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Abstract of the Dissertation

Covariant quantization
of the superstring

by

Kiyoung Lee

Doctor of Philosophy
in
Physics
Stony Brook University
2007

Quantization of the manifestly space-time supersymmetric string
theory has been possible only in the light-cone gauge. Covari-
ant quantization is expected to be a stronger calculational tool
to investigate various aspect of superstring theory. But covariant
quantization of the superstring has been unsolved for over 20 years
mainly because of the presence of infinite tower of ghosts. We give
here new BRST operator of the superstring in which we success-
fully treat all the needed infinite tower of ghosts and using it we
show how to calculate some lower points amplitudes in a manifestly

covariant manner.
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Chapter 1

1st quantized BRST

1.1 Prologue

The advantages of supersymmetry are somewhat obscured in the Ramond-
Neveu-Schwarz formalism, as is the case for supersymmetric particle theories
when not formulated in superspace. For example, cancellations of divergences
are not obvious, and amplitudes with many fermions are difficult to calculate.

Some of these problems were resolved with the Green-Schwarz formalism,
but it proved difficult to quantize except in the lightcone gauge, where some
manifest supersymmetry is retained in trade for the loss of some manifest
Lorentz invariance. (Similar remarks apply to the Casalbuoni-Brink-Schwarz
superparticle.) For example, higher-point diagrams of any type are difficult to
calculate because longitudinal polarizations and momenta introduce nonlinear-
ities, and in particular cancellation of anomalies (or any e-tensor contribution)
is difficult to check.

Covariant quantization of the Green-Schwarz action was attempted [1]. A



class of derivative gauges was introduced that led to a pyramid of ghosts.
Counting arguments showed that the conformal anomaly canceled, and sum-
mation of ghost determinants agreed with the lightcone result due to the “iden-
tity” 1—2+3—... = 1/4. Unfortunately, due to a noninvertible transformation
the gauge-fixed action found by this method proved not to be invariant under
the Becchi-Rouet-Stora-Tyutin transformations derived by the same method
[2]. This problem already appeared for the Casalbuoni-Brink-Schwarz super-
particle.

In the meantime, an alternative approach to the quantum superparticle was
developed [3], based on adding extra dimensions to the lightcone, a method
that had successfully given free gauge-invariant actions for arbitrary repre-
sentations of the Poincaré group in arbitrary dimensions [4]. This approach
directly gave a BRST operator with the right cohomology. Using the rela-
tion between this BRST operator and Zinn-Justin-Batalin-Vilkovisky first-
quantization [5], a manifestly supersymmetric classical mechanics action for
this superparticle followed, including a BRST-invariant gauge-fixed action [6].
A crucial difference from the previous method was that “nonminimal” fields
were required: There was necessarily a “pyramid” of ghosts, not just a linear
tower. However, because of a required Fierz identity, the method of adding
extra dimensions could not be directly applied to the lightcone Green-Schwarz
superstring.

Various alternatives for a manifestly supersymmetric superstring have since
been tried; the most successful is the pure spinor formalism [7]. It has proven
somewhat more useful than RNS or lightcone GS approaches in calculating

tree amplitudes [8]; its application to loop amplitudes is in progress [9]. If



the formalism for all loops is developed, it should provide a simpler proof of
finiteness, which previously required a combination of RNS and lightcone GS
results (and equivalence of the two approaches). The pure spinor approach
has two main shortcomings:

The first problem is the lack of a manifestly supersymmetric (and Lorentz
covariant) path-integration measure. This is a problem in all known super-
space approaches to first-quantizing superparticles and superstrings. One con-
sequence is that Green functions (or the effective action in the superparticle
case) are not manifestly supersymmetric off shell. Another is that gauge fixing
the string field theory (with ghost fields) is not simple. We will not address
this problem here.

The other problem is that the pure-spinor BRST operator lacks the ¢ and
b ghosts associated with the usual 2D coordinate invariances (and their associ-
ated Virasoro constraints). This is directly related to the lack of a correspond-
ing action with worldsheet metric; the action is known only in the conformal
gauge. Furthermore, the moduli that are the remnants of the metric in the
conformal gauge must be inserted by hand. Another consequence of the lack
of these ghosts as fundamental variables is that they must be reconstructed
as complicated composite operators for use as insertions in loop diagrams.
The (gauge-fixed) action, BRST operator, moduli, and operator insertions are
thus separate postulates of the formalism, rather than all following from a
gauge-invariant action as in other formalisms.

In this paper we will formulate the superstring with the ghost structure
indicated by the original attempt of [1] and the successful treatment of the

superparticle in [3]: the usual ¢ and b ghosts, and a pyramid of spinors labeled



by ghost number and generation. The main result is the BRST operator (from

which the gauge-invariant action follows), which takes the form

sttm’ng =U ( /C T + }L'ﬁﬁ/@ﬂ'|> ) U_1 (1].)

with

U = o) 0D i [ RSP [ (RO+6796/2)[5b (1.2)

where T' is essentially the energy-momentum tensor, D and P are the usual
“covariant derivatives” in the affine Lie algebra of the classical superstring, 0 is
a certain linear combination of ghost #’s, R? are certain expressions quadratic
in &’s, m is conjugate to #, Y% is a ghost partner to the gamma matrices ~*
(which act only on 0 and m), and |~ picks out the ghost contributions. The
gauge-fixed Hamiltonian is just {Q, [ b} = [T. The unitary transformations
are necessary because they change the Hilbert space, and so cannot be dropped:
A simple analog is the BRST operator for the spinning (Dirac) particle in an

external gauge field:
Qpirac = €V (yP2)em VT = B2 4 4990V, — Le(1°V,)?

where 1/9% doesn’t exist on the correct Hilbert space, but cancels when the
“unitary” transformation is evaluated.

We begin in chapter 2 by reviewing the free superparticle, which has al-
ready been quantized (and its BRST cohomology checked) in this approach.
Because of the similarity of the algebra of super Yang-Mills [10] to that of the

superstring [11], in chapter 3 we couple this superparticle to external super



Yang-Mills superfields. We use an almost identical method to derive the BRST
operator for the superstring in section 4. We finish with our conclusions in

chapter 5. (Mathematical details are relegated to the Appendix A.)



1.2 Review of free superparticle

We will start from the free super BRST operator derived in [3]. The generic
BRST operator for arbitrary fields (massless, or massive by dimensional reduc-
tion) is constructed by starting with a representation of the lightcone SO(D—2)
(which defines the theory) and adding 4 bosonic and 4 fermionic dimensions
to obtain a covariant representation, including all auxiliary fields and ghosts.
(This is somewhat redundant for bosons, but necessary for fermions.) The
resulting generators S4Z of OSp(D,2|4) spin carry vector indices A, B that are

separated into the usual SO(D—1,1) indices a, b and the rest as
A= (+—api)=(+-1, p=(90) (1.3)

where +, — belong to an SO(1,1) subgroup and p, fi to two Sp(2)’s, of which
only the diagonal subgroup will be useful. The BRST operator then takes the

generic form
Qpree = 3c0 + 5%, + S + S (O0=0%,)  (1.4)
In the case of the superparticle, the spin operators are
S4B = — Lariarsiy, (1.5)

in terms of self-conjugate variables n, which arose from the usual self-conjugate
SO(D—2) fermionic spinor of lightcone superspace. We decompose the OSp(D,2|4)

gamma-matrices ['* in terms of those of the subgroup SO(1,1) and those (v)



of the subgroup OSp(D—1,1|4) as

I = R L r- = (1.6)
0 — 0 0 ~1 0

with (anti)commutation relations

{2 = -2, N =(—+++)
{7 = =0 (1.7)
T =BT =20 [T =0 (1.8)

where C* is the Sp(2) metric with convention

C@@ - C@@ - l - _C@@ - —C@@ (19)

and we have denoted v* = A* for legibility. The generalization of the fermionic
superspace coordinate # and its conjugate momentum appear through the

analogous decomposition

n = : T = = (1.10)

We begin with a chiral (Weyl) spinor 7, and multiplication by any I" changes
the chirality: not just I'* (4¢) as usual, but also I'*, which shows that 7 and
0 have opposite chirality (as expected, since they are conjugate), and I'* (y#).

This BRST operator is supersymmetric and also has an infinite pyramid
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Figure 1.1: infinite pyramid of ghosts
of ghosts. To see these ghosts we need to define creation and annihilation

operators from y* and ¥* as follows:

A= at 4 a™ A = (e — a) (1.11)

[a",a™] = C™ (1.12)

Then 6 can be expanded giving the usual physical supersymmetry fermionic

coordinate 0y at the top of the infinite pyramid of ghosts:



(p+a)(ptg+1) 1
P = e @) o)

(p+a)(pte+1) 1

N N

<p,q (0] (ag)"(ag)?

(bal™) = 6,0

o1 = (P9) = pp-at

Tpg = (pglm) (1.13)

where

0y = 0°°. (1.14)

A power of 7 has been inserted to make 074 real: The product of n real fermions
gets a sign (—1)”(”_1)/ 2 under Hermitian conjugation, because of the reverse
ordering. The ghost a’s and a'’s are fermions, because they take fermions to
bosons, and vice versa (in contrast to ordinary v matrices, which take fermions
to fermions). Thus 077 is the product of p+ ¢+ 1 fermions, including (6] itself.
Then m,, is not necessarily Hermitian, but has been defined to give 0 or 1
in graded commutators. (But 779 is always Hermitian, like |7) and my.) We
will sometimes also use a notation where 677 carries instead p &’s and ¢ &’s:
For example, 09 = #®. Note that the ghosts alternate in both statistics and
chirality with each ghost level.

So in superspace notation the free super BRST operator is

Qree = 3cO —1my®00 + 17307 — Lay®pe, p = —id.* (1.15)



We can make a unitary transformation on @), to give a convenient form with

ree

which to work. Specifically, the unitary transformation

eree = []062/]07»651](])L (116)

with

Uy = 7% (1.17)

gives Qfree in terms of the supersymmetry generator gy, spinor covariant

derivative dy and all their nonminimal versions:

eree = %CD - QﬁaT@a@Qb - %q_aT@d (118>

q = m—p0, d = 7+ po (1.19)

Actually, ¢ is the only part of ¢ that does not appear in this form of the
BRST operator: Because of the creation and annihilation operators, 6, and
o appear only as their supersymmetry invariant combination dy. Thus the
supersymmetry generator that anticommutes with this form of @ is just the
usual one go. (This can also be derived in a straightforward way by starting
with the lightcone ¢.) Then the supersymmetry generator for Q'free can be

obtained by inverting the unitary transformation on gg:

4@ = UlaUs

= T — ﬁeo - G@b (].20)

10



1.3 Interacting superparticle

The (D=3,4,6,10) superparticle BRST operator in a super Yang-Mills back-
ground (with constant superfield strength) is closely related to the superstring
BRST operator. The introduction of the SYM background can be established

by gauge covariantizing the super covariant derivatives p, and dy,:

Pa — Va (1.21)

d — Vo (1.22)

Then the graded algebra among the covariant derivatives is [10]

[Va, Vo] = Fa (1.23)
{v()ou vOﬂ} = 2’7aaﬁva (124)
{Van va] = fYaa/BWﬂ (125)

The Bianchi identity from the above algebra gives
YaasVE WP = 0 (1.26)

and the D=3,4,6,10 dimensional gamma matrix (which is symmetric in those

cases) identity

Yat@sVy’ = 0. (1.27)

We begin at linear order in the fields, where the background satisfies the

11



equations of motion

{Va,Wo} = 0 (1.28)

[V Fa] = 0 (1.29)

1.3.1 Constant YM background

One way to build this interacting super BRST operator is by considering an
ordinary constant YM background first, and next supersymmetrizing it by
including a constant fermionic field strength (not yet superfield) w®. Then we
extend the result to a nonconstant SYM background in the next subsection.

Making the gauge choice
Aa = %ZEbea

for constant field strength, the super BRST operator can be written in the

form

Qyvup = Qe + %Fabvab (1.30)

We then find
Ve = feal'p’ + JRERUPY — (c+ R®) 790 + 1(z + R)"7y%4%0 (1.31)
in terms of an expression R’ defined below, where we use the notation

clept = cep®—ctDe (1.32)

,yab

— }17[“7“ (1.33)

12



We can also write

Vab — V@ab
Vik = j(2'2d + R'R))p* + L(z + R)Uzrllyke

2 =¢ p? =0 (1.34)

(There is further antisymmetrization in the last two indices upon contraction
with F', following the graded symmetrization in the first two indices shown
above: The tensor V¥* has mixed symmetry.)

The expression R is given by
R'(6) = £00+'0 (1.35)

where the operator O is defined to satisfy

K*.0] = 0
{(3%,0} = 297
[a"®ag —a'®as, 0] = 0
0l03% = —i(0F® = (0" (1.36)

As an explicit form of O we find

_1 1 D
(9_2{&@,7 } (1.37)

13



1 - Ng!
il [e) e ; 2
50 E:o { Ng— Ne (No +p+1)! iag(iagac)
Ng!
te(_; t® toyp o
—a'®(—ia"a On._N.,—(1.38
( ) Ne N®(N@+p+1)' )
with
1 >0
0, = , N, :aT“au
0 <0

(not summed over p). This representation satisfies (1.36) if we regularize

indefinite norm states. (See the Appendices for details.)

1.3.2 Constant SYM background

From this @, we can construct a BRST operator for a supersymmetric

constant SYM background Q)'y ;5 in the form
Qsymp = Qfrec + TFWV® + wV, (1.39)

In addition to first-quantized transformations we take ¢; (1.20) to also generate

the second-quantized transformations of w® and F

{gog:0°} = "5 Fu (1.40)

{a, Fa} = 0 (1.41)

14



so that they cancel up to a gauge transformation (generated by ’free):

{th Qsyas} = (@ ®) (1.42)
We then have
LFo (s V) — 0%ldhs Vil = = Fap 75" Vi + {Qrees U5} (1.43)
This is true if we define V,, by
{dos: VYoo = =295 Vo (1.44)

which means we define V,, from the left-hand side by selecting only terms with
an explicit 1.

