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Abstract of the Dissertation

Correlation Functions of One-Dimensional
Impenetrable Anyons

by

Ionel Ovidiu Patu

Doctor of Philosophy
in
Physics
Stony Brook University
2009

In the last years we have witnessed the experimental realization
of many one-dimensional physical systems. This has renewed the
interest of theoretical physicists in computing relevant quantities
for such models, which are experimental accessible.

We have investigated the field-field correlation functions of a model
of one-dimensional impenetrable anyons which is relevant for sys-
tems that can be realized with edges of the electron liquids in
the Fractional Quantum Hall Effect (FQHE) regime. Varying the
statistics parameter, the correlation functions of this model, inter-
polate between the ones for impenetrable bosons and free fermions.

We have computed the large distance asymptotic behavior of the
field-field correlator at finite temperatures solving a Riemann-Hilbert
problem associated with the integrable system of nonlinear partial
differential equations characterizing the correlator. As a prelimi-
nary step we have obtained a Fredholm determinant representation
using two methods: the anyonic generalization of Lenard’s formula
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and the summation of form factors. We show that the leading
term of the asymptotics is oscillatory with the period of oscillation
proportional with the statistics parameter. Also as the statistics
parameter approaches the free fermionic point the second leading
term becomes comparable in magnitude with the leading term but
with opposite phase producing fermionic beats.
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Chapter 1

Introduction

For hard-core particles moving in two spatial dimensions, one can unambigu-
ously define the notion of braiding of the particle trajectories by introducing
the winding number n that gives the number of times the trajectory of one
particle encircles another particle. This fact makes it possible to consider
“anyonic” particles with fractional exchange statistics [36], 57|, for which the
wavefunction acquires the non-trivial phase factor e**?™_ where r is the “statis-
tical parameter”, whenever n changes by £1. This situation can be contrasted
with the case of three spatial dimensions where one can define only permuta-
tions (no braiding) of point-like particles leading to only integer statistics, i.e.
x = 0, 1 for bosons and fermions, respectively. In physical terms, the anyons in
two dimensions can be viewed as the charge-flux composites for which the sta-
tistical phase arises as the result of the Aharonov-Bohm interaction between
the charge of one particle and the flux of the other [76]. Experimentally, anyons
can be realized as quasiparticles of the two-dimensional (2D) electron liquids
in the Fractional Quantum Hall Effect (FQHE) [4]. Individual quasiparticles
are localized and controlled by quantum antidots in the FQHE regime [37],
and the transport properties of multi-antidot systems should provide direct
manifestations of their fractional exchange statistics [5]. Dynamics of individ-
ual FQHE quasiparticles attracted considerable attention (see, e.g., [6, 25]) as
a possible basis for realization of the topological quantum computation [52].
Both conceptually and in practice (e.g., in FQHE systems), the 2D anyons
can be confined to move in one dimension. There are, however, the aspects of
fractional statistics in one dimension that make its introduction more compli-
cated than in two dimensions. One is that for strictly 1D particles, a trajectory
of one particle can not wind around another, making the sign of the exchange
phase e**m#s97(#i=25)/2 that the wavefunction should acquire when the particle
with coordinate x; moves past the one with x;, undetermined. The sign of this
phase depends on whether x; rotates clockwise or counter-clockwise around



in the underlying 2D geometry, which also explains why the signs of the phase
change at x; = x; are opposite for the two particles in the pair: rotation of one
sense for increasing coordinate x; implies the opposite rotation for increasing
xj. This fact hindered the early attempts at direct introduction of the 1D
anyons as charge-flux composites [I], [72]. It implies that any description of the
1D anyons requires an additional convention on the choice of the sign of the
statistical phase for each pair of particles. As discussed in more details below,
this choice can be arbitrary and affects the appropriate boundary conditions
of the quantum-mechanical wavefunctions of the system of anyons.

One-dimensional impenetrable anyons in a “box” of length L are described
by the following second-quantized hamiltonian (we consider i = 2m = 1)

- /0 dz [0, 07 (2)][0, 9 (2)],

supplemented with the impenetrability condition on the energy eigenstates

( / da’ U ()0 ()6 — x’)\Il(x')\I/(:c)) W)y =0,
or
(P(2))*|¥)n = 0.
The anyonic fields obey the following commutation relations
()0 () = e ™ @=2DW (1)U (2)) + 82y — 22),
Ul ()W () = ™ @2 Wt (1) T (24)
(1)U (xy) = ™ =22F (1)) W (24)

where €(z) = z/|z|,¢(0) = 0 and x € [0, 1] is the statistics parameter. For
k = 0 the previous relations are bosonic and for k = 1 they are fermionic.
Anyonic fields can be constructed in terms of bosonic fields in the following
manner

\I/T<SC) = \I/L(Jf)ei”fox da'p(") U(x) = e~ imE fg d‘”'p(xl)\I’B(JJ) ;

with
p(x) = Ui(2)U(z) = W(2)Up(z).

This type of construction is the generalization of the Fermi-Bose correspon-
dence

Uh(x) = Uh(2)e ™0 &0 Wp(a) = eI # AU p(a),



which gives impenetrable bosonic fields in terms of canonical anticommuting
fermionic ones. Due to the fact that

pla) = Ui(2)¥(z) = V() VUp(z) = U (2)Vr(2),

and the wavefunctions differ only by a phase, the density-density correlation
functions of impenetrable anyons, bosons and free fermions are the same. How-
ever, the field-field correlation function

(U (22) (1)) 7

of impenetrable anyons is different from the similar correlation of free fermions
and impenetrable bosons and will be the main object of study of this thesis.
Investigating the correlation functions of physical models is in general an
extremely difficult task. In our case it is possibly to perform this analysis
rigorously due to the fact that the wavefunctions of the system can be obtained
in an exact form. In the case of a N-particles eigenstate of the Hamiltonian

Wy = [ @ (e )W ) W a)0),

the quantum mechanical wavefunction obeys

imke(zi—2it1)

XN(Z1,"' y Riy Zitly T ,ZN) =€ XN(Zla"' sy Rid1y Ryt >ZN) (1-1)

and has the form

6+i% Z]‘<k E(Zj_zk

) .
iy it | CCRE D DI Ve

J>k TESN

where N's are the quasimomenta of the particles. The individual quasimo-
menta A; depend of the boundary conditions imposed on the wavefunctions.
In contrast to particles of integer statistics, wavefunctions of the anyons sat-
isfy different quasi-periodic boundary conditions in their different arguments.
This fact was first noticed by Averin and Nesteroff in [5]. For example, in the
case of two particles, if we impose periodic boundary conditions on the first
variable

X2(07 2’2) = X2(L7 22) ) (1'2)

then from the anyonic property of the wavefunction ([1.1)) we obtain

X2(z1,0) = ei%“xg(zl, L). (1.3)



and the Bethe equations are given by

Analogously imposing periodic boundary conditions on the second variable

x2(#1,0) = xa(z1, L) ,

implies '
X2(07 22) = 677‘27”{)(2([/7 ZQ) )

and the Bethe equations
61')\]-L — (_1)6i7m )

The origin of this difference can be traced back to the fact that the fractional
statistics requires braiding of particles, something that strictly speaking can
not be done in one dimension. To define the braiding of 1D particles one
needs to first adopt a convention on how the particles pass each other at
coinciding points, something that is done by choosing a specific sign of the
exchange phase ™ <(*1=22)/2 " After that, one more choice that needs to be
made is how the 1D loop with anyons is imbedded into the underlying 2D
anyonic system. In the case of two particles, this choice is reflected in the
possibility of choosing different boundary conditions for two different anyonic
coordinates and determines how the particle trajectories enclose each other
as the particles move along the loop [5]. As reflected in Eqgs. and ,
periodicity in z; means that the trajectory of z; does not enclose the particle
z5. This implies that z; is itself enclosed by the trajectory of z, producing
the twist in the boundary condition for z, variable. The different choice of
the boundary condition would mean that the 1D loop in imbedded into the
2D system in such a way that the trajectory of z; encloses z;. This means
that the wavefunction periodicity in both variables correspond to different but
valid physical situations.

As we have said, our main object of interest is the field-field correlation
function of impenetrable anyons at finite temperature, more specifically the
determination of the large distance asymptotic behavior. We will present two
methods of calculating the asymptotic behavior. The first method will make
use of the methods of conformal field theory and is valid only at zero and low
temperatures. The second method is more rigorous and gives the results for
any temperature and is more technically involved.

Obtaining the large distance asymptotics of correlation functions using
CF'T requires the computation of the spectrum of low-lying excitations of our
model. Impenetrable anyons can be considered as the limiting case of infinite



repulsive coupling constant of the more general model called the Lieb-Liniger
anyonic gas introduced by Kundu [56]. The model introduced by Kundu is
the generalization for arbitrary statistics x of the Bose gas with J-function
interaction studied by Lieb and Liniger [62]. In Chapter 2 following [66] we
study the Bethe Ansatz solution, the properties of the ground state for quasi-
periodic boundary conditions and the spectrum of low-lying excitations. The
results for impenetrable anyons are obtained by taking the limit ¢ — oo.

The conformal field theory predictions are presented in Chapter [3. They
provide a generalization of similar results obtained in [19] using the harmonic
fluid approach.

The rigorous investigation of the field-field correlation functions of impen-
etrable anyons was performed along the lines of the original investigations of
Korepin, Slavnov, Its and Izergin [46-49, 54, 55] on impenetrable bosons. As
a first step we have derived a representation of the correlator in terms of a
Fredholm determinant of an integral operator. We will present two differ-
ent methods which produce different but equivalent results. The first method
presented in Chapter 4| and based on the results of [67] is the anyonic gen-
eralization of Lenard’s formula [59]. In the original paper, Lenard, using the
Bose-Fermi mapping introduced by Girardeau [34], was able to obtain a rep-
resentation of the correlation functions of impenetrable bosons (at zero and
finite temperature) in terms of correlation functions of free fermions. This
representation can be shown to be equivalent with the Fredholm minor of an
integral operator with the kernel being given by the Fourier transform of the
Fermi distribution function. In [67] it was shown that Lenard’s formula can
be generalized in the anyonic case making use of the Anyon-Fermi mapping.
The kernel of the integral operator is also the Fourier transform of the Fermi
distribution function but the constant appearing in front of the operator is
no longer 2/m as in the bosonic case but (1 + eX™)/r. It is interesting to
note that, unlike the bosonic case, the anyonic correlator (W' (zy)¥(z;))r de-
pends on the sign of x5 — x;. The advantage of this method is the fact that
also produces results for other 2n-point correlation functions but it cannot be
extended in the case of dynamical correlators.

In order to obtain the determinant representation for dynamical correlators
we have used the method of summation of form factors which is presented in
Chapter |5 and is based on the results obtained in [68]. A fundamental step
is constituted by the computation of the finite volume form factors in which
extreme care has to be taken in selecting wavefunctions for N and N+1 par-
ticles with similar periodicity. The summation of finite volume form factors
is performed first and then the thermodynamic limit is taken. The equiva-
lence of the determinant representation for static correlators obtained via this



method with the results from the anyonic generalization of Lenard’s formula
is presented at the end of Chapter [5

The integral operators that appears in the determinant representation of
the field correlator are of a special type called “integrable” [54]. This means
that the kernel of these operators can be factorized in a specific way and the
same property is shared by the resolvent kernel. As a result the determinant
representation can be used to obtain a system of integrable partial nonlinear
differential equations characterizing completely the correlation functions. This
system is the same as the one obtained by Its, Izergin, Korepin and Slavnov in
[49] which characterizes the correlation functions of impenetrable bosons but
with different boundary conditions. At zero temperature we obtain the same
ordinary differential equation of Painlevé V type obtained by Jimbo, Miwa,
Mori and Sato in their celebrated work on the one-particle reduced density
matrix (field-field correlator) of impenetrable bosons [51] but of course with
statistics dependent boundary conditions. These results were obtained in [69)
and are presented in Chapter [0

The most important result of this dissertation, the large distance asymp-
totic behavior (including the amplitude) of the correlation functions at any
temperature, is presented in Chapter [7| and was announced in [69]. In order
to obtain the asymptotics we have solved in the appropriate limit a matrix
Riemann-Hilbert problem associated with the integrable system of differen-
tial equations. The main feature of the asymptotics of the field correlator of
impenetrable anyons is the fact that the leading term is oscillatory with the
period of oscillation proportional with the statistics parameter . Also as the
statistics parameter approaches the free fermionic point (k = 1) the second
leading term becomes comparable in magnitude with the leading term but
with opposite phase producing fermionic beats.

Except some parts of Chap. this dissertation is based on the papers
[66H70] written together with Vladimir Korepin and Dmitri Averin.



Chapter 2

The Lieb-Liniger Gas of Anyons

From the historic point of view, the first continuous model of one-dimensional
anyons was introduced by Kundu in [56]. This model, which is referred in the
literature as the Lieb-Liniger gas of anyons, can be considered as an anyonic
generalization of the Bose gas with d-function interaction and in the limit of
infinite coupling constant it reduces to impenetrable anyons. In the last years
there has been an increasing number of papers investigating the properties of
the model starting with the work of Batchelor et al.,[7HI] investigating the
properties of the ground-state and thermodynamics. The spectrum of low-
lying excitations was computed in [66] and other relevant works are [21], [39)].
The correlation functions were studied using the harmonic fluid approach in
[19] and conformal field theory in [66]. Similarly to the case of the Bose gas
with d-function interaction in the case of infinitely repulsive coupling constant
the quantity of information on the correlation functions is much more sub-
stantive and will be presented in the next chapters. In this case the relevant
papers are [20, [66H69), 73], [74].

Some of the features of the Lieb-Liniger gas of anyons will bring tears in
the eyes of the mathematically inclined. If the reader feels uncomfortable it
should be reminded that we are interested in the impenetrable case, ¢ — o0,
in which all the conceptual difficulties disappear.

It should be mentioned that other models of one-dimensional anyons have
been proposed [3| 10, [13], 29, 40} [65] and recently Batchelor, Foerster, Guan,
Links and Zhou have introduced the quantum inverse scattering method with
anyonic grading for models on the lattice. On the more fundamental level
regarding the construction of the Fock space and anyonic fields rigorous work
was done by Liguori and Mintchev in [60] and Ilieva and Thirring in [45].



2.1 The model

The Lieb-Liniger gas of anyons is characterized by the second quantized Hamil-
tonian

H= /0 dr {[0, V' (2)][0, ¥ ()] + U1 () VT (2) ¥ (2)¥(x)}, (2.1)

where ¢ > 0 is the coupling constant and L the length of the system. The
anyonic fields obey the equal-time commutation relations

() Ul (29) = e @ =2DUT (1)U (2)) + §(21 — x3) , (2.2)
\IJT($1)\IJT([E2) = e”“(“_“)\lﬁ(asz)\lﬁ(xl) , (2.3)
(1)U (2y) = @ =22F (1)U (24) (2.4)

where
1 when x> x9,

€(ry —x2) =< —1 when 7 <z, (2.5)
0 when z;=2x,.

In the original work [56] introducing this model, the anyonic fields were realized
in terms of the bosonic fields

Uh(z) = Ol (x)e™ o 40 g(g) = ¢~ o 4@y (2 (2.6)

where

pla) = Wi () ¥(x) = V() Wp(z).

Due to the fact that at coinciding points €(0) = 0, the commutation relations
22, 2.3). are indeed bosonic. An alternative realization in terms of
the fermionic fields was proposed in [35]. However, in this case, the inter-
action term in the Hamiltonian (2.1)) vanishes, since ¥2(z) = [¥T(x)]> = 0
in coinciding points (see also the discussion in [9]). One implication of this
difference is that in comparison to the bosonic representation (2.6)), similar
fermionic representation with appropriate modification of the statistical pa-
rameter, effectively makes it possible to describe only the infinite repulsion
limit ¢ — oo.

The corresponding equation of motion —id,V(z,t) = [H,V(x,t)] is the
nonlinear Schrodinger equation

10,V (x,t) = 0,V (w0, t) + 2cW (2, 1)U (z,1) .

The number of particle operator () and the momentum operator P are defined



as .
Q= [ o ¥(a)u),
0
i L
P= —5/ dr (U'(2)0,9(x) — [0,V (z)]¥(x)) .
0
Both of them are hermitian operators which commute with the Hamiltonian
[H, P]=[H,Q]=0.
If we define the Fock vacuum as

U(2)[0) , z€[0,L],

the N-particle eigenstate of the Hamiltonian (and also of P and @) can be
then written as

)y = ﬁ / ANz xn (21, o)Wl () - W (20)]0),

where the many-body wavefunction obeys

imke(zi—2i+1)

XN(Z1,"' y Ziy i1yt ,ZN) =e€ XN(Zh"' y i1y Ryt ,ZN)- (2-7)

This can be seen directly by using the exchange relation of the field operators
Ul (21U () = e eGn—20Wt(2,) U (2;,) and interchanging the name of the

integration variables z;, z;11. Iterating the exchanges several times we obtain

; J PR ¥ At | -
XN (21, s 2y 2y, a) = @i (E ) T ()]

XXN(Zh"'?Zju"'ina"'7ZN)' (28)

2.2 The equivalent quantum mechanical prob-
lem

In [9, (6], it was shown that the eigenvalue problem
H|W)y = En|¥)y,  Pl¥)y =pn|[¥)n,
can be reduced to the quantum-mechanical problem

Hxn(z1,- -+ ,2n) = Enxn(z1,- -+, 2n) (2.9)



where

Hy = i (_;_;) +2 Y 0z — ), (2.10)

1<j<k<N

The quantum mechanical hamiltonian is the same as the one considered by
Lieb and Liniger [62] in their study of the Bose gas with J-function interaction.
In our case the wavefunction is no longer symmetrical under the exchange of
two coordinates it obeys . Due to the fact that the interaction potential
is given by a delta function the eigenvalue problem (12.9)) is equivalent with

and

N 62
_Z<W) XN(Zl,"' 7ZN):ENXN(217'" 7ZN>7 (211>
i=1 i

supplemented by the boundary condition

0 0N (9 ey
azi azj XN\%1, s AN N 82'@ azj XN\%1, y RN

= 2CXN(Zla e 7ZN) 2;=zj (212)

Zi=z5—€

2.3 Bethe Ansatz solution

In this section we are going to construct the Bethe Ansatz solution for the

eigenvalue problem (2.11)), (2.12)) following the papers [9] [56]. It is easy to see
that we can construct a wavefunction with the required symmetry (2.7)) in the

following manner

b

XN(Zlv e 7ZN) — 67"% Z]’<ke(zjfzk)XN(Zl’ e 7ZN)7

where % is a symmetric wavefunction. This means that we are going to
consider the Bethe Ansatz wavefunction of the form

XN(217 e 7ZN) — ei% Zj<k6(zj_zk)xl]7v(zl7 e 7ZN)7 (213)

10



with

(21,00, 2n) = Z Ay, Ary ) Prw T FAr2n) (2.14)

TESN

where Sy is the group of permutations with N elements. It is instructive to
consider first the case of two particles. In this case y2(z1, 22) is given by

X2(21, 22) = o imR/2 [A(12)ei()\121+>\zzz) + A(21)ei()\221+)\122):| ’
in the region z; < 2o and by
X2(21, 22) = o Hime/2 [A(12)ei()\221+>\1zz) + A(21)ei()‘121+)‘222)} ’

in the region z; > 2. In the previous expressions we have denoted A(ij) =
A(XN;, Aj). At the coinciding points z; = 23 we have

Application of the boundary condition ([2.12)) gives
(eiﬂ'ﬁ/Q + e*iﬂn/2)2’()\2 — )\1>[A(12) — A(21)] = 20[14(12) + A(21)] :

which means that

/\2 — /\1 + ’iC/
A1) = A(12)—————
1) = AW P
where we have introduced c
= —". 2.15
cos(mr/2) (2.15)
In the general case of N particles the wavefunction xn(z1, - - , zy) in the wedge
<2< <z <zp<---<zyis given by
XN(Zla e 7ZN) — e_i%—"_i% Zl<m;[i,j] 6(Zl_Zm)[. .. + A( .. 2] e )ei('--+)\izi+)‘jzj+"')
+A(---ji - )ei(--'+>\jZi+>\z‘Zj+'--) + -],
and by
XN(Zh cee ZN) — ¢l iy Li<mifing) E(Zl—zm)[. ct A( YRR )ei("'+)\jzi+>\izj+"')

FAG i )eltrhEzm)
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in the wedge 21 < 2o < --- < z; < 2 < --- < zy. At the coinciding points
z; = zj the wavefunction is given by

XN(Z17 SN ZN) — ei% Zl<m;[z‘,]’] E(Zl—Zm)[. .. _|_ A(. .. Z] e )ei("'+()‘i+/\j)zi+"')

FA( i)z )

In the previous expressions the pair [i, j] is excepted in the sum of the statis-
tics phase of of the wavefunction. Again the application of the discontinuity

condition ([2.12) gives

(e”“/2+e_”"/2)i()\j—/\i)[A(- cdfe )=A(gie )] = 2e|A( - ig ) A gie )],

which results in

)‘j — )\z +ic’

A(]Z)ZA(U)m
¥l (]

Therefore the eigenfunctions of the Hamiltonian (2.10)) are given by

XN = 37 (—1)el Eamr 2
\/N! Hj>k;[<)‘j - /\k)2 + 6,2} TESN

B D IPICEEN)

x [Ty = Aeiy = ice(z; = 2], (2.16)
j>k
where we have used the same normalization factor as for impenetrable bosons
[54].

2.4 Boundary conditions

The characteristics of the anyonic gas depend on the boundary conditions
imposed on the system at x+ = 0 = L. In this work, we use two different
quasiperiodic boundary conditions which impose periodicity either directly on
the anyonic or on the bosonic fields. Equations imply that the periodic
boundary condition for anyons correspond to twisted boundary conditions for
bosons and viceversa. In terms of the anyonic fields, the boundary condition
we use are,

periodic BC:  ¥T(0) = ¥T(L), (2.17)

and '
twisted BC:  UT(0) = Wi(L)e (V-1 (2.18)
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where N is the number of particle in the system. One can see directly from
Eq. that the external phase shift 7x(/N—1) introduced into the conditions
, ensures the periodicity of the bosonic fields. As will be shown in more
details below, this means that this phase removes the anyonic shift of the
quasiparticle momenta. Below, we use the common notation for the two types
of boundary conditions:

T(0) = UT(L)e ™= " 3—-01. (2.19)

An important difference of the anyons with fractional exchange statistics from
the integer-statistics particles is that the boundary conditions for the
fields do not translate directly into the same boundary conditions for the
quantum-mechanical wavefunctions of the N-anyon system [5], which have

a more complicated structure ([2.20)).

2.5 Bethe Ansatz equations

In this section we are going to show that the boundary conditions for the
many-anyon wavefunctions are given by

XN(07Z27"' 7ZN) = e_iﬂ-ﬁﬁ(N_l) XN(L>'7:27"' 7xN)a
Xn (21,0, ,zy) = €2 TINTU (2 L 2w,
: (2.20)
XN(Zh 2y 70) = 61.2(N71)m€7m6”(N71)XN(21, 22, L) )
with the associated Bethe equations
N A — A +id
iNL _ im(B—1)k(N—1) J Mk . 291
‘ ¢ H,(Aj—xk—z'cf) (221)
k=1,k#j

The Bethe equations are similar to those obtained by Lieb and Liniger
for the Bose gas with repulsive d-function interaction. In our case, however,
the effective coupling constant ¢’ (2.15]) can take negative values. While it can
be shown (see, e.g., [54]) that the Bethe roots A; are real for ¢ > 0, the roots
can become complex for ¢ < 0, and one gets bound states [64]. From now on
we will consider only the case ¢ > 0.

