features (positions of
bump maxima, an absence of narrow near-threshold
peaks due to channels with Σ  Λ conversion, and so
on). The channel (11) represents Σ production on the
protons of the Be nuclei

(13)

and the channel (12) can be realized on the protons

(14)
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A ξ– , B 0 at ξ 0.<= =
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PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000



ON THE PRODUCTION MECHANISM 425
as well as on the neutrons

(15)

At 600 MeV/c, the cross section of the mode (14) is
much less than that of the mode (15) [2]. The data for
the channels (11) and (12) are quite different. The main
reason, evidently, is the very small binding energy
(1.67 MeV only) of the outer neutron in 9Be. So it is
useful to isolate the part of the channel (12) cross sec-
tion which takes place on the outer neutron.

The zero in the excitation energy Eexc in the channel
(11) corresponds to the invariant mass W of the final
state consisting of Σ– plus the ground state of 8Li with-
out relative motion, and in the channel (12) it corre-
sponds to Σ0 plus the ground state of 8Be. Thus, Eexc ≥
0 for events with the Σ hyperon in a final state. The left
parts of the spectra in Fig. 1, related to Eexc < 0, can
have their origin in the process of Σ production fol-
lowed by the conversion

(16)

as well as (for the channel (12)) in the “tail” of direct Λ
production. The estimation of this tail behavior in the
model of a quasifree Λ production shows its sharp
decrease in the interval of Eexc from –20 MeV to zero.
It is inconsistent with the data on the channel (12).
Therefore, we take the model of a quasifree Λ produc-
tion followed by its rescattering. It leads to the result
shown by the solid curve in Fig. 1 (the normalization of
the curve is fixed by the experimental point at Eexc =
−20 MeV). In the following, the corresponding values
(the physical background due to the direct Λ produc-
tion) will be subtracted from the data for channel (12).

The nucleus 9Be has most probably a cluster struc-
ture consisting of the core (8Be or two α particles) and
the weakly bound outer neutron. So the reaction (12)
can proceed through four protons and four neutrons of
the core as well as through an outer neutron. The reac-
tion (11) can proceed only through four core protons.
We have simultaneously the data on both channels (11)
and (12). This allows us to isolate the partial cross sec-
tion for channel (12), which is specified by the outer
neutron, in assuming that the wave functions of the core
neutrons and protons are similar. For this purpose let us
note that the sum of the cross sections of the processes
(14) and (15) at 600 MeV/c are equal roughly to 90%
of the cross section of process (13). Thus, we can
believe that the contribution of the core neutrons and
protons to the cross section of channel (12) is estimated
as 90% of the cross section for channel (11). Then, the
expression (σ2 – 0.9σ1) gives the contribution of the
outer neutron to the cross section of process (12). Here,
σ2 is the cross section of channel (12) minus the contri-
bution of the tail from the direct Λ production. In the
following, we will compare the results of our calcula-
tions of process (12) with the result just of this differ-
ence procedure (see below the points in Fig. 4a).

In the subsequent calculations, we will use the wave

K
–
n π–Σ0

.

ΣN ΛN ,
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function (form factor) of the outer neutron in 9Be from
the n–α–α cluster model [9]. The corresponding form
factor for the core proton was not calculated in the clus-
ter model of [9]. At the first stage, we will use the p-
wave oscillator wave function with the parameter p0 =
130 MeV/c [10]. To estimate the sensitivity of our
results to the shape of a wave function, we will also
make some calculations with a model p-wave function
of a “quasi-Hulthén” type

(17)

which has a correct asymptotic behavior for r  0
and for r  ∞. Note at once that it does not alter the
results qualitatively.

Let us present at first several intermediate results for
the reaction (11) at 600 MeV/c at small angles. Figure
3a shows the real and imaginary parts of the triangle
graph for a secondary interaction of the Σ hyperon with
the residual nuclear system (Figs. 2b, 2c) as functions
of Eexc. As was mentioned earlier, the calculations were
carried out with constant amplitude of a secondary
interaction in order to clarify, first of all, what results
are connected to the structure of the graphs. Figure 3b
demonstrates the modulus squared of the triangle graph
amplitude. We can see that it has a sharp peak near
Eexc = 0 with the width about 15 MeV. The cross section
for the process represented by the graph in Fig. 2b

includes the phase-space factor proportional to ,
and it leads to the smoothing and shifting of the peak.
This is not so for the process with the conversion (16),
and the corresponding peak must also appear in its
cross section. Note that the peak of the same origin is
well known for the process (K–, π–) on the deuteron
[11]. The cusp structures are also distinctly seen in the
results of calculations of stopped and in-flight K– inter-
actions with 4He [8, 12].

The solid curve of Fig. 3c presents the Eexc distribu-
tion corresponding to the quasifree Σ production (the
pole graph of Fig. 2a). The dotted curve shows the same
for the triangle graph of Fig. 2b. We see that both the
pole graph and the triangle graph separately lead to the
bumps with the width 30–40 MeV but with maxima in
the region of 10 MeV and it is inconsistent with the
experimental data. However, the amplitudes of the
graphs of Figs. 2a and 2b interfere with each other.
Comparison of the real and imaginary parts of the tri-
angle graph in Fig. 3a indicates that its phase varies
quickly with Eexc and the result of the interference
should be nontrivial. The dashed and dash-dotted
curves in Fig. 3c are the results of calculations for the
sum of the graphs of Figs. 2a and 2b with the relative
phase equal to 0.4π and 0.9π, respectively. They dem-
onstrate that the position and the shape of the resulting
peak may be varied over a wide range as a result of rel-
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ative phase variation. (Note, that this phase is not
known a priori because it is essentially determined by
the phase of the elastic Σ-nucleus scattering amplitude
and by the possible variation of the phases versus
energy of the elementary processes (13)–(15).) Large
interference effects were also noted in [8].

4. RESULTS

Let us go to the results for the best fit to the data on
the channels (11) and (12). Firstly, we are interested in

Re M, Im M, a.u.
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(b)
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Eexc, MeV

Fig. 3. The results of intermediate calculations for the pro-
cess 9Be(K–, π+): (a) real and imaginary parts of the triangle
graph amplitude (solid and dotted curves, respectively); (b)
modulus squared of the triangle graph amplitude; and (c) the
shapes of the contributions to the cross section from the
quasifree Σ production of Fig. 2a (solid curve), from the Fig.
2b triangle graph (dotted curve), and from two versions of
the account of the interference of the Fig. 2a and 2b graphs
with the relative phase 0.4π (dashed curve) and 0.9π (dash-
dotted curve).

Eexc, MeV
a principal possibility of the description without the
introduction of Σ nuclei. Therefore, at this point, we did
not try to estimate the absolute values of cross sections
(at least, this demands that we account additionally for
the absorption in initial and final states), but we concen-
trated on the description of the shape of the Eexc distri-
butions at small pion angles. For this reason, the nor-
malization factors of the Fig. 2a and 2b graphs and their
relative phase were taken as free parameters. Here, it is
necessary to make a few notes. As to an absolute nor-
malization, [8] shows that the theoretical calculations
for 4He case lead to reasonable results when taking into
account kaon and pion wave absorption. The relative
contribution and phase of the Fig. 2b graph now cannot
be evaluated reliably due to a lack of information on
sigma-nuclear interactions. It is possible to invert a task
into deriving information on sigma-nuclear interaction
from outcomes of a comparison of calculations with
experimental data. However, it is a theme of indepen-
dent research.

The solid curve of Fig. 4a shows the result of the
calculation for the sum of the Fig. 2a and 2b graphs
with the relative phase 1.3π for the reaction 9Be(K–, π+).
It agrees with the data very well. The dashed curve cor-
responds to “switching off” the triangle graph of
Fig. 2b; i.e. it represents the separate contribution of the
quasifree Σ production (Fig. 2a). The contribution of
the Fig. 2c graph was not taken into account since the
experimental points at Eexc < 0 are virtually equal to
zero.

Figure 4b deals with the difference data for the reac-
tion 9Be(K–, π–), which have their origin in the process
on the outer neutron (see the preceding section). The
dotted curve shows the supposed contribution from the
process with the conversion Σ  Λ (Fig. 2c). Essen-
tially, it is an analog of the curve in Fig. 3b normalized
to the point at Eexc = 0, where the contributions of the
Fig. 2a and 2b processes go to zero. The solid curve is
the result of a complete calculation with account of the
interference of the Fig. 2a and 2b graphs with the rela-
tive phase 1.9π. The dashed curve is the separate con-
tribution of the quasifree process. We notice that the
cross section of the process (12) on the outer neutron
has the appearance of the peak in Eexc with a maximum
in the region of 8–10 MeV, the width of 15–20 MeV,
and can be described very well by the combination of
the Fig. 2a–2c graphs.

Having obtained the good results for the production
of Σ-hypernuclear systems on 9Be, we go now to the
description by the same method of the new data on the
reaction 4He(K–, π+) at 600 MeV/c [13]1) and on the
reaction 12C(K–, π+) at 715 MeV/c [14]. For 4He, we use

1)We will not consider now the process 4He(K–, π–) where the
bound Σ-hypernuclear state of 4He was discovered [13]. Here, the
picture is more complicated due to presence of a resonance peak.
In principle, our model must describe the background including,
in particular, all data at Eexc > 0. We hope to discuss it in another
work.
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
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the s-wave oscillator wave function with the parameter
p0 = 90 MeV/c which gives the best fit to the data on the
process 4He(e, ep)3H [15]. For 12C, we use the p-wave
oscillator wave function with the parameter p0 =
80 MeV/c which gives the best fit to the data on the
reaction 12C(e, ep) in the ground and low-lying states of
11B [16]. The results are shown in Fig. 5a for 12C and in
Fig. 5b for 4He. Here, the dotted curves are the contri-
butions of the processes with the conversion normal-
ized to the points at Eexc = 0. The solid curves present
the results of full calculations with account of the inter-
ference of the Fig. 2a and 2b graphs with the relative
phase equal to 0.9π for Fig. 5a and 1.3π for Fig. 5b. The
dashed curves are the separate contributions of the
quasifree Σ production. One can see that our simple

d2σ/dΩdE, µb/(sr 2 MeV)

Eexc, MeV

30

20

10

0

(a)

(b)

30

20

10

0
–20 0 20 40 60

Fig. 4. (a) The excitation energy distribution in the reaction
9Be(K–, π+). The data are from [1]. The solid curve is the
result of a full calculation. The dashed curve shows the con-
tribution only from the quasifree Σ production (Fig. 2a). (b)
The excitation energy distribution in the reaction 9Be(K–, π–) on
the outer neutron. The experimental data are obtained from
the data of [1] by means of the difference procedure
described in Section 3. The solid curve is the result of a full
calculation. The dotted curve is the contribution of the pro-
cesses with the conversion Σ  Λ. The dashed curve
shows the contribution only from the quasifree Σ production
(Fig. 2a).
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model provides a possibility to describe the data very
well.

Certainly, owing to use of large number of fitting
parameters, our description of the data on (K–, π±) reac-
tions can be considered simply as a successful parame-
trization. However, the possibility of such parametriza-
tion was not obvious beforehand. We shall note that in
sigma-nuclear physics the use of a large number of free
parameters is not an unusual fact. Let us turn, for exam-
ple, to [12], where four parameters were used for the
description of stopped K– interaction with 4He.

It is necessary to emphasize also the following. In
our calculations it was assumed that the residual
nuclear system is in the ground state or in one of the
low-excited states. There is direct experimental data on
the reaction (e, ep) for 4He and 12C nuclei. It was found

d2σ/dΩdE, µb/(sr MeV)

Eexc, MeV
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Fig. 5. (a) The excitation energy distribution in the reaction
12C(K–, π+) at 715 MeV/c for 4°. The data are from [12].
The solid curve is the result of a full calculation. The dotted
curve is the contribution of the process with the conversion
Σ  Λ. The dashed curve shows the contribution only
from the quasifree Σ production (Fig. 2a). (b) The excitation
energy distribution in the reaction 4He(K–, π+) at 600 MeV/c
for small angles. The experimental histogram is from [11].
The meaning of the curves is the same as in Fig. 5a.

Eexc, MeV
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that the vertices of a virtual breakup of these nuclei to
proton and ground states of t and 11B give the main con-
tribution [17, 18]. The same is also noted for 12C case
in [19] devoted to the quasifree Σ production in (K–, π+)
reactions. There are no electron data on the vertex
9Be  n + 8Be. However, the evaluation in the (2α +
n) model [9] shows a preference of the transition to the
ground state of 8Be. Apparently, it is not so for the pro-
cess 9Be(K–, π+). This case will be considered sepa-
rately in the following section.

5. THE CASE OF 9Be(K–, π+) REACTION

The Eexc distribution for the 9Be(K–, π+) reaction dif-
fers substantially from other cases in two aspects: (i) its

|M|2, a.u.

20

10

0
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Fig. 6. |M|2 for the triangle graph of Fig. 2c with two-parti-
cle (solid curve) and three-particle (dotted curve) intermedi-
ate states.

Fig. 7. The excitation energy distribution in the reaction
9Be(K–, π+) with three-particle intermediate state in the Fig. 2c
graph. The solid curve is the result of a full calculation. The
dotted curve is the contribution of the processes with the
conversion Σ  Λ. The dashed curve shows the contribu-
tion only from the quasifree Σ production.
maximum is shifted to higher energies at 25–30 MeV,
whereas in all remaining cases it is found near 10 MeV;
and (ii) it contains a few events at Eexc ≤ 0 and virtually
does not leave a place for the contribution of the narrow
near-threshold peak of Fig. 3b. Thus, the description pre-
sented in Fig. 4a was obtained without the contribution
of the conversion process and used certainly too large a
value for the oscillator parameter p0 = 130 MeV/c. On
the other hand, proceeding from known values of the
cross sections of the elementary processes σ(Σ–p 
Σ–p) and σ(Σ–p  Λn), each of which is about 150 mb
in the Σ-momentum region 100–200 MeV/c, it is pos-
sible to evaluate that the cross sections of the processes
of conversion and elastic Σ– rescattering should be of
the same order as the cross section of the quasifree pro-
duction.

The contribution of the conversion process could be
explained if we assumed that the secondary Σ interac-
tions in the lower vertices of the Fig. 2b and 2c graphs
proceed mainly in the p wave. It results in smoothening
of the near-threshold peak and shifts it to the higher
energies [20]. However, this explanation does not seem
natural because there are no reasons for the special
behavior in just the 9Be(K–, π+) case. More plausible is
another explanation. It is assumed that continuum
states of the residual nuclear system 8Li dominate in the
breakup vertex 9Be  p + 8Li. As a difference to the
4He and 12C cases, there are no high precision data on
the 9Be(e, ep) reaction. It is possible only to state for
which the available data [21] show a wide distribution
with respect to the proton removal energy and do not
contradict such a hypothesis. In that case, on the one
hand, the Eexc distribution from the quasifree Σ produc-
tion is shifted to the higher energies. On the other hand,
the intermediate state in the Fig. 2c graph becomes
three-particle or many-particle but not a two-particle
one. It changes the shape of near-threshold behavior
absolutely. Figure 6 shows the comparison of |M|2 for
the triangle graphs with two-particle (solid curve) and
three-particle (dotted curve) intermediate states. The
character of the dotted curve leaves room for the signif-
icant contribution of the conversion, keeping small
number of events at Eexc ≤ 0. Figure 7 demonstrates an
example of successful description of 9Be(K–, π+) data
with considerable contribution of the conversion pro-
cess (dotted curve). Here, the dashed curve is the sepa-
rate contribution of the quasifree Σ production. The
solid curve is the summary result with account of inter-
ference of the Fig. 2a and 2b graphs, the relative phase
being 0.35π. The value of the oscillator parameter p0 =
115 MeV/c was used. It is close to the value of 110 MeV/c
which is suggested in [21] for the region of large proton
removal energies.
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
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6. MOVING SINGULARITIES
AND THE MECHANISM OF Σ-HYPERNUCLEAR 

SYSTEM PRODUCTION

Strictly speaking, the good description of the data
on the (K–, π±) processes in the Σ-hypernuclear region
by the simplest mechanisms does not exclude a possi-
ble contribution from Σ hypernuclei. For a complete
and unambiguous solution of the reaction mechanism
problem, it seems efficient to use the theoretical predic-
tions which follow from the picture of moving complex
triangle singularities described in Section 2. As men-
tioned above, the presence of these singularities near
the physical region of a reaction should lead to a maxi-
mum for Eexc distribution. The position and the shape of
the bump must be varied with the momentum q trans-
ferred from the initial kaon to the final pion [5]. Numer-
ical calculations should show whether this effect is
noticeable or not. The contribution of the quasifree
Σ-hyperon production would conceal the above-men-
tioned effect. Therefore, it is more desirable to study it

|M|2, a.u.
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Eexc, MeV
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(b)
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Fig. 8. (a) The modulus squared of the Fig. 2c graph ampli-
tude for the reaction 12C(K–, π+) at momentum-transfer val-
ues q = (solid curve) 200, (dotted curve) 250, (dashed curve)
300, and (dash-dotted curve) 350 MeV/c. (b) The same with
the inclusion of the excited Σ-hypernuclear state (Fig. 2d)
with the width 10 MeV and the mass corresponding to
Eexc = 15 MeV.

Eexc, MeV
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in the channels with the conversion Σ  Λ (i.e., with
the detection of Λ), where the Fig. 2a graph does not
contribute. To investigate the discussed picture, one
needs to measure the differential cross section
d 2σ/dEexcdq2, which is directly expressed through the
modulus squared of the matrix element (see equation
(2)), in a wide range of Eexc and q.

For example, let us consider the reaction 12C(K–, π+).
Figure 8a shows the theoretical predictions for the
modulus squared of the Fig. 2c graph amplitude as a
function of Eexc for different values of q = 200, 250,
300, and 350 MeV/c. A distinct picture of moving and
broadening of the peak is visible. This picture is quite
available for an experimental observation.

The question is what would happen with the same
distributions in the case of Σ-hypernucleus production
(the graph of Fig. 2d)? To answer the question, calcula-
tions were made with inclusion of a resonance state (a
Breit–Wigner pole was put in) with the width of 10 MeV
and the mass which was 15 MeV larger than the sum of
the masses of Σ and the ground state of the residual
nucleus. Figure 8b shows the results for the same set of
the momentum transfer. As could be expected, the posi-
tion of the maximum remains constant in this case. It
follows that the investigation of d 2σ/dEexcdq2 would
make it possible to answer unambiguously the question
about the nature of the irregularities in the excitation
energy spectrum of the processes (K–, π±): whether they
appeared from the reaction mechanism or from the
existence of Σ hypernuclei.

7. CONCLUSION

Thus, all considered data on the reactions (K–, π±) in
the Σ-hypernuclear region can be basically described
without the supposition on the existence of Σ hypernu-
clei. The bumps in the excitation energy distributions of
the residual nuclear systems are due to the peculiarities
of the reaction mechanisms.

The successful description of the available data by
means of the simplest mechanisms cannot completely
exclude the existence of hypernuclei. We tried to
emphasize that the decisive conclusion on this problem
can be made only through detailed investigation of the
Σ-hypernuclear system production mechanism. We
propose to study the cross section d 2σ/dEexcdq2 at dif-
ferent values of momentum transfer q, since its behav-
ior strongly depends on the existence of Σ hypernuclei.
If the experimental investigations confirm the picture of
moving singularities, predicted in Section 5, and thus
the dominant contribution of the Fig. 3c graph in the
channels with the conversion, then it would be possible
to extract the cross section σ12 of the Σ-nucleus interac-
tion using equation (2). In the future, this value of σ12
could be compared with dynamical calculations.

Note that the considered picture of moving singular-
ities of triangle Feynman graphs in the case of rescat-
tering effects for Σ-hypernuclear system production is
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universal. The same phenomena could be observed at
different kinematical conditions in other reactions, for
instance, A(e, e'K–)X.

ACKNOWLEDGMENTS

The authors are indebted to Prof. I.S. Shapiro for the
attention to the investigation and discussions, to Profs.
T. Nagae and R. E. Chrien for information on the exper-
imental data, and to Profs. V. I. Kukulin, V. I. Pomerant-
sev, and M. A. Zhusupov for the advice and the data on
the neutron form factor of 9Be.

This work was supported in part by the Russian
Foundation for Basic Research (project no. 99-02-17263).

REFERENCES

1. R. Sawafta, Nucl. Phys. A585, 103 (1995); T. Nagae, in
Abstracts of 25th INS International Symposium, Tokyo,
1996, p. 130; Nuclear and Particle Physics with High-
Intensity Proton Accelerators, Ed. by T. Komatsubara
et al. (World Sci., 1998), p. 265.

2. C. B. Dover, D. J. Millener, and A. Gal, Phys. Rep. 184,
1 (1989).

3. L. N. Bogdanova and V. E. Markushun, Part. Nucl. 15,
808 (1984).

4. O. D. Dalkarov and V. M. Kolybasov, Yad. Fiz. 18, 809
(1973) [Sov. J. Nucl. Phys. 18, 416 (1973)].

5. O. D. Dalkarov, V. M. Kolybasov, and D. V. Voronov,
Preprint No. 8, Lebedev Institute of Physics, Russian
Academy of Sciences (Moscow, 1995).

6. I. S. Shapiro, Usp. Fiz. Nauk 92, 549 (1967) [Sov. Phys.
Usp. 10, 515 (1967)].
7. E. I. Dubovoj and I. S. Shapiro, Zh. Éksp. Teor. Fiz. 51,
1251 (1966) [Sov. Phys. JETP 24, 839 (1966)].

8. T. Harada and Y. Akaishi, Prog. Theor. Phys. 96, 145
(1996).

9. V. T. Voronchev, V. I. Kukulin, V. N. Pomerantsev, et al.,
Yad. Fiz. 57, 1964 (1994) [Phys. At. Nucl. 57, 1890
(1994)]; M. A. Zhusupov, et al., Izv. Akad. Nauk, Ser.
Fiz. 58 (5), 55 (1994).

10. F. Ajzenberg-Selove, Nucl. Phys. A490, 1 (1988).
11. T. H. Tan, Phys. Rev. Lett. 23, 395 (1969); R. H. Dalitz,

Strange Particles and Strong Interactions (Oxford Univ.
Press, Oxford, 1962); A. E. Kudryavtsev, Pis’ma Zh.
Éksp. Teor. Fiz. 14, 137 (1971) [JETP Lett. 14, 91
(1971)].

12. R. H. Dalitz and A. Deloff, Nucl. Phys. A585, 303
(1995).

13. T. Nagae, et al., Phys. Rev. Lett. 80, 1605 (1998).
14. L. G. Tang, et al., Phys. Rev. C 38, 846 (1988).
15. J. M. Laget, Nucl. Phys. A497, 391 (1989).
16. G. van der Steenhoven et al., Nucl. Phys. A480, 547

(1988).
17. J. F. J. van den Brand et al., Phys. Rev. Lett. 60, 2006

(1988); J. M. Le Goff et al., Phys. Rev. C 50, 2278
(1994).

18. J. Mougey et al., Nucl. Phys. A262, 461 (1976).
19. R. E. Chrien et al., Phys. Rev. C 35, 1589 (1987).
20. V. M. Kolybasov, Preprint No. 42, Lebedev Institute of

Physics, Russian Academy of Sciences (Moscow, 1997);
Yad. Fiz. 62, 998 (1999) [Phys. At. Nucl. 62, 932
(1999)].

21. V. A. Goldshtein et al., Pis’ma Zh. Éksp. Teor. Fiz. 19,
695 (1974) [JETP Lett. 19, 358 (1974)]; E. L. Kuplenni-
kov et al., Yad. Fiz. 25, 1129 (1977) [Sov. J. Nucl. Phys.
25, 599 (1977)].
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000



  

Physics of Atomic Nuclei, Vol. 63, No. 3, 2000, pp. 431–439. Translated from Yadernaya Fizika, Vol. 63, No. 3, 2000, pp. 501–509.
Original Russian Text Copyright © 2000 by Gorbatov, Germanov, Nechaev, Komarov, Nikishov.

                                                                 

NUCLEI
Theory

                                             
Microscopic Description of the Reactions d + d  p + 3H
and d + d  n + 3He at Low Energies

A. M. Gorbatov, A. V. Germanov, D. V. Nechaev, P. V. Komarov, and P. Yu. Nikishov
Tver State University, ul. Zhelyabova 33, Tver, 170000 Russia

Received November 5, 1998; in final form, June 17, 1999

Abstract—A collective adiabatic approach is used to explore the total and differential cross sections for the
reactions d + d  p + 3H and d + d  n + 3He at incident-deuteron energies of up to 6 MeV. All substan-
tially contributing partial waves of order not higher than that of G waves are taken into account. The experi-
mental value of the difference of the cross sections for the above mirror reactions is reproduced theoretically
under the assumption that nuclear forces obey the condition of isotopic invariance. The positions and ampli-
tudes of the maxima in the calculated total cross sections virtually coincide with those of the corresponding
experimental values. It is shown that, around the maxima of the cross sections under study, dominant contribu-
tions to them come from the P wave. The sensitivity of observables to the parameters of nucleon–nucleon inter-
action is analyzed. © 2000 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Inelastic collisions of two deuterons are interesting
in that the experimental probability of n + 3He forma-
tion in such collisions differs considerably from the
probability of p + 3H formation in analogous collisions.
This leaves us on the horns of a dilemma as to whether
so pronounced a difference is due to the Coulomb
repulsion of protons exclusively or it results from vio-
lation of the isotopic invariance of nuclear forces. It is
obvious that only by means of a precise microscopic
calculation can we resolve this dilemma.

In this study, we use the dynamical equations of the
collective adiabatic approach [1–3], which describe
equally well problems of discrete and continuous spec-
tra [3–7]. An algorithm developed previously for
numerically solving these equations simplifies consid-
erably the task at hand, enabling us to focus primarily
on physical aspects of the problem.

Within the collective adiabatic approach, the fusion
of two deuterons was analyzed in [8], where the n + 3He
and p + 3H channels were combined into the unified N +
3N channel, where 3N is treated as a system of three
bound nucleons that is close either to 3H or to 3He. In
other words, the isospin T and its projection Tz were
considered as conserved quantum numbers. In order to
determine the difference of the cross sections between
the above mirror processes that is due to the Coulomb
interaction, we do not assume here isospin conser-
vation.

2. CHOICE OF THE POTENTIAL

As in any microscopic calculation, we run here into
an ambiguity in determining a phenomenological
nucleon–nucleon potential. Moreover, no version of
1063-7788/00/6303- $20.00 © 20431
realistic nucleon–nucleon interaction is able to describe
precisely both a two-nucleon problem and the proper-
ties of extremely light nuclei that appear to be the prod-
ucts of the reactions under consideration. The only way
out of this situation consists in abandoning attempts at
describing phase shifts for high-energy scattering in
favor of a less ambitious task of constructing a potential
that would reproduce the entire body of low-energy
data.

Thus, it is necessary to choose a nucleon–nucleon
potential that makes it possible to describe correctly the
following properties of nucleon–nucleon scattering:
(i) the triplet scattering length at; (ii) the triplet effec-
tive range rt; (iii) the singlet scattering length as; (iv) the
singlet effective range rs; (v) the deuteron binding
energy Ed; and (vi) the root-mean-square mass radius of
the deuteron, Rd . In addition, it is required that the 3H
and 3He binding energies,  and , also be repro-

duced.

This set of quantities can be closely approximated

with the central component  of the nucleon–nucleon
interaction alone. Moreover, we can use only the even

components  and  because the contribution of

the odd components  and  to the binding ener-
gies of extremely light nuclei is negligible. Following

[3], we represent here the radial components  as

(1)

The amplitudes  and radii  of the repulsive
and attractive Gaussian potentials are specified as fol-
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Table 1.  Calculated and experimental parameters of low-energy two-nucleon scattering and of extremely light nuclei in-
volved in the reaction under consideration

Parameters Calculation Measurement

Triplet scattering length at , fm 5.4122 5.41
Triplet effective range rt , fm 1.7475 1.75
Singlet scattering length as , fm –23.719 –23.719
Singlet effective range rs , fm 2.76 2.76
Deuteron binding energy Ed , MeV 2.2246 2.224579
Root-mean-square radius Rd of the deuteron, fm 1.9667 1.9627

Triton binding energy , MeV 6.5502 (0)
8.4822

8.491 (40)

Root-mean-square radius  of the triton, fm 1.6546 (0)
1.5556

1.814 (40)

Binding energy  of the 3He nucleus, MeV 5.7885 (0)
7.7184

7.730 (40)

Root-mean-square radius  of 3He nucleus, fm 1.682 (0) 
1.703

1.851 (40)

Note: The values of Kmax are indicated in parentheses.
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lows. First, we determine the amplitudes  by fitting

parameters of the two-body problem at fixed radii .

After that, the radii  are fitted to the binding ener-
gies of the 3H and 3He nuclei.

The binding energies of the extremely light nuclei
were calculated by the method of hyperspherical func-
tions, the fundamental harmonic and all the potential
harmonics being taken into account in this calculation.
Constructing the NN-interaction matrix in this physical
basis is a crucial point in the present approach. One
possible way of tackling the problem is to focus on ana-
lytic manipulations, but this would lead to a very cum-
bersome final result and to poorly controllable calcula-
tions. Choosing another way, we apply our experience
gained in complicated computations of nuclear reac-
tions to the case of bound states. Only the averaging of
relative quantities over spin–isospin variables do we
perform analytically in the proposed procedure, relying
on an evaluation of remaining configuration integrals
by the method of random walks on a hypersphere. A
detailed account of the new approach will be given
elsewhere.

Implemented on the basis of modern computing
facilities, the Monte Carlo method is as good as ana-
lytic approaches, ensuring accurate numerical results at
a comparatively small number N of random walks. For
example, the number of N = 50000 is sufficient for cal-
culating the properties of the 3He nucleus, even though
grand orbital values as high as K = 40 are operative
here.

The best fit of the calculated values to experimental

A1 2,
µτ

a1 2,
µτ

a1 2,
µτ
data (see Table 1) is achieved at the following values of
the parameters in the potential (1):

Here, the energies and distances are measured in so-
called nuclear energy units (NUE; 1 NUE ≈
20.738 MeV) and in fm, respectively. 

Although the results for the d, 3He, and 3H radii were
not fitted in determining the potential parameters, they
agree well with the experimental values.

To describe the fusion of two deuterons, the unified
pair nucleon–nucleon potential (1) will henceforth be
used for the entire four-nucleon system without invok-
ing additional free parameters, as should in fact be done
in a consistent microscopic approach. In the calcula-
tions, we will also employ a realistic nucleon–nucleon
interaction—specifically, its versions that provide the
best description of the internal states of reaction prod-
ucts. This will enable us to assess the sensitivity of
observables to the choice of nucleon–nucleon potential.

3. CONVENTIONAL METHOD
FOR CONSTRUCTING THE MAIN CHANNEL 

HARMONICS

As soon as the Coulomb interaction VCoul is taken
into account, the protons cease to be identical to the

A1
31 0.61127, A2

31 3.67,= =

a1
31 0.95, a2

31 1.5,= =

A1
13 10.3115,= A2

13 3.6463,=

a1
13 0.7, a2

13 1.5.= =
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neutrons. Despite this, we can still employ the isospin
formalism. It should only be borne in mind that VCoul
does not commute with squared-isospin operator T 2;
therefore, the isospin is not conserved in the reactions
being considered.

The simple form (1) that we chose for the interac-
tion admits the conservation of the orbital angular
momentum L and of the spin moment S separately.
Therefore, all collision processes in the problem being
considered are characterized by five conserved quan-
tum numbers: L, Lz, S, Sz, and Tz (isospin projection).

All the reaction channels that are taken into consid-
eration here are numbered in the order of increasing
energy thresholds Ei for these channels:

(i) p + 3H, E1 = –8.4822 MeV,

(ii) n + 3He, E2 = –7.7142 MeV,

(iii) d + d, E3 = –4.4492 MeV.

In the collective adiabatic approach, a specific func-
tion of the multidimensional angles Ω3A – 3 ≡ Ωρ that
depends on the hyperradius ρ as a parameter is associ-
ated with each channel. This function obeys the equa-
tion

(2)

where the operator  has the form

(3)

The eigenfunctions Ui ≡ Ui(ρ, Ω) and the eigenvalues
Ii = Ii(ρ) are referred to, respectively, as the channel
function and as the channel collective potential. These
are associated with a specific ith channel by consider-
ing their asymptotic behavior on a hypersphere of large
radius. As ρ  ∞, the collective potential Ii tends to
the energy threshold Öi of the ith channel, while Ui is
given by

(4)

Here, the operator  permutes particles belonging to
different fragments in accordance with the require-
ments of the Pauli exclusion principle, while the com-

ponent  describes the free motion of the fragments
in the space of angles. The superscripts on this compo-
nent represent the orbital angular momentum of rela-
tive motion, total internal angular momentum, and total
angular momentum of the entire system. An analytic
continuation of the expression on the right-hand side of
(4) to the region of finite ρ yields the so-called cluster

approximation , which was successfully used to
describe the fusion reaction d + 3H  n + α [3]. The
cluster approximation can be improved by supplement-
ing it with a series of hyperspherical harmonics. Prior

Q̂ Ii–( )Ui 0,=

Q̂

Q̂
1

ρ2
----- ∆3A 3––

1
4
--- 3A 6–( ) 3A 4–( )+ V̂ .+=

U
ρ ∞→i   Âρouti
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to this, however, the function  is subjected to a har-
monic analysis aimed at optimizing the way in which

the functional space orthogonal to  is to be extended
in precisely solving equation (2) in the region where the
fragments overlap.

In a harmonic analysis of , a key role is played

by the so-called main channel harmonic  that
appears to be an eigenfunction of the operator ∆3A – 3 of

multidimensional angles and which enters into 
with a maximum weight. Thus far, a particular form of

 has been established by directly selecting the
orbitals from the corresponding Slater determinant A ×
A. Now that the range of the problems being considered
has been expanded—and especially in connection with
a partial-wave analysis with allowance for higher angu-
lar momenta—it is impossible to dispense with the uni-
versal technique for constructing the main harmonics.

We represent the function  as a superposition of
its projections onto the subspace of harmonics with a
given value of K. For all channels that we know, this
expansion is dominated by the K = Kmin fundamental
harmonic. If this component is normalized to unity, we

obtain precisely the main harmonic . A specific
component is isolated by applying the projection oper-

ator  [9] as

(5)

According to [10], the kernel (Ωρ, ) of the inte-

gral operator  can be expressed in terms of the gen-
erating function as

(6)

Here,  is the differential operator

(7)

where A = 4, N = K + (3A – 3)/2, ν = (3A – 5)/2, and
ri = ri – R is the distance from the ith nucleon to the
center of mass R of the entire system.

In the expanded form, relation (5) reads

(8)

Ui
cl

Ui
cl

Ui
cl

Ui
main

Ui
cl

Ui
main

Ui
cl

Ui
main

ĈK
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ĈK
ν

CK
ν Ωρ Ωρ',( ) D̂K

ν iβ
ρ2
----- ri ri'⋅

i 1=

A

∑
 
 
 

.exp≡

D̂K
ν

D̂K
ν N 1–

2π 3A 3–( )/2
-----------------------≡

× 1–( )m2K 2m– Γ N 1– m–( )
m!Γ K 2m– 1+( )
----------------------------------------- ∂K 2m–

∂ iβ( )K 2m–
-----------------------,

m 0=

K /2

∑β 0→
lim

Ui K,
cl ρ Ω,( ) CK

ν Ωρ Ωρ',( )Ui
cl ρ Ωρ,( ) Ωρ.d∫=



434 GORBATOV et al.
In choosing the contour of integration in (8), we must

take into account the cluster structure of —that is,
we must go over from the vectors ri to cluster variables.

Let  be the number of particles in the aj cluster,

and let  be its center of mass. The position  of the

 nucleon belonging to the aj cluster is reckoned

from ,

(9)

and the vectors  are measured from the center of
mass R of entire system,

(10)

We refer precisely to the vectors { } and { } as

cluster variables. In terms of these variables, the expo-
nent in the generating function in (6) can be represented
in the form

(11)

where the prime means that summation is performed
only over structure fragments.

For binary channels, the first term on the right-hand
side of (11) has the simple form

(12)

where ξ is the distance between the fragments. We then
express the volume element in terms of the cluster vari-
ables as

(13)

where dΩout is the volume element of the multidimen-
sional angles Ωout in the space of the centers of mass
{ }, while  is the hyperradius of the internal
motion of the fragment aj. From the general expression
(13), we obtain the volume elements for the channels
under consideration:
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According to the expansion in (11), we break down
the generating function from (6) into factors and
expand each factor in relevant hyperspherical harmon-
ics as

(14)

(15)

×  

where  =  + (3  – 6)/2, Js(x) is a Bessel func-
tion, Ylm(n) stands for spherical harmonics, and

( ) is the hyperspherical harmonic for the

internal motion of the fragment aj.

The expansions in (14) and (15) and the expression
on the right-hand side of (4) are further substituted into
the integral in (8). We single out a polynomial in β of
degree not higher than Kmin (or Kmin + 2 in some cases

that occur in constructing the superposition of , i =
1, 2, 3). As a matter of fact, this polynomial is obtained
from lower terms in the expansion of the Bessel func-
tion appearing in (14) and (15). The results obtained by

further applying the differential operator  can be
derived easily. Numerous required integrals are calcu-
lated analytically with allowance for orthonormaliza-
tion in relevant spaces. As a result, we arrive at general
expressions for main harmonics. For sake of brevity, we
present here specific results only for the channels of our
interest.

In order to implement this program, we need some
preliminary information about these channels and,
above all, about the values of the orbital angular
momentum l that are allowed by the Pauli exclusion
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principle and about Kmin as a function of this orbital
angular momentum (see Table 2).

We emphasize that all the structure fragments from
Table 2 represent S-shell nuclei. To a high accuracy, the
internal functions of these systems are reproduced by

the harmonics ( ) of minimum possible degree

 = 0. For this reason, we restrict our consideration
to this basic approximation, where the internal angular
momentum j coincides with the total spin S of the sys-
tem.

The eventual expressions for the main harmonics
are given by

(16)

(17)

They possess definite values of the orbital angular
momentum (l) and of the spin moment (S). For the
potential (1), the calculated observables are indepen-
dent of the result of composition of l and S into the total
angular momentum J; the expressions in (16) and (17)

for  correspond to J = l + S. Because the processes
under consideration are characterized by the isospin-
projection value of Tz = 0, the quantum number of the
isospin projection is indicated explicitly nowhere. The
factor Fi(S) in (16) and (17) is the spin–isospin compo-

nent of the function  having the quantum numbers
Sz = S and Tz = 0. Specifically, we have

(18)

(19)

Following [4, 7], we represent here the Slater determi-
nant in the form of a column that involves the spin–
isospin orbitals ||µτ||. Recall that, as usual, a horizontal
line denotes the partition into clusters within which
orbitals are permuted. The spin–isospin function F2(S)
of the second channel is obtained from F1(S) by merely
reversing the sign of the isospin τ. The functions F1(S)
and F2(S) are superpositions of the T = 0 and T = 1
states with identical weights.
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main Âρout

µi 1
l 9/2+( )
l 3/2+( )

---------------------
ρout

ρ
-------- 

 –
 
 
 

Yll
x
ξ
--- 

  Fi S( ),=

for K l 2.+=

Ui
main

Ui
main

F1 0( ) 1

12π3
-----------

++
–+
-------

+–

––

 – 

–+
++
-------

+–

–– 
 
 
 
 

,=

F1 1( ) 1

6π3
--------

++
++
-------

+–

––

.=
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
The spin of the system consisting of two deuterons
can take the values of S = 0, 1, and 2 (only elastic scat-
tering is possible at S = 2). Therefore, the set of the fac-
tors F3(S) is somewhat wider:

(20)

It is assumed that the main harmonics  are always
normalized to unity—that is, formulas (16) and (17)
involve a normalization factor that is omitted here to
avoid encumbering the presentation.

