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Abstract of the Dissertation
Multiplicativity of perverse filtration for Hilbert schemes of fibered surfaces
by
Zili Zhang
Doctor of Philosophy
in
Mathematics
Stony Brook University
2016
Let S — C be a smooth projective surface with numerically trivial canonical bundle fibered
onto a curve. We prove the multiplicativity of the perverse filtration with respect to the
cup product on H*(S™ Q) for the natural morphism S — C®. We also prove the
multiplicativity for five families of Hitchin systems obtained in a similar way and compute
the perverse numbers of the Hitchin moduli spaces. We show that for small values of n the

perverse numbers match the predictions of the numerical version of the de Cataldo-Hausel-

Migliorini P = W conjecture and of the conjecture by Hausel-Letellier-Villegas.
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1 Introduction

1.1 Nonabelian Hodge theory and the P = W conjecture

Given any smooth complex projective variety X and any algebraic reductive group G, there
are two natural moduli spaces associated with them, the moduli of Higgs G-bundles Mp and
the character variety Mp. In [17], Simpson proved that these moduli spaces are algebraic
varieties, and that they are canonically diffeomorphic to each other. The diffeomorphism
induces a canonical identification of the cohomology of these moduli spaces. The algebraicity
endows the cohomology groups with mixed Hodge structures. Furthermore, the moduli of
Higgs bundle carries a proper Hitchin map to an affine space, so that the rational cohomol-
ogy H*(Mp) is endowed with the Leray filtration and with the perverse (Leray) filtration.
Under the canonical isomorphism, one may compare the filtrations mentioned above. One
remarkable result is in [6], where de Cataldo, Hausel and Migliorini considered the case when
X is any curve with genus ¢ > 2 and G = GL(2,C). They proved that, via the non-abelian
Hodge theorem, the perverse filtration P on H*(Mp) for the Hitchin map equals the mixed
Hodge theoretic weight filtration W on H*(Mp); they proved that P = W. There are numer-
ous and diverse Hitchin-type moduli spaces Mp that come with natural Hitchin-type maps
h: Mp — A and which have corresponding (twisted) character varieties Mpg. It is implicitly
conjectured in [5] and [6] that the P = W phenomenon appears whenever the nonabelian
Hodge theory holds.

Conjecture 1.1 (The P = W conjecture). Under the canonical isomorphism beween the co-
homology groups predicted by nonabelian Hodge theory, the perverse filtration and the weight

filtration correspond to each other.

It had known previously that the weight filtration in mixed Hodge structure is multiplicative
with respect to the cup product, which means U : W, H* x W, H7 — W;, . ;H*7. The perverse
filtration is not multiplicative in general, even for proper maps between smooth projective

varieties. So one key step in [6] is to establish that the perverse filtration is also multiplicative.

This dissertation is devoted to prove that for five families of Hitchin moduli spaces, the
perverse filtrations on the rational cohomology are multiplicative with respect to the cup
product. By using the same method, we can also prove the multiplicativity of perverse
filtration on the cohomology on Hilbert schemes of points on elliptic K3 surfaces defined by

the natural elliptic fibration.



1.2 Perverse filtration

In this section, we define the perverse filtration on the cohomology group defined by maps
between algebraic varieties. We always work with varieties over the field of complex numbers

C. All cohomology groups have rational coefficients.

Definition 1.2 ([6] 1.4.1). Let f : X — Y be a morphism between smooth quasi-projective
varieties. Let r(f) = dim X Xy X — dim X be the defect of semismallness. Define the

geometric perverse filtration as
PHY(X;Q) := Im {H" X (Y Pr Rf.Qx[dim X — r(f)]) - HY(X,Q)},

where the P17, is the truncation functor of the standard perverse ¢-structure. The filtration
ranges from 0 to 2r(f), i.e. Grf HYX)=0if p<0orp>2r(f), where

Gr) HY(X;Q) := P,H*(X;Q)/P,-1H'(X;Q)

The perverse filtration is multiplicative with respect to the cup product if the following

condition holds for any integer p, q, 1, .
P,H'(X;Q) U P,H'(X;Q) — Py H(X;Q).

Definition 1.3. Let f : X — Y as before. Given a cohomology class 0 # a € H*(X),
define the perversity of a, denoted as p(a), to be the integer such that o € By H*(X) and
a & Pyoy—1H*(X). By our choice of perversity, the function p takes value in the interval
[0,2r(f)]. Define p(0) = —oo. Then the perverse filtration is multiplicative with respect to
cup product if and only if for any two classes «, 5 € H*(X), one has p(aU ) < p(a) +p(5).

Definition 1.4. Let f : X — Y as before. A perverse decomposition for Rf,Qx is an
isomorphism in the bounded derived category of constructible sheaves of complex vector

spaces
2r(f)

i=0
where P; are suitable perverse sheaves.

