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Abstract—The E(5) symmetry describes nuclei related to the U(5)−SO(6) phase transition, while the
X(5) symmetry is related to the U(5)−SU(3) phase transition. First, a chain of potentials interpolating
between the U(5) symmetry of the five-dimensional harmonic oscillator and the E(5) symmetry is consid-
ered. Parameter-independent predictions for the spectra and B(E2) values of nuclei withR4 = E(4)/E(2)
ratios of 2.093, 2.135, and 2.157 (compared to the ratio of 2.000 of the U(5) case and the ratio of 2.199 of
theE(5) case) are derived numerically and compared to existing experimental data, suggesting several new
experiments. TheX(5) symmetry describes nuclei characterized byR4 = 2.904. Using the same separation
of variables of the original Bohr Hamiltonian as in X(5), an exactly soluble model with R4 = 2.646
is constructed and its parameter-independent predictions are compared to existing spectra and B(E2)
values. In addition, a chain of potentials interpolating between this new model and the X(5) symmetry is
considered. Parameter-independent predictions for the spectra and B(E2) values of nuclei with R4 ratios
of 2.769, 2.824, and 2.852 are derived numerically and compared to existing experimental data, suggesting
several new experiments. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The recently introduced E(5) [1] and X(5) [2]
models have attracted considerable interest, since
they are considered to be related to the critical points
of the phase transitions from U(5) (vibrational) to
O(6) (γ-unstable) nuclei and from U(5) to SU(3)
(prolate-deformed) nuclei, respectively. Both mod-
els originate (under certain simplifying assumptions)
from the Bohr collective Hamiltonian [3], which is
known to possess the U(5) symmetry of the five-
dimensional (5D) harmonic oscillator [4], while their
spectra and B(E2) transition rates are parameter-
free (up to overall scale factors).

In Section 2 of the present paper, we study a se-
quence of potentials interpolating between U(5) and
E(5), while in Section 3 a new exactly soluble model,
to be called X(5)-β2, is introduced. A sequence of
potentials interpolating between U(5) and X(5) is
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considered in Section 4, while the conclusions and
plans for further work are given in Section 5.

2. POTENTIALS INTERPOLATING
BETWEEN U(5) AND E(5)

The original Bohr Hamiltonian [3] is

H = − �
2

2B

[
1
β4

∂

∂β
β4 ∂

∂β
(1)

+
1

β2 sin(3γ)
∂

∂γ
sin(3γ)

∂

∂γ

− 1
4β2

∑
k=1,2,3

Q2
k

sin2
(
γ − 2

3πk
)
]

+ V (β, γ),

where β and γ are the usual collective coordinates
describing the shape of the nuclear surface, Qk (k =
1, 2, 3) are the components of angular momentum,
and B is the mass parameter.

Assuming that the potential depends only on the
variable β, i.e., V (β, γ) = U(β), one can proceed to
separation of variables in the standard way [3, 5],
using the wave function Ψ(β, γ, θi) = f(β)Φ(γ, θi),
where θi (i = 1, 2, 3) are the Euler angles describing
the orientation of the deformed nucleus in space.

In the equation involving the angles, eigenvalues
of the second-order Casimir operator of SO(5) occur,
having the form Λ = τ(τ + 3), where τ = 0, 1, 2, . . .
2004 MAIK “Nauka/Interperiodica”



1768 BONATSOS et al.
is the quantum number characterizing the irreducible
representations (irreps) of SO(5), called the “senior-
ity” [6]. This equation has been solved by Bes [7].

The “radial” equation can be simplified by intro-
ducing [1] reduced energies ε = 2BE/�2 and reduced
potentials u = 2BU/�2, as well as by making the
transformation [1] φ(β) = β3/2f(β), leading to

φ′′ +
φ′

β
+

[
ε− u(β) − (τ + 3/2)2

β2

]
φ = 0. (2)

For u(β) = β2/2, one obtains the original solution
of Bohr [3], which corresponds to a 5D harmonic
oscillator characterized by the symmetry U(5) ⊃
SO(5) ⊃ SO(3) ⊃ SO(2) [4], the eigenfunctions be-
ing proportional to Laguerre polynomials [8],

F τν (β) =


 2ν!

Γ
(
ν + τ +

5
2

)



1/2

(3)

× βτLτ+3/2
ν (β2)e−β

2/2,

where Γ(n) stands for the Γ function, and the spec-
trum having the simple form

EN = N +
5
2
, N = 2ν + τ, (4)

ν = 0, 1, 2, 3, . . . .

For u(β) being a 5D infinite well

u(β) =

{
0, if β ≤ βW ,
∞, for β > βW ,

(5)

one obtains the E(5) model of Iachello [1], in which
the eigenfunctions are Bessel functions Jτ+3/2(z)
(with z = βk, k =

√
ε), while the spectrum is deter-

mined by the zeros of the Bessel functions:

Eξ,τ =
�

2

2B
k2
ξ,τ , kξ,τ =

xξ,τ
βW

, (6)

where xξ,τ is the ξth zero of the Bessel function
Jτ+3/2(z). The relevant symmetry in this case is
E(5) ⊃ SO(5) ⊃ SO(3) ⊃ SO(2), where the Eu-
clidean algebra in 5D E(5) is generated by the 5D
momenta πµ and the 5D angular momenta Lµν , while
SO(5) is generated by the Lµν alone [2]; τ , L, andM
are the quantum numbers characterizing the irreps of
SO(5), SO(3), and SO(2), respectively. The values
of angular momentum L contained in each irrep of
SO(5) (i.e., for each value of τ ) are given by the
algorithm [9]

τ = 3ν∆ + λ, ν∆ = 0, 1, . . . , (7)
PH
L = λ, λ+ 1, . . . , 2λ− 2, 2λ

(with 2λ− 1 missing), where ν∆ is the missing quan-
tum number in the reduction SO(5) ⊃ SO(3).

The spectra of the u(β) = β2/2 potential and
of the E(5) model become directly comparable by
establishing the formal correspondence ν = ξ − 1,
which allows one to continue using for the states the
notation Lξ,τ , as in [1], although the notation Lν,τ
would have been equally appropriate. The ground-
state band corresponds to ξ = 1 (or, equivalently,
ν = 0).

The two cases mentioned above are the only ones
in which Eq. (2) is exactly soluble, giving spectra
characterized by R4 = E(4)/E(2) ratios of 2.00 and
2.20, respectively. However, the numerical solution of
Eq. (2) for potentials other than the ones mentioned
above is a straightforward task [10], in which one uses
the chain U(5) ⊃ SO(5) ⊃ SO(3) ⊃ SO(2) for the
classification of the states.

Not all potentials can be used in Eq. (2), though,
since they have to obey the restrictions imposed by
the 24 transformations mentioned in [3] and listed
explicitly in [11]. These restrictions allow the presence
of even powers of β in the potentials, while odd powers
of β should be accompanied by cos(3γ) [12].

A particularly interesting sequence of potentials is
given by u2n(β) = β2n/2, withn being an integer. For
n = 1, the Bohr case (U(5)) is obtained, while for n→
∞ the infinite well of E(5) is obtained [13]. Therefore
this sequence of potentials provides a “bridge” be-
tween the U(5) symmetry and the E(5) model, using
their common SO(5) ⊃ SO(3) chain of subalgebras
for the classification of the spectra.

Numerical results for the spectra of the β4, β6, and
β8 potentials have been obtained through two dif-
ferent methods. In one approach, the representation
of the position and momentum operators in matrix
form [14] has been used, while in the other the direct
integrationmethod [15] has been applied. In the latter,
the differential equation is solved for each value of
τ = 0, 1, 2, . . . separately, the successive eigenvalues
for each value of τ labeled by ξ = 1, 2, 3, . . . (or, equiv-
alently, by ν = 0, 1, 2, . . .). The twomethods givemu-
tually consistent results, the second one appearing to
havemore general applicability. The results are shown
in Table 1, where excitation energies relative to the
ground state, normalized to the excitation energy of
the first excited state, are exhibited.

In Table 1 the labels E(5)-β4, E(5)-β6, and
E(5)-β8 have been used for the above-mentioned
potentials, their meaning being that E(5)-β2n cor-
responds to the potential β2n/2 plugged in the differ-
ential equation obtained in the framework of the E(5)
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004



EXTENDED E(5) AND X(5) SYMMETRIES 1769
Table 1. Spectra of the E(5)-β4, E(5)-β6, and E(5)-β8 models, compared to the predictions of the U (5) [Eq. (4)] and
E(5) [Eq. (6)] models [for each value of τ , only the maximum value of L occurring for it, Lmax, is reported; the rest of the
allowed values ofL for each value of τ , indicating states having the same energy as the state withLmax, can be found from
the algorithm of Eq. (7)]

Band τ Lmax U (5) E(5)-β4 E(5)-β6 E(5)-β8 E(5)
ξ = 1 0 0 0.000 0.000 0.000 0.000 0.000

1 2 1.000 1.000 1.000 1.000 1.000
2 4 2.000 2.093 2.135 2.157 2.199
3 6 3.000 3.265 3.391 3.459 3.590
4 8 4.000 4.508 4.757 4.894 5.169
5 10 5.000 5.813 6.225 6.456 6.934
6 12 6.000 7.176 7.788 8.138 8.881
7 14 7.000 8.592 9.442 9.935 11.009
8 16 8.000 10.057 11.180 11.841 13.316

ξ = 2 0 0 2.000 2.390 2.619 2.756 3.031
1 2 3.000 3.625 4.012 4.255 4.800
2 4 4.000 4.918 5.499 5.874 6.780
3 6 5.000 6.266 7.075 7.607 8.967
4 8 6.000 7.666 8.738 9.450 11.357
5 10 7.000 9.115 10.483 11.400 13.945

ξ = 3 0 0 4.000 5.153 5.887 6.364 7.577
1 2 5.000 6.563 7.588 8.269 10.107
2 4 6.000 8.015 9.363 10.274 12.854
3 6 7.000 9.509 11.213 12.379 15.814
4 8 8.000 11.043 13.134 14.580 18.983
5 10 9.000 12.617 15.125 16.875 22.359

ξ = 4 0 0 6.000 8.213 9.698 10.707 13.639
1 2 7.000 9.764 11.661 12.966 16.928
2 4 8.000 11.349 13.687 15.316 20.436
3 6 9.000 12.967 15.776 17.753 24.161
4 8 10.000 14.619 17.928 20.278 28.100
5 10 11.000 16.304 20.141 22.888 32.250
model. In this notation, E(5)-β2 coincides with the
original U(5) model of Bohr [3], while E(5)-β2n with
n→ ∞ is simply the original E(5) model [1].

From Table 1, it is clear that, in all bands and for
all values of the angular momentum L, the potentials
β4, β6, and β8 gradually lead from the U(5) case to
the E(5) results in a smooth way.

In nuclear structure, it is well known that electro-
magnetic transition rates are quantities sensitive to
the details of the underlying microscopic structure, as
well as to details of the theoretical models, muchmore
than the corresponding spectra. It is therefore a must
to calculateB(E2) ratios (normalized toB(E2: 2+

1 →
0+
1 ) = 100) for the potentials mentioned above.
The quadrupole operator has the form [5]

T (E2)
µ = tαµ = tβ

[
D(2)
µ,0(θi) cos γ (8)
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
+
1√
2
(D(2)

µ,2(θi) + D(2)
µ,−2(θi)) sin γ

]
,

where t is a scale factor and D(θi) denote Wigner
functions of the Euler angles, while the B(E2) tran-
sition rates are given by

B(E2; +iLi → +fLf ) (9)

=
1

2Li + 1
|〈+fLf ||T (E2)||+iLi〉|2,

where quantum numbers other than the angular mo-
mentum L are denoted by +.

For the states with ν∆ = 0 and L = 2τ , one ob-
tains

B(E2;Lξ,τ → (L+ 2)ξ′,τ+1) (10)

=
(τ + 1)(4τ + 5)
(2τ + 5)(4τ + 1)

t2I2ξ′,τ+1;ξ,τ ,
04
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B(E2; (L + 2)ξ′,τ+1 → Lξ,τ ) (11)

=
τ + 1
2τ + 5

t2I2ξ′,τ+1;ξ,τ ,

where

Iξ′,τ+1;ξ,τ =

∞∫
0

βfξ′τ+1(β)fξτ (β)β4dβ. (12)

In the special case of the potential being a 5D
infinite well, the eigenfunctions are

fξτ (β) =
1√
Cξ,τ

β−3/2Jτ+3/2

(
xξ,τ

β

βW

)
, (13)

Cξ,τ =
β2
W

2
J2
τ+5/2(xξ,τ ),

where xξ,τ is the ξth zero of the Bessel function
Jτ+3/2(z), while the constants Cξ,τ are obtained from

the normalization condition
∫ βW

0 f2
ξτ (β)β4dβ = 1. In

this case, the integrals of Eq. (12) take the form

Iξ′,τ+1;ξ,τ = (Cξ′,τ+1Cξ,τ )−1/2β3
W (14)

×
1∫

0

z2Jτ+5/2(xξ′,τ+1z)Jτ+3/2(xξ,τz)dz.

The results of the calculations for intraband and
interband transitions are shown in Table 2. In all
cases, a smooth evolution from U(5) to E(5) is seen.
The E(5) results reported in Table 2 are in good
agreement with the results given in [16].

It is interesting to examine whether there is any
experimental evidence supporting the E(5)-β2n pre-
dictions. It is clear that the first regions to be consid-
ered are the ones around the nuclei which have been
identified as good candidates forE(5), i.e., 134Ba [17],
104Ru [18], and 102Pd [19]. A very preliminary search
indicates that 98Ru can be a candidate for E(5)-β6,
while 100Pd can be a candidate forE(5)-β4. However,
much more detailed information on the spectra and
B(E2) transitions of these nuclei is required before
final conclusions can be reached.

3. X(5)-β2: A NEW EXACTLY SOLUBLE
MODEL

The starting point is again the original Bohr
Hamiltonian [3] of Eq. (1). One seeks solutions of
the relevant Schrödinger equation having the form
Ψ(β, γ, θi) = φLK(β, γ)DL

M,K(θi), where θi (i = 1,
2, 3) are the Euler angles, D(θi) denote Wigner
functions of them, L are the eigenvalues of angular
momentum, and M and K are the eigenvalues
of the projections of angular momentum onto the
PH
laboratory-fixed z axis and the body-fixed z′ axis,
respectively.

As pointed out in [2], in the case in which the
potential has a minimum around γ = 0, one can write
the last term of Eq. (1) in the form∑

k=1,2,3

Q2
k/ sin2

(
γ − 2π

3
k

)
(15)

≈ 4
3
(Q2

1 +Q2
2 +Q2

3) +Q2
3

(
1

sin2 γ
− 4

3

)
.

Using this result in the Schrödinger equation corre-
sponding to the Hamiltonian of Eq. (1), introducing
reduced energies ε = 2BE/�2 and reduced potentials
u = 2BV/�2, and assuming that the reduced poten-
tial can be separated into two terms, one depending
on β and the other depending on γ, i.e., u(β, γ) =
u(β) + u(γ), the Schrödinger equation can be sep-
arated into two equations [2]:[

− 1
β4

∂

∂β
β4 ∂

∂β
(16)

+
1

4β2

4
3
L(L+ 1) + u(β)

]
ξL(β) = εβξL(β),

[
− 1

〈β2〉 sin(3γ)
∂

∂γ
sin(3γ)

∂

∂γ
(17)

+
1

4〈β2〉K
2

(
1

sin2 γ
− 4

3

)
+ u(γ)

]
ηK(γ)

= ε(γ)ηK(γ),

where 〈β2〉 is the average of β2 over ξ(β) and ε =
εβ + εγ .

Equation (16) is solved exactly in [2] for the case
in which u(β) is an infinite-well potential [Eq. (5)].
The relevant exactly soluble model is labeled asX(5)
(which is not meant as a group label, although there
is relation to projective representations of E(5), the
Euclidean group in five dimensions [2]). In particular,
Eq. (16) in the case of u(β) being an infinite well
potential is transformed into a Bessel equation, the
relevant eigenvalues being

εβ;s,L = (ks,L)2, ks,L =
xs,L
βW

, (18)

where xs,L is the sth zero of the Bessel function

Jν(ks,Lβ) with ν = (L(L+ 1)/3 + 9/4)1/2, while the
relevant eigenfunctions are

ξs,L(β) = cs,Lβ
−3/2Jν(ks,Lβ), (19)

where cs,L are normalization constants.
Equation (16) is exactly soluble also in the case in

which u(β) = β2/2. In this case, which we are going
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004



EXTENDED E(5) AND X(5) SYMMETRIES 1771
Table 2. Intraband and interband B(E2) transition rates for the E(5)-β4, E(5)-β6, and E(5)-β8 models, compared to
the predictions of the U (5) and E(5) models (see Section 2 for details)

Bands (Lξ,τ )i (Lξ,τ )f U(5) E(5)-β4 E(5)-β6 E(5)-β8 E(5)
(ξ = 1) → (ξ = 1) 21,1 01,0 100.00 100.00 100.00 100.00 100.00

41,2 21,1 200.00 183.20 176.60 173.32 167.40
61,3 41,2 300.00 256.37 239.80 231.64 216.88
81,4 61,3 400.00 322.73 294.27 280.39 255.20

101,5 81,4 500.00 384.12 342.57 322.51 286.01
121,6 101,5 600.00 441.65 386.26 359.74 311.47
141,7 121,6 700.00 496.11 426.36 393.25 332.95
161,8 141,7 800.00 548.02 463.57 423.80 351.39

(ξ = 2) → (ξ = 2) 22,1 02,0 140.00 112.64 98.97 91.24 75.22
42,2 22,1 257.14 197.92 170.97 156.06 124.32
62,3 42,2 366.67 271.04 230.57 208.71 161.52
82,4 62,3 472.73 336.84 282.53 253.85 191.58

(ξ = 3) → (ξ = 3) 23,1 03,0 180.00 126.58 103.69 91.64 65.73
43,2 23,1 314.29 214.91 173.97 152.67 106.63
63,3 43,2 433.33 288.38 230.96 201.40 137.44
83,4 63,3 545.45 353.71 280.48 243.22 162.57

(ξ = 4) → (ξ = 4) 24,1 04,0 220.00 140.44 109.56 94.03 60.68
44,2 24,1 371.43 232.42 179.66 153.33 96.89
64,3 44,2 500.00 306.70 235.08 199.63 123.79
84,4 64,3 618.18 371.85 282.79 239.04 145.70

(ξ = 2) → (ξ = 1) 02,0 21,1 200.00 141.77 118.98 107.57 86.79
22,1 41,2 102.86 66.10 52.62 46.00 33.82
22,1 01,0 0.00 0.16 0.30 0.38 0.47

(ξ = 3) → (ξ = 2) 03,0 22,1 400.00 257.90 205.27 178.52 123.22
23,1 42,2 205.71 123.14 94.54 80.50 51.57
23,1 02,0 0.00 0.22 0.38 0.46 0.54

(ξ = 4) → (ξ = 3) 04,0 23,1 600.00 358.53 273.82 232.05 144.02
24,1 43,2 308.57 173.79 129.12 107.67 62.88
24,1 03,0 0.00 0.26 0.43 0.51 0.56
to refer to as the X(5)-β2 model, the eigenfunctions
are [8]

FLn (β) =

[
2n!

Γ
(
n+ a+ 5

2

)
]1/2

βaLa+3/2
n (β2)e−β

2/2,

(20)

where Γ(n) stands for the Γ function, Lan(z) denotes
the Laguerre polynomials, and a =
1
2

(
−3 +

√
9 +

4
3
L(L+ 1)

)
, while the energy

eigenvalues are

En,L = 2n+ a+
5
2

= 2n+ 1 (21)

+

√
9
4

+
L(L+ 1)

3
, n = 0, 1, 2, . . . .
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In the above, n is the usual oscillator quantum
number. One can see that a formal correspondence
between the energy levels of the X(5) model and the
present X(5)-β2 model can be established through
the relation n = s− 1. In the present notation, the
ground-state band corresponds to s = 1 (n = 0). For
the energy states, the notation Es,L = En+1,L of [2]
will be kept.

In the original version of the X(5) model [2],
the potential u(γ) in Eq. (17) is considered as a
harmonic-oscillator potential. The energy eigenval-
ues turn out to be

E(s, L, nγ ,K,M) = E0 +B(xs,L)2 +Anγ + CK2,
(22)

where nγ and K come from solving Eq. (17) for u(γ)
04
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Table 3. Spectra of the X(5)-β4, X(5)-β6, and X(5)-β8

models, compared to the predictions of theX(5) [Eq. (18)]
and X(5)-β2 [Eq. (21)] models (see Sections 3 and 4 for
details)

Band L X(5)-β2 X(5)-β4 X(5)-β6 X(5)-β8 X(5)

s = 1,
nγ = 0,
K = 0

0 0.000 0.000 0.000 0.000 0.000

2 1.000 1.000 1.000 1.000 1.000

4 2.646 2.769 2.824 2.852 2.904

6 4.507 4.929 5.125 5.230 5.430

8 6.453 7.343 7.777 8.015 8.483

10 8.438 9.954 10.721 11.151 12.027

12 10.445 12.729 13.922 14.605 16.041

14 12.465 15.647 17.359 18.355 20.514

16 14.494 18.694 21.013 22.383 25.437

s = 1,
nγ = 1,
K = 2

2 0.000 0.000 0.000 0.000 0.000

3 0.781 0.821 0.839 0.847 0.863

4 1.646 1.769 1.824 1.852 1.904

5 2.562 2.811 2.925 2.985 3.097

6 3.507 3.929 4.125 4.230 4.430

s = 2,
nγ = 0,
K = 0

0 3.562 4.352 4.816 5.091 5.649

2 4.562 5.602 6.232 6.619 7.450

4 6.208 7.733 8.684 9.288 10.689

6 8.069 10.248 11.629 12.527 14.751

8 10.014 12.990 14.896 16.154 19.441

s = 3,
nγ = 0,
K = 0

0 7.123 9.384 10.823 11.758 14.119

2 8.123 10.817 12.562 13.710 16.716

4 9.769 13.228 15.520 17.054 21.271

6 11.630 16.032 19.004 21.025 26.832

8 13.576 19.050 22.802 25.385 33.103

s = 4,
nγ = 0,
K = 0

0 10.685 14.956 17.831 19.781 25.414

2 11.685 16.536 19.842 22.105 28.805

4 13.331 19.177 23.235 26.044 34.669

6 15.192 22.225 27.189 30.667 41.717

8 17.137 25.483 31.458 35.689 49.551

being a harmonic-oscillator potential,

nγ = 0, K = 0; nγ = 1, K = ±2; (23)

nγ = 2, K = 0,±4; . . . .

ForK = 0, one has L = 0, 2, 4, . . . , while, forK �= 0,
one obtains L = K,K + 1,K + 2, . . . .

In the present X(5)-β2 model, one also uses in
Eq. (17) for u(γ) a harmonic-oscillator potential, as in
PH
theX(5) model. As a consequence, the full spectrum
is given by

E(n,L, nγ ,K,M) = E′
0 (24)

+B′
(

2n+ 1 +

√
L(L+ 1)

3
+

9
4

)

+A′nγ + C ′K2,

which is an analog of Eq. (22). Equation (23) and the
discussion following it remain unchanged.

Numerical results for the β parts of the energy
spectra (which correspond to no excitations in the
γ variable, i.e., to nγ = 0) of the X(5)-β2 and X(5)
models are shown in Table 3. All levels are normalized
to the energy of the first excited state, E1,2 − E1,0 =
1.0, where the notation Es,L = En+1,L is used. The
model predictions for these bands are parameter-
independent, up to an overall scale, as seen from
Eqs. (18), (21). This is not the case for bands with
nγ �= 0, since in this case, as seen from Eqs. (22),
(24), the extra parameters A, C and A′, C ′ enter,
respectively. Therefore, in the case of the (nγ = 1,
K = 2) band, the energies are listed in Table 3 after
subtracting from them the relevant L = 2 bandhead,
using the same normalization as above.

The quadrupole operator has the form of Eq. (8)
[5], while the B(E2) transition rates are given by
Eq. (9). Thematrix elements of the quadrupole opera-
tor involve an integral over the Euler angles, which is
the same as in [2] and is performed by using the prop-

erties of the Wigner D functions, of which only D(2)
µ,0

participates, since γ � 0 in Eq. (8) [as mentioned
before Eq. (15)], as well as an integral over β. After
performing the integrations over the angles, one is
left with B(E2;Ls → L′

s′) = (Ls2L′
s′ |000)2I2s,L;s′,L′ ,

where the Clebsch–Gordan coefficient (Ls2L′
s′ |000)

appears, which determines the relevant selection
rules. In the case of X(5), the integral over β is
Is,L;s′,L′ =

∫
βξs,L(β)ξs′,L′(β)β4dβ, which, as can be

seen from Eq. (19), involves Bessel functions, while
in the case of X(5)-β2 the integral has the form
Is,L;s′,L′ =

∫
βFLn (β)FL

′
n′ β4dβ, with n = s− 1 and

n′ = s′ − 1, which involves Laguerre polynomials, as
can be seen from Eq. (20).

The results for intraband and interband transitions
are reported in Table 4. All transitions are normalized
to B(E2: 2+

1 → 0+
1 ) = 100.

4. A SEQUENCE OF POTENTIALS LYING
BETWEEN U(5) AND X(5)

The two cases mentioned in the previous section
are the only ones in which Eq. (16) is exactly soluble,
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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Table 4. Intraband and interband B(E2) transition rates for the X(5)-β4, X(5)-β6, and X(5)-β8 models, compared to
the predictions of theX(5) andX(5)-β2 models (see Sections 3 and 4 for details)

Band (Ls)i (Ls)f X(5)-β2 X(5)-β4 X(5)-β6 X(5)-β8 X(5)

(s = 1) → (s = 1) 21 01 100.00 100.00 100.00 100.00 100.00

41 21 177.90 169.03 165.31 163.41 159.89

61 41 255.18 226.15 214.62 208.83 198.22

81 61 337.06 279.88 258.09 247.31 227.60

101 81 421.32 330.45 297.02 280.71 250.85

121 101 506.85 378.25 332.37 310.24 269.73

141 121 593.11 423.67 364.85 336.77 285.42

(s = 2) → (s = 2) 22 02 155.69 121.99 106.03 97.23 79.52

42 22 240.30 187.73 162.89 149.05 120.02

62 42 316.27 239.86 205.80 187.08 146.75

82 62 397.68 290.57 245.80 221.73 169.31

(s = 3) → (s = 3) 23 03 211.85 144.41 116.82 102.55 72.52

43 23 302.74 208.42 169.03 148.48 104.36

63 43 377.38 256.28 206.61 180.79 124.81

83 63 458.35 304.07 242.92 211.42 142.94

(s = 2) → (s = 1) 02 21 121.92 93.21 81.03 74.66 62.41

22 01 1.57 2.04 2.18 2.21 2.12

22 21 13.40 11.34 10.28 9.66 8.22

22 41 96.85 65.53 53.55 47.59 36.56

42 21 0.06 0.48 0.72 0.84 0.94

42 41 12.41 9.63 8.37 7.68 6.10

42 61 96.68 59.53 46.23 39.78 27.87

(s = 3) → (s = 2) 03 22 241.37 166.55 136.53 120.61 86.33

23 02 2.74 3.20 3.19 3.11 2.66

23 22 25.45 19.61 16.82 15.19 11.25

23 42 193.64 120.83 94.54 81.36 54.01

43 22 0.11 0.70 0.97 1.08 1.12

43 42 23.75 17.14 14.27 12.67 8.83

43 62 193.35 111.85 84.29 70.99 43.76
giving spectra characterized byR4 ratios of 2.646 and
2.904 for X(5)-β2 and X(5), respectively. However,
the numerical solution of Eq. (16) for other potentials
is a straightforward task. The potentials to be used
in Eq. (16) have to obey the restrictions imposed by
the 24 transformations mentioned in [3] and listed
explicitly in [11].

A particularly interesting sequence of potentials is
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
given by u2n(β) = β2n/2, withn being an integer. For
n = 1, theX(5)-β2 case is obtained, while forn→ ∞
the infinite well of X(5) is obtained [13]. Therefore,
this sequence of potentials interpolates between the
X(5)-β2 model and the X(5) model, in the region
lying between U(5) andX(5).

Numerical results for the spectra of the β4, β6, and
04
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β8 potentials have been obtained through the two dif-
ferent methods described in Section 2. The results are
shown in Table 3, where excitation energies relative to
the ground state, normalized to the excitation energy
of the first excited state, are exhibited.

In Table 3, the model labels X(5)-β4, X(5)-β6,
andX(5)-β8 have been used for the above-mentioned
potentials, their meaning being that the X(5)-β2n

model corresponds to the potential β2n/2 plugged
in the differential equation of Eq. (16) obtained in
the framework of the X(5) model. In this notation,
X(5)-β2n with n→ ∞ is simply the original X(5)
model [2].

From Table 3, it is clear that, in all bands and for
all values of the angular momentum L, the potentials
β4, β6, and β8 gradually lead from the X(5)-β2 case
to theX(5) results in a smooth way.

The calculation of the B(E2) follows the steps
described at the end of Section 3. The same general
equation is still valid, the only difference being that, in
the integral over β, the wave functions in the present
cases are known only in numerical form and not in
analytic form, as in theX(5) and X(5)-β2 cases.

The results of the calculations for intraband and
interband transitions are shown in Table 4. In all
cases, a smooth evolution from X(5)-β2 to X(5) is
seen.

It is clear that the first place to look for nuclei ex-
hibitingX(5)-β2n behavior is the region close to nu-
clei showing the X(5) structure. The best examples
of nuclei corresponding to theX(5) structure thus far
are the N = 90 isotones 152Sm [20], 150Nd [21], and
156Dy [22]. A preliminary search in the rare earths
with N < 90 shows that 148Nd can be a candidate
for X(5)-β2, 158Er can be a candidate for X(5)-β6,
and 160Yb can be a candidate for X(5)-β4. How-
ever, much more detailed information on spectra and
B(E2) transitions is needed before final conclusions
can be reached.

5. CONCLUSION

It has been proved that the potentials β2n (with
n being integer) provide a complete “bridge” be-
tween the U(5) symmetry of the Bohr Hamiltonian
with a harmonic oscillator potential (occurring for
n = 1) and the E(5) model of F. Iachello, which is
obtained from theBohrHamiltonian when an infinite-
well potential is plugged in it (materialized for n→
∞). Parameter-free (up to overall scale factors) pre-
dictions for spectra and B(E2) transition rates have
been given for the potentials β4, β6, and β8, called the
E(5)-β4,E(5)-β6, andE(5)-β8 models, respectively.
PHY
Hints about nuclei showing this behavior have been
briefly discussed.

In addition, an exactly soluble model, labeled as
X(5)-β2, has been constructed starting from the
original Bohr collective Hamiltonian, separating the
β and γ variables as in the X(5) model of F. Iachello,
and using a harmonic-oscillator potential for the
β variable. Furthermore, it has been proved that
the potentials β2n (with n being integer) provide a
“bridge” between this newX(5)-β2 model (occurring
for n = 1) and the X(5) model of F. Iachello (which
is obtained by putting in the Bohr Hamiltonian an
infinite-well potential in the β variable, materialized
for n→ ∞). Parameter-free (up to overall scale
factors) predictions for spectra and B(E2) transition
rates have been given for the potentials β2, β4, β6,
and β8, called the X(5)-β2, X(5)-β4, X(5)-β6,
and X(5)-β8 models, respectively, lying between the
U(5) symmetry of the original Bohr Hamiltonian and
the X(5) model. Hints about nuclei showing this
behavior have been given.

Concerning future theoretical work, one should try
to find a sequence of potentials interpolating between
O(6) and E(5), as well as between SU(3) and X(5).
In other words, one should try to approach E(5) and
X(5) “from the other side.” From the classical limit of
theO(6) and SU(3) symmetries of the interacting bo-
son model [9], it is clear that, for this purpose, poten-
tials with a minimum at β �= 0 should be considered,
the potentials uD2n(β) = β2n + β4n

0 /β
2n being strong

candidates. The Davidson potential, corresponding to
n = 1, is known to be exactly soluble [23, 24]. Work
in these directions is in progress.
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Abstract—Wediscuss an approach for the treatment of correlations in finite nuclear systems. The approach
is based on a boson formalism, the basic boson operators representing elementary particle–hole excitations.
We show an application of the method within an exactly solvable multilevel pairing model. We calculate the
correlation energy of the system and compare it with the exact results as well as with results obtained within
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1. INTRODUCTION

Searching for an appropriate treatment of two-
body correlations is among the basic goals of quan-
tum many-body physics. Several approaches can be
found on the market which deal with this problem,
but, so far, none of them has received unanimous
consensus. This justifies the great deal of effort which
is still devoted to this subject.

Pairing correlations are among those which have
traditionally attracted more interest because of the
role that the pairing force plays in nuclear structure
and, more in general, in quantummany-body physics.
In recent years, in particular, the interest in nuclear
pairing has been further stimulated by the shift of
modern nuclear physics toward nuclei far from sta-
bility, where pairing has confirmed its key role in the
understanding of nuclear properties. A very recent
and accurate analysis of pairing in nuclear systems
can be found in [1].

A model which has been often studied in the past
for a theoretical analysis of pairing is the so-called
picket fence model (PFM). This model was used long
ago in nuclear physics as a model for a superfluid
deformed nucleus [2, 3], but, in recent years, it has had
a very interesting revival in the context of supercon-
ducting ultrasmall metallic grain [4]. Being exactly
solvable and highly nontrivial, the PFM provides an
ideal testing ground for any approach dealing with an
approximate treatment of the correlations. As such,
this model has been used to check the validity of
methods like the random phase approximation (RPA)
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1)Dipartimento di Fisica e Astronomia dell’Università di Cata-
nia, Italy.

2)Istituto Nazionale di Fisica Nucleare, Sezione di Catania,
Italy.

**e-mail: samba@ct.infn.it
1063-7788/04/6710-1776$26.00 c©
and its self-consistent extension [5], the coupled clus-
ter theory (CCT) [6], as well as, of course, more
specific approaches like BCSand its projected version
[2, 6].
In this paper, we report on exploratory work that

we have done to test, within the PFM, the validity of
an approach which offers a treatment of correlations
alternative to those already present in the literature.
As we will see, this approach is based on a boson
formalism, the basic boson operators representing
elementary particle–hole excitations, and has some
similarities with BCS without introducing, however,
any violation of the particle number.
The plan of the paper is the following. In Sec-

tion 2, we briefly discuss the model and its exact
solutions. In Section 3, we illustrate the method and,
in Section 4, compare the correlation energy calcu-
lated with this method with the exact one and with
that obtained within other approximations like BCS,
LN, and particle–particle RPA (ppRPA). Finally, in
Section 5, we summarize the results and draw some
conclusions.

2. THE PFM AND ITS EXACT SOLUTIONS

This model treats a system of particles distributed
over a set of equidistant, doubly degenerate levels and
interacting via a pairing force. The Hamiltonian of the
model is

H =
∑
j

εjN̂j − g
∑
ij

A†
iAj, (1)

where

N̂j =
∑
σ

a†jσajσ, A†
j = a†j+a

†
j−, (2)

Aj = (A†
j)

†.

The operator a†jσ (ajσ) creates (destroys) a fermion in
the single-particle state (j, σ), where j identifies one
2004 MAIK “Nauka/Interperiodica”
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of the Ω levels of the model and σ = ± denotes one of
the two allowed states on each level. For the single-
particle energies εj , we assume the form

εj = εj − Ω + 1 − g

2
(3)

which guarantees a constant spacing (∆ε ≡ εj+1 −
εj = ε) and a particle–hole symmetry [5]. We only
consider half-filled systems, i.e., systems with as
many particles as levels. If N denotes the number of
pairs, we therefore have 2N = Ω.
The derivation of the exact solutions of the Hamil-

tonian (1) dates back to the 1960s and, more pre-
cisely, to a series of works of R.W. Richardson, the
first of which was published in 1963 [7]. According to
this author, if |Ψν〉 is an exact eigenstate of (1), one
can write

|Ψν〉 =
N∏
i=1

B†
νi
|0〉, (4)

where

B†
νi

=
Ω∑
k=1

1
2εk − Eνi

A†
k, (5)

|0〉 is the vacuumof the ajσ, andEνi areN parameters
which must satisfy the set ofN coupled equations

1 −
Ω∑
k=1

g

2εk − Eνi

+
N∑

j(j �=i)

2g
Eνj −Eνi

= 0. (6)

The eigenvalue Eν associated with |Ψν〉 takes the
form

Eν =
N∑
i=1

Eνi . (7)

In order to have the exact eigenvalues, one has there-
fore to solve the set of Eqs. (6). This requires, how-
ever, some further transformations in order to remove
divergences and avoid complex solutions [2].

3. TREATMENT OF CORRELATIONS
IN A BOSON FORMALISM

In the noninteracting case (g = 0), the lowestΩ/2
levels are occupied by two particles in each level. We
call |Φ〉 this state of the system. As usual, we classify
the states into particle states (p) for those levels above
the Fermi energy and hole states (h) for those levels
below the Fermi energy.
The formalism that we discuss in this work goes

through four basic steps. At the first step, we intro-
duce the fermion ph operators

B†
iσ = a†piσahiσ (8)
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and, in correspondence, the boson operators b†iσ. The
last ones satisfy the following commutation relations:

[biσ, b
†
i′σ′ ] = δii′δσσ′ , [b†iσ, b

†
i′σ′ ] = 0. (9)

We notice that |Φ〉 is the vacuum of theBiσ operators,
i.e., Biσ|Φ〉 = 0. The corresponding boson vacuum is
denoted by |Φ) (biσ |Φ) = 0).
As a second step, we construct a boson image of

the pairing Hamiltonian (1) in the language of these
boson operators. The basic boson Hamiltonian that
we consider has the form

Hb = W (0) +
∑
i

W
(1)
i

∑
σ

b†iσbiσ (10)

+
∑
i

W
(2)
i (b†i+b

†
i− + h.c.) +

∑
ij

W
(3)
ij b

†
i+b

†
i−bj+bj−.

In order to derive the coefficients of this Hamiltonian,
we first define the spaces

F =
{
|Φ〉, B†

iσ |Φ〉, B†
i+B

†
i−|Φ〉

}
, (11)

B =
{
|Φ), b†iσ |Φ), b†i+b

†
i−|Φ)

}
. (12)

The states which span these spaces are in a one-
to-one correspondence and orthonormal. The coeffi-
cients ofHb are defined by requiring that correspond-
ing matrix elements of F and B be equal. As a result
of that, one gets

W (0) = 2
∑
h

εh − gN, (13)

W
(1)
i = εpi − εhi

+ g, W
(2)
i = −g,

W
(3)
ij = −g(δpipj + δhihj

).

As a third step, we introduce new operators β†iσ , βiσ
which are related to b†iσ, biσ through a Bogolyubov
transformation:

β†iσ = uib
†
iσ − vibi−σ. (14)

Under the condition that
u2
i − v2

i = 1, (15)

these new operators satisfy boson commutation rela-
tions of the type (9), i.e.,

[βiσ , β
†
i′σ′ ] = δii′δσσ′ , [β†iσ , β

†
i′σ′ ] = 0. (16)

If we call |Φβ) the vacuum of the βiσ operators (i.e.,
βiσ |Φβ) = 0), one can verify that it has the form

|Φβ) ∝ exp

(∑
i

vi
ui
b†i+b

†
i−

)
|Φ). (17)

The operator b†i+b
†
i− which appears in the exponent

of (17) creates, in the boson language, a 2p−2h
4
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state since it mimics the fermion operator B†
i+B

†
i− =

a†pi+ahi+a
†
pi−ahi− which raises a pair of particles from

the level hi up to pi. |Φβ) is therefore a sum of states
all carrying a different number of ph excitations.
As a fourth (and final, at least as far as ground-

state energies are concerned) step, we assume |Φβ)
to be the ground state of the system and determine its
energy by minimizing the expectation value

E
(β)
0 =

(Φβ|Hb|Φβ)
(Φβ |Φβ)

(18)

with respect to ui, vi and under the constraints (15).
In the evaluation of the expectation value of Hb, we
take advantage of the definition (14) by reversing it,
i.e., by expressing b†iσ, biσ in terms of β

†
iσ, βiσ, and

remembering that |Φβ) is the vacuum of βiσ .
It is interesting to note that, in the model under

consideration, the minimization of E(β)
0 leads to the

set of equations

u2
i =

1
2

{
ε̃i

[(ε̃i)2 − (∆̃i)2]1/2
+ 1

}
, (19)

v2
i =

1
2

{
ε̃i

[(ε̃i)2 − (∆̃i)2]1/2
− 1

}
, (20)

where

ε̃i = εpi − εhi
+ g(1 − 2v2

i ), (21)

∆̃i = g + ∆pi + ∆hi
,

with

∆pi = g
∑
hi

uivi, ∆hi
= g

∑
pi

uivi. (22)

These equations can be solved with a numerical iter-
ative procedure. We also note that the boson Hamil-
tonian written in terms of the β†iσ, βiσ operators takes
the form

Hb = E
(β)
0 +

∑
i

E
(β)
1,i

∑
σ

β†iσβiσ +H
(β)
int , (23)

where

E
(β)
0 = W (0) + 2

∑
i

(ε̃i + gv2
i )v

2
i (24)

−
∑
i

(g + ∆̃i)uivi,

E
(β)
1,i = [(ε̃)2i − (∆̃)2i ]

1/2. (25)

The previous equations evidence an interesting
similarity between the present formalism and BCS,
the basic difference being that our formalism makes
PH
use of a Bogolyubov transformation involving (boson)
ph excitation operators rather than (fermion) particle
operators as in BCS. This in turn implies that the
ground state, although having in both cases an ex-
ponential form, has a very different nature and, in our
formalism, it does not mix states with different parti-
cle number, as occurs instead in BCS. The ground
state (17) looks, instead, equivalent, although in a
boson formalism, to the CCT ground state in the
SUB2 approximation [8].
A problem that one usually has to face when deal-

ing with bosonmapping procedures concerns the vio-
lation of the Pauli principle. Such a violation is strictly
related to the need for truncating operators like the
Hamiltonian at a finite order in the boson expansion.
The Hamiltonian (10) already contains four-boson
terms, and going to a higher order, especially when
considering realistic systems, might be rather com-
plicated. However, in order to examine the relevance
of additional terms in (10), we have also studied the
Hamiltonian

H ′
b = Hb + g

∑
i

(b†i+b
†
i−b

†
i+b

†
i−bi+bi− + h.c.). (26)

The six-boson term appearing in H ′
b has a quite im-

portant role: it guarantees that

(Φ|bk+bk−H ′
bb

†
j+b

†
j−b

†
j+b

†
j−|Φ) = 0. (27)

This is exactly what one would expect to obtain,
as a result of the Pauli principle, when considering
the corresponding fermion matrix element. The extra
term of H ′

b has therefore the effect of allowing for a
better treatment of the Pauli principle at the boson
level. It must also be noted that it has a repulsive be-
havior (g > 0). Of course, introducing this extra term
in the Hamiltonian leads to some modifications in
Eqs. (19)–(25) which, however, will not be discussed
here for simplicity.What is important, the basic struc-
ture of the equations for u2

i and v
2
i [Eqs. (19) and (20)]

remains unchanged. In the following, we will examine
calculations performed by using bothHb andH ′

b.

4. CALCULATIONS

In the figure, we plot the correlation energy Ecorr
versus the strength g for a system with Ω = 24 levels
(and particles) with spacing ε = 1. In the formalism
of the previous section, it is Ecorr = E

(β)
0 −W (0) [see

Eqs. (13) and (24)]. For comparison, we also plot the
results obtained within BCS, LN, and ppRPA.
Calculations referring to the HamiltoniansHb and

H ′
b are labeled with the symbols “a” and “b,” re-

spectively. These calculations differ significantly. Cal-
culations a lead to values of the correlation energy
which are indistinguishable from the exact ones in the
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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figure, but they undergo a collapse at g ≈ 0.25 ≡ gcr.
This collapse occurs very close to the points where
BCS and ppRPA also collapse. Calculations b lead
to results which do not differ significantly from the
previous one for g ≤ gcr. However, the inclusion of
the repulsive term in the Hamiltonian has the im-
portant effect of shifting the collapse to a value of g
considerably higher (g ≈ 0.68 ≡ g′cr). The correlation
energy can therefore be calculated, in this case, also
well inside the superfluid region. The quality of the
agreement with the exact results remains optimal in
the normal-fluid region, but it is also good around gcr
and, more generally, in the first part of the superfluid
region. A progressive deterioration of the quality of
the results is observed for values of g approaching
g′cr. The inclusion of the repulsive term in the boson
Hamiltonian also has an important effect on the be-
havior of the energy of the first excited state. This
point, however, will not be discussed in this paper.
Similar calculations have been performed also for

systems with smaller and larger values of Ω, and they
all qualitatively confirm the results of the figure.

5. SUMMARY AND CONCLUSIONS

In this paper, we have discussed an approach for
the treatment of correlations in nuclear and, more
generally, in quantum many-body systems. This ap-
proach is based on a boson formalism, the basic boson
operators b†iσ, biσ representing elementary particle–
hole excitations. A mapping of the original fermion
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
Hamiltonian onto a boson one built in terms of these
operators is therefore required. New boson operators
β†iσ , βiσ are also defined which are related to b

†
iσ, biσ

through a Bogolyubov transformation. The ground
state of the system is assumed to be the vacuum of
the βiσ operators and its energy evaluated via a min-
imization procedure. In the case of the pairing model
examined in this paper, this minimization leads to a
set of equations whose structure closely resembles
that of the BCS equations.
We have shown the results of a calculation of

the correlation energy for a system of 24 particles
distributed over 24 levels. These results have been
performed by making use of two boson Hamiltonians,
one truncated at four-boson terms and one which,
instead, contains an extra (repulsive) six-boson term.
The calculations with the reduced Hamiltonian un-
dergo a collapse in proximity of the points, where
also BCS and ppRPA crash. Up to this point (i.e., in
the normal-fluid region), the approximate results ob-
tained with our procedure are in very good agreement
with the exact ones. The inclusion of the additional
six-boson term in theHamiltonian has themain effect
of shifting the collapse to a considerably higher value
of the pairing strength. The quality of the results
remains good in the first part of the superfluid region
and only deteriorates for values of the pairing strength
approaching the new point of collapse. Calculations
performed for systems with smaller and larger number
of particles qualitatively confirm these results.
As a general conclusion, we believe that what

has emerged from this preliminary work is interest-
04
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ing enough to stimulate further investigations of the
present formalism especially within realistic systems.
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Abstract—A self-consistent version of the thermal random phase approximation (TSCRPA) is developed
within the Matsubara Green’s function formalism. The TSCRPA is applied to the many-level pairing
model, and the normal phase of the system is considered. The TSCRPA results are compared with the
exact ones calculated for the grand canonical ensemble. Advantages of the TSCRPA over the thermal
mean-field approximation and the standard thermal random phase approximation are demonstrated.
Results for correlation functions, excitation energies, etc., as a function of temperature are presented.
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1. INTRODUCTION

Almost all microscopic approximations used to
describe excitations in hot finite Fermi systems such
as the thermal Hartree–Fock and Hartree–Fock–
Bogolyubov approximations or the thermal random
phase approximation (TRPA) are based upon the
single-particle or single-quasiparticle picture. Some
approximations going beyond the TRPA were con-
sidered as well, but merely a coupling of thermal
particle–hole or TRPA phonon excitations with more
complex ones was studied [1]. Although these ap-
proaches are able to provide a qualitative description
of some properties of highly excited nuclei, they have
some drawbacks. The most evident difficulty is the
description of the strongly correlated finite systems of
fermions in the vicinity of the phase-transition point,
where proper inclusion of two-body correlations is
especially important.

There are different ways to construct a theory
which can adequately treat two-body correlations.
One of the greatest promising approaches provid-
ing such a consideration is the self-consistent RPA
(SCRPA) theory [2], which grew out of the works
by Ken-ji Hara and D. Rowe, who first suggested a
way to generalize the RPA [3]. Recently, the SCRPA
was successfully applied to various nontrivial models,
where two-body correlations are of importance [4].
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Extensions of the SCRPA to finite temperatures
were studied as well. In [5], besides a general formu-
lation of the new thermal approximation (TSCRPA)
within the framework of thermofield dynamics, appli-
cations of TSCRPA to simple model systems with
particle–hole correlations were considered. Advan-
tages of TSCRPA over traditional approximations
were found.
The main aim of this paper is an extension of

SCRPA to finite temperature and investigation in this
respect of the many-level pairing model [also known
as the picket fence model (PFM)], which was initially
introduced to describe deformed superfluid nuclei [6]
and was recently used for investigation of ultrasmall
superconducting metallic grains [7, 8].
We organize the paper in the following way. In

Section 2, the approach is outlined in general. Then,
in Section 3, the formalism is applied to the PFM. A
comparison with the exact solutions as well as with
the corresponding results of other approximations is
made in Section 4. In Section 5, we summarize the
results and draw some conclusions.

2. GENERAL FORMALISM

In treating a finite many-body system at finite
temperature, it is convenient to use the grand canon-
ical ensemble, although it violates number conserva-
tion. With the definition

K = H − µN,
the grand partition function and statistical operator
read

ZG = e−βΩ = Tr(e−βK),

ρG = Z−1
G e

−βK = eβ(Ω−K),
2004 MAIK “Nauka/Interperiodica”
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where β = 1/T. Then, for any Schrödinger operator
Aα, the modified Heisenberg picture can be intro-
duced,

Aα(τ) = eKτAαe−Kτ ,

and the temperature (or the Matsubara) Green’s
function (GF) is defined as [9]

Gτ−τ
′

αβ = −〈TτAα(τ)A+
β (τ ′)〉 (1)

= −Tr[e−β(K−Ω)Tτe
τKAαe

−(τ−τ ′)KA+
β e

−τ ′K ]

= −Tr[ρGTτeτKAαe−(τ−τ ′)KA+
β e

−τ ′K ].

Here, the brackets 〈 〉 mean the thermodynamic av-
erage; Tτ is a τ ordering operator, which arranges
operators with the earliest τ (the closest to−β) to the
right.

Let us consider a two-body Hamiltonian

H =
∑
12

t12a
+
1 a2 +

1
4

∑
1234

v̄1234a
+
1 a

+
2 a3a4, (2)

where a and a+ are fermion annihilation and creation
operators, and t12 and v̄1234 = v1234 − v1243 are the
kinetic energy and the antisymmetrized matrix ele-
ment of the two-body interaction. The GF Gτ−τ

′

αβ for

an arbitrary operatorA+
α obeys the following equation

of motion:

− ∂

∂τ
Gτ−τ

′

αβ = δτ−τ ′〈[Aα, A+
β ]〉

− 〈Tτ [Aα,K]τA+
β (τ ′)〉 = δτ−τ ′Nαβ

+
∑
γ

∫
dτ ′1H

τ−τ ′1
αγ G

τ ′1−τ ′
γβ .

In this expression, it is possible to split the effective
Hamiltonian Hτ−τ ′

αβ into an instantaneous and a dy-
namic (frequency dependent) part [2]:

Hτ−τ ′
αβ =

∑
β′

{δτ−τ ′〈[[Aα,K], A+
β′ ]〉

− 〈Tτ [Aα,K]τ [K,A+
β′ ]τ

′〉irr}N−1
β′β

= H(0)
αβδτ−τ ′ + H(r)τ−τ ′

αβ .

In the approximation of the instantaneous effective

Hamiltonian, i.e., neglecting H(r)τ−τ ′
αβ , the Dyson

equation for the two-body Matsubara GF Gτ−τ
′

αβ can
be written as

− ∂

∂τ
G

(0)τ−τ ′
αβ = δτ−τ ′Nαβ +

∑
γ

H(0)
αγG

(0)τ−τ ′
γβ . (3)
PH
3. APPLICATION TO THE PICKET FENCE
MODEL

The so-called PFM consists of an equidistant
multilevel pairing Hamiltonian. Each level is twofold
degenerate; i.e., only spin up/down fermions of one
kind can occupy it. The corresponding Hamiltonian
is given by

H =
Ω∑
k=1

ekNk −G
Ω∑

i,k=1

P+
i Pk, (4)

where Nk = c+k ck + c+
k̄
ck̄, P

+
k = c+k c

+
k̄
; k̄ means the

time reversal of k; single-particle energies are ek =
kε− λ, with level spacing ε chosen to be equal to 1;
and Ω stands for the number of levels. The chemical
potential λ will be chosen such as to conserve the
average number of particles N = Ω of the system.
To study the model at finite temperature, we

define in analogy to (1) the following set of two-body
Matsubara GFs: Gτji = −〈Tτ P̄j(τ)P̄+

i (0)〉, where
P̄j = Pj/

√
〈|1 −Nj|〉. Applying the instantaneous

approximation for a mass operator, we obtain expres-
sions for the two-body SCRPA GFs:

iωnG
SCRPA
ji = δji +

∑
k

H(0)
jk G

SCRPA
ki , (5)

with

H(0)
jk = 2δjk


ej +

G

〈1 −Nj〉
∑
j′

〈P+
j Pj′〉


 (6)

−G 〈(1 −Nj)(1 −Nk)〉√
|〈1 −Nj〉〈1 −Nk〉|

.

To find the correlation functions of the form 〈(1 −
Nj)(1 −Nk)〉, we use the following approximation.
When j 	= k, we apply a simple factorization pro-

cedure, which has turned out to be accurate in the
zero temperature limit,

〈(1 −Nj)(1 −Nk)〉 = 〈1 −Nj〉〈1 −Nk〉, (7a)

but when j = k, we use the exact relation

〈(1 −Nj)2〉 = 〈1 −Nj〉 + 2〈P+
j Pj〉. (7b)

With this ansatz, a particle–particle RPA-like
equation is obtained in the form

GSCRPAji = δji
1

z − Cj
− G

√
|DjDi|

(z − Cj)(z −Ci)
(8)

×
[
1 +G

∑
k

Dk
z − Ck

]−1

,
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where

z = iωn, Di = 〈1 −Ni〉,
and

Cj = 2


ej −Gnj +

G

Dj

∑
j′ �=j

〈P+
j Pj′〉


 .

From the above expression, one can easily find the
excitation spectrum of the model by equating the
denominator of (8) to zero:

1 +G
∑
k

Dk
z − Ck

= 0. (9)

Knowing the poles of the GF (8), one can write
down its spectral representation (we give it here as
a function of imaginary time) with the corresponding
residua.

In order to close the set of the SCRPA equations,
it is necessary to find the so far unknown occupation
numbers nk = 〈c+k ck〉. They can be found from the
single-particle Matsubara GF

Gτkk′ = 〈Tτak(τ)a+k′(0)〉
as

nk = 〈a+k ak〉 = lim
τ→0−

Gτk. (10)

In general, the single-particle Matsubara GF Gτ−τ
′

k
obeys the Dyson equation(

− ∂

∂τ
+ εk

)
Gτkk′ = δ(τ) +

∫
dτ1M

τ−τ1
k Gτ1k .

(11)

In the frequency representation, we have

Gωn
k = G0

k +G0
kMkG

ωn
k , (12)

where

G0
k =

1
iωn − εk

. (13)

Here, εk already contains the usual (instantaneous)
mean field, so that Mk denotes only the dynamical
part of the mass operator.

The problem is to find an approximation for the
mass operator Mk consistent with the SCRPA. An
appropriate approximation for theGτk can be obtained
if we remember that the single-particle mass operator
Mk has in general an exact representation in terms
of the two-body T matrix [10]. The needed approx-
imation will be in calculation of the mass operator
M̃k through the T matrix found in the framework of
SCRPA. As the relation between the T matrix and the
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 200
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Fig. 1. The average energy 〈H〉 as a function of the
temperature for Ω = N = 10 andG = 0.4. The exact re-
sults (open circles), the TMFA results (dotted curve), the
TRPA results (dashed curve), and the TSCRPA results
(solid curve). Values 〈H〉 and T are given in units of ε.

sum of all irreducible Feynman graphs in the pp chan-
nel is also known, then the following expression for
the single-particle mass operator can be obtained [2]:

M̃k = G
∑
k1k2

G
0(τ ′1−τ1)
k̄

G
(τ ′1−τ1)
k1k2

H̃(0)
k2k
. (14)

The operator H̃(0)
k2k

is expressed through the effective
Hamiltonian (6) without the disconnected part:

H̃(0)
kk′ = H(0)

kk′ − 2δkk′εk, (15)

where

εk = ek −Gfk, fk =
1

1 + eεkβ
.

The system of SCRPA equations is fully closed now
and represents a self-consistent problem for pair fluc-
tuations.

4. RESULTS AND DISCUSSION

The numerical calculations are performed for the
system withN = 10 particles distributed among Ω =
10 levels. We compare the SCRPA results with the
exact ones for the grand canonical ensemble as well
as with the results of the standard TRPA and thermal
mean-field approximation (TMFA).
Let us consider the behavior of the system near the

phase-transition point. To make distinctions between
different results more apparent, we not only show
the full intrinsic energy 〈H〉 but also the correlation
energy Ecorr, which is defined asEcorr = 〈H〉 − 〈H〉0,
4
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Fig. 2. The correlation energy Ecorr as a function of the
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Fig. 3. The heat capacity Cv (dimensionless) as a func-
tion of T (in units of ε) forΩ = N = 10 andG = 0.4. For
notation, see Fig. 1.

where 〈H〉0 is the average energy calculated in the
TMFA.
In Figs. 1 and 2, the average energy 〈H〉 and cor-

relation energy Ecorr as functions of T are displayed
for the interaction constant G = 0.4 (at T = 0, this
value ofG is larger than the critical valueGcr � 0.33).
With increasing T , the mean-field rearrangement oc-
curs and the system goes from the superfluid phase
to the normal one at Tcr � 0.38. Note that, within the
TRPA, the lowest excitation energy ω1 vanishes when
T → Tcr, whereas within the TSCRPA ω1 stays finite.
For both the correlation energy and the intrinsic en-
ergy, the TSCRPA gives more precise results as com-
pared to the other approximations. It is remarkable
that the TSCRPA results are accurate down to prac-
PH
tical zero temperature, in spite of the fact that, within
the standard BCS theory, one enters the superfluid
regime. A quasiparticle formulation of SCRPA [11]
will only be necessary for stronger G values driving
the system more deeply into the symmetry-broken
phase.