With this definition we find V,, and ¥,

V. = —(c+ R q, (1.45)
U, = =i+ R)(Ve00Fap — 2as0”) + 3(12500 + 12500 )iR" Fap (1.46)
where

0 = —i(0]0)9) = (0] = — 1|6) (1.47)

which contains all nonminimal ghost-number-zero ghosts.
To obtain a gauge independent and explicitly supersymmetric expression

we perform a unitary transformation

U1:€A

15



where

A = iR (Oopw + 0w+ 300717 00 Fac + 10970 F e
+ %é’ybfy“éFac — %HgfycéFbc)
— 007°0 ( 300w + 2 Oy + 2007700 Fae

+ % 5%7“86’017“ + 15—2 é%yacéFac) (1.48)

After another unitary transformation Uy (1.17), Q'y 5 becomes (at the lin-

earized level)

Qsymp = 3 (c+R®+167%0).(0 — WV, — 7|5 Fy )

— 27a"®a®0).b + 1 7797

(Vo +00W +1 07, {W,V}0 ) 7770

i
2

79V — 1 (Ve + 09 W + 1 07,{W,Vo}0 — IRY|.Fu) 0%V,

N =

70 Oy, W + = G270 O~ {W, Vo }0

Wl

% 6@765 RS Fy
L[iVyR'|s, =iV, 77%7%0)5]

Pu(07"W + 367 {W,V,}0)

+ o+ 4+ o+
=
D
v

5w [iVR|s, [ iVeRYs, =iV, 775905 ]] (1.49)

where |- means that we drop 6, contributions, and

16



O = -v'v, (1.50)

Ve = pa + As (1.51)
V(]a = Toa T+ (]6‘90)a + Aa (152)
¢“* = 7w + (p¥)° (1.53)

The superfields have the 6, expansions

[e)

Foo = Fa (1.54)
W = @+ (10)" Fuy (1.55)
Ay = zfla + Ooyaw + L 60772700 }%bc (1.56)
Ao = (7a90)a151a + 2(7%00)a O yaw + 2 (7*00)a 00vav"00 }?’bc (1.57)

in the gauge

A, = izt Fy, (1.58)

A, = 0 (1.59)
used above, but (1.49) is manifestly gauge independent and supersymmetric.

1.3.3 Arbitrary SYM background

After making a final unitary transformation

Us = e(RE+0790/2)|>b

17



the above BRST operator can be written in the simple form
Syup= Ul 3c(O=WVo—77y"|s F ) + 1 777> | U!
U — eéVQ 67:R”“>Va e(R®+9’~y®9/2)‘>b (160)

which can be applied directly to the case of an arbitrary, nonlinear SYM
background.

In fact, the nilpotence of this BRST operator does not seem to require that
the background be on shell. This is contradictory to the usual result that any
description of linearized “quantum” Yang-Mills in a Yang-Mills background
must have the background on shell, since nonabelian gauge invariance relates
kinetic and interaction terms [12]. (Similar remarks apply to any nonabelian
gauge theory, such as gravity or strings.) This paradox is probably due to the
fact that we have not required an “integrability” condition on the background:
For a generic self-interacting field theory, an action (or ZJBV action) of the

form

S = %Q&j(ﬁlKU + é(bkgqubz ijk T oo (161)

results in the kinetic operator (or BRST operator) in a background
Qij = Kij + ¢ Viy + ... (1.62)

From S we can see that K,V ... must be totally (graded) symmetric. In @,
this condition on K is seen to follow simply from hermiticity, but the condition

on V is not so obvious. Since we are ultimately concerned with the BRST

18



operator for the superstring without background, and are using the SYM case
in a background only as an analogy, we will not consider this obscurity further
here.

As explained in the Introduction, in the above expression for the BRST
operator (1.60) we are not allowed to remove the exponential factors, since that
would lead to a trivial result. This fact can be understood already in the free
case: The BRST operator that would result from dropping the background and
exponentials has the wrong cohomology, since the remaining two terms have
no dependence on 6y, so one would obtain an ordinary superfield satisfying
only the Klein-Gordon equation. In this case the exponentials are required
for () to be regularizable: Certain poorly defined quantities cancel upon their

expansion. (See Appendices A.2-A.3.)

19



1.4 Superstring

The superstring is described by a 2D field theory whose algebra of covariant

derivatives (currents) resembles that of interacting particle covariant deriva-

tives for a constant SYM background:

{D$)(1), D5 (2)) = 20(2 - 1)12,PP(1)
[D i)(1)7P(i)<2)] = 25(2 - 1)’7aaﬂQ(i)/8(1>

(DB (1), QHF(2)} = +id' (2 —1)6°

PO, R = +id'(2 - na
PO,QW] = (o, 0@} = 0
where
D&i) = Moo + (7“90)ap¢§i) * i%(7a90)a90%96
PH) = P® 4 0,0,
OB +16),
and

. )
(1 [, = /
P _*/§<25XiX>

(1.63)

(1.64)

(1.65)

in the Hamltonian formalism correspond to the left(right)-moving combina-

tions of Py and P; of the first-order formalism after using the equation of

motion for P; (see below). (In the definitions above, (+)’s on 7 and 6 are

understood.) Also, ’ means a o derivative as usual. D, P,Q (anti)commute

20



with the supersymmetry generator

Ga = q(()4+) + q(i)u Qéi) = /7]-004 - (7a90>ap(§i) + Z%(VGGO)QHO’VCLQ(I) (166>

So we can see the analogy between the covariant derivatives of the free

superstring and the superparticle with SYM background.
(DOC7PG/7 Qa) — (va’va7 WO[) (1'67)
as well as the less precise analogy

! < ab (168)

1.4.1 BRST

Now we can guess the result for the superstring BRST operator from the result

of the superparticle in a constant SYM background:

sttring =U ( /C T + iﬁ'i/@ﬂ'|> ) (]_1 (169)

where
U — ol 0D [R5 Pa [ (RO+0790/2)|5b (1.70)
and Qsstring = Q(s::t)ring + Qi,;t)m-ng. From now on we will suppress the o-integral

symbol for convenience. Since 6y and my appear only in D, P, and T, this )
is automatically supersymmetric under the above supersymmetry generator.

There are two major differences in T as compared to the superparticle:

21



Firstly the string has a ¢’b ghost contribution. Secondly the superstring has
QD as an analog of WV, — #v*0F,;, from the correspondence above. So our

trial form of T is

T = 10, Fi{db+0n+w(0r)

AT [0(a'®ag — aCac)n]) + AT [0(a'®ag + a'Cag)n]’ }(1.71)

where [y = — p®apE), (The true energy-momentum tensor is actually
T Fi(ch).) The constants w*, AF and A3 will be determined by 3 conditions:
(1) The conformal weight of 75¥7 should be 1. (2) The conformal anomaly
should cancel in D = 10. (3) 6y should have conformal weight 0 due to
supersymmetry. (The A; term is ghost number, while the A term is ghost
level.)

Satisfying these constraints we find

AT = 1, AF = wF =0

-~ T _ s0.F z{ b+ 0'm+ [0(a"®ag — aTea@)w]/ } (1.72)

and the gauge-fixed Hamiltonian is {Q, [ b + b9} = [TH 4 7).,

This @ has four interesting quantum numbers:(1) ghost number; (2) con-
formal weight, which is “momentum number” (1 for P,b,7,’) minus ghost
number; (3) (10D) engineering dimension (—1 for z, ¢, —% for 6, 2 for ’); and
(4) a mysterious “field weight”, which is 1 for all fields, but for which we at-
tribute a 1 for 4%. (Thus, @ is quadratic in momenta and primes, and cubic

in fields and 49’s.)

22



From now on let’s concentrate on one chirality. After expanding the expo-

nential factor and regularizing (as explained in Appendix A.3) we find

Quairing = (c+ R +307°0 )
x (304 —idb — i0'r — i[0(a'®ag — a'®as)n]’)
— 27a™®a®0)sb + 1 77%7)s

4

(]5,1 + 100720l + 2i07,0) + 10,0’ -1 R;]>) 7v9y%0|s

PO

[

7@ (o + (1°60) P + 5 (1"60)0070% )
By + iy +2i07.0) + 0.0 — 1L R;]>>
x 094" <7To + (1%00) Py + i2(v"60) 0010, )

- 1 70 (2@'5%96 + is Gy, — s R;]>)

[

=

N ~ ~ ~ 2
(Pa ©iloyabl + 2i67.0) + v — %R;]>> R®|.

_I_
N |

+ idb (R® 4 307%0) |- (1.73)
This @ satisfies Q? = 0, as can be checked directly.

1.4.2 Constraints

The constraints of the gauge-invariant action (see following subsection) can be
obtained directly from the BRST operator by taking its (graded) commutator
and keeping just ghost-number-zero terms: The Virasoro constraints A follow
as usual from b (with the gauge-fixed action from [ b), while generalizations B

of the v-pd constraint (x symmetry generator) follow from 6PP! and first-class
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generalizations £ of the second-class constraint d follow from 77T [6]:

A = %D+ — Z é’%qﬂ-%q (174)
q=0
By = ~TP,(do+ 7)) — 204 A + 20°(LP? + A) (1.75)

B, = AP, (nPP + aPTLrthy 4 2(gPP — grirth A 4 297 (3P + A) (1.76)

& = do— 7"+ IP,H0M (1.77)
& = I(rPP — 7P ThPHl) 4y TIP, (07 + g7 (1.78)
where

Po = Pu +ibovaty +2i07.0, + 070 — 3 R,
do = o +7"Pulo+iL(v00)00vabl + 270 (22'5%95 + 02 0 — 3 R;|>>
9P = 2081 412022 4 ... L ogple—l L gpp _ grtlptl _ 9gpt2p+2 _ ggpt3at3

(1.79)

and R“ indicates that only ghost-number-zero 0’s are selected.
Since this procedure requires the component expression, we explicitly use
the projection operator

II = _(:}/@)reg (180)

as, e.g., I1|#), in some terms, as explained in Appendix A.3. Also, because R®
only interacts with 7l we express [P R®] as a projected expression 9P.
(For the full expression, see Appendix A.4.)

These constraints are closed classically (after regularization: see Appendix
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A4)

{&(1),&(2)}
{By(1),B/(2)}

where

LS

1.4.3 Action

= 52— DIAQL) + AQ)]

—5'(2 = 1)E,(1)

—0"(2 = 1)[By(1) + Bp(2)]

0

80'(2 — 1) Pa(1)7** Eys(2)

+40'(2 — D)y (PP + TP (1) E5(2)
—26"(2 — 1)(677 — PP L 9P BI(1) 4 (2))
+((p, 1) = (¢,5,2))

—45%5(2 — 1)A(1)

—26'(2 — 1)(09 — Tt L gPYPE (2) (1.81)

g 1
= ZZT qﬁ(@r—q—l - 6)7“—(]—2)‘97‘—1

From this Hamiltonian form of the BRST operator for the superstring we can

find the ZJBV form [5]:

Q%Y = idtoa — H — da{o™, Q"] (1.82)
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where

(04, 0"} = QP

¢t = QP ¢p, o5 = ¢*Qap (1.83)

and ¢4 is the antifield which is canonically conjugate to the field ¢# by the an-
tibracket. ZJBV is useful for Lagrangian quantization, but since ) is sufficient
for Hamiltonian quantization, we leave the details for Appendix A.5.
Constraints appearing in the gauge-invariant Hamiltonian have ghost num-
ber 0; their ghosts have ghost number 1; their antighosts have ghost number
—1; the antifields of their antighosts have ghost number 0, and we can iden-
tify them in the ZJBV BRST operator with the Lagrange multipliers of the
gauge-invariant Hamiltonian. (More generally, we interpret all the negative-

ghost-number fields as antifields.) Let

Qppr1 = (_1>p+1zé VDTt 1ép,p+1
Upp1 = (_1>p+1i% VP A 17

b

g (1.84)

and similarly for their antifields. Then we find the gauge invariant action in

Hamiltonian form Sy either from the usual Hamiltonian procedure (using the

ZJBV .

constraints of the previous subsection), or as the antifield-free part of Q77 ,:

Sp=—XP 40> 0m =3 et D (Papprfy + Vi,

+,p + +.p>0

(1.85)
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(Again, for each sign + we use fermions of the corresponding chirality.)
If we consider only the quadratic terms and the A term, keeping only
the physical fields, and introducing P! as an independent variable, we find

the first-order, 2D world-sheet covariant form [11] (with world-sheet metric

T = (=)

Sghys _ pmamX _ %gmnpmpn + Z\/EZ a:t@(:)tﬂ'(:)t (186)
+

where 95t = OoL.R, 7r3E = ToL.R, and 0y = \/ii(eom + ¢,")0,,. By introducing

supersymmetric variables

pm = pmy em”(na“))n ~ o)
Dy = my + [P £ 50 — o)) 100

Mo = v5(0mby N0 (1.87)

(where we suppress spacetime indices for simplicity) and plugging this into

(1.86) we find

—€""[(0mX) - (T/(—B)n + n(‘o)n) - U(T))mn(o)n] + Z\/iz 0:05 Dy (1.88)
+

Except for the last term this is the Green-Schwarz supersting action. To
extend this redefinition to the whole action one can further define (we use p, q

for ghost level and (p), (¢) when there is confusion with world sheet indices
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l,m,n)

P o= P4 (MG, — Now) T €00 — Xa)

