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Abstract of the thesis

Overall properties of piezoelectric particulate
composites: Homogenization estimates and

finite-element simulations

by

Sumantu Kaushik Iyer

Master of Science
n
Mechanical Engineering

Stony Brook University

2010

This work presents a) an analytic model based on homogenization estimates to
obtain explicit solutions for the effective properties of particulate piezoelectric
composites and b) a three-dimensional finite-element model to compare finite-
element results and study the behaviour of porous piezoelectric composites
with four different geometric configurations. The analytic model extends the
Suquet [29] estimates method to the piezoelectric domain where a complete
set of electromechanical constants are obtained for three piezoelectric ceram-
ics belonging to different symmetry classes. Specific results are generated for

the cases of a square arrangement of cylindrical pores, where the alignment
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of the pores is in the direction of poling of the matrix phase and a cubic ar-
rangement of spherical pores. The trends obtained from the analytic model
are compared with the finite-element model and found to be in good agree-
ment for all components of effective piezoelectric constants upto large volume
fractions. A three-dimensional finite element model is developed in part II of
the thesis to completely characterize the behaviour of a general porous piezo-
electric composite with pores of 0-3 type flat cuboidal, 0-3 type cylindrical,
0-3 type spherical, and 1-3 type cylindrical connectivities. By considering
materials from different symmetry classes, it is demonstrated that piezoelec-
tric composites designed with 0-3 type flat cuboidal pores are more suitable
for hydrophone applications by identifying the variation in piezoelectric strain
coefficient and the hydrostatic figure of merit with varying porosity volume

fraction.
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CHAPTER 1

Introduction

Piezoelectric materials have been investigated due to their unique property
of coupling mechanical stress with a charge distribution on the surface. Short-
comings of monolithic piezoelectric materials(e.g. brittleness, environmental
concerns, etc.) have led to the research of composite piezoelectric materi-
als, for e.g. Xu et al. [40] developed sodium bismuth titanate (NBT) based
piezoelectric materials using a citrate method as an alternative to lead based
piezoelectric materials. It was found that piezoelectric composites can be fab-
ricated such that the overall elastic, piezoelectric and dielectric properties can
be enhanced. The two main approaches used to fabricate piezoelectric com-
posites are - the additive approach, wherein a piezoelectrically active stiffer
fiber phase is introduced into a complaint matrix phase thereby enhancing the
overall electromechanical properties and figures of merit and the subtractive
approach where controlled porosity is introduced into a piezoelectrically active
matrix phase, thereby enhancing the piezoelectric charge coefficient (dj) and
hydrostatic figure of merit (djg;,) making them useful in hydrophone sensing
applications [32, 14, 6, 5]. Many analytic theories have been proposed to ex-
plain the behaviour of piezoelectric composite materials. The first mention of
the tensors and equations encountered in the realm of piezoelectric coupled
phenomenon was made by Nye [33]. The initial theories that were proposed

to explain the behaviour of piezoelectric composites were based on a “series”,



“parallel” model [15] of Banno [2]. Their theories provided a good approxi-
mation for 2-2 type laminate composites. The next attempt to characterize
the behaviour piezoelectric composites was made by [25, 27, 26]. The author
extended the matrix method of Hashimoto to solve for the effective electrome-
chanical properties of 1-3, 0-3, and 3-3 type piezoelectric composites. However
the models were quite simplistic and provided good estimates for limited geo-

metric configurations of inclusions embedded in a piezoelectric matrix.

Various experimental and analytic models have been developed to study the
benefits of porous piezoelectric composites. For example, Haun and Newn-
ham fabricated 1-3 and 1-3-0 type piezoelectric lead zirconate titanate (PZT)-
Polymer composites using a single large void at the centre of the composite
and showed that such a composite significantly enhances the hydrophone sens-
ing abilities by increasing dj and djgp, [17]. Guy and Chan investigated the
electromechanical properties of 1-3 piezoelectric composites where the polymer
as well as the ceramic phase was piezoelectrically active [35]. The techniques
adopted to fabricate the desired composite were layering and dice and fill.
Problems encountered during the process of filling include reducing damage
to the ceramic rods. Both type of composites yielded results that under pre-
dicted the values piezoelectric coefficients when compared with results from
modeling . Ting studied the effects of several materials and processing pa-
rameters on the piezoelectric properties and identified an epoxy coating on a
porous sample to generate improved piezoelectric figures of merit [36]. Bast
and Wersing showed that the acoustic impedance (Z) for PZT materials with

3-1-type porosity decreases with increasing porosity volume fraction [3].

Even though some work had been done to extend Eshelby’s solution [14]
for anisotropic inclusions in the elastic domain [16, 37, 24, 38] no closed-
form solution could be obtained for the components of the Eshelby tensor. A
numerical scheme having been employed thereby to solve for the components
of the Eshelby tensor for an anisotropic matrix [8]. Banno used a modified

cubes model to explain the behaviour of composite piezoelectric materials.



The analytical solutions obtained by him were able to characterize the coupled
response of piezoelectric ceramics with closed pores (3-0 type) and open pores
(3-1 type) [2]. Prior work done by Deeg [10] and Wang [39] was extended by
Dunn and Taya [11] in their solution to the piezoelectric inclusion problem.
An alternate solution to the inclusion problem was studied by Beneveniste [4]
and Chen [9] who extended the generalized solution of Hill and Walpole. Even
though each had obtained the four tensors that comprise the equivalent of
the Eshelby tensor in the piezoelectric domain none provided explicit closed-
form expressions for them. Dunn et al. [13, 12] gave the explicit forms for
the equivalent Eshelby tensor in terms of a surface integral over a unit sphere
evaluated numerically. Mikata derived explicit solutions for the components
of the Eshelby tensor by solving a “special” bi-cubic equation [30] which was
specialized for the case of spheroidal inclusions in [31]. Topolov and Bowen
provided a method to predict the behaviour of closed pore (0-3 type) and
interconnected (3-3 type) phases [7]. Their paper is aimed at the comparative
study of 0-3 and 3-3 composites containing PbTiO3 based piezocomposite
ceramics by varying the anisotropy factor —ds3/ds;. Gomez and Espinosa
derived a model to predict the dielectric properties of porous piezoelectric
materials and the dielectric coupling generated by the introduction of a second
phase to the pores as well. Based on thermodynamic considerations, Gomez
et al. identified solutions for the effective electromechanical constants of both

porous and composite piezoelectric materials [1].

Finite element based models were developed by Pettermann and Suresh to
predict the behaviour of long fibers (1-3 type). The linear response to mechan-
ical and electric loading was determined for unidirectional fibers arranged in
periodic hexagonal and square distributions [34]. A three dimensional finite
element model was used by Kar-Gupta and Venkatesh to study the behaviour
of various porous composite systems consisting of different alignment of the
pores [20], pores being of the 1-3 type. They were able to completely charac-
terize the electromechanical behaviour of the unit cell by applying mechanical

and electrical loading through the master nodes [23, 22, 21, 19]. Bisegna and
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Luciano [6, 5] provided variational bounds to estimate the homogenized prop-

erties of piezoelectric composites.

Overall, a comprehensive set of models and results exist to explain the be-
haviour of 1-3 long fibers and 0-3 closed pores. However there exist limited
analytical models that explain the behaviour of porous piezoelectric materials
other than 1-3 long pores and spheroidal 0-3 pores. The present work com-
prises of a study of pores of different geometric connectivity, highlighting the
advantages of each and their potential use in select applications. The objec-
tives of the present study are as follows: i) to develop a finite element based
numerical model to study the behaviour of four distinct pore geometries of
1-3 cylindrical long pore, 0-3 short cylindrical pore, 0-3 spherical pore, and
0-3 flat cuboidal pore; ii) to identify the effects of porosity volume fraction,
geometry, and orientation on the effective response of the porous piezoelectric
material; iii) to study the effects of porosity geometry on figures of merit of

piezoelectric materials.