To analyze the region near the phase-transition
point in more detail, the heat capacity is calculated as
a partial derivative of the intrinsic energy with respect
to T :Cv = ∂〈H〉/∂T . The results are shown in Fig. 3.
The TRPA and TMFA give discontinuities of Cv at
Tcr (we recall again that our results are obtained
using a normal fluid approach and not transforming
to quasiparticles). The heat capacity calculated in
the TSCRPA has some kink near Tcr, but has no
discontinuities and is quite similar to the exact result
throughout the whole range of temperature.

Nevertheless, the TSCRPA and also the exact so-
lution feel the phase transition to the superfluid phase.
This can be seen in Fig. 2, where both the TSCRPA
and the exact correlation energies show a depres-
sion near T = 0.38. This originates from strong pair
fluctuations leading to the BCS phase transition in
TMFA with the critical temperature TBCScr = 0.38 for
G = 0.4. However, one notices that the sharp phase
transition of the mean field is in reality completely
smeared out and only a faint, though clearly visible,
signal survives.

5. CONCLUSION

In this work, we generalized the recent work [4]
on the multilevel pairing model (PFM) within the
SCRPA approach to finite temperature (TSCRPA).
In our context, the SCRPA can be viewed as a self-
consistent mean-field theory for pair fluctuations. Our
comparison is done for the case of ten levels with ten
particles, where it is still relatively easy to establish
the exact partition function. We base our studies on
the Matsubara one- and two-particle Green’s func-
tions, which allows us to calculate correlation and
excitation energies, specific heat, level densities, etc.
The quality of our results for the above-mentioned
quantities turns out to be very good and it does not fail
in any qualitative or quantitative aspect. Most of the
time, the agreement with the exact solution is within
a couple of percent.

In the present studies, we restricted ourselves to
values of the coupling which are below or slightly
above the critical value. In the future, we shall elab-
orate on the SCRPA for quasiparticles at finite T
(TSCQRPA), which should allow us to consider the
system deeply in the superfluid phase and to study the
transition from one phase to the other in more detail.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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Abstract—Recent achievements in the study of double-beta (ββ) decay are presented. We discuss the
potential of this process to search, beyond Standard Model physics, for the QRPA-based methods used
for the calculation of the relevant nuclear matrix elements and the derivation of the neutrino mass from
both ββ-decay calculations and neutrino oscillation and cosmological data. The key position of the
ββ-decay experiments in resolving the neutrino absolute mass is highlighted. c© 2004 MAIK “Nau-
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1. INTRODUCTION

Nuclear double-beta decay is a natural decay of
an even–even nucleus which transforms into an-
other even–even nucleus keeping its total mass but
modifying its charge by two units. This process oc-
curs whenever single-beta decay cannot occur due to
energy-conservation reasons, or if it is highly forbid-
den by angular-momentum selection rules. The ββ-
decay process by which a nucleus increases its charge
by two units is the most accessible experimentally
(and thus the most studied) due to larger Qββ values,
and in this paper we will refer only to this process.
Usually one speaks of the following decay modes:

(a) (A,Z) → (A,Z + 2) + 2e− + 2ν̄,

(b) (A,Z) → (A,Z + 2) + 2e−,

(c) (A,Z) → (A,Z + 2) + 2e− + χ.

The first process, called the 2νββ-decay mode,
is allowed within the Standard Model (SM), while
the other two are only predicted within beyond SM
theories which allow for lepton-number violation. The
second process is called the neutrinoless double-beta
(0νββ) decay mode, where one finds only two elec-
trons in the final states, whereas the process (c) is an-
other neutrinoless decay mode but with the emission
of a particle called Majoron besides the two electrons.

It was demonstrated [1] that the occurrence of (b)
implies that the neutrino is a Majorana particle with
a nonzero mass. This is why the impact of eventual
experimental evidence of the 0νββ-decay mode will
be crucial for understanding some of the neutrino

∗This article was submitted by the author in English.
**e-mail: stoica@ifin.nipne.ro
1063-7788/04/6710-1786$26.00 c©
properties. The developments in the field of ββ decay
are well presented in several reviews [2–7].
After the first experimental evidence of the 2νββ

decay [8], there has been a continuous effort to refine
the theoretical calculations in order to get agreement
with the experimental half-lives. Since the calculation
of the phase-space factors entering the ββ-decay
half-lives causes no special problems, the nuclear
matrix elements (NME) were considered the main
source of errors. So, the nuclear structure meth-
ods used for their computation tried to adjust the
model parameters in order to predict accurately other
2νββ-decay half-lives. Agreement was obtained in
the framework of the pnQRPA-type methods [9–
16]. In parallel, there has been continuous progress
of the ββ-decay experiments in the attempt to get
evidence for the 0νββ-decay mode. The knowledge
of the NME and phase factors, on one hand, and of
experimental lower limits for the 0νββ-decay half-
lives, on the other hand, allows us to extract upper
limits for the neutrino mass.
On the other hand, other scenarios for the oc-

currence of the 0νββ-decay mode (than the usual
decay mode by exchange of Majorana neutrinos
between two nucleons inside the nucleus) may be
considered. These reveal the broader potential of the
ββ-decay process to search beyond SM physics [17–
19]. Recently, other neutrino-related experiments
produced essential results in understanding the neu-
trino properties. Neutrino-oscillation experiments
confirmed today that at least one flavor of neutrinos
has nonzero mass. In addition, cosmological data
coming from measurements of cosmic microwaves
background provided us with very stringent limits for
the neutrino masses. Making use of these data and of
the knowledge of the NME, one can get information
about the observability of the 0νββ-decay mode. This
2004 MAIK “Nauka/Interperiodica”
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is at present a crucial point, since only ββ-decay
experiments will be able in the near future to give us
information about the absolute mass of the neutrino
and about its nature: Dirac or Majorana? This places
the ββ-decay experiments in a key position among
other experiments to resolve some of the neutrino
properties.
The paper will be organized as follows. In Sec-

tion 2, we discuss the broader potential of the ββ
decay to search beyond SM physics, and Section 3 is
devoted to the nuclear structure methods used to cal-
culate the NME relevant for ββ decay. In Section 4,
we refer to the neutrino-mass problem in connection
with ββ-decay and other ν-related experiments. Fi-
nally, in Section 5, we end up with some conclusions
and perspectives on the field.

2. CONNECTIONS TO THEORIES BEYOND
THE STANDARD MODEL

The occurrence of 0νββ decay by exchange of
Majorana neutrinos is the most usual scenario. Even
in this scenario, in the expression of the 0νββ-decay
half-lives, there are also contributions coming from
RH components in the weak interaction. Combined
studies of 0νββ decay to excited states and of β+β+-
decay modes may provide us with information about
the possible existence of such currents in the weak
interaction. This extends the potential of ββ decay to
check, besides neutrino properties, other physics be-
yond the SM. In addition, within other GUTs, where
lepton-number violation is allowed, one can imag-
ine alternative 0νββ-decay mechanisms. In this way,
the study of nuclear ββ decay may provide us with
information about the correctness of various GUT
hypotheses and set upper limits on the coupling con-
stants and the masses of various exotic particles.
Within L−R theories, 0νββ decay may be medi-

ated by RH W bosons, and the absence of such a
decay mode gives us lower limits for the mass of these
bosons [20, 21].
In SUSY theories with R-parity violation (R =

(−1)3B + L+ 2S, B is baryon number, L is lepton
number, and S is spin of a particle;R = 1 for particles
and R = −1 for their superpartners), 0νββ decay ap-
pears via exchange of heavy supersymmetric particles
such as squarks, gluinos, and neutralinos. Since the
conservation of R parity is made on an ad hoc basis,
the nonobservability of this decay mode can be used
for restricting R-parity-violating SUSY models [17].
In some GUTs, new bosons, called Majorons, can

play a significant role in cosmology, stellar evolution,
supernovas, etc. They are associated with the spon-
taneous breaking of a globalB−L symmetry and can
couple to the neutrinos, giving a contribution to the
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0νββ decay [18]. The half-lives contain the neutrino–
Majoron coupling constant, and the nonobservability
of such a decay mode can put limits on this constant.

Leptoquarks, bosons carrying both lepton and
baryon quantum numbers, which appear in some
GUTs, can also mediate 0νββ decay, and one can
put restrictions on their mass.

Compositeness, a possible substructure of quarks
on a scale of ∼TeV, is another interesting hypothesis.
0νββ decay may be a possible low-energy manifesta-
tion of it, and the nonobservability of this decay mode
gives us indications on the scale [19].

All these demonstrate the broader potential of nu-
clear ββ decay to search beyond SM physics than
that related to the nature and mass of the neutrino.
These are additional arguments for studying this pro-
cess both theoretically and experimentally.

3. NUCLEAR STRUCTURE METHODS

In the theoretical estimations of the ββ-decay
half-lives, the evaluation of the involved NME plays
an important role in extracting the neutrino mass.
However, their calculation represents one source of
uncertainty. This is because the nuclei undergoing
such a decay are generally medium- and heavy-mass
open-shell nuclei with a rather complicated nuclear
structure. In addition, the sensitive part is connected
to an accurate description of the intermediate odd–
odd nuclei participating in the ββ decay, which is still
more complicated.

Generally, there are two types of nuclear structure
methods used in ββ decay: (i) QRPA- and (ii) shell-
model-based methods. Shell-model-based methods
are very attractive since they are more precise. Unfor-
tunately, calculations of the NMEwith these methods
remain unfeasible for the majority of nuclei undergo-
ing ββ decay. Thus, there are few calculations per-
formed with such methods [22].

The QRPA-based methods [9–16, 23–33] have
been the most employed for computing NME for a
wide class of nuclei.
The pnQRPA [9], a version of the usual QRPA but

developed for the charge-exchange process, was the
first method widely used for calculations of nuclear-
charge-exchanging processes.

The phonon operators are defined as

Γ†
1µ(k) =

∑
l=(jp,jn)

[
X1
k(l)A

†
1µ(l) + Y 1

k (l)Ã1µ(l)
]

such that

Γ1µ(k)|0〉i,f = 0,
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X and Y are the forward- and backward-going
pnQRPA amplitudes, and k labels the positive so-
lutions of the pnQRPA equations. The A, A† are the
bifermion quasiparticle operators coupled to angular
momentum J = 1 and projection µ,

A†
1µ(l) =

∑
mp,mn

C
jpjn1
mpmnµa

†
jpmp

a†jnmn
;

Ã1µ = (−1)1−µA1,−µ.

In the quasiboson approximation (QBA), the op-
erators A†, A as well as the phonon operators Γ†, Γ
fulfill the boson-type commutator relations.
In the formalism, we also need the bifermion

density-type operators

B†
1µ(l) =

∑
mp,mn

C
jpjnJ
mp−mnµa

†
jpmp

ajnmn(−1)jn−mn ;

B̃1µ(l) = (−1)1−µB1µ(l).

Using the equation-of-motion method, one can de-
rive the pnQRPA equations, which may be written in
the matrix representation as follows:
A B

B A



Jπ


Xm

Y m


 = Ωm

Jπ


U 0

0 −U



Jπ


Xm

Y m


 .

(1)

Solving this equation, one gets the X and Y ampli-
tudes as well as the pnQRPA energies Ωm

Jπ .
Further, in the particle representation, the transi-

tion operators of interest β± are defined as follows:

β−
µ (l) =

∑
mpmn

〈jpmp|σµ|jnmn〉c†jpmp
cjnmn ;

β+
µ (l) = (−1)µ

(
β−
−µ(l)

)†
,

where σµ denotes the µth spherical component of the
Pauli spin operator. Their expressions in the quasi-
particle representation read [6]

β−
µ (l) = θlA

†
1µ(l) + θ̄lÃ1µ(l) + ηlB

†
1µ(l) + η̄lB̃1µ(l),

β+
µ (l) = −(θ̄lA

†
1µ(l) + θlÃ1µ(l) + η̄lB

†
1µ(l)

+ ηlB̃1µ(l)),

where the following notation is used:

θl =
ĵp√
3
〈jp||σ||jn〉UpVn;

θ̄l =
ĵp√
3
〈jp||σ||jn〉UnVp; ĵ =

√
2j + 1;

ηl =
ĵp√
3
〈jp||σ||jn〉UpUn;
PH
η̄l =
ĵp√
3
〈jp||σ||jn〉VpVn.

TheNME relevant for the 2νββ-decay mode with-
in pnQRPA has the expression

M2ν
GT =

∑
l,k

〈0+
f ||στ−||1

+
k 〉〈1

+
k |1

+
l 〉〈1

+
k ||στ−||0

+
i 〉

El +Qββ/2 +me − E0
,

where the |0+
i,f 〉 are the ground states of the initial and

final nuclei participating in the ββ decay, |1+
k,l〉 and

El are the intermediate states and their energies gen-
erated by two different pnQRPA procedures applied
to the parent and the daughter nuclei, and E0 is the
initial ground-state energy.
The success of the pnQRPA method in explain-

ing the suppression mechanism of the 2νββ-decay
matrix elements (ME) was achieved later on, by the
inclusion of the particle–particle correlations [11–
15]. However, this inclusion leads to a strong sen-
sitivity of these NME related to the particle–particle
component of the pn residual interaction. Namely, the
2νββ-decay ME as functions of the particle–particle
interaction strength (usually denoted by gpp) decrease
rapidly and change sign, within a very narrow interval
of values of gpp, and this causes difficulties for fixing
this parameter adequately.
Trying to overcome this drawback, several im-

provements of this method have been proposed dur-
ing the last decade: the appropriate treatment of the
particle-number nonconservation [24], the inclusion
of the pn pairing [29, 30], the double-commutator
method [25], etc. However, more successful have been
the extensions of the pnQRPA beyond the QBA de-
veloped in [23, 27, 31, 32]. Their main achievement
is that the ME become more stable against gpp and
the instability of the pnQRPA is shifted towards the
region of unphysical values of this parameter.
The first method including higher order correc-

tions to pnQRPA was developed in [23, 26]. In this
approach, the pnQRPA phonon operator and the
transition β± operators were expressed as boson
expansions of appropriate pair operators and the next
order terms from these series beyond the QBA were
retained:

A†
1µ(pn) =

∑
k

(A(1,0)
k1

Γ†
1µ(k) +A

(0,1)
k1

Γ̃+
1µ(k)), (2)

B†
1µ(pn) =

∑
k1k2

(B(2,0)
k1k2

(pn)[Γ†
1(k1)Γ

†
2(k2)]1µ (3)

+B
(0,2)
k1k2

(pn)[Γ1(k1)Γ2(k2)]1µ),

where

Γ†
2µ(k

′)
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=
∑

l′=(jp,j′p;jn,j′n)

[X2
k′(l

′)A†
2µ(l

′) + Y 2
k′(l

′)Ã2µ(l′)].

Retaining in the above series up to two-phonon
states, we obtained the version of this method called
SQRPA.

The boson expansion coefficients A(1,0), A(1,0),
B(2,0), B(0,2) were determined, so that Eqs. (2), (3)
are also valid for the corresponding ME in the boson
basis.
Then, SQRPA was employed, with some exten-

sions, for both 2νββ and 0νββ decays, for a wide
class of isotopes of nuclei, as well as for transitions
to excited states in [26–28].
An alternative approach for extending pnQRPA is

based on the idea of partial restoration of the Pauli
exclusion principle by taking into account the next
terms in the commutator of the like-nucleon opera-
tors involved in the derivation of the QRPA equations,

[Aµν(k, l, J,M), A†
µ′ν′(k

′, l′, J,M)] (4)

= N (kµ, lν)N (k′µ′, l′ν ′)(δµµ′δνν′δkk′δll′

− δµν′δνµ′δlk′δkl′(−1)jk+jl−J).

Within the RQRPAmethod, the above commutator is
calculated more precisely by adding in expression (4),
besides the scalar term, the next terms which are just
the proton and neutron number operators. The value
of this commutator is replaced by its expectation val-
ues in the RPA ground state. Further, one observes
that one can mimic the boson behavior of the A, A†

operators if one renormalizes them as follows [31, 32]:

Āµµ′(k, l, J,M) = D
−1/2
µkνk′Jπ Aµµ′(k, l, J,M),

where theDµkνk′ matrices are defined as follows:

Dµkνk′Jπ = N (kµ, lν)N(k′µ′, l′ν ′)(δµµ′δνν′δkk′δll′

− δµν′δνµ′δlk′δkl′(−1)jk+jl−J)

× [1 − j−1
l 〈0+

RPA|[a
†
νlaνl′ ]00|0

+
RPA〉

− j−1
k 〈0+

RPA|[a
†
µkaµk′ ]00|0+RPA〉].

By also renormalizing the QRPA amplitudes, the A
and B matrices, and the QRPA phonon operator,

X̄m = D1/2Xm; Ȳ m = D1/2Y m;

Ām = D−1/2AD−1/2; B̄m = D−1/2BD−1/2;

Γm†
JMπ =

∑
k,l,µ≤µ′

[X̄m
µµ′(k, l, J

π)Ā†
µµ′(k, l, J,M)

+ Ȳ m
µµ′(k, l, J

π) ˜̄Aµµ′(k, l, J,M)],

one observes that the RQRPA equations have the
same form as in the ordinary QRPA, but now the
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
quantities of Eq. (1) are replaced by the renormalized
ones.
To calculate Ā and B̄, we need to determine the

renormalization matrices D. This is done by solv-
ing numerically a system of nonlinear equations by
an iterative procedure. As input values, one can use
their expressions in which the averages of the number
operators are replaced by the backward-going am-
plitudes obtained as initial solutions of the QRPA
equation.
Before starting the QRPA procedure, we need the

occupation amplitudes (u, v) and the quasiparticle
energies in order to get the quasiparticle represen-
tation of the RPA operators. This is done by solving
the HFB equations, in which one may include, in the
general case, both like- and unlike-nucleon pairing
interactions. When one includes only like-nucleon
pairing in these equations, the QRPA procedure de-
scribed above is called pnRQRPA [31, 32]. Later on
this method was extended by the inclusion of both
types of pairing interaction [33], and this version is
called full-RQRPA.
However, one should note that the RQRPA-type

methods face an undesirable drawback, namely, a
significant degree of nonconservation of the Ikeda
sum rule (ISR). Although refinements in the way of
calculating the averages of the quasiparticle number
operator were proposed [32], the result was a rather
small reduction of the violation. Another challenging
issue of this method is the dependence of the calcu-
lated NME on the size of the single-particle basis,
especially for the neutrinoless mode.
Analyzing the calculations of the ββ-decay ME

existent in the literature, one still observes discrepan-
cies between the values of the same ME, which may
differ by up to a factor of three. On the other hand, it
is difficult to compare results obtained with different
versions of the QRPA-based methods and using dif-
ferent parameters and codes. In order to reduce such
discrepancies and have an idea about the magnitude
of the deviations between different calculations, we
made a study of both two-neutrino and neutrino-
less ββ-decay NME for the experimentally interest-
ing nuclei 82Se, 96Zr, 100Mo, 116Cd, 128,130Te, and
136Xe with the pnQRPA, pnRQRPA, full-RQRPA,
and SQRPA methods [28]. For each method, two
different single-particle bases are used in order to see
the dependence of the results on the size of theHilbert
space. For a better comparison between the results,
the calculations are performed for each method with
the same set of parameters regarding all steps of the
QRPA codes (the construction of the single-particle
basis and of the BCS and QRPA wave functions,
as well as the renormalization of the G-matrix ele-
ments).
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Table 1. The neutrinoless NME and upper limits for the neutrino mass parameter calculated in this paper with pnQRPA,
pnRQRPA, full-RQRPA, and SQRPA methods using the experimental limits given in Table 2 (the numbers in the first
row of each nucleus are the NME, while the numbers in the second row are the neutrinomass parameters; the calculations
are performed with the large basis or with the small one)

Nucleus
pnQRPA pnRQRPA Full-RQRPA SQRPA

large small large small large small large small
76Ge 1.71 4.45 1.87 3.74 2.40 3.68 3.21 3.82

0.84 0.33 0.79 0.40 0.62 0.41 0.46 0.39
82Se 4.71 5.60 2.70 4.30 2.63 4.15 3.54 4.13

6.75 5.67 11.71 7.38 12.04 7.64 8.96 7.68
96Zr 2.75 4.16 2.72 3.01 2.42 2.99 2.12 2.70

24.61 16.27 24.88 22.48 27.97 22.64 31.92 25.06
100Mo 3.81 5.37 3.40 4.36 3.35 4.11 4.23 4.51

1.75 1.24 1.96 1.53 1.63 1.53 1.58 1.48
116Cd 2.85 3.99 3.39 3.61 2.35 2.62 2.29 2.67

3.13 2.24 2.63 2.47 3.80 3.41 3.90 3.34
128Te 3.43 4.84 2.83 4.29 2.85 3.75 2.85 3.38

1.31 0.94 1.60 1.05 1.59 1.21 1.58 1.34
130Te 3.77 4.73 3.00 4.55 2.61 3.49 2.42 2.53

2.81 2.24 3.54 2.33 4.07 3.04 4.39 4.19
136Xe 1.35 1.69 1.02 1.57 0.89 0.99 0.98 1.03

2.17 2.73 3.6 2.35 4.14 3.72 3.76 3.57
Table 1 presents the results obtained for the
0νββ NME for several isotopes, calculated with four
QRPA-based methods and for the two basis sets, at
values of gpp fixed, for each method, as was explained
previously. By inspection, one observes that, in all
cases, the differences between the results obtained
with the same method but with different basis are not
so large around the physical values of gpp. With a few
exceptions, one would say that the uncertainty in the
calculations of the neutrinoless ME performed with
all these methods, coming from the use of different
single-particle bases, is within a factor of two. The
largest discrepancies between the results occur for
pnQRPA and RQRPA, and possible explanations
for this may be related to the shortcomings of these
methods which were already discussed previously.
One also observes that the full-RQRPA and SQRPA
values do not differ from each other bymore that 50%.
So, in the worst case, one may have confidence in
the calculated NME for the 0νββ-decay mode within
a factor two, but, having in view that the SQRPA
displays both a better stability against the change
of the basis and a good fulfillment of the ISR, we
may reduce the uncertainties in the predictions of
PH
these NME within QRPA-based methods (due to the
uncertainties discussed above) to about 50%.

4. NEUTRINO MASS

Until recently, the most stringent limits for the
neutrinomass were extracted from ββ-decay calcula-
tions under the following procedure: the 0νββ-decay
half-lives are written in the usual factorized form (see,
for instance, [6]):[

T 0ν
1/2

]−1
= Cmm

(
〈mν〉
me

)2

+ Cλλλ
2 (5)

+ Cηηη
2 + Cmλ

〈mν〉
me

λ+ Cmη
〈mν〉
me

η + Cληλη,

where 〈mν〉 is the effective neutrino mass and λ and η
are parameters related to the possible existence of RH
currents in the weak interaction. A value

〈mν〉 =
∑
i

|Uei|2eαimi

is an average over the neutrino mass eigenstates mi

and Uei is the neutrino mixingmatrix. The coefficients
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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Table 2. The integrated phase-space factors F 2ν
1 and F 0ν

1 [25], the recent experimental 2νββ- and 0νββ-decay half-
lives, and the 0νββ half-lives estimated by the SQRPA formν = 0.1 eV (the experimental half-lives are taken from the
references indicated in brackets)

Nucleus T 2ν , yr T 0ν , yr T 0ν
SQRPA, yr

76Ge 1.55 × 1021 [41] >1.9 × 1025 [41] (2.83−4) × 1026

82Se 8.3 × 1019 [42] >9.5 × 1021 [43] (5.6−7.6) × 1025

96Zr 2.1 × 1019 [42] >1.0 × 1021 [42] (0.63−1.02)× 1026

100Mo 0.95 × 1019 [44] >5.2 × 1022 [44] (1.14−1.29)× 1025

116Cd 2.6 × 1019 [45] >0.7 × 1023 [45] (0.78−1.06)× 1026

128Te 7.7 × 1024 [46] >7.7 × 1024 [46] (1.38−1.90)× 1027

130Te 2.6 × 1021 [47] >5.6 × 1022 [47] (0.98−1.08)× 1026

136Xe >3.6 × 1020 [48] >4.4 × 1023 [48] (5.63−6.22)× 1026
Cij are products of phase space and combinations of
NME. As an example, Cmm of the term giving the
leading contribution to 0νββ by the mechanisms of
exchange Majorana neutrinos between two nucleons
inside the nucleus has the expression

Cmm = F 0ν
1

(
M0ν
GT −

(
gV
gA

)2

M0ν
F

)2

.

Here, F 0ν
1 is the phase-space integral and M0ν

GT and
M0ν
F are Gamow–Teller and Fermi NME. If one ne-

glects the effects of RH weak currents (see, e.g., [4]),
the only term that remains in (5) is the first one,
and the corresponding (simplified) expression for the
0νββ-decay half-life can be used to set limits on
the neutrino mass. Once we calculated the NME for
0νββ, we used the best presently available half-lives
for this decay mode and deduced upper limits for the
neutrino mass parameter. The results are presented in
Table 1.
Alternatively, one can derive 〈mν〉 from ν-related

experiments and compare the obtained values with
those from ββ-decay calculations. In this way, one
can make predictions on the observability of the
0νββ-decay mode. Such a procedure became very
frequently employed after the recent claim for positive
evidence of the 0νββ-decay mode observed in the
Heidelberg–Moscow experiment [34].
Before doing this, we recall the main results re-

ported recently by the neutrino oscillation experi-
ments and from cosmological experiments.
From atmospheric ν-oscillation experiments, the

recent results of Super-Kamiokande (SK) concern-
ing the existence of an up–down asymmetry between
muon events coming from the reactions [35]

π → µ+ νµ, µ → νµ + νe
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strengthen the previous results of the same exper-
iment (1996–2000) in favor of ν oscillations in the
channel µ → τ . This result was confirmed by the
K2K reactor experiment [36]. The best fit for the ν-
oscillation parameters is found to be

∆m2 ∼ 2.6 × 10−3; sin2(2θ) ∼ 1.0.

Also, solar neutrino experiments provide us with
interesting results. The SNO experiment [37] has
performed a careful analysis of solar neutrinos through
the charge–charge, neutral–charge, and elastic-
scattering neutrino reactions.
The results obtained confirmed the SK results [38],

and a combined analysis of both experiments allows
us to eliminate several possible scenarios of solar
ν oscillations admitted so far. Moreover, the results
from the KamLAND reactor experiment impose the
LMA solution as the only valid one, finding the best
fit parameters [39]

∆m2 ∼ 2.6 × 10−5; sin2(2θ) ∼ 1.0.

Thus, there is now compelling evidence that at least
one flavor of neutrinos has mass.
In parallel, there was impressive progress in cos-

mological data. Experiments aiming at measuring
the cosmic microwave background (CMB) gave, by
combining their data (WMAP, 2dFGRS, CMI, etc.),
very stringent limits for neutrino masses, namely [40],∑

i

mi = 0.71 eV.

To deduce the 〈mν〉 from all these recent data, one
proceeds as follows: (i) write the neutrino mixing
matrix (U ) in a convenient form; (ii) choose a hier-
archy neutrino mass spectrum; (iii) make use of ν-
oscillation data to fix as many parameters as possible
from the U matrix; (iv) determine 〈mν〉 as function of
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the remaining parameters and determine the range of
its values such that they fit the present data.
According to the present data, doing that one ob-

tains the following lower limits of the 〈mν〉:
(i) normal hierarchy (m1 � m2 < m3):

〈mν〉 > several meV;

(ii) inverse hierarchy (m1 � m2 ∼ m3):

〈mν〉 > several tens of meV.

Looking to these results and to the limits that
future direct experiments propose to reach for 0νββ-
decay half-lives, one can conclude the following:
single-beta-decay experiments (the most ambitious
being KATRIN) will not be able to reach such
sensibilities. However, the most ambitious ββ-decay
experiments will reach such values. These are excit-
ing results for these experiments, which put them in a
key position for determining the scale of the neutrino
mass. In addition, such experiments are the only ones
able to say something about the nature of neutrinos:
Dirac or Majorana?
Now, with these lower and upper limits for 〈mν〉

and using our calculated NME, we also estimated
time scales for neutrinoless half-lives that experi-
ments should reach to measure neutrino masses of
about 0.1 eV. These results are presented in Table 2
together with the present limits reached by the corre-
sponding experiments.

5. CONCLUSIONS

We reviewed the recent results obtained in ββ-
decay research in connection with the neutrino prop-
erties. First, we showed the broader potential of this
process to provide us with information beyond SM
physics. Then, we presented the QRPA-based meth-
ods and their extensions beyond the QBA, which are
the most widely employed nuclear structure methods
for the computation of theNME relevant for ββ decay.
The error in calculation of the NME within these
methods was estimated to be ∼ 50%. Further, using
our calculated values for the NME, we derived up-
per limits for the neutrino masses from experimental
0νββ-decay half-lives. Alternatively, using data from
ν-related experiments (ν oscillations, cosmological
data) and also using the calculated NME, one can
predict lower and upper limits for the observability of
0νββ-decay mode. It turns out that some planned
future ββ-decay experiments will be able to reach
the range of these predictions. This places the ββ-
decay experiments in a key position among the other
ν-related experiments in resolving some fundamental
properties of the neutrino like its nature (Dirac or
Majorana) and its absolute mass.
PH
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Abstract—Weak-interaction responses of 11B were studied by measuring the 11B(3He, t) and 11B(p, p′)
reactions. Obtained nuclear transition matrix elements B(GT), B(στ), and B(σ) were compared with the
shell-model calculations. The shell-model calculations, which explained the isovector parts B(GT) and
B(στ) reasonably well if the quenching factors of 0.5–0.7 were taken into account, did not describe the
isoscalar partB(σ). c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The properties of neutrinos and neutrino-induced
phenomena play an important role in nuclear physics,
astrophysics, and cosmology, as well as in parti-
cle physics. For example, the solar-neutrino problem
was a long-standing unsolved problem for modern
physics. This problem is now explained in terms of the
solar-neutrino oscillation, which has been recently
concluded from an analysis combining KAMIOKA
and SNO results [1]. However, in order to understand
the neutrino-oscillation mechanism at deeper levels,
it is still important to continue the precise measure-
ment of solar neutrinos.

Raghavan et al. [2] pointed out that the 11B iso-
tope can be used as a detector to investigate the solar-
neutrino problem. High-energy neutrinos from the
β decays of 8B yielded in the proton–proton fusion
chain in the Sun excite low-lying states in 11B and
11C by M1 and Gamow–Teller (GT) transitions via
the neutral-current (NC) and charged-current (CC)
processes as seen in Fig. 1. Such neutrinos are de-
tected by measuring emitted electrons from the CC
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reactions and γ rays from the deexcitations of the
low-lying states. Since there is a mirror-symmetrical
relation between 11B and 11C and both the NC and
the CC reactions can be measured in the same ex-
perimental setup, the systematic uncertainty for the
strength ratio of the electron–neutrino flux to the
entire neutrino flux from the Sun is expected to be
small. It should be noted that a precise measurement
of the relative strength is indispensable to tackle the
solar-neutrino problem.

Since there is one excess neutron in the 11B nu-
cleus, the low-lying states in 11B are excited by both
the isovector and the isoscalar transitions. There-
fore, both the isoscalar and the isovector responses
are needed for estimating the 11B(ν, ν ′) cross sec-
tion. The cross sections of hadronic reactions provide
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a good measure for the weak-interaction response
since the relevant operators in the hadronic reactions
are identical with those in the β-decay and neutrino-
capture processes. The cross section for the (3He, t)
reaction can be written in terms of the GT operator
στ−. On the other hand, the cross section for (p, p′)
can be described by a coherent sum of the isoscalar
(σ) and isovector (στz)M1 operators. It is, therefore,
possible to obtain both the isoscalar and the isovector
response by comparing the (3He, t) and (p, p′) cross
sections.

In this article, we will report our recent results on
the weak-interaction response of 11B studied via the
11B(3He, t) and 11B(p, p′) reactions.

2. EXPERIMENT AND RESULTS

The experiment was performed at the Research
Center for Nuclear Physics, Osaka University, us-
ing 450-MeV 3He and 392-MeV proton beams. The
proton and 3He beams extracted from the ring cy-
clotron were achromatically transported to the target.
The beam intensity on target was in the range of
1–10 enA. Scattered protons and tritons were mo-
mentum analyzed by the high-resolution spectrom-
eter Grand Raiden [3]. Trajectories of the scattered
protons and tritons were determined using a focal-
plane detector system consisting of two multiwire
drift chambers and plastic scintillation detectors. In
case of the (p, p′) reaction, a focal plane polarimeter
(FPP) was also used to measure the polarization
of protons scattered from the 11B target. The FPP
consisted of an analyzer target of a 12-cm-thick car-
bon slab, four multiwire proportional chambers, and
scintillator hodoscopes [4]. An energy resolution of
300 keV full width at half maximum (FWHM) was
obtained in the 11B(3He, t) measurement. Since the
magnetic spectrometer was operated near the maxi-
mum magnetic field in the 11B(3He, t) measurement,
the aberration due to the magnetic saturation deter-
mined the energy resolution. In the 11B(p, p′) mea-
surement, an energy resolution of 200 keV (FWHM)
was obtained, which was dominated by the energy
spread of the cyclotron beam. Typical spectra of the
11B(3He, t) and 11B(p, p′) reactions are shown in
Fig. 2. The cross section for the 11B(3He, t) reaction
was measured at several angles between θlab = 0◦

and 14.5◦ as shown in Fig. 3. For the 11B(p, p′)
reaction, the cross section, analyzing power (Ay), in-
duced polarization (P ), and depolarization parameter
(DNN ) were measured between θlab = 2◦ and 11◦.
The results are shown in Fig. 4.
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Fig. 2. Spectra for the 11B(3He, t) and 11B(p, p′) reac-
tions.

3. DISCUSSION

The 11B(3He, t) cross section was compared with
the results of the distorted-wave Born approximation
(DWBA) calculations. The Cohen–Kurath wave
functions (CKWFs) [5] were used in the DWBA
calculations. An effective 3He−N potential with
isospin (Vτ ), spin–isospin (Vστ ), and isospin-tensor
(V T
τ ) terms represented by a Yukawa potential was

employed to describe the projectile–target interac-
tion. The values of Vτ , Vστ , and V T

τ were 0.73 MeV,
−2.1 MeV, and −2.0 MeV/fm2, respectively [6]. The
calculated cross section is given by an incoherent
sum over the cross sections of the different multipole
contributions,

dσ

dΩ
=
∑
∆J

dσ

dΩ∆J
.

The angular distribution of each multipole cross sec-
tion is well described by the DWBA calculation, but
the relative strength between the different multipole
contributions is not. To obtain a better description of
the experimental data, we introduced scaling param-
eters A∆J defined by

dσ

dΩ fit
=
∑
∆J

A∆J
dσ

dΩ∆J

and performed a least-χ2 search for the A∆J . The
result is shown in Fig. 3. The dotted, dash-dotted,
and dashed curves show the scaled cross sections of
the ∆J = 0, 1, and 2 + 3 contributions, respectively.
The solid curves are the sum of all possible multipole
contributions. As seen from Fig. 3, the experimental
04
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1 (2.00), 5/2−
1 (4.32), and

3/2−
2 (4.80) states in 11C compared with the DWBA calculations. The dotted, dash-dotted, and dashed curves show the cross
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results are well reproduced by the fits. Since there
is a good linear proportional relation between the
GT transition strength B(GT) and the (3He, t) cross
section at a small momentum transfer, where the
∆L = 0 process is dominant [7], we extrapolated the
cross section to the zero-momentum transfer using
the DWBA result and normalized by the β-decay
strength from 11C. The obtained B(GT) values are
compared with those from the earlier 11B(p, n) mea-
surement [8] in the table. The present result is con-
sistent with the (p, n) result within the measurement
uncertainty, although the 5/2−1 and 3/2−2 states at
Ex = 4.32 and 4.80 MeV were not resolved separately
in the (p, n) measurement. Theoretical B(GT) values
from the CKWFs are also listed in the table. The
B(GT) values using the CKWFs explain the experi-
mental result reasonably well if the quenching factors
of 0.5–0.7 are taken into account.

For the (p, p′) data, the Franey–Love (FL) in-
teraction [9] was used for the nucleon–nucleon ef-
fective interaction in the DWBA calculation. In sim-
ilar fashion to the (3He, t) analysis, we performed
a least-χ2 search for the multipole strengths. The
dashed curves in Fig. 4 show the results. The DWBA
PH
calculation reasonably explains the 11B(p, p′) cross
section, analyzing power, and induced polarization,
but fails to describe the depolarization parameter. To
solve the problem, we modified the isoscalar (α∆T=0

∆J )
and isovector (α∆T=1

∆J ) one-body transition densities
in the DWBA calculation by introducing the isospin

Comparison between the Gamow–Teller transition
strengths obtained in the experiment and the shell-model
calculation (the experimental values are normalized by the
β-decay strength from 11C)

Ex, MeV B(GT)aexp B(GT)bexp B(GT)SM

0.00 0.345c 0.345c 0.514

2.00 0.405± 0.009 0.399 ± 0.008 0.791

4.32 0.491± 0.008
0.961± 0.017

0.647

4.82 0.481± 0.008 0.845

a Obtained from the present (3He, t) analysis.
b Obtained from the (p, n) analysis [8].
c Obtained from β-decay strength.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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mixing parameter θ∆J :

α′∆T=0
∆J =

√
1
2
α∆T=0

∆J cos θ∆J ,

α′∆T=1
∆J =

√
1
2
α∆T=1

∆J sin θ∆J .

The mixing parameters for ∆J = 1 and 2 transitions
were determined by the least-χ2 fit to the experi-
mental data, while the mixing parameters for other
∆J transitions were fixed at 45◦. The results of the
least-χ2 search for the multipole strengths and the
isospin mixing parameters are shown by the solid
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
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curves in Fig. 4. All the observables, including the
depolarization parameter, were reasonably well ex-
plained by the DWBA calculation. Finally, the tran-
sition matrix elements for the σ and στz operators
B(σ) and B(στ) were obtained from the modified
one-body transition densities. The obtainedB(σ) and
B(στ) are compared with the shell-model predictions
in Fig. 5. It is clearly seen that the isoscalar matrix
elements B(σ) for the 1/2−1 and 3/2−2 states are
strongly quenched by a factor of 0.15 in comparison
with those of the shell-model predictions. Bernabéu
et al. [10] deduced B(σ) = 0.037 and B(στ) = 0.024
for the 1/2−1 state from the γ-decay width under the
assumption of charge independence. The B(σ) value
by Bernabéu is almost 50% of the shell-model predic-
tions, but 3 times larger than the present result. Thus,
the present B(σ) value is very small in comparison
with that by Bernabéu too. The reason for this B(σ)
quenching is still unclear. One of the reasons could be
attributed to the fact that the result for the isoscalar
strength from the (p, p′) experiment has a large sys-
tematic uncertainty because the proton scattering
amplitude in the M1 transition is dominated by the
isovector component due to the large |Vστ/Vσ| value
in the effective interaction around Ep = 400 MeV.
Thus, we recently measured deuteron inelastic scat-
tering at forward angles to study the isoscalar M1
excitations in 11B. Because the deuteron inelastic
scattering has a selectivity for the isoscalar transition,
an exclusive measurement of the isoscalar transition
becomes possible. The analysis of this experiment is
still going on. The result will be reported elsewhere
soon [11].
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4. SUMMARY

In the present 11B(3He, t) and 11B(p, p′) exper-
iments, nuclear transition matrix elements B(GT),
B(στ), and B(σ) were obtained to study the weak-
interaction response of 11B. The obtained matrix el-
ements were compared with the shell-model calcu-
lations and other work. The shell-model calculation
explained the isovector parts B(GT) and B(στ) rea-
sonably well if the quenching factors of 0.5–0.7 were
taken into account, but did not describe the isoscalar
part B(σ). B(σ) for the transitions to the 1/2−1 and
3/2−2 states were found to be quenched by a factor of
0.15 in comparison with those obtained in the shell-
model. The presentB(σ) value is also 3 times smaller
than the estimate by Bernabéu et al. [10] for the 1/2−1
state. This large quenching of B(σ) in the present
study might be due to the fact that our analysis on
the isoscalar strength could have a large systematic
uncertainty. Recently, we measured the 11B(d, d′)
reaction to obtain B(σ) values with small systematic
uncertainties. The analysis of the (d, d′) experiment
is still going on. The result will be reported elsewhere
soon.
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Abstract—The Schiff moment of the 199Hg nucleus is calculated using finite range P- and T -violating
weak nucleon–nucleon interaction. Both the contributions of the P- and T -odd interaction and of internal
nucleon electric dipole moments to the Schiff moment of 199Hg are calculated. The contribution of the
proton electric dipole moment is obtained via core-polarization effects treated in the framework of RPA
with effective residual interactions. We derive a new upper bound |dp| < 5.4 × 10−24 e cm for the proton
electric dipole moment. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The interest in electric dipole moments (EDM) of
elementary particles and more complex systems like
nuclei and atoms has existed since 1950, when it
was first suggested that there was no experimental
evidence for symmetry of nuclear forces under parity
transformation [1].

The experimental upper limit on the neutron
EDM [2] is

dn < 0.63 × 10−25 e cm. (1)

The measured value for the proton EDM [2] is

dp = (−4 ± 6) × 10−23 e cm (2)

and is compatible with zero. This corresponds to an
upper limit which is three order of magnitude weaker
than the one for a neutron.

The best upper limit on EDM ever obtained was
in an atomic experiment with 199Hg [3]. The result for
the dipole moment of this atom is

d(199Hg) < 2.1 × 10−28 e cm. (3)

Unfortunately, the implications of this result are
somewhat less impressive, due to the electrostatic
screening of the nuclear EDM in this essentially
Coulomb system. The point is that, in a stationary
state of such a system, the total electric field acting
on each particle must vanish. Thus, an internal
rearrangement of the system’s constituents gives rise
to an internal field Ein that exactly cancels external

∗This article was submitted by the authors in English.
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field Eex at each charged particle; the external field
is effectively switched off, and an EDM feels nothing
[1, 4].

Still, some P- and T -odd component of the elec-
trostatic potential survives due to final nuclear size. It
is created by the next moment in the nuclear electric
dipole density distribution. This is the Schiff moment
defined as [5]

S =
1
10

∑
q

eq

(
r2qrq −

5
3
〈r2〉chrq

)
. (4)

The Schiff moment generates a P- and T -odd elec-
trostatic potential in the form

φ(r) = 4π S · ∇δ(r). (5)

Interaction of atomic electrons with the potential
given by Eq. (5) produces an atomic dipole moment

datom (6)

=
∑
n

〈0| − e
∑Z

i φ(ri)|n〉〈n| − e
∑Z

i zi|0〉
En − E0

+ h.c.

Due to the contact origin of the potential, only the
electrons in s and p atomic orbitals contribute to the
dipole moment given by Eq. (6).

Equation (4) is valid for any system of pointlike
charges eq. Let us split the sum in Eq. (4) into the
sum over coordinates of nucleons and the sum over
coordinates of charges inside the nucleons:

S =
1
10

∑
N

∑
i

ei

(
(rN + ρi)2 −

5
3
〈r2〉ch

)
(7)

× (rN + ρi).

Here, rN is a nucleon position and ρi is the position
of the ith charge inside the nucleon. Combining the
terms of the zeroth and first order in ρ and using∑

i ei = eN ,
∑

i eiρi = dN , we obtain an expression
2004 MAIK “Nauka/Interperiodica”
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for the Schiff moment as a sum of two terms. The first
of them is similar to (4):

S1 =
1
10

A∑
N

eN

(
r2NrN − 5

3
〈r2〉chrN

)
, (8)

where eN is equal to |e| for a proton and zero for a
neutron. The mean value of this operator is nonzero
only in the presence of the P- and T -invariance-
violating nucleon–nucleon interaction.

The second term is related to the internal dipole
moments of the nucleons

S2 =
1
6

A∑
N

dN
(
r2N − 〈r2〉ch

)
(9)

+
1
5

A∑
N

(
rN (rN · dN ) − dNr2N/3

)
.

The previous calculations of the Schiff moment of
a heavy nucleus [5, 6] were performed in a simplified
manner, without taking into account the residual in-
teraction between a valence nucleon and the core nu-
cleons. Only recently did more microscopic studies of
the Schiff moment of 199Hg [7] and 225Ra [8] appear,
where effects of the core polarization with the effective
forces for 199Hg and the octupole deformation for
225Ra based on the Skyrme–Hartree–Fock method
were discussed. In this work, we discuss both the
contribution of the P- and T -odd interaction and the
nucleon EDM contribution to the Schiff moment of
the 199Hg nucleus. In the picture of an independent-
particle model, only a valence nucleon contributes
to the Schiff moment. In the case of 199Hg, it is
a neutron. However, when a residual quasiparticle
interaction between the valence neutron and the pro-
tons in the core is taken into consideration, the proton
contribution to the nuclear Schiff moment becomes
nonzero. We calculated this contribution using a ran-
dom phase approximation (RPA) with effective forces.
From the relation between the Schiff moment and
the electric dipole moment of the Hg atom [9], a new
upper limit on the proton EDM was obtained.

2. OUTLINE OF THE THEORY

2.1. Nuclear Mean Field

In our calculations, we used a full single-particle
spectrum including continuum. The single-particle
basis was obtained using the partially self-consistent
mean-field potential of [10]. The potential includes
four terms. The isoscalar term is the standard
Woods–Saxon potential

U0(r) = − V

1 + exp[(r −R)/a]
, (10)
PH
with the parameters V = 52.03 MeV, R =
1.2709A1/3 fm, and a = 0.742 fm. Two other terms
Uls(r) and Uτ (r) were obtained in a self-consistent
way using the two-body Landau–Migdal-type in-
teraction of [11] for the spin–orbit and isovector
parts of the potential. The last term is the Coulomb
potential of a uniformly charged sphere with RC =
1.18A1/3 fm. The mean-field potential obtained in this
way fits well single-particle energies and rms radii of
nuclei in the region around 208Pb.

2.2. Nucleon–Nucleon P- and T -Odd Interaction

We use the interaction generated by P- and T -
violating pion exchange [12–14]:

W (r1 − r2) = − g

8πmp
[(g0τ1 · τ2 (11)

+ g2(τ1 · τ2 − 3τ3
1 τ

3
2 ))(σ1 − σ2)

+ g1(τ3
1 σ1 − τ3

2 σ2)] · ∇1
e−mπr12

r12
,

where g is the usual strong pion–nucleon pseu-
doscalar coupling constant; g0, g1, and g2 correspond
to isoscalar, isovector, and isotensor P- and T -odd
couplings; and mp is the proton mass. In contrast
to P-odd and T -even interaction, in Eq. (11) the
exchange of π0 is allowed. This term produces the
direct contribution to the P- and T -odd part of the
nuclear mean field, while the other terms produce
the exchange contribution only. Since the direct
contribution dominates for finite-range potentials, we
can expect that the interaction (11) is the leading one
and the exchange of heavier mesons can be omitted.

2.3. Core Polarization

The effects of the core polarization for a single-
particle operator can be treated by introducing a
renormalized operator S̃ satisfying the equation

S̃ν′ν = Sν′ν (12)

+
∑
µ′µ

S̃µµ′
nµ − nµ′

εµ − εµ′ + ω
〈ν ′µ′|F +W |µν〉,

where S is the bare Schiff moment operator given by
(4), (8), or (9), and nµ and εµ are single-particle oc-
cupation numbers and energies. For static moments,
the external frequency ω → 0. The value of the Schiff
moment is given by the diagonal matrix element of the
z component of the renormalized operator (12) be-
tween mean-field states of the last unpaired nucleon
with a maximal angular-momentum projection:

S = 〈µjm = j|S̃z |µjm = j〉. (13)
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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For the residual interaction F , we use the phe-
nomenological Landau–Migdal interaction of the
form

F = C(f(r) + f ′(τ1 · τ2) + gs(σ1 · σ2) (14)

+ g′s(σ1 · σ2)(τ1 · τ2))δ(r1 − r2),

where C = 300 MeV fm3 and f(r) = fex + (fin −

fex)
ρ(r)
ρ(0)

. The values of the empirical interaction con-

stants gs and g′s are crucial for our calculations. The
proton contribution is proportional to the proton–
neutron interaction gs − g′s. The constant g′s is de-
termined from magnetic properties of nuclei and the
position of a Gamow–Teller resonance. Its adopted
value varies between g′s = 0.9−1.0 depending on
details of the mean-field potential used [15–17]. The
constant gs is not so well defined. The magnetic
moments and M1 transitions are to a great extent
isovector and they do not fix gs. An attempt to fix it
from the structure of high-spin states in 208Pb has
been done in [18]. They found that gs = 0.25 had to
be used in order to reproduce the excitation energies
of the M12 and M14 states. Another value gs = 0.19
was quoted in the review paper [17]. A value close to
zero was found in [19].

Let us demonstrate the RPA effects on the Schiff
moment operator of Eq. (9). In the coordinate space,
the operator can be represented in the form

S1m =
2∑
i=1

Si(r)T (i)
1m, (15)

where we introduced the set of linearly independent
tensor operators

T
(1)
JM = σ · YJ−1

JM (n), (16)

T
(2)
JM = σ ·YJ+1

JM (n)

(here, YL
JM (n) is the vector spherical harmonic). For

J = 1, we have T (1)
1m ∼ σm and T

(2)
1m ∼ nm(n · σ) −

1
3
σm. For a spherical nucleus, we can separate the

angular variables and solve the obtained equations in
coordinate space. The equations are

Sai(r) = Sai0 (r) +

∞∫
0

Aaibj(r, r′)Sbj(r′)dr′, (17)

where a = p, n and Sai0 (r) is the radial part of the
Schiff moment operator (9) multiplied by r. The ker-
nel of the integral equation Aaibj(r, r′) was calcu-
lated by means of the Green’s functions of the radial
Schrödinger equation:

Aaibj(r, r′) (18)
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
 

0 2 4 6 8
–20

0

20

40

 

r

 

, fm

 
S
 

n
 

(
 

r
 

), fm
 

2

Fig. 1. Core-polarization effects in the neutron Schiff
moment operator. The solid curve is Sn1(r). The dashed
curve is the bare operator Sn1

0 (r).

=
Cgab

3

∑
κjl

nbκ〈jl||T
(i)
1 ||κ〉〈jl||T (j)

1 ||κ〉rRbκ(r)

× r′Rbκ(r
′)
(
Gbjl(r, r

′|εκ + ω) +Gbjl(r, r
′|εκ − ω)

)
,

where gpp = gnn = gs + g′s, gpn = gnp = gs − g′s,
Rbκ(r) are the radial wave functions, and nbκ are the
occupation numbers.

The solutions of Eq. (12) for Sai(r) are shown in
Fig. 1 and Fig. 2.

Figure 1 demonstrates the magnitude of the core-
polarization effects. The repulsive residual interac-
tion (14) leads to a not very significant decrease in the
mean value of the Schiff moment. Figure 2 shows the
radial dependence of the proton contributions induced
by the core polarization. Note the one order of magni-
tude difference in the scales in Fig. 1 and Fig. 2. The
solid curve in Fig. 2 is the radial dependence at the

first operator T (1)
1m and the dashed curve is the radial

dependence at the second operator T (2)
1m . The function

Sp1(r) changes sign inside the nucleus; therefore, its
mean value is smaller than the mean value of Sp2(r),
which is mostly negative inside the nucleus.

3. RESULTS

All the contributions can be summarized as a sum
of two parts. The first part corresponds to the bare
operator given by Eq. (8). Its contribution to the
Schiff moment is (see [7])

S = −0.0004gg0 − 0.055gg1 + 0.009gg2 [e fm3].
(19)
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Fig. 2. Radial dependence of the proton effective Schiff
moment operators induced by the core polarization. The
solid curve is Sp1(r), the dashed curve is Sp2(r).

The obtained value for the Schiff moment in Eq. (19)
cannot be compared directly with the previous calcu-
lations, where the contact interaction has been used.
To perform the comparison, we redefine the constants
gi:

gi =
Gm2

π√
2
g̃i. (20)

With this factor, the integration over space of the
Yukawa function gives 1, exactly as the integration
of a delta function δ(r). Introducing this factor, we
obtain

S = (−0.01gg̃0 − 0.86gg̃1 + 0.14gg̃2) (21)

× 10−8 [e fm3].

This value should be compared with S = −1.4 ×
10−8ηnp [20] and S ≈ −1.6 × 10−8ηnp [6], where
ηnp ∼ g(g̃0 + g̃1 − 2g̃2). We conclude that the differ-
ence between our result and previous calculations is
significant for the T = 0 and T = 2 channels. Our
values are smaller in absolute value. In order to trace
the origin of this difference, we repeated our calcu-
lations using the contact interaction and omitting
the core polarization. The contact interaction was
obtained by replacing the Yukawa function in Eq. (11)
by the delta function. The result is

S = −0.96 × 10−8g(g̃0 + g̃1 − 2g̃2) [e fm3]. (22)

If we completely omit the effect of the core polariza-
tion in calculations with the finite-range interaction
Eq. (11), then the only nonzero contribution

S = −0.086g(g0 + g1 − 2g2) [e fm3],

which corresponds to

S = −1.35 × 10−8g(g̃0 + g̃1 − 2g̃2) [e fm3]. (23)
PH
Comparing Eqs. (22) and (23), we conclude that the
effect of the finite weak-interaction range is not very
significant. The main effect bringing the value of the
Schiff moment from that in Eq. (23) to the value in
Eq. (21) comes from the core polarization.

The value of the Schiff moment of 199Hg corre-
sponding to the bare operator of Eq. (9) can be repre-
sented as a sum of proton and neutron contributions

S = spdp + sndn, (24)

sp = 0.20 ± 0.02 fm2,

sn = 1.895 ± 0.035 fm2,

where the uncertainties reflect differences in values
of the interaction constants g and g′. The main con-
tribution to sp and sn comes from the second term
in Eq. (9). The contribution of the first term is only
−0.7 fm2 in sn and 0.006 fm2 in sp.

The constraint for the Schiff moment of the mer-
cury nucleus from the experiment [3] can be obtained
using the results of [9]. They calculated EDM of
an atom created by the nuclear Schiff moment. For
199Hg, they found

d = −2.8 × 10−17S.

From (3), we obtain the following upper bound for the
Schiff moment:

|S(199Hg)| < 0.75 × 10−11 e fm3. (25)

From (25), we can give the following constraints for
EDM of nucleons:

|dp| < 3.8 × 10−24 e cm, (26)

|dn| < 4.0 × 10−25 e cm.

The constraint for the neutron EDM is worse than the
existing result dn < 0.63 × 10−25 e cm [2]; therefore,
we shall not discuss it below. For proton EDM, the
estimate (26) is one order of magnitude lower than
the existing experiment, dp = (−4 ± 6) × 10−23 e cm
[2]. In these circumstances, the question about a real
theoretical accuracy of our approach becomes impor-
tant. It is clear that the value ±0.02 cited in Eq. (24)
does not reflects the real accuracy of the theory. It
just came from the difference in adopted values of gs
and g′s. The theoretical uncertainty appears from two
sources. First, there is an uncertainty in the atomic
calculations that couple the nuclear Schiff moment
and EDM of an atom. We shall not discuss it here, re-
ferring to the work [9]. Second, there is an uncertainty
in calculations of the core-polarization effects using
RPA with effective forces. The latter can be estimated
from the following considerations. Using RPA with
the effective forces, we can fit different nuclear mo-
ments in one nucleus. Then, in neighboring nuclei,
the calculated moments will differ from the data. This
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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difference can be regarded as an uncertainty in the
theory. In our experience, this difference is of the order
of 20% on the average, sometimes reaching a value
of 30% [21]. To be safe, we can adopt a conservative
30% uncertainty in calculations of sp. Therefore, in-
stead of (24), we would prefer to write for sp

sp = 0.2 ± 0.06 fm2. (27)

Since the error in (27) is not statistical, we cannot
give a probability distribution for sp. If one takes
0.14 fm2 as a minimal value of sp, then it gives the
following value for the proton EDM upper bound:

|dp| < 5.4 × 10−24 e cm. (28)

In summary, we calculated different contributions
of the protons and neutrons to the Schiff moment
of 199Hg. The effects of core polarization were ac-
counted for in the scope of RPA with effective residual
forces. A new upper bound of the proton EDM has
been obtained from the upper bound on the atomic
EDM of the 199Hg atom.
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Abstract—Hypernuclei are used to study the baryon–baryon weak interaction and associated effective
weak Hamiltonian.We will show how the proper choice of hypernucleus can be used to pick out components
of the effective weak Hamiltonian. It is well known that removing one nucleon from 9Be or 9B results
in 8Be∗ with a subsequent αα decay. Through this unique process, it would be possible to identify final
states of the residual nucleus. So, due to these specific properties of the core nuclei 9Be and 9B, it may be
possible to measure the branching fractions Γn(p)

ααi for the exclusive decays of the 10
ΛBe (10ΛB) hypernuclei.

c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION: HYPERNUCLEI

Λ hypernucleus A
ΛZ is a bound system of Z pro-

tons, A− Z − 1 neutrons, and one Λ hyperon. This
is a best example of a nucleus with a new flavor—
strangeness. The lifetime of a hypernucleus is about
2 × 10−10 s.

Hypernuclei are formed in any reaction of an ele-
mentary particle with nucleons of a nucleus in which
hyperons are produced. They were discovered by
Danysz and Pniewski [1] in a balloon-flown emulsion
stack, where salient pictures, namely, “twin stars”
corresponding to strong production of the primary
hypernucleus and weak decay of the hyperfragment
connected with a path (∼ 50 µm), were easily recog-
nized.

