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Abstract of the Thesis 

 

Identification of Nonlinear Properties of Thermal Spray 

Zirconia under Mechanical Loading 
 

by  

Xi Yang 

Master of Science 

In  

Mechanical Engineering 

Stony Brook University 

2009 

 

Thermal sprayed Yttria stabilized zirconia coatings exhibit nonlinear mechanical 

responses as the stresses within coating change. This behavior can be explained by the 

microstructure of the TS coating materials (pores, micro-cracks, splat boundaries etc.). A 

robust procedure to estimate the nonlinear properties of the TS coating by mechanical 

bending is introduced in this paper. The loading condition used in this study is generated 

by four-point-bend test. Compare to other loading condition, four-point-bend test can 

generate higher stress in TS coating, and also it takes short time to carry out and 

eliminates CTE effect, which makes it a suitable method to generate pure mechanical 

loading condition.  

To estimate nonlinear properties of coating, first, a suitable stress-strain model is 

proposed to describe the nonlinear behavior, and a bi-material beam solution is derived. 

Then an inverse analysis is utilized to extract the unknown nonlinear parameters from the 

moment-curvature measurements.  Prior to applying the procedure to process the actual 

specimens, a detailed verification study using finite element simulations was carried out 

to examine the accuracy and robustness of the method. Here, the sensitivities of the 
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measurement errors and calculation of each parameter are studies carefully. Also a 

comparison with the procedure based on thermal cycle test is discussed.  

After the verification, actual moment-curvature measurements of TS YSZ coating 

are used to determine the nonlinear properties. According to the estimated results, HOSP 

and FC specimens have different mechanical responses under mechanical loading due to 

the different microstructure of the powders. Also different spraying approaches can result 

in the coatings behave different. A comparison of the coatings’ behavior under four-

point-bend test and thermal cycle test is presented at the end. The results show that TS 

coatings have stiffer mechanical response in mechanical loading condition than thermal 

loading.  
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1. Introduction 

Thermal sprayed (TS) coatings are extremely effective in increasing component 

life and value, decreasing machinery down-time, and improving performance in a wide 

variety of applications. Aerospace, automotive, biomedical, printing, paper making, oil 

and gas, electronics, and food processing equipment are just a few of the industries 

achieving new and better results with thermal spray coatings. As the engineering 

application increases, their mechanical reliability becomes more critical to ensure 

designed performances. The coating’s properties, such as effective modulus, thermal 

conductivity and residual stresses, are key factors in understanding coating’s reliability 

(Kesler et al., 1998).  

Often TS ceramic coatings are synthesized with plasma spray guns where 

feedstock particles are melted at extreme temperatures. The molten or semi-molten splats 

solidify rapidly on substrate surfaces to form a coating. This process generates lamellar 

microstructure as well as many defects such as pores and cracks. This unique structure 

results in the nonlinear mechanical elastic behavior by the opening and closing of the 

micro-cracks and pores and sliding between splats interfaces under compressive and 

tensile load (Liu and Nakamura, 2006). Under high compressive load, crack faces are 

closed and the coatings exhibit higher apparent stiffness while opened cracks under 

tensile state produce more compliant response (Kroupa and Dubsky, 1999; Kroupa and 

Plesek, 2002). Many methods were carried out to exam the nonlinear properties of TS 

coating. Liu and Nakamura (2006) reported the nonlinear behavior of the thermal under 

thermal cycling test. Harok and Neufuss (2001) reported nonlinear behavior of 

atmospheric plasma sprayed (APS) ZrSiO4 under four-point-bend tests. Waki et al. 

(2004) observed the nonlinear stress-strain responses of plasma sprayed zirconia coating 

using the laser speckle strain-displacement gauge (SSDG). Wang et al. (2006) showed 

nonlinear stress-strain relation of thermally sprayed metallic Ni–45Cr coating under 

tensile loading along the through-thickness direction due to its lamellar features.  

The determination of the nonlinear property is important to evaluate effectiveness 

of the thermal spray coating. Liu and Nakamura (2006) provided an effective method to 

estimate the nonlinear properties of the TS coating under thermal cycling test; Eldridge, 
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Morscher and Choi (2002) measured the modulus of the coating using ultrasonic 

techniques; Basu, Funke, and Steinbrech (1999) and Steinbrech (2002) reported the 

stiffness of the TS coating under indentation tests; Kucuk, Berndt, Senturk, and Lima 

(2000) analyzed the coating behavior for different coating and substrate thickness and 

temperature under four point bending test. 

Scholten, Dortmans and Bach (1992) first demonstrated that using bend or 

compressive/tensile loading, some properties of the beam can be determined. Even the 

determination of Young’s modulus E the individual layers from the global data obtained 

in a test with a composite specimen is still limited and short of theoretical formulation 

(Kucuk, Berndt, Senturk,  Lima, and Lima, 2000 and Kim and Nairn, 2000), an 

approximate bi-layer beam solution can be used to determine the modulus. Kroupa and 

Plesek observed the Young’s modulus of coating will increase when coating is in 

compression. Nohava, Kroupa (2005) studied the variation of coating’s Young’s modulus 

in tension under four-point-bend test. In this paper, the mechanical stress is also 

generated by four-point-bend test. The nonlinear parameters in the proposed constitutive 

model are estimated using an inverse analysis to extract the best estimates of unknown 

material parameters from measured moment-curvature data. 
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2. Substrate–curvature measurements 

2.1 Background 

Four-point-bend test is an effective method to estimate properties of thin films 

and coatings. The measured data can be processed via either bimaterial or Stoney formula 

(if the material is very thin compared to the substrate) to determined the unknown 

properties. Using thermal tests, the substrate–curvature method based on Stoney formula 

has been also widely used in various applications (e.g., Carlotti et al., 1997; Lacquaniti et 

al., 1997; Krulevitch et al., 1996; Hunsche et al., 2001; Oka et al., 2003; Menzel et al., 

2005; Kuroda et al. 1988, 1990). However, the limitation of Stoney formula method is 

that the thickness of the coating has to be very small compare to the thickness of the 

substrate. If the thickness of the coating is not that small, another method has to be 

introduced to solve the curvature relation. While if the total thickness of the beam is 

smaller than 10% of the length of the beam (t/h ≤ 1/10), the beam theory can be used to 

solve the curvature equation.  

There are many methods to measure curvature changes. Liu and Nakamura have 

built a perfect method to estimate unknown properties from curvature measurement under 

temperature change. Curvature measurement under temperature change is a well-

established method and has been utilized to many applications (Liu and Nakamura, 2006). 

Compare to the temperature cycling test, curvature measurement under four-point-bend 

test offers some advantages that can be regarded as an alternated method to estimate the 

unknown properties. First, it takes a very short time (generally several minutes) to carry 

out four-point-bend test; however the thermal cycle test might take a few hours to 

complete the whole process. Second, thermal cycle test requires the CTE of substrate has 

to be much greater than the coating to generate curvature, while four-point-bend test does 

not constrained by the substrate material, which can be used to investigate coating 

properties on much more kinds of substrates. Thirdly, four-point-bend test can generate a 

higher stress in the coating (which can go up to 50−60MPa), however for the thermal 

cycle test, the maximum stress is generally smaller than 10MPa. Fourth, four-point-bend 

test is a pure mechanical loading test, which can estimate the coating’s behavior without 
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temperature effect. And if carrying out the four-point-bend test in different temperature 

condition, it can test temperature influence to the coating’s performance. However, since 

the thermal cycle test requires a temperature change from room temperature to 

250−300°C, it can not estimate the coating’s properties in a consistent temperature 

condition. So four-point-bend test is an alternative approach to test the properties of YSZ 

coatings. 

The internal stresses within the thermal spray coating are caused by two main 

processes (Matejicek and Sampath, 2003; Tsui and Clyne, 1997). First, quenching 

stresses are developed during the deposition to fabricate the coating. As the molten 

particles strike onto the substrate or previous splats and immediately cooling down, the 

nonequilibrium thermal conditions produce large tensile stresses in the coating. Second, 

because of the difference of the coefficient of the thermal expansion between the coating 

and the substrate, after the cooling process, the mismatch force will be introduced and 

generate additional thermal stresses. Since the CTE of the ceramic coating is usually less 

than the metallic substrate, the stresses caused by the mismatch is generally compressive.  

For most YSZ-Al systems, due to the large CTE difference, the overall or net stresses at 

the room temperature within the coating are usually compressive although stress states 

vary locally due to high stresses generated during solidifications (Liu and Nakamura, 

2006). 

2.2 Four-point-bend test procedure 

Figure 1 shows a schematic diagram of the four-point-bend test. Typical in-plane 

dimensions of the specimens are 230mm×25.4mm. The thickness of the coating varies 

from 250μm to 800μm. And the substrate thickness is usually 3mm. The outer supporting 

span (2a+l) is generally 120−160mm, and inner loading span l is set as 60mm. At the 

bottom of specimen, a laser with 1μm resolution is placed at the center of the beam to 

measure the displacement of the center point of the beam. The curvature of the beam can 

be calculated using beam theory (see Appendix). The coating layer should be placed 

facing down because tensile stresses are expected to be generated with the external 

moment added. During the loading test, the maximum displacement is chosen to control 

the maximum moment added to the beam. The maximum displacement should be not too 
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large to avoid the plastic deformation of the substrate (If the stresses in substrate reaches 

the yield stress, the loading curve before the plastic deformation can still be used to 

estimate properties, but the specimen will be failed and can not be used anymore).The 

feed rate of the loading indenter is chosen from 1−3mm/min, which depends on the 

maximum displacement required for the test. Since the limitation of the equipment, only 

4 minutes experimental data can be recorded. So a larger maximum displacement 

requires a larger feed rate if more loading cycles are expected to be recorded. However a 

small feed rate can generate a smoother curvature change relation. At the beginning of 

the test, a 1.5−2N pre-load is needed to be added to confirm the loading indenters are 

thoroughly in contact with the beam.  Since the unloading process will be more affected 

by the machine movement, the loading section is chosen to do the analysis. 

