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Abstract—The results are presented that were obtained by measuring the differential cross sections for
the reaction 10B(d, p)11B occurring at Ed = 15.3 MeV and leading to the production of a 11B nucleus in
the ground state (3/2−) and in the lowest two excited states (the 1/2− state at 2.125 MeV and the 5/2−
state at 4.445MeV). The energy dependence of the differential cross section for this reaction was measured
for several proton emission angles in the energy range Ed = 12−15.3 MeV. The double-differential cross
sections for the reaction 10B(d, pγ)11B were measured for the 5/2− state of the 11B nucleus at 4.445 MeV,
and the angular dependences of the even spin-tensor components of the density matrix were reconstructed
on the basis of these data. The angular dependences of the populations of magnetic sublevels are also
given. The experimental results in question are compared with their theoretical counterparts obtained
under the assumption of various reaction mechanisms (neutron stripping, heavy-particle stripping, and a
two-step mechanism that takes into account the delay of interaction). On the basis of this comparison,
the deformation parameters of the boron nuclei were found to be β2(10B) = −0.55 and β2(11B) = 0.4.
c© 2005 Pleiades Publishing, Inc.
1. INTRODUCTION

Investigation of mechanisms of direct nuclear re-
actions on light nuclei is still one of the pressing
problems in intermediate-energy nuclear physics. In
particular, it is of indisputable interest to study both
experimentally and theoretically those features of re-
actions that are sensitive to manifestations of mecha-
nisms more complicated than the one-step transfer of
a nucleon or a group of nucleons.
In [1, 2], it was indicated that some spin-tensor

components of the density matrix that were obtained
in correlation experiments are highly sensitive to a
multistep character of the reaction mechanism and
to the structure of nuclear-state wave functions. The
first quantitative estimates [3–5] of the contribution
from two-step mechanisms featuring the delay of in-
teraction for reactions involving semiheavy ions con-
firmed that it is important to take them into account.
The present article reports on the application of the

angular-correlation method to experimentally study-
ing the reaction 10B(d, pγ)11B occurring at Ed =
15.3 MeV and leading to the production of a 11B
nucleus in the ground (3/2−) state and the lowest two
excited states. The angular and energy dependences
of the differential cross sections were obtained for
these states. For the 5/2− state at 4.445 MeV, we
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measured the double-differential cross sections and
determined the angular dependences of the even spin-
tensor components of the density matrix.
Previously, the angular distributions of protons

originating from the reaction 10B(d, p0)11B at en-
ergies Ed close to 15 MeV were analyzed in [6–
9] within the distorted-wave Born approximation for
the neutron-stripping mechanism. This resulted in
obtaining a satisfactory description of the shape of the
angular distributions for the transition to the ground
state of the final nucleus, but the calculated and ex-
perimental cross sections differed markedly in mag-
nitude. In studying the transition to the 5/2− excited
state at 4.445 MeV, Schiffer et al. [9] revealed a
serious discrepancy between the calculated and ex-
perimental spectroscopic factors and found that the
relative amplitudes of oscillations in the angular dis-
tribution of protons are poorly described.

Of particular interest is the reaction 10B(d, p1)11B
leading to the production of the final nucleus in the
1/2− state at 2.125MeV. This state cannot be formed
via neutron stripping (at the angular-momentum
transfer of l = 1); at the same time, it is excited quite
intensively in experiments [10, 11], and an increase
in the cross section at small angles is observed in the
angular distribution of the differential cross section,
this being peculiar to a direct process. Available
experimental data on this reaction are insufficiently
c© 2005 Pleiades Publishing, Inc.
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informative, and their theoretical interpretation is
ambiguous.
A theoretical analysis of the experimental results

obtained in the present study made it possible to
determine the contribution to the mechanism of the
reaction under investigation from processes that are
more complicated than neutron stripping and which
are associated first with the collective excitation of
nonspherical boron nuclei and second with step-by-
step cluster transfer (two-step processes), which is a
second-order effect in perturbation theory.

2. EXPERIMENTAL PROCEDURE
AND PROCEDURE FOR RECONSTRUCTING

SPIN-TENSOR COMPONENTS
OF THE DENSITY MATRIX

Our experimental investigations were performed
with deuterons accelerated to an energy of 15.3 MeV
at the cyclotron of the Institute of Nuclear Physics
(Moscow State University). A variation of the
projectile-particle energy and the formation of the
beam spot at the target were implemented with the aid
of braking aluminum foils and magnetic quadrupole
lenses [12]. The energy spread of the beam was
approximately 160 and 350 keV at Ed = 15.3 and
12 MeV, respectively.
The protons emitted in the reaction were detected

by four silicon semiconductor detectors (the thick-
ness of the sensitive region was between 2 and 3 mm)
arranged in same plane—a horizontal or any other
plane. The detectors were placed in the scattering
chamber of diameter 23 cm at a distance of 75 mm
from the target and were fixed on a table, which
could be inclined at various angles with respect to the
deuteron-beam axis. The position of the table with
respect to the horizontal plane (angle ϕγ) could be
changed by rotating the table about the axis coin-
ciding with the axis of the accelerated-particle beam.
Upon a rotation of the table, the angle θp of charged-
particle detection remained unchanged for each de-
tector.
The angular and energy dependences of the dif-

ferential cross sections were measured in an inde-
pendent experiment by a single semiconductor de-
tector arranged outside the scattering chamber on a
horizontal rotating platform. In this case, the pro-
tons from the reaction escaped from the scattering
chamber through a narrow horizontal slit covered
with a thin Mylar window. The angular resolution of
the detectors was ±2.5◦ in measuring the double-
differential cross sections and ±1◦ in measuring the
differential cross section.
The photons were recorded by four BDEG-23

scintillation detectors of angular resolution±13◦ that
were arranged with an interval of 32.5◦ at four values
PH
of the angle θγ with respect to the beam axis and
were fixed on a horizontal rotating platform outside
the scattering chamber. Photon–proton coincidences
were detected in the photon-energy range between
2 and 4.5 MeV. This range contained that part of
the spectrum which corresponded to the transition
of the 5/2− excited state of the final nucleus 11B at
4.445 MeV to the ground state and which was dom-
inant in the total spectrum. The energy calibration of
the gamma spectra was performed by using a Pu–Be
source. For each value of the angle θp, the double-
differential cross section was measured at five to nine
values of the polar angle θγ of photon emission in
the range from 20◦ to 150◦ and at three values of
the azimuthal angle ϕγ of photon emission (180◦,
225◦, and 270◦). Thus, 15 to 27 values of the double-
differential cross section were obtained for each value
of the proton emission angle θp, and the spin-tensor
components of the density matrix were determined on
the basis of precisely these values by the least squares
method (see below). The total exposure time in our
experiment was 470 hours. About 8000 coincidences
were obtained on average per each value of the angle
θp, the fraction of random coincidences there being
40%. As a rule, the statistical errors in the measured
double-differential cross sections did not exceed 15%.
The energy and time analysis of reaction prod-

ucts was performed with the aid of a measuring and
computing complex characterized by a distributed
architecture, including several levels of data process-
ing. The first level, which consisted in the analogous
treatment of spectrometric information, was imple-
mented on the basis of CAMAC modules and an au-
tonomous processor 131А. The second level ensured
a fast digital treatment on the basis of a minicon-
troller equipped with a Siemens CS167 processor.
An ultimate computer-aided filtration of experimental
information was performed on the basis of a monitor-
ing code, a control of experimental parameters, and a
data treatment in the on-line mode. A more detailed
description of the experimental facility and measuring
and computing complex is given elsewhere [13–15].
Some typical spectra are presented in Fig. 1. Fig-

ure 1a displays the “direct” proton spectrum (without
coincidences) at θp = 55◦. The kinematics of the re-
action being studied was such that the energy of all
three proton groups exceeded the energies of charged
particles produced in reactions on possible admix-
tures. The time spectrum of photon coincidences with
the group p2 is shown in Fig. 1b according to data
from the time–amplitude converter (ϕγ = 270◦, θγ =
52.5◦, θp = 55◦). The range of the entire spectrum
is 500 ns, the duration of the cyclotron-beam pulse
being about 10 ns. The true coincidences were cal-
culated by using the difference of the areas under the
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 1. Spectra for the reaction 10B(d, pγ)11B at Ed = 15.3 MeV and θp = 55◦ (in the laboratory frame): (a) spectrum of
protons without coincidences (the calculated positions of particle groups are indicated here) and (b) time spectrum (from
the time–amplitude converter, the converter scale being 500 ns) of photon coincidences with the group p2 (ϕγ = 270◦,
θγ = 52.5◦). In Fig. 1b, the large peak represents the sum of true and random coincidences, while the other peaks correspond
to random coincidences exclusively. The dashed lines indicate numerical windows used in the analysis of the spectra in the
measuring and computing complex.
large peak (which corresponds to the sum of true
and random coincidences) and the neighboring peak
(random coincidences). The dashed lines in Fig. 1
indicate numerical windows used in the analysis of the
spectra in the measuring and computing complex.
For a target, we used a finely dispersed powder

of boron enriched in the 10В isotope to 85% and
deposited on a thin gold substrate (0.22 mg/cm2 in
thickness). The thickness of the target was estimated
by weighing it and was found to be 1.0± 0.1mg/cm2.
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
The error in determining the target thickness was due
primarily to its inhomogeneity over the beam-spot
area on the target. The absolute cross-section values
were determined to within 15%.
The 5/2−(4.445 MeV) → 3/2−(0 MeV) gamma

transition in the 11В nucleus is an M1 + E2 mixed
transition. According to available data, the mixing
coefficient (ratio of the reduced matrix elements)
δ(E2/M1) falls between −0.16 and −0.22 [16, 17].
The relative fraction of theE2 transition is determined
05
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by δ2 and is 3 to 5% in the case being consid-
ered. In analyzing the angular-correlation function
W (θp; θγ , ϕγ), we therefore treated here this transi-
tion as a purely magnetic one (M1). The angular pγ
correlation is then defined as [18]

W (θp; θγ , ϕγ) =
d2σ

dΩpdΩγ
(1)

=
1√
4π

∑
kκ

1√
2k + 1

ρkκ(θp)Y ∗
kκ(θγ , ϕγ)Rk,

where

Rk = (−1)1+Jf−J0−k(2L + 1)
√

(2Jf + 1) (2)

× 〈L1L− 1|k0〉W (JfJfLL : kJ0).

In expressions (1) and (2), Jf and J0 are the spins
of, respectively, an excited and the final state of the
final nucleus; L is the multipolarity of the gamma
transition in question; ρkκ(θp) are spin-tensor com-
ponents of the density matrix for the nucleus involved
[the component ρ00 ≡ dσ(θp)/dΩ is the usual dif-
ferential cross section for the reaction in question],
with k = 0, 2 (k = L + L = Jf + Jf ) and the projec-
tion κ assuming integral values between −k and k;
〈L1L− 1k0〉 andW (JfJfLL : kJ0) are, respectively,
the Clebsch–Gordan and Racah coefficients; and Y ∗

kκ
is a spherical harmonic. The maximum rank of spin-
tensor components of the density matrix is k = 2,
since the multipolarity L of the transition in ques-
tion is equal to unity. From expression (1), it follows
that, for each value of the angle θp, one can ob-
serve experimentally linear combinations of the com-
ponents ρkκ(θp) rather than the components them-
selves. Measuring, at several values of the angle θγ
(for each fixed set of angles θp), W (θp; θγ , ϕγ) in
various planes with respect to the reaction plane,
which are specified by the angle ϕγ , and choosing
the number of measurements to be greater than the
number of independent spin-tensor components ρkκ,
we obtain, for determining ρkκ, a problem that, in
mathematical statistics, is usually referred to as a
problem of linear-regression analysis [19]. Standard
methods for solving such problemsmake it possible to
evaluate the components ρkκ(θp) and their variances
on the basis of the results obtained by measuring
angular particle–photon correlations. The errors in
the reconstructed values of spin-tensor components
are eventually determined by the error matrix that is
obtained in solving the overdetermined set of Eqs. (1).
In the experiment being discussed, the relative errors
in ρkκ(θp) did not fall below 25%, but we will see
below that the quality of the experimental data ob-
tained proves to be quite sufficient for drawing specific
conclusions on the reaction mechanism.
PH
The details of the method used to reconstruct
spin-tensor components of the density matrix on
the basis of data on the angular-correlation function
W (θp; θγ , ϕγ) were previously described in [18,
20–22].

3. EXPERIMENTAL RESULTS

The angular dependences of the differential cross
sections for the reaction 10B(d, p)11B involving the
production of a 11B nucleus in the ground (3/2−)
state and in the lowest two excited states (the 1/2−

state at 2.125MeV and the 5/2− state at 4.445MeV),
the respective proton groups being denoted by p0, p1,
and p2, are given in Fig. 2. The measured energy de-
pendences of the differential cross section are shown
in Fig. 3 for the proton emission angles of θp = 50◦,
90◦, and 160◦ in the laboratory frame.

The angular dependences of the double-differential
cross section for the reaction 10B(d, p2γ)11B (5/2−,
4.445 MeV) were measured for 17 values of the
angle θp in the range between 20◦ and 160◦ (in the
laboratory frame). On the basis of these double-
differential cross sections, we determined the spin-
tensor components ρkκ of the density matrix for the
11B(5/2−, 4.445 MeV) nucleus. In reconstructing
ρkκ(θp), we took into account the finite dimensions of
the scintillation detectors. The angular dependences
of the components ρ20 and ρ22 are shown in Fig. 4.
The component ρ21 proved to carry a small amount of
important information. For this reason, it is not given
in this figure. The typical value of the confidence level
in reconstructing ρkκ(θp) on the basis of angular-
correlation functions is 0.01, which demonstrates
a satisfactory reliability of the experimental results.
All of the components ρ4κ(θp) (κ = 0−4) obtained
under the assumption that anE2 transition is present
proved to be close to zero (within the statistical
errors). In order to test our experimental procedure,
we additionally derived the spin-tensor components
ρ2κ(θp) and ρ4κ(θp) of the density matrix for the
11B(1/2−, 2.125MeV) nucleus.Within the statistical
errors, they proved to be zero, which also confirms
the absence of systematic errors in our measurements
[in this case, the density matrix must contain only one
component, the differential cross section ρ00(θp)].

On the basis of the values found for ρkκ(θp), we
constructed the angular dependences of the popula-
tions P±M (θp) of magnetic substates [20] (Fig. 5) for
the 5/2− state of the 11B nucleus at 4.445 MeV.
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 2. Angular dependences of the differential cross sec-
tions for the reaction 10B(d, p)11B occurring at Ed =
15.3MeV and leading to the production of a final nucleus
in (a) the ground (3/2−) state and the lowest two excited
states [(b) 1/2− and (c) 5/2− states], the respective pro-
ton groups being denoted by p0, p1, and p2. The open cir-
cles represent experimental results, the statistical errors
not being larger than the circle size. The curves corre-
spond to the calculations performed under the assump-
tion of various reaction mechanisms, including (long
dashes) the mechanism of neutron stripping according
to the coupled-channel Born approximation without al-
lowance for the deformation of the 10B and 11B nuclei,
(short dashes) the analogous mechanism according to
the coupled-channel Born approximation with optimum
values of the deformation parameter [β2(

10B) = −0.55

and β2(
11B) = 0.4], and (dotted curve) the mechanism of

heavy-particle stripping. For the mechanism that takes
into account delay, we present curves (in Figs. 2b, 2c)
corresponding to various states of the intermediate nu-
cleus 9Ве—specifically, for (×) 3/2−, (+) 5/2−, and
(∗) 7/2− states; the solid curve corresponds to the sum
of these curves.
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
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Fig. 3. Experimental energy dependences of the dif-
ferential cross section for the reaction 10B(d, p)11B at
three values of the detection angle θp (in the laboratory
frame). The curves connect experimental points. The pro-
ton groups are indicated on the curves.

4. ANALYSIS OF THE RESULTS
We would now like to highlight some special fea-

tures of our experimental results for the reaction un-
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Fig. 4. Angular dependences of the spin-tensor components ρkκ of the density matrix for the 5/2− state of the 11B nucleus at
4.445 MeV. Units along the ordinate are chosen in such a way that the dimensionality of ρ00 ≡ dσ/dΩ is mb/sr. The notation
for the curves is identical to that in Fig. 2c, but long dashes here correspond to the calculation in the coupled-channel Вorn
approximation for the deformation parameter set to β2(

10B) = 0.55 and β2(
11B) = 0.4.
der study. The angular distribution of protons that
correspond to the production of a final nucleus (see
Fig. 2a) has an oscillating character, which is typ-
ical of direct processes. The analogous angular de-
pendences for the groups p1 and p2 (see Figs. 2b,
2c) have a maximum at small angles and a siz-
able constant component in the remaining angular
region. None of the measured excitation functions
exhibits pronounced resonance oscillations, and all
of them change only slightly with increasing energy
(see Fig. 3), this also being peculiar to direct pro-
cesses.
PH
The angular dependences of the populations
P±M (θp) atM = 3/2 andM = 5/2 feature moderate
oscillations, which, as is known from [20], are not
described by the calculations in the distorted-wave
Born approximation under the assumption of the
neutron-stripping mechanism and are indicative of
the presence of the contribution to the total reaction
mechanism from processes different from mere strip-
ping. Figure 5 does not show the population forM =
3/2, since it is completely determined by the relation
2P±3/2(θp) = 100% − 2P±1/2(θp) − 2P±5/2(θp).
At the first step, a theoretical analysis of our
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 5. Angular dependences of the populations of magnetic sublevels of the 5/2− state of the 11B nucleus at 4.445 MeV for
various values of the spin projectionM . The dash-dotted curve corresponds to the calculation on the basis of the OLYMP-3
code under the assumption of the neutron-stripping mechanism (without allowance for the deformation of the 10B and 11B
nuclei). The notation for the remaining curves and points is identical to that in Fig. 4.
experimental data was performed in the finite-range
distorted-wave Born approximation by using the
OLYMP-3 code [23]. It is well known that, in the first
order of perturbation theory, the coupling of only two
channels is considered in the numerical realization of
the distorted-wave Born approximation. In the case
of the reaction 10B(d, pγ)11B at Ed = 15.3 MeV,
it can a priori be expected that the entire body of
experimental data cannot be described within these
approximations.
Indeed, it is usually difficult to interpret theoreti-

cally the mechanism of reactions involving 10В. On
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
one hand, the 10В nucleus is in the middle of the 1p
shell, with the result that there arise significant dif-
ficulties in applying traditional models to describing
its static properties. By way of example, we indicate
that, in the shell model, the wave function for the
ground state of the 10B nucleus [24] contains two dif-
ferent components characterized by the same values
of the quantum numbers of this model (orbital an-
gular momentum, spin, Young diagram). As a result,
a complete description of these components requires
introducing additional quantum numbers of the SU3

scheme. This means that the shell model cannot pro-
05
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vide correct values of the spectroscopic factors for
various channels of 10В decay and that this nucleus
features a sizable static deformation in the ground
state [25–28]. On the other hand, the total spin J of
the 10В nucleus in the ground state is anomalously
high (J = 3); therefore, the reaction amplitude may
receive contributions from many components differ-
ing in the transfer of total angular momenta, orbital
angular momenta, and spins.
In order to take into account collective excitations

of boron nuclei, we employed the coupled-channel
method (coupled-channel Born approximation) im-
plemented in the form of the CHUCK code [29],
which is adapted to calculating spin-tensor compo-
nents of the density matrix.
The scheme of the calculations in the coupled-

channel Born approximation is shown in Fig. 6. The
calculations were performed with allowance for the
coupling of the 3+ state at zero energy and the 4+

state at 6.02 MeV in the 10B nucleus and the 3/2−

state at zero energy and 5/2− state at 4.445 MeV
in the final nucleus 11B. The parameter sets used
in these calculations for the Woods–Saxon optical
potentials are given in the table. The standard values
of rV = 1.25 fm and aV = 0.65 fm were taken for
the bound-state potentials, and the parameter of the
spin–orbit part of the potential was set to λ = 25. The
depths of the bound-state potentials were calculated
on the basis of the corresponding values of the binding
energy in the system formed by the transferred par-
ticle and the nuclear core. For the light vertex (d →
p+ n), we took the value of D0 = 123 [29], which is
typically used in the CHUCK code. For the channel
11B→ n+10 B, the spectroscopic factors were cal-
culated on the basis of the shell model for interme-
diate coupling [24]. In the calculations based on the
PH
CHUCK code, the additional normalization factors
for the reaction cross section [and other components
ρkκ(θp)] were 3.5 for the group p0 and 3.0 for the
group p2.
Mechanisms that take into account the delay of

interaction are second-order corrections to ordinary
one-step mechanisms and involve the Green’s func-
tions for the intermediate nuclear system that arises
in the interaction process. Such mechanisms cor-
respond to quadrangle diagrams. In order to take
into account delay processes in the interaction, we
employed the method that was proposed in [30] for
calculating amplitudes corresponding to quadrangle
diagrams and which is based on integral equations of
the four-body problem for the (3, 1) channel. In apply-
ing this method, it was assumed that cluster transfer
in the reaction occurs step by step via two sequen-
tial pole mechanisms corresponding to the distorted-
wave Born approximation. The QUADRO code orig-
inally introduced in [30] and based on the finite-
range distorted-wave method was used to estimate
quantitatively the contribution of delay processes to
the reaction being studied. Specifically, the contri-
bution of the quadrangle mechanism represented by
the diagram in Fig. 7a was calculated for the reac-
tion 10B(d, p)11B. This diagram takes into account
processes of second-order smallness in relation to
the usual stripping diagram in Fig. 7b. It should be
noted that these two diagrams are summed coher-
ently. In our calculations, the optical-potential pa-
rameters and the geometric parameters of the poten-
tials in the vertex functions were chosen to be identi-
cal to their counterparts in the calculations based on
the coupled-channel method.
The calculated angular distributions of the dif-

ferential cross sections for the reaction in question
are given in Fig. 2. For the transition to the ground
state of the final nucleus (Fig. 2а), both the distorted-
wave Born approximation (without allowance for the
deformation of the nuclei) and the coupled-channel
Born approximation provide good agreement with
experimental data. The angular distribution obtained
in the distorted-wave Born approximation undergoes
virtually no changes upon taking into account the
finite range of the interaction (the respective results
are not shown in Fig. 2а).

Since the production of the 1/2− state of the 11B
nucleus at 2.125 MeV in the reaction 10B(d, p1)11B
via the neutron-stripping mechanism is forbidden by
selection rules, the amplitude of this reaction was cal-
culated in the second order of perturbation theory (see
Fig. 7а). The contribution of the quadrangle mecha-
nism to the angular distribution of protons from the
reaction 10B(d, p1)11B(1/2−, 2.125 MeV) is shown
in Fig. 2b without additional normalizations. In the
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Parameters of optical potentials

Channel V , MeV rV , fm aV , fm W , MeV rW , fm aW , fm WD, MeV rc, fm References
10B+ d 63.38 1.5 0.6 7.81 1.5 0.6 13.04∗ 1.3 [8]
11B+ p 50.0 1.25 0.4 12.0 1.25 0.4 1.3 [6]

∗ The surface potential is taken in the form of the derivative of the Woods–Saxon potential. The values of rWD and aWD are identical
to those for the imaginary partW of the potential.
calculations, we took into account the 3/2−, 5/2−,
and 7/2− states of the virtual nucleus 9Be at zero
energy, 2.429 MeV, and 6.76 MeV, respectively. As
can be seen from the figure, the quadrangle mecha-
nism leading to the production of the virtual nucleus
9Be in the 3/2− and 7/2− states plays a dominant
role. Together with the pole mechanism of heavy-
particle stripping, which corresponds to the diagram
in Fig. 7c, the above mechanisms provide a satisfac-
tory description of experimental data nearly over the
entire angular range.
The calculated angular distributions of the

differential cross section for the reaction
10B(d, p2)11B(5/2−, 4.445 MeV) are displayed in
Fig. 2c. From the figure, one can see that the stripping
mechanism that takes into account channel coupling
makes a dominant contribution to the production of
the final nucleus. In this case, the result changes
significantly upon taking into account the deforma-
tion of the 10Be nucleus. The contributions coming
from the quadrangle mechanism of the production
of the virtual nucleus 9B in the 3/2− state and the
mechanism of heavy-particle stripping and featuring
no additional normalization factors are significant
in the region of intermediate and large angles. The
contribution of other states of the virtual nucleus
9Be (specifically, the 5/2− and 7/2− states) proved
to be much smaller (the corresponding results are
not presented in Fig. 2c). The total cross section is
in satisfactory agreement with the experimental data
over the entire angular interval.
The angular dependences of the spin-tensor com-

ponents of the density matrix for the
11B(5/2−, 4.445 MeV) nucleus are shown in Fig. 4
according to calculations performed in the coupled-
channel Born approximation for the neutron-stripping
mechanism and in the finite-range distorted-wave
Born approximation for the mechanism of heavy-
particle stripping. The calculated corrections to the
spin-tensor components due to the delay mechanism
are insignificant and introduce virtually no changes
in the angular dependences of these components.
The calculated total values of ρ2κ(θp) oscillate as
functions of θp and are in satisfactory agreement with
experimental data.
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Figure 5 displays the theoretical angular
dependences of the populations P±M (θp) for the
11B(5/2−, 4.445 MeV) nucleus. For the distributions
of the populations P±M (θp), the calculations under
the assumption of the neutron-stripping mechanism
that were performed in the finite-range distorted-
wave Born approximation without allowance for the
deformation of the 10,11В nuclei produce a result that
is independent of the angle, this being at odds with
the experimental data. In this case, their values are
determined by the spectroscopic factor exclusively
and are equal to 14, 16, and 20% for, respectively,
the M = ±1/2, ±3/2, and ±5/2 substates. In just
the same way as in the case of spin-tensor com-
ponents, the neutron-stripping mechanism treated
in the coupled-channel Born approximation and
taken together with the mechanism of heavy-particle
stripping in the finite-range distorted-wave Born
approximationmakes it possible to obtain satisfactory
agreement with the experimental data over the entire
angular range. We emphasize that a complicated an-
gular dependence of the populations arises only upon
taking into account the deformation of the nuclei
involved in the reaction being studied. The effect of
delay mechanisms on the total curve proved to be
insignificant, which is explained by their relatively
small contribution to the differential cross section for
the reaction in question.

A sizable sensitivity of the results of our calcula-
tions to the deformation of the nuclei makes it pos-
sible to refine the magnitude and the sign of the
quadrupole-deformation parameter β2 for the 10В and
11В nuclei. The analogous sensitivity of some dy-
namical correlation features to this parameter was
previously observed in [1, 2]. It is well known that,
in the 10B nucleus, one of the rotational bands is
built on the ground state (K = 3+) [31]. According
to data available in the literature, the absolute value
of the quadrupole-deformation parameter β2 for the
3+(0 MeV) ↔ 4+(6.02 MeV) coupling of states in
this band varies within the broad range from 0.45 [27]
to 0.95 [26]. As for the sign of β2, it has not yet been
determined unambiguously. For the 11B nucleus, the
parameter β2 ranges between 0.15 and 0.7 [28, 32].
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Fig. 7. Diagrams corresponding to the mechanisms of (a) step-by-step cluster transfer, (b) neutron stripping, and (c) heavy-
particle stripping.
In order to analyze the correlation features versus
the magnitude and sign of the deformation parameter
β2, it was varied from zero to ±0.8 for both nuclei
in the calculations in the coupled-channel Born ap-
proximation. It turned out that the dependence of the
results of the calculations on the absolute value of
β2 in the output channel is insignificant. A variation
in the absolute value of β2(10В) affects substantially
the features of the reaction for the transition to the
5/2− level. In particular, the differential cross section
calculated for this reaction in the absence of the defor-
mation parameter β2(10В) differs markedly from the
experimental differential cross section (see Fig. 2c).

As for the sign of the deformation parameter, the
bulk of the experimental data is obviously better de-
scribed at a negative value of β2(10В); at the same
time, a positive sign of β2(11В) is merely preferable.
The sign of the deformation parameter β2(10В) ex-
hibited the most pronounced effect in describing the
component ρ20(θp) and the populations. Figures 4
and 5 display the component ρ20 and the populations
calculated at β2(10B) = 0.55. One can see that, upon
the reversal of the sign of the deformation parameter,
the shape of the calculated curves at small angles
assumes an antiphase shape. From a comparison of
the calculated and experimental features, we found
that the deformation parameters of the boron nuclei
have the values of β2(10B) = −0.55 and β2(11B) =
0.4. The same value of the parameter β2 for the 10B
nucleus was previously obtained in [25] as an optimal
one in analyzing the angular dependences of spin-
tensor components for the reaction 10B(α, dγ)12C at
Eα = 25MeV.
Here, we do not present the results of calculations

based on the assumption that the mechanism of
compound-nucleus formation is operative, although
such calculations with the aid of the CNCOR code
are available [33]. The respective results reveal a sym-
metric nearly isotropic angular dependence of spin-
tensor components (including dσ(θp)/dΩ), which
PH
contradicts the corresponding experimental depen-
dences even qualitatively.

5. CONCLUSIONS

Our analysis of the angular and energy depen-
dences of the differential cross section for the (d, p)
reaction occurring on a 10B nucleus and leading to
the production of the 3/2− and 5/2− states of the
final nucleus 11В at zero energy and 4.445 MeV,
respectively, as well as the analysis of the angular
dependences of the spin-tensor components of the
density matrix for the 5/2− state of this nucleus at
4.445 MeV, has revealed that neutron stripping is a
dominant mechanism of this reaction. In order to ob-
tain an adequate description of experimental data, it
is necessary to take into account the collective nature
of these states of the participant nuclei and two-step
processes associated with delay in the interaction.
At large protons emission angles, the contribution
of the heavy-particle-stripping mechanism is signif-
icant. Allowance for the mechanisms that correspond
to quadrangle diagrams provides a natural explana-
tion for a vigorous excitation of the 1/2− state of
the final nucleus at 2.125 MeV in the reaction being
studied. A comparative analysis of the entire body of
experimental and theoretical correlation features has
made it possible to determine quite reliably not only
the magnitude but also the sign of the quadrupole
deformation of the 10B nucleus.
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Abstract—It is shown that A. Bohr’s concept of transition fission states can bematched with the properties
of Coriolis interaction if an axisymmetric fissile nucleus near the scission point remains cold despite
a nonadiabatic character of nuclear collective deformation motion. The quantum and thermodynamic
properties of various stages of binary and ternary fission after the descent of a fissile nucleus from the outer
saddle point are studied within quantum-mechanical fission theory. It is shown that two-particle nucleon–
nucleon correlations—in particular, superfluid correlations—play an important role in the formation of
fission products and in the classification of fission transitions. The distributions of thermalized primary
fission fragments with respect to spins and their projections onto the symmetry axis of the fissile nucleus and
fission fragments are constructed, these distributions determining the properties of prompt neutrons and
gamma rays emitted by these fragments. A new nonevaporation mechanism of third-particle production in
ternary fission is proposed. This mechanism involves transitions of third particles from the cluster states
of the fissile-nucleus neck to high-energy states under effects of the shake-off type that are due to the
nonadiabatic character of nuclear collective deformation motion. c© 2005 Pleiades Publishing, Inc.
1. INTRODUCTION

In [1, 2], a quantum-mechanical theory of spon-
taneous and low-energy induced binary fission of
nuclei was formulated within a conceptual frame-
work based on the time-independent formalism of
multiparticle nuclear-reaction theory [3, 4] and on
the theory of open Fermi systems [5]. This quantum-
mechanical theory employs basic achievements of
conventional fission theory [6, 7] and develops the
quantum-mechanical concepts introduced in [8–11]
in describing the differential cross sections for (n, f )
reactions involving thermal and polarized resonance
neutrons and P-odd and P-even asymmetries of the
angular distributions of products originating from
such reactions. By using the concept of a wave
function for a fissile nucleus and fission fragments
and the concept of partial fission widths and poten-
tial fission phase shifts, it became possible to take
consistently into account in the fission process not
only the laws of baryon-number, charge, energy, and
parity conservation but also (for the first time) the law
of total-angular-momentum conservation for a fissile
nucleus with allowance for both spins and relative
orbital angular momenta of fission fragments. Within
this theory, it was possible to describe [2, 12] the effect
of coupling between physical fission channels on the
properties of fission and to validate [2] the mechanism
of pumping of high values of relative orbital angular

*e-mail: kadmensky@phys.vsu.ru
1063-7788/05/6812-1968$26.00
momenta and spins of fission fragments. In analyzing
experimental angular distributions of fragments orig-
inating from the subthreshold photofission of a group
of even–even actinide nuclei, this permitted [13]
finding the highest value of Lm ≈ 30 for the relative
orbital angular momentum of fission fragments. This
result proved to be in reasonable agreement [2, 13]
with fission-fragment-spin values that were extracted
from an analysis of experimental data [14] on the
multiplicity and multipolarity of prompt photons
emitted from fission fragments. A generalization of
quantum-mechanical fission theory to the case of
ternary fission [15, 2] made it possible to describe P-
odd [16], P-even [17], and T -odd [18] asymmetries
in the angular distributions of products of binary
and ternary nuclear fission induced by polarized cold
neutrons.
All of the results discussed above were obtained

for spontaneous and low-energy induced fission of
nuclei under two assumptions of crucial importance.
The first is that, in the fission process, a fissile system
remains axisymmetric, which is compatible with an
analysis of existing experimental data. The second is
that the projectionK of the spin J of a fissile nucleus
onto its symmetry axis is conserved at all fission
stages from the descent of the fissile nucleus from
the outer saddle point of its deformation potential.
These assumptions are perfectly in accord with the
conditions of applicability of A. Bohr’s concept [6,
7], within which transition fission states formed at
c© 2005 Pleiades Publishing, Inc.
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the saddle points of the deformation potential [these
states are characterized by specific values of the spin
J , its projection K onto the symmetry axis of the
fissile nucleus, and the parity π and are associated
with “cold” states of the fissile nucleus] appear as
filters for selecting the most probable values ofK and
determine the basic properties of partial fission widths
and angular distributions of fission fragments.
A significant heating both of a fissile nucleus prior

to its disintegration to fission fragments and of fission
fragments at early stages of their evolution is the main
factor that prevents the conservation of the projection
K of the transition-fission-state spin in the fission
process. Indeed, the heating of an axisymmetric nu-
cleus to relatively high temperatures gives rise to a
dynamical enhancement of Coriolis interaction [19,
20]. The inclusion of this effect leads to a uniform
statistical mixing of all possible values of the projec-
tionK of the spin J of the nucleus onto its symmetry
axis at not overly large values of J . By way of ex-
ample, we indicate that such a situation is realized
for resonance states of a compound nucleus in the
first well of the deformation potential that are excited
upon resonance-neutron capture by rather heavy nu-
clei, this manifesting itself in that the projection of
the spin of the compound nucleus onto its symme-
try axis ceases to be an integral of the motion for
Wigner ensembles that characterize the experimental
distribution of energy spacings between neighboring
neutron resonances [6].
Many fission models [21–24] that provide a rea-

sonable description of mass and charge distributions
of fission fragments lead to the idea that a nonadi-
abatic character of the descent of a fissile nucleus
from the outer saddle point causes the heating of
this nucleus, with the result that, in the vicinity of
its scission point, the temperature reaches a value
of T ≈ 1 MeV, which corresponds to an excitation
energy of E∗ ≈ 30 MeV for nuclei of mass number
A ≈ 240 [6]. At so high a temperature, there arise,
in a fissile nucleus, complex multiquasiparticle states
of high density on the energy scale, which are an
ideal object for revealing Coriolis interaction. It was
shown in [25] that, owing to uniform statistical mix-
ing of the spin projections onto the symmetry axis
for such states of a fissile nucleus in the vicinity of
the scission point, the fissile nucleus “forgets” K
values that were selected by transition fission states;
as a result, all anisotropies (includingP-odd,P-even,
and T -odd asymmetries) in angular distributions of
products originating from binary and ternary nuclear
fission disappear completely. Since the existence of
such anisotropies for low-energy fission induced by
polarized neutrons, photons, and other particles was
established reliably in experiments [6, 26], we arrive
at the conclusion of crucial importance that the fissile
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
system remains cold at all fission stages starting from
the descent of the fissile nucleus from the outer saddle
point and ending in the formation of the angular dis-
tributions of fission products. This conclusion makes
it possible to get a fresh look at the physics of the
fission process and on the interplay of the quantum
and thermodynamic properties of a fissile system for
various stages of this process.

2. STAGE OF THE DESCENT OF A FISSILE
NUCLEUS FROM THE OUTER SADDLE

POINT
Within the concept that the fission barrier has

a two-humped shape [6], we will now consider the
low-energy binary fission of an axisymmetric com-
pound nucleus that is characterized by a spin J , a
spin projection M onto the z axis in the laboratory
frame, a parity π, and other quantum numbers σ and
which is formed in the first well of the deformation
potential upon the capture of a particle initiating the
fission process by a target nucleus. If use is made of
the strong-coupling approximation in the generalized
shell model [6], the multiparticle shell-model wave
function ΨJπM

σ (τ) for the compound nucleus can be
represented in the form

ΨJπM
σ (τ) =

∑
K

aJKΨJπM
σK (τ), (1)

whereΨJπM
σK (τ) is the wave function for the compound-

nucleus state characterized by the total set of coor-
dinates τ in the c.m. frame and by a fixed value of
the projection K of the spin J of the nucleus onto its
symmetry axis and the coefficients aJK , which were
defined in [16], take into account the Coriolis mixing
of the aforementioned spin projections [19, 20].
The evolution of a fissile nucleus up to its disinte-

gration into initial fission fragments can be described
in terms of a collective nuclear motion that is associ-
ated with the change in nuclear deformation param-
eters [6], in which case it is assumed that the most
probable internal states of product initial fission frag-
ments and the most probable values of their relative
coordinates are such that they occur in above-barrier
states, where the total energyQ of the relative motion
of the fragments in question exceeds the height of the
potential barrier, which is formed via the summation
of the nuclear and Coulomb potentials of fragment
interaction. In describing this collective motion, it
is necessary to take into account the formation of
transition fission states at the inner and outer saddle
points of the deformation potential that correspond to
cold states of the fissile nucleus being considered [6].
Let us study the fission stage starting from the

descent of the fissile nucleus from the outer sad-
dle point and ending in its disintegration into ini-
tial fission fragments. Nonadiabatic effects associated
05
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with the fact that, at final steps of this fission stage,
the nucleon system of the fissile nucleus does not
have time to undergo rearrangement to equilibrium
in accordance with fast variations of its deformation
parameters play a very important role for this stage.
In describing these effects, it is necessary to take
into consideration the above conclusion that, at this
stage of the fission process, the fissile nucleus cannot
undergo significant heating. This immediately leads
to the concept that doorway states that are excited in
the fissile nucleus because of a nonadiabatic character
of its collective deformation motion and which are
characterized by a rather simple (few-quasiparticle)
structure and by a rather low density on the energy
scale do not have time to transform, within this stage,
into complex (multiquasiparticle) states correspond-
ing to a full thermalization of the nuclear excitation
energy and possessing a high density on the energy
scale. For such doorway states, one can disregard the
effect of Coriolis interaction and consider the projec-
tions K of the spin J in such states as integrals of
the motion. The values of K for the doorway states
subjected to analysis will coincide with the values of
K for the corresponding transition fission states at
the outer saddle point of the deformation potential
since the shape of the fissile nucleus preserves axial
symmetry in the fission process.

As the compound nucleus reaches the scission
point, where it will undergo disintegration into initial
fragments, its multiparticle shell wave function (1)
reduces to the form [16, 17]

ΨJπM
σ =

∑
rνK

āJπσrνKΨJπM
rνK (τ) (2)

=
∑
tprνK

aJKb
Jπ
tσKc

Jπ
ptKd

Jπ
rνpKΨJπM

rνK (τ),

where the coefficient āJπσrνK is expressed in terms of
the coefficient aJK appearing in (1) and the coefficients
bJπtσK , c

Jπ
ptK , and d

Jπ
rνpK take into account the dynam-

ics of the transitions of the fissile nucleus from the
compound-nucleus states σ in the first well of the
deformation potential to a transition fission state t at
the inner saddle point of the deformation potential,
from the state t to a transition fission state p at the
outer saddle point of the deformation potential, and
from the state p under the effect of nonadiabatic per-
turbations to a doorway excited state ν of the fission
mode r, the quantum numbers JπK being conserved
in these transitions. In the case of fission that is highly
asymmetric in the masses and charges of nascent
fragments, in which case the fissionmode r is charac-
terized by large static octupole deformations, one can
represent, in the strong-coupling approximation, the
shell-model wave functionΨJπM

rνK for the state ν of the
PH
fission mode r as [6]

ΨJπM
rνK (τ) =

√
2J + 1
16π2

i(1−π)/2 (3)

×
{
δK,0

√
2DJ

M0(ω)χrνs(ξ) + (1 − δK,0)

×
[
DJ
MK(ω)χrνK(ξ)

+ (−1)J+KπDJ
M−K(ω)χrνK(ξ)

]}
,

where DJ
MK(ω) is a generalized spherical harmonic

depending on the Euler angles ω ≡ (α, β, γ) that de-
termine the orientation of the symmetry axes of the
fissile nucleus with respect to the axes of the lab-
oratory frame. The intrinsic wave functions χrνs(ξ),
χrνK(ξ), and χrνK(ξ) for the fissile nucleus are not
parity eigenstates and depend on the intrinsic co-
ordinates ξ of the fissile nucleus, the set of quan-
tum numbers Jπ for K = 0 being determined by
the nuclear-state signature s as Jπ = 0+, 1−, . . . for
s = 1 and as Jπ = 0−, 1+, . . . for s = −1. As to the
function χrνK(ξ) forK �= 0, it is defined as χrνK(ξ) =
T̂ χrνK(ξ), where T̂ is the time-inversion operator.

3. STAGE OF INITIAL-FISSION-FRAGMENT
EVOLUTION AND OF

PRIMARY-FISSION-FRAGMENT
FORMATION

Let us consider the fission stage at which initial
fission fragments arise after the disintegration of a fis-
sile nucleus. As was shown in [23], these fragments,
which are at rather short distances from each other,
interact strongly and inelastically and exchange nu-
cleons. This fission stage ends in the formation of
primary fission fragments, whose intrinsic wave func-
tions are unaffected by the nuclear and Coulomb
potentials of fragment interaction. Therefore, these
potentials can be expressed in terms of the real parts
of the optical potentials of interaction between these
fragments.
In order to describe the fission stage being studied,

it is necessary to generalize the projection-operator
method formulated in [4, 5] and used in developing
the quantum-mechanical theory of fission [1, 2]. This
method is based on introducing the mutually orthog-
onal operators P̂ and Q̂ (P̂ + Q̂ = 1) that project the
fissile-nucleus wave function onto, respectively, the
internal (shell) and the external (cluster) region of
the configuration space of coordinates τ of the fissile
nucleus. Further, the operator Q̂ can be represented
as the sum of two orthogonal operators Q̂in and Q̂pr

that project the fissile-nucleus wave function onto the
configuration-space regions τ in and τpr associated,
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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respectively, with the fission stage at which there
occurs the evolution of initial fragments up to the
formation of primary fission fragments and fission
stages embracing the motion and the rearrangement
of primary fragments. With the aid of the methods
developed in [1, 2, 4, 5], the fissile-nucleus wave func-
tion

(
ΨJπM
σ (τ)

)in in the configuration-space region
singled out by the projection operator Q̂in can be
represented in the form
(
ΨJπM
σ (τ)

)in
=
〈
Gin(τ, τ ′)|H|ΨJπM

σ (τ ′)
〉
, (4)

where H is the total Hamiltonian for the fissile
nucleus and Gin(τ, τ ′) is the multiparticle Green’s
function for the fissile system in the configuration-
space region τ in. In order to construct the function
Gin(τ, τ ′), we introduce the channel function UJM

α
describing a fissile-nucleus state in the cluster region,
where fission fragments have already been formed,
and possessing correct transformation properties
with respect to time inversion. Its specific form is

UJM
α =

{{
ΨJ1π1M1
σ1K1

(ω1, ξ1)ΨJ2π2M2
σ2K2

(ω2, ξ2)
}
FMF

(5)

× iLYLML
(Ω)
}

JM

,

where the braces denote the vector composition of an-
gular momenta and the spherical harmonic YLML

(Ω)
depends in the solid angle Ω ≡ (θ, ϕ) that speci-
fies the direction of the point-to-point vector be-
tween the two fragments (the direction of their rel-
ative motion) in the laboratory frame, R = RA1 −
RA2 , RAi being the c.m. coordinate of the ith frag-
ment. The channel index α is defined as α ≡ cβL,
where c ≡ π1σ1K1π2σ2K2 and β ≡ J1J2F . In (5),
ΨJiπiMi
σiKi

(ωi, ξi) is the multiparticle shell-model wave
function for the ith fission fragment (i = 1, 2) pos-
sessing an axisymmetric shape in the absence of odd
deformations (including octupole deformations). In
the strong-coupling approximation [6], we have

ΨJiπiMi
σiKi

(ωi, ξi) =

√
2Ji + 1
16π2

(1 + δKi,0(
√

2 − 1))

(6)

×
[
DJi
MiKi

(ωi)χ
πi
σiKi

(ξi)

+ (−1)Ji+KiDJi
Mi−Ki

(ωi)χ
πi

σiKi
(ξi)
]
,

where ωi are the Euler angles that characterize the
orientation of the symmetry axes of the fragments
with respect to the axes of the laboratory frame; ξi is
the set of internal coordinates of the ith fragment; and
χπi
σiKi

(ξi) and χπi

σiKi
(ξi) are, respectively, the intrinsic
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wave function for the corresponding fragment and its
conjugate counterpart.

By using the transformation of the generalized
spherical harmonics DJi

MiKi
(ωi) and the spherical

harmonics YLML
(Ω) to the intrinsic coordinate frame

of the fissile nucleus and the addition theorem for
generalized spherical harmonics, we can represent
the channel function UJM

α for the case ofK1 �= 0 and
K2 �= 0 in the form [1]

UJM
α =

√
(2J1 + 1)(2J2 + 1)

(16π2)2
(7)

×
∑

K ′K ′
1K

′
2KL

CJK ′
FLKFKL

CFKF

J1J2K ′
1K

′
2
DJ
MK ′(ω)

× iLYLKL
(Ω′)

{
DJ1

K ′
1K1

(ω′
1)D

J2

K ′
2K2

(ω′
2)χ

π1
σ1K1

(ξ1)

× χπ2
σ2K2

(ξ2)+(−1)J1+K1DJ1

K ′
1−K1

(ω′
1)D

J2

K ′
2K2

(ω′
2)

× χπ1

σ1K1
(ξ1)χπ2

σ2K2
(ξ2) + (−1)J2+K2DJ1

K ′
1K1

(ω′
1)

×DJ2

K ′
2−K2

(ω′
2)χ

π1
σ1K1

(ξ1)χπ2

σ2K2
(ξ2)

+ (−1)J1+J2+K1+K2DJ1

K ′
1−K1

(ω′
1)

×DJ2

K ′
2−K2

(ω′
2)χ

π1

σ1K1
(ξ1)χπ2

σ2K2
(ξ2)

}
,

where Ω′ is the solid angle of the radius R and ω′
i

stands for the Euler angles that specify the orientation
of the symmetry axes of the ith fission fragment with
respect to the symmetry axes of the fissile nucleus.
Similar expressions can also be obtained for the cases
where both values ofKi or one of them is zero.

In constructing the Green’s function Gin(τ, τ ′),
one must consider that, in the configuration-space
region τ in, the fissile nucleus has a compact shape
since initial fission fragments interact inelastically at
rather short relative distances. By using the meth-
ods developed in [2, 12] and the concepts of R-
matrix nuclear-reaction theory [3], we can express
the Green’s functionGin(τ, τ ′) in terms of the regular
and irregular solutions to the Schrödinger equation
[fJπMnK (τ) and gJπMnK (τ), respectively] for the fissile
nucleus in the region τ in. Specifically, we have

Gin(τ, τ ′) = B
∑
n

gJπMnK (τ>)fJπMnK (τ<), (8)

where B is a normalization constant and the index
τ> (τ<) includes the larger (smaller) of the absolute
values of the vectors R and R′, which enter into the
definition of, respectively, the total sets τ and τ ′ of co-
ordinates of the fissile nucleus. In turn, the functions
05



1972 KADMENSKY
fJπMnK (τ) and gJπMnK (τ) are given by

fJπMnK (τ) =
∑
α

UJM
α

fJπαnK(R)
R

, (9)

gJπMnK (τ) =
∑
α

UJM
α

gJπαnK(R)
R

,

where fJπαnK(R) and gJπαnK(R) are, respectively, the
regular and irregular radial form factors that are de-
fined as solutions to coupled radial equations with
real boundary conditions corresponding to the ap-
pearance of standing waves in a finite range of the
coordinate R in the configuration-space region τ in.
With the aid of Eq. (2), the fissile-nucleus wave func-
tion (ΨJπM

σ (τ))in for the formation of primary fission
fragments, which is the final step of the stage being
considered, can be represented in the form

(ΨJπM
σ (τ))in =

∑
rνnK

āJπσrνKh
Jπ
rνnKg

JπM
nK (τ), (10)

where the coefficient hJπrνnK determines the ampli-
tudes for the transition of the fissile nucleus from the
prescission configuration rνK to the state fJπnK of
primary fission fragments.
Owing to the fact that the time tin of the fission

stage being studied is short, we can deem that the
Euler angles ω′

i, which appear in Eq. (7) and which
specify the orientation of the symmetry axes of pri-
mary fission fragments with respect to the symmetry
axes of the fissile nucleus, are close to zero. In this
case, the projections of the spins Ji of fully devel-
oped primary fission fragments onto the symmetry
axis of the fissile nucleus (K ′

i) and onto the fragment
symmetry axes (Ki) coincide by virtue of the iden-
tityDJi

K ′
iKi

(ω′
i = 0) = δK ′

i,Ki
for generalized spherical

harmonics. Considering that, in the case where the
symmetry axes of fission fragments are aligned with
the symmetry axes of the fissile nucleus, the projec-
tions KL of the relative orbital angular momenta L
of the fission fragments onto the symmetry axis of
the fissile nucleus vanish in view of axial-symmetry
conservation for a fissile system in the fission process,
one can recast expression (7) for the channel function
UJM
α into the form

UJM
α =

√
(2J1 + 1)(2J2 + 1)

(16π2)2
CJK
FLKF 0i

LYL0(Ω′)

(11)

×DJ
MK(ω)

{
CFKF
J1J2K1K2

χπ1
σ1K1

(ξ1)χπ2
σ2K2

(ξ2)

+ (−1)J1+J2+K1+K2CFKF
J1J2−K1−K2

× χπ1

σ1K1
(ξ1)χπ2

σ2K2
(ξ2)

}
,

PH
where we imply the case of |K| = K1 +K2.
Although superfluid nucleon–nucleon correla-

tions are strongly suppressed by blocking effects [6]
caused by the appearance of excited doorway states in
the fission process, these correlations may survive in
the fissile nucleus and initial fission fragments if they
remain cold within the fission stage being considered.
By analogy with alpha and cluster decays of heavy
nuclei (see [27] and [28], respectively), one can expect
in this case that facilitated fission transitions for
which primary fission fragments are formed without
breaking Cooper pairs of nucleons occurring in the
prescission configuration rνK of the fissile nucleus
will proceed with the highest probability. It is most
likely that initial fission fragments will then exchange
nucleons in the form of Cooper pairs rather than in
the form of individual nucleons. To some extent, this
form of nucleon exchange is similar to the Josephson
effect in superconductors. Since Cooper pairs of
nucleons have a positive parity and zero projections
of their total spin onto the symmetry axis of the
fissile nucleus, the relative orbital angular momenta
L, parities πi, spins Ji, and spin projections Ki

for primary fission fragments from facilitated fission
transitions must have minimum values compatible
with manifestations of superfluid correlations and
with the laws of conservation of parity π, spin J , and
its projectionK for a fissile nucleus.
In just the same way as in the case of alpha [27]

and cluster [28] decays of nuclei, the probabilities of
the formation of initial and primary fission fragments
via the rupture of one Cooper pair in the prescission
configuration rνK of the fissile nucleus (this case
corresponds to a first-order-forbidden fission transi-
tion) must be reduced in relation to the probability of
the formation of the same fragments via the facilitated
fission transition. Apparently, the classification of fis-
sion transitions according to the order in which they
are forbidden makes it possible to explain even–odd
effects observed experimentally in [29] in the charge
distributions of final fission fragments.

4. STAGE OF THE SEPARATION OF COLD
PRIMARY FISSION FRAGMENTS

Primary fragments formed at the final step of the
preceding fission stage are in cold states that are,
however, strongly nonequilibrium in energy and de-
formation parameters. We will now study the fis-
sion stage within which cold primary fragments move
apart. This stage is characterized by a time t0 that
is much shorter than the time it takes for the pri-
mary fragments to go over to equilibrium thermalized
states. For the condition ensuring the validity of the
concept of transition fission states to be met, it is
necessary that the angular distributions of primary
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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fission fragments be fully formed within the time t0
in order that the subsequent stage involving the ther-
malization of primary fragments could not change
these angular distributions. This is possible if, within
the time t0, primary fission fragments move apart at
rather long distances that exceed Rsc considerably
(where Rsc is the distance between the fragments
at the scission point), in which case it is legitimate
to disregard long-range nonspherical components of
the Coulomb potential of interaction between primary
fission fragments [2] (these components could change
the angular distributions of these fragments at the
next fission stage).
As was shown in [1, 2, 11], the real-valued am-

plitude
√

ΓJπσKα of the partial width with respect to

fission from the state ΨJπM
σK (1) of the compound

nucleus and the potential fission phase shift δJπα can
be found from the equation

eiδ
Jπ
α

√
ΓJπσKα =

√
2π
∑
α′

∑
rνn

āJπσrνKh
Jπ
rνnK (12)

×
〈
UJM
α′

f
Jπ(−)
α′α (R)

R
|H|gJπMnK

〉
,

where the wave function gJπMnK and the coefficient
hJπrνnK are given by (10), while the radial form factors

f
Jπ(−)
α′α (R) are found [2, 12] as solutions to coupled
radial equations for the case of boundary conditions
at large R in the form of diverging spherical waves in
channel α and incident spherical waves in channels
α′. The fission stage being considered determines

completely the amplitudes
√

ΓJπσKα and the potential

fission phase shifts δJπα , since the overlap integrals
appearing in (12) are different from zero in the region
of R values in the vicinity of the point Rpr at which
primary fission fragments are formed,R ≈ Rpr ≈ Rsc.
For the fission stage being studied, one can make

use of the adiabatic approximation [1], which relies on
the fact that the relative radial motion of primary fis-
sion fragments, which is associated with the change
in the absolute value of the vector R, is faster than
the relative angular and rotational motions of these
fragments.
As was shown in [1], only if this approximation

is valid are the spherical harmonics YL0(Ω′), which
appear in the channel function (11), coherently mixed,
which ensures the emission of primary fission frag-
ments in a direction close to the symmetry axis of
the fissile nucleus. This indicates that A. Bohr’s for-
mula [6], which was successfully tested [6, 10, 11, 13,
18, 26] in describing the experimental angular distri-
butions and P-odd, P-even, and T -odd correlations
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in the angular distributions of products originating
from induced low-energy fission of nuclei, is approxi-
mately valid.
The following conditions must be satisfied for the

adiabatic approximation to be applicable. First, it is
necessary that, for all open channels c, the kinetic
energy Ekinc (Rpr) of the relative motion of primary
fragments be much greater than the centrifugal po-
tential

�
2L(L+ 1)
2McR2

pr
,

where Mc is the reduced mass of primary fission
fragments in the channel c that is associated with all
possible values of the relative orbital angular momen-
tum L of primary fission fragments. If this condition
is satisfied, the fission phase shifts δJπα appear to be
independent of L. Second, it is necessary that, for all
possible values of the fragment spins Ji, the kinetic
energy Ekinc (Rpr) be much greater than the rotational
energy of each primary fission fragment,

Eroti =
�

2Ji(Ji + 1)
2–Ji

.

Here, –Ji is the moment of inertia of the ith fragment.
This condition makes it possible to treat the potential
fission phase shifts δJπα as quantities independent of
the spins Ji and the total spin F of primary fission
fragments. Finally, it is necessary that, for all possible
values of the fragment spins Ji, the time t0 of the
fission stage being considered be much shorter than
the spinning periods troti = 2π–Ji/(�Ji) [6] of primary
fission fragments. Owing to this condition, one can
deem that the symmetry axes of primary fission frag-
ments are coincident with the symmetry axes of the
fissile nucleus and employ expression (11) for the
channel functions UJM

α .
It was shown in [2] that, in the case where the

symmetry axes of primary fission fragments coincide
with the symmetry axes of the fissile nucleus, the non-
spherical components of the nuclear and Coulomb
potentials of the interaction between primary fission
fragments depend on the quantity

Y20(Ω′) =
∑
m

D
(2)
m0(ω)Y2m(Ω).

It should be noted that its application to the gener-
alized wave function DJ

MK(ω) appearing in the def-
inition of the fissile-nucleus wave function does not
change the projection K of the spin J of the fis-
sile nucleus onto its symmetry axis. The inclusion of
the effect of the aforementioned nonspherical com-
ponents of the interaction potentials leads to [2] the
realization of the mechanism that gives rise to the
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pumping of high values of the relative orbital angular
momentum L and the spins Ji of primary fission
fragments, in which case the maximum values of the
relative orbital angular momenta L and the spins Ji of
the fragments may become as high as Lm ≈ 30 and
J1m ≈ J2m ≤ 12. In this case, the spins Ji of primary
fission fragments at rather high values of the relative
orbital angular momentum L of primary fragments
(L 
 J) are parallel to each other and are orthogonal
to the symmetry axis of the fissile nucleus, this being
confirmed by the experiments reported in [17] and de-
voted to studying the angular distributions of prompt
photons emitted by fragments at subsequent fission
stages.

If use is made of the above conditions, the partial-

fission-width amplitude
√

ΓJπσKα (12) can be repre-
sented in the form [1, 2]

√
ΓJπσKα =

∑
rνn

āJπσrνKh
Jπ
rνnK

√
ΓJπnKα (13)

=

√
(2J1 + 1)(2J2 + 1)

2J + 1
CJK
FLK0C

FK
J1J2K1K2

×
√

2L + 1Θ(Lm − L)Θ(J1m − J1)

× Θ(J2m − J2)pL
∑
rνn

āJπσrνKh
Jπ
rνnKAnKc,

where
√

ΓJπnKα is the amplitude of the fission width

associated with the transition of the fissile nucleus to
the state fJπnK ,Θ(x) is theHeaviside step function, the
factor pL = [1 + (−1)Lππ1π2]/2 takes into account
the parity-conservation law, and the amplitude AnKc
is determined by the overlap integrals of the orthogo-

nal radial form factors fJπ(−)
α′α (R) and gJπαnK(R) ap-

pearing in the definition of the fissile-nucleus wave
functions at the fission stage being studied and the
stage that precedes it. Taking into account the or-
thogonality of the intrinsic wave functions for initial
fission fragments formed from different prescission
states rνn of the fissile nucleus and using expres-
sions (1) and (10), we can then represent the total
width ΓJπσ of the compound nucleus with respect to
fission from the state ΨJπM

σ (1) in the form

ΓJπσ =
∑
K

∣∣aJK
∣∣2 ΓJπσK =

∑
αK

∣∣aJK
∣∣2 ΓJπσKα (14)

=
∑
Krνn

∣∣āJπσrνK
∣∣2 ∣∣hJπrνnK

∣∣2 ΓJπnK .

In turn, the total fission width ΓJπnK of the fissile-nuc-
leus states described by the wave function gJπMnK (9)
PH
can be represented in the form

ΓJπnK =
∑
c

ΓJπnKc =
∑

cJ1J2FL

(
CJK
FLK0

)2 (
CFK
J1J2K1K2

)2

(15)

× (2J1 + 1)(2J2 + 1)(2L + 1)
2J + 1

× Θ(Lm − L)Θ(J1m − J1)Θ(J2m − J2)pL|AnKc|2.
Performing summation over the indices L and F
in (15), we can recast the total fission width ΓJπσ (14)
into the form

ΓJπσ =
∑
Krνn

∣∣āJπσrνK
∣∣2 ∣∣hJπrνnK

∣∣2 (16)

×
∑
cJ1J2

(2J1 + 1)(2J2 + 1)

× Θ(J1m − J1)Θ(J2m − J2)|AnKc|2.
This formula determines the character of spin popula-
tions of states of primary fission fragments at the final
step of the fission stage being studied.
The large-R asymptotic behavior of the wave

function describing this fission stage is given by [1,
2]

ΨJπM
σ →

∑
Kα

exp
[
i
(
kαR− Lπ

2

)]
R

(17)

× UJM
α aJK

√
ΓJπσKαe

iδJπ
α ,

where the channel function UJM
α and the partial-

fission-width amplitude
√

ΓJπσKα are defined in (11)
and (13), respectively, and kα is the wave vector of
the relative motion of fission fragments in channel α.
Considering that the potential fission phase shifts δJπα
are independent of the indices J1, J2, F , and L, we
can perform summation over J1, J2, and F in (17).
Calculating the fission-fragment flux in the direction
of the vector R at large R [1], we obtain the angular
distribution dP JπM

σ (θ)/dΩ of fission fragments. The
result normalized to unity is

dP JπM
σ (θ)
dΩ

= (ΓJπσ )−1
∑
K

ΓJπσK
∣∣aJK

∣∣2 2J + 1
16π2

(18)

×
∫

dω
[∣∣DJ

MK(ω)
∣∣2 +

∣∣DJ
M−K(ω)

∣∣2]F (Lm,Ω′).

The normalized (to unity) angular distribution of fis-
sion fragments in terms of the body-frame coordi-
nates of the fissile nucleus, F (Lm,Ω′), has the form

F (Lm,Ω′) =

{
Lm∑
L=0

(2L + 1)pL

}−2

(19)
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QUANTUM AND THERMODYNAMIC PROPERTIES 1975
×
{
Lm∑
L=0

√
(2L + 1)pLYL0(Ω′)

}2

.

It approximately corresponds to the escape of fission
fragments within a cone whose axis is aligned with
symmetry axis of the fissile nucleus and whose apex
angle is ∆θ ∼ 1/Lm. In the limit Lm → ∞, expres-
sion (18) reduces to A. Bohr’s formula [6, 7], which is
widely used in describing experimental angular distri-
butions of nuclear-fission fragments.

5. THERMALIZATION OF PRIMARY FISSION
FRAGMENTS

The next fission stage is that within which primary
fission fragments that arose in cold states that are
nonequilibrium in energies and deformation param-
eters go over to thermalized equilibrium states char-
acterized by temperatures Ti. Since the fissile nucleus
remains cold up to the instant of its disintegration into
initial fission fragments and since initial and primary
fission fragments remain cold within the preceding
fission stages, processes that lead to the thermaliza-
tion of the first and second primary fragments proceed
independently. As a result, the temperatures Ti of
primary fission fragments can be markedly different.
Since the nonspherical components [2] of the po-

tential of the interaction between primary fragments
are negligible within the fission stage being studied,
the projections Ki of the fragment spins Ji onto the
symmetry axis of the fissile nucleus are integrals of the
motion within the thermalization stage and therefore
retain their values determined by the preceding stage
of fission. Only the projectionsK ′

i of the spins Ji onto
the symmetry axes of the fragments change under the
effect of Coriolis interaction.
It should be emphasized here that, at the fission

stage being considered, the symmetry axes of fis-
sion fragments no longer coincide with the symmetry
axis of the fissile nucleus, while the channel func-
tion UJM

α for thermalized primary fission fragments
has the form (7), where the indices Ki and K ′

i are
interchanged and where the additional factors ãJi

K ′
i
,

whose squares are normalized to unity and which are
determined by the mixing of the projectionsK ′

i in the
thermalized states under the effect of Coriolis interac-
tion, are introduced in the summand of the sum over
K ′
i. Upon substituting these channel functions for the

functions UJM
α (11) into (17) and employing Eq. (13),

one can obtain the large-R asymptotic behavior of
the fissile-nucleus wave function for the fission stage
being considered. As might have been expected, the
resulting asymptotic expression leads to the angular
distribution of thermalized fission fragments that is
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coincident with the angular distribution (18), which
was formed at the preceding stage of fission.
In analyzing the states of the ith axisymmetric

thermalized primary fission fragment, we can make
use of formulas for the equilibrium nuclear-level den-
sity ρT (Ji,K ′

i) on the energy scale in this fragment at
fixed values of the fragment spin Ji and its projection
K ′
i (K

′
i ≤ J) onto the symmetry axis of the fragment

at temperature T [6]. Its specific form is

ρT (Ji,K ′
i) =

1√
2π

σ−1exp
{
− 1
T

[
�

2

2–J
Ji(Ji + 1)

(20)

+
(

�
2

2–J3
− �

2

2–Ji

)
(K ′

i)
2

]}
ρintT ,

where ρintT is the density of intrinsic nuclear states on
the energy scale and σ = �

2/(T–J3), –J and –J3 being
the effective moments of inertia of the nucleus for
rotation about, respectively, an axis orthogonal to the
symmetry axis of the nucleus and its symmetry axis.
For rather high nuclear temperatures T exceeding
the critical temperature Tcr (Tcr ≈ 6.8 A−1/2 MeV,
where A is the mass number of the nucleus), in
which case superfluid nucleon–nucleon correlations
disappear, the moments of inertia –J and –J3 prove to
be close to their rigid-body values [6]. From (20), it
follows that, at spin values of Ji � J0 ≡

√
2–JT/�2,

the nuclear-level density is virtually independent of
Ji and K ′

i, so that, at rather high temperatures T ,
the inclusion of Coriolis interaction leads to a uniform
statistical mixing of possible values of the projections
K ′
i of these spins. At spin values of Ji > J0, the level

density (20) is substantially lower than that in the
case of Ji � J0, with the result that the mixing effect
of Coriolis interaction becomes weaker. In the case
where the maximum spins Jim of primary fragments
[these quantities appear in (16)] exceed considerably
J0i owing to the pumping mechanism [2], one can
therefore expect that, in thermalized primary fission
fragments, there will appear J0i � Ji ≤ Jim states
that cannot be affected substantially by the thermal-
ization of fragments, so that the projectionsK ′

i of the
spins Ji onto the symmetry axes of fission fragments
for these states are hardly mixed by Coriolis interac-
tion and are close toKi.

6. EMISSION OF PROMPT NEUTRONS
AND PHOTONS BY THERMALIZED FISSION
FRAGMENTS AND FORMATION OF FINAL

FISSION FRAGMENTS

The fission stage following the thermalization of
primary fission fragments is that at which these frag-
ments emit prompt neutrons (the characteristic time
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is tn ≥ 10−16 s) and prompt photons (the character-
istic time is tγ ≥ 10−12 s), whereupon there occurs
the formation of final fission fragments in ground or
long-lived isomeric states. Since final fragments are
neutron-rich, they are involved at the next fission
stage (which is not considered here) in beta-decay
processes leading to the emergence of delayed neu-
trons and photons.
At the fission stage being studied, the angular

distributions of thermalized primary fission fragments
have already been formed, while the kinetic energies
of their relative motion are close to the total energy
Qc of the relative motion of these fragments in the
fission channel c. Because of high momenta of the
fragments, one can expect that the angular distribu-
tions of fragments will not change substantially at
this fission stage upon the emission of prompt neu-
trons and photons, which possess rather low energies
and, hence, rather low momenta.
In describing the multiplicities and angular and

energy distributions of prompt neutrons and photons
emitted by thermalized primary fission fragments, it
is necessary to take into account not only the relative
velocity of these fragments but also some of their
other features, such as the excitation energy E∗

i and
the spin distributions, which are given by (20). In view
of the fact that the projectionsK ′

i of the spins of ther-
malized primary fragments onto the symmetry axis of
the fissile nucleus are much lower than the maximum
spins Jim of these fragments because of the effect of
superfluid correlations at the stage of primary-fission-
fragment formation, the fission-fragment spins are
approximately orthogonal to the symmetry axis of the
fissile nucleus; that is, the spins of the fragments
are aligned with respect to the direction along which
they move apart and which is nearly coincident with
the symmetry axis of the fissile nucleus [12]. This
alignment leads to an additional anisotropy in the
angular distributions of prompt neutrons emitted by
thermalized fragments.

7. STAGES OF TERNARY NUCLEAR
FISSION

With the aid of the methods of quantum-
mechanical fission theory [2, 15–17], the results
obtained above in describing various stages of the
low-energy binary fission of nuclei can be generalized
to the case of ternary nuclear fission. The statement
made in the Introduction that both the fissile nucleus
in the region where the products of ternary fission
(two rather heavy fragments and a third particle,
which is light) are formed and these products at the
first stages of their evolution are cold is at odds with
a number of ternary-fission models [30–32] relying
on the evaporation mechanism of the formation of
PH
a third particle and its emission from the neck of a
fissile nucleus heated to a rather high temperature.
The analysis performed in [16, 17] in order to clarify
the nature of P-odd and P-even correlations in the
angular distributions of a third particle originating
from ternary nuclear fission induced by polarized cold
neutrons confirmed the one-step character of the
ternary-fission process, in which case a third particle
is formed by nucleons of the fissile-nucleus neck
rather than by nucleons of one of the nascent fission
fragments, predominantly a light one.
The emergence of a third particle leads to a de-

crease in the kinetic energy of relative motion and in
the excitation energy of two ternary-fission fragments
in relation to the analogous energies of binary-fission
fragments. Also, this leads to some changes in the
charge and mass distributions of ternary-fission frag-
ments with respect to the corresponding distributions
of binary-fission fragments.
With allowance for these factors, the stages of

evolution of ternary-fission fragments are analogous
to the stages of binary nuclear fission, which were
considered above. In describing the ternary fission of
nuclei, attention should therefore be given primarily to
the formation of third particles and their subsequent
motion.
The concept that the fissile nucleus is cold requires

introducing a mechanism of third-particle formation
in ternary nuclear fission other than the evaporation
mechanism. Such a mechanism was proposed in [33,
34] for the case where a deuteron, a triton, or an
alpha particle was considered for a third particle. This
mechanism implies that transitions of these parti-
cles from surface cluster states of the fissile nucleus
to high-energy states of these particles occur under
shake-off effects that are due to the nonadiabatic
character of the collective deformation motion of the
fissile nucleus at the stage of its descent from the
outer saddle point. By analogy with binary fission,
these high-energy states can be treated as nonther-
malized excited cluster states of the fissile nucleus
that are doorway states for the emission of third par-
ticles in the ternary fission of nuclei. However, the
mechanism proposed in [33, 34] calls for a substantial
revision, especially in the case where the ternary-
fission process involves third particles of structure
different from that of deuterons, tritons, and alpha
particles. This could be done by changing the ideas
of the nature of third-particle states in the fissile nu-
cleus.
It can be conjectured that nucleons forming the

fissile-nucleus neck, which is situated between fission
prefragments, are rather well separated from nucleons
forming the prefragments. With allowance for the fact
that the number of nucleons forming the neck is not
overly large, the neck can then be considered as an
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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analog of a light nucleus enriched in neutrons to a
considerable extent. It was shown in [35–37] that
the spectroscopic factors of deuteron, triton, alpha-
particle, and heavier clusters in light nuclei (A ≤ 16)
take values that do not differ markedly from unity
and that their form factors are of a volume charac-
ter. Therefore, the probabilities of the formation of
light third particles (we denote by A3 their atomic
weight) in the region of the fissile-nucleus neck are
rather high, decreasing substantially only for A3 >
20 third particles, which include nucleons not only
from the fissile-nucleus neck but also from fission
prefragments. The spectroscopic factors for rather
light third particles in ground and low-lying excited
states (the latter are filled upon one- and two-nucleon
transitions in these particles) take rather close values,
this making it possible to explain comparatively high
yields obtained in [38] for excited states of 5He, 7He,
and 8Li nuclei in the spontaneous ternary fission of
252Cf nuclei.
Since a fissile nucleus is cold within the nonadi-

abatic segments of its descent from the outer sad-
dle point, superfluid and other two-particle nucleon–
nucleon correlations are expected to play an impor-
tant role, as they do in the binary-fission case, in
the formation of ternary-fission fragments and third
particles as clusters formed by nucleons of the fissile-
nucleus neck. The inclusion of these correlations en-
ables one to explain even–odd charge and mass ef-
fects in the yields of third particles for ternary fission
of nuclei [39, 40].
If we now take into consideration a shake-off

mechanism [33] that is due to the nonadiabatic
character of changes in the collective deformation
parameters of the fissile nucleus at final stages of
its descent from the outer saddle point and which
leads to transitions of third particles from bound
cluster states of the fissile-nucleus neck to continuum
states, there arises the possibility of describing the
yields and energy distributions of third particles in
ternary nuclear fission with allowance for the time-
dependent Coulomb barrier determined as the sum of
the Coulomb and nuclear potentials of the interaction
between third particles and ternary-fission fragments
moving apart.
Taking into account superfluid and other two-

particle nucleon–nucleon correlations and the fact
that the axial symmetry of a fissile system is conserved
in the ternary-fission process, one can arrive at the
conclusion that the relative orbital angular momenta
l of the third particle and their projections Kl onto
the symmetry axis of the fissile nucleus take predom-
inantly zero value. The structure of the nonspherical
part of the potential of the interaction between the
third particle and ternary-fission fragments [2] leads
to the conservation of the projectionKl = 0 and to the
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
mechanism that, owing to the focusing character of
this potential, gives rise to the pumping of relative or-
bital angularmomenta l of the third particle, as well as
to the alliedmechanism of pumping [2] of high relative
orbital angular momenta L and spins Ji (i = 1, 2) of
fragments from binary and ternary nuclear fission. By
taking the above results into account, one can explain
the structure of angular distributions of third particles
[15] and the nature of P-odd [16], P-even [17], and
T -odd [18] correlations in ternary nuclear fission.

