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Abstract of the Dissertation

Multidimensional Simulations of Type Ia Supernovae
and Classical Novae

by

Brendan Kurt Krueger

Doctor of Philosophy

in

Physics

Stony Brook University

2012

Explosive astrophysical phenomena have historically played a significant role in
understanding the universe and our place within it. Stellar explosions are impor-
tant distance indicators, allowing exploration of the structure and evolution of the
universe. They also form and disperse heavy elements that are recycled into new
astrophysical objects. Stellar explosions are not a uniform group; the progenitors
and mechanisms of stellar explosions vary tremendously. I used multidimensional
simulations to study two distinct types of explosions that are believed to result
from similar progenitor systems: compact white dwarf stars that accrete mat-
ter from stellar companions. The two types of explosions I studied are type Ia
supernovae and classical novae.

Type Ia supernovae are thought to arise from a thermonuclear explosion originat-
ing in the core of an accreting white dwarf and leave no remnant. These events
are the premier distance indicators in cosmological studies, but questions remain
about systematic biases and intrinsic scatter. My investigation centered on the
systematic impact of the central density of the progenitor on the brightness of
the supernova. Relating the progenitor’s central density to its age provided a
theoretical explanation of the observed trend that type Ia supernovae from older
stars are dimmer. I also demonstrated the importance of a statistical study of
such problems, due to the strongly nonlinear evolution during the explosion.

Classical novae are important for the study of circumstellar dust formation and
are significant contributors of specific isotopes found in our galaxy. They result
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from a thermonuclear runaway occurring in the accreted envelope on a white
dwarf. Only the envelope is consumed, so the white dwarf remains and the event
may recur on time scales of 104 to 105 years. My study made use of a new
simulation code specialized for low-Mach number flows, such as convection just
prior to the explosion. I developed hydrostatic initial models and physics modules
necessary for simulations of classical novae. This problem provided unexpected
challenges, but preliminary simulations of convection-driven mixing between the
accreted envelope and the underlying white dwarf are underway. Future results
will explore the effects of convection, particularly the quantity and mechanisms
of mixing.

My research into stellar explosions provided important insight into their mecha-
nisms and required considerable development work, which improved our models
and will allow more realistic simulations in the future.
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Chapter 1

Introduction

In this dissertation I explore two distinct, but related, topics: type Ia supernovae (SNeIa,
discussed in Part I), and classical novae (CNe, discussed in Part II). Both are explosive
astrophysical phenomena involving thermonuclear reactions in or on the surface of a com-
pact stellar object that is accreting matter from a companion star. Stellar explosions are
scientifically interesting for many reasons; for example, they synthesize and distribute heavy
elements, which strongly impacts galactic chemical evolution, and they can be used as dis-
tance indicators, which has led to ground-breaking discoveries in cosmology. My research
involves the use of numerical simulations of these explosions, with the goal of understanding
the mechanisms which drive them and the processes involved.

1.1 Progenitor Systems

Despite significant differences in their mechanisms, SNeIa and CNe result from similar
progenitor systems: a binary star system with one compact star and one non-compact star1.
The non-compact star, referred to as the companion star, is typically assumed to be either
a red giant or a star on the main sequence. In both cases, the compact star is a white
dwarf (WD). White dwarfs are the endpoint of stellar evolution of stars with zero-age main-
sequence masses (MZAMS) less than approximately 8M� (Nomoto, 1984). Once such a star
has consumed its fuel, it contracts due to the loss of pressure support in the core. This
contraction continues until the pressure from electron degeneracy becomes sufficient to halt
the collapse2. The composition of the resulting WD will primarily be helium for the lowest
MZAMS, a carbon-oxygen mixture for intermediate MZAMS, or an oxygen-neon mixture for
the highest MZAMS; both CNe and SNeIa are believed to result from carbon-oxygen WDs.
Due to the properties of electron-degenerate material, WDs have an upper mass limit that
depends on properties of the particular WD (e.g., the electron-to-baryon ratio and the spin
period); this upper limit is known as the Chandrasekhar mass (MCh) and is typically around

1Other models exist for SNeIa; see Section 2.2.

2Electron degeneracy pressure is a quantum mechanical phenomenon that arises when fermions are com-
pressed to the point where the Pauli exclusion principle forces a fermion to move to a higher energy state in
order to compress further, which manifests as a pressure (Fowler, 1926).
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1.4 M� (Chandrasekhar, 1931a,b, 1935). To give a sense of scale, a WD with a mass near
1 M� will have a radius comparable to that of the Earth.

In binary systems, it is possible to transfer mass between stars. For the systems that I
am considering, several mechanisms exist to transfer mass from the non-compact companion
onto the surface of the WD: primarily Roche-lobe overflow, in which the companion’s outer
layers are no longer gravitationally bound to the core of the companion due to the proximity
of the WD, and stellar wind. A variety of phenomena may result from such mass transfer,
including an assortment of cataclysmic variables (of which CNe are a subset) and SNeIa.

1.2 Numerical Simulations

My research is based on numerical simulations of these two phenomena. I do not simulate
any stellar evolution or mass transfer, only the explosion itself. I use progenitor models
informed by stellar evolution research to capture the state of the star immediately prior to
the explosion. Therefore my simulations do not include the entire binary system, but only
the WD (all or part of the WD, depending on the simulation).

I use two different simulation tools for my simulations: FLASH and MAESTRO. Both codes
solve modified versions of the Euler equations for inviscid flow (Euler, 1757a,b,c, 1761) on a
discretized grid of control volumes; that is, they are finite-volume Eulerian hydrodynamics
codes. Modifications to the underlying hydrodynamics equations include the ability to handle
multi-scale flows (e.g., through adaptive mesh refinement), gravity, nuclear reactions, and
non-ideal equations of state. Further discussion of these two codes will be deferred until later;
for a discussion of FLASH see Section 2.5, and for a discussion of MAESTRO see Section 6.4.

These computational tools are modern research tools designed to run on the largest com-
puting platforms available. The challenge of including all the significant physical processes,
spanning the diverse scales that are important to the phenomena being studied, and scaling
well to get maximum use of the computational resources available makes these problems
interesting from the perspective of computational science as well.
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Part I

Type Ia Supernovae
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Chapter 2

Overview

Type Ia supernovae have long provided a source of surprising discoveries about the struc-
ture of our universe and our place within it. Tycho Brahe’s publication of De Nova Stella in
1573 signalled the end of Aristotelian cosmology: the unchanging heavens had changed, and
with them our view of the universe we inhabit (Chaisson & McMillan, 2001). More recently,
the Supernova Cosmology Project (Perlmutter et al., 1999) and the High-z Supernova Search
Team (Riess et al., 1998) found evidence that the expansion of the universe is accelerating
in violation of prior expectations of the structure of the universe, suggesting the existence
of dark energy and revolutionizing our understanding of cosmology (Nobelprize.org, 2011).
SNeIa continue to be the premier distance indicators for probing the structure and expansion
history of the universe, but their intrinsic scatter in brightness and the inherent uncertainty
in measuring and calibrating them are becoming dominant sources of uncertainty in mea-
surements of cosmological parameters. A better understanding of the mechanism of SNeIa
could potentially lower these uncertainties and allow a deeper test of cosmology.

2.1 Historical Overview

The oldest known stellar explosion is recorded in the 5th century Chinese book The

Book of the Later Han, which discusses the appearance of a “guest star” in the year 185
(Fan Ye, 5th century; see also Stothers, 1977). The modern study of stellar explosions
began with Tycho Brahe’s De Nova Stella (“On the New Star”; Brahe, 1573), describing
the appearance of a new star. From Tycho’s work we derive the modern name “novae” for
these phenomena. In the early twentieth century, studies of novae began to distinguish a
category that were significantly more luminous than other novae, which were termed “super-
novae” by Baade and Zwicky (1934; see also Osterbrock, 2001). In 1941 Minkowski began
the spectral system to distinguish between classes of supernovae, proposing two types: type
I, which lacks evidence of hydrogen in their spectrum, and type II, which have hydrogen
present (Minkowski, 1941). Type I supernovae were further divided into types Ia, Ib, and
eventually Ic (Bertola, 1964; Porter & Filippenko, 1987).

Hoyle & Fowler (1960) first proposed the idea of a thermonuclear runaway in the core
of a star supported by electron degeneracy as the mechanism for SNeIa. Whelan & Iben
(1973) further refined this model by proposing what is now known as the single-degenerate
paradigm: a carbon-oxygen WD, supported by electron degeneracy, approaches MCh through

4



accretion from a binary companion and undergoes an explosion as an SNeIa. Truran et al.
(1967) and Colgate & McKee (1969) developed the idea that the source of energy for the
light curve of SNeIa is the radioactive decay of 56Ni produced in the explosion.

Over the next few decades, theoretical models of SNeIa were refined. It was shown that
prompt detonations (in which the burning front propagates supersonically) do not reproduce
the observational signatures of SNeIa (Nomoto et al., 1976; Woosley & Weaver, 1986), while
the W7 model of Nomoto et al. (1984) showed that, in one dimension, a deflagration (in
which the burning front propagates subsonically) is able to reproduce many observations.
However, even the deflagration model suffers from some shortcomings, and Khokhlov (1991a)
introduced the delayed-detonation model, in which the explosion begins as a deflagration and
transitions to a detonation later in the supernovae outburst. This delayed-detonation model
is still the favored model in modern simulations of the single-degenerate paradigm of SNeIa.

2.2 Current Theory

The single-degenerate paradigm is not the only commonly-studied model for SNeIa. The
double-degenerate paradigm, introduced by Webbink (1984) and Iben & Tutukov (1984), is
the primary competing model to explain SNeIa. As with the single-degenerate paradigm,
the double-degenerate paradigm assumes that a progenitor system is a binary star system.
However, instead of one WD approaching MCh by accretion from a non-degenerate compan-
ion, the double-degenerate paradigm assumes that both stars are WDs and the explosion is
initiated by a merger as the two WDs spiral together. My research focuses on the single-
degenerate paradigm, so the double-degenerate paradigm will not be discussed further.

Even within the single-degenerate paradigm, there are a variety of mechanisms. Since
Khokhlov (1991a), most simulations of SNeIa have used the delayed detonation model, but
the details of how the detonation is initiated are as yet unknown. Various mechanisms
exist, including the gravitationally-confined detonation first proposed by Plewa et al. (2004).
My research focuses on the mechanism known as the deflagration-to-detonation transition
(DDT), introduced in Khokhlov (1991a), in which the explosion begins as a deflagration
within the core of the WD, and eventually some critical set of conditions is reached that
causes a transition to a detonation mode. The details of this transition are actively being
studied in both terrestrial and astrophysical contexts. The method used in my research
is a simple model that assumes the transition occurs when the flame front reaches some
characteristic density, the details of which will be explained below.

2.3 Width-Luminosity Relation

Phillips (1993) showed that the width and luminosity of the peak of SNIa light curves
(brightness as a function of time) are correlated. In other words, knowing how fast the
brightness declines from maximum specifies the intrinsic maximum brightness of the SNIa.
This relation, known as the Phillips relation or the width-luminosity relation (WLR), can
be calibrated against other methods in the astronomical distance ladder and used as a
“standardizable candle”: knowing how bright a supernova actually is and how bright it
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appears to be determines how far away it is. Using SNeIa as standardizable candles enables
studies of cosmological structure and expansion history, and was instrumental in determining
that the expansion of the universe is accelerating (Riess et al., 1998; Perlmutter et al., 1999).