Figure 2 shows a typical moment-curvature plot under loading process up to 

maximum moment 246N·m. The thickness of the coating is 463μm, while that of the 

substrate is 3.22mm. At the onset of the test, the coating is in compression owing to the 

mismatch of the coefficients of the thermal expansion (CTE). Since the loading test 

requires a 1.5−2N pre-loading, the initial curvature κR has to be measured before the 

loading process, which corresponds to the zero moment Mo point. As the loading moment 

increases, the stress in coating tends to change from compression to tension. Once the 

loading force reaches the maximum value, the beam will be unloaded (the unloading 

curve is not shown here). 

An obvious nonlinear characteristic can be observed from the curvature-moment 

data. The curve becomes steeper as the external moment increases, which suggests a 

smaller stiffness of the coating under large tension. Although curvature-moment behavior 

is for the most part elastic, some specimens exhibit clearly different paths during loading 

and unloading phases. This cyclic hysteresis is likely to be caused by crack face sliding 

and associated friction and the properties of TS ceramics are more accurately described 

as ‘anelastic’ (Liu and Nakamura, 2006). The investigation of this phenomenon will be 

subject to a future publication. The non-linear behavior of the coating discussed in this 

paper is independent of these effects. In this study, the effects of various processing 

conditions on the nonlinear elastic behavior of coatings from their curvature-moment 

relations are presented, using a novel identification method.  
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3. Identification of nonlinear property 

3.1 Constitutive model 

In order to describe the coating’s nonlinear behavior, a phenomenological 

constitutive model is introduced. First, based on the experimental observations and likely 

physical causes of nonlinearity (cracks and defects), the stress-strain relation should be 

set as asymmetrical under compression and tension. Second, under very large 

compression, the response should be nearly linear since many cracks and thin defects are 

closed. Thirdly, the transitional point from linear to nonlinear generally does not occur at 

zero stress (σ = 0). Since the experimental data suggest continues change of the coating 

stiffness, the following uniaxial stress-strain model is proposed: 
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The tension part of the model suggests a combination of the linear elastic model and a 

modified Ramberg–Osgood model.  

Figure 3 shows a schematic stress-strain relation curve according to the (1). The 

stress-strain axes (σ* - ε*) centered at σ = σT separates the linear and non-linear regimes. 

This model can describe many kinds of stress-strain behavior of TS coating with only 
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four parameters (EC, n, σN and σT). With these parameters, the residual stress without 

external moment Rσ can also be determined.  

The presented stress-strain model has been demonstrated suitable to describe the 

non-linear behavior of TS coating by many experimental data. It is a good model because 

it only requires four parameters while other models might need more.  

3.2 Bimaterial beam solution under bending 

The following section introduces a bi-material formula according to the beam 

solution to describe moment-curvature relation. According to this equation, a robust 

procedure which does not require large scale computations such as finite element analysis 

to extract unknown parameters of the coating can be developed. Although the procedure 

to identify unknown parameters is straightforward, the derivation of it is rather 

complicated due to the shift of the neutral axes of the coating as the stress changes (Liu 

and Nakamura, 2006). Furthermore, although there have been studies on large 

deformation effects on beams and plates (e.g., Finot and Suresh, 1996), a complete 

solution for the nonlinear elastic bi-material beams is fairly difficult to find out.  

Suppose a bi-material specimen consists nonlinear elastic coating and linear 

elastic substrate as shown in figure 4. The axial strain in the coating corresponding to the 

curvature is: 

                                  0 0* *( ) ( ) ( )mis mis
c M

c c

F Fy y y
bE t bE t

ε κ κ κ= − − + = − + +                               (3) 

Here, κ is the curvature of the substrate measured by the laser, κΜ is the curvature 

generated by the external moment loaded by the machine, κ0 is the curvature developed 

by the mismatch force, y0 is the location of the neutral axis, b is the width of the specimen, 

t is the thickness of the coating, Fmis is the mismatch force needed to equilibrate thermal 

expansions of coating and substrate, *
cE is the secant modulus, defined as * /c c cE σ ε= . 
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Here, ES and h are the Young’s modulus and thickness of substrate, respectively. The 

moment-curvature relation for the bi-material beam is: 

                                                        
E

M
I

κ Δ
Δ =                                                                   (5) 

Here, ΔM can be the mismatch moment caused by the mismatch force or the external 

moment added by the loading machine. IE is the stiffness of the bi-material beam which is 

not a constant. It can be computed as: 
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If assuming that the integral of the secant modulus *
CE can be replaced by the average 

modulus *
aveE through the coating thickness, the location of neutral axis can be expressed 

as: 
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Then the moment-curvature equation can be reduced to the following formation: 
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A similar assumption can be taken for the computation of 0y in (4). To further reduce the 

computational requirement, instead of computing the correct average value, *
aveE can be 

estimated at the midpoint of coating (y = h + t/2) as: 

                         ( )mid
c

ave mid
c

E σ ε
ε

∗ = , where 0 *( )
2

mid mis
c

c

Fth y
bE t

ε κ= − + − +                      (9) 

Clearly that the computation of *
aveE is still need multiple iterations. 

The equations above use mismatch force as a parameter to calculate axial strain. 

However in the actual computational process, only the relation between strain and 

curvature is needed. So a relation between mismatch force and initial curvature needed to 

be established to cancel out this unknown mismatch force. 

The mismatch force Fmis can be computed using the following procedure (details 

will be explained in appendix). Suppose at the fabrication process, the substrate is heated 
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up and extends to the length L*, and at this time, the coating is sprayed onto the substrate.  

After the fabrication, the beam cools down to the room temperature. Suppose the 

substrate and the coating will shrink to the length L − L0 and L, respectively (generally, 

the coefficient of the thermal expansion of the substrate is larger than the ceramic 

coating) (Matejicek and Sampath, 2003; Tsui and Clyne 1997). Then the mismatch force 

and axial strain can be expressed as: 

                                              0

0( )
C S C S

mis
S S C C

L E E A AF
LE A L L E A

=
+ −

                                           (10) 

                                       0

0( )C

mis mis S S

C C S S C C

F L E A
E A LE A L L E A

ε = − =
+ −

                                  (11) 

Since the mismatch force will cause an internal moment, the beam will have an 

initial curvature, which is related to the thickness of the beam. Suppose the mismatch 

forces are loaded at the centers of the coating and substrate layers, the internal moment 

per-thickness can be expressed as: 

                                                        
2

mis
i

F t hM
b

+⎛ ⎞= ⎜ ⎟
⎝ ⎠

                                                    (12) 

where b is thickness of the beam. With the moment-curvature relation κ = M / IE, the 

initial curvature introduced by mismatch force is: 

                                           0
0

0

1
( ) 2

C S

S C E

L E E ht t h
LE h L L E t I

κ +
= ⋅ ⋅

+ −
                                      (13) 

Because the initial axial stress in coating is the combination of mismatch in length and 

the initial curvature and then it increases with the external moment, so the final 

expression of the axial strain in coating is: 

                                                    0
0

2 ( )
( )
E

C
C

I y y
E t h t

κε κ= − −
+

                                            (14) 

Here, κ is total curvature which can be measured by the laser, κ0 is the initial curvature 

measured prior to the four-point-bend test. Equation (14) will be used to calculate the 

axial stress in coating and the residual stress. 

Figure 5 illustrates the process to calculate the curvature change for a given 

moment. The calculations of stresses and secant modulus are described in the appendix. 
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3.3 Estimation procedure for unknown properties   

There are four unknown parameters (EC, n, σN and σT) in the proposed model 

needed to be determined. A multi-step procedure is proposed here to estimate these 

parameters. First, the tangential modulus in the linear section is computed. In order to 

calculate this modulus, the transitional point is needed to pick out. Using the slope the 

linear portion of the curve, the modulus can be computed by solving the following 

equation: 

                          ( )
( )2 4 2 4 2 2

12
2 2 3 2

S C

S C S C

E h E t
M

E h E t E E ht h ht t
κ

+
Δ = Δ

+ + + +
                    (15) 

Next, the nonlinear parameters n and σN are determined by inverse analysis. Here, to 

make the process simple, the moment and curvature coordinates can be shifted to M* = 

M − MT and κ* = κ − κT, respectively. With this shifting, the nonlinear parameters n 

and σN can be computed using equation (2) instead of the complicated form (1). Also, 

due to the shifting, the strain in the coating needs to be updated using the equation 

0( 2 )mid
c h t yε κ= − + −  instead of the expression in (9). The stress and strain are re-

adjusted once the parameters determined. Kalman filter algorithm is used to estimate the 

parameter n and σN, which will be explained in the next paragraph. Once the other three 

parameters are determined, the transitional stress σT can be solved and also the residual 

stress when the moment is zero. The detail will be explained in appendix. 

3.4 Kalman filter 

Obviously, the reference stress σN and power-law exponent n cannot be calculated 

directly from the moment-curvature input because there is no direct relation between 

them. The approach to estimate these unknown parameters is utilizing inverse analysis. 

The inverse analysis is the method to estimate unknown parameters from indirect 

measurements. The inverse analysis used in this study is Kalman filer (Kalman 1960).. 