The large-scale systematic studies of hypernu-
clei began with the advent of separated K− beams,
which permitted the use of a counter technique and
confirmed the brilliant suggestion of Podgoretsky [2]:
instead of hunting down decays of random fragments,
to study hypernuclear production in the strangeness
exchange reaction

K− + AZ → A
ΛZ + π−, pK ≈ 530 MeV/c,

θπ ≈ 0 (qΛ ≈ 0),
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where the π− momenta can be used to determine
spectra of hypernuclear resonances. The pioneering
work of groups led by T. Bressani [3] and B. Povh
at CERN [4] and R. Chrien at BNL [5] established
the existence of hypernuclei and allowed a clear
assignment of hypernuclear states. The achieve-
ments of hypernuclear spectroscopy using the in-
flight (K−, π−) reaction stimulated the study of the
associated-production reaction π+ + n→ Λ +K+.
The different production reactions are complementary
and are required for a complete study of hypernuclear
spectra [6]. From these studies, the Λ-nucleus poten-
tial was derived and strength of spin–orbit interaction
was obtained.

The weak nonmesonic decay of Λ hypernuclei
is of top physical interest, since it gives access to
the weak-decay process ΛN → nN , which is only
achievable through the observation of hypernuclear
ground-state decays. The field of weak decay of Λ hy-
pernuclei has experienced impressive progress in the
last few years [7, 8]. Among weak-decay observables,
the total decay width (or lifetime) can be measured
most accurately [9] and is now available from different
experiments.

The main problem concerning the weak decay of
Λ hypernuclei is the disagreement between the the-
oretical and experimental values for the ratio Γn/Γp.
The results of the calculations lie below the data
points for all considered hypernuclei, although large
experimental error bars do not permit any definitive
conclusion. In order to solve the Γn/Γp puzzle, many
attempts have been made up to now, but without
success (see [8] for details).

One has to point out that present experiments
cannot identify the final state of the residual (A− 2)
2004 MAIK “Nauka/Interperiodica”
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nucleus in the case of nonmesonic decays
A
ΛZ → A−2Z + n+ n and
A
ΛZ → A−2(Z − 1) + n+ p,

and an average over many nuclear final states has to
be performed.

Below, we focus our attention on one peculiar case
which makes it possible to detect some of such final
states.

2. “ALPHA DECAYS” OF 10
ΛBe AND 10

ΛB
HYPERNUCLEI

It was proposed recently [10] to use the unique
feature of the 9Be nucleus—namely, the fact that, af-
ter removing a neutron from its ground state, several
groups of α particles appear from different excited
states of a residual nucleus 8Be. Due to their spe-
cific cluster structure—ααNΛ—it may be possible to
measure in the 10

ΛBe and 10
ΛB hypernuclei the partial

“alpha widths” Γτααi, corresponding to states of the
residual nucleus 8Be decaying through the αα chan-
nel. In the figure, the relevant states ofA = 8 isotopes
are displayed [11], as well as the probabilities of their
feeding, spectroscopic factors Sni .

The partial widths Γτααi can be determined through
detection of tagged α particles. Such tagged α par-
ticles were recognized as “hammer tracks” in the
emulsion and were efficiently used for identification
of 8

ΛLi (→ π− 8Be∗) [12]. The points of the produc-
tion and decay of relativistic hypernuclei [13] are
separated by many centimeters and this situation of-
fers a great advantage, a possibility of observing and
studying independently the production and decay of
hypernuclei. With the new trigger tuned to search
for two tagged α particles, Γnαα2(

10
ΛBe), Γnαα1(

10
ΛBe),
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
Γpαα2(
10
ΛB), and Γpαα1(

10
ΛB) could be measured at the

Dubna Nuclotron [14, 15].

In such a way, we can determine not only a
partial rate (including neutron ones), but also an
exactly one-nucleon stimulated process ΛN → nN .
The study of four Γτααi offers a unique possibility of
determining all needed matrix elements of the weak
interaction ΛN → nN .

3. PARTIAL DECAY WIDTHS OF 10
ΛBe

AND 10
ΛB

In our contribution to the problem of Γn/Γp ratio,
we have benefited from previous efforts, mainly from
the detailed analysis given by Parreño et al. [16].
We consider two decay channels, Λn→ nn (Γn) and
Λp→ np (Γp), in which the Λ hyperon picks up one
p-shell nucleon of the core nucleus. Employing the
technique of fractional-parentage coefficients (FPC),
the ground-state wave function of the initial hyper-
nucleus is decomposed [16] into a complete set of
wave functions of excited states in the residual (A−
2) nucleus Ψ(A−2)(Ei, Ji, Ti, τi) coupled to the com-
plete set of wave function of states of an ΛN pair,
|τ l, sΛ : L = lSJ〉. So, the wave function of the initial
state of the hypernucleus is

|I〉 =
∑
τ,j,l

∑
Ei,Ji,Ti

∑
J,S

√
k

(
Tiτi

1
2
τ

∣∣∣∣Tcτc
)

(1)

× U
(
JijJ

1
2

: JcJ
)
U

(
l
1
2
J

1
2

: jS
)

× gEcJcTc
ErJrTr

[
|kk−1EiJiTiτi〉 ⊗ |τ l, sΛ : L = lSJ〉

]J
and the total rate Γnm [16],
Γnm =
∑
τ=n,p

∑
Ei,Ji,Ti,J,T

∣∣∣∣∣
〈 [

Ψ(A−2)({i})Ψ(NN)(JT )
]J ∣∣∣∣Vw

∣∣∣∣
[
Ψ(A−1)({c})ψΛ

(
1
2

)]J 〉∣∣∣∣∣
2

, (2)
is a sum of partial rates Γτi :

Γτi =

∣∣∣∣∣
∑
SJ

GJ ({c}, {i}, τLSJ)wSJlτ

∣∣∣∣∣
2

. (3)

We use the shorthand notation {c} ≡ {Ec, Jc, Tc, τc}
and {i} ≡ {Ei, Ji, Ti, τi} for sets of quantum num-
bers describing the states of initial and final nuclei.
Here,

wSJ�τ =
∑
L′,S′

〈l1l2 : L′S′JT
∣∣Vw∣∣τ l, sΛ : L = lSJ〉

(4)

are unknown matrix elements of “weak interaction”
to be extracted from partial transition widths. The
factor GJ , the ΛN pair FPC, is equal to

GJ ({c}, {i}, τ lSJ) (5)
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ααi.
=
∑
j

U

(
JijJ

1
2

: JcJ
)
U

(
l
1
2
J

1
2

: jS
)
Si(τ lj),

where Si(τ lj) are spectroscopic amplitudes for the
separation of one nucleon from the ground state of the

nucleus: Si(τ lj) =
√
k

(
Tiτi

1
2
τ

∣∣∣∣Tcτc
)
gEcJcTc
EiJiTi

(lj),

and gci (lj) is a one-nucleon FPC in the intermediate
coupling:

gci (lj) =
∑
fcLcSc

∑
fiLiSi

aEcJcTc
fcLcSc

aEiJiTi
fiLiSi

(6)

× 〈lk[fc]LcScTc{|lk−1[fi]LiSiTi〉



Li Si Ji

l
1
2

j

Lc Sc Jc


 .

The coefficients aEcJcTc
fcLcSc

are results of the shell-model
Hamiltonian diagonalization [17].

There are only four |pjsΛ : J〉 states, p 1
2
sΛ with

J = 0, 1 and p 3
2
sΛ with J = 1, 2, or, in an LS cou-

pling scheme, 1P1, 3P0, 3P1, and 3P2. Hence, the par-
tial widths of nonmesonic decay of p-shell hypernu-
clei for transition into natural parity states are linear
combinations of four matrix elements w10

1τ (3P0), w01
1τ

(1P1), w11
1τ (3P1), and w12

1τ (3P2) only. From Eqs. (3)
and (5), one can easily see that partial widths cor-
responding to different Ji values are determined by
quite definite (and different) combinations of matrix
PH
elements wSJ1τ . The coefficients of these combinations

for our case
(
Jc =

3
2
, J = 1

)
are given in Table 1.

As a result, in an ideal case when the transitions
to final states with Ji = 0, 1, 2, and 3 are observed,
one can unambiguously determine all four matrix
elements wSJ1τ . The nuclear residual interaction ac-
counted for by the many-particle shell model influ-
ences the relative g 1

2
and g 3

2
quantities.

Now we should discuss one important question:
What is the role of nuclear structure in the par-
tial widths Γτααi, or how do the obtained matrix el-
ements depend on the nuclear “residual” interaction
employed in calculations of the wave functions for
A = 9 and A = 8 nuclei? To answer this question,
we will use standard approaches of the many-particle
nuclear shell model: the spectra and wave functions

Table 1. The spin structure of the fractional parentage
coefficient of ΛN pair

Ji
3P0

1P1
3P1

3P2

0
√

2
3
g 3

2

√
1
3
g 3

2

1

√
2
3
g 1

2
−
√

1
9
g 1

2
+
√

5
9
g 3

2

√
2
9
g 1

2
+
√

5
18
g 3

2

√
1
6
g 3

2

2 −
√

1
3
g 1

2
+
√

1
3
g 3

2

√
2
3
g 1

2
+
√

1
6
g 3

2

√
1
2
g 3

2

3 g 3
2
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Table 2. FPC of Λn pair in 10
ΛBe, Eq. (7), calculated with

different parametrizations of the Hamiltonian of the many-
particle nuclear shell model (the states of 8Be are labeled
by Jπ

i Ti and Ei [MeV])

Nuclear
model

0+0, 0.0 2+0, 3.0 2+0 + 1, 16.7

ν0 G0 ν1 G1 ν2 G2

CKI [18] 0.580 0.667 0.726 0.515 0.930 0.096

CKII [18] 0.581 0.667 0.728 0.515 0.970 0.105

Barker [17] 0.549 0.667 0.753 0.458 0.937 0.091

PBAI [19] 0.591 0.667 0.705 0.537 0.923 0.096

WB [20] 0.549 0.667 0.776 0.458 0.936 0.103

≈ 0.5 ≈ 0.1

of nuclear excited states are obtained by the diago-
nalization of the Hamiltonian matrix. The parameters
of the residual two-body interaction used were deter-
mined by the fit of a large amount of experimental
spectroscopic data on a range of p-shell nuclei [18].
Table 2 illustrates the influence of a nuclear model on
the calculated spectroscopic factors. We present there

G2
J ({c}, {i}, 1P1) = νiGi (7)

with Gi for weight of the singlet state of the ΛN pair
and νi for normalization factor (

∑
i νi = 5(1 + 1/8)

is the effective number of 1p-shell nucleons). The
models used employ the full 1p-shell space and differ
only in the nuclear residual interactions. We have se-
lected several models usually used in the calculations
of characteristics of 1p-shell nuclei. The calculations
were performed with the many-particle shell-model
code OXBASH [21].

4. WHAT “ALPHA-DECAY” WIDTHS
TELL US

As we pointed out above, the detection of corre-
lated αα pairs from the decay of 10

ΛBe and 10
ΛB allows

one to determine all necessary matrix elements wSJlτ
and describe the nonmesonic decay of p-shell hyper-
nuclei.

This is very complicated task and several comple-
mentary experiments should be carried out. However,
measurement of even a few partial widths opens the
way for the phenomenological analysis of matrix ele-
ments of weak interaction and reveals its peculiarities.

Here, we discuss that one can obtain information
about nonmesonic weak interaction from the α decay
of 10

Λ Be and 10
Λ B, which will be measured in the exper-

iment approved at the Nuclotron in the Joint Institute
for Nuclear Research, Dubna, Russia.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
Table 3. The possible ΛN → nN transitions in s-shell
hypernuclei

Transition Tf ∆S Parity
1S0 → 1S0 1 0 PC
1S0 → 3P0 1 1 PV
3S1 → 3S1 0 0 PC
3S1 → 1P1 0 1 PV
3S1 → 3P1 1 0 PV
3S1 → 3D1 0 0 PC tensor

Our starting point is phenomenological analysis
developed forty years ago by Block and Dalitz [22]
for the study of nonmesonic decay of the s-shell
hypernuclei. In the s-shell hypernuclei, the pair ΛN
can be in the state with total orbital moment L = 0
only. The total angular moment J , which is con-
served by the weak interaction, is equal to the pair
total spin, S. The final states of nucleons produced
in the nonmesonic weak decay are shown in Table 3.
We would like to stress that the weak interaction
Λ hyperon with a neutron with production of two
neutrons (Tf = 1) is possible for certain states only.
For example, the neutron yield will be suppressed for
one-pion exchange, where the 3S1 → 3D1 transition
dominates. Total widths of nonmesonic decays of four
s-shell hypernuclei 3

ΛH, 4
ΛH, 4

ΛHe, and 5
ΛHe have been

expressed by Block and Dalitz [22] as the sums of four
rates RτS:

Γnm(3ΛH) = (ρ3/8) (3Rn0 + 1Rn1 + 3Rp0 + 1Rp1),
(8)

Γnm(4ΛH) = (ρ4/6) (1Rn0 + 3Rn1 + 2Rp0)

≡ ΓnH + ΓpH,

Γnm(4ΛHe) = (ρ4/6) (2Rn0 + 1Rp0 + 3Rp1)

≡ ΓnHe + ΓpHe,

Γnm(5ΛHe) = (ρ5/8) (1Rn0 + 3Rn1 + 1Rp0 + 3Rp1),

where ρA is the nucleon density of the nuclear core.
The RτJ are simply connected with the rates of asso-
ciated partial wave transitions from Table 3:

Rn0 = Rn(1S0) +Rn(3P0),

Rp0 = Rp(1S0) +Rp(3P0),

Rn1 = Rn(3P1),

Rp1 = Rp(1S1) +Rp(1P1) +Rp(3P1) +Rp(3D1).

From (8), some simple relations between the widths
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Table 4. Ratios γn/p
i (A = 10) and Rn0/Rp0 (A = 4) calculated for different models of weak interaction

OME [23] TPE [24] HQ [25] PH [26]

π PS +PV Vπ +V2π/ρ +V2π/σ π +K DQ all AG1 AG2

γ
n/p
1 0.25 0.56 3.22 0.14 0.25 0.63 0.50 1.12 0.65 0.87 1.07

γ
n/p
2 0.13 0.51 3.26 0.08 0.19 0.28 0.44 1.41 0.75 1.06 0.90

Rn0/Rp0 2.0 2.0 2.0 2.0 2.5 2.0 1.8 0.85 0.13 0.6 2.0
of nonmesonic decays of s-shell hypernuclei follow:

Rn0

Rp0
=

ΓnHe

ΓpH
,

Rn1

Rn0
=

1
3

(
2

ΓnH
ΓnHe

− 1
)
, (9)

Rp1
Rp0

=
1
3

(
2
ΓpHe

ΓpH
− 1
)
.

Recently, the values of Γτ (4ΛH) and Γτ (4ΛHe) were
calculated with several models of weak interactions
(one-meson exchange [23], two-pion exchange [24],
hybrid quark [25]) between hyperons and nucleons.
And it is possible now to extract ratios of RτS from
theoretical Γτ (4ΛH) and Γτ (4ΛHe) values.

In order to compensate the small number of quan-
tities measured at the Nuclotron, we have to simplify
expression (3) for partial width Γτi . The authors of
recent calculations [16, 24] show that the contribu-
tion of the decay rates from ΛN in the state with
relative l = 1 is only ≈ 5% of the total rates for the
12
ΛC hypernucleus, so we neglect them for a moment.
Now we can write an extremely simple expression for
Γ̃τi :

Γ̃τi = κ[GiRτ0 + (1 −Gi)Rτ1]. (10)

Here, κ absorbs all radial dependences andGi is from
Table 2. The benefit of such an oversimplification is
a possibility of relating decay rates for A = 10 hyper-
nuclei to decay rates for s-shell hypernuclei 4

ΛH and
4
ΛHe. The ratios

γ
n/p
i ≡ Γ̃nααi(

10
Λ Be)

Γ̃pααi(
10
Λ B)

=
Rn0

Rp0

Gi + (1 −Gi)(Rn1/Rn0)
Gi + (1 −Gi)(Rp1/Rp0)

(11)

depend on single structure characteristic Gi. How-
ever, Gi differs strongly for two states in 8Be: G1 =
0.5 for the state at E = 3 MeV and G2 = 0.1 for
states at E = 16.7 MeV (Table 2). This opens the
way to estimate the possibility of the Nuclotron ex-
periment to select the proper model of weak inter-

action. In Table 4, we display ratios γn/p1 and γn/p2
with RτS calculated within different models [23–25]
or obtained from phenomenological analysis [26].
PH
5. CONCLUSION

It is shown that the spin structure of theweak non-
mesonic process ΛN → nN can be studied in partial
αα decays of hypernuclei 10

Λ Be and 10
Λ B due to specific

cluster properties of core nuclei 9Be and 9B. The ratio

γ
n/p
i , introduced in this paper, is very sensitive to the

model of the weak interaction ΛN → nN . Also, this
ratio reveals a small sensitivity to the choice of nuclear
residual interaction employed in the calculations. For
this reason, even the first results expected in the
planned experiment at the JINR Nuclotron can play
a decisive role in selecting the proper model of weak
ΛN → nN interaction.
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Abstract—Decay particles from the s-hole states in 11B and 15N have been measured in coincidence with
the quasifree 12C(p, 2p) and 16O(p, 2p) reactions at Ep = 392 MeV. Triton decay is found to be dominant
for the 11B(s-hole) state and also found to be larger than α decay for the 15N(s-hole) state despite its
smaller Q value compared to α decay. Measured decay branching ratios are discussed in comparison with
the results of statistical-model,SU(3)-model, and shell-model calculations. The energy spectra around the
s-hole states in both 11B and 15N exhibit some bumplike structures, which can be qualitatively explained
by recent shell-model calculations for both nuclei. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Quasifree scattering is one of the most direct
ways of investigating both the single-particle prop-
erties in a nucleus and the nature of the strong
interaction in the nuclear medium. The first kind of
quasifree scattering reaction to be studied exten-
sively was of the form AZ(p, 2p)A−1(Z − 1), which
is then interpreted as a direct knockout of a pro-
ton bound in the AZ nucleus by a fast incident
proton, and the A−1(Z − 1) remains in a one-hole
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state. After the first (p, 2p) experiment by Cham-
berlain and Segrè [1], quasifree proton knockout
reactions were systematically measured using pro-
ton beams at medium energies [2, 3] and, later,
plenty of quasifree (e, e′p) investigations were also
performed [4]. However, for deep-hole states, only
the macroscopic structures like separation energies
(Esep) and total widths (Γ) are obtained. Detailed
structures and fragmentation mechanisms of deep-
hole states have been little known even for light nuclei
until now, while interests in decay characters of s-
hole states in light nuclei have been newly aroused
through the study of the production of hypernuclei [5,
6] and the relation to the nucleon decay search
[7, 8].

The 1s-hole states are observed as broad bumps
in the highly excited energy region above 20 MeV.
It is estimated that the ratio of the nuclear radius
to the mean free path of a 1s hole is about or less
than 1 in p-shell nuclei and larger than 1 in heavy
nuclei [9]. These results indicate that the s-hole states
in light nuclei may have large escape widths (Γ↑) and
that the spreading widths (Γ↓) are dominant in heavy
nuclei. Yamada et al. [9] recently calculated spec-
troscopic factors and partial decay widths for two-
body cluster decay processes from the doorway s-hole
states of 11B and 15N in the framework of the mi-
croscopic cluster model with SU(3) wave functions.
The description of the s-hole state is based on the
fact that the doorway s-hole state produced by the
2004 MAIK “Nauka/Interperiodica”



STRUCTURES AND DECAY OF DEEP-HOLE STATES 1811
quasifree knockout reactions should have the same
spatial symmetry as the ground state of the target
nucleus, whose wave function is well described by
the SU(3)-cluster model in light nuclei. The authors
showed in their SU(3)-model calculation that a se-
lection rule owing to the spatial symmetry is valid for
fragmentation of s-hole states in light nuclei: n, p,
d, t, and 3He fragments are allowed, while fragments
such as the α particle and heavier particles are for-
bidden. On the other hand, since the Q values for α
fragments in most light nuclei are larger than those
for other cluster decay channels, α decay is favored in
the statistical decay process.

In the present work, particle decays from the
quasifree proton-knockout reactions on 12C and
16O are studied to understand the structures and
fragmentation mechanisms of the s-hole states in 11B
and 15N. The (p, 2p) reaction at intermediate energies
is well described by the direct reaction picture and
is flexible enough to choose the proper kinematics to
enhance the s-hole state.

2. EXPERIMENTAL PROCEDURE
AND RESULTS

The experiment was carried out at the Research
Center for Nuclear Physics (RCNP), Osaka Univer-
sity, by using a 392-MeV proton beam accelerated by
the AVF and Ring cyclotrons. The quasifree (p, 2p)
reaction was measured with the dual spectrometer
system consisting of the high-resolution spectrome-
ter Grand Raiden (GR) [10] and the large-acceptance
spectrometer (LAS) [11]. GR was set at the most
possible forward angle (25.5◦) for the (p, 2p) mode
and detected protons with higher energies, taking into
account the difference of the momentum acceptance
of GR (5%) and LAS (30%). The laboratory angle
of LAS and the magnetic fields of the spectrometers
were determined to satisfy the zero-recoil momentum
condition at the central energy of the 1s1/2-knockout
bump, where the cross section leading to the s-hole
state is maximal. Two multiwire drift chambers in
each focal plane of both spectrometers determined
the positions and the incidence angles of particles.
Particle identification was provided by the∆E signals
from plastic scintillation counters, which were also
used for trigger signals. We separated the experiment
into two parts. In the first beam time, charged particle
decay of the s-hole states in both 11B and 15N was
measured in coincidence with the quasifree 12C(p, 2p)
and 16O(p, 2p) reactions, and neutron decay of the s-
hole state in 15N was measured in the second beam
time.

In the measurements of charged-particle decay,
one generally needs a thin target because the energy
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
losses of the emitted particles like α in the target are
not negligible. We used a natural carbon target with a
thickness of 0.5 mg/cm2 for the 12C(p, 2p) reaction.
A quartz glass (SiO2) target and a natural silicon
(Si) target each with thickness of about 2 mg/cm2

were employed for the 16O(p, 2p)15N reaction, and the
cross section was obtained after subtracting the Si
target runs from the SiO2 runs. Charged particles
decaying from the highly excited states in 11B and
15Nwere measured in sixteen telescopes of∆E−E Si
solid-state detectors (SSD) in coincidence with the
two protons of the (p, 2p) reaction. Each telescope
consisted of a thin (20, 50, or 100 µm) ∆E SSD
and a thick (5000 µm) E Si(Li) detector. Eight 20-
µm ∆E detectors were used for the identification
of α particles with Eα ≥ 4.5 MeV. The 50-µm and
100-µm ∆E detectors were used for identification of
protons, deuterons, and tritons. The SSD telescopes
were mounted on a copper frame of a hemispheri-
cal shape and placed in the scattering chamber at
backward angles. The total solid angle of the SSD
array was 3.5% of 4π. In order to reduce the leakage
current, the SSD system was cooled to about−20◦C
with four Peltier elements. The experimental details
and the results for the charged-particle decay of the
11B(s-hole) state were already reported in [12].

In the measurements of neutron decay, we used
a newly constructed small scattering chamber made
of thin stainless steel with a 4-mm thickness and a
neutron multidetector array system previously devel-
oped at RCNP [13], which consisted of, at maximum,
48 BC-501A liquid scintillators. In the present ex-
periment, 30 scintillators were employed and placed
at a distance of 2 m from the target. The energy of
each neutron was determined with the time-of-flight
(TOF) methods. The neutron-decay measurements
were carried out only for the 16O(p, 2p) reaction. In
the detection of decay neutrons, the thickness of the
target is not a serious problem, but the detection
efficiency and the solid angle are small compared
to the charged-particle decay measurements. There-
fore, we adopted an H2O ice sheet as a background-
free oxygen target, which was recently developed by
Kawabata et al. [14]. The ice target with a thickness
of 40 mg/cm2 was cooled down to below 140 K by
liquid nitrogen, where the loss of the target material
by the sublimating process is negligible.

Excitation energy spectra of the hole states ob-
tained by summing up the energies of two emitted
protons are shown in Fig. 1a for the 12C(p, 2p)11B
reaction and in Fig. 2a for the 16O(p, 2p)15N re-
action. The differential cross sections are calculated
with ∆Ω1 = 4.3 msr, ∆Ω2 = 20.0 msr, and ∆E1 =
12.5 MeV. The systematic errors of the absolute cross
sections are estimated to be 10 to 15%, which are due
04
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Fig. 1. (a) Energy spectrum of the differential cross sec-
tion of 11B produced by the 12C(p, 2p)11B∗ reaction at
Ep = 392 MeV. (b) Excitation energy spectra of 11B in
coincidence with decay charged particles. The contribu-
tions of the p, d, t, and α decays are shown separately.

to the uncertainties of the target thickness (includ-
ing contaminant subtractions) and charge collections
and the acceptance normalization. Several discrete
p-hole states, such as the ground state (3/2−) and
the first excited state (2.125 MeV, 1/2−) in 11B and
the ground state (1/2−) and the third excited state
(6.32 MeV, 3/2−) in 15N, are observed with an energy
resolution of 450 keV (FWHM). The s-hole states
are strongly excited in the higher excitation energy
region. The bump corresponding to the s-hole state
in both 11B and 15N obviously splits into several
components.

In the higher end of excitation energies, the detec-
tion efficiencies decrease gradually in both reactions
due to the finite momentum acceptance of the spec-
trometers. Moreover, in the decay measurements, the
decay particles were detected mostly for excitation
energy above ∼ 16 MeV. Therefore, the hatched re-
gions of the s-hole states in both Fig. 1a and Fig. 2a
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Fig. 2. (a) Energy spectrum of the differential cross sec-
tion of 15N produced by the 16O(p, 2p)15N∗ reaction at
Ep = 392 MeV. (b) Excitation energy spectra of 15N in
coincidence with decay charged particles. The contribu-
tions of the p, d, t, and α decays are shown separately.
(c) Excitation energy spectrum of 15N in coincidencewith
decay neutrons.

are studied in the decay analysis, which are further
separated into three regions in order to investigate the
substructures of the s-hole states.

The coincidence spectra with decay charged par-
ticles for the 12C(p, 2p) reaction are shown in Fig. 1b.
Accidental coincidence events were subtracted. The
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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threshold energies of two-body decay from 11B to
the channels 10B + n, 10Be + p, 9Be + d, 8Be + t,
8Li + 3He, and 7Li + α are 11.5, 11.2, 15.8, 11.2,
27.2, and 8.7 MeV, respectively. The 3He-decay
events, which are hardly expected due to its large
threshold energy, are included in the α-decay portion.
It is apparent in Fig. 1b that the triton contribution is
the largest, although the Q value is smaller than that
of α decay. The branching ratios are calculated under
the assumption that the decay from the s-hole state
is isotropic:

Bri =
∫
ni(4π/∆ΩSSD)dEx∫

NdEx
, (1)

i = (n), p, d, t, and α,

where N is the number of events of the (p, 2p) reac-
tion, ni is the number of particles detected for i decay,
and Ex is the excitation energy of the s-hole state.

From the projection of two-dimensional spectra of
the energies of decay particles versus the excitation
energy Ex of 11B, the peaks populating low-lying
states up to the excitation energy of about 5 MeV
in each residual daughter nucleus indicate that those
events occur mainly through a binary decay process.
We define the two-body decay region in each de-
cay channel of the 11B(s-hole) state as Ex(res) ≤
max(5 MeV, Eth(3-body)), where Ex(res) indicates
the excitation energy relative to the ground state
and Eth(3-body) denotes the threshold energy of par-
ticle decay in the residual nucleus. The branching
ratio of the two-body decay to the low-lying states
of the residual nucleus is calculated for this region.
Events outside of the two-body decay region consist
of mainly the three-body decay and sequential decay
processes. It should be noted that, for particles with
smallEth(3-body), the three-body decay and sequen-
tial decay processes are partially included in the two-
body decay region defined above.

The coincidence spectra with decay particles for
the 16O(p, 2p) reaction are shown in Figs. 2b and
2c for charged particles and neutrons, respectively.
The threshold energies of two-body decay from 15N
to the channels 14N + n, 14C + p, 13C + d, 12C +
t, 12B + 3He, and 11B + α are 10.8, 10.2, 16.2,
14.8, 28.2, and 11.0 MeV, respectively. The 3He-
decay events are also included in the α-decay portion.
In Fig. 2b, it is found that the α-decay contribution is
very small. The branching ratios are calculated using
Eq. (1) for the range between 16 and 40 MeV. In
the region of Ex ≤ 20 MeV, however, d and t decays
could not be measured due to the lower limits of
the detectable energies. The branching ratios of the
decay to the low-lying states of the residual nuclei
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
are calculated similarly in the case of 11B. The two-
body decay region in each decay channel is defined
as Ex(res) ≤ max(8 MeV, Eth(3-body)). The three-
body decay and sequential decay processes are almost
excluded in the two-body decay region, except for d
decay with the three-body decay threshold energy of
5.0 MeV.

3. COMPARISON WITH THEORETICAL
CALCULATIONS

In Fig. 3, the experimental branching ratios of de-
cay particles from the excitation energy region of 16–
35 MeV in 11B and of 20–40 MeV in 15N are shown,
respectively, together with the results of a statistical-
model calculation with the code CASCADE [15].
The transmission coefficients were calculated with
the global optical potential parameters of [16–20],
which are well suited for light nuclei. Energy levels
known below 12-MeV excitation energy were ex-
plicitly included for all nuclei (6 ≤ A ≤ 16) necessary
for the calculation, while the levels of higher exci-
tation energies were calculated using level-density
parameters given in the code. In the CASCADE
calculations, decay particles above the experimental
detection thresholds were only employed to obtain the
branching ratios. The branching ratios of the decay
onto the two-body decay regions are also indicated in
Fig. 3 with dark areas.

In the case of the 11B(s-hole) state, the mea-
sured branching ratios of both t decay and α decay
are much larger than those of the statistical-model
calculations. The experimental α decay in the two-
body decay region is about one-half of the total α
decay, indicating that contributions of the sequential
decay and three-body decay processes are large in
this channel. Actually, theα+α+ t three-body decay
channel has a very low threshold energy of 11.2 MeV
and may compete against the two-body decay pro-
cess, while the statistical-model calculations include
only the two-body decay and sequential decay pro-
cesses. This suggests that the three-body decay pro-
cess could contribute significantly to the branching
ratios of α decay. However, even in the two-body
decay regions, the t-decay strength is still dominant.
Furthermore, the relative ratio of the t decay to the
α decay in the experiment is opposite to that of the
statistical calculations as well as the ratio of the p
decay to the d decay.

In the case of the s-hole state in 15N, the three-
body decay threshold is higher than those of the
two-body n, p, d, t, and α decay. Moreover, the
ground state of 16O is more purely described as the
SU(3)(λµ) = (00) state. Thus, 15N is more suitable
to understand the microscopic structure and frag-
mentation mechanism of the s-hole state. In Fig. 3
04
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Fig. 3. Comparisons of the measured branching ratios of
the n, p, d, t, and α decays from the excitation energy
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regions are indicated with dark areas (see text).

(bottom), the neutron fragments account for about
half of the total decay fragments in both the measure-
ments and the statistical-model calculations. Only
the measured branching ratio of t decay is much
larger than that of the statistical-model calculations.
The n decay and p decay are considerably reduced in
the two-body decay regions, suggesting the sequen-
tial decay processes are large in these channels. In
the two-body decay regions, the measured n decay
and t decay are larger than those of the statistical-
model calculations, while the measured p, d, and α
decays are reasonably well explained by the calcula-
tions. Although the large t decay compared toα decay
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Fig. 4. (a) Experimental branching ratios of the p, d, t,
and α decays onto the two-body decay regions from the
three excitation energy regions of 16–20, 20–26, and 26–
35 MeV in 11B. (b) Branching ratios of the n, p, d, t, and
α decays from the three excitation energy regions of 16–
20, 20–26, and 26–35 MeV in 11B obtained by the 1�ω
shell-model calculations [21]. (c) Branching ratios of the
n, p, d, t, and α decays from the doorway s-hole state in
11B calculated by the SU(3) model [9]. Branching ratios
for the states with [f ](λµ) = [4421](04) and [f ](λµ) =
[443](04) and total branching ratios are shown.

supports the selection rule coming from the SU(3)
spatial symmetry, the portion of the statistical decay
may be considerable for the 15N(s-hole) state.

Figure 4a shows the branching ratios of p, d, t,
and α decays in the two-body decay regions from
the three excitation energy regions of 16–20, 20–
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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26, and 26–35 MeV in 11B. The decay patterns
from the respective regions suggested by the sub-
structures are very different, indicating that the s-
hole state in 11B splits into some components with
different microscopic structures. Owing to the de-
tection threshold, the measured deuteron branching
ratio is zero in the low-energy region. Predictions
from the SU(3) model [9] are shown in Fig. 4c,
where the 11B(s-hole) state has the same spatial
symmetry as the ground state of 12C, SU(3)(λµ) =
(04), and has two degenerated partition symmetries
[f ] = [443] and [4421]. When the branching ratios
of α decay are neglected, the experimental decay
pattern of the 26–35 MeV region is similar to
that of the SU(3)[f ](λµ) = [443](04) component.
The first and second regions may have both the
SU(3)[f ](λµ) = [4421] (04) and [443](04) compo-
nents, whereas the mixing of the [4421](04) com-
ponent seems to decrease with increasing excitation
energy.

Yamada [21] has recently made new calculations
within the framework of the 1�ω shell model. The
excitation spectrum of the 12C(p, 2p) and 16O(p, 2p)
reaction was formulated within the impulse approx-
imation, where calculated energy-dependent spec-
troscopic factors for the 12C(g.s.) → p+ 11B(s-hole)
and 16O(g.s.) → p+ 15N(s-hole) processes were
folded by a Lorentzian function. The result of the
shell-model calculation shows that the s-hole state
in 11B splits into three parts. Although the calculated
strength ratios of the three regions are different from
the experimental results, the substructure of the s-
hole state is reasonably well explained by the shell-
model calculation. The energy dependence of the
branching ratios for n, p, d, t, and α decays from
the 11B(s-hole) state was also calculated using the
separation-energy method [22], where the partial de-
cay width is defined as the product of the penetration
factor and reduced width. As shown in Fig. 4b, the
calculated branching ratio of the t decay is larger
than that of the α decay, reflecting the selection
rule as mentioned above. The enhancement of the t
decay observed in the present experiment, however,
is not reproduced by the shell-model calculation.
Calculations including the direct three-body decay
process will be needed to explain the experimental
decay pattern.

Figure 5a shows the experimental branching ra-
tios of n, p, d, t, and α decays in the two-body decay
regions from the three excitation energy regions of
16–20, 20–30, and 30–40 MeV in 15N. The decay
patterns between the lower region and higher region
of the bump with the mean energy of 28 MeV are
very different, indicating that this s-hole bump in 15N
includes a few components with different microscopic
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
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the three excitation energy regions of 16–20, 20–30, and
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t, and α decays from the two excitation energy regions
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p, d, t, and α decays from the doorway s-hole state in
15N calculated by the SU(3) model [9]. Branching ratios
for the states with [f ](λµ) = [44421](00) and [f ](λµ) =
[4443](00) and total branching ratios are shown.

structures. Predictions from the SU(3) model [9] are
shown in Fig. 5c, where the 15N(s-hole) state has
the same spatial symmetry as the ground state of
16O, SU(3)(λµ) = (00), and has two degenerated
partition symmetries [f ] = [4443] and [44421]. The
branching ratio ofα decay is exactly zero in the calcu-
04
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lations of the SU(3) model due to the selection rule.
The experimental decay pattern of the 30–40 MeV
region strongly supports the selection rule and is sim-
ilar to that of the SU(3)[f ](λµ) = [4443](00) com-
ponent. However, the large branching ratios of d de-
cay in the SU(3)-cluster model calculations do not
agree with the experimental branching ratio, even
taking into account the rather large lower limit of
the detection energy. The second region may have
both the SU(3)[f ](λµ) = [44421](00) and [4443](00)
components.

The branching ratios for two energy regions cal-
culated with the shell model are shown in Fig. 5b for
n, p, d, t, and α decays from 15N(s-hole) state. The
branching ratio of the α decay is very small owing to
the selection rule as mentioned above. The agreement
between the experimental branching ratios onto the
two-body decay regions and calculated ones is fairly
good in both regions, implying that the main part of
the binary fragmentation is the direct decay of the
doorway s-hole state. At first sight, this seems to be
inconsistent with the results obtained from the com-
parison with the statistical-decay calculations, where
some (not small) amounts of the statistical decay
are considered to contribute to the total branching
ratios. However, if we estimate the direct decay parts
of the experimental branching ratios by subtracting
the calculated statistical-decay ratios multiplied by
0.5 from the experimental ones in the two-body decay
regions and compare it with the result of the shell-
model calculations of Fig. 5b multiplied by 0.5, the
agreement between two branching ratios is very good
not only for the decay patterns but also for the abso-
lute values. This indicates that the ratio of the escape
width (Γ↑) to the spreading width (Γ↓) of the 15N(s-
hole) state is about 1.

4. SUMMARY

We presented the first measurements of the decay
particles from the s-hole state in 11B and 15N excited
by the 12C(p, 2p) and 16O(p, 2p) reactions at Ep =
392 MeV. The measured excitation energy spectra
show that both s-hole states split into some sub-
structures. These splittings agree qualitatively with
the results of recent shell-model calculations [21]. For
the s-hole state in 11B, the triton decay probability
was found to be larger compared to any other de-
cay, although the Q value of the α-decay channel is
larger. The present results for the decay branching
ratios of the 11B(s-hole) state cannot be reproduced
by statistical model calculations. SU(3)-model cal-
culations [9] explain the experimental decay character
qualitatively in the higher excitation region, while the
SU(3)(λµ) = [443](04) feature in the SU(3)-model
PH
calculations becomes unclear in the shell-model cal-
culations.

In the case of the s-hole state in 15N, the sup-
pression of α decay is clearly recognized in the bi-
nary decay process, which supports the selection rule
due to the spatial SU(3) symmetry. The shell-model
calculation explains the experimental two-body decay
patterns better than the SU(3)-model calculations.
From a comparison between the experimental results
and both the statistical-model and the shell-model
calculations, nearly half of the total fragmentation of
the 15N(s-hole) state is concluded to be the direct
decay of the doorway s-hole state.
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Abstract—Main properties of the excited states of 118Sn manifesting themselves in cascade γ decay of
its compound state are studied. As in heavier nuclei studied earlier, qualitative interpretation of the whole
set of observed properties of the nucleus appears to be impossible without accounting for coexistence and
interaction of quasiparticle and collective nuclear excitations and their considerable influence on the main
parameters of the process under study. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The study of the two-step γ cascades following a
thermal-neutron capture in more than 50 nuclei from
28Al to 200Hg in Dubna, Riga, and Řež allowed us to
obtain unique information on nuclear properties in the
energy range from the ground state up to, practically,
the neutron binding energyBn. Analysis of this infor-
mation provided the following conclusions:

1. Experimental intensities of the cascades to
groups of low-lying levelsEf cannot be reproduced in
calculations with a precision achieved in experiments
if one explores standard ideas of nuclear models. This
cannot be done either within the simplest models
like the noninteracting Fermi gas model or in the
framework of the well-elaborated generalized model
of superfluid nucleus [1].

2. A quite reliable energy dependence of the level
density as well as radiative strength functions of
dipole γ transitions can be extracted from experimen-
tally obtained dependences of the cascade intensities
on the energy of their primary transition E1 (or the
energy of their intermediate level Ei = Bn − E1).

A practical possibility of solving this problem is
determined by the following factors:
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(i) A cascade intensity distribution (Fig. 1) is ex-
tracted [2] from the mass of γ–γ coincidences by
means of the sum coincidence method. This exper-
imental distribution contains a number of pairs of
sufficiently narrow [3] full-energy peaks correspond-
ing to intense cascades, a continuous distribution
formed by a number of low-intensity cascades, and a
“noise line” with zero mean value—a result of back-
ground subtraction. The local specific deviations of
the normal distribution of events in a noise line can
be partially or completely rejected numerically [4].

(ii) The main part (more than 95–99%) of the
intensity of cascades with E1 > 0.5Bn can be ex-
tracted from these spectra in the form of energetically
resolved pairs of peaks, quanta ordering in which
is determined [5] with a high reliability using the
maximum likelihood method. However, this requires
a modern [6] spectrometer for registration of coinci-
dences.

Using only these data, we determined (Fig. 2)
the most probable energy dependence of all two-step
cascades terminating at the ground and first excited
states of 118Sn. This permits one to make, according
to the method [7], quite unambiguous (in the limits
of existing notions and possibilities of studying this
process) conclusions about both the density of the
states excited at a thermal neutron capture and a
reduced probability of their population by γ quanta.

2. ESTIMATION OF THE MOST PROBABLE
LEVEL DENSITY ρ AND RADIATIVE

STRENGTH FUNCTIONS k

A radiative strength function k = Γλi/(E3
γA

2/3 ×
Dλ) (here, Γλi is a partial width of γ transition with
the energy Eγ , A is the nucleus mass, and Dλ is the
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. The intensity distribution of two-step cascades
with the total energyE1 + E2 = 9326 keV in 118Sn (after
background subtraction and corrections for efficiency of
the registration of cascades).

spacing between decaying levels λ) and a level density
ρ determine the total radiative width of a compound
state Γλ and a cascade intensity Iγγ [8] in the follow-
ing way:

Γλ = 〈Γλi〉mλi, (1)

Iγγ =
∑
λ,f

∑
i

Γλi
Γλ

Γif
Γi

(2)

=
∑
λ,f

Γλi
〈Γλi〉mλi

nλi
Γif

〈Γif 〉mif
.

Here, the values of the total and partial γ widths are
set for the compound state λ and the cascade inter-
mediate level i, respectively; m is the total number of
excited levels; and n is the number of excited levels
in the energy interval ∆E of averaging of the cascade
intensity.

These equations do not allow one to determine k
and ρ unambiguously and independently. A deviation
of, for example, ρ from its real value is inevitably
compensated by deviations of strength functions of
the corresponding magnitude and sign. However, as
was shown in [7], possible values of these deviations
are rather small. Nevertheless, the results obtained
in analysis [7] can be used to verify nuclear models
and, if necessary, to point out a direction of their
further development. The main argument in favor of
this statement is relatively weak dependence of final
results on the initial values of k and ρ (even if they
are absolutely unreal) in the iterative process [7]. The
most serious assumption of the method [7] of de-
termination of k and ρ is the equality in the energy
dependence of radiative strength functions for the
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Fig. 2. Experimental distribution of the total intensity of
two-step cascades terminating at the ground and first
excited states in 118Sn as a function of the energy of
their primary transitions E1. Ordinary statistical errors
are shown.

primary and secondary transitions. If it is not true,
then in the extracted values of k and ρ uncontrolled
and, probably, significant systematic error can appear.
Depending on the sign of this error, a discrepancy
between the model and experimental values of k and
ρ can decrease or increase.

Although calculations of the total γ-ray spectra
with the use of a level density [7] and different (but, in
principle, possible) radiative strength functions have
showed [9] that the main properties of a level density
are extracted with high confidence and the probable
error reduces the discrepancy between the experi-
mental and model [10, 11] values of k and ρ, an
independent complementary test of the method [7] for
every studied nucleus is required.

The values of k and ρ shown in Figs. 3 and 4 reflect
the common features of their energy dependences.
This conclusion is achieved by comparison of the ex-
perimental data with the results of calculations within
different assumptions on the intensities of cascades
terminating at higher lying levels (see table). Since
the k and ρ values shown in Figs. 3 and 4 allow one to
reproduce simultaneously

(i) the total radiative width Γλ of the compound
state,

(ii) the energy dependence of the intensity Iγγ of
cascades to the ground and first excited states of
118Sn, and

(iii) the total intensity of cascades to different final
levels with energy up to 2.8 MeV, one can consider
the strength functions and the level density obtained
in 118Sn by the method [7] as the most probable
ones. These data, of course, contain some systematic
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Fig. 3. The sum of probable radiative E1 and M1
strength functions (with estimated errors). The upper and
lower solid curves represent predictions of the models [13]
and [10], respectively (the value k(M1) = const normal-
ized to the experimental data at Eγ ≈ Bn is added).

errors owing to errors in determination of Iγγ and
incompleteness of information on the intensity of the
two-step and larger multiplicity cascades.

The results of the analysis are compared with pre-
dictions of theoretical calculations of the level den-
sity [11, 12] and radiative widths [10, 13]. In the
case of radiative strength functions, a comparison is
performed in the following manner: the k(E1) val-
ues calculated according to [13] and [10] (upper and
lower curves in Fig. 3, respectively) are summed with
k(M1) = const, which is normalized so that the ratio
Γ(M1)/Γ(E1) would be approximately equal to the
experimental value at Eγ � Bn.

A comparison of the results of the analysis with
predictions of [10–13], which are often used to this
end, shows the following:

1. The energy dependence of the function k(E1) +
k(M1) in 118Sn differs strongly from predictions
of [10, 13] as in even–even compound nuclei from
the region of the 4s resonance of a neutron strength
function.

2. The probable level density conforms to the pic-
ture obtained in previous experiments [7, 14]: up to
the excitation energy�3.5 MeV, our data do not con-
tradict the exponential extrapolation of ρ(Eex) pre-
dicted by the Fermi gas back-shift model [11]. The
level density atEex > 3MeV is considerably less than
that predicted by this model. Above Eex ≈ 5 MeV,
the level density is in better agreement with the pre-
dictions of the generalized model of the superfluid
nucleus in its simplest version [12]. The values of
PH
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Fig. 4. The number of levels with 0± ≤ Jπ ≤ 2± and its
dispersion (circles with bars). The histogram represents
the results of analysis [14]; triangles show the observed
number of intermediate levels of intense cascades. Solid
and dashed curves are the predictions of the models [11]
and [12], respectively.

ρmod predicted by the latter reduce the parameter
χ2 = ((ρmod − ρbest)/δρbest)2 by a factor of about 3
as compared with the predictions of [11] for Eex ≥
4 MeV.

A very fast exponential increase in the level density
at Eex � 5 MeV points out [12] probably a dominant
influence of many-quasiparticle structure of these
states involving inner subshells.

3. DISCUSSION

The above conclusion is true only to an extent
determined by contemporary (and included in the
analysis [7]) notions of properties of nuclear excited
states and dynamics of the γ-cascade process from a
neutron resonance.

The main notions are the following:
(a) The branching coefficients at depopulation of

any level i do not depend on the way of its feeding.
(b) All levels in a given excitation energy interval

follow a sole statistical distribution. That is, the mean
reduced probability of their population by primary E1
and M1 transitions is equal for any level in the spin
window determined by the selection rule and does
not depend on the structure of wave functions of a
neutron resonance and an intermediate cascade level
Ei. Therefore, by the theorem of the average, any sum
of the widths is represented in calculation of Iγγ (2)
by the product of their number and the mean partial
width (determined through the corresponding wave
function).
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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(c) Energy dependence of k (but not its absolute
value) is the same for the primary and secondary
transitions of cascades.

It is not known how close the notions (a) and (b) of
the γ-decay process in a heavy nucleus are to reality.
This should be found from the experiment. The analy-
sis of spectra of intermediate levels of themost intense
cascades in 118Sn testifies [15] to their equidistancy.
Below, it will be shown that the population of levels
above �3 MeV in 118Sn strongly differs from the
theoretical calculation. These two facts allow one to
assume a very strong violation of the notion (c). If
the interpretation of the results [15] as an existence
of “vibrational bands” built on states with a compli-
cated structure corresponds to reality, then enhanced
γ transitions with energies of several hundred keV
or higher inside the bands and between them are
quite possible. A discrepancy of the results obtained
according to [7] (see Fig. 4) and estimations [14] of
the number of omitted levels admits the violation of
notion (c) as one of the possible explanations.

4. CASCADE POPULATION OF LEVELS
IN 118Sn

Obvious deviations of the level density and radia-
tive strength functions from predictions of the sim-
plest models [10, 11] show that the notions of the
cascade γ-decay process need to be improved and
corrected. It follows from the comparison between the
experimental and calculated values of the population
of high-lying levels of a nucleus under study. The
equation for the intensity of individual cascade iγγ
proceeding via a given intermediate level reads

iγγ = i1i2
/∑

i2. (3)

The sum P =
∑
i2 in (3) is nothing more than the

total population of a given level by the direct primary
transitions and any possible cascade. It is seen from
(3) that P can be determined if one has reliable infor-
mation on iγγ and intensities of their primary and sec-
ondary transitions i1 and i2, respectively. To diminish
fluctuations of P , it is appropriate to subtract the
primary transition intensity from it. The populations
obtained in this way for the levels with positive parity
are compared with the calculated values in Fig. 5. It
should be noted that the difference between the cal-
culated populations of levels with the same spin but
different parities is insignificant. Otherwise, the com-
plete correspondence between the experimental and
calculated population of the levels above ≈ 3 MeV
cannot be achieved. On one hand, this result con-
firms the above conclusion on the presence of the
excitation-energy range where a drastic change in
properties of excited states in both deformed and
spherical nuclei occurs. On the other hand, it points
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out the necessity to develop more precise nuclear
models for the states in the wide energy range at
Em � Bn.

Energies E1 + E2 of cascades and their absolute intensi-
ties Iγγ [% per decay]

E1 + E2,
keV

Ef , keV I
exp
γγ Icalγγ [10, 11] Ibestγγ

9326.30 0 16.0(34) 6.7 15.7

8096.63 1230 15.3(11) 7.2 15.5

7568.00 1758 2.4(7) 1.1 2.5

7283.42 2042 3.3(16) 2.4 5.5

7269.39 2057 2.8(9) 0.8 1.7

7000.36 2325 + 2328 5.6(9) 2.8 5.4

6923.08 2403 2.8(2) 1.5 3.0

6829.42 2497 [2] 0.5 0.7

6648.95 2677 [1.5] 1.0 2.0

6588.29 2738 [4] 1.7 5.5

Sum 55.8(43) 25.7 57.5

Note: Ef is the energy of the final level of cascade; Ibest
γγ is the

calculated mean value for ensembles of random parameters ρ and
k (their mean values and dispersions are shown in Figs. 3 and 4
by points with bars) allowing a reproduction [7] of the cascade
intensity distribution (Fig. 2) with the experimental precision.
The mean-square scatter of each of these parameters for each
final level of cascades equals 5 to 15%.
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5. CONCLUSIONS

The results of the comparison between the experi-
mental and calculated cascade intensities in 118Sn (as
for the nuclei studied earlier) indicate a necessity to
modify theoretical notions of excited-state properties
in heavy nuclei. In particular, the models of a level
density and radiative strength functions which are
explored in calculations of nuclear parameters with a
precision of about 10% must take into account the
influence of nuclear structure up to Eex ≈ 0.5Bn.

In the framework of modern theoretical notions,
a qualitative explanation of the discrepancy between
experiments and theory can be removed only with-
in a more detailed treatment of coupling of nuclear
excitations of both the fermionic and the bosonic
type [1, 12]. Otherwise, it seems to be impossible
to achieve a complete correspondence between the
observed and calculated parameters of nuclear re-
actions, for instance, neutron-induced reaction. This
concerns, partially, the total radiative widths of neu-
tron resonances, γ spectrum, and cross sections of
neutron–nucleus interactions.
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Abstract—An analysis has been made of experimental data on level spectra, single-nucleon transfer reac-
tions near closed shells, and data on the polarization effects in charge-exchange (p, n) reactions between
isoanalog states of nuclei with even A. The analysis has allowed us to conclude that there is a significant
difference between the spin–orbit splittings of neutrons and protons in identical orbitals. This conclusion
is confirmed in a framework of different theoretical approaches. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Spin–orbit splitting of the mean-field orbitals
is one of the main factors which determine the
nuclear structure in nuclei both near and far from
the closed shells. While the global characteristics of
the spin–orbit splitting are well known, this cannot
be said about the isotopic dependence of the split-
ting. However, new experimental results obtained
recently [1–3] on nuclei close to 132Sn has allowed
one to define a nearly complete set of neutron and
proton single-particle orbitals in the new region of
“magicity” formed by the extremely strong Z = 50,
N = 82 shells. Our current aim is to review the situa-
tion regarding the magnitude of spin–orbit splittings
of neutrons and protons in identical orbits and to
determine their isospin dependence based on the
results of [1–3] and on the available data concerning
other nuclei near the closed shells.

2. DEFINITION OF SINGLE-PARTICLE
ENERGIES FROM THE EXPERIMENT

To define the values of single-particle energies
from the experiments, we must remember that in
nuclei there is a mixing of the single-particle and the
more complicated modes of excitation (configuration
mixing). Such mixing is small in nuclei of the type
“magic ± nucleon” if the energy gaps between the
shells are large (in “good” double-magic nuclei, such
as 132Sn and 208Pb), though even in these cases one

∗This article was submitted by the authors in English.
1)Petersburg Nuclear Physics Institute, Russian Academy of
Sciences, Gatchina, 188300 Russia.

2)Physical Technical Institute, Russian Academy of Sciences,
St. Petersburg, 194021 Russia.

3)Department of Radiation Sciences, Uppsala University,
Nyköping, Sweden.

**e-mail: visakov@thd.pnpi.spb.ru
1063-7788/04/6710-1823$26.00 c©
can see the spreading of the single-particle strength
over states of the type “quasiparticle + phonon.”
However, if the energy gaps between the shells are
small, the configuration mixing becomes very strong,
which becomes obvious from the large cross sections
for single-particle transfer reactions leading to levels
having the Jπ values of the single-particle states
located on the other side of the Fermi level. This phe-
nomenon happens because of the strong modification
(decrease) of the Fermi step in the distribution of the
occupancies of the single-particle levels vs. energy
due to the ground-state correlations. The formula for
definition of the single-particle energies εα from the
experiment on the single-particle transfer reactions
has the form [4]∑

a∈(A+1)

[BA(g.s.) −BA+1(g.s.) + Eexca ]s(+)
aα (1)

+
∑

a′∈(A−1)

[BA−1(g.s.) −BA(g.s.) − Eexca′ ]s(−)
a′α

= 〈α|t̂|α〉

+
〈
A; (0)

∣∣∣∣∑
i,k

a〈αi|ϑ̂|αk〉aa+
i ak

∣∣∣∣A; (0)
〉

= 〈α|t̂+ Σ̂s.p|α〉 ≡ εα,
where

s(+)
aα = |〈A+ 1; (a)|a+

α |A; (0)〉|2, (2)

s
(−)
a′α = |〈A− 1; (a′)|aα|A; (0)〉|2,

and ∑
a∈(A+1)

s(+)
aα +

∑
a′∈(A−1)

s
(−)
a′α = 1. (3)

In Eqs. (1)–(3), s± are spectroscopic factors nor-
malized by relation (3); |A; (0)〉 is the ground-state
vector of the target even–even nuclei; |A+ 1; (a)〉
and |A− 1; (a′)〉 are the vectors of the {a} or {a′}
2004 MAIK “Nauka/Interperiodica”
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Table 1. Single-particle states of 208Pb [experimental
single-particle energy marked by an asterisk, here and
in Table 3, represents a mean value weighted by spec-
troscopic factors; theoretical values of the single-particle
energies were calculated by using the following values of
the parameters entering into formula (6): V0 = −52.0MeV,
Vls = 32.7MeV fm2, a(π) = 0.73 fm, a(ν) = 0.72 fm, β =
1.36, βls = −0.6,R = r0A1/3 with r0 = 1.27 fm]

nlj εexp εth nlj εexp εth

ν3d3/2 −1.40 −0.96 π3p1/2 0.17∗ 0.29

ν2g7/2 −1.44 −0.89 π3p3/2 −0.68 −0.58

ν4s1/2 −1.90 −1.63 π2f5/2 −0.97 −1.03

ν1j15/2 −2.09∗ −2.23 π1i13/2 −2.19 −1.94

ν3d5/2 −2.37 −2.35 π2f7/2 −2.90 −3.21

ν1i11/2 −3.16 −2.71 π1h9/2 −3.80 −4.71

ν2g9/2 −3.94 −4.24 π3s1/2 −8.01 −7.87

ν3p1/2 −7.37 −7.59 π2d3/2 −8.36 −8.59

ν2f5/2 −7.94 −8.17 π1h11/2 −9.36 −8.60

ν3p3/2 −8.27 −8.59 π2d5/2 −10.04∗ −9.96

ν1i13/2 −9.00 −8.84 π1g7/2 −12.18∗ −12.08

ν2f7/2 −10.07∗ −10.72

ν1h9/2 −10.78 −10.60

states, belonging to the (A+ 1) or (A− 1) nuclei, that
contain the fragmentation effects; Eexca,a′ are the corre-
sponding excitation energies; and B are the ground-
state binding energies. Note that the values of Jπ for
the {a}, {a′} states in (1)–(3) are the same as for the
single-particle state {α}.
The εα value defined by relation (1) represents the

energy of the true single-particle state that corre-
sponds to the eigenvalue of the single-particle Hamil-
tonian operator t̂+ Σ̂s.p, where t̂ is the kinetic energy,
while Σ̂s.p is that contribution to the self-energy of
the single-particle Green’s function G(εα, ε) which
does not depend on the energy ε (see [4] for details).
We note that summation over the {a} and {a′} in
(1) includes the isospin indices. It means that, if the
N,Z values refer to the target nuclei with the ground-
state isospin T0 = (N − Z)/2, then, for proton strip-
ping and neutron pickup reactions, we must include
in (1) together with the low-lying, T = T0 − 1/2,
also the high-lying isoanalog states of the final nu-
clei with T = T0 + 1/2, with transition probabilities
∼ 1/(2T0 + 1). This factor is small for heavy nuclei
(1/45 for 208Pb), but equals 1/9 for 48Ca.
PH
Careful definition of the values of single-particle
energies at 208Pb, made by us in [5], performed by
averaging over the values of spectroscopic factors,
leads to the result that the spin–orbit splittings of
the neutron 2f and 3p orbitals are larger than those
for similar proton orbitals. In this way, we obtain
∆ν
ls(2f) = 2.13MeV and∆ν

ls(3p) = 0.90MeV, while
∆π
ls(2f) = 1.93 MeV and ∆π

ls(3p) = 0.85 MeV. In
contrast, neutron and proton splittings are practically
equal to each other in the 16O and the 40Ca nuclei,
thus reflecting the fact of the isobaric symmetry in
nuclei.

