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Abstract of the Dissertation
Studies in gauge/string dualities
by
Diego Trancanelli
Doctor of Philosophy
in
Physics
Stony Brook University

2007

Dualities are among the most powerful tools in theoretical physics and,
particularly, in string theory. The ones relating gauge field theories and
theories of strings, the gauge/string dualities, are specially important and
constitute the focus of this dissertation. We consider several topics in the
context of two such dualities, the AdS/CFT correspondence and twistor

string theory.

In the part about the AdS/CFT correspondence we start by studying
the thermodynamics of type IIB superstrings on the maximally super-
symmetric plane wave background, computing in particular the Hagedorn
temperature of non-interacting strings and analyzing the limits of small

and large background Ramond-Ramond flux.

1ii



We then consider a half-BPS supergravity solution whose moduli space
can be mapped to the phase space of a gas of free fermions in a harmonic
potential at finite temperature. We can match the ADM mass of the
geometry with the thermal energy of the fermions and propose a way to

also match the entropies in the two pictures.

The last chapter of this part is dedicated to the study of supersymmetric
Wilson loops. We first introduce a large new family of loop operators
preserving various amounts of supersymmetry, from two to sixteen super-
charges. We then study a novel description of higher rank loops in terms
of electrically charged D-branes. In particular, we compute correlation
functions between such loops and chiral primary operators of N’ = 4 su-
per Yang-Mills theory and present the D-brane solutions corresponding to

some examples of quarter-BPS loop operators.

In the part about twistor string theory we first extend the conjectured
equivalence between perturbative N' = 4 super Yang-Mills and the topo-
logical B-model on CP** to A/ = 1 and N = 2 superconformal quiver
gauge theories. This is achieved by orbifolding the fermionic directions
of the supertwistor space. We also consider some explicit quivers and

compute several scattering amplitudes.

Finally, we check the localization properties of some gravity amplitudes in
twistor space and propose an extension of the twistor inspired MHV de-
composition of Feynamn diagrams to the computation of tree level gravi-

ton scattering.
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Dualities between gauge

and string theories



Chapter 1

Overview

The notion of duality, i.e. the equivalence between two systems with different de-
scriptions but same underlying physics, pervades our current understanding of string
theory.

One of the first and probably most important discoveries of a duality in physics
dates back to Dirac’s observation that the Maxwell equations in the vacuum are
invariant under the exchange of the electric and magnetic fields. To preserve this
symmetry in the presence of sources, Dirac was led to define the concept of magnetic
monopole. The magnetic charge m of the monopole, in order to produce a consistent
theory at the quantum level, had to be quantized in units of the inverse of the electric
charge e

_ 2k

m , keZ.
e

Assuming that m and e are not both of order 1, exchanging electric and magnetic
monopoles can then be regarded as the prototypical example of weak/strong coupling

duality, or, in more modern language, of S-duality.



Under S-duality a theory with coupling constant ¢ is mapped to a possibly dif-
ferent theory with coupling constant 1/g. One might then be able to extract infor-
mation about non-perturbative aspects of one theory by studying the weak coupling
expansion of its S-dual.

Differently from S-duality, T-duality (and the closely related mirror symmetry) is
perturbative in nature and acts on the geometric moduli of the background space,
exchanging, for example, the compactification radius R of strings compactified on a
circle with the inverse radius 1/R.

As was realized during the so-called “second superstring revolution” in the mid
nineties, the five superstring theories in ten dimensions are in fact connected by
an intricate web of dualities and might just be different limits of a unique eleven-
dimensional theory called M-theory. For example, type I superstrings and SO(32)
heterotic strings are a notable example of theories linked by S-duality. Two other
theories, which will take the lion’s share of this dissertation, namely type IIB super-
strings and N = 4 super Yang-Mills in four dimensions, exhibit selfduality properties
under S-duality. On the other hand, T-duality relates the two type II theories, type
ITA and type IIB, and the two heterotic theories, SO(32) and Eg x Eg. Finally,
type ITA and Eg x Eg heterotic strings become eleven-dimensional at strong coupling,
giving rise to M-theory.

A crucial ingredient in the development of this picture was the discovery of D-
branes, topological defects which admit a dual interpretation as non-perturbative
solitonic solutions of supergravity and as hypersurfaces in flat space where open fun-
damental strings can end.

The importance of D-branes in modern string theory is central and in great part

motivated by the fact that they allow for the introduction of non-abelian gauge sym-



metry. In fact, Yang-Mills theories arise as the low energy limit of the dynamics of
multiple coincident branes and quantum fields as the massless modes of the open
strings living on the branes’ world-volumes.

In virtue of the dual interpretation mentioned above, D-branes have also been
essential in the construction of dualities between non-gravitational field theories and
theories of strings, the gauge/string dualities which are the subject of this dissertation.
Many of these dualities represent a powerful tool to explore regions of the moduli
space of gauge theories which are not directly accessible by ordinary field theoretical
techniques as, for example, the perturbative expansion in small parameters.

The most notable example in this class is given by the Anti de Sitter/Conformal
Field Theory (AdS/CFT) correspondence discovered by J. Maldacena in 1997. This
is one of the major breakthroughs in string theory in the last decade and the first
explicit realization of the holographic principle: the idea that string theory, which is a
theory of quantum gravity, has a dual description as a quantum field theory living on
the boundary of the background space. According to the original and most studied
form of this correspondence, maximally supersymmetric Yang-Mills theory in four
dimensions, which is a conformal field theory, is conjectured to be the exact dual of
type 1IB superstrings living on the ten-dimensional space AdSs x S°.

What makes this duality so interesting is the fact that a non-trivial, strongly
coupled limit of the gauge theory is mapped onto a solvable limit of the string theory.
In fact, it turns out that, when one takes the limit of large number of colors N and
large 't Hooft coupling ¢g,,N in the gauge theory, the corresponding string theory
is well approximated by classical supergravity. This gives therefore a powerful tool
to study strongly coupled systems where perturbative methods are not applicable.

Of course N’ = 4 super Yang-Mills is a highly supersymmetric and conformal theory



which differs in many aspects from real world gauge theories such as QCD. The
ultimate hope is however that the AdS/CFT correspondence may provide us with
the tools and the insight necessary to understand strong interactions and find the
string theory dual of QCD.

The fact that the AdS/CFT correspondence is a weak/strong coupling duality
makes it interesting, but, at the same time, also difficult to prove (or disprove) because
reliable computational techniques on the two sides of the duality do not have an
overlapping domain of validity. It is therefore important to test this correspondence
wherever possible and in this dissertation we discuss some of these tests.

The AdS/CFT correspondence has been extended to include theories will reduced
supersymmetry, non-conformal theories, gauge theory duals of M-theory, and has also
found some exciting phenomenological applications, as, for instance, the study of the
strongly coupled plasma of quarks and gluons which is formed in heavy ion collisions
in the RHIC experiment at BNL and will also be studied at CERN, once the LHC is
turned on.

The second gauge/string duality studied in this dissertation is the conjectured
equivalence, proposed by E. Witten in 2003, between perturbative N' = 4 super Yang-
Mills and the D-instanton expansion of a particular version of topological string the-
ory, the B-model on the supertwistor space CP?*. This represents an interesting
counterpart to the AdS/CFT correspondence, for it relates two weakly coupled theo-
ries. This twistor string, besides being a remarkable mathematical construction which
is compelling in its own right, has also shed new light on previously known results in
non-supersymmetric field theories and inspired very effective ways to reorganize the
expansion in Feynman diagrams, allowing to compute numerous new scattering am-

plitudes, both at tree level and at higher orders, which are of crucial phenomenological



importance, for example for the analysis of multi-jet production at LHC.

The AdS/CFET correspondence and twistor string theory are by no means the
only interesting cases of fruitful interplay between gauge and string theory. There are
many other important dualities relating gauge theories to string theories and M-theory
which we do not discuss in this dissertation. For instance, the abundant observational
evidence in cosmology that our universe has a small and positive cosmological constant
naturally suggests to consider the analogue of the AdS/CFT correspondence for de
Sitter spaces, the dS/CFT correspondence. Unfortunately this program, albeit its
phenomenological relevance, is far less studied and understood than its AdS/CFEFT
cousin, mainly because theories in de Sitter space cannot be supersymmetric and
therefore are difficult to deal with.

A second example is the string inspired Dijkgraaf-Vafa conjecture that non per-
turbative quantities of a supersymmetric gauge theory, such as the glueball superpo-
tential, may be computed from a simple matrix model with potential equal to the
tree level superpotential of the gauge theory.

Finally, we mention the Matriz theory interpretation of M-theory in flat space,
where, after compactifying on a torus some of the eleven flat directions, M-theory is
described in terms of a quantum field theory.

In what follows we describe the content and organization of the present work.

Organization of the dissertation

This dissertation consists of three parts. In chapters 2 and 3 of this first part we
present introductory accounts to the AdS/CFT correspondence and twistor string

theory. The original material, published in [1]-[7], is contained in parts II and III.



The focus in part II is on the AdS/CFT correspondence. We start in chapter 4 by
studying the thermodynamics of type I1B superstrings on the plane wave background,
a maximally supersymmetric background obtained as a Penrose limit of AdSs x S°
[1]. In particular, we compute the partition function, whose modular properties are
analyzed in detail, and the Hagedorn temperature for a gas of non-interacting strings.
We show that the latter is a non-trivial function of the background Ramond-Ramond
flux and of the string scale and we carefully investigate the limits of small and large
flux. We also study the string thermodynamics in geometries that arise in D1-D5
systems such as AdS; x S% x T* backgrounds in the presence of NS-NS and R-R
3-forms.

Chapter 5 is based on [2]. There we consider solutions of type IIB supergravity
which preserve half of the supersymmetries of the background. These geometries
correspond to half-BPS chiral primary operators of N’ = 4 super Yang-Mills and have
a dual description in terms of non-interacting fermions in a harmonic potential. We
investigate how turning on a temperature for these fermions affects the corresponding
supergravity background and compare, in both limits of low and high temperature, the
ADM mass of this solution with the thermal excitation energy of the dual fermions,
finding agreement. We also argue how the solution develops a naked singularity,
which should be resolved once o' string corrections are taken into account. These
corrections are expected to give rise to a finite area horizon, allowing for a rigorous
analysis of the entropy of the system and a comparison with the entropy of the dual
fermions. In the limit of high temperature we find that the supergravity background
resembles the metric of a dilute gas of D3-branes associated to the Coulomb branch
of the conformal field theory.

The last chapter of part II, chapter 6, is dedicated to supersymmetric Wilson



loops [3]-[5]. The study of these observables represents one of the main tests of the
AdS/CFT correspondence, because for these operators one can resum the pertur-
bative expansion of super Yang-Mills theory and extrapolate the results to strong
coupling, thus providing a check of the corresponding string theory computation in
the supergravity limit.

In section 6.1 we introduce a new large class of loop operators with non-trivial
expectation value and preserving various amounts of supersymmetry, from two to
sixteen supercharges. In this construction the scalar coupling is determined by the
shape of the loop, which can be an arbitrary curve on a 3-sphere. Some previously
known loops, notably the half-BPS circle, belong to this class, but we point out many
more special cases not known before. We also remark that this class of loops might
be related to a topologically twisted version of A/ = 4 super Yang-Mills.

Sections 6.2 and 6.3 deal with the so-called “giant Wilson loops”. According to
the AdS/CFT dictionary, Wilson loop operators act as sources of fundamental strings
extending in the bulk of AdSs x S° and landing on the boundary along the loop. The
expectation value of Wilson loops is then given by the minimal area swept by these
strings. This description is appropriate for particles in the fundamental representation
of the gauge group. For higher representations one needs to replace the strings with
D3 and Db5-branes for, respectively, the symmetric and antisymmetric representation.
These branes pinch off at the boundary landing on the Wilson loop and carry an
electric charge. The brane computation captures all the non-planar corrections to
the string result at leading order in o’

In section 6.2 we consider the expansion of a higher rank circular Wilson loop in a
series of local operators and compute its correlation function with the chiral primaries

of N' = 4 super Yang-Mills. We perform the computation both in the bulk picture,



where the D-branes exchange light supergravity modes with the local operator on the
boundary, and in the theory on the boundary. A peculiar feature of circular Wilson
loops is the fact that the quantum field theory computation reduces to a matrix
model computation. We find perfect agreement between the results coming from the
D-branes and the matrix model.

In section 6.3 we study two examples of quarter-BPS loops where it is possible
to find solutions for the D3-branes starting from first-order equations derived from
the supersymmetry conditions. The first example is a straight half-BPS Wilson line
with the insertion of two local half-BPS chiral primary operators. The second one is
a circular loop which couples to three of the six scalars of the N’ = 4 multiplet and
whose expectation value is captured by a matrix model.

In part III we present two studies on twistor string theory. In chapter 7, inspired
by the AdS/CFT correspondence, we extend the twistor construction to theories
with reduced supersymmetry [6]. This is done by considering orbifolds of the SU(4)
R-symmetry group of N' = 4 super Yang-Mills, or, equivalently, of the fermionic
directions of the supertwistor space CP?*. The resulting gauge theories are N' = 1
and N = 2 superconformal quiver theories. We test this construction by computing
several scattering amplitudes for these theories and find agreement with the field
theoretical expectations.

Yang-Mills scattering amplitudes in twistor space are localized on holomorphic
curves, whose degree and genus is determined by the helicities of the scattering parti-
cles and by the number of loops. In chapter 8 we explore the possibility of extending
the twistor construction to ordinary (non-conformal) gravity [7] and prove that local-
ization properties also hold for the so-called “googly” graviton amplitudes, which are

the simplest non-maximally helicity violating amplitudes. We also show, using the



KLT relations between closed and open string vertex operators, that for a particular
subset of amplitudes one has factorization in terms of MHV vertices, but that novel

ingredients are needed to reproduce generic amplitudes.

Note We have not included in this dissertation the work contained in [8], for it is
not directly relevant to the topic of gauge/string dualities. There we found instan-
tonic solutions to N/ = 1/2 super Yang-Mills theory with matter fields. This theory
arises when one deforms the usual N' = 1 superspace by considering a non-vanishing
anticommutator for the fermionic coordinates, {8, 0°} = C*?. The motivation for
introducing this deformation stems from string theory, in particular from superstrings

propagating in a selfdual graviphoton background.
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Chapter 2

The AdS/CFT correspondence

2.1 Introduction

It is an old and important idea in particle physics that gauge theories might have
dual descriptions as string theories [9]. It was in fact observed by 't Hooft in 1974
[10] that one can reorganize the perturbative expansion of a SU(N) gauge theory in
a way that is very reminiscent of the string theory genus expansion, with the gauge
theory Feynman diagrams seen as string world-sheets.

This is seen by using the double line notation where one associates oriented lines to
color indices: fundamental and anti-fundamental indices are then represented by lines
with opposite orientations, whereas adjoint indices are represented by a double line.
Let’s consider first a theory with only adjoint fields and with the coupling constant
pulled in front of the action in an overall g=2 factor. A generic diagram will then
scale as

(92)P—VNL = )\P—VNL—P-H/ (2‘1)

Y

11



where P is the number of propagators, V' the number of vertices, and L the number

of closed loops. We have also introduced the 't Hooft coupling
A=g’N. (2.2)

This diagram can be drawn on a simplicial Riemann surface of Euler number y =
V — P+ L =2—2h, with h being the genus of the surface.! Eq. (2.1) can then be
rewritten as A’V N272" and the perturbative expansion of the partition function as

a double sum

log Z =>» N*7) "\, (2.3)
h=0 n=0

where c\/” depends on the Feynman diagrams at genus h. In the planar or ’t Hooft
limit of large N with fixed A, the graphs that can be drawn an a sphere without
crossing lines, the so-called planar graphs, clearly dominate. Adding fundamental
matter means adding propagators with a single line and is therefore equivalent to
introducing boundaries on the Riemann surface, so that y = 2 —2h —0b. In the planar
limit these graphs are always suppressed with respect to the adjoint graphs of equal
genus.

The first sum in the expansion (2.3) resembles the string genus expansion where

2h—2

loop diagrams are suppressed by a factor g;

with respect to tree level diagrams,
with g; and h being now the string coupling and the genus of the world-sheet. The
second sum on the other hand could be seen as the equivalent of an o' expansion.

One is then led to regard the gauge theory graphs in the large N limit as defining the

!The surface associated to an SU(N) gauge group is oriented. Other groups as SO(N) and
Sp(N) would give rise to unoriented surfaces, for their adjoint representations are products of two
fundamental ones, rather than a fundamental and an anti-fundamental.
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world-sheet of some string with coupling

1
S - = b) 24
9 =% (2.4)

so that this string is weakly coupled in the planar limit. Fundamental matter should
correspond to an open string sector of the theory.

The ultimate application of this idea would be clearly to find the 't Hooft string
dual to SU(3) QCD. This has proved to be an extremely complicated problem which
is still unresolved.

The first explicit realization of 't Hooft idea took place in 1997 when J. Maldacena

[11] proposed that?

four-dimensional SU(N) Yang-Mills theory with mazimal N = 4 supersymmetry is
exactly dual to type IIB superstring on the AdSs x S° background with N units of

Ramond-Ramond fluz.

This represents also an example of holographic duality, where a theory of quantum
gravity finds a dual description as a quantum field theory living on the boundary of
the space.

Before motivating and discussing in more detail this conjecture, we present next
the main ingredients of the AdS/CFT correspondence, namely N = 4 super Yang-
Mills and some basic aspects of the AdSs space. A motivation based on matching
global symmetries on the two sides of the duality will then become obvious. We shall
then give a more direct argument based on the study of the near horizon geometry

of D3-branes.

2This proposal has then been refined and clarified in [12]-[14]. By now there are numerous
excellent reviews on this subject, see for example [14]-[18].
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2.1.1 N =4 super Yang-Mills theory

We start by reviewing some basic facts about SU(N) N = 4 super Yang-Mills in
four dimensions (see also, for example, [17]). This can be obtained by dimensionally
reducing ten-dimensional ' = 1 super Yang-Mills on a 7% (thus preserving all the 16
supercharges of the original theory). The theory has only one multiplet, the gauge
multiplet, composed by a gauge field A, (with g =0,...,3), four Weyl fermions 12
(with A =1,...,4 and o = 1,2), and six real scalars ®. All these fields are adjoint
under the gauge group SU(N). There is also a global SU(4) ~ SO(6) R-symmetry
under which the gauge field is a singlet, while the fermions and scalars transform
respectively in the 4 and 6 representations.

The action (in Euclidean signature) reads

1 1 2 - _
S = —— [ daTr(=F, P+ SMTp Fr 4 D& DM 4 iBT D,
I 2 872

_% (@7, @7] [@", ®7] + VT [@F, U] ) , (2.5)

where we have expressed the four Weyl fermions in terms of a single Majorana-Weyl
spinor ¥ in ten dimensions, and I'* and I'/ are ten-dimensional 16 x 16 Dirac matrices.
Here gy is the Yang-Mills coupling constant and we have allowed for a 1 angle, which
is relevant for non-trivial instantonic backgrounds.

This action is classically scale invariant since all terms in the Lagrangian have
dimension 4. It is actually also conformal invariant, i.e. it is invariant under the
SO(4,2) ~ SU(2,2) group formed by Poincaré, dilatations and special conformal
transformations. This group combined with the 16 Poincaré supercharges inherited

from ten-dimensional N' = 1 SYM forms the larger (global and continuous) super-
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conformal group SU(2,2|4). This supergroup has, in addition to the 16 Poincaré
supercharges Q% and Qaq4, also 16 superconformal charges S2 and S,4 stemming
from the fact that the Poincaré supersymmetries and the special conformal transfor-
mations do not commute. The doubling of the number of supercharges is a typical
feature of conformal theories.

The superconformal invariance persists also at the quantum level and the theory
is UV finite (this does not prevent in any case wavefunction renormalization).® As
a consequence the coupling constant gy, is actually a non-running parameter which
can be fixed to the desired value. Then N' =4 SYM is a unique theory defined only

by the value of gyy; and the rank of the gauge group V.

2.1.2 Anti de Sitter space

The AdS5 space is a 5-dimensional space with constant negative curvature which can
be expressed in terms of 6 embedding coordinates X; (with ¢ = —1,0,...,4) as a

hyperboloid in R*?

4
—X2 - Xg+ ) XP=-R, (2.6)
k=1

3The 1-loop 3 function turns out to be proportional to the factor [19]

—T (adj) ——ZT TA ——ZT Tr)

where T'(r) is the Dynkin index of the representation 7, and the indices A and I denote, respectively,
Weyl fermions and complex scalars. Since all fields of the A/ = 4 gauge multiplet are in the adjoint

one has o4 3
ﬁocT(adj)(G —§—6>:0.

The vanishing of the 3 function can be checked to hold also at two [20] and three loop level [21],
and there are general arguments for all orders [22]-[24].
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where R is the radius of the space. From this expression is clear that the isometry

group of AdSs is SO(4,2). Rewriting the embedding coordinates as

R
X_1+X4:—, XN:_IN’ ,u:O,...,B, (27)
z ¥

the metric induced on the hypersurface (2.6) becomes

ds* = R—2 (d2* + dz?) . (2.8)

22

This is called Poincaré patch metric and z € [0, 00) is called the radial coordinate of
AdSs5. The boundary at spatial infinity is at z = 0 in these coordinates.

On the other hand, parameterizing the hypersurface as
X_1 = Rcoshpcost, Xo = Rcoshpsint, X = Rsinh p Q. (2.9)
with Zizl Q2 =1, yields the global coordinates metric
ds* = R* (- cosh? pdt* + dp* + sinh? pdQ?) (2.10)

where t € (—o0, 00) is the global time of AdSs.*
The Penrose diagram of AdSjs is best understood from eq. (2.10) by taking out a
factor of cosh? p and defining dx = dp/ cosh p [14]. One obtains a solid cylinder with

boundary given by S® x R, where R is the time direction.® Light rays propagating

4Strictly speaking, defining ¢ on an infinite line gives the universal covering of AdSs. The hyper-
boloid is in fact already covered one time by taking ¢ € [0,27), but in this way one would violate
causality, having closed timelike curves for p — 0.

5The R factor results from decompactifying the S' parameterized by t, as explained in the
previous footnote.
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in this cylinder can reach the boundary and bounce back in finite time, whereas
massive particles moving along geodesics cannot. Further, the global metric (2.10) is
defined over the whole space, the Poincaré metric (2.8) on the other hand covers only
a “wedge” of the Penrose diagram contained between two horizons at z = oo and the

boundary at z = 0.

2.1.3 The statement of the AdS/CFT correspondence

A first heuristic motivation for the AdS/CFT correspondence is based on the analysis
of global symmetries. We have seen that AV = 4 SYM in the conformal phase has
superconformal group SU(2,2|4) with bosonic subgroup SO(4,2) x SO(6). This is
precisely the isometry group of AdSs x S°. The SO(4,2) isometry of AdSs acts in fact
as the four-dimensional conformal group on the boundary, where N' =4 SYM lives,
and the SO(6) isometry of the sphere can be identified with the R-symmetry group.
Moreover, AdSs x S° is a maximally supersymmetric background which realizes as
symmetries of the vacuum all the 32 supersymmetries of type IIB strings. These can
then be related to the 32 supercharges of the gauge theory. Finally, both N' =4 SYM
and type IIB strings exhibit a discrete Montonen-Olive SL(2,Z) duality.5

A more direct motivation for the conjecture comes from studying systems of D-
branes. These can be either regarded as hyperplanes where open strings end or,
alternatively, as solitonic solutions of the supergravity equations of motion. The low
energy limits in the two pictures should then produce two related theories.

Consider first type IIB strings in flat ten-dimensional Minkowski space and a

For the gauge theory, this duality acts on the complex coupling constant 7 = /27 + 4mi/ g%\,
as a modular transformation. In the string theory it acts on the axion-dilaton field 7 = Cy + ie™%
and is the remnant of the SL(2,R) duality of type IIB supergravity, which is broken after taking
into account stringy and quantum effects.
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stack on IV D3-branes. The branes act as boundary conditions for open strings, whose
endpoints are confined to the branes” world-volumes, and as sources for closed strings,
which can leave and cross the branes. Further, they carry N units of the self-dual
5-form charge and break half of the space-time supersymmetries. This description is
valid when the effective loop expansion parameter g,V is small.” For energies lower
than the string scale 1/l,, one can integrate out massive states leaving a type 1B
supergravity multiplet coming from the closed string sector and an N' = 4 gauge
multiplet from the open strings [25]. The total low energy effective action for these
fields is

S = Sbrane + Sbulk + Sint ) (211)

where Sprane is four-dimensional ' = 4 super Yang-Mills with gauge group U(N),
Spuik 18 ten-dimensional type IIB supergravity and we have interaction terms between
the two theories. Moreover, both Sp.ene and Sy contain higher derivative correc-
tions. Taking now the I, = v/&/ — 0 limit one can show that the interaction terms,
being proportional to the coupling constant x oc a/2g,,° vanish, as well as the higher
derivative terms. In this limit also the bulk action simplifies, becoming quadratic so
that the closed strings in the bulk are free. This can be roughly seen by expanding
the Hilbert-Einstein contribution in the bulk action in terms of the metric g = n+xh
14

1

Sbulk = %/dlol' \/§R+ Y /dlol' [(8h)2 + /{(ah)2h—|— .. ] 4+ ..., (2.12)

"The string coupling g5 gets dressed by a factor N coming from the Chan-Paton factor of the
string endpoint on the brane.

8The U(1) factor can be shown to decouple so that one is eventually left with SU(N).

9This relation is dictated by dimensional reasons, having 87Gy = k2 dimensions of (mass)~
and being I, = v/’ the only scale in the string theory.

8
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One is thus left in the low energy limit with two decoupled theories, N' =4 SYM on
the branes and free gravity in the bulk. Notice that the open string degrees of freedom
remain interacting when o/ — 0 since the gauge theory coupling is ¢g2,, = 4mg,.1°
One can regard this system of branes in an alternative way, that, oppositely to
the previous picture, is valid when g,N > 1. A D3-brane can in fact be also seen
as a black 3-brane, i.e. a solitonic solution of type IIB supergravity with mass and
Ramond-Ramond charge related by a BPS condition. The solution for the metric in

the string frame turns out to be

3 6
ds* = H™Y/? Z Nudr'de” + H'Y? Z (dy1)2 , (2.13)
w,v=0 I=1

where H is a harmonic function in the y! coordinates. Assuming spherical symmetry

one can write
R4
H=1+ pel (2.14)
where 7 is the radial coordinate in the transverse directions ), (dyl )2 = dr?+r2dQ3,

and

R =4ng,Na'? (2.15)

11

is the “charge” of the brane."* For r > R we recover ten-dimensional Minkowski

space, while the region r < R is usually called throat. Moreover, the solution for the

19T his follows from comparing the Yang-Mills action (2.5) with the D3-brane DBI action.
1Tt is easy to understand the result (2.15) from dimensional arguments. In fact R* is proportional
to the Newton constant G, which scales as gf lf, and to N Tps which is the equivalent of mass in

higher dimensions. The brane tension goes as g; ' I;* (and not as g;21;* because it is solitonic).
Putting everything together one finds the behavior in eq. (2.15).
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selfdual 5-form is
F5 = (1+‘k) dl’o/\dl‘l/\d,fg/\dl’g/\dH_l. (216)

The dilaton is constant e¥ = g4, so is the axion Cy. The NS-NS 2-form B and the
R-R 2-form Cy are zero for a D3-brane.
Consider now the change of variable 2 = R? /r and the near horizon limit z — oo.

The metric (2.13) becomes

3
ds? = %2 <d22 + Y nwd:)s”d:)s”> + R%d02, (2.17)
11,v=0
which is the product geometry AdSs x S®. Notice that both AdSs and S® have the
same radius, so that the total scalar curvature of the metric (2.17) vanishes. One
very important feature of this background, as already mentioned at the beginning of
this section, is that it is maximally supersymmetric: after the near horizon limit we
restore the 16 supercharges broken by the brane.

If, besides taking the near horizon limit, we also take the low energy limit o/ —
0, the string dynamics in the throat and the one in the asymptotic flat space get
decoupled. In fact, closed strings in the flat space have in this limit very large wave-
lengths and do not see the throat, whereas strings in the throat do not have enough
energy to climb out of it. Then one again ends up with two decoupled systems given
by type IIB strings in AdSs x S® and, again, free gravity in flat space.

Having obtained ten-dimensional free gravity both in the hyperplane picture and
in the solitonic solution picture of the D-brane, we are led to identify the two other

theories which resulted from the decoupling limit: four-dimensional N’ =4 SYM and
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type 1IB strings on AdSs x S°. In particular, the relations between the parameters

of the two theories are
Gy =4mg,,  R=(dmg,N)"* Vol =\, (2.18)

and the rank of the gauge group N corresponds to the 5-form flux threading the
S5, With the identifications above the two theories are conjectured to be exactly

equivalent at the full quantum level.

Special limits

The AdS/CFT duality gives useful information in limits where either the Yang-Mills
or the string theory can be analyzed quantitatively. Because of difficulties in quantiz-
ing strings in background Ramond-Ramond fields, quantitative results for the string
theory on AdSs x S° are only known in some limits. The first one to be explored is
the supergravity limit where I1B string theory coincides with classical type IIB super-
gravity. The next section 2.2 of this introduction and chapter 4 will be dedicated to
a second limit, called the plane wave limit.

The supergravity limit is obtained by first taking the classical limit g, — 0, holding
R constant. This projects onto tree level string theory. Then one takes the limit of
large string tension, or large curvature. This is done by putting the effective string
tension R?/a/ = \/4rg;N — oo. This isolates the lowest energy modes of the string,
which are the supergravity fields on the AdSs x S° background.

On the Yang-Mills side, the first of these limits corresponds to taking g3,, — 0
and N — oo, while holding the 't Hooft coupling A fixed. This is the 't Hooft large

N (or planar) limit of the gauge theory discussed before. Then, the second limit,
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R?*/a’ — o0, is equivalent to taking A — oo. This gives the strongly coupled limit of
the planar gauge theory.

The g, loop expansion at the classical string level corresponds to N~ correc-
tions to planar results in the gauge theory, while the o’ expansion at the classical
supergravity level corresponds to A™¥/2 corrections to the strong coupling results.

It is this fact, that a solvable limit of string theory is mapped onto a non-trivial
limit of gauge theory which makes the AdS/CFT duality so interesting. At the
same time, this has limited the checks of the conjecture to objects such as two and
three point functions of chiral primary operators [26], which do not depend on the
coupling constant and thus trivially extrapolate between weak and strong coupling,
some anomalies [27][28], where dependence on the coupling constant is trivial, and
also to the computations of expectation values of certain Wilson loops [29][30] and
correlators of Wilson loops with chiral primary operators [31], which we will discuss

in detail later.

2.1.4 Matching the spectra

We now illustrate the relation between the spectra of NV = 4 SYM and type IIB
strings on AdSs x S°. We will see that every operator on the gauge theory side can
be put in a one-to-one correspondence with a state in the bulk.

Gauge theory operators

Since N’ = 4 SYM is a conformal theory where asymptotic states are not defined, with

the term spectrum one indicates the collection of all local, gauge invariant operators
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O(z) that are polynomial in the fields of the theory.!? These operators are organized
in infinite dimensional families which are the irreducible unitary representations of
the SU(2,2|4) superalgebra and are labeled by the quantum numbers of the bosonic
subgroup SO(3,1) x SO(1,1) x SU(4)r of the superconformal group [32][33]. The
labels for the Lorentz group are a pair of integer or half-integer numbers (s, s_), the
conformal dimension A is the label of SO(1,1)! and the Dynkin numbers [ry, o, 3]
the labels of the R-symmetry group (see also [17]).

The conformal dimension A is the eigenvalue of the dilatation operator and can

be read off from two-point functions

(O(2)0(0)) ~ —x - (2.19)

In general A depends on the 't Hooft coupling, i.e. A = Ag + y(A), where A, is the
classical (or engineering) dimension and 7 is called the anomalous dimension.

We present now some of the commonly used nomenclature. Conformal primary
operators are the operators annihilated by the generators K* of special conformal
transformations and, similarly, superconformal primary operators are annihilated by
the conformal supercharges S4.'4 These are the operators with lowest dimension in a
given representation and can be used to obtain superconformal descendants by acting
on them with the supercharges Q4. One can show that only symmetrized products

5

of the scalar fields ® can appear in superconformal primaries.'® Chiral primary

12The gauge invariance condition is respected by taking traces over the gauge group and consid-
ering field strengths and covariant derivatives rather than the gauge fields. The dependence on the
fields must be polynomial in order for the operators to have definite dimensions.

13 A has to be non-negative in unitary representations.

MEvery superconformal primary is also a conformal primary, but the converse is not true in
general.

15This is easy to see by analyzing the transformation properties of the N = 4 fields under Poincaré
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operators (CPO) are the subset of superconformal primaries which are annihilated by
some combination of ()’s. These operators are in shortened or BPS representations
and are of central importance because are protected from quantum corrections and
do not renormalize. Then for chiral primaries A = Ay at any order. A generic 1/2
BPS single-trace CPO with conformal dimension A preserves 8 Q’s and 8 S’s and
can be expressed as

Oa(z) = Cp,.. 1 Tr(®1 . dla) (2.20)

where Cp,..1, is a SO(6) symmetric traceless tensor. One can also consider multi-
trace generalizations and operators preserving less supersymmetry, such as 1/4 and
1/8 BPS operators.’ Using the complex basis X = ®! + i®? YV = & + id*, and
Z = ®° +i®5 eq. (2.20) becomes, for instance, Op = NaTr Z2, where Ny is a
normalization factor, and multi-trace operators are given by O, n;y ~ [, [Tt Z27] "
The 1/2 BPS chiral primaries Oa are in the [0, A, 0] (with A > 2) representation of
SU(4)g.

Bulk modes

In the supergravity limit, it is thought that all operators in the Yang-Mills theory
that are not protected by supersymmetry get infinitely large conformal dimensions
and decouple from the spectrum. The protected operators are just those required to

match the classical field degrees of freedom of IIB supergravity linearized about the

supercharges. Schematically

{Qaw}:F""[@v(I)]v {Q,’JJ}ZD(I), [Quq)]:wv [QvF]:Dw

Then the only fields that are not Q-exact are the ®/. Moreover they have to enter in a symmetrized
combination because the commutator between two ®! appears in the first transformation above.
6We remark though that 1/4 BPS operators have at least two traces and 1/8 BPS have three.
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AdSs x S® background [13].
This spectrum has been worked out in [34]. It is organized in multiplets of
SU(2,2|4) and it turns out that chiral primary operators correspond to the super-

gravity Kaluza-Klein modes after the reduction on the S°

p(r,y) =Y ealr)Yaly), (2:21)
A=0

where ¢ is a generic supergravity field, z are the coordinates on AdSs and YA (y) are a
basis of spherical harmonics on S°. The supergravity fields receive mass contributions

after the compactification on S°, for example, the scalar modes have
m? = A(A —4), A>2. (2.22)

Single-trace operators correspond to single-particle states in the bulk, whereas pro-
ducts of operators are either multi-particle states or bound states (if all operators are
evaluated at the same point). For the complete dictionary between SYM descendants
and supergravity fields see table 7 of [17]. We will come back to this point in much

more detail in section 6.2.

Matrix model description of half-BPS operators

Here we briefly discuss how the dynamics of the half-BPS sector of N'= 4 SYM may
be described in terms of a gauged matrix quantum mechanics model [35].'7 This

description will be the focus of chapter 5.

17For earlier work see [36][37].
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We start by considering the action for the complex scalar field Z on S3 x R
1
Sw@ﬂ:§/ﬂ%ﬁﬁﬂazﬁ—wﬂ, (2.23)

where D,Z = 0,Z + [A,, Z] and the mass term comes from the conformal coupling
to the curvature of the S3, which is taken to have unit radius. Since we are interested

in reducing the action (2.23) to R, we decompose Z in its KK modes on the sphere

oo (I+1)2

2) =30 3 20 V@), (224

=0 m=1

where Y(logn(f) are the scalar spherical harmonics on S®. Their mass is given by
A =141 (with!=0,1,...). The only mode respecting the BPS condition A = J =1
is then the s-wave of Z.

If one repeats this analysis also for the gauge field, one finds that only the s-wave
of the temporal component A; is contained in the BPS sector, whereas the spatial
components have spherical harmonics with A = [ + 2 and are therefore expected to
receive large anomalous dimensions and decouple. The field A; is non-propagating
and plays the role of a Lagrange multiplier enforcing Gauss law. After the reduction

one has a matrix model in one dimension
1
ﬂﬂm:§/ﬁnwwgﬁ—wﬁ. (2.25)

Gauge fixing A; = 0'® and going to the eigenvalue basis {z;} (withi=1,..., N), the

18The effect of the gauge field does not disappear though, for one needs to require gauge invariance
of the spectrum of states of the theory.
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classical Hamiltonian of the system reads

1 N
=) (|EP+ 1wl (2.26)
=1

[\)

Notice that this is a model of complex matrices, different from the usual Hermitian
matrix quantum mechanics. It can be nonetheless argued that the creation operators
for ZT decouple in the half-BPS sector and one is only left with the creation operators
for Z, effectively reducing the complex model to a Hermitian one [35]. Going to the
eigenvalue basis introduces a Van der Monde determinant in the path integral and the
eigenvalues behave as fermions in a harmonic potential [38]. For large N the eigen-
value distribution can be thought of as a distribution of incompressible “droplets” in
the phase space of the fermions, with the ground state being a circle with radius of

order N.

2.2 The plane wave limit of AdS/CFT

The AdS/CFT correspondence has been mostly studied in its “weakest” formulation
of strong coupling, large curvature limit. The reason behind this is that to go beyond
this limit one would need to solve the string theory side of the conjecture, which is

difficult to deal with because of two main complications:

e the curved space AdSs x S%, where the strings live, gives rise to a world-sheet

o-model which is non-linear and therefore hard to integrate;

e the background R-R flux cannot be incorporated in the spinning string formal-
ism, so that one has to use Green-Schwarz superstrings, which are notoriously

complicated to quantize in a covariant way.
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It is then interesting to look for special limits where one can handle these problems,
and extract information beyond the supergravity approximation. One important
example of such limits is a maximally supersymmetric background called the plane
wave background.’® Tt can be obtained as a Penrose limit of AdSs x S® [39]-[43], and is
such that the non-linear o-model defined on it simplifies drastically and can actually
be solved [44][45]. In [46] Berenstein, Maldacena, and Nastase (BMN) took the
analogous limit in Yang-Mills theory, and proposed that a certain class of operators
with large quantum numbers might be the gauge theory dual of the string spectrum
on the plane wave. In this section we review this plane wave/BMN duality,?® which
will also be the central focus of chapter 4, where the string thermodynamics in this

background will be studied.

2.2.1 The Penrose limit

The Penrose limit?! is found by blowing up the neighborhood of a null geodesic of a
given space-time. Every geometry admits such a limit, and, moreover, if this geometry
is a solution of Einstein equations, then also the resulting plane wave is guaranteed
to be a solution. One of the most important feature of the Penrose limit is that
it never breaks any supersymmetry, so that the plane wave limit of a maximally
supersymmetric background as AdSs x S° is still maximally supersymmetric.??

The Penrose limit of AdSs x S° can be obtained starting from the expression for

19This background admits 32 supercharges. In 10 dimensions the only maximally supersymmetric
spaces are flat space, AdS5 x S°, and the plane wave that we shall discuss in the following. Note
that type IIA supergravity does not allow non-flat maximally supersymmetric solutions.

20A clear and detailed account of this topic can be found in [47].

21Tn supergravity contexts it is also sometimes called Penrose-Gueven limit.

22Tn some cases one might even enhance the amount of supersymmetry. For example, one of the
possible Penrose limits of the orbifold AdSs x S°/Zj., the so called discrete light-cone quantization
(DLCQ), doubles the number of preserved supercharges from 16 to 32. In the case of the conifold
AdSs x TH! the enhancement is from 8 to 32 supercharges.
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the metric in global coordinates?
ds* = R? <— cosh? pdt? 4 dp* + sinh? p dQ3 + cos? 0 d¢? + df* + sin? 0 d@g) , (2.27)
and rescaling the coordinates as
r = Rsinhp, y = Rsinf, SL’+I%, v =fR}¢p—1), (2.28)

where f is an arbitrary parameter introduced for dimensional reasons. Taking now
the limit R — oo, while keeping 7, y, and ™ fixed, blows up a neighborhood of a null
geodesic along the circumference parameterized by ¢, with p = 8 = 0. This yields

the plane-wave metric?*

8 8
ds® = 2datde™ — 23 afdatdat +)  da'da’ (2.30)
I=1 =1
Half of the z! comes from the AdSs directions 72> = 3°;_, 2%, and the remaining half
from the S° directions y? = Z§:5 22, however after the Penrose limit they become

indistinguishable. Note that the limit f — 0 gives ten dimensional Minkowski space.

ZFor other space, such as AdSy 7 x ST, orbifolds, and AdS5 x T see [47].
24This is a very special example of pp-wave. A generic pp-wave is given by

8
ds* = 2dxtdx™ + F(zt, 2" )daTda™ + Z daldz! (2.29)
I=1
and is called plane wave if F(zT,2') = 3, frs(z¥)z'z/. The metric (2.30) is sometimes called
homogeneous plane wave, since it has f;;(x*) constant and proportional to §; ;. The pp-wave metric

(2.29) admits a covariantly constant null Killing vector field and consequently does not receive o/
corrections [48]. For the plane wave metric this vector field is also globally defined.
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Under the Penrose limit the selfdual R-R 5-form reduces to the constant expression

F+1234 = F+5678 = 2f~ (2-31>

The dilaton e? = g, is also constant.?> Note that the metric (2.30) has an SO(8)
isometry which is broken down to SO(4) x SO(4) by the 5-form. There is an extra Z
symmetry exchanging these two SO(4) factors, and two non-compact U(1) isometries
corresponding to translational invariance along x+ and z~. Less manifest are 16 extra
symmetries generated by Killing vectors obeying a pair of 4 dimensional Heisenberg
algebras. These Killing vectors generate translations along the 8 transverse directions
2! accompanied by shifts in 27, in such a way that the metric and 5-form remain
invariant. Then the total bosonic symmetries are given by [h(4) x SO(4) x U(1)]* x
Zs [AT]. As already anticipated this background has also 32 Killing spinors. All
these bosonic and fermionic generators form the supergroup [PSU(2|2) x U(1)]* X Z,
which is a Penrose contraction of the original superconformal group PSU(2,2|4) of
AdSs x S°.

Like the supergravity limit, eq. (2.30) is obtained from AdSs x S° when the
curvature is weak and the effective string tension is large, that is R?/a’ — oco. How-
ever, this limit is taken asymmetrically, in a reference frame which has large angular
momentum J ~ R?*/a’ on S°. In this way, the limit retains a particular subset of
the the higher level string excitations. Those excitations are described by quantizing
the string on the background (2.30) (2.31). This background has the advantage that
non-interacting string theory can be quantized explicitly in the light-cone gauge and

the energy spectrum can be obtained [44][45], as we discuss next.

25In the eqgs. (2.30) and (2.31), throughout this review, and in chapter 4 we shall use the notation

n
of [45]. In particular, z* = —= (29 £ 2?).
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2.2.2 The plane wave o-model

The light-cone gauge fixing for the Green-Schwarz type IIB superstring consists in

using the conformal symmetry to set \/g ga» = 7as, and then in imposing
r=ptr, 76 =0, (2.32)

to fix, respectively, the residual diffeomorphism invariance and the xk-symmetry. Here
AT is a 16 x 16 Dirac matrix coming from the off-diagonal parts of the 32 x 32
matrix I'" in ten dimensions, and 67 (with Z = 1,2) represent two ten-dimensional
Majorana-Weil spinors with the same chirality. After gauge fixing one is then left with
16 physical fermions describing on-shell space-time fermionic modes, and both ! and
6? are in the same SO(8) spinor representation, for example the 8. In the light-cone

gauge the string o-model on the plane wave (2.30) (2.31) becomes quadratic [44][45]

L= (0:2"0_2" —mPa}) +1 (0" 0,6°y0_6" — 2me'y116%) (2.33)

N | —

where 0. = 9y & 01, and II is the product of four v matrices.? The fields 2! and 6
are then free and massive with mass m = fp™, the mass term for the fermions coming
from the coupling to the R-R flux of the background (2.31). In the limit m — 0 one

recovers flat space. The Klein-Gordon equations of motion for z7 and 6% read

(040_ +m*)z' =0, 0.0 —mll*> =0, 0_0* —mllft =0, (2.34)

26For more details about this notation see appendix A of [45].
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and can be easily solved expanding in Fourier modes the fields and imposing appro-
priate boundary conditions along the world-sheet o direction. The action (2.33) can
then be canonically quantized in terms of the set of bosonic and fermionic creation

and annihilation operators

R A
.05 =301, T =300 (239)

with m,n € Z*, and a,3 = 1,...,16 are spinor SO(8) indices. The light-cone
Hamiltonian is given by the momentum conjugate to the light-cone time z™ and

reads

H = —p

= f(abal + 20077110, +4) + Y Z Zwm atlar! +nh Ay ) (2.36)
T=12m=1

where the frequencies are w,, = \/ m? + (a/pt f)2. The zero point energy exactly
cancels out between the bosonic and the fermionic contributions, as expected from
supersymmetry, and no regularization is required.

