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Quantifying the risk of the uncertainty in the future value of a portfolio is a key task in risk
management. For decades many researchers have been trying to formalize sophisticated risk
measures and apply them in the real financial world. In view of that this dissertation is dedicated
to investigate the development of risk measures along with the applications in risk management,

particularly in partial hedging under stochastic interest rate.

In this dissertation we assess the partial hedging problems by formulating hedging
strategies that minimize conditional value-at-risk (CVaR) of the portfolio loss under stochastic
interest rate environment. The combination of stochastic interest and CVaR hedging method
makes the valuing approach more complex than the existing model with constant interest rate.
We take up two issues in searching the optimal CVaR hedging strategy: given the initial capital

constraint we minimize the CVaR of the portfolio loss; by prescribing a bound on the risk, we



also minimize the hedging cost. As an illustration of this hedging technique we derive hedging
strategies for a European call option with the Black Scholes setting under HIM framework;
explicit formulas are presented. We also investigate CVaR hedging problems by using the real

financial data.

The last chapter in this dissertation investigate nominal and robust portfolio optimization
by employing difference version of CVaR as the risk measure. We assume that the return only
known to follow a distribution set. High frequency data is used to test the performance of CVaR

optimization and Worst CVaR optimization with contrast to a equally weighted protfolio.
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1. Introduction

Quantifying the risk of the uncertainty in the future value of a portfolio is a key task in
risk management. For decades many researchers have been trying to formalize sophisticated
risk measures and apply them in the real financial world. In view of that this dissertation is
dedicated to investigate the development of risk measures along with the applications in risk

management, particularly in partial hedging under stochastic interest rate.

The problem of pricing and hedging of a contingent claim is well understood in the
context of a complete market. Given a sufficient allocation of initial wealth, every contingent
claim can be replicated by a self-financing trading strategy, thereby being hedged perfectly.
The cost of replication defines the price of the claim, and can be computed as the expectation
of the claim under a unique equivalent martingale measure. The main characteristic of partial
hedging is that it allows investors to allocate a smaller amount of initial capital than in the

case of perfect hedging, while still managing the risk in a systematic way.

Different partial hedging approaches have been proposed and examined in the
literature. The well-known examples are quadratic hedging and quantile hedging using
Value-at-Risk. The performance of partial hedging mostly relies on the selection of the
underlying risk measure. In this dissertation we introduce a partial hedging strategy by using
Conditional value-at-risk (CVaR). We formulate hedging strategies that minimize CVaR of
the portfolio loss under stochastic interest rate environment. The combination of stochastic
interest and CVaR hedging method makes the valuing approach more complex than the
existing model with constant interest rate. We take up two issues in this work: given the

initial capital constraint we minimize the CVaR of the loss L; by prescribing a bound on the



risk, we minimize the cost of the target portfolio. As an illustration of this hedging technique
we derive hedging strategies for a European call option with the Black Scholes setting under
HJM framework; explicit formulas are derived. We also investigate CVaR hedging problems

by using the real financial data.



2. Monetary Measure of Risk

Risk measures are quantitative tools developed to determine the minimum capital
reserves that need to be maintained by financial institutions so as to ensure their financial
stability. In 1952 Markowitz first adopted variance as the measure of risk. Value-at-Risk
(VaR) is a popular measure of downside risk in financial risk management since the middle
of 1990s, and defined as the maximum amount of loss that can be observed for a given
confidence level in the determined time interval. For a given probability distribution, VaR is
basically a quantile estimation written as

VaR,(X) = F*(a)

VaR is an important risk measure and required by the Basel Accord. However, it has
been criticized in recent years in terms of three aspects: first, VaR is not sub-additive in the
general distribution cases; also, VaR may exhibit multiple local extreme values for discrete

distributions and hard to be optimized; moreover, VaR only represents a percentile of a

probability distribution, and does not fully grasp the information of the uncertainty beyond.

The criticisms of VaR motivated researchers to formalize better measures of risk. ADEH
took the first line of research by introducing the ideal of “Thinking Coherently” in 1997. In
1999 ADEH introduced “Coherent Risk Measures” where the consistency conditions were
illustrated. This is considered a major contribution in risk measurement research. New risk
measures that satisfy these consistency conditions and as easy to compute as VaR are
constructed, for example, Conditional Value at Risk (CVaR) by Uryasev and Rockafeller in
1999 and Expected Shortfall (ES) by Acerbi et. Al. in 2000. Another significant contribution
in this area was done by Follmer and Schied in 2002 with the introduction of “Convex Risk
Measures”. Convex risk measure forms a theoretical framework going one step further in
terms of reflecting real market conditions. This group of risk measures drop the positive

3



homogeneity axiom of coherent risk measures in order to reflect the liquidy risk in financial
markets. Later in 2004 Bion-Nadal defined conditional convex risk measures, which allows
random variable to be values of risk measure, and evolves the convex risk measures by
integrating the asymmetric information theory in risk measurement.

Dynamic risk measure is a sequence of conditional risk measures adapted to the
underlying filtration. A crucial question in the dynamical framework is how risk evaluations
at different time periods are interrelated. One of todays most used notion of time consistency
is strong time consistency, which can be characterized by additivity of the acceptance sets
and penalty funtions, and also by a supermartingale property of the risk process and the
penalty function process, see [11,13].

An outline of this section is as follows: section 2 review the notion of a measure of risk,
its proper axioms, and some representation results concerning them; section 3 we extend the
measures to a conditional framework. Dynamic risk measures in both continuous time and
discrete time settings are investigated; time consistency as an important property for dynamic
risk measures is also presented. As an illustration of all theories discussed in this section, we

introduce the dynamic entropic risk measure and its application with a pension fund setting.



2.1 Axioms and Acceptance Set

The uncertainty in the future value of a portfolio is usually described by a function
X :Q—R, where Qrepresents a fixed set of scenarios, and X can be interpreted as the
discounted value of a portfolio which is the risk. We aim to determine p(X), which quantifies

the risk and can serve as the minimal amount of capital that makes the position acceptable.

Let x denotes a linear space of functions X , and y C L°(Q, F, P). It will be seen late that we

often restrict ourselves to L (Q, F, P), pE[1, +o].

Definition 2.1 A mapping p: X— R is called a monetary risk measure if it satisfies the

following conditions for all X, Y € y.
* Monotonicity: If X<Y, then p(X) > p(Y).
o Cashinvariance: If m € R, then p(X+ m) =p(X) —m

Monotonicity implies that if a portfolio has higher returns for all possible states of
nature relative to another portfolio, risk associated to this portfolio is naturally lower.
Translation invariance assures that a risk measure is expressed in currency terms by saying
that when an amount of cash is added to the portfolio as a risk free investment, the risk of the
portfolio decreases by the same amount.

Definition 2.2 A monetary measure of risk p: X — R is called a coherent measure of risk
if it satisfies the condition of

» Positive Homogeneity: If A >0, then p (A X) = p(X),

» Subadditivity: p(X+Y) < p(X) + p(Y).

Positive homogeneity implies that there is a linear relation between the position size
and the associated risk of the portfolio. Subadditivity states that a merger does not create
extra risk. Convex risk measure below drops the positive homogeneity axiom in order to

reflect the liquidity risk in financial market.
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Definition 2.3 A monetary risk measure p: X — R is called a convex measure of risk if it
satisfies the property of
o Convexity: p (A X+ (1-1)Y) < X p(X) + (1-A)p(Y), for 0 <A< 1.
It is immediately clear that coherent risk measure is indeed a special case of convex
risk measure. That is, when the liquidity risk is taken as 0, every coherent risk measure is

convex.

Proposition 2.4. For arisk measure p: X =R we have
p(X +p(X)) =0 for X €y, where |p(X)| < +. (1)
If additionally positive homogeneous, then it holds that
(1) p(0)=0,i.e., pisnormalized,

(2) p(c)=-c forall ce° .

Proof. Appendix 1

We formally introduce the concept of acceptance with respect to its risk measure p
A ={Xey |p(X)sO} 2
The set A is called the acceptance set of acceptable future net value, where p(X) is
considered the smallest amount of money that would have to be added to X to make it

acceptable. The following propositions summarize the relations between monetary measures

of risk and their acceptance sets.
Proposition 2.5. Suppose that pis a monetary measure of risk with its acceptance set

A:=Ap.

(a) Ais non-empty, closed with respect to the supremum norm |||, and satisfies

the following two conditions:



inf{me°® |[mMEA}> —w.
XeEAYey, Y=X=YEA.
(b) p can be recovered from A:
p(X)=inf{me° |m+XEA}, 3)
(c) p isaconvex risk measure if and only if A is convex,
(d) p is positively homogeneous if and only if Ais a cone. In particular, o is coherent if

and only if A is a convex cone.

Proof. Appendix 2
(3) takes a given set A C y of acceptable positions as the initial object, i.e., for X& y,
we define the capital requirement as the minimal amount m for which m + X becomes

acceptable.



2.2 Structure Theorems and Robust Representation

To find out whether a risk measure is coherent or not, we need to characterize the class
of coherent risk measures. Here we investigate how a coherent risk measure can be

constructed. The following theorem is usually a useful tool.

Theorem 2.6 Let p and q be such that pE[1,+00) and 1/ p+1/g9=1. A mapping

p:L°(Q,F,P)—R is a coherent risk measure satisfying the L — Fatou property if and only

if there exists a convex L*(P)-closed and L* — bounded set ¢ of probability measures that are
absolutely continuous with respect to P such that

p(X) =supEg (-X), XEL*(Q,F,P). (4)
se

Proof: (Inoue, 2003)

Recall: A risk measure p:L"(Q,F,P)—=°, pE[l, +00),is said to satisfy the L" — Fatou
property if for each bounded sequence (X,).. CL°(Q,F,P)and X €L"(Q, F,P) such that
xnn%wx , we have p(X) <liminf p(X,). The remaining of this section will introduce

a dual representation.
The structure theory was extended to the convex case by Foller and Schied and some

others. Readers are referred to [33,34,35,37]

Let M, (P) =M, (@, F) denote the set of all probability measures Q on (€, F) which are

absolutely continuous with respect to P. Moreover, and let M, ; (P) =M, ; (Q,F) represent

the set of all finitely additive set functions Q (Q: F—[0,1]) that are normalized to Q[ Q]=1,
and continuous with respect to P so that Q[Z]=0 when P[Z]=0.

Let a: My (P) » R U {+oo} be any functional such that

i ER 5
i (@) ©)
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For each Q € M, ;(P) with a(Q) < oo, the functional X = E,[—-X] — a(Q) is convex,
monotone, and cash invariant on L, and these three properties are preserved when taking the

supreme over Q € My ((P). Thus,

p(X) = sup (Eo[-X]-a(Q)) (6)

QEMq £(P)
defines a convex measure of risk on L* such that

p(0) = = min , @(Q) )

The functional « is called a penalty function for risk measure o on My (P).
Every convex measure of risk on L is of form (6). (8) gives a variational formula for the

minimal penalty function a,,;,,.

1Y X) = sup (EQ [_X] - amin(Q)) (8)
QEMq £(P)

The minimal penalty function a,;,(Q) is given by

i (Q)=sup(EQ[—X]—p(X)) ©)

XEy

Theorem 2.7 Suppose p :L® — Ris a convex measure of risk. Then the following

conditions are equivalent.

a) p can be represented by some penalty function on M, (P),

b) o can be represented by the restriction of the minimal penalty function a,,;, to  M; (P):

p(X) = Ssup (EQ [_X] - amin(Q))! €L” ’ (10)

QeMy(P)
c) pis continuous from above: If X ] X P-as. then p(X,)Z p(X),
d) p has the “Fatou property”: For any bounded sequence (X,,) which converges P -a.s.
to some X, p(X) = IiTminf p(X.).