Recent experimental results [1–3] obtained for odd
nuclei close to 132Sn give evidence that the spin–
orbit splitting of the neutron 2d orbit, ∆ν

ls(2d) =
1.65 MeV, is also substantially larger than that for
protons, ∆π

ls(2d) = 1.48 MeV. Here, some additional
explanation is needed since there are, at present,
no data on the single-nucleon transfer reactions for
unstable nuclei at 132Sn, and all the experimental
data were obtained from the investigation of β and
γ decays. Thus, we cannot perform the averaging
procedure here. However, 132Sn is a much more
rigid nucleus than 208Pb (see [6]); therefore, the
configuration mixing is also much less pronounced
here. An additional argument follows from the fact
that 132Sn and 208Pb are in some respect “twins”
having similar shell structures and properties with
the correspondence l→ l+ 1 and j → j + 1 for most
of the single-particle orbitals in these regions of the
nuclide chart (see [7]). A different piece of evidence
in favor of our statement comes from our theoretical
modeling of the configuration mixing in the regions of
208Pb and 132Sn. Our calculations demonstrated that
the configuration mixing leads to the result that the
ratios ∆ν

ls/∆
π
ls for the starting true single-particle

orbits 2f and 2d in 208Pb and 132Sn are larger
than the mentioned ratios, but for the corresponding
mixed states obtained after the diagonalization. These
states contain the true single-particle states as main
components. However, in the absence of experimental
data on the direct reactions at 132Sn, we used for this
nucleus splittings that do not include averaging over
spectroscopic factors.

The experimental values of the single-particle en-
ergies in the 208Pb, 132Sn, and the 48Ca nuclei are
shown in Tables 1–3. We mention here that the frag-
mentation of the single-particle states near 48Ca is
extremely strong, so for the correct definition of their
true energies we took into account both the con-
tribution of isoanalog states and the ground-state
correlations [mixing of the {a} and {a′} terms in
formula (1)]. The result is that the spin–orbit splitting
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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Table 2. Single-particle states of 132Sn (the values of the
parameters are V0 = −51.55 MeV, Vls = 32.4 MeV fm2,
a(π) = 0.63 fm, a(ν) = 0.66 fm, β = 1.31, βls = −0.6,
r0 = 1.27 fm)

nlj εexp εth nlj εexp εth

ν2f5/2 −0.58 0.22 π3s1/2 −6.83 −6.64

ν3p1/2 −0.92 −0.55 π1h11/2 −6.84 −6.77

ν1h9/2 −1.02 −0.47 π2d3/2 −7.19 −7.07

ν3p3/2 −1.73 −1.42 π2d5/2 −8.67 −9.04

ν2f7/2 −2.58 −2.84 π1g7/2 −9.63 −10.60

ν2d3/2 −7.31 −7.63 π1g9/2 −15.71 −14.57

ν1h11/2 −7.55 −7.33 π2p1/2 −16.07 −16.14

ν3s1/2 −7.64 −8.03

ν2d5/2 −8.96 −9.98

ν1g7/2 −9.74 −9.51

of the neutron 1d, 1f , and 2p orbitals are larger than
the corresponding splittings for protons.

3. THEORETICAL APPROACH

Turning to the theoretical interpretation [5] of the
experimental values of the spin–orbit splitting dis-
cussed above, we shall first recall that, from the point
of view of many-body theory, the average spin–orbit
potential has its origin in the pair spin–orbit interac-
tion between nucleons (with tensor forces providing a
minor contribution as well). On the level of qualitative
arguments, it was noted by Bohr and Mottelson [8]
that, due to the symmetry properties, one should ex-
pect the neutron spin–orbit splitting to be somewhat
larger than that for protons in heavier nuclei, simply
due to a higher number of like particles in the neutron
case. However, at that time, the absence of experi-
mental data did not permit a meaningful comparison
with measurements. With the presently available da-
ta, we can fill this gap, providing also some quantita-
tive considerations.
The two-body spin–orbit interaction differs from

zero only in the states with a total spin S = 1. The
neutron–neutron and proton–proton systems have
the total isospin T = 1 and thus due to the Pauli
principle have odd values of the relative orbital mo-
mentum L (in fact, L = 1). At the same time, the
neutron–proton system is composed of the T = 0 and
T = 1 states with equal weights, having L = 0 and
L = 1, respectively. Due to the absence of spin–orbit
interaction in states with L = 0, the pair spin–orbit
np interaction is half as strong as that in pp or nn
systems.
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Table 3. Single-particle states of 48Ca [the values of the
parameters involved are the following: V0 = −52.0 MeV,
Vls = 33.2 MeV fm2, a(π) = a(ν) = 0.60 fm, β = 1.39,
βls = −0.6, r0 = 1.27 fm]

nlj εexp εth nlj εexp εth

ν1g9/2 ∼ 0.6∗ 0.32 π2p1/2 −2.40∗ −3.07

ν1f5/2 −1.20∗ −1.97 π1f5/2 −3.20∗ −3.58

ν2p1/2 −2.86∗ −2.90 π2p3/2 −3.40∗ −5.22

ν2p3/2 −4.64∗ −5.07 π1f7/2 −9.40∗ −10.09

ν1f7/2 −10.23∗ −9.22 π2s1/2 −14.92∗ −15.87

ν1d3/2 −13.09∗ −14.03 π1d3/2 −16.18∗ −16.32

ν2s1/2 −13.28∗ −14.48 π1d5/2 −20.43∗ −20.28

ν1d5/2 −17.97∗ −18.56

If Uls(ν) and Uls(π) represent the magnitudes of
the mean spin–orbit field for neutrons and protons
and ϑ(T = 1, S = 1, L = 1) is a quantity represent-
ing the parameter of the pair spin–orbit interaction
in a state with T = 1, S = 1, L = 1, then the above
discourse leads to

Uls(ν) ∼ ϑ(1, 1, 1)
(
N +

1
2
Z

)
≡ ϑ

(
A− Z

2

)
,

(4)

Uls(π) ∼ ϑ(1, 1, 1)
(
N

2
+ Z

)
≡ ϑ

(
A− N

2

)
.

As the spin–orbit splitting ∆ν,π
ls ∼ Uls(ν, π), the

relative difference γ of the neutron and proton spin–
orbit splittings is given by the expression

γ =
∆(ν)
ls − ∆(π)

ls

(∆(ν)
ls + ∆(π)

ls )/2
=

2
3
N − Z
A

. (5)

On the other hand, we can express the mean nuclear
potential in the following form, which contains isospin
dependences in both the central and the spin–orbit
terms:

Û(r, σ̂) = U0(τ3)f(r) + Uls(τ3)
1
r

df(r)
dr

l̂ · ŝ, (6)

f(r) =
[
1 + exp

(
r −R
a

)]−1

,

U0(τ3) = V0

(
1 + β

T3

A
τ3

)
,

Uls(τ3) = Vls

(
1 + βls

T3

A
τ3

)
,

T3 =
N − Z

2
.
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Here, τ3 = −1 for neutrons, τ3 = +1 for protons, and
βls is the parameter which defines the isospin depen-
dence of themean spin–orbit field. Thenwe easily ob-
tain, this time in terms of Eq. (6), an expression for the
relative difference between the spin–orbit splittings of
neutrons and protons in identical orbits:

γ = −βls
N − Z
A

. (7)

It follows from a comparison of Eqs. (5) and (7) that
βls = −2/3.
Strictly speaking, this derivation was performed

for the two-body spin–orbit interaction. However, as
mentioned above, tensor forces also provide some
contribution to the spin–orbit splitting. This noncen-
tral interaction is proportional to S12 with

S12 = 3(σ̂1 · n)(σ̂2 · n) − σ̂1 · σ̂2 (8)

=
√

24π[[σ̂1 ⊗ σ̂2]2 ⊗ Y2(n)]00;
n = (r1 − r2)/|r1 − r2|.

One can easily see from (8) that the diagonal
matrix elements of this interaction are different from
zero only for states with S = 1 and L ≥ 1, of which
the S = T = L = 1 one is of the main importance.
It is just the state which was already considered in
this section in the case of spin–orbit interaction.
Consequently, the diagonal part of tensor forces also
provides a contribution of the type given by Eq. (6)
with βls = −2/3, and thus it leads only to a renor-
malization of the Vls value. However, as the spatial
part of tensor operator is proportional to Y2(n) and
due to the spin structure of S12, this renormaliza-
tion equals zero in cases of spin-saturated spher-
ical nuclei. Thus, in 16O and 40Ca, tensor forces
give a contribution to the isoscalar part of the spin–
orbit splitting, which is mediated by their nondiagonal
part and caused by admixtures that appear out of
the Hartree–Fock-type ground state. As was shown
in [9], tensor forces may really lead to a substan-
tial contribution to the isoscalar part of spin–orbit
splitting. On the other hand, in nuclei that are not
spin saturated, such as 48Ca, tensor forces can con-
tribute to the spin–orbit splitting even in the “diag-
onal” scheme (i.e., a scheme without admixtures),
if the antisymmetrization is properly included. Our
numerical calculations for seniority one states of 47Ca
and 47K, both having one neutron or proton hole,
performed in the framework of the multiparticle shell
model with tensor forces taken from our previous
works [10–12] have demonstrated that the inclu-
sion of a tensor component of the interaction leads
to energy shifts that correspond to some variation
of the spin–orbit splittings ∆ls, such that, in 48Ca,

∆(ν)
ls (1d) − ∆(π)

ls (1d) = 0.34 MeV. This shift arises
PH
from neutrons filling the ν1f7/2 subshell and is mainly
due to charge-exchange two-body matrix elements
of the np interaction mediated by the isovector part
of the tensor force (∼τ1 · τ2). Thus, the inclusion of
tensor forces does not change the pattern of spin–
orbit splitting, which also leads to negative values of
βls of about −0.5. These results qualitatively agree
with those presented in [13], where, in the framework
of the Brueckner–Hartree–Fock method with Reid
potential (containing both the spin–orbit and tensor
components), a substantially larger neutron than pro-
ton splitting was obtained for the 1d orbital in 48Ca
with βls about −1.0. We note that the experimental
data on spin–orbit splittings in the 208Pb, 132Sn, and
48Ca nuclei in each case lead to negative values of
βls with the average magnitude of βls ∼ −1, which
is a number in good qualitative agreement with the
prediction of Eq. (7).

It is thus of substantial interest to evaluate to
what extent the isotopic dependence of the spin–
orbit splittings is reproduced by standard model cal-
culations. For this aim, we use the microscopic ap-
proach based on the meson–nucleon phenomenology
in the framework of the Walecka model [14]. Then
one obtains (see, for example, [15–22] and references
therein) a Skyrme-type single-particle equation for a
nucleon having the effective massm∗

N . This approach
explains well the magnitude of spin–orbit splitting in
nuclei. Here, we concentrate only on the difference
between the proton and neutron splittings of spin–
orbit partners in the same nuclei, resulting from a
spin–orbit potential having the form (see, for exam-
ple, [18–21]; note that the pseudoscalar π mesons do
not contribute to the model in the Hartree approach
due to symmetry)

Ûls =
λ2
N

2
1
r

{(
mN

m∗
N

)2 d

dr
[(V 0

ω − S0
σ,σ0

) (9)

− (V 1
ρ − S1

δ,σ,σ0
) · τ3] − 2k

mN

m∗
N

d

dr
V 1
ρ · τ3

}
l̂ · ŝ,

where V = V 0 − τ3 · V 1 and S = S0 − τ3 · S1 are
the vector and scalar fields related to corresponding

mesons,m∗
N = mN +

1
2
(S − V ), and k is the ratio of

tensor to vector coupling constants of the ρ meson.
Various approaches have been used to determine
the coupling constants. In [21], the meson–nucleon
coupling constants, defining the V and S fields,
were taken from the Bonn NN boson exchange
potential [23], where σ and σ0 are scalar mesons
imitating the 2π exchange in the NN systems with
T = 1 and T = 0, respectively. In other works (see,
for example, [18–20]), the constants were defined
from the description of global nuclear properties, with
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004



ON THE ISOTOPIC DEPENDENCE 1827
inclusion of the σ3 and σ4 terms in the Lagrangian
density (one σ meson with the same characteristics
for the T = 1 and T = 0 channels was used, which
leads to zero contribution of this meson to S1 in
Eq. (9); note also that the tensor term was not
included in the ρ-meson vertex in [18–20]).
Taking into account that the radial dependence

of mN/m
∗
N is much weaker than that of V and S,

which are considered to be proportional to the density
in the form of a Fermi function, one can approxi-
mately represent the spin–orbit term (9) in the form
of (6). Calculating then the V and S magnitudes
in the center of nuclei at the values of vector and
scalar densities ρv = 0.17, ρs = 0.16, ρ−v = 0.17(N −
Z)/A, and ρ−s = 0.16(N − Z)/A (all in fm−3), using
the coupling parameters from [21, 23] and taking
into account the isotopic dependence ofmN/m

∗
N , we

obtain Vls ≈ 34 MeV fm2 and βls ≈ −0.40. If we use
the NL2 set of parameters from [19, 20], then we
have Vls ≈ 31MeV fm2 and βls ≈ −0.43. At the same
time, the set NL1 from [18, 20], giving small values
of effective masses, leads to Vls ∼ 50 MeV fm2 and
βls ∼ −1.3. As the V 1 and S1 magnitudes are pro-
portional to ρ−v and ρ

−
s , both formulas (6) and (9) give

equal spin–orbit splitting for protons and neutrons in
the N = Z nuclei. It should be noted that the value
of βls is always negative and is determined mainly, or
entirely, by the ρ-meson contribution.

4. POLARIZATION EFFECTS IN THE (p, n)
REACTIONS

A spin–orbit term in a potential leads to polar-
ization effects in scattering. Making in Eq. (6) the
substitutions τ3 → −2t3 and T3 · t3 → T̂ · t̂, where T̂
and t̂ are isospin vector operators for the core and
nucleon, we obtain the nuclear part of potential (6)
in the isotopic-invariant form (Lane potential, [24]),
suitable for description of both the diagonal in t3
(single-particle spectra and elastic scattering) and
the nondiagonal ((p, n) reactions leading to isobaric
analog states) processes. While the polarization in
elastic scattering depends on the parameter com-

bination of the form Vls

(
1 − βls

(N − Z)
A

t3

)
≈ Vls,

similar effects in charge-exchange reactions with ex-
citation of isoanalog states are proportional to βlsVls
and are thus defined by the isovector mean spin–
orbit field parameter βls, as the Vls parameter is well
known. Thus, we can check [25] the above conclu-
sions concerning the βls value and based on nuclear
spectra using the data from (p, n) quasielastic scat-
tering. One can find corresponding information about
the polarization effects in the 48Ca region in [26],
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
where the 48Ca(p, n) 48Sc∗ reaction with polarized
protons leading to the 0+ (6.67 MeV) isoanalog state
was studied, but with theoretical analysis based on
a microscopic approach for description of nuclear
structure and in terms of nucleon–nucleon ampli-
tudes (DWIA). Here, we proceed in terms of the Lane
model on the basis of spin–orbit parameters defined
before and using the Born approximation for the de-
scription of scattering. It is well known that, in the
Born approximation, polarization effects arising from
the spin–orbit potential disappear. Thus, to describe
these effects, one needs to introduce an imaginary
part (absorption) into the optical potential, which
really means accounting for effects beyond the Born
approach. Wemust also include in the real and imag-
inary parts of the potential the dependence on the in-
cident energy, which was rather high (E = 134MeV)
in [26]. In [8], the following proposition in the case of
volume absorption is presented for the V0 parameter:
V0 = V ′

0(1 − 0.0058E) with V ′
0 = −52MeV, which is

rather close to the values used by us in the description
of bound states (see Tables 1–3). The corresponding
absorption term in the optical potential was proposed
in [27] in the form of iWV f(r) with WV [MeV] =
−3.3(1 + 0.03E). Surface absorption is usually given
as iWS(df/dr). For small values of transferred mo-
mentum (small angles), both variants of absorption
must result in similar descriptions of the scattering
process. In the case of a� R, this leads to WS ≈
−(R/3)WV . So, as an absorption term, we use the
combination of the form

iWV

[
α− (1 − α)

R

3
d

dr

]
f(r) (10)

with 0 ≤ α ≤ 1, which leads to polarization effects
independent of α at small scattering angles, but
strongly dependent on α at large values of transferred
momentum. Thus, for the description of polarization
effects, we use the optical potential of the form (6),
but with

Vo → −52(1 − 0.0058E) (11)

− i · 3.3(1 + 0.03E)
[
α− (1 − α)

R

3
d

dr

]
,

adopting similar energy dependences for isoscalar and
isovector terms of the central nuclear potential.
In the figure, one can see the results of our calcu-

lations for the analyzing power A in the case of the
(p, n) reaction on 48Ca leading to the isoanalog state,

Ath =
dσ↑↑/dω − dσ↑↓/dω
dσ↑↑/dω + dσ↑↓/dω

, |A| ≤ 1, (12)

together with experimental data and results of mi-
croscopic calculations from [26]. Here, σ↑↑ and σ↑↓
are cross sections with the polarization vector ε of
04
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Table 3, including βls = −0.6; (3) our calculation with
α = 0 (surface absorption), the other parameters being
from Table 3; (4) calculation with α = 0.5 (surface–
volume absorption).

protons parallel or antiparallel to [ki × kf ]. We see
that, in the case of surface absorption (α ≤ 0.5),
our calculations that use the spin–orbit parameters
obtained from spin–orbit splitting demonstrate good
agreement with the experiment up to high values of
the scattering angle.

5. CONCLUSIONS

Using the available spectroscopic information on
nuclei near the closed shells and the data on the (p, n)
reactions, we for the first time defined the isotopic de-
pendence of the spin–orbit average nuclear field. This
dependence, consisting in more spin–orbit splitting
for neutrons than for protons in the case ofN > Z nu-
clei, has received an explanation in the framework of
different theoretical approaches. More precise knowl-
edge of the spin–orbit splitting may be important in
prediction of properties of an extreme neutron excess
and superheavy nuclei, where the possible change of
the ordering of levels and their spacings may lead to
substantial variation of their properties.
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Abstract—Shape/phase transitions in low-energy nuclear spectra, the new critical point symmetries
E(5) and X(5), and their empirical realization have recently been the subject of many experimental
and theoretical investigations. With a set of polar coordinates, the precise location of the critical phase
transition region and ofX(5)-type nuclei can be mapped in the interacting boson model symmetry triangle.
An empirical mapping of the symmetry triangle for the N = 82−104 rare-earth nuclei is also obtained.
c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Collectivity in low-energy nuclear motion is usu-
ally described relative to the geometrical models of
harmonic vibrator [1], deformed symmetric rotor [2],
and γ-unstable nuclei [3], or in terms of the dynamical
symmetries of the interacting boson model [4]: U(5),
SU(3), and O(6), respectively. The nuclear shape
depends strongly on the number of valence nucle-
ons: it evolves from spherical near closed shells to
quadrupole deformed towards the middle of the shells.
It has been shown [5, 6] that spherical-deformed tran-
sition regions in the interacting boson approximation
(IBA) model from U(5) to SU(3) and from U(5) to
O(6) behave as first- and second-order phase tran-
sitions, respectively. The pronounced β softness of
the phase/shape transition region inspired F. Iachel-
lo to introduce a square well potential in the Bohr
Hamiltonian to describe this region. By solving ana-
lytically the Schrödinger equation, he developed new
solutions called critical point symmetries, E(5) [7]
(for a spherical vibrator to a deformed γ-soft second-
order phase transition) and X(5) [8] (for a spherical
vibrator to axially symmetric rotor first-order phase
transition). Empirical examples close to these sym-
metries were found in nuclei: 134Ba [9, 10], 102Pd [11],
and 104Ru [12] as E(5) examples and 152Sm [13],
150Nd [14], and 156Dy [15] as X(5) examples. In
fact, the search for new examples of X(5) symmetry
continues to be the focus of many experimental and
theoretical studies [16–19].

∗This article was submitted by the authors in English.
**e-mail: victor.zamfir@yale.edu
1063-7788/04/6710-1829$26.00 c©
In this work, by introducing a set of polar coordi-
nates, we will perform a mapping of the IBA symme-
try triangle with a precise location of the phase/shape
transition regions, of the X(5)-type nuclei, and of
the “empirical” trajectories corresponding to the fit of
each isotopic chain with Z = 62−72.

2. PHASE/SHAPE TRANSITION IN THE IBA
AND THE X(5)-TYPE NUCLEI

We use the following IBA Hamiltonian in the ex-
tended consistent-Q formalism [20, 21]:

H(ζ) = c

[
(1 − ζ)n̂d −

ζ

4NB
Q̂χ · Q̂χ

]
, (1)

where NB is the total number of bosons, n̂d = d†d̃,
and Q̂χ = (s†d̃+ d†s) + χ(d†d̃)(2). This Hamiltonian
contains two parameters, ζ and χ (c is only a scal-
ing factor), and can describe all three IBA dynam-
ical symmetries: ζ = 0, any χ for U(5); ζ = 1, χ =
−
√

7/2 for SU(3); and ζ = 1, χ = 0 for O(6). The
Hamiltonian also describes, by numerical diagonal-
ization, a large variety of transitional structures.

It is possible to provide a quantitative description
of the IBA parameter space of Eq. (1) in the symmetry
triangle by representing each set of parameters (ζ, χ)
by polar coordinates (ρ, θ) [22]:

ρ =
ζ
√

3√
3 cos θχ − sin θχ

, (2)

θ =
π

3
+ θχ,

where θχ =
2√
7
χ
π

3
.
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region and the loci of X(5)-type spectra (trajectories labeled X(5)) [i.e., those IBA parameters which produce R4/2 = 2.90

and E(0+
2 )/E(2+

1 ) ∼ 6] for NB = 10.
These coordinates allow for a convenient descrip-
tion of the entire IBA symmetry triangle. For example,
ρ = 0 for U(5) and ρ = 1, θ = π/3 for O(6) and ρ =
1, θ = 0 for SU(3). Figure 1 (left) represents the IBA
symmetry triangle showing the definition of these po-
lar coordinates and the three dynamical symmetries in
terms of the Hamiltonian parametrization in Eq. (1).

The total energy corresponding to the IBA Hamil-
tonian can be obtained using the intrinsic state for-
malism and is expressed in terms of the intrinsic
shape variables β, γ [23]. The study of the functional
form for the total energy has shown that there is a
phase/shape transition as a function of the control
parameters ζ and χ. For fixed χ, a phase transition
occurs in the ground-state energy at a critical value of
the parameter ζ = ζcrit: for χ �= 0, there is a first-order
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phase transition, and for χ = 0, there is a second-
order phase transition.

In the first-order phase transition, there is a region
where two minima, spherical and deformed, occur
in the total energy. This is a region of phase/shape
coexistence [24]. The phase/shape coexistence re-
gion starts, with increasing ζ , where the deformed
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minimum develops in addition to the spherical one
and ends where the spherical minimum disappears.
The critical point, where the first derivative is dis-
continuous, is ζcrit = 16NB/(34NB − 27). For exam-
ple, for χ = −

√
7/2 and NB = 10, the three values

of ζ characteristic of this phase/shape transition are
0.507, 0.542, and 0.512, respectively. The range of ζ
corresponding to the region of coexistence becomes
smaller for smaller |χ| [24] and for χ = 0 (U(5)−O(6)
transition) converges to one point, the critical point of
the second-order phase transition. This critical point
is given by ζ = NB/(2NB − 2) and is equal to 0.556
for NB = 10. We refer to these ranges of ζ and χ as
the “phase transition region” and they are illustrated
in Fig. 1 (right) for NB = 10. Different observables
related to the order parameter β should be discontinu-
ous in the phase transition region. The discontinuities
appear only for NB → ∞, and for finite NB, the tran-
sition is smoothed out, exhibiting an abrupt change
rather than a discontinuity (see below).

As was mentioned in the Introduction, a potential
in the Bohr Hamiltonian very similar to the flat-
bottomed potential in the phase/shape transition
region, namely, a square well potential, generates the
new critical point symmetries which give parameter-
free predictions, except for scale. In the axially sym-
metric case, the solution, called X(5), gives predic-
tions for two important structural signatures, R4/2 ≡
E(4+

1 )/E(2+
1 ) = 2.90 and R02 ≡ E(0+

2 )/E(2+
1 ) =

5.65. A detailed comparison (presented in Fig. 2) of
the X(5) predictions with IBA calculations, using
NB = 10, χ ∼ −0.7, and ζ ∼ 0.67, shows that, while
the values for these two ratios can be reproduced
exactly in the IBA, some transition probabilities
between the levels of the 0+

2 -based sequence and
the quasi-ground band are poorly reproduced. IBA
calculations which reproduce theX(5) values ofR4/2

and R02 are very close to the phase/shape transition
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region. Figure 1 also shows the locus of the IBA
parameters forNB = 10, which reproduce exactly the
X(5) value for R4/2, i.e., 2.90, and, within a reason-
able deviation, the other characteristic energy ratio
E(0+

2 )/E(2+
1 ) (labeled here the X(5) trajectory).

3. EMPIRICAL TRAJECTORIES
OF PHASE/SHAPE TRANSITIONAL NUCLEI

A well-known example of an U(5)−SU(3) tran-
sition is the N ∼ 90 region. In fact, the Sm isotopes
were well described in the framework of the IBA [25]
and 152Sm90 was the first empirical example of a
nucleus very close to theX(5) solution [13]. In Fig. 3,
empirical basic observables, R4/2 ≡ E(4+

1 )/E(2+
1 )

and the energies of the head of 0+
2 and γ quasi-bands

for the Sm isotopic chain, are compared with the IBA
results. The R4/2 ratio evolves from ∼2.0, character-
istic for the U(5) symmetry, to ∼3.33, characteristic
for SU(3) symmetry, with a sharp rise atN = 90. The
energies of the intrinsic excitations 0+

2 and 2+
γ have a

minimum also at N = 90. This point corresponds in
the IBA to a calculation very near the critical point
of the phase/shape U(5)−SU(3) transition [26] (see
below).

The Gd and Dy isotopic chains exhibit a similar
evolution [26], while the Yb and Hf isotopic chains
show a different behavior. A detailed fit for the Gd,
Dy, Er, Yb, and Hf isotopes with 82 < N ≤ 104 was
performed considering the basic observables, ener-
gies of the 2+

1 , 4+
1 , 2+

γ , and 0+
2 states and available

transition probabilities [27]. In Fig. 4, a comparison
is presented of the empirical energies of these states
with the IBA results. The agreement is impressive,
including the description of the 0+

2 states, which were
poorly described in previous fits [28]. The other ex-
cited states are reproduced quite well. (The main ex-
ceptions are the 2+

K=0−0+
2 relative energies for N ∼
04
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in Eq. (1) describing the Gd–Hf isotopic chains with
84 < N ≤ 104.

90 nuclei, which are larger in the calculations than
the empirical values.) Electromagnetic transitions are
also reproduced reasonably well.

The fitted parameters vary smoothly along each
isotopic chain, as can be seen in Fig. 5. The tra-
jectories in the symmetry triangle corresponding to
these fitted parameters are shown in Fig. 6 in terms
of the polar coordinates defined in Eq. (2). All iso-
topic chains are, as expected, transitional from U(5)
for N just above 82, toward the SU(3)−O(6) leg
(large ζ) with increasing N . The Sm isotopic chain
corresponds to a U(5)−SU(3) transition (which cor-
responds to a minimum of V (γ) at 0◦). The higher
Z chains show an increasing γ softness for low N
(≤ 90), but for higher N there are two different be-
haviors: the Gd, Dy, and Er isotopes show an in-
creasing γ softness (closer to the U(5)−O(6) leg),
while the Yb and Hf isotopes with N > 90 present
an increased γ rigidity. Each isotopic chain crosses
the critical phase transition region and the X(5) tra-
jectory (corresponding to the fit of the R4/2 and R02

ratios) at N ∼ 90. Other basic observables are also
very close to theX(5) predictions. In Fig. 7, the yrast
band’s B[E2;J → (J − 2)] values, normalized to the
2+
1 → 0+

1 transition, are shown for the best candidates
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Fig. 6. The trajectories corresponding to the IBA fits
for 146−160Sm84−98, 150−162Gd86−98, 152−164Dy86−98,
154−166Er86−98, 156−172Yb86−102, and 160−174Hf88−102

isotopic chains (N is shown for each individual point) in
the IBA symmetry triangle. In each case are also shown
the critical phase transition region and the X(5) trajec-
tory from Fig. 1 (right).

for X(5) nuclei: 152Sm [13], 154Gd, 156Dy [15], and
162Yb [19].

4. CONCLUSION

Comparison of the predictions of the X(5) sym-
metry for different observables with the results of the
extended consistent-Q formalism of the IBA shows
that the former are never exactly reproduced in this
IBA space of the Hamiltonian of Eq. (1) and that the
best agreement is close to but does not coincide with
the phase transition region defined by the intrinsic
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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Fig. 7. Empirical yrast band B(E2) values for the closest
candidates for X(5)-type nuclei compared with the dy-
namical symmetries U(5), X(5), and SU(3) predictions
and with the results of the present IBA fit.

state formalism for a finite number of bosons. A set
of polar coordinates allows a precise location of the
nuclear critical phase transition region and of X(5)-
type nuclei in the IBA symmetry triangle.

Empirical trajectories in the symmetry triangle
corresponding to IBA fits to basic observables re-
veal two main evolutions of the Z = 64−72, N =
82−104 nuclei from spherical to deformed shapes:
for N approaching mid shell Gd–Er nuclei show a
pronounced γ softness relative to the Yb–Hf nuclei.
A general feature of all trajectories is that they cross
the critical phase/shape transition region at N ∼ 90.
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Abstract—We have developed an iterative algorithm for generating exact eigensolutions of large matrices
and endowed it with an importance sampling which allows for a reduction of the sizes of the matrices while
keeping full control of the accuracy of the eigensolutions. We illustrate the potential of the method through
its application to the nuclear shell-model eigenproblem. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The solution of the exact eigenvalue problem of
complex systems is a challenging task even with
modern computers. In nuclear structure, several roots
have been followed for solving the shell-model (SM)
problem in complex nuclei. One, of stochastic nature,
is the Monte Carlo technique [1, 2]. This, however,
is of rather limited applicability because of the well-
known minus-sign problem and, in any case, can
be adopted effectively only for generating the ground
state. Other algorithms, like Lanczos [3] and David-
son [4], deal with the direct diagonalization of the
SM Hamiltonian. Even in their most sophisticated
versions, they reach a critical limit in the exceedingly
large amount of memory needed and the time spent in
the process of diagonalizing the huge SM Hamilto-
nian matrices, especially in heavy nuclei.

A more recent strategy, devoted to reconciling the
two extreme approaches and therefore overcoming
the limitations of each separate method, consisted in
including a stochastic methodology in the standard
diagonalization approaches [5–10]. A notable one is
the so-called quantum Monte Carlo diagonalization
method (QMCD), which turned out to be quite ef-
ficient in reducing the dimension of the SM space
by using the auxiliary field Monte Carlo technique to
select the relevant basis states [9, 10]. Though suc-
cessful, the method has to deal with the redundancy
of the basis states, which may slow considerably the
convergence of the procedure, and with the problem
of restoring the symmetries generally broken in the
process of stochastically searching the basis.

∗This article was submitted by the authors in English.
**e-mail: loiudice@na.infn.it
1063-7788/04/6710-1834$26.00 c© 2
We developed an iterative algorithm for determin-
ing a set of eigenvectors of a large matrix [11]. This is
faster than the other, currently adopted, approaches
and extremely simple to implement. We have further
endowed the algorithm with an importance sampling,
which allows one to reduce the sizes of the matrix
while keeping under full control the accuracy of the
eigensolutions [12].

For an exhaustive test, we adopted the method to
solve the SM problem for a few typical nuclei. In order
to enhance its efficiency, we used a correlated basis
obtained from partitioning the SM space [13]. We
computed a selected set of eigenvalues and eigenvec-
tors as well as the E2 transition probabilities. In this
paper, we outline the importance sampling algorithm
and discuss the most meaningful results.

2. THE IMPORTANCE SAMPLING
ALGORITHM

Although of more general validity, the algorithm,
for illustrative purposes, is applied here to a sym-
metric matrix A = {(aij) = 〈i|Â|j〉} representing
a self-adjoint operator Â in an orthonormal basis
{|1〉, |2〉, . . . , |N〉}. The method consists of several
iteration loops. The first loop goes through the fol-
lowing steps:

(a) Diagonalize the two-dimensional matrix (aij)
(i, j = 1, 2).

(b) Select the lowest eigenvalue λ2 and the corre-
sponding eigenvector

|φ2〉 = c
(2)
1 |1〉 + c

(2)
2 |2〉.

(c) For j = 3, . . . , N diagonalize the matrix
λj−1 bj

bj ajj


 , (1)
004 MAIK “Nauka/Interperiodica”
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where bj = 〈φj−1|Â|j〉 and select the lowest eigen-
value λj together with the corresponding eigenvector
|φj〉. This zero approximation loop yields the approx-
imate eigenvalue and eigenvector

E(1) ≡ λN , (2)

|ψ(1)〉 ≡ |φN 〉 =
N∑
i=1

c
(N)
i |i〉.

With these new entries, we start an iterative pro-
cedure which goes through n = 2, 3, . . . refinement
loops, consisting of the same steps with the following
modification. At each step j = 1, 2, . . . , N of the nth
loop (n > 1), we have to solve an eigenvalue problem
of general form, since the states |φj−1〉 and |j〉 are
no longer orthogonal. The eigenvalue E(n) ≡ λN and
eigenvector |ψ(n)〉 ≡ |φN 〉 obtained after the nth loop
are proven to converge to the exact eigenvalue E and
eigenvector |ψ〉, respectively [11].

The algorithm has been shown to be completely
equivalent to the method of optimal relaxation [14]
and has therefore a variational foundation. Because of
its matrix formulation, however, it can be generalized
with minimal changes so as to generate at once an
arbitrary number nv of eigensolutions. Indeed, we
have to replace the two dimensional matrix (1) with
a multidimensional one

λj−1 bj

bj ajj


→


Λk Bk

BT
k Ak


 , (3)

where Λk is a nv-dimensional diagonal matrix whose

nonzero entries are the eigenvalues λ
(k−1)
1 , λ

(k−1)
2 ,

. . . , λ
(k−1)
nv , Ak = {aij}(i, j = (k − 1)p + 1, . . . , kp)

is a p-dimensional submatrix, and Bk and its trans-
pose are matrices composed of the matrix elements

b
(k)
ij = 〈φ(k−1)

i |Â|j〉 (i = 1, . . . , nv; j = (k − 1)p +
1, . . . , kp). A loop procedure similar, though more
general, to the one adopted in the one-dimensional
case yields a set of nv eigenvalues E1, . . . , Env and
corresponding eigenvectors ψ1, . . . , ψnv .

As proven and illustrated through typical numeri-
cal tests in [11], the algorithm is robust, being numer-
ically stable and converging always to the extremal
eigenvalues. It yields ghost-free solutions and gen-
erates orthogonal eigenvectors. It is also easy to im-
plement and is fast, requiring O(N2) operations. Like
the other methods, however, it requires the storage
of at least one eigenvector. Since for many complex
systems the dimensions of the Hamiltonian matrix
become prohibitively large, one must rely on some
importance sampling which allows for a truncation
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
of the space by selecting only the basis states which
actually enter into the exact eigensolutions.

Our algorithm offers a simple and efficient strat-
egy. Being solutions that are quite accurate already in
the first approximation loop, we can devise a sampling
which exploits this first loop only. This, however, is to
be accordingly modified as follows:

(1a) Diagonalize the v-dimensional principal sub-
matrix {aij}(i, j = 1, . . . , v).

(1b) For j = v + 1, . . . , N , diagonalize the (v +
1)-dimensional matrix

A =


Λv bj

bTj ajj


 , (4)

where bj = {b1j , . . . , b2j , ·, bvj}.
(1c) Select the lowest v eigenvalues

λ′i(i = 1, . . . , v) and accept the new set only if∑
i=1,v

|λ′i − λi| > ε, (5)

otherwise restart from point (1b) with a new j.
We can avoid the explicit diagonalization of ma-

trix (4) by carrying on a similarity transformation.
This allows us to meet condition (5) upon the solution
of a dispersion relation [12] and, therefore, avoids
the (N − v)-fold iterated diagonalization of (v +
1)-dimensional matrices. In the one-dimensional
eigenspace (v = 1), the dispersion relation is simply

∆λ =
∑
j

∆λj =
∑
j

(λ′j − λj) (6)

= −
∑
j

b21j
ajj − λj − ∆λj

.

3. CORRELATED BASIS
THROUGH MULTIPARTITIONING

The truncation induced by the sampling is more
and more severe as the eigenvectors are more and
more localized. In order to approach a condition of
maximal localization, we used a correlated basis ob-
tained by the following multipartitioning method [13]:
(i) partition the SM space forN valence nucleons into
orthogonal subspaces P = P1 + P2; (ii) distribute
N1 and N2 nucleons (N1 + N2 = N ) among these
subspaces in all possible ways; (iii) decompose the
Hamiltonian H into H = H1 + H2 + H12; (iv) solve
the eigenvalue equations

Hi|αiNi〉 = Eαi |αiNi〉, (7)

obtaining the eigenstates |α1N1〉 and |α2N2〉 of H1

and H2, respectively, in P1 and P2. Once this is done,
we replace the standard SM basis with the correlated
one

|αN〉 = |α1N1α2N2〉. (8)
04
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4. APPLICATIONS TO TYPICAL NUCLEI

We applied the sampling algorithm to three typical
nuclei, the semimagic 108Sn, the N = Z even–even
48Cr, and the N > Z odd–even 133Xe. We chose the
following model spaces:

(i) P ≡ {2d5/2, 1g7/2, 2d3/2, 3s1/2, 1h11/2} for
the eight valence neutrons of 108Sn and for the four
valence protons and three valence neutron holes of
133Xe,
PH
(ii) P ≡ {1f7/2, 1f5/2, 2p3/2, 2p1/2} for the four
valence protons and neutrons of 48Cr.

We adopted a realistic effective interaction de-
duced from the Bonn-A potential [15] for 108Sn and
133Xe and the KB3 interaction [16] for 48Cr. We de-
duced the single particle from a fit of properly selected
experimental data.

We partitioned the SM space for 108Sn according
to the following prescriptions:
P ≡ {2d5/2, 1g7/2, 2d3/2, 3s1/2, 1h11/2}

P1 ≡ {2d5/2, 1g7/2},

↗
+

↘

P2 ≡ {2d3/2, 3s1/2, 1h11/2}.

(9)
This partition is dictated by the large energy gap
(∼ 2 MeV) between the two corresponding sets of
single-particle energies.

For 48Cr and 133Xe, we simply decompose the
space into a proton and neutron subspace

P = Pp + Pn. (10)

We generated a new correlated basis

|j〉 = |αN〉 (11)

by the multipartitioning method [13] and used this
new basis to implement the importance sampling.

4.1. Eigenvalues

We discuss only a few of the lowest states of 108Sn
and 48Cr as illustrative examples. As shown in the
plot of Fig. 1, the sampling parameter ε varies very
smoothly with the dimensions n of the reduced matri-
ces. In these, as in all other states considered, it scales
according to

ε = b
N

n2
exp

[
−cN

n

]
. (12)

In virtue of this law, the increment of the dimensions
of the matrix is modest for large values of ε, but
grows dramatically as ε gets smaller and smaller. This
behavior reflects the density of the unperturbed levels,
which is very low at low energy and rises steeply
around a centroid at high energy. This is shown in
Fig. 2. It is important to point out that this is the
distribution of our unperturbed correlated states de-
fined by Eq. (8). The partitioning of the SM space is
responsible for the squeezing of their energies around
a centroid. Had we adopted the standard SM basis,
the state distribution would have been more spread
out.

Figure 3 plots the eigenvalues versus the dimen-
sions n of the matrices resulting from decreasing
values of the sampling parameter ε for some low-lying
states of 108Sn and 48Cr, respectively. The eigenval-
ues decrease monotonically and smoothly with n in
all nuclei and for all states, with the few meaningful
exceptions represented by the curves of the first ex-
cited Jπ = 0+ and Jπ = 2+ and a few other, similarly
behaving, high-lying states of 48Cr. These undergo
a jump from an upper to a lower curve at some
small value of the sampling parameter ε, a signal of
energy crossing. Even in these cases, however, the
subsequent behavior of the energies is smooth as for
the other states. It follows that, in all cases, starting
from a sufficiently small ε, the energies scale with the
dimensions n according to the law

E = E0 + b
N

n
exp

[
−cN

n

]
, (13)

where b, c, and E0 are constants specific to each state
and the full dimension N provides the scale. This fit
allows for an extrapolation to asymptotic eigenvalues
which differ from the exact ones in the second or third
decimal. This law is somewhat different from the one
proposed in [7, 8]. On the other hand, it is valid for all
states and nuclei examined and follows directly from
the sampling, as can be inferred from the following
heuristic argument.

Expanding ∆λj in Eq. (6), we get a solution whose
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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leading term is

∆λj =
b21j

ajj − λ
. (14)

From the plots, it is clear that the extrapolation law
holds for an energy range of 1–2 MeV in proximity
of the exact eigenvalue. It accounts, therefore, for
small contributions coming from a small fraction of
the basis states in the

∑
j in the high-density region

around the peak, as shown in Fig. 2. Since, in this
range, the energies Ej of our correlated basis states
are closely packed and approach the En value, we
can set (ajj − λ) ∝ n in the first approximation. It
remains to analyze the matrix elements b21j . These are
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
 

0 5000
–3.5

–3.0

10000 15000 20000

–2.5

–2.0

–1.5

 

108

 

Sn

2

 

+
2

 

2

 

+
3

 

2

 

+
1

 

0 2500
–34

–32

5000 7500

–30

–28

–26

–24

10000

 

n

E
 

(
 

n
 

), MeV

0

 

+
2

48

 

Cr

0

 

+
1

Fig. 3. Eigenvalues vs. the dimensions n of the truncated
matrices resulting from the sampling.

given by 〈φj |v|j〉2, where

|φj〉 =
j∑
i=1

cji |i〉. (15)

For the lowest eigenvalue, the dominant ci compo-
nents of |φj〉 are the low-energy ones with small i

values. It follows that the probability, b21j , that the

interaction couples |φj〉 to |j〉 is small and random
for j ≤ n and vanishes for j > n, as prescribed by the
sampling criterion. This implies that the dimension
n represents the range of the allowed events. We
can therefore set b21j ∝ exp(−j̄/n), where j̄ is a label

representative of the small fraction of j terms of the
sum

∑
j . We used the factor N to fix the scale. The

scaling law (12) for ε follows from the one for the
energy E since ε is essentially the derivative of E with
respect to n.
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4.2. Eigenvectors and E2 Transitions

The sampling guarantees an accuracy of the same
quality also for the eigenstates

ψn =
n∑
i=1

c
(n)
i |i〉, (16)

where |i〉 are the correlated basis states obtained by
the partitioning method.

In Fig. 4, we give the overlap of ψn with the exact
eigenvector ψ for the first five Jπ = 2+ states of 108Sn
and Jπ = 0+ of 48Cr. The convergence to unity is fast
for all five states, even if, for some of them, the overlap
is very small at small n. Small fluctuations are notice-
able at small n values. They reflect the interference
between the components of different wave functions
in correspondence with partial energy crossings. The
above two features represent further proof of the ro-
bustness of the iterative algorithm.

To complete the analysis, we studied the behav-
ior versus 1/ε of the strengths of the E2 transitions
between some low-lying states (Fig. 5). In all cases,
the strengths soon reach a plateau and, then, undergo
very small variations, appreciable only on a very small
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Fig. 5. Strengths of E2 transitions between some low-
lying states vs. 1/ε.

scale (see inset). This fine tuning analysis shows
that each strength has smooth behavior which allows
for an extrapolation to asymptotic values through a
formula having the same structure as the scaling
law adopted for the energies [Eq. (13)]. In any case,
the strengths computed at a relatively large ε differ
very little from the extrapolated ones, which in turn
practically coincide with the exact values. This rapid
convergence is quite significant in view of the extreme
sensitivity of the transition strengths to even very
small components of the wave function.

5. CONCLUDING REMARKS

The algorithm developed in [11] has several vir-
tues. It has variational foundation and yields ghost-
free solutions. Typical numerical tests have proven
that it is robust, being numerically stable and con-
verging always to the extremal eigenvalues. It is,
moreover, easy to implement and is fast, requiring
O(N2) operations.

Moreover, it can be naturally endowed with an
importance sampling, which promotes a reduction
of the sizes of the matrices. The truncation is not
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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only kept under strict control but also becomes quite
severe when the eigenvectors are highly localized.
For the SM nuclear Hamiltonian, we achieved this
localization by adopting a correlated basis obtained
by partitioning the SM space into two or more sub-
spaces. As illustrated here for some typical nuclei, the
sampling so implemented allows one to reduce the
sizes of the Hamiltonian matrix by at least an order of
magnitude with no detriment of the accuracy. We get
in fact very accurate energies, wave functions, andE2
reduced strengths. Moreover, it generates extrapola-
tion laws to asymptotic eigenvalues and E2 transition
probabilities which practically coincide with the exact
corresponding quantities.

In [12], we showed that the method is especially
effective when applied to 133Xe, having a neutron ex-
cess. On the basis of this result, we feel confident that
the sampling, combined with the use of the correlated
basis, will enable us to face successfully the eigen-
value problem in heavier nuclei, all having a neutron
excess. We also would like to stress that the partition
method is especially suitable for enlarging the stan-
dard SM valence space through the inclusion of n-
particle–n-hole correlated configurations. We plan to
make such an implementation in order to study the
intruder states in light as well as heavy nuclei.

Although adopted here for solving the nuclear SM
eigenproblem, the sampling algorithm is of general
applicability. It is of simple and useful implementa-
tion in all many-body systems whenever a subset of
eigensolutions is needed, as is often the case.
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Abstract—In the framework of Green’s function formalism at finite temperatures, superfluidity of nuclear
matter with np pairing correlations is studied. It is shown that, at low densities, equations for the energy
gap in the spectrum of quasiparticles and chemical potentials of protons and neutrons allow solutions with
negative chemical potential, which corresponds to appearance of Bose–Einstein condensation of deuterons
in the low-density region of nuclear matter. In this region, np pairing correlations survive even for large
isospin asymmetry. Interaction between nucleons is described by the effective zero range force, developed
to reproduce the energy gap in the isospin singlet pairing channel, calculated with the use of the Paris
NN potential. The obtained results may be of importance for description of thermal properties of outer
low-density regions of neutron stars. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

It is known that the magnitude of the pairing gap is
of paramount relevance for the description of thermal
evolution of neutron stars. Different values of the pair-
ing gap correspond to drastically different scenarios
of cooling process [1]. In this study, we would like
to examine pairing properties of isospin asymmet-
ric nuclear matter in the region of low densities. In
an ordinary situation (for not overly low densities),
isospin asymmetry effectively destroys a condensate
with neutron–proton (np) Cooper pairs [2, 3]. How-
ever, for low densities, np pairing correlations survive
and exist in the form of a Bose–Einstein condensate
of deuterons, in spite of the fact that the isospin
asymmetry may be very large. This conclusion may
be of importance for description of thermodynamic
properties of neutron stars, especially in their outer
low-density regions. In addition, the appearance of
deuterons can essentially modify magnetic properties
of neutron stars, and, hence, it is relevant for determi-
nation of the neutrino mean free path [4].

The transition from BCS superconductivity to
Bose–Einstein condensation (BEC) occurs in a
Fermi system, either if the density is decreased or an
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attractive interaction between fermions is increased
sufficiently. This transition was studied, first, in ex-
citonic semiconductors [5] and then in an attractive
Fermi gas [6]. Later it was realized that an analogous
phase transition takes place in symmetric nuclear
matter, when np Cooper pairs at higher densities
go over to a Bose–Einstein condensate of deuterons
at lower densities [7, 8]. During this transition, the
chemical potential changes its sign at a certain criti-
cal density (Mott transition), approaching half of the
deuteron binding energy at ultralow densities. In [7],
crossover from np superfluidity to BEC of deuterons
was studied in the T -matrix approach, where the pole
in the T matrix determines the critical temperature of
BEC of bound states in the case of negative chemical
potential and the critical temperature of appearance
of np Cooper pairs in the case of positive chemical
potential.

Here, for studying the corresponding phase tran-
sition in superfluid nuclear matter, we shall use the
formalism of Green’s functions at finite temperatures.
This will allow us to give an analysis beyond linear
on the energy gap approximation. As a potential of
NN interaction, we choose an effective zero range
interaction, developed in [9] to reproduce the energy
gap in symmetric nuclear matter for the Paris poten-
tial in the S = 1, T = 0 pairing channel. In addition,
we shall discuss the influence of finite temperature
and isospin asymmetry effects on peculiarities of the
transition from np superfluidity to BEC of deuterons
in nuclear matter.

Note that we do not consider here T = 1 np pair-
ing correlations. The reason is that the coupling con-
stant for np pairing correlations in the isospin sin-
glet pairing channel is larger than that in the isospin
triplet pairing channel and T = 0 np pairing is more
2004 MAIK “Nauka/Interperiodica”
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preferable for all relevant densities [10, 11]. Moreover,
we do not consider T = 1 nn and pp pairing correla-
tions, which will play a major role at sufficiently large
asymmetry for not overly low densities. However, at
ultralow densities, as we will see, the suppression
mechanism for T = 0 np pair correlations will be
ineffective and one can expect that this type of pairing
will dominate over other channels for a wide range of
isospin asymmetry parameter values.

2. SELF-CONSISTENT EQUATIONS

Superfluid states of nuclear matter can be de-
scribed in terms of normal and anomalous Green’s
functions [12]

iGκκ′(k, t− t′) = 〈T [ψκ(k, t)ψ+
κ′(k, t

′)]〉, (1)

iFκκ′(k, t− t′) = 〈T [ψκ(k, t)ψκ′(k, t′)]〉, (2)

where T is the time ordering operator, κ ≡ (σ, τ), σ, τ
being projections of spin and isospin on the third axis.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
Using the Fourier representation

Gκκ′(k, t) =
1
β

∑
l

e−iωltGκκ′(k, ωl), (3)

Fκκ′(k, t) =
1
β

∑
l

e−iωltFκκ′(k, ωl), (4)

where ωl = (2l + 1)πT ; l = 0, 1, 2, . . .; and β = 1/T
is the inverse temperature, the Gorkov equations can
be written in the form
D(k, ωl) ∆(k)

∆+(k) −D(k,−ωl)




 G(k, ωl)

F+(k, ωl)


 =


1

0


 ,

(5)

where
D(k, ωl) =




iωl − εp↑(k) 0 0 0

0 iωl − εp↓(k) 0 0

0 0 iωl − εn↑(k) 0

0 0 0 iωl − εn↓(k)



and functions ∆, G, F are matrices on spin and
isospin variables. The single-particle energies can be
written as

εpσ(k) = εk + Up(k) − µ03,

εnσ(k) = εk + Un(k) + µ03,

εk =
k2

2m
− µ00,

µ00 = (µp + µn)/2 and µ03 = (µp − µn)/2 being half
of the sum and half of the difference of proton and neu-
tron chemical potentials [3], and Up,n are the single-
particle potentials, which in a consistent microscopic
approach should be derived from the Brueckner the-
ory. However, for simplicity, we shall consider that the
effects of potentials Up,n result in the renormalization
of a nucleon mass and chemical potentials and further
simply drop the corresponding terms. The order pa-
rameter in the S = 1, T = 0 pairing channel has the
structure

∆ =




0 0 0 i∆

0 0 i∆ 0

0 −i∆ 0 0

−i∆ 0 0 0




.

The structure of the anomalous propagator is anal-
ogous to that of ∆, while the normal propagator G is
the diagonal matrix in spin and isospin spaces. Taking
this into account, solutions of Eq. (5) can be written
as

Gp(k, ωl) =
iωl + εn(k)

(iωl − E−
k )(iωl + E+

k )
, (6)

Gn(k, ωl) =
iωl + εp(k)

(iωl − E+
k )(iωl + E−

k )
,

F+
pn(k, ωl) =

∆(k)
(iωl −E+

k )(iωl + E−
k )

,
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F+
np(k, ωl) = − ∆(k)

(iωl − E−
k )(iωl + E+

k )
,

where

E±
k = Ek ± µ03 =

√
ε2
k + ∆2(k) ± µ03.

After analytical continuation of the normal and
anomalous propagators in the complex z plane (zl =
iωl), one can obtain equations determining the parti-
cle number densities of protons and neutrons,

�τ = − 2
V

∑
k

∫
dz

2π
ImGτ (k, z)f(z) (7)

=
1
V

∑
k

[(
1 +

εk
Ek

)
f(E∓

k )

+
(

1 − εk
Ek

)
[1 − f(E±

k )]
]

(τ = p, n),

and the energy gap,

∆(k) = − 2
V

∑
k′

V (k,k′)
∫

dz

2π
ImF+

pn(k, z)f(z)

(8)

= − 1
V

∑
k′

V (k,k′)
∆(k′)
2Ek′

(1 − f(E+
k′) − f(E−

k′)),

where f(E) = {1 + exp(βE)}−1. It is convenient to
rewrite Eq. (7) for the total density � = �p + �n and
neutron excess δ� = �n − �p ≡ α� (α = (�n − �p)/�
being the asymmetry parameter):

� =
2
V

∑
k

(
1 − εk

Ek
[1 − f(E+

k ) − f(E−
k )]
)

(9)

≡ 2
V

∑
k

nk,

α� =
2
V

∑
k

(
f(E+

k ) − f(E−
k )
)
. (10)

Then, introducing the anomalous density

ψ(k) = 〈a+
p,ka

+
n,−k〉

=
∆(k)
2Ek

(
1 − f(E+

k ) − f(E−
k )
)

and using Eq. (9), one can represent Eq. (8) for the
energy gap in the form

k2

m
ψ(k) + (1 − nk)

∑
k′

V (k,k′)ψ(k′) = 2µ00ψ(k).

(11)

In the limit of vanishing density, nk → 0, Eq. (11)
goes over into the Schrödinger equation for the
deuteron bound state [8, 13]. The corresponding
energy eigenvalue is equal to 2µ00.
PH
3. PHASE TRANSITIONS IN NUCLEAR
MATTER WITH np PAIRING CORRELATIONS

Further, for numerical calculations, we shall use
the effective zero range force, developed in [9] to
reproduce the pairing gap in S = 1, T = 0 pairing
channel with Paris NN potential:

V (r1, r2) (12)

= v0

{
1 − η

(
�((r1 + r2)/2)

�0

)γ}
δ(r1 − r2),

where �0 is the nuclear saturation density (�0 =
0.16 fm−3), and v0, η, β are some adjustable param-
eters. In addition, in the gap equation (8), Eq. (12)
must be supplemented with a cutoff parameter εc.
In [9], the following sets of parameters were used
to fit the density dependence of the energy gap,
calculated with Paris NN potential: (i) η = −0.1,
γ = 0.2, v0 = −480 MeV fm3, m = mG; (ii) η = 0.4,
γ = 0.9, v0 = −480 MeV fm3, m = m0; (iii) η = 0,
v0 = −530 MeV fm3, m = mG, where mG is the
effective mass, corresponding to the Gogny force
D1S [14], and m0 is the bare mass of a nucleon. For
all parametrizations, εc = 60 MeV was used. The first
two sets of parameters correspond to formation of a
bound state at zero energy, and the third set is chosen
to produce the bound state between two extreme
values: at zero energy and at the deuteron binding
energy. Because we are mainly interested in studying
the formation of bound states in the low-density
region of nuclear matter, we will choose the third set
of parameters. Note also that it is important that the
gap equation (8) should be solved self-consistently
with Eqs. (9), (10) for the chemical potentials µ00,
µ03.

First, we consider the case of symmetric nuclear
matter (α = 0). In Fig. 1a, the density dependence of
the energy gap at zero temperature is displayed. The
maximum value of the energy gap is equal to 7.6 MeV
at density � ≈ 0.1 fm−3. The energy gap vanishes at
density larger than the saturation density.

Figure 1b shows the zero temperature behavior of
the chemical potential µ00. It is seen that the chemical
potential at some density �b (�b ≈ 3 × 10−4 fm−3)
changes its sign, which, according to Eq. (11),
corresponds to the appearance of deuteron-like bound
states in nuclear matter. When density tends to zero,
the chemical potential approaches its asymptotic
value µ00 = −εb/2, εb being the binding energy of
a bound state. Therefore, we can conclude that, under
lowering density, np superfluidity smoothly evolves
into the BEC of np bound states (deuterons).

In Fig. 2, we present the results of numerical
determination of the temperature dependence of the
chemical potential µ00 for fixed values of density. If
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004



np PAIRING CORRELATIONS 1843

 
∆
 

, MeV

8

6

4

2

0 0.06 0.12 0.18

1.2

0.8

0.4

0

–0.4

0

 
µ

 

00

 
, MeV

0.001 0.002 0.003

(

 

b

 

)(

 

‡

 

)

 

ρ

 

, fm

 

–3

 

ρ

 

, fm

 

–3

Fig. 1. Density dependence at zero temperature of (a) the energy gap and (b) the chemical potential (low-density region).
the density is low enough, then under a decrease in
temperature the chemical potential becomes negative
(curve 2), which corresponds to formation of bound
states. At very low densities, np condensate exists
only in the form of a Bose–Einstein condensate of
deuteron-like bound states (curve 3). If densities are,
however, high enough, np Cooper pairs survive even
at zero temperature (curve 1).