The treatment in this section generalizes the approach of [5] to the case
of several penetrable particles. In physical terms, the situation we consider
corresponds to anyons confined to move along a loop with, in general, an

13



external phase shift ¢ created, e.g., by a magnetic filed threading the loop.
We start with the case of two particles and no external phase shift, ¢ = 0.
The Bethe-Anzatz wavefunction (2.16]) reduces in this case to the following

form: In the region I (27 < 22) one has
e—im-c/Q

V2A(A2 = M)? + 7]

XI(Zl, 22) e [e’i(21>\1+22>\2)()\2 o )\1 _ icl)

+6i(zl)\2+22)\1)(>\2 o )\1 + icl)] ’
and in the region II (21 > 29):
eiTm/Q

i(z1A1+222) )\ _ )\ + -
e c
V20s — N2+ 7 | (e = +ic)

XII(217Z2) =

+€i(z1A2+z2A1)(/\2 — A\ —id)].

The general exchange symmetry of this wavefunction given by Eq. imply
that for fractional k it can not satisfy the same boundary conditions in the two
coordinates. As one can see by exchanging the coordinates, if the wavefunction
is periodic in the first one, the boundary conditions in second one should have
a twist,

X(O>ZQ) = X(L’ 22> - X(Zho) = X(ZhL)eQ”mv (2'22)

and viceversa. One consequence of this is that the exact form of the Bethe
equations depends on whether we impose periodic boundary condi-
tions on one or the other coordinate. Indeed, if one requires periodicity in
21, X(0, z2) = x(L, z3), the Bethe equations are:

2 )
JRIZ VIR H Aj = A +id
. )\ — >\k — iC’ ’

k=1,k#j J

whereas the periodicity in 2y, x(21,0) = x(21, L), results in the equations that
differ by the sign of the statistics parameter x:

2 .
oty = T Aj = A tid
. /\j — )\k —c '
k=Lk#j

Since the Bethe equations determine the spectrum of the quasiparticle mo-
menta A; the x shifts of different signs produce two physically different situa-
tions.

As we have said and explained in Introduction this difference is due to the

14



fact that in one-dimension we cannot define properly the braiding of particles.
From a more mathematical point of view this is explained by the fact that
our anyons are on a circle and the exchange phase e’™<(*1722)/2 depends on
the positions of the particles. This means that we have to chose first an
“origin” on the circle and then the direction in which the coordinate on the
circle “increases”. Depending on the way we choose this “origin” we will have
different but valid physical situations.

The situation is somewhat more complicated for larger number of particles,
as can be seen in the case of three particles. In the wavefunction , one
needs to distinguish then six regions corresponding to the six permutation of
the particles. The wavefunction in these regions is:

Region I (21 < 23 < 23)

X[(Zh 22, 23)
I = [ 1(z1,\1+zQ/\2+Z3/\3)(/\3 — X —id) (A3 = A —id)( Ay — Ny — i)
i(21 M1 +22 A3 +23)2) (Ao — A —id) (A3 — A\ —id

(A2 = Az —ic) (M — Az — i

el Ao — i) (A — Az — i) (Ay — Ag — i
peiledatmdatzad) (A A i)\ — Ay — i) (Ag — Ag — ic

—€i(21)\2+22)\1+23)\3)(/\3 — )\1 — ZC,)<)\3 — )\2 — ZC/)()\l )\2 — Z'C/ﬂ s

—e (A2 = A3 —ic)
+ei(zlA3+z2A1+zg)\2)()\2 — A — zc’)
)
)

i 21)\3+22)\2+23)\1)<)\1 /

Region IT (21 < 23 < 29)

XH(Zla 22, 23)

—z7r

i le i A z2datzada) (0 Ay + i) (Ag — A — i) (Aa — Ap — ic)
—eilEhtadstmda) () Ao i) (A — M\ — id) (A — Ay — i)
peflEdataditzsda) (\) A i) (g — Ay — ic) (A1 — Ay — ic)
—eilEdstmdatzd) (N Ny i) (A — A3 — id)(ha — g — i)
ittt zsd) (N Ay i) (A — A — id)(Ag — Ay — i)

—etlEhetmMEEmA) (o A i) ( Ay — Ay — i) (M — Ao — ic’)] ;
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Region IIT (23 < 21 < 23)

Xrr1(21, 22, 23)
_ A [eilAatzdatzsds) Ny — Ny +ic) (A3 — A1 +ic) (A2 —
—elEM @A) (\) Ao 4 i) (N — Ay +id) (N —
FellErratzhitzda) (0 \| 4 id)( Ny — Ag + ic) (A —
i( ) ) )
) ) )

iz Az 22 0230 (/\1 — Xy +ic ()\1 Az + id)( Ay —
+€z(z1A2+22>\3+33>\1 (A = Az +ic) (A — Ay + i
7,(21)\2+22>\1+23>\3 (/\3 >\1 + 20’)()\3 — )\2 + ZC/)()\l

Region IV (z3 < 25 < 21)

Xrv (21, 22, 23)

- [eitrdutzadatanda) (g Ny 4 ic)(Ag — A1 + i) (Ag —
—efEAtedatzha) (N, Ay 4 id) (A — Ay +ic)(
FeilEdstahitzsda) () A 44 ) (Ag — A3 + zc’)()q
—ethstzdatz ) (N N, 4 id) (A — g + id)(
fettrhetadatms ) (N A i) (AN — Ag + zc’)()\g
—ellEdztzzAitzade) (\g N\ 4 i) ( Ay — A + i) (A —

Region V (22 < 21 < 23)

Xv(Zl, 22, 23)

—iTK

— Ae 5 [61(21>\1+22)\2+Z3)\3) A3 — Ay — ic A3 — A — ic Aoy — A1 + ic!

_lmhitz2As 42300

+

P
etz Astz2 Ao tz3 0

)
i(21A3+221+23)\2)
)
ei(z1ha+2223+230)

+
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Region VI (25 < 23 < 21)

XVI(Zla 22, 23)

e [ i z1/\1+ZQ/\2+Z3/\5)()\3 — Xy — i) A3 — A\ + i) Ay — A\ + i)
z(z1>\1+22>\3+23>\2)(/\ — A3 —id) (A — A +id) (A3 — A\ + i)
FelEratzhitzr) () N —id)( Ay — Ag + i) (M — A3 +ic)
z(z1>\3+z2>\2+Z3>\1)(/\1 — Xy — @c')()\l — A3+ iC/)()\Q — A3+ ZC,)
FetEretzAatzA) (N Xg —id) (A — Ay 4 i) (A3 — Ay + i)
z(zlAz+zz/\1+23/\3)(/\3 — A —ic)( A3 = A+ ic) (A — Xa + chﬂ )
where
1

VO TLsel Oy = A2 + )

As discussed above for the two particles, the periodic boundary conditions
can be imposed in principle on any of the wavefunction arguments. Requiring
z1 to be periodic, x(0, 22, 23) = Xx(L, 22, 23), gives

X1(0,29,23) = xvi(L,z2,23), forz < z3, (2.23)
X[[(O, 29, 2’3) = va(L, z29, 23) s for 23 < Z29. (224)
Except for the exchange-statistics phase factors, the wavefunctions in the six
regions coincide with the wavefunctions of the Bose gas with the J-function
interaction of strength ¢ (2.15). Therefore, the Bethe equations we obtain
are the same as in the bosonic case with the only difference coming from the

statistical phase factors. Conditions (2.23) and ([2.24]) produce six equations
each, with only three of them being independent

i 2 [ A At ic Al — A3 +id

e = e : ).
Al — A —ic A — A3 —icd
pilde  _  =2imk Ay — Ap +ic\ [ Ag— Az +id

Ag — Ay —ic Ao — N3 —ic )’

eiLAS — 6—27L7m >\3 — A+ i )\3 — Ay + i '
A3 — Ay —ic A3 — Ag — i

These equations can be written in the compact form similar to Eq. (2.21):

3 .
T - Ai — A +id
i\ —2iTK J k
i = - . 2.25
‘ ‘ 11 (Aj—xk—z‘c) (2.25)

k=1,k#j
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If the periodic boundary conditions are imposed on the second variable, x(z1,0, z3) =
X(Zl, L, 23), i.e.,
xv(0,20,23) = xur(L,z0,23), forz <z, (2.26)
xvi(21,0,23) = xmr(z1, L, 23),  for z; > 23, (2.27)

we obtain either from (2.26]) or (2.27)) the following Bethe equations

3 .

, Aj— A\ +id

iLA; J k

7= _— . 2.28

‘ 11 ,(Aj—Ak—z‘c/) (2:28)
k=1k#j

Finally, if we impose periodic boundary conditions on the third variable,
X(ZLZZ?O) = X(Zl722>L)7 i'e'>

Xrr1(z1,22,0) = x1(21, 22, L),  for 21 < 29, (2.29)

XIV(ZhZQ;O) = XV(Z1,Z2,L)> for zo < 21,

the resulting Bethe equations are

3 .

. , Aj — A +id

i\ 2iTK J k

7= —_ . 2.31

‘ < 1] ,(Aj—Ak—z'c/) (231)
k=1,k#j

The difference between the three forms of the Bethe equations ,
, means that the periodic boundary conditions imposed on one
variable automatically require the twisted boundary conditions on the other
variables if one wants to keep the same Bethe equations. Similarly to the
case of two particles, this can also be seen directly from the anyonic exchange
symmetry of the wavefunction. Suppose we set the periodic boundary
conditions on the first variable:

X(0, 22, 23) = x(L, 29, 23) . (2.32)

Exchanging then the first two variables on both sides of Eq. (2.32)) with the help
of Eq. (2.7)), we get the twisted boundary conditions for the second variable:

X(Z27Oa 23) = X(Z27va3)62i7m' <233)
From ([2.33)), using again ([2.7) we have
X (22, 23,0) = x(22, 23, L)e"™ (2.34)
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which are the twisted boundary conditions for the third variable which follow
from the periodic conditions on the first. From any of the boundary conditions
(2-32), (2-33), (2-34) we obtain the Bethe equations (2.25).

Similarly, periodic boundary conditions on the second variable give the
following boundary conditions for the three-anyon wavefunction:

—2iTK

X(0,29,23) = x(L, 20, 23)e ;

X(z1,0,23) = x(z1,L, 2), (2.35)

X(22,23,0) = X(Z2723>L)62iw7
and the Bethe equations . The same can be done starting with periodic-
ity in the third variable. As in the case of two particles, we see that imposing
periodic boundary conditions on the first and the last variables produces the
Bethe equations, and , which differ only by the sign of the statis-
tical parameter x. As discussed in detail for the two particles, this difference
corresponds physically to different imbedding of the 1D loop of anyons into the
underlying 2D system. In the two situations, the number of particles enclosed
by the trajectories of successive particles z;, j = 1,2,..., N, either increases
from 0 to NV — 1 or decreases from N —1 to 0, as reflected in the corresponding
boundary conditions of the multi-anyon wavefunction. In contrast to this, the
requirement of periodicity of one of the “internal” variables (e.g., z2 in the case
of three particles) produces the Bethe equations and boundary conditions, e.g.
and , that do not have this interpretation. They describe the
situations with appropriate non-vanishing external phase shift ¢ # 0, which
twists uniformly the boundary conditions of all the variables. In what follows
we use the periodic boundary conditions with respect to the first variable of
the anyonic wavefunction or introduce the external twist ¢ = —7wr(N — 1)
which removes the anyonic shift of the quasiparticle momenta. As follows
from this discussion discussion, the boundary conditions for the wavefunction
of N anyons are given in these two situations by Egs. and the Bethe

equations by (12.21)).

2.6 Properties of the ground state

Bethe equations ([2.21]) can also be written as

N
ML+ 00— M) =2mn; +7k(B-1)(N—1), j=1--- N, (236)
k=1
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where

i + A
O(\) =1l
() Zn(ic’—/\)’

and n; are integers when N is odd and half-integers when NV is even.

2.6.1 Twisted boundary conditions

In this case (8 = 1), the Bethe equations are similar to those for the Bose
gas with periodic boundary conditions [54, [62] with ¢ as a coupling constant.
The ground state is characterized by the set of integers (half-integers) n; =
Jj— (N +1)/2, so the Bethe equations take the form

N +1

N
)\fL—l—ZG(AJB—)\kB):%T(j—T), j=1,---,N. (2.37)
k=1

From now on the superscript B will mean that the variables and physical
quantities are the same as the ones for the Bose gas with periodic boundary
conditions and coupling constant ¢’. In the thermodynamic limit N, L —
o0, D = N/L =const, the Bethe roots become dense and fill the symmetric
interval [—gq,q|. The density of roots in this interval obeys the Lieb-Liniger
integral equation

1

o) = 5 [ KO)pl) di = -

where K(\, ) = 0/(A—p) = 2¢/(* + (A — p)?). The Fermi momentum ¢ can
be obtained from the Lieb-Liniger integral equation and the particle density is

N q
D:f:/q,o(A) dX.

Finally, the energy and the momentum of the ground state are

q
EP = L/ Mp(\) d\, PP =0. (2.38)

—q
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2.6.2 Periodic boundary conditions

This is the case treated in [7HI]. The Bethe equations ([2.36) in this case (8 = 0)

are similar to those for the Bose gas with twisted boundary conditions:

N
ML+ 0\ —N) =2mn; —wk(N—-1), j=1,-- N.
k=1

Introducing the notation {[...]} such that
{[z]} =~, ifx =27 x integer + 27y, ~e€(-1,1), (2.39)
we can describe the ground state by the following set of the Bethe equations:

N
N+1
)\jL+ZH()\j—)\k):27r<j—T+)+27r5, j=1,---,N, (240)

k=1

where § = {[—mx(N — 1)]}. Comparison of Egs. (2.40|) and (2.37)) shows that

we have the following connection between the Bethe roots for periodic and
twisted boundary conditions:

A=A +2m6/L. (2.41)

This relation is exact and holds also for the excited states if the (half)integers
in the Bethe equations are the same. In the periodic case, the ground state is
shifted by 2md/L, so that the Bethe roots are now distributed in the interval
[—q + 27m6/L,q + 276/ L], and momentum of the ground state P, in general
does not vanish:

N N

Py=Y X\=Y (A’ +2rd/L)=2rD5. (2.42)

i=1 i=1

The ground-state energy is:

N N
AdNB 276)? D(275)?
Eo=ZA?=Z((Af)2+ T 4 L2> ) =E§+—(L L )
=1 =1

where we have used that the total momentum in the case of twisted boundary
conditions is zero and EF in the thermodynamic limit is given by Eq. (2.38).
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2.7 Finite size corrections

In this section, we are going to calculate the finite size corrections for the energy
of the ground state and characteristics of the low-lying excitations. Based on
the results of this section, we will be able to find the large-distance asymptotics
of the correlations functions using conformal field theory. A chemical potential
h is added to the Hamiltonian throughout this section, so that the total
Hamiltonian is

Hy = / dr {[0,91 ()]0, ¥ (2)] + eV (2) U (2)U(2) ¥ (x) — WY (2)¥(2)} .

2.7.1 Finite size corrections for the ground state energy

As we have seen in the previous section, the ground state of the gas of anyons
with twisted boundary conditions (5 = 1) is characterized by the same set
of Bethe equations as the Bose gas with coupling constant ¢ and periodic
boundary conditions. So in this case we can use the results for the Bose gas
[T5HIS, B4, [77]:

q
5 _ _ e €
B — L/_q W) dA = T 4 0 (LQ) | (2.44)

where €9(A) = A\? — h and vp is the Fermi velocity for the Bose gas with
coupling constant ¢’. In the case of periodic boundary conditions (8 = 0),

Eq. (2.43) then gives:

_ a mop  D(2716)? 1
EO_L/_qsO(A)p()\)d)\— 2 o)

2.7.2 Finite size corrections for the low-lying excita-
tions

In our discussion of the low-lying excitations, we consider several different
types of excitation processes:

e Addition of a finite number AN of particles into the ground state of the
system.

e Backscattering: all integers n; in the set {n,} characterizing the ground-
state distribution are shifted by an integer d.
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e Particle-hole excitations: the integer n; that characterizes the particle at
the Fermi surface is modified from its value in the ground state distribu-
tion by N for the particle with momentum ¢, (or ¢+ 276 /L, depending
on the boundary conditions) or by N~ at the opposite point of the Fermi
surface with momentum —gq, (—q + 27d/L).

The central feature of the gas of anyons is that the boundary conditions for
the field operators and the wavefunctions depend on the number of particles
in the system. This means that any modification of the number of particles
in the system changes the Bethe equations and, as a result, the quasiparticle
momenta given by the Bethe roots. If we add one particle to the system of N
particles, the boundary conditions are:

XN+1(0, 22, -+ 2N, 2n41) = €_iWﬁR(N_1)XN+1(L,ZQ, C L ZNG AN

X1 (21,0, 2n, avg) = 2R RN TN (2 Ly 2N, 2h)
(2.45)

Xnt1(21, 22,00, 0, 2np1) = @2 TOmRTITOSNT Y 0 (2 200+ Ly 2va)

Xni1(21, 20,5 28, 0) = @PNTRTIORN=L (2, 29+, 2y, L)

and the Bethe equations become

N+1 .
oML _ gimhN gimBr(N-1) H </\j — A\ + zc’)
N A — M\ —ic )
k=Lkzj N9 Ok

The ground states for N and N + 1 particles are characterized by the Bethe
roots satisfying different equations:

al N+1
A]L+ZH<A]_Ak) = QW(j—T)+27Tu), jzl,-",N, (246)

k=1
N+1

- - - N +2

AJL_FZe()\J_)‘k) = 27T<j_T+)+27Tw/7 j:177N+17
k=1

where
w=0, o =r/2, and w={[-7s(N —1)]}, & ={[-7&N]},

for the twisted (5 = 1) and periodic (5 = 0) boundary conditions, respectively,

and {[...]} is defined by Eq. (2.39)). Comparing Eq. (2.46) with Eq. (2.37) we
see that

A=Ay +2mw/L, N =AMy, +2n0 /L, (2.47)
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where )\fN are the Bethe roots characterizing the ground state of a gas of N
bosons with periodic boundary conditions and coupling constant ¢’

Addition of one particle to the system

For excitations of this type we assume that both before and after the addition
of a particle, the system is in the ground state. In order to calculate the energy
and momentum of this excitation, we use Eq. which enables one to
express energy and momentum through corrections to the same characteristics
of excitations of the Bose gas.

For the energy we get from Eq. :

AE(AN =1) = Z co(A) = D co(Ny)

= AEB(AN=1)+ (N +1) (272”/)2 ~N (272“>z2,48)

where AEP(AN = 1) is the energy of the corresponding bosonic excitation.
As known in the literature (see, e.g., [15] [16], I8, 54], [77]) it is convenient to
express this energy in terms of the ”dressed charge” Z(\):

2
AEB(AN = 1) = %L”F (%) , (2.49)

where Z = Z(q) = Z(—q), and Z(\) is defined as solution of the equation
——/K)\,u ) du=1. (2.50)
From (2.48) and (2.49) we obtain

AE(AN =1) = QW;F (2%,)2 +(N+1) (27;”/)2 ~N (%T“y (2.51)

The momentum of the excitation is:

N+1

27rw 27rw
AP(AN =1) ZA —Z)\ 7 7 (2.52)

where we again used the fact that for the ground state of bosons with peri-
odic boundary conditions and any number of particles the total momentum is
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vanishing.

Backscattering

The uniform shift of the ground-state distribution in a backscattering process
can be understood as a jump of some number d of particles between the op-
posite boundaries of the Fermi surface. The Bethe equations relevant for this
process (in the case of N and N + 1 particles in the ground state) take the
form:

N
. N+1 .
ML+ 0 - X)) = zn(3—7)+2wd+2m,3:1,---,N,
k=1

N—+1
N R . N+2
MNL+Y 00 —X) = QW(j—T)-i-QWd
k=1

fore'. j=1,-- N+1. (2.53)
Again, comparison with Eq. (2.37) shows that
X=X +or(w+d)/L, MN=Ny, +2r( +d)/L, (2.54)

and the ground states are characterized by Eq. (2.47). Using Eqgs. (2.47) and
(2.54]) we get the excitation energy:

N
N particles:  AE(d) = Z(&?O(A?) —eo(Aj))
j=1
(2mw + 27d)? (27w)?
=N N
N+l )
N+ Lparticles: ~ AE(d) = Y (c0(X) = 20(}y))
j=1
21w’ + 27d)? 271w')?

This result can be rewritten using the relation Z? = 27D /vp (see [54],
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Chap. 1.9) obtaining

2 2
N particles: AFE(d) = %Z%d—i—w)z — ?F Z20?,
2 2
N +1 particles: AFE(d) = 7TLUF Z*d+W')? - 7TTvFZQw’Z
(27w’ + 27d)? (27w')?
+ 2 — (2.55)
The momentum of the backscattering excitation is simply
AP(d) = N(2nd/L), (2.56)

expression that is valid for any number of particles N.

Particle-Hole Excitations at the Fermi Surface

In this case, the excitations we consider consist in changing the maximal (min-
imal) n; in the ground state by N*. For N particles and “excitation magni-
tude” Nt the Bethe equations are

al N+1
AL E O(N; — = 2 ) — —— 2 j=1,--- ,N—1
J +k:1 (] )\k’) ﬂ-(j 2 >+ W, J ) ) )
al N+1
)\NL—i- E Q(AN—)\]C) = 27 (N—T)+27rw+27rN+. (257)
k=1

From (2.57) we see that the momentum of the excitation Nt is AP(NT) =
2r N /L and, similarly, for the excitation N~ the momentum is AP(N~) =
—2mw N~ /L. These excitation can be considered as a special case of the general
particle-hole excitations, and we can use the results of Appendix [A] for them.
Using we see that the excitation energy and momentum

2 1 2
AE(N*) = %Ni +0 (ﬁ) . AP(N*) = i%Ni, (2.58)

coincide with those for the similar excitations of the Bose gas (see Appendix
1.4 of [54]):

2T

2
TP NE APB(N®) = £ NE,

AEP(N*) =
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For N + 1 particles, the energy and momentum of the excitations are given by
the same expressions as in ([2.58]).
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Chapter 3

Asymptotic Behavior of
Correlation

Functions from Conformal Field
Theory

The results of the previous chapter allows us to compute the asymptotics of
the correlation functions using the methods of conformal field theory. We
will consider the case of twisted boundary conditions (3 = 1), or the periodic
boundary conditions (§ = 0) when & is a integer multiple of 2/(N — 1), so
that the shift in (2.41]) vanishes, 6 = 0, and the two boundary conditions
are equivalent — see (2.19). The main feature of this case that is important
for the direct applicability of the conformal field theory approach is that the
momentum of the ground state of the gas of anyons is zero for these
boundary conditions. For general gapless 14-1-dimensional systems, 7' = 0 is a
critical point making the correlation functions decay as a power of distance at
T = 0 but exponentially at 7' > 0. As we have seen in the previous section, the
Lieb-Liniger anyonic gas is gapless and the excitation spectrum has a linear
dispersion law in the vicinity of the Fermi level. These features support the
expectation that the critical behavior of the anyon system is described by
conformal field theory (CFT).