The robust representation form for coherent risk measures is a special case of the

robust representation form for convex risk measures.
9



Corollary 2.8 The minimal penalty function «,,;,, of a coherent measure of risk p takes

only the values 0 and +co. In particular,

o (X) = max Ey[—X] (11)
Qegmax

Where ¢ . ={Q € My s(P)|amin(Q) =0} is the largest set ¢ for which robust

representation of (11) holds.

Proof.

Due to the positive homogeneity of o, its minimal penalty function satisfies
min(Q) = sup (Eq[—X1— p (X)) = sup (Eg[-2X] = p (AX)) = Atyin(Q)
XeL® X€eL®

forall Q € My (P) and 4 > 0. Hence, a,,;, can only take the values 0 and +co.

10



2.3 Dynamic Risk Measure

Let T € NU{x}be the time horizon;T:={0,..., T} forT <o, and :=N_ for T =oo .
Denote t as a fixed stopping time given information available at time t, tET . Introduce a

sub-c-algebra F, in addition to the probability space (@, F,P); F, can be interpreted as
knowledge about the underlying risk at time t such that F, ={¢,Q}, F = F, for T<co, and
F=0(U,,F) for T=o.

Define the spaces A:={k€L°|||k||A<oo} and B:={k€A|AktzOVtEN}, where

Ak =k -k _, k, =0, and||k

o= E[Eta |AK|]. Define also the bilinear form onL” x A,

ie, (X,k)=E lz XtAkt} By introducing a projection 7z, (X), =L Xap o t=7<T , we
tee

can obtain the above in a conditional setting. In Particular, L =7L", A =xA,

B, =B, and(X k) =E LZ ]XtAkt |F, }.Finally, we define the set of density processes as
|t

¢, ={kEB,|(Lk), =1}.

11



2.3.1 Risk Measures in Conditional Framework

A natural extension of a static risk measure is given by a conditional risk measure, which

integrates the information available at the time of risk assessment. Intuitively, a conditional

measure of risk should be a mapping from y to the set of F,-measurable random variables.

For t€T,L = L"(Q,F,P)is the space of all essentially bounded F, measurable random

variables. All equalities and inequalities between random variables and between sets are

understood to hold P almost surely.

Consider risk measures defined on the set L*. In the dynamical setting, a conditional
risk measure p, assigns to each terminal payoff X an F - measurable random variable
o(X |E). Rigorous definitions of conditional risk measure are given below.

Definition 2.1 A mapping p(~|Ft):L°°(£2, F,P) — L is a conditional risk measure if it
satisfies the following three axioms.

* Monotonicity: if p(X|F) =z p(Y|F) forall X, YEL*(Q,F,P) with X <Y,
» Conditional Translation Invariance: p(X +H |E) = (X |E) - Hfor XeL*(Q, F,P)
and HEL™(Q,F,,P).
Definition 2.2 A conditional risk measure p(|F):L"(Q,F,P)— L is coherent if it

satisfies the following properties:

*  Subadditivity: p(X +Y|R) = o(X|R)+p(Y|R)for X,YEL"(QF,P),
* Conditional positive homogeneity: p(AX |F)=Ap(X|F)if AEL"(Q,F,P)and X

eL*(Q,F,P).

12



Definition 2.3 A conditional risk measure p(|FR):L"(,F,P) — L is convex if for
all X, YEL"(Q, F,P)such that 0< A <1 it holds that
*  Convexity: p(AX +(1-A)Y |R) = Ap(X|R)-1-A)p(Y|F).

The static risk measure we investigated in the previous section is actually a trivial

case of the conditional one. Assume that there is no additional information about risk

available at the time of risk assessment at time t, that is, F{J,Q}, then for every X€& y,

o(X)is F -measurable as a constant, and thus p = p(-| F).

In a conditional setting, we can also define an acceptance set A of all bounded adapted
stochastic processes that are “acceptable’. In order to be “acceptable’, X should feature a non-

positive conditional risk measure. Formally,
A ={XEL"|p(X|F) =0} (12)
By construction, p, can be uniquely determined as

PA(X) =infY EL7 X +Y EA} (13)

The minimal penalty function a,;,, (Q) for each QEM, (P) can be written as,
™ (Q) =Q-ess supE[-X |F]
XEA

(14)

A conditional convex risk measure p, takes the robust representation in the form of
/Ot(x) = es(sgéup(EQ[—X |Ft] _atmin (Q)) (15)

For simplicity, we will denote ,o(X |E) as p,(X)in the following dynamical work.

13



2.3.2 Continuous Time Dynamic Risk Measure for Final Payments

Dynamic risk measure is a sequence of conditional risk measures adapted to the

underlying filtration. Therefore, the positions we are going to rate now are stochastic

processes (X, ) rather than random variables. We first restrict ourselves to ones with final
payments only, that is, X, =0for t=T. Under this circumstances (X,) can actually be
identified with the random variable X, such that nothing changed from a practical point of
view and the set of positons x is a subset of L° (Q,F,P). DefineT_=[0,T -1).

Definition 2.4 A mapping p:QxT xx3(w,t,X)a p(w,t,X)=p(X)(@)E° (
° o U{-o0,+}) is called a dynamic risk measure for final payments if the following

conditions are met:

* the process (0,(X)) IS (F)e -adapted,
* p ismonotone: p,(X)< o (Y),tET_ if X,YEy and X >Y,
* p is dynamic translation invariant: it holds that o, (X +Y) = p,(X)-Y for

teT_,X,Y €y such that Y is F, -measurable.

Definition 2.5 A dynamic risk measure for final payments p:QxT x;(—>°_ is
coherent if it satisfies the following properties:
» Subadditivity: g, (X +Y) =0 (X)+p,(Y) if t€T_,and X,Y E v,
» Dynamic positive homogeneity: o, (AX) = Ap,(X) for tET_,XE y and F, -

measurable A€ y with A=0.

Definition 2.6 A dynamic risk measure for final payments o:QxT. x;(—>°_ is called

convex if for t&T_ and F, -measurable random variable A€ y such that 0 < A <1 we have
14



P(AX +(1-A)Y)=Ap,(X)+(1-A)p.(Y), X,YEx. (16)
Suppose that 0: QxT_ x;(—>°_ is a dynamic risk measure. Fix tET _, we can then write
the acceptance set as
Al ={XE x| p(X) =0} (17)

The following two theorems define the penalty functions for dynamic convex and coherent

risk measures.

Theorem 2.7 Let p and q be such that pe[1,+oo) and 1/p+1l/q=1. If

0:QxT xLP(Q,F,°)—° is a convex dynamic risk measure for final payments, then there
exists a mapping a: QxT _ X, = (—oo, +oo]such that

p,(X) = esssup(Eq (X | ) -, (Q)), XEL"(Q, F, P). (18)
§€c,

where ¢, ={Q = P|dQ/dP€EL’(R,F,P)}. More precisely, « is given by

(Q) = eSSUD Eq (-X | F). (19)

XEA?
Theorem 2.8 Let p and q be such that pe[l, +o) and 1/p+1/gq=1 . If
0:QxT_xLP(Q,F,°) —° s a coherent dynamic risk measure for final payments, then for
every tET _, there exists a convex L*(P)-closed set ¢; such that

P (X) =esssupE, (-X| F), XEL*(Q,F,P). (20)

q

More precisely, the set g; is the Legendre-Fenchel transform of p, given by

1,(Q) = essSUP Eq (X | ). (21)

XeAP
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2.3.3 Discrete Time Dynamic Risk Measure for processes

Have knowledge about the dynamic risk measure for final payments, we are are ready to
consider that for general random cash balance processes. We mainly focus on a dynamic and

consistent approach of risk measurement for random processes. The definitions are actually a

generalization of that in subsection 3.2. Here we setT_ ={0,1,...,T -1}.
Definition 2.9 A mapping p:QxT xx2(w,t,X)a p(o,t,X)=p, (X)(w)E® is

called a dynamic risk measure if the following conditions are met:

the process (o,(X))er is (F) -adapted,

» p isindependent of the past: for tET_ and X€E y, p,(X) does not depend on
Koy Xppeny Xy g,

e pismonotone: p,(X)=p (Y)tET_, if X,YE )y and X =Y,

* p isdynamic translation invariant: it holds that

IOt(X +Y)=pt(x)_2(1+Y:)n—t (22)

for tET_,X,Y € such that Y = (0,...,0,Y,,...,Y;) and ELtYn [(L+1)"" is F-
measurable.
Definition 2.10 A dynamic risk measure p:QxT x y —° is called coherent if it satisfies
the following properties:
* Subadditivity: o, (X +Y)= 0 (X)+p,(Y), X, YEIET_,
» Dynamic positive homogeneity: o, (AX) = Ap,(X) for XE y and F, -measurable

AE y with A=0.

16



Definition 2.11 A dynamic risk measure p:QxT_ x y —° is convex if
pAX+ (L-A)Y) = Ap,(X) + L-A)p,(Y), (23)
for XY Ex,tET and AEL"(Q,F,P) with 0<A <1.
The only property that needs a comment is the independence of the past. For any fixed
tET_ and a position X, p,(X) is evaluated at timet, so all payments X, X,,..., X, ;, which

[EAY

have already passed, cannot influence the value of p,(X).
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2.3.4 Time Consistent Property

A crucial question in the dynamical framework is how risk evaluations at different
times are interrelated. Proposition 3.12 summarize the conditional a dynamic convext risk
measure should meet.

Proposition 2.12 A dynamic convex risk measure (pt) is time consistent if and only if

ter
any of the following conditions holds:

1) Forall teT suchthatt < T,and forall X,Y € L*:

Pn(X)=p.(Y)P-as.2 p(X)=p(Y)P-as. (24)

2) Forall teT suchthatt < T and forall X,Y € L*:
Pua(X)=pa(Y)P-as.= p(X)=p(Y)P-as. (25)

3) (o)., isrecursive, i.e., forallt,s > 0suchthatt, t+sET ,
tJrer

P = 0, (=py,s) P -2s. (26)

1) explains that if a position at some future time (ex. t+1) is preferable to the other one, it

is also preferable at time t. This directly implies 2). By translation invariance we can verify

the one step excursiveness, and the reclusiveness property follows the induction hypothesis

on s. There are many ways to characterize time consistency. In this work we follow strong
time consistency characterized by the additivity of the acceptance sets and penalty functions.

If we restrict a conditional convex risk measure p, to the space Ly, ¢ for some s >0, the

corresponding acceptance set is given by
Avs ={XEL [0 (X)s0P-as. } (27)
and the minimal penalty function by

o (Q):=Q-esssup E,[-X |R], QEM,(P) (28)

t,t+s
XEAI t+s
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Theorem 2.13 Let p and g be such that pe[1,+oo) and 1/p+1/q=1. Then

0:QxT_xy* — ° s a time-consistent convex dynamic risk measure that has the L"-Fatou

property if and only if it is of the form

P (X) = eSSSUD(E (- E _tI F)-a(Q)), (29)
where
1,(Q) = esssup Eq (- 2 =P (IR, (30)
_io- p19Q s
={Q= P| dPEL (Q,F,P)} (31)
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2.4 lllustration: Entropic Risk Measures

This section is designed to illustrate the theories presented in Section 3. The pension fund
exercise demonstrates the performance of dynamic risk measure in continuous time setting

for final payments and in discrete time for random processes.
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2.4.1 Dynamic Entropic Risk Measures

The entropic risk measure is one of the most appealing convex risk measures due to its
explicit characterization. It is a convex risk measure related to the exponential utility function
u(x) =1-e* and defined onL”. Such a measure admits a representation under P. That is,

given two probability measures Q and P such that Q<<P, The relative entropy (or Kullback-
Leibler divergence) of a probability measure Q with respect to a reference probability

measure P is given by:

H(QIP) = Eq [log 52| = E [$210g%2 (32)

dapl’

daQ

where is a Radon-Nikodym derivative. If the absolute continuity condition is not

satisfied, H(Q|P) is then defined to be co.
The relative entropy demonstrates the distance from a probability measure Q to a

reference probability measure P. The non-negative function H(Q|P) could be a well-suited

candidate for a penalty function as it is minimal for the measure that is closest to P. We take

1H(Q|P)=05(Q). When risk preferences are characterized by an exponential utility
Y

function, y is a coefficient to account for risk aversion; otherwise, y measures the degree of

distrust the agent puts in P.