Now we consider asymmetric nuclear matter. It is
known, that np pairing correlations are the strongest
in the isospin symmetric case, when protons and
neutrons lie on the Fermi surfaces of the same radius.
If densities of protons and neutrons differ, then neu-
trons and protons lie on Fermi surfaces of different
radii and np pairing correlations become weaker. At
some critical asymmetry, np pairing correlations are
destroyed. In fact, even a small asymmetry strongly
suppresses np pairing correlations [3, 7]. However,
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Fig. 2. Chemical potential as a function of temperature
at fixed values of density: � = 0.00045 fm−3 (curve 1),
0.00024 fm−3 (curve 2), and 0.0001 fm−3 (curve 3).
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this picture may be wrong in the low-density limit,
when the chemical potential becomes negative and
the Fermi surface drops into the unphysical region.
As we shall see, at low densities, np condensate can
exist in the form of a Bose condensate of deuterons
even for a large excess of neutrons.

For nonzero asymmetry, we should solve Eqs. (8)–
(10) simultaneously. The results of numerical calcu-
lations for the energy gap as a function of density for
different asymmetries at zero temperature are shown
in Fig. 3. As one can see, with increasing asymme-
try, the value of the energy gap decreases and the
density interval where np pairs exist shrinks in the
direction of zero density. In reality, solutions exist for
any α < 1 (the phase curves for larger values of α are
not shown in Fig. 3) and the corresponding density
interval contracts more and more to the point � = 0
when asymmetry increases. To understand why the
isospin asymmetry loses its efficiency in destroying
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np pairing correlations in the low-density region, let
us note that, at zero temperature, the contribution
to the integral in the gap equation gives the in-
terval [0, εc], excluding the domain [µ00 − ∆ε, µ00 +
∆ε], where ∆ε =

√
µ2

03 − ∆2. In the weak-coupling
regime (µ00 � ∆) with increasing asymmetry, the
width of this domain also increases, which results
in considerable reduction of the energy gap mag-
nitude, until it completely vanishes. However, when
the chemical potential passes through zero (µ00 ≈ 0,
Mott transition regime) and becomes negative (µ00 <
0, strong-coupling regime), only part of the window
participates in suppressing the energy gap, with the
right end of the blocking interval going to zero at
� → 0.

Figure 4a shows the zero temperature behavior of
chemical potentials µ00, µ03, µp, µn as functions of
density at very low densities of nuclear matter and
finite isospin asymmetry. One can see that, at some
critical density, the chemical potential µ00 changes
its sign and np Cooper pairs smoothly go over into
deuteron bound states. The asymptotic behavior of
chemical potentials at � → 0 is µ00, µ03 → −εb/2,
and, hence, µp → −εb, µn → 0. The latter behav-
ior can be understood from the following considera-
tions. At very low densities, nuclear matter consists of
deuterons and unbound excess neutrons. The Bose-
condensed deuterons occupy the energy state with
E ≈ −εb and free neutrons occupy the positive energy
states. According to the Pauli principle, the wave
function of the system is antisymmetric with respect
to interchange of unbound neutrons and neutrons
bound in deuterons. Hence, with increasing asymme-
try, excess neutrons populate the next positive energy
states on the top of their Fermi sea. Therefore, the
chemical potential of neutrons, which is the change in
PH
the system energy under addition of a neutron, is al-
ways the one of unbound neutrons and goes to zero at
vanishing density. The chemical potential of protons
will be equal to the binding energy of the system per
half the number of particles bound in deuterons, i.e.,
µp → −εb at � → 0. This asymptotic behavior does
not depend on isospin asymmetry, which is confirmed
by the results of numerical calculations, shown in
Fig. 4b, where the density dependence of chemical
potentials µp, µn is depicted for different values of the
asymmetry parameter.
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Abstract—In the last decade, a large amount of experimental nuclear spectroscopy data was obtained.
This is good progress really, but a new very serious problem appears. Due to significant systematic errors
of the data, one is often forced to deal with very discrepant data and often it is difficult to obtain reliable
information from them. To solve this problem and to remove the systematic errors, new technologies in
working with the data were developed. Using these new technologies, one can obtain information with a
high accuracy and reliability, and in many cases, new information has not been or could not be obtained
experimentally. Below, an approach of this kind is presented concerning spectroscopic data on Ca and Zr
isotopes. It is shown that the behavior of the energy of the first 2+ level in Zr isotopes can be explained
in the framework of a shell-model approach. A separation of the 2d5/2 subshell in 96Zr (as is for the 1f7/2

subshell in 48Ca) is found, so that the neutron number N = 56 becomes like a magic number for Z = 40.
To explain a similarity in decaying properties of 48Ca and 96Zr, an additional interaction between closed
structures consisting of 20 and 28 nucleons is proposed. Irregularities of the ground-state spin values in
the K isotopic chain are explained in the framework of the shell-model approach by the inversion of the
proton 1d3/2 and 2s1/2 orbitals. c© 2004 MAIK “Nauka/Interperiodica”.
1. DATABASE ENSDF

Contemporary large and complete databanks give
real possibilities to solve the problemmentioned in the
abstract. The oldest, large, and complete data bank
on nuclear spectroscopy is the ENSDF (Evaluated
Nuclear Structure Data File) [1]. This file contains
nuclear structure and decay data for all known nu-
clides. For each nucleus, there is an adopted data set
containing the recommended values of characteris-
tics of the levels and gamma rays observed and data
sets containing the “best” values obtained from vari-
ous types of experiments. It has to be pointed out that
new physical information can appear even at the stage
of forming an evaluated “data set.” For example, if
an experiment gives two possible spin values 1/2 or
3/2 for a given level and another experiment gives
3/2 or 5/2 for the same level, an evaluator assigns
unambiguously to this level the spin value 3/2, etc.

An important feature of nucleon stripping and
pickup experiments is that, as a rule, the total
transferred momentum value j cannot be measured.

∗This article was submitted by the authors in English.
1)Institute of Nuclear Physics, Moscow State University,
Moscow, Russia.

2)Physics Faculty,MoscowState University,Moscow,Russia.
**e-mail: boboshin@depni.sinp.msu.ru
1063-7788/04/6710-1846$26.00 c©
The only exception is experiments with polarized
particles. However, if spin and parity of the initial
nucleus are equal to 0+, the total transferred angular
momentum is equal to that of a level feeding in
the final nucleus. So it is very important to have
accurate, reliable, and full data on spins of nuclides,
and ENSDF provides this possibility.

2. THE METHOD OF PUTTING DATA
ON NUCLEON PICKUP AND STRIPPING

EXPERIMENTS IN ACCORDANCE
TO EACH OTHER

The main idea of the method [2] is to correct the
experimental data so that the constraints

S+
nlj + S−

nlj = 2j + 1 (1)

will be fulfilled for three single-particle orbitals clos-
est to the Fermi energy, for which experimental data
are presented with a maximum of completeness [3].
Moreover, the constraint

S+
nlj + S−

nlj ≤ 2j + 1 (2)

should hold for the remaining subshells, and∣∣∣∣∣∣
∑
nlj

S−
nlj −

∑
nlj

S+
nlj −A

∣∣∣∣∣∣→ 0 (3)
2004 MAIK “Nauka/Interperiodica”
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Table 1. Energies of the first 2+ states in even–even Zr
isotopes

Nucleus 90Zr 92Zr 94Zr 96Zr

Number of
neutrons N

50 52 54 56

E(2+, 1) [keV] 2186.50 934.48 918.75 1750.47

for all the subshells. Here, S∓
nlj are sums of the in-

dividual spectroscopic factors S∓
nlj(Ex) of levels with

energies Ex; the upper signs “+” and “–” denote
nucleon stripping and pickup, respectively; the sum
in (3) is taken over valent and upper subshells in the
first term and over the lower subshells in the second
one; A is a total number of corresponding nucleons
(protons or neutrons) in a nucleus. The essence of
Eq. (3) is that a residual interaction does not change
the total number of nucleons in a nucleus. To this aim,
two degrees of freedom are used: (i) a new normal-
ization condition for experimental data is introduced
(S+
nlj(Ex) → n+S+

nlj(Ex), S
−
nlj(Ex) → n−S−

nlj(Ex));
(ii) the whole known information about spins of the
final states is taken into account, and moreover, all
possibilities should be investigated for states with
unknown spins.

The codes ARES were developed on the basis of
the described procedures.

As a result, intervals for factors n+ and n− as well
as for j values are determined. More reliable values of
spectroscopic factors allow one to avoid a discrepancy
between various experimental data, both pickup data
and stripping data. Nucleon occupation probabilities
of single-particle orbitals

Nnlj =
[S−
nlj + (2j + 1 − S+

nlj)]

2(2j + 1)
(4)

and single-particle energies

−Enlj = (1 −Nnlj)[B(A+ 1) − e+nlj ] (5)

+Nnlj[B(A) + e−nlj ]

are determined by using the improved spectroscopic
factors. In Eq. (5), B(A) and B(A+ 1) are separa-
tion energies of a corresponding nucleon in a target
nucleus and in a nucleus with one added nucleon; e+nlj
are centroids of the spectroscopic factor distributions.

Such kinds of results were obtained for nu-
clides 40,42,44,46,48Ca, 46,48,50Ti, 50,52,54Cr, 54,56,58Fe,
58,60,62,64Ni, 64,66,68,70Zn, 90,92,94,96Zr, and
116,118,120Sn, both for neutron and proton orbitals.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
Table 2. Energies of the first 2+ states in even–even Ca
isotopes

Nucleus 40Ca 42Ca 44Ca 46Ca 48Ca

Number of
neutronsN

20 22 24 26 28

E(2+,1) [keV] 3904.50 1524.61 1157.02 1346.00 3831.72

3. IS 96Zr A MAGIC NUCLEUS?

In Table 1, we show the energies of the first 2+

states in 90,92,94,96Zr isotopes. Their maximal val-
ues for N = 50 and N = 56 are seen very clearly.
The maximum at N = 50 has an ordinary explana-
tion, becauseN = 50 is a well-knownmagic number.
However, the maximum at the neutron number N =
56 requires a special explanation.

Both neutron and proton subshells were a sub-
ject of investigation from the point of view of one-
nucleon transfer reaction data with the method de-
scribed above. Neutron single-particle energies are
displayed in Fig. 1. With increasing inN , one can see
a lowering of the 2d5/2 subshell from the upper shell
N = 50–82, so that, in 96Zr, the subshell becomes
well separated from it. Since in 96Zr the neutron sub-
shell 2d5/2 is closed, N = 56 becomes somewhat like
a magic number. It is necessary to note that a similar
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Table 3. Nucleon occupation probabilities Nnlj and single-particle energies −Enlj (in MeV) of proton orbits in nuclei
90,92,94,96Zr

nlj 90Zr 92Zr 94Zr 96Zr

1g9/2 Nnlj 0.06(5) 0.08(5) 0.09(5) 0.00(0)

−Enlj 5.41(54) 4.98(142) 6.74(80) 7.48(75)

2p1/2 Nnlj 0.58(5) 0.49(3) 0.75(5) 0.81(5)

−Enlj 6.97(70) 7.66(77) 9.37(94) 10.59(106)

1f5/2 Nnlj 1.00(2) 1.00(2) 1.00(2) 0.94(5)

−Enlj 10.37(110) 10.93(110) 11.49(115) 12.17(122)

2p3/2 Nnlj – – 0.87(5) –

−Enlj – – 11.11(112) –
picture of a separation of the subshell 1f7/2 in Ca
isotopes was found earlier [4]. The neutron number
N = 28 was suggested for consideration as a magic
one (Fig. 2). Correspondingly, the two maxima of the
energies of the first 2+ states at the neutron numbers
N = 20 and N = 28 are observed in Ca isotopes as
well (see Table 2).

In Table 3, we present results of our investigations
of proton subshells in Zr isotopes. Here, the essential
peculiarity is seen in occupation probabilities of the
proton 1g9/2 orbital. Whereas the occupation proba-
bilities in 90,92,94Zr are close to 0.1 (thus correspond-
ing to one proton in the 1g9/2 orbital), this probability
appears to be exactly zero in 96Zr. This follows from
distributions of single-proton spectroscopic factors
over final states in Y isotopes. While in 89,91,93Y one
can observe one-proton transfers with l = 4, j = 9/2
and spectroscopic factorsS−(Ex) = 0.9–1.3 to levels
in the excitation energy range 0.5–0.9 MeV, similar
transfers to the states of 95Y are not observed at all.
It means that a rearrangement of nuclear structure
takes place in 96Zr so that this nucleus becomes
stiffer and, probably, its shape becomes closer to a
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Fig. 2. Neutron subshells in 40,42,44,46,48Са isotopes.
PH
spherical one. This feature is typical for a magic
nucleus; thus, we conclude that N = 56 is a magic
number in the nucleus with Z = 40.

It is worthwhile to stress that the number N = 56
is not a magic one combining with other Z values,
i.e., in Mo, Ru isotopes, etc. This fact forces us to
pay attention to a relation between numbers 40 and
56. Let us note that 56 is equal to 2 × 28, and 40 is
equal to 2 × 20, and then we follow along the way
of an analogy between 96Zr and 48Ca. Indeed, the
analogy goes quite far if we consider data on de-
cays of these two nuclei. For example, both nuclei,
48Ca and 96Zr, decay via the 2β− mode—quite rare
decay—which exhausts less than 1% of all types of
decay, and T1/2(48Ca) = (4.2+3.3

−1.3) × 1019 yr [5] and

T1/2(96Zr) = (2.1+0.8(stat.)
−0.4(stat.) ± 0.2(syst.))× 1019 yr [6].

This is really a fantastic coincidence: one nucleus is
twice as large as the other one, and both of them
decay via the same rare mode. Moreover, the half-life
of the heavier nucleus is exactly equal to one-half of
the lighter.

All these facts can be explained if one supposes the
existence of an additional interaction between closed
structures Z = 20 and N = 28 in the nuclei 48Ca
and 96Zr. The nucleus 48Ca is known as a neutron-
rich nucleus, although it is quite stable. Interaction
between the proton Z = 20 and the neutron N = 28
closed structures can be responsible for this specific
stability.

At least two heuristic schemes of a coupling be-
tween proton and neutron subsystems can be pro-
posed in the framework of the above assumption:
a compound cluster model and a “nuclear crystal”
model. The first model (see Fig. 3) supposes two lev-
els of interactions of cluster-like structures. The in-
teraction A couples Z = 20 and N = 28 structures
to 48Ca, and its destruction leads to 2β− decay with
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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Table 4. Nucleon occupation probabilities Nnlj (upper numbers) and single-particle energies −Enlj (in MeV) (lower
numbers) of proton subshells in nuclei 40,42,44,46,48Ca

nlj 40Ca 42Ca 44Ca 46Ca 48Ca

1f5/2 – – – – 0.00

– – – – 3.81 (12)

2p1/2 0.00 – – – 0.01 (1)

–2.38 (24) – – – 2.35 (68)

2p3/2 0.09 (0.02) 0.02 (1) 0.05 (2) – 0.01 (1)

0.73 (29) 1.30 (18) 4.99 (51) – 3.95 (53)

1f7/2 0.06 (2) 0.08 (3) 0.13 (3) 0.02 (2) 0.02 (2)

1.67 (22) 4.09 (45) 7.68 (78) 7.89 (99) 8.62 (100)

1d3/2 0.97 (3) 0.76 (7) 0.72 (7) 0.94 (4) 0.94 (5)

9.52 (152) 10.03 (150) 10.81 (108) 13.53 (138) 15.96 (100)

2s1/2 1.00 0.90 (5) 0.77 (7) 0.93 (4) 0.84 (9)

10.94 (109) >11.29 11.39 (114) 13.94 (139) 14.41 (158)

1d5/2 0.96 (2) – – – –

14.32 (143) – – – –
the half-life 4.2 × 1019 yr. The interaction B couples
“clusters” 48Ca to the 96Zr nucleus. The interaction
B is supposed to be stronger than the interaction A,
and destroying one of the two A interactions leads
to destruction of the whole system and to 2β− decay
with the total half-life 2.1× 1019 yr. The secondmodel
supposes a two-valent coupling between Z = 20 and
N = 28 structures in 48Ca (Fig. 4a). The 96Zr nu-
cleus is constructed from these two-valent structures
like a molecule (Fig. 4b). Thus, in both cases, 48Ca
and 96Zr, one gets systems with additional stiffness
that could be characterized as “nuclear crystal.”
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Fig. 3. A compound cluster model of 96Zr.
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4. PROTON SUBSHELLS IN Ca ISOTOPES

In Table 4, one-nucleon occupation probabilities
as well as single-particle energies of proton orbitals
in nuclides 40,42,44,46,48Ca are displayed. One can ob-
serve the inversion of the 1d3/2 and 2s1/2 subshells
in the 48Ca isotope. This peculiarity explains irregu-
larities in spin-parity values of the ground states of
K isotopes: in nuclei 39,41,43,45K, the ground states
have Jπ = 3/2+, whereas in 47K the ground state
has Jπ = 1/2+. To describe the placement of proton
subshells in 48Ca and, in particular, the inversion of
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Fig. 4. A two-valent coupling model: (a) 48Ca and
(b) 96Zr.
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1d3/2–2s1/2 subshells, it was assumed that proton
spin–orbit splitting decreases in this nucleus (see
Fig. 5). This hypothesis was tested by calculations
within a dispersion optical model for 40,42,44,46,48Ca
[7] and it was shown that this assumption allows one
to describe the inversion adequately.

5. CONCLUSIONS

On the basis of the nuclear spectroscopy data
bank ENSDF, new interesting information about the
single-particle structure of Zr and Ca isotopes is
obtained.

The most important conclusions are the following:
(i) The behavior of the energies of the first 2+ levels

in Zr isotopes is explained in the framework of a shell-
model approach. A strong separation of the neutron
2d5/2 subshell in 96Zr (as is with the 1f7/2 subshell
in 48Ca) is found, so that the neutron number N =
56 can be considered as a magic one in the nucleus
with Z = 40. To explain some correlations in decay
properties of 48Ca and 96Zr, an additional interaction
PH
between closed structures of 20 and 28 nucleons is
proposed.

(ii) Irregularities of the ground-state spins along
the K isotopic chain are explained in the framework of
a shell-model approach by the inversion of the 1d3/2

and 2s1/2 proton orbitals.
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Abstract—Different reactionmechanisms of breakup reactions are discussed and the microscopic reaction
model for two-neutron halo dissociation is presented. Some examples of halo breakup in reactions with
electrons, nucleons, and nuclei are given. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

In recent years, significant progress was achieved
in investigations of radioactive ion beam physics.
Many new and exciting issues were explored: ex-
act locations of the neutron and proton drip lines,
productions of the heaviest bound nuclei, evolution
of shell structure (vanishing of magic numbers, new
magic numbers), resonances beyond drip lines—just
to name few of them. In particular, the discovery of a
neutron halo has been made [1]. A halo is a new type
of structure which appears in weakly bound nuclei
at the limits of stability. It can be characterized by
clustering into an ordinary core nucleus and a veil of
halo neutrons forming dilute neutron matter. One-
neutron halo nuclei (11Be, 14B, 19C, . . . ) break into
two fragments and their locations on the nuclear
map are shifted by a few neutrons to the stability
region away from the limit of nuclear existence. Two-
neutron halo nuclei (6He, 11Li, 14Be, 17B, . . . ) break
into three fragments and appear at the very end of
nuclear stability. Thus, a one-neutron halo gradually
transforms to a two-neutron halo in the process of
nuclear structure evolution on the way to the edges
of the nuclear landscape. Also, all two-neutron halo
nuclei have the “Borromean” properties [2]. This
means that any pair of fragments (two neutrons,
neutron and core) cannot create a bound systemwhile
the bound state of three fragments exists. Therefore,
three-body correlations are the most important for
a two-neutron halo since their existence itself as a
bound system is due to such correlations. In general,
the two-neutron halo structure is a typical drip-line
phenomenon in light nuclei.

Breakup reactions with fast beams of exotic nuclei
are a powerful tool for investigations of halo nuclei

∗This article was submitted by the author in English.
**e-mail: ershov@thsun1.jinr.ru
1063-7788/04/6710-1851$26.00 c©
(see the recent review [3] and references therein). In
particular, measurements of fragments in coincidence
are providing basic information about the structure
of a number of neutron-rich nuclei. We present a
reaction model which allows calculations of a vari-
ety of observables in fragmentation processes leading
to the low-energy excitations of two-neutron halo
nuclei. Some calculations of halo breakup in colli-
sions with different probes are given. We start with
electron scattering, where the reaction mechanism is
the simplest and most transparent, and continue the
discussion of more complicated reaction mechanisms
going from fragmentation on nucleons to nuclei.

2. BASIC STRUCTURE OF HALO NUCLEI

Halo nuclei, in most cases, have only one bound
state (the ground state), in which the valence nu-
cleons are in low relative angular-momentum states
with respect to the rest of the nucleons that make
the more bound core. Due to the very weak binding
of the last neutrons, the wave function describing
their relative motion has a spatial distribution that
extends far beyond the range of binding potential. In
addition to the specific structure of the bound state,
halo nuclei have peculiarities in the low-energy con-
tinuum: concentration of a transition strength near
the breakup threshold. This follows from experimental
cross sections on electromagnetic dissociation, which
are larger by two orders of magnitude for halo nu-
clei [4]. Since we understand the reaction mechanism
of electromagnetic dissociation, at least qualitatively,
the only possibility to describe such a huge enhance-
ment is an accumulation of transition strength near
the breakup threshold. It is interesting to compare
the magnitude of this effect with other indications of
halo structure. The interaction cross sections of halo
nuclei are larger by tens of percent [5]. The width
of fragment momentum distributions is a few times
2004 MAIK “Nauka/Interperiodica”
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narrower than for stable nuclei [6]. However, for elec-
tromagnetic dissociation, the difference with stable
nuclei increases up to two orders of magnitude. It
means that nuclear processes and observables, where
a transition from the ground state to the low-energy
continuum plays a dominant role, are the most sensi-
tive to the presence of halo structure.
The basic dynamics of halo nuclei can be charac-

terized as a coexistence of two subsystems: one which
consists of core nucleons and other of halo neutrons
moving around the core center of mass. Some argu-
ments support such decoupling of core and halo de-
grees of freedom. The fact that a weakly bound system
breaks into fragments is evidence that the fragment
components must dominate in the ground-state wave
function. The interaction cross section of high-energy
halo nuclei on light targets, which is approximately
equal to the sum of the interaction cross section
of the core nucleus and two-neutron removal cross
section [5], indicates that the reaction process goes
separately on the core and halo subsystems. The large
changes in the total cross sections are accompanied
by essentially constant charge-changing cross sec-
tions [7]. The core and halo nucleus both have simi-
lar magnetic dipole and quadrupole moments. These
arguments support the assumption that the core is
not significantly perturbed by the valence neutrons
located far away from it. It means that with good
accuracy the wave function |ψ〉 of the halo nucleus
can be written as a product of two functions:

|ψ〉 = |ϕcore〉|ψhalo〉.
One, |ϕcore〉, describes the internal structure of the
core and the other, |ψhalo〉, describes the relative mo-
tion of halo neutrons around the core center of mass.
Such factorization is a starting point for application
of three-body models to description of the halo struc-
ture [2, 8–10]. Few-body models avoid the compli-
cated and still open questions on development of nu-
clear clustering and concentrate attention on the halo
wave function |ψhalo〉. Within suchmodels, it is possi-
ble to give a consistent description of the main prop-
erties of both the ground-state and the low-energy
continuum wave functions. Few-body models of ha-
lo structure will be used in our analysis of breakup
PH
reactions below. The bound and continuum three-
body wave functions are calculated by the method of
hyperspherical harmonics and a detailed description
of the applied formalism can be found in [9].

3. BREAKUP REACTIONS OF HALO NUCLEI

3.1. Breakup Reaction Mechanism

Fragmentation reactions have complicated dy-
namics, where the nuclear structure and reaction
mechanism are tightly intertwined. The focus of
current discussion is on investigations of the halo
structure in breakup reactions. Hence, the processes
that are themost sensitive to halo are singled out from
a variety of breakup phenomena. It means that our
discussion is confined to dissociation reactions with
undestroyed core and low-energy halo excitations.
Thus, only peripheral reactions are considered since
in the central collisions a core can be destroyed with
a big probability. Two breakup scenarios are possible
under such conditions. The first is the elastic frag-
mentation if a target is left in the ground state after
collision with a halo nucleus. The second is inelastic
breakup if a target is excited. The cross section of the
breakup reaction a+A → 1 + 2 +C +A∗, involving
collision of projectile a (two-neutron halo nucleus
that breaks up into three fragments 1, 2, and C) with
target A, is given by

σ =
(2π)4

�vi

∑
α

∫
dk1dk2dkCdkA∗ (1)

× δ(Ei − Ef )δ(Pi − Pf ) |Tfi|2,

where vi is the relative velocity of colliding systems
in the initial channel, k1,2,C are the wave numbers
of neutrons and core, kA∗ is the target wave number
in the final channel. The sum on α is done on all
quantum numbers that are necessary to characterize
the reaction and includes, if particles have spin, the
averaging on initial spin projections and sum on final
spin projections. The δ functions ensure the conser-
vation of energy and momentum. The exact transition
matrix Tfi in the prior form can be written as
Tfi =
〈

Ψ(−)
α (kx,ky,kf )

∣∣∣∣∑
p,t

Vpt − UaA

∣∣∣∣ψ0,ΦA, χ
(+)
i (ki)

〉
, (2)
whereΨ(−)
α is the full scattering solution with ingoing

wave boundary condition, and ψ0 andΦA are ground-
state wave functions of the halo and the target, re-

spectively. The distorted wave χ(+)
i describing the rel-
ative motion of nuclei in the initial channel is a solu-
tion of the Schrödinger equationwith optical potential
UaA. Vpt isNN interaction between the projectile and
target nucleons. Due to the translational invariance,
only relative wave numbers can characterize reaction
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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dynamics. kx, ky , and ki,f are relative wave numbers
between a pair of fragments, between the center of
mass of a pair and the third fragment, and between
the center of masses of halo and target nuclei in the
initial and final channels, respectively. In the halo rest
frame, �ky corresponds to the momentum of the third
fragment. We know that the translational invariance
or the recoil effects are very important in light nuclei.
In halo nuclei, a correct treatment of the translational
invariance is even more significant due to larger spa-
tial extension of these systems. The exact T matrix (2)
cannot be calculated without approximations. Our
main goal is a study of halo structure. Therefore, the
reactions will be considered under conditions that al-
low a simplified treatment of the reaction mechanisms
making them both tractable and transparent. Hence,
we study the collisions at high enough energy (large
momentum �ki) where one-step processes dominate.
The excitation energy of halo nucleus,1)

Ex =
�

2k2
x

2µx
+

�
2k2
y

2µy
,

where µx,y are reducedmasses, can be used for further
classification of reaction mechanisms. The reason
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
is that, for large relative momentum �kx (�ky), the
interaction between the first and second fragments
(between the third one and the rest of the halo sys-
tem) can be neglected. Three reaction scenarios are
possible. Two are for large values of Ex and the third
one corresponds to the low-energy halo excitations.
If at large Ex both relative momenta, �kx and �ky ,
are large, then the final-state interactions can be
neglected completely and plane waves can be used
for description of the halo continuum. The reaction
matrix is proportional to the Fourier image of the
halo ground state, Tfi ∼ 〈ei(kx·x)ei(ky ·y)|ψ0〉. These
approximations correspond to the Serber model of
fragmentation reactions. The second scenario has
large �ky and small �kx momenta and corresponds
to a knockout of the third fragment (participant) from
the halo system, while the two remaining fragments
(spectators) move away and continue to interact be-
tween themselves. The full scattering wave function
in this participant–spectator picture can be approx-
imated by the product of the subsystem wave func-
tions, and the T matrix (2) is given by
Tfi =
〈
χ

(−)
3A∗(k3A∗),ΦA∗ , ei(ky ·y)ψ(−)(kx)

∣∣∣∣∑
p,t

Vpt − UaA

∣∣∣∣ψ0,ΦA, χ
(+)
i (ki)

〉
, (3)
where χ(−)
3A∗(k3A∗) is the participant–target distorted

wave depending on the relative momentum �k3A∗

between the knockout fragment and target,ΦA∗ is the
target final state, and the continuum wave function
ψ(−)(kx) describing the two-body spectator subsys-
tem is obtained by solving the Schrödinger equation
with the appropriate two-body interaction. In this
scenario, only part of the final-state interactions are
included in the consideration. The third scenario is
realized at the low-energy halo excitations when the
relative momenta �kx,y are both small. Therefore,
the halo fragments spend some time together and
interact between themselves. There are no specta-
tors and all fragments are participants. Under such
conditions, a distorted-wave treatment of reaction
dynamics can be used and the exact scattering wave

functionΨ(−)
α (kx,ky,kf ) can be written as a product

of wave functions: projectile, target, and their relative
motion. Then reaction amplitude (2) reduces to the
next expression
Tfi =
〈
χ

(−)
f (kf ),ΦA∗ , ψ(−)(kx,ky)

∣∣∣∣∑
p,t

Vpt

∣∣∣∣ψ0,ΦA, χ
(+)
i (ki)

〉
, (4)
where χ
(−)
f (kf ) is the distorted wave describing

relative motion of nuclei in the final channel, and
ψ(−)(kx,ky) is the halo three-body continuum wave

1)Excitations of the core bound states, if they exist, were omit-
ted for simplicity. Near the three-body breakup threshold,
they are not allowed energetically. At high excitation energy,
they have a small effect on the value of relativemomenta kx,y.
function. In calculation of ψ(−)(kx,ky), all fragment
pairwise interactions must be taken into account,
or, in other words, final-state interactions must be
included in full scale. The term with optical potential
UaA does not give a contribution to the T matrix (4)
due to the orthogonality between halo bound ψ0

and continuum ψ(−)(kx,ky) wave functions. This
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low-energy region of nuclear excitations is the most
sensitive to the three-body correlations and, conse-
quently, the most useful for a study of halo structure.
Such investigations require the special selection of
experimental data. It can be done by performing
kinematically complete experiments where energies
and momenta of all halo fragments are measured in
coincidence. Then it is possible to restore the energy
spectrum of a halo nucleus and select only events
corresponding to the low-energy excitations. Simul-
taneously, a variety of different energy and angular
correlations become available and the possibility of
describing them within the same model is a thorough
test for our understanding of nuclear structure and
reaction dynamics. These experiments are kinemati-
cally complete only with respect to the halo system.
The energy transferred to the target is known from
measurements, but if the target is a complex nucleus,
it is unknown how this energy distributes between
the center-of-mass motion and the internal target
excitations. Then inelastic breakup must be included
in theoretical calculations. The reaction model based
on approximation (4) was applied successfully [11–
15] for description of many reactions with halo nuclei.

3.2. Electron Scattering

Electron scattering is one of themost powerful and
proven methods for nuclear structure investigations.
The electromagnetic interactions of electrons with
nuclear charges and currents are well known and
weak. Thus, in principle, the reaction mechanism can
be disentangled from the nuclear structure effects.
Ultrarelativistic electrons are used in the study of
nuclear structure. Since the charge on halo nuclei
is only a few units, multiple scattering effects can
safely be neglected and the interactions can be well
described by one-photon exchange terms. Then the
initial and final electron states are known and de-
scribed by plane wave Dirac spinors. In electron scat-
tering, the breakup cross section (1) is traditionally
expressed in the following way:

dσ = dkfdk1dk2dkCδ(Ei − Ef ) (5)

× δ(Pi − Pf )
(�c)2

ε2
f

σM
∑

VijWij ,

where εf and �kf are the final electron energy and
momentum; σM is the Mott cross section, which
describes electron scattering on a pointlike nucleus;
and Vij and Wij are the electron and hadron ten-
sors, respectively. The sum in (5) for unpolarized
electrons includes four different terms. For small en-
ergy and momentum transfers that we consider here,
the contributions from convection and magnetization
currents can be neglected in comparison with the
PH
Coulomb interaction. Thus, only one term from four
is important in (5) and the corresponding tensors are
given by

V00 =
Q4

|q|4 , (6)

W00 =
1
Ĵ2
a

∑
|〈ψ(−)(kx,ky)|ρ̂(q)|ψ0〉|2, (7)

where q = ki − kf is the three-dimensional mo-

mentum transfer, Q =
(
εi − εf

�c
,q
)
is the Lorentz-

invariant four-momentum transfer, ρ̂(q) is the charge
operator, and Ja is the ground-state spin of the halo
nucleus. The sum in hadron tensor (7) is over all spin
projections in the halo initial and final states. We
recall that all final-state interactions must be taken
into account in calculation of ψ(−)(kx,ky) in (7).
Then any exclusive or inclusive cross sections can
be calculated from (5).
At the present moment, there are no ready in-

stallations for performing electron scattering exper-
iments with unstable nuclei. But due to the new
developments for intense beams of radioactive iso-
topes, electron–nucleus collider experiments will be-
come feasible in the future at the new installations in
RIKEN andGSI. The first measurements will be done
for the processes with the largest cross sections: elas-
tic and inclusive inelastic electron scattering. Here,
the calculations of inelastic electron scattering on
6He are shown. Using the three-body model for the
description of the 6He bound and continuum struc-
ture [15], the inclusive cross section can be explicitly
written as

d3σ

dkfdEx
=

4ε2
fα

2

(�c)2
(8)

× cos2(θ/2)
1 + (1 − |ki| cos θ/|kf |)εf/(Mac2)

2E2
x

|q|4
4π
Ĵ2
a

×
∑

|ρl0lγ, c.m.(q)ρC(q)|2,

where θ is the electron scattering angle, α is the fine
structure constant, ρC(q) is the charge density of
the α-particle core, and ρlsjγ, c.m.(q) is the transition
density of the core center-of-mass motion. The index
γ includes all quantum numbers that are necessary
to describe uniquely the 6He continuum state at ex-
citation energy Ex. The quantum numbers l, s, and
j in transition density ρlsjγ, c.m.(q) correspond to the
orbital, spin, and total angular-momentum transfers,
respectively. The sum is done over all possible frag-
ment motion modes and all modes give independent
contributions in (8). Since the α-particle core has
zero spin and the core is not destroyed in the reaction,
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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only excitations of the natural parity states (l = j) in
6He with the spin transfer s = 0 are possible. Fig-
ure 1 shows the spectra of the 6He low-energy ex-
citations in the inelastic electron scattering for Ee =
200 MeV and various scattering angles θ. The solid,
dashed, and dotted curves correspond to the total,
dipole, and quadrupole excitations of 6He, respec-
tively. The absolute values of cross sections depend
strongly on the momentum transfer |q| and decrease
rapidly with increasing electron scattering angle θ. A
multipole composition of excitation spectra depends
on properties of the Coulomb interaction and the
nuclear structure. In multipole decomposition of the
Coulomb interaction, the monopole term decreases
the most slowly with distance between the electron
and the nuclear center of mass; then follow terms
with higher angular momenta, dipole, quadrupole,
and so on. At small momentum transfer, a reaction
amplitude gets the main contribution from large dis-
tances, where the monopole excitations are strongly
suppressed by the orthogonality of the ground and
continuum halo states. As a result, the dipole exci-
tations dominate at low-excitation energies for small
|q| (Fig. 1a). With increasing momentum transfer,
the well-known three-body 2+ resonance at Ex =
1.8MeV appears (Fig. 1b) and soon becomes a dom-
inant feature (Fig. 1c) in the low-energy spectrum.
If part of the final-state interactions are neglected
in calculations, then two effects happen. The first
is that orthogonality of the ground and continuum
states is lost and the monopole excitations dominate
in the spectrum near the breakup threshold, which
is a physically wrong result for electromagnetic pro-
cesses. And the second is that the 2+ resonance
disappears from spectra. Thus, the final-state inter-
actions are the essential part of reaction dynamics of
the low-energy excitations. The concentration of the
dipole transition strength near the threshold does not
mean that these excitations have a collective nature
and represent a resonance. As seen from Figs. 1a–1c,
the energy position and the shape of dipole excitations
show a strong dependence on transferred momentum,
while for a genuine resonance, like the 2+ at Ex =
1.8MeV, the peak position is fixed. In principle, to re-
veal the nature of an observed peak, more complicated
energy correlations of the fragments must be studied.

3.3. Halo Breakup on Nucleons

A knowledge of nuclear structure or, more explic-
itly, a knowledge of transition densities from ground
to continuum states is necessary for description of
fragmentation reactions induced by electron scat-
tering. From expression (4), it follows that, in ad-
dition to nuclear structure, the effective interaction
Vpt between the projectile and target nucleons and
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
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Fig. 1. Inclusive inelastic electron scattering on 6He
for Ee = 200 MeV and various scattering angles. The
solid, dashed, and dotted curves are the total, dipole, and
quadrupole cross sections, respectively.

the distorted waves χ(±)
i,f (ki,f ) describing the relative

motion of colliding systems must be known for cal-
culations of breakup reactions on nucleons. The best
way to fix new parameters and reduce their number
is to apply the condition of self-consistency when
effective interaction Vpt is used for calculation of op-
tical potentials that are necessary for distorted-wave
calculations. Then experimental data on elastic scat-
tering and total reaction cross sections can be used
to define the effective interaction Vpt and check the
accuracy of distorted-wave calculations. This proce-
dure strongly reduces the freedom of the Vptmodifica-
tions in breakup-reaction calculations. Unlike elec-
tron scattering, where only interactions with the core
protons are important, the interactions with all (core
and halo) nucleons must be taken into account in
nucleon breakup. Therefore, the interplay between the
core and halo degrees of freedom becomes very essen-
tial and has a strong impact on reaction dynamics.
As an example of such an approach, we consider

the calculation of the 11Li breakup reaction on pro-
tons at collision energy E/A = 68 MeV. This reac-
tion has been studied experimentally at RIKEN [16]
by correlational measurements of emitted particles.
The structure of 11Li was calculated in the frame-
work of a three-body model neglecting the spin of
04
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the 9Li core [17]. The parameters of NN and n–core
potentials correspond to the (P2) model of the 11Li
ground state [18] having a superposition of (0p1/2)2

and (0s1/2)2 components with relative weights of 45

and 31%, respectively. The distorted waves χ(±)
i,f were

obtained by solving the Schrödinger equation with
microscopic optical potential U11Li. The optical po-
tential has been calculated in the single folding model
and has two parts, Ucore and Uhalo, created by interac-
tions of protons with core nucleons (Vpt = VNN ) and
halo neutrons (Vpt = tNN ),

U11Li(r) = Ucore(r) + Uhalo(r) (9)

=
∫

dr′VNN (r− r′)ρcore(r′)

+
∫

dr′tNN (r − r′)ρ2n(r′),

where ρcore and ρ2n are the ground-state densities of
core nucleons and halo neutrons, respectively. In the
calculations, we have used the GLM interaction [19]
(complex, energy and density dependent) as VNN and
the free NN t-matrix interaction [20] (complex and
energy dependent) for tNN . The core density ρcore(r)
is a convolution integral of the 9Li density ρ9Li(r)
and the density ρc.m.(r) describing the core center-of-
mass motion. In momentum space, this relation re-
duces to the product form ρcore(q) = ρ9Li(q)ρc.m.(q).
PH
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The 9Li density has been described by a Gaussian
distribution with a range parameter chosen to repro-
duce the rms radius of 9Li, 〈r2〉1/2 = 2.32 fm. Thus,
simultaneously with U11Li, we can calculate the opti-
cal potential for proton scattering on 9Li,

U9Li(r) =
∫

dr′VNN (r− r′)ρ9Li(r
′). (10)

The solid and dash-dotted curves in Fig. 2 show
a comparison of experimental data [16, 21] with the-
oretical calculations of proton elastic scattering on
the 11Li and 9Li nuclei, respectively. The theoretical
calculations describe reasonably well both the shape
and the absolute values of elastic angular distribu-
tions. It is interesting to understand in detail what
dynamical features of the model are responsible for
the correct reproduction of changes in character of
11Li elastic scattering in comparison with scattering
of 9Li. The dotted and dashed curves show separately
elastic scattering due to two different parts of optical
potentials in (9), Ucore and Uhalo, created by interac-
tions with core nucleons and halo neutrons, respec-
tively. Elastic scattering from core nucleons domi-
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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nates at all angles. Only in the forward direction is the
scattering on halo neutrons important as a result of
the constructive interference with core contribution.
Owing to the core center-of-mass motion, the space
occupied by the 9Li core in 11Li is larger than when
9Li is free. Thus, the slope of the angular distribution
from a moving core (dotted curve) is steeper than
one from a free core (dash-dotted curve). The cal-
culated reaction cross section for 11Li (398 mb) is
significantly larger than that for 9Li (234 mb). But
contributions to the reaction cross section from two
halo neutrons (from Uhalo) and nine core nucleons
(from Ucore) are about the same, 231 and 226 mb,
respectively. These examples clearly demonstrate the
importance of interplay of the core and halo degrees of
freedom.
Figure 3a shows the theoretical excitation spectra

of 11Li. The excitation spectra corrected for distor-
tions from the detection system are compared with
experimental data [16, 18] in Fig. 3b. The dashed
and dotted curves in these figures represent the dipole
and monopole contributions, respectively. The calcu-
lations show an accumulation of transition strength
from different multipolarities near the breakup thresh-
old, and experimental data support such a concen-
tration even when the fine structure of the theo-
retical spectrum is washed out by the experimental
finite-energy resolution. At higher excitation energy,
the theoretical calculations underestimate the exper-
imental spectrum. This indicates that new effects,
like the 9Li core excitations, have to be included in
the model for a correct description of the 11Li high-
energy excitations. The inelastic angular distributions
obtained by integration of the double differential cross
sections d2σ/dΩdEx over the experimentally defined
section of the energy spectrum [16] are plotted in
Figs. 4a–4c. Again, we have reasonable descriptions
(Fig. 4a) of both the shape and the absolute values
of experimental cross sections. Also, from Fig. 4a, it
follows that the dipole excitations dominate at large
scattering angles and the experimental data at small
angles are needed to reveal the monopole contribu-
tion. The interplay of the core (dotted curve) and
halo (dashed curve) degrees of freedom in inelastic
scattering are shown in Figs. 4b and 4c for the dipole
and monopole excitations, respectively. Similar to the
elastic case, the core contributions dominate at large
scattering angles. At small angles, both contributions
are important and the total angular distribution shows
the strong destructive (constructive) interference of
the dipole (monopole) excitations.

3.4. Halo Breakup on Nuclei
At least two new features can be mentioned in

breakup reactions on nuclei in comparison with frag-
mentation on a nucleon target. The first one is that,
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Fig. 4. Angular distributions for inelastic scattering of
11Li+ p at collision energy E/A = 68 MeV. (a) Com-
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simultaneously with projectile breakup, target exci-
tations are possible and the mechanism of inelastic
breakup must be considered. The second one is that
the target charge can be varied and this possibil-
ity gives additional freedom in changing the propor-
tion between the long-range Coulomb and short-
range strong interactions. Hence, Coulomb and nu-
clear breakup must be treated on equal footing. Both
new features can be taken into account within the
four-body distorted-wave theory (see [15] and refer-
ences therein) discussed here. We present one exam-
ple of calculations [15] of 6He breakup at 240 MeV/A
on 208Pb and 12C targets. Figure 5 shows the com-
parison of the 6He excitation spectra with experi-
mental data fromGSI [22]. The calculations correctly
describe absolute values and spectral shapes for both
04
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reactions, in spite of their different reaction mech-
anisms. The dotted and dashed curves additionally
show the calculations with only Coulomb or nuclear
interaction. On a carbon target, the inclusive excita-
tion spectrum is completely defined by nuclear inter-
action, while on a lead target the half cross section
is due to Coulomb fragmentation. The excitation of
the 2+ resonance is connected mainly with nuclear
interaction. Although on a lead target the elastic
fragmentation dominates the low-energy part of the
spectrum, for a quantitative description the elastic
and inelastic breakup have to be taken into account
simultaneously. On carbon, the contributions from
elastic and inelastic fragmentation are approximately
equal. The Coulomb interaction is responsible for
a dominance of elastic fragmentation over inelastic
fragmentation on a lead target in comparison with
reaction on carbon.

4. CONCLUSIONS
The characteristic of halo phenomena in light

Borromean nuclei is present in properties of both
bound and continuum states near the three-body
breakup threshold. The reaction mechanism inter-
twines bound and excited states and reveals the
peculiarities of the halo structure via transitions to the
low-lying excited states that subsequently decay into
fragments. Due to the small relative fragment veloc-
ities at low halo excitation energies, no interactions
PH
between fragments can be neglected and the final-
state interactions have to be taken into account in full
scale. For definite physical conditions, simplification
of the reaction mechanism makes it possible to
develop a viable approach. At intermediate energies,
the one-step reaction mechanism dominates and the
distorted-wave approximation can be applied. These
approaches contain, as a main part, the microscopic
three-body structure of the ground state and the exact
three-body continuum. This enables us to study, in
principle, the internal halo structure via all possible
fragment correlations.
Breakup of halo nuclei in reactions with differ-

ent probes reveals a different sensitivity to details
of reaction mechanisms and halo correlations. Three
examples of halo breakup reactions (with electrons,
nucleons, and nuclei) leading to the low-energy halo
continuum have been considered in order of increas-
ing complexity of the reaction mechanism. It was
demonstrated that the combined analysis of different
breakup reactions using the same structure model
can be a viable tool for discovering the genuine na-
ture of halo nuclei. The simultaneous analysis of a
variety of observables within the same model can be
used to reduce the ambiguity of model assumptions
on reaction dynamics. Kinematically complete exper-
iments at intermediate energies with domination of
one-step processes in the reaction mechanism are
most promising and reliable spectroscopic instru-
ments for investigation of the structure of halo nuclei.
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Abstract—Ternary fission of 252Cf was studied at Gammasphere using eight∆E × E particle telescopes.
Helium, beryllium, boron, and carbon light charged particles (LCPs) emitted with kinetic energy more than
9, 21, 26, and 32MeV, respectively, were identified. The 3368-keV γ transition from the first 2+ excited state
in 10Be was found and the population probability ratio N(2+)/N(0+) = 0.160 ± 0.025 was estimated. No
evidence was found for 3368-keV γ rays emitted from a triple molecular state. For the first time, charge
distributions are obtained for ternary fission fragments emitted with helium, beryllium, and carbon LCPs.
c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

Spectroscopic γ-ray measurements are known for
their effectiveness in getting essential characteris-
tics for low-energy binary fission. Such are data on
fragment-independent yields [1] and the measured
yields of individual fragment pairs obtained at partic-
ular charge splits of the fissile nucleus [2, 3]. Until
recently, such measurements could not be made for
the nuclear fission accompanied by light charged par-
ticle (LCP) emission. The reason is that this process,
often called ternary fission, is rare. In the case of 252Cf
ternary fission, one ternary fission event comes about
only one time per ∼ 260 binary fission events [4].
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However, with the advent of contemporary 4π Ge
detector arrays, such as the Gammasphere facility [5,
6], the γ−γ−γ coincidence technique could show its
full potential for the study of such rare events. Using
this technique, the authors of [7, 8] for the first time
obtained data on the yields of fragment pairs emitted
in cold (neutronless) ternary fission of 252Cf associ-
ated with 4He and 10Be LCPs.
It will be interesting to extend these data to the

independent yields of other fragment pairs and/or
individual fragments appearing in 252Cf ternary fis-
sion accompanied by different LCPs. Such data will
be useful for specifying initial ternary fission config-
urations realized by the nuclear system just before
the instant when the acceleration of the three bod-
ies (the two main fragments and the LCP) begins
in the Coulomb field. The lack of experimental data
characterizing these configurations led the authors of
theoretical papers to make speculative assumptions
when treating the problem of different LCP rates [9–
12] and doing trajectory calculations for LPCs (see [4,
9, 13]).
On the other hand, the spectroscopy of ternary

fission γ rays is interesting because it could be helpful
in filling the gap in our knowledge about the popula-
tion probability of excited states in LCPs emitted in
ternary fission. Existing data of this type are scarce.
Just recently, the population of a particle unstable
level lying in 8Li at E∗ = 2.26 MeV was reported for
the ternary fission of 252Cf [14]. However, one should
2004 MAIK “Nauka/Interperiodica”
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not come to anything more than the observation of
particle unstable states because, apart from the large
statistical error of the yield value reported in [14], the
ambiguity is inherent to the population ratios mea-
sured for particle unstable states.
Among LCPs with Z > 2, 10Be has the largest

yield. If its first excited state (Jπ = 2+) is populated,
3368-keV γ rays will be emitted as a result of 2+ →
0+ transition. The authors of [15, 16] reported on the
observation of a 3.37-MeV peak in the γ spectrum
recorded in coincidence with 10Be LCPs emitted in
252Cf ternary fission. They also furnished evidence
that this peak did not showDoppler broadening. Tak-
ing into consideration the short, 125-fs, lifetime of
10Be in its 2+ state, the authors of [15, 16] concluded
that it could either mean an emission of γ rays prefer-
entially perpendicular to the 10Be momentum vector
or a substantial delay in the release of the excited 10Be
nuclei resulting in the fact that these nuclei stay at
rest for an unusually long time before the beginning of
their acceleration in the Coulomb field of the twomain
fragments. The result was open to question because
of the poor energy resolution of the NaI detectors
used in this experiment. To test this idea, a γ−γ−γ
coincidence experiment was conducted at Gammas-
phere with a high energy resolution [8, 17]. The data
gave support to the observation reported in [15, 16],
but with limited statistics and without a direct LCP
identification. The possibility that the 10Be nucleus
may stay between two fission fragments for a long
time (∼ 10−13 s) to create a so-called triple nuclear
molecule opens up an exciting possibility discussed
in [18].
Thus, the observation of γ rays emitted by LCPs

became important both for the deeper penetration
into the dynamics of ternary fission and for examin-
ing this process for quasi-molecular states appearing
presumably at the scission point.

2. EXPERIMENT

Keeping this in mind, we performed a new experi-
ment at Gammasphere providing that events showing
the coincidence of γ rays and LCPs originating from
the spontaneous fission of 252Cf were detected. Gam-
masphere was set to record γ rays with energy less
than 5.4 MeV. The detection efficiency varied from
a maximum value of 17% typical for the low-energy
part of the γ-ray spectrum to 4.6% at 3368 keV. A
252Cf sample giving ∼ 4 × 104 spontaneous fissions
per second was installed in the center of a reaction
chamber placed in a hollow sphere inside Gammas-
phere. The source was deposited on a 1.8-µm Ti foil
and was tightly covered by gold foils on both sides.
These foils had the least thickness that could stop
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Fig. 1.∆E × E plot. The data were collected by the first
telescope during the whole time of the experiment.

the two main fragments originating in ternary fission.
The fragment deceleration time was less than 1 ps,
ensuring one that γ rays were emitted by the fission
fragments mainly when these fragments were at rest.

Eight ∆E × E detector telescopes were used for
the LCP detection. Four telescopes were centered at
polar angle θ = 30◦ (ϕ = 45◦, 135◦, 225◦, and 315◦).
The other four telescopes were at θ = 150◦ (azimuth
angles were the same). The telescopes were inclined
so that the lines connecting the centers of two op-
posite ∆E detectors and going through the center of
the source were orthogonal to the detector surfaces.
Each ∆E detector had an area of 10 × 10 mm and
thickness varying between 9.0 and 10.5 µm. Each E
detector was 400 µm thick and was 20 × 20 mm in
area. All ∆E detectors were at a distance of 27 mm
from the source. The distance between the∆E and E
detectors was 13 mm.

Data acquisition was triggered by∆E orE signals
with amplitudes above the threshold values, which
were set to prevent the detection of twofold pileups
of α particles emitted in 252Cf radioactive decay. A
ternary fission event was stored under the condi-
tion that at least one γ ray was detected within a
100-ns time interval. During a period of two weeks
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Fig. 2. Spectra of γ rays coinciding with Be LCPs obtained before and after the Doppler shift correction (histograms drawn
with thin and thick solid lines, respectively). The dashed line shows the spectrum of γ rays observed in coincidence with He
LCPs. The last spectrum was normalized to the total number of counts obtained in the whole spectrum associated with Be
LCPs (Eγ = 90−5000 keV).
when measurements were made continuously, ap-
proximately 1.6 × 107 events were recorded.

3. RESULTS AND DISCUSSION

The resolution achieved for the ∆E × E tele-
scopes allowed us to identify helium, beryllium, boron,
and carbon nuclei well in each of the eight two-
dimensional plots created from the data recorded by
the telescopes. One such plot is shown in Fig. 1. Only
the lithium region was shadowed by the random co-
incidences of helium LCPs with α particles appearing
from the radioactive decay of 252Cf. We separated He,
Be, B, and C LCPs using the loci shown in Fig. 1 and
applying a condition that the energy deposited in the

Parameters of the energy spectra and yields of LCPs ob-
tained by fitting our experimental data (the yields are nor-
malized to 104 He LCPs)

LCP
Reference

Be B C

〈E〉
[MeV]

18.0(4) 20.5(1.0) 23.4(1.0) [19]

17.5(1.0) 21.2(1.0) 26(1) [20]

FWHM
[MeV]

17.03(8) 19.8(2) 18.7(2) Present work

18(1) 19.3(1.0) [20]

Yield 166(10) 16(3) 103(15) Present work

126(30) 6.3(4.0) [20]
PH
E detectors was greater than 5 MeV. Thus, the lower
primary energy of the recorded LCPs was 9, 21, 26,
and 32 MeV for He, Be, B, and C LCPs, respectively.
In the case of Be, B, and C LCPs, only high-

energy parts of the full energy spectra were measured.
Even under a usual assumption that the LCP en-
ergy distributions are Gaussians, it is impossible to
estimate the mean values and widths of LCP energy
distributions from these data. Therefore, we used the
mean values estimated in another experiment con-
ducted in Dubna with an open 252Cf source [19]. This
allowed us to estimate the FWHM values by fitting
the LCP energy distributions obtained with higher
statistics in the present experiment. These fits gave
the yields of LCPs occurring in 252Cf ternary fission.
The obtained results are summarized in the table.
The histogram shown in Fig. 2 with a thin line

represents the energy spectrum of prompt γ rays
recorded in coincidence with Be LCPs. The thick
solid line histogram is the same spectrum obtained
after applying a correction for Doppler shift. A distinct
peak dominating in the last spectrum at 3368 keV
corresponds to the 2+ → 0+ transition in 10Be. The
peak width, FWHM = 65.7± 4.5 keV, was estimated
by using a Gaussian fit. This width is compatible with
the value FWHM = 62.1 keV obtained by the Monte
Carlo simulation of the correction procedure made for
γ rays emitted from moving 10Be nuclei. The dashed
line in Fig. 2 shows the spectrum of γ rays detected in
coincidence with helium nuclei. To some extent, this
spectrum reflects the background from γ rays emitted
by fission fragments.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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In the raw spectrum of γ rays recorded in coin-
cidence with Be LCPs, we do not see any distinct
peak near 3368-keV which could be associated with
γ emission from stationary 10Be nuclei. A thorough
analysis made with the selection of γ rays emitted in
a nearly perpendicular direction to the trajectories of
Be LCPs showed that there is a lack of any γ line
which could be attributed to the emission from 10Be
standing in a triple nuclear molecule.
The number of counts obtained in the 3368-keV γ

line is 263 ± 22. Taking into consideration the Gam-
masphere efficiency (	 4.6%), the total number of
3368-keV γ rays emitted by 10Be nuclei becomes
Iγ = 5700 ± 480. After correction for the number of
beryllium LCPs escaping detection due to the lack
of recorded signals from γ rays, we estimated the
total number of Be LCPs recorded by the ∆E × E
telescopes as NBe = 51800 ± 5000. The energy reso-
lution of the∆E detectors did not allow us to directly
separate the loci of beryllium isotopes in the∆E × E
plot (see Fig. 1). Comparing the loci obtained by
Monte Carlo simulations for 9Be, 10Be, and 11Be with
the experimental∆E ×E distributions, we estimated
the yield of 10Be nuclei at ∼ 80% of all beryllium
LCPs emitted in the ternary fission of 252Cf. This
observation is in agreement with the experimental
data presented in [11].
Based on these results, we estimated the popu-

lation ratio of the excited 2+ and the ground-state
0+ levels in 10Be as N(2+)/N(0+) = 0.160 ± 0.025.
The upper limit for the probability that 10Be emits
its γ rays while being at rest makes up only 4% of
this ratio. We note, however, that these results are
valid for 10Be LCPs obtained at infinity with kinetic
energy more than 21 MeV. In particular, one cannot
exclude that the hypothetical triple molecules decay
in a way leading mainly to a low kinetic energy for the
10Be LCPswhich was beyond the reach of the present
experiment. Since the earlier Gammasphere experi-
ment [8, 17] relied solely on the observation of γ−γ−γ
coincidence events, a possibility still remains open
that a narrow γ peak characteristic of the motionless
10Be can be found if the low-energy part of the energy
distribution of 10Be LCPs is detected. At the same
time, the present result excludes any possibility that
an effect of a triple quasi-molecular state involving
beryllium LCPs could be observed in [15, 16], where
the energy cutoff was 26 MeV for these clusters.
Using raw data, we built a 4096 × 4096 chan-

nel two-dimensional spectrum for events involving
twofold or higher γ-ray signals recorded in coinci-
dence with He ternary LCPs. This spectrum spanned
an energy range from 50 to 2700 keV along the two
axes.We also built three linear spectra extending from
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
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Fig. 3. The charge distributions obtained for main frag-
ments emitted in the ternary fission of 252Cf accompanied,
respectively, by He (stars), Be (circles), and C (squares)
LCPs. The dotted lines show the charge distribution
known for the binary fission of 252Cf.

