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Abstract of the Dissertation

Hydrodynamics and transport in
low-dimensional interacting systems

by

Manas Kulkarni

Doctor of Philosophy
in
Physics
Stony Brook University

2011

Recent ground-breaking experiments have realized strongly inter-
acting quantum degenerate Fermi gas in a cold atomic system with
tunable interactions. This has provided a table-top system which is
extremely hydrodynamic in nature. This experimental realization
helps us to investigate several aspects such as the interplay between
nonlinearity, dissipation and dispersion. We find, for instance, that
the dynamics in such a system shows near perfect agreement with
a hydrodynamic theory. In collaboration with the group of John
Thomas at Duke we interpreted studies of collision of two strongly
interacting Fermi gases that led to shock waves which are a hall-
mark of nonlinear physics. Due to reasons such as the nature of
interactions, higher dimensionality, these cold atomic systems are
non-integrable and moreover the underlying field theory construc-

tion is mostly phenomenological in nature.

On the other hand there are certain one-dimensional systems which

are not only integrable but also facilitate more formal and rigorous
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ways of deriving the corresponding integrable field theories. One
such family of models is the family of Calogero models (and their
generalizations). They provide an extraordinary insight into the
field of strongly correlated systems and hydrodynamics. We study
the collective field theory of such models and address aspects of
nonlinear physics such as Spin-Charge Interaction, Emptiness For-
mation Probability, Solitons etc; We derive a two-component non-
linear, nonlocal, integrable field theory. We also show that the
Calogero family which is integrable even in an external harmonic
trap (usually unavoidable in cold atom setups) is relatively "short
ranged" thereby qualifying as a toy model for cold atom experi-

ments.

Transport in certain strongly correlated systems (impurity mod-
els) was studied using few low-dimensional techniques such as a
1/N diagrammatic expansion, Slave Boson Mean Field Theory and
the Bethe Ansatz. A mesoscopic setup such as parallel quantum
dots forms an ideal platform for such an investigation and com-
parison between different low-dimensional techniques. We studied
transport, correlations and nature of the ground state of double
quantum dots. We probed several non-perturbative aspects of this
double-impurity model. For example, we showed that the RKKY
interaction in closely spaced dots can be non-ferromagnetic due to
its non-pertubative nature. This study helped us to point some
discrepancies between different methods (such as the Numerical
Renormalization Group). We give possible reasons for these dis-

crepancies.
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Chapter 1

Introduction and Outlook of the

thesis work

In this chapter, we will provide a brief history and introduction to the topics
covered in the thesis. We will also present here the questions addressed in
this thesis, thereby elaborating the contents of the thesis. This thesis can be
broadly divided into two parts. The first part of the thesis studies hydrody-
namics or collective field theory of low dimensional interacting systems. The
second part of the thesis consists of the study of transport and correlations
in low dimensional strongly correlated electron systems. Chapter [2|is based
on the publications [II] and [X]. Chapter B[] and [f] are based on publications
[VIII], [VI] and [VII] respectively. Chapter [f]is based on publication [III]
and chapter [7]is based on publication [IX]. For the sake of brevity, the thesis
doesnot cover work done in publications [I], [IV] and [V].

1.1 Hydrodynamics of low-dimensional interact-
ing systems

Studying strong correlations in low-dimensional systems has been of increasing
experimental and theoretical interest. The very nature of low-dimensionality
facilitates strong interactions and this has been explored since the 1970’s. Un-
derstanding the collective behaviour of strongly interacting systems has been

of increasing experimental and theoretical importance. Experimental setups



in cold atoms are usually higher dimensional by setup but none-the-less tight
harmonic confinement in two of the three dimensions helps us to understand
the physics with a dimensionally reduced quasi-1D theory. The construc-
tion of these quasi-1D theories is sometimes phenomenological in nature. On
the other hand there are certain families of models which are purely one-
dimensional models and which facilitate a more formal construction of a field
theory. Moreover, these models are integrable, thereby giving rise to very rich

integrable field theories.

1.1.1 Hydrodynamics in Cold Atomic systems

There have been several experiments which have realized and studied the col-
lective behaviour of a system of particles both bosonic (for example, [4H7])and
fermionic (for example, [8-12]). In this thesis, we study a system of very
strongly interacting fermionic atoms. This system (for example observed in
the group of John Thomas at Duke) shows an extremely hydrodynamic be-
haviour. This enables us to probe the physics of nonlinear hydrodynamics of
quantum matter. In Chapter [2| we present clear evidence of shock waves in
this system of strongly interacting Fermi gas. We study collisions between
two strongly interacting atomic Fermi gas clouds. We observe exotic nonlinear
hydrodynamic behavior, distinguished by the formation of a very sharp and
stable density peak as the clouds collide and subsequent evolution into a box-
like shape. We model the nonlinear dynamics of these collisions using quasi-1D
hydrodynamic equations. Our simulations of the time-dependent density pro-
files agree very well with the data and we identify the time evolution of these
density fields as shock waves in this universal hydrodynamic system.

We describe how to apply smoothed particle hydrodynamics [13] 4] to
cold atomic systems in general and to the experiment conducted at Duke
in particular. This technique involves mapping the original hydrodynamic
problem to a system of Lagrangian pseudo-particles. Molecular dynamics of
these pseudo-particles are studied and one can then, by mapping-back, obtain
the evolution of the original hydrodynamic density and velocity fields. This
approach gives very good agreement between theory and experiment. We will
address the interplay between nonlinearity, dissipation and dispersion in cold

atomic systems.



The hydrodynamic description employed in understanding these strongly
degenerate Fermi gases is not derived starting from a microscopic point of
view. This is of course due to the highly complicated nature of the problem,
some reasons for example being, nature of interactions, higher dimensionality
etc; In addition the hydrodynamic description is not integrable, thereby not

facilitating the use of the machinery for integrable models.

1.1.2 Collective Field Theory for Integrable Models

In order to understand the collective behaviour of interacting particles from a
more microscopic starting point one can study a certain family of integrable
one-dimensional models. This family of integrable models called the Calogero
family not only facilitates a more formal way to derive the collective field theory
but also gives rise to very rich integrable field theories. We are interested both
in deriving a collective field theory starting from the microscopic Hamiltonian
and in exploiting the nature of these integrable field theories.

In Chapter [3] the nonlinear dynamics of spin and charge in the spin-
Calogero model is studied [15]. This is an integrable one-dimensional model
of quantum spin-1/2 particles interacting through an inverse-square interac-
tion and exchange. Classical hydrodynamic equations of motion are written
for this model in the regime where gradient terms of the exact hydrodynamic
formulation of the theory may be neglected. In this approximation variables
separate in terms of dressed Fermi momenta of the model. Hydrodynamic
equations reduce to a set of decoupled Riemann-Hopf (a.k.a inviscid Burgers’)
equations for the dressed Fermi momenta. We study the dynamics of some
non-equilibrium spin-charge configurations for times smaller than the time-
scale of the gradient catastrophe. We find an interesting interplay between
spin and charge degrees of freedom. In the limit of large coupling constant
the hydrodynamics reduces to the spin hydrodynamics of the Haldane-Shastry
model.

One speciality of the Calogero family is that it remains integrable even in
the presence of an external harmonic trap. To the best of our knowledge this
is the only example of this kind. This is very convenient as the presence of
an external harmonic trap is most often unavoidable in cold atomic experi-

ments. In Chapter 4] we study the spin-Calogero model in the presence of an



external trap. We obtain analytic results for the statics and dynamics of the
system. For instance, we find how the equilibrium density profile changes as
a function of the interaction strength. The results we obtain for equilibrium
configurations are very similar to the ones obtained recently by Ma and Yang
[2] for a model of fermions with short ranged interactions. Our main approxi-
mation again is the neglect of the terms of higher order in spatial derivatives
in equations of motion, ie, gradientless approximation [15]. Within this ap-
proximation the hydrodynamic equations of motion can be written as a set of
decoupled forced Riemann-Hopf equations for the dressed Fermi momenta of
the model. This enables us to write analytical solutions for the dynamics of
spin and charge. We describe the time evolution of the charge density when
an initial non-equilibrium profile is created by cooling the gas with an addi-
tional potential in place and then suddenly removing the potential. We present
our results as a simple "single-particle" evolution in the phase-space reminis-
cent a similar description of the dynamics of non-interacting one-dimensional
fermions. Importantly, we find that this model is relatively "short-ranged"
and can serve as a toy model for cold atom experiments.

The spinless analog of the spin-Calogero model has been very well studied
and its fully nonlinear field theory is known. The integrable field theory of
the Calogero model facilitates one to study extremely nontrivial nonlinear
hydrodynamic aspects such as shock waves and solitons in Calogero model.
Solitons solutions of the Calogero model on a straight line were obtained by
Polychronakos [16] and Andric et. al. [I7]. However, till recently the meaning
and the existence of solitons in presence of an external trap was not clear
despite the field theory being integrable even in the trap. In Ref [I8] we provide
the answer to this question. In this paper [I8] we consider here reductions of
the classical Calogero model which play a role of "soliton" solutions of the
model. We obtain these solutions both for the model with a finite number
of particles and in the hydrodynamic limit. In the latter limit the model
is described by hydrodynamic equations on continuous density and velocity
fields. Soliton solutions in this case are finite dimensional reductions of the
hydrodynamic model and describe the propagation of lumps of density and
velocity in the nontrivial background.

The availability of the collective field theory also helps in computing certain



correlation functions, such as the Emptiness Formation Probability (EFP) that
measures the probability P(R) that a region of length 2R is completely void
of particles. In Chapter [5| we calculate the EFP in the spin-Calogero Model
and Haldane-Shastry Model using their hydrodynamic description. We use
an instanton approach and consider the more general problem of an arbitrary
depletion of particles (DFP). In the limit of a large size of the depletion region
the probability is dominated by a classical configuration in imaginary time that
satisfies a set of boundary conditions and the action calculated on such solution
gives the EFP/DFP with exponential accuracy. We show that the calculation
can be elegantly performed by representing the gradientless hydrodynamics
of spin particles as a sum of two spin-less Calogero collective field theories in
auxiliary variables. Interestingly, the result we find for the EFP can be cast
in a form reminiscent of spin-charge separation, which is suprising. We also
highlight the connections between sCM, HSM and A = 2 spin-less Calogero
model from a EFP/DFP perspective.

In the above mentioned chapters we have, broadly speaking, studied col-
lective field theory or hydrodynamics of interacting particles. In each of these
cases we go beyond a quadratic field theory, ie, beyond what is known as a
Luttinger liquid or conventional Bosonization. A quadratic field theory would
not be able to capture nonlinear effects such as the interaction between spin
and charge sectors, steepening of density profiles, shock waves, solitons etc;
This aspect of nonlinearity will be elaborated further in the context of each of

the mentioned topics in the respective introduction sections of the chapters.

1.2 Transport and Correlations in low dimen-

sional strongly correlated electrons

In the second part of the thesis we turn to transport properties. In particular,
we discuss transport and correlations in a low dimensional strongly correlated
system of quantum dots. The mesoscopic system of quantum dots forms an
ideal platform for using, studying and comparing a variety of low dimensional
techniques such as Bethe Ansatz, Diagrammatic Expansions, Mean Field The-
ories, Numerical Renormalization Group and Quantum Monte Carlo. As will

be elaborated in each of the subsequent chapters, the presence of multiple dots



can lead to exotic nonperturbative effects.

1.2.1 RKKY interaction and nature of the ground state
of double quantum dots arranged in parallel: Slave
Boson Mean Field Theory and the Bethe Ansatz

In chapter [6] we argue, through a combination of slave boson mean field theory
and the Bethe ansatz, that the ground state of closely spaced double quantum
dots in parallel coupled to a single effective channel is a Fermi liquid. We do
so by studying the dots’ conductance, impurity entropy, and spin correlation.
In particular, we find that the zero temperature conductance is characterized
by the Friedel sum rule, a hallmark of Fermi liquid physics, and that the
impurity entropy vanishes in the limit of zero temperature, indicating the
ground state is a singlet. This conclusion is in opposition to a number of
numerical renormalization group studies. We suggest a possible reason for the
discrepancy. This chapter describes the role of the effective Ruderman-Kittel-
Kasuya-Yosida (RKKY) interaction in parallel quantum dots. An important
message of chapter [0] is that RKKY interaction can induce non-ferromagnetic
like correlations due to their non-perturbative nature. The recent ability to
engineer these multi-dot systems have greatly enhanced the theoretical interest

in understanding transport and correlation in multiple quantum dot system:s.

1.2.2 1/N diagrams for coupled parallel quantum dots:
Transport, Correlations and evidence of Fermi Lig-
uid

Chapter [7| is devoted to another technique called 1/N expansion. A large-N

diagrammatic approach is used to study coupled quantum dots in a parallel

geometry. We show that the Friedel Sum Rule holds perturbativly in 1/N for a

parallel double dot system, thereby, strongly suggesting that the ground state

is a Fermi liquid. We also extract fully the pole structure of its Green’s function
matrix and obtain the partition function and dot occupancy via diagrams in

a 1/N expansion. Using the FSR, we calculate the conductance from the

dot occupancy. We find that the conductance vanishes at the particle-hole



symmetric point. When applicable, we compare our results to a recent Bethe
ansatz and a slave boson mean field analysis of the same system. Our main
finding from 1/N expansion about the ground state being a Fermi Liquid is

consistent with both Bethe Ansatz and slave boson mean field theory.



Chapter 2

Shock waves in a strongly

interacting Fermi gas

2.1 Introduction

Many interesting Fermi systems such as quark-gluon plasmas[I9], neutron
stars, and super-conducting electrons exhibit hydrodynamic flow. Phenomena
such as high energy collisions, star core collapse, or vortex formation offer the
rich and complex dynamics. Solutions of linearized hydrodynamic equations
often times cannot provide an adequate description of these exotic systems.
In those cases it becomes necessary to solve the full nonlinear hydrodynamic
equations to capture the essential physics.

Since the first observation of a strongly interacting degenerate Fermi gas
[20], hydrodynamic flow has been observed in studies of collective dynamics
[21H23], sound velocity [24], and rotation dynamics [25]. For example, in Ref.
[24] a propagation of a small density perturbation over a background has been
observed and interpreted as a sound propagation described by linearized hydro-
dynamic equations. While, the formalism of linearized hydrodynamics gives
a good description of experiments where perturbations are small, it does not
capture such exotic fingerprints of nonlinear hydrodynamics as shock waves.
In this chapter we discuss the first observation of this nonlinear effect and
describe it using nonlinear hydrodynamic equations.

We present here an observation of a collision between two clouds of cold

strongly interacting Fermi atoms in the unitary regime. This collision can



be understood as essentially nonlinear hydrodynamic behavior of an atomic
gas/fluid. The false color absorption images of the atomic clouds at different
times during the collision are shown in Fig. We would like to focus on
two features clearly seen in this data: (i) the formation of a central peak
which is well-pronounced and robust (ii) the evolution of this peak into a box-
like shape with very sharp boundaries. We notice here that the first feature,
though mysterious at the first sight, is present already in solutions of linear
wave equations. Omne should just consider the process not as a collision of
atomic clouds but as of a splitting of a central dip in the cloud density into
two dips propagating to the left and to the right respectively. The second
feature is fundamentally nonlinear and we consider it as a strong evidence
of shock wave formation in this system. The sharp boundaries of the “box”
are identified then as the shock wave fronts. By reducing the hydrodynamic
theory to one dimension and solving the hydrodynamic equations numerically
we find an evolution of the density of atoms which is in excellent agreement

with the experimental findings.

2.2 Experiment: colliding fermi-clouds

In this section we will briefly describe the experimental setup [I] involved
in the collision of Fermi gas clouds at Duke. One of the main goals of this
chapter is to interpret the experiment described in this section which was
conducted at Duke. The Fermi-gas is comprised of a 50:50 mixture of the
two lowest hyperfine states of 5Li. The gas is confined in a cigar-shaped CO,
laser trap, and bisected by a blue-detuned beam at 532 nm, which produces a
repulsive potential. The gas is then cooled via forced evaporation near a broad
Feshbach resonance at 834 G [26]. After evaporation, the trap is adiabatically
recompressed to 0.5% of the initial trap depth. This procedure produces two
spatially separated atomic clouds, containing a total of ~ 10° atoms per spin
state. In the absence of the blue-detuned beam, the trapping potential is
cylindrically symmetric with a radial trap frequency of w, = w, = w; =
21 x 437 Hz and an axial trap frequency of w, = \/m = 21 X 27.7 Hz,
where the axial frequency of the optical trap is wp, = 27 x 18.7 Hz and

Wy, = 2w X 20.4 Hz arises from curvature in the bias magnetic field. When



Figure 2.1:  False color absorption (in situ) images of the atomic cloud at
different time points during the collision[I]. Time evolution is from left to
right (0 ms, 2 ms, 4 ms, 6 ms, 8 ms). The atoms are divided into two clouds
then accelerate towards each other. As the two clouds collide a sharp rise in
density can be seen at the center of the trap. Over time the region of high
density evolves from a “peak-like” shape into a “box-like” shape. The central
zone in the last two coloumns exhibits first evidence of shock wave formation
in a unitary Fermi-gas. The length of the cigar is about 400 um
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the repulsive potential is abruptly turned off, the two clouds accelerate toward
each other and collide in the CO, laser trap. After a chosen hold time, the
COs laser is turned off, allowing the atomic cloud to expand for 1.5 ms, after
which it is destructively imaged with a 5 us pulse of resonant light. The blue-
detuned beam produces a repulsive potential which varies only in the z (axial)

direction. The form it takes is

Viepl(2) = Voexp (~(z — z0)*/0?) (2.1

The width was measured by the Duke group to be o, = 21.2um. Using
the beam intensity and the ground state static polarizability of 6 Li at 532 nm,
we find V) = 12.7uK. This system is a three-dimensional hydrodynamic gas.
However, the reasonably tight confinement in the radial direction facilitates
the possibility of a dimensional reduction. In the next section we will describe
the hydrodynamic theory that helps in understanding the results obtained in

the above mentioned experiment.

2.3 Theory: Nonlinear hydrodynamics of quan-

tum matter and dimensional reduction

We assume that the cloud is a strongly interacting Fermi-gas at zero temper-
ature. In addition we model the gas as a single fluid which is consistent with
sound velocity measurements [24] (which falls under the paradigm of linear
hydrodynamics) and was also shown to work very well for nonlinear hydrody-
namics [I]. In this case, the local chemical potential has the universal form
w(nsp) = (1 + B)ep(nsp), where ep(nzp) = %(3%271313)2/3 is the ideal gas
local Fermi energy corresponding to the three-dimensional density nzp. Here,
f = —0.61 is a universal scaling factor [20, 27, 28]. Without including the

viscous nature of the system we can write the Hamiltonian to be

1 5 1
H =2 / rdrdzm {éngpng +Cn3p + gD (Vlog nw)ﬂ (2.2)

Here C' = £(372)%3(1 + 8) and m is the mass. Eq. is a three di-
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mensional hydrodynamic theory. Upon assuming an equilibrium profile in the
r direction and slow dynamics in the z direction we can do a dimensional

reduction to obtain a quasi-1D field theory. The assumptions can be casted as

nsp(z,r,t) = F nip(z,t),7] (2.3)

V3D :Ulp(Z,t)ﬁ (24)

where F'is a function that relates the quasi-1D density to the 3D density.

A Thomas-Fermi approximation in 3D gives us

2 2

nsp(z,r) =0 <1 — r_2 — z_) 2 (2.5)
RT R?

where i = [(2muc/R2)/(148)]*?/(37?). In Eq.H, R\ = \[2n0/(me? )

and g is the global chemical potential, which is determined by normalizing

the integral of the 3D density to the total number N of atoms in both spin

states. For N = 2x10°, we find pug = 0.53 uK, R, = 220 ym, and R, = 14 um.

Integrating Eq. in radial direction straightforwardly gives us the effective
1D density

2T 22 3

From Eq. and Eq. it is easy to find the function F' that relates the
quasi-1D density to the 3D density. We find

2
<n1D(2)>5 o
i)

3

2

nsp(r,z) =n

The action is

s = [ L

1 F |
— o / rdtdrdzm{¢3p Onsp. _ “nap(Vesp)? — Cnip, — <7D (Vlognsp)?

ot 2

1
—§n3D(w322 +w,2,r2)} (2.8)
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Using the variational method [29] one can arrive at the continuity equation
and the Euler equation. It turns out that the hydrodynamic velocity is given
by v = V¢. We will first do a dimensional reduction of Eq (2.8)

Plugging in Eq. and Eq. into the 3D action (Eq. we get the
following quasi-1D action,

s = [ L

2
= m/dtdz{ E;_?_n[(ng) + Ans +

2

Bt Loz I (9. logn)*] (2.9)
n 5W2 T o™ (0:logn .

where A = Zw?il? (wT”lL)Q/B (1+5)*? and I, = /= is the oscillator

length. It turns out that B = %ﬁllg Note that in Eq. [2.9| we have
dropped the subscript "1D" for the sake of brevity (the subscript "z" in w
will be dropped henceforth). In Eq. the term proportional to B is much
smaller than the term proportional to A and therefore we can neglect it.

The Hamiltonian corresponding to the above dimensionally reduced action

(Eq. is

2
Hln,v] = m/dzn[%+An§+

Loz, 9
—W,Z
277 T 40m?

n (0, logn)Q}. (2.10)

The continuity and Euler equation' can be obtained by taking the variation
[29] of the above action with respect to ¢ (‘;—g) and n (22) respectively. They

read as

IThe last term in Eq. doesnot come via variational principle and is added phe-
nomenologically.
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omn = —0,(nv) (2.11)

274 2 1
o = —(‘L{%—l— 5n5+§w2z2

+ (2.12)

9r* 0*\/n N 0.(nd,v)
20m? /n S

It is easy to check that Eq. (2.10]) along with the Poisson relation {mn(z),v(y)}

§'(z —y) also gives the above quasi-1D continuity (Eq. and quasi-1D Eu-
ler equation (Eq. 2.12).

In Eq. we have added a “viscosity" term phenomenologically to de-
scribe dissipative effects. For the unitary 1D fluid, v is the effective kinematic
viscosity, which has a natural scale A/m. It is the only fitting parameter in
the theory 2.

Below, we will provide a derivation of the phenomenologically added vis-
cosity term as arising from a shear viscosity[31} [32] in 3D. The Euler equation
can be generally written as

0 oIl
g(ngpvi) - — a[L’k (213)

where I, = pdix + nspv;vr, — o}y, with p being the pressure term. For an

isotropic fluid, o}, takes the form

ou

8vz~ 8vk 2 8Ul
U
O =1 ( o, (2.14)

o T 25,20 1o,
oxy, * or; 3 kf)xl) + i
where 7 is the coefficient of shear viscosity and ( is the coefficient of bulk

viscosity (which is zero for a Unitary Fermi gas). Now, if we plug in Eq.
and Eq. into Eq. then we obtain

, 4v Ovip
0’ =

#7392

(2.15)

2In a unitary Fermi gas, which is scale invariant, the bulk viscosity vanishes. We expect
that v arises from shear viscosity, which has a natural scale n o fin, so that v = n/(nm)
h/m. See Ref. [30].
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and it is easy to check that ¢/, = 0. The equation of motion for a viscous
fluid is obtained by adding the term 6g—/j to the right hand side of the Euler
equation. We define here the kinematic viscosity as given by v = % Plugging
this into Eq. gives the following term in the Euler equation (we are writing

below only the viscous term).

0 4v 0 Ov1p

Z([| &rn- - d? 2.16

825(/ Tn3DU1D) 3 92 |:/ T N3p - :| ( )
Integrating both sides of Eq. precisely results in the previously phe-

—82(’;82”)_ We have thus shown here

nomenologically added viscosity term, ie, v
that the 1D dimensionally reduced bulk viscosity term arises from a 3D shear
viscosity.

The last term in the curly brackets in Eq. come from the dimensional
reduction of the Quantum Pressure term. There are several mechanisms at
work in Eq. [2.12] There is essentially a nonlinear term (ie, a term without
derivatives and just powers of n), one dissipative term (viscosity) and one
term which can induce oscillations (dispersive terms). We therefore see that
this system of strongly interacting fermions can be an ideal setup to study
the interplay and role of all these three mechanisms (nonlinearity, dissipation
and dispersion). However, we will show in the experiment described above
that the role of the dispersive term is negligible and viscosity (dissipative)
plays a dominant role. Nonlinear terms which appear in the Euler equation as
powers of n result in creating steep gradients and these are counter-balanced
by dissipative or dispersive terms. When steep gradients start getting counter-
balanced then we can call it an "onset" of shock waves (dissipative or dispersive
shock depending on which term plays a role). One could introduce artificial
tuning numerical coefficients in front of the dissipative and dispersive terms
and modulate their effect.

Eq. and Eq. are fully nonlinear coupled partial differential equa-
tions and do not admit exact solutions. However, in certain limits, for instance
the sound wave experiments with a small pulse Vj, one can linearize the differ-
ential equations and around an equilibrium density configuration

no(z) in a harmonic trap. Defining n(z,t) = ng(z) + dn(z,t), the linearized
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evolution equation for on(z,t) (neglecting viscosity) is

14A _3
For a flat background density, i.e., constant ng, with ug = %ng/g’, Eq. [2.17

reduces to 926n = c292dn with the sound velocity ¢ = v/2u¢/5m, in agreement
with previous theory [33] B4] and experiment [24].

Our aim is to study the fully nonlinear hydrodynamics of the system with
initial conditions from the experiment described in Sec We do so in two
different ways. First, we employ the method of a discretized grid and later
we will use another method known as smoothed-particle hydrodynamics. The
second method involves mapping the quasi-1D Hamiltonian (Eq. and
the Continuity and Euler equations (2.12) to a system of Lagrangian
pseudo-particles [13] [14].

2.4 Model and the grid method

We establish initial conditions of our model to match the experiment as closely
as possible. The one-dimensional integrated density equation which includes
the effect of the repulsive potential is given in Eq. . In our simulation
we use the measured experimental parameters for w, and w,. We measure
the width o, = 21.2 um. The offset 2z = 5 um of the focus from the center
in the long direction of the optical trap is determined by a fit to the first
density profile at 0 ms. Using the beam intensity and the ground state static
polarizability of °Li at 532 nm, we find V5 = 12.7 uK.

We use the average measured total number of atoms N = 2.1 x 10° to
determine the global chemical potential, ig. The black curve in the left top-
most panel of Fig. represents the initial density of the trapped atoms after
expansion obtained using the above parameters.

For numerical simulation we create and load a density array as well as a
velocity array with grid spacing §,. The initial velocity is set to zero. The
simulation then updates the density and velocity field in discrete time steps

d; according to Eq. (2.11) and Eq. (2.12). The simulation provides a near
perfect representation of the observed density evolution (see Fig. . For the
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simulation curves shown in the figure we use a grid of 50 points relating to a
5, = 4.2pum and a §; = 17.7us, which minimizes the y2. A x? fit to the data
is constant for smaller ¢, as long as the time step was set according to the
relation §; = 62 x 10° for grids of 100 and 200 points. Therefore the simulation
converges for small §;. To check for numerical consistency we also used an
alternate approach of smoothed-particle-hydrodynamics|13] (see Sec where
a fluid is described by discrete pseudo particles and the results obtained indeed
coincide with the previously mentioned discretized grid approach. As shown
in Fig. we observe a dramatic evolution of the density of the gas. During
the collision, a distinct and stable density peak forms at the point of collision
in the center of the trap. At its apex, the peak density is nearly twice that of
the equilibrium integrated central density. This central peak appears early on
in the collision and grows in intensity. At a certain point the 2D images show
that the peak evolves into a box shape. In 1D this is seen as a flattop line
shape which expands in size as more atoms are present in the collision zone.
As the time evolution of the gas progresses the maximum density gradient
increases.

Upon careful inspection of the data we can find only small deviations from
the simulation. At the 4 ms time point the maximum density of the observed
central peak exceeds that of the simulation. This apart the simulation provides
a very good description of the evolution of the 1D density. Changing the
phenomenological parameter v in Eq. 2.12]in simulations allows us to conclude
that numerics are compatible with the experiment in the range of effective bulk

viscosities v ~ 1 — 10 h/m.