The static entropic risk measure is written as:

pex) = sup{EQ[—X]—%H[QP]} (33)

QEM

In this setting, p®is a collection of mappings from L”(F;) — R. For any probability
measure Q,

a(Q) =1H (Q|P)=Sup(EQ[—X]—%IogE[e‘yx]) (34)

V4 XEL”
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The supermum is attained by letting X = —%logj—g ifQ < P, and the corresponding

risk measure thus takes the form of:

1
*(X)==logE, [e7"* 35
p1(X) =" log B[] (35)

Given time horizonT ={0,1,..., T}, the conditional entropic risk measure is a family of

mappings from L* (F;) — L*(F;). Naturally, we define
e 1 -*
o (X)=;Iog Efe” |F] (36)

The dynamic entropic risk measure is a family of successive conditional entropic risk
measures, which is strongly time-consistent.

Proof.

1 1 -yX
e e 14 1095[9 |Ft+1]
P, (—le(X)) = —ylogE [e 14

8

= logE [E[e™"|Fei]IF]
By the law of iterated expectations, this reduces to

1 1
)—/logE [E[e‘VX|Ft+1]|Ft] = ;logE [e"’X|Ft] = pi(X)
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2.4.2 Dynamic Entropic Risk Measure for Random Processes

Define the entropy of a density processk €¢ , ,. We aim to investigate the conditional

entropic risk measure for bounded discrete-time random processes, i.e. p;:L* — L*(F)
Definition 2.1 The entropy H,(a)of a € Q. is given by
H,(a) = E[Y.._ Aaslog((T + 1 — t)day)] | (37)
forall t=S,...,T.

For any density process a € Q;,

1
T+1-t

JHe(a) = sup ((~X,a) = log(r =, X5 E[e ™" |F.])} (38)

XeL® Y
The supremum is attained by letting X, = —ilog ((T+1—-1t)Aay). The

corresponding risk measure takes thus the form of:

1
T+1-t

peX) = log(rr = Zi-e Ele ™ |Fe]) (39)
The dynamic entropy risk measure for random processes is also strongly time-

consistent.

Proof. X - pf,,(X)

e e 1 _yX T-t A, (X)
pt(X—pt+1(X))=;log( E[eV lF‘]+T E[eV |FtD

T+1-t +1-t

Substitution yields

R
1IOg 1 E I:e_}’xtlF ] + 1 E e|09(ﬁSZIE[e |Ft+1])|F
y | T+1-t T a1t t
This finally reduces to
1 1 o 1 T .
;log(mE[e 4 tlFt] +m Z Ele Y*s|F]) =

s=t+1
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11 ! ZT:E VX|F]) = péX
yog(TH_t t le™™IFD = p ()
S=
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2.4.3 Entropic Risk Measure with Brownian Motion

In this work we consider the discrete time dynamic entropic risk measure adapted to the

filtration (F,);_! that is generated by a random walk process; and the continuous-time entropic

risk measure adapted to the augmented continuous-time filtration (F,),,that is generated

by Brownian motion W(o(W,,s <t) and the P-null sets of F). It is well-known that under the

assumption of Brownian filtration, the dynamic entropic risk measure arises as a solution to

backward stochastic differential equations (BSDE). Recall the definition of a BSDE

Definitions 2.2 LetW=(V\/t )thT]be a d-dimensional Brownian motion defined on

(Q,F, (Ft)tE[S,T]'P)- Further, let X € L?(F;) be a terminal condition and g be a P ®
B(R) ® B(R%)-measurable coefficient, where P denotes the predictable o-algebra and B (R)
and B(R%) are the Borel o-algebras on R and R¢, respectively. An adapted solution for the

BSDE associated with (g, X) is a pair of progressively measurable processes (Y;, Z;) <y With

.
values in RxR¢ such that E[sup‘Ytz‘] <o, and E[f|Zs|2 ds]<o,s <t <T,
t<T S

T T
Yo=X+[g (s,Y,,Z,)ds - [Z.4w, (40)
t T

The uniqueness and existence of a solution is formulated in terms of conditions on the
coefficient or driver g. The dynamic entropic risk measure under Brownian filtration
assumption arises as a solution to BSDE is summarized below.

Theorem 2.3 The dynamic entropic risk measure (pf (X))¢eqs,ry i @ solution of the
following BSDE with quadratic coefficient g(t,Zt):glthll2 and terminal bounded

condition XeL* (Fr). With y > 0 and (W,)¢(s,r) @ d-dimensional Brownian motion,
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—dpte(X)=§Zt2dt—thWt, pTe(X)=—X (41)

The g-coefficient associated with the dynamic entropic risk measure is of the quadratic
growth type, i.e..g(t, Z;) = g IZ:I1? < K(1 + ||Z,]|?)dPxdt a.s.,for some constant K. Under

ag(t,Z¢)

- < K@ + ||Z;|)dPxdt a.s. for some constant K ,
t

the additional condition |

Kobylanski (2000) proved that there exists a unique solution of (41) such that Y is bounded.

Table 1 summarize the numerical scheme to solve the case d=1.

Table 1 Numerical scheme for the case d=1 (Peng, 2009)

Suppose that a discretization (X7, ..., X}t) of X, is given.
1. Letn € N. Simulate a sequence {€}'};_, _,, of Bernoulli variables such that

1
Pler= 1] = Plef=—1] = 5

2. Compute W = K etand AW = W, — WP

1
Vn
3. &M is E! -measurable and there exists some function ¢™ such that
§m = ¢ (el, €5, ..., ER).

Put¥* =¢émand ZI = 0.
4. Consider now the following equation:

Vi =Y+ groa(n = LXGy, Vg, Z30) = Zi AW
a) We describe a procedure to solve for Z7'_,. First, define ¥, and Y;; as
follows:
Y, = ¢"(€L,...,€N_1,1) and Y,y = p™(€L, ..., €R_1,—1).
b) Z_, is now the unique solution of the following set of equations:

1 1
Yo, =Y +gn-(n—1LX} 1,V 1,70 4) n A

Vn
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1 1
Vi, =Yy +gn-1(n—1,X5 1,V 0,20 ) n +Zy_—

Vn
c) Thisyields Z* , =+n Y’"TZ;Y“_ . (I don’t know how to make that middle dot)

5. Solve for Y} ;

6. Consider now the following equation fork =n—2,...,1
W= W GO X Y0 Z) - — 2 AW
a) Solve for Z}} by defining (same procedure as under 4):
Y= o™(E, ..., el Dand Yy, = P™(EL, ..., ER, —1)

b) Solve for Y;*
Remark 7.1
LWt ->Wasn— oo
2. g"(k, X", Y™, Z™) - g(t,X,Y,Z)asn — o
3. Convergence result (provided that Y is bounded):

", [ ZRdWr) - (Y, [ Z,dW,) asn - o

In what follows, we setup a numerical example to illustrate the ideas of the entropic risk

measure we just discussed.
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2.5 Numerical Example: A Pension Fund

Consider a pension fund setting. Let F! denote the nominal funding level, which

reflects the relative value of the pension fund assets and nominal liabilities in one year; and

S\, be the pension fund surplus ratio, S, = F.

.., —1. We have the following restriction,

p(FY <1) =25%=P(S, <0) =2.5%

which states that the probability of underfunding in one year from now is less than 2.5%.

While the nominal funding level is commonly employed as a supervisory monitoring ratio,

we formulate our supervision rule in terms of the surplus ratio S,. The reason is that in such

a way we do not need to worry about the impact of future indexation on the risk assessment,
because the liabilities are modelled as if they are fully indexed to price inflation. The
indexation buffer is the difference between the nominal funding level and the real funding
level. It seems reasonable to define the surplus ration in terms of real liabilities since the
participants’ main concern is the purchasing power of the pension plan. The risk measure is
then the smallest amount of money that need to be put aside to make next period’s surplus
ration acceptable.

For simplicity, we assume that the model of the surplus ration only has one source of
time-independent uncertain, for instance, stock market movements; any other sources of
uncertainty are fully hedged, absent or reinsure. Suppose that the uncertainty is fully driven

by a one-dimensional Brownian motion. That is,

dF, =oFRdW,, F, =h
Where
F. : real funding level at time t

o : standard deviation of the real funding level
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W, : one-dimensional standard Brownian motion at time t.

The constant ¢ can be considered as an abstract number that captures uncertainty in a
very simple way, which summarizes the pension fund exposure to the Brownian motion. Its

value very much depends on the pension fund characteristics. We somehow set 6=10%.

According to Ito’s Lemma, the dynamics of dS, are given by dF,, so the surplus ration
process (S, )1 We are interested in is given by (F).qs 1y —Ls1y:

Given the model of the surplus ratio, we try to measure its risk dynamically. The risk is
considered as a valuation of the final surplus ratio and the surplus ratio process. We consider

a simulation run length of one year and 5000 trajectories of Brownian motion.

29



2.5.1 Risk measurement for the Final Surplus Ratio

The final ratio S; is described by a simple diffusion process. The dynamic entropic risk

measure is given by the solution of a one-dimensional BSDE. In order to employ (41) we

need the dynamics of
de "% -5 1. -5
e =—ye St+§y e ™d[S,,S,]
The entropic risk measure for the final payment occurred at time T is given by
1 log E[e7*" |FT] =-S,, and the remaining measures are obtained by means of a BSDE with

g(t,Zt)zgllztllz. This BSDE is Markovian and its g-coefficient grows less than

quadratically in Z,. We implement this one-dimensional BSED by following Table 1. By

taking risk aversion parameter y=8, we obtain the following figure 1-3.

Expected Risk Measure Process From S=0to T =1 (initial funding level 100%)

Figure 1
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Scenario Entropic Risk Measure Process
T RO (Risk Measure Process

........ . [ surplus Process

risk

Figure 2

From Figure 1 we observe that the expected risk measure process is strongly time

consistent, and satisfies a supermartingale property; that is, for every t, we have
E[0...(S;)]1= 0o, (S;). Figure 2 plot a particular trajectory of the surplus ratio process and its

associated risk measure process. It can be observed that they follow the same pattern but with

different directions. The risk assessment goes downwards when the incoming information is

positive.
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Expected Risk Measure Process Based On Quantile Function

risk

quantile

Figure 3

Figure 3 plots the expected risk measure based on the negative of the quantile function of
S,,i.e. F7(q) =inf{S,EL%|q = F(S,)}, where F is the cumulative distribution function of S,

. We can see that the VaR is not as robust as the entropic risk measure.
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2.5.2 Risk Measurement for the Surplus Ratio Process

In the case of dynamic risk measurement for the surplus ratio process, we use the
dynamic risk measure (39) in section 4.2, which values the surplus ratio at each time when
the new information arrives. For simplicity, let us assume that the dynamic entropic risk
measure assigns a uniform weight to each E[e Y*s|F,]; one can alternatively vary the
weights for different time instances by considering that some time periods are more important

than the others. The value of the dynamic risk measure for random processes is then obtained

by taking the natural logarithm (scaled by E) of the average value of e, where

Y: = 1 log E [e'7'°‘S|Ft ] can be computed by means of a suitable BSDE. By taking 6=10% and
/4

y= 8, we generate Figure 4-5.