The use of SNeIa to determine cosmological parameters has benefited from the rapidly-
growing quantity of data available. The number of SNIa observations has decreased the
statistical uncertainty to the point where the systematics, such as variations of SNIa light
curves with galaxy properties, will soon be the dominant source of uncertainty (Sullivan
et al., 2011). In order to reduce the systematic uncertainty, it is necessary to gain a better
understanding of the mechanism that underlies SNeIa. Recent work has begun to account
for correlations of the brightness and light curve of an SNIa with properties of the host
galaxy (Conley et al., 2011). Improvements in our understanding of the mechanism of SNeIa
may shed light on these host galaxy correlations, and lower the systematic uncertainty in
cosmological parameters.

2.4 Goals of Research in SNeIa

The vast majority of SNeIa obey this WLR, but an important question remains: What
is the intrinsic scatter of these events? Or, to put it differently, how well does the WLR
hold? Observations of SNeIa make use of a parameter known as the Hubble residual, which
is the difference between the distance inferred from a SNIa based on its light curve properties
and the WLR and the distance inferred from its redshift and the expansion of the universe.
This expansion was originally described by the Hubble Law (Lemâıtre, 1927; Hubble, 1929),
hence the term Hubble residual. To quote from Kelly et al. (2010): “Correlations between
Hubble residuals and progenitor properties have the potential to introduce bias into SN Ia
cosmological measurements [...]. If correlations are identified, host measurements such as size,
mass, or metallicity could be combined with light curve parameters [...] to improve luminosity
distance estimates to SNe Ia and control systematics in cosmological measurements.”

As a prelude to addressing the Hubble residual, Townsley et al. (2009) presented a method
to investigate how certain properties of a progenitor WD impact the outcome of the associ-
ated SNIa explosion, particularly the brightness of the SNIa. This collaborative study is an
ongoing research program, with several aspects presented in Townsley et al. (2009), Jackson
et al. (2010), Krueger et al. (2010), and Krueger et al. (2012). My research has focused
on the influence of the central density of the progenitor WD immediately prior to the for-
mation of the deflagration front. Lesaffre et al. (2006) showed that two progenitors that
differ only in the time elapsed between the formation of the WD and the onset of accretion
from the companion (known as the cooling time) will have different central densities at the
point where the conditions for the formation of a deflagration front are met, with longer
cooling times resulting in higher central densities. Thus the central density at the formation
of the deflagration front is a proxy for the age of the progenitor star1. I investigated how
the brightness of an SNIa depends on this density, seeking a theoretical explanation of the
observed trend that older stars are systematically dimmer (Gallagher et al., 2008; Howell

1See Section 4.5.2 for clarification on the measurements of “age” for SNeIa
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et al., 2009; Neill et al., 2009; Brandt et al., 2010).

2.5 The FLASH Code

This research was done by performing a suite of multidimensional full-star simulations
of SNeIa. My simulations were performed using a customized version of the FLASH code.
FLASH is a hydrodynamics code designed to simulate nuclear-powered astrophysical flashes
(Fryxell et al., 2000; Calder et al., 2002b). It solves a modified version of the Euler equations
for inviscid flow that accounts for reactions. We may write these compressible reactive
hydrodynamics equations as:

∂ρ Xk

∂t
= −∇ · (ρ Xk u) + ρ ω̇k (2.1a)

∂ρu

∂t
= −∇ · (u ⊗ ρu) −∇P − ρg (2.1b)

∂ρ e

∂t
= −∇ · (u (ρ e + P )) + ρ ėnuc + ρu · g, (2.1c)

where ρ is the mass density, Xk is the mass fraction for species k, u is the fluid velocity,
ω̇k is the rate of change of species k, P is the pressure, g is the acceleration of gravity, e is
the total energy density, and ⊗ is a dyadic product2. The mass fraction of a species is the
ratio of the partial mass density to the total mass density (Xk ≡ ρk/ρ); for a given control
volume, it is also the ratio of the mass of all nuclei of species k to the total mass in the
control volume. It follows from this definition that

∑

k

ρk = ρ and
∑

k

Xk = 1. (2.2)

Due to conservation of mass3,
∑

k

ω̇k = 0. (2.3)

2The dyadic product is also known as an outer product or tensor product. The dyadic product of
two vectors creates a tensor of order two; the statements P = v ⊗ w and Pij = viwj are equivalent.
Equation (2.1b) may be clearer in component form:

∂ρui

∂t
= −∇ · (uiρu) −

∂P

∂xi

− ρgi,

where this is a set of equations: one for each spatial dimension.

3In actual fact, mass is not conserved due to nuclear reactions converting mass to energy. The quantities
Ẋk and ω̇k are not equivalent because Xk are fractions and by definition must sum to unity so that Ẋk must
sum to zero, while ω̇k may account for this mass non-conservation and will therefore not generally sum to
zero. However, even in an extreme case such as pure hydrogen converting to pure nickel, the change in mass
is less than 1%, so most hydrodynamic codes neglect this mass non-conservation and ω̇k will sum to zero.
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Given Equations (2.2) and (2.3), a summation over k of Equation (2.1a) yields

∂ρ

∂t
= −∇ · (ρu) . (2.4)

This summed form, along with Equations (2.1b) and (2.1c), can be seen as expressions of
the conservation of mass, momentum, and energy respectively. The relationship between the
specific total energy, e, and the specific internal energy, ε, is

e = ε +
1

2
(u · u) . (2.5)

The term ėnuc represents a source term from the energy released by nuclear reactions. This
system of equations is not closed; it requires a relation between the pressure and the density.
This is given by the equation of state (EoS), which relates the thermodynamic quantities
of the system (e.g., density, pressure, energy, temperature, entropy); typically an EoS for
astrophysical simulations will require two thermodynamic quantities and the composition.

FLASH makes use of adaptive mesh refinement (AMR), which allows grid cells to be
subdivided or merged together in order to increase or decrease the resolution as needed.
This is a powerful feature, which allows high resolution to capture important details in the
“interesting” region of a simulation without wasting time computing unnecessary details
in the “uninteresting” regions. What regions of a simulation are considered “interesting”
depends on the goals of a particular simulation, and may include considerations such as
energy generation or steep gradients in fluid quantities.

The core of FLASH was developed at the Flash Center for Computational Science at
the University of Chicago, and is available directly from the Flash Center4. The details
of the variant used to perform my simulations are described in Townsley et al. (2007),
Townsley et al. (2009), and Jackson et al. (2010), with important support information on
certain components and/or implementations presented in Calder et al. (2007) and Seitenzahl
et al. (2009b). The modifications made to this custom version of the FLASH code are also
summarized in Krueger et al. (2010) and Krueger et al. (2012); see Chapters 3 and 4.

4http://flash.uchicago.edu/
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Chapter 3

Effect of the Central Density - Paper I

This chapter is a reproduction of the first paper I published on the problem of the central
density dependence of SNeIa. It was originally published in the Astrophysical Journal Letters
(Krueger et al., 2010). In this paper I present the main findings of my research. Due to the
length restrictions of the Letters format, some details had to be omitted; those details, along
with a more in-depth analysis, were presented in Krueger et al. (2012); see Chapter 4. This
paper is reproduced by permission of the American Astronomical Society. The co-authors
directed and supervised the research that forms the basis for this paper.
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Chapter 4

Effect of the Central Density - Paper

II

This chapter is a reproduction of the second paper I wrote on the problem of the central
density dependence of SNeIa, and is a follow-up to Krueger et al. (2010); see Chapter 3.
This paper has been accepted by the Astrophysical Journal (Krueger et al., 2012). In this
paper I present additional details of the models and analysis that had to be omitted from
Krueger et al. (2010) due to length restrictions of the Letters format. Additionally, I present
new analysis of those results and extend the conclusions based on the new analysis. This
paper is reproduced by permission of the American Astronomical Society. The co-authors
directed and supervised the research that forms the basis for this paper.
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Chapter 5

Conclusions and Future Work

5.1 Summary and Conclusions

My research into SNeIa used a customized version of the FLASH code to perform a suite
of two-dimensional simulations. Applying the statistical method of Townsley et al. (2009), I
generated five different progenitor WDs, each with a different initial central density, and per-
formed thirty different simulations of each progenitor with randomized initial flame surfaces.
Based on analysis of these simulations, I provided a theoretical explanation of the observed
trend that SNeIa from older stellar populations are systematically dimmer. I showed that,
due to the strongly non-linear processes involved, a statistical study of many simulations
is important to capturing the true trends in SNeIa. For the initial conditions that I used,
15−20 different initial flame surfaces are necessary to capture statistically significant trends.

Additionally, I find that SNeIa from my simulations match the qualitiative requirements
to fall along the observed WLR: the mass of 56Ni varies, correlating approximately to moving
along the WLR; the mass of IGEs is statistically constant, but has some small variation,
which correlates approximately to the width of the WLR; the 56Ni is well-mixed out to a
high enclosed mass. Despite being well-mixed, the 56Ni does show some clumpiness, which
could potentially give rise to observable line-of-sight variations in observations of SNeIa.

Using the results of Lesaffre et al. (2006), I connected the central density of the progenitor
immediately prior to the ignition of the deflagration to the age of the progenitor, allowing
my research on the question of the central density to shed light on the question of variations
of SNeIa with the age of the host stellar population, a question which observers have been
studying in order to control for systematic biases in cosmological studies. I presented a
potentially-observable trend that could determine the relative ages of the progenitors of two
SNeIa with the same brightness. The mass of stable IGEs is tightly correlated with the
central density, and therefore the age.

5.2 Future Work

The collaboration that I worked with on this research is currently investigating several
aspects of this problem, and is seeking to improve our models. Turbulence is inherently dif-
ferent in three dimensions than it is in two dimensions, so a current goal of the collaboration
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is to develop three-dimensional models. This includes modifying the method for randomiz-
ing the initial conditions, and also includes a model for the interactions between turbulence
and the flame front. The collaboration is also pursuing post-processing of tracer particles
to verify the energetics and nucleosynthesis of our simulations, and present greater detail of
the nucleosynthetic yield.

The next step for my own research within this collaboration is a study of the influence
of the carbon fraction in the core of the progenitor WD. At this stage, it will first require a
literature search to understand previous work on this topic, as well as to determine believable
initial conditions for progenitor WD models. This carbon fraction study will be performed
analagously to the central density study presented in Krueger et al. (2010) and Krueger et al.
(2012), using a suite of two-dimensional simulations.
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Part II

Classical Novae
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Chapter 6

Overview

Classical novae are scientifically interesting for numerous reasons:

• They are potentially very important to the theory of SNeIa, as they may be the mech-
anism by which the massive WDs that are needed as SNIa progenitors are made.
However, this connection is still being debated.

• While CNe are not as bright as SNeIa, and are therefore not visible from such great
distances, they can be calibrated through a relationship between their maximum mag-
nitude and their rate of decline, and used as distance indicators (della Valle & Livio,
1995).