To date, the existing analytic models have not provided closed-form solutions
to anisotropic particulate inclusions in a piezoelectric matrix. Part I of the the-
sis focuses on building a theory to find the effective properties of homogenized
piezoelectric composites with periodic microstructure. Results obtained from
the theory are compared and found to be in good agreement with finite element
model predictions. The present work is outlined as follows. Section 2 contains
the mathematical formulation of the piezoelectric problem, constitutive equa-
tions, periodic fields, and jump conditions. Section 3 highlights the concepts
used to solve the equilibrium equations. Fourier analysis is used to convert
the equilibrium equations from differential equations to algebraic equations,
piecewise constant polarization fields are introduced to simplify the equations
for strain and electric field. In subsection 3.2 the equations for strain and
electric field are solved for a two phase periodic composite. Section 4 looks at
the derivation of the concentration tensors used to relate the average strains

in the phases to the strains on the boundary. Expressions for the effective
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properties are provided in terms of the concentrations tensors. Part II of the
thesis present work is outlined as follows. Section 5 contains the classification
of 1-3-type and 0-3-type porous piezoelectric composites. Section 6 highlights
the constitutive relations that govern the behaviour of coupled piezoelectric
materials in the linear elastic domain. Section 7 defines the characteristic
figures of merit of significance to the applications of piezoelectric composite
materials (e.g., in sensors). Section 8 looks at an available analytic model that
provides solutions for the electromechanical constants of porous piezoelectric
composites for select geometric constraints. Section 9 contains the details of
the finite element-based numerical model used to study the effects of poros-
ity on the electro elastic behaviour in piezoelectric composite materials for a
wide range of geometric conditions. Section 10 reviews the results of the finite
element-based numerical model and its implications. It contains plots based on
the analytic model predictions compared with finite element models. Finally,
concluding remarks are made with respect to current research and a possible
direction for further study. Section 11 summarizes the inferences drawn from
the study.



Part 1

Homogenization estimates of
piezoelectric particulate

composites



CHAPTER 2

Preliminaries on piezoelectric
composites with periodic

microstructure

Consider an infinitely large composite made up of aligned long cylindrical
fibers distributed periodically in a piezoelectric matrix phase i.e., the infor-
mation about the microstructure is complete as opposed to the random case
where only partial information is available about the microstructure of the
composite. It is assumed here when discussing ’effective properties’ that there
is a separation of length-scales within the problem. The local or microscopic
scale is one where the heterogeneities can be identified separately as shown in
Fig.1. The macroscopic or overall scale is one where the heterogeneities can be
‘averaged-out’ A given sample of this material is assumed to occupy a volume
2, with boundary 0f). The effective properties at the macroscopic scale are
determined using geometric and material data of an appropriate representa-
tive volume element or unit cell. The infinitely large composite body can be

generated by adding contiguously the unit cell in all three directions.

A material point within the given specimen is denoted by x (at the micro-

scopic level). The symmetric part of the deformation gradient tensor, e, at x
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Figure 1: The schematic diagram of an infinite piezoelectric composite and
representative volume fraction.



is defined for a displacement field, u as:

1
gij = 5(%3‘ + ;) (1)

The electric field, E is given as the gradient of a scalar potential ¢ and is

defined as:

En = _Qb,n (2)

The constitutive behaviour of the matrix and the cylindrical fibers is as-
sumed to be linear elastic and characterized, by the stored-energy functions,
W® and W® respectively. The two functions are taken to be convex func-
tions of the strain(e) and electric field(E), so that the local energy function of

the composite may be written as:
Wix,e, E) = (1-xE)W (e, E)+x(x)W(e E) (3)

where, x is known as the characteristic function, equal to 1 if the position
vector x is inside phase r and zero otherwise, describes the distribution of
the phases (i.e.,the microstrucuture). Moreover, since the microstructure of
the given composite is periodic a unit cell of volume,D, can be taken as a
parallelopiped of dimensions, L;, where, i = (1,2, 3), the periodic characteristic

functions can be written as:
X(r) (X1, X9, X3) = X(T) (X1 4+ 21L1, Xo + 20L9, X5 + 23L3) (4)

21, 22, 23 being arbitrary integers. Since piezoelectricity is a linear phenomenon
the work function, W) (r = 1,2), is assumed to be a convex function. The local

constitutive behaviour for the composite is given by:

o= %_V€V<8,E>, (5)



and

ow

b="%8

e, E) (6)

where, o is the Cauchy stress tensor and D is the electric displacement vector.

The effective stored energy function,w, of the two-phase piezoelectric com-

posite under the separation of length scales hypothesis is given by,
2

W, E)= min max ZC(”WV(T) (e, E))™ (7)
€eK(€) Ee(E) =

where IC denotes the set of all kinematically admissible strain fields:

K(g) = {e| with e = = (Vu+ Vu”) in Q, u="=ex on 00} (8)

N —

and
J(E)={E| with E=V¢ in Q, ¢ =—E - -xon N} (9)

In all the expressions presented above, the triangular brackets (-) and (-)(")
denote, respectively, the volume averages over the specimen,(€2), and the phase
r (QM). The scalars, ¢! and ¢® denote the volume fractions of the two
constituent phases of the periodic composite. It is also important to note that
the average electroelastic energy, W, stored in the fibre-reinforced composite
when subjected to an affine strain and electric field is consistent with the
condition (€) = €. From the arguments presented above we can then say that

the macroscopic constitutive behaviour for composite can then be expressed
by:

c=— and D= —— (10)
3 OF

where, & = (o) and D = (D) are the average stress and the average electric

displacement in the fibre-reinforced composite respectively.
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The variational problem for electroelastic composites in the linear elastic

domain (7) with periodic microstructure can be expressed explicitly as follows:

1
W(x,g,F) = min max —/W(X,E,E)dx (11)
eck(®) Ees(E) [Pl Jp
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CHAPTER 3

Suquet estimates for linear

piezoelectric constituents

Based on the framework presented in the previous section, the main ob-
jective of the current study is to provide explicit homogenization estimates
for the electromechanical properties of a periodic distribution of particulate
inclusions/exclusions of arbitrary geometrical shape in a general piezoelec-
tric matrix phase of anisotropic material symmetry. This is accomplished by
extending Suquet’s homogenization estimates [29] to the domain of periodic
piezoelectric composites. This method has already been applied to elastic ma-
terials and provides good estimates for the effective properties of composite
materials with periodic microstructure. It uses the assumption of piece-wise
constant polarization fields in the phases(zero in the matrix phase), converting
the equilibrium equations into algebraic equation by using Fourier transform
and the use of concentration tensors to express effective properties in terms
of the properties of the constituent phases. This section outlines the basic
framework of how the Suquet estimates have been used to derive estimates for

effective electromechanical constants.

Making use of the results provided by Suquet for two-phase composites with
periodic microstructure, an estimate for the overall stored-energy function, w

is provided using the volume fraction of the fibres, ¢, with stored-energy

12



function, W®, distributed periodically in a piezoelectric matrix with stored-

energy function, W™,

The linear constitutive equations derived from 5 and 6 are written as:

0ij = Lijrick + €rij® i (12)
D; = e — Kik® (13)

The above relations 12 and 13 are the linear constitutive relations that char-
acterize the complete electromechanical response of a piezoelectric composite.
The following tensors, L, e, k, denote the fourth-order elastic modulus ten-
sor with major and minor symmetry, the piezoelectric constants tensor with
minor symmetry in ¢ and j, and the dielectric constants tensor with major
symmetry. In addition the piezoelectric composite has to satisfy the following

stress equilibrium and Maxwell’s equations respectively:

80’1“

8:1:? = [Lijuen + erijdn] ; =0 (14)
J
0D,
o eimer — Kind ] ; =0 (15)

At this point it is useful to introduce a homogeneous reference medium [16]
with constant properties Fig.2 (L(O), e, l-e(o)) and piece-wise constant po-
larization fields defined by, 7(X) = [L() — LO]g, 7(B) = [e(") — eO]E,
1) = [eM — e@]e, 7 = [k(M — KO]E. The form of the equilibrium
equations for stress on the introduction of the reference medium and the po-

larization fields is:

0 L 0 cE
Oijj = Lz(ﬁ)nnumﬂj + Ti(j,j) + 6;(ci;¢,kj + Ti(j,j) (16)

where w,, , and —¢ 4 is used to denote the strain and electric field respectively.
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Figure 2: The schematic diagram shows a heterogeneous material (red and yel-
low) with varying material parameters and a reference medium with constant
material parameters (green).

The local problem for the displacement and electric field can be split into
its overall and periodic parts such that w = @ + u* and ¢ = ¢ + ¢*. The
equilibrium equations for stress can then be written as the super-position of

the strain and electric fields are:

0 — 0 —
ng,)nnum,nj + 62&«?,@ =0 (17)
where polarization constant is TZ(J’YJ) =0 for v = 1,2 in the matrix, and
0 * 0 cE
Lz(jq)nnum,m Euzébnj m + Tz(]] )= 0. (18)

Similarly for the equilibrium of electric displacement the following equations

are derived as:

ez(gznﬂm,ni - “Eg)a,ni =0 (19)
ez('?rznu:;m,ni + Ti(,?) - ’%52) anz + Ti,l;) =0 (20)

3.1 Fourier analysis

To solve the equilibrium equations, Fourier transform method is used to con-

vert the system of partial differential equations to linear equations. The form

14



of the equation 18 in Fourier space is given by:

0 0) 7% —(L —~(cE
U = (NO)EiEn[— e, — 7™ — 7509 (21)
1'1//;;171 = _Jmnpgbjkp - Hijmn@([/) - szmn?z;(CE) (22)

where, H;jmn = (ND,)&;€, and N2(&) is the inverse of the acoustic tensor of
the homogeneous material, £ being a position vector in Fourier space, Jp,,, =
Hijmnegzj)- and i = v/—1.