2.5 Smoothed particle formulation of nonlinear

hydrodynamics

In this section we describe the mapping of the quasi-1D Hamiltonian (Eq.

, the Continuity (2.11)) and Euler equations (2.12)) to a system of La-

grangian pseudo-particles [13, [14]. The pseudo-Hamiltonian in the continuum
limit reproduces all the hydrodynamic terms in the field theory. It turns out
that Eq. can be mapped to a system of N,, pseudo-particles obeying the

following microscopic Hamiltonian,
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vjz—i-wzx?
H=my 2Ty
=1

2
Np
m > Unilji, 23] + Ugplwjsa, 241, 7] (2.18)
j=1

Here Uy and Ugp are pseudo-particle mapping * of the nonlinear (pres-
sure) term and the Quantum Pressure (dispersive) term respectively. They

are given by

A
Unilwj1, 7] 3
[Np(zj41 — 25)]5
B
+ — (2.19)
[Np(ji1 — )] °
1 1 1 ?
Uop|Tito,Tit1,x;| = = — 2.20
QP[ J+2, Lj+1 ]] R ($j+2 — T Tyl — $j> ( )
Now, one can use the Hamilton equations,
0H
r: o= 2.21
.Qf] man ( )
OH
), = — 2.22
U] maxj ( )
to get the following Newtonian equations.
i’j = ’Uj (223)

3This prescription of course is not unique. However, in the limit of large pseudo-particles
they are supposed to reproduce the original field theory upon taking the continuum limit.
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vj = —5—Ulz]

+

i R ML Rk (2.24)
(Tjr1 — )" (25— 3j-1)

In Eq. [2.24] the term Ulx;| is any external potential. In our case this is an

external Harmonic trap given by

1
Ulz;| = §w2x? (2.25)

The last term in Eq. [2.24]is the pseudo-particle representation of the viscos-
ity term. One can observe that in the pseudo-particle language the terms that
counter-balance steep gradients (dispersive or dissipative) necessarily involve
more that one nearest neighbor. A continuum limit of the pseudo-Hamiltonian
(Eq. gives back the quasi-1D collective field theory (Eq. with
some additional terms which are of order O(Nip) or higher. Therefore for large
enough N, one could get back all the hydrodynamic properties of the real sys-
tem (Eq. by solving the "molecular dynamics" of N, pseudo-particles(Eq.

and Eq..

2.6 Results from smoothed particle hydrodynam-
ics

In this section, we study the nonlinear hydrodynamics via the method de-

scribed in previous section. The experiment involved cooling the system in

the presence of an additional blue-detuned laser beam which provides an ex-

ternal potential (Eq. in addition to the Harmonic trap. The quasi-1D

density in this case will read

27 5 . 22 Viep(2) :
nip(z) = ?Rin (1 — ;#) . (2.26)

z
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We put the pseudo-particles in initial positions such that they mimic the
above density. As the system is cooled the initial velocities of the pseudo
particles are zero®.

The blue-detuned laser is then switched off which means we solve the molec-
ular dynamics of the particles whose initial positions imitate Eq. and
which evolve according to Eq. and Eq..

For the experimental conditions and initial profiles described in this chapter
we find that there is an interplay between nonlinearity and dissipation, thereby
the phenomenon of dissipative shock waves. For these conditions we donot
see any significant role of the quantum pressure (dispersive) term, however it
always exists.

We find near perfect agreement between the experiment and the method
of smoothed particle hydrodynamics. There is a dramatic evolution for the
density of the gas. During the collision we see a distinct and stable density
peak at the point of collision in the center of the trap. The absorption images
shown in Fig. already suggest shock wave formation. Further analysis of
the simulation curves provides additional evidence for shock waves. Without
any dissipation, the numerical integration of the quasi-1D theory breaks down
due to a “gradient catastrophe." A gradient catastrophe is a situation where
hydrodynamic profiles develop infinite gradients. We find that the dissipative
force in Eq. which is described by the kinematic viscosity coefficient v,
is required to attenuate the large density gradients and avoid gradient catas-
trophe. We find that the best fits are obtained with the viscosity parameter
v = 10h/m. This range is the same as described in the discretized grid

method. For smaller values of v, the simulation produces qualitatively similar

4We could also put the pseudo particles at arbitrary places and solve the continuity and
Euler equations, with an additional damping term such as —vv in the Euler equation. This
will result in equilibrating the particles (See Fig. and will produce the initial density
profile (Eq. .

>To compare the numerical solutions of Eq. and Eq[2.24 with experiment, we note
that the images are taken after an additional free expansion for 1.5 ms, during which nip
continues to slowly evolve in the axial potential of the bias magnetic field, i.e., w, = wpr, =
21 x 20.4 Hz. We assume that during this expansion, the transverse density profiles keep
the same form, but the radius increases with time. Then nsp(r,z) — nap(r/bL,z)/b%,

where b, (t) is a transverse scale factor, which obeys b, = w? b17/3, with b, (0) = 1 and

l.)l(()) = 0 [20] 35, B6]. Since the 3D pressure scales as ngg’, the 1D pressure scales as bl4/3.

This leads to a simple modification of Eq. A— A(t) = A/bjl_/?’(t).
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results to those shown in the figure, only with steeper density gradients at the
edges of the collision zone. The dissipative term o v has a relatively small
effect on the density profiles, unless we are in a shock wave regime, where
the density gradients are large. Hence, the numerical model suggests that the
large density gradient observed at the edge of the collision zone is the leading
edge of a dissipative shock wave. A world-line diagram depicting trajectory
of pseudo-particles is shown in Fig Although, this trajectory does not
bear any direct meaning as far as the original physical system of a Unitary
Fermi gas is concerned, it is none-the-less very useful in deriving certain con-
clusions. For instance, the "straight-line like visual image” suggests that the
shock waves reasonably maintains a constant speed throughout. In a similar
way one could also see different visual patters for different values of dynamic

viscosity.

2.7 Conclusion

We observed that the collision of two ultra-cold clouds of Fermi atoms in the
unitary regime was accompanied by the formation of shock waves. We consid-
ered nonlinear hydrodynamic equations of a superfluid reduced to a quasi-1D
hydrodynamics. We showed that numerical solutions of these hydrodynamic
equations are in a very good agreement with the experimental data.
Shock waves are a hallmark of nonlinear physics and it is remarkable that the
oversimplified hydrodynamic approach works so well under the considered ex-
perimental conditions. This happens, probably, because the interactions in
a unitary Fermi gas are very strong and a special feature of a unitary gas,
i.e., the dynamic properties are strongly constrained by an underlying scale
invariance. We introduced an effective bulk viscosity of one-dimensional hy-
drodynamics as a phenomenological fitting parameter. It is essentially the only
fitting parameter in hydrodynamics and the values of v ~ 1 —10 A/m seem to
be consistent with the experimental data. This is the right order of magnitude
of the effective viscosity dictated by dimensional considerations. We showed
how the effective bulk viscosity in 1D arises from a shear viscosity in 3D.
Studies of nonlinear hydrodynamics can now be done over a wide range

of temperatures, in both the superfluid and normal fluid regimes and the
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magnetic field control of the interaction strength enables continuous tuning
from a dispersive BEC to a dissipative Fermi-gas. We showed that in this
experiment on a Unitary Fermi gas, dispersive terms do not cause any effect
such as those observed in BEC’s [7, [37].

The method of smoothed particle hydrodynamics has several benefits over
traditional grid-based techniques. SPH (also known as meshless algorithm or
adjustable grid algorithm) guarantees conservation of mass without extra com-
putation since the particles themselves represent mass. The method of SPH
results in mapping coupled nonlinear partial differential equations for hydrody-
namic fields into a set of ordinary differential equations (Newton’s Equations)
for pseudo-particles. These resulting Newton’s equations are easier to han-
dle. Dealing with pseudo-particles rather than fields help us in avoiding to
worry about issues such as boundary conditions and possible infinities result-
ing from regions where there are vanishing fields. Once the pseudo-particles
are placed to mimic the hydrodynamic field we can just solve the Newton’s
equations for particles. One drawback over grid-based techniques is the need
for large numbers of particles to produce simulations of equivalent resolution.
However, our results from SPH show near perfect agreement already with 500
pseuso-particles which is easy to handle as far as solving Newton’s equations

are concerned.
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Figure 2.2: 1D density profiles divided by the total number of atoms versus
time for two colliding unitary Fermi gas clouds. The normalized density is
in units of 1072/um per particle. Red dots show the measured 1D density
profiles. Black curves show the simulation, which uses the measured trap
parameters and the number of atoms, with the kinetic viscosity as the only
fitting parameter.
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Figure 2.3: (Left) The process of equilibration by molecular dynamics of
pseudo-particles in presence of a "knife". The x-axis is time and the y-axis are
the positions of pseudo-particles. (Right) Red denotes the density obtained
from the position of the pseudo-particles and black denotes the analytical
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Figure 2.4: World-line diagram depicting trajectory of pseudo-particles after
removing the knife.
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Chapter 3

Nonlinear dynamics of spin and

charge in the spin-Calogero model

3.1 Introduction

One-dimensional models of many body systems have been a subject of intensive
research since the seventies. Due to the low dimensionality, standard pertur-
bative approaches developed in many body theory are often inapplicable. On
the other hand some techniques specific to one spacial dimension are available
and allow to treat systems of interacting particles non-perturbatively. The
Fermi Liquid paradigm is replaced by the Luttinger Liquid theory [38] in one
dimension. One of its most striking predictions is that at low energies spin and
charge degrees of freedom decouple. One can say that at low energies physical
electrons exist as separate spin and charge excitations. At higher energies it is
expected that spin and charge recombine into the original electrons. One can
see the traces of spin-charge interaction taking into account corrections to the
Luttinger liquid model arising from the finite curvature of band dispersion at
Fermi energy [38]. The coupling between spin and charge in one-dimensional
systems was studied both perturbatively and using integrable models available
in one dimension [39].

In this chapter we study the interaction between spin and charge in an-
other integrable model — the spin-Calogero model (sCM). This model is a spin
generalization [40-42] of the well-known Calogero-Sutherland model [43].

Calogero-Sutherland type models occupy a special place in 1D quantum
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physics. They are exactly solvable (integrable) but are very special even in the
family of integrable models. In particular, they can be interpreted as systems
of “non-interacting” particles with fractional exclusion statistics [43H48].

The sCM model is given by the following Hamiltonian:

W~ & P ANEPy)

(3.1)
2 < ox? 2 Gl (xj_xl)z

where we took the mass of particles as a unity and Pj; is the operator that
exchanges the positions of particles j and [ [40]. The =+ sign in the exchange
term corresponds to the ferromagnetic and anti-ferromagnetic ground state
respectively if we are studying fermions. Similarly, it corresponds to the anti-
ferromagnetic and ferromagnetic ground state respectively if we are considering

bosonic particles. The four cases can be summarized as:

+ = Anti-ferromagnetic ,
Bosons — )
— = Ferromagnetic ,
. + = Ferromagnetic ,
Fermions — ) .
— = Anti-ferromagnetic .

The coupling parameter \ is positive and NV is the total number of particles.

As it has been already noted above the sCM is a very special model. In
particular, in contrast to more generic integrable or non-integrable models the
spin and charge in sCM are not truly separated even at low energies [41]. Of
course, one can still describe the low-energy excitation spectrum of the sCM
by two independent harmonic fluid Hamiltonians, one for the charge and the
other for spin. However, it turns out that for the sCM the spin and charge
velocities are the same |41], i.e. spin and charge do not actually separate.

Here we study the spin-Calogero model in the limit of an infinite number of
particles using the hydrodynamic approach. Even though the collective field
theory/quantum hydrodynamics of the spinless Calogero-Sutherland model
has been studied in great detail [16, [49-53|, a complete understanding of its
spin generalization is still lacking although a considerable progress has been
done recently in Refs. [54, 55].

We study the nonlinear collective dynamics of the SCM in the semiclassical
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approximation, additionally neglecting gradient corrections to the equations
of motion. This limit is justified as long as we consider configurations with
small gradients of density and velocity fields. The gradientless approxima-
tion is commonly employed in studying nonlinear equations [56] and allows to
study the evolution for a finite time while the first nonlinear contributions are
dominant. For longer times, the solution will inevitably evolve toward config-
urations with large field gradients (such as shock waves) and the gradientless
approximation becomes inapplicable. Nevertheless, in the initial stage of the
evolution, corrections due to gradient terms in the equations of motion can be
neglected (see further discussion in the Sec. [3.5.2). We derive the gradientless
hydrodynamics Hamiltonian from the Bethe Ansatz solution of the model.
The chapter is organized as follows. In Sec. we start with the simplest
spinful integrable model — a system of free fermions with spin. We briefly
review the Bethe Ansatz solution for spin-Calogero model in Sec. and de-
duce the hydrodynamic Hamiltonian for the sCM from this solution in Sec.
neglecting gradient corrections. The corresponding classical equations of mo-
tion are given in Sec. It is shown that variables separate and the system
of hydrodynamic equations is decoupled into four independent Riemann-Hopf
equations for a given special linear combinations of density and velocity fields
— the dressed Fermi momenta. In Sec. 3.6 we illustrate that in the limit of
strong coupling the hydrodynamics of sCM is reduced to the hydrodynamics of
the Haldane-Shastry lattice spin model giving the hydrodynamic formulation
of the so-called freezing trick [57]. We present some particular solutions of the
hydrodynamic equations demonstrating nonlinear coupling between spin and
charge degrees of freedom in the sCM in Sec. and conclude in Sec.
To avoid interruptions in the main part of the chapter some important tech-
nical details are moved to the appendices and are organized as follows. In
Appendix [A] we use an asymptotic Bethe ansatz to derive the hydrodynamics
of the sCM and to explain why variables separate in this system. In Appendix
we describe the notion of true hydrodynamic velocities. In Appendix [C|] we
relate the hydrodynamics of sCM to two infinite families of mutually commut-
ing conserved quantities and collect our results for the hydrodynamics in the
different regimes of sCM. Finally, in Appendix [D] we derive a hydrodynamic

description of the Haldane-Shastry model from its Bethe Ansatz solution.
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3.2 Free fermions with spin

For one-dimensional free fermions without internal degrees of freedom the low-
est state with a given total number of particles and total momentum corre-
sponds to all single-particle plane wave states filled if the corresponding mo-
mentum k satisfies k;, < k < kg. Here kp, g are left and right Fermi momenta
respectively which are defined by the given number of particles and momentum

of the system:

kR dk kg — kg
N/L = — = = 2
o= =t =, (32)
de/{? k2_k2
P/L = — hk=h-E "L — 5. .
w= e (33)

Here we introduced the (overall) velocity of the system v which is given from

(3-243.3) by

v/h:kR;kL.

Inverting (3.2))3.4) we express the left and right Fermi points ky, g in terms of
the density p and velocity v as

(3.4)

k’R,L:U/h:l:ﬂ'p. (35)

The energy of this state is given by

_— p .

kr dk A2k? k3 — k3 pU2 h2r?
/ /k 2 2 127 2 * 6 (3:6)

L

Up to this moment p, v, kg 1, are just numbers characterizing the chosen state
of free fermions (only two of them are independent). Assuming the locality
of the theory we promote these numbers to quantum fields and write the

hydrodynamic Hamiltonian of free spinless fermions as

g _ / " {p(x);»%) +ﬁ267rz pg(m)} _ / L 1 [m(@ﬁlgﬂ[m(x)]? (3.7)

Here we consider p(z) and v(x) as quantum field operators of density and

velocity (and kg as given by (3.5)) having canonical commutation relations
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132]
[p(x), v(y)] = —ihd"(z —y) . (3.8)

Of course, gradient corrections to are generically present and the above
“derivation” is just a heuristic argument (semiclassical in nature). It turns out
that is, in fact, exact for free fermions.! It can be derived rigorously
either using the method of collective field theory [58-60] or the conventional
bosonization technique (but without linearization at Fermi points)[38], 61 62].

The two terms of have a very clear physical interpretation. The first
term is the kinetic energy of a fluid moving as a whole — the only velocity
term allowed by Galilean invariance. The second one is the kinetic energy of
the internal motion of particles. This term is finite due to the Pauli exclusion
principle. Within the hydrodynamic approach we have to think of this term
as of an internal energy of the fluid.

Commuting the Hamiltonian (3.7) with the density and velocity operators
one obtains the continuity and the Euler equations of quantum hydrodynam-
ics. Alternatively, using [k (x), kr(y)] = — [kr(x), kr(y)] = 2mid' (x — y) the
equations of motion can also be written as a system of quantum Riemann-Hopf
equations

k4 hkrr Ockrr =0. (3.9)

For free fermions with spin, we simply add the Hamiltonians (3.7) written

for spin up and spin down fermions:
1 1 w2h?
H = /dI {apﬂ)% + §p¢Uf + T (;0? + pi)} . (310)

Expanding 1} around the background density py = %£ and the back-

T

ground velocity vg = 0 up to quadratic terms in v, and dp, = po — po, We

obtain the harmonic fluid approximation

L

. Po 2 2:2¢ 2 2 272¢ 2
H 5 dx(vT+7rhc5pT+v¢+7rh5p¢)

w3 [ (@t + @bl (3.11)

a=T,

Tt is exact if the nonlinear terms in 1) are properly normal ordered.
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with right and left bosonic fields defined as 0,0 r(1),a = Va/hEmIps. This pro-
cedure is equivalent to the conventional linear bosonization procedure where
the fermionic spectrum is linearized at the Fermi points.

In the spin-charge basis,

:UTim

= (3.12)

Pes = Pr Epy and Ve,s

the harmonic theory (3.11)) is described by a sum of two independent harmonic

fluid Hamiltonians, one for charge and the other for spin degrees of freedom

H~ % /dx (402 + T°h*0p% + 4v2 + T2R*6p?7) . (3.13)
After linearization, the quantum Riemann-Hopf Eq. (3.9) reduces to (where

+ stands for x = {R, L} respectively)

ko £ hmpy Opkay =0, a={11}; (3.14)

from which we identify that the quadratic excitations propagate like wave
equations with sound velocities Uchorge = Uspin = Thpo, equal for spin and
charge. Turning on interactions between fermions generally renormalizes spin
and charge sound velocities differently and results in genuine spin-charge sepa-
ration at the level of harmonic approximation. The spin-Calogero-Sutherland
model happens to be very special in this respect. Despite a non-trivial inter-
action for spin and charge, their sound velocities remain the same.

Although spin and charge are not truly separated for a free fermion system
(and for the sCM), the interaction between spin and charge is absent at the
level of the harmonic approximation . This interaction appears if non-
linear corrections to are taken into account (e.g., by the fully nonlinear
Hamiltonian (3.10))) and due to gradient corrections to the hydrodynamics.
The latter are not considered in this chapter.

In the proper classical limit A — 0 all terms of but the velocity terms
vanish (Fermi statistics does not exist for classical particles). Instead, we are
interested in a “semi-classical” limit in which p ~ v/h. In this limit we rescale
time and velocity by i (t — t/h and v — hAv) and measure everything in length

units. This is equivalent to dropping all A from equations. For instance, the
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We replace the commutation relations (3.8) by the corresponding classical

Poisson brackets (for up and down species)

{Pa(2),v3(y)} = Gapd’ (z — y) (3.16)

and consider the classical equations of motion generated by the Hamiltonian
together with the Poisson brackets. In the remainder of the chapter all hydro-

dynamic equations are obtained in this semi-classical limit.

3.3 The spin-Calogero model

In this work we concentrate on the hydrodynamics of the sCM ({3.1) for the
case of spin-1/2 fermions with an anti-ferromagnetic sign of interaction. Tt
is convenient to impose periodic boundary conditions, i.e. consider particles

living on a ring of the length L. This Hamiltonian is given by

g P2 +h_2(1)22 AA = Pj) (3.17)

2 pu dxs 2 \L = sin® T (z; — @)

and is known to be integrable[43]. All eigenstates of can be enumerated by

the distribution function
v(k) = (k) + v (k). (3.18)

Here, k are integer-valued quantum numbers identifying a given state in a
Bethe Ansatz description and v4 (k) = 0,1 depending on whether a given &
is present in the solution of the Bethe Ansatz equations.

The total momentum P and energy F of the eigenstate are given in terms
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of the distribution function v (k) as[63], 64]:

P - <2%) io ke v(k), (3.19)

e me (D) () o0
¢ = n:ioomQV(fi)+%;\m—/€/|u(/€)y(/€/), (3.21)

w22
6

of particles with spin up and spin down are separately conserved in (5.1)) and

where Ejy = N(N?—1) is the energy of a reference state[64]. The numbers

are given by
+oo

Niy= ) viulr): (3.22)

R=—00

The ground state wave function for (5.1]) is[41l [64]

. A . T (05,01) T
Yas = H ‘sm z(a:] — a:l)‘ H [sm z(x] — xl)} exp [zgsgn (0j —0oy)
J<i j<i
(3.23)
and corresponds to the distributions 2
vi(k) = 0(=Ny/2 <k < Ny/2),
I/i(lf,) = 6‘(—N¢/2< K,<N¢/2) . (324)

3.4 Gradientless hydrodynamics of the spin-Calogero

model

Following the example of free fermions, we consider a uniform state specified

by the following distributions

VT(K) = 9(%[/¢ < K< K/RT)a (325)
Vi(/‘i) = 9(:‘41[& <K< KJRi)- (326)

2We neglect 1/N corrections and replace combinations like (N — 1)/2 simply by N/2.
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This state is the lowest energy state with given numbers of particles, momen-
tum, and total spin current. It is specified by four integer numbers sy, g4 . All

physical quantities such as energy, momentum, and higher integrals of motion

of the state can be expressed in terms of these numbers using (4.23 3.20)).

These conserved quantities written as integrals over constant quantities are:

N, = /d:c pa:%/dx [M] , a=1{11} (3.27)

27
o\ 2 K% — K2
P _ d . _ = d Ra La . 2
fur-(5) 5 folig] o
a={1{}

Comparison with suggests the following hydrodynamic identifications:

2T
vrETpy = KRL) (3.29)

2T
wETY = RRL - (3.30)

In the main body of the chapter we use vy and refer to them as to “veloc-
ities”. At this point they have been introduced “by analogy” with the case
of free fermions. In Appendices [AIB]IC] we show that these velocities are in-
deed conjugated to the corresponding densities and explain their relations to
the true hydrodynamic velocities. In fact, in the most interesting case to us,
namely the CO regime (see below) these velocities coincide with the true hy-
drodynamic velocities defined in Appendix Bl The total momentum (3.28) of

the system in terms of (3.293.30) is
P = /dm(pTUT + pyvy) - (3.31)

One can also express the energy in terms of these hydrodynamic vari-
ables. Because of the non-analyticity (presence of an absolute value) in formula
it is convenient to consider different physical regimes. These regimes
are defined by the mutual arrangement of the supports of the distribution
functions (3.25)3.26). There are six different regimes, that reduce to three
physically non-equivalent ones using the permutation 17 <> |. The distribu-

tions corresponding to different regimes are shown in Fig. [3.1}
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Distribution functions are shown for the three nonequivalent

regimes: Complete Querlap in (a), Partial Overlap in (b) and No Overlap

in (c).

Three additional regimes exist, but are physically equivalent to the

ones considered in these pictures and can be obtained by exchanging 1 <> |.

o Complete Overlap (CO) regime. The support of v, is completely con-

tained in v4 (or vice versa). This is the regime considered in Ref. [41],

where its exact solution was given.

e Partial Overlap (PO) regime. The supports of vy and of v, only partially

overlap.

e No Overlap (NO) regime. The supports of v+ and of v| do not overlap

at all.

Notice that the small fluctuations around the singlet ground state (with ps = 0)

belong to the first two regimes.

In terms of the hydrodynamic variables the three regimes are summarized
in Fig. and are defined by the following inequalities:

Complete Overlap —  |ug| < g lps]

Partial Overlap — —

s
2

ps| < fus| <

No Overlap — gpc < s,

™

2pca

(3.32)
(3.33)

(3.34)

where we switched to the spin and charge degrees of freedom defined by (3.12)).

To simplify the presentation we give here formulas only for the CO regime

TPs

2

TPs

<y <5
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Figure 3.2: Diagram capturing all cases

where we also assumed that ps > 0. The opposite case p; < 0 can be obtained
exchanging up and down variables. The other regimes and formulae valid for
all regimes are considered in detail in Appendix [C]

In the CO regime (3.35)), the Hamiltonian can be written as

1 1 A 2
Heo = /dl‘ {ipﬂ)%—i-§pwf+§pi(v¢—v¢)

2\? 3 w2 3 3 A2
G pc+—(p¢+m)+7

- 6

(203 + 3pip, + 3p}) ]{3..36)

It is obtained by expressing in terms of the hydrodynamic vari-
ables (3.293.30) using (3.35). As in the case of free fermions (see Sec.
we now consider py | (z,t) and vy (x,t) as space and time dependent classical
hydrodynamic fields with Poisson brackets (3.16). Of course, going from the
energy of the uniform state (3.253.26)) to the nonuniform hydrodynamic state
we neglected gradients of density and velocity fields. We refer to this approx-
imation as to gradientless hydrodynamics. The equations of motion generated
by the Hamiltonian (3.36]) with Poisson brackets can be used only when
gradients can be neglected compared to the gradientless terms. This means
that one can use this gradientless hydrodynamics only at relatively small times
(compared to the time of the gradient catastrophe, see the discussion below).

Before analyzing the more general case let us consider some special limits
of (3.36).
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3.4.1 Spinless limit

In the fully polarized state p; = 0 we obtain from (3.36) the gradientless

Hamiltonian for the spinless Calogero-Sutherland model

spinless i 1o, 2 3
H = dx 5Pv —l—g(/\—i-l) I (3.37)

— 00

where we dropped the subscript T. The hydrodynamics was used in
[65] to calculate the leading term of an asymptotics of a particular correla-
tion function (Emptiness Formation Probability) for the Calogero-Sutherland
model. It can, of course be, obtained by dropping gradient terms in the exact

hydrodynamics derived using collective field theory [16] 511 [52].

3.4.2 A =0 — free fermions with spin

At the particular value A = 0 the sCM reduces to free fermions with spin and
the Hamiltonian (3.36) becomes the collective Hamiltonian for free fermions
(3-15).

3.4.3 )\ — oo limit.

In the limit of a large coupling constant A — oo the particles form a rigid
lattice and charge degrees of freedom essentially get frozen [57]. We expect to
arrive at an effective spin dynamics equivalent to the Haldane-Shastry model
[66, 67] (see Appendix [D)). This reduction to the Haldane-Shastry model is
usually referred to as freezing trick [57]. We analyze this reduction in more
detail in Sec. 3.6

3.5 Equations of motion and separation of vari-

ables

3.5.1 Equations of motion

The classical gradientless hydrodynamics for the sCM is given by the Hamil-
tonian (3.36)) with canonical Poisson’s brackets (3.16). The classical evolution
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equations generated by this Hamiltonian are

pr = =0z {prvr + Apy (vr —v))},

py = —0:{pv, — Apy (vy —v))},

. U% T2\ 2 2( 2 s 2

O = =0ny 5 + 5 (prp)T AT (0] + prpy) + T 0 (3.38)
. v\ m2)\2 A2 2

o = —0x{§+§<v¢—v¢>2+ o (or+p)" + = (o1 +300) + 0} -

This is the system of continuity and Euler’s equations for two coupled fluids

(with spin up and spin down). We can also rewrite it in terms of spin and

charge variables ([3.12)

Pe = —0y {pcvc + PSUS} )

ps = _a:c {ps(vc - 2)\1}5) + (2)‘ + 1)ch5} ’

. v2 v | m 2 2 2

b = —0, {5 A D+ T [+ 12+ @20+ 1)) } (3.39)
71'2

1.)5 = _a:r {vcvs - )"Ug + Zps [(2)\ + 1)pC - Aps]} :

One can see that spin and charge are not decoupled. It turns out, however, that
the variables nevertheless separate and the system of four coupled equations
can be written as four decoupled Riemann-Hopf equations (similar to
(3.9)) for a special linear combinations of density and velocity fields. In the
following we study the interaction of spin and charge governed by the above

equations.