8. CONCLUSIONS

The above analysis performed within quantum-
mechanical fission theory in order to explore various
stages of low-energy induced binary fission of a com-
pound nucleus that start from its descent from the
outer saddle point and which end in the formation of
final fission fragments has led to a number of impor-
tant conclusions.
First, the states of a fissile nucleus and primary fis-

sion fragments at the stage of the disintegration of an
axisymmetric fissile nucleus and the stages of forma-
tion of primary fission fragments and their subsequent
motion are excited, but they are cold and strongly
nonequilibrium. This makes it possible to disregard
the effect of Coriolis interaction, in which case the
projections K of the spin J of the fissile nucleus onto
its symmetry axis that are formed by transition fission
states survive as integrals of the motion.
Second, superfluid nucleon–nucleon correlations

have a pronounced effect on the nuclear-fission pro-
cess owing to the fact that the fissile nucleus and
initial and primary fission fragments are cold.
Third, the two primary fission fragments are ther-

malized independently, which, in general, gives rise to
different temperatures of these fragments.
Fourth, the dynamical mechanism of pumping of

high values of the relative orbital angular momenta
and spins of cold primary fission fragments makes it
possible to explain the observed angular distributions
of final fragments and the character of the spin and
spin-projection populations of states of thermalized
primary fission fragments. This is reflected in describ-
ing the properties of prompt neutrons and photons
emitted by these fragments.
A generalization of these results to the case of

ternary nuclear fission has led to the conclusion that
the evaporation mechanism of third-particle forma-
tion in a hot nucleus is invalid. Instead, the mecha-
nism is operative according to which third particles
are formed in volume cluster states of a few-nucleon
system corresponding to the fissile-nucleus neck and
are emitted from these cluster states to high-energy
states under effects of the shake-off type that are
due to the nonadiabatic character of the collective
05
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deformation motion of the fissile nucleus at the final
steps of its descent from the outer saddle point.
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Abstract—The results of broad searches for schemes that are convenient for observing effects of time-
inversion-invariance violation (T violation) simultaneously with parity violation (PT violation) in electro-
magnetic transitions in nuclei are presented. The main problems in observing such effects are discussed.
A scheme that seems one of the most promising for this and which relies on measuring the linear
polarization of gamma radiation accompanying the deexcitation of isomeric states of nuclei that were
oriented by a magnetic field at ultralow temperatures is highlighted. c© 2005 Pleiades Publishing, Inc.
INTRODUCTION

Effects associated with the violation of time-
inversion invariance (T invariance) or, more pre-
cisely, CP-noninvariant effects, which are equiva-
lent to them by virtue of the CPT theorem, have
been observed so far only in experiments with K
and B mesons. Those measurements led to intro-
ducing a T -violating term in the Standard Model
Lagrangian or, more specifically, a phase factor eiδ

in the Kobayashi–Maskawa matrix. In the case
of δ �= 0, this generates an imaginary addition to
the amplitudes for the mixing of quarks belonging
to different generations. Formally, T -noninvariant
terms may include P-odd amplitudes in addition to
parity-conserving ones. These P-odd amplitudes are
responsible for time-inversion-invariance violation
accompanied by parity violation (that is, violation of
PT invariance). The phase factor in question appears
universally in P-even and P-odd amplitudes. It
follows that, in all processes, with exception of those
that are governed by weak interaction exclusively, in
which case parity violation is sizable, PT violation
in the Standard Model is suppressed both by the
smallness of P-odd amplitudes and by the smallness
of the phase δ. As a result, PT -violation effects
naturally appear to be extremely small. Therefore,
observation of even a very weak PT -noninvariant
correlation against the background of strong or
electromagnetic (or both strong and electromagnetic)
processes would be reliable evidence that it arises

1)VoronezhState University,Universitetskaya pl. 1, Voronezh,
394693 Russia.

2)Petersburg Nuclear Physics Institute, Russian Academy of
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owing to effects beyond the Standard Model. It is
precisely this circumstance that renders intriguing
the problem of searches for PT -violation effects.

Moreover, investigation of the phenomena under
discussion in processes not involving strange parti-
cles would make it possible to constrain, in relation
to what we have on the basis of studying K- and
B-meson decays, the set of quark generations con-
tributing to the process being considered, whereby
one could remove partly the ambiguity in choosing
constants that determine PT violation.

In addition, we note that, if the CPT theorem is
valid, knowledge of the constants in the P-, T -, and
PT -violating amplitudes determines completely that
part in the Lagrangian which violates a fundamental
symmetry.

At the present time, the most stringent constraint
on the magnitude of PT -violation effects has been
obtained on the basis of measuring the electric dipole
moment of the neutron: dn ≤ 0.6× 10−25e cm, which
is equivalent to dn/ern ≤ 10−12. The most precise
experiments with atoms and molecules yield, for an
upper limit on the nucleon dipole moment, a value
that is two to three times higher. If one adopts the nat-
ural hypothesis that the main contribution to the am-
plitudes of PT violation comes from the N → N + π
meson–nucleon vertex, there arises the possibility of
constraining, on the basis of the aforementioned up-
per limit, the corresponding constant g∆TPT (π) as [1, 2]

g∆TPT (π) ≤





1.4 × 10−11, ∆T = 0,

1.0 × 10−10, ∆T = 1,

1.4 × 10−11, ∆T = 2,

(1)

where ∆T stands for the change in the isospin. Thus,
the available upper limit on the isovector constant
c© 2005 Pleiades Publishing, Inc.
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appears to be much greater. Taking into account the
characteristic value of the main constant that de-
termines the pattern of P-odd effects in nucleon–
nucleon interactions, g∆T=0

P (ρ) ∼ 10−6, and the es-
timate obtained in [3] for the ratio of the kinemati-
cal factors in PT - and P-violation effects, κ ∼ 101,
we can conclude that, for a process characterized
by a large contribution from an isovector diagram,
a constraint on the PT -noninvariant amplitude at
a level of 10−3 of the measured P-odd amplitude
would supplement substantially information obtained
by measuring the electric dipole moment of the neu-
tron and would be an important further step in study-
ing fundamental symmetries of elementary-particle
interaction.

Effects of PT violation in nuclear processes have
not yet received adequate study even at the level of up-
per limits. At the same time, the structure of the ma-
trix elements of a PT -violating nucleon–nucleon in-
teraction here may differ substantially from the struc-
ture of the diagrams that determine the electric dipole
moments of the neutron and atoms. Therefore, it is
highly desirable to set, in a nuclear process, even a
less stringent constraint on the constant under dis-
cussion than its counterpart obtained in measuring
the electric dipole moment. It is of importance that
the isovector vertex is dominant precisely in nuclear
processes since only this vertex generates a volume
effect—that is, an effect that grows in direct pro-
portion to the mass of the nucleus involved. Finally,
the same enhancement effects are peculiar to nuclear
processes accompanied by PT violation as those that
are peculiar to processes involving parity violation.
Here, it is worthwhile to emphasize that this is the
reason why the magnitude of the PT -noninvariant
amplitude or an upper limit on it is reliably determined
precisely by the ratio of the measured magnitude of
a PT -noninvariant effect or an upper limit on it to
the P-odd effect measured in the same process (with
allowance for the factor F{J} that is defined below
and which is readily calculable), since this ratio is
virtually independent of the properties of the partic-
ipant nucleus. At the same time, the nuclear P-odd
amplitude and the relationship between this and the
two-nucleon amplitudes have been studied quite well.

At the present time, three experiments of the type
being discussed are known.

First, the PT -noninvariant correlation aPT ((k1 ·
[J× k2])(J · k2)), where k1 and k2 are the momenta
of, respectively, the first and the second photon and
J is the direction of the polarization vector of the
sample employed, was studied in [4] on the basis of
γγ coincidences by using an aligned 180mHf isomer.
The result for the respective correlation coefficient
was aPT = −(0.9 ± 1.1) × 10−3, and the upper limit
PH
on the contribution of thePT -noninvariant part of the
nuclear-interaction amplitude with respect to the P-
odd part was estimated at 0.6 to 0.7. With allowance
for the enhancement of the P-odd effect in the Hf
nucleus, this corresponds to a constraint on the am-
plitude of PT -violation in nucleon–nucleon interac-
tion at a level of 10−7 with respect to the ordinary
nucleon–nucleon amplitude.

Second, aPT (σn · [kn × J]) (where kn is the di-
rection of neutron motion, σn is the direction of the
neutron spin vector, and J is the direction of the
target-nucleus spin vector), which is yet another PT -
noninvariant asymmetry, was measured in an exper-
iment where fast polarized neutrons of energy in the
range En = 7−12 MeV traversed a polarized 165Ho
target. The results obtained for the coefficient aPT
of PT -noninvariant asymmetry were −(0.9 ± 2.0) ×
10−3 for En = 7.1 ± 0.9 MeV and −(0.4 ± 2.9) ×
10−3 forEn = 11± 0.5MeV [5]. The resolution in the
neutron energy ranged between 0.5 and 1.0 MeV; in
addition, we note that neutron resonances are broad
in this energy region. Thus, the effect in question
receives contributions from several resonances, with
the result that the possible effect is averaged, which
reduces its magnitude and appears to be a source of
formidable difficulties in deducing, from the respective
experimental result, constraints on the amplitude of
PT -noninvariant interaction, since the two-level ap-
proximation is inapplicable in this case. Irrespective
of this, it is obvious that the limit on the ratio of the
amplitude in question to the P-odd amplitude—in
principle, the respective limit can be obtained from the
experiments reported in [5]—is always greater than
unity.

Third, the PT -noninvariant correlation aPT ((kγ ·
[J× eγ ])(J · eγ)), where kγ is the photon-emission
direction, eγ is the linear-polarization vector of the
radiation, and J is the quantization-axis direction,
was studied in [6] by using the hуperfine-structure
components of the 23.7-keV line arising in the de-
excitation of the 119mSn isomeric state. The respec-
tive experiment was performed with the aid of the
Mössbauer procedure, which was used to separate
gamma transitions in specific states of nuclear po-
larization of a 119Sn* excited state. This resulted
in obtaining the estimate aPT = −(0.4± 1.1) × 10−6

and, accordingly, a constraint on the ratio of the
PT -noninvariant effect to its P-odd counterpart at
a level of 4 × 10−2. At the present time, this is the
lowest limit obtained in nuclear processes for PT
noninvariance. It should be noted, however, that the
parity-violation effect found in [6, 7] by means of
the Mössbauer procedure (at a level of 10−3) could
not be explained in terms of the generally accepted
mechanisms of the enhancement of the P-odd effect.
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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In this connection, it is required, in all probability, to
perform an additional verification of this magnitude
of the effect by a more traditional method that has
nothing to do with the Mössbauer procedure and,
in the case of confirmation, to develop a theoretical
scheme for interpreting so unexpected a result.

As to studying PT noninvariance in other pro-
cesses, we note that the main effort has beenmounted
tomeasure thePT -noninvariant correlation aPT (σn ·
[kn × J]) corresponding to the rotation of the spin
of a polarized neutron that traverses a polarized
139La target. This choice is motivated above all by
an extremely large scale of the enhancement of the
parity-violation effect here, approximately 106. The
enhancement of PT -violation effects has the same
origin; therefore, its scale is likely to be on the same
order of magnitude as the scale of parity violation.
In the present case, the dynamical and structural
enhancement (see below) provides the possibility of
setting a constraint on the PT -noninvariant ampli-
tudes at a level of 10−7 eV [8]. Since the characteristic
value of the P-odd amplitude at neutron resonances
is close to 10−3 eV, the scheme being discussed can
make it possible in principle to set a constraint on the
amplitude of PT -noninvariant interaction at a level
of 10−4 with respect to the P-odd-interaction ampli-
tude. However, experiments that study the rotation of
the spin of a neutron that traverses a polarized target
involve a number of serious problems associated
with the compensation of spurious effects that are
due to pseudomagnetism and P-odd and left–right
asymmetries. The problem of polarizing a La sample
has not been solved decisively either. Moreover, it
is planned to employ a monochromatic beam of
polarized resonance neutrons (En = 0.75 eV), but
the beam intensity and the event counting rate for
the effect in question would be reduced sharply in
this case. Although efforts have been undertaken for
more than ten years to develop procedures for the
aforementioned measurements with neutron beams
and measurements similar to them, no experiment,
with the exception to that which was reported in [5],
has been performed so far.

In summary, we can state that the upper limit
attained to date in nuclear processes for PT -violation
effects is rather high, being much poorer than that
which was achieved in electric-dipole-moment mea-
surements. Therefore, it is necessary to continue re-
fining measurement procedures and seeking other
examples of nuclear processes where PT violation is
first enhanced and second convenient for measure-
ment.
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
SEARCHES FOR PT -VIOLATION EFFECTS
IN CORRELATION EXPERIMENTS:

ENHANCEMENT EFFECTS

Effects of fundamental-symmetry violation in nu-
clear processes have been studied predominantly by
measuring various correlations between the direc-
tions of the momenta and (or) spins of primary parti-
cles and reaction products. While a two-vector spin–
momentum correlation (I · k) is peculiar to parity vi-
olation, three- and five-vector correlations [([I1 × k] ·
I2) in the former case and ((k2 · [k1 × k3])(k1 · k3) and
(k1 · [I× k2])(I · k2)) in the latter case] are peculiar to
PT violation. Here, the photon circular-polarization
vector must be axial (that is, a vector of the spin
type), while the linear-polarization vector can appear
in the correlation in question only through a quadratic
form (that is, this vector does not form three-vector
correlations).

The correlations being discussed may arise in a
wide variety of processes involving the decay and
scattering of nuclear particles and in nuclear reac-
tions featuring two or three particles in the final state.
The samples used may possess a specific orientation
owing to the polarization of the incident beam or
may develop it as the result of the preceding stage
of the nuclear process. The orientation in question
may also be generated by an external magnetic field
or be fixed by means of the Mössbauer procedure
of an experiment. Even a mere enumeration of all
possibilities would consume too much space, so that
we prefer here to restrict ourselves to discussing gen-
eral principles of searches for promising examples of
PT -noninvariant correlations.

Since the amplitude of the sought effect is small,
the presence of a nuclear enhancement is one of
the most important conditions that would make it
possible to observe this effect (or to set a low upper
limit on its magnitude). It has already been indi-
cated that the same mechanisms are responsible for
the enhancement of P- and PT -noninvariant effects;
therefore, vast experience accumulated in studying
parity-violation processes can readily be extended to
PT -noninvariant processes. The schematic form of a
typical (nearly universal) expression for the coefficient
of a PT -noninvariant correlation in a gamma transi-
tion between some nuclear levels (in general, this may
also be an alpha or a proton transition) is

aPT = F{J}
〈Ψf |VPT |Ψi〉

∆E

√
Γirreg

Γreg
, (2)

where F{J} is a coefficient that depends on the spins
of primary particles and reaction products. It is the
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matrix element in the numerator on the right-hand
side of (2)—the amplitude of PT violation—that de-
termines the true scale of the effect. The quantity ∆E
is the energy spacing between the state being studied
and the closest level that has the same spin and the
opposite parity (doublet state) and whose admixture
to the state in question due to the PT -noninvariant
part of the Lagrangian leads to the violation of invari-
ance. The radicand on the right-hand side of (2) in-
volves the decay width of the level without allowance
for the admixture (regular width) and the decay width
of the hypothetical level having the same energy and
the opposite parity (irregular width). The smallness
of ∆E determines the so-called dynamical enhance-
ment of the process, while the smallness of the regular
width in relation to its irregular counterpart deter-
mines the structural enhancement. Not only does the
presence of the enhancement give a chance to record
an effect experimentally at a small value of the matrix
element, but it also provides the possibility of setting
a rather low limit on the amplitude at a sizable value
of the error in the measurement of the correlation
coefficient on the left-hand side of (2).

The presence of vast statistics is an obvious cri-
terion of the quality of measurements. The statis-
tics in question are determined by the reaction cross
section and the potential of an experiment. In this
respect, the scheme proposed in the present study
differs substantially from schemes that are intended
for exploring the phenomenon under discussion in
processes generated by neutron beams, in which case
the cross section for the resonance process is pro-
portional to Γreg, while the structural-enhancement
condition leads to the conclusion that it is necessary
to measure cross sections in the vicinities of p res-
onances characterized by a small value of Γreg (this
situation is exemplified by the aforementioned study
of Masuda [8]) and, hence, to perform an experiment
under conditions of a very small cross section, this
reducing statistics sharply. As was indicated in [9],
the reduction in question annihilates completely the
gain in the accuracy of determining the matrix ele-
ment because of the structural enhancement or even
outweighs it. In the scheme presented below and
schemes that are similar to it, the initial level of the
transition is populated by the preceding gamma cas-
cade, in which case the population cross section is
not directly related to the probability of the transition
itself; therefore, it is quite profitable here to employ
both dynamical and structural enhancement effects.

These considerations underlay the present search.
PH
PT -NONINVARIANT CORRELATION
BETWEEN THE DIRECTIONS

OF THE INITIAL POLARIZATION
AND THE MOMENTUM AND LINEAR
POLARIZATION OF THE PHOTON
IN A SINGLE GAMMA TRANSITION

From an analysis of all possible schemes of
searches for PT violation (these schemes include
measurements with beams of various particles and
with radioactive sources, methods for obtaining ori-
entations, correlation types, detection methods, and
choice of sources or targets), it can be inferred that
the scheme that was used in [6] and which is based
on the linear polarization of radiation from a polarized
radioactive source is the most efficient, along with
a few schemes relying on the use of neutron beams
(see [8, 10–12]) and one to two schemes beyond the
discussion in the present study. At the same time, we
believe that, at the present stage of investigations,
the cryogenic method for polarizing targets is more
reliable than the Mössbauer method and, what is
more important, makes it possible to study more
promising samples.

The proposed PT -noninvariant correlation has
the form (kγ · [J× eγ ])(J · eγ), where kγ , J, and
eγ are, respectively, the photon-momentum vector,
the vector of initial-state alignment, and the linear-
polarization vector of the photon. Expressing this
correlation in terms of the Euler angles φ, θ, and ψ
that determine the coordinate-frame rotation from
the laboratory frame (where the z axis coincides with
the alignment direction) to the frame specified by
the coordinates x′, y′, and z′ where the z′ axis is
determined by the photon-momentum direction and
the x′ axis is aligned with the linear-polarization
vector, we arrive at [13]

W (θ, ψ) = Bλ=2(I)

[
Aλ=2(γ, PT )Pλ=2(cos θ) (3)

+ 2Aλ=2,2(γ, PT )
{

(λ− 2)!
(λ+ 2)!

}1/2

× P (2)
λ=2(cos θ) sin(2ψ)

]
,

where Bλ(I) is the parameter of initial-state polar-
ization. Naturally, expression (3) features no depen-
dence on the angle φ since this angle determines a
rotation in the space of the entire measuring sys-
tem as a discrete unit. Only the λ = 2 component
of the orientation tensor (alignment) contributes to
the effect in which we are interested. The first term
in the bracketed expression on the right-hand side
of (3) (this term is independent of the direction of the
radiation polarization vector) is given for the sake of
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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generality. Albeit being determined by aPT -violating
interaction, this term does not correspond to the cor-
relation being discussed and is of no interest to us
since there is no hope for observing an extremely
small correction to a nearly identical angular depen-
dence characteristic of the PT -invariant correlation
for the process [see Eq. (5) below]. The spin–angular
correlation in the second term of the bracketed ex-
pression on the right-hand side of (3) is generated
only by a PT -noninvariant interaction; therefore, the
conditions that must be met to measure it are much
less stringent. The respective correlation coefficient
has the form

Aλ=2,2(γ, PT ) =
∑

L′π′Lπ

(−1)L“L“L′“I “J(L1L′1|22)

(4)

×





J L I

J L′ I

2 2 0





〈J |L′π′(PT )|I〉

× 〈J |Lπ|I〉
/∑

Lπ

〈J |Lπ|I〉2,

where the braced factor is a 9j coefficient, while
the factor in parentheses is a Clebsch–Gordan
coefficient. We have also used here the notation
“a =

√
2a+ 1. The factors in angular brackets are

amplitudes of gamma transitions of the system from
the initial state |I〉 to the final state |J〉. The first of
these matrix elements corresponds to the transition of
multipolarity L′π′ whose parity satisfies the condition
π′ = −π, the phase of this amplitude being shifted
by an angle of π/2 owing to a PT -noninvariant
interaction. The product of elements of the Wigner–
Racah algebra and the numerical and factorial factors
contained in expressions (3) and (4) form a spin factor
that is denoted by F{J} in Eq. (2).

In almost all of the cases where it is reasonable
to seek PT violation, the analysis can be restricted
to considering the contribution of the interference
between amplitudes of close multiplicities.

The background correlation conserving P and T
invariance has the form

W (θ, ψ) =
∑
even λ

Bλ(I)[Aλ(γ)Pλ(cos θ) (5)

+ 2Aλ=2,2(γ)
{

(λ− 2)!
(λ+ 2)!

}1/2

P
(2)
λ (cos θ) cos 2ψ],

where, in contrast to Aλ,2(γ, PT ), the quantity
Aλ,2(γ) involves parity-conserving matrix elements
of electromagnetic transitions (π′ = π), a standard
phase condition being satisfied. It has already been
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indicated that the first term in the bracketed ex-
pression on the right-hand side of (5) is negligibly
distorted by a PT -nonivariant interaction and that
the dependence of the second term on the angle ψ is
in antiphase with respect to the analogous term in (3).
From here, it is obvious that difference measurements
of the correlation being discussed are required and
that the optimum conditions of searches for this cor-
relation are realized if a Compton scatterer of photons
that is sensitive to a linear polarization is arranged in
the direction orthogonal to the polarization vector of
the sample and if the angle between this polarization
vector and the linear-polarization vector of gamma
radiation is chosen to be ψ = ±π/4 (that is, if the two
detectors of the polarimeter are installed in the planes
parallel and orthogonal to the polarization vector of
the sample).

In order to perform searches for PT violation, it
is proposed to study the linear polarization of gamma
radiation from a radioactive sample that was oriented
by a magnetic field at a low temperature. In this
case, the orientation-parameter of the initial state,
Bλ=2(I), has the form [13]

Bλ=2(I) =
√

2I + 1

(∑
m

e−mβ
)−1

(6)

×
∑
m

(−1)m(ImI −m|20)e−mβ ,

where the quantity

β = −gµNB
kT

, (7)

which determines the population of magnetic sub-
levels m, depends on the magnetic induction B and
temperature T ; it also involves the respective g factors
and the nuclear magneton. Straightforward estima-
tions show that, in order to obtain an alignment at a
level of a few tens of percent, it is necessary to cool the
sample used to a temperature of 10 to 20 mK and to
apply a static magnetic field of strength around a few
teslas. There are several operating facilities worldwide
that possess such parameters. If there is a ferro-
magnet or an antiferromagnet composite (compound,
alloy, etc.) containing the element being studied, it is
possible to relax the requirements on the refrigerator
significantly and to increase the degree of alignment.

The proposed scheme of searches forPT -violation
effects in nuclear processes has a number of obvious
advantages over other approaches. These are the fol-
lowing:

(i) An accelerator or a reactor is only required for
obtaining a radionuclide to be studied.

(ii) Possible samples can be chosen among a
rather wide range of objects, with the result that
05
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this choice can be optimized in many parameters—
in particular, it should be required that the lifetime
be reasonable and that a convenient procedure for
manufacturing samples be available; however, it is
the most important to choose processes where the
total enhancement effect is rather great. Herein lies
the main advantage of the scheme being discussed
over the Mössbauer scheme.

(iii) The range of possible samples becomes still
wider upon considering that, in addition to gamma
transitions generated by the deexcitation of long-
lived isomeric states, one can make use of secondary
gamma radiation from radionuclides appearing as
beta-decay products. Here, it is worth noting that the
use of beta sources leads to various complications,
such as depolarization, additional heat release in a
sample, and need for more sophisticated theoretical
interpretations (in view of this, we do not discuss
here such sources), but, under specific conditions,
advantages of employing particular isotopes may
outweigh these shortcomings.

(iv) In the majority of cases, it is possible to choose
an (anti)ferromagnet composite for the element being
studied. This makes it possible to achieve a high
degree of alignment. At the same time, relatively le-
nient requirements on temperature increase the cool-
ing output of the facility substantially.

(v) The efficiency of measuring a linear polar-
ization is rather high. In this respect, the proposed
scheme is much superior to experimental approaches
based on measuring a circular polarization.

(vi) The experimental procedure being discussed
does not employ a coincidence scheme, which was
used, for example, in [4]. This makes it possible to
increase the event counting rate sharply.

(vii) In this approach, the spin factor F{J} takes
much greater values than in studying cascades in co-
incidence. The scale of these values is approximately
identical to the scale of the spin factors in P-odd
correlations in the same processes.

SOME PROMISING EXAMPLES
AND POTENTIAL OF THE EXPERIMENT

Within the new scheme considered here, it seems
reasonable to explore processes that have already
been used in searches for PT -violation effects. First
of all, this concerns the decay of an aligned iso-
meric state 180mHf (its half-life is 5.5 h). In [4], Mur-
doch and his coauthors, who employed the method
of γγ coincidences, measured the PT -noninvariant
correlation (k1 · [J× k2])(J · k2) in this decay. The
spectrum of the 180Hf nucleus contains a doublet
of closely lying opposite-parity states—the 8− state
at 1.142 MeV, which is a K-isomeric state, and the
PH
8+ state at 1.085 MeV, which belongs to the ground-
state rotational band—this leading to the appearance
of a dynamical enhancement (∆E = 57 keV) of P-
and PT -violation effects. Moreover, the use of the
K-isomeric state, which is characterized by an ap-
proximately 14 order of magnitude suppression of the
gamma transition from it to the 8+ level at 57 keV and
the 6+ level at 501 keV of the rotational band, leads
to an extremely strong structural enhancement of the
violation effects under study owing to a large value of
the width ratio in expression (2). Naturally, the ma-
trix element appearing in (2) also decreases strongly.
However, this suppression of the PT -violating am-
plitude is many times smaller than the suppression of
the electromagnetic-transition amplitude, since the
former is of a two-particle origin. Owing to this,
the measured parity violation in the 180Hf nucleus
is very large. In the decay of the isomeric state of
the Hf nucleus, a very large P-odd asymmetry of
Aγ = −(1.66 ± 0.18) × 10−2 was measured by using
the 501-keV line [14]. A parity-violation effect of
greater magnitude was recorded only in experimen-
tally studying the transmission of polarized resonance
neutrons through a 139La sample. Therefore, it is
natural to expect a large PT -violation effect as well.

In the scheme being discussed, one can measure
both transitions indicated above. Since the cross sec-
tion for the reaction 179Hf(n,γ)180mHf is 0.42 b at the
thermal point, one does not have to overcome any
serious difficulties in obtaining the required isomer.
The counting procedure of the experiment imposes
the most stringent constraint on the event-counting
rate in one polarimeter shoulder, about 105.5 events
per second. With allowance for the geometry of the
scheme for measuring a linear polarization, this cor-
responds to a sample activity of about 10 mCi; there-
fore, radiation conditions and the cooling output of
the facility used are not of crucial importance. For a
relatively short-lived nuclide, an upper limit on the
total exposure time can be estimated at about 106.5 s.
Taking into account the percentage of emitted pho-
tons (57 and 14%), one can obtain, in this case, the
statistical samples of about 1011.5 and 1011 events
for, respectively, the 57- and the 501-keV transitions
being discussed. Finally, we note that, according to
formulas (3) and (4), the spin factor F{J} turns out to
be 0.5 and 0.12 for these two transitions. In the case
where one measures γγ coincidences, the analogous
factor takes the value of 0.02. Considering that the
polarimeter efficiency is close to unity and that the
attainable degree of polarization of a 180mHf sample
is quite high (about 0.5), we can find that, in the
transitions being discussed, the correlation of interest
can be measured with a statistical error of about 10−5

and 10−4.3, respectively. Thus, we see that, within the
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experimental scheme proposed here, the use of the
501-keV line and available research facilities would
make it possible to set an upper limit on the PT -
violation amplitude at level of about 10−2.5 with re-
spect to the measured P-odd amplitude, this being
far superior to present-day achievements. As to the
57-keV line, the above upper limit can hardly be im-
proved despite better measurement conditions, since,
according to the experiment reported in [15], parity
violation in the respective transition is an order of
magnitude weaker, Pγ = −(2.3 ± 0.6) × 10−3. Nev-
ertheless, an investigation of two transitions in the
same experiment is of importance—see the respective
argument in the Conclusions. In all probability, the
upper limit under study can be reduced further by an
order of magnitude upon creating, for an experiment
aimed at searches forPT violation, a dedicated facility
that would combine a high efficiency of the detector
and its short resolution time, the tuning of the po-
larimeter (owing to filters, scattering angles, and the
detector thickness) to a specific photon energy (this
would make it possible to apply an integral rather
than a counting procedure), a high cooling output
of the refrigerator and a small absorption of gamma
radiation in its walls, and a circuit that would be able
to operate under severe radiation conditions. Thus,
the proposed scheme is quite competitive both with
respect to measuring the electric dipole moment and
with respect to studying the rotation of the spin of
a neutron that traverses a polarized 139La target.
Moreover, the cost of the facility in question will be
much lower than the cost of equipment necessary for
measurements within the last two schemes.

At the same time, it cannot be stated that the
isomer 180mHf is optimal for the purpose pursued
here. For this reason, we deem it necessary to analyze
some more examples of crucial importance.

In the context of the proposed experimental method,
the isotope in question is disadvantageous in that it
is characterized by a short lifetime and a complicated
and hard gamma spectrum. The isotope 178Hf ex-
hibits a similar scheme of levels and transitions (the
half-life of the 8− level at 1.147 MeV is 4.0 s) and, in
addition, a higher 16+ isomeric state at 2.446 MeV
(its half-life is 31 yr), which is deexcited through
the 8− level. Unfortunately, the application of this
convenient energy-level scheme is hindered by the
fact that it is very difficult to obtain the 16+ isomer
of 178Hf. The cross section for the production of this
isomer in a thermal-neutron beam is negligible (about
10−7 b). The conditions for its production in proton
or alpha-particle beams are more favorable, but only
rather weak and very expensive sources could be
obtained even in those cases.
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The isomer 119mSn, which was already used in
the aforementioned experiment, is also a long-lived
source. It would be of importance to verify the results
of the experiment with this isomer by applying the
cryogenic (rather than the Mössbauer) procedure for
generating a nuclear polarization. The 23.8-keV line,
which is investigated in this case, is the second line of
the cascade that deexcites the 11/2− isomeric state
at 89.5 keV (its half-life is 293 d). The long lifetime
makes it possible to reach an exposure time of about
107 s without overcoming serious difficulties, while
the absence of other lines in the gamma spectrum (the
first transition of the cascade is of a purely conversion
character) creates preconditions for employing the
integral procedure. Therefore, the constraints on the
counting rate are imposed predominantly by radiation
conditions and by the cooling output of the refrigera-
tor. Considering that the conversion coefficient for the
transition being studied is equal to five, we find that
the counting rate attainable at present-day facilities
is about 106.5 events per second. The cross section for
the reaction 118Sn (n, γ)119mSn at the thermal point
is not large, 0.004 b, but it is sufficient for obtaining,
within the half-life period, the required source of in-
tensity about 10−0.5 Ci at powerful reactors. More-
over, an efficient production of this radionuclide in the
116Cd + α reaction is possible. Thus, the correlation
being discussed can be measured to a precision of
about 10−6. It is straightforward to take theoretically
into account the depolarization of the sample under
study at the first step of the gamma cascade. The
depolarization effect is modest. However, the ques-
tion of the constraint on the matrix element is not
quite clear, since a large experimental effect of parity
violation, Pγ = −(0.90 ± 0.13) × 10−3 [7], is at odds,
as has already been mentioned, with the theoretical
estimate that is based on the generally accepted value
of the parity-violation amplitude and which is quite
small because of an almost complete absence of en-
hancement effects, about 10−5.5.

Problems of studying PT violation in the cases
where neither P- nor PT -noninvariant effects were
measured for a given cascade will be illustrated by
considering the following example. Among long-lived
isomers, the 174Lu nucleus possesses quite an appro-
priate doublet pair in the spectrum. The (6−) isomer of
excitation energy 170.8 keV has a lifetime of 142 d. It
is deexcited predominantly via the (6−), 170.8 keV→
(3−), 111.8 keV → (2−), 44.7 keV → (1−), 0 keV
cascade, the second transition of this cascade being
the subject of investigation. The value of theM1/E2
ratio suggests that this transition is strongly sup-
pressed. The energy of the (2+) level, which is the
doublet partner of the (2−) level, is 340.1 keV. The
05



1986 KURGALIN et al.
lifetime of this level has not yet been measured, but
the most intense gamma transition from it is precisely
(2+) → (3−). Therefore, it is natural to expect that
the amplitude of the irregular transition (3−) → (2+)
is many times greater than the amplitude of the re-
spective regular transition. A relatively small energy
spacing ∆E between the doublet components and
a highly probable structural enhancement associated
with the smallness of the width Γreg lead to an ex-
pected value of the P-odd effect at a level of about
10−4. The influence of a P-odd admixture of the (3+)
state at 240.8 keV on the magnitude of the effect
is insignificant, since measurements reveal that the
E1 transition (3+) → (2−), which plays the role of
the irregular transition in this case, is strongly sup-
pressed. The gamma spectrum of the isomer in ques-
tion features only two intense lines, which correspond
to the last steps of the cascade, the intensity of the
background line being greater than the intensity of
the line under study by a factor of 1.5. This situation
does not present obstacles to the application of the
integral scheme. The isomer is vigorously populated
in the (α, p), (α, np), (α, 2np), and (α, 3np) reactions
on the natural mixture of Yb isotopes, since an alpha
particle introduces a high angular momentum in the
compound nucleus [16]. In summary, the isomer be-
ing discussed is not inferior to and maybe even more
promising than 119mSn. However, spectroscopic ta-
bles do not give a hundred percent assurance of the
aforementioned spin values for the levels listed above,
this rendering the respective scheme not quite reli-
able. Information about the times of the regular and
irregular transitions being discussed is also insuffi-
cient. Therefore, the preparation of the main experi-
ment would require spectroscopic measurements (in-
cluding correlation measurements) that do not have
a direct bearing on investigations of fundamental-
symmetry violation. Moreover, a preliminary mea-
surement of parity violation is necessary in any case
for reliably interpreting results on PT violation, since,
in searches for PT violation, the ratio of the upper
limit on the amplitude of this violation to the ampli-
tude ofP violation is the most informative quantity, as
was indicated above. However, this is not a drawback,
since measurement of P-odd effects in nuclei is of
interest in itself.

Wewould like to emphasize that the list of promis-
ing examples is not exhausted by those that were
given above; therefore, more favorable cases can be
found in the process of searches.

CONCLUSIONS

The above analysis has led to the conclusion
that PT -violation effects in nuclear processes can
be measured to a precision at a level of 10−3 of
PH
the measured magnitude of P violation in the same
nucleus. This makes it possible to set a limit on
the isovector constant in the PT -violating vertex
function at the level reached in measuring the electric
dipole moment—that is, at a level of 10−10 with
respect to strong coupling constants. This conclusion
is based on the scheme within which one measures
the linear polarization of an oriented source. In all
probability, some elements of the scheme can be
improved. In this case, there would arise prospects
for obtaining experimental results that could compete
with or even be superior to their counterparts from
measurement of the electric dipole moment rather
than supplement them.

It should be noted that, in this (last) case, where
the PT -violating correlation is measured at a preci-
sion level of 10−3 with respect to the P-odd effect in
the same process, there arises the problem of final-
state PT -invariant interaction—in the specific case
being considered, photon interaction with electrons of
atomic shells—which can mimic a PT -noninvariant
effect. However, Tsinoev et al. [6] demonstrated the
possibility of tuning away from this spurious effect.
Although this possibility is not universal, they showed
that one can measure the spurious effect to a fairly
high accuracy and, hence, study, in a series of ex-
periments, photon–electron interaction to such an
extent that it would be possible to assess, to the
required degree of precision, the amplitudemimicking
the PT -noninvariant effect and to subtract it from
the results of measurements—that is, to separate
the actual effect against this background. In order
to implement this separation, however, it would be
very useful to measure PT -violating correlations and
correlations mimicking this effect at least for several
nuclear transitions in different nuclei or better in the
same nucleus, and this is possible in experiments with
the 180mHf isomer.
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Abstract—The kinematical dependences of cross sections for the electrodisintegration of nuclei that is
induced by high-energy electrons is studied within the shell model of the nucleus. It is proposed to identify
the quantum numbers of nuclear shells by a method that involves the subtraction of quasielastic peaks. The
effect of Coulomb resonances and quasireal photons on the formation of angular and energy distributions of
electrons and protons inA(e, e′p)(A− 1) reactions is explored. The phenomenon of quasielastic-peak shift
and broadening is interpreted. c© 2005 Pleiades Publishing, Inc.
1. INTRODUCTION:
ELECTRODISINTEGRATION OF NUCLEI

WITHIN THE SHELL MODEL

At the present time, the shell model of the nu-
cleus is playing the role of a universal model within
which one can analyze and systematize [1–3] the
results of a wide variety of experiments in nuclear
and elementary-particle physics. In view of this, an
identification of the shell structure of nuclei in a direct
nuclear experiment and an investigation of the appli-
cability range of various shell-model versions are the
subject of permanent and unquestionable scientific
interest. In solving this problem, researchers place
their hope to some extent on experiments aimed at
studying proton knockout from nuclei by high-energy
electrons in A(e, e′p)(A− 1) reactions.

Owing to the weakness of the interaction between
electrons and intranuclear nucleons, the exclusive
cross section σxνl(k,k′,K) for the knockout of an
x nucleon (x = n, p) from the νl shell of a nucleus
can be represented, over a broad kinematical region
of A(e, e′p)(A− 1) reactions and to a precision suffi-
cient for the purposes of the ensuing analysis, in the
factorized form [4–8] (� = c = 1)

σxνl(k,k′,K) ≡ d5σxνl
dε′dΩ′dΩ

= e4NxνlF
2
E(q2µ) (1)

× 4MK

k2
P (k,k′)Sx(k,k′,K)Gxνl(q,K),

where e is the electron charge; M ≡Mx is the nu-
cleon mass; Nxνl is the number of x nucleons in
the νl shell of the nucleus involved; FE(q2µ) = (1 +

1)Bogolyubov Institute for Theoretical Physics, National
Academy of Sciences of Ukraine, Metrologichna str. 14-b,
03143 Kyiv, Ukraine.

2)National Taras Shevchenko University of Kyiv, Volodymyrs-
ka str. 64, 01033 Kyiv, Ukraine.

*e-mail: olpa@ukrpost.net
1063-7788/05/6812-1988$26.00
(0.055 fm2)q2µ)−2 is the form factor of the charge-
density distribution in the proton; ε and ε′ are the
electron energies prior to and after scattering, respec-
tively; k and k′ are their corresponding momenta;

(qµ) = (q, iω), q = k− k′, ω = ε− ε′, (2)

q2µ = q 2 − ω2;

E and K are, respectively, the kinetic energy and
momentum of the knock-on nucleon;

P (k,k′) ≡ P (θ′) =
k2k′2

(q2µ)2
, (3)

θ′ ≡ θk′ , θ ≡ θK, θk = 0, ϕ′ ≡ ϕk′ = 0,
ϕq = π;

Sx(k,k′,K) =
1

2kk′
(4)

×
{
δxp

[(
1 +

ω

M
+

q2(1 − 2γx)
4M2

)
(εε′ + k · k′)

− 2
M

K · (εk′ + ε′k) +
q2µK

2 + 4(k · K)(k′ ·K)
2M2

]

+ γ2
x

4[k × k′]2 + (q2µ)2

4M2

}

is a dimensionless function of the kinematical vectors
k, k′, and K, which reflects the structural features of
relativistic-electron interaction with a quasirelativis-
tic nucleon, the quantity γx being given by

γx = 1.79δxp − 1.91δxn;

and

Gxνl(q,K) =
1

(2l + 1)(2π)3
(5)

×
m=l∑
m=−l

|〈K| exp(iq · r)|xνlm〉|2
c© 2005 Pleiades Publishing, Inc.
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is the distorted momentum distribution, which is de-
termined by the dynamics of the knock-on nucleon
in the |xνlm〉 bound state and in the |K〉 continuum
state. First, we assume that the relativistic-electron
energy loss ω = ε− ε′ is due exclusively to a sin-
gle event of electron collision with an individual x
nucleon of the νl shell of the nucleus. Part of the
energy ω transferred to the nucleon is expended into
overcoming the attractive forces holding the nucleon
in the bound state within the nucleus and is referred to
as the intranuclear-nucleon separation energy wxνl.
In the ensuing calculations, we identify the separa-
tion energy wxνl (wxνl > 0) with the binding energy
εxνl (εxνl > 0) of a nucleon in the corresponding nu-
clear shell in the independent-particle model:

wxνl = εxνl. (6)

The remainder ω −wxνl is the kinetic energy E of the
knock-on nucleon:

E = ω − wxνl =
K2

2M

(
1 − K2

4M2

)
. (7)

In order to perform more accurate calculations
of cross sections for nuclear electrodisintegration,
quite involved and cumbersome numerical methods
were developed in [9, 10] within the so-called full
relativistic model, where the wave functions for nu-
cleons and electrons are determined by numerically
integrating the equations of relativistic quantum me-
chanics for fermions. Over a rather broad kinematical
region of nuclear-electrodisintegration processes, the
application of this advanced computational proce-
dure to determining the features studied below for
A(e, e′p)(A− 1) reactions leads [11], in the majority
of cases, to some quantitative corrections, which,
however, can also be taken into account within the
model used here. In the following, emphasis will be
placed here on those results for A(e, e′p)(A− 1) re-
actions that can be confirmed by the aforementioned
relativistic calculations.

If the energy of knock-on protons is so high that
the distortion of nucleon motion in the final state can
be disregarded, in which case

ψK(x) → exp(iK · x), (8)

then Gxνl(q,K) in (5) transforms into the momen-
tum distribution G0

xνl(q − K) of nucleons in the xνl
shell of the nucleus:

G0
xνl(q − K) =

1
(2l + 1)(2π)3

(9)

×
m=l∑
m=−l

∣∣∣∣
∫

〈x|νlm〉 exp(i(q − K) · x)dx
∣∣∣∣
2

.

From precisely the plane-wave-approximation ex-
pression (9), one can readily deduce the idea of
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
employing significant distinctions between the mo-
mentum distributions of nucleons in filled nuclear
shells to identify the shell structure of light nuclei
in A(e, e′p)(A− 1) reactions. If, for example, one
assumes that the distinction between the separation
energies wxνl of protons in filled nuclear shells makes
it possible to identify protons in an experiment that
were knocked out from different shells, then, by
studying the cross section (1) as a function of the
absolute value |κ| = |q − K| of the momentum of an
intranuclear nucleon at the instant of its collision with
a relativistic electron, we can explore the momentum
distribution of protons in different nuclear shells [12].

In experimental investigations of the momentum
distributions of protons in shells of medium-mass
and heavy nuclei [13], an attempt was made to
identify protons knocked out from the outer 2s (40Ca
nucleus) and 3s (208Pb nucleus) shells by using,
for this purpose, nonstandard special features of the
shape of the momentum distributions of protons in
shells whose radial quantum numbers satisfy the
condition ν ≡ νl > 1. Since the mean field in which
the knock-on proton moves in a heavy nucleus
is much stronger than the nuclear field of a light
nucleus, it is of interest to study the effect of a
strong refraction of the knock-on proton in the final
state on the shape of the momentum distributions of
protons in individual nuclear shells. Figure 1 shows
the cross sections σxνl(k,k′,K) = σxνl(κ) (κ =
|q − K|) for proton knockout from various shells of
208Pb nuclei that is induced by electrons of energy ε =
500 MeV. These cross sections were calculated for the
coplanar-orthogonal-kinematics version [14], where
the inelastic-electron-scattering angle θ′0, which is
determined from the condition

q2 = K2 → k2 + k′
2 − 2kk′ cos θ′0 = 2ME + E2,

(10)

is fixed and where either the emission angle θ of the
knock-on proton or the absolute value of the momen-
tum of the proton in the nucleus, |κ| = |q− K|, at
the instant of the collision between this proton and the
electron that knocks it out appears as the argument of
the function σxνl(κ) (the former is directly related to
the latter). The quantity κ can readily be determined
from the following sequence of formulas:

cos(θq) =
k2 + q2 − k′2

2kq
, (11)

κ = [q2 +K2 − 2qK cos(θ − θq)]1/2

× sgn(θ − θq)|q=K = 2|K| sin θ − θq
2

.

Here (Fig. 1) and below, the symbols “0” and “d”
label results that were obtained in, respectively, the
05
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Fig. 1. Exclusive cross sections σpνl(κ) for the electrodisintegration of 208Pb nuclei according to calculations in the mode of
orthogonal coplanar kinematics [|q| = |K|, κ = |K − q| = 2K sin((θ − θq)/2)] in the (0) plane-wave approximation and (d)
with allowance for the final-state interaction of the knock-on proton (ε = 500 MeV, E = 165 MeV). The curves representing
σpνl(κ) are labeled with the quantum numbers νl of the shells from which the proton is knocked out.
plane-wave [see expression (9)] and the impulse [see
expression (5)] approximation, the final-state interac-
tion being taken into account in the latter case [12].
The parameters of the Woods–Saxon potential

U(r) =
V0x

1 + exp(a−1(r − r0A1/3))
, (12)

which is used to calculate nucleon wave functions
in bound and continuum states, are most frequently
chosen to be V0p

∼= 52, 55, and 58 MeV for, respec-
tively light (A < 45), medium-mass, and heavy (A >
100) nuclei; V0n = 45 MeV; a = 0.55 fm; and r0 =
1.25 fm.

From the graphs in Fig. 1, it follows that, in
PH
the case of a heavy nucleus, the final-state interac-
tion of the knock-on nucleon with the residual nu-
cleus distorts significantly the shape of the nuclear-
electrodisintegration cross section as a function of the
proton emission angle in coincidence experiments.
It should be noted, however that, as in the case of
light nuclei [15, 16], the effect of final-state interaction
can in principle be suppressed by means of a special
choice of the kinematical conditions of an experiment
(for example, by increasing the electron scattering
angle in the case of orthogonal kinematics).

We recall that, as a matter of fact, the separa-
tion energy wxνl, which is necessary for removing
a nucleon from the xνl shell, is a single parameter
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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according to which one associates, in coincidence
experiments, the knock-on proton with the nuclear
shell under study, the numerical value of wxνl deter-
mining directly the kinematical conditions of mea-
surements in coincidence experiments in studying
momentum distributions of protons in nuclear shells.
For this reason, it is of importance to find addi-
tional arguments that would confirm the correctness
of determining this significant parameter. Of course,
an experimental corroboration of theoretically pre-
dicted nonstandard features that manifest themselves
in the A(e, e′p)(A− 1) cross sections being studied
may serve as one of such compelling arguments.
For example, agreement between the experimentally
measured and the theoretically predicted momentum
distributions of protons in the 3s shell of the 208Pb
nucleus (the number and position of the maxima,
the relationship between the cross sections at the
points of extrema, and so on) could be interpreted as
an unquestionable argument in support of the shell
model of the nucleus. Below, we will study some
theoretically predicted features of the dynamics of
nuclear-electrodisintegration processes and analyze
the effect of various factors manifesting themselves
in exclusive and inclusive cross sections for nuclear
electrodisintegration.

2. QUASIELASTIC PEAKS AND SHELL
STRUCTURE OF NUCLEI

The aforementioned experiments (see [13]), in
which one fixes the coincidence of an inelastically
scattered electron and the proton knocked out by this
electron, require painstaking efforts. In view of this,
it is of interest to study the potential of inclusive ex-
periments [17] aimed at identifying the shell structure
of nuclei and at determining the parameters of the
shell model in studying nuclear-electrodisintegration
processes. For this purpose, we will study in greater
detail the properties of quasielastic peaks—that
is, A(e, e′p)(A− 1) cross sections σ(ε′, θ′) ≡ σ(ω),
which determine the energy distribution of electrons
at a fixed value of the scattering angle θ′ [18, 19]. On
the basis of σxνl(k,k′,K) (1), we determine, for a
subsequent analysis, the cross section σxνl(ε′, θ′) for
inelastic electron scattering on the nucleons of the
xνl shell at a fixed value of the scattering angle θ′

and the total cross section σ(ω) for scattering on a
nucleus (quasielastic peak):

σxνl(ε′, θ′) ≡
d3σxνl
dε′dΩ′ ≡ σxνl(ω) (13)

=
∫

Ω

σxνl(k,k′,K)dΩK,
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σ(ε′, θ′) ≡ σ(ω) =
∑
xνl

σxνl(ω).

We also introduce some additional quantities used
below. These are the cross section σuxνl(ω) per xνl
nucleon, the integrated cross section σus

xνl(θ
′) per xνl

nucleon, and the integrated cross section σ(θ′):

σuxνl(ω) =
σxνl(ω)
Nxνl

, (14)

σus
xνl(θ

′) ≡ σus
xνl =

ε∫

0

σuxνl(ω)dω,

σ(θ′) =

ε∫

0

σ(ω)dω.

We will first study special features of the cross
sections σ(ω) for as wide a range of light, medium-
mass, and heavy nuclei as is possible. With an eye to
a comparison of the calculated and measured values
of σ(ω), the objects of the investigations and the
kinematics of electron scattering are chosen to be
identical to those in [18]: ε = 500 MeV and θ′ = π/3.

By way of example, Fig. 2 shows the cross sec-
tions σ(ω) for inelastic electron scattering on 24Mg,
59Ni, 119Sn, and 208Pb nuclei. The solid and dashed
curves were calculated in, respectively, the d and the 0
approximation. The Coulomb interaction of knock-on
protons with a target nucleus was described in terms
of the potential of a uniformly charged ball [its charge
and radius being (Z − 1)e and r0A1/3, respectively].

In comparing the measured [18] and calculated
(Fig. 2, curves 1) cross sections, we always place
emphasis on special features of the shape of the cross
sections σ(ω) such as the quasielastic-peak height,
the position of the maximum, and the half-width of
the peak.
Quasielastic-peak height. Comparing the cal-

culated and the measured quasielastic peaks only in
height and paying, for the time being, no attention
to other features of the cross sections σ(ω), one can
immediately notice that the calculated cross sections
exceed somewhat their measured counterparts and
that, in the region of heavy nuclei, the relative magni-
tude of this excess grows monotonically with increas-
ing charge Ze of the target nucleus. In the situation
being considered, the magnitude and the character
of the above discrepancy between the theoretical and
experimental values of σ(ω) suggest invoking the
trick proposed in [11] for approximately taking into
account the effect of the Coulomb field of the nucleus
on the motion of a relativistic electron. The proposed
modification of the computational model essentially
consists in replacing, in electron plane waves, the
05
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Fig. 2. Inclusive (curves 1, 2) cross sections σ(ω) for inelastic electron scattering on 24Mg, 59Ni, 119Sn, and 208Pb nuclei
versus the energy transfer ω (quasielastic peaks). Curves 1 correspond to the results calculated within the original model
specified by Eqs. (1)–(9), while curves 2 take into account the distortion of electron plane waves in accordance with (15) in the
initial and final states by the Coulomb field of the nucleus being considered. Curves 3 represent the contribution of the neutron
component of the nuclei to the cross section σ(ω) under the following kinematical conditions of scattering: ε = 500 MeV and
θ′ = π/3. In the vicinities of the resonance energies ω = εxνl −ExNL, the cross sections σ(ω), which take enormous values
in these regions, are cut off for the sake of convenience approximately at the height of the plane-wave quasielastic peak (see
Fig. 3 below).
initial and final values of the energy and momenta
of scattered electrons by their effective values at the
center of the target nucleus according to the scheme

ε =
√

k2 +m2 → ε =
√

k2
eff +m2 (15)

− 3Ze2

2R
→ εeff = ε+

3Ze2

2R
=
√

k2
eff +m2;

that is, the acceleration by the Coulomb field of the
target nucleus results in that the effective momenta
(and energies) of the electron immediately prior to
PH
(keff) and after (k′
eff) the event of a collision with an

intranuclear nucleon increase: keff > k and k′eff > k
′.3)

Curves 2 in Fig. 2, which were calculated with al-

3)A similar empirical trick for approximately taking into ac-
count the final-state interaction of a knock-on proton with
a nuclear residue by redefining the proton momentum in
the plane-wave approximation was applied earlier in [20]. It
should also be noted that the trick specified by Eq. (15) is of a
low efficiency in interpreting experimental data from [17], in
which case the excess of the calculated cross sections over
their measured counterparts is much greater.
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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lowance for the effect of the Coulomb field of the tar-
get nucleus on the dynamics of the scattered electron,
describe better the maximum values at the measured
quasielastic peaks; curves 3 in the same figure rep-
resent the contribution of the neutron component of
nuclei to the cross sections σ(ω). We will see below
that nuclear-electrodisintegration processes are in-
evitably accompanied by other phenomena that af-
fect the height, the width, and the position of the
quasielastic-peak maximum.

Special features of the resonance spectrum.
The presence of sharp resonance peaks [21], which
are caused by single-particle resonance states of nu-
cleons in the continuous spectrum, is a feature pe-
culiar to the cross sections σ(ω) calculated with al-
lowance for the final-state interaction of the knock-on
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
nucleon, this being so for almost all (light, medium-
mass, and heavy) target nuclei. The majority of the
resonance states are single-particle proton states that
owe their existence to the concerted effect of attractive
nuclear forces and repulsive Coulomb forces; in the
case of neutron resonances, whose number is small,
centrifugal forces play the role of repulsive forces.4)

The heights and half-widths of resonance (νl→
4)Coulomb resonances are some kind of analytic continuation

of the shell structure of nuclei to the region of the con-
tinuous spectrum [21]. In all probability, these resonances
are an indispensable attribute of many modifications of the
shell model, but, in view of some of the special properties
inherent in them (including their elusiveness), one can en-
counter them only rarely [22] on the graphs of the calculated
quasielastic peaks.
05
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Table 1. Integrated cross sections σus
pνl(θ

′) for inelastic
electron scattering on a single νl proton of the 208Pb nu-
cleus (ε = 500 MeV, θ′ = π/3) according to calculations
performed (d) with allowance for final-state interaction and
(0) in the plane-wave approximation

νl
σus

pνl, 102 µb/sr

d 0

10 1.039 1.062

11 1.038 1.076

12 1.054 1.056

20 1.050 1.039

13 1.059 1.082

21 1.058 1.109

14 1.072 1.093

22 1.065 1.100

30 1.057 1.081

15 1.097 1.075

NL) peaks are determined by the quantum numbers
of the relevant discrete (νl) and resonance (NL)
states and, for this reason, are greatly dependent on
the parameters of the mean nuclear field in the shell
model. For the sake of clarity and convenience of a
comparison of the calculated curves, extremely high
and sharp resonances in the cross sections σ(ω) in
Fig. 2 are deliberately cut off (approximately at the
height of the quasielastic peak) and additional infor-
mation about the properties of σ(ω) in the region of
moderate energy transfers is given in Fig. 3 for 208Pb,
119Sn, and 89Y nuclei. In the case of the 208Pb nu-
cleus, the calculations were performed for two values
of the depth V0p of the Woods–Saxon potential, V0p =
58.0 MeV(1) and V0p = 58.4 MeV(2). From the ex-
ample of the 208Pb nucleus, it follows that the heights
(and half-widths) of resonance peaks in the cross
sections for inelastic electron scattering may undergo
enormous changes (by several tens of orders of mag-
nitude) even in response to relatively small changes
in the potential parameters. Considering, by way of
example, the Pb(1) and Pb(2) panels in Fig. 3, we can
indicate that, in the former case, the ten (the number
of filled proton shells in the 208Pb nucleus) high-
est vertical lines (resonances) are in fact Lorentzian
curves [21] of half-width γp23 ≈ 7.1 × 10−42 MeV
(E23 ≈ 0.464 MeV), but that, in the latter case, which
is similar to the former case, these are analogous
curves of half-width γp23 ≈ 2.1× 10−83 MeV (E23 ≈
0.143 MeV). Such nontrivial changes in the proper-
PH
ties of Coulomb resonances occur only in the region
of modest values of the Coulomb resonance energy
ENL. As the depth of the potential well increases fur-
ther, a continuum resonance state of energyENL > 0
transforms (NL→ νl) into a discrete bound state of
energy ενl < 0.

We note that the exotic values presented in Fig. 3
for the resonance cross sections σ(ωνl→NL) do not
guarantee a priori an experimental discovery of a
Coulomb resonance since an enormous height of the
respective resonance peak is usually combined with
its anomalously small half-width γpNL. In a physi-
cal experiment, one usually measures the integrated
power of one or a few isolated Coulomb resonances:

σur(ωνl→NL) ≡ σur
νl→NL =

ωνlNL+δE∫

ωνlNL−δE

σupνl(ω)dω,

(16)

ωνlNL = ENL − ενl, δE � γpNL.

Therefore, the possibility of experimentally discov-
ering a Coulomb resonance in studying quasielastic
peaks depends greatly on the specific numerical result
of integration in (16).5) We also note that, in Fig. 3,
the observed distinctions between the resonance-
peak heights for the 208Pb nucleus (cases 1 and 2) can
hardly manifest themselves in measured σ(ωνl→NL),
since, even if the height of resonance peaks increases
by several tens of orders of magnitude, their half-
widths γpNL decrease accordingly: as a result, the
integrated [see Eq. (16)] strengths of Coulomb res-
onances undergo only slight (within a few percent)
changes. An answer to the question of whether
Coulomb resonances are observable in a physical
experiment can be deduced from the data in Table 1,
where the integrated cross sections σus

pνl (14) for
inelastic electron scattering are given according to
the calculations in the 0 and in the d approximation
and the data in Table 2, where the integrated reso-
nance cross sections σur

νl→NL (16), which have the

5)Despite the unusual properties of single-particle Coulomb
resonances, the proton wave functions in the region of res-
onance energies in the continuous spectrum are conven-
tional distorted waves ψ(±)

K (r)—that is, they are solutions to
the Schrödinger equation that correspond to a real-valued
energy [21]. In order to perform integration in (16), one
does not need additional axiomatics associated, for exam-
ple, with nonstandard properties of states corresponding to
complex (according to Gamow) values of energy [23]. In the
mathematical aspect, the operation in (16) does not involve
technically insuperable difficulties. As the resonance energy
ENL approaches the Coulomb barrier height V C

b , Coulomb
resonances become less sharp, acquiring a width visually
observable on the graphs.
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Table 2. Integrated cross sections σur
νl→NL (in µb/sr) per nucleon for inelastic electron scattering (ε = 500 MeV,

θ′ = π/3) accompanied by the excitation of NL Coulomb resonances in the knockout of a proton from the νl shell of
the 208Pb nucleus (ε = 500 MeV, θ′ = π/3)

νl
NL

23 16 31 24 32 17

10 3.75 × 10−4 1.77 × 10−3 2.40 × 10−4 2.48 × 10−3 1.10 × 10−3 9.41 × 10−3

11 3.17 × 10−3 7.50 × 10−3 1.85 × 10−3 1.18 × 10−2 8.46 × 10−3 3.16 × 10−3

12 8.03 × 10−3 4.32 × 10−3 4.61 × 10−3 3.45 × 10−3 9.18 × 10−4 2.31 × 10−2

20 1.29 × 10−2 6.28 × 10−5 8.20 × 10−3 6.30 × 10−7 7.30 × 10−4 5.57 × 10−2

13 2.67 × 10−3 1.57 × 10−2 3.66 × 10−4 3.73 × 10−2 2.74 × 10−2 1.20 × 10−1

21 9.47 × 10−4 4.73 × 10−2 1.03 × 10−4 9.30 × 10−2 5.92 × 10−2 1.71 × 10−1

14 2.40 × 10−2 8.64 × 10−2 1.88 × 10−2 1.43 × 10−1 8.60 × 10−2 3.51 × 10−1

22 6.08 × 10−2 1.51 × 10−1 4.25 × 10−2 3.29 × 10−1 2.61 × 10−1 2.96 × 10−1

30 8.40 × 10−2 1.60 × 10−1 5.56 × 10−2 4.32 × 10−1 3.87 × 10−1 7.57 × 10−2

15 8.36 × 10−2 2.55 × 10−1 4.46 × 10−2 2.84 × 10−1 9.52 × 10−2 6.57 × 10−1
same dimensions, are given for the 208Pb nucleus at
θ′ = π/3 and ε = 500 MeV.

From the data presented in Table 1, we deduce that
the integrated scattering ability of a single nucleon—
that is, its total individual contribution to σ(ω)—
is virtually independent of the quantum numbers of
the shell from which the proton is knocked out.6)

Relying on this fact, one can conclude that, over a
rather wide kinematical region of inelastic-electron-
scattering processes, the integrated strength of a
quasielastic peak is an invariant quantity within the
shell model: σ(θ′) = const. This implies, among other
things, that the decrease in the height of a peak in
response to variations in the parameters of the mean
nuclear field is accompanied by its broadening, while
the increase in the height of the peak is accompanied
by its narrowing. Our numerical calculations revealed
that modest relative variations in potential parameters
exert virtually no effect on the shape of the quasielas-
tic peak.

An analysis7) of the numerical values presented
in the tables for σus

pνl and σur
νl→NL makes it possible

6)This result could be foreseen. Under the kinematical condi-
tions of the scattering process that were specified above, the
invariability of σus

pνl in response to variations in the quantum
numbers νl is in fact a corollary of the normalization condi-
tion for the momentum distributions of nucleons in nuclear
shells:

∫
Gxνl(q,K)dK = 1.

7)One can easily see that, in the kinematical region being
studied, monopole, quadrupole, and octupole transitions,
as well as transitions of other multipolarities, can manifest
themselves in addition to dipole transitions or even be more
noticeable than them, or no transitions are observable there.
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to predict some of the Coulomb resonance–induced
features of the cross sections σ(ω) ≡ σ(ω,A,Z). For
a sequence of neighboring nuclei, we now compare
in pairs the measured cross sections σ(ω,A,Z) with
their counterparts tabulated in [18]. From this com-
parison, we can readily see that, in the quasielastic-
peak region, the following inequality holds as a rule:

σ(ω,A,Z) < σ(ω,A′, Z ′), ∀{A < A′, Z < Z ′}.
(17)

In the aforementioned measurements, the inequality
in (17) is violated only in a few cases and only at
moderate values of the energy transfer ω. By way
of example, we indicate that, for the pair of 208Pb
and 181Ta nuclei, the inequality in (17) is violated at
ω = 30, 36, 56, and 60 MeV, while, for 181Ta and
119Sn, it is violated for ω = 46 MeV. Upon taking into
account the features of the dynamics of fast-electron-
induced nuclear electrodisintegration (phenomenon
of quasireal photons) that are studied below and em-
ploying the numerical results given in Tables 1 and
2 and in Fig. 2, one can predict a violation of the
inequality in (17) in the above regions of the spectra
of inelastic electron scattering. The assumption that
the inversion of the inequality in (17) in the case of
heavy and medium-mass nuclei at modest values of
the energy transfer ω occurs more frequently could be
verified only by much more thoroughly studying the
properties of the electron spectra in the region of low
(ω ≤ 60 MeV) energy transfers. Unfortunately, there
are a large number of cases where ellipses appear
in [18] precisely in this interval (in all probability, this
corresponds to failed measurements).
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Position of the maximum and half-width of
the peak. Comparing the positions of the maxima of
the calculated and measured quasielastic peaks σ(ω),
we can readily see that, at the chosen values of the
potential parameters, the plane-wave approximation
describes better, at first glance, the position of the
maximum of the experimental cross section than the
d approximation.

This result, which is somewhat unexpected, is
likely to be accidental and is, in the present case,
a corollary of some inconsistency in the traditional
definition of the limiting transition (8) to the plane-
wave approximation. This statement is supported by
the calculations of the cross section for the electro-
disintegration of a 89Y nucleus that were specially
performed for two sets of values for the depths V0x

of the Woods–Saxon potential: V0p = 50 MeV and
V0n = 45 MeV (Fig. 4, curves 1) and V0p = 70 MeV
and V0n = 65 MeV (Fig. 4, curves 2). On the respec-
tive graphs, one can see that, in the d approximation,
the positions of the maxima of σ(ω) for the potentials
differing significantly in the depths V0x coincide (the
effect of orthogonality of the wave functions associ-
ated with the discrete and continuous spectra), but
that curve 2 calculated in the plane-wave approxi-
mation [see Eq. (8)] is shifted rightward sizably with
increasing potential depth.8) It can readily be guessed
that this shift is due to the increase in the binding
energies εxνl of nucleons in nuclear shells with in-
creasing potential depth parameters V0x.

The limiting transition ψK(x) → exp(iK · x) in
the continuum region can readily be implemented by
setting

V0x = 0, (Z − 1)e = 0. (18)

The orthogonality concept for wave functions [6],
which is basic in the theory of quantum-mechanical
transitions, suggests that it would be natural to sup-
plement, in realizing the plane-wave approximation
specified by Eq. (8), the limiting transition in the con-
tinuum region according to (18) with an equivalent
operation in the spectrum of bound nucleon states
|xνlm〉. The empirical trick specified by (18) is not
applicable directly in the case of a discrete spectrum
since it annihilates the discrete spectrum itself. Not-
ing that a decrease in the depth parameters V0x of
the mean nuclear field (V0x → 0) leads to a decrease
in the binding energy of nucleons in nuclear shells
(εxνl → 0), we impose, on all discrete states in the
shell model of the nucleus, the requirement εxνl = 0,
which is readily implementable in the calculations,
and put this requirement in correspondence to the

8)Therefore, the position of the quasielastic-peak maximum in
the plane-wave approximation [Eq. (8)] can be described only
at specific values of the mean-nuclear-field parameters.
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operation specified by (18) in the continuum region.
Since wxνl = εxνl [Eq. (6)], one can see, with al-
lowance for (7), that the proposed modification of the
plane-wave approximation in the region of the dis-
crete spectrum ultimately reduces to a modification
of continuum wave functions by effectively increasing
the energy and the momentum of the knock-on nu-
cleon:

E = ω − wxνl → Eeff = ω, (19)

Eeff =
K2

eff

2M

(
1 − Keff

2

4M2

)
, ψK(x) → exp(iKeff · x).

Digressing from the above philosophical substantia-
tion of the modification specified by (19) and invoking
the concept of orthogonality of the wave functions for
the initial and final states, we can say that the pro-
posed improvement of the plane-wave approximation
is eventually equivalent to the approximate method
for taking into account the final-state interaction of
the knock-on nucleon by empirically increasing its
momentum in the plane-wave approximation [20].

The cross sections σ(ω) calculated in the ap-
proximation specified by (19) are given in Fig. 4
for the above two sets of values for the potential
depths V0x (curves 1(m) and 2(m), respectively). Thus,
we see that, if use is made of the improvement of
the plane-wave approximation (8) according to (19),
the positions of the maxima of the respective four
curves in Fig. 4 nearly coincide. Upon redefining the
plane-wave approximation in this way, the relative
shift of the quasielastic peaks calculated in the 0
and d approximations, which was found previously
by many authors [6, 24], disappears, and a reso-
nance [21] character of inelastic electron scattering
in the region of moderate energy transfers is in fact
the only nontrivial effect introduced in the theory upon
taking into account the final-state interaction of the
nucleon with a nuclear residue.

Comparing the measured cross sections σ(ω)
with their counterparts calculated either in the mod-
ified plane-wave approximation [see (19)] or with
allowance for the final-state interaction [see (5)],
we arrive at the conclusion that, within the com-
putational model being studied, the positions of the
maxima of the calculated and measured quasielastic
peaks do not agree, the shift δωmax of these maxima
in the region of medium-mass and heavy nuclei being
about 20 MeV. Considering the separation energies
wxνl as model parameters and formally increasing
the quantity wxνl in (7) by δω ≈ 20 MeV, one could
match (by means of a fitting procedure) the positions
of the extrema of the calculated and measured cross
sections and, in passing, identify [in accordance
with (6)] increasedwxνl with the binding energies εxνl
of nucleons in nuclear shells. Within an alternative
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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on = 65 MeV (curves 2, 2(m)). The solid, dashed, and dash-dotted curves were calculated, respectively,

with allowance for final-state interaction, in the plane-wave approximation [see Eq. (8)], and in the modified plane-wave
approximation [see Eq. (19)].
approach, a successful interpretation of the position
of the quasielastic-peak maximum could be achieved
if, in (7), the binding energies εexpt

xνl determined in
various experiments for nucleons in various nuclear
shells are substituted for εxνl (in the case of light
nuclei [25], εexpt

xνl � εxνl, as a rule). However, the
origin of so nontrivial an increase in the nucleon
separation energy wxνl will remain unclear until the
last section of this article.

We will now study the possibility of identifying the
shell structure of nuclei and determining the quan-
tum numbers of nuclear shells in experiments devoted
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
to exploring quasielastic peaks. Digressing from the
resonance structure of σ(ω) at moderately small ω,
one can state that, upon summation of the con-
tributions σxνl(ω) from individual nuclear shells of
the same nucleus or, which is equivalent, upon go-
ing over from one nucleus to another, a quasielastic
peak retains perfectly a regular, without significant
special features, bell-like shape in the sequence of
calculated cross sections. Since the quasilastic-peak
curve of such a simple shape can be successfully
interpreted within simpler models (for example, the
Fermi gas model [18]), it is hardly possible, in directly
05
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interpreting calculated σ(ω), to prove compellingly
the existence of the shell structure on the basis of
experimental data and to determine the sequence of
quantum numbers of shells that are being filled in
nuclei. Nevertheless, we can propose a trick by means
of which one can try to determine, from an analysis of
experimental results concerning quasielastic peaks,
the sequence of quantum numbers of nuclear shells
that are being filled.

The proposed trick is essentially based on the fact
that the aforementioned gradual filling of the regu-
lar bell-like curve of the quasielastic peak is in fact
implemented upon summation of the curves σxνl(ω)
that represent cross sections for electron scattering
on nucleons of the nuclear shell characterized by the
quantum numbers νl, which are different in shape,
and which are not always regular. In order to illus-
trate this statement, the cross sections σupνl(ω) (14)
for inelastic electron scattering on a single proton of
the 208Pb nucleus are presented in Fig. 5 versus the
quantum numbers νl of the shell from which the pro-
ton is knocked out. In our calculations, we used the
kinematical parameters of the experiments reported
in [18]. From the data in Fig. 5, one can readily deduce
that the shape of the resulting curves is obviously
sensitive to arguments such as the quantum numbers
νl of nuclear shells. For example, the curves σpνl(ω)
calculated for shells characterized by quantum num-
bers νl > 1 differ significantly from one another and
from the curves corresponding to νl = 1. One can
identify them even visually by their outward appear-
ance. If, in the total cross sections σ(ω), we can single
out the shell contributions σpνl(ω), then there would
arise the possibility of identifying the quantum num-
bers of nuclear shells in studying inelastic electron
scattering in A(e, e′p)(A− 1) reactions.

On the basis of the earlier established fact that the
quantity σus

xνl(θ
′) defined in (14) remains unchanged

in response to variations in the quantum numbers
νl of nuclear shells, one can readily conjecture, and
confirm this conjecture by specific calculations, that
the shape and the magnitude of the cross sections
σuxνl(ω) are only weakly sensitive to modest variations
in the mean-nuclear-field potential. Since the mean-
field parameters for neighboring nuclei are close by
assumption, the cross sections (13) as calculated
in the quasielastic-peak region by performing sum-
mation over the shells common to such nuclei are
nearly coincident. Even in the case where the mean-
field parameters for two nuclei are markedly different,
the character of the possible correction can easily be
forecast on the basis of theoretical considerations.
If the (A, Z) nucleus has filled nucleon shells, then
the distinctions between the cross sections (13) for
the (A, Z) and (A+ δA, Z + δZ) nuclei will be due
PH
predominantly to extra valence nucleons of the heav-
ier nucleus. Obviously, one can choose pairs of nu-
clei such that the differences of the cross sections
for them would reproduce the distinctive features of
σpνl(ε′, θ′) for the outer valence (proton) shell of the
heavier nucleus. It follows that, by measuring two
quasielastic peaks for relatively close nuclei and sub-
tracting one of these measured cross sections from
the other, one can associate, by analyzing the shape
of the resulting difference, outer nucleons with one
nuclear shell or another and, by using the shape of
this difference, determine unknown quantum num-
bers νxlx of the valence shell. Of particular interest
are ν ≡ νl > 1 shells, which occur most frequently in
the region of medium-mass and heavy nuclei. One
can render such an experiment more informative by
concurrently performing similar subtractions for the
cross sections corresponding toA andA− δ′A nuclei
as well, in which case the missing valence nucleons
have different values of the quantum numbers ν ′xl

′
x

and would therefore induce a different (also theoret-
ically predictable) shape of the difference of the cross
sections for the pair of nuclei under study. As a matter
of fact, the quasielastic-peak subtraction described
above is some kind of differentiation of cross sections
with respect to a parameter, and its successful ap-
plication (within various theoretical and experimental
modifications) requires that the accuracy achieved
in [18] in measuring σ(ω) be significantly improved.

To conclude this section, we would like to note
that the nuclear-electrodisintegration cross sections
presented in Figs. 2–5 belong to a classical type of
cross sections that provide a convenient basis for the-
oretically predicting the phenomenon of a low-energy
nonrelativistic proton confinement. The essence of
this phenomenon is that low-energy protons (that is,
protons of energyE below the Coulomb barrier height
V C
b : E � V C

b /2) or other charged clusters knocked
out from a heavy nucleus are virtually unobservable.
In this statement, it is implied that the energy of
the projectile particle is sufficient for the realization
of an event in which a proton (cluster) is knocked
out from a nucleus and that there are manifestations
of a process where the inelastic scattering of a pro-
jectile on a nucleus is accompanied by a sufficiently
high energy transfer to the nucleus. In the situation
being considered, a low-energy proton or charged
cluster knocked out from a heavy nucleus cannot be
recorded because of the following special features of
the nuclear-electrodisintegration process:

(i) The probability of proton transition to a contin-
uum state of energy not equal to a resonance energy
is virtually equal to zero—such a transition is sup-
pressed by the Coulomb barrier.

(ii) The probability of proton transition to states of
resonance energy is of course significant, but the time
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 5.Cross sections σu
pνl(ω) per nucleon for proton knockout from the νl shell of the 208Pb nucleus according to calculations

(0) in the plane-wave approximation and (d) with allowance for the final-state interaction of the knock-on nucleon. The
parameters of the Woods–Saxon potential and the kinematical conditions of the scattering process are identical to those for
the data in Fig. 2. The curves representing σu

pνl(ω) are labeled with the sets of quantum numbers νl of nuclear shells from
which the proton is knocked out.
within which the proton resides within the nucleus in
such a state (the resonance lifetime with respect to
protonic decay) is so long that, with a much higher
probability, the excitation of a Coulomb resonance
would eventually result, for example, in an inverse
radiative transition of a proton (that is, a transition
involving photon emission) to a lower lying stationary
(or resonance) level or in a process where the projec-
tion of the isospin of the proton involved undergoes
inversion induced by nuclear forces and accompanied
by neutron emission from the nucleus. The afore-
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
mentioned processes obviously lead to a nontrivial

intrinsic broadening9) of Coulomb resonances and to

a decrease in their lifetime.

9)This kind of Coulomb resonance broadening is impossible
in the case where a resonance state of an alpha particle or
a heavier charged cluster is the ground state of the nucleus
involved. In this case, the concept of Coulomb resonances
provides a convenient framework for a consistent quantum-
mechanical interpretation of such phenomena as alpha decay
and the fission of heavy nuclei [21, 26].
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3. ANGULAR DISTRIBUTIONS
OF KNOCK-ON PROTONS

Investigation and interpretation of the spectra of
inelastic electron scattering (quasielastic peaks) in-
volve some difficulties both in the theoretical and
in the experimental aspect. In the theoretical as-
pect, for example, it is convenient to assume that
a quasielastic peak owes its existence to a nuclear-
electrodisintegration reactionA(e, e′p)(A− 1) exclu-
sively, this implying that, in the kinematical region
being studied, one usually disregards processes like
meson electroproduction, cluster knockout, and the
knockout of a few nucleons. In interpreting exper-
imental data, it is necessary to take into account
elastic electron scattering and inelastic electron scat-
tering accompanied by bremsstrahlung, pair produc-
tion, and so on. In view of the aforesaid, an inves-
tigation of nuclear electrodisintegration by means of
directly studying the angular and energy distributions
of knock-on protons can be considered as a primitive
attempt at getting rid of (at least partly) the aforemen-
tioned inconveniences.