• Novae have a strong impact on the interstellar medium: though they eject less matter
per event than supernovae, novae are more numerous and likely contribute a compara-
ble amount of matter to the interstellar medium. Due to the difference in nucleosyn-
thesis between novae and supernovae, novae likely produce more intermediate-mass
elements, and may be the dominant sources of certain isotopes, possibly including 7Li,
13C, 15N, 17O, 22Na, and 26Al.

• Because nova nucleosynthesis proceeds at temperatures and densities obtainable in
a laboratory, they may be valuable tests for laboratory astrophysics (José & Iliadis,
2011).

• Novae provide an opportunity to study circumstellar dust formation in real time.

• Most close binaries may go through a nova phase, so understanding novae may be
significant for binary stellar evolution.

• Novae pose many open questions related to light curves and spectra, and provide an
excellent opportunity to study non-steady-state radiation transport.

For recent compilations that review CNe observations and theory, see Hernanz & José (2002)
and Bode & Evans (2008).

My study of CNe is still a work in progress. The next few chapters will detail the work
I have done and my plans for future work to complete, and potentially extend, the project.
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6.1 Historical Overview

Many phenomena can result from mass transfer onto a WD from a non-degenerate com-
panion. Some are observed to brighten and dim (this can be periodic or aperiodic); such
systems are referred to as cataclysmic variables (CVs). There are many CV subtypes, includ-
ing classical novae, recurrent novae, dwarf novae, and a number of others that are typically
named after a prototype system representative of that class (Downes et al., 2001).

Theories about novae date back at least as far as Newton’s Principia Mathematica (New-
ton, 1687; see also José & Iliadis, 2011): “So fixed stars, that have been gradually wasted by
the light and vapors emitted from them for a long time, may be recruited by comets that fall
upon them; and from this fresh supply of new fuel those old stars, acquiring new splendor,
may pass for new stars.” The study of novae also includes one of the most concise research
papers ever written (Hartmann, 1925), which reads in its entirety, “Nova problem solved.
Star inflates, bursts.” However, the modern theory of CVs could be argued to begin with Joy
(1943), who first deduced the binary nature of a CV (specifically the AE Aquarii system).
Walker (1954) showed that one of the two stars in the DQ Herculis system must be com-
pact due to the short period, which implied very small separation of the two stars. Struve
(1955) generalized these two findings and proposed that all CVs are close binary systems.
Crawford & Kraft (1956) presented a model for AE Aquarii that serves as a prototype for
all CV systems: one star overflowing its Roche lobe and transferring mass onto a compact
companion; this model was shown to apply to ten nova systems by Kraft (1964).

Because of the high thermal conductivity of degenerate matter, it was initially believed
that heat would be transported away from the energy-generation region too rapidly for the
temperature to rise sufficiently to ignite a thermonuclear runaway. Giannone & Weigert
(1967) show that the matter is not fully degenerate, therefore the thermal conductivity is
low enough that the temperature is able to rise and ignite a thermonuclear runaway. Sparks
(1969) performed simulations of shocks in the envelope of a star and showed that the resulting
light curves resemble novae.

6.2 Enrichment

Starrfield et al. (1972) determined that the fraction of carbon, nitrogen, and oxygen in
the WD’s accreted envelope prior to the explosion must be greater than the fraction present
in the sun in order to generate sufficent energy for a nova outburst; this is referred to as
enrichment. Without enrichment, expansion quenches the burning before enough energy has
been released for an outburst. Carbon, nitrogen, and oxygen catalyze hydrogen burning
through the CNO cycle (see Section 9.1), so the burning proceeds fast enough to generate
sufficient energy for an outburst before expansion can quench the burning. This theoretical
prediction was supported by observations that showed the abundances of nova remnants
could only result if the pre-outburst abundances were enriched (Gehrz et al., 1998).

The source of the enrichment is believed to be some sort of mixing between the accreted
envelope (primarily hydrogen and helium) and the underlying core (in the case of CNe,
believed to be primarily carbon and oxygen). The mechanism(s) of this mixing are unknown,
with suggestions including
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• diffusion across the boundary, which builds a mixed layer that heats and induces con-
vection (Prialnik & Kovetz, 1984; Kovetz & Prialnik, 1985; Iben & MacDonald, 1985;
Iben et al., 1991, 1992; Fujimoto & Iben, 1992);

• shear instabilities along the boundary, particularly as caused by differential rotation
during the accretion phase (Durisen, 1977; Kippenhahn & Thomas, 1978; MacDonald,
1983; Livio & Truran, 1987; Kutter & Sparks, 1987; Sparks & Kutter, 1987; Kutter &
Sparks, 1989; Fujimoto, 1988);

• convection-induced shear instabilities, particularly breaking gravity waves on the core-
envelope boundary (Rosner et al., 2001; Alexakis et al., 2002; Calder et al., 2002a;
Alexakis et al., 2004);

• convective undershoot, where convective motions induced in the envelope begin to
penetrate into the core and dredge up core material (Woosley, 1986; Glasner & Livne,
1995; Glasner et al., 1997; Kercek et al., 1998, 1999; Glasner et al., 2011).

This question of enrichment and mixing is the focus of my research into CNe, with the goal
being an understanding of how this mixing occurs, how fast it takes place, and how much
material is mixed across the core-envelope boundary.

6.3 The State of Modern Simulations

The majority of simulation work on nova explosions has been one-dimensional, with con-
vection described by mixing-length theory (see Starrfield, 2002, Glasner et al., 2011, and José
& Iliadis, 2011 for reviews). However, most of the proposed mechanisms for enrichment are
inherently multidimensional. Most multidimensional studies suggest that convective under-
shoot may play a significant role in enrichment (Glasner et al., 1997, 2007; Casanova et al.,
2010). However, some have seen qualitatively different behavior (Kercek et al., 1998, 1999).
Algorithmic differences and the dimensionality of the simulations may play a significant
role in the results (Kercek et al., 1999; Glasner et al., 2005; Casanova et al., 2011b). The
current uncertainty in the field strongly suggests that multidimensional (especially three-
dimensional) simulations may be necessary.

6.4 The MAESTRO Code

For this research I used MAESTRO, a new hydrodynamics tool designed for low-Mach-
number astrophysical flows (Nonaka et al., 2010). Grid based codes are subject to the
Courant-Friedrichs-Lewy (CFL) condition, which limits the time step such that information
cannot propagate more than a single cell in a single time step (Courant et al., 1928). For
a traditional compressible code (e.g., FLASH), the speed at which information propagates is
equal to the fluid speed plus the sound speed. MAESTRO filters out acoustic waves as described
below, so that information propagates at the fluid speed. In the low-Mach regime in which
MAESTRO is valid (Mach number much less than unity, M � 1), this allows MAESTRO to
take time steps longer than those of a traditional compressible code, typically by a factor
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of approximately 1/M. Unlike other algorithms for low-Mach flow (e.g., incompressible or
anelastic), MAESTRO captures important compressibility effects, including local heating (such
as from nuclear reactions) and movement through a stratified background. MAESTRO has been
tested extensively against compressible algorithms in order to demonstrate the validity of the
MAESTRO approximation for flows with Mach number less than approximately 0.3 (Almgren
et al., 2006a,b, 2008).

In order to achieve this low-Mach approximation, MAESTRO assumes a one-dimensional
base state that is in hydrostatic equilibrium (HSE), and uses a variation of the Euler equa-
tions1 to compute the multidimensional perturbations to this hydrostatic base state:

∇P0 = −ρ0g (6.1a)

∂ (ρXk)

∂t
= −∇ · (ρXku) + ρω̇k (6.1b)

∂ (u)

∂t
= −u · (∇⊗ u) −

1

ρ
∇π −

ρ − ρ0

ρ
g (6.1c)

∂ (ρh)

∂t
= −∇ · (ρhu) +

DP0

Dt
+ ρ ḣnuc (6.1d)

∇ · (β0u) = β0

(

S −
1

Γ1P0

∂P0

∂t
−

fvd

Γ1P0

P0 − PEoS

∆t

)

, (6.1e)

where quantities marked by a bar (e.g., S) are averaged over a horizontal layer (i.e., an aver-
age over all cells with the same radial coordinate), quantities marked with a subscript “EoS”
are the result of a call to the EoS with the full-state quantities (e.g., PEoS = PEoS(ρ, T, Xk)),
and quantities marked with a subscript zero refer to the hydrostatic base state.

The first two equations are straightforward: Equation (6.1a) is the equation of hydrostatic
equilibrium and defines the base state, while Equation (6.1b) is the same as Equation (2.4)
from the usual Euler equations.

Equation (6.1c) corresponds to Equation (2.1b), with two changes. First, the equation
for HSE has been added in to change the pressure gradient to a gradient of the pressure
perturbation (π = P − P0, also known as the dynamic pressure). Second, the density has
been factored out of the ∂ (ρu) /∂t term to cast this as an equation for velocity instead of
momentum density.

Equation (6.1d) corresponds to Equation (2.1c) except for two changes. First, the equa-
tion has been reformulated to use specific enthalpy (h) instead of specific total energy (e) or
specific internal energy (ε). This change (using some algebra, and substitution from Equa-
tion (6.1c)) allows the pressure term to be recast using a notation referred to as a Lagrangian
(or “material”) derivative:

DP0

Dt
≡

∂P0

∂t
+ u · ∇P0. (6.2)

Accordingly, the energy source has been recast as an enthalpy source. Second, the pressure
has been changed from the full-state pressure (P ) to the base-state pressure (P0). This is

1See Equation (2.1) for the typical Eulerian equations for compressible reactive hydrodynamics.
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the only explicit reference to the full-state pressure (other equations in this set use either the
base-state pressure or the pressure perturbation). This change decouples the pressure from
the density, filtering out acoustic waves. However, because of this change, it is necessary
that the pressure perturbation be small; formally, the requirement is that |π| /P0 be of order
M2, leading to the requirement that the Mach number be small.

Equation (6.1e) is an implicit constraint on the velocity field, and is an expression of
the EoS. The quantity β0 is a density-like variable derived in Almgren et al. (2006a), S is
a generic source term, Γ1 is the logarithmic derivative of pressure with respect to density
at constant entropy (Γ1 = (d log P/d log ρ)s), ∆t is the time step, and fvd is known as the
“volume discrepancy factor” (a dimensionless constant between zero and unity). Because
this constraint equation is a linearization of a non-linear constraint, it is possible for the
pressure to drift away from the pressure given by the EoS. The volume discrepancy term
is included to counteract this drift and push the pressure into thermodynamic equilibrium
(Pember et al., 1998).
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Chapter 7

Initial Models

The initial models that I used in my CNe research were provided by Ami Glasner, and
match some of the models used in Glasner et al. (2007). The models are a time sequence
of one-dimensional CN models from a Lagrangian stellar evolution code, and are named by
the peak temperature in the domain (in 107 K); the models supplied by Ami Glasner are
T3, T3.5, T5, T7, and T9, with T3 being the earliest and T9 the latest as the base of the
accreted envelope heats up. Due to differences between a one-dimensional, Lagrangian stellar
evolution code and a multidimensional, Eulerian hydrodynamics code, these initial models
needed to be modified through a series of steps to be appropriate for use in MAESTRO. More
detail of these differences will be discusses in Section 7.1.1.