Similarly converting the equation 19 to Fourier space and solving for the

electric field we get,

o = [k968,] " Eulel i + 7 — 7] (23)
&"; = JmnWn + G — Gy i™ (24)

where, Gy, = [/‘iz(az)fpfq]_lfifk and Jip, = Gike(O)

imn*

The basis vectors for a long fibre system in Fig.3 are given below:

Base vectors

Y = l(17070) (25)
y> = 1(0,1,0) (26)
ys = [(0,0,N) (27)

where, N — oo Base vectors in reciprocal lattice

Y2 X Y3 1
= 2n—————— =2n(-,0,0 28
i Y1 - (yz X ys) (l ) ( )
Ys X Y1 1
= 2n—————— =27(0,-,0 29
Y1 X Y2 1
= 2n—————— =27(0,0, — 30
gs Yy - (y2 % y3) ( N) ( )
2T 2T
¢ = T+ (31)

15
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Figure 3: The schematic diagram shows a square distribution of long cylindri-
cal fibres aligned with the direction of poling.
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Substituting 24 in 22

w :-meWm+@ﬁ%—@ﬁﬂ—mW@W—%mﬁm

u;(n,n - _Jmnpt]pkluzyl - Jmansp {7/_‘\9(66) - 7/—;("{)} - Hijmn {a(L) + Tz](CE)}
(32)

Solving for the periodic strain

Lt + yinp k] 1[;;\’[ = —JonpGap {TAS(ce) _ ﬁ(”)} — Hijm {Tij(L) X TZ](cE)}

or

/-\

5= B [ (59— 50} 4 B (77 +5)] 31

where, Eni = [Lnnki + JmnpJpki]

Similarly we can substitute 22 in 24 and get,

—

qb:kk = szmn |: mnp¢ ijnTz] 750 — men,]/_'l;(CE'):| + sz?z - G; k’TZ (35)

[Ikp + kanJmnp] (gi = _kanHijmn {a(L) + Tij( } + sz {A 2 - 7/'\1(’{)}(36)

or
5 = Fot [T Hym {@@) 7P } e {a(ca) _ ﬁw)H (37)
where, F,, = [I,4 + JpriJry). The polarizations can be simplified and re-

written as:
O gl 2w 7e) (D) | (eB), (38)
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Applying an inverse Fourier transform to 34

u;,h - Z _Eg_hlmn [JmanSPﬁ‘(D) +Hijmn?i;(a) eié.x (39)
Eer {0}

The polarizations can accordingly be converted to real space by using the

formulae:
ﬁ,j(o’) — <Ti(jf7)€fi€-x> (40)
{_;(D) _ <T]_(D)e_1§.x> (41)

The equation for the periodic strain in real space is then given by:
Yo —E. [Jmansp <T§D)e‘i€x> + Hijmn <ri(f)e‘15'x>] FEX (42)
Eer {0}
Similarly using an inverse Fourier transform to 37 using the relations 40,41
¢ = Z Fﬁcl [_kanHijmn <Ti(]-a)e_i€'x> + G <Ti(D)e_i€'X>} e iEX (43)
§er*—{0}

The equations for the periodic strain and electric field [41 and 43] are exact.
To solve for the strain and electric field in the inclusion an approximation
has to be made regarding the polarization fields. The approximation of using

piece-wise constant polarization fields is discussed in the following section.

3.2 Piece-wise constant fields

For a polarization field (7;;) that is assumed to be piece-wise constant the

following relation is implied,
7 = (78 X)

where  7;(x) = Z X(’")?g) (44)
r=1
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Applying the above relation (43) to the polarization fields used in the current

problem the following relation is derived,

Ti(jL) (x) = Lz’jkz(x) - LE?,)CJ €kl (45)
(r)
L r 0 r
FP@)" = [Lhe) - L] e (46)
— r r 0 —(r
PO = (L) - L ()| 25 (47)

Similarly for the other trial polarization fields we can make the piece-wise
constant assumption. The assumptions are based on the fact that we require
to obtain sharper bounds than Voigt and Reuss type bounds (which we realise

is a case of choosing the polarizations to be constant throughout).

TE@) = |ens(x) — e (@)] B (48)
T @) = |eima(@) — e, (@)| 250, (49)
790@) = [wa(@) - w(@)] 37 (50)

Similarly assuming piece-wise constant fields for 40 and 41

—(o)(r ' 0 —(r T 0 —(7‘)

Tij( = |:Lz(jl)cl<'r) - Lz('jl)cl] en” + [elgzz(x) - el(cz; (37)] oy (51)
W0 = ALGE" + Aem]d) X (52)
RO — A Em ) - AR e

Applying the assumption of piece-wise constant fields to 43

. (r)
u;h - Z ghmn JmanSP Z c {Aesrtg?“t ¢ } <€71£'X>
Eer—{0}

p

+Hijimn Z ) {ALZnyEmy D+ Aem]¢ } <e_i€'x>(T)] BIP S (54)

r=1
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Taking the average over the phase s

ur . . (r)
= N —Egh o | G {Aemsm AR }<€—1£-x>
Eer*—{0} r=1
- O/ e\ O] 7 ) @
+H2jmn Z {ALljxygl'y +A ((;;qu }<6—1€~X> ] <€1£~X> (55)
r=1

Further simplifying the above equation, the expressions can be solved for pe-

riodic strain and electric field after summing over the constituent phases and

recognizing the following microstructural tensors, pUs ohi ) and V;]hs given by,
(rs) -i€x ™) i€-x (¢)
Pghij - Z ghmn Um” <€ > <6 > (56)
§er*—{0}
and
(rs) 71£-X (r) i€-X (s)
V;“sp = Z rsanmnPGlP< > <€ > (57)
§er —{0}
Symmetrising P, such that
(rs) 1 (rs) (rs) (rs) (rs)
Pghij - Z |:Pghzg + P ghji + Phgzg + Pjgh:| (58)
we get the expression for the periodic strain as,
r (r) — (r)=(r)
ZC( ghz] |: z]xy +A alj¢ ] - (59)
- ~(r)
> Vi Az - Akg)a] | (60)
r=1
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The equivalent equation of 60 for the electric field is given as:

p p
_*(s) r s r) —(r ry—7(r) r rs r) —(r
T = 3 (AL + Ak + 32T [Ade®
r=1 r=1
_ A,ﬁg%’(:)} (61)

where the microstructural tensor T }25) is given by:

Tg(:S) _ Z FolG <e—i§-x>(r) <€i§.x>(s) (62)
Eer {0}

Note:- The equivalent form of the third order microstructural tensor is used

in the equation 61 which is given by,

VD= Y Byt (%) (80 (63)
Eer—{0}

Solving equations 60 and 61 to derive the expressions for the average strain
and electric field in the particle &, and gzﬁ_m@). The key idea in solving
the equations for strain and electric field is making the polarization fields in
the matrix zero. This is achieved by choosing a reference medium with the

material parameters of the matrix.