We will use the perversity function p for a cohomology class a € H*(X) without mentioning
the map X — Y when no confusion arises. We say “the perversity of a” for p(a). To
simplify notation, we say the perverse decomposition for the map f : X — Y for the

perverse decomposition for Rf,Qyx, the push-forward of the contant sheaf. We say the



perverse filtration for the map f : X — Y for the perverse filtration on the cohomology
group H*(X;Q) defined by the map f: X =Y.

Definition 1.5. Let f : X — Y be as before. A basis ay,---,a; of cohomology group
H*(X;Q) is filtered with respect to the perverse filtration if the following property holds for
any 0 < p < 2r(f).

PyH"(X) = Span {a; [ p(o) <p,1 <i <k}

1.3 Dissertation work

In this dissertation, we study a beautiful and classical class of Hitchin systems h : Mp — A.
They are five families of moduli spaces of parabolic Higgs bundles over P! with marked points,
labeled by the affine Dynkin diagrams ITO, E;, Eﬁ, E and /Evg. In this setting, Theorem 4.1
and 5.1 in [10] states that these Mp are the Hilbert schemes S™ of n-points of five distinct
smooth algebraic elliptically fibered surfaces S — A'. There are, for each of the five surfaces
and for each n > 1, Hitchin maps h : Mp = S — A" hence a perverse filtration P on the
cohomology groups H*(Mp). The construction of Hitchin map h is analogous to the one
that starts with an elliptic K3 surface S — P! and yields the natural map h : S — P".

The Mmin result of the dissertation is the multiplicativity of these perverse filtrations.

Theorem 1.6 (Theorem 5.6). For the five families of Hitchin systems, the perverse filtration
on the rational cohomology H*(Mp; Q) defined by the map h : Mp — A is multiplicative .

In the proof, we develop a systematic framework to describe the perverse filtration on
H*(Mp) in terms of the one on H*(S) defined by the map S — A'. We use the decom-
position theorem of Beilinson-Bernstein-Deligne-Gabber [1] as our main tool to decompose
Rh,Qg, the push-forward of the constant sheaf by the Hitchin map. By using the explicit
geometry, we pick a very special basis of H*(.S) which is filtered respect to the perverse fil-
tration, and use it to produce a filtered basis of H*(Mp). The key step is the determination
of the precise perversity of the class of the small diagonals in the product S™; the general
bounds for these perversities are too weak for the problem, and we have to improve upon
them by using the special geometry. The description of Lehn in [14], of the cohomology ring
of H*(S™) is a key ingredient in my approach. Since Mp is not compact, we prove that it

is also valid for all the moduli spaces Mp we are working with.

By using similar techniques, we may also prove the multiplicativity of perverse filtration for

Hilbert schemes of projective surfaces with numerically trivial canonical bundle. In fact,



one can start with any smooth quasi-projective surfaces f : S — C fibered over a curve
and obtain a map f™ : S — C™ where C™ is the n-th symmetric product of C. In
this case, since we don’t have explicit description of the map, we have to use the “relative”
Hodge-Riemann bilinear relations, due to de Cataldo and Migliorini [3], to “calculate” the
perverse filtration and to produce special basis for the cohomology groups which are adapted

to our problem. We have the following result.

Theorem 1.7 (Theorem 4.17). Let f : S — C be a surjective morphism from a smooth
projective surface with numerically trivial canonical bundle to a smooth projective curve.
Then the perverse filtration of H*(S™:Q) defined by the morphism f : S — O™ s

multiplicative, namely, we have
p,H*(S™: Q) u P, H*(S™:Q) C P,y H*(S"; Q)

As a byproduct of our formalism, we can prove that if there is a pair of smooth surfaces Sp
and Sy, such that the perverse filtration (defined by some proper map h : Sp — A!) on
the cohomology H*(Sp) corresponds naturally to the weight filtration in the mixed Hodge
structure on the cohomology of H*(Sy), then this correspondence induces an identification
between the perverse filtration on H *(S}i”) and the weight filtration on H *(S‘[f[ﬁ) This

generalizes [5] Theorem 4.1.1.

There is a numerical version of the P = W conjecture, namely instead of requiring the
filtrations to correspond via the nonabelian Hodge theorem, one only requires the dimensions
of the graded pieces to be the same. Conjectures in [7] and [11] predict the perverse numbers
and mixed Hodge numbers for the moduli of parabolic Higgs bundles over curves with marked
points and the corresponding character varieties. In our five families of Hitchin systems, we

compute the perverse filtration explicitly, and also the perverse numbers.

Theorem 1.8 (Theorem 5.11). Let f : S — Al be the n = 1 case of the five families. Denote
the perverse numbers by p% = dim Grf HI(SM). Let the perverse Poincaré polynomial be

P,(q,t) = Z” piigit?. Then in the Ay case, the generating series is

) o] <1+qumt2m—l)2
anpn<q’t) - H m m—14+2m—2 m,m+142m) "’
— St (I —smgrit )(1 — smgmtie2m)

In the other four cases bv4, E’;, E’; and E’g, the generating series are

o0 00 ]
n=0 m=1 (1_8 q t )(1_5 q t ) (1_3 q t )



where k is an integer defined in Proposition 5./.