Figure 7.1 shows a sample profile based on Ami Glasner’s T5 model. The model extends
to a higher radius than is shown; beyond the radial limits of the plot the temperature and
composition are constant, with the density determined as described in Section 7.1.2. The
upper panel shows the density profile, which clearly shows the sharp density gradient around
the core-envelope boundary. The central panel shows the temperature profile. The core is not
fully isothermal, but approaches isothermal as the radius goes to zero. Immediately above
the core-envelope boundary there is a nearly-isentropic region due to convection (additional
discussion of this region is in Section 7.2), and above the convective region the envelope is
isothermal. The lower panel shows the composition: the core is an even mixture by mass of
12C and 16O, while the envelope is approximately solar composition.

7.1 Outline of the Initial Model Builder

The goal of my simulations is to study mixing of carbon and oxygen from the core
into the envelope. This mixing is expected to be related to convective velocities, which
are caused by nuclear energy generation. The peak energy-generation region is where there
is a large concentration of hydrogen (the fuel for the reactions) mixed with a significant
quantity of carbon (the catalyst) at a high temperature (the reactions are extemely sensitive
to temperature). All of these processes are focused on the base of the accreted layer, where
the mixing is occurring and the temperature is highest. Therefore, it is necessary to identify
the base of the accreted layer, rbase, as that location will be significant throughout the initial
model building process.
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Figure 7.1: This figure shows a sample profile based on Ami Glasner’s T5 model. The T5
model has been the basis of all preliminary simulations to date. The model extends to a
higher radius than is shown here; the extension is at a constant composition and temperature.

7.1.1 Uniform Grid Interpolation

Hydrodynamics may be described in two frames of reference. The Lagrangian frame is
bound to the material: a grid point tracks a parcel of material, and the grid points are
allowed to move. The Eulerian frame is bound to space: the grid is stationary in space, and
material is allowed to move between grid points. Thus the input models from Ami Glasner’s
Lagrangian stellar evolution code have arbitrary grid point locations, while MAESTRO requires
fixed locations on a uniform grid1. Figure 7.2 shows a comparison between the Lagrangian
input model and a uniform grid model by plotting the density of grid points. Therefore, the
first step of converting the initial model is to change the grid structure from the Lagrangian
input model by interpolating to a uniform grid. A simple linear interpolation is sufficient;
the following steps will modify the profiles and ensure that the correct conditions are met,
so it is not necessary to go beyond the simplest interpolation method.

Due to the temperature sensitivity of the nuclear reactions, it is important to capture
the peak temperature correctly. Depending on how the cell centers of the uniform grid align
with the grid points of the input model, the peak temperature may be “clipped” off: if
the uniform grid cell center does not lie precisely at the peak, the interpolation scheme will

1Because MAESTRO uses adaptive mesh refinement, the grid points are not absolute, but may change in a
prescribed way. However, MAESTRO initial models need to be defined on the finest grid, assuming that the
entire domain will be at the finest resolution. MAESTRO will coarsen the initial model as appropriate based
on the criteria controlling the adaptive mesh.
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Figure 7.2: This plot shows the density of grid points for the T5 model from Ami Glasner,
as well as the same model after interpolation to a uniform grid. By definition, the uniform
grid will have a constant grid density, while the variable grid spacing of a Lagrangian code
can be seen in the high grid density near the core-envelope interface.

average the peak with the next point down, lowering the peak value. Certain alignments
may even cause the true peak to be lowered below the neighboring point, artificially moving
the peak and creating a different profile in the vicinity of the new peak; this is shown in
Figure 7.3. Therefore the initial model builder shifts the uniform grid slightly in order to
place the peak temperature in the center of a cell.

7.1.2 Hydrostatic Equilibrium Integration — First Pass

Because MAESTRO uses a hydrostatic base state, it is important to ensure that the initial
model is in HSE. Due to differences in numerical methods and the included physics, HSE
can vary from one code to the next due to, e.g., gridding, the EoS, or gravity. Even if the
input model was in HSE, we must recompute the structure by integrating the HSE equation:

∂P

∂r
= −ρg. (7.1)

The acceleration of gravity, g, depends on assumptions made about the way that gravity is
calculated; for example, common gravity methods include constant gravity, enclosed-mass
gravity, and self-gravity. In the case of my simulations, I use a point-source inverse-squared
gravity to match the gravity derived for MAESTRO in Section 8.1. The entire initial domain
is assumed to be in HSE, so that P = P0 and ρ = ρ0 at t = 0 s.

In practice, the integration becomes a pair of coupled equations: HSE and the EoS. If we
take the superscripts “c” and “p” to refer respectively to the current grid cell we are solving
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Figure 7.3: A comparison of the temperature peak of the interpolated T5 model. The
only difference between the two profiles is that the temperature peak is aligned to the cell
center (red profile) or cell edge (blue profile). Notice how the blue profile has “clipped”
off the temperature peak, resulting in (a) a lower peak, (b) the peak moving to a higher
radius, and (c) a shallower gradient immediately below the peak. The problem becomes
more exaggerated as the resolution decreases.
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for and the previous cell already solved for,

P c = P p − ∆r

(

ρc + ρp

2

)

g (7.2a)

P c = PEoS(ρ
c, T c, Xc

k), (7.2b)

where g is evaluated between the current and previous grid cells. A Newton-Raphson loop
solves this pair of equations by iterating on ρc in order to bring these two expressions for
the pressure into agreement. The temperature and composition profiles given by the inter-
polation from the input model are unchanged, so T c and Xc

k are known for all cells. This
integration also requires a boundary condition: due to the importance of the base of the
accreted layer, the density at rbase is taken as the boundary condition, with the pressure
at rbase given by an EoS call. Integration proceeds in two sweeps: one integration sweep
upwards from the base and one downward from the base. At the upper end of the domain,
as the density falls off, a tunable parameter determines a cutoff density below which the star
is said to be in the “fluff”: a region of such low density as to be essentially irrelevant to the
dynamics of the mixing. When the model falls into this region, the density is set to be equal
to this cutoff density and the temperature is set to a constant value. The HSE integration
core was adopted from previous initial model builders developed by the MAESTRO team.

7.1.3 Smoothing

Due to the conceptual differences between a Lagrangian fluid dynamics code and an
Eulerian fluid dynamics code, the two methods have different capabilities. A Lagrangian
code is capable of having boundaries as thin as the spacing between two grid points, while
Eulerian codes often have difficulties with sharp discontinuities and will tend to smooth them
out. The input models supplied by Ami Glasner contain such a thin discontinuity: one grid
point is a hot, low-density mixture dominated by hydrogen and helium, while the adjacent
grid point below it is a cool, high-density mixture of carbon and oxygen. This discontinuity
is not expected to be so narrow in a real CN progenitor, so both for reasons of the physics
of the situation and the ability of the numerics, it is necessary to smooth out this interface
across a wider radial range. I implemented and tested a variety of smoothing methods.

Kernel Smoothing

Kernel smoothing takes all data points around the current grid point and performs a
weighted average according to some smoothing kernel; essentially, this is a convolution of
the original profile with the smoothing kernel function. The smoothing kernel function is
typically symmetric and peaks in the center; for my implementation, I used a Gaussian.
Unfortunately, the kernel smoothing method modifies the entire domain and does not pre-
serve all of the important features of the initial model (e.g., the temperature peak), so it was
rejected.
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Figure 7.4: Demonstration of the transition smoothing method on the temperature profile.
The solid black profile shows the unsmoothed profile, while the dotted line shows where the
transition was cut out. The colored profiles show the new transition shape being added
in: green is the Gaussian, blue is the exponential, and red is the hyperbolic tangent. The
smoothing length has been exaggerated to clearly show the transition shapes.

Transition Smoothing

Transition smoothing erases the transition region immediately below the base of the
accreted layer and replaces it with a specified transition shape. Centering the new transition
shape on rbase leads to changes in the thermodynamics of the base of the accreted envelope,
hence only the region below the base is modified. The temperature and the composition are
typically the only two quantities smoothed by this method; the density and pressure will be
updated in the next step. This smoothing method requires the specification of a transition
shape and a smoothing length (`sm) which determines the width of the transition. The
method of performing this smoothing is to mark the base of the accreted layer and the point
one smoothing length below the base (call this the cut point; rcut = rbase−`sm), then erase the
the region between the cut point and the base and replace it with a straight line at the same
level as the cut point; i.e., for a quantity q, q(rcut < r < rbase) = q(rcut). Then the selected
transition shape is added to the profile below the base, leaving the profile above the base
unchanged during the entire smoothing step. This is demonstrated in Figure 7.4: the solid
black profile shows the temperature profile prior to smoothing, then the dotted line shows
where the transition was removed. The colored profiles show various new transition shapes
added in to create a new transition. The three transition shapes intersect at both rcut and
rbase, splitting the profile below the base into two regions: the upper core (rcut < r < rbase)
and the inner core (r < rcut).
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Gaussian: The first transition shape is a half-Gaussian, centered at the base and extending
to lower radii. The standard deviation of the Gaussian is set to `sm, and the height is scaled
to connect at rbase. This profile has the advantage of being smooth at rbase and rapidly falls
to the original profile away from the base. However, it changes the input model immediately
below the base (the upper core) more than is desired.

Exponential: The second transition shape is an exponential decay of the form exp(r/`sm),
scaled to connect at rbase. This transition shape changes the upper core less than the Gaussian
profile, but still has a relatively sharp edge between the base of the accreted layer and the
top of the core. This shape also has more significant impact than the Gaussian in the inner
core.

Hyperbolic tangent: The third transition shape is a hyperbolic tangent centered half a
smoothing length below rbase and scaled to connect at rbase. This transition shape has a
smoother connection at rbase than the exponential and falls away rapidly as the distance
increases from rbase. This transition shape appears to balance the need for a smooth connec-
tion at rbase (to avoid too sharp of a change between rbase and the next grid cell below) and
not changing the input model too much in the upper core. The hyperbolic tangent transition
shape is the smoothing technique that I am currently using, with some testing remaining to
determine if this is acceptible or if a better smoothing method is necessary.

Lowering the Composition Boundary

My research included brief testing of a new variation on the transition smoothing method
that separates the composition transition and the hottest zone. One-dimensional stellar evo-
lution codes cannot simulate convection, so convection must be approximated (often through
mixing-length theory). Depending on the choice and implementation of the boundary con-
ditions for convection, the boundaries of the convective zone may or may not migrate. It is
possible that the convection has not migrated downward to abut the composition gradient.
In addition, since Lagrangian codes are able to maintain arbitrarily thin discontinuities, it is
possible that a wider and smoother composition transition may result in a temperature peak
farther from the center of the transition. Therefore, the relative locations of the temperature
peak, the composition transition, and the lower edge of the convective zone may not be cap-
tured correctly. In particular, the temperature peak and lower edge of the convective zone
might be separated from the composition transition. If the composition transition were wider
and farther-separated from the temperature peak, the catalysis of the nuclear reactions could
be different, which would change the heating, and therefore the convection, which would in
turn feed back on the mixing across the composition transition. Based on these arguments,
there may be a physical motivation to force a separation between the temperature peak and
the composition boundary. The simplest way to mock up this separation is to simply lower
the composition boundary, which is what this new smoothing method was implemented to
do. This method is only in preliminary testing stages, and requires some research on initial
conditions in order to determine a more physically realistic implementation.
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7.1.4 Hydrostatic Equilibrium Integration — Second Pass

The smoothing step changes the temperature and composition profiles, and both of these
feed into the EoS and therefore impact the HSE through Equation (7.2b). This necessitates
a second pass of the HSE integrator in order to correct the density and pressure profiles.
Running a single sweep of the integrator after both the interpolation and smoothing have
been performed may lead to unexpected interactions between the interpolation and smooth-
ing processes, so it is important to have two passes of HSE integration, one immediately
after the interpolation and one immediately after the smoothing.