In order to evaluate the contribution of  to the
normalization integral, we will need explicit expres-
sions for the cluster channel functions. They are close
in structure to their main harmonics, but the former also
carry information about the hyperradial motion of the
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Table 2.  Possible values of the quantum numbers in various
binary channels
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d + d 1 Odd l

d + d 2 Even l, for l > 0
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fragments. For i = 1, 2, we have

(21)

where  is the hyperradial function of the tritium
fragment (i = 1, a = 3H) or of 3He (i = 2, a = 3He).
Denoting by d1 and d2 two identical fragments of the
third channel and by ϕ(ρd) the function describing the
hyperradial motion of the deuteron (the deuteron

hyperradius is  = 1/2r2, where r is the distance
between the deuteron nucleons), we obtain

(22)

Further, we assume that  is normalized by the con-
dition

(23)

(Hereafter, the symbol 〈…|…〉 denotes integration with
respect to Ωρ and averaging over spin–isospin variables
of all nucleons.) In the case of this normalization, an

excess of the overlap integral 〈 | 〉 over unity

directly demonstrates the weight with which 

enters into .
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In order to analyze these overlap integrals, which
are shown by the dashed curves in Fig. 1, we indicate
the critical values ρcr at which the collective form of
motion gives way to a cluster form. We make use of the
well-known representation of the hyperradius in the
form

(24)

Averaging this equality over the states  and taking

into account the relation  = Aj , where  is the

root-mean-square radius of the fragment aj, we obtain

(25)

It can be seen from Fig. 1 that, in the case of the S wave
(l = 0), all three channels have a common main har-

monic and that  ~  in the region ρ ≤ ρcr.

For higher partial waves (l > 0), we similarly have

 ~  in the region ρ ≤ ρcr, but the difference
between the main harmonics of different channels
becomes ever more pronounced with increasing l.

4. VARIATIONAL SEARCH
FOR CHANNEL FUNCTIONS

In [4], a solution to equation (2) was sought in the

form of a superposition of . In the more recent study
[3], a series of hyperspherical harmonics was added to
this superposition but the results for the calculated
observables were found to be virtually unchanged.
Bearing in mind this conclusion, we represent the
sought channel function Ui(ρ, Ωρ) in the form

(26)

The coefficients Cij(ρ) are determined by minimizing
the functional

(27)

The procedure of minimization was described in detail
elsewhere [3]; for this reason, we present here only the
final result for the case of the S wave (l = 0, S = 0). The
resulting coefficients Cij(ρ) ensure orthogonality of dif-
ferent channels; that is, we have

(28)

ρ2 Aa1
Aa2

A
---------------ζ2 ρa1

2 ρa2

2 .+ +=

Ui
cl

ρa j

2 Ra j

2 Ra j

ρcr

15
4
------R

H
3 3.02 fm, p H    channel 

3
 +  ≅  

15
4
------

 

R

 

He

 

3

 

3.3

 

 fm

 

,

 

n

 

He    channel 
3  +  ≅  

8

 

R

 

d

 

5.6

 

 fm

 

,

 

d d     channel .+  ≅  

=

Ui
cl Ui

main

Ui
cl Ui

main

Ui
cl

Ui ρ Ω,( ) Cij ρ( )Ui
cl ρ( )/ Ui

cl Ui
cl〈 | 〉 .

j 1=

3

∑=

Φ
Ui Q̂ U j〈 〉
Ui U j〈 | 〉

-------------------------.=

Ui U j〈 | 〉 0, i j.≠=
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000



MICROSCOPIC DESCRIPTION OF THE REACTIONS 437
Considering that, in the coefficients Cij(ρ), a constant
factor remains free, we choose it in such a way that the
diagonal coefficients Cii(ρ) are equal to unity for all ρ:

(29)

This means that the normalization condition 〈Ui|Ui〉 = 1
is satisfied only in the asymptotic limit ρ  ∞, where
Cij(ρ) = δij. Owing to this, condition (29) makes it pos-
sible to evaluate quickly the interference of the cluster

functions  for finite ρ values. That the coefficients
Cij(ρ), which are presented in Fig. 2, decrease rather

slowly indicates that the cluster functions  continue
to interfere far from the region where the collective
motion occurs (ρ > ρcr).

Let us return to discussing data in Fig. 1. The solid
curves represent the overlap integrals

〈Ui|Ui〉 /〈 |Ui〉2, i = 1, 2, 3. The behavior of these
curves differs considerably from the behavior of the

dashed curves. Whereas the three functions  in the
S-wave state have a common main harmonic of power
Kmin = 0, the true channel functions (26) do not possess

this property—the main harmonics of  do not gen-
erally coincide with the main harmonics of superposi-
tion (26).

The importance of the data in Fig. 1 becomes obvi-
ous when we notice that the character of the solid
curves allows us to draw some conclusions about the
behavior of the total cross section prior to calculating it.
Indeed, the orthogonality of the main harmonics Ui(ρ,
Ωρ) indicates that they differ considerably in the space
of multidimensional angles Ωρ. It is well known that the
intensity of inelastic processes is determined exclu-
sively by the overlap integrals of the partial derivatives
of these functions with respect to hyperradius,

, where m + n ≤ 2. In the case where

the main harmonics are different, these overlap inte-
grals will obviously be small, and, accordingly, so will
the integrated cross section. The analysis of the fusion
reaction d + 3H  n + α from [3] revealed that the
main harmonics of the d + 3H and n + α channels coin-
cide. As a result, the total cross section has a pro-
nounced resonance with a large peak amplitude of
about 5 b. On the basis of the data in Fig. 1, nothing
similar should be expected in the total cross section for
the fusion of two deuterons.

Figure 3 shows the collective potentials Ii(ρ),
strength channel features that correspond to the coeffi-
cients Cij displayed in Fig. 2. Only the collective poten-
tial I1 has the shape of a potential well, the remaining
two potentials (I2 and I3) being monotonically decreas-
ing functions over the entire region of the variable ρ.
This behavior is fully consistent with the above har-
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monic analysis of Ui(ρ, Ωρ), reflecting the powers of the
main harmonics (K = 0 for the first channel and K > 0
for the second and the third channel).

5. FORMULAS FOR CALCULATING
CROSS SECTIONS

In the collective adiabatic approach, the wave func-
tion is expanded in a series in terms of the eigenfunc-

tions of the operator  [see equation (3)]:

(30)

The hyperradial expansion coefficients Φi(ρ) satisfy the
set of differential equations
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The real symmetric K matrix [4] and the corresponding
unitary symmetric S matrix are determined by studying
the asymptotic behavior of Φi(ρ) for ρ  ∞.

In expressing the cross sections for the relevant pro-
cesses in terms of the S matrix, it is necessary to con-
sider that identical particles collide in the input chan-
nel. As is well known, this leads to an additional factor

of  in the expression for the amplitude whose parity
coincides with the parity of the total spin S of the sys-
tem of colliding deuterons. According to the numbering
of the channels, the fusion processes are denoted sym-

bolically as 3  1 and 3  2. The amplitudes 
of these processes are related to the S-matrix elements

2

f i j→
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Fig. 4. Total cross section for the reaction d + d  n +
3He versus the incident-deuteron energy Ed (two upper
curves) and the contributions of various partial waves
(curves S, P, D, F, and G). Solid and dashed curves were cal-
culated with the potential (1) and with the potential (42)
from [3], respectively. Experimental data were borrowed
from [11, 12].
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Fig. 5. Differential cross sections for the reactions (curve 1)
d + d  p + 3H and (curve 2) d + d  n + 3He at Ed =
50 keV. Experimental data were borrowed from [13].
 by the equation

(32)

where k is the wave vector of the relative motion of the
two deuterons involved, δl(i) is the Coulomb phase shift
in the ith channel, and Pl(cosθ) is a Legendre polyno-
mial. The primed sum is taken over l values whose par-
ity coincides with the parity of S. We emphasize that
δl(2) = 0 in the case under consideration. The differen-
tial cross section for unpolarized deuterons is expressed
in terms of the amplitude in (32) as

(33)

As usual, the nuclear component of the cross section for
a low-energy collision of charged particles can be con-
veniently represented in terms of the so-called astro-
physical S factor defined as the ratio of the cross section
to the quantity e–2πη/E, where η is the Coulomb param-
eter, a quantity that specifies the energy dependence of
the Coulomb cross section for low collision energies E.
Thus, the S factor is given by

(34)

where σ3 → j is the total cross section for the processes
d + d  p + 3H and d + d  n + 3He. In the case
under consideration, this yields

(35)

6. NUMERICAL RESULTS AND DISCUSSION
We first compare the calculated total cross section

σ3 → j with experimental data in order to test the viabil-
ity of the computational scheme used. There were sev-
eral experiments that measured the total cross section
for the reaction d + d  n + 3He and which produced
consistent data. The results of our calculations are rep-
resented by the two upper curves in Fig. 4, which repro-
duce qualitatively the behavior of the experimental
cross sections over a wide energy range, the calculated
position and amplitude of the cross-section maximum
being virtually coincident with corresponding experi-
mental values. It is interesting to establish the hierarchy
of the contributions to the total cross section from var-
ious partial waves. It can be seen that the main contri-
bution to the cross section σ3 → j comes from the P
wave. The reason why the S-wave contribution is sup-
pressed was revealed via the above harmonic analysis
(see Fig. 1). We now consider the difference of the cross
sections between the reactions d + d  p + 3H and d +
d  n + 3He. A comparison of the calculated and
measured cross sections shows their good agreement at
all values of the collision energy and all values of the
scattering angle. By way of illustration, Fig. 5 shows
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the differential cross sections for the two reactions
under consideration at the incident deuteron energy of
Ed = 50 keV. Thus, data on the fusion of two deuterons
are compatible with the assumption of isotopic invari-
ance of nuclear forces.

The trend of the calculated total cross section
toward overestimating the experimental values at low
energies is of particular interest for astrophysical pro-
cesses. In the region Ed < 60 keV, the experimental S
factor is a slowly decreasing function tending to a value
of about 55 keV b for Ed < 0. The calculated S factor
qualitatively reproduces this behavior, but its value is
twice as large as that determined experimentally [14].
In order to clarify the reasons behind so pronounced a
distinction, we considered a different version of
nucleon–nucleon interaction, that which is given by
equation (42) from [3] and which describes well exper-
imental data on the discrete and continuous spectra of
the five-nucleon system within the same collective adi-
abatic approach. This potential fails to reproduce data
on low-energy NN scattering, but it describes correctly
the internal states of the fragments. A calculation of the
S factor with this potential changed next to nothing, but
the relevant total cross section somewhat increased
(Fig. 4, upper dashed curve). This indicates that the dis-
crepancy between the calculated and experimental

σ, b

0.12

0.08

0.04

0 1 2 3 4 5 6
Ed, MeV

SSCB

GPT

Fig. 6. As in Fig. 4, but for the realistic nucleon–nucleon
potentials GPT [15] and SSCB [16].
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results at low energies is caused by the inadequacy of
the cluster approximation (26), which should be
improved by adding a hyperspherical series (see
above). This is also confirmed by the curves in Fig. 6
that were obtained with realistic nucleon–nucleon
forces. At the same time, we cannot rule out the possi-
bility that, at low energies, experimental data require
refinement.
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Abstract—Transverse-momentum distributions of light spectator fragments are analyzed by representing them
as superpositions of contributions from various interaction mechanisms. The temperatures and the collective
transverse momenta of light projectile fragments formed in Ne + Em and Si + Em interactions at momenta of
4.1–4.5 GeV/c per projectile nucleon are estimated under the assumption that these spectators are compressed
as the participant projectile nucleons traverse the target nucleus. This analysis reveals the important role of
sound waves in the transfer of collective momenta to spectator fragments. © 2000 MAIK “Nauka/Interperiod-
ica”.
1. INTRODUCTION

Investigation into processes occurring in participant
and spectator parts of interacting nuclei and, in partic-
ular, into the interplay of such processes, which is due
to a central character of interactions, is an important
problem in establishing the mechanism of nucleus–
nucleus interactions.

Photoemulsion experiments, which ensure a full 4π
angular coverage and which make it possible to deter-
mine the charges of projectile fragments and identify
particles, according to the commonly accepted classifi-
cation, as b, g, and s particles [1] nearly without any
threshold, can contribute significantly to resolving
these problems. The intervals of momenta for particles
classified as nonrelativistic b and g particles (with the
exception of target fragments with charges Z ≥ 3) are
listed in Table 1.

In contrast to models that rely on the cascade–evap-
oration mechanism and which attribute fragment for-
mation to the evaporation of the residual nucleus,
hydrodynamic models [2] and microscopic dynamical
models [3], which describe collective effects in nuclei,
pay virtually no attention to the existence of spectator
fragments in the nuclei involved. A comparison of
experimental data coming from photoemulsion experi-
ments at ultrarelativistic energies with the results of
model calculations reveals that model descriptions usu-
ally oversimplify the production of nonrelativistic par-
ticles [4].

From photoemulsion data, it follows that, in colli-
sions characterized by high multiplicities—and it is
precisely these collisions that are analyzed in studying
collective effects—the growth of the number of relativ-
istic s particles is accompanied by the growth of the
multiplicity of b and g particles [5, 6]. Here, it is neces-
sary to consider that, according to investigations of the
1063-7788/00/6303- $20.00 © 20440
angular distributions within the above individual
classes of particles, the coefficient of azimuthal asym-
metry for b and g particles in the azimuthal plane is
much greater than the corresponding coefficient for s
particles [7].

In an alternative pattern of collective nuclear interac-
tions that was proposed by Baumgardt et al. [8], the
transfer of collective momenta to particles occurs owing
to the compression of spectators in nucleus–nucleus col-
lisions; it is important here that these collective momenta
are carried predominantly by spectator fragments.

According to [8], the zone of a head shock is formed
in the interaction of light projectile nuclei with heavy
target nuclei; as this zone propagates in the target
nucleus, cold nuclear matter of the spectator is pushed
sideways, forming a Mach shock wave, which prompts
the transfer of collective momenta to spectator frag-
ments. This effect was studied in [8] by analyzing the
angular distributions of the alpha-particle fragments of
Ag and Cl target nuclei. The density of the compressed
cold matter of the spectator, ρ, was estimated there at
ρ ~ 3.5ρN, where ρN is the normal nuclear density.

In more recent experiments performed with photo-
emulsions, which contain light nuclei as well, the angu-
lar distributions of b particles proved to be more com-
plicated [5, 9].

Table 1

Particle
Momentum, MeV/c

b particles g particles

Alpha-particle fragment 0–900 >900

Proton 0–224 224–900

Pion 0–58.1 58.1–140
000 MAIK “Nauka/Interperiodica”
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Within the above pattern, we have studied manifes-
tations of collective momenta in the transverse-
momentum distributions of light projectile fragments
and connections between the fine structure of such dis-
tributions and the formation of compressed cold
nuclear matter featuring components of different densi-
ties. With this aim in view, we have analyzed experi-
mental data on the transverse-momentum distributions
of protonic and alpha-particle projectile fragments
formed in Ne + Em and Si + Em interactions. A detailed
description of the experiments that furnished these data
can be found in [7, 10].

2. TRANSVERSE-MOMENTUM DISTRIBUTIONS 
OF LIGHT PROJECTILE FRAGMENTS

The transverse-momentum distributions of alpha-
particle projectile fragments from photoemulsion
experiments are complicated by the presence of tails at
high transverse momenta. Usually, such distributions
are fitted to a superposition of two Rayleigh distribu-
tions (distribution of a two-component quantity whose
components obey Gaussian distributions with identical
variances); that is,

(1)

where  and  are the variances of these distribu-
tions, while a measures the weight of the second term.

In model descriptions of the transverse-momentum
distributions of alpha-particle fragments, the tempera-
tures of the sources of fast α-particle fragments are overly
high for fragmentation processes both in the case of two
particle sources at rest [11] and in the case of two [12] (or
more [13]) systems moving at different velocities.

The existence of two partial transverse-momentum
distributions of the fragments may be due to the contri-
butions of two mechanisms of nucleus–nucleus interac-
tions, the cascade–evaporation mechanism and the
mechanism of collective interactions, which results in
the transfer of collective momenta to the fragments.

In accordance with this, we consider two particle
sources such that they have identical temperatures T
and isotropic angular distributions in the azimuthal
plane, the transverse-momentum distribution of parti-
cles within either source being of a Rayleigh form.
Upon the transfer of a transverse collective momentum

 to the fragments, their transverse-momentum dis-
tribution assumes the form

(2)
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where quantities labeled with an asterisk are specified
in the rest frame of the particle source, ϕ* and
J( , ϕ*/ , pt) being, respectively, the azimuthal
angle and the Jacobian for the relevant transformation.

It can be shown easily that, at a fixed value of ,
the transverse-momentum distribution of the fragments
has the form

(3)

where I0  is a Bessel function of an imaginary

argument, and  is the variance of the transverse-
momentum distribution of the fragments in the source
rest frame.

If the transfer of the collective transverse momen-

tum, , obeys a Rayleigh distribution with a variance

, the transverse-momentum distribution of the

fragments is also of a Rayleigh form, its variance being

 =  + , where  = mT (m is the fragment

mass). In this case, the most probable value of the col-

lective transverse momentum, ( )m, must be equal to

.

The transverse-momentum distribution of alpha-
particle fragments originating from nucleus–nucleus
collisions then appears to be a superposition of two

Rayleigh distributions (1) with the variances  and .

We have analyzed the transverse-momentum distri-
butions of alpha-particle fragments from Ne + Em and
Si + Em interactions and the transverse-momentum dis-
tributions of spectator protons from Ne + Em interac-
tions. Data from [10] on the transverse-momentum dis-
tributions of spectator protons that were identified by
studying multiple Coulomb scattering along the tracks
of singly charged fragments within the fragmentation
cone are unique.

The numbers of fragments, the values of the param-

eters T and  (or ), and the relative contribution

a of the collective-interaction mechanism were deter-
mined by fitting a superposition of two Rayleigh forms
to the experimental transverse-momentum distributions
of alpha-particle and protonic fragments. The results
obtained in this way are listed in Table 2, along with the
computed values of the collective momentum pcoll.
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Table 2

Interaction type Number
of fragments, N

Temperature, 
T, MeV

Contribution of collective 
interactions, a , MeV/c

Collective momen-
tum of fragments, 

pcoll, MeV/c

Ne + Em  pf + X 4275 7.86 ± 0.64 0.45 ± 0.06 136 ± 6.4 151.4 ± 6.9

Ne + Em  αf + X 3465 5.62 ± 0.40 0.29 ± 0.05 273 ± 29 302 ± 14

Si + Em  αf + X 1939 7.14 ± 2.9 0.27 ± 0.01 317 ± 58 302 ± 14

pt
coll( )m
In Fig. 1, the transverse-momentum distributions of
alpha-particle fragments from Ne + Em and Si + Em
events generated according to the cascade–evaporation
model are contrasted against the Rayleigh distributions
at the values of the temperature T from Table 2. The
agreement between the former and the latter confirms
the assumption that the first Rayleigh distribution in (1)
is associated with the cascade–evaporation mechanism.

In Fig. 2, the transverse-momentum distributions of
(‡) protons and (b) alpha-particle fragments from Ne +
Em collisions and (c) alpha-particle fragments from
Si + Em collisions are contrasted against the results of
fitting in terms of two Rayleigh distributions. The
dashed curves represent the contributions of the indi-
vidual interaction mechanisms. According to the data
in Fig. 2, the protons with transverse momenta in the
range pt = 250–500 MeV/Ò and the alpha-particle frag-
ments with transverse momenta in the range pt = 500–
800 MeV/c can be produced only via the mechanism of
collective interactions.

According to [14], the speed c0 of the first sound in
normal, cold nuclear matter is given by

(4)

where K is the compressibility modulus.
In sound waves, the values of c0 are close to the root-

mean-square velocity 〈 〉1/2 of the thermal motion of
fragments [15]. The values of c0 as calculated at the

c0 1/3( ) K /m,=

v T
2

Table 3

Interaction type
Thermal velocity

of fragments, 
Speed

of sound, c0

Ne + Em  pf + X 0.158 ± 0.007 0.161 ± 0.015
Si + Em  αf + X 0.067 ± 0.002 0.081 ± 0.007
Si + Em  αf + X 0.076 ± 0.004 0.081 ± 0.007

v T
2〈 〉

1/2

Table 4

Interac-
tion type

Nα /Np

experimental data cascade–evaporation model

Ne + Em 0.521 ± 0.011 0.118 ± 0.007

Si + Em 0.429 ± 0.012 0.110 ± 0.002
compressibility modulus of K = 220 ± 20 MeV
obtained from an analysis of data on giant monopole
resonances [16] are given in Table 3, along with the val-

ues of 〈 〉1/2 = . It can be seen that these
velocities are nearly identical. The proximity of collec-
tive fragment velocities to the speed of sound is also
manifested in a comparison of collective fragment
momenta pcoll = mc0 with the results that the fitting to
data yields for the most probable values of the projec-
tions of collective fragment momenta onto the azi-

muthal plane, ( )m. The predicted fragment-mass
dependence of collective momenta is also confirmed
(see Table 1).

That the absolute values of the velocities of protonic
and alpha-particle fragments are close to the corre-
sponding speeds of the first sound in cold nuclear mat-
ter suggests that, in noncentral interactions of asym-
metric nuclei—this is precisely the case that is under
analysis here—there arise conditions for the formation
of sound waves in the spectator part of the projectile
nucleus.

3. SPECIAL FEATURES OF DISSOCIATION
OF PROJECTILE SPECTATORS AND FORMATION 

OF COMPRESSED COLD MATTER
IN COLLECTIVE INTERACTIONS OF NUCLEI

That spectator fragmentation cannot be described
completely on the basis of the cascade–evaporation
model (there must exist a mechanism that results in the
copious production of alpha-particle fragments) is
illustrated by the data from Table 4, where the relative
numbers of the alpha-particle and protonic spectator
fragments of projectile nuclei in live events are con-
trasted against the corresponding values in events gen-
erated according to the cascade–evaporation model.

The most probable channels of the dissociation of
spectators from Ne and Si projectile nuclei [17, 18]—
these channels were selected according to the criterion
ni/〈n〉  ≥ 1.5, where ni is the number of events where
these spectators dissociate through the ith channel,
while 〈n〉  is the number of events per dissociation chan-
nel—are presented in Table 5 versus the total charge of
projectile fragments (Q).

From this table, it can be seen that events involving
a heavy fragment, which are usually associated with the

v T
2

3T /m

pt
coll
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Fig. 1. Transverse-momentum distributions of alpha-particle fragments from (a) Ne + Em and (b) Si + Em interactions generated
according to the cascade–evaporation model. The curves represent Rayleigh distributions at the temperature values from Table 2.
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Fig. 2. Transverse-momentum distributions of spectator
fragments of projectile nuclei: (a) distribution of protons
from Ne + Em collisions, (b) distribution of alpha-particle
fragments from Ne + Em collisions, and (c) distribution of
alpha-particle fragments from Si + Em collisions. Dashed
curves represent the contributions of the individual mecha-
nisms (long and short dashes correspond, respectively, to
the cascade–evaporation and collective-interaction mecha-
nisms), while solid curves show their sums.
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cascade–evaporation mechanism, emerge predomi-
nantly from peripheral interactions at large Q values.
As the impact parameter is reduced, the number of
events where only light fragments appear to be dissoci-
ation products grows. At identical values Q, an increase
in the number of interacting nucleons leads to the
growth of the multiplicity of light fragments owing to
the dissociation of alpha-particle fragments into nucle-
ons. This suggests that processes occurring in specta-
tors depend on the number of interacting nucleons.

The spectators are compressed not only because of
the effect of a greater number of interacting projectile
nucleons but also because of the expansion of the par-
ticipant part of the projectile moderated down to stop-
ping in the target nucleus. The probability of the latter
process is expected to be sizable even at ultrarelativistic
energies. This is due to a large fraction of the stoppings
of projectiles in heavy nuclei (according to data pre-
sented in [19], this fraction is about 8.5% in the inter-
actions of Si nuclei with heavy targets at a projectile
momentum of 200 GeV/Ò per projectile nucleon).
Within the pattern being considered, the spectator and
participant parts of nuclei are interrelated even in this
process because of finite dimensions of nuclei.

That the spectator density may undergo jumplike
changes is suggested by the data from [20] on the trans-
verse-momentum distribution of alpha-particle frag-
ments formed in Au + Em interactions at a momentum
of 10.6 GeV/Ò per projectile nucleon. These data were
found there to be adequately fitted, at high transverse
momenta, to a superposition of two Rayleigh distribu-
tions with σ1 = 606 ± 84 MeV/c and σ2 = 1620 ±
828 MeV/Ò.

It is of crucial importance to obtain strongly com-
pressed cold nuclear matter in order to observe, under
laboratory conditions, a phase transition from hadronic
matter to cold quark–gluon plasma (this phase transi-
tion is expected to occur at densities ρ ≥ 3–5ρN).
0
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Table 5.  Most probable channels of dissociation of Ne and Si spectators

Q
Dissociation channel

28Si + Em 22Ne + Em

14 p + Al 2p + C p + α + B α + C
3.33 ± 0.63 2.84 ± 0.59 1.98 ± 0.49 1.73 ± 0.46

13 p + C 2p + B
3.58 ± 0.66 2.59 ± 0.56

12 2p + α + O p + α + Be 2p + Ne p + B 3p + Be 2p + 2α + C
3.09 ± 0.61 2.59 ± 0.56 2.47 ± 0.55 2.22 ± 0.52 1.98 ± 0.49 1.73 ± 0.46

11 3p + 4α 5p + 3α p + Ne p + p + F 2p + α + N
2.22 ± 0.52 2.22 ± 0.52 2.10 ± 0.50 1.98 ± 0.49 1.85 ± 0.47

10 4p + 3α 6p + 2α α + O α + p + N p + F
3.21 ± 0.62 1.73 ± 0.46 4.21 ± 0.40 2.19 ± 0.29 2.06 ± 0.28

9 3p + 3α 5p + 2α α + N p + O p + α + C
2.72 ± 0.57 2.72 ± 0.57 2.57 ± 0.31 2.19 ± 0.29 1.93 ± 1.27

8 4p + 2α 2p + 3α 6p + α 2p + 3α α + C
4.07 ± 0.70 2.59 ± 0.56 1.85 ± 0.47 1.99 ± 0.28 1.74 ± 0.26

7 3p + 2α 5p + α p + 3α p + 3α 3p + 2α
4.57 ± 0.74 2.84 ± 0.59 1.60 ± 0.44 2.44 ± 0.31 2.44 ± 0.31

6 4p + α 2p + 2α 6p 2p + 2α 4p + α
4.69 ± 0.75 2.96 ± 0.60 1.85 ± 0.47 3.28 ± 0.36 2.12 ± 0.29

5 3p + α 5p 3p + α p + 2α
3.83 ± 0.68 2.96 ± 0.60 3.38 ± 0.36 2.80 ± 0.33

4 4p 2p + α 2p + α 2α
6.30 ± 0.87 5.18 ± 0.79 4.34 ± 0.41 1.61 ± 0.25
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Abstract—A large correlation of production and decay planes of the π–π+π– system in dissociation of a 40-GeV/c
π– beam on nuclear targets was observed. The dependence of the correlation on atomic number, Feynman vari-
able, and transversal momentum, as well as on invariant mass of the pion triple and neutral pion pair, was inves-
tigated. It was shown that the phenomenon has a clear dynamical origin and resembles the single-spin asym-
metry behavior. © 2000 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The measurement of polarization at high energies is
a complicated problem since the observation of a spin
or total angular momentum projection is a nondirect
one as a rule and explore features such as angular dis-
tribution in secondary scattering or in decay process.
For a strong interaction process, parity and Lorentz
invariance require that at least three momenta of parti-
cles (either spinless or spin-averaged) in a final state be
measured.

Some years ago, the concept of handedness was
introduced1) as a measure of polarization of parent par-
tons (or decaying hadrons) [1]. It was defined as an
asymmetry of a process probability W with respect to a
spatial component of an axial 4-vector nµ ∝
eµνσρ , where kρ is the 4-momentum of particle

(or a system) in question (k = k1 + k2 + k3 + …), with
respect to some direction i (ni = n · i)

(1)

which was shown to be proportional to polarization Pi
of the system (at least for spin 1/2 and spin 1), provided
the analyzing power α is not zero. The direction i could
be chosen as longitudinal (L) with respect to the
momentum k or as transversal ones (T1 or T2).

In the previous publication [5], the attention was
drawn to the fact that in diffractive production of pion
triples [6]

(2)

by a 40-GeV/c π– beam from a nucleus A, a noticeable
asymmetry with respect to the triple production plane

k1
ν
k2

σ
k

ρ

Hi

W ni 0>( ) W ni 0<( )–
W ni 0>( ) W ni 0<( )+
------------------------------------------------------ α iPi,= =

π–
A π–π+π–( ) A++

* This article was submitted by the authors in English.
1) In fact, an idea similar to the handedness was earlier proposed in

works [2]. Its application to certain heavy quark decay was stud-
ied in [3]. A similar technique was also studied in [4].
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(transversal handedness HT1) was observed. This paper
is devoted to further experimental investigation of this
phenomenon. It includes new information on the depen-
dence of the transversal handedness on the variables:

(i) atomic number of the target;

(ii) transversal momenta of the pion triple;

(iii) Feynman variable xF of the leading π–;

(iv) invariant mass of the triple;

(v) invariant mass of neutral pairs π+π–.

Also the statistics were considerably increased.

2. DEFINITIONS AND NOTATION

For reaction (2), let us define the normal to the plane

of production of a secondary pion triple ( )

(3)

where vb = kb/eb and v3π = k3π/e3π are velocities of the
initial π– beam and the center of mass of the triple in
laboratory frame, and indices f and s label fast and slow
π–’s. The normal to the “decay plane” of the triple in its
center of mass is defined as

(4)

where  or v+ are velocities of the fast (slow) π– or π+.

The transversal handedness according to (1) is2) 

(5)

Two other components of the handedness connected
with n · v3π and n · (v3π × N) are forbidden by the parity
conservation in the strong interaction.

2)It is easy to show that this quantity is in fact Lorentz invariant.

πf
–π+πs

–

N v3π vb,×=

n v f
– v+

–( ) vs
– v+

–( ),×=

v f s( )
–

HT1
W N n⋅ 0>( ) W N n⋅ 0<( )–
W N n⋅ 0>( ) W N n⋅ 0<( )+
---------------------------------------------------------------------.=
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3. EXPERIMENTAL RESULTS AND DISCUSSION

In this work the experimental material of the Bolo-
gna–Dubna–Milan collaboration for diffraction pro-
duction of 40 GeV/c π– into three pions was used. The
details of the experiment were presented in the works
[6]. Notice here that the admixture of nondiffractive
events in the used set of experimental data was less than
1%.

The transversal handedness (5) was measured for a
wide sample of nuclear targets: 9Be, 12C, 28Si, 48Ti,
63Cu, 107Ag, 181Ta, and 207Pb. The total number of
selected events of pion triples with leading π– was
about 250000.

The dependence of HT1 on the atomic number A is
presented in Fig. 1. One can see that the handedness
systematically decreases with increasing A, which
resembles a depolarization effect due to multiple scat-
tering. That the effect magnitude decreases approxi-
mately in inverse proportion to the radius of the nucleus
is an argument in support of this.
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Fig. 1. The A dependence of the handedness.
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Fig. 2. The handedness dependence on xF of the leading π–.
The value of the asymmetry (5) averaged over all
nuclei is

(6)

Statistically, this is highly reliable verification of the
existence of correlation of the triple production and
decay planes in process (2).

The values of two other asymmetries with respect to
correlations n · v3π and n · (v3π × N) were found to be
comparable to zero from the same statistical material:
HL = (0.25 ± 0.21)% and HT2 = (0.43 ± 0.21)%, respec-
tively. This is by no means surprising since they are for-
bidden by the parity conservation in process (2). Also,
they show the order of magnitude of systematic errors.

A natural question is to what extent the effect
observed is due to the kinematics or apparatus influ-
ence, in particular, due to acceptance of the experimen-
tal setup where the events have been registered. For this
aim, the Monte Carlo events of reaction (2) were gen-
erated with a constant mass spectrum of the 3π system
in the interval 0.6–2.5 GeV/c2 and zero outside and
with the exponential decrease of the cross section in t ' =
t – tmin with the slope (for beryllium) 40 (GeV/c)–2

found experimentally. These events were traced
through the apparatus simulation with the same trigger
conditions as in [6] and the same selection of events
and show no transversal handedness HT1,

(7)

For two other asymmetries, forbidden by the parity
conservation, the result was (0.00 ± 0.28)% and (–0.14 ±
0.28)%, respectively. Thus, the effect (6) cannot be
explained by the kinematics or apparatus influence.

To understand the nature of the effect observed, the
dependence of the handedness (5) on the Feynman vari-
able xF = kf/kb of the leading π–, on the invariant mass of
the triple m3π and its neutral subsystem , and on the

triple transversal momentum kT was studied. From Fig. 2,
one can see that the handedness (5) increases with xF,
which resembles the behavior of the single-spin asymme-
try (e.g., the pion asymmetry or the Λ polarization [7]).

The dependence of HT1 on the triple invariant mass
(Fig. 3a) is especially interesting. It clearly indicates
two different sources of HT1 with comparable contribu-
tions: a resonance and nonresonance one. The reso-
nance contribution is clearly seen at the mass of
a1(1260) and π2(1670) region and by all means is due
to a nonzero polarization of the resonances. The non-
resonance background could also be polarized, pro-
vided that the 3π system is predominantly in a state
with the total angular momentum J ≠ 0, e.g., if a neutral
pair  was predominantly produced from ρ decay.

Some indication of this can be seen from Fig. 3b. In this
context, the growth of HT1 in the region of small m3π,
i.e., in the region of small relative momenta of pions,
looks quite intriguing.

HT1 5.96 0.21±( )%.=

HT1
MC

0.20 0.28±( )%.=

m
π+π–
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A complicated picture of the kT dependence with a
sharp dip at kT = 0.05–0.07 GeV/c (Fig. 4) reflects by
all means the fact of interference of the resonance and
nonresonance processes in the triple production. With
further increase of kT, the handedness increases, which
resembles the single-spin asymmetry behavior too.

To check this assumption, the events with invariant
mass m3π in the a1 and π2 resonance region 1.05–
1.80 GeV were excluded from further analysis. This,
however, does not lead us to a definite conclusion since,
for Be and C, the dip disappears, but it is conserved for
Si with some change of its form and width. The average
value of the handedness stays at the same level 5–11%
with high statistical significance.

Notice also that, in earlier study of reaction (2) at
4.5 GeV for the proton target at the hydrogen bubble
chamber, no angular dependence of the normal n (4) was
found, just as in the Regge pole exchange model, which
provides a reasonable description of that experiment [8].

In conclusion, a rather large handedness transversal
to the production plane was definitely observed in the
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Fig. 4. The kT dependence of the handedness for a 28Si target.
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diffractive production of (π–π+π–) triples in the π–-beam
dissociation region. The phenomenon has a clear
dynamical origin and in some features resembles the
single-spin asymmetry behavior. For a more detailed
study, a partial wave analysis of reaction (2) seems nec-
essary for determination of different spin states contrib-
uting to the investigated effect.
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Abstract—The formation of an antiprotonic hydrogen atom { } (protonium) in the ground state and in
excited states (nlm) in collisions of 1- to 250-keV antiprotons with hydrogen atoms is considered theoretically.
Partial cross sections (both differential and integrated ones) for this reaction are calculated for various values
of n, l, and m up to n ~ 100; cross sections summed over l and m are also obtained. Statistical (polarization)
tensors of the orbital angular momentum of protonium atoms are evaluated. Corrections due to strong proton–
antiproton interaction in the protonium ground (1s) state are analyzed. © 2000 MAIK “Nauka/Interperiodica”.

p p
1. INTRODUCTION

Investigation of antiprotonic atoms is a vigorously
developing branch of modern physics (for an overview,
see [1]). The majority of studies dealt with the states
formed as the result of the capture of stopped antipro-
tons into highly excited atomic orbits that was followed
by cascade transitions. In this process, the antiprotons
could miss low-lying states of antiprotonic atoms—
especially in medium-mass and heavy atoms—because
of their absorption by nuclei from higher orbits. Conse-
quently, it seems interesting to study the formation of
antiprotonic atoms by antiprotons in flight.

Here, we consider theoretically the formation of the
simplest antiprotonic atom, protonium { }, in the
interaction of an antiproton  with a ground-state
hydrogen atom,

(1)

n, l, and m being protonium quantum numbers. We per-
form our calculations within the first Born approxima-
tion in Coulomb interaction. This approximation is
quite accurate for incident-antiproton energies in the
range E = 1–250 keV (in laboratory frame) considered
here. For various values of n, l, and m up to n ~ 100, we
calculate partial cross sections for reaction (1), both
differential and integrated ones; we also determine the
cross section summed over l and m. In addition, we
derive the statistical tensors of the protonium orbital
angular momentum. We also analyze corrections due to
strong interaction in the protonium ground (1s) state.

For n = 1 and E = 50–250 keV, reaction (1) was con-
sidered by Roy and Deb [2], who disregarded strong-
interaction effects. Their study is not free, however,
from miscalculations, which those authors tried to cor-
rect in [3]. It should be noted that there are inaccuracies

p p
p

p H 1s( ) p p{ } nlm e,+ +

† Deceased.
1063-7788/00/6303- $20.00 © 20448
in [3] as well: the absolute values presented there for
the differential and integrated cross sections do not
comply with each other (possibly, this is because there
were inconsistencies in units in which these cross sec-
tions were given).

At lower energies, the formation of mesic and anti-
protonic atoms was considered in a series of studies of
Korenman et al. (see [4] and references therein), who
calculated the integrated partial cross sections for
exotic-atom formation that were summed over m.

2. BASIC EQUATIONS

2.1. Born Approximation

In the first Born approximation, the amplitude of
reaction (1) has the form

(2)

where the subscripts 1, 2, and 3 are associated with the
particles , p, and e, respectively; ki and kf stand for,
respectively, the proton and protonium 3-momenta in
the c.m. frame; ϕ23 and ϕ12 are the hydrogen and proto-
nium wave functions; V23 and V31 are the corresponding
Coulomb interaction potentials; and T (1) and T (2) are
determined by the interactions V23 and V31, respec-
tively.

The amplitude T (1) has the simple form

(3)

where  and  are, respectively, the protonium and
hydrogen-atom wave functions in the momentum rep-
resentation; µij = mimj/(mi + mj); κij = ZiZje2µij/n; mi (Zie)
is the mass (charge) of the particle i; and n is the prin-

T k f ki,( )

=  k f ϕ12 V23 V31+ ki ϕ23,,〈 〉 T 1( ) T 2( ),+=

p

T 1( ) k f ki,( )
q2

2 κ23
2+

2µ23
------------------ϕ̃12* q1( )ϕ̃23 q2( ),–=

ϕ̃12 ϕ̃23
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cipal quantum number. The relative momenta on the
right-hand side of (3) are1)

(4)

For the purely Coulomb interaction, the momen-
tum-representation wave function of the two-particle i–
j bound state characterized by the quantum numbers n,
l, and m has the form [5]

(5)

where (x) are Gegenbauer polynomials. In this
study, we assume that the hydrogen target is in the
ground state.