Using the explicit description of the corresponding character varieties for n = 1 in [9], we
prove the full version of the P = W conjecture for S — A in each of our five cases. Forn > 2,
little is known about the corresponding character varieties. However, there are conjectures
concerning the shape of the filtration W on H*(Mp) in [11]. Mathematica computations
show that for small n, the perverse numbers obtained in our theorem match the conjectural

mixed Hodge numbers in [11].

2 Functoriality of the perverse filtrations

In this chapter we prove that external tensor products, symmetric products and alternating
products of perverse sheaves are perverse. We also show we may describe the perverse
filtrations for f* : X® — Y™ and f™ : X — Y in terms of the perverse filtration for
f X — Y. We use terms “perversity”, “perverse decomposition”, “perverse filtration”

under the convention defined in section 1.2.

2.1 External tensor product

Proposition 2.1. Let fi : X1 — Y7, fo: Xo = Y5 be two proper morphisms between smooth
quasi-projective varieties. Let r(f) denote the defect of semismallness of f defined in section

1.2. Let F; and G; be suitable perverse sheaves and

2r(f1)

Rf1.Qx, [dim X, — r(f1)] @ Fil-

2r(f2)
Rf2.Qu, [dim X, — r(f2)] = €D G,[-]

J=0

be the perverse decompositions for map fi, fa, respectively. Then

R(f1 X f2)«Qux,xx, [dim X7 X Xy — 7(f1 X f2)] @f X G;[—i — j]

1 a perverse decomposition for the proper map fi X fo : X1 X Xo — Y1 X Ys. In particular,
for oy € H*(X1), an € H*(X3), we have p(a; ® ag) = p(ay) + plaw), where oy @ ay is
viewed as a cohomology class in H*(X; x Xs), and the perverse filtration is defined by the
map f1 X fo: X1 X Xo = Y] xXY5.



Proof. Note that fi, fo and f; x fy are all proper, so Rf, = Rf,. By the Kiinneth formula

(see exercise 11.18 of [13]), we have

R(f1 X f2)«Qx,xx, [dim Xy + dim Xy — r(f1) — 7(f2)]
= R(f1 x f2):Qx, K Qux,[dim X7 + dim X5 — r(f1) — 7(/2)]
= Rf1.Qx,[dim X; —r(f1)] ¥ Rf2.Qx, [dim X5 — r(f2)]
@i,j FiM gj[_i —J]

12

By Proposition 10.3.6 (i)(ii) of [13], the external tensor product F;XG; is perverse. Therefore
this gives a perverse decomposition. To check the perversity is additive with respect to tensor
product is basically by definition as follows. Let p; = p(a1), pa = p(ae). If @ = 0 or ag =0,
then there is nothing to prove. Suppose none of them are 0, recall that by definition of

geometric perversity, we have

o € H (EB E[—z‘]) ,ap € H (@ Gﬂ—y’])
So

o ® as eH( & E&gj[—z—j]>

1<p1,J<p2

cH( P mgj[—z’—j1)
1+j<p1+p2

:PP1+p2H*(X1 X X2)

This shows that p(a; ® az) < p(ay) + p(ay). On the other hand, p(ay) = pr means that
(673 7é 0e Gl"li H*(Xk) So
0+# oy ® ap € Gl H*(X1) ® Gr,, H*(X5) C Gr,, ., H* (X1 x X3)

This shows that p(a; ® ag) = p(a1) + p(az). O

Corollary 2.2. Let f : X — Y be a proper map between smooth quasi-projective varieties.
Then the perverse filtration for the product map f" : X™ — Y™ can be described as

BHY(X™Q) = Span {on @ --- @ o [ plaa) +- -+ +plam) < p,

where oa; € H*(X;Q) fori=1,--- n.



2.2 Symmetric and alternating product

In this section, we give an explicit description of the &,,-action on the n-fold external tensor
product of a bounded complex, where &,, is the symmetric group of n elements. We use
the action to define the symmetric product in derived category of constructible sheaves, and
show that the symmetric product of a perverse sheaf is still perverse. Our method is similar
to the one in [16]. Let X(™ = X"/&,, denote the n-th symmetric product of X.

Definition 2.3. Let K be a bounded complex of constructible sheaves on a complex quasi-
projective variety X;, for 1 < i < n. Then the n-fold external tensor product X! ; K? on
[T, X; is defined as follows.

1. The j-th component is Py~ _; X7 K

2. The differential is 31| (—1)F++ki-14; on the summand X}, K where d; is induced
by the differential of K;.

Definition 2.4. Let K? and X, as above. Then there is a natural &,-action on X! ; K? by:
o WL K S o (R KD )
which is defined, for m; € K", by
X my = (—1) 7P o, (R my)

where v(o,p) = Zi<j7g(j)<o(i) Dib;-
Definition 2.5. Let X be a complex quasi-projective variety. Let ¢ : X™ — X® be the

quotient map. For a bounded complex of constructible sheaves K on X, we define the

symmetric product and alternating product as

KM — (Rq*K&n)Gn
Kind — ( Rq. K®n>sign*6n

where

()% = 3" Ra.(o?)

