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Abstract of the Dissertation

Marginal Deformations of Gauge Theories
and their Dual Description

by
Manuela Kulaxizi
Doctor of Philosophy
in
Physics
Stony Brook University

2007

Holography and its realization in string theory as the AdS/CFT corre-
spondence, offers an equivalence between gauge theories and gravity that
provides a means to explore the otherwise inaccessible large N and strong
coupling region of SU(N) gauge theories. While considerable progress has
been made in this area, a concrete method for specifying the gravita-
tional background dual to a given gauge theory is still lacking. This is
the question addressed in this thesis in the context of exactly marginal
deformations of N' =4 SYM. First, a precise relation between the defor-
mation of the superpotential and transverse space noncommutativity is

established. In particular, the appropriate noncommutativity matrix © is
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determined, relying solely on data from the gauge theory lagrangian and
basic notions of the AdS/CFT correspondence. The set (G,0) of open
string parameters, with G the metric of the transverse space, is then un-
derstood as a way to encode information pertaining to the moduli space of
the gauge theory. It seems thus natural to expect that it may be possible
to obtain the corresponding gravitational solution by mapping the open
string fields (G, ©) to the closed string ones (g, B). This hints at a purely
algebraic method for constructing gravity duals to given conformal gauge
theories. The idea is tested within the context of the f—deformed theory
where the dual gravity description is known and then used to construct
the background for the p—deformed theory up to third order in the defor-
mation parameter p. Discrepancy of the higher order in p terms in the

latter case is traced to the nonassociativity of the noncommutative matrix

©.
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Chapter 1

Introduction

The principle of holography [1, 2] states that a gravitational theory defined within a
spacetime region can be equivalently described by another non—gravitational theory
living on the boundary of this region. Though an astonishing proposal, holography
has a sound origin in the properties of black holes. Since the work of Bekenstein and
Hawking, it is known that black holes have entropy proportional to the area of their
event horizon: S = $A. However, it can be reasonably argued [2] that black holes
are objects of maximal entropy, providing a bound for the entropy of any physical
system. This naturally suggests that the number of degrees of freedom should scale
with the area and not with the volume of a given region — as it usually expected for
non—gravity theories — thus leading to the thought that all information pertinent to
a gravitational theory defined in a domain of spacetime could be captured by another
theory residing on the boundary of that same domain.

While the idea of holography as a potential path in further exploring gravity and
perhaps succesfully combining it with quantum mechanics was proposed early on,

its conrete realization became possible only within the context of string theory, in



what is now known as the AdS/CFT correspondence [3, 4, 5]. String theory offered
a new perspective on the relation between gauge theories and gravity through the
double nature of Dp-branes [6]. Gauge theories emerged naturally as low energy
effective descriptions of the dynamics of Dp—branes, following their definition within
perturbative string theory as hypersurfaces where open strings are confined to end.
At the same time, Dp—branes can be regarded as sources for closed string fields. In
this picture, they are non—perturbative classical solitons of string theory with a low
energy effective description as particular solutions of the supergravity equations of
motion.

In its original formulation, the AdS/CFT correspondence originated from the dual
nature of D3-branes, relating N' = 4 U(N) Super—Yang-Mills in 34+1 dimensions, with
Type IIB closed string theory on AdSs x S° with N units of RR-flux.

Consider N parallel, coincident, D3—branes immersed in flat ten—dimensional space,
extended along 3+1 directions. String perturbation theory in such a background
contains both open and closed strings with the former attached to the D3-branes
(therefore describing the excitations of the branes) and the latter being understood
as excitations of empty space. In the limit of low — compared to the string scale 1/
— but fixed energy, open and closed strings decouple from each other while being
effectively described through NV = 4 U(N) SYM in 3+1 dimensions and free bulk
Type II B supegravity i.e. ten dimensional flat space.

As discussed above, the stack of D3-branes admits an alternative low energy
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Figure 1.1: It is the double nature of D3-branes that lead to the AdS/CFT proposal.

description as a a collection of 3-branes, particular solutions of type Il B supergravity:

ds2:f—1/2< dt2+2dx> + 17 (dr® 4 r7d$3)

Fy = (14 ) dtdz;depdasd f (1.1)
4

R
f=1+4—, with R* = 47g,a”N
r
In this description, the limit of fixed energies corresponds to = = fixed while o’ — 0
and string theory in this background reduces to two decoupled systems: one of free
supergravity and the other of the “near horizon region” of the original geometry,

namely type II B closed string theory on AdSs x S°:

ds” ( dt2+Zd >+R2—+R2d§22

4
F5 (1 + *) dtdxldx2dx3d (R4)

(1.2)

Since taking the same limit either in terms of open or closed strings, results in two

decoupled systems one of which is common in both descriptions (free supergravity that



is), it is natural to identify the second system that appears in the two independent
pictures. We are thus lead to the conjecture, that N' = 4 U(N) SYM theory in
3+1 dimensions is equivalent to type II B superstring theory on AdSs x S°. As an
additional confirmation comes the fact that the full symmetry algebra of AdSs x S°,
being the product of SO(4,2) x SO(6) coincides with the conformal symmetry of the
SYM theory in 3+1 dimensions along with the SU(4)g R—symmetry group of the
field theory.

In this form, referred to as the strong form of the conjecture, AdS/CFT is of little
practical use since the problem of quantizing string theory on curved spacetimes with
RR—fluxes resists solution !. Fortunately, there are limiting cases where the proposal
is nontrivial yet tractable. The 't Hooft limit on the SYM side for instance, where
A = g%,V is held fixed but N is taken to infinity, N — oo, corresponds to classical
string theory on AdSs x S°. An even more useful limit, is the X — oo limit which
corresponds to classical type II B supergravity on AdSs x S®. It implies that the
strong coupling and large N region of the gauge theory, which is not accessible at
the moment by other means, can be studied through classical supergravity. In this
sense, the AdS/CFT duality provides a practical tool in analysing gauge theories —
an equally significant task though different from the original objective of holography.

Since the date of its birth, AdS/CFT has passed several tests that confirm its
validity although a consistent proof is still lacking. As a result, considerable effort
has been directed into extending its original form, mainly aiming at describing gauge
theories closer to real-life QCD. This naturally includes examples of theories with
less or no supersymmetry and/or broken conformal invariance. Despite however the

interest initiated in the subject and the progress in this direction, a precise method

LFor recent progress in this direction see [7].



for identifying and constructing the supergravity, if not string theory, dual to a given
gauge theory, remains to be proposed. Most of the cases examined in the literature,
depend on the high amount of symmetry and are mainly focused on determining
methods for solving the supergravity equations of motion [8, 9, 10, 11, 12, 13] based
on symmetry requirements. No other direct input from the gauge theory is used.
Thus the question/issue which motivated this work:

Is there a concrete way to use information pertinent to a gauge theory, to construct
its geometric dual configuration?

We will take the point of view that this is indeed possible and systematically
explore ways for doing so. This is however a notoriously difficult question to be
answered in all generality, so we will concentrate on the specific examples of Leigh—
Strassler deformations of NV = 4 SYM. These are N' = 1 superconformal gauge

theories labelled by two parameters 0 and p, and described by the superpotential:
W = ihTr [(e¥ 01203 — e D1 D305) + p (D] + D5 + @3] (1.3)

Despite being conformal and superymmetric thus quite dissimilar to QCD, these

theories provide a natural starting point for this study due to the following reasons:

e Since they are continuous deformations of the N = 4 SYM theory preserving
conformal invariance, the setup of the original AdS/CFT proposal is not dra-
matically altered. In particular, we can still hope to describe them by placing
D3-branes in some background continuously connected to flat space and recover

their gravity dual in the near horizon limit.

e In addition, although it would have been natural to expect that their gravity
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Figure 1.2: The problem of finding the dual geometry is twofold.

duals would be known by now, this is actually not the case. In fact, it was
not until fairly recently that definite progress in this direction was made, when
Lunin and Maldacena [14] constructed the dual gravity background of the (-
deformed theory. The gravitational description for the p— deformation is still
unknown. This implies that any proposal can be explicitly checked in the former

case before being applied to the latter.

Exactly marginal deformations thus offer a sound testing ground for exploring new
ideas along with the possibility of obtaining new results.

Following the arguments that lead to the Maldacena conjecture, the problem of
finding the gravity dual to a given gauge theory appears to be twofold. One must first
specify the analogue of the flat space geometry into which D3-branes are embedded,
then construct the supergravity description of these branes and take the near horizon
limit. In other words, one has to move vertically and then to the right in Fig. 1.2.
Let us focus on the first part; given a gauge theory arising as a deformation of N' = 4
SYM, is there a way to identify the deformed flat space geometry where D3-branes

should be immersed?



It is helpful to first consider the N' = 4 theory and examine how the ten dimen-
sional flat space geometry is encoded in the Lagrangian. The embedding space is
decomposed into a 3+1 dimensional space parallel to the brane worldvolume and a
6 dimensional transverse part. The former is characterized by the flat Minkowski
metric since it is the space where the theory lives. The latter on the other hand,
is characterized by the Kahler metric for the scalars, since they can be identified
with the embedding transverse space coordinates. The potential term for the scalars
provides additional information on the moduli space. Equation (1.4) below,

i=6

V=" (X X|[X;, X;] =0 (1.4)

1=1

shows that the transverse space can be parametrized by commutative coordinates.
The embedding space is then represented in the NV = 4 SYM Lagrangian through
(G = N, Grg = 015) where p,v =0,1,2,3 and I,J =4, ..9.

Now consider deforming the superpotential of the theory. This will obviously have
an impact on the transverse space geometry. The Kahler metric remains unchanged
but the potential for the scalars is modified. It is natural to expect based on (1.4),
that the deformation in the superpotential will manifest itself as a noncommutative
deformation of the transverse space. Making this precise ,i.e., constructing the ap-
propriate noncommutativity parameter '/ to describe the deformation, is however
a quite nontrivial task that will be one of the main goals of this work.

Suppose now, that the matrix ©// encoding the deformation is determined. Then,
the background into which D3-branes are placed will be specified by the following
set of fields (G,.,Grs, ©"). Recall however, that spacetime noncommutativity arises

entirely in the context of open strings. It is the way open strings perceive the presence



of nonvanishing antisymmetric tensor fields in the background [15, 16]. To be precise,
turning on a nontrivial B-field from the viewpoint of closed strings results in making
the space noncommutative from the point of view of the open strings. It is then
natural that any information on the background extracted from the gauge theory, will
be carried over to the set of open string parameters: (G, Grs, ©'7). To determine
the geometry for the purposes of the AdS/CFT however, one needs to specify the
appropriate set of closed and not open string fields. This is not difficult though, once
the latter are known, since there exists a precise map relating the two sets of fields.
The above reasoning suggests that a concrete method for constructing the deformed
flat space geometry indeed exists; it consists into specifying the open string fields
from the gauge theory Lagrangian and mapping them to the corresponding closed
string ones.

Most of this work will actually focus on realizing these ideas in a precise manner
for the exactly marginal deformations of N' = 4. We will first construct a noncommu-
tativity matrix to encode the deformation of the transverse space geometry. Having
obtained the set (G,©) we will then use the known map relating open and closed
string fields in order to specify the deformed flat space geometry, the set (g, B) that
is. The map in question was constructed for c-number noncommutative but associa-
tive deformations, and we will see that it will be sufficient for the f—deformed theory.
In the case of the p-deformation, the noncommutativity parameter will not obey the
Jacobi identity and as a result, the closed string fields will satisfy the supergravity
equations of motion only up to third order in the deformation parameter p.

Let us now move on to the main objective, which is to find the gravity dual descrip-
tion of the deformed gauge theory. Is there any way, we can use the parametrization of

its moduli space in terms of open string fields, to attack this problem? Put differently,
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Figure 1.3: Is there a way to deduce the open string parameters for the gauge theory
living on a stack of branes placed in the dual gravity background?
how do we move diagonally in Fig. 1.27

Unfortunately a concrete setup for studying this problem is not clear to us yet.
Preliminary ideas and a natural conjecture however will lead us into the dual gravity
solution for the p—deformed theory up to third order in p. The notions that we will
be dealing with in this case, are the N = 4 IR quantum effective action — obtained
by giving a vacuum expectation value to one of the scalars and integrating over the
massive fields, its connection to the Dirac-Born—Infeld (DBI) action describing the
fluctuating degrees of freedom of D—branes and the dual geometry. The main question
here, can be better expressed in Fig. 1.3. Is there a way to move in this diagram from
left to right first and then vertically? What is the reasoning that will help us obtain
the corresponding open string parameters for a stack of D—branes immersed in the
near horizon geometry?

This report is divided into two main parts. In the next chapter, based on [17],
we focus on the f—deformed theory, identify the noncommutativity matrix describing

the deformation and its role in the solution generating transformation employed by



Lunin and Maldacena. In chapter 2, based on [18], we construct the appropriate
noncommutativity matrix for the case of the p-deformation. Following the logic
outlined above, specifying the deformed flat space geometry to third order in the
deformation parameter — as well as the gravity dual background to the same order —
reduces to a simple algebraic procedure. Finally, we present an extensive discussion
on the approach proposed in this note, illuminating difficulties and obscure points
as well as bringing forth interesting directions for future study. These, we hope,
could prove fruitful in completing the program of determining a precise method for

constructing gravity descriptions of given gauge theories.
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Chapter 2

f—deformations and

Noncommutativity

2.1 Introduction

As discussed in the introduction, the Maldacena conjecture [3, 4, 5] relates four—
dimensional theories at strong t’Hooft coupling with weakly coupled gravitational
ones. In [14] Lunin and Maldacena presented a further development in this direction
by constructing the gravity duals of gauge theories deformed in a particular manner
that maintains a global U(1) x U(1) symmetry present in the original undeformed
theory. The prototype of these deformations is a Leigh—Strassler [19] exactly marginal
deformation of N' = 4 SYM theory, characterized by a complex parameter 3 which
preserves N = 1 supersymmetry. The method of Lunin and Maldacena is not however
restricted to conformal field theories. It can be applied to any field theory as long as its
dual gravity background contains a two torus geometrically realizing the global U(1)

symmetries in question. When 3 € R — usually denoted as ~ in the literature — the
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prescription presented in [14] amounts to performing an SL(2,R) transformation on
the complexified Kédhler modulus 7 of this two torus. The specific element of SL(2,R)
under consideration has only one free parameter which is then identified with the real
deformation parameter v of the gauge theory. Subsequent work on the subject of
the f—deformed gauge theories has provided further checks of the AdS/CFT corre-
spondence [20, 21, 22, 23, 24, 25] whereas the possibility of an underlying integrable
structure in this context was explored in [26, 27, 28|. Several aspects of these defor-
mations were analysed from the gauge theory viewpoint in [29, 30, 31, 32, 33, 34, 35].
Furthermore, generalizations as well as applications of the solution generating tech-
nique introduced in [14] were considered in [36, 28, 25, 37, 38, 39].

