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Abstract of the Dissertation

Refined Convergence for Genus-Two Pseudo-Holomorphic Maps

by

Jingchen Niu

Doctor of Philosophy

in

Mathematics

Stony Brook University

2016

The moduli spaces of pseudo-holomorphic maps into an almost Kähler manifold are fundamental
to Gromov-Witten theory. It has been speculated since the early days of Gromov-Witten theory
that these moduli spaces contain natural closed subspaces, whenever the genus is positive, that
also give rise to curve-counting invariants. This speculation was confirmed in genus 1 over a decade
ago. In this dissertation, we describe a natural subspace of every moduli space of genus 2 pseudo-
holomorphic maps that has strata of the correct virtual dimension to give rise to curve-counting
invariants. We establish most of the convergence statements for sequences of such maps needed to
show that this subspace is closed.
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1 Introduction

The theory of Gromov-Witten invariants arises from Gromov’s work [4] on pseudo-holomorphic
curves and Witten’s work [14] on σ-models in physics and plays prominent roles in symplectic
topology and algebraic geometry. These invariants count J-holomorphic maps from closed, possi-
bly nodal, Riemann surfaces to a compact symplectic manifold pX,ωq with a fixed almost complex
structure J tamed by ω. The main object of interest in this theory is the moduli space Mg,kpX,A; Jq
of stable J-holomorphic maps from genus g Riemann surfaces with k marked points in the homol-
ogy class A PH2pX;Zq. This space is often singular and is stratified by smooth orbifolds. The
subspace Mg,kpX,A; Jq of maps from smooth domains is of special interest because it corresponds
to irreducible (and often smooth) curves in X. Even though Mg,kpX,A; Jq is conventionally re-
ferred to as Gromov’s compactification of Mg,kpX,A; Jq, in general Mg,kpX,A; Jq is not dense in
Mg,kpX,A; Jq. The subspace Mg,kpX,A; Jq is dense in Mg,kpX,A; Jq if g“0 and J is sufficiently
regular, but this is not the case if g ě 1; see [18, Section 1.1]. In this paper, we investigate this
deficiency in the g“2 case in detail.

1.1 Background and overview

It was speculated back in [12] that there exists a natural closed subspace

M
0
g,kpX,A; Jq ĂMg,kpX,A; Jq (1.1)

containing Mg,kpX,A; Jq such that Mg,kpX,A; Jq is dense in M
0
g,kpX,A; Jq whenever J is suffi-

ciently regular. The naturality condition should include

(Ng1) for every compact almost Kähler submanifold Y of pX,ω, Jq,

M
0
g,kpY,A; Jq “M

0
g,kpX,A; Jq XMg,kpY,A; Jq; (1.2)

(Ng2) the pre-image of M
0
gpX,A; Jq”M

0
g,0pX,A; Jq under the forgetful morphism

f : Mg,kpX,A; Jq ÝÑMgpX,A; Jq”Mg,0pX,A; Jq

is M
0
g,kpX,A; Jq.

The first property is closely related to the existence of a sufficiently nice deformation theory for

M
0
g,kpX,A; Jq so that this subspace carries a natural virtual fundamental class as in [7]. The sec-

ond property determines M
0
g,kpX,A; Jq with ką 0 from M

0
gpX,A; Jq so that the marked moduli

space satisfies (1.2) if the unmarked one does. It is thus sufficient to consider the k“0 case of the
speculation in [12].

A closed subspace with the desired properties in the g“1 case is constructed in [18]. It is described
by splitting the elements of M1pX,A; Jq into two types and describing the conditions for these ele-

ments to be inside of M
0
1pX,A; Jq. No condition is imposed for one of the types; the corresponding

g“ 2 type is Type 0 on page 5. A simple first-order condition is imposed for the other type; its
closest g “ 2 analogue is Type 1, though Types 1a and 1b exhibit similar features as well. The

construction of M
0
1pX,A; Jq in [18] is the most fundamental step eventually leading to the proof
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of the mirror symmetry prediction of [1] for the genus 1 Gromov-Witten invariants of the quintic
threefold in [20].

In this dissertation, we establish most convergence statements for genus 2 pseudo-holomorphic
maps needed to confirm the speculation of [12] in the g “ 2 case; see Section 1.5. This involves
splitting the elements of M2pX,A; Jq into five types at the first stage; see page 5. The first-stage
splitting is the direct analogue of the splitting in the g“1 case and is based on how the genus of

the domain can be split up. All elements of Type 0 are contained in M
0
2pX,A; Jq. An element of

Type 1, 1a, or 1b is contained in M
0
2pX,A; Jq if and only if it satisfies a first-order condition directly

analogous to the condition in the g“1 case. An element of Type 2 is contained in M
0
2pX,A; Jq if

and only if it satisfies a similar first-order condition and a more elaborate second-order condition
which depends on how the first-order condition is satisfied. This second-stage splitting takes into
account the Weierstrass and conjugate points on genus 2 Riemann surfaces.

While the precise description of M
0
2pX,A; Jq is rather involved, its explicit nature sets the stage

for further applications. These include enumerative geometry in genus 2, construction of reduced
genus 2 GW-invariants (in the spirit of [19]), comparison between standard and reduced GW-
invariants (in the spirit of [17]), Quantum Lefschetz Hyperplane Theorem for reduced genus 2 GW-

invariants of complete intersections (in the spirit of [16, 8]), partial desingularization of M
0
2,kpPn, dq

with specification of the associated equivariant localization data (in the spirit of [13]), and proof
of mirror symmetry for genus 2 GW-invariants of complete intersections (in the spirit of [20, 11]).
An algebro-geometric approach to studying the structure of M2pPn, dq is presented in [5, 6].

1.2 Genus 2 curves

Throughout this work, a Riemann surface and complex curve mean a closed connected complex
manifold of complex dimension 1 with some disjoint pairs of points identified. If Σ1 is a Riemann
surface and Σ1 Ă Σ is a union of irreducible components, we denote the closure of Σ´Σ1 in Σ
by pΣ1qc. Given a finite set Di : LiÝÑV , iPS, of C-linear homomorphisms of vector spaces with
the same target and kPZě0, we write

cptDiuiPSq“k if dimC SpanC
`

Divi : viPLi, iPS
˘

ď |S|´k .

For every smooth (closed, connected) genus 2 Riemann surface Σ, the holomorphic sections of the
canonical line bundle KΣ determine a double cover

Σ ÝÑ P
`

H0pΣ;KΣq
˚
˘

, x ÝÑ
 

µPH0pΣ;KΣq
˚ : µpηq“0 @ ηPH0pΣ;KΣq s.t. η|x“0

(

, (1.3)

with 6 branched points; see [3, p253]. We denote by WPpΣq the set of these 6 Weierstrass points
of Σ. The deck transformation of the double cover ΣÝÑP1 determines a holomorphic involution
κΣ on Σ. For x1, x2PΣ, we write x1„x2 if x1“κΣpx2q.

For `PZě0, define

J`K “
 

1, . . . , `
(

and Pě2p`q “
 

IĂJ`K : |I|ě2
(

.
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Denote byM2,` the Deligne-Mumford moduli space of genus 2 stable curves with ` marked points
and by M2,`ĂM2,` the subspace of smooth curves. Let

E, Li ÝÑM2,`

be the Hodge vector bundle of holomorphic differentials and the universal tangent line bundle for
the i-th marked point, respectively. Let

F` “
à̀

i“1

Li ÝÑM2,` .

For each iPJ`K, denote by π`;i : F`ÝÑLi the projection map.

For `ě1, let

W2,` “
 

rΣ;x1, . . . , x`sPM2,` : x1PWPpΣq
(

, W2,`“Cl
`

W2,`

˘

ĂM2,`,

where Cl denotes the closure. For `ě2, let

C2,` “
 

rΣ, x1, . . . , x`sPM2,` : x1 „ x2

(

, C2,` “ Cl
`

C2,`

˘

ĂM2,`.

For `ě2, define

πPF` : PF` “ P
´

à̀

i“1

Li

¯

ÝÑM2,`, P0F` “
!

rvisiPJ`KPPF`|M2,`´C2,`
: v1, v2‰0

)

Ă PF`,

ϕ` : P0F` ÝÑ Grp2; `q, ϕ`
`

rvs”rvisiPJ`K
˘

“ SpanC

!

`

ηpv1q, . . . , ηpv`q
˘

: ηPEπPF` rvs
)

.

The closure of the graph of ϕ`,

V` ” Cl
!

`

rvs, ϕ`rvs
˘

: rvsPP0F`

)

Ă PF`ˆGrp2; `q ,

is a subvariety of PF`ˆGrp2; `q with a projection map to M2,`.

1.3 Pseudo-holomorphic maps and derivatives

Let pX,ω, Jq be an almost Kähler manifold, i.e. pX,ωq is a symplectic manifold and J is an almost
complex structure on X tamed by ω, and ∇ be a connection on pTX, Jq. For a smooth map
u : ΣÝÑX from a possibly nodal Riemann surface and m PZ`, denote by ∇u the connection on
pT ˚Σqbmbu˚TX induced by the pull-back of ∇ by u and a fixed connection on Σ. For a smooth
point xPΣ, let

Dpmqx u
`

vbm
˘

“
 

t∇uum´1du
(`

v, . . . , v
loomoon

m

˘

P TupxqX @ vPTxΣ (1.4)

and write Dxu“Dp1qx u. For a node x“px`, x´q between the irreducible components Σ`x and Σ´x
of Σ so that x˘PΣ˘x , we define Dx˘u and Dpmq

x˘
u likewise. If u is J-holomorphic near x and Dxu“0,
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then neither Dp2qx u nor the span of Dp2qx u and Dp3qx u depends on the choice of the connections. If a
finite tuple pui, xiqiPS of one-marked J-holomorphic maps and viPTxiΣi are such that

uipxiq “ ujpxjq @ i, j PS and
ÿ

iPS

Dxiuipviq “ 0 P Tu1px1qX,

then

SpanC

ˆ

ÿ

iPS

Dp2qxi uipv
b2
i q,

 

DxiuipTxiΣiq : iPS
(

˙

Ă Tu1px1qX

is also independent of this choice; see Appendix A.

For APH2pX;Zq´0, let

ev1 : M0,1pX,A; Jq ÝÑ X, ev1

`

rΣ, u, x1s
˘

“ upx1q , and L1 ÝÑM0,1pX,A; Jq

be the evaluation map and the universal tangent line bundle, respectively, at the marked point.
For an element

rus “ rΣ, u, x1s PM0,1pX,A; Jq, (1.5)

we denote by ΣP ĂΣ the irreducible component containing x1 and by Dpmqu and Du the homo-

morphisms Dpmqx1 u and Dx1u, respectively, described above. Let

M0
0,1pX,A; Jq “

 

rusPM0,1pX,A; Jq : u|ΣP ‰ const.
(

and
D P Γ

`

M0,1pX,A; Jq;L˚1bev˚1TX
˘

be the bundle section induced by the homomorphisms Du. If UÝÑM0,1pX,A; Jq is the universal
curve and ev : U ÝÑX is the natural evaluation map, then D is the restriction of dx1ev to the
vertical tangent bundle of U.

For `P Z`, let

M`
0,1 “

ğ

A1,...,A`PH2pX;Zq´0
A1`...`A`“A

 `

ru1s, . . . , ru`s
˘

P
ź̀

i“1

M0
0,1pX,Ai; Jq : ev1rui1s“ev1rui2s @ i1, i2PJ`K

(

,

ev: M`
0,1 ÝÑ X, ev

`

ru1s, . . . , ru`s
˘

“ ev1pu1q.

For each iPJ`K, let
πi : M`

0,1 ÝÑM0
0,1pX,Ai; Jq

be the component projection map.

For `PZ` and iPJ`K, define

Zp2q0;`;i “
 

pru1s, . . . , ru`sqPM
`
0,1 : Dui“0, c

`

Du1, . . . ,Du`,Dp2qui
˘

“2
(

,

Zp3q0;`;i “
 

pru1s, . . . , ru`sqPM
`
0,1 : Dui“0, c

`

Du1, . . . ,Du`,Dp2qui,Dp3qui
˘

“2
(

,
(1.6)
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respectively. For `ě2, define

Zp2q0;`;12 “

!

pru1s, . . . , ru`sqPM
`
0,1 : cpDu1,Du2q“1,

c
`

Du1, . . . ,Du`, tDp2qu1`Dp2qu2u|pkertDu1̀ Du2uqb2

˘

“2
)

.
(1.7)

The subspaces Zp2q0;`;1ĂZ
p3q
0;`;1,Z

p2q
0;`;12 are closed in M`

0,1.

Denote by
prP , prB :M2,`ˆM`

0,1 ÝÑM2,`,M
`
0,1

the component projections. For each iPJ`K, define

D`;i P Γ
`

M2,`ˆM`
0,1; pr˚Bπ

˚
i L
˚
1bHompC`, pr˚Bev˚TXq

˘

,
 

D`;ipυiq
(

pa1, . . . , a`q “ aiDvi.

For `ě2, let

Z2;` “

!

`

rΣs, rus
˘

PM2,`ˆM`
0,1 :

ÿ̀

i“1

D`;ipυiq|P“0 P Hom
`

P, TevpuqX
˘

for some P PV`|rΣs, pυiqiPJ`KP
à̀

i“1

pL1|πipuq´0q
)

.

(1.8)

1.4 A smaller moduli space

For APH2pX;Zq´0, we abbreviate

M ”M2,0pX,A; Jq, M ”M2,0pX,A; Jq.

An element
rus ” rΣ, us PM (1.9)

is the equivalence class of a pair consisting of a closed connected, possibly nodal, Riemann surface
(or simply a curve) Σ of (arithmetic) genus 2 and a J-holomorphic map u : ΣÝÑX.

A (maximal) contracted curve of u“ pΣ, uq as in (1.9) is a (maximal) connected union Σ0 of the
irreducible components of Σ so that u|Σ0 is constant. Let χpΣ0q be the set of nodes connecting Σ0

with pΣ0q
c. A primary contracted curve of u is a maximal contracted curve Σ0 with gapΣ0qě1. We

denote by PCpuq the set of of primary contracted curves of u.

We define an element rus of M to be of

‚ Type 0 if PCpuq“H;

‚ Type 1 if PCpuq“tΣ0u and pΣ0q
c contains one connected component of arithmetic genus 1;

‚ Type 1a if PCpuq“tΣ0u with gapΣ0q“1 and every connected component of pΣ0q
c is of arithmetic

genus 0;

5



Type 0
Type 1

Type 1a

Type 1b
Type 2

H 1 1

21 1

Figure 1: Genus 2 map types and the associated primary contracted graphs

‚ Type 1b if
ˇ

ˇPCpuq
ˇ

ˇ“2;

‚ Type 2 if PCpuq“tΣ0u with gapΣ0q“2.

This notion is independent of the choice of representative u for rus. The five types are illustrated
in Figure 1. The unshaded components correspond to the contracted ones. Shown next to each
diagram is the dual graph of the primary contracted component(s), indicating the number of prin-
cipal nodes on each component; see Section 2.1.

For ‚Pt0, 1, 1a, 1b, 2u, let
Mτ‚ ”

 

rus PM : u is of Type ‚
(

.

By definition, Mτ0 contains M. The subspaces Mτ‚ are pairwise disjoint, but they are generally
not closed, except for Mτ2. Figure 2 shows the possible limits of sequences of elements in subspaces.
In particular, the intersection of the closures of Mτ1a and Mτ1b is contained in Mτ2.

Let rus PM be as in (1.9) and Σ0 PPCpuq. For xPχpΣ0q, let ux : ΣxÝÑX be the restriction of u
to the irreducible component ΣxĂpΣ0q

c containing x and

Dxu“ Dxux : TxpΣ0q
c ÝÑ TupxqX “ TupΣ0qX .

For ‚ “ 0, 1, 1a, 1b, define

M0
τ‚ “

 

rusPMτ‚ : c
`

tDxu : xPχpΣ0qu
˘

“1 @Σ0PPCpuq
(

ĂMτ‚. (1.10)

In particular, M0
τ0 “Mτ0. These definitions are analogous to the genus 1 counterparts of these

subspaces in [18, Definition 1.1(b)].

For each `PZ`, let
ι` :M2,`ˆM`

0,1 ÝÑMτ2

6



Mτ1Mτ0 Mτ1a

Mτ1b Mτ2

Figure 2: Possible limits of sequences of elements of Mτ‚

be the standard node-identifying map. Define

M0
τ2 “

ď

`ě1

ι`
`

M2,`ˆZ
p2q
0;`;1 YW2,`ˆZ

p3q
0;`;1

˘

Y
ď

`ě2

ι`
`

C2,`ˆZ
p2q
0;`;12 Y Z2;`

˘

,

M
0
2,0pX,A; Jq “M0

τ0 \M0
τ1 \M0

τ1a \M0
τ1b \M0

τ2 ĂM.

(1.11)

As described in Section 1.5, most steps needed to establish the following statements are completed
in this dissertation.

Theorem 1.1. If pX,ωq is a compact symplectic manifold, J is an ω-compatible almost complex

structure on X, and APH2pX;Zq´0, then M
0
2pX,A; Jq is closed in M2pX,A; Jq and satisfies the

pg, kq“p2, 0q case of (Ng1) on page 1. Furthermore,

dimvir
R

´

M
0
2pX,A; Jq´M2pX,A; Jq

¯

“ dimvir
R M2pX,A; Jq ´ 2. (1.12)

Remark 1.2. The assumption that the almost complex structure J is ω-compatible, not just ω-
tame, is made for technical reasons and may not be essential. It implies that the torsion tensor of
the J-linear connection of the Levi-Civita connection on X is proportional to the Nijenhuis tensor.

1.5 Outline of the proof

We first justify the last statement of Theorem 1.1. Let 2n be the (real) dimension of X. For every
stratum MT of M0

τ0,

dimvir
R MT “ 2

`

xc1pXq, Ay ` n´3´ |EdgpT q|
˘

“ dimvir
R M2pX,A; Jq ´ 2|EdgpT q|,

where |EdgpT q| is the number of nodes of the maps in M0
τ0. By (1.10),

dimvir
R MT ď 2

`

xc1pXq, Ay ` n´3´ |EdgpT q|
˘

` 2n|PCpuq| ´ 2
ÿ

Σ0PPCpuq

`

n`1´|χpΣ0q|
˘

“ 2
´

xc1pXq, Ay ` n´3´
`

|EdgpT q|´
ÿ

Σ0PPCpuq

|χpΣ0q|
˘

¯

´ 2|PCpuq|

ď dimvir
R M2pX,A; Jq ´ 2

for any stratum MT of M0
τ1, M0

τ1a, and M0
τ1b and any element rus PMT , disregarding the ob-

struction bundle over the primary contracted curves (i.e. only the non-constant maps are to be
deformed). We also disregard this bundle in computing the virtual dimensions below.
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By the first equation in (1.6),

dimvir
R MT ď 2

`

xc1pXq, Ay ` n´3´ |EdgpT q|
˘

` 4n´ 2
`

n` pn`1´`q
˘

“ 2
´

xc1pXq, Ay ` n´3´
`

|EdgpT q|´`
˘

¯

´ 2 ď dimvir
R M2pX,A; Jq ´ 2

for any stratum MT of ι`
`

M2,`ˆZ
p2q
0;`;1

˘

. By the second equation in (1.6),

dimvir
R MT ď 2

`

xc1pXq, Ay ` n´3´ |EdgpT q|
˘

` 4n´ 2´ 2
`

n` pn´`q
˘

ď dimvir
R M2pX,A; Jq ´ 2

for any stratum MT of ι`
`

W2,`ˆZ
p3q
0;`;1

˘

. By (1.7),

dimvir
R MT ď 2

`

xc1pXq, Ay ` n´3´ |EdgpT q|
˘

` 4n´ 2´ 2
`

pn´1q ` pn`1´`q
˘

ď dimvir
R M2pX,A; Jq ´ 2

for any stratum MT of ι`
`

C2,`ˆZ
p2q
0;`;12

˘

. By (1.8),

dimvir
R MT ď 2

`

xc1pXq, Ay ` n´3´ |EdgpT q|
˘

` 4n` 2p`´1q ´ 2p2n´ ``1q ´ 2p`´1q

ď dimvir
R M2pX,A; Jq ´ 2

for any stratum MT of ι`pZ2;`q. Along with (1.11), this establishes (1.12).

We next turn to the main statement of Theorem 1.1. Since M0
τ0 “Mτ0, M0

τ0 is closed in Mτ0.
By (1.10) and [18, Proposition 5.1], M0

τ‚ is also closed in Mτ‚ for ‚ “ 1, 1a, 1b. For the same
reasons, the subspaces

M0
τ1YM0

τ1a ĂMτ1YMτ1a, M0
τ1YM0

τ1b ĂMτ1YMτ1b,
ď

`ě2

ι`pZ2;`q,
ď

`ě2

ι`
`

pC2,`ˆZ
p2q
0;`;12qYZ2;`

˘

,
ď

`ě1

ι`
`

M2,`ˆZ
p2q
0;`;1

˘

Y
ď

`ě2

ι`pZ2;`q ĂMτ2,

and
ď

`ě1

ι`
`

W2,`ˆZ
p3q
0;`;1

˘

Y
ď

`ě2

ι`
`

pC2,`ˆZ
p2q
0;`;12qYZ2;`

˘

ĂMτ2

are closed.

The convergence of sequences of elements of Mτ‚ for ‚“1, 1a, 1b is about the behaviors of derivatives
of genus 0 and 1 J-holomorphic maps in sequences of such maps. We will establish the necessary
statements, which are the analogues of [18, Propositions 5.1, 5.2] in the present situation, in a
separate paper. They imply that the subspaces

M0
τ1a Y

ď

`ě1

ι`
`

W2,`ˆZ
p3q
0;`;1

˘

Y
ď

`ě2

ι`
`

pC2,`ˆZ
p2q
0;`;12qYZ2;`

˘

ĂMτ1aYMτ2,

M0
τ1b Y

ď

`ě1

ι`
`

M2,`ˆZ
p2q
0;`;1

˘

Y
ď

`ě2

ι`
`

pC2,`ˆZ
p2q
0;`;12qYZ2;`

˘

ĂMτ1bYMτ2,

and M0
τ1 YM0

τ1a YM0
τ1b YM0

τ2 ĂMτ1 YMτ1a YMτ1b YMτ2
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are closed.

The next two propositions address the remaining possibilities for the convergence of sequences of

elements of M
0

inside of M. Along with the last two paragraphs, they imply the main statement
of Theorem 1.1.

Proposition 1.3. If rurs is a sequence of elements of M0
τ0 “Mτ0 converging to rus PMτ‚ with

‚“1, 1a, or 1b, then rusPM0
τ‚.

Proposition 1.4. If rurs is a sequence of elements of M0
τ0“Mτ0 converging to rus PMτ2, then

rusPM0
τ2.

The proof of Proposition 1.3 is a straightforward adaptation of the proof of [18, Proposition 5.3];
see Section 5.3. The proof of Proposition 1.4 is far more intricate. It sharpens the analytic esti-
mates obtained in [18], obtains estimates on the behavior on holomorphic differentials on families
of genus 2 curves that have no parallels in [18], modifies the gluing setup to deal with bubbles
attached at conjugate points of a contracted principal component, and introduces a bootstrapping
argument to estimate the size of a solution of the B̄ deformation equation on different regions of
the domain.

As the description of M0
τ2 in (1.11) might suggest, the proof of Proposition 1.4 requires considering

a significant number of cases. These are distinguished by the type of the limiting map rus PMτ2

and by how the sequence rurs approaches rus. The former distinction is described by the split into
Propositions 6.1-6.4. The latter distinction involves the 4 cases on page 69 and further sub-cases
described on page 72.

In Section 2, we set up much of the necessary notation and terminology and describe a gluing con-
struction for J-holomorphic maps that smooths out the nodes away from the primary contracted
curves. Section 3 smooths out the remaining nodes and obtains estimates on the solutions of the B̄
deformation equation on different regions of the domain. Section 4 concerns the behavior of holo-
morphic differentials under smoothings of the domains. Obstructions to completely solving the B̄
deformation equation are computed in Section 5. The main conclusions of Sections 3-5 are applied
in Section 5.3 to obtain Proposition 1.3 and in Section 6 to establish many of the convergence
statements behind Proposition 1.4.

The bootstrapping estimate of Proposition 5.5 is used to obtain sharp bounds on the quadratic error
term in the B̄ deformation equation (5.4). This term can be entirely avoided for Kähler targets.
Restricting to such targets would significantly simplify the arguments, especially in relation to
Section 3, but would still require many of the estimates on holomorphic differentials obtained in
Section 4. The Kähler case of Theorem 1.1 would suffice for studying genus 2 Gromov-Witten
invariants of complete intersections, but it would say little in regards to the speculation concerning
the fundamental structure of M2pX,A; Jq raised in [12].

2 Analytic setup

For the remainder of this dissertation, we assume that pX,ωq is a symplectic manifold, J is an
ω-compatible almost complex structure on X, gXp¨, ¨q“ωp¨, J ¨q, and ∇J is the J-linear connection
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induced by the Levi-Civita connection ∇ of gX . The ω-compatibility of J implies that the torsion
tensor T∇J of ∇J and the Nijenhuis tensor NJ satisfy

T∇J
`

ξpxq, ξ1pxq
˘

”
`

∇Jξ ξ1´∇Jξ1ξ´rξ, ξ1s
˘
ˇ

ˇ

x
“´

1

4
NJ

`

ξpxq, ξ1pxq
˘

@xPX, ξ, ξ1PΓpX;TXq; (2.1)

see [10, Section 2.1]. We denote by exp the exponential map induced by ∇J . For every xPX and
vPTxX, let Πv be the parallel transport with respect to the connection ∇J along the geodesic

γv : r0, 1s ÝÑ X, t ÞÑ expxptvq.

A genus g X-valued map, or simply a genus g map, is a tuple

u “ pΣ, uq (2.2)

consisting of a curve Σ of arithmetic genus g and a smooth map u : ΣÝÑX. For every irreducible
component Σw of Σ, let

uw“
`

Σw, uw“u|Σw
˘

.

Given a constant pą2, define

Γpuq”Lp1pΣ;u˚TXq, Γ0,1puq”Lp
`

Σ; pT ˚Σq0,1bCu
˚TX

˘

.

By [10, Section 3.1],

Duw : Γpuwq ÝÑ Γ0,1puwq, Duwξ“
1

2

´

∇J,uwξ`J ˝∇J,uwξ˝jΣw
¯

`
1

4
NJpBJuw, ξq, (2.3)

is a linearization of the B̄J -operator at uw with respect to the connection ∇J , the exponential map
exp, and the parallel transport Πv. Let

Du : Γpuq ÝÑ Γ0,1puq (2.4)

be the corresponding linearization at u.

2.1 Maps and dual graphs

A graph pVer,Edgq is pair consisting of a finite set Ver of vertices and an element

Edg P SymmpSym2Verq

for some m P Zě0. We will view Edg as a collection of two-element subsets of Ver, called edges,
but some of these subsets may contain the same element of Ver twice and Edg may contain several
copies of the same two-element subset. An edge is called separating if its removal from the graph
pVer,Edgq disconnect the graph; otherwise it called non-separating. Hereafter we use w and e to
denote vertices and edges, respectively. Every edge e will be oriented and written as pw`e , w

´
e q.

An S-marked decorated graph or simply decorated graph

T “
`

Ver,Edg, S, g,m
˘

(2.5)
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consists of a graph pVer,Edgq, a finite set S, and maps

g : Ver ÝÑ Zě0 and m : S ÝÑ Ver.

We define the arithmetic genus gapT q of T as in (2.5) by

gapT q “ papT q `
ÿ

wPVer

gpwq,

where papT q is the arithmetic genus of the graph pVer,Edgq.

A decorated subgraph or simply subgraph of a decorated graph T as in (2.5) is a decorated graph

T 1“pVer1,Edg1, S1, g1,m1q (2.6)

such that Ver1ĂVer and

‚ Edg1ĂEdg is the subcollection of the edges with both vertices in Ver1,

‚ S1 is the disjoint union of m´1pVer1q and the subcollection Edg1‚ Ă Edg of the edges with one
vertex in Ver1 and the other in Ver´Ver1,

‚ g1 “ g|Ver1 ,

‚ m1|m´1pVer1q “ m|m´1pVer1q and m1peq“w if ePEdg1‚ and eXVer1“twu.

Thus, we choose the vertices Ver1ĂVer to be contained in T 1 and then cut the edges connecting Ver1

with Ver´Ver1 in half and thus convert them to marked points. We define the complement of a
decorated subgraph T 1 as in (2.6) to be the decorated subgraph

pT 1qc “ pVer1c,Edg1c, S1c, g1c,m1cq (2.7)

of T with Ver1c“Ver´Ver1.

Let T be a connected decorated graph as in (2.5) with gapT qě1. The principal subgraph

TP “
`

VerP ,EdgP , SP , gP ,mP

˘

(2.8)

of T is the minimal connected decorated subgraph satisfying gapTP q “ gapT q. Elements of VerP
and EdgP are called principal vertices and principal edges, respectively. Every principal vertex w
with gP pwq“0 belongs to at least 2 principal edges.

For a curve Σ with marked points labeled by a finite set S, its dual graph TΣ is a decorated
graph. A vertex and an edge correspond to an irreducible component and a node, respectively.
A separating (resp. non-separating) node corresponds to a separating (resp. non-separating) edge.
For e“pw`e , w

´
e q, let Σ˘e “Σw˘e

and denote by x˘e PΣ˘e the corresponding nodal points. The map
m assigns the marked point labeled by sPS to the irreducible component Σmpsq of Σ containing it,
while the map g labels each vertex with the genus of the corresponding component. The arithmetic
genus gapΣq of Σ is ga

`

TΣ

˘

. If gapΣqě1, the principal curve ΣP of Σ is the union of the irreducible
components of Σ whose dual graph is TΣ;P .

11



2 1 Type 1a Type 1a Type 1a

1 1 Types 1, 1b 1 Types 1, 1a, 1b Types 1, 1a, 1b

Figure 3: Genus 2 principal curves, their dual graphs, and compatible bubble types other than 0
and 2; each node can be replaced with a chain of spheres

For every g P Zě0 and every finite set S satisfying 2g`|S| ě 3, we denote by Mg,S the Deligne-
Mumford moduli space of S-marked genus g curves. If T is the dual graph of an element ofMg,S ,
let

MT ”
 

rΣsPMg,S : TΣ“T
(

ĂMg,S .

Such MT ’s decompose Mg,S into strata.

Let Σ be a connected curve, not necessarily stable. If gapΣq“1, then ΣP is either a smooth torus
with a complex structure or a circle of spheres. If gapΣq ě 2, however, the topological structure
of ΣP can be rather complicated. A (maximal) chain C of spheres is a (maximal) connected union
of irreducible components of ΣP so that gapCq “ 0 and each irreducible component of C contains
exactly 2 nodes of ΣP . In Figure 3, the topological types of unmarked genus 2 principal curves
and their dual graphs are listed; the labeling gpwq is omitted if it is 0. Each node in Figure 3 can
be replaced with a chain of spheres.

The general structure of genus g maps is described by bubble types

T “
`

T ; d :VerÑH2pX;Zq
˘

, (2.9)

where T is a decorated graph as in (2.5). A (maximal) contracted subgraph of a bubble type T is
a (maximal) connected decorated subgraph

T0 ”
`

Ver0,Edg0, S0, g0,m0

˘

(2.10)

of T such that dpwq“ 0 for all w PVer0. Let χpT0q be the set of the edges connecting T0 with its
complement T c0 in T . We assume the edges of T are oriented so that

w´e PVer0 @ ePχpT0q. (2.11)

Define
yVer0 ” Ver0 \

 

w`e : ePχpT0q
(

, yEdg0 ” Edg0 \ χpT0q . (2.12)
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A primary contracted subgraph of T is a maximal contracted subgraph T0 with gapT0q ě 1. We
denote by PCpT q the set of primary contracted subgraphs of T . For each T0PPCpT q as in (2.10),
let

T0;P ”
`

Ver0;P ,Edg0;P , S0;P , g0;P ,m0;P

˘

(2.13)

be the principal subgraph of T0 and χpT0;P q be the set of the edges connecting T0;P with its com-
plement in T .