3.3 Solving for strain and electric field

Choosing L, @ £ = L) M) @ and substituting the relations 60
and 61 into £, = &g + %(8) and ¢_y(s) = ¢, + ¢_fg(s). The equation for

strain and electric field for a two phase composite are derived as follows;

. I —©
5:ch(2) = apqlgh |:<€gh - tha¢,a :| (64)
where, agpazy = [[ghxy +c? {P g(fij) ALz(Jz'zsy + ‘/g(fi? )Aeg?yH and
22 2) 22) A (2)
Boha = 2 {Pg(hi;Aeéij — V;](hs AKgsq }
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Similarly by solving for the electric field

(2)

ba = [0 + PreaEaa®] (65)

wtore = [ -2 {15905+ 77802} ane
Pred = c? { V (22) ALUCd +T QQ)Aescd} Substituting 65 in 64 and solving for

the strain in the 1nclu81on we get,

_(2 mﬂpqapqzh {ggh - ﬁghaﬁya_fla,f} (66)

where, Wigea = [Ipgea + Oz;qzhﬁghﬂ;flpfcd]. Using the results obtained in 66 to
find the electric field in the particle, we get,

—(2) 1 —
¢,r = ral’yafl [pfch dpq pqghEgh + gbf} (67)

where, Uy, = [[ak + V;flﬂfch dpq pqghﬁghb%k ]
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CHAPTER 4

Concentration Tensors

Let the concentration tensors be defined such that,

g = A§§ilaj+a§§i$,k (68)

o) = B 2, +003, (69)

For a given homogeneous composite, the constitutive equation for stress is
given by:
0 = Lijrem + 5kz’j$,k (70)

Writing @;; in terms of the phase average stresses Eg)

we get,
n

7=y gy} (71)

r=1

Equating 70 and 71

n
= _ 7T = ~ =
! )O-ij = LijriEri + €kij@
r=1
n

r r) —(r r)—=(r) T — ~
> LEED + esidr ) = LijuFu + Crijd (72)

r=1
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Substituting 68 and 69 in

LijriEr + €rij®

+
+
LijuEn + €ijby =
+
Therefore,
Liju =
Emz’j =
Restrictions
And

72

Z ¢
Z (r)el(;z
Z ¢

n

> "

r=

(r)

Emn T A,

zgkl klmn

B I(CZr)m_mn

Z]kl klmngmn—i_ E :C

r=1

ekzg Bl(c:rmgm” + Z

1

D)

+ b(r) Ek)

(r)
z]klaklm

ek‘zy km

Z C(T) z]lzrlAl(clgnn + 61(62 Bé::in)gmn

Zc

n
r=1
n
r=1

zgkla’klm + kz)b(r )¢

(r) 4
( )(LZJmnAmnkl k‘zy

LGl + )

kij“km

gij = icma()

Af;ize W+ alnd

24

i Bin)

Do

(77)

(78)



Substituting Equation 78 in 77

n

gij = Z (AZJklgkl+az]k¢)

r=1
n

- Z ijlgkl+z ) g/l

r=1

Equating terms on either side:-

n

Z ™) Agl)fl Lijw ZC(T) Ejk‘ =0

r=1
Similarly,
- — =)
Qr = Z cl )¢,k
r=1
Therefore,

3
3

Z C(T) kmn C = Im

r=1 r=1

using 79 and 81
Y AR = Lyu
n—1
c(”)AZQz = Liju — Z C(T)Av(;;l)cl
r=1
Pre-Multiplying by L™

(n)L ) A z]kl Z (T A(T

iymn mnkl z]mn mnkl

25
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(80)

(81)

(82)



From 81

Z C(T)B,(Qm = 0
r=1
n—1
r=1
Pre-multiplying with e(™
n—1
( ) kz]Bkmn - ZC kn]Bk:mn
r=1
Substituting in the equation for Lin 76
" n—1
Lijkl = Z L zgmn mnkl + Z pz] kl + nglZl
r=1
n—1
B Z C(T) ngnr)nnAizZLkl - Z ¢ p?]) sz)l
r=1 r=1
or,

n—1
Lijkl = Lgllzl + Z C(T)<L1(]T7)nn - Umn A:;szl + Z ") 1(7773

Also,

n—1
), = -3,
r=1
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ng)

(85)

(r)
Bpkl

(86)

(87)



And,

r=1
n—1
c(")b,(;:g = Ipm Zc(r)b,(gl
r=1

Pre-Multiplying Equation 87 and 88 by L™ and e(™ repectively

n—1
LG, = =DV La,
r=1
n n)y(n) r (r)
kz])bkm = ekz] Z ()ekl)b

Substituting in the equation for e in 76

€mij = Z Lgkl k?m " z]klaklm
-
S e N
r=1 .
€mij = ez(';r)n + Z (T)(ngl)cl - ngkz aklm + Z ¢ T) 6sz 6kzg)bl(chL
r=1
Similarly,

D; = €inEr — Kik®
can be written as:

D=3 D)
r=1

or,

~  _ ~ = r r)7(r)
CimnEmn — Kin® Z [ klgkl - “Ek)(b ]
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Substituting E,E;) and 5(;) from 68 and 69

n

)

r=1
+ > delal, — KbS,,
r=1

(96)
on comparing,
r=1
= Y Oleflag, — wi b (97)
r=1
Using the relations 79 and 79
Sl = 0
r=1
n—1
R )
r=1
Pre-multiplying with e(™)
n—1
el = 3 el 99
r=1

Similarly,
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Pre-multiplying with (™)

n—1
R = W) = 3 ) 9
r=1

Substituting Equations 98 and 99 in 97

n—1 n—1 n—1
~ (r) ) . (n)g(r)
—Rin = Z e, — Z cMelplafy), — k) + Z g b,
r=1 r=1 r=1
n—1
— YR (100)
r=1
n—1 —1
—Rin = Z (e fk? _ezkl kln Z W "fz('l:))bl(c:z) - ’%(7:) (101)
r=1 =1
or,
n—1 n—1
Kin = "%(:;) + Z C(T)(’iz(‘l? n) b(r Z ¢ zkl - eml))al(cl; (102)
r=1 r=1
Also,
n=1
Conn = Dl Al — g B (103)
r=1

using the relations:

n
E : ¢ z]kl Ukl

r=1
Az(jnkl Liji — Z ) Agkl (104)
=1
Pre-multiplying with e(™
C(”)eﬁﬁf Al(c?r)nn = egkl Tiimmn — Z ™) EZZ)Aklmn (105)

r=1
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also,

n

> Bg, = 0

r=1
n—1
B, = =y B (106)
r=1
Pre-multiplying with (™
(107)
n—1
DB, =~ B, (109
r=1
Substituting 104 and 108
n—1 n—1
amn = Z C(T) ez(kg Al(cl?mn zkl Iklmn Z € Ciki AI(GZmn Z C(T) K‘Z(Z) Bl(cgm
r=1 r=1
n—1
+ Y kB, (109)
r=1
gimn = Cimn + Z C(T zkl - ezkl klmn Z ¢ T) (n))Bl(c:r)m (110)
The concentration tensors derived in the above case are:
Agi; = VVij_'rlrmar_nLkl (111)
2
a’EjI)C = _I/Vz]mn mnghﬁgh@’y (112)
2
Bl(mzm = Uka r)/af prdchpq pqmn (113)
Do = UraYam (114)

Part II of the thesis will look in detail at the finite-element techniques used

to compare the results of the analytic model.
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Part 11

Finite-element simulations of

piezoelectric composites
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CHAPTER 5

Classification of Piezoelectric

Composites

In general, for a piezoelectric composite material there are many ways in
which one can classify their geometry based on the connectivity of its individ-
ual constituents. Pioneering work was first done by Newnham [32] in which
10 distinct ways of creating a system based on the connectivity of each phase
were presented, where connectivity is defined as the number of dimensions in
which one constituent is connected to itself in an infinitely repeating com-
posite assemblage. Furthermore piezoelectric composites can be classified in
three distinct types: (i) 3-0 type, where the porosity is enclosed in all three
dimensions by the continuous matrix phase; (ii) 3-3 type, where the porosity
exists in an open inter-connecting network like configuration with both ma-
trix and porosity exhibiting connectivity in all three directions; (iii) 3-1 type,
where the porosity exhibits connectivity in the 1-direction (similar to the case
of long fibers) embedded in the continuous matrix phase which is connected

to itself in all three directions.

Results for the 3-1 type long cylindrical pore, 3-0 cylindrical pore, 3-0 spher-
ical pore and 3-0 flat cuboidal pore have been presented in this study. In all
simulations, the axis of poling is aligned with the 3-direction. An overview of

the constitutive relations that govern the behaviour of piezoelectric materials
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in the linear elastic domain is given in Section 6.
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CHAPTER 6

Constitutive Relations for

Piezoelectric Materials

The constitutive relations that govern the behaviour of piezoelectric ma-
terials in the linear elastic domain as represented (in stress-charge) form as

follows:

E
0ij = Lijen — erij Bk

Di = CimnEmn T "fann (115)

where o is the stress tensor, e is the strain tensor, F is the electric field
vector, D is the electric displacement vector, L¥ is the stiffness tensor with
the superscript E indicating that the measurement of the components have
been carried out at zero/constant electric field, x° is the permittivity tensor
with the superscript € indicating that the components of x have been measured

at constant or zero strain, e is the piezoelectric coupling tensor.

Following the representation of Nye [33], Eqn. 115 can also be written as:

E
Oq = LabEb — ear Ly

Da = €uwEp + szbEb (116)
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where a and b are derived from ¢j and kl as: for ij or kl = 11,22, 33,23,13,12
and a and b correspond to 1,2,3,4,5,6 respectively. Eqn. 115 is the most
general representation of the constitutive behaviour of the piezoelectric phe-
nomenon with 45 independent constants, 21 elastic, and 18 piezoelectric and
6 dielectric (or permittivity) constants. For the complete characterization of
the piezoelectric behaviour of a material all 45 material constants have to be

determined.