CFT is a vast subject and we refer the reader to [12] 23] 33, [50] and Chap.
XVIII of [54] for more information. A conformal theory is characterized by
the central charge ¢ (not to be confused with the coupling constant in (2.1]))
of the underlying Virasoro algebra, and conformal invariance constrains the
critical behavior of the systems under consideration. The critical exponents
(the powers that characterizes the algebraic decay at T = 0) are related to
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the conformal dimensions of the operators within the CFT, so to obtain the
complete information about the critical behavior of the system we need to
calculate the central charge and the conformal dimensions of the primary fields.

3.1 Central charge

In order to find the central charge we use the fact that for unitary conformal
theories it can be found from the finite-size corrections, specifically the coeffi-
cient of the 1/L term in the expansion of the ground state energy for L — oo
2, [14]:
TR 1
E=Leee — —c+0O 3.1

€0 = 5 € ( L) (3.1)
Comparing this relation to Eq. (2.44)) valid for the boundary conditions we
are assuming in this Section, we see that the central charge ¢ = 1. The fact
that the central charge ¢ = 1 means that the critical exponents can depend
continuously on the parameters of the model [12], 27, [30].

3.2 Conformal dimensions from finite size ef-
fects

Following the original idea of Cardy [22] subsequently developed in [15] 16,
18], we obtain below the conformal dimensions of the conformal fields in the
theory from the spectrum of the low-lying excitations described in the previous
Chapter. The local fields of the model can be represented as a combination of

conformal fields
ZA )Po(z, 2) (3.2)

where A(Q) are some coefficients and z = iz +vpT, with v the Fermi velocity
and 7 the Euclidean time. The conformal fields are related to excitations with
quantum numbers Q = {AN, N* d}, where AN represents the number of
particles created by the field ¢, and all the fields in the expansion should
have the same AN. The quantum number d gives the number of particles
backscattered across the Fermi “sphere”, and N* characterizes the change
of the maximal or minimal n; in the Bethe equations from its values in the
ground state. While AN has to be the same for all the terms in the expansion,
d and N* can be different.

For two conformal fields, ¢¢ and ¢¢/, with the same conformal dimensions
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denoted A¥, their correlation function is given by

(Galer.2)00 (2. 2)) = e = (3.3

Under a conformal transformation z = z(w), z =

2 3zj ar 82]' AT
(Po (w1, @1)dor (we, 02)) = [ | (%) (%)

Jj=1

zZ(w), it transforms like

X (pq(21(w1), z1(w1)) g (22(w2), 22(w2))) . (3.4)

Using the expansion ([3.2)), the fact that the two conformal fields with different
conformal dimensions are orthogonal (their correlation function is zero), and

(3.3)) we then have:

Q)

(21 — 22)

(3.5)

(D(21,21)P(22, 22)) = Z Ag(

—
g (Zl i Z2)2A QAQ

which is valid in the whole complex plane without the origin (z; # 23). Con-
formal mapping of this plane to a cylinder (periodic strip) with the help of
transformation

z=eL =iz +vpr with 0<z<L, (3.6)
applied to (3.4]) gives

((w1, 1) p(wa, Bs)) ;A (Smh (Sl/f%)/L])mE

x/L 24

- (smhwl = @)/L]) /

with the asymptotics

(P(wr, wr)p(wg, Wa)) ~ Z e

Q

T (AG+AG) (n—m2) =i ZE (MG —Ag) (z1—w2)

Comparison with the spectral decomposition of the correlation function in the
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periodic strip (11 > )
($wn, @1)$(wa, @), = > [{0]6(0,0)]Q)[2e~FaF)nra)=ilPa-Fo)a—22)
Q

where |0) is the ground state and Ey, Py are the energy and momentum of the
ground state, leads to

27T’UF
L

o E="T"E(A5 1 A), Po-Fy=r(A5-Ag), ()
assuming that both the energy and momentum gaps are of order O(1/L).
However, as we have seen in Sect. for some of the excitations consid-
ered (addition of a particle in the system, AN = 1, backscattering pro-
cesses characterized by d, and particle-hole excitations at the Fermi surface
characterized by N*), the momentum gap is macroscopic. For example, if
Q = {AN =0,d # 0, N* = 0}, the momentum gap is 2kpd, kr = 7D, and
for Q = {AN =1,d = 0, N* = 0} the momentum gap is —wkpr + /L. For
these excitations, following [I5] 16} 18], the coefficients A(Q) will depend on
T as

AQ) = A(Q)e're”, (3.8)

where pg is the macroscopic part of the momentum gap Py — Fy. From (3.5
and (3.8) we obtain the generic formula for the asymptotics of correlations
functions at T'= 0

(B, 1)(0,0)) = > A(Q)ear

. 2AT . (39)
o (iz +vpT)™2e(—iz + vpT)

—
2AQ

where AES can be found from and the leading term corresponds to the
smallest Ag.

We also can find the low-temperature asymptotics of the correlation func-
tions if we use instead of the conformal mapping , the mapping

z =¥ Tw/vr o — g —jupr, (3.10)
which differ from (3.6) by interchanging the space and time variables. The
computations are similar those described above for the correlation functions
in a finite box, and the final result is

; 7T /vp 204
(6(z,1)p(0,0))p = Y B(Q)ePer

sinh[7T(x — ivpT
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- <Sinh[7rTzrxT—i/—UiI;F7-) /UF])MQ . (3.11)

This result is valid only at temperatures close to zero.

3.3 Density-density correlation function

In the case of the density correlation function, (j(z,t)j(0,0)), where j(z) =
UT(2)¥(z), we have AN = 0 so the most general excitation is constructed by
backscattering d particles and creating a particle-hole pair at the Fermi surface

characterized by N*. Making use of (2.55] 2.58)), we obtain for the energy
and momentum gap of the excitation characterized by Q = {AN = 0,d, N*}:

P
Pysg— Py = 2kpd + %(z\ﬁ — N7,

2mUE

Entq—Eo= [(Zd)?+ Nt +N7].

Here we have taken into account only the terms of order 1 and O(1/L). Equa-
tion (3.7]) gives the conformal dimensions

20, = 2N* + (Zd)?, (3.12)

and from the general formula (3.9))

eQixkpd

(2, 4)5(0,0)) = (GO, 0)* = Y AQ)

. +
Q={N*.d} (iz + vpT)*20(

245 )
(3.13)

Defining 0 = 222 = 47D /vy, where Z = Z(—q) = Z(q), and Z()\) given by
the integral equation (2.50)), the leading terms are

—ix + UFT)

(i, 00.00) = G0.0) = o b i

For equal times, Eq. (3.13]) takes the form

627290de

<](l‘, O)j(070)> - <j<0a0)>2 = Z A(Q) |I|d29+2N++2N7 . (3'14)
Q={N*.d}
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The presence of the oscillatory terms in this expression can be explained by
the following simple computation [18]:

(j(,0)4(0,0)) = > (0lj(,0)|Q){Ql3(0,0)[0)

Q
- Z 1(0]7(0,0)|Q) |26i(PQ—PO)J;
Q

o0

= D Y TI(00(0,0)]d NF)PeE VTN,

d=—00 N=*

where in the second line, we broke the sum over () into disjoint sums charac-
terized by different macroscopic momenta. The second part of the sum gives
the power-law decay for k:;l < x < L. The formulae and are the
same as in the case of a Bose gas with coupling constant ¢’ = ¢/ cos(mr/2) and
periodic boundary conditions [I8] — see Chap. XVII of [54]. This situation is
expected, since

ja) = W (2)¥(z) = U (2)Wp(z) .

Finally, from (3.11)), the finite temperature density correlation function is

7T /v 284
sinh[7T (x — twpT) /vp]

(j(x,t)7(0,0))r = Z B(Q)e2ria (

Q={d,N*}

: <Sinh[7TTZT$T-|/-UiI;FT)/vF])2A , (3:15)

with Ag given by (3.12).

3.4 Field-field correlation function

In contrast to the density correlators, for the field correlator (¥(x,$)¥T(0,0)),
one has AN = 1. For the ground states with NV and N + 1 particles and the
boundary conditions considered in this Section the Bethe equations are:

N
N+1
k=1

N+1
< T % . N+2 .
)\jL+;0(Aj—)\k) = 271'(]—7)—71'/{, j=1,--- ,N+1.
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The shift —mk in the second equation implies that the anyonic wavefunctions
for N and N + 1 particles live in two orthogonal sectors of the Hilbert space.
The addition of one particle produces in this case a macroscopic change in
the momentum, —7wkprx — wr/L, which gives rise to oscillations even in the
dominant term of the field correlator.

The most general excitation is obtained by an addition of one particle to the
system, followed by the backscattering of d particles and creation of a particle-
hole pair at the Fermi surface. Using the results (2.51}}2.52|[2.55/[2.56/|2.58)) with
w = 0,0 = —k/2, we obtain the following expressions for the energy and
momentum gaps of an excitation with Q = {AN = 1,d, N*} (retaining, as
before, the terms of order 1 and O(1/L)):

2
PRNT! — Py = 2kpe(d — /2) + % [(d—k/2)+ N* = N],

27TUF
L

1 2
ENYT' — By = (_) + Z2*(d—kK/2* +NT+ N~ |,

2Z

so the conformal dimensions are

205 =2N* + <% + Z(d— /@-/2))2 : (3.16)

From Eq. (3.9)), the field correlator is

e?ikp (d— g).@

(U, )0 0,0) = > AQ)

' — (3.17)
Q—{N.d) (i 4+ vpT) "2Q(—ix + vpT)

)
—QAQ

or in the equal-time case

2ikp(d—5)

: B N
<\Il(x, o)q/ (0’0)> - Z A(Q)|$|(d+g)2e+g+2N++2N7 ’
Q:{Nid}

where § = 222, Again, we can heuristically justify the presence of the os-
cillatory terms in the correlation function in the same way as for the density
correlator, but for the field correlator, the complete set of states that is inserted
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between ¥ and W' is from the sector with N + 1 particles

> (01¥(,0)|Q){(QI¥(0,0)|0)
Q

- Z|<O|\Ij(0,O)|Q>|26i(PQ—P0)J:

(T (x,0)¥7(0,0))

= Z ik (= Z| 0] (0,0)[d, N*)[2e E= (V=N

d=—00

In this case, the terms of the correlation function containing e?¢#(@=%/2)% that
are responsible for the oscillatory behavior at x < L, exhibit dependence on
the statistical parameter.

Equation can be compared to the result of Calabrese and Mintchev
[19], who calculated the field correlation function for anyonic gapless systems
in the low-momentum regime using the harmonic fluid approach [24], 42], ob-
taining

—2@ (d+5 kFx —2i(m+5 )me(x)/2

T
(T (z, 0)( =D Z bd (2))@+512K+5

d=—00

where D is the density, by unknown non-universal amplitudes, ¢(z) = Lsin(nx/L),
and K is a universal parameter that can be expressed in terms of the phe-
nomenological velocity parameters vy,v; as K = /v;/vy. For the Lieb-

Liniger anyons,
2rD 0
o7 (3.18)

Vr 2

K =

They have checked their results in the limit ¢ — oo, K = 1 against the exact
results of Santachiara et al. [73], who calculated the asymptotic behavior of
the field correlator as a Toeplitz determinant, which is a generalization for
anyonic statistics of a result obtained by Lenard in [58]. We see that our
conformal field theory approach agrees with the leading asymptotics produced
by the harmonic liquid approximation but also gives the higher-order terms in
the large-distance expansion.

Using the conformal mapping that leads to general Eq. , we
find also the finite-temperature field correlator:

(W, U0, 0))y = Z B(Q>ei2kF(d+§)w<, WT/U.F )/,UF]) ’

o—tant) sinh[7T(x — ivpT
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" <smh[wT?xTﬁ@m/vF])M_ . (319)

where Ag is given by (3.16)).
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Chapter 4

Anyonic (Generalization of
Lenard’s Formula

In this chapter we are starting the rigorous investigation of the field-field cor-
relation function for impenetrable anyons. As a first step we are going to
compute the anyonic generalization of Lenard’s formula. In [59], Lenard was
able to show, using the Fermi-Bose mapping for wavefunctions, that the re-
duced density matrices (correlation functions) of bosons interacting with hard-
core potentials can be expressed in terms of reduced density matrices of free-
fermions and vice-versa. In the particular case of zero-point interactions, this
result can be summarized in the following form: n-particle RDMs of impen-
etrable bosons are given by the n-th Fredholm minor of an integral operator
whose kernel is the Fourier transform of the Fermi distribution. In [67], mak-
ing use of the Anyon-Fermi and Anyon-Bose mappings for wavefunctions, we
were able to generalize this result for arbitrary statistics. In this case, again,
the n-particle RDMs of impenetrable anyons are given by the n-th Fredholm
minor of an integral operator whose kernel is the Fourier transform of the
Fermi distribution, however, now the constant in front of the integral operator
depends on the statistics parameter x and is given by (1 + ¢™) /7 which can
be contrasted with the constant in the impenetrable bosons case which is 2/7.
Another interesting feature of the anyonic RDM is the fact that in this case
they depend on the sign of the difference of the arguments.

Compared with the technique presented in the next chapter, the anyonic
generalization of Lenard’s formula, has the advantage of giving results also for
n-particle correlation functions. The disadvantage is that it does not address
time-dependent correlation functions. The results presented in this chapter
are based on [67].
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4.1 From correlation functions to reduced den-
sity matrices

The one-dimensional anyons considered in this chapter are characterized by
anyonic fields WT(z), ¥(z) which obey the following commutation relations

(1)Ul (25) = e @)Ul (1)) W(2)) + 6(21 — ), (4.1)
Ul (1)U (1) = ™ @2 W (1) Tl (24) (4.2)
U (21)W(2q) = ™ @22 (25U (1) . (4.3)

Here & is the statistics parameter, and e(x) = z/|z|, €(0) = 0. The commu-
tation relations become bosonic for Kk = 0 and fermionic for k = 1. For an
arbitrary Hamiltonian of the anyons confined to the interval V' = [-L/2, L /2],
the N-particle eigenstates are defined as

[Un({A})) \/_/dZI /dzN Xz, an AN (2n) - W1(21)]0)
(4.4)

@n (O] == [ daneee [ o O1B() - Bl vl 3D,
(4.5)
where x4 are the (norm one) quantum-mechanical wavefunctions of N anyons,
and {\} is a set of quantum numbers specifying the state. The wavefunctions
X have the anyonic symmetry

imke(zi—2i+1)

X?V(Zh”' )y Riy i1yt 7ZN) =e€ X(]l\f(zh'” y Ri41y Ryt 7ZN)J (46>

that reflects the field commutation relations. We are interested in computing
the finite-temperature correlation functions of anyonic fields. The simplest
example of these correlators is

(U (@)W (2)).

In the grand canonical ensemble characterized by temperature 7" and chemical
potential h, the field correlation function is given by following relation

o~ E({O)/T
W= 3 S iy N ODITE)EE@) e (D)

N=1 {)}
(4.7)
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where E({\}) is the energy of the eigenstate with quantum numbers {\}, and
Z(h,V,T) is the grand-canonical partition function

Z(h,V,T) ZZehN/T —E({AD/ (4.8)

N=0 {\}

As shown in the Appendix [B], the correlator at a fixed number of particles N
is given by an overlap integral of the corresponding wavefunction

(On (AN (@) (2)[Tn({A}) —N/del"'/vdZN—l

X X?\(/l(zh e 7ZN—17‘I/|{/\})X7V<217 T, ZN-1, "E|{)\}) ) (49)
so that the correlation function (4.7) can be written as

e~ E{AN/T
CUCL I T ) e it e Ll R (R
N=1 {A}
XXR?(’ZL Tt RN-1, x/|{A})X7V(Zl7 e 7ZN—17‘T|{)\}) . (4'10)
We will also be interested in a class of 2n-point field correlation functions
at finite temperature:
(Ul () - (@)U (1) - U)o (4.11)
These correlators can be expressed similarly to Eq. (4.10)

(Ul (a7,) - UM @)) O (21) - W (an))zn =

hN/T6
ZZ h VT /dzl /dZN n
n {A}
XX?\?(ZM'” 7ZN*n7xll7"' >xln‘{)‘})X?V(Zlv'” y RN—ny L1, " 7xn|{)‘}) (4'12>

As one can see from (4.10)) and (4.12)), the correlation functions are obtained
as a combination of the wavefunctions and ensemble probabilities. In this
context, it is useful, similarly to the case of fermionic or bosonic particles, to
introduce the reduced density matrices of anyons:

Definition 1. For a statistical ensemble characterized by the probabilities p?&},
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the anyonic n-particle reduced density matrix is defined as

(131,"' an‘pmx/lf"? Zzp{)\} /le /dZN n

n {A}

XX?\?(ZM'” 7ZN77L7'%.117”' 71.;1‘{)\})X?V(217 y EN—ny L1, " 7xn|{)\})7 (413>

where the wavefunctions x4 [y are normalized to one.

If the probabilities pf[\f\} coincide with those in the grand canonical ensemble,
pff\} = NWTe=EWAD/T [ 7(h, V,T), the one-particle reduced density matrix is
just the 2-point correlator , and the n-particle reduced density matrix
is the particular 2n-point correlator . These relations are exactly the
same as in the case of bosonic and fermionic statistics. A particular “anyonic”
feature of the Definition [I] is the fact that we integrate over the first N —n
arguments of the wavefunctions. In the case of bosonic and fermionic reduced
density matrices, integration over any subset of the N —n out of N arguments
produces the same result due to the parity of the wavefunctions. This is not the
case for the reduced density matrices of anyons due to the anyonic symmetry
(4.6)) which in general, e.g., in the periodic or quasi-periodic situation (“anyons
on a ring”) makes different arguments of the wavefunctions inequivalent — see
discussion in the next Section.

Under a certain set of conditions, which is also made precise in the next
Section, there is a correspondence between the anyonic and the fermionic or
bosonic wavefunctions. This correspondence will be used later to express the
anyonic reduced density matrices as expansions in terms of fermionic or bosonic
ones.

4.2 Anyon-Fermi and Anyon-Bose mapping

To establish the correspondence between the wavefunctions of anyons and
fermions or bosons we define the two functions which essentially incorporate
statistical properties of the wavefunctions of different statistics in one dimen-
sion:

Ap(zy, -, 2y) = @™ i< <(zi=2)/2 (4.14)

and

B(z1,-2n) = [ [ ez — 2) (4.15)

>k

where the notations are the same as in Eq. (2.2)).
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The mapping between anyons and fermions or bosons is analogous to the
Bose-Fermi mapping discovered in [34], where it was noticed that any wave-
function of N fermions has a bosonic counterpart given by

Xb(zlv"' 7ZN) = B(Zl,"' 7ZN)Xf(Zl7'” 7ZN)‘ (416)

This correspondence is valid under very general conditions, with no restric-
tions on the external or particle-particle interaction potential, except for the
requirement of the hard-core condition which should make the bosons impen-
etrable. For particles confined to a box with “hard wall” boundary conditions
(BC), bosonic and fermionic wavefunctions satisfy the same BC. In this case,
if v/ is an eigenfunction of the Hamiltonian, then y? is also an eigenfunction
with the same eigenvalue. However, in the case of a ring of length L with
periodic BC for bosons, the BC for the fermions are in general different and
given by

Xf(ov"' ?ZN> = (_1)N71Xf([’7'” 721\7)' (4'17>

For even N, when Eq. means that the BC for fermions and bosons
are different by a phase shift m, the relation between the eigenenergies of
the fermionic and bosonic systems is less direct. Since for non-coincident
coordinates B? = 1, the Bose-Fermi mapping is symmetric and remains
true if the superscripts b and f are interchanged.

4.2.1 Anyon-Fermi mapping

It is straightforward to see that similarly to the Bose-Fermi mapping (4.16]), the
wavefunction with anyonic symmetry (4.6) can be obtained by multiplication
of a fermionic wavefunction with the statistics factors (4.14]) and (4.15)) [5], B5]:

Xa(zlv"' ,ZN) :AH(’ZIJ"' 7ZN)B(217”' 7ZN>Xf<Zl7”' 7ZN)7 (418>

Besides the anyonic symmetry (4.6)), the wavefunction x* (4.18]) satisfies the

condition
X“(21, 2N )|m=; =0 for all {i,j} € {1,--- ,N}. (4.19)

This means that the correspondence (4.18)) is valid as long as potential energy
contains a hard-core part which ensures that the anyons are impenetrable
and condition is indeed satisfied. Other properties of the Anyon-Fermi
mapping are similar to those of the Bose-Fermi mapping. It is valid
for an arbitrary form of the potential energy in the particle Hamiltonian.
When the particles are confined to an interval with “hard wall” boundary
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conditions, the fermionic and anyonic systems both satisfy the same BC of the
wavefunctions vanishing at the ends of the interval. In this case, if x/ is an
eigenfunction of the particle Hamiltonian, then y* is also an eigenfunction of
this Hamiltonian with the same eigenvalue. This follows from the fact that
the statistics factors and are constant everywhere except for the
points of coincident coordinates, where the wavefunctions vanish.

When particles are confined to a ring with periodic or quasi-periodic BC,
the properties of the Anyon-Fermi mapping are more complicated. In this case,
the anyonic wavefunction will have different boundary conditions for each of
its coordinate (see Chap. , the difference being given by an extra phase shift
that depends on the statistics parameter . Specifically, if the fermion wave
function obeys some generic quasi-periodic BC (the same in all coordinates)
which can be written as

X0, 2y) = (DN e NI (L, -+ 2y) (4.20)

then the anyonic wavefunction obeys the following BC in its different argu-
ments

Xa(07227"' 7ZN) - 6_i¢ XQ(L7227"' 7ZN)7

Xa(Zl,O,"' 7ZN) - ei(QW{_(ﬁ)Xa(zlaLa”' 7ZN)a
(4.21)

i(2(N—1)mk—a)

Xa(zl7z27”' aO) = € Xa<21722"' 7L)7

where ¢ = ¢ +mk(N —1). As for the Bose-Fermi mapping (4.16) with even N,
the anyonic and fermionic eigenenergies are not related directly in the situation
of a ring with quasiperiodic BC. In physics terms, this difference between
anyons and fermions corresponds to the statistical magnetic flux 7k(N — 1)
through the ring produced by N one-dimensional anyons of statistics k.

The Anyon-Fermi mapping is not symmetric. The inverse relation
can be written as

Xf(zl>"' 7ZN> :A*ﬂ('zla"' 7ZN>B(217"' aZN)Xa(Zh"' 7ZN>' (4'22)

4.2.2 Anyon-Bose mappping

The Anyon-Bose mapping was historically the first mapping of this kind in-
troduced for one-dimensional anyons in [56]:

Xa<zla"' 7ZN) = AK(Zla"' 7ZN)Xb(217"' 721\7)' (4'23)
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The wavefunction y* in has the correct anyonic symmetry , and
in contrast to Anyon-Fermi mapping , need not vanish when a pair of
coordinates coincide. It should be noted, however, that without this hard-
core condition, the discontinuity of the statistics factor A, (4.14) at coinciding
coordinates translates into discontinuity of the wavefunctions . In this
case one needs an additional condition regularizing the wavefunctions. Also,
without the hard-core condition, the statistics factor A changes substantially
the behavior of the wavefunctions at the points of coincident coordinates (for
instance, if the particle-particle interaction is d-functional, statistics renormal-
izes the interaction strength) and the energy eigenvalues of the bosonic and
anyonic problems are different regardless of the boundary conditions.