The amplitude T (2) is given by

(6)

Employing the explicit form of the Gegenbauer poly-
nomials [6], we express (6) as

(7)

where n, l, and m are the protonium quantum numbers;
L = l + k + 2; and the coefficients ak(n, l) are determined
by the recursion relations

(8)

By applying the Feynman integral representation

1)Below, we employ the atomic system of units in which " = e =
me (≡m3) = 1.

q1 ki
1
2
---k f , q2– λki k f ,–= =

λ
m3

m2 m3+
------------------- ! 1.=

ϕ̃ ij q( ) R̃nl q( )Ylm q̂( ),=

R̃nl q( ) Ñnl
ql

q2 κ ij
2+( )l 2+

-----------------------------Cn l– 1+
l 1+ q2 κ ij

2–

q2 κ ij
2+

-----------------
 
 
 

,=

Ñnl 2π( )3/2 22l 5+ n n l– 1–( )!
π n l+( )!

------------------------------------------
1/2

l!κ ij
2l 5+( )/2,=

Cn l– 1+
l 1+

T 2( ) k f ki,( ) 4π d3 p

2π( )3
-------------ϕ̃12* q12( )

1

q31
2

-------ϕ̃23 p( ),∫=

q12 q1 q2– p, q31+ q2 p.–= =

T 2( ) k f ki,( ) 32π3/2κ23
5/2Ñnl

n l+( )!
n l– 1–( )! 2l 1+( )!

-----------------------------------------------=

× ak n l,( )
d3 p

2π( )3
-------------

q12
l

q12
2 κ12

2+( )L
----------------------------∫

k 0=

n l– 1–

∑

× 1

q31
2

------- 1

p2 κ23
2+( )2

--------------------------Ylm* q̂12( ),

a0 1, ak ak 1– κ12
2 n l k+ +( ) n l– k–( )

k l k 1/2+ +( )
-------------------------------------------------.–= =

1

A
N1B

N2C
---------------------

N1 N2+( )!
N1 1–( )! N2 1–( )!

--------------------------------------------=
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(9)

to the integrand on the right-hand side of (7), we can
recast the integral in (7) with respect to p into the form

(10)

where

(11)

Employing the well-known transformation

(12)

where (aαbβ|cγ) stands for Clebsch–Gordan coeffi-
cients, we can perform integration in (10) first with
respect to k and then with respect to α2. As a result, we
obtain

(13)

× dα1α1
N1 1–

1 α1–( )
N2 1–

dα2α2
N1 N2 1–+ 1

D
N1 N2 1+ +

-----------------------,

0

1

∫
0

1

∫
D α1α2A 1 α1–( )α2B 1 α2–( )C,+ +=

A q12
2 κ12

2 , B+ p2 κ23
2 , C+ q31

2 ,= = =

I p L L 1+( ) L 2+( ) dα1α1
L 1– 1 α1–( )

0

1

∫=

× dα2α2
L 1+ d3k

2π( )3
------------- 1

κ2 d+( )L 3+
----------------------------q12

2 Ylm* q̂12( ),∫
0

1

∫

d a b2,–=

a α1α2 q2 κ12
2+( ) 1 α1–( )α2κ23

2 1 α2–( )q2
2,+ +=

b α1α2q 1 α2–( )q2, q– q1 q2,–= =

k p b.+=

q12
l Ylm* q̂12( )

=  4π Q
l1k
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----------------------------------------------
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∑
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1
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where F1(a, b, b', c; x, y) is a hypergeometric function
of two variables [6]; in the case being considered, it
takes the form of a finite sum.

Eventually, the amplitude T (2) is expressed in terms
of a one-dimensional integral with respect to the vari-
able α1. If the quantization axis is aligned with the
3-momentum vector ki, the absolute value of the ampli-
tude T is independent of the azimuthal angle of the
3-momentum vector kf.

2.2. Multipole Expansion

In order to optimize an approximate calculation of
the cross sections, we will recast the amplitude T into a
different form. For this, we represent the right-hand
side of (2) as the integral

(14)

where rij = ri – rj is the relative coordinate of the parti-
cles i and j, while ri is the coordinate of the particle i
with respect to the center of mass of the particles j and

k (r1 = r12 + λr23 and r3 = – r12 – r23). Considering that

the protonium size, which specifies, through the func-
tion (r12), the effective range of the variable in the
integral in (14), is much less than that of the hydrogen
atom, which is described by the function ϕ(r23), and
employing the constraint r31 = −(r12 + r23), we can rep-
resent the sum of the potentials in (14) as a multipole
expansion in powers of the small ratio r12/r23. Specifi-
cally, we have

(15)

where PL stands for Legendre polynomials. The first
term on the right-hand side of (15) (L = 1) corresponds
to the dipole approximation.

In specific calculations, the infinite sum in (15) is
replaced by a finite one, with an upper limit Lmax being
determined by the desired accuracy of cross-section
estimations. Substituting (15) into (14), we can approx-

× F1 l2 1/2 l1 k– 2 l2 3/2;---+,–,–,+


α1 1 α1–( )W
U
----- W

U
-----–, 

 ,–

U α1 1 α1–( )q2 α1κ12
2 1 α1–( )κ23

2 ,+ +=

W α1q q2+( )2,=

T k f ki,( ) d3r12d3r23e
ik f r3⋅

ϕ12* r12( )∫=

× 1
r31
------ 1

r23
------– 

  ϕ23 r23( )e
iki r1⋅

,

1
2
---

ϕ12*

1
r31
------ 1

r23
------–

1
r23
------ 1–( )L r12

r23
------ 

 
L

PL r̂12 r̂23⋅( ),
L 1=

∞

∑=
imate T by Ta as

(16)

where

(17)

(18)

In the coordinate representation, the Coulomb wave
functions of the i–j bound state with quantum numbers
n, l, and m are given by [5]

(19)

where Φ(a, c; x) is a confluent hypergeometric func-
tion; in the case being considered, it represents a finite
sum. Suppose that the hydrogen target is in the ground
state, which is described by the wave function

(20)

From (18), we then obtain

(21)

Since /  ! 1, the hypergeometric series on the
right-hand side of (21) converges fast.

Performing integration in (17) with respect to r12
and employing a finite-sum representation for the func-
tion Φ, which appears in expression (19) for the proto-
nium wave function ϕ12(r12), we can easily obtain

T Ta≈
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-------––,
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Fig. 1. (a) Partial differential cross section dσ320/dΩ calculated at E = 50 keV with (curve 1) the amplitudes T (1) and (curve 2) the

amplitude T (2); (b) same cross section calculated with the summed amplitude T = T (1) + T (2).
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(22)

where N = l + L + k + 1 and the coefficients bk(n, l) are
determined by the recursion relations

(23)

It should be emphasized that the hypergeometric func-
tion F in (22) reduces to a finite sum.

3. RESULTS AND DISCUSSION

3.1. Differential and Total Cross Sections

Employing the above expressions for the amplitudes
T and Ta, we have calculated the partial differential and
integrated cross section (dσnlm/dΩ and σnlm, respec-
tively) for reaction (1), which leads to protonium for-
mation in states that are characterized quantum num-
bers n, l, and m.2) In addition, we have calculated the
cross sections

(24)

Our calculations were performed for incident-antiproton
energies in the range E = 1–250 keV (in laboratory
frame).3) 

As can be seen from (2), the amplitude T is given by
the sum of two amplitudes representing two different
mechanisms of reaction (1). The amplitude T (1) corre-

2)We note that these cross sections depend only on |m|.
3)Presently, there are no relevant data.

× 1
q1

2

κ12
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-------+
 
 
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L l 2+ +( )–
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2λ----- L0λ0 l0( )
λ ν,
∑

× LMλν lm( )Yλν* q̂1( ) bk n l,( ) 2kΓ N λ 2+ +( )⋅
k 0=

n l– 1–

∑

× 1
q1

2

κ12
2

-------+
 
 
 

k–

F
λ N–

2
------------- λ N– 1+

2
----------------------; λ 3/2; 

q1
2

κ12
2

-------–+,
 
 
 

,

b0 1, bk bk 1–
n– l k+ +

k 2l k 1+ +( )
-------------------------------.= =

σnl σnlm, σn
m
∑ σnlm.

lm
∑= =
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sponds to the pole mechanism of proton pickup by the
antiproton, while T (2) describes protonium formation
via the exchange scattering of the incident antiproton
by the target electron (this mechanism can be repre-
sented by a triangle Feynman diagram). By way of
example, the cross sections dσnl|m|/dΩ for n = 3, l = 2,
and |m| = 0, 1, 2 at E = 50 keV are presented in Figs. 1–
3 as functions of the scattering angle θ in the c.m.

frame. Figure 1‡ shows the cross sections d /dΩ

and d /dΩ calculated with the amplitudes T (1) and
T (2), respectively, while Fig. 1b displays the cross sec-
tion dσ320/dΩ corresponding to the summed amplitude
T. It should be noted that the cross section dσ320/dΩ is

much smaller than each of the cross sections d /dΩ

σ320
1( )

σ320
2( )

σ320
1( )

(a)

dσ 321
(1, 2)/dΩ × 1020, arb. units
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Fig. 2. As in Fig. 1, but for the cross section dσ321/dΩ .
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Table 1.  Partial cross sections σnl|m |(E) (in a.u.)

nlm
Energy, keV

1 10 50 100 150 200 250

100 1.22 × 10–13 5.62 × 10–14 9.12 × 10–16 4.72 × 10–17 6.53 × 10–18 1.48 × 10–18 4.54 × 10–19

200 1.40 × 10–10 2.34 × 10–14 3.26 × 10–16 1.15 × 10–17 1.32 × 10–18 2.69 × 10–19 7.68 × 10–20

210 2.82 × 10–12 1.12 × 10–12 4.30 × 10–16 5.71 × 10–18 4.03 × 10–19 5.91 × 10–20 1.31 × 10–20

211 8.68 × 10–11 1.54 × 10–13 2.29 × 10–17 2.64 × 10–19 1.77 × 10–20 2.54 × 10–21 5.56 × 10–22

300 8.29 × 10–10 7.60 × 10–14 1.21 × 10–16 3.90 × 10–18 4.30 × 10–19 8.57 × 10–20 2.41 × 10–20

310 2.18 × 10–9 5.05 × 10–13 1.94 × 10–16 2.30 × 10–18 1.56 × 10–19 2.23 × 10–20 4.89 × 10–21

311 4.34 × 10–10 8.12 × 10–14 9.72 × 10–18 1.03 × 10–19 6.69 × 10–21 9.42 × 10–22 2.04 × 10–22

320 1.09 × 10–11 1.05 × 10–12 2.51 × 10–17 1.35 × 10–19 5.89 × 10–21 6.25 × 10–22 1.08 × 10–22

321 1.52 × 10–9 1.73 × 10–13 2.42 × 10–18 1.21 × 10–20 5.15 × 10–22 5.39 × 10–23 9.27 × 10–24

322 4.99 × 10–15 8.05 × 10–20 4.87 × 10–25 2.03 × 10–27 8.05 × 10–29 8.14 × 10–30 1.39 × 10–30

400 2.09 × 10–9 6.84 × 10–14 5.57 × 10–17 1.73 × 10–18 1.87 × 10–19 3.70 × 10–20 1.04 × 10–20

410 1.00 × 10–9 2.24 × 10–13 9.43 × 10–17 1.08 × 10–18 7.16 × 10–20 1.02 × 10–20 2.22 × 10–21

411 2.06 × 10–10 4.14 × 10–14 4.63 × 10–18 4.76 × 10–20 3.05 × 10–21 4.27 × 10–22 9.22 × 10–23

420 1.12 × 10–8 7.84 × 10–13 1.65 × 10–17 8.52 × 10–20 3.66 × 10–21 3.85 × 10–22 6.65 × 10–23

421 1.13 × 10–9 1.28 × 10–13 1.56 × 10–18 7.56 × 10–21 3.18 × 10–22 3.30 × 10–23 5.66 × 10–24

422 4.13 × 10–15 5.66 × 10–20 3.07 × 10–25 1.25 × 10–27 4.92 × 10–29 4.97 × 10–30 8.42 × 10–31

430 1.22 × 10–9 2.40 × 10–13 6.23 × 10–19 1.52 × 10–21 4.29 × 10–23 3.35 × 10–24 4.62 × 10–25

431 8.91 × 10–9 4.51 × 10–14 8.33 × 10–20 1.95 × 10–22 5.41 × 10–24 4.20 × 10–25 5.74 × 10–26

432 6.97 × 10–14 5.53 × 10–20 4.88 × 10–26 9.83 × 10–29 2.58 × 10–30 1.94 × 10–31 2.63 × 10–32

433 2.70 × 10–16 2.97 × 10–22 4.52 × 10–27 1.04 × 10–30 2.86 × 10–32 2.21 × 10–33 3.02 × 10–34
and d /dΩ; this indicates that the two mechanisms
of the reaction under consideration interfere destruc-
tively. Figures 2 and 3 present the cross sections for

σ320
2( )

0

dσ 322
(1, 2)/dΩ × 1026, arb. units

(a)

40 80 120 160
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2
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400

200
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8
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Fig. 3. As in Fig. 1, but for the cross section dσ322/dΩ .
transitions into the (321) and (322) states, respectively.
From these figures, it can be seen that, at |m| ≠ 0, the

cross sections d /dΩ have a peak, which becomes
narrower with increasing |m|. It can also be seen that the
interference of the amplitudes T (1) and T (2) is construc-
tive at |m| = 1 and destructive at |m| =2. The results of
the calculations for transitions into other protonium
states at various energies reveal that the shape of the
differential cross sections is weakly sensitive to varia-
tions in the quantum numbers n and l.

Table 1 quotes the integrated partial cross sections
σnl|m| for the four lowest shells (n = 1–4) calculated with
the amplitude T (see Section 2.1). It can be seen that,
for E ≥ 100 keV, the maximum values of σnl|m| at fixed
n are achieved for transitions to the l = 0 states. For E
≤ 50 keV, σnl|m| can peak either at l = 1 or at l = 2, with
m always being zero. At fixed values of n and l, the
cross section σnl|m| decreases with increasing |m|.
Among data presented in Table 1, this is not so only at
E = 1 keV, in which case σ431 > σ430. Finally, all the
cross sections decrease monotonically with increasing
energy.

A calculation of the cross sections according to the
expressions from Section 2.1 is disadvantageous in that
it consumes a great amount of machine time at large
values of n and l. The calculations can be considerably
simplified by using the multipole expansion described
in Section 2.2 (amplitude Ta). Within this approach, the

σ32 m
1 2,( )
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Table 2.  Cross sections σn(E) (in a.u.)

n
Energy, keV

1 10 50 100 150 200 250

1 1.23 × 10–13 5.62 × 10–14 9.11 × 10–16 4.72 × 10–17 6.54 × 10–18 1.48 × 10–18 4.51 × 10–19

2 3.17 × 10–10 1.45 × 10–12 8.01 × 10–16 1.77 × 10–17 1.76 × 10–18 3.33 × 10–19 9.07 × 10–20

3 6.96 × 10–9 2.14 × 10–12 3.64 × 10–16 6.56 × 10–18 6.06 × 10–19 1.11 × 10–19 2.96 × 10–20

4 3.62 × 10–8 1.75 × 10–12 1.80 × 10–16 3.00 × 10–18 2.70 × 10–19 4.86 × 10–20 1.28 × 10–20

5 9.06 × 10–8 1.24 × 10–12 9.89 × 10–17 1.59 × 10–18 1.41 × 10–19 2.54 × 10–20 6.68 × 10–21

6 1.51 × 10–7 8.66 × 10–13 5.96 × 10–17 9.41 × 10–19 8.30 × 10–20 1.48 × 10–20 3.90 × 10–21

7 1.97 × 10–7 6.11 × 10–13 3.85 × 10–17 6.00 × 10–19 5.27 × 10–20 9.39 × 10–21 2.47 × 10–21

8 2.23 × 10–7 4.43 × 10–13 2.62 × 10–17 4.05 × 10–19 3.55 × 10–20 6.33 × 10–21 1.66 × 10–21

9 2.30 × 10–7 3.27 × 10–13 1.86 × 10–17 2.86 × 10–19 2.50 × 10–20 4.45 × 10–21 1.17 × 10–21

10 2.24 × 10–7 2.47 × 10–13 1.37 × 10–17 2.09 × 10–19 1.83 × 10–20 3.25 × 10–21 8.52 × 10–22

20 7.79 × 10–8 3.49 × 10–14 1.75 × 10–18 2.65 × 10–20 2.31 × 10–21 4.09 × 10–22 1.07 × 10–22

30 2.47 × 10–8 1.06 × 10–14 5.21 × 10–19 7.87 × 10–21 6.84 × 10–22 1.21 × 10–22 3.14 × 10–22

40 1.12 × 10–8 4.50 × 10–15 2.20 × 10–19 3.32 × 10–21 2.89 × 10–22 5.13 × 10–23 1.34 × 10–23

50 6.84 × 10–9 2.31 × 10–15 1.13 × 10–19 1.70 × 10–21 1.48 × 10–22 2.62 × 10–23 6.86 × 10–24

60 4.03 × 10–9 1.34 × 10–15 6.53 × 10–20 9.85 × 10–22 8.56 × 10–23 1.52 × 10–23 3.97 × 10–24

70 2.57 × 10–9 8.45 × 10–16 4.11 × 10–20 6.20 × 10–22 5.39 × 10–23 9.55 × 10–24 2.50 × 10–24

80 1.73 × 10–9 5.67 × 10–16 2.75 × 10–20 4.16 × 10–22 3.61 × 10–23 6.40 × 10–24 1.67 × 10–24

90 1.23 × 10–9 3.98 × 10–16 1.94 × 10–20 2.92 × 10–22 2.54 × 10–23 4.49 × 10–24 1.18 × 10–24

100 8.96 × 10–10 2.90 × 10–16 1.41 × 10–20 2.13 × 10–22 1.85 × 10–23 3.28 × 10–24 8.57 × 10–25
accuracy of the calculations is determined by the num-
ber of terms, Lmax, retained in the sum over L on the
right-hand side of (16). A comparison of the results of
calculations that rely on the amplitude Ta with those
that employ the exact amplitude T demonstrates that,
for the cross sections σnl and σn, the first (dipole) term
in expansion (16) (Lmax = 1) ensures a precision no
poorer than 1%. In order to achieve the same accuracy
in calculating the partial cross sections σnl|m|, it is usu-
ally sufficient to take two terms (Lmax = 2), but there are
exceptions—for example, a 2% accuracy in σ322
requires Lmax = 4, in which case, however, the cross sec-
tion σ322 does not make noticeable contributions to σ32
and σ3.

Table 2 lists the values of the cross section σn for
n ≤ 100 that were calculated on the basis of expression
(16) with Lmax = 3. At E = 1 and 10 keV, σn peaks at n =
9 and 3, respectively. At higher energies, σn is maximal
at n = 1, showing a monotonic decrease with increasing
n. All values of σn(E) decrease monotonically as the
energy E is increased.

To conclude this section, we would like to indicate
that, for reaction (1), we have tested the validity of the
well-known 1/n3 rule for the cross sections σn. It turned
out that, at E = 1 keV, the decrease in σn with increasing
n complies well with this rule from n ≈ 60. At E =
10 keV, the 1/n3 rule holds for n ≥ 30. Finally, the 1/n3
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
behavior of the cross section σn at E = 250 keV set in
from n = 3.

3.2. Inclusion of Strong Interaction

In the above calculations, we have taken no account
of strong proton–antiprotonic interaction. Its effect on
the features of the antiprotonic atoms was considered in
a number of studies (see, for example, [7–9] and refer-
ences therein). In order to assess roughly the implica-
tions of this effect for the cross sections considered
here, we make use of the circumstance that the range of
strong interaction is much less than the protonium size.
In a rough approximation, we can assume that the
strong-interaction effect reduces to a shift of protonium
levels in relation to those in a purely Coulomb field.
According to experimental data reported in [1], this
shift is sizable only for the protonium ground (1s) state,
∆E12 = –0.73 ± 0.04 keV. For other levels, it is negligible.

The effect of strong proton–antiproton interaction
on the cross section for protonium formation in the
ground state (nlm = 100) is illustrated in Table 3. There,
the cross section  differs from the cross section
σ100, which was considered above, only in that, in the
matrix element (17), the purely Coulomb wave func-
tion of the protonium ground (1s) state, ϕ12 = Ce–κr, is

replaced by the function  = ( r)η – 1 ; in these

σ̃100

ϕ̃12 C̃ κ̃ e κ̃ r–
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expressions, C and  are normalization factors; κ2 =

mpe and  = mp , e and  being, respectively, the
purely Coulomb binding energy of the ground (1s) state
and the experimental binding energy of the protonium
1s state; and η = (1/137)(e2mp/2" ) ≈ 1.03.4) 

The data in Table 3 show that the effect in question is
not negligible. Its magnitude and even sign (we imply
the difference  – σ100) are dependent on energy.

3.3. Evaluation of Statistical Tensors for Reaction (1)

The results of our calculations reveal that the cross
sections σnl|m| depend greatly on |m| (see Table 1). This
suggests a noticeable alignment of the orbital angular
momentum l of the protonium for l ≠ 0. This effect is
commonly described in terms of the statistical tensors
(see, for example, [10])

(25)

where ρl(m, m') is the angular-momentum density

matrix satisfying the condition trρl = (m, m) = 1.

4)Strictly speaking, the Coulomb level shifted owing to strong
interaction is described by the Whittaker function, but it differs
insignificantly from  in the range of r values that make a sub-
stantial contribution to the matrix element of the process under
consideration.

C̃

κ̃2
ẽ ẽ

κ̃

ϕ̃12

σ̃100

ρkκ l( )

=  2l 1+ 1–( )l m'– lm'l m kκ–( )ρl m m',( ),
m m',
∑

ρlm∑

Table 3.  Inclusion of strong interaction

Energy, keV /σ

1 1.28

10 1.16

50 0.97

100 0.9

150 0.85

200 0.83

250 0.81

σ̃

Table 4.  Statistical tensors ρk0(l)

n ρk0(l)
Energy, keV

|ρk0(l) |max
1 10 50 100

2 ρ20(1) 0.66 –0.94 –1.2 –1.24 1.41

3 ρ20(1) –0.8 –0.9 –1.21 –1.24 1.41

ρ20(2) –0.6 –1.06 –1.1 –1.12 1.2

ρ40(2) –1.08 –1.49 –1.53 –1.54 1.6
If the system possesses cylindrical symmetry, as it does
in the case under consideration, the density matrix is
diagonal in m. By averaging the density matrix for reac-
tion (1) over the scattering angle, we can obtain

(26)

Taking into account the definition in (25), we can con-
clude that, in the case of a diagonal density matrix, the
statistical tensors ρkκ(l) vanish for κ ≠ 0. There is an
additional constraint on the density matrix: from the
relation σnl – m = σnlm, it follows that ρkκ(l) can be non-
zero only for even k.

For reaction (1), the statistical-tensor components
ρk0(l) calculated according to (25) and (26) at n = 2 and
3 for energies in the range E = 1–100 keV are presented
in Table 4. We note that the ρk0(l) values calculated for
energies of E ≥ 100 keV virtually coincide with those
calculated at E = 100 keV; therefore, they are not pre-
sented here. The maximal possible values |ρk0(l)max| sat-
isfying the definition in (25) are quoted in the last col-
umn of Table 4. It can be seen that the computed values of
|ρk0(l)| are sufficiently close to the maximal possible ones.
It follows that the angular distributions of photons emitted
from the excited states of protonium that are formed in
process (1) should be pronouncedly anisotropic.
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Abstract—We bosonize the Nambu–Jona-Lasinio quark model with separable nonlocal interactions in order
to derive a chiral U(3) × U(3) Lagrangian, containing, besides the usual meson fields, their first radial excita-
tions. The spontaneous breaking of chiral symmetry is governed by the Nambu–Jona-Lasinio gap equation. The
first radial excitations of the kaon, K*, and ϕ are described with the help of two form factors. The decays
K*'  ρK, K*'  K*π, K*'  Kπ, ϕ'  K*K, ϕ'  , K'  Kρ, K'  K*π, and K'  K2π
are considered, and a qualitative agreement of our results with the experimental data is found. © 2000 MAIK
“Nauka/Interperiodica”.

KK
1. INTRODUCTION

In our previous papers [1–3], the chiral quark model
of the Nambu–Jona-Lasinio (NJL) type with separable
nonlocal interactions was proposed. This model is a
nonlocal extension of the standard NJL model [4–9].
The first radial excitations of the scalar, pseudoscalar,
vector, and axial-vector mesons were described with
the help of the form factors corresponding to 3-dimen-
sional ground- and excited-state wave functions. The
meson masses, weak-decay constants, and a set of
decay widths of nonstrange mesons were calculated.

The theoretical foundations for the choice of poly-
nomial pion–quark form factors were discussed in [1],
and it was shown that we can choose these form factors
in such a way that the mass-gap equation holds its usual
form and has a solution with a constant constituent
quark mass. Moreover, the quark condensate is not
modified after including the excited states in the model,
because the tadpoles, connected with the excited scalar
fields, vanish. Thus, in this approach, it is possible to
describe radially excited mesons above the usual NJL
vacuum, preserving the usual mechanism of chiral
symmetry breaking. Finally, it has been shown that one
can derive an effective meson Lagrangian for the
ground and excited meson states directly in terms of the
local fields and their derivatives. A nonlocal separable
interaction is defined in the Minkowski space in a 3-
dimensional (yet covariant) way, whereby form factors
depend only on the part of the quark–antiquark relative
momentum transverse to the meson momentum. This
ensures the absence of spurious relative-time excita-
tions [10].

    * This article was submitted by the authors in English.
  ** e-mail: volkov@thsun1.jinr.ru
*** e-mail: yudichev@thsun1.jinr.ru
1063-7788/00/6303- $20.00 © 20455
In paper [2], the meson-mass spectrum for the
ground and excited pions, kaons, and the vector meson
nonet in the U(3) × U(3) model of this type has been
obtained. By fitting the meson-mass spectrum, all
parameters in this model are fixed. This then allows one
to describe all the strong, electromagnetic, and weak
interactions of these mesons without introducing any
new additional parameter.

In paper [3], it was shown that this model satisfacto-
rily describes two types of decay. This concerns the
strong decays like ρ  2π, π'  ρπ, and ρ'  2π
associated with divergent quark diagrams, as well as
the decays ρ'  ωπ and ω'  ρπ defined by anom-
alous quark diagrams. Here, we continue the similar
calculations for the description of the decay widths of
strange pseudoscalar and vector mesons.

In Section 2, we introduce the effective quark inter-
action in the separable approximation and describe its
bosonization. In Section 3, we derive the effective
Lagrangian for the pions and kaons and perform the
diagonalization procedure leading to the physical pion
and kaon ground and excited states. In Section 4, we
carry out the diagonalization for the K* and ϕ mesons.
In Section 5, we give the parameters of our model and
the masses of the ground and excited states of kaons,
K* and ϕ mesons, and the weak-decay constants Fπ, Fπ',
FK, and FK'. In Section 6, we evaluate the decay widths
of the processes K*'  K*π, K*'  ρK, K*'  Kπ,

ϕ'  K*K, and ϕ'  . In Section 7, we calculate
the decay widths of the processed K'  ρK, K' 
K*π, and K'  K2π. The results obtained are dis-
cussed in Section 8.

KK
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 CHIRAL LAGRANGIAN
WITH THE EXCITED MESON STATES

We shall use a separable interaction, which is still of
current–current form, but allows for nonlocal vertices
(form factors) in the definition of the quark currents,
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Upon bosonization, we obtain [1, 2]
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the vacuum and diagonalizing the effective meson
Lagrangian.

In order to describe the first radial excitations of
mesons (

 

N

 

 = 2), we take the form factors (see [1]) as
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 are the Gell-Mann matrices. We consider here
the form factors in the momentum space and in the rest
frame of the mesons (
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the ground states of the mesons, the functions
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After integrating over the quark fields in (7), one
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Let us define the vacuum expectation of the 
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tions are equal to zero  
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where

(15)

and mi are the constituent quark masses.

3. THE EFFECTIVE LAGRANGIAN
FOR THE GROUND AND EXCITED STATES

OF THE PIONS AND KAONS

To describe the first excited states of all the meson
nonets, it is necessary to use three different slope

parameters da in the form factors  [see (9)]:

(16)

Following our works [1, 2], we can fix the parameters
duu, dus, and dss by using the conditions

(17)

where

(18)

Equations (17) allow us to reduce the gap equations to
the form usual for the NJL model [see (14)] because the
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contribute to the quark condensates and to the constitu-
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Using (17), we obtain close values for all da
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The quadratic form 
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(20) is obtained as
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The integral (22) is evaluated by expanding in the
meson field momentum 
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. To order 
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, one obtains
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After the renormalization of the meson fields

, (29)

the part of the Lagrangian (20) describing the pions and
kaons takes the form

(30)
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Here,

(32)

After the transformations of the meson fields

(33)

the Lagrangians (30) and (31) take the diagonal forms
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4. THE EFFECTIVE LAGRANGIAN
FOR THE GROUND AND EXCITED STATES

OF THE VECTOR MESONS
The free part of the effective Lagrangian (10)

describing the ground and excited states of the vector
mesons has the form
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Here,

(46)

(47)

(48)

After renormalization of the meson fields

(49)

we obtain the Lagrangians
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After transformations of the vector meson fields, simi-
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(55)

where Va and  are the physical ground- and excited-
state vector mesons

(56)

(57)

(58)

5. MODEL PARAMETERS AND MESON MASSES

In the paper [2], there were obtained numerical esti-
mations for the model parameters, meson masses, and
weak-decay constants in our model. Here, we only give
the values: the constituent quark masses are mu ≈ md ≈
280 MeV, ms ≈ 455 MeV; the cutoff parameter Λ3 =
1.03 GeV; the four-quark coupling constants G1 =
3.47 GeV–2 and G2 = 12.5 GeV–2; the slope parameters in
the form factors duu = –1.784 GeV–2, dus = – 1.757 GeV–2,
dss = –1.727 GeV–2; the external parameters in the form

factors  = 1.37,  = 1.32,  = 1.45,  = 1.54,

and  = 1.41.

With the model parameters fixed, we obtain the

angles θa and :

(59)

and the meson masses are
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(60)

The experimental values are [11]

(61)

For the weak decay constants, we have

(62)

Now, we can calculate the strong-decay widths of K'
and K*'.

6. DECAYS K*'  Kρ, K*'  K*π, 
K*'  Kπ, ϕ'  K*K, AND ϕ'  

In the framework of our model, the decay modes of
the excited strange vector mesons K*' and ϕ' are repre-
sented by the triangle diagrams shown in Figs. 1 and 2.
When calculating these diagrams, we keep the lowest
possible dependence on the external momenta: squared
for the anomaly-type graphs and linear for another
type. We omit here the higher order momentum depen-
dence.

As has been mentioned in this paper, every vertex is
now momentum dependent and includes form factors
defined in Section 3 (see equation (16)). In Figs. 1 and
2, the presence of form factors is marked by black
shaded angles in vertices. Each black shaded vertex
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Fig. 1. The one-loop diagram set for the decays of K*'.
                                   

with a pseudoscalar meson is implied to contain the fol-
lowing linear combination for the ground state

(63)

and for an excited state

(64)

where θa and  are the angles defined in Section 3 [see
equations (38) and (39)] and fa is one of the form factors
defined in Section 3 [equation (16)]. In the case of vec-
tor meson vertices, we have the same linear combina-

tions except that  are to be replaced by  (46), and
the related angles and form-factor parameters must be
chosen.

Now, we can calculate the decay widths of the
excited mesons. Let us start with the process K*' 
K*π. The corresponding amplitude, , has the
form 
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Using (63) and (64), we expand the above expres-

sion and rewrite it in terms of  defined in (28). The
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Fig. 2. The one-loop diagram set for the decays of ϕ'.
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result is too lengthy, so we omit it here. For the param-
eters given in Section 5, we find

(67)

and the decay width

(68)

Here,2) |p| is the 3-momentum of a produced particle in
the rest frame of the decaying meson. The lower limit
for this value coming from the experiment is ~91 ±
9 MeV [11].

A similar calculation has to be performed for the
rest of the K*'-decay modes under consideration. The
coupling constant  is derived in the same way

as in (66), with the only difference that  and  are

to be replaced by  and . The corresponding ampli-
tude, , takes the form

(69)

where p and q are the momenta of K*' and K mesons,
respectively, and
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The corresponding decay width follows from (69) and
(70) via integration of the squared module of the decay
amplitude over the phase space of the final state
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For the parameters given in Section 5, one has
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From the experiment, the upper limit for this process is
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where p and q are the momenta of π and K, and ξµ is the
K*' wave function. The coupling constant  is
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presented by the one-loop integral

(75)

and the decay width is

(76)

The experimental value is 15 ± 5 MeV [11].
The mesons with hidden strangeness (ϕ') are treated

in the same way as K*'. We consider the two decay
modes: 

 

ϕ

 

'

 

  

 

KK

 

*

 

 and 

 

ϕ

 

'

 

  

 

. Their amplitudes
are

 

(77)

(78)

 

Here, 

 

ξ

 

µ

 

 and 

 

ξ

 

ν

 

 are the wave functions of the 

 

ϕ

 

'

 

 and 

 

K

 

*

 

mesons, and 

 

p

 

 and 

 

q

 

 are the momenta of the 

 

K 

 

and 

 

K

 

*

 

mesons. The related coupling constants are

 

(79)

(80)

 

Thus, the decay widths are estimated as

 

(81)

(82)

 

Unfortunately, there are no reliable data from the
experiment on the partial decay widths for 

 

ϕ

 

'

 

  

 

KK

 

*

 
and 

 
ϕ

 
'

 
  

 
 except the total width of 

 
ϕ

 
'

 
 being esti-

mated as 150  ±  50 MeV [11]. However, the dominance
of the process 

 
ϕ

 
'

 
  

 
KK

 
*

 
 is observed, which is in

agreement with our result.

7. DECAYS 

 

K

 

'

 

  

 

K

 

*

 

π

 

, 

 

K

 

'

 

  

 

K

 

ρ

 

,
AND 

 

K

 

'

 

  

 

K

 

ππ

 

Following the scheme outlined in the previous sec-
tion, we first estimate the 

 

K

 

'

 

  

 

K

 

*

 

π

 

 and 

 

K

 

'

 

  

 

K

 

ρ

 

decay widths (see Fig. 3). Their amplitudes are

 

(83)

(84)

 

Here, 

 

p

 

 is the momentum of 

 

K', q is the momentum of
π(K), and ξµ is the vector-meson wave function. The

gK∗ ' Kπ→ 4I2
f K∗' f K f π mu ms,( ) 2,≈=

ΓK∗ ' Kπ→

gK∗ ' Kπ→
2 p 3

8πMK∗ '
2

--------------------------- 20  MeV. ≈  =

KK

Tϕ' KK∗→  = gϕ' KK∗→ eµναβ pαqβξµ p q λ+( )ξν p λ'( ),

Tϕ' KK→ igϕ' KK→ p q–( )µξµ p q λ+( ).=

gϕ' KK∗→
8mu

ms
2 mu

2
–

-------------------=

× I2
f ϕ' f K∗ f K ms( ) I2

f ϕ' f K∗ f K mu ms,( )– 
  ,

gϕ' KK→ 4I2
f ϕ' f K∗ f K ms( ).=

Γϕ' KK∗→ 90  MeV, ≈

Γϕ' KK→ 10  MeV. ≈

KK

TK' K∗ π→ igK' K∗ π→ p q+( )µξµ p q λ–( ),=

TK' Kρ→ igK' Kρ→ p q+( )µξµ p q λ–( ).=
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coupling constants are

(85)

(86)

By calculating the integrals in the above formulas, we
have  ≈ –1.4 and  ≈ –1.2. The decay
widths thereby are

(87)

(88)

These processes have been seen in the experiment and
the decay widths are3) [11]

(89)

(90)

The remaining decay K'  Kππ into three parti-
cles requires more complicated calculations. In this
case, one must consider a box diagram Fig. 4a and two
types of diagrams Fig. 4b with intermediate σ and 
resonances. The diagrams for resonant channels are
approximated with the use of the relativistic Breit–
Wigner function. The integration over the kinemati-
cally relevant range in the phase space for final states
gives

(91)

3)The accuracy of the measurements carried out for the decays of K'
is not given in [11].

gK' K∗ π→ 4I2
f K' f K∗ f π mu ms,( ),=

gK' Kρ→ 4I2
f K' f K f ρ mu ms,( ).=

gK' K∗ π→ gK' Kρ→

ΓK' K∗ π→ 100  MeV, ≈

ΓK' Kρ→ 50  MeV. ≈

ΓK' K∗ π→
exp 109  MeV, ∼

ΓK' Kρ→
exp 34  MeV. ∼

K0
*

ΓK' Kππ→ 1  MeV. ∼                                            

s
K*(p – q)

K '(p)

π(q)

u, d

(a)

u, d

s
K(q)

K '(p)

ρ(p – q)

u, d

(b)

u, d

Fig. 3. The one-loop diagram set for the decays of K'.

K

K '

π

π
K '

K(π)
π(K)

π
σ(K*0 )

Fig. 4. The one-loop diagram set for the decay K'  K2π.

(a) (b)
              

8. SUMMARY AND CONCLUSIONS

In the standard NJL model for the description of the
interaction of mesons, it is conventional to use the one-
loop quark approximation, where the external momen-
tum dependence in quark loops is neglected. This
allows one to obtain, in this approximation, the chiral
symmetric phenomenological Lagrangian [4–9], which
gives a good description of the low-energy meson phys-
ics in the energy range of an order of 1 GeV [12]. In this
paper, we have used a similar method for describing the
interaction of the excited mesons. Insofar as the masses
of the excited mesons noticeably exceed 1 GeV, we
claim only a qualitative description rather than quanti-
tative agreement with the experiment. For the light
excited mesons, we have achieved results closer to the
experiment [3], while for heavier strange mesons we
are only in qualitative agreement with experimental
data. One should note that the description of all the
decays has been obtained without introducing new
parameters, besides those used for the description of
the mass spectrum.

In this work, we have shown that the dominant
decays of the excited vector mesons K*' and ϕ' are the
decays K*'  K*π(ρK) and ϕ'  KK*, which go
through the triangle quark loops of the anomaly type.
These results are close to the experiment [11]. The
decays of the type K*'  Kπ and ϕ'  , going
through the other (not anomaly type) quark diagrams,
have smaller decay widths, which is also in agreement
with the experiment.

On the other hand, the main decays of the K' meson
K'  K*π

 

, 

 

K

 

'

 

  

 

K

 

ρ

 

, and 

 

K

 

'

 

  

 

K

 

ππ

 

 are described
by the quark diagrams, which are similar to those for
the decay 

 

π

 

'

 

  

 

ρπ

 

 (see [3]). The dominant decays
here are the decays 

 

K

 

'

 

  

 

K

 

*

 

π

 

 and 

 

K

 

'

 

  

 

K

 

ρ

 

. These
results do not contradict (qualitatively) the recent
experimental data. So one can see that our model satis-
factorily describes not only the masses and weak-decay
constants of the radially excited mesons [1, 2] but also
their decay widths.