Expected Risk Measure Process from S=0to T=1 (initial funding =100% sigma=10%)

By JI Expected risk measure for process
: Expected risk measure for final value

Figure 4
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Figure 4 and Figure 5 plot dynamic risk measurement of the surplus ratio process, where

the surplus ratio is evaluated at each point t in time when new information arrives. As it can

be observed, the expected risk measure for the whole process is smaller than the expected risk

measure of the final surplus ratio only. The reason is that _ 1

T+1-t <«

]
3 Ele”*|F]s E[e”*F]- IN

addition, the measurement of the process is more stable than only measuring the final surplus

ratio when new information is gathered; this can be evident from the standard deviation of the

risk measurement. For the risk measure process of a particular trajectory of the surplus ratio

in Figure 5, we see that due to the less volatility of the measurement for the surplus ratio

process, the risk measure of the final surplus ratio is almost shifted upwards.
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3. Partial Hedging

Typically a perfect hedge will not be admitted with a contingent claim in an
incomplete financial market model. In order to stay on the safe side, we can use
superhedging. However, both from a practical and from a theoretical point of view, the
required cost is usually too high. Thus, relaxing the requirements would be natural

To stay on the safe side with high probability, let us consider the strategies of partial
hedging. In other words, the purpose is to find the optimal hedging strategies, while subject to
a given cost constraint. For a given claim H, we are going to reduce the construction of the
strategies to a optimization problem of superhedging for another modified claim H. It would
be the solution to a static optimization problem, which is Neyman-Pearson type. H will
typically have the form H = H - I, which is the form of a knock-out option. At current stage,
we only take into account the probability that a shortfall occurs. The size of the shortfall if it
does occur is not considered here.

Different partial hedging approaches have been proposed and examined in the literature.
For example, quadratic hedging, which minimizes the expectation of a quadratic error (L?).
Such a measure has been criticized for the consequence of penalizing both loss and profit
equally, also for not being able to capture the heavy-tailness phenomena in the financial
market. Quantile hedging based on a dynamic version of VaR is probably the most-known
approach. Recently Melnikov proposed CVaR partial hedging. In this section, we will discuss
partial hedging more comprehensively and quantify the downside risk with respect to an
acceptance set for positions that are suitably hedged. If the acceptability above is defined by
shortfall risk, we need to solve the problem of constructing efficient strategies. That is, to

minimize the risk subject to a given cost constraint.
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3.1 Problem Setup

Consider a portfolio consists of a risky asset S and a default-free bond R. Let

{S(®)}iqo.r; represents the price of the asset S at time index t, and {R(t)},, 1, represents the
price of the bond R at time t. We assume that both S(t) and R(t) are F, measurable.
Define & (t) and &, (t) as the number of shares held on S and R at time tE[0,T]. The
value of the portfolio is given by:
V(t) = & (t)S(t) + & (DR(t),tE[0, T].
Let &(t) = (& (t),&;(t)) be a self-financing strategy, then V (t) satisfies the following

stochastic differential equation:

V(1) =V (0)+ [, &(5)dS(5) + [ & (5)R(S), tE[O.T].
A strategy {& }qo 7 IS admissible if
V(t)=0, forallt€[0,T], P-as.

In the context of a complete market, every contingent claim can be replicated by a self-
financing strategy {§*(t)}t6[0ﬂ. Let H(T), (H(T)=0), be the payoff of a contingent claim at
time T; H(T) is a F, measurable random variable. The cost of the replication defines the
price of the contingent claim: let § be the unique equivalent martingale measure, the value
of the claim can be replicated by {E(t)}taoﬂ which requires an initial amount of

V7(0) = £(0)S(0) + & (0)B(0) = E* [R(T) "H(T)].
Such a strategy is served as a perfect hedge for the claim H (T). In the case of partial hedging

it only requires a smaller initial amount V (0) of no larger than v, that is,
V(0)=<v < E’[R(T)H(T)].
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What would be the optimal partial hedge that can be achieved?

An investor who shorts the contingent claim H(T) wants to construct a portfolio
{V (t) }iqor; With a purpose of hedging the potential loss L = H(T) -V (T) at maturity time T .

Note that in a complete market if the initial value V (0) is smaller than the price of the claim,

then L = 0. Our goal is to find the most efficient strategy such that the risk is controlled.
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3.2 Quantile Hedging

Quantile hedging is probably the most studied approach. The first papers appearing in
this research area were Follmer (1999,2000) and Krutchenko (2001). Later Melnikov
(2004,2005,2008) applied the quantile hedging technique on pricing equity-linked life
insurance products.

Quantile hedging maximizes the probability that a hedge is successful by applying a
dynamic version of the static Varlue-at-Risk (VaR). VaR has been adopted as a standard risk
measure in the financial industry. It has a number of deficiencies recognized by financial
professionals. More recently,

Efficient Hedging

Suppose in an arbitrage-free market model, and denote a discounted European claim as

H such that

Tsup (H) = supp-epE*[H] < 00
there exists a self-financing trading strategy. The value process V' of the strategy satisfies

Vi=H P-as

There exists obligation from sale of H. However, the seller of H can cover almost any
possible obligation by using the superhedging strategy above. Thus, the seller can eliminate
the corresponding risk completely. g, (H) is the smallest amount for such a superhedging
strategy to be available. From a practical point of view, this cost is often too high. Moreover,

from a theoretical point of view, if H is not attainable then g, (H), which is the price for H,

is too high because it would permit arbitrage. Even if H is attainable, by using a replicating
strategy for H, a complete elimination of risk will consume the whole proceeds from the sale

of H, and we will lost any opportunity of making a profit along with the elimination of risk.
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Therefore, let us consider the case that the seller is unwilling to put up the initial capital
which is required by a superhedge. In this case, the seller is ready to accept some risk. Then
the question is: what is the optimal partial hedge strategy that can be used under a given
smaller amount of capital constraint? In order to make this more precisely, the seller’s
attitude towards risk should be expressed by some criterions. In the following sections, we
will study several of such criteria.

In this section, our goal is to construct a optimal strategy which maximizes the
probability of a successful hedge, while statisfies a given constraint on the initial capital.

Let us fix an initial amount of capital

U < Tleyp (H)
We need to construct a self-financing trading strategy, and the value process would maximize
the probability
P[Vy > H]
among all those strategies which have initial investment V, bounded by v and subject to the

bounds V; = 0 for t = 0, ..., T. The second constraint amounts to admissibility as follows[?]:

Definition 3.1. A self-financing trading strategy is called an admissible strategy if its
value process satisfies Vp = 0.
Let V* be the value process of an admissible strategy £* and satisfies
P[V: = H] = max P[V; > H]
the maximum here is taken over all value processes V of all possible admissible strategies
under the constraint
Vo <v

Note that without the constraint of admissibility the problem above is well posed
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Now let us take a look at the idea of quantile hedging with respect to a Value at Risk
criterion: we only take into account the probability of a shortfall, not the size of the loss when
a shortfall actually occurs. The shortfall probability is mainly focused here and may be
reasonable in cases where we are trying to avoid a loss by any means. In the next section, we
consider other optimality criteria which, from an economic point of view, are usually more
appropriate. However, some central ideas are expressed quite clearly in the present context in
term s of the mathematical techniques.

First, before passing to the general incomplete case, let us consider the particularly
transparent case for a complete market model. The set

{Vr = H}

is called the success set corresponding to the value process V with respect to an admissible
strategy. As a first preliminary step, we reduce the problem to another problem which
constructs a success set of maximal probability.

Proposition 2. [] Let P* denote the unique equivalent martingale measure in a complete
market model, and assume that A* € F1 maximizes the probability P[A] among all sets
A € Fr satisfying the constraint

E*[H-I,] <v
Then the replicating strategy £ of the knock-out option
H* :=H - I~
sovles the optimization problem defined by
P[V: = H] = max P[V; > H]
and
Vo <v

and A* coincides up to P-null sets with the success set of £*.
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Proof. As a first step, let V be the value process of any admissible strategy such that Vy < v.
We denote by A := {V; > H} the corresponding success set. Admissibility yields that
Vr = H - [,. Moreover, the results of Section 5.3 imply that V is a P*-martingale. Hence, we
obtain that
E*[H-I,] <E*[Vi] =V, <v
Therefore, A fulfills the constraints E*[H - I,] < v and it follows that
P[A] < P[A"]
As a second step, we consider the trading strategy & and its value process V*. Clearly, £ is
admissible, and its success set satisfies
(Vi >H} ={H I, > H} 2 A"
On the other hand, the first part of the proof yields that
P[V; = H] < P[A"]
It follows that the two sets A* and {V; > H} coincide up to P-null stes. In particular, £* is an
optimal strategy.
Next, we will construct the optimal success set A*. The existence of A" was assumed in
the proposition above. To solve this problem we use the Neyman-Pearson lemma. To this

end, let us introduce the measure Q" that is given by

dQ* H
dP* ~ E*[H]

and write the constraint E*[H - I,] < v as

@WSa=Pm]

under the constraint Q*[A] < a, an optimal success set would maximize the probability P[A].
Let us denote the generalized density of P with respect to Q* as dP/dQ", in terms of the

Lebesgue decomposition as constructed above. Hence, we can defined the level as follows:
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P
c*:=inf{lc=>0]|Q* >c-E*[H]| < a}
dQ*
and the set
A* -—{dp > c* E*[H]}— dp >c*-H
'_ dQ* c - {dP* c }
Proposition 3. (Follmer,2000) If the set A" in
A* -—{dp > c* E*[H]}— dp >c*-H
'_ dQ* c - {dP* c }

Satisfies
QA" ] =«
then A* maximizes the probability P[A] over all A € Fr satisfying the constraint
E*[H-I] <v

Proof. The condition E*[H - 4] < v is equivalent to Q*[A] < a = Q*[A*]. Thus, the

dp
dQ*

dp
dp*

particular form of the set A* in A* := { >c*- E*[H]} = {— > ¢* - H} and the Neyman-

Pearson lemma in the form of Proposition A.28 imply that P[A] < P[A*].
Therefore, we have the following result (Follmer, 2000):

Corollary 3.4. Denote by P* the unique equivalent martingale measure in a complete

dp
dQ*

dp
dp*

market model, and assume that the set A* of A* = { >c*- E*[H]} ={—=>c*-H}

satisfies
QA] =«
Then the optimal strategy solving
P[V: = H] = max P[V; > H]
and
Vo <v
is given by the replicating strategy of the knock-out option H* = H - I5x.
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The solution to the optimization problem
P[V: = H] = max P[V; > H]
and
Vo <v

still have the assumption that the set A* satisfies Q*[A*] = a. Clearly, if

P[dp =c*-H]=O
dp*
then this condition is satisfied. However, in general it would not be possible to construct any
set A whose Q*-probability is o exactly. In such a case, we can replace the indicator function
I+ of the critical region A* by a randomized test according to the Neyman-Pearson theorem.
That is, by an Fr-measurable [0,1]-valued function Y. Let us denote R the class of all
randomized tests. Consider the following optimization problem:

E[$*] = max {E[$]|¥ € R and Eq:[¥] < o}

dQ* _ H
dP* = E*[H]

where Q* is the measure given by ,a =v/E*[H] asin Q*[A] < a:=

E*[H]’

According to the generalized Neyman-Pearson lemma, the solution is given by

V= I{§§*>C*~H} v I{§§*=C*~H}
where c* is defined by ¢* = inf{c = 0 | Q" ;QP* >cC- E*[H]l < a} and y is chosen in a way
such that Eq+[y*] = a satiesfies, i..,
- QS > H] ap
Y= P mcaseP[dP*zc*-H];tO

Q'[gpr = ¢ - HI
Definition 3.5. (Follmer, 2000) Let V be the value process of an admissible strategy €.

The success ration of € is defined as the randomized test
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Vr
Uy = Lypemy + I Lve<my

The success set {V; > H} of V coincides with the set {{)y, = 1}. In the original problem’s
extended version , now we are constructing a strategy which will maximize the expected
success ration E[Yry] subject to the cost constraint V, < v under the measure P:

Theorem 6 (Follmer, 2000) Suppose that P* is the unique equivalent martingale

measure in a complete market model. Let y* be given by Y* = I{ﬂ>c*~H] +vy- I{ dpP _ )’
dp* dp*~

and denote by £ a replicating strategy for the discounted claim H* = H - {*. Then the
success ration Py~ of £ maximizes the expected success ratio E[{y,] among all admissible
strategies with initial investment V, < v. Moreover, the optimal success ration Py~ is P-a.s.
equal to Y.