50 to 5500 keV separately for γ rays coinciding with
helium, beryllium, and carbon ternary LCPs.
In the two-dimensional spectrum, we identified

more than 170 γ−γ coincidence peaks originating
from fission fragments appearing in the He ternary
fission of 252Cf. Some of these peaks corresponded to
the coincidences of ground-state transitions occur-
ring in complementary fragments entering into differ-
ent fragment pairs. From these peak values, corrected
for detection efficiency and electron conversion, we
calculated independent yields for 63 fragment pairs
corresponding to four charge splits of the main part
of the 252Cf nucleus remaining after the going out
of the ternary He LCP. In addition, we estimated
independent yields for two tin isotopes (130Sn and
132Sn) from their γ-peak values obtained in the linear
spectrum built for the He ternary fission events.
In the γ-ray spectra observed in coincidence with

Be LCPs, we identified 72 peaks as due to transitions
occurring in 38 fission fragments and estimated inde-
pendent yields for these fission fragments. In the case
of C LCPs, 70 γ peaks were identified, and indepen-
dent yields were estimated for 35 fission fragments.
These results allowed us to present, for the first

time, charge distributions obtained for fission frag-
ments appearing in the ternary fission of 252Cf in co-
incidence with helium, beryllium, and carbon LCPs.
These charge distributions are presented in Fig. 3.
For comparison, we showed in Fig. 3 the fragment
charge distribution known for the binary fission of
252Cf.
From the comparison made for the two charge

distributions, one obtained for the He ternary fission
and another one known for the binary fission of 252Cf,
we see that two protons entering the He LCPs come
04
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Fig. 4. The average numbers of protons removed from
the heavy (squares) and light (circles) ternary fission
fragments which otherwise could be obtained as those
emitted in binary fission.

from the light fragments, otherwise obtained as those
emitted in binary fission. Similar considerations show
that Be nuclei take, on average, ∼ 2.7 protons from
the light fragment with the rest of the charge coming
from the heavy fragment. Finally, we see that both
fission fragments contribute about the same proton
number in the formation of carbon LCPs. The average
proton numbers removed from the light and heavy
binary fission fragments by He, Be, and C LCPs are
presented in Fig. 4. It will be natural to say that, on
average, the parts of nuclear matter contributing in
these LCPs from the light and heavy binary fission
fragments keep the same proportions as those es-
tablished for protons. These observations seem to be
more direct in their nature, and, hence, more correct,
than analogous conclusions made on the basis of
energy and mass distributions of primary fragments
(before neutron evaporation) deduced, in turn, by it-
erative procedures from the measured energy ratios of
correlated fragments emitted in ternary fission [20].
It is of interest to see how measured LCP yields

correlate with the “average energy cost” for the pro-
duction of various third particles. The correlation plot
presented in Fig. 5 was obtained using the relative
yield values presented in the table for Be, B, and
C with respect to He LCPs. The average energy
cost values were calculated following the prescription
given in [9] and with the use of our results presented
in Fig. 4.We assumed that 4He, 12B, and 14C exhaust
the full yield values measured for the helium, boron,
and carbon LCPs. This approximation seems to be
natural in view of relatively low rates reported for
LCPs representing heavy helium isotopes [20] and
abundance ratios measured for boron and carbon nu-
clei emitted in ternary fission [4, 9, 13]. As for Be
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Fig. 5. Correlation plot showing the relative yields of
various LCPs as a function of the average energy cost
(see text).

LCPs, shown in Fig. 5 is the ground-state yield of
10Be obtained after a correction wasmade to the value
given in the table. This correction takes into account
the measured ratio N(2+)/N(0+) = 0.160 ± 0.025
and the 80% proportion which we have estimated for
10Be LCPs emitted in the ternary fission of 252Cf.
Figure 5 shows that the LPC yields fall exponentially
with an increase in the average energy cost.
Figure 5 shows one point representing the rela-

tive yield of 10Be (2+) nuclei emitted in the excited
state. This estimate involves the measured ratio
N(2+)/N(0+) = 0.160± 0.025 reduced by a factor of
5 to take into account the spin factor which actually
enhanced the 2+ state yield. In the energy scale of
Fig. 5, we just added the excitation energy of the 2+

state in 10Be, 3368 keV, to the average energy cost
estimated for 10Be (g.s.). The two points representing
10Be (g.s.) and 10Be (2+) show a remarkably more
rapid decrease in the yield as compared with the
exponential fitting of the yields of other LCPs, taken
with the exception of 10Be (2+).

4. CONCLUSION

In summary, He, Be, B, and C LCPs emitted in
252Cf ternary fission with kinetic energy more than 9,
21, 26, and 32 MeV, respectively, were identified and
their relative yields and energy distribution param-
eters were obtained. The extraordinary capability of
Gammasphere in probing rare γ rays combined with
∆E × E detector telescopes allowed us to measure
for the first time the ratio of population probabili-
ties, N(2+)/N(0+) = 0.160 ± 0.025, for 10Be nuclei
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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emitted in their excited (2+) and ground (0+) states.
Assuming that a kind of statistical equilibrium is set
at some stage in the ternary fission process (e.g., as
discussed in the dynamical model [11]) and taking
into account the statistical factor brought about by
the spin, this ratio suggests a value of 1.0± 0.16MeV
for the temperature parameter. Our results do not
show any hint that the γ rays are emitted from 10Be
nuclei occurring at rest as a part of a triple nuclear
molecule presumably formed at the scission point.
For the first time, we presented charge distribu-

tions obtained for fission fragments appearing in the
ternary fission of 252Cf in coincidence with helium,
beryllium, and carbon LCPs. Based on the measured
charge distributions, we obtained data showing the
average proton numbers removed from the light and
heavy binary fission fragments by He, Be, and C
LCPs and presented a correlation plot showing how
the measured LCP yields correlate with the average
energy cost for the production of various third parti-
cles.
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Abstract—Two-step-cascade spectra of the 171Yb(n, γγ)172Yb reaction have been measured using ther-
mal neutrons. They are compared to calculations based on experimental values of the level density
and radiative strength function obtained from the 173Yb(3He, αγ)172Yb reaction. The multipolarity of a
6.5(15) µ2

N resonance at 3.3(1) MeV in the strength function is determined to be M1 by this comparison.
c© 2004 MAIK “Nauka/Interperiodica”.
Excited nuclei decay often by a cascade of γ rays.
While the decay between discrete states is deter-
mined by the details of the nuclear wave functions,
unresolved transitions are best described by statis-
tical concepts like a continuous radiative strength
function (RSF) and level density. The RSF (reviewed
in [1]) provides the mean value of the decay proba-
bility for a given γ-ray energy Eγ . For hard γ rays
(∼ 7−20 MeV), the RSF is governed by the giant
electric dipole resonance whose parameters are de-
termined from photoabsorption [2]. The soft tail of the
RSF has been investigated by a variety of methods,
most notably by primary γ rays [3]. Recently, sys-
tematic studies of the soft RSF have been performed
at the Oslo Cyclotron Laboratory using a method
based on sequential extraction. With this method, it
is possible to obtain both the level density and RSF
by a deconvolution of a set of primary γ spectra from a
range of excitation energies [4]. Total RSFs (summed
over all multipolarities) of rare-earth nuclei can be
extracted for Bn > Eγ > 1 MeV [5]. Their common,
most striking feature is a resonance at Eγ ∼ 3 MeV,
which is believed to be of dipole multipolarity but
whose electromagnetic character is unknown. It has
been shown for all investigated rare-earth nuclei that
the total RSF is most readily decomposed into a sum
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of the Kadmenskiı̆–Markushev–Furman (KMF) E1
model [6], a spin-flip M1 model [7], and the afore-
mentioned soft dipole resonance [5]. The knowledge
of the character of this resonance is essential for
its theoretical interpretation. Experimentally, it can
be determined from an auxiliary two-step-cascade
(TSC) measurement [8].

The TSC method is based on the observation of
decays from an initial state i to a final state f via
an intermediate level m [9–11]. A convenient initial
state is that formed in thermal or average resonance
capture (ARC); the final state can be any low-lying
discrete state. TSC spectra are determined by the
branching ratios of the initial and intermediate states
(expressed as ratios of partial to total widths Γ) and
by the level density ρ of intermediate states with spin
and parity Jπm:

Iif (E1, E2) (1)

=
∑

XL,XL′,Jπ
m

ΓXLim (E1)
Γi

ρ(Em, Jπm)
ΓXL

′
mf (E2)

Γm

+
∑

XL,XL′,Jπ
m′

ΓXLim′ (E2)
Γi

ρ(Em′ , Jπm′)
ΓXL

′
m′f (E1)

Γm′
.

The sums in Eq. (1) are restricted to give valid com-
binations of the level spins and parities and the tran-
sition multipolarities XL. They arise since one de-
termines neither the ordering of the two γ rays, nor
the multipolarities of the transitions, nor the spins
and parities of the intermediate levels; hence, one has
to include all possibilities. The two transition ener-
gies are correlated byE1 +E2 = Ei −Ef ; thus, TSC
spectra can be expressed as spectra of one transition
energy Eγ only. TSC spectra are symmetric around
E

sym
γ = (Ei−Ef )/2; integration overEγ yields twice

the total TSC intensity Iif (if both γ rays are counted
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in the spectrum). The knowledge of the parities πi8)

and πf ensures that Iif depends, roughly speaking,
on the product of two RSFs around E

sym
γ [8] (i.e.,

f2
E1 + f2

M1 for πi = πf and 2fE1fM1 for πi �= πf , the
latter case being more sensitive to the character of the
soft resonance). Iif depends also on the level density.
This usually prevents one from drawing firm conclu-
sions from TSC experiments alone [11]. A combined
analysis of Oslo-type and TSC experiments, however,
will enable one to establish the sum and product,
respectively, of all contributions to fM1 and fE1 at
energies of the soft resonance, thus determining its
character. For this goal, the partial widths of Eq. (1)
are expressed via

ΓXLx→y(Eγ) = fXL(Eγ)E2L+1
γ Dx (2)

in terms of RSFs and level spacingsDx. Equation (2)
actually gives only the average value of the Porter–
Thomas distributed partial widths [12]. The total
width Γ is the sum of all partial widths. Again, the
sum is only the sum of mean values; however, the
distribution of total widths with many components is
almost δ-like [12]. The level density for a given spin
and parity is calculated from the total level density
by [13]

ρ(Ex, Jπx ) = ρ(Ex)
1
2

2Jx + 1
2σ2

exp
[
−(Jx + 1/2)2

2σ2

]
,

(3)

where σ is the spin cutoff parameter, and we assume
equal numbers of positive and negative parity levels.
This assumption and Eq. (3) have been verified from
the discrete level schemes of rare-earth nuclei. Thus,
all quantities for calculating TSC spectra are based
on experimental data.

The combined analysis is applied to the nu-
cleus 172Yb, which has been investigated by the
173Yb(3He, αγ)172Yb reaction in Oslo and by the
171Yb(n, γγ)172Yb reaction at the Lujan Center of the
Los Alamos Neutron Science Center (LANSCE).
The Oslo data have been reported in [4, 5]. Thus,
only a short summary is given. The experiment
was performed using a 45-MeV 3He beam on a
metallic, enriched, self-supporting target. Ejectiles
were detected and their energies were determined
using particle telescopes at 45◦. In coincidence with
α particles, γ rays were detected in an array of NaI
detectors. From the reaction kinematics, α energy
is converted into Ex, and γ-cascade spectra are
constructed for a range of Ex bins. The γ spectra are
unfolded [14] and the primary γ spectra are extracted
using a subtraction method [15]. The spectra are
deconvoluted into a level density and a total RSF by

8)One assumes that only neutron s capture occurs.
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applying the Brink–Axel hypothesis [16]. The level
density is normalized by comparison to discrete levels
at low Ex and to the average neutron resonance
spacing at Bn [4]. The RSF is normalized using
the average total width of neutron resonances and
is decomposed into the KMF E1 model [6], a spin-
flip M1 model [7], and a soft dipole resonance [5].
Here, we have improved on the normalization of the
level density and the RSF and included an isoscalar
Lorentzian E2 model [17], giving

ftot = K(fE1 + fM1) + E2
γfE2 + fsoft, (4)

where K is a scaling factor of the order of one.
Since quadrupole transitions populate levels within
a broader spin interval than dipole transitions, Eq. (4)
is of an approximative nature. Given the weakness of
quadrupole transitions and the level of experimental
uncertainties, however, this approximation is believed
to be sufficient. The improved data, the fit to the total
RSF, and its decomposition into different multipolar-
ities are given in Fig. 1. The parameters for the E1
RSF are taken from [5], and those for theM1 and E2
RSFs from [7], where we use the fE1/fM1 systemat-
ics at ∼ 7 MeV, giving values in agreement with ARC
work [19]. The fitted parameters are the constant
temperature of the KMF model T = 0.34(3) MeV, the
normalization coefficient K = 1.7(1), and the three
parameters of the soft resonance E = 3.3(1) MeV,
Γ = 1.2(3) MeV, and σ = 0.49(5) mb.9)

For the 171Yb(n, γγ)172Yb experiment, we used
∼1 g of enriched, dry Yb2O3 powder encapsulated in
a glass ampule, mounted in an evacuated beam tube
and irradiated by collimated neutrons with a time-
averaged flux of ∼4 × 104 neutrons/(cm2 s) at a dis-
tance of ∼20 m from the thermal moderator. Gamma
rays were detected by two 80% and one shielded and
segmented ∼ 200% clover Ge(HP) detector, placed
∼12 cm from the target in a geometry to minimize
angular correlation effects and contributions from
higher multiplicity cascades. Single and coincident γ
rays were recorded simultaneously, including n time-
of-flight and γ−γ coincidence time. The experiment
ran for ∼150 h, yielding ∼107 coincidences. The
relative detector efficiencies from 1–9 MeV were
determined by two separate runs of ∼12 h each,
before and after the 171Yb(n, γγ)172Yb experiment,
using the 35Cl(n, γ)36Cl reaction and its known γ in-
tensities [20]. Also, a standard calibrated 60Co source
has been measured to adjust the relative curves to
an absolute scale. The energy-summed coincidence
spectrum (Fig. 2, upper panel) shows distinct peaks

9)The cited parameters are mean values obtained from the
173Yb(3He, αγ)172Yb and 172Yb(3He, 3He′γ)172Yb reaction
data.
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Fig. 1. (Left) Total level density (circles), constant-temperature extrapolation (solid line), level density at Bn derived from the
average neutron resonance spacing (square) [7], and level density from counting of discrete levels (jagged line) [18]. (Right)
Total RSF (circles), fitted to the data, and decomposition into RSFs of different multipolarities (solid curves). The inclusion
of the soft resonance in the fit decreases χ2

red from ∼7.4 to ∼1.3. Since this value is close to unity, inclusion of additional
nonstatistical structures cannot significantly improve the fit.
corresponding to TSCs between Bn and several
low-lying states. The two strongest peaks have
∼4000 counts each. TSC spectra (lower panels) were
obtained by gating on three peaks, using the back-
ground subtraction method of [21], thereby avoiding
spurious structures. Relative intensities of primary
versus secondary γ rays were determined from the
singles spectra and are in agreement with [19].
Absolute intensities were determined by using new
data on absolute secondary γ-ray intensities [22] and
scaling primary intensities to these values using the
relative intensities of [19]. These absolute intensities
are ∼20% higher than in [19]. TSC intensities are
normalized (i) to absolute primary intensities and
secondary branching ratios of individual TSCs and
(ii) by effectively estimating the number of neutron
captures during the experiment from singles spectra,
absolute (secondary) intensities, and absolute detec-
tor efficiencies. Both methods give equal results to
within 10%.

TSC spectra are compared to calculations accord-
ing to Eq. (1) assuming either electric or magnetic
character for the soft resonance [8]. Due to the large
Porter–Thomas fluctuations of TSC intensities, TSC
spectra are compressed to 300-keV energy bins and
only a 2.5-MeV broad energy interval in the mid-
dle of the spectra is taken into account [11] for the
comparison. Corrections due to nonisotropic angular
correlations of TSCs have been applied. They can be
up to ∼ 20%, depending on the initial and final spins
PH
and parities involved in the respective TSCs. The
contributions to the thermal radiative neutron capture
cross section σth

(n,γ) from the two possible spins (0−

and 1−) involved in neutron s capture on 171Yb are
uncertain. The compilation [23] assumes 0− for the
subthreshold resonances, which contribute 88% to
σth

(n,γ). Another 4% comes from 0− resonances above

threshold, giving in total a 92% contribution of 0−
states. On the other hand, there is no strong evi-
dence that all contributing subthreshold resonances
have 0−. Examination of hard primary γ rays [19, 24]
reveals many strong transitions populating 2+ levels,
indicating that a sizeable portion of σth

(n,γ) stems from

1− resonances. Therefore, we performed calculations
for a set of ratios R = σth

(n,γ)(0
−)/σth

(n,γ). These cal-
culations show, however, that only the TSC intensity
to the 0+

1 state has a strong dependence on this ratio.
Total experimental and calculated TSC intensities are
shown in the left panels of Fig. 3. The calculations
assuming E1 for the soft resonance do not repro-
duce the experimental intensities for any value of R.
Good agreement is achieved assuming M1, with the
additional condition of R ∼ 0.5 for the 0+

1 final state.
However, it has to be emphasized that the conclusion
of an M1 multipolarity for the soft resonance can
be established from the TSC intensities to the 2+

1

state and the 1−1 state independently, irrespective of
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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the value of R. Possible systematic uncertainties in
the absolute normalization cannot change this con-
clusion, since, in the case of the final states 0+

1 and
2+
1 , one would need a decrease while, at the same

time, for the 1−1 final state one would need an increase
in the experimental TSC intensities in order to ac-
commodate the E1 hypothesis. The combined χ2

red
for all three TSC intensities as function of R is also
given. TheM1 hypothesis yields the global minimum
forR = 0.5 ± 0.2 with χ2

red < 1, whereas the minimal
χ2

red for theE1 hypothesis is∼ 6 forR = 1. Finally, we
show the TSC spectra to two final states compared to
calculations using theM1 hypothesis at R = 0.5 and
the E1 hypothesis at R = 1. No further conclusions
have been drawn from this comparison, however.

The integrated strength of the soft resonance is
expressed as

B↑(M1) =
9�c

32π2

(
σΓ
E

)
soft

, (5)

giving a value of 6.5(15) µ2
N , which is entirely de-

termined from the Oslo-type experiment after M1
multipolarity has been established. This is in agree-
ment with the sum-rule approach for soft, orbital M1
strength [25] but is more than twice the strength from
nuclear resonance fluorescence (NRF) [26]. However,
in [11, 27], several limitations in determiningB↑(M1)
using NRF are discussed, all resulting in possible
underestimation. Concerns are that (i) too few 1+

levels are observed in NRF experiments compared to
level density estimates (eight candidates for 1+ levels
have been observed in the NRF experiment within
the 2–4 MeV energy interval, whereas ∼ 120 such
levels are expected from experimental level densities);
(ii) the assumption in NRF experiments is not ful-
filled that the total radiative width is given by the
sum of the partial radiative widths for transitions to
the ground state and the first excited state only; and
(iii) the energy-region coverage is insufficient. Hence,
in NRF experiments, weak unobserved excitations
from the ground state, weak unobserved decays to
excited levels above the ground-state rotational band,
and excitations outside the investigated energy range
might all contribute to an increased summedB↑(M1)
value in better agreement with the present value [27].
Also in [11] B↑(M1) ∼ 7µ2

N is required in order to
reproduce TSC spectra in 163Dy.

In order to investigate the above-mentioned con-
cerns and to better compare the present result with
the NRF observations, we have performed a simu-
lation of the 172Yb(γ, γ′) experiment on the basis of
the statistical model. The main assumption of this
approach is that the mean value of partial radiative
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
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Fig. 2. (Upper panel) Energy-summed coincidence spec-
trum from the 171Yb(n, γγ)172Yb reaction. The peaks
are labeled by energy (in keV) of the final state. Those
denoted by 71Ge and 29Si are due to n capture in the
detector and in the glass ampule, respectively. “SE” and
“DE” stands for single and double escape peaks, respec-
tively. TSC spectra to the 2+

1 state at 79 keV (middle
panel) and the 0+

1 state at 0 keV (lower panel). The slight
asymmetry is due to the energy-dependent resolution of
the detectors.

widths does not depend on concrete initial and final
nuclear levels, but that it is determined by global
nuclear characteristics such as the RSF and the level
density. Each individual radiative width is, according
to the statistical model, randomly distributed around
this mean value and the probability for having any
specific value is given by the Porter–Thomas dis-
tribution. The main observable in NRF experiments
is the energy-integrated cross section I0+1 of res-
onantly scattered γ rays populating an intermedi-
ate state at excitation energy E and then decaying
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down to either the ground state or the first excited
state. This partial, energy-integrated, photoabsorp-
tion cross section is given by

I0+1 =
3π2

�
2c2

E2

Γ0 (Γ0 + Γ1)
Γ

. (6)

Here, Γ0 and Γ1 are the partial decay widths to the
ground state and first excited state, respectively, and
Γ is the total radiative width of the intermediate state
with energyE. Similar partial cross sections to higher
lying final states f can be calculated by replacing
Γ0 + Γ1 with the appropriate Γf .

The information from the 172Yb(γ, γ′) experiment
consists of the energies E and the partial, energy-
integrated, photon-absorption cross sections I0+1

of eight candidates for 1+ states and of thirteen
1− states [26]. Under the assumption that Γ =
PH
Γ0 + Γ1 and that all candidates for 1+ states are, in
fact, 1+ states, the authors of [26] have deduced a
summed B↑(M1) value for all eight candidate states
of 2.4(10)µ2

N .

Since, within the statistical model, the mean val-
ues of radiative widths can be expressed in terms
of level densities and RSFs according to Eq. (2),
we can use experimental values of these quantities
from Oslo-type experiments to simulate a random
set of NRF observable using Eq. (6). In order to
properly take into account the detection threshold
in NRF experiments, partial radiative widths for all
possible γ transitions connecting intermediate 1+

states with final states by dipole or quadrupole radia-
tion have been simulated as random, Porter–Thomas
distributed values with mean values determined by
Eq. (2). Each set of simulated radiative widths has
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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been used to calculate the partial, energy-integrated,
photon-absorption cross sections I0+1 for 1+ states.
The energy dependence of the detection threshold has
been introduced according to [28]. Here, we would
like to point out that the estimated energy dependence
of the detection threshold in NRF experiments is only
valid for the cases where the scattered γ ray has
roughly the same energy as the incoming γ ray. Due
to the ∼ 1/Eγ shape of the bremsstrahlung spectrum
typically used in NRF investigations and the presence
of nonresonantly scattered γ rays, the experimen-
tal γ background for low-energy decays to excited
states above the ground-state rotational band can be
substantially higher. It is thus difficult to adjust the
absolute scale of the detection threshold for different
experiments due to a lack of information. Therefore,
we have scaled the detection threshold in the simu-
lation such that we observe, on average, eight levels
above threshold in the energy range of 2–4 MeV. We
have performed a total of 100 simulations from which
summed mean values of partial, energy-integrated,
photon-absorption cross sections I0+1 are obtained.

Without taking into account the detection thresh-
old, the simulation yields a mean value of integrated
cross section for the sum of all 1+ excitations in
the energy region 2–4 MeV of ∼ 0.8 MeV mb. If
one takes into account only the eight levels above
threshold, this value reduces to 0.30(9) MeV mb. This
value can be translated into B↑(M1) = 2.6(8) µ2

N ,
which is in good agreement with the reported value of
B↑(M1) = 2.4(10)µ2

N from NRF experiments. The
remaining M1 strength is hidden in the background
according to our simulation. Calculations also show
that the assumption made in NRF experiments Γ0 +
Γ1 = Γ is only fulfilled for states with large values
of I0+1 (i.e., transitions above threshold). This is in
good agreement with [29], where the lifetimes of the
most strongly populated 1+ states in 162,164Dy have
been measured independently by inelastic neutron
scattering. It turns out that there exists a strong
positive correlation between I0+1 and (Γ0 + Γ1)/Γ,
indicating that decay branches to higher lying states
become more important the weaker the state is
populated to begin with. This result of the simula-
tion could probably be tested experimentally at the
quasi-monoenergetic, 100% polarized High Intensity
Gamma Source (HIGS) at the Duke University Free
Electron Laser Laboratory and Triangle Universities
Nuclear Laboratory.

In conclusion, the soft resonance found in the RSF
of 172Yb in Oslo-type experiments has been deter-
mined to be of M1 multipolarity by an auxiliary TSC
measurement. The strength of the M1 resonance is
B↑(M1) = 6.5(15)µ2

N , which is entirely determined
by the former experiment. This value agrees with a
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
sum-rule approach for orbital strength, but is more
than twice the value reported by NRF experiments.
However, this difference has been explained tenta-
tively on the basis of the statistical model. Our simu-
lation hints that a possible source for underestimation
of B↑(M1) strength in NRF experiments can arise
from weakly excited states and weak decays to ex-
cited states above the ground-state rotational band.
Those weak transitions might be missed in NRF
experiments due to the presence of an experimental
detection threshold. Additional experimental data to
resolve this question are highly desirable. Assuming
M1 multipolarity for similar soft resonances in other
rare-earth nuclei gives consistent strengths of ∼6µ2

N
for various even and odd Dy, Er, and Yb nuclei and
quenched strengths of ∼3µ2

N for the more spherical
Sm nuclei [30]. The centroids of the resonances in-
crease weakly with mass number.
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Abstract—An approach based on the statistical theory of nuclear reactions and Monte Carlo method
is used for evaluations of excited nuclear system characteristics like probability of decay channel (light
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The present work is devoted to the modification
of the statistical approach to describe both the tra-
ditional observables of nuclear reactions (cross sec-
tions, energy spectra, etc.) and the kinematic charac-
teristics. The necessity of modification of the standard
method is mainly motivated by the widening area of
experimental information concerning nuclear reac-
tions at high excitation energies of compound nuclei.
As the experimental data show [1], the same residual
nucleus can be formed as a result of various chains
of particle evaporations (n, p, α, and γ) with gener-
ation of different daughter nucleus sets. In the case
of fission, the situation becomes more complicated
because of particle evaporation from deformed nuclear
states.

This work is based on the statistical theory of
nuclear reactions and Monte Carlo method, which
is used to simulate a number of characteristics of
excited nuclear system like the decay channel (light
particle, γ emission, or fission), energy, momentum,
and emission angle of the decay products. This pro-
vides an optimal consideration of the stochastic na-
ture of nuclear deexcitation processes. The approach
was realized in various computer programs and in the
code PACE [2], in particular. Here, the approach is
adapted for the analysis of nuclear reaction lifetimes.
Universality of the approach allows the analysis of the
experimental data on the energy spectra of secondary
particles and γ quanta as well as the time charac-
teristics of the reactions for excitation energies up
to hundreds of MeV (for example, a fission lifetime).
In addition, the Monte Carlo method for selection of

∗This article was submitted by the authors in English.
**e-mail: fotina@p8-inr.sinp.msu.ru
1063-7788/04/6710-1873$26.00 c©
decay characteristics permits the direct simulation of
experimental situation, in particular, time measure-
ments by the crystal blocking technique. This method
determines really measured mean characteristics of
nuclear reactions taking into account the experimen-
tal conditions.

Here, we present only a brief description of the
method (for details, see [3, 4]). In the framework of
this model, an evaporation particle chain is randomly
selected. The standard equation for the mean lifetime
of each intermediate nucleus, denoted by k, with en-
ergy E and momentum J is used:

τk(E, J) = �/Γk(E, J), (1)

where Γk(E, J) is the total decay width. It can be
shown that the full production time Ti of the final
reaction product for the given decay chain, denoted
by i, is determined as a sum of the mean lifetimes:

Ti =
∑
k

τk(E, J). (2)

Thus, the lifetime Ti of “decay event” i is intro-
duced. A decay event is characterized by the type
(n, p, or α), energy, momentum, and emission angle
of evaporated particles and kind of finishing process
(evaporation residue or fission). The obtained set of
decay events can be analyzed and averaged taking
into account the given experimental situation.

In earlier approaches (see [5–7]), an intermediate
nucleus lifetime 〈τk〉 was determined as a value aver-
aged by ensemble (E, J)k . This averaging was real-
ized for τk(E, J) weighted by the evaporation prob-
ability of the given decay channel k. Such a method
of averaging assumes that the mean lifetime τk(E, J)
at each evaporation step is substantially smaller than
2004 MAIK “Nauka/Interperiodica”
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Fig. 1. Experimental results and theoretical estimations
for (a) 〈dχ〉 and (b) 〈T 〉 of compound nuclei formed in the
12C +28 Si →40Ca fusion reaction. These experimental
data were obtained using the blocking of both evaporation
residues and low-energy α particles [1].

τk+1(E, J) at the next step. The main feature of our
model is rejection of this assumption. Moreover, in the
developed model, it is easy to obtain relative positions
of nuclear residues or relative positions of particle
evaporation events (surely taking into consideration
the uncertainty relations). This permits us to analyze
exotic experimental data, in particular, the nuclear
lifetimes measured by the crystal blocking technique.
The generality of this model allows us to perform
simultaneous analysis of such experimental data as
lifetimes, a particle spectrum, and various cross sec-
tions in an energy range up to hundreds of MeV.

The method was used in analysis of the time char-
acteristics of a compound nucleus decay in the reac-
tions 12C + 28Si → 40Ca and 19F + 28Si → 47V.
The results of calculations are compared with experi-
mental data [1].

First of all, we obtain good agreement between
the experimental and the theoretical lifetime values
[see Fig. 1b (data for 〈T 〉)]. For the relative yields
in the minima of blocking dips, 〈dχ〉 (see Fig. 1a),
measured simultaneously in the experiment [1], such
good agreement is not observed. Obviously, it can be
explained by using the same rough relation between
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Fig. 2. Time and 〈S⊥〉 dependences on the kind of parti-
cles registered in the blocking technique.

the nuclear lifetime and the changes in the block-
ing dips as in [1]. Nevertheless, relative positions of
compound nuclei inside of a crystal lattice 〈S⊥〉 and
kinematic characteristics of evaporated particles were
obtained by our model. In the future, it will allow us
to perform a complete analysis for a particle transport
through the crystal.

In our previous work [3], the time characteristic
dependence on registration angle of evaporated parti-
cles forming the blocking pattern was demonstrated.
This dependence becomes more pronounced with in-
creasing energy. In the present work, the calculations
show that the time value (Fig. 2a) and the mean
position depend on the kind of particles recorded in
the blocking technique (Fig. 2b).

Last but not least, the most interesting result is
presented in Fig. 3. In the framework of our ap-
proach, a pronounced difference between production
times for even Z and odd Z evaporation residue is
detected. This effect is certainly related to the even–
odd difference in the nuclear level densities. As one
can understand from Eq. (1), the nuclear lifetime
is directly proportional to the nuclear level density.
Thus, the even–odd difference in the nuclear level
density should be directly recorded by measurements
of nuclear lifetimes. We hope that this result will be
confirmed experimentally. This effect is more pro-
nounced for the even–even compound nucleus 40Ca
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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60 MeV). The registration angle of evaporated residues
is 20◦ in the laboratory system.

than for 47V (see Fig. 3). It is seen in Fig. 4 that, for
the 12C + 28Si → 40Ca reaction, the evaporation
probability for neutrons is substantially smaller than
that for protons or α particles. Because to this, the Z-
even–N-even and Z-odd–N-even daughter nuclei
are more probable for this reaction. In the case of
47V deexcitation, even N in daughter nuclei is more
probable, but deexcitation processes start from theZ-
odd nucleus. Therefore, in the case of the 40Ca deex-
citation, the even–even nuclei have higher excitation
energies on average than that for the decay of 47V.
Perhaps this difference in the excitation energies is
responsible for a decrease in the odd–even effects in
the production time of residues.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
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nuclear spectroscopy methods for measurements of a β-decay strength function Sβ(E), determi-
nation of the total β-decay energy Qβ, and testing of decay-scheme completeness are presented.
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1. INTRODUCTION

Total absorption γ-ray spectroscopy (TAGS) is
based on summation of cascade gamma-quantum
energies in 4π geometry [1–11]. TAGS may be ap-
plied for measurements of a β-decay strength func-
tion Sβ(E), determination of the total β-decay en-
ergy Qβ , and testing of decay-scheme completeness.
The combination of TAGS with high-resolution γ
spectroscopy may be applied in studies of Sβ(E) fine
structure as well as in constructing detailed decay
schemes [3, 10, 11].

Total absorption spectrometers (TAS) are used in
many laboratories and their constructions are based
on large-size NaI(Tl) crystals [1–11]. Comparing
the TAGS spectra with the existing data on decay
schemes, one may estimate the degree of decay
scheme completeness. It was shown that more than
30–50% of β decays to the high-lying nuclear levels
(i.e., levels with excitation energies higher than 2–
3 MeV) in medium and heavy nuclei may not have
been identified in decay schemes [1, 5, 7, 10, 11].
The principles of construction of more complete
decay schemes by using the combination of TAGS
spectroscopy with high-resolution γ spectroscopy
are presented for both neutron-deficit (β+/EC decay)
and neutron-rich nuclei (β− decay). The possibilities
of TAGS applications in testing of completeness of
decay schemes of fission products and more complete
data using decay-heat calculations [6] are discussed.

∗This article was submitted by the authors in English.
1)Khlopin Radium Institute, St. Petersburg, Russia.
2)Dzhelepov Laboratory of Nuclear Problems, Joint Institute
for Nuclear Research, Dubna, Moscow oblast, 141980 Rus-
sia.

3)Department of Physics, University of Jyväskylä, Finland.
**e-mail: izosimov@atom.nw.ru
1063-7788/04/6710-1876$26.00 c© 2
2. β+/EC- AND β−-DECAY STRENGTH
FUNCTIONS

For the Gamow–Teller beta transition, the level
occupancy I(E) with the excitation energy E of the
daughter nucleus after β+/EC and β− decay and the
half-life T1/2 can be written as [1]

I(E) = Sβ(E)T1/2f(Q− E), (1)

(
T1/2

)−1 =

Q∫
0

Sβ(E)f(Q− E)dE, (2)

where Sβ(E) describes the nuclear part of the transi-
tion; f(Q−E) is the Fermi function, which describes
the lepton part of the transition; and Q is the total
energy of the β decay. The function Sβ(E) is propor-
tional to the squared matrix elements of β-decay type
between the initial i and final f nuclear states∫

∆E

Sβ(E)dE =
∑
∆E

1/(ft) (3)

=
[
D(g2

V /g
2
A

]−1∑
∆E

B(GT, E),

B(GT, E) =
[
D(g2

V /g
2
A

]
/(ft) (4)

= 4πB±(GT, E)/g2
A

=

∣∣∣∣∣∣
〈
If

∣∣∣∣
∣∣∣∣∑
k,µ

t±(k)σµ(k)
∣∣∣∣
∣∣∣∣Ii
〉∣∣∣∣∣∣

2/
(2Ii + 1).

In Eqs. (3), (4), Ii and If are nuclear spins, gA and
gV are the constants of the axial-vector and vector
components of the β decay, D = 6147 ± 7 s, and
t±σ is the product of the isospin and spin operators.
004 MAIK “Nauka/Interperiodica”
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The value Sβ(E) is in units of MeV−1 s−1, whereas
B(GT, E) is in g2

A/4π units and ft is in seconds.

The Fermi function f(Q−E) decreases with in-
creasing E. As a rule, the more intensive beta decays
populate the levels with low (lower than 2–3 MeV)
excitation energies. But from the nuclear structure
point of view, the most interesting beta transitions
populate the levels with excitation energies higher
than 3–4 MeV, where strong resonances or at least
their tails may be observed in Sβ(E). Also, a lot of
nuclear levels and γ transitions may not be identified
in decay schemes because of relatively weak beta
transitions to the levels with high excitation energies.
To study beta transitions to the high-lying levels,
total absorption γ spectroscopy may be used [1–11].
The combination of TAGS with high-resolution γ
spectroscopy can be applied to study a fine structure
Sβ(E) as well as a detailed decay-scheme construc-
tion [3, 4, 10]. To this end, it is necessary to have
Z-separated (element separation) and M-separated
(mass separation) sources. For nuclei with T1/2 >

30 min, we applied radiochemistry methods of ele-
ment separation and after them a mass separator for
production of isobaric pure sources [5, 11].

In our experiments, a total absorption γ-ray
spectrometer (Fig. 1) is used, which consists of two
NaI(Tl) crystals with the sizes 200 × 110 mm and
200 × 140 mm. The larger crystal has a 70 × 80 mm
well, into which nuclei under investigation are sup-
plied and where a Si(Au) detector is installed for
β-particle detection [5]. Isolating total absorption
peaks in the TAS spectrum, one can find the occu-
pancy of levels I(E) and then using (1)–(4) find the
strength function Sβ(E) [1, 5]. The end-point energy
of the TAS spectrum is related to the total β-decay
energy Qβ [1–4]. The TAS spectrum and Sβ(E)
can be calculated from decay-scheme data. For
decay-scheme construction, high-resolution nuclear
spectroscopy methods are used [11]. Comparing the
TAGS spectroscopy data (TAS spectrum and Sβ(E))
with the data obtained from decay schemes, one may
estimate the degree of decay-scheme completeness
and determine the energy regions where a decay
scheme is not sufficiently complete [1, 3, 7, 10].

Beta-decay strength functions Sβ(E) for β+/EC
and β− decays are schematically shown in Fig. 2. The
strength functions of β+/EC and β− Gamow–Teller
decays are qualitatively different [1]. According to the
Ikeda sum rule [12], the total sums S+ and S− are
related to each other as

S− − S+ ≈ 3(N − Z),

where S± =
∑

iB±(GT, Ei). The total sum of β−

transitions in N > Z nuclei is larger than that for
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
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Fig. 1. Total absorption γ-ray spectrometer: D—β-
particle detector, X—X-ray detector, Y —γ-ray detec-
tor.

β+/EC transitions. However, a large part of the
total strength of β− transitions is concentrated in
the Gamow–Teller resonance with µτ = −1 (i.e., in
the state which is a coherent superposition of simple
excitations with isospin projection µτ = −1, e.g.,
proton-particle–neutron-hole ones) and is out of the
Qβ energy window, where the observed strengths of
β+/EC decay and β− decay may be comparable.
The Gamow–Teller resonance with µτ = −1 is in
principle unattainable in β− decay of N > Z nuclei,
whereas the Gamow–Teller resonance with µτ = +1
or its tail may be observed in β+/EC decay of N >
Z nuclei. In β− decay of N > Z nuclei, so-called
satellites of the Gamow–Teller resonance (back spin-
flip and/or core polarization states) may be observed
(Fig. 2).

3. β+/EC DECAY

Using our TAGS spectrometer, we detected [3,
5, 10] the Gamow–Teller resonance with µτ = +1
(Fig. 3) in 147gTb (T1/2 ≈ 1.6 h) as a strong peak at
E ≈ 4 MeV. The β+/EC transitions to levels with
excitation energies higher than 2 MeV were not
identified in the decay scheme (Fig. 4) from [13]. This
means that the decay scheme of 147gTb (T1/2 ≈ 1.6 h)
in [13] is very incomplete. The more complete decay
scheme of 147gTb (T1/2 ≈ 1.6 h) was constructed
in [11] (Fig. 5). The most interesting region for
study of the beta-strength function is at an excitation
energy higher than 3–4 MeV. The β+/EC-decay
strength function (Fig. 6) deduced from the more
complete decay scheme was constructed in [3, 10].
The strength functions (Figs. 3 and 6) are in good
04
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a strong peak at E ≈ 4 MeV.
PH
agreement and one may conclude that the decay
scheme of 147gTb (T1/2 ≈ 1.6 h) β+/EC decay in [11]
is sufficiently complete. This demonstrates that the
decay schemes for transitions to the levels with
excitation energies higher than 2–3 MeV in medium
and heavy nuclei may be very incomplete. To estimate
the degree of incompleteness of the decay scheme
by using TAGS spectroscopy, it is necessary to have
Z- and M-separated sources and about one day for
measurements and data analysis. For detailed decay-
scheme construction, it is necessary to have a much
longer time of measurements and data analysis.

Theoretical analysis of the observed Gamow–
Teller resonance with µτ = +1 and its fine structure
was done in [3]. Only qualitative agreement between
experimental and theoretical fine structure (Fig. 6)
was observed. Theory predicts more strength than
was experimentally observed. This is a typical situa-
tion for bothβ+/EC and β− decays. In β+/EC-decay
of 147gTb, not all the strength is in QEC window. For
a more detailed analysis of β+/EC-decay strength
in this region, experimental data on Sβ(E) in nuclei,
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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where all the β+/EC strength lies within the QEC
window, are needed. Such a possibility exists for
β+/EC decays of 145,143,141Tb nuclides.

The end point of the TAS spectrum is connected
with the total energy Qβ of the β decay. TAG spec-
troscopy can be used for measurements of Qβ with
accuracy up to 20 keV [1, 4]. As a rule, the most
informative region for determination of the TAS spec-
trum end point has a low counting per channel and
determining it directly is very difficult. The part of
the TAS spectrum with sufficiently high statistics is
not so informative for this purpose. So there is an
optimal interval of the TAS spectrum for a determi-
nation of QEC. We use the χ2 criterion for selecting
the optimal energy interval [4]. In the fitted region,
the errors of the intensity determination δI were more
than the maximum value of the pileup spectrum in-
tensity. The results of determination ofQEC from TAS
spectra of β+/EC decay of 156Ho (T1/2 ≈ 56 min)
using the maximum-likelihood method [4] are pre-
sented in Figs. 7 and 8. The obtained value QEC =
5.05± 0.02 MeV for 156Ho (T1/2 ≈ 65 min) is in good
agreement with the systematics [14].

4. β− DECAY, COMPLETENESS OF DECAY
SCHEMES OF FISSION PRODUCTS,
AND DECAY-HEAT CALCULATIONS

The population of levels at excitation energies
higher than 2–3 MeV after β− decay is related to
the resonance structure in Sβ(E) (Fig. 2). Informa-
tion about the β−-decay strength function and the
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
possibility of testing decay-scheme completeness is
very important for correct calculations of decay heat
especially for fission products [6]. The β- and γ-decay
energies realized through the natural decay of fission
products may exhaust up to 13% of the total energy
generated during the fission process and becomes a
dominate component following a reactor shutdown [6,
15].

This energy source is commonly called decay heat.
There exist some discrepancies between calculations
of decay heat with different libraries like JNDC,
JEF2.2, ENDF/B-VI and experiments connected
with γ and β radiation of the fission products. This
discrepancy is seen in equivalent studies of 239Pu
(Fig. 9) and 233,235,238U fission products [6, 15].

Correct calculations of decay heat is a very im-
portant factor in operation with radioactivity. In [7],
by using TAG spectroscopy, it was demonstrated
that more than 50% of the intensity of β− decay to
high-lying states was not identified for some fission
products in nuclear spectroscopic studies. To improve
agreement between calculations and experiments,
more complete decay schemes of fission products
are needed. The combination of TAGS with high-
resolution nuclear spectroscopy methods may be
effectively used for construction of more complete
decay schemes of fission products and understanding
of the reason of the γ discrepancy in decay heat
(Fig. 9).

5. CONCLUSION
In many fundamental and applied studies, suffi-

ciently complete decay schemes of nuclei and data
04
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Fig. 5. 147gTb decay scheme from [11]. (a) Low energy levels of 147Gd. (b) High energy levels of 147Gd. There are many β+/EC
transitions to the region where the excitation energy is higher than 2 MeV. This decay scheme is quite complete and is in good
agreement with the TAGS data.
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on Sβ(E) and Qβ are needed. This information may
be obtained by using TAGS or TAGS in combination
with high-resolution nuclear spectroscopy methods.

The degree of decay-scheme incompleteness may
be quite high at excitation energies higher than 2–
3 MeV in medium and heavy nuclei.

The degree of the decay-scheme completeness
and energy regions where the decay scheme is incom-
plete can be effectively estimated by a comparison of
the experimental TAS spectra with the TAS spectra
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
calculated from the decay scheme and by a compar-
ison of the β-decay strength functions deduced from
the TAS spectra and the decay scheme. For a more
complete decay-scheme construction, the combina-
tion of TAGS with high-resolution γ-spectroscopy
methods must be used.

To use TAG spectroscopy, it is necessary to have
both Z(element)- andM (mass)-separated sources.
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Abstract—Reactions of the (n, n′γ) type proceed through a compound-nucleus stage; therefore, the
excitation cross section is usually independent of the level nature. Accordingly, all of the excited states
must manifest themselves in such reactions through γ transitions (with allowance for their internal
conversion). In comparing the energy-level and γ-transition diagrams obtained in investigating γ rays
from the inelastic scattering of fast reactor neutrons with the diagrams published in the last issues of
Nuclear Data Sheets, it was found that 120 levels in 34 nuclei must be excluded from compiled data
because the γ transitions expected from them were not observed. The case of the questionable first 3−1
level in 56Fe at 3076 keV is considered by way of example. It is concluded that there is no such level in 56Fe.
c© 2004 MAIK “Nauka/Interperiodica”.
Comprehensive and reliable experimental data on
excited states of nuclei are required for developing nu-
clear models. However, results deduced from a com-
parison of model calculations with experimental data
are adversely affected by the incompleteness of such
data and especially by the erroneous introduction of
levels. In subsequent studies, it is rather difficult to
exclude such levels by using the majority of reactions
because the excitation cross sections depend on the
nature of the final level and its quantum numbers.

A feature peculiar to the inelastic scattering of fast
neutrons is that it proceeds predominantly through
a compound-nucleus stage involving a large num-
ber of overlapping resonances. As a result, the cross
sections for the excitation of levels generally appear
to be insensitive to the nature of the excited states
and depend, in a well-known way, only on the neu-
tron energy, the energy of the level, and its angu-
lar momentum. Up to an excitation energy of about
4 MeV, this dependence is well described on the basis
of the statistical model with the aid of the Hauser–
Feshbach–Moldauer formalism [1, 2]. Thus, this re-
action is expected to reveal all of the actually existing
levels. These excited states deexcite via γ transitions
of total intensity (with allowance for electron and
pair conversion) corresponding to the expected cross
sections. Direct processes, whose contribution is ob-
served for low-lying collective states, only somewhat
increase the excitation cross section.

In this study, the results of our investigations into
(n, n′γ) reactions induced by fast reactor neutrons in

*e-mail: kurkin@polyn.kiae.su
1063-7788/04/6710-1884$26.00 c©
even–even nuclei are employed to disprove or prove
the existence of a level.

We performed our experiments in fast-neutron
beams from a PWR reactor of the IR-8 type. The
neutron beam extracted from the horizontal channel
was filtered by 1 mm of Cd, 10 mm of B4С, 50 mm
of metal uranium, and a replaceable filter from 10 mm
of 10В [3]. For a first approximation, the spectrum of
the resulting fast-neutron beam can be represented
in the form of an exponential function of energy
[Φ(En) ∼ exp(−0.7En), where En is measured in
MeV]. In this case, it is natural to use the concept
of the population of a level to describe quantitatively
the photon yield in the deexcitation of an excited
level. The primary population PS (without taking into
account the cascade population by γ transitions from
higher lying states) is given by

PS(theor.) =
∫
σ(En)Φ(En)dEn,

where the cross section σ(En) for the excitation of
a level is calculated on the basis of the statistical
model [1]. If use is made of the spectrum of fast
reactor neutrons, the mean energy of neutrons ex-
citing the level is Ēn = Elev + (≈ 0.7 MeV). Exper-
imentally, the value of PS is found from the relation

PS(expt.) =
∑

Iγ(out) −
∑

Iγ(in),

that is, as the difference of the sum of the intensities of
γ transitions from the level and the sum of the intensi-
ties of γ transitions proceeding to it (owing to the cas-
cade deexcitation of higher lying states). We consider
relative values of PS , the total population [

∑
Iγ(out)]
2004 MAIK “Nauka/Interperiodica”
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of the first 2+ level being taken for 100 in even–even
nuclei. A comparison of PS(expt.) and PS(theor.) [3]
showed that the inelastic scattering of fast reactor
neutrons proceeds predominantly through a com-
pound nucleus. Using relative experimental values for
the γ-transition intensity Iγ for reliably established
levels, one can plot the primary population as a func-
tion of excitation energy for states of various angular
momenta. In calculating PS , we took into account the
level-deexcitation diagram published in Nuclear Data
Sheets; that is, we included low-intensity and low-
energy transitions (with allowance for their electron
conversion), which did not manifest themselves in the
investigation of (n, n′γ) reactions.

In the figure, we show the populationsPS(expt.) of
levels in 56Fe and 148Sm versus the excitation energy.
The dependences PS(Elev) for J = 2 and J = 3 levels
in even–even nuclei are close; the values of PS for
J = 1 and J = 4 levels and those for Jπ = 0+ levels
are less than their counterparts for Jπ = 2+ states
by, respectively, a factor of 1.5 and a factor of 2 to 3.
A sharp decrease in PS is observed for J > 5 levels.
The experimental dependences obtained in this way
enable us to determine readily the PS value expected
in experiments (that is, the expected total γ-transition
intensity) for an arbitrary hypothesized level. If the
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
nuclear-level diagram below this state is well known
and complete and if the spectrum of γ rays from the
respective (n, n′γ) reaction was measured with a high
resolution (for example, by a germanium detector), it
is straightforward to find out whether there are (or
are not) γ transitions from the hypothesized level to
lower lying states and, if any, whether their total in-
tensity corresponds to the expected PS value. This is
precisely the approach that we employed in verifying
the correctness of the introduction of a level.

The resulting experimental dependence PS(Elev)
obviously imposes a constraint on the arrangement
of intense γ transitions in the energy-level diagram.
For a specific excitation energy and a specific angular
momentum of a level, this dependence gives, in addi-
tion, a lower limit on the total intensity of transitions
through which this level can deexcite. If, in the spec-
trum generated by (n, n′γ) reactions, such reasonably
intense γ transitions not arranged in the energy-level
diagram are absent, this means the completeness of
this diagram up to a specific excitation energy and a
specific angular momenta of the states.

Using the dependence of PS on Elev and consid-
ering combinations of γ transitions, one can intro-
duce new levels that satisfy the requirement on the
04
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PS value, and this was done in many of our previ-
ous studies. Resorting to data on the population of
levels makes it possible to disentangle complicated
situations where there are two closely spaced levels
such that γ transitions from them are not resolved
in the spectra measured by germanium detectors.
Within thismethod of investigation, an approximately
doubled value of PS must be observed if there are
two such levels whose angular momenta are J = 1,
2, 3, 4. A typical example is provided by the case
of two levels in 124Te at 2039.38(6) (Jπ = 2+) and
2039.30(3) keV (Jπ = 3+); here, the total population
is PS = 6.33 arb. units, whereas a value of PS ≈
3 arb. units is expected for a single level [4]. Unfor-
tunately, this argument is ignored in [5], and only one
level is left there in the diagram for 124Те, notwith-
standing additional facts that favor two levels.

In recent years, we have investigated more than
50 even–even isotopes in relevant (n, n′γ) reactions
induced by fast reactor neutrons. In each of them,
we established the diagrams of level deexcitation up
to an excitation energy of 3 to 4 MeV and found
the quantum numbers of respective levels from the
measurement of the angular distributions and linear
polarizations of photons. In addition, the energy-level
and γ-transition diagrams were compared with those
published in Nuclear Data Sheets. No contradictions
were observed in the majority of the cases. It should
be noted, however, that, for some levels included in
the diagram presented inNuclear Data Sheets, we did
not observe any γ transitions from them or found that
their total intensity wasmuch lower than the expected
value of PS (the distinction being in excess of fluctua-
tions of PS for given Jπ); this circumstance could not
be explained either by the internal electron conversion
or by the possible very high angular momentum of
a level. In our publications, we indicated, as a rule,
that levels from which γ transitions were not found
(without reasons) should be excluded from the dia-
gram, but only some of the authors of the reviews in
Nuclear Data Sheets took this into account. Looking
through the last issues of Nuclear Data Sheets and
comparing the level diagrams given there with our
results obtained by investigating (n, n′γ) reactions,
we arrived at the conclusion that the levels listed in
Table 1 must be excluded from the level diagrams.
(In this consideration, we frequently had to analyze
the γ spectrum in order to set an upper limit on the
intensity of unobserved γ transitions.) Below, we give
some comments to Table 1.

(i)We restricted our consideration to modest exci-
tation energies up to about 3 MeV, in which case the
γ-transition intensity is reasonably high and, accord-
ingly, the errors in measuring energies and intensities
are small, while the deexcitation diagrams are not very
complicated.
PH
(ii) In principle, the excitation-energy range being
considered can be extended if the study where the
level in question was introduced indicates its deexci-
tation diagram. In this case, a test for the consistency
of the total intensity of transitions from this level with
the expected value of PS is significantly facilitated.

(iii) If there are no data on the angular momentum
and parity of a level, the possible versions were con-
sidered for these quantum numbers. In doing this, it
was assumed that no angular momenta above J = 7
were expected in even–even spherical nuclei at low
excitation energies.

(iv) In drawing a conclusion on whether a level
should be excluded, we paid proper attention to the
possible existence of transitions whose energies are
below 100 keV and which can have a high conversion
coefficient. As a rule, this energy region was not in-
vestigated in (n, n′γ) reactions. The existence of such
transitions must lead to an increased population of the
corresponding lower lying levels, and we took this into
account.

(v) Since, in arranging all transitions of rather high
intensity, the statement that the energy-level diagram
is complete up to a certain excitation energy is valid,
there is one more argument in favor of excluding
additional levels up to these energies.

(vi) In many cases, the excluded levels were found
in nuclear reactions where the energies of levels were
established with large errors. In such cases, γ transi-
tions appropriate for their deexcitation are sought in
the energy range corresponding to the error in deter-
mining the energy of a level. If there are no suitable
transitions of expected total intensity, the level being
considered is excluded.

(vii) Particular attention was given to 0+ levels
because 0+−0+ transitions are fully convertible.
Usually, these levels are readily established in (n,
n′γ) reactions by an isotropic transition to a 2+

level and by a PS value that is three times less than
that expected for a 2+ level at the same energy.
However, a rare case where such an E2 transition
is fully forbidden is known in the literature for the
204,206Pb nuclei, which are close to the doubly magic
nucleus 208Pb. The energy-level diagram for 204Pb
in Nuclear Data Sheets [63] contains 0+

2 1582.5(6)-
and 0+

3 1729.97(12)-keV states {in 206Pb [60], there
is a 0+

2 level at 1165(2) keV}, from which we ob-
served no γ transitions. In 204Pb, the 0+

2 level is
virtually coincident in energy with the Jπ = 2+ level
at 1582.69(4) keV, but the value of PS suggests
that the 683.57-keV 2+

3 −2+
1 transition can contain

a contribution from the 0+
2 −2+

1 transition (PS =
6.5 arb. units is expected, but PS = 8.5 arb. units is
observed). At the same time, the 0+

3 level in 206Pb
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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Table 1. List of excluded levels

Isotope Level, keV
(from NDS)

Jπ

(from
NDS)

References
Isotope Level, keV

(from NDS)

Jπ

(from
NDS)

References

(n, n′γ) NDS (n, n′γ) NDS
104Pd 1941.2(5) [6] [7] 120Sn 2173 [21] [22]

1999.1(4) (1, 2) 2297(15) 0+, 1+

2125.5(1) 2540(10) (5−)
106Pd 1904.31(10) 2−, 3− [6] [8] 2751(3) 4+

106Cd 2338.55(21) (4+) [9] [8] 122Sn 2260(10) [23] [24]

2521.9(3) (4, 5+) 2971.2(4) 0+, 1, 2
110Cd 1809.484(18) (2+) [10] [11] 3041.4(8)

2000 3235.7(10)

2184(2) (1−) 3477.01(13)

2198(2) 2+, 3+ 124Sn 2109(5) 5− [25] [5]

2365(2) 2+ 2129.3 (0+)

2377(2) 4+ 2366.5(5)

2381(2) 2706(10) (4+)

2385(2) (2+) 122Te 1750(8) (0+) [26] [24]

2405(2) (0+, 2−) 2091(10) +

2432(2) 2+ 124Te 2134.82(18) 4 [4] [5]

2451(2) 2273.97(15)
112Cd 2167(1) 2+, 3− [12] [13] 2282.43(17)

2305(23) 126Te 2350.8(12) [27] [28]

2335(20) 128Te 1972(2) [29] [30]

2424(8) 2440(20)
114Cd 1784(5) (2+) [14] [15] 2485(2) 3−

2317.1(7) 2+ 130Te 2418(10) ? (1+, 2+) [31] [32]
116Cd 2188.7(6) [16] [17] 136Ba 2153.55(8) [33] [34]

2194.9(5) 2349.5(5)
114Sn 2576 (4)? 2+ [18] [15] 2392.1(6) (1+, 2+)

2738.4(5) 2562(10)

2759.7(5) 138Ba 2340 0+ [35] [36]
118Sn 2120(15) (2+) [19] [20] 2582.81(13) 4+

2408(3) 4+ 2794.46(12) 1, 2+

2530 2916.36(11) 1, 2+

2577(3) 2+ 140Ce 2658.3(15) [37] [38]

2725(3) 1+, 2+, 3+ 3040 3−

2934(10) (2+) 3168.3(15)?

2972(3) 4+ 142Ce 1742.0(8) (4+) [39] [40]

2991(3) 1742(3) 5−

2014.5(3)
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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Table 1. (Contd.)