The vacuum |0) carries momentum p* and is defined as the state such that

@l0)=0,  a@'0)y=0, 63l0)=0,  7;*0)=0, (2.37)

and a generic vector in the Fock space is obtained by acting on |0) with af, aZ!, 65,

and nZ® (the indices Z = 1,2 have the meaning of left and right sector). This can be
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restricted to the physical space by imposing on the states the level matching condition

[e.e]

N1|\Ilphys> = N2‘\I]phys> ) N = Zn ( a II + mﬂ Un) . (2-38>

n=1

Consider first the non-zero modes. A generic single-string state is given by al/a2”|0)
and nt*n2°|0) for bosonic modes, and by a/n?*|0) and a2/n'¥|0) for fermionic modes.
Recalling the isometry group of the plane wave background and in order to make
contact later with the corresponding gauge theory operators, it is useful to decompose
the SO(8) vector and spinor indices in SO(4) x SO(4) representations [45]. For
example, if [ = (i,a) then a!'a?|0) decomposes as (4,1) ® (4,1) = (1,1) & (9,1) &
(6%,1)® (67,1). Similarly ala?’|0) decomposes as (1,4) ® (1,4) = (1,1) & (1,9) &
(1,6%) @ (1,67). Both a}'a?*|0) and a;*a?'|0) give (4,1) ® (1,4) = (4,4). The total
number of states in this sector is then 64. This sector is not the same as the NS-
NS sector of flat space since it contains combinations of the metric and the selfdual
5-form.

As for the zero-modes, notice that they are not constrained by the level matching
condition and give rise in the low energy limit to a decoupled sector of the string
spectrum which corresponds to supergravity modes on the plane wave background.
For example, the modes coming from alaf|0) in the SO(4) x SO(4) decomposition

mentioned above form (1,1)® (9,1)® (1,1) @ (1,9) & (4,4), for a total of 36 states.

2.2.3 The gauge theory dual

The natural question to ask at this point is which is, if any, the gauge theory that is
the holographic dual of the string living on the plane wave. Berenstein, Maldacena,

and Nastase proposed in [46] a limit in N = 4 super Yang-Mills which is conjectured
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to the be analog of the Penrose limit.

To motivate the BMN proposal recall that the Penrose limit consists of blowing-up
a geodesic along a combination of the azimuth ¢ of the S® and the global time ¢ of
AdSs, see eq. (2.28). According to the AdS/CFT dictionary translations along ¢ and
rotations along ¢ correspond on the gauge theory side to the actions of the dilatation
operator A and of a U(1) generator in the SO(6) R-symmetry group, which rotates

two of the six scalars of the gauge multiplet and can be called .J

0

0
— «— A — «— J . 2.
i : i J (2.39)

9¢

One is then suggested to consider operators of N' = 4 SYM with conformal dimension
A ~ /N and R-charge J ~ v/N, such that the momenta of the corresponding string

state, identified by?”

1
(A_J)v p+E

5 NI (A+.J), (2.40)

Gl

p =

remain finite as N — oo and J — oo with the ratio J?/N kept fixed in the limit.
These operators with large R-charge J but finite anomalous dimension A — J are
called BMN operators. They are in general non-BPS, but remain close to being BPS

in the large N limit. For this reason they are sometimes said to be “near BPS”.

?"In string theory these are defined by p* = px = 7L [dod.2* and have a simple form only

in the light-cone gauge. In the gauge theory they are defined by the re-scaling of py+ = \%(A FJ)
needed to get the plane-wave limit.
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Eigenstates of A and J and BMN operators

Recalling that p~ is the string Hamiltonian, the identification (2.40) implies then the
equivalence between the string spectrum discussed in the previous section and the
spectrum of the operator A — J. This equivalence between the two spectra is best
seen if one expresses the A = 4 multiplet in representations of the [SO(4) x U(1)]”
subgroup of SO(4,2) x SO(6). Recall that this is the isometry group of the plane wave
(modulo the Heisenberg groups). On the gauge theory side it originates from the fact
that eigenstates of A and J selects, respectively, a U(1)a subgroup of SO(4,2) and
a U(1); subgroup of SO(6)g, breaking both SO(4,2) and SO(6)r to SO(4) x U(1)
factors.

If J is taken to be the generator of rotations in the ® and ®° plane and Z =
5 +i®°, then the U(1), charge of Z is 1 and the charge of Z' is —1. The remaining
four scalars @ have J = 0, as the covariant derivative (gauge fields are trivial under R-
symmetry). Half of the spinors have J = 1/2 and the other half have J = —1/2.%2 On
the other hand, the engineering dimension (namely the dimensions of the operators
in the free theory) for all the scalars and the covariant derivative is Ay = 1, while
for the fermions is Ag = 3/2. Considering for brevity only the bosonic fields one has

then

Bo—J)(Z) =0,  [Bo—JNZ) =2,  [B—JJ®) =1,  [Ag—J|(D,) =1.

(2.41)
Both Z and Z' are singlets of SO(4) x SO(4) (where the first group comes from
SO(4,2) and the second one comes from SO(6)r), whereas ®* and D, are in the

(1,4) and (4, 1) representations, respectively.

28We call with the same symbol, J, both the operator and the eigenvalue, ditto for A.
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BMN operators are completely specified in terms of their Ay — J charge, their
SO(4) x SO(4) representation, and the number of traces [47]. The simplest example
of BMN operators is represented by single-trace chiral primaries O(x) = N, Tr Z7(x).
These operators have Ay = J and are clearly singlets of SO(4) x SO(4). They can

be identified with the single-string vacuum |0) defined in eq. (2.37)

O’(0) < |0). (2.42)

The chiral-primary operators have protected conformal dimensions being 1/2 BPS.
Then they are eigenstates of the full dilatation operator A and have A — J = 0
exactly. The same is true for multi-trace operators, which, according to the BMN
dictionary, should correspond to the multi-string vacuum.?’

At the next level there are operators built out of Z’s and one impurity, namely
a field with Ag — J = 1. One example is O/ (z) = N;; Tr ®'Z7. In total there are 8
bosonic (corresponding to the insertions of the 4 ®' and the 4 D,) and 8 fermionic
single-trace operators at this level. These are all descendants of chiral primaries and
are therefore also exact eigenstates of A — J = 1. On the string theory side they
correspond to a}|0) and 65|0). One can similarly go on and consider operators with
two or more impurities and match them to the appropriate string states. For more
details see [47].

The plane-wave limit of the Yang-Mills theory has two parameters, gy, and the

ratio J2/N which must be held fixed as N — oo. Combinations of them which appear

2More precisely, if, for example, O"O*(x) = N, sTr Z"(2)Tr Z*(z) (with r + s = J), then the
total momentum p* of the double-string vacuum is split between the two strings as rp™ and sp™.
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naturally in the Yang-Mills perturbation theory are

2 N
N = gy}‘g , (2.43)
and
J2

It was shown in [49][50] that A" governs the loop expansion in Yang-Mills theory and
it also fixes the distance scale in string theory. Also, the constant g, is the effective
string coupling in that it governs the loop expansion in string theory. It plays the
same role in Yang-Mills theory where it weights Feynman graphs by the genus of
the two dimensional surface on which they can be drawn without crossing lines. In
light-cone quantization it is natural to consider states which have a fixed light-cone
momentum pt. In this case, we can easily see hat g, is related to string loops by
using the second equation in (2.40) to trade the Yang-Mills parameters for the pair

gs and pT, the light-cone momentum of the string,

fa'pt)® 2
92 = G L o, (o)’ (2.46)

The free string theory is obtained by putting 47g, = g, — 0 in conjunction with
the large N limit, with the combination (fa’p™) non-zero and fixed. This is just
the limit where )\ is held constant and g is set to zero. In this limit, all quantities
depend on the parameters gy and N only through the the combination g&,,N = A,

the 't Hooft coupling. This means that free strings are described by the planar limit
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of Yang-Mills theory.

It has been checked explicitly that the spectrum of free strings is found in the
conformal dimensions A of certain Yang-Mills operators computed from planar Feyn-
man diagrams [46][51]-[53]. One-loop corrections to the string mass spectrum have

similarly been related to computations on the gauge theory side [54]-[65].

2.3 Wilson loops in the AdS/CFT correspondence

A Wilson loop is a non-local gauge invariant operator whose expectation value gives
the phase factor associated to a charged and heavy external particle moving along a

contour C

W(C) = Tt P exp <z f/i; AMQJ“) : (2.47)

where P means that the integral has to be path-ordered and the trace is over the
representation, usually taken as the fundamental, of the external particle.® These
operators are extremely interesting because play the role of order parameters and can

31 In

therefore be used to study the confining/deconfining phases of a given theory.
fact, it turns out that the potential V(L) between two probe charges at a distance
L is given by the expectation value of the rectangular Wilson loop defined by two
parallel lines of length T" and spatial separation L

lim (W) = e TV@) (2.48)

T—o0

30Tn mathematical terms this is the trace of the holonomy of the gauge connection A after parallel
transport along the curve C. Notice also that we are probing an adjoint theory with fundamental
objects, see Witten’s lecture on Wilson lines in [66].

31For finite temperature the natural order parameter is a generalization of eq. (2.47), the Polyakov
loop, where the contour is the compactified time direction in Euclidean signature Sé, and the period
0 is identified with the inverse of the temperature.
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A confining phase exhibits a linear potential between the two charges, V(L) o L.
The exponent in eq. (2.48) goes then like the area of the loop, a behavior referred
to as area law. A non-confining phase on the other hand, like a Higgs phase where
electric charges condense and V(L) is constant, presents a perimeter law behavior.

For a conformal theory the potential is Coulombic, as we shall see in the following.?

2.3.1 Wilson loops in N = 4 super Yang-Mills

We extend now the gauge theory definition (2.47) to N/ = 4 super Yang-Mills theory.
As briefly mentioned above, the data which characterize a Wilson loop are the contour
C along which one integrates the gauge connection and the representation R of the
gauge group. In a supersymmetric context it is natural to define C in the superloop
space parameterized by {z*(7), y' (1), £5(7)}, where x# and y! are bosonic directions
which couple to the gauge field A, and the six scalars ® of the N' = 4 gauge
multiplet, while £% are fermionic directions associated to the spinors ¥2. Gauge
invariance requires the loop in the four z# directions to be closed, ¥’ and £ on the
other hand may be arbitrary. One can actually suppress the fermionic directions,
since a loop operator containing the ¥ is a supersymmetry descendant of a loop not
containing them. Then a N/ = 4 supersymmetric Wilson loop is naturally defined (in
)33

Euclidean signature)” as

B 1
 dimR

Wx(C) TrRPeijng [iA,(T)i" + @' (T)y' ] . (2.49)

32Wilson loops have numerous other applications, also at the interface between physics and math-
ematics. For example, Wilson loops in Chern-Simons theory have been proven in [67] to compute
knot invariants, such as the Jones polynomials.

33In Minkowski signature the ¢ multiplying A, goes in front of the integral. Notice also that the
exponent is not a pure phase.
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The irreducible representations R of SU(N) can be expressed in terms of Young
diagrams. For the moment we take R = [, the fundamental representation, but later
on in section 2.3.3 we shall consider more general cases, which will be in fact one of

the focuses of chapter 6.

Supersymmetry

Let us now study the invariance properties of the loop (2.49) under the Poincaré and

conformal supersymmetry transformations of the gauge and scalar fields

5@ AM = \IIFMEO 3 5@ (I)I = @FIEO 3
0g A, =T, 2T e,  Jg®l = UM a¥Te . (2.50)

Here W is the ten-dimensional spinor appearing in the action (2.5) and the transforma-
tion parameters € ; are two ten-dimensional 16-components Majorana-Weyl fermions
of opposite chirality. Focussing for the moment on the Poincaré supercharges one

finds that 0o W (C) = 0 implies [68]
(T, + Ty ) eg = 0. (2.51)

For a fixed 7 this equation has eight independent solutions if (il“”:'c“ + gt ) squares

to zero. This happens, recalling that the matrices I'* and I'! anticommute, if

it —9?=0. (2.52)
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This is solved for ¢’(7) = |#|©!(7), where © is a unit vector on R%.3* Then the

Wilson loop (2.49) becomes (choosing, as already mentioned, R = [J)
1
W(C) = NTrPeXp%dT [iA,(T)i* + |&]|® (1)07 (1) ] . (2.53)
c

Notice though that this solution, because of the dependence of ©f on 7, makes the
Wilson loop (2.49) only locally supersymmetric. In order to have a globally super-
symmetric loop one needs to require that the same Killing spinor be preserved at each
point. Taking the unit vector ©! constant implies that the loop must be a straight
line, ## = 0, say along the time direction.® One can then always use the SO(6) sym-
metry to rotate ©f in such a way that the loop will only couple to one scalar. Other
ways of constructing non-trivial solutions to eq. (2.52) will the subject of section 6.1.
There ©! will not be constant but will depend on the shape of loop in a non-trivial
way, and the loop will in general couple to more than one scalar.

A similar computation can be carried over for the superconformal charges and
one sees that the straight line Wilson loop preserves separately 8 Poincaré and 8
superconformal charges and is therefore 1/2 BPS.

The symmetry of the straight line loop is the Osp(4*|4) subgroup of SU(2,2|4).
Switching for a moment to Minkowski signature, it is easy to understand the origin of
the bosonic subgroup. The conformal group SO(4,2) ~ SU(2,2) is broken down by
the loop to SO(1,2) x SO(3) =~ SU(1,1) x SU(2) ~ SO(4*). The first factor consists

of the three generators P, A, and K of the conformal group along the preferred

34In Minkowski signature eq. (2.52) reads 22 + 2 = 0, and one could also consider another non-
trivial solution given by light-like loops 22 = 0 with g’ = 0 for every I. These loops are effectively
non-supersymmetric because they do not couple to the N’ = 4 scalars. Light-like Wilson loops with
cusps find vast applications in the computations of anomalous dimension of twist operators [69]-[72].
35The line has to be infinitely long for gauge invariance.
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direction defined by the loop, while the second one is the group of rotations around
the line. The R-symmetry group SO(6) ~ SU(4) is broken by a specific choice of ©f
to SO(5) ~ Sp(4).

Next we briefly review the perturbative expansion of the loop (2.53) and introduce

a second 1/2 BPS loop, the circular loop [29].

The circular loop in perturbation theory

Expanding the exponent in eq. (2.53) to second order and setting ©! = const., we

find that the combined gauge and scalar propagators, defining ;) = x(7;), read®

g? 0" x|l — Tq) - T
471'2 ‘SL’(l) — I(Q) |2

(gt + o 0" ) (14430, + |ie)|©7®h) ) =

(2.54)

For the infinite straight line it is obvious that this expression vanishes. Then one

anticipates the expectation value of this loop to be 1, and we will in fact recover this
result from the dual description in the bulk.

The straight line considered so far is not the only 1/2 BPS loop operator. A cir-

cular Wilson loop can be obtained from it by performing a conformal transformation,

more precisely an inversion around the origin

R —— (2.55)

36This expression is obtained in the Feynman gauge where, up to the index structure, the gauge
and scalar propagator in configuration space are equal and given by %1—12.

Inserting the propagator (2.54) in a smooth loop, one expects a priori a linear divergence when
the two legs of the propagator approach each other. It was shown in [73] that, at any order in
perturbation theory, this divergence in fact cancels between gauge and scalar fields provided that
eq. (2.52) is satisfied. If the loop has cusps or self-intersections then an additional logarithmic

divergence arises.
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The resulting loop still preserves half of the supercharges, but a different combination
than before, with Poincaré and superconformal charges mixed together [74]. The
symmetry group is still Osp(4[4*), although realized in a less transparent way (see
section 6.1).

One could think that the expectation value of the circular loop should also be
trivial, but it turns out that this is not true [29], because of a conformal anomaly
coming from mapping the point at infinity to the origin [30]. This can be understood
considering that the transformation (2.55) is not a symmetry of R?*, but only of S%.

Taking the explicit parametrization for the circle z* = (cos 7,sin7,0,0) , one can
readily see that the propagator (2.54) reduces to a constant

g25ab

W . (2-56)

((iagityy + i 0'®f ) (iA%if, + |ie)|©7®%) ) =
It is then possible to sum the infinite class of Feynman diagrams without internal
vertices, the so-called ladder or rainbow diagrams, and find a result valid for any
value of the 't Hooft coupling A. It is in fact believed that graphs with internal
vertices cancel at any order in perturbation theory and one is then left only with free
propagators [29]. This conjecture has been checked at order A%, where the graph with
one internal 3-vertex cancels against the 1-loop self-energy correction of eq. (2.54).
Explicit computations at higher orders have not yet been performed, but a formal,
albeit incomplete, proof of the conjecture based on the conformal anomaly mentioned

above has been presented in [30].%

3TThe argument goes roughly as follows. Starting from the straight line and performing an in-
version the gauge propagator gets modified by a total derivative, which is equivalent to a gauge
transformation. This transformation is singular at the origin, and computing the contribution from
the singularity one can show that it is given by a matrix model. This is shown to hold at any order
in perturbation theory.
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The Gaussian matrix model

The fact that the propagator (2.54) loses the coordinate dependence for the circular
loop suggests that it might be possible to map the problem of summing the ladder
diagrams of the circle to a 0-dimensional matrix model [29]. Further, since interacting
graphs are conjectured to cancel in the perturbative expansion we also expect this
matrix model to be quadratic. This model is also taken to be Hermitian and is defined

in terms of its partition function

Z = /[dM] exp (—%Tr M2) : (2.57)

The expectation value of the circular Wilson loop is then given by [29][30]
1w\ 1 ON N\ 1.
(W) = <NTre > = /[dM] exp ( 3 Tr M ) NTre . (2.58)

This expression is valid, up to instanton corrections [74], to all orders of 1/N and A.

Using classical methods in random matrix theory [38] one finds

(W = 7% /f; do /A —a2 et = %11 (VA) . (2.59)

where the square root under the integral is the Wigner semi-circle distribution, and
I, is a modified Bessel function.®® This expression is valid for any value of . In

particular we can compute the strong coupling limit of eq. (2.59), which is the

38This expression is obtained with a saddle point approximation in the planar limit of infinite V.
It is also possible to solve the matrix model exactly, leaving N finite and thus including non-planar
corrections, by using (Hermite) orthogonal polynomials [30]. The result turns out to be

(W) = - exp (SLN) Ly, (—SLN) ,
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interesting limit for a comparison with the string theory computation. For A — oo

one has

26\/X
W)=\ =7

=\ = (2.60)

This expression does not depend on the radius of the circle, as requested by conformal
invariance, but only on the dimensionless parameter A. In the asymptotic expansion
of the Bessel function also appears another, subleading contribution which we did not
include in the formula above and goes as ie=VX. This term is associated to instantonic

correction and will be discussed in more detail in section 6.3.

2.3.2 Bulk description as minimal surfaces

Equipped with the strong coupling result (2.60) for the circular loop, we present
now the dual, bulk description of Wilson loops as sources of fundamental strings in
AdSs x S°.

It was proposed in [75][76] that a Wilson loop in the fundamental representation
of the gauge group should be associated to a string extending on the bulk of AdSs x S®
and landing on the boundary along the contour of the loop. Then the expectation
value of the loop operator is given by the (regularized) area of the minimal surface
swept by the string. Here we motivate this proposal and discuss it in detail.?*

As explained above, the Wilson loop gives the phase factor of an external probe

in some representation of the gauge group that, so far, we have taken to be the

where LY, is a Laguerre polynomial. Expanding this expression for large N yields
2 A A2
2 (VA) 42 (VA) 4 (VA)
o VA VTSR VA * T2goNt VA)+

39 A nice review can be found in [77].
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fundamental one. In N = 4 super Yang-Mills there are no “quarks”’, but a funda-
mental particle can be mimicked in the following way. Consider a stack of N + 1
D3-branes and then move one of them far away from the remaining N. There will
be a very long string stretching in-between, which can be interpreted as a very heavy
“W-boson”. The endpoints of this string are the external non-dynamical sources that
we call quarks. After taking the decoupling limit discussed in section 2.1.3, the string
extends in the bulk of AdS5 and lands on the loop on the boundary.

At the gauge theory level this consists in giving a large expectation value to one
scalar and in breaking the gauge group U(N + 1) — U(N) x U(1). The resulting
off-diagonal bosons are in the fundamental of U(N). The amplitude for one of these
W-bosons with mass m to go around a loop C of length I(C) is given (in the limit of
large m) by

A~ e O (C)). (2.61)

According to the proposal in [75][76], this amplitude should be equal to the world-

sheet area of the string associated to the contour C
A= / (AXH][dy " idha] exp (—VASIX,V.H]) | (2.62)

where one must impose the following boundary values on the fields: X*#|c = z*, the
coordinates parameterizing the loop, and YZ|o = y!, see eq. (2.49). Considering
the limit of large A the integral can be evaluated on the saddle point, where string
fluctuations are suppressed and the action is the (minimal) area of the classical surface

lim A = e VAArea©) (2.63)

A—00
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Then
(W(C)) ~ exp [— (\/XArea(C) — ml(C))} : (2.64)

The worldsheet area, being the string infinitely long, is formally infinite but is regu-
larized subtracting the term m[(C) A detailed discussion of this issue can be found
in [73].

The classical surface has always the minimal area for a given set of boundary
conditions and the counterterm m[(C) is always larger than the minimal area. Then
the renormalized area is always negative. As a consequence, the generic behavior for

a Wilson loop at strong coupling is
(W(C)) ~ eV, (2.65)

where « is a non-negative constant.
We illustrate this in three important cases.
Infinite straight line

The simplest example where one can start testing this prescription is the infinite
straight line, whose expectation value is expected to vanish.
To describe this system we use the Poincaré metric with cartesian coordinates on

the boundary (the radius of AdSs is set equal to 1)

4
1
s’ g = > (dz2 + de?) . (2.66)
=1

Then we can take the loop along the x; direction, with zo = x3 = 4 = 0 and sitting

at a fixed point ©! on the S°. It is convenient to choose a static gauge where the
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world-sheet coordinates are taken to be {z,21}. The Nambu-Goto action for the

fundamental string stretching in the interior of AdSy; and landing along the loop is

Syg = ! /dzd:rlx/detv

2ma!
1 [ X1 1 XV
2ol /ZO Z/O o 212y (267)

where v = G, 0,2*0px” is the induced world-sheet metric, X; is the length of the
loop (which is eventually sent to infinity), and zy is a cut-off introduced to regularize
the action.

As explained in [73], it is necessary to add an appropriate boundary term for the
transverse scalar z. In fact it turns out that one needs to Legendre transform the

action in such a way that it depends on p,, the conjugate momentum of z, rather

oL
Sbdy = —/ Zp, = —/ z 51\/@ , (2.68)
oM oM <

where the derivative of £y with respect to 2’ is computed considering a non-static

than on z itself

gauge where the world-sheet coordinates are {Z, x1 }, with z = z(Z), and finally setting

z = 2. One has then

= —Xlﬁ, (2.69)

z=2z0 27'('20

X1 \/X
dey = —/ d(L’l -_—
0

2mz

which exactly cancels eq. (2.67), giving (W (line)) = 0.
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Circular loop

The computation for the circle is very similar to the straight line case and we do not
report it here. One finds again a divergent expression for the Nambu-Goto action

Sya = VA (i - 1) . (2.70)

20

The first term is cancelled by the boundary condition for the scalar field and one is

left with the second term, so that
(W (circle)) = V. (2.71)

This exactly reproduces the leading behavior of the strong coupling result (2.60)
obtained from the matrix model on the boundary.

A more precise match with eq. (2.60) comes from considering the zero modes
arising when gauge fixing the integral over the metrics. These give a factor of A\/*
for each zero mode integrated in the path integral. The number of zero-modes turns
out to be three times the Euler character of the world-sheet, which has the topology
of a disk and therefore y = —1 [78]. This account for the factor A=* in eq. (2.60).

Other corrections come from considering string fluctuations around the classical
surface [78]. They go in powers of A™/2 and correspond to an o expansion of the

world-sheet o-model.
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Quark—antiquark potential

As last example we present the result for the potential between a static quark—
antiquark pair [75][76].%° This potential is given by the expectation value of two
antiparallel straight lines along the Euclidean time, representing the positions on the
boundary of the quark ¢ and the antiquark ¢g. The length T of these lines is taken to
be much larger than their spatial separation L. Both g and § sit at the same fixed
point on the 5-sphere.*!

One finds that, after subtracting the contribution coming from the infinite mass of
the string connecting ¢ and ¢, the regularized world-sheet area yields a non-confining

Coulomb potential [76]
AV
r/4)'L’

(2.72)

Notice that this potential scales as v/, differently from the weak coupling result which
scales as A. The inversely proportional dependence on L is dictated by conformal
invariance: L is in fact the only scale in the setup, and 1/L is the only way to achieve
dimensions of energy. Any other dependence on the distance between ¢ and ¢ would
require a second scale which cannot appear because of conformal invariance.

One way one could have anticipated this result is by thinking in terms of the warp
factor of the AdSs metric 1/2% [18]. Increasing the distance between ¢ and ¢ pushes
the string into regions of greater z and therefore smaller 1/22, decreasing the value

of the proper renormalized area of the world-sheet.

40As already explained above, with the word “quark” one indicates in this context the endpoints
of a long fundamental string connecting the stack on N D3-branes with the one D3-brane sitting far
away from the others.

41This is a non-BPS configuration, where the Coulomb force between the two charges and the
gradient of the transverse scalar field are both attractive and therefore generate a non-vanishing
potential [75]. The configuration with ¢ and ¢ at antipodal point of S® is on the other hand BPS
and does not give rise to a potential, because of a cancellation between two opposite forces.
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2.3.3 Giant Wilson loops

So far we have always considered Wilson loops containing traces over the fundamental
representation of the gauge group. We now move on to presenting the bulk description
of higher rankloops, i.e. loops in representations other than the fundamental.*?> These
loops will be the subject of sections 6.2 and 6.3.

The first guess for a bulk description of higher rank loops, coincident loops, or
multiply wrapped loops would be to consider a set of coincident fundamental strings
all landing along the loops on the boundary [79]. This approach presents serious
technical difficulties arising from the fact that the string world-sheets develop conical
singularities and branch cuts, whose locations need to be integrated over.

A more effective way to describe such loops has been first proposed in [80],%
where it was suggested that a multiply wrapped loop might be associated to a D3-
brane extending in the bulk and pinching off at the boundary landing on the loop.
This proposal is based on merging two ideas: the first one is to generalize to the
AdSs x S® background the picture first put forward by Callan and Maldacena [83],
that a fundamental string ending on a D3-brane in flat space can be described in
terms of a curved D3-brane with a localized spike carrying a unit of electric flux, and
the second one is the idea, known as Emparan-Myers polarization effect [84][85], that

coincident strings can polarize into a single D-brane.

42We illustrate the explicit meaning of the symbol Trg in the case of a Young diagram with two
boxes. There are two such diagrams: the symmetric (0 and the antisymmetric H. The traces over

these two representations are given by
Tr M : M;MZJ —

(nina] + 2 i) = o (Te M2+ (Te M)

N~ =
Il
N~ =

M MiMI - (M;Mg’ - M;.’M;’) (ﬂ M2 — (Tr M)z) .

43See also [81][82].

o1



This brane picture has the advantage of automatically encoding the interactions
between the coincident strings and yields all non-planar contributions to the expec-
tation value of the higher rank Wilson loop [80].%4

If we indicate with & the rank of the loop, the number of coincident loops or the
number of windings, the D-brane must have k units of fundamental string charge
dissolved in its world-volume. Further, it must preserve the supersymmetries and the
SO(1,2) x SO(3) x SO(5) isometry group of the gauge theory operator.

It turns out that there are two kinds of branes with these characteristics: an
electrically charged D3-brane with AdS; x S? world-volume and charge k, and a
D5-brane with AdS; x S* world-volume and, again, charge k. Both the D3 and
D5-brane are 1/2 BPS and both have an AdS, factor which can be associated to
the fundamental string world-sheet. The difference between them is that the D3 is
completely contained in AdSs, whereas the S* factor of the D5 is inside S°.4°

The holographic dictionary that has been established in [80][81][88] connects the
D3-branes to Wilson loops in the rank & symmetric representation’® and the D5-
branes to the rank %k antisymmetric one.*”

This brane picture is very reminiscent of the giant/dual giant graviton picture for
chiral primary operators [91]-[93]. A giant graviton is a D3-brane wrapping an S® C

S5, whereas a dual giant graviton wraps an S® C AdSs. Both describe excitations

44For "t Hooft loops see [80] and for applications to finite temperature see [86].

45 As a consequence, as long the D5-brane preserves an SO(5) group, its volume is always propor-
tional, independently on the shape of the loop on the boundary, to the area of the string world-sheet,
the constant of proportionality being an universal factor [87].

46In the limit of N — oo and A — oo it turns out that the symmetric Wilson loop coincides with
the multiply wound one [89][90].

47By checking the brane results against matrix model computations, the connection between the
D3-brane and the multiply wound loop and between the D5-brane and the antisymmetric loop was
first seen in [80] and [81], respectively (see also [89][90]). A more formal proof of this dictionary was
later given in [88], by using defect conformal field theory arguments.
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with large angular momentum J ~ N. Inspired by this analogy, one can call the
D3-brane dual giant Wilson loop and the D5 giant Wilson loop. The role of J is
played in this context by the charge k.

The brane probe approximation discussed so far is valid when k£ ~ N and breaks
down if £ > N. In that regime the brane backreacts on the geometry and the
AdSs x S5 space is deformed into the supergravity solutions studied in [94][95].48

In section 6.2 we will make explicit use of the solutions for the D3 and D5-branes

associated to higher rank loops. We therefore review them in detail in the following.

The D3-brane

We start with the D3-brane found in [80] and consider a circular Wilson loop of
radius a placed on the boundary of AdSs. The metric on AdS5 can be written in

polar coordinates as
1
ds? g = > (d2® + dr} + ridy?® + dry + r3d¢?) . (2.73)

The position of the loop is defined by r; = @ and z = ro = 0. As explained above,
we look for a D3-brane which pinches off on this circle as z — 0 and preserves a
SO(1,2) x SO(3) x SO(5) isometry.

The bulk action includes a DBI part and a Wess-Zumino term, which captures

the coupling of the background Ramond-Ramond field to the brane

Sps = Tos / I 2 F) — T / PlCi). (2.74)

48This is, again, very similar to what happens for giant gravitons when J ~ N2. The resulting
geometry in this case is the LLM “bubbling AdS” space which will be the focus of chapter 5.
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where Ths = is the tension of the brane, 7 is the induced metric, F' the electro-

N
2m2

magnetic field strenght, and P[C4)] is the pull-back of the 4-form

rire

0(4) = —d T1 AN d@b VAN d’l“g N d¢ (275)

to the brane worldvolume. It turns out to be more convenient to use a new set of

coordinates obtained by transforming {z, r1, 7o} into

asinn acosm a sinh psin 6§

o7 cosh p — sinh pcos @’ e cosh p — sinh pcos @’ 2= cosh p — sinh pcos @

(2.76)

In this coordinate system the metric on AdS; reads

1

2

dsigs = D)
sin“n

(dn* + cos®n dy* + dp® + sinh® p (d6” +sin® 6 d¢*)) ,  (2.77)

where p € [0,00), 6 € [0, 7], and n € [0, 7/2]. The Wilson loop is located at n = p = 0.
One can pick a static gauge in which the worldvolume coordinates of the brane are
identified with {1/, p,0,¢} and the brane sits at a fixed point of the S® determined
by the constant unit vector ©f € R®. The remaining coordinate can be seen as a
scalar field, 7 = n(p). Because of the symmetries of the problem the electromagnetic
field has only one component, Fy,(p). In this coordinates the DBI action in eq. (2.74)

reads

§ sinh?
Sppr = 2N / dpdew cos? (1 +n2) + (272 sin* nF2, , (2.78)

Sin
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while the Wess-Zumino term is

cos nsin @ sinh? p

— (cosn + 1’ sinny
sin® 7

inh p — cosh p cos
Swy = —2N / dpdf PP T COSTpEOS ).(2.79)

cosh p — sinh p cos 6
The solution to the equations of motion reads [80]

ik kYA

= —, =—. 2.80
8N sinh? p "TOUN (2:80)

1
sinn = —sinh p, Fyp
K

From this solution one can see that k is not constrained for the D3-brane. In fact k
determines the position of an AdS, x S? foliation of AdSs which is a non-compact
space. This has to be contrasted with the D5-brane case where we shall find a bound
on k.

The bulk action has to be complemented with boundary terms for the worldvolume
scalar 77 and for the electric field F,. These terms do not change the solution but

alter the final value of the on-shell action which reads
Sps = Sper + Swz + dey = —2N(I<LV 1+k24+ sinh ™t li). (2.81)

The expectation value of a Wilson loop in the rank k& symmetric representation is

then
(Ws,) = exp [2N (/-f\/ 1+ k2 +sinh™! /{)} ) (2.82)
For small x this expression reproduces the result of £ fundamental strings

(Wg,) ~ eV, (2.83)
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The D5-brane

We now move on to reviewing the D5 solution found in [81], albeit in a different

system of coordinates. We find convenient to take the AdSs x S° metric as

ds* = cosh®u(d¢? + sinh?Cdyp?) 4 du® + sinh?u(dv? + sin®9d¢?) +

+ d6* + sin®0dQ] (2.84)

where we have written the AdS; factor as an AdS, x S? fibration. These coordinates

are related to the usual Poincare patch by

a cosh u sinh ¢ a sinh u sin v
ry = r2 =
"™ coshu cosh ¢ —cosVsinhu’ > coshucosh (¢ —cosvsinhu
2= ¢ (2.85)

cosh 1 cosh ¢ — cos¥sinhu’

where, as before, a denotes the radius of the Wilson loop. In these coordinates the
Wilson loop is at ( — oo, v = 0 and it is parametrized by 1. The selfdual 4-form
potential can be taken to be

1 1
Cuy =4 <% 3 sinh4u) dHy N dSy — <g 0 — sin 260 + 3 sin 49) dQy, (2.86)

where dH, denotes the volume element of the AdSs part of the metric.
Since we want to construct a D5-brane with AdS; x S* worldvolume, it is natural
to take a static gauge in which ¢, and the coordinates of the S* C S% are the world-

volume coordinates. Furthermore we can take the following ansatz which preserves
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the SO(1,2) x SO(3) x SO(5) symmetry of the Wilson loop

u=0, 0 = const. , (2.87)

and only the Fy. component of the worldvolume gauge field is turned on. With this

ansatz the DBI and Wess-Zumino parts of the D5 action reduce to

Sppr = TD5/d60\/det(7ab+27ra’Fab)

2N 472 F?
= 2V [ d¢sinh(sintoy /1 + — —¥¢ 2.88
37r\/_/ ¢ sinh ¢ sin \/ + SnhC (2.88)
and
SWZ = —27TOéliTD5/FAP[C(4)]
4iN 1
— %/dCFM (gﬁ—sin29+§sm49) : (2.89)

where we have used Tps = Nv/ /87 and vol(€,) = 87%/3. The equation of motion
for the electric field states that the conjugate momentum is a constant equal to the

number of fundamental string charge k dissolved in the D5-brane

_ —i 6L 2N Esin*6 2N

3 1
==+ — | =0 —sin20 + —sin46 | = k 2.90
o 5Fw¢ 3r VI 7 + 3 <2 sin 26 + 8sm ) ) ( )

—2mi Fyc
v/ sinh¢*

mine the angle 6 at which the D5 sits as a function of &k

where for convenience we have defined E = This equation allows to deter-

) k
0, —sinby, cosl, = 7w N (2.91)
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while the electric field is given by E = cosf;. One can check that with this ansatz
the equation of motion for u is also satisfied.

Notice that eq. (2.91) puts a bound on k, which has to be less than N. k in this
case determines the location of the brane on S°, which is a compact space. Another
way to understand this bound is by recalling that a Young diagram of SU(N) can
have at most N boxes in every columns, otherwise gives a trivial representation.

All this is again very similar to the bound J < N found for the momentum of a
giant graviton.*?

Adding the appropriate boundary terms for the electric field and the worldvolume

scalars (see [81][87] for details) the on-shell action for the D5-brane becomes
ON ~
Sps = SDB[+Swz+dey = —g Asin” 6y , (2.92)

so the expectation value of the Wilson loop in the rank & antisymmetric representation
is given by

(Wa,) = exp @—N\/X sin® 9k> : (2.93)

™

As previously noted in the literature, this result is consistent with the duality between
the rank £ and rank N —k antisymmetric representations: indeed, it can be seen from
eq. (2.91) that under & — N — k the angle ), goes into m — 6. It can also be checked
that in the limit k/N — 0, in which the S* factor shrink to zero size, eq. (2.93)
coincides with the action of k fundamental strings, as for small k/N eq. (2.91) gives

0} ~ 3mk/2N, so that (Wy,) =~ exp kvV/\.

49This phenomenon is known as stringy exclusion principle [91].
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Chapter 3

Twistor string theory

3.1 Introduction

In 2003 Witten [96] proposed an interesting counterpart to the string description
of strongly coupled N = 4 super Yang-Mills discussed in the previous chapter. He
discovered in fact a remarkable connection between weakly coupled N' = 4 super Yang-
Mills theory and a particular version of topological string theory, the B-model on the
twistor space CP3*. More precisely, he pointed out that perturbative amplitudes of
the gauge theory can be interpreted as a D-instanton expansion in the topological
theory.

The interest in this twistor construction was mainly motivated by the possibility
of developing very efficient computational techniques which allow to reorganize in a
clever way the perturbative expansion of scattering amplitudes. In fact, after stripping
out the color information, tree level Yang-Mills theory is effectively supersymmetric
and therefore this proposal provides a new, suggestive approach to the study of Yang-

Mills amplitudes. In particular some seemingly accidental properties of scattering
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amplitudes, like the holomorphicity of the renowned MHV Parke-Taylor formula for
the scattering of gluons, receive a new elegant interpretation in terms of localization
over certain subloci of the string target space CP?1*.

In this chapter we describe the basics of twistor string theory. We start with
a discussion of localization properties of scattering amplitudes in twistor space and
then present the corresponding string theory interpretation. Finally, we conclude with

illustrating the twistor inspired CSW formalism for computing scattering amplitudes.*

3.2 Scattering amplitudes in twistor space

3.2.1 The spinor-helicity formalism

The complexified Lorentz group in four dimension, with signature (+ — ——), can
be locally decomposed as SO(3,1)c ~ SL(2)c x SL(2)¢, and its finite-dimensional
representations are labeled by a pair of integer or half-integer numbers, (p,q). We
indicate with A\, (with @ = 1,2) a negative helicity spinor transforming as (%, O), and
with Ay (with @ = 1,2) a positive helicity spinor transforming as (0, %) Both A\ and
) are defined to be Grassmann-even objects, and because of this “twisted statistics”

are called twistors. The undotted spinor indices are lowered and raised with the

antisymmetric tensor €., and its inverse €? (obeying €®e,. = §% and with €9 = +1)

N =€), , Ao = €A’ (3.1)

INice reviews of these topics, from which we heavily draw, can be found in
[97](98]. See also Witten’s lectures at PiTP 2004, which are available online at
http://www.admin.ias.edu/pitp/2004/schedule.html.
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and, similarly, the dotted indices are lowered and raised with €,; and €. Given two
spinors of the same chirality, A and N or A and ), we can define antisymmetric inner

products
XY = eAN AN = e AN (3.2)
such that (A, \) = —(\, A) and (A, \) = 0. Likewise for the opposite chirality spinors
A = —[V. A and (3 4] = 0.
The vector representation of SO(3,1)¢ is the (%, %) = (%, O) ® (0, %) and one can

thus represent a momentum vector p,, (with g =0,...,3) in terms of a bi-spinor pg,

pa[zzagap;LZPO_'_&'ﬁv (33>

with & being the 2 x 2 Pauli matrices. From this identification follows that

pu P = det(pas) = pi — P, (3.4)

and therefore p,, is light-like if and only if p,, has rank strictly less than 2. A generic
rank 2 bi-spinor can be written as pus = AaXs + flafla, whereas rank 1 bi-spinors are

those that can be written in terms of a single pair of spinors A\, and Ay 2

Paa = )\a)\a . (35)

2In Lorentzian signature (+ — ——) momentum is real, so that p,; is hermitian. This implies
that A = +\, where the =+ signs are for future pointing and past pointing null vectors respectively,
and therefore A and \ are not independent. In (+ + ——) signature the Lorentz group, without
any complexification, decomposes as SO(2,2) ~ SL(2,R) x SL(2,R), whose spinor representations
are real, so that A and X are now real and independent. In Euclidean signature (+ + ++) one
has SO(4) ~ SU(2) x SU(2) with pseudoreal spinors. Hence a light-like vector cannot be real in
FEuclidean signature, but must be complex with A and A complex and independent.
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The spinors A and A appearing in this formula have a simple physical meaning, being

the wavefunctions of massless particles of helicity —2

5 and +% respectively. To see

this, one can just write the Dirac equation for a particle of, say, helicity —%

O (). (3.6)

0= O-gdaﬂwa(x) = Oad

If *(x) = wre ™™ one gets ipgaw® = 0 and, using (3.5), Aqw® = 0, which implies
w® = const. \*.
It is useful to note that if p and p’ are two light-like vectors given by p.s = AN

and pl, = Al N, their scalar product can be expressed as

2p-p = (N N\ N (3.7)

The relation (3.5) between a rank 1 bi-spinor and a pair of twistors is clearly not
one-to-one, since given a light-like p,; the spinors A, and A, are uniquely determined

only modulo the scaling

AN = {ud, "N} ueCr. (3.8)

This means that there is no natural way to determine \ as a function of p.3

The wavefunction of massless particles of helicity h = £1 can be also expressed
in terms of twistors. Such particles are usually described by a momentum p, and
a polarization vector €, obeying the transversality constraint €, p* = 0 and subject

to the gauge transformation e — &# + ¢ p#, with ¢ an arbitrary constant. Given a

3The precise statement is actually even stronger, not being possible to even pick a continuous way
to determine A as a function of p. This is due to a topological obstruction, namely the non-triviality
of the Hopf line bundle formed by the possible A’s over the S? of directions of the light-like p.
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momentum pg, = )\aS\a, it is possible to define such polarization vectors as

et = A . A (3.9)

where the labels + and — refer clearly to the helicity of the vectors, and pu, i are arbi-
trary twistors which are only requested to not be proportional to A and X respectively.
It is clear that these definitions satisfy pas e = 0 and it is also possible to show
that e are independent of the choice of y and fi up to a gauge transformation.* To
rigorously show that (3.9) describe particles with helicities &1 one must prove that
the corresponding field strengths F,,,; = €q JEai; + €,; far are anti-selfdual (for h = 1)
or selfdual (for h = —1). Substituting, for example, A, = £, €¢P one finds

F i = eabS\dS\B el P which is indeed an anti-selfdual form. A similar computation
can be carried over for e~
This construction suggests that it should be possible to express the scattering

amplitudes of n massless particles in four dimensions in terms of the twistors and

helicities associated to each particle

A™ :A(n)()\laj\lahl;---%Am)\mhn)v (3.11)

rather than in terms of their momenta and wavefunctions, as the usual textbook

prescription instructs us to do.® This formalism is called spinor-helicity formalism,

4Considering for example the case h = +1, one observes that  lives on a two dimensional space
and therefore its generic variation must be of the form du = au + A, for some o and 5. Under this
variation one has 5
+ +
el —el. + ————Paa, 3.10
aa aa (1 +a)<A7 /1/>pa(l ( )
which is exactly a gauge transformation of E(J{a'
5Tt is possible to show that taking the modulus square of A(™) (which is the physical quantity
necessary to compute cross-sections), one obtains expressions that only depend on the momenta and

63



and has the advantages of unifying the description of particles of different spin and
of simplifying considerably the expressions for the amplitudes, as will be discussed
presently [99][100].% In labeling the helicities all particles are taken to be outgoing.
An amplitude with incoming as well as outgoing particles is obtained via crossing
symmetry, that relates an incoming particle of given helicity to an outgoing particle
of opposite helicity.

A scattering amplitude formulated in terms of twistors and helicities satisfy a

homogeneity equation for each external particle (i =1,...,n)
0 o,
N = N ) A = 2], A 3.12
(Vg -5 , (3.12)

which follows from the scaling properties of the wavefunctions under (3.8). Consid-
ering, for example, an amplitude with external gluons one can easily see from the
definitions of the polarization vectors in eq. (3.9) that e scales as A= and ¢~ scales
as A2, that is they scale with a power of —2h. This can be proved to hold also for

particle of different helicity.

3.2.2 Tree level gluon amplitudes

We discuss now a particularly interesting class of amplitudes which will be the main
focus of the rest of this introduction: tree level scatterings of gluons in Yang-Mills the-

ory.” These amplitudes are of phenomenological relevance, since multijet production

no longer on the twistors, as required by Lorentz invariance. For example, a structure like (A1, A2)
gets squared to [(A1, A2)]” = (A1, A2)[A1, Aa] = 2p1 - po.