Here we do not prove this theorem, since it is a special case of the theorem introduced
below. Once the optimal randomized test Y* is determined by using the generalized Neyman-

Pearson lemma, the proof would be similar to one of Corollary 4. The condition

P[dP— . H]—o
ap ¢ -

dp
dQ*

means that y* = 4~ with A* as in A* = { > c*- E*[H]} = {d:* > ¢* - H}. In this case, the

d
strategy £* reduces to the strategy described in Corollary 3 4.

Let us now consider the general case of an arbitrage-free model which is possibly in
incomplete market, that is, the set P of equivalent martingale measures is no longer assumed
to consist of a single element. It is assumed only that

P+0

In this setting, our goal is to look for an admissible strategy and the success ration P+
satisfies the following condition
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E[yy-] = max E[yy]

where on the right-hand side we maximize over all admissible strategies under an initial

investment constraint

Theorem 7. (Follmer, 2000) There exists a randomized test Y* such that
supp+epE*[H- '] = v
and which maximizes E[{/] among all y € R subject to the constraints
E*[H-y] <vforallP* € P
Moreover, the superhedging strategy for the modified claim
H*= H-y*
with initial investment g, (H*) solves the problem
E[yy-] = max E[Yy]
and
Vo <v

Proof. Denote by R, the set of all € R which satisfy the constraints E*[H - {/] < v for

all P* € P, and take a sequence y,, € R, such that
E[Un] — supyeg,E[W] as n T oo
we have a sequence of convex combinations i, € conv{{r,, Ji;,11, ... } converging P-a.s. to a
function | € R. Clearly, {,, € R, for each n. Hence, Fatou’s lemma yields that
E*[HLTJ] < limppe infE*[Hl]};] <vforall P*€P
and it follows that §j € R,. Moreover,
E[¥] = limp1oo E[n] = limyro, E[Wn] = supyer, E[W]

So y* := { is the desired maximize.
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We must also show that supp+cpE*[H - {*] = v holds. To this end, note first that
P[y* = 1] = 1 is impossible due to our assumption v < 5, (H). Hence, if supp-cpE*[H -
*] < v, then we can find some &€ > 0 such that s, := £ + (1 — &)Y* € R,, and the
expectation E[.] must be strictly larger than E[{*]. This, however, contradicts the
maximality of E[{y].

Now let € be any admissible strategy whose value process V satisfies Vo < v. If Yy
denotes the corresponding success ratio, then

H-yy =HAV; < V;
The P-martingale property of V yields that for all P* € P,
E*[H-Yy] < E*[Vr] =V, <v
Therefore, Yy is contained in R, and it follows that
E[yv] < E[Y7]

Consider the superhedging strategy &* of H* = H - {* and denote by V* its value

process. Clearly, £ is an admissible strategy. Moreover,
Vo = T[sup(H*) = supp+epE*[H- Y] = v
Thus, E[yry] < E[Y*] yields that ry~ satisfies
E[Yy-] < E[7]
On the other hand, V1 dominates H*, so
H-Yy» =HAVF >2HAH*"=H- -y~
Therefore, Py~ dominates Y* on the set {H > 0}. Moreover, any success ratio is equal to

one on {H = 0}, and we obtain that Yy~ > P* P-almost surely. According to E[Yry+] < E[Y],
this can only happen if the two randomized tests Yy and P* coincide P-almost everywhere.

This proves that £ solves the hedging problem

E[Yy-] = max E[yy]
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and
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3.3 CVaR Hedging

Conditional Value-at-Risk (CVaR) has attracted much attention in recent years. It is is a
risk measure that is a superior alternative to VaR in that it conveys information about the
average loss exceeds the VaR level and also satisfies the sub-additive property. Melnikov
(2012) suggested addressing partial hedging problem by employing conditional Varlue-at-
Risk (CVaR).

Let (Q,{F }qory,F ,P) be a standard probability space and L be a F -measurable
random variable characterizing the loss. Assume that E"[L] < o.
Recall that the VaR of the loss L at a confidence level ¢ € (0,1) is defined as:
VaR (L) =inf{x:e(L>Xx)<1-¢},

and CVaR at a confidence level ¢ € (0,1) is defined as:
CVaR (L) = i[EP[u{LM wy]+VaR (L)(L-e-P(L=VaR (L))].
If the cumulative distribution function F_(1):=P(L <I) is continuous, VaR is simply the
inverse function of F _, and CVaR can be rewritten as:
CVaR (L)=E[L|L=VaR (L)],
which equals to the expected shortfall (ES), and
CVaR (L) = ifj\/aRg(L)du,

which equals to the average value-at-risk (AVaR).
There are convenient methods of computing and estimating CVaR. Rockafellar (2000)
showed the possibility of computing both VaR and CVaR simultaneously by introducing an

auxiliary function:
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F(2)=2+—E[L-2)"].
€ 1-¢

CVaR of the loss L is the solution of the minimization problem:

CVaR (L) =min,_, F (X,2)

Consider a portfolio consists of a risky asset S and a default-free bond R . Let

{S()}iqo.r; represents the price of the asset S at time index t, and {R(t)},, 1, represents the
price of the bond R at time t. We assume that both S(t) and R(t) are F, measurable.
Define & (t) and &, (t) as the number of shares held on S and R at time tE[0,T]. The
value of the portfolio is given by:
V(t) = & (t)S(t) + & (DR(t),tE[0, T].
Let &(t) = (& (t),&;(t)) be a self-financing strategy, then V (t) satisfies the following

stochastic differential equation:
V(1) =V (0)+ [, &(5)dS(5) + [ & (5)R(S), tE[O.T].

A strategy {& }qo 1 IS admissible if

V(t)=0, forallt€[0,T], P-as.

In the context of a complete market, every contingent claim can be replicated by a self-
financing strategy {§*(t)}t6[0ﬂ. Let H(T), (H(T)=0), be the payoff of a contingent claim at
time T; H(T) is a F, measurable random variable. The cost of the replication defines the
price of the contingent claim: let § be the unique equivalent martingale measure, the value

of the claim can be replicated by {E(t)}taoﬂ which requires an initial amount of

V7(0) =& (0)S(0) + 5, (0)B(0) = E* [R(T) " H(T)].
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Such a strategy is served as a perfect hedge for the claim H (T). In the case of partial hedging
it only requires a smaller initial amount V (0) of no larger than v, that is,

V(0)=v < ES[R(T)™H(T)].
What would be the optimal partial hedge that can be achieved?

An investor who shorts the contingent claim H(T) wants to construct a portfolio
{V (t) }iqor; With a purpose of hedging the potential loss L = H(T) -V (T) at maturity time T .
Note that in a complete market if the initial value V (0) is smaller than the price of the claim,

then L = 0. Our goal is to find the most efficient strategy such that the risk is controlled. This
paper takes two issues in locating optimal strategy: one is to minimize the CVaR of the loss

L, with respect to the constraint that the initial cost V (0) is smaller than some number v :

V(O)ECVaR (H(TM)=-V(T))
st. V(0)=v

where v < E®[R(T)™H(T)]; the other one is to minimize the hedging cost V (0) so that the
CVaR is less than or equal to a number c:

min,, ,, .V (0) = E°[R(T)'V(T)]
st. CVaR (H(T)-V(T))=c

These two problems are discussed in the following sections.
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3.3.1 Minimizing CVaR

We first consider the CVaR minimizing problem. According to the CVaR representation

we have

] ] 1 .
min,, ,, . Min,_, 7 +EEP[(H (T)-V(T)-2)"]

st. V(0)=v

Melnikov (2012) shows that we can interchange the order of two minimization problems:

ZER

min,_, 2+ ——min, , . E°[(H(T)-V (T)-2)']
1-¢ -
st. V0)=v

For z=0,we have (H(T)-V(T)-2)" =((H(T)-2)" -V (T))"; then we can write (5) to be

miny o, E'[(H(T) = 2)* =V (T))*]
st. V(0)=v

In this work we quantify the loss of an undiscounted portfolio. This is different from
Follmer (1999), Gao (2011) and Melnikov (2012). Despite the fact that we want to control
the risk of a hedging portfolio at maturity T rather than its current value, dealing with CVaR

of a discounted portfolio would result in computational inefficiency. To see this, take a call

option H(T) = (S(T)-K)* as an example, which we will see later: by taking the discount
factor into account, (H(T)-2z)" is replaced by

(R(M)™H(T)-2)" =R(TM)"(H(T)-zR(T))" = R(T)(S(T) - K - zR(T))",
where S(T)-zR(T) is a linear combination of two log normal random variables, and difficult

to generate a closed solution.
To solve the optimization problem, we suggest applying the measure transformation
method to the discounted problem before addressing the undiscounted one. The discounted

problem was well-studied by Follmer and Leukert (2000):
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Theorem 3.3.1. Let H(T) be the payoff of a contingent claim, then the optimal hedging
strategy (V"(0),&") of the shortfall minimization problem:

N, g EPIR(T) ™ (H(T) -V (T))’]
s.t. V(0)=v<ECR(T) ™ H(T)]

is the perfect hedge for the claim H™(T) = H(T )y, where

|nf{a>0 E@[R(T)‘lH(T)l }]sv}
an
EQ[R(T)‘lH(T)1 *}]
d@
EQ[R(T)‘lH(T)1 *]
d@ al

y:

By Theorem 1, we can generate the following theorem for the undiscounted process:

Theorem 3.3.2. Let H(T) be the payoff of a contingent claim, then the optimal hedging
strategy (V"(0),&") of the shortfall minimization problem:

min, g, E"[(H(T) =V (T))’]
s.t. V(0)=v < ES[R(T) ™ H(T)]

is the perfect hedge for the claim H™(T) = H(T )y, where

*

Yy =1 4 . +71

RT3 >a) {R(T)Z—}a*}

—inf{fa=0:E*[R(T)™H (ML e, 1= v3Proof
£>a

v-E*[R(T)"H(T) ]

{R(T )7 }
T EROHOL ]
Define
dP” _ R(T)
dp  EP[R(T)]’
then
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E"[(H(T)-V(T))"1= E[RMIE" [RCT)*(H(T)-V(T)']

To minimize (\ref{eq: shortfall p*}) we apply Theorem 1, then

*

dP" _ R(T) dP
dQ E'[R(T)]dQ’

finishes the proof.
We can apply Theorem 2 to solve problem (5) by letting H(T):=(H(T)-2)*; and that
gives the solution to (2). Based on the result in Melnikov (2012), we conclude that:

Theorem 3.3.3. The optimal strategy (V (0)",&") for the CVaR minimization problem is

a perfect hedge for the contingent claim (H —z")*y"(z"), where ¢ (2) is given by

(2)=1 +y(2)1
v () {R(T)%>a*(z)} 7 ){R(T)j&a*(z)}
a'(z)=inflaz0:EY[R(T)'(H(T)-2)'1 _,, 1=v}

{R(T )@w}

v—E%[R(M) ™ (H(T)-2)"1

{R(T);%m*(z)}

y(2) = - "
EC[R(T)™(H(M)-2)'1 .
{R(T)@=a (2)}

and z~ is the solution of minimization problem:

min_, c(z) = Z+$E"[(H(T)— 7' 1-y'(2))] if0=z<2

if z=12
YA

Z is the solution of
E°[R(T) ™ (H(T)-2)"]=v
Note that only when z =0 can we use the result of (5) to solve (2). Nonethless, we do

not need to worry about the case when z <0 because we assume that for any U that is close

enough to 1, the optimal Z that equals to the VaR  of the portfolio is always nonnegative.
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3.3.2 Minimizing hedging costs

In this subsection we address the hedging costs minimization problem. Let us take the
shortfall optimization problem as the point of departure.