’ ogeS,

is the symmetrizing projector and

(_)sign—Gn —

> (=1 Ry, (o)

UEGn

Sl

7



is the alternating projector. Here we use the fact that &,, acts trivially on X ™.

Remark 2.6. By [15] (1.1), we have the following canonical isomorphisms.

J
H*(X(n),K(n)> — ]{*()(n7 K&n)gn — @ SymiHeven(X, K) ®/\H0dd(X7 K)

i+j=n

H*(X(n), K{n}) _ H*(Xn, K&n)sign—Gn _ @ /\ ]_Ieven()(7 K) ®Syij0dd(X, K)
i+j=n
Furthermore, we have

K™[na] if a is even.

(o))" =
K na] if a is odd.

Proposition 2.7. Let P be a perverse sheaf on X. Let g : X" — X™ be the quotient map.

Then P™ and P are perverse sheaves on X™.

Proof. By Proposition 2.1, P®" is perverse. Since the map ¢ : X” — X is finite, Rq, K™"
is perverse due to Corollaire 2.2.6 (i) in [1]. It suffices to prove that the invariant part and the
alternating part under the &,-action are both perverse. By the definition of the projectors,

we have

(Rg.P¥")®" — Rq,P™" — (Rq.P*")""
(Rq*PIXIn>sign—6n BN Rq*P&n N (Rq*PIXIn>sign—Gn

where both compositions are the identity. This means that (Rq,P*")®" and (Rq,P¥")sien—6n
are both direct summands of Rq,P®" in the bounded derived category of constructible

sheaves. The proposition holds due to the following lemma. O

Lemma 2.8. Let P be a perverse sheaf on X. Suppose that P = K & K' holds in D°(X),

the bounded derived category of constructible sheaves. Then K is perverse.

Proof. The cohomology sheaf satisfies H'P = H! K®H'K'. Therefore Supp H'K C Supp H'P,
and thus dim Supp H'K < dim Supp H'P < —i. This proves the support condition (4.0.1%)
in [1]. Note that PV = K" & (K")", the cosupport condition follows similarly. O

2.3 Perverse filtration of symmetric products

In this section, we show that the perverse filtration for a symmetric product a morphism
f™ . XM 5 Y™ is compatible with the perverse filtration of the corresponding cartesian
product f": X™ — Y™ We also use the symmetric product and the alternating product for

perverse sheaves to give a perverse decomposition for the symmetric product of maps.

8



Lemma 2.9. Let X be a smooth quasi projective variety. Let ¢ : X" — XM . Let K, €
DYX),i=1,---,n. Then &, acts on

K= Ky R+ B Ky

UEGn

as an endomorphism. Furthermore, (Rp,K)® = Rp, (K, X --- K K,,). More generally, let
k= (ki, - kp) withky 4+ +kpn=n. Let S = {0 : [n] = [m] : |f71(i)| = ki}, where [n]
denotes the set {1,--- ,n}. Let i : X x ... Xm) — X Then &, acts on

K= P Koy B+ R Ko,

ceSy

and we have
(Rg.Kx)®" = Ry (K™ R - RK ).

Similarly, for the alternating part we have
(Rg. o)™ = Ry (K{" W - R K i),

Proof. Note that &,, acts on K by permuting the direct summands (up to sign). The

invariant part of the push-forward is determined by any one of its summands. ]

Proposition 2.10. Let X be a smooth quasi-projective variety. Let q : X™ — X™. Let
K =am, K, € D%X). Then we have the expansion

K9 2 @) R (8 - 3 K8,
k

and
KO > @ R () 8 )
Kk



Proof. By Lemma 2.9, we have
K(n) — (Rq*Kﬁn)Gn

Sn
= (Rq* & Kh&---XlKin>

1<i1, in<m
Sn
= (RQ* @ jzk)
k
- D (reki)”

k
— D R (K = @K )
k

O

Lemma 2.11. Let f : X — Y be a proper morphism between smooth quasi-projective vari-

eties. We have the following commutative diagram

xn 1, xm)

lf” lﬂ“)

yr —2 5 y®
Let K € DY(X), then Rf™K®™ =~ (Rf, K)™.

Proof.

S n

(REK)™ = (Rg.(Rf.K)E) " = (Rg, Rf.K5")
~ (R f*(qu*K@n) o g (Rq. K=" = Rf{W K™

]

Proposition 2.12. Let f : X — Y be a proper morphism between smooth quasi-projective

varieties. Let
2r(f)

Rf.Qx[dim X —r(f)] = @ Pil—i]

be the perverse decomposition, where P; are perverse sheaves on'Y . Then the perverse decom-

position of the map ™ : X — Y™ s given as follows. The formula is slightly different

10



depending on the parity of dim X — r(f). When dim X — r(f) is even, then

RIMQy i [n(dim X — r(f))]
EB Ry « (Péko) X (P [-1])" K. K (PQr(f)[—2r<f)])(k2r(f))>
k

I

12

P R (P R P & mPYE) |- S ik
L .