Isotope Level, keV
(from NDS)

Jπ

(from
NDS)

References
Isotope Level, keV

(from NDS)

Jπ

(from
NDS)

References

(n, n′γ) NDS (n, n′γ) NDS
142Nd 2244(4) 1− [41] [40] 158Gd 1414 [47] [48]

2340(25) 1440(5)

2515(4) (1−) 1554(7)

2529(3) 162Dy 1091.6(3) [49] [50]

2656(3) 0+ 1131(3)

2873(3) (4+) 168Er 1266.07 [51] [52]
144Nd 2321.9(3) [3] [42] 170Er 1332(1) 2+ [53] [54]

2399.5(10) 1335 (4+)

2464 1 1371 (3−)

2508.42(20) 184W 1283.6(3) (1−, 2−) [55] [56]
146Nd 915.5(4) 0+ [43] [44] 186W 1014.97(10) (2+, 3, 4+) [57] [58]

1303.1(4) 2+ 1279.19(23) (1, 2, 3)

1572(2) (0+) 206Pb 2391.32(8)? [59] [60]

1769.4(8) 2960(2)
148Sm 1434.0(8) [45] [46] 208Pb 4045(5) (5−, 6−) [61] [62]

1461.1 (1, 2+) 4106(3) (3−)

1659.4(8) (2, 3, 4+) 4141(3) (2+)

1717.8(10) 4159(4) (2+)

2041(8) 4230(2) (4)−

2142.5(20) (2, 3, 4) 4403(2) 3−, 4+

2277(3) 4444(4) (5−)

2318.5(5) + 4463(4) (2+)

2344(3) 3−, 4− 4577(5)
is deexcited via a γ transition only to the 1+
1 level,

and this may be indicative of a particular structure of
0+ states in these lead isotopes. The analogous 0+

3 –
1+
1 transition in 204Pb must be of energy 48.9 keV;
that is, it falls within the region that has not yet been
investigated in (n, n′γ) reactions.

(viii) In connection with considering 0+ levels,
we dwell on the case that takes place in the 124Sn
isotope, where 0+−2+ transitions between low-lying
states are not expected to be fully forbidden. Nuclear
Data Sheets [5] present two levels there, a Jπ =
2+
2 one at 2129.597(25) keV and a Jπ = (0+) one
at 2129.3 keV. We have excluded the latter from
the energy-level diagram. The 997.8-keV line cor-
responding to the transition to the first 2+ level is
PH
not broadened in the relevant (n, n′γ) reaction and
ensures the population of PS = 7.0 arb. units, which
is necessary only for the 2+ level [25]. The ratio of
the intensities of the 2+

2 − 2+
1 and 2+

2 − 0+
1 transitions

takes the same value in the (n,n′γ) reaction and in the
β decay of 124In. In the latter case, the population of
the 0+ level is expected to be low. In [5], a 2129.3-keV
level was introduced on the basis of the systematics
of 0+ states in tin isotopes. However, we established
the spin–parity 0+ for the level at 2192.13 keV; this
assignment is reliably confirmed by a low value of
PS = 1.59 arb. units and by an isotropic distribution
of 1060.42-keV photons corresponding to the transi-
tion to the first 2+ level [25]. The 2192.13-keV level is
a link in the systematics of 0+ levels in tin isotopes.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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(ix) Since the existing experimental errors give no
way to rule out the possibility that part of a highly
intense 839.49-keV transition is associated with the
deexcitation of a hypothetical level at 2426.7 keV, we
cannot be positive about excluding the 2418(10)-keV
level in 130Те, and the question mark for this level in
Table 1 reflects this situation. Themain location of the
839.49-keV γ line corresponds to the deexcitation of
the first 2+ level.

To give a more detailed account of the procedure
used to exclude levels, we dwell on the case of 56Fe. In
the relevant (n, n′γ) reaction induced by fast reactor
neutrons, this isotope was investigated in [64, 65].
Despite this, we repeated the measurement of the γ
spectrum with the aim of setting an upper limit on
the intensity of unobserved transitions. In Table 2,
the energy-level and γ-transition diagrams for 56Fe
are given up to the excitation energy of 3.4 MeV
[66]. In the figure, the population of the 56Fe levels
in the (n, n′γ) reaction is shown as a function of
excitation energy. The energy-level diagram obtained
by investigating the (n, n′γ) reaction does not contain
a 3076.2-keV level [64, 65]. In the deexcitation of
the 3076.2-keV level, the possible transitions are ex-
pected to have the energies of 3076.2, 2229.4, 991.1,
418.6, 134.6, and 116.3 keV. Our measurements re-
vealed that all of these transitions have an intensity
less than 0.1 arb. units (the 991-keV transition has
an intensity of about 0.08 arb. units). Thus, the total
intensity of the relevant γ transitions cannot exceed
0.6 arb. units in contrast to an expected value of PS ≈
2.5 arb. units. Since there are no reasons to assume
that the allowed γ transitions may be forbidden in
the 56Fe nucleus or that the inelastic scattering of
fast neutrons in the excitation of this level does not
proceed through a compound nucleus, we state that
there is no 3076.2-keV level in 56Fe.

In the vicinity of 2229 keV, the γ spectrum ob-
tained in the relevant (n, n′γ) reaction exhibits a
2223.3-keV background γ line associated with neu-
tron capture in hydrogen.We performed dedicated ex-
periments where the contribution of this background
line was reduced and where an iron sample was re-
placed by a copper one. As a result, it was found that
this background line receives no significant contribu-
tion from a γ transition associated with the reaction
56Fe (n, n′γ).

The 3076.2-keV level in 56Fe was not revealed
even in a detailed inspection of the γ spectra in the
β− decay of 56Mn (Jπ = 3+) and β+ decay of 56Со
(Jπ = 4+) [66].

We now consider the reasons for the introduction
of the 3076.2-keV level in [66]. These are (a) the as-
sumption that the energy of the level is 3076.2(4) keV,
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
Table 2. Energy-level and γ-transition diagram for 56Fe

Elev, keV Jπ
lev Eγ , keV Iγ , %

846.776(5) 2+ 846.771 100

2085.076(7) 4+ 1238.282 100

2657.562(10) 2+ 2657.45 3.2

1810.772 100

2941.50(3) 0+ 2094.9 100

2959.923(9) 2+ 2959.77 2.14

2113.123 100

3076.2(4) (3−) 2229 100

991 47

3120.11(5) (1+) 3120 4.82

2273.2 100

3122.927(7) 4+ 2276.36 0.89

1037.940 100

3369.84(4) 2+ 3369.60 17

2522.88 100

3388.55(5) 6+ 1303.4 100

265.5 1.3

that its spin–parity is Jπ = 3−, and that it is deex-
cited by the 2229- and 991-keV γ transitions {data
from [67] on the (p, γ) reaction were used} and (b)
the detection of the 3100-keV level of orbital angular
momentum L = 3 in the relevant (e, e′) reaction, the
3070-keV L = (3) level in the (α, α′) reaction, the
3090-keV L = 1 level in the (d, t) reaction, and the
3070(30)-keV level in the (3Не, 7Ве) reaction.

It can be assumed that the energy of the level is
somewhat different from 3076 keV, but the point is
that all of the γ lines whose intensity satisfies the
condition Iγ > 0.2 arb. units and which could ensure
a required value of PS ≈ 2.5 arb. units have already
been reliably distributed. Therefore we can state that
there are no other levels of J ≤ 6 at an excitation
energy lower than 3.4 MeV in 56Fe. The 2229- and
991-keV γ transitions found in [67] are likely to pro-
ceed between higher lying states.

The problem of the existence of the 3−1 level is of
importance since it concerns the octupole excitation
of a nucleus. The reliably established 3−1 level in 56Fe
has an energy of 4509.64(12) keV [66].
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Abstract—Deeper insight into the features of a reactor as a source of antineutrinos is required for
making further advances in studying the fundamental properties of the neutrino. The relationship be-
tween the thermal power of a reactor and the rate of the chain fission reaction in its core is analyzed.
c© 2004 MAIK “Nauka/Interperiodica”.
INTRODUCTION

Experiments aimed at studying the fundamental
properties of the neutrino and at testing the stan-
dard model of electroweak interactions are being
performed at reactors. A collaboration of researchers
from the Kurchatov Institute and the Petersburg
Nuclear Physics Institute (PNPI, Gatchina) are
conducting, at the Krasnoyarsk reactor, an experi-
ment devoted to searches for the neutrino anoma-
lous magnetic moment [1]. A group of physicists
from the Institute of Theoretical and Experimental
Physics (ITEP, Moscow) and the Joint Institute for
Nuclear Research (JINR, Dubna) are preparing a
similar experiment at the reactor of the Kalinin atomic
power plant [2]. The CHOOZ experiment [3], com-
pleted quite recently, set constraints on the neutrino-
mixing-matrix element Ue3. The KamLAND Collab-
oration, which is recording antineutrinos at a distance
of a few hundred kilometers from reactors, is able to
determine the remaining two mixing-matrix elements
Ue1 and Ue2 and to test the LMA MSW hypothesis of
solar-neutrino oscillations [4]. In addition, it should
be noted that a program of neutrino studies at the
reactors on the island of Taiwan is being devel-
oped [5] and that interesting proposals concerning
searches for neutrino oscillations were put forth in
Germany [6]. (More details on the motivation of those
investigations, their status, and their prospects can be
found, for example, in the review articles cited in [7].)

Differing in many respects, the aforementioned
experiments possess one common feature: the results
obtained in these experiments are analyzed by an
absolute method—specifically, the measured count-
ing rates for neutrino events and their spectral dis-
tributions are contrasted against their counterparts
calculated on the basis of the theory of electroweak
interactions. For input data in these calculations, use

*e-mail: sinev@polyn.kiae.su
1063-7788/04/6710-1892$26.00 c©
is made of the set of features of neutrino radiation that,
together with other data, form a metrological basis
of the experimental physics of neutrinos at nuclear
reactors.

The spectral density f(Eν) (cm−2 s−1 MeV−1) of
the flux of reactor electron antineutrinos (ν̄e) incident
on a detector is given by

f(Eν) = Nfρf (Eν)/4πR2, (1)

where Nf is the number of fission events in a reactor
per second, ρf (Eν) (MeV−1 fiss.−1) is the spectrum
of reactor electron antineutrinos that is normalized to
a fission event, and R (cm) is the distance between
the reactor and the detector used.

In the fission of uranium and plutonium nuclei and
in the subsequent radioactive decay of fission frag-
ments, as well as in accompanying neutron reactions,
energy is released, its major part being absorbed in the
reactor, whereby it is converted into heat. Denoting by
Ef (MeV/fiss.) the energy absorbed in the reactor on
average per fission event, we can represent the chain-
reaction rate Nf in the form

Nf = W/Ef . (2)

The present study is devoted to exploring the
quantity Ef , which relates the fission-reaction rate
Nf (fiss./s) to the thermal power W of a reactor. First
of all, we consider this relationship for the example of
a standard operating period of a reactor belonging to
the PWR type, in which case isotopes undergoing
fission include 235U, 239Pu, 238U, and 241Pu. The
method developed here and, upon introducing some
specific corrections, the results presented below can
be used in neutrino experiments, both those that are
being presently performed and those that are planned,
at reactors of any other type.

The reactor staff determines the current value of
the thermal power to a precision of about 1 to 2%. In
order to avoid increasing the error in determining the
2004 MAIK “Nauka/Interperiodica”
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ratio in (2), we will try to calculate the energy Ef to a
higher precision.

1. COMPONENTS OF THE ENERGY Ef

The energy Ef can be represented as the sum of
four terms; that is,

Ef = Etot − 〈Eν〉 − ∆Eβγ + Enc, (3)

where Etot is the total energy released in nuclear
fission from the instant at which the neutron inducing
this fission process is absorbed to the completion of
the beta decays of product fragments and their trans-
formation into beta-stable neutral atoms, 〈Eν〉 is the
mean energy carried away by the antineutrinos that
are produced in the beta decay of fission fragments
(∼6ν̄e/fiss.), ∆Eβγ is the energy of beta electrons
and photons from fission fragments that did not decay
at a given instant of time, and Enc is the energy
absorbed upon neutron capture (without fission) in
various materials of the reactor core.

That part of the total energy Etot which remains in
the reactor and which transforms into heat forms the
effective fission energy Eeff,

Eeff = Etot − 〈Eν〉 − ∆Eβγ . (3a)

The expression for Eeff can then be represented in the
form

Ef = Eeff + Enc. (3b)

The above concerns the energy released in a single
nuclear-fission event, but the chain fission reaction
in a reactor proceeds over a finite time interval. For
this reason, we consider a chain fission reaction that
begins at the instant t = 0 and proceeds at the rate
of Nf = 1 fiss./s. We denote by E(t)tot the energy
released per second at the instant t reckoned from
the commencement of the process being considered.
The quantity E(t)tot includes all kinds of energy, with
the exception of Enc, which is the energy that is
released in various materials upon the absorption in
them of neutrons not involved in the fission process.
We will now consider the function ftot(t) determining
the energy released per unit time after the lapse of the
time t since a single fission event. It is obvious that

E(t)tot =

t∫
0

ftot(t′)dt′, ftot(t) =
dE(t)tot

dt
. (4)

The energy E(t)tot grows with increasing fission-
process time t, tending to the limiting value E(∞)tot,

E(∞tot) =

∞∫
0

ftot(x)dx ≡ Etot. (4a)
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The above equations relate the energy release in a
single fission event to the energy release per unit time
in a continuous process.

Neutrino investigations are performed at reactors
where use is made of uranium whose enrichment in
235U is low. As this isotope burns out, 239Pu and
241Pu are accumulated in the core of such a reactor.
Just like 235U, these isotopes undergo fission induced
by thermal neutrons. There is also a contribution to
the total number of fission events from 238U, which is
fissile under the effect of fast neutrons. Therefore, we
have

Ef =
∑

αiEfi,
∑

αi = 1, (5)

where αi (i = 5, 9, 8, 1) are the contributions of the
235U, 239Pu, 238U, and 241Pu isotopes to the total
number Nf of fission events at a given instant of time.
Information about αi values, which change in the
course of reactor operation, is provided by the reactor
staff with a relative error of 5%. The αi values typical
of PWR reactors are

α5 = 0.59, α9 = 0.29, α8 = 0.07, α1 = 0.05. (6)

It should be emphasized that the energy Ef and
the calculated number W/Ef of fission events occur-
ring in a reactor at a given instant of time are not
determined exclusively by the current reactor state,
which is specified by the level of the reactor power and
by the isotopic composition of the burning nuclear
fuel, but they are dependent on the prehistory of the
reactor. This dependence is controlled by the terms
Enc and ∆Eβγ , which appear in (3). The quantity Enc
changes along with the composition of the materials
in the reactor core in the course of reactor opera-
tion. Both terms involve a contribution from long-
lived beta emitters and depend on the duration of the
irradiation of the fuel.

For the isotopes undergoing fission, the energies
Efi in (5) for the whole reactor exceed 200 MeV/fiss.
Going somewhat ahead, we note that, for a PWR
reactor, the absolute values of the terms appearing in
expression (3) for the energy Ef are in the following
ratio:

Etot : 〈Eν〉 : ∆Eβγ : Enc ≈ 200 : 9 : 0.3 : 10. (7)

2. TOTAL (Etot) AND EFFECTIVE (Eeff)
FISSION ENERGY

2.1. Total Fission Energy Etot

The energy Etot can be calculated by summing the
mean values of various components of the energy re-
lease, such as the fragment kinetic energy, the energy
of prompt and delayed fission gamma rays, and the
neutron and beta-electron kinetic energies. However,
04
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Table 1. Mass excesses and total fission energy Etot (in MeV/fiss.)

Fissile
nucleus

Mass excess
m(A0, Z0)

Mass excess for fission
products,

∑
yAm(A,ZA)

Number of fission
neutrons, nf

(nf − 1)mn
Total fission
energy, Etot

235U 40.914± 0.002 −173.43± 0.05 2.432± 0.0036 11.55 ± 0.03 202.79± 0.06
238U 47.304± 0.002 −173.39± 0.10 2.829 ± 0.011 14.76 ± 0.09 205.93± 0.13
239Pu 48.584± 0.002 −173.87± 0.07 2.875± 0.0060 15.13 ± 0.05 207.32± 0.08
241Pu 52.951± 0.002 −173.72± 0.10 2.937± 0.0073 15.63 ± 0.06 211.04± 0.12
much more precise results are obtained by directly
applying the energy-conservation law to the fission
process; that is,

M(A0, Z0) + Mn (8)

=
∑

yAM(A,ZA) + nfMn + Etot,

where M(A0, Z0) is the atomic mass of the isotope
undergoing fission (the speed of light is set to unity,
c = 1); A0 and Z0 are its mass and charge numbers,
respectively; Mn is the neutron mass; summation is
performed over the mass numbers A of beta-stable
fission products; M(A,ZA) are the masses of these
products; yA are their total yields,

∑
yA = 2; and nf

is the mean total number of prompt and delayed fis-
sion neutrons (for the obvious reason, the notation ν,
which is usually used for the mean number of fission
neutrons, is replaced here by nf .)

Using the condition requiring that the number
of nucleons be conserved in the fission process and
introducing the mass excesses for atoms, m(A,Z),
we can recast relation (8) into the form

Etot = m(A0, Z0) (9)

−
∑

yAm(A,ZA) − (nf − 1)mn,

where m(A,Z) = M(A,Z) −Am0 (m0 is an atomic
mass unit) and mn = Mn −m0 = 8.0713 ±
0.0001 MeV is the neutron mass excess.

The calculated total energy Etot and the quantities
appearing in relation (9) are given in Table 1 for all
four nuclei undergoing fission. In computing these
results, we employed data on the mass excesses for
the atoms involved [8] and on the yields of fission
fragments [9] whose mass numbers took values in
the range between 66 and 172 (see Fig. 1). The data
on the number of fission neutrons were borrowed
from [10].

For the fissile nuclei being considered, the val-
ues of Etot differ from one another by a few MeV,
increasing in the order of their positions in the first
column of Table 1. These distinctions are caused,
above all, by an increase in the mass excess for the
atoms of the fissile isotopes and, to a lesser extent, by
PH
an increase in the number nf of fission neutrons. At
the same time, it can be seen from Table 1 that, for the
set of stable fission fragments, the total mass excess∑

yAm(A,ZA) is virtually independent of the nu-
cleus undergoing fission. This is because the quantity
m(A,ZA) is approximately constant over the region
of high fragment yields yA, sizably increasing only for
products originating from highly asymmetric fission,
where the yields in question are relatively low (see
Fig. 1). Therefore, even significant distinctions be-
tween the mass distributions of fragments produced
in the fission of uranium and plutonium nuclei have
but a slight effect on the sums

∑
yAm(A,ZA).

The error in the mass excess
∑

yAm(A,ZA) (see
the third column in Table 1) depends on the uncer-
tainty in the yields yA, since the overwhelming ma-
jority of values of m(A,ZA) are known to a precision
not poorer than 5 keV. In order to find this error, each
of the yields yA was varied individually, irrespective
of the others, under the assumption that it obeys the
a Gaussian distribution. Upon each variation, there
arises a new set of yA values, and we calculated the
value of

∑
yAm(A,ZA) for this set. As a result, the

total number
∑

yAA of nucleons contained in fission
products changed somewhat. On the basis of the
relation

A0 + 1 =
∑

yAA + nf , (10)

which expresses the law of nucleon-number conser-
vation, we calculated the corresponding number nf
of neutrons. A point in the plane spanned by the
variables

∑
yAm(A,ZA) and nf was associated with

the pair of values found in this way for the mass excess
and the number of neutrons. The results of one such
computational experiment performed for 235U, where
use was made of a Gaussian distribution character-
ized by a FWHM value of 0.12, are illustrated in
Fig. 2 (10 000 points). From Fig. 2, it can be seen
that the uncertainties in the yields of fission products
introduce an error of about 35 keV in the mass excess
and that available experimental data on the yields of
fission products and on the number of neutrons are
quite consistent.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004



REACTOR AS A SOURCE OF ANTINEUTRINOS 1895

 

2

0

4

6

8

 
y

 
(

 
A

 
), %

 

235

 

U

 

238

 

U

 

241

 

Pu

 

239

 

Pu

–9

–10

–8

–7

 

m

 

(

 

A

 

), keV

70 90 110 130 150

 

A

 

(

 

b

 

)

(

 

‡

 

)

 

×

 

10

 

4

Fig. 1. (a) Total yield y(A) of beta-stable fragments
originating from the fission of uranium and plutonium
isotopes; (b) mass excess m(A) for beta-stable atoms as
a function of the mass number A.

That the calculation of the total energies Etot on
the basis of applying the energy-conservation law to
the fission process was highly precise was due to the
above features.

We also note that, in fact, the quantity∑
yAm(A,ZA) is independent of the incident-neu-

tron energy until the yields yA change significantly
near the humps of the mass distributions. The calcu-
lations reveal that, in 235U and 239Pu fission induced
by neutrons of the fission spectrum, the deviation of∑

yAm(A,ZA) from the values presented in Table 1
does not exceed 0.1 MeV.

The values of Etot were obtained without taking
into account ternary fission. Ternary fission accom-
panied by the emission of a long-range alpha particle
occurs approximately in one of 500 cases; other types
of ternary fission are much less probable. According
to estimates, the change in Etot upon taking into
account ternary fission does not exceed 0.02%.

In calculating Etot, we disregarded the alpha
decays of 144Nd, 147Sm, and 149Sm nuclei, which are
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
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(see main body of the text). The vertical band corresponds
to the experimental value of the number nf of neutrons.

formed upon the completion of beta-decay processes.
The total yield of these alpha-particle emitters is
about 10%; however, their half-lives exceed 1011 yr,
so that they make no significant contribution to the
energy release.

2.2. Effective Energy Eeff

In this subsection, we describe schematically a
procedure for calculating the energies 〈Eν〉 carried
away by antineutrinos and the corrections ∆Eβγ and
present the results of these calculations, along with
the values found for the effective energies Eeff accord-
ing to relation (3a).

1. Along with electron antineutrinos (ν̄e) emitted
by fission fragments, a considerable number of elec-
tron antineutrinos are generated in a reactor that are
emitted in the beta decay of nuclei produced upon the
activation of the materials occurring in the reactor
by neutrons. In calculating the energy 〈Eν〉, we take
into account only those reactor antineutrinos that are
emitted by fission fragments not perturbed by the
interaction with neutrons rather than all of them.

The ν̄e spectrum decreases fast with increasing
energy Eν , virtually vanishing at Eν ≈ 10 MeV. In
this spectrum, the hard section Eν ≥ 2 MeV contains
about 60% of the energy 〈Eν〉 that is carried away by
antineutrinos.

In the case of 235U, 239Pu, and 241Pu, the ν̄e spec-
tra necessary for calculating 〈Eν〉 were determined in
the following way:
04
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Fig. 3. Energy ∆Eβγ of beta and gamma radiation from
fission fragments that did not decay as a function of the
chain-reaction time t.

For the region of energies above 1.8 MeV, use was
made of the spectra found in the Laue–Langevin In-
stitute (ILL) by reconstructing the measured spectra
of beta electrons emitted by fission fragments [11],
small corrections of about 2.5% that correspond to
the contributions of long-lived beta emitters [12] and
which were disregarded in [11] being introduced in
these spectra.

The ν̄e spectra that we calculated for the energy
range 0–3 MeV were smoothly matched in the seg-
ment between 2 and 2.5 MeV with the corrected ILL
spectra. As a result, the calculated values changed by
2 to 3%.

In the case of 238U, the energy 〈Eν〉 was found on
the basis of the ν̄e spectrum calculated in the present
study.

In the region Eν < 2 MeV, it is not easy to esti-
mate the error in the energy carried away by electron
antineutrinos. The database used in the relevant cal-
culation includes information about 571 fission frag-
ments. For them, the overwhelming majority of decay
diagrams is well known. The error in determining this
part of 〈Eν〉 is likely to be within 4%.

We recall that, in fission, nuclei emit about 6ν̄e
of mean energy approximately equal to 1.5 MeV.
For the fissile isotopes in question, the 〈Eν〉 values

Table 2. Parameters of the functions fit∆Eβγ(t)

Fissile nucleus E0, MeV λ0 α ε, MeV
235U 8.80 2.15 0.108 0.185
238U 9.20 2.22 0.106 0.165
239Pu 8.50 2.18 0.109 0.155
241Pu 8.20 2.16 0.105 0.135
PH
(in MeV/fiss.) found in the way outlined above are
235U: 9.07 ± 0.32, 238U: 11.00 ± 0.80, (11)

239Pu: 7.22 ± 0.27, 241Pu: 8.71 ± 0.30.

We note that the errors in our knowledge of the
outgoing-neutrino energies 〈Eν〉 are much greater
than the errors in determining the energies Etot.

Part of the energy carried away by antineutri-
nos of energy Eν ≥ 1.8 MeV can be directly com-
pared with data obtained in an experiment at the
reactor of the Rovno atomic power plant [13]. In
that experiment, the positron spectrum was measured
in the inverse-beta-decay reaction ν̄e + p → e+ + n,
and the ν̄e spectrum was reconstructed in the energy
region Eν > 1.8 MeV. The value found with the aid
of this spectrum for the energy that is carried away is
in satisfactory agreement with that which was calcu-
lated in the present study; that is,

XRovno/calc = 4.679/4.815 = 0.972. (12)

2. We recall that the energy Eβγ released upon the
complete beta decay of a pair of fission fragments is
contained in the total fission energy Etot. The correc-
tion ∆Eβγ(t) takes into account the fact that, at the
instant of observation t, the decay processes have not
yet been completed,

∆Eβγ(t) = Eβγ(∞) − Eβγ(t) =

∞∫
0

dt′fβγ(t′), (13)

where Eβγ(t) is the energy released per second at the
instant t reckoned from the beginning of the fission
process proceeding at a rate of 1 fiss./s and fβγ(t)
is the energy released per unit time after a lapse of
time t from a single fission event [compare with the
analogous expressions in (4) for Etot].

The energy ∆Eβγ(t) of fission fragments that did
not decay first decreases fast with increasing dura-
tion of the irradiation of the fuel used; this decrease
gradually becomes slower, with the result that, at
an irradiation time of about 1.5 yr, ∆Eβγ(t) virtu-
ally reaches a plateau (see Fig. 3). The formation
of this plateau is associated with fragments whose
lifetime exceeds 30 yr. Presented immediately below
are the values of ∆Eβγ(t) (in MeV/fiss.) at the fuel-
irradiation time corresponding to the midpoint of the
standard operating period of a PWR reactor:

235U: 0.35 ± 0.02, 238U: 0.33 ± 0.03, (14)
239Pu: 0.30 ± 0.02 241Pu: 0.29 ± 0.03.

It is useful to have an analytic expression for the
energy ∆Eβγ(t). Over a wide interval of the times t,
the expression

fit∆Eβγ(t) = E0 exp(−λ0t
α) + ε, (15)
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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Table 3. Balance of the absorption of neutrons not involved in the chain reaction and of the thermal energy Enck released
upon the absorption of a single neutron in a given material (midpoint of the operating period)

Material Capture probability
ηk,%

Enc, MeV/neutron Material Capture probability
ηk,%

Enc, MeV/neutron

235U 11.6 6.54 149Sm 0.8 7.99
238U 38.4 5.72 Other fragments 6.8 7.88
239Pu 10.5 6.53 Zirconium 7.0 8.11
240Pu 6.1 5.24 10B 5.6 2.79
241Pu 3.6 6.31 Water 4.4 2.22
135Xe 3.4 7.49 Other materials 1.8 5.67
0.5 < t < 500 days,

at the E0, λ0, α, and ε values given in Table 2 agrees
with the results of the precise calculation to within
2%. The first term in (15) describes an exponential
decay with a decay probability decreasing with time,
while the second term corresponds to the plateau.

3. To conclude this section, we present the values
of the effective fission energy Eeff (in MeV/fiss.) that
correspond to the midpoint of the reactor operating
period:

235U: 193.37 ± 0.33, 238U: 194.60 ± 0.81, (16)
239Pu: 199.80 ± 0.28, 241Pu: 202.04 ± 0.32.

3. TOTAL THERMAL ENERGY Ef

In this section, we quote the results obtained by
calculating the energy Enc (in MeV/fiss.) absorbed
in a reactor upon the capture of neutrons not involved
in the chain reaction, determine the total thermal en-
ergy Ef , and consider its variation within the reactor
operating period.

1. Of the total number nf of neutrons emitted in
a fission event, only one contributes to the chain re-
action. The remaining neutrons are absorbed almost
completely in the reactor core, reflector, and vessel.
The probabilities of the absorption of these neutrons
by various substances and the energies Enk released
in the capture of one neutron in those substances are
given in Table 3.

From those data, it can be seen that more than
80% of nf − 1 neutrons are absorbed in the fuel and in
the accumulated fission fragments. In all cases, with
the exception of that of 10B, the neutrons are absorbed
via (n, γ) reactions. The energies Enk include the en-
ergy of photons emitted in radiative neutron capture
and, if beta-radioactive nuclei are formed, the energy
of beta electrons and photons originating from the
subsequent transformations of these nuclei.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 200
The mean energy absorbed in the reactor in the
capture of one neutron, En1 =

∑
ηkEnck, and cal-

culated on the basis of the data given in Table 4 is
En1 = 5.97 ± 0.15 MeV/neutron, its variation within
the interval from 1 day to the end of the operating
period being 0.55 MeV/neutron.

At the midpoint of the reactor operating period,
the energiesEnci = En1 · (nfi− 1) (in MeV/fiss.) en-
tering into the total thermal energy of the fission of
uranium and plutonium isotopes are

235U: 8.55 ± 0.22, 238U: 10.92 ± 0.28, (17)
239Pu: 11.19 ± 0.28, 241Pu: 11.56 ± 0.29.

2. We now present the values obtained for the total
thermal energies Efi of fissile isotopes by summing
the components found above.

The total thermal energy Ef =
∑

αiEfi and the
contributions of fissile isotopes to the total number of
fission events within the operating period of a PWR
reactor are given in Fig. 4 versus the time of reactor
operation. At the midpoint of the operating period, we
have Ef = 205.3 MeV/fiss. The errors in the values
of Ef are estimated at 0.6 MeV, which corresponds to
about 0.3%. They include both the errors inEtot, 〈Eν〉,
∆Eβγ , and Enc and the errors in αi. It is assumed that
the latter are 5% (relative errors). The increase in Ef

Table 4. Thermal fission energies Efi at the midpoint of
the reactor operating period

Isotope Efi, MeV/fiss.
235U 201.92± 0.46
238U 205.52± 0.96
239Pu 209.99± 0.60
241Pu 213.60± 0.65
4
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Fig. 4. (a) Total thermal energy Ef and (b) contributions
αi of fissile isotopes to the total number of fission events
within the standard operating period of a PWR reactor
versus the reactor-operation time t.

over the segment from 0.5 d after the start-up to the
end of the operating period is 3.75 MeV. This increase
is due to three reasons: the growth of the energy Enc
released in neutron capture, a decrease in the fraction
of 235U and an increase in the contributions of 239Pu
and 241Pu in the process of reactor operation, and the
“start-up effect” that is associated with the growth of
the beta- and gamma-radiation energy and which is
the most sizable within the first week after the start-
up (see Fig. 4).

4. CONCLUDING COMMENTS

The energy Ef , which relates the number of fission
events occurring in a reactor to its thermal power, has
been calculated with an error of δEf/Ef ≈ 3 × 10−3.
The high precision of the calculation of this energy
has been achieved owing to the possibility of finding
its main component Etot with a relative error as small
as about 5× 10−4. The three other components, 〈Eν〉,
∆Eβγ , and Enc, have been computed to a poorer
precision, but they are relatively small, not exceeding
5% of Ef .

The energy Ef increases throughout the operating
period. At a constant thermal power, the number of
fission events in the reactor decreases from the be-
ginning to the end of the operating period.

We note that all of the components appearing in
expression (3) for the energy Ef , with the exception
of Enc, are characteristics of the fission of the nuclei
being considered, so that their calculation is based on
nuclear-physics data—in particular, data associated
with the physics of fission.
PH
The special features of a reactor manifest them-
selves in the following:

Use is made of the chain-reacting condition,
which implies that one of the fission neutrons from the
preceding generation induces one new fission process
in the next generation.

Numerical data on the fission branching fractions
αi and on their time dependence are employed.

The term Enc is calculated with the aid of data on
the balance of neutron absorption in a reactor.

As a typical example, we have presented results
(see Fig. 4) concerning a standard operating period
of PWR reactors, which are widely used in Europe,
the United States of America, and Japan. However,
an actual operating period of a PWR reactor may
differ from a standard one significantly. There also
exist other high-power reactors at which neutrino
investigations are presently being performed or are
planned. These reactors differ from their PWR coun-
terparts in the duration of the operating period, the
enrichment of the nuclear fuel used, and some other
special features. In all such cases, the method de-
veloped in the present study and the results obtained
here can be used in neutrino investigations to perform
a quantitative analysis of the relationship between the
level of power and the rate of the chain reaction in the
reactor core.

Thermal fission energies were calculated for the
first time more than 30 years ago [14]. Later on, a new
calculation was performed [15] in connection with
neutrino investigations at the Rovno atomic power
plant. In the present study, we have employed the
most recent data concerning the issue being consid-
ered and, for the first time, have traced the dynamics
of thermal fission energy throughout the reactor op-
erating period.
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ELEMENTARY PARTICLES AND FIELDS
Experiment
Energy Spectrum of Cosmic Rays and Multiparticle Generation
of Hadrons at Ultrahigh Energies
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Abstract—None of the presently known local sources of photons whose energy exceeds 1012 eV is
incompatible with the universal energy spectrum F (>Eγ) ∼ E−1.36±0.15

γ . The power of extragalactic
sources is 106 to 1012 times higher than the power of galactic sources since the respective distances
are longer in the former case, while the observed flux intensities are approximately identical in the two
cases. A much higher power of extragalactic sources is indicative of an extragalactic cosmic-ray origin
and of the existence of a universal (for all energies of protons and cosmic-ray nuclei) process that is
responsible for the energy loss in the Metagalaxy and which forms the observed energy spectrum of
protons and nuclei (∼E−2.72

0 ). It is shown that there is no break in the energy spectrum of primary
protons in the energy range 1015–1016 eV and that the break in the spectrum of extensive air showers
with respect to the number of electrons is due to a change in the process of multiparticle hadron generation
in the first event of extensive-air-shower production, this being confirmed by a change in the extensive-
air-shower absorption length from λа < 90 g/cm2 before the break to λа > 150 g/cm2 after the break.
c© 2004 MAIK “Nauka/Interperiodica”.
By the region of ultrahigh energies, one most fre-
quently means an energy region that is not covered
by investigations at present-day proton accelerators.
Therefore, investigation of primary cosmic radiation
and analysis of multiparticle hadron generation at
energies in excess of accelerator energies are themain
lines of research in dealing with the propagation of
primary cosmic rays through the atmosphere, where
there occurs the development and absorption of ex-
tensive air showers of electrons, hadrons, and muons.

As far back as 1958, the observation of exten-
sive air showers [1–12, 14–16] generated by cosmic-
ray protons and nuclei revealed a boundary between
cosmic rays of high and ultrahigh energies, which
manifests itself as a break in the spectrum of ex-
tensive air showers with respect to the number Ne

of electrons at Ne
∼= 106 [1]. Near the maximum of

the development of extensive air showers, this value
corresponds to primary-proton energies in the range
3 × 105–2 × 106 GeV. So broad an interval for the
primary-particle energy at a rather clear-cut break
in the spectrum of extensive air showers with re-
spect to the number of electrons is a consequence
of the uncertainty in the reasons for the break in the
spectrum of extensive air showers. If, as has been
generally accepted since the discovery of the break,
it reflects a change in the energy spectrum of cosmic-

†Deceased.
1063-7788/04/6710-1900$26.00 c©
ray protons, the energy corresponding to the break in
the spectrum of primary cosmic rays must be virtually
coincident with the total energy of extensive air show-
ers since, under this assumption, the relation between
the observed number of electrons in a shower and
the energy of a primary particle undergoes no change
upon passing the break. If, however, a change in the
process of multiparticle hadron generation at some
primary-proton energy is the reason behind the break
in question, then the point of the break in the observed
spectrum of extensive air showers corresponds to the
sum of the flux of showers developing in accordance
with processes characteristic of showers having lower
energies and the flux of showers initiated by some un-
known multiparticle-hadron-generation process for
which showers involve a smaller number of electrons
at the observation level because of enhanced absorp-
tion in the upper atmosphere. The latter point of view
is less popular, partly because it entails a problem
that is difficult for an experimental investigation—
the mechanism behind the change in processes that
occur in the first shower-production event must be
reconstructed on the basis of information about the
subsequent development of a shower in the depth of
the atmosphere.

A detailed investigation into the development of
extensive air showers in the the region where their
spectrum with respect to the number of electrons
undergoes a break begins from selecting showers that
2004 MAIK “Nauka/Interperiodica”
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are generated by primary protons. The flux of pri-
mary cosmic rays is dominated by protons, the depth
to which they penetrate into the atmosphere prior
to undergoing the first inelastic collision being the
greatest. Showers generated by nuclei are averaged
over the number of nucleons and nuclear fragments
produced near the upper atmosphere in a collision of
a primary-cosmic-radiation nucleus with the nucleus
of an air atom.

In order to study in detail showers generated by
primary protons, an experimental facility for analyz-
ing the central region of showers had been created
by 1970 at the Tien Shan mountain station of the
Lebedev Institute of Physics [2]. This made it possible
to distinguish between showers generated by primary
protons and nuclei by using the properties of the de-
velopment of the electron–photon component of ex-
tensive air showers. An ionization calorimeter of area
6 × 6 m2, where the fluxes of the energies associated
with the electron–photon and the hadron component
of extensive-air-shower cores were determined on the
basis of data on absorption, the resolution of the jet
structure of the energy fluxes being �0.3 m, was at
the center of the facility. The symmetry axis of the lat-
eral distribution of the electron–photon component of
extensive air showers was determined to a precision
not poorer than 1 m within a radius of 8 m from the
calorimeter center and to a precision of about 2 m at
distances not longer than 20 m from the calorimeter.
Detailed information about the lateral distribution of
the electron–photon component in each shower up to
distances of about 70 m for the case where the total
number of electrons in an extensive air shower was in
excess of 105 at the observation level made it possible
to break down the extensive air showers being studied
into groups corresponding to different values of the
parameter S characterizing the cascade development
of the electron–photon component1) (see Fig. 1). The
experimental data in this figure, which shows, for two
observation levels, the fluxes of extensive air showers
characterized by different values of the parameter S,
corroborate the correctness of employing this pa-
rameter of the theory of electron–photon showers in
analyzing extensive air showers generated by protons
and cosmic-ray nuclei. The absorption of the electron
flux in extensive air showers having S values in the
regions S ≤ 0.75 and 0.75 < S ≤ 1.05 and belonging
to the spectral section before the break is approxi-
mately consistent with the generation of these show-
ers by protons whose absorption length is λ ∼= 80 ±
5 g/cm2, this being in accord with the effective cross

1)The possibility of reconstructing the degree of the develop-
ment of an extensive air shower above the observation level
was demonstrated by B. Rossi in the report presented at the
ICRC of 1960 [3].
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Fig. 1. Total spectrum of extensive air showers with re-
spect to the number of electrons at the depth of 760 g/cm2

in the atmosphere forNe = 1× 105–3× 107 (•) and four
components of this spectrum that correspond to various
values of the parameterS: (right crosses)S = 0.75–1.05,
(open triangles) S = 1.05–1.35, (inclined crosses) S =
0.35–0.75, and (open boxes) S = 1.35–1.95.

section for proton scattering on the nuclei of air atoms
if one considers that the depth corresponding to the
maximum of the development of extensive air showers
increases with increasing primary energy. It is of im-
portance that both primary nuclei and 80% of primary
protons transfer more than 70% of their energy to
the respective electron–photon shower in the upper
half of the atmosphere. For this reason, subsequent
interactions of hadrons deep in the atmosphere have
but a small effect on the development of the electron–
photon component of extensive air showers generated
by protons.

The group of showers occurring at the maximum
of their development (0.75 < S ≤ 1.05) contains the
greatest number of showers. All of the showers that
are responsible for the break in the spectrum of ex-
tensive air showers at the point where the number
of electrons in a shower is Ne

∼= 106 belong to this
group. In order to explain the break in the spectrum
of extensive air showers, one can assume either a
change in the energy spectrum of primary protons or a
considerable increase in the multiplicity of secondary
hadrons in events of extensive-air-shower generation
in a collision of a primary proton with nucleons of
nuclei of air atoms. The threshold energy at which the
process of multiparticle hadron generation is expected
to undergo a change is estimated at 4 × 103 GeV
04
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Fig. 2. Absorption in the ionization-calorimeter lead of
the electron–photon component of the cores of exten-
sive air showers featuring (closed and open crosses)
(1–3) ×105, (closed and open inverted triangles) (3–
10) ×105, (closed and open boxes) (1–3) ×106, and
(closed and open circles) (3–10) ×106 electrons each
for (closed symbols) S > S̄ and (open symbols) S < S̄,
where S̄ is the mean number of the parameter S for a
given group of showers containing a specific number of
electrons in a shower.

in the c.m. frame of colliding hadrons. Extensive air
showers generated by primary nuclei in the upper
atmosphere (that is, at an altitude greater than that
corresponding to 100 g/cm2) are averaged during
their development over the number of nucleons and
nuclear fragments after the first interaction event.
With increasing energy of a primary nucleus, the
averaging and subsequent absorption of the hadronic
shower are enhanced in relation to what one has for
the hadronic shower from a primary proton. In the
lower half of the atmosphere, the fraction of showers
that are generated by nuclei and which contain not
less than 106 electrons in a shower is less than 10%
of the total flux of extensive air showers involving the
above number of electrons.

It is reasonable to expect that the multiplicity of
hadrons produced in inelastic nucleon–nucleon col-
lisions is maximal in the case where a single excited
lump of gluons and quarks is formed in the c.m. frame
of colliding nucleons. Similar models of multiparticle
hadron production were theoretically considered by
Heisenberg, Fermi, and Landau in the period between
1950 and 1953, but observations of inelastic colli-
sions in cosmic rays and at accelerators revealed that
a discrete excited system is not formed at energies
less than 3 × 107 GeV in the c.m. frame of colliding
nucleons. As will be shown below, available exper-
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Fig. 3. Differential spectrum of extensive air showers
(open circles) from [16] (the ordinates of the spectrum
were multiplied by N3

e , where Ne is the number of elec-
trons corresponding to the abscissa). The solid lines
represent the result obtained by decomposing the total
spectrum of extensive air showers within the interval
Ne = 2 × 105–2 × 107 into three components: showers
generated predominantly by primary nuclei in the upper
atmosphere (S > 1.05), showers generated by protons
deep in the atmosphere (S ≤ 0.75), and the group that
was generated by primary protons and helium nuclei in
the upper atmosphere (that is, at an altitude greater than
that corresponding to 200 g/cm2) and which contains the
greatest number of showers.

imental data give sufficient grounds to believe that,
over the entire range of primary-cosmic-radiation en-
ergy studied thus far, the energy spectrum of primary
protons has no breaks up to energies of the presumed
relic cutoff of primary nuclei and protons and that
the observed break in the spectrum of extensive air
showers with respect to the number of electrons in a
shower is due to a considerable increase in the mul-
tiplicity of product hadrons in the formation of a dis-
crete excited hadron system (quark–gluon plasma) at
energies in excess of 4 TeV in the c.m. frame of col-
liding nucleons. This manifested itself experimentally
in calorimetric data on the energies of hadrons and
of the electron–photon component in extensive-air-
shower cores, since these data provide an unambigu-
ous indication of an increase in the energy loss in the
upper atmosphere with respect to the electron flux at
the observation level (see Fig. 2).

1. ENERGY SPECTRUM AND NUCLEAR
COMPOSITION OF PRIMARY COSMIC RAYS

In order to solve the problem of the origin of cosmic
rays, it is of importance to determine the nuclear
composition of primary cosmic rays. However, one
can disregard the presence of nuclei in primary cosmic
rays in studying the energy spectrum of primary radi-
ation and, the more so, in examining extensive-air-
shower generation with the aim of revealing changes
in the process of multiparticle hadron production with
SICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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Fig. 4. Energy spectrum of primary cosmic rays. The
curve (short dashes) was taken from [3]. The boxes and
the band covered with inclined shading represent exper-
imental data quoted in [3]. The solid line corresponds
to experimental data obtained beyond the atmosphere
and generalized in the monograph of Murzin [9], while
the continuation of the straight line (long dashes) is the
extrapolation of the spectrum by the present authors to
higher energies. The band covered with vertical shading
represent experimental data from the review article of
Gaisser and Stanev [4] (see also Fig. 13 in [2]).

increasing energy of primary protons interacting with
nuclei of air atoms. In primary cosmic rays of energy
per nucleon in the region E0 ≥ 2.5 GeV, the flux of
nuclei is about 8%, which is only slightly above the
error in estimating the total particle flux in extensive
air showers. At energies of primary particles in excess
of 1015 eV, extensive air showers whose properties
and structure are the subject of investigation may
disclose, in the lower half of the atmosphere, the pres-
ence of nuclei in the primary flux of cosmic rays only if
the observation method used is able to exclude infor-
mation about electron fluxes in extensive air showers
at distances shorter than 50 m from the shower axis,
but it turns out in this case that one simultaneously
removes a significant fraction of showers generated
by primary protons deep in the atmosphere. The ex-
clusion of information about the lateral distribution of
electrons in each observed shower at distances of 5 to
70 m from the shower axis leads to a considerable un-
derestimation of the number of electrons in showers
generated by primary protons deep in the atmosphere,
although such “young” showers form an “inverse”
break (see Fig. 3), thereby returning the spectrum of
extensive air showers with respect to the number of
electrons to a spectrum whose exponent is γ = 2.7,
which is characteristic of extensive air showers before
the break atNe

∼= 106. According to all relevant pub-
lications since 1958, the energy spectrum of primary
cosmic rays in the energy range 103–106 GeV can be
represented in the form F (E0)dE0 ∼ E−γ

0 dE0, where
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
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the exponent is γ = 2.7 ± 0.2. Experimental data on
the break in the spectrum of extensive air showers
with respect to the number of electrons in a shower
at Ne ≥ 4 × 105 were first presented at the Moscow
International Cosmic Ray Conference in 1958 [1] (see
Fig. 4).

Experimental information about the energy spec-
trum of primary cosmic rays whose energy is above
1014 eV is based on recording extensive air show-
ers involving various numbers of electrons at the
observation level, a determination of the number of
electrons as a function of the zenith angle of shower
arrival to the observation level making it possible to
estimate the extensive-air-shower absorption length
below the observation level.

Detailed investigations of extensive air showers
at the Tien Shan mountain station of the Lebedev
Institute of Physics began in 1970 from creating an
experimental facility for studying the structure and
composition of extensive air showers in the primary-
particle-energy range 1014–1017 eV. Those investi-
gations were completed in 1988. A determination of
the energies of the electron–photon and the hadron
component in the core of each shower (see Fig. 2),
along with an estimation of the age parameter S of
an electron–photon shower, was a feature peculiar to
the investigations in question, which have not been
repeated anywhere so far. Employing this informa-
tion and relying on the theory of electron–photon
04
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showers, one can then determine the energy of a
shower from the known altitude of its generation,
since a primary proton (the more so, a primary nu-
cleus) transfers, in three generations of the nuclear
cascade in the upper atmosphere, more than two-
thirds of its energy to the electron–photon cascade,
with the result that the electron–photon shower fur-
ther develops independently in the middle part of
the atmosphere. Figure 5 demonstrates that, for the
number of electrons in the range 2 × 105–2 × 107,
an analysis of the total flux of extensive air showers
in terms of the age parameter S is quite efficient.
That the spectrum of young showers generated by
protons deep in the atmosphere and characterized by
S ≤ 0.75 is described in terms of a single value of
the exponent rules out the possibility that the energy
spectrum of primary protons has a break, which could
be responsible for a break in the total flux of extensive
air showers featuring Ne = 106 electrons. Any traces
of a break similar to the break in the total spectrum of
extensive air showers are absent in all intervals of the
parameter S, with the exception of the interval 0.75–
1.05 near the maximum of the development of the
electron–photon component of extensive air showers,
in which case the number of electrons reflects most
precisely the energy of an electron–photon shower
and cannot exceed the energy of a primary particle.
If the break in the spectrum of extensive air showers
is a consequence of a change in the energy spectrum
of primary cosmic rays, then it must inevitably begin
from a change in the energy spectrum of showers
generated by primary protons. However, Figs. 1 and 5
demonstrate the absence of any changes in the spec-
trum of extensive air showers generated by primary
protons deep in the atmosphere. But if the break in
the spectrum of extensive air showers is a conse-
quence of changes in the generation of extensive air
showers, then this must be reflected in the properties
of showers generated by protons. In addition to the
break in the spectrum of extensive air showers, one
can see an increase in the absorption length from
λa ≤ 90 g/cm2 to λa ≥ 150 g/cm2 in Fig. 1 and a
more than four- to fivefold decrease in the energy flux
in the cores of showers in Fig. 2. The formation of the
break in the spectrum of extensive air showers with
respect to the number of electrons and its location on
the energy scale is associated with the fact that there
arises a superposition of the flux of showers whose
energy spectrum has an exponent of γ = 2.7, which
is characteristic of cosmic rays before the break, and
the flux of showers that have a higher energy, but
which involve a smaller number of electrons at the
observation level (because of an enhanced absorption
in the upper atmosphere after the first interaction
event in view of an increase in the multiplicity of
the generation of secondary hadrons). The absorption
PH
of showers in the atmosphere that have a primary
energy in excess of the energy of the break corre-
sponds to the generation of extensive air showers in
which the number of hadrons from the first collision
between a primary proton and the nucleus of an air
atom is much larger and to the formation of a shower
without single nucleons carrying particular energies
that is absorbed in accordance with the neutral-pion-
absorption length (λa ∼= 150–160 g/cm2). Thus, the
absorption of showers in terms of the number of par-
ticles in the lower half of the atmosphere before the
break in the spectrum of extensive air showers reflects
the leading role of nucleons in the energy spectrum of
secondary hadrons from the multiparticle-generation
process at colliding-nucleon energies of 3 to 4 GeV
in the c.m. frame, and one can see manifestations of
this in the fact that the extensive-air-shower absorp-
tion length is determined primarily by nucleons. At
colliding-nucleon energies higher than 4 to 6 GeV
in the c.m. frame, a sharp increase in the multiplicity
of secondary hadrons results in that the absorption
length assumes a value of 150 g/cm2, which is pe-
culiar to pions.

For showers characterized by age-parameter val-
ues in the range 0.35 < S ≤ 0.75, an extrapolation of
the spectrum of extensive air showers with respect
to the number of particles (see Fig. 5) predicts the
emergence of an “inverse” break at Ne

∼= 108 elec-
trons in a shower. An experimental observation of
this break “restores” the shape that the spectrum
of extensive air showers has before the break (for
Ne < 106)—that is, the exponent of the differential
spectrum again takes the value of γ = 2.7 (see Fig. 3).
It should be noted that, for the first time, the in-
verse break in the spectrum of extensive air showers
was observed by Khristiansen more than thirty years
ago [5], but that, upon going over to investigations
of extensive air showers at arrays based on widely
spaced detectors, this break was lost. In the obser-
vations reported in [6], the arrangement of electron-
flux detectors was much denser over the area where
it had been planned to seek shower cores, and it was
owing precisely to this circumstance that the inverse
break in the spectrum of extensive air showers with
respect to the number of electrons was rediscovered
after a quarter of a century since its first observation.
Unfortunately, the need for detailed information about
the energy centroid of the showers under study in the
case of widely spaced electron-flux detectors remains
a serious problem that complicates investigations of
cosmic rays whose energy exceeds 1018 eV. Resort
to additional information about Cherenkov light or
ionization luminiscence cannot always compensate
for detailed data on the composition and the lateral
distribution of particles in the region of a shower core
or on the lateral distribution of electrons at distances
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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less than 50 m from the axis of the observed showers,
since Cherenkov light and ionization luminiscence
are observable within rather short seasonal inter-
vals. Data on the lateral distribution of electrons in
a shower at distances less than 50 m from the axis
of the shower being observed are an indispensable
characteristic of the distribution before the maximum
of its development. If there are no such data, one
can lose extensive air showers generated by primary
protons deep in the atmosphere.

The conclusion that the break in the spectrum near
the pointNe ∼ 106 is a consequence of a considerable
increase in the multiplicity of hadrons produced in
inelastic collisions between protons of primary cosmic
radiation and nuclei of air atoms was drawn from
an analysis of the spectrum of extensive air showers
with respect to the number Ne of electrons in the
interval 3× 105 ≤ Ne ≤ 3× 108 and of the absorption
of such showers. This conclusion is dictated by the
absence of breaks in the spectrum of extensive air
showers generated by primary protons deep in the
atmosphere (S < 0.75) and by its universal shape in
the energy range being considered. At such S values,
hadron–electron cascades reflect the total energy of
neutral pions generated by primary protons in their
collisions with nuclei of air atoms. In the case where
a shower is generated by a primary proton near the
upper boundary of the atmosphere (both at low pri-
mary energies and in generation events leading to a
high multiplicity of secondary hadrons), the energy of
a primary particle is spent above the level of high-
mountain observations, the maximum of the devel-
opment of such a shower being at an altitude greater
than the respective altitudes for showers produced in
collisions of nucleons whose energies are less than
(4–6) ×103 GeV in the c.m. frame of colliding nu-
cleons.

2. MULTIPARTICLE HADRON GENERATION
AT ENERGIES IN THE RANGE

(4–6) × 103 GeV IN THE c.m. FRAME
OF COLLIDING NUCLEONS

The conclusion that a new process of multiparticle
hadron generation produces a discrete excited lump
formed by the gluons and quarks of colliding nucleons
appeared as an alternative result of an analysis of the
reasons behind the break atNe = 106 in the spectrum
of extensive air showers with respect to the number of
electrons. Along with an analysis of the spatial and
energy features of a shower with allowance for the
partition of showers into groups according to values
of the age parameter S (see Fig. 5), which char-
acterizes the development of the electron–photon
component of a shower, a calorimetric measurement
of the energies of the electron–photon and the hadron
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
component of the shower core and the observation of
the change in the shower absorption length from the
primary-proton absorption length in the atmosphere
to the absorption length of the avalanche of pions
having approximately the same energy (see Fig. 1)
give sufficient grounds to assume that multiparticle
hadron production in the first event of extensive-air-
shower generation undergoes a qualitative change.
An extremely high multiplicity of hadrons is a sig-
nificant feature of the new multiparticle-hadron-
generation process. In calorimetric measurements of
the energy flux in the cores of showers generated by
primary protons and observed at an initial stage of the
development of the electron–photon shower, it was
found that the energy flux within a radius of about
1 m from the shower axis is commensurate with the
total energy flux in an extensive air shower (that is,
the energy flux carried by all of its components) [6].
On average, the development of the hadron–electron
cascade terminates, because of multiparticle hadron
generation, in the upper half of the atmosphere, since,
after the third generation of the hadron cascade,
approximately 70% of the primary-hadron energy is
transferred to the electron–photon shower, irrespec-
tive of the energy of primary particles, if pions carry
the bulk of energy in the multiparticle-generation
process.

A feature peculiar to the present analysis is the
first ever use of the partition of extensive air showers
into groups according to stages of the development
of electron–photon showers. Extensive air showers
generated by primary nuclei and averaged during their
development in the upper atmosphere have already
passed their maximum when they reach the lower
half of the atmosphere and constitute less than 10%
of the total flux of showers. A direct observation of
the multiparticle-production process in cosmic rays
at energies not less than 4 TeV in the c.m. frame
of colliding nucleons is hardly feasible at present in
satellite-borne experiments beyond the atmosphere
or balloon-borne experiments at high altitudes. In
the next decade, it would be the most important to
investigate the development of extensive air showers
within the third to the fourth generation of a hadron
cascade, in which case the energy in the electron–
photon shower has just exceeded the total energy
of hadrons in showers. The majority of the showers
(more than 70% of them) observed near the maxi-
mum of their development that involve not less than
3–5 × 106 electrons have, in their cores, a relative
energy that is four to five time less (this concerns
both the electron–photon and the hadron compo-
nent) than that in showers featuring a smaller number
of electrons at the maximum of their development.
A sharp decrease in the relative flux of energy in
04
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extensive-air-shower cores and the threefold distinc-
tion between the numbers of electrons in showers
that accompanies this decrease in the energy flux in
the core of an extensive air shower after the break
in the spectrum (see Fig. 2) cannot be explained by
a change in the energy spectrum of primary cosmic
rays or by the disappearance of protons from their
composition, since, for showers generated by primary
protons deep in the atmosphere, there is no violation
of a universal shape of the spectrum of extensive air
showers with respect to the number of electrons (see
Fig. 1). The break in the spectrum of extensive air
showers occurring near the maximum of their de-
velopment, in which case the flux of the electron–
photon shower component is the most tightly related
to the energy of primary particles that generated the
extensive air shower in question, corresponds to more
than a tenfold increase in the multiplicity of hadrons
produced in an inelastic collision between a primary
proton of cosmic radiation and the nucleus of an air
atom. An increase in the multiplicity of secondary
hadrons and the respective decrease in their energy
results in that, for primary-proton energies in excess
of 2 × 107 GeV, the maximum of the development of
extensive air showers in the atmosphere is shifted to
greater altitudes. The above increase in the multi-
plicity of secondary hadrons also entails a decrease
in the primary-energy fraction transferred to a single
pion produced in the first interaction of a cosmic-ray
proton. This enhances the development of showers in
the upper part of the atmosphere, where there are no
direct observations. In the distribution of the maxima
of the development of an electron–photon shower [7],
the average altitude of the maximum in extensive
air showers of primary energy in the range 5 × 107–
5 × 108 GeV proved to be shifted to upper layers of
the atmosphere in relation to the expected altitude.
This can also be explained by a decrease in the frac-
tion of protons in primary cosmic rays, but, in the
investigations of extensive air showers at the Yakutsk
array [8], the range with respect to inelastic proton
interactions with nuclei of air atoms in the energy
ranges 108–109 and 109–1010 GeV was determined
by using the distribution of the altitudes of the max-
ima of the development of extensive air showers. Also,
it was found that the flux of showers generated by
primary nuclei disappears. Thus, we see that, for the
disintegration of nuclei in collisions with microwave-
background-radiation photons, the phrase the “cutoff
of the spectrum” is fully adequate to the observed
process.