7.1.5 Hydrostatic Equilibrium Verification

The final step is to verify the HSE conditions by comparing dP/dr to −ρg and computing
the maximum error. This checks that the Newton-Raphson loop in the HSE integration
routine converges and no unexpected errors have arisen. This also mimics the HSE check
that MAESTRO itself will perform on importing the model, which tells you if MAESTRO will
have issues with the model.

7.2 Correction of Entropy Discontinuity

Early simulations with these initial models generated velocities in a region where there is
no physical reason for such velocities to appear. I traced the problem back to a discontinuity
in the initial model. A portion of the accreted envelope is nearly isentropic due to convection,
except for a small discontinuity (in both entropy and temperature) in the middle of this
region. See Figure 7.5: the upper panel shows the entropy profile, where the discontinuity is
more pronounced, but the lower panel shows the temperature profile, which also exhibits this
discontinuity. The discontinuity occurs when the temperature is approximately 2.5×107 K,
which is the temperature when the pp II and pp III branches of the proton-proton reaction
chain are equally important (see Figure 7.6). Above this temperature pp III is the dominant
energy source, and below it pp II dominates (with another critical temperature around
1.7×107 K, below which the pp I branch takes over). While it is possible for some feature
to appear here due to the change in reaction chains at this temperature, both the pp II and
pp III reaction rates are continuous and smooth so a discontinuity is not expected. While
the discontinuity is somewhat small, it is still sufficient to cause two problems. The first
is that this convective region, which should mix thoroughly as a single region, is artificially
split into two disjoint convective zones that mix independently of each other. The second is
the appearance of the unphysical velocities which were problematic in early simulations.

In order to fix the problem, I had to correct for the discontinuity in entropy and tem-
perature. The convection causes the region to be nearly, but not fully, isentropic. Changing
it to a truly isentropic profile could change the dynamics by pushing part of the domain
across the boundary to being convective when it should not be or vice-versa. I found that a
cubic polynomial fit the profile very well when an arbitrary shift was permitted on one side
of the discontinuity. Using this cubic polynomial as a guide, I corrected the temperature
profile between the discontinuity and the top of the convective region. Above the convective
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Figure 7.5: Illustration of the discontinuity in the initial model. The top panel shows
the specific entropy profile, while the lower panel shows the temperature profile. The red
curve is the profile with the discontinuity, which can be seen clearly in the entropy (upper
panel) around 4700 km. The blue curve is the corrected version without the discontinuity.
The shape of the entropy is unchanged, except for the vertical shift for radii greater than
4700 km.

region the temperature profile is isothermal, which made it simple to connect the corrected
profile to the profile above the convective region. This correction was applied just prior to
the interpolation to a uniform grid.
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Figure 7.6: Relative contributions of the three branches of the proton-proton chain of nuclear
reactions. The critical temperature where the pp II branch gives way to the pp III branch
can be see to be around 2.5×107 K. This image is reprinted from http://cococubed.asu.

edu/code_pages/burn_hydrogen.shtml by permission of Frank X. Timmes.
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Chapter 8

Modifications to the MAESTRO Code

MAESTRO has been used to simulate multiple astrophysical phenomena (e.g., Malone et al.,
2011; Zingale et al., 2011; Nonaka et al., 2012a), but my work is the first time that it has been
applied to CNe. Therefore, it was necessary for me to implement a few new routines to include
the physics that is needed for CNe but was not needed for previous simulations performed
with MAESTRO. In particular, the plane-parallel geometry that I used for my simulations
needed a point-source inverse-squared gravity routine, and I needed a new reaction network
designed to capture the nucleosynthesis and nuclear energetics involved in CNe.

8.1 Gravity

As CNe occur in a thin accreted layer on the surface of a WD and the core of the WD
plays no part in the dynamics of the outburst, it is natural to perform simulations in a plane-
parallel mode in order to eliminate the core of the WD from the simulation. In this domain
the gravity is dominated by the mass of the WD, with the contributions of the mass in the
accreted layer being negligible, so that a full self-gravity or an enclosed-mass gravity is not
necessary. However, a constant gravity is not sufficient: the radial extent is large enough that
the difference in gravity between the top and bottom of the domain is non-negligible. Thus
it was necessary to implement an inverse-squared gravity mode in MAESTRO, which modifies
the constraint equation from Equation (6.1e). Instead of using Equation (6.1e) directly, I
will use an alternate form that constrains the base-state expansion velocity (w0 = (u · er)),
which is derived in the MAESTRO Users’ Guide (Lawrence Berkeley National Laboratory &
Stony Brook University, 2012):

∇ · (w0er) = S −
1

Γ1P0

DP0

Dt
−

f

Γ1P0

P0 − PEoS

∆t
. (8.1)

In the plane-parallel geometry, ∇ · (w0er) = ∂w0/∂r. This equation can be simplified by
splitting w0 into w0 and δw0 such that

∂ w0

∂r
= S −

f

Γ1P0

P0 − PEoS

∆t
; (8.2)
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this leaves behind
∂ δw0

∂r
= −

1

Γ1P0

(

∂P0

∂t
+ w0

∂P0

∂r

)

. (8.3)

The next step is to multiply through by Γ1P0, differentiate by r, and swap the order of a
mixed partial derivative:

∂

∂r

[

Γ1P0

∂δw0

∂r

]

= −
∂

∂t

∂P0

∂r
−

∂

∂r

[

w0

∂P0

∂r

]

. (8.4)

Almgren et al. (2008) (Equation (30)) defines

ηρ(r) = ((ρ − ρ0) w̃), (8.5)

where w̃ = (u − w0er) · er, and shows that (Equation (29))

∂ρ0

∂t
= −∇ · (ρ0w0er) −∇ · (ηρer) . (8.6)

Substitute the HSE equation for the base state (Equation (6.1a)) and Equation (8.6) into
Equation (8.4):

∂

∂r

[

Γ1P0

∂δw0

∂r

]

= −
∂

∂t

∂P0

∂r
−

∂

∂r

[

w0

∂P0

∂r

]

=
∂

∂t
(ρ0g) +

∂

∂r
(w0ρ0g)

= ρ0

(

∂g

∂t
+ w0

∂g

∂r

)

+ g

(

∂

∂t
(ρ0) +

∂

∂r
(w0ρ0)

)

= ρ0

Dg

Dt
− g

∂ηρ

∂r
. (8.7)

Recall that the gravitational acceleration for a point source is g = Gmr−2, and m is constant
as we are neglecting the gravitational contributions of mass within the domain. Therefore,

Dg

Dt
=

D

Dt

(

Gm

r2

)

= Gm

(

∂

∂t

(

1

r2

)

+ w0

∂

∂r

(

1

r2

))

= 0 −
2Gmw0

r3

= −
2w0g

r
. (8.8)
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Combining Equations (8.7) and (8.8), then splitting w0 into w0 and δw0, yields the final
expression for the constraint equation for point-source gravity in plane-parallel geometry:

∂

∂r

[

Γ1P0

∂(δw0)

∂r

]

+
2ρ0g δw0

r
= −

2ρ0g w0

r
− g

∂ηρ

∂r
. (8.9)

Although I derived this equation, the discretization and implementation of it was handled
by the designers of MAESTRO, especially Michael Zingale. Details of the discretization (for
both uniform and adaptive grids) are given in Chapter 26 of the MAESTRO Users’ Guide.

To complete this constraint, it is necessary to specify a boundary condition. The expan-
sion, which is constrained by the equation derived here, is driven by heating, which occurs
at the base of the accreted envelope. As the heat is predominantly carried to higher radii,
the expansion should be contained in the region above the heating layer; therefore, there
should be no expansion velocity at the base of the accreted layer. This gives the boundary
condition w0(rbase) = 0.

8.2 Initial Convective Field

A one-dimensional stellar evolution code, such as the one Ami Glasner used to generate
the input models that I used, can estimate the results of convection through mixing length
theory. While mixing length theory can generate a mean radial velocity, it is unable to
generate a multidimensional convective velocity field that captures the turnover of convective
eddies. Therefore, when I start my simulations in MAESTRO I have no initial velocities. This
turns out to be a significant issue: without convective velocities, there is no way for energy
generated at the base of the accreted layer (the region of maximum energy generation) to
be transported away as it would be in a real CN. This leads to isolated zones going into
thermonuclear runaway, causing spikes in the temperature and energy generation. These
small runaways are completely unphysical. The convective velocity field would have long
since been established before temperatures reached the point where such runaways could
happen, and would diffuse the energy generated by temperature spikes into the surrounding
material. Thus it is necessary to mock up an initial convective velocity field.

The method developed by Michael Zingale was to start by inhibiting (but not forbidding)
the runaway. This inhibition is done by passing the mean temperature of a layer (T ) to the
EoS instead of the local temperature so that an entire layer must heat up in order to run
away, which slows the runaways. Thus there is still energy generation at the base of the
convective layer to drive the convective velocities, but the small regions do not run away as
rapidly. Running with this modification allows a convective velocity field to develop that
is consistent with the initial model. Once the convective velocity field has stabilized, the
thermodynamics and composition details are thrown out and the initial model is mapped
back in, but now with a multidimensional velocity field. Then the simulation is restarted.
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Chapter 9

Nuclear Reactions

Fundamentally important to the CN problem is the energy release from nuclear reactions.
These reactions generate heat at the base of the envelope, creating a convective layer that is
believed to cause mixing across the core-envelope boundary. This mixing in turn catalyzes the
reactions, increasing the rate of heating and leading to a feedback loop that will culminate in
a CN outburst. Over the course of this project, I have applied several methods to estimate
the heating from nuclear reactions. Each of these tools focuses on reactions that convert
hydrogen to helium.

9.1 Hydrogen Burning Chains

The important reaction processes are split into the pp chains, so named because they
begin by fusing a pair of protons, and the CNO cycles, so named because they rely on looping
through various isotopes of carbon, nitrogen, and oxygen. For a review of these processes,
see the introduction to Wiescher et al. (2010) and references therein. Additionally, it is
possible for the reactions to escape the CNO cycle and begin forming heavier elements; this
is known as rp breakout, as it is based on the rapid proton process.