We define a genus 2 bubble type T to be of

• Type 0 if PCpT q“H;

• Type 1 if PCpT q“tT0u with gapT0q“1 and
ˇ

ˇχpT0qXEdgP
ˇ

ˇ“1;

• Type 1a if PCpT q“tT0u with gapT0q“1 and
ˇ

ˇχpT0qXEdgP
ˇ

ˇ“2;

• Type 1b if
ˇ

ˇPCpT q
ˇ

ˇ“2;

• Type 2 if PCpT q“tT0u with gapT0q“2.

Every curve in Figure 3 can be the principal curve of some maps of Types 0 and 2. We note below
each principal curve in Figure 3 the remaining possibilities for the compatible bubble types.

For a genus g X-valued map u“pΣu, uq, the dual graph Tu of Σu together with the map

du : Veru ÝÑ H2pX;Zq, dupwq “ tuwu˚rΣu;ws,

determines a bubble type Tu. A (primary) contracted curve Σu;0 of u corresponds to a (primary)
contracted subgraph T0“TΣu;0 of Tu. For ‚“0, 1, 1a, 1b, and 2, an element rus of M belongs to
the subspace Mτ‚ if and only if Tu is of Type ‚.

2.2 A two-step pregluing construction

We call a triple pT , T0, T0;P q a graph framing if

‚ T “pT , dq is a genus g bubble type as in (2.9),

‚ T0 is a contracted subgraph of T as in (2.10),

‚ T0;P is the principal subgraph of T0 as in (2.13) if gapT0qě1 and is a connected subgraph of T0

if gapT0q“0,

and mpSq Ă Ver0;P . Let pT , T0, T0;P q be a graph framing. We describe a two-step pregluing con-
struction. We first smooth out the nodes contained in T c0 . After this unobstructed step, we obtain
J-holomorphic maps from the original contracted curve Σ0 with the remaining irreducible compo-
nents attached directly to Σ0. In the second step, we smooth out the remaining nodes and obtain
an approximately J-holomorphic map.

Let rXT pXq be the configuration space of genus g X-valued maps whose bubble types are T (not
of the equivalence classes of such maps). For uP rXT pXq, we denote by Σu;0;P ĂΣu;0 the unions of
irreducible components of Σu corresponding to T0;P and T0, respectively, and by

u0;P “
`

Σu;0;P , u0;P

˘

and u0 “
`

Σu;0, u0

˘
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the restrictions of u to these domains. For ePEdg, we denote by Σ˘u;e the irreducible components
of the domain Σu of u corresponding to w˘e . Let

rLe ÝÑ rXT pXq

be the complex line bundle so that

rLe|u “ Tx`e Σ`u;ebTx´e Σ´u;e @ uP rXT pXq.

Let
π
ĄFT

: ĄFT “
à

ePEdg

rLe ÝÑ rXT pXq

be the bundle of gluing parameters. Define

|υ|“max
 

|ve| : ePEdg
(

@ υ“pveqePEdgP
ĄFT , ĄFT

H
“
 

υPĄFT : |υe|ą0 @ ePEdg
(

.

For every subset E of Edg, define

ĄFT pEq “
à

ePE

rLe Ă ĄFT . (2.14)

In particular, ĄFT “ĄFT pEdgq. For every υPĄFT , we denote by υpEq its projection to ĄFT pEq. For
each ePEdg, we define υce“υpEdg´teuq. Let

ĄFT 0“
ĄFT

`

Edg0

˘

, ĄFT 1“
ĄFT

`

Edgc0
˘

, ĄFT 01“
ĄFT

`

Edg0\Edgc0
˘

. (2.15)

For every υ PĄFT , we denote by υ0, υ1, and υ01 the projections of υ onto ĄFT 0, ĄFT 1, and ĄFT 01,
respectively.

Let u“pΣu, uq be an element of rXT pXq so that u is J-holomorphic. We choose finite-dimensional
linear subspaces

rΓ0,1
´ pu;P q Ă Γ

`

Σu;0;PˆX;π˚1 pT
˚Σu;0;P q

0,1bCπ
˚
2TX

˘

and

rΓ0,1
´ pu;wq Ă Γ

`

Σu;wˆX;π˚1 pT
˚Σu;wq

0,1bCπ
˚
2TX

˘

@wPVerc0
(2.16)

with the following properties:

(B1) every element of rΓ0,1
´ pu;P q vanishes on a neighborhood of every nodal point of Σu contained

in Σu;0;P and

Γ0,1pu0;P q“
 

Du0;P ξ : ξPΓpu0;P q
(

‘
 

tidˆu0;P u
˚η : ηPrΓ0,1

´ pu;P q
(

; (2.17)

(B2) every element of rΓ0,1
´ pu;wq with w PVerc0 vanishes on a neighborhood of every nodal point

contained in Σu;w and

Γ0,1puwq“
 

Duwξ : ξPΓpuwq s.t. ξ
`

xe
˘

“0 @ eQw
(

`
 

tidˆuwu
˚η : ηPrΓ0,1

´ pu;wq
(

. (2.18)
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Let
rΓ0,1
´ puq Ă Γ

`

ΣˆX; π˚1 pT
˚Σq0,1bCπ

˚
2TX

˘

(2.19)

be the finite-dimensional subspace obtained by extending the elements of rΓ0,1
´ pu;P q and rΓ0,1

´ pu;wq
with wPVerc0 by zero outside of Σu;0;P and Σu;w, respectively.

Let rUT ÝÑ rXT pXq be the universal curve and V Ă rXT pXq be a small neighborhood of u. For
wPVerc0, the vector space rΓ0,1

´ pu;wq can be extended to rUT |V so that every element of rΓ0,1
´ pu;wq

still vanishes on a neighborhood of all nodal points of the irreducible component labeled by w.
Therefore, we obtain subspaces

rΓ0,1
´ pu

1q Ă Γ
`

Σu1ˆX; π˚1 pT
˚Σu1q

0,1bCπ
˚
2TX

˘

, u1PV. (2.20)

Set
rUT pX; Jq ”

 

u1“pΣu1 , u
1qP rXT pXq : B̄Ju

1Ptidˆu1u˚rΓ0,1
´ pu

1q
(

Ă rXT pXq.

By the Implicit Function Theorem, rUT pX; Jq is a smooth manifold near u. For every u1P rUT pX; Jq,
the subspace of Tu1 rUT pX; Jq corresponding to the deformation with Σu1 fixed is described by

Γ´pu
1q “

 

ξPΓpu1q : Du1ξPtidˆu
1u˚rΓ0,1

´ pu
1q
(

. (2.21)

By (2.17), u10;P ”u
1|Σu1;0;P

is a constant map.

Fix a small precompact open neighborhood rU of u in rUT pX; Jq. Let ∆ be a small neighborhood of

the zero section of ĄFT |
rU
, UÝÑ∆ be a family of deformations of the domains of the elements of rU ,

and ∆H“∆XĄFT
H

. The fiber of U over υP∆ is a nodal curve Συ. Its bubble type Tυ is obtained
from T by deleting the edges corresponding to the non-zero components of υ and identifying the
vertices of each deleted edge. We fix a Riemannian metric on U and denote its restriction to Συ

by gυ. For any smooth map f : ΣυÝÑX, the metrics gυ and gX determine the modified Sobolev
norms } ¨ }υ,p,1 on ΓpΣυ, fq and } ¨ }υ,p on Γ0,1pΣυ, fq as in [7, Section 3]. By [15, Lemma 3.5(3)],
there exists a constant C“Cpfq such that

}ξ}υ,C0 ď C}ξ}υ,p,1 @ ξPΓpΣυ, fq. (2.22)

There is a collection

qE1;E2 : U|
∆XĄFT pE2q

ÝÑ U|
∆XĄFT pE1q

, E1ĂE2ĂEdg,

of continuous fiber-preserving retractions such that the diagrams

U

qE1;Edg

))

qE2;Edg

//

��

U|
∆XĄFT pE2q qE1;E2

//

��

U|
∆XĄFT pE1q

��

∆ // ∆XĄFT pE2q // ∆XĄFT pE1q

(2.23)

commute. For every υP∆, we denote by

qυpE1q;υpE2q : ΣυpE2q ÝÑ ΣυpE1q (2.24)
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the restriction of qE1;E2 to ΣυpE2q and call it a basic gluing map. If E2 “ Edg and E1 “H, the
corresponding basic gluing map is simply denoted by qυ.

For every δPR, ePEdg, u1P rU , and υP∆|u1 , denote by Σu1;epδqĂΣu1 the closed gu1-ball of radius δ
centered at xepu

1q and let

Συ;epδq “ q´1
υ

`

Σu1;epδq
˘

, Σ˘υ;epδq “ Συ;epδq X q
´1
υ

`

Σ˘u1;e
˘

.

If υe“0, let
xepυq “

`

x`e pυq, x
´
e pυq

˘

P q´1
υ

`

Σ`u1;eˆΣ´u1;e
˘

be the node corresponding to e.

After possibly shrinking ∆, the Riemannian metric on U and the maps qE1;E2 can be chosen so that

(q1) every map qE1;E2 is smooth on each stratum of U|
∆XĄFT pE2q

;

(q2) for every υP∆, qυpE1q;υpE2q is biholomorphic on the complement of the subspaces

q´1
υpE1q;υpE2q

`

ΣυpE1q;ep2
a

|υe|q
˘

Ă ΣυpE2q

with ePE2´E1 and υe‰0;

(q3) there exists a constant δq“ δqpuq PR` such that every restriction (2.24) is a
`

gυpE2q, gυpE1q

˘

-

isometry on the complement of the subspaces q´1
υpE1q;υpE2q

`

ΣυpE1q;epδqq
˘

with e PE2´E1 and
υe‰0;

(q4) there exist a constant δB̄“δB̄puqPR` and holomorphic functions

z`e;υ, z
´
e;υ : Συ;ep8δB̄q ÝÑ C, ePEdg, u1P rU, υP∆|u1 ,

such that z˘e;u1 are unitary coordinates centered at x˘e pu
1q and

`

z`e;υz
´
e;υ

˘ˇ

ˇ

Συ;ep8δB̄q

B

Bz`e;u1

ˇ

ˇ

ˇ

ˇ

x`e pu1q

b
B

Bz´e;u1

ˇ

ˇ

ˇ

ˇ

x´e pu1q

“ υe ,
ˇ

ˇz`e;υ|q´1
υ pxepu1qq

ˇ

ˇ “
ˇ

ˇz´e;υ|q´1
υ pxepu1qq

ˇ

ˇ ,

z˘e;υ
ˇ

ˇ

Σ˘υ;ep8δB̄q´Συ;ep2
?
|υe|q

“ z˘e;u1˝qυ
ˇ

ˇ

Σ˘υ;ep8δB̄q´Συ;ep2
?
|υe|q

; (2.25)

(q5) if g
`

Σ˘u1;e
˘

“0, the function z˘e;u1 extends to a meromorphic function on Σ˘u1;e such that x˘e pu
1q

is the only zero of z˘e;u1 .

By (2.25), (2.23), (q2), and z˘e;υ being holomorphic,

z˘e;υpE2q
pxq “ z˘e;υpE1q

`

qυpE1q;υpE2qpxq
˘

(2.26)

@ x P

#

Σ˘υpE2q;e
p8δB̄q ´ ΣυpE2q;ep2

a

|υe|q if ePE2´E1 and υe‰0;

ΣυpE2q;ep8δB̄q otherwise.
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for all e PEdg, E1 ĂE2 ĂEdg, and υ P∆. A choice of the functions z˘e associates every element
υP∆|u1 with a tuple

`

ve
˘

ePEdg
P CEdg s.t. υe“ve

B

Bz`e;u1

ˇ

ˇ

ˇ

ˇ

x`e pu1q

b
B

Bz´e;u1

ˇ

ˇ

ˇ

ˇ

x´e pu1q

. (2.27)

We can assume that 1`64δB̄ is less than the minimal distance between the nodal and marked points
of Σu1 for every u1P rU . We can also assume that δqăδB̄ă1,

16|υ| ă δ2
B̄

@ υP∆ , (2.28)

and every element of rΓ0,1
´ puq vanishes on Σu1;ep32δB̄q for every ePEdg and every u1P rU .

For u1P rU , let Σu1;0 be the contracted curve corresponding to T0. For υP∆|u1 and δPR, let

Συ;0“q
´1
υ

`

Σu1;0

˘

, Συ;0pδq“Συ;0Y
ď

ePχpT0q

Συ;epδq, ev0pυq“u1
`

Σu1;0

˘

PX. (2.29)

With υ1 as defined immediately after (2.15), let

Γpυ1q “ Γ
`

Συ1 , u
1˝qυ1

˘

.

By (2.18), the family of the deformations

U|
∆XĄFT1

ÝÑ ∆XĄFT 1

of the domains of elements of rU extends to a continuous family of maps

ruυ;1 : Συ1ÝÑX, υP∆, s.t. ruυ;1

`

Συ1;0

˘

“ev0pυq, B̄Jruυ;1P
 

qυ1ˆruυ;1

(˚
rΓ0,1
´ pu

1q . (2.30)

For every υP∆|u1 , the map ruυ;1 determines an element

ζυ;1 P Γpυ1q s.t. ζυ;1|Συ1;0“0 and ruυ;1“expu1˝qυ1
ζυ;1 (2.31)

and a smooth map

rξυ;1 : Συ1;0p8δB̄q ÝÑ Tev0pυqX by ruυ;1 “ expev0pυq
rξυ;1 . (2.32)

By continuity of the family of ruυ;1, there exist a continuous function ε “ εu : pR, 0qÝÑpR, 0q and
C PR` such that

}ζυ;1}υ1,p,1 ď ε
`

|υ1|
˘

, }druυ;1}υ1,p ď C @ υP∆ . (2.33)

Let β : R`ÝÑr0, 1s be a smooth cutoff function such that

βprq “

#

1, if rď1{2;

0, if rě1;
β1prq ă 0 @ rP

`

1
2 , 1

˘

. (2.34)
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2δB̄

δB̄

1
2δB̄

a

|υe|

1
2 |υe|{δB̄

1
4 |υe|{δB̄

2|υe|{δB̄

a

|υe|

2δB̄

4δB̄

υe

Σ´u1;e

Σ`u1;e

: rqυ;e : circles that are identified in Συ

rA´e,υpδB̄q

A
p1q
e,υpδB̄q

A
p2q
e,υpδB̄q

A
p3q
e,υpδB̄q

Figure 4: The modified gluing map rqυ;e for υP∆|u1 and ePEdg

For δPR`, we define βδ PC
8pR;Rq by βδprq“βpr{δq. Let

βυ : Συ ÝÑ r0, 1s, βυpxq “

$

’

&

’

%

1, if xPΣυ;0´
Ť

ePχpT0q
Συ;epδB̄q;

β4δB̄

`

|z`e;υpxq|
˘

, if xPΣυ;ep8δB̄q, ePχpT0q;

0, otherwise.

(2.35)

for every υP∆.

For ePEdg, u1P rU , and υP∆|u1 , define

rqυ;e : Συ;ep2δB̄q ÝÑ Σ1
υce;e
p2δB̄q by

#

z`e;υce

`

rqυ;epxq
˘

“ βδB̄
`

|z´e;υpxq|
˘

z`e;υpxq, if |z´e;υpxq|ďδB̄ ;

z´e;υce

`

rqυ;epxq
˘

“

´

1´ βδB̄
`

|z´e;υpxq|{2
˘

¯

z´e;υpxq, if |z´e;υpxq|ěδB̄ .

(2.36)

The map rqυ;e is equivalent to the modified gluing map rqυ0;2 of [18, Section 4.2] near xepυ
c
eq; see

Figure 4. Let

rA´e,υpδB̄q “
 

xPΣυ;ep2δB̄q :
1
2δB̄ď|z

´
e pxq|ďδB̄

(

Ă Συ . (2.37)
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Lemma 2.1. The map rqυ;e is biholomorphic on Συ;ep2δB̄q
´ rA´e;υpδB̄q for every e PEdg. For every

qPr1, 2q, there exists Cq PR such that
›

›drqυ;e

›

›

C0 ď C1,
›

›drqυ;e

›

›

C0p rA´e,υpδB̄qq
ď C1|υe|, (2.38)

ż

Συ;epδB̄q
|drqυ;e|

`

|υe|`|z
´
e;υ|

˘

|dz´e;υ| ď C1|υ|,

ˆ
ż

Συ;ep8δB̄q
|z`e;υ|

q|dz´e;υ|
q

˙
1
q

ď Cq|υe|, (2.39)

ż

Συ;epδB̄q
|drqυ;e||dz

´
e;υ| ď C1|υe| ln

`

|υe|
˘

(2.40)

for all υP∆.

Proof. The first statement follows from (2.36), (2.34), and the property (q4) of the basic gluing
maps. The inequalities in (2.38) are the analogues of [18, (4.6),(4.7)] in the current setting. The
inequalities in (2.39) and (2.40) follow from (2.36) and (q4).

Lemma 2.2. Let ePEdg, υP∆, and

rf : Σ`υce;epδB̄q ÝÑ X

be J-holomorphic. Then f ” rf ˝ rqυ;e : Συ;epδB̄q ÝÑ X is J-holomorphic on Συ;epδB̄q´
rA´e;υpδB̄q.

Moreover, there exists a constant C PR such that

›

›B̄Jf |
rA´e;υ

›

›

υ,p
ď C

›

›d rf
ˇ

ˇ

Σ`
υce;e

p2|υe|{δB̄q

›

›

υce,p
|υe|

p´2
p

for all υP∆.

Lemma 2.2 is a restatement of the second bound in [18, (4.8)].

Given a collection E of (oriented) edges, the maps rqυ;e with ePE determine a single map

rqυ;E : Συ ÝÑ ΣυpEdg´Eq s.t.

rqυ;Epzq“qυpEdg´Eq;υpzq @ zPΣυ ´
ğ

ePE

Συ;ep2δB̄q.
(2.41)

We call rqυ;E a modified gluing map. Let

rqυ “ rqυ;χpT0q : Συ ÝÑ Συ01 .

For u1P rU and υP∆|u1 , define

uυ “
`

Συ, uυ “ ruυ;1˝ qυ1;υ01˝ rqυ
˘

, Γpυq “ Γpuυq, Γ0,1pυq “ Γ0,1puυq. (2.42)

By the first bound in [18, (4.8)] and (2.33), there exists a constant C PR such that

}duυ}υ,p ď C @ υP∆. (2.43)

Since ruυ;1|Συ1;0 is constant,

uυ “ const. on Συ;0 ´
ğ

ePχpT0q

Συ;epδB̄q. (2.44)

We denote by ∇υ ”∇J,uυ the J-linear connection on u˚υTX induced by ∇J and by Dυ the lin-
earization Duυ of the B̄J -operator at uυ with respect to the connection ∇J .
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3 Multi-step gluing constructions

We call a graph framing pT , T0, T0;P q a pseudo-tree framing if every connected component T c0;e1 of
T c0 contains a unique element e1 of χpT0q. If a pseudo-tree framing pT , T0, T0;P q satisfies |S| “ 1,
gapT0q“0, and |Ver0;P |“1, then Ver0;P consists of a unique vertex

w0 “ mpSq.

We denote such pT , T0, T0;P q by pT , T0q and call it a tree framing.

For every tree framing pT , T0q, the graph
`

yVer0, yEdg0

˘

as in (2.12) is a tree; we call w0 PVer0;P

its root. There is no obstruction to completing the pregluing construction of Section 2.2 for a tree
framing. We do so in this section by smoothing out the nodes inductively towards the root.

For every pseudo-tree framing pT , T0, T0;P q and ePχpT0;P q, let

Te “

´

Te“
`

Vere,Edge, Se, ge,me

˘

, d|Te

¯

be the bubble type associated with the connected component of the complement of T0;P in T . Let

Te;0“
`

Vere;0,Edge;0, Se;0, ge;0,me;0

˘

be the contracted subgraph containing a marked point in χpT0q if e PχpT0;P q´χpT0q. The corre-
sponding pair pTe, Te;0q is then a tree framing. If e PχpT0;P qXχpT0q, define Te;0 to be the empty
subgraph. We first smooth out the nodes of each Te;0 as in the previous paragraph, and then smooth
out the remaining nodes in various ways according to the topological types of the principal curves.
The key properties for the resulting nearly J-holomorphic maps are summarized in Section 3.1 and
proved in Section 3.3.

3.1 Main statements

Let pT , T0q be a tree framing. For wPyVer0´tw0u, let

ew P yEdg0 (3.1)

be the edge containing w and separating it from w0 (i.e. the removal of ew from the tree pyVer0, yEdg0q

splits it into two connected components with the vertices w0 and w lying on different components).
We define ew0 to be the unique element of S0´χpT0q and

w`ew0
” w0.

Denote by ă the prefix order on yVer0 so that wăw1 if w‰w1 and either w“w0 or ew separates w1

from w0. The prefix (i.e. the minimal element) of yVer0 is the root w0. We assume that the chosen

orientations of the edges in yEdg0 satisfy

w´e ă w`e @ ePyEdg0.

Such a choice of orientations is consistent with (2.11). For every wPVer0, let

E`w “
 

ePyEdg0 : w´e “w
(

, V `w “
 

w1PyVer0 : ew1 PE
`
w

(

. (3.2)
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For u1 P rU and δ PR, denote by Σu1;ew0
pδqĂΣu1;w0 the gu1-ball of radius δ centered at the marked

point x0pu
1q”xew0

pu1q. We choose a continuous family of meromorphic functions z`ew0 ;u1 on Σu1;w0

with u1P rU so that x0pu
1q is the only zero of z`ew0 ;u1 and this zero is simple. For υP∆|u1 , let

Συ;ew0
pδq“q´1

υ

`

Σu1;ew0
pδq

˘

, z`ew0 ;υ“z
`
ew0 ;u1˝qυ : Συ;ew0

p8δB̄qÝÑC,

Σmn
υ;w “ q´1

υ

ˆ

Σu1;w´
ğ

ePyEdg0
eQw

Σu1;epδB̄q

˙

@wPVer0. (3.3)

We assume that the functions z˘e;u1 of (q4) in Section 2.2 with ePEdg0 and z`ew0 ;u1 satisfy

z´e;u1pxq “ pz
`
ew;u1q

´1pxq ´ pz`ew;u1q
´1
`

x´e pu
1q
˘

@ wPVer0, ePE
`
w , xP

rA´e,u1pδB̄q. (3.4)

By (2.18), the family of the deformations UÝÑ∆ of the domains of elements of rU extends to a
continuous family of maps

ruυ : Συ ÝÑ X, υP∆, s.t. (3.5)

ruυ
`

x0pυq
˘

“ ev0pυq, B̄Jruυ P
 

qυˆruυ
(˚

rΓ0,1
´ pu

1q @u1P rU, υP∆|u1 .

For every υP∆|u1 , the map ruυ determines an element ξυ PΓpυq by

ruυ “ expuυξυ. (3.6)

Let ruυ;1, ζυ;1, and T∇J be as in (2.30), (2.31), and (2.1), respectively.

Proposition 3.1. Let pT , T0q be a tree framing and u P rXT pXq be a J-holomorphic map. If ∆

is a sufficiently small neighborhood of u in ĄFT , the family (3.6) can be chosen so that there exist
C PRě0,

ευ;w PRě0, Dυ;w PTev0pυqX @ wPyVer0, υP∆, with Dυ;w0“dx0pυqruυ

´

B

Bz`ew0 ;υ

¯

, (3.7)

γυ;e P C
0
`

Συ;ep8δB̄q
˘

@ ePEdg0\tew0u, υP∆,

such that

(M1) for all wPyVer0´Ver0,

ευ;w“1, Dυ;w“dx`ew pυ1q
ruυ;1

´

B

Bz`ew ;υ1

¯

,
›

›ξυ|Συ;ewp8δB̄q

›

›

υ,p,1
ď C

ÿ

w1ăw

ευ;w1 ;

(M2) for all wPVer0,

ευ;w ď C
ÿ

w1PV `w

`

|Dυ;w1 ||υew1 |`ευ;w1 |υew1 |
2
˘

,
ˇ

ˇ

ˇ
Dυ;w ´

ÿ

w1PV `w

vew1Dυ;w1

ˇ

ˇ

ˇ
ď C ευ;w

ÿ

w1PV `w

|υew1 | ,

›

›ξυ|Σmn
υ;w

›

›

υ,p,1
ď C

ÿ

w1ĺw

ευ;w1 ;
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(M3) for all ePEdg0\tew0u and xPΣυ;ep8δB̄q,

|ξυ|xďC
´

|Dυ;w`e
||z`e;υpxq| ` ευ;w`e

|z`e;υpxq|
2 `

ÿ

w1ăw`e

ευ;w1

¯

,

ˇ

ˇdxξυ
ˇ

ˇ ď C
´

`

|Dυ;w`e
|`ευ;w`e

|z`e;υpxq|
˘

|dxrqυ;e| ` γυ;epxq
¯

, }γυ;e}υ,p ď
ÿ

w1ăw`e

ευ;w1 ,

and

|T∇J pξυpxq, dxξυq| ďC

ˆ

´

`

|Dυ;w`e
|`ευ;w`e

|z`e;υpxq|
˘

|dxrqυ;e| ` γυ;e

¯

ÿ

w1ăw`e

ευ;w1

` |Dυ;w`e
|

´

|Dυ;w`e
|`ευ;w`e

|dxrqυ;e|

¯

|z`e;υpxq|
2 ` ε2

υ;w`e
|z`e;υpxq|

3

`

´

|Dυ;w`e
||z`e;υpxq|`ευ;w`e

|z`e;υpxq|
2
¯

γυ;e

˙

.

Let pT , T0, T0;P q be a graph framing. Define

Verc0;P “Ver0´Ver0;P “
ğ

ePχpT0;P q

Vere;0 Ă Ver0, Edgc0;P “
ğ

ePχpT0;P q

Edge;0 Ă Edg0,

}Edg
c

0;P “Edg0´Edg0;P “Edgc0;P\
`

χpT0;P q´χpT0q
˘

, yEdg
c

0;P “
}Edg

c

0;P\χpT0q Ă Edg.

(3.8)

The prefix orders ă on Vere;0 for ePχpT0;P q determine a prefix order ă on Verc0;P and extend to a
prefix order ă on tP u\Verc0;P so that P is the minimal element. Define

xw,w1y “ max
 

w2PtP u\yVer
c

0;P : w2 ĺ w,w1
(

(3.9)

for all w,w1PtP u\Verc0;P .

We assume that the chosen orientations of the edges satisfy

w´e ă w`e @ e P yEdg
c

0;P .

The assumption is consistent with (2.11). The prefix order ă on Verc0;P induces a prefix order on

yEdg
c

0;P so that

eăe1 ðñ w`e , w
´
e1 PVerc0;P , w

`
e ĺw´e1 @ e, e1PyEdg

c

0;P .

For every ePyEdg
c

0;P , we denote by xey the element of χpT0;P q satisfying xeyĺe. For all e, e1PyEdg
c

0;P

with xey“xe1y, we define

xe, e1y “ min
 

e2PyEdg
c

0;P : e2ĺe, e1
(

.

With xw`e , w
`
e1 y as in (3.9),

xe, e1y “ e
xw`e ,w

`

e1
y

@ e, e1PyEdg
c

0;P s.t. xey“xe1y.
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Suppose the graph framing pT , T0, T0;P q is in addition a pseudo-tree framing. Define

yVer
c

0;P “ Verc0;P \
 

w`e : ePχpT0q
(

.

The prefix order ă extends from tP u\Verc0;P to tP u\yVer
c

0;P so that the elements of yVer
c

0;P´Verc0;P

are maximal. Define
E`P “ χpT0;P q, V `P “

 

wPyVer
c

0;P : ew PE
`
P

(

.

For a graph framing pT , T0, T0;P q, define

rρepυq ”
ź

xeyăe1ĺe

ve1 P C, ρepυq ” vxeyrρepυq P C. (3.10)

for all υP∆ and ePyEdg
c

0;P and

ρwpυq “

#

ρewpυq if wPVerc0;P ;

1 if wPVer0;P .
(3.11)

for all υP∆ and wPVer0. If in addition, pT , T0, T0;P q is a pseudo-tree framing, we define

ρw,w1pυq “
ź

wăw2ĺw1

vew2 P C, ρwpυq “ ρP ,wpυq P C (3.12)

for all υ P∆ and w,w1 PtP u\yVer
c

0;P . In particular, ρw,wpυq“1. The second definition in (3.12) is
consistent with (3.11).

Let pT , T0, T0;P q be a pseudo-tree framing and u P rXT pXq be a J-holomorphic map. For υ P∆,
define

Σmn
υ;P “ q´1

υ

´

Σu1;0;P ´
ğ

ePχpT0;P q

Σu1;epδB̄q
¯

.

By (2.17) and (2.18), the family of the deformations U ÝÑ ∆ of the domains of elements of rU
extends to a continuous family of maps

ruυ : ΣυÝÑX, υP∆ s.t. B̄Jruυ P
 

qυˆruυ
(˚

rΓ0,1
´ pu

1q @u1P rU, υP∆|u1 . (3.13)

For every υP∆|u1 , the map ruυ determines an element ξυ PΓpυq by

ruυ “ expuυξυ. (3.14)

Corollary 3.2. Let pT , T0, T0;P q be a pseudo-tree framing and u P rXT pXq be a J-holomorphic

map. If ∆ is a sufficiently small neighborhood of u in ĄFT , the family (3.14) can be chosen so that
there exist C PRě0,

ευ;w PRě0 @ wPtP u\yVer
c

0;P , υP∆, Dυ;w PTev0pυqX @ wPyVer
c

0;P , υP∆,

γυ;e P C
0
`

Συ;ep8δB̄q
˘

@ eP}Edg
c

0;P , υP∆,
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such that (M1) holds for all w PyVer0´Ver0, the first and last inequalities in (M2) hold for all
w P tP u\Verc0;P , the second inequality in (M2) holds for all w P Verc0;P , and (M3) holds for

all eP}Edg
c

0;P .

By Corollary 3.2, the first two equations in (M1) of Proposition 3.1, and the continuity of the
family ruυ;1 in (2.30), there exists a constant C PR such that

|Dυ;w|, ευ;w ď C @wPyVer
c

0;P´Verc0;P .

By Corollary 3.2, the first two statements in (M2) of Proposition 3.1, and induction, there thus
exists a constant C PR such that

|Dυ;w|, ευ;w ď C
ÿ

ePχpT0q
eľew

ˇ

ˇρw,w`e pυq
ˇ

ˇ @wPyVer
c

0;P , ευ;P ď C
ÿ

ePχpT0q

ˇ

ˇρepυq
ˇ

ˇ. (3.15)

In particular,
ÿ

w1ĺw

ευ;w1 ď C
ÿ

ePχpT0q

ˇ

ˇρ
xw,w`e y,w

`
e
pυq

ˇ

ˇ @wPyVer
c

0;P . (3.16)

By the last inequality in (M1) in Proposition 3.1 and (3.15), there exists a constant C PR such that

›

›ξυ|Συ;ep8δB̄q

›

›

υ,p,1
ď C

´

ÿ

e1PχpT0q

e1ąxey

ˇ

ˇρ
xw´e ,w

`

e1
y,w`

e1
pυq

ˇ

ˇ` ευ;P

¯

@ ePχpT0q.
(3.17)

By (3.12), (3.15)-(3.17), and (2.22), there exists a constant C PR such that

ÿ

e1PχpT0q

e1ąe

ˇ

ˇρw`e ,w`e1
pυq

ˇ

ˇ,
ÿ

e1PχpT0q

e1ąxey

ˇ

ˇρ
xw´e ,w

`

e1
y,w`

e1
pυq

ˇ

ˇ, ευ;P , }ξυ}υ,p,1, }ξ}C0 ď C|υ| (3.18)

for all υP∆ and eP}Edg
c

0;P .

3.2 Further implications

Suppose pT , T0, T0;P q is a pseudo-tree framing so that T0;P contains connected subgraphs TP` ,
TP´ , and TC satisfying

Ver0;P “ VerP´\VerC\VerP` , gapTP`q`gapTP´q“gapT0;P q. (3.19)

The subgraph TC may be empty. For u as in Corollary 3.2, Σu;0;P thus consists of two principal
curves Σu;P˘ and a maximal chain of spheres C; see Figure 5. Let e˘PEdg0;P be so that

SP˘ X SC “ te
˘u if VerC‰H; SP` X SP´ “ te

`u “ te´u if VerC“H.