The Kalman filter algorithm has an advantage over other adaptive algorithms through its 

fast convergence to optimal solutions in nonlinear problems (Liu and Nakamura, 2006). 

Essentially it updates the previous estimates based on the indirect measurements of 

unknown state variables and covariance information and attempts to find the best 
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estimate. In the formulation, two unknown parameters are represented in a state vector 

form as [ ]( ) , T
t N t tx nσ= . Here, t represents the actual time or the increment number. The 

procedure is carried out with the following updating equation: 

                                             1 1( )meas
t t t t t tx x K xκ κ− −⎡ ⎤= + −⎣ ⎦                                             (16) 

Here, Kt is the ‘Kalman gain matrix’ and meas
tκ is the measured curvature at t. Also κt(xt−1) 

is a curvature computed with estimated state parameters at the previous increment. In the 

above equation, the Kalman gain matrix multiplies the difference between the measured 

and computed curvature to make corrections to the unknown state parameters. The 

Kalman gain matrix is computed as: 

                 1( ')T
t t t tK P Rκ −=    where  1

1 1 1 1( ') ( ' ' ) 'T T
t t t t t t t t t tP P P P R Pκ κ κ κ−

− − − −= − +         (17) 

With two state parameters and one measured parameter, the size of the Kalman gain 

matrix is 2 1× . Also 'tκ is a vector that contains the gradients of tκ with respect to each 

parameter: 

                                                 '

t

t N
t

t tx
n

κ
κ σκ

κ

∂⎛ ⎞
⎜ ⎟∂ ∂⎜ ⎟= =

∂ ⎜ ⎟∂
⎜ ⎟∂⎝ ⎠

                                                         (18) 

In addition, tP is the measurement covariance matrix related to the range of unknown 

state parameters, and tR is the error covariance matrix related to the size of measurement 

error. Once the initial values are imposed, tP is updated at every step, while tR is 

prescribed at each step. In many cases, fixed values can be assigned to tR as long as 

measurement error bounds do not vary substantially. As the convergence rate is sensitive 

to the values of tP and tR , proper assignments for these two matrices are essential. The 

initial measurement covariance matrix 0P is set according to the estimated ranges of state 

parameters (i.e., domain of unknowns), while the constant error covariance matrix tR is 

chosen based on the estimated measurement error for the curvature measurements (~1% 

of total curvature change). 

In many inverse analyses, forward solutions are constructed through finite 

element computations for some combinations of state parameters. However in this 
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problem, the curvature–moment has been established, and the required parameters tκ in 

(17) and 'tκ in (18) can be obtained without complex computational analyses. Figure 6 

shows the procedure to carry out Kalman filter to estimate unknown parameters, which is 

functioned by a computational code. 
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4. Verification study  

Before using this proposed procedure to estimate real TS coatings, many finite 

element simulations were carried out to verify the robust of the procedure. Because the 

parameters of the FEM model are known, the comparison of the results from the inverse 

analysis with the input parameters can exam the accuracy and robustness of the procedure. 

4.1 Finite element procedure 

4.1.1 Model and material properties 

In the four-point-bend test, the major purpose is to generate a uniform stress-

strain state within the inner loading span, which is convenient to evaluate the stress-strain 

and moment-curvature relation. So in the finite element analysis, the dimension of the 

FEM model is unnecessary to be exactly the same as the sample. However the 

thicknesses of the layer and the substrate should be the same as the specimen because 

those two parameters impact the inverse analysis result. Many FEM models were 

generated to exam the accuracy of the procedure. Here, an example which the length of 

the beam is 50mm, the thickness of the coating is t = 488μm and that of the substrate is h 

= 3.256, is presented here. There are total of 26700 elements in the mesh. While in the 

coating layer, very small elements were used because of its nonlinear behavior. If the 

elements are too large, there will be inconsistent results from the bending test. Figure 7 

shows the finite element model used to do the simulation. 

In the test, the substrate plate is Al6061 whose Young’s modulus is ES = 69GPa. 

Nonlinear elastic properties of  the coating are defined by the parameters EC, n, σN and σT. 

The coefficient of thermal expansion (CTE) is set for substrate. Although there is no 

temperature change during the four-point-bend test, the CTE was used to impose the 

residual/initial curvature of the plate. Since it is only needed to set the residual curvature 

and stress at the room temperature, the value and corresponding cool-down temperature 

are set arbitrary to match closely with the experimental measurements. In the first step of 

the FE analysis, the temperature is lower to cause the residual stresses prior to any 

mechanical load application. 
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4.1.2 Boundary and loading conditions 

Because of the symmetry, only half side of the beam was modeled and proper 

boundary conditions were prescribed. In the finite element analysis, a different loading 

condition is used. In the four-point-bend test, the moment is added using the inner and 

outer support. According to this loading condition, only the small portion of the beam 

within the inner loading span was added a uniform moment to develop a consistent stress-

strain status. However, since the mission of the analysis is to extract a relation between 

moment and curvature, so any kind of loading is acceptable only if it can generate a 

uniform moment-curvature relation within the coating layer. In this analysis, a pair of 

point force which has same magnitude but reverse directions added at the upper right 

corner and lower right corner of the model was used to simulate the moment added to the 

beam. With this loading condition, almost the whole beam was loaded with a uniform 

moment, so the moment-curvature relation is more convenient to find out. This loading 

condition is better than the four-point-bend loading because it can minimize the boundary 

effect and generate a larger part of the uniform moment-curvature condition and the 

result of it is the same as four-point-bend loading condition. The schematic diagram of 

the loading condition is shown is figure 8. 

4.2 Simulated moment-curvature records and estimated nonlinear 

properties 

The moment added to the coating is M = P(h+t), where P is the force added and t 

and h are the thickness of the coating and substrate. The curvature of the beam is 

computed using the deflection of a chosen point A in the bottom surface of the substrate. 

The curvature of the substrate can be computed as: κ = 2v/l2, where v is the vertical 

deflection at the point A and l is the distance between the center and A. 

Before adding the moment, the temperature was lower down to a negative value 

to generate an initial curvature. With this condition, the stress in coating will be firstly in 

compression, which is the known as the residual stress. This is the same situation as in 

the real specimen after the fabrication process. The residual stress was recorded to 

compare with the estimated value since it is a very important parameter to study the 

property of beam. Then the moment was added to a limited value. The stress in coating 
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will change from compression to tension. Also the curvature of the beam will become 

larger. Record the curvature change corresponding to the specific moment, and this 

relation is the input information to do the inverse analysis. 

Figure 9 shows three moment-curvature relations from FEM results 

corresponding to three different nonlinear properties. The Young’s modulus of the 

substrate was set the same as Al6061 (69GPa). The moment of all these analysis were 

added to around 400N·m, corresponding to the actual experimental value. A too large 

moment will make the substrate deform plastically, which could cause the beam fail. In 

real test, this situation should be avoided.  

The stress-strain relations were also recorded from finite element analysis. Since 

the stress and strain are distributed differently along the vertical direction in the coating 

layer, the mid-plane of the coating was chosen to represent the average stress-strain 

change in the coating, which corresponds to the computation of the average Young’s 

modulus of coating aveE∗ in (9). The comparison of these results with the estimated stress-

strain relations can show the accuracy of the evaluation. 

With the moment-curvature relation input, the inverse analysis was carried out to 

estimate the nonlinear properties of the coating. Many sets of input parameters were 

carried out to exam the robustness of the procedure. To avoid making the paper to long, 

only three cases are presented as examples. Before carrying out the Kalman filer process, 

a transitional moment which corresponding to the transitional point from linear to 

nonlinear portion has to be selected as another input value to do the analysis (as shown in 

figure 10). The selection of this point extremely affects the inverse analysis result. And 

by observing the moment-curvature relation presented before, the transitional point is not 

that obvious to select. However, our study demonstrated that if the transitional moment 

MT can be selected in a small range, the estimated process was not that strongly affected 

by the accuracy of the selection. This will be shown in later paragraph. Once the 

transitional moment was selected (in case 1, 30N mTM = ⋅ ), the linear slope of between 

transitional moment and zero moment was used to compute the initial Young’s modulus 

by solving (8) (Here *
ave CE E≈ ). In case 1, the Young’s modulus was computed as 

26.3GPa, which is 5.9% off from the imposed modulus (28GPa).  
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The next step is to calculate parameters Nσ and n using Kalman filter procedure 

introduced in part 4. First, reset the moment-curvature coordinates to * *M κ− as shown 

in figure 10. 30 moments and curvatures were selected equivalently between zero 

moment and maximum moment as the Kalman filter inputs. The initial estimate of Nσ  

was selected within the range of 10MPa 40MPaNσ< <  while the range of n was selected 

as1 4n< < . Note these selections are only initial trials. If the final estimates were out of 

the domain selected above, the range should be adjusted to a proper domain. Next, Nσ and 

n were incremented to forty separate values to generate 41×41 = 1681 sets of initial 

estimates. Each set of initial estimates is processed through Kalman filter and the final 

estimates were obtained after 30 steps. Generally, the final estimates of different initial 

points are not the same. However, if the procedure is robust enough, the final estimates 

should generate a small domain of convergence. The intensity of convergence created by 

the 1681 initial values is plotted in figure 11. Here, high intensity region implies greater 

convergence of initial estimates. The highest intensity of convergence location (σN = 

19.3MPa, n = 3.56) can be selected as the best estimates as shown in the figure (where 

the input values are σN = 20MPa, n = 3.5). 

The remaining parameters can be calculated once the above values are obtained. 