Meanwhile, it became clear [40] that embedding SL(2, R) into the T—duality group
0(2,2,R) may be a significantly easier way to obtain the deformed backgrounds since
it suffices then to consider the action of the appropriate O(2,2,R) group element on
the background matrix £ = g + B. In this framework, an extraordinary similar-
ity between the proposal of [14] and the method for constructing gravity duals of
noncommutative gauge theories becomes evident '. From the gauge theory point of
view this analogy is not surprising since the deformation amounts to modifying the
commutator of the matter fields in the Lagrangian or equivalently, their product. A
natural proposal for the product rule was set forth in [14] and subsequently verified
in the dual field theory context in [29, 23].

The central aim of this chapter is to clarify the relation between noncommutativity
and (—deformations. We will consider the deformations in their original context as
marginal deformations of A/ =4 SYM and show how to obtain a noncommutativity

matrix © describing them. The main point will be to think of the matter fields

! Actually, this connection was already noted in [14].
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in the dual theory as coordinates parametrizing the space transverse to the D3—
brane where the gauge theory lives. Then, reality properties, global symmetries
and marginality will severely constrain the form of the noncommutativity matrix
leaving one possible choice, the one which leads to the correct gravity dual description.
In other words, ©% along with the metric of the transverse space can be thought
of as another way to encode the moduli space of the gauge theory. This suggests
an alternative way in which to investigate deformations of the original AdS/CFT
proposal [3] by determining the open string parameters pertaining to them. Related
ideas will be explored in the next chapter in order to study another Leigh—Strassler
marginal deformation of N'= 4 SYM the gravity dual of which is yet unkown.

The plan of this chapter is as follows. In the next section, we review the solution
generating technique proposed in [14] as well as its formulation through T—duality [40].
In section 2.3, we present some basic facts about noncommutative geometry. Then
we describe the methods employed in finding the gravity duals of these theories in a
fashion that makes evident the similarity with the approach of [14]. In particular, it
is shown that the T—duality group elements used in both cases can be identified if the
deformation submatrix referred to as I' in [40] is interpreted as a noncommutativity
matrix. In section 2.4, we explain how one can determine a suitable noncommutativity
matrix for the f—deformed gauge theory. This construction is purely based on gauge
theory data and basic notions of AdS/CFT. We then show that ©% is precisely the
submatrix I appearing in section 1. We conclude with 2.6 after a short discussion on
possible applications of our techniques within the context of gauge/gravity duality.
Extension of our results to noncommutative gauge theories is left to A since it lies

somewhat outside the main scope of this report.
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2.2 The Lunin—Maldacena solution generating tech-
nique.

As it was shown in [19] A/ = 4 Super Yang Mills admits a complex three parameter
family of exactly marginal deformations ? preserving A’ = 1 supersymmetry which is

described by the following superpotential:

W = I<L€[JKT1" ([(I)I, (I)J]ﬁ(I)K) + pTr (Z(®1)3> (21)

I=1

Here ®! are three chiral superfields and [®7, ®/]; = /D7 — ¢~ PO/ B!, Together
with the gauge coupling gy, the complex parameters (k, 3, p) constitute the four
couplings of the theory. Conformal invariance imposes one condition on these cou-
plings thus (2.1) describes a three parameter family of deformations. When p = 0
the theory is often referred to as the f—deformed gauge theory and preserves an addi-
tional global U(1) x U(1) symmetry (apart from the U(1)z R—symmetry) which acts
on the superfields as follows:

U)y: (B, Py, D3) — (B, €™ Dy, 7" By) 22)
2.2

U(l)g . ((I)l, (I)Q, (I)g) — (e_m‘?(bl, em2<1>2, (1)3)

In this thesis we will be mainly considering the f—deformed theory for § € R. It
is then customary to denote the deformation parameter by v and we will adhere to
this notation in this section. Lunin and Maldacena in [14] succeeded in finding the
gravity dual of this theory by implemeting a generating solution technique which can

be applied to any field theory with U(1)xU(1) global symmetry realized geometrically.

2More on the Leigh-Strassler deformations can be found in chapter 3 and section 3.2.
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Their method essentially consists in performing an SL(2,R) transformation on the
complexified K&hler modulus of the two torus associated with the U(1) symmetries
in question. Suppose for instance that one knows the gravity dual of the undeformed
theory and furthermore that the two global U(1)’s of the parent theory also preserved
by the deformation are indeed realized geometrically. Then the supergravity dual of

the deformed theory is given by the following substitution:

T = (Blg -+ \/5) — (23)

14+~7

where 7 is the complexified Kéhler modulus of the two torus (associated to the U(1)
symmetries of the original solution)with Bj, the B-field along the torus and /g its
volume. In other words, one considers the theory compactified on the two torus and
subsequently acts on its Kéhler modulus with the particular element of SL(2,R)
given by (2%) = (11) with v the parameter of the theory. This element of SL(2,R)
is chosen because it ensures that the new solution will present no singularities as
long as the original metric is non—singular. An alternative way of thinking about
this solution generating transformation is in terms of applying a series of T—dualities.
More precisely, the method illustrated above is equivalent to doing a T—duality on a
circle, a coordinate transformation and then another T—duality (TsT).

Subsequently it was shown [40] that one can embed the SL(2,R) that acts on the
Kéhler modulus into the T—duality group O(2,2,R) and thus consider the action of
the latter on the background matrix £ = g+ B. This provides a considerably simpler

way of obtaining the new solutions. For the generic element (%) of SL(2,R) the
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appropriate embedding is the following:

a O 0 b
A B 0 a -b 0
T = = (2.4)
C D 0 —c d 0
c 0 0 d

It is then easy to see [41] that 7 transforms the original background matrix Ej as:

AL, +B
CEy+D

Ey — E = (AFE,+B)(CE, +D)™* (2.5)

where the 2 x 2 matrices A,B,C,D are defined through (2.4). According to [14] we
should not consider any SL(2,R) element but the precise one with a =d =1,b =0

and ¢ = ~. In this case (2.4) reads:
T = with T = (2.6)

where 1 and 0 represent the 2 x 2 identity and zero matrices respectively. Following
now the T—duality rules in [41] we can write the NS-NS fields of the new solution in
terms of Ey and I' as follows:
E, +T (2.7)
e*® = det(1 + EyT)e*®

The RR-fields of the new background can be obtained in a similar fashion using the

transformation rules of [42, 43, 44, 45, 46]. Nevertheless, it suffices for us to know
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that appropriate rules exist and can be applied.

There are however cases where one needs to slightly modify the method illustrated
above. This happens when non-trivial fibrations mix the isometry diretions of the
two torus with other directions in the metric. It is then necessary to embed SL(2,R)
into O(n + 2,n + 2,R) with n the number of non—trivial coordinate fibrations. A
particular example of this is the AdS; x T solution of [47]. If we want to apply the

deformation to this background instead of (2.6) we should employ:

0 —y O
10
T = where T'=1~+ 0 0 (2.8)
1
0 0 0

Furthermore, as it was again pointed out in [40], the appropriate T—duality matrix
one should use for the deformation of AdSs x S°which gives rise to the gravity dual

of the f—deformed gauge theory is:

0 - 7
10
T = where now T'=1| » 0 —y (2.9)
r 1
v v 0

This particular choice of T' with the necessary embedding of SL(2,R) into O(3,3,R)
can be understood in this case as the result of performing a change of coordinates
and a T—duality transformation of the form (2.8) followed by another coordinate
transformation [40]. For future reference and as a concrete illustration of the above
we would like to give an explicit construction of the background in this case. What

we have to do is to simply act with (2.9) on the background matrix E, which in
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this example is none other but the metric of AdSs x S®. Since we are interested in
obtaining the gravity dual of a conformal gauge theory we expect that only the S°
part of AdSs x S® will be affected by the deformation. We can write the metric on

S5 in the following way:

3 3
ds* = R? <Z duZ + u?dgb?) where Z =1 (2.10)
=1

i=1

Note here that we want to deform the geometry along the U(1) isometry directions

of S®, therefore the relevant part of the background matrix is:

pt 00
Ec=R*| 0 12 0 (2.11)
0 0 w3

Using now equation (2.7) and its generalization for RR—fields, we find [40]:

ds® =R*(dsias, +ds3), where: ds3 = (du} + Guide) +4Guiusp; (D dey)”

i

G =149 _piid), 4=R’,  R'=dre™N
i#]j

% =¥ @, B =4RG (Z ufﬂ?d@d@)

i
Cy = —1(167N)wi (D doy),  Cs= (167N)(ws + Gurdrdgades)
F5 = (167 N)(waas; + Gwss),  wss = dwidgrdgades,  waas, = dwy

(2.12)

which is precisely the gravity solution given in [14].
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2.3 The gravity duals of noncommutative gauge
theories.

In this section we would like to focus on yet another class of supergravity duals which
can be obtained in manner analogous to the one described earlier. These are the
gravity duals of noncommutative gauge theories * and in fact the methodology used
in both cases is almost identical.

Noncommutative — as opposed to ordinary — gauge theories, live in a space of
4

noncommuting coordinates Such a deformation of space is encoded in what is

referred to as the noncommutativity parameter ©% defined as:
[2",27] = i©Y (2.13)

where {x'} is a set of coordinates parametrizing the space and ©% a real antisymmetric
matrix. In general, the easiest way to deal with functions on these spaces is to replace
noncommuting variables with commuting ones by simply defining a new product rule
between them, usually called a star product. The star product will then contain all
the information on the noncommutative structure of the space.

Out of all the possible forms of ©% the case most well understood is by far the
one in which the commutators of (2.13) are c-numbers and therefore the noncommu-

tativity parameter is essentially a constant. In this case, associativity is preserved

3For an introduction to noncommutative geometry see for example [48] and references therein.
4We limit the discussion in this section to Euclidean spaces or to noncommutativity which does
not affect the time-like coordinate.

19



and the appropriate star product has the form:

F@) v g@) = flo+ R B gx 1+ 0 = 1 (1+ 9095, 1 0OY) g (214
Gravity duals of theories living on noncommutative spaces with constant noncommu-
tativity parameter were first found in [49][50]. The basic technique for constructing
these solutions is to combine diagonal T—dualities, constant shifts of the NS-NS two
form and SO(p, 1) transformations, where p is the number of spatial dimensions. One
first T—dualizes in the directions where one wants to turn on fluxes, shifts the B field
by a constant in these directions and then T—dualizes back. Equivalently, one can
T—dualize along one of the directions of the fluxes, use a boost/rotation between a
non compact and a compact direction and the T—dualize back. Both methods give
the same result. It was later on realized that [51] these solutions can be generated

from the action of the O(p, p, R) T—duality group element
T = (2.15)

on the original undeformed solution where now 0,1, ® are p dimensional square ma-
trices with p denoting the number of spatial directions along which noncommutativity
is turned on. Suppose for instance that one wants to describe a gauge theory living
in four dimensional Euclidean space employed with cartesian coordinates x* where:

0

(2% z'] = ib; and [2% 23] = iby. It is then clear that one should consider the em-

bedding of the noncommutativity parameter into the T—duality group O(4,4,R) as
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follows:

0 b O 0
1, 04 —b 0 0 O
T = with © = (2.16)
® 1, 0 0 0 b
0 0 —=by O

The original solution to be deformed in this context is again AdSs x S®, however now
O lies along the non—compact, AdSs piece of the geometry. Writting the metric on
AdS; as:

d 2
dsys = B2 (dag + dof + dj + da3) + Rzu_“2 (2.17)

we see that the relevant part of the background matrix Ej in this case is:

Ey = R*? (2.18)

o
—
o
o o O

and acting now on Ey with the T-duality matrix 7 of equation (2.16) we obtain [49]:

ds?

str

2
= u?R*(Gy(dx} + da?) + Go(das + dr3)) + %(du2 + u?dQ?)
B = 61R2G1U4d1'0 N dl‘l + 82R2G2u4dx2 N dI‘g
1 . (2.19)

62<I> = G1G262<I>0, Gl = = 5 G2 i ~—
1+ b3ut 1+ b3u*

61 == szl, [;2 == R2b2

which is the gravity dual ® of a noncommutative gauge theory defined in Euclidean

°Note the resemblance between (2.12) and (2.19).
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space with [2°, 2] = ib; and [2?, 2°] = iby. The Langrangian description of this theory
can be easily derived from the N' = 4 SYM Langrangian by replacing the ordinary
product of functions with the Moyal star designated in (2.14).

Although we have so far considered applying this method directly to the near
horizon geometry one can, perhaps even more appropriately, perform it on the p—
brane solutions as well [52, 51, 53, 54]. The near horizon limit that needs to be taken
in this case, requires a relative scaling between the B—field and the metric g which
actually corresponds to the Seiberg—Witten limit proposed in [15].

It should now be evident that the solution generating transform employed by
Lunin and Maldacena in order to find the gravity duals of f—deformed gauge theo-
ries is almost identical to the one used for the same purpose within the context of
noncommutative gauge theories. The only difference is that in the former case it is
the transverse space to the brane, or rather the compact part of the near horizon
geometry that is being deformed. This naturally suggests interpreting the matrix
I" appearing in equation (2.9) as some kind of noncommutativity parameter. Since
noncommutativity in this case is a property of the transverse space it manifests itself
as a deformation of the matter content of the theory.

Before we proceed to the next section where we will further clarify this point, we
would like to make some final remarks about the applicability of the solution gener-
ating transformations illustrated above. Despite the fact that this method has had
a rather remarkable set of applications so far its utility is unfortunately restricted to
the following conditions. First of all, the directions one wants to introduce fluxes —
or equivalently noncommutativity — should be isometry directions realized geomet-
rically, meaning as shift symmetries of the metric [55]. In addition, the noncommuta-

tivity matrix should have constant entries. Expressed in a more precise manner this
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means that there should exist a coordinate system where the noncommutativity is
reduced to a constant along isometry directions of the metric.