When dim X — r(f) is odd, then

RV Qi [n(dim X — r(f))]

o @ Ry . <7D(‘){’fo} 2 (Pl[—l]){kl} X-...X (PQT(f)[_QT(f)]){kQT(f)}>
k
2r(f)

= P Ao, (P RPIV R RPI) |- ik
k

=0

Proof. By the canonical isomorphism (Qx)™ = Qyw), Remark 2.6 and Lemma 2.11, we

have

(R.Qx[dim X — ()™ if dim X — r(f) is even.

RfM Qo [n(dim X — r(f))] =
(Rf.Qx[dim X — ()™ if dim X — r(f) is odd.

Then we use Proposition 2.10 to obtain the isomorphism. Using Proposition 2.1, Proposition
2.7 and the fact that the projection ¢y is finite, we know this isomorphism is indeed a perverse

decomposition. O

Although the perverse decomposition for the symmetric product is somewhat complicated,
the perverse filtration is much simpler. It is compatible with the one for the cartesian product

as one may expect. To see this, we need the following lemma.
Lemma 2.13. Let f: X — Y as before. Then

Sn

PTep ((Rf*@x)(n)) = (RQ* (pTSp(Rf*@X)gn))

Proof. Note that the &,-invariant part is a direct summand, so it commutes with the functor

PT<,. Furthermore, the quotient map ¢ is finite, hence Rg, is t-exact. O]

Proposition 2.14. Under the isomorphism

11



the perverse filtration can be identified as
PH" (X(n)) = (PPH*(Xn))Gn )

where the perversity in parentheses is taken with respect to f*: X™ — Y™,

Proof. By Lemma 2.11 and Lemma 2.13 , we have

pTSpr*(n)QX(n) = pTSp(Rf*QX)(n)

= (Rq*pTgp(Rf*QX)gn) o

After taking cohomology, we have

PH*(X™) = H(Y<">,P¢§pr,E")QX<n))
= (P,H"(X™)™"

So the result follows. O

3 Perversity of the diagonal

We will prove a technical result about the diagonal embedding, which is true for any algebraic
variety. The result is crucial in the proof of the multiplicativity of the perverse filtration for
Hilbert schemes of surfaces. In fact, by using Lehn’s description of ring structure of Hilbert
scheme of surfaces with numerically trivial canonical bundle, the perversity estimation of the

diagonals is equivalent to the multiplicativity of perversity filtration for the Hilbert schemes.

3.1 Filtered basis for cohomology groups

We choose and fix a basis for the cohomology group with the following properties, which is

crucial in the perversity estimation of the diagonal embedding.

Proposition 3.1. Let f: X — Y be a morphism between projective varieties. Let k(p,d) =
dim Gr} HY(X). There exists an Q-basis

B:{ﬁg,i |0<d<2dimX,0<p<2r(f),1<i<k(pd}cCH(X)

with the following properties:

12



L ﬁg’i © PpHd(X)' {@’.” pk‘pd)} is a basis of Gr Hd(X); where @ 1s the image
of ﬂgﬂ- under the natural quotient map P,HY(X) — Grp HY(X).

2. The basis B is signed orthonormal in the following sense.

o0y = +1 d+d =2dimX, p+p =2r(f) and i = j,
Py -

0 otherwise.

where —1 can only appear when d =d =dim X, p=p' =r(f) and i = j.

In particular, if A = {a } 15 the dual basis of B with respect to the Poincaré pairing, then

we have

pag.) +p(B,) = 2r(f)
To prove Proposition 3.1, we need the following two results.

Lemma 3.2 ([3] Version 1, Lemma 2.9.1). Let f : X — Y be a morphism of algebraic

varieties. The Poincaré paring
P,HY(X) x Py H*™™X~4(X) = Q

is trivial for p+p’ < 2r(f).

Proof. Denote by D%(Y) the bounded derived category of constructible sheaf on Y. Let
€ : Rf.Qx[n| — D(Rf.Qx[n]) be the duality ismorphism. For every d, the map e defines

the non-degenerate Poincaré pairing
/ D HY(X) x {3 A(X) — Q.
X
So to prove the pairing is trivial, it suffices to prove that the following composition is 0:

Prepr(p R.Qx[n] = RfQx([n] = D (Rf.Qx[n]) = D( 1<y r(r) Rf:Qx[n]).

By our choice of geometric perversity, the dualizing functor D satisfies

/

D ( Dg<y)gp’—r(f>) C Db(Y)Z D7,

By the axioms of a t-structure, Hom(D4(Y)=P~"() Db(Y)Z"(=P") = 0, since p — r(f) <
r(f) — p'. So the composition is 0. 0
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Lemma 3.3. The pairing induced by the Poincaré pairing
Gr)) HY(X) x Gy py_, H"4(X) = Q

18 non-degenerate.