3.5.2 Free fermions (A = 0) and Riemann-Hopf equation

At A = 0 equations ([3.38) become the hydrodynamic equations for free fermions.

Fluids corresponding to up and down spin are completely decoupled

pri = =0 {pryvry}, (3.40)
2

. 1 T
Ury = —8z{§v%,¢+7p%¢}. (3.41)
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Let us introduce the following linear combinations of densities and velocities

krtor = vy Empy,
kRi,LJ, = ’U¢:|:7Tp¢. (342)

These combinations are nothing else but right and left Fermi momenta of free

fermions. All of them satisfy the so-called Riemann-Hopf equation
u + uugy = 0. (3.43)

The equation is the same for all four combinations u = kg 1.4 | and the system
, is equivalent to four decoupled Riemann-Hopf equations.
The Riemann-Hopf equation is easily solvable with the general so-
lution given implicitly by
u = up(x — ut). (3.44)

Here ug(z) is an initial profile of u(z,t) at ¢ = 0. One should solve (3.44) with
respect to u and find w(z,t) - the solution of (3.43) with u(z,t = 0) = ug(x).
The solution ([3.44) can also be written in a parametric form

T = y+tug(y),
u(z,t) = wuo(y). (3.45)

This solution corresponds to the “Lagrangian picture” of fluid dynamics and
states that points in the z — u plane are just translated along x with velocity
u, i.e., (z,up) — ( + tug, ug). This picture is especially useful to solve
numerically.

We notice here that the nonlinear dynamics without dispersive (higher
gradient) terms is ill defined at large times. For any initial profile ug(x), at
large times t > t. infinite gradients u, will develop - gradient catastrophe - and
solutions of will become multi-valued. The classical equation (3.43)) will
not have a meaning for ¢ > t.. We refer to the time ¢. (function of the initial
profile) as to the gradient catastrophe time. The gradientless hydrodynamics

is applicable only for times smaller that t,. > We will discuss in more detail

3We notice here that for a free fermion system it is possible to assign the meaning even
to the multi-valued solution of (3.44) for ¢ > t.. It is the boundary of the support of the
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Figure 3.3: Dynamics of density field pi(x) (left panel) and of velocity field
vy(z) (right panel) for free a fermion case (A = 0). The initial density profile
at t = 0 is a Lorentzian (3.46)) of height h = 0.25 and half-width « = 4. The
initial velocity is zero.

about validity of gradientless hydrodynamics in Sec. [3.7]

We present a simple illustration of the density and velocity dynamics for
free fermion system in Fig. It is sufficient to consider only up-spin as the
evolution of up and down spins is decoupled. We chose the initial profile of
the density as Lorentzian with the half-width a and height A

h

TTGan (3.46)

por(x) =
and an initial velocity zero. We find the initial profiles of kyz . using (3.42).
Then we solve the Riemann-Hopf equations using and find the
density and velocity at any time inverting (3.42). We remark that for an
arbitrary smooth bump of height A and width a the gradient catastrophe
time can be estimated as t. & . For the evolution given by with an
initial Lorentzian profile (uo(z) given by (3.46))) one can compute the gradient

catastrophe time exactly. An infinite gradient d,u — oo develops at the time

;= 8 @

For arbitrary initial conditions we compute the gradient catastrophe time nu-

(3.47)

merically.

Wigner distribution in the one-particle phase space. In this chapter we restrict ourselves to
times less than the time of gradient catastrophe and assume that (3.43) has a well-defined
single-valued solution.
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3.5.3 Riemann-Hopf Equations for the sCM

Although the system of equations (3.38) is a system of four coupled nonlin-
ear equations, it allows for a separation of variables. Introducing the linear

combinations of fields

krror = v Em[(A+1)pr+Ap] = (vp £7pr) £ Ampe,  (3.48)
krip, = AN+1)v, — Ay 272X+ 1)p, = (v, £ 7py)
+ AN—2v, £ 27p)) (3.49)

we obtain the Riemann-Hopf equation separately for all four u = kp g4 .

This property of variable separation is shared with the free fermion case
Sec3.5.2] We notice, however, that in the case of the sCM, variables separate
only in gradientless approximation. The gradient terms neglected in this chap-
ter will couple the hydrodynamic equations in an essentially non-separable?
way.

The separation of variables in terms of ([3.48[3.49) is not so surprising.
One can recognize (3.48[3.49) as dressed (physical) “Fermi” momenta of (an
asymptotic) Bethe Ansatz. The integrals of motion of sCM are separated
in terms of these Fermi momenta and the same is true for the equations of
motion. We do not interrupt the presentation with this connection with the
Bethe Ansatz solution of the sCM but devote the Appendix[A]to this purpose.

It is convenient to summarize the gradientless hydrodynamics of sCM by
the picture in a “single-particle” phase space showing space-dependent Fermi
momenta. > We plot the space-dependent Fermi momenta in an x — k plane
as four smooth lines. In the CO regime considered here (see Appendix [C| for

other regimes) the Fermi momenta are ordered as

k’LT(JJ) < k‘u(I) < kRi(:E) < k’RT(ZL‘). (350)

We fill the space between those lines with particles obeying the following rules
of particles with fractional exclusion statistics [48] (see Appendix [A) (i) each

4 At least one will not be able to separate variables considering simple linear combinations
of fields. To the best of our knowledge variables in sSCM do not separate or, at least, an
appropriate change of variables has not been found yet.

5We would like to thank A. Polychronakos who encouraged us to present this picture.
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Figure 3.4: Phase-space diagram of a hydrodynamic state characterized by
four space-dependent Fermi momenta.

particle occupies a phase space volume 27(A + 1) if there are no particles of
the other species in this volume, (ii) two particles with opposite spins occupy
a phase space volume 27(2\ + 1) (or 2w(A + 1/2) per particle). The velocity
vy(x) is visualized as a center of a spin-up stripe on Figure (see (B.5)).
The interpretation of v|(x) is a bit less straightforward. It should be thought
of as a weighted average of positions of centers of both stripes .

3.6 Freezing trick and hydrodynamics of the Haldane-
Shastry model

Here we consider the limit of large coupling constant A — oo. In this limit we
expect that particles form a one-dimensional lattice and only spin dynamics
is important at low energies. We refer to this limit as to a freezing of the
charge. We are interested in fluctuations around the uniform state with a given
charge density. It can be seen from Fig. that particles occupy the volume
27(A + 1/2) of the phase space when both species are present. Therefore, the
natural expansion parameter is 1 = A+ 1/2 instead of \.® We will see that the

leading in p term of the dynamics results in charge freezing, while the next to

50f course, first orders of the expansion are not sensitive to this shift.
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leading term gives the non-trivial spin dynamics of the lattice model known
as the Haldane-Shastry model [66, [67]

S-S
Husw = 22 L. (3.51)
g<l j _l

This model is known to be integrable.[43] The freezing procedure described is
referred to as “freezing trick” and was introduced by Polychronakos [57]. Our
goal is to implement the procedure in a hydrodynamic description.

Before proceeding to a regular expansion of the equations of motion we
start with a heuristic argument. We rewrite the hydrodynamic Hamiltonian

(3.36) in terms of spin and charge variables (3.12)) and consider first the two
leading terms in a 1/u expansion

1 1 2u? .
H = /dI {§PCU3 + PVl + ppevs — (/L - _) psvl + T pe

2 6
2 2
7T p T 1\ 4
— P - = 3.52

7T2 2.3
= /dﬂf St

mpeps TP
The first term proportional to p? comes from the energy of a static lattice

2 2 o
pcvs pSUS + 4 12

+ 0(1)}<3.53)

while the second term proportional to p gives the Hamiltonian of the Haldane-
Shastry model in the hydrodynamic formulation (see Appendix @[), i.e., de-
scribes the spin dynamics. Note that p. here should be considered as a constant
equal to the inverse lattice spacing of the charge lattice.

To build a systematic expansion in 1/ we go to the hydrodynamic evo-
lution equations given in (3.39). We introduce the following series in 1/p =
1/(A+1/2) for the space-time dependent fields.

1 1
u = u(o) + —u(l) + —2u(2) 4+ ...
2 2

U = Pes Ve, Psy Us

and re-scale time ¢t = 7/p (or 0, = pd;). We substitute these expansions into

and compare order by order in u. Let us consider few leading orders
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explicitly.
3.6.1 O(w)
In this order the only non-trivial equation gives
0= -0, ["] (3.54)

and implies that p&o) is constant in space.

3.6.2 O(1)

At this order we have

PONN (3.55)

§O = =0 {2000 — 2000}, (3:56)
2

o0 = -0, {v§0)2+wzp§°)p§1)+%p§°)2}, (3.57)

- (0) 02, T 00 T o

Ug - _aw —Us +?pc Ps _Zps : (358)

Combining 1) and 1} we see that p((;O) is a constant independent of
space-time. The evolution equations 1) for spin density, o and 1)

for the spin velocity 3% do not depend on the dynamics of the charge and
are precisely the ones obtained for the Haldane-Shastry model (compare to
(D.17)). We refer the reader to the Appendix [D] for more details on the
hydrodynamics of the Haldane-Shastry model.

Equation is important in resolving a well-known “paradox”. In the
original spin-Calogero model the momentum of the system is identical to the
total charge current since all particles in the model have the same charge. On
the other hand in the Haldane-Shastry model the momentum is carried by
spin excitations and superficially no charge motion is involved. One can ask
how this is compatible with getting the Haldane-Shastry model in the limit
A — oo from the spin Calogero model. Equation (3.57)) is necessary to make
sure that the the current density j(z) = p.v. + psvs is globally conserved at

a given order in 1/pu. Since pgo) is a constant in space-time we expect from
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(]3.56[) and d3.58|) that 08" evolves according to 1} to ensure that the current

density is conserved. As a result, there is a charge motion associated with the

momentum but in the large A limit this “recoil” momentum is absorbed by the

whole charge lattice.

3.6.3 O(1/p)

For the sake of brevity we do not write down the equations at this order but
make some comments instead. In the previous order, O(1) we noticed (see
eqs. and that spin degrees of freedom evolve as the charge is
essentially frozen and at that order there is no feedback of the charge de-
grees of freedom on the spin. However, in the order O(1/u) we have feedback
terms in both evolution equations for ps and vs. As an example we have p&l) =
-0, { + 2v§0)pgl) + véo)pgo) + } and 0" = -0, { + 00 4 épgl)pgo) + ...

which clearly show that there is a charge feedback into the spin sector.

3.6.4 [Evolution equations for the Haldane-Shastry model

from the freezing trick

The shortest way to evolution equations for Haldane-Shastry model is to take
the A — oo limit directly in the Riemann-Hopf equations (3.43)). After rescal-
ing the time ¢ = 7/ we have

ky + ki, = 0, (3.59)

where k = k/p = k/(A+ 1/2). In the large A limit we have using (3.4813.49)
INcRTvLT — +mp. and INfRLu = —2v, £ 27p,;. Then the equation 1) gives
evolution equations for the Haldane-Shastry model with (D.12|[D.15]).

3.7 Illustrations

It is relatively simple to obtain the evolution of arbitrary (smooth) initial den-
sity and velocity profiles solving equations of the gradientless hydrodynamics
(3-39) numerically. One can do it very effectively using the fact that the dy-
namics is separated into four Riemann-Hopf equations and using their
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general solutions . In this section we give numerical results for charge
and spin dynamics corresponding to a relaxation of a (spin) polarized cen-
ter. These results show that due to the nonlinearity of the equations spin can
drag charge in the spin-Calogero model. We notice here that in the examples

considered in this section the dynamics belong to the CO regime. *

3.7.1 Charge dynamics in a spin-singlet sector

As a first example we consider the initial conditions ps,vs = 0 and some
arbitrary initial conditions for p. and v.. It is easy to see from (3.39) that
the spin density and spin velocity remain zero at any time while the charge

degrees of freedom satisfy

pc = _az (,Ocvc)u

2 2 )\+12 2
b, = —ax{%%rw}. (3.60)

The hydrodynamics are identical to the one of the Calogero-Sutherland
model with one species of particles (except for the change A +1 — XA + 1/2).
It can be written as a system of two Riemann-Hopf equations for fields
ve £ (A +1/2)p..

We conclude that the charge dynamics do not affect spin in a spin-singlet
state at least in the gradientless limit. It is interesting to see how spin dynamics

affect the charge one.

3.7.2 Dynamics of a polarized center

To see how spin drags charge we start with an initial configuration with static
and uniform charge background. We assume that initially there is no spin

current but there is a non-zero polarization given by a Lorentzian profile:

h

t=0: pe =1, ve. = 0, vs = 0, pszm7

(3.61)

"In exotic cases involving boundaries between CO and PO regimes one notices singu-
larities developing at the boundary and we expect gradient corrections to correct these
singularities.

45



i.e., there is an excess of particles with spin up over particles with spin down
near the origin. The maximal polarization is h and a half-width of the polarized
center is a. As an illustration of spin and charge dynamics we present a solution
of with initial conditions corresponding to h = 0.25 and a = 4.

Some important comments are in order.

3.7.2.1 Applicability of gradientless hydrodynamics

The hydrodynamic equations we use (3.39)) neglect gradient corrections and,
therefore, are approximate. They can be applied only under the condition that
the neglected higher gradient terms are small compared to the terms taken into
account in (3.39). Of course, the exact criteria can be written only when the
form of the higher gradient terms are known explicitly. Here, we are going to
use a much simpler criterion. We require that all fields change slowly at the
scale of the inter-particle spacing. The uniform background p. = 1 defines the
inter-particle spacing and the characteristic scale for hydrodynamic fields to
be 1 and we require 0, f < 1 for all fields at all x and ¢ that we consider.

One can easily check that 0,ps(z,t = 0) < 0.1 for all z with the initial
profile (3.61]) (in fact, the maximal derivative is approximately 0.041). Because
of the gradient catastrophe this condition will be broken at some time and we
can trust the results obtained from only up to that time. To be well
within this criterion all our fields satisfy 0, f < 0.3 at any given time.

Let us start with the solutions for the case of free fermions, i.e., A = 0.

3.7.2.2 Free fermions with spin: A =0

We present the results for spin and charge dynamics of free fermions with
polarized center initial conditions on left panels of Figures The
profiles ps(x) and p.(z) —1 are shown as functions of x for times 7 = 0,1,3.5,7
respectively. Here we use a rescaled time 7 = (A 4+ 1/2)t = ¢/2 for future
convenience.

The dynamics is separated into four Riemann-Hopf equations for each
Fermi momentum. The initial conditions can be written as Lorentzian
peaks for each of the four Fermi momenta of fermions and all four Fermi ve-
locities are different. This results in a splitting of an initial Lorentzian peak

into four peaks at larger times which can be easily seen on the left panel of
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Figure 3.5: Left panel: Spin dynamics of polarized center for free fermions.
The initial charge density profile is constant and the initial spin density profile
is a Lorentzian of a height h = 0.25 and a half-width a = 4. Profiles at
times 7 = t/2 =0, 1,3.5,7 are shown. Right panel: A snapshot of spin density
at time t = 7/(A+1/2) for 7 =7 for A =0, 1, cc.

Fig.[3.5] In addition to this linear effect the nonlinear effects of steepening the
wave front can also be seen. The latter will render gradientless hydrodynamics
inapplicable at later times.

The drag of charge by spin clearly seen in Fig. has an essentially nonlin-
ear nature. There is an excess (deficit) of particles with spin up (down) at the
origin at the initial moment. The particles with spin up will move away from
the center while spin down particles will move towards the center. However,
the average velocity of spin up particles is larger than the average velocity
of spin down particles as it is proportional to the density of those particles.
Therefore, the initial motion of particles away from and towards the origin
creates a charge depletion in the center and charge density maxima away from
that depletion. This gives a qualitative explanation of the picture of charge
dragged by spin which is shown in the left panel of Fig. Notice that in this
explanation we used the dependence of propagation velocity on the amplitude

of the wave — an essentially nonlinear effect.

3.7.2.3 )A-dependence of spin and charge dynamics

To see the effects of the interaction on spin and charge dynamics we show
the spin and charge density profiles at a fixed time for different values of the
coupling constant A in the right panels of Figures [3.5 respectively. It is

convenient to use the scaling dictated by the A — oo limit considered in detail
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Figure 3.6: Left panel: Charge dynamics of polarized center for free fermions.
The initial charge density profile is constant and the initial spin density profile
is a Lorentzian of a height h = 0.25 and a half-width a = 4. Profiles at
times 7 = t/2 = 0,1,3.5,7 are shown. Right panel: A snapshot of a rescaled
charge density (A1/2)(p.—1) at time t = 7/(A+1/2) for 7 = 7for A = 0, 1, 0.

in Section Namely, we use a rescaled time 7 = (A + 1/2)t and rescale
the deviation of the charge density from the uniform by background plotting
(A+1/2)(p. — 1) for the charge density. The charge and density profiles found
at 7 = 7 are remarkably close for A ranging from the free fermion case A = 0
to the limit of the Haldane-Shastry model A — oo.

The results confirm that the effect of spin dynamics on charge is suppressed
by 1/ for large A. For a given initial spin density profile the maximal ampli-
tude of charge deviation is of the order 1/(\ + 1/2).

3.8 Conclusions

In this chapter we considered a classical two-fluid hydrodynamics derived as
a semiclassical limit of the quantum spin-Calogero model (sCM) defined in
(5.1). The model is essentially quantum as it involves identical particles
and a particle permutation operator. There is an essential ambiguity in how
one takes a “semiclassical” limit. Here we considered a limit which is obtained
when the density of particles goes to infinity so that hp is kept finite in the
limit » — 0. We have also neglected gradient corrections to hydrodynamic
equations assuming that fields change very slowly on the scale of the inter-
particle spacing. With all these assumptions, hydrodynamic equations are
obtained from the Bethe ansatz solution of SCM. They have the simplest form

when written in terms of fields corresponding to dressed Fermi momenta of
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Bethe ansatz. In terms of these fields (3.48|3.49), the equations separate into
four independent Riemann-Hopf equations which are trivially integrable.

We presented some particular solutions of the hydrodynamic equations
illustrating interactions between spin and charge. There is no true spin-charge
separation in the sCM. However, in the limit of large coupling constant A — oo
the spin degrees of freedom do not affect the dynamics of charge degrees of
freedom. The spin dynamics then is described by the hydrodynamics of the
Haldane-Shastry spin model. We considered explicitly both this limit (A — o0)
and the limit (A = 0) of free fermions with spin.

The quantum scattering phase of particles interacting via 1/x? potential
is momentum independent. Moreover, it is the same for particles of the same
species and for particles of different species because of the SU(2) invariance of
. It is well known that this allows one to describe the sCM as a model of
free exclusons - i.e. , particles obeying an exclusion statistics [44H47|. We do
not keep the SU(2) invariance of the original quantum model explicitly
when taking the classical limit. However, this invariance is responsible for
the variable separation that we observed in our hydrodynamics. We note
here that the sSCM can be generalized to the “multi-species Calogero model”
[68]. Because of the absence of the SU(2) invariance for a more general two-
species Calogero model one does not have the separation of variables for the
corresponding hydrodynamics.

The classical gradientless hydrodynamics derived in this chapter captures
many of the features of sCM. It is straightforward to generalize our results
to the case of the SU(n) Calogero model and to use the gradientless hydro-
dynamic equations for problems where field gradients can be neglected. In
Chapter |5| and a separate publication [69] we use these equations in instanton
calculations for the computation of emptiness formation probability similar to
what was done in Refs [65], [70].

However, some important features of the hydrodynamic description do re-
quire an account of gradient corrections. First of all, the exact hydrodynamic
equations are expected not to have an exact separation of variables. The ob-
tained Riemann-Hopf equations acquire gradient corrections and four
such equations written for (3.48]13.49)) are expected to be coupled by those gra-

dient corrections similarly to the case of the one-species Calogero-Sutherland
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model [7T]. Similarly, we expect that the equations with gradient corrections
will have soliton solutions corresponding to quasi-particle excitations of the
quantum model [16], 43, [71].

The hydrodynamic description of quantum sCM has been addressed in
Refs.[54) 55] using the collective field theory approach. The comparison of our
results with results of those works is not straightforward. One should apply
the collective formulation of Refs.[54, [55] to the states from an appropriate
sector of coherent states and take a corresponding classical limit. It would
be especially interesting to see how the three hydrodynamic regimes discussed
here appear from Refs.[54], 55]. One can also recognize a lot of similar looking
terms in quantum hydrodynamics of Refs. [55] and in our classical gradientless
hydrodynamics. It would also be very important to understand the role of the
degeneracy due to the Yangian symmetry in the sCM on its hydrodynamics.
The latter degeneracy was neglected in the classical hydrodynamics in this
chapter.

As mentioned in the thesis introduction (chapter , one speciality of the
Calogero family is that it remains integrable even in the presence of an external
harmonic trap. To the best of our knowledge this is the only example of this
kind. The presence of an external harmonic trap is most often unavoidable in
cold atomic experiments. In the next chapter we will study the spin-Calogero

model in the presence of an external trap.
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Chapter 4

Cold Fermi-gas with inverse square

interaction in a harmonic trap

4.1 Introduction

The possibility of creating one and quasi-one-dimensional systems by con-
fining cold atoms in cigar-shaped harmonic traps|8H12) [72] has raised inter-
est in one-dimensional models of many body systems. Standard perturba-
tive methods developed in many-body theory are often not applicable to one-
dimensional models because the low dimensionality effectively makes any in-
teraction strong. On the other hand there are some non-perturbative methods
which work specifically for particular (integrable) models in one dimension.
The Bethe Ansatz approach, for example, was successfully used in construct-
ing the complete thermodynamics of quantum integrable systems. However,
this approach is not very suitable for studying the dynamics and correlation
functions, due to the complexity of Bethe Ansatz solutions. To address dy-
namic questions the method of collective field theory[58H60] was developed.
It is essentially a hydrodynamic approach to many body systems. Many phe-
nomena such as spin-charge dynamics[15], solitons[16], shock waves|73|, spin
density evolution |10, [11] and sound wave propagation|9] which have become
of increasing experimental interest|S8HIT) 74 [75] can be studied via the col-
lective field theory formalism. This formalism can be used both in combina-
tion with the Bethe Ansatz for integrable models where it can even produce

some exact results for dynamical problems or as a phenomenological approach
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where exact microscopic derivations are too difficult or even impossible. The
hydrodynamic approach allows to study truly nonlinear and nonperturbative
dynamic behavior[15] of many body systems. Linearized hydrodynamic equa-
tions are equivalent to the method of bosonization which was widely used
for treating interacting systems in one dimension|38, [76]. The well-known
phenomenon of spin-charge separation in the two-component fermions with
contact interactions was studied by such a Luttinger Liquid description[77-
79). Similar studies of spin-charge separation and dynamics in two-component
Fermi-Hubbard model have been adressed using techniques of time-dependent
density matrix renormalization group|80] and time-dependent spin-density-
functional theory[81], 82].

In Refs. |15, [69] the collective field theory approach was applied to the
well-known spin-Calogero model [43] 83|to study the coupled nonlinear dy-
namics of spin and charge. The model has a long range 1/r? interaction and
is not the easiest one to realize experimentally. On the other hand, the po-
tential 1/r% should be considered as relatively short ranged in one dimension®.
Indeed, we will see that, e.g. , density and spin denssity profiles for a model
with 1/r? interaction are qualitatively similar to the ones for the model with
contact (short-ranged) interactions[2]. Therefore, although the interaction de-
cays as a power law, it is very closely linked to short-ranged interactions due
to one-dimensionality. The model has another advantage: it is integrable and
the integrability is not destroyed by the presence of an external harmonic
potential[84] V(z) = mTwsz. In contrast, for, say, the quantum integrable
model of fermions with delta-interaction[85] the integrability is destroyed by
an external harmonic potential.

In this chapter, we explore the effects of the harmonic trap on the col-

lective behavior of the spin-Calogero model (sCM) at zero temperature. Its

!Notice that the solution to Laplace equation in 1D behaves as ~ r, ie, it grows with
distance. Thus 1/7? in 1D being three powers lower is definitely "shorter-ranged" than
1D Coulomb potential. Hence, although it is sometimes conventional to term power law
interactions as "long ranged" one should see this terminology in a relative sense and also
have specific quantities for comparison in mind. For instance the hydrodynamic quantities
we computed suggest that this is very similar to the model of short-ranged interactions.
Moreover, one of the conventional definitions of short-ranged models is one where force falls
off quicker than r—¢, where d is the dimension which is certainly satisfied by the Calogero
family.
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Hamiltonian is given by[40), 43| [83]

N N
N RS DI (8)
=1 1#£] i=1

Here and throughout the chapter we take the mass of particles as unity and
measure distances in units of an oscillator length [ = \/h/—w and energy in
units of fw. The operator P;; exchanges the positions of particles ¢ and j[40].
The coupling parameter A is positive and N is the total number of particles.
The last term in is the harmonic trap potential. It prevents particles
from escaping to infinity and corresponds to effective optical potentials used
in experiments to keep particles. The above model was shown to be
integrable[84]. The fully nonlinear hydrodynamics for the above model
without an external trap has been investigated in Ref. [15].

The chapter is organized as follows. In Sec. we present the collective
description of the microscopic model in terms of collective fields and
write equations of motion for these fields. Then we obtain static solutions:
density and spin density profiles in Sec. We consider the dependence of
these equilibrium profiles on coupling and find it to be very similar to the
recent predictions of Ma and Yang|2] for the model of fermions with contact
interaction in a harmonic trap. In Sec. we show how hydrodynamic fields
evolve when the system is perturbed from the equilibrium configuration. We
model an initial non-equilibrium profile as the one obtained by cooling the
gas with an additional potential, i.e., keeping what is commonly referred to
in literature[9] as a “knife” - in place (for examples of experiments involving
“knife” see Refs [75] and [9]). In this section (4.4) we solve the hydrodynamic
equations of motion exactly. These equations written for dressed Fermi mo-
menta are reduced to forced Riemann-Hopf equations. The solutions of these
equations have a very simple form. It turns out that in the phase-space pic-
ture solutions are given just by a rotation by an angle ¢ (wt in physical units)
similar to a classical harmonic oscillator. We also study the density dynamics
and see how an initial density perturbation evolves. The exact solution of
the forced Riemann-Hopf equation is presented in Appendix [E] for the reader’s

convenience.
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4.2 Collective Field theory

In this section we summarize the main results of the collective field theory
for the sCM[I5] 54, 55] following notations of Ref. [I5]. We also include an
external harmonic potential which is done in a straightforward way. The mi-
croscopic Hamiltonian is rewritten in terms of hydrodynamic fields: the
density of particles with spin up/down p; » and their respective velocity fields
v12. Although, it is possible to study the exact quantum hydrodynamics of
sCM[54], 55], in this chapter we neglect hydrodynamic terms with higher order
of spatial gradients (gradientless approximation) and treat the equations of
motion classically following Ref. [I5]. This description is referred to as a gra-
dientless hydrodynamics and is applicable for sufficiently smooth and slowly
evolving field configurations, where terms with derivatives of fields can be ne-
glected. A fully nonlinear gradientless hydrodynamics can describe nonlinear
phenomena missed in conventional linear bosonization approach. In Ref. [15],
this theory was used to study the non-linear coupling between the spin and
charge degrees of freedom. 2 In Ref. [69] the Emptiness Formation probabil-
ity (a particular n-point correlation function) was calculated using instanton
approach to the collective field theory of sCM.

The collective field theory for sCM in the gradientless approximation is
remarkably simple and allows for separation of variables in terms of dressed
Fermi momenta|15]. Densities and velocities are expressed as linear combina-
tions of dressed Fermi momenta.