As an example of this, let us consider the Melvin Twist gauge theory. This has
been studied in [54, 56, 57]. The relevant noncommutativity parameter can be written

in cartesian coordinates as °:

(X9, x3] = ibxy, [r3,21] =ibzy and [z1,29] =0 (2.20)

but in polar coordinates on the (xy, z5)-plane it becomes:

p,0] =0, [p,x3] =0, and [0, x3]=1b (2.21)

In these coordinates (%, 8%3) are indeed Killing vectors of the flat space metric and
therefore the solution generating technique is applicable.

In general it seems reasonable to expect that given a noncommutativity parameter,
the following two conditions should hold for a coordinate system to exist in which ©%

is reduced to a constant matrix:

= T =g @leM =0 (222
09,6’ + e"9,0Y + 679,e" =0
Although neither have we been able to find a proof of this nor have we come accross

a proof of it in the literature, we find that it is natural to think of the second (as-

sociativity) condition in analogy with the vanishing of the Nijenhus tensor condition

6Here we consider the case of a non compact direction x3 in contrast to the most widely used
case.
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for an almost complex structure . We thus understand (2.22) as ensuring that one
can always find a local coordinate system in order to put ©% in a constant form.
Then, the first condition in (2.22) can be read as the possibility of extending the local
coordinates to global ones.®
We would like to conclude this section by stressing once more that (2.22) cannot
be seen as the requirement for the solution generating transformation to work since
there is no way to make sure that the coordinate transformation employed to bring
©Y into a constant form will not spoil the shift symmetries present in the metric.
One example of this is the nongeometric background also referred to as the Q—space
in the literature [58, 59, 60]. The relevant noncommutativity parameter in this case
is:
(1, x9) = ibxg, [r1,23] = [12,23]) =0 (2.23)
While it is obvious from the discussion above that ©% can be reduced to a constant,

the coordinate transformation that makes this possible is [60]: =1 — y1y3, 22 —

Y2, x3 — Y3 and in these coordinates the metric looks like:

ds® = —dt* + (y1dys + yady1)* + dy; + dy; (2.24)

Indeed it has not been possible to embed this noncommutative deformation of flat
space directly into string theory. It nevertheless naturally emerges when a D3-brane

probe is immersed in the background of smeared NS5-branes.

"It may thus be interesting to formulate generalized complex geometry from the point of view of
open strings.

8This is actually not true for the two—dimensional case, which is particularly simple. For instance,
all noncommutative deformations are also associative ones.

24



2.4 [—deformations and noncommutativity

The aim of this section is to establish a precise relation between transverse space
noncommutativity and [S-deformations of N/ = 4 SYM. In general the connection
between marginal deformations and noncommutativity is not new. A study of the
moduli space clearly points into this direction — a thorough analysis can be found in

[61, 62, 63, 64]. The F—term constraints for instance read:

P! = ¢’/ P!, 6j5j = q6j6j where ¢ = ¥ and 1,J are cyclically ordered.

(2.25)
and ®' here indicate the first components of the corresponding superfields. These
equations are usually understood to represent the space where the D—branes can move.
For small enough deformations we can interpret the eigenvalues of these matrices
as coordinates parametrizing the transverse space to the worldvolume of the D3—
brane. The eignevalues should however now be thought of as noncommuting numbers
according to equation (2.25). If we denote the coordinates of the moduli space as

(21, 2") with I,I =1,2,3 we have that:
2z =qz’2, Z'Z7 =qz'Z  with [,J cyclically ordered. (2.26)

Later on, it will become clear that a noncommutative interpretation is meaningful
only when g € R. Henceforth we replace § with v in order to avoid confusion and to
be consistent with existing notations in the literature.

As it was mentioned in the previous section we can identify the prescription of
[14] with the one used within the context of noncommutative gauge theories so long

as matrix I' appearing in equation (2.9) is the noncommutativity matrix associated
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to the deformation of the transverse space. Therefore, our main objective here is to
construct a noncommutativity matrix, or rather a contravariant antisymmetric tensor
field ©!7 to describe the deformed space. A natural way to define it is through the
commutation relations implied by (2.26). That is:

(2], 27] = i2e" sinvz' 2! [21, 7)) = i2" sinz'Z! (2.27)
Clearly such a definition would require a whole different notion of differential geome-
try since the noncommutativity parameter is position dependent and the coordinates
themselves are now nonocommuting objects. We circumvent this by implementing an
alternative procedure. As mentioned in the previous section one can replace noncom-
muting coordinates with commuting ones by defining a star product between them. In
general, constructing an appropriate star product can be an equally formidable task

as dealing with noncommuting variables. In this case however a natural proposal was

set forth in [14]. Specifically, the authors of [14] suggested:

fxg= feiﬂﬁ(Ql 2—Q2 2)9 (228)

where f,g belong to the set of chiral/antichiral multiplets of the theory and @i
are the global U(1) charges associated with these fields (see equation (2.2)). This
proposal was subsequently used [29] in order to rewrite the component Lagrangian
of the B—deformed gauge theory as the N'= 4 SYM Lagrangian with the product of
matter fields now replaced by the above star product. This enabled the author of
[29] to show that all the amplitudes in the planar limit of the deformed theory with

3 € R are proportional to their N/ = 4 counterparts. Note that the star here is not
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explicitly written in terms of derivatives acting on the fields (f, g). Knowledge of the
product in this form however will be sufficient for the purposes of this letter.

In what follows we will use equation (2.28) in order to write down a noncommu-
tativity matrix and compare it with (2.9). Then we will discuss ways to derive the
appropriate ©% without prior knowledge of the star product. We therefore define the

noncommutativity parameter through the following relations:

[ZI,ZJ]*:(ZI*ZJ—ZJ*ZI):Z@IJ @]] IQSil’l’}/ZIZJ
Z,7z'], = (zf*zj—zj*zf) =01} = e =2sinyz'z7 (229)
2], 27], = (zf «7 — 77 & ZI) 07 Ol = —2siny2z’

with (1, J) cyclically ordered. Setting a = 2 siny and writting this in matrix notation,

we obtain:

0 21292 —Z1%3 0 —leg 2123
—R1%2 0 Z9%3 2122 0 —2223
2321 —Z9Z3 0 —Z123 Z223 0
O=a (2.30)
0 —2122 2123 0 2122 —2123
2129 0 —ZoZ3 —Z1Z22 0 ZoZ3
—Z321 Z322 0 Z1Z3 —Z2Z3 0

Clearly, the result obtained above is not exactly a satisfactory one. Despite the fact
that we managed to describe the deformation of the transverse space in a noncom-
mutative way, the associated noncommutativity matrix © is both position dependent
and six dimensional. It does not therefore in any sense resemble to matrix I' of equa-

tion (2.9). An additional interesting but perhaps perplexing feature of © is that it is
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not a purely holomorphic/antiholomorphic matrix as we might have expected from
the F—term constraints. We will return to this point later in this section after we
outline a more general prescription of identifying the appropriate ©%.

Let us however proceed to make a coordinate transformation on (2.30). Since ©17
thus defined is a contravariant tensor we have no trouble doing so. In other words
we know that when changing coordinates from {2’} to {2/"}, the noncommutativity

parameter transforms as:
iy .y
v 0z 0xV

i'j
© oxrt 0xJ

Y (2.31)

Here, we chose to rewrite ©f/ in spherical coordinates (r,a,8, ¢y, o, ¢3) defined

through:

2 =rcosae®,  z, =rsinasinfe?, z; = rsin a cos fe®?

(2.32)

Zi =rcosae ¥ Zy, =rsinasinfe 2,  Z3 = rsin a cos e

Note that in these coordinates we should be careful to define if possible the param-
eter v of our matrix so as to have © € R. Only then can © be interpreted as a
noncommutativity parameter in the usual sense. Applying (2.31) to (2.30) we obtain

in matrix notation:

000 O 0 0
000 O 0 0
000 O 0 0
O — (2.33)
000 0 —a a
00 0 a 0 —a
0 00 —a a 0

and we immediately see that we can indeed think of © as a noncommutativity matrix
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only when a € R. More importantly, from equation (2.33) it is clear that we can
reduce © to the 3 x 3 matrix denoted as I in section 2.2. ?. The only difference is
that now the deformation parameter v of the gauge theory is replaced by a = 2sin~.
Recall however, that the Lunin-Maldacena solution (2.12) has small curvature only
when: YR < 1 and R > 1. Then a ~ 2v and the solutions generated by using
either I' or © are basically equivalent. Yet we find it interesting that the periodic-
ity of the parameter ~ is manifest in this description. Nonetheless, note that this is
not quite the correct periodicity condition. Our result is periodic when v — ~ + 27
whereas from (2.25) we expect: v — v + 7. The reason for this discrepancy lies
in equation (2.29). Indeed, the two ways of defining deformed commutators, one in
terms of commuting variables multiplied with a star product and the other in terms of
noncommuting ones, are only strictly equivalent when the commutation relations are
c-numbers. “Comparing” equations (2.29) and (2.27) in this case we see that there is
a a phase difference between the parameters entering the two definitions. The absence
of this phase in (2.29) is responsible for the discrepancy in periodicity. Nevertheless,
the star product gives a more natural way to think of ©% as a contravariant antisym-
metric tensor thus having well defined transformation properties under a change of
coordinates.

Suppose now that no precise definition of a star product between the superfields of
the theory was known. Would we be able to construct the noncommutativity matrix

and therefore find the gravity dual of the f—deformed gauge theory? A glance at the

9We can actually reduce ©% even further using coordinates: @ = %Z?Zl ¢iy 01 = %(@ + ¢3 —
2¢1),00 = %(¢1 + ¢3 — 2¢2). In this parametrization ¢ denotes the U(1) circle associated with

the R-symmetry of the original background and ©% reads: © = (8 0 Pa). It is then obvious

a
that the solution generating transformation does not act on the U(1)g therefore preserving NV = 1
supersymmetry.
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superpotential of the theory would naturally lead us to define:
0" =2sinvz'z) and O = 2sinz'z’ (2.34)

and therefore correctly guess the purely holomorphic and purely antiholomorphic
parts of ©%. What about the other parts though? We can actually constrain the

form of ©77 by the following requirements:

e Definite Reality Properties.

In order to be able to describe the deformation in noncommutative terms we
should define the parameters appearing in ©% so as to have a matrix with real

entries after going to real coordinates.

e Symmetries.

Since we expect the global symmetries of the Langrangian to be preserved in
the strong coupling limit as well, we should ensure that the noncommutativity

matrix respects those symmetries. This is true as long as [65]:

(2], 27] = i@ () 2255 [, 2] = i0M (%) (2.35)

Note that this is precisely analogous to the condition for a certain symmetry

to be an isometry of the metric. Assuming that ©7 is quadratic (2.35) implies

that up to a sign there exist only two possibilities: ©7/ = 0 or O/ = 2177,

e Marginality condition.

According to the usual reasoning of AdS/CFT, marginal defromations should be

described by AdS geometries with different compact pieces. This suggests that
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when the noncommutativity parameter is transformed in spherical coordinates,

it should be independent of and have no components along the radial direction

of AdS. In other words, 895;% = 0 where a; are angular variables parametrizing
the five sphere and ©"* = (. This last requirement completely determines the

form of ©'7 to be the one appearing in (2.29).

We see as remarkable as it may seem that there exists a unique noncommutativity
matrix which respects the above conditions. Stated differently, simple gauge theory
data and elementary notions from the AdS/CFT correspondence, made it possible to
fully determine the form of ©%. We thus want to understand this matrix as a way of
encoding the deformation of the transverse space or in other words, the moduli space
of the gauge theory — at least insofar as information relevant to the gauge/gravity
duality in the large N limit is concerned. Indeed given the F—term constraints we seem
to have extracted information coming from the D—terms. We can convince ourselves
of this with the following observation. Recall that the G—deformation of N' =4 SYM
is exactly marginal and that the deformation enters only in the superpotential of the
theory. This means that we wish not to deform the D—terms in the Lagrangian. Note

however that we can write the D—terms of the A/ = 4 theory as:

TI‘[(I)[, i)l] [(I)J, (i)J] = TI‘[(I)[, (I)J] [i)l, i)J] + TI‘[(I)[, i)‘]] [(I)J, (i)l] (236)

The first term on the right hand side of equation (2.36) is precisely the contribution to
the potential coming from the F—terms. We then deduce that if we wish to retain the
D-terms unaffected by the deformation of the F—term commutator we must induce
an appropriate deformation on the commutator between holomorphic and antiholo-

morphic fields as well. Surprisingly enough, the reasoning outlined above seems to
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have granted us this exact piece of information.

It is now evident that we can identify the Lunin—Maldacena generating solution
technique with the method employed in the case of noncommutative gauge theories
[51]. The noncommutative data in this context are basically given to us from the
gauge theory Lagrangian. This is quite natural since the deformations we are dealing
with are exactly marginal. It is worth pointing out here that combined with the
knowledge of the gravity dual of the parent A/ = 4 theory, these data made it possible
to find the gravity solution dual to the deformed theory. Unfortunately, this is not
as general a statement as it may seem since the particular method employed was
applicable only because there existed a coordinate system in which ©7 was reduced
to a constant and along isometry directions of the metric. In a forthcoming letter [66]
we will nevertheless be able to extract some information on the gravity duals of the
marginally deformed N = 4 theory when the parameter p in (2.1) is different than

zZero.

2.5 Applications and New Backgrounds

In the previous section we were able to associate a specific noncommutativity matrix
to the f—deformed gauge theory. We found that indeed there exists a coordinate
system for which ©% is position independent and lies along U(1) isometries of the
transverse space metric as well as of the S°. Identifying the solution generating trans-
forms of [14] and [49] was then a straightforward task. This result naturally opens up
two main directions for further study — the first one pertaining to noncommutative
gauge theories and the second to deformations of NV = 4 SYM. In what follows we

will try to touch upon several questions arising in the latter case. An extensive dis-
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cussion and applications to noncommutative gauge theories for the interested reader

is presented in A.