We would like to emphasize once more that we did
not use any additional parameter for description of the
decays (see also [3]). The model is too simple to claim
a more exact quantitative description of the meson-
decay widths.

A similar calculation has also been made in the 

 

3

 

P

 

1

 

potential model [13]. Nonlocal versions of chiral quark
models for the description of excited meson states have
also been considered in various works (see, for
instance, [7, 14]). In [15], a generalized NJL model
including a relativistic model of confinement was used
to study the radial excitations of pseudoscalar and vec-
tor mesons.

In our further work, we are going to describe the
masses and decay widths of the excited states of 

 

η

 

 and

 

η

 

'

 

 mesons.

KK
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Abstract—An SU(2) × SU(2) chiral quark model describing the properties and interaction of pions and scalar
and vector mesons is considered. The confinement of quarks is introduced in the model by means of an infrared
cut-off in the one-loop quark diagrams. This cutoff gives rise to the elimination of the unphysical thresholds of
the quark–antiquark pair production. The π–a1 transitions are taken into account. The model conserves all low-
energy theorems. The masses of mesons and the widths of the decays ρ  2π and σ  2π are calculated.
© 2000 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The Nambu–Jona-Lasinio (NJL) model is a conve-
nient semiphenomenological quark model for the
description of low-energy meson physics [1–5]. Within
this model, the mechanism of spontaneous breaking of
chiral symmetry (SBCS) is realized in a simple and trans-
parent way, and the low-energy theorems are fulfilled.

Unfortunately, the ordinary NJL model fails to pre-
vent hadrons from decaying into free quarks, which
makes the realistic description of hadron properties on
their mass shell questionable. The exact solution of this
problem seems to be a very difficult task. However, dif-
ferent methods have been proposed for its solution [6–
10]. In the present work, we discuss a new approach
which is similar to that suggested in [10] where an infra-
red (IR) cutoff has been used to develop a quark propa-
gator without poles. In our approach, the quark propaga-
tor is of the usual form (with quasiparticle pole), but due
to the IR cutoff, the pole does not lie within the integra-
tion interval for the quark loops. This method of taking
into account the phenomenon of confinement is based on
the idea of combining the NJL and bag models [11].

Thus, together with the ultraviolet (UV) cutoff,
which is necessary for the elimination of the UV diver-
gences, we introduce the IR cutoff and thereby divide
the momentum space into three domains. In Fig. 1,
these domains are represented in the coordinate space.

The first domain corresponds to short distances
(large momenta), where quarks are not confined and the
chiral symmetry is not spontaneously broken. This
domain is withdrawn by the UV cutoff Λ.

The second domain corresponds to long distances
(IR region), and here we have the confinement of
quarks. We truncate this region from the integration
over the internal momenta in quark loops, following
thereby the idea of the bag model. For this purpose, we
introduce a new parameter λ.

* This article was submitted by the authors in English.
1063-7788/00/6303- $20.00 © 20464
Finally, there remains only the third domain (λ2 ≤
p2 ≤ Λ2), where SBCS takes place, the quark conden-
sate exists, and the quark loops have no imaginary
parts. In other words, quark–antiquark thresholds do
not appear when calculating quark loops even if the
mass of the decaying meson exceeds the effective mass
of the free quark–antiquark state. Therefore, we can use
quark propagators with constant, momentum indepen-
dent masses (constituent masses).

The first attempt to produce an NJL model of this
type has been made in [12], where only the scalar and
pseudoscalar mesons were considered. Now, we sug-
gest a more general version of this model where the
scalar, pseudoscalar, and vector mesons can be
described, and the possibility of π–a1 transitions is
taken into account.

In Section 2, we give the effective chiral quark
Lagrangian and the gap equation describing SBCS. The
pion-mass formula is also deduced, and it is shown that
the pion is a Goldstone boson in the chiral limit. In Sec-

π

π

σ

λ
IR domain

Interaction
domain

q
R

r
Λ

q

q

m0

UV

Fig. 1. Three domains in the momentum space, defined by
the UV and IR cutoffs.
000 MAIK “Nauka/Interperiodica”
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Model parameters, the mass of the σ meson and first decay width for different values of the ratio λ/m of the IR cutoff to the
constituent quark mass

λ/m m, MeV m0, MeV Λ, GeV G1, GeV–2 G2, GeV–2 – 〈 q〉1/3, MeV Mσ, MeV Γ, MeV

0.7 330 1.54 1.11 3.108 9.683 298 670 1280

0.8 310 1.58 1.13 2.967 8.629 296 630 970

0.9 300 1.49 1.18 2.698 8.949 302 608 830

1.0 290 1.45 1.21 2.555 9.222 304 590 721

1.1 280 1.37 1.26 2.339 9.322 309 570 614

1.2 270 1.32 1.33 2.079 9.273 318 550 536

q

tion 3, the scalar meson (σ) is considered, and it is dem-
onstrated that the quark loop with two σ-meson legs
does not have the imaginary part if we use the IR cut-
off. The model parameters are fitted in Section 4. There
we consider the decay ρ  2π through the triangle
quark loop where the quark–antiquark threshold does
not appear when the IR cutoff is applied. In Section 5,
the σ-meson mass and the decay σ  2π width are
estimated. In the last section, we discuss the obtained
results and give some proposals for applying this model
in the investigation of the behavior of mesons in a hot
and dense medium in the vicinity of the critical point.
The values of the model parameters, the σ-meson mass,
and the σ  2π decay width are given in the table for
different values of λ.

2. SU(2) × SU(2) LAGRANGIAN, GAP EQUATION, 
AND PION MASS FORMULA

Let us consider an SU(2) × SU(2) NJL model
defined by the Lagrangian

(1)

After the bosonization of the four-fermion model (1),
one obtains its equivalent representation in terms of the
scalar (σ), pseudoscalar (p), vector (rµ), and axial-vec-
tor (a1µ) mesons

(2)

Here, the scalar fields σ and  satisfy the relation

(3)

+q q i∂ m0–( )q
G1

2
------ qq( )2

qiγ5tq( )2
+[ ]+=

–
G2

2
------ qγµtq( )2

qγ5γµtq( )2
+[ ] .

/

+meson
σ̃2 p2+

2G1
-----------------–

rµ
2 a1

2+
2G2

-----------------+=

– itrln 1
1

i∂ m–
--------------- σ iγ5t p⋅ t r̂µ⋅ γ5τ â1µ+ + +[ ]+

 
 
 

.
/

σ̃

m0– σ̃+ m– σ,+=
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where m0 is the current-quark mass, m is the constituent
quark mass, and the vacuum expectation of σ vanishes:
〈σ〉 0 = 0. Then, from the condition

(4)

one obtains the gap equation1) 

(5)

where  is the quark condensate.  is
obtained from the Λ2-divergent integral

(6)

by applying the three-dimensional UV (b = Λ) and IR
(a = λ) cutoffs

(7)

where E(k) =  and Nc is the number of colors.

Now, let us consider the free part of the Lagrangian
(2) for pion fields in the quark one-loop approximation
(see Fig. 2)2) 

(8)

1)Here, the dependence of the integral I1(m) on λ can be neglected
since (1) the value of the integral is defined by the UV cutoff Λ
and (2) I1(m) does not depend on external momenta and, there-
fore, does not have the imaginary part. Hence, there is no need for
an IR cutoff.

2)The braced expression can be written as 1/G1 + Ππ(p), where
Ππ(p) is the polarization operator of the pion.

δ+
δσ
--------

σ 0 π, 0= =

0,=

m0 m 1 8G1I1
λΛ( ) m( )–( ) m 1 8G1I1

0Λ( ) m( )–( )≈=

=  m 2G1 qq〈 〉 0,+

qq〈 〉 0 I1
ab( ) m( )

I1 m( ) i
Nc

2π( )4
------------- k4d

m2 k2– iε–
---------------------------∫–=

I1
λΛ( ) m( )

Nc

2π( )2
------------- kd

λ

Λ

∫ k2

E k( )
----------=

=  
Ncm

2

8π2
------------- x x2 1+ x x2 1++( )ln–[ ] λ m⁄

Λ m⁄
,

k2 m2+

+π
2( ) π2

2
----- 1

G1
------ 8I1

λΛ( ) m( )– 4 p2I2
λΛ( ) p2 m,( )–

 
 
 

,–=
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where  is a logarithmically growing inte-
gral:

(9)

In order to express (8) through physical fields, we
renormalize the pions

(10)

Here, as the pion mass Mπ is small, we can neglect

p2 ~  in :

(11)

Moreover, an additional renormalization factor 
appears for pions when we take into account the π–a1
transitions [3]:

(12)

where  = 1230 MeV is the mass of the a1 meson.
Thus, we obtain the following expression for the pion
mass:

(13)

which can be given the form of the Gell-Mann–Oakes–
Renner relation

(14)

I2
λΛ( ) p2 m,( )

I2
λΛ( ) p2 m,( ) i

Nc

2π( )4
-------------–=

× k4d

m2 k2– iε–( ) m2 k p–( )2
– iε–( )

-------------------------------------------------------------------------------∫

=  
Nc

2π2
-------- k

k2

E 4E2 p2– iε+( )
---------------------------------------.d

λ

Λ

∫

p gπ Mπ( )pr,=

gπ Mπ( ) gπ 0( )≈ 4I2
λΛ( ) 0 m,( )[ ]

–1/2
.=

Mπ
2 I2

λΛ( ) p2 m,( )

I2
λΛ( ) p2 m,( ) I2

λΛ( ) 0 m,( )≈

=  
Nc

8π2
-------- x x2 1++( ) 1 1 x2⁄+( )–1/2

–ln[ ] λ m⁄
Λ m⁄

.

Z

gπ gπ Z , Z 1– 1 6m2 Ma1

2 ,⁄–= =

Ma1

Mπ
2 gπ

2 1
G1
------ 8I1

λΛ( ) m( )– ,=

Mπ
2 2

m0 qq〈 〉 0

Fπ
2

--------------------,–≈

q

σ σ

ππ

Fig. 2. The quark-loop diagram for the polarization operator
of σ and π.

q

where the Goldberger–Treiman relation (21) and the
gap equation (5) have been used. We can see that this
pion-mass formula is in accordance with the Goldstone
theorem since, for m0 = 0, the pion mass vanishes and a
pion plays the role of the Goldstone boson.

3. THE σ MESON AND IR CONFINEMENT

The free part of the Lagrangian (2) for the σ meson
in the one-loop approximation (see Fig. 2) has the fol-
lowing form:

(15)

After the renormalization of the σ field

(16)

we obtain the expression for the σ-meson mass

(17)

Now, let us consider more carefully the integral

:

(18)

When λ = 0, this integral aquires an imaginary part.
Indeed, the integrand in (18) is singular when its
denominator is equal to zero:

(19)

The imaginary part appears if the singularity (k =
rMπ/2) lies within the integration interval. Therefore, if
we apply the IR cutoff

λ = cm, where c > rMπ/2m, (20)

then Λ > k > λ > rMπ/2 and the integral is real, which
is equivalent to the absence of the quark–antiquark
threshold, or confinement.

4. MODEL PARAMETERS

In this model we have four input parameters [13]:
(1) the pion-decay constant Fπ = 92.4 MeV describ-

ing the weak-decay process π  ;

+σ
2( )

 = 
σ2

2
-----–

× 1
G1
------ 8I1

λΛ( ) m( )– 4 p
2

4m2–( )I2
λλ( ) p2 m,( )–

 
 
 

.

σ gσ Mσ( )σr,=

gσ Mσ( ) 4I2
λΛ( ) Mσ

2 m,( )[ ]–1/2
,=

Mσ
2  = gσ

2 Mσ( ) 1
G1
------ 8I1

λΛ( ) m( )– 4m2 = r2Mπ
2 4m2,++

r
gσ Mσ( )
gπ Mπ( )
-----------------= .

I2
λΛ( ) p2 m,( )

I2
λΛ( ) Mσ

2 m,( )
Nc

2π2
-------- k

k2

E 4E2 Mσ
2– iε+( )

-----------------------------------------.d

λ

Λ

∫=

4E2 Mσ
2– 4k2 r2Mπ

2– 0.= =

µν
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(2) the ρ-meson-decay constant  = 6.14 describ-
ing the decay ρ  2π;

(3) the pion mass Mπ = 140 MeV;
(4) the ρ-meson mass Mρ = 770 MeV.
The output parameters are
(1) the constituent quark mass m,
(2) the 3-momentum UV cutoff parameter Λ,
(3) the scalar (pseudoscalar) four-quark coupling

constant G1,
(4) the vector (axial-vector) four-quark coupling

constant G2.
The IR cutoff λ is an arbitrary parameter of our

model which is to satisfy the condition (20).
In order to fix the output parameters, we use the fol-

lowing four equations:
(1) The Goldberger–Treiman relation

(21)

(2) The decay width of the process ρ  2π. The
amplitude of this process is of the form

(22)

In the one-loop approximation (see Fig. 3), we obtain

the following expression for :

(23)

where gρ(Mρ) =  (see [3]) and ∆ =

 is the finite part of the quark triangle

diagram (Fig. 3). The factor Z–1 appears due to the π–a1
transitions (see [3]). From these two equations one can
find m and Λ.

(3) The coupling constant G1 is defined by the mass
formula

(24)

(4) The coupling constant G2 is found from the mass
formula for Mρ [3]

(25)

By means of the gap equation (5), we define the cur-
rent quark mass m0.

gρ
exp

m Fπ⁄ gπ 0( ) gπ 0( ) Z .= =

Tρ 2π→ i
gρ

exp

2
-------- p

π+ p
π––( )νρν

0π+π–.=

gρ
exp

gρ
exp Z 1– gρ Mρ( )gπ

2 Mπ( ) 4I2
λΛ( ) 0 m,( ) ∆+[ ]=

=  
2
3
--- I2

λΛ( ) Mρ
2 m,( ) 

 
–1/2

1 ∆
4I2

λΛ( ) 0 m,( )
----------------------------+ ,

2
3
--- I2

λΛ( ) Mρ
2

m,( )
–1/2

3

8π2
-------- 1

2Mπ
2

3m2
----------+

 
 
 

Mπ
2 gπ

2 1
G1
------ 8I1

λΛ( ) m( )– .=

Mρ
2 gρ

2
Mρ( )

G2
-----------------

3

8G2I2
λΛ( ) Mρ

2 m,( )
---------------------------------------.= =
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5. THE σ-MESON MASS
AND THE DECAY σ  2π

The mass of the σ-meson is given by (17). Using
this  formula  for  the IR cutoff λ = m, we obtain3) 

Mσ = 590 MeV. (26)

The decay σ  2π occurs through the quark triangle
diagram (see Fig. 3). This diagram also satisfies the
confinement condition (20) if we use the IR cutoff λ =
m. The amplitude of the process σ  2π has the form

(27)

where

(28)

and

(29)

Neglecting the external pion momenta in I3(p1, p2, m),
we obtain

(30)

3)See table for different choices of the ratio λ/m.

Tσ 2π→ 8mgσ Mσ( )gπ
2 Mπ( )=

× I2
λΛ( ) Mσ

2 m,( ) 7 Mσ Mπ m, ,( )+[ ]σπ2,

7 Mσ Mπ m, ,( )
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1
2
--- Mσ

2 2Mπ
2

–( )I3 p1 p2 m, ,( )
p1

2
p2

2
Mπ

2= =

I3 p1 p2 m, ,( ) i
Nc

2π( )4
-------------–=

× k4d
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Fig. 3. The triangle quark diagram describing the decay of
the ρ and σ mesons into two pions.
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Then the decay width of the σ meson is found to be

(31)

where

(32)

Therefore, one can see that our estimates for the σ-
meson mass and its decay width are in agreement with
the experimental data [13] (see also [14, 15]):

(33)

From this, one can conclude that the NJL model with
the IR cutoff satisfies both of the low-energy theorems
together with SBCS and describes the low-energy
physics of the scalar, pseudoscalar, and vector mesons.

6. DISCUSSION AND CONCLUSION

In this paper, we have investigated the extension of
the NJL model for the light-nonstrange-meson sector of
QCD, where the interaction of u and d quarks is repre-
sented by four-fermion vertices and the phenomenon of
quark confinement is taken into account. This extension
of the NJL model describes the properties of the π, ρ, and
σ mesons in good agreement with the experiment and
with the low-energy theorems. The model parameters
are obtained by fitting the model so that it reproduces
the experimental values of the pion and ρ-meson
masses, the pion-decay constant Fπ-, and the ρ  ππ
decay constant gρ. Moreover, it was shown that, for the
π, ρ, and σ mesons, the nonphysical quark–antiquark
thresholds do not appear if the IR cutoff is applied.

The prediction of the σ-meson mass and its decay
width for different values of IR cutoff is given in the
table, together with the model parameters. From this
table and the experimental data [13], one can conclude
that the parameter λ is allowed to have values within
the interval 0.8 ≤ λ ≤ 1.2. The value of the current-
quark mass turned out to be too low because, in our
model, the quark condensate exceeds its conventional
value—(250 MeV)3. This can be seen from (14).

Insofar as the NJL model is a semiphenomenologi-
cal model based on the effective chiral four-quark inter-
action motivated by QCD on the phenomenological
level, the introduction of quark confinement in our
model through IR cutoff (without considering the gluon
exchanges, instanton interactions, etc.) is in the spirit of
this model.

An important application of our model is the
description of the meson properties in a hot and dense

Γσ 2π→
3

2π
------ m3

gσ Mσ( )Fπ
2

-----------------------
 
 
 

2

=

× 1 δ+( )2

Mσ
2

------------------- Mσ
2

4Mπ
2– 720  MeV, ≈

δ
7 Mσ Mπ m, ,( )

I2
λΛ( ) 0 m,( )

---------------------------------- 0.22.–≈=

Mσ
exp 400–1200  MeV,  Γ σ 

exp 600–1000  MeV.= =                   
medium. The standard NJL model has been already
used for this purpose [5, 16, 17], where the temperature
dependence of the masses of quarks and mesons and of
the Yukawa coupling constants was found. The IR cut-
off λ is expressed through the constituent quark mass m
(or the quark condensate ), which is lowered
when the temperature (T) and chemical potential (µ)
increase. Therefore, the IR cutoff will also reduce with
T and µ. This will at length result in the deconfinement
of quarks near the critical point. The temperature at
which deconfinement takes place can be found from the
condition [see also (19)]

(34)

where Elow is the lowest energy of the quark in the
quark loop. Then, for the pion, the temperature of
deconfinement follows from the condition (34)

 

(35)

 

In the vicinity of the critical point, the constituent quark
mass is reduced with 

 

T

 

 too suddenly, and the pion mass
increases gradually (see [17]). Therefore, when the
constituent quark mass is as light as 40–50 MeV, the
decay of a pion into free quarks becomes possible.

For the 

 

σ

 

 meson, we obtain a lower value of 

 

T

 

dec

 

:

 

(36)

 

The decay channel 

 

σ

 

  

 

2

 

π

 

 is closed when 

 

M

 

σ

 

 

 

≤

 

2

 

M

 

π

 

 [see (31)] and then

 

(37)

 

Note that, first of all, the quark deconfinement
occurs for the 

 

ρ

 

 meson, where we have the lowest 

 

T

 

dec

 

{see (34) and [17]}

 

(38)

 

Thus, we come to the following picture. At low 

 

T

 

and 

 

µ

 

, the 

 

σ

 

 meson is unstable since it has a large decay
width (31) into two pions. The pion is stable since elec-
troweak-decay channels can be neglected here, in com-
parison to the strong ones. The 

 

ρ

 

 meson takes an inter-
mediate position between 

 

σ

 

 and 

 

π

 

, having the 

 

ρ

 

  

 

2

 

π

 

strong decay width 150 MeV. When 

 

T

 

 increases, an
extra channel emerges: 

 

ρ

 

  

 

. At higher 

 

T

 

, there is
a temperature range where the decays of 

 

σ

 

 both into 

 

2

 

π

 

and into  are forbidden, and the 

 

σ

 

 meson turns out to

be a stable particle. For 

 

T

 

 > 

 

, the 

 

σ

 

 meson is allowed

to decay into a  pair, and only the pion remains sta-

ble. Finally, near the critical point, when 

 

T

 

 

 

≥

 

 

 

, all
the particles decay into free quarks.

qq〈 〉 0

4Elow
2 Mmeson

2– 4 1 c2+( )m2 Mmeson
2 0,≤–=

m Tπ
dec( ) Mπ 2 1 c2+ .⁄≈

m Tσ
dec( ) Mπr c.⁄≈

m Tσ 2π→( )
3

2
-------Mπr 100  MeV. ∼≈  /

m Tρ
dec( )

Mρ

2 1 c2+
--------------------- 250  MeV. ≈ ≈

qq

qq

Tσ
dec

qq

Tπ
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The process of deconfinement is entirely reflected in
the following sequence of inequalities

(39)

where we have four different temperatures separating
different phases. Therefore, one can see that the transi-
tion of the hadron matter to the quark–gluon plasma
occurs, not suddenly, but in a smooth manner.

In our further work, we are going to make a more
careful investigation of these processes, which can play
an important role for the explanation and prediction of
the signals coming from ultrarelativistic heavy-ion col-
lisions, as well as ensuring restoration to the chiral
symmetry and the quark deconfinement in the hadron
matter at the transition to the quark–gluon plasma. For
example, among the possible visible effects associated
with the quark deconfinement, there is the low-mass
dilepton enhancement observed by the CERES collab-
oration [18].
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Abstract—The phase structure of the four-dimensional Nambu–Jona-Lasinio model in the presence of a chem-
ical potential µ and an external magnetic field H is investigated at comparatively small values of the bare cou-
pling constant (G < Gc). It is shown that only for magnetic-field strengths in excess of some critical value Hc(µ)
does the magnetic field induce a spontaneous breakdown of chiral symmetry. On the phase portrait of the model,
there are infinitely many massless chiral-invariant phases; in addition, there is one massive phase characterized
by spontaneously broken chiral invariance. It is because of this phase structure of the system that some physical
features of its ground state, including magnetization, pressure, and particle density, oscillate as H  0.
Changes in the vacuum properties of the model are accompanied by first- or second-order phase transitions.
© 2000 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

A magnetic catalysis represents dynamical chiral-
symmetry (flavor-symmetry) breaking induced by an
external magnetic or an external chromomagnetic field.

For the first time, this property of a uniform external
magnetic field was discovered in studying the (2 + 1)-
dimensional Gross–Neveu model featuring discrete
chiral symmetry [1, 2]. It is well known [3] that, at H =
0, two phases are possible in this model. Of these, one
possesses chiral symmetry for G < Gc, where G is a bare
coupling constant; in the other, chiral invariance is
spontaneously broken for G > Gc. Even at arbitrarily
small (but nonzero) values of H and arbitrary values of
G > 0, the model does not have, however, a symmetric
ground state, and chiral invariance is spontaneously
broken [1, 2].2) In [1], special attention was of course
given to the case of G < Gc, where the magnetic field
causes a dynamical breakdown of chiral symmetry
even at arbitrarily small values of G. It was shown in [4]
that an external chromomagnetic field leads to similar
consequences.

Later on, this effect was explained in [5, 6] by con-
sidering that, in an external magnetic field, the dimen-
sion of spacetime is effectively reduced (dimensional

† Deceased.
1) Institute for High Energy Physics, Moscow oblast, Protvino,

142284 Russia.
* e-mail: kklim@mx.ihep.ru
2) The analysis in [1] was performed in terms of the parameter g

such that 1/g = 1/g(m) – 2m/π, where m is a normalization point
and g(m) is the renormalized coupling constant. The relation
between g and G has the form 1/g = 1/G – 1/Gc [4]. It is clear
that, for g < 0 (g > 0), we have G > Gc (G < Gc). It is also obvious
that g is independent of either the normalization point of the the-
ory or the ultraviolet-cutoff parameter.
1063-7788/00/6303- $20.00 © 0470
reduction), which enhances the role of infrared diver-
gences in the rearrangement of the vacuum. In those
studies, as well as in [7–10], it was proven3) that the
effect of magnetic catalysis is peculiar not only to var-
ious three-dimensional models like the continuous-
symmetry Gross–Neveu model, QED3, and free-fer-
mion models but also to four-dimensional theories like
those that are based on the Nambu–Jona-Lasinio (NJL)
models. Of such four-dimensional theories, the sim-
plest one is that which is specified by the Lagrangian

(1)

which is invariant under the continuous chiral transfor-
mation

(2)

(In order that the nonperturbative method of 1/N expan-
sion could be used, we will consider the N-fermion ver-
sion of the NJL model.) It was shown in [11] that, at

3)The authors of [7, 9] assert that only the fact of an increase in the
dynamical fermion mass in the presence of an external magnetic
field was established in [1, 2]; that is, they are confident that only
the case of G > Gc was considered in [1, 2]. In fact, the effect of
an external (chromo)magnetic field on the (2 + 1)-dimensional
Gross–Neveu model was studied in [1, 2, 4] for arbitrary values of
the bare coupling constant. It was also shown in those studies
that, at H ≠ 0, chiral symmetry is spontaneously broken for all
G ∈ (0, ∞), including the case of G < Gc and the case of arbi-
trarily small positive values of G (magnetic catalysis of dynami-
cal symmetry breaking proper).

Lψ ψki∂̂ψk

k 1=

N

∑=

+
G

2N
------- ψkψk

k 1=

N

∑ 
 
 

2

ψkiγ5ψk

k 1=

N

∑ 
 
 

2

+ ,

ψk        e
iθγ5ψk k 1 … N, ,=( ).
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H = 0, the chiral symmetry (2) in the theory specified
by equation (1) is spontaneously broken (phase B)
when the coupling constant G exceeds the critical value
Gc (G > Gc). If G < Gc, the vacuum of the model is
invariant under transformations (2) (phase A). Under
the effect of an external magnetic field, the vacuum of
the phase B changes its symmetry properties at no val-
ues of H [12].4) For G < Gc, however, the ground state
of the model ceases to be symmetric even at arbitrarily
small values of G and H [6]; that is, there is no A phase
in the NJL model for H ≠ 0 (effect of magnetic cataly-
sis). Within three-dimensional QED, a generalization
of the effect to the case of a nonuniform magnetic field
was performed in [14].

From quite general heuristic considerations, it fol-
lows that, in all probability, the effect of a magnetic
catalysis is universal—that is, it is expected to manifest
itself in the majority of models featuring fermion fields.
In order to demonstrate this, we note that, for any quan-
tum system of fermions interacting with one another
and with other particles in a chirally invariant way, the
effective fermion Lagrangian must involve a term pro-
portional to G( ψ)2. (In order to find the effective
Lagrangian, it is sufficient to perform integration in the
generating functional for Green’s functions with
respect to all fields, except for spinor ones.) By analogy
with the NJL model, we can therefore conclude that, in
the presence of a catalyst (external magnetic field),
chiral invariance will inevitably be broken in the sys-
tem at an arbitrarily small value of the effective con-
stant G. It goes without saying that, in each specific
model, the effect of magnetic catalysis has individual
features inherent in this model.

As a matter of fact, many physical processes occur
at nonzero values of temperature and particle-number
density; for this reason, much attention is given to the
dependence of the effect of magnetic catalysis on these
and on some other factors. By way of example, we indi-
cate that the effect of temperature, a chemical potential,
and a magnetic field on the properties of the (2 + 1)-
dimensional Gross–Neveu model was considered in
[15, 16] and that the effect of temperature on the catal-
ysis in the NJL model and in QED4 was studied in [8,
10, 17]; in addition, the concerted effect of gravity and
magnetic fields on the critical properties of various the-
ories featuring four-fermion interaction was analyzed
in [18, 19].

In the present article, we proceed along the above
lines, pursuing further the investigation of magnetic

4)This is at odds with expectations based on the analogy with the
theory of superconductivity, where the symmetry of the model
must be restored with increasing H. Calculations reveal that, in all
of the models listed above, the fermion mass grows with increas-
ing H; therefore, a transition to a chiral-symmetric, massless,
phase occurs at no value of the magnetic field H. Of particular
interest is the investigation performed in [13], where the growth
of the quark condensate with increasing external magnetic field
was proven within QCD, as well as within the generalized chiral
model, which describes the low-energy region of QCD.

ψ
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catalysis. Specifically, the properties of the vacuum of
the NJL theory whose Lagrangian is given by (1) are
considered here in the presence of a chemical potential
µ and a uniform external magnetic field H. On this
basis, it is shown that, with increasing magnetic field,
oscillations of pressure, magnetization (de Haas–Van
Alphen effect), and particle-number density (analog of
the Shubnikov–de Haas effect of electric-conductivity
oscillations in metals) may occur in the system.

2. µ ≠ 0, H = 0 CASE
We begin by recalling the properties of the NJL

model (1) at µ = 0. For this purpose, we consider,
instead of (1), the auxiliary Lagrangian

(3)

(on the field ψ, we suppressed here, for the sake of sim-
plicity, the index k numbering fermion fields). On the
manifold specified by the equations of motion for aux-
iliary boson fields σ1, 2, the Lagrangian in (3) is equiva-
lent to the original Lagrangian (1).

In the leading order of 1/N expansion, the effective
action of the model is given by

(4)

Further, we assume that the fields σ1, 2 are indepen-
dent of spacetime coordinates. By definition, we have

(5)

where

(6)

with Σ = .

Going over to the Euclidean metric (p0  ip0) in
the function appearing in (6) and introducing a Lorentz
invariant cutoff (p2 ≤ Λ2) in the domain of integration,
we obtain

(7)
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The points of extrema of the function in (7) are deter-
mined by the equation

(8)

From (8), it can be seen that, for G < Gc = 4π2/Λ2, equa-
tion (8) does not have solutions, with the exception of
the trivial solution Σ = 0; that is, fermions prove to be
massless in this case, and invariance under the chiral
transformations (2) is not violated.

If G > Gc, equation (8) has one nontrivial solution
corresponding to the global minimum of the potential
V0(Σ); this implies a spontaneous breakdown of chiral
symmetry and emergence of a nonzero fermion mass.

Let us now assume that µ > 0. This case was consid-
ered in detail in [20], where the expression for the cor-
responding effective potential Vµ(Σ) [the expression for
V0(Σ) is given in (7)] was obtained in the form

(9)

with θ(x) being a Heaviside step function. Evaluating
the integral on the right-hand side of (9), we arrive at

(10)

It can easily be shown that, for G < Gc and for any value
of µ, the absolute minimum of the function in (10) is
always attained at the origin—that is, the symmetry
under the transformations in (2) is not broken.

For G > Gc, previously unknown properties of the
NJL model were discovered in [20] on the basis of an
analysis of the point where the potential (10) attains the
absolute minimum. Among other things, it was shown
there that, at nonzero values of the chemical potential,
the state featuring massive fermions is described, in
that case, by two different phases that go over to each
other via a first-order phase transition. It was also
shown in [20] that the chiral symmetry of the model can
be restored by means of either a first-order or a second-
order phase transition, depending on the values of the
model parameters. The phase portrait of the NJL model
was constructed in the (µ, M) plane, where M is the
dynamical fermion mass at µ = 0, and it was found that
there are two tricritical points on this phase portrait.

V0 Σ( )∂
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-------- 4π2
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3. MAGNETIC CATALYSIS AT H ≠ 0 AND µ = 0

In a nonzero external magnetic field, the effective
potential of the NJL model can be derived by the well-
known proper-time method [21] or by no less elegant
methods relying on calculations in momentum space
[22]:

Upon an identical transformation of this expression, we
arrive at

(11)

where

(12)

Apart from an immaterial infinite term, which is inde-
pendent of Σ, the potential V0(Σ) in (12) is equal to the
function in (6); therefore, the regularized expression for
V0(Σ) has the form (7).

In just the same way as the potential V0(Σ), the inte-
gral Z(Σ) diverges at its lower limit. Upon isolating a
finite component in Z(Σ) by means of identical transfor-
mations in (12), we arrive at

(13)

where Λ appears to be the same cutoff parameter as in
(7). As to the last, divergent, term in (13), it contributes
to the renormalization of the electric charge e and to the
renormalization of the external magnetic field H; there-
fore, we disregard this term in the following (we are
dealing with a similar situation in calculating the effec-
tive action in QED [21, 23], where it is also necessary
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to renormalize e and H in order to obtain a finite expres-
sion for the effective action).

The last potential in (12), (Σ), features no diver-
gences; it can be evaluated easily by using standard
integrals that are presented in [24]. Taking into account
(11)–(13), we obtain

(14)

where x = Σ2/(2eH), ζ(ν, x) is a generalized Riemann
zeta function [25], and ζ'(–1, x) = dζ(ν, x)/ . The
following relations [25] will be useful in the ensuing
calculations:

(15)

With the aid of equations (14) and (15), we can find
easily that the point at which the potential VH(Σ)
achieves the global minimum satisfies the equation

(16)

where F(Σ) is given by (8) and where

(17)

[the parameter x has been defined immediately after
equation (14)]. Now, it can be shown easily that, for
Σ ∈ (0, +∞), the function I(Σ) decreases monotonically
from +∞ to 0; on the contrary, the function F(Σ)
increases monotonically, within this interval, from
4π2/G – Λ2 to 4π2/G. For any nonzero value of the
external magnetic field H, there therefore exists a
unique nonzero function Σ0(H) (both for G < Gc and
G > Gc) such that it satisfies equation (16) and that it
corresponds to the global minimum of the potential
VH(Σ). Physically, the solution denoted by Σ0(H) repre-
sents a fermion mass [in Fig. 1, which illustrates the
case of G < Gc, it appears to be the point where the
graphs of the functions F(Σ) and I(Σ) intersect].

Thus, we can see that, for G < Gc and H = 0, the vac-
uum of the NJL model possesses chiral invariance, but
that, at arbitrarily small nonzero values of the mag-
netic-field strength, this symmetry is spontaneously
broken, which means that a magnetic field appears to be

ṼH

VH Σ( ) V0 Σ( )=

–
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2
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d
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------ζ ν x,( ) νζ ν 1 x,+( ),–=

d
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2
--- 2π( ).ln–ln=

∂
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1
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1
2
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0

∞

∫
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a catalyst of a spontaneous breakdown of invariance
under the chiral transformations (2) (this result was first
obtained in [6]). In the following, the properties of the
vacuum of the model specified by equation (1) will be
studied only in the case of G < Gc.

5)

Listed below are some properties of the function
Σ0(H). From the integral representation (17) of I(Σ), it
follows that ∂I/∂H > 0; at fixed values of Σ, the graph
of the function I(Σ) are therefore shifted upward with
increasing H and downward (toward the Σ axis) with
decreasing H (see Fig. 1). It is obvious that Σ0(H) then
increases or decreases, respectively, since the graph of
the function F(Σ) undergoes no changes; that is, Σ0(H)
appears to be a monotonically increasing function of
the magnetic-field strength.

Let us now study the asymptotic behavior of this
function for H  ∞. We assume that

(18)

By using equations (8) and (17) and taking into account
(18), we find that, at large values of the magnetic-field
strength, the functions F and I are given by

It follows that, for H  ∞, the leading term in the
asymptotic expansion of the solution to the equation
F(Σ) = I(Σ) is given by

(19)

[It can be seen easily that the solution in (19) satisfies
the conditions in (18).]

In a similar way, we can determine the asymptotic
behavior of the solution Σ0(H) for H  0. Indeed, it
can be shown that, if only the leading terms in the

5)It was indicated in the Introduction that, for G > Gc, the symme-
try of the model under chiral transformations (2) is spontaneously
broken at any value of the magnetic-field strength [12].

Σ0 H( )        ∞, Σ0
2 H( )/ eH( )       ∞  for H         ∞ .

F Σ0( ) 4π2/G, I Σ0( ) 4 eH( )2/ 12Σ0
2( ).≈≈

Σ0 H( ) eH
π

------- G
12
------.≈

F(Σ)

Σ0(H)

4π2/G

Σ

4π2/G – Λ2 I(Σ)

H → ∞

H → 0

Fig. 1. Graphs of the functions F(Σ) and I(Σ). The point of
their intersection determines a nontrivial solution to equa-
tion (16) for the points of extrema of the effective potential.
Errors indicate the directions in which the graph of the func-
tion I(Σ) is displaced when the external-magnetic-field
strength is increased or decreased.



474 VDOVICHENKO et al.
asymptotic expansions on the two sides of the equation
F(Σ) = I(Σ) are retained under the condition that H 
0, Σ  0, and Σ2/(eH)  0, we arrive at an equation
whose solution

(20)

is consistent with the constraints imposed in deriving it.
Hence, the expression on the right-side of (20) is pre-
cisely the leading term in the asymptotic expansion of
the nontrivial solution to the equation for the points of
extrema in the limit H  0. 

Thus, we conclude that, for G < Gc, even an arbi-
trarily small external magnetic field induces a spontane-
ous breakdown of chiral invariance in the NJL model.

4. MAGNETIC CATALYSIS AT H ≠ 0 AND µ ≠ 0
Suppose that G < Gc and µ ≠ 0. It is well known that,

in contrast to a magnetic field, the chemical potential
facilitates the restoration of chiral symmetry. It is there-
fore natural to expect that, at a fixed nonzero value of
µ, the opposing trends due to the above two factors will
result in that only for magnetic fields whose strength
exceeds some finite threshold critical value Hc(µ) will a
dynamical breakdown of symmetry under transforma-
tions (2) be induced in the case being considered. If H <
Hc(µ), the chemical potential must have a more pro-
nounced effect on the vacuum; hence, chiral symmetry
is expected to be preserved. Below, these qualitative
considerations will be supported by a calculation of the
phase structure of the NJL model for H ≠ 0 and µ ≠ 0.

The effective potential in the three-dimensional
Gross–Neveu model was obtained in [16] at nonzero
values of an external magnetic field H, temperature T,
and the chemical potential µ. In a similar way, we can
derive the effective potential in the model considered
here, that specified by equation (1), for nonzero values
of H, T, and µ. The result is

(21)

where β = 1/T, αk = 2 – δ0k, εk = , and
the function VH(Σ) is defined in (11). In the limit T 
0, expression (21) takes the form

(22)

Σ0
2 H( ) eH
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VHµ Σ( ) VH Σ( )=

–
eH

4π2
-------- α k d p µ εk–( )θ µ εk–( ).