Define

Verb ” tP`, P´u \VerC \Verc0;P , Edgb ” te`, e´u \ EdgC \
}Edg

c

0;P ,

yVer
b
” tP`, P´u \VerC \yVer

c

0;P ,
yEdg

b
” te`, e´u \ EdgC \

yEdg
c

0;P .
(3.20)
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w w‚
P´ P`

ew“e´‚ e`“e`‚ew“e´

ą‚ă‚

Figure 5: A pseudo-tree framing satisfying the sentence containing (3.19)

The prefix orders ă extend from yVer
c

0;P and yEdg
c

0;P to yVer
b

and yEdg
b
, respectively, so that P´

is the minimal element of yVer
b

and all minimal elements of yEdg
b

contain P´. We assume that
w´e ăw`e for every ePEdgb. For wPtP`u\VerC , define ew PEdgb as in (3.1).

Choose

rΓ0,1
´ pu;P˘q Ă Γ

`

Σu;P˘ˆX;π˚1 pT
˚Σu;P˘q

0,1bCπ
˚
2TX

˘

(3.21)

so that every element of rΓ0,1
´ pu;P˘q vanishes on a neighborhood of every nodal point of Σu;P˘ and

Γ0,1puP˘q“
 

DuP˘
ξ : ξPΓpuP˘q

(

‘
 

tidˆuP˘u
˚η : ηPrΓ0,1

´ pu;P˘q
(

.

These two spaces determine rΓ´pu;P q as in (2.16) so that (B1) is satisfied.

Corollary 3.3. Let pT , T0, T0;P q be as in the sentence containing (3.19) and u P rXT pXq be a

J-holomorphic map. If ∆ is a sufficiently small neighborhood of u in ĄFT , the family (3.14) can
be chosen so that there exist C PRě0,

ευ;w PRě0 @ wPyVer
b
, υP∆, Dυ;w PTev0pυqX @ wPyVer

b
´tP´u, υP∆,

γυ;e P C
0
`

Συ;ep8δB̄q
˘

@ ePEdgb, υP∆,

such that (M1) in Proposition 3.1 holds for all wPyVer0´Ver0, the first and last inequalities in (M2)
hold for all wPVerb, the second inequality in (M2) holds for all wPVerb´tP`, P´u,

|Dυ;P` | ď C ευ;P` @ υP∆, (3.22)

and (M3) holds for all ePEdgb.

Suppose pT , T0, T0;P q is a pseudo-tree framing satisfying the sentence containing (3.19). Suppose
in addition C contains a distinguished vertex w‚. Denote by e`‚ and e´‚ the edges containing w‚ so
that the removal of e˘‚ separates w‚ from TP˘ ; see Figure 5.

The prefix order ă on yVer
c

0;P extends to a partial order ă‚ on yVer
b

so that P`, P´ are the minimal

elements of yVer
b
, w‚ is the maximal element of tP`, P´u\VerC , and the restriction of ă‚ to each

of the two connected components of VerC´tw‚u is a prefix order. For each wPyVer
b
, let

xwy “ max
 

w1PtP`, P´u\VerC : w1ă‚w
(

.
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The prefix order ă on yEdg
c

0;P extends to a partial order ă‚ on yEdg
b

similarly. We assume that

w´e ă‚w
`
e for every ePyEdg

b
. Define

ew PEdgb by w“w`ew @wPVerC´tw‚u,

ew PEdgb by w“w´ew @wPtP`, P´u\
`

VerC´tw‚u
˘

.

The restriction of ă‚ to tP`, P´u\VerC extends to a total order. Along with the original partial

order ă‚ on yVer
b
, this determines a new partial order ă‚ on yVer

b
.

For wPtP`, P´u\VerC , u1P rU , and υP∆|u1 , let

Σ
pwq
υ1;0 “ Συ1;0p8δB̄q X q

´1
υ1

´

ď

w1PzVerb

xw1y“w

Σu1;w1

¯

,

Σ
pw‚q;s
υ1;0 “ Σ

pw‚q
υ1;0 ´

`

Σ`
υ1;e`‚

p4δB̄q\Σ´
υ1;e`‚

p4δB̄q
˘

, Σ
pP˘q;s
υ1;0 “ Σ

pP˘q
υ1;0 YΣ`

υ1;e˘
p4δB̄q,

Σ
pwq;s
υ1;0 “

`

Σ
pwq
υ1;0YΣ`υ1;ewp4δB̄q

˘

´ Σ`υ1;ewp4δB̄q @wPVerC .

Corollary 3.4. Let pT , T0, T0;P q be as in the sentence containing (3.19) and u P rXT pXq be a

J-holomorphic map. If ∆ is a sufficiently small neighborhood of u in ĄFT , the family (3.14) can
be chosen so that there exist

C PRě0, ξsυ PΓpΣυ1 ; ru˚υ;1TXq @ υP∆|u1 , u1P rU,

ευ;w PRě0 @ wPyVer
b
, υP∆, Dυ;w PTev0pυqX @ wPyVer

c

0;P , υP∆,

|Dυ;e|PRě0 @ ePte`, e´u\EdgC , υP∆, γυ;e P C
0
`

Συ;ep8δB̄q
˘

@ ePEdgb, υP∆,

such that

(M 10) for all υ P∆|u1, ξ
s
υ is locally constant on Συ1;0 outside of Σ`υ1;epδB̄q with e P te`, e´u\EdgC

and satisfies

}ξsυ}C1pΣ
pwq;s
υ1;0 q

ď
ÿ

w1PtP`,P´u\VerC
w1ą‚w

ευ;w1 @wPtP`, P´u\VerC ;

(M 11) for all wPyVer0´Ver0,

ευ;w“1,
ˇ

ˇ

ˇ
Dυ;w ´ dx`ew pυ1q

ruυ;1

´

B

Bz`ew ;υ1

¯
ˇ

ˇ

ˇ
ď C

ÿ

w1ă‚w

ευ;w1 ,

›

›pξυ´ξ
s
υ˝qυ1;υ01˝rqυq|Συ;ewp8δB̄q

›

›

υ,p,1
ď C

ÿ

w1ă‚w

ευ;w1 ;

(M 12) for all wPVerb,

ευ;wď C

ˆ

ÿ

w1PV `w XyVer
c

0;P

`

|Dυ;w1 ||υew1 |`ευ;w1 |υew1 |
2
˘

`
ÿ

ePE`wXEdg0;P

´

|Dυ;e||υe|`|υe|
2
ÿ

wă‚w1ď‚w
`
e

ευ;w1

¯

˙

, (3.23)

›

›pξυ´ξ
s
υ˝qυ1;υ01˝rqυq|Σmn

υ;w

›

›

υ,p,1
ď C

ÿ

w1ď‚w

ευ;w1 ,

and the second inequality in (M2) of Proposition 3.1 holds if wPVerc0;P ;
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(M 13) for all e P }Edg
c

0;P , the inequalities in (M3) of Proposition 3.1 hold with pξυ,ăq replaced by
`

pξυ´ξ
s
υ˝qυ1;υ01˝rqυq,ă‚

˘

;

(M 14) for all ePte`, e´u\EdgC,

|Dυ;e| ď C
ÿ

w´e ă‚w1ď‚w
`
e

ευ;w1 (3.24)

and the first three inequalities in (M3) of Proposition 3.1 hold with
`

|Dυ;w`e
|, ξυ,ă

˘

replaced

by
`

|Dυ;e|, pξυ´ξ
s
υ˝qυ1;υ01˝rqυq,ă‚

˘

.

Suppose pT , T0, T0;P q is a pseudo-tree framing so that T0;P contains connected subgraphs TP` and
TC` satisfying

Ver0;P “VerP`\VerC` , gapTP`q`1“gapT0;P q, gapTC`q“0, (3.25)

and TC` is a maximal subgraph of T0;P so that (3.25) holds. Let TP´ be the principal subgraph of
TP` . Since TC` is maximal, the complement TC´ of TP´ in TP` is connected and may be empty.
For u as in Corollary 3.2, Σu;0;P thus contains a maximal non-separating chain of spheres C`; see
Figure 6. Let e`1 , e

`
2 PEdg0;P be so that

SP` X SC` “ te
`
1 , e

`
2 u.

Define
Vera ” tP´u\VerC´\VerC`\Verc0;P , Edga ” Edg0´EdgP´ ,

yVer
a
” tP´u\VerC´\VerC`\

yVer
c

0;P ,
yEdg

a
” yEdg0´EdgP´ .

(3.26)

Suppose in addition C` contains a distinguished vertex w‚. Let e‚,1, e‚,2 P Edg0;P be the edges
containing w‚ so that either e‚,i“e

`
i or e‚,i separates w‚ from e`i for i“1, 2.

w´
P´

w

w‚

e`2

e`1“e‚,1

ew“e‚,2

ew C`

ă‚“ă

P`

C´

Figure 6: A pseudo-tree framing satisfying the sentence containing (3.25)

The prefix order ă on yVer
c

0;P extends to a partial order ă on tP´u\VerC´\
yVer

c

0;P so that P´ is the
minimal element. Denote by w´ the maximal element of tP´u\VerC´ . This order further extends

to a partial order ă‚ on yVer
a

so that w‚ is the maximal element of tP´u\VerC´\VerC` and the
restriction of ă‚ to

tP´u\VerC´\
`

VerC`´tw‚u
˘
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is a prefix order. The prefix order ă on yEdg
c

0;P extends to a partial order ă‚ on yEdg
a

similarly.

We assume that w´e ă‚w
`
e for every ePyEdg

a
and define

ew PEdga by w“w`ew @wPVerC´\
`

VerC`´tw‚u
˘

,

ew PEdga by w“w´ew @wPVerC`´tw‚u.

The restriction of ă‚ to VerC` extends to a total order. Along with the original partial order ă‚

on yVer
a
, this determines a new partial order ă‚ on yVer

a
.

Choose rΓ0,1
´ pu;P´q as in the sentence containing (3.21). Choose

rΓ0,1
´ pu; C`q Ă Γ

`

Σu;C`ˆX;π˚1 pT
˚Σu;C`q

0,1bCπ
˚
2TX

˘

(3.27)

so that every element of rΓ0,1
´ pu; C`q is supported on Σu;w‚ away from the nodal points of Σu;w‚ and

Γ0,1puC`q“
 

DuC`
ξ : ξPΓpuC`q, ξpxe`i

puqq“0, i“1, 2
(

‘
 

tidˆuC`u
˚η : ηPrΓ0,1

´ pu; C`q
(

.

These two spaces determine rΓ´pu;P q as in (2.16) so that (B1) is satisfied.

Corollary 3.5. Let pT , T0, T0;P q be as in the sentence containing (3.25) and u P rXT pXq be a

J-holomorphic map. If ∆ is a sufficiently small neighborhood of u in ĄFT , the family (3.14) can
be chosen so that there exist C PRě0,

ευ;w PRě0 @ wPyVer
a
, υP∆, Dυ;w PTev0pυqX @ wPyVer

c

0;P , υP∆,

γυ;e P C
0
`

Συ;ep8δB̄q
˘

@ ePEdga, υP∆, Dυ;ePTev0pυqX @ ePEdg0;P´EdgP´ , υP∆,

such that

‚ (M1) in Proposition 3.1 with ă replaced by ă‚ holds for all wPyVer0´Ver0,

‚ the first and last inequalities in (M2) with ă replaced by ă‚ hold for all wPVerc0;P\tw‚u,

‚ the second inequality in (M2) holds for all wPVerc0;P ,

‚ (M3) with ă replaced by ă‚ holds for all eP}Edg
c

0;P ,

‚ for all w P tP´u\VerC´\VerC`´tw‚u, (3.23) and the last inequality in (M2) with ă replaced
by ă‚ hold, and

‚ for all ePEdg0;P´EdgP´, (3.24) and (M3) with
`

|Dυ;w`e
|,ă

˘

replaced by
`

|Dυ;e|,ă‚
˘

hold.

3.3 Proofs of main statements

Proof of Proposition 3.1. We first smooth out the nodes corresponding to Edgc0 and obtain
the maps ruυ;1 and uυ as in (2.30) and (2.42), respectively. We then continue to smooth out the
remaining nodes as described below.
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For u1P rU , υP∆|u1 , and wPyVer0, let

χw“
 

ePχpT0q : w
`
e ľw

(

, V ľ
w “

 

w1PyVer0 : w1ľw
(

Y
ď

ePχw

Verc0;e , Eą
w “

 

ePEdg: w´e PV
ľ
w

(

,

υą
w “υ

`

Eą
w

˘

, Σľ
υ;w“

ď

w1PV ľ
w

q´1
υą
w

`

Σu1;w1
˘

, Σc
υ;w“

`

Συą
w
´Σľ

υ;w

˘

Ytx0pυ
ą
w qu, (3.28)

ΓB
`

υą
w

˘

“
 

ζ PΓpυą
w q : ζ|Σcυ;w

“0
(

with Γpυq as in (2.42). For wPVer0, we define

υ`,ąw “υ
`

Eą
w´E

`
w

˘

, pΓB
`

υ`,ąw

˘

“

!

ζ PΓpυ`,ąw q : ζpxq“0 @xPqυ`,ąw ;υą
w

`

Σc
υ;w

˘

YΣυ`,ąw ;w

)

. (3.29)

There is a natural injective homomorphism

ΓBpυ
ą
w1q ÝÑ

pΓB
`

υ`,ąw

˘

(3.30)

for every w1PV `w .

For u1P rU , let rΓ0,1
´ pu

1q be as in (2.20). For υP∆|u1 and wPyVer0, we will inductively construct

ξυ;w PΓBpυ
ą
w q, ευ;w PRě0 s.t. }ξυ;w}υą

w ,p,1 ď C|υ|,

B̄J expuυą
w
ξυ;w P

 

qυą
w
ˆexpuυą

w
ξυ;w

(˚
rΓ0,1
´ pu

1q.
(3.31)

Every such ξυ;w determines

ruυ;w“expuυą
w
ξυ;w : Συą

w
ÝÑ X, Dυ;w“ dx`ew pυą

w q
ruυ;w

´

B

Bz`
ew ;υą

w

¯

P Tev0pυqX. (3.32)

We will construct ξυ;w so that ruυ;w depends on υ continuously. When the induction terminates,
we obtain a vector field

ξυ ” ξυ;w0 PΓpυq s.t. ξυ
`

x0pυq
˘

“0. (3.33)

This vector field ξυ determines a family ruυ”ruυ;w0 as in (3.6) satisfying Proposition 3.1.

Define

ξυ;w“0, ευ;w“1 @wPyVer0´Ver0. (3.34)

By (2.30), this ξυ;w satisfies (3.31). Suppose w PVer0 and for every w1 P V `w we have constructed
ξυ;w1 P ΓBpυ

ą
w1q and ευ;w1 P R` so that ruυ;w1 depends on υ continuously and (3.34), (3.31), and

Lemmas 3.7 and 3.8 with w replaced by w1 are satisfied. By (3.30), every such ξυ;w1 can be treated

as an element of pΓBpυ
`,ą
w q. Define

ξ`υ;w“
ÿ

w1PV `w

ξυ;w1 P
pΓBpυ

`,ą
w q, ru`υ;w “ expu

υ
`,ą
w

ξ`υ;w. (3.35)

By the first equation in (3.35), the first property in (3.31) for w1PV `w , and (2.22),

}ξ`υ;w}υą
w ,p,1, }ξ

`
υ;w}C0 ď C|υ| (3.36)
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for some C PR. Since ruυ;w1 satisfies (3.31) for every w1PV `w ,

B̄Jru
`
υ;w P

 

qυ`,ąw
ˆru`υ;w

(˚
rΓ0,1
´ pu

1q. (3.37)

Let
rqυ;w “ rqυą

w ;E`w
: Συą

w
ÝÑΣυ`,ąw

, puυ;w “ ru`υ;w˝rqυ;w. (3.38)

We note that

uυą
w
, puυ;w “ const. on Σc

υ;wY q
´1
υą
w

´

Σu1;w´
ğ

ePE`w

Σu1;epδB̄q
¯

, (3.39)

uυą
w
“ uυ`,ąw

˝rqυ;w, puυ;w “ expuυą
w

`

ξ`υ;w˝rqυ;w

˘

. (3.40)

With Γ´pu
1q as in (2.21), define

ΓB,´pu
1q “

 

ξPΓ´pu
1q : ξ|x0pu1q“0

(

. (3.41)

Since u1|Σu1;0
is constant, every element of ΓB,´pu

1q vanishes on Σu1;0. Let

ΓB
`

puυ;w

˘

“
 

ζ PΓppuυ;wq : ζ|Σcυ;w
“0

(

, Γ0,1
B

`

puυ;w

˘

“
 

ηPΓ0,1ppuυ;wq : η|Σcυ;w
“0

(

,

ΓB,´
`

puυ;w

˘

“

"ˆ

Πξ`υ;w

´

`

Πζυ;1pξ˝qυ1q
˘

˝qυ`,ąw

¯

˙

˝rqυ;w : ξPΓB,´pu
1q

*

Ă ΓB
`

puυ;w

˘

. (3.42)

We denote by ΓB,`
`

puυ;w

˘

the L2-orthogonal complement of ΓB,´
`

puu;w

˘

in ΓB
`

puυ;w

˘

.

For ζ PΓBppuυ;wq, let

Γ0,1
B,´ppuυ;w; ζq “ Π´1

ζ

´

 

qυą
w
ˆexp

puυ;w
ζ
(˚
rΓ0,1
´ pu

1q

¯

Ă Γ0,1
B

`

puυ;w

˘

. (3.43)

Let Γ0,1
B,`

`

puυ;w; ζ
˘

be the L2-orthogonal complement of Γ0,1
B,´ppuυ;w; ζq in Γ0,1

B

`

puυ;w

˘

. We denote by

π0,1;˘
B;υ;w;ζ : Γ0,1

B

`

puυ;w

˘

ÝÑ Γ0,1
B,˘

`

puυ;w; ζ
˘

(3.44)

the associated L2-projections. It is straightforward that there exists a constant C PR such that

›

›π0,1;`
B;υ;w;ζpηq ´ π

0,1;`
B;υ;w;ζ1pηq

›

›

υą
w ,p
ď C}ζ´ζ 1}υą

w ,p,1}η}υą
w ,p (3.45)

for all ηPΓ0,1
B,´

`

puυ;w; ζ
˘

and sufficiently small ζ, ζ 1PΓB
`

puυ;w

˘

.

We denote by ∇υ;w”∇J,puu;w the J-linear connection on pu˚υ;wTX and by

DB;υ;w : ΓB
`

puυ;w

˘

ÝÑ Γ0,1
B

`

puυ;w

˘

the restriction of the linearization D
puυ;w

of the B̄J -operator at puυ;w with respect to ∇J . Similar
to [15, Lemma 3.16(1)], there exists a constant C PR such that

}ζ}υą
w ,p,1 ď C}DB,υ;wζ}υą

w ,p @ υP∆, ζ PΓB,`
`

puυ;w

˘

. (3.46)
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Let rΓ0,1
B,`

`

puυ;w

˘

be the image of ΓB,`
`

puυ;w

˘

under DB;υ;w. For sufficiently small ζ P ΓB,`
`

puυ;w

˘

,

the restriction of π0,1;`
B;υ;w;ζ to rΓ0,1

B,`

`

puυ;w

˘

is an isomorphism. The norm of its inverse

f`B;υ;w;ζ : Γ0,1
B,`

`

puυ;w; ζ
˘

ÝÑ rΓ0,1
B,`

`

puυ;w

˘

(3.47)

is bounded by a constant C PR; see [15, Lemma 3.16(3)]. Let

rπ0,1;`
B;υ;w;ζ “ f`B;υ;w;ζ ˝π

0,1;`
B;υ;w;ζ : Γ0,1

B

`

puυ;w

˘

ÝÑ rΓ0,1
B,`

`

puυ;w

˘

.

By the boundedness of (3.44) and of (3.47), there exists a constant C PR such that

›

›

rπ0,1;`
B;υ;w;ζη

›

›

υą
w ,p
ď C}η}υą

w ,p @ ηPΓ0,1
B

`

puυ;w

˘

. (3.48)

The restriction of rπ0,1;`
B;υ;w;ζ to rΓ0,1

B,`

`

puυ;w

˘

is the identity map by definition.

The Contraction Principle as used in the proof of [15, Lemma 3.18] implies that the equation

rπ0,1;`
B;υ;w;ζ

´

Π´1
ζ

`

B̄J exp
puυ;w

ζ
˘

¯

“ 0 (3.49)

has a unique small solution
pζυ;w P ΓB,`

`

puυ;w

˘

; (3.50)

see the proof of Lemma 3.6 for more details. We define ευ;w as in (3.31) and ξυ;w by

ευ;w “ }pζυ;w}υą
w ,p,1, expuυą

w
ξυ;w “ exp

puυ;w
pζυ;w. (3.51)

By the second equation in (3.51), (3.39), and (3.50), ξυ;w P ΓBpυ
ą
w q. By (3.49) with ζ “ pζυ;w

and (3.43), ξυ;w satisfies (3.31). By the continuity argument in [15, Section 4.1], pζυ;w and ξυ;w

depend on υ continuously in the sense of [15, (4.2)].

The two equalities in (M1) follow from (3.34) and (3.32), respectively. The last property in (M1)
follows from (3.33) and Lemma 3.7 below. The first property in (M2) follows from (3.51) and
Lemma 3.6 below. By the proof of the r“1 case of [18, Lemma 3.5(2a)],

Dυ;w “
ÿ

w1PV `w

`

Dυ;w1 ` qευ;w1
˘

vew1 with |qευ;w1 | ď C}pζυ;w}υą
w ,p,1 (3.52)

for some C PR. Along with (3.51), this implies the second property in (M2). The last property
in (M2) follows from (3.33) and Lemma 3.7.

For ePEdg0\tew0u, we define

γυ;e : Συ;ep8δB̄q ÝÑ R, γυ;epxq “
ÿ

w1ăw`e

ˇ

ˇ∇υ;w1
pζυ;w1

ˇ

ˇ

x
. (3.53)

By the first equation in (3.51), γυ;e satisfies the third property in (M3). The remaining three
properties in (M3) follow from (3.33) and Lemma 3.8 below.
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Proof of Corollary 3.2. Denote by υ2 and υ02 the projections of υP∆ to

∆2 ” ∆X ĄFT
´

Edg´
`

Edg0;P\χpT0;P q
˘

¯

, ∆02 ” ∆X ĄFT
`

Edg´χpT0;P q
˘

, (3.54)

respectively. By Proposition 3.1, the family of the deformations U|∆2 ÝÑ∆2 of the domains of
elements of rU extends to a continuous family of maps

ruυ;2 “ expuυ2
ξυ;2 : Συ2 ÝÑ X, υ2P∆2, (3.55)

such that

ruυ;2

`

Συ2;0;P

˘

“ ev0pυ2q, B̄Jruυ;2 P
 

qυ2ˆruυ;2

(˚
rΓ0,1
´ pu

1q @u1P rU, υ2P∆2|u1 ,

and for every e PχpT0;P q the restriction ru
peq
υ;2 of ruυ;2 to the curve Συ2;e corresponding to pTe, Te;0q

satisfies the conclusions of Proposition 3.1.

The objects associated in Proposition 3.1 with all such ru
peq
υ;2 determine

ευ2;w, Dυ2;w @wPyVer
c

0;P , γυ2;e @ eP}Edg
c

0;P ,

satisfying Corollary 3.2 with υ“υ2. Define

rξυ;2 : Συ2;ep8δB̄q ÝÑ Tev0pυ2qX s.t. ruυ;2 “ expev0pυ2q
rξυ;2 @ ePχpT0;P q. (3.56)

We note that there exists a constant C PR such that

}rξυ;2}υ2,p,1 ď C ευ2;w`e
@ ePχpT0;P q. (3.57)

If ePχpT0;P qXχpT0q, this equality holds by the continuity of the family ru
peq
υ;2 and the first property

in (M1) in Proposition 3.1. If ePχpT0;P q´χpT0q, then the restriction of uυ2 to Συ2;ep8δB̄q is constant

and hence the restrictions of rξυ;2 and ξυ;2 are the same. The inequality in (3.57) then holds by the
last bound in (M2) in Proposition 3.1.

For every υP∆, let

υP2 “ υ
`

Edg´χpT0;P q
˘

, puυ;2 “ ruυ;2˝qυ2;υP2˝rqυ;χpT0;P q
: Συ ÝÑ X,

Γ´
`

puυ;2

˘

“

#˜

Πξυ;2

ˆ

´

Πζυ;1

`

ξ˝qυ1

˘

¯

˝qυ2

˙

¸

˝qυ2;υP2˝rqυ;χpT0;P q
: ξPΓ´pu

1q

+

Ă Γ
`

puυ;2

˘

, (3.58)

Γ0,1
´

`

puυ;2; ζ
˘

“ Π´1
ζ

´

 

qυ2ˆexp
puυ;2

ζ
(˚
rΓ0,1
´ pu

1q

¯

Ă Γ0,1
`

puυ;2

˘

@ ζ PΓ
`

puυ;2

˘

.

Denote by Γ`
`

puυ;2

˘

and Γ0,1
`

`

puυ;2; ζ
˘

the L2-orthogonal complements of Γ´
`

puυ;2

˘

and Γ0,1
´

`

puυ;2; ζ
˘

in Γ
`

puυ;2

˘

and Γ0,1
`

puυ;2

˘

, respectively. Let

π0,1;˘
B;υ;ζ : Γ0,1

`

puυ;2

˘

ÝÑ Γ0,1
˘

`

puυ;2; ζ
˘

be the associated L2-projections.
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By the same reasoning as in the proof of Lemma 3.6, the equation

rπ0,1;`
B;υ;ζ

´

Π´1
ζ

`

B̄J exp
puυ;2

ζ
˘

¯

“ 0 (3.59)

has a unique small solution pζυ;2PΓ`
`

puυ;2

˘

and

›

›pζυ;2

›

›

υ,p,1
ď C

ÿ

ePχpT0;P q

´

|Dυ;w`e
||υe|`ευ;w`e

|υe|
2
¯

. (3.60)

We take

ruυ “ exp
puυ;2

pζυ;2, γυ;e “ γυ2;e`
ˇ

ˇ∇puυ;2
pζυ;2

ˇ

ˇ @ eP}Edg
c

0;P , (3.61)

Dυ;w “ Dυ2;w @wPyVer
c

0;P , ευ;w “

#

›

›pζυ;2

›

›

υ,p,1
, if w“P ;

ευ2;w, if wPyVer
c

0;P .
(3.62)

Since ruυ solves (3.59), it satisfies (3.13). The two equalities in (M1) and the second inequality
in (M2) for wPVerc0;P follow from the corresponding statements for pTe, Te;0q. The last properties
in (M1) and (M2) are obtained as in the proof of Lemma 3.7. The first property in (M2) follows
from (3.60) as in the proof of Lemma 3.6. The last property in (M3) holds by the definitions of
γυ;e and ευ;w1 and by the corresponding statements for pTe, Te;0q. The first two properties in (M3)
are obtained as in the proof of Lemma 3.8.

Proof of Corollary 3.3. We apply the proof of Corollary 3.2 with T0;P replaced by TP´ . One
of the tree framings pTe, Te;0q to which we apply the proof of Proposition 3.1 in this case contains
Σu;P` , a union of irreducible components of Σu. We treat it in a single inductive step as it

corresponds to a single element of yVer
b
. The only statement in the proof of Proposition 3.1 that

does not apply to this vertex is (3.52); it yields the second bound in (M2). On the other hand,

ruυ;P` ” expuυą

P`

ξυ;P` ” exp
puυ;P`

pζυ;P`

is J-holomorphic on Σ`
υą

P
;̀e
p̀8δB̄q and puυ;P` is constant there. Thus, the bound in (3.22) on

Dυ;P` ” dx`
e`
pυą

P`
q
ruυ;P`

´

B

Bz`
e`;υą

P`

¯

follows from Lemma A.8 and the first equation in (3.91) with w“P`.

Proof of Corollary 3.4. The following proof applies as long as there is a total order on a parti-
tion of the irreducible components of Σu1;0;P into connected unions. In particular, this proof applies
to the setting of Corollary 3.3, although it would lead to weaker conclusions.

For w P tP`, P´u\
`

VerC´tw‚u
˘

, let w`1 P tP`, P´u\VerC be the immediate successor of w
with respect to ă‚. For each w P tP`, P´u\VerC , let pTw; Tw;0q be the tree framing determined

by the vertex w and the sets V ľ
w1 with w1 PyVer

c

0;P and ew1 Q w; see (3.28) for the notation. We
denote the corresponding graphs of Tw and Tw;0 by pVw, Ewq and pVw;0, Ew;0q, respectively. Denote
by T ě‚

w the bubble type corresponding to the graphs of Tw1 with w1PtP`, P´u\VerC and w1ě‚w,
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by Eě‚w ĂEdg its edges, and by Σě‚u1;wĂΣu1 the union of the irreducible components corresponding

to T ě‚
w . For υP∆, let

υě‚w “ υpEě‚w q, Σě‚υ;w“ q´1
υě‚w

`

Σě‚u1;w

˘

Ă Συě‚w
, uě‚υ;w“uυě‚w |Σě‚υ;w

: Σě‚υ;wÝÑX @ υP∆.

Let upwq“pΣpwq, upwqq be the component of

uP rU Ă
ź

wPtP`,P´u\VerC

rUTwpX,Jq

corresponding to Tw and rUpwq be a small neighborhood of upwq in rUTwpX, Jq. By (2.17) and (2.18),
the evaluation map

ev0 : rUpwq ÝÑ X

at the primary contracted component Tw;0 of Tw is a submersion. Thus, there exist δ PR` and a
smooth map

ev˚0TX ÝÑ rUTwpX, Jq, Y ÞÑ u1Y

s.t. u1u1“u1 @u1P rUpwq, ev0pu
1
Y q“expev0pu1q Y @Y PTev0pu1qX, |Y |ăδ.

(3.63)

For every u1Y , we smooth out the nodes of Tw contained in Edgc0 and obtain a map ruY ;υ;1 as in (2.30).

Applying Corollary 3.2 with P “ w‚ to pTw‚ , Tw‚;0q, we obtain a continuous family of nearly J-
holomorphic maps

ruě‚υ;w‚ “ expuě‚υ;w‚
ξě‚υ;w‚ : Σě‚υ;w‚ ÝÑ X

as in (3.6). It satisfies all requirements of Corollary 3.4 for pT ě‚
w‚ , T

ě‚
w‚;0

q“pTw‚ , Tw‚;0q.

Suppose wPtP`, P´u\
`

VerC´tw‚u
˘

and we have constructed a continuous family of maps

ruě‚υ;w`1 “ expuě‚υ;w`1
ξě‚υ;w`1 : Σě‚υ;w`1 ÝÑ X (3.64)

as in (3.6) satisfying all requirements of Corollary 3.4 for pT ě‚
w`1, T

ě‚
w`1;0q. Define

Yυ;w PTev0pυqX by expev0pυq Yυ;w“ruě‚υ;w`1

`

x`ewpυ
ě‚
w`1q

˘

ξsυ;w PΓ
`

ru ˚
pwq;υ;1TX

˘

by exp
rupwq;υ;1

ξsυ;w“rupwq;Yυ;w;υ;1
@ υP∆|u1 , u1P rU.

By the smoothness of (3.63) and the assumptions on (3.64),

}ξsυ;w}υ1,p,1, }ξ
s
υ;w}C1pΣpwq;υ1;0p8δB̄qq

ď C|Yυ;w| “ C
ˇ

ˇξě‚υ;w`1

`

x`ewpυ
ě‚
w`1q

˘ˇ

ˇ ď C 1
ÿ

w1PtP`,P´u\VerC
w1ą‚w

ευ;w1 . (3.65)

For each υP∆|u1 , let uě‚;0υ;w be the map obtained by identifying ruě‚υ;w`1 at the marked point x`ewpυ
ě‚
w`1q

with rupwq;Yυ;w;υ;1 at the marked point x´ewpυ1q. Define

quě‚υ;w “ uě‚;0υ;w ˝ qυpEě‚w ´Ew;0q;υpE
ě‚
w ´χpTw;0qq

˝ rqυě‚w ;χpTw;0q
: Σě‚υ;w ÝÑ X.