2.5.1 Matter—content deformations of ' =4 SYM

A natural question to ask in this context is whether we can now borrow results
pertaining to noncommutative gauge theories in order to explore different kinds of
(super)potential deformations of N' =4 SYM. A few cases where the solution gen-
erating technique was applicable were already mentioned in section 2.3. Consider
for instance the original situation where a constant noncommutativity parameter is
turned on. Here, we would like to translate this deformation to some kind of trans-
verse space noncommutativity. If we parametrize our six dimensional space with

complex coordinates (z!,z!), we can write:
N=ib, [,77]=ib, [, 7] =—ib with IJ cyclically ordered  (2.37)

We may then associate these commutation relations to a deformation of the gauge
theory potential V. Since the type of deformations considered in this section may
generically break supersymmetry we prefer to state the deformation in terms of the
potential which of course may when appropriate be promoted to the superpotential.
Identifying the coordinates (27, =zl ) with the scalar fields of the theory would naturally

lead to'°:

Vves = Te[@!, @7][07, &7] — Tr[®!, ][0T, &), (2.38)

10This deformation is only meaningful for gauge groups other than SU(N).
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Here the star product is defined according to (2.37) as: ®! * &/ = &/d7 +ib. In
a similar fashion we could relate the noncommutative deformation of the Melvin

Universe which in complex coordinates looks like '!:

(21, 2] = —b21, [21,Z2] =071, [21,%2] = —b2a1 [Z1,20] = bZ)
(2.39)
with all other commutators vanishing

to a potential deformation of the same form as in (2.38) but with a different star
product as indicated from (2.39).

Yet the true story is not as simple as this. These deformations are not marginal
and the theory will generically flow from some UV point to an IR one. This means
that we cannot solely rely on the data given to us from the Lagrangian of the theory
which we can only take to be a valid description near the UV (small b). Moreover,
the precise arguments that helped us construct the noncommutativity matrix encod-
ing the moduli space in the f—deformed case are not applicable anymore. We do not
therefore have a means of understanding the commutation relations between holomor-
phic and antiholomorphic fields/coordinates despite the fact that we believe such a
cosntruction may be possible in the future. In addition we do not even know whether
a noncommutative description of the transverse space will be valid throughout the
flow 12,

Nevertheless, we could still expect to find the relevant supergravity solutions and

use that as a means of understanding the precise gauge theory duals. Unfortunately

this is again a difficult task to pursue because the solution generating technique

UHere we defined z; = o1 + iwo and 29 = x3 + x4 With z; as appearing in equation (2.20).
12Note however that it is possible to further examine this in certain cases, especially when some
of the fields can be integrated out by considering the theory at appropriate energy scales.
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discussed in this paper in not applicable anymore. The reason for this lies in the
fact that the directions where the noncommutativity parameter is constant are not
isometry directions of the transverse part of the D3-brane geometry. One could
of course apply the T-duality transform on flat space. This would give rise to a
deformed flat space geometry with non—trivial B-field and dilaton turned on, in which
once D3-branes are immersed and the near horizon limit is taken, would result in the
appropriate gravity dual. We think that it will be very interesting to explore this point
further as well as to study the corresponding gauge theories which we schemmatically

described above.

2.6 Discussion

In this chapter, we established a precise relation between noncommutativity and G-
deformations of AV = 4 SYM theory. We first identified a specific matrix within the
solution generating transform of [14, 40] which plays the role of noncommutativity
parameter O and then showed how it arises from the gauge theory point of view.
Moreover, we explained that it is possible to fully specify ©% by imposing require-
ments on its particular form naturally deduced from the gauge theory and AdS/CFT.
We further argued that ©% thus constructed encompasses all the relevant information
on the moduli space of the gauge theory.

This hints at an alternative path in exploring deformations of the original AdS/CFT
proposal [3] which consists in first specifying the associated open string parameters
and then mapping them to the closed string ones. Here we investigated the former
issue for the particular case of a Leigh—Strassler marginal deformation of the N = 4

SYM theory. The mapping to the closed degrees of freedom in this case was granted

35



to us in the form of T—duality transformation rules. In the next chapter, we will com-
bine the basic reasoning set forth in this note with an attempt to address the latter
issue in a situation where U(1) symmetries are absent and the T—duality prescription
is not applicable. Such is the case for the superpotential deformation of equation

(2.1) with p # 0.
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Chapter 3

Open vs. Closed string parameters

3.1 Introduction

The AdS/CFT correspondence [67, 4, 5] offers an equivalence between gauge theory
and gravity. In its original form, relates superconformal N' = 4 SU(N) Super Yang—
Mills to closed string theory on AdSsx S?with N units of RR-flux. While closed strings
on nontrivial backgrounds with RR-fluxes are still in many ways intractable, their
low energy description in terms of supergravity is not. From the gauge theory point
of view, this limit corresponds to large N and strong t’'Hooft coupling A. This makes
the correspondence extremely useful in that it provides a window into understanding
the physics of gauge theories in a region that is otherwise difficult to explore. By now
the original proposal has been greatly extended so as to cover gauge theories with less
amount of supersymmetry and/or a running coupling constant [47, 68, 69, 70, 71, 72].
Despite however the progress made thus far the natural question of how to specify

the gravitational background corresponding to a given gauge theory, is still far from
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being understood . In this chapter, we will attempt to give an alternative point of
view on this matter while investigating exactly marginal deformations of the ' = 4
theory.

Supersymmetric deformations of the original AdS/CFT proposal have been exten-
sively explored with the main cases of interest being, exactly marginal and relevant
deformations. Whereas it would have been natural to think that the gravity dual
backgrounds of the former would be more accessible than those of the latter it actu-
ally turned out the opposite. In fact the gravity duals of a class of supersymmetric
mass deformations, all along their renormalization group flow, were discovered quite
early on — see for example [73, 74, 75] and references therein — even though in most
cases an analytic solution was provided only for the associated conformal fixed points.
The main reason is that these backgrounds can be analyzed using the truncation to
five-dimensional supergravity, something which is not possible for marginal deforma-
tions of the N = 4 theory. Actualy it was only fairly recently that the authors of
[14] succeeded in constructing the corresponding backgrounds for a subclass of these
latter theories.

Marginal deformations of ' = 4 SYM preserve N/ = 1 supersymmetry and are
mainly described by two parameters, denoted as  and p, in addition to the gauge
coupling gy . In [14] Lunin and Maldacena discovered the geometry dual to the
(f—deformed theory i.e. when p = 0. In this case, extra U(1) global symmetries are
present which played a significant part in the construction of the new solution. When
p # 0 however, the theory does not preserve any continuous symmetries other than

the U(1) R—symmetry and the problem has resisted solution thus far. In this note, we

IFor an existing approach to related issues see for instance [8, 9, 10, 11, 12, 13] and references
therein.
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construct the supergravity solution dual to the p—deformed theory up to third order in
the deformation parameter. We propose a method which — although rudimentary at
this stage — may provide additional means in exploring deformations of the original
AdS/CFT proposal. The main idea, is to encode information from the gauge theory
moduli space into the set of open string parameters (G, ©) and then map them to the
closed string ones (g, B).

In the previous chapter, we achieved the first step in this direction by establishing
a precise relation between transverse space noncommutativity and (G—deformations
of N = 4 SYM. We identified the role of the noncommutativity matrix © in the
solution generating technique of Lunin and Maldacena and showed how to explicitly
construct it, relying on gauge theory data and basic notions of AdS/CFT. The result-
ing noncommutativity matrix O, along with the flat metric of the transverse space
Gfiat, provided an alternative way of encoding the moduli space. They constitute
the open string parameters (G, ©). Following here the method of [17] we acquire the
corresponding set of open string data for the p-deformed gauge theory. In this case,
it turns out that © defines a nonassociative, as well as noncommutative, deformation
of the transverse space.

Having obtained the open string parameters, we move on to explore possible map-
pings to the closed string ones. It is natural to expect by T—duality, that the results of
Seiberg and Witten [15] — see also [16] — relating noncommutativity to the presence
of a nonvanishing B—field, will be valid independently of whether the noncommuta-
tive deformation is along or transverse to the D-brane. It follows that the equations
which establish a connection between the open (G, ©) and closed (g, B) string fields
in that setting, present a potential mapping of the associated parameters in this case

as well. We therefore employ them in the context of the p—deformation and determine
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the deformed flat space background into where D—branes are immersed up to third
order in the deformation parameter.

We then consider the effective action of the p—deformed gauge theory, obtained
by giving a vacuum expectation value to one of the scalars and integrating out the
massive fields. According to [76, 77, 78, 79, 80, 81], the leading IR large N part
of this action should coincide with the DBI action for a D3-brane immersed in the
dual background. We observe that in the case of the S—deformed gauge theory, the
corresponding DBI action is characterized by the open string data (Gags.xss, ©) and
that the associated NS-NS closed string fields (g, B) are part of the ezact Lunin—
Maldacena solution. This is not surprising. Indeed, the Lagrangian description of
this theory can be given in terms of the NV = 4 Lagrangian with the product of matter
fields replaced by a star product of the Moyal type. Subsequently, all amplitudes in
the planar limit can be shown [29] to be proportional up to a phase to their N’ = 4
counterparts. Then the open string data (Gags,xs5, © = 0) of the N’ =4 SYM theory
are naturally promoted to the set (Gags,xs5, ©). Can something similar occur for the
p—deformation?

Since the noncommutativity parameter now defines a nonassociative deformation,
it is hard to imagine how the planar equivalence with the parent ' = 4 theory could
be achieved. Yet nonassociativity is a second—order in p effect and it turns out that
up to third order in p this is indeed the case. In other words, mapping the open string
fields to the closed ones provides again a supergravity solution to this order — the
gravity dual of the p-deformed gauge theory.

The structure of this chapter is the following: In section 2 we review some known
facts about marginal deformations of the N' = 4 theory and their gravity duals.

In addition, we explore some special points in the deformation space for which the
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general theory with 3 # 0 and p # 0 is equivalent to an exactly marginal deformation
with either 5 =0 or p = 0. In section 3, we employ the method proposed in [17]
in order to determine the relevant noncommutativity matrix for the p—deformation.
Having acquired the open string data, we move on to map them to the closed string
fields (g, B). This procedure is illustrated in section 4 where we derive the p—deformed
flat space geometry up to third order in the deformation parameter. In section 5 we
proceed with considerations on the DBI action which provide us with the gravity dual
of the p—deformed theory to the same order. Finally, section 6, contains an extensive

discussion on the ideas set forth in this note.

3.2 The Leigh Strassler Deformation

Not long after it was realized that N' = 4 SU(N) Super Yang Mills theory is finite (see
e.g. [82] for an account), it became clear that it might not be the only four dimensional
theory with that property [83, 84, 85, 86, 87]. It was however almost ten years later,
when Leigh and Strassler undertook a systematic study of marginal deformations of
N = 4 and indeed showed that there exists a whole class of N’ = 1 supersymmetric
gauge theories satisfying both the requirements for conformal invariance and finiteness
[19]. More precisely, they showed that the N’ = 4 theory admits a three-complex—
parameter family of marginal deformations which preserve N' = 1 supersymmetry

and are described by the following superpotential:

W = ihTr [(e¥0 D05 — e P01 D305) + p (P} + P + P} ] (3.1)
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where ® with I = 1,2,3 are the three chiral superfields of the theory. Together
with the gauge coupling gy,s, the complex parameters (h, (3, p) that appear in the
superpotential constitute the four couplings of the theory.

While it is clear at the classical level that these deformations are marginal — since
all operators of the component Lagrangian have classical mass dimension equal to four
— this is not necessarily true quantum mechanically. Leigh and Strassler realized that
by using the constraints of ' = 1 supersymmetry and the exact NSVZ beta—functions
88, 89, 90] written in terms of the various anomalous dimensions of the theory, it was
possible to express the conditions for conformal invariance of the quantum theory,
through linearly dependent equations which were therefore likely to have nontrivial
solutions. In this way, they were able to demonstrate that the deformation of (3.1)
is truly marginal at the quantum level, so long as the four couplings of the theory
satisfy a single complex constraint v(gy s, &, 3,p) = 0. In other words, there exists
a three—complex—dimensional surface y(gy s, %, 3,p) = 0 in the space of couplings,
where both beta functions and anomalous dimensions vanish and thus the NV = 1
gauge theories mentioned above are indeed conformally invariant. In general, the
function ~ is not known beyond two-loops [91, 92, 93, 30, 94] in perturbation theory,

where it reads:

1 1 1 2 N2 —4
W22 (g2 + =) — = ") =42 3.2

with q defined as ¢ = ¢”® and N the number of colours of the gauge theory.

1
q__
q

For the f—deformed gauge theory, i.e., obtained by setting p = 0 in the superpo-

tential of equation (3.1), the Leigh—Strassler constraint at two loops can be written
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as:

1
q__
q

1 1 1 ?
2 (= 2 _ — 2

In this case, one immediately notices that when 3 = g € R therefore |q| = 1, (3.3)

reduces to:

1

1
1l——lq¢—-

2
4
P |1 qlzmﬁﬁ—ﬁpﬁm)zﬁM (3.4

which in the large N limit yields: |h|?> = ¢%,,. Despite the fact that this result was
obtained from the two—loop expression of the conformal invariance condition, it has
been shown to be true to all orders in perturbation theory in the planar limit [29]
(see also [31, 94]). Actually the author of [29] went even further and showed that
all planar amplitudes in the 3 = g € R theory are proportional to their N = 4
counterparts, thus explicitly proving finiteness and conformal invariance. The proof
made use of an existing proposal [14] for an equivalent "noncommutative” realization
of the theory. For the more general case of complex 5 = (g + i, equation (3.3) in

the planar limit reads:

1 1
1A (12 + 17 ) = 8P cosh (260 = g (35)

It is then evident that the coupling constant h receives corrections with respect to
its N = 4 SYM value. Nevertheless, diagrammatic analysis [29] showed that all
planar amplitudes with external gluons are equal to those of the N/ = 4 theory up
to a five-loop level. To this order and beyond, it is most likely that the planar
equivalence between the parent theory and its deformation will break down. For

(more) recent investigation on [—deformations from the gauge theory point of view

43



see [30, 94, 32, 34, 95, 96, 33].

Special points along the deformation occur when ( is a root of unity. These points
have been studied early on [97, 61] with a dual interpretation as orbifolds with discrete
torsion. The marginally deformed theories have been further explored in [98, 99, 100],
and several remarkable properties have been demonstrated. In particular it was shown
that as expected, the S—duality of N' = 4 extends to their space of vacua, and that,
again for special values of 3, there are also new Higgs branches on moduli space.
These are mapped by S—duality to completely new, confining branches which appear
only at the quantum level. Furthermore, at large N the Higgs and confining branches
can be argued to be described by Little String Theory [100]. Finally, the possibility of
an underlying integrable structure for the deformed theories in analogy with N = 4
SYM, was investigated at special values of the deformation parameter in [26, 101]

and for generic 3 in [27, 28, 102, 103].