6For a review see also [101].

"Notice that, if gluons are the only external particles in the process, these amplitudes are effec-
tively identical to tree level gluon amplitudes in ' = 4 super Yang-Mills. This observation will be
crucial in the following.
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at LHC will be dominated by them.

Consider pure Yang-Mills theory with gauge group U(N) and recall that tree
level diagrams are planar and generate only single-trace interactions [10]. The gauge
bosons are attached to the index loop in a definite cyclic order, say 1,2, ..., n, and the
corresponding amplitude contains a color trace factor equal to G = TrT'T?...T™.
It is sufficient to compute one amplitude with a given cyclic order, and then sum over

all possible permutations of external gluons to achieve Bose symmetry

AP = ig" 2 (2m)*o* (Z )\25\;) GM(")()\l, AL A A hyn) + permutations ,

. (3.13)
where M ™ indicates a color stripped and cyclic ordered amplitude, g is the coupling
constant of the theory, and we have included a delta function to enforce conservation
of momentum.

Amplitudes with all and all but one gluons with the same helicity vanish identically
[99]. To see this recall that a gluon 3-vertex carries a power of momentum, whereas
a gluon 4-vertex does not. Then, schematically, the structure of an amplitude with n
external gluons, m 4-vertices (with m <n/2 — 1), and (n —m) 3-vertices is

(8 X €)m+1(k . 8)n—z(m—i—l)
(k . k)n—m—?) )

(3.14)

where the numerator contains the momenta and polarization vectors contracted in
the vertices, and the denominator comes from the propagators. If h; = +1 for all

i = 1,...,n, then the numerator always contains contractions of combinations of

+i Haj\g

a Toxy which vanish because (u, 1) = 0, and similarly if all helicities are negative.

£

If all but one of the helicities are equal, say hy = —1 and h; = +1 for i = 2,...,n,
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one can always pick a gauge such that p, = Al, then all contractions are again zero.

The first non-vanishing amplitudes are thus the ones with n — 2 gluons of one he-
licity and 2 gluons with opposite helicity. They are called maximally helicity violating
(MHV) amplitudes. The explicit expression for MHV amplitudes in the spinor-helicity
formalism is remarkably simple [102][103].® If one takes all gluons to have positive

helicity except the i-th and j-th ones, the color stripped amplitude reads

<>‘i7 )‘j>4

M(n)(1+771_77‘7—’7n+): Hn <>\k )\k+1>
k=1 ’

(3.15)

This amplitude is said to be holomorphic, because it only depends on A and not on
A (see footnote 2). It has the correct homogeneity properties in each variable: it is
homogeneous of degree —2 in A, for positive helicity gluons, and of degree +2 in \;
and \;, as required by the condition (3.12). The anti-holomorphic amplitude with all
but two gluons of negative helicity is obtained from (3.15) replacing (, ) — [, ] and
untilded twistors with tilded ones.

There is a profound reason behind the holomorphicity of eq. (3.15), and this will
become manifest after transforming the amplitude to twistor space, as we discuss

next.

3.2.3 Fourier transform to twistor space

Tree level amplitudes of external gluons as eq. (3.15) are invariant under conformal
transformations. It is therefore interesting to write down the SO(4,2) generators

in terms of the twistors A and A. One finds that the conformal generators in this

8The same amplitudes written in the standard way in terms of momenta and polarization vectors
are extremely complicated, even for n = 5.
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language have a rather exotic representation, and is suggested to rewrite the helicity
amplitudes in a new set of variables, the twistor space coordinates, where the action
of the conformal group is linearly realized.

The Lorentz generators in terms of A and ) are given by

i 0 0 ~ 1 (~ 0 ~ 0
to=g (g v ) - =g (g i) 810

whereas translations are generated by
Pai = Aada (3.17)

which is a multiplicative operator. Also unusual is the second order form of the

generator of special conformal transformations®
82
w=— (3.18)
OAONE
and the inhomogeneous form of the dilatation operator'®
i 0 e O
D - = )\a— )\O/T 2 . 3].9
2 ( O\ * O - ) ( )

It is possible to show that these generators indeed annihilate the MHV amplitude

(3.15) multiplied by the delta function of momentum conservation.'*

9This is determined by the commutation relations [D, P] = iP and D,K = —iK, so P has
dimension +1 and K scales opposite to P. From eq. (3.17) it is natural to take A and X\ to both
h 4

have dimension 5, and therefore K is guessed be a second order derivative in A and A.

10The value of the constant in the dilatation operator is found by requiring closure of the algebra
[Kaa, PP = —i (53J3 +abgb 4+ 5355;17).

"Tet’s consider for example the dilatation operator. The numerator of the amplitude has the
delta function with dimension D = —4 and the factor (\;, \;)* with D = +4, so that D commutes
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It is possible to recast the expressions (3.16)-(3.19) in a more standard form by
transforming (A\q, \s) to the twistor space coordinates (Aq, j15) with
N 0 0

)\d — i ) T
ot oNa

— i,“d . (320)

This choice of transforming \ rather than \ clearly breaks the symmetry between pos-
itive and negative helicities. This means that amplitudes with m positive and (n—m)
negative helicities have different descriptions in twistor space from amplitudes with m
negative and (n —m) positive helicities, whereas in the spinor-helicity formalism they
would simply be related by complex conjugation. In some instances such amplitudes
are also called with different names: for example, if M™(—, — +, ..., +) is an MHV
amplitude, one calls googly the “dual” amplitude M ™ (4, +, —, ... —).

In terms of the twistor space coordinates, the conformal generators become all

homogeneous and first order

~
o
|
N
—~
>
S
Slo
o
+
>
f=al
jo5)
>
S
SN—
i
|

b= 5 (pasls + i)
Pu=idg,  Ka=imgk, D=4\ —pi+2). (321)

aa“a )

This is a linear realization of the conformal group in Minkowski space SO(4,2) ~
SU(2,2). The group SU(2,2), or its complexification SL(4,C), has an obvious 4
dimensional representation, which is generated by 15 traceless 4 x 4 matrices corre-
sponding to the 15 operators in the formula above, and which acts on the coordinates

ZF = (\*, %) (with I =1,...,4) spanning the twistor space T = C* [104].1?

with the numerator. The denominator has, for each particle, a Dy = —2 coming from the second
power of A; which is cancelled by the constant in the definition (3.19).

2In (+ + ——) signature the conformal group is SO(3,3) ~ SL(4,R), the coordinates ZI are real
and T = R?*. In Euclidean signature the conformal group is SO(5,1) ~ SU*(4), the non-compact
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The homogeneity condition (3.12) reads in these coordinates

0 .0 ~ -
a a_“ (n) — _ . (n) )
(AZ N + 1 8/1?) A (2h; +2)A™ (3.22)

where A™ is the amplitude expressed in terms of ZZ. This conditions implies that
scattering amplitudes in twistor space are homogeneous functions of the coordinates
ZI of degree —2h; — 2. Notice that A and g transform in the same way under (3.8),
so that we are allowed to identify two sets of Z! that differ by a rescaling Z! — uZ!,
with u € C*, and throw away the point Z/ = 0. It is then natural to consider A\ and
o as living in the projectivization of the twistor space PT, namely CP? in Lorentzian
signature or RP? in (++——) signature.'”® The Z/ are called homogeneous coordinates.
On PT there is a natural volume form Q = €75 Z7dZ’dZ5dZ* of degree four. The
projectivization of the space T — PT is the analog of quotienting by the gauge group
the original theory expressed in terms of polarization vectors.

The concrete way to enforce the transformation (3.20) at the level of the scattering
amplitudes is to perform a Fourier transform. This is best understood if one Wick
rotates first from the (+ — ——) to the (+ + ——) signature, where A is real (see the

discussion in the footnote 2)."* Then one has for a generic function f(\)

Flu) = / % (R, (3.23)

version of SU(4), and the twistor space is again a copy of C*.

13The space CPV is the N-dimensional complex space spanned by N + 1 complex coordinates
Z!, not all zero, subject to the identification {Z7} ~ {uZ!}, with v € C*. For N = 1 it is just
the ordinary 2-sphere. The real projective space RP? is a 3-sphere with antipodal points identified,
S3 ) Zs.

14This is allowed when one considers only tree level amplitudes.
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and for a scattering amplitude
i) T PN e 40y 5
A (N, i hi) = Hwe AT (Niy Ay Bi) (3.24)
k=1

In Lorentzian signature, where X is complex, the integrals in egs. (3.23) and (3.24)
can be sometimes interpreted as contour integrals, if a suitable contour exists. The
rigorous approach to defining the twistor transform in this case relies on the more
formal methods of sheaf cohomology [105].

More details on the geometry of twistor space and on the twistor transform can

be found in [106]-[108]. For a more introductory account of these topics see chapter

33 of [109).

3.2.4 Localization of amplitudes in twistor space

After performing the Fourier transform (3.24), the n external gluons of a scattering
amplitude, defined by A; and 5\2-, are mapped to n points P; in the projective twistor
space. The homogeneous coordinates of these points are Z! = (A, S\Z) From an
empirical study of some simple cases, it turns out that these are very special sets of
points. The claim is that if the P; are randomly distributed, then the corresponding
amplitude will vanish. In order to have a non-zero amplitude the P; must be localized
on specific subloci of the space. These subloci are algebraic curves in PT.!> The

conjecture put forward in [96] is that the degree d and genus g of these curves are

15We work mostly in the (+ + ——) signature, where the transform (3.24) has a more natural
interpretation and the scattering amplitudes are ordinary functions. Then an algebraic curve ¥ on
RP? is defined as the zero set of a collection of polynomial equations with real coefficients in the
real homogeneous coordinates Z!. The simplest type of algebraic curve are complete intersections,
defined as the zero set of two homogeneous polynomials F(Z!) = 0 and G(Z) = 0. If the degrees
of F and G are d; and do, then the degree of the curve is d = dj do. More general cases, as for
example the twisted cubic, are defined in terms of more than two polynomials [110].
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given by
d=q—1+1, g <I, (3.25)

where ¢ is the number of external gluons with negative helicity, and [ is the number
of loops in the amplitude.
The easiest example to study are the MHV amplitudes (3.15) (considering only

one cyclic ordering and neglecting the color factor G

i, M)
A (G g 2(2m)tst AR \E - 3.26
) (Z ) Towhy 2

Rewriting the delta function in integral form

(2m)*6* <Z A’;X’;) = / d'x eites Zia NAL (3.27)
k=1

it is easy to perform the Fourier transform

T AP . - WY
/H d"Ar etlir k] /d4x RIS EPIOY: n<)‘za)\j> ’ (3.28)
o (27)7 [Tt (s Asn)

and obtain [111]

~ n AT
A (= 57) :z'g"_2/d4xH52 (1.6 + Taa ML) i Ay) (3.29)

k=1 HZ:I <)‘/€7 >‘k+1> .

This result depends crucially on (3.15) being holomorphic, so that the integrals on
the Aj, only act on the exponential factors giving a product of delta functions.

The last formula is interpreted by saying that, for a given modulus z.;, the MHV

amplitude (3.15) localizes in twistor space on the locus given by the zero set of the
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argument of the delta function
,U/[l—l-l'[m)\a = 0, a= 1,2 (330)

These equations represent a complete intersection of two linear polynomials, the total

degree of the curve being d = 1 and the genus g = (d=1d-2)

5 ) being zero. This curve
represents a straight line in RP? along which the n points P; are localized, and the
integral in x is an integral over the moduli space of all such lines. This is consistent
with the conjecture (3.25), since for a tree level MHV amplitude one has ¢ = 2
and [ = 0. In the complex case the conditions (3.30) would just give CP' (take,
for example, z,, = 0, then one has a curve spanned by (A', \?) which are just the
homogeneous coordinates on CP'). This is an example of holomorphic curve in CP?,
whose area, computed with the volume form 2 introduce above, is equal to 27d. In
this case d = 1 and therefore this is a curve with minimal area among all non-trivial
holomorphic curves, and it is associated to the minimal non-vanishing Yang-Mills
amplitudes, the MHV amplitudes.

Assuming that eq. (3.25) is true, one can also understand from a different per-
spective why amplitudes with all and all but one gluons of the same helicity vanish:
if ¢ =0 and [ = 0 one would obtain a curve of degree d = —1, which does not exist,
whereas for ¢ = 1 and [ = 0 one would obtain a point. The gluons would then be
all coincident in twistor space, meaning A; = A; and p; - p; = 0 for all ¢ and j. For
n > 4 this would not allow the definition of non-trivial kinematic invariants, implying

a vanishing amplitude.
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Googly amplitudes A tree level googly amplitude (with, for example, n = 5 and
g = 3) would give a degree 2 curve in twistor space. In this case, being the amplitude
anti-holomorphic rather than holomorphic as in eq. (3.15), it is difficult to perform
the Fourier transform (3.28).1¢ Tt is anyway possible to bypass doing the Fourier
transform, observing that the expected configuration of 5 points in RP? should be

given by the complete intersection

4 4
> az' =0, > b,2'27 =0, apby €R, (3.31)
I=1 1,J=1
This defines the most generic curve with d = didy = 2 and g =
Assuming, without loss of generality, a4 # 0 this reduces to the equation for a conic
section in RP? 7

3
> enZ'z7=0, ey eR. (3.32)
1,J=1

To verify the conjecture in this case is then sufficient to prove that the 5 points are
contained i) in a common RP? and ) in a common conic section of this space. The
condition #7) is trivial since it is always possible to choose the 6 coefficients c¢;; = ¢y
such that the 5 equations Z?,J:l cryZ1Z7 =0 (with i = 1,...,5) are satisfied. To
verify 4) one observes that, given 4 points @, € RP? with coordinates Z! (o = 1,...,4)
they are contained in a common RP? if and only if the Z! are linearly dependent,

that is if and only if K = det Z! = e, Z{ Z] Z5 ZF = 0. On has then to prove that

Kijkl()\u M) A(5) =0 ) (333>

6This computation would of corse be exactly as in (3.28) in the “dual” twistor space obtained by
transforming (A, \) — (fi, A).

1"That this represents a conic section can be easily seen in the affine coordinates x = Z2/Z* and
y = Z3/Z" defined in the patch where Z! # 0. In this coordinates eq. (3.32) becomes a quadratic
equation in R2.
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where K (A, ) indicates the operator K specialized to any 4 of the 5 points P,
associated to the external gluons. Formally transforming back to momentum space

ZT = (Mg, —i0/ON®) this condition becomes a differential equation

0 1 o2
K [\, —i— | A®) == oo A Vet = AG) — 34
m(, Zm) P2 ol Al A0 <0, @3

01,...,04

This can be explicitly verified to hold (for details see [96]). We will later apply this
same trick in proving localization for a googly gravity amplitude with 5 external

gravitons.

3.2.5 Supersymmetric extension

So far supersymmetry has not played any role, since we have only considered tree
level amplitudes with external gluons. Before introducing the string interpretation
of the localization of amplitudes in twistor space, it is however necessary to extend
the previous discussion to particles carrying supersymmetric quantum numbers. In
particular we will be interested in ANV = 4 super Yang-Mills theory.

In addition to the commuting spinors A, and 5\[-1, one describes each external
particle by a spinless Grassmann-odd variable n4, with A = 1,...,4, of dimension zero
and transforming in the 4 of the R-symmetry group SU(4)g. The helicity operator

is then
4
1 0
h=1-— E — 3.35
9 A:177A87M ( )

This operator counts how many 7 are present in an amplitude, and a term of k-th
order in 7; for some ¢ describes a process in which the i-th particle has helicity 1—k&/2.

Amplitudes in the supersymmetric case depend also on the n variable of each
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particle

A(n) = A(n)()\l, 5\1, m, hl, ceey )\n, S\na Tns hn) ) (336)

and obey the homogeneity condition

a 9 Ya 9 A 0 (n) _
()\i R e +2)A —0. (3.37)

The (15) R-symmetry and the (32) fermionic generators of the superconformal group

PSU(2,2|4) of N = 4 super Yang-Mills read in terms of \, A, and 7

o)
nc

Ya_0 9 a 22
A B’ NAz5a A"na, BT (3.38)

R = nag= — 108n07=

Y

and are linearized by the transformation (3.20) along with

0 0

— =t .

Na = l5-7

The twistor space is now a supermanifold spanned by the four bosonic coordinates Z*
and their four fermionic counterparts 1. This space is therefore C** or, depending
on the signature, R4

The homogeneity condition for the amplitudes becomes

<Zlﬁ + ; 0¢A) AM(Ziah) =0, (3.40)

suggesting a natural projectivization of the space to CP** or RP**. This means that

ZT and ¢ are subject to the identification {Z7 ¥4} ~ {uZ’ up?}, with u € C*,
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and provide a linear realization of PSU(4]4) on CP**.'® The volume form is now
Oy = dZYdZ*dZ3dZ  dup  dap® dap3 dap?.
The super MHV amplitudes in the spinor-helicity formalism are given by (sup-

pressing again the color factor G and considering only one ordering of the external

legs)
, - 1
A = g2 (2m)tst AN | o8 A e, 3.41
Z a z_: b77A g <)\k> )\k—i-l) ( )
and, after the super Fourier transform to twistor space, become
AW = / d*x d*0 || 6% (1i,a + waa\?) 0* (Vi + 0509) . (3.42
H (1 )0t (v 1:[ o )\k+1 (3.42)

where 07 are fermionic moduli associated to 4. The interpretation of this result is
very similar to the bosonic case. Now the amplitudes are localized on the sublocus

of the supertwistor space defined by the equations

fa + 2N =0, Pt =0. (3.43)

3.3 The B-model on CP’* and the twistor string

We now move on to illustrating the string theory interpretation of these result, as

proposed in [96].1

18Recall that this is the A/ = 4 superconformal group. In chapter 10 we will use this observation
to orbifold the twistor string, and reduce the amount of supersymmetry of the twistor construction.

YInteresting alternatives to Witten’s construction have been put forward in [112] starting from
conventional open strings propagating in (CIP’?’M, in [113], where a mirror symmetric A-model version
is considered, and in [114], where ADHM twistors are introduced. Conformal supergravity has also
been studied in this approach in [115][116].
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We start by motivating the appearance of one of the main ingredients of the
proposal, namely the twistor space CP?*. We have seen above that this supermanifold
arises naturally as the space parameterized by the coordinates Z! and *, with I, A =
1,...,4. There are other features of this space that are crucial in the following
construction and that in large part depend on the fact that the number of fermionic
dimension is exactly 4. Most importantly, a CP3* is Calabi-Yau if and only if M = 4.

This can be seen?’ by considering CP*™ as the sublocus of C*™ defined by

(Z 27+ 3 e = 7’) /U(l) (3.44)
I=1 A=1

where r is a positive constant playing the role of a Kéhler class and U(1) is a phase
transformation acting as {Z7, 94} — e {Z! 4}. The holomorphic measure on
C™M Qo = dZ'---dZ*dy*t - - - dyM, is invariant under this U(1) only if it contains
the same number of bosonic and fermionic coordinates,?! so that M = 4. The measure

Qo descends to a globally defined holomorphic (3,0[4)-form on CP?*

e ﬁEIJKLEABCDZIdZJdZKdZLd¢Ad¢Bd¢Cd¢D ; (3.45)

which is also SU(2,2|4) invariant, hinting at a possible relation with N' = 4 SYM.??
This ensures that the space is indeed Calabi-Yau and allows for the definition of a
topological B-twist of an N' = (2, 2) world-sheet o-model in the fields Z! and 1 with

CP3!* as target [117].

20An alternative way to prove this is of course by checking the Ricci flatness of the super Fubini-
Study metric.

21Recall that if a Grassmann-odd field 1) transforms as ¢ — e'®4, then di) — e~ *“dap. This can
be understood, for example, from the definition of Grassmann-odd integration, [dy ¢ = 1.

22This can be seen as another reason why A" = 4 SYM is special: only for N = 4, i.e. for M = 4
in the notation above, there exists a topological B-model with a twistor target space.
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Aiming at a connection with a Yang-Mills theory, we are interested in the open
string sector of this B-model [118]. This sector is defined by a BRST invariant bound-
ary condition which is given by a stack of N D5-branes. These are almost space-filling
branes placed at 15 = 0.2 We will see that the selfdual part of N' = 4 SYM with
gauge group U(N) will be reproduced by the world-volume action of these branes.

The world-volume action is a holomorphic super Chern-Simons theory [118]

S= [ QATr (AA5A+§A/\A/\A), (3.46)

D5

where A = AzdZ’ is an antiholomorphic (0, 1)-form?* with values in the adjoint
representation of U(N) and Q is the volume form (3.45), so that the integrand is a
(3,3)-form which we can integrate over the target space. The superfield expansion of

this holomorphic connection A reads

Az20) = Ale,2) + ¥ xalz2) + 0 0P an(z 2)

+l€ABCD¢A¢B¢C>~<D(Z> Z) + lEABCDwAwaCwDG(Za zZ).

3! 4!
(3.47)
It turns out that the components of A are charged under the symmetry
DE zl - 78, gt — eyt (3.48)

as %(A, x,0,X,G) = (0,—1,—-2,—-3,—4). This is an anomalous symmetry since it

23This almost space-filling requirement is dictated by the connection with the N' = 4 gauge
multiplet, as will become clear presently. Moreover, on a more formal level, locating the brane at
¥ 4 = 0 also bypasses some problems related to the definition of differential forms on supermanifolds.
24In general the expansion of .4 could contain a piece A sdi?, but this drops out here because of

the almost space-filling condition.
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does not leave () invariant. It originates from the fact that the full R-symmetry
group in twistor space is not SU(4)g but U(4)g. This discrepancy between the R-
symmetry groups of CP** and A/ = 4 SYM causes the holomorphic Chern-Simons
action (3.46) to only reproduce the selfdual part of the Yang-Mills action. To see this

one can integrate out the fermionic coordinates to get

S = / Q/ATI[GA(5A+AAA)+XAADXA
CPp?

1 _ 1
+Z€ABCD¢AB A Docp + §€ABCDXA ANXB N ®cp| (3.49)

where € is the bosonic reduction of Q. After performing a Penrose transform [104],
the twistor space fields with charge ¥ are mapped into space-time fields of helicity
h=1-—1%/2, and eq. (3.47) almost® yields the field content of the ' = 4 vector
multiplet. In particular, A corresponds to an anti-selfdual gauge field of helicity +1,
X4 to a positive chirality spinor, ¥4 to six real scalars, ¥ to a negative chirality
spinor, and G to a selfdual 2-form of helicity —1. Then the action (3.49) reproduces
the selfdual truncation of the N'=4 SYM action [119]

1 .
S = / d*x Tr [§GabFab+>2A“DaaxZ

1 . 1 .
+§€ABCD¢ABDG,[1DGG¢CD + ZEABCDwABX?AXDd - (3.50)

This action has charge ¥ = —4. The full N' = 4 SYM action has also a term with
> = —8, which can be introduced in this construction by considering non-perturbative

instanton corrections.

25The differences are that A is anti-selfdual and G is a 2-form.
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3.3.1 The D-instanton expansion

The instanton corrections needed to reproduce the anti-seldual completion of the
action (3.49) come from Euclidean D1-branes wrapping holomorphic curves Cj in
CP?*. The moduli characterizing these instantons are a U (1) gauge field defined on
the D1-brane world-volume and the position of Cy inside CP?*. To reproduce tree
level amplitudes one just needs D1-branes wrapping genus zero curves, as seen from
eq. (3.25). For these curves the U(1) field does not play any relevant role, and one
just needs to integrate the effective action of the instantons over the position of Cj,
namely over the moduli space of holomorphic curves in twistor space.

Here we only consider the simplest case of genus ¢ = 0 and degree d = 1.26 We

recall that the explicit map is
o+ Taa)* =0, P+ =0. (3.51)

Here the coordinates of CP? are decomposed as Z' = (A%, ;) and 2,4, 62 are the
moduli of the embedding. In [96] the D1-instanton is initially placed at ¢4 = 0 and
the dependence on the fermionic coordinates is then restored through an integration
over the moduli space.

Tree level gauge theory scattering amplitudes are computed by considering the

effective action for the D1-D5 strings

IDl—D5 = / dz ﬁDO& s (352)
D1

where v and 3 are fermions which carry respectively fundamental and anti-fundamental

26This is, as already mentioned, the case of tree level scattering amplitudes. Amplitudes with [
loops receive contributions also from curves of genus g < I according to the conjecture (3.25).
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gauge group indices. They correspond to strings stretching from the D1 to the D5-
brane and viceversa. The covariant derivative is D = 9 + .A. The action (3.52)

contains the interaction term

A]Dl—DE) = / Tr J.A = ab.Aba y (353)
D1

D1

where J% = a”(,. Scattering amplitudes are obtained by taking correlation functions
of the currents J’s in the background of the superfield A and integrating them over
the moduli space of a D1-instanton of appropriate degree. This degree is determined

by the sum over the ¥ symmetry (3.48) charges of the n external states

1 n
d=—-— ¥ —1. 54
4; (3.54)

In the particular case of external gluons, this corresponds to d = ¢ — 1, where ¢ is the
number of negative helicity gluons. Explicitly, when d = 1 one has for the n-point

scattering amplitude
A :/dSle...wn<J“;...Jag>, (3.55)

where the w; are the wave functions of the external states and are given essentially
by the coefficient of that state in the superfield expansion. Explicit amplitudes com-
putations making use of this prescription can be found in [96][120].

The coupling constant

We now discuss the issue of how the coupling constant may arise in the theory. From

a four-dimensional field theoretical point of view, the completion of the selfdual Yang-
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Mills action Igp = [ d*az Tr (GF) is given by
2
Iyy = / d*z Tr (GF — %cﬂ) : (3.56)

Therefore, in the topological B-model one expects the coupling constant to originate
from the D1-instanton expansion. This is rather surprising since now the YM per-
turbative coupling seems to come from non-perturbative sectors of the theory. One
natural way to introduce a free parameter in the amplitude (3.55) is to weigh it by
a factor (e7fP1)4 where Ip; is the action for a D1-instanton of degree d = 1. This
has been already remarked in [96]. Another way to achieve this is to consider the
coupling of the D1 to the closed sector of the B-model. This was first realized in [115]
where a new field b, a (1,1) form in twistor space, was introduced. It has a minimal

coupling to the D1 world-volume
I :/ AN A (3.57)
D1

This field is not present in the perturbative analysis of the B-model. The necessity of
it was also recently rediscussed in [121] as a non-perturbative correction to Kodaira-
Spencer theory [122]. For a D1 sitting at (x,6) in the moduli space the coupling
(3.57) directly defines the conformal supergravity superfield W(z,6) = |, Dl b. The
lowest component can be interpreted as a dilaton ¢. As a consequence of the coupling
(3.57), in a vacuum with expectation value (p) = ¢, an amplitude will be weighted
by a factor (e=¢)4. This is reminiscent of ordinary string theory where the coupling
constant comes from the dilaton expectation value.

In summary, we assume the contribution of the D1-instanton to an amplitude to
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be equal to (g?)?, where g* might come from e~!Pt or e~°.

To get the standard normalization of the scattering amplitudes, one also needs to
rescale each component of the superfield A by a factor gl+%2, where Y is the charge
under the symmetry (3.48). For instance, A goes to gA, x to \/gx, and so on. In the

end, the overall coupling constant in a tree-level n-point amplitude is
1y, 1y e
(Hglﬂzl) (g%) 32>t = g2 (3.58)
i=1

3.4 MHYV decomposition of amplitudes

A priori one would expect a tree level Yang-Mills amplitude with ¢ negative helicity
gluons to receive contributions not only from d = ¢ — 1 genus zero curves but also
from all possible decompositions in disconnected curves C; of degree d; such that
Yudi=q—1.

An explicit calculation of the connected contribution to all googly amplitudes
M® (4 + — ... —) was performed in [120] by integrating over the moduli space
of connected curves with genus zero and degree 2. Surprisingly the result correctly
reproduces the previously known amplitudes without the need to include any discon-
nected configuration. On the other hand, Cachazo, Svréek, and Witten considered in
[123] the limit of totally disconnected configurations, that is ¢ — 1 curves of degree 1,
and, quite amazingly, this is also enough to reproduce all the googly amplitudes [124]
and likely all the tree level Yang-Mills amplitudes.

It was later on proved in [125] that in fact the connected and disconnected pre-
scriptions are equivalent, and one can in principle use either one of them to compute

scattering amplitudes. It is nonetheless drastically more convenient to use the dis-
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connected (or CSW) prescription.?” This formalism has been successfully extended in
recent years to a variety of amplitude computations, both at tree level?® and loops.?”
One attempt to extend it to graviton amplitudes will be the focus of chapter 8 of this
dissertation [7].%°

The basic idea of the CSW formalism is that an interaction point in Minkowski
space is mapped in twistor space to a line [104], i.e. a linearly embedded copy of
CP', and so is an MHV amplitude, as is explained above. Then one is suggested to
identify local vertices in Feynman diagrams with MHV amplitudes. In order to do
so one needs to suitably extend off-shell some of the external legs of the amplitude,
which can be interpreted as propagators. Arbitrary graph can thus be decomposed in
MHYV vertices connected, according to the CSW prescription, by scalar propagators
1/k2.

The off-shell continuation to momenta p?> # 0 is defined in the following way.
Recalling that MHV amplitudes in Yang-Mills theory are holomorphic, only an “off-
shell” A\, needs to be defined. We can extract A, from an on-shell momentum p,; =
Ao by picking an arbitrary anti-holomorphic spinor n® and contracting it with pas.

This gives A, up to a normalization factor which scales out in amplitudes which are

27 An explicit example of the power of this method has been given in [123], where a considerably
simpler form of M) (—, — — 4, ..., +), previously computed in [126], was obtained.

28The CSW method has been further refined and developed in [127]-[135], and has been applied
to tree level amplitudes containing scalars and fundamental fermions [98][136]-[138], Higgs bosons
[139], electro-weak currents [140], and massive particles [141].

29The literature in this case is very vast. Some of the early papers dealing with the MHV decom-
position of loop amplitudes are [142]-[147].

30Further work in this direction can be found in [148]-[151].
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homogeneous in \,3!

wo = Padll (3.59)

where the label p indicates that this is an off-shell spinor associated to a momentum
Daa-

The concrete algorithm for decomposing a tree level amplitude with v vertices is
to draw all possible tree graphs of v vertices and v — 1 propagators, assign opposite
helicities to the two ends of all internal lines, and distribute the external gluons among
the vertices while preserving cyclic ordering. One is then instructed to keep only the
MHYV graphs, which are the ones whose vertices have precisely two negative helicity

gluons emanating from them.

Example The simplest example to consider is the vanishing four gluon amplitude
MO (4, — — —) [123]. This receives contributions from the two diagrams in fig. 3.1.
The first graph gives (recall the expression (3.15) for MHV amplitudes)

P R,

(N, A2) (A2, AP (A2, ALY p2 (A3, A1) (AL, AP) (W, A3Y (3.60)

where \? = p,,n® is the off-shell spinor associated to the momentum of the internal
line p = p; + p2 = —p3s — p4. The contribution of the second graph is obtained from
the equation above exchanging particles 2 and 4

N L N P U

(AL, A9) (0, M) (A AT) @2 (02, N3) (A3, A0) (A7, A2) (3.61)

31This is a fortunate fact since the anti-holomorphic spinor Ae in the denominator is undefined.
We will come back to this point in chapter 9, while discussing a possible MHV decomposition of
gravity amplitudes, which, differently from Yang-Mills theory, are generically not holomorphic.
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1+ 4-

Figure 3.1: The two MHV graphs contributing to the vanishing four gluon amplitude
M@ (14,2—,3—,4—). Notice that internal lines have opposite helicities at their two
endpoints, and only MHV vertices are used to build the diagrams.

Defining ¢; = A7, (the normalization factor of the definition (3.59) scales out and

we neglect it), the sum of the two graphs is

$ ((A?’,W (A‘UQ))’

_¢1¢2¢3¢4 [5\2, 5\1] [5\4’ 5\1] (3.62)

which is zero because of conservation of momentum.
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Chapter 4

String thermodynamics in a plane

wave background

4.1 Introduction

Understanding the finite temperature states of string theory is essential for many of
its potential applications, particularly the study of black holes and early universe
cosmology. One of the fascinating features exhibited by string theories is their Hage-
dorn behavior, that is the exponential growth of their densities of states with energy
[152]. For their thermodynamics this leads to either a limiting, Hagedorn temperature
beyond which an ensemble of strings cannot be heated or perhaps a phase transition
to a state which is better described by degrees of freedom other than strings [153].
The existence of a Hagedorn temperature is well-established for all consistent

non-interacting string theories on Minkowski space.! Recently, it has been noted

'The computation of this temperature for both the bosonic string and the superstring in flat
space is reviewed in appendix A.

88



that the non-interacting type IIB superstring can be solved explicitly on a maximally
supersymmetric plane-wave background [44][45]. This gives a background other than
flat space where some of the ideas of string theory can be tested.

In this chapter we shall examine the thermodynamic states of string theory in the
plane-wave background and give a derivation of the corresponding Hagedorn tempe-
rature.? In particular, we show that the Hagedorn temperature is a monotonically
increasing function of the parameter |f|v/o/ where f is the Ramond-Ramond flux. In
the following, we also clarify some of the issues related to the Hagedorn temperature
in the limits of small and large f, and provide some comments on the interpretation
of the Hagedorn behavior in the limit of Yang-Mills theory which is dual to the string

theory.

4.2 Hagedorn and AdS/CFT

The string partition function in the canonical ensemble is the trace of the Boltzmann

distribution

Z(B, f) = e PFEGD = Ty (6_5;;0) , (4.1)

where F(f3, f) is the Helmholtz free energy. Here the trace is over all physical multi-
string states. The rest frame energy is given by p° = %(er —p).
Note that, we could, as was done in [155], introduce a separate parameter for p*

and p~ and study the theory with two parameters

Z(a,b, f) = Tr (e—w”bp*) . (4.2)

2For related work see also [154]-[158].
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However, there is a symmetry of the theory which rescales p™ — p™ /A, p~ — p™A,
and f — fA, implying that Z(a,b, f) is equal to Z(v/ab, \/@,f@). Thus, by
computing Z(3, f) = Z(6/v2, /2, f) we can deduce Z(a,b, f) by identifying § =
V/2ab and replacing f — fJaTb.

For the free string theory, we can compute the Helmholtz free energy in eq. (4.1)
exactly. This should then coincide with the free energy of Yang-Mills theory obtained
from eq. (4.1) by taking a trace over Yang-Mills states with the momenta identified
in eq. (2.40) and where the 't Hooft large N limit is taken.

In perturbation theory, the free energy would therefore be found as the sum of all
orders in planar connected vacuum Feynman diagrams. However, at each order, these
diagrams are proportional to N? and therefore diverge in the large N limit. On the
other hand, the string theory free energy which we compute is not of order N2, instead
it is of order one. The reason for this discrepancy is that perturbation theory describes
the deconfined phase of the gauge theory where the number of physical degrees of
freedom is indeed of order N2, and is only valid if the temperature is greater than
the deconfinement transition temperature. That is not the regime described by free
strings which rather exist only in the confined phase, found at temperatures below
the deconfinement transition and where the number of degrees of freedom is not of
order N? at large N, but is of order the number of color singlet operators which, at
a given energy, is roughly constant with N. In fact, it is reasonable to identify the
Hagedorn temperature, at which a description of the theory by free strings ceases to
be meaningful, as the deconfinement transition temperature [159].

At this point, as clarification, we should note that this conformally invariant Yang-
Mills theory when it is quantized on R? x R! does not have a confining phase. It is

always in a conformally invariant deconfined phase with a Coulomb-like force law
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for gauge theory interactions. However, the correct dual of the superstring is Yang-
Mills theory with radial quantization, that is, it should be quantized on the space
S3 x R! which can be obtianed from R?® x R! by a conformal transformation. It is
the energy on the space S® x R! which is dual to the string energy and is in fact
given by the conformal dimension A of operators of Yang-Mills theory on the original
space R? x R!. From this point of view, the discreteness of the spectrum of A comes
from the fact that S® has finite volume. Further, when A is used as the Hamiltonian,
the finite temperature Yang-Mills theory lives on the space S® x S' where the time
direction is Euclidean and has been periodically identified, X° ~ X° + 3, with the
appropriate antiperiodic boundary condition for fermions.

Even on this space, since the volume is finite, one does not expect a confinement-
deconfinement phase transition when N is finite. This transition could only occur
at infinite N. However, it is just the infinite N limit that must be taken to obtain
strings on the plane-wave background. In this limit, the Yang-Mills theory could have
a phase transition corresponding to confinement-deconfinement as the temperature is

varied. An order parameter for such a phase transition is the Polyakov loop [160][161]
<Tr776ifsl A> ’

which, in this adjoint gauge theory, transforms under a certain discrete large gauge
symmetry related to confinement. There are many examples of gauge theories where
this order parameter can be explicitly seen to characterize confinement [162]-[165].
For example, the one-dimensional non-Abelian coulomb gas studied in [166][167] has
a deconfiment transition only at infinite NV, corresponding to a re-arrangement of the

distribution of eigenvalues of the unitary matrix Pe’$st 4 analogous to that which is
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well known to occur at large N in unitary matrix models [168]. If, as is suggested in
[159], the deconfinement and Hagedorn behaviors can be identified, the existence of
a Hagedorn temperature in the string theory dual is a confirmation of the existence
of a deconfinement transition in the Yang-Mills theory, at least in the planar limit
which is dual to free strings.

We shall indeed find that, in the limit where the string coupling g, is put to
zero, there is a Hagedorn temperature for all finite values of the parameter f of the
background, implying that the planar Yang-Mills theory indeed has a confinement-
deconfinement phase transition. The string theory analysis gives the value of the
transition temperature for the gauge theory.

It is interesting to contrast the situation of the plane-wave background to that in
AdS/CFT before the plane wave limit is taken. In the latter case, the Hagedorn spec-
trum for the operator A appears in Yang-Mills theory as the exponentially increasing
multiplicity of an infinite tower of operators which are gauge invariant traces of lo-
cal products of the fields. When N is infinite, products of all sizes are independent
operators. When the 't Hooft coupling A is small and A of these operators deviates
little from the tree level values, the number of operators with a given value of A can
be counted [169], and it indeed grows exponentially with increasing A, producing a
Hagedorn spectrum for Yang-Mills theory quantized on S3 x R!. Thus, we would ex-
pect large N Yang-Mills theory to have a Hagedorn temperature if A is small enough.
When A gets large, the anomalous dimensions of operators get large and they begin
to decouple from the low-lying spectrum.

At very large A the dynamics is that of classical supergravity, perhaps with stringy
corrections which are suppressed by factors of 1/ VA, Tt is known that supergravity

with an asymptotically AdS geometry has a Hawking-Page phase transition [170]
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between an AdS black hole state, which can be interpreted as the deconfined phase,
and one which is AdS space with periodic euclidean time, which can be interpreted
as the confined phase. Indeed, the fact that the free energy of the black hole is
of order N2, whereas in the periodic AdS space it is of order one is in line with
this interpretation [13][171]. One could then speculate that the Hagedorn behavior
which is seen in weakly coupled planar Yang-Mills theory evolves to the Hawking-
Page transition of supergravity with periodic Euclidean time as A\ goes from zero
to infinity, and further that this corresponds to the deconfinement phase transition.
It is also clear that the temperature where the Hawking-Page transition occurs is
proportional to the radius of curvature of the AdS space, Ty ~ R/a’ ~ A\'/* and it
actually becomes large as A — 00, as we expect.

In contrast, the partition function of the limit of Yang-Mills theory which corre-
sponds to the plane wave background would be the trace over states of the exponential

of the operator

CB(A+) A—J) | (43)

ZzTrexp( EQﬁf\/X - Bf 5

We see that the parameters indeed appear naturally in the combinations 3?/a’ and

Bf.

4.2.1 Large f

In the limit where f is large for fixed  and A, the states which dominate the partition
sum are those with A = J. They are just the single and multi-trace chiral primary
operators, Tr (Z{)Tr (Z])...Tr (Z), whose conformal dimensions A = 5" J; = J are
protected by supersymmetry. They correspond to single and multi-string states where

the string is in its lowest state, the string state which is described by the supersym-
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metric vacuum of the worldsheet sigma model.

To find the partition functions, we can think of the number of times .J; appears
in the product of traces as the occupation number n; , the number of strings which
are in the state with quantum number J;. J; can have both integers and half integers
values. The contribution of this state to total J is Jin,,. We enforce Bose statistics
by summing over all occupation numbers of all states, to get the partition function

and the free energy

~ ) 00 6 J 00 1
z == ] ZeXp<_a';iﬁ\): I ———

J=1/2,1,3/2...1;=0 J=1/2,1,3/2... 1L —e o'IVa

F = % i ln(l—e_a’i{ﬁ):—%ii%e_%??fﬁ

J=1/2,1,3/2... p=1 n=1
11 1 1 o= 20/ V) 20/ £/

R ) 3 DI L L)
Bidnewinn — 1 piz bBn 30

where p = 2J, and in the last step we have taken the large f limit. We will see that
this coincides with the large f limit of the string partition function which we will find
in the following section. To do this, we need to identify the infinite length of the X~
direction. We can do this by examining the quantization of P*. J and A can be
integers and, for fermions, half-integers, but in all cases the sum A + J are integers.
Consequently, P* should be of the form /27 - integer/L. From this we identify the
infinite length in the X direction as L = 2wa/fvA. Then the large f limit in eq.

(4.4) is
7L
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String interactions

One could speculate about what happens when string interactions are switched on. In
the asymptotically AdS space, which is dual to Yang-Mills theory with finite J, string
interactions are restored by relaxing the large N limit. This produce a cutoff of order
N? on the number of independent traces of local operators, and therefore it should cut
off the Hagedorn behavior — at least the counting of independent operators in weakly
coupled Yang-Mills theory no longer produces a Hagedorn spectrum. Commensurate
with this, we do not expect a deconfinement phase transition in Yang-Mills theory in
the finite volume of S3 x S* if N is finite. This makes the prediction that interacting
strings do not have a finite temperature phase transition on an asymptotically AdS
space.

On the other hand, to obtain the plane-wave background, we should always take
the limit N — oo. This would suggest that we always have a Hagedorn spectrum
of traces of local operators, the main question being whether their quantum number
A — J remains finite when both coupling constants, A’ and ¢, are non-zero. It is
known that when A — J depends on ¢, it is shifted by a small amount when g
is small [55][57]. Thus, we can speculate that, as long as g» is small enough, the

Hagedorn behavior indeed persists when string interactions are present.

4.2.2 Other issues

In the Yang-Mills partition function which is eq. (4.1) with the momenta (2.40), we
should take R/ Vo/ — oo while holding the temperature (3 / V! fixed. The states
which contribute in the trace are those which have finite A — J. On the other hand,

A + J, and therefore both A and J, get arbitrarily large as R/va/ — co. One
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might question whether this limit is sensible. In the usual limit, p* and p~ are held
constant when N is taken to infinity. Here, instead, the temperature is held constant
and it is not a priori clear that holding the temperature constant and finite actually
samples the states of the Yang-Mills theory which coincide with the string states. It
would be interesting to find a way to check this directly. Unfortunately, the standard
perturbative computation using path integrals is only valid in the deconfined phase
which occurs at high temperatures, where the confined states that we find in string
theory would be difficult to detect.

An important issue is the possible existence of zero modes of p™. Any protected
operator for which J2/N — 0 as N — oo are zero modes of p™. Some of these are
just at the p™ = 0 edge of the continuum spectrum and are included in our analysis.
These are the operators Tr (Z”) where J is not taken to infinity fast enough as N is
taken to infinity. There are also other operators, such as the protected operators in
the dilaton supermultiplet which have finite non-zero A — J, and for which A+ J are
finite in the limit as N — oo, so that p™ = 0. These could be considered as discrete
zero modes of p™, which seem to have no analog in the light-cone string spectrum.
This would seem to be a mismatch between the string and Yang-Mills spectra.

There has recently been some discussion on the Hagedorn behavior of pp-wave
strings [154][155], and also in discrete light cone quantization [156]. It is well known
that when string theories are placed in a background electric NS B field or in a
metric, the Hagedorn temperature depends on the parameters of the background
[172][173][174]. Here we shall find that also the R-R flux (2.31) felt by a string in
the pp-wave metric modifies the Hagedorn temperature. We shall also clarify some
of the issues related to the small and large f limit of the Hagedorn temperature,

providing results that, even if in qualitative agreement with those of [154][155], differ
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quantitatively. We shall then study the thermodynamic behavior of strings in geome-
tries that arise in D1-D5 systems as AdS; x S? x T* with NS-NS and R-R 3-form
backgrounds [175][46][156]. It would be intersting to rederive our results by means of

a path integral procedure and then generalize them to higher genera [176].