34



We apply the proof of Proposition 3.1 with w0“w if wPVerC or Corollary 3.2 with P “w if w“P˘

to this family of maps. It provides a family of maps

ruě‚υ;w ” expuě‚υ;w
ξě‚υ;w “ exp

quě‚υ;w
ξυ;pwq : Σě‚υ;w ÝÑ X

satisfying the conclusions of Proposition 3.1 for pquě‚υ;w, ξυ;pwqq if w P VerC or the conclusions of
Corollary 3.2 for pquě‚υ;w, ξυ;pwqq if w“P˘. Along the way, we obtain

Dpwqυ;w1 P Trupwq;Yυ;w ;υ;1px
´
ew pυ1qq

X @w1P pVw;0

as in (3.32). Define

Dυ;w1“

´

Π´1
Yυ;w
Dpwqυ;w1

¯

P Tev0pυqX @w1P pVw;0, Dυ;ew“Π´1
Yυ;w

dx`ew pυ
ě‚
w q

ruě‚υ;w.

Since

uě‚;0υ;w

´

qυpEě‚w ´Ew;0q;υpE
ě‚
w ´χpTw;0qq

`

rqυě‚w ;χpTw;0q
pxq

˘

¯

“ expuě‚υ;wpxq

ˆ

ξsυ;w

´

qυpEě‚w ´Ew;0q;υpE
ě‚
w ´χpTw;0qq

`

rqυě‚w ;χpTw;0q
pxq

˘

¯

˙

@xPq´1
υě‚w

´

ď

w1PVw

Σu1;w1

¯

,

Lemma A.3 and (3.65) imply that ξě‚υ;w satisfies the requirement of Corollary 3.4 for pT ě‚
w , T ě‚w;0q.

We patch ξsυ;w with ξsυ;w`1 over Σ`u1;ewp4δq, which does not affect any bounds over Σ`
υě‚w ;ew

pδq.

Proof of Corollary 3.5. We apply the proof of Corollary 3.4 to the tree framings pTw, Tw;0q in-

ductively over wPVerC` , with respect to the total order ă‚ on VerC` . By the choice of rΓ0,1
´ pu; C`q

as in the sentence containing (3.27), we can assume Yυ;w“0 and ξsυ;w for every w PC`. Thus, the
proof is much simpler in this case. We denote by ruυ;C` the resulting map. In particular, the values
of ruυ;C` at the nodes corresponding to e`1 , e

`
2 are equal to ev0pυq.

When the above induction terminates, the resulting bubble type does not form a pseudo-tree
framing. On the other hand, the maximal chain of spheres C` attaches either directly to TP´ or to
a single irreducible component of C´. Thus, the proof of Corollary 3.2 for P “P´ still applies.

3.4 Technical lemmas

Lemma 3.6. There exists a constant C PR such that

›

›pζυ;w

›

›

υą
w ,p,1

ď C
ÿ

w1PV `w

´

|Dυ;w1 ||υew1 |`ευ;w1 |υew1 |
2
¯

for all υP∆ and wPVer0.

Proof. Consider the quadratic expansion

Π´1
pζυ;w

`

B̄J exp
puυ;w

pζυ;w

˘

“ B̄Jpuυ;w `DB;υ;w
pζυ;w `NB;υ;w

`

pζυ;w

˘

, (3.66)

where NB;υ;w is a quadratic term. Analogous to [18, (4.27)], there exists C PR such that

NB;υ;wp0q “ 0,
›

›NB;υ;wpζq´NB;υ;wpζ
1q
›

›

υą
w ,p
ď C

`

}ζ}υą
w ,p,1`}ζ

1}υą
w ,p,1

˘

}ζ´ζ 1}υą
w ,p,1 (3.67)
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for all ζ, ζ 1PΓB
`

puυ;w

˘

sufficiently small. By (3.49) with ζ replaced by pζυ;w and (3.66),

rπ0,1;`

B;υ;w;pζυ;w

´

B̄Jpuυ;w `DB;υ;w
pζυ;w `NB;υ;w

`

pζυ;w

˘

¯

“ 0 . (3.68)

Therefore, there exist constants C,C 1PR such that

}pζυ;w}υą
w ,p,1 ď C}DB;υ;w

pζυ;w}υą
w ,p “ C

›

›

rπ0,1;`

B;υ;w;pζυ;w

`

DB;υ;w
pζυ;w

˘›

›

υą
w ,p

ď C 1
´

›

›

rπ0,1;`

B;υ;w;pζυ;w
B̄Jpuυą

w

›

›

υą
w ,p
`}pζυ;w}

2
υą
w ,p,1

¯

.

The first inequality above follows from (3.46), the equality there is due to the sentence after (3.48),
and the last inequality above follows from (3.68), (3.48), and (3.67). Since pζυ;w is small, we
conclude that

}pζυ;w}υą
w ,p,1 ď C

›

›

rπ0,1;`

B;υ;w;pζυ;w
B̄Jpuυą

w

›

›

υą
w ,p

(3.69)

for some C PR.

By (3.38), (q2) in Section 2.2 with pE1, E2q “ pE
ą
w ´E

`
w , E

ą
w q, (3.37), and the assumption be-

low (2.28),

supp
`

B̄Jpuυ;w

˘

Ă

ˆ

ğ

ePE`w

rA´e,υą
w
pδB̄q

˙

\
`

Συą
w
´Συą

w ;0p8δB̄q
˘

; (3.70)

see (2.37) and (2.29) for the notation. The restrictions of B̄Jpuυ;w to each rA´e,υą
w
pδB̄q and to

Σc
υą
w ;0p8δB̄q ” Συą

w
´Συą

w ;0p8δB̄q

extend to Συą
w

by zero.

By (3.38), (2.41), and (q2) in Section 2.2 with pE1, E2q“pE
ą
w´E

`
w , E

ą
w q,

B̄Jpuυ;w

ˇ

ˇ

Σc
υą
w ;0
p8δB̄q

“ rq ˚υ;w

´

B̄Jru
`
υ;w

ˇ

ˇ

rqυ;w

´

Σc
υą
w ;0
p8δB̄q

¯

¯

“ rq ˚υ;w

´

B̄Jru
`
υ;w

¯

. (3.71)

Along with (3.37) and (3.43), this implies that

B̄Jpuυ;w

ˇ

ˇ

Σc
υą
w ;0
p8δB̄q

P rq ˚υ;w

´

 

qυ`,ąw
ˆru`υ;w

(˚
rΓ´pu

1q

¯

“ Γ0,1
B,´

`

puυ;w; 0
˘

.

By the definition of the operator π0,1;`
B;υ;w;0, this means that

π0,1;`
B;υ;w;0

´

B̄Jpuυ;w

ˇ

ˇ

Σc
υą
w ;0
p8δB̄q

¯

“ 0. (3.72)

By the boundedness of the operator f`
B;υ;w;pζυ;w

in (3.47), (3.45), and (3.72), there exists a constant

C PR such that
›

›

›
rπ0,1;`

B;υ;w;pζυ;w

´

B̄Jpuυ;w

ˇ

ˇ

Σc
υą
w ;0
p8δB̄q

¯›

›

›

υą
w ,p
ď C}pζυ;w}υą

w ,p,1

›

›

›
B̄Jpuυ;w

ˇ

ˇ

Σc
υą
w ;0
p8δB̄q

›

›

›

υą
w1
,p
. (3.73)
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Combining (3.73), (3.71), and (3.35), we obtain

›

›

›
rπ0,1;`

B;υ;w;pζυ;w

´

B̄Jpuυ;w

ˇ

ˇ

Σc
υą
w ;0
p8δB̄q

¯›

›

›

υą
w ,p
ď C}pζυ;w}υą

w ,p,1

ÿ

w1PV `w

}B̄Jruυ;w1}υą
w1
,p. (3.74)

Since B̄Ju“0, there exists a continuous function εw : p∆,uqÝÑpR, 0q such that

}B̄Jruυ;w1}υą
w1
,p ď εwpυq @ w1PV `w . (3.75)

By (3.70), (3.74), (3.75), and (3.48),

›

›

rπ0,1;`

B;υ;w;pζυ;w
B̄Jpuυą

w

›

›

υą
w ,p
ď

ÿ

ePE`w

›

›

›
rπ0,1;`

B;υ;w;pζυ;w

´

B̄Jpuυ;w

ˇ

ˇ

rA´
e,υą

w
pδB̄q

¯›

›

›

υą
w ,p
` C εwpυq}pζυ;w}υą

w ,p,1

ď C 1
ÿ

ePE`w

›

›

›
B̄Jpuυ;w

ˇ

ˇ

rA´
e,υą

w
pδB̄q

›

›

›

υą
w ,p
` C εwpυq}pζυ;w}υą

w ,p,1.
(3.76)

After shrinking rU and ∆ if necessary, from (3.69) and (3.76) we obtain

›

›pζυ;w

›

›

υą
w ,p,1

ď C
ÿ

ePE`w

›

›

›
B̄Jpuυ;w

ˇ

ˇ

rA´
e,υą

w
pδB̄q

›

›

›

υą
w ,p

(3.77)

for some C PR.

By (3.38), (3.37), (3.35), and Lemma 2.2, there exists a constant C PR such that

›

›

›
B̄Jpuυ;w|

rA´
e,υą

w
pδB̄q

›

›

›

υą
w ,p
ď C

›

›druυ;w`e
|Σ`
υą

w`e

;e
p2|υe|{δB̄q

›

›

υą

w`e
,p
|υe|

p´2
p @ ePE`w . (3.78)

By the first equation in (3.32) with w replaced by w`e , (2.44), and Lemma 3.8 for the pair pw`e , eq,
there exists a constant C PR such that

›

›druυ;w`e
|Σ`
υą

w`e

;e
p2|υe|{δB̄q

›

›

υą

w`e
,p
ď C

`

|Dυ;w`e
||υe|

2
p`ευ;w`e

|υe|
p`2
p
˘

@ ePE`wXEdg0. (3.79)

By (2.33), Corollary A.9, the second equation in (3.32) with w replaced by w`e , and (3.34), there
exists a constant C PR such that

›

›druυ;w`e
|Σ`
υą

w`e

;e
p2|υe|{δB̄q

›

›

υą

w`e
,p
ď C

`

|Dυ;w`e
||υe|

2
p`ευ;w`e

|υe|
p`2
p
˘

@ ePE`wXχpT0q. (3.80)

Lemma 3.6 follows from (3.77)-(3.80).

Lemma 3.7. There exists a constant C PR such that

›

›ξυ;w|Συą
w ;ep8δB̄q

}υą
w ,p,1ď C

ÿ

wĺw1ăw`e

ευ;w1 ,
›

›ξυ;w|Σmn
υą
w ;w1

}υą
w ,p,1ď C

ÿ

wĺw1ĺw1

ευ;w1

for all υP∆, wPyVer0, ePχpT0q, and w1PVer0.
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Proof. By (3.31) and (3.28), it suffices to prove Lemma 3.8 for ePχw and w1 ľw. Let

pξ`υ;w “ ξ`υ;w˝rqυ;w P ΓB
`

υą
w

˘

. (3.81)

By (3.81), (3.40), and (3.51),

puυ;w “ expuυą
w

pξ`υ;w, expuυą
w
ξυ;w “ exp

expu
υą
w

pξ`υ;w

pζυ;w. (3.82)

By (3.35), (3.29), and (3.34),

ξ`υ;wpxq “ 0 @ x P rqυ;w

`

Σmn
υą
w ;w

˘

Ă Συ`,ąw ;w,

ξ`υ;wpxq “ 0 @ x P rqυ;w

`

Συą
w ;ep8δB̄q

˘

, ePE`wXχpT0q.
(3.83)

By (2.41) and (q3) in Section 2.2 with pE1, E2q“pE
ą
w´E

`
w , E

ą
w q, the restriction of rqυ;w to

ˆ

Συą
w ;0p8δB̄q´

ğ

ePEdg0

Συą
w ;epδB̄q

˙

´

ˆ

rqυ;w

`

Σmn
υą
w ;w

˘

Y
ğ

ePE`wXχpT0q

rqυ;w

`

Συą
w ;ep8δB̄q

˘

˙

Ă Συą
w
´
ď

ePE`w

Συą
w ;ep2δB̄q (3.84)

is an isometry onto its image.

By the second equality in (3.82), (3.81), (3.36), and Lemma A.3, there exists a constant C PR such
that

ˇ

ˇξυ;wpxq ´ ξ
`
υ;w

`

rqυ;wpxq
˘ˇ

ˇ ď C
ˇ

ˇpζυ;wpxq
ˇ

ˇ,
ˇ

ˇ∇υą
w ξυ;w´∇υ

ą
w
`

ξ`υ;w˝rqυ;w

˘ˇ

ˇ

x

ď C

ˆ

ˇ

ˇ∇υ;w
pζυ;w

ˇ

ˇ

x
`

´

|dxuυą
w
|`

ˇ

ˇ∇υą
w
`

ξ`υ;w˝rqυ;w

˘
ˇ

ˇ

x

¯´

|ξ`υ;w|rqυ;wpxq`|
pζυ;w|x

¯

˙

(3.85)

By (3.85) and (3.36),

|ξυ;w|xď C
´

ˇ

ˇξ`υ;w

ˇ

ˇ

rqυ;wpxq
`
ˇ

ˇpζυ;w

ˇ

ˇ

x

¯

,

|∇υą
w ξυ;w|x ď C

´

ˇ

ˇ∇υą
w
`

ξ`υ;w˝rqυ;w

˘ˇ

ˇ

x
`
ˇ

ˇ∇υ;w
pζυ;w

ˇ

ˇ

x
` |dxuυą

w
|
`

|ξ`υ;w|rqυ;wpxq`|
pζυ;w|x

˘

¯ (3.86)

for all xPΣυą
w

. By (3.86), (3.83), the sentence containing (3.84), (2.43), and (2.22),

›

›ξυ;w|Σ1
›

›

υą
w ,p,1

ď C
´

›

›ξ`υ;w|rqυ;wpΣ1q

›

›

υ`,ąw ,p,1
`
›

›pζυ;w

›

›

υą
w ,p,1

¯

(3.87)

@ open Σ1 Ă Συą
w
´

ğ

ePEdg0

Συą
w ;epδB̄q.

By (3.87) with Σ1“Σmn
υą
w ;w, the first line of (3.83), and the first equation in (3.51),

›

›ξυ;w|Σmn
υą
w ;w

›

›

υą
w ,p,1

ď C
›

›pζυ;w

›

›

υą
w ,p,1

“ C ευ;w. (3.88)

This establishes the second bound in Lemma 3.7 for w1“w.
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For w1 PVer0 with w1 ąw, let w1 PV `w be such that w1ĺw1. By (3.87) with Σ1“Σmn
υą
w ;w1

and the
fact that rqυ;wpΣ

mn
υą
w ;w1

q“Σmn
υą
w1

;w1
,

›

›ξυ;w|Σmn
υą
w ;w1

›

›

υą
w ,p,1

ď C
´

›

›ξυ;w1 |Σmn
υą
w1

;w1

›

›

υą
w1
,p,1
`
›

›pζυ;w

›

›

υą
w ,p,1

¯

. (3.89)

The second bound in Lemma 3.7 follows from (3.89), the second bound in Lemma 3.7 with w
replaced by w1, and the first equation in (3.51).

For ePχw, let w1PV `w be such that w1ĺw`e . From (3.87) with Σ1“Συą
w ;ep8δB̄q and

rqυ;w

`

Συą
w ;ep8δB̄q

˘

“Συą
w1

;ep8δB̄q,

it follows that

›

›ξυ;w|Συą
w ;ep8δB̄q

›

›

υą
w ,p,1

ď C
´

›

›ξυ;w1 |Συą
w1

;ep8δB̄q

›

›

υą
w1
,p,1
`
›

›pζυ;w

›

›

υą
w ,p,1

¯

. (3.90)

The first bound in Lemma 3.7 follows from (3.90), the first bound in Lemma 3.7 with w replaced
by w1, and the first equation in (3.51).

Lemma 3.8. There exists a constant C PR such that

|ξυ;w|x ď C
´

|Dυ;w`e
||z`e;υą

w
pxq| ` ευ;w`e

|z`e;υą
w
pxq|2 `

ÿ

wĺw1ăw`e

ευ;w1

¯

,

ˇ

ˇdxξυ;w

ˇ

ˇ ď C
´

`

|Dυ;w`e
|`ευ;w`e

|z`e;υą
w
pxq|

˘

|dxrqυą
w ;e| `

ÿ

wĺw1ăw`e

ˇ

ˇ∇υ;w1
pζυ;w1

ˇ

ˇ

x

¯

,

and

ˇ

ˇ

ˇ
T∇J

`

ξυ;wpxq, dxξυ;w

˘

ˇ

ˇ

ˇ
ď C

ˆ

´

`

|Dυ;w`e
|`ευ;w`e

|z`e;υą
w
pxq|

˘

|dxrqυą
w ;e| `

ÿ

wĺw1ăw`e

ˇ

ˇ∇υ;w1
pζυ;w1

ˇ

ˇ

x

¯

ÿ

wĺw1ăw`e

ευ;w1

` |Dυ;w`e
|

´

|Dυ;w`e
|2`ευ;w`e

|dxrqυą
w ;e|

¯

|z`e;υą
w
pxq|2 ` ε2

υ;w`e
|z`e;υą

w
pxq|3

`

´

|Dυ;w`e
||z`e;υą

w
pxq|`ευ;w`e

|z`e;υą
w
pxq|2

¯

ÿ

wĺw1ăw`e

ˇ

ˇ∇υ;w1
pζυ;w1

ˇ

ˇ

x

˙

for all υP∆, wPVer0, ePEdg0\tew0u, and xPΣυą
w ;ep8δB̄q.

Proof. By (3.31) and (3.28), it suffices to prove Lemma 3.8 for every e with w`e ľw. Let J0;υ be
the almost complex structure on a neighborhood V of 0PTev0pυqX given by

J0;υpyqpY q“
 

dy expev0pυq

(´1
ˆ

J
`

expev0pυq y
˘

´

 

dy expev0pυq

(

pY q
¯

˙

@ yPV, Y PTev0pυqX.

By the second equation in (3.51) and (3.39),

ξυ;wpxq“ pζυ;wpxqPTev0pυqX @ x P Σ`υą
w ;ew

p32δB̄q Ă q´1
υą
w

´

Σu1;w´
ğ

ePE`w

Σu1;epδB̄q
¯

. (3.91)

39



By (3.91), (3.31), and the sentence containing (2.28), the map

pζυ;w : Σ`υą
w ;ew

p32δB̄q ÝÑ Tev0pυqX

is thus J0;υ-holomorphic and smooth. Shrinking rU and ∆ if necessary, we conclude from Lemma 3.6

that pζυ;w is small. By Lemma A.8 and ξυ;w|x`ew pυą
w q
“0, there thus exists C PR such that

ˇ

ˇ

ˇ
dxpζυ;w ´ dx`ew pυą

w q
pζυ;w

ˇ

ˇ

ˇ
ď C}pζυ;w}υą

w ,p,1

ˇ

ˇz`ew;υą
w
pxq

ˇ

ˇ,
ˇ

ˇ

ˇ

ˇ

pζυ;wpxq ´
Bpζυ;w

Bz`
ew ;υą

w

ˇ

ˇ

ˇ

x`ew pυ
ą
w q
z`ew;υą

w
pxq

ˇ

ˇ

ˇ

ˇ

“
ˇ

ˇpζυ;wpxq´Dυ;wz
`
ew;υą

w
pxq

ˇ

ˇ ď C}pζυ;w}υą
w ,p,1

ˇ

ˇz`ew;υą
w
pxq

ˇ

ˇ

2
(3.92)

for all xPΣ`υą
w ;ew

p8δB̄q. Since
ˇ

ˇdrqυą
w ;ew

ˇ

ˇ“1 on Σ`υą
w ;ew

p8δB̄q, the three bounds in Lemma 3.8 for e“ew

and xPΣ`υą
w ;ew

p8δB̄q follow from (3.91), (3.92), (3.32), and the first equation in (3.51).

Suppose e PEdg0 with w`e ąw. Let w1 P V `w be such that w1 ĺw`e . By (3.85), the first equation
in (3.35), and (2.44),

ˇ

ˇξυ;wpxq ´ ξυ;w1
`

rqυ;wpxq
˘ˇ

ˇď C
ˇ

ˇpζυ;wpxq
ˇ

ˇ,

ˇ

ˇdxξυ;w ´ dxpξυ;w1˝rqυ;wq
ˇ

ˇ ď C

ˆ

ˇ

ˇ∇υ;w
pζυ;w

ˇ

ˇ

x
`
ˇ

ˇdxpξυ;w1˝rqυ;wq
ˇ

ˇ

´

|ξυ;w1 |
rqυ;wpxq`|

pζυ;w|x

¯

˙

for all x PΣυą
w ;ep8δB̄q. By the first bounds in (3.86) and in Lemma 3.8 for the pair pw1, eq, (2.22),

and the first equation in (3.51),

|ξυ;w|x ď C 1
´

|ξυ;w1 |
rqυ;wpxq`|

pζυ;w|x

¯

ď C
´

|Dυ;w`e
|
ˇ

ˇz`e;υą
w1

`

rqυ;wpxq
˘ˇ

ˇ` ευ;w`e

ˇ

ˇz`e;υą
w1

`

rqυ;wpxq
˘ˇ

ˇ

2
`
ÿ

wĺw2ăw`e

ευ;w2

¯

.
(3.93)

By the second bounds in (3.86) and in Lemma 3.8 for the pair pw1, eq,

ˇ

ˇdxξυ;w

ˇ

ˇ ď C 1
´

ˇ

ˇdxpξυ;w1˝rqυ;wq
ˇ

ˇ`
ˇ

ˇ∇υ;w
pζυ;w

ˇ

ˇ

x

¯

ď C

ˆ

´

|Dυ;w`e
|`ευ;w`e

ˇ

ˇz`e;υą
w1

`

rqυ;wpxq
˘ˇ

ˇ

¯

ˇ

ˇd
rqυ;wpxqrqυą

w1
;e

ˇ

ˇ|dxrqυ;w| `
ÿ

wĺw2ăw`e

ˇ

ˇ∇υ;w2
pζυ;w2

ˇ

ˇ

x

˙

.
(3.94)

For every xPΣυą
w ;ep8δB̄q, let

Bυ;wpxq ”

ˆ

´

|Dυ;w`e
|`ευ;w`e

ˇ

ˇz`e;υą
w1

`

rqυ;wpxq
˘
ˇ

ˇ

¯

ˇ

ˇd
rqυ;wpxqrqυą

w1
;e

ˇ

ˇ|dxrqυ;w| `
ÿ

wĺw2ăw`e

ˇ

ˇ∇υ;w2
pζυ;w2

ˇ

ˇ

x

˙

ÿ

wĺw2ăw`e

ευ;w2

` |Dυ;w`e
|

´

|Dυ;w`e
|2`ευ;w`e

ˇ

ˇd
rqυ;wpxqrqυą

w1
;e

ˇ

ˇ|dxrqυ;w|

¯

ˇ

ˇz`e;υą
w1

`

rqυ;wpxq
˘ˇ

ˇ

2
` ε2

υ;w`e

ˇ

ˇz`e;υą
w1

`

rqυ;wpxq
˘
ˇ

ˇ

3

`

´

|Dυ;w`e
|
ˇ

ˇz`e;υą
w1

`

rqυ;wpxq
˘ˇ

ˇ` ευ;w`e

ˇ

ˇz`e;υą
w1

`

rqυ;wpxq
˘ˇ

ˇ

2
¯

ÿ

wĺw2ăw`e

ˇ

ˇ∇υ;w2
pζυ;w2

ˇ

ˇ

x
P Rě0.

By the last four inequalities and the last bound in Lemma 3.8 for the pair pw1, eq,

ˇ

ˇT∇J pξυ;wpxq,dxξυ;wq
ˇ

ˇ ď Bυ;wpxq @xPΣυą
w ;ep8δB̄q. (3.95)
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For every xPΣυą
w ;ep8δB̄q,

ˇ

ˇz`e;υą
w1

`

rqυ;wpxq
˘ˇ

ˇ ď |z`e;υą
w
pxq| if w1“w`e , z`e;υą

w1

`

rqυ;wpxq
˘

“ z`e;υą
w
pxq if w1ăw`e . (3.96)

The inequality above follows from (2.36) and (2.34), while the equality above follows from (2.41),
(2.25), and (q2) in Section 2.2 with pE1, E2q“pE

ą
w´E

`
w , E

ą
w q. Since

ˇ

ˇd
rqυ;wpxqrqυą

w1
;e

ˇ

ˇ“1, |dxrqυ;w|“|dxrqυą
w ;e| @xPΣυą

w ;ep8δB̄q, ePE
`
w ,

ˇ

ˇd
rqυ;wpxqrqυą

w1
;e

ˇ

ˇ“|dxrqυą
w ;e|,

ˇ

ˇdxrqυ;w

ˇ

ˇ“1 @xPΣυą
w ;ep8δB̄q, ePEdg0´E

`
w ,

we conclude that
ˇ

ˇd
rqυ;wpxqrqυą

w1
;e

ˇ

ˇ|dxrqυ;w| “ |dxrqυą
w ;e| @xPΣυą

w ;ep8δB̄q. (3.97)

Combining (3.93)-(3.95) with (3.96) and (3.97), we obtain all bounds in Lemma 3.8.

4 Extensions of meromorphic differentials

We continue with the notation and setup of Sections 2 and 3. In Section 4.1, we describe exten-
sions of meromorphic differentials under smoothings of the nodes of Riemann surfaces. Sections 4.2
and 4.3 present properties of these extensions that are used in Sections 5 and 6. The main state-
ments are proved in Section 4.4.

4.1 Main statements

Let pT , T0, T0;P q be a graph framing and u P rXT pXq be a J-holomorphic map. By the definition

of T0;P , gpΣu1;wq“0 for all u1P rU and wPVerc0;P . By (q5) in Section 2.2, the functions

qzw;u1 ”
1

z`ew;u1
: Σu1;w´

 

x`ewpu
1q
(

ÝÑ C, wPVerc0;P , (4.1)

are thus holomorphic coordinates. Let

qxe;u1 ” qzw;u1
`

x´e pu
1q
˘

P C, @ wPVerc0;P , ePE
`
w . (4.2)

By (4.1), (q4) in Section 2.2, and the sentence after (2.27),

|qzw;u1pxq|, |qxe;u1 | ď δ´1
B̄

@ wPVerc0;P , ePE
`
w , xPΣu1;w´Σu1;ewpδB̄q. (4.3)

Analogous to (3.4), we can assume

z´e;u1pxq “ qzw;u1pxq ´ qxe;u1 @ wPVerc0;P , ePE
`
w , xPΣ´u1;ep8δB̄q. (4.4)

We denote by υ0;P , υ0, and υ0χ the images of υ in

∆0;P ” ∆XĄFT
`

Edg0;P

˘

, ∆0 ” ∆XĆF0T , and ∆0χ ” ∆XĄFT
`

Edg0\χpT0q
˘

,
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respectively. In particular,
ρwpυq“ρwpυ0q @wPVer0. (4.5)

For υP∆, denote by

H1,0
S

`

Συ;0p8δB̄q
˘

and H1,0
S pΣυ;0q

the (infinite-dimensional) vector spaces of meromorphic differentials on Συ;0p8δB̄q and Συ;0, respec-
tively, having at worst the following two types of poles:

‚ simple poles at the nodes of Συ;0 with the residues adding up to 0 at each node;

‚ poles at the marked points xspυq with sPS.

Let E0;SÝÑ∆0 be the vector bundle with fibers

E0;S |υ0 “ H
1,0
S pΣυ0;0q @ υ0P∆0.

If S“H, E0;S is the vector bundle induced by the relative dualizing sheaf of the family

U0ĂU|∆0ÝÑ∆0

of deformations of the contracted curves Σu1;0 of the elements of rU . Every E0;S |υ0 determines a

subspace of H1,0
S

`

Συ0;0p8δB̄q
˘

, which is still denoted by E0;S |υ0 . Since gpΣu1;wq“0 for all wPVerc0;P

and mpSqĂVer0;P ,
supp η Ă q´1

υ0;P

`

Σu1;0;P

˘

@ ηPE0;S |υ0;P . (4.6)

Let βυ be as in (2.35). For every element ηυ ofH1,0
S

`

Συ;0p8δB̄q
˘

, we view βυηυ as a smooth differential

on Συ´txspυqusPS that satisfies the same properties as the elements of H1,0
S

`

Συ;0p8δB̄q
˘

.

Proposition 4.1. Let pT , T0, T0;P q be a graph framing and uP rXT pXq be a J-holomorphic map.

If ∆ is a sufficiently small neighborhood of u in ĄFT , there exists a continuous family of injective
homomorphisms

Rυ : ES |π
ĆFT
pυq ÝÑ H

1,0
S

`

Συ;0p8δB̄q
˘

, υP∆,

such that

(E1) for all u1P rU , υP∆|u1, and ψPES |u1,
Ru1ψ“ψ.

Moreover, if u1P rU , υP∆|u1, ψPES |u1, e‚PχpT0;P q, and

 

Rυ0;Pψ
(

x
“

8
ÿ

k“0

cpkqe‚;υpψq
´

z´e‚;υ0;P
pxq

¯k
dz´e‚;υ0;P

@xPΣ´υ0;P ;e‚p8δB̄q (4.7)

for some c
pkq
e‚;υpψqPC with kPZě0, then
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(E2) for all ePyEdg
c

0;P with xey“e‚ and xPΣυ;ep8δB̄q,

 

Rυψ
(

x
“ ρw´e pυq

8
ÿ

k“0

cpkqe‚;υpψq

ˆ

z´e;υpxqρw´e pυq `
ÿ

e‚ăe1ĺe

qxe1;u1ρw´
e1
pυq

˙k

dz´e;υ ;

(E3) for all wPVerc0;P with xewy“e‚ and xPΣmn
υ;w,

 

Rυψ
(

x
“ ρwpυq

8
ÿ

k“0

cpkqe‚;υpψq

ˆ

qzw;u1
`

qυpxq
˘

ρwpυq `
ÿ

e‚ăe1ĺew

qxe1;u1ρw´
e1
pυq

˙k

d
`

qzw;u1˝qυ
˘

.

Corollary 4.2. Let βυ be as in (2.35) and Rυ be as in Proposition 4.1. There exists a constant
C PR such that for all u1P rU , υP∆|u1, and ψPES |u1,

supp
`

βυRυψ
˘

ĂΣυ;0p4δB̄q, supp
`

B̄pβυRυψq
˘

Ă
ď

ePχpT0q

`

Σ`υ;ep4δB̄q´Σ`υ;ep2δB̄q
˘

,

›

›

`

B̄pβυRυψq
˘

|Σ`υ;ep4δB̄q´Σ`υ;ep2δB̄q

›

›

C0 ď C
›

›pRυψq
ˇ

ˇ

Σ`υ;ep4δB̄q´Σ`υ;ep2δB̄q

›

›

C0 @ ePχpT0q.

Proof. By (2.35),

supp pβυqĂΣυ;0p4δB̄q, supp pB̄βυqĂ
ď

ePχpT0q

`

Σ`υ;ep4δB̄q´Σ`υ;ep2δB̄q
˘

, }B̄βυ}C0 ď C (4.8)

for some C P R. The first statement in Corollary 4.2 follows from the first statement in (4.8).
Since RυψPH1,0

S

`

Συ;0p8δB̄q
˘

, the last two statements in Corollary 4.2 then follow from the last two
statements in (4.8), respectively.

4.2 Further implications

For all kPZě0, u1P rU , υP∆|u1 , ψPES |u1 , and ePχpT0q, define c
pkq
e;υpψqPC by

 

Rυ0ψ
(

x
“

8
ÿ

k“0

cpkqe;υpψq
´

z´e;υ0
pxq

¯k
dz´e;υ0

@xPΣ´υ0;ep8δB̄q. (4.9)

By Cauchy’s Integral Formula and the assumption that the nodes, there exists Ck “Ckpuq such
that

ˇ

ˇcpkqe;υpψq
ˇ

ˇ ď Ck
›

›Rυ0ψ
›

›

C0pΣ´υ0;ep8δB̄qq
@ kPZě0, ePχpT0q, υP∆, ψPE0|π

ĆFT
pυq. (4.10)

For ePχpT0qXχpT0;P q, (4.9) agrees with (4.7).