The three-dimensional finite element-based numerical model developed in
the present study is used to determine all the electromechanical constants for
1-3 type long cylindrical pores, 0-3 type cylindrical pores, 0-3 type spherical
pored and 0-3 type flat cuboidal pores.

To assess the utility of piezoelectric composites in practical applications,
combinations of the fundamental electromechanical properties (i.e. figures of
merit) are usually invoked. Some figures of merit are of direct importance
to porous piezoelectric materials and their possible applications (e.g. in hy-

drophones) and are highlighted in the following section.
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CHAPTER 7
Figures of Merit

The four figures of merit identified for the present study are: the piezoelectric
coupling constant (k;), the acoustic impedance (Z), the piezoelectric charge
coefficient (dp,), and the hydrostatic figure of merit (dngn). These figures of
merit provide information with regards to the practical utility of piezoelectric
composites. A brief description of each individual figure of merit, invoked in

the present study, is given below.

7.1 Piezoelectric Coupling Constant

The piezoelectric coupling constant, k; = /1 — E—Z% describes the efficiency of
the conversion between electrical and mechanical energy by the piezoelectric
material. The ratio of the stored converted energy of one kind (mechanical or
electrical) to the input energy of the second kind (electrical or mechanical) is
defined as the square of the coupling coefficient. Materials with larger coupling

constants (~ 1) are more desired.

7.2 Acoustic Impedance

The acoustic impedance given by, Z = \/LE,p, represents the overall acoustic

load at the interface between the hydrophone/device and the environment,
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where p is the effective density of the material. Good impedance matching
between the device and the surrounding media is essential to enhance the
performance of the hydrophone. Since porous piezoelectric materials have
lower densities than pore-free materials they targeted for use in hydrophone
applications. The effective density is calculated using the formula, p = ¢V p; +
@ p,, where ¢V, ¢ are the volume fractions of the two phases and p;, p, are

the respective densities.

7.3 Hydrostatic Strain Coefficient

The hydrostatic (or piezoelectric) strain coefficient,d;, = d3; + dsa + ds3, is the
measure of the effective strength of electromechanical coupling in a piezoelec-
tric material. Is it especially important in the conversion of mechanical loads
(under hydrostatic loading) to electrical signals (in a given direction, 3). It
describes the polarization that results from a change in hydrostatic stress. To
enhance the sensitivity of the hydrophone to the detection of sound, a large
value for the piezoelectric charge coefficient is desired. The piezoelectric strain
coefficient (d) can be evaluated from the piezoelectric stress coefficient (e) as,

dijr, = €imn S (117)

njk

where, Sf ;. is the elastic compliance tensor.

7.4 Hydrostatic Figure of Merit

The hydrostatic figure of merit, djg, defines the hydrophones sensing and
actuating capability. The sensitivity of a hydrophone depends primarily on
the voltage that is produced by a hydrostatic pressure wave. The hydrostatic
voltage coefficient, gy, relates the electric field across a transducer to the ap-
plied hydrostatic stress, and is therefore an important parameter for evaluating

piezoelectric materials for use in hydrophones. The g, coefficient is related to
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the d, coefficient by the permittivity constant (k) as, g, = %. Porous piezo-
electric materials usually show higher values for the hydrostatic figure of merit

than purely piezoelectric or piezo-ceramic composites.

The important aspects of the analytic model used to compare the three-

dimensional finite element model are given in the following section.
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CHAPTER 8

Analytic model

Several analytic models exist that predict the behaviour of piezoelectric
composite materials. The first attempt to solve the problem of a piezoelectric
inclusion distributed uniformly within a homogeneous matrix phase in an infi-
nite array was made by Banno [2]. His approach used the concept of the Banno
unit cell, a representative volume element which when added contiguously in
three dimensions produces the periodic composite. The model given by Banno
uses a generalization of series parallel connections to characterize the complete
electromechanical response of piezoelectric composites. The model given by
Banno was developed further by Hashimoto and Yamaguchi [15]. They pre-
sented a matrix method that could help study the electromechanical response
of piezoelectric composite materials regardless of the material symmetry of
its constituent phases. The model presented in their paper gives accurate re-
sults for one-dimensional (2-2 laminate type) and two-dimensional (1-3 long
fiber type) piezoelectric composite materials. The matrix method presented
by Hashimoto and Yamaguchi was applied to 0-3 type and 3-3 type piezo-
electric composites by Levassort et al. [25, 27, 26]. The present study uses
this analytic scheme to compare the results obtained by the three-dimensional
finite element model. The key aspects involved in the framework of the matrix

method used in [15] are presented below.
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The piezoelectric constitutive relations (in the contracted matrix notation)

in the constituent phases are given by:

D)) )

where T is the stress vector which includes all the stress components, T" =
(T, Ty, T3, Ty, T5,Ts). Similarly S is the strain vector containing all 6 strain
components, F is the electric field vector and D is the electric displacement

vector. CF e

are the elastic (at constant electric field), piezoelectric, and
dielectric(at constant strain) tensors. Writing the equations for each of the

two constituent phases separately in a further contracted form gives:

(TD)" = [K]*(SE)° (119)
(TD)" = [K]P (SE)” (120)
(TD)" = [KI* (3B (121)

where, K¢, [K]P are the effective electromechanical matrices for the ceramic
and polymer phase respectively and [K]? is the effective electromechanical
matrix for the composite.

By defining two new vectors, (G) and (H) and transforming the (7'D) and

(SE) vectors

(T'D) = [QI(H) — [PI(G) (122)
(SE) = [Q)G) - [PI(H) (123)

where (G) and (H) contain the continuous and averaged T, D, S, E boundary
conditions respectively. The diagonal matrices [P] and [Q)] are given by: [Q] —
[P] = [Id] where [Id] is the ninth-order identity matrix. (7'D) can then be
written as : (T'D) = [K|{[Q](G) — [P](H)} and (H) = [W]|(G) with [W] =
{1Q) + (KNP {1P] + [K)IQI} and [K] = {[P) — [QIWIHIPIIV] — (@]},
Writing the equations for the overall composite [K] = {[P]—[Q][W]H{[P][W]—
[Q]}~* where [W] = v[W]¢ + (1 — v)[W]? , v being the volume fraction of the
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ceramic phase.

The three-dimensional finite element model used to study the four geome-

tries of porous piezoelectric composites is presented in section 9.
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CHAPTER 9

Three-Dimensional Finite
Element Model to Study
Piezoelectric Composite

Materials

The finite element model utilized in the present study uses the basis that
the complete electromechanical response of an infinitely large periodic piezo-
electric composite material can be understood by characterizing the behaviour
of a representative volume element or unit cell. A unit cell can then be re-
peated in all three axes to generate the infinitely large periodic piezoelectric
composite. Since the unit cell captures the response of the entire composite
material certain conditions must be enforced to make sure that the deforma-
tion and electric potential of a unit cell are compatible across its boundaries
with adjacent unit cells. To be able to study the response of a 1-3 type long
cylindrical pore, 0-3 type spherical pore, 0-3 cylindrical pore and 0-3 type flat
cuboidal pore, four types of three-dimensional unit cells were constructed. A
schematic diagram of the unit cells showing square and cubic distribution of

pored is given in Fig.4
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(a) (b)
(c) (d)
Figure 4: The schematic showing the various unit cells studied in the present

work where, a) 0-3 type cylinder; b) 1-3 type cylinder; ¢) 0-3 type flat cuboidal;
d)0-3 type sphere

43



The three-dimensional finite element model used in the current study was
developed by Kar-Gupta and Venkatesh [23]. According to their formulation to
maintain the periodicity of the electromechanical loading across the boundary

of the unit cell the conditions that have to be imposed are:

(i) Periodicity in the 1 — direction is given by : P — p4 = p¥ — p5,
PRR _ pAA _ pSS _ pBB.pV _ pA_ pW _ pB.
pVV _ pPD _ pWW _ pCC. pXM _ pA _ pXP _ pB

(ii) Periodicity in the 2 — direction is given by : PT — PP = pV — p4,
pTT _ pPD _ pUU _ pAA. pWW _ pC _ pW _ pbB.
pPYP _ pC — pYM _ pB. pXM _ pA _ pXP _ pB

(iii)  Periodicity in the 3 — direction is given by :PYY — p44 = ptU _ p4.
PSS _ pAA _ pS _ pA. pZP _ pAA _ pZM _ pA.