In the theoretical aspect, it is but of minor interest,
at first glance, to study the cross section σpνl(E, θ) for
proton knockout from the νl shell,

σpνl(E, θ) =
∫

Ω

σpνl(k,k′,K)dΩ′, (20)

where σxνl(k,k′,K) was defined in (1), and the total
cross section σpsνl (E, θ) for proton knockout from a
sequence of several filled nuclear shells,

σpsνl (E, θ) =
ν′l′=νl∑
ν′l′=(10)

σpν′l′(E, θ), (21)

versus the distribution of knock-on protons with re-
spect to angles and energies.

Indeed, one usually assumes that the main special
features of nuclear-electrodisintegration cross sec-
tions are associated with the properties of the nucleon
momentum distributions Gxνl(q,K). However, the
argument of the function G0

xνl(q− K) = G0
xνl(k −

k′ − K) at fixed k in the plane-wave approximation,
for example, depends symmetrically on the vector
arguments K and k′. Therefore, it would be justifi-
able to assume that the kinematical dependences of
the cross sections σpνl(E, θ) can hardly develop new
qualitative features in relation to the cross sections
σpνl(ε′, θ′) (13), which were studied above. Upon tak-
ing additionally into account the fact that a numerical
integration in (20) over the scattered-electron solid
angle dΩ′ ≡ dΩk′ would be much more involved tech-
nically and cumbersome than the analogous integra-
tion in (13) over the solid angle dΩK, it could easily
PH
be foreseen that a natural sense of a priori skepticism
prevailed in assessing prospects in this field of inves-
tigations into A(e, e′p)(A− 1) reactions. However,
numerical calculations of the cross sections for proton
knockout dispelled completely the above doubts. The
most encouraging argument here comes from con-
sidering the dimensionless function P (k,k′), which
is dependent only on the kinematical parameters k
and k′ of the inelastic-electron-scattering process
and which was specially isolated in Eq. (1) [for the
definition of this function, see Eq. (3)].

The function P (k,k′) owes its appearance in
the cross section (1) to the Fourier component
Dµν(q2λ) = δµν/(q2λ) of the photon propagator, which
is an indispensable and indisputable10) attribute of
the present-day [27, 28] theoretical interpretation of
any process induced by the scattering of relativistic
electrons on hadrons. For this reason, not only the
aforesaid concerns the nuclear-electrodisintegration
process, which is considered in the present study,
but this also applies indirectly to a much broader
range of similar phenomena—for example, meson
electroproduction [29].

First, we will list those features of the function
P (k,k′) ≡ P (θ′) that one must take into account in
choosing an algorithm for integration in (20) over
the scattered-electron solid angle dΩ′. In order to
obtain simple numerical estimates, we assume that
the energies ε and ε′ (ε > ε′) fall within rather wide
ranges of values that occur most frequently in actual
experiments: ε ∼= 400−900 MeV, ε′ ∼= 300−700 MeV,
and ε− ε′ ≡ ω ∼= 100−400 MeV; we also assume that
ε > ε′, ε > ω, ε ∼ ε′, and ω ∼ ε′. In the kinematical
region specified above, the very strong inequalities
ε� m and ε′ � m are always valid. Therefore, we
have

ε =
√

k2 +m2 = (k2 +m2)1/2 (22)

= k

(
1 +

m2

2k2
+O

(
m4

k4

))
,

ε′ =
√

k′2 +m2 =
(
k′2 +m2

)1/2
(23)

= k′
(

1 +
m2

2k′2
+O

(
m4

k′4

))
.

10)By way of example, we indicate that, in the ten different rela-
tivistic generalizations of σxνl(k,k

′,K) that are presented
in [12], the factor (q2λ)−2 is not subjected to a relativistic
modification and is present, as it must, in all ten versions in
the immutable original form.
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Taking into account Eqs. (22) and (23), we can readily
find, within the preset accuracy, that

(ε− ε′)2 = (k − k′)2
(

1 − m2

kk′

)
, (24)

(k − k′)2 = (k − k′)2 + 4kk′ sin2 θ
′

2
;

q2µ = (k − k′)2 − (ε− ε′)2 = 4kk′
(

sin2 θ
′

2
+
λ2

4

)
,

(25)

where the dimensionless kinematical parameter λ has
the form

λ =
m(k − k′)

kk′
∼=
mω

εε′
(26)

and determines [30] the phenomenon of a frontal de-
celeration of a relativistic electron within a nucleus.
Substituting (25) into (3), we obtain

P (θ′) =
1

(4 sin2(θ′/2) + λ2)2
. (27)

In the region of small electron-scattering angles,
θ′ � 1, this reduces to

P (θ′) ≈ 1
(θ′2 + λ2)2

. (28)

We note that, in the kinematical region consid-
ered here, the strong inequalities λ� 1 and λ2 � 1
hold for the dimensionless parameters λ and λ2.
If, for example, ε = 600 MeV, ω = 100 MeV, and
ε′ = 500 MeV, then λ2 ≈ 3× 10−8; therefore, P (0) ≈
1.2× 1015, whileP (θ′ = 5◦ = 5π/180) ≈ 1.7× 104—
that is, P (θ′) decreases in magnitude by nearly 11(!)
orders over the narrow range θ′ ∈ [0; 10−1].

This property of P (θ′) should be borne in mind in
performing integration in (20) and is caused by the
strong inequality q2µ/ω

2 ≈ m2/(εε′) � 1 for θ′ � 1
(that is, q2µ/ω

2 ≈ 0 at θ′ ≈ 0). It is well known [27,
28] that, in the Feynman diagram, the 4-vector qµ
denotes the 4-momentum (q, iω) of a virtual photon
emitted by the ultrarelativistic electron inelastically
scattered by a nucleus. Since the strict equality q2µ =
0 holds for the 4-momentum of a real photon, we
will assume in the following that the knockout of
protons from nuclei in inelastic electron scattering at
very small angles, θ′ � 1, is associated with quasireal
(q2µ/ω

2 ≈ 0) virtual photons and accordingly refer to
effects induced by inelastic electron scattering in the
region θ′ � 1 as the phenomenon of quasireal pho-
tons. Below, we will see that quasireal photons play
a nontrivial role in the dynamics of A(e, e′p)(A− 1)
reactions.
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In order to achieve a satisfactory precision of
integration with respect to the electron-scattering
angle θ′ in (20), we represent the respective inte-
grand as a function of θ′ in the form of the product
σpνl(E, θ, θ′) = f(E, θ, θ′)P (θ′), where f(E, θ, θ′) ≡
f(θ′) is a smooth function of the argument θ′ in
the vicinity of the point θ′ = 0 and break down the
integration interval (0, π) into two subintervals (0, η0)
and (η0, π), where λ� η0 � 1. We then have

σpνl(E, θ) =

π∫

0

f(θ′)P (θ′)dΩ′ (29)

=

η0∫

0

[f(0) + f ′θ′(0)θ
′ + . . .]P (θ′)dΩ′

+

π∫

η0

f(θ′)P (θ′)dΩ′ ≡ σ
p(1)
νl (E, θ, η0)

+ σ
p(2)
νl (E, θ, η0) ≡ I1(E, θ, η0) + I2(E, θ, η0).

The sum of the integrals I1 and I2 in (29) is in-
dependent of η0, although each of the terms de-
pends on this parameter. Disregarding the second
term in the expansion of I1(E, θ, η0) and perform-
ing integration over the electron-scattering solid
angle dΩ′ ≡ sin θ′dθ′dϕ′, we can state that I1 �
πf(0)λ−2

(
1 +O(λ2/η2

0)
)
≈ πf(0)λ−2. It follows

that, over a comparatively broad interval of η0 (in the
calculations, the parameter η0 is η0 = π/90) where
the representation f(θ′) = f(0) + f ′θ′(0)θ

′ is still
valid, the dependence of I1 (and, hence, of I2) on this
parameter is insignificant. Therefore, the second inte-
gral I2(E, θ, η0) ≈ σpνl(E, θ) − πf(0)λ−2 = I2(E, θ),
which can readily be evaluated by standard methods
of numerical integration, determines the background
of protons that do not originate from the knockout
process induced by quasireal virtual photons.

We will now study some aspects of the effect of
quasireal photons on the dynamics of the nuclear-
electrodisintegration process induced by high-energy
electrons. For the example of the 1p and 1d shells of
the 40Ca nucleus, Fig. 6 illustrates the structure of
the angular distributions of E = 165 MeV knock-on
protons, in which case ε′ = ε− E − ενl. In this fig-
ure, curves 1 represent the total angular distributions
σpνl(E, θ) of protons knocked out from the aforemen-
tioned shells, while curves 2 correspond to the cal-
culations taking no account of protons knocked out

by quasireal photons [and including only σp(2)νl (θ) ≡
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Fig. 6. Angular distributions σp
νl(θ) of protons (curves 1) knocked out from the 1p and 1d shells of the 40Ca nucleus in the

respective reaction A(e, e′p)(A− 1). The energy of knock-on protons is E = 165 MeV, while the energy of the scattered
electrons is ε = 500 MeV. Curves 2 represent the cross sections σp(2)

νl (θ) for proton knockout in inelastic electron scattering
at large angles θ′ (θ′ > η0 = π/90), while curves 3 are the cross sections σc

νl(θ) measured experimentally in the coincidence
mode. The scale of angles θ (0 approximation) and the scale of momentum transfers κ (d approximation) correspond to each
other and transform into each other according to (11).
I2(θ)]. Finally, curves 3 represent the angular dis-
tributions of protons11) knocked out from the shells
under study by electrons, which are scattered within
the solid angle ∆Ω′

0 ∼ (π/90)2. The position of this
solid angle is determined by the inequalities

θ′0 − ∆θ′ � θ′ � θ′0 + ∆θ′,

11)We note that curves 3, which are subsidiary, were calculated
with an a priori poor accuracy (linear approximation) and
were intended from the outset for determining a reference
scale and for visually monitoring the cumbersome process of
our numerical integration over the electron-scattering solid
angle dΩ′.
PH
π − ∆ϕ′ � ϕ′ � π + ∆ϕ′, ∆θ′ = ∆ϕ′ = π/180.

The electron-scattering angle θ′0 and the momentum
that the knock-on proton had in the target nu-
cleus are specified here by the coplanar-orthogonal-
kinematics conditions (10) and (11). We recall that
the angle θ′0 determines the disposition of the counter
of electrons in coincidence experiments aimed at
studying the momentum distributions of protons;
that is, curve 3 represents the product σc

νl(θ) =
σpνl(k,k′,K)∆Ω′

0, where the quantities σpνl(k,k′,K)
calculated to a high precision are shown in Fig. 1
versus κ = |q − K|. From the graphs in Fig. 6, one
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 7. Angular distributions σp
νl(θ) and total angular distributions σps

νl (θ) of protons knocked out from the 1s, 1p, 1d, and 2s
shells of the 40Ca nucleus according to calculations (0) in the plane-wave approximation and (d) with allowance for final-state
interaction.
can see that the calculated cross sections σc
νl(θ) and

σpνl(θ) differ significantly (by more than five orders of
magnitude) in the kinematical region considered here:
σpνl(θ) � σc

νl(θ).
Figure 7 shows the calculated angular distribu-

tions σpνl(E, θ) ≡ σpνl(θ) (20) and the calculated total
angular distributions σpsνl (E, θ) ≡ σpsνl (θ) (21) of E =
165 MeV protons (ε = 500 MeV) knocked out from
the 1s, 1p, 1d, and 2s shells of the 40Ca nucleus. We
note that the curves representing the results obtained
in the plane-wave approximation for the angular dis-
tributions of protons knocked out from the individual
nuclear shells have a pronounced oscillating charac-
ter.
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We will now consider manifestations of the phe-
nomenon of quasireal photons in investigations of
A(e, e′p)(A− 1) reactions, relying on the calculations
performed, for example, in the plane-wave approxi-
mation (Fig. 6). A comparison of the cross sections
σc
νl(θ) (curves 3) with the proton distributions σpνl(θ)

(curves 1) will play the main role for the ensuing
conclusions. It is precisely the extraordinary excess
(by several orders of magnitude) of σpνl(θ) over σc

νl(θ)
[σpνl(θ)/σ

c
νl(θ) � 1] in the kinematical region being

studied that is the source of conclusions that are of
practical interest in interpreting and planning coinci-
dence experiments for A(e, e′p)(A− 1) reactions. In
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order to illustrate this statement, we will consider the
following example.

We assume that, as a rule, coincidence experi-
ments are conducted at an electron accelerator that
operates in the pulsed mode. Suppose that, in a given
mode of accelerator operation, the number of elec-
trons in the electron bunch incident to the target
is such that, in the A(e, e′p)(A− 1) reaction being
studied, the analyzer used records (on average) the
coincidence of a knock-on proton and the scattered
electron in one of 104 target-irradiation events. From
a comparative analysis of the cross sections σc

νl(θ)
and σpνl(θ) presented in Fig. 6, it can be deduced that,
in the proposed version of investigations, each proton
knocked out by an inelastically scattered electron that
is recorded at an angle θ′0 is emitted into the inter-
val of angles θ under study and is accompanied by
several (about 10) extra protons knocked out in the
same target-irradiation event from neighboring nu-
clei by other electrons in much more intense inelastic-
scattering processes involving quasireal photons. If
the experiment in question is performed in such a way
that the coincidence scheme records, together with
the scattered electron, one of the protons emitted in
some direction within the angular range being in-
vestigated, then the probability that the coincidence
scheme records coincidences of the proton knocked
out by a quasireal photon is dominant in the experi-
mental mode under analysis.12)

It is obvious that, in the above version of investi-
gations, the proton-momentum-distribution curve 3
transforms in shape into curve 1 (Fig. 6). It should
be noted that the total number of detected coinci-
dences is determined by the number of scattered elec-
trons; that is, the area under the correctly (or incor-
rectly) defined proton-momentum-distribution curve
remains invariable. In the example considered above,
we will extract, from an experiment, a biased pattern
of proton momentum distributions in nuclear shells.
In other words, an intense background of protons
knocked out in inelastic electron scattering at small
angles in the region θ′ � 1 (phenomenon of quasireal
photons) must be taken into account in choosing
the mode (accelerator current, pulse duty factor, and
so on) and kinematics of coincidence experiments
aimed at studying A(e, e′p)(A− 1) reactions, since
this background may distort substantially the results
of experiments devoted to determining the momen-
tum distributions of protons in nuclear shells.

In order to obtain a true curve of the proton mo-
mentum distribution in a given shell to an acceptable

12)We assume that a significant fraction of coincidences be-
tween the scattered electron and several knock-on protons
may be a distinctive feature of the experiment implemented
in this mode of investigations.
PH
precision, the number of electrons in the electron
bunch incident to the target must be reduced by a fac-
tor of 102, in which case the coincidence of a scattered
electron with a knock-on proton will be observed only
once, on average, per 106 events of target irradia-
tion with the electron bunch. If the pulse-repetition
frequency does not increase concurrently, then the
efficiency of the experiment under the aforementioned
condition may become so low that a direct inves-
tigation of angular distributions of all protons—the
connection between these distributions and the shell
structure of respective nuclei is illustrated in Figs. 6
and 7—will prove to be much more promising in some
cases. As in the case of quasielastic peaks, which
was considered above, the problem of determining the
quantum numbers of nuclear shells can be solved by
subtracting the angular distributions of protons for
specially chosen pairs of neighboring nuclei, whereby
information about proton dynamics is extracted for
various shells of nuclei.

The topic being considered is not exhausted by
the above example of the effect of the quasireal-
photon phenomenon on the investigation of nuclear-
electrodisintegration processes. In the next section,
we will address yet another nontrivial aspect in-
troduced by this phenomenon in the dynamics of
inelastic electron scattering on nuclei.

4. QUASIREAL PHOTONS AND DYNAMICS
OF NUCLEAR ELECTRODISINTEGRATION

By consistently and simultaneously taking into
account the aforementioned quasireal-photon and
Coulomb resonance phenomena in A(e, e′p)(A− 1)
reactions, we will be able to trace the dynamics of
nuclear-electrodisintegration processes in greater
detail—in particular, we will interpret the broadening
of the quasielastic peak and the shift of the maximum
of σ(ω) to the region of higher energy transfers, an
increase in the nucleon separation energy due to
the braking of a relativistic electron in the target
nucleus, and the related effect of a spurious increase
in the proton binding energy in nuclear shells, as
well as some other special features of nuclear elec-
trodisintegration. For this, we return to investigating
quasielastic peaks and recall the properties of such
peaks at small scattering angles (θ′0 � 1).

Both theoretical and experimental investigations
[7, 11, 17] indicate that, with decreasing electron-
scattering angle θ′, the cross section in the quasie-
lastic-peak region increases, while the peak itself
is shifted leftward substantially along the energy-
transfer scale ω, so that, at small values of the
electron-scattering angle (θ′0 � 1), one can in fact
observe only the right-hand slope of the quasielastic
peak being studied. The quasielastic peak calculated
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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in the nonmodified plane-wave approximation ac-
cording to Eq. (8) is shifted rightward (Fig. 2) with
respect to the quasielastic peak calculated with al-
lowance for final-state interaction. As a consequence,
proton-knockout cross sections calculated in the
plane-wave approximation are dominant on the right-
hand slope of quasielastic peaks at small values of
the electron-scattering angle θ′; therefore, they will
exceed substantially the analogous cross sections
(Figs. 6–8) calculated in the d approximation. We
note that so significant an excess of the plane-wave
cross sections over the cross sections calculated in
the d approximation and the discrepancy between
the anomalously large plane-wave cross sections
(Fig. 8) and experimental data provide a compelling
argument in favor taking into account the final-state
interaction of the knock-on nucleon with a nuclear
residue. We recall that some facets of this interaction
can also be taken into account by going over from the
standard plane-wave-approximation expression (8)
to its modified counterpart (19).

We also note that, if the angle of inelastic elec-
tron scattering is very small (θ′ � 1), even modest
variations in the angle θ′ lead to sharp changes in
the absolute value of the cross section σ(ω), this
rendering theoretical and experimental investigations
in this kinematical region more involved. It turns
out, however, that, from the calculation of σ(ω) at
θ′ = 0, one can readily deduce valuable information,
taking into account the earlier established fact that
the cross section σ(ε′, θ′) integrated in the region of
small θ′ over the electron-scattering solid angle dΩ′

[with allowance for (29), integration with respect to
dΩ′ for θ′ � 1 is straightforward] can be identified,
to a precision sufficient for drawing the ensuing con-
clusions, with the total nuclear-electrodisintegration
cross section σf (ω),

σfxνl(ω) =
∫
σxνl(ε′, θ′)dΩ′, σf (ω) =

∑
xνl

σfxνl(ω),

(30)

where σxνl(ε′, θ′) was defined in (13). By way of ex-
ample, the graphs of σf (ω) for the 119Sn and 208Pb
nuclei are given in Fig. 8. From an analysis of the
numerical results presented there, we can conclude
that the total cross sections for inelastic electron
scattering that were calculated in the 0 and d ap-
proximations differ substantially in magnitude for the
reason indicated above and that, as in Fig. 3, the
resonance spectrum in the cross section σf (ω) calls
for additional refinements.

The integrated contributions σfur
νl→NL per nucleon

from various resonance peaks to the cross sections
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σfxνl(ωνl→NL),

σfur
νl→NL =

1
Nxνl

ωνlNL+δE∫

ωνlNL−δE

σfxνl(ω)dω (31)

(ωνlNL = ENL − ενl, δE � γpNL),

are given in Table 3 for the 208Pb nucleus. It can easily
be noticed that the results obtained for σfur

νl→NL in
the d approximation for different pairs of the quantum
numbers νl andNL are markedly different. The reso-
nance cross sections presented in Table 3 (in contrast
to those in Table 2, which is analogous) demonstrate
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Table 3. Integrated cross section σfur
νl→NL per nucleon (in barns) for the excitation of NL Coulomb resonances in the

inelastic scattering of 500-MeV electrons on 208Pb nuclei

νl
NL

23 16 31 24 32 17

10 1.50 × 10−3 7.14 × 10−8 1.43 × 10−3 9.15 × 10−5 3.82 × 10−4 3.17 × 10−6

11 1.62 × 10−2 3.47 × 10−6 2.33 × 10−2 1.19 × 10−3 1.95 × 10−4 1.12 × 10−6

12 7.78 × 10−2 1.72 × 10−4 1.97 × 10−2 1.15 × 10−2 6.52 × 10−3 3.69 × 10−5

20 6.00 × 10−3 4.84 × 10−9 1.23 × 10−1 2.16 × 10−4 7.12 × 10−3 7.12 × 10−5

13 2.39 × 10−1 8.01 × 10−3 1.95 × 10−2 3.75 × 10−2 1.83 × 10−3 3.88 × 10−4

21 2.57 × 10−1 5.78 × 10−8 3.59 × 10−1 5.71 × 10−3 2.45 × 10−2 1.19 × 10−4

14 2.86 4.24 × 10−1 2.06 × 10−4 2.25 × 10−1 8.18 × 10−3 1.33 × 10−2

22 3.23 × 101 5.90 × 10−7 6.90 2.65 × 10−1 1.88 × 10−1 7.40 × 10−4

30 1.10 × 10−4 3.20 × 10−13 3.83 × 101 2.16 × 10−5 2.25 × 10−1 1.82 × 10−3

15 1.35 × 10−2 4.33 × 101 3.77 × 10−8 2.18 4.79 × 10−4 5.49 × 10−1
a crucial role of the 22 → 23, 30 → 31, 15 → 16, and
14 → 23 dipole transitions (L = l ± 1, NL = νl, νl ±
1) in the braking of ultrarelativistic electrons in the
region of the target nucleus. For the example of in-
tranuclear absorption of quasireal photons in the in-
elastic scattering of high-energy electrons on nuclei,
the cross sections σfur

νl→NL in Table 3 show explicitly
the phenomenon of a giant dipole resonance.

By making use of the results of our calculations,
we will try to predict the fate of an ultrarelativistic
electron that penetrates into a target nucleus, knock-
ing out a nucleon from this nucleus. Assuming that
the d approximation is valid, we conclude that the
electron traverses rather freely only the central part
of the nucleus—that is, the region of deep nuclear
shells. However, the probability of repeated jumplike
electron braking, which is due to the excitation of
Coulomb resonances (recall that dipole transitions
play a dominant role here), is quite sizable at the
periphery of the nucleus, where the quantum num-
bers of protons belonging to filled shells are close to
quantum numbers of Coulomb resonances (neutrons
play virtually no part in electron scattering at small
angles).

Employing the cross sections for the excitation of
Coulomb resonances to obtain standard [31, 32] esti-
mates for the mean free path, the number of collisions,
and the energy loss of a relativistic electron within a
nucleus, we can state that, prior to and (or) after an
event in which a relativistic electron traveling within
a nucleus like 208Pb undergoes scattering at a large
angle, this electron provokes, with a high probabil-
ity, several (from one to four) single-particle dipole
PH
transitions in the processes of scattering at angles
of θ′ � 1, losing an amount of energy in the range
δε ∼ 9−40 MeV. This multiple jumplike braking of an
ultrarelativistic electron within a nucleus will cause
various effects, including

broadening of the quasielastic peak and, possibly,
its lowering to some extent;

a shift of the quasielastic peak to the region of
higher energy transfers ω;

the transformation of the separation energy wxνl
into the spectrum (set) of energieswλxνl (λ = 1, 2, . . .)
of nucleon separation from the xνl shell of a nucleus,
whereupon it becomes more difficult to identify the
nuclear shell from which a nucleon was knocked out;

a decrease in the effective occupation number of
the 3s shell due to a high probability of the 3s→ 3p
dipole transition and, hence, a decrease in the cross
section for proton knockout from the outer 3s shell of
the 208Pb nucleus in coincidence experiments.

In comparing theoretical and experimental results,
the additional energy loss

∑
ωνl→NL of the electron

by the excitation of Coulomb resonances in inelas-
tic scattering at an angle of θ′ = 0 in the energy-
conservation law

ε′ = ε−
(
E +

(
εxνl +

∑
ωνl→NL

))
(32)

is naturally combined with the binding energy εxνl
of the knock-on proton, this being interpreted as the
effect of an increase in the separation energy for nu-
cleons knocked out from nuclear shells:

wxνl → wincr
xνl , wincr

xνl = εxνl +
∑

ωνl→NL. (33)
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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But if one assumes that the phenomenon of relativistic-
electron braking [second term in Eq. (32)] is un-
known, formulas (32) and (33) are naturally treated
according to (6) in a simplified form: εxνl = wincr

xνl ;
that is, the nucleon binding energy εxνl in a nucleus
is identified with the total separation energy wincr

xνl
for a nucleon knocked out from the xνl shell of this
nucleus. It comes as no surprise that, even in upper
nuclear shells, proton separation energies determined
in A(e, e′p)(A− 1) reactions traditionally exceed the
mean binding energy of protons in corresponding
nuclei [25]. Obviously, the frontal deceleration of an
ultrarelativistic electron within a nucleus due to the
intense dipole transitions of protons to resonance
single-particle states of the continuous spectrum may
have a nontrivial effect on interpreting and planning
experiments devoted to studying A(e, e′p)(A− 1)
reactions.

An investigation of the second peak in the cross
section σ(ω) for deep-inelastic electron scattering
on nuclei is one of the most important and inter-
esting results obtained by Williamson et al. [11] for
A(e, e′p)(A− 1) reactions. Those authors treat the
appearance of the second peak as a manifestation of
the delta-isobar phenomenon in deep-inelastic elec-
tron scattering [11]. We note that, in order to confirm
this statement, it would be reasonable to rule out
preliminarily the possibility that the knockout of two
nucleons via A(e, e′pp)(A− 2) and A(e, e′pn)(A−
2) reactions, where one of the nucleons (proton) is
knocked out by a quasireal photon, leads to the emer-
gence of the second quasielastic echo peak in the
region of high energy transfers.

5. CONCLUSIONS

From the content of this study, one can conclude
that the concerted effect of the quasireal-photon and
Coulomb resonance phenomena, which have been
studied above, as well as the effect of either phe-
nomenon individually, may introduce new important
facets and refinements in our understanding of the
dynamics of nuclear-electrodisintegration processes.
We believe that, upon consistently taking these
phenomena into account, one can avoid spurious dis-
crepancies, incorrect conclusions, exotic hypotheses,
and blind alleys in interpreting already performed ex-
periments and in planning new experiments devoted
to studying the structure of nuclei in the inelastic
scattering of high-energy electrons on nuclei. One
can also hope that the effects considered here and the
phenomena associated with Coulomb resonances,
quasireal photons, and dipole transitions will also
manifest themselves in modern relativistic models [9,
10]; we even dare to assume that they would find
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
there a quantitative corroboration and quantitative
refinements.

Being guided by an inner voice and basic moral
principles, we would like to recall once again in con-
clusion that it was Professor A.G. Sitenko, Member
of the National Academy of Sciences of Ukraine,
who was among the authors of one of the first [4]
and many other (see, for example, [6, 8]) important
studies devoted to exploring the structure of nuclei in
A(e, e′p)(A− 1) reactions; he also initiated various
investigations and lines of investigation in this and
other realms of theoretical physics. We dedicate the
present study to the blessed memory of this outstand-
ing physicist and striking personality.
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39, 1760 (1960) [Sov. Phys. JETP 12, 1228 (1961)].

5. V. Devanatan, Ann. Phys. (N.Y.) 43, 74 (1967).
6. A. G. Sitenko, A. A. Pasichnyı̆, and V. K. Tartakovskiı̆,

Yad. Fiz. 12, 1208 (1970) [Sov. J. Nucl. Phys. 12, 663
(1971)].

7. A. A. Pasichnyı̆, Ukr. Fiz. Zh. 17, 1130 (1972).
8. A. I. Akhiezer, A. G. Sitenko, and V. K. Tartakovskii,
Nuclear Electrodynamics (Naukova Dumka, Kiev,
1989; Springer-Verlag, Berlin, 1994).

9. Yanhe Jin, D. S. Onley, and L. E. Wright, Phys. Rev.
C 45, 1311 (1992).

10. J. M. Udias et al., Phys. Rev. C 48, 2731 (1993).
11. C. F. Williamson et al., Phys. Rev. C 56, 1897 (1997).
12. T. de Forest, Jr., Nucl. Phys. A 392, 232 (1983).
13. L. Lapikas, Nucl. Phys. A 553, 297 (1993).
14. J. Moygey, Nucl. Phys. A 335, 35 (1980).
15. A. A. Pasichnyı̆, Yad. Fiz. 46, 722 (1987) [Sov. J.

Nucl. Phys. 46, 406 (1987)].
16. A. A. Pasichnyı̆, Yad. Fiz. 48, 694 (1988) [Sov. J.

Nucl. Phys. 48, 444 (1988)].
17. N. G. Afanas’ev et al., Preprint No. 74-7, KhFTI

(Kharkov Institute of Physics and Technology,
Kharkov, 1974).

18. R. R. Whitney et al., Phys. Rev. C 9, 2230 (1974).
19. M. Deady et al., Phys. Rev. C 33, 1897 (1986).
20. A. Watt, Phys. Lett. B 27B, 190 (1968).
21. A. A. Pasichnyı̆, Yad. Fiz. 54, 1543 (1991) [Sov. J.

Nucl. Phys. 54, 944 (1991)].
22. M. Zhongyu and F. Dachun, Phys. Rev. C 45, 811

(1992).
23. D. I. Blokhintsev, Quantum Mechanics (Vysshaya

Shkola, Moscow, 1963; Reidel, Dordrecht, 1964).
05



2008 PASITCHNY, PRYGODJUK
24. A. Yu. Korchin and A. V. Shebeko, Yad. Fiz. 32, 87
(1980) [Sov. J. Nucl. Phys. 32, 46 (1980)].

25. L. R. B. Elton and A. Swift, Nucl. Phys. A 94, 52
(1967).

26. A. A. Pasichnyı̆, Ukr. Fiz. Zh. 38, 1619 (1993).
27. V. B. Berestetskii, E. M. Lifshitz, and L. P. Pitaevskii,

in Course of Theoretical Physics, Vol. 4: Quan-
tum Electrodynamics (Nauka, Moscow, 1989; Perg-
amon, Oxford, 1982).

28. A. I. Akhiezer and V. B. Berestetskii,Quantum Elec-
trodynamics, 3rd ed. (Nauka, Moscow, 1969; Wiley,
PH
New York, 1965).
29. V. G. Neudachin, L. L. Sviridova, and N. P. Yudin,

Yad. Fiz. 64, 1680 (2001) [Phys. At. Nucl. 64, 1600
(2001)].

30. A. A. Pasichnyı̆, Vestn. Kiev. Univ., Fiz. 1, 47 (2000).
31. V. V. Balashov, Quantum Collision Theory (Mosk.

Gos. Univ., Moscow, 1985) [in Russian].
32. S. Sunakawa,Quantum Scattering Theory (Iwana-

mi Shoten, 1977; Mir, Moscow, 1979).

Translated by A. Isaakyan
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005



Physics of Atomic Nuclei, Vol. 68, No. 12, 2005, pp. 2009–2021. Translated from Yadernaya Fizika, Vol. 68, No. 12, 2005, pp. 2071–2083.
Original Russian Text Copyright c© 2005 by Sargsyan, Kanokov, Adamian, Antonenko.

NUCLEI
Theory
Quantum Non-Markovian Langevin Equations
and Transport Coefficients

V. V. Sargsyan1), Z. Kanokov1), 2), G. G. Adamian1), 3), and N. V. Antonenko1)

Received November 3, 2004

Abstract—Quantum diffusion equations featuring explicitly time-dependent transport coefficients are de-
rived from generalized non-Markovian Langevin equations. Generalized fluctuation–dissipation relations
and analytic expressions for calculating the friction and diffusion coefficients in nuclear processes are
obtained. The asymptotic behavior of the transport coefficients and correlation functions for a damped
harmonic oscillator that is linearly coupled in momentum to a heat bath is studied. The coupling to a heat
bath inmomentum is responsible for the appearance of the diffusion coefficient in coordinate. The problem of
regression of correlations in quantum dissipative systems is analyzed . c© 2005 Pleiades Publishing, Inc.
1. INTRODUCTION

The problem of describing open quantum systems
arises in considering collective motion in nuclear sys-
tems that involves friction. If the collective potential
can be approximated by an oscillator, a number of
methods developed for a damped quantum oscillator
in a quantum-mechanical heat bath [1–9] can be
used to derive the respective equations of motion.
However, damping in a system was considered with
the aid of these methods predominantly in theMarko-
vian limit (instantaneous dissipation, Gaussian delta-
correlated fluctuations), and simplifying assumptions
on the coupling between the oscillator and the heat
bath were used. But if changes in the system being
considered are rather fast—this is so, for example, in
a collision of heavy ions or in a fissile nucleus imme-
diately prior to disintegration—it is necessary to take
additionally into account a nonlocality of dissipation.
Investigation of the behavior of a dissipative quan-
tum system beyond the weak-coupling or the high-
temperature limit arouses great interest in simple and
exactly solvable models [10–15]. In these models, a
heat bath is represented by a set of harmonic oscil-
lators whose interaction with the collective subsys-
tem of a harmonic oscillator is realized via a linear
coupling between the coordinates. The density of the
oscillators and the couplings between a heat bath and
the subsystem are chosen in such a way that the
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2)Uzbek National University, Tashkent, 700174 Republic of
Uzbekistan.

3)Institute of Nuclear Physics, Uzbek Academy of Sciences,
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equations of motion for mean values take a classical
form.

The objective of the present study is to develop a
method for determining the time-dependent friction
and diffusion coefficients for a collective subsystem in
the case of arbitrary temperature and damping. These
transport coefficients include non-Markovian effects.
As a starting point, we use the Langevin approxima-
tion, which is extensively used to describe fluctuation
and dissipative effects in macroscopic systems [2, 4].
In kinetic theory, the Langevin method simplifies con-
siderably the calculation of nonequilibrium quantum
and thermal fluctuations and provides a clear picture
of dynamical processes. It is further verified whether
the resulting equations of motion are in accord with
the quantum fluctuation–dissipation theorem. From
a comparison of the equations of motion for mean
values and variances with their classical analogs,
we derive expressions for the time-dependent friction
and diffusion coefficients. The axiomatic Lindblad ap-
proach [16–21] to describing open quantum systems
is validated at the microscopic level. The strong-
damping limit is considered individually. A dedicated
investigation is performed for the case of linear cou-
pling in momentum between the collective subsystem
and the heat bath. In the case of this coupling, friction
and diffusion in the collective coordinate arise, as was
hypothesized earlier, while, in the case of a linear cou-
pling in coordinate—this is the case considered most
frequently—there arise only friction and diffusion in
momentum.
c© 2005 Pleiades Publishing, Inc.
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2. QUANTUM NON-MARKOVIAN DYNAMICS

2.1. Generalized Non-Markovian Langevin
Equations

We will begin by specifying a microscopic Hamil-
tonian H for the total system (a heat bath plus a
collective subsystem). From this Hamiltonian, we
will then derive quantum non-Markovian Langevin
equations and time-dependent transport coefficients
for the collective subsystem. For nuclear systems, a
quantum Hamiltonian was constructed in [22–24].
This Hamiltonian depends directly on a collective co-
ordinate q, the canonically conjugate collective mo-
mentum p, and internal degrees of freedom and has
the form

H = Hc +Hb +Hcb, (1)

Hc = p
1

2µ(q)
p+ U(q),

Hb =
∑
ν

�ωνb
+
ν bν ,

Hcb =
∑
ν

Vν(q)(b+ν + bν) + i
∑
ν

Gν(q, p)(b+ν − bν).

Here, b+ν and bν are, respectively, the phonon cre-
ation and annihilation operators describing internal
excitations of the system that have an energy �ων
(in order to simplify the notation, the symbols of op-
erators are omitted). The operators Hc and Hb are
the Hamiltonians for, respectively, the collective and
the internal subsystem. The third term Hcb on the
right-hand side of Eq. (1) describes the coupling of
the collective motion to internal excitations and is a
source of dissipative terms in the equations for the
operators of collective variables. If, for example, one
describes the interaction of nuclei at low energies, the
first term in the expression forHсb corresponds to the
effect of the mean field of each nucleus on the single-
particle motion in the other nucleus, while the second
term describes the coupling of the internal-motion
current to the collective current. Under the condi-
tionGν(q, p) = {G̃ν(q), p}+ = G̃ν(q)p+ pG̃ν(q), the
Hamiltonian H is invertible in time. Our objective is
to derive the Langevin equations for the operators p
and q and to solve them analytically.
By using the Hamiltonian in (1), we obtain a set of

the quantum Heisenberg equations for the operators
associated with the collective and internal motions;
that is,

q̇ =
i

�
[H, q] =

1
2
{µ−1(q), p}+ (2)

+ i
∑
ν

G′
ν,p(b

+
ν − bν),

ṗ =
i

�
[H, p] = −H ′

c,q(q, p) −
∑
ν

V ′
ν,q(b

+
ν + bν)
PH
− i
∑
ν

G′
ν,q(b

+
ν − bν),

ḃ+ν =
i

�
[H, b+ν ] = iωνb

+
ν +

1
�
(iVν(q) +Gν(q, p)),

(3)

ḃν =
i

�
[H, bν ] = −iωνbν +

1
�
(−iVν(q) +Gν(q, p)).

Here, we use the notation

H ′
c,q(q, p) =

∂Hc(q, p)
∂q

, V ′
ν,q =

∂Vν(q(t))
∂q

,

G′
ν,p =

∂Gν(q(t), p(t))
∂p

, G′
ν,q =

∂Gν(q(t), p(t))
∂q

.

By substituting into Eqs. (2) the solutions to (3) that
have the form

b+ν (t) + bν(t) = f+
ν (t) + fν(t) −

2Vν(q)
�ων

(4)

− i

ων

t∫

0

dτ [Φ̇+(τ)eiων (t−τ) − Φ̇(τ)e−iων(t−τ)],

b+ν (t) − bν(t) = f+
ν (t) − fν(t) +

2iGν(q, p)
�ων

− i

ων

t∫

0

dτ [Φ̇+(τ)eiων (t−τ) + Φ̇(τ)e−iων(t−τ)],

where

fν(t) = [bν(0) +
i

ων
Φ(0)]e−iων t,

Φ(t) =
1
�
[−iVν(q(t)) +Gν(q(t), p(t))],

we obtain the set of nonlinear integro-differential
stochastic equations

q̇ =
1
2
{µ̃−1(q), p}+ (5)

− 1
2

t∫

0

dτ{KGV (t, τ), q̇(τ)}+

+
1
2

t∫

0

dτ{KGG(t, τ), ṗ(τ)}+ + Fq(t),

ṗ = −H̃ ′
c,q(q, p) −

1
2

t∫

0

dτ{KV V (t, τ), q̇(τ)}+

+
1
2

t∫

0

dτ{KV G(t, τ), ṗ(τ)}+ + Fp(t).
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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In deriving Eqs. (5), we have disregarded the follow-
ing second-order terms in �: [[G′

ν,p(t), q̇(t′)], V ′
ν,q(t′)],

[[G′
ν,q(t), q̇(t′)], V ′

ν,q(t′)], [[G′
ν,q(t), q̇(t′)], G′

ν,q(t′)],
[[G′

ν,p(t), q̇(t′)], G′
ν,q(t′)], [[G′

ν,p(t), ṗ(t′)], G′
ν,p(t′)],

and [[G′
ν,q(t), ṗ(t′)], G′

ν,p(t′)]. In the case of a linear
coupling in the coordinate and momentum (Vν and
Gν are linear functions of q and p, respectively), the
equations of motion in (5) are exact.

In (5), the collective Hamiltonian

H̃c(q, p) = p
1

2µ̃(q)
p+ Ũ(q, p)

involves a renormalized mass,

µ̃−1(q(t)) = µ−1(q(t)) − 2
∑
ν

[G′
ν,p(t)]2

�ων
,

and a renormalized potential energy,

Ũ(q(t)) = U(q(t)) −
∑
ν

[Vν(q(t))]2

�ων
.

In the equations of motion (5), the dissipative kernels
are isolated in the terms proportional to q̇ and ṗ [10]:

KGV (t, τ) =
∑
ν

1
�ων

[{G′
ν,p(t), V

′
ν,q(τ)}+ (6)

× sin(ων [t− τ ]) − {G′
ν,p(t), G

′
ν,q(τ)}+

× cos(ων [t− τ ])],

KV G(t, τ) = −
∑
ν

1
�ων

[{G′
ν,q(t), G

′
ν,p(τ)}+

× cos(ων [t− τ ]) + {V ′
ν,q(t), G

′
ν,p(τ)}+

× sin(ων [t− τ ])],

KV V (t, τ) =
∑
ν

1
�ων

[({V ′
ν,q(t), V

′
ν,q(τ)}+

+ {G′
ν,q(t), G

′
ν,q(τ)}+) cos(ων [t− τ ])

+ ({V ′
ν,q(t), G

′
ν,q(τ)}+ − {G′

ν,q(t), V
′
ν,q(τ)}+)

× sin(ων [t− τ ])],

KGG(t, τ) =
∑
ν

1
�ων

{G′
ν,p(t), G

′
ν,p(τ)}+

× cos(ων [t− τ ]).
Since these kernels are independent of the number
of phonons, they are also independent of the heat-
bath temperature T . Temperature and fluctuations
appear in this consideration through the definition of
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the distribution of initial conditions for the internal
system. In Eqs. (5), the operators Fq and Fp,

Fq(t) =
∑
ν

F νq (t) (7)

= i
∑
ν

G′
ν,p(t)[f

+
ν (t) − fν(t)],

Fp(t) =
∑
ν

F νp (t) = −
∑
ν

V ′
ν,q(t)[f

+
ν (t) + fν(t)]

− i
∑
ν

G′
ν,q(t)[f

+
ν (t) − fν(t)],

play the role of random forces in the coordinate and
momentum and depend on q(t), p(t), and initial con-
ditions for the internal subsystem. As usual, the op-
erators F νq (t) and F νp (t) are identified in statistical
physics with fluctuations because of the uncertainty
in the initial conditions for heat-bath operators. In
order to determine the statistical properties of these
fluctuations, we consider an ensemble of initial states
where q(0) and p(0) are preset and where the initial
heat-bath operators are taken from a canonical en-
semble [10]. In this ensemble, the fluctuations F νq (t)
and F νp (t) obey a Gaussian distribution and have zero
mean values,

〈〈F νq (t)〉〉 = 〈〈F νp (t)〉〉 = 0, (8)

and nonzero secondmoments. The symbol 〈〈. . .〉〉 de-
notes averaging over heat-bath variables. AGaussian
distribution of random forces corresponds to repre-
senting a heat bath by a set of harmonic oscillators [2,
4, 8]. In order to calculate correlation functions for
fluctuations, we employ here a heat bath that obeys
Bose–Einstein statistics,

〈〈f+
ν (t)f+

ν′ (t
′)〉〉 = 〈〈fν(t)fν′(t′)〉〉 = 0, (9)

〈〈f+
ν (t)fν′(t′)〉〉 = δν,ν′nνe

iων(t−t′),

〈〈fν(t)f+
ν′ (t

′)〉〉 = δν,ν′(nν + 1)e−iων (t−t′),

where nν = [exp(�ων/T ) − 1]−1 stands for the
temperature-dependent occupation numbers for
phonons.
Thus, we have derived the set of generalized non-

linear Langevin equations (5). The presence of in-
tegral terms in the equations of motion means that
a non-Markovian system retains memory about the
motion along the trajectory preceding the instant t.
The second equation in (5) additionally involves a
random force, this generating somemathematical dif-
ficulties in solving it [2]. An analytic solution can be
obtained under the assumption that the functionals
µ̃, V ′

ν,q, G
′
ν,q, and G

′
ν,p change only slightly within

the time interval t. In this case, one can replace
05
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these functionals in Eq. (5) by their mean values and
then approximate the renormalized potential by the
harmonic-oscillator potential Ũ = δ̃q2/2 (or by its in-
verted counterpart). As a result, one arrives at a set of
generalized Langevin equations featuring dissipative
kernels that possess memory. In order to solve them,
we apply a Laplace transformation L, whereupon we
arrive at linear equations for the transforms. Knowing
the expressions for the transforms, we derive explicit
expressions for the originals; that is,

q(t) = Atq(0) +Btp(0) (10)
PH
+

t∫

0

dτ [CτFq(t− τ) + C̃τFp(t− τ)],

p(t) = Mtq(0) +Ntp(0)

+

t∫

0

dτ [LτFp(t− τ) + L̃τFq(t− τ)],

where the coefficients have the form
At = L−1

[
s(1 +KGV (s))(1 −KV G(s)) + (1/µ̃+ sKGG(s))KV V (s)

d(s)

]
,

Nt = L−1

[
s(1 −KV G(s))(1 +KGV (s)) + (δ̃ + sKV V (s))KGG(s)

d(s)

]
,

Bt = L−1

[
µ̃−1(1 −KV G(s))

d(s)

]
,

Mt = −L−1

[
δ̃(1 +KGV (s))

d(s)

]
,

Ct = L−1

[
s(1 −KV G(s))

d(s)

]
,

Lt = L−1

[
s(1 +KGV (s))

d(s)

]
,

C̃t = L−1

[
1/µ̃+ sKGG(s)

d(s)

]
,

L̃t = −L−1

[
δ̃ + sKV V (s)

d(s)

]
.

Here, L−1 stands for the inverse Laplace transfor-
mation and KV V (s), KGG(s), KGV (s), and KV G(s)
are the Laplace transforms of the dissipative kernels.
The symbols t and τ indicate the time dependence.
By using the residue theorem for obtaining the afore-
mentioned originals, the solutions q(t) and p(t) can
be expressed in terms of the roots si of the equation

d(s) ≡ s2(1 +KGV (s))(1 −KV G(s)) (11)

+ (δ̃ + sKV V (s))(1/µ̃ + sKGG(s)) = 0.

2.2. Fluctuation–Dissipation Relations

The fluctuation–dissipation relation expresses a
macroscopic quantity that describes energy dissipa-
tion for a collective subsystem in terms of a mi-
croscopic feature describing fluctuations of random
forces in the internal subsystem. Thus, this rela-
tion expresses the nonequilibrium behavior of a sys-
tem in terms of equilibrium or quasiequilibrium fea-
tures. By using the statistical properties (8) and (9)
of the random forces (7) and disregarding O(�) terms
[this corresponds to disregarding the double commu-
tators in (5)], we obtain the following relations for
the symmetrized correlation functions (k, k′ = q, p)
φνkk′(t, t

′) = 〈〈F νk (t)F νk′(t
′) + F νk′(t

′)F νk (t)〉〉 charac-
terizing the random forces:

φνqp(t, t
′) = [2nν + 1](−{G′

ν,p(t), G
′
ν,q(t

′)}+ (12)

× cos(ων [t− t′]) + {G′
ν,p(t), V

′
ν,q(t

′)}+

× sin(ων [t− t′])),
φνpq(t, t

′) = −[2nν + 1]({G′
ν,q(t), G

′
ν,p(t

′)}+

× cos(ων [t− t′]) + {V ′
ν,q(t), G

′
ν,p(t

′)}+

× sin(ων [t− t′])),
φνpp(t, t

′) = [2nν + 1](({V ′
ν,q(t), V

′
ν,q(t

′)}+

+ {G′
ν,q(t), G

′
ν,q(t

′)}+) cos(ων [t− t′])
+ ({V ′

ν,q(t), G
′
ν,q(t

′)}+ − {G′
ν,q(t), V

′
ν,q(t

′)}+)

× sin(ων [t− t′])),
φνqq(t, t

′) = [2nν + 1]{G′
ν,p(t), G

′
ν,p(t

′)}+

× cos(ων [t− t′]).

The retention of the discarded terms would lead to
additional relations. By using Eqs. (6) and (12) and
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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considering that 2nν + 1 = coth[�ων/(2T )], we ob-
tain the quantum fluctuation–dissipation relations
∑
ν

φνqp(t, t
′)
tanh[�ων/(2T )]

�ων
= KGV (t, t′), (13)

∑
ν

φνpq(t, t
′)
tanh[�ων/(2T )]

�ων
= KV G(t, t′), (14)

∑
ν

φνpp(t, t
′)
tanh[�ων/(2T )]

�ων
= KV V (t, t′), (15)

∑
ν

φνqq(t, t
′)
tanh[�ων/(2T )]

�ων
= KGG(t, t′). (16)

Thus, the equations of motion for the collective coor-
dinates satisfy the fluctuation–dissipation relations.
Fulfillment of the fluctuation–dissipation relations

means that we have correctly defined the dissipative
kernels in the non-Markovian dynamical equations
of motion. For the simple cases of FC and RWA
oscillators, a similar quantum fluctuation–dissipation
relation was obtained in [10] and in the studies
quoted therein. In the present study, the quantum
fluctuation–dissipation theorem is generalized to the
case of an arbitrary form of the Hamiltonian term
Hcb. Quantum fluctuation–dissipation relations differ
from their classical counterparts and reduce to them
in the limit of high temperature T (or, formally, in
the limit � → 0), in which case tanh[�ων/(2T )] →
1/(2T ) in relations (13)–(16). The classical relations
contain only temperature fluctuations. Quantum
fluctuations are additionally taken into account in
relations (13)–(16). Since the equations of motion
in (5) for the collective coordinates and momenta are
in accord with the fluctuation–dissipation relations,
our formalism provides a basis for describing quan-
tum statistical effects of collective motion.

2.3. Transport Coefficients

By using the explicit time dependences of p and q,
we can derive their basic properties, such as the mean
values 〈q(t)〉 and 〈p(t)〉 (first moments),

〈q(t)〉 = At〈q(0)〉 +Bt〈p(0)〉, (17)

〈p(t)〉 = Mt〈q(0)〉 +Nt〈p(0)〉,
and the correlation functions σqtqt′ = 〈q(t)q(t′)〉,
σptpt′ = 〈p(t)p(t′)〉, σqtpt′ = 〈q(t)p(t′)〉, and σptqt′ =
〈p(t)q(t′)〉,

σqtqt′ = AtAt′σq0q0 +BtBt′σp0p0 (18)

+AtBt′σq0p0 +BtAt′σp0q0 + Jqtqt′ ,
σptpt′ = MtMt′σq0q0 +NtNt′σp0p0 +MtNt′σq0p0
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
+NtMt′σp0q0 + Jptpt′ ,

σqtpt′ = AtMt′σq0q0 +BtNt′σp0p0 +AtNt′σq0p0
+BtMt′σp0q0 + Jqtpt′ ,

σptqt′ = MtAt′σq0q0 +NtBt′σp0p0 +NtAt′σp0q0
+MtBt′σq0p0 + Jptqt′ ,

where

Jqtqt′ =

t∫

0

t′∫

0

dτdτ ′ (19)

× [CτCτ ′Iqq(t− τ, t′ − τ ′)
+ Cτ C̃τ ′Iqp(t− τ, t′ − τ ′)
+ C̃τCτ ′Ipq(t− τ, t′ − τ ′)
+ C̃τ C̃τ ′Ipp(t− τ, t′ − τ ′)],

Jptpt′ =

t∫

0

t′∫

0

dτdτ ′[LτLτ ′Ipp(t− τ, t′ − τ ′)

+ Lτ L̃τ ′Ipq(t− τ, t′ − τ ′)
+ L̃τLτ ′Iqp(t− τ, t′ − τ ′)
+ L̃τ L̃τ ′Iqq(t− τ, t′ − τ ′)],

Jqtpt′ =

t∫

0

t′∫

0

dτdτ ′[CτLτ ′Iqp(t− τ, t′ − τ ′)

+ C̃τLτ ′Ipp(t− τ, t′ − τ ′)
+ C̃τ L̃τ ′Ipq(t− τ, t′ − τ ′)
+ Cτ L̃τ ′Iqq(t− τ, t′ − τ ′)],

Jptqt′ =

t∫

0

t′∫

0

dτdτ ′[LτCτ ′Ipq(t− τ, t′ − τ ′)

+ L̃τCτ ′Iqq(t− τ, t′ − τ ′)
+ L̃τ C̃τ ′Iqp(t− τ, t′ − τ ′)
+ Lτ C̃τ ′Ipp(t− τ, t′ − τ ′)].

The symbol 〈. . .〉 in Iqq(t, τ) = 〈Fq(t)Fq(τ)〉,
Ipp(t, τ) = 〈Fp(t)Fp(τ)〉, Ipq(t, τ) = 〈Fp(t)Fq(τ)〉,
and Iqp(t, τ) = 〈Fq(t)Fp(τ)〉 denotes averaging over
the entire system.
In order to determine the friction and diffusion

coefficients, we consider the equations for the mean
values and for the variances with respect to the co-
ordinate, σqq(t) = 〈q2(t)〉 − 〈q(t)〉2 = σqtqt − 〈q(t)〉2;
with respect to the momentum, σpp(t) = 〈p2(t)〉 −
〈p(t)〉2 = σptpt − 〈p(t)〉2; and with respect to the
coordinate and momentum, σqp(t) =

1
2
〈p(t)q(t) +
05
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q(t)p(t)〉 − 〈p(t)〉〈q(t)〉 =
1
2
(σqtpt + σptqt) −

〈p(t)〉〈q(t)〉. Differentiating Eqs. (17) and (18) with
respect to time at t = t′, we obtain

d

dt
〈q(t)〉 = −λq(t)〈q(t)〉 +

1
m(t)

〈p(t)〉, (20)

d

dt
〈p(t)〉 = −ξ(t)〈q(t)〉 − λp(t)〈p(t)〉,

and

σ̇qq(t) = −2λq(t)σqq(t) +
2
m(t)

σqp(t) + 2Dqq(t),

(21)

σ̇pp(t) = −2λp(t)σpp(t) − 2ξ(t)σqp(t) + 2Dpp(t),
σ̇qp(t) = −[λp(t) + λq(t)]σqp(t) − ξ(t)σqq(t)

+
1
m(t)

σpp(t) + 2Dqp(t).

These equations involve the coefficient of friction in
the coordinate,

λq(t) =
ȦtNt − ḂtMt

BtMt −AtNt
; (22)

the coefficient of friction in the momentum,

λp(t) =
AtṄ t −BtṀ t

BtMt −AtNt
; (23)

the renormalized inverse mass,

1/m(t) =
ȦtBt − ḂtAt
BtMt −AtNt

; (24)

the renormalized stiffness coefficient,

ξ(t) =
Ṁ tNt − Ṅ tMt

BtMt −AtNt
; (25)

the coefficient of diffusion in the coordinate,

Dqq(t) = λq(t)Jqtqt −
1

2m(t)
(Jqtpt + Jptqt) +

1
2
J̇qtqt ;

(26)

the coefficient of diffusion in the momentum,

Dpp(t) = λp(t)Jptpt +
ξ(t)
2

(Jqtpt + Jptqt) +
1
2
J̇ptpt ;

(27)

and the coefficient of diffusion in the coordinate and
momentum,

Dqp(t) =
1
2

[
λp(t) + λp(t)

2
(Jqtpt + Jptqt) (28)

+ ξ(t)Jqtqt −
1
m(t)

Jptpt +
1
2
(J̇qtpt + J̇ptqt)

]
.

PH
Thus, we have derived equations for the first and
second moments where the transport coefficients de-
pend explicitly on time, the collective coordinate, and
the canonically conjugate momentum. It is the time
dependence of the transport coefficients that reflects
the fact that non-Markovian processes occur in the
system. In the limit t→ ∞, the equilibrium diffusion
coefficients have the form [σ̇pp = σ̇qq = σ̇qp = 0 in
(21)]

Dqq(∞) = λq(∞)σqq(∞) − 1
m(∞)

σqp(∞), (29)

Dpp(∞) = λp(∞)σpp(∞) + ξ(∞)σqp(∞),

Dqp(∞) =
1
2
[(λp(∞) + λq(∞))σqp(∞)

+ ξ(∞)σqq(∞) − 1
m(∞)

σpp(∞)].

Comparing (26)–(28) with (29), we arrive at the
relations σqq(∞) = Jq∞q∞ , σpp(∞) = Jp∞p∞ , and

σqp(∞) =
1
2
(Jq∞p∞ + Jp∞q∞). If σqp(∞) = 0 in (29),

the asymptotic diffusion and friction coefficients sat-
isfy the fluctuation–dissipation relations

Dqq(∞) = λq(∞)σqq(∞),
Dpp(∞) = λp(∞)σpp(∞).

If all Gν in (1) are equal to zero, then λq(t) = 0 and
Dqq(t) = 0. Thus, it is the coupling in the momentum
p that is responsible for the appearance of the coeffi-
cients λq andDqq in the stochastic equations.
In order to illustrate our numerical calculations,

we set Gν = 0 and Vν = ανq in (1) and replace the
sums

∑
ν by integrals with respect to the heat-bath

frequency, taking into account the density of states,
ρ(ω′), in the integrand, so that

∞∫

0

dω′ρ(ω′)
(α(ω′))2

�ω′ . . . =
α2γ2

π

∞∫

0

dω′

γ2 + ω′2 . . . .

It is necessary that γ be much greater than ω. We
choose ω and α in such a way as to obtain the specific
asymptotic values ξ(∞) = µω̃2 and λp(∞) = λp. We
consider the case of µ = 50m0 (m0 is the nucleon
mass) and �ω̃ = 3 MeV and set �γ = 12 MeV.
The figure shows the coefficients λp, Dpp, and Dqp

versus time. The transport coefficients vanish at t = 0
and reach asymptotic values within a short time
interval. For t > 0, the coefficients λp(t) and Dpp(t)
are positive; the coefficient Dqp is first positive and
then becomes negative. The values calculated for
the coefficient Dpp(∞) are larger, within a factor
of 1.5, than the classical values given by Dc

pp =
0.5�λpµω̃coth[�ω̃/(2T )], and this fact confirms that
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Calculated time dependences of the diffusion and friction coefficients for µ = 50m0 and �ω̃ = 3 MeV at (left panels) T =
0.1MeV and (right panels) T = 1MeV. The solid, dashed, dotted, and dash-dotted curves represent the results obtained for
the cases where the asymptotic values of the friction coefficient are �λp = 0.5, 1.0, 1.5, and 2.0 MeV, respectively.
the calculations were correct and that the parameters
were chosen appropriately. We have Dpp(∞) > Dc

pp

since Dqp(∞) < 0 and since Dc
qp(∞) = 0 in the

classical case.

2.4. Relation to Diffusion Equations

Equations (17) and (21) for the mean values and
variances of the collective coordinate and momentum
can be obtained from the master equation for the den-
sity matrix ρ(t) describing the collective subsystem,

ρ̇ = − i
�
[H̃c, ρ] +

iλq(t)
2�

[p, {q, ρ}+] (30)

− iλp(t)
2�

[q, {p, ρ}+] − Dqq(t)
�2

[p, [p, ρ]]

− Dpp(t)
�2

[q, [q, ρ]] +
Dqp(t)

�2
([p, [q, ρ]] + [q, [p, ρ]]),
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or from an equation of the Fokker–Planck type for the
corresponding Wigner functionW (q, p, t),

Ẇ = − p

m(t)
∂W

∂q
+ ξ(t)q

∂W

∂p
(31)

+ λp(t)
∂(pW )
∂p

+ λq(t)
∂(qW )
∂q

+Dqq(t)
∂2W

∂q2

+Dpp(t)
∂2W

∂p2
+ 2Dqp(t)

∂2W

∂q∂p
.

For the case of general coupling, we have assumed
here that friction and diffusion depend on t but that
they are independent of p and q. In the case of a linear
coupling, this assumption is not required because
there then exists only a time dependence, which is
obtained explicitly. Despite the non-Markovian na-
ture of Eqs. (5), the evolution of ρ and the evolution
of W are described by differential equations local in
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time. Memory effects lead to the time dependence
of the transport coefficients. In general, we have the
coefficients of friction and diffusion in the coordinate
and in the momentum, this being a consequence of
the presence of random forces in q and p. We note
that Eqs. (30) and (31) have the same structure as the
corresponding phenomenological Lindblad equations
featuring constant transport coefficients [16–21].

2.5. Strong-Damping Limit

In the case of large friction, equilibrium with re-
spect to the momentum, ṗ ≈ 0, is reached fast; as a
result, the second equation in (5) takes the form

0 = −δ̃q(t) −
t∫

0

dτKV V (t, τ)q̇(τ) + Fp(t). (32)

Solving this equation, we obtain

q(t) = Atq(0) +

t∫

0

dτC̃τFp(t− τ), (33)

where

At =

t∫

0

dτKV V (t, τ)C̃τ ,

C̃t = L−1[δ̃ + sKV V (s)]−1.

By using (33), we obtain the mean value and the
variance as functions of time,

〈q(t)〉 = At〈q(0)〉, (34)

σqq(t) = A2
tσqq(0) + Jqtqt,

where

Jqtqt =

t∫

0

t∫

0

dτdτ ′C̃τ C̃τ ′Ipp(t− τ, t− τ ′).

The differential equations for 〈q(t)〉 and σqq(t) can be
derived from Eqs. (34). As a result, we obtain

〈q̇(t)〉 = v(t)〈q(t)〉, (35)

σ̇qq(t) = 2v(t)σqq(t) +Dovqq(t),

where the drift [v(t)] and the diffusion [Dovqq(t)] coeffi-
cient have the form

v(t) = Ȧt/At, (36)

Dovqq(t) = −2
Ȧt
At
Jqtqt + J̇qtqt .

In the asymptotic limit, we arrive at the fluctuation–
dissipation relationDovqq(∞) = −2v(∞)σqq(∞).
PH
Equations (35) can be derived from the following
differential equation for the distributionW (q, t) of the
coordinate:

Ẇ = −v(t) ∂
∂q

(qW ) +Dovqq(t)
∂2

∂q2
W. (37)

This equation is a quantum analog of the classical
Smoluchowski equation for a general coupling of
the subsystem to a heat bath. In [25], this equation
was obtained by a different method, but only for the
FC oscillator. If the transition times for Dovqq(t) and
v(t) are equal to or shorter than the characteristic
time 1/λp(∞) of equilibration in p, the asymptotic
expressions for Dovqq(∞) and v(∞) can be used in
the calculations to a high accuracy—that is, the time
dependence of the transport coefficients can be disre-
garded.

3. LINEAR COUPLING IN MOMENTUM

As a particular case, we will consider a micro-
scopic Hamiltonian H of the quadratic form for the
total system; that is,

Hc =
p2

2µ
+
µω2

0q
2

2
+
ξ0
2

(pq + qp) , (38)

Hb =
∑
ν

(
p2ν

2mν
+
mνω

2
νq

2
ν

2

)
, (39)

Hcb = p
∑
ν

gνpν . (40)

Here, Hcb describes the interaction between the in-
ternal and collective subsystems that is linear in the
momenta p and pν , the coupling constants being
denoted by gν . In (38) and (39), µ (mν) and ω0 (ων)
are, respectively, the mass and the frequency of the
collective (internal) oscillator. With the aid of the pa-
rameter ξ0, one can ensure the translation invariance
of the collective subsystem.

By analogy with (5), we obtain the set of the quan-
tum integro-differential stochastic Langevin equa-
tions

dq

dt
=

1
µ̃
p+ ξ0q +

t∫

0

ṗ(t′)KGG(t− t′)dt′ + Fq(t),

(41)
dp

dt
= −µω2

0q − ξ0p,

which involve the renormalized collective mass,
1
µ̃

=
1
µ
−
∑
ν

mνg
2
ν ; (42)
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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the dissipative kernel of the equation of motion in the
coordinate q,

KGG(t− t′) =
∑
ν

mνg
2
ν cos[ων(t− t′)]; (43)

and the operator of a random force in the coordinate
q,

Fq(t) =
∑
ν

gν [(pν(0) +mνgνp(0)) (44)

× cos(ωνt) − qν(0)mνων sin(ωνt)].

Upon performing the canonical coordinate transfor-
mation p′ν = pν + gνmνp and q′ν = qν , we obtain

Fq(t) =
∑
ν

F νq (t) =
∑
ν

gν [p′ν(0) cos(ωνt) (45)

− q′ν(0)mνων sin(ωνt)].

We note that this transformation leads to a new total
Hamiltonian, where there is no coupling between
the collective and internal subsystems and where the
frequencies and masses are renormalized. We per-
form averaging over the internal degrees of freedom
with this Hamiltonian. The random-force operator
Fq then has a zero first moment and a nonzero
second moment. For the symmetrized correlation
function φνqq(t, t′) = �ωνmνg

2
ν cos[ων(t− t′)](2nν +

1), we obtain the quantum fluctuation–dissipation
relation
∑
ν

φνqq(t, t
′)

1
�ων
tanh(�ων/(2T )) = KGG(t− t′).

(46)

In order to simplify the ensuing calculations, we
replace the sum

∑
νmνg

2
ν . . . in the relevant formulas

by an integral [10],
∞∫

0

dωρ(ω)m(ω)(g(ω))2 . . . =
g0γ

2

π

∞∫

0

dω
dω

γ2 + ω2
. . . .

Finally, we have

KGG(t− t′) = g0γ exp(−γ|t− t′|), (47)

KGG(s) =
g0γ

s+ γ
, (48)

where γ−1 characterizes the dissipation-memory
time and Γ = �γ is the width of internal-subsystem
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excitations that is due to the couplings to the collec-
tive subsystem. In the case of instantaneous dissipa-
tion (γ → ∞), expression (47) reduces to KGG(t−
t′) = 2g0δ(t − t′). This delta-function form of the
kernel is frequently used for Markovian processes,
but, in some cases, it can lead to a violation of the
uncertainty relation [9, 18, 21] at the initial instant.
Solving Eqs. (41), we obtain

q(t) = q(0)At + p(0)Bt +

t∫

0

dt′At′Fq(t− t′), (49)

p(t) = q(0)Mt + p(0)Nt +

t∫

0

dt′Mt′Fq(t− t′),

where

At =
3∑
i=1

Ait =
3∑
i=1

βi(si + γ)(si + ξ0)esit, (50)

Mt =
3∑
i=1

M i
t = −µω2

0

3∑
i=1

βi(si + γ)esit,

Bt =
1
µ̃

3∑
i=1

βi(si + γ + (1 − µ̃/µ)ξ0)esit,

Nt =
3∑
i=1

βi((si − ξ0)(si + γ) + (1 − µ/µ̃)ω2
0)e

sit.

Here, si (i = 1, 2, 3) are the roots of the cubic equa-
tion

s3 + γs2 + (ω2
0 − ξ20)s+ γ

(
µ

µ̃
ω2

0 − ξ20
)

= 0, (51)

while β1 = (s1 − s2)−1(s1 − s3)−1,β2 = (s2 − s1)−1×
(s2 − s3)−1, β3 = (s3 − s1)−1(s3 − s2)−1, and 1/µ̃ =
1/µ− g0γ.

For a damped oscillator, the expressions for the
transport coefficients can be derived from the general
formulas (22)–(28). As a result, we have

ξ(t) = µω2
0, (52)
1
m(t)

=
1
µ̃

3∑
i,j=1

βiβj(si − sj)2[(si + γ)(sj + γ) + ξ0(1 − µ̃
µ)(si + sj + γ + ξ0)]e(si+sj)t

(µµ̃ω
2
0 − ξ20)

3∑
i,j=1

βiβj(si + γ)(sj + γ)(si − sj)2e(si+sj)t/(sisj)
,
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λp(t) = ξ0,

λq(t) = −ξ0 −

3∑
i,j=1

βiβj(si + γ)(sj + γ)(si + sj)(si − sj)2e(si+sj)t/(sisj)

3∑
i,j=1

βiβj(si + γ)(sj + γ)(si − sj)2e(si+sj)t/(sisj)
,

Dpp(t) = 0,

Dqq(t) =
(
λq(t) +

1
2
d

dt

)
Jqtqt

+
1

m(t)µω2
0

(
ξ0 +

d

dt

)
Jptpt ,

Dqp(t) =
1
2

[
µω2

0Jqtqt −
1

m(t)µω2
0

×
(
µω2

0 +m(t)(ξ0 + λq(t))ξ0

+
1
2

[
(3ξ0 + λq(t))

d

dt
+
d2

dt2

])
Jptpt

]
,

where

Jqtqt =
�g0γ

2

π

∞∫

0

dω
ωcoth(�ω/(2T ))

γ2 + ω2
(53)

×
∑
ik

AitA
k
tϕik(si, sk, ω, t),

Jptpt =
�g0γ

2

π

∞∫

0

dω
ωcoth(�ω/(2T ))

γ2 + ω2
(54)

×
∑
ik

M i
tM

k
t ϕik(si, sk, ω, t),

1
2
(Jptqt + Jqtpt) =

�g0γ
2

π
(55)

×
∞∫

0

dω
ωcoth(�ω/(2T ))

γ2 + ω2

∑
ik

AitM
k
t ϕik(si, sk, ω, t),

ϕik =

t∫

0

dt′esit′
t∫

0

dt′′eskt
′′
cos
[
ων(t′′ − t′)

]
. (56)

Since ϕik(t = 0) = 0 and d
dtϕik(t = 0) = 0, all diffu-

sion coefficients are equal to zero at the initial instant
t = 0; that is, Dqq(t = 0) = Dpp(t = 0) = Dqp(t =
0) = 0. It can be shown that, at any instant of time,
Dpp(t) = 0 since there is no random force in the
momentum in the equations of motion (41).
PH
3.1. Asymptotic Behavior of the Diffusion
Coefficients, Friction Coefficients, and Correlation

Functions

The roots s1, s2, and s3 of the cubic equation have
negative real parts; in addition, two roots, s1 and s2,
are complex conjugate. At long times, terms propor-
tional to es3t can be disregarded in the functions At,
Mt, Bt, and Nt, since these terms are damped fast.
After simple but cumbersome calculations, one can
derive the following expressions for the friction and
diffusion coefficients in the limit t→ ∞:

1
m(∞)

=
|s1|2

µω2
0 − µ̃ξ20

(57)

×
[
1 + ξ0

(
1 − µ̃

µ

)
s1 + s∗1 + γ + ξ0

|s1 + γ|2

]
,

λq(∞) = −ξ0 − (s1 + s∗1),

Dqq(∞) = λq(∞)σqq(∞) +
ξ0

m(∞)µω2
0

σpp(∞),

Dqp(∞) =
1
2

[
µω2

0σqq(∞)

−
(

1
m(∞)

+
ξ0(ξ0 + λq(∞))

µω2
0

)
σpp(∞)

]
.

For the renormalized inverse mass, we obtain the
simple expression

1
m(∞)

=
|s1|2
µω2

0

(58)

in the case of ξ0 = 0. From Eqs. (51), (52), and
(57), one can see that the collective-energy loss
[λp(∞)(t) + λq(∞)(t) = 0], and the values of the dif-
fusion coefficients vanish if the term 0.5p2

∑
νmνg

2
ν ,

which compensates for the collective-mass renormal-
ization [m(t) = µ = µ̃], is included in the Hamilto-
nianHc.
By using Eqs. (18) and (53)–(55), the asymp-

totic behavior of the variances σpp(∞), σqq(∞), and
σqp(∞) appearing in (57) can be expressed in terms
of the integrals (xn = 2πTn/�)

I =
�g0γ

2

π
(59)
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×
∞∫

0

coth(�ω/(2T ))ωdω
(s21 + ω2)(s22 + ω2)(s23 + ω2)

=
T

µω2
0

∞∑
n=0

(2 − δn,0)(xn − γ)
x3
n − γx2

n + (ω2
0 − ξ20)xn + γ(ξ20 − µ

µ̃ω
2
0)

and

Ĩ =
�g0γ

2

π
(60)

×
∞∫

0

coth(�ω/(2T ))ω3dω

(s21 + ω2)(s22 + ω2)(s23 + ω2)

=
T

µω2
0

∞∑
n=0

(2 − δn,0)(xn(ω2
0 − ξ20) + γ(ξ20 − µ

µ̃ω
2
0))

x3
n − γx2

n + (ω2
0 − ξ20)xn + γ(ξ20 − µ

µ̃ω
2
0)

as

σpp(∞) = (µω2
0)

2I, (61)

σqq(∞) = ξ20I + Ĩ , σqp(∞) = −ξ0µω2
0I.

Weak-coupling limit. Disregarding the interac-
tion term Hcb and using the collective Hamiltonian
in the form (38), we can represent the asymptotic
expressions for the variances in the form

σpp(∞) =
�

2
µω2

0

(ω2
0 − ξ20)1/2

coth(�(ω2
0 − ξ20)1/2/(2T )),

(62)

σqq(∞) =
�

2
1

µ(ω2
0 − ξ20)1/2

coth(�(ω2
0 − ξ20)1/2/(2T )),

σqp(∞) = −�

2
ξ0

(ω2
0 − ξ20)1/2

coth(�(ω2
0 − ξ20)1/2/(2T )),

σqq(∞)σpp(∞) − σ2
qp(∞)

=
�

2

4
coth2(�(ω2

0 − ξ20)1/2/(2T )) ≥ �
2

4
.

Assuming that, in the limit of weak coupling between
the collective system and the heat bath, the asymp-
totic expressions for the variances differ only slightly
from those in (62) and employing Eqs. (57), one can
obtain asymptotic expressions for the diffusion coef-
ficients. At ξ0 = 0, it follows from these asymptotic
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
expressions that λq(∞) = −(s1 + s∗1), Dqq(∞) =
�

2
λq(∞)µω0coth(�ω0/(2T )), andDqp(∞) = 0.

High-temperature limit. In the limit T → ∞,
the expressions for the integrals I and Ĩ are simplified
to become

I(T → ∞) =
T µ̃

(µω2
0 − µ̃ξ20)µω2

0

, (63)

Ĩ(T → ∞) = T/(µω2
0). (64)

Here, we have taken into account the relations be-
tween the roots of the cubic equation (51). It should
be noted that expressions (63) and (64) are indepen-
dent of the parameters g0 and γ. By using Eqs. (57),
(61), (63), and (64), we obtain asymptotic expres-
sions for the diffusion coefficients,

Dqq(∞) =
T

µω2
0 − µ̃ξ20

(65)

×
(
ξ0

(
µ̃

m(∞)
− 1
)
− (s1 + s∗1)

)
,

Dqp(∞) =
1
2

T

µω2
0 − µ̃ξ20

×
(
µω2

0

(
1 − µ̃

m(∞)

)
+ ξ0µ̃(s1 + s∗1)

)
,

and for the variances,

σpp(∞) =
T µ̃µω2

0

µω2
0 − µ̃ξ20

, (66)

σqq(∞) =
T

µω2
0 − µ̃ξ20

, σqp(∞) = − T µ̃ξ0
µω2

0 − µ̃ξ20
.

In the case of ξ0 = 0, we find from (65) that the
diffusion coefficients assume the form

Dqq(∞) = −(s1 + s∗1)
1
µω2

0

T, (67)

Dpq(∞) =
1
2

(
1 − µ̃|s1|2

µω2
0

)
T.

In the limit of weak coupling and high T , expres-
sions (62) and (66) coincide since µ̃ ≈ µ in this case.