The aim of this chapter is to extend this field theory by including an exter-
nal potential, in particular, a harmonic potential. We find analytic solutions
for both static profiles and dynamics of charge and spin densities of sCM in
the presence of harmonic trap. The non-equilibrium initial configuration is
realized by cooling the gas with an appropriate knife in place and then sud-
denly removing the knife as done in experiments (details are in Sec. and
Sec. . For simplicity, we focus here on a particular hydrodynamics sector
of the model, i.e., we assume that the following inequality is valid at any time

everywhere in space

[v1 = v2| < 7(p1 — p2). (4.2)

2The sCM is a very special model and it does not exhibit true spin-charge separation
even in the linear approximation. In SCM the spin and charge velocities are the same.
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In addition, we assume throughout this chapter that “1” labels the majority
spin, i.e., My > M, where M, 5 is the total number of particles with spin 1

and spin 2 respectively, i.e.,

+oo
MLQ = / P12 dx. (43)

—00

We introduce particular linear combinations of these fields

le,Ll = U + (/\ + ].)7Tp1 + /\7Tp2, (44)
kR27L2 == ()\ + 1)1)2 — )\Ul + (2)\ + 1)7Tp2, (45)

referring to kg .12 as to dressed Fermi momenta (see Ref. [15] for details). For

future convenience we invert (4.45.12)) to get

(le - kLl) )\(kRQ - kLQ)

_ _ 4.
o oA +1)  2t(A+ 12N+ 1)’ (4.6)
ki + k
v = % (4.7)
kra — kro
_ fm— Py 4.8
P2 = @t 1) (48)
kro + kro + ANk + km)
_ _ 4.
2 200+ 1) (4.9)

In terms of dressed momenta in the sector (4.2)) the hydrodynamic Hamiltonian

in harmonic trap in the gradientless approximation takes the form

1 e 3 3 1 3 3
H = m/_ {le—kL1+2/\—H(kR2—kL2) dx

o0

1 [T, (kpi—kpa kro — kro
- dz. 4.10
i 2/_00 v (2#()\+1>+27T()\+1)<2)\+1) v (4.10)

The first term in (4.10) was derived in Ref. [15] and the second term is due to

the presence of the external harmonic trap. Notice, that the second term in

4.10)) can be written as fj;o %2,00 dx where p. = p1+p2 1 ) and represents
the effect of the harmonic potential.

The Poisson brackets between hydrodynamic fields are given by
{Po(2), 05 (y)} = b0’ (z — y), (4.11)
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where 0,0’ = 1,2 are spin labels.

Then ([4.11)) along with (4.4]5.12) give the following brackets for &’s, (here
a, ( take values R1, L1, R2, L2)

{ka('r>a kﬂ(y)} = 27T3a5a65,(x - y) (412)
with

SR1 — —S8Sp1 = A + ]_, (413)

SR — —S819 = (/\ + 1)(2)\ + 1) (414)

The collective Hamiltonian (4.10) with Poisson brackets (4.12)) generate
equations of motion for fields k; = {H,k} which turn out to be the forced

Riemann-Hopf equations. Namely, for any k = kg, ki1, kor, kor, we have
ki + kk, = —x. (4.15)

For the case of a more general external potential V(z) the right hand side of
should be replaced by —d,V. One would expect to arrive at Riemann-
Hopf equations [I5] modified by a force term due to the external potential
V(x). It is remarkable, though, that the coupling constant A does not enter
(4.15)) at all.

4.3 Static solutions

In this section we consider static density and velocity profiles of the sCM in
a harmonic trap in the gradientless approximation. We give simple analytical
expressions for these profiles for a system with an arbitrary spin polarization
having a fixed number M; of spin-up and M, of spin-down particles. We de-
scribe static profiles in the form of phase-space diagrams. This description is
very simple and gives a direct way to studying the dynamics of the sCM (see
Sec. [4.4). Although these results are obtained for a particular 1D model with
long range interaction (sCM) the static profiles look very similar to the ones
recently obtained by Ma and Yang for a fermionic model with contact inter-

action in harmonic trap[2]. As mentioned earlier this similarity is, probably,
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due to the fact that the potential 1/r? can be considered in one dimension as
relatively short ranged.

To obtain equilibrium (static) density and velocity profiles we assume no
time dependence in (4.15) and obtain,

0, (K* +2%) =0 (4.16)
which is the equation of a “circle” in the phase space (z — k) plane
k* + 2* = const. (4.17)

The constant in (4.17) depends on A, M; and M, and can be easily de-
termined using (4.64.8) along with (4.3). We find that the dressed-momenta
for spin-up (kg1r1 = k1) and spin-down (kgo 2 = ko) particles satisfy the

equations of two circles respectively.

k2 +2* = 2N+ 1)M; + 2\ Mo, (4.18)
k3 +2® = 22\ +1)Ms. (4.19)

The equation defines a double-valued function k;(z). The positive value
is identified with kr;(x) while the negative one gives kpi(x). The values of
kro.ro(z) are obtained in a similar manner from the second equation (4.19).
In order to write the expressions for charge-density (p. = p1 + p2) and
spin-density (ps = p1 — p2) it is convenient to use a re-scaled coordinate 1 and

re-scaled charge and spin densities p. s given by

xr
 — 4.20
K VEA+T)N (4.20)
. (2A+1)
= s 4.21
Pe.s N Pes (4.21)

Here the total spin M, the total number of particles (charge) N and the
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magnetization v are defined respectively as

M = Ml - MQ, (422)
N = M1 + MQ, (423)
M
= —. 4.24
v = % (4.24)
From (4.22HC.24) we have
N
Ml,g = 5(1 + I/). (425)

With these definitions we have from (4.18)l4.19)) and (4.6}{4.8)
(2A+1) v 1
. 1 Rt 1—v 2, (426
P o+x0\V Tor T oED v (426)

)
)
b = <2(A+1)) (\/Hz;ﬂ_nt 1_V_772)' (4.21)

One could also notice as a cross-check that

+o0 1 +o00

/ pedn = N / pedr =1, (4.28)
400 1 +00

/ psdn = N / psdr = v. (4.29)

The analytical expressions for momenta (4.184.19) and the analytical ex-
pressions for the charge density and the spin density are the main
results of this section. We see that in terms of phase space (Fig. the sys-
tem can be described by two circles of different radii. The radii depend on the
coupling strength A and the numbers of particles M; and M, as can be seen
from (4.18][4.19). This is consistent with an exclusion statistics picture[15] so
that the particle with spin up occupies the area 2w(A + 1) in the phase space
while in the domain where both spin up and spin down particles are present
the area is 2m(2\ + 1) per 2 particles. In the limit A = 0 (free fermions) the
inner circle in Fig. is filled with double density compared to the annulus
region between the inner and outer circles. This is reflected as a bump feature
for the charge density (see Fig. . In the limit of a very strong repulsion

A — +0oo the particles are mutually exclusive with the phase-space area ap-
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ZmiA+l) _

miZ2A+1)

Figure 4.1: Phase-space picture for sCM with A\ = 2 in equilibrium with
an overall magnetization » = 0.8. The radii of circles are given by
VNQ@A+1)(1 —v) and \/N(2A + 1 +v) for inner and outer circles respec-
tively. Particles fill the phase space uniformly with the density of two particles
(up and down) per the area 27(2X\ + 1) in the inner circle and of one particle
(up) per the area 27r(A+1) in the annulus area between inner and outer circles.
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proximately 27\ per particle and the charge density does not show any bump
(see Fig. . For an arbitrary A\ the bump feature interpolates between these
two limits as shown in Fig. with an explicit formula for the static charge
density profile given in Eq. (4.26). We notice here that the size of the cloud
Leigar = 2\/N(2)\ + 1+ v) given by the support of grows with A (1D
gas expands when A increases). We have taken this main dependence into

account, by plotting the density as a function of the re-scaled coordinate 7.

It is interesting to note that although the bump in the charge density profile
disappears in the limit of a very strong repulsion, the analogous feature in the
spin-density profile is present for any A. It is practically intact when plotted
in terms of re-scaled variables (see Fig. and is given explicitly by (£.27).

One should expect qualitatively similar profiles for the fermions with short
range repulsion in a harmonic trap. Indeed, the physical origin of the bump
feature is transparent for noninteracting fermions. It comes just from a super-
position of densities of clouds of different size. We expect that the repulsive
interaction smears out the bump feature making sure that the particles of
different species avoid each other similarly to the Pauli exclusion of particles
of the same species. Indeed, recent calculations of charge and spin density
profiles for fermions with contact interactions by Ma and Yang [2] give results
very similar (qualitatively) to the ones shown in Fig. and Fig. [1.3]

The following comment is in order. As the origin of the bump feature
in the equilibrium charge density profile can be traced to the model of non-
interacting fermions, this feature is generic and should be observed also in
three-dimensional harmonic traps which are widely used in cold atom exper-
iments. Indeed, the superposition of two ellipsoid-like clouds of spin-up and
spin-down particles will give the bump in the overall number density of atoms.
The repulsive interaction will smear out the feature while the attractive one
will amplify it.

To manipulate cold atom systems experimentally, additional external po-
tentials are often used. The gas is cooled in the presence of a harmonic trap
and an additional external potential. The latter is usually created by optical
means and referred to as “knife”. It is possible to create an external potential
different for different particle species (spin up and spin down here). In the

following we concentrate on the potential acting only on “charge” degrees of
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Figure 4.2: Equilibrium charge density profile for various values of coupling
constant \ for fixed magnetization v = 0.8 is shown in re-scaled variables
(.20[4.21). A = 0 corresponds to noninteracting fermions. Upon increasing
the interaction strength A\ the equilibrium profile eventually loses its bump
feature. This prediction for the sCM is very similar to recent predictions of
Ma and Yang for fermions with contact interaction|2].

freedom.
We choose a knife potential of the form Vj,re = —Voe‘“Q/“Q. Then the

static equation (4.16|) is modified as

5, (k_ L Vi ) =0. (430)
2 2
Due to the inclusion of the knife the circles in phase-space acquire
peaks (attractive knife 1 > 0) or dips (repulsive knife 1) < 0). There is also
a peak or dip in the corresponding charge density profile. The knife shape,
the corresponding phase-space and the charge density profiles are shown in
Fig. 4.4l After using the knife to create an initial density profile with a peak
(dip) one can remove the knife potential and study the evolution of density
(or velocity) profiles as a function of time. The initial configuration is a non-

equilibrium configuration. Its dynamics is governed by (4.15[4.45.12). We
study the corresponding evolution in the next section Sec. [4.4]

4.4 Dynamics

Once the knife potential (Fig. is suddenly removed we expect the system
to evolve. In this section we study this dynamical behavior. Usually, the
hydrodynamic equations are coupled partial differential equations. For the

sCM in the gradientless approximation, it is possible to separate variables using
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o, —1=1
20 1=10

Figure 4.3: Equilibrium spin density profile for various values of coupling
constant A for the fixed magnetization v = 0.8. In re-scaled variables the
dip in the spin density profile depends weakly on the interaction strength .
Compare with the charge density profile of Fig.

Figure 4.4: (left to right) a) Attractive knife potential in the presence of which
the fermi gas is cooled. b) The distortion of phase space circles due to the

knife. ¢) The corresponding charge density profile. The values of v and A are
v=0.5and A =2
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dressed Fermi momenta instead of charge and spin densities and velocities [15].
The dressed momenta are related to hydrodynamic densities and velocities by
(4.405.12)) and satisfy the simple forced Riemann-Hopf equation (4.15). We

reproduce it in this section for the reader’s convenience.
ki + kk, = —x, (4.31)

where k = kg, ki1, kor, kor.

It is remarkable that the force term (right hand side) is the same for all
dressed momenta. This is just another manifestation of the noninteracting
nature of Calogero-type models (free particles with exclusion statistics). Of
course, physical quantities of interest such as densities and velocities are some
A-dependent linear combinations of k's (4.64.7/4.8]l4.9) and hence do depend
on the coupling strength .

As explained in Appendix [E| the forced Riemann-Hopf equation (4.31]) can
be easily solved in parametric form. Given an initial profile ko(x) = k(z,t = 0)
(specifying the curve in a phase space picture) we can write a profile k(z,t) at

time ¢ in a parametric form

z(s;t) = R(s)sin[t+ a(s)], (4.32)
k(s;t) = R(s)cos[t+ a(s)]. (4.33)

Here the parameter is s and the functions R(s) and a(s) are determined by

an initial profile ko(z) as

a(s) = tan™! (hjs))’ (4.34)

R(s) = /s?+ ko(s)? (4.35)

consistent with (4.32]|4.33)) at ¢t = 0.

We immediately notice that the evolution (4.324.33) is just a rotation of
the curve k(x) in the  — k phase space with constant angular velocity 1 (w in
dimensionfull variables).

In this section we take the initial profile ko(x) as the one obtained as
an equilibrium profile in phase space in the presence of the knife potential
(Fig. [4.4b). When the knife is removed suddenly this profile serves as an
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Figure 4.5: Top Row: (left to right) Evolution of phase space for time t=0,0.08
and 0.23 respectively. We see that this is merely a rotation by angle t. Bottow
Row: Corresponding charge density evolution for times t=0,0.08,0.23. The
additional peak created by the attractive knife flattens and eventually splits
into two peaks. The values of v and A are v = 0.5 and A\ = 2.

initial non-equilibrium profile. The time evolution in the phase-space is just a
rotation of an initial profile by an angle § = ¢ as shown in Fig. From the
phase space picture at time ¢ obtained by this rotation of an initial profile it is
straightforward to compute the charge density evolution using (and
similarly for spin and velocities evolutions).

The top row of Fig. shows the phase space rotation at various times.
The bottom row is the extracted charge density. Since we are dealing with a
gradientless theory, we can study the profile evolution only at times for which
the field profiles are smooth. This gradientless approximation is commonly
employed in studying nonlinear equations [56] and allows to study the evolu-
tion for a finite time when the nonlinear terms dominate over the terms with
higher order in spatial gradients (dispersive terms). Of course, this is possible
only if an initial profile is sufficiently smooth. For longer times, the solution
inevitably evolves towards configurations with large field gradients (such as

shock waves|73| [74]) and the gradientless approximation becomes inapplica-

64



ble. Choosing a sufficiently broad profile of the knife potential we make sure
that during the initial stage of the evolution, corrections due to gradient terms
in equations of motion are small. We emphasize that this evolution obtained
in the gradientless approximation already shows some interesting features.

We see that the central peak (created by cooling with attractive knife) in
the charge density profile slowly flattens and eventually splits into two peaks
(see the bottom row of Fig. . Due to nonlinear effects these two split peaks
start to steepen and we expect that at that point, gradient corrections will play
a role and the profile would develop dispersive shock waves.

Although the solution of is not well defined beyond some time (gra-
dient catastrophe time) the parametric solution (4.324.33)) can be formally
extended beyond that time and produces multiply-valued solutions. These
multiply-valued solutions should not be used as the equation has cor-
rections with higher power of gradients which will significantly change the
solution beyond the gradient catastrophe time. It is interesting however that
in time ¢ = 27 the solution should reproduce an initial profile and this is an
exact feature of the spin-Calogero model. Of course, any corrections to the
sCM model destroying integrability will lead to equilibration of the system and
the time-periodicity will be lost. Probing the charge dynamics in Fermi gases
at large times is indeed possible experimentally[9] and it would be interesting
to see this equilibration experimentally.

Another interesting perturbation is the sudden shift of the minimum of an
external harmonic potential. This is a standard technique for determining trap
frequencies in cold atom experiments. The dynamics of the system after this
sudden shift can be easily understood within the present formalism. Indeed
the dynamics is just a rotation of the curve k(z) in the x — k phase space
with constant angular velocity. Thus, we obtain the centre-of-mass oscillation
with oscillation frequency w. Notice that such a study is not trivial with-
out the phase-space picture, thereby, highlighting the use of the phase-space
description.

While our analytical expressions are correct for free fermions
and the sCM (long ranged interactions) we expect qualitatively similar dynam-
ics at small times for systems with short range interaction. The corresponding

dynamics studies for fermions with contact interaction (short ranged) could
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be an interesting extension to the recent work of Ma and Yang|2]. To the best
of our knowledge there are no such nonlinear dynamic studies for fermions
with contact interaction in external harmonic trap. However, recently very
similar qualitative features of nonlinearity have been observed in the spin and
charge density dynamics of the Fermi-Hubbard model[82]. We would also like
to remark that although our predictions for dynamics are for pure 1D systems
we do expect a qualitatively similar behavior for the more familiar quasi 1D
(cigars) experimental setups[9HIT]. Indeed, using nonlinear hydrodynamic ap-
proach we found quantitative agreement with recent experiments on quasi 1D

unitary Fermi-gas]|I].

4.5 Conclusions

In this chapter we addressed statics and dynamics of a model of one-dimensional
spin 1/2 fermions interacting through a long range inverse square interac-
tion in an external harmonic trap . While one-dimensional systems with
long range interactions are yet to be realized there has been a great progress
in experimental studies[9-H11] of quasi-one-dimensional fermionic models with
contact-like interactions in an external harmonic trap.

Inclusion of an external harmonic trap potential is known to break the
integrability of most models (for example models of bosons or fermions with
delta interaction). On the contrary, the sCM remains integrable even in
the presence of an external harmonic potential [84]. Similarly, the collective
field theory of sCM with harmonic trap retains a rather simple structure with
dynamics analogous to the one of non-interacting fermions in a harmonic po-
tential. In this chapter we used the spin-Calogero model as a toy model of
more realistic systems of cold Fermi atoms in quasi-one-dimensional harmonic
traps.

Using the collective field theory reviewed in Sec. we studied static den-
sity profiles in Sec. [£.3] as well as dynamics of the model (see Sec. [£.4).

The obtained static solutions are found to be qualitatively similar to the
static solutions for fermions with contact interaction in harmonic trap|2]. This
similarity with short range interactions, probably, can be attributed to low-

dimensionality where 1/72 can be considered as relatively short ranged. The
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obtained density profiles are given in (4.26][4.27) and are shown in Figures
and [£.3] The solution of a similar problem for fermions with contact
interactions requires numerical solution of Bethe Ansatz equations in combi-
nation with the Thomas-Fermi approximation|2]. An interesting feature of
an equilibrium solution is the “bump” in the charge density profile present
for a system with non-zero polarization. The reason for this feature is rela-
tively straightforward as it is already present in the system of non-interacting
fermions. It is interesting, however, that the smearing of this bump with an
increase of the interaction is qualitatively very similar for both fermions with
contact interaction|2] and for sCM model (Fig. [£.2). We also notice that while
the bump feature in charge density (Fig. eventually disappears at strong
coupling the spin density profile remains robust (Fig. . This spin den-
sity profile is qualitatively similar to that for the contact interaction model
considered in Ref. [2].

To study the dynamics of the cold gas in harmonic trap we create an
initial non-equilibrium density profile by “cooling” the gas in an additional
attractive potential (“knife”). We choose the form of the attractive knife po-
tential Vipire = —Voe~®/9* similar to the one used in experiments[9]. When
the knife is suddenly removed the density profile shown in Fig. serves as an
initial non-equilibrium profile which is expected to evolve in time. We show
in Sec. that the central peak in the charge density profile (created by the
knife) slowly flattens/broadens and eventually splits into two peaks (see the
bottom row of Fig. . Due to nonlinear effects these two split peaks start
to steepen and we expect that at that point, gradient corrections will play a
role and the profile would develop dispersive shock waves|73, [74].

In conclusion, we studied equilibrium configurations as well as dynamics of
the spin-Calogero model in a harmonic trap. We argued that the model can
serve as a toy model for cold Fermi atoms in one dimensional traps due to the
relatively short range nature of an inverse square potential in one dimension.
The integrability of spin-Calogero model is not destroyed by the presence of
harmonic potential and simple analytic solutions of hydrodynamic equations of
motion for this model in the gradientless approximation are readily available.

In this chapter and in chapter [3| we studied collective field theory and

investigated several aspects of nonlinear hydrodynamics of this very special
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integrable model. A hydrodynamic description also helps in computing certain
correlation functions, such as the Emptiness Formation Probability (EFP) that
measures the probability P(R) that a region of length 2R is completely void
of particles. In Chapter |5l we study the EFP in the spin-Calogero Model and
Haldane-Shastry Model using their hydrodynamic description.
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Chapter 5

Emptiness and Depletion
Formation Probability in spin
models with inverse square

interaction

5.1 Introduction

One-dimensional integrable models have an important role in the study of
strongly correlated systems. When the reduced dimensionality makes interac-
tion unavoidable, perturbative techniques can quickly loose applicability and
over the years more sophisticated tools have been developed to tackle these
problems. These tools clearly involve certain approximations and the existence
of an exact solution for some models can allow to check their validity.

The conventional approach in solving quantum integrable model is known
as the Bethe Ansatz (and its generalization). It is very successful in con-
structing the thermodynamics of a system, but not very suitable to study
its dynamics and the correlation functions, due to the increasing complexity
of its solutions. However, a very elegant formalism was developed using the
Quantum Inverse Scattering Method (QISM) [86] to express correlation func-
tions as determinants of certain integral operators (Fredholm determinants).
In this formalism, the simplest correlation function one can write is known

as the Emptiness Formation Probability (EFP) and measures the probability
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P(R) that a region of length 2R is completely void of particles. For lattice
models, one is interested in P(n), the probability that n consecutive lattice
sites are empty. In a spin chain, taking advantage of the Jordan-Wigner map-
ping between particles and spins, the same quantity can be thought of as the
Probability of Formation of Ferromagnetic Strings (PFFS), i.e. the probability
that n consecutive spins are aligned in the same direction.

One should notice that the EFP is an n-point correlator and is, therefore,
a much more complicated object compared to the usual two-point correlation
functions one normally studies in condensed matter physics. However, due to
the strongly interacting nature of the 1-D model, the QISM tells us that it is
in fact no worse than other correlators between two points a length n apart
and even somewhat simpler and more natural. Moreover, the EFP is one of
those extended objects like the Von Neumann Entropy, or the Renyi Entropy,
that in recent years have attracted a lot of interest because of their ability
to capture global properties that were not observed before from the study of
2-point correlation functions. The latter quantities are of course motivated
by studies of entanglement and quantum computation, while the EFP arises
naturally in the contest of integrable theories.

Despite the claimed simplicity, the calculation of the EFP is by no means an
easy task. For some models, the specific structure of the solution has allowed
to find the asymptotic behavior of the EFP as n — oco. For instance, the EFP
in the whole of the phase-diagram of the XY model was calculated in [65, [87-
89] using the theory of Toeplitz determinants, while for the critical phase of
the X X Z spin chain the solution was found in [90-H92] using a multiple-integral
representation. The EFP has been considered also for the 6-vertex model [93-
95], for higher spins XXZ [06] and for dimer models [97]. We also remark
that high temperature expansions of the EFP for Heisenberg chains have been
studied in [98-100]. A recent review of the EFP can be found in [88] or [65].

Field theory approaches are normally most suited for the calculation of
large distance asymptotics of correlation functions, but conventional tech-
niques like those inspired by the Luttinger Liquid paradigm (i.e. bosoniza-
tion) are not appropriate for extended objects like the EFP and only capture
its qualitative behavior, while being quantitatively unreliable, as it was shown

in [I01]. The reason for this failure is that Luttinger Liquid theory is applica-
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ble only to low-energy excitations around the Fermi points, where the linear
spectrum approximation is valid, while correlators like the EFP involve de-
grees of freedom very deep in the Fermi sea, where the whole spectrum with
its curvature is important.

For this reason, the field theory calculation of the EFP requires a non-linear
generalization of conventional bosonization, i.e. a true hydrodynamic descrip-
tion of the system. In [65] it was shown that, with such a non-linear collective
description available, the calculation of the EFP is possible by employing, for
instance, an instanton approach.

In this chapter, we will extend the machinery developed in [65] and ap-
ply it to the spin-Calogero Model (sCM), for which a (gradientless) hydrody-
namic description was recently constructed from its Bethe Ansatz solution [15].
The sCM is the spin—1/2 generalization [40H42] of the well-known Calogero-
Sutherland model [43] and is defined by the Hamiltonian

2 N 92 2 2 _P.
H= _%Z%jL% (%> Zsm);(i(xpil)x) ’ (5.1)
j=1 =77 j L\"J l
where Pj; is the operator that exchanges the positions of particles j and /.
We chose to analyze this Hamiltonian assuming it acts on fermionic particles,
which means that the exchange term selects an anti-ferromagnetic ground
state [15]. The coupling parameter A is taken to be positive and N is the total
number of particles.

In Ref. [15], a collective description of the model was derived using four
hydrodynamic fields: the density of particles with spin up/down p; | and their
velocities vy ;. The Hamiltonian in terms of these fields is valid only for slowly
evolving configurations, where terms with derivatives of the density fields can
be neglected. This description is referred to as a gradientless hydrodynamics.
In Ref. [I5], this theory was used to show the non-linear coupling between
the spin and charge degrees of freedom beyond the Luttinger Liquid paradigm
and it was shown that, while a charge excitation can evolve without affecting
the spin sector (for instance for a spin singlet configuration), a spin excitation
carries also some charge with it, in a non-trivial way.

The EFP for the sCM has not been considered in the literature yet. For the

splinless case of the Calogero-Sutherland interaction, the asymptotic behavior
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of the EFP was obtained using the form of the ground state wavefunction
and thermodynamical arguments [102] (see [65] 88| for details). It should be
noted that for certain special values of the coupling parameter A, the splinless
theory is tightly linked with Random Matrix Theory (RMT) and the EFP is
the probability of having no energy eigenvalues in a given interval. For these
values of A\ the EFP can be calculated with much greater accuracy due to the
additional structure provided by RMT [103] [104].

If we write the ground state of the system as U (21, 22, ..., xy), the Empti-

ness Formation Probability is defined as

1
P(R E—/ dzy ... den |[Pe(ze, ..., zn))° 5.2
( ) <\I’G|\I]G> o> R 1 N| G( 1 N)| ( )
or, following [86]
P(R) = lim (Wgle o Zrre@de)g (5.3)
a—r0o0

where p.(z) is the total particle density operator

N

pe(z) = Z d(x —x;) . (5.4)

j=1

For a model like the sCM, we can also introduce the EFPs for particles

with spin up or down separately
: —a fR (z)dz
Pp (R) = lm (Ugle™* -rPB W g) (5.5)
a—r00

which will allow us to discuss the EFP as well as the PFFS.

The approach we use to calculate the EFPs in this work is similar to
what was explained in [65]. The idea is to consider the system as a quantum
fluid evolving in imaginary time (Euclidean space). Then the EFP can be
considered as the probability of a rare fluctuation that will deplete the region
—R < z < R of particle at a given imaginary time (say 7 = 0). With
exponential accuracy, the leading contribution to this probability comes from
the action calculated on the saddle point solution (instanton) satisfying the
EFP boundary condition.

In section[5.2) we will first review the results of [15] and transform them into
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an intriguing form where the dynamics can be decoupled into two independent
fluids of splinless Calogero-Sutherland particles. This two-fluid description is
one of the interesting observations of this chapter. In section [5.3]we will explain
the instanton approach and formulate the problem in this language. In section
we will concentrate on a generalization of the EFP, the Depletion Formation
Probability (DFP) which was introduced in [I01]. This correlator will allow us
to calculate the different EFPs very efficiently by taking its different limits in
section Most noticeably, we will derive the PFFS for the Haldane-Shastry
model as the freezing limit of the sCM. In section and [5.7] we will consider
two additional DFP problems. Instead of specifying boundary conditions for
both the spin and charge sectors of the fluid as we did in the previous sections,
we will now relax these conditions and constrain only one component at a
time: this analysis suggests that an effective spin-charge separation can be
conjectured for the EFP/DFP of the sCM. In section we combine all these
results and suggest a physical interpretation of them. The final section contains
some concluding remarks. To avoid interruptions in the exposition, certain
technical formalities are moved to the appendices and are organized as follows.
In appendix [F| we will revise and adapt the calculation of [65] to calculate the
instanton action for our cases. In appendix [G] we will repeat this calculation
in the linearized hydrodynamics approximation or bosonization, to aid the

discussions in section [5.8

5.2 Two-fluid description

In [15] the gradientless hydrodynamic description for the sCM was derived
in terms of densities and velocities of spin up and down particles: p; (¢, ),
vy (t,x). Here, we prefer to use densities and velocities of the majority and
minority spin: pyo(t, z),v12(t, x), i.e. the subscript 1 (2) takes the value 1 or
1 which ever is most (least) abundant species:

prtputlpr—pul _ et ps

_ 5.6
P1 9 9 ) ( )

pr+p—lpr—pil _ pe—ps
= 5.7
5 5 (5.7)

P2
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where we introduced the charge and spin density

pet;x) = pr+p =pit+p2, (5-8)
ps(t,z) = lpr—pl=p1—p2. (5.9)
Please note that whatever species is majority or minority is decided dynami-

cally in each point in space and time.
Under the condition [15]

lvr — vo] < Tps (5.10)

the Hamiltonian is

1 +o0 ‘ 1

e}

where

kripn = viE A+ Dmp £ Ampy
krore = (A4 1)vg — Avy £ (2 + 1)7mps (5.12)

are the four dressed Fermi momenta.