∞–

∞

∫
k 0=

∞

∑

                         
Evaluating the integral in (22), we arrive at

(23)

where sk = . With the aid of (16), the equa-
tion that determines the points of extrema of the poten-
tial (23) can be written as

(24)

Our attention being focused on the phase structure of
the model specified by equation (1), each point of that
region of the (µ, H) plane where µ ≥ 0 and H ≥ 0 must
be associated with some phase that is unambiguously
determined by the global minimum of the potential
(23). The procedure that we believe to be optimal for
implementing this construction and which is dictated
by the structure of expressions (23) and (24) is as fol-
lows. We break down the above region of the (µ, H

 

)
plane into domains 
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It is obvious that, in the region 

 

ω

 

0

 

, the quantities in (23)
and (24) receive contributions only from the first terms
in the corresponding sums; that two terms in each of
these sums—those that correspond to 

 

k 

 

= 0 and 1—are
nonzero in the region 

 

ω

 

1

 

; and so on. (A similar
approach was adopted in studying the effective poten-
tials in the three-dimensional Gross–Neveu model for
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 [16] and in the NJL model with a chemical
potential and one compactified spatial coordinate—that
is, in spacetime of the form 

 

R

 

3

 

 

 

× 

 

S

 

1

 

 [26, 27].)
Let us now consider the phase structure of the NJL

model in the region  ω 0
  under the condition  G   <   G 

c
 . In

this case, equation (24), which determines the points of
extrema of the potential (23), takes the form

 

(26)
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External-magnetic-field values H* at which the graph of the function Σ0(H) intersects the boundary of the domain ω0

Gc/G 1.01 1.1 1.5 2.5 3 11 101

2eH*/Λ2 11.97 13.12 18.18 30.64 36.84 135.65 1245.96
A numerical investigation of equation (26) reveals that,
for points of the region ω0 that lie above the curve L =
{(µ, H) : µ = Σ0(H)}, the potential (23) attains the global
minimum at the point Σ = 0. From the asymptotic
behavior of the solution Σ0(H) [see equations (19) and
(20)], it follows that, at sufficiently small values of the
magnetic-field strength, the curve L lies within the
region ω0. However, it intersects the boundary of ω0 at
some value H* dependent on G and Λ and goes beyond
this region. At some values of G and Λ, H*(G, Λ) can
be determined easily on the basis of the data from the
table, whose upper and lower rows quote, respectively,
several values of the ratio Gc/G and the corresponding
values of 2eH*(G, Λ)/Λ2. It can be seen that, as G
approaches zero, the magnetic-field-strength value at
which the curve L leaves the region ω0 increases, the
parameter Λ being fixed. Specifically, we have

As soon as we reduce the value of µ and intersect the
curve L within the region ω0, the potential VHµ(Σ)
develops a second nonzero, local, minimum—the point
Σ0(H)—which becomes the global minimum when µ
decreases further. The critical chemical-potential value
µc(H) at which the system goes over from the chiral-
invariant phase to a phase where chiral symmetry is
spontaneously broken is determined from the equation

(27)

In the region ω0, it has the solution

(28)

By integrating equation (16) with respect to Σ from 0 to
Σ0(H) and going over to the limit H  0 in the result-
ing expression, we can find that the asymptotic behav-
ior of µc(H) at small H is given by

Thus, we can see that, in the model specified by
equation (1) and considered at G < Gc, the curve µ =
µc(H) divides the (µ, H) plane into two regions. In the
first of these—that is, at µ > µc(H)—the vacuum of the
system is invariant under chiral transformations, while,
in the second—that is, at µ < µc(H)—the invariance of
the theory under the chiral transformations (2) is spon-
taneously broken. The two phases go over to each other
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via a first-order phase transition occurring upon the
intersection of the curve µ = µc(H) separating these
phases.

It is obvious that, at µ = const and H < Hc(µ) [here,
Hc(µ) is obtained by inverting the function µc(H)], the
condition µ > µc(H) holds; that is, chiral symmetry is
not broken. The case of H > Hc(µ) corresponds to the
region where chiral symmetry is broken. At µ = const,
this means that, for H > Hc(µ), an external magnetic
field catalyzes a spontaneous breakdown of invariance
under the chiral transformations (2).

It is also interesting to note that, in the region below
the critical curve µ = µc(H), the order parameter—for
this, we can take either the fermion mass or the point of
the global minimum, Σ0(H)—is independent of µ; in
other words, the amount of chiral-symmetry breaking
in the model by a magnetic field is independent here
of µ.

5. OSCILLATION PHENOMENA
AT H ≠ 0 AND µ ≠ 0

In the preceding section, we have shown that, on the
(µ, H) phase plane, the chiral-invariant ground state of
the NJL model specified by equation (1) corresponds to
points lying above the critical curve µ = µc(H). Single-
particle fermion excitations above this vacuum are
massless. At first glance, the properties of this vacuum
are weakly dependent on µ and H, and that part of the
(µ, H) plane where µ > µc(H) is entirely occupied by the
symmetric phase of the theory. But in fact, infinitely
many critical phenomena occur in the region µ > µc(H)
at an infinite number of points in response to variations
in external parameters. This is because the ground state
of the model changes abruptly its properties with
increasing µ at fixed H or with decreasing H at fixed µ.
At the above points, there occur second-order phase
transitions that do not violate, however, the chiral
invariance of the vacuum. These critical phenomena
can manifest themselves as oscillations of pressure and
magnetization; oscillations of the particle-number den-
sity in ground-state of the system are also possible in
this case. Below, we consider all these possibilities.

The state of thermodynamic equilibrium (ground
state) of any quantum field theory is unambiguously
characterized by the thermodynamic potential defined
as the value of the effective potential at the point of the
global minimum. The thermodynamic potential coin-
cides with pressure in absolute value, differing from it
in sign (see Appendix). In the case considered here, the
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expression for the thermodynamic potential Ω(µ, H) in
the region µ > µc(H) has the form

(29)

where ek = . It is well known that, at the points
of first-order (second-order) phase transitions, the first-
order (second-order) partial derivative of the thermody-
namic potential with respect to one of the arguments
develops a discontinuity, and so naturally do all the cor-
responding partial derivatives of orders higher than one
(two) with respect to the same argument. On the basis
of this criterion of phase transitions, we will analyze the
phase structure of the model under investigation for µ >
µc(H). We will show that the boundaries between the
regions ωk (25)—that is, the lines lk = {(µ, H) : µ =

} (k = 1, 2, …)—represent the critical lines of
second-order phase transitions. In order to do this, we
will consider the function given by (29) in one of the
regions ωk:

(30)

Evaluating the first- and second-order derivatives of
expression (30) with respect to µ, we obtain

(31)
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µ 4eH=
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Fig. 2. Phase portrait of the Nambu–Jona-Lasinio model for
G < Gc. Solid lines are those of second-order phase transi-
tions, while the dashed curve is drawn through the points of
first-order phase transitions. In the phase B, the chiral sym-
metry of the model is spontaneously broken, and fermions
have a mass Σ0(H). In each of an infinite set of chiral invari-
ant phases A0, A1,…, fermions are massless.
(32)

The equality in (31) means that the first-order deriva-
tive of the thermodynamic potential Ω with respect to µ
is continuous on all curves lk. From (32), it follows,
however, that a second-order phase transition occurs on
each line lk, since the second-order derivative of the
thermodynamic potential with respect to µ undergoes
there infinite jumps. Similarly, it can be shown that the
second-order derivatives ∂2Ω/(∂H)2 and ∂2Ω/∂µ∂H are
also discontinuous (have infinite jumps) on each of the
curves ln.

6) 
For the case of G < Gc, which is considered here, the

phase portrait of the model is depicted in Fig. 2, where
solid lines (lines lk) represent lines of second-order
phase transitions, while the dashed curve is that of first-
order phase transitions. In the phase B, chiral symmetry
is spontaneously broken, and fermions have a mass
Σ0(H). The figure also shows an infinite sequence of
massless chiral-invariant phases A0, A1, …, which gen-
erate oscillations of some physical quantities in the
model. We also note that, in the phase B, the fermion
density n = –∂Ω/∂µ is identically equal to zero. Upon
traversing the critical line (28), the fermion density n
undergoes a jump, taking a finite nonzero value.

Let us set µ = const. In the (µ, H) plane, this corre-
sponds to the straight line that intersects the critical
curves l1, …, lk, … at the points H1, …, Hk, …, respec-
tively. At µ = const, we now consider the external-mag-
netic-field dependence of the particle-number density,
n(H), and of the magnetization of the system, m(H) =
−∂Ω/∂µ. From the above properties of the thermody-
namic potential (29), it follows that the functions n(H)
and m(H) are continuous for H ≥ 0 and that their graphs
have characteristic cusps at an infinite number of the
points H1,…. Functions that behave in this way will
henceforth be referred to as oscillating functions. Thus,
we can say that, in the NJL model, the fermion concen-
tration n(H) and the magnetization m(H) of the ground
state oscillate as functions of the magnetic field.

Of course, smoother functions can also oscillate;
therefore, the above definition should be further clari-
fied. The point is that, at zero temperature and nonzero
chemical potential, oscillations of physical quantities
usually satisfy this definition. This is because the num-
ber of the filled energy levels of the system that are
below the Fermi surface as a function of external
parameters has discontinuities at an infinite number of
points. By way of example, we indicate that, at zero

6)In the Appendix, we consider relations between the second-order
derivatives of the thermodynamic potential and thermodynamic
coefficients, the latter being determined, for the majority of sys-
tems, from an analysis of experimental data.
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temperature, the first-order derivatives of the magneti-
zation m(H) and the particle-number density n(H) of a
free fermion gas in an external magnetic field H with
respect to H have discontinuities at an infinite number
of points [28–30]. According to the above definition,
oscillating parameters of the NJL model include the
quark condensate, the fermion-number density, and the
critical curve of chiral phase transitions in the case
where one of the spatial coordinates is compactified
and where the compactification radius appears to be a
variable [27]. (Oscillations of various physical quanti-
ties become smoother at nonzero temperature, but this
case is not considered here.)

It turns out that, in the NJL model, the oscillations
of the functions n(H) and m(H) can be obtained in an
explicit form. For this purpose, we make use of the
technique proposed in [30], where the oscillating com-
ponent of the thermodynamic potential of the relativis-
tic electron–positron gas was isolated exactly. This
technique is applicable to the thermodynamic potential
in the form (29). By analogy with what was done in
[30], we represent it as7) 

(33)

where

(34)

(35)

with ν = µ2/(eH).
Expressions (34) and (35) involve the functions P(x)

and Q(x) that are related to the well-known Fresnel
integrals C(x) and S(x) [25] by the equations

For x  ∞, the asymptotic expansions of these func-
tions are [25]

From (35), it can be seen that the thermodynamic
potential of the NJL model, along with the pressure in
the system, oscillates at large values of the variable
(eH)–1, the frequency of these oscillations being µ2/2.
Although the function Ω(µ, H) oscillates explicitly as a

7)For this, it is sufficient to make the electron mass tend to zero in
equation (19) from [30].
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function of H at a constant value of the chemical poten-
tial, it does not belong to the class of oscillating func-
tions that was defined above. However, the partial
derivatives of this function with respect to µ and H—
that is, the quantities n(H) and m(H)—belong to this
class and oscillate at large value of (eH)–1, the oscilla-
tion frequency being again µ2/2. The explicit expres-
sions for the oscillating components of n(H) and m(H)
can be found by using equations (33)–(35), but we do
not present them here to avoid encumbering the article
with unwieldy expressions.

6. CONCLUSION

The effect of an external magnetic field on the NJL
model in the presence of a chemical potential has been
considered for G < Gc. At µ = 0, arbitrarily small values
of the magnetic-field strength induce a spontaneous
breakdown of the chiral invariance of the model consid-
ered here [6], but, for µ ≠ 0 and sufficiently small values
of H, it has been shown here that the system occurs in
the symmetric state. As soon as the magnetic-field
strength achieves some critical value Hc(µ), there
occurs a first-order phase transition from the massless
symmetric phase A0 to the massive phase B (see phase
portrait of the model in Fig. 2), where the chiral sym-
metry is spontaneously broken (we can then say that a
dynamical breakdown of symmetry is induced by an
external magnetic field).

It has also been proven that, as the magnetic-field
strength is decreased at µ = const, there occurs an infi-
nite cascade of second-order phase transitions in the
system, each leaving the chiral properties of the ground
state of the model unchanged [that is, invariance under
the chiral transformations (2) is preserved]; at the same
time, thermodynamic features of the system like iso-
thermal compressibility and magnetic susceptibility
undergo discontinuities (see Appendix). These critical
properties of the model are illustrated by its phase por-
trait in Fig. 2, where we can see an infinite number of
massless chiral-invariant phases Ak (k = 0, 1, 2, …) in
the (µ, H) plane. Owing to this phase structure, oscilla-
tions of the magnetization (de Haas–Van Alphen effect)
and oscillations of the fermion-number density in the
ground state (analog of the Shubnikov–de Haas effect,
which consists in oscillations of the electric conductiv-
ity of metals in external magnetic fields at low temper-
atures) can be observed in the NJL system as the mag-
netic-field strength tends to zero.
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APPENDIX

Thermodynamic Coefficients and Their Relation
to Ω(µ, H)

By thermodynamic coefficients, we mean expres-
sions of the form (∂x/∂y)z, …, where x, y, z, … are ther-
modynamic features of the system like temperature T,
volume V, pressure p, the total number N of particles,
the total magnetization M, and an external magnetic
field H [29]. It is the jumps in thermodynamic coeffi-
cients that are used in practice to establish the occur-
rence of second-order phase transitions.

Suppose that T, V, H, and µ (chemical potential) are
independent parameters of the system. The thermody-
namic potential (more precisely, its density) then has
the form Ω(µ, T, H) = –p ≡ –p(µ, T, H) [29, 31]. It fol-
lows that

(A.1)

where n = N/V is the particle-number density, s is the
density of the entropy, and m = M/V is the density of the
magnetization. Here, we aim at establishing relations
between the second-order derivatives of the thermody-
namic potential Ω(µ, T, H) and some thermodynamic
coefficients.

By definition, the isothermal compressibility is the
thermodynamic coefficient (supplemented with a fac-
tor V–1)

(A.2)

which can be measured directly in many experiments
peculiar to the physics of condensed states [29, 31].
From (A.1), it follows that n = –∂Ω/∂µ and that, at con-
stant H and T, dp = ndµ. Taking these relations into
account, we can reduce κT to the form

(A.3)

that is, ∂2Ω/(∂µ)2 is proportional to the isothermal com-
pressibility κT of the system.

The magnetic susceptibility κm, another thermody-
namic coefficient, is proportional to ∂2Ω/(∂H)2. Indeed,
we have

where we have used the definition of magnetic suscep-
tibility, the identity M = mV, and the relation m = –∂Ω/∂H
[which follows from (A.1)].

dΩ– dp ndµ sdT mdH ,+ += =

κT
1
V
--- V∂

p∂
------ 

 
T N H, ,

,–≡

κT
1
V
--- V∂

p∂
------ 

 
T N H, ,

–≡ 1
V
--- ∂ N /n( )

n∂µ
----------------- 

 
T N H, ,

–=

=  n 2– n∂
µ∂

------ n 2– ∂2Ω
µ∂( )2

-------------;–=

κm
1
V
--- M∂

H∂
-------- 

 
T V ,  … ,  

≡
 

m

 
∂

 H ∂ 
-------

 
∂

 

2

 
Ω

 H ∂( ) 
2 

--------------– ,= =
                                         
Finally, we consider the thermodynamic coefficient
(∂M/∂p)T, V, H. It is obvious that

where we have used, in just the same way as in deriving
(A.3), the relation dp = ndµ.

REFERENCES
1. K. G. Klimenko, Teor. Mat. Fiz. 89, 211 (1991); Z. Phys.

C 54, 323 (1992).
2. I. V. Krive and S. A. Naftulin, Yad. Fiz. 54, 1471 (1991)

[Sov. J. Nucl. Phys. 54, 897 (1991)]; Phys. Rev. D 46,
2737 (1992).

3. D. J. Gross and A. Neveu, Phys. Rev. D 10, 3235 (1974).
4. K. G. Klimenko, A. S. Vshivtsev, and B. V. Magnitsky,

Nuovo Cimento A107, 439 (1994); A. S. Vshivtsev,
K. G. Klimenko, and B. V. Magnitsky, Teor. Mat. Fiz.
101, 391 (1994); Yad. Fiz. 57, 2260 (1994) [Phys. At.
Nucl. 57, 2171 (1994)]; A. S. Vshivtsev, V. Ch. Zhu-
kovsky, K. G. Klimenko, and B. V. Magnitsky, Fiz. Élem.
Chastits At. Yadra 29

 

, 1259 (1998) [Phys. Part. Nucl. 

 

29

 

,
523 (1998)].

5. V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Phys.
Rev. Lett. 

 

73

 

, 3499 (1994).
6. V. P. Gusynin, V. A. Miransky, and I. A. Shovkovy, Phys.

Lett. B 

 

349

 

, 477 (1995).
7. A. Yu. Babansky, E. V. Gorbar, and G. V. Shchepanyuk,

Phys. Lett. B 

 

419

 

, 272 (1998).
8. V. P. Gusynin, hep-ph/9709339; I. A. Shovkovy, hep-

ph/9709340.
9. V. A. Miransky, hep-th/9805159.

10. D. Ebert and V. Ch. Zhukovsky, Mod. Phys. Lett. A 

 

12

 

,
2567 (1997).

11. Y. Nambu and G. Jona-Lasinio, Phys. Rev. 

 

122

 

, 345
(1961); V. G. Vaks and A. I. Larkin, Zh. Éksp. Teor. Fiz.

 

40

 

, 282 (1961) [Sov. Phys. JETP 

 

13

 

, 192 (1961)];
B. A. Arbuzov, A. N. Tavkhelidze, and R. N. Faustov,
Dokl. Akad. Nauk SSSR 

 

139

 

, 345 (1961) [Sov. Phys.
Dokl. 

 

6

 

, 598 (1961)].
12. S. P. Klevansky and R. H. Lemmer, Phys. Rev. D 

 

39

 

,
3478 (1989).

13. I. A. Shushpanov and A. V. Smilga, Phys. Lett. B 

 

402

 

,
351 (1996).

14. R. R. Parwani, Phys. Lett. B 

 

358

 

, 101 (1995); W. Dittrich
and H. Gies, Phys. Lett. B

 

 392

 

, 182 (1997).
15. K. G. Klimenko, Teor. Mat. Fiz. 

 

90

 

, 3 (1992); A. S. Vshiv-
tsev, K. G. Klimenko, and B. V. Magnitsky, Pis’ma Zh.
Éksp. Teor. Fiz. 

 

62

 

, 265 (1995) [JETP Lett. 

 

62

 

, 283
(1995)]; S. Kanemura and H.-T. Sato, Nucl. Phys. B 

 
517

 
,

567 (1998).
16. A. S. Vshivtsev, K. G. Klimenko, and B. V. Magnitsky,

Teor. Mat. Fiz. 

 

106

 

, 390 (1996).
17. V. P. Gusynin and I. A. Shovkovy, Phys. Rev. D 

 

56

 

, 5251
(1997).

1
V
---–

M∂
p∂

-------- 
 

T V H, ,

1
V
---–

∂ Vm( )
n∂µ

---------------- 
 

T V H, ,
=

=  n 1– m∂
µ∂

-------– n 1– ∂2Ω
µ H∂∂

--------------,=
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000



MAGNETIC CATALYSIS AND MAGNETIC OSCILLATIONS 479
18. T. Inagaki, T. Muta, and S. D. Odintsov, Prog. Theor.
Phys. (Suppl.) 127, 93 (1997).

19. D. M. Gitman, S. D. Odintsov, and Yu. I. Shil’nov, Phys.
Rev. D 54, 2968 (1996); B. Geyer, L. N. Granda, and
S. D. Odintsov, Mod. Phys. Lett. A 11, 2053 (1996);
T. Inagaki, S. D. Odintsov, and Yu. I. Shil’nov, hep-
th/9709077; E. Elizalde, Yu. I. Shil’nov, and V. V. Chitov,
Class. Quantum Grav. 15, 735 (1998).

20. A. S. Vshivtsev, V. Ch. Zhukovsky, and K. G. Klimenko,
Zh. Éksp. Teor. Fiz. 111, 1921 (1997) [JETP 84, 1047
(1997)]; A. S. Vshivtsev and K. G. Klimenko, Pis’ma Zh.
Éksp. Teor. Fiz. 64, 313 (1996) [JETP Lett. 64, 338
(1996)].

21. J. Schwinger, Phys. Rev. 82, 664 (1951).
22. M. R. Brown and M. J. Duff, Phys. Rev. D 11, 2124

(1975); W. Dittrich, Fortschr. Phys. 26, 289 (1978).
23. I. M. Ternov, V. Ch. Zhukovsky, and A. V. Borisov,

Quantum Processes in Strong External Fields (Mosk.
Gos. Univ., Moscow, 1989).

24. A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev,
Integrals and Series, Vol. 1 (Nauka, Moscow, 1981; Gor-
don and Breach, New York, 1986).

25. A. Erdélyi, Higher Transcendental Functions (Bateman
Manuscript Project), Ed. by A. Erdélyi (Nauka, Mos-
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
cow, 1965, 1966; McGraw-Hill, New York, 1953, 1953),
Vols. 1, 2.

26. M. A. Vdovichenko, A. S. Vshivtsev, and K. G. Kli-
menko, Preprint No. 97-59, IHEP (Institute for High
Energy Physics, 1997); A. S. Vshivtsev, A. K. Klimenko,
and K. G. Klimenko, Yad. Fiz. 61, 543 (1998) [Phys. At.
Nucl. 61, 479 (1998)].

27. A. S. Vshivtsev, M. A. Vdovichenko, and K. G. Kli-
menko, Zh. Éksp. Teor. Fiz. 114, 418 (1998) [JETP 87,
229 (1998)].

28. L. D. Landau and E. M. Lifshitz, Statistical Physics
(Nauka, Moscow, 1976; Pergamon, Oxford, 1980);
I. M. Lifshits, Collected Works (Nauka, Moscow, 1994);
D. Persson and V. Zeitlin, Phys. Rev. D 51, 2026 (1995).

29. Yu. B. Rumer and M. Sh. Ryvkin, Thermodynamics, Sta-
tistical Physics, and Kinetics (Nauka, Moscow, 1977).

30. K. G. Klimenko and A. S. Vshivtsev, Zh. Éksp. Teor. Fiz.
109, 954 (1996) [JETP 82, 514 (1996)].

31. P. M. Chaikin and T. C. Lubensky, Principles of Con-
denced Matter Physics (Cambridge Univ. Press, Cam-
bridge, 1995).

Translated by A. Isaakyan
                                         



  

Physics of Atomic Nuclei, Vol. 63, No. 3, 2000, pp. 480–488. From Yadernaya Fizika, Vol. 63, No. 3, 2000, pp. 552–560.
Original English Text Copyright © 2000 by Kopeliovich, Sriram.

                          

ELEMENTARY PARTICLES AND FIELDS
Theory

               
Strangeness, Charm, and Bottom
in a Chiral Quark–Meson Model*

V. B. Kopeliovich and M. S. Sriram1)

Institute for Nuclear Research, Russian Academy of Sciences, ul. Shestidesyatiletiya Oktyabrya 7a, Moscow, 117312 Russia
Received November 27, 1998; in final form, June 6, 1999

Abstract—In this paper, we investigate an SU(3) extension of the chiral quark–meson model. The spectra of
baryons with strangeness, charm, and bottom are considered within a “rigid oscillator” version of this model.
The similarity between the quark sector of the Lagrangian in the model and the Wess–Zumino term in the
Skyrme model is noted. The binding energies of baryonic systems with baryon numbers B = 2 and 3 possessing
strangeness or heavy flavor are also estimated. The results are in good qualitative agreement with those obtained
previously in the chiral soliton (Skyrme) model. © 2000 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The chiral soliton models, Skyrme model first of all
[1], are attractive because they are simple and elegant
and allow us to describe the properties of lowest bary-
ons with a rather good accuracy. At the same time, since
the quark degrees of freedom are excluded from the
beginning, the Skyrme model is not completely realis-
tic: it is generally believed that quarks should be explic-
itly present in the baryons. Consideration of more real-
istic models with explicit quark degrees of freedom
included in the Lagrangian seems to be necessary.

For the case of nonstrange baryons, this was done in
[2–6] within the chiral quark–meson (CQM) model,
where the mean-field approximation for the quark wave
functions was an important ingredient. From a theoret-
ical point of view, CQM models have an advantage that
there is no question about the choice of the terms in the
Lagrangian responsible for the stability of the soliton:
the stabilization is due to the quark–meson interaction.
Such models are minimal in the sense that only the sec-
ond-order terms in chiral-field derivatives are present in
the effective Lagrangian [2–5].

Here, we extend such models for the consideration
of baryons with strangeness, charm, and bottom for the
sector with B = 1, first of all. These degrees of freedom
are treated in the same manner as in the bound-state
approach to heavy flavors proposed in [7, 8] and a
“rigid oscillator” version of which was developed in
[9–11]. Within this model, the deviations of quark
fields and solitons into “strange” (“charm” or “bot-
tom”) directions are considered as small ones, and a
corresponding expansion of the Lagrangian is made.
The results obtained confirm the assumption concern-
ing the smallness of these deviations. Also, the defor-
mations according to, e.g., “cranking” [3] into the

* This article was submitted by the authors in English.
1) Department of Theoretical Physics, University of Madras,

Guindy Campus, 600025 Madras, India.
1063-7788/00/6303- $20.00 © 20480
strange or other directions are neglected within the
rigid oscillator version of the model.

The sectors with B = 2 and 3 are also briefly dis-
cussed. Previously, the question of existence of bary-
onic systems with strangeness different from zero was
a subject of intensive studies originated with papers
[12–15]. Some review of theoretical predictions,
mainly for the sector with B = 2, can be found in [16].
The question of whether a baryonic system with flavor
different from u and d exists is quite general. Charm,
bottom, or top quantum numbers are also of interest,
and their consideration can be performed in the frame-
work of chiral soliton models, in particular, the bound-
state approach to heavy flavors [7–10]. As was shown
recently within the rigid oscillator model, the baryonic
systems with charm or bottom have even more chances
to be stable with respect to strong interactions, in com-
parison with strange baryonic systems [11]. Here, we
present some estimates for the binding energies of the
lightest baryonic system with nontrivial flavor in the
chiral quark–meson model and show that these esti-
mates are in qualitative agreement with those obtained
in [10, 11].

In Section 2, we consider the SU(3) extension of the
chiral quark–meson Lagrangian. In the next section, we
give an explicit expression for the Hamiltonian of the
baryonic system in the leading order in Nc in terms of
the flavor (antiflavor) excitation frequencies. In Section
4, the B = 1 sector is considered and hyperon–nucleon
mass differences are estimated, including the zero-
mode corrections of order 1/Nc . In Section 5, the sec-
tors with B ≥ 2 are discussed, and binding energies of
some few-baryonic systems are estimated.
000 MAIK “Nauka/Interperiodica”
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2. SU(3) EXTENSION OF THE CHIRAL
QUARK–MESON LAGRANGIAN

The SU(3) extension of the chiral quark–meson
Lagrangian density can be written in the following way
[2, 3]:

(1)

Here, Ψ is a triplet of quark fields: (u, d, s), (u, d, c), or
(u, d, b); λk are the Gell-Mann matrices; U ∈  SU(3) is a
unitary matrix incorporating chiral (meson) fields; and
lµ = U†∂µU. In this model, Fπ is fixed at the physical
value, Fπ = 186 MeV, and gFπ . 500 MeV appears as
the effective bare u- and d-quark masses. The interac-
tion between quarks is not considered explicitly, but it
is present in this mean-field description of the quarks
due to the quark–meson coupling. Here, we have
included terms in the Lagrangian which describe flavor
symmetry breaking (FSB) in bare constituent quark

masses, ~(  – ), as well as in the quark–
meson coupling which is proportional to a parameter
αF . The FSB in the meson sector of the Lagrangian is
of usual form and was sufficient to describe the mass
splittings of the octet and decuplet of baryons [17].
Here, we consider first a case of flavor symmetry in
decay constants, i.e., FD = Fπ. Even for realistic values
of FD, the last term in (1) is small and can be omitted
for estimates we are making here.

The importance of the quark sector of the
Lagrangian is that it reproduces the properties of the
Wess–Zumino (WZ) term written in the simple form by
Witten [18]. First, the baryon number is given by this
term, and second, when the field Ψ is turned into
“strange” or other direction, the quark Lagrangian
gives the contribution coinciding with that coming
from the WZ term in the Skyrme model [9, 10].

We shall consider the collective-coordinate rotation
of the quark field Ψ and the meson fields incorporated
into the matrix U, in the spirit of the bound-state
approach to the description of strangeness proposed in
[7–9] and used in [10, 11]:

(2)

+ iΨ∂̂Ψ gFπ ΨLUΨR ΨRU
†ΨL+( )–=

–
αF

3
------gFπ ΨL 1 3λ8–( )UΨR ΨRU

†
1 3λ8–( )ΨL+[ ]

+
Fπ

2

16
------trlµl

µ Fπ
2
mπ

2

16
-------------tr U U

†
2–+( )+

+
FD

2
mD

2
Fπ

2
mπ

2
–

24
----------------------------------tr 1 3λ8–( ) U U

†
2–+( )

+
FD

2
Fπ

2
–

48
-------------------tr 1 3λ8–( ) Ulµl

µ
lµl

µ
U

†
+( ).

FD
2

mD
2

Fπ
2
mπ

2

Ψ r t,( ) R t( )Ψ0 O t( )r( ),=

U r t,( ) R t( )U0 O t( )r( )R
†

t( ), R t( ) A t( )S t( ),= =
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where Ψ0 is originally a two-component spinor in the
(u, d) SU(2) subgroup; U0 is the SU(2) soliton embed-
ded into SU(3) in the usual way (into left upper corner);
A(t) ∈  SU(2) describes SU(2) rotations; S(t) ∈  SU(3)
describes rotations in the “strange,” “charm,” or “bot-
tom” direction; and O(t) describes rigid rotations in
coordinate space. To be more specific, we shall con-
sider the extension of the (u, d) SU(2) Skyrme model in
strange direction, when D is the field of K mesons. But
it is evident that a similar extension can be made in the
charm or bottom directions also:

(3)

where λa are Gell-Mann matrices of (u, d, s), (u, d, c), or
(u, d, b) SU(3) groups. The (u, d, c) and (u, d, b) SU(3)
groups are quite similar to the (u, d, s) one. For the (u, d,
c) group, a simple redefinition of hypercharge should be

made. For the (u, d, s) group, we have D4 = (K+ + K–)/ ,

D5 = i(K+ – K–)/ , etc. For the (u, d, c) group D4 =

(D0 + )/ , etc.

Consider first the contribution due to the time
dependence of the collective rotations in the quark sec-
tor of the Lagrangian:

(4)

Here, w and W are the vectors of angular velocities for
the isospin and usual space rotations, respectively,
defined in the standard way:

The field D is small in magnitude, of order 1/ ,
where Nc is the number of colors in QCD. Therefore, an
expansion of the matrix S in D powers can be made.
Taking into account all the terms up to O(1/Nc), we can
represent +q in the form

(5a)

S t( ) i$ t( )( ), $ t( )exp Da t( )λa,
a 4 … 7, ,=

∑= =

2

2

D
0
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Here,

(5b)

is the angular velocity of rotation in the “flavor” direc-
tion, D is the doublet of heavy-meson fields, kaons, and
D or B mesons. Lagrangian (5a) does not depend on the
quark orientation in isospace or on their radial wave
functions, which are not the same for different quarks.
However, for arbitrary B, we always find the following
term containing the factor Nc , after summing over
quark colors and flavors and integrating with respect to
space coordinates:

(6)

which is valid in any order in d 2 = 2D†D. It is assumed
in (6) that the quark wave functions Ψ are properly nor-

malized,  = 1. This contribution coincides

with that obtained from the Wess–Zumino term in the
action in the bound-state approach of the topological
soliton (Skyrme) model [8–10].

The general parametrization of U0 for the SU(2)
soliton we use here is given by U0 = cf + sf t · n with
nz = cα , nx = sαcβ, ny = sαsβ, sf = sinf, cf = cosf, etc. The
mass term in Lagrangian (1) can be calculated exactly,
without expansion in the field D because the matrix S is
S = 1 – i$sind/d – $2(1 – cosd)/d 2 with d 2 = tr$2:

(7)

The expansion of this term can be done easily up to any
order in d. The comparison of this expression with ∆LM
within the collective-coordinate approach of the quan-
tization of SU(2) solitons in SU(3) configuration space
allows us to deduce an equality sin2d = sin2ν, where ν
is the angle of the λ4 rotation, or rotation into “strange”
direction. The so-called strangeness (or flavor) content
of the quark fields can be calculated easily as Cs . D†D.
It should be kept in mind that in the collective-coordi-
nate method the scalar strangeness content of the soli-
ton Cs = (sin2ν)/2.

The time-dependent part of the second-order term in
the Lagrangian density (1) due to rotations in the SU(3)
configuration space leads to the following contribution:

(8)

Making an expansion of the matrix S and also adding
together contributions from the usual space rotations

b i D
†tḊ Ḋ

†
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sd
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d
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†
D D
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+2 2tr ṠṠ
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†
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ȦSṠ

†
+ + +[=

+ S
†
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ȦSU0

†
S

†
A

†
ȦSU0 S

†
ṠU0

†
S

†
A

†
ȦSU0+

+ S
†
A

†
ȦSU0

†
S

†
ṠU0 ] .
we obtain

(9)

The moments of inertia of the configuration can be
extracted easily from (9) as the coefficients in the qua-
dratic form in angular velocities of rotation.

The interaction of quarks and mesons gives the con-
tribution proportional to the new parameter αF , after
integrating over space:

(10)

where, according to [2, 3], Eqm < 0 is the quark–meson
interaction energy.

An expression (9) can be simplified considerably for
spherically symmetrical configurations (hedgehogs)
for B = 1, as well as for B ≥ 2 solitons described by axi-
ally symmetrical configurations (see Sections 4 and 5
for details).

After some calculation, the Lagrangian of the chiral
quark–meson model in the lowest order in field D can
by written in the form below which is similar to that of
the bound state approximation to the topological soli-
ton model [7–10]:

(11)

We have ignored the difference between FK and Fπ
through the last term in (1) in the above expression and
kept our former notation for the moment of inertia
under rotation into “strange,” “charm,” or “bottom”
direction Θc = Θb = Θs = ΘF [15] (the subscript c indi-
cates the charm quantum number everywhere, except in
Nc). In the present model, this moment of inertia has a
simple analytical form for an arbitrary initial SU(2)
skyrmion, regardless of its symmetry properties:

(12)

Note, that since the Skyrme term is absent in the CQM
model, this formula is especially simple. Some contri-
bution to ΘF originates from deformations, or “crank-
ing” of the quark fields into strange, or other directions,

+2 . 
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8
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---D
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–
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ḊḊ
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†
D( )

2
–( ) w b⋅ 2⁄+

+ s f
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.

Lint . αFEqmD
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L Mcl B,– 4ΘF B, Ḋ
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similar to the isotopic inertia ΘT [3], but it can be
neglected in the spirit of the rigid oscillator model.

The quantity ΓB defines the contribution of the mass
term in the Lagrangian (1),

(13)

so, the following relation is valid in CQM:

(14)

The term proportional to NcB in (11), which comes
from the quark sector here, is responsible for the split-
ting between excitation energies of strangeness and
antistrangeness (flavor and antiflavor in general case)
[8–10].

3. FLAVOR EXCITATION FREQUENCIES

As a result of the canonical quantization procedure,
the Hamiltonian of the system including the terms of

order  takes a form similar to that in the topological
soliton models [9, 10]:

(15)

 =  – . A momentum Π is conjugated canon-
ically to variable D [see (23) below]. Hamiltonian (15)
corresponds to the oscillator-type motion of the field D
against the background formed by the (u, d) SU(2) soli-
ton. A diagonalization of HB can be done explicitly
according to [9, 10], and the normal-ordered Hamilto-
nian can be written as

(16)

with a† and b† being the operators of creation of the
strangeness (i.e., antikaons) and the antistrangeness
(flavor and antiflavor) quantum number, ωF, B and 
being the frequencies of flavor (antiflavor) excitation. D
and Π are related to a and b in the following way [9, 10]:

(17)
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For the lowest states, the values of D are small,

and increase with |F | as (2|F | + 1)1/2. As was noted in
[10], deviations of the field D from the vacuum
decrease with increasing mass mD , as well as the num-
ber of colors Nc , and the method works for any mD—for
charm and bottom quantum numbers also.

The excitation frequencies ω and  are

(18)

As was observed in [11], the difference  – ωF, B =
Nc B/(4ΘF, B) coincides in the leading order in Nc with
that obtained in the collective-coordinate approach [15].

To get an idea about the value of the parameter αF ,
we can use a relation between αFgFπ and the effective
quark mass:

(19)

Since the quark–meson interaction energy is nega-
tive—it leads to the stability of the whole configura-
tion—the term αFEqm makes the flavor excitation fre-
quencies smaller. The relative role of this effect
decreases with increasing mass of the flavor and is
more important for strange baryons. For the B = 1 con-
figuration, the quark–meson interaction energy Eqm =
−1.127 GeV [3]. For strange baryons to have bare con-
stituent strange quark mass greater than that of non-
strange quarks by about 0.2 GeV, we should take αs .
0.4. Similarly, we can obtain the crude estimates αc .
2.7 and αb . 9.4.

The FSB in the flavor decay constants, i.e., the fact
that FK/Fπ . 1.23 and FD/Fπ = 1.7 ± 0.2, should be taken
into account as well. In the Skyrme model, it leads to
the increase of the flavor excitation frequencies, which
modifies the spectra of flavored baryons in better agree-
ment with data [19, 20], and leads also to some changes
of the binding energies of baryonic system [11]. It was
mainly due to the large contribution of the Skyrme term
in the Lagrangian to the inertia ΘF . Since the Skyrme
term in the CQM model under consideration is
absent—we obtain the relation ΓB = 4ΘF, B as a result—
the effect of FSB in decay constants is of minor impor-
tance in the chiral quark–meson model.

The terms of the order  in the Hamiltonian
depending on the angular velocities of rotations in the
isospin and the coordinate space, describing the zero-
mode contributions, are not crucial, but they are impor-
tant for numerical estimates of the baryon spectra. They
will be considered in the next sections.

D 16Γ BΘF B, mD
2

Nc
2
B

2
+[ ]

1 4/–
,∼

ω

ωF B,
NcB

8ΘF B,
-------------- µF B, 1–( ),=

ωF B,
NcB

8ΘF B,
-------------- µF B, 1+( ).=

ωF B,

1 αF+( )gFπ . mF
eff

.

Nc
1–
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4. B = 1 HEDGEHOG AND ESTIMATES
OF BARYON SPECTRA

The B = 1 hedgehog configuration in the chiral
quark–meson model can be treated in the same manner
as in the topological (Skyrme) model. The unit vector n
describing the chiral meson-field configuration is n =

 = r/r, and the spinor Ψ0 has the structure [2, 3]

where χh is the hedgehog spinor

(20)

It can be examined for hedgehogs that the terms in (5)
that depend on the orientation of the quarks in isospin
and spin space, being proportional to t, make zero con-
tribution to the Lagrangian. Rotations in the iso- and
coordinate spaces are equivalent for hedgehogs, and the
contribution to the energy depends on one common
moment of inertia, ΘT, B .

From equations (1), (6), (9), and (10) in Section 2,
we obtain the following expression for the Lagrangian
including all the terms up to O(1/Nc):

(21)

By means of this Lagrangian, we can introduce the
canonical variables

(22)

(23a)

r̂
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∂Ḋ
†

----------=

=  4ΘF Ḋ 1
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NcB

2
----------D
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(23b)

where 〈IF〉 is matrix element of the operator IF = (b†tb
– ata†)/2 taken between states with flavor F.