Low-temperature limit. Let us now consider the
integrals I and Ĩ in the limit T → 0. We have
I(T → 0) =
�

πµω2
0

(s22 − s23) ln s1 + (s23 − s21) ln s2 + (s21 − s22) ln s3
(s1 − s2)(s1 − s3)(s2 − s3)

, (68)

Ĩ(T → 0) =
�

πµω2
0

s21(s
2
3 − s22) ln s1 + s22(s

2
1 − s23) ln s2 + s23(s

2
2 − s21) ln s3

(s1 − s2)(s1 − s3)(s2 − s3)
. (69)
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In the weak-coupling limit, these expressions are
simplified to become

I(T → 0) =
�

2µω2
0

1
(ω2

0 − ξ20)1/2
, (70)

Ĩ(T → 0) =
�

2µω2
0

(ω2
0 − ξ20)1/2. (71)

Substituting (70) and (71) into (61) and using
Eqs. (57), we obtain asymptotic expressions for the
diffusion coefficients,

Dqq(∞) =
−�

2µω2
0

(s1 + s∗1)(ω
2
0 − ξ20)1/2,

Dpq(∞) = 0, (72)

and for the variances,

σpp(∞) =
�µω2

0

2
1

(ω2
0 − ξ20)1/2

, (73)

σqq(∞) =
�

2µ
1

(ω2
0 − ξ20)1/2

,

σqp(∞) = −�

2
ξ0

(ω2
0 − ξ20)1/2

,

σqq(∞)σpp(∞) − σ2
qp(∞) = �

2/4.

It can easily be seen that, in the limit of low T ,
expressions (62) coincide with expressions (73).

Correlation functions. The asymptotic expres-
sions (t� t′ > 0) for the symmetrized correlation
functions

σasqtqt′ =
�g0γ

2

π
(74)

×
∞∫

0

coth(�ω/(2T ))ω(ξ20 + ω2) cos[ω(t− t′)]dω
(s21 + ω2)(s22 + ω2)(s23 + ω2)

,

σasptpt′
=

�g0γ
2µ2ω4

0

π

×
∞∫

0

coth(�ω/(2T ))ω cos[ω(t− t′)]dω
(s21 + ω2)(s22 + ω2)(s23 + ω2)

behave differently in the high- and low-temperature
limits; that is,

σasptpt′
(T → 0) → −�g0γ

2µ2ω4
0

πs21s
2
2s

2
3

1
(t− t′)2 (75)

=
−�g0µ̃

2µ2ω4
0

(µω2
0 − µ̃ξ20)2

1
(t− t′)2 ,

σasptpt′
(T → ∞) → −T µ̃µω2

0

γ(µω2
0 − µ̃ξ20)

×
[
s2s3(s2 + s3)es1(t−t′)

(s2 − s1)(s3 − s1)
PH
+
s1s3(s1 + s3)es2(t−t′)

(s1 − s2)(s3 − s2)

+
s1s2(s1 + s2)es3(t−t

′)

(s1 − s3)(s2 − s3)

]
,

σasqtqt′ (T → 0) → −�g0µ̃
2ξ20

(µω2
0 − µ̃ξ20)2

1
(t− t′)2

− i�

2µω2
0

[
s21(s2 + s3)es1(t−t′)

(s2 − s1)(s3 − s1)

+
s22(s1 + s3)es2(t−t′)

(s1 − s2)(s3 − s2)

+
s23(s1 + s2)es3(t−t

′)

(s1 − s3)(s2 − s3)

]
,

σasqtqt′ (T → ∞) → −T µ̃ξ20
γµω2

0(µω
2
0 − µ̃ξ20)

×
[
s2s3(s2 + s3)es1(t−t′)

(s2 − s1)(s3 − s1)

+
s1s3(s1 + s3)es2(t−t′)

(s1 − s2)(s3 − s2)

+
s1s2(s1 + s2)es3(t−t′)

(s1 − s3)(s2 − s3)

]

− T

2µω2
0

[
s1(s2 + s3)es1(t−t′)

(s2 − s1)(s3 − s1)

+
s2(s1 + s3)es2(t−t′)

(s1 − s2)(s3 − s2)

+
s3(s1 + s2)es2(t−t

′)

(s1 − s3)(s2 − s3)

]
.

At low temperatures, the correlation functions for
an oscillator decrease according to a power law in
the limit of long times. This is not observed in the
classical limit of high temperatures, where the decay
of the correlations is exponential.

4. CONCLUSIONS

Relying on amicroscopic Hamiltonian for the total
system, we have derived a set of nonlinear Langevin
equations for a damped harmonic oscillator under
the assumption of a general coupling between the
collective and the internal subsystem and have solved
these equations analytically. It has been shown that
the equations of motion for the collective subsystem
satisfy the quantum fluctuation–dissipation relation
and the uncertainty relation. On the basis of non-
Markovian Langevin equations, we have deduced
equations for the first and second moments. These
equations are local in time, but they involve transport
coefficients depending explicitly on time. Since the
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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time within which the transport coefficients reach the
asymptotic regime is short, non-Markovian effects
are not expected to play a significant role in nuclear
processes such as fission, fusion, and quasifission.
It has been shown that coupling in the coordinate
leads to the appearance of λp andDpp in the diffusion
equation and that coupling in the momentum leads to
the appearance of λq andDqq there.
In the case of a damped oscillator and a linear

coupling in the momentum, we have derived explicit
analytic expressions for the coefficients of friction in
the coordinate and in the momentum and for the co-
efficients of diffusion in the coordinate and in the co-
ordinate andmomentum and have studied the asymp-
totic behavior of the correlation functions. At low
temperatures, an oscillator is characterized by the
decay of the correlations according to a power law
in the limit of long times. This is not observed in the
classical limit of high temperatures, where the decay
of the correlations is exponential.
The nonlinear non-Markovian Langevin equa-

tions for an arbitrary potential can be solved an-
alytically within a short time interval by approxi-
mating this potential by an oscillator (a harmonic
or an inverted one) in the vicinity of the current
mean coordinate. Therefore, the analytic formulas
obtained here can be used to describe the fluctuation–
dissipation dynamics of nuclear processes governed
by complicated potentials. The approach developed
here is useful in describing the lifetimes of metastable
systems, transient processes, and decoherence in
quantum systems.
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Abstract—A new method for solving nonhomogeneous Bethe–Salpeter equations is developed on the
basis of employing expansions of interaction amplitudes and kernels in the basis of four-dimensional
spherical harmonics. The method, which is applicable to both scalar and spinor equations, is expounded for
the case of the nonhomogeneous Bethe–Salpeter equation for scalar particles in the ladder approximation.
The model phase shifts calculated by this method are in good agreement with results published previously.
c© 2005 Pleiades Publishing, Inc.
1. INTRODUCTION

The exclusive electrodisintegration process
D(e, e′)pn and the quasielastic-nucleon-knockout
process D(p, p′)pn on a deuteron play a key role in
present-day hadron physics in studying, for example,
the applicability range of the standard model of the
nucleus—that is, a description of nuclear systems and
phenomena in terms of nucleon and meson degrees
of freedom. In this case, an accurate or, at least, a
reliable and self-consistent description of initial and
final states of hadron systems would make it possible
to deduce comprehensive information not only about
interaction mechanisms but also about the validity of
model approaches inspired by nonperturbative QCD.

For few-nucleon systems, a satisfactory descrip-
tion of initial and final states is attainable within
an effective meson–nucleon theory by using the
Schrödinger equation (see [1, 2] and references
therein). However, the development of covariant
approaches becomes necessary at high energies, in
which case the disregard of relativistic effects is less
justified, while effects of final-state interaction are still
significant. Processes like a low-momentum-transfer
charge exchange on a deuteron in the reaction pD →
n(pp) [3], deuteron disintegration leading to the
production of a fast proton–proton pair character-
ized by a low relative momentum [4], and deuteron
photo- and electrodisintegration [5–7] exemplify
the situation where final-state interaction must be
considered in a covariant form. The final states of
all of the aforementioned processes feature a corre-
lated nucleon pair (a proton–proton or a proton–
neutron one), so that an adequate reaction model

1)Institute of Nuclear Physics, Moscow State University,
Vorob’evy gory, Moscow, 119899 Russia.

2)Rostock University, Rostock, Germany.
*E-mail: semikh@theor.jinr.ru
1063-7788/05/6812-2022$26.00
cannot be constructed without taking into account
the interaction within this pair. While there exist a
number of approaches [7–12] to describing an initial
state (deuteron), only one self-consistent approach,
that of employing solutions to the nonhomogeneous
spinor Bethe–Salpeter equation, is appropriate in
taking into account final-state interaction. However,
the approach in question is not widespread, predom-
inantly because of the computational difficulties that
its application entails. One of the possible ways to
obtain the Bethe–Salpeter amplitude in a continuum,
or the half-off-shell T matrix, consists in applying
the single-iteration approximation [13], where the
dominant partial-wave component is replaced by its
nonrelativistic analog, while P waves are obtained
as the first iterations of the dominant component
with an interaction kernel. The development of this
method resulted in clarifying the origin of relativistic
P waves as the contributions of meson-exchange
currents [13], and its application in numerical cal-
culations was also successful [3, 4]. However, it is
still highly desirable to go beyond this approximate
scheme and to obtain the Bethe–Salpeter amplitude
as an exact solution to the corresponding equation.

In [14], the nonhomogeneous spinor Bethe–
Salpeter equation was solved numerically by using
a two-dimensional Gaussian mesh. That series of
studies revealed a high potential of the Bethe–
Salpeter approach to describing nucleon–nucleon
interactions—in particular, processes involving a
deuteron. Although there are no grounds to ques-
tion the correctness of the results obtained in this
way, the following two important circumstances are
worthy of special note. First, direct calculations
demonstrate that an inappropriate choice of two-
dimensional integration mesh affects strongly the
final results (solution to the equation in question);
at the same time, there are no clear-cut criteria for
c© 2005 Pleiades Publishing, Inc.
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choosing a mesh. In other words, there is no single
optimum two-dimensional change of variables that
would make it possible to go over, in partial-wave
Bethe–Salpeter equations, from infinite integration
limits to finite ones. However, it is precisely this
change of variables that determines the efficiency of
an integration mesh, which is traditionally chosen
as a Gaussian one in either variable. As a matter
of fact, such a change of variables is determined by
the trial-and-error method, frequently via a rather
cumbersome procedure. Thus, all of the emerging
results may become dubious because of an essentially
technical problem. Therefore, it is necessary to con-
tinue seeking a method for solving Bethe–Salpeter
equations such that a smaller degree of arbitrariness
would be involved in its application.

The second circumstance that furnishes a motiva-
tion for revisiting nonhomogeneous Bethe–Salpeter
equations is that their specific solutions that were
obtained in [14] for nucleon–nucleon systems and
used there have not yet been published—for example,
in the form of numerical parametrizations, as was
done in [15] for the deuteron Bethe–Salpeter ampli-
tude. At the same time, experimental investigations
of reactions leading to the production of interact-
ing nucleon–nucleon pairs (see the examples given
above) are being continued, and interest in describing
such processes within the Bethe–Salpeter approach,
in which case one needs Bethe–Salpeter amplitudes
in a continuum, is still rather keen.

In the present article, we propose an efficient
method for solving nonhomogeneous Bethe–Salpeter
equations that is applicable to scalar and spinor
equations involving interaction kernels in the form
of the sum of one-boson-exchange terms supple-
mented with the corresponding form factors. We
explain the method in detail for the example of the
scalar equation, present some specific solutions, and
analyze their structure. Phase shifts calculated within
the scalar model are in good agreement with results
published previously.

The ensuing exposition is organized as follows. In
Section 2, we present the equation to be investigated
and formulate basic points of our method for solving
it. Section 3 contains details of numerical procedures
and an analysis of the resulting numerical solutions.
The calculation of phase shifts is described in Sec-
tion 4. In Section 5, we outline an alternative method
and possible ways of further generalizations.

2. EQUATION AND METHOD
FOR SOLVING IT

In [16], the expansions of the Bethe–Salpeter
vertex function Γ and the interaction kernel V in
four-dimensional harmonics were used to formulate
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
a method for solving the homogeneous equation for
scalar particles. We have

Γ(k) = i

∫
d4p

(2π)4
V (k, p)S(p1)S(p2)Γ(p), (1)

where p1,2 = P/2± p, k = (k0,k), p = (p0,p) is
the relative 4-momentum, and P is the total 4-
momentum of the bound state being considered. The
particles involved possess masses m and interact via
the exchange of a scalar meson, its mass and the
corresponding coupling constant being denoted by
µ and g, respectively. Therefore, we have

S(p) =
1

p2 −m2 + iε
, (2)

V (k, p) =
g2

(k − p)2 − µ2 + iε
.

The above expansions are introduced upon perform-
ing a Wick rotation in (1) and are given by

Γ(ik4,k) =
∑
nlm

ϕnl (k̃)Znlm(ωk), (3)

VE(k, p) = − g2

(k − p)2E + µ2
(4)

= −2π2
∑
nlm

g2

n+ 1
Vn(k̃, p̃)Znlm(ωk)Z∗

nlm(ωp),

Vn(a, b) =
4

(Λ+ + Λ−)2

(
Λ+ − Λ−
Λ+ + Λ−

)n
, (5)

Λ± =
√
(a± b)2 + µ2,

where, by definition, the Euclidean scalar product is
(k − p)2E ≡ k4p4 + (k,p); k̃ =

√
k2
4 + k2 is the four-

dimensional absolute value; andωk = (χ, θ, φ) are the
angles of the vector k = (k4,k) in four-dimensional
Euclidean space. Here, θ and φ are the usual polar and
azimuthal angles, while χ is a supplementary angle.
The hyperspherical harmonics

Znlm(χ, θ, φ) = Xnl(χ)Ylm(θ, φ),

Xnl(χ) =

√
22l+1

π

(n+ 1)(n − l)!l!2

(n+ l + 1)!
sinl χ

× C l+1
n−l(cos χ),

are proportional to the product of ordinary spherical
harmonics for an orbital angular momentum l and
the Gegenbauer polynomials C l+1

n−l and satisfy the
orthonormalization relation

2π∫

0

dφ

π∫

0

dθ sin θ

π∫

0

dχ sin2 χ · Zklm(χ, θ, φ)

× Z∗
k′l′m′(χ, θ, φ) = δkk′δll′δmm′ .
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In general, the method that was proposed in [16]
and which proved to be highly efficient consists in
the following. Upon the Wick rotation and the use
of the substitutions in (3) and (4), Eq. (1) reduces
to an infinite set of one-dimensional integral equa-
tions. The integrals involved are transformed into fi-
nite sums upon a change of variables and the use of
a Gaussian mesh. Since this is a single change of
variables, its choice is more straightforward than in
the two-dimensional case. At the same time, the basis
of hyperspherical harmonics appears to be the most
natural for this class of problems, and the series in (3)
converges rather fast, so that, in order to obtain a final
result, it is sufficient to consider the set of equations
for a few (approximately five) first terms of this series.

In the present study, we generalize this method to
nonhomogeneous equations. Without changing the
notation introduced above, we consider the Bethe–
Salpeter equation for scalar particles. We have

T (k, q) = V (k, q) (6)

+ i

∫
d4p

(2π)4
V (k, p)S(p1)S(p2)T (p, q),

where T (k, q) is the half-off-shell T matrix describing
the scattering of real particles having the 4-momenta
q1,2. In the c.m. frame, we have

s = (q1 + q2)2 = (2Ep̂)2, Ep̂ =
√

m2 + p̂2,

q =
q1 − q2

2
= (0,q), |q| = p̂;

for the Mandelstam variable, we consider the interval

(2m)2 < s < (2m+ µ)2. (7)

For the sake of brevity, we will henceforth omit the 4-
momentum q in the arguments of the T matrix, im-
plying that T (k, q) ≡ T (k). Before applying the Wick
rotation, it is convenient to introduce a conventional
partial-wave expansion in the form

T (k0,k) = −2π
kp̂

∑
lm

Tl(k0, k)Ylm(Ωk)Y ∗
lm(Ωq). (8)

Here and below,we use the notation |k| = k and |p| =
p. As a result, we arrive at the partial-wave equations
(see also [17])

Tl(k0, k) = g2Ql(k0, k; 0, p̂) (9)

− i

∫
dp0dp

(2π)3
g2Ql(k0, k; p0, p)S(p1)S(p2)Tl(p0, p),

where Ql(k0, k; p0, p) ≡ Ql([k2 + p2 + µ2 − (k0 −
p0)2 − iε]/(2kp)) is a Legendre function of the second
kind (see Appendix B). The normalization of the T
matrix is fixed by the free term in (9). As a result, we
have the following expression for the phase shifts:

Tl(0, p̂) = 16πp̂
√
seiδl sin δl. (10)
PH
The derivation of the normalization factor in (10) is
described in detail in Section 4. To pursue our anal-
ysis further, we must get rid of the removable singu-
larity at the point (p0, p) = (0, p̂). This can be done by
different methods, which lead to the same results (see
the respective discussion in Section 5). As a basic
method, we use here that which was proposed in [18].
This method amounts to introducing a new unknown
function ϕl(k0, k) in the form

Tl(k0, k) ≡
ϕl(k0, k)
g2Ql(s)

Tl(0, p̂), (11)

where, by definition, we have Ql(s) ≡ Ql(0, p̂; 0, p̂).
From (9), we find that the new function satisfies the
equation

ϕl(k0, k) = g2Ql(k0, k; 0, p̂)− i

∫
dp0dp

(2π)3
(12)

×
{
g2Ql(k0, k; p0, p)−

g2

Ql(s)
Ql(k0, k; 0, p̂)

×Ql(0, p̂; p0, p)
}
S(p1)S(p2)ϕl(p0, p).

Simultaneously, we obtain the following equation for
calculating the phase shifts (for details, see [18, 19]):

Tl(0, p̂) = g2Ql(s)
[
1 + i

∫
dp0dp

(2π)3
(13)

×Ql(0, p̂; p0, p)S(p1)S(p2)
ϕl(p0, p)
Ql(s)

]−1

.

For the sake of convenience, we introduce the nota-
tion

Kl(k0, k; p0, p) = g2Ql(k0, k; p0, p)

− g2

Ql(s)
Ql(k0, k; 0, p̂)Ql(0, p̂; p0, p),

S(p0, p) = S(p1)S(p2).

The newly defined quantity satisfies the relations

Kl(0, p̂; p0, p) = Kl(k0, k; 0, p̂) = 0.

It can easily be shown that the integrand in (12) is
regular at the point (p0, p) = (0, p̂) and that

ϕl(0, p̂) = g2Ql(s). (14)

The Wick rotation procedure [20, 21], which must be
performed in (12) in order to use expansions of the
type in (3) and (4), is not quite trivial. The expression
for S(p1)S(p2) has four poles in the variable p0; of
these, two,

p0
1,2 = ∓

[√
s

2
− Ep + iε

]
, (15)

can intersect the imaginary axis on the complex plane
of p0 at a specific value of p. It can easily be verified
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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that this cannot occur for bound states, for which√
s < 2m, while, for scattering states (

√
s > 2m), the

poles given by (15) penetrate, upon intersecting the
imaginary axis, into the region bounded by the con-
tour of integration with respect to p0. The residues of
the integrand in (12) at these poles lead to the appear-
ance of additional unknown functions [21], which are
denoted below as

τl(p) ≡ ϕl

(√
s

2
−Ep, p

)
. (16)

The equations for the functions in (16) can be derived
in a natural way from (12) at the fixed value k0 =
k0
2 ≡

√
s/2−Ek. Upon performing theWick rotation

(p0 → ip4, k0 → ik4), we now obtain a set of equa-
tions for ϕl and τl,

ϕl(ik4, k) = g2Ql(ik4, k; 0, p̂) (17)

+
∫

dp4dp

(2π)3
Kl(ik4, k; ip4, p)S(ip4, p)ϕl(ip4, p)

−
p̂∫

0

dp

8π2

1
Ep

√
s(
√
s− 2Ep)

×
[
Kl(ik4, k; p0

2, p) +Kl(ik4, k;−p0
2, p)

]
τl(p),

τl(k) = g2Ql(k0
2 , k; 0, p̂) +

∫
dp4dp

2(2π)3
(18)

×
[
Kl(−k0

2, k; ip4, p) +Kl(k0
2 , k; ip4, p)

]

× S(ip4, p)ϕl(ip4, p)−
p̂∫

0

dp

8π2

1
Ep

√
s(
√
s− 2Ep)

×
[
Kl(k0

2 , k; p
0
2, p) +Kl(k0

2 , k;−p0
2, p)

]
τl(p).

These equations are real. It should be noted that
the function ϕl(k0, k) is always even in k0—this
can easily be proven by using Eq. (12). In deriving
Eq. (18), we therefore performed symmetrization with
the aid of the obvious identity τl(k) ≡ [ϕl(k0

2 , k) +
ϕl(−k0

2 , k)]/2, and this made it possible to obtain the
equation in question in an explicitly real form.

Since the equations for different values of the or-
bital angular momentum l are not coupled to one
another, the numerical calculations will be performed
below at the values of l = 0, 1, which are chosen by
way of example. The expansion of the function ϕ0 in
Gegenbauer polynomials follows from (3) and has the
form

ϕ0(ik4, k) = kp̂

∞∑
j=1

gj(k̃)X2j−2,0(χ), (19)

where summation is performed over even indices on
X since the function in question is even in k4. By
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
using Eq. (4), we find forQ0 that (see also [17])

Q0(ik4, k; ip4, p) (20)

= πkp

∞∑
n=0

1
n+ 1

Vn(k̃, p̃)Xn0(χk)Xn0(χp).

By substituting now the expansions in (19) and (20)
into (17) and (18), we obtain the required set of equa-
tions for the coefficient functions gj(k̃) and τ0(k); that
is,

gj(k̃) =
π

2j − 1g
2V2j−2(k̃, p̂)X2j−2,0

(π
2

)
(21)

+ g2
∞∑
l=1

∞∫

0

dp̃p̃3

8π2

[
1

2j − 1V2j−2(k̃, p̃)

× S0
2j−2,2l−2(p̃)−

p̂2

2j − 1V2j−2(k̃, p̂)

×X2j−2,0

(π
2

) 1
Q0(s)

N0,2l−2(p̂, p̃)
]
gl(p̃)

− g2

p̂∫

0

dp

8π2

1
Ep

√
s(
√
s− 2Ep)

[
p

p̂
W2j−2,0(k̃, p)

− 2
Q0(s)

π

2j − 1V2j−2(k̃, p̂)X2j−2,0

(π
2

)

×Q0(0, p̂; p0
2, p)

]
τ0(p),

τ0(k) = g2Q0(k0
2 , k; 0, p̂) (22)

+ g2p̂

∞∑
l=1

∞∫

0

dp̃p̃3

(2π)3

[
kN0,2l−2(k, p̃)

− p̂

Q0(s)
Q0(k0

2, k; 0, p̂)N0,2l−2(p̂, p̃)
]
gl(p̃)

− g2

p̂∫

0

dp

8π2

1
Ep

√
s(
√
s− 2Ep)

[
kpU0(k, p)

− 2
Q0(s)

Q0(k0
2 , k; 0, p̂)Q0(0, p̂; p0

2, p)
]
τ0(p).

The explicit expressions for the partial-wave kernels
S, N , W , and U and comments on calculating them
are given in Appendix А.

3. CALCULATION OF THE AMPLITUDES

Although the set of Eqs. (21) and (22) seems
cumbersome, its numerical analysis does not present
serious difficulties and does not require extremely
large computer resources. All integrals are single. By
choosing an appropriate integration scheme, one can
05
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Fig. 1. Functions g1,2,3, which are the expansion coeffi-
cients in (19) that are specified at the mesh points. The
functions g2 and g3 are multiplied by 10 and 100, respec-
tively, in view of their smallness. As follows from (21), the
functions gj are dimensionless. The solid lines represent
approximations by the functions in (26)–(28).

therefore replace them by finite sums and go over
thereby from the set of integral equations to an or-
dinary set of linear equations. In the present calcula-
tions, we employ the following integration procedure:
we break down the infinite interval [0,∞] of p̃ values
into three segments and, within each segment, use
a specific change of variable that leads to the finite
limits, x ∈ [−1, 1]:

(i) p̃ ∈ [0, p̂], p̃ = p̂
x+ 1
2

;

(ii) p̃ ∈ [p̂, 2p̂], p̃ = p̂
x+ 3
2

;

(iii) p̃ ∈ [2p̂,∞], p̃ = 2p̂+ c0
1 + x

1− x
, where c0 is a

parameter.3)

Upon the change of variable, the Gauss quadra-
ture formulas are applied independently in each of the
three intervals. In the direct calculations, it appeared
that 16 mesh points (n = 16) are sufficient for each
interval, since an increase in the number of mesh
points beyond this value does not change the results.
For each interval, one can choose an individual value
of n. In order to ensure the required accuracy over
the entire interval specified by (7), it is sufficient to

3)The results of the calculations depend very weakly on the
parameter c0, which can be varied within a broad interval.
Here, we set c0 = 1.
PH
retain only the first five terms of the expansion in (19)
(l0 = 5).

The set of linear equations that follows from
Eqs. (21) and (22) can be written as

X = B +AX, (23)

where the column

XT = ({g1(k̃i)}3n
i=1, {g2(k̃i)}3n

i=1, . . . , {gl0(k̃i)}3n
i=1,

{τ0(k̃i)}ni=1)

represents the sought solution in the form of a set of
partial-wave components gj , j = 1, 2, . . . , l0, speci-
fied on the integration mesh and an additional func-
tion τ0 on its own mesh. The column B is associ-
ated with the free terms, while the matrix A can be
obtained on the basis of the partial-wave kernels, the
Jacobians of the transition to the new variables, and
the weights of the Gaussian mesh. It can easily be
shown that the dimension of the matrix A is N ×N ,
whereN = n(3l0+1) (in the present case,N = 256).

We considered two possible methods for solving
the set of Eqs. (23). First, it can be represented in the
form

(A− 1)X = −B

and solved as an ordinary set of linear equations.
For this, we used the procedure that is based on
expanding the matrix A via the Gaussian elimination
involving the choice of the leading element and the
conditionality estimate [22] and which is known to be
quite successful. It turned out that, for systems of the
type in question, this method is stable up to values
of N ∼ 1000 (there was no need for testing higher
values). The othermethod employed here to construct
the required solution is iterative, in which case there
arises, in a natural way, a series of the form

X = B +AB +ABAB +ABABAB + . . . . (24)

This series exactly corresponds to the Neumann se-
ries [23] for the set of integral Eqs. (21) and (22) and
converges to the solution to this set of equations at
all values of s from the interval specified by (7). Both
methods were used in our calculations, and the results
were identical.

For the parameter values

g2

4πm2
= 4π, m = µ = 1GeV, (25)

p̂ = 0.77GeV/c,

Fig. 1 shows the graphs of the functions gj(p), j =
1, 2, 3, appearing in (19). We do not present all of
the first five components because the fourth and the
fifth one are very small in magnitude. For the same
reason, we display the functions g2 and g3 multiplied
by 10 and 100, respectively. Thus, the series in (19)
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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converges very fast (as was indicated above), which
confirms the efficiency of this expansion.

The values of the functions at the mesh points are
shown by the closed boxes in Fig. 1. It should be
noted that the curves connecting the points reproduce
the results of fitting the parameters in the following
functions to the data points:

(i) for g1(p), p ≡ p̃,

F1(p) =
4∑
j=1

a1
jp

2j−2

(p2 + b21)j
; (26)

(ii) for g2(p),

F2(p) =
p2

p2 + b22

4∑
j=1

a2
jp

2j−2

(p2 + b22)j
; (27)

(iii) for g3(p),

F3(p) =
[

p2

p2 + b23

]2 4∑
j=1

a3
jp

2j−2

(p2 + b23)j
. (28)

The parameter values are presented in the table.
The quality of interpolation appears to be so high
that this fact deserves a dedicated discussion. The
functions presented by formulas (26)–(28) have a
very simple analytic form, but, despite this, they re-
produce very accurately the resulting components of
the solution over the entire interval of p̃. This fact
can be considered as a manifestation of the effects of
separability in the interaction kernel of the Bethe–
Salpeter equation if we take it in the form of one-
boson exchange (see [24]). Moreover, the available
results suggest that the components of the solutions
to the spinor equations in the ladder approximation
can also be interpolated by similar expressions to
a high degree of precision. Therefore, the functions
in (26)–(28) are useful in practical applications as
well—for example, they may be helpful for represent-
ing results in a compact form.

In order to obtain deeper insights into the struc-
ture of the solutions that we obtained, it would be
reasonable to consider them globally—that is, to re-
construct, for example, the amplitudeϕ0 as a function
of two variables, k4 and k, by summing the series
in (19). Figures 2 and 3 show the graphs of the func-
tions ϕ0(ik4, k)/k and ϕ1(ik4, k)/k, respectively—
from expressions (8), (11), and (19), it is clear that
these are combinations that are proportional to the
components of the total T matrix for l = 0 and 1.
Obviously, the behavior of these functions versus k
is quite natural—at k = 0, the amplitude ϕ0 takes a
constant value, while ϕ1 = 0.
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
Numerical values of the parameters in formulas (26)–
(28) (bn and an

j are given in GeV/c and (GeV/c)2 units,
respectively)

n bn an
1 an

2 an
3 an

4

1 0.8807 164.787 166.651 87.412 225.434

2 1.1195 −160.725 −262.017 −730.961 1158.73
3 1.3135 182.945 4872.76 −10705.6 5687.98

4. CALCULATION OF PHASE SHIFTS

As was indicated above, the Bethe–Salpeter am-
plitude that is a solution to Eq. (6) is the T matrix
describing the 2→ 2 elastic scattering of real par-
ticles. From the methodological point of view, it is
very useful to calculate phase shifts for this process.
It can easily be shown that, for the above choice of
the normalization factors in (2) and (6), the respective
matrix element in the c.m. frame has the form

Mfi = T (0, p̂). (29)

The calculation of the phase shifts with the aid of
the solutions that we obtained is based on Eqs. (10)
and (13). By considering the case of l = 0 as an
example, we will first describe a method that can be
used to derive relation (10). It is well known that, in
terms of the respective phase shift, the partial-wave
cross section in the c.m. frame can be represented as

dσ0

dΩ∗ =
1
p̂2 sin

2 δ0. (30)

On the other hand, the cross section for the process
a+ b → a+ b involving particles of identical masses,
ma = mb = m, can be written as

dσ0

dΩ∗ =
1

64π2s
|Mfi(l = 0)|2. (31)

From Eqs. (8) and (29), it follows that

Mfi(l = 0) = − 1
2p̂2T0(0, p̂). (32)

Taking into account the relation T0(0, p̂) = N eiδ0 ×
sin δ0 and employing Eqs. (30)–(32), we obtain the
required normalization factor:

N = 16πp̂
√
s. (33)

In order to calculate the phase shifts, it is necessary
to determine the right-hand side of Eq. (13). Its de-
nominator must be transformed in the same order
as Eq. (9)—namely, it is necessary to get rid of the
removable singularity at the point (p0, p) = (0, p̂) and
to perform aWick rotation in the integral, whereupon
05
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Fig. 2.Graph of the functionϕ0(ik4, k)/k at the parameter values in (25).
we can use the solutions obtained in Euclidean space.
Let us consider the identical transformation

i

∫
dp0dp

(2π)3
Ql(0, p̂; p0, p)S(p0, p)

ϕl(p0, p)
Ql(s)

(34)

=
i

Ql(s)

∫
dp0dp

(2π)3
[ϕl(p0, p)− g2Ql(0, p̂; p0, p)]

×Ql(0, p̂; p0, p)S(p0, p) + i

∫
dp0dp

(2π)3
g2

Ql(s)

× [Ql(0, p̂; p0, p)]2S(p0, p).

It is obvious that a subtraction was performed here
under the integral sign, so that the integrand in the
first term on the right-hand side of (34) is regular
at the point (p0, p) = (0, p̂) [see (14)]. We can now
perform aWick rotation in it and calculate it by using
the above solutions. In the case of l = 0, the result for
the first term in (34) takes the form

− p̂2

Q0(s)

∞∑
j=1

∞∫

0

dp̃p̃3

(2π)3

[
gj(p̃)−

π

2j − 1g
2 (35)

× V2j−2(p̃, p̂)X2j−2,0

(π
2

) ]
N0,2j−2(p̂, p̃)
PH
+
1

Q0(s)

p̂∫

0

dp

8π2

2
Ep

√
s(
√
s− 2Ep)

×
[
τ0(p)− g2Q0(0, p̂; p0

2, p)
]
Q0(0, p̂; p0

2, p).

The last term on the right-hand side of (34) can
be calculated directly by using the residues and the
discontinuities at the cuts [19]. For l = 0, the final
result is

i

∫
dp0dp

(2π)3
g2

Q0(s)
[Q0(0, p̂; p0, p)]2S(p0, p) (36)

=
g2

Q0(s)

[ ∞∫

0

dp

8π2

{
Q0(0, p̂; p0

1, p)
2

Ep
√
s(
√
s+ 2Ep)

−
x2(p)∫

x1(p)

dp0S(p0, p)Q0[y(p0, p)]

}

+V.p.

∞∫

0

dp

8π2

Q0(0, p̂; p0
2, p)

2

Ep
√
s(
√
s− 2Ep)

]
− i

g2Q0(s)
16πp̂

√
s
,

where the integration limits

x1(p) = −
√
(p+ p̂)2 + µ2,
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 3.Graph of the functionϕ1(ik4, k)/k at the parameter values in (25).
x2(p) = −
√
(p− p̂)2 + µ2

correspond to the cut in the complex plane of p0 and
the argument y(p0, p) has the form

y(p0, p) =
p̂2 + p2 + µ2 − p2

0

2pp̂
.

As to the functions Ql, the explicit expressions for
them are given in Appendix B.

Thus, we see that, in order to determine the de-
nominator in (13), it is necessary to sum expres-
sions (35) and (36) and to add unity to the result. The
phase shifts were calculated for the orbital angular
momenta of l = 0, 1 and s values from the interval
specified by (7). The corresponding graphs are given
in Figs. 4 and 5. Different curves correspond to differ-
ent values of the dimensionless parameter λ, which is
related to the coupling constant by the equation

g2

4πm2
= 4πλ.

Our results are in good agreement with those pre-
sented in [18, 19]. It is noteworthy that, according to
the Levinson theorem, there are no bound states at
l = 0 for λ = 0.7, since the phase shift is zero at the
origin. For the values of λ = 1, 3, 5, there is one bound
state, while, for λ = 7, we have two bound states. It is
obvious that, at l = 1, there are no bound states for
the above values of λ.
SICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
5. ON AN ALTERNATIVE APPROACH
TO SOLVING THE PROBLEM BEING

CONSIDERED

In analyzing Eq. (9), one can use an alterna-
tive method for removing the singularity at the point
(p0, p) = (0, p̂). This leads to a different scheme for
solving the equation in question, and it is reasonable
to apply it to test our results. The method is based
on an identical construction of the subtraction in the
form [25]

Tl(k0, k) = g2Ql(k0, k; 0, p̂) (37)

− ig2

∫
dp0dp

(2π)3
{Ql(k0, k; p0, p)Tl(p0, p)

−Ql(k0, k; 0, p̂)Tl(0, p̂)}S(p0, p)

− ig2Ql(k0, k; 0, p̂)Tl(0, p̂)
∫

dp0dp

(2π)3
S(p0, p).

Calculating the integral on the right-hand side of the
above equation with the aid of the residue theorem,
∫

dp0dpS(p0, p) = − π2

2p̂
√
s
+

iπ

p̂
√
s
ln

2m
2p̂+

√
s
,

and using Eq. (37), we obtain

Tl(k0, k) = g2Ql(k0, k; 0, p̂) (38)
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×
{
1 +

i

16πp̂
√
s
Tl(0, p̂)

}
− ig2

∫
dp0dp

(2π)3

× {Ql(k0, k; p0, p)Tl(p0, p)−Ql(k0, k; 0, p̂)

× Tl(0, p̂)}S(p0, p) + g2Ql(k0, k; 0, p̂)

× Tl(0, p̂)
1

8π2p̂
√
s
ln

2m
2p̂+

√
s
.

Further, we redefine the T matrix by introducing the
function t via the relation

Tl(k0, k) =
{
1 +

i

16πp̂
√
s
Tl(0, p̂)

}
tl(k0, k). (39)

As a result, we find from (38) that

tl(k0, k) = g2Ql(k0, k; 0, p̂) (40)

− ig2

∫
dp0dp

(2π)3
{Ql(k0, k; p0, p)tl(p0, p)
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005



ON SOLVING NONHOMOGENEOUS BETHE–SALPETER EQUATIONS 2031
−Ql(k0, k; 0, p̂)tl(0, p̂)}S(p0, p)

+ g2Ql(k0, k; 0, p̂)tl(0, p̂)
1

8π2p̂
√
s
ln

2m
2p̂+

√
s
.

It is interesting to note that the normalization fac-
tor (33) is obtained directly from relation (39) without
additional calculations.

As was done in considering Eq. (12), it is then
necessary to perform the Wick rotation, to construct
the expansion in hyperspherical harmonics, and to
solve the resulting set of equations on a Gaussian
mesh. Omitting intermediate calculations, we note
that, in this case, it is incorrect to treat the resulting
set of equations as a set of linear equations of the
form (23). Because of the subtraction scheme applied
here, we cannot appropriately construct the leading
matrix A of the set since the point p̃ = p̂ cannot
belong to the integration mesh. In order to find the
required solution, we therefore used only the iterative
method constructed by analogy with (24). Schemati-
cally, the respective iterative process has the form

tl = Ql +QlSQl +QlSQlSQl + . . . , (41)

where appropriate subtractions are implied in accor-
dance with (40), and so on. Within this approach,
however, the series in (41) does not always converge,
and it is not difficult to understand the reasons for this.
First of all, we note that, from relations (10) and (39),
it follows that the phase shifts and the functions tl are
related by the equation

tl(0, p̂) = 16πp̂
√
s tan δl. (42)

Thus, we see that, if the phase shift δl approaches
π/2, the solution tl must increase indefinitely, so that
the convergence of the series in (41) becomes ever
poorer. In other words, the series in (41) must diverge
at those values of the parameters of the problem (cou-
pling constants, particle masses, and the invariant
mass

√
s of the pair) for which the phase shift δl

becomes equal to or exceeds π/2, and we can indeed
see this in our calculations. Despite these limitations,
the method being discussed admits a comparison
with that which was described in Section 2. By way
of example, we indicate that, at l = 0 and λ = 0.7,
the phase shift satisfies the inequality δ0 ≤ π/2 (see
Fig. 4), and both methods are applicable. The cal-
culations revealed that the results that they produce
differ by not more than 0.5% for all values of s in the
range specified by (7).

In conclusion, some general comments on the
further development of the formalism are in order. In
the foregoing, we have considered the scalar Bethe–
Salpeter equation in the ladder approximation, as-
suming that the interaction kernel is generated by
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
one-meson exchange and employing pointlike ver-
tices. A generalization of the method to spinor equa-
tions is briefly discussed in [24] and will be the subject
of a separate publication. Moreover, a transition to
more complicated interaction kernels, such as those
that involve form factors of the type (upon the Wick
rotation)

F [(p − q)2E] =
Λ2

(p − q)2E + Λ
2
,

can readily be performed within the methods de-
scribed above. Indeed, one can prove the validity of
the expansion

g2

(p− q)2E + µ2
F [(p − q)2E]

2 (43)

= 2π2
∑
klm

1
k + 1

Ṽk(p̃, q̃)Zklm(ωp)Z∗
klm(ωq),

where

Ṽk(a, b) = 4g2

[
Λ2

Λ2 − µ2

]2

(44)

×
[
(Λµ+ − Λµ−)k
(Λµ+ +Λ

µ
−)k+2

− (ΛΛ
+ − ΛΛ

−)k

(ΛΛ
+ + ΛΛ

−)k+2

]

− 4g2(k + 1)
Λ2

Λ2 − µ2

Λ2

ΛΛ
+ΛΛ

−

(ΛΛ
+ − ΛΛ

−)
k

(ΛΛ
+ + ΛΛ

−)k+2
,

Λµ± =
√
(a± b)2 + µ2, ΛΛ

± =
√
(a± b)2 + Λ2.

From a comparison of formulas (43) and (44) with
formulas (4) and (5), it can be concluded that no radi-
cal changes in the methods for constructing solutions
are required upon the inclusion of the form factors in
the interaction kernel.

6. CONCLUSIONS

Anewmethod for solving nonhomogeneousBethe–
Salpeter equations has been formulated on the basis
of expanding the T matrix and the interaction kernel
in four-dimensional spherical harmonics. This makes
it possible to consider a set of one-dimensional equa-
tions instead of a traditional set of two-dimensional
integral equations. It has been shown that, if a nu-
merical method is chosen appropriately, the resulting
solution converges fast, so that a high precision
can be achieved by using only the first four to five
equations of this set. The method has been described
in detail for the example of scalar particles. We have
performed methodological numerical calculations,
and a comparison of their results with those that are
available from the literature has demonstrated a high
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efficiency and accuracy of the method, as well as the
possibility of applying it to calculating effects of final-
state interaction in deuteron-breakup reactions.
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APPENDIX А

Calculation of Partial-Wave Kernels

Let us discuss the explicit form of the partial-wave
kernels S, N , W , and U introduced in (21) and (22)
and the procedure for calculating them. The kernel Ul
has the simplest form,

Ul(k, p) =
1
kp

{Ql(k0
2 , k; p

0
2, p) +Ql(k0

2 , k;−p0
2, p)},

where k0
2 =

√
s/2− Ek and p0

2 =
√
s/2− Ep (see

above). The kernel Slk′k can be calculated analytically.
The result is

Slk′k(p̃) =

π∫

0

dχ sin2 χ
Xk′l(χ)Xkl(χ)
A2 +B2 cos2 χ

(A.1)

= (−1)l
√
2
π
l!
2l+1

AB

×
√
(k′ + 1)(k′ − l)!
(k′ + l + 1)!

(k + 1)(k − l)!
(k + l + 1)!

× C l+1
min−l(iz)(−z2 − 1)(2l+1)/4Q

l+1/2
max+1/2(iz),

where max (min) is the maximum (minimum) index
of k and k′; C l+1

min−l(iz) is a Gegenbauer polynomial of
an imaginary argument; and

A = |p̃2 − p̂2|, B = p̃
√
s, z = A/B.

It should be noted that, as follows from the parity
properties of Gegenbauer polynomials, the function
Slk′k does not vanish only in the case where k + k′ is
an integer. For the values of l = 0, 1, we present here
PH
the explicit expressions for the Legendre functions of
the second kind that appear in (A.1). We have

Q
1/2
n+1/2(z) = i

√
π

2
(z2 − 1)−1/4(z −

√
z2 − 1)n+1,

Q
3/2
n+3/2(z) =

[
(n+ 1)zQ1/2

n+3/2(z)

− (n+ 2)Q1/2
n+1/2(z)

] 1√
z2 − 1

.

The partial-wave kernels N and W are given by

Nml(k, p̃) =

π∫

0

dχp sin2 χp
1
2kp

(A.2)

× {Qm(k0
2 , k; ip4, p) +Qm(−k0

2, k; ip4, p)}

× Xlm(χp)
(p̃2 − p̂2)2 + sp̃2 cos2 χp

,

Wnl(k̃, p) =

π∫

0

dχk sin2 χkXnl(χk)
1
kp

(A.3)

× {Ql(ik4, k; p0
2, p) +Ql(ik4, k;−p0

2, p)},

and their calculation is not quite trivial. It can be
shown that

N0,2l−2(k, p̃) (A.4)

=
√

π

2

∞∑
n=1

1
2n− 1V2n−2(|k|, p̃)S0

2n−2,2l−2(p̃)

×
[
C1

2n−2

(
− ik0

2

|k|

)
+ C1

2n−2

(
ik0

2

|k|

)]
.

Here, |k| =
√

k2 − (k0
2)2 by definition. Under the

condition k2 < (k0
2)

2, it is a pure imaginary quantity.
Similarly, we have

W2j−2,0(k̃, p) =
√
2π

2j − 1V2j−2(k̃, |p|) (A.5)

×
[
C1

2j−2

(
− ip0

2

|p|

)
+ C1

2j−2

(
ip0

2

|p|

)]
.

A direct way to verify the correctness of these ex-
pressions is the most straightforward—for example,
one can calculate numerically the integrals in (A.2)
and (A.3) and compare the results with the results of a
numerical summation of the series in (A.4) and (A.5).
These series converge very fast; therefore, it is prefer-
able to use them in numerical calculations.
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APPENDIX B

Legendre Functions

Legendre functions of the second kind Ql(y) are
widely known. They are defined over the whole com-
plex plane of y, with the exception of the cut −1 <
y < 1 along the real axis. For example, we have

Q0(y) =
1
2
ln

y + 1
y − 1 , Q1(y) =

y

2
ln

y + 1
y − 1 − 1.

(A.6)

The functions Ql(y) appearing in Section 4 are de-
fined at this cut as [26]

Ql(y) =
1
2
Ql(y + iε) +

1
2
Ql(y − iε),

−1 < y < 1.

Explicitly, we have [compare with (A.6)]

Q0(y) =
1
2
ln
1 + y

1− y
, Q1(y) =

y

2
ln
1 + y

1− y
− 1.
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ELEMENTARY PARTICLES AND FIELDS
Experiment
Project of a Large Superconductor Detector Involving Directed Diffusion
of Hot Electrons and Microcalorimeter
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Abstract—In recent years, radically new detectors for soft x rays and gamma rays were developed on the
basis of superconducting tunnel junctions. These detectorsmade it possible to attain a very high resolution,
but their largest area is overly small for employing them in nuclear spectroscopy. This study is devoted to
the problem of designing a superconductor detector whose dimensions are sufficiently large for detecting
gamma rays and which is suitable for applications in various fields of science. The detector consists of
three units: an absorber, a hot-electron calorimeter, and a tunnel-junction (normal metal–insulator–
superconductor) thermometer. The absorber has a multilayer structure consisting of thin superconductor
layers arranged in the order of variation of the superconductor energy gap. This structure specifies the
direction of hot-electron diffusion. Since quasiparticles diffuse in a specific direction, the diffusion time
becomes shorter than that in the case of conventional diffusion. It is necessary that this time be shorter
than the time of electron–phonon interaction. Calculations of the diffusion time for the particular structure
in question and data from the literature on electron–phonon interaction show that the operating area of
the detector can be about 3 to 4 mm2 and that its thickness can be about 1 mm. These dimensions can be
considerably increased in the case of especially pure superconductors. c© 2005 Pleiades Publishing, Inc.
At the present time, work aimed at designing
radically new gamma-ray and particle detectors of
high resolution and low energy threshold is being
performed in many countries. Such detectors are
necessary in many fields of science and are based on
various physical principles. In particular, resolution
that is sufficiently high for detecting soft x and gamma
rays (FWHM of about 10 to 20 eV at an energy of
about 6 keV) [1] was obtained for a low-temperature
detector operating as a microcalorimeter equipped
with a thermometer based on a superconducting
tunnel junction of the normal metal–insulator–
superconductor (NIS) type. However, the largest
detector area (200 × 200 µm) attained in a number of
experiments is overly small for applications in nuclear
spectroscopy.

This study is devoted to the problem of developing
a rather large low-temperature detector that would
operate as a hot-electron calorimeter, which would be
able to detect γ rays of energy up to about 300 keV,
and which would be suitable for application in gamma
spectroscopy. In such a detector, the photon energy
is converted into the thermal energy of so-called hot
electrons, which is to be measured. An increase in the
detector dimensions leads to an increase in the elec-
tron diffusion length and, accordingly, in the diffusion
time. However, the diffusion time must not be longer

*e-mail: shpi@pike.pike.ru
1063-7788/05/6812-2034$26.00
than the time of electron–phonon interaction; other-
wise, there would be large heat transfer to the lat-
tice. Another restriction on the detector dimensions is
associated with the quasiparticle-recombination time
τqp, which must also exceed the diffusion time τdif.
Because of these restrictions, the detector dimensions
cannot be increased beyond some limit. The detector
area necessary for our purposes is about several mm2.
The proposed detector has a structure that enables
us to obtain directed diffusion, in which case the time
of hot-electron propagation becomes shorter than the
time of conventional diffusion.

We consider a detector that is formed by an ab-
sorber, a calorimeter, and a tunnel NIS junction. The
cylindrical absorber consists of a number of layers
from different superconducting metals, these layers
being arranged top to bottom in order of decrease in
the superconducting energy gap (∆). For example,
one can take the following set of superconductors:
Nb, Pb, Ta, In, and Ti. A thin normal-metal (for ex-
ample, Ag) layer, playing the role of a calorimeter and
simultaneously serving as a NIS-junction electrode,
is deposited on the bottom superconducting layer,
which is characterized by the lowest value of ∆. In
turn, an insulating barrier I, a superconductor S, and
a normal-metal layer for a fast removal of electrons
are deposited on the aforementioned normal-metal
layer (see Fig. 1a).
c© 2005 Pleiades Publishing, Inc.
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Fig. 1. Schematic view of the detector structure for the cases where absorber layers are in the shape of (a) round disks and
(b) cylindrical glasses inserted into one another: (1) Nb, (2) Pb, (3) Ta, (4) In, (5) Ti, (6) Ag, (7) Al2O3, (8) Al, (9) Ag, (10)
Ag, (11) contacts, (12) holder with orifices for bolts, and (13) clip. The dashed line shows a thin NbN coating for reflecting
quasiparticles.
When a photon is absorbed in one of the absorber
layers, quasiparticles are excited. They relax within a
short time (below 10−8 s) to lower lying levels near
the boundaries of the superconducting energy gap ∆,
and an increased density of hot electrons arises in a
small volume. Because of diffusion through the bulk
of the layer and in its plane, hot electrons traversing
the layer bulk are captured in the next layer, where
the value of ∆ is lower. This process of diffusion and
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
capture develops in neighboring layers, giving rise to
directed diffusion, which terminates upon the capture
of hot electrons in the calorimeter. The use of an ab-
sorber featuring a multilayer structure enables one to
increase its thickness; in addition, the diffusion time
τdif becomes much shorter than the diffusion time in a
homogeneous absorber of the same thickness. If the
absorber of thickness L involves n layers having the
05
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same thickness and the same diffusion coefficient D,
the diffusion time is

τdif =
L2/D

n
;

that is, it decreases by the factor n. In the case of
absorption in layers lying deeper in the absorber, the
diffusion time decreases accordingly. The diffusion
time in the layer plane is restricted by the time of dif-
fusion over the bulk of the layer. The cross-sectional
area of the hot-electron diffusion flux increases be-
cause of diffusion in the plane. However, the process
of directed diffusion arises if the mean free path l is
much shorter than the layer thickness δ = L/n. If l
exceeds δ, no diffusion actually arises because the
hot electrons traverse the layer undergoing virtually
no collisions; finding their way to the next layer, they
cannot return because of Andreev’s reflection. In this
case, the time within which electrons traverse the
absorber is very short, about L/u, where u is the
electron velocity at the Fermi surface.

The appearance of hot electrons in the calorimeter
leads to the heating of its electron subsystem and
to an increase in the stationary tunneling current I
through the tunnel junction by the quantity

δI(T ) =
dI

dT
δT (t),

dI

dT
=
I

T

(
1
2

+
∆ − eV

kBT

)
. . . .

(1)

The stationary tunnel current through the NIS
junction at temperatures T � ∆ is given by

I(T, V ) =
√

2π∆kBT
2eRj

exp
{
−∆ − eV

kBT

}
, (2)

where the bias V across the junction satisfies the
condition ∆ − eV > kBT ; Rj is the junction resis-
tance in a normal state; T is the normal-electrode
(calorimeter) temperature; kB is the Boltzmann con-
stant; and δT (t) is the heating- and cooling-induced
time-dependent change in the temperature of elec-
trons in the calorimeter,

δT (t) =
Eγ
c

(
1 − exp

(
− t

τg

))
exp

(
− t

τd

)
. (3)

Here, Eγ is the absorbed-photon energy; c is the heat
capacity of electrons in the calorimeter; and τg is a
constant that characterizes the rise time for the elec-
tron temperature, this time being generally shorter
than the hot-electron-diffusion time for the whole
calorimeter.
PH
The constant τd characterizes the calorimeter-
cooling time,

τd = c/G,

whereG is the thermal conductivity between the elec-
trons and their environment. There are two possible
mechanisms of the thermal conductivity in question
(G = ge−p + gt), that of energy transfer to phonons
via electron–phonon interaction (ge−p) and that of
electron-energy transfer in the process of tunneling
(gt). The thermal conductivity gt is equal to the prod-
uct of the energy transferred by one electron (∆− eV )
and the number of electrons traversing the tunnel
barrier per unit time:

gt =
∆ − eV

e

dI

dT
.

As was indicated above, the tunneling time τt
must be shorter than the time τe−p of electron–
phonon interaction (that is, gt > ge−p). This condi-
tion, which is sufficient in the case of microcalorime-
ters, must be supplemented with the condition that,
for a relatively large calorimeter such as that in our
case, the hot-electron-diffusion time τdif must be
shorter than the time of electron–phonon interaction
(τdif < τe−p).

In theoretical studies, it was shown that, in the
temperature range T < 1 K, the strength of electron–
phonon interaction in pure metals varies with tem-
perature in proportion to T 4. Further, it was shown
that this dependence becomes different in dirty met-
als, where τe−p additionally depends on the electron
mean free path l [2, 3]. Both T and l dependences
change as one goes over from one temperature in-
terval to another. Theoretical formulas for calculating
electron–phonon relaxation were obtained in [4], and
calculations were performed there for a number of
metals by using experimental constants. In particu-
lar, the calculations were performed for Cu, and the
results were compared with the experimental curve
obtained in [5]; the agreement was good. Similar
results were obtained for NbC, Al, Au, AuPd, and
Nb. From the experimental curve for Cu, it follows
that, at T = 50 mK, τe−p = 10−4 s for a film with a
diffusion coefficient ofD = 100 cm2/s, the calculated
value being τe−p = 10−3 s for D = 10 cm2/s at the
same temperature.

In order to estimate the diffusion time in the ab-
sorber, we assume that our absorber consists of five
layers shaped as disks of radius 1 mm and thickness
δ, the diffusion coefficient beingD. The diffusion time
τdif for two absorber structures and three values of the
diffusion coefficient is presented in the table. These
values of τdif give a lower limit admissible for the time
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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of electron–phonon interaction in the metals used. It
can be conjectured that the values of τe−p for some
of the aforementioned metals for which there are no
data are identical to those quoted for Cu. Comparing
these values of τe−p with the values of τdif in the
table, we can see that the condition τe−p � τdif is
satisfied only in very pure films characterized by the
diffusion coefficient ofD = 100 cm2/s. In other cases
where D ≤ 10 cm2/s, τe−p and τdif have close values.
From here, we conclude that, for creating a detector
whose absorber features five layers of thickness δ =
0.2 mm each, it is necessary to use very pure su-
perconductors. Pure superconductors characterized
by a high diffusion coefficient D are also necessary
for minimizing quasiparticle losses by recombination.
The quasiparticle free path associated with the loss by
recombination is determined by the quantity

√
Dτqp,

where τqp is themean quasiparticle lifetime. The lower
limit on τqp can be estimated on the basis of the
tunneling time measured in experiments with tunnel
NIS junctions. If, for example, one uses the results
from [6], such an estimate for Al at D = 100 cm2/s
gives the quasiparticle recombination path of lqp ∼
0.3 mm, which is commensurate with the absorber-
layer thickness δ adopted here. It should be noted
that, at the present time, it is possible to obtain sam-
ples of high-quality pure single crystals in which the
electron mean free path reaches several millimeters
(in the purest tungsten and gallium samples, for ex-
ample, l ≈ 1 and 2 to 3 cm, respectively, [7]). From
the aforesaid, it follows that, if such pure samples
are used in a multilayer absorber, the absorber di-
mensions can be much larger than those mentioned
above. In addition, the actual absorber structure must
bemanufactured with allowance for particular data on
the electron–phonon interaction in the metals used
and their purity.

For our detector, the cross-sectional area of the
hot-electron diffusion flux during the capture in the
calorimeter may prove to be smaller than the total
calorimeter area. In this case, only a fraction of the
electrons are heated, whereupon diffusion extends
over the entire calorimeter. If, however, the trans-
parency of the tunnel barrier is reasonably high and
if, in addition, the tunneling time is shorter than the
diffusion time, the hot electrons can have time to
tunnel through it without heating the electrons in
the remaining cool section of the calorimeter, with
the result that the stationary tunnel current flowing
through this section does not change. If the heated
section of the calorimeter has the area S′ equal to the
cross-sectional area of the hot-electron diffusion flux,
the jump of a fraction of the stationary tunnel current
I ′ is described by an expression similar to expressions
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
Values of τdif for two absorber structures (n is the number
of absorber layers)

n δ, mm D, cm2/s τdif, s

10 0.1 1 10−3

10 0.1 10 10−4

10 0.1 100 10−5

5 0.2 1 8 × 10−3

5 0.2 10 8 × 10−4

5 0.2 100 8 × 10−5

(2) and (3),

δI ′ ≈ I ′

T
δ(T ′) ≈ I ′

T

Еγ
c′
,

where c′ is the electron heat capacity in the heated
section of the calorimeter. Since the quantities I ′ and
c′ vary in just the same way as S′, the tunnel-current
jump is independent of whether the whole calorimeter
or only a section of it is heated.

No difficulties associated with the time of diffu-
sion over the calorimeter are expected to arise at the
chosen large area and thickness. However, such a
detector also requires manufacturing a tunnel NIS
junction of large area, and this can lead to techno-
logical difficulties.

For creating a detector featuring a large absorber
and a small calorimeter, it is necessary that the dif-
fusion flux of hot electrons could propagate in two
orthogonal directions, into the depth of the absorber
and along its layers. This can be implemented by
replacing the above planar-layer absorber by an ab-
sorber consisting of layers shaped as hollow cylinders
inserted into one another as in a nesting doll (see
Fig. 1b). Such a structure can be manufactured by
various methods.

It is of interest to investigate the possibility of
applying, as the superconducting films of a multi-
layer absorber, dirty films, for which a long time of
electron–phonon interaction was predicted theoret-
ically. This prediction was confirmed experimentally
for very thin and dirty superconducting films. In such
films, the time of electron–phonon relaxation obeys
the T−4 dependence and has a record large value of
25 ms in the case of Hf and Ti at 40 mK [4]. The
diffusion coefficient in the films is D = 1.5 cm2/s for
Hf and D = 2.5 cm2/s for Ti. However, the use of
dirty superconductors in a multilayer absorber would
lead not only to the desirable weakening of electron–
phonon interaction but also to an undesirable in-
crease in the diffusion time. In order to detect cur-
rent pulses arising in a thermometer based on a NIS
05
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junction, use is usually made of SQUID amplifiers. It
should be noted that, in all probability, it will be pos-
sible to replace, in the near future, such thermome-
ters by very promising thermoelectric gauges that
employ new thermoelectric materials—for example,
lanthanum–cerium hexaboride (La(Ce)B6) [8, 9].

In summary, we note that, here, we have proposed
a principle that can be used as a basis for creating a
low-temperature detector operating as a hot-electron
calorimeter and having relatively large dimensions
(the operating area is 3 to 4 mm2, and the thickness
is 1 mm) and a gamma-ray-detection efficiency of
about 20% for gamma rays of energy 300 keV. The
estimate quoted above for the time of hot-electron
diffusion and data from the literature on electron–
phonon relaxation give sufficient grounds to conclude
that such a detector can be realized. The fabrication
of an absorber from especially pure superconductors
would make it possible to increase considerably the
detector dimensions and to extend the range of mea-
sured photon energies up to about 1 MeV.
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in Photoemulsion at an Energy of 1 GeV per Nucleon
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Abstract—The fraction of the channel 10B → 8Be → 2α is estimated at (18 ± 3)%. The constants of the
distributions with respect to the alpha-particle emission angle and the angle between the alpha-particle
momenta are found to be 20.5 ± 0.7 and 31.7 ± 2.0 mrad, respectively. These values agree with the results
of the calculations performed prior to our experiment under the assumption of the limiting fragmentation of
relativistic nuclei. c© 2005 Pleiades Publishing, Inc.
1. INTRODUCTION

Nuclear photoemulsions irradiated with various
light nuclei at the nuclotron of the Laboratory of High
Energies at the Joint Institute for Nuclear Research
(JINR, Dubna) make it possible to study the cluster
structure of these nuclei [1–3]. Our present study,
which was performed within the BECQUEREL Col-
laboration, was aimed at obtaining quantitative fea-
tures of alpha-cluster formation in the 10B nucleus.

An emulsion chamber irradiated with 10-GeV 10B
ions is best suited for this purpose. Because of a rather
low momentum of a primary particle, the angles at
which relativistic secondary fragments escape from
the target are rather large (10–30 mrad). These an-
gles can bemeasured in photoemulsion to a fairly high
precision.

The 10B nucleus has a spin of 3 and positive parity.
Within the shell model, its structure is (1s)4(1p3/2)6—
that is, four nucleons occupy the 1s shell, and the
filling of the next shell is not complete since eight
nucleons are necessary for closing it [4]. The 10B
nucleus can be conventionally considered as 8Be +
2H or 8Be + 1H + n. Actually, we will see that the
probability of observing the respective fragmentation
channels is higher than that for any other fragmen-
tation channel. Thus, one can expect that the alpha-
particle structure of the 10B nucleus must manifest
itself in experiments.

The decay 8Be → 2α can proceed only from the 0+

or 2+ states. Indeed, it was found in [5] that the 0+

state is the ground state of the 8Be nucleus and that

†Deceased.
*e-mail: lepekhin@pnpi.spb.ru
1063-7788/05/6812-2039$26.00
the spin–parity of the first excited state at 2.9 MeV
is 2+. We can observe the decays in question from
precisely these states. Of course, events involving two
independently emitted alpha particles that do not form
a bound state will also be observed in 10B fragmenta-
tion.

This article is organized as follows. A statistical
test that can be used to separate these two types
of events is considered in Section 2, along with the
properties that must be inherent in events of these
two types and the number of events expected in our
experimental sample. In Section 3, we show how all
these quantities can be assessed in the experiment
and address the question of whether they are in agree-
ment with the results of the calculation performed in
Section 2.

2. LIMITING FRAGMENTATION OF 10B
NUCLEI

Experimental data obtained in studying the frag-
mentation of various relativistic nuclei accelerated
to energies of 1 to 200 GeV per nucleon and the
fragmentation of target nuclei at various collision
energies are in agreement with the concept that the
fragment-emission process is fast, so that the nucleus
remains cold. Even at relatively low energies of rela-
tivistic nuclei, the hypothesis of limiting fragmenta-
tion is valid [6].

It is of importance that, although the hypothesis
of limiting fragmentation was formulated for hadron–
hadron interactions at infinite momentum, it is valid
in nucleus–nucleus interactions at a comparatively
low momentum per nucleon of the primary nucleus.
On the basis of this concept, one can predict not
only quantitative features of the angular and momen-
tum distributions of nuclear fragments in nucleus–
nucleus interactions for any combinations and any
c© 2005 Pleiades Publishing, Inc.
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energies of colliding nuclei but also the fraction of
events in which two alpha particles originate from
the 8Be → 2α channel of 10B fragmentation. To do
this, it is necessary to know only the Fermi mo-
mentum, which can be determined in experiments
aimed at studying electron–nucleus scattering [7].
However, the Fermi momentum was not determined
for the 10B nucleus in the experiment reported in [7].
It can be obtained under the assumption that the
phase space of the nucleus in the ground state is the
product of its geometric volume, which is determined
by the nuclear radius R = r0A

1/3, and the volume
in momentum space that is determined by the Fermi
momentum PF =

√
5σ0, where σ2

0 is the variance of
the momentum distribution of nucleons in the 10B
nucleus prior to its interaction with a photoemul-
sion nucleus. In accordance with the Pauli exclusion
principle, only four nucleons can occur in each �

cell of this volume. It was shown in [8] that r0σ0 =
134.4 MeV/c fm. By using the value of r0 = 1.54 fm,
which was established in the experiment aimed at de-
termining the radius of the 10B nucleus and reported
in [9], we can find that its Fermi momentum must be
195.2 MeV/c; therefore, the value characterizing the
nucleon momentum distribution in the 10B nucleus is
σ0 = 87.3 MeV/c.

The parabolic Goldhaber law [10] governs the re-
lationship between the variance σ2

F of the momentum
distribution of any fragment having a mass number
AF and originating from any nucleus of mass number
A0 and the variance σ2

0 of the momentum distribution
of nucleons in this nucleus:

σ2
F = σ2

0

AF (A0 −AF )
A0 − 1

. (1)

Using this law and bearing in mind that

P⊥ = AFP0 tan θ, (2)

where P0 = 1.7 MeV/c is the momentum per nu-
cleon of the 10B nucleus in our experiment, we find
that the constant σ(θ), which determines the distri-
bution of alpha-particle emission angles θ, must be
21.0 mrad. This angular distributionmust correspond
to the Rayleigh distribution at the same value of the
constant. The angles θ12 between two particles emit-
ted independently in an event must obey a distribution
of the same form, but with a variance twice that for
single particles.

The angle θ12 between the particle tracks in
an event must be obtained by sampling a random
set governed by the Rayleigh distribution charac-
terized by a constant equal to σ(θ12) =

√
2σ(θ) =

29.7 mrad [11]. The ratio of the mean transverse mo-
mentum of particles that is measured in the laboratory
PH
frame to that in the c.m. frame of two particles must
be equal to

√
2.

In our experiment, the mean angle between the
momenta of two independently emitted particles must
be

〈θ12〉 =
√
π/2σ(θ12) = 37.2 mrad. (3)

We determine the emission angles by two angles
between the momentum projections onto two planes,
the emulsion plane (angle ϕ) and the plane orthog-
onal to it (angle α). If two particles are emitted in-
dependently in each event and both angles ϕ and α
for each particle are taken at random from a normal
distribution of the same variance, then the variance
of the sum of these four angles in each event must
be equal to four variances of an individual angular
distribution. Therefore, we have

σ(ϕ1 + ϕ2 + α1 + α2) = 2σ(θ). (4)

The azimuthal asymmetry coefficient A defined
as the ratio of the difference of the probabilities of
observing angles ∆Ψ larger or smaller than 90◦ to
their sum,

A =
N(∆Ψ > 90◦) −N(∆Ψ < 90◦)
N(∆Ψ > 90◦) +N(∆Ψ < 90◦)

, (5)

where ∆Ψ is the difference of the azimuthal angles of
two particles, is the simplest feature of two-particle
correlations in the transverse plane. If the particles are
emitted independently, this coefficient must be zero.
In that case, the distribution of the angles ∆Ψ be-
tween the transverse-momentum vectors of two par-
ticles in an event must be uniform. Since the vector
sum of the transverse momenta of all particles in each
decay event is zero, kinematical correlations in the
transverse plane appear necessarily. If an excited sys-
tem decays to n particles uniformly distributed over
the phase space, the azimuthal-asymmetry coefficient
A must be equal to 1/(n − 1) [12]. In 10B nucleus
fragmentation, A cannot be zero, because the total
number of particles n is not very large.

If 8Be originating from 10B decays to two alpha
particles, all differences of the azimuthal angles for
two particles must be smaller than 90◦. In this case,
the azimuthal-asymmetry coefficient Amust be close
to −1. It is this fact that we are going to verify.

Let us now consider the case where two alpha
particles originate from the decay 8Be → 2α in our
experiment. We assume that the emission of 8Be from
a 10B nucleus proceeds as ordinary fragmentation.
The transverse momenta of the 8Be nucleus will then
obey the Rayleigh distribution whose constant can
readily be calculated if the Fermi momentum of the
10B nucleus is known. The longitudinal momentum
of the 8Be nucleus undergoes virtually no change and
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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will be equal to 8P0 = 13.6 GeV/c. Hence, we know
the direction and the absolute value of the momentum
of the nucleus decaying in flight to two alpha particles.
The kinetic energy of each alpha particle is 45.96 keV
in the rest frame of the decaying nucleus. The an-
gular distribution of the alpha particles is assumed
to be isotropic in the rest frame of the decaying 8Be
nucleus. We calculate the particle emission angle in
the rest frame of the 8Be nucleus by the Monte Car-
lo method, whereupon we obtain the alpha-particle
momentum in the laboratory frame and determine the
angle between the particles in each event. Figure 1
shows the distribution of angles between the particle
momenta that was simulated in this way. There is a
sharp maximum in the probability of observing these
angles at θ12 = 5.45 mrad because the solid angle of
alpha particles emitted in mutually orthogonal direc-
tions in the c.m. frame of the decaying nucleus is con-
siderably larger than that of alpha particles emitted
along its momentum. The shape of this distribution
will remain unchanged with increasing energy of the
primary particle, but the limiting angle will become
smaller.

Thus, the distributions of angles between the mo-
menta of two alpha particles emitted independently
from a 10B nucleus differ markedly in the case where
such particles originate from an intermediate 8Be nu-
cleus in the ground state. This is precisely the fact
that makes it possible to separate events associated
with the channels 10B → 8Be → 2α + all and 10B →
2α + all. We now consider a procedure that permits
estimating the fraction of the channels involving 8Be.

Following the procedure described in [13], we as-
sume that each fragment of chargeZi andmass num-
berAi corresponds to a stable or a radioactive isotope
whose mass is precisely known. Some amount of
energy, ∆Ek, is required for the initial state of the
primary 10B nucleus to go over, for some time τ , to the
state formed by k fragments in the c.m. frame of this
nucleus. This energy will comprise not only the differ-
ence of the sum of the rest masses of all fragments and
the mass of the primary nucleus but also the sum of
themean kinetic energies of all fragments in their c.m.
frame. The mean values of the fragment energies can
easily be calculated if the Fermi momentum is known.

The higher the energy ∆Ek, the shorter the life-
time τ of the virtual state, and the longer the lifetime
τ , the higher the probability of observing the primary
nucleus in the virtual state characterized by the en-
ergy deficit ∆Ek.

The theory of dynamical systems [14] provides a
rigorousmathematical basis for calculating this prob-
ability. This theory proves that, if a sequence of states
of the system is invariant under time translations,
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Fig. 1.Distribution with respect to the angle θ12 between
the alpha-particle tracks in the decay of 8Be originating
from a 1.7-GeV/c 10B nucleus according toMonte Carlo
simulation for 2500 events,N being the number of events
per interval θ12 = 0.5 mrad.

then, for a set of these states, one can always intro-
duce an invariant normalized Gibbs measure, which
is just the probability of observing this state,

W (T,∆Ek) =
exp(−∆Ek/T )

Ξ
. (6)

This is the well-known Gibbs distribution, where
T = σ2

0/mN is the temperature (that is, a value that is
proportional to the mean energy of the constituents)
and Ξ is the partition function equal to the sum of
the expressions in the numerator over all possible k
states.

For light nuclei, one can readily list all possible
states of the primary nucleus. The number of all
possible fragmentation channels is 73 for the 10B
nucleus. After a straightforward calculation of the
partition function, we determine the absolute prob-
abilities of all fragmentation channels. The nuclear-
fragmentation channel 10B → 4He + 6Li is the most
probable (19.73%), and the channel in which there
occurs fragmentation to 8Be and a deuteron and
which is of interest to us is the next in order of
decreasing probability (16.36%). The list of 13 chan-
nels in this order is given in Table 1. Naturally,
channels involving higher numbers of fragments are
less probable. The total probability of 8Be emission
from the 10B nucleus is 19.7%.
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Table 1. ProbabilitiesW of channels of 10B fragmentation

N W , % Fragmentation channel

1 19.73 4He + 6Li

2 16.36 2H + 8Be

3 15.29 p+ 9Be

4 12.19 n+ 9B

5 8.80 5He + 5Li

6 4.43 2H + 24He

7 3.83 3He + 7Li

8 3.43 3H + 7Be

9 3.37 n+ p+ 8Be

10 3.02 p+4 He + 5He

11 2.65 n+4 He + 5Li

12 0.91 n+ p+ 24He

13 0.76 3H + 3He + 4He

Thus, the yield of 8Be nuclei from the fragmenta-
tion of 10B nuclei must not be small. For the fragmen-
tation of 10B nuclei, a rough estimate of the fraction
of events involving two doubly charged particles is
20% of all events in which the sum of the charges
of secondary fragments is equal to the charge of the
primary nucleus. The fraction of these events among
all the events identified by the tracks appeared to be
10% in the experiment reported in [1].

3. DESCRIPTION OF THE EXPERIMENT

In our experiment, an emulsion chamber formed
by two emulsion layers 10 × 20 cm in cross section
and 500 µm thick was irradiated along the layer with
a beam of 10-GeV 10B ions from the Nuclotron of the
Laboratory of High Energies at JINR. Events were
sought by means of scanning along tracks. The total
length of all portions of scanned primary tracks before
inelastic interaction with a photoemulsion nucleus or
before the escape from a layer was 243m. The number
of inelastic interactions found along this length was
1823. Thus, the mean range before an interaction
event was 13.3 ± 0.3 cm. For 217 events involving
doubly charged fragments of a 10B nucleus, the co-
ordinates x, y, and z were measured at eleven points
with a step of 100 µm along the x axis for both tracks
of the doubly charged fragments and for the primary-
particle track. If the mean values of the coordinates
are 〈x〉 and 〈a〉, where a = y, z, then the tangent of
the angle ε = ϕ (at a = y) or the tangent of the angle
PH
ε = α (at a = z) can be evaluated as

tan ε =
〈xa〉 − 〈x〉〈a〉
〈x2〉 − 〈x〉2 . (7)

Having calculated the angles ϕ and α for a given
track, we obtain an estimate of the tangent of the
angle θ,

tan θ =
√

tan2 ϕ + tan2 α. (8)

The uncertainty in measuring the angle between
the particle momenta was about 1.5 mrad in the range
between 3 and 8 mrad. Thus, the accuracy of our
measurements in the region of the angles between the
alpha-particle momenta that is of interest to us (its
width is about 5 mrad), is quite sufficient for estab-
lishing the phenomenon of 8Be decay from the ground
state to two alpha particles if we assume that precisely
events characterized by angles of θ12 < 8.5 mrad are
associated with this channel.

Although the accuracy of coordinate measure-
ments along the y and z axes is different, the param-
eters of the distributions with respect to the angles
ϕ and α appeared to be nearly identical. As might
have been expected, both distributions agree with the
hypothesis that they are samples from a normal dis-
tribution whose characteristic constant is calculated
by using the radius of the 10B nucleus.

The curve in Fig. 2 represents the expected normal
distribution of the particle-emission angles charac-
terized by zero mean value and a standard deviation
of 21 mrad, which was calculated from the radius of
the 10B nucleus. Also shown in this figure are the
empirical distributions of the angles ϕ and α obtained
in the experiment. We emphasize that the curve in
Fig. 2 is not a fit to the experimental data on these
angles, but that it was obtained prior to the beginning
of the experiment.

The sum of the squares of the differences along
the vertical direction between the expected and em-
pirical distributions gives the quantity ω2 (Cramér–
von Mises test), which can be used to verify the
hypothesis that the empirical distribution agrees with
the expected normal distribution. According our data,
this hypothesis is acceptable at a 1% confidence level
both for ϕ and for α.