4.3 Superstring free energy

The free energy of a gas of non-interacting superstrings is given by summing the free
energies of free particles over all of the particle species in the string spectrum.? Each

boson in the spectrum contributes

1 1 _nB (b g
Fy= 5T ln (1= ) ==Y =T e BT, (4.5)

where p° and pT are the energy and light-cone momenta of the particle. Similarly,

each fermion contributes

1 e D LY P
Fy=—7Trn (1+e—5p°) :Z( i e (4.6)

We emphasize that the trace in each case is over the spectrum of single particle
states, rather than multi-particle states. The total free energy is given by summing
(4.5) and (4.6) over the particles which appear in the string spectrum. Because of

supersymmetry, most of the string spectrum has paired fermionic and bosonic states,

3For a derivation of this formula see [177].
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so that we can take the average of the two expressions
_nB (-
Fousy = —Z Lkl e L ) (4.7)

However, there is one set of states in the spectrum which will turn out not to have
a superpartner, they are the lowest energy excitations which are bosons and have
vanishing light-cone Hamiltonian p~ and arbitrary p*. To take these bosons into

account, eq. (4.7) must be amended to read

Summing these operators over the spectrum of the operators p~ and p*, which are
found in light-cone quantization of the string, should yield the free energy. The last
term is easily evaluated by noting that the measure for the trace over p* is —= fo dpt,
where L is the (infinite) length of the 9-th dimension. We combine the odd integer
sum in the last term with the first term. This removes the constraint on the spectrum

in that term. Then,

L <1
F = E Tr e f(p ) E —
a2 2
n= lodd ﬁ ﬂ-ﬂ n= Zeven
1 _ﬂ( +_p— Ln
_ Z _T s@T-p7) ] 4.9
n:loddn e 2452 ( )

To proceed, we must examine the string spectrum.
The Green-Schwarz type I1B superstring can be quantized in the light-cone gauge,

as reviewed in chapter 2. We recall here the explicit form of the light-cone Hamiltonian
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(2.36), which is

H = —p
= [ (agag + 2007 10y + 4) + o ZZ\/m2 + (a'pt f)? (aflal! + iy k)
I=12m=1
— F(NP+NF+4)+ ,+ZZ\/m2 (a'p*f)? (Ng, + Nz,,.) - (4.10)
I=1m=1

The level matching condition N; = N, also has to be enforced by introducing an

integration over the Lagrange multiplier 71. Explicitly eq. (4.9) reads

OO

nldd I_lNBI O"R"LONBI—O {2m=0
2.2 B,I
b n?p BN, 4 4
X [627{271 Zm 1 m(Nlm +NF N2 NZm)e_ 4ﬂa’72 e_ \/50 <
nR nr

Bf 8 8 B,I B,I
6_%(_”’}?’—"_”[’4_4) ( ) ( )6_ m=1 Rm(N +N1}:7L+N277L +N21:n):| — E

2 Y
N /NN, 2
(4.11)
where L is the length of the longitudinal direction, NI" = —ng + ny, and
np npf
R, = 2mmo\/m2 + 12, = ———, =adptf= . 4.12
2/ I 2= S p=ap"f o (4.12)

Due to the anticommutation relations of the creation/annihilation fermion operators,

the degeneracy of a state with np ; fermions is given by the binomial coefficient

( NR, L

which have eight independent components, runs from 0 to 8 and the degeneracy is

) . Analogously the occupation number N£  for the fermion non-zero modes,
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given by the binomial coefficient ( . Summing over the zero-modes, the free

Nl )

energy can be written as

n, -8
F _ / dTQ / dTl e 47ra T2 (1 _ 6_%> X
a2/ 1

=1, dd )
npBf L
G<T1’T2’\/§T’]TT2)‘ :| 24627(4 13)

4nﬁf nBf ngf\ 4
X e <1+e f) <1+eﬁ>

where G is given by

. B,I B,I
7-1, 7-2’ H E E < ) 27”7—1 Zg:l m(Nlm +N1Fm)6_ Z Rm (Nl'm +N1Fm) .

(4.14)

Performing the sums over the occupation numbers the generating function becomes

7-177—27 | |

(4.15)

8
1+e =279/ M2+ p242miTm
—27r'rg N/ m2+p2+2miTim ’

so that the free energy reads

dry d = 1 4 e~ 22/ mp 4 2minm ’ Lr

F — 47'ra T — .
ey dd 4720/ / /% e i ml__[oo 1 — —27m2y/m2+p242minm 2432

(4.16)

This equation is not in agreement with eq. (3.3) of [154], because it differs by the
contribution of the zero light-cone energy mode. The limit f — oo of eq. (4.16) can

be easily computed since G(7, 7o, ) — 1 in this limit so that F' becomes

mL
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which coincides with the free energy of the dual gauge theory computed above in
this limit, see eq. (4.4). Note that this is the free energy density of a gas of massless
particles in two dimensions. Indeed, the lowest energy states of the string are massless
chiral bosons which propagate down the two spacetime dimensional axis of the pp-
wave space made of the X+ and X~ directions. Furthermore they are chiral, in that
their spectrum is composed entirely of left-moving particles. The spectrum of these
particles is protected by supersymmetry, so we expect that this limit of the partition
function is not corrected by string interactions.

We shall now extract information directly from eq. (4.16) instead of turning to
the path integral approach as in [154]. To compute the Hagedorn temperature we
need to estimate the asymptotic behavior of the product in eq. (4.16). This will be
crudely estimated in this section. A more precise estimate will be obtained in the next
section by using its modular transformations properties [178]. Consider the function

defined by

e8] 1 —27To/ M2+ p2+2miTim
( Te , (4.18)

7 =[]
(7‘1, T2, ,U) 1_ 6_27T7—2\/m2—+u2+27riT1m

This diverges only when 71, 7o, and [ f vanish, let us then consider these limits by

taking first 71 = 0, and then 75 — 0. For 71 = 0 it reads

oo 1 _‘_6—27r7'2\/mz—+/12
Z(0,79, 1) = exp Z In PP e
—e

m=—0oQ

- eXp{— f: f: [(_1)p - 1} e—QWTZP\/mz—W} . (4.19)

m=—o0 p=1 p p

Using the integral identity [179]

1 o
e—W@g\E = / e CEdt, (a,b>0) (4.20)
0
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one can write

2.2 2

o) e o] e Tr2,,_2pm n2,82f2p2
Z =exp +2 Z Z e 2 82 dt o . (4.21)

M=—00 Podd= 1

In the limit of interest 7 — 0, the sum over m may be approximated by an integral
Yo ffooo dm. The integration over m is Gaussian and can be readily performed.

The leading behavior in the 75 — 0 limit then is

Z:exp{\;z_ij;z [1—(=1)7] 1<n§ép>}’ (4.22)

where K is the modified Bessel function. Using the series expansion of the Bessel

function it is easy to see that the leading term of eq. (4.22) in the limit gf — 0
reproduces the expected flat space behavior. A more precise derivation of this result

will be obtained in the next section.

4.4 Modular properties of 7

Consider the function defined by

Za,b(T17T27x) = H (1 . e—27r7'2\/m2+(m+b)2+27ri7—1(m+b)+27ria> ) (423>

m=—0oQ

The partition function (4.18) is given by the ratio

AR (7'177'27 ol )
Z( nb/ ) S V) (4.24)
Zo,o (7'1,7'2, 2:\%72)
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It will turn out to be useful to define

— cos(2mbh
~53 Z cos(27bp) / P e Z MK} (2mxp) .
m

T
p=1 p

(4.25)
The quantity Ay(z) corresponds to the zero-energy (Casimir energy) of a 2D com-
plex scalar boson ¢ of mass m with the twisted boundary condition ¢(7,0 + 7) =
e?™¢(7,0). In the massless limit this zero energy correctly reproduces the familiar
value
1

. B 1 2
lim Ay(x) = o2 — =(2b—1)% (4.26)

Following the appendix A of [178] it is not difficult to derive the modular property of
eq. (4.23)

T1 T2 X

InZ,p(m1,m0,2) =InZ_p, <—| |2,W,ﬂ)—2ﬂ'7’2Ab( )+27T| 2 <| |) (4.27)

As a consequence, the transformation properties of eq. (4.18) are

7 nSf N\ s 1 nff|7]
71,72, \/§27T7'2 - 0,% |7_|27 |7_|2 271'\/_7'2

g (o T Yy (nﬁf\ﬂ) s (220)]
" 070( T2 |7 * 2727 2 |72 2m/27, 2\ 275
(4.28)

From the definition of the Casimir energy (4.25) the last two terms in the equation

above read

nBf SN[L=(<1P] . (nBfplr
fw|¢|z o () 2
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In the limit 7 — 0 and 7 — 0 the first two terms in eq. (4.28) behave smoothly

whereas the second two give precisely the behavior found in eq. (4.22).

4.5 The Hagedorn temperature
The asymptotic value of the free energy (4.13) then is

dry -2t ) 8B S~ L= (=17 (nBfp
FNZ 87Ta /0 2 ep{ﬂﬂzz p Kl(\/?)}’
(4.30)

The biggest value of 3 for which this expression diverges in the 75 — 0 limit is
obtained by taking the n = 1 mode. When the exponent in the integrand of eq.

(4.30) vanishes, F' starts to diverge so that the Hagedorn temperature is defined by

512{ 85Hfz 11— (- <5pr> (4.31)
p=1

the equation

V2

Taking the derivative with respect to f one gets

08w _ 8a/| f|Bu 2;11 [1— (=1)?] K, (5,{_\/];;) |
af 1+ 8a/f2 Z;Ozl [1 — (_1)1)] K, (ﬁH_\/gp>

(4.32)

The r.h.s. of this equation is always negative thus [y is a decreasing function of
|fIV/o/ and consequently Ty is an increasing function of | f|v/a/.

We shall now study the behavior of eq. (4.31) in the small and large f limit. For
small f it is necessary to rewrite it as a power series in G f and then solve for 3. This
will be rigorously done in the next section and it will allow us to derive the correct

result for the Hagedorn temperature at small f. For large f the behavior of eq. (4.31)
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is much easier to extract, and it should reproduce the dual gauge theory behavior.

4.5.1 Expansion for small f

To rewrite eq. (4.31) as a series expansion in f, we shall use the Mellin transform

procedure. The series
- L
E - (4.33)

can in fact be rewritten as a power series in x by means of a Mellin transformation.

’B

The Mellin transform of S,(x) reads

M) = [Cder @ =Y [Cae [T et sy

0 — Jo 0

Changing the integration variable z to y = 2*p?/(4t), M(s) becomes

o0 00 s+1
-y (2N vz [T izt (4.35)
=10 8 \p 0 t

The Mellin transform M(s) exists provided the integrals over y and ¢t are bounded
for some s > k with k£ > 0. In our case the integrals can be done for s > 1 and M (s)

18

M(s) = 2572 (S;I)rcgl) C(s+1). (4.36)

The inversion of the Mellin transform gives back the function Sy(z) and is accom-

plished by means of the inversion integral

C+ioco
Sy(z) = —— / ds M(s)a~ | (4.37)

2mi C—ioco
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where C' > k = 1. The integral is well defined and to compute it we must close the
contour and use the residue theorem. For this purpose it is convenient to change the

argument of ((s+ 1) in the integrand as [179]

((s+1)= S+1/2L§1) (4.38)

Therefore

Sy(x) = —— Cfmds 20\ VT p(-2)r (S cs. (s
i Jo ) 1 2 2

200

The contour can now be closed on the left so that the poles are at s = 1,0, —1,1 —

2k,... for k =2,3,... The residues can be easily computed and the result is
T 7 47
= ———4+=-(1-2 2In —
%@ = G 2 8( ta nx)
i 2k—1 /7 1
+ Z k, (27T> T (k; - 5) C(2k —1), (4.40)

Eonl
[|
N

where v is the Euler constant. Analogously one can rewrite the series

=y (_pl)p Ky (zp) (4.41)

p=1
as

71'2

m
Sia) = —G-+3 (1—27+21n—>

n g k—!)(z%—l —1) (%)% 1 \g (k - 5) C(2k—1). (4.42)
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The series appearing in the formula for the Hagedorn temperature (4.31) can then be

rewritten as

P Tty W (2 (- Do,
(4.43)

In appendix B we present an alternative derivation of this result.
Using these results for the series difference in eq. (4.31) one can derive the follow-

ing formula for the Hagedorn temperature in the limit of small f

3% 4Buf | 205 f2 m2 & 2% 4)4/T ( B f )% 1
=2m— g I'(k—=)C(2k—1).
(4.44)
Keeping only the two leading terms in the expansion of eq. (4.44) we get
167/ By f
7(1—8df*In2) = 87%a/ — ——=— 4.45
(1 - 80’ n2) e (1.45)
The Hagedorn temperature then is
1
Ty = <1+2\/a’ +2(1-2In2)a 2) . 4.46

As in [154] the Hagedorn temperature increases for small values of f?a/ but the second
term differs from the one derived in [154] by a factor of 47/2.

In the flat space limit f — 0 we recover the well known superstring Hagedorn
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temperature

(4.47)

4.5.2 The large f limit

Let us now consider the large f behavior of eq. (4.31). It is particularly interesting
to examine this limit because it is in this limit pp-wave that type IIB string theory is
supposed to be dual to a subsector of a particular Yang-Mills theory [46]. For large
value of f, the most relevant contribution to the series of the modified Bessel function
K is given by taking p = 1 in eq. (4.31). For large value of its argument the Bessel

function in fact can be approximated by

so that terms with higher values of p are exponentially suppressed. The eq. (4.31)

for the Hagedorn temperature then becomes

By o [BufV?2 Bu f
m_g,/ d eXp<_W)_>o, f o0 (4.49)

The rapid vanishing of the Bessel function in the large f limit implies that the Hage-

dorn temperature increases with f and for very large f is pushed toward infinity. This
means that in this regime there is no Hagedorn transition at any finite temperature
but instead the Hagedorn temperature is a limiting temperature. This is expected

since the large f limit should indeed reproduce the gauge theory behavior.
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4.6 AdS;xS?in NS-NS and R-R 3-form backgrounds

The limit that gives the metric (2.30) in the AdSs x S° geometry can be taken also
in other geometries. As a particular case one can consider the AdS; x S® geometry
[180][175][46]. In this case the radii of AdS3; and S* are the same and the computation
is identical to the one we did above for AdSs x S°. It is interesting to consider a situ-
ation with a mixture of NS-NS and R-R 3-form field strengths. The six dimensional

plane-wave metric is
ds? = 2dxtdx™ — PPt dat + di? (4.50)
and the 3-form is given by
FN5 = FNS = Oy fcosa, Fli, =Ff, =Cyf sina, (4.51)

where ¢ parametrizes a point on 7%, and « is a fixed parameter which allows us
to interpolate between the purely NS-NS background o = 0 and the purely R-R
background o = 7/2. C; and C5 are constants depending on the string coupling
and the normalization of the NS-NS and R-R field strenghts. In addition to the six
coordinates in eq. (4.50) we have four additional directions which we can take to be
T

The light-cone Hamiltonian is

o0 2 T4 FT4
. n Ly +L
H= E Nn\/fzsma2 + <f cos o + a’p+> + 20Tp+0 , (4.52)

n=—oo

where the first term takes into account the massive bosons and fermions, and the
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second term takes into account the massless ones.
The computation of the free energy is similar to the one we performed in the

previous section for the AdSs x S® geometry. It reads

0 2 [e%}
5 Z L d7'2 - "2/,32 H
_2 T dTl 3 e dmal Ty
8m2a J, _1 47r a'Ty
Nodd 2 m

1 + 627ri7-m 8

__ p2mitm
ft 1—e¢
- 14
2
. 1+ exp —27r72\/ (7@{5%?) + (m + "25 \%‘j“) + 2miTym
<10 : :
N2
mETC 1 —exp —27?7'2\/<7"2%S$;) + (m + nf\fffja) + 2mimm
] (4.53)

Here, because of the fermion zero modes, the ground state is degenerate and the free
energy can be computed using Fi,s, defined in eq. (4.7).
The modular properties of the partition function in eq. (4.53) can be derived as

done above. Consider

Z(1,T9,x) = H

m=—0oQ

00 1+ 6—27r7—2w/x2+(m+b)2+27ri7-1(m+b)+2m’a )
10,(0,20)72 . (4.54)

1 — =277 224+ (m+b)24+2miti (m+b)+2mia

nBf cos o nBf sina

In our case a =0, b = Nt and x = VoIt Eq. (4.54) can be rewritten in terms

of the definition (4.23) as

Z%’b(Tl,TQ,LL’)

VA —
(Tl’Tz’x) Zo,b(7'1,7'27$)

104(0,27)| 7 . (4.55)
From the modular property of Z, (71, 72, z), eq. (4.27), it follows that

nffsina ) __ 1 12 nBfsinalr]\ 71 1o nfBsinaf|r]
2 (T”% Va2, ) =2y ( 2 e anvan ) T 200 \TRE R Tonven
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+2m 3 [A% (%ﬂa”) ~ Ay (%ﬁa”)] — 210 [05(0, =) + n2|7|.  (4.56)

The first two terms in eq. (4.56) behave smoothly in the 71 — 0, 75 — 0 limit.

Moreover

1 TTo
02(0, ——— —— .
2( ) 27_)‘ — €xXp ( 4|7_|2)
Consequently, taking into account the definition of the Casimir energies, for the Hage-

dorn temperature we get

4%%;/ _ 4ﬁf,\gina f’: [1— ;_1)11[(1 (WH\J;;ma) e (4.57)

p=1

It is interesting to note that this equation depends on the angle o only through f sin «,
the R-R field strength.
Keeping only the two leading terms in the expansion for small f of eq. (4.57), we

get the Hagedorn temperature

1
T, —
i 2/ 20/

(1 +Vao/fsina + (1 —21In2)a/ f?sin a) : (4.58)

In the case of purely NS-NS background, corresponding to a = 0, we recover the well

known superstring Hagedorn temperature for the flat background.
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Chapter 5

Half BPS geometries and free

fermions

5.1 Introduction

According to the AdS/CFT correspondence, deformations of AdS geometries should
map to states in the dual CF'T living at the boundary of AdS. Recently a concrete
realization of this map has been found for the important sector of 1/2 BPS operators
of N = 4 super Yang-Mills. These operators, as reviewed in chapter 2, have conformal
dimension A equal to the U(1)g charge and form a decoupled sector of N/ = 4 super
Yang-Mills which can be efficiently described by a gauged quantum mechanics matrix
model with harmonic oscillator potential. The matrix model is well known to be
completely integrable. The main reason behind integrability is that, in the eigenvalue
basis, the eigenvalues behave as fermions in a harmonic potential. In the semiclassical
limit the 1/2 BPS states can be depicted as droplets of fermions in a two-dimensional

phase space. Ome expects then the following AdS/CFEFT dictionary. Small ripples
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above the Fermi sea correspond to graviton excitations of AdSs x S°. Small holes
below the Fermi energy correspond to giant gravitons, while small droplets of fermions
outside the Fermi sea map to dual giant gravitons.

Remarkably this whole picture has found an impressive confirmation through the
explicit construction of the full moduli space of 1/2 BPS IIB supergravity solutions
discovered by Lin, Lunin and Maldacena (LLM) [184].2 The phase space distri-
bution of the matrix model eigenvalues is in one-to-one correspondence with I1B
supergravity backgrounds which preserve half of the supersymmetry. Moreover the
two-dimensional phase space of the fermions has an interesting physical embedding in
the space-time geometry. At the quantum level the incompressibility of the droplets in
phase space (due to Fermi-Dirac statistics) corresponds in the dual supergravity side
to the requirement that the Ramond-Ramond five-form flux is quantized. The whole
family of half-BPS geometries can be constructed in terms of an auxiliary function
z which also determines the fermion distribution. The regularity of the supergravity
background amounts to requiring a suitable boundary condition on the auxiliary func-
tion. The AdS “bubbling geometries” are therefore in general smooth supergravity
backgrounds.

The fermions discussed so far are characterized by having a step-function distri-
bution in the two-dimensional phase space. They can be seen therefore as fermions
at zero “temperature”. It is then natural to investigate how turning on the tempe-
rature affects the supergravity solution. The fermion at non-zero temperature are

described by a Fermi-Dirac distribution. The corresponding AdS “bubbling” solu-

LAll this is very reminiscent of both old and recent works on ¢ = 1 string theory and its matrix
model reinterpretation [181)[182] (for a recent review see [183]).

2For related work see [185]-[195]. An attempt to achieve a similar description for the 1/4 BPS
case can be found in [196].
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tion has been first obtained in [197] and further studied in [198] where it was given
the name of hyperstar. This supergravity background can be thought of as resulting
from a coarse graining process of smooth 1/2 BPS geometries. The fermion distri-
bution of the hyperstar fails to satisfy the boundary conditions necessary to obtain
a smooth gravity solution. Quite generally when the smoothness condition is not
satisfied naked singularities occur [199][200]. One expects that o’ string corrections
will modify the geometry in proximity of the singularity and that a horizon will be
generated [201][202]. This class of singular supergravity solution can therefore be
regarded as incipient black holes.?

The duality between fermion distributions and supergravity solutions at zero tem-
perature suggests that the thermodynamic properties of the fermion gas at finite
temperature should agree with the corresponding quantities in the supergravity side.
In particular, one expects agreement between the thermal excitation energy of the
fermions and the ADM mass of the supergravity solution. We will check that this is
indeed the case in the two opposite regimes of low and high temperature.

As we have already remarked, the hyperstar geometry is singular. The singularity
is resolved quantum mechanically through the appearance of a finite area horizon.
One can then use the Bekenstein-Hawking formula to compute the associated en-
tropy. By placing a stretched horizon in the hyperstar geometry we propose a way to
match the supergravity entropy with the thermal entropy of the fermions in the low
temperature regime, up to a numerical factor.

Similarly we investigate the opposite regime of high temperature. In this limit

the Fermi-Dirac distribution reduces to the classical Boltzmann distribution. We find

3An example of singular LLM solution is the superstar [203], which has been investigated from
this point of view in [204][205].
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that in this regime the metric is reminiscent of the so called dilute gas limit of LLM

configurations associated to the Coulomb branch of super Yang-Mills.

5.2 Review of the LLM construction

In this section we briefly review the LLM construction [184] of 1/2 BPS IIB super-
gravity backgrounds. These solutions correspond, in the dual gauge theory, to states
satisfying the BPS condition A = J, where A is the corresponding conformal dimen-
sion and J is a particular U(1) charge of the SO(6) R-symmetry group of N' = 4
super Yang-Mills. By selecting one generator of this SO(6) we obtain a theory with
SO(4) x SO(4) x R bosonic symmetry. In the dual supergravity description we look
therefore for solutions with this isometry group. Assuming that the axion and dila-
ton are constant and that only the selfdual five-form field strength is turned on, the

Ansatz for the background is

ds* = gydatde” + "% + 194032

Fsy = Fdat Adz” A dQy + Fda® Ada” A dQy, (5.1)

where the Greek indices j, v run over 0,...,3. The two three-spheres S3 and S® in
the metric make the SO(4) x SO(4) isometries manifest. The additional R isometry
corresponds to the Hamiltonian A — J.

For a background to be 1/2 BPS there should exist a solution to the Killing spinor

equation. Analyzing this equation, LLM were able to prove that the generic 1/2 BPS
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IIB supergravity background takes the form

ds? = —h=2(dt + Vidz')* + h2(dy? + dz'da’) + yeCd2 + ye CdO2,  (5.2)
1

h™% =2ycosh G, =5 tanh G , (5.3)

yﬁyVZ = eijajz, y(@le — 8]‘/2) = eijﬁyz (54)

F=dB,A(dt+V)+ BdV +dB,

F=dB, A(dt + V) + B,dV +dB, (5.5)
1 - 1
Bt = —1y2€2G, Bt = —Zy2€_2G, (56)
A 1, Z+3 2 1, z—3
dB = _Zy *3 d ( y2 ) y dB = _Zy *3 d y2 y (57)

where ¢ = 1,2, and %3 is the Hodge dual operator for the flat three-dimensional space
parameterized by x7, 2, and y. Remarkably, the solution is completely specified in
terms of a single auxiliary function z(x1, x5, y) which satisfies the linear differential
equation

80z + 0, (%) —0. (5.8)
y

It is important to note that at y = 0 the product of the radii of the two privileged
three-spheres is zero. Therefore, to avoid singular geometries, the auxiliary function z
must satisfy a suitable boundary condition. This smoothness condition turns out to be
z = 41/2 on the boundary plane y = 0. In the limit z — 1/2 the 5% sphere shrinks to
zero while the other three-sphere remains finite. The reverse statement applies when
z — —1/2. It is conventional to assign black and white colors respectively to the

z = —1/2 and z = 1/2 points in the (z1, x2) plane. If D denotes a black region in this
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plane, the energy of the associated supergravity solution has the simple expression

A:J:/ Fo 1@yt 1 /dQ—x N (5.9)
p 2mh 2 h 2 \Jp 27mh

The R? plane has then a natural interpretation as the phase space of one-dimensional

fermions in a harmonic potential. This nicely matches the matrix model description
in the dual CFT side [35]. It emerges a beautiful picture of the moduli space of 1/2
BPS geometries of IIB supergravity in terms of configurations of droplets of fermions
on the (x1,xs) plane. Note that the fundamental equation (5.8) has the symmetry
z — —z which simply exchanges the S* and S® in the solution. In a field theory
description of the fermions, this symmetry amounts to a particle-hole duality.

The quantization condition on the total area A of the droplets is related to the
five-form flux N as follows

A N (5.10)

with h = 27?1;4,. The flux N coincides with the number of fermions. The simplest
configuration in phase space is a black circular droplet of radius Ry = v2AN and the
associated geometry is AdSs x S® with N units of the five-form flux. This background
has A = J = 0 and corresponds to the fermion ground state. The boundary of
the droplet can be thought of as the Fermi level of the fermions. The S® of the
background is obtained by fibering the S3 sphere on a two-dimensional surface X in
the (z1, 2, y) space which encircles the droplet. One can easily obtain configurations
with an arbitrary number of S*’s by adding other droplets. If we deform the circular
droplet to configurations with different shapes but same area, we obtain backgrounds
with AdSs x S° asymptotics.

The fundamental equation (5.8) can be rewritten as a Laplace equation for the
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quantity ® = z/y* in a six-dimensional space with spherical symmetry in four of
the coordinates. The coordinate y corresponds to the radial direction in the four-
dimensional subspace. This observation reduces the task of finding the full solution
z(x1, a9, y) of eq. (5.8) to a well known initial-value problem. Once the boundary

condition z(xy, x9,0) on the y = 0 plane is specified, the solution is

2 / / / /
_ Yy z(@}, 4, 0)dz) dd

We can similarly get

(5.12)

. z(2y, b, 0)(x; — o) dz dx!
Vi(ZL’l,izay)Zeﬂ/ (1 2 )( : J) 2
R2

z =X+ 7P

Since we are going to consider only droplet configurations with radial symmetry,
it will be convenient to rewrite the above formulas in polar coordinates (z1,x2) —
(R, ). It is easy to see that in this case Vg = Vjcos¢ 4+ Vosing = 0. Defining
V =V, = R(—Visin¢g + Vi cos ¢) the differential equations relating z and V' (5.4)

read

1 1
yayV:—RaRz, Ea}gv: gﬁyz. (513)

Rewriting eq. (5.11) and eq. (5.12) in polar coordinates yields

ARy == [ 0) (s R)AR (5.14)

V(R,y) = /z(R',O)gV(R,y;R')dR', (5.15)
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where

/ R? — R 4 2
w(Ry;R) = Y - (5.16)
2[(32 + R? —I—y2)2 _4323/2] /
, _2R2R/ R2—R/2—|— 2
gv(R,y;R)) = ( v) : (5.17)
[(R2 + Re +y2)2 _ 432312]3/2

We remark that zy is the LLM function corresponding to a circular droplet. Indeed
in this case z(R',0) = 1/2sign(R’ — Ry) and using eq. (5.14) one obtains z(R,y) =
20(R, y; Ry). As previously anticipated such a configuration gives rise to the AdSsx S°

solution. In fact performing the following change of coordinates [184]

y = Rypsinh psin 6, R = Rycoshpcos@, p=0¢+t, (5.18)
one recovers the AdSs x S° metric in standard global form
ds® = Ry( — cosh? pdt* + dp? + sinh® pdQ2 + df? + cos® 0dd? + sin® 0d03) . (5.19)

A variation of the method described so far can be similarly applied to obtain 1/2
BPS M-theory backgrounds with AdS,7; x S™* asymptotics [184]. In this case the
geometry is in one-to-one correspondence with solutions of a three-dimensional Toda

equation, which plays the same role as eq. (5.8).

5.3 1D fermions in the harmonic well

In this section we review the basics of the thermodynamics of one-dimensional fermions

in a harmonic potential. In what follows, we will consistently adopt units in which
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h = kg = 1. We consider a gas of N non-interacting fermions with hamiltonian

H(p,q) = %(ﬁ + %) (5.20)

in thermodynamic equilibrium at a given temperature 7". For large N, we adopt the
semi-classical approximation in which the energy is taken to be a continuous variable.
The probability distribution as a function of the energy H(p,q) = € is given by the

Fermi-Dirac distribution:

1

nFD(€) = ele—n)/T 41’ (521)

where p is the Fermi energy. This is determined by the normalization condition
° de
which gives
p="TInE"T —1). (5.23)

We will first consider the limit of very small temperature 7', or more precisely N/T' >

1. In this limit, the Fermi level becomes

p=N+0OTe™NT), (5.24)
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and the total energy of the Fermi gas is given by

* €de

which for small T' can be evaluated by means of the Sommerfeld expansion [206]

> 2 77T4 4 r1mn
I:/O Y /T+1 /f )de + = Tf() 360Tf(u)+(’)(T6). (5.26)

This gives
B~ — + =T (5.27)

The first term is clearly the ground state energy of the N fermions, so we expect the
dual gravity solution to have a mass (and angular momentum) difference of A = %QT2
with respect to the AdSs x S® background. It is worth noting that in eq. (5.27) we
only neglect exponentially suppressed terms. In fact, since f(e) = ¢, there are no
power series corrections to the energy beyond 7?2. This is a specific feature of the 1D
harmonic oscillator, and we will recover it in the energy* and angular momentum of
the hyperstar in the low 7' limit.

To evaluate the entropy of the fermion gas, it is convenient to first obtain the free
energy F' of the system. This is computed from the partition function Z, which in

the continuous limit we are considering reads

N (o]
Z = exp {—7“ + / de In(1 4 e~ (m/Ty| (5.28)
0

4Modulo a subtlety involving T terms to be discussed later.
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One can verify that this expression for the partition function is correct by checking
that the relation £ = —% InZ (where § = 1/T) is satisfied. Using the definition

F'= —TIn Z one obtains the free energy

€

VR b /Ty - Ny — [ de
F =Ny T/O deln(1 + ¢ ) =Nu /Od%(s—u)/TJrl

= Nu— E.(5.29)

The entropy is then given by the relation F' = E —T'S from which we get

2E — Npu
S=—— 5.30
- (5.30)
For small 7', using eq. (5.24) and eq. (5.27) one gets
2
S ~ %T, (5.31)

where again only exponetially small terms are neglected.
We now consider the opposite limit of very high temperature N/T < 1. In this

limit, the Fermi distribution clearly reduces to the Boltzmann density

npple) — np(e) = NG e P (5.32)

where § = 1/T. The total energy in this approximation is £ = NT. The entropy
can be obtained from eq. (5.30) (which is valid for any temperature) using the large

T approximation g~ T'In N/T', and reads

S~ NInT +2N —NInN. (5.33)
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5.4 The hyperstar: low temperature regime

We now introduce the 1/2 BPS geometry dual to the Fermi-Dirac gas described in
the previous section [197]. This solution was named hyperstar in [198].

A given z(R,0) corresponds to a fermion density n(R) in the phase space via the
relation

1

2(R,0) = 5~ n(R). (5.34)

For example, the AdSs x S® solution is associated to the step function density ng =
Y(R — Ry), which can be viewed as the zero temperature limit of the Fermi-Dirac
distribution (5.21). One can turn on the temperature on the fermion side by replacing
ng with ngp(R) and construct the corresponding supergravity background by using
egs. (5.14), (5.15) and (5.34). It is important to remark that the temperature we
are turning on is the temperature in the “auxiliary” description of the free fermion
gas. It is not a temperature of the supergravity solution or of the dual gauge theory.
Indeed, we remain in the supersymmetric 1/2 BPS sector. It would be interesting
to understand better what corresponds to this temperature on the gravity and gauge
theory side. For the time being, we regard 7" just as a deformation parameter of the
AdSs x S® background.

For low temperatures, the solution is a small perturbation of the circular droplet.
In fact in this limit the fermion configuration in the (x,z5) looks like a black disk

with the boundary slightly “blurred”, as shown in fig. 5.1. In the low temperature
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Figure 5.1: Droplet configuration in the low temperature limit. The greyscale ring
around the Fermi level corresponds to a singular region of the spacetime.

limit the expressions (5.14) and (5.15) can be obtained analytically as follows [197]

1 / /
FolR) = g+ [ neo(R) (R R)dR
2 5
= Ay NGY 1
T (Ry7R0 6 |:a Ry7R0 )E:R_%+O(T)7
(5.35)
and
Vip(Ry) = —/ nrp(R)gv(R,y; R)dR'
0
2 0 [ gv(R,y; Ry = v/2¢)
= Vo(R,y; Ro) — —T?% | = — +0O(T%),
(& ; Fo) 6 06( V2 _m (T7)
: (5.36)
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where we have used the Sommerfeld expansion (5.26) and where

1 R?+ R} +y?

‘/E](Ruy7 RO) =35 oY /2 1 (537>
2 \[(R? + R +y*)? — 4R*R}|

corresponds to the AdSs x S° background. In these expressions Ry = V2N is the

radius of the droplet in the phase space at T'= 0, and N is the number of fermions.

It is easy to check that egs. (5.35) and (5.36) satisfy the differential equations (5.13).

5.4.1 ADM form of the metric

In order to compute the mass and the angular momentum associated to the hyperstar,
it is convenient to perform the following change of coordinates

2\ 1/2 ~
R:L2<1+r—> cos ¥, y=Lrsing, o = o+

. o (5.38)

SIES

and we also rescale ¢ — Lt to have conventional units. Here (¢, r, Q3) parameterize
the asymptotic AdSs (in global coordinates), whereas (6, b, Qg) span the asymptotic
S5, Of course, L is the radius of both the AdSs and the S°. It is related to the radius
Ry used by [184] via Ry = L?. In this system of coordinates the metric can be

rewritten in ADM form as

dr?

r2 4+ L2

- - 2 ~
ds® = —N2dt* + gy ( + d92) + 955 (dqﬁ + N ¢dt> + gass A + ga,q, 493,

(5.39)

where N is the lapse function and N ¢ is the shift vector.
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Introducing the expansion parameter

22T 2T
= 38 = 6N2 (5.40)

and using the explicit expressions for 2%, and Vi,

R%* — RZ + 2 N
2 [(R? + R% +y2)? — AR?*R3)"*

ng(Rv y) =

+2Réy2((RS +y%)? + R*(R3 — y?) — 2R*")

7+0(?),
[(R? + R} +y?2)? — 4R?R2"? )

1

R?+ R2 442 A
[(R? + R2 +y2)? — 4R?R3)"

| 2RORS((R? — R§)* — (12 + RS + 2°))
[(R? + R2 +y2)2 — 4R?R3)”

v+0(y%), (5.41)

one obtains, upon implementing eq. (5.38), the components of the metric, which we

present here up to O(7?) terms®

2
N = <1+ %) [1-9L2Fi(r,0)]

NP 2L(r? + L?)(r? + L*cos? 0)
-7 (r2 + L?sin? §)3 ’

955 = L200s29[1+7L2F1(7”79)}7

r?2 — L2gin’ 0

R ER)
900 [ 7 72 + L2sin’f

Fy(r, 9)} ,

SWe notice that our expression for g 3¢ differs from the one reported in [197].
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90505 = r? [1 — 7L2F2(7’, 9)] ,
Go, = Lsin’ 9[1 N L2Fy(r, 9)} , (5.42)

where

Frg) — (3cos?f — 1)r* 4+ 3L% cos* 612 4+ L*(2 cos* O + sin? )
1(r6) = (r2 + L?sin? §)3 ’

sin?0r? + L*
(r2 + L2sin® )3

Fy(r,0) = Fi(r,0)—2 (5.43)

A general property of LLM distributions with compact support is that the corre-
sponding geometries are asymptotically AdSs x S°. One can check that this remains
true for the metric (5.42). This is consistent with the fact that the droplet of fig. 5.1
is effectively confined in a finite region of the phase space. From the expressions in
eq. (5.43), we also notice that the Sommerfeld expansion seems no longer reliable in
a region around the point » = # = 0. The appearance of eventual singularities will

be discussed in the following section.

5.4.2 Singularities of the metric

The study of singularities for LLM geometries was undertaken in [198]-[200]. There
it was shown that all singularities appearing in the LLM supergravity solutions are
naked and fall into two classes, namely timelike and null. While the former are
considered highly pathological due to the presence of closed timelike curves, the latter
are not. In fact, for 1/2 BPS geometries with null singularity, the underlying fermion

density function n(R) always takes values in the region n(R) € [0, 1]. This is the case
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both for the hyperstar and the superstar solutions.

To verify the presence of a singularity in the geometry, one should find a curva-
ture invariant which diverges. The first non-trivial invariant to consider is R%,, =
RynRMN (M,N =0,...,9), since the Ricci scalar R vanishes. Indeed, as a result
of the Weyl invariance of the classical theory, the trace of the matter stress-tensor is
identically zero. In order to check the consistency of the metric (5.42) we explicitly
verified that this is the case.

There are two ways to perform the computation of R3,,. The direct approach
involves the explicit form of the metric, while the indirect one makes use of the field
equations of type IIB supergravity. In this case, the knowledge of the five form field

strength F{5) will suffice

1/5 1
Ry = = <§FMP1P2P3P4FNP1P2PSP4 — ZgMNF2) . (5.44)

Suppose now we use the approximate solution for the metric, whose explicit form was

given in the previous section, eq. (5.42). A lengthy calculation gives

160 Ps(r, cos )

. 2
Farv = 70 7 g 4 zzemzey T 907 (5.45)

In this « expansion, the first term corresponds to AdSs x S and is, of course, finite.
The linear term in v is, however, potentially divergent. Here Pg(r,cosf) is a sixth
order polynomial in both r and cos § and goes to zero as (r? + L?sin?#) when r — 0
and 8 — 0. The square of the Ricci tensor is therefore divergent when r = 0 and
0 = 0. It is interesting to note here that this is exactly the singular behavior one sees

in Kerr black holes. Due to their angular momentum, the collapsing region is not a
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point but a zero-thickness ring. The Kretschmann invariant K ~ Ry;nyrsRMVES | for

instance, for a Kerr black hole with mass M and angular momentum J = Ma, is

Qg (1, cos )

K = M?
(r2 + a? cos? )6’

(5.46)

where Qg(r, cos) also indicates a sixth order polynomial having the same behavior
as Ps(r,cosf) in the vicinity of r = 0 and # = 0. This is suggestive of the existence
of an event horizon in the hyperstar geometry which may manifest itself through
o’-corrections to the supergravity solution.

This is not however the result one would have anticipated. From the form of the
metric in LLM coordinates, it is quite natural to expect a singularity at y = 0. Using
eq. (5.38), we can see that this corresponds to r = 0 or § = 0 in asymptotic AdSs x S°
coordinates. On the other hand, the singular region appearing in eq. (5.45) is mapped
to (R = L,y = 0), which is just the Fermi surface of the fermions. We expect the
singularity to be at least smeared over an extended region around the Fermi energy,
since there the fermion density is less than one, see fig. 5.1.

What is therefore the true singular region of the hyperstar? We can try to address
this question in a quite general fashion valid for all LLM geometries. We simply need
to know the behavior of the functions z(R,y) and V(R,y) in proximity of y = 0. We
can distinguish two different cases depending on whether zo(R,0) = lim, o 2(R, y) is
independent of the radial coordinate R or not. In what follows we will focus on the
latter, since this is the case of the hyperstar.

We would like to find z(R, y) and V (R, y) in terms of an expansion in y or functions

of y, such that the differential equations (5.13) will be order by order satisfied. It
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turns out that the appropriate Ansatz is the following

2(Ryy) = 2(R,0)+ fi(R)y* Iny+...,
V(R,y) = Vo(R,0)+gi(R) Iny+.... (5.47)

The functions f;(R) and g;(R) are determined to each order from the same dif-
ferential equation (5.13). For the case that concerns us here we have fi(R) =
—%83(3’8320(13, 0)), Vo(R,0) = —%R@Rzo, and ¢1(R) = —ROgzy. It is now easy
to find the complete solution for the metric and the five-form field strength in this

region and subsequently calculate R3,,, using either of the methods indicated above.

We find
hl (Z()(R, 0))
2

Y +h2(Zo(R, O),fl(R)) lny—|— y (548)

2 —
RMN -

where hy(zo(R,0)) and ha(z0(R,0), f1(R)) are non-zero functions of the variables indi-
cated. Indeed we see that the leading term is divergent at y = 0, as expected. We must
therefore conclude that this is the singular region of the hyperstar, and that we cannot
rely on the Sommerfeld expansion (5.26) for calculations in the small y region. This
will be important later for computing the entropy through the Bekenstein-Hawking

formula.

5.4.3 Fluxes and topology

To check the consistency of the hyperstar solution, we can verify that the flux of
the five form F{5 remains equal to N, independently from the temperature 7' of
the fermion gas. From general considerations this has to be expected, since the

temperature can be viewed as a tunable continuous parameter and as such it cannot
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modify the flux which is a topological constraint. At zero temperature, i.e. for the
AdS5 x S® solution, using the explicit expressions for the field strength in the LLM

solution and the change of coordinates eq. (5.38) one obtains

3

FY) = % dt A dr A dQs + 2N sin® 0 cos 0. dO A d A dSYs . (5.49)

The flux is computed by integrating F © over the S° and including the appro-

(5)0623
priate normalization is equal to N. To check that temperature perturbations do not
alter the flux, one has to verify that corrections to F ((50))9 565 vanish when integrated

over the five sphere. Up to second order in the temperature, these take the form

L5 pg(r, cos )

1) _ .3
117(5)6(%23 = sin” fcosf CEEERIIE
10
2) A2 w3 L' pyo(r, cos 6)
F(5)9¢~)Q3 = 7° sin” @ cosd (Ft D252 0)F (5.50)

where pg and p1g are polynomials of degree 6 and 10 respectively. Although the explicit
formulas look rather involved, the integration over € can be carried out exactly at

arbitrary r and indeed yields
/2 () w/2 @
/0 BE 50, = /0 W F 5050, = 0 (5.51)

5.4.4 ADM mass of the hyperstar

In this section we present a systematic derivation of the ADM mass of the hyperstar
solution. The natural expectation is that this mass should coincide with the thermal

energy of the auxiliary fermion gas system.
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The Einstein-Hilbert action in a d-dimensional spacetime is

1
167TGd

1

Sorav = 811Gy

/ dz/—g (R — 2\) f dle/—H 0, (5.52)
M oM

where we included the Gibbons-Hawking boundary term and -, is the metric on the
(d — 1)-dimensional timelike boundary. Following [207], the quasi-local stress-tensor
can be computed by the variation of the gravitational action with respect to the

boundary metric
2 0Sgrav

TV

T

(5.53)

Using eq. (5.52) this is

1
T = e (O = 0y) (5.54)

In the previous expression we have introduced the extrinsic curvature of the (d — 1)-

dimensional timelike boundary embedded in M
oM =~V (5.55)

and we denoted the corresponding trace by ©. The covariant derivative is taken with
respect to the metric g, of the full spacetime and 7" is the unit normal to the bound-
ary. The stress-tensor (5.53) generically diverges as we approach the boundary d.M
when the spacetime is asymptotically AdS. In the context of the AdS/CFT corre-
spondence we can view the gravitational quasi-local stress-tensor as the expectation
value of the stress-tensor in the associated conformal field theory. The divergences
get then a natural interpretation as standard ultraviolet divergences in quantum field

theory [208]. We can regularize the theory by adding suitable counterterms to the
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original stress-tensor

1 2 48,
T — = (@W — O + = 55 t) . (5.56)
v

The counterterms are consistently constructed using only the boundary metric v,
and its covariant derivatives and are (almost) uniquely determined by requiring a
cancellation of the divergences and general covariance (for a review see [209]). The

boundary metric 7,, can be written in the ADM form
Y drtdz” = —NZdt* + o (dx® + NEdt)(da® + NLdt), (5.57)

where ¥ is a surface of constant t inside OM. Conserved charges are obtained by
integrating T"” over a spacelike hypersurface at infinity. A finite expression for the
mass is obtained substituting the regularized stress-energy tensor in the following

formula

M = / A2z \JoNsul Ty, u”, (5.58)
%

where u* is the timelike unit normal to . For instance, the application of this method

to the five-dimensional AdS-Schwarzschild black hole

2 2 2
ds? — — [T_2 41— (T_O) ] dt® + - dr -+ r2(d6* + sin” 0d¢* + cos® Odi)?) |
L ' - ()]
(5.59)
yields [208]
2 2
3l 3mr§ (5.60)

©32Gs * 8Gs

The first term, which is present also when the black hole disappears, corresponds to
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the Casimir energy of the vacuum in the dual CFT.