Using the relations

and

one can see that L, Π, and Ibf have essentially the same
structures as the appropriate expressions in [10]. This is
true for the Hamiltonian also, and we find that the 1/Nc
zero-mode quantum correction to the energies of
hedgehogs in the CQM model has a structure which is
quite similar to the correction term in the Skyrme
model. It can be estimated according to the expression
[9, 10]

(24)

where I = Ibf is the isospin of the baryon or baryonic
system, Tr is the quantity analogous to the “right” isos-
pin Tr in the collective-coordinate approach [21, 22],

and Tr = Ibf – IF , the operator IF = (b†tb – ata†),

(25)

In the case of antiflavor excitations, we have the same
formula (24), with the substitution µ  –µ in (25).
For example,

(26)

According to (9), the isotopic inertia is

(27)

but it acquires the same contribution (about 30%) also
from the quark sector of the Lagrangian due to the
cranking procedure described in [3]. For numerical
estimates here, we take the value of ΘT obtained in [3]
in the linear σ model since the differences of all calcu-
lated quantities in the linear and nonlinear versions of
the σ model are negligible.

Ibf ΘTw 1
ΘT

2ΘF

----------– 
  IF〈 〉

NcBΘT

4ΘF

-----------------D
†tD,–+=

ib– tD⋅ 2D
†
DḊ Ḋ
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The excitation frequencies for flavor F, ωF , antiflavor, , and the energy differences of baryons with different flavors and
the nucleon, in GeV; ωSk are the flavor excitation frequences in the Skyrme model shown here for comparison

F ωF ωSk 〈D†D〉

s 0.326 0.20 0.69 0.120 0.28 0.177 0.44 0.254 0.78 0.34

c 1.687 1.18 2.05 0.032 1.67 1.346 1.89 1.516 2.07 0.75

b 5.098 3.66 5.46 0.011 5.09 4.702 5.32 – 5.47 0.90

Note: For B = 1 soliton, we use the values of mass M1 = 1149 MeV, flavor inertia ΘF = 2.06 GeV–1 [23], and isotopic inertia ΘT = 5.93 GeV–1

[3]. The estimate used here, 〈D†D〉 = (NcBµ)–1, is valid for the lowest state of oscillator with |F| = 0, i.e., for the nucleon.

ωF

ωF
∆MΛF N– ∆MΛF N–

exp ∆MΣF N– ∆MΣF N–
exp ∆MZF N– cF
In the rigid oscillator model, the states predicted are
not identified with definite SU(3) or SU(4) representa-
tions. However, it can be done, as shown in [10]. The
quantization condition (p + 2q)/3 = B [21] for arbitrary
Nc is changed to (p + 2q) = NcB + 3 , where  is
the number of additional quark–antiquark pairs present
in the quantized states. For example, the state with B =
1, |F| = 1, I = 0, and  = 0 should belong to the octet
of (u, d, s), or (u, d, c), etc., SU(3) group if Nc = 3 (see
also [10]). In limiting case ΘF  ∞, (24) turns into the
expression obtained within the collective-coordinate
approach [15, 21]. In a realistic case with ΘT/ΘF . 2.9,
the structure of (24) is more complicated.

We will first summarize the results for B = 1 in the
“rigid oscillator” approach to heavy flavors in CQM,
without including the effect of flavor symmetry break-
ing in the quark–meson couplings (that is, αF = 0). We
find that the excitation frequencies ωF are, in general,
higher than in the Skyrme model. This can be attributed
to the fact that the value of ΓB in the present model is
higher than the same parameter in the Skyrme model.
The mass difference MΛ – MN comes out to be 284 MeV
compared to the experimental value of 176 MeV. How-
ever, it is to be noted that the value of ωS in the rigid
oscillator approach used here is close to the value of
315 MeV obtained in a random phase approximation to
the CQM model with broken SU(3) [4].

It should be noted that the values of inertia obtained
within the chiral quark–meson model are close to those
obtained in the Skyrme model. For example, the flavor
inertia ΘF = 1.86 GeV–1 in the Skyrme model with
Fπ = 108 MeV and e = 4.84 (nucleon and ∆-isobar
masses are fitted), and ΘF = 2.03 GeV–1, ΘT = 5.55 GeV–1

in the Skyrme model version with Fπ = 186 MeV and
e = 4.12.

The ZF baryons included in the table have  quan-
tum number and are truly exotic because they cannot be
made of Nc valence quarks only: one  pair is needed

for this purpose. These states belong to the  repre-
sentation of the corresponding SU(3) (the upper state
with isospin I = 0). The mass of the state with S = +1,
which was calculated first in [24] within the collective-
coordinate approach of the quantization of zero modes

nqq nqq

nqq

F

qq

10
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in the Skyrme model, was found to be ~740 MeV above
the nucleon. Later, this antistrange baryon was consid-
ered in more detail in [25], where the MZ – MN mass dif-
ference was found to be ~590 MeV, also within Skyrme
model, but with the additional assumption that the
N*(1710) resonance is the nonstrange component of
the antidecuplet of baryons. The CQM model predic-
tion for the S = +1 baryon (see table) is in better agree-
ment with predictions of the collective-coordinate
method [16, 24].

The inclusion of FSB in the quark–meson coupling
improves the situation. We take the values of the param-
eter αF to be αs = 0.4, αc = 2.7, and αb = 9.4, which
allow us to obtain the effective quark masses in the
Lagrangian close to the known values. Then, we obtain
ωs = 0.27 GeV, ωc = 1.58 GeV, and ωb = 4.97 GeV. The
values of the mass differences now are (in GeV)
∆MΛ − N = 0.229(0.176), ∆MΣ – N = 0.371(0.254),

 = 1.57(1.346),  = 1.788(1.516),

 = 4.968(4.702), and  = 5.196, where
the figures in parentheses correspond to the experimen-
tal values. We see that the values are now in better
agreement with data. The difference of masses of exotic
Z baryons and the nucleon also is lowered slightly but
remains well above the threshold for strong decay:

 . 0.74, 1.97, and 5.35 GeV for , , and 
quantum numbers. A role of the αF term is lost with
increasing mass of the quark, as expected.

5. BINDING-ENERGY ESTIMATES
FOR DIBARYONS WITH STRANGENESS, 

CHARM, AND BOTTOM

It was shown in [5, 6] that in the chiral quark–meson
model there are bound states of solitons with B = 2 and
more, similar to the topological soliton models [26].
Therefore, one should expect the prediction of the
dibaryons, tribaryons, etc., with different values of fla-
vor quantum number, s, c, or b, stable against the strong
interactions, similar to the Skyrme model.

The structure of the toruslike configurations with
B = 2 should be described first. For B = 2, Ψ0 has the

∆MΛc N– ∆MΣc N–

∆MΛb N– ∆MΣb N–

∆MZF N– s c b
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structure

where

and

(28)

r and z are cylindrical variables, θ = arctan(r/z) is the
polar angle, and α is the angular profile of the soliton.
For α = θ, equation (28) is similar to the corresponding
expression (20) for the hedgehog.

In the B = 2 soliton, Nc quarks are in the state χ1 and
Nc quarks are in the state χ2. Similar considerations
apply for higher B. Then, equations (5) and (9) for the
Lagrangian are simplified substantially; in particular,
the terms in (5) proportional to Ψ†tΨ cancel, similarly
to the hedgehog case.

In [6, 23], the following values of the binding energy
of quark–meson solitons have been obtained: e2 =
279 MeV, e3 = 226 MeV, and e4 = 192 MeV for two,
three, and four baryons. These quantities can be com-
pared with the values of binding energy in the Skyrme
model, 72, 70, and 10 MeV, for smaller value of the
constant, Fπ = 108 MeV [26]. For Fπ = 186 MeV and
e = 4.12,  e2 = 142 MeV. It makes sense to give the
binding energies in units, e.g., of the mass of the B = 1
soliton: although the symmetry-violating mass terms in
the Lagrangian violate the scaling, such comparison
provides information which does not depend notice-
ably on the value of Fπ. In the CQM model, e2 =
0.24M1, e3 = 0.20M1, and e4 = 0.17M1 to be compared
with 0.083, 0.081, and 0.012M1 in the Skyrme
model [26].

Let us consider here the state with B = 2 and |F | = 2
with the lowest value of isospin, I = 0, which can
belong to the 27-plet of the corresponding SU(3) group,
(u, d, s) or (u, d, c), etc. For 27-plet of dibaryons, we
have Tr = 1; for antidecuplet, Tr = 0. The quantum cor-
rection due to usual space rotations (also of order 1/Nc)
is exactly of the same form as obtained in [15] (see [9,
10]). Since we are interested here in the lowest states,
we shall consider the baryonic systems with the lowest
allowed angular momentum, J = 0 for B = 2, and J = 3/2
for B = 3. The latter value is due to the constraint
because of symmetry properties of the configuration.
The value J = 1/2 is allowed for the configuration found
in [27].

Ψ0
G ρ z,( )χ1 2,

is rF ρ z,( )χ1 2,⋅ 
  ,=

χ1
1

2 1 θ αcoscos–( )
----------------------------------------------=

× αu↓sin θe
iφ

d↑sin– αcos θcos–( )e
2iφ

d↓–[ ]

χ2
1

2 1 θ αcoscos–( )
----------------------------------------------=

× αd↑sin θe
i– φ

u↓sin– αcos θcos–( )e
2– iφ

u↑+[ ] ,
For the state with B = |F| = 2, its mass is equal to [10]

(29)

The binding energy of this state as a system of two ΛF
particles is

(30)

As always, we define the binding energies relative to
appropriate thresholds for the decay into B baryons,
nucleons, or flavored hyperons.

If the moments of inertia of the baryonic system at
small values of B are proportional to the baryon number
B, then the values of µ, excitation frequencies ωF, and
coefficients c would not depend on B at all. In this case,
the binding energy consisted only of its classical part
and some contribution from zero modes; the difference
of ω’s would not contribute. Within the CQM model,
the moments of inertia for B ≥ 2 have still not been cal-
culated. Therefore, we shall make a natural assumption
that the ratios of moments of inertia for different values
of B in the CQM model are the same as in the Skyrme
model [26]. For B = 2, ΘF, 2/ΘF, 1 = 2.038 and ΘT, 2/ΘT, 1 =
2.053 [26].

With this assumption, we obtain the following
numerical values: eΛΛ(s = –2) = 0.29 GeV, eΛΛ(c = 2) =
0.31 GeV, and eΛΛ(b = –2) = 0.32 GeV from expression
(30). It should be compared with the binding energy of
the deuteron eD = 351 MeV and the binding energy of
the NN scattering state with J = 0 and isospin I = 1, and
eD' = 321 MeV. After renormalization, which is neces-
sary to produce the NN scattering state on the right
place, i.e., near threshold, we find that the strange
dibaryon with s = –2 is unbound, but that it is close to
the threshold; charmed, as well as bottomed, dibaryons
are also unbound, but they are even closer to the ΛFΛF
threshold. This renormalization procedure is justified
by the fact that a number of quantum effects like loop
corrections and nonzero-mode contributions have not
been, but should be taken into account (see also discus-
sion of Casimir energy in Conclusions). The binding
energy of the deuteron is 30 MeV instead of measured
2.23 MeV, so ~30 MeV is the uncertainty of our
approach.

The dibaryons with |F | = 1 should be considered
also. The lowest states belong to antidecuplet of corre-
sponding SU(3), (p, q) = (0, 3), and have isospin I = 1/2.
They all are bound within the developed approach and
come close to the threshold, even unbound after the
renormalization procedure.

For -plet of tribaryons, Tr = 1/2 (for arbitrary (p, q)
irrep which the baryonic system belongs to Tr = p/2 if

M B 2 27  Y 0 I 0=,=;| 〉,=( )

=  Mcl 2ωF 2,
cF 2,

ΘT 2,
----------.+ +

e 27  Y 0 I 0=,=;| 〉( )

=  e2 2 ωF 1, ωF 2,–( )
3cF 1,

4ΘT 1,
--------------

cF 2,

ΘT 2,
----------.–+ +
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 = 0). I and T take the lowest possible values, 0 and
1/2 for |F | = 1, and 1/2, 0 for |F | = 2. The binding ener-
gies take the same order of magnitude as for the B = 2
case if we make a similar assumption on the behavior
of moments of inertia. But after renormalization, the
flavored states become unbound, although rather close
to thresholds.

These results are in qualitative agreement with those
obtained in the chiral soliton (topological) models.
However, it should be noted that in the Skyrme model
the quantized states with charm and bottom remain
bound after such renormalization [11].

6. CONCLUSIONS

We found that, as far as we are concerned with the
spectra of baryons, there is no difference of principle
between topological (Skyrme) soliton models and the
chiral quark meson model [2, 3]. The CQM model is
more realistic, but, as is usual for more realistic models,
it involves an additional parameter αF which specifies
the flavor symmetry breaking in the sector of the
Lagrangian describing the quark–meson interaction.
When this parameter is omitted, the flavor excitation
frequencies are too large in comparison with the data
and with the topological Skyrme model also. Reason-
able values of this parameter make the excitation fre-
quencies smaller, in better agreement with data.

We have estimated the spectra of baryons with fla-
vor different from u and d in the simplest SU(3) exten-
sion of the chiral quark–meson model proposed in [2,
3]. One can note that the approach developed here—the
rigid oscillator version of the CQM model—works
even better for c and b flavor in comparison with
strangeness.

There are predictions of the baryonic systems with
B = 2, 3… and flavors s, c, and b similar to that in topo-
logical soliton (Skyrme) models [10, 11, 15]. In the
CQM model, due to the absence of the Skyrme term in
the Lagrangian, after all the renormalization proce-
dures, the attraction of heavy flavors by (u, d) solitons
is somewhat weaker than in topological models. Simi-
lar predictions can also be made for systems with top-
number. However, because of the large width of the t
quark, the spectroscopy of the baryonic systems as well
as hadrons containing the t quark will not be available,
most probably.

The apparent deficiency of the approach employed
in the present paper is that the motion of the system into
the “strange,” “charm,” or “bottom” direction is consid-
ered independently of other motions. Consideration of
the baryonic system with “mixed” flavors is possible in
principle, but it demands a more complicated treat-
ment, technically.

There is a difference between the rigid oscillator
version of the CQM model we considered here and the
collective-coordinate approach to soliton models
widely exploited previously. In the collective-coordi-

nqq
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nate approach to the zero modes of solitons with a
rigid- or a soft-rotator variant of the model, the masses
of baryons are usually considerably greater than in the
bound-state approach, when the Casimir energies are
not taken into account [28, 29]. One of the sources of
this difference is the presence of a term of order Nc/ΘF
in the zero-mode contribution to the rotation energy,
which is absent in the bound-state model. It was shown
recently by Walliser for the B = 1 sector within the
SU(3) symmetrical (mK = mπ) version of the Skyrme
model [29] that this large contribution is canceled
almost completely by the kaonic one-loop correction to
the zero-point Casimir energy, which is of the same

order of magnitude,  [29]. This correction has been
calculated recently also within the bound-state
approach to the Skyrme model [30]. Taking into
account loop corrections to the energies of quantized
states is needed also in the hybrid models similar to
CQM model.

Recently, it was shown within the Skyrme model
[31] that one should expect the existence of strange-
baryonic systems close to the strong decay threshold,
for baryon numbers up to 17. They are obtained by
means of quantization of bound SU(2) skyrmions found
previously in [27, 32]. The charmed baryonic systems
with B = 3, 4 were considered in [33] within a potential
approach. The B = 3 systems were found to be very
close to the threshold, and the B = 4 system was found
to be stable to the strong decay, with a binding energy
of ~10 MeV.

Experimental searches for the baryonic systems
with flavor different from u and d could shed more light
on the dynamics of heavy flavors in few-baryonic sys-
tems. The threshold for charm production on a free
nucleon is about 12 GeV, and for double charm it is
~25.2 GeV. For bottom production, the threshold on
nucleon is about 70 GeV. However, for nuclei as tar-
gets, the thresholds are much lowered due to two-step
processes with mesons in intermediate states and due to
normal Fermi motion of nucleons inside the target
nucleus (see, e.g., [34]). Therefore, the production of
baryons or baryonic systems with charm and bottom
will be possible on accelerators with energy of several
tens of GeV.
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Abstract—Nonperturbative functions that parametrize off-diagonal hadronic matrix elements of the light-cone
leading-twist quark operators are considered. These functions are calculated within the proposed relativistic
quark model allowing for the nontrivial structure of the QCD vacuum, special attention being given to gauge
invariance. Hadrons are treated as bound states of quarks; strong-interaction quark–pion vertices are described
by effective interaction Lagrangians generated by instantons. The parameters of the instanton vacuum, such as
the effective radius of the instanton and the quark mass, are related to the vacuum expectation values of the
quark–gluon operators of the lowest dimension and to low-energy pion observables. © 2000 MAIK
“Nauka/Interperiodica”.
1. INTRODUCTION

The distributions of quarks and gluons (or their
structure functions) that form hadrons play an impor-
tant role in investigations of the complicated hadron
structure. Perturbative QCD makes it possible to calcu-
late the Q2 evolution of these functions by using opera-
tor-product expansion and renormalization-group
methods. However, the functions themselves cannot be
calculated from the first principles of QCD because the
problem of strong coupling has yet to be solved. This
situation gives strong incentives to developing effective
approaches that are based on the fundamental princi-
ples of QCD, on the one hand, and which enable a cal-
culation of features associated with long-distance
dynamics [1–4], on the other hand.

In recent years, much attention has been given to
quark distributions that parametrize asymmetric had-
ronic matrix elements 〈p'|…|p〉  (these distributions are
referred to as off-diagonal ones). Off-diagonal distribu-
tions generalize conventional quark distributions, car-
rying more information about the structure of particles
and providing a link between conventional distributions
measured in deep-inelastic scattering and elastic form
factors of hadrons.

In the present study, we calculate off-diagonal quark
distributions in the pion that correspond to the leading
twist. We use an approach that represents the bosonized
version of the instanton-liquid model developed in [5–
7]. The model is based on nonlocal effective quark–
hadron Lagrangians, with nonlocality being generated
by instantons. The parameters of the instanton vacuum
(effective instanton size and quark mass) are deter-
mined in terms of low-energy pion observables and the
vacuum expectation values of quark–gluon operators of

1) Instituto de Física Teórica, UNESP, Rua Pamplona 145,
BR-01405-900 S o Paulo, Brazil.ã
1063-7788/00/6303- $20.00 © 20489
the lowest dimension. The quark–hadron (in particular,
quark–pion) coupling constants are calculated by using
the condition requiring that the renormalization con-
stant for hadron fields be equal to zero (composeteness
condition). This condition also guarantees fulfillment
of momentum sum rules. In formulating the model, we
pay special attention to gauge invariance of
Lagrangians and of quark Green’s functions in the
external field of instantons and anti-instantons.

The proposed effective model is applicable up to

relative quark momenta of p ~  ≈ 0.5–1 GeV. Quark
distributions are also determined for the renormaliza-

tion point µ0 ~ .

2. DESCRIPTION OF THE MODEL

In dealing with hadronic processes in QCD, much
attention is given to studying the ground state of the
system. Presently, investigations into the intricate
structure of the vacuum most often rely either on
approaches employing the semiclassical approxima-
tion, or on approaches invoking the Wilson operator-
product expansion, or on lattice models. It is well
known that the gravest difficulty in applying semiclas-
sical approaches to (3 + 1)-dimensional Yang–Mills
theory is that the gas approximation cannot be used to
calculate the amplitude of the vacuum–vacuum transi-
tions in the field of large-scale fluctuations of the QCD
vacuum. Since the dimensions of vacuum fluctuations
can be arbitrarily large in scale-invariant theories, the
density of media formed by pseudoparticles grows
indefinitely (infrared catastrophe). Diakonov and
Petrov [8] proposed an original way to stabilize
pseudoparticle media. Their idea amounted to using the
Feynman variational principle in calculating the QCD

ρc
1–

ρc
1–
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partition function for a trial ansatz representing a super-
position of instantons and anti-instantons. As a result, a
new small parameter (packing parameter) that charac-
terizes the stable media of pseudoparticles and which
coincides with the phenomenological parameter in the
instanton-liquid model [6, 7] is introduced in a natural
way. In the present study, we develop some ideas pro-
posed by Diakonov and Petrov [5] in an attempt at con-
structing effective quark–hadron Lagrangians by
applying the bosonization procedure to the four-fer-
mion interaction generated by instantons.

A correct description of the vacuum in the form of a
stable medium consisting of instantons and anti-instan-
tons is possible only in the strictly fixed singular gauge
where (anti)instantons decay at infinity sufficiently
fast. Within a completely gauge-invariant approach (for
details, see sections that follow the present one), it is
possible, however, to go over to other gauges, if this is
dictated by considerations of convenience.

The generating QCD functional (QCD partition
function in the Euclidean signature) can be represented
in the form [9]

(1)

where angular brackets denote averaging over the
ensemble of (anti)instantons and where the effective
fermion action is given by

(2)

with

(3)

In (3), the notation Φ0(x) is used for quark zero modes
of the Dirac operator in the external field of an
(anti)instanton. Relation (2) describes the interaction of
quarks via the ’t Hooft’s vertex KI [10]. We assume that
the entire set of topological singularities is a stable
medium similar to a liquid with an average density
(ratio of the average size to the average distance
between the particles) of about 1/3 [5–8]. In other
words, a medium formed by pseudoparticles is quite
dilute. In addition, Diakonov and Petrov [8] showed
that, in the Nc  ∞ approximation, where Nc is the
number of colors, the distribution of instantons with
respect to size ρ has a sharp delta-function peak near
the average instanton size ρc; therefore, all instanton
sizes can be replaced by this average size. It follows
that, instead of taking an average over the entire ensem-
ble of pseudoparticles, we can perform independent
averaging over the position and orientation of an indi-
vidual (anti)instanton. The generating functional (1)

ZQCD DψDψ W
I ψ ψ,[ ]–( )exp〈 〉 ,∫=

W
I ψ ψ,[ ]–( )exp

=  xψ x( )i∂̂ψ x( )d∫( ) im K
I ψ ψ,[ ]–( )exp

K
I ψ ψ,[ ]

=  xd y ψ x( )i∂̂Φ0
I

x( )( ) Φ0
I

y( )i∂̂ψ y( )( ).d∫∫
then assumes the form

(4)

where an overbar denotes averaging over an individual
(anti)instanton, while NI ( ) is the number of instan-
tons (anti-instantons). It follows that, by taking into
account the one-(anti)instanton contribution NI ( )
times, we take effectively into account multi-instanton
configurations (effective one-instanton approximation)
if it is adopted that correlations between (anti)instan-
tons are small to the same degree as the medium pack-
ing parameter /  (  is the mean pseudoparticle size,

while  is the mean distance between pseudoparticles)
and that, in the limit Nc  ∞, the sizes of all
(anti)instantons can be taken to be equal to  (these are
basic approximations of our approach).

The functional in (4) generates a nonlocal 2Nf-fer-
mion vertex that, in the chiral limit, assumes the form

(5)

For the particular case of two quark flavors, the
expression for the generating QCD functional (4) in the
leading order in 1/Nc is given by

(6)

where

(7)

Here, τa = (1, it) is a matrix in flavor space, Nc = 3 is the
number of quark colors, and

are quark fields of definite helicity. In the local limit,
this action functional reduces to the Nambu–Jona-Las-
inio model (a model of spontaneously broken chiral
symmetry), which describes effectively low-energy
chiral dynamics. In contrast to the Nambu–Jona-Las-
inio model, however, the action functional in (7) has the

natural regularization parameter  ~ Λcut, so that the
four-fermion coupling constant is expressed in terms of

ZQCD DψDψ xψ x( )i∂̂ψ x( )d∫[ ]exp∫=

× im K
I ψ ψ,[ ]– 

 
NI

im K
I ψ ψ,[ ]– 

 
NI

,

NI

NI

ρ R ρ
R

ρ

V
I I( )

d
4
zI I( ) UI I( )d K

I I( ) ψ f ψ f,[ ] .
f

∏∫∫=

ZQCD DψDψ SI–( ),exp∫=

SI xψ x( )i∂̂ψ x( )d∫=

+ d
4
x…d

4
y'K x x'; y y',,( ) 1

4 Nc
2

1–( )
-----------------------

2Nc 1–
2Nc

------------------




∫

× ψR x'( )τaψL x( )( ) ψR y'( )τaψL y( )( ) O
1
Nc

------ 
 





.+

ψR L( ) x( )
1 γ5±

2
--------------ψ x( )=

ρ 1–
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physical parameters and the density of the instanton–
anti-instanton medium. The action functional (7) is
invariant under the global group of chiral-symmetry
transformations, UL(Nf) ⊗ UR(Nf); at the quantum level,
it describes the Adler–Bell–Jackiw anomaly breaking
UA(1) symmetry.

The integral kernel of the four-quark interaction,
K(…), characterizes the region of nonlocality that is
induced by the interaction of quarks and antiquarks
with (anti)instantons. It is expressed in terms of the pro-
file functions of quark zero modes, Φ0, and depends on
the phenomenological parameters of the QCD vacuum
(nc = 1 fm–4 and ρc = 1.6–2 GeV–1). We emphasize that
the mean instanton size ρc determines the dimension of
nonlocality and provides a natural cutoff parameter for
effective low-energy theory.

In order to ensure gauge invariance, we go over
from the conventional field functions to the Mandel-
stam field functions [11]:

(8)

Here, Q = diag(2/3, –1/3, –1/3), Aµ is a gauge field, and
P denotes ordering along the trajectory. The gauge-
invariant quark Green’s function then assumes the form

(9)

The functional integral in (9) is calculated by the
Laplace method near the one-instanton configuration;
as a result, we obtain

(10)

where  is the (anti)instanton field, while Φ0 is the
quark zero mode in an arbitrary gauge. The gauge-
invariant quark Green’s function (10) assumes the sim-
plest form in the axial gauge nµAµ = 0 (nµ = yµ – xµ)
because, in this gauge, the Schwinger factor E(x, y) is
equal to unity. In the coordinate frame where the
(anti)instanton is at the origin of coordinates and where
the vector x – y is aligned with the time axis at x = y =
z, the P-ordered exponential reduces to an ordinary
exponential. The gauge function R(x) corresponding to
the transition from the regular gauge to the axial one

ψ x( ) E 0 x,( )ψ x( ),

E 0 x,( ) P ieQ zµAµ z( )d

0

x

∫ 
 
 

.exp=

Sg x y,( ) ψ x( )E x y,( )ψ y( )〈 〉=

=  DA DψDψe
SQCD– A ψ ψ, ,( )

ψ x( )ψ y( )P∫∫

× ieQ zµAµ z( )d

x

y

∫ 
 
 

.exp

Sg x y,( )

=  trc P ieQ zµAµ
I

z( )d

0

x

∫ 
 
 

Φ0 x( )Φ0 y( )exp ,

Aµ
I
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was considered in detail elsewhere [12]. For the quark

zero modes  in the axial gauge, we have

(11)

where

(12)

and U is the rotation matrix in color space (the plus sign
in the superscript on U corresponds to the instanton
configuration).

The nonlocal four-fermion action functional (7) is
linearized with the aid of auxiliary fields interpreted as
meson fields. In the literature, this procedure is referred
to as bosonization.

Upon explicitly evaluating the integral with respect
to the (anti)instanton position, that part in the action
functional (7) which describes the interaction assumes
the following form in the momentum representation:

(13)

Here, G . (N/V)–1 is the coupling constant for the four-
fermion interaction, while Γ is the corresponding flavor
matrix. The functions f(k) represent normalized zero
modes in the momentum representation. For these, we
use the approximation (see [13])

(14)

Making the relevant change of variables and going back
to the coordinate representation, we obtain the action
functional (13) in the form

(15)

which the most convenient for linearization. In expres-
sion (15), we have introduced the notation

Without changing the dynamics of the system, we can
replace the action functional (15) by an alternative
action functional of the form

(16)

Φ0
ax

Φ0
ax

x( ) 2φax
x( )U

+
2φ x( )R

+
x( )U

+
,= =

φ x( ) ρ

π x
2 ρ2

+( )3/2
-------------------------------, R x( ) it x̂α x( )⋅[ ] ,exp= =

α x( ) x

x
2 ρ2

+
---------------------

x4

x
2 ρ2

+
---------------------arctan ,=

Seff
4( ) G

2
----

kid

4π2
i

---------- f ki( )δ k1 k2– k3 k4–+( )
i 1=

4

∏∫=

× ψ k1( )Γψ k2( )( ) ψ k3( )Γψ k4( )( ).

f k( )
≈ 2πρc 2.25 ρc k–{ } 1.25 3ρc k–{ }exp–exp( ).

Seff
4( )

G x Ψ x( )ΓΨ x( )( )
2
,d∫=

Ψ x( ) pe
ipx–

f p( )ψ p( ).d∫=

S ϕ[ ]

=  Seff
4( ) 1

2
---

Nc

g
------ x ϕ x( ) g

Nc

------ϕ x( )Ψ x( )ΓΨ x( )+ 
 

2

,d∫–
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where we have redefined the coupling constant as g =
GNc. Upon integration with respect to quark fields, the
generating functional can then be recast into the form
(for the sake of convenience, we formally go over to the
Minkowski signature)

(17)

where the symbol tr denotes the functional, group, and
spinor trace and

The auxiliary fields ϕ are interpreted as composite
meson fields. The transition to the action functional
(17) resulted in the rearrangement of the vacuum state
owing to a spontaneous breakdown of chiral symmetry
[14].

In the limit Nc  ∞, the integral with respect to the
fields ϕ in (17) is calculated by the stationary-phase
method. In order to implement this, we must find a
solution ϕ0 to the equation

(18)

and expand the action functional (17) in a functional
series in the vicinity of this solution as

(19)

Differentiating the generating functional (19) with
respect to the currents , η, and J, we obtain the corre-
sponding Green’s functions in various orders in 1/Nc.
By way of example, we indicate that the propagator of
the field ϕ in the first order in 1/Nc is

(20)

Z η η J, ,[ ]

=  Dϕ iNcS̃ ϕ[ ]– i xJ x( )ϕ x( )d∫+[ ] ,exp∫
S̃ ϕ[ ] 1

2g
------ xϕ2

x( ) itrlnG x y,( )+d∫=

–
1
Nc

------ xd yη x( )G
1–

x y,( )η y( ),d∫

G x y,( ) i∂̂xδ x y–( ) ϕ x y,( ),–=

ϕ x y,( ) ξϕ ξ( ) f x ξ–( ) f ξ y–( ).d∫=

δŜ/δϕ 0=

Z η η J, ,[ ] iNcS̃ ϕ0[ ] 1
2
---trlnS''˜ ϕ0[ ]– 

 exp=

× iNc

S̃
n( )

ϕ0[ ]
n!

------------------- δn

δJ
n

--------
n 3=

∞

∑ 
 
 

exp

× i
2Nc

--------- x yJ x( ) S''˜ ϕ0[ ]( )
1–
J y( )dd∫– 

  .exp

η

D x y,( ) 1
i
---δ2

Z η η J, ,[ ]
δJ x( )δJ y( )
------------------------------

η η J 0= = =

=

=  
1
Nc

------ S''˜ ϕ0[ ]( )
1–

x y,( ),–
where

Instead of (17), it is more convenient to use, in
actual practice, the effective-action representation that
also describes the interaction of the composite fields
through quark loops, but which is based on the quark–
hadron Lagrangian of the ϕ( ψ) type. For this, it is
necessary, however, to determine the physical coupling
constant for quark–hadron interaction. We will now
show the way in which this can be done. Let us consider
the amplitude  for elastic fermion–fermion
scattering. We assume that fermion interaction results
in the formation of a boson (for example, pion) bound
state with the quantum numbers of the ( ψ) pair. In

other words, a pole at p2 =  appears in the amplitude

. In the momentum representation, the elastic-
fermion-scattering amplitude has the form

(21)

where Γ stands for the corresponding flavor and Dirac
matrices, while D(p2) is the meson propagator [see
(20)]. In the momentum representation, this propagator
is given by

(22)

Expanding the denominator in (22) in a Taylor series
near the physical meson mass, we can the recast the
elastic-fermion-scattering amplitude into the form

(23)

It is obvious from (23) that, in the meson Green’s func-
tion, the condition

(24)

corresponds to the pole associated with the mass of the
physical particle. If, in addition, the pion mass in (24)
is set to zero, we arrive at the mass-gap equation,
thereby reproducing the Goldstone theorem.

δ2
S̃ ϕ0[ ]

δϕ x( )δϕ y( )
------------------------------

1
g
---δ x y–( )=

– tr
f ξ1 y–( ) f y ξ2–( ) f ξ1 x–( ) f x ξ2–( )

i∂̂ξ1δ ξ1 ξ2–( ) ϕ ξ1 ξ2,( )–( )2
------------------------------------------------------------------------------------------.

ψ

Tψψ ψψ→

ψ
mM

2

Tψψ ψψ→

Tψψ ψψ→ ΓD p
2( )Γ ,∼

D p
2( ) g

1 gΠ p
2( )–

---------------------------,=

Π p
2( ) d

4
k

2π( )4
i

---------------∫=

× f
2

k( ) f
2

k p+( )tr γ5S k( )γ5S k p+( )( ).

Tψψ ψψ→

Γ∼ g

1  gΠ mM
2

( ) –  p
2

mM
2

–( )gΠ' mM
2

( )–   Π reg
p

2
( )–

--------------------------------------------------------------------------------------------------------------Γ .

1 gΠ mM
2( )– 0=
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Let us recast the elastic-scattering amplitude into
the form

(25)

where the physical quark–meson coupling constant

 is given by

(26)

The last equality is usually written in the form of the
compositeness condition [15–19]

(27)

where ZM is the constant of meson-field renormaliza-
tion. Physically, the condition ZM = 0 implies that the
meson field is always in a dressed state. As a matter of
fact, the compositeness condition is equivalent to the
strong-coupling condition, because it determines forces
responsible for the formation of bound states.

Thus, the proposed approach relies on effective
quark–meson Lagrangians written in the gauge-invari-
ant form

(28)

where Γå is the flavor matrix corresponding to the
meson being considered and

(29)

and on the connectivity condition (27), which makes it
possible to calculate the physical values of the quark–
hadron coupling constants and which plays an impor-
tant role in proving momentum sum rules for the distri-
butions of interest.

3. MODEL PARAMETERS

In this section, we will discuss model parameters.
Owing to a spontaneous breakdown of chiral symme-
try, the quark mass is a function of momentum; in other
words, it appears to be an effective mass. It can be
determined by solving the mass-gap equation
(Schwinger–Dyson equation):2)

(30)

2)Hereafter, we use the Euclidean signature.

Tψψ ψψ→ Γ
gMψψ

2

p
2

mM
2

–
-------------------Γ ,∼

gMψψ
2

gMψψ
2 1

Π' mM
2( )

-------------------.=

ZM 1 gMψψ
2 Π' mM

2( )– 0,= =

+M
int

x( ) gMψψ ξ1 ξ2 f ξ1( ) f ξ2( )ψ x + ξ1( )dd∫=

× E x + ξ1 x,( )Γ MM x( )E x x – ξ2,( )ψ x – ξ2( ),

E x y,( ) ieQ zµA
µ

z( )d

x

y

∫ 
 
 

,exp=

Q
1
2
--- λ 3 1

3
-------λ8

+ 
  diag 2/3 1/3 1/3–,–,( ),= =

d
4
k

2π( )4
------------- M

2
k( )

k
2

M
2
k+

---------------------∫
nc

4Nc

---------,=
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where M(k) is the effective quark mass, while nc is the
instanton-medium density, which is expressed in terms
of M 2(0)/G, G being the coupling constant for four-fer-
mion interaction. A solution to equation (30) can be
represented as

(31)

The quark condensate and the quark virtuality are
also important quantities. The former plays the role of
the order parameter in chiral-symmetry breaking; it is
determined as the nonperturbative part of the quark
propagator,

(32)

The latter specifies the mean value of the squared
momentum of a virtual quark; it is given by (see [20, 21])

(33)

In the approximation of a sufficiently dilute instan-

ton medium, the assumption that 〈k2〉  ~  @ M2( )
does not lead to significant errors. Therefore, the
momentum dependence of the effective mass in the
denominator of the integrands in (32) and (33) can be
neglected against k2. At the same time, the use of
expression (31) for the effective mass in the numerators
of (32) and (33) leads to the quark-condensate and
quark-virtuality values of, respectively,

(34)

By using the values from (34) and expressing the
parameters of the instanton vacuum model in terms of
the fundamental QCD-vacuum parameters, we obtain

(35)

With aid of expressions (35), we can determine the
model parameters ρc and M on the basis of the quark-
condensate value

and the quark-virtuality value

which were obtained in [22–24]. As a result, we arrive at

ρc ~1.7 GeV–1, M ~ 0.3 GeV.

The global analysis of the vacuum and low-energy pion
properties from [13] confirms these estimates, setting
the following constraints on the above parameters:

ρc = 1.5–2.0 GeV–1, M = 0.22–0.26 GeV.
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We note that the condition

which ensures the applicability of the dilute-medium
approximation, holds in the entire parameter region.

4. OFF-DIAGONAL DISTRIBUTIONS

Let us now consider the off-diagonal quark distribu-
tions that parametrize the asymmetric hadron matrix
elements of a nonperturbative origin. These matrix ele-
ments are used, for example, in studying hard exclusive
processes like elastic electroproduction. We will dwell
at some length on one such process, deep virtual Comp-
ton scattering represented in Fig. 1, where the pion,
with a momentum p, absorbs a virtual photon with a
momentum q, whereby a real photon with a momentum
q' = q + r, is emitted, the remaining recoil pion having
the momentum p' = p – r. The momentum q is consid-
ered in the deep virtual kinematical region—that is, in
the Bjorken limit Q2 = –q2  ∞ and p · q  ∞ at
finite Q2/(p · q).

We distinguish two cases, t = 0 and t ≠ 0, where t =
r2. Let us first consider the more general second case.
The amplitude for the Compton scattering of a photon
on a pion at the momenta p and q in the initial state and
the momenta p' and q' in the final state (see Fig. 1) is
given by

(36)

The scattering matrix has the conventional form

(37)

The Compton amplitude is described by an entire set of
diagrams. The basic types of these are displayed in
Fig. 2. Diagrams of the 2c and 2d types are suppressed
in the Bjorken limit; therefore, we will restrict our con-
sideration to the 2a and 2b types. The main contribution

η M
2 λq

2( )/λq
2
 ! 1,=

Tµν p q,( ) ξ1 ξ2 ξ3 ξ4dddd∫=

× iqξ1 iq'ξ2– ipξ3 i p'ξ4–+( )exp

× δ4
S

δAµ ξ1( )δAµ ξ2( )δM π( ) ξ3( )δM π( ) ξ4( )
-----------------------------------------------------------------------------------------

0
.

S T i x +eff x( ) +em x( )+[ ]d∫( ).exp=

p

q q'

p'
p

p'

q q'
(a) (b)

Fig. 1. Compton scattering of a virtual photon with a
momentum q by a pion with a momentum p.
         

to the amplitude comes from the diagram in Fig. 2a,
and not from the diagram in Fig. 2b.