This result agrees perfectly with that obtained
in [1], where the experimental value of the mean
transverse momentum of product deuterons was
140 ± 10 MeV/c; if it is estimated by using the
value of r0 = 1.54 fm, then it must be 145 MeV/c.
Evidently, the agreement is good.

Within the event sample being considered, the
quantity c = ϕ1 + ϕ2 + α1 + α2 obeys a normal dis-
tribution characterized by a standard deviation of
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 2. Expected normal distribution (curve) and empirical distributions of the angles ϕ (∗) and α (◦).
σc = 39.7 ± 2.7 mrad. Thus, the angular correlations
of particles in an event are not observed in the
experiment.

Therefore, it is quite natural that the distribution
of θ is in good agreement with the hypothesis that it
is a sample from a Rayleigh distribution. This means
that the distribution of the angles θ12 = x between
the momenta of independently emitted alpha particles
combined in pairs must correspond to the probability
density

f(x, σ) =
x

σ2
exp(−x2/2σ2) (9)

and the cumulative distribution function

F (x, σ) = 1 − exp(−x2/2σ2). (10)

In order to estimate the parameter σ of this dis-
tribution, it is necessary to eliminate from the ex-
periment values of the angle θ12 that are smaller
than xmin because we seek a small excess due to the
8Be → 2α channels over this distribution just within
the range of small angles θ12. The angles θ12 larger
than some value xmax should also be eliminated be-
cause rare events of absolutely different nature (for
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Fig. 3. Logarithm of the likelihood function versus the pa-
rameter σ. The horizontal straight line lnL = −1 yields a
68.3% confidence interval for this parameter if the inter-
section points are projected onto the abscissa.
05



2044 LEPEKHIN, SIMONOV
Table 2. Calculated and experimental values of various quantities characterizing 10B fragmentation

No. Quantity Calculation Experiment

1 〈P⊥〉 (2H) [MeV/c] 145 140 ± 10 [1]

2 σ(ϕ) = σ(α) [mrad] 21.011 20.5 ± 0.7

3 σ(Rel, θ12) [mrad] 29.714 31.7 ± 2.0

4 〈θ12〉 [mrad] 37.22 34.6 ± 2.2

5 σ(ϕ1 + ϕ2 + α1 + α2) [mrad] 42.0 39.7 ± 2.7

6 N (θ12 < 8.5 mrad) 36 33

7 W (8Be → 2α) 0.197 0.18 ± 0.03

8 A(10B → 2α) 0 0.05 ± 0.03

9 A(8Be → 2α) −1.0 −0.96 ± 0.04

10 〈θ12〉 for θ12 < 8.5 mrad 6.3 5.6 ± 1.0

11 Kolmogorov coefficient,D 1.63 0.32

12 Kuiper’s coefficient, V 2.0 0.88

13 ω2-test 0.743 0.304
example, the rescattering of final-state particles) may
appear in this case. Thus, the likelihood function for
the Rayleigh distribution truncated at xmin and xmax
is

L =
i=N∏
i=1

f(xi, σ)F (xmin, σ)[1 − F (xmax, σ)]. (11)

In order to estimate the parameter σ, in which we are
interested, we must solve a nonlinear equation that
arises upon equating the derivative of the logarithm of
the above likelihood function to zero. This is achieved
by applying the corresponding procedure from the
MATHCAD-8 library [15].

Figure 3 shows the logarithm of the likelihood
function versus the parameter σ. One can see that, for
the sample being considered, L reaches a maximum
at σ = 31.7 ± 2.0 mrad. With the aid of the data in
Fig. 3, one can also assess the confidence interval of
the estimate of the parameter. Thus, the experimental
estimate of the parameter of the distribution with
respect to the angle between the momenta of two
particles for the sample where events in which these
angles correspond to the decay 8Be → 2α are elimi-
nated from consideration is nearly coincident with the
expected value of this parameter in the case of two
independently emitted particles.

Since we are dealing predominantly with periph-
eral interactions of incident nuclei with photoemul-
sion nuclei, the momentum transfer to the incident
nucleus as a discrete unit is low. Moreover, the mo-
mentum transfer is shared among secondary frag-
PH
ments in accordance with their masses; as a conse-
quence, it is virtually unobservable experimentally.

In our experiment, the azimuthal-asymmetry co-
efficient is 0.05 ± 0.03 for all events and−0.96 ± 0.04
for events where θ12 < 8.5 mrad. This means that
there are no correlations between the transverse-
momentum directions within the total event sample,
but that such correlations are large for events involv-
ing the decay 8Be → 2α.

Finally, 33 events where θ12 < 8.5 mrad (instead
of 36 events expected theoretically) are observed in
our experiment. This means that, in the experiment,
the probability of observing a 8Be nucleus in the
fragmentation of a 10B nucleus is (18 ± 3)%, but it is
expected to be 19.7% on the basis of the calculation.

If the events observed here for θ12 < 8.5 mrad are
indeed generated by the channel 8Be → 2α, then the
empirical distribution of these 33 events with respect
to angles θ12 must be identical to the expected dis-
tribution of these angles for this channel. Figure 1
displays the probability density for these angles.

We used three nonparametric criteria of agree-
ment to verify this hypothesis. According to the Kol-
mogorov test [16], the maximum deviation D of the
empirical cumulative distribution from that predicted
theoretically cannot exceed 1.63 for the agreement
at a 1% confidence level. The value of D = 0.32 was
found in our experiment.

The second test is based on an analysis of the
quantity V = V + − V −, which is the difference of
the two distribution functions, and is referred to as
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Kuiper’s test [17]; this test is more powerful than the
first one, but it is rarely used by experimentalists. Its
critical value for the above confidence level is 2.0,
but, in our experiment, V = 0.88. A similar result was
obtained by using the third test mentioned above, the
Cramér–von Mises test (see Table 2).

Thus, all three tests do not reject the hypothesis
that our 33 events where θ12 < 8.5mrad are due to the
process 8Be → 2α. Figure 4 illustrates the respective
result.

4. CONCLUSIONS

The basic results of our study are summarized in
Table 2. All predictions obtained a priori have been
confirmed experimentally. The yield of 8Be nuclei from
the fragmentation of a 10-GeV 10B nucleus is indeed
about 2% of all the events found by their tracks in the
photoemulsion used or about 20% of those events in
which the sum of the secondary-fragment charges is
equal to the charge of the incident nucleus.
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
Events containing two alpha particles from 8Be
decay among the products originating from the frag-
mentation of relativistic nuclei have been revealed for
the first time in our experiment. In the fragmentation
of carbon and oxygen nuclei with a momentum of
4.1GeV/c per nucleon to three or four doubly charged
fragments [18, 19], the experimentally observed spe-
cial features of the distributions with respect to the
azimuthal angles between the fragment momenta are
in good agreement with the calculated fraction of 8Be
nuclei among these fragments [20], which is about
30%. It is probable that, in light nuclei having a
distinct alpha-particle structure, alpha particles form
a Bose condensate and interact resonantly with one
another, and this is the reason why we observe a 8Be
nucleus. Since the lifetime of this intermediate state is
long on the scale of nuclear time, it begins to play an
important role in nucleosynthesis in stars as soon as
the helium concentration increases upon the burning
of hydrogen. In particular, the isotope 9Be, whose
concentration in the stars of globular clusters was
used in the first experimental determination of the age
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of theMilkyWay Galaxy [21], is produced via neutron
absorption. Thus, experimental data on the yield of
8Be nuclei in the fragmentation of light nuclei can be
of use.

Of course, the results presented in Table 2 were
obtained under numerous explicit and implicit as-
sumptions; therefore, they can be treated only as in-
direct evidence. For example, there are grounds to
believe that the Fermi momentum of the 10B nucleus
and the constant of the momentum distribution of
nucleons in this nucleus are 195 MeV/c and about
90 MeV/c, respectively. The nucleus can indeed be
treated as a dynamical system, and all general laws of
the theory of dynamical systems are applicable to it.
As we have seen, this enables us to make predictions,
which are supported experimentally.

The theory of dynamical systems incorporates
thermodynamic formalism. Therefore, the generally
adopted thermodynamic notions such as a nuclear
excitation energy and the temperature of an excited
nucleus are quite appropriate for a phenomenolog-
ical description of the fragmentation phenomenon.
However, no predictions have been made on the
basis of this approach over a number of decades.
Further studies of the nuclear-fragmentation process
must obviously be devoted to searches for deviations
from the predictions based on this simple model of
nuclear fragmentation. Having now an outline of the
fragmentation process as a whole, we can plunge into
the details.
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Abstract—Within the two-flavor approximation, equations that relate the oscillation parameters for both
light and heavy neutrinos to the Yukawa coupling constants and the vacuum expectation values of the
Higgs fields are derived within the left–right model. The contributions from Higgs bosons to the muon
anomalous magnetic moment, to the cross sections for lepton-flavor-violating processes, and to the cross
sections for low-energy light-neutrino scattering are studied in order to determine the Yukawa coupling
constants. It is shown that the heavy-neutrino masses mN1,2 can be expressed in terms of only the triplet
Yukawa coupling constants and the mass of the gauge boson W2. Data on direct and inverse muon decay
and constraints on the masses of the δ̃(−), ∆(−−)

1,2 , andW2 bosons are used to obtain bounds onmN1,2 both
in the absence of degeneracy and in the presence of mass degeneracy in the sector of heavy neutrinos. Only
in the case of degeneracy are data concerning the explanation of the (g − 2)µ anomaly used to determine
bounds onmN1,2 . c© 2005 Pleiades Publishing, Inc.
1. INTRODUCTION

Within the standard model of electroweak interac-
tions, the neutrinos are massless Weyl particles, the
law of lepton-number conservation being rigorous.
However, these statements do not stand up to exper-
imental tests. By way of example, we indicate that,
in an experiment with atmospheric neutrinos at Su-
perKamiokande [1], a significant up–down asymme-
try was found in events featuring high-energy muons.
In an SNO experiment with solar neutrinos [2], direct
evidence was obtained for νe transitions to νµ and
ντ . Thus, we have unambiguous indications that the
neutrino mass is nonzero and that there is mixing in
the lepton sector. These conclusions were corrobo-
rated in experiments with terrestrial neutrinos as well,
in which case use wasmade of a well-controlled initial
flux. Here, we mean the KamLAND experiment with
reactor antineutrinos [3] and the K2K experiment [4],
which was the first accelerator long-baseline experi-
ment.

From all of available experimental data, it fol-
lows that the neutrino masses are many orders of
magnitude lower than the masses of other funda-
mental fermions, charged leptons and quarks. For
example, direct kinematical measurements constrain
the neutrino masses from above as (the mass spec-
trum is assumed to be degenerate) mνe ≈ |mi| <
2.2 eV at a 95% C.L. [5]. The cosmological bound
on the sum of the masses of all light neutrinos [6],∑

i |mi| < 0.7−2.1 eV at a 95% C.L., leads to a still
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more stringent limit on the neutrino masses, |mi| <
(0.23−0.70) eV.

An explanation for so giant a suppression of the
neutrino masses is provided by the seesaw mech-
anism, which is an indispensable element in many
Grand Unification theories. Such a theory can be ex-
emplified by a model based on SO(10) symmetry. An
interesting facet of the SO(10) model is that it con-
tains the SU(2)L × SU(2)R ×U(1)B−L gauge group
(left–right model). Within the left–right model, heavy
Majorana neutrinosNa (a = e, µ, τ ), which enter into
the composition of the right-handed lepton doublet

ΨaR =


NaR

laR


 ,

are partners in the seesaw mechanism.
Unfortunately, information about heavy neutrinos

is scanty at the present time. However, the param-
eters of the heavy-neutrino sector in the left–right
model are not isolated from the remaining part of
the model, this making it possible to determine these
parameters not only in direct but also in indirect mea-
surements. The objective of the present study is to
set constraints on the masses of the heavy neutrinos
Ni and on their mixing angles by using available
experimental data but without directly detecting Ni.

The ensuing exposition is organized as follows. In
the next section, we present necessary information
about the left–right model. In Section 3, the (g − 2)µ
anomaly, lepton-flavor-violating processes, and low-
energy light-neutrino scattering are considered from
c© 2005 Pleiades Publishing, Inc.
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the point of view of obtaining bounds on the constant
αH of Higgs bosons coupling to leptons. In Section 4,
the values found for αH are used to set constraints
on the parameters of the heavy-neutrino sector. Sec-
tion 5 contains conclusions and discussion of the
results obtained in this study.

2. DESCRIPTION OF THE MODEL

Let us consider the symmetric version of the
left–right model (gL = gR). In the Higgs sector, it
contains one bidoublet Φ(1

2 ,
1
2 , 0) and two triplets

∆L(1, 0, 2) and ∆R(0, 1, 2). The Higgs potential is
represented by the expression proposed in [7], while
the Yukawa Lagrangian describing gauge-invariant
interaction in the lepton sector is given by

LY = −
∑
a,b

{habΨ̄aLΦΨbR + h′abΨ̄aLΦ̃ΨbR (1)

+ ifab[ΨT
aLCτ2(τ · ∆L)ΨbL + (L → R)] + conj.},

where τ1,2,3 are the Pauli matrices, Φ̃ = τ2Φ∗τ2, hab
and h′ab are the bidoublet Yukawa coupling constants,
and fab = fba are the triplet Yukawa coupling con-
stants.

After spontaneous symmetry breaking, 14 Higgs
bosons remain in the theory. These are four doubly

charged scalars ∆(±±)
1,2 , four singly charged scalars

h(±) and δ̃(±), four neutral scalars S1,2,3,4 (S1 is the
analog of the Standard Model Higgs boson), and two
neutral pseudoscalars P1,2. The Lagrangians describ-
ing Higgs boson interactions with leptons and gauge
bosons can be found in [8].

Our further consideration will be based on the
equations that relate the neutrino-oscillation param-
eters to the Yukawa coupling constants and the vac-
uum expectation values of the neutral components
of the Higgs triplets (vL,R) and bidoublet (k1,2). In
the two-flavor approximation, the choice of the basis
ΨT =

(
νTaL, N

T
aR, ν

T
bL, N

T
bR

)
involves representing the

neutrino mass matrix in the form

M =




faavL ma
D fabvL MD

ma
D faavR M ′

D fabvR

fabvL M ′
D fbbvL mb

D

MD fabvR mb
D fbbvR




, (2)

where

ma
D = haak1 + h′aak2, (3)

MD = habk1 + h′abk2, M ′
D = hbak1 + h′bak2, (4)
PH
and vL � max(k1, k2) � vR. Diagonalizing the ma-
trixM, we arrive at the relations [9]

ma
D = cϕasϕa(c2θN

mN1 + s2
θN

mN2

− c2θν
mν1 − s2

θν
mν2),

mb
D = ma

D(ϕa → ϕb, θν,N → θν,N + π/2),




(5)

MD = cϕasϕb
cθνsθν (mν1 −mν2)

+ sϕacϕb
cθN

sθN
(mN2 −mN1),

M ′
D = MD(ϕa → ϕb),




(6)

fabvR = sϕasϕb
cθνsθν (mν2 −mν1) (7)

+ cϕacϕb
cθN

sθN
(mN2 −mN1),

faavR = s2
ϕa

(c2θν
mν1 + s2

θν
mν2)

+ c2ϕa
(c2θN

mN1 + s2
θN

mN2),

fbbvR = faavR(ϕa → ϕb,

θν,N → θν,N + π/2),





(8)

fll′vL = fll′vR(ϕl,l′ → ϕl,l′ + π/2), (9)

l, l′ = a, b,

where ϕa is the mixing angle in the generation a
between the light and heavy neutrinos, θν (θN ) is the
mixing angle between the νaL neutrino and the νbL
neutrino (NaR and NbR), cϕa = cosϕa, sϕa = sinϕa,
etc.

3. BOUNDS ON THE MODEL PARAMETERS

3.1. (g − 2)µ Anomaly

The experiment that is devoted to measuring the
anomalous magnetic moment of the muon and which
is being performed at the Brookhaven National Lab-
oratory (BNL) is presently one of the most precise
experiments in microscopic physics. The latest result
obtained for the anomalous magnetic moment of the
positively charged muon was based on data accumu-
lated within the year 2000 and is [10]

a
expt
µ+ = 116 592 040(70)(50) × 10−11µ0 (BNL’00),

(10)

where µ0 is the muon magnetic moment predicted by
Dirac theory. At the same time, the value obtained
for the anomalous magnetic moment of the negatively
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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charged muon on the basis of data collected over the
year 2001 is [11]

a
expt
µ− = 11659 214(8)(3) × 10−10µ0 (BNL’01).

(11)

We can see that the two results in question are virtu-
ally coincident, which is in excellent agreement with
the CPT theorem. Thus, the present-day averaged
value of aexptµ is

aexptµ = 11659 208(6) × 10−10µ0. (12)

Both for BNL’00 and for BNL’01, the relative error
is 0.7 × 10−6, which is only two times greater than
that which is planned at the final stage of the BNL-E-
0821 experiment. It is obvious that, for a comparison
of experimental and theoretical data to be successful,
it is necessary that the muon anomalous magnetic
moment be calculated to the same high degree of
precision. First of all, this means that one must take
into account the contributions from all sectors of the
model used in these calculations. In other words, the
expression for the muon anomalous magnetic mo-
ment in the Standard Model (or its extension) must
involve three terms,

aSMµ = aQED
µ + aEWµ + ahadµ , (13)

where the QED and electroweak contributions are
given by (see [12] and references therein)

aQED
µ = 116 584 705.7(2.9) × 10−11µ0, (14)

aEWµ = 152(4) × 10−11µ0.

The quantity ahadµ is determined primarily by the
virtual-hadron contributions to the photon prop-
agator in the fourth and sixth orders, the low-
est corrections leading to vacuum polarization by
hadrons, ahadµ (VP1). As to the sixth-order correc-
tions, they include, in addition to vacuum polarization
by hadrons, ahadµ (VP2), the scattering of light by

light, ahadµ (LbyL). For ahadµ (LbyL) and ahadµ (VP2), we
will employ the results presented in [13] and [14],
respectively, while, for ahadµ (VP1), we will take the
value obtained on the basis of the latest data of the
SMD-2 Collaboration that concern the analysis of
the cross section σe+e−→hadrons [15]. For aSMµ , we then
have

aSMµ = 11659 181(8) × 10−10µ0. (15)

We note that, if only data on τ decay to hadrons are
used to determine ahadµ (VP1), then

aSMµ = 11659 196(8) × 10−10µ0. (16)
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
A comparison of (15) and (16) with the experimen-
tal value a

expt
µ (12) shows the disagreement of the

theoretical and experimental results at the levels of
2.7σ and 1.4σ, respectively. In [16], ahadµ (VP1) and
ahadµ (VP2) were calculated on the basis of almost all
data obtained by that time. The resulting value of the
muon anomalous magnetic moment is

aSMµ = 11659 176.3(7.4) × 10−10µ0. (17)

A comparison with (12) now leads to the deviation
δaµ equal to 2.8σ.

In the following, we will assume that the deviation
δaµ is due to the contributions from particles not
present in the Standard Model. In the left–right
model, this may be only Higgs bosons [8]. In studying
the (g − 2)µ anomaly, it is usually assumed that
new-physics effects are concealed in electroweak
corrections exclusively. In our case, this means
that (aQED

µ + ahadµ )SM = (aQED
µ + ahadµ )LRM, but that

(aEWµ )SM 
= (aEWµ ) LRM. Following [11], we assume
that the disagreement between the Standard Model
predictions and experimental data is at the level of
2.7σ. At a 90% C.L., δaµ/µ0 must then lie within the
interval

42 × 10−11 ≤ δaµ
µ0

≤ 398 × 10−11. (18)

First, we assume that the observed value of the
muon anomalous magnetic moment is due exclu-
sively to the h(−)-boson contribution. For mh, we
have [9]

m2
h = α(v2

R + k2
0) +

β2
1k

2
+

2(α + ρ1 − ρ3/2)
, (19)

where

α =
α3k

2
+

2k2
−

=
α3(1 + tan2β)
2(tan2β − 1)

, k0 =
k2
−√

2k+

.

Here, αj , ρj , and βj are constants that appear in the
Yukawa potential; tanβ = k1/k2; and k± = k2

1 ± k2
2 .

From (19), it follows that the h(−)-boson mass is on
the electroweak scale if

α � 1.

We will assume that mixing occurs in the eµ sector,
in which case we set a = e and b = µ in Eqs. (5)–
(9). Feynman diagrams that contribute to the muon
anomalous magnetic moment in the one-loop ap-
proximation are shown in Fig. 1. Disregarding am-
plitudes that are proportional to sin ξ (where ξ is the
mixing angle in the sector of charged gauge bosons),
we obtain a correction to the muon anomalous mag-
netic moment in the form

δa(h)
µ = δa(hh)

µ + δa(Wh)
µ , (20)
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Fig. 1. Feynman diagrams involving h(−) bosons and making a contribution to the muon anomalous magnetic moment in the
one-loop approximation.
where

δa
(hh)
µ

µ0
=

1
8π2

∑
a=e,µ

(
α2
µ̄NahI

hh
Na

+ α2
µ̄νahI

hh
νa

)
, (21)

δa
(Wh)
µ

µ0
=

(1 − ρ3/2 + ρ1)(tan2β − 1)mW1

16
√

2π2(1 + tan2β)
(22)

×
(
sξαµ̄νµhI

W1h + cξαµ̄NµhI
W2h

)
,

αl̄aνah =
h′aak2 − haak1

2k+
=

1 + tan2β

2k+(1 − tan2β)
(23)

×
(
− 2mlatanβ

1 + tan2β
+ ma

D

)
,

αl̄aNah = αl̄aνah(mla ↔ −ma
D), (24)

αl̄aνbh
= −MD

2k+
, αl̄aNbh

= − MDtanβ

k+(1 + tan2β)
,

(25)

a 
= b,

Ihhi =

1∫

0

m2
µ(z

3 − z2)dz
m2
µz

2 + (m2
h −m2

i −m2
µ)z + m2

i

,

i = νa, Na, Ihhi < 0,
PH
IW1h =
mµ

m2
W1

−m2
h

{
ln

(
m2
W1

m2
h

)

−
[ 1∫

0

z2[m2
µ(2z − 1) + m2

W1
−m2

νµ
]dz

m2
µz

2 + (m2
W1

−m2
νµ

−m2
µ)z + m2

νµ

− (mW1 → mh)

]}
,

IW2h = IW1h(mW1 → mW2 ,mνµ → mNµ),

IWkh > 0.

We emphasize that, since the constant ρ1 − ρ3/2 de-
termines the square of the δ̃(−)-boson mass,

m2
δ̃

= (ρ3/2 − ρ1)v2
R − β2

1k
2
+

2(α + ρ1 − ρ3/2)
, (26)

the inequality ρ3/2 − ρ1 > 0 must hold. It follows
that, if the expressions 1 + ρ1 − ρ3/2 and tan2β − 1
have opposite signs, the contributions of the dia-
grams in Figs. 1c and 1d will be negative, which
will prevent the explanation of the observed value of
the muon anomalous magnetic moment. Thus, one
must consider the regions tan2β > 1 and tan2β < 1
for, respectively, positive and negative values of 1 +
ρ1 − ρ3/2.
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Prior to proceeding to analyze directly the (g −
2)µ anomaly, we must reduce arbitrariness in the
choice of Higgs boson coupling constants. This can
be achieved by expressing them in terms of quantities
that are presently being studied in experiments. The
quantities vL and vR, which appear in the coupling
constants, present no problems. We can estimate vL
with the aid of ρ, comparing its theoretical value

ρtheor =
m2
Z1

c2θW
m2
W1

=
1 + 4x
1 + 2x

(27)

[x = (vL/k+)2, and θW is the Weinberg angle] with
the experimental value

ρexpt = 1.0107 ± 0.0006. (28)

In order to evaluate vR, it is sufficient to use the
relation

vR =

√
(m2

W2
−m2

W1
) cos 2ξ

g2
L

, (29)

which follows from the formulas that determine the
masses of charged gauge bosons and their mixing
angle. The Higgs boson coupling constants also in-
volve the heavy-neutrinomassesmN1,2 . Although our
problem here is to set bounds on precisely these quan-
tities, we have to move in the opposite direction—
that is, to assess roughlymN1,2 in one way or another
and to employ the resulting estimates in determining
the respective contribution to the muon anomalous
magnetic moment.
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For the heavy neutrino N1, one can employ the
bound

mN1 > 63 GeV ·
(

1.6 TeV
mW2

)4

, (30)

which is known from the literature and which was
obtained in studying neutrinoless double-beta decay.
On the other hand, it follows from relations (8) and (9)
that

fee + fµµ =
mν1 + mν2 + mN1 + mN2

vR + vL
. (31)

It is reasonable to assume that

0 < fee < 1, 0 < fµµ < 1. (32)

Considering that mν1 , mν2 � mN1 , mN2 , we then
arrive at the inequality

0 <

{
mN1 + mN2

vR + vL

}
< 2, (33)

which, together with (27), (29), and (30), makes it
possible to set bounds on mN2 .

Further, we represent the mixing angles θN and
ϕe,µ as functions of fµµ. The use of relations (8) and
(9) yields the required formulas

s2
θN

=
fµµ(vR + vL) − (mν1s

2
θν

+ mν2c
2
θν

) −mN2

mN1 −mN2

,

(34)
sin(2ϕe) =
2
√

f2
eevRvL − [fee(vR + vL) −mν1c

2
θν

−mν2s
2
θν

](mν1c
2
θν

+ mν2s
2
θν

)

fee(vR + vL) − 2(mν1c
2
θν

+ mν2s
2
θν

)
, (35)
sin(2ϕµ) = sin(2ϕe) (fee → fµµ, θν → θν + π/2) ,
(36)

where, in accordance with experimental data, the pa-
rameters of the light-neutrino sector are set to

tan2θν = 0.34, mν1 = 0.5 eV,

mν2 = 0.5 + 7 × 10−2 eV.

Thus, we can express the Higgs boson coupling
constants in terms of the triplet Yukawa coupling
constant fµµ and the quantitiesmN1,2 and vL,R. Since
we require fulfillment of the condition

0 ≤ θN ≤ π/2, (37)
the regions of allowed values of fµµ will be different
here for each set of mN1,2 and vL,R.

Let us assume that mW2 is equal to 0.8 TeV. As
to the mixing angle ξ, we henceforth set it to 10−2.
We will specify the heavy-neutrino masses and the
triplet Yukawa coupling constant fµµ. We note that,
within this approach, the value of fµµ will affect only
the angle θN . An analysis then reveals that, as mh

is varied from 100 to 200 GeV, the h(−)-boson con-
tribution becomes commensurate with δaµ/µ0 only
if tanβ is close to unity and if vL is about several
gigaelectronvolts.

Let us now proceed to discuss corrections to the
muon anomalous magnetic moment that are asso-
ciated with the neutral Higgs bosons. We note that,
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Fig. 2. Feynman diagrams involving neutral Higgs
bosons and contributing to the muon anomalous mag-
netic moment.

since

m2
S2

=
α2k

2
+

k1k2
v2
R (38)

− 4k1k2k
4
−[2(2λ2 + λ3)k1k2/k

2
+ − λ4]2

α2k2
+v

2
R

,

m2
P1

=
α2k

2
+

k1k2
v2
R + 2k2

+(λ3 − 2λ2), (39)

S2 and P1 bosons have close masses. For the masses
of these bosons to be on the electroweak scale, not
only must we require fulfillment of the condition
α2k

2
+/(k1k2) ∼ 10−2, but we must also use, in the

quark sector, a Yukawa Lagrangian that does not
induce, at the tree level, flavor-violating neutral
currents [9].

The correction to the muon anomalous magnetic
moment from the diagrams in Fig. 2 is given by

δanµ
µ0

(40)

=
1

8π2

∑
a

[
α2
µ̄laS1

IS1
la

+ α2
µ̄laS2

IS2
la

+ α2
µ̄laP1

IP1
la

]
,

where

I
Sj

la
=

1∫

0

mµ[mµ(z2 − z3) + mlaz
2]dz

m2
µ(z2 − z) + m2

Sj
(1 − z) + m2

la
z
,

j = 1, 2, I
Sj

la
> 0,

IP1
la

=

1∫

0

mµ[mµ(z2 − z3) −mlaz
2]dz

m2
µ(z2 − z) + m2

P1
(1 − z) + m2

la
z
,

IP1
la

< 0,

αl̄albS1
= −

√
2αl̄aNbh

, (41)

αl̄alaS2
= −haak1 + h′aak2√

2k+

= − ma
D√

2k+

, (42)
PH
αl̄alaP1
= −haak1 − h′aak2√

2k+

(43)

=
1√

2k+(1 − tan2β)

[
ma
D(tan2β + 1) − 2mla tanβ

]
,

αl̄albS2
= −habk1 + h′abk2√

2k+

=
MD(tan2β − 1)√
2k+(tan2β + 1)

,

(44)

a 
= b,

αl̄albP1
= −habk1 − h′abk2√

2k+

= − MD√
2k+

, (45)

a 
= b.

Here, the mixing angle in the sector of the S1 and S2

bosons has been set to zero.
Wewill now determine the contributions from each

of the neutral Higgs bosons to the muon anomalous
magnetic moment. It turns out that only for tanβ
close to unity can the values of the anomalous mag-
netic moment within the range in (18) be explained by
the contribution from the S1 boson of mass ranging
between 115 and 200 GeV. In this case, there are two
regions of tanβ, tan2β > 1 and tan2β < 1, that en-
sure agreement between theoretical and experimental
results.

As to the S2 boson, its contribution to the muon
anomalous magnetic moment is negligible owing to
the smallness of the coupling constants αµ̄laS2 . In
turn, the contribution from the P1 boson is negative
and, at identical values of variable parameters, is vir-
tually equal in magnitude to the contribution from the
S1 boson. All this gives sufficient grounds to assume
that, in a rough approximation, the contributions to
the muon anomalous magnetic moment from the S1,
S2, and P1 bosons are mutually canceled. Of course,
there is yet another case—that of tanβ markedly dif-
ferent from unity—where one can disregard the con-
tributions from neutral bosons.

Further, we will discuss the version that explains
the observed value of the muon anomalous magnetic

moment by the corrections from the ∆(−−)
1,2 and δ̃(−)

bosons. From Eq. (26) and from the relations

m2
∆1

= 2ρ2v
2
R +

α3k
2
−

2
(46)

+
k4
−(β3k

2
+ + β1k1k2)2

2k4
1(4ρ2 + ρ3 − 2ρ1)v2

R

,

m2
∆2

= (ρ3/2 − ρ1)v2
R +

α3k
2
−

2
(47)

− k4
−(β3k

2
+ + β1k1k2)2

2k4
1(4ρ2 + ρ3 − 2ρ1)v2

R

,

YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005



INDIRECT METHODS FOR DETERMINING HEAVY-NEUTRINO MASSES 2053

PH
 

µ

 

–

 
(

 
a

 
) (

 
b

 
)

 

µ

 

–

 

µ

 

–

 

µ

 

–

 

l

 

a

 

l

 

a

 

l

 

a

 

∆

 

1,2
(– –)

 

γ γ

∆

 

1,2
(– –)

 

∆

 

1,2
(– –)

Fig. 3. Diagrams inducing corrections to the muon anomalous magnetic moment from ∆
(−−)
1,2 bosons.
it follows that the masses of the ∆(−−)
2 and δ̃(−)

bosons may be rather close to each other and that,
for the masses of all three bosons being considered to
be on the electroweak scale, the following conditions
must be satisfied:

ρ2 � 1, ρ3/2 − ρ1 � 1. (48)

The diagrams inducing corrections to the muon

anomalous magnetic moment from the ∆(−−)
1,2 bosons

are depicted in Fig. 3, while the analogous diagrams
for the δ̃(−) boson are obtained from the diagrams in
Fig. 1 upon the substitution h(−) → δ̃(−). As before,
we disregard the amplitudes associated with the dia-
grams proportional to sin ξ, whereupon the dominant
contribution to the muon anomalous magnetic mo-
ment reduces to the form

δacHµ
µ0

=
1

8π2

[
4f2

µe

2∑
i=1

I∆i
e + f2

µµ

2∑
i=1

I∆i
µ (49)

+
∑
b=e,µ

(
1
2
f2
µbI

δ̃δ̃
νb

+ α2
µ̄Nb δ̃

I δ̃δ̃Nb

)

+ fµµ

(
− β1sξmW1

4
IW1δ̃

+
β2

1m
2
W1

cξ(tan2β − 1)

2α3gL(tan2β + 1)vR
IW2δ̃

)]
,

where

I∆i
la

(50)

=

1∫

0

[
2m2

µ(z2 − z3)
m2
µ(z2 − z) + m2

∆i
z + m2

la
(1 − z)

+
m2
µ(z

2 − z3)
m2
µ(z2 − z) + m2

∆i
(1 − z) + m2

la
z

]
dz,

I∆i
la

> 0, I δ̃δ̃i = Ihhi (mh → mδ̃),
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IWk δ̃ = IWkh(mh → mδ̃),

k = 1, 2, αl̄aNbδ̃
=

fabβ1k+

(α3k
2
+/k

2
− + 2ρ1 − ρ3)vR

.

Since IWkδ̃ > 0, the contribution to themuon anoma-
lous magnetic moment from the last two terms on
the right-hand side of (49) will also be positive if the
coefficients in front of them are positive. From the
condition α > 0, it follows that

α3

tan2β − 1
> 0;

that is, the last term on the right-hand side of (49)
is always possible. The coefficient of IW1δ̃ is positive
under the condition that sξ and β1 have opposite
signs.

In our calculations, there now appears the triplet
Yukawa coupling constant feµ. By using relations (7)
and (9), we obtain

f2
eµvRvL ≈ 1

4
sin(2ϕe) sin(2ϕµ)c2θN

s2
θN

(51)

× (mN2 −mN1)
2 =

1
4

sin(2ϕe) sin(2ϕµ)

× [fµµ(vR + vL) −mν1s
2
θν

−mν2c
2
θν

−mN2]

× [fee(vR + vL) −mν1c
2
θν

−mν2s
2
θν

−mN2 ],

where we have assumed that the mass spectrum of
light neutrinos is degenerate.

First, we assume that the masses of the ∆(−−)
2

and δ̃(−) bosons are on the electroweak scale, but
that m∆1 is beyond it. We fix the model parameters
as follows:

mW2 = 2500 GeV, mδ̃ = 1.2m∆2 , tanβ = 2.34,
α3 = −β1 = 1.

We note that, since, in (49), tanβ appears only in the
last term, whose contribution to the muon anomalous
magnetic moment is negligible, the value of tanβ
does not play any significant role in the situation
05
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Fig. 4. Curves representing the boundaries of the region
of allowed values of fµµ and m∆2 for the case where the
muon anomalous magnetic moment is determined by the
contributions from the δ̃(−) and ∆

(−−)
2 bosons.
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Fig. 5. Curves representing the boundaries of the region
of allowed values of fµµ and m∆1 for the case where the
muon anomalous magnetic moment is determined by the
contribution from the ∆

(−−)
1 boson and where the heavy-

neutrino masses are degenerate.

being considered. By virtue of relation (31), the triplet
Yukawa coupling constant fµµ is determined primar-
ily by vR and mN1,2 . Thus, we see that, at fixed vR,
curves of fµµ(m∆2) for different values of mN1 and
PH
mN2 will correspond to the δaµ/µ0 values of 42 ×
10−11 and 398 × 10−11 in the (fµµ,m∆2) plane.

For the parameters of the left–right model, Fig. 4
illustrates the possible sets explaining the observed
value of the muon anomalous magnetic moment by

the contributions from δ̃(−) and ∆(−−)
2 bosons. Here,

the solid curve fµµ(m∆2) for which mN1 = 100 GeV
and mN2 = 160 GeV corresponds to the maximum
value of δaµ/µ0, while the dotted curve for which
mN1 = 900 GeV and mN2 = 1500 GeV corresponds
to the minimum value of δaµ/µ0.

Since, in the case being considered, we have a
large number of parameters that determine the muon
anomalous magnetic moment, it is impossible to ob-
tain unambiguous information about fµµ and mδ̃.
The situation remains unchanged in the case where
the δ̃(−)-boson contribution is dominant. Information
about the model parameters becomes less ambiguous

if the masses of ∆(−−)
2 and δ̃(−) bosons (and of S1,2,

P1, and h(−) bosons as well) are high and if m∆1

is on the electroweak scale. It then follows that the
contribution to the muon anomalous magnetic mo-
ment will be induced only by the diagrams involving

virtual ∆(−−)
1 bosons and that the muon anomalous

magnetic moment will be a function of the parameters
m∆1 , fµµ, and mN1,2 . In the case of mass degener-
acy in the heavy-neutrino sector, the triplet Yukawa
coupling constant feµ vanishes, with the result that
δaµ/µ0 becomes independent of mN1,2 . The solid and
dotted curves corresponding to this case that are
associated with the δaµ/µ0 values of 398× 10−11 and
42 × 10−11 are shown in Fig. 5.

3.2. Lepton-Flavor-Violating Processes

We will now continue our analysis of bounds on
the Higgs boson coupling constants, employing, for
this purpose, results of searches for reactions involv-
ing the violation of an individual lepton flavor. We
consider muon decay through the channel

µ− → e+e−e−. (52)

In the left–right model, this process proceeds in the
second order of perturbation theory. It is described
by the diagrams in Fig. 6. In the case of unpolarized
initial- and final-state particles, the decay probability
is given by

Γµ−→e+e−e− =
dm5

µ

96(4π)3
, (53)

where

d = (feµfee)2[m−4
∆1

+ m−4
∆2

]
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Fig. 6. Feynman diagrams describing muon decay through the channel µ− → e+e−e−.
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Fig. 7. Feynman diagrams for the process µ− → e−νeν̄µ.
+ 8
[(

αµ̄eS1αēeS1

m2
S1

+
αµ̄eS2αēeS2

m2
S2

)2

+
(αµ̄eP1αēeP1)

2

m4
P1

]
+

(
αµ̄eS1αēeS1

m2
S1

+
αµ̄eS2αēeS2

m2
S2

+
αµ̄eP1αēeP1

m2
P1

)2

.

Considering that, according to experimental data, the
branching ratio for reaction (52) is constrained as

Brµ−→e+e−e− =
Γµ−→e+e−e−

Γµ−→ all
< 10−12,

we then obtain the inequality
√
d < 6.6 × 10−11 GeV−2. (54)

If one disregards the contributions from neutral Higgs
bosons, the inequality in (54) yields an exaggerated
bound on the triplet Yukawa coupling constant [17]:

feµfee

√
m−4

∆1
+ m−4

∆2
< 6.6 × 10−11 GeV−2. (55)

Further, we proceed to analyze the decay

µ− → e−νeν̄µ. (56)

The diagrams corresponding to this process in the
second order of perturbation theory are shown in
Fig. 7. Assuming that the initial- and final-state par-
ticles are not polarized, we arrive at the result

Γµ−→e−νeν̄µ
=

m5
µ

96(2π)3
(57)
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×
[
4
α2
ēνeh

α2
µ̄νµh

+ α4
µ̄νeh

m4
h

+
f2
eef

2
µµ + f4

eµ

m4
δ̃

]
.

By comparing the result obtained here for the proba-
bility of the decay in (56) with the total muon-decay
probability

Γµ−→all =
G2

Fm
5
µ

192π3

and taking into account the experimental value

Brµ−→e−νeν̄µ
< 1.2 × 10−2, (58)

we obtain the inequality

4
α2
ēνeh

α2
µ̄νµh

+ α4
µ̄νeh

m4
h

+
f2
eef

2
µµ + f4

eµ

m4
δ̃

(59)

< 0.65 × 10−11 GeV−4.

Since the inequality in (59) does not involve inter-
ference terms, it can be used to obtain exaggerated
bounds both on the h(−)-boson coupling constants
αl̄aνbh

and on the δ̃(−)-boson coupling constants fab.
We will also discuss muon decay through the

channel
µ− → e−γ. (60)

In analyzing this process, it was found in [17] that

feefµµ
m2

∆

< 2 × 10−10 GeV−2, (61)

where m∆ stands for the mass of the lightest doubly
charged Higgs boson. This process proceeds in the
third order of perturbation theory. The corresponding
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Fig. 8. Feynman diagrams for the process νee→ νee.

Feynman diagrams can be obtained from the dia-
grams in Figs. 1–3 by replacing the final-state muon
by an electron. Obviously, the authors of [17] took into
account only the diagram in Fig. 3а. On the other
hand, calculations reveal that the amplitudes of the
diagrams in Figs. 1–3 have different signs, so that
there occurs interference upon squaring them. This in
turn means that the boundaries that are determined
by the inequality in (61) are quite arbitrary. The same
conclusion can be drawn for the boundaries obtained
by studying the cross section for Bhabha scattering
in [17]:

f2
ee

m2
∆

< 9.7 × 10−6 GeV−2. (62)

As was shown in [8], the cross section for the process
in (60) also receives a contribution from the diagrams
involving virtual gauge bosons Z2 and Higgs bosons
S1,S2, and P1. The situation is perfectly analogous for
the boundaries found in searches for the muonium–
antimuonium transition in [17]:

feefµµ
m2

∆

< 5.8 × 10−5 GeV−2. (63)

In addition to the diagrams involving ∆(−−)
1,2 -boson

exchange, there are indeed diagrams involving S1-,
S2-, and P1-boson exchanges in that case inclu-
sive [9].
PH
3.3. Low-Energy Neutrino Scattering on Charged
Leptons

Let us consider elastic antineutrino scattering on
an electron,

ν̄ee
− → ν̄ee

−. (64)

Within the Standard Model, this process proceeds
both owing to neutral and owing to charged currents.
It is obvious that, in order to establish conclusively the
V −A structure of the charged-current Lagrangian
LēνeW and the Lagrangian Lν̄eνeZ describing neu-
trino interaction with the Z boson, it is necessary to
detect all final-state particles simultaneously. Since
present-day experimental techniques give no way to
perform suchmeasurements, we cannot state without
reservations that the Lagrangians LēνeW and Lν̄eνeZ

do indeed have a V −A form. In other words, we can-
not rule out the possibility that the neutrinos feature
interactions beyond the Standard Model (nonstan-
dard interactions).

In searches for nonstandard neutrino interactions
in elastic scattering on electrons, one sometimes in-
troduces phenomenological parameters εaL and εaR
(a = e, µ, τ ) that characterize the strength of non-
standard interaction with respect to GF. In this case,
the nonstandard neutrino interaction at low energies
is described by a contact four-fermion Lagrangian of
the form

−LNSI = 2
√

2GFν̄a(x)γσPLνa(x) (65)

× [εaRē(x)γσPRe(x) + εaLē(x)γσPLe(x)],

where PL,R = (1 ± γ5)/2.
The most precise determination of the cross sec-

tion for the process

νee → νee (66)

was performed by the LSND Collaboration [18]. One
of the earliest measurements of the cross section
for elastic reactor-antineutrino scattering on elec-
trons [19],

ν̄ee
− → ν̄ee

−, (67)

has so far remained the most precise. An analysis of
reactions (66) and (67) in terms of the Lagrangian
in (65) yields wide regions for εeL and εeR values at
which the strength of nonstandard neutrino interac-
tions may be as high as about two [20].

However, the above parametrization unfortunately
is not general. For the example of the left–right
model, we will show that it does not cover all possible
types of nonstandard neutrino interactions. For the
reactions in (66) and (67), both gauge bosons (Z1,2

and W
(±)
1,2 ) and Higgs bosons (h(±), δ̃(±)) may be a

source of nonstandard interactions.
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 9. Feynman diagrams for inverse muon decay.
Within the left–right model, the process in (66) is
described by the Feynman diagrams in Fig. 8. The
gauge bosons Z1,2 induce the following correction to
the contact Lagrangian in (65):

∆LNSI =
g2
L

2
√

cos(2θW)

[
ξ

m2
Z1

− 1
m2
Z2

]
(68)

× ν̄a(x)γσγ5νa(x)[εaRē(x)γσPRe(x)
+ εaLē(x)γσPLe(x)].

In the low-energy limit, the amplitudes corresponding
to the diagrams in Fig. 8а have the form

Mb =
α2
ēνeh

m2
h

ν̄e(x)(1 − γ5)e(x)ē(x)(1 + γ5)νe(x),

(69)

Mc =
f2
ee

2mδ̃2
ec(x)(1 + γ5)νe(x)ν̄e(x)(1 − γ5)ec(x).

(70)

Performing the Fierz transformation in (69) and (70),
we obtain

Mb + Mc = ν̄e(x)γσ(1 − γ5)νe(x) (71)

×
[
α2
ēνeh

m2
h

ē(x)γσ(1 + γ5)e(x)

+
f2
ee

2m2
δ̃

ec(x)γσ(1 + γ5)ec(x)
]
.

Thus, the parametrization in (65) does not cover the
case of singly charged Higgs bosons.

A more general parametrization for describing
low-energy neutrino scattering on charged lep-
tons was proposed in [21]. With the aid of this
parametrization, the amplitude for the process

νalb → laνb (72)
ICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
can be represented in the form

M =
4GF√

2

∑
γ=S,V,T

∑
λ,λ′=R,L

gγλλ′〈l̄bλ|Γγ |νbn〉 (73)

× 〈ν̄am|Γγ |laλ′〉,
where the index γ fixes the type of interaction (ΓS =
1, ΓV = γµ, and ΓT = σµν/

√
2 correspond to scalar,

vector, and tensor interactions), the indices λ and λ′

specify the helicities of the charged leptons involved,
and the indices n and m are those of νb and νa.
Nine complex-valued amplitudes gγλλ′ and GF form
the set of 19 independent real-valued parameters to
be determined experimentally.

If, by convention, the decay

µ− → e−ν̄eνµ (74)

is referred to as muon decay, then the term “inverse
muon decay” can be used for the process

νµe
− → µ−νe. (75)

Within the left–right model, where the process in (75)
is described by the diagrams in Fig. 9, the following
amplitudes are different from zero: gVLL, g

V
RR, g

S
LL, and

gSRR.At a 90% C.L., the existing experimental bounds
on them are [22]

|gVLL| > 0.96, |gVRR| < 0.033, (76)

|gSLL| < 0.55, |gSRR| < 0.066.

By using the explicit expression for the inverse-
muon-decay matrix element and the inequalities
in (76), we obtain (all quantities are taken in GeV−2

units)
αν̄eehαν̄µµh

m2
h

< 0.54 × 10−6, (77)

α2
ν̄eµh

m2
h

< 0.66 × 10−6, (78)
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feefµµ
m2
δ̃

< 0.907 × 10−5, (79)

f2
eµ

m2
δ̃

< 0.109 × 10−5. (80)

4. PARAMETERS OF HEAVY-NEUTRINO
OSCILLATIONS

The results of the preceding section lead to the
conclusion that relations (55), (59), and (77)–(80)
provide the less ambiguous bounds on the param-
eters of the Higgs sector. From the point of view
of practical applications, the inequalities that involve
the triplet Yukawa coupling constants fab are more
convenient since they do not contain tanβ. Two sce-
narios are possible if one employs upper bounds in
the inequalities presented above. In the first scenario,
the δ̃(−)-boson mass is on the electroweak scale,
while the ∆(−−)

1,2 -boson masses are beyond it. From
relations (46) and (47), it follows that, in order to

render ∆(−−)
1,2 bosons heavy, it is sufficient to require

fulfillment of the conditions

ρ3/2 − ρ1 ∼ 1, ρ2 ∼ 1. (81)
PH
However, the δ̃(−)-boson mass can be made to re-
main on the electroweak scale only via a fine tuning
of the constants that appear in the Higgs potential—
that is, only if

ρ1 − ρ3/2 + α3k
2
+/(2k2

−)
β2

1

≈ 10−2. (82)

Within this scenario, a simultaneous fulfillment of the
equalities in (55) and (79) can be ensured even at
rather large values of feµ.

In the second scenario, both mδ̃ and m∆2 are on
the electroweak scale (the value ofm∆1 does not play
a significant role). From (55), it follows that feµ is
negligible in this case.

Two roots of Eq. (51) are given by

(mN1)1,2 =
1
2
[(fee + fµµ)(vR + vL) (83)

− (mν1 + mν2)] ± Ω,

where
Ω =

√
1
4

[(fee + fµµ)(vR + vL) −mν1 −mν2]
2 − feefµµ(vR + vL)2 +

4f2
eµvRvL

sin(2ϕe) sin(2ϕµ)
. (84)
Combining this expression with Eq. (31), we obtain

(mN2)1,2 =
1
2
[(fee + fµµ)(vR + vL) (85)

− (mν1 + mν2)] ∓ Ω.

At mν1 = mν2 ≈ 0, the expression for Ω is simplified
significantly to become

Ω =
vR + vL

2

√
(fµµ + fee)2 + 4f2

eµ − 4fµµfee.

(86)

Thus, we can see that, for mN1 and mN2 , there are
two sets of symmetric values, these being determined
primarily by the triplet Yukawa coupling constants fab
and the vacuum expectation values vR,L. The light-
neutrino-induced corrections tomN1,2 are as small as
a few electronvolts.

We begin by considering the first scenario. Sup-
pose that the mass of the lightest ∆(−−) boson is
10 TeV and that the δ̃(−)-boson mass is 72 GeV [22].
With the aid of relations (55), (79), and (80), we
then obtain the following upper bounds on the triplet
Yukawa coupling constants:

(feµ)max = 0.0748, (fee)max = 0.0881, (87)

(fµµ)max = 0.533.

By using (87), we obtain

mN1 > 92.4 GeV, mN2 < 664.3 GeV, (88)
mN1 < 92.4 GeV, mN2 > 664.3 GeV,

mN1 + mN2 = 756.7 GeV,

ϕe ≈ ϕµ = 0.0103, θN = 0.162

for mW2 = 800 GeV and vL = 0.13 GeV and

mN1 > 290.1 GeV, mN2 < 2085.4 GeV, (89)

mN1 < 290.1 GeV, mN2 > 2085.4 GeV,

mN1 + mN2 = 2375.5 GeV,

ϕe ≈ ϕµ = 0.0058, θN = 0.162

for mW2 = 2500 GeV and vL = 0.13 GeV.
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In fact, the value of vL affects only ϕe,µ. For ex-
ample, we have ϕe,µ = 0.103 (0.058) at mW2 = 800
(2500) GeV and vL = 13 GeV.

We will now proceed to consider the second sce-
nario. Thismeans that we set themassesmδ̃ andm∆2

to their lower experimental limits [22, 23]:

mδ̃ > 71.5 GeV, m∆2 > 98.5 GeV.

From (7), it follows that, if feµ is close to zero,
then either vL ≈ 0, or the heavy-neutrino masses are
quasidegenerate. In the first case, we have

ϕe = ϕµ = 0, mN1 = feevR, mN2 = fµµvR.
(90)

However, we now have at our disposal only rela-
tion (79), from which one can find an upper bound on
the product of the triplet Yukawa coupling constants
fee and fµµ. Thus, it is impossible at the present time
to obtain any piece of information about mN1 , mN2 ,
and θN for this case.

It is obvious that

fee ≈ fµµ (91)

if the heavy-neutrino masses are quasidegenerate.
We note that no constraints on θN can be found

in this case. Substituting mδ̃ = 72 GeV into (79), we
find an upper bound of 0.215 for fµµ. At vL = 13 GeV,
we then obtain

mN1 < 825.1 GeV, ϕe ≈ ϕµ = 0.058 (92)

for mW2 = 2500 GeV and

mN1 < 264 GeV, ϕe ≈ ϕµ = 0.103 (93)

for mW2 = 800 GeV.
In the case where the heavy-neutrino masses are

quasidegenerate or degenerate, stringent bounds on
fµµ can also be obtained from an analysis of the
(g− 2)µ anomaly under the condition that a dominant

contribution comes from the ∆(−−)
1 boson. We now

define the quantity

(fµµ)m =
1
2

[(fµµ)max + (fµµ)min] ,

where (fµµ)max and (fµµ)min correspond to the dotted
and the solid curve in Fig. 5. For the values of the
massm∆1 that are equal to 105 and 130GeV, we have
(fµµ)m = 0.4545 and (fµµ)m = 0.563, respectively. If
one sets mW2 = 800 GeV and vL = 13 GeV, the pa-
rameters of the heavy-neutrino sector become

mN1 = 559.6 GeV, ϕe ≈ ϕµ = 0.103 (94)

for m∆1 = 105 GeV and

mN1 = 693 GeV, ϕe ≈ ϕµ = 0.103 (95)

for m∆1 = 130 GeV.
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At mW2 = 2500 GeV and vL = 13 GeV, the re-
sults are

mN1 = 1744.2 GeV, ϕe ≈ ϕµ = 0.058 (96)

for m∆1 = 105 GeV and

mN1 = 2160.5 GeV, ϕe ≈ ϕµ = 0.058 (97)

for m∆1 = 130 GeV.

5. CONCLUSIONS

The objective of the present study was to deter-
mine the parameters of the sector of heavy neutrinos
Ni without detecting them directly. Within the two-
flavor approximation, we have derived equations
that relate the parameters of oscillations of both
light and heavy neutrinos to the Yukawa coupling
constants and the vacuum expectation values of the
Higgs fields. In turn, the Yukawa coupling constants
determine the constants of Higgs boson coupling to
leptons. Thus, we see that, in order to determine the
Yukawa coupling constants, it is necessary to study
processes involving Higgs bosons.

We have considered Higgs boson contributions to
the muon anomalous magnetic moment, to the cross
sections for lepton-flavor-violating processes, and to
the cross sections for low-energy light-neutrino scat-
tering. Our analysis has revealed that, in the majority
of situations, one can set bounds on quantities of the
type

∑
i

[
Ai

(
αHi

mHi

)4

+ Bi

(
α′
Hi

mHi

)4

+ Ci

(
αHiα

′
Hi

m2
Hi

)2 ]
,

where Ai, Bi, and Ci are constants and αHi and
α′
Hi

characterizeHi interactions with various leptons.
Obviously, it is impossible to deduce, in this way,
unambiguous information about only one constant
αHi . However, the situation is more favorable in some
cases. For example, it was shown in studying the
(g − 2)µ anomaly that, if the corrections to the muon
anomalous magnetic moment are due to diagrams

involving virtual ∆(−−)
1 bosons and if there is mass

degeneracy in the heavy-neutrino sector, the muon
anomalousmagnetic moment is a function of only two
parameters, m∆1 and fµµ. Upper bounds on quanti-
ties of the type

α2
Hi

/m2
Hi

can also be obtained by studying low-energy neutrino
scattering on charged leptons. Since the constants

of δ̃(−)- and ∆(−−)
1,2 -boson coupling to leptons are
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equal, apart from a constant, to the triplet Yukawa
coupling constants fee, feµ, and fµµ, it is the most
convenient for practical calculations to use bounds
on these constants. On the other hand, it turns out
that, within the left–right model, the masses of the
neutrinos N1,2 can be expressed in terms of only the
triplet Yukawa coupling constant and the mass of the
gauge bosonW2.

By using data on direct and inverse muon decays

and constraints on the masses of the δ̃(−), ∆(−−)
1,2 ,

and W2 bosons, we have set limits on the heavy-
neutrino masses both in the absence and in the pres-
ence of degeneracy. Only in the presence of degen-
eracy have data concerning the explanation of the
(g − 2)µ anomaly been employed to set limits on the
mass of the neutrino N1,2.

The formalism developed in this study can readily
be generalized to the case where all three neutrino fla-
vors are mixed. We would also like to emphasize that
the above scheme for estimating the heavy-neutrino
masses can be employed in any gauge electroweak
theory possessing an extended Higgs sector and in-
volving the seesaw mechanism.

In conclusion, we note that, within the left–right
model, the application of the proposed scheme upon
directly measuring the W2-boson mass and three
triplet Yukawa constants fee, feµ, and fµµ will yield
precise values for mN1,2 . These Yukawa constants

can be determined in detecting ∆(−−)
1,2 bosons in the

reactions

e−e− → e−e−, µ−µ−, e−µ− → e−µ−. (98)

Thus, information about heavy neutrinos can be ob-
tained in studying processes not involving them di-
rectly. However, the most important point is that
charged rather than neutral particles are now becom-
ing the object of investigations, this simplifying the
experimental facet of the problem significantly.
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Abstract—The cross section for the production of pairs of likely charged leptons in the deep-inelastic
processes e+p → ν̄e�

+�′+X (�, �′ = e, µ, τ) induced by the exchange of heavy Majorana neutrinos is calcu-
lated. The effect of interference between different neutrino mass eigenstates is studied. The possibilities for
observing this effect at future lepton–proton colliders are considered. c© 2005 Pleiades Publishing, Inc.
1. The discovery of oscillations of solar, atmo-
spheric, reactor, and accelerator neutrinos (for an
overview, see [1, 2] and references therein to recent
experimental results obtained at SNO,
SuperKamiokande, KamLAND, some other facili-
ties) showed that neutrinos have nonzero masses
whose spectrum is nontrivial. Among other things,
this means that there is mixing: neutrinos of specific
flavor, ν�, which appear in the weak charged current,
together with the charged leptons � = e, µ, τ , are
coherent superpositions of the neutrino mass eigen-
states νi,

ν� =
∑
i

U�iνi, (1)

the masses of these eigenstates being denoted by mi.
In (1), the coefficients U�i are elements of the unitary
lepton-mixing matrix (an analog of the quark-mixing
matrix).

At the present time, massive effort is devoted to
determining the detailed structure of the neutrino
mass spectrum and mixing matrix. From oscillation
experiments, it is already known that lepton mixing is
substantially stronger than quark mixing. However,
these experiments cannot yield the absolute mass
scale. Only the differences of the squares of the
masses (to be more precise, the absolute values of
these differences), ∆m2

ij = m2
i −m2

j , are determined
under the assumption that the number of neutrino
mass eigenstates νi is equal to the number of flavors
ν� (that is, to three).

We use mass ordering in the form 0 ≤ m1 < m2 <
m3 and two values of the mass scale that describe the
oscillations of solar and atmospheric neutrinos and

1)DESY, Hamburg, Germany.
*e-mail: borisov@ave.phys.msu.su
1063-7788/05/6812-2061$26.00
which correspond to the best global three-neutrino fit
to experimental data [3]:

∆m2
21 = ∆m2

sol = 7.9 × 10−5 eV2, (2)

∆m2
31 = ∆m2

atm = 2.3 × 10−3 eV2.

This leads to a lower bound on the largest neutrino
mass:

m3 >
√

∆m2
31 � 0.05 eV. (3)

Recent cosmological data constrain the sum of the
light-neutrino masses (those below approximately
1 MeV) as [4] ∑

i

mi < 0.75 eV,

which, with allowance for (2), leads to an upper bound
on the masses,

mi < 0.25 eV (i = 1, 2, 3). (4)

The mass valuesmi can in principle be determined
from a precise measurement of the spectra of charged
particles emitted, together with neutrinos, in weak
decays. Measurements of the high-energy part of the
tritium beta spectrum are presently the most sensitive
to the neutrino mass. However, the individual values
of mi are not resolved because of a very small value
of the neutrino-mass difference [see (2)]. As a matter
of fact, one determines only the effective electron-
neutrino mass [2]

meff
νe

=

(∑
i

|Uei|2m2
i

)1/2

. (5)

The most stringent constraint on this quantity was
obtained in an experiment that is being performed at
the Institute for Nuclear Research (INR, Troitsk) [5]:

meff
νe

< 2.05 eV. (6)
c© 2005 Pleiades Publishing, Inc.
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Using the definition in (5) and taking into account
the relation

∑
i |Uei|2 = 1, which follows from the

unitarity of the mixing matrix, we find a constraint on
the lowest neutrino mass:

m1 ≤ meff
νe
.

In view of (6), it is much more lenient than the cos-
mological constraint (4).

Charged fermions have Dirac masses, which, in
the Standard Model, appear owing to the Yukawa
coupling of fermions to the Higgs field. The elec-
trically neutral neutrinos may have either Dirac or
Majorana masses [2, 6]. In particle physics, the nature
of the neutrino mass is a fundamental problem that
has not yet been solved. The Dirac neutrino carries
a lepton number that distinguishes it from the an-
tineutrino. In contrast, the Majorana neutrino is a
true neutral particle that does not carry any lepton
number.

In general, the mass term can be represented in
the form of the sum of a Dirac and a left- and a
right-handed Majorana term. By diagonalizing the
corresponding block mass matrix, one obtains eigen-
vectors that describe Majorana neutrino mass eigen-
states [6–8]. We note that a Dirac neutrino can be
represented in terms of a superposition of two Majo-
rana neutrinos of the same mass. From the theoretical
point of view, the Majorana neutrinos are therefore
preferable to the Dirac neutrinos.

At the present time, neither possibility (Dirac or
Majorana neutrinos) contradicts experimental data.
From experiments, we know three generations of light
neutrinos, each being of two types. In the version of
Dirac neutrinos, these are three particles νe, νµ, and
ντ , and the corresponding antiparticles ν̄e, ν̄µ, and ν̄τ .
Each particle has two polarization states, for which
it is convenient to choose eigenvectors of the helicity
operator Σ · p/|p|, the doubled spin projection onto
the momentum direction. In all, there are 12 neutrino
states. Six Majorana neutrinos give the same total
number of neutrino polarization states (see below).
In the Majorana neutrino pattern, there are neutri-
nos in two polarization states instead of neutrinos
and antineutrinos. It is well known [6] that, for a
massless particle, the chiral states (the eigenvectors
of the chirality operator, the γ5 matrix) coincide with
the corresponding helicity states. For massive par-
ticles, chirality is not conserved, but, in the ultra-
relativistic case, the left-handed (right-handed) he-
licity state virtually coincides with the left-handed
(right-handed) chirality state, the admixture of the
right-handed (left-handed) chirality state being sup-
pressed by the small ratio of the mass to energy
(m/E 	 1). The majority of experiments performed
thus far recorded only relativistic (anti)neutrinos in
PH
processes induced by weak charged currents. Such
currents involve only left-handed chirality compo-
nents of the neutrino fields; therefore, it is impossible
to distinguish, in such experiments, a Dirac neu-
trino of left-handed helicity from a Majorana neu-
trino of the same polarization. The cross sections for
the analogous processes involving Dirac antineutri-
nos of right-handed helicity or Majorana neutrinos
of the same polarization are suppressed by the fac-
tor (m/E)2 with respect to the corresponding cross
sections for neutrinos of left-handed helicity.

From (3) and (4), it follows that the neutrino
masses are substantially smaller than the masses
of charged leptons and quarks. Within the Stan-
dard Model, the introduction of right-handed neu-
trino singlets makes it possible to obtain masses of
about 0.1 eV for the Dirac neutrinos only at ex-
tremely small (about 10−12) Yukawa coupling con-
stants. Small neutrino masses appear in a rather
natural way in extended models (of the Grand Uni-
fication type) owing to the seesaw mechanism (see,
for example, [7, 8]). The seesaw mechanism is based
on the use of a Dirac–Majorana mass term, where
the standard Dirac term has a scale mD on the order
of the typical charged-lepton or quark mass, while
the Majorana term of order M 
 mD is generated
owing to spontaneous symmetry breaking beyond the
Standard Model. By diagonalizing the mass term, one
obtains mass eigenstates that correspond to Majo-
rana neutrinos of two types: light neutrinos of mass
mν ∼ m2

D/M 	 mD and heavy neutrinos of mass
mN ∼ M . In the minimal scheme, which involves
three known lepton generations, the seesaw mecha-
nism gives three light and three heavy Majorana neu-
trinos [7]. The total number of polarization states is
12, as in the case of three pairs of lightDirac neutrinos
and antineutrinos (see above). In general, the number
of both light and heavy neutrinos can exceed three;
that is, there can exist sterile neutrinos not directly
involved in weak interaction (they do not appear in the
standard weak currents).

Thus, we see that, if neutrino masses are gener-
ated via the seesaw mechanism, the neutrino mass
eigenstates are Majorana particles, in which case
at least three heavy Majorana neutrinos must exist
along with light neutrinos. There are a large number
of seesaw models, where the scale M varies within a
broad range from a few TeV to the Grand Unification
scale of MGUT ∼ 1016 GeV [9].

We emphasize that heavy Majorana neutrinos
must decay rather fast; therefore, they cannot affect
the cosmological constraint on the sum of the light-
neutrino masses [see (4)]. A direct experimental
(conservative) lower bound on the mass of heavy
Majorana neutrinos is 80.5 GeV [1].
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005



HEAVY MAJORANA NEUTRINOS 2063
The Dirac and Majorana neutrinos have substan-
tially different properties. By way of example, we indi-
cate that, in contrast to the Dirac neutrinos, the Ma-
jorana neutrinos cannot have nonzero electric dipole
and magnetic dipole moments. The lepton mixing
matrix [see (1)] for the Majorana neutrinos contains
a greater number of phases that violate the CP sym-
metry of the Lagrangian (in the simplest case of three
light Majorana neutrinos, there are three phases in-
stead of one for the Dirac neutrinos). The Majorana
mass term in the model Lagrangian does not conserve
the lepton number, changing it by two units [6]. In
contrast to the Dirac neutrinos, the Majorana neu-
trinos can therefore give rise to a number of lepton-
number-violating processes whose searches are one
of the important lines in neutrino physics.

Neither neutrino-flavor oscillations nor processes
featuring a single external neutrino, like tritium beta
decay and tau-lepton or pion decays, are sensitive to
the type of the neutrino mass [10]. Processes that
are allowed only for the Majorana neutrinos are those
where a dilepton (a pair of likely charged leptons) is
produced via an intermediate Majorana neutrino, this
changing explicitly the lepton number. Since 2001,
the observation of one such process, nuclear neutri-
noless double-beta decay [6, 11], has been reported
by the Heidelberg–Moscow group (see, for exam-
ple, [12]), but this result has not yet been confirmed
by any other group. Rare decays of K, D, Ds, and
B mesons like M+ → M ′−�+�′+ (�, �′ = e, µ, τ ) are
analogs of this process for elementary particles. Con-
straints on the effective masses of the Majorana neu-
trinos were obtained in [13] from experimental data for
these processes. Dilepton production is also possible
in deep-inelastic hadron–hadron and lepton–hadron
collisions, such as pp → �±�′±X [14, 15], e+p →
ν̄e�

+�′+X [16–18], and νµN → µ−µ+µ+X [19].
In this study, we analyze the process

e+p → ν̄e�
+�′+X (7)

under the assumption that it is induced by the ex-
change of a heavy Majorana neutrino. At high ener-
gies considered here, the results will also be valid for
the cross-symmetric process

νep → e�+�′+X, (8)

because the cross sections for the reactions in (7) and
(8) are asymptotically equal to each other. In [18],
these processes were considered for the case where
the mass spectrum of heavy neutrinos [see Eq. (13)
below] is such that only one heavy Majorana neu-
trino contributes to the cross section over a rather
broad range of high energies. Here, we extend the
results obtained in [18] to the versions where the mass
spectrum features a few heavy Majorana neutrinos,
in which case it is necessary to take into account
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
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Fig. 1. Feynman diagram for the process in (7).

the interference between different mass eigenstates.
In addition, we consider the possibility of extracting
information about CP-violating phases in the lepton
mixing matrix.

2. In the leading order in the coupling constant,
the amplitude of the process is determined by the sum
of two Feynman diagrams. One of these is shown
in Fig. 1 (N stands for a heavy Majorana neutrino,
and X is a hadron jet), while the other is obtained
by means of the interchange of the lepton lines � and
�′. We assume that the neutrino of specific flavor is
a coherent superposition of the light (ni) and heavy
(Nj) Majorana neutrinos whose masses are mi and
Mj , respectively; that is,

ν� =
3∑
i

U�ini +
∑
j

u�jNj . (9)

We consider the high-energy region
√
s 
 mW (10)

and calculate the cross section for the process in (7)
as in [18] by using the method of equivalent vector
bosons (see, for example, [20]) and neglecting quark
mixing. The contributions of light (l) and heavy (h)
neutrinos to the cross section for the process are then
determined by their contributions to the cross section
for the subprocess WW → ��′ [21]:

σl ∼ |U�iU�′i|2
(

mi

mW

)2

, mi 	 mW ,

σh ∼
∣∣u�ju�′j

∣∣2
(

s

mWMj

)2

, Mj 

√
s.

The effects of the light and heavy neutrinos compete
if

miMj

s
∼
∣∣u�ju�′j

∣∣
|U�iU�′i|

≡ k��′ .
05
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We assume that the values of k��′ are such that, under
the conditions

mW 	
√
s ∼ Mj ,

the effects from the light neutrinos are small (k��′ 

miMj/s).

In our numerical calculations, we used theCTEQ6
set of parton distributions [22] and experimental
constraints on the absolute values of the elements of
the mixing matrix u from the analysis of electroweak
processes [23],∑

|uej|2 < 6.6 × 10−3, (11)
∑

|uµj |2 < 6.0 × 10−3,
∑

|uτj |2eff < 3.1 × 10−3,

and from data on searches for neutrinoless double-
beta decay [21],∣∣∣∣∣

∑
j

u2
ejM

−1
j

∣∣∣∣∣ < 5 × 10−5 TeV−1, (12)

where, for the tau lepton, we have employed the ef-
fective value obtained through the multiplication by
the branching ratio Br (τ− → µ−ν̄µντ ) = 0.1737 [1]
for the decay mode convenient for observation. The
observability criterion for a collider of luminosityL per
year is chosen to be

σL ≥ 1,

which means the detection of at least one event per
year.

Let us consider several possible forms of the mass
spectrum of heavy Majorana neutrinos.

(i) In the case of an effective singlet,

M1 	 M2 < M3 . . . , (13)

the main contribution to the amplitude for the process
in the energy region

mW 	
√
s 	 M2

comes from one heavy Majorana neutrino of mass
M1. In [18], we showed that the observation of the
processes in (7) and (8) requires a collider whose
properties are substantially superior to those of the fu-
ture supercollider VLHC [24] (

√
s = 6320 GeV, L =

1.4 fb−1). For example, the energy of a collider whose
luminosity per year is 100 fb−1 must exceed 23 TeV;
at an energy of 25 TeV, one can observe µτ and µµ
processes for M1 values in the range 1−3 TeV.

(ii) In the effective-doublet case of

M1 � M2 	 M3 . . . , (14)

which is similar to the case of a direct hierarchy of
the light neutrino masses [2], the contributions to the
amplitude from two heavy Majorana neutrinos whose
PH
masses are M1 and M2 are significant in the energy
region

mW 	
√
s 	 M3.

In the approximation adopted here, the cross section
for the process assumes the form

σ2 =
1
2
C
(
ρ2
1f1 + 2c12ρ1ρ2F12 + ρ2

2f2

)
, (15)

where the dimensional coefficient in the cross section
is

C =
G4

Fm
6
W

8π5
= 0.80 fb (16)

and the mixing parameters are

c12 = cos(φ1 − φ2), φi = arg(u�iu�′i), (17)

ρi =
√

2 − δ��′ |u�iu�′i|.
We have also introduced the dimensionless functions

fi ≡ f(s,Mi) (18)

=
(

Mi

mW

)2
1∫

y0

dy

y

1∫

y

dx

x
p(x, xs)h

( y
x

)
ω(ti),

Fij ≡ F (s,Mi,Mj)

=
MiMj

m2
W

1∫

y0

dy

y

1∫

y

dx

x
p(x, xs)h

( y
x

)
Ω(ti, tj),

where y0 = 4m2
W/s; ti = ys/M2

i ;

p(x,Q2) = x(u + c + t + d̄ + s̄+ b̄)

is the distribution of quarks and antiquarks in the
proton, which corresponds to the processes in (7)
and (8);

h(r) = −(1 + r) ln r − 2(1 − r)

is the quantity obtained by multiplying the normalized
W -boson emissivity in the quark–lepton system by r;
and

Ω(t1, t2) = 2 − 1
t1 + t2 + t1t2

×
[
t2(t21 − 2t1t2 − 2t2)

t1(t1 − t2)
ln(1 + t1)

+
t1(t22 − 2t1t2 − 2t1)

t2(t2 − t1)
ln(1 + t2)

]
= Ω(t2, t1),

ω(t) = Ω(t, t) ≡ lim
t′→t

Ω(t, t′)

= 2 +
1

1 + t
− 2(3 + 2t)

t(2 + t)
ln(1 + t).

Formula (15) generalizes the expression obtained for
the cross section σ ≡ σ1 in [18] with allowance for
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 2. Mass-parameter region where the process in (7)
can be observed at a collider whose parameters are L =

100 fb−1 and
√
s = 25 TeV.

the contribution from only one heavy Majorana neu-
trino. The functions fi correspond to the individual
contributions of each heavy Majorana neutrino, while
F12 allows for their interference; the functions ω(ti)
and Ω(t1, t2) appearing in (18) describe the analogous
contributions to the normalized cross section for the
subprocess W+W+ → �+�′+ (the cross-symmetric
process e−e− → W−W− was studied in [25]).

It can easily be shown that the cross section σ2

at the maximum is equal to the cross section σ1 for
the effectively singlet spectrum. This maximum is
reached for the constructive interference (c12 = 1) in
the case of virtually degenerate neutrinos (M1 � M2),
or in the case of the mixing hierarchy [ρ1 
 ρ2 (ρ1 	
ρ2)], or when both of these cases are realized. In the
case of the destructive interference (c12 = −1), the
cross section σ2 can be negligible (at ρ1 = ρ2 and
M1 � M2).

In the (M1,M2) parameter plane, Fig. 2 displays
the region where the process under consideration
can be observed at a collider characterized by L =
100 fb−1 and

√
s = 25 TeV. Here, we consider the

� = �′ = µ process, for which the existing constraints
are the most lenient [see (11) and (12)], and choose
the mixing-parameter values of |uµ1|2 = |uµ2|2 = 3×
10−3 and c12 = 1, which are the most favorable for
observation. Figure 3 shows a three-dimensional pic-
ture of σ = σ2 (in attobarns, 1 ab = 10−18 b) as a
function of the masses M1 and M2 (the boundary of
the region in Fig. 2 is the section of the surface in
Fig. 3 by the horizontal plane σ = 1/L = 10 ab).
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
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Fig. 3. Cross section for the process in (7) as a function
of the masses of heavy Majorana neutrinos.

(iii) In the case of an effective triplet,

M1 � M2 � M3 	 M4 . . . , (19)

it is necessary to take into account the contributions
from three heavy Majorana neutrinos. It can readily
be shown that the expression for the cross section is a
generalization of that in (15),

σ3 =
1
2
C[ρ2

1f1 + ρ2
2f2 + ρ2

3f3 (20)

+ 2c12ρ1ρ2F12 + 2c13ρ1ρ3F13 + 2c23ρ2ρ3F23],

where fi andFij are defined in (18) and cij = cos(φi−
φj), φi being specified in (17). A further generaliza-
tion to the case of n neutrinos is obvious.

In the case of an approximate degeneracy, M2 �
M3 (an exact equality is possible if the neutrinos N2

and N3 differ in the values of the Majorana phases),
the triplet spectrum (19) is effectively similar to the
mass spectrum of the light neutrinos, obeying the
inverse hierarchy [2]

M1 < M2 � M3.