3.2.1 Marginal deformations and gauge/gravity duality

A natural place to explore theories that arise as marginal deformations of NV = 4
SU(N) SYM is the AdS/CFT correspondence where the strong coupling regime of
the undeformed theory is realized as weakly coupled supergravity on AdSs x S°. Due
to superconformal symmetry, the dual gravitational description of these theories is
expected to be of the form: AdS; x S® with S® a sphere deformed by the presence
of additional NS-NS and RR fluxes. Indeed in [104], where the dual background
was constructed to second order in the deformation parameters, it was shown that
apart from the already present five—form flux one should also turn on (complexified)

three—form flux G 3) along the S°.
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Essential progress however in this direction was only recently achieved through
the work of Lunin and Maldacena [14]. The authors of [14] succeeded in finding the
exact gravity dual of the f—deformed gauge theory.

In this case, apart from the U(1)g R—symmetry the theory preserves two global

U(1)s, which act on the superfields in the following way:

U(l)l : (®17q)2,(b3> — (Qlyeialq)Qge_ial(bg)
(3.6)
U(1)2 : (q)lu (I)2, (I)g) — (e_ic"z(;[)17 eiQQ(I)z’ @3)

The main idea underlying the solution generating technique proposed in [14], was
the natural expectation that the two U(1) symmetries preserved by the deformation
would be realized geometrically in the dual gravity solution. For f = g € R their
prescription amounts to performing an SL(2,R) transformation on the complexified
Kéhler modulus 7 of the two torus associated with the U(1) symmetries in question.
The specific element of SL(2,R) under consideration is: (24%) = (19). It is chosen so
as to ensure that the new solution will present no singularities as long as the original
one is non-singular and its sole free parameter ¢ is naturally identified with the real
deformation parameter g of the gauge theory.

Later on, the method of Lunin and Maldacena was reformulated [40] in terms
of the action of a T—duality group element on the background matrix £ = g + B
providing a significantly easier way of obtaining the new solutions. In particular, it

was shown [40] that one can embed the SL(2,R) that acts on the Kéhler modulus
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into the T—duality group O(3,3,R) in the following way:

0 —Or Or
10
T = wherenow T'=1| gz 0 —f (3.7)
1
—Or Or 0

where 1 and O represent the 3 x 3 identity and zero matrices respectively. Suppose
then that Fy = g9 + By denotes the part of the original supergravity background
along the U(1) isometry directions which are to be deformed. Acting on Ey with the
T—duality group element 7 of (3.7) one obtains the NS-NS fields of the deformed
solution in terms of £y and ' according to:

1

E=—7—

e’® = e*®0 det(1 + ET) = ™G

The RR-fields of the background can be computed using the T-duality transformation
rules of [42, 43, 44, 45, 46], however the details of this transformation need not concern

us here. As an example, let us consider ten—dimensional flat space parametrized as:

3 3
ds = —d? + 3" datda, + 3 (dr? +r2dg?) (3.9)

In this case Ey will contain the components of the flat metric along the polar angles
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©i. Applying equations (3.8) yields:

3 3 3 ’
ds® = =di* + ) " datde, + Y (dr] + Gride}) + BeGriryrs (Z dW)
=1

p=l =1 (3.10)
=G, Gl=1+0 (Z rfr?) ., B= G (Z r?r?dapﬂ%)
i i#]

This is the deformed flat space geometry where by placing D3-branes at the origin
and taking the near horizon limit, one obtains the gravity dual to the f—deformed
gauge theory. Alternatively, the latter background can be constructed by applying
(3.8) on AdSs5 x S°representing the dual gravitational description of the undeformed

parent A = 4 theory:

ds” =R*(ds}as, +ds3), where: dsi = (du} + Guldg}) + BCGuiusp3 (D dgi)?

)

=G, G =1+ () piuf),  F=R6z, R'=dme™N
i#]

1#j )

F5 = (167 N)(wags, + Gwss),  wgs = dwidprdpsdps,  waas; = dwy

(3.11)

Reformulating the Lunin-Maldacena generating solution technique in terms of the
T—dualty group action, made especially transparent its relation to similar methods
employed in the context of noncommutative gauge theories 2. In the previous chap-
ter, we identified the prescriptions used in these cases and particularly showed that

matrix I' of (3.7) is precisely the noncommutativity matrix © associated with the de-

2In fact, evidence relating marginal deformations and noncommutativity was given earlier both
at strong [61] and weak [105, 106] coupling.
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formation of the transverse space. Moreover, we proposed a method for determining
O based solely on information from the gauge theory Lagrangian and basic notions
of AdS/CFT. The main idea was to think of the matter fields as coordinates (27, %)

parametrizing the space transverse to the D3-brane where the gauge theory lives.

Then, reality properties, global symmetries and marginality constrained the form of

O to be:

0 21292 —Z1%3 0 —2122 2123

—Z1%9 0 2923 Z1%9 0 —2923

2321 —Z9Z3 0 —5123 2223 0

Os=ua (3.12)

0 —Z129 Z123 0 Z129 —Z123

21%29 0 —Z9Z3 —Z1%2 0 Z9oZ3

—2321 2322 0 2123 —2223 0

with a = 2sin fg. While it may seem that Op is dissimilar from matrix I' of (3.7),

a coordinate transformation from (2!, z!) to polar coordinates (r;, p;) on RS reveals

that:
000 O 0 0
000 O 0 0
000 O 0 0
Qs = (3.13)
000 0 —a a
00 0 a 0 —a
000 —a a 0

thereby proving their identification 3.
For the general case of complex 3, to obtain the dual background, one needs to

perform an additional SL(2,R), transformation on the solution corresponding to fg.

3Note that the Lunin-Maldacena technique is valid for small Sr in which case a = 28g
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By SL(2,R)s; we denote here the SL(2,R) symmetry of ten dimensional type IIB
supergravity which acts nontrivially on the compexified scalar and two—form fields of
the theory. Being a symmetry of the equations of motion it can be used to generate
distinct solutions. Subsequent work on the subject of the f—deformed gauge theories
has provided further checks of the AdS/CFT correspondence [20, 21, 22, 23, 24, 25|
whereas generalizations as well as applications of the solution generating technique

introduced in [14] were considered in [36, 28, 25, 37, 38, 39].

3.2.2 Special points along the general Leigh—Strassler defor-

mation

In this article we will be mainly interested in the p-deformed gauge theories. In this
case — when p # 0 — the theory does not preserve additional U(1) symmetries, it is
however invariant under a global discrete symmetry Zs X Zs acting on the superfields
as:

Zs(l) : ((I)l, s, (I)?,) - (@3, oy, (I)z)
(3.14)

—4i27

3 (1)3)

27
Ly (P1, Py, P3) — (P1,e3 Py,

As previously mentioned, the presence of global U(1)s is crucial in the solution gen-
erating technique of Lunin and Maldacena which is therefore not applicable here. In
fact, the exact gravity dual for this case is still unknown. Despite however that the
absence of extra continuous symmetries makes the cases of p = 0 and p # 0 radically
different, there exist special points along the space of couplings where the two theories
are not only similar but actually equivalent.

As first pointed out in [61] — see also [101, 107]— it is possible to start with

49



either the set (8,p) = (5,0) or (8,p) = (0,p), and via a field redefinition reach a
point in the deformation space with (5 # 0,p # 0). The final point will obviously
not represent the most general deformation, since the new couplings 5 and p will be
given in terms of the original parameter. In other words, there will exist a function
f (ﬁ,ﬁ) = 0 relating the two. Furthermore, requiring that the field redefinition be
the result of a unitary transformation imposes a restriction on the original value of
the coupling; be it 3 or p. In particular, suppose that we consider the marginally

deformed theory at the point (3, p = 0) and then take:

Ol A A A Ol
P | 2 | B wB wB| | % (3.15)
(I)g C W2C (UC (I)g

with ®; the three chiral superfields and w = €*?™/? the third root of unity. Note here
that since the deformation enters only in the superpotential, it suffices to consider
transformations that affect the chiral fields independently from the antichiral ones.
In other words, we do not expect mixing between holomorphic and antiholomorphic

pieces. If we furthermore impose the following conditions on the free parameters

ABC: |Al = |B|=|C| = % and ABC = iﬁ with A € C, we find that the

original S—deformed gauge theory is equivalent to the marginally deformed N = 4

SYM theory with coupling constants:

2sin 3 and i — 2cos (B — %)

4 2cos(F—5)
P 3v/1+2cos20 V1+2cos2f3

(3.16)
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provided that § = (g + iy satisfies the following equation:
4 cos 20r cos 20 + 4 cos® 28 +4cos® 26 — 3 (1 +3)) =0 (3.17)

Solutions to (3.17) define special regions in the coupling constant space where the
Leigh—Strassler theory with generic 3 and p = 0 is equivalent to a theory with both 5
and p nonvanishing but constrained to satisfy a specific relation dictated from (3.16).
It is worth remarking here that there is no solution of (3.16) and (3.17) for which both
[ and /5 are real. This is particularly interesting, because it is only for the f—deformed
gauge theory with § = Gg € R that a precise connection with noncommutativity is
possible. It is natural to wonder whether distinct unitary field redefinitions of a type
similar to (3.15) could take us from different 3’s to different 3 and p. It is however not
hard to deduce that up to a phase in p — which can be reabsorbed in the definition
of the coupling constant h — and a sign in 5 , all such unitary transformations share
the same starting point (3.17) and lead to the same theory (3.16).

In an analogous manner one can find specific values of p for which the theory with
£ = 0 is equivalent to another one with both couplings B and p turned on. Detailed
analysis in this case shows in fact that such a mapping is possible for any original

value of p with parameters p and /5 given by:

= P , and sin’f=—p%= P (3.18)
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The precise field redefinition through which this is achieved, is of the form of (3.15):

@, 11 1)\ (o

1
Oy | — 7 1 w w? D, (3.19)
O 1 w? w O

Note here again that 5 = B € R if and only if p € R which implies that p € 1. If
one additionaly assumes that BR € R <« 1 then the deformed theory with 5 = 0 and
p = q € R is equivalent to a theory with 2sin/§ = j:Q% and p = j:i% el In
section 3, we will see that this particular point in the deformation space naturally
shows up in the noncommutative description of the moduli space. This will provide
us with a non—trivial check on the consistency of the noncommutative interpretation.

So far we have looked at special points in the space of couplings which can be
studied at the level of the gauge theory lagrangian. There are however a couple of
interesting observations one can additionaly make on the basis of the Leigh—Strassler
constraint as this is given in equation (3.2). Notice first that (3.2) reduces in the

planar limit to:

1 1 1 1
P {5 (|q|2+W)+§|p|2] _ nf? {cosh<2ﬁﬂ>+§|p|2 “gy (320)

This implies that when p # 0 the coupling constant h at the conformal fixed point
will be different from gy s, in contrast to what happens for 3 = g € R. In this sense,
turning on p is similar to turning on the imaginary part of 3 = 1. Yet, there seems

to exist a particular point in the deformation space for which A = gy, continues to
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hold in the large N limit. This occurs when:

i

> (3.21)

1 1
cosh (20r) + §|p|2 =1=p= 3 arg cosh (

Closer inspection however of (3.21) reveals that it has no possible solutions, assuming
01 € R and |p| > 0. This implies that despite appearances, there is no special point
for which A = gy, at two loops in the planar limit. Naturally, one expects that an
analogous equation relating the two couplings, for which h = gy, at large N, may
arise at any order in perturbation theory. What is not clear of course, is whether it

will generically have any solutions or not.

3.3 Marginal deformations and Noncommutativ-
ity
In chapter 2 we showed that for the f—deformed gauge theory it is possible to construct
a noncommutativity matrix © encoding in a precise manner information on the moduli
space of the theory. This construction is very simple and is based on fundamental
properties of the gauge theory and AdS/CFT. In what follows we will adopt the
reasoning outlined in the previous chapter, in order to determine a noncommutativity
matrix for the p-deformation. We set 3 = 0 for the time being and later on discuss

how to incorporate (3 # 0.

Our starting point is the F—term constraints:

DBy = D@y + p;, Dy®3 = B3Py + pP], D3Py = By Py + pP) (3.22)
3.22

= = = = _=2 = = = = _=2 = = = = _=2

(I)lq)g = <I>2(I>1 — pq)g, (I)gq)g = @3@2 — /0<I>1a (I)gq)l = <I>1(I>3 — p<I>2
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from which we read the holomorphic and antiholomorphic parts of © interpreting
the eigenvalues of these matrices in the large N limit, as noncommuting coordinates
parametrizing the space transverse to the worldvolume of the D3—brane. More pre-

cisely we have:

21,20 = pz3,  [22.28] = pzi,  [23,21] = p23
(3.23)

21,2 = =773, [Z2m] = —pzt, [3,7] = 97
Following again the steps of chapter 2, we would like to assume that there exists a
star product between some commuting variables z!,z! which leads to commutation
relations analogous to (3.23), so that we can write for instance: i©'? = [z, 2], =
21 % 29 — 2y * 21 = pz3. This enables us to define a noncommutativity matrix which
although position dependent, its entries are ordinary commuting objects. Then, under
a change of coordinates © will transform as a contravariant antisymmetric tensor field.

We therefore write © in matrix form as:

0 ipz3  —ipzs
—ipz2 0 ipz? ?
o | P2 T 0 (3.24)
0 —ipz2 ipz
? ipzs 0 —ipz?
—ipzs  ipZi 0

It is clear from (3.24) that the F—term constraints determine the (2,0) and (0,2) parts
of ©. D-terms will in principle specify the (1,1) piecies of the noncommutativity

matrix. However, as demonstrated in section 2.4, there is an alternative indirect
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way of acquiring the information pertaining to D-terms. Recall that for the -
deformed gauge theory it was possible to fully determine © by imposing certain
simple conditions on its form — namely definite reality properties, symmetries and
marginality. If and only if, there exists a choice for the © components of the
noncommutativity matrix and the parameter p which respects these requirements,
can we hope to describe the deformation in noncommutative terms *. We will see in
the following that this is indeed the case here.

Let us first find out what are the possible (1,1) pieces of © which respect the
symmetries of the theory. Consider for instance the commutator [2!,7%] = i©'%(z, 7).