Returning to the fact that the altitudes of the max-
imum in the development of extensive air showers
undergo a shift, which confirms an increase in the
multiplicity of hadrons generated in the first colli-
sion of protons with nuclei of air atoms, we note
PH
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Fig. 6. Time distribution I of the number of neutrons for
various values of the total multiplicity recorded by a neu-
tron monitor: (open circles) 316–400, (inclined crosses)
500–630, (closed circles) 794–1000, (open triangles)
1284–1584, and (open boxes) 1995–2511 [6].

that, although some experimental data suggest a pre-
dominant primary-proton-induced generation of ob-
served extensive air showers, the mean altitude of the
maxima in the development of extensive air showers
whose primary energies lie in the range 1016–1018 eV
corresponds to nuclei that contain 20 to 50 nucleons
(see Figs. 12 and 17 in [9]).

In the preceding section, we have demonstrated
that it is necessary to assume an extremely high
multiplicity of hadrons produced in inelastic colli-
sions between primary protons and nucleons of the
nuclei of air atoms at energies of 4 to 6 TeV in the
c.m. frame of colliding nucleons. This is equivalent
to the assumption that a hot quark–gluon plasma
is formed, possibly because of the compression of
colliding gluon fields. It can be hypothesized that
the temperature of the hadronization of the quark–
gluon plasma in the process of its cooling corresponds
to the isotropic divergence of pions whose energy is
about the transverse momenta of secondary parti-
cles in events of multiparticle production at primary-
proton energies below 107 GeV. However, a simula-
tion of the development and absorption of extensive
air showers generated at an energy of 4 to 6 TeV in the
c.m. frame of two colliding nucleons and a simulation
of the ensuing isotropic divergence of pions having
an energy of 0.5 GeV revealed that, at such multi-
plicities of hadrons in a shower-generation event, the
development of a hadron cascade features only three
generations, so that, at the altitude of the Tien Shan
experiment (about 760 g/cm2), it would be hardly
possible to observe [10], in 3% of extensive air show-
ers involving less than 106 electrons, anomalously
high fluxes of nonrelativistic neutrons (see Fig. 6).
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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Fig. 7. Ratio of the energy Eh of hadrons in the core of
an extensive air shower to the energy E0 of the primary
cosmic-ray particle for various ranges of Ne: (inclined
crosses) 1.33 × 105 < Ne < 3.2 × 105, (right crosses)
3.2 × 105 < Ne < 106, (open boxes) 106 < Ne < 3.2 ×
106, and (closed boxes) 3.2 × 106 < Ne < 107. The up-
per group represents the spectra of jets having the highest
energy, while the lower groups correspond to jets that
follow it in order of decreasing energy [12].

By and large, experimental data on nonrelativistic
neutrons in showers containing more than 106 elec-
trons and a four- to fivefold decrease in the flux of
energy carried by hadrons in the cores of extensive
air showers involving more than 3 × 106 electrons
(see Fig. 7) are indicative of multiparticle hadron pro-
duction within a discrete object in collisions between
protons of primary cosmic radiation and nuclei of air
atoms, provided that the energy of primary protons
exceeds 4 TeV in the c.m. frame of colliding nucleons.
In calculations of nuclear-cascade processes initiated
in the atmosphere by primary protons of energy not
less than 107 GeV, the formation of a large num-
ber of nonrelativistic neutrons does not contradict
anything, but, in multiparticle-production events like
those at primary-proton energies less than 1016 eV,
a hadron shower propagates over the interior of the
atmosphere, with the result that the production of
nonrelativistic neutrons occurs in the major part of
the atmosphere. In the laboratory frame (it should
be recalled that a multiparticle-production event in-
volving the generation of a large number of hadrons
having approximately identical energies correspond-
ing to the temperature of the hadronization of quark–
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
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An increase in their flux corresponds to an event featuring
the generation of up to 1000 hadrons (predominantly
pions) at an energy not less than 4 TeV in the c.m. frame
of colliding nucleons.

gluon plasma is considered here), hadrons diverging
isotropically with an energy of 4 to 5 GeV in the c.m.
frame of colliding nucleons whose energy is not less
than 4 TeV can be partitioned into three groups char-
acterized by rather close energies within each group:
the forward cone of generated hadrons; their back-
ward cone turned out in the forward direction; and
the group of secondary hadrons whose energy corre-
sponds, on average, to the Lorentz factor of the center
of mass of colliding hadrons (this group contains a
three to four times greater number of hadrons than the
first two). As was indicated above, a simulation of the
process in question ruled out an isotropic divergence
of a discrete system for energies less than 4 GeV,
since, in that case, it would be impossible to observe,
at the altitude of the Tien Shan station, showers
involving a large flux of delayed neutrons [10]. Six
to seven percent of extensive air showers of primary
energy not less than 2× 107 TeV that contain, in their
cores, the same part of the primary-proton energy as
showers generated at energies corresponding to the
region before the break in the spectrum of extensive
air showers with respect to the number of electrons
(see Fig. 7) could not be observed either.

The long since known experimental observa-
tion [11] of a twofold increase in the flux of muons
whose energy is not less than 14 TeV could not be
explained in any way other than that which relies on a
new multiparticle-production process yielding pions
of high multiplicity, and this observation is likely to be
a piece of direct evidence in favor of such a process.

Data on an increase in the flux of muons having
energies in the range 10–20 TeV were reported as far
back as 1981 at the Paris International Cosmic Ray
Conference (see Fig. 8). The main difficulty in ex-
plaining this phenomenon is associated with the fact
that, in the interior of the atmosphere, the decay of
pions having such energies is next to impossible. The
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appearance of these extra muons can be associated
with the first events of nucleon interactions near the
upper boundary of the atmosphere at energies above
4 TeV in the c.m. frame of colliding nucleons.

3. GALACTIC AND EXTRAGALACTIC
SOURCES OF PHOTONS WHOSE ENERGY

IS IN EXCESS OF 103 GeV

Searches for local sources of ultrahigh-energy
cosmic rays on the basis of an excess of the extensive-
air-shower flux within narrow angular intervals in
the directions to the presumed sources began in the
middle of the 20th century, but they have not yet
given reliable results because of an extremely low
flux of showers generated by photons, this being
due to the accumulation of charged particles in the
Metagalaxy, including intergalactic space. This was
confirmed in experiments aimed at determining the
total flux of extensive air showers initiated by photons
and selected by the absence of muons and hadrons
in them. Such showers were sought at the Tien
Shan mountain station of the Lebedev Institute of
Physics with the aid of the facility installed there for
studying the structure of extensive air showers [2]. An
analysis of the results obtained by observing showers
of primary energy not less than 3 × 105 GeV revealed
a relative rarity of such showers: (0.5 ± 0.1)% of
showers without hadrons in the total flux of extensive
air showers and (0.4 ± 0.1)% of showers without
muons (see Fig. 9). The observed showers were
PH
classified as those that were generated by photons. In
some cases, the coordinates of the discovered sources
were coincident with those of active objects in the
Metagalaxy. However, the statistical significance of
such an interpretation is rather low. There are no
difficulties of a conceptual character in determining
a locus of photon generation, since the coordinates of
many active objects in theGalaxy andMetagalaxy are
available in the maps of the stellar sky. The problem
is that one has to observe efficiently extensive air
showers free from hadrons and muons against the
background of more than 100 times higher flux of
extensive air showers initiated by protons and nuclei,
determining quite precisely (to within a few angular
degrees) the zenith and azimuthal coordinates of a
shower. The problem in question can in principle
be solved with the aid of the SHALON facility
(see Fig. 10), but this will require quite long-term
observations.

The energy spectrum of protons and nuclei that
was formed in active galactic objects is given by
F (Eh)dEh ∼ E−2.35±0.15

h dEh, but this spectrum is
corrected in intergalactic space because of an enor-
mous number of elastic collisions with photons of
cosmic microwave background radiation. The total
energy loss is the sum of rare large energy losses (in
collisions with nuclei and protons) and an indefinitely
large number of small losses (in collisions with pho-
tons of cosmic microwave background radiation), this
yielding the Napierian number—that is, 2.718 . . .—
a number that is extremely close to the observed
exponent of the primary-proton spectrum in the en-
ergy ranges 1012–1016 and 3 × 1017–1020 eV and
which is reconstructed on the basis of the spectrum
of extensive air showers. A weak manifestation of the
relic cutoff of protons and the hard splitting of primary
nuclei can be considered as a corroboration of the
above assumption.

The spectrum of photons that are generated in
active galactic cores in collisions between protons
and nuclei and in their collisions with nonrelativistic
protons and nuclei is a consequence of the fact that,
prior to an ultimate formation of their energy spec-
trum F (Eh)dEh ∼ E−2.718

h dEh, cosmic-ray protons
and nuclei accelerated in the magnetic fields of active
galactic centers in the Metagalaxy had a spectrum
whose exponent was about −2.35. During their ac-
celeration, protons and nuclei must undergo inelastic
collisions in traversing a layer of nonrelativistic pro-
tons and nuclei that has a thickness not less than
some 6 g/cm2. This is suggested by the fact that
cosmic rays do not contain some of those nuclei
that, according to spectral observations in the opti-
cal range of energies, are present at the surface of
an active galactic core. The same layer of thickness
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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Fig. 10. High-mountain observatory SHALON in Ala Tau mountains.
about 6 g/cm2 serves as a target for proton inter-
actions resulting in the generation of photons whose
energy spectrum reflects the spectrum of accelerated
protons, the differential exponent of their power-law
spectrum being −2.3.

At present, the use of mirror Cherenkov tele-
scopes, which, apart from having a high angular
resolution, enable one to reconstruct the pattern
of the development of a shower over the depth of
the atmosphere, thereby providing the possibility of
testing the correspondence of the observed showers
to the electron–photon component among ordinary
extensive air showers, has become the most popular
method for seeking and observing sources of photons.
The table and Figs. 11–17 present data obtained by
observing extragalactic and galactic photon sources
S OF ATOMIC NUCLEI Vol. 67 No. 10 20
with the SHALON telescope [13] (the power of
photon radiation from the Crab nebula is taken to
be unity). For each source, integrated spectra, a time
analysis of events that arrived from the source and of
background events obtained simultaneously with the
observations, and the image of the source became the
result of the investigation of data.

The uncertainty in the intensity of the photon flux
from the Crab nebula (Fig. 11) is exaggerated since
it was estimated with allowance for the distinction
between the data obtained in the energy range 1012–
1014 eV with the aid of a gamma telescope and the
data obtained on board cosmic vehicles for gamma-
radiation fluxes in the energy range 108–1010 eV. (At
the same time, this distinction may stem from the
distinction between the photon-generation processes
04
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in the x-ray energy region and in the energy range
1011–1014 eV.) The distinction between the power
of sources observed in the Milky Way Galaxy and
the power of extragalactic sources is the result of a
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
formidable distinction between the distances to the
observed objects, the times of observation being ap-

proximately identical. The most remote extragalactic

source 1739 + 522, which is characterized by a red-
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shift value of z = 1.375 in the optical range, is simul-
taneously the most powerful (see Fig. 12). However,
the energy spectrum of gamma radiation from 1739 +
522 does not differ from the gamma-radiation spec-
trum averaged over the presently known extragalac-
tic sources and two galactic ones [Swan X-3 (see
Fig. 13) and Crab nebula (see Fig. 11)]; that is, it is
proportional to E−1.35

γ in the integral representation.
The powers of gamma radiation from local sources

in the Milky Way Galaxy (Figs. 11, 13, 14) are
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
extremely small in relation to those of observed
extragalactic sources (Figs. 12, 15–17), as can be
seen from the table. This relationship will hardly
change upon the accumulation of data on gamma-
radiation sources in the Milky Way Galaxy. The
distinction between the powers of the observed
sources in the Metagalaxy and theMilkyWay Galaxy
fully corresponds to the scales and energies of the
observed sources: these are quasars, Seifert galax-
ies, and active cores of galaxies in the Metagalaxy
and the remnants of supernovae in the Milky Way
Galaxy. Moreover, one has yet to find out conclusively
whether supernovae such as the Crab nebula emit
photons of energy 1016 eV or higher. Unfortunately,
sources that emit photons of energy in excess of
1016 eV can hardly be observed by means of single
Cherenkov telescopes, which cover only a limited
area of extensive-air-shower cores. It is necessary to
create facilities that ensure a large area of observation
and a reliable selection of extensive air showers
free from muons. The construction of large “fields”
of Cherenkov gamma telescopes is hardly realistic.
Searches for sources whose coordinates are a priori
unknown are very cumbersome if use is made of
gamma-telescope fields for this.

4. CONCLUSION

The currently available results of gamma-astro-
nomy observations in the energy range 1012–1014 eV
put the following important problems to the fore:
(i) that of explaining a sharp increase in the energy
lost by a shower in the upper atmosphere, this being
impossible without more than of an order of magni-
tude increase in the multiplicity of hadrons produced
in the first nucleon-collision event; (ii) that of vali-
dating the partition of cosmic radiation into radiation
of a galactic origin and radiation of an extragalac-
tic origin; (iii) that of pinpointing processes through
which the energy spectrum of cosmic rays that has
a universal E−2.72±0.01

k form over the broad energy
range 1011–1019 eV arises from the radiation emitted
by a great many local sources of cosmic rays, which
has a harder energy spectrum of theE−2.35±0.10

γ form;
and, finally, (iv) that of determining the fraction of
photons in primary cosmic radiation.

The concept of a new process of the multiparti-
cle production of hadrons, predominantly pions, in a
discrete system of colliding nucleons at a projectile-
nucleon energy of about 1 to 2 × 107 GeV makes it
possible to extend, to the region of ultrahigh energies,
the spectrum of protons and cosmic-ray nuclei that
is observed at lower energies in the form of a power-
law spectrum characterized by a differential-exponent
04
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Table

Sources generating photons
of energy above 0.8 TeV

Observed flux,
10−12 cm−2 s−1 Distance, Mpc Relative power

of a source

Galactic:

Crab nebula 1.10 ± 0.30 2.0 × 10−3 1

Swan X-3 0.42 ± 0.07 10.0 × 10−3 0.12

Geminga 0.48 ± 0.17 0.25 × 10−3 0.11

Tycho Brahe 0.19 ± 0.09 (2.0–3.1) × 10−3 0.3

Extragalactic:

Markarian 421 0.63 ± 0.14 124 (z = 0.031) 3.8 × 109

Markarian 501 0.86 ± 0.13 135 (z = 0.034) 4.6 × 109

Active galactic core NGC
1275

0.78 ± 0.13 71 (z = 0.013) 1.2 × 109

3с4543 0.43 ± 0.17 4685 (z = 0.859) 5.3 × 1012

1739 + 522 0.47 ± 0.18 7500 (z = 1.375) 1.4 × 1013
value of −γ = −2.72 ± 0.001. The experimental in-
vestigations of cosmic radiation in the region of the
relic cutoff in [14, 15] support the validity of this
unification of the data spaced on the energy scale by
more than four orders of magnitude. It can be seen
from Fig. 4 that, in the energy region above the relic
cutoff (splitting of primary nuclei), the exponent of the
energy spectrum of primary protons is −γ = −2.72.
Such an energy spectrum corresponds to the situa-
tion where protons and nuclei travel in intergalactic
space over a three orders of magnitude wider time in-
terval, losing energy in elastic collisions with photons
of cosmic microwave background radiation.

Obviously, the new process of multiparticle hadron
production in the region of the observed break in
the spectrum of extensive air showers has not yet
received adequate study. At the present time, its de-
scription relies on two experimentally observed fea-
tures of extensive air showers having energies in ex-
cess of 107 GeV: (i) The energy lost by a shower in the
upper atmosphere increases sharply (this is impossi-
ble without more than an order of magnitude increase
in the multiplicity of hadrons produced in the first
nucleon-collision event); in the case of an invariable
energy spectrum of primary protons, it is impossible
to explain otherwise the break in the spectrum of ex-
tensive air showers. (ii) For the absorption to be char-
acterized by a pion range to a depth of 1100 g/cm2

in the atmosphere, the energy of secondary pions in
the c.m. frame of colliding nucleons must be 5 GeV
or higher. Other features of multiparticle-production
events are ambiguous. There are even no grounds
for choosing between the spherical and the two-cone
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
divergence of pions in an event of their multiparticle
production.

With the exception of neutrinos, only photons of
high- and ultrahigh-energy cosmic rays carry infor-
mation about the relationship between the observed
arrival direction of extensive air showers and a galac-
tic or an extragalactic object where these photons
were generated, and this makes it possible to find, in
theMetagalaxy, active cores accelerating protons and
cosmic-ray nuclei. In just the same way, the direc-
tions of photon arrival point to stellar objects accel-
erating protons and nuclei in the Milky Way Galaxy.
This relationship between the observed extensive air
showers and objects where protons and nuclei are
accelerated provides a link between our observations
and specific objects in the Metagalaxy. In contrast
to cosmic-ray protons and nuclei, photons have an
energy spectrum of the form EγdEγ ∼ E−2.3dE, and
their contribution to the total flux of cosmic rays at
energies not less than 6 × 105 GeV is rather small
(4 × 10−3). However, the contribution of photons be-
comes as large as 20% of the total flux of cosmic
radiation as one moves toward the energy region of
the relic cutoff of protons. We cannot rule out the
possibility that the spectrum of photons undergoes no
changes up to indefinitely high energies, remaining
the only piece of information about ultrahigh-energy
processes in the Metagalaxy. All of the aforesaid puts
the development of experimental gamma-astronomy
investigations and of methods for respective observa-
tions in the energy range 108–109 GeV to the fore.
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Fig. 16. (a) Integrated spectrum of photons (E >
0.8 TeV) from NGC 1275 according to SHALON data,
along with data from other experiments [13] (Tibet array);
(b) image obtained with the SHALON telescope for the
NGC 1275 source for energies in excess of 0.8 TeV; and
(c) its energy representation.
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Abstract—The difference of the cross sections for double charged-pion production in the scattering of
opposite-helicity electrons on an unpolarized proton is evaluated within the phenomenologicalmodel devel-
oped previously. The electromagnetic nucleon-resonance form factors and the parameters of nonresonance
processes were taken from a fit to the latest data of the CLAS Collaboration on double charged-pion
electroproduction. The effect of the longitudinal excitations of the P11(1440) and D13(1520) states on the
difference of the helicity components of the cross section is studied. The sensitivity of this observable to the
nucleon-resonance contribution opens the possibility of employing it both in extracting the Coulomb form
factors and in seeking new baryon states. Signals from one of these states were possibly observed in the
latest data of the CLAS Collaboration. c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

The application of the approach proposed in [1–3]
to analyzing the first data of the CLAS Collaboration
on the production of π+π− pairs by virtual photons
in the kinematical region specified by the inequalities
W < 2.1 GeV andQ2 < 1.5 GeV2 [4–6] made it pos-
sible to obtain, for the first time, information about the
electromagnetic form factors for high-lying nucleon
resonances N∗ (MN∗ > 1.6 GeV), the majority of
them decaying to multipion final states. A structure
at W ∼ 1.7 GeV was first revealed, which had not
been observed earlier in studying the exclusive chan-
nels of real- and virtual-photon interactions with a
proton [4, 7]. This structure in the cross section [4–6]
can be a manifestation of either the new baryon state
PI3(1720) (I is the isospin value, which is 1/2 or 3/2;
it cannot be determined unambiguously by study-
ing the only charge channel of double pion produc-
tion by photons) or an excitation of the known state
P13(1720); in the latter case, the branching fractions

1)Thomas Jefferson National Accelerator Facility, Newport
News, VA 23606, USA.

2)Institute of Nuclear Physics, Moscow State University,
Vorob’evy gory, Moscow, 119899 Russia.

3)Istituto Nazionale di Fisica Nucleare, Sezione di Genova,
Italy.

4)Department of Physics,MoscowState University,Vorob’evy
gory, Moscow, 119899 Russia.

5)Università di Genova, via Dodecaneso 33, I-16146 Genova,
Italy.
1063-7788/04/6710-1918$26.00 c©
of decays through the π∆ and ρp channels would
be strongly different from those that were determined
to date from an analysis of πN → ππN reactions.
Data on electromagnetic form factors for nucleon
resonances N∗ of mass below 1.6 GeV were obtained
by examining a few exclusive channels, such as single
and double pion production and η-meson production.
Thus, the investigation of various exclusive meson-
electroproduction channels that was performed by the
CLAS Collaboration [4–10] furnished the first pieces
of information about electromagnetic form factors for
the majority of nucleon resonances N∗ of mass below
2 GeV.

At the same time, the analysis performed in [5, 6]
revealed that experimental data involving unpolarized
differential cross sections alone are sufficient for ex-
tracting only the electromagnetic form factors A1/2

andA3/2 for nucleon resonances, ad hoc assumptions
on their longitudinal (Coulomb) form factors C1/2

being made for this.
In order to extract information about Coulomb

form factors for nucleon resonances, it is necessary
to have a wider set of experimental data at our dis-
posal. For example, the Coulomb excitations of nu-
cleon resonances can be studied by measuring the
difference ∆dσ = (dσ+1 − dσ−1) of the differential
cross sections for the scattering of opposite-helicity
electrons on a proton. This quantity is determined by
the interference between the longitudinal and trans-
verse hadron currents; therefore, the Coulomb form
2004 MAIK “Nauka/Interperiodica”
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factors C1/2 for nucleon resonances could in prin-
ciple be extracted from the difference ∆dσ. In [11],
the phenomenological model of double charged-pion
production by photons was further developed, which
made it possible to calculate ∆dσ, and the sensitivity
of this observable to the Coulomb excitation of the
P11(1440) resonance was explored there.

In the present study, we analyze the possibilities
for extracting information about the Coulomb ex-
citations of nucleon resonances in the case where
longitudinal photons excite a few states and examine
the sensitivity of ∆dσ to the contribution of the new
baryon state PI3(1720) [4–6].

2. DESCRIPTION OF THE DIFFERENCE
OF THE HELICITY COMPONENTS

OF THE CROSS SECTION
FOR THE PRODUCTION OF π+π− PAIRS

BY POLARIZED ELECTRONS

Within the model presented in [1–3], the produc-
tion of π+π− pairs by photons on a proton is described
as a superposition of a few quasi-two-body mecha-
nisms,

γp → π−∆++ → π+π−p, (1)

γp → π+∆0 → π+π−p,

γp → ρ0p → π−π+p.

The remaining mechanisms are described in terms
of a complex amplitude C(W,Q2) that does not de-
pend on either the kinematical variables of the final
state or the spins of particles participating in the
reaction, but which is a function of the c.m. en-
ergy W of the colliding photon and proton and the
square Q2 of the photon 4-momentum. The absolute
value of this amplitude is assumed to be identical
for all helicity states, while its phase is chosen to
be equal to that of the amplitude for the quasi-two-
body processes (1). In [11], it was shown that this
parametrization corresponds to the approximation of
three-body phase space, the above choice of phase
ensuring that, under space reflections, the total am-
plitude transforms in accordance with parity conser-
vation. Each of the quasi-two-particle mechanisms
in (1) is described as a superposition of nonreso-
nance processes and the nucleon-resonance exci-
tations in the s-channel in a photon–proton col-
lision that are followed by decays to the π−∆++,
π+∆0, and ρ0p states. The model involves all nu-
cleon resonances of mass below 2.0 GeV that have
a four-star status according to Particle Data Group
and which decay through the π∆ or the ρp channel.
Nonresonance mechanisms in the π∆ channels are
described by a set of Reggeized Born terms, gauge
invariance being restored upon Reggeization [2, 3].
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
The effects of initial- and final-state interaction are
taken into account in the quasi-two-body channels
γvp → π−∆++ and γvp → π+∆0 [1]. Nonresonance
processes in the quasi-two-body channel γvp → ρ0p
are described in the diffraction approximation [2, 3].
The model developed in [1–3, 11] relates the electro-
magnetic form factors for nucleon resonances to the
measured differential cross sections and to the polar-
ization asymmetry of the beam in the reaction γp →
π+π−p, this enabling one to determine the electro-
magnetic form factors in question from a fit to these
observables.

The excitation of nucleon resonances by longitu-
dinal and transverse photons in the case where the
total helicity in the photon–proton system is 1/2
(A1/2, C1/2) leads to similar angular distributions of
decay products. On the basis of an experimental-
data set containing only the differential cross sections
for the reaction γp → π+π−p induced by an unpo-
larized electron beam in an unpolarized target, it is
therefore hardly possible, in this case, to determine
the actual fractions of the longitudinal and transverse
components in the excitation strength of nucleon res-
onances.

New possibilities for extracting the Coulomb form
factors for nucleon resonances are provided by mea-
surements of the difference ∆dσ of the polarization
components of the cross section. This difference is
given by

∆dσ/dϕπ− = dσ+1/dϕπ− − dσ−1/dϕπ− , (2)

where dσ+1,−1/dϕπ− are the angular distributions
of π− mesons off the scattering plane in the reac-
tion γp → π+π−p for the incident-electron helicity of
h = ±1, these distributions being integrated with re-
spect to all final-state kinematical variables presented
in [11], with the exception of the π−-meson emission
angle ϕπ− . The quantity ∆dσ/dϕπ− and the helicity
amplitudes of the reaction γp → π+π−p that appear
in the term associated with the interference between
the longitudinal and transverse hadron currents (Jz
and Jy , respectively) [11] are related by the equation

∆dσ/dϕπ− = 2Ch sin(ϕπ−), (3)

Ch =
∫

4πα
4KLMN

√
2εL(1 − ε)

1
4

ν√
Q2

1√
2

(4)

×
(

2Im

(∑
λpλp′

〈λp′ππ|T |λγ = 0, λp〉∗

×
(
〈λp′ππ|T |λγ = 1, λp〉

− 〈λp′ππ|T |λγ = −1, λp〉
)))

1
32W 2

1
(2π)5

dτ ′,
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Fig. 1. Coefficients Ch(W ) [see (3)] calculated as a function of W for various fractions of the transverse and longitudinal
components in the total excitation strength of the D13(1520) state for a total helicity of 1/2. The Coulomb-excitation strength
of P11(1440) and the electromagnetic form factors for all other nucleon resonances were extracted from data of the CLAS
Collaboration [4–6] under the assumption of the excitation of the new state PI3(1720). Each curve corresponds to a specific
set of values of the parameters α and β [see (5)]: (thick solid curve)α = 1.0 and β = 0.0, (dashed curve) α = 0.8 and β = 0.2,
(dotted curve) α = 0.6 and β = 0.4, (dash-dotted curve) α = 0.4 and β = 0.6, and (thin solid curve) α = 0.2 and β = 0.8.
where 〈λp′ππ|T |λγλp〉 are helicity amplitudes for the
initial-state photon (proton) helicity λγ (λp) and the
final-state proton helicity λp′ ; ν is the energy transfer
to the virtual photon in the laboratory frame; KL =
(W 2 −M2

N )/(2MN ); α = 1/137; εL and ε are the
polarization parameters of the virtual photon [11];
and d′ is a differential formed by final-state variables
[2, 3, 11], where dϕπ− must be discarded.

3. EFFECT OF NUCLEON-RESONANCE
EXCITATIONS ON THE

HELICITY-COMPONENT DIFFERENCE

Within the approach outlined above, we have cal-
culated the W dependence of the coefficients Ch(W )
[see Eqs. (3), (4)] for the reaction γp → π+π−p at
Q2 = 0.95 GeV2. For all of the resonances included
in the model proposed in [1–3], with the exception
of D13(1520), we used, for the electromagnetic form
factors A1/2 and A3/2, the values obtained from a fit
to data of the CLAS Collaboration [4–6] under the
assumption of an excitation of the new baryon state
PI3(1720).

In the present study, we explore the possibility
of extracting information about the Coulomb form
PH
factors C1/2 for nucleon resonances in the presence
of longitudinal excitations of two states, P11(1440)
and D13(1520). The longitudinal form factor C1/2 for

P11(1440) is chosen to be −0.135 GeV−1/2, which
corresponds to the best fit to the CLAS data [4–6]
at Q2 = 0.95 GeV2. In order to analyze the sensi-
tivity of the W dependence of the coefficients Ch to
the Coulomb excitations of the D13(1520) state, the
calculations were performed for a few values of the
electromagnetic form factor C1/2. In those calcula-
tions, the total strength of electromagnetic excitation
of the state D13(1520) of total helicity 1/2, A2

1/2 tot,
was taken to be equal to the electromagnetic form
factorA2

1/2 extracted from CLAS data [4–6]. This to-
tal strength was shared in different proportions (α and
β) between the Coulomb (C2

1/2) and the transverse

(A2
1/2) excitation strength of the D13(1520) state,

A2
1/2 + εLC

2
1/2 = A2

1/2 tot, (5)

A2
1/2 = αA2

1/2 tot,

εLC
2
1/2 = βA2

1/2 tot,

α + β = 1.
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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Fig. 2. Coefficients Ch(W ) [see (3)] calculated as a function of W for various fractions of the longitudinal and transverse
components in the total excitation strength of theD13(1520) state for a total helicity of 1/2. The Coulomb excitation strength of
P11(1440) is−0.050 GeV−1/2, and the electromagnetic form factors for all other nucleon resonances were extracted from data
of the CLAS Collaboration [4–6] under the assumption that the new state PI3(1720) is not excited. Each curve corresponds
to a specific set of values of the parameters α and β [see (5)]: (thick solid curve) α = 1.0 and β = 0.0, (dashed curve) α = 0.8
and β = 0.2, (dash-dotted curve) α = 0.6 and β = 0.4 or α = 0.4 and β = 0.6, and (thin solid curve) α = 0.2 and β = 0.8.
Figure 1 shows the calculated W dependence of
the coefficients Ch(W ). For the form factorsA2

1/2 and

C2
1/2, the signature was chosen to be negative.

It can be seen that the coefficients Ch(W ) depend
greatly on the strength of the Coulomb excitation of
the D13(1520) state. This opens the possibility of ex-
tracting data on the Coulomb excitation ofD13(1520)
in the case of a simultaneous excitation of the closely
lying state P11(1440), with an amplitude exceeding
that of the Coulomb excitation of theD13(1520) state.

However, the region of the highest sensitivity of
Ch(W ) to various fractions of A1/2 and C1/2 in the
total excitation strength of the D13(1520) state lies
at W between 1.59 and 1.71 GeV—that is, far above
the D13(1520) mass. In order to reveal the reasons
for this behavior, we have calculated the coefficient
Ch(W ) under the same assumptions on the Coulomb
and transverse excitations of nucleon resonances for
the case where there is no excitation of the new
baryon state PI3(1720) (A1/2 = A3/2 = C1/2 = 0)
and where the photocoupling C1/2 for P11(1440) is

reduced to become −0.050 GeV−1/2. The results are
displayed in Fig. 2.
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
The results in Fig. 2 show that the maximum
of the sensitivity to the Coulomb excitation of the
D13(1520) state is shifted to the W region corre-
sponding to the mass of the D13(1520) state. At the
same time, the sensitivity to the Coulomb excitation
of the D13(1520) state becomes much lower. This
suggests that the interference between the most
highly excited statesD13(1520) and PI3(1720) makes
a significant contribution to Ch(W ). Since these
states have identical spins, the interference effects
survive in observables upon integration with respect
to angular variables. According to (4), Ch(W ) is
determined by the product of the Coulomb ampli-
tude (λγ = 0) and the difference of the transverse
amplitudes for opposite helicities, λγ = ±1. The
interference between the D13(1520) and PI3(1720)
states contributes to this difference. The interference
effects are maximal in the range of W between
1.59 and 1.62 GeV; in response to a variation in
C1/2 for D13(1520), this shifts the maximum of the
sensitivity from the central mass value toward the
region around W = 1.59 GeV (see Fig. 1). In Fig. 1,
another sensitivity peak is seen atW = 1.7 GeV. This
is because the PI3(1720) resonance has a maximum
difference of the absolute values of the electromag-
04
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netic form factorsA1/2 andA3/2 in relation to all other
nucleon resonances, this leading to a maximum of
the difference of the λ = ±1 transverse amplitudes at
W = 1.7 GeV.

Thus, measurement of the difference of the polar-
ization components of the cross section is sensitive to
the contribution of the baryon state observed in [4–6],
and this can be employed in seeking and studying the
nature of missing resonances.

4. CONCLUSIONS

We have analyzed the possibilities for extracting
information about the Coulomb excitations of nu-
cleon resonances in measuring the difference of the
helicity components of the cross sections in the angu-
lar distributions of π− mesons off the scattering plane
in the reaction γp → π+π−p. By using data of the
CLAS Collaboration [4–6] on the electromagnetic
form factors for the total spectrum of excited nucleon
states in the mass region below 2 GeV, we have
calculated the coefficients Ch(W ) [see Eqs. (3), (4)],
which are proportional to the difference of the helicity
components of the cross section. The results are the
following:

(i) TheW dependence of the coefficients Ch(W ) is
sensitive to variations in the Coulomb form factor for
theD13(1520) state even in the presence of the closely
lying state P11(1440), which has a much larger longi-
tudinal excitation amplitude. Owing to this, an anal-
ysis of the difference of the helicity components of the
cross section is a promising method for extracting
Coulomb form factors.

(ii) The interference between the D13(1520) and
PI3(1720) states has a pronounced effect on the W
dependence of the coefficientsCh(W ), making it pos-
sible to extract information about the interference
PH
between the transverse excitations of nucleon reso-
nances from measurements of the beam polarization
asymmetry.

(iii) The coefficients Ch(W ) are sensitive to the
contribution of the baryon state PI3(1720). Owing to
this, measurement of the beam polarization asymme-
try appears to be a promising tool for seeking missing
baryon states and for analyzing their nature.
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Abstract—Using the Sudakov technique, we sum the perturbation series for the process 3 → 3 and
obtain the compact analytical expression for the amplitude of this process, which takes into account all
possible Coulomb interactions between colliding particles. Comparing it to the amplitude of the lepton-
pair production in heavy-ion collisions, i.e., in the process 2 → 4, we show that the amplitudes obtained
in the high-energy limit lose the crossing-symmetry property (which holds only on the Born level).
c© 2004 MAIK “Nauka/Interperiodica”.
1. INTRODUCTION

During the past decade, the interest in the pro-
cess of lepton-pair production in strong Coulomb
fields has risen significantly. This is connected mainly
with the beginning of the operation of the relativistic
heavy-ion collider RHIC (Lorentz factor γ = E/m =
108) and the new collider LHC (γ = 3000), which
will operate in the near future. At such energies, the
lepton-pair yield becomes huge (according to [1, 2]),
so that a detailed analysis of the process

A + B → A + B + e+ + e− (1)

accounting for the Coulomb corrections (CC) is re-
quired. Such work has been done in recent years and
a lot of papers have been devoted to this subject [3–
11]. Nevertheless, the problem turned out to be more
complex than it seemed at first glance. We want only
to mention the exciting result obtained in [3, 4, 7]:
the CC to the process (1) enter the amplitude of
this process in such a way that its cross section is
determined solely by the lowest (Born) term. In our
opinion, this is the result of the incorrect application
of crossing symmetry to the amplitudes obtained in
the high-energy limit.

As an obvious example of the crossing-symmetry
violation, we want to cite the process of lepton-pair
photoproduction on nuclei and its counterpart, the
bremsstrahlung in lepton–nucleus scattering. The
amplitudes of both processes are determined by the
Coulomb phase, which is infrared stable in the case of

∗This article was submitted by the authors in English.
1)Department of Theoretical Physics, Comenius University,
Bratislava, Slovakia.

2)Yerevan Physics Institute, Yerevan, Armenia.
1063-7788/04/6710-1923$26.00 c©
pair photoproduction, whereas it is infrared divergent
in the case of bremsstrahlung, and this difference
cannot be adjusted by a trivial crossing change of
the variables. Taking into account the importance
of the problem and permanent interest in it from
the scientific community, we calculated the full am-
plitude for the crossing process accounting for all
possible photon exchanges among the colliding rel-
ativistic particles. Comparing it with the amplitude of
the process (1) also obtained using the high-energy
approximation, we have shown that the crossing-
symmetry property becomes invalid when one takes
into account the final-state interaction of the lepton
pair with the Coulomb field of ions.

2. THE BORN AMPLITUDE
OF THE PROCESS 3 → 3

Let us construct the amplitude of the process 3 →
3 represented in Figs. 1a and 1b,

A1(p1) + A2(p2) + C(p3) → A1(p′1) (2)

+ A2(p′2) + C(p′3).

We consider the kinematics when all the energy in-
variants which determined the process (2) are large,
compared with the masses of the involved particles
and transfer momenta

s = (p1 + p2)2, s1 = (p1 + p3)2, (3)

s2 = (p3 + p2)2,

q2
1 = (p1 − p′1)

2, q2
2 = (p2 − p′2)

2,

q2
3 = (p3 − p′3)

2,

p2
1 = p′1

2 = m2
1, p2

2 = p′2
2 = m2

2, p2
3 = p′3

2 = m2,

s � s1 ∼ s2 � −q2
1 ∼ −q2

2 ∼ −q2
3.
2004 MAIK “Nauka/Interperiodica”
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Fig. 1.Feynman diagrams for the Born amplitudes of the processes (a, b)A1 + A2 + C → A1 + A2 + C and (c, d)A1 + A2 →
A1 + A2 + C + C̄.
For the Born amplitude of the process (2), one can
write

M
(1)
(1) = −i(4πα)2Z1Z2ū(p′1)γµu(p1) (4)

× ū(p′2)γνu(p2)
ū(p′3)Oρσu(p3)gµσgνρ

q2
1q

2
2

,

where Z1,2 are the charge numbers of the colliding
nuclei. We use the Sudakov parametrization for all 4-
momenta entering the problem (for details, see [10]),

q1 = α1p̃2 + β1p̃1 + q1⊥, q2 = α2p̃2 + β2p̃1 + q2⊥,
(5)

p′1 = α′
1p̃2 + β′

1p̃1 + p′1⊥, p′2 = α′
2p̃2 + β′

2p̃1 + p′2⊥,

p3 = α3p̃2 + β3p̃1 + p3⊥, p′3 = α′
3p̃2 + β′

3p̃1 + p′3⊥,

and the Gribov decomposition of the metric tensor
into the longitudinal and transverse parts,

gµν = g⊥µν +
2
s

(p̃1µp̃2ν + p̃1ν p̃2µ) ,

with lightlike 4-vectors p̃1,2. For the kinematics of the
process, we will use the following relations:

s = 2p̃1p̃2, β1 + β3 = β′
3, α2 + α3 = α′

3, (6)

gµσ =
2
s
p̃1σp̃2µ, gνρ =

2
s
p̃1ν p̃2ρ,

q2
1 = q2

1⊥ = −q2
1, q2

2 = q2
2⊥ = −q2

2,

where qi are two-dimensional vectors in the plane
transverse to the z axes, which we choose along 3-
vector p1 = −p2 in the c.m. frame of initial particles
A1, A2.

Using the gauge-invariant condition,

q1ρū(p′3)Oρσu(p3) (7)

≈ (β1p̃1 + q1⊥)ρū(p′3)Oρσu(p3) = 0,

q2σū(p′3)Oρσu(p3)

≈ (α2p̃2 + q2⊥)σū(p′3)Oρσu(p3) = 0,

one gets the Born amplitude in the form

M
(1)
(1) (q1, q2) = −4isN1N2(4παZ1) (8)

× (4παZ2)B(q1, q2)
PH
with

B(q1, q2) =
ū(p′3)Oρσu(p3)q

ρ
1⊥qσ2⊥

sα2β1q2
1q

2
2

, (9)

N1 =
1
s
ū(p′1)p̂2u(p1), N2 =

1
s
ū(p′2)p̂1u(p2),

sα2β1 = −q2
3 − (q1 − q2)2 ∼ m2.

The values of Ni for every polarization state of
initial particles (or for spinless particles) are unity and

ū(p′3)Oρσu(p3)q
ρ
1⊥qσ2⊥ (10)

= ū(p′3)
[
q̂2⊥

p̂3 + q̂1 + m

(p3 + q1)2 −m2
q̂1⊥

+ q̂1⊥
p̂3 + q̂2 + m

(p3 + q2)2 −m2
q̂2⊥

]
u(p3).

3. THE COULOMB CORRECTIONS
TO THE PROCESS 3 → 3

Let us consider the set of six Feynman diagrams
(FDs) with one virtual photon connecting the p3

line with the particle A1 and two connecting the
p3 line with the particle A2 (see Fig. 2). The loop-
momentum integration in the relevant matrix element
can be performed considering that

d4k = (2πi)2
1
2s

d(sαk)
2πi

d(sβk)
2πi

d2k⊥, (11)

k = αkp̃2 + βkp̃1 + k⊥.

It can be shown that only four FD amplitudes
work (Figs. 2a–2d). Really, when one writes the
denominators explicitly in Figs. 2e and 2f through
longitudinal Sudakov variables, i.e.,

(p3 + k)2 −m2 + i0 ≈ sαkβ3 + i0, (12)

(p3 − q2 + k)2 −m2 + i0 ≈ sαkβ3 + i0,

(p2 − k)2 −m2 + i0 ≈ −sβk + i0,

(p′2 + k)2 −m2 + i0 ≈ sβk + i0,

one can see that both poles in the αk complex plane
are located in the same half-plane, so their contribu-
tion to the amplitude is zero (suppressed by the factor
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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Fig. 2. Feynman diagrams for the process A1 + A2 +
C → A1 + A2 + C with three-photon exchange.

|q2
3/s| ∼ |s1/s|). This result is in agreement with the

one obtained in [8].
It is convenient to introduce eight FDs (including

the four depicted in Figs. 2a–2d and additional four
FDs with interchanged photons absorbed by the nu-
cleus A2 line). To avoid double counting, we multiply
the relevant matrix element by the statistical factor
1/2!. This trick permits one to perform the integration
over αk, βk with the result

∞∫
−∞

d(sαk)
2πi

(
β3

sαkβ3 + i0
+

β3

−sαkβ3 + i0

)
(13)

=

∞∫
−∞

d(sβk)
2πi

(
1

sβk + i0
+

1
−sβk + i0

)
= 1.

Now let us show how the cancellations of the con-
tribution arising fromFDwith absorption of n+ 1 ex-
changed photons between particle C and nucleusA1,
sandwiched between two exchanges between particle
C and nucleus A2 (Fig. 3), take place. The algebraic
symmetrization procedure described above (13), with
help of the relations

li = αli p̃2 + βli p̃1 + li⊥, (14)
αli < α3 < αk ≤ 1, βk < β3 < βli ≤ 1,

leads to the product of factors
n∏
i=1

(
β3

sαliβ3 + i0
+

β3

−sαliβ3 + i0

)
(15)

×
n∏
j=1

(
1

sβlj + i0
+

1
−sβlj + i0

)
, n ≥ 1.

In terms of notation used in [4, 8], our assump-
tions (14) read

E = p1+ � p3+ � p2+ =
m2

2

E
, (16)
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Fig. 3.Feynman diagram for the processA1 + A2 + C →
A1 + A2 + C with n + 1 exchanged photons (n ≥ 1) be-
tween particles A1 and C.

m2
1

E
= p1− � p3− � p2− = E.

It is easy to see that, in this case, no dependence on
p3± sign appears for the eikonal amplitudes corre-
sponding to the situation in Fig. 3.

The poles of the electronGreen’s functions (Fig. 3)
are located in the same half-plane of k−, which al-
lows one to safely neglect the contribution of such
diagrams.

After performing the integration over longitudinal
Sudakov variables αli , βlj in blocks 1, 2 of FD in
Fig. 3, one can see that the dependence on longitu-
dinal Sudakov variables αk, βk relevant to the lower
loop is completely the same as in the previous case
(see Figs. 2e, 2f); therefore, the contribution of such
type of FD to the total amplitude is zero.

Further integration over transverse momentum is
straightforward,∫

dk
π

1
(k2 + λ2)((q2 − k)2 + λ2)

=
2
q2

2

ln
q2

2

λ2
, (17)

where the photon mass parameter λ is introduced for
the purpose of regularization.

For the amplitudeM (1)
(2) (see Fig. 4) and the similar

amplitude M
(2)
(1) , we obtained

M
(1)
(2) + M

(2)
(1) (18)

= M
(1)
(1) (q1, q2)

1
2!

[
2iZ1α ln

q2
1

λ2
+ 2iZ2α ln

q2
2

λ2

]
.

The amplitude for an arbitrary amount of inter-
changed photons (see Fig. 5) is constructed in a
similar way,

M
(∞)
(∞) (q1, q2) = M

(1)
(1) (q1, q2)ei(ϕ1(q1)+ϕ2(q2)), (19)

with the Coulomb phases

ϕ1(q1) = Z1α ln
q2

1

λ2
, ϕ2(q2) = Z2α ln

q2
2

λ2
.
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Fig. 4. Feynman diagram for the amplitude M
(1)

(2) .

Consider now the case with one additional ex-
changed photon between two nuclei A1 and A2. The
relevant matrix element M(1B) reads

M(1B) = iαZ1Z2 (20)

×
∫

dk
π(k2 + λ2)

M
(1)
(1) (q1 + k, q2 + k).

In the same approach, we get for the matrix ele-
ment withn exchanged (between nuclei) photons (see
Fig. 6a)

M(nB) =
(iαZ1Z2)n

n!

n∏
i=1

∫
dki

π(k2
i + λ2)

(21)

×M
(1)
(1)

(
q1 +

n∑
i=1

ki, q2 +
n∑
i=1

ki

)
.

It is convenient to write this expression in the impact-
parameter representation. For this aim, we use the
identity ∫

dkn+1δ
(2)

(
kn+1 − q1 −

n∑
i=1

ki

)
(22)

=
1

(2π)2

∫
dkn+1dρe

i(kn+1−q1−
∑

ki)·ρ = 1.

Thus, the matrix element with an arbitrary number of
exchanged photons can be cast

M(3 → 3) =
∞∑
n=1

M(nB) (23)

=
1
4

∫
dρ

π
e−iq1·ρeiαZ1Z2ψ(ρ)M̃

(1)
(1) (ρ, q1, q2)

with

ψ(ρ) =
∫

dk
π

e−ik·ρ

k2 + λ2
(24)

= 2K0(ρλ) ≈ −2 ln
(Cρλ

2

)
,

where C ≈ 1.781 and

M̃
(1)
(1) (ρ, q1, q2) (25)

=
∫

dk
π

e−ik·ρM
(1)
(1) (k, k + q2 − q1).
PH
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Fig. 5. Feynman diagram for the amplitude
M

(∞)
(∞) (q1, q2).

This result confirms the general statement given
above [see (19)] that the dependence on "photon
mass" λ can be represented as a phase factor. As
can be seen, the whole amplitude (23) cannot be
cast solely as a Born amplitude multiplied by the
phase factor. The corresponding contributions to the
total cross section (except for the Born term) will
be enhanced only by the first power of logarithm in
energy.

Finally, taking into account all photon exchanges
between particle C and nuclei A1 and A2, we obtain
the general answer by the simple replacement in ex-
pression (25)

M
(1)
(1) (k, k + q2 − q1) → M

(∞)
(∞) (26)

= M
(1)
(1) (k, k + q2 − q1)eiϕ1(k)+iϕ2(k+q2−q1)

with ϕ1, ϕ2 given in (19).

4. THE COULOMB CORRECTIONS
TO THE PROCESS OF LEPTON-PAIR

PRODUCTION

As was mentioned above, our goal is to inves-
tigate the crossing-symmetry property between the
amplitudes of process (2) and the relevant process in
Figs. 1c and 1d,

A1(p1) + A2(p2) → A1(p′1) + A2(p′2) (27)

+ C(q+) + C̄(q−),

with the following kinematics:

s = (p1 + p2)2, sp = (q+ + q−)2, (28)

q2
1 = (p1 − p′1)

2, q2
2 = (p2 − p′2)

2,

p2
1 = p′1

2 = m2
1, q2

+ = q2
− = m2

2,

q2
+ = q2

− = m2,

s � −q2
1 ∼ −q2

2 ∼ s12.

Using the Sudakov technique, the Born amplitude
for the process (27) can be represented in the form

Mp = −is · 26π2Z1Z2N1N2Bp(q1, q2) (29)
YSICS OF ATOMIC NUCLEI Vol. 67 No. 10 2004
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Fig. 6.Feynman diagrams for then-photon exchange be-
tween nucleiA1 and A2 compared with the Born diagram
for the processes (a) 3 → 3 and (b) 2 → 4 (blob in (b)
corresponds to diagrams in Figs. 1c, 1d).

with

Bp(q1, q2) =
eα1 e

β
2 ū(q−)Tαβv(q+)|q1||q2|

s̃q2
1q

2
2

,

s̃ = sα2β1 = (q+ + q−)2 + (q1 + q2)2,

Tαβ = γβ
q̂1 − q̂+ + m

(q1 − q+)2 −m2
γα

+ γα
q̂2 − q̂+ + m

(q2 − q+)2 −m2
γβ

(for details, see [10]).
Generalization for the case of an arbitrary num-

ber of exchanged photons between colliding nuclei
is straightforward. The same approach as was used
above leads to the following form of the generalized
amplitude:

M(2 → 4) =
1
4

∫
dρ

π
e−iq1·ρ+iαZ1Z2ψ(ρ)ΦB(ρ, q2),

(30)

with

ΦB(ρ, q2) =
∫

dk
π

eik·ρMp(k, q2 − k).

Comparing expression (30) with the amplitude for
the process 3 → 3 (23), one can see that the crossing-
symmetry property between the considered processes
takes place in the case where one neglects the mul-
tiple exchanges of particle C with nuclei. Moreover,
this statement is correct even when one takes into
account the screening effects between nuclei A1 and
A2 in both processes, which manifest themselves
by insertion of light-by-light scattering blocks into
Feynman amplitudes. As was shown in [11], account
of this effect can be provided by the universal factor

exp
{
−α2Z1Z2

2
LA(ρ)

}
, L = ln(γ1γ2), (31)
PHYSICS OF ATOMIC NUCLEI Vol. 67 No. 10 20
with the complex quantity A(ρ) connected with the
Fourier transformation of the light-by-light scatter-
ing amplitude.

Nevertheless, crossing symmetry is broken in all
orders of perturbation theory if one tries to com-
pare the full amplitude for the process 3 → 3 [expres-
sion (23) with the replacement (26)] and the relevant
amplitude for the process 2 → 4 accounting for the
multiple interaction of produced particles [10].

Finally, we want to stress that the crossing sym-
metry is a general property of the amplitude of phys-
ical processes and its violation considered above is
the result of approximations done at the high-energy
limit.
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FUTURE PUBLICATIONS
Investigation of Spallation Reactions on 120Sn and (d, xnd, xnd, xn), (d, pxnd, pxnd, pxn), (p, xnp, xnp, xn), and (p, pxnp, pxnp, pxn)
Reactions on Enriched Tin Isotopes

А. R. Balabekyan, А. S. Danagulyan, G. R. Drnoyan, N. А. Demekhina, I. Adam, V. G. Kalinnikov,
М. I. Krivopustov, V. S. Pronskikh, V. I. Stegailov, А. А. Solnyshkin, P. Chaloun, V. М. Tsupko-Sitnikov,

and Zh. Musulmanbekov

The cross sections for (d, xn), (d, pxn), (p, xn), and (p, pxn) reactions on enriched tin isotopes are obtained
at a projectile energy of 3.65 GeV per nucleon. The yields in the energy range 0.66–8.1 GeV are analyzed
with resort to experimental data obtained previously. Experimental results are compared with the results of
theoretical calculations performed within the cascade-evaporation model. The dependence of the yields on
the number of emitted neutrons, the projectile type, and the isotopic composition of a target is investigated.
The cross sections for the (p, xpyn) reactions on a 120Sn target are presented at a primary-proton energy of
0.66 GeV.

Magic Numbers of Superheavy Nuclei
V. Yu. Denisov

The proton and neutron shell corrections for nuclei where the number of protons lies in the interval 76 ≤
Z ≤ 400 are calculated along the beta-stability line described by the Green’s formula. The magic numbers of
protons and neutrons are determined for superheavy nuclei. The alpha-decay half-lives and the fission barriers
for superheavy doubly magic nuclei are estimated.

Magnetic Resonances of the Electroexcitation of the 26Mg Nucleus
N. G. Goncharova and N. D. Pronkina

On the basis of spectroscopic information about direct pickup reactions, the multipolemagnetic resonances
M2,M4, andM6 of the 26Mg nucleus are calculated within the particle–final-nucleus state version of the
multiparticle shell model. The excitation-energy distribution of the form factors for the multipole magnetic 1�ω
resonances is obtained for momentum transfers to a nucleus up to 2 fm−1. A comparison of the results of the
calculations for the M6 form factors with corresponding experimental data confirms that the adopted model
approximations are realistic.

Jπ = 0−Jπ = 0−Jπ = 0− Levels in the 156Gd and 158Gd Nuclei
Е. P. Grigoriev

The 0− states in the 156Gd nucleus at E = 1952.38 keV and in the 158Gd nucleus at Е = 2269.16 keV
are established on the basis of an analysis of available data on even–even deformed nuclei. From data on the
deexcitation of levels and on the probability of their population by β transitions, it is found that these states have
a two-particle proton structure. A comparison of the present data with information about the 0− levels in the
170Yb and 176Hf nuclei makes it possible to conclude that Kπ = 0− two-particle states exist at an excitation
energy of about 2 MeV or higher.

Energy and Mass Dependence of the Parameters of the Semimicroscopic Folding Model
for Alpha Particles at Low and Intermediate Energies

K. А. Kuterbekov, I. N. Kukhtina, Yu. E. Penionzhkevich, and T. К. Zholdybaev

The energy and mass dependence of the parameters of the semimicroscopic alpha-particle potential is
investigated for the first time in the region of low and intermediate energies. Within the semimicroscopic
folding model, both elastic and inelastic differential and total cross sections for reactions on various nuclei
are well described in terms of the global parameters obtained in this study.
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Effects of the Mixing of the Scalar–Pseudoscalar Higgs Bosons in the Process
e+e− → e+e−bbe+e− → e+e−bbe+e− → e+e−bb at a Future Linear Electron–Positron Collider

А. А. Likhoded and А. Е. Chalov

The sensitivity of data on the process e+e− → e+e−bb to a deviation of the coupling of the Higgs boson to
b quarks from the Standard Model predictions owing to the presence of a pseudoscalar Higgs boson state is
analyzed for a future linear electron–positron collider at

√
s = 500 GeV. The admixture of a new hypothetical

pseudoscalar Higgs boson state at theHbb vertex is parameterized in the form (mb/ν)(a+ iγ5b). On the basis
of an analysis of differential distributions for the processes, it is shown that data from the future linear collider
TESLA will make it possible to constrain the parameters ∆a = a− 1 and b as −0.056 ≤ ∆a ≤ 0.055 and
−0.32 ≤ b ≤ 0.32, respectively.

Calculation of the Mass Spectrum within QED-2 in Terms of Light-Front Coordinates
S. А. Paston, Е. V. Prokhvatilov, and V. А. Franke

With the aim of a further investigation of the nonperturbative Hamiltonian approach to gauge field
theories, the QED-2mass spectrum is calculated numerically by using the corrected Hamiltonian constructed
previously for this theory on the light front. The calculations are performed for a wide range of the ratio of the
fermion mass to the charge at all values of the parameter θ̂ associated with the vacuum angle θ. Our results
are compared with the results of known numerical calculations on a lattice in Lorentz coordinates. A method
is proposed for extrapolating the values obtained within the infrared-regularized theory to the limit where the
regularization is removed. The resulting spectrum agrees well with the known results in the case of θ = 0; in
the case of θ = π, there is agreement at small values of the fermion mass (below the phase-transition point).

Additional Symmetry in the Weinberg–Salam Model
B. L. G. Bakker, A. I. Veselov, and M. A. Zubkov

An additional symmetry hidden in the fermion and Higgs sectors of the Standard Model was found recently.
It has a singular nature and is related to the centers of the SU(3) and SU(2) subgroups of the gauge group. A
lattice regularization of the Standard Model was constructed that possesses this symmetry. In this paper, we
report our results on a numerical simulation of its electroweak sector.

Formation of Antideuterons in Heavy-Ion Collisions
B. L. Ioffe, I. A. Shushpanov, and K. N. Zyablyuk

The antideuteron-production rate in high-energy heavy-ion collisions is calculated on the basis of the
concept of d̄ formation by antinucleons that move in the mean field of the fireball constituents (mainly pions).
An explicit formula is presented for the coalescence parameter B2 in terms of the deuteron binding energy and
the fireball volume.
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ERRATA
Erratum: “Associated φΛ0φΛ0φΛ0 Production in the EXCHARM Experiment”

[Phys. At. Nucl. 67, 1513 (2004)]

A. N. Aleev, N. S. Amaglobeli, V. P. Balandin, O. V. Bulekov, I. M. Geshkov, T. S. Grigalashvili,
E. A. Goudzovski, D. K. Guriev, D. D. Emelianov, S. V. Eremin, A. I. Zinchenko, Z. M. Ivanchenko,

I. M. Ivanchenko, M. N. Kapishin, A. A. Loktionov, V. D. Kekelidze, Z. I. Kozhenkova, V. V. Korenkov,
I. G. Kosarev, N. A. Kuzmin, A. L. Ljubimov, D. T. Madigozhin, V. G. Maznyj, A. S. Mestvirishvili,
N. A. Molokanova, A. N. Morozov, R. E. Pismenyj, V. D. Pose, I. A. Polenkevich, A. K. Ponosov,

T. Ponta, Yu. K. Potrebenikov, F. M. Sergeev, L. A. Slepets, and V. N. Spaskov
The EXCHARM Collaboration

The surname of one of the authors should read V. D. Pose.
1063-7788/04/6710-1930$26.00 c© 2004 MAIK “Nauka/Interperiodica”


	1767_1.pdf
	1776_1.pdf
	1781_1.pdf
	1786_1.pdf
	1794_1.pdf
	1799_1.pdf
	1804_1.pdf
	1810_1.pdf
	1818_1.pdf
	1823_1.pdf
	1829_1.pdf
	1834_1.pdf
	1840_1.pdf
	1846_1.pdf
	1851_1.pdf
	1860_1.pdf
	1866_1.pdf
	1873_1.pdf
	1876_1.pdf
	1884_1.pdf
	1892_1.pdf
	1900_1.pdf
	1918_1.pdf
	1923_1.pdf
	1928_1.pdf
	1930_1.pdf