Other properties of the Anyon-Bose mapping are very similar to
those of the Anyon-Fermi mapping. It is valid for arbitrary potential energy.
For particles in a box with “hard wall” BC, both wavefunctions satisfy
the same condition y* = 0 and x? = 0 at the boundary. For particles on a
ring with generic quasi-periodic BC for bosons that can be written as

Xb<07 T ,ZN) = €_i¢Xb(L7 U 7ZN) (424)

(and have the same form for all other arguments of x*), the anyonic wavefunc-
tion obeys the following BC

Xa(0>z27"' 7ZN) = 6_i$ Xa(La227"' 72N)7
Xa(2170>"' ,ZN) = ei(2wnf¢)xa<sz’___ 7ZN)7
(4.25)

i(2(N=1)mk—)

Xa(zbZQ?”' 70> = € Xa<21,22"' 7L>7

where ¢ = ¢ + k(N — 1). The Anyon-Bose mapping is also not symmetric.

The inverse of (4.23) is

Xb(zh' c 7ZN> = A—H(Zh” : 7ZN>XQ<217 e 7ZN) . (426)

4.3 An important theorem

In this section, we consider an arbitrary statistical ensemble in which the
states X7y, occur with probabilities pf{\;}. The anyons are assumed to be
confined to an interval V = [—L/2, L /2], and wavefunctions are normalized
to 1: |Ix% oyl = 1. Our goal is to establish a relation between the reduced
density matrices p¢ of anyons and similarly defined reduced density
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matrices of bosons pf, and fermions p/. The fermionic and bosonic states
that correspond to the anyonic states Xy ) in the Anyon-Fermi or
Anyon-Bose mappings have similarly normalized wavefunctions, and we
assume that they have the same probabilities pf&}. This assumption is natural
under the conditions (discussed in the previous Section) for which the energies
of the states of different statistics are the same, as they are, for instance,
when the wavefunctions satisfy the “hard wall” boundary conditions and hard-
core condition on the particle-particle interaction. The relation between the
reduced density matrices is established by the following theorem:

Theorem 1. Let xy,--- ,x,, 2, -+, 2, be 2n coordinates in the interval V,
and O are the parts of the space of these coordinates in which they are ordered,
respectively, asxy < ) < -+ < x, < x, and x| < 11 < --- < ), < x,. Forthe
O ordering, one can define the subset of V: I, =[xy, 2]]U---Ulz,, 2] C V,
and the subset I_ = [z}, 21]U---U[z],,z,) CV for ordering as in O_. If the
conditions of validity of the Anyon-Fermi or the Anyon-Bose mapping
are fulfilled, the reduced density matrices of anyons can be expressed
then in terms of the reduced density matrices of fermions as

(C(Jl,--- 7J7n|:07(2,|x/17"' 7I/n):t = A—H(mllv"' ,:L’,n)B(:EII, ’I;1>
00 . .
1+ei’m/{ J
XAH(x17... 7':U ) ml? Z —)
Jj=

/ d21~--/ dzj (T1,- , Tp, 21, ,zj|p£+j|x’1,--- Ty, 21,y 2)  (4.27)
Iy Iy

or bosons as

al ../ / _ ! /
(xla e ,:L‘n|pn|£L'1, e >xn>i - A*lf(xh e 7xn)Al€($17 e 756”)
o :i:Mm)j
< —/ dzlm/ &z,
j= I+ I+
b ! /
(xl) Tty Ay R, 7Zj|pn+j‘x17 Ty R, 7Zj) : (428)

The subscript £+ in these expressions specifies whether xq,- -  x,, 2}, -+, 2,

are ordered as in O, or O_.

Proof. The proof follows that of Lenard [59], generalizing it to the anyonic
statistics. As a first step, we need a preliminary result.
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Lemma 1. For any symmetric function f(z1,--- ,z,) and a constant «,

/ le / dZn 217 7Zn) = Z C]n(_l + a)j

=0
X / dz; - / dzj/ dzj+1~--/ dznf(z1,-+ ,2n), (4.29)
It I+ |4 \4
where C7 = (n_”—]'),j, and o (1) is the number of variables zy,--- , z, contained

m [:I:-

Proof. The L.H.S. of (4.29)) can be written explicitly as

Q—chlam/ le/ dzm/ dzm—l—l"'/ dan(Zl,"',Zn),
m=0 It It VA\I+ V\I+

and combined with an obvious relation fV\I dz; = fv dz; — f I dz;, (1 =
m+1,---,n) can be further transformed into
Q= ZC” mZC’g_m(—l)k/ dzl---/ dzm+k./ dzm+k+1---/ dz,,
k=0 I+ It \% v
xf(zlu"' >Zn)'

Collecting the terms in this expression with the same j = m + k, we obtain
the desired result

Q:ZOf(_lﬂLa)j/ dzl"'/ dzj/dzj+1"'/d2nf(2’1,"'7Zn)-
=0 Iy Iy 1% 174

]

Now we can prove the Theorem (1| starting with (4.27)). Using the Anyon-
Fermi mapping (4.18]) we have

(@1, anlpplay, - 2n)e =
ZZP{A} /dzl /dZN N O € PRI T S I
n {A}
XX?V (Zl’”. ’ZN_n"CE,l’.“ ’x;’{)\})X{V(Zlv y AN—ns L1, " axn’{)\})a
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where
/ /
C($1,"',l’n,$1,"',l’n>i:

A_,{<I',1,"' 7*T;L)B(x,17 l'/ )An(xh'” 7‘rn)B<x17"' 7xn)

»Un
n N-—n
K TT I o semstem e el — =),
7j=1 i=1

One can see directly that

n +ink in I
—inke(z—z’)/2 Jimke(z—x;)/2 / _ —€ , & M A4,
e i'lce D22l — 2)e(x; — 2) = :
J J 1 z not in Iy .
j=1 ) +

This means that

C(fEl, e axnvxlla e ax;)ﬂ: = A—H(mlla T 7.17;)3(‘@,17 e ax'/n)
XAH(:EM e ,[L‘n>B<I’1, e ,xn)<_ei’i7ﬂ“€)0’,(1j:) )
where ¢/(I1) is the number of variables zy,---,zy_, in 1. Applying now
Lemmawith a = —e®™ we obtain for the anyonic reduced density matrices
(1’1, e ’xn‘p?t’x1> e 7x;z)i = A,,{<£L‘/1, e ’x;L)B(x;’ e ?x;)Aﬁ(xh e 7$n)
i) 3 S 2 Gy
N=n {\}

x/ dzl'--/ dzj/dzj+1.../dan Xj\{{,\}X{v,{,\}.
I+ I+ 4 v

Interchanging the order of summations, one can notice that the sum over N
and {\} is precisely p! ;- Therefore finally

(xla"' 7xn‘,0?1"x,17 7xn)i = A*N<$/17"' 73:;1,)3(%17“' 7x;L)An(x1>"' 7xn)

B(xy,--- >$n>2(—1>j¥

Jj=0

f /
X/ dZ1"'/ dz] ('1.17“'7$nazl7“'7Zj|pn+j|x]_7...7xn7217...7Zj)'
It I+

The proof of (4.28) is similar. In this case, we use the Anyon-Bose mapping

46



(4.23), and the C function is

/

n)i = A,n 513'/1, ,l';)AKCCla'” 7xn)

n N-—n

/
C<$17"' y T, Lyt T

e—imﬁe(zi—x;)/261'71'/%(21'71]‘)/2 )

1 =1

<

This means that we can use Lemma [l| with a = e*™™*. Interchanging the order
of summation and identifying the bosonic reduced density matrices p’ L we

obtain (4.28)).

The results of Theorem (1| do not depend on the statistical ensemble used
in the computation of the reduced density matrices as long as the particles
are subject to the hard-wall boundary conditions making the state energies
independent of the statistics. They also do not depend on the form of the
interparticle potential beyond the need for the hard-core part which ensures
that the wavefunctions satisfy the hard-core condition. If both of these con-
ditions are satisfied, we can see from and that there is also no
explicit dependence on the length L of the confining box V', and the results
remain valid in the thermodynamic limit L — oo.

4.4 Lenard’s formula for impenetrable anyons

The Anyon-Fermi relation derived above for the reduced density matrices is
particularly useful in the situation when the radius of the hard-core interaction
is vanishingly small, and no other interactions are present. In this case, the
fermionic problem is identical to free fermions, since the hard-core potential
of zero radius effectively vanished due to antisymmetry of the wavefunctions.
The reduced density matrices p/ coincide then with those of free fermions [59]

(see Appendix [DJ):

1 T1, , Ty
(z1,- ,walpl|a), - 2l) = ﬁHT( h ) ) , (4.30)

/
x17.” 7In

where 07(x,y)/m is the Fourier transform of the Fermi distribution function:

1 () eik(x—y)
At T'= 0 we have g )
smalr —y
0 = —" 4.32
0(1’, y) T —y ’ ( )
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where ¢ = VA is the Fermi momentum.
Applying Theorem (1] and (D.4)) we have

=AY
al ./ C, ].+€ )

(‘le"' 7‘rn|pn‘x17.'. :l:_ . —
1, yny 1 bad ]

></Cl21"'/ dzj ——=0r | / ;
It It Q Lyyrrr 5Ty Ry 5%

Oy, - an) = A (2, -, 2 )B(xy, -+ 2l )Ac(xr, -+ ,x0) By, -+ 1)
(4.33)
and the subscript £ specifies particular ordering of xy,--- ,x,, 2}, -+, 2] as
in Theorem [I] This result can be rewritten in terms of Fredholm minors using

(C.5)

where

1 /

(171,--- 7$N|p(7lzlxll7"' vx;z):l: = ﬁc(xlv 7$n)

xlu y Ty

4 10" ) I;L
where the integral operator é% with kernel 07 (x,y) is defined by its action on
an arbitrary function f:

)
=(1+ekinn) /n

x det (1 — 0%

OEf)(x) = [ Or(x,y)f(y)dy

It

Finally, introducing the resolvent kernel Q%(as, y) associated with the the kernel
Or(x,y), which satisfies

(1 + eiiﬂn)

- Or(z — 2)05(2,y)dz = Orp(x — ),

It

and making use of (C.6)), (4.12)) and (4.10)), we obtain

(U (@) - U @)U (1) - U () s = Mﬁ ( 1 )

/n-n xl?“"‘x‘n

<t (1 26)]

In the particular case of the simplest two-point correlator, this expression

y=(14etimr) /7
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reduces to

(U ()0 () s = %Q;s(x', ) det (1407 (4.34)

= (1etimn) /|

and gives the correlator of two anyonic fields in terms of the Fredholm deter-
minant of the integral operator 7 and its resolvent kernel.
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Chapter 5

Determinant Representation for
the Correlation Functions of
Impenetrable Anyons

In this chapter we are going to obtain the determinant representation of the
time and temperature dependent field-field correlator using the summation of
form factors. The method is similar with the one used by Korepin and Slavnov
[55] in obtaining the same representation for impenetrable bosons. However,
in the case of anyons the computation of form-factors has to be done with
extra care due to the fact that the wavefunctions for systems with different
number of particles obey different quasi-periodic boundary conditions. At the
end of the chapter, in the particular case of static correlators, we show the
equivalence with Lenard’s formula. The results presented are based on [68].

5.1 The gas of impenetrable anyons

The Lieb-Liniger gas of 1D anyons with the the second-quantized Hamiltonian
given by

L/2
H = / ([0, 91 (2)][0, ¥ (2)] + ¥ (2) VT (2) U (2) U (z) — hUT(2)T(2)) ,

L/2
(5.1)
was studied in Chap. 2] In the previous formula ¢ > 0 is the coupling constant,
L is the length of normalization interval, and h is the chemical potential. In
this chapter we will be interested only in the limiting case ¢ — oc.
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The canonical Heisenberg fields
Ul (z,t) = U (2)e ™ W(z,t) = T (2)e T (5.2)

obey the anyonic equal-time commutation relations

‘I/(.I'l, t)\IfT(Z'Q, t) = eim’%(mlifm)qﬁ(l'g, t)\p(l'l, t) -+ 5(371 — .1'2) s (53)
\IJT(xl, t)qﬁ(l'g, t) = emﬁe(mlixZ)\IjT(l'g, t)\IIT(.I'l, t) y (54)
\I/(.Il, t)\I](SL’Q, t) = 6””6(36171"2)\1’(1'2, t)\I/(.Z’l, t) R (55)

where k is the statistics parameter, which we assume to be rational, and
€(xz) = x/|z|, €(0) = 0. The Fock vacuum is defined as usual by

U(2)[0) = 0= (0¥ (x), (0]0)=1, (5.6)

and the eigenstates |Uy) of the Hamiltonian are

1 L/2 L/2

N :—/ dz / dz

) VN!'J L2 ' —L/2 "

X XN(ZI7"' 7ZN|)‘1a"' 7)‘N)\IIT(ZN) \IJT(Zl)|0>a (57)

where quantum-mechanical wavefunctions have the property of anyonic ex-
change statistics:

XN(' T R0y Rl ) = eiWHG(Zi_ZHl)XN(' Ty Ry Ryt ) . (58)

Note that the sign in front of the statistical phase in this expression (+imk
or —imk) depends on the choice of ordering of the creation operators in the
definition of the eigenstates . The order of these operators adopted in
Eq. (leading to the phase +imk): the particle with the first coordinate
2z, created first, then zy, etc., is convenient [5] for the subsequent calculation
of the form factors.

As we have said, we limit our discussion to the case of infinitely strong
interaction, ¢ — oo, which corresponds to impenetrable anyons. In general,
the eigenfunctions y are

o (2= 2)

X

N = Z (_1)w€¢zf=1 #nAn(n)
VVTLsel O = A2 + ] 4esiy

o1



X H[)\ﬂ(j) — )\7r(k:) — iC,E(Zj — Zk>] s (59)
J>k

where ¢ = ¢/ cos(mr/2), and reduce for impenetrable anyons to a simpler
form:

e"‘i% > <k €(zi—2k)

= ~ [Tez—20) D (—1)me =t - (5.10)

>k TESN

Here Sy is the group of permutations of N elements, and (—1)7 is the sign of
the permutation. The energy eigenvalues

H|Vy) = E|Vy)

are given by the sum of effectively single-particle contributions:

E=> (X)), with £(\)=\—h.

i=1

The individual momenta A; depend of the boundary conditions imposed on
the wavefunctions. In contrast to particles of integer statistics, wavefunctions
of the anyons satisfy different quasi-periodic boundary conditions in their dif-
ferent arguments, the difference resulting from the statistical phase shift 27k
[5, 66]. In general, the quasi-periodic boundary conditions also include the ex-
ternal phase shift 1 (we will consider n=27x rational), so that the boundary
conditions on the wavefunctions are:

XN<_L/27227.H JZN) = e*iT] XN(L/27227H' 7ZN>7
XN<21?_L/2>"' 7ZN) = el(QTm_n)XN(zlaL/Z'“ aZN)7

: (5.11)
XN(Zh 22yttt —L/Q) = ei(ZW(N_l)H_n)XN(Zh Zg 7L/2) .

The difference in the boundary conditions for different arguments of y makes
it possible, in general, to impose the condition without the statistical phase
shift on any of the arguments z;. The precise form of the Bethe equations
for the momenta A; in the wavefunction depends on specific choice of
the boundary conditions. The choice (5.11]), in which the first coordinate z;
does not have the statistical shift in its boundary condition, gives rise to the
Bethe equations which include the full statistical contribution 7x(N — 1) to
the momentum shift of each of the anyons produced by the N —1 other anyons
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in the system [66]:

N :
N - A — M\ +id
iA; L — ,i7 J k 512
e € || <)\j—Ak—ZC/>7 ( )
k=1,k#j
where 7 = n — mx(N — 1). Similarly to the wavefunctions, the general Bethe

equations ([5.12) are simplified in the impenetrable limit ¢ — oo:

el = (—1)N=1eim, (5.13)

5.1.1 Structure of the ground state

We assume that the ground state of the gas contains N anyons, and take,
for convenience, N to be even, although this does not affect our final results.
We denote the momenta of the particles in the ground state as p;, where
j=1,--- N, and introduce the notation {[...]} such that

{[z]} =7, if ¥ =27 x integer + 27y, € (—1,1). (5.14)
The Bethe equations (5.13)) give then the momenta f;:

2 (. N +1 21
m=T U)o

j=1--- Np, (5.15)

where § = {[7]}. In the thermodynamic limit L — oo, N — oo, N/L = D,
momenta of the particles fill densely the Fermi sea [—q, q], where ¢ = V/h is
the Fermi momentum and the gas density is D = ¢/7.

5.1.2 Thermodynamics

The thermodynamics of the Lieb-Liniger anyonic gas was considered in [8]
9]. Similarly to the structure of the ground state, all local thermodynamic
characteristics in the case of impenetrable anyons are equivalent to those of the
free fermions. At non-vanishing temperature T', the quasiparticle distribution
is given by the Fermi weight

1

(5.16)
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and the density and energy are

1 [> L[>
D / I\ h,T)d\, FE NI\ b, T) dX. (5.17)

:% :% .

—00

The density increases monotonically as a function of the chemical potential
h. At T =0,we have D =0 for h < 0,and 0 < D < 00 if 0 < h < 00. At
non-vanishing temperature, the density is zero for h = —oco and monotonically
increases with h for —oo < h < o0.

5.2 Time dependent field-field correlator

In Chap. [}, we have derived the anyonic generalization of the Lenard formula,
which for impenetrable free anyons, is an expansion of the anyonic reduced
density matrices in terms of the reduced density matrices of free fermions. In
the simplest case, the correlator

(z1lpf|2) = (UT(22) U (21)) 7 (5.18)

is the first Fredholm minor of an integral operator, whose kernel is the Fourier
transform of the Fermi weight . In this chapter, we obtain the time
dependent generalization of this result. Our approach will be based on the
following considerations. We start with the zero temperature field correlator

AW, )|V (g, ) O (0, 0|V (- - i)
(e ) (o, )} = @t i W Gar, - ux) ’
(5.19)

where the wavefunctions are taken to be normalized as

(W, )W, - ) = LY, (5.20)

and pi1, -+, py are the momenta in the ground state (5.15)). Using the reso-
lution of identity for the Hilbert space of N + 1 particles

1— Z (WAL AN (W (A - A 7 (5.21)
(WAL AN [P (AL - Ang)

all (A\ynga

where, according to ([5.20))

<\IJ()\17' o 7)‘N+1)|\Ij()\17' te 7)‘N+1)> = LN+17
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and the sum is over all possible solutions of the Bethe equations with N + 1
particles, we have

= v 2 ), ) [T ((A))

all (A} nvas

X (U (AN (1, 0)[Un({p}) . (5.22)

(U (22, tz)‘I’T(fl, t))n

Defining the form factors

Fypan(z,t) = (Ona (AN (2, ) U ({1})),

Fyan(@t) = (Un({p)¥(@, ) Una({A}) (5.23)
we can rewrite Eq. (5.22)) as
f 1 .
(U2, t2) (21, )N = Ton > Fipw(@s ) Fy (e, t) . (5.24)
all (A} nvaq

Equation ([5.24)) means that in order to find the dynamic field correlator, we
need to compute the form factors and sum over all of them. After the sum-
mation, one can take the thermodynamic limit. In general, such a summation
of form factors is extremely difficult. The main simplification which makes
it possible to perform this summation in the model of anyons we consider
here, is the fact that, similarly to the problem of impenetrable bosons [54] [55],
the local thermodynamic properties of particles with J-function interaction
are identical with those of free fermions regardless of the actual exchange
statistics. Finally, the finite-temperature correlator can be obtained from the
zero-temperature result using the standard argument developed for the Bose
gas (see, e.g., Appendix XIII.1 of [54]), which is also applicable in the case of
anyons.

5.2.1 Form factors

As afirst step in carrying out the program outlined above, we compute the form
factors. In the definition of the form factors, the eigenstates |Wy({})),
|Wn.1({A})) have, respectively, N and N + 1 particles. Although the set {u}
represents in momenta in the ground state of N particles, our calculation
below is valid also when |Wy({x})) is not the ground state. As before, we
assume for convenience that N is even. We denote by {x;} the momenta of
the anyons in the N-particle eigenstate, and by {\;} the momenta in the N +1
eigenstate.
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Using the definition (5.7)) for the eigenstates with N and N + 1 anyons

W ({1}) \/—/d 2 xw (e, an {ph) W (aw) - 01 (21)]0)

()] = gy [ A7 01 n) - Wi s e+ v D)
one can write the form factor as

N+1

Fyiin(z,0) = Nz X uvall{AD

\/N+1'N‘/

X xn (21,0 ZNI{M})<0\‘I’(?J1)’"‘If(yzvﬂ)‘lﬁ(fc)‘l”(ZN)""I’T(Zl)\0>- (5.25)

A direct application of the anyonic commutation relation and Eq. .
described in more details in Appendix [E] reduces this expresswn to

Fyon(z,0) = (Un [0 (2)[0y) (5.26)
= m/dNZ X*N+1(Zl,"' 2N e {A NN (21, e i) -

An important feature of Eq. is that the order of the creation operators
chosen in Eq. makes the “free” coordinate x in the last argument of
the wavefunction x 1. This ensures that both wavefunctions, xyn and xni1,
have the same phase shifts at the boundary of the normalization interval
in all other variables z;. Since these phase shifts are canceled in Eq. ,
the expression under the integrals over z; is periodic in each of the variable
[5]. This feature is the necessary consistency condition for the Hilbert spaces
of anyon wavefunctions with different numbers of particles, and is important
in what follows for the appropriate calculation of the form factors .
The sets of momenta {y;} and {\;} in the wavefunctions xn and yy4; in

(5.26)) are determined by the Bethe equations ([5.13)) as

27 1 21 .
:u]:f(mj—i_i)—'—Tv 5:{[77_7“{(]\[_1)]}7 .7:17 7N7 ijZ:
(5.27)

2 21’
A = %anr”T, 5 ={l—mN]}, j=1,-- N+1, n;€Z. (5.28)
These equations show that
2m k+1
=== 7 2
)\J M I <l 9 )7 e ) (5 9)
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which means that A; and p; never coincide except in the trivial case k = 1,
when we have a gas of non-interacting fermions. In all other situations, \; and
uy are different. This difference between them comes from the phase shift due
to the hard-core condition on the added particle described by the factor 1/2
in , and the extra anyonic statistical phase added to the anyon system
together with the particle [5]. This difference between \; and py plays an
important role in the following calculations. Using the identity

et Ve(y — x) = cos (7r/2) e(y — ) — isin (7r/2) , (5.30)
we can rewrite the anyonic wavefunction (5.10]) as

[1;or [cos (mr/2) €(z — 2;) — isin (7rk/2)]

XN(Zlv"' 7ZN|{M}) = \/ﬁ

x> (1) € Zn=t 2nbn(n)

TESN

Using this expression for both of the wavefunctions in (5.26]) we obtain

1 .
FN+1,N($, O) = ﬁ Z Z (_1)7r+06—zx)\,,(n+1)

’ FESN+1 ogEeSN

L/2 N '

X / H dzy [cos (1K /2) €(x — 2z,) + isin (1r/2)] e~ Xn=1 #n ey ha()
—L/2 n=1

Integration by parts in this equation produces the boundary terms in the

following form

zn=L/2

" (cos (mr/2) €(x — z,) + isin (7K/2)) o =

ef’izn ()‘ﬁ(n) 7“0‘(77,))

. L
671% e_zf()‘ﬂ(n) _Ma(n))

| 1+ et eilOan(m —Ha(m)) |
Z(/\ﬂ'(n) - :uU(”)) )

All these terms vanish due to Eq. (5.29). Then, using the relation

de(x — z,)

. —26(x — z,) ,
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we obtain the following expression for the form factors

Fyaan(,0) — [2 COSX{T/Q exp {m [Z Hj — Z )‘j] }
Y YO ””H . (5.31)

TESN1 OESN 7(j)

This expression differs from the corresponding result for impenetrable bosons
[54, [55] by the spectrum of the momenta which now include the statistical shift,
and by the overall [cos(mk/2)]V factor. For k = 0, both differences disappear,
and Eq. reproduces, as should be, the case of the Bose gas. We trans-
form this equation following the corresponding steps for bosons [54], 55]. One
can see directly that the sums over permutations in can be written in
the form of a determinant:

2. 2 (1 ”*"HA

0
(1 + 8_04> detN (MJCZ)

)

'TFGSN+1O'€SN ])_MJ a=0
(5.32)
with )
o
M, = - , Jyk=1,--- N, 5.33
N — e AN — / (5.33)
reducing Eq. (5.31) to
N+1
Frniin(2,0) = (2icos(mr/2))Y exp {m [Z i — Z )\j] }
j=1
1+ 2 dety (M) (5.34)
O T azo
The determinant part of this equation can also be written as
0 S |
14+ — ) dety (M = )" — 5.35
(+8a> et (M) i 2 >HM<¢>—W’ 539
a= TESN 1 j=1

as one can see directly from the L.H.S. of by noticing that due to the
permutations 7 of A;, all permutations of y; give identical contributions to the
sum over T € Syy1.