From (18), it then follows that F23 � f2 � f3 and
F12 � F13; apart from coefficients, the cross sec-
tion (20), which takes into account the contributions
from three heavy Majorana neutrinos, therefore as-
sumes the form of the cross section (15):

σ3 � 1
2
C[ρ2

1f1 + 2ρ1(c12ρ2 + c13ρ3)F12

+ (ρ2
2 + 2c23ρ2ρ3 + ρ2

3)f2].

In the simplest case of an approximate mass de-
generacy and equality of the mixing parameters,

M1 � M2 � M3, ρ1 = ρ2 = ρ3,
05
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expression (20) is significantly simplified to become

σ3 � 2
9
σ1

(
3
2

+ c12 + c13 + c23

)
,

where σ1 = Cρ2
1f1/2. At φ1 = φ2 = φ3 (cij = 1 for

all i and j), the cross section reaches a maximum
(constructive interference): σ3 = σ1. In the case of
the destructive interference (c12 + c13 + c23 = −3/2,
for example, at φ1 − φ2 = φ2 − φ3 = 2π/3), the cross
section is negligible. It can easily be shown that, for
an arbitrary number n of heavy Majorana neutrinos,
the relation σn ≤ σ1 holds.

3. The cross sections for the effective-doublet and
more complicated spectra carry information about the
CP-violating phases of the matrix u in the coeffi-
cients cij . We will try to find out how one can in
principle extract this information. It is rather difficult
to use the total cross section σ2 [in the case of the
effective-doublet spectrum—see (14) and (15)] to de-
termine all five parameters M1, M2, ρ1, ρ2, and c12,
because it is necessary to measure the cross section
at various (at least five) values of the energy

√
s.

The differential cross sections contain more detailed
information about the process, but one needs vast
statistics in order to determine them.

By a standard method (see, for example, Sub-
section 17.4 in [26]), we obtain the differential cross
section for the process with respect to the observed
longitudinal rapidities β and β′ of the final leptons and
their transverse momentum p⊥:

d3σ

dβdβ′dp⊥
=

C

8
S

m2
Wp⊥cosh2y∗

(21)

×
1∫

x0

dx

x
p(x, xs)R(x, s, β, β′, p⊥).

Here, the coefficient C is identical to that in (16);
x0 = 4p2

⊥cosh2y∗/s;

S =

∣∣∣∣∣
∑
i

Miρie
iφigi

∣∣∣∣∣
2

(22)

is the normalized differential cross section for the
subprocess W+W+ → �+�′+ (for an arbitrary mass
spectrum of heavy Majorana neutrinos), where

gi =
1 − z

1 − z + ki
+

1 + z

1 + z + ki
,

ki =
Mi

2p2
⊥cosh2y∗

,

z ≡ cos θ∗ = tanhy∗,
PH
and θ∗ is the scattering angle of the leptons � and �′ in
the c.m. frame of the W-boson pair (the quantities in
this frame are labeled with the subscript ∗);

R = 1 −
√
x̂ coshY + x̂, x̂ = x0/x,

is the normalized spectrum ofW -boson pairs emitted
by the quark–positron system in the approximation
of high positron and quark energies (well above mW );
and the variables y∗ and Y are, respectively, the half-
difference and the half-sum of the rapidities β and β′.

Integration of (21) with respect to p⊥ over the
interval

mW/coshy∗ ≤ p⊥ ≤
√
s/(2coshy∗)

and then with respect to β and β′ between infinite lim-
its yields the total cross section σ(s) for the process
under consideration.

For the effectively doublet spectrum, we find
from (22) that

S ≡ S2 =
1

m2
W

(ρ2
1M

2
1 g

2
1

+ 2c12ρ1ρ2M1M2g1g2 + ρ2
2M

2
2 g

2
2).

By fixing
√
s in (21) (this corresponds to a preset

collider energy) and any two of three kinematical
variables y∗, Y , and p⊥, we obtain three different
functions of one variable and five parameters indicated
above. Each of these functions can be used to deter-
mine these parameters. The corresponding procedure
is similar to that described in detail in [25] for the
process e−e− → W−W− in the case of two heavy
Majorana neutrinos.

The cross sections for all six possible ��′ processes
are determined by 20 parameters: M1, M2, ρ��

′
1 , ρ��

′
2 ,

and c��
′

12 . Of eighteen parameters ρ��
′

1 , ρ��
′

2 , and c��
′

12 ,
only nine are independent, those for which � = �′

[see (17)]. Provided that these parameters are known,
one can determine nine parameters of the mixing
matrix

||u�i|| ≡
∣∣∣∣r�ieiϕ�i

∣∣∣∣ ,
that is, six moduli r�1 and r�2 of the matrix elements
of the first two columns and three phase differences
∆ϕ� = ϕ�1 − ϕ�2.
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On the Possibility of Observing a0
0(980)−f0(980)a0
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0(980)−f0(980) Mixing in the Reaction
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Abstract—It is shown that the spin asymmetry in the reaction π−p→ a00(980)n→ (ηπ0)Sn is highly
sensitive to the mixing of the a00(980) and f0(980) resonances. At low momentum transfers (namely, in
any of the intervals 0 ≤ −t ≤ 0.025, . . . , 0.1 GeV2), the asymmetry normalized in such a way that it takes
values between−1 and 1must undergo a jump close in magnitude to unity in the region of the ηπ0 invariant
masses between 0.965 and 1.01 GeV. A large jump of the asymmetry is due exclusively to a00(980)−f0(980)
mixing. A very high resolution in the ηπ0 invariant mass is not required for observing the jump of the
asymmetry. The energy dependence of the polarization effect is expected to be rather weak; therefore, the
polarization effect in question can be studied at any high energy—for example, in the range between 8 and
100 GeV. c© 2005 Pleiades Publishing, Inc.
1. INTRODUCTION

Investigation of the nature of light scalar reso-
nances has become one of the most important prob-
lems of nonperturbative QCD. The point is that the
clarification of their nature would be of paramount
importance for obtaining deeper insights both into
confinement physics and into the way in which chiral
symmetry is realized in the region of low energies,
these two phenomena being the main consequences
of QCD in the hadron world. At the present time,
it is generally accepted that the already well estab-
lished lightest scalar resonances have a nontrivial
nature. In particular, there are many pieces of evi-
dence in support of the four-quark (q2q̄2) structure
of these states (see, for example, [1] and references
therein). A new method for studying the nature of
the a0(980) and f0(980) resonances in polarization
experiments was recently proposed in [2]. Themethod
in question is based on employing the phenomenon of
a00(980)−f0(980) mixing, this phenomenon carrying,
among other things, important information about the
coupling of these resonances toKK̄ channels.

The mixing of the a00(980) and f0(980) reso-
nances as a threshold phenomenon was predicted
theoretically in the late 1970s [3]. In [3а], the cross
section for the process π+π− → ηπ0, which is for-
bidden in G parity, but which can proceed ow-
ing to a00(980)−f0(980) mixing, was calculated for

*e-mail: achasov@math.nsc.ru
**e-mail: shestako@math.nsc.ru
1063-7788/05/6812-2068$26.00
the first time. In addition, some other processes
that include the reactions π±N → ηπ0(N,∆) and
KN → [(ηπ0), (π+π−)][Λ,Σ,Σ(1385)] on unpolar-
ized targets, the decay f1(1285) → a00(980)π

0 → 3π,
and p̄n annihilation at rest via the processes p̄n→
(π−, ρ−)f0(980) → (π−, ρ−)ηπ0 and where one can
observe a00(980)−f0(980) mixing were considered
in detail in [3], and the mixing-induced effects of
isotopic-invariance violation in the ηπ0 and ππ mass
spectra and differential cross sections were estimated
there.

In recent years, interest in a00(980)−f0(980) mix-
ing has been rekindled, and the possible manifesta-
tions of this phenomenon in various reactions have
been hotly debated in the literature [4–19]. For exam-
ple, it was hypothesized in [8] that data on the central
production of the a00(980) resonance in the reaction
pp→ ps(ηπ0)pf can in principle be interpreted as an
argument in favor of a00(980)–f0(980)mixing. In [11],
it was indicated that, within the experimental errors
and the model uncertainty in the cross section for
f0(980) production, the results obtained in [8] are
compatible with the predictions made in [3b] (1981).
In order to confirm this scenario experimentally, it is
necessary, however, to rule out the possible effect of
secondary Regge trajectories, for which ηπ0 produc-
tion is not forbidden in G parity. This can achieved
by performing measurements for the reaction pp→
ps(ηπ0)pf at much higher energies.

A qualitatively new proposal concerning searches
c© 2005 Pleiades Publishing, Inc.
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for the effect of a00(980)−f0(980)mixing was put forth
in [2]. Specifically, it was proposed there to perform
measurements for the reaction π−p→ ηπ0n on a
polarized target at a high energy, in which case the
very fact that a00(980)−f0(980) mixing exists can be
established straightforwardly and unambiguously by
the presence of a large jump in the azimuthal (spin)
asymmetry of the cross section for the production of
the ηπ0 system in the S wave in the vicinity of KK̄
thresholds.

In the present study, we consider in greater de-
tail the polarization effect expected in the reaction
π−p→ a00(980)n → (ηπ0)Sn and discuss thoroughly
all relevant quantitative estimates (here and below,
the index S indicates that we are dealing with the
ηπ0 system in the state of relative orbital angular
momentum L = 0—that is, in the S wave). It should
be emphasized that the estimates presented here for
the magnitude of the polarization effect that must
be observed experimentally are model-independent to
a considerable extent. Below, it will be shown that
the jump in the spin asymmetry is due exclusively
to a00(980)−f0(980) mixing, which violates isotopic
invariance, and that the expected polarization effect
is quite sizable. Its measure is provided by the char-
acteristic scale of the normalized spin asymmetry,
which assumes values in the range between −1 and
1. Our main conclusion is that, on the scale indicated
above, the asymmetry in the region ofKK̄ thresholds
must undergo a jump close to unity in magnitude.
Further, it is emphasized that a reliable observation
of the jump in the asymmetry does not require a
resolution in the invariant mass of the ηπ0 system
as high as that which would be necessary for reveal-
ing manifestations of a00(980)−f0(980) mixing in the
mass spectrum of the ηπ0 system in an experiment
featuring no polarizations. The energy dependence of
the polarization effect is expected to be rather weak;
therefore, it can be studied at any high energy—for
example, in the range between 8 and 100 GeV.

The ensuing exposition is organized as follows.
In Section 2, we determine the cross section and
asymmetry for the reaction π−p→ (ηπ0)Sn on a po-
larized target. Section 3 is purely technical. It con-
tains detailed expressions for the amplitudes of the
reaction π−p→ a00(980)n → (ηπ0)Sn at high ener-
gies. These amplitudes correspond to the mecha-
nisms of ρ2, b1, and π Regge exchanges. The one-
pion-exchange mechanism, which violates G parity,
owes its existence to a00(980)−f0(980) mixing. In the
same section, we demonstrate the special features of
the amplitude for the a00(980)−f0(980) transition that
are of crucial importance for polarization phenom-
ena. In Section 4, we discuss data from experiments
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
performed to date to study the reaction π−p→ ηπ0n
on unpolarized targets and present quantitative esti-
mates of the contributions of the ρ2- and b1-exchange
mechanisms to the cross section for the production
of the (ηπ0)S system. In Section 5, the polarization
effect due to a00(980)−f0(980) mixing is calculated
on the basis of the ρ2- and π-exchange model. The
analogous results obtained on the basis of the ρ2-,
b1-, and π-exchange model are given in Section 6.
The conclusions based on the results presented in
those two sections are briefly formulated in Section 7.

2. CROSS SECTION AND ASYMMETRY

Upon taking into account parity conservation,
the differential cross section for the reaction π−p→
(ηπ0)Sn on polarized protons at a fixed momentum
of the incident negatively charged pion, P π

−
lab , can be

represented in the form

d3σ/dtdmdψ = [d2σ/dtdm + I(t,m)P cosψ]/2π,
(1)

where t is the square of the 4-momentum transfer
from this pion to the ηπ0 system; m is the invariant
mass of this system; ψ is the angle between the
normal to the plane spanned by the momenta of
the negatively charged pion and the ηπ0 system
and the direction of proton polarization, which is
transverse with respect to the axis of the incident-
pion beam; P is the degree of this polarization;
d2σ/dtdm = |M++|2 + |M+−|2 is the cross section
for the analogous reaction on unpolarized protons,
M+− and M++ being, respectively, the s-channel
helicity amplitude for nucleon-helicity-flip processes
and its non-helicity-flip counterpart; and I(t,m) =
2Im(M++M

∗
+−) describes the contribution responsi-

ble for the azimuthal (spin) asymmetry of the cross
section. The dimensionless normalized asymmetry
A(t,m) = I(t,m)/[d2σ/dtdm], −1 ≤ A(t,m) ≤ 1,
is determined in terms of the experimentally mea-
surable quantities I(t,m) and d2σ/dtdm. The asym-
metry associated with some interval of −t, A(−t1 ≤
−t ≤ −t2,m), or with some interval ofm, A(t,m1 ≤
m ≤ m2), is naturally given by the ratio of the cor-
responding integrals of I(t,m) and d2σ/dtdm with
respect to t or m. Here, we will consider exclusively
the region around m ≈ 1 GeV, where, according to
available data on the reaction π−p→ ηπ0n [4, 20–
23], the mass spectrum of the (ηπ0)S system is
dominated by the contribution from the production
of the a00(980) resonance via the process π−p→
a00(980)n → (ηπ0)Sn.

From G-parity conservation, it follows that, at
high energies and low −t, the amplitudes M+− and
05
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M++ receive contributions from t-channel exchanges
characterized by the quantum numbers of, respec-
tively, b1- and ρ2 Regge poles [5]. In the following,
these amplitudes will be written asM b1

+− andMρ2
++.

1)

If one considers the mixing of a00(980) and f0(980)
resonances, which violates G parity, then, in the
reaction π−p→ (ηπ0)Sn, the exchange of the pion
Regge pole in the t channel becomes possible ow-
ing to the process π−p→ f0(908)n → a00(980)n→
(ηπ0)Sn [3, 5].2) As is well known, the amplitude of
pion exchange in the reaction π−p→ (ππ)Sn is great
in the region of low−t. In addition, we note that both
the magnitude and the phase of the amplitude of the
a00(980) − f0(980) transition change very sharply and
strongly versus m in the region of KK̄ thresholds
(see Section 3 below). In the following, we will show
that, taken together, all these facts lead to impressive
consequences that can readily be detected in polar-
ization experiments owing to the unique possibility
of observing, in them, the interference between the
amplitudes of ρ2 and π exchanges.

3. AMPLITUDES OF THE REACTION
π−p→ a00(980)n → (ηπ0)Sn

We will make use of the Regge pole model and
represent the amplitudes of ρ2, b1, and π exchanges
in the reaction π−p→ a00(980)n → (ηπ0)Sn as

Mρ2
++ = e−iπαρ2 (t)/2eΛρ2 t/2(s/s0)αρ2 (0)−1 (2)

× aρ2Ga0(m)[2m2Γa0ηπ0(m)/π]1/2,

M b1
+− = ie−iπαb1

(t)/2
√
−teΛb1

t/2 (3)

× (s/s0)αb1
(0)−1ab1Ga0(m)[2m2Γa0ηπ0(m)/π]1/2,

Mπ
+− = e−iπαπ(t)/2

√
−t

t−m2
π

eΛπ(t−m2
π)/2 (4)

× aπeiδB(m)Ga0f0(m) [2m2Γa0ηπ0(m)/π]1/2.

From the outset, we note that, for the pion-exchange

1)The history of the exchange of the ρ2 Regge pole is described
in [5].We recall that the lowest representative of the ρ2 Regge
trajectory has the quantum numbers IG(JPC) = 1+(2−−)

and belongs to the 3D2 family of qq̄ states [24].
2)This process may also proceed via a1 exchange. However,
estimates obtained on the basis of [25] reveal that, at low
−t, the amplitude Ma1

++ is negligible in relation to other
contributions.
PH
amplitude Mπ
+−, which is forbidden by G-parity

conservation, there is almost an entire body of in-
formation, including its absolute normalization [3,
5, 25, 26]. In expressions (2)–(4), αj(t) = αj(0) +
α′jt, aj , and Λj/2 = Λ0

j/2 + α′j ln(s/s0) are, re-
spectively, the trajectory of the j Regge pole, the
residue at this pole, and the slope of the residue
[as a guideline, we can take the values of απ(t) ≈
0.8(t −m2

π)/GeV
2, αb1(t) ≈ −0.21 + 0.8t/GeV2,

and αρ2(t) ≈ −0.31 + 0.8t/GeV2]; s ≈ 2mpP
π−
lab ;

s0 = 1GeV2;Ga0(m) = Df0(m)/[Da0(m)Df0(m)−
Π2
a0f0

(m)] is the propagator of the a00(980) reso-
nance with allowance for mixing [3]; Ga0f0(m) =
Πa0f0(m)/[Da0(m)Df0(m)−Π2

a0f0
(m)];Πa0f0(m) is

that off-diagonal element of the polarization operator
which describes the amplitude of the a00(980)−f0(980)
transition [3]; 1/Dr(m) is the propagator for the non-
mixed resonance r ofmassmr [r = a0(980), f0(980)];
Dr(m) = m2

r − m2 + Σab[ReΠab
r (mf0) − Πab

r (m)]
[ab = ηπ0,K+K−,K0K̄0 for r = a0(980) and ab =
π+π−, π0π0,K+K−,K0K̄0 for r = f0(980)]; and
Πab
r (m) is that diagonal element of the polarization

operator for the resonance r which corresponds to the
contribution of the intermediate state ab [25, 26]. For
m ≥ ma +mb, the diagonal element has the form

Πab
r (m) =

g2rab
16π

[
m+m−
πm2

ln
mb

ma
+ ρab(m)

×


i− 1

π
ln

√
m2 −m2

− +
√
m2 −m2

+√
m2 −m2

− −
√
m2 −m2

+



]
,

where grab is the constant representing the cou-
pling of the resonance r to the ab channel (here,
we have g2f0π0π0 = g2f0π+π−/2 for identical neutral

pions), ρab(m) = [(m2 −m2
+)(m2 −m2

−)]1/2/m2,
m± = ma ±mb (ma ≥ mb), and Γrab(m) =
Im[Πab

r (m)]/m = g2rabρab(m)/16πm is the r → ab

decay width; if m− ≤ m ≤ m+, then (m2 −m2
+)1/2

must be replaced by i(m2
+ −m2)1/2. In expres-

sion (4), aπ = gπNNgf0π+π−/
√

8πs (where
g2πNN/4π ≈ 14.3), while δB(m) is the phase (which
is smooth and large, about 90◦ at m ≈ 1 GeV) of
the elastic background accompanying the f0(980)
resonance in the S-wave reaction ππ → ππ in the
I = 0 channel (where I is the isospin) [3, 25, 26].

In view of the proximity of the a00(980) and
f0(980) resonances to KK̄ thresholds and their
strong coupling toKK̄ channels, the amplitude of the
a00(980)−f0(980) transition, Πa0f0(m), is expected
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 1.Example of the (a) absolute value and (b) phase of the amplitude of the a0
0(980)−f0(980) transition [see expression (5)];

(c) example of the π+π− mass spectrum corresponding to a single f0(980) resonance; (d) example of the ηπ0 mass spectrum
corresponding to a single a0

0(980) resonance; and (e, f) differential cross sections dσπ/dt and dσπ/dm for the reaction

π−p→ f0(980)n→ a0
0(980)n→ (ηπ0)Sn at P π−

lab = 18.3 GeV that were calculated for the pion-exchange mechanism and
which are associated with the intervals 0.8 ≤ m ≤ 1.2 GeV and 0 ≤ −t ≤ 0.025 GeV2, respectively.
to receive significant contributions from K+K− and

K0K̄0 intermediate states [3]. Evaluating the sum

of the f0(980) → K+K− → a00(980) and f0(980) →
K0K̄0 → a00(980) loop diagrams and taking into
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
account isotopic symmetry for the respective coupling
constants, one can obtain [3]

Πa0f0(m) =
ga0K+K−gf0K+K−

16π
(5)
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×
[
i(ρK+K−(m) − ρK0K̄0(m)) − ρK+K−(m)

π

× ln
1 + ρK+K−(m)
1 − ρK+K−(m)

+
ρK0K̄0(m)

π

× ln
1 + ρK0K̄0(m)
1 − ρK0K̄0(m)

]
,

where m ≥ 2mK0 ; in the region 0 ≤ m ≤ 2mK , the
quantity ρKK̄(m) must be replaced by i|ρKK̄(m)|.
A “resonance-type” behavior of the absolute value
and phase of expression (5) is clearly demonstrated
in Figs. 1a and 1b. We note that, in the region of m
between K+K− and K0K̄0 thresholds, which has a
width of 8 MeV, we have |Πa0f0(m)| ≈
|ga0K+K−gf0K+K−/16π|[(m2

K0 −m2
K+)/m2

K0]1/2 ≈
0.1265|ga0K+K−gf0K+K−/16π|—that is, this quan-

tity is of order mK(m2
K0 −m2

K+)1/2 ≈
√
αm2

K [3].3)

From (4) and (5), it also follows that, in this region,
the contribution of the amplitudeMπ

+− to d2σ/dtdm
is controlled predominantly by the products of the
ratios of the coupling constants squared; that is,
|Mπ

+−|2 ∝ σ(π+π− → ηπ0) ∝ (g2f0K+K−/g
2
f0π+π−)×

(g2a0K+K−/g
2
a0ηπ0).

In plotting the quantity |Πa0f0(m)| in Fig. 1a and
deriving the numerical estimates given below for the
polarization effect, we employed the following approx-
imate values for the parameters of the f0(980) and
a0(980) resonances:

mf0 ≈ 0.980 GeV, g2f0π+π−/16π ≈ 2
3
0.1 GeV2,

g2f0K+K−/16π ≈ 1
2
0.4 GeV2,

δB(m) ≈ 35.5◦ + 47◦m/GeV,

ma0 ≈ 0.9847 GeV, g2a0K+K−/16π

≈ g2f0K+K−/16π ≈ 1
2
0.4 GeV2,

and g2a0ηπ0/16π ≈ 0.25 GeV2

(see also [3, 24–30]). For the above parameter val-
ues, Figs. 1c and 1d illustrate the π+π− and ηπ0

mass spectra dN(f0(980) → π+π−)/dm = 2m2 ×
3)The effect that we consider is the only effect of or-
der

√
md −mu ∼

√
α. As to effects of order md −mu ∼

α, they are small. Such effects were partly considered
in [9] [a0

0(980) → ηπ0 → π0π0 → f0(980)]. The quantity
|Πa0f0(m)| for m < 0.95 GeV and m > 1.05 GeV gives
a clear idea of the magnitude of effects whose order is
md −mu ∼ α (see Fig. 1a). We note that |Πρ0ω(m)| ∼
|Ππ0η(m)| ≈ 0.0036 GeV2 ∼ (md −mu).
PH
Γf0π+π−(m)/π|Df0(m)|2 and dN(a0(980) →
ηπ0)/dm = 2m2Γa0ηπ0(m)/π|Da0(m)|2 correspond-
ing to solitary f0(980) and a0(980) resonances.4)

We note that, while Γf0ππ(mf0) =
3
2
Γf0π+π−(mf0) ≈

98 MeV and Γa0ηπ0(mf0) ≈ 166 MeV, the “appar-
ent” (effective) widths of the corresponding peaks
(FWHM values) are approximately equal to 42 and
68 MeV, respectively, owing to the coupling of the
resonances to KK̄ channels. In turn, Figs. 1e and
1f give an idea of the absolute values and char-
acteristic shape of the differential cross sections
dσπ/dt =

∫
|Mπ

+−|2dm and dσπ/dm =
∫
|Mπ

+−|2dt
at the momentum of P π

−
lab = 18.3 GeV (that is, at the

momentum of incident negatively charged pions at
the accelerator of the Brookhaven National Labora-
tory [4]), in which case Λπ/2 ≈ 4.5 GeV−2 [31, 32],
these cross sections corresponding to the region of
integration with respect tom from 0.8 to 1.2 GeV for
the former and the region of integration with respect
to t from −0.025 GeV2 to 0 for the latter. Integrating
the cross section dσπ/dt shown in Fig. 1e with
respect to t, we find that the total cross section for the
reaction π−p→ a00(980)n → (ηπ0)Sn proceeding via
the pion-exchange mechanism is σπ ≈ 10.9 nb. On
the basis of the previous investigations reported in [3,
5], one can conclude that the value indicated here
for the cross section σπ should be treated as quite
a reliable lower bound on it. Thus, one can see that,
by using the values given above for the parameters

4)The simplest line shape shown for a solitary f0(980) reso-
nance in Fig. 1c is distorted in many reactions because of its
interference with accompanying background contributions.
By way of example, we indicate that, in the region of the
f0(980) resonance, the amplitude of the I = 0 S wave in the
reaction ππ → ππ has the form T 0

0 = (e2iδB(m) − 1)/2i +

e2iδB(m)mΓf0ππ(m)/Df0(m), where the phase δB(m) of
a smooth elastic background is close to 90◦. Owing to
precisely this circumstance, the f0(980) resonance mani-
fests itself in the corresponding cross section for the process
ππ → ππ as an interference dip rather than a peak. In our
case, the amplitude Mπ

+− involves the amplitude of the re-
action π+π− → f0(980) → KK̄ → a0

0(980) → ηπ0; along
with the resonance phase, this amplitude must feature an
additional phase of the nonresonance elastic background in
theππ channel. This is the reasonwhy the factor eiδB(m) was
introduced in (4). In such situations, this is the simplest (and
commonly accepted)method for taking into account nonres-
onance contributions in accord with the unitarity condition.
Since the phase δB(m) is large, it is of paramount impor-
tance to take it into account. Nothing is known about the
analogous background phase in the ηπ0 channel. However,
this phase does not play any role in the case being considered,
since it is common to all of the amplitudes in (2), (3), and (4).
For additional details concerning the aforesaid, the interested
reader is referred, for example, to [3, 25–27].
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 2. Differential cross section dσ/dt for the reac-
tion π−p→ a0

0(980)n→ (ηπ0)Sn: (points) normalized
experimental data from the Brookhaven National Labo-
ratory [4]; (solid curve) fit to these data within the ρ2-
exchangemodel; (dotted curve, which is nearly coincident
with the solid curve) approximation of the data within
the model that takes into account ρ2 and b1 exchanges,
whose possible contributions to dσ/dt are represented
by long and short dashes, respectively; and (dash-dotted
curve) differential cross section dσπ/dt corresponding to
Fig. 1e.

of the a00(980) and f0(980) resonances, we actually
obtain the most conservative estimates of the ex-
pected polarization effect. Finally, we emphasize that
a sharp change of 90◦ in the phase of the amplitude
Πa0f0(m) between KK̄ thresholds, this being of
crucial importance for polarization phenomena, does
not depend on the parameters of the f0(980) and
a00(980) resonances [see Fig. 1b and formula (5)].

In order to obtain quantitative estimates for the
contributions of the ρ2- and b1-exchange mecha-
nisms to the cross section for (ηπ0)S production and
assess thereby the relative contribution of pion ex-
change, it is necessary to invoke existing experimen-
tal data.

4. DATA FROM EXPERIMENTS
WITH UNPOLARIZED TARGETS

Experiments devoted to studying the reaction
π−p→ ηπ0n on unpolarized targets were performed
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
at the momenta of P π
−

lab = 18.3 GeV at the Brookha-
ven National Laboratory (BNL) [4, 20, 21], 38 GeV
at the Institute for High Energy Physics (IHEP,
Protvino) [22, 23], 32GeV at IHEP [23], and 100GeV
at CERN [23]. The resulting situation is quite inter-
esting. The point is that the BNL [4], IHEP [22, 23],
and CERN [23] data on dN/dt, which is the quantity
obtained by integrating the t distribution of events
of the reaction π−p→ a00(980)n → (ηπ0)Sn with re-
spect tom in the region of the a00(890) peak, formally
do not require introducing the b1-exchange amplitude
M b1

+−. Within the interval 0 ≤ −t ≤ (0.6−0.8) GeV2,
all of them admit a very accurate approximation by
a simple exponential dependence C exp(Λt) at Λ ≈
5 GeV2 [5, 22, 23], this demonstrating that they can
be described by using only the amplitude Mρ2

++ [5],
which does not vanish for t→ 0. For example, the
corresponding fit to normalized BNL data [4, 5] on
the differential cross section dσ/dt for the reaction
π−p→ a00(980)n → (ηπ0)Sn (solid curve in Fig. 2)
yields χ2/n.d.f. = 15.75/22 and dσ/dt = (945.8 ±
46.3 nb/GeV2) exp[(4.729 ± 0.217)t/GeV2]. Here, it
is necessary to indicate that the experimental points
in Fig. 2 correspond to BNL data on dN/dt at P π

−
lab =

18.3 GeV [4] that were normalized to the cross sec-
tion for a02(1320) production in the reaction π−p→
a02(1320)n by following the method used in [5].
According to the estimate obtained in [5], the total
cross section σ for the reaction π−p→ a00(980)n→
(ηπ0)Sn at 18.3 GeV is about 200 nb. We refer this
value to the region ofm between 0.8 and 1.2 GeV and
to the entire region t ≤ 0. We note that it agrees well
with the analogous estimate presented for σ in [22].
Comparing now the values indicated for σ and dσ/dt
with σπ and dσπ/dt estimated in the preceding sec-
tion and associated with pion exchange,5) we find that
σπ ≈ 10.9 nb is about 5.5% of the total reaction cross
section and that dσπ/dt at the maximum occurring
at t ≈ −0.0149 GeV2 is about 139 nb/GeV2, which
is approximately 14.7% of (dσ/dt)|t≈0 (see Fig. 2).
However, the most important point here is that, at
any value of t, the corresponding value of dσπ/dt is
due almost completely to a narrow region of m near
KK̄ thresholds (see Figs. 1a, 1f), while the value of
the “total” dσ/dt comes from integration over an m
region that is at least an order of magnitude wider
(see, for example, Fig. 1d). Thus, we can see that, at
low −t and m in the vicinity of KK̄ thresholds, the
pion-exchange contribution can be commensurate

5)For the comparison of dσ/dt and dσπ/dt to be convenient,
the curve for dσπ/dt given in Fig. 1e is reproduced in Fig. 2.
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Fig. 3. Values of χ2, Λ1, and Λ2 (the last two are given in the inset) versus Bb1 that were obtained by fitting expression (6) to
BNL data (see Fig. 2). The χ2 and Λ1 values indicated in the figure correspond (from left to right) to Bb1 = 0, 0.37, 0.61, 0.7,
0.8, and 0.9.
with contribution of ρ2 exchange, which is the leading
one allowed by G parity.

Yet, a good quality of fits to t distributions [4,
22, 23] in terms of the function C exp(Λt) is not a
conclusive argument in favor of discarding the b1-
exchange contribution. In principle, the data from [4,
22, 23] are equally well described by the expression
dN/dt = C1 exp(Λ1t) − tC2 exp(Λ2t) [5, 22], where
the first and the second term can be identified with,
respectively, the contribution of the amplitude Mρ2

++

and the contribution of the amplitude M b1
+− [see

Eqs. (2) and (3)]. Figure 2 shows an approximation
of the BNL data for the case where the b1-exchange
contribution is not zero. The dotted curve there
represents dσ/dt = dσρ2/dt + dσb1/dt, while long
and short dashes show the contributions dσρ2/dt =
(958.1 nb/GeV2) exp(7.6t/GeV2) and dσb1/dt =
(−t× 2486.6[ nb/GeV4]) exp(5.8t/GeV2), respec-
tively. One can see that the dotted curve is nearly
coincident with the solid curve, which corresponds to
a fit within the model featuring only ρ2 exchange. In
the present example, b1 exchange saturates approxi-
mately 37% of the integrated cross section. Thus, the
χ2 criterion is insufficient for distinguishing between
PH
the two models in question.6) Additional information
about the model of ρ2 and b1 exchanges can be
obtained from a fit to the BNL data in terms of the
parametrization

dσ/dt = σ[(1 −Bb1)Λ1e
Λ1t − tBb1Λ2

2e
Λ2t], (6)

where σ = 200 nb, Λ1 and Λ2 are adjustable parame-
ters, and Bb1 is a fixed b1-exchange-induced fraction
of the integrated cross section. The χ2, Λ1, and Λ2

values obtained in the present study are shown in
Fig. 3 versus Bb1 . The points indicated on the curves
representing χ2 and Λ1 correspond (from left to right)
to the values of Bb1 = 0, 0.37, 0.61, 0.7, 0.8, and 0.9.
As can be seen from Fig. 3, χ2 has a broad plateau,
remaining virtually constant as Bb1 increases from 0
to 0.37;7) it increases by unity only when Bb1 reaches
a value of 0.61. AtBb1 = 0.7, χ2 takes a value of about

6)We emphasize that only polarization experiments would
make it possible to assess unambiguously the contribution of
the b1-exchange amplitude, since only via such experiments
would it be possible to perform direct measurements of the
interference contribution Im(M++M

∗
+−) along with direct

measurements of the sum |M++|2 + |M+−|2.
7)The χ2 functional passes through an “invisible”minimum at
Bb1 ≈ 0.37.
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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19.6 and increases sharply as Bb1 grows further. The
approximation of the BNL data by expression (6) at
Bb1 = 0.7 is shown in Fig. 4. Formally, this approx-
imation is similar to the approximations presented
in Fig. 2 for the cases of (solid curve) Bb1 = 0 and
(dotted curve)Bb1 = 0.37. The crucial distinction be-
tween these examples lies, however, in the values of
the slope of Λ1 for the contribution of ρ2 exchange.
From the inset in Fig. 3, one can see that Λ1 grows
very strongly with increasing Bb1 . While a value of
Λ1 ≈ 4.729 GeV−2 (at Bb1 = 0) and a value of Λ1 ≈
7.6 GeV−2 (at Bb1 = 0.37) are quite reasonable from
the point of view of Regge phenomenology for sec-
ondary Regge exchanges, the slopeΛ1 ≈ 17.3GeV−2

(at Bb1 = 0.7) is absolutely improbable, to say noth-
ing of greater slope values. For the sake of complete-
ness, we nevertheless consider the polarization effect
for this case inclusive (see Section 6 below).

5. POLARIZATION EFFECT IN THE MODEL
OF ρ2 AND π EXCHANGES

In view of the aforementioned ambiguity in the
information about the b1-exchange contribution, it is
natural to present first of all the theoretical results
that the model featuring only the ρ2 and π-exchange
mechanisms yields for the polarization effect induced
by a00(980)−f0(980) mixing.

In Figs. 5a, 5c, and 5e (left panels of the fig-
ure), we display, respectively, dσ/dm =

∫
[|Mρ2

++|2 +
|Mπ

+−|2]dt and dσρ2/dm =
∫
|Mρ2

++|2dt, I(m) =∫
I(t,m)dt =

∫
2Im[Mρ2

++(Mπ
+−)∗]dt at P π

−
lab =

18.3 GeV (these quantities are given for the interval
of −t between 0 and 0.025 GeV2), and the corre-
sponding asymmetry A(0 ≤ −t ≤ 0.025 GeV2,m).
Figures 5b, 5d, and 5f (right panels) show the same
quantities but for the interval of −t between 0 and
0.2 GeV2. Here, the values that we substituted
into (2) for the parameters of ρ2 exchange are identical
to those in the fit to the BNL data that was discussed
above and which is represented by the solid curve in
Fig. 2. Since the relative sign of ρ2 and π exchanges
is unknown, I(m) and the asymmetry are determined
apart from the sign, which was chosen arbitrarily. We
also note that, in the model of ρ2 and π exchanges,
I(m) and the asymmetry for the reaction π−p→
(ηπ0)Sn, which is considered here, differ in sign from
their counterparts for the reaction π+n→ (ηπ0)Sp,
which is related to it by charge symmetry. As follows
from the pattern emerging from Fig. 5, the polar-
ization effect induced by the interference between
the amplitudes Mρ2

++ and Mπ
+− is quite sizable in

any of the intervals 0 ≤ −t ≤ 0.025, . . . , 0.2 GeV2.
For its measure, one can take the magnitude of the
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
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Fig. 4. Differential cross section dσ/dt for the reac-
tion π−p→ a0

0(908)n→ (ηπ0)Sn. The displayed exper-
imental data and the dash-dotted curve are identical to
those in Fig. 2. The solid curve represents the results
obtained by fitting expression (6) atBb1 = 0.7 to the data.
The contributions of ρ2 and b1 exchanges to dσ/dt are
shown by, respectively, long and short dashes.

characteristic jump that the asymmetry undergoes
in the region of m between 0.965 and 1.01 GeV. By
way of example, we indicate that, in this region, the
corresponding difference of the maximum and the
minimum value of the asymmetry smoothed because
of a finite resolution in m8) is approximately 0.95
for the interval 0 ≤ −t ≤ 0.025 GeV2 (see Fig. 5e)
and is approximately 0.75 for the interval 0 ≤ −t ≤
0.2 GeV2 (see Fig. 5f). Obviously, the jump of the
asymmetry is due exclusively to a sharp change of
90◦ in the phase of the amplitude of a00(980)−f0(980)
mixing between the K+K− and K0K̄0 thresholds

8)The original quantities dσ/dm and I(m) were smoothed by
using a Gaussian m distribution of variance 10 MeV. In
experiments, one always observesmass distributions that are
smoothed owing to a finite resolution of the spectrometers
employed. For example, the dotted curves in Fig. 5 can
therefore be directly compared with experimental histograms
having a step of about 10 MeV in m and a high statistical
accuracy. At the present time, it is not very difficult to obtain
such high-quality data on ηπ0 production in experiments
featuring no polarizations [20–23].
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Fig. 5.Manifestation of a0
0(980)−f0(980)mixing in the reactionπ−p→ a0

0(980)n→ (ηπ0)Sn on a polarized target atP π−
lab =

18.3 GeV within the model of ρ2 and π exchanges. We show respective quantities in the left panels of the figure (Figs. 5a, 5c,
5e) for the interval 0 ≤ −t ≤ 0.025 GeV2 and in the right panels (Figs. 5b, 5d, 5f) for the interval 0 ≤ −t ≤ 0.2 GeV2. The
solid curves represent dσ/dm, I(m), and the asymmetry A(0 ≤ −t ≤ −t2 GeV2,m). The dashed curves correspond to the
contribution of ρ2 exchange to dσ/dm, while the dotted curves show dσ/dm and I(m) smoothed by using a Gaussian m
distribution of variance 10 MeV and the asymmetry corresponding to them. The sign of I(m) (and, hence, of the asymmetry)
is unknown and is chosen arbitrarily.
(see Fig. 1b), while its large magnitude is ensured
both by a significant absolute value of this amplitude
(see Fig. 1a) and by a substantial enhancement of
its manifestation in this reaction because of the pion-
exchange mechanism.

We note that no significant changes in the re-
sulting pattern occur upon refitting the BNL data in
Fig. 2 by adding, to the ρ2-exchange contribution, the
fixed pion-exchange contribution shown in the same
figure.
PH
6. POLARIZATION EFFECT WITHIN THE
MODEL OF ρ2-, b1-, and π EXCHANGES

We will now address the question of what can
change upon the inclusion of a nonzero b1-exchange
contribution.

First of all, we note that, if the reaction π−p→
a00(980)n → (ηπ0)Sn were controlled by the ρ2-
and b1-exchange mechanisms exclusively, a rather
tedious pattern would arise for the dependence of
A(t,m) on m. At any value of t, the asymme-
try in the region of the a00(980) peak would be
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005



ON THE POSSIBILITY OF OBSERVING a00(980)−f0(980) MIXING 2077

 

Asymmetry

1.0

0.5

0

–0.5

–1.0
0.92 0.96 1.00 1.04

 

m

 

, GeV
0.92 0.96 1.00 1.04

1.0

0.5

0

–0.5

–1.0

1.0

0.5

0

–0.5

–1.0

0 
 

≤
 

 –
 

t
 

 
 

≤
 

 0.025 GeV

0 

 

≤

 

 –

 

t

 

 

 

≤

 

 0.1 GeV

 

2

 

0 

 

≤

 

 –

 

t

 

 

 

≤

 

 0.2 GeV

 

2

Fig. 6. Asymmetry A(0 ≤ −t ≤ −t2,m) for various intervals of −t in the model of ρ2, π, and b1 exchanges (solid curves)
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right panels of the figure correspond to different signs of the b1-exchange amplitude. The dashed lines represent the asymmetry
in themodel of ρ2 and b1 exchanges. The total sign of the asymmetry and the relative sign of the b1- and π-exchange amplitudes
are unknown and are chosen arbitrarily.
independent of m. Indeed, one can see that, in
the model of ρ2 and b1 exchanges, the complex-
valuedness of the productM++(M+−)∗ is determined
exclusively by the Regge signature factors of the
amplitudes Mρ2

++ and M b1
+− [see Eqs. (2) and (3)].

In the region of the a00(980) peak, the factors that
depend resonantly onm would therefore cancel in the
asymmetry A(t,m) = ± cos[π(αρ2(t) − αb1(t))/2] ×
2|Mρ2

++||M b1
+−|/[|M

ρ2
++|2 + |M b1

+−|2]. Here, the symbol
± implies that the relative sign of ρ2 and π exchanges
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
is not known. It is clear, however, that, in the presence
of the amplitude Mπ

+−, one would expect a totally
different pattern: at low values of −t, the quantity
A(t,m) must change sharply in the region of KK̄
thresholds.

We have performed a specific calculation within
the model of ρ2, π, and b1 exchanges, employing the
approximation of the BNL data that was described
in Section 4, which is shown in Fig. 2, and which
corresponds to approximately 37% contribution of
b1 exchange to the total cross section. The polar-
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Fig. 7. As in Fig. 6, but for the ρ2- and b1-exchange contributions identical to those in Fig. 4.
ization effect corresponding to this example is illus-
trated in Fig. 6. This figure displays the asymmetry
A(0 ≤ −t ≤ −t2,m) for three intervals of −t (0 ≤
−t ≤ 0.025, 0.1, 0.2 GeV2) (solid curves) without and
(dotted curves) with allowance for a Gaussian smear-
ing in m characterized by a variance of 10 MeV. The
left and right panels of Fig. 6 correspond to different
signs of the b1-exchange amplitude. The total sign
of the asymmetry is unknown and was chosen ar-
bitrarily, as in the case of the model featuring only
ρ2 and π exchanges. We note that, if, for example,
the pattern corresponding to the left (right) panels
of Fig. 6 is realized for the reaction π−p→ (ηπ0)Sn,
then the pattern corresponding to its right (left) pan-
PH
els, where the sign is opposite, must be realized for
the reaction π+n→ (ηπ0)Sp, which is related to the
above reaction by charge symmetry. From Fig. 6, it
can clearly be seen that, owing to an admixture of pion
exchange, the asymmetry associated with any of the
intervals 0 ≤ −t ≤ 0.025, . . . , 0.1 GeV2 undergoes,
as before, a jump by a value close to unity in the region
of m between 0.965 and 1.01 GeV. However, this
jump now occurs with respect to the asymmetry value
determined by the interference between the ρ2- and
b1-exchange contributions rather than with respect
to zero value of the asymmetry. Thus, one can see
that, taken together, Figs. 5 and 6 give a compre-
hensive idea of the polarization effect that is induced
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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by a00(980)−f0(980) mixing and which is expected
in the reaction π−p→ a00(980)n→ (ηπ0)Sn. To sup-
plement this pattern, we note that, as follows from
Fig. 7, the polarization effect is large at low −t even
in the almost improbable case where the b1-exchange
contribution is 70% of the total cross section (see the
relevant discussion in Section 4).

A few general comments are in order here. First,
we would like to emphasize that a resolution in the
invariant mass of the ηπ0 system as high as that
which would be mandatory for revealing manifesta-
tions of a00(980)−f0(980) mixing in the mass spec-
trum of the ηπ0 system in an experiment featuring
no polarizations is not required for reliably detecting
the jump of the asymmetry. Indeed, the fine struc-
ture that arises in dσ/dm owing to a00(980)−f0(980)
mixing is strongly masked because of smearing in m
(see Figs. 5a, 5b); at the same time, a large jump
of the asymmetry survives smearing, as can clearly
be seen from Figs. 5e, 5f, 6, and 7. Second, a very
weak energy dependence of the polarization effect in
question (asymmetry value) is expected in view of the
theoretically predicted (and experimentally corrobo-
rated!) proximity of the π, ρ2, and b1 Regge trajec-
tories. Therefore, an attempt can be made to detect
it at any high energy—for example, in the range be-
tween 8 and 100 GeV. Even if the simplest Regge
model, which is used here, leads to some errors in
constructing amplitudes that conserve G parity (for
example, in choosing their phases), we are confident
that the jump of the spin asymmetry in the reac-
tion π−p→ a00(980)n→ (ηπ0)Sn at the ηπ0 invari-
ant mass between the K+K− and K0K̄0 thresholds
will inevitably occur owing to a characteristic m de-
pendence of the amplitude for the a00(980)−f0(980)
transition (see Figs. 1a, 1b), its enhancement caused
by the one-pion-exchange mechanism of f0(980)-
resonance production, and the fact that the contribu-
tion of the amplitude characterized by the quantum
numbers of b1 exchange is suppressed in the region of
low−t (see Fig. 2).

7. CONCLUSIONS

Thus, we can conclude that, in the reaction π−p→
a00(980)n → (ηπ0)Sn, the interference between the
amplitudesM++ andM+−, which is measurable in a
polarization experiment, is highly sensitive at low −t
to the mixing of the a00(980) and f0(980) resonances.
A jump of the asymmetry in the region ofKK̄ thresh-
olds is a direct consequence of a00(980)−f0(980) mix-
ing, and even rather rough experimental indications
of the presence of such a jump would suggest the
existence of the mixing effect.
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At the present time, experimental investigations
based on employing polarized beams and targets are
gaining momentum. In view of this, we believe that
our present analysis is of topical interest. Relevant
experiments aimed at studying the reaction π−p→
ηπ0n on polarized protons can be performed at KЕК,
BNL, IHEP, CERN (COMPASS), Institute of The-
oretical and Experimental Physics (ITEP, Moscow),
FNAL, and Institut für Kernphysik (Jülich). The dis-
covery of a00(980)−f0(980) mixing would open yet
another interesting page in studying the nature of the
puzzling a00(980) and f0(980) states. The general idea
to use polarization phenomena as an efficient tool for
observing a00(980)−f0(980) mixing—this idea relies
on a large change of about 90◦ in the phase of the
amplitude of the a00(980)−f0(980) transition in the
narrow region of m (8 MeV) between the K+K−

and K0K̄0 thresholds—can of course be applied to
different reactions.

ACKNOWLEDGMENTS

This work was supported in part by the Russian
Foundation for Basic Research (project no. 02-
02-16061). It was also funded by a Presidential
Grant for Support of Leading Scientific Schools
(no. 2339.2003.2).

REFERENCES
1. N. N. Achasov, Nucl. Phys. A 728, 425 (2003); Yad.

Fiz. 65, 573 (2002) [Phys. At. Nucl. 65, 546 (2002)].
2. N. N. Achasov and G. N. Shestakov, Phys. Rev. Lett.

92, 182001 (2004).
3. (a) N. N. Achasov, S. A. Devyanin, and G. N. Shes-

takov, Phys. Lett. B 88B, 367 (1979); (b) Yad. Fiz. 33,
1337 (1981) [Sov. J. Nucl. Phys. 33, 715 (1981)]; Usp.
Fiz. Nauk 142, 361 (1984) [Sov. Phys. Usp. 27, 161
(1984)].

4. A. R. Dzierba, Frascati Phys. Ser. 4, 99 (1996).
5. N. N. Achasov and G. N. Shestakov, Phys. Rev. D 56,

212 (1997); Yad. Fiz. 60, 1669 (1997) [Phys. At. Nucl.
60, 1522 (1997)].

6. O. Krehl, R. Rapp, and J. Speth, Phys. Lett. B 390,
23 (1997).

7. B. Kerbikov and F. Tabakin, Phys. Rev. C 62, 064601
(2000).

8. F. E. Close and A. Kirk, Phys. Lett. B 489, 24 (2000).
9. A. E. Kudryavtsev and V. E. Tarasov, Pis’ma Zh.
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Abstract—We determine the cc̄ component of the photon wave function on the basis of (i) the data on the
transitions e+e− → J/ψ(3096), ψ(3686), ψ(4040), ψ(4415), (ii) partial widths of the two-photon decays
ηc0(2979), χc0(3415), χc2(3556) → γγ, and (iii) wave functions of the charmonium states obtained by
solving the Bethe–Salpeter equation for the cc̄ system. Using the obtained cc̄ component of the photon
wave function, we calculate the γγ-decay partial widths for radial excitation of the 2S state, ηc0(3594) →
γγ, and 2P states χc0(3849), χc2(3950) → γγ. c© 2005 Pleiades Publishing, Inc.
1. INTRODUCTION

There are a number of processes that can be
sensibly treated by introducing the cc̄ component
of the photon wave function. It is the production of
charmonium in the two-photon transitions such as
γ∗γ∗ → cc̄ mesons, production of ψ mesons in the
e+e− annihilation, and production of charmonia in
photon–nucleon collisions, γ∗p → cc̄ meson + X. In
the present paper, we determine the cc̄ component
of the photon wave function, or the transition vertex
γ → cc̄, following the method developed in [1, 2],
where quark–antiquark components were found for
the transitions γ → uū, dd̄, ss̄.

The method of introducing the quark–antiquark
photon wave function may be clearly illustrated by
considering the cc̄-meson → γγ decay. When dealing
with the time-ordered processes, which is necessary
in the dispersion relation approach or light-cone vari-
able technique, the cc̄-meson → γγ decay is a two-
step process: first, the emission of photon by a quark
(Fig. 1a) or antiquark (Fig. 1b) and, second, subse-
quent annihilation cc̄ → γ.

In [1, 2], the triangle diagrams of Figs. 1a and 1b
were treated in terms of a double-dispersion-relation
representation. The double spectral integral cuttings
of the diagram in Fig. 1a are shown in Fig. 1c. In the
diagram of Fig. 1c, on the left of the first cutting, there
is the transition vertex of charmonium, Gcharm(s),
decaying into a cc̄ pair, where s is the quark invariant
energy squared. In light-cone variables,

s =
m2
c + k2

⊥
x(1 − x)

, (1)

where mc is the mass of c quark and (x,k⊥) are the
characteristics of one of the quarks (fraction of the

∗This article was submitted by the authors in English.
1063-7788/05/6812-2081$26.00
momentum along the z axis and transverse compo-
nent). In the dispersion integral, the left-hand cutting
leads to the factorGcharm/(s−M2

charm), whereMcharm
is the charmonium mass, this factor being the wave
function of the initial cc̄ meson:

Gcharm(s)
s−M2

charm

= Ψcharm(s). (2)

Likewise, the right-hand cut in Fig. 1c, by describing
the transition cc̄ → γ, gives us the factor

1
s′
ec, (3)

where s′ is the invariant energy squared of quarks in
the final state and ec is the c-quark charge.

When we deal with the transition cc̄ → γ, the in-
teraction of quarks should be specially taken into con-
sideration. The quarks may interact in both the initial
(Fig. 2a) and final (Fig. 2b) states. In fact, the interac-
tion of quarks in the initial state has been accounted
for by Eq. (2), because the vertex function Gcharm (or
wave function Ψcharm) is the solution to the Bethe–
Salpeter equation—diagrammatically, this equation
is shown in Fig. 3a. As to quark interaction in the
final state, it should be taken into account in addition
to the pointlike interaction (3). The diagram shown in
Fig. 3b stands for the description of quark interaction
in the transition cc̄ → γ, and we approximate it with
the sum of the ψ-meson pole terms (see Fig. 3c).
Accordingly, the factor related to the right-hand cut
of Fig. 1c is written as follows:

Gγ→cc̄(s′)
s′

ec, (4)

where the vertex function Gγ→cc̄(s′) at s′ ∼ 4m2
c is a

superposition of vertices of the S-wave ψ mesons (see
c© 2005 Pleiades Publishing, Inc.



2082 ANISOVICH et al.

 

cc
c

c

c

c

c
cc

c

 
(

 
b

 
)(

 
a

 
) (

 
c

 
)

 

γ

γ

γ

γ

Fig. 1. (a, b) Diagrams for the two-photon decay of cc̄ state. (c) Cuttings in the spectral integral representation.

 

c c

cc cc

c

 
(

 
b

 
)(

 
a

 
)

 

γ

γ

γ

γ

 

c c c

Fig. 2. (a) Initial- and (b) final-state interactions of quarks in the decay diagrams.

 
(

 
a

 
) (

 
b

 
) (

 
c

 
)

 

∑ψ

 

(

 

nS

 

)

Fig. 3. (a) Graphical representation of the Bethe–Salpeter equation for the cc̄ vertex; (b, c) interaction of quarks in the vertex
cc̄→ γ and its approximation by the sum of transitions cc̄→

∑
ψ(nS) → γ.
Fig. 3c):

Gγ→cc̄(s) �
∑
n

CnGψ(nS)(s), s ∼ 4m2
c . (5)

Here, n is the radial quantum number of ψ meson and
Cn are numerical coefficients—their definition is the
task of this paper. At large s, the vertex cc̄ → γ is a
pointlike one:

Gγ→cc̄(s) � 1 at s > s0. (6)

The parameter s0 can be determined using the data
on e+e− annihilation into hadrons: it is defined by
the energy range, where the ratio R(s) = σ(e+e− →

 

c

c

 

γ ψ

 

e

 

–

 
e

 
+

Fig. 4. Quark transition diagram for the process e+e− →
ψ.
PH
hadrons)/σ(e+e− → µ+µ−) reaches a constant-
behavior regime above the threshold of charm pro-
duction, R(s) � 10/3. The data support the value
s0 ∼ 10−15 GeV2 [3].

Therefore, to describe the transition cc̄ → γ, we
introduce characteristics, which, similarly to (2), may
be called the charmed quark component of the photon
wave function:

Gγ→cc̄(s)
s− q2

= Ψγ(q2)→cc̄(s); (7)

here, q is the photon four-momentum. Let us em-
phasize that such a wave function is determined at
s � 4m2

c .
There exists a reaction which is directly related

to the photon wave function. This is the transition
e+e− → ψ(nS) (see Fig. 4): here, the loop diagram is
defined by the convolution of the meson wave function
and the vertex γ → cc̄: ΨnS ⊗Gγ→cc̄.

Dealing with the cc̄ interaction in the transition
γ → cc̄, we take into consideration the S-wave ψ
mesons only, while the contribution of mesons domi-
nated by theD wave, such as ψ(3770) andψ(4160), is
neglected. The error coming from such a neglect can
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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be evaluated by comparing the ψ-meson production
cross sections for S- and D-wave states in the e+e−

annihilation: it is of the order of 10%. TheD-wave ad-
mixture into the low-lying 1−− mesons is also small:
it is of the order of 1% for J/ψ(1S) and ψ(2S) [4].

We perform calculations of two- and three-point
loop diagrams in the spectral integration technique.
All the equations used, up to trivial substitutions of
quark masses and charges, were obtained in [5]. Be-
cause of that, in this paper, we present only final ex-
pressions accompanied by necessary comments and
references.

The main difference between calculations for γ →
cc̄ and those for γ → uū, dd̄, ss̄ carried out in [1, 2]
consists in our regard towards quark wave functions.
In [1, 2], we used phenomenological quark wave func-
tions for π0, η, η′, while for light vector mesons (ρ, ω,
φ) we assumed the quark wave functions to be similar
to analogous pseudoscalar-meson wave functions,
with whom they form the lowest 36-plet in terms
of SU(6) symmetry. But here, when reconstructing
the wave function for the transition γ → cc̄, we have
applied the charmonium wave functions found from
the solution to the Bethe–Salpeter equation [4].

There is a long history of calculation of charmo-
nium states, and now there is a rich collection of
results obtained in the framework of the nonrela-
tivistic approaches [6–9] as well as in different vari-
ants of the Bethe–Salpeter equation (see [10–13]
and references therein). However, one should bear in
mind that, in calculations related to quark–antiquark
systems, one focuses as a rule on the description of
levels (or masses) of the system. Had the potential
or its relativistic analog been known, the Bethe–
Salpeter equation would undoubtedly provide us with
both levels and wave functions. But the problem is
that, in fact, our knowledge about the quark–quark
interaction in the soft region is rather poor. Therefore,
in the reconstruction of quark–antiquark levels, one
can obtain a variety of wave functions. Within the
spectral integration technique used here, we see that
unambiguous determination of interaction is possi-
ble in the simultaneous description of both levels
and wave functions (see discussion in Section 2.6.3
of [5]). Because of that, by describing the cc̄ system,
we have used in [4] as an input both the known levels
and the known values of radiative transitions (cc̄)in →
γ + (cc̄)out. These radiative transitions are rather sen-
sitive to wave functions; hence, a comparatively good
description of radiation transitions in [4] allows us to
believe that the wave functions of lowest cc̄ states are
determined reliably too.

The paper is organized as follows. In Section 2,
we present briefly the information about the spectral-
integration Bethe–Salpeter equation, in the frame-
work of which the description of the cc̄ systems
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
was performed in [4]. In Section 2, we also give
the charmonium wave functions obtained upon the
determination of Gγ→cc̄. In Section 3, we write the
formulas for the transition amplitudes e+e− → ψ and
ηc0, χc0, χc2 → γγ, which are used in the fit, and
present the results for the photon wave function.
A brief summary is given in the Conclusion.

2. CHARMONIUM WAVE FUNCTIONS

The spectral integral equation for the quark–
antiquark wave function, which can conventionally
be called the Bethe–Salpeter equation, is written
for a system with the total momentum J , angular
momentum L, quark–antiquark spin S, and radial
number n. For the cc̄ system, it reads

(
s−M2

charm

)
Ψ̂(S,L,J)

(n)µ1...µJ
(k⊥) (8)

=

∞∫

4m2
c

ds′

π
dΦ2(P ′; k′1, k

′
2)V̂

(
s, s′, (k⊥k′⊥)

)

× (k̂′1 + mc)Ψ̂
(S,L,J)
(n)µ1...µJ

(k′⊥)(−k̂′2 + mc).

Here, the quarks are mass-on-shell, k2
1 = k′21 = k2

2 =
k′22 = m2

c , and the phase space factor in the interme-
diate state is determined as follows:

dΦ2(P ′; k′1, k
′
2) =

1
2

d3k′1
(2π)3 · 2k′10

(9)

× d3k′2
(2π)3 · 2k′20

(2π)4δ(4)(P ′ − k′1 − k′2).

We use the following notation:

k⊥ =
1
2
(k1 − k2), P = k1 + k2, (10)

k′⊥ =
1
2
(k′1 − k′2), P ′ = k′1 + k′2,

P 2 = s, P ′2 = s′, g⊥µν = gµν −
PµPν

s
,

g′⊥µν = gµν −
P ′
µP

′
ν

s′
,

so one can write k⊥µ = kνg
⊥
νµ and k′⊥µ = k′νg

′⊥
νµ. In

the center-of-mass system, the integration can be
rewritten as

∞∫

4m2
c

ds′

π
dΦ2(P ′; k′1, k

′
2) −→

∫
d3k′

(2π)3k′0
, (11)

where k′ is the momentum of one of the quarks. The
wave function reads

Ψ̂(S,L,J)
(n)µ1...µJ

(k⊥) = Q(S,L,J)
µ1...µJ

(k⊥)ψ(S,L,J)
n (k2

⊥). (12)
05
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Table 1. Parameters of the potential (in GeV)

Type of interaction (ÔI ⊗ ÔI) Solution a b c µsh.r

Scalar (I ⊗ I) I −1.527 0.170 1.013 0.201

II −1.417 0.158 0.883 0.201

Vector (γµ ⊗ γµ) I −1.539 0 2.133 0.401

II −1.540 0 2.130 0.401

Pseudoscalar (γ5 ⊗ γ5) I −3.000 0 0 –

II 0 0 0 –

Table 2. Measured masses and results of the fit for solutions I and II (in GeV) (boldfaced numbers stand for masses
which have been used in the fitting procedure [4])

Solution n
ψ(nS) ηc(nS) χc0(nP ) χc1(nP ) χc2(nP )

data fit data fit data fit data fit data fit

I 1 3.096 3.1022 2.979 2.9776 3.415 3.3933 3.510 3.4962 3.556 3.5676

2 3.686 3.6737 3.594 3.6246 3.8485 3.9002 3.9495

3 4.040 4.0565 4.0225 4.1812 4.2514 4.3046

4 4.415 4.3960 4.3678 4.5569 4.6709 4.8250

5 4.8465 4.8233 5.1185 5.1886 5.4758

6 5.4448 5.4242 5.7510 5.8404 6.2197

II 1 3.096 3.1023 2.979 2.9772 3.415 3.3958 3.510 3.4979 3.556 3.5687

2 3.686 3.6721 3.594 3.6238 3.8447 3.8957 3.9434

3 4.040 4.0470 4.0139 4.1705 4.2406 4.2976

4 4.415 4.3801 4.3527 4.5488 4.6605 4.8188

5 4.8322 4.8090 5.1123 5.1820 5.4669

6 5.4336 5.4135 5.7460 5.8379 6.1986
Here, Q
(S,L,J)
µ1...µJ (k⊥) is the moment operator for the

fermion–antifermion system [14] defined as follows:

Q(0,J,J)
µ1µ2...µJ

(k⊥) = iγ5X
(J)
µ1...µJ

(k⊥), (13)

Q(1,J+1,J)
µ1...µJ

(k⊥) = γ⊥
αX(J+1)

µ1...µJα(k⊥),

Q(1,J,J)
µ1...µJ

(k⊥) =
1√
s
εαν1ν2ν3γ

⊥
α Pν1Z

(J)
ν2µ1...µJ ,ν3(k⊥),

Q(1,J−1,J)
µ1...µJ

(k⊥) = γ⊥
α Z(J−1)

µ1...µJ ,α(k⊥),

where

X(J)
µ1...µJ

(k⊥) =
(2J − 1)!!

J !
(14)

×
[
k⊥µ1

k⊥µ2
k⊥µ3

k⊥µ4
. . . k⊥µJ

− k2
⊥

2J − 1

× (g⊥µ1µ2
k⊥µ3

k⊥µ4
. . . k⊥µJ
PH
+ g⊥µ1µ3
k⊥µ2

k⊥µ4
. . . k⊥µJ

+ . . .)

+
k4
⊥

(2J − 1)(2J − 3)

× (g⊥µ1µ2
g⊥µ3µ4

k⊥µ5
k⊥µ6

. . . k⊥µJ

+ g⊥µ1µ2
g⊥µ3µ5

k⊥µ4
k⊥µ6

. . . k⊥µJ
+ . . .) + . . .

]
,

Z(J−1)
µ1...µJ ,α

(k⊥) =
2J − 1
L2

×
(

J∑
i=1

X(J−1)
µ1...µi−1µi+1...µJ

(k⊥)g⊥µiα − 2
2J − 1

×
J∑

i,j=1
i<j

g⊥µiµj
X(J−1)
µ1...µi−1µi+1...µj−1µj+1...µJα

(k⊥)

)
.
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Fig. 5. Radiative decays of the charmonium systems, which were taken into account in the fit [4]. The calculated decay partial
widths are shown in keV units (upper numbers) together with experimental data and errors accepted in the fit (lower numbers).
The interaction block can be expanded in a series in a
full set of t-channel operators:

V̂
(
s, s′, (k⊥k′⊥)

)
(15)

=
∑
I

VI
(
s, s′, (k⊥k′⊥)

)
ÔI ⊗ ÔI ,

ÔI = I, γµ, iσµν , iγµγ5, γ5.

The Bethe–Salpeter equation (8) is written in the
momentum representation; it was solved in [4] in
the momentum representation as well. Equation (8)
allows one to use as an interaction the instantaneous
approximation or to take into account retardation
effects. In the instantaneous approximation, one has

V̂
(
s, s′, (k⊥k′⊥)

)
−→ V̂ (t⊥), (16)

t⊥ = (k1⊥ − k′1⊥)µ(−k2⊥ + k′2⊥)µ.

The retardation effects are taken into account when
the momentum transfer squared t in the interaction
block depends on the time components of quark mo-
menta (for more detail, see Section 2.5 of [5] and the
discussion in [13, 15–17]):

V̂
(
s, s′, (k⊥k′⊥)

)
−→ V̂ (t), (17)

t = (k1 − k′1)µ(−k2 + k′2)µ.

The interaction amplitude V̂ (t) was expanded in
a series over certain standard interaction blocks,
In(t), which are singular in the t channel: V̂ (t) =∑

anIn(t). It turned out that, for the fit of the cc̄
states, we need only two interaction blocks with the
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
following t dependence:

I0(t) =
8πµ

(µ2 − t)2
, (18)

I1(t) = 8π
(

4µ2

(µ2 − t)3
− 1

(µ2 − t)2

)
.

It also occurred that the results of the fit depended
weakly on whether the t or t⊥ dependence was
used below in (19). Because of that, for the sake of
simplicity, we present below the results obtained in
the instantaneous approximation substituting t → t⊥
in (19).

Traditionally, the interaction of heavy quarks in the
instantaneous approximation is presented in terms of
the potential V (r). The form of the potential can be
obtained with the Fourier transform of Eq. (18) in the
center-of-mass system:

t⊥ = −(k − k′)2 = −q2, (19)

I(N)
c (r, µ) =

∫
d3q

(2π)3
e−iq·rIN (t⊥),

which gives

I(0)
c (r, µ) = e−µr, I(1)

c (r, µ) = re−µr. (20)

The potential used in [4] had the form

V (r) = a + br + ce−µrsh.r , (21)

where the constant and linear (confinement) terms
read

a → aI(0)
c (r, µconst → 0), (22)

br → bI(1)
c (r, µlin → 0).
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Table 3. Constants c
(n)
i (in GeV) for the wave functions of Eq. (23) in solutions I, II

Solu-
tion

i J/ψ(1S) ψ(2S) ψ(3S) ψ(4S) ηc(1S) ηc(2S) χc0(1P ) χc0(2P ) χc2(1P ) χc2(2P )

I 1 8.15 −18.87 43.70 −68.75 −7.064 −17.72 27.17 131.60 −45.15 −144.38

2 3.01 9.16 −271.18 682.41 0.08171 4.60 −12.77 −480.42 59.15 569.17

3 −48.02 266.00 465.83 −2356.65 20.748 247.04 −100.08 539.03 141.47 −587.98

4 76.13 −729.46 −92.87 3873.67 −14.849 −653.28 181.19 −23.55 −432.83 −315.11

5 −49.16 871.28 −504.13 −3421.29 −22.992 770.56 −120.56 −442.03 481.62 1126.02

6 9.17 −566.22 587.76 1688.66 41.115 −500.42 23.01 410.77 −286.31 −978.20

7 4.81 208.18 −286.06 −452.00 −25.682 185.63 11.05 −172.89 96.19 413.89

8 −2.65 −40.78 66.18 57.34 7.413 −37.01 −6.04 36.23 −17.21 −87.74

9 0.3712 3.320 −5.948 −2.183 −0.8335 3.094 0.8269 −3.081 1.274 7.454

II 1 8.14 −19.41 45.87 −69.8 −7.061 −18.16 27.79 137.91 −46.32 −151.59

2 2.86 12.56 −295.78 705.5 0.29980 7.16 −15.64 −520.67 64.72 624.91

3 −47.50 260.19 559.16 −2482.2 19.754 243.34 −95.29 633.58 132.65 −753.22

4 75.58 −729.85 −261.10 4172.7 −13.001 −655.51 177.81 −131.97 −428.51 −59.52

5 −48.97 882.00 −338.96 −3793.5 −24.954 781.02 −120.21 −377.56 484.48 895.03

6 9.20 −578.49 494.77 1949.0 42.396 −511.22 23.98 393.18 −290.87 −851.60

7 4.76 214.44 −256.26 −554.9 −26.199 190.89 10.43 −172.64 98.47 372.46

8 −2.63 −42.31 61.177 78.7 7.527 −38.26 −5.88 37.11 −17.73 −80.30

9 0.371 3.468 −5.6097 −4.01 −0.84433 3.212 0.8118 −3.211 1.320 6.891
The limits µconst → 0 and µlin → 0 mean that, in the
fitting procedure, the parameters µconst and µlin are
chosen to be small enough, of the order of 1−10 MeV.
It was checked that the solution for the considered
states (n ≤ 6) was stable when changing µconst and
µlin in this interval, 1–10 MeV. Apart from the po-
tential nonvanishing at large r, we have included in
(21) the short-range term c exp(−µsh.r), with µsh.r ∼
0.2−0.6 GeV.

In [4], charmonium wave functions were fitted in
the following form:

Ψ(n)
charm(s) = e−βk

2
9∑
i=1

c
(n)
i ki−1. (23)

Recall that k2 is the relative quark momentum
squared, s = 4m2

c + 4k2, and n is the radial quantum
number; β = 1 GeV−2 for all cc̄ states.

Two solutions with two types of t-channel ex-
changes were used:

solution I : I ⊗ I, γµ ⊗ γµ, γ5 ⊗ γ5;
solution II : I ⊗ I, γµ ⊗ γµ.
PH
Table 1 displays the obtained values of the potential
parameters (a, b, c, µsh.r) in solutions I and II. In all
solutions, we set mc = 1.25 GeV.

The measured masses of the cc̄ states and the
results of the fit for n = 1, 2, 3, 4, 5, 6 are displayed in
Table 2.

Figure 5 shows the radiative decay transitions,
which were included in the fitting procedure in [4].
One may see the calculated numbers for partial
widths and experimental values with errors used in
the fit: 20% accuracy was accepted for the transitions
ψ(2S) → γχcJ(1P ) and 30% for χcJ(1P ) → γψ(1S)
(note that slightly smaller errors were obtained in the
overall fit of [18]).

The wave function parameters c
(n)
i determined

in (23) are presented in Table 3 for solutions I and II.
Correspondingly, in Figs. 6 and 7, we show the
wave functions for ψ(nS) and ηc, χc0, χc1, χc2.
Comparing the wave functions depicted in Figs. 6
and 7, one can clearly see that solutions I and II differ
insignificantly. We have carried out our calculations
with two variants of the interaction in order to make
clear that the description of cc̄ system does not require
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 6. The cc̄ wave functions for ψ(nS). Solid and dashed curves stand for solutions I and II.
a variety of t-channel exchanges and that inclusion of
all the versions given by Eq. (15) would only result in
the absence of convergence in the fitting procedure.
In particular, the considered example of two sorts of
interactions demonstrates that the cc̄ system does not
require instanton-induced forces, which were needed
for treating the mass splitting of π, η, η′ [19].

3. DETERMINATION
OF THE cc̄ COMPONENT OF THE PHOTON

WAVE FUNCTION
The vertex function of the transition γ → cc̄ is

represented by the following formula:

Gγ→cc̄(s) =
6∑

n=1

CnGψ(nS)(s) (24)
SICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
+
1

1 + exp[−βγ(s− s0)]
,

where Gψ(nS)(s) = Ψψ(nS)(s)(s −M2
ψ(nS)) and

Mψ(nS) and Ψψ(nS)(s) are given in Tables 2 and 3,
and Cn, βγ , and s0 are parameters to be determined.

3.1. Decay ψ(nS) → e+e−

The partial width for the decay ψ(nS) → e+e−

reads
Γ(ψ(nS) → e+e−) (25)

=
πα2

M5
ψ(nS)

√√√√M2
ψ(nS) − 4µ2

e

M2
ψ(nS)
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×
(

8
3
µ2
e +

4
3
M2
ψ(nS)

) ∣∣Fψ(nS)→e+e−(0)
∣∣2 ,

where α = e2/4π = 1/137, µe is the electron mass,
and Mψ(nS) is the charmonium mass. The transition
amplitude Fψ(nS)→e+e−(0), being determined by the
process of Fig. 4 (see [1]), is equal to

Fψ(nS)→e+e−(0) =
2
3

√
Nc (26)

×
∞∫

4m2
c

ds

16π2
Ψψ(nS)(s)Gγ→cc̄(s)
PH
×
√

1 − 4m2
c

s

(
8
3
m2
c +

4
3
s

)
.

The wave function in (26) is normalized as follows:

1 =

∞∫

4m2
c

ds

16π2
Ψ2
ψ(nS)(s)

√
1 − 4m2

c

s

(
8
3
m2
c +

4
3
s

)
.

(27)

The coefficients c
(n)
i given in Table 3 construct the

wave functions obeying this normalization constraint.
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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3.2. Decay ηc(nP ) → γγ

The partial width for the decay ηc → γγ reads

Γ(ηc → γγ) =
π

4
α2M3

ηc
|Fηc→γγ(0)|2 . (28)

The transition amplitude is determined by the pro-
cesses of Figs. 1a and 1b; it is equal to [1, 4, 20]

Fηc(nP )→γγ(0) =
8
9

√
Ncmc (29)

×
∞∫

4m2
c

ds

2π2
Ψηc(nP )(s)Ψγ→cc̄(s) ln

√
s +

√
s− 4m2

c√
s−

√
s− 4m2

c

,

where Nc = 3. Recall that Ψγ→cc̄(s) = Gγ→cc̄(s)/s.

The normalization condition for pseudoscalar
charmonium wave functions is as follows:

1 =

∞∫

4m2
c

ds

8π2
Ψ2
ηc(nP )(s)

√
1 − 4m2

c

s
s. (30)

The coefficients presented in Table 3 give usΨηc(nP )(s)
obeying (30).

3.3. Decay χc0(nP ) → γγ

The partial width of the decay χc0 → γγ is equal to

Γ(χc0 → γγ) =
πα2

Mχc0

|Fχc0→γγ(0)|2 , (31)

with the quark transition amplitude (Figs. 1a, 1b)
determined as follows [20, 21]:

Fχc0(nP )→γγ(0) =
8
9

√
Ncmc (32)

×
∞∫

4m2
c

ds

4π2
Ψχc0(nP )

(s)Ψγ→cc̄(s)

×
(√

s(s− 4m2
c) − 2m2

c ln
√
s +

√
s− 4m2

c√
s−

√
s− 4m2

c

)
.

The normalization condition for the scalar charmo-
nium wave function reads

1 =

∞∫

4m2
c

ds

8π2
Ψ2
χc0(nP )

(s)

√
1 − 4m2

c

s
(s − 4m2

c)m
2
c .