Corollary 4.3. Suppose pT , T0, T0;P q, u, ∆, and Rυ are as in Proposition 4.1 and ψ is as in (4.9).
If υP∆ and e‚PχpT0q satisfy

υe ‰ 0 @ eP}Edg
c

0;P with eľxe‚y, (4.11)

then
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(E 12) for all ePyEdg
c

0;P with xey“xe‚y and xPΣυ;ep8δB̄q,

 

Rυψ
(

x
“ρw´e pυq

8
ÿ

k“0

c
pkq
e‚;υpψq

ρk`1
w´
e‚
pυq

ˆ

z´e;υpxqρw´e pυq `
ÿ

xe‚,eyăe1ĺe

qxe1;u1ρw´
e1
pυq ´

ÿ

xe‚,eyăe1ĺe‚

qxe1;u1ρw´
e1
pυq

˙k

dz´e;υ ;

(E 13) for all wPVerc0;P with xewy“xe
‚y and xPΣmn

υ;w,

 

Rυψ
(

x

“ρwpυq
8
ÿ

k“0

c
pkq
e‚;υpψq

ρk`1
w´
e‚
pυq

ˆ

qzw;u1
`

qυpxq
˘

ρwpυq `
ÿ

xe‚,ewyăe1ĺew

qxe1;u1ρw´
e1
pυq ´

ÿ

xe‚,ewyăe1ĺe‚

qxe1;u1ρw´
e1
pυq

˙k

d
`

qzw;u1˝qυ
˘

.

Proof. By (4.9) and (E2) in Proposition 4.1,

c
pkq
e‚;υpψq “ ρk`1

w´
e‚
pυq

8
ÿ

`“0

ˆ

k``

k

˙

c
pk``q
xe‚y;υpψq

´

ÿ

xe‚yăeĺe‚

qxe;u1ρw´e pυq
¯`

@ kPZě0. (4.12)

This implies that

|c
pkq
e‚;υ

pψq|

|ρk`1

w´
e‚
pυq|

ď Ck
›

›Rυ0;Pψ
›

›

C0pΣ´
υ0;P ;xe‚y

p8δB̄qq
,

ˇ

ˇ

ˇ

c
pkq
e‚;υ

pψq

ρk`1

w´
e‚
pυq
´c

pkq
xe‚y;υpψq

ˇ

ˇ

ˇ
ď Ck|υ|

›

›Rυ0;Pψ
›

›

C0pΣ´
υ0;P ;xe‚y

p8δB̄qq

@ kPZě0. (4.13)

The sums in (E 12) and (E 13) thus converge. Substituting (4.12) into the expressions in (E 12)
and (E 13), we obtain the expressions in (E2) and (E3) in Proposition 4.1, respectively.

Fix e‚PχpT0q and w‹PyVer
c

0;P with w`e‚ ľw‹. For wPtP uYyVer
c

0;P , u1P rU , υP∆|u1 satisfying (4.11),
and ψPES |u1 , define

rC‚w‹;υpψ;wq “
|c
p1q
e‚;υpψq|

|ρ2
w´
e‚
pυq|

` }ψ}|ρxw‹,wypυq| P Rě0. (4.14)

In particular,

rC‚w‹;υpψ;w1q ď rC‚w‹;υpψ;wq if xw‹, w1yľxw‹, wy;

rC‚w‹;υpψ;w1q ď
|ρxw‹,w1ypυq|

|ρxw‹,wypυq|
rC‚w‹;υpψ;wq if xw‹, w1yĺxw‹, wy

(4.15)

for all w1, wPyVer
c

0;P . By the k“1 case of the first bound in (4.13), there exists C PR such that

rC‚w‹;υpψ;wq ď C}ψ} @ υP∆, wPtP uYyVer
c

0;P . (4.16)

Without loss of generality, we hereafter assume

ˇ

ˇ

qxe;u1
ˇ

ˇ ě 16δB̄ @ ePEdgc0;PY
`

χpT0q´χpT0;P q
˘

, u1P rU . (4.17)
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Corollary 4.4. Suppose pT , T0, T0;P q, u1, ∆, and Rυ are as in Proposition 4.1, ψ P ES |u1 is as
in (4.9), and υP∆ and e‚, e1PχpT0q satisfy (4.11). Then, there exists C PR such that

(E 22) for all ePyEdg
c

0;P with eĺe1 and xPΣυ;ep8δB̄q,

ˇ

ˇ

ˇ

ˇ

ˇ

tRυψux

´

B

Bz´e;υ

¯

´
ρw´e pυq

ρw´
e1
pυq

c
p0q
e1;υpψq

ˇ

ˇ

ˇ

ˇ

ˇ

ď C

ˆ

ˇ

ˇρ2
w´e
pυq

ˇ

ˇ

´

|υe|`
ˇ

ˇz´e;υpxq
ˇ

ˇ

¯

rC‚w‹;υpψ;w`e q

`
ˇ

ˇρ3
w´e
pυq

ˇ

ˇ

´

|υe|`
ˇ

ˇz´e;υpxq
ˇ

ˇ

¯2
}ψ}

˙

;

(E 23) for all wPtP uYVerc0;P with wĺw´e1 and xPΣmn
υ;w,

ˇ

ˇ

ˇ

ˇ

ˇ

tRυψux

´

B

Bpqzw;u1˝qυq

¯

´
ρwpυq

ρw´
e1
pυq

c
p0q
e1;υpψq

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
ˇ

ˇρ2
wpυq

ˇ

ˇ rC‚w‹;υpψ;wq.

Proof. Suppose first that xe1y“xe‚y. The bound in (E 22) with rC‚w‹;υpψ;w`e q replaced by

rC‚
w`
e‚

;υ
pψ;w`e q ”

|c
p1q
e‚;υ

pψq|

|ρ2

w`
e‚
pυq|

` }ψ}|ρ
xw`
e‚
,wypυq| (4.18)

then follows from the values ofRυψ andRυ0ψ in (E 12) in Corollary 4.3 at x and x´e1pυ0q, respectively,
and (4.13). Since w`e‚ ľw‹,

rC‚
w`
e‚

;υ
pψ;w`e q ĺ rC‚w‹;υpψ;w`e q

and the bound in (E 22) follows from (4.18). The bound in (E 23) follows from the value of Rυψ
in (E 13) in Corollary 4.3 at x similarly.

If xe1y‰xe‚y, then

ρ
xw‹,w`e y

pυq, ρxw‹,wypυq “ ρP pυq “ 1 @ eĺe1, wĺw´e1 .

The claims (E 22) and (E 23) thus follow from the corresponding bounds for pe‚, w‹q “ pe1, w`e1 q
and (4.13) for pk, e‚q“p1, e1q.

For each wPtP uYyVer
c

0;P , fix epwqPχpT0q with w`epwqľw. For each ePyEdg
c

0;P , let pe“epw`e q.

Corollary 4.5. Suppose pT , T0, T0;P q, u1, ∆, Rυ, ψ, e‚, and w‹ are as in Corollary 4.4. Then,
there exists C PR such that

(R1) for all ePyEdg
c

0;P and xPΣυ;ep8δB̄q,

|Rυψ|x ď C

ˆ

|ρw´e pυq|

|ρw´
pe
pυq|

ˇ

ˇc
p0q
pe;υpψq

ˇ

ˇ` |ρ2
w´e
pυq|

´

|υe|`|z
´
e;υpxq|

¯

rC‚w‹;υpψ;w`e q

`|ρ3
w´e
pυq|

´

|υe|`|z
´
e;υpxq|

¯2
}ψ}

˙

|dxz
´
e;υ|;
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(R2) for every ePχpT0q,

}Rυψ}C0pΣυ;ep8δB̄qq
ď

ˇ

ˇcp0qe;υpψq
ˇ

ˇ` C|ρ2
w´e
pυq| rC‚w‹;υpψ;w´e q;

(R3) for every wPtP uYVerc0;P ,

}Rυψ}C0pΣmn
υ;wq

ď
|ρwpυq|

|ρw´
epwq
pυq|

ˇ

ˇc
p0q
epwq;υpψq

ˇ

ˇ` C|ρ2
wpυq|

rC‚w‹;υpψ;wq.

Proof. The bound in (R1) follows from (E 22) in Corollary 4.4 with e1“pe and (4.15). The bound
in (R2) is a consequence of (R1). The bound in (R3) follows from (E 23) in Corollary 4.4 with
e1“epwq and (4.15).

Corollary 4.6. Suppose pT , T0, T0;P q, u1, ∆, Rυ, ψ are as in Corollary 4.4 and υP∆ and e‚PχpT0q

satisfy (4.11). Then, there exists C PR such that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

ρw´e pυq
cp0qe;υpψq ´

1

ρw´
epwq
pυq

c
p0q
epwq;υpψq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
ˇ

ˇρ
xw,w`e y

pυq
ˇ

ˇ rC‚w‹;υ
`

ψ; xw,w`e y
˘

for all ePχpT0q and wPtP uYVerc0;P .

Proof. Choose xPΣmn
υ;xw,w`e y

. By (E 23) in Corollary 4.4 with w replaced by xw,w`e y and e1 replaced

by e, epwq,

ˇ

ˇ

ˇ

ˇ

ˇ

1

ρ
xw,w`e y

pυq
tRυψux

´

B
Bpqz

xw,w`e y;u
1˝qυq

¯

´
1

ρw´e pυq
cp0qe;υpψq

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
ˇ

ˇρ
xw,w`e y

pυq
ˇ

ˇ rC‚w‹;υ
`

ψ; xw,w`e y
˘

,

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1

ρ
xw,w`e y

pυq
tRυψux

´

B
Bpqz

xw,w`e y;u
1˝qυq

¯

´
1

ρw´
epwq
pυq

c
p0q
epwq;υpψq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď C
ˇ

ˇρ
xw,w`e y

pυq
ˇ

ˇ rC‚w‹;υ
`

ψ; xw,w`e y
˘

.

The claim follows from these inequalities.

By Corollary 4.6 with pw, eq replaced by pw´e , peq and (4.15),

|ρw´e pυq|

|ρw´
pe
pυq|

ˇ

ˇc
p0q
pe;υpψq

ˇ

ˇ ď
|ρw´e pυq|

|ρw´
epw´e q

pυq|

ˇ

ˇc
p0q

epw´e q;υ
pψq

ˇ

ˇ` C|ρ2
w´e
pυq| rC‚w‹;υpψ;w´e q @ eP}Edg

c

0;P . (4.19)

4.3 Some applications

We continue with the notation of Subsection 4.2. This subsection provides estimates that are
applied to the computation of the obstructions in Section 5.

Corollary 4.7. Suppose pT , T0, T0;P q, u, and ∆ are as in Proposition 4.1 and e‚, e˝PχpT0q satisfy

e˝‰e‚ and xe˝y“xe‚y. Let ψ“ψυ PE0|u1´t0u for υP∆|u1, u1P rU , be a continuous family such that

c
p0q
e‚;υpψq“0 @ υP∆, c

p1q
xe‚y;upψq‰0. (4.20)
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Then, there exists C PR such that

}ψ}, rC‚w‹;υpψ;w`e q ď C|υ|

ˇ

ˇve˝c
p0q
e˝;υpψq

ˇ

ˇ

|ρ2
e˝pυq|

for all ePχpT0q and υP∆ satisfying (4.11).

Proof. By the inequality in (4.20) and the k “ 1 case of the second bound in (4.13), there exist
C,C 1PR such that

}ψ} ď C
ˇ

ˇc
p1q
xe‚y;υpψq

ˇ

ˇ ď C 1
|c
p1q
e‚;υpψq|

|ρ2
w´
e‚
pυq|

@ υP∆.

By (E 12) in Corollary 4.3 with pυ, xq “
`

υ0, x
´
e˝pυ0q

˘

, the equality in (4.20), and the first bound
in (4.13),

|ρe˝pυq|
ˇ

ˇρxe‚,e˝ypυq
ˇ

ˇ

|c
p1q
e‚;υpψq|

|ρ2
w´
e‚
pυq|

ď C
´

ˇ

ˇve˝c
p0q
e˝;υpψq

ˇ

ˇ`|υ||ρe˝pυq|
ˇ

ˇρxe‚,e˝ypυq
ˇ

ˇ}ψ}
¯

@ υP∆

for some C PR. The claim for }ψ} follows from the above two inequalities; combined with (4.16),
this in turn implies the claim for rC‚w‹;υpψ;w`e q.

Corollary 4.8. Suppose pT , T0, T0;P q, u, and ∆ are as in Proposition 4.1 and e1, e2 PχpT0q and
w‹PVerc0;P satisfy

ˇ

ˇte‚, e1, e2u
ˇ

ˇ“3, xe‚y“xe1y“xe2y, xe1, e2yľxe‚, e1y“xe
‚, e2y“ew‹ . (4.21)

Let ψ“ψυ PE0|u1´t0u for υP∆|u1, u1P rU , be a continuous family such that

c
p0q
e‚;υpψq“0 @ υP∆, c

p2q
xe‚y;upψq‰0. (4.22)

Then, there exists C PR such that

rC‚w‹;υpψ;w`e q ď C|υ|

˜

ˇ

ˇvec
p0q
e;υpψq

ˇ

ˇ

|ρ2
epυq|

`

ˇ

ˇve1c
p0q
e1;υpψq

ˇ

ˇ

|ρ2
e1pυq|

`

ˇ

ˇve2c
p0q
e2;υpψq

ˇ

ˇ

|ρ2
e2pυq|

¸

for all ePχpT0q with xey“xe‚y and υP∆ satisfying (4.11).

Proof. Given distinct e, e1PχpT0q with xey“xe1y, define qxe,e1pυq, qx
e,e1

u1 PC´t0u by

qxe,e1pυq “
ÿ

xe,e1yăe2ĺe

qxe2;u1ρw´
e2
pυq ´

ÿ

xe,e1yăe2ĺe1

qxe2;u1ρw´
e2
pυq,

qxe,e
1

u1 “ qxe`;u1´qxe1`;u1 with e`, e1
`
P V `

xw`e ,w
`

e1
y
, e`ĺe, e1

`
ĺe1.

In particular,
ˇ

ˇ

qxe,e1pυq ´ qxe,e
1

u1 ρxe,e1ypυq
ˇ

ˇ ď C|υ||ρxe,e1ypυq|. (4.23)
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By (E 12) in Corollary 4.3 for υ “ υ0 and x“ x´e pυ0q, the equality in (4.22), and the first bound
in (4.13), there exists C PR such that

ˇ

ˇ

ˇ

ˇ

vec
p0q
e;υpψq

ρepυqqxe,e‚pυq
´
c
p1q
e‚;υpψq

ρ2
w´
e‚
pυq

´ qxe,e
‚

u1

c
p2q
e‚;υpψq

ρ3
w´
e‚
pυq

ρxe‚,eypυq

ˇ

ˇ

ˇ

ˇ

ď C}ψ}|υ|
ˇ

ˇρxe‚,eypυq
ˇ

ˇ (4.24)

for all e P χpT0q´te
‚u with xey “ xe‚y. By (E 12) in Corollary 4.3 for υ “ υ0, e “ e1, e2, and

x“x´e1pυ0q, x
´
e2pυ0q, there similarly exists C PR such that

ˇ

ˇ

ˇ

ˇ

ve1c
p0q
e1;υpψq

ρe1pυqqxe1,e‚pυq
´

ve2c
p0q
e2;υpψq

ρe2pυqqxe2,e‚pυq
´ qxe1,e2u1

c
p2q
e‚;υpψq

ρ3
w´
e‚
pυq

ρxe1,e2ypυq

ˇ

ˇ

ˇ

ˇ

ď C}ψ}|υ|
ˇ

ˇρxe1,e2ypυq
ˇ

ˇ (4.25)

for e1, e2 satisfying the assumptions of the corollary.

By (4.13) and the last two assumptions in (4.22),

}ψ} ď C
ˇ

ˇc
p2q
xe‚y;υpψq

ˇ

ˇ ď C 1
ˇ

ˇ

ˇ

ˇ

c
p2q
e‚;υpψq

ρ3
w´
e‚
pυq

ˇ

ˇ

ˇ

ˇ

ď C2}ψ} @ υP∆ (4.26)

for some C,C 1, C2PR. By (4.23) and the last property in (4.21),

C|ρw‹pυq| ď |qxe1,e‚pυq|, |qxe2,e‚pυq| ď C 1|ρw‹pυq|

for some C,C 1PR`. By (4.25) and (4.26), there thus exist C,C 1PR` such that

ˇ

ˇ

ˇ

ˇ

c
p2q
e‚;υpψq

ρ3
w´
e‚
pυq

ˇ

ˇ

ˇ

ˇ

, }ψ} ď
C

|ρxe1,e2ypυq|

ˆ

|ve1c
p0q
e1;υpψq|

|ρe1pυqqxe1,e‚pυq|
`

|ve2c
p0q
e2;υpψq|

|ρe2pυqqxe2,e‚pυq|

˙

ď
C 1|υ|

|ρw‹pυq|

ˆ

|ve1c
p0q
e1;υpψq|

|ρ2
e1pυq|

`
|ve2c

p0q
e2;υpψq|

|ρ2
e2pυq|

˙

(4.27)

Combined with (4.24) for e“e1, (4.23) for pe, e1q“pe1, e
‚q, and the last property in (4.21), this gives

ˇ

ˇ

ˇ

ˇ

c
p1q
e‚;υpψq

ρ2
w´
e‚
pυq

ˇ

ˇ

ˇ

ˇ

ď C

ˆˇ

ˇ

ˇ

ˇ

ve1c
p0q
e1;υpψq

ρe1pυqρxe‚,e1ypυq

ˇ

ˇ

ˇ

ˇ

`}ψ}|ρxe‚,e1ypυq|

˙

ď C 1
ˆ

|ve1c
p0q
e1;υpψq|

|ρe1
2pυq|

`
|ve2c

p0q
e2;υpψq|

|ρ2
e2pυq|

˙

(4.28)

for some C,C 1 P R. Combining (4.27) with (4.28), we obtain the claim of the corollary for all
ePχpT0q with w`e ľw‹.

Suppose ePχpT0q with xey“xe‚y and w`e ńw‹. By (4.26), (4.24), and (4.28),

}ψ}|ρ
xw‹,w`e y

pυq| ď C

ˇ

ˇ

ˇ

ˇ

c
p2q
e‚;υpψq

ρ3
w´
e‚
pυq

ˇ

ˇ

ˇ

ˇ

|ρxe‚,eypυq| ď C 1
ˆ
ˇ

ˇ

ˇ

ˇ

vec
p0q
e;υpψq

ρepυqρxe‚,eypυq

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

c
p1q
e‚;υpψq

ρ2
w´
e‚
pυq

ˇ

ˇ

ˇ

ˇ

˙

ď C2
ˆ

|vec
p0q
e;υpψq|

|ρe2pυq|
`
|ve1c

p0q
e1;υpψq|

|ρe1
2pυq|

`
|ve2c

p0q
e2;υpψq|

|ρ2
e2pυq|

˙

.

Along with (4.28) again, this completes the proof of the corollary.
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Corollary 4.9. Suppose pT , T0, T0;P q is a pseudo-tree framing and u1, ∆, Rυ, ψ, e‚, and w‹ are
as in Corollary 4.6. Let wPtP uYVerc0;P and ePχpT0q. There exists C PR such that

‚ if xw`e , wy‰xw
‹, wy, then

|ρ2
epυq|

|ρ2
xw,w`e y

pυq|

ˆ

|ρwpυq|

|ρw´
epwq
pυq|

ˇ

ˇc
p0q
epwq;υpψq

ˇ

ˇ`|ρ2
wpυq|

rC‚w‹;υpψ;wq

˙

ď C
´

|υe|
2
ˇ

ˇcp0qe;υpψq
ˇ

ˇ` |ρ2
epυq|

rC‚w‹;υpψ;w`e q
¯

;

‚ if xw‹, w`e yĺxw‹, wy, then

|ρ2
epυq|

|ρ 2
xw‹,wypυq|

ˆ

|ρwpυq|

|ρw´
epwq
pυq|

ˇ

ˇc
p0q
epwq;υpψq

ˇ

ˇ`|ρ2
wpυq|

rC‚w‹;υpψ;wq

˙

ď C
´

|ρ2
epυq|

|ρ2
e‚pυq|

|υe‚ |
2
ˇ

ˇc
p0q
e‚;υpψq

ˇ

ˇ` |ρ2
epυq|

rC‚w‹;υpψ;w`e q
¯

;

‚ if w`e ľxw‹, wy, then

|ρ 2
xw‹,w`e y

pυq||ρ2
epυq|

|ρ 4
xw‹,wypυq|

ˆ

|ρwpυq|

|ρw´
epwq
pυq|

ˇ

ˇc
p0q
epwq;υpψq

ˇ

ˇ`|ρ2
wpυq|

rC‚w‹;υpψ;wq

˙

ď C
´

|υe|
2
ˇ

ˇcp0qe;υpψq
ˇ

ˇ` |ρ2
epυq|

rC‚w‹;υpψ;w`e q
¯

.

Proof. If xw`e , wy‰xw
‹, wy, then

w ľ xw‹, w`e y, xw‹, wy,
@

w‹, xw`e , wy
D

ľ xw‹, w`e y.

The first inequality in the corollary follows from Corollary 4.6 and the first inequality in (4.15).
Since

xw‹, xw`e‚ , w
`
e yy “ xw

‹, w`e y,

the second inequality in the corollary follows from Corollary 4.6 with e“e‚ and the first inequality
in (4.15).

If w`e ľxw‹, wy, then
xw,w`e y, xw

‹, w`e y ľ xw‹, wy “
@

w‹, xw,w`e y
D

.

Along with the second inequality in (4.15), this implies that

|ρ
xw‹,w`e y

pυq|

|ρxw‹,wypυq|
rC‚w‹;υpψ;wq ď rC‚w‹;υpψ;w`e q.

Combined with Corollary 4.6 and the first inequality in (4.15), this establishes the last inequality
in the corollary.

Corollary 4.10. Suppose pT , T0, T0;P q, u1, ∆, Rυ, ψ, e‚, and w‹ are as in Corollary 4.9. Let

eP}Edg
c

0;P . There exists C PR such that
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‚ if w`e łw‹, then

ÿ

e1PχpT0q

e1ąe

|ρ2
e1pυq|

|ρ 2
e pυq|

ˆ

|ρepυq|

|ρw´
pe
pυq|

ˇ

ˇc
p0q
pe;υpψq

ˇ

ˇ` |ρ2
epυq|

rC‚w‹;υpψ;w`e q

˙

ď C
ÿ

e1PχpT0q

´

|υe1 |
2
ˇ

ˇc
p0q
e1;υpψq

ˇ

ˇ`|ρ2
e1pυq|

rC‚w‹;υpψ;w`e1 q
¯

;

‚ if w`e ĺw‹, then

ÿ

e1PχpT0q

e1če

|ρ2
e1pυq|

|ρ 2
e pυq|

ˆ

|ρepυq|

|ρw´
pe
pυq|

ˇ

ˇc
p0q
pe;υpψq

ˇ

ˇ` |ρ2
epυq|

rC‚w‹;υpψ;w´e q

˙

ď C
ÿ

e1PχpT0q

ˆ

|ρ2
e1pυq|

|ρ2
e‚pυq|

|υe‚ |
2
ˇ

ˇc
p0q
e‚;υpψq

ˇ

ˇ`|ρ2
e1pυq|

rC‚w‹;υpψ;w`e1 q

˙

;

and

ÿ

e1PχpT0q

e1ąe

|ρ 2
xw‹,w`

e1
y
pυq||ρ2

e1pυq|

|ρ4
epυq|

ˆ

|ρepυq|

|ρw´
pe
pυq|

ˇ

ˇc
p0q
pe;υpψq

ˇ

ˇ` |ρ2
epυq|

rC‚w‹;υpψ;w`e q

˙

ď C
ÿ

e1PχpT0q

´

|υe1 |
2
ˇ

ˇc
p0q
e1;υpψq

ˇ

ˇ`|ρ2
e1pυq|

rC‚w‹;υpψ;w`e1 q
¯

.

Proof. If w`e łw‹ and e1PχpT0q with e1ąe, then

xw`e1 , w
`
e y “ w`e ą xw‹, w`e y.

If w`e ĺw‹ and e1PχpT0q with e1ąe, then

w`e1 ą w`e “ xw
‹, w`e y.

The first and the third inequalities in the corollary thus follow from the corresponding bounds in
Corollary 4.9 with pw, eq replaced by pw`e , e

1q. If w`e ĺw‹ and e1PχpT0q with e1če, then

xw‹, w`e1 y ĺ w´e “ xw
‹, w´e y,

rC‚w‹;υpψ;w´e q ď
rC‚w‹;υpψ;w`e1 q.

Combined with the second bound in Corollary 4.9 with pw, eq replaced by pw`e , e
1q, this implies the

second inequality in the corollary.

4.4 Proof of Proposition 4.1

The Taylor series expansion (4.7) implies that
ř

kě0ckz
k converges if |z| ă 8δB̄. By (q4) in Sec-

tion 2.2,
|z´e;υpxq| ď 8δB̄ @ ePyEdg

c

0;P , xPΣυ;ep8δB̄q. (4.29)

50



By (4.29) and (3.11),

ˇ

ˇz´e;υpxqρw´e pυq
ˇ

ˇ`

ˇ

ˇ

ˇ

ÿ

e0ăe1ĺe

qxe1;u1ρw´
e1
pυq

ˇ

ˇ

ˇ
ď 8δB̄`0 “ 8δB̄ (4.30)

for all ePχpT0;P q and xPΣυ;ep8δB̄q. By (4.29), (3.11), the sentence containing (2.28), and (4.3),

ˇ

ˇz´e;υpxqρw´e pυq
ˇ

ˇ`

ˇ

ˇ

ˇ

ÿ

e0ăe1ĺe

qxe1;u1ρw´
e1
pυq

ˇ

ˇ

ˇ
ď 8δB̄|υ|`

1

δB̄

|υ|

1´|υ|
ă 4δB̄`

δB̄
8
ă 8δB̄ (4.31)

for all e PyEdg
c

0;P ´χpT0;P q and x PΣυ;ep8δB̄q. The series in (E2) thus converges. By (4.3), (3.11),
and the sentence containing (2.28),

ˇ

ˇ

qzw;u1
`

qυpxq
˘

ρwpυq
ˇ

ˇ`

ˇ

ˇ

ˇ

ÿ

e0ăe1ĺew

qxe1;u1ρw´
e1
pυq

ˇ

ˇ

ˇ
ď

1

δB̄
|υ|`

1

δB̄

|υ|

1´|υ|
ă
δB̄
16
`
δB̄
8
ă 8δB̄ (4.32)

for all w P Verc0;P and x P q´1
υ

`

Σu1;w

˘

´Συ;ewpδB̄q. Since Σmn
υ;w Ă q´1

υ

`

Σu1;w

˘

´Συ;ewpδB̄q, the series
in (E3) also converges.

Let ă be a (strict) total order on yEdg
c

0;P extending ă. For every ePyEdg
c

0;P , let

Eăe “ Edg0;P Y
 

e1PyEdg
c

0;P : e1ăe
(

, Eďe “ Eăe Yteu, υăe “ υ
`

Eăe
˘

, υďe “ υ
`

Eďe
˘

.

By (3.11),

ρwpυ
ď
e q“ρwpυ

ă
e q @ ePyEdg

c

0;P , wPVerc0;P´tw
`
e u,

ρw`e pυ
ď
e q“ve ρw´e pυ

ă
e q @ eP}Edg

c

0;P .
(4.33)

For ePyEdg
c

0;P , we will inductively construct injective homorphisms

Rυďe : ES |u1 ÝÑ H1,0
S

`

Συďe ;0p8δB̄q
˘

, u1P rU, υP∆|u1 , (4.34)

so that (E1), (E2), and (E3) with υ“υďe are satisfied.

Fix a continuous family of isomorphisms

Rυ0;P : ES |u1 ÝÑ ES |υ0;P Ă H
1,0
S

`

Συ0;P ;0p8δB̄q
˘

, u1P rU, υ0;P P∆0;P |u1 ,

so that (E1) holds for υ“υ0;P . By the first equation in (3.11),

ρwpυ0;P q“0 @ υ0;P P∆0;P , wPVerc0;P .

Combined with the second equation in (3.11) and (4.6), this gives (E2) and (E3) with υ“υ0;P .

Suppose ePyEdg
c

0;P and we have constructed a continuous family of isomorphisms

Rυăe : ES |u1 ÝÑ H1,0
S

`

Συăe ;0p8δB̄q
˘

, u1P rU, υP∆|u1 ,

51



so that (E1), (E2), and (E3) with υ“υăe are satisfied. Given ψPES |u1 as in (4.7) with e0“xey, let

ck“c
pkq
e0;υpψq. By (E2) with υ“υăe ,

 

Rυăe ψ
(

x
“ρw´e pυ

ă
e q

8
ÿ

k“0

ck

ˆ

z´e;υăe pxqρw´e pυ
ă
e q `

ÿ

e0ăe1ĺe

qxe1;u1ρw´
e1
pυăe q

˙k

dz´e;υăe (4.35)

for all xPΣυăe ;ep8δB̄q. We define a holomorphic 1-form Rυe

`

Rυăe ψ
˘

on Συďe ;ep8δB̄q by

 

Rυe

`

Rυăe ψ
˘(

x
“ρw´e pυ

ă
e q

8
ÿ

k“0

ck

ˆ

z´
e;υďe

pxqρw´e pυ
ă
e q `

ÿ

e0ăe1ĺe

qxe1;u1ρw´
e1
pυăe q

˙k

dz´
e;υďe

(4.36)

for all xPΣυďe ;ep8δB̄q. By (4.30) or (4.31), the infinite sum converges. By (2.26),
 

Rυe

`

Rυăe ψ
˘(

x
“
 

q˚
υăe ;υďe

`

Rυăe ψ
˘(

x
@xPΣ´

υďe ;e
p8δB̄q´Σ´

υďe ;e
pδB̄q. (4.37)

If in addition υe“0, i.e. υďe “υ
ă
e , then

 

Rυe

`

Rυăe ψ
˘(

x
“
 

Rυăe ψ
(

x
@xPΣυďe ;ep8δB̄q. (4.38)

Suppose ePχpT0q. Define Rυďe in (4.34) by

 

Rυďe ψ
(

x
“

#

 

q˚
υăe ;υďe

`

Rυăe ψ
˘(

x
, if x P Συďe ;0p8δB̄q´

`

Σ´
υďe ;e

pδB̄qYΣ`
υďe ;e

p8δB̄q
˘

;
 

Rυe

`

Rυăe ψ
˘(

x
, if x P Συďe ;ep8δB̄q.

(4.39)

By (4.37), the two expressions above agree on the overlap. By the target space of Rυăe ψ, (q2) in
Section 2.2, and Rυe

`

Rυăe ψ
˘

being holomorphic,

Rυďe ψ P H
1,0
S

`

Συďe ;0p8δB̄q
˘

. (4.40)

By (4.38), the right-hand side of (4.39) reduces to Rυăe ψ if υe“0. Thus, (E1) with υ“υďe follows
from the same equation with υ“υăe .

By the first case of (4.39), (E2) with υ “ υăe , (2.26), and (4.33), (E2) with υ “ υďe holds for all

e1 P yEdg
c

0;P with e1 ‰ e. By the second case of (4.39), (4.36), and (4.33), the property (E2) with
υ“υďe holds for the edge e. By the first case of (4.39), (E3) with υ“υăe , (2.23), and (4.33), (E3)
with υ“υďe holds for all wPVerc0;P .

Suppose eP}Edg
c

0;P . By (q4) in Section 2.2 and (4.1),

z´
e;υďe

pxq “ qzw`e ;u1

`

qυďe pxq
˘

ve @xPΣ`
υďe ;e

p8δB̄q´Σ`
υďe ;e

pδB̄q.

Along with (4.36) and (4.33), this implies that
 

Rυe

`

Rυăe ψ
˘(

x

“ veρw´e pυ
ă
e q

8
ÿ

k“0

ck

ˆ

qzw`e ;u1

`

qυďe pxq
˘

veρw´e pυ
ă
e q `

ÿ

e0ăe1ĺe

qxe1;u1ρw´
e1
pυăe q

˙k

d
`

qzw`e ;u1˝qυďe
˘

“ ρw`e pυ
ď
e q

8
ÿ

k“0

ck

ˆ

qzw`e ;u1

`

qυďe pxq
˘

ρw`e pυ
ď
e q `

ÿ

e0ăe1ĺe

qxe1;u1ρw´
e1
pυďe q

˙k

d
`

qzw`e ;u1˝qυďe
˘

(4.41)
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for all xPΣ`
υďe ;e

p8δB̄q´Σ`
υďe ;e

pδB̄q. By (4.32), the infinite sum above converges on

Σ0
υďe ;w`e

” q´1
υďe

`

Σu1;w`e

˘

´Συďe ;epδB̄q.

Thus, Rυe

`

Rυăe ψ
˘

extends to a holomorphic differential on Σ0
υďe ;w`e

.