Alternatively, one can introduce a fictitious momentum pux,1, and obtain
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the following representation [63] of the form factor in terms of this momentum:

Fyi1n(7,0) = (2icos(mk/2))N exp {m [Z [ — Z )\j] }

. 1
X lim |:_,MN+1 detN+1 ( ):| s
o N — e

where detny1(aj) is the determinant of the (N + 1) x (N + 1) matrix with
elements a;,. We will not be using this representation explicitly below.
The time-dependent form factors can be obtained from the timeless form

(5.34)) using the following simple relations:

e~ ({1))) = et (1 TN ({u}))

and
(W ({A})]ef1t = e ZE A (g ({A))].

Combining the exponential factors in these expressions with those in Eq. (5.34)),
we arrive at the final result for the time-dependent form factor:

Fyiin(x,t) = (2icos(mr/2))Ne ™ (H e(\|t, x > (H e (ujlt, :c))

0 o
X (1 + 8-@) dety (M5,) L (5.36)
where we have introduced the function
e(A|t, z) = N —ieA (5.37)

e*(Alt,x) is its complex conjugate, and M3 is defined in (5.33). The form
factor of the annihilation operator W(z,t) is obtained through complex conju-
gation

(WUn({uD) () Un 1 ({A}) = Fypn(@, 1) (5.38)
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5.2.2 Summation of the form factors

Using Eqgs. (5.36]) and (5.38]), we write the field correlator (5.24) as a sum over

intermediate momenta {\}:

(U, t2) Ul (@, ta))v = > (QCOSL(;T;J{?)) et <H 6*()%\7521:3321))

all {(\Ivas =1

N
0
X (jl:[l 6(,LLj|t21, SL’21)> (1 + a—a) detN (MJO;C)

0
1+ — | det (M@> ,
a=0 ( 86) " 7 B=0
(5.39)
with the notations x., = x,—xp, tap = ta—1tp, a,b = 1,2. The matrix ]\/[ﬁC here
is the same as @ with « replaced by 3. As was mentioned above, modulo
the [cos(mk/2)]?N factors and the spectrum of momenta, Eq. is identical
with the expression for the bosonic field correlators [54, 55]. This means
that the summation process over {A} is very similar, and we just sketch the
derivation here. Since we sum over all momenta {\}, individual momenta A,
are equivalent up to permutation. This means that one of the two permutations
of {\;} involved in the definition of the two determinants in produces
coinciding terms, so that under the sum over {);}, one can replace one of the
determinants, e.g., the second one, with

N
1
(N +1)! , (5.40)
JHl Aj = Iy
obtaining
(U (29, t2) ¥ (21, 1)) v
N 2N
, 1 [2cos(mk/2)
ihto1 ) — o 2R\ =) N 1)!
: (jr:[lewtm,xm)) F () e
8 6*()\‘|t21,1321)
X Z <6*()\N+1’t21, 2?21) + —) detN ( J
P} N — i — 11
all Dy «Q (Aj = mw) (N — 1)
_ae*(kj’tzhle) 6*()\N+1|f21,$21)) (5.41)
N—wi) v —15) oo

The summation over the momenta {\;} can be done then independently over
each )\, inside the determinant. Also, we transfer the factors e(f;|ta1, z21) in
(5.41)) into the determinant splitting them between the rows and columns, and
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use the formula

1 1 1 1 1
= — . 5.42
(A = 1) (A — 1) (Aj —H A= Nk) i — (542)

This gives the correlator as

Ox
x dety [5jkEL(Mk|t127mlz)e(uj’tm,9021) + e(plta, v2)e” (prlty, 1)

. 1 0
(U (g, to) Ul (21, 11)) x = e (%GL@l%le) + —>

2(1 —9;
x cos?(mk/2) <ﬁ(ﬁh(uﬂtm, T12) — Er (i, t2, 212))
a
_WEL<,U]‘“;127x12>EL(Nk|t127$12))] - (5.43)
where we have defined the functions
1 1
_ —— .44
QWGL(tax) L z/\:e(A|t7$)7 (5 )
L Bt ) = 23 4ARD) (5.45)
QWLuk’ _L)\ )\—[Lk7 '
-~ 4cos(mr/2)? e(A|t, x)
E t,r) = , 5.46

and A = 25(Z + 0') — see (5.28). Formula (5.43) is the final expression for

the field correlator in the ground state of N anyons on a finite interval with
quasi-periodic boundary conditions.

5.2.3 Thermodynamic limit

In order to obtain the correlator in the thermodynamic limit, we need to

compute the large-L limit of the functions (5.44)), (5.45)), and (5.46). This is

done in Appendix [F] with the results

G(t,x) = Llim Gr(t,x) :/ e(A[t,x) dX, (5.47)

> Alt
E(uglt,z) = Lh_r};O Epr(pt,x) = P.V./ dA\ e)(\_]—,xk) + e(ugl|t, x)m tan <%> :
(5.48)
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2cos?(mr/2) O
L auk

(5.49)
In the thermodynamic limit L, N — oo with D = N/L constant, the anyon
momenta fill densely the Fermi interval [—g, ], where ¢ = v/h and D = ¢/7.
In this case, the determinant in the correlator can be understood as
the Fredholm determinant of an integral operator. Indeed, for an arbitrary
integral operator V', whose action on a function f(A) is defined by

E(uylt,z) = A Ep(plt, x) = e(ult, =) +

~

b
VH) = / V) (1) d,

the associated Fredholm determinant is (see, e.g., [75])

L+ &V (A, M) EV (A, A2) EV (A1, An)
det(1+V) = lim W(Af’ S SV:(AZ’AZ) W) :

where £ = (b—a)/n, A\, — A\p-1 =& and Ao = a, A\, =b. One can see directly
that, in the thermodynamic limit, the determinant part of Eq. has the
same structure with N momenta f; separated by { = 27 /L filling the Fermi
interval [—¢, ¢]. This means that the correlator can be expressed as

)
a=0

; 1
<\Ij(x2,t2)\IfT(x1’t1)> — elthI (%

0 2
G(tlg,xlg) + 8_Oé> det(l + ‘/0)

where \:/0 acts on an arbitrary function f(\) as
2 q
N = [ Vol f(w) do.
—q
and )

VoA 1) = cos(mw/2)e(Nlta, 22)e" (ult1, 1)
y E(Alti2, 212) — E(p[t12, 712) o
T2 (A — ) 273

Performing the unitary transformation

E()\|t12,Ilg)E(ﬂ|t12,I12):| . (550)

(t1 +t2)

Vo ) = exp{—z ! 71t 2)

0 =) 4 1 0 L),
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with the property )
det(1 + Vp) = det(1 + Vj),
we transform the kernel Vy(\, 1) (5.50) into the symmetric form:

Vi 1) = costm/2)exp { ~ S0 + 1) + Sralr 410

E >\t , L — E t , L Q
(Altio ;222)\ . M(;i\ 12, T12) 27T3E()‘|t1279’512)E(M|t12,$12)1
(5.51)

Two observations are in order. First, one can check that the second term in
(5.49) is obtained from the first term in the square bracket of in the
limit A — p. Second, in the limit k — 0, Eq. reproduces the known
result [54, [55] for impenetrable bosons.

In the static case (t; = t2), which is discussed in the next Section, the
kernel can be simplified further. One needs to distinguish two cases.

e 11 > xo. In this case,

E(\0,z12) = —ime” 21 + i tan(rk/2)] (5.52)
and the kernel ([5.51)) becomes

VO ) = — (1 +7€:m) (Sin(xli\(i;/i)/?)>

4 L i exp {—i@()\ + u)} . (5.53)
2m 2

e 11 < xs. In this case,

E(MO0, x19) = ime” 221 — i tan(wk/2)], (5.54)
and . )
Vi O = L) (sm(miu_ - u)/2))
+ %6_”“ exp {—i%(/\ + u)} . (5.55)

We now extend the discussion to the situation of non-vanishing tempera-
ture T'. The temperature-dependent field correlator is defined as

Tr (e /T (29, ) U (24, 1,)
<\I/<C(]2,t2)\PT(l‘1,t2)>T = ( Tr ¢ H/T ) :
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According to the well-known argument developed for the Bose gas [54], this
correlator can be found as the mean value over any one of the “typical” eigen-
functions 27 of the Hamiltonian which characterizes the given state of thermal
equilibrium:

(Qr| ¥ (s, t2) UT (21, £2)|Qr)

{Qr|Qr)

This argument depends only on the general saddle-point approximation in the
description of the state of equilibrium, and also holds in the case of anyons.
The further computation of the field correlator based on Eq. is similar to
the zero-temperature case, the main difference being the change of the measure
of integration:

(5.56)

1

q o0
/ d\  — /_Oo d\ 9\, T, h) with ﬁ(A,T,h)Zm'

—-q

The final result for the temperature-dependent correlator is then

)
a=0

- 1 0 R
<\P($2,t2)\PT(331, t1)>T = elhtm (%G(tlg,mlg) + %) det(l + VT)

where the kernel of the integral operator Vi is

Vi) = VIV V). | (5.57)
= cos*(mr/2) exp {—%tw(v +12) + (A + u)} IONI(1)

2
E )\ t , T — E t , T a
{ (Alt1o ;222)\ _M()M 12, T12) _ ﬁE(th’$12)E(M|t12,x12)] ,

and the operator acts on an arbitrary function f(u) as

o

(Vef) (\) = / VaOu ) £0) dit.

—00

5.3 Equivalence with Lenard’s formula

In the previous chapter we obtained the anyonic generalization of the Lenard
formula for the equal-time field correlator or, equivalently, reduced density
matrices of anyons. In the case of the first reduced density matrix, the anyonic
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Lenard formula reads

1 .
(elotle!)s = 2 det (1 | T ) S (55®)
T TS h=retivny
where the kernel of the integral operators GA% is
Or(§ —n) = 5/00 dA T3 0o hT (5.59)
and their action on an arbitrary function is defined as
GEN© = [ orle—nsw) (5.60
It

In these expressions, the plus sign refers to the situation when 2/ > x and
I, = [z,2'], and the minus sign — to the situation when o’ < z and I_ = [2/, z].
The resolvent kernels associated with the kernel 67 (x, y) acting on the intervals
I are denoted by 07 (&,7) and satisfy the equations:

tink
LA [ pn(e — )05 (€ m)de = (e — 7).

It

One can rewrite Eq. (5.58]) in terms of the resolvent kernel or and the field
correlator as

(W () (@)rs = ~ o (', ) et (1~ 10%) (5.61)

T=(1+eime)

where again, the plus sign refers to the case #' > x and the minus sign — to
x < 2’. Next, we show that Eq. is reproduced by the results obtained in
the previous section when they are specialized to the equal-time correlators.
We treat the two cases, 2’ > z and 2’ < x, separately.

5.3.1 The static correlator (U(—2)¥'(z))r
Equations (5.37)) and (5.47) show that in the static case

%G(O,x) — 5(a).
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Using this relation and Egs. (5.53)) and (5.57)), we see that the equal-time field

correlator can be written as

(U (—2)Uf (2))7 = (6(235) + %) det (1 - <1+7T—G7W)I(T + ai:A;)

a=0

(5.62)
where K7 and A} are the integral operators acting on the real axis and defined
by kernels
sinx(A — p)

Kr(hp) = VI

O(p) (5.63)

and '
A ) = VIV eI/ ().

At zero temperature, both operators act on the interval [—g¢, ¢] and their kernels

are
sinz(A — p)

A—p
The commutation relation (2.2)) shows that

K\ p) = , AT\, p) = e7 O
(U(—2)UT(2))p = ™ (U (2)U(—2))r + 6(22) .

This means that in order to prove the equivalence with Lenard formula, we
have to show that

™

8 1 MR TR
Gt (k,x,T) = S det (1 - MKT + oze27r A}L)

= ™ (U1 () ¥ (~2))r,

where (UT(2)¥(—x))7 is given by (5.61)). For a general integral operator with
kernel V| one of the useful expressions for the Fredholm determinant is

o0

In det(1 — V) = lTr vn
n

Making use of this formula, we obtain

ITK

(& Aw_q A N
- Tr [(1 - ”}/KT) IA;] det(l - /yKT)|,y:(1+6i7rn)/ﬂ- . (564)

Gt (k,x,T) =
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Denoting as f*()) the solution of the integral equation

1 + elﬂ'ﬁ) 7111
frN) — (—/ K\ ) (i) dp = /9( A (5.65)
we can rewrite (5.64)) as

TR

e o0 . N
G (k,z,T) = 5 / e fENVIN) AN det(1 — YE7) |11 eimn) /x -

We will show now that

det(1 — vKy) = det (1 - w}) , (5.66)

where the operator O7 is described by Egs. and -, and v =
¢™) /7. Direct and inverse Fourier transforms of a function g can be deﬁned

to include as integration measure /9(\):

= s |0, 00 = [ e

With this definition, taking the Fourier transform of the integral equation

Nt
—~

we obtain

- 7/_00 Kr(A—p)g(p) dp = G(N).

Coincidence of the two equations implies the equality (5.66]) of the determi-
nants.

The final step in proving the equivalence of Egs. and - is to

show that | oo
or(z,—x) = 5/ eI FE (N VI (5.67)

The Fourier transform of the equation defining the resolvent kernel or

o (g, —a) - LH) / 0r(€ — €)oh(E, —) dE' = Or(€ + 7).
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gives

~ 1 + eiwn 0 ~ 1 e

gh =)= ) [ a3 = ), ) dis = eI
Comparison of this equation with the definition of f*(\) (5.65) shows that

or(\, —x) = %f_*(A)- (5.68)

Taking the inverse Fourier transform of proves . Thus, we have
shown that for 2’ > x, the Lenard formula is equivalent with the result
for the static field correlator that follows from the direct summation of
the form factors.

5.3.2 The static correlator (U(z)UT(—z))p

In this case, the proof of the equivalence of the two approaches is very similar
to what was just discussed for z’ > z. Equations ([5.55)) and ((5.57)) show that
the static field correlator is

)
a=0

(U(2) T (—2))p = <5(2x) + a%) det <1 _ wl@ . ae;:){fl;)

where K7 is given by and
Az (0 1) = VIN) AT/ ().
From the commutation relation ([2.2) we see that
(U(2) V! (~a))r = ™ (U (~2)U(2))7 + 6(22) ,

so we have to show that

a 1 —ITKY —ITK
G (k,x,T) = a—adet (1 - ﬂ;)KT + 04627T AT)

= e (U (—2)U(2))r .
where (UT(—z)¥(z))r is given by Eq. (5.61)). Similarly to the discussion in

the previous section, we can rewrite G~ as

6—i7m o] ) R
G (k,x,T) = o / e FTN)VIN AN det(1 — YET) |y=(1ge—inn)

—00
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where f()) is the solution of the integral equation

e () = @ /_OO Kr(A ) f7 (1) dp = /I(N)e™™.

The equality of the Fredholm determinants of the operators Kr and 07 was
shown in the previous Section, so it remains to prove that

o7 (—2,7) = % /_ e - () IV (5.69)

Again, taking the Fourier transform of
B 1+ efiﬂ’lﬁ T
or(en) — ) [ e = i€ ag = trie - o),
we obtain

(1 + 6—i7m

57\ ) - D[ K= 1)) di = v/,

™

which shows that ]
Grne) = L. (5.10)
The inverse Fourier transform of ([5.70]) gives the correct result ((5.69).
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Chapter 6

Differential Equations for the
Field-Field Correlator

In this chapter we are going to obtain an integrable system of nonlinear partial
differential equations and the appropriate boundary conditions, that provides
a complete characterization of the field-field correlation functions at finite tem-
perature. This system is the same as the one obtained by Its, Izergin, Korepin
and Slavnov [49] for impenetrable bosons but with different boundary con-
ditions. At T = 0 the system reduces to the Painlevé V equation obtained
by Jimbo, Miwa, Moéri and Sato in their study of the one-particle reduced
density matrix of impenetrable bosons [51], but again with different boundary
conditions.

6.1 Auxiliary potentials

In the previous chapter we have obtained the following expressions for the the
static, i.e. equal-time, correlators at finite temperature:

1 o .
<\I/T({E1)\I/(ZE2)>T = %TI' |:(1 — ’}/KT) 1A¥i| det(l - /VKT)|’y:(1+e+i““)/ﬂ-7 (61)

when z; > x5, and

1 N )
(U ()W () = 5= Tr [(1 — yKy) 1AT} det(1 = YK 7)|y—(1gemimey/m» (6.2)
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when z; < 5. In 1} and | , K7 and A% are integral operators acting on
the entire real axis and have kernels (x5 = (x1 — ))

Kr(up) = VI

AT (N ) = VIN)eT AT /()

where
1

1+ cOP=/T

is the Fermi distribution function at temperature 7" and chemical potential h
and Tr [f(z,y)] = [ f(z,x) dx. At zero temperature and remain
valid but the integral operators act on the interval [—gq, ¢] with ¢ = Vvh and
have kernels

I\ =9I\, T, h) = (6.3)

_sinzyp(A — p)

K\ p) = ——— T A\, p) = eFionz)

In the anyonic case the corrrelator (UT(z;)¥(z2))r depends on the sign
of x1 — xo. However, it is easy to see that (6.1) and are related via
complex conjugation. This means that we can focus our attention only on
the correlator (6.1f). This correlator depends on four variables, the coordinate
difference x; — x5 > 0, temperature 7', chemical potential A and statistics
parameter k. We will show bellow that by introducing new variables, the
scaled distance x and scaled chemical potential 5 defined by

33:%(371_372)\/T7 52%

and by changing the spectral parameter A — \/ VT the dependence on tem-
perature will become extremely simple. More specifically

(0 (1) () ) = gg@:, B, 1) by(wreimeyn (6.4)

where g(z, 3,v) will be defined below.

The Fredholm integral operator appearing in the expression of the field
correlators belongs to a specific class called “integrable integral operators”
[43, 149, [54]. This means that introducing “plane waves”

ex(N) = VIV e (6.5)
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then the kernel of IA(T can be written as

e (Ve (V) — e (New (1)
2i(\ — )

which is a particular case of the more general case studied in [43], 49] (see also
Chap XIV of [54]). One important feature of this particular class of integrable
operators is the fact that that the resolvent kernel Rr (A, i) of the resolvent
operator R has a similar form [49, 54). The resolvent operator is defined by

KT(/\v :u) =

(6.6)

Ry = (1— ’YKT)A[A(T, (1- ’YKT)(l + ’YRT) =1, (6.7)

and the resolvent kernel solves the integral equation

—+00

Rr(A,p) — 7 Kr(\v)Ryp(v, p) dv = Kp(A, p) .

Then introducing functions fy(A) which are solutions of the integral equations
+oo
J£A) =~ Kr(A p) fe(p)dp = ex (X)), (6.8)
the resolvent kernel can be written as
_ S+ f= () = f-(A) [+ (w)
2i(A — p)

For a proof of this statement see Chap XIV of [54]. The auxiliary potentials
By, are defined defined by

Ry (X, 1) . (6.9)

Bun(, . 5) = ’y/+oo N fn(A) N, L=+, m— . (6.10)

—00

where v = (1 4+ €™)/m. Compared with the bosonic case (y = 2/m) the
auxiliary potentials are now complex. However, as in the bosonic case we have
By (z,0,k) = B_(z,0,k) and B, (x,3,k) = B__(x,,k). First we have

400
B = 1 / er (V- (A)
+oo +oo .
= o[ e [ ke e () du
-0 [ eonma=s,,
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where in the last line we have used the fact that the kernel is symmetric
Kr(\, 1) = Kgp(u, A). In order to prove the second assertion we start with the

integral equation for f1(=))

+o00

Je(=A) =~ Kr(=X\ p) f+(n)dp = \/_ —ie

—00

which can be rewritten as

“+oo

Fo=N =7 [ Ko(=h =) fe(—p)dp = /I

—00

Using K7 (—\, —p) = Kp (A, 1) we obtain that f,(—A) = f_(A). Therefore we
have

B

v/ e ) A= / e (N () dn

(e e} —00

_ 7/m e-(N)f-(\) d\=B__.

oo
Finally it is easy to see that (6.1]) can be rewritten as

~ +o0
(U (2))W(29))p = \2/—7? det(1 — vKr)|y=(14etinn)/x f-(N)e—(N) dX,

which shows that the function g(x, 3,7) appearing in (6.4) is given by

g(£767’y) - B++([E, 67’7) det(]' - ’YKT>|’Y:(1+6+”“)/7T : (611)

6.2 Correlators as a completely integrable sys-
tem

In general is very difficult to obtain differential equations for the entire cor-
relator (6.1). In our case first, we will obtain nonlinear partial differential
equations for the potentials B, ., B, and then we will show that o(x, §,7) =
Indet(1— ’yf(T) can be expressed in terms of B, and B__. The strategy will
be the following. We are looking for two operators L and M depending on B, ;
and B__ such that we have

,F(\) = LF(\,
(2005 + ONF(\) = M F(\), (6.12)
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where F'()) is the two-component vector function

Fo= ()

Then from the compatibility condition for (6.12))
(2)\85 +o)L=0M+[L,M] =0,

we will obtain a system of partial differential equations in  and . It should
be mentioned that the Fredholm determinant appearing in differs from
the one appearing in the similar representation for impenetrable bosons only
in the value of v (y = (1 + ™) /7 for anyons and v = 2/7 for bosons). This
means that the computations are similar with the ones performed in the case
of impenetrable bosons [46], 54]. The only difference is given by the fact that
the auxiliary potentials B, ., B, _ are now complex and not real.