Df = i+ {15 0y — )] 105 F 2 — €5) %)

Dy = m + P10 (p>1)

W;t = Wi’%

0 = o007

19;5 = 1912,1%

e o= L (2@(3,,193)75* —i(@méi)véiﬁ—%@mﬁi)

5= 3 (200n0)00F — 5 Onf N0 + 30, 1)
Moy = 75Oy )10,

Opr = q)zi}ﬁl

Uy = U0, (1.89)

Then our manifestly worldsheet-covariant action reads

So = g@s + Z\/é Z 8i9;tD;E + Sa (1.90)

+,p>0

where S, consists of Lagrange multipliers times all the (first-class) constraints

other than Virasoro

Sa = > (VB + D) (1.91)

+,p>0

and S’GS is an extension of the usual G\S action to the fields 0;} at nonzero
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ghost levels

Sas = —%gmnpmpn
+ZP¢ laiX—(( L+, +Z?7 _Xi)]
+ p>1
—emn [(6mX ) - {(%)n — o) + O — X )} + 77<+o>m77(o>n}
+5 D £05(0405770%) (¢ - &) (1.92)
+

This is a first-order action in terms of the coordinates X, 9;'5, momenta P, DjE
worldsheet metric g,,,,, and Lagrange multipliers ®,., ¥, .. Now &, and B,
are expressed in terms of these new variables as

+ + + +
& = D — D, +2P7 0,

+ + + + +
By = P*-v(D, + Dy — 2P* “70511)

(O — 05+ 05) x { PE = [PEF (e — g + XE = XG)P

5 | D067 (D —P* - 16;) + 0+

q>1

{12 Sy — )05 7 2 - 6)005)) | )
(1.93)

(

Elimination of P! by its equation of motion reproduces the previous Hamilto-
nian form of the action except for terms quadratic in £, which can be elimi-
nated by a redefinition of ®. The gauge-fixed action with ghosts is most easily

obtained from the Hamiltonian formalism as H = {@Q, [ b} = [ T: Then (with
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the full 679)

SGF = pmeX — %nmnpmpn -+ Z\/iz Oicibii -+ Z\/iz 8i9i7ri (194)
+ +
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1.5 Summary of 1st quantized BRST

We have given a gauge-invariant action for the superstring and its correspond-
ing BRST operator. The BRST-invariant gauge-fixed action is the obvious
quadratic expression following from {@Q, [ b} (and is thus BRST invariant since
Q? = 0). This is sufficient to perform S-matrix calculations (with vertex op-
erators of the type given for the superparticle above), but a naive application
would require a measure that breaks manifest supersymmetry. (For exam-
ple, solving for the cohomology of the superparticle with this BRST operator
in [3] required using the equivalent of the lightcone gauge.) In principle, a
covariant measure that avoids picture changing altogether (in particular, for
the bosonic ghosts) can be found by methods similar to those used in [4];
we hope to return to this problem. The cohomology of this BRST operator
should also be checked: The massless level follows from the previous analysis
for the superparticle; the massive levels should follow from a similar lightcone

analysis.
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Chapter 2

Scattering amplitudes

2.1 Prologue

Many formalisms have been introduced for calculating scattering amplitudes
for superstrings. The most practical of these have been (covariant) Ramond-
Neveu-Schwarz (RNS) [13], (lightcone) Green-Schwarz (GS) [14], hybrid RNS-
GS (H) [15], and pure spinor (PS) [7][16]. All of these have (at least) two
important defects:

(1) Some kind of insertion is required. It may be separate from the vertices, or
may be combined with some vertices to put them into different “pictures”. The
result is to complicate the calculations or destroy manifest symmetry. (The
only exception is tree graphs with external bosons only, where such methods
make cyclic symmetry more obscure but avoid producing extra terms that
cancel.)

(2) Supersymmetry is not completely manifest. The most serious case is RNS,

where fermion vertices are much more complicated than boson (because the
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spinors are not free fields, so in practice noncovariant exponentials of bosons
must be used), and sums over spin structures (periodic/antiperiodic bound-
ary conditions) must be performed in loops. In the GS and H cases there is
partial supersymmetry (and partial 10D Lorentz invariance), which compli-
cates vertices for the “longitudinal” directions, which are required for general
higher-point calculations; for this reason we will not consider GS and H in
detail. The most symmetric is PS, which has only an integration measure that
is explicitly dependent on the spinor coordinates.

In a previous paper [17] we introduced a new formalism for the superstring
(based on a similar one for the superparticle [3]) using an infinite pyramid
of ghosts for the spinor coordinate (GP) [1]. A derivation was also given
from a covariant action. (The RNS action is not spacetime-supersymmetry
covariant. The GS action [18] has defied covariant quantization [2]. The H and
PS formalisms do not follow from the quantization of an action with general
worldsheet metric.) The Becchi-Rouet-Stora-Tyutin operator found there was
rather complicated, but fortunately none of the results of our previous paper
will be needed explicitly here for calculation, but only for justification of the
validity of our approach. In fact, the gauge-fixed action and massless vertex
operators were guessed much earlier [11]. (An early attempt to apply them
to amplitude calculations failed because spinor ghosts were not included [19].)
The fact that these simple rules can be applied so naively hints that perhaps
an even simpler formalism exists that implies the same rules.

There are (at least) two new conceptual results in this paper (in addition to
the explicit calculations), both of which involve the treatment of zero-modes.

These allow us to evaluate trees and loops without evaluating explicit inte-
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grals or (super)traces over these zero-modes, thereby solving the above two
problems:

(1) In loop calculations we infrared regularize the worldsheet propagators. In
principle one should do this anyway, since IR divergences are notorious in two
dimensions, especially for 2D conformal field theories, but usually such prob-
lems are avoided by examining only IR-safe quantities. In our case such a
regularization allows a simple counting of the infinite number of zero-modes
arising from the ghost pyramid (including those from the physical spinor),
with the only result being the introduction of factors of 1/4 due to the usual
summation 1 —2+ 3 — ... = 1/4. (Regularization of x zero-modes is unnec-
essary; it only replaces the momentum-conservation Jd-function with a sharp
Gaussian.)

(2) In tree graphs these zero-modes do not appear separately, having been ab-
sorbed into the definition of the (first-quantized) vacuum. Specifically, since
we do not perform explicit integration over spinor zero-modes, we also do not
need to define measure factors for such integrations, make insertions of oper-
ators (essentially Dirac d-functions in those modes) to kill those modes, nor
use operators of different pictures to hide such insertions. We do not make
special manipulations to deal with such modes; care of them is taken auto-
matically by naively ignoring them. Although we do not analyze this vacuum
(or other) state in detail here (we effectively work with the old Heisbenberg
matrix mechanics, ignoring Schréodinger wave functions), we explain why such
behavior is implied by the standard N=1 superspace formulation of the vector
multiplet.

The net result of these ideas is that the calculational rules are the most
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naive generalization of the rules of the bosonic string: (1) The b and ¢ ghosts
appear in the same way, affecting only the measure. (2) The spinor ghosts serve
only to ensure correct counting of zero-modes, and give an extra factor of 1/4
to any trace of y-matrices. (3) IR regularization takes care of all (physical
and ghost) spinor zero-modes. (4) The vertex operator for the massless states
generalizes the bosonic-string one just by adding the same spin terms as in
ordinary field theory or supergraphs (to include the spinor vertices), taking
into account the stringy generalization of the algebra of covariant derivatives
[11].

Consequently, for the case of tree graphs with external vectors only, our
rules are almost identical to (R)NS calculations in the F; picture. We explain
the advantage of this picture and why it is more relevant to the superstring.

As an interesting side result, we show how the 06 terms in the D P) current

algebra arise already in the superparticle.
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2.2 Rules

2.2.1 Vertex operators

We now present the main result of this paper, the rules themselves, with exam-
ples later. (Derivations are given in the Appendices.) Here we will calculate
amplitudes with only massless external states. (We also concentrate on open
strings, but the results generalize in the usual way to closed.)

To a limited extent first-quantization can be applied to particles as well
as to strings: It gives only one-particle irreducible graphs (vertices at the
tree level), whereas for the string it gives complete S-matrix amplitudes by
duality (for given loop level and external states). However, the methods are
almost identical, particularly since the superparticle is the zero-modes of the
superstring.

The vertex operators follow from the results of our previous paper [17] but
are basically those of [11] with a small modification from ghosts (as expected

from the integrated vertex operators of PS [7][16]):

V = Az, 0)J4

where A4 are superfields and J4 are 2D currents:

AN = (Aq, A WO, F)

JA - (Qa7pa7 Dou gab)

where J4 have zero-modes j4, of which only p, and d, act nontrivially on A4.
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D, P,Q) are the currents of [11], while S is the Lorentz current of the 0 ghosts
(“superspin”). (Appendix B.1 gives the relation of vertex operators between
Lagrangian and Hamiltonian formalisms.)

As for the bosonic string, the integrated vertex operator is [V and the
unintegrated one is cV'; the b and ¢ ghosts work in exactly the same way, to
keep the measure conformal. (We could also add a term o'(9,A%)dc to the
unintegrated vertex operator to avoid having to apply d,A* = 0 [20].)

The external-state superfields and the currents can be expanded in 6 for
evaluation in terms of 2D Green functions of the fundamental variables: For

example, the vertex for just the vector is then
Vi = Aq(2)02% 4+ SF(2) Spa

where S is the Lorentz current of all §’s, physical and ghost. There are also
terms higher-order in #, but in the absence of external fermions there are no
7’s to cancel the extra #’s, so such terms won’t contribute. Because of its

universality, this form is useful for comparison to other formalisms.

2.2.2 Current algebra

However, when calculating general amplitudes (including fermions), it is more
convenient to expand neither the currents nor superfields (thus manifesting
supersymmetry). This requires rules for evaluating products of arbitrary num-
bers of currents. Although this problem is generally intractable for arbitrary
representations of arbitrary current algebras, in our case it is relatively simple:

(1) S doesn’t act on the superfields. It is quadratic in free fields, so the matrix
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element of any product of such currents is simply the sum of products of loops
of them (in 2D perturbation theory), from contracting the (ghost) 6 of one
with the 7 of the next. Each such loop contributes the trace of the product
of the ~ matrices that appear sandwiched between 6 and 7 in S = 0YapT|>

7

(where “|5” means to restrict to ghosts).

(2) The remaining currents D,, P,, and Q“ form a separate algebra. Although
their “loops” are more complicated (since D is cubic in free fields), the struc-
ture constants are so simple that no loop contains more than 4 currents: only
the combinations PP, D2, DDP, or DDDD. Since D and P (but not )
can also act on superfields, the matrix element of such currents and superfields
reduces to the sum of products of these 4 types with strings of D and P acting

on superfields.

The loops are:

<Pa(1)Pb(2)> = _nang(lﬁ 2)
(Da(1)2°(2)) = —i0iGy(1,2)
(Do(1)Ds(2)Pu(3)) = —ivaap[2Ga(2,3)Gy(1,3) — 2Gy(1,3)Gp(3,2)

+Go(1,2)(G5(1,3) + G7(2,3))]
(Da(1)Ds(2)D4(3)Ds(4)) = 2iGy(1,2)Gp(1,3)Go(1, 4) (Vo Yass — Vas)ns)

+2iGy(1,2)Go(2,3)Go(2,4) (Vs Vva — Vi Yasa)

+iG(1,2) [Go(1,3)Go(2,4) 70, Yass

— G9(2,3)Go(1,4)7§,Yaas) + perm.  (2.1)

where () refers to fully contracted operator products, and “1” means “z;”,
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etc. We have distinguished the x and 67 Green functions (G, and Gy) because
only Gy gives zero-mode corrections, which is explained in detail in Appendix

B.5. For N string loops, G is a genus-N Green function: for trees, G/, (21 —22) =

and G” (21 — 29) = —iGYy(21 — 29) = —3; at 1 string

~iGale1 ) = - ma

zZ1—%22
loop they are Jacobi theta functions and their derivatives; etc.

The action of the currents on the fields is given by considering all possible
symmetrizations of the D’s. Any symmetrization of 2 D’s (acting on a field)

gives

Du(1)Dg)(2)  —  Go(1,2)755[Fa(1) + Fa(2)] (2.2)

This reduces any string of currents to sums of strings of P’s times antisym-

metrized strings of D’s, which are evaluated as

Dia(1) -+ Dyg(DPa(3) -+ By(A)A(5) = Go(1,5) -+ GL(4,5)(da - - digpa - - o A) (5)

(2.3)
where p, = —id,, and we can replace 7, = 9/00* with the usual supersymme-
try covariant derivative d, in such antisymmetrizations since final results can
always be evaluated at # = 0 by supersymmetry.

By 10D dimensional analysis, any S loop is dimensionless, while any D P()
loop has dimension 2. This implies (contrary to expectations, but well known
from the bosonic case) that each DPS) loop carries an extra factor of the
inverse of o/. (In the particle case, there is instead an inverse of z.) Thus,
the maximum number of DPS) loops gives the lowest power in momenta,
and each loop less gives two more powers of momenta. (One way to see the

dimensional analysis is to note that each current acting on a superfield gives a
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G! or Gy. The same is true in a D PSQ loop, except that 2 currents “close” the
loop to give a G or Gj. Thus, each DP2 loop introduces an extra factor of
G"(or GY)/(Gy)%. On the other hand, closing an S loop gives a (Gy)? instead
of G, so such loops give no extra factor.)

Finally, there is the usual momentum dependence coming from Green func-
tions connecting the superfields to each other, from their x dependence only:

For the usual plane waves,
(A(1)---A(N))=A--- A e~ 2i<j kikiGa(i) (2.4)
with units o = 1/2 for the string.