(33)
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Table 4. Calculated partial widths for nS and nP states
vs. experimental data (bold mass numbers stand for the
predicted states)

State Decay Γ, keV Γexp, keV

1S J/ψ(3096) → e+e− 5.444 (I) 5.40 ± 0.22

5.598 (II)

2S ψ(3686) → e+e− 2.151 (I) 2.14 ± 0.21

2.210 (II)

3S ψ(4040) → e+e− 0.756 (I) 0.75 ± 0.15

0.778 (II)

4S ψ(4415) → e+e− 0.462 (I) 0.47 ± 0.10

0.498 (II)

1S ηc(2979) → γγ 6.979 (I) 7.0 ± 1.0

6.946 (II)

2S ηc(3594) → γγ 1.968 (I) –

1.034 (II)

1P χc0(3415) → γγ 2.572 (I) 2.6 ± 0.5

2.440 (II)

2P χc0(3849) → γγ 1.159 (I) –

3P χc0(3845) → γγ 1.021 (II)

1P χc2(3556) → γγ 1.195 (I) –

1.155 (II)

2P χc2(3950) → γγ 2.051 (I) –

3P χc2(3943) → γγ 1.934 (II)

3.4. Decay χc2(nP ) → γγ

The partial width χc2 → γγ is defined by two tran-
sition amplitudes,

Γ(χc2 → γγ) (34)

=
4
5

πα2

Mχc2

(
1
6

∣∣∣F (0)
χc2→γγ(0)

∣∣∣
2
+
∣∣∣F (2)
χc2→γγ(0)

∣∣∣
2
)

,

which are determined by the processes of Figs. 1a
and 1b [20, 22] and for the P-wave quark–antiquark
states they read as follows:

F
(i)
χc2(nP )→γγ(0) =

8
9

√
Nc (35)

×
∞∫

4m2
c

ds

16π2
Ψχc2(nP )(s)Ψγ→cc̄(s)J (i)(s).

Here,

J (0)(s) = −2
√

s (s− 4m2
c)(12m

2
c + s) (36)
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+ 4m2
c(4m

2
c + 3s) ln

s +
√

s (s− 4m2
c)

s−
√

s (s− 4m2
c)

,

J (2)(s) =
4
√

s (s− 4m2
c)

3
(
5m2

c + s
)

− 4m2
c

(
2m2

c + s
)
ln

s +
√

s (s− 4m2
c)

s−
√

s (s− 4m2
c)

.

The normalization condition for the P-wave tensor cc̄
system is

1 =

∞∫

4m2
c

ds

16π2
Ψ2
χc2(nP )(s)

8
15

√
1 − 4m2

c

s
(37)

× (8m2
c + 3s)(s − 4m2

c).

3.5. The Results of the Fit
By fitting the reactions involving the transition

γ → cc̄, we have determined the parameters Cn, βγ ,
and s0 defined in (24). For solutions I and II, they are
as follows (in GeV):

solution I: solution II: (38)

C1 = −4.945, C1 = −4.995,
C2 = −2.893, C2 = −2.897,
PH
C3 = −2.191, C3 = −2.179,
C4 = −2.300, C4 = −2.260,
C5 = −4.264, C5 = −4.368,
C6 = −0.690, C6 = −0.479,

bγ = 0.14, bγ = 0.15,
s0 = 11.9, s0 = 22.5.

The vertex functions for solutions I and II are
shown in Fig. 8; in both solutions, the vertices Gγ→cc̄

are rather close to each other. The experimental val-
ues of partial widths included in the fitting procedure
versus those obtained in the fitting procedure are
shown in Table 4. There are also predictions made
for the two-photon decays of the first radial excitation
states: ηc(3594), χ0(3847), χ2(3947).

Let us note that the decay χc2(3556) → γγ was
not included in the fit because of controversy of the
data. In the reaction pp̄ → γγ, the value Γ(χ2(3556) →
γγ) = 0.32 ± 0.080 ± 0.055 keV was obtained [23],
while in direct measurements, such as e+e− an-
nihilation, the width is much larger: 1.02 ± 0.40 ±
0.17 keV [24], 1.76 ± 0.47 ± 0.40 keV [25], 1.08 ±
0.30 ± 0.26 keV [26]. The compilation [27] provides
a value close to that of [23]. The value found in
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Table 5. Comparison of experimental data [23–27] with our results and calculations of other groups (the values of partial
width are in keV)

Decay Experiment This work LS(F) [10] LS(C) [10] RM(S) [11] RM(V) [11] NR [28]

ψ(2S) → χc0(1P )γ 26 ± 4 22 31–47 26–31 31 32 19.4

ψ(2S) → χc1(1P )γ 25 ± 4 59 58–49 63–50 36 48 34.8

ψ(2S) → χc2(1P )γ 20 ± 4 19 48–47 51–49 60 35 29.3

ψ(2S) → ηc(1S)γ 0.8 ± 0.2 0.4 11–10 10–13 6 1.3 4.47

χc0(1P ) → J/ψ(1S)γ 165 ± 50 169 130–96 143–110 140 119 147

χc1(1P ) → J/ψ(1S)γ 295 ± 90 389 390–399 426–434 250 230 287

χc2(1P ) → J/ψ(1S)γ 390 ± 120 229 218–195 240–218 270 347 393

J/ψ(1S) → ηc(1S)γ 1.1 ± 0.3 4.1 1.7–1.3 1.7–1.4 3.35 2.66 1.21

J/ψ(1S) → e+e− 5.4 ± 0.22 5.44 5.26 5.26 8.05 9.21 12.2

ψ(2S) → e+e− 2.12 ± 0.12 2.15 2.8–2.5 2.9–2.7 4.30 5.87 4.63

ψ(3S) → e+e− 0.75 ± 0.15 0.76 2.0–1.6 2.1–1.8 3.05 4.81 3.20

ψ(4S) → e+e− 0.47 ± 0.10 0.46 1.4–1.0 1.6–1.3 2.16 3.95 2.41

ηc(1S) → γγ 7.0 ± 0.9 6.98 6.2–6.3 6.2–6.5 4.2 3.8 19.1

χc0(1P ) → γγ 2.6 ± 0.5 2.57 1.6–1.8 1.5–1.6 – – –

χc2(1P ) → γγ 1.02 ± 0.40 ± 0.17 [24] 1.17 0.3–0.4 0.3–0.4 – – –

1.76 ± 0.47 ± 0.40 [25]

1.08 ± 0.30 ± 0.26 [26]

0.33 ± 0.08 ± 0.06 [23]
our fit agrees with data reported by [24–26] and
contradicts [23].

4. CONCLUSION

We have carried out calculations of radiative tran-
sitions where the cc̄ system participates and com-
pared the results with the experiment. The results are
given in Table 5. In general, there is a good description
of the data. Still, one should point to a disagreement
for the following two cases: ψ(2S) → χc1(1P )γ and
J/ψ → ηc(1S)γ.

The calculation of partial widthψ(2S) → χc1(1P )γ
provides us with a value twice as large as the one
given in [29, 30]. Such a disagreement may be related
to either presumably much higher experimental er-
ror [29, 30] or a specific behavior of the wave function
of χc1(1P ) that was not accounted for in [4].

Another discrepancy has been observed for the
width of the transition J/ψ → ηc(1S)γ. This is anM1
transition; it is defined by the magnetic moment of
the c quark. One possibility to reduce the calculated
value of J/ψ → ηc(1S)γ consists in increasing the c-
quark mass; another one is to take into consideration
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
an anomalous magnetic moment of the c quark. The
hypothesis of the existence of an anomalous magnetic
moment at light quarks was suggested rather long
ago in connection with the description of the decay
ω → π0γ [31] (see also discussion in [32]).

In Table 5, the values of the partial width obtained
by other authors are presented.

In [10], the ideology of treating the cc̄ system
is similar to ours: the charmonium masses were
fitted, as well as the widths of radiative transitions.
The results obtained in [10] depend on a chosen
gauge for gluon exchange interaction—we demon-
strate the results obtained for both Feynman (F)
and Coulomb (C) gauges; different approaches used
in [10] are reflected in the allowed accuracy intervals
given in Table 5.

In [11], the cc̄ system was studied in terms of
scalar (S) and vector (V) confinement forces—both
variants are presented in Table 5. For comparison, we
give in Table 5 the results obtained in the nonrelativis-
tic (NR) approach to the cc̄ system.

It should also be noted that, by describing heavy-
quark systems, one may also use schemes where
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relativistic effects are taken into account in terms
of the v/c expansion (see, e.g., [33] and references
therein). Such an approach, which is undoubtedly
helpful for the lowest cc̄ levels, can face problems with
the description of states with masses of about 5 GeV.
The purpose of this paper is the elaboration of the
method of calculation of the characteristics of highly
excited quark–antiquark states for both heavy and
light quarks. When one bears in mind such a goal, a
full account of the relativism is necessary.

In both relativistic [10, 11] and nonrelativistic [28]
approaches, there is a rather large discrepancy be-
tween the data and calculated values of ψ(nS) →
e+e− (in [10], the width of the transition J/ψ → e+e−

was not calculated but fixed). In our opinion, the
reason is that, in all the above-mentioned papers,
soft interaction of quarks was not accounted for—we
mean the processes shown in Figs. 3b and 3c. In fact,
the necessity of taking into consideration the low-
energy quark interaction, that is, the vector-meson
dominance in the transitions qq̄ → V → γ, was un-
derstood decades ago, but until now this procedure
has not become commonly accepted even for light
quarks: see, for example, [34, 35].
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Abstract—The processes of baryon-number transfer due to string-junction propagation in rapidity is
considered. It has a significant effect on the net baryon production in pp collisions at mid-rapidities and an
even larger effect in the forward hemisphere in the cases of πp and γp interactions. The results of numerical
calculations in the framework of the quark–gluon string model are in reasonable agreement with the data
with the same parameter values for different energies. c© 2005 Pleiades Publishing, Inc.
1. INTRODUCTION

The quark–gluon string model (QGSM) and the
dual parton model (DPM) are based on the dual
topological unitarization (DTU) and describe quite
reasonably many features of high-energy production
processes, including the inclusive spectra of different
secondary hadrons, their multiplicities, KNO distri-
butions, etc., in both hadron–nucleon and hadron–
nucleus collisions [1–5]. High-energy interactions
are considered as proceeding via the exchange of
one or several Pomerons, and all elastic and inelastic
processes result from cutting through or between
Pomerons [6]. The possibility of exchanging a differ-
ent number of Pomerons introduces absorptive cor-
rections to the cross sections, which are in agree-
ment with the experimental data on production of
hadrons consisting of light quarks. Inclusive spectra
of hadrons are related to the corresponding fragmen-
tation functions of quarks and diquarks, which are
constructed using the Reggeon counting rules [7].

In the present paper, we discuss the processes
connected with the transfer of baryon charge over
long rapidity distances. In the string models, baryons
are considered as configurations consisting of three
strings attached to three valence quarks and con-
nected at a point called a “string junction” (SJ) [8–
10]. Thus, SJ has a nonperturbative origin in QCD.

It is very interesting to understand the role of SJ
in the dynamics of high-energy hadronic interactions.
The important results were obtained in [11]. In this
paper, we continue to study this problem. We find
a set of model parameters which can describe all

∗This article was submitted by the authors in English.
1)Permanent address: Petersburg Nuclear Physics Institute,

Russian Academy of Sciences, Gatchina, 188350 Russia;
e-mail: shabelsk@thd.pnpi.spb.ru

**e-mail: Bopp@physik.uni-siegen.de
1063-7788/05/6812-2093$26.00
experimental data concerning baryon-number trans-
fer. Feynman scaling violation for leading baryons
is discussed. We also present a description of new
experimental data.

2. INCLUSIVE SPECTRA OF SECONDARY
HADRONS IN QGSM

As mentioned above, high-energy hadron–nucleon
and hadron–nucleus interactions are considered in
the QGSM and in the DPM as proceeding via the
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Fig. 1. Cylindrical diagram (dash-dotted curves) corre-
sponding to the one-Pomeron-exchange contribution to
(a) elastic p̄p scattering and its cut which determines
the contribution to (b) inelastic p̄p cross section (SJ is
indicated by a dashed line). The diagram for elastic p̄p
scattering with SJ exchange in (c) the t channel and (d)
its s-channel discontinuity, which determines the contri-
bution to annihilation p̄p cross section.
c© 2005 Pleiades Publishing, Inc.
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Fig. 2. Three different possibilities of secondary baryon production in pp interactions via diquark d fragmentation: string
junction (a) together with two valence quarks and one sea quark, (b) together with one valence quark and two sea quarks,
and (c) together with three sea quarks.
exchange of one or several Pomerons. Each Pomeron
corresponds to a cylindrical diagram (see Fig. 1a),
and thus, when cutting a Pomeron, two showers of
secondaries are produced (Fig. 1b). The inclusive
spectrum of secondaries is determined by the con-
volution of diquark, valence-quark, and sea-quark
distributions u(x, n) in the incident particles and the
fragmentation functions G(z) of quarks and diquarks
into secondary hadrons.

The diquark and quark distribution functions de-
pend on the number n of cut Pomerons in the consid-
ered diagram. In the following, we use the formalism
of the QGSM.

In the case of a nucleon target, the inclusive spec-
trum of a secondary hadron h has the form [1]

xE
σinel

dσ

dx
=

∞∑
n=1

wnφ
h
n(x), (1)

where x is the Feynman variable xF and xE =
2E/

√
s.

The functions φhn(x) determine the contribution of
diagrams with n cut Pomerons and wn is the proba-
bility of this process. Here, we neglect the contribu-
tions of diffraction–dissociation processes, which are
comparatively small in most of the processes consid-
ered below. They can be accounted for separately [1,
2].

For pp collisions,

φhpp(x) = fhqq(x+, n)fhq (x−, n) + fhq (x+, n) (2)

× fhqq(x−, n) + 2(n − 1)fhs (x+, n)fhs (x−, n),

x± =
1
2

[√
4m2

T /s + x2 ± x

]
, (3)

where the transverse mass of the produced hadron

mT =
√
m2 + p2

T , and fqq, fq, and fs correspond to

the contributions of diquarks, valence quarks, and
sea quarks, respectively. They are determined by the
PH
convolution of the diquark and quark distributions
with the fragmentation functions, e.g.,

fhq (x+, n) =

1∫

x+

uq(x1, n)Ghq (x+/x1)dx1. (4)

In the case of a meson beam, the diquark contribu-
tions in Eq. (2) should be changed by the contribution
of valence antiquarks:

φhπp(x) = fhq̄ (x+, n)fhq (x−, n) + fhq (x+, n) (5)

× fhqq(x−, n) + 2(n − 1)fhs (x+, n)fhs (x−, n).

The diquark and quark distributions, as well as the
fragmentation functions, are determined from Regge
intercepts. Their expressions are given in Appendix 1
of [11]. In the present calculations, we use the same
functions with only one exception.

The direct fragmentation of the initial baryon into
the secondary one (nucleon or lambda/sigma hyper-
ons) with conservation of the SJ can go via three
different processes (Figs. 2a–2c). Obviously, in the
case of Ξ production, only two possibilities exist with
SJ plus either one valence quark and two sea quarks,
or three sea quarks. In the case of production of a
secondary baryon having no common quarks with the
incident nucleons, only the SJ without valence quarks
can contribute (Fig. 2c).

All these contributions are determined by equa-
tions similar to Eq. (4) with the corresponding frag-
mentation functions given by

Gpuu = Gpud = aNz
β[v0ε(1 − z)2 (6)

+ vqz
2−β(1 − z) + vqqz

2.5−β],

GΛ
ud = aNz

β [v0ε(1 − z)2 + vqz
2−β(1 − z) (7)

+ vqqz
2.5−β](1 − z)∆α, GΛ

uu = (1 − z)GΛ
ud,

GΞ−
d,SJ = aNz

β [v0ε(1 − z)2 + vqz
2−β(1 − z)] (8)
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 3. The spectra of secondary protons in pp collisions at 100 and 175 GeV/c (� and �) [19] and their description by QGSM.
× (1 − z)2∆α, GΞ−
u,SJ = (1 − z)GΞ−

d,SJ,

GΩ
SJ = aNv0εz

β(1 − z)2+3∆α. (9)

The factor zβ is really z1−αSJ . As for the fac-
tor zβz2−β of the second term of Eqs. (6)–(8), it is
2(αR − αB) [1]. For the third term in Eqs. (6) and (7),
we have added an extra factor z1/2. The values v0, vq ,
and vqq were taken from [11]; ∆α = αρ − αϕ = 0.5.

The secondary baryon consists of the SJ together
with two valence quarks and one sea quark (Fig. 2a),
one valence quark and two sea quarks (Fig. 2b),
or three sea quarks (Fig. 2c). The fraction of the
incident baryon energy carried by the secondary
baryon decreases from Fig. 2a to Fig. 2c, whereas
the mean rapidity gap between the incident and
secondary baryon increases. The diagram of Fig. 2b
has been used for the description of baryon-number
transfer in QGSM [1]. It also describes the fast pion
production by a diquark.

The probability of finding a comparatively slow
SJ in the case of Fig. 2c can be estimated from the
data on p̄p annihilation into mesons (see Figs. 1c,
1d). This probability is known experimentally only at
comparatively small energies, where it is proportional
to sαSJ−1 with αSJ ∼ 0.5. However, it has been ar-
gued [12] that the annihilation cross section contains
a small part which is independent of s, and thus
αSJ ∼ 1.

The main purpose of this paper is the determi-
nation of the contribution of the graph in Fig. 2c to
the diquark fragmentation function. The magnitude of
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
this contribution is proportional to a coefficient which
will be denoted by ε.

Note that SJ (as well as strings) has a nonpertur-
bative origin in QCD and at present it is impossible
to determine αSJ from QCD theoretically. Thus, we
treat αSJ, ε, and aN as phenomenological parame-
ters, which should be determined from experimental
data with the additional condition of baryon-number
conservation.

3. COMPARISON WITH THE DATA

The mechanism of the baryon-charge transfer
via SJ without valence quarks (Fig. 2c) was ac-
counted for in previous paper [11], where the value
αSJ = 0.5 was used. Practically all existing data
at comparatively low energies (

√
s ∼ 15−30 GeV)

were described with the value ε = 0.05. However, the
ISR [13] data for the yields of protons and antiprotons
separately, as well as their differences, are described
quite reasonably by QGSM with ε = 0.2. The same
value of ε = 0.2 allows one to describe HERA [14]
data on p̄/p asymmetry. This confirms the result [15]
that the p̄/p asymmetry measured at HERA can be
obtained by simple extrapolation of ISR data. It is
necessary to note that the systematic errors in [13]
are of the order of 30%, so the value ε = 0.05 cannot
be excluded. HERA data are preliminary and have
rather large errors. However, now the RHIC data on
the p̄/p ratios in pp collisions at

√
s = 200 GeV have

appeared [16], and these data are in agreement with
HERA data.
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Some part of the disagreement in the values of the
ε parameter at different energies can be connected
with phase-space effects. In the process of Fig. 2c,
PH
as a minimum, two additional mesons M should be
produced in one of the strings, which can give an
additional suppression [17] of the process of Fig. 2c in
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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comparison with, say, Fig. 2a. However, the fourfold
difference in the values of the ε parameter obtained
in [11] in different energy regions seems to be too large
for phase-space suppression.

Another possibility to explain this difference is that
the value of the intercept αSJ = 0.5 in [11] was taken
to be too small. In fact, the SJ contribution to the in-
clusive cross section of secondary-baryon production
at the rapidity distance ∆y from the incident particle
can be estimated as

(1/σ)dσB/dy ∼ aBεe
(αSJ−1)∆y, (10)

aB = aNvi. The values of vi (v0, vq, and vqq) deter-
mine the relative probabilities for SJ with or without
valence quark fragmentation into different baryons.
Their quantities were taken from quark combina-
torics [11, 18]. So the increase in the effective value
of ε with energy, i.e., with ∆y, can be considered as a
signal to increase the value of αSJ.

In the present paper, we found the solution of the
problem with the parameters

αSJ = 0.9, ε = 0.024, (11)

aN = 1.33 (low energies),

aN = 1.29 (high energies).

The quality of the description of the experimental
data with these parameters is practically the same
as in [11]. As an example, we present in Fig. 3 the
inclusive spectra of secondary protons in pp collisions
at lab. energies of 100 and 175 GeV [19].

In Fig. 4, we show the data [20] on the asymmetry
of strange baryons produced in π− interactions2) at
500 GeV/c. The asymmetry is determined as

A(B/B̄) =
NB −NB̄

NB +NB̄

(12)

for each xF bin.

The theoretical curves for the data on all asym-
metries calculated with parameters (11) are in rea-
sonable agreement with the data. Sometimes this
agreement is even better than in [11].

In the case of Ω/Ω̄ production, we predict a
nonzero asymmetry in agreement with experimental
data. Let us note that such asymmetry is absent, say,
in the naive quark model, because Ω and Ω̄ have no
valence quarks common with the incident particles.

2)These data were obtained from pion interactions on a nuclear
target, where different materials were used in a very compli-
cated geometry. We assume that the nuclear effects are small
in the asymmetry ratio (12) and compare the pion–nucleus
data with calculations for π−p collisions.
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
The predicted values of the antihyperon/hyperon produc-
tion asymmetries (13) in γp collisions and B̄/B ratios in
pp collisions, both at

√
s = 200 GeV

Hyperon AB , % B̄/B

Λ̄, Λ 10.8 0.77

Ξ̄, Ξ 6.5 0.82

Ω̄, Ω 12.0 0.81

Preliminary data on p/p̄ asymmetry in ep colli-
sions at HERA were presented by the H1 Collabo-
ration [14]. Here, the asymmetry is defined as

AB = 2
Np −Np̄

Np +Np̄
, (13)

i.e., with an additional factor 2 in comparison with
Eq. (12). The experimental value of AB is equal
to (8.0 ± 1.0 ± 2.5)% [14] for secondary baryons
produced at xF ∼ 0.04 in the γp c.m. frame. In
the QGSM, the hadron structure of the photon is
considered as (π+ + π−)/2 [21]. Such an approach
with parameters (11) leads to the valueAB = 9.9%, in
agreement with the data. The experimental value AB
was predicted in [22] using αSJ = 1, which is rather
close to our choice (11).

The baryon charge transferred to large rapid-
ity distances can be determined by integration of
Eq. (10), so it is of the order of

〈nB〉 ∼ aBε/(1 − αSJ). (14)

It is clear that the value αSJ = 1 should be excluded
because of the violation of baryon-number conserva-
tion at very high energies. At the same time, values
of αSJ very close to unity are possible. If the essential
part of the initial baryon charge is transferred to large
rapidity distances, the altitude of secondary baryon
spectra in the proton fragmentation region (large xF)
should be decreased. This leads to violation [23] of
Feynman scaling at very high energies. For exam-
ple, we predict a decrease in the secondary neutron
multiplicity with xF > 0.28 from 0.324 to 0.27 for the
energy region

√
s = 20−200 GeV. The experimental

estimate of this effect [24] is significantly larger, about
two times.

The RHIC pp data [16] on the ratio of p̄/p at low
values of c.m. rapidity also are described reasonably
with parameters (11), as one can see in Fig. 5.

Some of our predictions at
√
s = 200 GeV for the

antihyperon/hyperon production asymmetries in the
γp and B̄/B ratios in pp collisions are presented in
the table.
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Fig. 5. The ratios of secondary antiproton/proton production in pp interactions at
√
s = 200 GeV (points and solid curve). The

calculated result with ε = 0 is shown by the dashed curve.
4. CONCLUSIONS

We presented the role of string-junction diffu-
sion for the baryon charge transfer over large ra-
pidity distances. Without this contribution shown in
Fig. 2c, the data for hyperon/antihyperon asymme-
tries (Fig. 4), proton/antiproton asymmetry [14], and
p̄/p ratios at RHIC (dashed curve in Fig. 5) are in
total disagreement with the data.

It is necessary to note that the value of the ε
parameter in (11) was taken from the normalization
to one experimental point, the parameter αSJ was
found from the energy (or rapidity) dependence of the
observed effects, and the value aN was calculated
from the condition of baryon-number conservation.
The results of calculations for other processes, which
are also sensitive to SJ diffusion of baryon charge,
are practically the same as in [11], so we do not
present them. It is necessary to note that the existing
experimental data are not enough for determination of
the SJ parameters with the needed accuracy.
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ELEMENTARY PARTICLES AND FIELDS
Theory
Effects of Scalar and Pseudoscalar Higgs Bosons in the Process
eee+++eee−−−→ bbb̄b̄b̄bνν̄ at the LEP II Collider
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Abstract—The possibility of setting constraints on the couplings of the scalar or pseudoscalarHiggs boson
to b quarks on the basis of data on the process e+e− → bb̄νν̄ at the LEP II collider is investigated. The
mixing of the scalar and the hypothetical pseudoscalar Higgs boson in the Hbb̄ vertex is parametrized in

the form
mb

v
(a+ iγ5b). An analysis of the differential distributions for the process e+e− → bb̄νν̄ reveals

that the contribution of the fusion subprocess WW → H in the channel involving an electron neutrino
enhances the sensitivity of data to the parameters under analysis. It is shown that the LEP II data at√
s = 200 GeV and

∫
Ldt = 600 pb−1 per experiment would make it possible to constrain the parameters

∆a = a− 1 and b as follows:−0.75 ≤ ∆a ≤ 1.4 at b = 0 and free∆a and−0.97 ≤ b ≤ 0.97 at∆a = 0 and
free b. c© 2005 Pleiades Publishing, Inc.
1. INTRODUCTION

Searches for the Higgs boson and investigation of
its properties is one of the most important problems
in contemporary elementary-particle physics. In the
Standard Model, the Higgs boson is responsible for
electroweak-symmetry breaking. In the simplest ver-
sion of the Standard Model, this symmetry is bro-
ken owing to the existence of an electroweak scalar
doublet whose interaction potential is φ4. This theory
predicts the existence of a neutral Higgs boson whose
quantum numbers are JPC = 0++. A neutral Higgs
boson arises in various extensions of the Standard
Model, such as the minimal supersymmetric stan-
dard model (MSSM) involving two Higgs doublets
(twoHiggs doubletmodel, which is commonly known
as 2HDM), three-doublet Weinberg model [1], and
models in which electroweak symmetry is broken by
new strong interactions. In the last case, there can
also exist a pseudoscalar boson [2]. In each scenario,
the structure of the Higgs sector provides impor-
tant information about the respective model. For this
reason, it is of particular importance to distinguish
between the above scenarios, and this can be achieved
by comprehensively studying the CP properties of
each predicted scalar or pseudoscalar particle.

Experimental data on the process e+e− → ZH
from the LEP collider rule out the existence of the
Standard Model Higgs boson having a mass below
114GeV. There are five physical Higgs particles in the
MSSM: a light (h0) and a heavy (H0) neutral scalar
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1063-7788/05/6812-2100$26.00
boson, one CP-odd pseudoscalar boson (A0), and
two charged scalar Higgs bosons (H±). Within this
model, lower experimental limits on the masses of the
lightest scalar particle in the MSSM and the lightest
pseudoscalar particle are, respectively, 91GeV [3] and
about 92 GeV [4].

A method for determining the CP nature of the
Higgs boson from its decays to fermions or gauge
bosons was proposed in [5] and was applied in [6] to
Higgs boson production in the process e+e− → ZH .
It should be noted that experiments at a photon–
photon collider offer the most straightforward method
for determining the CP properties of the Higgs boson
because the use of different polarizations of initial-
state photons makes it possible to isolate various CP
states [7].

Data on the ZZH coupling constant can be ob-
tained from the angular distributions and threshold
behavior of the cross section for the process e+e− →
ZH . In particular, the CP properties of the Higgs
boson can be determined from these data to a fairly
high degree of precision [8]. At future hadron collid-
ers, such as LHC, an analysis of the azimuthal-angle
distribution of jets produced in the fusion of gauge
bosons will provide an efficient tool for studying the
CP properties of the HWW vertex [9] and special
features of the production of scalar or pseudoscalar
Higgs bosons [10]. Data on the Higgs boson cou-
pling to the t quark that are obtained in the process
pp→ tt̄h at LHC [11] and in the process e+e− →
tt̄H at a future e+e− colliders [12] can also be used
to determine the CP properties of the Higgs boson.
c© 2005 Pleiades Publishing, Inc.
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Fig. 1. Feynman diagrams describing Higgs boson production via (a)WW fusion and (b) the radiative processZ∗ → ZH .
The potential of a µ+µ− collider for investigating the
CP transformation properties of Higgs bosons was
considered in [13].

In the present study, we address the question of
whether it is possible to determine the relative contri-
butions of the scalar and pseudoscalar Higgs bosons
to the Hbb̄ vertex in the reaction e+e− → bb̄νν̄,
relying on the data from the LEP II e+e− collider that
were obtained at

√
s = 200 GeV and an integrated

luminosity of 600 pb−1 per experiment. Searches for
the resonance production of Higgs bosons in LEP II
experiments are based predominantly on the process
e+e− → Z∗ → HZ → bb̄µ+µ−(qq̄), in which case
the Higgs boson mass is readily determined if the
Z boson is reconstructed by the invariant mass.
For this reason, this process is of particular interest
in searches for a Higgs resonance. At the LEP II
energies, however, a signal from the Higgs boson can
also be detected in other reactions, such as e+e− →
bb̄νν̄ and e+e− → bb̄e+e−. Given the magnitude of
the cross sections for these processes and the LEP II
luminosity, one is able not to only detect them in an
experiment but also to investigate the behavior of rel-
evant differential distributions. The distinctive feature
of these processes is that the diagrams contributing
to their cross sections involve subprocesses of Higgs
boson production in the central domain owing to the
fusion of vector bosons. This increases substantially
the sensitivity of the processes under consideration to
anomalous couplings of the Higgs boson. Moreover,
the contribution of such subprocesses increases with
energy, becoming dominant at the energies of the
future linear collider. The program of searches for the
Higgs boson and investigation of its properties can be
divided into two stages: a direct detection of theHiggs
boson produced in the process e+e− → Z∗ → HZ
and investigation of its properties in reactions like
e+e− → bb̄νν̄ and e+e− → bb̄e+e−. The latter is the
subject of the present study.

The ensuing exposition is organized as follows.
In the next section, we consider the interaction of a
scalar or a pseudoscalar Higgs boson with fermions
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
within a model-independent approach. An analysis of
the process e+e− → bb̄νν̄ is described in Section 3.
The last section contains a summary and conclu-
sions.

2. Hff̄ INTERACTION

In possible extensions of the Standard Model that
involve additional scalar and pseudoscalar Higgs
bosons, the lightest spinless particle can be a su-
perposition of states having no definite parity [14].
Moreover, the coupling constants describing the
interaction of the Higgs boson with gauge bosons
or fermions are independent parameters in the ma-
jority of Standard Model extensions. For the sake of
simplicity, we therefore assume in the following that
the WWH coupling constants coincide with their
counterparts in the Standard Model and parametrize
theHff̄ interaction in a model-independent way as

mf

v
(a+ iγ5b), (1)

where v = 246GeV and where a = 1 and b = 0 in the
Standard Model. In analyzing the process e+e− →
bb̄νν̄, we consider the case where a and b are inde-
pendent free parameters and the cases where one of
these parameters deviates from the respective Stan-
dard Model value.

In Monte Carlo simulations of the processes un-
der study, relevant differential distributions are rep-
resented as power series in a and b, the coefficients
being kinematical factors; that is,

dσ

dO = A0 + a · A1 + a2 ·A2 (2)

+ ab ·A3 + b · A4 + b2 ·A5 + . . .,

whereO is an experimentally observable quantity and
Ai are purely kinematical factors that are obtained
upon squaring the amplitudes and performing inte-
gration over the phase space. These kinematical fac-
tors are independent of the parameters a and b and
are simulated by using the Monte Carlo technique.
In the above representation, A0 is the contribution of
05
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Fig. 2. Total cross section for the reaction e+e− → bb̄νν̄
versus (solid curve) the variation ∆a of the parameter
a and (dashed curve) the parameter b at the LEP II
energies.

the Standard Model diagrams without Higgs bosons,
A1 is the contribution of the interference between the
Standard Model diagrams with and without a Higgs
boson, and A2 and A5 stem from the contribution
of the diagrams involving a Higgs boson. In the fol-
lowing, it will be shown that A3 = A4 = 0 for the
processes under study.

In our simulations, we have used, for systematic
errors and for the efficiency of b-jet detection, values
typical of experiments at LEP II. In our computations,
the Higgs boson mass was set toMH = 120GeV.

3. PROCESS e+e− → bb̄νν̄

Within the Standard Model, the cross section for
the process e+e− → bb̄νν̄ receives contributions from
the subprocesses involving an electron, a muon, and
a tau-lepton neutrino in the final state.

(1) The subprocess e+e− → bb̄νeν̄e is represented
by 23 Feynman diagrams: one diagram of Higgs
boson production in the fusion reaction WW → H
(Fig. 1a), one diagram of the radiative production of a
Higgs boson in the reaction Z∗ → ZH (Fig. 1b), and
21 diagrams of the Standard Model background.

(2) The subprocess e+e− → bb̄νµν̄µ is represented
by 11 Feynman diagrams: one diagram of the ra-
diative production of a Higgs boson in the reaction
Z∗ → ZH and ten diagrams of the Standard Model
background.

(3) The subprocess e+e− → bb̄ντ ν̄τ is also repre-
sented by 11 Feynman diagrams: one diagram of the
radiative production of a Higgs boson in the reaction
Z∗ → ZH and ten diagrams of the Standard Model
background.

At MH = 120 GeV and
√
s = 200 GeV, the total

cross section for the reaction e+e− → bb̄νν̄ amounts
PH
to about 9.4 × 10−2 pb, the contribution of the sub-
process involving an electron neutrino being about
3.6 × 10−2 pb.

Particular attention should be given to the sub-
process involving an electron neutrino. At the ener-
gies of a future linear collider (

√
s = 500 GeV), the

contribution of this subprocess dominates the cross
section for the reaction e+e− → bb̄νν̄. The reason is
that the contribution of the fusion processWW → H
increases with energy [15, 16]. The sensitivity of the
reaction to the Hbb̄ coupling constants is also deter-
mined primarily by the fusion subprocessWW → H
because the relative contribution of the other signal
process, Z∗ → ZH , becomes small at high ener-
gies. However, the cross sections for the reactions
e+e− → νν̄W ∗W ∗ → Hνν̄ and e+e− → Z∗ → ZH
at the LEP II energies are commensurate, so that,
at first glance, there is no reason to conclude that
one of these subprocesses is dominant. Nevertheless,
we will demonstrate that, even at the LEP II ener-
gies, the subprocess e+e− → νν̄W ∗W ∗ → Hνν̄ de-
termines the sensitivity of the reaction e+e− → bb̄νν̄
to theHbb̄ coupling constants.

The sensitivity of the process to a deviation of the
parameters of Hbb̄ interaction from their Standard
Model values can be illustrated by considering the
dependence of the total cross section for this reac-
tion on the parameters under consideration. The to-
tal cross section for the reaction e+e− → bb̄νν̄ as a
function of ∆a and b, where ∆a = a− 1, is shown
in Fig. 2. The dependence on the parameter b has
the form of a parabola whose minimum is at b = 0.
This fact confirms that the expansion (2) of the cross
section involves no linear term in b. The minimum
of the parabola representing the dependence on the
parameter a (∆a) is shifted to the domain of negative
values of∆a, this being indicative of the presence of a
linear term in a. Moreover, the sensitivity of the cross
section in question increases in the domain of positive
values of∆a. In view of this, it is natural to expect that
the resulting constraints on the parameter a are more
stringent at its positive values [16]. The presence
of linear terms in a is explained by the interference
between the diagrams involving a Higgs boson and
the Standard Model background diagrams. In what
is concerned with the parameter b, the situation is
totally different because the expression for the vertex
involves an imaginary unit as a factor at the parameter
b. As a consequence, the interference terms linear in
b cancel each other and therefore do not appear in the
expression

MiM
†
j +MjM

†
i .

The linear terms in b could in principle appear owing
to the antisymmetric tensor iεijkl resulting from the
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 3.Differential distributions of the cross section for the process e+e− → bb̄νν̄. Shown are the Standard Model predictions
for the distributions with respect to (a) the b-quark momentum, (b) the b-quark emission angle, (c) Tcor, and (d) the invariant
mass of the bb̄ pair at

√
s = 200 GeV andMH = 120 GeV. The sum of the contributions of three subprocesses involving νe,

νµ, and ντ is shown by closed circles, while the contribution of the only subprocess involving νµ is shown by crosses enclosed
by circles.
evaluation of the trace tr[γ5γiγjγkγl] because this
would lead to the cancellation of imaginary parts.
However, the number of independent momenta in the
case under consideration is not sufficient for con-
structing such a tensor. For the effect in question to
arise, it is necessary, in all probability, to take into
account the hadronization or polarization of b-quark
jets. This explains why A3 = A4 = 0 in (2).

In studying the process e+e− → bb̄νν̄, we analyze
the standard set of experimentally measurable quan-
tities, such as the distributions in the b-quark mo-
mentum, the b-jet emission angle, and the invariant
mass of two b jets. We also analyze the distribution
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
with respect to the quantity

Tcor =
1

(
√
s/2)3

pe · [pb × pb̄],

which is rather sensitive to possible CP-odd effects
in the Higgs sector [15]. The differential distributions
for the process e+e− → bb̄νν̄ are demonstrated in
Fig. 3 according to Standard Model predictions. The
sum of the three subprocesses is shown by closed
circles, while the contribution of the muon-neutrino
subprocess is shown by crosses enclosed by circles.

In determining the sensitivity of the process to the
Higgs boson coupling constants, it is important to
know the relative contributions of signal and back-
ground diagrams (in the case under consideration,
05
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Fig. 4. Differential distributions of the cross section for the process e+e− → bb̄νν̄ with respect to (a) the b-quark momentum,
(b) the b-quark emission angle, (c) Tcor, and (d) the invariant mass of the bb̄ pair at

√
s = 200 GeV andMH = 120 GeV. The

contributions of all three subprocess (involving three neutrino flavors) are taken into account. Shown are (•) the Standard
Model predictions for the contribution of all signal and background diagrams and (⊕) the contribution of the Higgs boson
diagrams, including interference diagrams.
these are, respectively, the diagrams involving Higgs
bosons and those that do not involve them). The
differential distributions with respect to the b-quark
momentum, the b-quark emission angle reckoned
from the initial-beam direction, Tcor, and the invariant
mass of the bb̄ pair are presented in Fig. 4 for the total
contribution of the subprocesses involving νe, νµ, and
ντ . The contribution of both signal and background
diagrams is shown by closed circles, while the con-
tribution of the Higgs boson diagrams, including the
interference diagrams is shown by crosses enclosed
by circles. The analogous distributions for the sub-
process featuring only a muon neutrino are shown in
Fig. 5. From a comparison of Figs. 4 and 5, one can
see that the relative contribution of the Higgs boson
PH
diagrams for the subprocess involving a muon neu-
trino is much less than that for the sum of the three
subprocesses. This fact confirms the importance of
the electron-neutrino subprocess.

The sensitivity of the process to variations in the
parameters∆a and b can be illustrated by considering
the differential distributions. The distributions of the
cross section with respect to the b-quark momentum,
the b-quark emission angle reckoned from the initial-
beam direction, Tcor, and the invariant mass of the bb̄
pair are presented in Fig. 6 for the case where all three
neutrino flavors are taken into account. The Higgs
boson contributions within the Standard Model (a =
1, b = 0) are shown by closed circles, while the dis-
tributions for the case where there is an admixture of
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 5. As in Fig. 4, but for the subprocess e+e− → bb̄νµν̄µ.
the pseudoscalar boson (a = 0.5, b = 0.5) are shown
by crosses enclosed by circles. The analogous distri-
butions for the muon-neutrino subprocess alone are
shown in Fig. 7. From a comparison of Figs. 6 and 7,
one can see that the relative deviation in the muon-
neutrino subprocess owing to a variation in the pa-
rameters is commensurate with the relative deviation
evaluated with allowance for all three subprocesses.
However, the relative contribution of the Higgs boson
diagrams in the StandardModel is greater for all three
channels than for the muon channel.

In order to set limits on the coupling constants a
and b, it is important to find observables that are the
most sensitive to these parameters. For this purpose,
it is advisable to consider the so-called sensitivity
function that is defined for each bin of the distribution
HYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
under study. It is defined as

S =
(σSMi − σNEWi )

∆σexpti

, (3)

where σSMi is the value of the distribution within the
Standard Model (a = 1, b = 0) in the ith bin; σNEWi is
the value of the distribution in the ith bin for the case
where either one or both parameters deviate from their
Standard Model values; and ∆σexpti is the expected
value of the experimental error in the ith bin, the pro-
cedure for calculating this quantity being given below.
Our analysis of the differential distributions for the
process e+e− → bb̄νν̄ revealed that the distribution
with respect to the b-quark emission angle is themost
sensitive to deviations of the parameters a and b from
their Standard Model values. The sensitivity function
for this distribution is shown in Fig. 8. The effects of
new physics are illustrated for the case of a = 1 and
05
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Fig. 6. Differential distributions of the cross section for the process e+e− → bb̄νν̄ with respect to (a) the b-quark momentum,
(b) the b-quark emission angle, (c) Tcor, and (d) the invariant mass of the bb̄ pair at

√
s = 200 GeV andMH = 120 GeV. The

contributions of all three subprocess (involving all three neutrino flavors) are taken into account. Shown are (•) the Standard
Model predictions for the contribution of the Higgs boson diagrams including interference diagrams (a = 1, b = 0) and (⊕) the
contribution of the Higgs boson diagrams in the case where there is an admixture of a pseudoscalar boson (a = 0.5, b = 0.5).
b = 0.5. The experimental error in a bin was evaluated
for an integrated luminosity of

∫
Ldt = 600 pb−1 per

experiment. One can see that the value ofS is virtually
constant over the entire kinematical domain and is
high, whereas the sensitivity function S for the other
observables is either small or takes maximum values
within a small-sized domain of the phase space.

In order to determine the regions that one can
exclude in the plane of the parameters a and b on the
basis of LEP II experiments, we use the standard χ2

criterion. The experimental error ∆σexpti is defined as

∆σexpti = σSMi

√
δ2syst + δ2stat, (4)

and the statistical error in a bin of a distribution is
PH
given by

δstat =
1√

σSMi εbb̄
∫
Ldt

, (5)

where εbb̄ is the efficiency of reconstruction of a pair
of b-quark jets. The analysis performed in [17] re-
vealed that, by using the b-trigger algorithm in recon-
structing b-quark jets, one can obtain an efficiency of
εbb̄ = 56%. The systematic error is determined by the
detector resolution, the uncertainty in determining
the luminosity, the ambiguity in isolating background
processes, etc.

Our analysis of various kinematical distributions
for the process under consideration reveals that the
most stringent limits on the model parameters come
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 7. As in Fig. 6, but for the subprocess e+e− → bb̄νµν̄µ.
from the differential distribution with respect to the b-
jet emission angle provided that the kinematical do-
main is partitioned into ten bins, this confirming the
conclusions drawn in studying the sensitivity func-
tion.

The regions that one can exclude in the ∆a–b
plane on the basis of the LEP II experiments atMH =
120 GeV,

√
s = 200GeV, and an integrated luminos-

ity of 600 pb−1 per experiment are shown in Fig. 9. In
the case where∆a and b are independent parameters,
the allowed region at a 95% CL is between the two
concentric curves. The allowed domain for the param-
eter b at ∆a = 0 is bounded by the horizontal lines.
The domains between the pairs of the vertical lines in
the right and in the left parts in Fig. 9 are the allowed
regions for the parameter a at b = 0. One can see from
Fig. 9 that, in the case where ∆a and b are indepen-
dent parameters, the sensitivity to the parameters ∆a
and b is rather low throughout the allowed region.
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
For this reason, an individual contribution of one of
these parameters can hardly be isolated. By varying
one of these parameters, we obtain the respective
allowed domain bounded by either the horizontal or
the vertical lines. By combining the case where ∆a =
0 and b is a free parameter with the case where b = 0
and ∆a is a free parameter, we arrive at two discon-
nected allowed domains labeled with letters A and B
in Fig. 9. Domains A and B arise as the intersection
of the horizontal band and two vertical bands (in the
right and left parts of Fig. 9). Obviously, B is not a
physical domain although it is allowed. Considering
that the Standard Model describes experimental data
well and that effects of new physics will appear as
small deviations from Standard Model predictions,
we can readily show that domain B shrinks as the
luminosity increases and the systematic error de-
creases or, figuratively speaking, as we attain an ideal
experiment. Therefore, the proper allowed region is
05
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Fig. 9. Domains of allowed values for the parameters
∆a and b at

√
s = 200 GeV, the Higgs-boson mass of

MH = 120 GeV, and the LEP II integrated luminosity of
600 pb−1 per experiment. In the case where the param-
eters ∆a and b are independent, the allowed domain at a
95% CL is between the concentric curves. The allowed
domain for the parameter b at ∆a = 0 lies between the
horizontal lines, while the allowed domains for the param-
eter ∆a at b = 0 are between the vertical lines in the left
and the right part of the figure.

localized around the ∆a = 0, b = 0 point predicted
by the Standard Model. For this reason, only domain
A will be taken into consideration in determining the
allowed regions for the parameters.

The resulting constraints on the parameters a and
b can be represented in the form

(0.32)2 ≤ (∆a+ 1)2 + b2 ≤ (1.4)2
PH
in the case where a and b are independent parameters,

−0.75 ≤ ∆a ≤ 1.4

in the case where b = 0 and ∆a is a free parameter
(domain A is implied), and

−0.97 ≤ b ≤ 0.97

in the case where ∆a = 0 and b is a free param-
eter. To a high precision these constraints can be
extended to values of the Higgs boson mass around
MH = 120 GeV by multiplying them by a factor of
(MH/120 GeV)2.

4. CONCLUSIONS

We have investigated the possibility of detecting
a signal from a scalar Higgs boson in LEP II data
on the process e+e− → bb̄νν̄. It has been found that
the sensitivity of this process to the Hbb̄ coupling
constants is determined to a considerable extent by
the contribution of the fusion subprocessWW → H .

It has been shown that LEP II data on the process
e+e− → bb̄νν̄ would either furnish evidence of the
existence of a pseudoscalar Higgs boson or make it
possible to constrain the allowed region for the cou-
plings of the pseudoscalar Higgs boson to b quarks.

In particular, LEP II data on the process e+e− →
bb̄νν̄ at an integrated luminosity of

∫
Ldt = 600 pb−1

per experiment and
√
s = 200 GeV would constrain

the region allowed for the parameters a and b as

(0.32)2 ≤ (∆a+ 1)2 + b2 ≤ (1.4)2

for independent parameters a and b, as

−0.75 ≤ ∆a ≤ 1.4

for b = 0 and a free parameter ∆a, and as

−0.97 ≤ b ≤ 0.97

for ∆a = 0 and a free parameter b.
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ELEMENTARY PARTICLES AND FIELDS
Theory
Possibilities of Revealing Collective Pion Degrees of Freedom in Nuclei
by Means of Quasielastic Pion Knockout by High-Energy Electrons
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Abstract—The kinematics of quasielastic pion knockout by longitudinal virtual photons in the electro-
production process is presented. The possibility of directly investigating pion momentum distributions in
specific channels owing to pole-amplitude dominance is considered. It is shown that, taking into account
the final-state interaction of the knock-on pion and the nucleus involved, one can reveal the existence of a
pion condensate in nuclei, since the momentum distribution of collective pions has a pronouncedmaximum
at a momentum in excess of 0.3 GeV/c and since the excitation spectrum of the final recoil nucleus is
concentrated in the low-energy region E∗ ≈ K2/(2AMN) ≤ 1 MeV. The picture of pion knockout from
meson clouds of individual nucleons is totally different. The analogous rho-mesonmomentum distributions
for the process ρ+ γ∗T → π are also presented. c© 2005 Pleiades Publishing, Inc.
1. INTRODUCTION

In the 1970s, A.B. Migdal proposed the concept
of a pion condensate in nuclei []. Such a conden-
sate may arise owing to a strong interaction of two
channels, the nucleon–nucleon hole channel and
the delta isobar–nucleon hole channel. These two
channels interact via the absorption and emission of
pions. Further investigations revealed that this cir-
cumstance leads to noticeable collective effects, the
softening of the pion mode and the enrichment of the
ground state in pions (a detailed description is given
in the monograph of Migdal et al. [2]; see also [3]).
However, a pion condensate is not formed if collective
pions have a fixed momentum k0 controlled by the
dynamics of the nuclear medium. In the aspect of
interest here, the softening of the pion mode con-
sists in that, in relation to the intranuclear-motion-
averaged pion momentum distribution in a nucleon,
the pion momentum distribution in the nucleus de-
velops a new branch, some excess of pions having
momenta of about k0 (according to the estimates
presented in [2], k0 is close to the nucleon Fermi
momentum, pF > 0.3 GeV/c). If collective pions are
knocked out quasielastically, the recoil entrains the
target nucleus as a discrete unit rather than one of
its individual nucleons (see below). The problem still
attracts attention despite experimental difficulties in
unambiguously detecting the aforementioned collec-
tive effects. In particular, it was indicated in [4] that
the coherent interaction of “virtual pion emitters” may
exert a strong effect similar to the effect well known in

*e-mail: yudin@helene.sinp.msu.ru
1063-7788/05/6812-2110$26.00
quantum optics [5]. According to [4], this is expected
to result in the existence of a collective pion degree of
freedom in nuclei in the form of a pion condensate.
The typical feature of this collective branch is that,
within the model proposed in [4], the pion mode in
question is associated entirely with the excitation of a
delta isobar and is characterized by the pionmomenta
K such that√

K2 +m2
π = M∆ −MN , K ≈ 0.3 GeV/c, (1)

whereMN andM∆ are, respectively, the nucleon and
delta-isobar masses.

According to the qualitative estimates from [4], the
number ni,coll of collective pions of each type i (π+,
π−, π0) per nucleon in an N = Z nucleus can be
greater than the corresponding number of pions with
momenta k = (1± 0.1)K in the cloud of an individual
nucleon (see below). Here, we mean the pion P state
in the virtual decay channel p→ n+ π [6, 7].

Particle–hole states in the even–even nuclei 12C,
40Ca, and 208Pb were studied in relevant (p, n) reac-
tions occurring at intermediate energies and involving
polarized particles [8]. For example, the longitudinal
response function was measured for the 12C nucleus
at a momentum transfer of 1.7 fm−1 and an energy
transfer of 60 MeV. The experiment showed a con-
siderable enhancement of the 1+, T = T3 = 1 giant
resonance [8], this suggesting the existence of pion
degrees of freedom.

The objective of this study is to propose an in-
dependent experiment aimed at detecting collective
pion degrees of freedom in nuclei by measuring the
c© 2005 Pleiades Publishing, Inc.
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pion momentum distributions there. In this case, the
momentum distribution will have a specific shape
corresponding to the component for which the or-
bital angular momentum of the delocalized pion plane
wave in the nucleus is equal to unity. Here, we mean
that quasielastic pion knockout from a nucleus by
electrons of energy equal to several GeV is studied at
an energy resolution of 10 MeV.

Quasielastic knockout of various mesons from
a nucleon by high-energy electrons was exam-
ined in [6, 7, 9]. Reactions induced by longitudi-
nal and transverse virtual photons can be distin-
guished experimentally. At values of the virtual-
photon 4-momentum squared in the range Q2 =
1−3 (GeV/c)2, the pole diagrams describing the
processes π + γ∗L → π, K + γ∗L → K, and ρ+ γ∗T →
π are dominant under the kinematical conditions
of quasielastic knockout. This makes it possible to
extract, from a coincidence experiment, the momen-
tum distributions of pions, kaons, and rho mesons in
various channels like N → B + π, which correspond
to various states of the final spectator baryon B. In
this study, we extend this experience to the case in
which a nucleus rather than a nucleon appears as a
target.

The ensuing exposition is organized as follows.
Section 2 contains some elements of the relativis-
tic formalism for quasielastic-knockout reactions, in-
cluding constraints on the minimummeasurable mo-
mentum of a virtual pion (or rho meson) in a nucleus.
In Section 3, we discuss final-state pion–nucleus
interaction. In Section 4, we present a simple ex-
pression for the momentum distribution of collective
pions (pion condensate) in the model based on the
virtual excitation of a delta isobar and compare this
momentum distribution with its counterpart for pions
localized in the vicinity of intranuclear nucleons. We
assess the extent to which the difference of the two
momentum distributions can be smoothed upon tak-
ing into account final-state interaction. In the same
section, we present the momentum distribution of
rho mesons localized in the vicinity of intranuclear
nucleons (a measurement of this distribution would
correspond to separating the process ρ+ γ∗T → π).
Finally (in Section 5), we outline the advantages of
quasielastic knockout (e, e′π) over pion photoproduc-
tion (γ, π) and another quasielastic-knockout pro-
cess (π, 2π).

2. DESCRIPTION OF THE FORMALISM

In the laboratory frame, the differential cross sec-
tion corresponding to exclusive coincidence experi-
ments studying reactions of the type T + e→ R+
π+ + e′ has the form dσ5/dEe′dΩe′dΩπ [6, 7] (the
notation used is obvious).
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
Let us introduce the invariant variables W 2 =
(q + pT )2, Q2 = −q2, and t = −k2 = (pR − pT )2,
where q is the virtual-photon 4-momentum; pT and
pR are the 4-momenta of, respectively, the initial
and the final nucleus; and k = (k0, k) is the virtual-
meson 4-momentum in the nucleus (for a virtual pion,
we have k2 = −k2 to a high accuracy in the case
being considered; that is, k0 = 0). By using these
variables, we can represent the above cross section as
the sum of the longitudinal cross section dσL/dt, the
transverse cross section dσT /dt, and the interference
terms multiplied by appropriate kinematical factors
[6, 7].

In the relativistic pole approximation, which is
employed here, the longitudinal cross section for the
process π + γ∗L → π has the form

dσL
dt

=
α

8
|ΨRπ

T (k)|2
(k0 + Eπ(k))2

1
|q(c.m.)|

1
W (W 2 −M2

T )
(2)

× F 2
π (Q2)((k + k′)eλ=0)2,

where α is the fine-structure constant, α = 1/137;
|ΨRπ

T (k)|2 is the pion momentum distribution in the
nucleus in the virtual-decay channel N → N + π;

Eπ(k) =
√
k2 +m2

π; Fπ(Q
2) is the pion electro-

magnetic form factor; k′ is the emitted-pion 4-
momentum; eλ=0 is the polarization 4-vector of the
longitudinal photon;

q(c.m.) =

√
Q2 +

(W 2 −Q2 −M2
T )2

4W 2
;

((k + k′)eλ=0)2 = 4(k′0qz − q0k
′
z)/Q

2; and the z axis
is parallel to the photon momentum.

The spectroscopic factor (the number of pions in
the virtual-decay channel T → R+ π) is calculated
as the normalization integral of the wave function
with the weight factor ((4π)3MTEπ(k)ER(k))−1/2.

The transverse cross section for the process ρ+
γ∗T → π has the form [9]

dσT
dt

= |ΨRρ
T (k)|F 2

πρ(Q
2)
dσ0

T

dt
, (3)

where F 2
πρ(Q2) is the form factor for the transition

ρ+ γ∗T → π and dσ0
T /dt is the cross section for the

process involving a nucleon and a rho meson taken in
the pointlike approximation.

In studying meson knockout from nuclei, it is of
importance to know the minimum virtual momentum
squared t at given Q2 and q0, because, in contrast
to the pion momentum distribution in a nucleon, the
theoretically predicted pion momentum distribution
05



2112 NEUDATCHIN et al.

 

0.1 0.2 0.30

0.2

0.4

0.6

0.8

–

 

t

 

, (GeV/

 

Ò

 

)

 

2

 
Momentum distribution, (GeV/

 
Ò

 
)

 
–3

Fig. 1. Pion momentum distributions in a nucleus (per
nucleon): (solid curve) momentum distribution of collec-
tive pions and (dashed curve) momentum distribution of
localized pions.

in a nucleus has pronounced specific features at rel-
atively low values of t. The minimum value of t can
be obtained as follows. From the definition t = −k2 =
−(k′ − q)2, we obtain an expression for the cosine of
the angle between the vectors q and k′,

cos θ =
−t−m2

π +Q2 + 2q0(q0 − t/2MT )
2|q|

√
(q0 − t/2MT )2 −m2

π

. (4)

The condition | cos θ| ≤ 1 defines the region of physi-
cally valid t. The minimum value of t is given by

tmin ≈
(√

Q2 + q20 − q0

)2

. (5)

It follows that, in order to reach −tmin =
0.01 (GeV/c)2, Q and q0 must be chosen to be, for
example, Q2 = 1 (GeV/c)2 and q0 = 5 GeV/c.

3. FINAL-STATE INTERACTION

Because of final-state interaction, an experiment
aimed at studying quasielastic pion knockout would
yield a so-called distorted pion momentum distri-
bution [10, 11]. It can be obtained as follows. The
Fourier transform of the pion wave function in the
nucleon is given by

ΨRπ
T (k) = ΨRπ

T (k′,q) (6)

=
1

(2π)3/2

∫
e−ik·rΨRπ

T (r)dr

=
1

(2π)3/2

∫
eiq·re−ik

′·rΨRπ
T (r)dr.

The plane wave corresponding to a virtual photon,
e−iq·r, is virtually undisturbed by the final spectator
PH
nucleus. However, its effect is quite significant for the
final pion of asymptotic momentum k′, and it is nec-
essary to use the distorted wave Ψ(−)(k′, r) instead of
the plane wave e−ik

′·r. If k′ is sufficiently high (about
1 GeV), one can use the eikonal approximation [12],
in which the relevant solution to the Klein–Gordon
equation is sought in the form Ψ(−)(k′, r) = e−ik

′zϕ
(k′, r), where the z axis is directed along k′. For the
function ϕ(k′, r), we then arrive at the equation

i
k′

E(k′)
∂ϕ

∂z
= Uϕ. (7)

First, we consider a pion–nucleus potential of depth
U = V − iW . Its localization in the nucleus is formed
by the virtual-pion wave function ΨRπ

T (r) appearing
in the integrand on the right-hand side of (6). This
potential demonstrates clearly how the wave function
for the pion produced in the medium changes under
the impact of final-state interaction. It is assumed
that, outside the nucleus, the effect of this potential
is zero, since the virtual-pion wave function in the
integrand on the right-hand side of (6) vanishes there.
Solving Eq. (7), we obtain the distorted wave function

ΨRπ
T (k′,q) (8)

=
1

(2π)3/2

∫
eiq·re−i(k

′−V k̂′)·re−W k̂
′·rΨRπ

T (r)dr.

Thus, the inclusion of the interaction reduces to re-
placing k′ in (6) by k′′,

k′′ = k′ − (V + iW )k̂′,

where k̂′ = k′/|k′|.
From a comparison of (6) and (8), we see that

allowance for the interaction leads to the shift of the
curve leftward (factor eiV k

′·r) and downward approx-
imately by the factor e−WR (R is the radius of the
nucleus).

For a finite-range potential, the emitted-pion wave
function is written as

Ψ(−)(k′, r) = e−ik
′·reiS(r),

where

S(r) = −E(k′)
k′

∞∫

z

U(b+ z′k̂′)dz′ (9)

and b is the impact parameter.
A square potential well of depth R was used in

our calculations. The depth of the well was estimated
as follows. In nonrelativistic calculations [13, 14], the
final-state interaction was taken in the form

U(r) =
2π
mπ

fπN(0)ρ(r), (10)
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 2. Calculated longitudinal cross sections for the electroproduction of collective knock-on pions (solid curve) with and
(dashed curve) without allowance for final-state interaction [Q2 = 1 (GeV/c)2, q(lab)0 = 4.86 GeV/c].
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Fig. 3. Longitudinal pion-electroproduction cross section for the cases of (solid curve) collective and (dashed curve) localized
pions [Q2 = 1 (GeV/c)2, q(lab)0 = 4.86 GeV].
where fπN (0) is the amplitude of forward pion–
nucleon scattering [15]. The nuclear density ρ(r) is
well approximated by the Woods–Saxon form [14]

ρ(r) = ρ0/(1 + exp{(r − c)/a}). (11)

By way of example, we indicate that, for the 40Ca nu-
cleus, the parameters appearing in (11) are c = 3.55
and a = 0.54. The density ρ0 takes approximately the
same value of 0.17 fm−3 in all nuclei. In the relativistic
case, the expression E = EπEA/(Eπ + EA) must be
substituted for mπ in (10). The amplitude fπN (0) is
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
parametrized as [15]

fπN (0) =
ik′

4π
f1(1 − if2). (12)

Momenta of |k′| ≈ 2−4 GeV/c are of interest for
our examination. At such momenta, f1 = 3.3 fm−2

and f2 = −0.42; therefore, we have V = 22 MeV and
W = 53 MeV. This potential was tested by repeating
the calculation performed in [16] to determine the
differential cross section dσ/dΩ for pion scattering
on 40Ca at an energy of 800 MeV and small scat-
tering angles. This calculation relied on the eikonal
approximation and involved either a square poten-
05
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Fig. 4. Rho-meson momentum distribution in (dashed curve) a free nucleon and (solid curve) a nucleus.
tial well or the Woods–Saxon potential. It turned
out that the distinction between the results obtained
with these potentials is insignificant, either yielding
good agreement with experimental data. There are no
experimental data for higher energies or for heavier
nuclei (this would be closer to the case of A = 70 and
|k′| ≈ 2−4 GeV/c examined here).

4. PION AND RHO-MESON MOMENTUM
DISTRIBUTIONS IN NUCLEI

The momentum distribution of collective pions in
the A = 70, N = Z nucleus has the standing-wave
form [4]

Φ(r) = cj1(Kr), r < R, (13)

Φ(r) = 0, r > R.

The constant c is normalized to the number of pions
per nucleon, ni,coll = 0.1 [4]; that is, c = 0.027. The
momentum distribution of collective pions is shown
in Fig. 1 (solid curve). This distribution has a pro-
nounced maximum at k = K; that is, it is close to a
standing wave. The localized-pion momentum dis-

tribution |ΨNπ
N (k)|2 is also shown in Fig. 1 (dashed

curve). It was obtained from the intranuclear-motion-
averaged pion momentum distribution in the nucleon

[6, 7] |ΦA−1,N
A (p)|2 as

|ΨNπ
N (k)|2 (14)

=
∫

|ΨNπ
N (k+ (mπ/MT )p)|2 |ΦA−1,N

A (p)|2dp.

The momentum distribution |ΨNπ
N (k)|2 was obtained

previously [6, 7] on the basis of experiments devoted to
PH
studying pion knockout from a nucleon in quasielastic
kinematics [17].

Figure 2 demonstrates the effect of final-state in-
teraction on the cross section for the knockout of col-
lective pions. One can see from (8) that the final-state
interaction results in the shift of the wave function to
the left and the reduction of its amplitude approxi-
mately by the factor e−2WR. However, the inclusion
of the interaction does not change the shape of the
curves significantly, so that it remains possible to dis-
tinguish between the two types of events in question,
the knockout of collective pions and the knockout of
pions localized at individual intranuclear nucleons.

If collective pions are knocked out, the nucleus
involved recoils as a discrete unit, the recoil energy
beingE = K2/(2MNA) < 1MeV forA = 70−80. In
this case, the nucleus is not excited. If a localized pion
of the same momentum k = K is knocked out, only
one nucleon recoils, with the result that the energy
transfer is significant, E = K2/(2MN ) = 50 MeV.
Such a nucleon will be emitted by the nucleus with
a high probability, and this can be observed in a
coincidence experiment that records three particles in
the final state, e′ + π+ p. If only e′ and π are recorded,
such an event will appear as that in which the recoil
nucleus is excited to an energy of E = 50 MeV.

In order to avoid the influence of an intermediate
delta isobar in the final-state pion–nucleus interac-
tion, it is necessary that the energy of the final pion
not be lower than 1 GeV. Overly high momenta of
k′ = 10−20 GeV/c are not appropriate here either,
since they correspond to totally different physics [18].

The corresponding cross sections are shown in
Fig. 3. One can see that the experimental cross sec-
tions in quasielastic kinematics differ markedly in the
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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cases examined here. The cross section for the knock-
out of collective pions has a pronounced maximum
at k = K, while the cross section for the knockout
of pions localized at individual nucleons is a mono-
tonically decreasing function. Thus, an experiment
devoted to quasielastic pion knockout is a direct way
to clarify the character of the pion distribution in a
nucleus.

The rho-meson momentum distribution in a nu-
cleus can be determined from the experimental cross
section for pion electroproduction [6, 7]. The sub-
process ρ+ γ∗T → π corresponds to the knockout of
virtual rho mesons. Using a formula similar to (10),
we have calculated the above momentum distribution
from the rho-meson momentum distribution in a nu-
cleon from [9] (see Fig. 4). A deviation of the exper-
imental momentum distribution from this function—
an analog of the distinction between the dashed (lo-
calized pions) and the solid curve (collective pions) in
Fig. 1—would suggest the presence of collective rho
mesons in a nucleus.

5. CONCLUSIONS

We have proposed a direct way to study the pion
momentum distribution in a nucleus by means of
quasielastic pion knockout by high-energy electrons.
Similar experiments devoted to pion photoproduction
do not serve this purpose, since, in that case, it is
impossible to select one dominant diagram, so that it
is necessary to sum a large number of diagrams [19].

We have shown that the cross sections for the
knockout of collective pions differs markedly from its
counterpart for localized pions. The final-state inter-
action does not blur this distinction. The excitation
spectra of the final nucleus are also different in these
two cases.

The quasielastic-knockout process (π, 2π) at sim-
ilar energies (its experimental investigation began
[20], but the energies of knock-on pions are still
relatively low) can supplement the aforesaid, since
this process is characterized by large cross sections
(strong interaction). Investigation of the collective
neutral-pion component can also be of interest in this
connection, but it is concentrated predominantly in
surface layers of nuclei, since high-energy pions are
strongly absorbed by a nucleus [21]. This effect, which
generates a distorted wave for the initial or the final
pion, can complicate the interpretation of experimen-
tal data to some extent. However, it can be taken into
account (see above) in quantitatively estimating the
(e, e′π) process, which ismuch less sensitive to it (one
pion wave rather than three).
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
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Abstract— The role of microscopic kinetics in the production of short-lived (broad) hadron resonances
from subhadronic nuclear matter is considered. A new approach to calculating the multiplicity of broad
meson resonances is proposed. This approach takes explicitly into account the possibility that massive con-
stituent quarks play a decisive role at the last stage of the expansion and cooling of matter produced in the
central collisions of relativistic heavy nuclei. The resulting theoretical estimates are comparedwith available
experimental data, and some quantitative and qualitative predictions are made. c© 2005 Pleiades Publish-
ing, Inc.
1. INTRODUCTION

It is well known that measurements of produc-
tion rates for various particles—photons, leptons, and
hadrons—in the central rapidity interval are widely
used as a source of information about the dynamics
of interaction of relativistic heavy nuclei and about
phase states of nuclear matter that arise in such
collisions. In particular, such measurements served
as a basis for assuming that hadrons and hadron
resonances undergo significant modification (reduc-
tion of their effective dimensions) in very hot and
dense nuclear matter, that the gas of such particles is
quasiperfect even at extremely high temperatures [1]
up to T = Tch � 170–180 MeV for SPS/CERN and
RHIC/BNL, and that there occurs an early chemical
freeze-out [2] at the temperature Tch.1)

There is also an alternative interpretation [4, 5]
that successfully treats available experimental results
within the hypothesis [6, 7] that an intermediate
(between quark–gluon and hadronic matter) phase
preceding hadronization is formed (in the temper-
ature interval Tc > T > TH , where Tc ≥ Tch and
TH are, respectively, the chiral-phase-transition and
the hadronization temperature; for SPS/CERN and
RHIC/BNL, TH � 110−120 MeV). This phase is

*e-mail: royzen@lpi.ru
1)The models in question are widely known (see, for example,
the review article of Braun-Munzinger et al. [3]); therefore,
we will hereafter refer to them as standard models.
1063-7788/05/6812-2117$26.00
dominated by valon degrees of freedom,2) but pions
and kaons in chemical equilibrium with valons are
also present there.3) The critical comparative anal-
ysis of the above approaches in [11] revealed some
circumstances in favor of the interpretation in [4,
5]. Briefly, critical arguments against the standard
models were as follows: there are no reasons to
assume that hadrons “contracted” by a factor of about
20 still preserve their identity; moreover, it is not quite
clear what the physical meaning of the early chemical
freeze-out is, which, in particular, assumes the long-
term (on the nuclear time scale) conservation of the
relative content of baryons and antibaryons under
conditions of more than tenfold dominance of the
former (at the SPS/CERN accelerator), and how
the most probable lattice prediction for the decon-
finement (and, of course, hadronization) temperature
of TH � 150 MeV [12] can be reconciled with the
temperature of the early chemical freeze-out, Tch �
170−180 MeV, the freeze-out temperature being
extracted from a comparison with experimental data
obtained at SPS/CERN and RHIC/BNL. However,
the alternative model also has a weak point: within
QCD, the concept of a valon as a quasiparticle [13]

2)We refer to this approach as an alternative one. The term
“valons” [8] is used for the sake of brevity for massive con-
stituent (dynamical) quarks (see, for example, [9, 10]).

3)Here, we mean that, along with valons, pions and kaons,
which are the only hadrons whose masses are substantially
lower than the sum of the masses of valons that “consti-
tute” them, must also survive in this intermediate (QπK)
phase [5].
c© 2005 Pleiades Publishing, Inc.
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Fig. 2. General hadronization scheme at T = TH (the
notation is identical to that in Fig. 1).

has not yet been formalized, which is likely to be due
to its essentially nonperturbative nature.

It has ever become more obvious that the standard
models, which are purely thermodynamic, run into
significant difficulties in attempts at giving a satis-
factory explanation for the observed multiplicities of
some short-lived hadron resonances [14, 15] in cen-
tral heavy-ion collisions (yet, there are presently very
few informative measurements of this type). In this
connection, two circumstances are worthy of note.
The first is obvious—this is the aforementioned ques-
tion of physical adequacy of the very concept of early
chemical freeze-out at very high temperatures.4) The
second is the question of whether it is necessary to
take into account microscopic kinetics and dynamics
in the course of hadronization in considering the pro-
duction rate for some broad resonance (a positive an-
swer to the second question would actually mean that

4)Here, is worth noting that this concept was introduced and
is used only for describing the production rates for secondary
hadrons and that the corresponding temperature has no
bearing on phase transitions in nuclear matter, in contrast
to other characteristic temperatures, like that of chiral tran-
sition and deconfinement (or that of hadronization).
PH
a purely thermodynamic consideration of the process
is insufficient).

Within the alternative approach, we propose here
a method for estimating, with allowance for mi-
croscopic valon kinetics, production rates for broad
meson resonances (and phi mesons as well), for
which there is presently the most comprehensive
experimental information, but which are narrow (as
will be seen below) rather than broad resonances.
The results obtained on the basis of this method are
compared with available experimental data, and some
predictions are made.

2. RELATIVE MULTIPLICITY
OF SHORT-LIVED MESONS

2.1. Allowance for Microscopic Kinetics

We will first formulate a criterion according to
which, in the current context, resonances are con-
sidered as narrow or broad ones. We assume that all
configurations of final particles corresponding to the
decays of a short-lived meson G originate precisely
from these decays (that is, the background under the
resonance is negligible). In this case, the relative pro-
duction rate for this resonance and an experimentally
observed long-lived hadron h (of the same flavor),
which can be produced, in particular, via G-meson
decay, is determined by the statistically weighted ratio
of the contributions from the sum of diagrams in
Fig. 1 and the diagram in Fig. 2. In Figs. 1 and 2,
QiQ̄j is the valon–antivalon pair in the corresponding
flavor channel, G is a short-lived resonance of mass
MG and widthΓG, andX stands for all accompanying
secondary particles. We consider the resonance G as
a broad one if the diagram in Fig. 1a is dominant
in the total contribution of the diagrams in Figs. 1a
and 1b and as a narrow one in the opposite case.
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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In order to get an idea of the widths in question,
we will first derive an explicit expression for the
ratio of the contributions of the diagrams in Fig. 1а
and Fig. 2. Assuming a traditional experiment, we
must obviously identify this ratio with the probability
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
that valons are annihilated in states of invariant
mass (c.m. pair energy) in the range MG − ΓG/2 ≤
M ≤MG + ΓG/2. The corresponding probability

density is5)
dW

dM2
=

∫∞
−∞ Θ(p0

1)Θ(p0
2)δ[(p1 + p2)2 −M2] exp(−

√
p2

1 +m2
Qi
/T ) exp(−

√
p2

2 +m2
Qj
/T )dp1dp2

∫∞
−∞ exp(−

√
p2 +m2

Qi
/T )dp

∫∞
−∞ exp(−

√
p2 +m2

Qj
/T )dp

. (1)

A direct calculation of the integrals on the right-hand side of (1) yields6)

dW

dM2
�

[1 + (2 + (mQi +mQj)
2/M2)T/M ]

√
1 − (mQi +mQj)2/M2M3K1(M/T )

16πm2
Qi
m2
Qj
TK2(mQi/T )K2(mQj/T )

, (2)

where Kn(z) are cylindrical functions of the second kind. For typical values of their arguments (z ≥ 3), we
need to retain only the first term of the asymptotic expansion for z � 1 [16] in the numerator and two terms in
the denominator. It follows that, to a high accuracy, the ratio of the contributions from the diagrams in Figs. 1а
and 2 assumes the form

W (G/h) � ΓG
MG

[1 + (2 + (mQi +mQj)
2/M2

G)T/MG]
√

1 − (mQi +mQj)2/M
2
G

4
√

2π(mQimQjT/M
3
G)3/2(1 + (15/8)(T/mQi ))(1 + (15/8)(T/mQj ))

e
(mQi

+mQj
−MG)/T

,

(3)
where T stands for the hadronization temperature,
T = TH .

The contribution of the diagram in Fig. 1b is ob-
tained from (1) by substituting the threshold factor√

1 − (MG +mπ)2/M2 7) for the delta function in the
integrand in the numerator on the right-hand side and
performing integration with respect to the mass of the
QiQ̄j pair fromMmin = MG +mπ. Considering that
the support of the resulting integral is concentrated
within the interval (1−2)TH near the threshold, we
can see that the relationship between the contribu-
tions of the diagrams in Figs. 1a and 1b is determined

5)In this calculation, we of course use the perfect-gas ap-
proximation and the fact that it is sufficient to calculate
this probability in the rest frame of an element dV of the
expanding medium, where the valon momentum distribution
can be considered to be isotropic.

6)In doing this, we neglect corrections of order (mQi −
mQj )

2/(mQi +mQj )
2, which are within 4% if we restrict

our consideration to three flavors—two light and one strange
valon whose masses are mQu,d � 330 MeV and mQs �
480MeV.

7)In the denominator, this factor is always about unity, because
the threshold for the production of the corresponding long-
lived resonance (in this context, a pion or a kaon) is substan-
tially (at least by about 200MeV) below theminimum energy
of theQiQ̄j pair.
by an effective value of the quantity

[1b/1a] �
√

1 − (MG +mπ)2/M2(M/MG)7/2

× [(1−2)TH/ΓG)] exp[(MG −M)/TH ]

at M �Mmin + (1−2)TH �MG +mπ + (1−2)TH .
This quantity significantly exceeds unity for the
φ(1020) meson (TH/Γφ � 25) and is significantly
below unity for the K∗0(892), ρ0(770), f0(980),
and K∗

0 (1430) mesons8) (the ratio TH/ΓG for these
mesons ranges between 2.2 and 0.4). Thus, the first
meson should preferably be classified with narrow
resonances, while the remaining mesons are broad
resonances. A more accurate estimation yields

[1b/1a] � 2.9, 0.22, 0.12, 0.12, 0.027 (4)

for the φ(1020), K∗0(892), ρ0(770), f0(980), and
K∗

0 (1430) mesons, respectively.