6.2.1 The L operator

We will start from the integral equations for the functions fi(\)
400 ]
fe(A) =~ Ko\ p)fe(w)dp = ex(A), v =(1+€e™)/m.

—00

Taking the derivative with respect to x we obtain
[(1 K1), fi} (\) =7 [aIf(T fi} (\) = +idex()).
Multiplying both sides with (1 — le(T)*l we have
O fr(N) =7 [(1 = 7Rr) (0 Rr) ] V)

+oo
+ Z/ [O(A = 1) + yRr(A, )] pex(p) dp,

h (6.13)
where in the second term on the R.H.S. of (6.13)) of the previous equation we
have used (1 — vK7)™! = (1 + yRr). The first term is computed easily using

(1= i) ew | (A) = fo(A) and 0K (A, 1) = (e5 (Ve (1) +e- (Ve (1)) /2
with the result

P[0 AR @R L] () = SR B+ S NBs . (614)
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For the second term we have

+o0
il’/ [0(A = p) +yRr (A, )] pex(pn) dps

= £ Fi [ PO+ RO - e () d
- M T (%fAA)BL_ - %f_M)Biﬁ) , (6.15)

where we have used (6.9). From (6.14)) and (6.15) we obtain

uf+(A) = AL (A) + By f-(N),
aa:f*<)\) = —Z)\er()\)—i—B,,f,()\),

which implies that our L operator has the form
I_ = 2)\0'3 —+ B++O’1 3 (616)

where we have used the fact that B, = B__ and o; are the Pauli matrices

0 1 0 —i 10
(Vo) (U)o )

6.2.2 The M operator

The derivation of the M operator is more complicated. In this case we will
rely heavily on the following property of the Fermi distribution function

(2)\85 + (%)19()\) =0.

This property is essential because in this case we will have terms which contains
the resolvent Rr (A, 1) but for which we cannot apply the trick used in the pre-
vious section when we were able to reduce it to terms of the form (A—pu) R(A, p)
which are “disentangled” (are products of one dimensional projectors). This
is also why the differential operator associated with M is (2AJs + 0)) and not
0 as we would expect.

First we will compute the derivative with respect to 3. Using

950 ()
20(u)

9pU(N)

aﬁKT<)‘7:U’) = 219(/\)

KT()‘v :u) +

Kr(A ) (6.17)
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then differentiating we obtain

(@ =2fnoars] 0= a4k Zon] 0. @)

Again, multiplying both sides with (1 — vK7)™" and using the relation (1 —

vKT)_lKT = Rt we can rewrite the previous equation as

+oo
vl v [ R )

Furthermore, using we can obtain

Dpfr(N) =

fe(p) du

36?9( )

2003/ (A) 2000 )fﬁ:( )
e AT AT >]8“9(< i) d
vy [ " Ruth 200 o) (6.9

The derivative with respect to A is more laborious. First we note that

res) = (gt o) exl),

9AKT(A,M):(9”9(A)K(A, ) +i ex(Ne—() + e (pe-(A)

and

_ O - (6.20)

Differentiating and integrating by parts the third term in (6.20)) we obtain

o) = [ - [W”m,m ; MK(A,M] e

200%) 20(1)

FRO 0L = (G0 i) s

which can be rewritten as

(= Kn)onfs] ) = (@28 B | ) £ drest.
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Multiplying both sides with (1—yK7)~" and using the relation (1—vK7) 'Ky =
Rt produces the final result

NI(N) e 9, 9(1)
o0 )+27/OO Rev ) s

Adding the results given by (6.19) and (6.21]) we obtain

(2A05 + O\) fe(N) = £ fe(N) — ifs U_ s +if-(NUsx,

a)\fi()\) = :tll‘fi()\)

fe(p)dp
(6.21)

where
+oo gV
U= [ R0 1=t m= 022)
Now we will prove that
03B = U, - (6.23)

Indeed we have

0 = o [ °°(aﬁﬁ(“)elm)mm+el<u>aﬁfm<u>) dn,

[T Al ) ) d

90 (1)
2004) fm(p)dAdp

+ [ 1 o] (1 ) O W(( ))fm( JiAd):,

L 050(s) _
= o[ e ZEE =, (6.24)

where we have used (/6.18)) in the second line of (6.24]). This results in

(2X05 + 02 f+(A) = ixfi(N) = if+(N)0s(B-y) + if-(A)Is(Bi+),
(2005 4 - (N) = —iwfy(N) — ifs(Ns(B_) +if_(\Os(B,_).

therefore the M operator is given by (B_, = B,_, B, = B__)

+o0 .
— fy/ [1—'7KT](:Ua )fl( )

M = izo3 — i(0sB1_)o3 — (0sB++)02 . (6.25)



6.2.3 Differential equations for the potentials
The results obtained in the previous sections allow us to state the following

theorem:

Theorem 2. For ally = (1+€"™) /7 with x € [0, 1), the potentials By (x, 3,7) ,
By (z,8,7) satisfy the following system of partial differential equations

OB = o+ %ax%ﬁ% , (6.26)
0,B,. = B2, (6.27)
with the initial conditions (at B fized)
Biy(x,B,7) = 7d(B)+ [yd(B)*z +O0(="), =—0,
By (z,8,7) = ~d(8)+[d(B)z+0(?), =0, (6.28)
where d(B) = [*°9(\)d\ and
Bii(x,8,7) =By (z,8,7) =0, B — —oc0. (6.29)
The potential By (x,[3,7) satisfies the nonlinear equation
03B =1+ %a% (%) : (6.30)

with the same initial conditions.

Proof. In the previous sections we have shown that the two-component vector
function F'(\) satisfies the following differential equations

,F(\) = LF(\,
(2005 + ONF(\) = M F()).

where L,M are given by (6.16) and (6.25). The compatibility condition for
these equation is given by

[8m — L, (2)\(95 + a)\) — M] = (2)\(9,5 + a)\)L — 0,M + [L, M] =0. (631)

Using
[O'Z', O'j] = Qieijkak s

(6.16) and ((6.25) we obtain
(2A03 + Ox)L = 2\ B4 )01 + i3,
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azM = iO’g — Z'(axaﬂB+7>O'3 — (axa[@B++)O'2,
and
[LM] = —2X(03B4+)01 + [2aB4y — 2B44(0sB+-)] 02 — 2iB, 1 (93B++)0s .

Plugging these results in (6.31)) we obtain a matrix which should vanish with
only two distinct elements

2Z.B++<a,gB+_) - 2iIB++ + Z@z(953++ = 07

and
0,03B4_ — 8@Bi+ =0.

The first equation is just (6.26]) while the second is equivalent with
due to (6.29)). The equation is obtained by differentiating with
respect to x and with respect to § and then equating the right sides.
The asymptotic behavior at short distances and at low density ,
which give the initial conditions, are obtained in Appendices |G| and . O]

6.2.4 Differential equations for o(z, (3, k)

Theorem 3. For any v = (1 + €™)/m with k € [0,1) the partial derivatives
of o(x,,v) with respect to x and [ are given by

0 = —By_, 9o=-B,, (6.32)

1 1
ds0 = —x0sBi_ + 5(5ﬁB+—)2 - §(aﬁB++)2- (6.33)

Furthermore the function o(x,[3,7v) satisfies for all v the following nonlinear
partial differential equation

((9[3820')2 + 4(820’)[21’3581;0' + (858m0)2 - ZagO'] =0 (634)

with initial conditions

where d(B) = [T 9(N)d.

Proof. We will start with the derivative with respect to x which is simpler.

79



Using the following representation for the Fredholm determinant of an operator

[e.o]

det(1 — yK7) = exp (— Z % Tr K}ﬁ) : (6.36)

n=1

where Tr Kr = [ Kp(A\,\), Tr K7 = [ Kr(\, p)Kr(p, A) dAdp and so on we
obtain R R
0,0 = —v Tr [(1 — VKT)_lﬁxKT} )

Using [(1 - 'VKT)_leﬂ:} (A) = fe(A) and 0 K (A, p) = (e (Ve () +e-(Ney(1))/2

we have

—y Tr [(1 — WIA(T)_IE)QJA{T}

7y +o00 7y o0
= =5/ [+ NeN)dr — 5/ f-(Ner(N)dA,
= _%(B++B+)7

which due to B_; = B,_ means that
0550— = —B+_ .

proving the first part of . The second part is obtained differentiating
once more with respect to z and using .

The derivative with respect to (3 is more involved. Starting again with the
representation ((6.36)) we obtain

Ogo = —y Tr [(1 — fyf(T)*lﬁﬂf(T} .

The trace in the previous formula can be expressed as

oo 959 (\
aﬁaz—y/ Rr(\,\) g()(\))d)\,

where we have used (6.17) for the derivative of the resolvent kernel and (1 —
vKr)"'Kr = Ry. Using L'Hopital rule in (6.7), Rr(X\,A) = [f-(A\)Orf4(N) —
J+(N)Orf-(N)]/2i therefore

. +OO
_ W 9sV(N)
%o =5 | o0

L0 (N) = Fr (V- (V)] X
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Employing (6.21]) we obtain the cumbersome expression

B e 959
8/30- = - f+<)‘)f*<)‘> g(/\)

+— /mdx/mdu( fo(p)Rr(\, ) ﬁ(i))aﬁi(%?)

9,9(11) D59(\)
o) O

dA

—fr N f- () R (A, 1)

The first term is just —x0dsB4_ (see (6.22) and (6.23)) so making the change
of variables 1 — A in the second term of the double integral and using the
symmetry of the resolvent kernel we have

wz +o0o +o0
dur = apB+ 5 [ [ R O)

(auﬁ(ﬂ) 959()) NI\ )85190\))
I(p) I d(A) I(N)

Making use of the relation 2Adz0(\) = —0\(\) we can replace the terms
which do not contain derivatives of the Fermi distribution function with respect
to 3 arriving at

830- = —xaﬁB+_
L e 90 (1) 950 ()
2 dA / dpuf— (A Rr(\ ) (A — p) =2~k 20
st [ ax [ duf B (0= i B S
The (A — p) factor in the integral allows us to cancel the denominator of the

resolvent kernel obtaining an expression in which the two dimensional
integrals factorizes in products of one dimensional ones

850 = —ZB@gB_,__
2 [ [ s W) - £
05V (1) 059 (N)
) I0)

Using (6.22) and (6.19)) it easy to see now that

1
Op0 = —x0sB1_ + 3 (85B+ )? _5(8,3‘84'4-)2
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proving (6.33).
The last differential equation ([6.34) is obtained by replacing By = —0,0

and By, = (—920)"/? in the R.H.S. of (6.33). It is easy to see that K (X, ) —
0 when # — 0 or § — —oo which means that ¢ = Indet(l — yKr) = 0 in the

same limits. The first part of (6.35) then results from (6.28). This concludes
the proof. O

We conclude this section with a simple observation. Integrating 0,0 =
—B,_ and using (6.35)) we can obtain an expression for g(z, 3,7) (or equiva-
lently the field correlator) only in terms of the potentials By, B,

g(x,8,7) = Byy(x, B,~)e Jo Be-whndy (6.37)

6.2.5 The zero temperature limit

In the zero temperature limit the field-field correlator depends only on
three variables, the distance (x1 —x2) > 0, the Fermi momentum (or chemical
potential) ¢ = Vh and the statistics parameter k. This dependence can be
encoded in the new variable

R

where now the rescaled variables are x = (z1 — x3)/2 and 3 = h. The integral
operator K now acts on the interval [—q,¢] and has the kernel K(\, u) =
sinz(A — p) /(A — ). The logarithm of the determinant is given by

50(5,’7) =In det(l — fyf()|'y:(l+e“”‘)/7r7

The partial differential equation (6.34)) characterizing o(zx, 3,v) becomes an
ordinary differential equation in . Introducing the new function

oo = &(00)’ (6.38)
where prime denotes the derivative with respect to £ then becomes
(E1)? + 4(¢0t, — a0)[A0 — Ay + (9})?] = 0 (6.39)
with boundary conditions

op = =296 =47’ + 0(&%), v=(1+e™)/7. (6.40)
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The ordinary differential equation ((6.39)) is the same Painlevé V equation ob-
tained by Jimbo, Miwa, Mori and Sato in their celebrated work on the one-
particle reduced density matrix (field-field correlator) of impenetrable bosons
[51]. The only difference is in the initial conditions which unlike the
differential equation depend on the statistics parameter. In a certain way
we can say that this was to be expected taking into account the fact that it
was already noted by Jimbo et al., that the same equation, but with different
boundary conditions, characterizes the density matrix of impenetrable bosons
and free fermions. The same situation was noted by Forrester, Frankel, Garoni
and Witte [31] in their study of systems with finite number of particles with
periodic boundary conditions. In this case the reduced density matrix satisfies
a Painlevé VI differential equation. Their work was recently extended in the
case of impenetrable anyons by Santachiara and Calabrese [74]. From (G.5))
the first terms of the short distance expansion of the field-field correlator are

(W (1) W (x2))7 = Do (1 — D@1 — )’ + 41 D1 — x2>3)+0 (21— 2)") .

18
(6.41)
where Dy = ¢/ is the density at 7' = 0. This result agrees with the expansion
obtained by Santachiara and Calabrese (see Eq. (47) of [74] and note that their
statistical parameter x differ in sign from ours).
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Chapter 7

Large Distance Asymptotics for
the Field-Field Correlator

The most difficult part in the analysis of the the field-field correlation func-
tions is obtaining the large distance asymptotics. We have seen in the pre-
vious chapter the correlation function are characterized by a completely in-
tegrable system of nonlinear partial differential equations (see Thm. [2
and (6.37)). A powerful method of investigating these differential equations
is the matrix Riemann-Hilbert problem formalism [2§]. The solution of the
associated matrix RHP will allow us to obtain large distance asymptotics for
the potentials B, _, B, and therefore the large distance asymptotics for the
correlator. This method was first used in [47, 48] by Its, Izergin and Kore-
pin to obtain the asymptotic behavior of correlation functions of impenetrable
bosons.

In order to solve the RHP we are going to make use of the fact that the
matrix RHP can be shown to be equivalent with a system of singular integral
equations. In the large x limit we are going to use contour integration in order
to extract the leading asymptotic terms. It should be mentioned that the same
results can be obtained using the nonlinear steepest descent method of Deift
and Zhou [26]. The constant (amplitude) in front of the leading term was
obtained using a method of Kitanine, Kozlowski, Maillet, Slavnov and Terras
[53] used by them in their investigation of the generalized sine-kernel. The
presentation in this chapter follows [69, [70].
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7.1 The matrix Riemann-Hilbert problem for
the field-field corelator

Let us present the matrix Riemann-Hilbert problem relevant for our problem.
In this chapter x € (0,1]. We are looking for a 2 x 2 matrix valued function
X(A), nonsingular for all A € C, analytic in the upper and lower half-plane, it
is equal with the unit matrix at A = oo

and the boundary values on the real axis satisfy the condition

X-(A) = x:NMGA), x+£(A\) = lim x(A+ie) A eR. (7.1)

e—0F

The matrix G(A) is called the conjugation matrix associated with the RHP
and is defined only for A real. In our case it has the form

T4+ mver(Ne—(N) —7yer ()
G()\) - < 7T’762_()\)+ 1 _ 7T’)/6+()\)€_(/\) ) (72)

where ex(\) = /I(\)eF?*, O(\) = (eX 7 +1)" is the rescaled Fermi weight
and v = (1 + ™) /m. G(A\) and x()\) depend also on z,3 and s but this
dependence will be suppressed in our notation.

7.1.1 Connection with the auxiliary potentials

In this section we are going to show how we can obtain the auxiliary potentials
from the solution of the RHP (7.1). The normalization condition x(oco) = I
means that the solution of the RHP has the following expansion

YO = T+ % +0 (%) | (7.3)

where Wy (z, 3) is a 2x 2 matrix depending only on 3 and z. Then the following
symmetry of the conjugation matrix

G()\) == O'lG_l(—)\)O'l s (74)

determines the structure of ¥, which can be written as

1 B, —B
U, = — + o 7.5
1 22 ( B++ —B+_ ) ) ( )
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where the constant factor 1/2¢ was introduced for convenience. At the moment
we do not know that B, and B,_ in are the auxiliary potentials .
In order to prove this assertion we are going to use the singular integral for-
mulation of the RHP. It easy to prove (see Chap. XV of [54]) that the matrix
RHP is equivalent with the following system of singular integral equations

i) =1+ % /m X*L“)_[IA__%“)]@, AeR. (7.6)

—00

Then, if we define
X(A) =x+(NE), (7.7)

where E()) is the triangular matrix

== (5 )

the system of integral equations ([7.6)) can be rewritten as

L/*‘X’ XA

X(A) = E(A AeR .

—00

with

GO = E7' (Wl - G(u)]EX)
0 0
- ( —mye_ () my(es(me- () — e (Ne— (1)) > |

Explicitly, from ([7.8) we obtain

+oo

X2 = er(A)+7y Kp(A, p)xa2(p)dp
+oo

X2 = e-(A\)+7y Kr(A, ) X2 (p)dp

with the kernel

(7.9)
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and

+oo o
~ g Xaz(p)e—(p)
1— L ALZAF)
() 2 /OO pw—A—10 e

+oo &
~ X €
Xoi(A) = —% / —:2£M;j%)du-

The first two equations are just the integral equations defining fi(A),
therefore we have

X12(A) = f+(A), Xa2(A) = f-(N), (7.10)

and noting from (7.7) that y11(A) = x11.+(A) and x21(A\) = xa22.+(A) then we
obtain

g +Oof+( Je— (1)
xi(A) = 1_Z T oa

X21(A) = 22 mf <)_ ()du, IA > 0. (7.11)

dp, SA>0,

Taking the limit A — oo in ([7.11)) we obtain

v 1
W = gk [ Re(dn+ o (55)
+oo

W = b [ e o (5)

which shows that the components of the matrix ¥, are given by (/6.10]). Also
it can be shown using ) and - that

( ﬁ%i; ) =x+(N) ( ng; > : (7.12)

7.1.2 Lax representation

Before we go any further we should investigate for what values of our param-
eters the RHP has a unique solution. In Appendix |I|it is shown that our
RHP is uniquely solvable except for when z is in a countable set denoted by
X. In the following section we are going to consider that z is not in X which
means that has a unique solution. Now we are going to show that the
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function W(\) defined by
T(A) = x(A)e, (7.13)

is a matrix solution of the linear system ((6.12)) which is called the Lax repre-
sentation. W(A) is the solution of the matrix RHP

U_(A) = U (N)Go(A), A€R,

\I’<OO) — 67)@03 7

with the conjugation matrix Gy given by

— _—idzos inaos _ [ LHmyI(A)  —myd(A)
Go(N) = e MG (N)es = ( W;(A) 1—7?719@) ) .

The main advantage of the matrix Gg is the fact that does not depend on
x and the dependence on f is through the Fermi distribution function 9(\)
which means that

0:Go(A) =0, (2005 + 0x)Go(N) = 0.
Consequently, the derivatives of W(\) will satisfy the same RHP as W(\)

[61,\1!()\)]7 = [ax\II()‘)]Jr GO(A) )
(2205 + 00 )W (N)]_ = [(2A05 + )TN, Go(A)

but with different behavior for large A, and the logarithmic derivatives are
entire functions of A

F(\) = [0.9N] TN,
F(A) = (2095 + 00T (V)] (N, (7.14)

denoted by Fi(A) and F»()). The leading terms of these functions when A is
large can be obtain easily from (7.3|) and ((7.13))

Fi(\) = idas + O(1), Fo(\) = O(1), A — o,

so from Liouville theorem we conclude that F; and F, are polynomials of the
first and zeroth degree respectively

Fl()\) :Z)\03+U0, FQ()\):‘/O
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The matrices Uy(z, 3,7) and Vy(x, 3,7) can be expressed in terms of ¥y if we
use the fact that y=*(\) =1 — ¥, /X when A\ — oo, with the result

Uo = ’i[‘Iﬁ,O’g] s ‘/0 = i03 + 265\1’1 .

Using ((7.5]) we can obtain explicit expressions of Uy and Vj in terms of By, B,
and we can rewrite (7.14]) as

0, U(\) = [iAos + Byror] T(N),
(2005 + O T(N) = [iwos — i(93By_)o5 — (95Bys)0] T(N). (7.15)

We recognize in the RHS of ((7.15) the L and M operators (6.16)),(6.25)), but

now they act on a 2 x 2 matrix. As an immediate consequence of the Lax
representation ([7.15]) the potentials By _, B, satisfy the differential equations

(6.26)),(6.27) and (6.30]) (see Thm [2 for a proof).

7.1.3 An useful transformation of the RHP

In the previous section we showed that the potentials B, ., B, that char-
acterize the field-field correlator (see (6.4)),(6.11)) and (6.37)) can be obtained
from the expansion of the solution of the matrix RHP . This means that
the large distance asymptotics of the potentials, and hence of the field corrre-
lator, can be obtained from the solution of the RHP. Our analysis will use the
the equivalent formulation of the RHP in terms of the singular integral equa-
tion so as a first step we will try to use a matrix RHP whose conjugation
matrix has 1 on the diagonal. In order to achieve this goal we will introduce
a new matrix ® defined by

where the functions a(\), B(A) are defined by

1 [t du et =B _ gimk
a(A) = exp { 270 /_oo w— A " < er’=h 41 ’ (7.16)

with the branch of the logarithm specified by

6‘“2_’8 _ eiwn
111 W — 0, on— 00,
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and

1 +o00 d,u €u27ﬁ+ei7m+2
) = expd —— 1
B eXp{ 2m'/_oo N—A“( e B 1+ 1 ’

with the branch of the logarithm specified by

eh’ =5 + e 4 2
In pove — 0, p—o00.

The functions a(\) and B(\) are analytic in the upper and lower half-plane, re-
member x € (0, 1], and they are the solutions of the following scalar Riemann-
Hilbert problems (see Appendix |J))

a_(A) = a;(N)ga(N), XER,
aloo) = 1,
6“276 _ eim-e

aA) = ————, 1
W) = S (7.17)

and

B-(A) = B+(Ngs(N), A eR,
Blee) = 1,
el =B 4 eimh 4 9

) = S (7.18)

and have the properties
a”t(A) =a(=A), BTN =6(=N).
The matrix ® satisfies the RHP (see(7.1))

O_(A) = 2,(N)Ge(A), AER,

o\ = 1, (7.19)
with the conjugation matrix
B 1 —myd (V)G (NaT (A2
G@()‘) - < 7T719()\)a+()\)ﬂ:16_2i)‘x 1 : (720)
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In terms of the components of the matrix ® that solves the RHP ((7.19) the
potentials B, ,, B_, are expressed as

Bi. = 2ilim A [@11(N) = 87 (V)]

The RHP (7.19)) and formulae (|7.21)) will constitute the basis of our analysis
of the large distance asymptotics of the field-field correlator of impenetrable
anyons.