If eP}Edg
c

0;P , we define Rυďe in (4.34) by

 

Rυďe ψ
(

x
“

#
 

q˚
υăe ;υďe

`

Rυăe ψ
˘(

x
, if x P Συďe ;0p8δB̄q´

`

q´1
υďe

`

Σu1;w`e

˘

YΣυďe ;epδB̄q
˘

;
 

Rυe

`

Rυăe ψ
˘(

x
, if xPq´1

υďe

`

Σu1;w`e

˘

YΣυďe ;ep8δB̄q.
(4.42)

By (4.37), the two expressions above agree on the overlap. By the reasoning below (4.39), (4.42)
satisfies (4.40), (E1) with υ“υďe , (E2) with pυ, eq replaced by pυďe , e

1q and e1RE`
w`e

, and (E3) with

υ“υďe and w‰w`e . By the second case of (4.42) and (4.41), (E3) with υ“υďe holds for w“w`e .

For every e˚PE`
w`e

,

w`e “ w´e˚ , pυăe qe˚ , pυ
ď
e qe˚“0. (4.43)

By the second case of (4.42), (4.41), (4.4), and the first equation in (4.43),

 

Rυďe ψ
(

x
“ρw`e pυ

ď
e q

8
ÿ

k“0

ck

ˆ

z´
e˚;υďe

pxqρw`e pυ
ď
e q ` qxe˚;u1ρw`e pυ

ď
e q `

ÿ

e0ăe1ĺe

qxe1;u1ρw´
e1
pυďe q

˙k

dz´
e˚;υďe

“ρw´
e˚
pυďe q

8
ÿ

k“0

ck

ˆ

z´
e˚;υďe

pxqρw´
e˚
pυďe q `

ÿ

e0ăe1ĺe˚

qxe1;u1ρw´
e1
pυďe q

˙k

dz´
e˚;υďe

for every xPΣ´
υďe ;e˚

p8δB̄q. This establishes (E2) with pυ, eq replaced by pυďe , e
˚q and xPΣ´

υďe ;e˚
p8δB̄q.

By the second equations in (4.43) and (q4) in Section 2.2,

dz´e˚;υăe

ˇ

ˇ

Σ`
υăe ;e˚

p8δB̄q
“0, dz´

e˚;υďe

ˇ

ˇ

Σ`
υďe ;e˚

p8δB̄q
“0. (4.44)

Combined with the first case of (4.42) and (E2) with υ“υăe , (4.44) implies

 

Rυďe ψ
(

x
“ 0 “ ρw´

e˚
pυďe q

8
ÿ

k“0

ck

ˆ

z´
e˚;υďe

pxqρw´
e˚
pυďe q `

ÿ

e0ăe1ĺe˚

qxe1;u1ρw´
e1
pυďe q

˙k

dz´
e˚;υďe

for all xPΣ`υăe ;e˚p8δB̄q.

If e˚ is the maximal element of yEdg
c

0;P with respect to ă, then υďe˚“υ0χ. When the above induction
terminates, we thus obtain a continuous family of isomorphisms

Rυ0χ : ES |u1 ÝÑ H1,0
S

`

Συ0χ;0p8δB̄q
˘

, u1P rU, υ0χP∆0χ|u1 , (4.45)

so that (E1), (E2), and (E3) with υ“υ0χ are satisfied. Define

Rυ “ q˚υ0χ;υ˝Rυ0χ : ES |u1 ÝÑ H1,0
S

`

Συ;0p8δB̄q
˘

@u1P rU, υP∆|u1 .

(E1) then follows from the same equation with υ“υ0χ and qu1;u1“ id. By (3.11),

ρwpυ0χq “ ρwpυq @wPVer0, υP∆.

Therefore, (E2) follows from (E2) with υ“υ0χ and (2.26), while (E3) follows from (E3) with υ“υ0χ

and (2.23).
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5 Computation of obstructions

Let pT , T0, T0;P q be a graph framing; see the beginning of Section 2.2. With E0 ” E0;H as in
Section 4.1 and ev0 as in (2.29), let

Obs0 “ E˚0 |rU bJ ev˚0TX ÝÑ rU (5.1)

be the obstruction bundle of the two-step pregluing construction of Section 2.2 with a fixed norm }¨}.
Let Rυ be as in Proposition 4.1. With βυ as in (2.35) and rξυ;1 as in (2.32), we define a homomor-
phism

Θυ : Γ0,1pυq ÝÑ Obs0|π
ĆFT
pυq,

 

Θυpηq
(

ψ “
i

2π

ż

Συ

`

βυRυψ
˘

^
`

Π´1
rξυ;1˝qυ1;υ01˝rqυ

η
˘

@ψPE0|π
ĆFT
pυq.

(5.2)

By (2.32) and the first statement in Corollary 4.2, rξυ;1 is defined on the support of βυRυψ. Since
βυRυψ has at worst simple poles at the nodes of Συ, the integral in (5.2) is well-defined. By
Hölder’s Inequality and (E1) in Proposition 4.1,

}Θυpηq} ď C}η}υ,p @ ηPΓ0,1pυq (5.3)

for some C PR.

In Section 5, we consider the quadratic expansion

Π´1
ξ

`

B̄J expuυξ
˘

“ B̄Juυ `Dυξ `Nυpξq @ ξPΓpυq (5.4)

of the B̄J -operator, where Dυ is the linear term as in (2.4) and Nυ is a quadratic term. Analyzing
the image of each term of the right-hand side of (5.4) under the homomorphism Θυ and introducing
a bootstrapping mechanism, we obtain estimates in Sections 5.1 and 5.2 that play crucial roles in
Section 6.

5.1 Terms of the quadratic expansion

For ePχpT0q, υP∆|u1 , ψPES |u1 , and u1P rU , let

D p`q
υ;eψ “

`´1
ÿ

k“0

cpkqe;υpψq
vk`1
e

pk`1q!

Bk`1
rξυ;1

Bpz`e;υ1q
k`1

ˇ

ˇ

ˇ

x`e pυ1q
@ `PZ`, Dυ;eψ “ D p1q

υ;eψ. (5.5)

Lemma 5.1. For every `PZ`, there exists C PR such that

ˇ

ˇ

ˇ

 

ΘυpB̄Juυq
(

ψ ´
ÿ

ePχpT0q

D p`q
υ;eψ

ˇ

ˇ

ˇ

ď C
ÿ

ePχpT0q

}Rυ0ψ}C0pΣ´υ0;ep8δB̄qq
|υe|

2
´

ˇ

ˇdx`e pυ1q
ruυ;1

ˇ

ˇ

2
`}rξυ;1|Σ`υ1;ep8δB̄q

}υ1,p,1

`

|υe|
2`|υe|

`´1
˘

¯

for all υP∆|u1, ψPES |u1, and u1P rU .
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Proof. Similarly to the proof of Lemma 3.8, rξυ;1 is J0;υ-holomorphic. By the Mean Value Inequality
[10, Lemma 4.3.1] and Hölder’s Inequality, there exists C PR such that

ˇ

ˇdx`e pυ1q
ruυ;1

ˇ

ˇ ď C}rξυ,1|Σ`υ1;ep8δB̄q
}υ1,p,1 @ ePχpT0q. (5.6)

By Lemma A.8, there exists C PR such that

ˇ

ˇdxruυ;1 ´ dx`e pυ1q
ruυ;1

ˇ

ˇ ď C}rξυ,1|Σ`υ1;ep8δB̄q
}υ1,p,1|z

`
e;υ1
pxq|

ˇ

ˇ

ˇ

rξυ,1pxq ´T
p`q
rξυ;1;0

`

z`e;υ1
pxq

˘

ˇ

ˇ

ˇ
ď C}rξυ,1|Σ`υ1;ep8δB̄q

}υ1,p,1|z
`
e;υ1
pxq|``1, `PZ`

(5.7)

for all xPΣ`υ1;ep8δB̄q and ePχpT0q. Therefore,

}rξυ,1|Σ`υ1;ep2|υe|{δB̄q
}υ1,p,1 ď C|υe|

2
p

´

ˇ

ˇdx`e pυ1q
ruυ;1

ˇ

ˇ` |υe|}rξυ,1|Σ`υ1;ep8δB̄q
}υ1,p,1

¯

,

}rξυ;1}C0pΣ`υ1;ep2|υe|{δB̄qq
ď C|υe|

´

ˇ

ˇdx`e pυ1q
ruυ;1

ˇ

ˇ` |υe|}rξυ,1|Σ`υ1;ep8δB̄q
}υ1,p,1

¯ (5.8)

for all ePχpT0q.

By the proof of [18, (4.23), (4.25)],

ˇ

ˇ

ˇ

 

ΘυpB̄Juυq
(

ψ ´
1

2πi

ÿ

ePχpT0q

8
ÿ

k“0

¿

BΣ`υ1;ep2|υe|{δB̄q

rξυ;1c
pkq
e;υpψq

vk`1
e

pz`e;υ1q
k`2

dz`e;υ1

ˇ

ˇ

ˇ

ď C
ÿ

ePχpT0q

}Rυ0ψ}C0pΣ´υ0;ep8δB̄qq
}rξυ;1}C0pΣ`υ1;ep2|υe|{δB̄qq

|υe|
p´2
p
›

›drξυ;1|Σ`υ1;ep2|υe|{δB̄q

›

›

υ1,p

for every ψ PE0|u1 . By the second inequality in (5.7) and Cauchy’s Integral Formula, there exists
C PR such that

ˇ

ˇ

ˇ

1

2πi

8
ÿ

k“0

¿

BΣ`υ1;ep2|υe|{δB̄q

rξυ;1c
pkq
e;υpψq

vk`1
e

pz`e;υ1q
k`2

dz`e;υ1
´D p`q

υ;eψ
ˇ

ˇ

ˇ

ď C}Rυ0ψ}C0pΣ´υ0;ep8δB̄qq
}rξυ,1|Σ`υ1;ep8δB̄q

}υ1,p,1|υe|
``1

for every ψPE0|u1 . The claim follows from the last two inequalities along with (5.8) and (5.6).

Lemma 5.2. There exists C PR such that
ˇ

ˇ

ˇ

 

ΘυpDυξq
(

ψ
ˇ

ˇ

ˇ
ď C

ÿ

ePχpT0q

›

›Rυ0ψ
›

›

C0pΣ´υ0;ep8δB̄qq
}ξ}C0pΣυ;ep8δB̄qq

|υe|

for all υP∆|u1 , u1P rU , ψPE0|u1 , and ξPΓpυq.

Proof. By (E2) in Proposition 4.1, (4.5), and the q“1 case of the second bound in (2.39),

ż

Συ;ep8δB̄q
|Rυψ||z

`
e;υ| ,

ż

Σ`υ;ep8δB̄q´Σ`υ;epδB̄q
|Rυψ| ď C|υe|

›

›Rυ0ψ
›

›

C0pΣ´υ0;ep8δB̄qq
(5.9)
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for all ePyEdg
c

0;P , ξ PΓpυq, and ψ PE0|u1 . By [21, Corollary 3.3] and Integration by Parts as in the
proof of [18, Lemma 4.4(7)], there exists C PR such that

ˇ

ˇ

ˇ

 

ΘυpDυξq
(

ψ
ˇ

ˇ

ˇ
ď C

ÿ

ePχpT0q

´

ż

Συ;ep8δB̄q
|Rυψ||z

`
e;υ||ξ| `

ż

Σ`υ;ep4δB̄q´Σ`υ;ep2δB̄q
|Rυψ||ξ|

¯

(5.10)

for all ξPΓpυq and ψPE0|u1 . Combining (5.10) with (5.9), we obtain the claim.

For all υP∆ and wPtP u\yVer
c

0;P , let ξυ and ευ;w be as in (3.14) and Corollary 3.2, respectively.

Lemma 5.3. There exists C PR such that
ˇ

ˇ

 

Θυ

`

Nυpξυq
˘(

ψ
ˇ

ˇ ď C}ψ}|υ|
ÿ

ePχpT0q

|ρepυq|

for all υP∆|u1, u1P rU , and ψPE0|u1.

Proof. By [21, Proposition 3.13], the quadratic term Nυ satisfies

Nυp0q “ 0,
›

›Nυpζq´Nυpζ
1q
›

›

υ,p
ď C

`

}ζ}υ,p,1`}ζ
1}υ,p,1

˘

}ζ´ζ 1}υ,p,1 (5.11)

for some C PR and for all small ζ, ζ 1PΓpυq. By Lemma A.2, there exists C PR such that

|Nυpξq|x ď C
´

ˇ

ˇT∇J
`

ξpxq, t∇υξux
˘ˇ

ˇ`
`

|dxuυ|`|∇υξ|x
˘

|ξpxq|2
¯

@xPΣυ, υP∆, (5.12)

where T∇J is the torsion tensor of ∇J as in (2.1).

By the first property in Corollary 4.2, there exists C PR such that

ˇ

ˇ

 

Θυ

`

Nυpξq
˘(

ψ
ˇ

ˇ ď C

ż

Συ;0p8δB̄q

ˇ

ˇNυpξq
ˇ

ˇ

ˇ

ˇRυψ
ˇ

ˇ @ ξPΓpυq, ψPE0|u1 . (5.13)

By Hölder’s Inequality, (5.11), and the last property in (M1) in Proposition 3.1, there exists C PR
such that

ÿ

ePχpT0q

ż

Συ;ep8δB̄q

ˇ

ˇNυpξυq
ˇ

ˇ

ˇ

ˇRυψ
ˇ

ˇ ď C
ÿ

ePχpT0q

´

}Rυ0ψ}C0pΣυ;ep8δB̄qq

ÿ

wĺw´e

ε2
υ;w

¯

. (5.14)

Combined with (R2) in Corollary 4.5, (4.13) for e‚“e, (4.16), and (3.16), this implies that

ÿ

ePχpT0q

ż

Συ;ep8δB̄q

ˇ

ˇNυpξυq
ˇ

ˇ

ˇ

ˇRυψ
ˇ

ˇ ď C 1}ψ}
ÿ

e,e1PχpT0q

ˇ

ˇρw´e pυq
ˇ

ˇ

ˇ

ˇρ
xw´e ,w

`

e1
y,w`

e1
pυq

ˇ

ˇ

2

ď C}ψ}|υ|
ÿ

ePχpT0q

|ρepυq|.
(5.15)

Similarly, the last property in (M2) in Proposition 3.1 and (R3) in Corollary 4.5 imply that

ÿ

wPtP uYVerc0;P

ż

Σmn
υ;w

ˇ

ˇNυpξυq
ˇ

ˇ

ˇ

ˇRυψ
ˇ

ˇ ď C
ÿ

wPtP uYVerc0;P

´

}Rυ0ψ}C0pΣmn
υ;wq

ÿ

w1ĺw

ε2
υ;w1

¯

ď C 1}ψ}
ÿ

wPtP uYVerc0;P

e1PχpT0q

ˇ

ˇρwpυq
ˇ

ˇ

ˇ

ˇρ
xw,w`

e1
y,w`

e1
pυq

ˇ

ˇ

2
ď C2}ψ}|υ|

ÿ

ePχpT0q

|ρepυq|.
(5.16)
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By (5.12), (R1) in Corollary 4.5, (3.15), and the third bound in (M3) in Proposition 3.1,

ÿ

eP}Edg
c

0;P

ż

Συ;epδB̄q

ˇ

ˇNυpξυq
ˇ

ˇ

ˇ

ˇRυψ
ˇ

ˇ ď C}ψ}|υ|
ÿ

ePχpT0q

|ρepυq|.

Along with (5.13), (5.15), and (5.16), this establishes the claim.

Corollary 5.4. There exists a continuous function ε : pR, 0qÝÑpR, 0q with the property that

ˇ

ˇ

ˇ

ÿ

ePχpT0q

ve c
p0q
e;υpψq

´

Deu1
`

B

Bz`
e;u1

˘

¯
ˇ

ˇ

ˇ
ď ε

`

|υ|
˘

}ψ}
ÿ

ePχpT0q

|ρepυq|

for all ψPE0|u1 and υP∆|u1 with u1P rU such that the map expυυξυ as in (3.14) is J-holomorphic.

Proof. By the `“1 case of Lemma 5.1, Lemma 5.2, (2.22), and (M1) in Proposition 3.1, there exist
C,C 1PR such that
ˇ

ˇ

ˇ

 

ΘυpB̄Juυ`Dυξυq
(

ψ ´
ÿ

ePχpT0q

Dυ;eψ
ˇ

ˇ

ˇ
ď C

ÿ

ePχpT0q

›

›Rυ0ψ
›

›

C0pΣ´υ0;ep8δB̄qq

`

|υe|`}ξυ|Συ;ep8δB̄q
}υ,p,1

˘

|υe|

ď C
ÿ

ePχpT0q

›

›Rυ0ψ
›

›

C0pΣ´υ0;ep8δB̄qq

`

|υe|`
ÿ

wĺw´e

ευ;w

˘

|υe|
(5.17)

for all ψPE0|u1 and υP∆|u1 with u1P rU . Along with (3.18), this gives

ˇ

ˇ

ˇ

 

ΘυpB̄Juυ`Dυξυq
(

ψ ´
ÿ

ePχpT0q

Dυ;eψ
ˇ

ˇ

ˇ
ď C |υ|

ÿ

ePχpT0q

›

›Rυ0ψ
›

›

C0pΣ´υ0;ep8δB̄qq
|υe| (5.18)

for some C PR.

Since expuυξυ is J-holomorphic,

B̄Juυ `Dυξυ `Nυpξυq “ 0. (5.19)

By (5.19), (5.18), and Lemma 5.3,

ˇ

ˇ

ˇ

ÿ

ePχpT0q

Dυ;eψ
ˇ

ˇ

ˇ
ď C|υ|

ÿ

ePχpT0q

´

|υe|
›

›Rυ0ψ
›

›

C0pΣ´υ0;ep8δB̄qq
` |ρepυq|}ψ}

¯

.

By the `“1 case of (5.5), this implies that

ˇ

ˇ

ˇ

ÿ

ePχpT0q

ve c
p0q
e;υpψq

´

dx`e pυ1q
ruυ;1

`

B

Bz`e;υ1

˘

¯ˇ

ˇ

ˇ
ď C|υ|

ÿ

ePχpT0q

´

|υe|
›

›Rυ0ψ
›

›

C0pΣ´υ0;ep8δB̄qq
` |ρepυq|}ψ}

¯

.

By the continuity of the family ruυ;1, there exists a continuous function ε : pR, 0qÝÑpR, 0q such that

ˇ

ˇ

ˇ

ÿ

ePχpT0q

ve c
p0q
e;υpψq

´

Deu1
`

B

Bz`
e;u1

˘

¯
ˇ

ˇ

ˇ
ď ε

`

|υ|
˘

ÿ

ePχpT0q

´

|υe|
›

›Rυ0ψ
›

›

C0pΣ´υ0;ep8δB̄qq
` |ρepυq|}ψ}

¯

.

Combined with (R2) in Corollary 4.5 and the k“0, 1 cases in (4.13), this establishes the claim.
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5.2 A bootstrapping estimate and applications

Let puυ;2 and pζυ;2 be as in (3.59), ξυ be as in (3.14), and ευ;w, Dυ;w, and γυ;e be as in Corollary 3.2.
The following proposition is the main statement of this section.

Proposition 5.5. Suppose e‚ P χpT0;P q is such that ψ|x´e‚ puq
‰ 0 for some ψ P E0|u. Then there

exists C PR with the property that

ευ;P ”
›

›pζυ;2

›

›

υ,p,1
ď C

´

ÿ

ePχpT0q

xey‰e‚

|ρepυq| ` ευ;w`e‚
|υe‚ |

2
¯

(5.20)

for all υP∆ such that the map exp
puυ;2

pζυ;2 is J-holomorphic. If in addition

w‹PyVer
c

0;P , xew‹y“e‚, υe‰0 @ ePyEdg
c

0;P , (5.21)

then

ευ;w ď C

ˆ

ÿ

ePχpT0q

w`e ńw

|ρepυq|

|ρwpυq|
`

ÿ

ePχpT0q

w`e ľw

|ρ
xw‹,w`e y

pυq||ρepυq|

|ρ2
wpυq|

˙

(5.22)

for all wPtP uYyVer
c

0;P with wĺw‹ and

ˇ

ˇDυ;w

ˇ

ˇď C

ˆ

ÿ

ePχpT0q

w`e ńw

|ρepυq|

|ρwpυq|
` |υew |

ÿ

ePχpT0q

w`e ľw

|ρ
xw‹,w`e y

pυq||ρepυq|

|ρ2
wpυq|

˙

(5.23)

for all wPyVer
c

0;P with wĺw‹.

Proposition 5.5 improves the bounds in (3.15) arising from Corollary 3.2. For example, suppose rus
is of the bubble type of the last diagram in Figure 1 and all assumptions in Proposition 5.5 are
satisfied. Then

χpT0;P q“χpT0q“Edg“te‚u, yVer
c

0;P “tw
`
e‚u“tw

‹u.

By (3.15), ευ;P is then bounded by C|υ| (even if exp
puυ;2

pζυ;2 is not J-holomorphic); there is no small
a priori bound for Dυ;w‹ . On the other hand, Proposition 3.1 implies that

ευ;P ď C|υ|2 and
ˇ

ˇDυ;w‹
ˇ

ˇ ď C|υ|.

Corollary 5.6. Suppose e‚ and w‹ are as in Proposition 5.5 and e‚ P χpT0q satisfies w`e‚ ľ w‹.
Then there exists C PR with the property that

ˇ

ˇ

ˇ

ÿ

ePχpT0q

ve c
p0q
e;υpψq

´

Deu1
`

B

Bz`
e;u1

˘

¯ˇ

ˇ

ˇ
ď C

ÿ

ePχpT0q

ˆ

´

ÿ

e1PχpT0q

|ρ2
e1
pυq|

|ρ2
e‚
pυq|

¯

|υe|
2
ˇ

ˇcp0qe;υpψq
ˇ

ˇ`|ρ2
epυq|

rC‚w‹;υpψ;w`e q

˙

for all ψ PE0|u1 and υ P∆|u1 with u1 P rU such that (5.21) holds and the map expuυξυ as in (3.14)
is J-holomorphic.

Proof. Analogous to the proof of Corollary 5.4, the claim follows from the equation (5.19) and
Lemmas 5.8 and 5.9 below.
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Lemma 5.7. There exists C PR with the property that
ˇ

ˇ

ˇ

ÿ

ePχpT0;P q

cp0qe;υpψqveDυ;w`e

ˇ

ˇ

ˇ
ď C}ψ}

ÿ

ePχpT0;P q

´

|Dυ;w`e
||υ||υe|`ευ;w`e

|υe|
2
¯

for all ψPE0|u1 and υP∆|u1 with u1P rU such that the map expuυξυ as in (3.14) is J-holomorphic.

Proof. By (3.60) and (2.22),

›

›pζυ;2

›

›

υ,p,1
,
›

›pζυ;2

›

›

C0 ď C
ÿ

ePχpT0;P q

´

|Dυ;w`e
||υe|`ευ;w`e

|υe|
2
¯

. (5.24)

Consider the quadratic expansion of the B̄J -operator

Π´1
pζυ;2

`

B̄J exp
puυ;2

pζυ;2

˘

“ B̄Jpuυ;2 `D
puυ;2

pζυ;2 `N
puυ;2

`

pζυ;2

˘

.

Let βP ;υ and RP ;υ be as in (2.35) and Proposition 4.1, respectively, but with the contracted
subgraph T0 chosen to be T0;P . Define

ΘP ;υ : Γ0,1ppuυ;2q ÝÑ Obs0|π
ĆFT
pυq,

 

ΘP ;υpηq
(

ψ “
i

2π

ż

Συ

`

βP ;υRP ;υψ
˘

^
`

Π´1
rξυ;2˝qυ2;υ02˝rqυ;χpT0;P q

η
˘

@ψPE0|π
ĆFT
pυq

(5.25)

with rξυ;2 as in (3.56) and υ2 and υ0;2 as in the sentence containing (3.54). Along with (3.57)
and (3.62), the proof of the `“1 case of Lemma 5.1 implies that there exist C,C 1PR such that
ˇ

ˇ

ˇ

 

ΘP ;υpB̄Jpuυ;2q
(

ψ ´
ÿ

ePχpT0;P q

cp0qe;υpψqveDυ;w`e

ˇ

ˇ

ˇ
ď C

ÿ

ePχpT0;P q

}ψ}|υe|
2
´

}Dυ;w`e
|`}rξυ;2|Σ`υ2;ep8δB̄q

}υ2,p,1

¯

ď C 1}ψ}
ÿ

ePχpT0;P q

|υe|
2
`

|Dυ;w`e
|`ευ;w`e

˘

@ψPE0|u1 .
(5.26)

By the proof of Lemma 5.2 and (5.24),
ˇ

ˇ

ˇ

 

ΘP ;υpD
puυ;2

pζυ;2q
(

ψ
ˇ

ˇ

ˇ
ď C

ÿ

ePχpT0;P q

}ψ}}pζυ;2}C0 |υe|

ď C 1}ψ}|υ|
ÿ

ePχpT0;P q

´

|Dυ;w`e
||υe|`ευ;w`e

|υe|
2
¯

@ψPE0|u1 .
(5.27)

By (5.3) with Θυ replaced by ΘP ;υ, (5.11), and (5.24),

ˇ

ˇ

ˇ

 

ΘP ;υ

`

N
puυ;2
ppζυ;2q

˘(

ψ
ˇ

ˇ

ˇ
ď C}ψ}

ÿ

ePχpT0;P q

´

|Dυ;w`e
|2|υe|

2`ε2
υ;w`e

|υe|
4
¯

@ψPE0|u1 . (5.28)

Since the map exp
puυ;2

pζυ;2“expuυξυ is J-holomorphic,

B̄Jpuυ;2 `D
puυ;2

pζυ;2 `N
puυ;2

`

pζυ;2

˘

“ 0. (5.29)

Combined with (5.26)-(5.28), this establishes the claim.
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Proof of Proposition 5.5. By the first assumption of the proposition, there exist C PR and a
continuous family ψ“ψ|u1 PE0|u1 with u1P rU such that

C
ˇ

ˇcp0qe‚;υpψq
ˇ

ˇ ą }ψ} @ υP∆.

Combined with Lemma 5.7 and (3.15) for w“w`e with ePχpT0;P q´te‚u, this implies that

ˇ

ˇDυ;w`e‚

ˇ

ˇ|υe‚ | ď C
´

ÿ

ePχpT0;P q
e‰e‚

`

|Dυ;w`e
|`ευ;w`e

˘

|υe|`ευ;w`e‚
|υe‚ |

2
¯

ď C 1
´

ÿ

ePχpT0q

xey‰e‚

|ρepυq|`ευ;w`e‚
|υe‚ |

2
¯

(5.30)

for some C,C 1 P R. The bound in (5.20) follows from (3.62), (5.24), (5.30), and the first bound
in (3.15).

Suppose in addition (5.21) holds. We claim that there exists C PR such that

ˇ

ˇDυ;w

ˇ

ˇ ď C
´

ÿ

ePχpT0q

w`e ńw

|ρepυq|

|ρwpυq|
` ευ;w|υew |

¯

@ wPyVer
c

0;P s.t. w`e‚ ĺwĺw‹ . (5.31)

By (5.30), this is indeed the case for w “ w`e‚ . Suppose w`e‚ ă w ĺ w‹ and (5.31) holds with w
replaced by w´ ”w´ew . Combining this with the first two bounds in (M2) in Proposition 3.1 for
w“w´ and (3.15) for w1PV `

w´
´twu, we obtain (5.31) itself.

By (3.15), (5.22) holds for w“w‹. Suppose w`e‚ ĺwĺw‹ and (5.22) holds for this w. Combining
it with (5.31), we obtain (5.23) for the same w. Suppose w ăw‹ and (5.22) and (5.23) hold for
w`PV `w such that w`ĺw‹. Combining them with the first inequality in (M2) in Proposition 3.1,
(3.15) for w1PV `w ´tw

`u, and the fact that

xw‹, w`e y ă w` @ ePχpT0q s.t. w`e ľw, w`e ńw`, w‹ľw`, (5.32)

we obtain (5.22) for this w.

Lemma 5.8. Suppose e‚, e
‚ P yEdg

c

0;P and w‹ PyVer
c

0;P satisfy the assumptions in Corollary 5.6.
Then there exists C PR such that

ˇ

ˇ

ˇ

 

ΘυpB̄Juυ`Dυξυq
(

ψ ´
ÿ

ePχpT0q

Dυ;eψ
ˇ

ˇ

ˇ

ď C
ÿ

ePχpT0q

ˆ

´

ÿ

e1PχpT0q

|ρ2
e1
pυq|

|ρ2
e‚
pυq|

¯

|υe|
2
ˇ

ˇcp0qe;υpψq
ˇ

ˇ`|ρ2
epυq|

rC‚w‹;υpψ;w`e q

˙

for all ψPE0|u1 and υP∆|u1 with u1P rU such that (5.21) holds.

Proof. By (5.22) and (5.32), there exists C PR such that

ÿ

w1ĺw

ευ;w1 ď C

ˆ

ÿ

ePχpT0q

w`e ńw

|ρepυq|

|ρwpυq|
`

ÿ

ePχpT0q

w`e ľw

|ρ
xw‹,w`e y

pυq||ρepυq|

|ρ2
wpυq|

˙
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for all wPtP uYVerc0;P with wĺw‹. Combined with (3.15), this implies that

ÿ

w1ĺw

ευ;w1 “
ÿ

xw‹,wyăw1ĺw

ευ;w1 `
ÿ

w1ĺxw‹,wy

ευ;w1

ď C

˜

ÿ

ePχpT0q

xw,w`e yąxw
‹,wy

|ρepυq|

|ρ
xw,w`e y

pυq|
`

ÿ

ePχpT0q

xw‹,w`e yĺxw
‹,wy

|ρepυq|

|ρxw‹,wypυq|
`

ÿ

ePχpT0q

w`e ľxw‹,wy

|ρ
xw‹,w`e y

pυq||ρepυq|

|ρ 2
xw‹,wypυq|

¸

(5.33)

for all wPtP uYVerc0;P . By (5.33) and Corollary 4.9, there exists C PR such that

ÿ

wPtP uYVerc0;P

˜

ˆ

|ρwpυq|

|ρw´
epwq
pυq|

ˇ

ˇc
p0q
epwq;υpψq

ˇ

ˇ`|ρ2
wpυq|

rC‚w‹;υpψ;wq

˙

ÿ

w1ĺw

ε2
υ;w1

¸

ď C
ÿ

ePχpT0q

ˆ

´

ÿ

e1PχpT0q

|ρ2
e1
pυq|

|ρ2
e‚
pυq|

¯

|υe|
2
ˇ

ˇcp0qe;υpψq
ˇ

ˇ`|ρ2
epυq|

rC‚w‹;υpψ;w`e q

˙

.

(5.34)

By (R2) and (R3) in Corollary 4.5 and by (5.34),

ÿ

ePχpT0q

´

}Rυ0ψ}C0pΣυ;ep8δB̄qq

ÿ

wĺw´e

ε2
υ;w

¯

`
ÿ

wPtP uYVerc0;P

´

}Rυ0ψ}C0pΣmn
υ;wq

ÿ

w1ĺw

ε2
υ;w1

¯

ď C
ÿ

ePχpT0q

ˆ

´

ÿ

e1PχpT0q

|ρ2
e1
pυq|

|ρ2
e‚
pυq|

¯

|υe|
2
ˇ

ˇcp0qe;υpψq
ˇ

ˇ`|ρ2
epυq|

rC‚w‹;υpψ;w`e q

˙

.

(5.35)

Along with the Cauchy-Schwarz Inequality and (R2) in Corollary 4.5, this implies that

ÿ

ePχpT0q

´

}Rυ0ψ}C0pΣυ;ep8δB̄qq

`

|υe|`
ÿ

wĺw´e

ευ;w

˘

|υe|
¯

ď 2
ÿ

ePχpT0q

ˆ

}Rυ0ψ}C0pΣυ;ep8δB̄qq

´

|υe|
2`

ÿ

wĺw´e

ε2
υ;w

¯

˙

ď C
ÿ

ePχpT0q

ˆ

´

ÿ

e1PχpT0q

|ρ2
e1
pυq|

|ρ2
e‚
pυq|

¯

|υe|
2
ˇ

ˇcp0qe;υpψq
ˇ

ˇ`|ρ2
epυq|

rC‚w‹;υpψ;w`e q

˙

.