The transitional stress computed is σT  = −10.4MPa (3.9% lower then input value 

−10MPa). And the residual stress is calculated as σR = −20.1MPa (0.3% off from 

−20MPa). With these parameters calculated, the stress-strain relation can be re-

constructed according to the (1). Figure 12 shows the estimated stress-strain relation 

compared with the input stress-strain relation. It is clearly to see that for the linear portion, 

the agreement of the two stress-strain curves is very good. However for the nonlinear 

portion, the difference between estimated stress-strain relation and exact relation can not 

be neglected, which estimated curve shows more compliant as the stress increases. Even 

though the estimated stress-strain relation have a serious difference from the input 

relation, a good agreement between the re-constructed moment-curvature relation using 

the best estimates as input parameters (Liu and Nakamura, 2006) and the input moment-

curvature relation proves that the estimation is accurate (as shown in figure 13.)  
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Since all the four parameters impact the stress-strain relation and the estimate of 

all them are not that accurate, many more simulations were carried out to exam the 

influence of each parameters. Here two more cases with different input parameters are 

presented in table 1. And the estimated stress-strain relation and input relation are also 

plotted in figure 14. 

From the results we can find that the estimation of transitional stress σT and 

residual stress σR is very accurate. Although the error of the estimate of initial 

modulus CE is not that small, it can still remain within the range of ±5%. And because the 

estimate of initial modulus used a linear algorithm, the estimation of it is stable.  

The results from table 1 also show that the estimation of reference stress Nσ and 

power-law exponent n has a serious oscillation. Especially for power-law exponent n, the 

estimated error can go up over 10%.  This instability of estimation of these two 

parameters extremely impacts the simulation of stress-strain relation. To study the reason 

of the instability of the estimation, more simulations were carried out and will be 

discussed next. 

4.3 Sensitivity of estimated results 

Since there are potential errors in determining the unknown parameters, the 

sensitivities of estimated results are closely investigated. 

4.3.1 Variation in nonlinear parameters  

The method to study the influence of the reference stress σN and power-law 

exponent n is to generate different moment-curvature relations according to different σN 

or n while all the other parameters are given the same value.  

Figure 15a shows the plots of moment-curvature relation which the reference 

stress varies from 10MPa to 80MPa while other parameters have the same value (EC  = 

28GPa, n = 2.5, σT  = −10MPa). It is observed from the figure that the curvature of the 

beam has obvious difference at the same moment added when reference stress are 

different.  Although the different moment-curvature curves seem overlap each other when 

the moment is less than 100N·m, they start to scatter and show a significant difference 
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when the moment goes up to around 200N·m. So the differences of performance of YSZ 

coating for different reference stress result in a better estimation of σN (error less than 

5%). 

Figure 15b is the moment-curvature plots which power-law exponent varies from 

1.5 to 3.5 where other parameters are EC  = 28GPa, σT = −10MPa, σN = 20MPa. From the 

result we can conclude that even though the power-law exponent has different values, the 

curvatures of different specimen loaded with the same moment do not have that much 

variability. In another word, even though the power-law exponent n has different values, 

the moment-curvature relations are almost the same as they go up approximately along 

the same route. Although the curvatures of the beam show larger differences when the 

moment goes up to 800−1000N·m, in actual four-point-bend test, this large moment can 

not be reached because of the plastic deformation of the Aluminum substrate. Due to the 

closeness of the performance of the specimen, when the moment-curvature relation is 

used as input of the Kalman filter procedure, the algorithm can not give out an accurate 

estimate of n. 

However, although the errors in estimation of reference stress and power-law 

exponent extremely impact the accuracy of the stress-strain relation, the estimated result 

is still very useful by carefully observing the re-construction curve carefully. The 

estimated stress-strain relations in figure 12 and 14 indicate that the estimated curves 

always have smaller slope than the actual inputs as the stress increases. This phenomenon 

indicates that the estimated stress-strain relation shows a more compliant behavior than 

the real property. So when the stress of the coating reaches some value, the actual strain 

in coating is smaller than the estimated value. In this condition, if the failure criteria of 

the TS coating is according to the maximum stress it suffered, the coating will be in a 

safer status.  

4.3.2 Variations in transitional point 

As discussed above, a transitional point has to be selected prior to the analysis 

procedure, which is a very important input for the estimation. However, although the 

moment-curvature relation of the TS coating is clearly a combination of a linear portion 

and a nonlinear portion, the transitional point is not that obvious. So the procedure is 
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robust only if the estimated parameters do not vary too much when selecting the 

transitional point in an acceptable range. 

To evaluate the influence of the transitional point, a moment-curvature relation 

with parameters EC = 28GPa, σT = −10MPa, σN = 30MPa, n = 2.5 was used to carry out 

the inverse analysis. The exact transitional moment is MT = 50N·m. So a range from 

40−60N·m was selected to exam the stableness of proposed procedure. 

Table 2 lists the estimated parameters and errors with different transitional 

moments selected. It shows that the estimated parameters are acceptable if the transitional 

moment is selected within the range 50±10N·m. From figure 16 we can notice that it is a 

pretty wide range that can guarantee a suitable value can be selected as transitional 

moment. So although the transitional point is not that obvious to select, the procedure can 

ensure a robust result if the transitional point is selected in a small range. 
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5. Comparison study with thermal cycle test 

Thermal cycle test is an effective method to estimate nonlinear parameters of TS 

coatings. To study the effectiveness and accuracy of four-point-bend test, the comparison 

of the computation procedure of two tests is necessary. The comparison study includes 

the calculation of modulus, sensitivity of random errors and stress variation within 

coating. 

5.1 Effects of measurement error on initial modulus 

In four-point-bend test procedure, initial modulus EC is computed by solving the 

quadratic equation (15), where [Δκ/ΔM]initial is the initial slope of moment-curvature 

curve before transitional point. There are four parameters in (15): coating thickness t, 

substrate thickness h, Young’s modulus of the substrate ES, and slope [Δκ/ΔM]initial. The 

impact of measured errors of these parameters is required to be observed carefully. 

To examine the influence of these four parameters, a simulated moment-curvature 

relation was generated with the parameter: h = 3.256mm, t = 0.488mm, ES = 69GPa, 

[Δκ/ΔM]initial = 0.00405(N·m2)-1, and the initial modulus EC calculated is 30GPa. Then 

±1% errors were added to each parameter to re-calculate the initial modulus. The results 

listed in table 3.1 indicate that only 1% error in substrate modulus or liner slope will 

generate a 4−5% error in the value of EC computed. And for substrate thickness, a 1% 

error may generate 15% error to EC.  

Comparing with this result, initial modulus error sensitivity of thermal cycle test 

was also studied. In thermal cycle test, the quadratic equation used to solve initial 

modulus is: 

                                   
( )2 4 2 4 2 2

6 ( )
2 2 3 2

s c

s c s c

E E ht h t
T E h E t E E ht h ht t

ακ + ΔΔ
=

Δ + + + +
                           (19) 

With the same parameter h = 3.256mm, t = 0.488mm, ES = 69GPa and 

[Δκ/ΔT]initial  = 0.001273(m·°C)-1 input, EC is calculated the same value 30GPa. By 

adding ±1% errors to these parameters, the initial modulus calculated is listed in table 3.2. 
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From the results we can see that 1% error in these parameters only generate 1−2% error 

in calculation of EC.  

This analysis indicates that for four-point-bend test, the calculation of initial 

modulus is very sensitive to the substrate thickness h, Young’s modulus of the substrate 

ES, and the slope [Δκ/ΔM]initial. So to carry out the experiment, the precision of these 

parameters is highly required. And a small error of these parameters might result in an 

incorrect estimation. 

Another analysis was carried out to see the difference of linear slopes for different 

initial modulus. In the analysis, initial modulus was set to vary from 5−30GPa while all 

the other parameters have fixed values. The moment-curvature curves were plotted in 

figure 17. The initial slopes between initial curvature and transitional curvature for 

different initial modulus have very slight differences. The similarity of the behavior for 

different initial modulus makes the calculation of initial modulus is extremely sensitive to 

the measurement errors. An improper initial modulus value might be computed if there 

are small measurement errors in initial slope. 

5.2 Effects of random measurement errors 

The experimental errors in the four-point-bend test can be generated by the force 

recorder because of the instability of the displacement control or by the laser recorder. 

Since the moment-curvature relations of different parameters do not have too much 

difference themselves, the procedure’s sensitivity of the measured errors is more 

important to exam. By adding a random error to the simulated curvature data, the 

estimated parameters can reflect the sensitivity of the procedure. To compare the error 

sensitivity with the thermal cycling test, the same error bound was added to the simulated 

temperature–curvature record. Randomly artificial errors within ±5μm were added to the 

deflection measurements. According to the equations converting deflection to curvature 

(κ = 2v/l2), the error of deflection translates to error of curvature of ±0.002m-1 in thermal 

test and ±0.0106 m-1 in four-point-bend test. Notice here that the error bound of four-

point-bend test is 5.3 times of that of thermal test. This is because for the same deflection, 

the curvature is inversely proportional to the square of the span where the span of thermal 
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test is l = 69mm, while the span of four-point-test is l = 30mm. In this situation, the error 

bound of four-point-bend test is (6.9/3)2 ≈ 5.3 times of that of thermal cycle test. 

The estimated errors can show the stability of the inverse analysis procedure. A 

serious oscillation of the estimated results indicates the procedure is very sensitive to the 

measurement error, which is not robust enough. 5 sets of different random errors were 

added to the simulated recorded for both thermal cycle test and four-point-bend test. And 

three materials with different parameters were selected in this verification study. The 

parameters of them are: EC = 31GPa, σN = 51MPa, n = 3.23, σT  = −31MPa; EC = 30GPa, 

σN = 15MPa, n = 2.46, σT  = −11MPa; EC = 23GPa, σN = 29MPa, n = 2.88, σT  = −17MPa. 