A general method for separating off-diagonal distri-
butions was developed in [4, 25]. In the momentum rep-
resentation, the contribution of the diagram in Fig. 2a to
the reaction amplitude can be represented as

(38)

In order to determine the asymptotic behavior at
large Q2, it is convenient to use the Sudakov variables.
For the lightlike vectors mµ and nµ, we choose the vec-
tor of the target-pion momentum pµ (p2 = 0 for a Gold-
stone particle) and  = q'/(p · q'), where q' is the real-
photon momentum. The momenta involved can then be
expanded as

(39)

where ζ is the asymmetry parameter, which, in the
Bjorken limit, is an analog of the scaling variable

Introducing expansion (39) into (38) and perform-
ing invariant integration with respect to k, we arrive at
the expression

(40)

where Iµν(k, p, ) and Cn(k, p, ) (n = 1, 2, 3) are some
typical functions. In the above expression, we have
omitted terms that are suppressed at large Q2. With the
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Fig. 2. Diagrams for the Compton scattering amplitude: (a)
main type and (b–d) additional types.
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aid of the relation

(41)

an integral representation of unity, we reduce the
amplitude to the form

(42)

By definition, the function ^ζ(X, t), which appears in
expression (42), represents the contribution of the basic
diagrams to the off-diagonal distribution of quarks in
the pion and has the form

(43)

The variable X in expressions (42) and (43) ranges
between zero and unity. Physically, it appears to be the
common fraction of the initial-hadron momentum p. It
can be represented as a linear superposition of the con-
ventional fraction x of the momentum p for the case of
zero momentum transfer and the fraction y of the non-
zero momentum transfer r: X = xp + yr.

The contributions to the off-diagonal distribution
from the additional diagrams (see Fig. 2b) can be sin-
gled out in a similar way. As a result, we obtain

(44)

The structure integrals in (43) and (44) are calcu-
lated in the Euclidean signature, where the form factors
f(k2) are well defined. In this calculation, we also use
the α representation for the propagators that relies on
integral representations of the gamma and the delta
function,

(45)
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and the Laplace transform of the nonlocal vertex form
factors.

The eventual expressions for these functions in the
α representation are given in the Appendix. Integration
of the sum of the functions in (43) and (44) with respect
to the common momentum fraction X yields the had-
ronic electromagnetic form factor (pion form factor in
the case under study); that is,

(46)

where the hadronic form factor is normalized to unity.
The behavior of the function Fπ(t) (see Fig. 3) agrees
with experimental values; numerically, it virtually coin-
cides with the results of the calculations performed in
[26, 27].

In order to derive asymmetric distribution functions
(for the definition, see [4]), it is necessary to set the
squared momentum transfer in (43) and (44) to zero, t =
0. In this way, we obtain the family of functions ^ζ(X)
depending on the asymmetry parameter ζ (in contrast
to the double distribution functions in [4], which are
universal and which are independent of ζ). It follows
from (46) that the function ^ζ(X) satisfies the sum rule

(47)

and possesses the following properties. In the region
X ≥ ζ, the parton returning to the hadron carries a posi-
tive fraction (X – ζ)p of the primary-hadron momen-
tum. Therefore, the asymmetric function can be inter-
preted as a function similar to the conventional distribu-
tion function. In the region X ≤ ζ, the parton returning
to the hadron carries the negative momentum fraction
(X – ζ)p; therefore, it can be interpreted as a parton
emitted by the final hadron and traveling together with
the parton that has left the initial hadron. If X is repre-
sented in the form X = Yζ, we can see that either parton
of the two emitted by the primary and the final hadron
carries a positive fraction of the momentum transfer r,
Y and , respectively. In this case, the asymmetric dis-
tribution function ^ζ(X) is similar to the amplitude for
the decay of the bound state with total momentum r =
ζp into two parts. In particular, we can show in a model-
independent way that the asymmetric distribution of
quarks in the pion at ζ = 1 reduces to the pion wave
function. For this, we consider the hadronic matrix ele-
ment of an arbitrary operator that parametrizes the dis-
tribution functions:

(48)
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By using the reduction relations and the PCAC theo-
rem, we arrive at

(49)

At ζ = 1, the recoil-pion momentum p' is zero [see
equation (39)]; taking into account the result of com-
muting ∂0 with the chronological product, we therefore
find that the hadronic matrix element of an arbitrary
operator is given by

(50)

p'
2
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2
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mπ
2

f π

------------------- xe
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1
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Fig. 3. Electromagnetic form factor for the pion: (solid
curve) total contribution from the main and additional dia-
grams and (dashed curve) contribution from the additional
diagrams.
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ζ = 0.99

ζ = 0

ζ = 0.5

ζ = 0.99

Fig. 4. Family of the curves for the asymmetric distribution
at various values of the asymmetry parameter ζ: (solid
curves) total contributions from the main and additional dia-
grams and (dashed curves) contributions from the additional
diagrams.
where 45 is the axial charge. Using current algebra, we
can now substitute the electromagnetic current for
2(0), as is required in our case. This yields

(51)

where φπ is the pion wave function. Thus, we have shown
that, if the asymmetry parameter ζ is equal to unity—this
is equivalent to zero momentum of the final pion—the
asymmetric function ^ζ(X) coincides with the pion wave
function. Figure 4 displays the graphs of the asymmetric
functions at various values of the parameter ζ. It can be
seen that the contributions of the additional diagrams
decrease with increasing asymmetry parameter ζ (we
recall that the maximum contribution of the additional dia-
grams corresponds to ζ = 0 and amounts to about 20%).

5. CONCLUSION

We have predicted general properties of the off-
diagonal distributions of valence quarks in the pion.3)

These off-diagonal distributions are of particular inter-
est because they relate conventional (diagonal) distri-
butions to hadron form factors. Our calculations have
been performed within the proposed model that relies
on gauge-invariant nonlocal quark–hadron
Lagrangians and on the compositeness condition,
which permits computing physical coupling constants
for quark interaction with hadrons. Nonlocal vertices
are fully generated by instantons and are characterized
by the mean instanton size. We have shown that, if
gauge invariance is strictly respected within the
approach used, parton sum rules for the distribution of
the total hadron momentum among valence quarks fol-
low from the compositeness condition. It has been
found that the parameters of the instanton vacuum,
such as the effective radius of the instanton and the
quark mass, are related to the vacuum expectation val-
ues of quark–gluon operators of the lowest dimension
and to low-energy pion observables.
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APPENDIX

Presented below for an arbitrary value of the asym-
metry parameter ζ are the parametric α representations

3)Here, we have taken into account only the leading twist and
neglected the effects of the quark–gluon sea.

1
f π
----- 0 !µ x( ) π p( )〈 〉 φπ x( ),=
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for typical integrals in the expressions for quark distri-
butions.

We have

,

where

for the main diagram in Fig. 2a and
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for the additional diagram in Fig. 2b.

In the above expressions (α) stands for the
Laplace transform of the form factor raised to the nth
power, and we have also introduced the notation
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Abstract—The amplitude of the decay η'  π+π–γ is derived in the soft limit of the current scheme of η–η'
mixing. The results are compared with experimental values of the phenomenological contribution additive to
the ρ-meson contribution. © 2000 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

According to the precise results of the LEPTON-F
experiment [1], which studied the decay process
η'  π+π–γ, the inconsistencies found in a fit of the
two-pion spectrum in terms of the purely ρ-meson-
decay contribution can be removed by supplementing it
with a constant additive term. A thorough reanalysis of
the relevant world data at CERN [2] confirmed this
conclusion. More recently, the Crystal Barrel measure-
ment [3] of the invariant-mass distribution of the two-
pion system from the decay process η'  π+π–γ pro-
vided further evidence for a nonresonance contribution
to this spectrum. The analysis of this process from [4]
yielded similar results.

It has long since been known that the amplitude of
the decay η'  π+π–γ is affected by the AVV and
AAAV chiral anomalies (see, for example, [5]). As a
result, this amplitude depends on the quark charges,
providing the possibility of determining (see [6] and
references therein) whether they are fractional [7] or
integral [8].

That the two-pion mass spectrum observed in the
decay process being discussed is dominated by the
ρ-meson contribution—in contrast to what occurs in
the two-photon decays of either η and η'—complicates
the use of the soft limit for the term generated by the
anomaly in the lowest order. In [6], the ρ-meson contri-
bution was taken into account by multiplying the low-
energy amplitude by the corresponding Breit–Wigner
factor. According to Benayoun et al. [2], it is the non-ρ
term that must be identified with the anomalous contri-
bution to the amplitude in the soft limit. (For a detailed
analysis of the ρ-meson contribution to η' decays, the
reader is referred to [2].)

In the soft limit, the anomalous contributions to the
π+π–γ decays of either η and η' were estimated in [9] for
two theoretical schemes of η–η' mixing [10].

Assuming the current-mixing scheme, we derive
here the anomalous contribution to the amplitude of the
decay η'  π+π–γ and then compare our results with
experimental data quoted in [2, 3].
1063-7788/00/6303- $20.00 © 20499
2. η–η' MIXING

The amplitude being discussed receives contribu-
tions from anomalies through the coupling of the
Heisenberg fields η and η ' to the divergences of SU(3)-
octet and SU(3)-singlet currents. For the interpolating
fields η and η', we obtained [10]

(1)

where Da = ∂µ  with a = 8 (0),  being octet (sin-

glet) currents (〈Ω| |η(η')(p)〉  = ipµ fa); Fa = fa/cosθ;

and θ is the mixing angle. In the so-called current-mix-
ing scheme, the quantity ε in (1) is equal to mη/mη'.

In using expressions of the type (1), we imply a sub-
traction of anomalous terms, whereby the Lorentz
invariant form factors of the divergences vanish in the
soft limit, so that we arrive at the anomalous contribu-
tion in its pure form (apart from the sign).

3. BASIC FORMULAS

The amplitude of the decay η'  π+π–γ depends on
the decay constants f8 and f0 and on the mixing angle θ;
these parameters can be inferred from the two-photon
widths of η and η'. From (1), we obtain 
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1/2 mπ

mη
------ 

 
3/2

≡

=  
f π

F8
----- θ 8

f π

F0
-----ε θ,sin–cos

Rη'
3Γ η ' γγ( )
Γ π0 γγ( )
-----------------------------------

1/2 mπ

mη'
------- 

 
3/2

≡
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The parameters f8, f0, and θ can also be related to the
features of the decays J/ψ  ηγ and J/ψ  η'γ. Fol-
lowing [11], we assume that the radiative decays of J/ψ
are determined primarily by  annihilation into ggγ.
For the cases being considered, the gluon pair occurs in
a pseudoscalar state. According to [10], the ratio of the
widths with respect to the decays J/ψ  η'γ and
J/ψ  ηγ can be expressed in terms of the corre-

sponding matrix elements 〈0| |η'〉 and 〈0| |η〉 of

the gluon-anomaly operator  = Gµν  [11]; that is,

(3)

where pη'/pη = (1 – / )/(1 – / ).

The mixing angle and the decay constants can also
be expressed in terms of Rη, , and R. This was done
and discussed in [10]. The experimental data quoted in
[12] for the decays η/η'  γγ and J/ψ  η/η'γ make
it possible to obtain the estimates presented in Table 1.

The value of θ = –19.7° ± 2.2° is consistent with the
estimate θ ≈ –(19°–20°) from [13].

We have also obtained the expressions

(4)

(5)

From (4), it follows that the mixing angle θ depends
only on R and on the ratio Rη/Rη'.

It should be emphasized that the above expressions
for the decay-width ratios—they have been used to esti-
mate the mixing angle θ and the decay constants f8 and
f0—are not identical to those from [2] and from the ref-

=  
f π

F8
-----1

ε
--- θ 8

f π

F0
----- θ.cos+sin

cc

GG̃ GG̃

GG̃ G̃
µν

R
Γ J ψ η'γ⁄( )
Γ J ψ ηγ⁄( )
----------------------------------------

1/2 pη'

pη
------ 

 
3/2 mη

mη'
------- 

 
2

≡

=  0 GG̃ η'〈 〉
0 GG̃ η〈 〉

-------------------------
mη

mη'
------- 

 
2

=  ε
2 f 0 θ ε f 8 θsin+cos

2 f 0 θ ε f 8 θcos+sin–
------------------------------------------------------,

mη'
2 mJ ψ⁄

2 mη
2 mJ ψ⁄

2

Rη'

θtan 2ε Rη 4Rη'R–( )[ ] 1– 5 ε2Rη' Rη R+( ){=

– [9 Rη R ε2Rη'–( )2
16 Rη

2 ε2Rη'
2+( ) ε2 R2+( ) ]1/2

+ } ,

f π

f 8
----- Rη εRη' θ,tan+=

f π

f 0
-----

Rη θ εRη'+tan–

8ε
-------------------------------------.=

Table 1.  Mixing angle and decay constants as obtained from
the measured η/η'  γγ and J/ψ  η/η'γ decay widths

θ, deg f8/fπ f0/fπ

–19.62 ± 2.33 0.84 ± 0.05 0.88 ± 0.07
erences quoted therein, but they reduce to them upon
setting ε = 1 in (1)–(5).

4. DEPENDENCE ON THE RENORMALIZATION 
SCALE

The renormalization-group properties of the decay
constants f0 and f8 should be discussed separately. Since
our analysis is restricted to the lowest order of QED, the
anomalous divergences D8 and D0 are virtually inde-
pendent of the QED renormalization point. However,
the effects of QCD renormalization cannot be
neglected: that the singlet current is not conserved—
that is, it shows an anomaly—renders it strongly depen-
dent on the renormalization scale (the corresponding
anomalous dimension was found in [14]), whence it
follows that D0 and f0 are also dependent on the renor-
malization scale.

Owing to a multiplicative character of renormaliza-
tion, the matrix element for D0 decay into π+π–γ can be
represented in the form

(6)

where q = p+ + p– + k.

The same factor Z(µ2/q2) renormalizes f0(q2) into
f0(µ2). Since the expression for η' features only the ratio
D0/f0 [see equation (1)], the amplitude of the decay
η'  π+π–γ then proves to be independent of the
renormalization point.

Upon isolating the pole at , the matrix element
〈ππ|D0(q2)|Ω〉 is computed in the soft limit (q2  0),

whereas f0(q2) is taken at the point q2 = . It is usually

assumed that 〈ππ|D0(0)|Ω〉 . 〈ππ|D0( )|Ω〉, where
q0 . 1 GeV. Since the q2 evolution of the factor Z(µ2/q2)

is slow (its anomalous dimension is on the order of 

[14]), the difference between D0( ) and D0( ) is
negligibly small. We may conclude that

〈ππ|D0(0)|Ω〉/f0( ) . 〈ππ|D0( )|Ω〉/f0( ).

The renormalization-invariant properties of some
other matrix elements involving η'—in particular, those
of the amplitude for the decay η'  γγ—have been
analyzed in [15].

5. DECAY η'  π+π–γ IN THE SOFT LIMIT

The amplitude for the decay of either η or η' into
π+π–γ has the Lorentz structure

(7)

π p+( )π p–( )γ k( ) D0 µ2( ) Ω〈 〉

=  Z µ2 q2⁄( ) π p+( )π p–( )γ k( ) D0 q2( ) Ω〈 〉 ,

mη'
2

mη'
2

q0
2

α s
2

q0
2 mη'

2

mη'
2 mη'

2 mη'
2

M η' π p+( )π p–( )γ k( )( )

=  EP p+k p–k,( )εµνρσεµkν p+
ρ p–

σ,
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where P = η or η' and εµ is the photon polarization vec-
tor. Using equation (1) and taking into account all com-
ments to it, we are now able to obtain EP in the soft limit
(contributions from the box and triangular anomalies
[5, 6]),

(8)

where EP(0) ≡ EP(0, 0) and e2 = 4παem.
Substituting the parameter values quoted in Table 1

into (8), we finally obtain

(9)

In deriving this estimate, we employed the world-aver-
age data on the decay η  γγ [12] and data on pro-
duction processes induced by the Primakoff mecha-
nism. By invoking only the data on the two-photon pro-
cesses, we obtain a slightly lower estimate:

Eη'(0) = –4.01 ± 0.38 GeV–3. (10)

The estimates in (9) and (10) should be regarded as the
foremost results of the present analysis.

In [2, 3], the phenomenological parameter  of the
contribution additive to the ρ-meson background,
which the authors of [2, 3] propose to identify with

(0), depends on this background and was estimated
from the data for two schemes, M1 and M2 (see [2] for
details). The results obtained in this way for  are
quoted in Table 2.

Our basic results as given by (9) and (10) were
obtained within the current-mixing scheme. Previously,
[9], we used the same scheme to derive the value of
EP(0) for the decay η  π+π–γ and obtained

Eη(0) = –7.37 ± 0.77 GeV–3. (11)

This result agrees well with the estimate given in [16]:

(12)

To conclude, we have derived the nonresonance
(anomalous) contribution to the amplitude of the decay
η'  π+π–γ. The results are consistent with the empir-
ical estimates of the parameter  that assume the M1
scheme. The theoretical prediction obtained in the soft

EP 0( ) e

4π2 3 f π
2

---------------------- θsin
εF8
----------- 2

θcos
F0

------------+ 
  ,–=

Eη' 0( ) 4.17– 0.57 GeV–3.±=

Eη'

Eη'

Eη'

Eη 0( ) 6.9 0.7 GeV–3.±=

Eη'

Table 2.  Experimental values of the extra additive term in
the resonance background for two assumed forms of this
background

Model
Eη' , GeV–3

[2] [3]

M1 –4.46 ± 0.51

M2 –1.78 ± 0.53

5.06 0.54
0.53

2.17 0.46
0.49
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
limit, which is rather far from the realistic situation,
proves to be surprisingly close to the experimental esti-
mate of .
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Abstract—In the work presented, the effect of electromagnetic interactions on the strangeness-conserving β-
decay of baryons: neutron, n  p + e– +  + γ, and hyperon, Σ±  Λ0 + e± + ν( ) + γ, is visualized. The
polarized baryon decay studied, the total decay probability modification, as well as the modifications of the e±

spectrum and the angular distribution with respect to the polarization vector x of the initial baryon (coefficient
A), have been calculated. Dependence of the results on the value of the ultraviolet cut-off parameter Λ is eluci-
dated. The spectrum and yield of the γ-radiation accompanying the β-decay is acquired, with special attention
being paid to the infrared (soft-photon) radiation. The photon radiation of pions constituting the baryon’s “pion
cloud” is investigated. The radiative corrections to the total β-decay probability and to the electron energy and
angular distributions found in this work proves to be of pivotal importance for obtaining the main characteris-
tics of the weak interaction from experimental data processing. © 2000 MAIK “Nauka/Interperiodica”.

ν ν
1. INTRODUCTION. THE CONCEPT 
OF ELECTROMAGNETIC INTERACTIONS 

IN β-DECAY

As charged particles are involved in β-decay, elec-
tromagnetic interactions are bound to be taken into
consideration in describing such phenomenon. γ-radia-
tion accompanying the β-decay of neutron, hyperons,
and nuclei was investigated as far back as in the ‘fifties
[1, 2], and even in the ‘thirties [3]. In so far as a mere
bremsstrahlung of an outgoing electron (or positron)
with sufficiently large energy was considered in those
early works, the familiar perturbation theory in the fine
structure constant α was perfectly applicable in treating
such γ-radiation and its influence on e±-spectra and the
total decay probability [4]. Afterwards, allowing for the
electromagnetic interactions having embraced the γ-ra-
diation of any permitted energies including soft-photon
radiation, the general physical problem of the infrared
divergency emerged. An approach beyond the reach of
the common perturbation theory in α was to be pur-
sued, the virtual photons coming into the picture as
well. The relevant methods elaborated in the profound
works [5, 6] are to be consistently applied in treating
electromagnetic interactions in β-decay. Aforemen-
tioned accounting for the virtual photons entails, in
turn, the onset of the ultraviolet divergence while calcu-
lating the radiative corrections to baryon (and nucleus)
β-decay. Nowadays, Sirlin’s comprehensive investiga-
tions [7] in the framework of the Weinberg–Salam

  * This article was submitted by the author in English.
** This paper, which was originally submitted by the author in

English, was first published in Physics of Atomic Nuclei, 1999,
vol. 62, no. 4, p. 648. Due to the errors made in the course of its
language editing and upon the author’s demand, this paper is
republished in its original version. 
1063-7788/00/6303- $20.00 © 20502
SUL(2) × U(1) gauge model [8] provide two rather dif-
ferent recipes for removing the ultraviolet divergence
that appears when treating the radiative β-decay. After
all, baryons being far from to be point-like, its intrinsic
structure has an effect on the β-decay, especially on the
radiative corrections to it, and this fact needs to be
properly accounted for [9, 10].

Thus, there exist nowadays several substantial
grounds and purposes for an inquiry into the radiative
corrections to baryon β-decay.

(i) First, in so far as correct acquiring the Cabibbo–
Kobayashi–Maskawa (CKM) [11] quark-mixing ma-
trix elements and invariant amplitudes (form-factors)
[12, 13], determining the weak interactions, from the
experimental data goes, the radiative corrections to
β-decay have to be scrutinized. By now, the accuracy
of the most precise experimental data on decay proba-
bility and on the energy and angular lepton distribu-
tions is known to amount to ≈0.1% for neutron data
[14–22] and ≈2–3% for hyperon data [23]. Consequent-
ly, if the radiative corrections are strictly calculated, the
CKM-matrix elements and invariant amplitudes of
weak interactions can be disentangled, in the long run,
from the experimental data with the same high accura-
cy, which is substantial to comprehend to what extent
the weak interaction universality holds true [8, 11, 12].
What must be proclaimed from the very first is that we
focus solely on the radiative corrections themselves, all
other problems not associated with electromagnetic in-
teractions immediately being put aside, significant
though they may be in their own right. In particular, we
do not deal with the induced terms and the momentum-
transferred dependence of the form-factors (invariant
amplitudes) incorporated in the general effective weak
interaction Lagrangian [12, 13] (see the next Section).
000 MAIK “Nauka/Interperiodica”
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Even so, we restrict ourselves for the sake of definite-
ness to treating the strangeness-conserving semilepton-
ic decays of neutron, n  p + e– +  + γ, and Σ±-hy-
perons, Σ±  Λ0 + e± + ν( ) + γ only, to sidestep and
avoid, according to our lights, the highbrow discussion
about the peculiarities of CKM-matrix elements [11],
right-handed currents [24, 25], and so on.

During last three decades, many a calculation has
been pursuing the Sirlin’s simplified approach [9, 26,
27], treating the radiative corrections as a sum of the
so-called “model-dependent” (MD) and “model-inde-
pendent” (MI) parts, which had been managed, initial-
ly, to describe the electron spectrum modification in
neutron β-decay and then was generalized to treat the
modifications of the total decay probability and the lep-
ton energy-angular distributions for neutron [28, 29]
and hyperons [30–32]. In this rather untenable han-
dling, the MI part renders some finite part of the radia-
tive corrections, independent of strong interactions, as
well as of the interactions mediated by vector bosons,
and is calculated for point-like baryons within the fa-
miliar (V – A) theory. The whole remnant, the MD part,
is suggested to be absorbed into the effective form-fac-
tors, causing their redefinition. The key point is that the
transition amplitude M is presumed to be a multiple of
M0, the uncorrected one. These main features of the
original treatment have been retained, though some im-
provements and generalizations were undertaken in
[33–35], with the explicit dependence of the MI part on
the ultraviolet cutoff parameter Λ emerging instead of
the original mere redefinition of the effective ampli-
tudes. As our calculations do not utilize the aforesaid
simplifications, the results obtained prove to be rather
different. We shall trace the origin of these differences
in Sections 3, 4 and discuss their consequences in Sec-
tions 5, 7.

(ii) In studying the radiative corrections to baryon
β-decay, the general physical problem of soft-photon
radiation emerges, which purports to be an important
feature of the phenomenon, especially for hyperon de-
cay, because of the large energy released. Treating the
infrared divergence and double-logarithmic asymptotic
behavior in radiative β-decay typifies the case of work-
ing beyond the usual perturbation theory in the fine
structure constant α [5, 6]. Thus, visualization of the
true behavior of the baryon radiative β-decay probabil-
ity when the γ-radiation energy tends to zero, offered in
Sections 4, 5, is of physical interest in its own right,
which warrants our plunge into radiative β-decay if
only for this reason. Certainly, we need this to repose
full confidence in the actual accuracy of our calcula-
tions as well.

(iii) Inquiring into the γ-radiation accompanying
β-decay, one becomes conscious of the fact that side by
side with the familiar bremsstralung of outgoing
charged particles, there exists a γ-radiation straightfor-
ward from baryon interior, as being due to the baryon
intrinsic structure, and, especially, due to the baryon’s

ν
ν
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internal pionic degrees of freedom. Thus, the study of
this phenomenon provides a tool for investigating the
baryon structure within the framework of low-energy
physics.

(iv) As far as treating the ultraviolet divergence is
concerned, we are to realize (see Section 5) what is the
sensitivity of the ultimate results of our calculations on
the choice of different prescriptions elaborated in Sir-
lin’s investigations [7].

All of the enumerated tasks (i)–(iv) being closely re-
lated to each other are of long-standing and ever-in-
creasing significance. Keeping in mind the aforesaid
agenda we make bold to launch our present study of the
radiative corrections to baryon β-decay.

2. GENERAL LAGRANGIAN FORMULATION

First and foremost, we set out the general effective
Lagrangian (see [12, 13, 36–38]) relevant to describe
the strangeness-conserving baryon β-decay,

n  p + e– +  + γ, Σ±  Λ0 + e± + ν( ) + γ,

accounting for the electromagnetic interactions which
we are about to consider,

(1)

where

(2)

renders the (V – A) baryon-lepton weak interaction, q
being the four-momentum transfer in β-decaying. The
expression

(3)

stands for electromagnetic field interaction with lep-
tons and LBγ, likewise, with baryons. The electro-weak
pion interactions are described by

(4)

where (a, b, c) = (1, 2, 3), whereas µ = (1, 2, 3, 4), fπ =
fπNN = 93 MeV, and

Lastly, the effective pion interaction with the three-

ν ν

Lint LBfBiw Leγ LBγ Lππw Lπw LBfBiπ,+ + + + +=

LBfBiw x( )
G

2
------- ψe x( )γα 1 γ5+( )ψν x( )( )=

× ΨBf x( ) γαgV
B q( ) gWM

B σανqν+[

+ gA
B q( )γα gIP

B qα+( )γ5 ]ΨBi x( )

Leγ x( ) eψe x( )γµψe x( )Aµ x( )–=

Lππw x( ) ∂µπa x( ) e
bac!µ

b
x( )πc x( )+( )

2
,=

Lπw x( ) f π 2!µ
a

x( ) ∂µπa x( ) e
bac!bµ

x( )πc x( )+( ),=

!µ
0

eAµ, !µ
– G

2
-------ψeγµ 1 γ5+( )ψν,= =

!+ !–( )∗ .–=
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quark bag-baryon can be presented in the form [38]

(5)

where 1, R, p are the normalization factor, baryon-bag
radius, and quark momentum, respectively [38], and
fπNN/fπΣΛ ≈ 11/14 [12, 13]. In the aforesaid formulae
(2)–(5), the γ-matrices are defined accordingly [36],
σαν = (γαγν – γνγα)/2, and the system of units h = c = 1

is adapted; ΨBi(x),  render baryon fields in the
initial and final states, and ψe, ψν, πα, Aµ stand for the
electron (positron), (anti)neutrino, pion, and electro-
magnetic fields, respectively. The particle masses
(in MeV) occurring in (1)–(5) are Mp = 938.2723,
Mn = 939.5656,  = 1189.4,  = 1197.3,  =

1115.6,  = 134.98,  = 139.57 and m = me =

0.5110 [37]. As we are inquiring into the strangeness-
conserving β-decay only, we henceforth adapt, for our
numerical calculations, the effective value G = G00 =
GF|Vud | = 1.1365(11) × 10–5 GeV–2 [11, 37, 39, 40],
where GF = 1.16639(2) × 10–5 GeV–2 and G00 are acquired
from the muon decay and super-allowed (0+  0+)
nuclear Fermi transitions, respectively. Here, the radia-
tive corrections in both cases have been thoroughly
accounted for and disentangled, and |Vud | = 0.9744 ±
0.001 is an element of the KM-matrix which mixes the
u-, d-quarks, related to the Cabibbo angle θC by |Vud | =
cosθC. We also prescribe for the effective amplitudes in

(2) the values  = 1,  = 1.266 in the neutron decay

case [14], [21], and  = 0,  = D, D ≈ 0.74
[12, 13] for Σ-hyperon one. However, as we shall treat
in our further calculations the relative radiative correc-
tions that is, the radiative corrections divided by the un-
corrected bulk decay probability, the G value itself does
not influence the results set forth anywhere, but in Sec-
tion 7.

The amplitudes gV, gA determine the main bulk (V – A)
weak interaction, whereas gIP represents the induced
pseudoscalar, and gWM = /2MB stands for

“weak magnetism,” where ,  are the anomalous
magnetic moments of initial and final baryons; for neu-

tron gWM = –3.70/2Mp. Certainly, as the ratio /Mp is
known to be small enough even in the Σ-decay case, ac-
counting for the q2-dependence of the effective form-
factors gV, gA, as well as retaining the terms with gWM,
gIP, when calculating the radiative corrections to the
bulk β-decay process caused by gV(0), gA(0) in equa-

LBfBiπ x( )
1

2 f πBfBi

---------------- d4q

2π( )4
i

--------------- s q⋅( )u q( )ΨBf
+ x( )∫=

× p x( )t( )ΨBi x( )eiqx,

u q( ) 212
R35

3
--- j1 pR( ) j0 pR( )

j1 qR( )
q x⋅
----------------,–=

ΨBf
+ x( )

M
Σ+ M

Σ– M
Λ0

m
π0 m

π±

gV
n gA

n

gV
Σ gA

Σ 2 3⁄

µ̃i µ̃ f–( )
µ̃ f µ̃i

q2
tion (2), would have provided superfiuous corrections
to corrections. Furthermore, the baryon mass is thought
to be so large that we have the right to neglect the bary-
on recoil, the final baryon velocity in the rest frame of
the initial baryon, and all of the quantities which are
multiples of the ratios qµ/MB, ∆/MB, m/MB, (∆ = Mi – Mf,
and m is electron mass). Thus, in (2), we abandon from
outset the weak magnetism and the induced pseudosca-
lar, and neglect the q2-dependence of gV, gA. This does
not mean to say the additional corrections due to ac-
counting for the form-factors q2-dependence and the
terms with gWM, gIP in (2) must be conceived as being
quite negligible. It is only that the evaluation of those
quantities is not our task here. However, when we try to
gain the correct values of the quantities G, g from ex-
perimental data processing, it will be necessary, of
course, to take into account side by side with the radia-
tive corrections all the others, as well, these second be-
ing comparable with the first and substantial in their
own right, especially in the case of Σ-decay because of
the large mass difference ∆ = MΣ – MΛ ≈ 80 MeV [37].

3. TRANSITION AMPLITUDES

The effective interactions (2), (3) are known to give
rise to both the real γ-radiation of charged particles in-
volved in β-decaying and virtual photon exchanging
between them. The matrix elements of the transition
amplitude to be calculated are presented, to the lowest
order in electric charge e, by diagrams, as shown in
Figs. 1, 2. All of the notations in the figures, being
familiar, need not to be explained. The diagram a in
Figs. 1, 2 presents uncorrected bulk β-decay, and b de-
scribes the common e±-bremsstrahlung. It is worth to
take the view of the fact that in the Σ-decay case, in-
coming and outgoing charged particles interchange a
virtual photon, diagram d, Fig. 2, whereas the virtual
photon exchange holds in the neutron case between two
charged particles in the final state, diagram d, Fig. 1. In
so far as the baryon γ-radiation presented by the dia-
grams c of the Figs. 1, 2 goes, one need not to take this
into account, with baryons masses being suggested to
be infinitely large (see discussion in the end of the pre-
vious Section 2).

Side by side with the aforesaid γ-radiation which
has been treated in many papers, we allow for that
caused by the internal structure of the baryon, treated as
consisting of the heavy and tough three-quark bag and
a pion cloud surrounding it [38]. During β-decaying,
the correspondent interactions (3)–(5) carry the γ-radi-
ation from the baryon interior into effect. We account
for the γ-radiation of the relatively light particles, pions,
coming into picture, but not of the heavy three-quark bag
itself. To the lowest order in e, the corresponding graphs
of the transition amplitude are displayed in Fig. 3.

The diagrams a in Fig. 3 render the processes when
a charged or neutral virtual pion, having been emitted
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by the initial baryon, undergoes the β-decay as follows:

π±  π0 + e± + ν( ), π0  π+(–) + e–(+) + (ν),

and then is reabsorbed by the baryon with producing
the final baryon state, a charged pion emitting a photon.
The β-decay of the virtual pion and the photon emis-
sion occur in case b simultaneously:

π±  π0 + e± + ν( ) + γ,

π0  π+(–) + e–(+) + (ν) + γ,

In the case presented in the diagram d, a virtual
charged pion emitted by the initial baryon emits a pho-
ton and suffers β-decay; in case c β-decay and γ-radia-
tion occur simultaneously:

π±  e± + ν( ) + γ.

γ-radiation directly from baryon interior is a subject
of great conceptual interest in its own right, irrespective
of how much it contributes to the total γ-radiation ac-
companying β-decay.

Now, we shall obtain the values of the matrix ele-
ments discussed above.

Renormalization of the outer charged particles
states, that is accounting for diagrams e, f in Figs. 1, 2,
having been carried out, the uncorrected, zerothorder
in e, transition amplitude, presented by diagrams a,

(6)

(7)

is known to be replaced by (see, for instance [36])

(8)

In (6), pe, pν, pi, pf are the momenta of the electron, (an-
ti)neutrino, initial and final baryons, respectively, and
ue, uν, UBi, UBf indicate their Dirac spinors. The photon
mass λ is introduced, as usually, to treat the soft (infra-
red) γ-radiation. The cut-off parameter Λ, emerging ad
hoc in (8), formally prevents an ultraviolet divergence.
The up-to-date genuine treatment [7] of the ultraviolet
divergence and the respective Λ values are properly
discussed later on.

The matrix element presented by diagrams d involv-
ing the internal photon line takes the form

(9)

Here, B = p and the “+” sign correspond to the neutron
decay case, where Bi = n, Bf = p, whereas B = Σ and the
“–” sign correspond to the hyperon one, where Bi = Σ±,

ν ν

ν

ν

ν
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B G

2
-------ue pe( )l0

λuν pν( )UBf p f( )h0λ
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B MR

B, MR
B+≈ M0

B Ze
1( ) ZB
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Zi
1( ) α

2π
------ Λ mi⁄( )ln 9 4⁄ 2 λ mi⁄( )ln+ +[ ] .–=
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B i

2π( )4
-------------e2G

2
--------- d4k ue pe( )3µλ

uν pν( )( )∫±=

× UBf p f( ) hγ
B( )µλUBi pi( )( )FB k( ).
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Bf = Λ0. The following notations are introduced in (9):

(10)

Obviously, to the first order in α, the expression (9)
lumps together all of the effects of the electromagnetic
interactions between charged particles involved in the
β-decay, the so called “Coulomb corrections” being not
separated as against that what have been expounded in
some papers [41]. Let us emphasize that though the
outer baryons are nonrelativistic and even have the
negligible velocity, the virtual baryon in the intermedi-
ate state in diagrams d must be described by the relativ-
istic propagator

(11)

because integrating over d4k in (9) involves arbitrarily
large values of the virtual photon momentum k and,
consequently, of the virtual baryon momentum QB. If
anything, it might be pertinent to point out that if we
had replaced the function G (11) by the nonrelativistic
value, the calculation of the radiative corrections to the
transition amplitudes and, thereafter, to the β-decay
probability would have reduced, for all intents and pur-
poses, to handling their so-called MI parts [26–35]
mentioned in Section 1 (see, also, the discussion below,
in Section 5).

The total amplitude of the bremsstrahlung is the
sum of the amplitudes presented by diagrams b, c in
Figs. 1, 2. The contributions of baryon γ-radiation, dia-
grams c, prove to be negligible because of the large
baryon mass (the vanishing baryon velocity), as was as-
serted above. The transition amplitude corresponding
to diagram b in Figs. 1, 2 is

(12)

where eeee(l) is the photon polarization vector.
Next, what we are to do now is to inquire for the

transition amplitudes describing the direct γ-radiation
from baryon interior as being due to the pionic degrees

FB k( ) 1 P2 m2– i0+( )[⁄=

× QB
2 MB

2– i0+( ) k2 λ2– i0+( ) ] ,

hγ
p( )

µλ
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2
-------em

l( )=

× ue pe( )3mα
uν pν( )( ) UBf p f( )h0α

B UBi pi( )( ),

m l,( ) 1 2 3, ,( ),=
of freedom of a baryon. After the due calculations uti-
lizing equations (4), (5), relativistic pion propagators
and nonrelativistic baryon propagators in the interme-
diate states, we obtain for the amplitude presented by
two diagrams a in Fig. 3 together:

(13)

Here, the indices i, f denote the initial and final sorts of
baryons (for neutron decay i = n, f = p, and for hyperon
decay i = Σ±, f = Λ0), E is the baryon energy, P = pf – k1
is the momentum of an intermediate baryon. The fol-
lowing notations were also introduced in (13):

where mπ±, m0 are the masses of the charged and neutral
pion, respectively, Q = pe + pν is the sum of electron
and neutrino momenta, and K = Q + k = pe + pν + k. The
matrix element corresponding to diagram b in Fig. 3 re-
sults as

(14)

the notations being the same as in (13).
The sum of the matrix elements presented by dia-
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B l( ) i
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grams c and d in Fig. 3 appears to be

(15)

After all, lumping all of the terms of (6)–(15) to-
gether we are left with the corrected transition ampli-
tude accounting for electromagnetic interactions to the
lowest order in electric charge e:

(16)

where

(17)

is proportional to e2, whereas  and

(18)

are linear in e.
The physical nature of the phenomenon described

by the amplitude (18) being different from that de-
scribed by (8)–(12), the main features of (18) are also
unlike those of (8)–(12). Especially, by treating the γ-
radiation described by (18), we do not encounter the
problems of infrared and ultraviolet divergences. Let us

also be conscious of the absence of the quantities ,

 in (18). The contribution of  (18) in the total
γ-radiation turns out to be very small, rather negligi-
ble, when compared with that caused by the amplitude

 + . Nevertheless, the inquiry into γ-radiation

associated with  (18) is of a great conceptual inter-
est in its own right as being due to the intrinsic structure
of baryons. Therefore, we set forth this γ-radiation sep-
arately after the main calculation of the radiative β-de-
cay probability that makes allowance for the ampli-

tudes  +  presented by Figs. 1, 2. The transition
amplitudes having been acquired, we are now in posi-
tion to calculate the decay probability accounting for
electromagnetic interactions.

4. THE β-DECAY PROBABILITY ACCOUNTING 
FOR ELECTROMAGNETIC INTERACTIONS

The decay probability we take up to calculate is ex-
pressed through the square of the absolute value

(19)

Mπcd
B l( ) e 2π

k
-------------
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which reduces in the first α-order to

(20)

Allowing for the polarizations of the various particles
involved in the process considered, we rewrite, as usu-
ally (see, for instance [36]), the terms incorporated in
(20), making use of the polarization matrices ρe, ρν, ρBi,
ρBf of the electron, neutrino, and the initial and final
baryons, respectively. The value of the first term in (20)
is, of course, well known,

(21)

and to gain the value of

(22)

in (20) is straightforward according to equation (8).

The quantities , l0α are defined in (6), (7), and, as

usual,  ≡ γ0a+γ0.