Proof. By Lemma 3.2, the pairing is well-defined. The non-degeneracy is due to Theorem
2.1.4 and Corollary 2.1.8 of [3] O

Proof of Proposition 3.1. Denote Bf = {f € B | p(f) = p,# € H*X)}. We construct
Bg using a Gram-Schmidt type argument. We perform the construction inductively in the
lexicographical order of pairs (p, d).

Induction base: for (p,d) < (r(f),dim X), pick any basis of Grg H?(X), and lift them to get
Bd. For (p,d) = (r(f),dim X), by Lemma 3.3, the self-intersection form is nondegenerate,
so we may pick a basis such that the intersection matrix is diagonal and has only +1 on the
diagonal. Denote any lift of this basis by Bf}éj}iX

We are now going to find B, g = {8%,,---, z,k(nd)}’ assuming that all cases below (p,d)
are done. To simplify notation, we let e = 2dim X — d and ¢ = 2r(f) — p. Note that
(g,e) < (p,d). By Lemma 3.2, the pairing Grr}])D HY(X) x Grf H¢(X) is non-degenerate, so

d

we may pick a basis évg = { )} such that the matrix of this bilinear pairing

... pd
p,1s » Mp.k(p,d

is the identity matrix with respect to the bases By and E}j. Modify E}j by setting

,—Zl_/

d d
pv]- p’l p_]‘ 7’71
— . + Z A, e , (3.4)
d o i=q+1 d
B k(p.d) B o) ! k(i)

where the A; are k(p,d) x k(i,d) matrices of rational numbers to be determined. The
condition that the A; need to satisfy is slightly different when d < dim X, d > dim X and
d =dim X.

1. d < dim X. For degree reasons, it suffices to require the orthogonality between Bg and
degree d basis which precedes (p, d) in the lexicographical order, namely Bf,-- -, By ;.
If we denote the Poincaré pairing by regular multiplication, then the condition can be

written in matrix notation as

d
p,1

e e _
< F E I 7,k(5,€) ) - 0’
d

pk(p,d)

14



for j=0,---,4,---,1—1, and

d
p,1

( alr 0 Panae ) = Lepa);
d
ﬁp,k‘(p,d)

where I denotes the identity matrix. Pluging in (3.4), we have

d d

p,1 p—1 i,1

Y € .« o . € : DY € Y € p—
T ( 510 1 Pk(Ge) >+ Z A; ( 51 " Pik(e) ) 0
ﬂd i=q+1 d
p,k(p,d) i,k(i,d)

forj=0,---,4,--- ,p—1, and

T

d

p,1 p—1 i1
/‘\’_‘/ ( 5717 B /BS)k(qve) >+ Z AZ T ( 5717 T B;ak(qve) ) - I
i i=q+1 d
p,k(p,d) ,k(i,d)

The second condition is always satisfied by ¢ +4 < 2r(f) and by Lemma 3.2. The first
condition is true when j < g for the same reason. When ¢ < j < p — 1, by induction

hypothesis, the first condition is reduced to

—

d
p,1

J SO Bf,k(j,e) ) + Agr(p)- =0

—_—

d
ﬁpvk(p,d)
This solves Ay, (s)—;. Note that ¢+1<j<p—1,s0¢+1<2r(f)—j<p—1 (note
that p 4+ ¢ = 2r(f)). That means that all A; are determined.

2. j > dim X. The only difference in this case is that By is already done, so we need
one more condition to require B;l to be orthogonal to By. To make this work, the sum
taken in (3.4) need to be from ¢ to p—1 instead of from g+1 to p—1. The computation

is similar.

3. 7 = dim X. In this case BgimX need to be modified to be orthogonal to itself. The
condition to be satisfied is exactly the same as j > dim X case, the result is slightly

different: the matrix A, is different by a factor 2.
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This completes the induction. In particular, the dual basis af ; = 3¢, so p(ag,) +p(5:,;) =

2r(f). O

Remark 3.5. The assumption that X and Y are smooth varieties is not necessary. In fact

the construction works for the intersection cohomology for singular varieties.

Remark 3.6. We point out an easy but important fact about B. The basis B is filtered in

the sense that
P,H*(X) = Span {8 € B | p(8) < p}.

By the additivity of perversities with respect to tensor products, we have the following.

Corollary 3.7. Let f : X — Y be a morphism between smooth projective varieties. Let
B ={p1, -, Pk} be the basis of H*(X) in Proposition 3.1. Then the set B" defined by

B = {8, @ @B, | 1 <y, iy <k}

is a basis of H*(X™). Furthermore, this basis is filtered with respect to the perverse filtration
induced by map f*: X" —-Y" .

3.2 Perversity estimation of small diagonals

In this section, we study the perversity of the small diagonal of the cartesian self-product This

estimation is crucial to prove the multiplicativity of perverse filtration of Hilbert schemes.