It turns out that an auxiliary set of hydrodynamic variables decouples
the Hamiltonian into the sum of two independent splinless Calogero-
Sutherland fluids a and b:

1 s T2 3
H=H,+H,=>) |[dr SPale + 2 0al (5.13)

a=a,b
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where

ki — k A
ko — k 1

po = Rgmbmzxﬂm’ (5.15)
ki + k

Ve = %:vl, (5.16)
kro + k

v = %:(AH)W—AUI, (5.17)

Ai = A1, (5.18)

N o= A1) E@A+1) . (5.19)

We remark that both the auxiliary variables and the real variables satisfy

the canonical commutation relations, i.e.

[pa(2), vs(y)] = =iMdapd'(x —y) . o, f={1,2};{a,b}. (5.20)

The form of the Hamiltonian (5.13)) is one of the interesting observations of
this chapter, since it allows us to reduce the spin Calogero-Sutherland model
into a sum of two splinless theories. Each of the terms in square brackets in
(5.13) is the gradientless Hamiltonian of a splinless CS system with coupling
constants A, given by 5.19). In [65] the gradientless hydrodynamics of
splinless particles, like the ones in was used to calculate the EFP from
the asymptotics of an instanton solution. In the next section we review this

approach and we leave the mathematical details to appendix [E]

5.3 The instantonic action

Let us perform a Wick’s rotation to work in imaginary time 7 = it. Note that
this makes the velocities in imaginary (v — iv) and the k’s complex
numbers. The x — t plane is mapped into the complex plane spanned by
z2 =z +1T.

Following [65], we will calculate the EFP as an instanton configuration (i.e.

a classical solution in Euclidean space) that satisfies the boundary condition

pa(T=0;—R<x<R)=0, a=1,2c, (5.21)
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in the limit R — oo, i.e. R much bigger than any other length scale in the
system. This limit guarantees that the gradient-less hydrodynamics is
valid in the bulk of the space-time. Once we have the classical solution of the
equation of motion ¢grp that satisfies (5.21]), a saddle-point calculation gives
the EFP with exponential accuracy as the action 8 calculated on this optimal
configuration [65]:

P(R) ~ ¢~SlPerr] | (5.22)

Of course, to uniquely specify the problem, the boundary conditions at infinity

have to be provided as well and we will take them to be those of an equilibrium

configuration:
p1(7, ) T P01 vi(T, ) R G| ,
p2(7, ) "5 poa va(r, ) TS0 (5.23)

When pg; = po2 we have an asymptotic singlet state (the AFM in zero mag-
netic field). The condition pg; # poz can be achieved via a constant external
magnetic field which would result in a finite equilibrium magnetization. It

is easy to implement these boundary conditions in our two-fluid description

using (5.1415.17).

The key point for the calculation is that we can represent the hydrody-
namic fields in terms of the dressed Fermi momenta kgy, kre (which in Eu-

clidean space become complex and complex conjugated to kpi, kpo respec-

tively) through (5.12)):
le = /\aﬂ'pa + an s ]-CRQ = /\bﬂ'pb + iUb . (524)

In [15], it was shown that these k-fields propagate independently according to

4 decoupled Riemann-Hopf equations
Oyw — iwd,w = 0, w=Fkrriz - (5.25)
These equations have the general (implicit) solution

w = F(z + iwr) (5.26)
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where F(z) is an analytic function to be chosen to satisfy the boundary con-
ditions.
Guided by [65], the solution for an EFP problem is

kpi = Fy(x + ikg7) , kro = Fy(x + ikgeT) , (5.27)
with
Fe) = e e (o = 1) | (.29
Fy(2) = Xmpop + N (ﬁ — 1) , (5.29)
which automatically satisfy the conditions at infinity :
Pa(T, T = 00) — por+ )\—)1\-1’002 = Poa >
po(T, ¢ — 00) — )\i P02 = Pob
Vap(T, 2 = 00) — 0, (5.30)

while 7, are two, possibly complex, constants that allow to satisfy the EFP
boundary conditions (5.21)).

In appendix [F] we show that the instanton action can be expressed as a
contour integral where only the behaviors of the solutions at infinity
and close to the depletion region are needed, saving us the complication of
solving the implicit equations in generality. Using the two-fluid description,
the action can be written as the sum of two splinless Calogero-Sutherland
fluids: from (F.23) we have

1 2 P2 —
SEFPZ§7T R Z )\anaﬁa. (531)

a=a,b

Before we proceed further, we should mention that the two-fluid description
we employ is valid as long as the inequality is satisfied. In fact, the
solution could violate the inequality in a small region around the points
(1,2) = (0,+£R). However, close to these points the hydrodynamic description

is expected to be somewhat pathological, because gradient corrections (which
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we neglect) become important. As it was argued in [65] 101], the contributions
that would come to the EFP from these small regions are subleading and
negligible, in the asymptotic limit R — oo we consider. Therefore, we do
not need to worry about what happens near the points (r,z) = (0,+R).
However, a consequence of the “singular” nature of these points is that, in
our solution, the species that constitutes the majority (minority) spin in the
region of depletion —R < x < R at 7 = 0, could switch and become minority
(majority) at infinity. This could be important to keep in mind in interpreting

our formulae, but our formalism already takes that into account naturally.

5.4 Depletion Formation Probability

It is more convenient to consider a generalization of the EFP problem, called
Depletion Formation Probability (DFP) which was introduced in [I0I]. In
hydrodynamic language the DFP boundary conditions for the majority and

minority spins are

p(t=0—R<z<R) = pp,

The DFP is a natural generalization of the EFP and it reduces to it for
p12 = 0. Of course, there is some ambiguity on the microscopic definition of
the DFP (see [65, [101]). One can, for instance, consider it as the macroscopic
version of the s-EFP introduced in [105]. We will first calculate the DFP as
the most general case and later take the appropriate interesting limits.

In terms of the auxiliary fields we introduced in to achieve the
two-fluids description , the DFP boundary conditions are

p(T=0,—R<z<R) = p1+)\+1p25pa,
.
pp(T=0,—R<x<R) = 1= (5.33)

We specify the parameters 72 in (5.28)}5.29) by expressing the boundary
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conditions (5.33)) in terms of the dressed momenta using

1 A
= —— |Rekrgr— —Rek
pL W(A+1){ CERLT O m] ’
1
p2 = 221 1) Re kpa
vy = Im kg,
9 = )\L—H Im ijg+)\Im le . (534)
v

This leads to

Aafla = Ao (Poa = Pa)
= (A+1L)(por = p1) + A(po2 — p2)
My = Ao (pob — Po)
= (2A+1) (po2 — p2) - (5.35)

It is now straightforward to obtain the DFP by substituting (5.35]) into
(5.31). After some simple algebra we get

Pprp(R) = eXP{—%Q P\ (Poc — ﬁc)2 + (po1 — ,51)2 + (o2 — ,52)2] RQ}

_ exp{—%2 [(A ) o= 7+ v ﬁﬂ R?} - (5.36)

where we introduced a notation in terms of the charge field (po. = po1 + po2s
pe = p1 + p2) and of the spin field (pos = po1 — poz, ps = p1 — p2). Equation
(5.36|) is the main result of this work. To understand it better, we will consider

several interesting limits.

5.4.1 Asymptotic singlet state

If no external magnetic field is applied, the equilibrium configuration of an anti-
ferromagnetic system like the one we consider is in a singlet state. This means
that in the boundary conditions at infinity (5.23)) we should set po1 = po2 = po-
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In this limit (5.36]) reduces to

[\:>|>Lj

inglet i i .
PYRECYR) = eXp{— (X (200 — pe)” + (po — 1) + (po — po)’] RZ}

_ exp{—”; [(A T ép} Rz} 63D

5.5 Emptiness Formation Probability

By taking the limit p; » = 0 we can use (5.36) to calculate the different EFPs.
The probability to find the region —R < x < R at 7 = 0 completely empty of

particles is therefore

2
Pgrp(R) = exp{—; (A (po1 + po2)” + poy + Poz) R2}
_ _7T_2 (/\_|_1) 2 _|_1 2 R2 (538)
= €exp 9 9 Poc 2p05 ) :
which becomes
singlet . i 1 2 2
Prr5 (R) =exp —7()\ + 5)(200) R (5.39)

for the asymptotic singlet state. This is equivalent to the EFP of a splinless
Calogero-Sutherland system with coupling constant A’ = X + 1/2, see (5.43).
This is consistent with the phase-space picture provided in [15], in which it is
explained that for a singlet state each particle occupies an area of m(\ + 1/2)
due to the exclusion statistics, while it would occupy an area w(\ + 1) if it
were alone. Therefore, in this context, the charge field can be thought of as

describing a splinless Calogero system with coupling constant X' = A 4+ 1/2.
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5.5.1 Free fermions with spin

Setting the coupling parameter A = 0 corresponds to non-interacting (free)
fermions with spins and this reduces (5.36) to

. 1 R 1 5
pfree fermions ) - exp{——wpoc—pc) RF——mpoS—ps)RF}

4 4
1 - 2 1 ~ 2
= expq =5 |7 (por = p1) BI" = 5 [ (poz = p2) BI” .
(5.40)
This result is the same as the one obtained in [65]. The EFP is then
piree fermions R) — 1 R)? — 1 R)? 41
BFP (R) = expy =5 (mpouR)” = 5 (mpoalR)” o, (5.41)

which agrees with the results obtained in the context of Random Matrix The-

ory [L02HI04], where the subleading corrections were also found.

5.5.2 Splinless Calogero-Sutherland model

Of course, the prime check to our formula for the DFP/EFP of the sCM is to

take its splinless limit py = pp2 = 0, which gives

linl A+1 .

Pls)g;n eSS(R) = exp{—%ﬂj (po1 — 01)2 RQ} , (5.42)
i A1

PRI () = eXp{—%ﬂ%ﬁlRQ} , (5.43)

in perfect agreement with [65) [102] for a splinless Calogero-Sutherland system
with coupling ' = A + 1.

5.5.3 Probability of Formation of Ferromagnetic Strings

If we require the minority spin particles to completely empty the region —R <
xr < R at 7 = 0, we are left only with the majority spin and we created

a (partially) polarized state. We can refer to this case as the Probability
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of Formation of Partially Ferromagnetic Strings (PFPFS) [65], 10I]. Setting
po =0 in (5.36]) and leaving p; finite we have

2
Pprprs(R) = exp{—% (A (po1 — p1 + po2)” + (por — 1) + Poo) R?

(5.44)
The above is the probability of formation of ferromagnetic strings accompanied
by a partial depletion of particles, since in the region of depletion we have
pe = p1. We can impose that the average density of particles is constant
everywhere by setting p; = po1 + po2 = poc, while still requiring all particles
in the region —R < x < R at 7 = 0 to be completely polarized (maximal

magnetization: PFFS)

Ppprs(R) = exp{— [meR]Z} : (5.45)

Note that (5.45]) is independent of A and exactly corresponds to the Emptiness
Formation Probability of a ' = XA + 1 = 2 splinless Calogero model with

background density given by pga (5.43). Interestingly the same result (5.52))
will be derived in the next sections as the EFP of minority spins, i.e. py = 0,

in the Haldane-Shastry model (5.46)). This is just another aspect of the well-
known relation between spin-Calogero, Haldane-Shastry and A\’ = 2 splinless

Calogero models [15], 66] as it will be shown in the next section.

5.5.4 The freezing limit

If we take the A — oo limit in the spin-Calogero model , the charge
dynamics freezes (the particles become pinned to a lattice) and only the spin
dynamics survives. This freezing limit was shown by Polychronakos [57] to be
equivalent to the Haldane-Shastry model (HSM) [66], [67]:

7T2 S, - Sl
Husm =2-% Y —5>+—r (5.46)
N? ; sin® % (j — 1)

an integrable Heisenberg chain with long range interaction. In [I5] the freezing

limit was studied through a systematic expansion of the hydrodynamic fields
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in inverse powers of = A+ 1/2:
0 1w, oo
Q=0+ -0V + 0% +... | Pes Vey Py Vs —> §2 . (5.47)
7 7

With an additional rescaling of time ¢ — ut, the equations of motion were
separated order by order in powers of p.

It was shown that the charge sector is frozen, in that charge dynamics
appears only at orders O(u~!) and higher, while the spin sector already has
non-trivial dynamics at order O(1). This dynamics is the same as the one
derived independently for the HSM, over a background density of particles
poc = N/L. As a consequence of charge freezing, this background density
is kept fixed and constant up to order O(1) and fluctuations are suppressed
as 1/u. Therefore, as 4 = A+ 1/2 — oo, charge conservation is imposed

dynamically everywhere, including in the region of depletion:

o = A7+ 55" = por + poz2 = poe (5.48)

The above ([5.48)) along with the usual depletion boundary conditions (/5.32])
reduces (5.36]) to

oo w2 [1 (O 2 . _
Phrp (R) = exp{—? {5 (pos — ,Ogo)) + ;pg) + O(p 2)] R2} (5.49)

= of = [r (") B} = ew{ =[x (o= ) 1]}

where corrections for a finite A are of the order 1/u. Eq. (5.49) coincides with
(5.45), where condition (5.48) was imposed as a boundary condition, and not

dynamically from the equations of motion.

5.5.5 Haldane-Shastry model

The hydrodynamic description of the HSM (5.46) was constructed in [15],
resulting in the following Hamiltonian for the minority spins (remember that

the HSM is a lattice model and therefore there is no charge dynamics)

1 2
Hysm = /dl’ {5 p2 V5 + 3 o3| (5.50)
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which is the hydrodynamic Hamiltonian for a splinless Calogero system with
coupling constant X = 2, see (5.13). It is in fact known that the spectrum of
the HSM is equivalent to that of a splinless Calogero-Sutherland model with
exclusion parameter \' = 2, but with a high degeneracy due to the underlying
Yangian symmetry [66].

The connection between the HSM and the sCM in the freezing limit
is to express the minority spin fields in in terms of spin fields [15]:

_ Poc — Ps
2

P2 , vy = —20,. (5.51)

It is straightforward, using (5.42)) with X = 2, to see that the PFPFS for
the HSM model is exactly (5.49):

PESRs ) = exp] = (o — ) R} (5.52)

The equivalence between (5.45), (5.49) and (5.52)) is a strong check of the

consistency of our methods and shows from a novel perspective the well-known
relations between the sCM in the large A limit, the HSM and the splinless
Calogero-Sutherland model with \' = 2.

5.6 Spin Depletion Probability

So far, we considered a DFP problem specified by the boundary conditions
(5.32), i.e. by fixing the density of both species of particles on the segment
T =0, —R < z < R. However, our formalism allows for a more general
and natural question. We can, for instance, demand a given magnetization
(i.e. spin density) on the segment, without constraining the charge sector, i.e.

imposing the boundary condition:
ps(T=0;—R <z <R)=p,, (5.53)

instead of (5.32)).
From ({5.34]) we have

1

mRe []{731 — ]CRQ] 5 (554)

Ps =
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substituting in (5.2705.28l5.29) we find that (5.53)) is satisfied if
Aalla = A6Tb = AaPoa — Appor — (A +1)ps - (5.55)

This equation leaves undetermined a complex constant & = & + i&s: for later

convenience we parametrize the solution as

1. 1
/\a77a - >\ap0a - 5/)5 - ()\ + 5) é

= (A+%> (p06—5)+%(p03—,53) :

1\ .
oy = Aopob + <>\ + 5) (ps — &)

= (A g) et (5.56)

We have constructed the solution that realizes a constant spin density in the
depletion region, while leaving the densities for the individual species free
to vary. Please note that a finite imaginary part of £ is necessary to have
Oepr2(T=0;—R<x < R)#0.

We can now substitute in to find:

w2 1 9 9 1 ~\2| p2
Pspp(R;§) = eXP{—? [(A + 5) [(Poc = &)+ 52} + 5 (Pos — Ps) } R }
(5.57)

This probability depends on two, yet undetermined, parameters: & 2. If we
choose & = p. and & = 0 we recover exactly , as we expected. This
would correspond to forcing a given charge density at the depletion region,
together with (5.53).

We also note that the configuration that maximizes the probability
is given by & = po.:

2

P§55(R) = Pspp(R; € = poc) = eXp{_Z (pos — ps)’ RQ} : (5.58)

One cannot help but noticing the similarity between (5.58)) and (5.49) or (5.52)).
Since the parametrization we choose in (5.56) allowed us to express the
probability (5.57) as a Gaussian for & o, we would get the same result by
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performing an integral over the free parameters:

Pghp(R / dfl/ d& Pspp(R; €) = PYSS(R). (5.59)

where the prefactor coming from the Gaussian integration is beyond our accu-
racy anyway (note, however, that it does not depend on the charge density).
The integration over & corresponds to summing over all configurations of the
form (5.27] |5.28] |5.29).

The probability of realizing the magnetization set by is given by a

sum over all configurations that satisfy the given boundary conditions. To
perform this sum correctly, we would need to consider all possible charge den-
sity profiles p.(z) at the depletion region and therefore consider more general
solutions than [(.29). These general solutions are of the form

!
—
N
S~—
I

1. z T 1
T |:)\ap0a - 503} N + 5,03 +7 ()\ -+ 5) £(2), (5.60)
z

Fy(z) = = l)\bp()b + (A + %) ﬁs] T <A + %) [—ps +£(2)] ,

where £(z) is an analytic function such that Re {(x) = p.(x) and £(z — o0) —
0. The sum over all configurations satisfying (5.53)) can be formulated as a
functional integral over all functions £(z). However, it is easy to convince

oneself that the configurations that minimize the action are of the form (5.28
7 with & = poe.

5.7 Charge Depletion Probability

The last problem we will address is conjugated to the one considered in the

previous section, i.e. the probability of realizing a given depletion of the charge
p(T=0,—R<z<R)=p,, (5.61)

without constraining the spin density. Using ([5.34)) we have

kri ke
pe = Re { i +ﬁ} : (5.62)
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which means that (5.275.28/15.29)) fulfill (5.61)) if
Na + M6 = Poa + Pob — Pe - (5.63)

Once again, we are left with the freedom of introducing a complex number

£ = & +i& to parametrize the solution:

A+ 1 _ 1
fla = ’)Oa_2(A+1)’)C_2(A+1)£
_ %(pm—ﬁc)—i-ﬁ(ﬂ&s_f)a
o= ”Ob_2(A1+1)’30+2(A1+1)f
= m@oc—ﬁc—ﬂoﬁ-ﬁ)- (5.64)

Inserting this into (5.31]) we obtain:

2
Pepp(R;§) = exp{—% [(/\ + %) (poc — pe)? + % [(pos — &)° + 53]} 32}
(5.65)
Setting & = ps and & = 0 correctly reproduces , while the maximal
probability is achieved for £ = pg,:

w2 1 .
PYEH(R) = Popp(R; € = pos) = eXp{—? K)\ + 5) (poc — pc)Q} R2} .
(5.66)
As before, since (.65 is Gaussian in & o, we would obtain the same result by

integrating over these variables

Pepp(R) = /_ d& /_ dé; Popp(R;€) = PYE5S(R) (5.67)

where we neglected the coefficient coming from the Gaussian integration be-
cause its beyond the accuracy of our methodology. This integration corre-

sponds to summing over all configurations given by (5.28] [5.29). Again, we
notice a striking similarity between (j5.66| [5.67) and (5.36). We will comment

in the next section on how to interpret these results.
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5.8 Discussion of the results

Eq. (5.36) looks like the product of the two independent depletion probabilities

for the spin and charge sector. This interpretation is supported by the results

of the two previous sections, see (5.58) and (5.66]), but it is quite surprising in

a sense. In fact, it would indicate a sort of an effective spin-charge separation,
as if the spin and charge degrees of freedom could be depleted independently.
This is contrary to intuition, since spin-charge separation is realized only for
low-energy excitations close to the Fermi points, while the EFP involves de-
grees of freedom deep within the Fermi sea (and requires a full non-linear hy-
drodynamic description beyond the usual bosonization approach). However,
it seems that from a EFP perspective spin-charge separation survives beyond
the linearization of the spectrum, at least at leading order for the sCM.

In fact, quite surprisingly, for the Calogero-type interaction (as well as for
free fermions), the DFP result obtained for small depletions using a linearized
hydrodynamics (conventional bosonization) can be extended up to a complete
emptiness and remain quantitatively correct [65]. This is due to the fact that
the gradientless hydrodynamic for this interaction is purely cubic, see .
This fact has two important consequences: the first one is that the equations of
motion can be written as Riemann-Hopf equations (5.25)), which are trivially
integrable with the implicit solution given by . This is important to
connect the boundary conditions at infinity with those due to the DFP. The
second fact is connected to the form of the parameters v and k of the linearized

theory, which in Hamiltonian formalism can be written in general as
u UK
H= [ dz| 1+ S5 (90)] 5.68
[ e [em 4 5 (v0) (5.68)

where II(x) and ¢(x) are conjugated fields. In terms of hydrodynamic variables

they are
v(z) =1(z) p(x) = po+ Vo(z), (5.69)

where pg is the background value over which we are linearizing the theory.
Note that x = -, where K is the conventional Luttinger parameter [106].
For Calogero-type models, the sound velocity u depends linearly on the
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density, while the interaction parameter x does not depend on the point around
which we are linearizing. In appendix [G] we show that the sound velocity
can be rescaled out of the DFP calculation (at zero temperature) and x is
the relevant factor encoding the interaction, which determines the coefficient
of the Gaussian behavior of the DFP. All these peculiarities of the Calogero
interaction conspire in a way that extending the small depletion result to higher
depletion is “trivial” and, in fact, gives the correct result. Let us remark in this
respect, that any non-linear theory can be seen as the integration of successive
linear approximation, where the coefficients are adjusted at each point. In this
light and from what we pointed out above, it is clear that the simplicity of the
Calogero interaction allows a simple integration of successive linear theories
for the DFP calculation and this is the reason for which the linearized result
can be trivially extended from a small DFP to a complete EFP.

In appendixwe calculate the DFP in the linearized approximation (guided

by [65]). The result is (G.9)
inear m ~
ShEp = o (po — p)* R?, (5.70)
where we used n =1 = py — p.

If we substitute (5.12)) in (5.11)) we can write the hydrodynamic Hamilto-

nian in terms of spin and charge fields as

2
1 2 1 w2
A=) pe— s 2+ T (A4 =) pp2 = a2l

By linearizing this Hamiltonian, i.e. by expanding the fields as p.s = po.c.s +

1, 7 1\* ,
H = dz —pcvc—i—g )\+§ P+ PsVcUs (5.71)

dpc,s and looking at the coefficients in front of the quadratic part, we find the

following parameters:

uc(poc) = (A + %) Poc Ke(poc) = T (A + %) , (5.72)

™

1
us(pos) =T ()\ + 5) Poc — TAPOs Ks(pos) = 3 (5.73)

We see that substituting these values in (5.70) correctly reproduce (5.58] [5.66))
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and therefore as well. This means that not only the linearized theory is
sufficient to calculate the correct coeflicients of the EFP, but also that the spin-
charge separation survives as if the linear theory was valid for high depletions
as well.

To conclude, we can suggest a simple physical interpretation of (5.70). In
a Calogero-Sutherland system, the interaction parameter K = w\’ has a simple
semiclassical interpretation in terms of the phase-space area occupied by a
single particle, see [48] and [I5]. We can then see that represent a
volume in the ©x — 7 — k space: the phase-space area at a given 7 is of the
order of k(py — p) R, see, for instance, . This has to be multiplied by the

number of particles involved in the depletion over time, which is of the order
(po — P)R.

5.9 Conclusions

We calculated the Emptiness and Depletion Formation Probability for the spin
Calogero-Model and for the Haldane-Shastry Model (5.46). The EFP
is one of the fundamental correlators in the theory of integrable models and,
despite its being non-local, is considered to be one of the simplest. Nonetheless
its asymptotic behavior is known only for a few systems and in this chapter
we calculated it for the sCM and the HSM for the first time, at the leading
order.

The DFP is a natural generalization of the EFP in the hydrodynamics
formalism we employ. By calculating the DFP in its most generality (5.36)), we
can achieve the different EFPs by taking its appropriate limit. The calculation
is done in an instanton picture, where the DFP is viewed as the probability
of formation of a rare fluctuation in imaginary time that realizes the required
depletion at a given moment.

The long distance asymptotics in 1-D models are normally calculated in a
field theory approach using bosonization. However, as this approach is valid
only for low-energy excitations close to the Fermi points where the linearization
of the spectrum is a reasonable approximation, it is not sufficient for the EFP,
which involves degrees of freedom deep in the Fermi sea. For this reason we

used a non-linear version of bosonization, i.e. the hydrodynamic description
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developed in [15].

All our formulae show a characteristic Gaussian behavior as a function of
the depletion radius R. This is to be expected for a gapless one-dimensional
system, as it was first argued in [I01]. This is because in the asymptotic limit
we consider, R is the biggest length scale in the system and therefore the
instanton configuration will have a characteristic area of R?, where the second
power comes from the dimensionality of the space-time. In [65, [101] it was
also shown that for small depletion, the linearized bosonization approach is
sufficient to calculate the DFP, while in general it deviates from the correct
results for progressively bigger depletion and, eventually, emptiness.

However, the Calogero-Sutherland kind of models (as well as non-interacting
fermions) are special and the linearized result happen to coincide with the
correct, non-linear one. We argued on the origin of this observation in the pre-
vious section. Moreover, we noticed that and the analysis of section
and indicates that, from a EFP perspective, spin-charge separation seems
to survive beyond the linear approximation, in disagreement with what one
naively would expect. This resurgence of linear results in a non-linear problem
is a very surprising result, peculiar of the sCM.

The coefficients in front of R? are novel of this work. In section [5.8 we
interpreted them from a bosonization point of view and via a simple semi-
classical argument and throughout the chapter we have checked them against
known results in certain limits where possible. In particular, we showed agree-
ment with the free fermionic limit and the splinless Calogero-Sutherland
model (5.42). For both of these models, the EFP has a particular interest com-
ing from Random Matrix Theory, as it is known that for certain rational values
of the coupling parameter A the CSM describes the RMT ensembles. It would
be interesting if the sCM would also have an interpretation in terms of some
generalized random matrix model, but we are not aware of such connection
yet.

In section we used the fact that the Haldane-Shastry model can be
achieved as the freezing limit (A — 00) of the sCM to calculate the Probabil-
ity of Formation of (Partially) Ferromagnetic Strings in the HSM. In section
the same quantity was derived independently from the hydrodynamic
description of the HSM. Section [5.5.4] and [5.5.5] highlight the correspondence
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between large-A sCM, HSM and A = A+ 1 = 2 splinless Calogero model from
a EFP/DFP perspective.

In Chapters [3] [4] and [5] we have studied the field theory aspects of the very
special Calogero integrable family. This integrable system facilitates a more
formal way of obtaining collective physics compared to those systems of Fermi
gases studied in Chapter
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Chapter 6

The RKKY Interaction and the
Nature of the Ground State of
Double Dots in Parallel

6.1 Introduction

In the following two chapters of the thesis we study electron transport and
correlations in a system of two quantum dots arranged in parallel. The main
techniques used in this chapter are Slave Boson Mean Field Theory (SBMFT)
and the Bethe Ansatz (BA). Quantum dots provide a means to realize strongly
correlated physics in a controlled setting. Because of the ability to adjust gate
voltages which control both the tunnelling amplitudes between the dots and
the connecting leads and the dots’ chemical potential, quantum dots can be
tuned to particular physical regimes. One celebrated example of said tuning
was the first realization of Kondo physics in a single quantum dot [107-IT10]
obtained by adjusting the chemical potential of the dot such that the dot was
occupied by one electron.