The unit cell for a 0-3 type unit cell with a cylindrical void is given in Fig.5

By subjecting a particular unit cell to a set of controlled mechanical and
electrical loading conditions and studying its response all 45 corresponding ma-
terial constants can be determined. The main feature of this three-dimensional
finite element model is that all four types of unit cells are subject to a common
set of electrical and mechanical loading conditions in order to determine the
components of the electroelastic moduli of a given composite.

The finite element analysis for the unit cell is carried out by commercially
available software (ABAQUS). Eight-node linear piezoelectric brick (C3D8E)
elements are used to mesh the unit cell. Each node is allowed a total of four
degrees of freedom (i.e. 1, 2, 3) and one electric potential degree of freedom
(i.e. 9). The nodes located on the vertices of the unit cell, A(AA), B(BB),
C(CC), D(DD), are designated as mater nodes, and P refers to all the four
degrees of freedom (i.e. P =1,2,3,9). The constraint equations are such that
they allow the master nodes to control the overall behaviour of the unit cell.

All loads (mechanical and electrical) are applied to the master nodes only. The

44



Figure 5: The diagram shows an example for a mesh for a 0-3 type cylindrical
void of 30% volume fraction in a unit cell .
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master node A is fixed and electrically grounded for all simulations to prevent

rigid body motion (P4 = 0 for P = 1,2,3,9). The masters nodes are shown

in Fig.6
3 DD
CC
AA
S
/ ’
/Z
A \
C
B

Figure 6: The diagram shows the master nodes used to control the boundary
conditions and deformation of the unit cell.

A detailed description of the constraint equations and the method used to
determine all 45 (21 elastic, 15 piezoelectric, and 6 dielectric) independent elec-
troelastic constants has been given in the Appendix of Ref. [23]. The method

to calculate the electric displacement using the weighted average method for
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the case of 0-3 type cylindrical pore is given below.

Care has to be taken to mesh the 0-3 type porous cylindrical system in
ABAQUS since the default meshing tool assigned for such a geometric config-
uration does not use hexes and wedges as the mesh element type. In order to
mesh the system using a structured mesh (which is the standard mesh type)
the unit cell has to be partitioned accordingly. A key feature in enabling
ABAQUS to mesh the unit cell structurally involves the partitioning of the
ZP and ZM faces. A circle with the same radius as that of the 0-3 type
cylindrical pore has to be projected on the ZP (or ZM) face and extruded
vertically through the entire unit cell. The circles then have to be divided into
segments in order to enable accurate seeding of the mesh. In order for the
constraint equations to control the electromechanical response of the unit cell,
nodes on opposite faces and edges have to correspond to be exactly opposite
to one another. For e.g. if node R(1) is assigned the coordinates (0, 1,0), node
S(1) has to be (30,1,0).

The appendix of Ref. [23] contains details on how to calculate the stress and
electric displacement components. In order to completely characterize the be-
haviour of a unit cell containing a 0-3 type cylindrical pore all 81 components of
the electromechanical moduli are calculated from a set of 9 finite element simu-
lations. Each simulation helps in determining 9 constants. For e.g. in the first
simulation, we assign, e; = 0, and, €9, €3, £4, €5, €¢, £'1, o, F3 = 0 we get all the
nine constants in the first column (Lyq, Lo1, L3y, La1, Ls1, Le1, €11, €21, €31).To
determine the piezoelectric and permittivity constants in the longitudinal di-
rection (e.g. ess, k33) the electric displacement components have to be calcu-
lated using a weighted average method, a brief description of which is given

below.

To determine the constants in the third column of the electromechanical

constants matrix the following conditions are imposed.
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1. The unit cell is subjected to a normal strain €3 in the 43 direction by
prescribing a fixed displacement (§). The displacement is assigned to
the master nodes on the face having its outward normal vector in the +3
direction (i.e. nodes AA— BB —CC — DD on the ZP face). The master
nodes on the face having its outward normal in the —3 direction are
fixed (i.e. nodes A— B —C — D on the ZM face). The remaining strain
components are fixed and all the master nodes are electrically grounded

€1,€2,&4,E5,E6, Ela E?a E3 =0

pAd = pBB — pCC — pPD —§ for P =3 (124)
pAt = pBB — pC¢ — pPD —_ ( for P =1,2,9 (125)
PA=pPB=pC=pP -0 forP=1,27309 (126)

2. All the six stress components (o1, 09, 03, 04, 05, 0g) are calculated accord-
ing to the method prescribed in the Appendix A of Ref. [23] which can

be represented in matrix form as follows:

01 Ly Ly -+ —esn €1
) Lis Loy -+ —esx €2

= . . . . (127)
Dy €31 €32 - R33 Es

3. The three electric displacement components ((D1), (Ds), (D3)) required
to determine the piezoelectric components in the third column (e;3, €23, €33)

are calculated as a weighted area average.

For example,
(Ds)

€3

€33 =

(D3) = magnitude of the electric displacement component normal to the face
Z P evaluated as a weighted area average.
The formula employed to evaluate the weighted average of the electric dis-

placement is
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(D3) = (Dyace X Aface)/Nace + (Deircie % Acireie)/Neircie

D4ce = electric displacement of the ZP face not including electric displace-
ment the projected circle.

Aface = Area of the ZP face not including the area of the projected circle.
Ntqce = Number of elements on the ZP face not including the elements in the
projected circle.

D.iree= electric displacement of the circle projected on the ZP.

Acirae= Area of the projected circle on the Z P face.

Neirele= Number of elements in the projected circle on the ZP face.

Similarly by using the other boundary conditions (e.g. €5 # 0,&4 # 0, etc.)
all 81 constants in the material property matrix (of which 45 are truly indepen-
dent) can be determined. It is essential to calculate the electric displacement
components using the weighted area average in order for the electromechanical

constants matrix to have major symmetry.

The following section highlights some of the important results and discus-

sions inferred from the present study.
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CHAPTER 10

Results and discussion

This section analyses the results of the explicit homogenization estimates
of the analytic model and compares the trends in the fundamental properties
with an existing finite-element model developed by Kar-Gupta and Venkatesh
[23] and adapted to porous piezoelectric composites by [18]. Plots for the
variations (Fig.7) in the trends of effective properties with respect to porosity
volume fraction are given for two geometric configurations of pores embedded
in a piezoelectric matrix, namely, square distribution of long cylindrical pores
aligned with the axis of poling (e3) in the e; — eg direction (SA) and cubic dis-
tribution of spherical voids (C'A). Moreover to demonstrate the applicability
of the analytic model three materials belonging to different crystal symme-
try classes (Barium Titanate (4mm), Barium Sodium Niobate (mm2), and
Lithium Niobate (3m)) have been taken as examples. The utility of the ana-
lytic model has been shown by identifying certain figures of merit to facilitate

material selection for industrial applications.

This section has been organized as follows. First we plot the results for
the comparison between trends obtained from the analytic model developed in
the part I with finite-element simulations for barium titanate, barium sodium
niobate, and lithium niobate. Next we plot the results showing the trends in
certain figures of merit for both square and cubic distributions of voids with

increasing porosity volume fraction. The motivation behind the selection of
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Figure 7: Trends showing the variation of elastic constants for Barium
Titanate-1, (N) implying numerical results and (A) denotes the analytic line.
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these results is to provide an overall understanding of the effective response of
piezoelectric porous periodic composites. The square and cubic arrangements

being the limiting cases of a general ellipsoidal particle.

10.1 Distribution of long cylindrical voids and

spherical voids

The variation in the effective elastic properties with change in porosity vol-
ume fraction as predicted by the analytic model are compared with the three-
dimensional finite element model for a square distribution (SA) of long hollow
cylindrical voids and a cubic distribution (CA) spherical voids embedded in
a piezoelectric matrix. The comparison between finite element and analytic
predictions show a good agreement over the entire range of porosity volume
fraction. The analytic model shows the change in effective properties upto
70% volume fraction (with percolation occurring at ~ 78%) for long cylindri-
cal voids and upto 50% (with percolation taking place at ~ 52%). The trends
are analysed for three materials, Barium Sodium Niobate, Lithium Niobate

and Barium Titanate.

10.1.1 Barium Titanate

The analytic model was first applied to a square and cubic arrangement of
cylindrical and spherical voids in a matrix Barium Titanate. The trends were
observed for all fundamental electromechanical constants for a varying porosity
volume fraction. The theory predicts values for the piezoelectric constants that
are self consistent and satisfy the necessary symmetry conditions required for
respective tensors. It was observed that effective properties show orthotropic
symmetry in the material parameters. As predicted by earlier work properties
in the longitudinal direction (Lss, €33, k33) show a larger value for a square
distribution of cylindrical voids when compared with a cubic arrangement
of spherical voids. The prediction of transverse and shear properties also

show good agreement with finite-element simulation thereby validating the
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Figure 8: Trends showing the variation of elastic constants for Barium
Titanate-2
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assumption of piece-wise constant polarization fields. It is observed from the
Figs.(8, 9) that the behaviour is monotonic in the variation of fundamental
constants. A linear trend as predicted by previous finite-element models [18]

is observed in the longitudinal constants.