Proposition 3.8. Let f : X — Y be any morphism between smooth projective varieties.
Suppose the perverse filtration for f : X — Y s multiplicative, i.e. for any two classes
ar, ap € H*(X), we have p(a; U ag) < p(ay) + plag). The small diagonal embedding A, :
X — X" induces a Gysin push-forward of cohomology

Aps: H(X) — 2D dimX
Then for any v € H*(X), we have that

P(An«(7) < p(y) +2(n —1)r(f),

where the perversity on the left side is defined by the map f™ : X™ — Y™ and the one on the
right side is defined by f: X — Y.

We need an easy fact to prove the proposition.
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Lemma 3.9. Let X be a compact smooth manifold. Let B1,--- , B, be an additive Q-basis
of H*(X). Let aq, -+ ,ap be the dual basis with respect to the Poincaré pairing, namely
<Oéi, 6j> = (SZ] Then

AQ* Zaz ﬁzuf}/

Proof. Let pry, pry : X X X — X be the projection maps to the two factors. Any cohomology

class ® € H*(X x X) induces a correspondence

@] H*(X) — H*(X)
§ = pro.(pri(§) UP)

Now the correspondence induced by left hand side is

[A2.(M](€) = pra,(pri(§) UAs.(y))
= pry. (@ 1TUA(Y))
= pry, Ao, (A3(E®1)U7)
= Aj({®1)Uy
= §U7,

where the second equality is due to the projection formula, and the third equality uses

Ay o pry = id. The correspondence on right hand side computes as

k k
[zaimw] B) = Y pra.(8; Uor® U7

pry, (B Uy ® B U7)
= BjUy

Here we use the fact that the nontrivial push-forward takes place only when 3; U «; is a
cohomology class of top degree, and hence in this case §; U o; = (f;, ;) = d;; by our choice
of {a;} and {B;}. So there is only one non-zero pairing left in the summation. Now extending

by linearity, we have
k
[Zai@@ﬁwv] (&) =¢un.
i=1
So the lemma follows. O

Proof of Proposition 3.8. We use induction on n to prove the statement. Since n = 1 is

trivial, we prove for n = 2 as induction basis.
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Let {84,}, {ad;} be the basis in Proposition 3.1. Then by Lemma 3.9 we have

Nou(y) =) ab, @ (B, U7)

p,d,i

Now by Proposition 2.1, Proposition 3.1, and the hypothesis that the perverse filtration for
f X — Y is multiplicative, we have

p(Az () maxy, d.q p(ag,z‘ ® ( ;ff,i U-y))
max, q;(p(ad;) +p(BL,) +p(7))

2r(f) +p(v)

IA A IA

For general n, A, can be decomposed into the following two diagonal maps.

X Ap—1 xn-1 AgxIdn—2 xn

Then by induction hypothesis, we have

p(An.(7)) p(An147) +2r(f)
p(7) +2(n = 2)r(f) + 2r(f)
(

p(v) +2(n = 1)r(f)

<
<

4 Hilbert scheme of points on surfaces

In this section we produce a perverse decomposition for the Hibert schemes of points on
smooth surfaces in terms of a perverse decomposition for the fibered surface. We use Lehn’s
description of the ring structure of the cohomology of Hilbert schemes and the perversity es-
timation of the diagonal in self-cartesian product to prove the multiplicativity of the perverse

filtration for Hilbert schemes.

4.1 Ring structure of Hilbert scheme of K3 surfaces

In this section we recall the notation, definition and results on the cup product on the co-
homology ring of the Hilbert scheme of points for K3 surfaces. All results in this section are

due to Lehn’s paper [14].

Let S be a projective surface with numerically trivial canonical bundle. Let A = H*(S;Q)

18



be the cohomology with Q coefficients. Let [n] denote the set {1,--- n}.

Definition 4.1 ([14] 2.1). Let I be a finite set of cardinality n. Define

A= D 4pe®A0um / S,

fin —)I

Remark 4.2. In fact, A” is isomorphic to All. This isomorphism is canonical once an iso-

morphism ¢ : [n] — [ is fixed.

Definition 4.3 ([14] 2.1). Let ¢ : I — J be a surjective map between sets. Then ¢ induces
a morphism ¢ : S7 — S* by sending (1, -+, 1)) to (Ty(1), -+, Ty(r)))- Define ¢, and ¢* to
be the push-forward and pull-back map associated with ¢ between the cohomology groups
H*(ST) and H*(S7).

Remark 4.4. The pull-back map can be described explicitly as follows. First note that ¢ is
a product of diagonal embedding map: the j-th copy of S in S’ is embedded diagonally in
Sr ). Pulling-back along the diagonal embedding is exactly the definition of cup product.
So if we fix isomorphism f : [n] = I, g : [m] = J, we will have

@:[n]—=1—J—[m]

Therefore
prr A" — A™
R -Ra, ® U az
J=1 ieg=1(j
and

ot AL A E Ay A7
It is easy to check that this is independent of choice of f and g.