More generally, engineered multi-dot systems offer the ability to realize
more exotic forms of Kondo physics. This was seen, for example, in the real-
ization of the unstable fixed point of two-channel overscreened Kondo physics
in a multi-dot system|I11]. There has thus been considerable theoretical inter-
est in double dots systems in different geometries, both in series (for example
Refs. [112-117]) and in parallel (for example Refs. |3, 118-130]). In this chap-
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ter we focus on the strongly correlated physics present on the latter geometry,
in particular when there is no direct tunneling between the dots and the dots
are not capacitively coupled. Such dot systems have been experimentally real-
ized in numerous instances [I31HI33| (for other realizations of double dots in
parallel see Refs. [134, 135]). Although the dots are not directly coupled, they
are coupled through an effective Ruderman-Kittel-Kasuya-Yosida (RKKY) in-
teraction. It is aim of this work to explore the nature of the RKKY interaction
in parallel double quantum dots.

A straightforward application of the RKKY interaction as typically under-
stood would lead one to believe that in a closely spaced double quantum dot
with two electrons present, one on each dot, the RKKY interaction should lead
to an effective ferromagnetic coupling between the dots. How should this cou-
pling reveal itself in a transport experiment, the typical probe of a quantum
dot system? If a ferromagnetic coupling is present, one expects the electrons
on the two dots to bind into a spin-1 impurity. If the dots are coupled to a
single effective lead, we obtain, in effect, an underscreened Kondo effect. As
the temperature is lowered, the single effective lead will partially screen the
spin-1 impurity to an effectively uncoupled spin-1/2 impurity. The ground
state of the system will then be a non-Fermi liquid doublet. In particular
at small temperatures and voltages, the conductance through the dot will be
characterized by logarithms|[I36]. This scenario has been put forth in a num-
ber of NRG studies [119, 120, 122], 123] and is implicit in a number slave boson
studies [124H126] of double dots in parallel.

We present contrary evidence here that this scenario is not in fact applicable
at least for temperatures below the Kondo temperature. We argue that the
ground state of closely spaced double dots is instead a Fermi liquid singlet.
These findings are consistent with those of Ref. [I13]. We do so using both
the Bethe ansatz and slave boson mean field theory. It has been shown [3] [L18§]
that under certain conditions double dots in parallel admit an exact solution
using the Bethe ansatz. This exact solution, following the approach introduced
in Ref. [137], can be exploited to compute transport properties. In particular,
the zero temperature linear response conductance can be computed exactly.
Double quantum dots, however, only admit an exact solution provided their

parameters satisfy certain constraints. To ensure that our finding of Fermi
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liquid behaviour is not an artifact of these constraints, we also study the
parallel dot system using slave boson mean field theory. This allows one to
study the sensitivity of our results to adding a second weakly coupled channel
and to compute such quantities as the spin-spin correlation function, an object
not directly computable in the Bethe ansatz.

The chapter is organized as follows. In Section [6.2] we detail the double dot
model that we are interested in studying together with the approaches (Bethe
ansatz and slave boson mean field theory) that we employ in studying this
system. In Section we present results on the linear response conductance
through the dots both at zero temperature and finite temperature. We show
the zero temperature conductance obeys the Friedel sum rule, a hall mark of
Fermi liquid physics. We also study the impurity entropy at finite temperature
showing that it vanishes in the zero temperature limit indicating the presence
of a singlet. Finally in this section, we present results (using slave boson mean
field theory alone) of the spin-spin correlation function. Lastly, in Section

1

we discuss the implications of our results * and suggest a way they can be

reconciled with the conflicting NRG studies.

6.2 Model Studied

We study a set of two dots arranged in parallel with two leads. The Hamilto-

nian for this system is given by

H = — Z/ dmc}a&cclo + Z Vla(cledm + h.c)
lo - oo

+ Z €daNoa T+ Z UanTanw. (61)

The ¢, specify electrons with spin ¢ living on the two leads, [ = 1,2. The
dno specify electrons found on the two dots @ = 1,2. Electrons can hop from
the leads to dots with tunneling strength Vj,. The strength of the Coulomb
repulsion on the two dots is given by U,. We suppose that there is no interdot

Coulomb repulsion and that tunneling between the two dots is negligible. A

1'We also investigate questions of this nature via the 1/N expansion method (See Chapter

i)
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Figure 6.1: A schematic of the double dot system.

schematic of this Hamiltonian for the two dots is given in Fig. [6.1]

6.2.1 Bethe Ansatz

The above Hamiltonian can be solved exactly via Bethe ansatz under certain
conditions. The set of constraints that we will be particularly interested in are

as follows:
‘/la/‘/2a = ‘/la’/‘/Qa’;

Ud'c = Uo/roc’;
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Ua —+ 2€da = Ua/ + 2€da’~ (62)

The first of these conditions results in only a single effective channel coupling
to the two leads. This occurs automatically when the dot hoppings are chosen
to be symmetric and so is commonly found in the literature[1T9l 120, 124], 126~
128 [138]. The second condition tells us that with U 5 fixed, €41 — €42, is also
fixed. We thus must move €;4; 2 in unison in order to maintain integrability. The
final condition tells us that v/U,I;, the bare scale governing charge fluctuations
on the dots must be the same on both dots.

To solve this Hamiltonian we implement a map to even and odd channels,
Cejo = (Vij2ac1 £ Vaj1,ac2)/v/20 o where Ty = (V2 + V2,)/2. Under the map,

the Hamiltonian factorizes into even and odd sectors:

He = —i Z /OO dr ¢! 0pCeos + Z V2 (el dye + h.c)
lo ¥ == oo

+ Z €daNoa T Z UanTania;
H, = —Z'Z/Oo dx ¢! _0yCop, (6.3)
lo V7=

where, as can be seen, the odd sector decouples from the double dot. Using
the Bethe ansatz [3, 18] one can construct N-particle wave functions in the
non-trivial even sector. These wavefunctions are characterized by N-momenta
{g;}Y, and M quantum numbers {\,}*.,. The number of \,’s mark the spin
quantum number of the wave function: S, = N — 2M. Together the \,’s and

q;’s satisfy the following set of constraints:

M )
el L+is(e;) H Q(Qj) - ia + 2;2‘
)= Ao — /2]

N
Ao ;) +i/2 —Ag+i
= 6.4
U)\ ;) — /2 H)\ — g — i’ (6.4)

(P—€da—Ua /2)2
2l Uq

straints for a single dot [139, [[40] but for the form of the scattering phase

where ¢(q) = . These equations are identical to the set of con-
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(q):
Fa

q — €da

0(q) = —2tan™' (D (6.5)

a
We will focus in this chapter on computing transport properties in linear
response. At zero temperature we can use the Bethe ansatz to access such
transport quantities exactly[3, 137]. We will also use the Bethe ansatz to
obtain an excellent quantitatively accurate prediction (in comparison with
NRG) for the finite temperature linear response conductance (see Refs. [3|[137]
for the Bethe ansatz computation of the finite temperature linear response
conductance for a single dot and for the comparable NRG, Ref. [141]).

The Bethe ansatz can be exploited to develop certain approximations that
allow one to compute certain non-equilibrium quantities, in particular, the
out-of-equilibrium conductance [I37] and the noise [142] in the presence of a
magnetic field. In order to obtain at least qualitatively accuracy, the presence
of a magnetic field is a necessity. With a magnetic field the Bethe ansatz for
a single dot correctly predicts such features as the positioning of the peak in
the differential magnetoconductance [142] as say measured in carbon nanotube
quantum dots|[I43]. In the absence of a magnetic field, the Bethe ansatz in-
spired approximation breaks down however[142]. We will, again, not consider

the double dots out-of-equilibrium in this work.

6.2.2 Slave Boson Mean Field Theory

We also study the Hamiltonian (6.1) using a slave-boson mean field theory,
a well-known technique, applicable at sufficiently low temperatures[144]. The
starting point is the same Hamiltonian and we will study here the U, = oo
case. The constraint of preventing double-occupancy on the dots is fulfilled by
introducing two Lagrange multipliers A\; and As. The slave boson formalism
consists of writing the impurity fermionic operator on each dot as a combi-
nation of a pseudofermion and a boson operator: d,, = bl foa. Here f,, is
the pseudofermion which annihilates one “occupied state” on dot o and b], is
a bosonic operator which creates an empty state on dot a. The mean field
approximation consists of replacing the bosonic operator by its expectation
value: bIX — <b:f1> =r4. Thus r, and A\, together form four parameters which

need to be determined using mean field equations. Under the slave boson
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formalism combined with the mean field approximation, Eq. (6.1)) reads

Hspyrr = —1t Z/ dﬂCClga Clo + Z Via (Clgfaa +h. C)

lao

+ Z Eaafl fom +i Z Aa(r? —1) (6.6)

with ‘N/la = r4Via and €5, = €40 + i\o. The mean field equations are the

constraints for the dot a = 1,2,
Y < fleWfarlt) > 1 =1, (6.7)

and the equation of motion (EOM) of the boson fields,

Z <Ckla ) foall )>

l,k,o

Re +idgr2 = 0. (6.8)

The above equations can be understood as arising from the conditions

0 (Hspurr) 0.
OAa ’
O (Hspmrr)
T = 0 (6.9)

Thus the reality condition on Eqn. 2.8 arises from the reality of the hopping
term in the Hamiltonian|145]. For any given set of bare parameters (€40, Via)
we can compute the renormalized energy (€440 ) and renormalized hybridization
(‘N/Za) by solving the four equations, Eqns. and . While these results
are mean field, they allow one to span a wide parameter space not constrained
by the requirements of integrability. For instance, we study asymmetrically
coupled dots where two channels couple to the dot, a case not solvable by the
Bethe Ansatz. SBMFT allows one also, unlike the Bethe ansatz, to readily

study such quantities as the spin-spin correlation function.
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6.3 Results

In this section we present a number of measures as computed using both the
Bethe ansatz and slave boson mean field theory that are indicative of the
ground state of the double dot plus lead system. We will argue that these are

consistent with the ground state of the dot being a singlet state, not a doublet.

6.3.1 Zero Temperature Conductance

The first measure we examine is the zero temperature linear response con-
ductance, G. For the BA, G is computed as is discussed in great detail in
Refs. [137] and [3]. For the SBMFT, G is computed by first solving for
the variational parameters, r,, and €4,, & = 1,2, and then determining the
corresponding transmission amplitude via solving a one-particle Schrodinger
equation. This procedure is detailed in Appendix B.

If the double dot is in a singlet state, we expect G to vanish as €4 2 are
lowered, moving the dot into the Kondo regime. This is consistent with un-
derstanding the singlet state as a Fermi liquid state. If a Fermi liquid, G will
obey the Friedel sum rule:|[146]

2

e .
G= Z Esm2(7mda), (6.10)

o=T,}

where ng, is the number of electrons of spin species o displaced by the dot.
Deep in the Kondo regime, there will be two electrons sitting on the two dots,
one of each spin species, i.e. ng, = 1, and so G correspondingly vanishes.
Plotted in Fig. is the zero temperature conductance as computed with
BA and SBMFT as a function of €5 and with €471 — €40 fixed. For each com-
putational methodology we present results for both €5 — €50 > I'12 and
€1 — €42 < I'1o. We see that in all cases that as €42 is lowered, the con-
ductance vanishes. We do note however that the overall structure of the con-
ductance differs as computed between the BA and SBMFT, that is to say,
the SBMFT fails in general to describe the correct behaviour. In particular it
fails to describe the intermediate valence regime when the distance separating
the chemical potential of the two dots is large, i.e €51 — €2 > I'12 . In the

intermediate valence regime the conductance of the double dot as computed
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T=0 Conductance: Symmetric Dot-L ead Couplings

Slave Bosons Bethe Ansatz
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Figure 6.2: The zero temperature conductance of a symmetrically coupled
double dot computed using slave boson mean field theory and the Bethe ansatz.
For slave bosons we assume the symmetric case V;; = 1.
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T=0 Displaced Electrons. Symmetric Dot-L ead Couplings

Slave Bosons Bethe Ansatz
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Figure 6.3: The number of electrons displaced by the dots, ng of a symmetri-
cally coupled double dot computed both using SBMFT and the Bethe ansatz.
In the case of SBMFT, ny is simply the dot occupation, ngy = ) _,, (djadw>.
In the case of the Bethe ansatz, the quantity plotted is equal to the dot oc-
cupation plus the 1/L correction to the electron density in the leads induced
by coupling the dots to the leads. For slave bosons we assume the symmetric
case Vi; = 1.
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with the BA undergoes rapid changes, a consequence of interference between
electrons tunneling off and on the dot (see Ref. [3]). This is not mirrored in
the SBMFT computations which remain comparatively structureless.

The failure of SBMF'T to accurately capture the physics in the intermediate
valence regime is seen in a related quantity, the number of electrons displaced

by the dot. ng is the sum of two terms:

ng =Y (dldy:)+> / da {@lcgl) - pabulk}. (6.11)

o

The first term is simply the occupancy of the double dots while the second
term measures the deviation of electron density in the leads due to coupling
the dots and the leads. In SBMFT this term is zero due to the mean field
nature of its approximation. However in BA this term is non-zero. While
we cannot compute it directly, the BA gives us the ability to compute nq4.
And as plotted on the r.h.s. of Fig. [6.3] we see that n, can be negative. As
Y o (dj,idgi> is manifestly a positive quantity, we know that as computed by
the BA, the second term in Eq. is non-zero and in fact is negative (at
least in the case €5 — €42 > I'12). From Fig. we see however that ng for
both SBMFT and BA tends to two as the system enters the Kondo regime
(where two electrons sit on the two dots).

One advantage the SBMFET does offer over the BA is that it allows us to
compute transport quantities beyond the integrable parameter regime delin-
eated in Eq. . It was argued in Ref.[3] that small deviations away from
this parameter space should not qualitatively change transport properties. In
Fig. we test this in the Kondo regime (where we expect SBMFT to be
at its most accurate) computing the conductance while adjusting the dot-lead
hopping parameters in such a way that we move from a case where only one
effective channel couples to the quantum dot (i.e. V;; = 1) to a case where
two channels couple to the dot (Vi3 > 1 and Vip = Vo = Voo = 1). We see
when the second channel is only weakly coupled to the dot, the conductance
remains near its one-channel value, i.e. G = 0e*/h. Only once Vi, appreciably
deviates from 1 do we see a corresponding deviation in G. We note that this
continuous behaviour is also consistent with the one-channel dot-lead ground

state being a singlet. If it were instead a doublet, coupling a second channel
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T=0 Conductance of Non-Symmetrically Coupled Dots
08 T T T T T I ' I

Figure 6.4: The zero temperature conductance of asymmetrically coupled dou-
ble dot computed using slave boson mean field theory. The conductance is
plotted as a function of Vj;. The remaining dot-lead hopping strengths are all
set to 1 while €5y = —4.7 and €490 = —4.6. The system is in the Kondo regime.
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into the system would lead to a discontinuous change as the second channel,
no matter how weakly coupled, would immediately screen the free effective
spin-1/2.

Finally in this section we consider the behaviour of the conductance and
displaced electrons when €45 = €4. We see from Fig. that the same
qualitative behaviour in both quantities is found using the Bethe ansatz and
using SBMFT. Namely, the displaced electron number n, tends to 2 while the
conductance G tends to zero as €41 = €49 goes to zero. While these measures are
the same in the two computational methods, there is a quantity that sharply
distinguishes the two (and so shows a failure of SBMFT even in the Kondo
regime at zero temperature). This quantity is the low lying density of states
on the dots, pg(w). For the case of €57 = €42, the BA shows that py(w) for w
on the order of the Kondo temperature, Ty vanishes.|3] However the SBMFT

shows that at this energy scale there exists non-negligible spectral weight. In
Fig. we plot pg(w) as defined by

pa(w) = Z Im<d;‘rgdia>retarded~
The agreement on the qualitative features of ny; and G between the two
methodologies is then a coincidence (to a degree). In both cases the ground
state is Fermi liquid like and so G follows the Friedel sum rule which necessar-
ily mandates that the conductance vanish with two electrons on the two dots.
But the nature of the Fermi liquid in each case as predicted by the methodolo-
gies is much different. SBMFT predicts the scale of the low lying excitations is
Ty while the BA finds that for the special case of €47 = €40 (and only for this
case[3]) that the fundamental energy scale corresponds to the bare energies

scales in the problem, i.e. U and I'.

6.3.2 Finite Temperature Conductance

We now consider the finite temperature conductance. Plotted in Fig. are
traces for G(T') for double dots with both |€g1 —€ga| > I'1 2 and |es1 —€40] < Ty o
as computed with both the Bethe ansatz as well as SBMFT. For a Fermi liquid
ground state we expect that at low temperatures the conductance deviate

from its zero temperature value by 72 and we see that behaviour in both
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T=0 Conductance and Total Dot Occupancy for € =¢
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Figure 6.5: The conductance and the number of displaced electrons as a func-
tion of €41 (=¢€42) as computed using SBMFT and the Bethe ansatz. For slave
bosons we assume the symmetric case V;; = 1.
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Figure 6.6: A plot of the low energy density of states, p(w) for €5 = €50 =
—4.45T"1 5 in the Kondo regime as computed using SBMFT. As we are argue
in the text, this is an artifact of SBMFT (the BA shows that in this case py(w)
vanishes|[3]).

cases. From Fig. we see that in both treatments, the finite temperature
conductance for the double dots initially rises with increasing temperature to
an appreciable fraction of the unitary maximum and thereafter decreases in
an uniform manner (regardless of the bare level separation). (For SBMFT
we have defined the Kondo temperature as where this peak in G(T") occurs
while for the BA the Kondo temperature we employ the analytic expression
for Tk of the double dots derived in Ref. [3].) We however also see that there
are qualitative differences between SBMFT and the Bethe ansatz. The peak
in the conductance computed using SBMFT peaks at a value far closer to
the unitary maximum than does the Bethe ansatz. And we also see that the
conductance as computed in the SBMFT drops off far more rapidly than it
does in the BA (particularly at large level separation). We however believe
this is unphysical and akin to the pathologies that SBMFET is known to exhibit
at higher temperatures and energy scales.[145] T47-HI52]

As was demonstrated in Ref. [3], the conductance at finite but small T
is quadratic in 7" while at large T the conductance is logarithmic (going as
1/10g*(T/Tk)). The peak in conductance at finite T is then a result of the

conductance vanishing in the low and high temperature limits. These conduc-
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Finite Temperature Conductancein Kondo Regime

Slave Bosons Bethe Ansatz
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Figure 6.7: The linear response conductance as a function of temperature of a
symmetrically coupled double dot computed using both slave boson mean field
theory and the Bethe ansatz. For small separation in slave boson approach
we had €; — e = 0.05I'1 2 and ¢ = —4.1T'; 5. For large separation in slave
boson approach we had €; —e; = 5I'1 2 and €; = —9.4I'; 5. In slave bosons we
consider the symmetric case V;; = 1.
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tance profiles are similar to the those predicted in Ref. [I53] for multi-dots
coupled to two electron channels. However the physics there is much different:
the non-monotonicity in G(7') predicted in Ref. [I53] is due to the presence of
the two channels and because they couple to the dots with different strengths,

they screen a S > 1/2 state in stages.

6.3.3 Spin-Spin Correlation Function

We present the static spin-spin correlation function as a function of €4 and
as computed using SBMFT in Fig. [6.8f With two electrons on the dot the
value of (S -Sy) can vary between —3/4 (if these two electrons are bound in
a singlet state) to 1/4 (if the two electrons find themselves in a triplet state).
We see in Fig. that generically the value of the correlation function in the
Kondo regime (for the relevant values of ¢4 see Fig. that (S; - S3) tends
to 0. This however should not necessarily be interpreted as the dots being
closer to a triplet state than a singlet state. In determining the overall state
of the system, (S] - Ss), is not necessarily a good measure. We can see this by
considering a simple toy example.

Imagine a system of four spins, two associated with the dots, | 1)41 and
| 1)a2, and two associated with leads | 1);; and | 1);2. And first suppose the
system is in a singlet state. Two ways that this singlet state can be formed
are

singlet 1) = =(| Natl Haz — | Darl Ma2) @ (| Dl iz — [ Lhal Thiz);

singlet 2) = (| Dul Dar — | Dul Dar) @ (| Dial Haz — | Lzl 1)ad)6.12)

N~ N~

We see that the expectation value, (S;-Ss), of these two states is considerably
different:

(singlet 115 - So|singlet 1) = —3/4
(singlet 2|57 - So|singlet 2) = 0. (6.13)

Now suppose the system is in a triplet state and suppose its S, projection
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Spin-Spin Correlation Function of Symmetrically Coupled Dots
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Figure 6.8: The spin-spin correlation function of symmetrically coupled double
dot computed using slave boson mean field theory. We consider the symmetric
case V;; = 1.
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is 1. Again there are two inequivalent ways this state can be formed:

triplet 1) — %\ Bl Dz ® (| Pl Wiz = | Dal D)
|triplet 2) = %\ Dl Dar @ (| Dzl Laz — | Liz| Daz)- (6.14)

The expectation of these two values is

(triplet 1|S - Se|triplet 1) = 1/4

I
S

(triplet 2|5y - Ss|triplet 2) (6.15)

We thus see that when the system’s state is such that (S; - Sa) = 0, it can be
either a singlet or a triplet equally. We thus end with a more reliable measure

of the dot’s internal degrees of freedom: the impurity entropy.

6.3.4 Impurity Entropy

The final set of computations we present in this section are of the impurity
entropy of the double dots. In Fig. we plot results coming from SBMFT
and the BA for both large and small level separation. (The derivation of the
impurity entropy in the context of the BA is found in Appendix [H}) We see
that in all cases the impurity entropy vanishes as 7" — 0. This then implies
the ground state of the double dot system is a singlet. If it were a triplet state,
the 7' — 0 limit would lead to S;n, = log(2).

6.4 Discussion and Conclusions

We have presented a number of arguments that the ground state of a double
dot near the particle-hole symmetric point (i.e. when there are nearly two
electrons on the dots) is in a singlet Fermi liquid state. In particular we have
shown that the conductance in this limit vanishes, in accordance with the
Friedel sum rule and that the impurity entropy also vanishes, in agreement
with the ground state being a singlet.

These conclusions however disagree with a number of NRG studies. In Refs.
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Figure 6.9: The impurity entropy as a function of temperature of a sym-
metrically coupled double dot computed using slave boson mean field theory
and the Bethe ansatz. For small separation in slave boson approach we had
€p — €y = 0.00I'12 and ¢ = —4.1I'1 5. . For large separation in slave boson
approach we had €; —ey = 5I'y 5 and ¢, = —9.4I'; 5. In slave bosons we consider
the symmetric case V;; = 1.
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[119] and [120] it is found that a double quantum dot (with the dots closely
spaced) carrying two electrons is in a spin-triplet state, has a conductance
corresponding to the unitary maximum, and is correspondingly a non-Fermi
liquid. Similar conclusions are reached in Refs. [122] [123]. The basic rationale
invoked for observing this physics is that with dots closely spaced, a ferromag-
netic RKKY interaction is present which binds the two electrons on the dot
into a spin triplet. Consequently the ground state of the double dot is that of
an underscreened spin-1 Kondo impurity.

We offer a possible reason for the discrepancy that we find with these
studies. The Anderson Hamiltonian typically considered in these studies is of

the form:

H = Hieqa + Hior + Hicad—dot;

1
Hiws = D | kdkdl ag,:

-1

Hiype = Z edidjgdia + ZUinmnu;
i=1,2:0 i
1
Haot—tead = Dl/QZ/ dk Vi(d},ars + af ,di) (6.16)
o -1

where we are using the conventions of Ref. [I54] in writing down the NRG
Hamiltonian. Before implementing the NRG algorithm, one adopts a logarith-

mic basis for the lead electrons,

Ghg = D Wty (K) + bupo iy, (k). (6.17)
np
where
__AM2 diwnpk if A—( )« £ < AP
+ —A1012¢ 1 < < ,
(k) = ¢ U= (6.18)

0 if k is not within the above interval,

and w, is given by
2w A"

Tl AU

Here A is a parameter less than one. This change of basis transforms Hj..q

(6.19)

Wn,
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and Hlead—dot into
D -1 (gt i
Hlead = 5(1 + A ) Z A (anpa'a’np(7 - bnpoanU)

27rz (p' —p) A"
ZZ ) @ = Vb))
— 1 npo np npo np A
n p#p' L=A p=p

Hycaa—aot = D'?(1 =AY AVi((afy, + blo,)di + hc.). (6.20)

ino

Typically the approximation that is now made in most NRG treatments (and
seems to have been made in the above references) is that the p # 0 modes of the
logarithmic basis are dropped, not least because these modes do not directly
couple to the dot. In the single dot case, where this approximation was first
made,[154] [155] this was found to be a reasonable approximation. However
in the double dot case it is not a priori obvious that this is the case. In
particular if one finds an underscreened Kondo effect one might ask whether
that additional modes (p # 0) might serve to provide additional screening
channels.

Let us then consider the NRG Hamiltonian that would arise if both the
p =0 and p = +1 modes were kept. Hj..q can then be trivially diagonalized
using the combination

0 20 .
T'noo (Zanla — € Anoo + 2e anfla) )

W —

1
Tnte = ——F—= oay, ot 2 67 egan o 4+ 3i 629%_ ol
+ 3\/ﬁ[ 1 ( + ) 0 ( ) 1 ]

with § = —21;. Note that the corresponding transformation {s <> b} is

omitted for brevity. This yields

1+A7! 2r(1+A)+3(1—A
Hlead = DZA { LOUTTLOU—{— ( iﬂ'A ( )TIL+0rn+U

2r(1 4+ A) —3(1 = A)
A rjl oo —{r — s}}
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The corresponding transformation of the dot-lead Hamiltonian is

2 (1 2 (1 1
\/; (§ — z) rl o odio + \/; (§ + z) i diy — grlogdw +{r — s} +hc|,

(6.21)

Hdot—lead: E ‘/ni

ino

with V,; = D2(1 — A=)z A~ 5€0V,

We see upon this diagonalization that three channels of electrons, 7,(0.+} .0
and s,(0+}s, couple to the dot. And because of the nature of the logarithmic
basis, we see that 4+, — and 0 variables can be arbitrarily close to the Fermi
surface (due to the presence of the A= factor) and so should all contribute to
Kondo screening.

This analysis suggests that in a situation with two electrons on the double
dots which are bound into a triplet by a putative RKKY coupling, there are
nonetheless (at least) three available screening channels, at least in the NRG
reduction of the Anderson Hamiltonian. And so the problem would seem to
be not one of an underscreened Kondo effect but an exactly screened Kondo
effect. We do however note that while viewing the double dot system with
two dot electrons as an exactly screened Kondo effect is consistent with our
Fermi liquid findings, it is not clear under what conditions it would be correct
to think of the two electron on the dots as ever forming a triplet. While any
perturbatively generated RKKY interaction will generically be larger than
the exponentially small Kondo screening scale, there is a question of whether
the zero temperature perturbation theory underlying any RKKY estimate is
convergent because the system is gapless.[150]

While we have focused here on NRG treatments of double dots close to
their particle-hole symmetric point, similar analyses of any multi-dot system
might suggest that whenever the dot degrees of freedom exceed S = 1/2; it is
not possible to ignore the p # 0 modes of the logarithmic basis.

In the next chapter we will show that a completely different technique
known as the 1/N expansion also favors the prediction that the ground state

of closely spaced double quantum dots are Fermi liquids.
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Chapter 7

1/N diagrammatic expansion for

coupled parallel quantum dots

7.1 Introduction

Strong correlations in impurity problems have been of tremendous theoreti-
cal and experimental interest. The physics of strongly correlated systems can
be systematically studied via a system of quantum dots. This mesoscopic
setup of dots forms an ideal platform for studying and comparing various
low-dimensional techinques. As mentioned in the previous chapter, the exper-
imental ability to adjust the gate voltages which control both the tunneling
amplitudes between the dots and the connecting leads and the dots’ chemical
potential makes this a very preferable system for probing strongly correlated
physics (for example, see realization of Kondo physics in a single quantum dot
in Refs. [T07HIT0]).