9.1.1 The pp Chains

The pp reaction chains begin by fusing a pair of protons, with a weak reaction converting
one into a neutron, leaving behind a deuterium nucleus. A third proton is added to this,
yielding 3He. From this point, there are three branches. The pp I branch fuses two 3He
nuclei to form a 4He nucleus and 2 protons, while the pp II and pp III branches merge a 3He
and a 4He, and eventually add an additional proton to create a pair of 4He nuclei. The pp
chains are illustrated in Figure 9.1.
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Figure 9.1: The three branches of the pp chain, which fuse protons to form nuclei of 4He. This image is reprinted from
http://cococubed.asu.edu/code_pages/burn_hydrogen.shtml by permission of Frank X. Timmes.
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Figure 9.2: The four branches of the cold CNO cycle, which use carbon, oxygen, and nitrogen
as catalysts for conversion of four protons to a 4He nucleus. This image is reprinted from
http://cococubed.asu.edu/code_pages/burn_hydrogen.shtml by permission of Frank
X. Timmes.

9.1.2 The CNO Cycles

The CNO reaction cycles require the presence of carbon, nitrogen, and/or oxygen, which
serve as catalysts for the conversion of hydrogen to helium by enabling new reaction pathways
that are faster than those of the pp chains. There are a number of branches of the CNO cycle,
but the common feature is adding four protons to a heavier nucleus (e.g., a 12C nucleus),
interleaved with weak reactions that convert two of the protons to neutrons. The cycle is
closed by the emission of a 4He nucleus, returning to the original catalyst nucleus. The
four branches of the cold CNO cycle are illustrated in Figure 9.2. Figure 9.3 adds several
branches of the hot CNO cycle.

9.1.3 Rapid Proton Breakout

In the rapid proton (rp) process, a seed nucleus captures protons in quick succession,
building to a large, proton-rich nucleus. A high temperatures is necessary for protons to
overcome the Coulomb barrier of the seed nucleus, and a high concentration of protons
is necessary to capture multiple protons before weak processes begin to convert the excess
protons into neutrons and return the nucleus to stability. This process escapes the CNO cycle
and forms heavier elements (Wallace & Woosley, 1981). Figure 9.3 shows some channels of
rp breakout from the CNO cycle.
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Figure 9.3: In addition to the four branches of the cold CNO cycle (shown in Figure 9.2), this
figure adds branches of the hot CNO cycle, which are important at higher temperature, and
rp breakout, which leaves the CNO cycle. This image is reprinted from http://cococubed.

asu.edu/code_pages/burn_hydrogen.shtml by permission of Frank X. Timmes.

9.2 Decoupling of Reactions and Hydrodynamics

For a hydrodynamics code, fully coupling the reactions would involve adding the equa-
tions for reactions to the hydrodynamics equation set (given by Equation (6.1) for MAESTRO).
However, reactions have a very different natural timescale from hydrodynamics; coupling
these equations would require much smaller time steps than the hydrodynamics allow, which
would severely limit the types of phenomena that could be simulated with such a code. In
order to avoid this problem, the hydrodynamics and reactions are decoupled. Such a decou-
pling allows the hydrodynamics to proceed with a much longer time step than the reactions,
which cycle through numerous smaller time steps to build up to a single hydrodynamics time
step. In MAESTRO, this is done by holding the hydrodynamics constant and reacting for half of
a hydrodynamics time step, then holding the reactions constant while performing a full time
step for the hydrodynamics, then finally reacting for the second half of the hydrodynamics
time step. Splitting the reactions into two half steps enables the method to be second-order
accurate in time.

One issue that arises from this decoupling is the question of how the thermodynamic
variables (especially the density and temperature) evolve during the reaction step. There
exist a number of approximations for how the thermodynamic variables should evolve dur-
ing reactions. All of these methods are only approximations, and do not exactly match the
evolution that would result from a fully couple set of hydrodynamics and reaction equations.
Decoupling is common, as the differences between a decoupled method and a coupled method
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are considered to be negligible, especially for small hydrodynamics time steps. Recent re-
search has explored ways to decouple the equations, but eliminate the resulting changes (see
Section 9.5.5). I detail a few of these approximations for the evolution of the thermodynamic
variables.

Isochoric: For a grid-based code, a common approximation to the thermodynamic evo-
lution is to assume that the reaction step is an isochoric (constant density) process. This
assumption is made in order to conserve mass: because the hydrodynamics are not acting
during a reaction step, no matter is flowing in or out of a cell, so the mass in a cell cannot
change; combining this with the constant volume of the cell gives a constant density. One
caveat is that mass is not truly conserved; the nuclear reactions convert some fraction of the
mass into energy, so density should actually change. However, even in an extreme case such
as pure hydrogen converting to pure nickel, the change in mass is less than 1%. Therefore,
this mass loss is typically neglected.

Isobaric: For MAESTRO, it is important to carefully monitor the pressure due to the restric-
tion that the ratio of the pressure perturbation to the base-state pressure (|π| /P0) be small.
This suggests that MAESTRO should assume that reactions are an isobaric (constant pressure)
process. Having an isobaric reaction network forces a choice between three different incon-
sistencies in the density. In the first case, the density would be evolved in a way that is
thermodynamically consistent with the energy release. Doing so means that the density of a
given cell changes without any flow across the boundary, breaking conservation of mass. The
second case similarly evolves the density, but then neglects the density evolution from the
reaction network in order to conserve mass, resulting in the hydrodynamics and the reactions
having two different densities. The third choice is to hold the density constant, which brings
the density out of thermodynamic consistency with the energy release.

Hydrostatic: A simple method is to assume that the thermodynamic variables do not
evolve. This approximation has a variety of names, including “hydrostatic” and “pure net-
work”. This does not account for the feedback of temperature-sensitive reaction rates, effec-
tively slowing the reactions from the speed at which they should proceed. However, this is
the simplest form of the network to implement.

I make use of the isobaric and hydrostatic approximations in the reaction network described
in Section 9.5. Details of my implementations of these approximations are presented below.

9.3 Analytic CNO

The first attempt at capturing the energy release from nuclear reactions, primarily ex-
isting as a preliminary testing tool, was an analytic expression to approximate the energy
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release of the CNO cycle (Kippenhahn & Weigert, 1996):

ε = 8.67×1027
(

1 + 2.7×10−3 T
1/3
6 − 7.78×10−3 T

2/3
6 − 1.49×10−4 T6

)

× ρ XCNO X1H T
−2/3
6 exp

(

−1.5228×102 T
−1/3
6

)

, (9.1)

where T6 is the temperature divided by 106 K, and ρ and ε are assumed to be in cgs units.
The symbol XCNO represents the combined mass fraction of all carbon, oxygen, and nitrogen
isotopes. This only accounts for energy release without evolving the composition, density,
or temperature, and acts as a source term to Equation (6.1d). When a full network was
subsequently implemented, this approximation was found to be a poor representation of
CNO energy generation for the conditions in a CN.

9.4 Frank X. Timmes’s pphotcno Network

The next step was to implement a nuclear reaction network. We chose to port Frank
Timmes’s pphotcno network1 into MAESTRO. This network is designed to capture all of the
nuclear processes described in Section 9.1. The core code of pphotcno was included essen-
tially as it was provided by Frank Timmes (with minor modifications to integrate with the
MAESTRO EoS), and I wrote new interface routines to connect MAESTRO and pphotcno.

The primary design decision for this process was which approximation to use. As dis-
cussed in Section 9.2, MAESTRO typically uses isobaric reaction networks. However, when
porting pphotcno into MAESTRO, the isobaric mode presented some unexpected issues. As
a temporary solution, I instead chose to run pphotcno in a hydrostatic mode. This was
sufficient for preliminary simulations, but needed to be corrected for publishable results.

9.5 Rebuilt Network

The next implementation of nuclear reactions for my simulations involved rebuilding
pphotcno. I did this for several reasons:

1. better integration with MAESTRO,

2. improved performance,

3. implementation of the isobaric assumption,

4. a code update to MAESTRO that implemented a technique known as spectral deferred
corrections (SDC; Nonaka et al., 2012b), which works to resolve the issues that arise
from decoupling the reactions from the hydrodynamics.

1Available at http://cococubed.asu.edu/code_pages/burn_hydrogen.shtml.
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The original pphotcno network included subroutines to compute the reaction rates and
neutrino losses. I stripped these subroutines out of the code and reused them with minimal
changes (primarily for style consistency, tighter integration with MAESTRO, and elimination
of redundant code such as the EoS that was already included in MAESTRO). The rest of the
code was rebuilt, including the removal of the integration method built around the MA28

linear system solver and replacing it with the VODE integrator.

9.5.1 Notes on Composition

Reaction networks in MAESTRO store the following information for each species: Ak, the
number of nucleons in a nucleus of species k; Zk, the number of protons in a nucleus of
species k; and Bk, the binding energy of a nucleus of species k (given as a positive value).
From these, the mass of a particle of species k is given by

mk = Zk mp + (Ak − Zk) mn − Bk/c
2,

where mp and mn are the masses of protons and neutrons respectively. We can also compute
the mass of a mole of particles of species k:

Wk = NA mk,

where NA is Avogadro’s number. An important caution: pphotcno makes a common ap-
proximation: Wk = Ak. This assumes that mass is being measured in grams, and makes two
further simplifying assumptions: (1) the mass of the proton and the mass of the neutron are
both approximately (1/NA) g, and (2) the binding energy is negligible. These assumptions
are not always appropriate, so at times it is necessary to use NA mk in place of Wk. I also
define Nsp to be the number of species in the reaction network.

Nuclear reaction networks often work in terms of the molar abundance (Yk), which is the
ratio of the number of moles of species k to the total mass, and therefore has units of one
over mass. This is given as follows:

Yk =
(number of moles)k

(mass)tot

=
(molar density)k

(mass density)tot

=
nk/NA

ρ
=

1

mk NA

ρk

ρ
=

Xk

Wk

,

where nk is the number density of nuclei of species k. The last form will be used frequently
to convert betweeen molar abundance and mass fraction, which is the form used in the
hydrodynamics and the EoS.

9.5.2 Equation Outline

Reaction networks are often framed as a set of coupled ordinary differential equations of
the form

u̇i = fi

(

u1, . . . , uNeq

)

, i = 1..Neq,

where Neq is the number of equations. The first Nsp equations are the composition variables,
and one or more thermodynamic quantities are also evolved. The fi function set is often
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referred to as the “right-hand side” function. The choice of how many and which thermo-
dynamic variables are evolved depends on the assumptions and design decisions that go into
the reaction network. I will demonstrate three different choices: a simple isobaric network,
an isobaric network that attempts to gain an improvement in run time, and MAESTRO’s SDC
method.

9.5.3 A Simple Isobaric Network

The simplest method for an isobaric network is to evolve the composition and the energy,
then use a call to the EoS to update the other quantities as necessary. The evolution of the
thermodynamics is driven by energy release from nuclear reactions, so the energy is the most
obvious choice of which thermodynamic quantity to evolve. Coupling the energy with the
quantity that does not evolve (in this case pressure) uniquely defines the thermodynamic
state through the EoS.