2.2.3 Component expansion

The final result for an amplitude is given as a “kinematic factor” times a scalar
function of momentum invariants, expressed as an integral over the worldsheet
positions of the vertices. The kinematic factor is expressed, by the above
procedure, as a sum of products of superfields, representing external state
wave functions. The string rules have effectively already performed covariant
0 integration, so these superfields may be evaluated at § = 0. (As in the
usual superspace methods, where # expansion and integration is replaced by
the action on the “Lagrangian” of the product of all supersymmetry covariant
derivatives d,, supersymmetry guarantees that all 8 dependence cancels, up
to total x derivatives.)

The evaluation of spinor derivatives follows from the (linearized) con-

straints on the gauge covariant superspace derivatives, and their Bianchi iden-
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tities [10]. The result is

d(aAﬂ) = Q’YZgAa
doAy — 0aAe = 2YaasW’
daWB == %fyabaﬁFba

A F® = 20 w? (2.5)

The result is also (linearized) gauge invariant (except for 9,A* = 0, as ex-
plained above), so one may use a Wess-Zumino gauge where A, =0 at 6 = 0.

(A review of gauge covariant derivatives appears in Appendix B.3.)

2.2.4 IR regularization

In evaluation of tree graphs there is the usual J-function for conservation of
total momentum from the zero-modes of x, but 6 effectively has no zero-
modes: The effect of the 6 ghosts is to mimic GS where, unlike momentum,
the 8 surviving fermionic variables of the lightcone are self-conjugate, and
thus have no vanishing eigenvalues. Thus there is no residual integration over
6 zero-modes (unlike PS).

In loops there is the usual summation over € zero-modes in the sum over
all states, but the ghosts again mimic GS by effectively reducing the number

to 8 from the physical 32 (f and conjugate ), using the sum
1—-243—-4+...=1/4

when counting the number of 6’s at successive ghost levels (alternating in
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statistics). Application of this rule requires infrared regularization of the 2D
Green functions to “remove” the zero-modes: The factor in the partition func-
tion from these zero-modes is the IR regulator € to the power 16 x 1/4 = 4
(from the 16-valued spinor index on the €’s). Since the fr Green function
goes as 1/e (4 the usual finite expression + O(¢)), the amplitude vanishes
until 4-point. Thus the power of the regulator counts zero-modes.

The 1/4 rule also applies in y-matrix algebra. Amplitudes involve traces of
products of y-matrices. These matrices are the same at each ghost level (except
that chirality, as well as statistics, alternates with ghost level), so the net effect
of the ghosts appears only when taking a trace: Applying the usual y-matrix
identities, the trace is reduced to str(I) = 16 x 1/4 = 4, again reproducing GS.
The difference from GS is that the y-matrices are for 10 dimensions, so the
result is Lorentz covariant, and the usual 10D Levi-Civita tensor is produced
(where appropriate) instead of spurious 8D e-tensors. For example, anomalies
can be found from 6-point graphs. (Details of the regularized Green functions

are given in Appendix B.5.)
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2.3 Trees

2.3.1 RNS pictures

We begin by proving that the trees with external bosons are identical to those
obtained from (the NS sector of) RNS. This is most obvious in the F; picture.
Although this picture was the original one to be used in (R)NS amplitude
calculations, it was immediately replaced with the F; picture [21]. We refer
here to the picture for the physical coordinates (z, ), and not just the ghosts:
For example, vector vertices have always been dx+... except for two 1 vertices,
while in the F; picture all vertices are Ox+... . In the proof of equivalence [21],
starting from the JF; picture, one pulls factors of (the £1/2 modes of) G =
¥ - Ox (worldsheet supersymmetry generator) off of two unintegrated dx + ...
vertices to turn them into v vertices, then collides the G’s to produce (the
0 mode of) a worldsheet energy-momentum tensor 7', which gives a constant
acting on a physical state. (With ghosts the approach is similar, with G
replaced with the picture-changing operator, which is simply the operator
product of the gauge-fixed G with e? in terms of the bosonized ghost ¢.) The
resulting rules are then the same as the rules for the bosonic string, including
the factors of ¢ for the three unintegrated vertices, except that the 0z vertex
has the extra spin term. The § and 7 ghosts are completely ignored; the

4

vacuum used is in what is usually called the “—1 picture”, so the zero-modes
of v (or ¢) are already eliminated. (What is usually called “picture changing”
in the modern covariant formalism would start with the F, picture, introduce

two factors of picture changing times inverse picture changing, use the picture

changing to change the two 1 vertices, and use the inverses to change the
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initial and final vacuua. Unfortunately, the inverse has an overall factor of ¢,
so in the new vacuum (yyc) ~ 1 [22], and the «’s pick out the v terms again
in two of the unintegrated vertices v+ ¢(9x +...). Thus such transformations
preserve the F; picture as far as the physical sector is concerned.)
Historically, the F; picture was introduced first because: (1) It is more
similar to the bosonic string, and (2) cyclic symmetry is manifest (no need to
bother with picture changing). The F; picture was then chosen because the
physical-state conditions were more obvious. Although in modern language
the BRST conditions are clear in either picture, it’s interesting to examine
the differences in the pictures if the ghosts are ignored, since the ghosts differ
in different formulations of the superstring, but all formulations have similar
integrated vertices. Then the ground state of the F; picture is the “physical”
tachyon, at m* = —1/2, while in the F; picture it’s an “unphysical” tachyon at
m? = —1. Furthermore, the F; picture has an additional “ancestor” trajectory
1/2 unit higher than the leading physical trajectory. These “disadvantages”
were noticed in the days before Gliozzi-Scherk-Olive projection. On the other
hand, for the superstring this projection eliminates the “physical” tachyon as
well as the ancestor trajectory. So the only remaining additional unphysical
state of the F; picture is its vacuum, while GSO projection has eliminated the
vacuum of the F, picture altogether! This suggests that any comparison of

the RNS formulation to others would be easier in the F; picture.
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2.3.2 For bosons only

The proof of equivalence of the F; vector trees to the vector trees of our
formalism is then simple: One only has to note that the operator algebra of
the vertices is identical. But the vertices are identical in form; only the explicit
representation of the spin current is different. So one only has to check the
equivalence of the two current algebras. Since they are both (10D) Lorentz
currents, quadratic in free fields, this means just checking that the central
charge is the same. (The same method has been used for comparing PS to
the F; picture [8].) The reason the result for the central charge is the same is
that the GP result is the same as the GS result: The y-matrix algebra is the
same except for a trace, which is 1/4 as big in the lightcone as for a covariant
spinor, but GP again gets a factor of 1/4 from summing over ghosts. (As we’ll
see below, similar arguments apply in loops, unless one gathers enough spin
currents to produce a Levi-Civita tensor.)

The calculations in the F; picture (and GP) are somewhat harder than the
JFo picture because two vertices have been replaced with ones that generate
more terms, which cancel. Also, RNS bosonic trees are simpler than PS or
GP because integration over the vector fermion ¢* effectively does all y-matrix
algebra. However, tree amplitudes with fermions are much harder in RNS than
PS or GP (and increase in difficulty as the number of fermions increases). PS
is still simpler than GP, because 6 integration takes the place of the change
in the two vertices, and so also avoids generating extra terms. So, for trees
RNS is the easiest for pure bosons, PS is easiest with fermions, and GP is a

bit harder than both. However, GP requires fewer rules, since all vertices are
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the same, so it produces more terms at an intermediate stage but is easier to
“program”. This feature is a peculiarity of tree graphs: At the loop level we’ll
see that GP maintains the simplest rules, while RNS produces extra terms
that cancel (because supersymmetry is not manifest).

At first sight these rules for GP might seem peculiar because there is no
explicit integral over spinor zero-modes, as expected in known superspace ap-
proaches. The answer can be seen from examining the simpler (and better
understood) case of 4D N=1 super Yang-Mills. Since the vacuum of the open
bosonic string can be identified with a constant Yang-Mills ghost (or gauge
parameter), we examine the ghost superfield ¢, and look at ¢ = 1, a super-
symmetric condition. Since this superfield is chiral, and supergraphs prefer
unconstrained superfields, we write ¢ = d?x in terms of a general complex
superfield y. Then clearly x = #? in our case. This is still supersymmetric
because of the gauge invariance 6y = dsA*. Furthermore, this y has a nice
norm, [d*¢ |x|> = 1. In Hilbert-space notation we thus write the norm and

supersymmetry as

010) =1, 4l0) = QA)a

so the vacuum is supersymmetry invariant up to a BRST triviality, and the
norm includes zero-mode integration, but the extra zero-modes are absorbed
by the vacuua, and no insertions are required. (We could also use |A), = A4|0)
to define ¢, = ¢o — [@, Au], 4|0) = 0.) This supersymmetry of the vacuum is
enough to ensure the amplitudes transform correctly, since the vertex operators
are superfields times supersymmetry invariant currents, and the vacuum and

vertex operators (integrated and unintegrated) are BRST invariant. (The
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unintegrated vertex operators we have used are BRST invariant only after
including terms higher-order in ghost 6’s, which don’t contribute to amplitudes
for massless external states, and probably not for massive ones either, because
of the absence of ghost 7’s to cancel them.) The fact that the vacuum is “half-
way” up in the 6 expansion was also found for the expansion in the spinor
ghost coordinates in a lightcone analysis of the BRST cohomology for the GP
superparticle [3]. Note that this choice of vacuum is relevant only for trees; at
1 loop one effectively does a (super)trace over all states rather than a vacuum
expectation value, so the vacuum is irrelevant. (We assume a similar situation
will occur at higher loops, but we have not checked yet.) As we will see below,
one important affect on this vacuum choice for trees, which does not affect
loops, is that:

For tree graphs only, background fields are always evaluated in the Wess-
Zumino gauge.

If this vacuum structure can be better understood, it might be possible
to find an analog of the F, picture for GP, avoiding the production of extra
canceling terms, making it the simplest formalism even for trees. As an at-
tempt at formulating such a picture, one can consider this picture for RNS:

¢

For pure bosons, two vertices must be in the “—1 picture”, so it is convenient
to consider those two as the initial and final states, using the vertex operators
on the initial and final vacuua. Generalizing only those 2 states to include

fermions, we can write their vertex operators as in GP, but now identifying

the currents with

D, =e?S,, P,=e¢ %, Q=c%72g"
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The first two are the usual for the spinor (in the —1/2 picture) and vector (in
the —1 picture), while the last can be identified as that for the spinor in the
—3/2 picture (also with conformal weight 1) if we use the “supersymmetric
gauge”

W ~ 4908, As

instead of the WZ gauge. (Hitting cA,Q* with picture changing produces
cWeD,.) These currents satisfy almost the same algebra as the usual ones
(including DP ~ €, to leading order); the only exceptions are QP and Q.
As a guess for the GP analog, we can then try to construct a new D PS) for
this picture that depends only on the ghosts. Unfortunately (the simplest
guess for) this construction seems not to work, apparently because the depen-
dence on the WZ gauge hasn’t been eliminated, and is incompatible with the

supersymmetric gauge.

2.3.3 General 3-point

As explained in Section 2, we prefer the superfield formalism for the calculation
of amplitudes with fermions. This includes the all-vector amplitude in the

same calculation. The only nonvanishing operator products for the 3-point
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tree, after applying the Landau gauge condition (0 - A = 0), are:

(P,(1)Py(2)) x P.(3)A"(1)A"(2) A%(3) + permutations
(Pe(3)A"(1))(Pu(1)A(2))(P5(2)A°(3)) + perm.
(Pa(1)Py(2)) x Da(3)A"(1)A*(2)W*(3) + perm.
(Da(1)D5(2)Pu(3)) x W (L)W (2)A*(3) + perm.
(Ds(2)Q7(3)) x Do ()W (1)WF(2)A,(3) + perm.
(D, (3)W(1))(Da(1)WF(2))(D5(2)W7(3)) + perm.

(Sab(1)8:a(2)) x Po(3)F*(1)F**(2) A°(3) + perm.

T A 0mom Y QoW ok

>

(Sab(1)Sca(2)Ses(3)) x F*(1)F(2)F (3) (2.6)

where the S contraction is the usual v trace.

The other contributions, like ((D,Q°)P)-AW*Ag, ((SS)D,)-FFW<, (PPD,)-
AAW® and (PD,Dg)AWW , all vanish using k; - k; = 0, IV = 0 in the Wess-
Zumino gauge. We give some details of the calculation in Appendix B.6.

Notice that F and H combine to give the GP sum 1 —2+3 —4-.- =1/4.
From these combinations we find the manifestly supersymmetric 3-point tree

amplitudes for vectors and spinors

Alree = - A(3)A(L) - A(2) + ks - A(2)A(L) - A(3) + ko - A(1)A(2) - A(3)
FiA(L) - W (2AW (3) + iA(2) - W(BWW (1) + i A(3) - W(1)A IV (2)

(2.7)

where A(7) are the vectors and W (i) the spinors. (Note that we use the usual
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anticommuting fields for the spinors; numerical evaluation involves fermionic
functional differentiation, replacing these fields with the usual commuting wave
functions, and may introduce signs if not all terms have the same ordering.)
This result applies to both the superparticle and superstring. In the string
case there is also a factor of 1/(z; — 22)(22 — 23)(21 — 23) from the Green func-
tions, but this is canceled as usual with the inverse factor from the conformal

measure obtained from (c(1)c(2)c(3)).
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2.4 IR regularization

2.4.1 Zero modes

The kinematic factor in supersymmetric amplitudes is closely related to the
spinor zero-mode problem, which is the most important problem in the Lorentz
covariant superparticle and superstring. If we naively integrate over zero-
modes of the infinite pyramid of spinors with no vertex attached, we find
0-00%-0%-00%-0%-00%---. So we need to regularize the zero-mode integration.
In Appendix B.5 we derive the 2D Green function with a 2D regularization
mass, but it turns out that the zero-mode behavior of the 2D Green function
is exactly that of the 1D one. So we will concentrate on the 1D case here. To
do this IR regularization we introduce small mass terms in the superparticle

free action (for 1D “proper time” coordinate z)
X (=02 + )X, —im(0, + €)f (2.8)
Now we can fix the measure of zero-modes for X and 6 without ambiguity.