Another point should be mentioned here is that since the calculation of initial 

modulus does not use Kalman filter, the linear portion of the moment-curvature data was 

not added with errors. Since the value of the initial modulus can significantly affect the 

estimation of power-law exponent and reference stress, no error added for linear portion 

can result in a relatively accurate initial modulus, thus minimize the effect of the initial 

modulus. In another word, the result of the estimation correctly shows the error 

sensitivity of the Kalman filter procedure. And this is the same for the temperature-

curvature data – no artificial error was added to the linear portion of the temperature-

curvature record. An example of temperature-curvature plot and moment-curvature plot 

with artificial error added are shown in figure 18. 

Tables 4a-c show the estimated results for three different materials with artificial 

errors added. The initial modulus was estimated exactly the same as input value, so this 

parameter does not affect the estimation of the other three parameters. Figure 19 plots the 

estimated errors corresponding to no measurement error case and five artificial error 

added cases for material I. It can be observed from the figure that the thermal cycle test is 

less sensitive to errors because the estimated errors of the power-law exponent and 

reference stress is smaller than that of four-point-bend test. Actually the four-point-bend 

test shows very unstable estimated results with the artificial errors included. The largest 

error can go up to around 18%, while the average error can also larger than 10%. 

However although the thermal cycle test also shows a big influence by the errors, the 

largest average estimated error is just around 5%, and the other two materials only show 

less than 3% estimated errors. The estimation of the transitional stress is the very late step. 
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And the results show that both thermal cycle test and four-point-bend test can have a very 

good estimation of transitional stress. Even though the estimated values from four-point-

bend test are stable, the errors for both tests are generally smaller than 2%. So we can 

conclude that the four-point-bend test is more sensitive to the measurement errors than 

thermal cycling test. 

This can be explained by the previous analysis in Section 4.5. When suffering the 

same moment, the curvatures of the specimens with different parameters do not differ 

that much. Especially for power-law exponent, the curves of moment-curvature records 

almost overlap each other from the results shown in figure 15(b). So a small different of 

the curvature may result in the different parameters from the inverse analysis. This 

feature of the power-law exponent makes the estimation extremely difficult if there is 

measured error. And this is demonstrated by the results that the difference between 

estimated values of power-law exponent and input value is bigger than the difference for 

reference stress. So for the four-point-bend test, decreasing measured errors is necessary 

to increase the estimated accuracy. 

The determination of the transitional stress is carried out at the latest step. And the 

results from the table show that both thermal cycle test and four-point-bend test can have 

a good estimation of transitional stress. For both tests, the estimated errors are smaller 

than 5%. However, the estimation from the four-point-bend test is even more precise. For 

both estimations, the transitional point chosen is the exact value, so the influence of the 

selection of the transitional point is eliminated. The reason why the four-point-bend test 

can give a better estimation is it used an improved algorithm to calculate transitional 

stress (see appendix). For both tests, the calculation of transitional stress depends on the 

estimated value of reference stress σN and power-law exponent n. However in the thermal 

cycle test, the calculation of transitional stress mainly depends on the nonlinear portion of 

the curve, in another word, the two nonlinear parameters σN and n. While in the bending 

test, the calculation mainly depends on the linear slope or the initial modulus, and the 

nonlinear parameters have a relatively small influence on the calculation of the 

transitional stress. So in the bending test, although the estimation of the σN and n changes 

a lot, the estimated value of transitional stress σT does not change too much. This 

improved algorithm can give a relatively consistent estimation of transitional stress, 
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especially in the process of real experimental data, since the selection of the transitional 

point can not be selected as the exact point, this is improvement is more valuable.  

5.3 Stress variation within coating thickness 

In proposed method, the modulus of coating was approximated using the average 

secant modulus in the mid-plane of coating layer: * * * *( ) /c ave mid midE y E σ ε≅ ≅ . This 

approximation is proved very effective in thermal cycle test. However in four-point-bend 

test, the variation of stress through coating thickness has to be considered.  

Since the axial stresses in the coating layer will change gradually through the 

thickness, the axial stresses at the bottom, middle and top plane in coating layer for both 

four-point-bend test and thermal cycle test are plotted in figure 20 to represent the stress 

variation in coating. As indicated in figure 20(a), in four-point-bend test, the difference of 

the axial stresses at the three planes is significant and becomes larger as the moment 

increases. However in thermal cycle test, the axial stresses at the three planes almost 

remain the same as the temperature increases from room temperature (25°C) to highest 

temperature (around 250°C). This feature can be observed more clearly in figure 21. 

Figure 21 shows the axial stress differences between mid-plane and different positions of 

coating layer through coating thickness. It clearly shows that in four-point-bend test, the 

axial stresses through coating differ significantly, and when the moment reaches the 

maximum value, the largest difference can go up to 2MPa. However for thermal cycle 

test, the largest difference is only 0.5MPa. Because of the large variation in axial stress 

through coating thickness, when calculating the secant modulus of the coating, the 

approximation * * * *( ) /c ave mid midE y E σ ε≅ ≅ may generate larger error in estimates. 
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6. Nonlinear properties of thermal spray YSZ coatings 

After the verification study, the procedure was carried out to analyze the 

experimental moment-curvature data to estimate the nonlinear properties of the thermal 

spray coatings. Here, the analysis result of specimen #1076-1 (coating thickness: 463μm; 

substrate thickness: 3.22mm) is used demonstrate the inverse analysis procedure. 

6.1 Estimated properties under four-point-bend tests  

The measured moment-curvature plot of specimen #1076-1 is shown in figure 22. 

The maximum moment added was 246N·m. The transitional moment selected is 40N·m. 

Using the linear slope of the moment-curvature curve, the initial modulus was computed 

as EC = 19.1GPa. By re-adjusting the coordinates to * *M κ− , the Nσ and n were 

estimated by processing Kalman filter introduced in Part 4. The intensity of convergence 

plot is shown is figure 23. The best estimates are σN = 50.9MPa and n = 3.9, respectively. 

The transitional stress and residual stress are also obtained as σT = −6.4MPa and σR = 

−13.1MPa, respectively. 

Use theses parameters, the stress-strain relation is shown is figure 24. The residual 

stress (moment is zero), transitional stress and maximum stress (maximum moment) are 

marked out with small cycles. Essentially, the slopes outside these points represent 

extrapolated results since only the records between minimum and maximum moments 

were actually used to identify the unknown parameters. These bounds are important since 

the actual coatings may act differently outside the range, especially under large tensile 

stress (e.g., cracking). 

In most inverse analyses, there is no independent way to prove that best estimates 

are indeed correct or near-correct solutions. However, there are two ways to judge their 

accuracy. One is using the best estimates as input parameters to re-create moment-

curvature relation (as mentioned before). The agreement with the measured curvature is 

excellent as the re-constructed curve fits within the bound of measurements. Another way 

is from the sizes of converged regions shown in the intensity of convergence plot (Liu 

and Nakamura, 2006). A small region implies the robustness of inverse method as many 
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initial estimates converged near the same location (i.e., similar estimates). The converged 

region shown in figure 23 is well contained and supports the accuracy of the estimates. 

Many experiments (including HOSP and FC specimens) were carried out to estimate the 

properties of YSZ coating under four-point-bend test, and the measured moment-

curvature relations are plotted in figure 25a. Table 5 lists the estimated parameters for 

HOSP and FC specimens.  

It can be clearly observed from the table that FC specimens generally have larger 

initial elastic modulus (35−50GPa) than HOSP specimens (10−30GPa) under pure 

bending test. And also, nonlinear degrees of FC specimens are relatively smaller (~<1.1) 

compare to the HOSP specimen (1.1−1.2). This feature indicates that FC specimen is 

expected to exhibit much stiffer behavior than HOSP specimen under pure bending 

condition. And this characteristic is also reflected from the estimated stress-strain 

relations for HOSP and FC specimens in figure 25b. Generally, the slope of FC stress-

strain curves is steeper than that of HOSP stress-strain curves, which indicates that in 

compression, FC specimens have a greater initial modulus and exhibit a stiffer behavior 

in tension than HOSP specimens.  

Another observation from the table is that normally FC specimens have a very 

high transitional stress (~> −1MPa) than HOSP specimens (~ −6 - −1MPa) which might 

be caused by the different microstructure of the two spray powders. 

In order to clearly distinguish the similarities or differences among coatings, 

‘nonlinear degree’ (ND) is defined t as (Liu, et al 2008): 

                                                        *
0.001ND /CE E=                                                        (20)                         

Here EC is the initial elastic modulus defined in (1) and *
0.001E is the secant modulus 

between the transitional point (σT, εT) and the stress and strain at ε = 0.001. With this 

definition, a large ND value signifies greater nonlinearity while ND = 1 if a coating is 

linear elastic. The parameter essentially represents the departure of stress-strain relation 

from its initial linear slope. The computed values are listed in table 5 and the modulus-

nonlinear degree diagram for these specimens is shown in figure 26. 
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6.2 Repeatability check 

To examine the consistency of measured results, separate tests were carried out on 

same specimens. To ensure the repeatability of procedure, the specimens were taken out 

of the apparatus after each measurements and then placed back to test again. Very similar 

moment-curvature relations are obtained from the separate tests as shown in figure 27 for 

HOSP #1076-3 specimens. These records were processed and estimated material 

parameters were listed in Table 6. The estimated stress-strain relations in figure 28a 

indicate that even the input moment-curvature relations are very similar, the results have 

small difference. One reason for this feature is the four-point-bend test is very sensitive, 

so the estimated errors may generate the difference in the estimation. Another reason is 

that by carefully observing the stress-strain relations, it can be found that the coating 

becomes softer as the test number increases. This indicates that the high stresses 

generated within the coating layer already changed the microstructures of coating. For 

HOSP specimen, once the cracks open up or the slides happen under high stresses, it may 

not be able to go back to the original status again. And coatings will show softer behavior 

if it is loaded second time.  