With the ability to engineer multi-quantum dot systems one can now re-
alize more exotic forms of Kondo physics and effects of the Ruderman-Kittel-
Kasuya-Yosida (RKKY) interaction. There has been experimental and theo-
retical progress in studying quantum dots both in series and in parallel. De-
spite considerable literature on the subject much is left to be understood.

In this chapter we focus on the system of quantum dots in parallel without
direct tunneling or interaction between the dots. Although the dots are not
directly coupled, they are coupled through an effective RKKY interaction.

Our calculations will help us explore the nature of the RKKY interaction in
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parallel double quantum dots. We will argue that the RKKY interaction is
non-ferromagnetic due to its non-perturbative nature. The method we are
going to use is a systematic diagrammatic expanion in 1/N where N is the
degeneracy of the dot level. When applicable we will compare it with a recent
Bethe ansatz and a slave boson mean field analysis for the same geometry (also
see chapter @ The method of 1/N expansion helps us to compute quantities
such as zero temperature conductance and dot-occupancy. We find that the
conductance vanishes at the particle-hole symmetric point and we can argue
that the ground state is a Fermi-liquid.

The chapter is organized as follows. In Secion we describe the double-
dot model we are interested in studying and we will briefly describe the method
we used. In Section [Z.3] we will write down our results for the Green’s function
matrix, partition function, dot occupancy and conductance. In this section
we will also show that the Friedel Sum Rule holds perturbatively in 1/N and
we will use this fact to compute the conductance from the dot-occupancy.
Lastly, in Section we will discuss the implications of our results and make

a comparision with other low-dimensional techniques on the same geometry.

7.2 Model studied and method used

The model we are interested in is given in Fig. The Hamiltonian for this

system is given by

H = — Z /+<>o dxc}:,axclg + Z Via (cjmdm + h.c> + Z €daNoa
lo - oo

oo

+ Z Uanranya (7.1)

The ¢, specify electrons with spin ¢ living on the two leads, | = 1,2.
The d,, specify electrons found on the two dots o = 1,2. Electrons can
hop from the leads to dots with tunneling strength V. The strength of the
Coulomb repulsion on the two dots is given by U,. We suppose that there
is no interdot Coulomb repulsion and that tunneling between the two dots is
negligible. The starting point is the Hamiltonian and we will study here
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the U, = oo case. The constraint of preventing double-occupancy on the dots
is fulfilled by introducing two Lagrange multipliers A; and Ay. The slave boson
formalism consists of writing the impurity fermionic operator on each dot as a
combination of a pseudofermion and a boson operator: d,, = bL foa- Here f,q
is the pseudofermion which annihilates one “occupied state” on dot a and b},
is a bosonic operator which creates an empty state on dot a. Instead of doing
a mean field approximation we will instead do a systematic diagrammatic
expansion in 1/N where N is the degeneracy of each dot. Under the slave
boson formalism the double dot Hamiltonian (7.1)) reads,

H=—iy" / e drcl,0uciot Y Via (clyablifoa + 1)+ tatat 3 iRalblbatD flofra—1)
lo ¥~ o oo «@

and we will introduce,

Hmia: - Z Wa (c;gabllfaa + hC)

To make Feynman diagrams we use the most general definition for Green’s

function,

< O T) Fou(T) £ (0)b5(0) e Jo Hmiz()dr
L G G UL : )

; < o= JY Hmic(r)dr >0

From we see that G is a matrix in the dot-space. All the diagrams
(connected and disconnected) are constructed by the basic principle and the
constraint was imposed on numerator and denominator separately. The sub-
script 0 in denotes the ground state of the non-interacting system.

In this chapter we deal with arbitrary couplings Vj, however respecting the

following ratio condition,
‘/104 ‘/lo/
L =\ 7.3
‘/Qa ‘/20/ ( )
This ratio condition helps us to map this Hamiltonian to even and odd
channels, ¢/, = (Vij2001 £ Va/1,002)/v/20, where Ty, = (V2 + V3,)/2. Under
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the map, the Hamiltonian factorizes into even and odd sectors:

He = —i Z /OO dx ¢! 0yCeq + Z V204 (c! dye +h.c)
lo V7= oo
+ Z €daNoa T Z UanToan,a;

H, = —22/ dx ci(,@xcog, (7.4)
lo —©

where, as can be seen, the odd sector decouples from the double dot. For

convenience we will make the replacement /2I'y o — /I'1 2.

7.3 Results

7.3.1 Greens Function Matrix

In this section we first start with the results for the Green’s function matrix.
We are interested in those terms of the matrix that will be further used to
show that Friedel Sum Rule holds perturbatively in 1/N.

The Green’s function takes the form

GO<1)+O<ﬁ) GO(%HO(@

G - 0111 o) 1 ) 12 1
L)+O0(= 1
G21(N) (2 G202(1)+0(N)

We will introduce the following notations.

Jr

Yi19(z) = NT _— 7.5
e <>
0%1,] 7"
Zl,2 [E01,02] =11~ 0z |Z:E01,02
The entries of the matrix are then as follows.
GO (i) = Z1(Eon) (76)
1 " Wy — TA1
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L Z1 (B
GV i) = ).

i — T, =i (VinVig + Vo Vi) | - —————

7.7
MWWy — TA2 ( )

In Eq and one can swap the subscript 1 <+ 2 to get the corre-
sponding expressions for G%(l)(iwn) and G;)l(%)(iwn). Notice that Eq and
are the lowest order diagrams in 1/N for the matrix entries.

Here ¢, denotes the energy of the conduction state and f; denotes the

fermi-function, ie, f; = ﬁ.One can easily notice from 1) that

N (‘/121,12 + ‘/221,22) Log

™

€d1,2 — W

D

Re¥ 5(w) =

and we can also easily see that, ImX; s(w) = 0if w < €g,, and ImX; 5(w) =
—N (V3 15 + Vi 55) otherwise. It is to be noted that Eyy 5 is the most negative

solution of w — Re¥ 2(w) = 0 and,
TA1,2 = €dyy — E01,2

We write down results for next-to-leading order here.

I [62)] = —(ZQ%—w(—w—TAl)R(w)—w@(w—Tm) [S(w) + T(w)]

W — TAl) (7 8)
The definitions of S(w), R(w)and T'(w) used in (7.8)) are as follows
Rw) = Zy(Eor) {er} 2 /—w dk 1
= 2 2
N T Ty, (WA e —Ta,) <€k — (%) IOg(fj — 1)) + (NF)z
(7.9)
S(w) = Z1(En) {err 1 /w dk
— 5 2
N T (w—Tu)? 1, (% — (ML) log( - — 1)) + (NT,)?
(7.10)
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T(w) = Zl(];,E‘”) {Nﬂrlr {Til - H [w T+ (;ﬂrl) IOg(ﬁl)r (7.11)

As has been pointed out before GQOQ(I/ N)'is obtained by just interchanging

the species index 1 <+ 2. It is important to notice for future that

Im |GV (w = 0)] = ——(Z;@“;fl;; (7.12)

and we also have from Eq. (7.7)) that

AED) 14 Vi 4 Ve Vi) - 22 E02)

0(%)
Im|G,Y (w=0)] =—
m|Gy" (w )] W — Ta, w—Ta,

(7.13)

For the sake of brevity we donot presents expressions for those parts of
the Green’s function matrix that are extraneous to the main goal which is to
provide strong evidence of a Fermi-Liquid by perturbatively showing that the
Friedel Sum Rule holds.

7.3.2 Partition function and dot-occupancy

We present here results of the partition function from diagrams from which
one can also extract the dot occupancy. The partition function and the dot

occupancy obey the simple relation

10log Z
Ng12 = —— 7.14
B aEdl,2 ( )
It turns out that the partition function is given by
7 — 6_’8E01 . 6—5]302 (715)
From this its trivial to see that ng; o = %. After some algebra one finds

H12
T+

(7.16)

Ngi2 =

where
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NT'i
T a1 2

P12 = (7.17)

It should be again noted that while Greens function was computed upto
O(1/N) it suffices (as far as proving FSR perturbatively is concerned) to com-
pute dot occupancy upto O(1). Higher order corrections to the dot occupancy

are extraneous to the main goal of the chapter.

7.3.3 Friedel Sum Rule (FSR) for double quantum dots
7.3.3.1 Friedel Sum Rule.

F'SR states for N-fold degeneracy that

7rnf
0(0) = —= 7.18
=" (719)
Another and more convenient way of writing the FSR is through linear
conductance
ez 4)N? .o (TN
a(w = 0) = 2Em S1n (T) (719)

Also following Meir and Wingreen [I57]we have the most general expression
for linear conductance as
(w=0) 2 [Tr {T,G"}] (7.20)
h(1+A2) L
where G" is the full retarded Green’s function matrix in dot-space and I'j,

is the bare hybridization matrix both defined as

G = Gj} G? (7.21)
G21 GQZ
V2 VaW

I, = v e (7.22)
VitVis - Vg

Thus to show that FSR holds we need to show that a perturbative expan-
sion in ([7.19) is equal to a perturbative expansion in ([7.20) ,ie, we have to

show that perturbatively
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ez 4)\? ™ e? 2
9 7 sin? ()= 9= % Im[Te{T G 7.23
h(1+ a2z (N) ESD RS (7.23)

7.3.3.2 Proof that FSR is satisfied perturbatively for double quan-

tum dots

The left hand side of (7.23) to O(4) is equal to

AN? . o (TN 4)\2 o (T (s +ny)
1+ 22" (V) - 1+ 22" ( N )
N2 2,001 L0(1)
Y —(1_'_/\2)2@{71?1 +nfc2
+ Qng(l)n?z(l)} (7.24)

The right hand side of 1) to the same order, ie , O(Rz)

gives
2 ) 2 O(1/N O(1/N
m'lm[Tr {r,G"} =~ —mlm{vﬁ(}n( / )+V11V12G21( /N)
O(1/N O(1/N
+ V11V12G12( / )+‘/122G22( / )} (7.25)

where all the Greens’s functions were evaluated by diagrammatic approach.
We indeed find that the FSR (7.23) holds for double-dots perturbatively.

7.3.3.3 Evaluation of conductance using FSR and 1/N diagrams

Since we showed that FSR holds perturbatively in 1/N we will use Eq(7.19)

to compute the linear conductance, ie,

e ANt (7 [nag, + na,
O'(w = 0) = 2%(14——)\2)2 S1n (T) (726)

where ng, and ng, are calculated from diagrams of partition function z, ie,

1 dlog z
5 86]”1,2

(7.27)

Ndg, o =
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7.4 Discussions and Conclusions

In this chapter we have studied a double-impurity model using the well-known
technique of 1/N expansion where N is the degeneracy of each dot level. We
computed the entries of the Green’s function matrix. We also computed the
dot occupancy after evaluating the diagrams of the partition function. With
the knowledge that FSR is satisfied for this system of closely spaced dots we
compute the linear conductance from the dot occupancy. We find that the
conductance vanishes at the particle-hole symmetric point and the results are
in agreement with a slave boson mean field theory of the same system. Thus
we find evidence that the ground state of a system of double dots is a Fermi-
liquid singlet. The RKKY interaction in this case is clearly non-ferromagnetic
in nature and this is due to the non-perturbative nature of the problem. These
findings are consistent with a Bethe-Ansatz and slave boson mean field analy-
sis of the same system. However, we note that there are discrepancies between
our results and the results stemming from the method of the Numerical Renor-

malization Group. Possible reasons for these discrepancies were mentioned in

Chapter [6]
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Appendix A

Asymptotic Bethe Ansatz solution
of the spin Calogero Model and
separation of variables in

hydrodynamics

The spin Calogero model is solvable by an asymptotic Bethe Ansatz (ABA)[43],
63, [158]. This solution turns out to be the most convenient for our purposes.
The most important ingredient of the ABA is the scattering phase which

is given by
0(k) = mAsgn(k) (A.1)

for sCM. Here k is the relative momentum of two particles and the scattering
phase does not depend on the species of particles. The expression for the
dressed (true physical) momentum of the particle is given by

_27T

)\ o0
k(k) = T {/{ - 5/ sgn(k — kv (k') dr'| (A.2)
where £ is an integer-valued non-interacting momentum of the particle (quan-
tum number) and v(k) is the number of particles with quantum number & (see

(3.18)). Here we replaced in the scattering phase sgn (k— k') by sgn (k — /)L

!The function k(k) is monotonic and, therefore, sgn (k — k') = sgn (x — «'). This trick
is specific for Calogero-type models with scattering phase given by sgn (k — k') and works
for Haldane-Shastry model in the absence of umklapps.

140



We immediately obtain from (A.2)

L% [+ ()] de (A.3)

and
v (k) dk

1+ Av(k) 27 (A-4)

vy (k) dr = L

We can see that the picture corresponding to (A.4) in a single-particle phase
space requires that the number of particles in the phase space volume is given
b 2:&”)\‘?&“1) if only one species is present and % when both species are

present. This justifies the picture we used (see Figs. and (C.1]).

It is easy to write down the expressions for the conserved quantities using

().

Ny = L/jg% (A.5)
+o0
P:L/_OO %%k (A.6)
+oo
P = L/_oo %fﬁﬁik) g (A7)
400 2
E = L/oo %%% (A.8)

Here P; is a conserved quantity proportional to £7 introduced in [I59]:

N
A . . a )\ e ™ z z
P, =—i E Uja—% 157 E CO‘JE(%‘ —a) [0] — o Pji. (A.9)

J=1 J#

One can think of, e.g., Py = (P + Ps)/2 as of a sum of asymptotic values
of momenta of spin-up particles. We have replaced summations by integra-

tions as we need only continuous versions of these formulae. It can be shown

that (A.5[A.6[A.8) are equivalent to (4.23]3.19|3.20) with the relation between

physical and non-interacting momenta given by (A.2)). Moreover, because the

. . dk VT(¢)(k)
measure of integration o T+ (k)

tribution (3.24)), one naturally obtains integrals of motion in a form which

is a piece-wise constant for the two-step dis-

is completely separated in terms of Fermi momenta. Indeed for a two-step

141



distribution (|3.24)

1, if kpo < k < kpa
ua:{ v MR < B FR (A.10)

0, otherwise

where a =1, /. In the CO regime (3.50) we have
/ dk (k) k) = /’““dk 1 k) + /de 1 f(kH/kmdk 1 0,
2m 1+ (k) i, 2T 14 ko, 27 142X b, 27 14X
dk (k) Frodg 1
_ = A1l
/ or 14 (k) f (k) /k o 1+ 2\ f(k), (A-11)

Ll

where f(k) is an arbitrary function. In particular, we obtain for the densities

N 1

27T<)\—|—1) f = kRT—kLT—l- 2>\+1<kRi_kLJ’>’ (A.12)
N

271'()\—'—1) T == kRT_kLT_ (kRi_kLi)7 (A13)
P 2 2 1 2 2
P
E 1

12r(A + 1) T = kpe — k3 + ——— T (kfu —k3)). (A.16)

So far we presented the values of the conserved quantities for the sCM in
terms of dressed Fermi momenta. They are given by linear combinations of
Fermi momenta raised to the same power. There are infinitely many integrals
of motion of this type and they are all in involution (commute with each other).
The latter is a pretty stringent requirement and we assume that the only way
to satisfy it is to require that the corresponding classical hydrodynamic fields

have the following Poisson’s brackets

{ka(@), ka(y)} = 27500256/ (x — ), (A17)

where a runs over all Fermi points and s, are some numbers to be determined.

We can determine these numbers, e.g., in the following way. The density of
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current j (momentum per unit length) from (A.14) by

1 1
] = |k%. —k? — (K% — k? . A.18
j(x) Ot | LT+2)\+1( R~ k1) ( )

The total momentum of the system is a generator of the translation algebra
{P,q(y)} = 9yq(y), where ¢(y) is any field. For the current density we should

have
{i(@),q(y)} = q(x)d'(x —y). (A.19)

Taking ¢(y) to be k,(y) and combining (A.19)) with (A.17) we fix the unknown
coeflicients s,

SRT = —SLT:A—FL
SRJ, = —8L¢:(A+1)(2>\+1) (AQO)

Computing Poisson’s bracket of the hydrodynamic Hamiltonian (obtained from
(A.16])

1 1
= [ do |k} — K+ —— (K} — & A21
127T(A+1)/ x{m AR yenil Ay (4.21)

with k,(x) we obtain Riemann-Hopf equation (3.43) for every Fermi momen-
tum field k,(z,1).
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Appendix B

Hydrodynamic velocities

In appendix [A] we did not use the notion of hydrodynamic velocity. Instead,
our hydrodynamic equations were written directly in terms of dressed Fermi
momentum fields k,(z,t). We also know how to express other quantities like
density, momentum, energy, etc in terms of these variables. Let us now find
the expressions for the velocity fields vy . We focus on the CO regime here
and consider other regimes in appendix [C]

First of all we, give the expressions for the conserved densities and con-
served current densities which can be found from (A.12JA.13[[A.14[|A.15)) as

_ptes 1 A N
T T T a1 [km Fir = 53 + 7 (knt k”)] ’
P — Ps 1
. o ]+]s o 1 2 1.2 A 2 1.2
T Ty T Ar(A+1) {km My 2N+ 1(’% k)|
: J—Js 1

In hydrodynamics, the velocities are defined as variables conjugated to the
conserved momenta. Namely, the differential of the energy density defines

chemical potentials and velocities as

de = /LpoT+H¢dp¢+U,}rldj¢+’dej¢. (B3)
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Using the energy density obtained from (A.21) we have

1 1
de = ———— k%, dkpy — k2, dk — (k%, dkgp, — k%, dk
(B.4)
and using (B.1B.2) one can determine y4 | and v . The hydrodynamic ve-

locities are given by linear combinations of Fermi momenta !

1
U? = §(kRT + kLT),
1

o = 00D [Akrt + krt) + (kry + k)] - (B.5)

Using (A.17JA.20)) one can check that the velocities (B.5]) have canonical Pois-
son’s brackets with densities (B.1])?

{Pa(2),v3(y) } = dad’(z — y), (B.6)

where «, 5 =T,]. The other Poisson’s brackets vanish.
The hydrodynamic velocities (B.5)) are precisely the ones used in the main

body of this chapter for CO regime vy = v% ;- Equations 1) are
the inverse to (B.LJB.5). Interestingly, in the CO regime the velocities and

densities of different species can be naturally (simply) written in terms of bare
non-interacting momenta ([3.29}3.30)).

The current density in terms of densities and velocities follows from ({A.18)

(compare with (3.31)))

j(@) = prvy + pyuy. (B.7)
The density of “spin-current” which follows from (A.15) has a “correction”
proportional to A compared to the case of free fermions

Js(x) = proy — pLoy 4 2Ap (v — vy). (B.8)

In this appendix we focused on CO regime. Of course, the formalism

reviewed here is applicable to all three hydrodynamic regimes (CO, PO, and

!This is a peculiar property of the spin-Calogero model and, moreover of CO regime. In
PO regime this property does not hold, see appendix E] for details.

2This is a peculiar property of the spin-Calogero model and, moreover of CO regime. In
PO regime this property does not hold, see appendix E] for details.
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NO). We collect appropriate results in Appendix

146



Appendix C

Hydrodynamic regimes for the

spin-Calogero model

Depending on the relative order of four quantum numbers kg .+ | we distin-
guish six different hydrodynamic regimes of the sCM. These regimes can be
reduced to three essentially different ones exchanging 1 <> |. In this appendix
we consider these three regimes and then combine all six cases.

Before we proceed, let us remark that the function k(x) defined in (A.2) is
monotonic and the order of the quantum numbers kg 1.4 is the same as the
one of the physical dressed momenta kp+ = k(kgr+) etc. Therefore, we can use

the latter to define hydrodynamic regimes instead of the bare momenta x.

C.1 Conserved densities and dressed Fermi mo-

menta

Let us consider generally some integrable system which has two infinite families
of mutually commuting conserved quantities. We assume further that the

densities of these quantities are given in terms of four dressed Fermi momenta
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ko(x) with a =1,2,3,4 as

4
. 1 n
Jnl@) = =3 aalhale))"
a=1
1A
Jn(x) = gzaaba(ka(fc))” (C.1)
a=1
Here n = 1,2,3,... and a,,b, are constant coefficients. We assumed that

the conserved densities can be expressed locally in terms of k., and neglected
gradient corrections.

We identify the first several integrals with densities, currents, and the en-

ergy as
Ji(z) = plz),
Ji(x) = pslx),
Jalz) = j(=),
Ja(x) = Js(x),
Js(x) = 2e(x). (C.2)

We notice here that due to (A.5HA.8) the identifications (C.2)) (with (C.1))) are

valid for sCM model in all its regimes. The higher order conserved densities
correspond to conserved quantities of sCM introduced in Ref.[159].
The requirement of vanishing Poisson’s brackets between conserved quan-
tities is very restrictive. It can be resolved by requiring canonical Poisson’s
brackets between Fermi momenta . It is valid, it is easy to check
that { [ dz j,(z), [ dy ji,(y)} = 0 etc. Using the fact that the total current is
the generator of translations we can fix the coefficients s, in as

2754 = 1/a, and obtain

{hala), (o)} = b2 = ) ©3)

Using the Poisson’s brackets 1} and the Hamiltonian H = [ dxe(x) with
(C.24C.1)) it is easy to obtain the Riemann-Hopf evolution equations for the
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Table C.1: Summary of three regimes.

a LT BT Ll Rl

co 27?(/\;\ 1) aq 711 1 7(*2ﬁ1) 2?\/\7-;11 kry < kpp < kry < kgy
. 27{'(}\;; 1) aa —11 2ﬁ1 _(_zﬁn _11 kry < ks < kry < kgt
O 27T(Ab+u 1) an 711 1 j _11 ke, < kpy < kpr < kgt

dressed Fermi momenta
Oiko + koOpka = 0, fora=1,2,3,4 (C.4)
and the evolution equations for all conserved densities as

8tjn+az,jn+1 = 07
atjz+amjz+1 = 0. (C~5)

In the hydrodynamic regime only four of the densities are algebraically inde-
pendent (as there are only four dressed Fermi momenta). Therefore, one can
find constitutive relations, i.e., express the energy density in terms of p, ps, j

and j,. Alternatively, one can use hydrodynamic velocities v and v" defined

by (B.3) instead of currents j, j.

We can see that the hydrodynamics (C.1}C.2C.3) is fully defined by coeffi-
cients a,, by. In fact, these coefficients are not totally independent. Requiring

that densities p and p, have vanishing Poisson’s brackets with themselves and

with each other gives three relations between the coefficients

Zaa = 0,
Zbaaa = 0,
> Bla. = 0. (C.6)

For CO, PO, and NO regimes of sCM these coefficients are summarized in the

Table These coefficients do satisfy relations (C.6]).
The matrix of Poisson’s brackets of the dressed Fermi momenta k, (C.3)

is diagonal but not proportional to the unit matrix. It is interesting that the
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Poisson’s brackets of bare momenta k, satisfy

L2

{Ka(2), i5(y)} = (—1)"5—0as0"(z — y). (C.7)

One then obtains that the “velocities” introduced in , are canoni-
cally conjugate to the corresponding densities and can be written as linear
combinations of k. (and of k,). The velocities are defined just as
conjugate variables to the densities. This definition is not unique. One can
always shift vy — vy +27yp, and v| — v, — 27yp; with any number v without
changing Poisson’s brackets. The particular choice of variables is
convenient because it defines velocities continuously across all hydrodynamic

regimes. Moreover, we have

vy = v%, for CO,
vy = vp ETApLL, for NO. (C.8)

In PO regime the hydrodynamic velocities are not linear combinations of k,
and their relations to the conjugated variables vy used in this chapter are

more complicated.

C.2 Complete Overlap Regime (CO)

The Complete Overlap regime corresponds to the case when
™ s
— = psl < vs < = |pgl . C.9
5 |Psl <vs <5 sl (C.9)

In this case the support of v is a subset of the support of v (or vice versa).
In the main body of the chapter we mostly concentrated on this case, but for
convenience we recap the main formulae in this appendix as well. The dressed
momenta in the CO regime for p; > 0, i.e., for the ordering

kLT < kLi < kRi < kRT , (ClO)
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are

kRTLT = UT:l:ﬂ'[(A—i-l)pT—f—)\,OJ,] :UTiﬂpTﬂ:)\ﬂ'pc,
kriy = A+1)v, — Ay 2720+ 1)py
vy £ 7p, + N—2vs £ 27p)). (C.11)

Poisson’s brackets of k, are given by (C.3) with coefficients from the Table
One can express all conserved densities (C.1)) in terms of dressed Fermi
momenta using the Table For example, the Hamiltonian (see (C.2)) reads

1 1 .
H - - 3 1.3 - 3 1.3 12
co 1271'()\ + 1) /dx {kRT km + 22 +1 (kRi ku) (C )
1 1 A 2
= /dﬂ? {5,%’0% + 5/%”3 TP (v —vy)

2)\2 2
ot (e ed)

* 6
A—7T223 3p? 3p° C.13
+ 5 (207 + 3070, + 3p7) - (C.13)

The evolution equations are given by (C.4)) and can also be recast in terms
of equations for densities and velocities (3.38)13.39).

C.3 Partial Overlap Regime (PO)

There are two regimes when the supports of 4 and v} only partially overlap.

Here we concentrate on the case for which
T T
— |ps| < Vs < = Pe C.14
5 lpsl <vs <o p (C.14)

corresponding to the ordering

kLi < kLT < le’ < kRT . (015)
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The other PO regime can be obtained by exchanging up and down particles,
i.e. by changing vy — —v,. In this case the dressed momenta (A.2) are

kry = v —=mA+1)p, —mApy = v, — wpy — Ampe,

ke = v+ Ao —vy) = 72X+ 1)py = vy — 7pp + AN(20s — 27py),

kry = v, — Moy —v) + 72N+ 1)p, = v + mp, — A (20, — 27py),

kry = v +7(A+1)py +7hp, = vp + 7ps + AT, (C.16)

and the Hamiltonian becomes (see Table and (C.1liC.2))

1 1
H, = —— [ dx |k, — K3 R TS p— 1
POT Tor(nt 1)/ v { r Ky + oy (e ”)} (C17)
1, 1, A ,
= [ deq et + gpv) + Ampypy (v = vy) = o vy — vy = (pr + )]
T2\2 2
5 (pr +p,)° + 5 (1+2X) (pi + p}) } (C.18)

Poisson’s brackets of k, are given by (C.3) with coefficients from the Table
and evolution equations are given by (C.4).

C.4 No Overlap Regime (NO)

In this case, the supports of 14 and v| do not overlap at all. For vy > 0 the

ordering of dressed Fermi momenta is
]{ILJ, < kRi < kLT < kRT (Clg)
and momenta themselves are

kryor = vr+7mAp, (A4 1)pr = vy £ 7pp £ ATpes,
kpiny = v,—mAprE£T(A+1)p, =v) £7Tp, — ATps . (C.20)
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Figure C.1: Phase-space diagrams of a hydrodynamic states characterized
by four space-dependent Fermi momenta in three regimes CO, PO, and NO
respectively.

and the Hamiltonian becomes (see Table and (C.1}|C.2)))

1

Hyo = m/dx Kk = Ky + Ky — K7 (C.21)

1 1
= / dx{gﬂﬁ% + §mvf + Amprpy (0 — )

2

+= A1 (4 )’
- %2 (14 2X) prpy (o1 + py) } (C.22)

Poisson’s brackets of k, are given by ((C.3|) with coefficients from the Table
and evolution equations are given by (C.4)).