For X, neglecting the Laplacian term, which vanishes for zero-modes,

D/2
lim [ dPX, e TEXS2-ER X0 — iy (2_7T> o~ (S k)?/2Te?

£550 ¢—0 \ T¢?
— (27)PsP (Zk)

_ / 4P X, ¢S B)Xo

where T is the range of z (at 1 loop, the period). Here we used limg_qe~%"/%" / /€ =
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V210 (x). Therefore our zero-mode measure for X is

‘ o D/2

However, this bosonic zero-mode does not appear explicitly, since this always
gives momentum conservation thanks to the vertex operators.

Similarly for 6§ we see
/ df dm 70 = (ieT)*>" 7" (2.10)

where “4” stands for fermionic and bosonic spinor respectively. Then our
zero-mode measure for a spinor is

/ df dr = lim(ieT) 2" " (2.11)

e—0

In our case we have an infinite pyramid of spinors and hence we get

e—0

/dﬁ dmr = lim(ieT)(2(D_2>/2)(172+3—4+---)

= lirr1(ieT)2(D_6)/2

e—0

(2.12)

where we used coherent-state regularization for the ambiguous sum 1—2+4--- =
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1/4:

trl(N + 1) (=) = /dw_zeZ*Z<Zl(a*a+1)(—1)“*“\z>
— d2_ze—lzl2(<z|a*a| —2) + (2] —2))

22 2 2 2
= [P e

T
+1=1 (2.13)

1
4
More intuitively

1

1+
1

(1+x)?

= 1l—a+2>—2>+2* .

= 1—20+32% — 42+ ..

so at z = 1 we get 1/2 and 1/4 respectively.
Therefore in D = 10 we get effectively €* for zero-modes. So our complete

spinor measure with non-zero modes is

DO Dr (iTe)* (2.14)

The significant role of this effective power will be clear after we discuss the
Green function.

The regularization 1 — 2 + 3 —4 4 --- = 1/4 explains how we can get a
physical SO(8) spinor contribution out of 2 covariant 16-component spinors
m and #. Because we cannot project covariant spinors into physical spinors
in a covariant way, we need to add infinitely many ghosts to achieve this 1/4

reduction in amplitudes.

23



2.4.2 Regularized Green functions

We summarize the results of Appendix B.5 here. We find the regularized 1D

Green functions for x and 0

1 coshle(|2] - T/2)

26 sinh(¢7°/2)

1 coshle(|z| = T/2)]
2¢  sinh(eT'/2)

G*(z) =

GY2) = i(=0.+¢) (2.15)

The € correction to @, in GY is nontrivial because it multiplies a Green function
with a 1/e term.
It is convenient to expand the Green functions in ¢ when we calculate

scattering amplitudes:

G" = 52—T+ZG72"
n=0
A — .
G’ = 5+ZG26 (2.16)
n=0

where

T |2z =T) T
Gat - L N e e G:C
0 12 + oT 12 * Gun

Gl = —Sign(z)—i%:Ge (2.17)

and G%, and Y, are the usual 1D Green functions with periodic boundary
conditions, normalized to G, (0) = 0. The extra constant will not contribute
to massless amplitudes because of derivatives and k? = 0.

Because the mass (re)moves zero-modes, the usual fudges of the massless
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Green functions are eliminated: There is no freedom to add constants (depen-
dent on 7, but not z) to GG, and the ¢ function in its equation of motion is
not modified to §(z) — 1/T to preserve “charge conservation”. But the latter

property is restored upon expansion in the regulator:

T L T 92 2 T __ 92 2 T __ _l
Gf = pp A (PG =8 = (PN =0
; 1
Gl = LT+AG", —i(0+€)G" =0 = —i(0+)AG" =0-~(218)
€

Similarly we will do this expansion for superstring Green functions. The
details are given in Appendix B.5. However, expansion of G* is unnecessary,
because in vertex operators X appears only as X (and as an argument of the
superfields), and any contraction involving this vertex operator is always finite.
(The derivative kills the potentially divergent 1/£2? term.) For this reason X
regularization gives only energy-momentum conservation and is irrelevant to
amplitude corrections. But € expansion of G is crucial, as we will see in the

next section.
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2.5 Loops

2.5.1 N<4 super

Here we give simple examples. The only differences from standard first-
quantization of a loop of a scalar particle or bosonic string can be associated
with “kinematic factors” that may also depend on the positions of the vertices
on the worldline/sheet. (For a summary of the standard analysis of the other
factors, see Appendix B.4.)

Collecting the results of the zero-mode measure and the Green function
zero-mode behavior, the amplitude is zeroth order in e.

Since there is an € in the measure, we should pick up an e~ in the integrand
of the path integral. For example, one sub-diagram of the N-point 1-loop

amplitude is proportional to
j{de e G?(1,2)G%(2,3)--- G (N, 1) (2.19)

Then to evaluate this amplitude we should expand each GY and collect terms
with =%,

We now notice that every GY gives i/eT". For N < 4 there are not enough
powers of ¢! and so their amplitudes just vanish.

There is no zero-mode behavior for any contraction involving X because
of the derivative. Therefore P contractions start to contribute only at N =5

(a black dot in Fig. 2.1).
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Figure 2.1: Schematic diagrams for various contractions

2.5.2 N=4 vector only

The first nonvanishing amplitude is at N = 4. However, this is just the
case where every G? from the Sg’s contributes i/eT. So the integration is
trivially done for K4 and only its spin algebra matters. There are two kinds
of diagrams: the case where all 4 points are connected, and the case where
each pair of points is connected separately (Fig. 2.1). These two diagrams
have opposite sign. Each closed contraction should be traced over all ghost
pyramid spinors to give 1 —2+3 —4 + --- = 1/4. Therefore we get for Ky,

omitting external field factors,

K, = — [tr(fy“bﬂyc‘ifyef 'ygh) + 5 permutations }

A~ =

+— [tr(v** ) tr(v*/4") + 2 permutations | (2.20)

&=

Using the Mathematica code Tracer.m we evaluate this gamma-matrix
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trace to find

Ky = L(8vatesTogh + 576 §905M 4 56795 6% + 45 terms
from antisymmetrizing each pair of indices [ab][cd][ef][gh])
_% [(5a05bd o §ad6bc> (5695]% o 5eh5fg>

+(5a65bf o 5af5be)<5095dh . 5ch5dg)

(0996 — gengha)(gees — 50 %) (2.21)

This is the well-known kinematic factor for both tree and 1-loop. We can also

express this results in terms of F' as [23]

F(1)F*.(2)F,%(3) Fpu(4) — éF“b(l)Fab(Q)FCd(S)ch(4)
—}lF“b<1>F0d<2>[Fab<3>FC (4) = 2F.e(3) Fra(4)] (2.22)

which can be interpreted as “graviton”, “dilaton”, and “axion” as far as
Lorentz (and not gauge) structure is concerned. (In the nonplanar case, it
actually corresponds to those poles for color singlets in the 14+2=344 chan-

nel.)

2.5.3 N=4 super

Here we again prefer the superfield formalism as explained in Section 2. How-
ever, the 4-point one-loop case is dramatically simplified due to the IR regu-
larization. Consider the 4 types of fully contracted operators again and then

notice that they can have only limited 1/¢ factors, since each G? gives such a
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factor while G? doesn’t:

Po(21)Py(z2) : O(°)
Do(21)Q2(22) = O(")
Da(21)Dp(z2)Pa(z3) = O(e)
Da(21)Dg(#2) Dy (23) Ds(z1) = O(e™?)

(S)" : O™ (2.23)

This means that except for S they appear at best from the 6-point at 1
loop. So the only contractions for this amplitude are from S% and S2d2. We
also need to consider the case where 4 d’s act on the superfields. Then we can
directly write down the kinematic factor for the manifestly supersymmetric,

4-point, 1-loop amplitude

Hadsdydsg W (WP ()W (3)W°(4)
+astr (V") diadg) Fap(1) Fea ()W (3) W (4) + perm.

+ K, (FY (2.24)

K, is the same as K, above except that the (super)traces don’t include the
physical 7, 8. Of course, this missing contribution comes from (dgW®) (d,W?)
(dsW?) (d,W?°) plus different permutations of the d’s. Also, the missing con-
tribution for the ¢r(y*°y°) terms comes from — W (dj.dsW?)W7 (d},dg)W?°
plus different permutations. Note that this result already has the same form

as the 4D N=1 supergraph calculation for N=4 super Yang-Mills [24] (if we
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rewrite it in Majorana notation for comparison), where there tr(I) = 4 al-
ready, so S terms are unnecessary to produce str(I) = 16 x 1/4 = 4. (There
the d* comes from overall # integration, the d’s of the W’s being killed by
loop-6 integration.)

We give here the fermion part of the result of (2.24) and leave details to
Appendix B.6.

KPP = —iW(1)vay0aW (2)F(3)F®(4) + 3 + 4

= SW()Yarc0aW () (3)F*(4) +iW (1)7a0, WV (2) F*“(3) F.'(4) + 3 = 4
KIFEE = 4k kg W(D)AW(2) - W ()W (4) +2 « 4 (2.25)
where Ygpe = %y[a%%]. (The [abc] means to sum over permutations with
signs to antisymmetrize.) The second form of the FFBB amplitude can be
interpreted as “axion” and “traceless graviton” terms. (Using the fermion
field equation and symmetry, the former term is totally antisymmetric in abed
and a total curl on the fermions, as the F'F factor is then for the bosons,
while the latter term is symmetric and traceless in ab.) We have written these
amplitudes in manifestly gauge invariant form. Note that the complete 4-point
amplitude is totally symmetric in all 4 external lines. (This was clear from the
original form (2.24).) This means that not only are the specific cases listed
above separately symmetric between boson lines and between fermion lines
(if we had used wave functions instead of fermionic fields then they would be
antisymmetric), but the amplitudes for other arrangements of fermions and
bosons are obtained simply by permutation. The usual representations are

given in Appendix B.6.
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2.5.4 N>4 vector only

In principle there is no difficulty to evaluate higher-point diagrams. Some new
terms occur compared to the N = 4 case. First of all, 90X can contribute from
one vertex, acting on a field, which is indicated by a black dot in Fig. 2.1. (All
the other vertices contribute contractions between 6(z;) and m(z;) from S.)
Terms of the Green function higher-order in the e expansion start to appear
and thus Ky has z; dependence. We give a schematic diagram for various
types of contractions in Fig. 2.1. Notice that our diagram exactly coincides
with earlier covariant RNS results [25]. There can also be corrections from
the fermion partition function because of regularization. For example, this
correction in the 6-point amplitude is proportional to 6{'(0|iT)/67(0]iT) (see

Appendix B.4.2).

2.5.5 N=5 vector only

First we will consider the part of the amplitude that doesn’t have a black
dot in Fig. 2.1. Let’s call the graphs without and with a black dot K§ and
K% respectively. Since the 5-point amplitude has 5 sides we should choose
GY from exactly one side. This is true for both the pentagon and triangle +
ellipse graphs. The difference between them is the gamma matrix trace factor.

So we can write down the part of K¢ for a given group-index ordering (the
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kth vector has 0y*) as:

1
K¢ = _Z[ GO(2g — 21 )tr(y 01 2b2yasbsyasbiyasbs) 4 93 hermutations |
1
+E[ GO(2y — 21 )tr (101202303 (aabanasbs) 4 11 permutations ]
(2.26)
Then we can write
5
b _ ai al .
K, = Z kS GY (21 — 2j) Ka(2,3,4,5) + 4 permutations
=2
(2.27)

where K, was given in subsection 5.2. K¢ and K? complete the 5-point planar
amplitude. Totally antisymmetric e-tensor terms vanish because the 5 exter-
nal momenta are not independent. Notice that the light-cone GS calculation
reduces to our results after heavy algebra [26], and RNS needs a spin-structure
sum to produce this result [25].

We postpone the N > 6-point amplitudes to another paper, which will
be interesting because of the anomaly cancellation issue. One good thing
in our covariant formalism is that we have a totally antisymmetric e-tensor
naturally in the hexagon amplitude, where we have enough momenta to have

a nonvanishing result, contrary to the 5-point case.
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2.6 Open problems

There are many avenues of further study, in particular:

(1) Many types of diagrams can be calculated. At the tree level, diagrams with
many fermions have not yet been explicitly evaluated in any formalism. New
algebraic methods for the current algebra might be useful. At the 1-loop level,
little has been done with fermions or higher-point functions. Alternative IR
regularization schemes could be considered. The 2-loop 4-vector calculation
would be a good test, and nothing more than that has been done at 2 loops,
and nothing at all at higher loops.

(2) The Hilbert space needs to be studied covariantly, especially the vacuum,
to completely justify the naive manipulations we have made for tree graphs.
It would be useful to find the relation of these methods to supergraphs, where
explicit zero-mode integrations appear (both in loops, corresponding to 7 zero-
modes, and an overall integral for 6 zero-modes.) Massive vertex operators for
physical states are expected to also be relatively simple, as the spinor ghosts
should appear again in a minimal way (as opposed to the more complicated
structure of the BRST operator). The analogy to second-quantized ghost
pyramids (e.g., for higher-rank forms) might be useful: There ghosts beyond
the first generation (i.e., the usual Faddeev-Popov ghosts) appear only at 1
loop, to define the measure.