5, ZL3(2 2
1 _2] (2) —

We easily see that: [2!,Z e~ 5 [2',7%]. This constrains ©'2 to either vanish

123 2322, 2122, Note that all of the

or be a combination of any of the following: Z
choices displayed are also invariant under the other discrete symmetry of the theory
Zs1y as they should. In a similar fashion, one can determine all the other possible
components of ©7. Overall, this yields a plethora of potential noncommutativity
parameters. Transforming however © to spherical coordinates ® and requiring that it
be real, transverse to and independent of the radial direction r, uniquely determines

©. To be more precise, there remain two different possibilities for ©7/. One of them

is valid for p = —¢; € R:

0 Zg —Z% 0 —23Z1+2223 29Z1—23%22
—Z% 0 Z% Z223—2123 0 —2122+2321
@ . Z% —Z% 0 —2923+2122 2123—2221 0 (3 25)
1= 1 0 s = e 3 0 2 2 .
2329+2123 2223—2122 z3 z5
2321—2223 0 —2123+2221 2% 0 —Z%
—2921+2322 2122—2321 0 —Eg E% 0

4Note for instance, that this description was not valid for the 3-deformed theory when 3 € L.
5Refer to appendix B for the noncommutativity matrix in different coordinate systems.
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and the other one, for p = iqy with ¢ € R:

0 Z% —Z% 0 23Z1+22Z3 —22%Z1—23Z22
—232) 0 Z% —Z223—21Z3 0 z1Z2+23Z1
@ o Z% —Z% 0 20Z3+21Z2 —21Z3—22Z1 0 3.96
2 — Q2 0 = Se o To— T 0 =2 _32 ( . )
23Z2+2123 29Z3—2122 Z3 Z5
—23Z1—292Z3 0 2123+22Z1 —Eg 0 E%
20Z1+23Z2 —21Z2—23%Z1 0 E% —E% 0

Combining the two into ©, = ©; + O, we define a unique noncommutativity matrix
© describing the p—deformation for general complex p = (—q1 + iqz) € C. This
presumably indicates that a noncommutative description of the transverse space is
valid thoughout the whole of the p parameter space, contrary to what happens for
the f—deformed gauge theory.

Let us now examine © in order to determine its properties. Recall that the
noncommutativity parameter for the f—deformed theory, turned out to be position
independent along isometry directions of the metric. This was crucial for employing
the Lunin-Maldacena generating technique. In this case, we obviously do not expect
O to be constant along isometry directions since we know that the p-deformed the-
ory does not respect any other global U(1) symmetries except for the R—symmetry.
Indeed, © is of a highly nontrivial form even when written in spherical coordinates
(See appendix B). We may however hope to find a coordinate system for which © is
position independent, even if not along isometry directions ¢. Recall that we already
presented what we believe are the two necessary and sufficient conditions for this to
occur:

9,07 =0

= T =g (eet)=0 (327)
Tk = @ilal@jk + @klal@ij + @jlﬁz@ki =0

6This is the case for the nongeometric Q-space [58, 59, 60], for instance.
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It is actually easy to see that although the first condition is satisfied by the noncom-
mutativity matrix thus determined, the second one is not. This implies that contrary
to the [f—deformation, there doesn’t exist a coordinate system in which © can be
put in constant form 7. More importantly however, nonassociativity makes the task
of explicitly constructing an appropriate star product for the scalar fields a rather
non-trivial one. In fact, we have not so far been able to find a star product so as
to rewrite the Lagrangian of the p—deformed gauge theory as that of the N’ = 4 La-
grangian with the usual product between the matter content of the theory replaced
by the star product. We will further address this issue in relation to the applicability
of the method used in this article in section 7.

Finally, note that failure of associativity stems particularly from the (1,1) parts of
the noncommutativity matrix thus naturally challenging our method for determining
them. There exists however what we believe to be a highly non—trivial check that
we have constructed the correct © describing the deformation. We saw in the previ-
ous section, that for some special points in the space of couplings of the marginally
deformed theory, one can move from a theory where either 5 or p (but not both) is
turned on, to a theory where both couplings are nonvanishing. The whole analysis
as well as the appropriate field redefinitions which took us from one point to the
other in the deformation space, relied on the holomorphicity of the superpotential.
It would thus appear quite improbable that we would be able to see it happening
in this context. In principle however, one would expect that if the deformation is
indeed described from an open string theory perspective as a noncommutative de-

formation of the transverse space, then at these special points © should transform

"Note that this does not of course exclude the possibility of finding a reference frame for which
this is true. Integrability however will be lost.
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under a change of coordinates from G5 or ©, to © = ©5 + ©5. Moreover, one might
hope that the coordinate transformation which would make this possible would be
the precise analog of the field redefinition applied to the gauge theory. Note however
that in the case of the f—deformation, it is only for # = g € R that a noncommuta-
tive description — with parameter a = 2sin fg — is valid. This implies that we can
apply the above consistency check if and only if both the original and final points in
the coupling constant space involve a real parameter Or. A glance at the previous
section will convince us that this indeed occurs: starting with p =¢; € R and =0
one can reach a point with p = % €Tland @ = 2sinfj3 = 2% € R. In fact it is
quite straightforward to check that a coordinate transformation according to (3.19)
leads us from ©, = —0; to © = O__ 20y + @ﬁ: oy - Furthermore, it appears that this
case exhausts all possible coordinate changes that relate noncommutativity matrices
corresponding to different parameters of the Leigh—Strassler deformation. We take
this result as evidence that both our prescription for determining the (1,1) parts of

O as well as the very interpretation of the deformation in noncommutative terms are

indeed justified.

3.4 The Seiberg—Witten equations and the deformed
flat space solution.

In the previous section, we saw how the deformation of the superpotential affects
the moduli space of the gauge theory at large N. In particular, the six dimensional
flat space with metric G;; of the N’ = 4 theory is promoted to a noncommutative

space characterized now by the set G;; and ©'/. Both metric and noncommutativity
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parameter are mainly determined from the Lagrangian of the theory; the former is
read off from the kinetic term of the scalars while the latter from their potential.

Since an SU(N) gauge theory can be realized as the low energy limit of open
strings attached on a stack of D3-branes, the set (Gqt, ©) describes the geometry of
the transverse space as seen by the open strings in the limit of large N and o’ — 0.
We will thus refer to (Gfiat, ©) as the open string parameters .

On the other hand, any theory of open strings necessarily contains closed strings.
Closed strings however perceive the geometry quite differently from open strings. In
fact, it was shown in [15, 16] that target space noncommutativity from the point
of view of open strings corresponds to turning on a B-field from the viewpoint of
closed strings. The set (g, B), with g the closed string metric, are the closed string
parameters that describe the same geometry. In this context, (g, B) represent the
deformed flat space solution into which D3-branes are immersed ®. Suppose now that
we are given a set of equations relating the two groups of data. Then — provided
that the open string parameters determined in the previous section exactly and fully
describe the deformation — we could specify the closed string fields (g, B) of the
deformed flat space geometry for free, i.e. without having to solve the type IIB
differential equations of motion [108].

Equations relating open and closed string parameters indeed exist in the literature
109, 110, 16, 15]:

1
B=_——
97 G'+0

i g - (3.28)
=\ Qet (G +0)  *\/ det(1+0OG)

8We are obviously interested here in the limit where open and closed strings are decoupled from
each other.
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where G, gs denote the corresponding open/closed string couplings °. They were
however considered in a situation somewhat different from the one discussed in this
article, namely for a flat D—brane embedded in flat background space with a constant
B-field turned on along its worldvolume [16, 15]. It was under these circumstances
that, the presence of the background B-field was shown to deform the algebra of
functions on the worldvolume of the brane into that of a noncommutative Moyal
type of algebra, where © is a c—number. While it is natural to ask what happens
in situations where the B-field is not constant, technical difficulties have hindered
progress in this direction. In the order of increasing complexity, two cases can be
considered: the case of a closed dB = 0 though not necessarily constant two—form
field B and the case of nonvanishing NS-NS three form flux H = dB in a curved
background. In [111] the former case was explored and the Moyal deformation of
the algebra of functions on the brane worldvolume, was shown to naturally extend
to the Kontsevich star product deformation [112]. The authors of [113] — see also
[114, 115, 116] — undertook the study of the most general case where H = dB # 0.
They considered a special class of closed string backgrounds, called parallelizable, and
expanded the background fields in Taylor series. It was then possible to perturbatively
analyze n—point string amplitudes on the disk and obtain — in a first order expansion
— the appropriate generalization of (3.28). In fact, it turned out that equation (3.28)
is still valid for a weakly varying nonclosed B-field even though the corresponding
algebra of functions is now both noncommutative and nonassociative.

In this letter, we want to apply the above formulas in a situation where the B—field

lies in the transverse space to the D3—brane. Despite the fact that this case has not

9Note that G = 1 for the p—deformation.
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been explicitly studied in the literature °

one expects by T—duality that equations
(3.28) should continue to hold. If our reasoning thus far is correct and (3.28) indeed
provide the relation between open and closed string parameters in this setup, the
resulting closed string fields (g5, g, B) will constitute a new supergravity solution, i.e.
the deformed flat space solution where D3—branes embedded.

There exists a natural place where we can test these ideas prior to checking whether
the type IIB field equations for the set (g5, g, B) are satisfied. Recall that both the
gravity dual and the corresponding deformed flat space background are known for the
(B-deformed gauge theory [14]. The open string data (G, ©p,) describing the G-
deformation were determined in the previous chapter, where the noncommutativity
parameter was found to be constant despite the fact that the associated NS-NS
three form flux was non zero. It is easy to show that applying (3.28) to the open
string parameters (Gpq, ©p,) one recovers the deformed flat space geometry found
by Lunin and Maldacena in [14]. This may appear as a surprise unless one observes
the extraordinary similarity between (3.28) and the T—duality transformation rules
of (3.8). In fact, these equations are identical in this case although the interpretation
of the variables involved is essentially different. We will return to this point again in
the following section.

Having tested our ideas in the context of the f—deformation, we proceed to check
whether one can specify the appropriate background for the p-deformation as well.
It actually turns out that the closed string data (gs, g, B) determined in the fashion
described above, satisfy the supergravity equations of motion only up to third order in

the deformation parameter p. The result is at least perplexing — whereas it doesn’t

10Mainly because a constant B—field in the transverse space can be gauged away leaving no trace
on the geometry.
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completely invalidate our considerations it indicates the presence of some kind of
flow in them. In fact, the discrepancy at higher orders can be traced in a variety of
reasons. Note however that the breakdown of (3.28) in the case of a nonassociative
deformation seems to be the most plausible one, since nonassociativity manifests itself
at second order in the deformation parameter. We postpone further discussion on this
issue until section 6 and close this section by presenting the detailed — though not

particularly illuminating — form of the solution to this order *!.

11Gee appendix B for the precise definition of the variables x, x;, y,v; which appear here.
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Metric g:
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Dilaton:

e2® =G
G=1+r] [(qu — x1)” + (11 — @2)° + (23 — @y2)” + (s — Q2y3)2} +
2 2 2 2 2
+ 75 [(q1y — @212)° + (q1y2 — @x)* + (121 — ¢2ys)” + (1w — @yn)’] +

+73 [(q1y — @aw3)* + (w2 — qeyn)? + (21 — @2y2)” + (01ys — ge)?]

(3.30)
B-field:
By, = 13(0273 — 1Y) Biyry = 11(0271 — 1Y) Biyr, = 12(q272 — Q1Y)
Bripy = —rars(1T2 — @2y1) By = 1ors(13 — @¥1)  Bryp, = mir3(qir — q2y2)
Byypy = —11r3(q13 — @2Y2)  Bryp, = —1r1m2(qix1 — q2ys)  Bryp, = m1r2(q172 — ¢2Y3)

p1p2 = 7’17“27“3(Q293 - qus) B<,02303 = 7’17“27“3(Q293 - qul) B<p3so1 = 7’17“27’3(Q2£E - Q1y2)
(3.31)

S

3.5 D-branes in deformed AdS; x S° and the near

horizon geometry.

In this section we will address the issue of finding the gravity dual of the p—deformed
gauge theory. To this end, it is helpful to first consider the f-deformation. As
mentioned in the previous section, the T—duality transformation rules (3.8) with
which the Lunin-Maldacena solution was constructed are identical in form to (3.28).

Recall from section 2, that in order to obtain the dual background in this case one
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must use:

EQ = JAdS5xS® and I'= @ﬁR (332)

Suppose now that we want to interpret these variables according to (3.28). We would
obviously have to think of gags,xss as the open string metric Gaqas,xss whereas of
' as Op,. In this sense, (Gs = g§ 17 Gadssxss, Op:) would encode the geometry as
seen at large N by the open strings attached on a D3-brane embedded in the Lunin—
Maldacena (3.11) background.

In other words, consider a stack of N D3-branes in the deformed flat space geom-
etry of (3.10). The near horizon limit of this configuration is the gravity dual of the
Leigh—Strassler marginal deformation with 3 = g € R and p = 0. A probe D3-brane
propagating near the stack will then be described by the DBI action written either in
terms of the closed (gs, g, E) or of the open (G, Gags, xs5, Op) string fields. However,
the action of a single D3-brane seperated from a collection of (N-1) other branes can
also be obtained by integrating out the massive open strings stretched between the
probe and the source. Indeed, as expected according to [76, 77, 78, 79, 80, 81], the
DBI action describing the motion of a D3-brane in this background should in the
large N limit coincide with the leading IR part of the quantum effective action of the
B—deformed theory obtained by keeping the U(1) external fields and integrating over
the massive ones.

In this spirit, it does not seem surprising that the appropriate open string data
in this case, are the metric of AdS; x S’and the noncommutativity parameter Oz, .
In fact, the action of the —deformed gauge theory can be written as that of the
parent N = 4 theory with the product of the matter fields replaced by a star product

associated to ©g,. Moreover, as conjectured in [14, 94, 31] and later proven in [29],

65



all planar amplitudes are equal to their N' = 4 counterparts up to an overall phase
factor. This suggests that the iterative structure of the large N [f—deformed gauge
theory amplitudes, when 3 = g € R, is identical to that of the N/ =4 SYM theory.
It is then not hard to imagine that the quantum effective action mentioned above
will be analogous to that of the undeformed theory with the only difference being
some phase factors coming from the noncommutative deformation of the product.
Subsequently, the open string fields appearing in the DBI form of the effective action
of the N' = 4 theory (G, G,© = 0) will be promoted to (G5, G, 0g,).