The repeatability was also tested with FC #1078-4 specimens and its estimated 

properties from three separate tests are listed in Table 6 and the corresponding stress-

strain relation shown in Figure 28b. Still the behaviors of the coatings show difference 

between three tests. But not like HOSP specimens, FC specimens do not show obvious 

softer behavior as the test number increases. So for FC specimens, although four-point-

bend test will change the coating behavior a little bit, the estimated results are unstable. 

The computed nonlinear degrees for the two specimens are shown in figure 29. An 

obvious observation from the figure is that for the FC and HOSP specimens, elastic 

modulus shows a good repeatability. But nonlinear degree varies a lot for different tests 

due to the change of the microstructure of the coatings. 

6.3 Comparison with thermal results 

Figure 30 shows a comparison of the estimated stress-strain relation between the 

thermal cycle test and four-point-bend test for specimen #1076-1. The estimated 

parameters of specimen #1076-1 are EC = 17.8GPa, σN = 10.5MPa, n = 2.61, σT = 
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−6.2MPa after carrying out the inverse analysis for thermal cycle test (Liu and Nakamura, 

2006). The significant difference between the two curves indicates that the YSZ coating 

will perform differently under pure mechanical bending test and thermal test. In 

compression, the secant elastic modulus of YSZ coating is almost the same under pure 

bending or thermal test. This indicates that in compression when the cracks and other 

defects within the coating closed, the properties of the YSZ coating barely affected 

loading condition. And the transitional stresses for both tests are almost the same. 

However, YSZ coating shows a very different behavior when suffering tensile stress. In 

tension, YSZ coating always shows much larger secant modulus when suffering the pure 

bending load then increasing the temperature. This is a very important phenomenon that 

YSZ coating will behave much stiffer when suffering the pure mechanical loading at the 

room temperature than in the condition of increasing the temperature. The properties of 

other specimens determined from thermal cycle test are listed in table 7. An observation 

from the results in table 5 and 7 is that the residual stresses of all the specimens from both 

thermal cycle test and four-point-bend test are almost the same. This is because residual 

stress is only related to the manufacturing process of the coating, and it is corresponding 

to the residual curvature. So for the same specimen, since the residual curvature is the 

same, the residual stresses estimated from both tests are almost the same.  

The different behaviors from bending test and thermal cycle test are mainly from 

two reasons: 1) in thermal cycle test, almost the whole specimen is in consistent stress-

strain status. But in four-point-bend test, since only a small region within the inner 

loading span is loaded with constant moment, the stress-strain relation within that range 

can be affected by the boundary condition significantly; 2) Two test has different method 

to add moment to the coatings: in thermal cycle test, the moment is generated from the 

mismatch force between coating layer and substrate. It can be seen as an inner moment. 

And in four-point-bend test, the moment is generated by the external loading devices. 

When the loading support in contact with coating, it may change the coating’s properties 

already. 

The characteristics of each coating’s behavior under mechanical loading and 

thermal loading can be summarized graphically, as shown in figure 31. In this figure, 

‘nonlinear degree’ (ND) is plotted as a function of the initial modulus EC for each 
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specimen to compare the different behavior of the coatings. Clearly from the figure that 

under four-point-bend test, the nonlinear degree is much smaller (1.1−1.2) than under 

thermal cycle test (1.7−2.5) for both HOSP and FC specimens, which indicates that the 

YSZ coating behave much stiffer under pure mechanical loading condition than under 

thermal loading condition. For HOSP specimen, the initial elastic modulus does not have 

too many differences under thermal cycle test and four-point-bend test. However FC 

specimen will have a clearly larger initial modulus in pure mechanical loading condition 

than thermal cycle condition. This observation indicates that in compression when the 

cracks and pores in coating closed, HOSP powder coating does not affected by the 

loading condition that much while FC coating is seriously influenced by the loading 

method. These characters of coatings under four-point-bend test will be helpful for 

optimal design and control of performance of thermo-mechanical coatings. The detail 

explanation of the coatings different performance under pure bending test and thermal 

cycle test requires further study. 
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7. Discussions 

In the present study, a novel method to estimate the nonlinear elastic properties of 

TS ceramic coating is proposed and examined closely. The nonlinear stress-strain relation 

of the TS coating is generated by the micro cracks and pores embedded in the coating. A 

constitutive model was proposed which requires minimum unknown parameters to 

describe the nonlinear stress-strain relation. Under four-point-bend test, the moment-

curvature relation was recorded and used to estimate unknown parameters by processing 

inverse analysis (Kalman filter). To perform the inverse analysis, a nonlinear bi-material 

beam solution was derived. By carry out iterative calculations, the relations between 

stress-strain and moment-curvature was established, which was used to estimated the 

unknown parameters.  

After that, a close verification study using finite element method was carried out 

to exam the accuracy and the robustness of the proposed procedure. From the comparison 

of the re-constructed stress-strain relation with the original relation, a slight difference 

between the estimated curve and exact curve was observed. However, since the estimated 

always shows more compliance when the coating is under tensile stress, the estimated 

result can guarantee a safety condition. Furthermore, the factors might cause errors of the 

estimation (measurement errors, selection of transitional moment, calculation of initial 

modulus, and variation of axial stress through coating thickness) were discussed. The 

study demonstrated the proposed procedure can maintain robust with small measurement 

errors and slight differenced of the selection of transitional moment. However, since the 

calculation of the initial modulus is sensitive to the substrate thickness, substrate modulus 

and linear slope, the precision of the measurement of these parameters are highly required. 

Also, since axial stress through coating thickness has a great variation, the approximation 

of using mid-plane modulus might result in estimated errors.  

Finally, experimental moment-curvature records of HOSP specimens and FC 

specimens were processed to estimate the nonlinear properties. Although it is impossible 

to prove the estimation is correct or not, the re-construction of the moment-curvature 

relation can demonstrate the usefulness of the proposed procedure. The estimated results 
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show that FC specimens have stiffer mechanical response under four-point-bend test than 

HOSP specimens. And it is caused by the difference of microstructures between the 

specimens. At last, a comparison of the properties from four-point-bend test and thermal 

cycle test was given out. The results show that YSZ coating have small nonlinearity and 

stiffer behavior under four-point-bend test. The boundary affection and the mechanical 

loading condition result in this significantly difference. And more tests needed to be 

carried out the exam this phenomenon.  
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Appendix 

Determination of curvature of the beam from deflection 

Figure 32 shows a schematic diagram of four-point-bend test. The inner loading 
span is l, and the outer loading span is a. ν is the deflection of between the inner span. 
Suppose at some time the loading force is P, then from beam theory solution, the 
deflection of the beam is: 

                               
2 2( 6 3 3 )( )

6
Pa a ax lx xv x

EI
− − +

= − , where a x a l≤ ≤ +                    (A.1) 

Then the curvature can be computed as: 
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                  (A.2) 

So curvature is a constant within the inner loading indenter. 
The deflection of the midpoint is: 

                                                2 2(8 12 3 )
24
Pav a al l

EI
= − + +                                         (A.3)  

And the curvature at midpoint is: 

                                               2 2
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                                        (A.4) 

Determination of the relation between axial strain and curvature with initial curvature 

The initial axial stress can be considered as the combination of two behaviors: the 
mismatch in length of the substrate and TS coating after the fabrication process and the 
initial curvature developed by the mismatch force. Figure 33 explains the combination of 
these two contributions. Suppose at the fabrication process, the substrate is heated up and 
extends to the length L*, and at this time, the coating is sprayed onto the substrate.  After 
the fabrication, the beam cools down to the room temperature. Suppose the substrate and 
the coating will shrink to the length 0L L− and L, respectively (generally, the coefficient 
of the thermal expansion of the substrate is larger than the ceramic coating).  

Since the coating and the substrate are bonded together, the substrate will be 
stretched to a length 0 SL L δ− + , while coating will be compressed to a length cL δ− , 
where 0C S Lδ δ+ = . The mismatch in length will generate compressive internal stresses 
within the coating. Then the following equations can be written: 

                                          C mis

C C

F
L E A

δ
= ,   

0

S mis

S S

F
L L E A

δ
=

−
                                             (A.5) 

Here, ( ), ( )C SA tb A hb= = are the intersection area of the coating and substrate, 
respectively. ,C SE E  are the Young’s modulus of the coating and substrate at room 
temperature, respectively. Then the mismatch force and axial stress can be expressed as: 
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                          (A.7) 

However, since the mismatch force will cause an internal moment, the beam will 
have an initial curvature, with related the thickness of the beam. Suppose the mismatch 
forces are loaded at the centers of the coating and substrate layers, the internal moment 
can be expressed as: 

                                                     
2i mis
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                                                      (A.8) 

As discussed above, the curvature-moment relation is / EM Iκ = . Here, since coating is 
linear elastic at the room temperature, the stiffness and the neutral axes can be written as: 
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Here, CE is the Young’s modulus of the coating at the room temperature. The strain 
generated by the initial curvature is: 
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                                                                                                                                   (A.11)                         
The total strain in the coating should be the combination of these two kinds of strains: 
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                                                                                                                                     (A.12) 
Noted that 0κ is the curvature introduced by the mismatch force when the external 
moment is zero. So the initial curvature and mismatch force have the following relation: 
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With these relations, the mismatch length 0L can be computed, and the axial stress in the 
coating can be expressed in terms of initial curvature and total curvature: 
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Here, κ is total curvature measured by the laser. 