(3) Closer relations to other formulations might exist. An analog to the F
picture of RNS might further simplify tree calculations. The many similarities
with PS suggests it might be a particular gauge choice of GP that truncates

the ghost spectrum.
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Appendix A

A.1 Sp(2) components

The matrix elements of the Sp(2) operators are

<paq,7®‘7"a s) = C;ZZ(\/]; Opr+10gs + 10/q+1 5p,r§q+1,5) (A1)

(p:al7%Ir ) = Cpa(=ivp Spri10gs = Va+10pr00115)  (A2)

(r+s)(r+s+1)—(p+q)(p+g+1)
2

where Co =i . From these we can find “inverse” opera-

tors, especially
1 —p s pls!
<paQ|,~y_@|T» s) =1 Cp:q —— Ogpir—s1 [@p—q@s—q - @S—T@p—r] (A.3)

It satisfies

1
=5% %=1, =% (A.4)

The arrows means there is cancellation among the multiplied matrix elements
to the infinite ghost level. The subtle point of this cancellation will be studied

in Appendix A.2.
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Then we find that % and =% don’t (anti)commute but give
7

1 i T,S p: S'
<p,q|{’7—®,")/®}|’l”, S> - p+10 H q| I q p+r— sO p q+@p q— 1)(65 q+@5 q— l)
s r— 1+@s r p r— 1+@p r)] (A5)

1 7' T,S ps
(p,qI[%,v@]|r, 5> = ro V Iy q ptr— sO p q @p q— 1)(95 q+@s q— 1)
s r—1 — p r— 1+@p r)]

= 206,400 (A.6)
Some interesting and useful commutators are

.al® {5577 HIrs) = POV b+ Vidpsab)
(A7)
aalr®® 550" HIns) = =8I D0 Do,
+ VPP = 1)0p 1265 — 2\/m5p,q+15r+1,3)
(A.8)
(a1 {5 P Pls) = 16O+ D0+ Do
+ VPP = 1)(r +1)0pgs20r41,

— 2/p(r+2)(r + 1)0p.g+10r41,5) (A.9)
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Using (A.1),(A.2) and (A.5) we find

777@97@9 _ Z[ p<p — 1) (_1)p+lz~p+q+l 7P ha:p—2
Pq

+2v/pg+1) (—1)q+lz'p+q+1 =P gatlp—1

+ /(g + 1)(q+2) (=1)PHipHatt zpa gre2r] (A 10)

3%r = Y P (-1 At g (A.11)
pq

T2 = 0> [P (1P Ay ger!

+ /g + 1 (=1)7F 7Py gIthe] (A.12)

_ 1
Rt = 50550 "0
Z(_1)(q—p+r+1)r—qp—piq—10+1 b @ :]'fl—i_—r)!epvq ~C ga—ptr.r

qr
(@p—q + @p—q—l)(@r—p + @r—p—l)

1
4
p
[

— (Og—p—1+ Og—p)(Op—r—1 + Op)] (A.13)

PNy

1
9{7@,7@}7@9

Z(—l)(q—p+r+2)r—qp—p\/p!<q — p‘-l-' r+ 1>! gpa ga—ptr+lr
q'r!

AN,

pqr
[(@p—q + @p—q—l)(er—zﬂrl + 2@7“—1) + @T—p—l)

- (@q—p—l + @q—p)(@p—T—Z +20, 1+ @p—r)] (A.14)
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The component fields defined above satisfy

{7, 07°] = 6,6, (A.15)
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A.2 Subtle points in Sp(2) operators

In this appendix we explain some subtle points about =, due to the infinite
8]
dimensional structure of Sp(2) operators.

Consider the commutator

. (1)(0) .
{7y®0,[ 66 , R*]} (A.16)

o = (0|e"*ee|g)
= Oy + 0
= 00 + oo + HPOOO + HODDOOS 4o
0 = (0[e"® (ias)|0)
— 22‘(9@ _ \/5969696 +\/§9€9@€966 _ \/ZLQEBEBEBGBGGG + )

(A.17)

We will also need:

forn >0

(n) .
0 = (0= (iac)"|6)

e n(n+1) + k)!
= (—1)kFh+D; 757 (1 + @n%) %9"%’“ (A.18)
k=0 ’
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forn <0

(n) ,
0 = (0lemee (ial®) )

> [n|(ln[+1) k!
_ _1)knl+R+1), 1+0 _ M pklnltk
z R A AT

(A.19)

The above double commutator should vanish because the inner one involves

only 6. However, if we apply the Jacobi identity we see

O ()N oo
{mem [0 0,R]} = 0= [{m®m, 00}, R — {00, R}
- Lo .
- [OaR] _2{997’”7’79}
N m © @
= [0,R] +2 619°60 +4 6+ 6 (A20)

where we have introduced the scalar 0 defined by

(n) n(n+1) 1!
379w, 0] (n>—-1) = —i" 2 +”(1+@‘ | 1) —(ng—' ) (L0 gntl0)
nj—35 !
n(n+1) N1
—i—(—l)ni B} +n(1+@‘ | l) (n—lf—' ) (77-"+271 _ﬁn+2,1)
n|—3 |
+ .
n(nt1) (n+k+1)!
1\ (E+2)(n+k+2)—-1, +n —n+k+1,k _ —nt+k+1,k

+(—1) i 2 (1 +@INI—%> — (7w 7 )

+ .

=0 — 0

(A.21)
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and

™ N L (1)
[0.79%9°0) = —i"(1+© 1)y 0 (A.22)
2

Unfortunately, 0 is not zero in the presence of R®. Let’s assume the collective
(n) (n)
0 1 has k+ 1 terms instead of an infinite number of terms. Then [$77%7, 6 ;]

(—1)(’“+2)(”+’“+2)*1z’n(n2+1)*"(1 O, 1)y ot Z;+ S
n|—3 |

Finally, one can see that

L e e Oy ot Z|+ L, g
nl=5 |

(n+1) (n)
gives —i"(1+ @‘ ‘ 1) 6 k. Soif we make the collective 6 have an infinite
nl—3

gives

number of terms by k& — oo then 0 produces a nonzero result in the commuta-
tor with R®. This exactly cancels the remaining terms in (A.20) to make the
double commutator consistent.

Keeping this subtle point in mind let’s consider the following transforma-

tion

Q/free = eiRapanreee—iRapa
= e (leD — L7y®y®0b + 0b + [~iR"pa, —377%9%0 + 0]b
+ 17381 4 [~iR%a, 173%7] + 1[—iR%p,, [~iRp,, 177%]]

— 4mY"P0 + [—iR"pa, — 5Ty P pO])e P (A.23)
where 0b vanishes in Q. but will give a nontrivial contribution in the presence
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of R*. We will determine this term from nilpotency of )’

(n) -~
In terms of R® and 6, @ frec 1S

ree’

) 1 Ceen @O VRGN
eree = §C|:| — Ty b — 6 S’ pab + 5 g~ 0 pab
+ 0b + [—iR* 0lpab + 1m0 — 0%p,

+ 3[—iRpa, —0'ps) + FR®O (A.24)
where
a - @ @ @ 0 MR C)
[—iR"pa, —5777y0lb = — 0 7" 0 pab + 5 6 7" 6 pab (A.25)
and we have defined the vector 0%

0° = —[—iR*, 177%7] + i7y®y%0 (A.26)

The nilpotency of Q... implies

ree

~0 1 L, @ O @) (1) e
—{—0 ,§R }pa[l = 5(— 0~ 0 +§ 0~ 0 +[—ZR ,O])paD <A27)

3779790, §[—iRpa, —0"pp)] b = —[—377"7®0 + 0,5R®]0 b
L)) @)
= 1(3i 00 —2 66 —2(0,R®)Ob

(A.28)
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From (A.26) we can find 0% as

- (1 © o 1)
00 = L0y —L g (A.29)
where
n n(n+l) k+1)!
for x = 0, 7. Inserting this into (A.27) we find
e A n
[iR",0] = 67" 6 (A.31)
~ (D))
0,R®] = 2066 (A.32)
One solution for 0 is
~ (1)
0= %9 (A.33)

Now Q free 1s nilpotent, as it should be. However, the origin of collective
nonminimal fields is that R* produces 7y%~%6 using [77%, (3)} — 0. (The key
feature of R* is (5), see (A.13).) And this implies that R* and R® commute
with 7y®~v%6 only up to these collective nonminimal fields (see (A.7)). So
these collective fields are just mathematical objects to compensate terms like
[R?,0]. Therefore, a physical (but not mathematical) equivalent is to drop
0@ and (5) and regard R’ as terms commuting with 7y®~v®0 in (A.24). The

resulting Q free 15 simply

Q free = 10 —1my®%0b + 177%7 + L1R®O (A.34)
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with [Ty97%0, R®] ~ 0.

Our results for é’YMB(l.Z%O), éSYMB(1.49) and Q'%y ,5(1.60) all reflect this
prescription. 6 in these BRST operators will produce only 7%, 6% and 6%®)
(09%b will only appear in (1.30)) dropping (é) and (;) b. If we want to be
rigorous (5) and 01 should be kept and the commutator [R?, #7®y®4] should
be calculated for both to compensate terms from 0(®).

If we consider this mathematical rigor for Q% ,,5(1.30) we find

Varg = eV ge(0 = Ay"0Fy) + R0 = 7y"0Fy)
+  55[iR%, 0a)(0 — Ty0F,) — 17y®%0b + 177%7
+ 0b — (5) 7® (5) Vb + 2 (é) e (é) Vib — [iR*0]V,b
- 0V,
— (b= 1)+ R®b+ S[iR*, 0,]b}
X 5%7
+ e+ R+ 5iR, 0,]}

@ 0 m N
POF, Vel(— 070 + 260 — [iR°,0)

1 5 .
X Q%VGbe[Fabavc]Oc] eV | finear in F, [v,F]=0 (A.35)
where

D = dimension of space-time (10 here)

and O = —V°V, (A.36)

(n) ~ .
If we drop ¢ and 0 and regard [y, %@] = 0 (which is equivalent to [R", 7y®7%0]] =

0) we come back to Q% ,,5(1.30). The last four lines do not contribute to Q% ;5
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but are there for nonconstant Yang-Mills background.
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A.3 Regularization

In this appendix we will consider a regularization procedure which will give

the prescription of the previous appendix. The motivation is the fact that
(n)

[73®7, ] — 0. However, this does not exactly vanish, but leaves a piece of

(n+1)

T - This remnant gives a nontrivial contribution in the presence of %@,

ie.,

(0le™e?e (ias)"3°10) — 0

(O =" a3 =516) — 0 (A.37)
Now if we introduce some regularization parameter z as
(P, a7, s) " P (g4 ), 2 ] (A.38)
then (A.37) becomes

<0‘6m®a9 (Za@)n’?®|9>k N Z2n+2k+1 9n+k+1,k

. 1 (n)
<0’€za@ae (iae>n’~)/®:y_®‘9>k s Z2n+2k+1 ] . (A.39)

where k& means the collective field has k + 1 terms. The regularization is to

send k to infinity with fixed z (< 1). Then the operator ﬁ@,y% is a projection

operator which will project out the collective fields. The free terms in any

Qbackgroud all have this projection operator which goes to the identity in the

5



absence of =5.
v

—%7‘?7@7@01) + iﬁ’ye‘aw — i%Vaﬁfy@fy“@
— =100 + 170 — ig VP 110

(A.40)

The arrow means inserting the projection operator and dropping collective
fields after expansion of exponential factors.

If a collective field is truncated, i.e., with incomplete beginning or ending
components, then we cannot remove it by this regularization procedure, but
we can still avoid its contribution. This situation occurs when we consider the

commutator
{nmPP+l Vo0, 77®40]} = {naPPH —iVy9° =0 (p > 0) (A.41)
where 7 is a constant fermionic field. This implies
[Vof, (PP 4 aPHip+hg — 0 (A.42)

The second argument in the commutator is an example of a truncated collective
1)

field. Actually, this commutator indeed vanishes if we consider 6, which

we drop in regularization. So for consistent regularization we take this as

vanishing.

This fact is applied for closure of the algebra

[0, 7, Qr], Qr} (A.43)
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where Qg is any version of the BRST operator including R'. After canceling

ghost-number-nonzero components this commutator reduces to
1= ot
[n'Cy nCy] (A.44)

where C;t will be superstring constraints if we use Qsstring. But the original

commutator is just

Lnor [/ 7P {Qr, Qr}]] (A.45)

and it is just zero due to nilpotency of Qr. However, n'C; has a term like
Ny (wPP + PP which comes from [n/nPPT 74P420]. But this combina-
tion of 7PP is just an example of truncated collective fields. This truncated
collective field will interact with 6 in nC; giving a nonzero contribution in this
apparently vanishing commutator. This should be canceled by a [n/7PPT!, é]
contribution, which we projected out by regularization. What this means is
that for consistent regularization we should take the commutator with trun-
cated collective fields, 8, R as vanishing. For example, we should take [(7PP +
71241y 9] as zero but we should calculate { (6P 4 P+ (gpp 4 gptlotl))

in ['C.7,nCf], both of which come from 7®~%0.
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A.4 Closure of constraints

First of all, if one directly calculates [7PPT! R®] one gets

RS = 33 (1P 107 (O, 1 20,1 + 6y p0)
—i—i Z(_Dp\/mg”ﬂ"[(@pqﬂ +20,,+06, 1)
= —%Ar—l— 1B
= —YA-B)-LA+B) (A.46)

(0)
But A + B is just (=1)’y/p+1 @, and it will vanish when it acts on the

projection operator II. Also,

A—B = —2(=1)\/p+ 19,

in terms of ¥ (1.79). When we calculate closure of the constraints, there are

two types of terms related to the above expression, i.e.,
{4, RE), [0+, 75 7]}
and

{lpm? 1, R, [ 7+, 7y ®q00]}

{lnm? P, Ty 0], [, R¥]}

where 77 and 7' are constant spinors.