In the case where h = π (that is, we perform a
comparison with the pion production rate, as, for ex-
ample, in considering the relative multiplicities of ρ0

or f0 resonances), it is necessary to take into account

8)Here, we have chosen those short-lived mesons for which
some preliminary results have already been obtained at the
RHIC/BNL accelerator [15] or will soon appear.
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Fig. 3. Expected relative multiplicity ofK∗0(892)mesons in central heavy-ion collisions at the RHIC/BNL accelerator (thick
horizontal segment) according to the present calculation under the assumption of hadron production via valon coalescence [5]
(alternative approach) against the background of preliminary data from various experiments [15].
the fact that pions are produced not only in the an-
nihilation of the lightest valons, QqQ̄q, q = u, d [this
contribution has been completely taken into account
in the denominator on the right-hand side of (1)], but
also in the production of other (for example, strange)
hadrons (see Fig. 1). Since the deficiency of the phase
space averaged over the thermal distribution at T =
TH suppresses strongly the production of more than
one accompanying pion in each valon-annihilation
event, the total number of such pions is close to the
total multiplicity of all other hadrons; according to
experimental data (see, for example, [3]), this number
at the RHIC/BNL energies amounts to about 30% of
all observed pions.
Therefore, the quantity

R(G/h) �W (G/h){1 + [1b/1a]} (5)

if h �= π or the quantity
R(G/h) � 0.7W (G/h){1 + [1b/1a]} (6)

if h = π, where the right-hand side is determined
by expressions (3) and (4), must be compared with
experimental data.

2.2. Comparison with Experimental Data
The results of the above theoretical analysis of the

production rates for K∗0(892) and φ(1020) mesons
PH
[R(K∗0/K−) � 0.22 and R(φ/K−) � 0.06] are dis-
played in Figs. 3 and 4, respectively, along with pre-
liminary experimental data presented at the Interna-
tional Conference QM2004 [15]. The predicted pro-
duction rates for the ρ0(770), f0(980), andK∗

0 (1430)
mesons in central nucleus–nucleus collisions at
RHIC/BNL areR(ρ0/π−) � 0.23,R(f0/π−) � 0.07,
and R(K∗

0/K
−) � 0.03.9) All of these results and

predictions are compiled in the table.

3. DISCUSSION AND CONCLUDING
COMMENTS

Although available data on the production of
short-lived mesons in central heavy-ion interactions

9)For the ρ0 and f0 mesons, we took into account the re-
duction factor of 2/3, which is caused by the fact that
the dominating production mechanism for these resonances
(Fig. 1a) is realized only in two of the four possible types
of Qu,dQ̄u,d interactions, while π− mesons are produced in
three of them (the same result is obtained in a more rigorous
calculation that employs Clebsch–Gordan coefficients). In
addition, we followed the customary format in which one
usually presents experimental data, referring the production
rates for strange resonances to that forK− mesons, which is
lower than its counterpart for K+ mesons by about 10% at
RHIC/BNL and by factors of 1.85 and 4.5 at SPS/CERN
and AGS/BNL, respectively.
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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experiments [15]. The significance of this comparison for AGS/BNL is doubtful because the data from those measurements
were not associated with a specific (central) type of collisions.
are still scanty and are of a low quality, the proposed
theoretical approach can boast an obviously good de-
scription of the production rate forK∗0(892) mesons.
In this connection, it is worth emphasizing that the
result presented here was obtained within the same
conceptual framework as that which earlier provided a
successful description [4, 5] of the production of long-
lived hadrons and dileptons of low invariant mass
without invoking additional assumptions or param-
eters. At the same time, the situation around φ(1020)
mesons is still ambiguous, because experimental
data obtained by two neighboring collaborations at
RHIC/BNL (PHENIX and STAR) differ by nearly a
factor of 2 (see Fig. 4); this may be due to a relatively
small width of the phi meson and accompanying
measurement difficulties. Anyway, the theory requires
further tests, and there are obviously possibilities for
this. In particular, it is necessary to verify the validity
of the analogous description (and prediction) of the
production rates for short-lived baryon resonances.
This requires overcoming specific technical difficul-
ties associated with the convenient (for analysis)
representation of the production probability for a
given invariant mass of the system consisting of
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
three valons. Unfortunately, the accuracy of available
preliminary data [15] for∆++(1232) andΛ(1520) res-
onances, which is not higher than 30 to 50%, is most
likely insufficient for assessing the aforementioned
ratios. The above prediction for the relative production
rates R(ρ0/π−) and R(f0/π−) in central collisions
is more restrictive, especially in the qualitative part.
It is natural to expect their significant growth in
relation to preliminary RHIC/BNL data for peripheral
interactions (about 0.17 and 0.05, respectively—see
table), while the experimentally revealed trend in the
behavior of the production rates for strange meson
resonances, R(φ/K−) and R(K∗0/K−), seems the
opposite {see [15] for this trend and for the difference
already revealed in the experimental behavior of
the production rates for usual and strange baryon
resonances, R(∆++(1232)/p) and R(Λ(1520)/Λ)}.
It is also worth indicating that the problem con-

sidered here has another aspect that has not yet
been considered. This is the possible role of micro-
scopic dynamics—that is, the resonance structure
of the valon-interaction cross section (with max-
ima at the same points as for final hadrons—see
Fig. 1a). This structure could manifest itself against
05
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Predictions and some results of the alternative approach along with experimental data (see [15]) on the production of
meson resonances in high-energy heavy-ion collisions {the asterisk indicates that the ambiguity in the corresponding
measurements can be as large as 100%; the LHC accelerator is mentioned because we can expect there almost the same
results (however, the relative strange-resonance production rate can be reduced by 5–10%)}

SPS RHIC (LHC?)

experiment
(central

interactions)

theory
(only central
interactions)

experiment theory
(only central
interactions)peripheral

interactions
central

interactions

R(ρ0(770)/π−) 0.17 0.23

R(f0(980)/π−) 0.05∗ 0.07

R(K∗0(892)/K−) 0.20–0.25 0.22

R(ϕ(1020)/K−) 0.10–018∗ 0.11 0.11–0.15 0.08–0.14∗ 0.06

R(K∗
0 (1430)/K−) 0.03
the background of their smooth thermal distribution
in one way or another that would depend on the
lifetime (width) of the resonance (with the result
that the shape and the position of the resonance
change slightly—see, for example, [17]) and on the
relation between this lifetime and the characteristic
hadronization time (about 1 fm), because the latter
determines the rate of variation of the properties of the
medium where the production and a further evolution
of the resonance occurs (see, for example, the relevant
discussion in [18, 19]).
By and large, the results obtained here within the

alternative approach indicate, in the opinion of the
present author, that this approach has a high potential
for self-consistently describing the observation data
on the production of secondary particles, both long-
and short-lived ones (for the former, this was demon-
strated in [5]), in central heavy-ion collisions.
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ELEMENTARY PARTICLES AND FIELDS
Theory
Production and Decay of Charmed Baryons:
Spectra of Muons and Asymmetry between µ+++ and µ−−−*

O. I. Piskounova1) and N. V. Nikitin2)
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Abstract—The calculation of muon spectra from the decay of Λc baryons was carried out on the basis of
the description of recent data on charmed-baryon production in hadronic interactions. Data are described
in the framework of the quark–gluon string model (QGSM) that allows us to consider primary proton
interactions of arbitrary high energy. A Monte Carlo code was built for charmed-baryon semileptonic
decay in order to obtain the kinematical characteristics of the resulting particles. It is predicted that the
charge asymmetry between energy spectra of µ+ and µ− in the laboratory system will be clearly seen as
the consequence of asymmetry between the spectra of charmed baryons and antibaryons. This extension
of the QGSM can be useful to correct the calculations of muon and neutrino spectra in astrophysics.
c© 2005 Pleiades Publishing, Inc.
INTRODUCTION

Charmed-particle decay is an important source of
atmospheric muons and neutrinos [1]. We know the
characteristics of charmed-hadron production, inves-
tigated in recent years by many fixed-target exper-
iments in accelerators [2]. The quark–gluon string
model (QGSM) [3] that has been built over the last
two decades can reproduce the energy distributions
of charmed baryons andmesons in hadronic collisions
up to very high energies. These spectra have an inter-
esting behavior in the central region of xF: the asym-
metry between particle and antiparticle distributions
shows a narrow dip for charmed baryons, otherwise
the charmed meson asymmetry goes down slowly and
reaches a nonzero value in the central xF region,
which contradicts the basic QCD theory. In practice,
it is not possible to reproduce nonzero asymmetry in
the perturbative QCD approach owing to the equal
rate of c and c̄ production in the perturbative gluon
fusion process. These phenomena have found an ex-
planation in recent calculations in the framework of
the QGSM [4]. It seems interesting to investigate
what sort of peculiarities should be produced by this
dip in the spectra of muons and neutrino.

∗This article was submitted by the authors in English.
1)Lebedev Institute of Physics, Russian Academy of Sciences,
Moscow, Russia; e-mail: piskoun@sci.lebedev.ru

2)Institute of Nuclear Physics, Moscow State University,
Moscow, Russia; e-mail: nik679@monet.npi.msu.su
1063-7788/05/6812-2124$26.00
1. PRODUCTION OF CHARMED BARYONS
IN pp INTERACTIONS AND QGSM

The inclusive-production cross section of hadrons
of typeH is written as a sum over n-Pomeron cylinder
diagrams:

f1 = x
dσH

dx
(s, x) =

∫
E
d3σH

d3p
d2p⊥ (1)

=
∞∑
n=0

σn(s)ϕHn (s, x).

Here, the function ϕHn (s, x) is a particle distribu-
tion in the configuration of n-cut cylinders and σn is
the probability of this process. The cross sections σn
depend on the parameter of the supercritical Pomeron
∆P, which is equal in ourmodel to 0.12 [3]. In the case
of Λc production in proton fragmentation, the diquark
fragmentation plays an important role; this diquark
part of the distribution should be written separately.
So the distribution for pp collision will include two
diquark parts for positive as well as for negative x:

ϕΛc
n (s, x) = aΛc

f F
(n)
1qq (x+) + aΛc

f F
(n)
1qq (x−) (2)

+ aΛ̄c
0 [F (n)

q (x+)F (n)
0qq (x−) + F

(n)
0qq (x+)F (n)

q (x−)

+ 2(n − 1)F (n)
qsea (x+)F (n)

q̄sea (x−)],

where F (n)
1qq (x+) is the distribution at the leading frag-

mentation of diquarks, while F (n)
0qq (x+) is the ordinary

part of fragmentation written with the central density
parameter aΛ̄c

0 . Obviously, the distribution for Λ̄c does
not include the leading fragmentation term.
c© 2005 Pleiades Publishing, Inc.
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Fig. 1. (a) The asymmetry between Λc and Λ̄c spectra
obtained for pA collisions in the E781 experiment (•) [9]
and the QGSM calculation (solid curve). (b) The distri-
butions of Λc (�) and Λ̄c (�) in E781 for these reactions
and QGSM curves:Λc (solid) and Λ̄c (dashed).

The fragmentation functions of diquark and quark
chains into charmed baryons or antibaryons are based
on the rules written in [5]. The structure functions of
quarks in interacting protons have already been de-
scribed in the previous papers [6–8]. The asymmetry
between the spectra of Λc and Λ̄c measured in pA
collisions at pL = 600GeV/c [9] is shown in Fig. 1a.
The asymmetry is defined as

A(x) =
dNΛc/dx− dN Λ̄c/dx

dNΛc/dx+ dN Λ̄c/dx
. (3)

Here, dNΛc/dx and dN Λ̄c/dx are the event distribu-
tions measured in the experiment [9]. The asymmetry
plot has a sharp dip in the central region that is pecu-
liar for baryon production in proton–proton collisions.
The invariant distributions xdN/dx of charmed

baryons and antibaryons obtained in proton interac-
tions in the E781 experiment are shown in Fig. 1b
with the QGSM curves calculated for proton frag-
mentation on both sides. It should be mentioned here
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2
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Fig. 2. The distributions of Λc (solid curve) and Λ̄c

(dashed curve) in the laboratory system, calculated in the
QGSM for the energyEp = 104 GeV.

that usually cosmic protons interact with air nuclei in
cosmic-ray physics and the spectra are different. But
the dependence on atomic number of target nuclei
is important at y < 0 and, in addition, it should be
canceled in formula (3). Thus, our conclusions about
asymmetries are valid for proton–nucleus collisions
as well.

2. CHARMED-BARYON/ANTIBARYON
SPECTRA IN LABORATORY SYSTEM

The results of accelerator experiment are usually
presented in the center-of-mass system (c.m.), which
is not accepted in cosmic-ray physics, where the
Earth is the only possible laboratory system (lab.) for
the measurements. The transformation of spectra at
the transition from c.m. to lab. can be done taking
into account the invariance of the value dσ/dy =
xdσ/dxc.m. = (dσ/dy)(ylab − y0)lab. In this case, we
will have anE−1 power slope of the spectra in the lab.:

dσ/dE = (1/E)(xdσ/dx) = (1/E)(dσ/dy). (4)

This slope should be seen in the energy region cor-
responding to the central plateau of the distribution in
c.m., where dσ/dy = const. The transformed baryon
and antibaryon spectra are shown in Fig. 2 at the
energy of proton interaction Ep = 104 GeV.
005
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Fig. 3. (a) The spectra of µ+ (solid line) and µ− (dashed line) calculated at Ep = 105 GeV. (b) The distributions of Λc (solid
line) and Λ̄c (dashed line) in the QGSM for the energyEp = 105 GeV.
This method was already used in the calculation
of photon spectra from a monochromatic cosmic pro-
ton source [10] and in the estimation of the antipro-
ton/proton ratio [11] in cosmic rays. In Fig. 2, we can
see also how the asymmetry between spectra behaves
in lab. The dip in asymmetry extends up to energy
of the order of 0.1Ep. Will it be seen in the muon
spectra?

3. SPECTRA OF MUONS

In the previous section, we have described the
calculations of charmed baryons in lab. Here, we give
a brief description of the procedure of the calculation
of muon spectra that are generated in semileptonic
decays of Λc.
It is well known that a rather good approximation

to the lepton spectra can be obtained for semileptonic
decays of charmed baryons if one takes the probability
of these decays to be the same as that for exclusive
parton decay c→ sµ+νµ, where the c quark pos-
sesses the energy and the spectrum of Λc.
PH
The decay c→ sµ+νµ has been studied, for exam-
ple, in [12]. Its differential width is equal to

d2Γ
dŝdt̂

=
G2
F

16π3
m5
c |Vcs|2

(
1 + m̂2

µ − t̂
) (
t̂− m̂2

s

)
, (5)

where ŝ and t̂ are the standard Mandelstam variables,
and mc and mµ are the masses of quark and muon.
Mandelstam variables ŝ, t̂ have to satisfy the following
kinematical restrictions:

m̂2
µ ≤ ŝ ≤

(
1 −

√
m̂2
s

)
, m̂2

s ≤ t̂ ≤
(
1 −

√
m̂2
µ

)
.

(6)

Let us write formula (5) as an expression normal-
ized to the interval 0 to 1 that will be useful in the
construction of a Monte Carlo (MC) generator:

w(ŝ, t̂) =
4(

1 + m̂2
µ − m̂2

s

)2
(
1 + m̂2

µ − t̂
) (
t̂− m̂2

s

)
.

(7)

The MC procedure for generating muon spectra
consists of a few steps. First of all, we consider the
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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decay c→ sµ+νµ in the rest system of the charmed
baryon that is also the rest system of the c quark
and get the random pair ŝ, t̂ from the interval that
was written in Eq. (6). This pair is checked with the
help of a kinematical function to determine whether
it belongs to the physical space of the process (right
pair). If the pair is chosen as right, it possesses the
weight of Eq. (7). The momenta and energies of the
decay products are calculated due to s, t.
Revolution on three axes is applied to the resulting

vectors of momenta that are turned with random Eu-
ler angles to reach arbitrary positions toward the axes.
It helps us to return to the system where Λc is mov-
ing along the x axis. We neglect here the transverse
motion because of the small ratio between transverse
and longitudinal momentum.
As a result of the described MC procedure, the

table of four-momenta of all products of decay is built,
where the data for further analysis can be found.

4. RESULTING PLOTS AND COMPARISONS

In this work, we have the possibility to analyze
the Λc spectra that can be calculated analytically
with the QGSM for arbitrary energy and at the same
time to compare these spectra with the muon spectra
generated after the decay of charmed baryons. We are
interested here in only muon characteristics, but the
possibility exists to analyze the neutrino spectra too.
Let us compare the spectra of Λc/Λ̄c with the

spectra of decay products at the energy of initial
proton–proton interaction Ep = 106 GeV. As can be
seen from Fig. 3, the asymmetry predicted between
the spectra of baryons and antibaryons is clearly re-
produced in the spectra of µ+ and µ−. The spectra of
Λc are of the same form as was calculated analytically
(see Fig. 2).
The asymmetry between spectra of µ+ and µ−

that is shown in Fig. 4 is almost equal to zero in
the wide region corresponding to the central plateau
in the Λc-production distribution. It would be in-
teresting to study how this asymmetry is sensitive
to the difference in baryon/antibaryon production at
high energies that might remain valuable owing to
the effect of string-junction transfer, which was not
accounted for in our calculations.

SUMMARY

In this paper, we have studied the spectra of
muons after the semileptonic decay of charmed
baryons produced in hadronic interactions at very
high energy. It is assumed that the conclusions from
this research are interesting for cosmic-ray physics
as well as for high-energy accelerator physics. The
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
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Fig. 4. (a) The asymmetry between spectra of µ+ and µ−
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curves); (b) the asymmetry between Λc and Λ̄c spectra
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Ep = 106 GeV.

asymmetry in production of baryons over antibaryons
is caused by the positive baryonic charge of colliding
protons. This asymmetry should disappear in the
central region with rising interaction energy. The
spectra of charmed baryons and antibaryons have
been described in the quark–gluon string model
with account of quark interaction mechanisms pro-
viding the baryon/antibaryon asymmetry. Only the
mechanism of string-junction transfer was not yet
accounted for in our scheme. Even so, the obvious
asymmetry is reproduced on the edges of the spectra
of Λc/Λ̄c in the laboratory system, as was analytically
predicted. The knee in the spectra at 0.1 Ep is caused
by the form of analytical spectra in the fragmentation
region. This very form of spectra in the laboratory
system can be a good manifestation of the interaction
of monochromatic primary protons. The Monte Carlo
generator that was built for the calculation of spec-
tra of products of charmed baryon decays provides
the four-momenta of all particles after semileptonic
decay. We have analyzed here only muon spectra.
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These spectra reproduce the production asymmetry
between positive and negative particles, as is seen
in the spectra of Λc/Λ̄c. We conclude that muons
can be a good instrument to study the baryon pro-
duction asymmetry in high-energy proton–proton
interactions. The estimation of the background from
D-meson decays should be done in the same QGSM
approach.

ACKNOWLEDGMENTS

We are grateful to Prof. A.B. Kaidalov and Dr.
L.V. Volkova for numerous discussions.
One of us (O.I.P.) is supported with a grant from

the Russian Foundation for Basic Research (project
no. 04-02-16757a), the grant RFBR-DFG 03-02-
04026a, and the grant NATO CLG.980335.

REFERENCES
1. F. Halsen et al., Phys. Rev. D 55, 4475 (1997); EAS-
TOP Collab. and MACRO Collab., Astropart. Phys.
20, 641 (2004); K. Abe et al., Phys. Lett. B 564,
8 (2003); T. Sanuki et al., Phys. Lett. B 541, 234
(2002); G. Fiorentini, V. A. Naumov, and F. L. Vil-
lante, Phys. Lett. B 510, 173 (2001).
PH
2. R. Vogt, hep-ph/0412303; in Proceedings of the
Strangeness in Quark Matter, Cape Town, South
Africa, 2004.

3. A. B. Kaidalov and K. A. Ter-Martirosyan, Yad. Fiz.
39, 1545 (1984) [Sov. J. Nucl. Phys. 39, 979 (1984)];
40, 211 (1984) [40, 135 (1984)]; A. B. Kaidalov, Phys.
Lett. B 116B, 459 (1982).

4. A. B. Kaidalov and O. I. Piskounova, Yad. Fiz. 43,
1545 (1986) [Sov. J. Nucl. Phys. 43, 994 (1986)];
O. I. Piskounova, Yad. Fiz. 56 (8), 176 (1993) [Phys.
At. Nucl. 56, 1094 (1993)].

5. A. B. Kaidalov, Yad. Fiz. 45, 1450 (1987) [Sov.
J. Nucl. Phys. 45, 902 (1987)].

6. O. I. Piskounova, Nucl. Phys. B (Proc. Suppl.) 93,
144 (2001).

7. O. I. Piskounova, Yad. Fiz. 64, 101 (2001) [Phys. At.
Nucl. 64, 98 (2001)].

8. O. I. Piskounova, in Proceedings of the DIS’, St. Pe-
tersburg, Russia, April 2003.

9. SELEX Collab. (F. G. Garcia et al.), Phys. Lett. B
528, 49 (2002).

10. O. I. Piskounova, Yad. Fiz. 51, 1332 (1990) [Sov.
J. Nucl. Phys. 51, 846 (1990)].

11. O. I. Piskounova, Yad. Fiz. 47, 1332 (1988) [Sov.
J. Nucl. Phys. 47, 480 (1988)].

12. V. Novikov et al., Phys. Rev. Lett. 38, 626 (1977);
B. Block, L. Koyrakh,M. Shifman, and A. Vainshtein,
Phys. Rev. D 49, 3356 (1994).
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005



Physics of Atomic Nuclei, Vol. 68, No. 12, 2005, pp. 2129–2138. Translated from Yadernaya Fizika, Vol. 68, No. 12, 2005, pp. 2191–2200.
Original Russian Text Copyright c© 2005 by Azhgirey, Afanasiev, Zhmyrov, Zolin, Ivanov, Isupov, Ladygin, Litvinenko, Peresedov, Khrenov, Yudin.

ELEMENTARY PARTICLES AND FIELDS
Theory
Measurement of the Tensor Analyzing Power for Relativistic-Deuteron
Fragmentation as a Means for Studying the Deuteron Structure

within Light-Front Dynamics
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Abstract—New data on the vector (Аy) and tensor (Аyy) analyzing powers for the reaction 9Be (d, p)X at
a primary deuteron momentum of 5 GeV/c for a proton emission angle of 178 mrad are obtained by using
the synchrophasotron of the Joint Institute for Nuclear Research (JINR, Dubna). The experimental data on
Ayy are analyzed within the approach based on light-front dynamics, the relativistic wave function obtained
by Karmanov and his colleagues being used for the deuteron. It is shown that, in contrast to what one has
from calculations with standard nonrelativistic deuteron wave functions, all relevant data can be explained
in this approximation without resort to additional degrees of freedom. c© 2005 Pleiades Publishing, Inc.
1. INTRODUCTION

Measurement of polarization features of the
deuteron-fragmentation reaction at intermediate and
high energies still remains one of the main tools for
studying the deuteron structure and, in a broader
context, one of the key problems in relativistic hadron
physics. The results of the experiments performed in
Saclay [1–4] and in Dubna [5–10] with polarized-
deuteron beams cast some doubt on the validity of
describing the deuteron structure at short distances
with the aid of wave functions obtained on the basis
of nonrelativistic wave functions via a kinematical
transformation of variables (see, for example, [11,
12]). In particular, this is suggested by following facts.
First of all, we recall that, in the momentum

representation, the tensor analyzing power T20 for
deuteron-fragmentation reactions of the A(d, p)X
type has the form T20 ∼ w(k)[

√
8u(k)−w(k)], where

u(k) andw(k) are the wave functions for, respectively,
the S- andD-wave states of the deuteron in momen-
tum space and k is the internal nucleon momentum
in the deuteron (in the light-front frame). For the
standard deuteron wave functions, the analyzing
power T20 as a function of k is expected to change
sign at k ∼ 0.5 GeV/c, but this is not observed
experimentally [7].
Further, we note that, within the impulse approx-

imation, the momentum dependence of the analyzing

1)Institute of Nuclear Physics, Moscow State University,
Vorob’evy gory, Moscow, 119899 Russia.
*E-mail: azhgirey@jinr.ru
1063-7788/05/6812-2129$26.00
power T20 is completely determined by the deuteron
wave function in momentum space. This function
depends only on k, but it was shown experimentally
in [10] that, for the pion-free deuteron breakup dp →
ppn in the kinematical region close to that of elastic
dp scattering into the backward hemisphere in the
c.m. frame, the tensor analyzing power T20 depends
not only on k but also on the initial deuteron mo-
mentum. This gives reasons to hypothesize that, in
addition to k, a new variable is required for adequately
describing the bound state of two nucleons.

Finally, the results obtained in [13, 14] by measur-
ing the tensor analyzing power Ayy for the process
where relativistic-deuteron fragmentation on nuclei
is accompanied by the emission of high-transverse-
momentum protons also favor this hypothesis. From
those results, it follows that, at fixed longitudinal mo-
menta of product protons, the tensor analyzing power
Ayy depends greatly on their transverse momentum;
in addition, it turns out that the quantities Ayy for
fixed values of k display a pronounced dependence on
the angle between the vectors k andn, the latter being
a unit normal to the light-front surface. All of these
facts do not fit in the traditional theoretical schemes
used to describe polarization observables of A(d, p)X
reactions.

Of course, the aforementioned features may be
attributed to various factors. For example, it can be
assumed that an overly simple (pole) mechanism was
used to explain experimental data. However, there
are serious reasons to believe that this mechanism is
c© 2005 Pleiades Publishing, Inc.
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Fig. 1. Tensor polarization of the deuteron beam in the experiment.
quite efficient in describing the processes being con-
sidered [15]. For example, it was shown in [16] that
the main special features of experimental data on the
tensor analyzing power for the relativistic-deuteron
fragmentation on nuclei that is accompanied by the
emission of high-transverse-momentum protons can
be explained on the basis of the simple pole mech-
anism within light-front dynamics [17] by using the
relativistic deuteron wave function derived in [18]. In
view of this result, we deem it reasonable to assume
that, in describing experimental data obtained with
polarized-deuteron beams, it is the most important
to take correctly into account the relativistic features
of the reaction being studied rather than to perform a
refined analysis of the reaction mechanism.

These features can be taken into account by var-
ious methods. However, we decided on the approach
developed by Karmanov et al. [18–20], because it is
necessary to introduce a new variable for describing
the relativistic deuteron. Within this approach, the
relativistic deuteron is described in terms of a more
general wave function than that in the nonrelativistic
case—that is, a wave function that depends on two
momenta, the longitudinal and the transverse one. In
the nonrelativistic limit, these components reduce to
the modulus of the momentum, with the result that
the nonrelativistic wave function depends on a single
nontrivial variable. In the relativistic case, there arises
a new relation between the longitudinal and trans-
verse components of the momentum characterizing
PH
the intranuclear motion of nucleons [18–20], and this
relation differs from the relation that is dictated by the
superposition of the S and D waves in the nonrela-
tivistic deuteron wave functions.
In this article, we present the results of new mea-

surements of the vector and tensor analyzing pow-
ers (Ay and Ayy , respectively) for inclusive deuteron
fragmentation in the reaction 9Be(d, p)X at an initial
deuteron momentum of 5 GeV/c and a secondary-
proton emission angle of 178 mrad in the laboratory
frame. These measurements were performed in order
to compare their results with the results of the calcu-
lations relying on light-front dynamics and employing
various deuteron wave functions.
In order to increase the data-accumulation rate,

the present experiment was performed with a beryl-
lium target. We note, however, that, in measuring the
momentum spectra of protons emitted at angles of
103, 139, and 157 mrad in the laboratory frame in the
fragmentation of 9-GeV/c deuterons on hydrogen,
deuteron, and carbon targets, it was shown [21] that
the shape of the high-momentum sections of the pro-
ton spectra is everywhere (with the exception of a seg-
ment about ±80MeV/c in width around the maxima
of the spectra) independent of the atomic number of
the target; it is determined exclusively by the deuteron
structure and the mechanism of deuteron–nucleon
interaction. The same conclusion was also drawn
from data on deuteron breakup at 0◦ [5]. As to the
results obtained by measuring the tensor analyzing
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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power T20 for deuteron breakup at 0◦ [2, 6, 7], they
showed that the systematic distinction between the
data for hydrogen and nuclear targets does not exceed
20%. Therefore, multiple scattering is modest, so that
nuclear targets are also appropriate for extracting
information about the deuteron structure.

2. DESCRIPTION OF THE EXPERIMENT

The experiment was performed with a polarized-
deuteron beam extracted from the synchrophasotron
of the Joint Institute for Nuclear Research (JINR,
Dubna). The SFERA setup used in this experiment
was described elsewhere [14, 22, 23]. Here, we will
dwell only on the basic points of our experimental
procedure.
A beam of tensorially polarized deuterons that was

characterized by a momentum of 5 GeV/c, a duration
of 0.5 s, and an intensity of 5 × 108 particles per
accelerator spill was incident to a beryllium target
16 cm thick. The beam intensity was monitored by
an ionization chamber arranged in front of the target
and by two telescopes of scintillation counters. The
position of the beam and its dimensions at specific
loci of the ion guide were checked within each pulse
by the equipment of the slow-extraction system. The
dimensions of the beam at the target position were
σx ∼ 0.4 cm and σy ∼ 0.9 cm in, respectively, the
horizontal and the vertical direction.
Polarized deuterons were produced by the

POLARIS ion source [24]. The spin quantization
axis was orthogonal to the plane containing the
mean orbit of the beam in the accelerator. The
sign of the beam polarization was reversed regularly
from one accelerator pulse to another. The tensor
polarization of the beam was determined on the
basis of measurements of asymmetry in the emis-
sion of protons with momentum pp ∼ 2

3pd at zero
angle in the A(d, p)X reactions [25]. The tensor-
polarization values obtained in the experiment were
p+
zz = 0.716 ± 0.043 and p−zz = −0.756 ± 0.027 for,
respectively, positively and negatively directed beam
polarizations. The results obtained by measuring the
tensor component of the deuteron-beam polarization
are shown in Fig. 1.
The vector polarization of the beam was contin-

uously monitored in the course of the experiment by
measuring asymmetry in quasielastic proton–proton
scattering on a thin polyethylene target inserted in
the beam. The values of the vector polarization were
obtained by using the results of asymmetry measure-
ments in the scattering of 2.5-GeV/c protons at an
angle of 14◦. The analyzing power of the polarime-
ter was taken to be 0.235 [26]. The vector polariza-
tion of the beam was p+

z = 0.173 ± 0.008 and p−z =
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Fig. 2. Asymmetry ε in measuring the vector component
of deuteron-beam polarization in the course of the ex-
periment (the open and closed circles correspond to the
positive and negative directions of polarization, and the
dashed and solid curves represent the mean asymmetry
values corresponding to them).

0.177 ± 0.008 for, respectively, the positive and the
negative direction of beam polarization. The results of
monitoring the vector component of deuteron-beam
polarization are presented in Fig. 2.

The data to be analyzed were obtained for four
values of the secondary-particle momentum in the
range between 2.7 and 3.6 GeV/c. The transverse
momenta of recorded protons ranged between 0.49
and 0.65 GeV/c. By means of magnetic elements,
secondary particles emitted from the target at an
angle of 178 mrad were transported to the detect-
ing equipment. The momentum and angular accep-
tances of the setup were determined via a Monte
Carlo simulation with allowance for the parameters of
the incident deuteron beam; nuclear interactions and
multiple scattering in the target, air, windows, and
detectors; the energy losses of primary and secondary
particles; and so on. The momentum acceptance for
secondary protons at four values of their momentum
is shown in Fig. 3 according to the results of this sim-
ulation. Themomentum and polar-angle acceptances
were ∆p/p ∼ ±2% and ±18 mrad, respectively.
Along with secondary protons, our equipment

recorded inelastically scattered deuterons. The
recorded particles were identified via data processing
in an off-line mode upon performing the experiment.
05



2132 AZHGIREY et al.

 

50

0.90 0.95

3.3 GeV/

 

c

p

 

/

 

p

 

0

 

1.00
0

1.05 0.90 0.95 1.00 1.05 1.10

100

150 3.6 GeV/

 

c

 

50

2.7 GeV/

 

c

 

0

100

150

3.0 GeV/

 

c

 

200
Arb. units

Fig. 3. Momentum acceptances for detecting secondary protons of momentum 2.7, 3.0, 3.3, and 3.6 GeV/c according to a
Monte Carlo simulation.
This was done on the basis of the results of two inde-
pendent measurements of the time of flight over the
base of length about 28 m. The resolution in the time
of flight was better than 0.2 ns (1σ). The background
of inelastically scattered deuterons at 2.7 GeV/c
was negligible, but it became more pronounced with
increasing secondary-particle momentum. In data
processing, we took into consideration only those
events for which the results of both time-of-flight
measurements met the chosen selection criteria.
The correlations between the time-of-flight spectra
obtained at four values of the secondary-particle
momentum are shown in Fig. 4. They demonstrate
a complete separation of secondary protons and
deuterons.

The tensor analyzing powerAyy and the vector an-
alyzing power Ay were calculated on the basis of the
numbers n+, n−, and n0 of protons recorded for the
different beam polarization states at the same beam
intensity. This was done by using the expressions

Ayy = 2
p−z (n+/n0 − 1) − p+

z (n−/n0 − 1)
p−z p

+
zz − p+

z p
−
zz

, (1)

Ay = −2
3
p−zz(n

+/n0 − 1) − p+
zz(n

−/n0 − 1)
p−z p

+
zz − p+

z p
−
zz

.

PH
Our experimental results for the tensor and vec-
tor analyzing powers are compiled in the table.
The secondary-proton momenta, the values of the
FWHM ∆p for the momentum acceptance, and the
values of the transverse momentum pT and of the
longitudinal-momentum fraction x according to the
Monte Carlo simulation are also given there. Because
of the energy loss in the target, the mean momentum
of the primary deuteron beam was 4.977 GeV/c. It
should be noted that, because of nuclear-interaction
and multiple-scattering effects, the values of pT differ
from those that follow from the expression pT =
p sin θ (θ = 178 mrad). The errors quoted in the table
are purely statistical; the possible systematic errors
are estimated at about 5%.

3. THEORETICAL BACKGROUND

The expressions for calculating the tensor analyz-
ing power for A(d, p)X reactions were derived in [16]
on the basis of the light-front-dynamics formalism,
and various aspects of this approach were also dis-
cussed there. However, we believe that a brief discus-
sion of its aspects concerning the analysis of new data
is appropriate.
The mechanism of deuteron fragmentation, (d, p),

can be represented by the Feynman diagrams in
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005



MEASUREMENT OF THE TENSOR ANALYZING POWER 2133

 

300

215 315

3.3 GeV/

 

c

 

Readings of time-of-flight coders
415

400

 

p

d

 

300

250 350

3.6 GeV/

 

c

 

450

400

 

p

d

 

300

180 280

2.7 GeV/

 

c

 

380

400
 

p

d

 

200

300

235 335

3.0 GeV/

 

c

 

435

400

 

p

d

Fig. 4. Correlations between two independent measurements of the time of flight of particles for four momentum values
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Fig. 5. Here, d is the incident deuteron, p is the target
proton, p1 is the detected proton, b is a virtual (off-
shell) nucleon, and p2 and p3 are nucleons. Apart from
nucleons, one or a few pions can be produced in the
lower vertices. The diagram in Fig. 5а corresponds to
the case where one proton from the stripping reaction
is detected and where neutron–proton scattering
occurs in the lower vertex. In the diagrams in Figs. 5b
and 5c, the lower vertices correspond to exchange
neutron–proton and elastic proton–proton scatter-
ing.

The analyzing power Tκq for (d, p) reactions is
given by the standard expression

Tκq =
∫
dτ tr{M · tκq ·M†}∫

dτ tr{M ·M†} . (2)

Here, dτ is a phase-space element; the operator tκq is
determined by the relation

〈m|tκq|m′〉 = (−1)1−m〈1m1 −m′|κq〉,

where 〈1m1 −m′|κq〉 is a Clebsch–Gordan coeffi-
cient; M is the reaction amplitude, while M† is its
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
Hermitian conjugate counterpart; and the symbol tr
denotes summation over the diagonal elements of the
spin matrices.

Within light-front dynamics, the amplitude for the
reaction 1H(d, p)X can be represented in the form

M =
M(d → p1b)

(1 − x)(M2
d −M2(k))

M(bp → p2p3), (3)

where M(d → p1b) is the amplitude describing
deuteron breakup into the spectator proton p1 and
the off-shell particle b, while M(bp → p2p3) is the
amplitude for the reaction bp → p2p3 (in the case of
the diagram in Fig. 5а, an obvious change in the
indices being made for the diagrams in Figs. 5b and
5c). The ratio

ψ(x, p1T ) =
M(d → p1b)
M2
d −M2(k)

(4)

is nothing but the deuteron wave function in the
(b,N) channel. In (4), p1T is the p1 component
orthogonal to the z axis, while Md is the deuteron
mass. The light-front variables pT ≡ p1T and x (the
05
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Tensor analyzing powerAyy and vector analyzing powerAy for the reaction 9Be(d, p)X at an initial deuteron momentum
of 4.977 GeV/c and at a proton emission angle of 178 mrad (here, p is the proton momentum in laboratory frame,∆p is
the FWHM value for the momentum acceptance, and x and pT are light-front variables; only the statistical errors are
quoted)

p, GeV/c ∆p, GeV/c x pT , GeV/c Ayy ± ∆Ayy Ay ± ∆Ay

2.728 0.058 0.537 0.490 0.030± 0.029 0.130 ± 0.041

3.021 0.062 0.591 0.544 0.158± 0.060 0.202 ± 0.048

3.315 0.067 0.646 0.597 0.081± 0.034 0.001 ± 0.048

3.610 0.072 0.701 0.651 0.133± 0.048 0.480 ± 0.067
deuteron-longitudinal-momentum fraction carried
away by the proton in the infinite-momentum frame
[27, 28]) are given by

x =
Ep + pL
Ed + pd

, k =

√
m2
p + p2

T

4x(1 − x)
−m2

p, (5)

where Ed and pd are the energy and the momentum
of the incident deuteron, Ep and pL are the proton en-
ergy and the longitudinal component of the momen-
tum p1, and mp is the nucleon mass. The quantity
M2(k) is given by

M2(k) =
m2
p + p2

1T

x
+

b2 + p2
1T

1 − x
, (6)

where b2 is the square of the invariant mass of the
exchanged particle.
In [21], the general features of the spectra of pro-

tons originating from (d, p) reactions induced by un-
polarized deuterons of initial momentum 9GeV/c and
having transverse momenta between 0.5 and 1GeV/c
were satisfactorily reproduced within light-front dy-
namics on the basis of the diagram in Fig. 5. In those
calculations, the deuteron wave function was derived
from the nonrelativistic wave function with the aid
of a kinematical transformation from the variables of
instant-form dynamics to the light-front variables.
However, attempts at describing, within the same
approach, the tensor analyzing power Ayy for the
reaction 12C(d, p)X at an initial deuteron momentum
of 9 GeV/c and a proton emission angle of 85 mrad
proved to be futile [13]. It seems that a simple kine-
matical transition from the nonrelativistic deuteron
wave function to the wave function within light-front
dynamics takes no account of important features of
the spin structure of the relativistic deuteron.
In [18], the relativistic deuteron wave function was

derived within light-front dynamics. It can be ex-
pressed in terms of six functions f1, . . . , f6 that are
invariant under rotations and which depend on two
PH
scalar variables k and z = cos(k̂ n) determining the
deuteron state. Its specific form is

ψ(k,n) =
1√
2
σf1 +

1
2

[
3
k2

k(k · σ) − σ
]
f2 (7)

+
1
2
[
3n(n · σ) − σ

]
f3 +

1
2k
[
3k(n · σ)

+ 3n(k · σ) − 2σ(k · n)
]
f4 +

√
3
2
i

k
[k× n]f5

+
√

3
2k
[
[k × n] × σ

]
f6,

where k is the nucleon momentum in the c.m. frame,
n is a unit normal to the light-front plane, and σ are
the Pauli matrices. The variable k was defined above,
and

(n · k) =
(

1
2
− x

)√
m2
p + p2

T

x(1 − x)
. (8)

As in [11, 15], the z axis is chosen to be antiparallel to
the deuteron-beam axis, in which casen = (0, 0,−1).
The final expression for the analyzing power has

the form

T2q

(
p10dσ

dp1

)

0

=
1

2(2π)3
(9)

×
{

I(b, p)
I(d, p)(1 − x)2

ρ0(2, q)σ(bp → p2X)

+
∫

dydp2T

2y(1 − y)
I(b, p)

(1 − y)I(d, p)
ρ0(2, q)

× p20dσ(bp → p2X)
dp2

[1 + P〈σ〉]
}
,

where I(b, p) and I(d, p) are the invariant fluxes of
the corresponding particles; 〈σ〉 is the vector analyz-
ing power for nucleon–nucleon scattering; σ(bp →
p2X) is the total cross section for nucleon–nucleon
scattering (it is independent of polarization); and P
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Fig. 5. Feynman diagrams for deuteron fragmentation on protons.
is the nucleon polarization vector in the deuteron,
the nucleon polarization being characterized by the
indices (κ, q),

P =
tr
{
σρ(κ, q)

}
ρ0(κ, q)

. (10)

The first term in the braced expression on the right-
hand side of (9) corresponds to the detection of a
spectator proton (diagram in Fig. 5а), while the sec-
ond term corresponds to the detection of a proton
originating from nucleon scattering on a target proton
(diagrams in Figs. 5b and 5c). For an unpolarized
beam, the invariant differential cross section appear-
ing in (9) is given by(

p10dσ

dp1

)

0

=
1

2(2π)3
(11)

×
{

I(b, p)
I(d, p)(1 − x)2

ρ0σ(bp → p2X)

+
∫

dydp2T

2y(1 − y)
I(b, p)

(1 − y)I(d, p)

× ρ0
p20dσ(bp → p2X)

dp2

}
,

where
ρ0 = 3[f2

1 + f2
2 + f2

3 + f2f3(3z2 − 1) (12)

+ 4f4(f2 + f3)z + f2
4 (z2 + 3) + (f2

5 + f2
6 )(1 − z2)].

Upon introducing the density matrix in the spin
space of the nucleon b for deuteron polarization char-
acterized by the indices (κ, q),

ρµµ′(κ, q) =
∑

ν,M,M ′

ψM (ν, µ)(−1)1−M
′

(13)

× 〈1M1 −M ′|κq〉ψ∗
M ′(ν, µ′) = ρ(κ, q)

=
1
2
ρ0(κ, q)(1 + P · σ),

the traces of the density matrices can be calculated by
using the relations

ρ0(κ, q) = tr
{
ρ(κ, q)

}
=
∑

ψM (ν, µ) (14)
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× 〈1M1 −M ′|κq〉ψ∗
M ′(ν, µ′).

The expressions for the traces of the density matrices
ρ0(2, 0) and ρ0(2, 2) are rather cumbersome; they are
presented in [16] and in the Appendix. The density
matrix ρ0(y, y) necessary for calculating the tensor
analyzing power Ayy can be derived from the relation

ρ0(y, y) = − 1√
2
ρ0(2, 0) −

√
3ρ0(2, 2).

4. COMPARISON OF THEORETICAL
AND EXPERIMENTAL RESULTS

It should be emphasized that the calculation of the
tensor analyzing power by formula (9) does not in-
volve free parameters. The invariant differential cross
sections p20dσ(bp → p2X)/dp2 for the processes oc-
curring in the lower vertices of the pole diagrams in
Fig. 5 and the invariant functions f1, ..., f6 appear
here as input data. The contributions of the elastic
and inelastic processes pp → pp, np → pn, Np →
p∆, and Np → pNπ (up to the Nπ invariant mass
of 1.5 GeV/c2) in the lower vertices of the pole di-
agrams were taken into account in accordance with
the parametrizations proposed in [29]. In addition, it
should be borne in mind that particle b is off the mass
shell. The virtuality of particle b was taken into ac-
count in the calculations through the use of analytic
continuations of the parametrizations of dσ(s′, t′)/dt′

to s′ = (b + p)2 and t′ = (b− p1)2 for b2 �= m2. The
fi(k, z) values necessary for the calculations were
obtained by means of a spline interpolation between
the values tabulated in [18].
In Fig. 6, the results of the calculations for the

tensor analyzing power Ayy in the reaction where the
fragmentation of 5-GeV/c deuterons on beryllium
nuclei is accompanied by the emission of protons
at an angle of 178 mrad are contrasted against our
experimental data. One can see that the results
of the calculations with Karmanov’s wave function
agree rather well with the experimental data, but
that the curves calculated by using the standard
deuteron wave functions corresponding to the Paris
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Fig. 6. Tensor analyzing power Ayy for the reaction 9Be(d, p)X at an initial deuteron momentum of 5 GeV/c and a proton-
emission angle of 178 mrad as a function of the proton momentum. The points represent experimental data. The curves
correspond to the calculations performed with the deuteron wave functions for (dash-dotted curve) the Paris potential [30]
and (dashed curve) the Bonn charge-dependent potential [31] and (solid curve) with the relativistic deuteron wave function
from [18].
potential [30] and the Bonn charge-dependent poten-
tial [31] are in sharp contradiction with the experi-
mental data, changing sign at a proton momentum of
about 3.2 GeV/c. In this connection, we note that the
calculations performed in [16] within the approach
described here led to a qualitative description of
the data on the tensor analyzing power Ayy for the
reaction 9Be(d, p)X at an initial deuteron momentum
of 4.5 GeV/c and a proton emission angle of 85 mrad
and to satisfactory agreement with the analogous
data for the reaction 12C(d, p)X at 9 GeV/с. The
new data obtained in the present study provide an
additional piece of evidence in favor of the approach
proposed in [16].

Finally, we will touch upon the question of why the
disagreement between the theoretical description and
the experimental data on T20 is considerably smaller
in the case of elastic electron–deuteron scattering
(see, for example, [32]) than in the case of elastic dp
scattering [10] and in the case of inclusive deuteron
breakup on nuclei [14] if they are analyzed in the im-
pulse approximation. Of course, this difference stems
from the inapplicability of the impulse approximation
to describing hadronic reactions involving accelerated
deuterons. In our opinion, a transition to the infinite-
momentum frame is a key point in the approach that
we use, this giving rise to the dependence of the
deuteron wave function on an additional nontrivial
PH
variable and making it possible to take effectively into
account reaction mechanisms beyond the impulse
approximation.

5. CONCLUSIONS

The basic results of this study are as follows.

New experimental data on the vector analyzing
power Ay and the tensor analyzing power Ayy for
the reaction 9Be(d, p)X at an initial deuteron mo-
mentum of 5 GeV/c and a proton emission angle
of 178 mrad have been obtained. The calculation of
the tensor analyzing power for (d, p) reactions within
light-front dynamics on the basis of the relativis-
tic deuteron wave function derived by Carbonell and
Karmanov [18] has led to results that are in good
agreement with our new experimental data. On the
other hand, the results of the calculations with the
nonrelativistic deuteron wave functions are in sharp
contradiction with the experimental data.

The new data favor the point of view [16] that
the relation between the longitudinal and transverse
components of the internal momentum in a moving
deuteron differs significantly from the relation that
holds in the nonrelativistic case. It seems that the
relativization method proposed in [20] reflects this
relation correctly, at least, up to pT ∼ 0.7 GeV/c.
YSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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It turns out, quite unexpectedly, that, up to short
internucleon distances corresponding to internal-
nucleon momenta of k ∼ 0.5−0.8 GeV/c, the
deuteron can be treated within light-front dynamics
as a two-nucleon system, as was indicated in [21].
In the deuteron-fragmentation process, relativistic
effects come into play at rather low energies, and it is
the use of light-front dynamics that makes it possible
to take these effects into account in the simplest way.
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APPENDIX

The traces ρ0(κ, q) of the density matrices for the
analyzing powers T20 and T22 are given by [16]

ρ0(2, 0) =
1√
6
(ψψ† − 3ψzψz) (A.1)

= −3f2
3 − 12f3f4z + 3f2

2 z
2 − 12f2

4 z
2 − 6f2

2 z
4

− 1.5f2
2 (1 − z2) − 4.5f2

4 (1 − z2) + 3f2
5 (1 − z2)

− 15.5885f4f6(1 − z2) − 1.5f2
6 (1 − z2)

− 3f2
2 z

2(1 − z2) + 3f2
2 (1 − z2)2 − 8.48528f1f3

− 16.9706f1f4z − 4.24264f1f2z
2

− 4.24264f1f2z
4 + 2.12132f1f2(1 − z2)

− 2.12132f1f2z
2(1 − z2)

+ 2.12132f1f2(1 − z2)2 − 6f2f3z
4 − 12f2f4z

5

+ 4.5f2f3(1 − z2) + 4.5f2f4z(1 − z2)

− 7.79423f2f6z(1 − z2) − 7.5f2f3z
2(1 − z2)

− 19.5f2f4z
3(1 − z2) − 7.79423f2f6z

3(1 − z2)

− 1.5f2f3(1 − z2)2 − 7.5f2f4z(1 − z2)2

− 7.79423f2f6z(1 − z2)2;

ρ0(2, 2) =
1
2
(ψxψ†

x − ψyψ
†
y) (A.2)

= 1.06066f1f2(1 − z2) − 0.75f2
2 (1 − z2)

+ 2.25f2
4 (1 − z2) − 1.5f2

5 (1 − z2)

− 2.59808f4f6(1 − z2) + 0.75f2
6 (1 − z2)

+ 1.06066f1f2z
2(1 − z2) + 1.5f2

2 z
2(1 − z2)
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 20
+ 1.06066f1f2(1 − z2)2 + 1.5f2
2 (1 − z2)2

− 0.75f2f3(1 − z2) + 0.75f2f4z(1 − z2)

− 1.29904f2f6z(1 − z2) − 0.75f2f3z
2(1 − z2)

+ 0.75f2f4z
3(1 − z2) − 1.29904f2f6z

3(1 − z2)

− 0.75f2f3(1 − z2)2 + 0.75f2f4z(1 − z2)2

− 1.29904f2f6z(1 − z2)2.
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OBITUARY
Leonid Grigor’evich Landsberg
December 23, 1930–September 13, 2005
Russian science suffers a heavy blow.
On September 13, 2005, Professor Leonid

Grigor’evich Landsberg, eminent scientist, outstand-
ing experimental physicist, head of a laboratory at the
Institute for High Energy Physics (IHEP, Protvino),
and Honored Scientist of the Russian Federation,
passed away after a serious and long illness. He
was a man who lived for science and gave it all his
remarkable talent and fiery temperament.

After graduating from Moscow State University
with honors in 1954, Landsberg began his scientific
activity at the Institute of Theoretical and Experimen-
tal Physics (ITEP, Moscow) under the supervision of
Academician A.I. Alikhanov. In 1963, he obtained his
candidate’s degree in physics and mathematics. In
1966, Landsberg moved to IHEP, where he headed
1063-7788/05/6812-2139$26.00
the Laboratory of Experimental Physics for almost 40
years.

Landsberg never interrupted his scientific collab-
oration with ITEP. In 1973, he obtained a doctorate
degree in physics and mathematics. In 1976, he was
nominated a professor in experimental physics.

Landsberg was a man of inexhaustible inquisitive-
ness and cherished interest in a wide variety of topics.
In particular, he was involved in searches for antimat-
ter, heavy quasistable leptons, and free quarks and in
investigations of elastic π−p,K−p, and p̄p scattering
and deep-inelastic scattering of pions and muons on
nucleons. Landsberg also sought rare muon and kaon
decays and studied radiative decays of light mesons
and hyperons, electromagnetic transition form factors
of neutral mesons, and the production of J/ψ particles
and charmed baryons. Searches for exotic mesons
and baryons were also the subject of his studies. He
headed work on the creation of the widely known
facilities LEPTON and SPHINX and directly par-
ticipated in this work. Also, Landsberg was deeply
involved in the international experiments SELEX,
CKM, E949, and KAMI.

Landsberg had great stamina and courage. De-
spite serious illness, he continued working on the
article devoted to rare kaon decays to the extremes;
the final version of this article was submitted for pub-
lication in Physics of Atomic Nuclei on the day of his
death.

Landsberg is the author of more than 200 scientific
studies. Two series of his investigations were included
in the USSR Public Register of Scientific Discov-
eries. Many of his scientific results were renowned
worldwide. In 1996, Landsberg was a recipient of
the Main Prize of the MAIK “Nauka/Interperiodica”
competition for the best scientific study. His disci-
ples include a corresponding member of the Russian
Academy of Sciences and many doctors and candi-
dates of sciences.

The personnel of IHEP and ITEP mourn the un-
timely death of the brilliant physicist, generous per-
sonality, and kind and considerate friend and condole
with his family and relatives.
c© 2005 Pleiades Publishing, Inc.
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FUTURE PUBLICATIONS
Observation of Multiparton Interactions in Proton–Nucleus Collisions
at an Energy of 70 GeV

V. V. Abramov, А. А. Volkov, P. I. Goncharov, А. V. Korablev, Yu. P. Korneev, А. V. Kostritskii, А. N. Krinitsyn,
V. I. Kryshkin, А. А. Markov, V. V. Talov, and L. K. Turchanovich

The production of noncoplanar hadron pairs in proton–nucleus interactions was studied experimentally
for the case where the transverse momenta of product particles is in excess of 1 GeV/c. The values obtained
for the exponent in the A dependence for noncoplanar hadron pairs are substantially greater than those for
coplanar pairs. This nuclear-mass-number dependence for the production of hadron pairs can be explained by
the contribution of multiparton interactions in proton–nucleus collisions.

Majorana Neutrinos in Rare Meson Decays

А. Ali, А. V. Borisov, and М. V. Sidorova

The rare meson decays K+ → π−�+�′+ and D+ → K−�+�′+ (�, �′ = e, µ), which are induced by Majorana
neutrino exchange and which do not conserve the lepton number, are considered. The effects of the meson
structure are taken into account on the basis of the Gaussian model for the respective Bethe–Salpeter ampli-
tudes. It is shown that existing direct experimental constraints on the decay branching ratios are overly lenient
and therefore give no way to set realistic limits on effective Majorana masses. On the basis of the constraints
on the lepton-mixing parameters and neutrino masses from precision measurements of electroweak processes,
neutrino-oscillation experiments, searches for neutrinoless double-beta decay of nuclei, and cosmological
data, indirect constraints on the branching ratios for the decays in question are obtained and found to be much
more stringent than the above direct constraints.

Resonances in the ωω System

D. V. Amelin, D. V. Bagg, Yu. G. Gavrilov, Yu. P. Guz, V. А. Dorofeev, R. I. Dzhelyadin, А. М. Zaitsev, А. V. Zenin,
А. V. Ivashin, I. А. Kachaev, V. V. Kabachenko, А. N. Karyukhin, А. N. Kohoplyannikov, V. F. Konstantinov,

V. V. Kostyukhin, V. D. Matveev, V. I. Nikolaenko, А. P. Ostankov, B. F. Polyakov, D. I. Ryabchikov,
А. А. Solodkov, А. V. Solodkov, О. V. Solov’yanov, Е. А. Starchenko, А. B. Fenyuk, and Yu. А. Khokhlov

The results of a partial-wave analysis of the reaction π−p → ωωn observed with the aid of the VES facility
at the Institute for High Energy Physics (IHEP, Protvino) are presented. The behavior of the JPC = 2++

amplitudes in the ωω system is described by using the f2(1565) resonance of mass M = 1.590 ± 0.010 GeV
and width Γ = 0.140 ± 0.011 GeV and the f2(1910) resonance of mass M = 1.890 ± 0.010 GeV and width
Γ = 0.165 ± 0.019 GeV. The decay f4(2050) → ωω is observed, the respective parameters being M = 1.960 ±
0.015 GeV and Γ = 0.290 ± 0.020 GeV.

Nuclear Effects in the Production of Lepton Pairs in Hadron–Nucleus Collisions

Ya. А. Berdnikov, М. Е. Zavatsky, V. Т. Kim, V. F. Kosmach, М. М. Ryzhinsky, and V. М. Samsonov

The results of experimental investigations of muon-pair production via the Drell–Yan process in pBe
and pW collisions at 800 GeV on a target at rest are analyzed. The ratios of the inclusive differential cross
sections for the production of lepton pairs are calculated. It is shown that agreement between the results of
the calculations and experimental data is improved upon taking into account multiple soft rescatterings of an
incident-hadron quark within the target nucleus.
1063-7788/05/6812-2140$26.00 c© 2005 Pleiades Publishing, Inc.



FUTURE PUBLICATIONS 2141
Role of the Parton Charges and Masses in the Exclusive Production of Meson Pairs
in Photon–Photon Collisions
A. V. Berezhnoy and A. K. Likhoded

Within the QCD parton model, the exclusive production of kaon pairs in photon–photon collisions is
analyzed under the kinematical conditions of the BELLE experiment. The differential cross section for this
process is studied as a function of the parton masses and charges and the form of the kaon wave function.

Investigation of Special Features of the Neutron and Proton Shell Structure
of the 90−96Zr Isotopes

O. V. Bespalova, I. N. Boboshin, V. V. Varlamov, Т. А. Ermakova, B. S. Ishkhanov, Е. А. Romanovskii,
Т. I. Spasskaya, and Т. P. Timokhina

The neutron and proton single-particle energies and the occupation probabilities for the valence states of the
even–even isotopes 90,92,94,96Zr are determined by matching data on nucleon-stripping and nucleon-pickup
reactions on the same nucleus. The data obtained in this way suggest the magicity of the number N = 56
for Z = 40. The single-particle energies of all bound neutron and proton states in the 90,92,94,96Zr nuclei were
described within the experimental errors on the basis of the dispersive optical model.

Calculation of the Nuclear Vertex Constant (Asymptotic Normalization Factor)
for the Virtual Decay 6Li → α+ d→ α+ d→ α+ d on the Basis of the Three-Body Model

and the Application of the Result to Describing the Astrophysical Nuclear Reaction
d(((α,γ)))6Li at Ultralow Energies

L. D. Blokhintsev, S. B. Igamov, М. М. Nishonov, and R. Yarmukhamedov

Within the (α, n, p) three-body model, the s-wave 6Li → α + d vertex constant G01 and the asymptotic
factor C01 for the wave function describing the 6Li nucleus in the α + d channel (these two quantities are
proportional to each other) are calculated by solving Faddeev equations for various sets of nucleon–nucleon
and αN potentials. The resulting values of G01 and C01 are used to calculate the astrophysical factor S(E) for
the radiative-capture reaction d(α, γ)6Li at energies in the range E = 0−600 keV. The calculated values of G01

and C01 appear to be sensitive to the form of the pair potentials used. It is shown that, upon correctly taking
into account the contributions of the E2 and E1 multipolarities, the values of S(E) in the region E < 150 keV
are determined primarily by the values of C01 and of 6Li binding energy in the α + d channel.

Asymmetry of Angular Distributions of Products of “Direct+++ Semidirect” Photoneutron
Reactions in the Region of an Isovector Giant Quadrupole Resonance

М. L. Gorelik, B. A. Tulupov, and М. G. Urin

A semimicroscopic approach based on the random-phase approximation taking exactly into account a
single-particle continuum and on a phenomenological description of the fragmentation effect is used to de-
scribe basic properties of an isovector giant quadrupole resonance. The same approach is employed to perform
a quantitative analysis of the asymmetry in the angular distributions of products of “direct + semidirect”
photoneutron reactions in the region of such a resonance. The results of the calculations performed for the
target nucleus 208Pb are compared with available experimental data.

Excited States of 176Hf
Е. P. Grigoriev

The properties of the excited levels of the even–even deformed nucleus 176Hf are analyzed on the basis of
available experimental data on 176Ta decay. Thirty-nine new states are included in the energy-level diagram
of the 176Hf nucleus. The deexcitation of a number of known levels is supplemented with new transitions.
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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New levels are included in three rotational bands, and the Ki = 0+
4 band is identified. The 2470.95-keV level

is considered as a two-phonon quadrupole–octupole state. A strong interplay of states belonging to different
bands is indicated. The Coriolis interaction is calculated for pairs of Kπ = 0− and 1−, 0+ and 2+, and 2+

and 3+ bands. The interaction parameters are found. It is shown that the sets of positive- and negative-parity
states are related by E1 transitions characterized by large hindrance factors.

Multipole Mixtures in Gamma Transitions of 154Sm from the (n, n′n, n′n, n′γ) Reaction
А. М. Demidov, L. I. Govor, V. А. Kurkin, and I. V. Mikhailov

The angular distributions of photons from the reaction 154Sm(n, n′γ) is measured with respect to the beam
of fast reactor neutrons. The known diagram of energy levels and gamma transitions in the 154Sm nucleus is
supplemented. The multipole-mixing ratios δ are found for many gamma transitions.

Nuclear-Level Densities in the Vicinity ofZ = 50Z = 50Z = 50 from the Evaporated-Neutron Spectra
in (p, np, np, n) Reactions

B. V. Zhuravlev, А. А. Lychagin, and N. N. Titarenko

Excitation functions, spectra, and angular distributions of neutrons from the (p, n) reactions on the isotopes
116Sn, 118Sn, 122Sn, and 124Sn were measured in the proton-energy range 7–11 MeV. The measurements
were performed by the time-of-flight method with the aid of the fast-neutron spectrometer over the base of
the rechargeable pulsed accelerator EGP-15 of the Institute of Physics and Power Engineering (Obninsk).
A high resolution (about 0.6 ns/m) and stability of the spectrometer in the time of flight made it possible to
identify reliably low-lying levels along with the continuum section of neutron spectra. The data obtained in this
way were analyzed on the basis of the statistical equilibrium and preequilibrium models of nuclear reactions.
The calculations were performed with the aid of the precise Hauser–Feshbach formalism of statistical theory.
The nuclear-level densities in the isotopes 116Sb, 118Sb, 122Sb, and 124Sb were determined, along with their
energy dependences and model parameters. In the excitation-energy range 0–2 MeV, the energy dependences
of the nuclear-level densities exhibit a structure that is associated with the nonuniformities of the spectrum of
single-particle states near filled shells. The isotopic dependence of the nuclear-level density is discovered and
explained. It is also shown that the data obtained here for the nuclear-level density differ markedly from the
predictions of model systematics of nuclear-level densities.

On the Contribution of a Chiral Scalar to the Cross Sections for the Reactions
pp → pppp → pppp → ppπ+π− and pn → pnpn → pnpn → pnπ+π− near the Threshold

D. A. Zaikin and I. I. Osipchuk

A simple estimate of the cross sections for the reactions pp → ppπ+π− and pn → pnπ+π− is given with
allowance for the contribution of a nonlinear chiral scalar field. The reaction amplitudes are calculated in
the threshold approximation. The final-state interaction of nucleons is taken into account in calculating the
cross sections in question. A comparison of the results of the calculations with experimental data leads to the
conclusion that the contribution of the chiral scalar to the cross sections for reactions under consideration is
quite sizable.

QCD Sum Rules for gggηΛΛ and gggπΛΣ

V. S. Zamiralov, А. Özpineci, and S. B. Yakovlev

New relations between the Borel QCD sum rules for the Σ0- and Λ-hyperon strong coupling constants
are derived. It is shown that, using the sum rules for gMΣΣ, M = π0, η, as a starting point, one can directly
obtain the corresponding sum rules for the coupling constants gηΛΛ and gπΛΣ. The values of these constants
are calculated in a specific parameter region.
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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Vector Analyzing Power in π+7Li Scattering in the Region of the ∆33 Resonance
Е. Т. Ibraeva, М. А. Zhusupov, A. Yu. Zaikin, and О. Imambekov

Within the Glauber diffraction theory, the vector analyzing power iT11 is calculated at three energies of
positively charged pions: 134, 164, and 194 MeV. These energy values lie in the region of the ∆33 resonance
in π±N interaction, the resonance maximum being at 180 MeV. The calculation of iT11 was performed
with several model 7Li wave functions, including αt-cluster and shell-model ones. The properties of π+7Li
scattering are found to be sensitive to the structural features of the target nucleus. A comparison of the results
of the calculations with experimental data shows that the wave functions in question and the potentials used
to calculate them are quite appropriate.

Resonance Conversion as the Main Channel of the Decay of the 3.5-eV Isomer in 229m229m229mTh
F. F. Karpeshin and M. B. Trzhaskovskaya

On the basis of calculations performed within the relativistic multiconfiguration Dirac–Fock method, it
is shown that the probability of the decay of the 3.5-eV nuclear level in the 229mTh isomer via resonance
conversion exceeds the probability of its direct radiative decay at least by a factor of about 600. The possibility
of experimentally observing delayed soft photons or alpha particles in the decay of this isomer is discussed.

Deficit of the Calculated Muon Flux at Sea Level forEµ � 100Eµ � 100Eµ � 100 GeV: Analysis of Possible
Reasons

А. A. Lagutin А. G. Tyumentsev, and А. V. Yushkov

The reasons why the deficit of the calculated muon flux for Eµ � 100 GeV arises if use is made of data from
direct measurements of the spectra of primary cosmic rays and present-day nuclear-interaction models are
considered. It is shown that this problem may stem from significantly underestimating the primary-nucleon
flux in balloon experiments employing the technique of emulsion chambers. This procedure relies on an
extrapolation of accelerator data; therefore, it is necessary to estimate, on the basis of various Reggeon models
of hadron interactions, the systematic error introduced by this circumstance in the results of themeasurements.
Such an analysis would make it possible to refine the behavior of the spectra of primary cosmic rays, to reduce
the methodological part of the error in the calculation of the fluxes of secondary cosmic rays in the atmosphere,
and to draw more precise conclusions on the flaws in present-day interaction models without invoking new
accelerator data.

Spectrum of Muons at Sea Level in the Energy Range 1–10 ТeV according to Data
from Underground Experiments

А. A. Lagutin and А. V. Yushkov

Within a conjugate approach, the properties of themuon component in various types of rock and in water are
calculated with allowance for fluctuations of energy losses in all muon-interaction processes. The behavior of
the muon spectrum at sea level is established on the basis of a comparison of the muon-absorption curves
obtained in this way and experimental data from underground facilities. It is shown that the deficit of the
calculated muon flux obtained with the aid of data from direct measurements of the spectra of primary nuclei
and Reggeon models of nuclear interactions is not less than 50% in the energy range 1–10 TeV.

Polarization in Quasielastic (p, 2pp, 2pp, 2p) Scattering on a 4He Nucleus at an Energy of 1 GeV
О. V. Miklukho, G. М. Amal’skii, V. А. Andreev, S. L. Belostotskii, D. О. Veretennikov, Yu. V. Elkin,

А. А. Zhdanov, А. А. Izotov, А. Yu. Kiselev, А. I. Kovalev, L. М. Kochenda, М. P. Levchenko, А. N. Prokof’ev,
D. А. Prokof’ev, V. Yu. Trautman, V. А. Trofimov, S. I. Trush, О. Ya. Fedorov, А. V. Shvedchikov, Т. Noro,

Kh. Sakaguchi, and K. Khatanaka

The polarization of secondary protons from the (p, 2p) reaction on a 4Не nucleus at a projectile-proton
energy of 1 GeV was measured in a kinematically complete experiment. By using a two-arm magnetic
spectrometer, two secondary protons were detected in coincidence at unequal scattering angles of Θ1 =
18◦−24.21◦ and Θ2 = 53.22◦ over a broad range of residual-nucleus momentum KB between zero and
PHYSICS OF ATOMIC NUCLEI Vol. 68 No. 12 2005
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150 MeV/с. It was found that the polarization of either secondary proton is less than the polarization in elastic
proton–proton scattering. The magnitude of this difference is determined by the mean binding energy of the
S-wave proton rather than by the mean effective nuclear density. The results are presented that were obtained
by measuring polarization in the quasielastic and elastic scattering of 1-GeV photons on a 4Не nucleus in the
angular range Θ1 = 18◦−24.21◦.

Role of Antisymmetrization in Describing the Excitation of the 111+++, T = 1T = 1T = 1 Level in the 12C
Nucleus by Polarized Protons

М. S. Onegin

Inelastic polarized-proton scattering involving the excitation of the 1+, T = 1 level at 15.11 MeV in the 12C
nucleus is described within the distorted-wave method. The effect of completely or approximately taking into
account the antisymmetrization of the wave function for the incident proton–intranuclear nucleons system
on various observables, including the differential reaction cross section, the analyzing power, the difference
of the polarization and analyzing power, and the depolarization parameter, is analyzed. The difference of the
polarization and the analyzing power in the case of the excitation of anomalous-parity levels is shown to be
highly sensitive to taking into account the above antisymmetrization. The reason for a large value of this
difference for the level being studied and the sensitivity of this value to the parameters of the effective nucleon–
nucleon interaction used are analyzed.

Effective-Range Function for Doublet ndndnd Scattering from an Analysis of Present-Day Data

Yu. V. Orlov and L. I. Nikitina

The parameters of the generalized effective-range function K(k2) having a pole are found from the results
of the calculation of the S-wave phase shift δ(E) for doublet nd scattering and the triton binding energy on
the basis of Faddeev equations and within the N/D method. The convergence of the expansion of K(k2) in
powers of the momentum is studied. The binding energy of the virtual triton and the residues of the scattering
amplitudes at the poles corresponding to the bound and virtual states are calculated. Correlations between the
binding energies of the bound and virtual states of the triton, on one hand, and the doublet scattering length for
nd interaction, on the other hand, are considered. The function K(k2) is also calculated for a two-body model
featuring various potentials.

Doublet Coulomb–Nucleus Scattering Length and Other Parameters
of the Effective-Range Function for pdpdpd Scattering from an Analysis of Present-Day Data

Yu. V. Orlov and Yu. P. Orevkov

Parameters of the effective-range function K(k2) having a pole are found from the results that are obtained
by calculating the S-wave phase shifts for doublet pd scattering and the binding energies of three-nucleon
nuclei on the basis of Faddeev equations and within the N/D method and which are known from the literature.
The convergence of the expansion of K(k2) in powers of the momentum is studied. The energy of the pd
resonance corresponding to the virtual state of the triton is calculated.

Effect of β Decay to Bound States in Ionized Atoms on the Delayed-Neutron Fraction

А. А. Rukhadze, L. I. Urutskoev, and D. V. Filippov

The ionization of an atom leads to an appearance of an additional channel of beta decay to a bound state of
an electron. It is shown that, for nuclei that are products of uranium fission and which are emitters of delayed
neutrons, the fraction of delayed neutrons increases upon taking into account the additional channel of beta
decay to bound states.
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Effect of Octupole Interactions on the Behavior of Negative-Parity States at Low Spins
А. S. Sitdikov, R. Kh. Safarov, and Ya. Kvasil

At low spins, the energies of negative-parity levels built on two-particle states exhibit a nonlinear behavior
as functions of the core-rotation energy. This is due to the incompleteness of the alignment process. This
behavior of negative-parity levels at low spins is satisfactorily described upon the inclusion of octupole–
octupole interactions, as is demonstrated for the example of the even–even isotopes 162−168Hf by applying
the rotational model that takes into account the Coriolis mixing of states.

Reaction γ p →p →p → η′(958)ppp and Polarization of Recoil Protons
V. А. Tryasuchev

On the basis of the isobar model extended with allowance for the t channel, the cross section for and the
single-polarization features of the reaction γp → η′p are calculated up to incident-photon energies of 5 GeV
by invoking two poorly studied resonances, S11(1978) and P13(2080). In order to reduce the ambiguities in
choosing these resonances and their parameters that make it possible to reproduce the experimental differential
cross sections, it is proposed to measure the polarization of recoil protons in the reaction being considered.

Observation of the Tensor Glueball
V. V. Anisovich, M. A. Matveev, J. Nyiri, and A. V. Sarantsev

In the reactions pp̄ → π0π0, ηη, ηη′, there are four relatively narrow resonances f2(1920), and f2(2020)
f2(2240), f2(2300) and a broad one f2(2000) in the mass region 1990–2400 MeV. In the framework of quark
combinatorics, we carry out an analysis of the decay constants for all five resonances. It is shown that the
relations for the decay constants corresponding to the broad resonance f2(2000) → π0, π0, ηη, ηη′ are the same
as those corresponding to a glueball. An additional argument in favor of the glueball nature of f2(2000) is the
fact that f2(1920), f2(2020), f2(2240), and f2(2300) fit well the qq̄ trajectories in the (n, M2) plane (where n
is the radial quantum number), while the broad f2(2000) resonance turns out to be an unnecessary extra state
for these trajectories.

LHC Prospects in Searches for Neutral Scalars in pp →pp →pp → γγ +++ jet

S. V. Demidov and D. S. Gorbunov

At hadron colliders, the γγ + jet channel provides a larger signal-to-background ratio in comparison with
inclusive γγ channel in hunting for scalars uncharged under the SM gauge group. By using NLO results for
the SM Higgs boson production and corresponding background, we estimate LHC prospects in searches for
radion and sgoldstino in γγ + jet channel. Three-body final-state kinematics allows for refined cuts. We have
found that this channel could be comparable with γγ channel in searches for new physics.

aaa+++
0 (980)-Resonance Production in the Reaction pp → dpp → dpp → dπ+++η Close to theKK̄KK̄KK̄ Threshold

P. V. Fedorets, M. Büscher, V. P. Chernyshev, S. N. Dymov, V. Yu. Grishina, C. Hanhart, M. Hartmann, V. Hejny,
V. Kleber, H. R. Koch, L. A. Kondratyuk, V. P. Koptev, A. E. Kudryavtsev, P. Kulessa, S. I. Merzliakov,

S. M. Mikirtychiants, V. E. Nekipelov, H. Ohm, R. Schleichert, H. Ströher, V. E. Tarasov,
K.-H. Watzlawik, and I. Zychor

The reaction pp → dπ+η has been measured at a beam energy of Tp = 2.65 GeV (pp = 3.46 Gev/c) using
the ANKE spectrometer at COSY-Jülich. The missing-mass distribution of the detected dπ+ pairs exhibits
a peak around the η mass on top of a strong background of multipion pp → dπ+(nπ) events. The differential
cross section d4σ/dΩddΩπ+dpddpπ+ for the reaction pp → dπ+η has been determined model independently for
two regions of phase space. Employing a dynamical model for the a+

0 production allows one then to deduce a
total cross section of σ(pp → da+

0 → dπ+η) = 1.1± 0.3stat ± 0.7syst µb for the production of π+η via the scalar
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a+
0 (980) resonance and σ(pp → dπ+η) = 3.5 ± 0.3stat ± 1.0syst µb for the nonresonant production. Using the

same model as for the interpretation of recent results from ANKE for the reaction pp → dK+K̄0, the ratio
of the total cross sections is σ(pp → d(K+K̄0)L=0)/σ(pp → da+

0 → dπ+η) = 0.029 ± 0.008stat ± 0.009syst,
which is in agreement with branching ratios in the literature.

Analytic Calculation of Field-Strength Correlators
Yu. A. Simonov

Field correlators are expressed using background field formalism through the gluelump Green’s functions.
The latter are obtained in the path integral and Hamiltonian formalism. As a result, the behavior of field
correlators is obtained at small and large distances for both perturbative and nonperturbative parts. The latter
decay exponentially at large distances and are finite at x = 0, in agreement with OPE and lattice data.
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