Determination of average secant modulus through-thickness 

In terms of *σ and *ε in equation (2), the average secant modulus is expressed as: 
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Supposeε , CE , Nσ and n are known, Newton’s method can be used to determine *σ for a 
given *ε under * 0σ > . 
First an implicit function is defined as 
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Then the following iteration is carried out to determine *σ  
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The convergence is satisfied when * * 4
1 1 10i iσ σ −

−− < × . Then (A.11) is used to 

compute *
aveE . 

Determination of transitional and residual stress 

The strain can be expressed as: 
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When the stress is equal to transitional stress, the transitional strain is: 

                                                   1
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Figure 34 plots a typical stress-strain relation. Initial point and transitional point is 
marked as A and C. The strain at point A is : 
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Because from point A to point C it is linear part, so  
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                                             0( )( )R C A C y yε ε κ κ= − − −                                             (A.21) 

And the stress relation is: 
                                                  ( )A C A CEσ σ ε ε= + −                                                 (A.22) 

Then the secant modulus at point A is: 
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Then strain at point A is: 
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Where  
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Because the transitional stress is negative, so the implicit function used in secant method 
is: 
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The iteration steps are shown below: 
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                  (A.28)  

The convergence is satisfied when ( ) ( ) 3
1

1 10T Ti i
σ σ −

−
− < × . Once transitional stress Tσ is 

calculated, the residual stress Rσ can be computed. 
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Figure 1. Schematic diagram of four-point-bend test. P is the force generated by the 
indenter to add moment. The inner span is l, and outer span is a. ν is the deformation of 

the midpoint of the beam measured by laser.  
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Figure 2. Experimental measured moment-curvature relation of YSZ TS coating on Al 
substrate during loading process. 
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ε* = σ*/E + c(σ*)n
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Figure 3. Nonlinear stress-strain relation model for TS ceramic coatings. Change in 
linear and nonlinear stress-strain relation occurs at transitional stress σT. 

Corresponding equations are noted below and above the ε* axis, respectively. 



 41

h 
x 

y z 

L
b 

t 

ES y0

EC,σN, n, σT 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4. Schematic of TS coating on substrate with relevant dimensions. 
Corresponding material parameters are noted and the location of neutral axis yo is 

shown. 
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Figure 5. Flowchart to compute curvature change Δκ for a given moment change ΔM. 
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Figure 6. Flowchart of Kalman filter procedure to estimate the unknown parameters. 
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Figure 7. Finite element model of YSZ coating beam. 26700 elements are used in the 
model. Smaller elements are required for coatings to simulate the nonlinear properties 

and avoid inconsistent results in stress and strain. 
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Figure 8. Schematic model of boundary and loading condition of the finite element 
model. P is the force added to generate moment. A is the point used to measure the 

deformation and calculate the curvature of the beam. 
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Figure 9. Moment-curvature relation from finite element method with different 
parameters input. 

 
 

Moment (N·m)

0 100 200 300 400

C
ur

va
tu

re
 (1

/m
)

0.0 

0.5 

1.0 

1.5 

2.0 

Moment-curvature relation from FEM

          EC = 40GPa, σT = 15MPa, σN = 30MPa, n = 2 
          EC = 50GPa, σT = 20MPa, σN = 50MPa, n = 3 
          EC = 28GPa, σT = 10MPa, σN = 20MPa, n = 3.5 



 47

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 10. Identification of transitional point (linear to nonlinear) to extract initial 
tangent modulus Ec from ΔΜ and Δκ. Shifted coordinates centered at MT and κT are also 

shown. 
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Figure 11. Intensity of convergence plot generated from the inverse analysis from 
simulated TS coating moment-curvature relation. A high intensity represents convergence 
of many initial estimates and likely location of best estimates. The scale of intensity (i.e., 

0–100) is relative. The location of input values is also noted. 
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Figure 12. Comparison of input stress-strain relation and estimated relation from inverse 

analysis. Input is 20MPa, 3.5N nσ = = , estimated is 19.3MPa, 3.56N nσ = = . 
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Figure 13. Comparison between input and estimated results obtained by assigning the 
best estimates as input properties in the nonlinear bi-material formula.
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Figure 14. Comparison of input stress-strain relation and estimated relation from 
inverse analysis. (a) Input is 50MPa, 3N nσ = = , estimated is 51.2MPa, 3.42N nσ = = . 

(b) Input is 30MPa, 2N nσ = = , estimated is =28.7MPa, 2.19N nσ = . 
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Figure 15. Simulated moment-curvature relation with different nonlinear parameters 
input. (a) Reference stresses vary from 10-80MPa. (b) Power-law exponents vary from 

1.5-3.5.
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Figure 16. Acceptable selection range of transitional moment. The exact transitional 
moment is 50N·m. 40-60N·m is the acceptable range of transitional moment to guarantee 

a good estimation.  
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Figure 17. Transitional point according to different initial modulus. The linear slope 
between zero moment and transitional moment is used to calculate the initial modulus. 

 
 
 

Moment (N·m)

0 10 20 30 40 50 

C
ur

va
tu

re
 (1

/m
) 

0.00 

0.05 

0.10 

0.15 

0.20 

0.25 

0.30 

EC = 5GPa,   MT = 25.6N.m 
EC = 10GPa, MT = 13.4N.m 
EC = 20GPa, MT = 7.3N.m 
EC = 30GPa, MT = 5.3N.m 

σN = 8.5MPa, n = 2.3, σT = −5.9MPa, σR = −7.09MPa 

Transitional point 

Initial curvature 



 55

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Figure 18. (a) Temperature-curvature record with artificial errors added to the nonlinear 
portion (error bounds ±0.002m-1). (b) Moment-curvature record with artificial errors 

added to the nonlinear portion (error bounds ±0.106m-1). 
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Figure 19. Estimated errors for material I (E = 31GPa, σN = 51MPa, n = 3.23, σT = 
−31MPa). Models A-E are random errors added to the no error input. Errors of the 
estimated parameters are plotted in dots. Horizontal lines are the average errors of 

estimated parameters from inverse analysis. 
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Figure 20. Axial stress variation at bottom, middle and top plane of coating. (a) As 

moment change under four-point-bend test, differences in stresses at different locations 
becomes larger. (b) There is barely difference between 3 planes within the coating as the 

temperature increases. 
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Figure 21. Axial stress difference between mid-plane and other positions through coating 
thickness. (a) Four-point-bend test. (b) Thermal cycle test. 
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Figure 22. Moment-curvature relation of HOSP specimen under loading process. The 
transitional moment MT and curvature κT are marked out. The slope of linear portion is 

used to calculate initial modulus. And the adjusted coordinate M* - κ* is presented. 
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Figure 23. Intensity of convergence plot generated by the inverse analysis from 
measured curvature–temperature. The location of best estimates is determined from 

weighted averages of convergence. 
 



 61

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

 

Figure 24. Nonlinear constitutive relation of TS YSZ coating estimated by the 
inverse analysis. 
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Figure 25. (a) Measured moment-curvature relations. Sample 1 and 3 are sprayed 
together along the direction perpendicular to the specimen length. Sample 7 is sprayed 
perpendicular to the length but reverse direction every time. Sample 8 is sprayed along 
the specimen length. (b) Estimated stress-strain relation under four-point-bend test for 

HOSP and FC specimens. Transitional points are marked out with gray dots.  
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Figure 26. Elastic modulus-Nonlinear degree relation for YSZ coatings under four-point-

bend test. FC specimens have slightly smaller nonlinear degree and much larger elastic 
modulus than HOSP specimens. 
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Figure 27. Measured moment-curvature relations for HOSP specimen #1076-3 from 
three separated tests.  The similarity of three relations shows a good repeatability of four-

point-bend test.
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Figure 28. Repeatability test of four-point-bend procedure. The estimated stress-strain 
relations from separated tests show small differences. Specimens show softer behavior as 

the test number increases. (a) HOSP specimen #1076-3. (b) FC specimen #1078-4.
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Figure 29. Repeatabilty check for HOSP #1076-3 and FC #1078-4. Elastic modulus of 
both spcimens shows a good repeatability, but nonlinear degree has small differences as 

the test number increases.

EC (MPa)
10 15 20 25 30 35 40

N
on

lin
ea

r D
eg

re
e 

1.0 

1.1 

1.2 

1.3 

1.4 

1.5 

Repeatability Check 

Test 1 

Test 3

Test 2 

Test 3 

Test 2 

Test 1 

#1076-3

#1078-4



 67

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 30. Comparison of the estimated stress-strain relation from four-point-bend 
test and thermal test. Transitional point, minimum stress and maximum stress are 

marked out with gray dots.
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Figure 31. Comparison of nonlinear properties of HOSP and FC coatings under 
four-point-bend test and thermal cycle test. 
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Figure 32. Schematic diagram of four-point-bend test. Inner span is l, and outer span is a. 

Under loading P, the deflection of the beam can be calculated. 
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Figure 33. Approximate explanation of relation between the residual stress and the initial 
curvature. After the fabrication process, the mismatch in length of substrate and coating 
generated a mismatch force. Then the mismatch force can generate the initial curvature. 

The residual stress is considered as the combination of these two processes. 
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Figure 34. Typical nonlinear stress-strain relation of TS coating. Transitional point is C. 