Combined with (5.17), this establishes the claim.

Lemma 5.9. Suppose e‚, e
‚ P yEdg

c

0;P and w‹ PyVer
c

0;P satisfy the assumptions in Corollary 5.6.
Then there exists C PR such that

ˇ

ˇ

 

Θυ

`

Nυpξυq
˘(

ψ
ˇ

ˇ ď C
ÿ

ePχpT0q

ˆ

´

ÿ

e1PχpT0q

|ρ2
e1
pυq|

|ρ2
e‚
pυq|

¯

|υe|
2
ˇ

ˇcp0qe;υpψq
ˇ

ˇ`|ρ2
epυq|

rC‚w‹;υpψ;w`e q

˙

for all ψPE0|u1 and υP∆|u1 with u1P rU such that (5.21) holds.

Proof. By (5.14), the first inequality in (5.16), and (5.35),

ÿ

ePχpT0q

ż

Συ;ep8δB̄q

ˇ

ˇNυpξυq
ˇ

ˇ

ˇ

ˇRυψ
ˇ

ˇ`
ÿ

wPtP uYVerc0;P

ż

Σmn
υ;w

ˇ

ˇNυpξυq
ˇ

ˇ

ˇ

ˇRυψ
ˇ

ˇ

ď C
ÿ

ePχpT0q

ˆ

´

ÿ

e1PχpT0q

|ρ2
e1
pυq|

|ρ2
e‚
pυq|

¯

|υe|
2
ˇ

ˇcp0qe;υpψq
ˇ

ˇ`|ρ2
epυq|

rC‚w‹;υpψ;w`e q

˙ (5.36)
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for some C PR.

Suppose eP}Edg
c

0;P . By (2.40) and the Cauchy-Schwarz Inequality (CSI),

ˆ
ż

Συ;epδB̄q
|drqυ;e||dz

´
e;υ|

˙

|Dυ;w`e
|
ÿ

w1ĺw´e

ευ;w1 ď C
´

|Dυ;w`e
|2|υe| `

ÿ

w1ĺw´e

ε2
υ;w1

¯

.

By the first bound in (2.39) and CSI,

ˆ
ż

Συ;epδB̄q
|drqυ;e|

`

|υe|`|z
´
e;υ|

˘

|dz´e;υ|

˙

|Dυ;w`e
|
ÿ

w1ĺw´e

ευ;w1 ď C
´

|Dυ;w`e
|2|υe|

2 `
ÿ

w1ĺw´e

ε2
υ;w1

¯

.

By (2.38), the q“1 case of the second bound in (2.39), and CSI,

ˆ
ż

Συ;epδB̄q
|z`e;υ||drqυ;e||dz

´
e;υ|

˙

ευ;w`e

ÿ

w1ĺw´e

ευ;w1 ď C
´

ε2
υ;w`e

|υe|
2 `

ÿ

w1ĺw´e

ε2
υ;w1

¯

.

By (q4) in Section 2.2, the q“1 case of the second bound in (2.39), (2.40), and CSI,

ˆ
ż

Συ;epδB̄q
|z`e;υ||drqυ;e|

`

|υe|`|z
´
e;υ|

˘

|dz´e;υ|

˙

ευ;w`e

ÿ

w1ĺw´e

ευ;w1 ď C
´

ε2
υ;w`e

|υe|
3 `

ÿ

w1ĺw´e

ε2
υ;w1

¯

.

By (q4) in Section 2.2 and the q“1 case of the second bound in (2.39),

ˆ
ż

Συ;epδB̄q
|z`e;υ|

2
`

|υe|`|z
´
e;υ|

˘`
|dz´e;υ|

˙

`

|Dυ;w`e
|`ευ;w`e

˘

|Dυ;w`e
| ď C

`

|Dυ;w`e
|`ευ;w`e

˘

|Dυ;w`e
||υe|

``1

with `“0, 1. By (q4) in Section 2.2, the first bound in (2.39), and CSI,

ˆ
ż

Συ;epδB̄q
|z`e;υ|

2|drqυ;e|
`

|υe|`|z
´
e;υ|

˘2
|dz´e;υ|

˙

|Dυ;w`e
|ευ;w`e

ď C
´

|Dυ;w`e
|2|υe|

2`ε2
υ;w`e

|υe|
3
¯

.

By (q4) in Section 2.2 and the q“1 case of the second bound in (2.39),

ˆ
ż

Συ;epδB̄q
|z`e;υ|

3
`

|υe|`|z
´
e;υ|

˘`
|dz´e;υ|

˙

ε2
υ;w`e

ď Cε2
υ;w`e

|υe|
``1, `“0, 1, 2.

By Hölder’s Inequality and the third bound in (M3) in Proposition 3.1,

ˆ
ż

Συ;epδB̄q
|γυ;e|

˙

ÿ

w1ĺw´e

ευ;w1 ď C
ÿ

w1ĺw´e

ε2
υ;w1 .

By Hölder’s Inequality, the third bound in (M3) in Proposition 3.1, the second bound in (2.39),
and CSI,

ˆ
ż

Συ;epδB̄q
|z`e;υ|

2|γυ;e||dz
´
e;υ|

˙

ευ;w`e
ď C

´

ε2
υ;w`e

|υe|
2 `

ÿ

w1ĺw´e

ε2
υ;w1

¯

.
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Along with (q4) in Section 2.2, the same reasoning gives

ˆ
ż

Συ;epδB̄q
|z`e;υ|

`

|υe|`|z
´
e;υ|

˘`
|γυ;e||dz

´
e;υ|

˙

|Dυ;w`e
| ď C

´

|Dυ;w`e
|2|υe|

2 `
ÿ

w1ĺw´e

ε2
υ;w1

¯

, `ě0,

ˆ
ż

Συ;epδB̄q
|z`e;υ|

2
`

|υe|`|z
´
e;υ|

˘`
|γυ;e||dz

´
e;υ|

˙

ευ;w`e
ď C

´

ε2
υ;w`e

|υe|
4 `

ÿ

w1ĺw´e

ε2
υ;w1

¯

, `ě1.

In the above estimates, C refers to a sufficiently large constant.

By (5.12), (2.44), and (M3) in Proposition 3.1, there exists C PR such that

|Nυpξυq|x ď C

ˆ

ε2
υ;w`e

|z`e;υpxq|
3 `

´

|Dυ;w`e
||z`e;υpxq|`ευ;w`e

|z`e;υpxq|
2`

ÿ

w1ăw`e

ευ;w1

¯

γυ;e

`

´

|Dυ;w`e
|`ευ;w`e

|z`e;υpxq|
¯

|dxrqυ;e|
ÿ

w1ăw`e

ευ;w1 ` |Dυ;w`e
|

´

|Dυ;w`e
|`ευ;w`e

|dxrqυ;e|

¯

|z`e;υpxq|
2

˙ (5.37)

for all υP∆, xPΣυ;ep8δB̄q, and eP}Edg
c

0;P .

Combining (5.37), (R1) in Corollary 4.5, (4.19), and the bounds in the paragraph before (5.37), we
find that

ż

Συ;epδB̄q

ˇ

ˇNυpξυq
ˇ

ˇ

ˇ

ˇRυψ
ˇ

ˇ ďC
`

|Dυ;w`e
|2`ε2

υ;w`e

˘

ˆ

|ρepυq|

|ρw´
pe
pυq|

ˇ

ˇc
p0q
pe;υpψq

ˇ

ˇ` |ρ2
epυq|

rC‚w‹;υpψ;w`e q

˙

`C|Dυ;w`e
|2|ρ2

epυq||ρw´e pυq|}ψ}

`C

ˆ

|ρw´e pυq|

|ρw´
epw´e q

pυq|

ˇ

ˇc
p0q

epw´e q;υ
pψq

ˇ

ˇ` |ρ2
w´e
pυq| rC‚w‹;υpψ;w´e q

˙

ÿ

w1ĺw´e

ε2
υ;w1

(5.38)

for all eP}Edg
c

0;P . Along with (3.15) and the fact that

|ρw´e pυq| ď |ρxw‹,w`e ypυq| @ eP}Edg
c

0;P s.t. w`e łw‹,

this gives

ż

Συ;epδB̄q

ˇ

ˇNυpξυq
ˇ

ˇ

ˇ

ˇRυψ
ˇ

ˇ ďC
ÿ

e1PχpT0q

e1ąe

|ρ2
e1pυq|

|ρ 2
e pυq|

ˆ

|ρepυq|

|ρw´
pe
pυq|

ˇ

ˇc
p0q
pe;υpψq

ˇ

ˇ` |ρ2
epυq|

rC‚w‹;υpψ;w`e q

˙

`C

ˆ

´ |ρw´e pυq|

|ρw´
epw´e q

pυq|

ˇ

ˇc
p0q

epw´e q;υ
pψq

ˇ

ˇ`|ρ2
w´e
pυq| rC‚w‹;υpψ;w´e q

¯

ÿ

w1ĺw´e

ε2
υ;w1

˙

(5.39)
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for all eP}Edg
c

0;P with w`e łw‹. Along with (5.22) and (5.23), (5.38) gives

ż

Συ;epδB̄q

ˇ

ˇNυpξυq
ˇ

ˇ

ˇ

ˇRυψ
ˇ

ˇ ď C
ÿ

e1PχpT0q

e1če

|ρ2
e1pυq|

|ρ 2
e pυq|

ˆ

|ρepυq|

|ρw´
pe
pυq|

ˇ

ˇc
p0q
pe;υpψq

ˇ

ˇ` |ρepυq|
2
rC‚w‹;υpψ;w´e q

˙

` C
ÿ

e1PχpT0q

e1ąe

|ρ 2
xw‹,w`

e1
y
pυq||ρ2

e1pυq|

|ρ 4
e pυq|

ˆ

|ρepυq|

|ρw´
pe
pυq|

ˇ

ˇc
p0q
pe;υpψq

ˇ

ˇ` |ρepυq|
2
rC‚w‹;υpψ;w`e q

˙

` C

ˆ

´ |ρw´e pυq|

|ρw´
epw´e q

pυq|

ˇ

ˇc
p0q

epw´e q;υ
pψq

ˇ

ˇ`|ρ2
w´e
pυq| rC‚w‹;υpψ;w´e q

¯

ÿ

w1ĺw´e

ε2
υ;w1

˙

(5.40)

for all e P }Edg
c

0;P with w`e ĺ w‹. Combining (5.39) for w`e ł w‹ and (5.40) for w`e ĺ w‹ with
Corollary 4.10 and (5.34), we obtain

ÿ

eP}Edg
c

0;P

ż

Συ;epδB̄q

ˇ

ˇNυpξυq
ˇ

ˇ

ˇ

ˇRυψ
ˇ

ˇ

ď C
ÿ

ePχpT0q

ˆ

´

ÿ

e1PχpT0q

|ρ2
e1
pυq|

|ρ2
e‚
pυq|

¯

|υe|
2
ˇ

ˇcp0qe;υpψq
ˇ

ˇ`|ρ2
epυq|

rC‚w‹;υpψ;w`e q

˙
(5.41)

for some C PR. The claim follows from (5.13), (5.36), and (5.41).

5.3 Proof of Proposition 1.3

For the purpose of establishing Propositions 1.3 and 1.4, it is sufficient to assume that rus and rurs
are so that

(A1) rus is an element of MgpX,A; Jq of the bubble type T “pT , dq of genus gPZ`,

(A2)
 

rurs
(8

r“1
is a sequence of elements of MgpX,A; Jq converging to rus, and

(A3) all rurs’s are of the same bubble type T :“pT :, d:q with

T :“T :P ”
`

Ver:,Edg:, S:“H, g:,m:
˘

and PCpT : q“H.

By (A3), every contracted subgraph T :0 of T : satisfies gapT :0 q“0. An example of such T : is the
last diagram on the first row in Figure 3 with one of the two irreducible components forming a
maximal contracted subgraph. By the stability condition on rurs’s, T :0 does not correspond to a
contracted chain of spheres (with only 2 points shared with other components of the domain), due
to the stability conditions on rurs’s.

For every maximal contracted subgraph T0 of T , let

Deu1“Dx`e pu1qu
1“dx`e pu1qu

1, Dpmqe u1“Dpmq
x`e pu1q

u1 @ ePχpT0q, u1P rU, mPZ`;

see (1.4) for notation. Lemma 5.11 below is the main statement of this section. By (1.10), it
implies Proposition 1.3.

64



Lemma 5.10. Suppose g“1. If rus and all rurs’s satisfy (A1)-(A3), then

c
´

 

Deu : ePχpT0q
(

¯

“ 1 @ T0PPCpT q.

Proof. By (A3), Σur either is a smooth genus 1 curve or consists of a circle of spheres. The
reasoning after (A3) implies that the restriction of ur to each irreducible component of Σur is
non-constant. Lemma 5.10 then follows from [18, Propositions 5.3, 5.2].

Lemma 5.11. Suppose g“2 and T is of Type 1, 1a, or 1b. If rus and all rurs’s satisfy (A1)-(A3),
then

c
´

 

Deu : ePχpT0q
(

¯

“ 1 @ T0PPCpT q. (5.42)

Proof. Fix T0PPCpT q. Since T is of Type 1, 1a, or 1b, gapT0q“1.

Suppose Edg: contains a separating edge e, i.e. T : is represented by one of the diagrams in the
second row in Figure 3. The limiting map u then has a distinguished separating node; see the
second diagram in the first row in Figure 1. Since gapT :q“2, the removal of e from T : gives two
genus 1 curves consisting of irreducible components of Σur . One of these two curves converges to
a genus 1 curve containing all irreducible components of Σu;0. We denote the corresponding stable
maps by rrurs and rrus. Since these maps satisfy the assumptions of Lemma 5.10, we obtain (5.42).

Suppose Edg: contains a non-separating edge e so that the node xepurq converges to some node
xepuqPΣu which is not a principal node of Σu;0, i.e. a node not intrinsic to the principal curve Σu;0;P

of Σu;0. In this case, T : corresponds to either one of the last three diagrams in the top row of
Figure 3 or one of the last two diagrams in the bottom row. The removal of e from T : deter-
mines a sequence of genus 1 maps rrurs converging to a genus 1 map rrus with a bubble type prT ,rdq.
Since xepuq is not a node of Σu;0;P , T0;P is contained in a primary contracted graph rT0 of rT . Thus,

χprT0q is non-empty and can be identified with a subset of χpT0q. Since rrurs and rrus satisfy the
assumptions of Lemma 5.10, this establishes the statement of Lemma 5.11.

Suppose Edg: contains no edges of the first two kinds. We can then assume that

(A4) every e P Edg: is a non-separating edge and the corresponding node xepurq converges to a
principal node xepuq of Σu;0.

In Section 2.2, T0 denotes an arbitrary contracted subgraph, not necessarily a primary contracted
subgraph. We apply the setup of Section 2.2 with T0 chosen to be the principal subgraph T0;P of T0

fixed above. The subbundles in (2.15) then become

ĄFT 0“
ĄFT

`

Edg0;P

˘

, ĄFT 1“
ĄFT

´

Edg´
`

Edg0;PYχpT0;P q
˘

¯

, ĄFT 01“
ĄFT

`

Edg´χpT0;P q
˘

.

Following (3.54), let

∆2 “ ∆XĄFT 1, ∆H
2 “ ∆HXĄFT 1

and denote the projections of υ PĄFT to ĄFT 1 and ĄFT 01 by υ2 and υ02, respectively. Section 2.2
provides a modified gluing map

rqυ “ rqυ;χpT0;P q
: Συ ÝÑ Συ02” Συ01 @ υP∆
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and two continuous families of nearly J-holomorphic maps ruυ;2”ruυ;1 and

uυ “ ruυ;2˝qυ2;υ02˝rqυ : Συ ÝÑ X;

see (2.41), (2.30), and (2.42), respectively. Let rξυ;2” rξυ;1 be as in (2.32) and rρepυq and ρepυq be as
in (3.10).

By the proof of the r“1 case of [18, Lemma 3.5(2a)], there exist continuous functions

qεe1 : p∆, rUqÝÑpev˚0TX, 0q, e1PχpT0q s.t.

dx`e pυ2q
ruυ;2

`

B

Bz`e;υ2

˘

“
ÿ

e1PχpT0q

xe1y“e

´

dx`
e1
pu1qu

1
`

B

Bz`
e1;u1

˘

` qεe1pυq
¯

rρe1pυq (5.43)

for all ePχpT0;P q, u1P rU , and υP∆|u1 . By [18, Corollary 3.8(2b),(2c)], there exists C PR such that

›

›drξυ;2|Συ2;ep8δB̄q

›

›

υ2,p
ď C

ÿ

e1PχpT0q

xe1y“e

|rρe1pυq|,
ˇ

ˇrξυ;2pxq
ˇ

ˇ ď C
ˇ

ˇz`e;υ2
pxq

ˇ

ˇ

ÿ

e1PχpT0q

xe1y“e

|rρe1pυq| (5.44)

for all ePχpT0;P q and xPΣ`υ2;ep8δB̄q. By Lemma 2.2 with pf, rfq replaced by puυ, ruυ;2q, Lemma A.8,
(5.43), and the first inequality in (5.44),

›

›B̄Juυ|
rA´e,υpδB̄q

›

›

υ,p
ď C

ÿ

e1PχpT0q

xe1y“e

|ρe1pυq| @ ePχpT0;P q (5.45)

for some C PR.

With Γ´pu
1q as in (2.21) and ζυ;1 as in (2.31), we define

Γ´pυq “
!´

Πζυ;1

`

ξ˝qυ1

˘

¯

˝rqυ : ξPΓ´pu
1q

)

Ă Γpυq @u1P rU, υP∆|u1 .

Denote by Γ`pυq the L2-complement of Γ´pυq in Γpυq. Similar to [15, Lemma 3.16(1)],

}ζ}υ,p,1 ď C}Dυζ}υ,p @ υP∆, ζ PΓ`pυq (5.46)

for some C PR.

Since rurs converges to rus, for sufficiently large r there exist υr P ∆ with υr Ñ 0 and small
pζυr;2PΓ`pυrq such that rurs is represented by

ur “ expuυr
pζυr;2 : Συr ÝÑ X.

Since every ur is J-holomorphic, (5.29) with puυ;2 “ uυr holds. By the same reasoning as in the
proof of (3.77), there exists a constant C PR such that

}pζυr;2}υr,p,1 ď C
ÿ

ePχpT0;P q

›

›B̄Juυr | rA´e,υr pδB̄q
›

›

υ,p
. (5.47)
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Combining (5.47) with (5.45), we obtain

}pζυr;2}υr,p,1 ď C
ÿ

ePχpT0q

|ρepυq| (5.48)

for some C PR.

By the `“1 case of Lemma 5.1 with Θυ replaced by ΘP ;υ, (5.43), and (5.44), there exist C,C 1PR
such that
ˇ

ˇ

ˇ

 

ΘP ;υrpB̄Juυrq
(

ψ ´
ÿ

ePχpT0;P q

Dυr;eψ
ˇ

ˇ

ˇ

ďC
ÿ

ePχpT0;P q

}ψ}|υr;e|
2
´ˇ

ˇ

ˇ
dx`e pυr;2qruυr;2

`

B

Bz`e;υr;2

˘

ˇ

ˇ

ˇ
`
›

›rξυr;2|Συr;2;ep8δB̄q

›

›

υr;2,p,1

¯

ďC 1}ψ}|υr|
ÿ

e1PχpT0q

|ρe1pυrq|
(5.49)

for all ψPE0|u1r . By Lemma 5.2 with Θυ replaced by ΘP ;υ, (2.22), and (5.48),

›

›ΘP ;υrpDυr
pζυr;2q

›

› ď C}pζυr;2}υr,p,1|υr| ď C 1|υr|
ÿ

e1PχpT0q

|ρe1pυrq|. (5.50)

By (5.3) with Θυ replaced by ΘP ;υ, (5.11), and (5.48),

›

›ΘP ;υrpNυr

`

pζυr;2q
˘›

› ď C}pζυr;2}
2
υr,p,1 ď C 1

ÿ

e1PχpT0q

|ρe1pυrq|
2. (5.51)

By (5.29) for puυ;2“uυr and (5.49)-(5.51), there exists C PR such that

ˇ

ˇ

ˇ

ÿ

ePχpT0;P q

Dυr;eψ
ˇ

ˇ

ˇ
ď C}ψ}|υr|

ÿ

e1PχpT0q

|ρe1pυrq| @ψPE0|u1r .

By the `“1 case of (5.5), this gives

ˇ

ˇ

ˇ

ÿ

ePχpT0;P q

vr;ec
p0q
e;υrpψq

´

dx`e pυr;2qruυr;2
`

B

Bz`e;υr;2

˘

¯ˇ

ˇ

ˇ
ď C}ψ}|υr|

ÿ

e1PχpT0q

|ρe1pυrq| @ψPE0|u1r . (5.52)

By (5.43) and (5.52), there exists a continuous function ε : p∆, rUqÝÑpR, 0q such that

ˇ

ˇ

ˇ

ÿ

e1PχpT0q

ρe1pυrq c
p0q
xe1y;υr

pψq
´

De1u1r
`

B

Bz`
e1;u1r

˘

¯ˇ

ˇ

ˇ
ď }ψ} εpυrq

ÿ

e1PχpT0q

|ρe1pυrq| @ψPE0|u1r .

By the assumption (A4), ρe1pυrq ‰ 0 for all e1 P χpT0q. Since gapT0;P q “ 1, there exists rC P R`
such that

}ψ} ď rC|cp0qe;υpψq| @u1P rU, ψPE0|u1 , υP∆|u1 , ePχpT0;P q.

Since rkpE0qě0, |υr|Ñ0, and u1rÑu, the last two inequalities establish (5.42).
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6 On the proof of Proposition 1.4

We continue with the setup of Section 5.3 and the assumptions (A1)-(A3). We now also assume
that g“ 2 and that T is of Type 2. Thus, PCpT q contains a unique element T0 with gapT0q“ 2.
The triple pT , T0, T0;P q forms a pseudo-tree framing, and the pair pTe, Te;0q with ePχpT0;P q forms
a tree framing; see Section 3.1 for the notation and terminology.

Suppose Edg: contains a separating edge e. The removal of e from T : then determines two

sequences ru
p1q
r and ru

p2q
r of genus 1 maps with one marked point each that converge to genus 1 maps

rup1q and rup2q of bubble types T p1q and T p2q. The latter maps are obtained by removing the node

corresponding to e from Σu. Thus, PCpT p1qq and PCpT p2qq consist of one element T p1q0 and T p2q0

each and

χpT0q “ χ
`

T p1q0

˘

\χ
`

T p2q0

˘

, χ
`

T p1q0

˘

, χ
`

T p2q0

˘

‰ 0, E|u “ E|
rup1q‘ E|

rup2q .

Applying Lemma 5.10 to ru
p1q
r and ru

p2q
r each, we obtain

c
´

 

Deu : ePχ
`

T piq0

˘(

¯

“ 1 i“1, 2.

This implies that
rus P

ď

`ě2

ι`pZ2;`q ĂM0
τ2; (6.1)

see (1.8) for the notation.

In the remainder of this section, we assume that Edg: contains no separating edge and thus rus
and rurs satisfy the assumptions (A1)-(A4). Since rurs converges to rus, for sufficiently large r
there exists a sequence tυru of elements of ∆ such that υrÑ 0 and every rurs can be represented
by a J-holomorphic map

ur “
`

Συr , ruυr“expuυrξυr : ΣυrÝÑX
˘

(6.2)

as in (3.6). By (A3),
υr;e ‰ 0 @ ePEdg´Edg0;P . (6.3)

Replacing υr by a subsequence if necessary, we can assume there exists a non-empty subset χ‚

of χpT0q such that

lim
rÑ8

ρe1pυrq

ρepυrq
P C˚, lim

rÑ8

ρe2pυrq

ρepυrq
“ 0 @ e, e1Pχ‚, e2PχpT0q´χ

‚. (6.4)

The elements of χ‚ are called dominant directions. Let

χ‚ “
 

xey : ePχ‚
(

Ă χpT0;P q.

Along with (1.11) and (6.1), the next four propositions imply Proposition 1.4. If rus is as in
Propositions 6.1 or 6.2, then

rus P ι1
`

M2,1ˆZp2q0;1;1 YW2,1ˆZp3q0;1;1

˘

if |χpT0q|“1;

rus P ι`
`

M2,`ˆZ
p2q
0;`;1 YW2,`ˆZ

p3q
0;`;1 Y Z2;`

˘

if `”|χpT0q|ě2.
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If rus is as in Propositions 6.3 or 6.4, then

rus P ι`
`

Z2;` Y C2,`ˆZ
p2q
0;`;12

˘

with `“|χpT0q|.

Proposition 6.1. If χ‚“teu and rΣu;0;xepuqs is not in W2,1, then either rus satisfies (6.1) or

Deu“0, c
´

 

De1u : e1PχpT0q
(

Y tDp2qe uu
¯

“2.

Proposition 6.2. If χ‚“teu and rΣu;0;xepuqs is in W2,1, then

Deu“0, c
´

 

De1u : e1PχpT0q
(

Y tDp2qe u, Dp3qe uu
¯

“2.

Proposition 6.3. If either |χ‚|ě3 or

χ‚“ te1, e2u and
“

Σu;0;xe1puq, xe2puq
‰

R C2,2,

then rus satisfies (6.1).

Proposition 6.4. If χ‚“te1, e2u and rΣu;0;xe1puq, xe2puqsPC2,2, then either rus satisfies (6.1) or

c
`

De1u, De2u
˘

“1, c
´

 

De1u : e1PχpT0q
(

Y
 `

Dp2qe1 u`Dp2qe2 u
˘

|pkertDe1u`De2uuqb2

(

¯

“2.

Denote by Σ‚u;0;P the minimal connected union of the irreducible components of Σu;0;P containing

all xepuq with e Pχ‚ and by Σ‚;cu;0;P the complement of Σ‚u;0;P in Σu;0;P . Let gcapuq be the sum of

the arithmetic genera of the topological components of Σ‚;cu;0;P . There are four primary possibilities
for Σ‚u;0;P that are similar to the five types in Figure 1:

Case p0q : gcapuq“0, Case p1aq : gcapuq“1,
ˇ

ˇΣ‚u;0;PXΣ‚;cu;0;P

ˇ

ˇ“2,

Case p2q : gcapuq“2, Case p1bq : gcapuq“1,
ˇ

ˇΣ‚u;0;PXΣ‚;cu;0;P

ˇ

ˇ“1.

A secondary characterization for Σ‚u;0;P is used in the proof of Proposition 6.3; see page 72.

Suppose ψ”ψυ PE0|u1´t0u for υP∆|u1 , u1P rU , is a continuous family such that

`

vr c
p0q
e;υrpψq

˘

ePχpT0q
‰ 0 P CχpT0q (6.5)

for all rPZ` sufficiently large. Then,

Lrpψq ”
“

vr c
p0q
e;υrpψq

‰

ePχpT0q
P P

`

CχpT0q
˘

is a well-defined element. After passing to a subsequence, we can assume that Lrpψq converges
to some line Lpψq P P

`

CχpT0q
˘

. If ψ and η are two families satisfying (6.5) and Lpψq ‰ Lpηq, we
denote by

Ppψ, ηq P Gr
`

2;χpT0q
˘

(6.6)
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the 2-plane generated by ψ and η.

By the assumptions (A1)-(A3), there always exists a continuous family ψ“ψυ PE0 such that (6.5)
holds. If in addition

|χpT0q|ě3 or χpT0q“te1, e2u with rΣu;0;xe1puq, xe2puqsRC2,2,

then (6.5) holds for every family ψυ with ψu‰0.

Lemma 6.5. Suppose ψ “ ψυ P E0|u1 for υ P ∆|u1, u1 P rU , is a continuous family such that
ψu|x´e‚ puq

‰0 for some e‚Pχ‚. Then,

ae‚‰0 @ paeqePχpT0qPLpψq´t0u, e
‚PχpT0q s.t. xe‚y“e‚,

ÿ

ePχpT0q

aeDeu
`

B

Bz`e;u

˘

“ 0 @ paeqePχpT0qPLpψq. (6.7)

Proof. By the assumption on ψ, there exists C PR such that

}ψ} ď C
ˇ

ˇcp0qe‚;υpψq
ˇ

ˇ @ υP∆. (6.8)

Let e‚ Pχ‚ be such that xe‚y“ e‚. By (6.8) and the k“ 0 case of the second inequality of (4.13),
there exist C 1, C PR such that

}ψ}|ρe‚pυq| ď C 1
ˇ

ˇcp0qe‚;υpψq
ˇ

ˇ|ρe‚pυq| ď C
ˇ

ˇve‚c
p0q
e‚;υpψq

ˇ

ˇ @ υP∆. (6.9)

By the first inequality in (4.13), (6.4), and (6.9),
ÿ

ePχpT0q

ˇ

ˇvr;ec
p0q
e;υrpψq

ˇ

ˇ ď C}ψ}
ÿ

ePχpT0q

|ρepυrq| ď C 1}ψ}|ρe‚pυrq|

ď C2
ˇ

ˇvr;e‚c
p0q
e‚;υr

pψq
ˇ

ˇ ď C2
ÿ

ePχpT0q

ˇ

ˇvr;ec
p0q
e;υrpψq

ˇ

ˇ.
(6.10)

This establishes the first claim.

Since every map in (6.2) is J-holomorphic, Corollary 5.4 applies. By the continuity of Deu1 in u1P rU ,
it implies that there exists a continuous function ε : p∆, rUqÝÑpR, 0q such that

ˇ

ˇ

ˇ

ÿ

ePχpT0q

vr;e c
p0q
e;υrpψq

´

Deu
`

B

Bz`e;u

˘

¯
ˇ

ˇ

ˇ
ď εpυrq

ÿ

ePχpT0q

´

ˇ

ˇvr;e c
p0q
e;υrpψq

ˇ

ˇ`}ψ}|ρepυrq|
¯

. (6.11)

The second claim follows from (6.10) and (6.11).

Lemma 6.6. Suppose e‚, e˝Pχ‚ are such that e‚‰e˝ and xe‚y“xe˝y. If η“ηυ PE0|u1 for υP∆|u1,
u1P rU , is a continuous family such that

c
p0q
e‚;υpηq“0 @ υP∆, c

p1q
xe‚y;upηq‰0, (6.12)

then vr;e˝c
p0q
e˝;υr

pηq‰0 for all rPZ` sufficiently large and

ÿ

ePχpT0q

aeDeu
`

B

Bz`e;u

˘

“ 0 @ paeqePχpT0qPLpηq. (6.13)
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Proof. Let e‚“xe
‚y and w‹“w`e‚ . By Corollary 4.7 for ψ“η and (6.3),

}η}, rC‚w‹;υrpη;w`e q ď C|υr|

ˇ

ˇvr;e˝c
p0q
e˝;υr

pηq
ˇ

ˇ

|ρ2
e˝pυrq|

(6.14)

for all ePχpT0q and rPZ` sufficiently large. Along with (6.3), this establishes the first claim.

By (6.4), there exists C PR such that

ÿ

ePχpT0q

|ρepυrq|
2

|ρe‚pυrq|2
,

ÿ

ePχpT0q

|ρepυrq|
2

|ρe˝pυrq|2
ď C. (6.15)

By (6.14) and (6.15),

ÿ

ePχpT0q

|ρ2
epυrq|

rC‚w‹;υrpη;w`e q ď C 1|υr|
ˇ

ˇvr;e˝c
p0q
e˝;υr

pηq
ˇ

ˇ ď C 1|υr|
ÿ

ePχpT0q

ˇ

ˇvr;ec
p0q
e;υrpηq

ˇ

ˇ

(6.16)

for some C 1PR.

Since every map in (6.2) is J-holomorphic, Corollary 5.6 applies. Along with the continuity of Deu1
in u1P rU , it implies that there exist C PR and a continuous function ε : p∆, rUqÝÑpR, 0q such that

ˇ

ˇ

ˇ

ÿ

ePχpT0q

vr;e c
p0q
e;υrpηq

´

Deu
`

B

Bz`e;u

˘

¯ˇ

ˇ

ˇ

ď C
ÿ

ePχpT0q

ˆ

´

εpυrq`|υr;e|
ÿ

e1PχpT0q

|ρ2
e1
pυrq|

|ρ2
e‚
pυrq|

¯

ˇ

ˇvr;ec
p0q
e;υrpηq

ˇ

ˇ`|ρ2
epυrq|

rC‚w‹;υrpη;w`e q

˙

.
(6.17)

By (6.15) and (6.16), there thus exist C P R and continuous functions ε, ε1 : p∆, rUq ÝÑ pR, 0q
such that

ˇ

ˇ

ˇ

ÿ

ePχpT0q

vr;e c
p0q
e;υrpηq

´

Deu
`

B

Bz`e;u

˘

¯ˇ

ˇ

ˇ
ď C

ÿ

ePχpT0q

´

εpυrq
ˇ

ˇvr;ec
p0q
e;υrpηq

ˇ

ˇ`|ρ2
epυrq|

rC‚w‹;υrpη;w`e q
¯

ď ε1pυrq
ÿ

ePχpT0q

ˇ

ˇvr;ec
p0q
e;υrpηq

ˇ

ˇ .
(6.18)

The second claim of the lemma follows from the first claim and (6.18).