Evolution of the Composition

The fundamental job of the reaction network is to evolve the composition; networks that
use the hydrostatic approximation merely evolve composition without allowing any feedback
to the thermodynamics, and non-hydrostatic reaction networks evolve the thermodynamics
based on energy released by the changing composition. Evolution of the composition is
done by defining a set of reactions between the species present and constructing the rates
of these reactions. In the pphotcno network, the reaction rates are functions of the density
and temperature, and in some cases also the electron-to-baryon ratio (Ye, derivable from
the composition). Using these reaction rates, we can compute the rate of change of the
composition:

Ẏi =
∑

j

(

±Yj,1 [Yj,2 [Yj,3]] Rj(ρ, T, Y1..Nsp
)
)

, (9.2)

where the summation over j includes the reactions that consume (negative sign) or form
(positive sign) species i, Rj is the rate for reaction j, and Yj,` are the reactant species for
reaction j. There may be 1, 2, or 3 reactants (hence why Yj,2 and Yj,3 are in brackets: they
may or may not be present for all reactions), and they may be the same species or different
species. For example, the triple-α reaction has three reactants (all of which are 4He), proton
capture has two reactants (1H and the capturing nucleus), and electron capture only has one
reactant (the nucleus that captures the electron).

Evolution of the Energy

The root of the changing thermodynamics lies in the release of energy from the nuclear
reactions. The rate of change of energy is simply a summation of the nuclear energy release
with an additional term for neutrino cooling. The easiest form of energy to construct is the
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specific internal energy:

ε̇ = −
∑

k

(

Ėnuc,k

Mtot

)

− ε̇ν(ρ, T, Y1..Nsp
)

= −
∑

k

(

Ṁk c2

Mtot

)

− ε̇ν(ρ, T, Y1..Nsp
)

= −
∑

k

(

Ẋk Mtot c2

Mtot

)

− ε̇ν(ρ, T, Y1..Nsp
)

= −
∑

k

(

Ẏk Wk c2
)

− ε̇ν(ρ, T, Y1..Nsp
)

= −NA c2
∑

k

(

Ẏk mk

)

− ε̇ν(ρ, T, Y1..Nsp
), (9.3)

where Ėnuc,k is the nuclear energy release from species k, Mtot is the total mass of all species,
and ε̇ν encapsulates the energy losses due to the generation of neutrinos (this term is com-
puted by subroutines included in Frank Timmes’s network). In the final step it is necessary
to use Wk = NAmk: the source of the energy release is the nuclear binding energy, and the
typical approximation (Wk = Ak) neglects this binding energy, so using NAmk in place of
Wk ensures that this expression is correct, regardless of whether or not Wk is approximated.
Both terms in this expression have negative signs. The nuclear binding energy summation is
actually the sum of the mass lost from nuclei, which is the opposite of the energy gained from
this mass loss. The neutrino term is actually the energy lost to neutrinos, so it is subtracted
out of the energy source.

9.5.4 A Faster Isobaric Network

The previous method, although simple in concept and execution, requires a call to the
EoS inside of each call to the right-hand side routine. For a simple EoS, such as the ideal
gas law, this may be acceptable. For a complex EoS, such as a realistic electron-ion plasma,
this can result in a significant amount of time being spent in the EoS. Avoiding an EoS call
could result in a faster execution time for the reaction network.

This section attempts to derive the equations for an isobaric network in such a way as
to avoid a call to the EoS. However, the derivation below is incomplete, in that it neglects
the evolution of thermodynamic derivatives such as cP or ∂h/∂Yk. It may be acceptable to
consider some of these as constant over the course of the integration, but which may be held
constant would require testing. Preliminary testing has shown that assuming a constant
value for cP gives noticeably incorrect results over long durations, but it is necessary to
evaluate this approximation on the time scale of a hydrodynamic time step, which is the
duration that a reaction network would run while coupled to MAESTRO. In order to make use
of these equations, it would be necessary to evaluate which of the thermodynamic derivatives
must be evolved and then to augment the equation set to evolve the important quantities.
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Coupled Evolution of Enthalpy, Temperature, and Density

Since the reaction rates are functions of the density and temperature, it makes the most
sense to evolve these two quantities. For faster execution, it is best to minimize the number of
variables to be evolved. Also derived in this section is the evolution equation for the specific
enthalpy; as will be discussed later, this may be an important quantity and its evolution is
coupled with that of the temperature and density.

The first expression comes from the relationship between specific enthalpy and specific
internal energy: h = ε + P/ρ. Taking the time derivative of this expression and rearranging
slightly gives

ḣ +
P

ρ2
ρ̇ = ε̇. (9.4)

This equation couples the evolution of density and specific enthalpy together, with the evo-
lution of the energy (given by Equation (9.3) above) as a source term.

The second expression comes from the total differential of the specific enthalpy. In
MAESTRO the EoS supplies the partial derivatives of specific enthalpy with respect to the
mass fraction, assuming that pressure and temperature are held constant. However, since
the reaction rates available from Frank Timmes’s network are in terms of molar abundances,
we will simply convert the derivatives according to

∂h

∂Yk

∣

∣

∣

∣

P,T

=
∂h

∂Xk

∣

∣

∣

∣

P,T

Wk.

Now we can say that specific enthalpy should be a function of pressure, temperature, and
composition and take the total differential:

dh =
∂h

∂P

∣

∣

∣

∣

T,Y1..Nsp

dP +
∂h

∂T

∣

∣

∣

∣

P,Y1..Nsp

dT +
∑

k

(

∂h

∂Yk

∣

∣

∣

∣

P,T

dYk

)

.

Since we are in the isobaric assumption, dP is zero. We can also identify the derivative with
respect to temperature as the isobaric specific heat capacity. If we divide this expression by
dt and rearrange slightly, we get our second equation:

ḣ − cP Ṫ =
∑

k

(

∂h

∂Yk

Ẏk

)

. (9.5)

This equation couples the evolution of the temperature and the specific enthalpy together,
with the summation over the composition evolution expressions (given by Equation (9.2)
above) as a source term.

The third expression comes from the total differential of the pressure. In MAESTRO the
EoS supplies the partial derivatives of pressure with respect to mass fraction, assuming that
density and temperature are held constant. As with the previous expression, we convert
derivatives with respect to mass fraction to derivatives with respect to molar abundances by
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multiplying by Wi. The total differential of pressure therefore is

dP =
∂P

∂ρ

∣

∣

∣

∣

T,Y1..Nsp

dρ +
∂P

∂T

∣

∣

∣

∣

ρ,Y1..Nsp

dT +
∑

k

(

∂P

∂Yk

∣

∣

∣

∣

ρ,T

dYk

)

.

Since we are in the isobaric assumption, dP is zero. Dividing by dt and rearranging slightly
gives us our third equation:

∂P

∂ρ
ρ̇ +

∂P

∂T
Ṫ = −

∑

k

(

∂P

∂Yk

Ẏk

)

. (9.6)

This equation couples the evolution of the density and the temperature together, with the
summation over the composition evolution expressions (given by Equation (9.2) above) as a
source term.

The final expressions are simply the result of solving these coupled equations. In order
to simplify these expressions, let us define some shorthands:

Λh ≡
∑

k

(

∂h

∂Xk

Wk Ẏk

)

, (9.7a)

ΛP ≡
∑

k

(

∂P

∂Xk

Wk Ẏk

)

, (9.7b)

and

∆ ≡

(

cP
∂P

∂ρ
−

P

ρ2

∂P

∂T

)−1

. (9.8)

With these we can summarize the equation set as





1 P
ρ2 0

1 0 −cP

0 ∂P/∂ρ ∂P/∂T









ḣ
ρ̇

Ṫ



 =





ε̇
Λh

−ΛP



 .

Solving this system of equations yields our final, decoupled equations:

ḣ = ∆

(

cP
P

ρ2
ΛP + cP

∂P

∂ρ
ε̇ −

P

ρ2

∂P

∂T
Λh

)

(9.9a)

ρ̇ = ∆

(

∂P

∂T
Λh − cP ΛP −

∂P

∂T
ε̇

)

(9.9b)

Ṫ = ∆

(

P

rho2
ΛP +

∂P

∂ρ
ε̇ +

∂P

∂ρ
Λh

)

(9.9c)

Quasi-Isochoric Approximation

In some cases it may be useful to assume that the change in density is negligible, which
I refer to as the quasi-isochoric approximation. As discussed in Section 9.2, the isobaric
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assumption forces a choice between different inconsistencies. Given a choice between mass
non-conservation, two different densities, or thermodynamic inconsistency, it may be that
thermodynamic inconsistency is the “least-bad” option.

In this case, we can simplify the expressions derived in the previous section. Firstly,
Equation (9.6) can be replaced by a statement of the quasi-isochoric approximation: ρ̇ = 0.
Equation (9.4) simplifies to the equivalence ḣ = ε̇, eliminating the need to consider the
evolution of enthalpy separately from the evolution of energy. Using this equivalence, we
can simplify Equation (9.5) and solve for the temperature evolution2:

Ṫ =
1

cP

(

ε̇ −
∑

k

(

∂h

∂Xk

Wk Ẏk

)

)

. (9.10)

Using this approximation we eliminate the need to evolve density or enthalpy and arrive at
a simpler expression for the evolution of the temperature.

Energy Release

One of the important outputs from a reaction network is the energy release, although in
MAESTRO the enthalpy release is the desired quantity. There are several possible methods for
computing the final energy release.

The simplest is to call the EoS using the initial and final states of the integration. This
only adds two EoS calls to the reaction network (one at the beginning of the integration and
one at the end of the integration), instead of an EoS call to each iteration of the reaction
network’s sub-cycling (as the method outlined in Section (9.5.3) does).

The second method is to evolve the energy (or the enthalpy) directly. If the desired
quantity is not already being evolved to track the thermodynamic evolution, this adds an
extra variable to the reaction network, which increases the execution time of each iteration of
the network’s sub-cycling. Whether this is faster or slower than adding starting and ending
EoS calls would have to be the subject of testing, and may depend on the duration over
which the network needs to be evolved.

A third method is to use an integrated form of one of the evolution equations (Equa-
tions (9.4) – (9.6) or Equations (9.9a) – (9.9c)) to deconvolve the total change in energy
or enthalpy from the total change in the density, temperature, and composition. However,
this method suffers from the problem discussed above regarding the assumption that cP and
other thermodynamic derivatives are constant, and therefore it would have to be modified
consistently with any other modifications implemented to address this issue.