Residual stress occurs at point A. 
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Table 1. Estimated unknown parameters and the errors 
between the input values. 

 
Models EC (GPa) σT (MPa) σN (MPa) n σR (MPa) 
Input 28 −10 20 3.5 −20 

1 Estimated 
(error) 

26.3  
(−5.9%) 

−10.3  
(3.9%) 

19.3  
(−3.4%) 

3.56  
(1.8%) 

−20.1  
(0.3%) 

Input 50 −20 50 3.0 −28.6 
2 Estimated 

(error) 
48.4 

(−3.2%) 
−20.1 
(0.3%) 

51.2 
(2.3%) 

3.42  
(13.8%) 

−28.6  
(0.1%) 

Input 40 −15 30 2.0 −20.5 
3 Estimated 

(error) 
38.8 

(−3.1%) 
−15.0 
(1.3%) 

28.7  
(−4.4%) 

2.19 
(9.3%) 

−20.6  
(0.5%) 

 
 
 
 
 

 
 
 
 

Table 2. Estimated parameters corresponding to different transitional moment selected. 
Input parameters are: EC = 28GPa, σT = −10MPa, σN = 30MPa, n = 2.5. And exact 

transitional moment is 50N·m 
 

EC (GPa) σT (MPa) σN (MPa) n MT (N·m) 
selected Value (error) Value (error) Value (error) Value (error) 
40 27.9 (−0.3%) −11.9 (19.3%) 32.1 (6.9%) 2.63 (5.1%) 
50 27.9 (−0.1%) −9.9 (−1.1%) 28.6 (−4.8%) 2.44 (2.5%) 
60 27.8 (−0.5%) −7.9 (21.1%) 25.2 (15.9%) 2.26 (9.5%) 
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Table 3a. Error analysis of calculation of initial modulus (four-point-bend test). 
 

Ec (GPa) 
Parameters 

Value (error) 
No error 30 

+1% 29.6 (1.3%) t 
−1% 30.4 (1.3%) 

No error 30 
+1% 25.6 (14.7%) h 
−1% 34.6 (15.2%) 

No error 30 
+1% 28.7 (4.4%) Es 
−1% 31.3 (4.4%) 

No error 30 
+1% 28.4 (5.3%) Δκ/ΔM 
−1% 31.6 (5.5%) 

 
 

Table 3b. Error analysis of calculation of initial modulus (thermal cycle test). 
 

Ec (GPa) 
Parameters 

Value (error) 
No error 30 

+1% 29.6 (1.1%) t 
−1% 30.4 (1.3%) 

No error 30 
+1% 30.7 (2.4%) h 
−1% 29.2 (2.4%) 

No error 30 
+1% 28.7 (4.4%) Es 
−1% 31.3 (4.4%) 

No error 30 
+1% 30.3 (1.3%) Δκ/ΔT 
−1% 29.6 (1.3%) 
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Table 4a. Estimated parameters with artificial errors for material I (EC = 31GPa, σT = 
−31MPa, σN = 51MPa, n = 3.23). 

  
Estimated by Temp-curv relation with error bound ±0.002(1/m) 

 n σN(MPa) 
Convergence (0-10%/10%-

15%) Error Ec(GPa) 
σT 

(MPa) Error
Original 3.15 51.4 98.5/1.5 2.8% 31 −31.5 1.7%

A 3.17 50.9 97.7/2.3 2.0% 31 −30.6 1.3%
B 3.17 51.2 97.2/2.8 2.0% 31 −32.5 4.9%
C 3.19 51.4 97.4/2.6 1.9% 31 −31.1 0.2%
D 3.18 51.2 95.7/4.3 1.9% 31 −32.6 3.4%
E 3.21 50.9 96.7/3.3 0.7% 31 −30.7 0.9%

average       1.7%   −31.4 2.2%
Estimated by Moment-curv relation with error bound ±0.0106(1/m) 
Original 3.22 49.5 95.3/4.7 5.0% 31 −31.6 2.0%

A 2.98 51.4 97.6/2.4 8.6% 31 −31.6 2.0%
B 3.43 48.3 81.6/10 11.3% 31 −31.6 2.0%
C 3.65 47.6 80.2/12.8 18.1% 31 −31.6 2.0%
D 3.33 48.4 98.9/1.1 9.2% 31 −31.6 2.0%
E 3.04 51.6 98.8/1.2 6.7% 31 −31.6 2.0%

average       10.8%   −31.6 2.0%
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Table 4b. Estimated parameters with artificial errors for material II (EC = 30GPa, σT = 
−11MPa, σN = 15MPa, n = 2.46).  

 
Estimated by Temp-curv relation with error bound ±0.002(1/m) 

 n σN(MPa) 
Convergence(0-10%/10%-

15%) Error Ec(GPa) 
σT 

(MPa) Error
Original 2.39 14.7 88.0/7.2 2.7% 30 −10.9 0.6%

A 2.44 14.8 87.6/2.6 0.9% 30 −10.9 0.1%
B 2.31 14.6 83.9/8.4 5.2% 30 −10.3 5.9%
C 2.36 14.9 94.7/5.2 3.5% 30 −10.1 8.4%
D 2.32 14.6 94.9/4.8 4.9% 30 −11.1 0.3%
E 2.36 14.7 85.4/5.5 2.6% 30 −11.3 2.7%

average      3.4%   −10.7 3.5%
Estimated by Moment-curv relation with error bound ±0.0106(1/m) 
Original 2.45 14.3 76.1/4.7 2.3% 30 −10.9 0.9%

A 2.36 14.1 76.4/9.1 4.6% 30 −10.9 0.9%
B 2.56 15.2 76.4/4.8 3.4% 30 −10.9 0.9%
C 2.48 13.9 90.7/5.8 3.6% 30 −10.9 0.9%
D 2.60 14.7 71.6/9.5 4.8% 30 −10.9 0.9%
E 2.58 15.5 89.6/7.0 4.4% 30 −10.9 0.9%

average       4.2%   −10.9 0.9%
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Table 4c. Estimated parameters with artificial errors for material III (EC = 23GPa, σT = 
−17MPa, σN = 29MPa, n = 2.88). 

 
Estimated by Temp-curv relation with error bound ±0.002(1/m) 

 n σN(MPa) 
Convergence(0-10%/10%-

15%) Error Ec(GPa) 
σT 

(MPa) Error
Original 2.78 29.2 92.5/5.1 3.3% 23 −17.1 0.5%

A 2.73 29.6 88.0/4.5 5.5% 23 −17.2 1.2%
B 2.78 29.3 92.6/5.6 3.6% 23 −17.4 2.5%
C 2.68 29.4 90.1/4.3 6.6% 23 −16.2 4.5%
D 2.68 29.5 90.1/4.1 6.9% 23 −17.6 4.0%
E 2.75 29.4 89.1/7.5 4.7% 23 −17.3 1.9%

average       5.5%   −17.2 2.7%
Estimated by Moment-curv relation with error bound ±0.0106(1/m) 
Original 2.79 28.3 95.5/4.1 4.0% 23 −17.0 0.0%

A 2.48 27.5 97.9/1.4 14.3% 23 −17.1 0.6%
B 3.27 27.9 73.8/11.7 13.7% 23 −17.1 0.6%
C 2.51 27.5 99.5/0.3 13.2% 23 −17.0 0.0%
D 2.78 28.3 97.7/2.0 4.1% 23 −17.0 0.0%
E 2.36 29.4 91.1/4.6 17.3% 23 −17.1 0.6%

average       12.5%   −17.1 0.4%
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Table 5. Estimated parameters of HOSP and FC specimens from four-point-bend test. 
 

Specimens EC (GPa) σN (MPa) n σT  (MPa) σR  (MPa) ND 
#1076-1 19.1 50.9 3.96 −6.5 −13.1 1.098 
#1076-3 15.1 69.5 2.00 −1.8 −7.3 1.176 HOSP 

#1076-7 18.3 79.4 2.37 −6.6 −16.3 1.167 
#1078-1 34.2 77.9 3.414 −0.3 −13.2 1.109 
#1078-7 46.8 71.5 8.011 −1 −26.9 1.044 FC 

#1078-8 35.1 78.8 3.909 −0.46 −9.2 1.079 
 
 
 

Table 6. Estimated parameters of HOSP and FC specimens from repeatbility tests 
 

 
 
  
 

Table 7. Estimated parameters of HOSP and FC specimens from thermal-cycle tests. 
 

 
 

Specimens EC (GPa) σN (MPa) n σT  (MPa) σR  (MPa) ND 
Test 1 15.1 69.5 2.00 −1.8 −7.3 1.176 
Test 2 16.2 81.9 1.41 -0.6 -8.5 1.448 

HOSP 
#1076-3 

Test 3 14.4 83.3 1.56 -1.3 -7.8 1.337 
Test 1 34.2 78.0 3.41 -0.3 -13.7 1.109 
Test 2 33.8 108.6 2.24 -1.2 -12.6 1.196 

FC 
#1078-4 

Test 3 31.1 113.8 3.39 -0.38 -12.3 1.042 

Specimens EC (GPa) σN (MPa) n σT  (MPa) σR  (MPa) ND 
#1076-1 17.8 10.5 2.61 −6.2 −8.1 2.236 
#1076-3 17.2 8.4 2.19 −6.1 −8.2 2.429 HOSP 

#1076-7 18.2 11.7 2.64 −14.5 −17.1 2.591 
#1078-1 27.3 21.3 1.80 −7.6 −14.4 1.938 
#1078-7 31.3 24.1 1.61 −16.2 −24.7 2.160 FC 

#1078-8 23.3 17.8 2.25 −5.7 −9.9 1.883 