It is natural to wonder whether a similar situation could apply to the p—deformation
as well. The analysis of section 3 may lead us to think that this is most likely not
the case. Even if we succeeded in writing the action of the theory in question, as
the N = 4 action with a star product between the matter fields, it is difficult to
understand how planar equivalence between the two would be achieved with the de-
formation being both noncommutative and nonassociative. In fact, the proof given in
[29] specifically relied on the associativity of the star product for the S-deformation.
Nevertheless, nonassociativity is a second order effect in p and in view of the results
of the previous section, one might hope that a solution to this order could be obtained
in this case, too.

To explicitly check this we can directly use the second order expansion of (3.28):

g=G+GOegoeg + 0(p")
B = —-GOg + 0(p*) (3.33)

Gl=1+Tr {g@ — %g@g@} + O(p*)

The equations above, provide a relation between the open string parameters of the
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deformed theory and the NS-NS string fields of the dual geometry. Since there is
no obvious way to extract information on the associated RR—fluxes, we resort to the
type IIB equations of motion in order to specify them. Fortunately, assuming no warp

factor and making the usual ansatz for the five form field strength 12:

2 2 2
dSlO = dSAdS5 + d$S5

(3.34)
Fy = f(wads; + wgs)
allows us to directly solve for the RR three form flux Fj:
F3 = —f_ld *5 6_2<I>H3
(3.35)

H; f_ld*g) F3:>d[B—f_1 *5 F3:| =0

Note that to this order F3 = f x5 B which greatly simplifies calculations 3. One can
then indeed show that the type IIB equations are simultaneously satisfied up to third

order in the deformation parameter, for the following set of fields *:

12We refer the reader to the appendix for the necessary definitions of the parameters involved as
well as the type IIB field equations [108] in five dimensions.

13This is intimately connected to the fact that dgs€2, = 0 where {2, = GOG denotes the form on
S associated to the bivector ©,. It is clear from (3.33) that B = — to this order. It is worth
remarking that F3 = f % B is exact for the S-deformed theory where both d€23 = 0 and dgsQ23 =0
hold.

1We set R = 1 where R the radius of AdSs.

67



Dilaton:

e2<1> — e2<1>0G
Gl =1+4qf (v + saai + (c3 + sacg)ws + (e + sa55)75 + oyt + sasgys + sacsys) +
+2q1go (zy + (¢ — s2)azyr — (c§ + sp(ch — s2)) ays — (s5+ c5(ck — s2)))

+qi (2% 4 At + sispas + shcprs + siyr + (o + sach) ys + (2 + s2sp) v3)

(3.36)
B-field:
Bog = 50 (1Y + @27)  Bay, =0 Bag, = 5a56c0 (172 — G212)
By = SaSeco (—q173 + q2u3) Byy, = Casi (11 — qouyn)
By, = —casisg (122 — q2y2) By, = —casicﬁ (123 — q2y3) (3.37)
Bsolst = _60835909 (Q1y3 + Q2x3) Bsﬁz<p3 = _Casisﬁce ((hyl + Q2I1)
Bysyp, = _CaSiSGCG (12 + qox2)
F5 and Fs—form flux:
Fy =% with Q= G;.G;;0Mdx’ A da?
(3.38)

F5 = f(wads, + Gwss)
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Metric g:

Joo =1 — a7 (cha3 + 5523 + y°) + 20102 (—2y + chaays + spasys) — a3 (2% + Gys + s5y3)

g0 = s [1 = ai (v° + st + ¢ (5525 + 23)) — 2a105 (wy — saarys — ¢ (s522y2 + ays) ) —
—a5 (a* + s3yi + i (siys + c5v3)) ]

Goror = Co [1 =55 (af (27 + s3u5 + cgu3) + 20142 (—1y1 + 502y + Coays) +

+a5 (yf + 5575 + g3 )|

Gorpr = 5055 |1 — qF (23(ch + s5cp) + Ayt + sachys) +
+2¢1g0 (—Carys + (¢ + s2¢5)way — stcgasys) — @ (Aot + shcgas + (2 + sicp)ys) ]
psps = Sicg [1 - q% (Ciy% + 52{53?/% + (Ci + 525?)) :L’%) +

—camiyr — sosptays + (2 4 s2sp) ways) — @5 (Aot + shspas + (2 + s2sp) v3)]
Gab = CaSaCoSe a7 (25 — 23) + 2q142 (—ayo + 23y3) + ¢ (v3 — v3) ]
Jap, = CaSa [Q% (iﬂly + 53933y203552y3) + q1¢2 (T2 — YY1 + 223 — Yays)) —

—a5 (zy1 + sy + s5rays)]
Japs = CaSaSy [—q1(T2y + T3y1) + Qg2(—22y — 2123 + Yy + 1Ys) + G5 (22 + 21y3)]
Jops = CaSaSy | —q1(T2y + T3y1) + Qga(—2xy — 2123 + yya + Y1ys) + G (xy2 + 21y3)]
o1 = Casaceso(di + a3)(w3ys — ways)
oy = Sa56Co [q% ($y2 + soT3y1 + Cil’lys) — q1q2 (22 — Yys + T103 — Y1Y3) —

—q; (21y + gy + s2m1ys)
Gogs = S250¢o (@ (T3y + Crays + S2T1Y2) + 12 (T1T2 — Y1y2 + T3 — Yy3) —

—5 (zys + sxayn + cAr1ys) |

Jorgs = Co5a55(@ + @) (T122 + Y192

Ypaps = Cisicg(q% + q;)(l’ll’g + y1y3)

Gpsp1 = Sicgsg(fﬁ + q;)(l'gllfg + yays) 69

(3.39)
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Figure 3.1: Open vs Closed string fields: a way to understand deformations of the
original AdS/CFT proposal.

3.6 Discussion

In the previous sections we set forth some new ideas that helped us obtain new gravity
solutions up to third order in the deformation paremeter p. Moreover, we observed
that the same method provided the exact supergravity backgrounds related to the
[—deformed gauge theory. We view these results as evidence that supports the basic
ideas of our proposal which can be nicely summarized in Fig. 3.6. In this section we
would like to discuss its obscure points; the ones that possibly underlie its failure to
provide the solution to all orders in the deformation parameter.

The method proposed in this note can be divided into three steps. Let us seper-
ately consider the issues that arise in each one. The starting point consists of deter-
mining the appropriate open string data. In this, we mainly use information from
the gauge theory Lagrangian. Obviously, the fact that the noncommutativity matrix

specified in this case, fails to preserve the property of associativity is quite displeas-
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ing. In particular, it is not at all clear how to define an appropriate star product.
Subsequently, there is no obvious way in which one can rewrite the Lagrangian of the
p—deformed theory in terms of the N'=4 SYM Lagrangian with a modified product
between the matter fields. In fact, most of the star products that we attempted to de-
fine produced extra terms in the action, to second and third order in the deformation
parameter p. Interestingly enough though, all the additional terms were essentially
of the same form as the ones coming from the 3 and p deformation themselves. We
hope to explore this point further in the future.

A related issue is that of the D-terms. We showed in section 2.4, that we can
rewrite these terms in the A/ = 4 theory as a sum of the F-terms with a potential
term involving the commutator between holomorphic and antiholomorphic matter
fields:

Te[®;, ®!][®;, @] = Tr[®;, ®,][®!, B7] 4+ Tr[®;, 7][®,, D] (3.40)

It was then clear that should we wish to only deform the F—terms of the potential,
we must appropriately alter the commutator: [®, o7 |. For the p—deformed gauge
theory, the (1,1) pieces of the noncommutativity matrix precisely ensured that the
D—terms remained unaffected by the deformation according to (3.40). The lack of a
star product in the case of the p—deformation however, makes it impossible to perform
this consistency check.

The next step of the method proposed herein, consisted in mapping the open string
parameters to the closed string ones. The precise mapping was formulated through
the equations of (3.28) which as discussed in section 5, were derived under particularly
different conditions than the ones considered in this paper. Their validity in this case

is therefore naturally disputable, even more so, in view of the nonassociativity of ©.
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We believe that this actually constitutes the most plausible reason for the failure of
our proposal to produce the exact supergravity background whereas at the same time
explains why the method works to this order where nonassociativity precisely comes
into play. In fact, it seems that when T%* of (3.27) is nonvanishing, both © and
T = 00 are necessary for defining the deformation. A natural generalization of
(3.28) would then relate (G,0,T = ©00) to (g, B, H = dB) and presumably provide
the deformed flat space solution to all orders in the deformation.

Note that we do not necessarily maintain that it would directly solve the problem
of finding the dual gravity background as well. It may very well be that nonassocia-
tivity spoils the planar equivalence between the N/ = 4 theory and its deformation.
This would obviously be reflected on the form of the quantum effective action and
therefore of the DBI, making it difficult to determine the relevant open string data
15

It is also worth remarking that (3.28) provides a relation only between the NS-NS
fields of the open and closed string backgrounds. Information pertaining to the RR—
fields is however essential, especially for determining the dual gravitational solution.
In fact, in section 6 we had to rely on a particular ansatz for the metric and the five
form flux in order to fully specify the background. In this light, it may seem plausible
that a different ansatz — a warp factor in front of the AdS part of the metric, in
particular — could grant us the solution to all orders in the deformation parameter.
The presence of a non—trivial warp factor may actually be related to the deviation
of the coupling constant h in (3.1) from its original gy, value. Indeed, in the case

of the f—deformation, a warp factor is absent from the solution when § € R and

15 Actually it is possible to imagine that this can occur independently from the nonassociativity
of the product. Yet it would make it hard to understand why the procedure employed in this article
would give a true solution to any order in the deformation.
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h = gy, while it is not when f; # 0 and the Leigh—Strassler constraint indicates
that h # gyy. This fact therefore represents another possible explanation as to why
our method fails to give an exact solution 6.

Finally, we would like to note that throughout this article we considered the Leigh—
Strassler marginal deformation at the point § = 0. It is however natural to think
that quantum corrections will generically generate a [F-like term since no obvious
symmetry argument could prohibit it. In this sense it may seem rather significant to
incorporate a nonvanishing (§ in our discussion. This is actually not difficult to do,
provided that 8 = fr € R. In this case, we can define © = Og, + O, and follow
the method outlined in this note. The result is straightforward but unfortunately
does not give any further insight into the higher order corrections of the background.
The case of generic § € C is more interesting but also more difficult to study. A
noncommutative description of the deformation is not valid in this case and one
relies on the SL(2,R), symmetry of the supergravity equations of motion in order to
construct the dual solution [14]. Consequently, there is no obvious way to incorporate
a complex ( in our method.

The reason that makes the case of complex 3 worthwhile to explore further, is
that according to the analysis of section 2, there exist some special points in the
deformation space which can take us from a theory of generic 3 and p = 0, to a
marginal deformation where both p and 5 with 5 € C are non vanishing. Since the
gravity dual in the former case is known, investigating the solution at these points
may provide useful information on how to extend our results to all orders in the

deformation parameters.

6Note that we examined the case of a warp factor of the form G™ with n € R and G of (3.36)
but found no value of n for which the supergravity equations were satisfied to third order in the
deformation parameter.
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Chapter 4

Conclusions and Open Problems

In this work, we studied the Leigh—Strassler marginal deformations of N' =4 SYM.
At first, we focused on the much better understood case of the f—deformed gauge
theory. We established a connection with noncommutativity and explored its role
within the solution generating technique of Lunin and Maldacena. Next, we turned
to the p—deformed theory and found gravity solutions corresponding to the associated
flat space deformation and the AdS/CFT dual of the gauge theory, up to third order
in the deformation parameter. We achieved this by using the techniques developed
for the f—deformed theory so as to relate the deformation to a noncommutative
deformation of the transverse space. Having obtained the open string parameters
(G, ©) encoding the geometry of the moduli space, we determined the corresponding
closed string fields (g, B) with the use of a well-known mapping between the two. The
most remarkable feature of our computation, is its almost purely algebraic nature.
There are various possibilities for future work in the context of exactly marginal
deformations of NV = 4. They range from addressing the questions raised in the previ-

ous chapter, to establishing a precise connection with generalized complex geometry
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[117, 118], investigating the role of the SL(2, R) symmetry and relating our results to
previous work on the same subject [104].

Several more issues should however be addressed, if this work is to provide a
general framework for discussing the gravity duals of gauge theories.

A curious feature of our approach for instance, is that supersymmetry does not
play any central role in it. Indeed the whole discussion so far has solely relied on
the commutation relations between the scalar fields of the theory. When however
supersymmetry is preserved, scalars are accompanied by their fermionic superpartners
and it is obvious that similar (anti)commutation relations will be obeyed by the
fermions alone as well as between the scalars and the fermions of the theory. It seems
plausible to us that information pertaining to these (anti)commutation relations is
hidden in the RR sector of the theory [119, 120, 121]. It would therefore be of great
importance to study it in a similar fashion.

A related question, that seems not to have been investigated in the literature,
is the presence of constant RR-flux in AdSs x S’space and its possible relation to
nonanticommutativity — from the point of view of the gauge theory living on a D3~
brane embedded in AdSs x S°. Such a relation could possibly uncover the hidden
structure of the IR effective N/ = 4 SYM Lagrangian and its connection to the DBI.

Another interesting direction for study is the N' = 1* gauge theory, obtained
by adding mass terms to the N' = 4 SYM superpotential. This theory has been
investigated in a number of works [122, 123, 75] where the notion of a noncommutative
transverse space is touched upon yet has not been made precise. A curious question,
is whether the dual description of these theories can be reached by placing D3-branes
in some deformed geometry and taking the near horizon limit. If so, various aspects

of our work could be relevant in this study. Similar considerations could then be
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applicable to orbifold deformations of N/ = 4 SYM as well as to noncommutative
gauge theories.

In summary, the ideas set forth in this note represent alternative means into
investigating deformations of the AdS/CFT correspondence. Obviously, a number of
issues should be resolved before they can provide a concrete proposal for constructing
new supergravity backgrounds. We do however believe that they open up a path that
leads to a better understanding of gauge/gravity duality, which we hope to further

explore in the future.
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Appendix A

Noncommutative gauge theories

The most direct application of the ideas discussed in chapter 2 is to consider the
Lunin—Maldacena prescription in order to obtain the gravity duals of noncommutative
gauge theories with S-type noncommutativity . This simply means that we wish to
think of ©Y or rather I of (2.9) as a noncommutativity matrix along the worldvolume
of the D3-brane 2. Provided a decoupling limit exists ®, we can use the solution
generating technique reviewed in section 2.2, to either deform the p—brane solution
itself, or the near horizon geometry directly. For reasons of uniformity, we decided
to adhere to the latter prescription in what follows. In four dimensional Euclidean
space, ©Y can be written in complex coordinates as:
[2i, 2] =ibziz;, (%, %] = ibZ:Z;, [2,%;] = —ibzZ;

(A.1)
for i<y and ij=12

!Similar considerations in the context of the Maldacena—Nunez background appeared in [36, 124].