Theorem 3.3.4. Let H(T) be the payoff of a contingent claim, then the optimal hedging
strategy (V"(0),&") of the shortfall minimization problem:

min, ,:V (0) = E* [R(T) ™V (T)]
s.t. E [(H(T)—V(I’)) ]<c<E[H()]

is the perfect hedge for the claim H™(T) = H(T)(1-v "), where

*

=1 +71
v GIORE! y{R(T)l‘LQa}

=inf{fa=0: E°[H(T)1L d@ ]=c}
R 5>at

c-EF[H(T)

GRS

" TEPIH

RO ]

a’}

Proof

Follow the proof of Theorem 3.3.3, we reformulate the problem to be:

V(0) = E°[R(T) V()]

Ny ()
Ep[Ra>—l<H<T>—v<T>ﬂsm
where
dP” _ R(T)
dP  EF[R(T)]

As in (Follmer, 1999} and (Follmer, 2004), we rewrite the problem by employing a

random test i :
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min E°[R(T) " H(T)(L-y)]

pef[04]

st EP [R(T)‘lH(T)w]sm

To see this, first we assume that \7(T) is the solution of problem(\ref{eq:minHC 3}) and
 is the solution of problem (\ref{eq:minHC 43}), then V(T):= H(T)(1-1) satisfies the
constraint. Thus, we have

EC[R(T)™H(T)(1- )] = EX[R(T) ™V (T)]= E[R(T) ™V (T)].

On the other side ¢ = (1-V (T)/H(T))1 €]0,1] satisfies the original constraint

WV (T)=H (T}
and
EC[R(T)™H(T)(1-9)] = EX[R(T) " H(T)(A1- )] < EY[R(T) ™V (T)].

Apply Neyman-Pearson's lemma we can solve the shall fall minimization problem. See
(follmer, 2004) for details. The solution is given by .

By following lemma 2.5 and lemma 2.6 in \cite{melnikov2012dynamic} we have

Theorem 5. If E’[H]>c(1-¢) and E*[(H -c)*]>0,
then the optimal strategy (V(0)",&) for the hedging costs minimization problem
(\ref{eq:minHC 1}) is a perfect hedge for the contingent claim (H - z")* (1-y"(z")), where
y’(2) is given by

1/’*(2) - 1dQ +V( ) 1d@

{R(T) a’'(2)} {R(T)"===a"(2)}

a’(z)=inf{a= 0. EP[(H(T)-2)" 1 w0 J=(c-2)(1-2)}
{R(T)” ﬁ>a}

(c-2)1-¢)-E°[(H(T)-2)"1

GRS

>a (2)}

7(z)= EP[(H(T)-2)"1

GRS

—a( )}

and z" is the solution of

mi ze[Oc]EQ[R(T)_l(H 2)"(1-y (2))].
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3.4 Option Pricing under HIM

HJM is widely accepted as the most general framework derived by directly modeling the
dynamics of instantaneous forward-rates. In this subsection we tackle the option pricing
problem under HIM framework. Take a European call option as an example, the objective

function for pricing the option is formulated as:
V(0) = E¥[R(T)(S(T)-K)'],
where T is the maturity and K is the strike price of the option. We start by introducing the

basic assumptions concerning the financial setup.

The setup is similar to (amin,1992) and (gao2011). Fix a complete probability space

(Q{F }qor), F ,P) where P is the real-world probability measure. Let {B; (t)},r; be a
standard Brownian motion defined on (€2,{F },¢,,,F ,P). For a given continuous initial
forward rate curve {f(0,t)}or;, We assume that the forward rate process follows Itd’s
formula dynamics
f(t,T)= £(0,T) +ﬁ:a(u,T)du +f;a(u,T)dBf (),

where «(t,T) and of(t,T) are drift and volatility processes, respectively.

The spot interest rate at time t, {r(t)},, is given by the instantaneous forward rate of
a forward contract, i.e.,

rt) = f(t,t) = £(O,1) + f; a(u,t)du + f; o(u,t)dB’ (u).

For every maturity time T, the forward price {P(t,T)},, can be written as

Pt,T)= exp(—ﬁT f(t,u)du)

-POT)+ [ P(u,T)(r(u)—a*(u,T)+%a*(u,T)2)du - [{PT)o" (0. T)dB (u).

where,
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o (tT) = ﬁT o(t, u)du,

% T
a (t,T) =ﬁ a(t,u)du.
The dynamic of the price process {R(t)},r, for a zero-coupon bond is described by

R(t) = exp(ﬂt r(u)du)

- P((llt) exp(f;a*(s,t)ds + f; o (s,t)dB/ (s)).

Consider the return process of the risky-asset S . Given the probability space

(QA{F }qory, F 1 P), where {F }4, is the augmented filtration driven by two independent
Brownian motions {(By (t), B, (t))},, initialized at zero. The dynamic of the asset price is
governed by the stochastic differential equation:
X X P t P
S(t) =S(0) +ﬁ)(/t(U)+l’(U))S(U)dU +ﬁ)al(u)8(u)dB1 (u) +ﬁ)or2(u)8(u)dB2 (u)
where {u(t)} 1, denotes the excess return process without randomness. The summation of

u and r represents the expected growth rate.

dQ

Let Q be a probability measure equivalent to P. The Radon-Nikodym derivative P

transforms the real-world measure P into the risk-neutral measure @Q with the assumption of

no-arbitrage, i.e.,
dQ 1 1 1,1 T T
d—P=exp(—§fo Gl(u)zdu—zfo 0,(u)?du+ [ 6,(u)dB; (u) + [ 6,(u)dB! ().
By Girsanov's theorem, the processes:

BY (t) = B (O - [ 6,(w)a,

BS (t) = B (t) - f; 6,(u)du,

are two independent @Q -Brownian motions.
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As both {B(t)‘ls(t)}te[oﬂ and {B(t)‘lP(t,T)}E[OYT] are martingales under Q, we have

—a (t,T) +%a*(t,T)2 -0 (t,T)6,(t) =0,
u(t) + o, (1)6,(t) + 0,(t)6,(t) = 0.

Thus,

—a*(t,T)+;a*(t,T)2

Bl(t) = U*(t,T)

_u)o’ 6 T) + o, (e’ (tT) —;al(t)a*(t,T)z
o,(t)o (t,T)

62 (t) =
From the preceding we obtain the explicit representations of S(t) and R(t) under Q:

S(t) = S(OR() exp(—% [0 )+ o2 @)du + [0, (W)B () + [, 7, ()BE (),

1
- P(O,T)

R(T) exp(% [0 @Tydus [ o (uT)dB! ).

Recall the option pricing problem:
V, = E [R(T)(S(T) -K)'],
Based on (\ref{eq:QS}) and (\ref{eq:QR}), we derive the following solution:

E°[R(T)™(S(T) - K)"T=S(0)N(d,) - KP(0, T)N(d,),

where
S(0) 1 « 2 2
N Iog(P(O’T)K)+2fO (0" Ty +0,W))? + 0, (u)?)du
\/fOT ((0" (T + 0, ) + 0, (L)) du
o |og(P((S)F$))K)-;ﬁJT (o W, T) + 0,(W)* + 0, ()2 du

U (0 @1 + 0, +0,(0)7)a
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3.5 CVaR Hedging Under HIM Framework

In this subsection we integrate HIM methodology and CVaR hedging results from

Chapter 2. Again, take the European call option as an example, whose payoff is given by
H(T)=(S(T)-K)", where K is the strike price. The problem formulation is as discussed in
the section 3.4.

We assume that the probability measures are atomless; this implies that the component

1

SRTIRN in Theorem 3 and Theorem 5 can be ignored. To apply Theorem 3 and Theorem
R(T)—=a (z
ds

5 we need to compute the following three functions:

f(z,2)=E[R(T)*(H(M)-2)'1

RO '

1

f (z,a)=EP|(H(T)-2)1
(@a)=E’[(H(m) T

f3(2) = E®[R(T) " (H(T)~-2)"].

The optimization problem in theorem 3 can be rewritten as:

Z+if2(z1a*(z)) if0<z<2
1-¢

N 6(2) = if 227
z
where
a (z)=inf{a=0:f(z,a)=v},
and

Z is the solution of f,(z) =v.Theorem 5 can be reformulated as:

minze[o,c] f.(z, a(2)™),
where

a(z)=inf{fa=0:f,(z,a*) <(c-z)1-¢)}
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We assume that z >0, therefore ((S(T)-K)"-2)" =(S(T)-K -2)". Then for a call

option we have

f"(z,a) = E*[R(T)™(S(T)-K -2)"1

e
{R(T)@ﬁ}

1

f2(z,a) = EP[(S(T)-K -2)"1

dP
{R(T )@sa}

f(2) = EP[R(T)™(S(T)-K-2)"]
Recall that f*"(z) is the option pricing formula which has already been studied in section
3.4:

£ (2) = S(O)N(d,(2)) - (K +2)P(0, T)N(d,(2))

where

log(P(O,TS)((O})(JrZ)) " ; i (0w + o) + 0, 0)?)au

\/fOT (0" W T)+ 0y ()2 + 0, ()?)du

5(0) L T(( : :
IOg(F>(O,'I')(K-|-z))_2~I; (0" U,T)+0,(u))? +0,(u)?)du

U (0 @)+, + 0, )

d1(z) =

dz(z) =

Similarly, we can obtain the closed form solution for f, and f,. Let N,(X,y):=N(X)N(y)
be the distribution function of two independent standard normal random variables, we have
£, (z,8) = S(O)N,(Z™"*7,(2,2)) - (K + 2)P(0, T)N, (™1, (2, a)),

where

1
-log(aP(0,T)) +Z,, - 5211

nl(z’a) = )
5(0) 1
IOg(P(O,T)(K N z))J'E222
_log(aP(0,T))- =5,
2
772(2,&) =

S(0) 1_ |
Iog(F>(0,T)(K+z) P
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Y isa 2x2 positive definite matrix given by
% = [, (@) -0 @T)? +6,(0))du
S = ) (0" U.T) + 0, (W))" + 0 (u)*dun
% =2y =, (6,0)- 0" )0 (UT) + o, W)du - [ 6, (W) (u)du,

And

fzcall (Z, a) _ S(O)

PO eANz(i‘ﬂzél(z,a)) -(K+ z)Nz(i"mgz(z,a)),

where

1
log(aP(0,T)) - A_EZM

G(za)= 5(0) 1

Iog(P(o,T)(K + z)) HAT B

log(aP(0.T))- [ (a*(u,T)+%(01(u)2 +6,(u)?))du
éz (Zv a) =

S(0) T * _l 2 2 ’
|og(m)+fo (u(u)+a(u,T) > (0,0 +0,(0) ))du

A=) () +a @T)+ 30" T 0" @ T)oy )

and
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3.6 Numerical Example

In this section we apply our results from previous sections to the one factor Hull-White

model in which the short rate dynamic is modeled by
dr(t) = (b(t) —ar(t))dt + o, dB/ (t),
where a and o, are the parameters regulating mean reverting and volatility respectively, and

b(t) is determined by:

2

Gf -2at
+af (0,t) + — (1—e™™).
2a

o) - gz,t)

By solving the differential equation we obtain

2

)= 100+ -(1-e) +0, e dB] W)

Note that f(0O,t) is generally fitted by an initial yield curve. In this example since we
consider 3-month short term option, f(0,t) can be simplify assumed to be a constant. For
the spot rate data we download overnight ICE LIBOR rate for US dollar from Bloomberg,
ranging from 3/11/2012 to 3/10/2013. The generalized method of moments (GMM) is
adopted to fit a and o, see (park, 2004) for detail. For the stock price, we download the
daily returns of S\&P 500 index from "Yahoo! finance', ranging from 3/11/2012 to 3/10/2013.
Maximum likelihood method is employed to estimate both u and o® =0 +0.. The

correlation between the two Brownian motions is assumed to be 0.5.