The first type is always zero due to the symmetry of v® and A®. If p # ¢,
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p # q+ 1 and p+ 1 # ¢ the second type cancels because of the A — B
sign difference. If p = ¢ we can express PP R¥] as just —/p + In(0P? —
PP If p =g+ 1 or p+ 1 = q we can use \/p + 1n(6PP — GPTLPT1) This

becomes clearer in a simpler situation,
{R®,71y%"0} =0

Then we have

{7, g {R®, 79940} = 0

But this implies
{2t REY, {n/m 0, 7y @y 0} + ({7 RO}, {79540} = 0
This is one part of the closure of constraints. A similar analysis shows

[ npa,ya(gp,p + €p+1,p+1)’ n/pa,ya(gp,p + 9p+1,p+1> ]
~ [ n(ﬂnp _ ﬂ.p+1,p+1)7 Zi;Ra ] n/,ya(ep,p + 9p+1,p+1)

4 Tn/a(@p,p 4 9p+1,p+1) [ ﬁﬁfm n/<7rp,p _ 71.p+1,p+1> ] (A.47)

where ~ means we should drop truncated collective fields.

Secondly, from the fact that [6, 7?7@7“9]:%) —i 0% ~ —i 0% due to regu-
larization when 6 acts on terms from 7y®+%0, we should change the sign of
0. ( More precisely, they are all zero except for 7" from 77®~y%9. For only

this term we can see this sign-change effect as explained in the previous ap-

pendix.) This fact was implicitly expressed with the projection operator II in

79



the constraints.
Finally, one should be cautious about {77®~%0 , #7®+%0} = (—1)(-2)g*®
779y®0. The “—” sign comes from the fact that OSp(2) gamma matrices (and

therefore a' and a) anticommute with ordinary gamma matrices. This gives

an additional sign when one calculates terms like [ny20PP | n/~+>wPP].
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A.5 ZJBYV form of BRST

The ZJBV form of the BRST operator follows from the Hamiltonian form of

the BRST operator

Q7P = 16%¢a — daf{o™, Q"] (A.48)
Then in our case,
Zirmg = =X -P° 3 QLT (A.49)
+

where, e.g., for the (4) term (for (=), just add a — for each ')

2B i 4 Gn

sstring

+ (X, —P) [(c + 165%0) pe — Lay®y0
— (i@o%eg + 2i07,6) + 07,0 — Rg|>> R® + i10%0, 0070,
—36%7"7"6 (z‘%é’o%% + 20000, + iOnwd — ; R;|>)
— 1099400 <22’9~%96 + 02 0,0 -3 R;|>>}

—  ¢lied +2 7a'®a®0|;]

|
S«

( —1P? —2idb —ich — i0'm — i[f(a!®ag —CLTGCZ@)W]/)
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+ D o [ {i(c+R®+105%0 ) |07}

p>1

+vp+2
—2i[(p+1) -+ 1%]119?“%
+(_1)p+ % D+ 1H(7Tp,p _ Wp+1,p+1)

+(-

% P+ 7an(gpp + 9p+1 p+1)7; }

[CIES

+24

+57 (226’%9’ + 13 5 fry,0 — 3 R:;|>> _7T1’1+7aH91’177a}
- Z Tp,p+1 [{z (c + R® + %%@9 ) |>ﬂ-p,p+1}’
p>1
P+1 /p+ 197’{ 1732 1P2 +i§/ﬂ+i[9—(aT@a@ o CLTeae)ﬂ']/}

T + 1 an/r—1,7r
+%R@|> Z(_l) 24p+1 pT,Y 9’ 1, (@’r—p—l +®r—p—2)7)a

1Pt
{ (v*60) P, + ik L (7*60) 60740
ag

T

_ ( 1)p+1 /p—i- ((gp,p _ 9p+1,p+1)
X ( 1P? 4+ il + i[0(a"®aq —aTea@)ﬂ]/)
/ \/]‘_)+ \/F] p+1, P}

+ 2i[(p+1

_(_1> p+1 % p+ 170H(7Tpp+7rp+lp+l)73

r +1 apnlr—1,r
(D 8 (0, 4 6, )

X <—7_T’V@’Ya9|> +i0%y" (Wo + (7°00) Py + i (7°60) 0o ) + i‘f@%éﬂ
— 1o {”}’a (7To + (7°00) P, + i2(+"60) 0016, )
X (Pa +ifyaly + 20740 + 070 — L R )
+2457%0 (22'9%9() + 0% fy,f — 2 R;|>>
x (Pb + iyl + 200 + i3 — 1 R;,|>)

—y Intt (Pa + 6.0, + 21’5%06 + 0,0 — % R |- )
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+291’1< - %ﬁﬂ - i[Q_(aT@a@—aTeae)w]'>
, . . 2
+209° x {—% P, +i007.0) + 2i07.0, + 07,0 — 3 Rfl|>)
HPE 4 i+ (%0 — )] )

2 1 /r—1,r
+IRPLY (—1) HWW (O, 1 +6,.9)P,

_% (_1)r2+1%7a61r71,r(@7.71 + @7‘72)

T

X (—ﬁ7@7a9|> + 64" <7T0 + (ngo)f:’b + i%(7b90)90%96 ) + ifj@%ﬁ)}

- Z ép,q [ep,q’ sttrz‘ng}

q#p+1
- Z g™, Qsstring } (A.50)
q#p+1
where
1 >0
0, = (A.51)
0 =<0
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Appendix B

B.1 Hamiltonian to Lagrangian

B.1.1 Superparticle

In our previous paper we constructed the BRST operator for the superparti-
cle and superstring in a super Yang-Mills background [17]. From the BRST

operator we can get the gauge fixed Hamiltonian:

ch?ticle _ {b, QG}

—10+ WV, + $F%0 > (B.1)
where

0 = _(pa + Aa>2; Nap = 6ab
va = dOa + Aa
doa = Toa+ (P00)as  Toa = 0/00f

v o= =iy =), (A =26
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and V,,V, are the graded covariant derivatives.

Notice that 7 and 6 are shorthand notation for m,, and 679, where p — ¢
is the ghost number and p + ¢ is the ghost level. (Even level and odd level
correspond to fermion and boson respectively.) The expression “|.” means
“ghosts only”.

Now we go to the Lagrangian form of the action for z. To obtain complete
results for the amplitude rules, we need to keep terms in the Hamiltonian
quadratic in the background fields. This has two unusual consequences: In
the Lagrangian, (1) all these terms will become linear (as familiar from the
bosonic case), and (2) such terms new to the supersymmetric case will appear
only with 0.

Neglecting ib¢ and F' - § we see

—p-d+imd + 1(p+ A)® + W moa + *(Yabo)a + Ad]

= 1P Himd+ A g — A0 + W + (& — A) - (00)a — 2(10)a - WHE]

By redefining mo, = moa + A - (760)a + %(yﬁo)a - Wby (deformed only with

gauge fields) we get
—%ZL‘2 + 171'0 — Aa’iég + A . (,I + 100’790) + Wa[ﬂ'()a + l’ . (’700)(} + %(700)04 . 90’}/00]
The background terms then give the vertex operator

Vo= A%,

= AW+ Ay + W, + LF8, (B.2)
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where

da = Toa + T - (’YGO)a —+ %(790)01 . 60’790
Pa = T + 190’}/90
w* = —iég

Sap = Ovam|s (B.3)

The fact that 6 vanishes by its free field equations is related to the fact
that its contraction with 7 gives a §(z), canceling a (spacetime) propagator,
and thus contracting two 3-point vertices into a 4-point vertex. Thus, they
originate from terms in the Hamiltonian quadratic in background fields. The
string vertex operator is the same, with the 2z derivative replaced with the left-
or right-handed worldsheet derivative.

In our previous paper [17] the background coupling had additional terms
involving the expression R®, quadratic in ghost 6’s. These terms never con-
tribute to amplitudes because there are no ghost 7’s to cancel them. (§ has a

ghost 7, but together with a ghost .) This is also true for the superstring.
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B.1.2 Superstring

Like the case of the superparticle, the gauge fixed action for the superstring

comes from { [ b, Qsstring }, adding first-order terms: without background,
SGF = /d2z f)mc?mX - %nmnpmpn + Z\/EZ 8icibii + Z\/ﬁz 6i8i7ri
+ +

The v/2 comes from 0y = (1/v/2)(0p + 01).

We can introduce the background as for the particle case:

Vo= A%y
= AQ%+ AP, + WD, + LF®S, (B.4)
where
Da = Tow + (’}/an)aaXa + i%(’Yaeo)aeo’Yaaeo
Pa = 8Xa + 7;90’}/@690
Q, = —i00y,
Sab = G’ya;ﬂr\> (BS)
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B.2 Current algebra

The operator (affine Lie) algebra remains simple because the currents are no

more than cubic in the fundamental variables:

Ja(z21)Jp(22) = Gyp(z1—2) fap® [ Jc(Z)+Glag(z1—2)Nap+ it Ja(21)JB(22) =
(B.6)

where Jy has zero-modes j4, of which only p, and d, act nontrivially on

A4, and G g is the relevant Green function. For example, Gén) = G and

Ggfg) = Gé”fl). The various definitions are

Jop®[2]Pa(2)

’YZB[Pa(Za) + Pa(2p)]

fasl(2) = 27005’ (24)
foaslZ(2) = —2740527(24)
n. = —id]

n'a = idl
Nay = —TNab

otherwise vanish
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and

1 Ja(21) () =AY = Ja(zn)Jp(z) 1 A
Ja(z1)AP () = Glp(z1 — 22)(jaA")(22) + :Ja(21) A% (22):
AL (2)AB(z) = e FrkGalmi=22). A4(5 ) AB(2,):
2 Ja(2) () w Jo(z) = (=1)PCGhe(a — 23) fac”[£]Ip(2) Jo(23)
+Gpo(22 — 23) fc” (21T a(21) Ip(2)
H(=D)PG (21 — 23) fac[2] 2 TIp(2) e (z5) =
+Gpe(z2 — 23) fpe 2] = Ja(21)p(2) =

+ 0 Ja(z1)IB(20) Jo(23) (B.7)

It is then straightforward to get (2.1), which is all that is needed in amplitude

calculations.
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B.3 Component expansions

The 6 expansion of the superfields follows directly from the constraints on the

(super)field strengths

[vm vb] = Fab
{v()aa vOﬁ} = 2’7&046Va
[VOOH Va] - Q’Yaaﬁwﬁ

and the Bianchi identities that follow from them.
Although in practice we perform component expansions by evaluating spinor
derivatives at 6 = 0, we can also directly expand superfields in . In a Wess-

Zumino gauge we have:

o

Fa = Fg
we = W4+ %(,}/abeo)aFub
Aa = Aa + 290%W + %eo”ya’}/bceo Fbc

o

Aa = <7a00)aAa + %(’Yae[))aeoﬁ)/aw—i_ i(ﬁyaQO)aeofya’ybceoFbc

where o indicates #, independence, and we have expanded only to constant
field strengths W and F', which is sufficient for lower-point diagrams because

of the deficiency of 7’s. The vertex operator V' = Vg + V. for the superparticle
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is then :

Vi = id &+ $F%0y,m

Vi = W% mee — i@ - (7v00)a — é(VaQO)aQOVQQO] (B.8)

Here 07,7 includes the physical 7, 6. (In terms of superfields and currents
we hide this physical mg, 0y in W< and D,. Then S has only ghost number
non-zero 7, 6.) Notice that the spinor vertex is the supersymmetry generator
Jo, Which will happen again in the superstring case. Inserting plane waves for

the fields,

Ve = Au(id® + 0y%rky)e® (B.9)

VF = ’LUa ['ﬂ—Oa — ZZL‘ . (’790)(1 — %(%HO)QQW“Q'O]&“ (BlO)

The superstring vertices are essentially the same.
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B.4 Loop review

B.4.1 Superparticle

Since our theory is 1st-quantized, we should calculate amplitudes in terms
of worldline Green functions with periodic boundary conditions [27]. So our

partition function with imaginary time is
< dT
N/ T /DX De Db DO Drr Tr e~ o % Lo (B.11)
0

where

N = / DP ¢ o 17/ (B.12)

and f dT /T comes from the Schwinger proper-time integral representation of
the 1-loop vacuum energy —7'r[ln(—0)].
Since this is a 1-loop amplitude, we should impose periodic boundary con-

ditions, on both X and 6 (to preserve supersymmetry):
X(T) = X(0), 6(T) = 6(0) (B.13)

This boundary condition also results in a supertrace naturally in the loop
amplitude.
In this setting the color-ordered, N-point, 1-loop amplitude of the super-

particle can be written as:

AN == GN/ dT (27TT)_D/2/ dN_]'Zi KN 6_21ST<SSN kr-ksGrs
0 0

<zp<zry1<zy=T<oco

(B.14)
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The factor (207) /2 comes from N [ DX e~/ X*/2. The z; integration factors
come from the Nth order expansion of the vertex operator. The worldline
Green function G(zs — 2,) is given in (2.15). Examples of the kinematic factor
K are given in section 5. The factor Gy is the trace of group generators in

a given ordering.

B.4.2 Superstrings

The procedure is almost identical to the particle case. One difference is that

our Green functions are now doubly periodic:

G*(2) =G(z+2mi) =G°(z+1T)

GY2) =Gz +2mi) = G¥(2 + T) (B.15)

Again this periodic boundary condition in both directions is required by su-
persymmetry. Also, there is a topological distinction among graphs, namely
planar, nonplanar, and unorientable graphs. We will concentrate on the planar
one here; the others follow from similar considerations.