7.2 Large distance asymptotic analysis

In this section we are going to perform the large distance asymptotic anal-
ysis of the RHP ([7.1). Using we will obtain the auxiliary potentials
Bii(z,8,k), By_(z,0,k) from the large A expansion of @y (A), Pia(A).
Then o(x, 3, k) can be calculated using the differential equations , (16.33)).

7.2.1 The auxiliary potentials in the large x limit

From the integral equation formulation ([7.6)) of the RH problem (7.19)), and
using the properties of @ and [ we obtain the following expressions for ®1; 1 (),

D14 (N)

1 ITK +oo 00) _ —2ipx
(I)ll,-}-()\):l_ ( +e )/ 12,+(/’L) (; (lu) € %)\:0’

2mi o (=X —1i0) B_(p) (er*=F —eim=)
(7.22)
and
(1+e™) /+OO Pyy () Bilp) ene
o - : . IA=0.
2 L A D e
(7.23)

Using the analyticity of o and § and ®11(00) = a(c0) = F(c0) = 1, we are
trying to obtain an estimate of ®;5 ; by shifting the contour in the upper half-
plane and the replacing the integral by the sum of the residues. Rigorously
speaking this will require an estimate of the type |®12(\, 2z, )| < C/X and
as we will see further |®11(\,5,2) — 1] < D/X for SA > 0,0 < B,z < x9
where C, D depends on [y, xg only. In what follows we will assume that these
estimates hold, noting that these assumptions can be justified self-consistently
as in Sect. 4 of [48]. The poles of the integrand in are given by \ + 40
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and the zeros of the function

situated in the upper half-plane. Explicitly these zeros are given by the for-
mulae

(RA)? = % (ﬁ + /3% + w2k + 2k;]2> ,

(SA)? = % (<0+VPT R T RE)  k=0.%L42  (124)

and for us an important role will be played by A\J and A*; given by

= (84 52+72“2)1/2 JVE+i (=B 52+7T2“2>1/2 /V2,  (7.25)

and

AL =— (ﬁ + /B2 + 72k — 2]2) RNCIE (—5 + /B2 + 72k — 2]2)1/2 V2,

(7.26)
where the superscript + distinguishes the solutions from the upper half-plane.
Closing the contour in the upper half-plane we obtain

By (N) P
ar (V) (@7 — )

Bipr(N) = (1+e™) P14 (V) + 5N, (7.27)

with

sy = $F (™) B0 BuOe
B 2eim a(AF) (N = )N

k=—0oc0
The series ST(A) is uniformly convergent for A € R, zo <z, 0 < 3 < [y and

0 < k < 1. Plugging (7.27) in (7.22) and using the scalar RH problems ([7.17))
and ([7.18) we obtain the following representation

S () = 1o L) /+"° P14 (1) dp
e 2mi Ceo = A — 10 (er' =B — eimr)(er =B 4 eimh - 2)
L[ R*(u)
o ——ad 2
271'2'/_00 = x—i0 (7.28)
with

—2ipx

() = (14 e 2

NSRS
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The particular form of the integral equation([7.28)) (see indicates that it is
useful to consider the following inhomogeneous scalar RH problem (Appendix

)

O (N) = & (Ng(M)+RT(N), AeR,
o, (N) = Pus(N), AER,
D(o) = 1, (7.29)
with . oy
1—g(A\)=- U+ e™)

(e)\2fﬁ _ eim@)(e)\zfﬁ + eimk + 2) )

Simple computations corroborated with (7.17) and ([7.18]) allow us to obtain
the following expression for g

_ (e 7 +1)2 CaZ'(NBZH)
I = P o) (PP o 1) ad NG

Using (|J.4)) the solution of the RH problem (|7.29)) is given by

é()\) _ Oé_l()\)ﬁ_l()\) _ 04_1();)75_1()0 /+oo O‘(M)f_(/;\)R(M) d,u, = (C/R )
(7.30)

The functions ®(\) and ®;()\) are analytic in the upper half-plane have the
same behavior at infinity ®(co) = ®;1(c0) = 1 and their boundary values
close to the real axis ®,()\),®1;4(A\),\ € R are equal which means that
®11(N\) = B()) for IA > 0. Therefore from (7.30) and the explicit expression
for RT(\) we have

-1 -1 400
O (N) =a ' NN — W > AN Nn(N), SA>0,

k=—o0

where

AN = (1 ++e"?”f)2 ﬁ()‘é)ezi,\;m /+Oo 2 ai (u)€;2ium
2\ e a(A]) o (e —eim ) (N — ) (e — A

)d,u.

The integral in the last term can be estimated as Cle~2"0%|, where )\; is the

solution of ([7.24]) for £ = 0 in the lower half-plane, so the leading term of &y,

when xr — oo is given by

11 (A\) =a " (N)B TN +0(e N SA> 0. (7.31)
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Using ((7.23)) we obtain the leading term of ®15 when x is large

(1+6im§) /+oo O[__i_2(/,b) 62“”: ot

Brp(N) = ¢ ) | NEy gr 0.
12( ) 2i - (M ) — ZO) (Guz_ﬁ — 6””{) + O(e 0 ) , S >0
(7.32)

The large distance asymptotics of the potentials B, ., B,_ are obtained from

(7.31)) and ([7.32)) using ([7.21)) with the results

1 [t w04 3
B, - _/ In <L> dp+ O(e™3%7) | 1 — oo (7.33)

2B _ pink
T J o e =B —e

o0

where the branch of the logarithm is fixed as

|
In <L> —0, p— o0, (7.34)

eh?—B _ pitk

and
1 iR +o0 -2 2ipx N
B++:w/ M_i_o(e_zl‘f)‘a—z)’x_)m'
m _

w (@7 —em)

The expression for B, can be made more precise if we close the contour in
the upper half-plane obtaining

' mar -2\ A N
B++ _ Z(l + e—urn) Z %627’/\:&8 + 0(6—4\s)\0+x)’ T — 00, (735)
k=min k

where min((, k) < 0 and max (3, k) > 0 are defined by the relations

SAH

man

<IN, SAT. > 29T, (7.36)

and
SN ae < 28NS, SN e > 290 . (7.37)

max

7.2.2 Determination of o(z, 3, <) in the large = limit

Define
1 A |
V(A B) = 5 log (m ; (7.38)
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where, k € [0, 1) is the statistics parameter and the branch of the logarithm is
specified by
N
) e +1
s log (6——> -

and no branch cut intersects the real axis. The function C'(f, x) and is intro-
duced as

C(B, k) = 2i /W v, B)dA = — /m log <&) d\. (7.39)

2— ;
e T ) eN’ =B — eink

Then using the the large distance asymptotics for the auxiliary potentials
obtained in the previous section and the differential equations (/6.32]) and (6.33))
we obtain

o(z, B,k) = —2C(B, ) + c(B, ) + O(e ™7 | & — o0, (7.40)

where ¢(f3, k) is a constant that that depends on 4 and s but not on x and
needs to be determined. In order to obtain this constant which appears in the
expression for o(x, 3, k) we are going to integrate the relation

+oo
Do = — / Re(\\) dA, (7.41)

which can be obtained from the differentiation of (6.36). In the previous
expression Rr(A, \) is given by

Rr(\ ) = 503/ 7 (3) = £ (N0 (V). (7.42)

The technique used is similar with the one employed in [53]. In the cited paper
the authors considered a generalized sine-kernel at zero temperature and stud-
ied the large distance asymptotic behavior of the Fredholm determinant using
the nonlinear steepest descent method of Deift and Zhou [26]. At zero tem-
perature det(1 — VK ) becomes a particular case of the Fredholm determinant
considered in [53].

The first step will be the computation of fi(\) using the relation

( ﬁi; ) =x() ( ifﬁii > : (7.43)
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Remember that

w=e ()™ ) (744

but and in the previous sections we have obtained only ®1;(\) and ®5()) in
the large = limit. We have

D1 (A) =M (NN + 0(6_4%’\3””) , SA>0, (7.45)
and
(1 + eim-c) /+oo Oé_T_Q(IM) 622-“1, ot
R -+ 0(e N a0,
12( ) 2mi — 0 (M . ZO) (€M2—ﬁ — ezmi) + (6 0 ) y A >

(7.46)
If in the expression for ®15 we close the contour in the upper half plane we
obtain L
ai”"(A)

AT —230 Tz
mez)\ +O(6 232 ) (74.7)

@12()\) =T

We need to obtain similar relations for ®5; and ®99. From the integral formu-
lation of the RHP ([7.6)) and the properties of a(\) we have

+o00 —2ipux
gl Poo i () a—(p) e
P A)=—— : ——d AeR A4

21.+(Y) 2i /_OO p—A—10 B_(p) (er*—F8 — eimr) o AER, (T48)

and

+00 2iuT
Y Doy (1) By(p) et
d AN =1+ — ’ .
2N =140 | oA Do) (@ — o)

dp, AeR. (7.49)

In the integral equation (|7.48|) we can close the contour in the lower half plane
obtaining

> ) €—2|§)\,:|x

Poo i (Ap) a (A
(b )\ = _7T’}/ — . N — — )
21,+( ) k:Z_OO )‘k —A—10 6— ()‘k> 2)\k eiTk

where A\, are the zeroes of e’ =B — ¢ in the lower half plane. Plugging this
result in the integral equation for ®9o ; and closing the contour in the upper

half plane we obtain

S

Doy + (A) = 1 4+ O(e 2BA[+3r)zy (7.50)
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Using ((7.50)) in (7.48]) we have
Doy 4 (N) = O(e MM 7y (7.51)

Now we are able to compute f+(A) up to exponentially small corrections in z.

Explicitly from (7.44) and (7.43) we have

( S+ (V) ) _ ( D11 (A (Ner(A) + Pra p (Mg (Ve () >
J-(N) D21+ (M)Br(A)er (A) + Poz (A (e (A) ]

therefore using (7.45)), (7.47)), (7.50) and we obtain
Fe ) ) _ [ aitNeq(A)em ™)
( fi(A) ) B ( : a+(:\r)e_(>\) ) : (7.52)

where () (we have suppressed the dependence on [3) is defined in ([7.38)). It
is easy to see that v(\) can be written in terms of the rescaled Fermi weight
function (\) = (14 e¥F)~! as

V) = 5 loa(l— mB(N)),

_ 1 NP 41
= om B\ i Zaimn |

Also we have
+oo
ar(N) =exp {im/()\) + P.V./ L’u))\du} :
—c0 M —
Using ((7.52)) and ({ - in - we obtain

+0o0
o — —/ Re(A A)dA,

o0

B o TO(N) , :

= _ /_OO %m@m — 20\ log aey () + 2imv(N)) dA,
+oo

= — / O,v(N)(2iz — 20y log at (X)) + 2imv(N)) dA. (7.53)

o0

Our goal is to write the RHS of (7.53)) as a derivative with respect to v. The
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term depending on z is in this form but not the constant one. We have

/+°0 0,v(N)(205 log oy (A) — 2imv ()

[e.9]

Y e ol v v(p)
B /_oo Oy ()0 /_oo (u S T R iO) A

- /_+°° Oy (N) (()\ _V;u_) T _y/yfg 2-0)2) i,

o

We will show that this expression is equal with

T 0h( — v(A)du(n)
8, / A A " dX\dy .

Indeed we have
0w (N (p) — v(\)u(w)
- [ IO £ 0000

1 : :

— 5 [ o) + 2] ( T o) e

o (Y

Therefore

0,0 = —2ixd, / +OO v(\)dA + 0, / - a*”m”;’(&) - :gk)wu) dAdp

and integrating with respect to v and taking into account that o(y =0) =0
we obtain

o(x, 8, k) = —xC(B, k) + /_ - aW(A)Vz(é) - :;A)au(ﬂ)

ddp.  (7.54)
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Comparison with ([7.40|) shows that

(B, k) = /_ : aA”(A)”Q(é‘A) - :gA)a“(“) d\dj. (7.55)

7.2.3 Large distance asymptotic behavior for the field-
field correlator

We remind the reader that the field-field correlation function is given by

VT .
(U (@)W (2))r = 5 Bl 5,3 = (1 €7)/m.
Using the results obtained in the previous sections for the potential B, and
o, and going back to the original variables © = x153/T/2 and 8 = h/T, the
large distance behavior of the field-field correlator is given by

<\IJT(ZE1)\P($2)>T :e—mlng(h/T,n)ec(h/T,n) Z Ckeimlzﬁk;: _}_0(6—4%)\3'95117‘56)

k=min

where A Yt
NI a2 (\])
= ) 7.57
k= i— % (7.57)
and A\ are the solutions of (7.24]) in the upper half-plane. In (7.56) C(8, )
and a(\) are defined in ([7.39)) and (7.17)and the summation limits are given
by ([7.36)) and (7.37). The leading term is k = 0 but as we approach the free

fermionic point, K — 1, the k£ = —1 term also becomes relevant.

7.3 Analysis of the results

We will check the validity of our results in three appropriate limits. When
the statistics parameter k — 0 we should reproduce the results obtained for
impenetrable bosons in [46], 48, 54] and when x = 1 we should obtain the
results for free fermions. Even though in the large distance analysis performed
in the previous section we have not made any distinction between the cases of
negative and positive chemical potential (or equivalently ) we will see that
in the bosonic limit the asymptotic behavior of the corrrelation function is
fundamentally different in the two regions as we would have expected from
[46], 48, [54]. In the limit of low temperatures (f — oo) at positive chemical
potential our system becomes critical and we can verify our result with the
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predictions of conformal field theory [19, [66].

7.3.1 The bosonic limit

The bosonic limit is defined by £ — 0. Then from ((7.39) in the case of positive
chemical potential we obtain

|
eX=hF—1

1 [t
lim C(6, k) = —/ In d\+2i\/B, >0, (7.58)
K— T J_

and in the case of negative chemical potential

lim C(8, ) = %/:o In (%) d\, 8<0. (7.59)
Also from ([7.25)) we have
N =B, >0,k—0, (7.60)
X =ivVBl, B<0,6—0. (7.61)
Introducing the function C(3) given by
o 2_
() z%/; In % d\, B=h/T, (7.62)

using (7.56)), (7.59)) and (7.61)) we obtain the following asymptotic behavior of
the correlation function at negative chemical potential in the original variables

(2 = (21 — 22)VT/2, 3 = h/T)

e [T

(UT (1)U (22))7 ~ e 2[5 ommy /] ., h<0, 9= (21 — 1) — 00.
(7.63)

In the case of positive chemical potential from (7.56|), (7.58)) and (7.60) we

obtain

(W (@) W(az))p = e ™22 CWD | j> 0, = (2 —a3) — 00, (7.64)

Both asymptotics ([7.63]) and ((7.64) agree with the result obtained for impen-
etrable bosons in [47, [48], 54].
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7.3.2 Free fermionic limit

The field-field correlator for free fermions is given by

ﬁ 400 eimz\/TA
(Uh(21)Up(22)) = o RS (7.65)

—0o0

In the large x15 limit we can close the contour in the upper half-plane and take
the contributions of the leading residues which are given by the zeros of the
denominator. We obtain

eiIIQ\/T/\z
Wbt ~ G 3 S (7.6

k=0,—1

where A are given by (7.25)) and (7.26) with x = 1. This is exactly the same
result that we obtain from (7.56) if we notice that C(G,k = 1) = ¢(8,k =
1)=0and a(\,k=1) = 1.

7.3.3 The conformal limit

Before we embark on the analysis of our result in the conformal limit it will be
useful to investigate more thoroughly the function C(8, k) defined by (7.39).
We will start with case of negative 8 which is simpler. Using the expansions
In(1+2)=>2(-1)""2"/n, |z <land In(14+2)=—=> 7, 2"/n, |z| <1
we obtain

1 +oo X -1 n+1,—n(A2+|8|) inmk ,—n(A2+|38|)
CB, k) = _/ Z<( )" TR X,

T J_ o n n

n=1
n+1 —n|B|

inmk ,—n|6|
€ €
- \/—Z( n3/2 T )

Therefore, in the large and small |3| limits the leading terms are given by

18] 18l
(14 cosmr) +1i NG

sink, (8 — —o00), (7.67)
and

[ )" + cosnmr sinnwk
e WZ< n3/2 ) \/—Z n3/2 (B —0,6<0).
(7.68)
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Let us now investigate the case of positive 3. Using the same expansions
for the logarithms we obtain

VB n —inTK
C(B,k) = g/ [—'m(/@—l +Ze g (D)™ e ]d)x

™ n

+1 —inTkK
/ Ze"“’"—ﬁ) R
= n

For (3 large we can use the formulae

—Bn /\/B ind)\ 1 —I_O 1 n /OO _>‘2nd)\ 1 +O 1
e e = —F — e e =
0 2ny/B B2 /B 2ny/B B2)

obtaining

B,k W\FZ ( Dl COSTZM) —2iy/Blr—1)+ 0 (ﬁim) .

Using the formulae (0.234) and (1.443) of [38] we have Y .- (—1)"*!/n? =
72/12 and Y, | cosnwr/n? = 72 By(k/2) where By(x) = ? — x + 1/6 is the
second Bernoulli polynomial which allow us to rewrite the previous result as

C(ﬂ,/ﬁ):%<,§—/€+ )—2“/_5—1 (8 — o0). (7.69)

For small 3 from ([7.69)) we obtain

)" + cosnmr sin nmk
a \/—Z< n3/2 t ) \/—Z n3/;r ﬁ—>0 ﬁ>0)
(7.70)

In the case of positive chemical potential at low temperatures the system
is conformal. In the limit § — oo we have

Ag = {(ﬂ + VI + w%?)m +i (—ﬁ +V2+ wznz)m} /V2
. TR
VB + 575" (7.71)
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Ny = [— (b VFTo—2P) " +i(-8+ ¢62+7r2[n—2]2)1/2} /V2

7|k — 2|
— /B +i N (7.72)

and the behavior of C(f, k) in the same limit was studied above. In order
to make the connection with the results obtained in [19, 66] we are going to
use the original variables z = (z1 — 22)v/T /2,3 = h/T and the fact that the
Fermi momentum kr = v/h and the Fermi velocity vp = 2v/h. Then from

(7.56)) (7.71) and ([7.72)) we obtain the following asymptotics for the field-field

correlator at low temperatures

e For 0 <k <2/3
(U (20) U (09 = e "125F (7 73) gimzken (7.73)
e For2/3<r<1

n2 1 .
(Ul (@) U(22))r =~ coe Por (7+§) g2k

s
=
[ V]
<
I
—
no
—~
(VB
|
—
SN—
(V)
+
[

Jeimar(=d) (7,74

The presence of the second term in ([7.74)) is a consequence of ([7.36|) and ((7.37]).
The conformal result obtained in ([19] 66]) also presented in Chap. [3]is

s 1 )\ 2
<\I”L(:L‘1)\If($2)>T ~ Z B(Q)e—mz%[QN‘H-QN +§+2<d+§>}
Q:{Nivd}
Xei112kp(2d+n) ) (775>

It is easy to see that the leading terms in the expansion , which corre-
spond to @ = 0,0,0 and @ = 0,0, —1 , are identical (modulo the constants)
with and . The presence of the second term in ((7.74) (and the
term with = 0,0, —1 in the conformal expansion) explains why close to the
fermionic limit the correlation function exhibit beats. This phenomenon was
noticed and explained by Calabrese and Mintchev [19] at T = 0.
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Chapter 8

Conclusions

In this dissertation we have investigated the properties of the field-field corre-
lation function of impenetrable anyons at finite temperature. The main result
presented is the large distance asymptotic behavior of this correlator. We
have also obtained the determinant representation, the short distance and low
density asymptotics and the system of partial differential equations that char-
acterize the field-field correlator. Even though we do not present the results
here, together with Vladimir Korepin and Dmitri Averin we have obtained the
large time and distance asymptotics of the same correlation function. In this
case it seems that the asymptotic behavior predicted by conformal field theory
is not the same with the one obtained solving the associated Riemann-Hilbert
problem. We will present this computations elsewhere.
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Appendix A: Particle-hole
excitation

In this appendix we find the energy and momentum of particle-hole excitations
of the gas of anyons. As discussed in the main text, for twisted boundary
conditions (# = 1), the ground state of anyons is equivalent to that of the
Bose gas with periodic boundary conditions and coupling constant ¢/, so the
excitation energy and momentum coincide in this case with those known for the
Bose gas (see Chap. 1.4 of [54]). For periodic boundary conditions (5 = 0), the
Bethe equations are the same as for the Bose gas with the boundary conditions
twisted by the phase shift 270, where 6 = {[—=7x(N — 1)]}. In the case of one
hole with momentum A;, and one particle with momentum A, the equations
for the ground state and the excited state are:

N

N +1
Ground State, PBC : A\;L + ZH()\]- — ) =27 (j — T+)
k=1

+275, j=1,--,N, (A.1)

N
Excited State, PBC : S\jL + Z 9(5\]- — ) + 9(5\]' —Ap) — 9(5‘3' — An)

k=1
N+1
:27r(j—T+)+27r5, j=1,---,N. (A.2)

Comparing the equations for a particle-hole excitation in the case of twisted
boundary conditions

N
N+1
Ground State, TBC : )\fL+Z 9()\;3—)\5) =27 (j — T+) L j=1,-,N,
k=1
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N
Excited State, TBC : APL+ Y 0\ — AF) + 0(AF — AZ) — 6(AF — \})
k=1

N+1
_27T<j_T+)7 j:17”'7N7

with (A.1]) and (A.2)), we find the following relations

Nj=Mvons/L, N =N +oms/L, (j=1,---,N)

Ap =M +2m8/L, A=A, +2m6/L. (A.3)

The energy and momentum of this excited state with respect to the ground
state is (eg(A) = A% — h):

(20(Aj) — €0(\y))

WE

AE()‘pv An) = 50()‘19) —eo(An) +

J

= 2(\F) — (W) + 3 (eo(AF) — eo(AF))

M=

1

J

270 N
+25- ()\f — MY (W - Af))
j=1
B(\B \B 2mo P/\B \B
= ABP(OG ) 27 APTONL A, (A.4)
APy, M) = APP(AD AT, (A.5)

where AEP(AD AP) and APP(AZ A\P) are the energy and momentum of a
particle-hole excitation in the Bose gas with periodic boundary conditions,
and AP and AP are given by .