For the call option of S\&P 500 index of three different maturities: T = 30,60,90, given
the strike price K =S, we tackle the CVaR minimization problem and the hedging costs

minimization problem based on the results in section \ref{sec: 3.1} and \ref{sec: 3.2}. The

results are shown in figure \ref{fig:1} and figure \ref{fig:2}.
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Figure 6 plots the optimal CVaRs with respect to the constraint on the initial costs v,
which is given by the fraction of the risk neutral price. One can observe that the optimal
CVaRs decrease to zero when v equals to the risk neutral price, meaning that the call option
is hedged perfectly. CVaRs reach to the maximum values when the fraction equals to zero,
implying that the investor is exposed to the full risk. The optimal CVVaR comes near zero
when the allocation of initial wealth approaches to the risk neutral price in the case of perfect
hedging. The optimal CVaRs also increases as the the maturity T increases, showing that the
risk is larger for portfolios held longer.

Figure 7 plots the optimal hedging costs according to the constraint ¢ on CVaR. We can
see that figure \ref{fig:2} demonstrates similar trends as in figure \ref{fig:1}. When c

reaches to 350, the resulting risk is close the the maximum CVaR, and its corresponding
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optimal hedging cost equals to zero. When the CVaR value is fixed at zero, we obtain the

perfect hedging. The minimal optimal hedge equals to the risk neutral price.

300
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Optimal CVaR
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1250

o T 1150
Fraction of initial cost Strike price

Figure 8

Figure 8 plots the optimal CVaRs with respect to the constraint on the initial costs v for
options with various price. We can observe that the optimal CVaRs decrease to zero when v
equals to the risk neutral price. CVaRs reach to the maximum values when the fraction equals
to zero. When the strike price is extreme high, the optimal CVVaR comes near zero as such an
call option is very unlikely to be exercised. Also, options with higher price become less

sensitive to the amount of initial capital being available.
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Figure 9 plots the optimal hedging costs of optional with difference strike price,
according to the constraint ¢ on CVaR. We can see that When c is approaching to 0, the
resulting hedging cost get close to the maximum CVaR. When the CVaR value is fixed at

zero, we obtain the perfect hedging. The minimal optimal hedge equals to the risk neutral

price.
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Figure 10 shows the relationship between the original contingent claim and the fractional
claim we perform perfect hedge on. Each colour corresponds to a particular risk budget. We
see that when the risk budge is close to the amount required by perfect hedge, the distribution

of the fractional claim concentrates to that of H(T).

67



3.7 The Neyman — Pearson Lemma

Neyman-Pearson Lemma plays an important rule in deriving theorems in Chater 3. Let

P and Q be two probability measures on (£, F) such that

P[A] = P[A nN] + d—PdQ AeF
= @i

The following theorem (Follmer, 2000) shows the Lebesgue decomposition of P with

respect to Q.

Theorem 1. For any two probability measures Q and P on (£, F), there exists a set

N € F with Q [N] = 0 and a F— measurable function ¢ = 0 such that

P[A] = P[A NN] + f @dQ forallAeF
A

One writes

ﬁ_: { 0} on N¢
dQ +00 onN

For fixed c = 0, we have

dp
here we usea = oo on N.

The Neyman-Pearson lemma is stated as follows(Follmer, 2000):

Proposition 1 (Neyman — Pearson lemma). If A € F is such that Q[A] < Q[A°], then
P[A] < P[A°].
Proof.LetF := Iyo —[,. Then F > 0on N, and F - (j—g - C) > 0. Hence
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P[AY] — P[A] = dep: f

N

dP
FdP + fFﬁsz ¢ deQ: c(Q[A°] — Q[A])

the proposition is proved.

Remark 1. From statistical test theory, A° can be viewed as the likelihood quotient test
of Q (the null hypothesis) against P (the alternative hypothesis). That is, the null hypothesis Q
is rejected if the outcome w of an test is in A°. In such a statistical test, there are two kinds of
error that can occur. An error is called type 1 error if the null hypotheses is rejected, although
the true probability is Q. Similarly, an error is called type 2 error if the null hypothesis is not
rejected, despite that the true probability is P. Q[A°] is the probability of a type 1 error and is
usually called the significance level or the size of the statistical test A°. Then P[(A%)] is the
probability of a type 2 error. The power of the test A° is given by the complementary
probability P[A°] = 1 — P[(A®)¢]. Therefore, we can compare the likelihood quotient test to
the set A in the above proposition, which can be viewed as another statistical test. Hence, we
can restate the proposition as follows: the maximal power of a likelihood quotient test can be
obtained on its significance level.

Indicator functions of sets have only two values: 0 and 1. The proposition stated above
can be generalized by considering F-measurable function y: Q — [0, 1] and Let R be the set

which contains all such functions.
Theorem 2. (Follmer, 2000) LetII := i(P + Q), and define the density ¢ := dP/dQ as

above.
(a) Take ¢ = 0, and suppose that Y/° € R satisfies I1- a.s.

o _ (1 on{p>c}
v _{0 on {g < ¢}

Then for any y € R,
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fdeQSfl]JOdQ :>f¢dP squOdP
(b) For any a, € (0, 1) there is some Y° € R of the form

1 on{p >c}
0 on{p <c}

w0 =1
such that [ {° dQ = a,. More precisely, if ¢ is an (1 — ay)-quantile of ¢ under Q, we can
define ° by
V0 = Tpsey + Klp=q
Where « is defined as
0 ifQp =c] =0

otherwise

(c) Any ° € R satisfying

fdeQSfl]JOdQ :fwdpsfqﬁ’dp
is of the form

1 on{p >c}

‘poz{o on{p < c}

For some ¢ > 0.

Proof. (a): Take F := {® — (s and repeat the proof of Proposition A. 28.
(b): Let F denote the distribution function of ¢ under Q. Then Q[ > ¢] =1 — F(c) < aq
and
Qlo =c] = F(c) =F(c—) = F(c) =1+ ap = g — Q[ > ]
Hence 0 < k < 1 and ° belongs to R. The fact that [ °dQ = o is obvious.

(c): Suppose that Y™ satisfies

fldeSfllJ*szprdPSfljJ*dP
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The case in which o = [ {*dQ equals O or 1 are trivial. For 0 < ay < 1, we can take
W? as in part (b). Then o := [ P*dQ = [ P°dQ. One also has that [ {* dP = [ ° dP, as

can be seen by applying

fldeQSbeon :fwdpsfqﬂ’dp

to both Y* and Y° with reversed roles. Hence, for f := §° — * and N = {¢p = o0},

oszdp—cfquzf fdp+f f- (@ —c)dQ
N

But

o _ (1 on{p>c}
v _{0 on {p < ¢}

implies that both f > 0 P-a.s.on N, and f- (¢ — c¢) = 0 Q-a.s. Hence f vanishes II-a.s. on

{o #c}.

Remark 2. In Remark 1, a randomized statistical test is given by an element  of R. Let
w be the outcome of a statistical test, and denote the probability p := y(w), which is the
probability of rejection of the null hypothesis. Power and significant level of a randomized
test are given. We call a test of the following form

o _ (1 on{p>c}
v _{0 on {p < ¢}

a generalized likelihood quotient test. Hence, we can state the general Neyman-Pearson
lemma in Theorem 2 as follows: On the significance level a randomized test will have its
maximal power, and it is satisfied if and only if the randomized test is a generalized

likelihood quotient test.
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3.8 Concluding Remarks

The purpose of this section is to construct CVaR hedging strategies under stochastic
interest rate environment. We first generalize the results presented by (melnikov, 2012) and
then add the stochastic interest rate component. Modeling the stochastic movements of
interest rates is essential in pricing and hedging interest-rate-sensitive price; the result of this
paper can be applied on pricing a variety of equity-linked life insurance products, for
example. The Neyman Pearson lemma shows that the optimal strategy of CVaR hedging is a
perfect hedge for an adjusted claim.

To illustrate this hedging technique we consider a European call option, explicit
formulas for solving CVaR minimization problems under HIM framework are derived. Note
that the geometric Brownian motion is employed in monitoring the asset dynamics. As the
risk of Brownian motion is completely determined by its variance, the advantage of CVaR is
not shown in this thin-tailed model. For future work we consider improving CVaR hedging

by adopting heavy-tailed models and adding jump components.
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4. Nominal and Robust Portfolio Optimization

Conditional Value-at-Risk (CVaR) has attracted much attention in recent years.
Rockafellar and Uryasev (2000, 2002) formulated CVVaR minimization problem, which can
be solved by minimizing a more tractable auxiliary function without predetermining the
corresponding VaR, and VaR can be calculated as a by-product at the same time. Such a
formulation usually results in convex programs, and even linear programs; since then CVaR
is becoming more and more popular in financial management. Konno, Waki and Y uuki
(2002) explained the significance of using CVaR in reducing downside risk in portfolio
optimization.

Recently, many researchers have paid more attention to the issue of lack of robustness of
CVaR optimization. It is well-known that the portfolio decision is very sensitive to the mean
and the covariance matrix, thus one cannot neglect the modelling risk arises due to the
uncertainty of the underlying probability distribution. The distribution uncertainty occurs in
many situations, for example, when there are limited data samples possessed or the data
samples are not stable. Therefore, instead of the precise information on the mean and the
covariance matrix of asset returns, some types of uncertainties are introduced, such as
polytopic uncertainty, box uncertainty and ellipsoidal uncertainty, in the parameters involved
in the mean and the covariance matrix, and then translated the problem into semidefinite
programs that can be solved by interior-point algorithms developed in recent years. ElI Ghaoui
(2003) studied the robust portfolio optimization using worst-case VaR.

This section introduces the concept of worst-case CVaR and followed by investigating
the minimization of worst-case CVaR associated with mixture distribution uncertainty. At the
end of this section we present the application of worst-case CVaR to robust portfolio

optimization together with an illustrative numerical example.
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4.1 Worst-Case Conditional Value-at-Risk

The Average Value at Risk (AVaR), also called conditional value-at-risk or expected
shortfall, has become very popular and displaced the traditional VVaR due to its coherence.
AVaR represents the information about the magnitude of the losses larger than the VaR level.
The AVaR at tail probability € is defined as the average of the VaRs which are larger than the
VaR at tail probability « . Refer to Chapter Three for formal definition.

Let x denotes a decision vector (x&€X), andI(x, y)represents the loss with random

vector y. Assume that y follows a continuous distribution with its density function denoted
as f(-). We also assume E(|I(x, y)| < oofor each xE€X, so that CVaR and worst-case CVaR

are probably defined. The probability of I(x,y), for any given x , not exceeding a threshold

a is given as

3 .
WCVaR, (x) £ F)s(gngVaRﬁ(x) =minmax = A,F}(x,a)
F/j, is the axillary function in calculating CVaR, i denotes the ith likelihood function
with weight A..

As we pointed out that the coherent risk measure CVaR is a coherent risk measure, so

does worst-case CVaR.
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4.2 Numerical Example

In this subsection, we consider a numerical example to illustrate the robust portfolio
optimization problems. We select fifty tickers from S&P 500, and sample the data for the
frequency of 5 minute.

Plot a sample return data as in figure 11, we roughly observed that the behavior of
returns is not consistent among different time periods. The return behaviours of other tickers
are very similar. If we divide our observations into three sub-intervals, the expected mean
and variance of returns of one period are very different from the others. Therefore, we
assume that uncertain vector y is sampled by three corresponding likelihood function, i.e.,
rather than using a nominal distribution, we use a mixture distribution (f1, 2, {3, each with
corresponding normalized weights (using sample days of sub-interval)).

Consequently, we might consider CVaR not reliable since the underlying assumption
that the probability distribution is precisely known to be a nominal one is violated. We

therefore perform a worst-case CVaR minimization, which will lead to robust portfolio

optimization. Let « is the minimum expected portfolio return, yi denotes the expected value

of y with respect to its interval-likelihood distribution; f(x,y) denote the loss associated with
decision vector x and random vector y.