20bviously the same procedure can be applied to all branes in a fashion similar to [52, 53, 54].

30ne can actually check this by either calculating the graviton absorption cross—section or the
potential that gravitons feel due to the presence of the D-brane [125].
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As we already saw in the previous section transforming to polar coordinates yields a

constant noncommutativity parameter along the two—torus:

[¢17¢2] = Zb? [p1>p2] = [pz>¢j] =0 Za] = 172 (AQ)

Constructing a matrix out of these relations is a fairly obvious step which leads us to
matrix I' appearing in (2.6). We can therefore directly apply the associated T—duality
transform (2.6) on the AdS; x S’geometry. The relevant part of the background matrix
is:

E = u*R? (A.3)

and substituting into (2.7) we find:

ds?, = ds?@@ + ds%s, where dS?Z{ZzE* = u’R*(dp} + dp3 + G(pidg; + p3dgs))
B = bR2Gp?p2u'dgy A dgs, €2 = Ge*®
1 . ) (A.4)
G=——-—— b=RD

1+ b?p3 p3u’

Fy = =3(47N)bu?p1padpy A dpy A du,  Fy = 4TN(w g5 + wss)

with the RR-fields computed using the T—duality rules of [42, 43, 44, 45, 46]. Note
here that the effect of noncommutativity is important for large radial directions but
negligible for small ones. The same behaviour has been observed in the case of the
Melvin Universe [57, 54]. It seems natural therefore to expect that manifestations of
this spatial nonhomogeneity will be similar to those described in [57]. It would be
interesting for this purpose to explore the instanton, monopole and vortex solutions

of the theory. In the Melvin—twist gauge theory the corresponding analysis showed
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[57] that although the length of the magnetic monopole is position dependent, its
mass agrees with the ordinary SYM monopole solution. It is plausible that study
of the f—type noncommutative gauge theory along these lines will lead to analogous
results. In addition, it is important to investigate the stability properties of the above
solution, since the background in question may generically break supersymmetry (see
e.g. [126, 127] for a discussion on this point). We would like now to proceed and
consider the same type of deformation in Lorentzian signature but before doing so,
let us make a few remarks regarding the action of the gauge theory dual to (A.4).

Clearly, knowledge of an appropriate star product is more often than not necessary
in order to specify the action that describes a noncommutative gauge theory. In the
case illustrated above, ©% is position dependent and it is then known that a suitable
product is the one defined by Kontsevich in [128]. Naively one would then think that
the action of the gauge theory is obtained by simply replacing the ordinary product of
functions with the star product. The latter product is however not compatible with
the Leibnitz rule so that one should actually employ what is referred to as the ”frame
formalism” introduced in [129]. Alternatively, one can take advantage of the fact that
©U is constant in polar coordinates and specify a Moyal-like product of functions. The
precise mapping between this product and the one defined by Kontsevich should then
be found, which would however not be the result of a simple change of coordinates.
This procedure has been carried out explicitly in a number of cases [130, 57, 54] and
we refer the reader to these papers for details.

Let us now move on to consider the G-type deformation on a four—dimensional
spacetime with Lorentzian signature. Performing a wick rotation according to z —

ixt,Z — iz~ along with b — b we can write the commutation relations of equation
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(A1) as:

+ +

(27, 2] =dbxT 2, [27,Z] =ibz~z, [2,Z] =ibxtz, [x7,z] =ibx "z

(A.5)
with [z,z] = [2",27] =0

We therefore see that in this case we have to deal with a temporal noncommutativity
parameter. In general, field theories on spaces with time-like noncommutativity
% £ () are acausal [131, 132] whereas their quantum counterparts are not unitary. A
decoupled field theory limit for D—branes in this case does not exist. It was however
found in [131, 132] that a scaling limit where the closed string sector can be separated
from the open string one is indeed possible. Massive open strings do not decouple
in this limit which thus defines a noncommutative open string theory (NCOS) rather
than a field theory. Several aspects of these NCOS theories are explored in [133, 134,

135, 136, 137, 138|.
The precise analysis of which types of noncommutativity lead to unitary theories
and which not, was carried out in [139] along the lines of [140]. There it was shown
that a necessary condition for unitarity is that the following inner product between

external momenta is positive definite:

pop=—p,O"G,,0"p, >0 (A.6)

where G is the background metric for the open strings and the corresponding field
theory. Let us therefore evaluate this quantity for the G—like noncommutativity under
consideration here. It is easier if we first perform a coordinate transformation to go
from coordinates (¢, xy, za,x3) to (7,60,7,¢) defined as: t = 7coshf, x; = Tsinh6,

9 = rcos¢ and x3 = rsin¢. Here 1e(—o00,00),r¢[0, 00) whereas 6 can be chosen
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compact or non compact. This transformation will bring the commutation relations

to the form *:

0,0] =ib and |[r,r|=r,¢| =1, ¢] =[1,0] =[r,0]=0 (A.7)

and substituting into (A.6) we obtain: pop = b*(pgr* 4 p37°) which is clearly positive
definite. Can we therefore deduce that the f—type noncommutative deformation
describes a unitary field theory? To be precise, the unitarity requirement of (A.6)
is proven for a position independent noncommutativity parameter turned on in flat
space. In our case, as soon as we go to a reference frame where © is constant,
the corresponding spacetime exhibits a time—dependent behaviour. It is therefore
ambiguous what the meaning of unitarity is in this context.

It may be interesting however to address these issues through the dual gravity
description of this theory. Let us therefore apply the T—duality transformation rules
in order to construct this background. Alternatively, we can wick rotate the Euclidean

solution of equation (A.4) according to p; — i, ¢1 — i6,b — ib. Either way we obtain

4These coordinates cover half of R*3[127].
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152, = st +dske, where dst = R(=dr® + drt + G 6 + 1°00%)

B = bR*Gr*r*utdd A dp, €** = Ge?®

1 .
G=———— b=R%
1+ b27r2r2yt

Fy = =3(4nN)bu’rrdr Adr Adu, Fs = 4nN(wgg + wss)
(A.8)

Note again that equation (A.8) defines a time dependent background dual to a non-
commutative theory which can be thought of as living either in flat space with tem-
poral time-dependent noncommutativity parameter or in a time-dependent back-
ground which is noncommutative only along some of the spatial directions. Similar
time-dependent configurations were explored in [141, 142, 143, 144]. For the case of
compact 0 with 6 ~ 6 + 27 and rational parameter (3, the gravity solution (A.8) cor-
responds to the near horizon geometry of a D3-brane immersed in a time-dependent
background that admits an orbifold description [127, 145, 146]. The latter deforma-

tion of flat space can be recovered from flat space with the same technique [127]:

2 ,,,.2

2 _ 2 2 T 2 2
ds® = —dr* + dr® + 1+627'2r2d9 + 1+b272r2d¢
1
20 _
= e (8.9)
br2r?
B=——n——
T 22 dO N do

The background indicated above presents an interesting time evolution noted in [127].

5Note that wick rotation in these coordinates is different from the usual case. As a result, the
background is well defined and does not seem to indicate the need for another kind of scaling limit.
We therefore expect that indeed this supergravity solution is dual to a field theory.
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In particular, it appears to be periodically changing for the designated choices of # and
B. At T = —o0 it is described via the orbifold [R™! /Z]x—o, x [C/Zy] (i.e. orbifold by
the boost A = 27) which gradually evolves to [R!/Z]a—s, x C at time 7 = 0. Then
the reverse process begins until it reaches the original orbifold description at 7 = oc.
In complete analogy, the spacetime of equation (A.8) shows a periodic evolution with
the effects of noncommutativity becoming most important at 7 = oo but negligible
at 7 = 0 where the geometry tends to AdSs x S°.

This completes our discussion of noncommutative gauge theories. We have clearly
here only alluded to a number of issues regarding these theories and noncommutative
spacetimes in general. It would certainly be of interest to explore these issues further

in the future.
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Appendix B

The noncommutativity matrix

Here we present the noncommutativity matrix in polar coordinates (r;, ;) with i =
1,2,3 on RS, We assume that ©, is given in terms of commuting variables (z,%) and
that we can follow the transformation rules of contravariant tensors when changing

coordinate systems, namely:

-/ -/
S 0x' Ox

0" = S (B.1)

Rescalling ¢; of (3.25) and (3.26) as ¢; — 2¢; then yields:

(g1z2—q2y1)r3  (9123—q291)r2

0 —(qezs—q1y)rs  (q2z2—q1Y)T2 0 T s
qlxr1— 1 T xrg— ™
(g273—q1y)rs 0 —(qz1—q1y)r1 —(117-732”)3 0 %
g1T1—goy3z)mr Tro— 2)Tr
o) —(qez2—q1y)re  (@2z1—q1y)r2 0 (g1 T12y3) 2 _ (a7 T?y") 1 0
P 0 (a121—92y2)r3 _ (9121—92¥3)T2 0 _ (¢2z—qly3)rz  (922—q1y2)r2
71 71 172 T17r3
_(agmo—aoy1)r3 0 (a179—qoy3)T1 (922—4q1y3)T3 0 _ (a2z—q1y1)r
T2 T2 ] 273
(g1z3—g92y1)r2  _ (9123—4q2y2)T1 0 _ (g2z—q1y2)ra (a2z—q1y1)71 0
T3 T3 7173 273

(B.2)
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where to keep the expressions compact, we defined variables z, z; and ¥, y; according

to:

x1 = —Cir1 + Corg + Csrs w9 = Cirp — Corg + Csrg - 3 = Cyrp + Carg — Cirg
Y1 = —S1r1 + Sorg + S3rz Y2 = S1r1 — Sorg + S3rz Yz = Sir1 + Sarg — S3r3
x = Ciry + Corg + Csrg y = 5111 + Sarg + Sars
(B.3)

whereas S;, C; represent the following triginometric functions:

S1=sin (w2 + @3 —2¢p1), S =sin(ps+ Y1 —2p2), S5 =sin (1 + Y2 — 2¢3)

Cy = cos (g + @3 —2p1), Cy=cos(p3+p1—2p3), C3=cos(p1+ Y2 — 2¢;3)
(B.4)

The discrete symmetry Zs(1) X Zg(2) along with the U(1)g are particularly transparent

in this form. Observe first that under Zs):

Zaqay = (21,22, T3,Y1,Y2,Y3) — (23, T1, T2, Y3, Y1, Y2)
(B.5)
while (z,y) — (z,y)
Then it is easy to see for example, that ©71¥2 = 7(‘””72123“)7’3 — O = 7(‘11“;?2%)”.
The action of Zjy) is equally simple transforming the polar angles ¢; as:
2m 2
L3y (1,902, 03) = (1,02 + 5P ?) (B.6)

thus leaving invariant the trigonometric functions 5;, C; which depend on the following

combinations: o; = %(@Hl + @ir2 — 2¢1). Morever, note that ©, is independent of
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¥ = 3(¢1 + 2 + 3) therefore respects the U(1)z R-symmetry of the theory.
In a similar manner, one obtains the noncommutativity matrix ©, in spherical

coordinates denoted as (r, «, 8, p1, 2, ©3).

2 =rcosae®,  z, = rsinasinfe?, z; = rsin o cos fe'??
(B.7)
Zy =rcosae ¥ Z, = rsinasinfe 2,  Zy = rsin a cos fe 1
where it reads’:
0 _ @rt+qy 0 co(—q172+q2y2) 50(q123—q2y3)
S SaSe SaCh
@r+q1y 0 —q1z1+qau1 ca(q1z2—q2y2) ca(q123—q2y3)
s c 52 52
«@ (o3 « «
6, = 0 1T1—g2y1 0 co(qezs+aqiys)  _ se(geza+qiys)
p Ca cacCo cacy
co(q122—q2y2) ca(—quratqoy2)  co(qez3+q1ys) 0 ca(g2z14+q191)
5056 s2 CaCo s259Cq
_so(1m3—qays) ca(—q1w3+qays)  se(@2z2tq1y2)  _ cal@ezi+qiyi1) 0
5a.Co s2 CaCo s2s9cp
(B.8)

Note that ©, is now a five-dimensional matrix along the S® and that variables

x, T, Y, y; appearing in (B.8) are rescaled by 1/r. In other words we have here defined:

T = (—Cacl + 5a8902 + 8,10903), To = (Cacl — 8a8902 + SQCQC3)

3 = (coC1 4 $059Ca2 — $0c9C3), = (caC1 + 545¢Ca + SaceCs) (B9)
B.9

Yy = (—caSl + SQSQSQ + SQCQSg), Yo = (caSl — SQSQSQ + SQCQSg)

Y3 = (caSl -+ SQSQSQ — SQCQSg), Yy = (caSl + SQSQSQ + SQCQSg)

It is then clear that ©, is independent of the radial direction r.

"'We use here the following abbreviations: s, = sina, ¢, = cosa, sy = sinf, cg = cos 6.
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Appendix C

RR-fields and supergravity

equations of motion

As mentioned previously, although the procedure proposed in this article gives us
the solution for the NS-NS fields of the geometry for free, it does not produce any
information on the RR-ones. We thus have to compute them using the supergravity

equations of motions [108]. We employ the following ansatz !:

2 1.9 2
dsiy = dSAd5‘5 + ds;

(C.1)
C=0 F;5= f(wAds5 +w§5)

where f is the appropriate normalization coefficient for the flux which in this case

reduces to f = 167N and wags,,wgs are the volume elements of the corresponding

!Note that the vanishing axion condition can be deduced from the other two in equation (C.1).
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parts of the AdS; x S geometry. Then the supergravity field equations reduce to:

D2e—2® _ _é (ng . 6—2¢H§)

F3 = —f_ld *5 6_2¢H3

H3 = f_ld *5 F3
1 1
RMN = —2DMDN(I) — ZgMND2q> + §gMN8R®8R(I>+
1 1 1
+ %ezéFMPQRFﬁQR + Z(HMPQHﬁQ + 62¢FMPQF]I\;Q) — 4_8gMN(H32 + 62(1)F32)
(C.2)

where M, N represent five dimensional indices on the compact piece of the geometry

whereas x5 denotes the Hodge star on the same manifold.
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