From we see that in the case of twisted boundary conditions, the
Fermi velocity vEP¢ will be the same as in the Bose gas, whereas for the

periodic boundary conditions the Fermi velocity will be modified as

Ao
vpBY = IBC ¢ % . (A.6)
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Appendix B: Anyonic
correlators

In this Appendix, we prove Eq. (4.9) following the approach used in [5] for
calculation of the anyonic matrix elements. We start with the simple case of
the correlator

(Do 0T (2") W () W) , (B.1)

where we have omitted the quantum numbers {\} unimportant for the present

computation. From (4.4) and (4.5), we have
1 *Q a
(U VU@ = 5 [ A2y 5 o, 2)

X {019 (y1) W (y2) U (") W (2) BT (2) U7 (21)]0) . (B.2)

Defining for the moment
A= (0] (y1) U (y2) U (2') U () U1 (22) U7 (21)]0) , (B.3)

and using the commutation relation (2.2]), ¥(z)|0) = 0, and (0]0) = 1 we
obtain

A= (0P )W)V (') [W(z2) U(a)e™ ™ 4 6(w — 2)] W1()]0)
= (0[W(y:)¥(y ) (’)\1”( ) ()\If*(zl)|0>e‘””” =)
+(0[W (1) (o) T (') W1 (zl)\O) (z — 2),
= §0|‘I’<?Jl)‘1’(yz)‘1ﬁ($')\I/T(Zz)|0) §(z — 21 )eimrela==2)
(a)

+ ON () ¥ () V()W (20)]0) 3 = 22) . (Bd)
(b)
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Performing similar transformations we find that

a = 6(y1—2)0(ys — 22)e” ™ W £ 5(yy — )3y — 20)
b = 6y —a)(yo — z1)e ™ W) L5y — 2)0(y, — 2') . (B.5)

Substitution of (B.4) and (B.5]) into (B.2)) gives

1 *q a —imk[e(z1—2')te(z—2
(Wl (0@ = 5 [ dor {337, 20) G, e e

—imre(x—2z1) —imke(z1—z')

+X§a(21,$/)X(21(33, 21)6 + X;a(fﬁlv Zl)Xg(Zl, 95)6
+X5" (21, ) X5 (21, 7) } (B.6)

Anyonic property of the wavefunctions (4.6) together with its complex conju-
gate

X?\?(Zla trt Ry R4l 7ZN> - e_iWHE(zi_zi+1)X}k\?<Zlu Crt R4l Ry 7ZN) )
(B.7)
means that reduces to a simple form
WU V@) =2 [ de G Ddlane). (B)

The generalization to the N-particle eigenstate is straightforward and gives

<\IJN‘\IJT($,)\I/($)|\DN> = N/dZNl X?\?(zla e 7ZN717$/)X(]1V(217 *tt ,ZN-1, QZ’) .
(B.9)
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Appendix C: Fredholm
determinants

In this Appendix, we give a brief summary of results of Fredholm theory of
integral equations. For more details, see, e.g., [75]. Consider the Fredholm
equation of the second kind

b
. / K (z,y)f(y)dy = g(x),

where the kernel K (z,y) is a symmetric, bounded and continuous function.
Defining operations with kernel K (z,y) similarly to the usual matrix op-
erations:

b
K"(z,y) = / K(z,2)K" Y (2,y) dz, with K'(2,y) = K(z,y),
and
b b b
TrK:/ K(x,z) dz, TrK2:/ / K(z,y)K(y,z) dedy, and so on,

we have the formulae that are usefu} for calculation of the Fredholm determi-
nant of the integral operator 1 — vK:

(1=yK) ' =147K'+ K>+,

and

Indet(1 —yK) = —TrK". (C.1)
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Indeed, writing (C.1)) as

det(1 —K) =[] exp{—%Tr K"}, (C.2)

n=1

and collecting terms of the same order in v one can see that the determinant
can be written conveniently as

A © ’yn b b xl T
det(l—yK):Z(—l)”m/ d:c1~~/ dann<$’__"$">, (C.3)

=0 1, s n

where

K, ( Tt dn ) = det [K(zj, )] (C.4)

yly e ;yn 1<5,k<n

The resolvent kernel R(z,y) associated with the kernel K(x,y) is defined
as R=(1—~vK) 'K, ie.,

R(x,y) — 7/ K(z,2)R(z,y)dz = K(z,y).

If one introduces the determinants R,, of kernels R similarly to (C.4), an
important relation can be proven to exist between R, and the r-th Fredholm
minor defined as a natural generalization of Eq. (C.3)):

% n b b
det(l—’yK‘gﬁ’ o zf)—Z(—l)”%/ dx1~--/ dxy,

n=0
y17 9 yT7 .Tl, ) xn
X Kn+r ( y17 SN y;’ l’l’ RN xn ) . (C'5)
The relation is [44]
> Y, 5 Yr > Y1, 5 Yr
det (1 —~K — det (1— K) R, . (C6
( 7 ‘yi, yé) K (y’l,---,yé) (C.6)
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Appendix D: Reduced density
matrices of free fermions

The reduced density matrices for free 1D fermions were calculated in the orig-
inal paper of Lenard [59]. To make our discussion self-contained, we provide
here a sketch of the proof and the main results in the notations that in general
allow for an external potential U(z) acting on the particles.

We assume that the fermions are confined to the domain V' = [-L/2, L/2],
and have a complete set {uy(z)} of normalized single-particle wavefunctions
with energies €, in the potential U(z). For instance, for U(z) = 0, and the
"hard wall” boundary conditions at the boundaries of the domain V/,

R0, A=z
I

uale) = \/%COS()\Z), A=

and, with appropriate conventions, €y, = A\2. The N-body wavefunction of a
stationary state is given by the Slater determinant

T

4m
L’
7'('
T

X{v(zh--' av[{A}) = \/— Z WHUAi(zw(i)%

TeESN

where the set {\} consists of non-coincident single-particle states \;, and the
energy eigenvalue is E({A\}) = SV €,.. In the grand canonical ensemble, the
Gibbs measure is

E({(\})/T
hN/T6 ith Z(h, L, T) Z Z hN/T, E({)\})/T D1
Py = Zh,L,T) N=0 {3} .

where h is the chemical potential. Using the fact that, with an extra factor
1/N! included to compensate for overcounting, summation over {A} can be
replaced with summation over independent individual A;’s, one obtains the
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following fundamental formula

S NI BN/ A (AN (- ) =

oy
1 & / 1 PRI
mﬂ;SN(—m EF(zz @) = 7w ( o ) . (D.2)
Here we have used and
F(x,y) =eMT Z e~ N Tuk (z)ua(y) . (D.3)
A

Equation (D.2)) and proper normalization of the wavefunctions uy show that
the fermionic statistical sum (D.1]) can be expressed as the determinant (C.3))
of the integral operator with kernel (D.3)):

> 1 R
Z(h,L,T):Zﬁ/dzl---/dzN m(?’m ’jN ) — det(1 4 F).
N=0 - Jv v 1 s #N

Similarly, using the definition (C.5)) of Fredholm minor of the same operator
we see that

hN/T —E({A})/T .
E e E e _(N n)' / dz / dzn_p

N=n {1}
XXT\;(ZDH' y RN—n; L1, 7xn’{)\})X{V(Zl7 7ZN—n7$/17'” ,l';I’{A})
A :C ,o'. 7xn
:det<1+F x,ix% ) (D.4)

so that the reduced density matrix of the fermions can be expressed as:

(Ila U 7xn|p£’x/17 o 71:;) = det (1 + F

l‘]-’ DRI s :L‘n A
A ) /det(1+ F).
The relation ((C.6)) for Fredholm minors means that this result can be expressed
simply in terms of the resolvent kernel 07 (z, y) /7 associated with kernel F'(z,y)

(D.3)) (factors of 7 are chosen so that the notations are the same as in the main
text):

1 Ti, ", T
F10 / 1) »n
Ty, Xplpl |y, x) = —0r .
( 9 ) n‘ n| 1 ? n) ,ﬂ.'n, xII’ 71‘;1
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In the thermodynamic limit with no external potential, U(z) = 0, the resolvent
kernel O is given by

' 1 00 eik(m—y)
Jim o) = 5 [ b

o
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Appendix E: Anyonic form
factors

In this appendix, we prove Eq. ((5.26)). Consider first the simple example of
the form factor Fjo:

Fsz( ) \/_/d?’y d*z X3(yl yz,ys)Xz(ZhZQ)

X (O] (1) W (y2) ¥ (ys) W (2) W (20) WT(21)[0) .
(E.1)
If one defines

= {09 (y1) W (y2) U (y3) ¥ () UF (22) U1 (20)]0)

then successive applications of the commutation relation ([2.2)) followed by the

Eq. (5.6) give

A = (0]W(y)W(ya) [WF (@)W (ys)e ™) + 5(ys — x)] U (2) ¥ (21)]0)
= (0] (y1)¥(y2) V' (2 )[‘I’T(zz)‘l’(y:a) i) 4 §(ys — 29)]
X W (2)|0)e ™ W) 4 (0w (y,) W (yz)‘lft(zz)‘lﬁ(zl)foﬁ(y?)—I)
(O1W (1) W (y2) U (2) T (22)|0)8 (5 — 21 )e mrlelus =) ¥elvs o))
(a)
+ (09 (1) U () W (2) 0T (21)[0)8 (g — z)e "™l

J/

(b)
+ {019 (1) W (y2) P (22) W1 (21)]0)3(ys — ) - (E.2)

-~

(c)
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Performing similar transformations, we obtain

a = 6(yr —2)0(ya — 22)0(yg — 2 )e Tz telys—22)+elys —o)]
+0(y1 — 22)0(ya — z)0(y3 — z1)e —imkle(ys—22)+e(ys—a)] ’
b = 0(y1 —2)d(y2 — 21)0(ys — 22)e —inkle(y2—z)+e(ys—z)]
+6(y1 — 21)0(y2 — x)d(y3 — 29)e —imre(ys—z) ’
c = 6(y1— 2)0(y2 — 21)0(ys — v)e —imre(ya—22)
+0(y1 — 21)0(y2 — 22)0(ys — 23) -

Substituting A = a+ b + ¢ into (E.1)), we have for the form factor

—ink[e(z2—x)+e(z1—22)+€e(z1—x)]

Fya(x 2\/—/052 {Xg T, 22, 21)X2(21, 22)€

—imkle(z1—22)+e(z1—x)

+x5 (22, @, 21)X2(21, 22)€ It X3 (21, 22, ) x2 (21, 22)

—imk(z2—2) —imke(z1—22)

+x3(21, T, 22) X2(21, 22)e + X3(22, 21, 7)x2(21, 22)€
+x;(, 21, 22) X2 (21, z2)e_i”“[e(zl_x)“(z?_w)]} ) (E.3)
Using the anyonic property (/5.8]) of the wavefunctions, and its complex conju-
gate: ‘
X*(. 2y Zigly ) — e*lﬂﬂe(zi*21+1)x*(_ e 21, Zie ) ’

we reduce Eq. to the final expression for the form factor

F3o(x \/_/dQZ X5(21, 22, ) x2(21, 22) - (E4)
The calculations leading to Eq. (E.4]) can be generalized to arbitrary N:

Fron() = (U [W(0)]0)
= VN + 1/sz Xni1(z1s s 2n, x)xn (21, -, 2n) (E.D)

This result follows from Eq. @ by noticing that the statistical phase factors
in the commutation relations @ —(|2.4]) of the field operators are compensated
by the exchange property of the wavefunctions. This means that the
pairing of the ¥'(z) operator with any of the ¥(y;) operators produces N + 1
identical terms in which the coordinate x is made the last coordinate of the
wavefunction xni1. After that, the integrals over z’s and remaining y’s can
be limited to the ordered regions z; > 2o > ... > zy and y; > ¥y > ... > Yy

giving directly (E.5)).
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Appendix F: Thermodynamic
limit of singular sums

In this appendix, we study the behavior of the functions defined by Eqs. (5.44)),

(5.45)), and in the thermodynamic limit of large length L of normaliza-
tion interval. We start with (5.44). In this case, the function summed over
the momenta A is sufficiently smooth, so that the anyonic shift 276’/ L of the
momenta becomes negligible when L — oo, and one can pass directly from
the sum to the integral over A:

G(t,z) = lim Gp(t,z) = 2% Z e(\jlt,x) = /OO e(At,x) d\. (F.1)

L—oo
A€ (Z45") e

The regularization t — ¢ + 0 for e(A|t, ) = exp(itA\? —ix)) is implied in these
expressions.

Next, we turn to Eq. . In this case, the function under the sum is
no longer smooth in the thermodynamic limit. We transform it by separating
the singular part that can be summed explicitly:

e(Ajlt, )
Aj = [k

e()‘j’t’ :L’) — e(:uk|t7 x)
Aj =

Bt x) = lim Ep(mlt,r) = — z(: |
/\J'GTW Z+6"

I
|y
(]

Xj €3 (Z+6")

[e.9]

te(ult, ) Y (n - ”;1)_1 (F.2)

n=—oo

In the last line here we have used Eq. (5.29). The first term in (F.2) is now
a smooth function, so as before, we can directly replace the sum with the
integral, since the anyonic shift of the momenta does not affect the value of

121



the integral. The integral can then be transformed as follows:

[~ an ) el

©e(At ) /°° dA

= P.V./ dN ——— —e(uglt, x) P.V.
*e(At )

= P.V./ dA : F.3
B v (F.3)

Under the natural interpretation of the sum in the second term in (F.2), it can
be simplified using formula 1.421.(3) of [38], 7 cot(mz) = (1/x)+2z Y oo (x* —
n2)_1:

o) 1 -1
Z (n—/{;— ) :ﬂtan(%> : (F.4)

n=—oo

Collecting the two terms we finally get

E(pult, ) :P.V./ gy AL

+ e(pg|t, x)mt (WK>
e r)mtan { — | .
e )\—/,Lk: /’Lk b 2

The function defined by Eq. (5.46) is more singular than F(ul|t,z). To
transform it, we use the same strategy of separating the most divergent terms
that can be summed explicitly:

e(/\j|t7 .17)

) o 1
E(ult,z) = lim Ev(plt, ) = 75 cos*(mr/2) > O — )2
J

X €2 (Z46")

_ i COS2(7TH/2) 6()‘j|t’ "L‘) - e(ﬂk|t7x)

12 N — )2
\j € 25 (Z+5") (A = )
L2 & 1
re(ult, ) > m) (F.5)
n=-—o00 2

Defining

6()\‘25,27) — e(ﬂklth)

) = Z : N ’
A€ 2 (245") 7 HE

one has

e(Ajlt, x) — e(uklt, x o f (g Oe(ult, x 1
T At z) — e(unlt,2) _ Of(pw) | Oelpnlt, o) ™

A — pig)? 0 9,
X €25 (245") (A = ) Hi Hi 2y €25 (2457)
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Taking the limit L — oo and using (F.3|) and (F.4)) in this equation we obtain

lim i Z e()‘j|tax) — e(uk|t’x) _

o )2
bee2m 2y €25 (245") (A = )
0 ©e(At,x) Oe(uglt, x) K
=—|(PV. dA\ t — .
8;% ( /;oo A — HEk * 8/% m an( 2 )

For the second term in the R.H.S. of (F.5)) we use the formula 1.422.(4) of [3§]
72/ sin®(rz) =307 (n— )72 to get

> (=) -

n=—oo

Collecting all the terms we have the final result

- 2 cos?(mk/2) Oe(p|t, x TR
E(uxlt, ) = e(ug|t,x) + (mr/2) Oe(hin >7rtan( )

L Oty 2
2cos®(rr/2) O > e(Alt, )
P.V. dN ——— | .
" mL Ok ( v /—oo A — ik
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Appendix G: Short distance
asymptotics

In this appendix we will obtain the short distance asymptotics of the poten-
tials By and B,; and as a byproduct we will compute the short distance
asymptotics of the field correlator. First we need to express the potentials
into a form more amenable for short distance computations. We will start
with B, _. Using the integral equations it is easy to see that

V)V I(N)e .
= )+ [ wﬂu)%\/ﬁ(mmm an,

oo 1 e—Qi()\—u)x

= () —i—’y??()\)/ Ve ()d(p)e™  dp,

which shows that B, _ can be written in the form
+oo
Beo(e,67) = [ s(ax (G.1)

—00

where s(A) solves the following integral equation

oo 1 6721'()\7#)90
s(A) = y9(A) / WS(M)CZM =79(A). (G.2)
In a similar fashion we obtain
—+o00
Besle,00) = [ sy, (@3)

where s(\) is the solution of the same integral equation (G.2)).
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For x small the solution of (G.2|) can be expanded as

s(A) =5\, 8,7) =D sk(N, B,7)2"
k=0
where s, are defined by the following recursion relations

so(A) = I(A),

m—1 2@ m—k—1 p4oo o
() = / (= N s (). (G4
0 o0
Defining
+oo
Bi(8,7) = / NI, Bonss =0,

and using (G.4) in (G.1) and (G.3) we obtain the short distance asymptotics
for the potentials

Berlwi0) = bt o+ (=20 2+ (5= 3 ) 2+ O,
By (x,8,7) = Bo+ Boz+ oz’ + (53 - %5052) 2® +0(2%).

Now we can obtain the short distance asymptotics of the field correlator. Using

g(:c, B, ’Y) = B++($a B, 'Y)eg(x’ﬁﬁ)‘v=(1+e’”)/ﬂ’

U(xaﬁaﬁ)/) = - / B+7<yaﬁa7)dy )
0
we successively obtain

U(l’,ﬁ,’}/)_—ﬁox——ﬁ _1 Ox +O( )

and

g(z, B,7) = Bo <1 gz 2

In the original variables x = (z; — 29)V/T/2 > 0, § = h/T this result is

+ 5255 > +0(z%).
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rewritten as (see ([6.4)

FE E
(0 () Waz)r = D (1= s = 2+ 2 (01— ) 40 (01— 2]
(G.5)
where
Lo dA 1 [T A2\
b= 2 /oo 14 eA?=h)/T’ E= %/Oo 1 4+ eW2=n)/T

are the density and the kinetic energy density.
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Appendix H: Low density
expansions

The low density limit is obtained when § — —oco. In terms of our rescaled
variables the density of impenetrable anyons is given by

VT [T d)
D = 5 T \2_ .3
21 ) oo 1+ eV s

so D — 0 when 8 — —oo. In what will follow it will be useful to use the
variable
(=—-¢’, ¢(—0 whenf— —.

In order to obtain low density expansions for the potentials

By = Zbk(l’)ck7 B, = ch(x)gka
k=1 k=1

we will use again (G.1)), (G.3) and the integral equation (G.2]). Representing

the Fermi weight as
o0

I ==Y CFe ™,

k=1

and s(\) as
S<>\) - Z Cksk(Av (L’) )
k=1
we obtain the following recursion relations for s

81()\) = _’76_ )

sshz) = e Mo\ ) —ye /OO i

oo 1 6—21'()\—#)30
Sp—1(p,x)dp, k>2.
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Let’s give the first terms of the expansions of the potentials

Bi(2,(,k) = —y/m(+ (—7\/2 +9°m /Ox 6‘“§dw1> ¢+ 0(¢%),

B++(ZE, Ca ’i) = _Vﬁe_iﬂg + <_7\/§6_$
_I_,y2ﬂ_€—ac2 / 6—2x%+2x1xd$1) g? + O(cfﬂ) ]
0

Using (H.1]) we obtain
o(x,8,7) = —yvmwe” + 0(e*)

and JT
T vT 2
— —z= p 2
27_{_,)/9(‘7‘17677) - 27'('1/26 € +O(€ )

In the original variables the result for the correlator is rewritten as

<\IJT(.Z'1)\II(£L'2)>T = DG_T(II_I2)2/4 h < —(371 - $2)2T2.
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Appendix I: Solvability of the
matrix Riemann-Hilbert
problem

We have shown in Section that the matrix RH problem ([7.1)) is equivalent

with the system of nonsingular integral equations

“+o00

fe(A) = Kr(A p) fe(p)dp = ex(N),

— 00

with kernel (7.9)). This means that the RH problem will have a unique solution
whenever the system of integral equations of Fredholm type have a unique
solution. Fix # and &, and let D be an open connected subset of the complex
plane, L(H) the space of operators acting on a separable Hilbert space H and
consider the function

f(x) : D — L(H),
which gives for each z in D an integral operator with kernel Kr(A, ). Then
for each x in the finite strip

O<a<Rr<b, Sr<e.

f(z) is an analytical operator valued function. The kernel Kr(\, ) also sat-
isfies the estimate

“+o00 “+o00
/ Kr(\ p)d\ dp < Cb?

where C' is a constant, which means that f(x) is compact for each x € D (see
Thm. VI. 23 of [71]). Now we can apply the analytic Fredholm theorem.

Theorem 4 (Thm VI. 14 of [71]). Let D be an open connected subset of C.

Let f: D — L(H) be an analytic operator-valued function such that for each
z €D, f(2) is compact. Then, either
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a) (I — f(2))7! exists for no z € D
or

b) (I — f(2))"" ewists for all z € D\S where S is a discrete subset of D
(i.e. a set which has no limit points in D). In this case (I — f(2))7! is
meromorphic in D, analytic in D\S, the residues at the poles are finite
rank operators, and if z € S then f(2)1 = 1 has a nonzero solution in

H.

As a consequence of the theorem we have to prove that for at least one
point in the strip D the integral equations have a unique solution. But this is
definitely true for small x where the Liouville-Neumann series is convergent.
Thus we have shown that the matrix RH problem has a unique solution except
for a countable set of values of z,, which we will denote by X = {z,}.
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Appendix J: Scalar
Riemann-Hilbert problem

In the following we will consider the scalar Riemann-Hilbert problem for the
semi-plane which is defined as follows. Consider two functions g(\) and r(\)
defined on the real axis which satisfy the Holder condition (|g(A;) — g(A2)] <
ClA — XofF, 0 < k < 1, similarly for r(\)) and g(\) does not vanish. We
need to find functions «(A), @(A) which are analytic in the upper and lower
half-plane with the boundary values on the real axis satisfying the conditions

a_(A) =ar(Ng(A), A€R homogeneous problem (J.1)
or
a_(A) =ar(Ng(A) +r(A), Ae€R inhomogeneous problem. (J.2)

For our purposes we will also consider the normalization condition a(cc) =
&(co0) = 1. The considerations below also hold in the more general case
of a simply-connected closed contour in the complex plane. For a complete
treatment of this problems the interested reader should consult the excellent
textbook [32].

J.0.4 The homogeneous case

We distinguish three cases depending on the index x(g) = (1/2m)Var[_oo 1ocjarg g(A)
of the function g(\). When x = 0 the RH problem with the normalization
condition is uniquely solvable, if the index x > 0 the problem has x+1 linearly
independent solutions and if x < 0 the problem has no solution. In the y =0
case which is the most important for us the solution of the RH problem

is given by

a(\) = exp {_QLM /_::O lzgf(‘;)d“} AeC/R. (7.3)
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As in the matrix case it can be shown that the scalar RH problem (J.1)) is
equivalent with the singular integral equation

1 R 1—g

J.0.5 The inhomogeneous case

Again in the most interesting case for us x = 0 the solution of the RH problem
(J.2)) with the normalization condition is unique. The solution can be obtained
from the solution of the homogeneous problem with the same g(\). If a()\)

solves (J.1)) then (J.2]) can be written as

G0) )y
a_(N) a ()’

where we have used g(A\) = a_(\)/ar (M), A € R. The functions &, (N\)/ai(N)
and &@_(A)/a_(A) are the boundary values of the function &(\)/a(A) which is
analytic in the complex plane minus the real axis and is 1 at infinity (because
of the normalization &(o0) = a(oco) = 1). Using the properties of the Cauchy
integral we obtain

a(A) L 1)

o T L e MECR

which shows that the solution of the inhomogeneous scalar RH problem (J.2])
is given by
1 [T

20 = o b r(p)
a(\) = a()) (1 i) oz_(u)(u—A)d”>’ A€C/R. (J.4)

where () is the solution of the homogeneous problem (|J.1)). The inhomoge-
neous RH problem is equivalent with the singular integral equation

- L[4y () (1 = g(w) Lo r(p)
a1 [ g | e AeR,
(J.5)
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