2The MAESTRO Users’ Guide (Lawrence Berkeley National Laboratory & Stony Brook University, 2012)
gives an alternate derivation that achieves this same result. See Chapter 19, “Notes on Prediction Types”,
particularly Section 3, “Energy Evolution”.
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9.5.5 The SDC Method

In the SDC version of the reaction network, there is no need to approximate the thermo-
dynamic evolution (e.g., the isobaric approximation); the SDC method is intended to evolve
the reaction network consistently with the hydrodynamics by reducing the error that arises
from decoupling. The SDC method is an iterative process that applies a set of corrections
to reduce the decoupling error, which maintains the efficiency of a decoupled method while
providing the accuracy of a fully coupled method. For complete details of the SDC method,
see Nonaka et al. (2012b). I did not implement the SDC method, but only implemented a
variation of the reaction network that is consistent with the requirements of the SDC method.
Here I detail how the equations for the reaction network are modified to integrate with the
SDC method. Borrowing from the SDC documentation in the MAESTRO User’s Guide, the
two key equations are

d(ρXk)

dt
= ρ ω̇k + AρXk

(9.11a)

d(ρh)

dt
= ρ ḣnuc + Aρh, (9.11b)

where AρXk
and Aρh come from the hydrodynamics. They are defined as

AρXk
= −~∇ · (ρXk~u) (9.12a)

Aρh = −~∇ · (ρh~u) +
DP0

Dt
. (9.12b)

While the form of these equations comes from the Euler equations, we can make a loose
correspondence with product rules for derivatives to give ourselves a mental aid in under-
standing the relationships involved in these equations. For Equation (9.11a), the ρ ω̇k term
is akin to ρ Ẋk, and the AρXk

term is akin to ρ̇ Xk. For Equation (9.11b), we need to recall
the relationship between enthalpy density and internal energy density (ρ h = ρ ε + P ), and
we can see that the ρ ḣnuc term is akin to ρ ε̇, and the Aρh term is akin to ρ̇ ε + Ṗ . This also
helps identify the fact that ḣnuc is equivalent to ε̇. The true derivation of these equations
comes from the Euler equations, so these product rules are merely a guide and not a true
equivalence. It should be noted, however, that the ḣnuc term appears in both the energy and
the enthalpy equations, so that it can be identified with ε̇ formally.

The equations for Ẋk (except for a factor of Wk) and ε̇ are given in Section (9.5.3).
The SDC method evolves the partial densities instead of the mass fractions or molar abun-
dances (which accounts for mass non-conservation as discussed previously when explaining
the isochoric approximation for reaction networks) and the enthalpy density instead of the
specific enthalpy. The density comes from a summation of the partial densities. All other
thermodynamics come from a call to the EoS in ρ-h mode.
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Chapter 10

Conclusions and Future Work

10.1 Preliminary Results

This project is still a work in progress. Here I present results to date, which demonstrate
the current status and suggest possible conclusions that may result from this study.

Figure 10.1 shows the evolution of the peak Mach number (the largest value of M in
the domain) over the course of a simulation of convection in the hydrogen-rich envelope of
a classical nova progenitor. For the first roughly 800 s, the value of the peak Mach number
varies, but on average remains approximately constant around 0.04. After the 800 s mark,
the scatter around the mean trend increases in frequency, and the mean trend begins to
rise. While I have not yet determined the reason(s) for these changes, this plot suggests
that around 800 s the nuclear burning changes from some sort of steady-state burning to a
runaway, leading towards a nova outburst.

Figure 10.2 shows a snapshot of another simulation just over 270 s after the start. The
region shown is only a part of the simulation domain, focusing on the core-envelope interface
(at approximately 4550 km as shown by the radial coordinate along the left side of the
image) and the convective region immediately above the interface. The central panel shows
a region immediately above the interface (up to approximately 4600 − 4700 km) that is
enhanced in 12C, as evidenced by the greener color in this region in contrast to the more
cyan color at a higher radius. By comparison with the right panel, this 12C-enhanced region
approximately correlates with the region of nuclear energy release. The ripples on the core-
envelope interface, while not fully understood as of yet, are reminiscent of breaking waves
such as those discussed in Alexakis et al. (2004), although there is concern that these ripples
may be an artifact due to boundary condition effects. While more analysis, and possibly
further simulations (perhaps at higher resolution), will be necessary for confirmation, these
results suggest that breaking waves may play a significant role in the metallicity enrichment
of the envelope.

10.2 Summary and Conclusions

While I have done extensive background work to develop the tools necessary for simula-
tions of CNe, this is an ongoing project. My work has primarily divided into two categories.
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Figure 10.1: The evolution of the peak Mach number in a preliminary simulation of a classical
novae in MAESTRO. Note the change in behavior around 800 s.

The first category is developing appropriate initial conditions for a multidimensional Eu-
lerian code based on a one-dimensional Lagrangian code. As shown by Zingale et al. (2002),
transferring between two such codes is not as trivial as copying the output of the Lagrangian
code into the Eulerian code. Many issues, both physical and numerical, must be addressed
in transferring a model between two such codes: e.g., the sharpness of discontinuities, hy-
drostatic equilibrium, the grid underlying the simulation, and convective velocities. Each
much be carefully considered, not only independently, but in conjunction with the other is-
sues; for example, interpolation to a new grid and smoothing of discontinuities may interact
in unexpected ways if care is not taken to ensure hydrostatic equilibrium after each such
transformation of a model.

The second category is implementing an appropriate method for capturing the nucle-
osynthesis and nuclear energetics of CNe. Prior research has shown that the appropriate
reactions include the proton-proton chains and the carbon-nitrogen-oxygen cycles, along
with rapid-proton breakout. I found that an analytic approximation to the CNO cycle is a
poor representation of the energy release; in addition, it gives no information about the nu-
cleosynthesis that occurs during a CNe. Due to time step considerations, reactions are often
decoupled from hydrodynamics, which introduces errors from the approximations that are
needed to close the decoupled sets of equations. However, new methods are being developed
to address these errors, including spectral-deferred corrections.

The study of CNe has proven more challenging than I initially expected. This is an
ongoing project, but promises to have the potential to explore new aspects of CNe and
improve our understanding of these complex astrophysical phenomena.
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Figure 10.2: A snapshot of the core-envelope interface and convective region during a prelim-
inary simulation of a classical nova in MAESTRO. Evidence of envelope enrichment by breaking
waves is suggested by this simulation, but further analysis will be necessary to confirm such
a tentative result.
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10.3 Future Work

The current work on the CNe project is continued code development. This includes
verification and validation (V&V) of both the initial model builder and the rebuilt nuclear
reaction network. Preliminary V&V has been done, but is not yet extensive enough to ensure
that these codes are ready for use in publishable work.

I am preparing a suite of two-dimensional simulations designed to test the code compo-
nents and begin clarifying the computational needs of the CN problem. The most physically-
realistic simulations must be performed in three dimensions in order to accurately model
convection, but three-dimensional simulations are very computationally expensive. Hence a
suite of two-dimensional problems will help to map out the optimal use of computational
resources for three-dimensional simulations. I intend to investigate questions of:

• spatial resolution necessary to capture the processes in a CN outburst,

• boundary conditions (e.g., see Glasner et al. 2005),

• simulation domain size and its interaction with side boundary conditions,

• the possibility of a smaller reaction network that minimizes pp chain processes.

Once the code components under development have undergone rigorous V&V and the planned
two-dimensional preliminary suite has been performed, I can begin to move forward with
explorations of the physics of CNe. The intended goal of this project has been to study
the mixing processes across the core-envelope boundary in a CN outburst. With my com-
putational tools, I can match the published literature on the subject for comparison and
validation, then begin to expand on the current understanding of these mixing processes.

Classical novae present a challenging computational problem, particularly if results are to
be connected to observations. Although convection in the accreted envelope is not directly
observable, the result of simulating convection-induced mixing in the burning region at the
base of the accreted envelope could potentially link to observations in several ways. First,
any inhomogeneities following from the structure of the turbulent convective flow could seed
inhomogeneities in the ejecta (see, e.g., Casanova et al., 2011b). Next, following the evolution
of a CN through the outburst would allow me to determine ejecta velocities. Simulating the
outburst is a significant computational challenge because the envelope will expand through
orders of magnitude in radius and a complete simulation would require interactions of the
expanding envelope with the accretion disk and possibly even the binary companion.

The nuclear burning and mixing processes that occur during my simulations will also
provide information about the quantity and distribution of certain nucleosynthesis products.
The models and simulations presented in this dissertation assume simplified reactions for
the thermonuclear burning because of the expense (in computating power and memory) of
including variables for all participating nuclei. Greater fidelity and detail of the nucleosyn-
thesis products would be achievable through post-processing of advected tracer particles
based on their thermodynamic histories during a simulation. This information about nucle-
osynthesis could be compared to studies of the ejecta (see, e.g., Gehrz et al., 1998). The
use of radiation transport would allow even more observationally-oriented information, such
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as calculating light curves and spectra from the simulations. For all of these issues, the
most informative results would only be achievable by the difficult process of continuing my
simulations beyond the mixing phase to the outburst phase, and perhaps even beyond to
following the evolution of ejecta. These different phases will require different computational
tools, which may require significant development.

With the computational tools I have been developing for my CN simulations, I will be
able to pursue a variety of questions in addition to mixing across the core-envelope boundary.
This includes:

• Studying the complete evolution of a CN outburst, including mixing and explosion.
This could allow me to develop observable signatures for comparison with my simula-
tions. This could also potentially allow an exploration of how much mass is ejected in
an outburst, which is an important question in evaluating whether or not CNe could
be a phase in the evolution of a SNIa progenitor.

• Studying the effect of the mass of the underlying WD, which sets the gravity and
therefore will be a significant factor in the pressure and density of the burning layer
as well as the energy necessary to eject matter during an outburst. Through both of
these effects, the mass of the WD may be important in determining whether or not a
CNe accretes more matter between outbursts than it ejects during an outburst. This
study would require the use of a stellar evolution code, such as the new open-source
code MESA, to generate realistic initial models with different WD masses.

• Studying the effect of the composition of the accreted material, which will impact
the nucleosynthesis pathways favored during an outburst, which will in turn change
the rate of energy release and the total energy release before expansion quenches the
burning.

• Performing a comparison of one-dimensional and multidimensional evolution. Due to
the time scales involved, it is not currently possible for a multidimensional hydrody-
namics code to follow the evolution of a nova from the onset of accretion through the
first outburst or between outbursts. Many studies of novae must therefore rely on one-
dimensional, Lagrangian, stellar evolution codes. I could perform an important check
on some aspects of such codes by running an early-time model from the time-sequence
provided by Ami Glasner until it matches a late-time model and comparing the evolu-
tion between a one-dimensional stellar evolution code and a multidimensional reactive
hydrodynamics code.

• Studying differences in novae on carbon-oxygen WDs and oxygen-neon WDs, exploring
how the resulting outbursts compare to classical vs. recurrent novae and searching for
potentially-observable signatures. The common assumption in nova theory is that
recurrent novae occur on oxygen-neon WDs, while classical novae occur on carbon-
oxygen novae, but this has not been conclusively confirmed. This could additionally
shed light on the question of whether these two different classes of novae gain or lose
mass over long time scales.
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• Evaluating the impact of varying uncertain reaction rates. This could shed light on
potential constraints on reaction rates that are currently not well known by comparing
the results of my simulations with observations.

Several of these points will require new computational tools, and some of them may not be
possible with current technology. However, as long-term goals, they serve to focus my effort
towards exploring the important open questions in the field of CNe.
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Casanova, J., José, J., Garćıa-Berro, E., Calder, A., & Shore, S. N. 2010, A&A, 513, L5

—. 2011a, A&A, 527, A5
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Röpke, F. K., & Niemeyer, J. C. 2007, A&A, 464, 683
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2010, ApJ, 710, 1683

Schmidt, W., Niemeyer, J. C., & Hillebrandt, W. 2006a, A&A, 450, 265

Schmidt, W., Niemeyer, J. C., Hillebrandt, W., & Röpke, F. K. 2006b, A&A, 450, 283
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