It would be nice to have a similar counterterm method directly in a ten-dimensional
setting. Unfortunately, extending the program of holographic renormalization to ten-
dimensional metrics with AdSs x S® asymptotics seems problematic [210]. We are
therefore forced to use alternative approaches. In the first one, we will determine the
relevant components of the stress-tensor relative to some reference geometry following
[211]. The second approach is the so called background subtraction method [212]. In
both cases one has to carefully match the asymptotic geometry of the supergravity
solution with that of a reference background. Neither of the methods can reproduce
the Casimir energy of the associated CF'T. However this will not be a problem in our
case since we are interested in computing the energy difference between the 1/2 BPS
supergravity solution and the AdSs x S® ground state.

We now proceed to compute the mass of the hyperstar (5.42) as a series expansion

_ w2712

= %= This mass should agree with the energy of the free

in the small parameter ~
fermion gas, eq. (5.27). We will first consider the leading order in v and comment on

~? orders in a later section.

First approach

Following [211], we obtain the stress-tensor associated with the metric (5.42) relative
to the AdSs x S° background metric ggu. We need to require that the difference
between the two metrics falls off suitably fast for large radius. Explicitly we want

that

gTT - g?r = 0(1/T6) ? g?‘a - gv("]a = 0(1/7’5) ? (561>
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where o(1/r™) means that these differences go to zero more rapidly than 1/r" and
the index a runs over all the coordinates except r. To satisfy such requirement we
implement an appropriate change of coordinates (r,0) — (7, é), which we presently
discuss. The effect of using these new coordinates is to make the leading asymptotic
perturbations of the metric all in components parallel to the boundary directions.

Then the line element becomes

A

T,
ds® = g0, datda” + f—azbdx“dxb ..., (5.62)
from which one can read off the stress-tensor up to a multiplicative constant depending
only on the space-time dimensions.

The first step is therefore to find a coordinate system such that the metric satisfies

eq. (5.61). We consider the Ansatz

%, cos@zcosé—l—g—l—%, (5.63)
where the f; = fi(9) (i = 1,...,4) are functions to be determined in order to adjust
the asymptotics of the metric.

In terms of the new variables 7 and 5, the gz component of the metric has an
expansion for large 7 which differs from the background reference metric g% = (1 +
7/L?)~! by terms containing the f;. The 1/7* term can be eliminated by tuning
fi = 1(3cos 0> — 1)Ly, and similarly the 1/7® with an appropriate choice of fs.
The first constraint in eq. (5.61) is then satisfied. Analogously, f3 and f; are fixed

by requiring the vanishing of the 1/7 and 1/7° terms in g.;, which appears after

changing variables according to eq. (5.63). Once the f; are fixed, one can verify that
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the other components of the metric coincide with g2V up to orders O (7~2). The only

disagreement is found in gy and ga,q,, which contain a term at order O (%)
v(3cos?f — 1), (5.64)

which, nonetheless, vanishes upon integration over the S° (including the appropriate
measure). We notice that the same factor already appeared at leading order in the
asymptotic expansion of the metric perturbation, see eq. (5.43).

From eq. (5.62) and the explicit expression for
2 ) 2
g = —N*+ 935 (N ) (5.65)
one can read off the time-time component of the stress-tensor

. s 72\
ﬂt — (gtt(r, 9) + ]. + ﬁ) 7'2

0|2

(4(3 cos? § — 1)7? + L*(11 — 39 cos® § + 60 cos* é)) +0 (%) (5.66)

This expression has to be integrated at the spacelike boundary in order to give the

mass
4 .
M = T,
167TG10 / s
w/2 ~
= oG L (27)(27%)? /o df cos Osin® § Ty , (5.67)
where Gp = % and i = 77_3\/%& 900 Gt 93 15 the integration measure. The final
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result for the mass is

L7 72

which agrees with the thermal excitation energy of the N fermions above the ground
state, eq. (5.27). The extra L in the denominator comes from the rescaling of
the time variable already discussed. It is important to remark that in obtaining
these expressions we have consistently worked at order . We will comment on the

significance of higher order terms in a later section.

The superstar

As a further check of the validity of the procedure just discussed, we also apply it to
the so-called superstar, a family of asymptotically AdSs x S® backgrounds discovered
in [203] and further studied from the LLM perspective in [204][199][205] [198]. The
extremal 1/2 BPS superstar metric is governed by two parameters, the flux N of the
5-form through the S° and one of the three angular momenta on the S°, Js;, which
coincides with the energy A because of the BPS condition. Explicitly the metric can

be written as [199]

1 r? L*H L
2 _ 2 2 2 102 2 102
ds® = —5 (COS 0+ ﬁG ) dt” + T S1n Hd(b + 25 S11 Hdtdqb—i—

2

dr? L
+G <i + r2d§z§) + L2Gde? +

7 G cos? AdQ2 (5.69)
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with

2 2L2A
%, G:\/sin29+Hcos2«9, H=1+ = Q

N2p2 - r2 :

(5.70)

f=1+H

Also in this example we want to satisfy the fall off conditions (5.61). By choosing an

appropriate coordinate system as in eq. (5.63) it is easy to see that

. Q 2
Ty = m(2—3(:os29) P4

Q
6412

i _ _ 1
((6 — 36 cos®§)L* — (4 + 15cos*§ — 24 cos* )Q) + O <;) (5.71)

The expression for the mass is then

4 . A
= 0Ty = LA75Q = = 5.72
167TG10 / H Lot 167TG10 m Q L ’ ( )

which, up to the L coming from the rescaling of the time, is exactly the energy of
the geometry. Note that we have again neglected contributions quadratic in () in the

stress-tensor (5.71).

Second approach: Background subtraction

We now discuss the second approach [212] for computing the mass of the hyperstar.
In the background subtraction prescription the ADM mass is obtained by integrating

the quasi-local energy N (K — Ky) over the (d— 2)-dimensional spacelike hypersurface
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Y} at radial infinity

1
M= /Z UN (K — Ky). (5.73)

To obtain M one needs K", the extrinsic curvature of ¥ embedded in a constant

time hypersurface
KW = -V i) (5.74)

Now the covariant derivative is calculated with respect to the metric h,, of the con-
stant time hypersurface, and 7 = gr_,«l/ 25,” . Ineq. (5.73) K and K, are the traces of
the extrinsic curvature of the spacetime and of the reference background respectively,
and g is the measure on 3.

In this case we also need to carefully tune the components of the boundary metric
with those of the AdSs x S° background by performing an asymptotic coordinate
transformation as in the Ansatz (5.63). Let us first consider the extremal superstar
solution in its five-dimensional reduction to understand which fall-off requirements
we need to impose. The mass of this solution was first obtained in [213]. The line
element reads

ds® = —H*P fdt® + H'Y? (f~'dr® +r%dQ3) | (5.75)

where H and f are defined as in eq. (5.70). The parameter ) appearing in eq. (5.70)
is the five-dimensional electric charge and corresponds to the angular momentum .J

in the ten-dimensional uplifting of the superstar solution (5.69), see also [214]. We
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perform the following change of variable on the solution

P =rH'? (5.76)

which asymptotically amounts to

2o

(5.77)

A posteriori one can verify that additional higher order terms in eq. (5.77) do not
modify the final answer for the mass. After this transformation, the difference be-
tween the components of the boundary metric go,n, and the global AdS; background
becomes of order O(7~*). An explicit calculation of the extrinsic curvature yields

3 3L 3L3 Q2 1 1
K__Z_2f2+(?_3_L+LQ)f_4+O<%)' (5.78)

To obtain a finite mass, we need to subtract the extrinsic curvature of AdSs

3 L2\ '"?
Using
1
M = K — K, .
e 0 (5.50)

with G5 = m/4,5 we obtain the well known result

M=qQ. (5.81)

6In this example we use the units of [213].
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One can easily verify that if we had not implemented the transformation (5.77) we
would have gotten
3 2
K:_§_£+<%_3Q_L+¥)%+O<f_l6)’ (5.82)
and correspondingly the incorrect result M = % (). Asin the ten-dimensional example
(5.69), we have again neglected a term proportional to Q2.

We now proceed similarly with the hyperstar solution using f, f2 to fix the asymp-
totic behavior of gg,0, and analogously fs, f1 to fix gQ3Q3.7 Having four parameters at
our disposal we require that dga,q, and dgg, o, are of order O (7~*). With this choice
we obtain dggy = O(7~2), while for the other component of the boundary metric 955
we have dgz; = yL*(—1 + 3 cos(f)) which integrates to zero on the S°. After having
implemented this coordinate transformation, we can compute the extrinsic curvature

to linear order in 7 obtaining

3 L
’ 25 15 1
+8f4 (3 +4(28 — 159 cos® § + 174 cos 9)7) +0 (ﬁ) : (5.83)

Subtracting the extrinsic curvature contribution of the background

3 2\ /2 3 3L 33 1
ke (BTt (1

L L 272 8 7

"We could have also chosen to use the parameters f; to fix the other components gy ,gg¢ of the
boundary metric. This ambiguity alters only the quadratic contribution to the mass which, as will
be discussed, is not physical.
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and using the ADM mass formula, eq. (5.73), we obtain

L7 72

which is again the expected result.

Contributions to the mass of order 2

It remains to discuss the relevance of the quadratic terms in + that we have so far
consistently neglected. According to the discussion following eq. (5.27), we would
not expect contributions to the mass at orders higher than v ~ T2. We now check

whether this is the case. Using the expressions at order ? ~ T* for 2%, and Vi,

8415 1?
5(R? + R +y?)? — 4R2R3)

T
2Ry = A

(RS + 92y + RA(RS = 11y2) (RE + ™)+
T3RY 3R+ 3R%y? — 2y*) + RO(11R2 + 14y?) — 4R8> ,

84RS R?

VipD(Ry) = 4 -
ro (oY) 5[(R2 + R + y2)? — AR?R2)*

(B8 = 4y®) (B2 + v*) — RMARS + 9RSy® — 9R3y"* — 149°)+
FRY6R2 + 21R2y% + 6y%) — RO(AR2 + 1132) + R8> ,
(5.86)

it is straightforward to write down the corresponding asymptotic expression for large

r of the hyperstar metric, which is not particularly illuminating and, therefore, we do
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not present it.

It is not difficult to see that, differently from what expected, there seems to be
a non-vanishing contribution to the mass proportional to v2.8 The exact coefficient
of this term depends on the procedure used to compute it. In the first approach

discussed above there is a quadratic contribution to the stress-tensor

2 . -
Tt(f) = —3—6 (19 — 159 cos?® 0 + 216 cos? 9) , (5.87)
and to the mass
L7 m
M? - 22 4 5.88
32 T 72D (5:88)
The method of background subtraction gives
L3 ~ ~
K = 4% 5(69 — 540 cos®  + 747 cos' 0) . (5.89)
T
and
12517 1257
@ = 2L e 19T gy (5.90)

128 98819

The presence of this term and its scheme dependence are, however, not completely
surprising and have already been discussed in the literature. In computing the super-
star mass, both in five and ten dimensions, we already encountered a similar issue,
see eqs. (5.71) and (5.78). Indeed, retaining the Q? terms in the computation of

the mass, one would obtain a non-linear BPS condition M ~ @) — 3% [215]. This

80n the other hand, the angular momentum, which can be obtained from N $ ~ &+ z—z +..,
does not receive corrections beyond O(7).
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relation clearly conflicts with the expectation M > |@Q]. One can nevertheless recover
the usual linear BPS condition by including appropriate finite counterterms related to
scalar fields [216]. This discussion can be generalized to the three-charged AdSs black
hole. It has been observed in [217] that terms quadratic in the charges are related
to a trace anomaly of the stress-tensor. This anomaly stems from a renormalization
scheme which violates the asymptotic isometry group of AdSs and can be removed
by adding to the action the finite counterterm proposed in [216].

In the light of these examples, we therefore consider egs. (5.88) and (5.90) as
spurious. They should be eliminated by a convenient choice of counterterms, although
we do not know how to carry out this procedure directly in ten dimensions.

Orders beyond +? do not contribute to the mass of the solution, because they fall

off too fast at radial infinity.

5.4.5 Angular momentum

As a check of the BPS condition for the hyperstar solution, we now calculate the asso-
ciated angular momentum. This computation is most easily done in a five-dimensional
setting. The ten-dimensional angular momentum J coincides with the electric charge
Q of the U(1) gauge field A coming from dimensional reduction on the S°. The gauge
field can be read off from the term gq;q;(dqg +N?dt)? in the ADM metric and therefore

coincides with the shift vector

7 2L 1
A:N¢dt:—27dt+(’)(—4) . (5.91)
r r
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The associated charge (angular momentum) is then®

L2 I8 2
J = dA =~— = —T7? 5.92
167Gs /Sgo B (5.92)

where x5 is the five-dimensional Hodge star operator. In our normalization the five-
dimensional Newton constant is G5 = G19/Vol(S®) = 2w/L°. The L? factor in eq.
(5.92) is necessary for obtaining conventional units. Comparing J with the mass

formula eq. (5.68), we obtain the BPS relation M = J/L.

5.4.6 Entropy

In the previous sections we have found agreement between the ADM mass and the
thermal energy of the fermions. Since the Fermi gas has non-vanishing entropy at
non-zero temperature, we expect the same to occur for the supergravity solution.
We would like to understand how this entropy arises geometrically in the case of the
hyperstar. Although the solution we are considering seems to have a naked singularity,
it is expected that o’ corrections to the equations of motion might generate a finite-
area stretched horizon. With these corrections we can think of the hyperstar as a
legitimate black hole.

In the presence of an event horizon, the entropy of a gravitational solution in d

dimensions is given by the celebrated Bekenstein-Hawking formula
S =" (5.93)

where A is the area of the horizon. In our case the entropy is still given by eq. (5.93)

9Looking at the five-dimensional gauged supergravity action one would expect a contribution to
the charge of the type [ ga ANAF. This term is nonetheless subleading and vanishes at radial infinity.
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but now A = A, is the area of the stretched horizon.
Since we do not know the explicit form of the o' corrections, the location of the
stretched horizon is inherently ambiguous. Therefore we expect to reproduce the
fermion entropy up to a numerical coefficient.
As we already discussed, the y = 0 plane is a null singular region. It is reasonable
to assume that the o/ corrections will generate a horizon at yg, ~ 0+ O(a/). We
therefore need to compute the area of the y = y,, plane, with y,, ~ o = gs

Js /2 in units where A = 1. This area turns out to be finite. The metric in LLM

p

coordinates for fixed ¢t and y reads
ds*|; y= fizea = —h 2V2d$* + h2(dR* + R*d¢?) + ye®d2 +ye CdO2,  (5.94)
so that the integration measure is

1
1 3
= VhiR2 —V2y? ~ h? Ry® ~ (Z - zg) Ry?, (5.95)

where we have assumed the expansion (5.47), so that the term V2 ~ In®y can be
neglected for small y against h* ~ y=2 and z ~ z;. By restricting the measure (5.95)
to y = ysp, the Bekenstein-Hawking formula yields

_ Aan(Y = Yon) _27r(27r2)2 s [ 1 , 1/2
S = 4G = o ysh/O RdR Z_ZO

~ c/ RAR\/n(1=n). (5.96)
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where ¢ is a numerical constant. For the hyperstar n = ngp so that

§(e=n)
ez

with e = R?/2 and p =T (/" — 1). Using eq. (5.96) we obtain

u 1
= 2cT (g — arctan e_%) =2cT (g — arctan \/ﬁ) . (5.98)
In the low temperature approximation this yield
SocT(1+0( ™)) . (5.99)

Therefore the entropy is proportional to T, as expected from eq. (5.31), up to cor-
rections which are exponentially suppressed for N > T.

In the high temperature limit, however, eq. (5.98) does not seem to reproduce the
logarithmic behavior of the Boltzmann entropy. In this limit, which will be studied
in the next section, the assumptions and the approximations which led to eq. (5.96)

might not be valid since 7" is not a small parameter.

5.5 High temperature regime

We now move to consider the high temperature regime. In this limit the Fermi-Dirac
distribution reduces to the classical Boltzmann distribution. Correspondingly, the
droplet spreads over a larger part of the y = 0 plane and the singular greyscale region

is not confined inside a thin ring anymore, as shown in fig. 5.2 .
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Figure 5.2: Droplet configuration in the high temperature limit.

The auxiliary function z can be computed in this regime as

1 * / a / /
ARy = 5+ /0 n(R) oo R,y RAR (5.100)
where
ng(R) = NBe ?'% (5.101)

and 8 = 1/T. Making the change of variable R?/2 = ¢ and using the explicit

expression for zy(R, y; R') we can write the integral as

25(R,y) = % —2’NBL(3, R, y), (5.102)
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where we have defined

(2 +y* + R?)
[(2¢ + y? + R?)2 — 8R2J3/2

L(B,R,y) = /0 e e (5.103)

The high temperature limit corresponds to the small 3 region. Therefore we want to
find an approximate expression for I,(3, R,y) near § = 0. It is easy to verify that
I.(0,R,y) = 555, and also that

27

00 —Be 2,2
OIZ:_/ e : €e P (2e+ R* +y?) (5.104)
0

ap 2¢ + y% + R?)? — 8R2¢3/2
diverges as In 3 in proximity of 3 = 0, because the integrand goes like e =% /¢ for large

€. This suggests a low 3 expansion of the form

L(B,R,y) = L(0,Ry)+ ABInS+ ..

25(R,y) = % —2y°Np <2iy2 + ABIn 3 + ) . (5.105)

Since it is not possible to compute explicitly %—IBZ for 8 — 0 because of the divergence,

to find its small 3 behavior we find it useful to first regulate the integral by considering

the quantity

o, 1 [ cePe
— . 1
8ﬁ+4/0 ot (5.106)

The new piece

Iy

1 [ ce P
- d 5.107
4/0 ‘et (Rt ( )
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has the same divergence structure of %—Ig and its value is known for finite 3 in terms
of the Sine and Cosine Integral functions Si(z), Ci(x). The corresponding small /3

expansion can be given explicitely as

n=1 %mmmmwm—gmm+fywm¢mm, (5.108)

where v is the Euler-Mascheroni constant. The combination (5.106) is by construction

convergent for any (3, and has a well defined § — 0 limit which can be easily computed

analytically
oI 1 R\ 2 1 1
ey / ‘ ——(1-—= | -—4+-Iny*—-In(R*+4?). 1
(&6 o) o 4< y2) T gy 4n(R +y7) (5.109)

Using eq. (5.108) we obtain the high temperature expansion of %Ig

o, 1 1 R? 9
8/6—Zlnﬁjtz(7—1n2+1—?+1ny)+0(ﬁlnﬁ), (5.110)

and integrating in 3 we can finally get

1 1 16} R? 2 2
L(B,R,y) = 3% + Zﬁlnﬁ—l— 1 (7—1n2— 7 +1Iny ) +O(p*Ing). (5.111)

The corresponding high temperature limit of z%, keeping only the first two orders,

reads then as follows

2
A(Ry) = 5~ NI L g+ 0() (5.112)

To obtain the metric we need to find also the function VI (R,y). Starting from
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eq. (5.15) and inserting the Boltzmann distribution we arrive at

2R2(2¢ + 12 + R?
QR+ + 1) oNsR1(8. Roy).

Vi) = [ de Noe

0 (et + B2 — SR2P
(5.113)
One can verify that Iy/(0, R, y) vanishes and that aa% diverges logarithmically in the

oly

# — 0 limit. We can proceed similarly as before by regulating a5 with an appropriate

“reference” integral, to finally obtain
Iv(B,R,y) = —iﬂlnﬂ — g (v—In2+41+Iny*) + O(6*Ing). (5.114)
In proximity of 3 = 0 the leading contribution to V2 is therefore
Vi (Ryy) = —%NRW In 8 + O(3%). (5.115)

The expressions for z5 and V' consistently satisfy eq. (5.13). Note that 2% does not
depend on R and that similarly V2 does not depend on y. This fact is nevertheless
an artefact of the approximation we made. To study its limits of validity, we can look
at egs. (5.112) and (5.115) and require that the corrections are small. From this we

can infer the conditions

1
R’ <

1
2
V'S 3ma NFEmj

(5.116)

We can now find the metric at first order in the low 3 expansion, i.e. 25 =

1/2 = Nj and VZ = 0. The metric in the LLM coordinates is quickly computed and
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reads

ds* = (—dt? 4 d3) + —VyNﬂ (dy2 +y?d03 + dR* + R2d¢2> . (5.117)

Y
VNG
Rescaling the coordinates as

t=g)y M, g=(WNBYy,  R=(NHY'R, (5.118)

brings the metric into the form

1 1 ~ . -

ds? = (NG5 [ —di? + ———dD2 ) + —— (d~2 PdO2 + dR? + R 2) .
S ( 6) Yy +\/N—6 3 +(Nﬁ)1/4?] Yy +y 3_'_ + ¢

(5.119)

This form of the metric closely resembles the dilute gas approximation limit studied

in [184]. There, one considers a configuration of droplets with area A; in the (xy, z5)

plane, and send the distance between the droplets to infinity by the rescaling

T — AT, ¥ — AT, y— A7, A — 00, (5.120)

while keeping the droplets areas A; fixed. The corresponding metric reads

ds? = H2 [~ 4+ NdQ3] + H'? [dif + Pd05 + da'da’] (5.121)
where the harmonic function H is
1 A,
H=- S — 5.122
2GR T o122
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Thus the metric (5.121) can be viewed as a multi-center solution for a stack of sep-
arated D3-branes, and corresponds to the SO(4) invariant sector of the Coulomb
branch of the gauge theory.

Upon the identification A = (N3)~'/4, one can see that the dilute gas limit A — oo
is similar to the high temperature regime 3 — 0 of the thermal solution eq. (5.119).
This is perhaps not surprising since in the high temperature limit the fermion density

goes to zero. We also notice that a continuum version of eq. (5.122) with A; =

d*7' [\/NJ gives

1 d*i’ 1 1

H= ] TN G- +7F ~ VAoR’ (>129)

which is what we would expect in order to match eq. (5.119) with eq. (5.121).
Taking into account the next to leading order corrections for z% and Vi in eq.

(5.112) and (5.115), we obtain the metric

ds? = H™'/? [—dt2 + (1 - Nﬁ)dﬂg} + H'Y2 [dy® + (1 4+ NB)y*dQ3 + dR* + R*d¢?]

+V/ N R*y3%?n Bdtde (5.124)
where
NG N23* 1,
H=-"Z_ + =GN 1ng. (5.125)
y? y? 2

At this order we have a non-vanishing V' and this determines the presence of the

mixed term gy in the metric.
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5.5.1 Energy and angular momentum

We remark that the region of validity of the approximations made so far does not allow
us to use the metrics (5.117) and (5.124) in the asymptotic region R*+y? > 1, because
of the conditions (5.116). Therefore, to compute the energy of the hyperstar in the
high temperature regime, we need to find the form of the metric in the complementary
region of validity. The new metric will be trustable in the asymptotic region and will
allow a calculation of the energy with the methods already discussed. To this end, it

is convenient to first introduce polar coordinates in the (x1, 22, y) space

R =wucos?, Yy =usind. (5.126)

Then one can evaluate eqs. (5.102) and (5.113) in an expansion for u > 1 while
keeping T fixed but large (such that we are in the Boltzmann regime). The integrals
involved in the expansion can be readily computed analytically and one ends up with

the result

1

ul

1 1
2h(u, ) = 5 2N sin? 19? — 8 NT'sin?9(3cos* ) — 1)

1 1
—48 NT?sin® 9(10 cos" ) — 8cos® ) + 1)— + O (—8) , (5.127)
u u
1 1
VE(u,9) = 2N cos? 19; + 8 NT cos? 9(3 cos® 1) — 2)¥
1 1
+48 NT? cos® 9(10 cos" ) — 12 cos® ) + 3)— + O (—8) ,(5.128)
u U
where in the expansion we have kept only terms which contribute to the mass and

angular momentum. One can now go to the AdSs x S° coordinates via the change

of variables given in eq. (5.38) and use z5 and V2 to obtain the asymptotic form
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of the metric. The explicit expressions are somewhat lengthy and we will not report
them here in detail. The computation of M and J follows the same lines of the one
given in detail for the low temperature regime. Particularly straightforward is the
evaluation of the angular momentum, which can be read off from the shift vector A" 3

The explicit calculation gives

7 4T 1 1 2L N? 1
P (L) = )= 2= (NT - o — 5.129
N <L3 ) r2 + <7’4) N2p2 < 2 + rd )’ ( )
where we have used the relation N = L*/2 which holds in our units. Viewing
N9dt = A as a gauge field in five dimensions, the angular momentum is equal to
the corresponding electric charge, as explained in the previous section. The result is
then
N2
J:NT_T' (5.130)
This is indeed what we would have expected, since NT is the energy for a gas of
N particles with Boltzmann density and N?/2 is the ground state energy of the N
fermions.

To compute the mass, we used both methods described in the previous section.
Once again, quadratic terms in the charge (NT — N?/2) appear in the calculation,
with different coefficients in the two methods. The linear term is however scheme
independent and gives the correct result

M = <NT - N;) /L. (5.131)
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5.6 Concluding remarks and outlook

In this chapter of the dissertation we explored the thermodynamic properties of a 1/2
BPS IIB supergravity solution called hyperstar. This background was first obtained
in [197] by thermal coarse-graining of the bubbling AdS geometry found in [184]. The
hyperstar is in correspondence with a distribution of free fermions in thermodynamic
equilibrium at temperature 7', living on a two-dimensional phase space contained in
the ten-dimensional geometry.

We studied both limits of low and high temperature. In the former case, the
fermions obey the Fermi-Dirac distribution and the supergravity background is ob-
tained from the LLM Ansatz by means of a Sommerfeld expansion. We found agree-
ment between the energy of the fermions and the ADM mass of the supergravity,
modulo a subtlety involving 7% terms which we discussed in the main text. We also
proposed a way to match the entropy of the fermions with the entropy of the hyper-
star in the low temperature limit. String o’ corrections are expected to generate a
finite area stretched horizon, lifting the naked singularity of the hyperstar to a true
black hole singularity.

In the classical limit of high temperature, we found the explicit form of the metric
of the supergravity background and we observed how this metric resembles the metric
of a dilute gas of D3-branes, which corresponds to the SO(4) invariant sector of the
Coulomb branch of the CFT. We also computed the associated mass and angular
momentum.

It would be interesting to push this study further. An important point, as already
remarked, would be to understand better the meaning of the temperature for the

supergravity solution. On a more fundamental level, it is worthwile to understand
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the exact relation between a thermalized solution like the hyperstar and the matrix
model description of the 1/2 BPS sector of the dual CFT, extending considerations
already made in [198].

Another issue is whether the appearance of the naked singularity in the hyperstar
can be understood in terms of a distribution of giant gravitons, as is the case for the
superstar [203].

The LLM geometries, upon dimensional reduction to five dimension, can be seen
as interesting generalizations of AdS 1/2 BPS extremal black holes [218]. It would
then be interesting to obtain the explicit dimensional reduction to five dimension of
the hyperstar. In this setting one could use the powerful methods of holographic
renormalization to carry out the computation of the ADM mass. Then one could
prove in a rigorous way that the quadratic contributions to the mass are effectively
spurious and can be eliminated within an appropriate renormalization scheme.

Finally, we would like to mention that the LLM construction has been extended
to other BPS sectors of type IIB supergravity, see, for instance, [219] for the 1/4 BPS
sector. In this case, one modifies the LLM Ansatz in order to accomodate an axion-
dilaton field which breaks the supersymmetry by half. The effect of this field is to
introduce a deficit angle in the “phase space”. One could try to understand whether
this phase space can be useful to study the mass and entropy of the corresponding

supergravity geometry.
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Chapter 6

Supersymmetric Wilson loops

This chapter contains three different studies on Wilson loop operators in the AdS/CFT
correspondence. We start in the next section by introducing a large new class of super-
symmetric loop operators. Given an arbitrary curve on a three-dimensional sphere we
define a certain scalar coupling so that the loop preserves at least two supercharges.
We present many explicit examples of loops not known before, providing a wide arena
for possible calculations, both on the gauge theory side and in string theory, which
may lead to further tests of the AdS/CFT correspondence.

In section 6.2 we study correlation functions of circular Wilson loops in higher
dimensional representations with chiral primary operators of N’ = 4 super Yang-Mills
theory. This is done using the relation discussed in chapter 2 between higher rank
Wilson loops in gauge theory and D-branes with electric fluxes in supergravity. We
verify our results with a matrix model computation, finding perfect agreement in both
the symmetric and the antisymmetric case.

Finally, in section 6.3 we present D3-brane solutions describing some 1/4 BPS

loops. In one case, where the loop is conjectured to be given by a Gaussian matrix
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model, the action of the brane correctly reproduces the expectation value of the
Wilson loop including all 1/N corrections at large A. As in the corresponding string
solution, here too we find two classical solutions, one stable and one not. The unstable
one contributes exponentially small corrections that agree with the matrix model

calculation.

6.1 A new class of supersymmetric Wilson loop

6.1.1 Definition and supersymmetry analysis

As explained in detail in chapter 2, a necessary requirement for a Wilson loop to be
supersymmetric is that the norm of the vector © be one. But that alone leads only to
local supersymmetry. If one considers the supersymmetry variation of the loop, then
at every point along the loop one finds another condition for preserved supersymmetry.
Only if all those conditions commute, will the loop be globally supersymmetric.

One simple way to satisfy this is if at every point one finds the same equation.
This happens in the case of the straight line, where #* is a constant vector and one
takes also ©7 to be a constant. This idea was generalized in a very ingenious way by
Zarembo [68], who assigned for every tangent vector in R? a unit vector in R (i.e.
a 6 x 4 matrix M',) and took |#|©" = M, i#. That construction guarantees that
if a curve is contained within a one-dimensional linear subspace of R? it is 1/2 BPS.
Inside a 2-plane it will be 1/4 BPS, inside R? it’s 1/8 BPS and a generic curve is 1/16
BPS.

An amazing fact about those loops is that their expectation value seems to be

trivial (the degree of rigor of this statement depends on the amount of supersymmetry)
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[220]-[222]. But this is also a crucial shortcoming of this construction. As seen in
chapter 2, one of the most interesting Wilson loop observables is the circle with a
coupling to a single scalar, whose expectation value is a non-trivial function of both
the rank of the gauge group N and of the 't Hooft coupling A. This Wilson loop
preserves 1/2 of the supersymmetries, but is not given by the above construction.
Recently some 1/4 BPS loops were described that also do not have trivial expectation
values, rather the values of all those loops seem to be described by a 0-dimensional
matrix model [223].

Here we present a generalization of Zarembo’s construction. This generalization
will allow for loops which do not have a trivial expectation value and in a certain
limit reproduce many of Zarembo’s loops.

Consider an arbitrary curve on S?, which we usually take as the unit sphere in flat
R* in the Euclidean gauge theory. This can also be the spatial slice for the Lorentzian
theory on S3 x R. The basic ingredient in our proposal for the supersymmetric Wilson
loop are the invariant one-forms on the group manifold SU(2) = S® (here we follow

the conventions of [224]). In the flat coordinates x# satisfying x? = 1 they read

ot =2 [+(2°da® — 2°da®) + (2'da’ — 2'dx?)] |
af’L =2 [:I:(x?’d:z:1 — otda?) + (2*da® — x2d:c4)} , (6.1)

ol =2 [+(2'da® — 2°da’) + (2'da® — 2°dx?)] |

where ot are the right (or left-invariant) one-forms and ol are the left (or right-
invariant) one-forms. These are respectively dual to left (right) invariant vector fields
ER (¢L) generating right (left) group actions. We can now use either o or ¥ to

define a natural coupling to three of the scalars, say ®!, 2, 3. We choose to use the
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right one-forms. Our Ansatz for the supersymmetric Wilson loop on S? is then

1 1 :
W = NTI Pexp% (iA + §UZ-RMZICI>I) , (6.2)

where for convenience we write the integral in form notation. The 3 x 6 matrix M*;

specifies which three scalars the loop will couple to and satisfies that MM " is the 3 x 3

unit matrix. When we need an explicit choice of M we take M1y = M?, = M3; =1

and all other entries zero. As a consistency check, we can see that the coupling to the

scalars satisfies ©/67 = 1, which follows from the condition on M and the property

olfoll = dda"dz,, . (6.3)

For the analysis of the supersymmetries preserved by these loops it is convenient

to switch from forms to tangent vectors and write the pull-backs of the ¢’s in terms

of x = ix'm +ix®7y +ix373 + 21, the SU(2) matrix representing x#, where 7; are the
Pauli matrices and I is the 2 x 2 identity matrix, as

ol = —itr(r;x'x),  6F = —itr(r;xx"). (6.4)

The trace here is over this SU(2).
We can now show that our Ansatz (6.2) leads to a supersymmetric Wilson loop.

The supersymmetry variation of the Wilson loop is proportional to
s Lopyri 1.5
OW =~ idhy, + 50 M'p'v° ) e(x). (6.5)

Here we use a four-dimensional notation rather than the ten-dimensional one of chap-
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ter 2, then v, and p’ are respectively the gamma matrices of SO(4) and SO(6),

the Poincaré and R-symmetry groups and they commute with each-other. ~° =

—y1y2y34% is the four dimensional chirality matrix and €(z) is a conformal Killing
spinor given by two arbitrary constant spinors (which are also spinors of the R-

symmetry group)

€ =€+ atye . (6.6)

We rearrange the variation of the loop as
) v 1 ~Ragpt 1.5 - v 1 ~Ragpt 1.5
W gty + =6, M 1p'v’eg — a7y, | idha"yeo + =0, M 1p'y7er | . (6.7)

Note now that the action of the ¥’s on a chiral spinor e* = %(1ﬂ:75)6 can be expressed
in terms of the Pauli matrices, allowing one to write

i

1 .
idhat et = :|:§7'Z<A7R’LejF : (6.8)
The first two terms in eq. (6.7) can then be decomposed by their chirality as

W = = (6f(r'ey — M'1p'ey) — (67 7'el — 67 M 1p"el)) (6.9)

1
2

and a similar expression holds for the last two terms.

Thus for a generic curve on S®. when there are no linear relation between the six
)

~R,L

0; " and 2", is non-trivial, the only solution to the supersymmetry equation is for

el = M'ipley & =e¢ =0. (6.10)

For special curves, when the pull-backs of the forms are not independent, there will
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be more solutions and the Wilson loops will preserve more supersymmetry. We will
demonstrate this in some special cases below.
To solve this set of equations let us choose the matrix M that identifies ¢ with 1.

Then we can eliminate for example ¢; from eq. (6.10) to get

ITI€; = —pas€] , ITo€] = —p31€] , iT3€, = —p12€] - (6.11)

This is a set of constraints that are consistent with each other. However it is easy
to see that only two of them are independent since the commutator of any two gives
the remaining equation. With two independent projectors we are thus left with two
independent components of €, while ¢, depends on €. So we conclude that for a
generic curve on S% the Wilson loop preserves 1/16 of the original supersymmetries.

We would now like to explicitly find the two combinations of  and S which
leave the Wilson loop invariant. Notice that in singling out three of the scalars
we are breaking the R-symmetry group SU(4) down to SU(2)4 x SU(2)p, where
SU(2) 4 corresponds to rotations of ®, 2 &3 while SU(2)p rotates ®*, ®° ®°. Then
we recognize that the operators appearing in eq. (6.11) are just the generators of
SU(2)g and SU(2) 4, and the above equations simply state that €] is a singlet of the
diagonal sum of SU(2)g and SU(2) 4, while it’s a doublet of SU(2). More explicitly,
we can always choose a basis in which p’ act as Pauli matrices on the SU(2) 4 indices,

such that the equations above become

(rf+me =0, k=123 (6.12)
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If we split the SU(4) index in € as

o= €1 aas (6.13)

, X

where @ and a are respectively SU(2)4 and SU(2)p indices, then the solution to eq.
(6.12) can be written as

€} = %%} 4u- (6.14)

Using any of the equations in (6.10) we can determine e
€ = TP =TT = —€, (6.15)

where in the last equality we used eq. (6.12). Our conclusion is then that the Wilson

loops we introduced preserve the two supercharges

Q" =™ (Qi: — Saa) - (6.16)

6.1.2 Topological twisting

This construction hints at a possible connection with a topologically twisted version
of N'=4 SYM. The twisting consists in replacing SU(2)g with the diagonal sum of
SU(2)g and SU(2) 4, which we denote as SU(2) g/, so that the twisted Lorentz group
is SU(2)r, x SU(2) . This twisting! was first considered in [226] and further studied

in [225]. After the twisting the supercharges decompose under SU(2), x SU(2)g X

1t is case ii) in [225]. A different twisting, namely case i), was considered in [222] in the context
of Zarembo’s supersymmetric Wilson loops.
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SU(2)p as
(2,1,2,2) + (1,2,2,2) — (2,2,2) + (1,3,2) + (1,1,2). (6.17)

From the above it is clear that the two supercharges Q% are in the (1,1, 2), and there-
fore they become scalar after the twisting. As usual, one would then like to regard
them as BRST charges, and the Wilson loops as observables in their cohomology. To
this purpose, the first thing we should check is if those charges square to zero. For

this computation we need to use the anticommutator
_ _ 1
{QQA, Sg} — 08 Lo + a5 <TBA _ 5550) , (6.18)

where L4, T? 4 and D are respectively the SU(2), SU(4) and dilatation generators.

Na
i

Splitting the indices as above Qa4 = and breaking the R-symmetry generators

as

TP =T + T, (6.19)

we find that
{9, Q"} = —aT*. (6.20)

So the scalar supercharges do not square to zero but rather the square is proportional

to the SU(2)p generators.

6.1.3 Special loops

There are some special loops that preserve more supersymmetries.
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1) Large S? If we restrict the loop to lie on an S? defined by, say, #* = 0, then the

left and right forms are no longer independent, rather
of = —olft = —2¢; 27 da® . (6.21)

Then eq. (6.7) has more solutions. In additional to the previous ones, it is also solved
by
el = —M'plel (6.22)

Combining the two chiralities, this can be written as

’i’)/jk€1 = EijkMi[pI”yE)EO . (623)

Contrary to the general S case in eq. (6.10), we see that now the constraints are
not chiral. One can solve them in the same way as described above, but we now get
two copies of the solution, one for each chirality. The generic Wilson loop on S? will
therefore preserve 1/8 of the supersymmetries. The four supercharges can be written
explicitly as

Q" =" (Qg,; + 5%), Q" =™ (Q4; — i) - (6.24)

We can also determine what is the bosonic subgroup of SO(5,1) x SO(6)r which
leave these loops invariant. As for the general S® case, we have the symmetry under
the group SU(2)p C SO(6)r which rotates ®* ®° ®5. Moreover, there is an extra

U(1) symmetry generated by

1
5 (Pr— K4, (6.25)
where P, = —i0, and K, = —i(2*0, — 22,2"0,). Invariance under this generator
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follows from the fact that these loops satisfy 2% = 0.

There is an interesting property of the loops on S? involving the replacement of
the gauge and scalar couplings. Consider an arbitrary smooth curve on S? which is
nowhere a geodesic and parameterized by Z(s), and let us take |&| = 1. The scalar
couplings is given by the standard cross product in three dimensions as é(s) = Fx7.
Those are also unit vectors in R?, so we can consider also a loop whose shape is
given by 6. A simple calculation shows that the scalar couplings for the new loop is
proportional to Z.

This suggests the existence of a duality between the scalar and vector couplings
and it is tempting to speculate that it will extend to a duality between the embedding

of the string in the dual description into the AdSs and S® parts of the geometry.

2) Large circle By this construction a maximal circle couples only to a single
scalar. For example, a circle in the (1,2) plane couples only to ®3. Studying the

supersymmetry variation leads to the single constraint
0°7°€q = ivi0€q, (6.26)

so the loop preserves 16 (8 chiral and 8 anti-chiral) combinations of () and S. This is
the most studied 1/2 BPS circular Wilson loop. Using eq. (6.26) we may write down

the sixteen supercharges as
: = . A =\ A
Qu =iy2Qa+ (p°9),, Q' =irQ" - (p°9)", (6.27)

where A = 1,...,4 and for simplicity we have omitted Lorentz indices. Furthermore,

it is not difficult to show that the 1/2 BPS circle also preserves the bosonic group
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SO(1,2) x SU(2) x SO(5). Here, the SO(5) C SO(6)g simply follows from the fact

that the loop couples to a single scalar. The SU(2) symmetry is generated by

1 1
3 (Ps — K3), 3 (Py — Ky), J34, (6.28)

where J,, = (2,0, — x,0,) are the Lorentz generators. Finally, the SO(1,2) sym-

metry is the Mébius group in the (1,2) plane generated by

1
§(P1 + K1), (P + Ky), Jia. (6.29)

N —

All these bosonic symmetries, together with the above supercharges, form the super-

group Osp(4*]4).

3) Latitude Consider a non-maximal circle on S? (a latitude) parameterized by

¥ = (sinfy cost,sinbysint, cosby,0). (6.30)

This is essentially the same Wilson loop operator considered in [223], except that by
a conformal transformation we moved the circle from the equator to a parallel.? Such
a loop couples to three scalars, but it can be shown that it gives only two independent
constraints. Indeed, asking that the supersymmetry variation vanishes at every point

only requires the two equations

cos by (’le + 012)61 =0,
(6.31)

P’y €0 = [Wu + 73p°7” cos Oy (Y23 + /)23)] €1 .

2Also compared to [223], 6 is replaced here by m/2 — 6.
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If cosfly # 0, one has two independent constraints and the loop preserves 1/4 of
the supersymmetries. In the special case cosfy = 0, as expected from eq. (6.30),
one recovers the 1/2 BPS maximal circle. One may solve the constraints (6.31) as
described in the previous section by viewing ~; and p; as Pauli matrices acting on
Lorentz and SU(2), indices respectively. Then one can write the solutions to the
first line of eq. (6.31) as

€1,0) = €1~ €0 =€ € aa> (6.32)

aa _a

a _ a a _
€1,2) = €01 T€0=T1 €1 aa>

and similarly for the other chirality. The ¢, spinors can be obtained from the second

line of the contraints, for example for the positive chirality they read

58, 1)~ _Elll, 1
(1) (1) (6.33)
687(2) = —61]1(2) — 2cos 90 6(117(1) .
Therefore the eight supercharges preserved by the loop may be written as
Ql(ll) = % ( o0 — Saa) s Ql(l2) = Tim (Qas — S5q) +2cos by g™ o
(6.34)
Q) =" (Qha — i) Qb =" (Qha — Saa) + 2080 Qg -

One can also determine the bosonic group preserved by this non-maximal circle, which

turns out to be SU(2) x SU(2)p x U(1). Besides the obvious SU(2)p symmetry, the
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other SU(2) is generated by?

1 1 1
§(P3—K3—2C0890D), §(P4—K4), J34+§C0890(P4+K4>, (635)
where D = —iz"0, is the dilatation generator. Finally, the U(1) symmetry mixes

Lorentz and R-symmetry generators, and is given by

Jio + iy, (6.36)

where Ji} is a generator of SU(2)4. This follows from the fact that the loop coordi-
nates o and the scalar couplings © satisfy the equation 220! — z'6? = 0.
This loop also seems to be given by a Gaussian matrix model with the only

modification that the coupling g2 is replaced by g?sin® 6.

4) Two longitudes Inside a large S? consider a loop made of two arcs of length
m connected at an arbitrary angle o, 7.e. two longitudes on the sphere. We can
parametrize the loop in the following way

a# = (sint, 0, cost, 0), 0<t<m, (6.37)

x# = (—cosdsint, —sindsint, cost, 0), T <t<2r.

The corresponding Wilson loop operator will couple to ®? along the first arc and to
—®2cosd + ®'sind along the second one. It is straightforward to study the super-

symmetry variation of this operator. Each arc, being (half) a maximal circle, is 1/2

3The 1/4-BPS circle of [223] preserves, as the maximal circle, the SU(2) given by eq. (6.28).
Our loop is obtained from that in [223] by a dilatation and a translation along x®, after which the
generators become the ones in eq. (6.35).
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BPS and will produce a single constraint

First arc: P*Pe) = ivs1€r
0 31€1 (6.38)

Second arc: (p*y° cos§ — plySsind)ey = i(7y31 cosd — Yoz sin d)ey .

Combining the two equations, we see that the system has to satisy, as long as sind # 0,

P’ =ivne,  p'y’e = i€ . (6.39)

These constraints are of course consistent and therefore the loop will preserve 1/4 of
the supersymmetries. When sin§ = 0, the second equation in (6.39) disappears and
the loop becomes 1/2 BPS (in the case § = 7, it is just the maximal circle discussed
above, while in the case 6 = 0 the loop is made of two coincident half circles with
opposite orientations). The same conditions apply also when one adds more circles
or half-circles that all intersect at the north and south poles.