Lemma 6.7. Suppose e‚, e1, e2Pχ
‚ are such that

ˇ

ˇte‚, e1, e2u
ˇ

ˇ“3, xe‚y“xe1y“xe2y, xe1, e2yľxe‚, e1y“xe
‚, e2y. (6.19)

If η“ηυ PE0|u1 for υP∆|u1, u1P rU , is a continuous family such that

c
p0q
e‚;υpηq“0 @ υP∆, c

p1q
xe‚y;upηq“0, c

p2q
xe‚y;upηq‰0, (6.20)

then
`

vr;e1c
p0q
e1;υrpηq, vr;e2c

p0q
e2;υrpηq

˘

‰p0, 0q for all rPZ` sufficiently large and (6.13) holds.
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Proof. Let e‚“xe
‚y and w‹“w`

xe‚,e1y
. By Corollary 4.8 for ψ“η, (6.3), and (4.14),

}η}|ρ
xw‹,w`e y

pυrq|, rC‚w‹;υrpη;w`e q ď C|υr|

˜

ˇ

ˇvr;ec
p0q
e;υrpηq

ˇ

ˇ

|ρ2
epυrq|

`

ˇ

ˇvr;e1c
p0q
e1;υrpηq

ˇ

ˇ

|ρ2
e1pυrq|

`

ˇ

ˇvr;e2c
p0q
e2;υrpηq

ˇ

ˇ

|ρ2
e2pυrq|

¸

for all ePχpT0q such that xey“e‚. Taking e“e‚ above and using (6.3), we obtain the first claim.

Along with (6.15) with e˝ replaced by e1 and e2, the inequality above gives

|ρ2
epυrq|

rC‚w‹;υrpη;w`e q ď C|υr|
´

ˇ

ˇvr;ec
p0q
e;υrpηq

ˇ

ˇ`
ˇ

ˇvr;e1c
p0q
e1;υrpηq

ˇ

ˇ`
ˇ

ˇvr;e2c
p0q
e2;υrpηq

ˇ

ˇ

¯

(6.21)

for all e PχpT0q such that xey“ e‚. By the first two assumptions in (6.20), ηu|x´
xey
puq‰ 0 for every

ePχpT0q with xey‰e‚. By (4.16) and (6.9) with pψ, e‚q replaced by pη, eq, there thus exist C,C 1PR
such that

|ρ2
epυrq|

rC‚w‹;υrpη;w`e q ď C|ρ2
epυrq|}η} ď C 1|υr|

ˇ

ˇvr;ec
p0q
e;υrpηq

ˇ

ˇ (6.22)

for all ePχpT0q such that xey‰e‚. By (6.21) and (6.22),

ÿ

ePχpT0q

|ρ2
epυrq|

rC‚w‹;υrpη;w`e q ď C|υr|
ÿ

ePχpT0q

ˇ

ˇvr;ec
p0q
e;υrpηq

ˇ

ˇ

(6.23)

for some C PR.

Since every map in (6.2) is J-holomorphic, Corollary 5.6 applies and so (6.17) holds. By (6.15)
and (6.23), there thus exist C PR and continuous functions ε, ε1 : p∆, rUqÝÑpR, 0q such that

ˇ

ˇ

ˇ

ÿ

ePχpT0q

vr;e c
p0q
e;υrpηq

´

Deu
`

B

Bz`e;u

˘

¯ˇ

ˇ

ˇ
ď C

ÿ

ePχpT0q

´

εpυrq
ˇ

ˇvr;ec
p0q
e;υrpηq

ˇ

ˇ`|ρ2
epυrq|

rC‚w‹;υrpη;w`e q
¯

ď ε1pυrq
ÿ

ePχpT0q

ˇ

ˇvr;ec
p0q
e;υrpηq

ˇ

ˇ .
(6.24)

The second claim of the lemma follows from the first claim and (6.24).

Proof of Proposition 6.3, Case (0). We split the proof based on a secondary characterization
of rus and rurs:

(.2): χ‚ Q e1, e2 with e1‰e2 and rΣu;0;P ;xe1puq, xe2puqsRC2,2;

(.1g): χ‚“te1, e2u with e1‰e2 and rΣu;0;P ;xe1puq, xe2puqsPC2,2 or
χ‚“te‚u with rΣu;0;P ;xe‚puqsRW2,1;

(.1w): χ‚“te‚u with rΣu;0;P ;xe‚puqsPW2,1.

In Case (0), let χ1‚ consist of all elements of χ‚ for which the map (1.3) is well-defined and S1‚ be
the corresponding set of marked points. In the first sub-case above, the image of S1‚ under this
map contains at least 2 points. In the second sub-case, it consists of a single regular point. In the
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last sub-case, this image is a single branched point.

Suppose χ‚ is as in Case (0.2). There then exist continuous families ψ1“ψ1;u1 , ψ2“ψ2;u1 PE|u1 for

u1P rU such that
c
p0q
xe1y;u

pψ1q, c
p0q
xe2y;u

pψ2q‰0, c
p0q
xe1y;u

pψ2q, c
p0q
xe2y;u

pψ1q“0.

By the k“0 case of the second inequality in (4.13), the first assumption in (6.4), (6.8), and (6.9),
there thus exist C,C 1PR and a continuous function ε : p∆, rUqÝÑpR, 0q such that

ˇ

ˇve3´ic
p0q
e3´i;υpψiq

ˇ

ˇ ď C|ρe3´ipυq|
´

ˇ

ˇc
p0q
xe3´iy;υ

pψiq
ˇ

ˇ`|υ|}ψi}
¯

ď εpυq|ρeipυq|
ˇ

ˇc
p0q
xeiy;υ

pψiq
ˇ

ˇ ď C 1εpυq
ˇ

ˇveic
p0q
ei;υpψiq

ˇ

ˇ @ υP∆, i“1, 2.

Along with the first statement of Lemma 6.5, this implies that

Lpψiq P
 

raesePχpT0q : aei‰0, ae3´i“0
(

, i“1, 2.

These lines are thus distinct. By the second statement of Lemma 6.5 for ψ“ψ1, ψ2,

ÿ

ePχpT0q

aeDeu
`

B

Bz`e;u

˘

“ 0 @ paeqePχpT0qPPpψ1, ψ2q .

This establishes (6.1).

Suppose χ‚ is as in Case (0.1g). By the assumptions of Proposition 6.3, there exist distinct
e‚, e˝ Pχ‚ such that xe‚y “ xe˝y and rΣu;0;P ;xe‚puqs RW2,1. Thus, there exist continuous families

ψ “ ψu1 P E0|u1 for u1 P rU and η “ ηυ P E0|u1 for υ P ∆|u1 , u1 P rU , satisfying the assumptions of
Lemmas 6.5 and 6.6, respectively. By the first statement of Lemma 6.5 and the equality in (6.12),

Lpψq P
 

raesePχpT0q : ae‚‰0
(

and Lpηq P
 

raesePχpT0q : ae‚“0
(

. (6.25)

These lines are thus distinct. By the second statements of Lemmas 6.5 and 6.6,

ÿ

ePχpT0q

aeDeu
`

B

Bz`e;u

˘

“ 0 @ paeqePχpT0qPPpψ, ηq . (6.26)

This establishes (6.1).

Suppose χ‚ is as in Case (0.1w). Then, |χ‚|ě3. Choose e‚, e1, e2Pχ
‚ satisfying (6.19). There then

exist continuous families ψ“ψu1 PE0|u1 for u1 P rU and η“ ηυ PE0|u1 for υ P∆|u1 , u1 P rU , satisfying
the assumptions of Lemmas 6.5 and 6.7, respectively. By the first statement of Lemma 6.5 and the
first equality in (6.20),

Lpψq P
 

raesePχpT0q : ae‚‰0
(

and Lpηq P
 

raesePχpT0q : ae‚“0
(

.

These lines are thus distinct. The second statements of Lemmas 6.5 and 6.7 imply (6.26) and
consequently (6.1).
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Suppose rus and rurs are as in Case (1a) or (1b). In the first case, illustrated in Figure 6, the prin-
cipal subgraph T0;P of rus satisfies the sentence containing (3.25). In the second case, illustrated
in Figure 5, T0;P satisfies the sentence containing (3.19). In either case, there exists a continuous

family ψu1 PE0|u1 for u1 P rU to which Corollary 5.6 and Lemma 6.5 apply. The latter provides a
line LpψqĂCχpT0q satisfying (6.7) and (6.25).

In order to obtain a second vanishing condition in Cases (1a) and (1b), fix e‚Pχ‚. Let

E‚0 “
 

ηPE0|υ : η|x´
xe‚y

pυq“0, υP∆0;P

(

ÝÑ ∆0;P .

This line subbundle of E0|∆0;P
extends to a line subbundle E‚0 of E0|∆0 such that η|x´

e‚
pυq“0 for all

ηPE‚0|υ and υP∆. A section ηυ of this subbundle such that η|u‰0 gives rise to a second vanishing
condition; the latter depends on the proposition in question (6.1, 6.2, 6.3, or 6.4).

In the case of Proposition 6.3, the above family ηυ determines a line Lpηq satisfying (6.25). In
order to show that Lpηq also satisfies (6.13), the estimate of Corollary 5.6 with ψυ replaced by
ηυ needs to be improved to incorporate the nodes of Σu;0;P not in Σ‚u;0;P . This will be done in
a separate paper by combining Corollaries 3.3 and 3.5 in Cases (1b) and (1a), respectively, with
suitable estimates for ηυ on different regions of the domain Συ with υP∆0. The required estimates
are the analogues of those in Corollaries 4.5-4.10.

In Propositions 6.1 and 6.2, χ‚ consists of a single element e‚. The settings of these propositions
correspond to the secondary characterizations (.1w) and (.1g), respectively, while (.2) does not
occur. The vanishing condition on De‚u in Cases (0), (1a), and (1b) follows directly from (5.23)
with w‹“w`e‚ ; it is also the second conclusion of Lemma 6.5. In Case (0), the properties in (1.6)

involving Dp2qe‚ u and Dp3qe‚ u follow from the ` “ 2, 3 cases of Lemma 5.1 and a refined version of
Corollary 5.6. In Cases (1a) and (1b), estimates on the section ηυ as in the previous paragraph are
needed as well.

In Proposition 6.4, χ‚ consists of two elements e1 and e2. The set χ‚ may consist of one or two
elements, corresponding to the secondary characterizations (.1w) and (.1g); (.2) again does not
occur. The setting of Proposition 6.4 is the most delicate of the four propositions. In Cases (0),
(1a), and (1b), the first degeneration condition in (1.7) follows from Corollary 5.4 by an argument
similar to the proof of Corollary 5.6. However, the second vanishing condition in (1.7) requires a
modification of the spaces Γ`pυq below (3.42) and (3.58) to distinguish the one-dimensional linear
span of De1u and De2u (if both vanish, then the second condition in (1.7) automatically holds).
This modification suffices to establish Proposition 6.4 in Case (0). In Cases (1a) and (1b), Propo-
sition 6.4 is obtained by combining this modification with estimates on the section ηυ as above.

In Case 2, ψ|x´e pυq“ 0 for all ψ P E0|∆0;P
and e P χ‚. There is then a natural splitting of E0|∆0;P

into two line bundles E1 and E2. It can be extended to a splitting of E0|∆0 so that η|x´
xe‚y

pυq“0 for

all η PE2, υ P∆0, and for some fixed e‚ Pχ‚. An analogue of Corollary 5.6 in this setting is then
obtained using estimates on a nonzero section ψυ of E1 analogous to those of Corollaries 4.5-4.10.
It yields one condition on the derivatives of u. A second vanishing condition is obtained by using
a nonzero section ηυ of E2.
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A Appendix

In the remainder of this dissertation, we collect a few basic observations.

A.1 Exponential maps and differentiation

If f : MÝÑX is a smooth map between smooth manifolds and EÝÑX is a smooth vector bundle,
let

Γpf ;Eq ” ΓpM ; f˚Eq, Γ1pf ;Eq ” ΓpM ;T ˚Mbf˚Eq.

A connection ∇ induces a connection ∇f on f˚EÝÑM . If α : pa, bqÝÑX is a smooth curve and
ξPΓpα;Eq, let

D

dt
ξ ” ∇αBtξ P Γpα;Eq,

D`

dt`
ξ ”

D

dt

ˆ

D`´1

dt`´1
ξ

˙

@ `ě2,

where Bt is the standard unit vector field on R.

For a Riemmanian metric gX on X and a gX -compatible connection ∇, let exp be the exponential
map, R∇ the curvature tensor, and T∇ the torsion tensor for ∇. For every x PX and v P TxX,
denote by Πv the parallel transport with respect to the connection ∇ along the geodesic

γv : r0, 1s ÝÑ X, t ÞÑ expxptvq.

Lemma A.1. For every xPX, w0PTxX, and smooth map ξ : p´ε, εq ÝÑ TxX,

D`

dt`

ˇ

ˇ

ˇ

ˇ

t“0

Πtw0ξptq “
d`ξ

dt`
p0q @ `PZ`.

Proof. Let tζiu be a basis for TxX and ζiptq ” Πtw0ζi. Then

D

dt
ζiptq “ 0 @ tPp´ε, εq. (A.1)

Suppose ξptq“
ř

i fiptqζi. Then Πtw0ξptq“
ř

i fiptqζiptq. By (A.1),

D`

dt`

ˇ

ˇ

ˇ

ˇ

t“0

Πtw0ξptq “
D`

dt`

ˇ

ˇ

ˇ

ˇ

t“0

´

ÿ

i

fiptqζiptq
¯

“
ÿ

i

d`fi
dt`

p0qζi “
d`ξ

dt`
p0q.

We next refine the estimate of [21, Lemma 3.9]. Given xPX and v, w0, w1PTxX, let α : p´ε, εqÝÑX
be a smooth curve and ξPΓpα;TXq such that

αp0q “ x, α1p0q “ v, ξp0q “ w0,
D
dsξpsq

ˇ

ˇ

s“0
“ w1. (A.2)

Put

Φxpv;w0, w1q ” Π´1
ξp0q

`

d
ds

ˇ

ˇ

s“0
exppξpsqq

˘

P TxX,

rΦxpv;w0, w1q ” Φxpv;w0, w1q ´
`

v ` w1 ´ T∇pv, w0q
˘

;
(A.3)

these definitions are independent of the choices of α and ξ satisfying (A.2). Let

Apv1, v2, v3q ”
1
2

´

R∇pv1, v2qv3 ´ p∇v1T∇qpv2, v3q ` T∇
`

T∇pv1, v2q, v3

˘

¯

@ v1, v2, v3PTxX, xPX.
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Lemma A.2. There exists C PC8pTX;Rq such that

ˇ

ˇ rΦxpv;w0, w1q `
1
2T∇pw1, w0q ´Apw0, v, w0q

ˇ

ˇ ď Cpw0q
`

|v||w0|
3 ` |w0|

2|w1|
˘

for all xPX and v, w0, w1PTxX.

Proof. Let α and ξ be as in (A.2). Put ups, tq ” expαpsqptξpsqq,

Fv,w0,w1ptq “usp0, tq, and

Hv,w0,w1ptq “Πtw0

´

v ` t
`

w1 ´ T∇pv, w0q
˘

` t2
`

1
2T∇pw0, w1q`Apw0, v, w0q

˘

¯

.

Since

usp0, 0q“v, utps, 0q“ξpsq,
D
dtut“0, D

ds

ˇ

ˇ

p0,0q
ut“w1,

D
ds

ˇ

ˇ

p0,0q
us“w1´T∇pv, w0q, (A.4)

we find that

Fv,w0,w1p0q “ v “ Hv,w0,w1p0q,
D
dt

ˇ

ˇ

t“0
Fv,w0,w1ptq “ w1 ´ T∇pv, w0q “

D
dt

ˇ

ˇ

t“0
Hv,w0,w1ptq.

(A.5)

From (A.4), we also obtain

D2

dt2

ˇ

ˇ

ˇ

t“0
Fv,w0,w1ptq “

`

D
dt
D
dtus

˘

p0,0q
“

´

D
dt
D
dsut ´

D
dt

`

T∇pus, utq
˘

¯

p0,0q

“

´

D
ds

D
dtut `R∇put, usqut ´ p∇utT∇qpus, utq ´ T∇pDdtus, utq ´ T∇pus,

D
dtutq

¯

p0,0q

“ T∇pw0, w1q`2Apw0, v, w0q.

Along with Lemma A.1, this implies that

D2

dt2

ˇ

ˇ

ˇ

t“0
Fv,w0,w1ptq “

D2

dt2

ˇ

ˇ

ˇ

t“0
Hv,w0,w1ptq. (A.6)

As in the proof of [21, Lemma 3.9],

F¨,w0,¨ptq ´H¨,w0,¨ptq P Hom
`

TxX‘TxX; Texpptw0qX
˘

.

By (A.5) and (A.6),

ˇ

ˇFv,w0,w1ptq ´Hv,w0,w1ptq
ˇ

ˇ ď Cpw0, tqt
3
`

|v|`|w1|
˘

,

where C is a smooth function on TXˆR. Since

Fv,w0,w1ptq ´Hv,w0,w1ptq “ Fv,tw0,tw1p1q ´ Fv,tw0,tw1p1q,

there exists C PC8pTX;Rq such that

ˇ

ˇFv,w0,w1p1q ´Hv,w0,w1p1q
ˇ

ˇ “
ˇ

ˇFv,w0{|w0|,w1{|w0|p|w0|q ´Hv,w0{|w0|,w1{|w0|p|w0|q
ˇ

ˇ

ď Cpw0q
`

|v||w0|
3`|w0|

2|w1|
˘

.
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Lemma A.3. Suppose X is a compact Riemannian manifold, α : r´ε, εsÝÑX is a smooth curve,
ξ, ξ`PΓpα;TXq, and ζ PΓ

`

expαξ
`;TX

˘

. If ξ` and ζ are small and satisfy

expα ξ “ expexpαξ
` ζ, (A.7)

then there exists C PR such that
ˇ

ˇ ξ ´ ξ` ´Π´1
ξ`
ζ
ˇ

ˇ

t
ď C|ξ`|t|ζ|t, (A.8)

ˇ

ˇ

D
dtξ ´

D
dtξ

` ´Π´1
ξ`

D
dtζ

ˇ

ˇ

t
ď C

´

ˇ

ˇ

dα
dt

ˇ

ˇ

t
`
ˇ

ˇ

D
dtξ

`
ˇ

ˇ

t
`
ˇ

ˇ

D
dtζ

ˇ

ˇ

t

¯´

|ξ`|t ` |ζ|t

¯

(A.9)

for all tPp´ε, εq.

Proof. Since the difference in (A.8) is a smooth function of ξ` and ζ and vanishes if ξ`“0 or ζ“0,
(A.8) holds. Differentiating both sides of (A.7) and taking the parallel transports, we obtain

Π´1
ξ d expαξ “ Π´1

ξ ˝Πζ

´

Π´1
ζ d expexpαξ

`ζ
¯

. (A.10)

By Lemma A.2,
ˇ

ˇΠ´1
ξ d expαξ ´ dα´∇αξ

ˇ

ˇ

t
ď C

`

|dα|t`|∇αξ|t
˘

|ξ|t , (A.11)
ˇ

ˇ

ˇ
Π´1
ζ d expexpαξ

`ζ ´Πξ`
`

dα`∇αξ`
˘

´∇expαξ
`

ζ
ˇ

ˇ

ˇ

t

ď C
´

|dα|t`|∇αξ`|t`
ˇ

ˇ∇expαξ
`

ζ
ˇ

ˇ

t

¯

`

|ξ`|t`|ζ|t
˘

. (A.12)

By (A.7),
ˇ

ˇ

ˇ

`

Π´1
ξ ˝Πζ ˝Πξ` ´ id

˘`

dα`∇αξ`
˘

ˇ

ˇ

ˇ

t
ď C

`

|dα|t`|∇αξ`|t
˘

|ξ`|t|ζ|t,
ˇ

ˇ

ˇ

`

Π´1
ξ ˝Πζ ´Π´1

ξ`

˘`

∇expαξ
`

ζ
˘

ˇ

ˇ

ˇ

t
ď C

ˇ

ˇ∇expαξ
`

ζ
ˇ

ˇ

t
|ξ`|t|ζ|t.

(A.13)

The inequality (A.9) follows from (A.10)-(A.13) and (A.8).

A.2 Derivatives of J-holomorphic maps

Let EÝÑX be a complex vector bundle over a smooth manifold and ∆ĂC be a disk around the
origin 0. If ∇,∇1 are (complex) connections in E, there exists

θ P Γ
`

X;T ˚XbREndCpEq
˘

s.t. ∇1vs “ ∇vs` θpvqspxq @ vPTxX, xPX, sPΓpX;Eq. (A.14)

Any C8-map u : ∆ÝÑX induces connections ∇u,∇1u in u˚EÝÑ∆ and

∇1u “ ∇u ` u˚θ ” ∇u ` θ ˝ du.

A (holomorphic) connection ∇̂ in T∆ÝÑ∆ induces a (holomorphic) connection in T ˚∆ÝÑ∆,
which we still denote by ∇̂. If ∇̂1 is another (holomorphic) connection in T∆, there exists a
(holomorphic) one-form

θ̂ P Γp∆;T ˚∆q s.t. ∇̂1vα “ ∇̂vα` θ̂pvqαppq @ vPTp∆, pP∆, αPΓp∆;T ˚∆q. (A.15)

The pairs p∇, ∇̂q and p∇1, ∇̂1q induce connections Du and D1u in the bundles

T ˚∆bRkbRu
˚E ÝÑ ∆.
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Lemma A.4. If ξ P Γp∆;T ˚∆bRu
˚Eq is such that ξp0q “ 0, then pDuξq0 P T

˚
0 ∆bR2bREup0q is

independent of the choices of ∇ and ∇̂.

Proof. By (A.14) and (A.15), there exists

ϑ P Γ
`

∆;T ˚∆bREndRpT
˚∆bRu

˚Eq
˘

s.t.

D1uv ξ “ Du
v ξ ` ϑpvqξppq @ vPTp∆, pP∆, ξPΓp∆;T ˚∆bRu

˚Eq;

in fact, ϑ“ θ̂ bR id` idbRu
˚θ. Since ξp0q“0, the above identity implies the claim.

Lemma A.5. Suppose d0u“0 and vPT0∆. If ξPΓp∆;T ˚∆bRu
˚Eq is such that ξp0q“0 and

Duξ : T0∆bR T0∆ ÝÑ Eup0q, pv1, v2q ÝÑ tDu
v1
ξupv2q, (A.16)

is C-bilinear, then the space

SpanC

!

tDu
v ξupvq,

 

tDu
v pD

uξqupvq
(

pvq
)

(A.17)

is independent of the choices of ∇ and ∇̂.

Proof. By the proof of Lemma A.4,

D1upD1uξq “ D1u
`

Duξ ` tθ̂bR id`idbRu
˚θuξ

˘

“ DupDuξq `
 

θ̂bR idbR id` idbR θ̂bR id`idbR idbRu
˚θ
(

pDuξq `D1u
`

tθ̂bR id`idbRu
˚θuξ

˘

.

Thus, by the vanishing assumptions on d0u and ξp0q and Lemma A.4,

 

tD1uv pD
1uξqupvq

(

pvq
(

“
 

tDu
v pD

uξqupvq
(

pvq
(

`
 

Du
θ̂pvqv

ξ
(

pvq `
 

Du
v ξ
(`

θ̂pvqv
˘

`
 

Du
v ξ
(`

θ̂pvqv
˘

.
(A.18)

By the C-bilinearity assumption,

 

Du
θ̂pvqv

ξ
(

pvq,
 

Du
v ξ
(`

θ̂pvqv
˘

“ θ̂pvq ¨ tDu
v ξupvq.

Thus, the terms on the last line in (A.18) are in the C-span of tDu
v ξupvq “ tD

1u
v ξupvq, which implies

the claim.

If in addition

DuDuξ : T0∆bR T0∆bR T0∆ ÝÑ Eup0q, pv1, v2, v3q ÝÑ
 

tDu
v1
pDuξqupv2q

(

pv3q, (A.19)

is C-trilinear (at least modulo the image of the map (A.16)) for some choice of p∇, ∇̂q, then the
property (A.17) is independent of the choice of v P T ˚∆´0 (since any such two choices differ by
the multiplication by an element of C˚).

We apply this to ξ “ du for a J-holomorphic map u such that d0u“0. First we show the following
lemma.

Lemma A.6. The map Dudu is C-bilinear.
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Proof. Since the map is R-bilinear, it suffices to show

tDu
jv1

duupv2q, tD
u
v1

duupjv2q “ JtDu
v1

duupv2q @ v1, v2PT0∆. (A.20)

Extend v2 to a vector around 0 on ∆. Since u is J-holomorphic, d0u “ 0 and ∇ (and hence ∇u)
is J-linear,

tDu
v1

duupjv2q “ ∇uv1

 

dupjv2q
(

´ d0up∇̂v1 jv2q

“ J∇uv1

 

dupv2q
(

“ JtDu
v1

duupv2q.

This establishes the second statement in (A.20) holds.

By the R-linearity of Du, the first statement in (A.20) holds if and only if

∇uBtpdupBsqq|0 “ ∇
u
Bs
pdupBtquq|0, ∇uBspdupBsqq|0 “ ´∇

u
Bt
pdupBtqq|0, (A.21)

where Bs and Bt are the standard coordinate vector fields on ∆. Let ptxiu1ďiď2nq be a coordinate
chart in X around up0q. With ui“xi˝u,

du “
ÿ

i

dui bR u
˚ B

Bxi

on a neighborhood of 0 in ∆. Since d0u“0,

d0u
i “ 0 @ i. (A.22)

By Lemma A.4, the first and second identities in (A.21) are thus equivalent to

B2ui
BsBt

p0q “
B2ui
BtBs

p0q ,
B2ui
BsBs

p0q “ ´
B2ui
BtBt

p0q, (A.23)

respectively; this establishes the first identity in (A.21). Since u is J-holomorphic,

dupBsq ` JpuqdupBtq “ 0. (A.24)

Thus,

∇uBspdupBsqq ` p∇
u
Bs
u˚JqdupBtq ` Jpuq∇uBspdupBtqq

“ 0 “ Jpuq
`

∇uBtpdupBsqq ` p∇
u
Bt
u˚JqdupBtq ` Jpuq∇uBtpdupBtqq.

(A.25)

Evaluating this at 0 and using d0u“0 and the first identity in (A.21), we obtain the second identity
in (A.21).

Now we are ready to show the following result.

Lemma A.7. The map DuDudu is C-trilinear.

Proof. By Lemma A.5, it suffices to work with the Eucleadian connection ∇̂ on ∆. Denote s and
t by s1 and s2, respectively. Notice that

∇uv
ˆ

u˚
B

Bxi

˙

ˇ

ˇ

ˇ

0
“ ∇d0upvq

ˆ

B

Bxi

˙

ˇ

ˇ

ˇ

up0q
“ 0, ∇uvu˚J “ 0,
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for any vPT0∆ and 1 ď i ď 2n. Taking (A.22) into account, we see that

tDupDuduqup0q “
ÿ

i

2
ÿ

j,k,l“1

B3ui
BsjBskBsl

p0q dsj bR dsk bR dsl bR u
˚ B

Bxi
. (A.26)

By the bilinearity of the map (A.16), the C-linearity of the map (A.19) in the third component is
equivalent to

ÿ

i

B3ui
BsBsBs

p0q
B

Bxi

ˇ

ˇ

ˇ

up0q
` Jpup0qq

ÿ

i

B3ui
BsBsBt

p0q
B

Bxi

ˇ

ˇ

ˇ

up0q
“ 0,

ÿ

i

B3ui
BsBtBt

p0q
B

Bxi

ˇ

ˇ

ˇ

up0q
` Jpup0qq

ÿ

i

B3ui
BtBtBt

p0q
B

Bxi

ˇ

ˇ

ˇ

up0q
“ 0.

(A.27)

By (A.25),

∇uBs
`

∇uBspdupBsqq
˘

`
`

∇uBsp∇
u
Bs
u˚Jq

˘

dupBtq

` 2p∇uBsu
˚Jq∇uBs

`

dupBtq
˘

` Jpuq∇uBs
`

∇uBspdupBtqq
˘

“ 0.

Evaluating this at 0 and using d0u“ 0 and ∇uu˚J |0 “ 0, we obtain the first identity in (A.27).
The second holds by symmetry.

A.3 Local properties of J-holomorphic maps

For n P Z` and R PR`, denote by Bn
R ĂCn the open ball of radius R centered at the origin. If

n“1, we simply write BR”B
1
R. For zPC, let

B ”
B

Bz
and B̄ ”

B

Bz̄
.

For each α “ pm1,m2qPZě0 ‘ Zě0, define

α! ” m1!m2! , |α| ” m1`m2, Dα ” Bm1 B̄m2 : C8ÝÑC8, zα ” zm1 z̄m2

with Dp0,0q“ id. If f is a function differentiable to order k with kPZě0, denote by

T
pkq
f ;0 pzq ”

k
ÿ

|α|“0

Dα
0 f

α!
zα

the k-th order Taylor polynomial at z“0 and let

|Dkf | ”
ÿ

|α|“k

|Dαf |.

Lemma A.8. Let δ, ε, pPR` with pą2, `PZ`, and J be an almost complex structure on Cn such
that Jp0q is the standard complex structure JCn. There exists C`PR` such that

ˇ

ˇdzu´d0u
ˇ

ˇ ď C`}u}Lp1 |z|,
ˇ

ˇupzq´T
p`q
u;0pzq

ˇ

ˇ ď C`}u}Lp1 |z|
``1 @ zPBδ

for every J-holomorphic map u : B2``1δÝÑCn with up0q“0 and }du}Lpď ε. Furthermore, C` can
be chosen to depend continuously on δ, ε, p, and J with respect to the C``1-topology.

80



Proof. By [21, Corollary 4.3], there exists Cδ,pPR` depending on δ and p continuously such that

}f}CkďCδ,p}f}Lpk`1
, k“0, 1, . . . , `, f PC8

`

B2``1´kδ;Cn
˘

. (A.28)

By Taylor’s Theorem, it is thus sufficient to show that there exists C PR` such that

}u}Lp``2pBδq
ď C}u}Lp1 (A.29)

for every J-holomorphic map u : B2``1δÝÑCn with up0q“0 and }du}Lpďε.

By (A.28), there exists C 1δ,ε,pPR` such that

}f}C0ď C 1δ,ε,p @ f PC8pB2``1δ;Cnq with fp0q“0, }df}Lpďε. (A.30)

By (A.28) and (A.30), there exists C PR` such that

›

›Jpfq
›

›

Lpk
ďC

´

1`}f}Lpk

¯

@ kPJ``1K, f PC8
`

B2``2´kδ;Cn
˘

with fp0q“0, }df}Lpďε. (A.31)

By [10, Proposition B.4.9] and (A.31), there exists C PR` such that

}u}Lp``2pBδq
ď C}u}Lp``1pB2δq

ď . . . ď C``1}u}Lp1pB2``1δ
q “ C``1}u}Lp1 (A.32)

for every J-holomorphic map u : B2``1δÝÑCn with up0q“0 and }du}Lpďε. This establishes (A.29).

Corollary A.9. Let δ, ε, p P R` with pą 2, ` P Z`, and J be an almost complex structure on a
compact Riemannian manifold X. There exists C`PR` such that

ˇ

ˇdzu´d0u
ˇ

ˇ ď C`}u}Lp1 |z|,
ˇ

ˇupzq´T
p`q
u;0pzq

ˇ

ˇ ď C`}u}Lp1 |z|
``1 @ zPBδ

for every J-holomorphic map u : B4δÝÑX with }du}Lpďε.
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