Let O be the solution of formula (1.1), our task is:

min {0: 3 AF}(x @) <6,YAEA} (1.1)

(e, 0)ERxR
s.t.
eNT* r= Wo;
X=(-1-D) = X = X(L...0);

XTyi >u,
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1

1_/5(11') u'=6

a+

where IT' = (Hil,...,His),HLis the probability according to the k---th sample with
respect to the i-th likelihood distribution.; we introduceu' as the auxiliary vector;
u, = f(x,y,)-a; 6) u, =0 k=123. For minimum expected return u=0. 0055, and

CI level (B)=95%, we obtain the following equity curves.

x107° Sample returns

4+

_5 L L L L L L L J
0 200 400 600 800 1000 1200 1400 1600

Figure 11
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Cumulative returns
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The above figure illustrates the evolution of the values of the robust optimal
portfolio (via WCVaR) and the nominal optimal portfolio (via CVaR). It shows that

the robust optimal portfolio almost always outperforms the nominal optimal portfolio.
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Appendix 1

Fix X € y such that |p(X)| < +e. By translation invariance one has

P(X + p(X)) = p(X)-p(X) =0.
If pis positive homogeneous, then p(0) = p(n-0) = np(0), S0 p(0) =0,

Therefore, p(c) = p(0)-c=-c,cE®° since p(X + p(X))=0.
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Appendix 2

@) a) is straightforward.
(b) cash invariance implies that for X & y,

inf{me° |[m+ XeA }=inf{me* | p(m+ X) <0}
=inf{me° | o(X)=m}
= p(X)

(© A'is clearly convex if o is a convex measure of risk. The converse will follow from
Proposition 2.6 together with (0.6).
(d) Clearly, positive homogeneity of pimplies that A is a cone. The converse follows as

in (c).
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Appendix 3

(a)

(b)

(©)

(d)

It is straightforward to verify that p, satisfies cash invariance and monotonicity. We

show next that p, takes only finite valures. To this end, fix some Y in the non-

empty set A. For X & ygiven, there exists a finite number m with m+X>Y , for X

and Y are both bounded. Then

PA(X)-m=p,(Mm+X)=p,(Y) =<0,

and hence p, (X)=m<oo. Note that (2) is equivalent to p, (0) > —oo.

To show that p, (X) > —oofor arbitrary X & y, we take m' such that X+m’'<0 and
conclude by monotonicity and cash invariance that p, (X) = p, (0) +m’ > —c.

Suppose that X,, X, € y and that m;,m, &° are such that m + X; EA. If AE[O,l],
then the convexity of A implies that A(m, + X,) + (1- A)(m, + X,)EA. Thus, by the

cash invariance of p, ,

0= o, (Am +X)+@-A)(m, +X,))
= pA(ﬂXl + (l—ﬂ)Xz) - (ﬂ'm1 + (1_/1)m2)v

and the convexity of p, follows.

As in the proof of convexity, we obtain that p, (AX) =<Ap,(X) for A=0 if Ais a
cone. To prove the converse inequality, let m< p,(X). Then m+X€&A. Thus,
Am < p, (AX), and (c) follows.

The inclusion A€ A, is obvious, and Proposition 1.5 implies that A is |- closed

as soon as A=A ,. Conversely, assume that A is || -closed . We have to show
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that X¢A , there is some AE(0,1) such that Am+(1-A)X&A . Thus,

O0<p,(AMm+(1-24)X) = p, (1-2)X)-Am. Since p, is a monetary measure of

risk, we have

|10A (1-)X) -0, (X)| s A'”X”
Hence,

pA(X) = p, (A-2)X) - A X] = A(m-|X]) >0

82



Appendix 4

Here we review the valuation of European call option under HIM model. Recall that the price

of the option is given by:

Vo = EP[R(T)(S(T) - K)']
= E* [R(T) " S(Ms(ry.i] = EP [R(T) ™ Klig )i

First define

d§ —exp(-1( ~Jo (@) + (0 )du+ [, (B (U + [ o (u)dBE (),

then under we have

B (t) = BS* (1) + f; o,(u)du,

B (t) = BS* (1) + f; o, (u)du,
where BS: and BS* are two independent Brownian motions under § .
Thus

S(T) = S(O)R(I')exp(—% [, (@) + 0, (WA)du+ [ 07 (u)dBS (u) + [, 0 (u)dB§ (W)

_3(0)
~ P(O,T)

exp(% [ (7 @)+ o) + @) du+ [ (07 (@ T) + 0, ())dB* (u) + [, 0 (u)dBS (1),

The eventS(T) > K implies that

f (0@ T) + 0, (W)ABY () + [} 0, (u)dBS (u)

(P((SJ(E))K) %ﬂj ((O*(U,T) +ol(u))2 +02(U)2)du.

Thus we have

E® [R(r)_ls(T)l{S(T)>K}] = S(O)E§1[1{S(T)>K}] = S(O)N(dl),

On the other side, define
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K-- exp( f o (u,T)dB} (u)——f o'(u,T) dU)

Then we have
BS (t) = B+ (t) —f;a*(u,T)du
B; (t) = B;*(t)

where B2 and B : are two independent Brownian motions under § ,. Thus

S(0)
PO, T)

The%@“e%“(l;f (0846 74 o (u))? + o, (u)? ) du + f (07U, T) +0,(u)dBS = (U) + f o, (U)dBS* (u)).

P(O,T)
ﬁ) (0", T)+01(U))d31§2(u)+ﬁ) 0, (u)dB, * (u)

(P(g(g))K) szT ((O*(U,T) +01(u))2 +0‘2(u)2)du_

S(T) =

exp(2 f (0", T)? = 0,(u)” -0, (u))du + [} (07 (U, T) + 0, (W)BF (u) + [, 0, (u)0BS (u)

> log

Then

E® [R(T)_l Kl{S(T)>K}] = KP(O’T)N(dz)
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Appendix 5

We can decompose f,°" to be:

call = -1 -K -7\
02 = E RO M K0

]

=S(0)E’[1,

1
{S(T)>K +2¥ dp
{R(T)—d§ >a}

1-(K+2)PO.T)E [l ).,

{R(T)g—;>a}

1,

where § ; and § , are defined in the previous section. Then apply (\ref{eq:Q1B1}) and
(\ref{eq:Q1B2}) we obtain the dynamic of R(T)dP/d§ under § ,:

dp 1 1.7 * 2 2 2
R(I')E= P(O,T)exp(zﬁ) (0", T)? - 6,(u)? - 6,(u)*)du

+) (0@ T) - G,)dB ()~ [ 0, (W)dBf ()

exp(le - %211 _Wl)’

"~ P(O,T)

where X, X, are given by (\ref{eq:Sigmal1}), (\ref{eq:Sigmal2}), and

W2 [ (6,0 -0 0TIBE W)+ [ 6,)dB5 W)

< -log(aP(0,T)) + %fOT (0" (U, T)’ =6,(u)* -6,(u)* +2(c (u,T)-6,(u))o,(u) - 26,(u)o,(u))du.

Therefore R(T)dP/d§ >a implies
1
W, < -log(aP(0,T)) +%,, —EZM.

On the other side, recall S(T) > K +z implies

W, = [ (0@ T) 40,085 W) - [ o, (1)dBE ()

S(O) 17 - 2 2 _ L E
<log( o yica ) * 2k (07T +a@) +or?)du = tog (i) + 5%
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Note that (W,,W,) are binormal distributed with zero mean and covariance matrix Z. It is
easy to compute that the entries of =
2 4 * 2 2
2= EWST= [((G.(W) -0 (U T))" +6,(u)7)du,
2 T x 2 2
2y =EW; 1= [} (0°U.T) +0, ()" +0,(u)du,
T - - J
3, =%, =EWW,]= _j; (G.(u)-o U,T))(o (u,T)+o0;(u))du _j; 6,(u)o, (u)du.
Thus we have:

SOE" W or 1= SON,E(2,2))

{R(T)j—§>c
where 7,(z,a) is given by (\ref{eq:etal}). Similarly under § , we have

R(T):_g = P((::-,T) exp(— %jj (@, (u) - o uT))>+ 6, (W?)du +

[, (" @) -6,)dBY () [ 6,(1)dBE* ()

eXp(_ % 211 _Wl)’

"~ P(O,T)
and that

R(T)dP/d§ >a implies

W, < -log(aP(0,T)) —%le.And recall that S(T) > K + z implies

S(0) 1 * 2 2
W2 < Iog(m)—i‘f0 ((O' (U,T)+C71(U)) +O'2(U) )du

_ s(0) 1
_Iog(P(O,T)(K+z) 27

Note that here we keep use (W,,W,) to denote a bivariate normal random vector under § ,

instead of § , for simplicity. Thus we have

(K +2)P(0,T)E**[Ly 5y,

{R(T)g—;x}

1= (K+2)P(0,T)N,(Z"n,(z,2)),
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Appendix 6

Recall that the dynamic of stock price process under market measure P is given by

5(0) = SR exp(f () -i(al(u)2 +0,(1)?))du + [ 0,(U)dBY (U) + [, 0, (W) B (u)

SO

" 500 exp(f, () + & (ut) - —(al(u) +0,(W)))du+ [ (0 U,1) + 03 () dB] (u) + [} o, (WB] (W),

Consider the decomposition of "

£ (2,a) = EP[S(T){S<T>>K+2}1{R(T) ] (K +2)E’ [{S(T)>K+Z}1{R(T) }].

Here to define a new measure F*:

— —exp(f (0 U,T) +0,(W))dB (U) + [, 0 (WB W)-+ f (07U T) + 0, (W) +0,(U))du).

Then we have

] S(0)
=}~  P(0,T)

EP‘)[:LS(T)>K+Z:L dp ] S(O) EP)[l{S(T)>K+z}1{R(_I_)dip ]a
d

(RMye=ar”  P(0,T) =2

e oxp(f] () +a @T) 40 WT) 40 (W T ) )

where A is given by (\ref{eq:constA}).

By Girsanov theorem we have

B () = B0 + [ (0", T) + o,(W)elu,
B (t) = B"(t) + f; o, (u)du.

where Bf and B[ are two independent Brownian motions under B°. Then S(T) and

R(T)dP/§ becomes:
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__S(0)
~P(O,T)
+f (07, T) + o, (W)dB] (U) + [ 0,(W)B] (1)

_ S(0)
~ P(O,T)

S(T)

exp(jj (u)+a (,T) —%(al(u)z +0,(u)?))du

exp(A+ %222 —WZ),

and

R(r)g_{;3 - P((},T) exp(ﬁ)T (o' (u.T) +%(91(U)2 +6,(u)?))du

[ (60 -0 @ T)IB! () - [, 6,(u)dB! (W)
1
~ P(O,T)

exp(A+%2ll —Wl)

Thus R(T)dP/d§ <a implies

-W, <log(aP(0,T)) - A—%Zn,

and S(T) > K +z implies

S(0) 1
W, < Iog(m) +A+=-3,.

It is easy to see that (W, W,) ~ N(0,X).

Then we have

1= SO ern, @2, (2,2,

EP[SU)lS(T)>K+zl = P(O,T)

dP
{R(T )Esa}

where £, (z,a) is given by (\ref{eg:zetal}). On the other side we do not need to change the

measure. For {R(T)dP/d§ < a} we have
T+ 1 2 2
W, <10g(aP(0.T) - f[ (o (0. T)+ (G,0)* +,1)"))au,
and for S(T) > K +z we have

5(0) ))+f0T (y(u)+a*(u,T)—%(al(u)2+02(u)2))du.

"<l
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Finally we will get

<«-1/2
(K +2)E°[1, (T)>K+21{R(T)disa}] —(K+2)N, (7Y%, (2,a)),
aQ
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