To solve the above constraints, we can proceed as usual by first eliminating ¢.
This gives the equation

(—imi2 + 75)er = 0. (6.40)

For a generic loop we had three such equations (for the anti-chiral spinor), which
meant that the only solution had to be a singlet of the diagonal SU(2)g + SU(2)a
group. Here we find only one such equation for each of the chiralities, such that a
U(1) charge (7i°%8!) has to vanish. So in addition to the singlet, this constraint allows

one of the states of the triplet.
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Explicitly, we can write the two solutions with positive chirality as

a __,a a _ _aa,.a
€1,1) = €1,00 —€1,10 = € €1 aa

(6.41)

a __,a a _ _«aa . a
€2 = €00 T€,10 = T1 €1 aa>

and similarly for the negative chirality. From the equation p*y°¢y = iyi26; we can

then get

onm =7, =7 (6.42)

Thus the eight supercharges which annihilate the Wilson loop made of two longitudes

are
t) =€ (Qas + Saa) Qfyy = 11 (Qs — Saa)
W ® (6.43)
?2):5(1&( ga—Sga)v ?2):7'{1[1( ga+53a)-

The loop also preserves the bosonic symmetry group U(1) x SO(4). To see this,
notice that each longitude is half a maximal circle and therefore it preserves an
SU(2) x SO(5) symmetry (the group SO(1,2) is broken by the fact that they are
half circles). For the first arc one has exactly the same generators described above
for the maximal circle in the (1,2) plane, while for the second arc the generators is a
d-dependent rotation of those. One can then see that the only symmetries preserved
simultaneously by both arcs are the U(1) generated by %(P4 — K,) and the SO(4) C
SO(6) g rotating ®3, 4, O, O°,

This example has many interesting features. By a stereographic projection it is
mapped to a cusp in the plane, where along each of the rays the scalar coupling is con-

stant. This is an operator of the class constructed in [68] and has trivial expectation
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value. The observable on S? is not trivial, rather

1+ 25 §(2m — §), ?N < 1,
W~ (6.44)

exp gjr—évé(Qﬂ—é), g*N > 1,

Note that, as in the latitude case, the only modification from the circle at 6 = 7 is
the rescaling of the coupling both at weak and at strong coupling by the same factor.

But here the perturbative calculation does not seem as simple as before.

5) Hopf fibers Consider the following parametrization of the three sphere

r = —Sln — Ssin s X~ = Sl — COS s
27 2 2 (6.45)
3 _ 0 . v+o 4 0 Y+
T° = cos — sin , " = cos = cos ,
2 2 2 2

where the range of the Euler anglesis 0 <0 <7, 0 < ¢ <27 and 0 < ¢ < 4r. In

these coordinates the metric of the S® reads

ds® =

(d6? + sin 0°d¢® + (dip + cos 0 d¢)?) . (6.46)

N

This is the Hopf fibration of the three sphere, namely the S® is written as an S*
fibration over S?. The fiber is parameterized by ¢, while the base S? by (6, ¢).
Consider now a Wilson loop along a generic fiber. This loop sits at constant (6, ¢) =
(0o, ¢o), while 1) varies along the curve. Such operator couples to a single scalar,

namely ®3. An easy way to see this is to write the left invariant one-forms (6.1) in

173



terms of the Euler angles

oft = —sine df + cossinf dg
ol = cosvdf + sinsin 0 do, (6.47)

ost = dip + cos O d.

If  and ¢ are constant, of* and off will clearly not enter in the Wilson loop (6.2). An
equivalent way to say this is that this curve only follows the vector field 53¢ = 9, dual
to oft. A single loop like this is 1/2 BPS, it is a maximal circle. In fact, studying the

supersymmetry variation, one finds the following constraints on the two chiralities

3~ _ R _— 3.+ _ oL i+
poey = T3€q pieg =0, T'el . (6.48)

where 61 is the pullback of the left-forms along the curve. Using the explicit expres-

sion for them in terms of the Euler angles

of =sin¢gdh — cos psinf dip
o = cos g df + sin psin b dip (6.49)

o = do +cosfdi

we get 67 (0y, po)T" = cos Oy — sin Oy (cos por! — sin pg7?).

Take now a system made of several of these fibers. Notice that the anti-chiral
part of the constraint (6.48) is independent of (0, ¢g), therefore the system made of
any number of fibers preserves the same 8 anti-chiral combination of @ and S as the
single fiber. However, the 8 chiral supersymmetries are broken when two or more

fibers are put together. Indeed, if we add a second fiber at (61, ¢1), then we have two
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separate chiral constraints
pleg =67 (00, d0)a'el . pleg = o (6r, 1) (6.50)

To check when those two constraints are compatible, we subtract the two equations

and check if the resulting matrix has vanishing eigenvalues

det (&f(é’o, po)T — &F (01, ¢1)7'"> = —2 (1 — cos by cos By — sin Oy sin 01 cos(¢pg — ¢1)) -

(6.51)
This is zero only when 6y = 6; and ¢g = ¢;. Therefore the combined system of two or
more Hopf fibers does not preserve any of the chiral supercharges, but it does preserve

the 8 anti-chiral supersymmetries defined by
pley = —ivize] - (6.52)

The corresponding supercharges preserved by the system will be essentially the same
as the ones preserved by the 1/2 BPS maximal circle, except that we only select one
chirality

O = inuQt — (p*9)" . (6.53)

As for the bosonic symmetries, notice that a single fiber, being a maximal circle,
preserves the group SO(2,1) x SU(2) x SO(5). Keeping the coordinate system fixed,
however, the explicit generators of this group will depend in general on (6, ¢g). One

can construct however one symmetry generator which is independent of the position

175



of the fiber, which is simply
R 1
J3 = 5 (Jlg — J34) . (654)

The corresponding U(1) will therefore be a symmetry for a system made of any
number of fibers. Besides this, we have of course the SO(5) symmetry following from
the fact that these fibers only couple to one scalar. So we conclude that the bosonic

group preserved by the Hopf fibers is U(1) x SO(5).

6) Flat connection over Hopf-base Consider a curve parameterized by the Euler

angles # and ¢, which form the base of the Hopf fibration. Along the fibers we choose

P(s) = — /08 ds' ¢(s) cos B(s') (6.55)

which guarantees that 6% vanishes. A generic curve of this form will break all the

chiral supersymmetries, and for the anti-chiral ones will introduce the constraints

2 + _ _R_+ 1+ _ R+
Py =T2€ P€ =T € - (6.56)

This is the anti-chiral part of eq. (6.39), and consequently the loop will preserve the

anti-chiral supersymmetries in eq. (6.43)
7?2) =% ( 72@ - ggz) ) ?2) = Tf{i ( 732' + ggz) . (6.57)

The example of the longitudes is a special case of those loops where the entire

loop is contained within an S2, so in addition to those four anti-chiral supercharges, it
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preserves also four chiral supercharges. To relate them explicitly, of the Euler angles,
only 0 varies along the two arcs of eq. (6.37) while ¢ and v are kept fixed with
V+¢=m )+ ¢=23ror Y+ ¢=>5m.

Note that in this construction there is an integral condition, that the values of 1
at the beginning and end of the curve are equal, so it closes.

Such a loop preserves an SO(4) symmetry rotating ®3, ®* &5 and @°.

7) Infinitesimal loops If a loop is concentrated entirely near one point, say x* = 1,
one does not see the curvature of the sphere anymore. The left and right forms then

become exact differentials
oft ~odr;, i=1,2,3. (6.58)

So the Wilson loops (6.2) reduce to the ones constructed by Zarembo in [68]. The

supersymmetry variation of such a loop is proportional to

oW ~ SL’Z (Z”)/Z + Mi[pl”f)) (60 + ’)/461) . (659)

The variations that will annihilate these loops will satisfy three constraints, which for

our usual choice of M?; are

(v +p1") =0, (6.60)

and the same for ¢;. Those loops generically preserve two combinations of @ and Q
and two combinations of S and S. If the curve is restricted further to lay only in a
2-plane or a line near x* = 1, the supersymmetry will be further enhanced.

This should explain why in this case the expectation value of the loops vanishes.
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The planar loops come from infinitesimal ones on S3, so it is quite natural that their
VEV’s vanish. This also explains why the construction of the D3-brane solution dual

to the Wilson loop in this limit is singular (see section 6.3).

6.2 Correlators of giant Wilson loops and chiral
primaries

A small circular Wilson loop, when probed from a distance much larger than its cha-
racteristic size, can be expanded in a series of local operators of different conformal
dimension [227]. The operators which are allowed to appear in the expansions must
preserve the same symmetries of eq. (2.53) and therefore must be bosonic, gauge in-
variant and SO(5) invariant. The conformal dimension of some of these operators is
not protected by the superconformal algebra and therefore they receive large anoma-
lous dimensions and decouple in the strong coupling regime. An important class of
operators which have protected dimensions and appear in the operator product ex-
pansion are the chiral primary operators introduced in chapter 2. The correlator with
a local operator can then be read off from the expansion of the Wilson loop [227].4

In this section of the dissertation, we use the D3 and D5-branes described in section
2.3.3 to compute the correlation function between a circular Wilson loop in a higher
representation and a chiral primary operator in the fundamental representation. We
do this by studying the coupling to the brane worldvolume of the supergravity modes
dual to the chiral primaries. These modes propagate from the insertion of the local
operator on the boundary to the brane worldvolume in the bulk.

We first review the operator product expansion of the Wilson loop and how to

4For a nice review see [77].
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compute correlation functions when the Wilson loop is described in terms of a funda-
mental string worldsheet. To evaluate this one needs to study the harmonic expansion
on S® of the bulk fields which couple to the worldsheet. We then replace the funda-
mental string with the D3 and D5-branes. We start by investigating the symmetric
case first and we then move on to the analysis of the antisymmetric one. Besides
checking that our results reproduce for small k& the well-known string limit, we also
compare them against the expressions coming from the normal matrix model intro-
duced in this context in [89], and find perfect agreement both in the symmetric and

antisymmetric case.

6.2.1 Kaluza-Klein expansion

In this section we review the expansion in spherical harmonics for type IIB super-
gravity on AdSs x S® [34], and identify the bulk excitations associated to turning on a
chiral primary operator in the dual N' = 4 gauge theory [26]. These will be later used
to construct the coupling of the various supergravity modes to the D3 and D5-branes.

The Einstein equations of type IIB supergravity read®

1 .
Rmn = %Fmijlen”kl s (661)

where the 5-form field strength Fis) is self-dual. In the Poincaré patch, the AdSs x SP

5Tn our conventions Latin indices run over the whole ten-dimensional manifold, while Greek
indices u,v,... and a,f3,... run over AdSs and S° respectively. We also choose units in which
Rads; = Rss = 1.
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solution reads

ds? = % (d2? + dz?) + dQ2 (6.62)

F“1H2N3H4;U'5 = _4€H1H2N3ﬂ4ﬂ5 ? Fa1a2a3a4a5 = _460110{20{30{40{5 N (663>

The fluctuations around the background geometry can be parametrized as follows

Grin = Gmn + M (6.64)
h o
hog = hap) + = 905> 9"hian) =0, (6.65)
h . h/ h’2 pyh/ =0
pvy — Moy — ?g/ﬂ/7 g (pv) — Yo (666>
F=F+6F, O Fijkim = SV [iGjkim) (6.67)

where hy is the trace of the metric on the 5-sphere, hy = h,59*°. Note that the fields
h. and h,, are related by a d = 5 Weyl shift. To identify the bulk excitation in

AdS5 we expand the fluctuations as follows®

W => W @)Y'(y), (6.68)
ha =Y hb(x)Y'(y), (6.69)
Gspizmsis = Y Uy (@)Y (1), (6.70)
(ararasor = =4 Camanazasd’ (2) VY (y) | (6.71)

where z and y refer to the AdSs and S® coordinates respectively, and Y7 are scalar

We do not consider the harmonic expansion of h(apy as this fluctuation is related to Q*Q?
descendants of chiral primaries in the dual super Yang-Mills theory.
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spherical harmonics on the 5-sphere which satisfy”

VOV Y = —A(A +4)Y!. (6.72)

Spherical harmonics on S® can be classified in terms of the SO(6) ~ SU(4) R-
symmetry group. In particular scalar harmonics belong to the [0, A, 0] representation.
The fields ho, and b appear coupled in the linearized equation of motions. Their

equations can be diagonalized introducing the linear combinations [26]

1

S T 1
sto= 20(A £ 2) [hy — 10(A 4+ 4)b'], (6.73)
ot I I
= 20(A+2>[h2+10Ab], (6.74)
which obey the equations of motion
V. Vst = A(A-4)s, (6.75)
V. VFth = (A+4)(A+8)¢H. (6.76)

A scalar field in AdS with m? = A(A —4) (with A > 2) transforming in the
[0, A, 0] representation corresponds to a chiral primary operator Oa of conformal
dimension A. Therefore, to linear order, the scalar field s/ corresponds to chiral
primaries in the dual gauge theory. On the other hand, the scalars ¢! are associated

to their descendants, which we do not consider here.

"We include a brief review of spherical harmonics in the appendix C.
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The linear solutions to the equations of motion turn out to be [26]

6
hwj = —gA Sg“,, + THV(MVV)S, (677)
hag =2A S das (678)
Uiy popis = A€ popspiaps VoD (6.79)
Uayasazay = —4 Z 5aa1aza3a4bl($)vayl(y) ’ (6.80)
1

where s = Y s’V and b = Y b'Y!. Using eq. (6.65) and the solution (6.78) one can

identify hy = 10 A s. Setting ¢/ = 0 in eq. (6.74), one can then deduce s = —b.

6.2.2 Operator product expansion of Wilson loops

The Wilson loop operator can be expanded in terms of local operators when probed
from distances much larger than its characteristic size a. For the circular Wilson loop

with radius a we can write [227]

W(C) = <W(C)> (1 + ZC(n)aA(”)O(n)> . (681)

In this expression O, is a local gauge invariant operator with conformal dimension
Ay, and the sum over n runs over both the primary operators and their descendants.
This operator product expansion must be invariant under the symmetries preserved
by the Wilson loop. The 1/2 BPS circular loop has ©'(r) = ©f = const., and
therefore preserves a SO(5) subgroup of the original SO(6) R-symmetry group. The
operators appearing in the OPE expansion must therefore contain SO(5) singlets in
the SO(6) — SO(5) decomposition. For example, at level A = 2 we can consider

the chiral primary operator O = C#Tr®'®’ where C7 is a SO(6) symmetric
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traceless tensor. Under SO(6) — SO(5) it decomposes as 20 — 1 + 5 + 14 and
therefore, containing a singlet, it will appear in the OPE of the Wilson operator. A
similar analysis can be performed for higher dimension operators, which in general
will contain covariant derivatives, gauge field-strenghts and the fermions of the N’ = 4
multiplet. Some of them will get large anomalous dimension in the strong coupling

limit and therefore will decouple. The generic expansion looks as follows

= 1+ @ a2 Y (O)NC8 T (01 07)
Fe @ YV (O)NGOP  Tr (107 0) + ¢y a®Tr (OTXTFL) + ...
(6.82)

where Yé")(ﬁ) are spherical harmonics and N, are normalization constants.
The coefficients appearing in the OPE expansion can be read off from the large

distance behavior of the two point correlator of the Wilson loop and the local operators

(W(C)O™ (z)) B

W (C)) = C(n)m + ..., (6.83)

where it is assumed that the loop radius a is much smaller than the distance L from the
point of insertion of the local operator. Here we shall focus only on chiral primary
operators O4 = Cﬁ_,,IATr(CI)Il ... ®12)8 These belong to short representations of
the superconformal algebra, have protected conformal dimensions, and appear at all
orders in the expansion (6.82).

In the AdS/CFT correspondence the chiral primary operators are dual to super-

gravity modes: Oa corresponds to a scalar of mass m? = A(A — 4), which is a

8We take the traces of the chiral primaries in the fundamental representation.
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combination of the trace of the metric and the R-R 4-form over S%, as we reviewed
above.

We now briefly discuss the procedure for computing the correlation function of
these operators with a Wilson loop in the strong coupling regime. The coupling to the
string worldsheet of the supergravity mode dual to Op is given by a vertex operator
VA, which can be determined by expanding the string action to linear order in the

fluctuation h,,

1
S = 27m//d20\/det (G 0p2H0s2")
1 2 K v 1 M vy—1 i v
- 20 d U\/det <gl“’aax 8ﬁx ) 1+ 5(9#1/80435 8ﬁx ) h“y&ax 85513 4+ ... .
(6.84)

The fluctuation of the metric h,, on AdSs is given in eq. (6.77). We write the scalar

s’ in terms of a source s{ located at the boundary
(7, 2) = / DT GA(F" 7, 2)sL (7)., (6.85)

where Ga(Z'; %, z) is the bulk-to-boundary propagator which describes the propa-
gation of the supergravity mode from the insertion point #’ of the chiral primary
operator to the point (Z, z) on the string worldsheet

A
o z
Ga(Zh7,2)=c (—/|2) : (6.86)

2|7 -7

A+1

The constant ¢ = FANVA is fixed by requiring the unit normalization of the 2-point

function [227]. Since we are probing the Wilson loop from a distance L much larger
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than its radius a we can approximate

A A A(A - 1)
¢ 1o St s = (6.87)

GA(f/;fa Z) = 2

The relevant Christoffel symbols are readily computed to be

z 2 zZ Sz
F“V = Zg;w - ;(5“51/, (688)
so that one finally has
AA
hfw ~ —2A g“,,SI + ?(SH(SVSI . (689)

Inserting this result into eq. (6.84), the coupling to the worldsheet is found to be

[227]
1

2ma!

/dA(—QA gi= L /dAVAs. (6.90)

a’>  2ma!
In this expression d.A is the area element of the classical string. The correlation func-
tion is obtained from functionally differentiating the previous formula with respect

to the source sg

(WCOs(@) iy § 1 U G
WO~ Y Oy | 140V a8 )
— —YI(9)27T10//dA VAGA(Zo; T, 2) . (6.91)

One obtains in the approximations of eq. (6.87)

(W(C)Oa(T0)) _ 2A/2—1@ﬁ
(W(C)) Nz

(6.92)



6.2.3 Brane computation

We now move on to studying the operator product expansion of Wilson loops in
higher dimensional representations. We analyze the rank k& symmetric representation
first. In the bulk this is described by the D3-brane discussed in section 2.3.3. The
first step in the computation consists in finding the vertex operator to be integrated

over the world-volume of the brane.

Coupling of the D3-brane to the chiral primaries

The linearized coupling of the scalar s’ to the brane can be found by expanding the
induced metric on the brane around the AdSs x S® background g,,, and keeping the
first order term in the fluctuation h,,,. Since the brane lies completely in AdS5 we

can write

Sppr = TD3/ d4a\/det (G0, XHO, XY + 21 Fypy)

= TD3/ d4a\/det (G0 XHO XY + 21! F ) -

1 _
: <1 + 5 (9 0u X0, XY + 20/ Fy) Y hpeOu XPOX + .. ) (6.93)

Here a, b are the brane world-volume indices.
The coupling of s’ to the 4-form in the Wess-Zumino term is obtained by replac-
ing Cay — Clay + a(q), where, using eq. (6.79) and the approximation (6.87), the

fluctuation ay) is

I ~ 2ol o I
Uy == A€y 2078 = 4Nz €y 28, (6.94)
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so that

Siy = —Tbs / Plag)] = 4Tps A / P[C)s, (6.95)

where s = > sV

We use now the explicit solution to the equations of motion (2.80) to evaluate the
on-shell value of the fluctuations (6.93) and (6.95). The first order in the fluctuation
in eq. (6.93) turns out to be

1 — sinh? p(k~2 — sin®f)
(cosh p — sinh p cos 6)?

ino
SW = ANAK? / dpdf —— (—1 — 2k 4
sinh” p

) s. (6.96)

Similarly, the Wess-Zumino term reads

I _ N At / dpdf sin 0 ( iSinh3 p — sinh p cosh? p
wz — . 12

sinh” p

os 9) s (6.97)

k% cosh p — sinh pcosf
The final result for the action is then

sin 6

sinh~!x ™
SS?), = S(Dl)BI + Séll/)z = _4NA/ dp/ do ( 5. (6.98)
0 0

cosh p — sinh p cos 0)

The correlation function

The prescription for computing the correlation function between the Wilson loop

and the chiral primary operator is to functionally differentiate the action (6.98) with

respect to the source s} (see eq. (6.85))

(W(C)0a(L))  38H)
(W(C)  bsp lso=0 (6.99)
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We approximate the bulk-to-boundary propagator with cLZQ—AA and use for z the

expression (2.76). This yields

(W(C)OA(L)) a® ANA /Sinhlﬁ A /” sin 6
h .
28 ph € dpsinh™p 0 Cw(coshp—sinhpcos@)”A
(6.100)

We are neglecting terms of higher order in 5.
After performing the two integrals, the final result for the coefficients of the op-

erator product expansion turns out to be remarkably simple

2A/2+1

C =
Sk, A \/Z

sinh(Asinh™" ). (6.101)

Interestingly enough, this can be expressed in terms of Chebyshev polynomials with

imaginary argument

(—1)A/298/2+1 —iVa(ik) for A even
CspA = :
' VA Ta(ik) for A odd,

(6.102)

Lx).

where we have used the identities T, (z) = cos(ncos™! z) and V,(x) = sin(n cos™
The string limit is recovered when x — 0. In this regime the S? in the brane
world-volume shrinks to zero size and the D3 reduces effectively to a fundamental

string with AdSs worldsheet. The coefficients (6.101) become

VA

Con = 28/ A | = 98/ N

k, (6.103)

in perfect agreement with the result (6.92) found originally in [227].
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The D5-brane

We consider now the rank k antisymmetric case, corresponding in the bulk to the
D5-brane presented in section 2.3.3.

The coupling of the KK scalars s’ to the D5 world-volume can be obtained along
the same lines of the D3 calculation above. However, besides the fluctuation of the
AdSs part of the metric hy,, we also need the fluctuation of the metric in the S°
direction hag, as well as the fluctuation of the 4-form a(4) along the S*. The explicit
expressions can be found in section 6.2.1. In particular, in this coordinates the 4-form

over the S° is
oy gs0p0s = Asin® O () > " s" 95", (6.104)

where 01, ..., 04 are the coordinates on the S* and p(€)) = sin® o, sin® oy sin o3 is the
corresponding measure. Differently from the D3 case, now the S° spherical harmonics
YT play an active role in the computation since the D5-brane extends into the 5-
sphere. The explicit form of the harmonics is given in appendix C.

The variation of the DBI part of the action to first order in the fluctuations A,

and h,p reads

T .
Sh) = % / VAt (Yap + 27 Fop) (b + 270" Fo) ™ (s 0a X P 0, X" + hopda X0, X 7).

(6.105)

Using the explicit solution reviewed in section 2.3.3, it is easy to compute the matrix
Yab + 27’ Fy,. Plugging in the explicit expressions for the fluctuations and using the

fact that on the D5 solution we have z = a/ cosh { (this follows from the change of

189



coordinate (2.85) after setting u = 0), we get after some computations

4A

SS)BI = 7TTD5 / dgd(fl Ce dO’4,LL(Q4) Sil’thSins Hk <—m

+ SA) PA%E
(6.106)

Performing the integration over the S*, only the SO(5) invariant spherical harmonics

are selected, namely the harmonics which depends on 6, only, and we get

1 NV . : 4A
SE))BI T T30 /dg sinh ¢ sin” 0y <—m +8A | s2Y20(g,), (6.107)

where the suffix on the harmonic indicates that all the quantum numbers except one
were set to zero by the integration over the 4-sphere. As reviewed in appendix C,

these S* invariant harmonics can be explicitely written as
Y20(6,) = Na CP (cosby) (6.108)

where C’(Az) (cos Oy) are Gegenbauer polynomials, and A is a normalization constant
necessary to have orthonormality.

The linear coupling coming from the Wess-Zumino part of the action (2.89) can
be obtained using the expression for the 4-form fluctuation in eq. (6.104), and after

integrating over the S* as above, we get

S‘(}[lf)z = &\;j /dC sinh ¢ sin® 0 cos Oxs™ 9y, Y 20 (6;). (6.109)
T
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The correlation function

The correlator between the rank k antisymmetric Wilson loop and chiral primary
operator Oa(L) can now be computed plugging eq. (6.85) into egs. (6.106) and
(6.109), and differentiating with respect to the source s5'. As before, the bulk-to-
boundary propagator can be approximated by cz®/L?**. Recalling that on the D5

solution z = a/ cosh ¢, the (-integrals can be readily computed and we get

W4, Oa(L A 28/

< ?]%/VAA; )> - 52A 31 \/Bsiﬂ39kYA’0(9k)—
k

_2A/2+1\/X(A_'_1>

31vVA(A - 1)

sin® 0 (AYA’O(Hk) | osbe &;kYA’O(@k)) ] .

sin 05,
(6.110)

Using the formula (C.16) for the derivatives of Gegenbauer polynomials, we obtain

AY20(6e) + C‘OS o 09, Y 0(0r) = -/\gA (AC(AZ)(COS 0r) — (A + 3) cos b C’(Az)_l(cos Or)).
sin O sin” 6,
(6.111)

The correlation function (6.110) can then be written as

(Wa, Oa(L)) @™ aop [222 L,

L G ()] BV .

(Wa,) pa ¥ O VAT
6(A —2)! @ o
TAy o) (2(A + 1) cos b, Cx” 4 (cos O) — ACK’ (cos 9k>) ,
(6.112)
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where we have factorized out the spherical harmonic evaluated at § = 0, Y22(0) =

Na AGZ‘T’ 2 The OPE coefficient ¢4, o we aim to compute is the expression in square
brackets. Using the recurrence relation eq. (C.17), we find that this expression can

be written in the compact form

2A/2 ( ) @)
CApA = \/ Asin® 0, ———2 AT Cr’o(cosby). (6.113)

This is our final result for the correlation function of rank k antisymmetric Wilson
loops and chiral primaries. In the next section, we will see that this result exactly
matches the one obtained from the normal matrix model. As a check, one can verify
that this expression reduces to the string result of [227] in the limit k/N — 0, by
using 03 ~ 37k/2N and eq. (C.18) from the appendix.

6.2.4 The correlation functions from the normal matrix model

The conjecture that the expectation value of a circular loop is captured by the Her-
mitian matrix model (2.58) extends to higher rank Wilson loops as well. The result
for the multiply wound Wilson loop has been obtained in [80], whereas [90] and
[81]][90] contain the computations for, respectively, the symmetric and antisymmetric
representations.

When computing the correlation function between a Wilson loop and a chiral
primary operator one can substitute the Hermitian model (2.58) with a complex
one by introducing a second matrix M, and defining z = M + iM,,. In [89] it

was shown that, for certain representations of the Wilson loop (the multi-winding

9The OPE coefficient does not include a factor coming from the spherical harmonic evaluated
at the unit 6-vector ©! appearing in eq. (2.53). After a rotation, this vector can always be set to
©! =(1,0,...,0) which corresponds to the north pole of S°, i.e. § = 0.
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and the antisymmetric), the complex matrix model is equivalent to a normal matrix
model, which is a complex model where the matrix is constrained to commute with

its conjugate.'® In the normal matrix model the expression for the Wilson loop reads

1 2N 1 1,15 A
= & — 2 Trzz Trreva*Ho)7an 114
(Wr) N /[m]:()[ z] exp < )\ rzz) T ReY? (6.114)

For large N, the eigenvalues of this model are distributed in incompressible droplets
in the complex plane. This leads to interpreting the complex plane as the phase space
of free fermions, in analogy with the matrix quantum mechanics describing chiral
primary operators [35][184]. For example, the Wilson loop in the fundamental rep-
resentation has an eigenvalue distribution given by a circular droplet with constant
density!?

2 2] <4/3

plz) =™ \\g (6.115)

In [89] it was also shown that the correlation function between a Wilson loop in

the fundamental representation and a chiral primary operator is given by!?

2A/2
Zn

1 - 1
(WoOa) = / [d?2] exp (—Tr 22) NTID e3 VR (=25 ———Ir 22(6.116)
[2,2]=0

VAN

We now use the normal matrix model to check our results for the coefficients of the

operator product expansion of higher rank Wilson loops.

0This is required in order to be able to diagonalize simultaneously the two matrices M and M.
This allows to use the eigenvalue basis for solving the model.

UProjecting eq. (6.115) into the real axis one recovers the Wigner semi-circle distribution.

2The factor 22/2 instead of the 272/2 of [89] is set in order to have normalizations consistent
with [227].
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The symmetric case

We start by reproducing the result (6.101) for cg, A using the normal matrix model.
According to the holographic dictionary put forward in [88], we are interested in the

correlator between a Wilson loop in the rank £ symmetric representation and the

chiral primary operator O = \/AlerZ A In the limit of large N and large \ the
symmetric representation Wilson loop W, effectively coincides with the multiply
wound fundamental loop Wék), as was shown in [89][90]. Therefore we limit ourselves
to the simpler case of computing (Wék)OA>, where k is the winding number and
corresponds in the brane probe picture to the number of fundamental strings dissolved
in the brane.

We start from eq. (4.7) of [89], where we replace everywhere A — k*\

5 N A
(W(k)O - 9A/2+1 k*X/8N d_wwAekﬁw/z - k:_\/X - k:_\/X .
o ~a /AN 2mi 2Nw 2Nw

(6.117)

The large winding limit consists in taking N — oo while keeping k = % fixed.
In this limit the integral can be evaluated around the saddle point of the terms

proportional to N and k

VA VA

which yields

w, = V14 kK% -k (6.119)
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Inserting w, in eq. (6.117) and using
V14 K2+ Kk = exp(sinh ™ &), V14 k%2 — Kk =exp(—sinh ' k),  (6.120)

it is easy to see that

2A/2

XA 2 sinh(A sinh ™! )2V (s 1+ Fsinh ™ r). (6.121)

(W 0n) =

To get a properly normalized expression one still needs to divide eq. (6.121) by

1 % ginh—1
W(k) — 2N (kV'14kK2+sinh n). 6.122
W) = LN (6.122)

The final result coincides with eq. (6.101), which we obtained from the brane picture.

The antisymmetric case

To compute the OPE coefficients of Wilson loops in the rank k antisymmetric rep-
resentation, we have to evaluate the following correlator in the normal matrix model

[89]

9A/2 kA/SN

1 A =
S Tr 65\/;(Z+Z) Trz2. (6.123
ZNNA/2\/Z [2,2]=0 A ( )

<WAk OA> _ [d2z]e—Tr(22)

This matrix integral can actually be solved exactly, as was shown in [89], and similarly
to the case of the fundamental representation, it can be written as a k-dimensional
contour integral. However, it does not seem to be easy to take the large N and large k
limit with k/N fixed from such an expression. Here we follow a different approach to

get the above correlator in this limit. First, as in [90], we find it convenient to rewrite
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the trace in the antisymmetric representation using the corresponding generating

function
1/ (1) dt s Lo/ ets)
Try,e2V N = Tt exp |Trlog 1—|—¥e2 N . (6.124)
i

Since we expect the correlator to be real, it is also convenient to replace Trz® —
+(Trz® + Trz®). The idea is then to view the insertion of the chiral primary Trz® in

eq. (6.123) as a small perturbation of the gaussian potential, by writing

9 ( 1 / [d2z]6—Tr(z2)+%(TrzA+Tr2A)6Tr log(1+7 o2 \/%(Z+z)))
[2,2]=0

/ [alzz]e_“(z'z)T1rzA oTrlog(1+1 e%\/%(z+5)) B
[2,2]=0

~ 70a \ Zx(a)
0 1 _
=Zy— <exp [Tr log (1 + - e%\/g(zﬂ))] > , (6.125)
oo t o lazo
where we have introduced an a-dependent partition function
ZN(a) _ / [dQZ]e—Tr(ZZ)-l-%(TrZA-FTrEA) ’ (6126)
(2,2]=0

and we have used that Zy(a) = Zy + O(a?).!® The problem is now to evaluate the

correlation function (6.125) in the normal matrix model with the deformed potential
V(z,2) = —Trzz + %Tr(zA + 28). (6.127)

Normal models with potentials of this kind were previously studied in the literature,

for a recent account see for example [228][229]. To solve the model at large N, one

13This follows from the fact that in the matrix model with gaussian potential (Trz2) = (Trz2) = 0.
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can as usual go to the eigenvalue basis at the expenses of introducing a Vandermonde
factor, and determine the eigenvalue density p,(z,Z) in the continuum limit. The

density is found by solving the saddle point equation'4

z—7Z

e- Sz N/d2 Pal,Z) (6.128)

where the term in the right hand side comes from the Vandermonde factor. Once the

density is known, the correlation function in eq. (6.125) becomes

1 1 . 1 .
(e [i0s (14 2VF)] ) — e [ [ etz (14 bVE0 )],
(6.129)

It is known that for potentials of the kind V(z,2) = —zz + f(2) + f(Z), the density
is a constant (equal to ﬁ in the normalizations we are using here) inside a certain
droplet in the complex plane and zero outside. For the gaussian potential, as reviewed

previously, the droplet is just a circle of radius v'N (to compare with eq. (6.115), one

A
2N

has to rescale z — z), while the term proportional to « induces a deformation
of the circle which preserves its total area (since we do not change the number of
eigenvalues). It is not difficult to find the shape of the droplet which solves the
saddle point equation (6.128) at leading order in «. It is convenient to work in polar
coordinates z = re’®. The curve which bounds the droplet can then be written at

first order as

r(

¢) = VN(1+a f(4)). (6.130)
14 As in [90], the term exp {Tr log (1 +41 e%\/%(”‘g))} does not modify the saddle point equation

t
at leading order at large V.
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Clearly f(¢) has to be periodic, and may be written as

f(o) = i ap, COSNP, (6.131)
n=1

where only cosines appear because of the symmetry of the potential (6.127) under
z « z, and the mode with n = 0 is excluded by requiring the area to be preserved.
The saddle point equation now reads

» Ao . 1 VNG .
i A-1 —i(A-1)¢p _ — / /
re 5 r e = 77/0 d¢ /0 dr e S (6.132)

Expanding the integral at first order in o and plugging in the Fourier expansion
(6.131), we see that this equation is satisfied if an = N®/*>7'2 and all other a,

vanish, so we find that the shape of the deformed droplet is given by the curve
r(¢) = VN (1 + % A NA/21 g Agb) . (6.133)

Before moving on to compute eq. (6.125), we can check the validity of the method
by applying it to the computation of the correlator (6.116) when the Wilson loop is
in the fundamental representation. In this case, following the same steps as above, in

the large NV limit we arrive at

2A/2 o IR, v
<W[|OA> m@—a d2Zpa(Z,Z) e2V 5 (z+2) Y
9A/2 o 1 27 VN(14+% ANA/271 cos Ag) .
_ _ \/ &7 cos ¢
~ VANA2da N?T/O d¢/0 drreV
2A/2 /A 1 2m /X 2A/2 /A
— T cos ¢ —
—N 27r/0 doe cos A¢p —N IA(VN), (6.134)
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which is the result first found in [31] and the correct large N limit of the exact formula
(6.117) (with k = 1).

Going back to the antisymmetric representation, we have to evaluate

1 _
—tk 1 exp [N/d% pal(z, Z) log <1 + 7 e%@(zﬂ))}

271 -
dt 0 1 .
=¢ —t"'— N / d?z po(z,2)log [ 1+ = ez VN (+2) ”
271 oo n -

X exp [N/dQ,z po(z, Z) log (1 + % e%ﬁ(z+z))] , (6.135)

where in the last line pg is just the circular droplet density. Since the exponent is
independent of «, the ¢ integral can be evaluated in the supergravity limit of large
A exactly as in [90]. We first make a change of variables t = e¥_then the saddle

point of the exponent is found to be
wy = cos by, (6.136)

where 0y is defined as in eq. (2.91). The exponent in eq. (6.135) gives a term propor-
tional to the expectation value of the Wilson loop, while the prefactor is evaluated at
the saddle point. After dividing by (W4, ), the OPE coefficient can then be obtained

as

A/2 1 2tz
<W{I?[;AO>A> = \/éNA/Z% {N/szpa(z, z) log (1 - eﬁﬁ(fﬁ_zcosek))}
k

2A/2N\/_82 0y 1+% ANA/271 cos Ag
T JVANA2 8@%/ /

drr(rcos ¢ — cos Oy)

os 0 a=0

cos ¢

where the lower limit in the r integral comes from the fact that in the large A limit the

199



integral has support only in the region 7 cos ¢ > cos 8;,.1° After doing the derivative,

eq. (6.137) gives the final result

A/ Ok
(Wa, Oa) _ 2 27TV A / dé cos A (cos ¢ — cos b) . (6.138)
0

<WAk>

Remarkably, the integral in eq. (6.138) precisely reproduces the Gegenbauer polyno-

mials arising in the bulk computation, and the final result is

Wy, O 24/2 6(A —2)!
S = VAR 0 GO O, (6199

which exactly matches the D5 computation of the OPE coefficient.

6.2.5 Outlook

In this section we computed the correlation function between a higher rank Wilson
loop and a chiral primary operator in the fundamental representation using branes
with electric fluxes. Following the proposal of [80][81][88], we considered a D3-brane
for the rank k& symmetric case and a D5-brane for the antisymmetric one. We then
checked our results with the normal matrix model discussed in [89], finding perfect
agreement in both cases.

We focussed on chiral primary operators but it should not be difficult to extend our
computation to operators corresponding to other supergravity modes. For example,
the KK modes of the dilaton are necessary to compute correlation functions of Wilson
loops and Tr 4 F2.

It would be worthwhile to study more general representations of both the Wilson

15The upper limit in the ¢ integral is rigorously 85 + O(a), but it is easy to see that the correction
does not contribute at first order in a.
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loop and the chiral primary operator. A particularly interesting issue to address would
be understanding from our brane picture the selection rule found in [89]: for Wilson
loops in the rank k antisymmetric representation the only non-vanishing correlators
involve chiral primaries with traces over Young diagrams with at most & hooks. An-
other direction to pursue may be considering the correlation function between higher
dimensional Wilson loop and a chiral primary operator with A ~ N. In the bulk this
would require to study the bulk-to-bulk exchange of supergravity degrees of freedom
between the electric branes describing the Wilson loop and the (dual) giant gravitons

associated with the chiral primary.

6.3 Quarter BPS Wilson loops

In this section we continue the investigation of the D-brane description of higher rank
Wilson loops. In particular we study some systems where it is possible to find solutions
for the D3-branes starting from first-order equations derived from the supersymmetry
conditions. All the examples we present are Wilson loop operators which preserve
1/4 of the supersymmetry generators.

First we consider the system of a straight 1/2 BPS Wilson loop with the insertion
of two 1/2 BPS local operators such that the combined system preserves 1/4 of the
supercharges. If there was only the Wilson loop, the D3-brane would have been the
one of [80], while if only the local operators were present, that would have involved
the original giant gravitons [91]-[93]. This combined system of a Wilson loop and
a local operator was presented in [230], where it was shown to be supersymmetric
and the relevant string solution was found. In section 6.3.1 we present the D3-brane

solution preserving the same supersymmetries, and interpolating between the giant

201



Wilson loop of [80] near the boundary and a giant graviton in the center of AdSs.

The second system, which will be described in section 6.3.2, involves circular Wil-
son loops which couple to three of the N/ = 4 scalars. This system, first presented
in [231] (as a generalization of an example in [68]) and studied further in [223], also
preserves 1/4 of the supersymmetries, but with a different combination of generators
than in the previous example. At two loop order in the perturbative expansion the
interacting graphs (in the Feynman gauge) cancel, which led to the conjecture that
only ladder /rainbow diagrams contribute to these operators. All those diagrams com-
bine nicely into a matrix model which was then compared with the string calculation
in AdSs x S°. As we shall review in section 6.3.2 below, the results agreed includ-
ing a subleading term, a world-sheet instanton, which matched a correction to the
asymptotic expansion of the matrix model at strong coupling.

The calculation using D3-branes is applicable for a Wilson loop in a symmetric
representation whose rank £ is of order N. At large A the analog observable in the
matrix model agrees with the single-trace multiply wrapped loop which is given by
a function of the ratio £/N and thus the D3-brane calculation captures non-planar
corrections to the usual string calculation. We are able to compare the matrix model
and the D-brane calculation for arbitrary k/N and find an agreement and a check of

the aforementioned conjecture to all orders in 1/N.

6.3.1 Wilson loop with insertions
Setup

We consider here a Wilson loop operator in NV = 4 supersymmetric Yang-Mills theory

on S% x R, where the line is the time direction with Lorentzian signature. The loop
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will be comprised of one line in the time direction along a point on S®, and another
line going in the opposite direction at the antipodal point. In addition we will include
the insertion of local operators at the infinite past and infinite future.

Under the exponential map (after Wick-rotation), the space is mapped to flat
R* and the two lines to a single line through the origin with the local insertions at
the origin and at infinity. Without the insertions this Wilson loop preserves half the
supersymmetries of the vacuum, and we will consider the local insertions to also be
1/2 BPS, Z7, where Z = ®; + i®, is a complex scalar field (if Z7 is at the origin the
charge has to be absorbed by Z”7 at infinity). Note that the insertions are not gauge
invariant, since they are not traced over, and transform in the adjoint representation
of the gauge group. The entire configuration is nonetheless gauge invariant, because
of the presence of the Wilson loop. This guarantees that in the string picture the
charge generated by the local operator is carried by the open string (or D-brane)
representing the Wilson loop, and not by another supergravity field.

Recall that the 1/2 BPS Wilson loop contains also a coupling to one of the scalars.
For the combined system to be 1/4 BPS, this scalar has to be orthogonal to Z and

Z, so we take it to be ®5. Formally we can write the Wilson loop as
WZJ = TrP ZJ(_ ) i [70_ (Au(t,0)+P3(t, 0))dtZJ( ) i [ (Ae(t,m)+P3(t, n))dt] ) (6140)

The arguments of A; and ®3 are the time and the two points on S? given by an angle

at 0 and 7.
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String solution

This Wilson loop was studied in [230] as were some non-supersymmetric generaliza-
tions of it and they were related to a certain spin-chain system. There it was proven
that eq. (6.140), which was the pseudo-vacuum of the spin-chain system, is supersym-
metric. Also the string solution describing it at large J and large 't Hooft coupling A
was given. We review it here.

Take the following metric for AdSs x S? (the other directions on S° do not play

any role and we do not write them explicitly)

dL—Sj = —cosh? pdt* + dp? +sinh® p (dx® + sin® x(dv? + sin® 9 dp?)) + d6* + sin® Od¢” .

(6.141)
L is the radius of curvature related to the 't Hooft coupling and the string tension
by L* = Aa/?2. The Wilson loop should reach the boundary at x = 0 and x = 7. At
those points it should approach 6 = 0 on the S?, which is the direction corresponding
to ®3. In the bulk the string should rotate around this sphere carrying the angular

momentum related to Z”.

The solution to the string equations of motion which satisfies these conditions is

1

=t inf = .
o=t S cosh p

(6.142)

There are two parts to the string: at x = 0 and at x = m. They are continuously
connected to each other beyond p = 0. For a full derivation of the solution see [230].
Some interesting issues arise when studying the analog system in Euclidean sig-

nature. Those were discussed in [232].
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Supersymmetry analysis

A precise counting of the supersymmetries preserved by the string solution (6.142)
was performed in [230]. Here we briefly review that computation.
The number of supersymmetries preserved by the string is equal to the number of

independent solutions to the equation I'e = €. The k-symmetry projector I' is given

by

1
= \/Tetg 0" 0,x" 7y, I (6.143)

where ¢ is the induced metric on the world-sheet parameterized by t and p, K acts
by complex conjugation, and v, = e;I', with T'; constant tangent space gamma-
matrices. The dependence of the Killing spinors € on the relevant coordinates of the
metric (6.141) is

_i _i _igT,Ts 16Ts
e = e 2pTilpmat Ilo g =301 s o230 s ¢ (6.144)

where I', = I'T'I"2I3T is the product of all gamma-matrices in the AdSs directions

and €y is any constant chiral complex 16-component spinor. The spinors € solve the
Killing equation

(au + iwgbrab + irm) e=0. (6.145)

Inserting the solution (6.142) into the expression (6.143) it is easy to see that I'

does not depend on t. The only place where t appears is in the exponent of the Killing

spinors. Since the projection equation has to hold for all ¢ and p we eliminate this

dependence by imposing the condition

F*F056€0 = iE() s (6146)
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so that the Killing spinors become
e =e 2P Mg 30TeTsc (6.147)
After some manipulation the action of the projector can be written as
Te=—e 2T 3005 ) Ko (6.148)
so the projector equation is solved by all constant spinors satisfying
IFopiKeg = —¢g. (6.149)

It is easy to verify that the two conditions (6.146) and (6.149) are consistent with
each-other, so there are eight linearly independent real solutions to this equation.

Thus the string solution preserves 1/4 of the supersymmetries.

D3-brane solution

We look now for the D3-brane solution associated to this Wilson loops with insertions.
The loop is in the time direction, as reviewed above, and preserves an SO(3) x SO(3)
symmetry, the first being part of the AdSs isometry and the other coming from the
S5. Tt is convenient to use the metric (6.141) and fix a static gauge where ¢, p, ¥ and

¢ are the world-volume coordinates on the D3-brane. The Ansatz is then

x=x(p), 0=0(p), o=t. (6.150)

The brane action consists of a Dirac-Born-Infeld (DBI) part and of a Wess-Zumino
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(WZ) term, which captures the coupling to the background R-R form

S = TD3 / 6_4)\/— det(g + 27TOé/F) - TD3 / P[C4] y (6151)

where Tps = 55 is the brane tension and P[Cy] denotes the pullback of the 4-form
to the brane world-volume. The solution should include a non-zero electric field,
carrying k units of flux associated to the Wilson loop. Because of the symmetry of
the system, it will be in the direction Fj,(p).