We can write the color-ordered, N-point, 1-loop, superstring amplitude in
a form identical to that of the particle case (B.14), but with the string Green

function given in Appendix B.5. After the usual change of variables

pi = e 7, w=py=e" (B.16)
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we have

1 o D/2 N-1
GN/ 0 (ﬁ) / 11 UPr [ e TrercuewhohiGre (B17)
o w \Inw 0<w<pry1<pr<1 Pr

r=1

In the bosonic case there is a factor of [f(w)]~P*2 coming from the partition
function (and a w from the tachyon mass) for D X’s and the 2 reparametriza-
tion ghosts b and c. In the supersymmetric case this is canceled (as in all
superstring formulations) by an [f(w)]@”/?(1=2+3=4+) — [£()]2”™""* which
comes from the infinite pyramid of spinors, in D = 10. However, the regular-

ization introduces corrections to the spinor partition function:

[T = w1 —w)* =[] = w)* (1 —w)? (B.18)

n

The € expansion of this partition function gives corrections to amplitudes. For
example, in the 6-point, 1-loop amplitude we expect a term ~ (1/€)%(20)'/6,),
where the (1/€)® comes from 6 G?’s and the €20’ /6, comes from expansion of

the spinor partition function.
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B.5 Periodic Green functions

B.5.1 Second order

The general Fourier decomposition of a function in 2 dimensions with doubly

periodic boundary conditions ((x,y) =~ (x + 2m,y) ~ (z,y + 277)) for real

T=T/27 is

Gla—a' g —yf) = 37 Gy im0

n,m

(B.19)

Then the G, ,, for the Green function of the differential operator —9% — 35 + €2

is easily found to be
1 1

= 2
20T n? 4 Ty 4 €

Gnm

)

For simplicity we can set ' = y' = 0 by translational invariance.

Schwinger proper-time parametrization we get

" 27

1 b o
G(xa Z/) - Z/O ds efs(”2+m2/72+62)+mx+zmy/‘r

Next using Jacobi’s transform

a2 /21 m _ . 2.2
§ e sm /T2 +imy /T — 1= E e (2mm—y/T)*7%/4s
S
m m

we get

1 o ™ 2.2 24 2V,
G - d N —(@rm—y/T)*1?/4s—s(n®+€?)tinx
=5 3 [T
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Using

(B.21)

(B.22)



Then using

p

() /2
/ ds s@71 e7PsT/s = 9 (g) K, (2v/pq)
0

we get

(2mmT — y)?

G(x,y) \/ﬁ Z <n?—+e2> v e Ky g (\/(271'7717' —y)?(n? + 62)>

(B.23)
Also using K7 )2(2) = /7/22e7% we get
G(l’ y) — EZ 1 e—\27rm‘r—y|\/n2+62+imc
’ 2 Vn2 + e2
— 7e|y| —€|2rmT—y| 7|y|\/n2+62+inx
m;ﬁO n;éO
—|27rm7'—y|\/n2+62+in:5 B.24
n%;éo v 71,2 + 62 ( )
Now let’s transform each sum into a sum over positive integers only:
1 1 -
_ —el2rmr—y| _ — —2TmTe
5 e = - cosh(ey) Z e
m#0 m=1
1 cosh(ey)
= —e "Mt— B.25
2¢ sinh(77e) ( )
1 —|y| n2+e2 + inz RS
53 e T e ree) (B0
n#0 n=1
1 7|27rm7- ylvn2+e? + inz 1 =
5 W =5 Z n2+62 “(op + "+ cc)
n,m%#0 n,m=1

(B.27)
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where

In)\, = (x—l—z\yh/ )
Inp, = (m—l—zy\/l—l— )

_ /14-€2 /n2
w, = e 2n7/ 1+€2/n

(B.28)

We can subtract out G for the particle from G(z,y), which includes the part

divergent as € — O:
1 cosh[e(|y| — 77)]

B.2
2¢  sinh(7Te) (B-29)
The remainder is
3 Z \/71217%()\2 +c.c.) Z \/W n" oy 4 pr" + cc) (B.30)
n=1 n,m=1

In the € — 0 limit (w, — w=e¢"T, N\, = X\, pp — p=e"% 2z =y — ix), using

x—: In(1 — x)
n

we get for the remainder

—Infl = A= In|(l—w"p)(1—uw"p™")

Re(z)2 1
_ _% — S I[N = In[f(w)?| + G,
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where (assuming |y| = y for simplicity)

2ml, (£ |L) [Re(z)]?
G= T = ] 27T 27
0i(l5r) = —iw (= p ) [T (= w™p) (1 = w"p (1~ w™)
m=1
0i01) = 2mw'Sfiw),  flw)=[[(1—wm)
m=1

and G, is the unregularized Green function with the usual 7-dependent “con-
stant” added to normalize its short distance behavior to be the same as that
of the tree case (see, e.g., [28]).

Combining the two parts we get

1 v oy T
G0 = gator ot tol
1 In? p 1 9 -
#yhe (L) = Jhulol = m [ w]?l + G, + O
= L )+ 62+ 00 (B.31)
T Te 12 un T HAE '

The first term is the zero-mode behavior, and the second term is a constant
that won’t contribute to massless amplitudes (because of derivatives and k? =

0; the non-f piece is the same as for the particle).

B.5.2 First order

The worldsheet Green function for # can be obtained by differentiating that

for X. However, to be careful about zero-modes some modification is needed.
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For the 1st-order differential operator —i(9, — i0, + €) we find the mode sum

of the Green function

—im/T + NAE€ iy
GG - inz+imy/T
Z =« m?/7? + (n + ¢€)° ‘

. . 1 1
= (=9, _Zax+€)27r7' Z m? /72 + (n+6)26

)

inx+imy/T

where the € in the numerator is nontrivial because the second-order Green

function has a 1/€ pole. The above sum is almost identical to the second-order

2

case except for the change n? + ¢ = (n + ¢)%. Therefore we can write the

first-order Green function as

. , 1 coshle(|y| — 77)] 1
G’ = i(-0,—i0, — (An
=0y —i0: +¢) 2¢  sinh(7Te) +2;n +ee)
+ Z "o + pi" + cc.) (B.32)

where

In A,

i|z+ily (1+%)}
np, = ifo+iy <1+%)}

w, = e—27r7'(1+e/n)
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Hence it has a less divergent leading term followed by the expected differenti-

ated second-order Green function:

0 __ v = 0 _n
G = T_6+2Gn€
=0

- TLE i, +0,)GE + O(e) (B.33)

100



B.6 Super amplitudes

B.6.1 Super tree

In this section we give some details of the calculation of 3-point tree and
4-point 1-loop super amplitudes.

We will concentrate on terms which give fermion contributions. In (2.6)
only C, D, and E give the AWW amplitude. Let’s consider A(1)W (2)W (3),

for example. Using (2.1),(B.7) we get for the tree (no fermion zero-mode

regularization)
(PORQ) = gy
(DLOX@) = N
<Pa<1)Da(2)Dﬁ(3)> = —i%aﬁ[zf,@ (zl_lz3)2 - 21323 (Z2_121)2
1 1 1
_ZQ_Z3<(21—7;2)2 + (Zl—ZB)Q )] <B34>

101



Then we see in the Wess-Zumino gauge (A, = 7250°A* + O(6%) + - - -, etc.)

C:(PPD) = —(Pa(1)P(2))A*(1)(Da(3)A"(2)) W (3)

= il L A1) (daAl(2)WO(3)

(z1—22)? z3—22

= —i—Ll 2 AW (2. WV (3)

(z1—22)? z3—22

(PDP) = —(Pa(1)Py(3)) A*(1)(Da(2) A*(3))W*(2)

= —i—L 2 AW (3)W(2)

(21—23)? 22—23

D:(PDD) : —(Pu(1)Da(2)Ds(3))A"(1)W*(2)W"(3)

1 2 1

2
[ZI*ZQ (z1—23)2 z1—23 (22—21)?

—am (e e AL - W (2 (3)

zo—23 \(z1—22)2 (z1—23)2

E:(QDD) : (Q%(1)D5(2))(D5(3)Aa(1)W"(2)W7(3)

—(Q%(1)D4(3))(Ds(2) Aa(1))WH(2)W7(3)

S NS S S — 1]A(1)-W(2)7W(Zﬁ3.35)

(z1—22)%2 z3—21 ' (21—23)2 z2—21

This reduces to (2.7).

B.6.2 1 loop : 2 fermions + 2 vectors

We will concentrate on the case where the fermions are at both ends. The other
case can be easily obtained by permutation. There are two kinds of contribu-
tions: W (dW)(dddW )W (with W F(ddF)W) and W (dW)(dW)(ddW) (and
corresponding W (dW)F(dF)). The W2F? contribution gives a GP sum with
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the corresponding W?(dW)? as usual. The explicit formula is

A = WD) (d,WP(2)) (5dipdads W7(3)) W(4)

+ 15t (Yarea) W (1) F(2) (g1disdo) F(3)) WO (4)
B: — W) (gdisdady W(2)) (dsW(3)) W*(4)

+ 5t (Yarea) W (1) (grdisdag F°(2)) F(3)W°(4)
C: — W1) (dWP(2)) (dsW7(3)) (3diad W°(4))

+  2tr(YaYed) W (daWP(2)) F*(3) (dgF'(4))
D: — W*(1)(d;W"(2)) (dW7(3)) (%4 (4))

B (e WO (1) F(2) (daTV7(3)) <dwFCd<4>>

L (dpd, W (1)) (dsW7(2)) (daW7(3)) W°(4)
— tstr(Yavea) (dsF (1)) (dsWP(2)) F(3)W°(4)
F (dydsW (1)) (daW?(2)) (dsW7(3)) W°(4)
— 2 tr(Yayea) (d, F(1)) FU(2) (dsW7(3)) WO(4)  (B.36)

A and B vanish due to a GP sum. C'+D and E+F give identical contributions,
using integration by parts (momentum conservation) and the (free) W field
equation @W = 0. The results are given in (2.25).

These results appear in the literature in forms where neither gauge invari-
ance nor permutation symmetry (relating FFBB and FBFB) is manifest, which

we now provide for comparison. When written in terms of each momentum
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and gauge field, the results are (before applying integration by parts)

— b B W (1) Aafio ATV (4) + A - RV (1) Aol TV (4)
— 4o - KW (1) Asfls ATV (4) + A - Rl (1) AssfalV (4)
— 4 B () Aaflo ATV (1) + A5 - IV (4) Aol TV (1)
Ly koW (4) Asks ATV (1) + LAy - by W (4) AW (1) (B.37)

M =3 O Q

Each of C'+ D and E + F' can then be re-expressed as

k1 - kg W(1) Asks AW (4)
+ k?l . k’4 k’4 . A2 W(l)AgW(éL) + k?l . kg A2 . Ag W(l)kQW(ZL)

+ ki Ag kg Az W(L)JEW (4) + ki - Az by - Ay W(1)E3W (4) (B.38)

Another expression for each of C, D, E, F' can be obtained by absorbing the

second term into the first term, and the summed result is:

— k1 ks W(D) As(Fs + Fa) AW (4) — Ko - bW (1) Ax(F2 + Fa) AsW(4) (B.39)
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B.6.3 1 loop : 4 fermions

There are totally % . (;) +2:2=23-4 =12 terms (and also 12 corresponding

(dF)*W? terms) contributing to the 4-fermion amplitude:

[o5][0]

[a][B4]

[d][537]

For each term there are 4 terms, which come from [dodg —~43(—10,)]?

st (disdo) W)W (digd g W )W°
— st (A dgWYWPW (djgdeg W)
— s W (dppdy) W) (diadg W)W?
+ 5 W (dp, dg W)W (djodgy W)
— 551 (disdg W) (diy dog WP )W W
2l2| (d[ﬁd6 Wa)WﬁWV(d da]Wé)
a1 WO (dady W) (disd g W)W?
— g W W (dyad W) (djad ) W)
— 5t W (dadg W)W (dp, dy W°)
+ai51 (diydig W) (disd g WP )WY
— sk (ddy WYWE (disdoy W )W?

+ 5 WOW P (diodsg W) (digd )W)

212!

(B.40)

. Among

them only the v term survives, and the others vanish due to a GP sum from

corresponding (dF)*WW terms.

For each group two terms are equal to the other 2 terms, and the resultant

105



6 terms are

2W (L)W (2) W(3)3W (4) kyks

—2W (1)7. W (2) W (3)3W (4) kikj
+2W (1) W (3) W(2)wW (4) kiks
—2W (1)7. W (3) W (2)3W (4) kik]
—2W (1)7a W (4) W (2)3W (3) kiks

AW (L)W (4) W (27 WV (3) Rk (B.41)

Symmetry between any two fermion lines is somewhat obscure in this form.

But there are Fierz identities which make it clear:

A WY W(2) W(3)7aW (4)

= W' W3) W)W (2) = W(1)y*W(4) W(2)7.W(3)

B: Wy W (1) W(4)yamwyW (3)kTkS
= AW ()7 W (4) W(3)yaW (1)ky - ks — 4W (2)7. W (4) W (3)yW (1)kSKS

F12W (27, W (3) W L)y W (A)RSRS — 120 (203" Wa W (L)3a IV (4)ky - ks
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C: WENay" W (1) W(4)ramwrW (3)kiks
S WSV (Lks - ks — SW (2T (4) W (3 (DRE,
H16W (2)7, W (3) W (1)yW (4)ki ks — 16W (2)7*Ws W (1), W (4)k: - ks

AW )W (1) WAV (3RS, (B.42)

Using the above identities we can rewrite (B.41) as

Ak - ky W(L)yW (4) - W (2)yW (3) — 4ky - ka W(1)yW(2) - W (3)7yW (4) (B.43)

Now symmetry in fermion lines can be checked using Fierz identity A.
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