10.1.2 Barium Sodium Niobate

To assess the applicability of the analytic model to materials with higher
degree of anisotropy the model was applied to a square and cubic arrange-
ment of cylindrical and spherical voids in a matrix of Barium Sodium Niobate
(mm?2)(Fig.10,11). It was observed that the fundamental constants predicted
as a result of the homogenization estimates of the analytic model agreed well
with finite-element simulations. The explicit solution for the effective proper-
ties are general and do not depend on the symmetry of the material param-
eters of the matrix phase. The trends observed were similar in comparison
with those observed in Barium Titanate with the overall properties of the
composite having orthotropic symmetries and satisfying the required symme-
try conditions of the respective elastic, piezoelectric and dielectric modulus

tensors.

10.1.3 Lithium Niobate

The analytic model predictions were finally compared with finite-element sim-
ulations by substituting the properties of Lithium Niobate (3m) for the prop-
erties of the matrix. The trends were seen to agree well with numerical
model predictions upto large volume fractions. The symmetries of the effec-
tive constants were checked and found to exist for all fundamental properties.
The trends for electromechanical constants for Lithium Niobate are given in
Fig.12,44
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Figure 10: Trends showing the variation of elastic constants for Barium Sodium
Niobate-1.
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Figure 11: Trends showing the variation of piezoelectric and dielectric con-
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10.1.4 Remarks

The variation in fundamental properties provided by the analytic model helps
in understanding the effects of changing porosity volume fraction. The model
can be shown to recover the solution Eshelby in the dilute limit of porosity
tending to zero. The explicit solutions provided for the effective properties
can be applied to a wide range of materials with varying symmetries in their
fundamental properties. The rigorous formulation and effectiveness of the ho-
mogenization estimates provide a strong substitute to popular finite-element
schemes generally used to study the effective behaviour of periodic piezoelec-
tric composites. Unlike some analytic model the estimates based on Suquet’s
method does not require the use of existing schemes to observe the change in
properties for a finite volume fraction. Moreover for particulate composites
where the inclusion and the matrix are both piezoelectric, the model provides
explicit solutions for the Hashin-Shtrikman (HS) variational bounds depend-
ing on the choice of the reference medium. If the reference medium is chosen
as the stiffer of the two phases, the model provides the HS upper bound. Sim-
ilarly when the softer materials is chosen as the reference medium, we obtain
the HS lower bound.

10.2 Finite-element model predictions

The three-dimensional finite element model was implemented for four geomet-
ric configurations of porous composites with three different crystal symmetries
(4mm, mm2, and 3m). The results of the 1-3 type long porous composite is
first verified with previous finite element models [23, 21, 22] developed for 1-3
type porous composites and found to be in good agreement. The model is then
applied to 0-3 type cylindrical porous, 0-3 type flat cuboidal porous and 0-3
type spherical porous composites for all three crystal symmetries. The role of
crystal symmetry and porosity connectivity on the fundamental properties is
analysed for four geometric configurations of porous piezoelectric composites.

The performance characteristics of each are determined in the light of relevant
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Figure 12: Trends showing the variation of elastic constants for Lithium
Niobate-1.
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figures of merit.

10.2.1 Effect on fundamental electromechanical proper-
ties

The variation of the fundamental elastic, piezoelectric and dielectric constants
with increasing porosity volume fraction is shown in Fig. for ceramic BaTiOs3
for all four geometric connectivities (poled in the 3-direction). The general

observations are as follows:

1. The variation of the electroelastic properties of all geometric configura-
tions with increasing porosity volume fraction is similar across material

symmetries.

2. The properties in the longitudinal direction (i.e. Lss, €33, k33) are high-
est in the case of 1-3 type long porous composite as shown in Fig.14
The variation of the electromechanical constants is mostly linear with
increasing porosity volume fraction. The lowest values for longitudinal
constants are seen in the case of the 0-3 type porous cuboidal composite
with the 0-3 type cylinder and 0-3 type spherical pores showing interme-
diate trends between the two bounds. The longitudinal constants for 0-3
type composites is significantly lower than those of 1-3 type composites
because of the higher volume fraction of the pore along the 3-direction.
The 0-3 type composite, however, shows a matrix (ceramic)-dominated
non-linear behaviour due to the pore being completely enclosed in the

ceramic matrix phase.

3. The properties in the transverse direction (i.e. Ly, Lo, k11) are highest
for the 0-3 type cuboidal porous composite while the 1-3 type long porous
composites have the lowest values for the transverse properties. As ex-
pected, for all geometric configurations the transverse constants show a
monotonically decreasing trend with an increase in the porosity volume
fraction. The properties exhibit characteristics of matrix-dominated be-

haviour in each of the two transverse (i.e. 1 and 2) directions.
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Figure 14: Trends showing the finite-element results for Barium Titanate-1

62



Barium Sodium Niobate

2.40x10" . . . . . . .
590 £ 10" —&— 1-3 Cylinder
' —&— 0-3 Cylinder
200x10" | —&— (-3 Sphere _
—— (-3 Flat Cuboid
—~ 1.80x10" L -
[n)
£
- a1
Z 160x10" | -
1.40x10" | -
1.20x10" - -
1.00x10" | E
8.00x10"™ ] ] ] ] ] ] ]
0 0.05 0.1 015 02 0.25 0.3 0.35 0.4
vol. fraction
(a)
Barium Sodium Niobate
220 X 10-’ T T T T T T T
B —e— 1-3 Cylinder
-2
200%107 - —5— 0-3Cylinder
. —%— (-3 Sphere
=]
1.80x 107 - — % 0-3 Flat Cuboid | |
£ 160x10% |
st
o,
;f 1.40x107 -
120x10% |
1.00x10% |
800 x 10'-'3 1 1 1 1 1 1 1
0 0.05 0.1 015 02 0.25 0.3 0.35 04
vol. fraction
(b)
Figure 15: Trends showing the finite-element results for Barium Sodium
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4. The properties, Lqo, L13, Los, €31, are also dependent on the nature of
the geometric connectivity of the pore with the 0-3 type spherical and
0-3 type cuboidal pore having the highest values for the constants for
the case of a Barium Titanate system. (The trends differ in the case
of Barium Sodium Niobate and Lithium Niobate system where the 0-3

spherical pore shows the highest value for the properties).

5. The properties L4, Lss, Lgs show a matrix-dominated trend with Ly
and Lss being highest for 1-3 type long porous composite. The highest

value for Lgg is obtained for the 0-3 cuboidal porous system.

The overall trends for the electromechanical properties with varying porosity
volume fraction show a strong dependence on the load partitioning between
the matrix and the porous region, which in turn is influenced by the geometric

connectivity of the pore within the ceramic phase.

10.2.2 Effects on Crystal Symmetry

The finite element model used in the study of porous piezoelectric composite
enables the determination of 45 independent electromechanical constants. The
influence of the geometric arrangements of the pores on the crystal group of
the matrix phase can be studied by looking at the relationship between the
independent electromechanical properties. In the model system consisting
of Barium Titanate as the matrix phase, a high order of crystal symmetry
(i.e. 6mm) is observed. By introducing porosity into the system the crystal
symmetry is reduced to the 4mm group (i.e. Lgs # (L11 — Li12)/2). For
the Barium Sodium Niobate (mm2) and Lithium Niobate (3m) based porous-
ceramic composite system no change in crystal symmetry is noted with the

introduction of porosity.

10.2.3 Effects on Figures of Merit

The following observations were made after a study on the role of porosity

geometry on the effective figures of merits:
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Figure 17: Trends showing the Figures of merit for Lithium Niobate-1
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Figure 18: Trends showing the Figures of merit for Litihum Niobate-2
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1. Overall, the electromechanical coupling constant (k;) shows an increasing
trend with an increase in the porosity volume fraction for a Barium
Titanate based porous-ceramic system. The highest value for k; was
observed in the case of 1-3 type long porous composite as shown in Fig.19.
The coupling constant for 0-3 type spherical and 0-3 type cuboidal porous
systems have the lowest values with the 0-3 type cuboidal porous system
showing an almost linear trend with increasing porosity volume fraction.
The trends for k; in the case of Barium Sodium Niobate and Lithium
Niobate system show invariance with increasing porosity volume fraction
with the highest values being observed for 1-3 type long pores and 0-3

type spherical pores respectively can be seen in Figs.17, 20.