With the ansatz above the DBI action reads (in the following we absorb a factor

of 2ra’/L?* in the definition of F},)

2N
Sppr = — /dt dp sinh? psin? X\/(cosh2 p — sin?0)(1 + sinh® p 2 + 62) — F?
T

tp>
(6.152)
whereas the WZ term is given by
2N
Swz = — / dt dp sinh* psin® x x/, (6.153)
T

and the relative sign between these two terms in the action is positive. In these
formulas the ’ denotes a derivative with respect to p.

It is rather complicated to solve the equations of motion coming from this action.
Instead of trying to do this, we write down the supersymmetry equations derived
from requiring k-symmetry. These are first-order rather than second-order and can
be integrated easily.

The k-symmetry projector associated with the D3-brane embedding is (see for
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example [233])
U= Loy Ty + L Fpl oK) T,

where K acts by complex conjugation, I by multiplication by —z, and
Ty = 0t 0,0” 092t 0o vy veve = (i + 76) (Vo + X 1 + 6 70) V0% »
L) = 0" 0"y = V9% »
with v, = e,I's. Using the vielbeins
e’ = Lcoshpdt, el =Ldp, e? = Lsinh pdy,

e3 = Lsinh psin y dd, e! = Lsinh psin ysinddy,

e’ =Ldb, eS = Lsinfdo,

(6.154)

(6.155)

(6.156)

and the Ansatz (6.150), the projectors I'(yy and I'(9) can be explicitly written as

['(4) = L*(cosh pL'y + sin 0T ) (I'y + sinh px' T 4+ 0’ T5) T gy ,

L) = L? sinh? p sin? y sin 9 sy .

(6.157)

Adding the dependence on the other coordinates into eq. (6.144), the Killing spinors

for the metric (6.141) are

; i 1 1 1 i 1
€ — e—%pf*lﬁe—%tl“*l“oep(l“megﬂF23€§SDF34€—%9F*F5e§¢r5650 .

(6.158)

From the supersymmetry analysis in the string case, we know that the constant
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spinors ¢, satisfy the conditions (6.146) and (6.149)
Key = —Toieq, Feeg = —il'12345€0 - (6.159)

Plugging ¢ = t in the expression (6.158) and using the second constraint in the

equation above, the Killing spinors may be rewritten as
e = ¢ 2P T30 TscoxTz pre, (6.160)

where

M = e2?Tea¢ a1, (6.161)

The differential equations we are looking for will come from considering the projector
equation

Fe=e. (6.162)

To simplify it, we move the matrix e~ 5PTsT1o=30T.T5 05X 12 4 the left of the projector
', using some gamma-matrix algebra and applying the constraints (6.159) (note that
€0 and Me, satisfy the same constraints). In this way we get a set of 8 differential

equations in #, x and Fj, (on the left we indicate the gamma-matrix structure the
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equations come from)

Lozas 0= Fj,sinh pcos xsinf — 6’ (cosh? p — sin? )
ILI's: 0= F,sinhpsinysinf — y’ sinh? psin 6 cos #

Tgoss i 0= (cosh? p — sin? ) sin y + x’ cosh psinh p cos x cos? 6

| EPY 0 = F,,sinh pcos x cos @ 4 0’ sin @ cos § + cosh psinh p
['y5: 0 = x’ cosh psinh p cos x sin @ cos 6 — 0’ cosh p sinh p sin x + sin y sin 6 cos #
o5 : 0 = F,, cosh psin @ + cos x sin @ cos § — x’ cosh psinh psin x sin 6 cos §

—0' cosh psinh p cos

Toizs: 0= F},cosh pcosf + (cosh? p — sin? @) cos y — x’ cosh psinh psin y cos? §
p

1: 1 = —L*Ly}, sinh? psin? x sin 9 (Ftp sinh psin y cos @ + X' sinh? p sin® 9) .
(6.163)

One can solve for ¢, x" and F}, using for instance the first three equations. Once these
are solved, the remaining five are automatically satisfied. The first three equations
give

¢ = —tanftanhp,

cosh? p — sin 6

/
ty = —
X EoRX cosh psinh pcos2 6’ (6.164)
cosh? p — sin’ 6
Fip = — .
cosh p cos @ cos x
The solution to the first equation is
C
sinf = ——. (6.165)
cosh p

The integration constant C} is related (in a complicated way) to the amount of angular

momentum carried by the brane. After plugging the solution for # into the expressions

210



for x" and F,, we find

cosh® p — C?
sinh p cosh p(cosh? p — C?)’

X coty = — (6.166)

which is solved by
coth p

\/cosh? p — C2

with C5 a second integration constant. Finally the electric field is

sin y = Oy (6.167)

cosh® p — C?

F,=—- .
v cosh? py/cosh? p — C? — C3 coth? p

(6.168)

Plugging the BPS equations (6.164) into the DBI action (6.152), the square root

simplifies to

tanh pt
\/(COSh2 p — sin®0)(1 + sinh® p x2 + 62) — F2 = (cosh® p — sin” 9)% :
(6.169)
It is then straightforward to check that the solutions (6.165), (6.167) and (6.168)

satisfy the brane equations of motion stemming from eqs. (6.152) and (6.153).

Conserved charges

The solution has two integration constants € and Cs which are related to the two
conserved charges carried by the brane: the rank of the symmetric representation (or
the number of windings of the Wilson loop) k, and the angular momentum .J around

the S? in the S°.

The first charge k is the conjugate momentum to the gauge field after integrating
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over ¥ and ¢

2ra! oL AN

Then

VA

02 AN K (6 7)

If we take kK — 0 we recover the string solution (6.142). Notice that the electric field
F,, does not vanish in this limit.

The other conserved charge carried by the brane is the angular momentum J

oL
J=2T, ddo dp —
D3/ (ppégb

AN /d sinh? psin? y sin? @ (1 + sinh? p x'? + 6?) (6.172)
T \/(cosh2 p —sin?@)(1 + sinh? p x'2 + 672) — 7,

Here the range of the p integral is [arccosh C, 00), which like in the case of the string,
covers only half the world-volume, with xy < 7/2. A multiplicative factor of 2 was
included to account for the other branch with x > /2.

Plugging the explicit solutions in this expression it is easy to see that J — 0 when

C; — 0. In this limit the brane does not rotate along the S? and the solution reduces

to
sind =0,
sin x sinhp = Kk, (6.173)
cosh
Ftp = P )
oS Y

which is, after a conformal transformation, the same as the 1/2 BPS brane of [80].
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The energy gets contributions from the DBI action and the Wess-Zumino term

o
EDBIZQTDZ%/dﬁdSde £§Bl

4N /d sinh? psin? x cosh? p (1 + sinh? p 2 + 62)

’ 6.174
(cosh? p — sin®6)(1 + sinh? p 2 + 62) — F2, ( )

oL 4N
Ewz = 2TD3/d19dg0dp 5?/Z = 7/dp sinh* psin® y ¥’ .

In addition one has to add a total derivative term, which serves as a Legendre trans-
form from the gauge field coordinate to the conjugate momentum II, which is the

correct canonical variable in this problem [80]. This is

By — 217 / 4N P cosh? p — sin 6

el deFtp = —7/% (6175)

cosh pcosfcosx

Plugging the BPS equations in the formulas (6.172), (6.174) and (6.175) above,

one can see that

cosh? p — sin 6

AN
Eppr+Ewz+Epr +J=— /dp [sinhpsinx — L] . (6.176)
T c

os 6

cosh pcos x
Using the explicit solution it is easy to check that the term in square brackets vanishes,

so we get £ =—J = |J|.

6.3.2 Wilson loop wrapping a circle on S°
Setup

In this section we shall look at a family of circular Wilson loops that couple to three

of the six scalars of the N/ = 4 multiplet. These operators were presented in [231]
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and studied in detail in [223]. As for the loop in the previous section, the S° part
of the gravity calculation will reduce to an S? subspace. The difference will be that
here the couplings to the scalars are smeared around the loop and not localized at
two points.

While the Wilson loop follows a curve on the boundary of AdS5 parameterized by
z' = Rcoss, 2* = Rsin s, (6.177)

the scalar to which it couples is given by the linear combination
O (s) = D3 cosby + sin by (P cos s + Py sin s) (6.178)

with an arbitrary fixed parameter §,. The loop may be written (in Euclidean signa-
ture) as

Wy, = Tr P exp [ 7{ (1A, ()" + |#](s)) ds| - (6.179)

In the special case of 6y = 0 this is the usual 1/2 BPS circle, while for 6y = 7/2 this
is a special case of the supersymmetric Wilson loops constructed by Zarembo [68].
It was shown in [223] that up to order (g2,,N)? all interacting graphs in the Feyn-
man gauge cancel and the only contribution comes from ladder diagrams where the
propagator is a constant proportional to cos? fy. This naturally led to the conjecture
that the expectation value of this Wilson loop is given by the same matrix model as
the 1/2 BPS one [29][30] with the replacement of the coupling A by X' = A cos? .

This gives the prediction

(Wa,) = 1o N A (6.180)
6o _N N—-1 4N eXp 8N 9 .
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where L}, is a Laguerre polynomial. In [223] only the planar limit of this expression

(W, planar) = \fyh (W> , (6.181)

was considered (I is a modified Bessel function). String theory provided exact agree-
ment with the strong coupling expansion of this expression, as we shall review shortly.
Furthermore, the same rescaling was observed in the computation of correlation func-
tions between this 1/4 BPS loop and chiral primary operators [234].

In the present calculation we want to capture a different limit, beyond the planar
one. We consider a multiply wrapped Wilson loop, or a loop in the k-th symmetric
representation,' keeping the quantity =’ = kv/N /4N fixed while taking both N and
A to infinity. This is the limit that was discussed in [80][81][89][90] for the 1/2 BPS

loop, and in this limit the matrix model reduces to
(W) = exp [2]\7 </<;’\/1 + K2 + arcsinh Ii/>:| : (6.182)

There is also a subleading contribution, that we did not include in the formula above,
obtained by replacing k¥ — —&’. The appearance of this term can be explained by
the fact that perturbation theory should be invariant under X' — €7 ). At strong
coupling the expectation value of the Wilson loop depends on v/ X, so that an extra
term with k¥ — —k’ is needed. In the planar approximation this subleading term
reduces to e‘ﬁ, which appears in the large ' expansion of the Bessel function in

eq. (6.181).

Later in this section we will be able to construct a D3-brane which is dual to the

16Tt has been proven in [89][90] that in the matrix model the multiply wound loop W) and the
totally symmetric operator Wy, coincide in the strong coupling regime.
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multiply wrapped 1/4 BPS Wilson loop and we will recover eq. (6.182) from super-
gravity. This computation will also produce the subleading contribution discussed

above, which will correspond to an unstable D3-brane solution.

String solution

To write the relevant string solutions in the dual supergravity picture we use the
following metric on AdSs x S? (as in the previous example we drop the directions on

S® which do not play a role here)

dL—Sj = —dx* + cos® x(dp® + sinh? p dyp?) + sin? x(do? + sinh? o d?) + d6? + sin® d¢* .

(6.183)
This metric has Lorentzian signature, which is somewhat more natural for the super-
symmetry analysis, but later we will also use the Euclidean version obtained by Wick

rotating x — iu and o — v

dL—Sj = du?® + cosh® u(dp® + sinh? p dip?) + sinh? u(dv* + sin? 9 dp?) + d6? + sin® Od¢* .
(6.184)
Note that in the Lorentzian case the x coordinate foliates AdS; by Hy x Hy sur-
faces (Hy is the two-dimensional hyperbolic space, or Euclidean AdS,), while in the
Euclidean case u foliates it into H, x S? surfaces.
The string describing the Wilson loop (6.179) will be at x = 0 (or v = 0) and
should end at p — oo along a circle parameterized by ¥. As we go along this circle we
should also move along a circle on S?, the parallel at angle 6, spanned by the angle

¢. We take the ansatz where along the entire world-sheet we equate 1) and ¢. As

mentioned, the asymptotic value of € should be 6. In [223] two solutions with these
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boundary conditions were found

1 1
= inh = inf =———. q
o=, sinh p(0) sinho’ S cosh(og + o) (6.185)

Here o is a world-sheet coordinate and oy is related to the boundary value of 6 by

1

infy = ) 6.186
S0 cosh oy ( )

One can eliminate ¢ from the previous equations to find the relation
cosh p cos # sin 0y — sinh psin 6 cos 6y = + sin 6. (6.187)

The two sign choices correspond to surfaces extending over the north and south pole

of S? respectively. The classical action for the two cases is equal to
S =TcosbVr=TVN. (6.188)

The dominant contribution has negative action and corresponds to the surface ex-
tended over less than half a sphere. That solution is stable, while the one extending
over the other pole has positive action and three unstable modes.

These two solutions were interpreted in [223] as corresponding to the two saddle

points in the asymptotic expansion of the Bessel function (6.181)

(W, planas) A:;% e (14 00/VN)) —ieYY (1+00/V))] .
(6.189)

Furthermore, it was shown there that considering the limit of large A, while keeping
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small )" and integrating over the three modes that are massless for A’ = 0, yields an
identical result to the full planar expression from the matrix model (6.181), including
all o' corrections.

The counting of the supersymmetries for the solutions (6.185) goes very similarly
to the counting presented in the previous section for the loop with insertions. The
dependence of the Killing spinors on the relevant components of the metric (6.183)
is17

‘ 1 ‘ 1
¢ = ¢ 3P+l o592 =50T4T5 56 56

05 (6.190)

while the constraints analogous to eqs. (6.146) and (6.149) are now
(T2 +Ts6)e0 =0, (6.191)

and

KEO = — ( COS 90 Flg + sin 90F16> €o - (6192)

The two conditions (6.191) and (6.192) are compatible and therefore the two string
solutions (6.185) preserve one quarter of the supersymmetries, as does the operator

Wy, in the dual gauge theory.

D3-brane solution

We now move on to the construction of the 1/4 BPS D3-brane which describes the
circular Wilson loop in the k-th symmetric representation W,,. The supersymmetry
analysis will be presented in Lorentzian signature (6.183) to avoid defining the Killing

spinors in Euclidean space. The resulting brane has extra factors of ¢ in the projector

17This is presented in greater detail in the following, see eq. (6.194), together with the vielbeins
(6.193).
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equations and an over-critical electric field. Moreover it does not seem to correspond
to a Wilson loop operator in the gauge theory, but to a higher-dimensional observable.
Still we find this way of performing the calculation useful. After presenting the
solution we will switch to Euclidean signature (6.184), where the solution will not
suffer from those problems and will be perfectly well defined.

We parameterize the brane world-volume by {p, ©, o, ¢}. The 1/2 BPS brane
has constant y = arcsink and § = 0. A natural ansatz for the 1/4 BPS brane is
then to take x = x(p), 8 = 0(p) and identify ¢ with ¢. This is consistent with the
symmetries of the loop. The asymptotic value of 8 at p = oo should be 8y. To carry
the k units of flux represented by the Wilson loop operator, we switch on an electric
field F,y(p).

Note that the dependence of # and y on p explicitly breaks the AdSy isometry.
This fact makes it difficult to guess a simple ansatz for the solution to the equations
of motion of the brane. As in the previous example we will then proceed by looking
at the first-order supersymmetry equations which follow from requiring x-symmetry
on the brane world-volume.

We begin by constructing the Killing spinors associated to the AdSs x S? metric
(6.183) with Lorentzian signature. The vielbeins relevant for the D3-brane solution

are

e’ = Ldy, e = Lcosydp, e? = Lcos ysinh pdi,
e3 = Lsinydo, e' = Lsinysinh o dyp, (6.193)
e’ =Ldb, eS = Lsinfdo.

Using the same notation of section 6.3.1, the Killing spinors may then be written as
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(adding the dependence on ¢ and ¢ to eq. (6.190))

3 ] 1 1 1 3 1
€ = e~ X0 =3Pl ¥z g5 0T 03 o3 9Taa g =5 01T 30 D0 g (6.194)

The DBI Lagrangian reads (with the sign in the square root appropriate for a

brane with Euclidean world-volume and with F,, containing a factor of 2ra//L?)

Lppr = L*sin? y sinh a\/(—x’2 + 62 + cos? y)(cos? y sinh? p + sin? ) + £,

(6.195)
and the projector associated with the D3-brane is
I'=Lpy (0w — L*FyloK) 1, (6.196)
where, again, K acts by complex conjugation, I by multiplication by —i and
Py = (o + X e+ 079) (0 +70) T
= L*(cos xI'1 + x'Tg + 0'T5) (cos y sinh pI'y + sin 6T) T'(y) (6.197)

L) =77 = L?sin? ysinho Ty .

Note that the projector I' does not depend on . As for the string case we can

eliminate the dependence on ¢ in the projection equation by imposing

(F12 —+ F56)€0 = 0, (6198)

and then we impose also the condition

KEO = —(COS 90F12 + sin 90F16)€0 y (6199)
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which both follow from the analysis of the supersymmetries of the string (6.192). The
brane solution will then preserve the same quarter of supersymmetries as the string
and as the gauge theory observable.

Because of the isometry of the system the factor of
M = e 2°T03 3T (6.200)

commutes with those two constraints, so €y and Me¢y satisfy the same conditions.
Using some gamma-matrix algebra and applying the constraints above, we move
$pTuT1 o= 50T,

the matrix e~ 3XT+Toe= s to the left of I' in the projection equation. In

this way one gets a set of 8 first order differential equations for 6, x and F,;, (indicating
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which gamma-matrix combination leads to them)

Dooza: 0 =1iF,,sin xsinf@sinfy + x’sinh p(cos? x — sin®#) + cosh psin y cos y sin?
L5 :  0=1iF,,sinxsinf cosfy — x’ cosh psin f cos § + sinh psin y cos x sin @ cos ¢
pY
Ii934 1 0 =14F),sinh pcos x sin @ sin 0y + i F},y, cosh p cos x cos 6 cos 0y —
—x/sinh? psin y cos x — @' sin 6 cos 6 + sinh p cosh p cos? x
Ioga5 1 0 =iF,sinh pcos x sin 6 cos Oy — iF,, cosh p cos x cos 6§ sin 6y —
—0' sinh p cosh p cos? x — cos? y sin § cos 6
Lop : 0 = iF}, sinh p cos x cos 0 cos O + i [,y cosh p cos x sin 6 sin 0y —
—x'sinh p cosh psin x cos x + cos? x(sinh® p + sin’ 6)
DLos : 0 = iF}, sinh p cos x cos 0 sin 0y — i F,, cosh p cos x sin 6 cos O
+0'(sinh? p cos? x + sin? 6)
[y5: 0 = iF),y sin x cos 0sin By — X’ sinh psin 6 cos 6+

+6' sinh psin y cos x + cosh psin y cos x sin @ cos 0

1: 1 = —iL*L}}, sin® ysinh o (inw sin y cos 6 cos By + x’ cosh psin? @
— sinh psin  cos  sin® 9) :
(6.201)
The 1/2 BPS solution
X' =0, F,y =icos xsinhp (6.202)

can be recovered by setting = 6y = 0 in eq. (6.201).
The equations (6.201) are all consistent with each other. One can solve any three of

them, the remaining ones being automatically satisfied. The first three, for example,
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lead to the equations

9 = A cos® ycosd, X = A sinycosysinf, (6.203)
0
F,, = —im(fl cosh psin @ — sinh p) , (6.204)
cos b,

where

sinh p cos 6 sin 6 — cosh psin 6 cos 6

A= . 6.205
(cos? y — sin? @) sinh p cos fy + cosh psin 6 cos 0 sin 0 ( )
Taking the ratio of # and Y’ yields
sin x cosf = C', (6.206)

where C is an integration constant. Inserting this solution into the expression for 6’

and solving the resulting differential equation gives

cos x (cosh p cos O sin fy — sinh psin 6 cosby) = D . (6.207)

On the AdS; side of the ansatz at p = 0 the circle parameterized by 1 shrinks to
a point. For the solution not to be singular at that point, the same has to happen
also on the S® side, since ¢ = 1. The solution will be regular at p = 0 only if at that

point sin § = 0, which then gives D in terms of 6y and C' as

D = +sinfyv1—C?, (6.208)

where the +, — signs correspond respectively to taking either § = 0 or § = 7 at
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p = 0, or, in other words, to wrapping the brane around the northern or the southern
hemisphere of S%. Notice that in the string limit (y — 0, or C — 0) the expression
(6.207) reduces to the string solution (6.187).

These solutions in Lorentzian space are unphysical. The world-volume of the
brane is Euclidean, but the electric field is over-critical, leading to an imaginary
action. Furthermore, the branes do not end along curves on the boundary, but along
higher-dimensional surfaces, and do not provide a holographic description of Wilson
loops.

Therefore we analytically continue those solutions to Euclidean signature, where
the resulting branes will provide a good holographic dual of Wilson loop operators.
We take the Wick rotation

X=1u, o=1i7. (6.209)

In these coordinates, the Euclidean AdSs is written as an H, x S? fibration as in eq.

(6.184). The solution (6.206) and (6.207) in Lorentzian signature now becomes

sinhucosf = ¢, (6.210)

and

cosh u (cosh p cos @ sin 6y — sinh psin @ cosfy) = d. (6.211)

Similarly to the Lorentzian case the solution is smooth at p = 0 only for

d=+sinfyv1+ 2. (6.212)
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The implicit equation (6.211) is solved for p as a function 6 by

sin 6 sin 6, <\/1 + 2 cos by + cos GW)

cosh u(cos? 6 — cos? )
V14 2 cosfsin? 0y + sin? @ cos Oy /1 + ©

cosh u(cos? § — cos? )

sinhp = sign(fy —0)

c2 cos? gy

T cos20

coshp = sign(fy — 60)
(6.213)

The sign function allows us to write in a single expression the two solutions corre-
sponding to a brane wrapping over the north or south poles of the S?. We will assume,
without loss of generality, that 6y < 7/2.

Given that the solution may be written explicitly as a function of 4, it makes sense
to use it, instead of p, as one of the world-volume coordinate. Thus the world-volume
is parameterized by {0, ¥, 9, ¢} and p = p(0) and u = u(#) are given by the solutions
above. This parametrization will be singular in the 1/2 BPS limit, where § = 0, but
that solution is very simple, with arbitrary p and constant « = arcsinh c.

The DBI action in this signature reads

Sppr = 4N/d9 sinh? u \/(cosh up'? + w2 + 1) (cosh? usinh? p 4 sin® ) + F, by
(6.214)

while the Wess-Zumino term can be written as
1
Swz = 4N/d9 o' sinh p (% ~3 sinh u cosh u — sinh? ucoshu) : (6.215)

To obtain these expressions we have integrated over 1 and S?. Now the ’ stands for

the derivative with respect to 6. We have checked that the solutions found above
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satisfy the equations of motion coming from eqs. (6.214) and (6.215).

In figure 6.1 we have plotted p and u as functions of # for a D3-brane solution
and for comparison also p for the analog string solution (in which case u = 0). There
are two solution, both reaching infinite p at 6y (for the example pictured we took the
values 0y = /3 and k = 1). The stable solution then goes to p = 0 at § = 0, while
the unstable solution goes to p =0 at § = 7.

Note that in the case of the unstable D3-brane solution the coordinate u diverges
at the equator § = 7/2, as can also be seen from eq. (6.210). This means that the
D3-brane reaches the boundary of AdS at that point, and gets reflected back into
the interior (after changing the sign of u). One could choose to truncate the surface
there and consider either half of the solution. But in the dual gauge theory that will
not correspond to a Wilson loop vacuum expectation value. Rather, the D3-brane
extending from 6y to § = 7/2 will be the correlator between the Wilson loop and a
two-dimensional surface operator located where the brane reaches the boundary (the
surface spanned by {¥, ¢}, the radius of the 1 circle shrinks to a point there). The
other part of the solution, from 6 = 7/2 to § = 7 is the vacuum expectation value of
the surface operator itself, with no Wilson loop insertion.

As usual the BPS equations simplify the square root in the DBI action, which in

this case reduces to

€080 | i . (6.216)

Sppr :4N/d9

Foy

cos

This fact can be used to check the conservation of I, the momentum conjugate to

the gauge field Ay

M= —; 27‘('0/ 5£DBI ﬂ

T =+
L2 D3/d19d§0 5Fgw \/X

C

=4k 6.217
cos 8y ’ ( )
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Figure 6.1: A depiction of string and D3-brane solutions. The solid line gives p as a
function of 6 for the string with boundary value of # = 7/3. The D3-brane solution is
represented by the dashed and dotted lines which are respectively p and u as functions
of § (for k = 1). In both cases there are two solutions, a stable one with 0 < 6 < 6,
(where p for the string and D3-brane are nearly indistinguishable) and an unstable
one, with 6 < 6y < w. The unstable D3-brane solution reaches the boundary of AdS
not only at 6y, but also at § = 7/2, where u diverges, but then it turns back and
closes smoothly on itself.
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where the two signs correspond to the two solutions. This implies that

le| = K| cosBy|. (6.218)

To compute the full on-shell action we have to supplement the DBI and WZ bulk
contributions with total derivatives and boundary terms associated to the electric

field Fp, and the scalar p(f). These are given respectively by'®

2

Sy = —i / A0 dip T1 Fy (6.219)

2o

and
I Lppr+ Lwz)
opf eaoo.

~Py| = —Tns / dip d9 dyp (6.220)
—Uvo

where P, is the momentum conjugate to p.
The boundary term for p can be motivated as follows. Let us consider the AdSs

metric in the Poincaré patch
1
ds® = g(alz2 +dr} 4 ridgt + dry + r3des) . (6.221)

The transformation relating z to our coordinates is

1
= 6.222
= Coshu cosh p —cosvsinhu’ ( )

so that the p — oo region corresponds to z = 0. In the Poincaré patch the boundary

term associated to z has the form of a Legendre transform evaluated at the boundary

18For a general discussion on the role of boundary terms see [73][80].
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of AdSs [73][80]

(6.223)

Using eq. (6.222) it is immediate to verify that in proximity of the boundary zp, ~ p,.

2~0

This justifies the form of the boundary term for p.

Now we can evaluate the on-shell action. The bulk and boundary contributions
diverge as we approach the boundary of AdSs, i.e. in the limit 8 — 6#,. We can
regularize these divergences by introducing a cut-off at 6y — e. This leads to the

following expression for the regularized DBI action

Oo—e /—1 3
SDBI = TD3/ d@/dwdﬂdgoﬁpmzll]\fm?’sinﬁo te
0 €

sin 0y tan 6,
+2NK? == — Nrsec? 0y(2 + 8¢ — 4c? cos® Hy)\/1 + c2 cos? b
V142

+2Nksec® OyV'1 + 2 (1 +3¢® — 6¢% cos? 0y + 2¢% cos? 90)

c+vV1+c?
¢ cos by + 1+ c? cos? by

+8N k3 sin by tan Oy v/1 + 2 (2 log e — 21og(cos By sin by) — log (1 + 02)

—2N sec 4, (1 — 4¢? sin? 6y — 8¢* sin? 90) log (

+log (COS2 0o (1 + 202) +2cos V1 + 02\/1 + 2 cos? 6y + 1)) . (6.224)

The Legendre transform of the gauge field is written as the integral over the total

derivative

L2 6o—e
- o [ dy1IF,
St Z27ro//0 / Y 0
Vite 3+ K2 + 262
— ANgsinfy Y gt T (6.225)
€ V142
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and the boundary term for p is

V1+c?
—-P = —2Nsinfby(kV1+ k% + arcsinh k) ———
Ploy—c ol )ex/l—l—ff?

2k% — (1 + 4k — K1) cos? Oy — 2¢*
—4N secOy(k V1 + k? + arcsinh k
of ) A1+ 12321+ &2

(6.226)
Finally the regularized Wess-Zumino term turns out to be
Swz = —2N (cx/1+—c2 + arcsinh c) — Sppr — Scr. + B, (6.227)

Those expressions are much more complicated than the 1/2 BPS case, where those

three terms are

Sppr = 4N/dpsinhpcoshusinh3u,
1
Swz = 4N/d,0 sinh p (% ~3 sinh u cosh u — sinhgucoshu) ,  (6.228)

Srpr. = 4N/d,osinhpcoshu.

The boundary term for p just removes the divergence from the upper limit of p
integration, giving —1 from the lower limit. Summing up all the contributions and

using sinh u = x gives the full on-shell action [80]
S=_2N (m/l + #2 + arcsinh /~€> . (6.229)

While the regularized expressions for the 1/4 BPS loop are much more compli-

cated, the sum of the bulk and boundary terms is exactly the same with the replace-
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ment of k by ¢

Siotal = —2N (cx/l + ¢ + arcsinh c) . (6.230)

Recall that c¢ is related to the number of units of flux carried by the brane, or the

dimension of the representation of the Wilson loop by eq. (6.218)

;L k cos 6y v/ A
c=r = (6.231)

Therefore this stable solution will contribute to the expectation value of the 1/4 BPS

Wilson loop at strong coupling
(W) = exp [2]\7 (Fa’\/l + K2 + arcsinh H’)} : (6.232)

This is the same result as can be derived from the matrix model observable (either
the multiply wrapped loop [80] or the symmetric one [89][90]) in this limit. This
serves as a confirmation that the matrix model correctly captures the 1/4 BPS loop
including all 1/N corrections at large N and large .

An analogous computation can be done for the unstable branch, where the range
of integration for the coordinate 6 is [0y + €, 7] and P, is evaluated at 6y + €. The

final result is exactly as above, except for the overall sign
St = 2N (K'VI+ W2 + arcsinh ) (6.233)

As in the case of the string solution reviewed before, this should correspond to an
exponentially small correction to the expectation value of the Wilson loop when doing

the asymptotic expansion at large A.
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In addition to the 1/2 BPS limit, with 6y = 0, there is another interesting lim-
iting case, of 6y = 7/2 studied by Zarembo [68]. In that case the two D3-brane
solutions, whose actions always have the opposite signs, are degenerate. Both have
vanishing action, and in fact there are more than two solutions, rather a whole family
parameterized by an S3. But, unfortunately, looking at the solutions at this limit we
find that they do not provide a good description for the Wilson loop. If we consider
finite k, then from eq. (6.218), the constant ¢ vanishes and by eq. (6.210), also
u = 0. Therefore the D3-brane shrinks to a two-dimensional surface and therefore
the higher-derivative corrections to the DBI action cannot be ignored.

If instead we keep c finite in that limit, then x will diverge, leading to a smooth
D3-brane solution. But now as 6 goes to 6y both p and u diverge, meaning that the
brane ends along a 3-dimensional surface on the boundary, rather than the Wilson

loop.

6.3.3 Discussion

We have presented some solutions for D3-branes in AdSs x S°, which are dual to
certain 1/4 BPS Wilson loop operators in A/ = 4 supersymmetric Yang-Mills theory.
The first example was a combined system of a loop with two local insertions made
from complex scalar fields. Without the insertions the loop itself would have been
1/2 BPS and the trace of the local insertions is also 1/2 BPS, while the combined
system preserves 1/4 of the supersymmetries. The second system was a family of
Wilson loops with couplings to three of the scalars in a way that also preserves eight
supercharges.

It is by now a standard feature of the AdS/CFT correspondence that very long
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operators in the gauge theory map to “giant” D-brane objects rather than to funda-
mental strings or supergravity modes. In our case the D3-branes should describe the
Wilson loops in a high-dimensional symmetric representation, where the rank of the
representation k is of order N. In the example of the loop with insertions we were
able to calculate the energy and angular momentum and they agreed with each other,
as would be expected, but there was no special feature arising from the fact that the
loop is in a certain representation.

In the second example we were able to compare the result of the AdS calculation
to a matrix model conjectured to describe those 1/4 BPS loops [29][30][223]. The
value of those loops at large N and large A in a symmetric representation is known
(and coincides with the single-trace multiply-wrapped loop). We found that the clas-
sical action for the D3-brane correctly reproduces the expected result, which includes
an infinite series of 1/N corrections to the planar string expression. Furthermore, we
have found two solutions with the same boundary conditions, in exact analogy with
the strings describing the loop in the fundamental representation. The second solu-
tion, which contributes an exponentially small correction to the Wilson loop in the
supergravity limit is the brane analog of a world-sheet instanton. Such contributions
are expected, since the string expansion is asymptotic in 1/v/\.

The geometry of this second D3-brane solution is very interesting. Starting from
the boundary of AdS, where it originates along the Wilson loop, it moves into the
bulk, turns back, goes again to the boundary, gets reflected back into the interior,
and closes off smoothly on itself. If we chose not to continue the solution, it would
end on a two-dimensional surface on the boundary. So this part of the solution would
describe the correlator of a Wilson loop and a surface operator which are non-trivially

linked. It would be very interesting to understand further the nature of this surface
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operator. The connection between Wilson loops and surface operators may not be
so surprising given that they may both be described by branes in the bulk (see e.g.
[235][88][236]).

As discussed at the end of the last section, one would like also to consider a special
limit of these loops, when 6y = 7/2. This limit is particularly interesting because of
a comment made at the end of [223], where it was noticed that one may take A large
while keeping X = Acosfy small, in a way similar to the BMN limit [46]. When
considering the string solution in that limit, the mass of the string modes becomes
much larger than the mass of the three broken zero modes (those parameterizing
the S® mentioned above). Ignoring all the stringy modes and integrating only over
those three leads to the full result of the planar matrix model, including all o’ (or
1/ \/Y) corrections. It would be extremely interesting if we were able to repeat the
calculation here and find the exact expression including all 1/N and 1/+/) corrections.
Recall that those corrections would not be the same for the loop in the symmetric
representation and for the multiply-wound loop. So this calculation would be a very
good check of the recent identification of the D3-brane with the loop in the symmetric
representation [88]. Unfortunately, as explained before, in this limit the D3-brane
degenerates and does not provide a good description of those Wilson loops.

The loops studied in this section are not the most general 1/4 BPS Wilson loops,
all our examples had a circular geometry, which is not required. Many other loops were
described in [68], and there are probably even more. The string solutions describing
those loops were studied by Dymarsky et al. [222], and perhaps there is a general
classification of the relevant branes along the lines of [237].

After studying the probe brane in the AdSs x S° background it is natural to

consider the back-reaction of the brane on the geometry. This was pursued in the 1/2
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BPS case in [94] and [95], where all the relevant metrics could be related to Young-
tableaux, thus giving a correspondence between the representations of the Wilson
loop and the associated metrics. It would be interesting to try to find the metrics
in this case too, though this system has far less symmetry making it a much harder
problem.

Finally, one can go further to a system which is only 1/8 BPS, by looking at the
correlators of those Wilson loops with chiral primary local operators. Amazingly, in
the gauge theory those also seem to be captured fully by ladder diagrams and may
be reduced to some matrix model [234]. In the case of the 1/2 BPS loop this was
checked in AdS using a string [227][31] and D-branes [4], as reported is section 6.2.
For the 1/4 BPS loop this was done with a string in [234] and would be interesting

to repeat this calculation with D3-branes.
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Studies on twistor string theory
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Chapter 7

Fermionic orbifold of the twistor

string

7.1 Introduction

In this chapter of the dissertation we address the problem of constructing twistor
theories with reduced supersymmetry. In fact, surprising and elegant as the duality
presented in chapter 3 undoubtedly is, it has two obvious shortcomings. The first
one is that in its original formulation it applies only to maximally supersymmetric

! The second one is that superconformal invariance is automatically

gauge theories.
built-in by virtue of the twistor formalism. These features seems to make the original
construction unfit for describing more realistic gauge theories.

Here we consider an extension of Witten’s correspondence to a class of NV = 2

and N = 1 supersymmetric gauge theories. As we do not know how to relax the

I'Examples of twistor-inspired computations of amplitudes in theories with less supersymmetry
have nonetheless appeared in the literature. See for example [238].

237



requirement of superconformal invariance, natural candidates are the superconformal
quiver theories analyzed in [239][240], which we will recover from the twistor string.?

The procedure followed in [239] and [240] was to start with a parent N' = 4 super
Yang-Mills theory and retrieve the superconformal daughter theories with reduced su-
persymmetry by orbifolding the SU(4)z symmetry rotating the supercharges.®> These
are quiver theories with bifundamental matter fields. In the present case of twistor
strings, the SU(4)g symmetry is part of the isometry group of CP?*. Thus, be-
fore Penrose transforming, this operation has a natural interpretation as a fermionic
orbifold of the twistor string’s target space.

Although it is not clear a priori what the meaning of a fermionic orbifold is, one is
immediately tempted to establish a connection with the standard lore about D-branes
tranverse to bosonic orbifold singularities [242], and their realization via geometric
engineering [243]. In the case of N/ = 2 superconformal theories engineered from type
IIB superstrings, the moduli space of superconformal couplings is known to admit a
duality group whose action is inherited from the S-duality of IIB superstrings.* It
would be interesting to identify these moduli spaces in the twistor string theory.

We start by briefly recalling some basic facts about D-branes on (bosonic) orbi-
folds, and then we present our proposal for an orbifold of the fermionic directions of
CP?*. We discuss the role played by both D5 and D1-branes, and present, in the
two final sections of this chapter, two classes of quiver theories obtained from this

procedure.

2A related work pursuing this same direction can be found in [241].

3Strictly speaking, this is not really an orbifold in the conventional sense of the word, as one is
not gauging the discrete symmetry in spacetime.

4Alternatively, it can be seen as the affine Weyl group acting on the primitive roots of affine
ADE groups [244][240].
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7.2 Branes transverse to orbifold singularities

Placing a set of D-branes transverse to a C*/I" orbifold (where n = 2,3, and I is a
discrete subgroup of SU(n)) gives rise to four dimensional gauge theories with N' = 2
or N' = 1 supersymmetry living in the brane worldvolume. To obtain their massless
spectrum one has to consider the appropriate orbifold action on fields in both the
open and closed string sectors. The open string sector contributes the field content
of the gauge theories, which can be encoded in quiver diagrams. The closed string
sector in turn contributes the necessary moduli which deform the transverse orbifold
singularity to a smooth space. We briefly review this construction below, focusing in

the case of abelian I' for simplicity.

7.2.1 Open string sector

In the open string sector, I" acts on the orbifolded transverse coordinates and on the
Chan-Paton factors of open strings in the worldvolume directions. To get conformal
theories one needs I' to act on the Chan-Paton factors in (arbitrary number of copies
of) the regular representation R of I'. Choosing N copies of R amounts to considering
N|I'| D3-branes before the projection, where |I'| is the order of I. At this stage one
then has U(N|I'|) gauge symmetry in the worldvolume.

In the worldvolume directions I' acts on the open string Chan-Paton factors ma-
trices A only. This action is specified by a matrix 7r€R, and the invariant states
satisfy

AR = A (7.1)

Now using elementary group theory the regular representation can be decomposed in
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irreducible representations as

R = &iniRi, (7.2)

where n; = dim(R;) = 1 for abelian I". Acting on A as in eq. (7.1) this decomposition
projects out the fields whose Chan-Paton indices are not connected by one of the
irreducible R;’s. Taking N copies of R the gauge group will therefore be broken® to
F = HiemepSU (N). Each of these unitary groups with its gauge multiplet has an
associated node in the quiver diagram.

In the orbifolded directions I' acts on the Chan-Paton matrices through an ele-
ment of the regular representation v, and on space indices through the defining n

dimensional representation G£*", in such a way that
G (¥ (i) = (r(i), (7.3)

U(i) being a label for the i-th D3-brane in the orbifolded transverse space. This
means that the action of the space group is correlated with the action on the Chan-
Paton factors. The fields surviving the projection (7.3) can be obtained from the

decomposition

Hom(R,GF*"®@R) = @ [Hom(R;, G ® R;) ® Hom(CY,CY)]  (7.4)
ij
= @ az;Hom(CN, CV),

Lj

where again i runs over irreducible representations, and a;; are the Clebsch-Gordan

coefficients in the decomposition of the tensor product. Physically these are a;; chiral

® Actually there is a U(1) subgroup acting trivially on the fields. It can be seen as the motion of
the center of mass coordinate of the D-branes. Therefore the effective gauge group is G = F/U(1).
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multiplets transforming in bifundamental representations as

EBaij(N, N) . (75)

The quiver diagram has a;; oriented links between nodes i and j. For N' = 2 quivers
aij = aj, which makes the links non-oriented. Each of them represents an N' = 2
hypermultiplet.

Finally, for C?/T" orbifolds one has two non-orbifolded transverse directions. T
acts on these fields as in eq. (7.1). They provide the adjoint chiral superfields which

together with the gauge multiplets complete the A/ = 2 vector multiplet.

7.2.2 Closed string sector

In the closed string sector there are no Chan-Paton factors, and one can follow the
ordinary orbifold techniques to find the spectrum. There are, in addition to the
usual untwisted sector, |I'| — 1 twisted sectors which play a crucial role in resolving
the singularity. The untwisted sector is just the Kaluza-Klein reduction of the ten
dimensional supergravity multiplet on C?/T" (for N' = 2) or on C3/T" (for N' = 1),
together with the usual matter multiplets. In the large volume limit the moduli fields
from the |T'| — 1 twisted sectors can be seen to arise by wrapping the various form
fields on the exceptional cycles of the blown-up singularity. For A' = 2 the blow-up is
hyper-Kahler, whereas for N/ = 1 it is only Kéhler. In the first case there are moduli
by = fSiQ Band G = fSiQ @, where for ITA B is the NS-NS B-field,® and & is the triplet
of Kahler forms on the blow up. In the Kéhler case b; = [ 52 Band G = [ 52 W where

w is the Kéhler form. In the first case the combination b; + ZC_; encodes (in the large

6For IIB one can in addition have the two-form from the R-R sector.
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volume limit) the deformations of Kéhler and complex structure of the resolution.
Because of N = 2 supersymmetry the resolution is hyper-Kahler, and these two are
related by the SO(3) symmetry that rotates . In the second case b;+i(; parameterize
the deformations of the complexified Kéhler structure.”

Of course one has in addition to these moduli scalars various p-form fields from
the twisted sectors. The twisted fields couple to open fields in the brane low effective
action via Chern-Simons couplings. In the presence of the orbifold, closed fields from
the k-th twisted sector Cy couple naturally to the U(1) part of the field strength of the
D-brane whose Chan-Paton factor is twisted by 4. Their supersymmetric completion
involves terms which couple as Fayet-Iliopoulos parameters in the effective gauge
theory on the brane world-volume. When these are non-zero the gauge symmetry is
completely broken, and the Higgs branch of the world-volume theory is the resolved
transverse space.

Taking into account all the twisted moduli one can write the full stringy quantum
volume of the exceptional cycles of the geometry as V; = (bl2 + |51|2> 2 in the N' = 2
case and V; = (b2 + (2)"/* in the V" = 1 case. At the orbifold point ¢; = 0, and one
can write the coupling constant of the i-th gauge group as 1/(gyari)? = Vi/gs, where
gs is the string coupling constant. In type IIB one has also ¢; = |, 52 Bpr, which plays
the role of a theta angle in the gauge theory. One can then write the complexified
couplings as 7; = 6; + i/(gyari)* = ¢ + b, with 7 = g;'. The S-duality of type IIB
superstrings, which acts on Byg and Bg manifests itself as a duality in the moduli

space of couplings.

“In this case, in addition to B there are further moduli from the R-R sector: a hypermultiplet
for type IIB or a vector multiplet for type IIA.
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7.3 The orbifold of the twistor string

7.3.1 The orbifold in the D5-brane sector

The procedure reviewed in the previous section can be applied to the twistor string
of [96] in order to reduce the N' = 4 supersymmetry. The homogeneous coordinates
of CP** provide a linear realization of PSU(4|4), which is the N” = 4 superconformal
group. It is therefore natural to use twistors to study conformal theories. To reduce
supersymmetry, we can orbifold the fermionic directions of the super-twistor space.
Physically, this amounts to orbifolding the SU(4)g R-symmetry, which is the Fermi-
Fermi subgroup of PSU(4]4). As reviewed in chapter 3, in the twistor theory of [96]
a set of D5-branes is placed at /4 = 0. In analogy with the conventional case, one
possible interpretation is to view the orbifold as acting in the 14 directions, which
are transverse to the D5-branes. This induces an action on the 1)# which will be the
one considered in the following.

Explicitly, we choose an action of the orbifold I' € Z; under which the fermionic

coordinates transform as
wA - e27riaA/kwA ’ (76)

with the condition on the charges >, a4 = 0 (mod k), so that I' € SU(4)g. The
holomorphic volume form Q on CP?* (see eq. (3.45)) is invariant under (7.6). This
implies that the super-orbifold is still Calabi-Yau. This is crucial for the consistency
of the B-model [117].

We consider a stack of kN Db5-branes in the covering space. The orbifold action

regroups the branes in k stacks of N branes each, as shown in figure 7.1. It is thus
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N N N

Figure 7.1: Regrouping of the D5-branes under the orbifold action: the kN branes
are split into & stacks of IV branes each. Note that the k stacks of branes are actually
coincident at the point 14 = 0 of the twistor space.

convenient to decompose the U(kN) adjoint index into A% = A", where I,J =
1,..., N label the brane within a stack and i,j =1, ..., k label the stacks.