The fourth term in (20) is

(23)

where 3µα is defined by (10). With equations (9), (10)
being accounted for, the sum of the last two terms in
(20) can be presented in the following form

(24)

(25)

As explained above, we study the decay of the po-
larized baryon at rest, the velocity of the final baryon
being considered as negligible. In this work, we inquire
into total decay probability, the γ-radiation and electron
spectra, and electron angular distribution with respect
to the initial baryon polarization vector x, that is the
correlation between the vector x and the electron veloc-
ity v. All of the other correlations between the particles
involved in the β-decay and their polarizations, as well
as the neutrino and final baryon spectra, are unobserv-
able. Consequently, the aforesaid polarization matri-
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ces, (21)–(24), are given as follows:

(26)

and we evaluate the β-decay probability integrated over
the final baryon and (anti)neutrino momenta, and over
the photon emission directions, and summarized over
the polarizations of all of the final particles.

As a matter of course, the quantity |M0 |2 in (20) is
well known to provide the uncorrected bulk baryon
β-decay probability with the e± energy-momentum (ε, p),

(27)

where the following notations are introduced:

(28)

The probability of γ-radiation, accompanying the β-de-
cay, with an absolute value of the momentum k = |k |
proves to be

(29)

where

(30)

(31)

Here, the following notations were introduced:
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In so far as γ-radiation with the energies k beyond
the infrared domain goes, α ln(∆/k) ! 1, the familiar per-
turbation theory holds true, there is no reason for imposing
λ in (29)–(32), and equations (30), (31) reduce to

(33)

(34)

which were handled long before in [1–4]. They proved
to be success in describing the experimental data of the
nuclei radiative β-decay as far as γ-radiation beyond
the infrared domain is concerned. The possibility of ob-
serving such photons in neutron β-decay was discussed
recently in [42]. As we shall become convinced after
due calculations, the main modifications of the total de-
cay probability, and of the electron energy and angular
distributions prove to be caused by soft (infrared) γ-ra-
diation, k  0, whereas the influence of emitting the
aforesaid “high energy” photons appears to be too
small.

The contribution to the decay probability caused by
(24) can be set as:

(35)

with dw, dWB0 from (27), the quantities B, C being ex-
pressed through integrals of the type

, (36)

where the function FB is defined in (9), (10). In the
course of treating these integrals, we utilize the validity
of the relations ∆/MB  0, (∆/MB)ln(∆/MB)  0
which simplifies the calculations, as all of the integrals
(36), but those set out below, vanish thereby. Subse-
quently,
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(37)

Here, the Spens-function [43] is

The cut-off parameter Λ emerging in equations (35) via

the integral  from (37) prevents the ultraviolet diver-
gence in much the same way as above in (8).

The contributions from the first three terms in (20),
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ṽ
---- 

  δBn, x+≈ 1 v–
1 v+
-------------,=

ṽ v 2 ∆ ε– k–( )2
k2+[ ] MB

2⁄+ ,=

2MB d4kkα FB k( )∫ pα I1 δα0I10
B ,+=

I1 iπ2 1
vε
------ x( ),ln–≈

I10
B iπ2 2 m MB⁄( ) 1

v
---- x( )ln+ln– 

  ,=

2MB d4kFBkαkβ∫ gαβ I2
B δ0α I20–( ),–=

I2
B iπ2

4
------- 3 2⁄ 2 Λ MB⁄( )ln+( ),–=

I20
iπ2

2
-------,–=

B2γ
B ε p;  λ,  ( ) 

i α 
2

 
π

 
3

 -------- ε 2 I 
B I 1 – ( ) I 10 

B – [ ] ,=

C02γ
B ε p;  Λ,  ( ) 

i α
 

2
 

π
 

3
 -------- I 1 ε v 

2 g V
B ( ) 

2
 3 g A

B ( ) 
2

 + [ ] –  {  =

+ 2I2 5 gV
B( )2

12gV
BgA

B 15 gA
B( )2

+ +[ ]

– 2I20 2 gV
B( )2

3gV
BgA

B 3 gV
B( )2

+ +[ ] } ,

Cξ2γ
n ε p;  Λ,  ( ) 

i α
 

2
 

π
 

3
 -------- I 1 ε 2 g A

n g V
n g A

n – ( ) – {  =

+ 2

 

I

 

2

 

3

 

g

 

V
n

 

( )

 

2

 

4

 

g

 

V
n

 

g

 

A
n

 

7

 

g

 

A
n

 

( )

 

2

 

–+

 

[ ]

– 2I20 gV
n( )

2
gV

n gA
n 2 gA

n( )2
–+[ ] } ,

Cξ2γ
Σ ε p;  Λ,  ( ) 

i α
 

2
 

π
 3 -------- g A 

Σ ( ) 
2

 2 I 1 ε 4 I 20 26 I 2 –+ { } .=

F z( )
dt
t

----- 1 t+( ).ln

0

z

∫=

I2
B

                                 
PHYSICS OF ATOMIC NUCLEI      Vol. 63      No. 3      2000
if combined, result in

(38)

The sum of (24) and (38),

(39)

gives the β-decay probability with the e± energy-mo-
mentum (ε, p), accounting for the electromagnetic cor-
rections to the α-order due to the virtual photons. It is
pertinent to rewrite the sum (39) as follows:
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where
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The quantity BB in (40), (41) apparently does de-
pend on the artificially introduced “photon mass” λ to
prevent the infrared divergence of equation (39). To
eliminate this dependence, the probability of γ-radia-
tion (29) of momenta k less than some given value km,
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α-order, the radiative decay probability

(43)

It is expedient to present equation (42) in the following
form:

(44)

where

(45)

The expressions (29)–(31), (35), (37)–(41), (44),
and (45) having been substituted into (43), the proba-
bility of the β-decay with the e± energy-momentum
(ε, p), accompanied by the γ-radiation of energies k less
than some given value km, k ≤ km ≤ ∆B – ε, takes the
form

(46)
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where

(47)

all the other quantities herein having been specified
above.

The cut-off parameter Λ emerges in these expres-
sions to formally preclude the divergences occurring in
various integration over the virtual photon four-mo-
mentum d4k.

In the early works [9, 27], the cut-off mass Λ was
adapted to be of the nucleon mass order, Λ ≈ MN. Under
the assumption that weak interactions are mediated by
heavy vector bosons [44], the mass of these mesons
provided the effective cut-off Λ = MV
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.
Here, it is instructive to take cognizance of the fact

that if the relation  = –  had been valid, the param-
eter 

 

Λ

 

 would have disappeared from the eventual result
(46), likewise in the case of 

 

µ

 

-meson decay [45], in per-
fect agreement with the general assertion of [46].

Nowadays, after advent of the profound Sirlin’s
works [7], carried out in the framework of the 
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(1) gauge model [8], we get two rather different reci-
pes for treating the ultraviolet divergence in the course
of calculating the radiative corrections. Working in the
framework of the effective lagrangian (2), we are not
on the point to discuss obtaining the results of [7]. We
just take for granted these results and only recall that,
first (according to [7]), if the simplest model of 
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(1) symmetry breaking via the single Higgs isospinor
is used, the mass 
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 91 GeV will be substituted for
the cut-off 
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, and, secondly, in the case of arbitrary
symmetry breaking (via, for example, several Higgs
multiplets) the mass 
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 80 GeV is substituted for 
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.
In addition, the weak coupling constant 
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 would be re-
placed by the corrected one,

(48)

but the correction to 

 

G

 

 amounts to no more than a few
hundredths of a percent (~0.01%). Our numerical cal-
culations in Section 5 show the dependence of the total
radiative corrections on the 

 

Λ

 

-value to be not negligi-
ble.

The radiative 
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-decay probability presented by (43),
(46) as the sum of the 
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-decay probability (39) includ-
ing virtual photons only, but no real 
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-radiation, and the
probability of one photon emission (42), turns out to be
divergent logarithmically when the boundary photon en-
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not applicable to treat the infrared (soft) bremsstrahl-
ung, and the bremsstrahlung of an ultra-relativistic
electron (double-logarithmic asymptomatic) (see [5, 6,
36, 47]). To comprehend the β-decay consistently ac-
counting for electromagnetic interactions, we are
drawn into considering the processes to arbitrary high
order in α, with infinite numbers of both real and virtu-
al photons which are displayed by the diagrams with in-
finite numbers of internal and external photon lines in
addition to those given in Figs. 1, 2, the final state being
specified by fixing the summary total γ-radiation ener-
gy as less than the given value km. Thoroughly pursuing
the general treatment of the infrared divergence phe-
nomena step by step, as perfectly worked out in [39],
we express the arbitrarily high α-order infrared contri-
butions to the transition amplitudes and, consequently,
to the decay probability through the first order in α
quantities B, , @, C0, Cξ, ,  (39)–(47). All of the
contributions having been summarized, we arrive, in-
stead of equation (46), at the eventual complete result

(49)

where the infrared contributions arising from both real
and virtual photons are explicitly factored out in expo-
nential form. The exponent, emerging in (49) with the
quantity @ from equation (47), governs the true infra-

red behavior of equation (49):   0, when the
boundary γ-radiation energy km  0. This means, in
accordance with the general theory [6, 36, 47], that
there is no β-decay without the infrared γ-radiation. For
now, we can deal with β-decay accompanied by γ-radi-
ation of arbitrary small energy.

Thus, we have acquired the baryon β-decay proba-
bility (49) with the e± energy-momentum (ε, p) accom-
panied by γ-radiation of the summary total energy k less
than some given value km, k ≤ km, the number of pho-
tons and the directions of their emissions being not
fixed. Certainly, the km value cannot exceed ∆B – ε.
Having obtained the general result (49), we are able to
calculate the total β-decay probability, the electron en-
ergy and angular distributions, and the γ-radiation spec-
trum and yield, which is what we turn to now.
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5. THE TOTAL 
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-DECAY PROBABILITY 
AND ELECTRON ENERGY-MOMENTUM 

DISTRIBUTION

 

Before to discuss the numerical results obtained ac-
cording to equation (49), we are to visualize some fea-
tures of this. Let us note that the functions (40), (41),
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) do not. Thus, our final ex-
pression (49) is seen to involve, firstly, the part which

shows the same familiar dependence on ,  as the
uncorrected bulk 

 

β

 

-decay probability (27) does, and,

secondly, the part which appears to depend on , 
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), (40), (11) in much more complicated way, as com-
pared to equation (27). This result appears immediately
from the straightforward calculations of (37), (36), (24)
and (8), (7), (38) which, in turn, are due to the diagrams

 

d

 

, 

 

e

 

, 

 

f

 

 in Figs. 1, 2 with internal photon lines. If the
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), 
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ξ
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Λ, , ; ε, p) in (49)
had been omitted and the exponent replaced by
exp(@) ≈ 1 + @, our result (49) would have been re-
duced to one, corresponding at km = ∆B – ε, to all intents
and purposes, to the so-called MI part of the radiative
corrections invented in [26] and applied to calculate the
modifications of the electron spectrum and total decay
probability [26, 31], and then to the electron angular
distribution modification as well [28–39, 32]. Accord-
ing to the key assertion of this approach, the remainder
of the radiative corrections after the MI part is re-
moved, the MD part, might affect, at most, the magni-

tudes of ,  only, these quantities being replaced

by primed ones, ,   , .

Some improvements of the original method of [26]
seem to be managed in [33, 34], where the well-known
renormalizations (8) and, consequently, the contribu-
tion of the (38) in decay probability were accounted for,

but the contributions to C0(Λ, , ; ε, p), Cξ(Λ, ,

; ε, p) in equation (49) originating from equations
(24), (35), (37) were still neglected. The main general
feature of this approach [26–35] as a whole is that the

corrected transition amplitude (9)  is thought to be

a multiple of uncorrected one  (6), and, consequent-

ly, the quantities ,  (49) are multiples of ,

 (27), which is obviously not our case. Handy as
this very treatment is, we decided to refrain from it and
pursue calculating set forth along the work presented,
according to our lights. If anything, it is pertinent to re-
call that the authors of [30, 33, 34] themselves were in-
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clined to regard the separation of the MD and MI parts
and practically handling the MI parts only as being
rather untenable, and so do we.

We would like to mention that, unlike what was
adapted in some papers [26, 35, 41] until a little while
ago, our calculations lump together all of the radiative
corrections, without dividing them into the “Coulomb,”
“inner,” “outer.” Let us also note the |@| value en-
hancement and, consequently, the increase of the devi-
ation of exp(@) from (1 + @), as being due to both tiny
small km  0 and (or) sufficiently large electron en-
ergy ε @ m, which may be case in hyperons decay,
where ε ~ 100 MeV @ m at the end point of electron
spectrum.

Substituting the maximum km value at the given
electron energy ε, km(max) = ∆B – ε, in the equation (49),
we arrive at the β-decay probability with the electron
energy-momentum (ε, p), including the γ-radiation of
all energies compatible to the given ε value. The devi-

ations of the functions, (ε, p), (ε, p) in (49)

from the (ε, p), (ε, p) in (27) render the distinc-
tion between the corrected electron energy-momentum
distribution accounting for electromagnetic interac-
tions and the uncorrected one. The modification of the
electron spectrum integrated over the electron emission
directions dn is naturally reflected by the quantity

(50)

whereas the quantity

(51)

is pertinent to characterize the modification of the en-
ergy dependence of the electron angular distribution.

These ,  are presented in Fig. 4 by solid and short-
dashed lines, respectively, as functions of the electron
kinetic energy E = ε – m for neutron decay, the upper
picture, and Σ–-decay, the lower one. Both functions

,  culminate at the beginning and the end of the
electron spectrum, that is, at E = 0 and E = ∆B – m, their

mean values being  ≈ 0.08,  ≈ 0.06 for neutron de-

cay and  ≈  ≈ 0.007 for Σ− decay. The numerical
results in the Figs. 4–6 are obtained for Λ = MW. The

,  enhancement at ε  m, km  ∆B – m is as
a matter of course, due to the increasing quota of the
γ-radiation energy in the total energy release ∆B. As
seen, the corrected decay probability exceeds the un-
corrected one along all the electron energies E, except
for limiting case E  ∆B – m, ε  ∆B, km  0,

where   0,   0, due to exp(@)  0,
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and we arrive at S0, Sξ  –1. This behavior may be
substantial in treating the phenomena, where just such
a limiting electron energy turns out to be of crucial im-
portance.

The uncorrected asymmetry factor of the electron

angular distribution  is replaced by corrected one
AB(ε, km = ∆B – ε) accounting for the radiative correc-
tions,

(52)

which is presented in Fig. 4 by long-dashed lines for the
neutron and Σ− decays. The differences δAB = AB(ε) –

 amount to δA(n) ≈ –1.9% for the neutron and δA(Σ) ≈
1.8% for the Σ decay. It is to score under the disparate

dependencies of  and AB(ε) on the quantities ,

, as being due to the functions C0(Λ, , ; ε, p),

Cξ(Λ, , ; ε, p), (40), (41) in equation (49). Cer-
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tainly, this fact is of the great importance for acquiring

,  from experimental data (see [14, 16, 22]).

Next, we inquire into the β-decay probability inte-
grated over the electron energy-momentum. Having at
our disposal equation (49), we treat the quantity

(53)

which determines the relative probability of the γ-radi-
ation of the energies |k | less than the given km value,

|k | ≤ km, (0 ≤ km ≤ ∆B – m). The function  is plot-
ted in Fig. 5 by solid lines for neutron and Σ– decay in
the upper and lower parts of the figure, respectively.
For the γ-radiation of the energies k ≤ km, we also
displayed in Fig. 5 (short-dashed lines) the relative
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probability of the electron emission under the angle θ
(cosθ = xv/v|x |) to the polarization vector x of the ini-
tial baryon,

(54)

As one can see, both functions (53), (54) show the very
steep growth with km at the extremely small km, within
the infrared domain, being varied rather negligibly
beyond that: for instance, in the neutron decay case

(km = 0) = 0, whereas (km ≈ 10–2 MeV) ≈ (km =
∆n – m). Thus, the radiative corrections to the β-decay
prove to reach saturation at km ! ∆B – m, or, approxi-
mately, in the infrared domain. So, we infer from this
Fig. 5, as well as from the previous one, that, in actual
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fact, the crucial effect on the β-decay is just due to the
infrared γ-radiation.

In Fig. 5, we also offer the asymmetry factor of the
electron angular distribution, averaged over the elec-
tron energy,

(55)

which is the contribution to the asymmetry of the elec-
tron angular distribution associated with the γ-radiation
of the energies less than the given km. This quantity ap-
pears to be, as a matter of fact, independent of km, like-
wise (52) is of ε, and, consequently, the modifications
δAB are as good as constant. Obviously, the relative
modification of the total decay probability δWB is given

simply by equation (53) at km = ∆B – m : δWB = (∆B – m).

After all, the results summarized in Table emerge
from the calculations we have carried out.

In Table, we present the modifications of the total
decay probability δW and asymmetry factor δA (in per-
cents) for the neutron and Σ–-hyperon cases calculated
at the various cut-off Λ values, MW, MZ, MN, which
stand for W-, Z-bosons, and nucleon masses, respec-
tively. The results for Σ+ coincide with those for Σ–, for
all intents and purposes; for example, instead of the da-
ta in Table, we have at Λ = MW the magnitudes δW =
0.56%, δA = 1.70% for Σ+ case.

Let us expose the dependence of the results on the
ultraviolet cut-off parameter Λ. Certainly, the value
Λ = MN is understood nowadays as being not eligible.
Yet the relatively small differences between the results
for Λ = MW and Λ = MZ prove to be very significant re-
flecting the uncertainties of principle occurring in the
present-day general approaches to treating the ultravi-
olet divergence [7] (recall the discussion above equa-
tion (48)).
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The modifications of the total β-decay probability δW and
asymmetry factor of the e± angular distribution δA for neu-
tron (n) and Σ–-hyperon at various values of the ultraviolet
cut-off Λ, MW, MZ, MN denoting W-, Z-bosons and nucleon
masses, respectively

Λ
n Σ–

MW MZ MN MW MZ MN

δW, % 7.94 8.05 5.04 0.50 0.55 –1.70

δA, % –1.86 –1.91 –0.47 1.74 1.77 0.70
Our results for δWB, δAB differ appreciably from
ones presented in [26, 28–35, 41]. In particular, for the
neutron case, our values δWn ≈ 8%, δAn ≈ 1.9% (see
Table) do not coincide apparently with the values δWn ≈
5%, δAn ≈ 0% asserted in those papers. This fact is
thought to be substantial in the course of processing the
up-to-date experimental data on the neutron lifetime
(see [14–20]), and electron angular distribution (see
[14, 17–22]). Keeping in mind the arguments set forth
in the discussion at the beginning of this Section, we
realize the origin of these noticeable distinctions. So,
we are not taken aback by this mismatch. If anything, it
is instructive to note that our values δWB, δAB would
have come much closer to those of [28–35], if the cut-
off Λ had been equal to the nucleon mass MN. It is not
surprising because the substantial pieces of the very

functions C0(Λ, , ; ε, p), Cξ(Λ, , ; ε, p), (40),
(41), depending on Λ via ln(Λ/MB), vanish at Λ = MN
for neutron case and become very small (negative) for Σ.
Also for that matter, if we had omitted the term

π2(v/ ) in the functions , ,
(37), (46), (47), in the neutron case, the value δWn

would have been reduced to ≈4.6% instead of ≈8% in
Table. The difference amounting to ≈3.5% might be,
properly speaking, conceived as the “Coulomb correc-
tion”, which would be in accordance with the assertions
of some previous papers [26, 29–35, 41].

The feasible consequence of our results for acquir-
ing the G, gV, gA values from processing the up-to-date
experimental data are discussed in Section 7. Now let
us proceed to the inquiry for the spectrum and yield of
the γ-radiation accompanying β-decay.

6. THE γ-RADIATION SPECTRUM AND YIELD

The relative differential probability of γ-radiation is
obtained simply by differentiating the aforesaid func-

tion (k) (53) with respect to its argument k

(56)

This quantity is presented in Fig. 6 by solid lines, the
domain of the extremely small k values, k  0, set out
thoroughly in Fig. 5, escaping our attention here in
Fig. 6. The short-dashed lines render the calculation of
the same quantity, but merely in the framework of the
familiar perturbation theory in α [1–4, 42], that is ac-

gV
B gA

B gV
B gA

B

ṽ C̃0 ε p km, ,( ) C̃ξ ε p km, ,( )

P0
B

dP0
B k( )

dk
----------------

1

dwW0
B ε p k ∆B ε–=, ,( )

m

∆B

∫
-------------------------------------------------------------=

× dw
dW0

B ε p k, ,( )
dk

-----------------------------
dWγ

B k( )
dk

------------------.≡
m

∆B
k–

∫
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cording equation (33):

(57)

descending from equations (49), (53), (56) when @ ! 1,
exp(@)  (1 + @). In Fig. 6, beyond infrared asymp-
totic onset, the distinction between the solid and short-
dashed curves is virtually invisible for the neutron de-
cay, whereas the difference between these curves,
though being very small, is still observable in the Σ case.
It is due to sufficiently large ∆(Σ) ≈ 82 MeV @ m which
entails v ≈ 1 and + ≈ 5 (see (32)), in contrast to the neu-
tron case, where + < 1. Consequently, the @ value for
the Σ decay is appreciably greater than for the neutron
decay, and, therefore, the replacement exp(@) 
(1 + @) is valid in the neutron case with much better
accuracy than in the Σ case.

Though the functions (56) and (57) coincide, as a
matter of fact, beyond the infrared domain, their infra-
red asymptotic behaviors prove to be significantly dif-
ferent:

(58)

(59)

Indeed, small as the positive quantity x is (even for the
Σ decay x ≈ 0.02), the behaviors of (58) and (59) differ
crucially at small k. Though the both diverge at k  0,
the first one has the integratable singularity, whereas
the second posses the singularity causing the logarith-
mic divergency by integrating over the γ-energy k.

The yield of γ-radiation can be estimated using the
quantity

(60)

drawn in the Fig. 6 by the long-dashed line and the

quantity (km) (53) presented in Fig. 5. The quantity
(60) renders the number of photons emitted in one
β-decay event with the energies exceeding the given
value k. For instance, one can infer from these figures
that, in the neutron case, one photon with the energy k ≥
0.1 MeV is expected to be radiated along ≈103 β-decay
events, and one photon of the energy k ≥ 10–6 MeV (op-
tical red photon energy) per ≈50 events. We can also

dWγ
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expect in neutron decay case that the optical photons
yield to be one optical photon per ≈200 events. In the
Σ case, one can expect one photon with k 

 

≥

 

 40 MeV, to
be emitted per 

 

≈

 

10

 

3

 

 events.
Now, we proceed to expounding the spectrum and

yields of the 

 

γ

 

-radiation from interior of a baryon which
is brought into being by the baryon’s pionic degrees of
freedom, see Fig. 3, equations (13), (14), (15).

Though the ultraviolet divergence problem has been
perfectly solved [7] without allowing for baryon’s pi-
onic degrees of freedom, without virtual pion cloud,
these are known to be substantial to comprehend 

 

β

 

-de-

cay. The actual deviation  from , the appearance
of the amplitudes 

 

g

 

IP

 

, 

 

g

 

SM

 

, and the dependence of all the
form-factors involved in the process on momentum
transfer are thought to be due to the pion degrees of
freedom. Certainly, these virtual pions give rise to the
real 

 

γ

 

-radiation in 

 

β

 

-decaying as well, which we have
been treating in this work. We are to inquire for the de-
sirable 

 

γ

 

-radiation spectrum, using the amplitudes
(13)

 

–

 

(15). As before, we evaluate the 

 

β

 

-decay probabil-
ity, integrated over the final baryon and (anti)neutrino
momenta as well as photon and electron emission di-
rections, and summarized over the polarizations of all
final particles, the equation (26) being put to use. In the
course of calculating, the ratios

(see the definitions following (13)) occur which obvi-
ously are small. We simplify the calculations, retaining
only the terms linear in these ratios. Also, we replace in
equation (15) the quantity 

 

|

 

K

 

|

 

2

 

 by its value averaged

over angles between 

 

p

 

e

 

, 

 

p

 

ν

 

, 

 

k

 

, namely 

 

|

 

K

 

|

 

2

 

   =

 +  + 

 

k

 

2

 

. After a good deal of tedious work, we
are left with the electron and photon distributions ac-
counting for the processes presented in Fig. 3 by dia-
grams 

 

a

 

 plus 

 

b

 

,

(61)

and by diagrams 

 

c

 

 plus 

 

d

 

,
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(62)

where ων = ∆B – ε – k and

In Fig. 7, we present by solid lines the relative dif-
ferential spectrum of the γ-radiation corresponding to
(61) plus (62):

(63)

The yield of the photons with energies exceeding
the given value k;

(64)

is depicted in Fig. 7 by the long-dashed lines. This γ-ra-
diation apparently has no singularity at k  0, and the
γ-spectrum as a whole shows a quite different behavior
with k increasing as compared with the one set out in
Figs. 5, 6. In particular, the photons with the relatively
large energies are presented here, in Fig. 7, with much
more weight.
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Though in the strangeness-conserving baryon β-decay

considered here the quantities d /dk,  in
Fig. 7 turn out to be small, rather negligible, as com-
pared to those presented in Fig. 6, they are thought,
nevertheless, to be of a great conceptual importance in
their own right. Having become conscious of the strong
dependence of these quantities on the energy ∆B re-
leased in the β-decay, one may expect they will grow
up substantially and become immediately observable in
cases with greater ∆B, for instance, in hyperon strange-
ness-nonconserving β-decay (∆S ≠ 0), such as Σ+ 
n + e+ + γ + ν. We are on the point of studying in a sub-
sequent work the γ-radiation of the virtual “pion cloud”
in such decays, where it may be expected to become
comparable to the electron bremsstrahlung.

Certainly, for now, allowing for this intrinsic g-radia-
tion of virtual pions cannot alter the aforesaid results con-
cerning the decay probability and angular correlations.

7. CONCLUDING REMARKS

In conclusion, some remarks are thought to be rele-
vant and instructive. Let us recall the influence of elec-
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Fig. 7. Differential relative spectra /dk and yields

 of virtual pion γ-radiation (see text) for neutron

and Σ–-hyperon decays as functions of γ-radiation energy k.
For the sake of simplicity, we have dropped the superscripts
“B” by quantities in the pictures.
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tromagnetic interactions on β-decay has been consid-
ered in the work presented solely, all the other correc-
tions to the main bulk β-decay process, described by
(2), had been put aside, important as they may be in
their own right to disentangle the gV, gA values from
processing the up-to-date experimental data. For in-
stance, accounting for the finiteness of the baryon
mass, entailing, in turn, the weak magnetism and bary-
on recoil [48], is known to be necessary when treating
the electron angular distribution in polarized neutron

β-decay to deduce the precise /  value [14, 16–
26]. Still more, such corrections are to be important in
treating hyperon decay. Thus, according to our lights,
we are not about to acquire the G, gV, gA values from
processing experimental data immediately, yet we can
evaluate the G, gA modifications associated with the
modifications δWB, δAB calculated above and given in
Table.

Let the “uncorrected” G, gA values have been ob-
tained from the experimental data on decay probability
Wexp and the asymmetry coefficient Aexp without ac-
counting for δWB, δAB from Table. The “corrected”
values

(65)

are acquired from the same Wexp, Aexp, yet the modifica-
tions δWB, δAB have been allowed for. The general ex-
pressions (49), (53), (52) for the quantities WB, AB be-

ing put to use, the equations for the quantities , δG in
(65) are deduced rather simply. In the neutron decay
case, we have got

(66)

(67)

(It is to recall that according to the notations adapted in (2)

 = 1.) If there were no other corrections to Wn, An addi-

tion to ones given in Table, the corrections to G,  ac-

cording to (66), (67) would be:  ≈ 0.47%,  ≈ –4.4%.

Let us inquire into how the results gained in the cur-

rent work affect the values of G,  acquired in some
papers (see [14, 21, 22]) from processing the up-to-date
experimental data, the values δA ≈ 1% [48] and δW ≈
5.4% [28–35, 41] having been utilized. This quantity
δW is due to radiative corrections as our δWn is, yet the
δA has quite a different nature, as being due to allowing
for a finite baryon mass [48]. Thus, consequently, we

shall acquire the corrections to the G,  values ob-
tained in [14, 21, 22], if we substitute in equations (66),
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(67) our δAn ≈ –1.9%, and instead of our value δWn ≈
8%, the value reduced by the δW, that is, replacing

δWn  (δWn – δW) ≈ 2.6%. So, we adapt the G, 
values of [14, 21, 22], as though they had been obtained
from experimental data immediately, without any cor-
rections, and the corrections must be calculated accord-
ing to equations (65), (66), (67) with these last δAn, δWn

values. Then equations (65), (66), (67) give  ≈ 0.47%,
δG ≈ –1.7%, and, subsequently, the G = 1.1511(28) ×
10–5 GeV–2,  = 1.266 ± 0.004 asserted, for instance, in

[21] are replaced by  = 1.1318(28) × 10–5 GeV–2,  =

1.272 ± 0.004. Let us remark that the last  value ap-
pears to be very close to one gained in [39, 40] (see al-
so [37]) from the nuclear super-allowed (0+ – 0+) Fer-
mi transitions, namely G00 = GF|Vud| = 1.1365(11) ×
10−5 GeV–2, the deviation being only ≈0.4%.

In the case of Σ-decay, as  = 0 (see (2)), the rela-
tion Aexp = –2/3 (1 + δAΣ) holds, and we can consider

the modification of the product  only. The equa-

tion for , δG gives

(68)

where δWΣ, δAΣ are given in Table. Certainly, to handle
hyperon decay, one ought to allow for the finiteness of
the baryon mass, likewise it has been done in [48] for
the neutron case, and also account for the form-factors
gV(q2), gA(q2), gIP(q2), gWM(q2), as the momentum trans-
fer q is appreciable in this case, the plausible approach
from [38] being relevant here. In spite of the lack of ex-
perimental data on the strangeness-conserving Σ-hy-
peron decays, we hope our results are thought to be in-
structive, the investigation of Σ decay with ∆S ≠ 0 being
bound to be studied in another work.

In so far as the restrictions on the permissible G, gA
values go, the up-to-date situation is thought to be not
perfectly visualized. Indeed, if we had taken for grant-
ed that acquiring the quantity G00 = GF|Vud | from the su-
per-allowed (0+ – 0+) nuclear Fermi transitions had
been reliable to an accuracy better than 1% [40], the G
value would have proved to be fixed with the same pre-
cision. However, this is hardly the case in actual fact.
Nowadays, such a high precision in the theoretical
treatment of the β-decay of complex nuclei (even of the
simplest aforesaid transitions) is known to be rather as
good as impossible because one ought to deal thereby
with the finite many-strong-interacting-fermion system
in all of its complexity. For instance, among others, the
following phenomena have to be strictly allowed for, to
an accuracy as good as ~1%: electron and photon re-
scattering with exciting intermediate (virtual) nuclei
complex states [4]; a knowledge of the precise values
of nuclear (many-body) various form-factors (elec-
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trons, photons, weak) with properly accounting for nu-
clear collective states; admixture of the axial-vector in-
teraction to the vector interaction via the re-scattering
processes; a thorough description of the nuclear charge
density and its alternation in β-decaying, and so on.

For that matter, to acquire the G, gA values from
neutron β-decay data processing solely, without plung-
ing into the nuclear many-body problem, is thought to
be preferable, as was argued a little while ago in [14,
17, 21], and we are there. Of course, beside δAB, the ra-
diative corrections to the correlations between x and
n(δB), v and n(δa) are very desirable, and we are about
to study these in a next work. Certainly, the identity
|Vud |2 + |Vsd |2 + |Vbd |2 = 1 inferred according to unitarity
of the Kobayashi–Maskawa matrix [11] must hold true
any way, yet its alignment and confirmation is beyond
our objective here, so far as we restricted ourselves in
this work from the very first by treating strangeness-
conserving decay solely. To inquire into the aforecited
identity, we ought to have launched into investigations
of the processes involving high generations of quarks.
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1. The mechanisms of nuclear fragmentation in had-
ron–nucleus and nucleus–nucleus collisions can be
studied by measuring the yields of various multinu-
cleon fragments emitted in these interactions. Our ear-
lier studies demonstrated that, in collisions with a pro-
ton target, a relativistic oxygen nucleus disintegrates
predominantly into alpha particles. We also found that,
in those cases where all constituent nucleons were dis-
tributed among two or more multiply charged frag-
ments, the oxygen nucleus broke up either to four α
particles or to 12C and 4He [1–3].

In principle, a nucleus of oxygen may disintegrate
into unstable nuclei 5çÂ, 5Li, 8Be, and 9B in their
ground or excited states. Although the binding energies
of these nuclei exceed 5 MeV per nucleon, they allow
8Be decay into two alpha particles, 5He and 5Li decay
into an alpha particle and a nucleon, and 9Be decay into
two alpha particles and a nucleon.

This article reports our new results on the breakup
of 16O into multiply charged fragments and, in particu-
lar, on the yield of the short-lived nucleus 5Li in oxy-
gen–proton collisions at an incident momentum of
3.25 GeV/Ò per projectile nucleon. The data subjected
to the present analysis were collected by using the 1-m
hydrogen bubble chamber installed at the Joint Institute
for Nuclear Research (JINR, Dubna). The procedures
for data treatment, event reconstruction, and fragment-
mass separation were described in [1–3]. In all, over
11000 events of 16ép collisions were fully measured
and reconstructed.

2. Listed in the table are the measured cross sections
for those channels of 16O fragmentation where all con-
stituent nucleons are carried away by the multinucleon
fragments formed. Of all events in this category, more
than 80% feature only the even–even nuclei 4He and
12C among the fragments. A few detected candidates
for the final states 13ë3çÂ, 12ë2ç2H, and 11ë3ç2H (one
per channel)—these are not listed in the table—yield an
upper limit of 80 µb on the total cross section for these
channels of 16O fragmentation.
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2) Institute of Nuclear Physics, Uzbek Academy of Sciences, pos.
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The breakup of a 16O nucleus into multinucleon
fragments may proceed via a collective excitation
resulting from the diffractive elastic scattering of this
nucleus on a proton [4]. In principle, multinucleon
fragments may also be formed through the coalescence
of cascade nucleons or through a pickup reaction. In
this case, the excited residual nucleus characterized by
A ≤ 14 may either break up into lighter multinucleon
fragments or remain intact, as is exemplified by the
final state 14N2ç.

In the 4çÂ12ë fragmentation channel, which has the
largest cross section, the azimuthal angle of the alpha
particle proves to be correlated with that of the recoil
proton: these particles are preferentially emitted in
opposite directions. This suggests that the fragments in
question are formed through the quasielastic knockout
of an alpha cluster from the 16O projectile.

3. The fragmentation of a 16O nucleus into an unsta-
ble nucleus 5Li was sought by trying to detect the decay
5Li  α + p. {This is the only allowed decay channel
for the ground [(3/2)–, 1/2] state and for the first excited
[(1/2)–, 1/2] state of the 5Li nucleus with an excitation
energy between 5 and 10 MeV, as well as a dominant
channel for higher excitations [5].}

Since projectile fragments are largely emitted with
small transverse momenta and, hence, at small emis-
sion angles in the laboratory frame (on the order of a
few degrees), no event-by-event reconstruction of the
decays 5Li  α + p is possible under the conditions
of our experiment. For this reason, the yield of 5Li
nuclei was studied by comparing the distribution of the
angle between the alpha-particle and proton momenta,

Table

Breakup channel Cross section, mb

12C4He 6.61 ± 0.66
4He4He4He4He 2.10 ± 0.38
14N2H 1.47 ± 0.29
6Li4He4He2H 0.27 ± 0.12
10B4He2H 0.16 ± 0.10
000 MAIK “Nauka/Interperiodica”
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θαp, with the background distribution obtained with
allowance for fractions of individual topological chan-
nels (recall that the angular distributions of fragments
depend on these topological channels). The back-
ground distribution was constructed by pairing at ran-
dom an alpha particle and a proton from different
events. It should be noted that azimuthal correlations of
a kinematical origin may result from the breakup of an
excited residual nucleus. In order to take them into
account, the transverse momenta of the alpha particle
and the proton were determined preliminarily with
respect to the total transverse momentum of all frag-
ments detected in each event.

The results obtained in this way are illustrated in the
figure. The background distribution (solid curve) was
normalized to the number of events for θαp > 2°. It can
be seen that the background distribution closely repro-
duces live events (points with error bars) at large
angles, but that a significant excess over the back-
ground distribution is observed at small angles, where
θαp correlations are expected in the case of 5Li produc-
tion in the ground state. The excess as a function of θαp
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Distribution of the angle between the alpha-particle and pro-
ton momenta.
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agrees well (〈χ 2〉  < 0.5) with the distribution calculated
for the breakup of the ground-state 5Li nucleus with
allowance for the resonance width of Γ = 1.5 MeV. The
sum of the background θαp distribution and the com-
puted spectrum is represented by the dashed curve.

The cross section for 5Li formation proved to be
σ(5Li) = 8.4 ± 0.5 mb, which does not differ signifi-
cantly from the excitation-function values obtained in
[1] for stable isotopes of lithium:

σ(6Li) = 12.0 ± 1.1 mb   and   σ(7Li) = 9.6 ± 1.0 mb.

An alternative approach to detecting the decay
5Li  α + p is to analyze the distribution of Qαp =
Mαp – Mα – Mp, where Mαp is the effective mass of the
αp system, while åα and åp are, respectively, the
alpha-particle and the proton mass. The Qαp spectrum is
indeed enhanced with respect to the background distri-
bution in the region Qαp ≤ 4 MeV. The mean value of
Qαp for the background-subtracted enhancement is esti-
mated at 2.14 ± 0.17 MeV, which is consistent with the
amount of energy released in the αp decay of the
ground-state 5Li nucleus. The cross section for 5Li for-
mation as derived from the magnitude of the Qαp
enhancement, σ(5Li) = 8.3 ± 0.6 mb, compares well
with the above estimate based on the θαp distribution.
That σ(5Li) proves to be relatively large suggests that,
in 16Op collisions, the unstable nucleus 5Li is largely
formed from the α clusters of the projectile nucleus [2, 3].

REFERENCES
1. V. V. Glagolev, K. G. Gulamov, M. Yu. Kratenko, et al.,

Pis’ma Zh. Éksp. Teor. Fiz. 58, 497 (1993) [JETP Lett.
58, 497 (1993)]; 59, 316 (1994) [59, 336 (1994)].

2. V. V. Glagolev, K. G. Gulamov, M. Yu. Kratenko, et al.,
Yad. Fiz. 58, 2005 (1995) [Phys. At. Nucl. 58, 1896
(1995)].

3. V. V. Glagolev, K. G. Gulamov, S. L. Lutpullaev, et al.,
Yad. Fiz. 60, 575 (1997) [Phys. At. Nucl. 60, 500
(1997)].

4. I. Ya. Pomeranchuk and E. L. Feinberg, Dokl. Akad.
Nauk SSSR 53, 439 (1953).

5. F. Aizenberg-Selove, Nucl. Phys. A490, 1 (1988).

Translated by A. Asratyan


	323_1.pdf
	328_1.pdf
	336_1.pdf
	343_1.pdf
	353_1.pdf
	365_1.pdf
	373_1.pdf
	377_1.pdf
	391_1.pdf
	399_1.pdf
	414_1.pdf
	422_1.pdf
	431_1.pdf
	440_1.pdf
	445_1.pdf
	448_1.pdf
	455_1.pdf
	464_1.pdf
	470_1.pdf
	480_1.pdf
	489_1.pdf
	499_1.pdf
	502_1.pdf
	520_1.pdf