C.5 All cases combined

It is possible to combine all hydrodynamic regimes into relatively compact
expressions introducing absolute values of hydrodynamic fields. A general

Hamiltonian valid for all regimes takes a form

1o, 1, s, Ty T 3, 3
H = dx §pTUT + §p¢v¢ + 3 (/)T + pi) + E)\ pP. + §2>\(pT +p})

A
+A 18 — 3- (1&]® + 1&)%)

+

- [xal® = x3 + [xel® + x3] } (C.23)
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‘ k inequality ‘ Vg ‘ Ds ‘ & =5+ 5ps ‘ C=0s— 5ps | Xa = Vs + 5P | X2 = Vs — 5P vy inequality ‘ Regime ‘
ki < kpy < kpy <kg — — — — Vs < —Zpe NO
krr < kpy < kpy < kg, - - + - —2pe < Vs < —Z|ps| PO
kpy <kpy <kry <kg - - + + — 2Ps < Vs < =Fps CO
ki < kpy <kgr, <kpgt + + - + - —2Ps <vs < Zps CO
kp, < kpy <kpr, <kgrt | + + + + — Zlps] < vs < Zpe PO
kpy < kg, <kpy <kgp | + + + + + TP < Vs NO

Table C.2: Classification of different regimes: + indicates that the field takes
positive values, — that it is negative. A blank means that its sign is arbitrary.

where we introduced the following notations

§10 = vk

Il
=
H_

X1,2

(C.24)
(C.25)

The Hamiltonian (C.23]) can be obtained from ([3.203.21]) for the general case

of a two-step distribution function vy (k). We collect in the Table the
information necessary to go quickly from the general expression (C.23)) to the

particular ones valid in separate regimes (CO, PO or NO).
We can combine the evolution equations following from (C.23) in the

spin/charge basis (3.12)) as

Pe = —8x{pcvc + psvs}, (C.26)
) A
Ps = —ax{/?cvs + PsVe — - [51\51\ + &2l&| — xalxal — X2‘X2@ }a (C.27)
2 2 2
e = —@{% + %[(w FoN+1) 2+ (20 + 1)p§}
A

+ ) [X1|X1‘ - XQ‘XQ‘:| }7 (C.28)
. w2 A
Vg = —0z% VU4 + T (2A 4+ 1) peps — 3 [fl\fﬂ — £2|£2]] . (C.29)

For CO and PO regimes the Hamiltonian (C.23) takes an especially simple
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form in terms of dressed momenta

1 3 3 3 3 A 3 3
Heowro = m/dx{kRT_kLTJrkRi_kafm“km—’fu\

+ |k — l{:;”uﬂ } , (C.30)
which are related to density and velocity fields as

krrpr = v E2m(A+1Dpr + Axaz F A&l ,
krio, = vpEa(l+Ap — Axen F AGe - (C.31)

As in the separate cases considered before, these momenta have canonical

Poisson’s brackets (A.17) with

sprre = (A+1)[A+ 14 Asgn(&)]
Sir Ll = —()\ + 1) [)\ +1F /\ng (52)] (032)

and evolve independently according to the Riemann-Hopf equations (C.4)).
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Appendix D

Hydrodynamic description of
Haldane-Shastry model from its

Bethe Ansatz solution

The Haldane-Shastry model (HSM) is a Heisenberg spin chain with long-

ranged interaction defined by the Hamiltonian:

1 K,
HHSI\/[ =3 —] ) (D]‘)
2 ; d(j—1)

where we K is the spin-exchange operator!:

K, - 2ol (D.2)
2

and d(j) = (N/x)|sin (7mj/N)| is the chord distance between two points on
a lattice with N sites and periodic boundary conditions. The model
has been introduced independently at the same time by Haldane[66] and by
Shastry[67] and has been shown to be integrable. The energy spectrum of the
HSM is equivalent to that of the Calogero-Sutherland model at A = 2, but

with a high degeneracy due to the Yangian symmetry [160] T61].
In this appendix we used the Bethe Ansatz solution [66], 162] 163] to con-
struct a gradientless hydrodynamic description for the HSM similarly to what
we have done for the sCM model in section and appendix [A] To this

'Note that for fermions Pj; K;; = —1.
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end, we consider a state with M overturned spins over an initial ferromag-
netic configuration (say from up to down and M < N/2) and introduce M
integer quantum numbers k’s to characterize the state in the Bethe Ansatz
formalism. As before such state can be described by a distribution function
v(k) = 0,1, depending on whether that quantum number is present or not in
the BA solution. Following [66] we impose a condition on the integer numbers:
k| <(N—-M—1)/2. 2
The scattering phase for the HSM is

0(k) = msgn(k) , (D.3)

which corresponds to setting A = 1 into 3. Please note that since we
are considering a lattice model, the momentum is defined within the Brillouin
zone: —m < k < m, where we took the lattice spacing as unity.

At this point, all the derivations of appendix [A] can be repeated step by
step for the HSM just by setting everywhere A = 1, and remembering that the
momentum is always defined modulo 27. In particular, the dressed momentum
is

27

b(w) = [H% / san (5 — &) (k)| (D.4)

where again we replaced sgn (k — k') by sgn (k — x’)* and the distribution of

the physical momenta is given by
v(k)dk = — v(k)dk . (D.5)

In terms of this distribution function, the conserved quantities can be writ-

2This corresponds to having a single compact support of v within a single Brillouin zone.
Other regimes will require an analysis of umklapp processes[158] and will not be considered
here.

3This scattering phase is identical to the one in A = 2 bosonic Calogero-Sutherland
model [66].

4The function k(x) is monotonic and, therefore, sgn (k — k') = sgn (k — ). This trick
is specific for Calogero-type models with scattering phase given by sgn (k — k') and works
for Haldane-Shastry model in the absence of umklapps.
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ten as

M o= N/% u(k), (D.6)
p = N/% v(k) , (D.7)
E - E0+N/% 0 %2 (D.8)

where the momentum is defined only modulo 27. From now on, we will drop
the constant energy shift Ej.
In a hydrodynamic description we assume a distribution of the uniform

type

(D.9)

1, if —m<kp<k<kr<m,
0, otherwise,

where kp ;, are some numbers. Using and introducing space dependent

fields instead of constants we write (D.6ID.7)) as
kr—k
M = /dx R4 L :/dxp, (D.10)

s
k3 — k3
P = /dx L :/da:pv, (D.11)
8m

which suggests the identification

kpr=v+2mp. (D.12)

Then the hydrodynamic Hamiltonian follows from (D.8)):

k3 — k3 1 2
Husn = [de~B L= [dz|=po®+ 2 a2 p D.1
HSM /x Sy /I[va +37T 2 (D.13)

which corresponds, as expected, to the (gradientless) hydrodynamic of a A = 1
spin-less Calogero-Sutherland model (3.37).

We think of slowly varying fields p(x,t) and v(x,t) as of classical fields
obeying the Poisson relation {p(z),v(y)} = ¢'(z —y). Then (D.13) generates
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the evolutions equations

po= —0;(pv),
) = —0 ”—2+”—242 (D.14)
T TR\ T ) :

One can easily recognize in the hydrodynamics of spinless Calogero-
Sutherland model for A = 1. The correspondence between eigenstates
and eigenenergies of Haldane-Shastry model with A = 2 spinless Calogero-
Sutherland model has been noticed in the original paper [66]. The degeneracy
of the states due to the SU(2) invariance and Yangian symmetry is lost in our
classical hydrodynamics model.

For comparisons with the derivations from freezing trick [57] in section
we express in terms of ps; and v, used in the main body of the
chapter. We identify the density p = M/N = p, as the density of spin-down
particles and the velocity v as a velocity of spin-down particles relative to
the static background of spin-up particles, i.e., v = vy — v, = —2v,. The
charge density corresponding to the lattice with spacing one is just py = 1.

We summarize

Po — Ps

p=p="5 v=—2u,, po=1. (D.15)
Using (D.15)) we rewrite (D.13) as
2. 9 2.3
Hysy = /dw {po@f — PV + T Zops — 12’05} , (D.16)

where we neglected a constant and a term linear in p,, which amounts to a

shift in the chemical potential. The evolution equations for the spin density

and spin velocity follow from (D.14}D.15)

ps - _av {2Usp0 - 2Usps} )
2 2
vy = _aar {_UE + %POPS - %Pg} : (D17)

We notice that the above (D.16] |D.17)) is nothing but the strong interaction
limit of the sCM (3.53|I3.56l3.58)).
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Finally, we remark that it is easy to check that the distribution function
implies that —% < p, < % and therefore corresponds to the CO
regime of spin-Calogero model.

Both in this appendix and in writing classical hydrodynamics for sCM we
neglected the degeneracy of the corresponding quantum models due to the
Yangian symmetry [I60, 16I]. We assumed that during the evolution string
states are not excited. Of course, the degeneracy plays a very important role
for perturbed integrable systems and for the hydrodynamics at finite temper-

atures.
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Appendix E

Exact solution for Riemann-Hopf

equation in arbitrary potential

In this appendix we find an exact solution k(z,t) of the forced Riemann-Hopf
equation,
ki + € (k)k, = =V'(x). (E.1)

Here €(k) is some function referred to as “dispersion” and the prime means
the derivative with respect to the independent variable (e.g., € (k) = 0e/0k).
The problem is to solve (E.l) with an initial condition k = ko(z) at ¢t = 0.
This problem can be easily solved using the general method of characteristics
[164]. In this appendix we solve the Euler-type Eq. rewriting it in the
Lagrange formulation. Namely, we notice that the left hand side of can
be interpreted as the time derivative in the reference frame of the moving
particle. In other words is equivalent to

i = k), (E.2)
= —V'(x). (E.3)

Here dot means time derivative and k(x(t),t) = 9,k + & 9,k is nothing else but
the left hand side of (E.1)).
The system of equations (E.2IE.3)) has a first integral of motion (energy)

e(k) +V(z) = E, (E.4)
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where F is a time-independent constant determined by an initial condition. We

invert (E.4) and use it and (E.2)) to find a solution of (E.2l[E.3]) and, therefore,
of (1)

k() = ¢ Y(E—-V(z)), (E.5)

= /mE dy (E.6)
B = e(ko(s)) + V(s), (B.7)

where the last equation gives the value of the energy F in terms of initial data
parametrically given as z = s and k = ko(s).

The system defines the solution k(z,t) of for a given initial
profile ko(z).

Let us now assume that there is no external potential V(z) = 0 and the
dispersion is quadratic €(k) = k*/2. Excluding E and s from (E.5HE.7)) we
have

k = ko(x — kt), (E.8)

which is being solved with respect to k gives a well-known exact solution k(x, t)
of (E.1). The solution (E.8)) was extensively used in Ref. [I5] for studies of
the dynamics of sCM in the absence of an external potential.

In the presence of an external harmonic potential V(z) = w?2?/2 (and
(k) = k*/2) we have from (E.5HE.7)

k(x) = V2F —w?a?, (E.9)

v d
t = /—y, (E.10)
s 2E —wy?
1
E = §[ko(s)2+w232}. (E.11)

Calculating the integral (E.10) and excluding E from the system (E.9HE.11))

we obtain after straightforward manipulations

wxr = R(s)sinwt+ a(s)], (E.12)
= R(s)cos|wt + a(s)], (E.13)
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where we introduced

a(s) = tan™! (k;ﬁ;)) : (E.14)
R(s) = V/w?s?+ ko(s)?. (E.15)

The equations (E.12JE.13) together with definitions (E.14lJE.15) give a

parametric (s is the running parameter) solution of (E.1)) for the case of
quadratic dispersion and harmonic external potential. Putting w — 1in (.12
E.15) we reproduce (4.3244.35) used in the main body of the chapter.
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Appendix F

Action for the DFP solution

In this appendix, we will revise the calculation presented in [65] and adapt it
to our case. We want to find the value of the hydrodynamic action calculated
on a given solution satisfying the DF'P boundary conditions.

The gradientless hydrodynamic action in imaginary time 7 = it can, in

general, be written as

Sz/deL[v,p] :/ddep{U;—Fe(p)—,u} : (F.1)

where 2,2
T

is the internal energy per particle of a Calogero system and

2.2
A,

=0, [pe(P)lpmpy = —5—P0 (F.3)

is the chemical potential. The action (F.1)) has to be supplemented with the
continuity equation
O-p+ 0 (pv) =0, (F.4)

which can be considered as a constraint relating the two conjugated fields p

and v. This constraint can be resolved by introducing the displacement field
¢(z,7):
p=po+0:, j=pv=-0:¢. (F.5)

Physically, the displacement field counts the number of particles to the left
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of a point. We can use (F.5) to write the Lagrangian as a functional of ¢:
Llp,v] = L[¢]. Tts variation then gives the Euler equation for the fluid, which

can be written more simply as
Orv + 00,0 = 0,0, [pe(p)] = N2 pDup . (F.6)

For the particular choice of internal energy (F.2), corresponding to the
Calogero-Sutherland interaction or exclusion statistics, the Euler equation and
the continuity equation can be combined into a single complex Riemann-Hopf

equation:
0.k —ik0.k =0, k(t,z) = Mmp(T,z) +iv(T, x) . (F.7)
This equation has a simple, implicit, solution of the form
k= F(x +ikT) . (F.8)

In the body of the chapter, we argued that a solution satisfying the DFP

boundary conditions is of the form

z
F(2) = F(2; po,n) = Ampo + A <ﬁ - 1> : (F.9)
22— R

Here, pg is the background (equilibrium) density at infinity (where moreover
v =0), and 7 is a, possibly complex, constant specifying the DFP.

To calculate the Depletion Formation Probability, we need to compare the
action ([F.1) calculated on the solution (F.§|[F.9) to the action of an equilibrium

configuration:

8§ 8= /dx dr {pgj + pe(p) — po€(po) — plp — po)} : (F.10)

To take advantage of the fact that (F.8) is a solution of the equations of
motion, we first take the variation of (F.10) with respect to the parameters of
the solution. In this way, we will reduce a two-dimensional integration to a

contour integral over the boundaries, since the bulk terms are proportional to
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the Euler-Lagrange equations and vanish:
d(8—38¢) =0, (8§ —8¢) dpo+ 0, (8 —8p) dn+ 05 (8 —8p) dip.  (F.11)
We have:

ons—s) = [0, S 0,0 +u] 00,

_ /d%{—& [v éy] — O, [(%2 _ap(pe)+u> %}

+ [aw + 00,V — 0,0, (pe) } ¢n}

_ _515{[@ by dx + KU; — 9, (pe) +u) ¢n] dt} , (F.12)
where ¢, = 9,6.

The boundaries over which the contour integral is taken are, by Stoke’s
theorem, the points where the integrand has a discontinuity. It is easy to check
that this contour comprises only two paths: one at infinity (Cy = {|z +ik7| =
co0}) and one around the branch cut of (F.9)), which we take along the real axis
(C,={r=0%* -R <2 <R}).

From (F.8JF.9), at infinity we have

R*(n 7

~ SAY (/RS D F.13

ol +o0) = ot (L D) (F.13)
R (n 7

~ —iAr— | = - = F.14

v(|z0| = 00) AT <z(2) 28) + , ( )

R*(n 7
~ —— =4+ = F.15
ollal »oo) = 2 (L), (¥.15)

and we see that the integrand in (F.12) along Cy vanishes too fast and the

contour integral gives no contribution.
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Close to the cut on the real axis we have

Ui

s . + T
p(r=05—-R<x<R) = py— 5 $1 5 = (F.16)

_ k. N/ /] n+n x
v(r=05—-R<x<R) = i\t 5 F AT U (F.17)

_ Nn=E. _ 77“‘77 77_77 2 2
or=05-R<r<R) = —Joxil VR -2, (F.18)

Therefore

9, (S —80) — /_R [(z, 0) 6y (2, 0%) — vz, 0" )y (,07)] da

M2R2
= 5 (F.19)

Similarly, we have

ons-50 = ~F{ogar+|(5-a00+n)s)al

A2 R?
= 5 - (F.20)

The derivative with respect to pg is a bit more complicated as it involves
more terms. After a bit of algebra and an additional integration by parts we

obtain:

D, (8 —8) = —yf{[v(gbm—x)]dx

(5 =00+ 4) G +0)+ o] at bz

where ¢,, = 0,,¢. Substituting the behaviors (F.13{F.15) and (F.16{F.18)), the
integrals around the two contours gives equal but opposite results (:I:%)\W2(77+

77)R?), which means

D,y (S—89) =0, (F.22)

as one could have expected.
We can now integrate (F.11)) using (F.19{F.20[F.22) to find

1
SDFPZS—S(]:i)\ﬂjT]ﬁFF. (F23)
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Appendix G

Linearized Hydrodynamics and
DFP

Let us linearize the hydrodynamic equations, by expanding the theory and
retaining only the quadratic part of the Lagrangian. This linearized hydro-
dynamics is usually referred in the literature on one-dimensional models as
bosonization.

From the previous section, we have that the gradientless hydrodynamic

Lagrangian for a one-component system is

:2

, J
Lol = -+ p[ﬁ(p) - u} 7 (G.1)
p
where j = pv. We expand the fields around a background value and we

parametrize the fluctuations around this background through the displace-
ment field ¢ as in (F.5)), so that the constraint (F.4]) is automatically satisfied.
Keeping terms up to the quadratic order we have
1 2 1o 2
Llg] = 3 (0-0)" + 50, (P€) pp, (0:0)" + po [6(po) - u] .
K KU
= 5 (0,0)° + - (8:0)* + L]0, po] + ..., (G.2)

where in the last line we introduce the standard parameters of bosonization:

the interaction parameter k = k(py) and the sound velocity u = u(pg). The
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displacement field evolves according to a linear wave equation:
02 +u*d2¢ =0. (G.3)

The linearized treatment is valid for small fluctuations around the back-
ground pg, i.e. as long as the gradients of ¢ are small and only low energy
excitations are involved. For this reason, it is not possible to calculate the
EFP through standard bosonization, but we can consider a DFP with very
small depletion.

It is simple to see [65] that the solution that satisfies the DFP boundary

conditions is of the form:

otra)=te [n (2= 1= )] (G.4)

where zy = x +iu(pg)7. For this solution to be compatible with the linearized
approximation we need |n|/po < 1.

It is easy to calculate the DFP by evaluating the linearized action
K 2 RU 2
S — 8y /dxdr {@ (0:6)" + - (2:0) } (G.5)

on the solution (G.4). One immediately observes that, at zero temperature,
this action does not depend on the sound velocity, as we can rescale the time
as y = ur:

K

5 [ drdy (@07 + @0} (G.6)
We can further rescale the lengths by R and substituting (G.4) in (G.6]) we
get

8—802

2

: (G.7)

8 — 8y~ gnﬁR2/dizdg] ‘q?’(;% + i)

where

(ZS(Z) =vz2Z-1—-12z. (G.8)

Now all the physical parameters have been explicitly extracted and one has
just to perform an integral that contributes only with a numerical factor. The
result is

T

S—SO_ZﬁnﬁRQ. (G.9)
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Since for a Calogero-Sutherland system x = A, we notice that exactly
coincide with (F.23). This is quite surprising, since, as we argued above, the
linearized result should be trusted to be approximately correct only for small
depletions. However, the Calogero kind of interaction is very special and we
can extend to higher depletion, without loosing accuracy. In section
we discuss the meaning of this observation. Let us remark that this result is
specific for the EFP and it is not to say that for Calogero-Sutherland systems
the effects of non-linearity are in general not important. For instance, effects
of non-linear spin-charge interactions were observed and discussed in [15].
This DFP calculation can also be performed using the line integral tech-
nique explained in the previous section. In this case, the variation of the action

(G.5) gives simply:

0, (8 —8y) =~ 55{5 (0,0) ¢y dx + K1 (0p0) By dT}
— Kyf { (8,0) by dz + (0p) br dy} . (G.10)

One can then proceed as we showed in the previous section to easily recover

[©9).
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Appendix H

Analysis of the Ground State
Entropy via the TBA Equations

Here it is demonstrated that the ground state entropy of the double dot sys-
tem at zero temperature is zero and thus the ground state is a singlet. The
procedure outlined below can be found for a single dot in Section 8.3.3 of Ref.
[139].

We start with the observation that the free energy of the system can be
expressed as sums over all excitations in the system, that is, over all possible
solutions of the Bethe ansatz equations (see Eqn. 10 of Ref. [3]). Specifically

it takes the form
Q = E-TS, (H.1)

where the energy of the system equals

E = /dkp(k)k+i/d)\ail(/\)e()n()\), (H.2)

where
eon(A) = —n(2eq +U1/2) + 2/ an(N—g(k))g(k)dk;
2 1
(@) = AT
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(k—em — F)?

20,14

g(k) = (H.3)

and the entropy, S, is given by

S = /d’f [(P(k) +p(k))log(p(k) + p(k)) — p(k) log p(k) — p(k) log(P(/f))}

Mg

[ 0a(A) 4 30(N) 08(00 () + 34(N)) — 0u(A) Iog 3u(A) — 34() 1og<o—n<A>>}

f; () + 510 og(2}, )

G,(A)) — on(A) log oy, (A) — 6, () log(a7,(A)) | - (H.4)

+

Here p(k),o0,(N), and o/ (\) are the particle densities while p(k),5,()\), and
! (M) are the hole densities of the various excitations (i.e. solutions of the
Bethe ansatz equations). The particle and hole densities can be shown to

obey the following equations:

k) + (k) = polk) — (k) / s\ — g(k)(G2(\) + 5. (IL5)

where
k) = o+ W) + g ) [ D= g 5oV + TAN)
AK) = 5-0kd(k);
Ba) = —ZReA(VETTI 0+ 2))
) = o (16)
and
Ga(N) +0u(N) = / AN'S(A = X)) @opr (V) + Gt (V) + 61 | dhp(k)s(A— g(E)):
) +oh(N) = / ANs(A — X))@ 1 () + 6y (V)) + Da(N), (H.7)
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where

D,(\) = bu / dp(k)s( — (k)

- / NSO = X)) (Bia (V) + By (V)): (H3)

One sees that the density equations have source terms that involve a bulk piece
and a piece scaling as 1/L, where L is the system size.

One defines the energies of the excitations at finite temperature via the

relations,
p(k). . _ TN\ sy 7, (N)
e(k) = Tlog(m), en(A) = Tlog(an(/\)), e (\) = Tlog(%(M). (H.9)

These energies are given by the relations €(k), €,(\), and €, (\) which are gov-

erned by the equations,

ke famar fn-ae(G53)

Q) = AT [ dhg/ (k)02 g(h) logn(—e(k)
=T [ X\~ X oglnlel,  (V)nles nO)))
GO = BT [ dhg/ (1))~ 9(h) log(rn(e(k)
=T [ aXs = W) lognle, (Dl n ) (10

where n(z) = (1 + exp(z/T))~" is the Fermi function. The equations for the
¢’s and the bulk pieces of the densities (i.e. the pieces not scaling as 1/L)
are the same as for a single level dot. As noted in the manuscript, the Bethe
ansatz equations for the double dots in parallel are identical to the single level
dot up to the impurity scattering phase.

Substituting the energies and densities in the expression for the free energy,
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one can rewrite it in a much more simple fashion:
QO = Ep+T / dhpo (k) log(n(—e(k))) + T / NS () Tog(n(e, (V));
n=0

By = 3 / o (Nl (V)
n=0

P = b [ SEsO= gl + D), (H11)

Here E,, is the ground state energy of the system.

One now wants to consider how €2 behaves at T — 0. If one can show that
the leading order correction in €2 at low temperatures is 72 then as S = —9,)
one will have shown that the entropy vanishes as 7" — 0, and so the ground
state of the system is a singlet.

In order to see that {2 has no term linear in 7', it is sufficient to consider the
zero temperature values of the energies, e(k) and €, (). At the particle-hole

symmetric point, one has
e(k,7=0)>0 , forallk;
e\ T=0)<0 , forall \;
e,(\T=0)=0 , n>1, forall A (H.12)
If one substitutes these expressions into the expression for {2 and uses the fact
that [ dApl,(X) =0, n > 1, one sees that Q = Ey, + O(T?).
Now if one is away from the particle-hole symmetric point, one has instead
e(k, T=0)>0 , forallk;
/ Ul
e NT =0)= n(7 +¢e) , forall A (H.13)

Now while €] () is neither solely positive nor solely negative at zero temper-
ature, its leading order finite temperature correction is (see Section 8.3.7 of
Ref. [139]),

& (NT) =€, (\,T =0)+0O(T?). (H.14)
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Substituting these forms of the energies into the expression for the free energy,

one again sees that there is no term in () that is linear in T.
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Appendix 1

Derivation of the Conductance 1n
SBMFEFT

Here we present a derivation of the conductance in the general case of asymmet-
rically coupled dots. To determine the conductance we solve the one-particle
Schrodinger equation of the SBMFT Hamiltonian, Hsparrr|t) = E|t) where

|1} equals

400 +o0
W > :/ dxgl(x)ci(x)|0>+/ dzgs(x)ch(x)]0 >

o0 [e.e]

+erdl|0 > +exdb]0 > . (L.1)

This gives the following four equations:

—i0,01(x) + 1 Vi10(z) + Vind(z) = Egy(z); (I.2)
—i0,92(x) + €1 Va10(z) + €2Vaod(z) = Ego(x); (1.3)
(€a, — E) e + ‘/1191(0) + ‘72192(0) = 0 (L.4)
(€ay — E) €2+ Vazga(0) + Viag1 (0) = 0. (1.5)

We then take the functions gy »2(x) found in the one particle wavefunction |¢)

to be of the following form:

g(z) = e (0(—z) + Ri10(x)); (1.6)
gala) = eP0(x)Ths. (L.7)
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Substituting the ansatz (Eqns. [[.6]and Eq. into the above four equations,
we obtain four equations from which one can solve for T7,. The conductance
G, equal to G = %TmTfQ, is then

2¢2 N

G = £
h D

- - - - 2

N — 16 [vaggédlﬂ/uvmédz}

~ o~ ~ o~ 2 ~ o~ .~ -~ 714
D = 8|ViiVie+ VarVan| e, + 16,8, + |ViaVar — Vir Vo

N 72 . .12
g, [+ V3] +as, [+ 2] as)

We have also computed the transmission amplitude using Ref. [I57]:
T=Tr {GafRGTfL} , (L.9)

where G are advanced and retarded Green’s function matrix and fR and
['; are defined by

Vi VoV
VoV Vi

Vi VuWi
ViVie - Vi

Ty = —

(1.10)

We find that this trace formula (Eq. gives exactly the same result.
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Appendix J

SBMFT for double dots in the

symmetric case

In this appendix we review the SBMFT approach for the symmetric case (€5 =
€42 = €4)- In this limit, the mean field equations (Eq. and Eq. reduce

to

S < fitf ) >+ =1 (J.1)
V2lRe |37 <c;w(t) fa(t)> Fin? = 0. (J.2)

The above equations can be equivalently written as

%Z/dw < flw)folw) > +r* =1

@Re Z/dw <c£eg(w)fg(w)> +ixr? =0
The correlation functions turn out to be
; B 2A
<UD >= e P (1.3
V2V
T _
(hea@Vfol)) = =) (14)
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where F'(w)is a Fermi-function.

Upon substituting these expressions for correlation functions the mean field
equations read
2-A

A 1+1 tan|
— — — arctan
A ™ gd

=0 (J.5)
gd;Ed +%10g[<€?l+l;+A2)] =0 (JG)

Notice that the SBMFT equations (Eq. and Eq. for double dots

are strikingly similar to the single-dot case which differ from the above just

by different coefficents (for single dot/impurity see Ref. [I44]). However, it
is this slight difference in coefficients that gives rise to completely different

physics in the Kondo regime for the double dots. To ellaborate this point

we will compute the conductance which is given by G = 2% sin? (@)

where §(k) = —2tan™! (%) In the Kondo limit, I' — 0 and hence Eq.
becomes tan~! (g) = m. Since we know that the conductance is given by G =

% sin? [tan_l (g)} this immediately tells us that linear conductance vanishes

in the Kondo limit. One should bear in mind that the three results in the

Kondo limit, namely, [ - 0,¢ — 0and tan™! (g) = 7 are consistent with

each other as long as one takes the correct branch-cut for arctangent, namely,
the branch, tan™! z = 7+ PV [tan! z] where PV denotes the principle value of
arctangent which belongs to domain [—7, 7]. The vanishing of conductance in
the double dot case is a result of A falling off to zero faster than the magnitude

of the renormalized energy level does.
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