An explicit representation of I' is

T1 0 0
0 T2 0

R = , (7.7)
0 o --- Tk

kN xXkN

where r; = €>™/F is a N x N matrix acting on the i-th node of the associated
quiver. The orbifold projection is enforced by requiring invariance of the components
of the superfield A under the action of I'. R-symmetry invariance of the superfield
implies that (7.6) induces a conjugate transformation on the fermionic indices of the
components. Combined with the action on the Chan-Paton factors given by (7.7),

this gives the following orbifold action on a generic component (with n = 0,...,4
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fermionic indices)®

(Pay,.a,) "y — @m0 o)/, (7.8)

For example, the lowest component of the superfield (3.47), which physically repre-

sents the positive helicity gluon, transforms as
Al — 20Dk AR (7.9)

Invariance requires i = j, so that the gauge group is broken to U(kN) — [U(N)].

Similarly, the positive helicity gluino x4 transforms as
(XA)IiJj N 62M(i_j_aA)/k(XA)I%]j, (710)

so that in this case one needs to enforce i = j + a4. Depending on the value of the
charge a4, the field x4 becomes either a gaugino or a bi-fundamental quark. One
proceeds analogously with the other components of A. One can picture the field
content in a quiver diagram with £ nodes corresponding to the k gauge groups and
bi-fundamental matter as lines connecting pairs of nodes.

The choice of the discrete group one quotients by determines the amount of super-
symmetry preserved by the orbifold. For generic I' the supersymmetry is completely
broken, while for I' € Z;, C SU(2)g and I" € Z;, C SU(3) g one has respectively N = 2
and NV =1 [239].

So far we have only focused on the D5-brane sector. In the following section we

8In this notation, for instance, ® 4, 4,454, = %€A1A2A3A4G, where G is the highest component

of A.
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tackle the problem of orbifolding the D1-instantons.

7.3.2 D1-branes

As already explained in chapter 3, the holomorphic Chern-Simons action on CP** only
reproduces the selfdual truncation of N = 4 super Yang-Mills. A non-perturbative
correction to the B-model is needed in order to recover the non-selfdual part of the
gauge theory. These new non-perturbative degrees of freedom are D1-branes wrapped
on holomorphic cycles inside the supermanifold. These branes are D-instantons whose
instanton number is given by the degree d of the map.

We proceed now to the analysis of the orbifold action on the D1-instanton sector.
For this action to be faithful on the Chan-Paton factors of the D1’s, we need to start
with k£ D1-branes. To begin with, we locate them at ¢4 = 0. As in [96], the fermionic
dependence will be restored in the end through integration over the moduli space.

Considering k& D1-branes, the effective action (3.52) gets changed into
Ipi_ps = / dz (8000 + BB, Sl + 6;iAI§]jO‘ri> ; (7.11)
D1

where r = 1,...,kis a U(k) index which labels the D1’s. For instance, ol is a string

stretching from the r-th D1-brane to the I-th D5-brane inside the i-th stack. In eq.
(7.11) B,” is the U(k) gauge field on the world-volume of the D1-branes. The action
of the orbifold breaks U(k) — [U(1)]*. The D1-D5 strings o and 3 transform as

Ii omi(i—r)/k . Ii
o, —e a,’,

B — Tk (7.12)
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1 < Z
Ne—= N=—/—/—— N D5

AKX
v,

Figure 7.2: The stacks of D5 and D1-branes. D1-D5 strings are stretched between
the two different kinds of branes. An interaction between the first and the second
stack is also depicted.

Invariance under the orbifold action requires i = r. This implies that the D1-D5
strings only stretch between the i-th D1-brane and the D5-branes in the i-th stack.
This is shown in figure 7.2 and, in quiver language, for the specific example of k = 3,
in figure 7.3.

The U(1) fields living on the D1-branes and the bi-fundamental matter connecting
them will not be considered in the following, although they are depicted in figure 7.3.
The U(1) bundles over curves of genus g < 2 do not have moduli as remarked in [96]
and do not play a role in the computation of amplitudes. Further, it seems natural to
neglect the bi-fundamental fields since in general, when the branes move away from
Y = 0, they should correspond to massive states.

The stack of £ D1-branes can move away from the orbifold fixed point as one full
regular brane. In the covering space, the k£ D1-branes are located in points related
by the I' action in the orbifold directions, whereas they coincide in the others. In
particular, they coincide along the bosonic subspace and therefore the bosonic world-
volume is the same for all of them. Since the branes cannot move independently

we have only one set of moduli (z,0) for the whole system. However this is not the
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Figure 7.3: The quiver for the D1-D5 brane system in the case k = 3. It has three
nodes corresponding to the D5-branes indicated with IV, and three nodes correspond-
ing to the D1’s.
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complete story. We do not fully explore the richness of the orbifold construction.
If the branes were coincident at the fixed point of the fermionic coordinates, then
there would be no constraint on their motion along the remaining directions and
one would have an extended moduli space {(z,,0,)} with &k sets of parameters. We
will not study this explicitly but we will limit ourselves to some comments. Having k
independent D1-branes allows one to consider k independent minimal couplings (3.57)
to the b field. This might be worth studying because it could provide a mechanism
to generate k independent coupling constants, one at each node. Since in the usual
case the moduli space of couplings is related to twisted sectors, it will be valuable
to clarify this issue further by studying the closed sector of the B-model and check
whether it contains twisted states.

We now illustrate what discussed so far in two explicit examples, and compute

some amplitudes in these orbifold theories.

7.4 Explicit examples of orbifolds

7.4.1 An N =1 orbifold

We start by considering the case I' € Z;, C SU(3)g. Then SU(4)g is broken into
U(1)g, yielding N' = 1. We consider a particularly simple example, in which k& = 3
and as = (1,1,1,0), see eq. (7.6). The gauge group is decomposed into [U(N)]* and
the corresponding quiver diagram is depicted in figure 7.4.

The gauge sector contains three N' = 1 vector multiplets

Ai ) Gi ) )\i ) )\i ; (713)
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y

N) > N

Figure 7.4: The N' = 1 quiver for k =3 and a4 = (1,1, 1,0).

where A; = AT Gy = Gl A = (xa)', M = (V)" The index i = 1,2,3 labels
the nodes of the quiver.
On the other hand, the matter sector consists of three N' = 1 chiral multiplets for

each pair of nodes

q5i+1 ) gf+1,i ) ﬁi+1 ) ?+1,i ) (7.14)
where now the index p runs from 1 to 3. Here a subscript i, j indicates that the field
has fundamental index in the i-th node and anti-fundamental in the j-th node. The

quarks ¢f';,; and the anti-quarks ¢’ ; come from (x*)";;,, and (x*)"IFE. The scalars

Pi141 and g?s;gl,i come from (@,4)"; 4 and e“””(gbup)ljfl. The gauge theory with this
field content is superconformal [239]]240].

In terms of these fields the action (3.49) becomes

3
S = Z/ Q' A Tr [Gl VAN (5/11 + A; A Al) + S\i N Di)\i + Cjui-i-Li VAN Di qi}fi+1
i=1 cp?
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+  Puitri A Dy ¢ﬁi+1 + €wp q5i+1 N q;/+17i+2 A ¢ip+2,i + A A q5i+1 N ¢ui+17i} .

(7.15)

The interaction term (3.53) reads after the orbifold projection

A[Dl—DS = / TrJA = JI}jAJ‘}l I
D1 D1

1
— Z/ Tr JA +¢4J)\ —|—w J1+1 iGuiiv1 T Euupw W 11+1¢1+11

1
¢”¢ Jl+1 1¢u1 it1 + Eu,,p@b”w”@bpj)\
1
+§euup¢“w”w4Jivi+1qi+1,i + 2Pt G] (7.16)

with J; = J/L = o’18; and Ji314 = JJ}iiH = o134, A convenient way to keep
track of the group theory factors is to use a double line notation, where one assigns
a different type of oriented line to the fundamental index of each node. For instance,
an adjoint field is represented by two lines of the same type and opposite orientation,
while a bi-fundamental field has two lines of different type and opposite orienation.
For example, in the N’ = 1 case discussed here there are three types of lines corre-

sponding to the three nodes of the quiver in figure 7.4. Some examples are shown in

figure 7.5.

MHYV Amplitudes for the N = 1 orbifold

In order to calculate MHV amplitudes in these theories we need to follow the general
prescription given in [96] and [111]. This prescription is applicable also in this case
since we do not allow the £ D1-branes to move independently, as already discussed.

Saturation of the fermionic degrees of freedom requires eight 6’s. We consequently
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Figure 7.5: The double line notation: (a) scattering of four adjoint fields belonging
to the same node; (b) scattering of two adjoint and two bi-fundamental fields; (c)
scattering of four bi-fundamental fields with intermediate adjoint field; (d) same as
in (c¢) but with intermediate bi-fundamental field.
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have as many different MHV amplitudes, as there are possible products of terms
from the superfield expansion giving eight 6’s. The denominator of these analytic
amplitudes is provided by the current correlation functions. The latters also provide
the appropriate group structure. Note that here we should be a little bit more careful
than usual, since part of the gauge theory trace is implicit in the summation of
the indices i which belong to the fundamental representation. We should therefore
make sure that we consider only meaningful products of currents, that correspond
to single trace terms for each MHV analytic amplitude, for instance products like
Jidiir1Jiz1,ii for a four point amplitude of the form (A gq 5\) The possible group
theory contractions are easily estabilished by drawing the diagrams in double-line
notation.

It is now straightforward to proceed to the computation of specific amplitudes of
interest. One could rewrite the N’ = 4 superfield expansion eq. (3.47) in SU(3) x
U(1)g notation which is manifestly N' = 1 invariant. Recalling that the momentum
structure of the amplitudes is solely determined by the form of this expansion, we
deduce that analytic amplitudes in the N” = 1 orbifold theory bear an identical spinor
product structure to the ones of N' =4 SYM in SU(3) x U(1)g notation. This is
in complete accordance with field theoretical considerations, since the Lagrangian
description of these theories is identical apart from their group structure. We will
make this point clearer with several examples. Note, however, that in what follows
we will omit group indices? and coupling constants, since we stay at the point in the

moduli space where all the gauge couplings are equal.

9As usual we strip out the gauge group theory factor.
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A G

1 Pe;
q|)+1,i+2 ql)+2,i+l

v AP
qi,i+1 qi+1,i

(a) - (b)

Figure 7.6: The two Feynman diagrams that contribute to the tree level (¢qqq)
scattering.

Example 1: Amplitudes (A...AGG), (A...AGA)),and (A...AGqq§) These
amplitudes have been extensively considered in the literature [102][103]. As a first
trivial check of the above, we compute the standard four gluon amplitude (A4; A;G;Gj),

with i = 1,2,3. Following the usual prescription, and using eq. (3.47), we have

MB(AAGE) = / OV (Livivivd) g <23>1<3 e
_ (34)*
T (12)(23)(34)(41) (7.17)

This is the familiar formula for MHV scattering in N' = 4 SYM. In the same way,
one can compute amplitudes of the type (A...AGG), (A.. .AG)\S\), (A...AGqq),
and (A...AXXqq).

Example 2: Amplitudes (¢qGq) and (Agq 5\) These amplitudes have, as previ-
ously mentioned, the same spinor product structure N'=4 SYM has. Yet, they are
far more interesting cases to study. The reason is that they consist of two subampli-
tudes, shown in the case (¢ ¢ ¢ q) in figure 7.6. They depend on both gluon and scalar
particle exchange. Let us now concentrate on (q;_y ; 45,1 @i 15 qu§1—1)~ The other case

(Aqq 5\) can be computed in a similar manner. The two subamplitudes in figure 7.6
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correspond in double line notation to diagrams (d) and (c) in figure 7.5

1
(12)(23)(34)(41)

1
MO(qaid) = [ 03000 ) T e (7.18)

Integration over 6 is straightforward and yields (34). Then, we must sum over all
possible contractions of momenta upon integration over the fermionic part of the

space. There are three distinct contractions
(@) [ 0TI+ (28) = 07 (3757 — 5T 12) 301,
) [ @O GUTUT + (522} = (37075 = §78T) — ™) (23) (34) (A1),

(c) / 4 0T GTURTRUTT + {0} = (57 (5767 — 676"T) — e ) (13) (24) (34)
(7.19)

The three spinor product structures in (7.19), are related through the Schouten iden-
tity (pq)(rs)+(qr){ps)+{rp){(gs) = 0. Use of this identity reveals the two independent

structures that we were expecting. Explicitly, we have

/ d° OYPYS R PE ] = — €T (12) (34)? + (7T — € eTTT)(23) (34) (41) .
(7.20)

Inserting eq. (7.20) into eq. (7.18), we obtain

(3492 (34)
@31y~ © gy

MW (qqqq) = —6%65, (7.21)
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Q. Q)

Figure 7.7: The N = 2 quiver for k =2 and a4 = (1,1,0,0).

It is easy to see that this result is in agreement with the field theory predictions. An
important remark is now in order. As we can also see in figure 7.6, there are two
types of contributions to this scattering process. One of them comes from a Yukawa
type interaction term while the other comes from the usual matter-gluon interaction.
In general these two interaction terms would be weighted with the appropriate inde-
pendent coupling constant. It would be interesting to check if the consistency of the
twistor method constraints the couplings to be in the conformal region of the moduli
space. Amplitudes like the one considered in this example might provide some insight
on how to move away from the point in the moduli space where all the couplings are

equal.

7.4.2 An N =2 orbifold

We now move on to the case in which I' € Zy C SU(2)g. This breaks SU(4)r —
SU(2)g, thus giving N' = 2. For simplicity, we investigate the particular choice of k =
2 and as = (1,1,0,0), see eq. (7.6). The fields surviving the orbifold projection are
organized into two N = 2 vector multiplets and two hypermultiplets. The resulting
gauge group is U(N) x U(N). The associated quiver diagram has two nodes and
two links and is given in figure 7.7. As in the previous N' = 1 case, this theory is

superconformal. The field content of the gauge sector is

A, G;, AL A " (7.22)

256



where A; = AL Gy = GT A8 = (xs3u) s, A= (X34)";, and ¢ = (d12.34)";. The
nodes of the quiver are labelled by i = 1,2. The index a is the SU(2)g index, whereas
m labels the two real components of the complex scalar field. The matter sector has

two bifundamental hypermultiplets

H S H rTi
%iit1 i1, Hiiq, Hi\qs: (7.23)

with the index p = 1,2 labeling the hypermultiplets. The quarks q{f {41 are given by
(x"*)" ;41 and the anti-quarks ¢/’ , ; by (X2)"H . The four scalars H* and H* come
from @13, @14, P23, and goy.

The projected action and the D1-D5 interaction term can be obtained in similarly

to the previous N = 1 case.

MHYV Amplitudes for the N = 2 orbifold

Example 1: Amplitudes like (A...AGG), (A...AG,\)), and (A...AGqq)
We consider the scattering process between the following particles (A A G A* X¢). Ac-

cording to the twistor string prescription, we should compute

1
(12)(23)(34)(41)

MO (AAGA) = / 09 PRS2 e (7.24)

There are only two possible contractions between the different ¢’s, which yield

5 3\ 3b s4a 3a 4 <35>3<34>
MONAAGNY) = (896 = 670 )ewe v ey s ramy 3]
_ ac ( s4c 3c <35>3
= O ) o sy sy oy i
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As we see, we recovered the familiar result.

Example 2: Amplitude (A¢q 5\) We will now apply the same method in order to
compute the scattering amplitude (A* ¢* ¢* 5\0) between a gluino-antigluino pair and

a quark-antiquark one. To this end, we need to calculate the following integral

1
(12)(23)(34)(41)’

M) = [0 utons(uiidus) Wit (7.26)
where a,b,c = 3,4 and u,v, p = 1,2. To perform the integration we need to sum over
all the possible contractions between the fermionic coordinates of supertwistor space.
In this example we can split the fermions into two groups, with no contractions among
fermions belonging to different groups. In each group, fermions can be contracted in

two different ways

(a) / dH OIS, = 696%(13)(34)
(7.27)
v) / dH 0T IR = S (13)(34)

and

(a) / ORI = 542671 (24) (34)
B (7.28)

W) [ ol = -5 ) 3.

We then substitute (7.27) and (7.28) into (7.26) and use the Schouten identity to

obtain

MDD (Aggh) = 59640642 — 6")(6"* — 5**) ( <2<§’>4<>41> -~ 2?3;) : (7.29)
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M p
qi,i+l qi+l,i

(a) | (b)

Figure 7.8: The two Feynman diagrams that contribute to the tree level (Agg\)
scattering.

We see from the form of the result that there are exactly two distinct spinor product
structures. They reflect contributions to the scattering process from two different
types of interactions: the former is the standard quark-gluon interaction and the
latter is of Yukawa type. Figure 7.8 shows the corresponding Feynman diagrams.
This is in accordance with the usual field theory calculations.

Other amplitudes, with quarks or scalars as external particles, can be computed
in a similar fashion. They usually retain the feature of receiving contributions from

multiple interaction processes/vertices.

7.5 Conclusion

In this chapter of the dissertation we have investigated Zj; fermionic orbifolds of
the topological B-model on CP** to reduce the amount of supersymmetry of the
dual N' = 4 super Yang-Mills theory. This was allowed by the fact that the Fermi-
Fermi part of the PSU(4/4) isometry group of CP** is precisely the SU(4)z R-
symmetry. We have discussed how the projection acts on both the D5 and the D1-
branes. As examples we have considered N’ = 1 and N = 2 orbifolds and obtained the

corresponding quiver theories. Several amplitudes have been computed and shown to

259



agree with the field theory results.

We have worked only at the point in the moduli space where all gauge coupling
constants are equal. It would be interesting to study the full moduli space of super-
conformal couplings and understand its interpretation in twistor string theory. Some
indications on the origin of these moduli have been given in discussing the action of
the orbifold on the D1-brane sector. Since these moduli are usually interpreted as
coming from twisted fields it would be worth studying the closed string sector and
identify the twisted states. The fermionic orbifold does not have an obvious geomet-
rical meaning. The study of the twisted sector may be useful to shed some light on

the geometrical interpretation of the orbifold.
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Chapter 8

A twistorial approach to gravity

amplitudes

8.1 Introduction

In this final chapter we discuss a twistorial approach to the computation of graviton
amplitudes in ordinary (non-superconformal gravity). The closed string sector of the
B-model on CP?* should presumably describe A = 4 conformal supergravity, which
at tree level reduces to conformal gravity. Ordinary gravity amplitudes would be
related not to the closed sector of the B-model on CP?* but to that of a yet unknown
topological twistor string theory which probably describes N = 8 supergravity. Even
though the correct framework for studying gravity has not been completely estab-
lished, some preliminary indications on localization of tree level gravity amplitudes
can be given. Some initial analysis of the MHV case was already anticipated in
[96]. The crucial difference with respect to YM is that the n graviton MHV ampli-

tude is not holomorphic in the spinor helicity variables in Minkowski space. This
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non-holomorphic dependence is nonetheless very simple, namely polynomial. The
polynomial dependence implies that MHV gravity amplitudes are supported again on
d = 1 curves, but now with a multiple derivative of a delta-function, as we discuss in
the following.

It is natural to investigate if this behavior persists for non-MHYV cases. In the
next section we check the simplest non-trivial case, namely the googly amplitude
MO (4, 4+, — — —). Constructing a suitable differential operator which annihilates
the amplitude, we verify that this is supported on a connected degree 2 curve of genus
zero. This is similar to what happens for the corresponding googly YM amplitude,
with the difference that we now have a derivative of a delta-function support.

This does not exclude a priori the presence of disconnected contributions and we
comment on the possibility of a MHV decomposition of gravity amplitudes. Note that
even without knowing the underlying string theory, having a MHV-like diagrammatic
expansion would dramatically simplify the calculation of gravity amplitudes, which
are notoriously complicated and in many cases not known in closed form.

The vertices are built using the MHV prescription for YM and the KLT relations,
which in general express closed string amplitudes as a sum of products of open string
amplitudes, in the field theory limit [245]. Differently from the gauge theory case
it is not possible to construct MHV gravity diagrams using only holomorphic ver-
tices. The only diagrams which can be built using holomorphic vertices correspond
to amplitudes of the form M™ (4, — ... —). Asin YM these are known to vanish.
Using the completely disconnected prescription we verify that the MHV diagrams
for M® (4, —, —, =) and M®) (4, — — — —) sum to zero. More problematic is an
MHYV construction for the other gravity amplitudes. Already the first not vanish-

ing googly amplitude M®) (4, +, —, —, —) involves a non holomorphic 4 vertex. The
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naive application of the MHV prescription of [123] to this amplitude seems to fail.
In particular the result is not covariant. It is not quite clear whether this failure is
due to the special features of gravity (e.g., lack of conformal invariance) which may
lead to the inequivalence of connected and disconnected prescriptions. If this were
the case one should sum over both connected and disconnected configurations in the
corresponding string theory. Another possibility would be that our off-shell extension

needs to be modified.

8.2 A googly graviton amplitude

Starting from the observation that a closed string vertex operator factorizes into the
product of two open string vertices, Kawai, Lewellen, and Tye [245] were able to
derive a set of formulas relating closed string amplitudes to open string ones. In the
low-energy limit these formulas imply a similar factorization of gravity amplitudes as
products of two gauge theory amplitudes.

By direct use of the KLT relations it has therefore been possible [246] to ob-
tain compact expressions for several tree-level gravity amplitudes, which would have
been much more difficult to compute diagrammatically, considering the complexity
of perturbative gravity.! A nice review of this topic is given in [247].

Following [246] we denote the amplitude for n external gravitons with momenta
Pi,...,pn and helicities hy, ..., h, by M™(1hy,... ,nhy,). Similarly to the gluon
case, the amplitude vanishes if more than n — 2 gravitons have the same helicity. The

first non-trivial amplitude describes the scattering of 2 gravitons with one helicity and

IThe Hilbert-Einstein Lagrangian generates an infinite number of interaction vertices, which
have complicated expressions containing hundreds of terms. The graviton propagator is also very
complicated, compared to gauge theory. As a striking example of this complexity, consider that a
gravity five loop diagram produces 10%° terms, even before performing any integration.
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n—2 gravitons with the opposite one. Using the same terminology as in chapter 3, the
amplitude with ¢ = 2 negative helicity gravitons is called maximally helicity violating
(MHV), whereas the amplitude with ¢ = n — 2 negative helicity gravitons is called
googly. Following custom we will use the abbreviated notation for the contraction of
two spinors (ij) = epAfA? and [ij] = eabS\?S\lj’

The explicit expression in the MHV case of n = 5, ¢ = 2 gravitons is [246]

(12)®
1 T (i)

Njw

MO (1—,2— 3+ 4+, 5+) = —4i (87Gy) £(1,2,3,4), (8.1)

where £(1,2,3,4) = & ([12](23)[34](41) — (12)[23](34)[41]). This amplitude is of the

form
MO (1= 2= 3+ 44 54) = > Ra(M)Pa(N) (8.2)

where the R’s are rational functions and the P’s are polynomials. Even though (8.2)
is not holomorphic in A\ as the Parke-Taylor formula (3.15), it splits in two parts,
each of them displaying a simple polynomial dependence on A. This generalizes to all

MHYV gravity amplitudes. As already shown in [96], the twistor transform of

A® (N, N) = i(2n) 45‘*(2)\@\“)/\4 J(1—,2—, 34, 4+, 5+) (8.3)
yields
A0 = i [ [ R 0, )
P 5
= R d4 52 z'a"—ib’aa)\q . 8.4
PO oe (i) | [Pt rat). 64
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The twistor transformed amplitude is thus supported on a curve of degree d = 1 and
genus g = 0, via a polynomial in derivatives of the delta function.
Now we move on to the googly amplitude, which is obtained by switching the \’s

and the \’s in (8.1)2

MOV (14,24, 3—,4—,5—) = [MO(1—,2— 3+, 4+,5+)] Z P*(\)RE(N)
_ s (12)(34)[12]° <23><41>[12]8
= (B87Gw) < [12][13][15][24][25][34][35][45] " [13][14][15][23][24][25][35][45] ) '

(8.5)

This amplitude obeys for each i = 1,...,5 a homogeneity condition as in eq. (3.12)

(Ag ai@ - ia(z )M<5 —2h; M) (8.6)

where h; = £2 is the helicity of the i-th graviton.

The transform to twistor space of
AP (N, ) = i(2n) 4&(2»%)/\4 J(1+,2+,3—,4—,5-) (8.7)

would be

A2\ d)\ N Ra a ~
M) =i B0 [ [ G e T ) 88)

a=1,2

The homogeneity condition in twistor space, which can be obtained from (8.6) by

2In Lorentz signature this amounts to a parity transformation since A= +), as explained in the
footnote 2 of chapter 3.
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performing the transformation (3.20), reads

0 9\ + -
a L G) — (_9oh. — (%)
()\Z Y + Lia 8/%(1) A (—2h; —2)AY). (8.9)

According to (3.25), we expect A® to be supported on a d = 2, g = 0 curve in
twistor space. Since the A dependence of (8.5) is through rational functions, it is not
easy to perform explicitly the twistor transform and check this conjecture. Witten
proposed an alternative way to avoid this cumbersome computation [96]. This method
was described in chapter 3, and is based on the introduction of operators which control
if a set of given points lies on a common curve embedded in twistor space. These
operators are algebraic in the (\, ) space, and become differential once transformed
back to the (\, \) space.

The relevant operator for the n =5, ¢ = 3 case is
Kijkl = EIJKLZiIZ}]Z/f(ZzLa (8-10>

where Z! are homogeneous coordinates in CP?, namely Z/ = (A}, A2, ju;1, f1s2), for the

i-th graviton (i = 1,...,5). To go to the (), \) space, one simply replaces j;; with

—1 a?é' We introduce the notation
"
{Z]} = Eabﬁ . (811)
a b
O\ 8)\]-

The differential operator in (A, 5\) space is thus expressed as

K = (i) {kl} = (k) {5} — GO{ik} + GD{gk} + (RD{ig} — GR){l} . (8.12)
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If the amplitude is supported on a d = 2, g = 0 curve through a delta function,
then one expects that KUMA(5)()\, 5\) = 0. This is indeed what happens for the n = 5,
q = 3 tree-level gluon amplitude, as verified in [96]. What we are actually going to

prove for the graviton amplitude is that
Kij Ky AP = 0. (8.13)

This means that we still have a localization on a d = 2, ¢ = 0 curve but now via
a derivative of the delta function. This is somewhat similar to what happens in the
1-loop gluon amplitude analyzed in [96].

A useful simplification in checking (8.13) is achieved by using the manifest Poincaré
invariance of both K and A®) (X X). The Lorentz transformations are given by
SL(2,R) x SL(2,R), with the first SL(2,R) acting on the A’s and the second one on
the X’s. Translations act on the WS as g — g + TaaA$. It is thus possible to fix
two points in twistor space Z;, Z; to convenient values: A; and A; can be fixed by
use of SL(2,R) plus a scaling allowed by (8.9), whereas j;;, and p;, are fixed by the
translations. We can choose for example to fix Z3 = (1,0,0,0) and Z, = (0, 1,0,0).
This means A3 = (1,0), Ay = (0,1) and p3 = pg = (0,0). The delta function of

momentum conservation enforces

M= 3TN, M= Y ane (8.14)

Jj=1,2,5 j=1,2,5

By substituting (8.14) in (8.5) we obtain a “fixed” amplitude A}‘Z, which is function
only of \;, N with i = 1,2,5. We find that the dependence of A(‘Z on the \’s is only

through the bilinears a = [12], b = [15], and ¢ = [25]. The crucial property of Ag:r;zc is
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that

o 0 9\ .

This follows directly from the observation that the original amplitude (8.5) is ho-
mogeneous of degree 0 in the antiholomorphic bilinears. Since eq. (8.14) is linearly
homogeneous in the 5\78, the fixed amplitude is still homogeneous of degree 0 in a, b, c.

After fixing Z3 and Z4, eq. (8.12) can also be expressed in terms of a, b and c.

Defining an operator O = (a2 + b2 + cZ +1) we find

Kiag5 = —<A§% - )‘%% + )\%%)OA> Kiggs = —< - )‘%% + )‘5% - )‘%%)OA‘
(8.16)

These are the only independent operators up to permutations. Since AE[Z is homoge-
neous of degree zero, OAEZ?ZC = Ag:r;zc, and it follows that no component of K annihilates
the amplitude. However from eq. (8.16) it can be seen that KijklAgcsil is homogeneous
of degree -1 in a, b, and c for every i, j, k,[, and thus it will be annihilated by the

operator O From this observation we conclude
igklEN A 5k fix ( . )

for any choice of 7, j, k,l and 7', j', k', I'.
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8.3 Disconnected MHYV decomposition

So far we have investigated the possibility for a twistor transformed gravity amplitude
to be localized on connected curves whose degree and genus are given by (3.25).
In the gauge theory context of [96], a certain string interpretation suggests that
also disconnected curves may play a role in the computation of amplitudes, and
that a connected contribution might be decomposed into disconnected pieces. An
amplitude supported on a degree 2 curve can, for example, receive contributions
from configurations with two disconnected degree 1 curves. Although one expects a
contribution from all the possible decompositions, in [123] it was shown, as already
explained in chapter 3, that tree level gauge theory amplitudes can be obtained by
taking the completely disconnected configuration only. Inspired by what happens in
the gauge theory, we try to check if a similar decomposition holds for gravity as well.

In the following we present the 3 and 4 graviton vertices given by the M®) (+, — —)
and MW (+ 4+, — —) MHV amplitudes and we try to apply this procedure to some

simple gravity amplitudes, including the n = 5 googly one studied in the previous

section.
8.3.1 The MW(+, - — —)and MO (+ — — — —) amplitudes
Amplitudes of the type M (14-,2—, ..., n—) should correspond to the twistor space

diagrams in fig. 8.1. As already stated, these are known to vanish. Each CP!
represents a (4, —, —) vertex, also depicted in fig. 8.2. This vertex is obtained by

suitably extending the vanishing M®) (+, —, —) graviton amplitude off-shell, and is
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Figure 8.1: Two disconnected configurations contributing to M™(1+,2—,... , n—).
Each sphere represents a CP!, the sublocus of the twistor space where an MHV
vertex is localized. The lines spanning between spheres are graviton propagators,
with opposite helicities at the two endpoints.

2—
B —— p-
1+
Figure 8.2: The (+,—,—) graviton vertex. The external leg with momentum p is

suitably extended off-shell and can be connected to a propagator.

270



1+ 4- 1+ 4—- 1+ 3-

Figure 8.3: The MHV diagrams contributing to the M®(1+,2—,3—,4—) graviton
amplitude. Note that, differently from the Yang-Mills case, here we do not require a
fixed cyclic ordering of the external legs.

formally given by the square of the corresponding gluon amplitude [245].> The off-
shell extension of the twistor )\, corresponding to an off-shell momentum p has been
given in [123] and described in chapter 3. It amounts to defining

pat’zna

Apa = el (8.18)

where 7% is an arbitrary spinor. The normalization factor is needed in order to have
a consistent on-shell limit, and it can be dropped if the amplitude is homogeneous in

the A\,. The off-shell extension of the 3 graviton amplitude is therefore

(3) — (2,p)" ?
M <<1, 2)(2,p){p, 1>) ' (8.19)

Here we start focusing on M®(1+,2—,3—,4—). This is computed using the MHV

diagrams shown in fig. 8.3. The contribution of the first graph in fig. 8.3 is given by

G 1 BYS 6 (12 520

((12)(2p) (p1))2 p? ((p3)(34) (4p))®  @30305  [12]

3The general KLT factorization formula relating closed and open string amplitudes reads

Mﬁ?ﬁsed ~ D M&Zln(p)/\?lézln(p’)e”“?vp/) where p and p’ are different orderings of the n ex-
ternal legs. In the n = 3 case the phase factor eimF(p.p") drops out yielding ./\/lggsed ~ Mg?;))en/\;lg?;))en

In the o/ — 0 limit this translates to a similar relation between gravity and gauge theory amplitudes.
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1+ 5- 2—- 5-

Figure 8.4: Two of the fifteen MHV diagrams contributing to the graviton amplitude
M®)(14,2—,3— 4—,5—). The remaining 12 graphs are obtained by appropriate
relabeling of the external legs of these two graphs.

where we have used A\, = —Aa®1 — Aaad2 = A3003 + Ao, With ¢, = Xian®. The
remaining two diagrams are obtained by appropriately permuting the external labels.
Using momentum conservation in the form of Z?zl@z') [iz] = 0 (where )\, and ), are
arbitrary spinors), the final result can be arranged as

_ R
P3304

(42)

<<12><34> + (13)(42) + <14><23>) 2L (8.21)

M(1+,2—,3—,4-) Bk

This vanishes by virtue of the Schouten identity (ij)(kl) + (ik)(lj) + (il)(jk) = 0
which is valid for any four spinors.
Moving now to M®)(14-,2—,3—,4— 5—) we need to consider graphs of the type

given in fig. 8.4. The first diagram gives

¢ (12)(45) ((34)ps + (35)5)°
P3030502 [12][45] ((13)¢p1 + (23)a)"

(8.22)

where we have extended both \,, and A, off-shell using the same spinor 5. This

diagram yields 12 contributions once one takes into account all inequivalent exchanges
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2+ 3

1+ g-

Figure 8.5: The (+,+, —, —) graviton vertex. This vertex is non-holomorphic, for it
depends not only on A but also on A.

of the negative helicity external gravitons. The second graph gives

¢ (23)(45)((12)¢s + (13)¢3)*
P3050105 [23][45]((14)¢a + (15)¢5)*

(8.23)

and two other terms obtained by permutations. Imposing momentum conservation,
with some computer assistance one can verify that the sum of the 12 contributions
coming from (8.22) and the 3 contributions coming from (8.23) vanishes as expected.

We stress here the holomorphicity of (8.19), which is the only vertex appearing in
this kind of graphs. In this regard these computations do not differ from the gluon
case, but in general non-vanishing graviton amplitudes are non-holomorphic, and it
is therefore interesting to ask whether the MHV decomposition also holds in those

cases.

8.3.2 The googly amplitude

We now come to the investigation of disconnected contribution to the amplitude
MO (14,24,3—,4—,5—). In the construction of the MHV graphs one also needs

here the 4 graviton vertex depicted in fig. 8.5. The expression for the 4 graviton
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amplitude was first obtained in [246] and is given by

(3¢)® [34]
(12)(13)(1)(23)(2¢)(3¢) (12)

M(1+,24,3—,¢—) = (8.24)

One immediately notices that this expression is not holomorphic and this is in strong
contrast with the 3 graviton vertex (8.19) and all the gluon MHV vertices. Naively,
an off-shell extension of (8.24) would require a redefinition of A\ whenever it appears
in an internal line. Hermiticity suggests to take the complex conjugate of (8.18) so

to have

N paafa
"= ) (5:29)
where £ = n*. Using this prescription one gets for the first graph in fig. 8.6
qb_(f (13)(45)7[45] (8.26)
3 (25)(24) [13]((25) 2 — (54)4) ((24) P2 + (54)ba) ((25) 5 + (24)64)* '
and for the second graph
1 (34)({15)¢1 + (25)¢2)"([15] 1 + [25]¢») (8.27)
G303 (B30 + acda) (15)(25)(12)2[34]((12)d2 + (15)¢5)((25)¢5 — (12)¢1) =

where ¢; = \;u&% The factor ¢sos+dady = [5\,,, n}{Ap, &) comes from the normalization
of (8.18) and (8.25) which does not cancel in this case. One can get all the other seven
graphs by permutation of the external labels as usual. The expected result for this
amplitude is given in (8.5), which some computer algebra showed not to match with
the one following from (8.26) and (8.27). Moreover, the result depends on 1. Therefore

the prescription seems to fail in this case. One possible reason for this result might
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1+ 5- 3- 5-

Figure 8.6: Two of the nine MHV graphs in the M®(14-,2+4,3—,4— 5—) gravi-
ton amplitude. The other seven diagrams are obtained permuting the labels on the
external legs.

be that the heuristic proof of covariance given in [123] might not be generalizable in

the presence of non-holomorphic vertices.

8.4 Conclusion

In this last chapter of the dissertation we have presented an attempt to extrapolate
the twistor construction of [96] to ordinary gravity. We have checked that the sim-
plest non-trivial gravity quantity, namely the five graviton googly amplitude, confirms
the expectations of [96], and is indeed supported on a connected degree 2 curve in
twistor space, just as the corresponding amplitude in the gauge theory.* There are
however important differences between the two. In the simplest, MHV case, these
stem from the fact that gravity amplitudes contain extra delta-function derivatives in
twistor space variables, or equivalently they are not holomorphic in Minkowski space
variables. It is clearly desirable to confirm that such behavior persists for further,
non-MHV graviton amplitudes.

In a complementary approach to the computation presented in section 8.2, we

4The computation does not exclude additional contributions coming from disconnected, lower
degree curves.
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have further tried to calculate tree level graviton amplitudes by using MHV subam-
plitudes as vertices (computed from the gauge theory quantities via KLT relations,
and suitably continuing them off-shell), in the spirit of the prescription given in [123]
for gauge theories. Although it is possible that such a generalization might be fea-
sible in principle, it is clear from our results that novel ingredients are necessary to
correctly reproduce non-trivial gravity amplitudes.

We nevertheless find encouraging that two graviton amplitudes M® (4, — —, —)
and M®)(+, — — — —) vanish when computed from MHV vertices. We are aware
that these are very special cases. Indeed, M™ (4, —, ..., —) amplitudes involve only
trivalent MHV vertices, which are holomorphic even in the graviton case. Unfortu-
nately, the four-valent graviton MHV vertex is not holomorphic. We believe that this
non-holomorphicity is an important reason for the failure of the MHV prescription to
correctly reproduce the 5 graviton googly amplitude discussed in this note.

We must emphasize that the twistor string theory underlying an eventually suc-
cessful version of such a construction might have nothing to do with the one of [96],
or even there might be no such theory at all. Indeed, the closed string sector of the
model of [96] is expected to be a kind of instanton expansion around N = 4 self-dual
superconformal gravity. General Relativity is most definitely not conformally invari-
ant, and therefore it should be related to a different model. The first computation
presented in this chapter seems to suggest that there could be some localization in
twistor space, and the disconnected prescription could provide an explicit and com-
putable “instanton” expansion around some “self-dual” theory. In this respect, we
think that the non-holomorphicity of higher MHV vertices could provide a hint about

which could be the right theory to expand around.
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Appendix A

The string Hagedorn temperature

In this appendix we recall the computation of the Hagedorn temperature in flat space
both for the bosonic string and the superstring on the light-cone.!
One can compute the Hagedorn temperature from the entropy in the microcano-

nical ensemble

S(E) = nQ(E), (A1)

where the Boltzmann constant kg is set to 1, and Q(FE) is the number of microstates
accessible to the system at energy E. Viewing the gas of strings as a collection
of harmonic oscillators, the energy FE is related to the number operator N of the
oscillators, and Q(FE) is given by the partition of N, that is by the set of positive
numbers that add up to N.

We start with the bosonic open string in the light-cone gauge. We then need to
compute poy( V), the partition of N for oscillators that can vibrate in the 24 transverse

light-cone directions. This is given, for large N, or, equivalently, for high energy F,

!The bosonic case is presented, for example, in chapter 16 of [248]. For a general review of string
thermodynamics see [249][250].
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by the approximate expression [248§]
paa(N) = e*™VN (A.2)

The bosonic open string spectrum of strings with no spatial momentum is given by
the mass formula o/ M? = N — 1 ~ N, from which follows E ~ \/W . Then one
obtains from eq. (A.1)

S(E) = 47V o'E (A.3)

and the (inverse of the) Hagedorn temperature

1 08 :

This result means that, in this high energy approximation, one can arbitrarily increase
the energy of the gas of strings, while maintaining their temperature fixed and equal to
the limiting temperature 1.2 For closed bosonic strings with no spatial momentum,
upon enforcing the level matching condition N = N, one has o/ M? = 4(N—1) ~ 4N,
and E ~ 2,/N/a’. Now the number of states is Q(E) = pos(N) paa(N), and thus the
entropy and Hagedorn temperature are exactly as in egs. (A.3) and (A.4).

For open superstrings in the light-cone, one needs the partition of N for oscillators

with 8 bosonic and 8 fermionic modes

p8|8(N) ~ 2mV2N (A.5)

2Sometimes the Hagedorn temperature can alternatively be interpreted as the critical temperature
of a phase transition.
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For large N, the energy is E ~ y/N/«/ in both the NS and the R sector and one has

1
C2am/2al

Ty (A.6)

so that the Hagedorn temperature for the superstring is a factor of v/2 larger than in

the bosonic case. The same is true for the closed superstring.
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Appendix B

Alternative derivation of eq. (4.43)

The expression (4.43) for the difference S,(z) — S¢(z) can be obtained from a com-

pletely different procedure than the one in chapter 4, using the formula

Sy(x) — Sy(x) ( / / dtZKo Tp cospxt) (B.1)

In virtue of the fact that [179]

> T
Ko (zp) cospxt = ( +ln—)+7+

1 T o 1 1
s — |+ -—,
Z <\/x2 + (27 — tx)? l7T> 2 ; <\/x2 + (27 + tx)? 2l7T>

eq. (B.1) becomes

L NOY S

2 7T+7T \/.T2—|—7T2+ x
2 x T+ V2 + 2

- 1
- Z <2l7r+\/x2 (2(m)? (2l—|—1)7r—|— \/x2+(2l+1)27r2>
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1

™ 7w
e
dr 2 Z <2l7r + Va2 + (20)? (2l + D)+ /22 + (20 + 1)27T2>
T T Z (1 (B.2)
e 2 — 1k +Va?+ a2k '

Expanding for small values of z, it is easy to prove that eq. (B.2) becomes precisely

eq. (4.43)

(k; - %) (%)QH Tor_r . (B.3)

where T, = (217 — 1) ((s) and T} = —1In 2 [251].

Si@) = 55(0) = =~ T Z
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Appendix C

Spherical harmonics and

orthogonal polynomials

In this appendix we collect some facts about spherical harmonics and orthogonal poly-

nomials that we have used in the computation of the correlators between giant Wilson

loops and chiral primaries in section 6.2. We follow the treatments of [252][253].
Spherical harmonics in d dimensions are eigenfunctions of the Laplacian on the

unit d-sphere
Vi Y () =2y (Q), (C.1)

where the Laplacian is

1 .
2 7

with the metric given by g;; = diag(1,sin®4(1,sin*4_1(...))). The integer multi-
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index I = (lg,...,l;) satisfies

lg>lg1 > >0 > |l4]. (C.3)

The general solution to eq. (C.1) is

Yld ..... A1 9 ’ ’9 _ nPln71 en : C4
O ) = = TP 00 ()

where we defined
nPLO) = nel(sin )22 p (02 (cos 0) (C.5)

In this expression P~™(z) is the Legendre function of the first kind and the constant

OL4+n—1)(L+1+n—2)7"2
b = 2L+n—1)(L+14+n-2) (C.6)
2(L =)
is chosen to ensure the orthonormalization condition
/ w(Q) Yy =" (C.7)

where 11(£2;) is the measure over S?. The integration over S¢=! selects only SO(d)

invariant harmonics

/M(Qd—l) Zyl _ Z Yld’o ..... 0_ (CS)

I lg
The eigenvalue A depends only on I; = A because of the O(d+ 1) symmetry of the

problem and it can be found by studying the action of the Laplacian on SO(d — 1)
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invariant spherical harmonics

(ﬁ{%d Siﬂd_l Hd aied) YA’O(Q) = )\AYA’O(Q) . (Cg>
d

After the change of variable x = cosfy, this is recognized to be the Gegenbauer

equation
2 07 9 A0 A0
(1-2%)=— —da— | Y™ (z) =AY (). (C.10)
The solution to this equation is
A0 (%31)
)\A:—A(A—Fd—l), Y= ([L’):NACA (ZL’), (C.ll)

d—1
where C£ =) are Gegenbauer polynomials and the constant AMa can be obtained from
the orthonormality of the Y2 0’s

1/2
2

N, . . C.12
s 21-dr P D(A +d — 1) (C.12)

_[Aeara-n (T ()

The Gegenbauer polynomials C(AA)(ZL') are a generalization of the Legendre poly-

nomials and can be obtained from the following generating function

1 = A) A
=NV (x) 2. (C.13)
(1 — 2t + t2)A Az::() A
We list the first few of them
CV(z) =1,

284



CV (@) = =N+ 201 + \)a?
CW(z) = —2A(1 + Nz + gm + A2+ N2 (C.14)

They satisfy the normalization condition

1 ava—1/2 [~N]? _ o1—2 ['(A+2X)
/_1 de(t =22 ()] =2 AT VEOIA L) (C-15)

for A > —1/2.

We have used the following formula for the derivative of a Gegenbauer polynomial
(1— 228,00 (z) = —AzCQ(z) + (A + 22— )Y (), (C.16)

and the following recurrence relation
ACY (z) =20 + X —1)zCQ) () — (A + 21 —2)C{,(2) . (C.17)

We have also used that

o) gy = (Brd=2)

NI (C.18)
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