2. The trends for acoustic impedance (Z) show a linearly decreasing trend
with increasing porosity volume fraction. The highest value for acous-
tic impedance in all porous-ceramic configurations was obtained for 1-3
type long circular cross-sectional pores. 0-3 flat cuboidal pores had the
lowest value for acoustic impedance in all cases of ceramic-porous con-

figurations.

3. The piezoelectric charge coefficient (dj) and hydrostatic figure of merit
(dngn) are highest for the 0-3 type flat cuboidal pore and lowest for 1-
3 type long cylindrical pore. The difference in the d;, and d,g, value
between the 0-3 type flat cuboidal pore and other geometric configura-
tion is quite significant (upto 223% and 1818% respectively, between 0-3
type flat cuboid and 1-3 type long cylindrical pore for ceramic Barium
Titanate system) at 30% volume fraction. Similar trends were observed
in the Barium Sodium Niobate and Lithium Niobate systems, where the
1-3 type flat cuboid had the highest value for the piezoelectric charge
coefficient and the hydrostatic figure of merit as seen in Fig.20 The per-
centage difference for respective d;, and dj,g;, values between 0-3 type flat
cuboidal and 1-3 type long cylindrical pore being 24% and 117% for Bar-
ium Titanate (mm2) system and 40% and 191% for a Lithium Niobate
(3m) system at 30% volume fraction. The charge coefficient for 1-3 type
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Figure 19: Trends showing the Figures of merit for Barium Titanate-1
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porous system does not vary with change in porosity volume fraction, a
trend which has been explained by the author in Ref. [1§]

4. On analyzing the difference between d;, and dj, g, for 0-3 flat cuboidal pore
and 0-3 long cylindrical porous system i.e. the two bounding geometric
configuration of 0-3 type, a considerable improvement was noted in the
figures of merit in the 0-3 cuboidal pore over the 0-3 cylindrical pore
configuration. At the 30% volume fraction the percentage difference in
dy, and djg;, was observed to be 107% and 664% respectively in the case
of Barium Titanate being used as the matrix phase. For the case where
Barium Sodium Niobate and Lithium Niobate were as matrix phases the
difference in d;, and djg; between the two geometric configurations at
30% volume fraction was found to be 17% and 91% and 27% and 137%
respectively. These results show that 0-3 flat cuboidal pore configuration
is better for hydrophone sensor applications in which a high d;, and dj gy,

is considered desirable.

The important conclusions drawn from the finite element study of porous

piezoelectric composites are highlighted in the following section.
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CHAPTER 11

Conclusion

A three-dimensional finite element model and an analytic model based on
the Suquet’s estimates have been presented to analyse the effect of porosity
geometry and connectivity on the electromechanical response of piezoelectric
ceramics. The author had earlier compared the results of the finite element
analysis to the analytic model presented by Mikata [18] for the case of a 0-3
type spherical pore in a piezoelectric medium. In this study the results for
the case of a 1-3 type cylindrical pores and 0-3 type spherical pores have have
been compared to an analytic model based on homogenization estimates. The

principal conclusions drawn from the study are as follows:

1. The analytic model derived in the present work provides explicit solu-
tions to the effective tensors of a two phase piezocomposite by extending
the previous work by Suquet. The model is applied to three materials
belonging to different symmetry classes for a case of a square distri-
bution of cylindrical voids and a cubic distribution of spherical voids.
The effective properties were found to show good agreement with the

finite-element scheme developed in the second part of the current work.

2. The finite element model used in the present study was able to predict
the electromechanical properties of four geometric configurations of pores
i.e. 0-3 type cuboidal pore, 0-3 type spherical pore, 0-3 type cylindrical
pore, and 1-3 type long cylindrical pore.
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3. The unit-cell based three-dimensional finite element model produced re-
sults for the all the electromechanical properties of materials belonging
to three different symmetry classes, i.e. Barium Titanate (4mm), Barium
Sodium Niobate (mm2), and Lithium Niobate (3m).

4. The elastic, piezoelectric and dielectric properties vary monotonically
with increase in porosity volume fraction with the constants in the lon-
gitudinal direction being greatest in the case of 1-3 type long pores with

circular cross-section for all three symmetry classes.

5. On comparing the piezoelectric charge coefficient (d;) and the hydro-
static figure of merit (dngn) between the 0-3 type cylindrical pore and
0-3 type cuboidal pore, the latter was found to have a significantly larger
value for the same volume fraction. This trend, of a thin flat pore hav-
ing relatively higher d;, and djg, values, has been previously noted by
Topolov et al. in [28], where they have considered a 0-0-3 system consist-
ing of needle-like spheroidal pores embedded in a polymer matrix. The
observed trends indicate that 0-3 type cuboidal pores are better suited

for hydrophone applications.
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Appendix A

The microstructural tensors P,

V, T

The explicit expressions for the components of the mircrostructural tensor P,
which characterizes the microstructure of the square distribution of cylindrical

pores and cubic distribution of spherical pores are given in this section.

A.1 Periodic square distribution

For the periodic square distribution of long cylindrical voids, the base vectors

defined in section 3, so that expression for P, V', T specializes to:

+o0 +oo
472 (bk)
zgkl Z Z Hz]mn 612]{72 ) (128)
P=—00 q=—00
~{p=q¢=0}

—+00

<% 4J% (bk)
z]k Z Z Jzyk kaQ ) (129)

P=—00 g=—00
*{p—q—o}

Z Z G,j b%z , (130)

P=—00 q=—00
—{p=¢=0}
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where & =p, & =¢q, b= %, and k = 27\/p? + ¢? and it is recalled that
J1(+) is the Bessel function of first kind and ¢ is the volume fraction of the

particle phase.

A.2 Periodic cubic distribution

For the periodic cubic distribution of spherical voids, the expressions for P,

V', T specializes to:

—+00 —+00 —+00

Pijin = Z Z Z Hijmn 3 (—bk cos(bk) + sin(bk))|

P=—00 q=—00 r=—00
+o00 400 +o0

b3k3

Vi — Z Z Z T [3 (—bk cos(bk) + sin(bk)) |

P=—00 g=—00 r=—00

b3k3

+oo 400 400 . 2
3 (—bk cos(bk) + sin(bk))
=y Y Y m |

P=—00 g=—00 r=—00

—{p=g=r=0}

[

) (131)

, (132)

7 (133)

where & = p, & — q, £ =1, b= [33(;”] S and k= 2n\/p2 + @ + 2.
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Appendix B

Additional plots for Barium
Titanate, Barium Sodium
Niobate and Lithium Niobate

Additional results from finite-element analysis and the analytic model have

been presented in this appendix.
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Figure 22: Trends showing the variation of elastic constants for Barium
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Figure 25: Trends showing the finite-element results for Barium Titanate-2
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Figure 26: Trends showing the finite-element results for Barium Titanate-3.
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Figure 27: Trends showing the finite-element results for Barium Titanate-4.
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Figure 28: Trends showing the finite-element results for Barium Titanate-5.
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Figure 29: Trends showing the finite-element results for Barium Titanate-6.
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Figure 30: Trends showing the finite-element results for Barium Titanate-7.
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Figure 31: Trends showing the Figures of merit for Barium Titanate-2.
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Figure 32: Trends showing the variation of elastic constants for Barium Sodium
Niobate-3.
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Figure 33: Trends showing the variation of elastic constants for Barium Sodium

Niobate-4.
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Figure 35: Trends showing the variation of piezoelectric constants for Barium
Sodium Niobate-6.
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Figure 36: Trends showing the variation of piezoelectric constants for Barium
Sodium Niobate-7.
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Sodium Niobate-8&.
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Figure 38: Trends showing the finite-element results for Barium Sodium

Niobate-2.
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Figure 39: Trends showing the finite-element results

Niobate-3.
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Figure 40: Trends showing the finite-element results for Barium Sodium

Niobate-4.
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Figure 41: Trends showing the finite-element results for Barium Sodium

Niobate-5.
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Figure 42: Trends showing the finite-element results for Barium Sodium
Niobate-6.
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Figure 43: Trends showing the Figures of merit for Barium Sodium Niobate-2
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Figure 44: Trends showing the variation of elastic constants for Lithium
Niobate-2.
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Figure 45: Trends showing the variation of elastic constants for Lithium
Niobate-3.
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Figure 46: Trends showing the variation of piezoelectric and dielectric con-

stants for Lithium Niobate-2.
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Figure 47: Trends showing the finite-element results for Lithium Niobate-2
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Figure 48: Trends showing the finite-element results for Lithium Niobate-3
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Figure 49: Trends showing the finite-element results for Lithium Niobate-4
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Figure 50: Trends showing the finite-element results for Lithium Niobate-5
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