Now we define the wreath product of A and &,,, which is used to describe the cohomology
of Hilbert scheme of points on smooth surfaces. For a permutation o € &,, and a partition
v =1%...n% of n, we say o is of type v if ¢ has exactly a; i-cycles. For K a subgroup
of &, and for a K-stable subset E C [n], let K\ E denote the set of orbits for the induced
action of K on E.
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Definition 4.5. For 0,7 € &,,, the graph defect g(o,7) : (o, 7)\[n] — Q is defined by
1
(o, T)I(E) = S(IE] + 2 = [o\\E| = (T\E] = {oT)\E]).

In fact, g(o, 7) is always non-negative integer.

Definition 4.6 ([14] 2.8). The wreath product of A and symmetric group &,, as follows.

A8} = P A% N[200]]- 0

oe6y,
S, acts on A{S&,,} as follows: the action of 7 € &,, on [n] induces a bijection

o {o\[n] — (ror"H\[n]

xr — T
for each o and hence an isomorphism

7:A{6,} - A{G,}

ac T*(a)TUT’l

Let
G

be the subspace of invariants.

Any inclusion H C K of subgroups of &,, induces a surjection H\[n| — K\[n] of set of

orbits and hence induces a pull-back map

fH,K . A®H\IN _y g®K\[7]

and a push-forward map
frem: ASK\[] _y A®H\["]
Definition 4.7 ([14] 2.12). For 0,7 € &,,, define

7nJTZA®WAM}@M4®hAW] N A®(emN\[n]
0B o oo (7 a)- £ 5 560

where e is the Euler class of S.
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Proposition 4.8 ([14] Proposition 2.13). The product A{S,} x A{S&,} — A{S,} defined

by
ao- b1 :=my,(a @ b)oT

is associative and &,,-equivariant. So it descends to a product on A,

Theorem 4.9 ([14] Theorem 3.2). Let S be a smooth projective surface with numerically

trivial canonical divisor. Then there is a canonical isomorphism of graded rings

H' (S, Q)M = B (", Q)

4.2 Perverse filtration for Hilbert schemes of fibered surfaces

Partitions of n are denoted as v = 1% - - - n® where )" ia; = n. The length of a partition
is denoted by {(v) = Y"1 | a;. Set &, := &, X - X &, . For a quasi-projective vareity X,
set X 1= X1/, = X(@) x ... x X(@) For K € D% X), denote the multi-symmetric

and multi-alternating external tensor product by
KW — &?le(ai) c DS(X(”)),

KW =xr  Kiad ¢ pb(x®).

We still have

KW[l(v)a], a is even,

e
K%Hi(v)a), a is odd.

In fact, since the external tensor product is compatible with push-forward and perversity, all

result in section 2.3 can be generalized to the multi-symmetric or multi-alternating context.

Let f: S — C be a proper map from a smooth quasi-projective surface to a smooth quasi-
projective curve. Let S denote the Hilbert scheme of n points on the surface S. Then we

have the following diagram.

Slnl

ﬂ’l
(v)
Sy Tg

Slw) /Sy g) 'S, o) |n

fl(v)l f(v)l f(n)l
(v)

o) Sy o) ey o)
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To obtain a perverse decomposition for the map h, we need the following result:

Theorem 4.10 ([2] Theorem 4.1.1). Let S be a quasi-projective algebraic surface. Then we

have the decomposition theorem for the Hilbert-Chow morphism.
RW*QS[n] [271] = @ Rrgﬁ(@s@) [QZ(V)}

The main result of this section is the following.

Proposition 4.11. Let f : S — C be a proper map from a smooth algebraic surface to a

smooth algebraic curve. Let
Rf.Qg[l] =Py @ P1[—1] ® Pa2|—2]

be a perverse decomposition, where Py, P1, Po are perverse sheaves on C. Then a perverse

decomposition of the morphism h : S — C™ s given by:

RhQgu[n] = €D R (Pol0] @ Pi-1] & Po[-2))™) [i(v) — n]

v=1%1...nn

D Rrﬁ;?l( ) Rqr,s,t,fé‘“}&ﬂs)@?ét}) ~C(x,5,t)]

v=1%1...n%n r+s+t=a

1%

where C(r,s,t) =n—1(v)+> 1 (si+2t;), r = (r1,--- ,ryn), and similarly for s and t. Here
r +s+t =a means that r; + s; + t; = a; holds for any i, and
l(v) U(v)
Grsg [JCU x €00 ) — Tt

i=1 i=1

is induced by the natural map C) x C:) x Ct) — Clei),
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Proof. The proof is formal.
Rh,Qgm[n] & Rf™Rr,Qgmn]

~ o (@ Rr) Qg0 21(v) n1>
~ (PRf i")VRT Qg [21(v) - n]
= ) RrlY) R Qs (V) —
~ @R (RLQ9)Y 2Iw) —
= @ R (REQS)™ [iv) —
= DR, (P00 P & Pa-2)" 1) )

D Rr(c”,l( D Rqr,s,t,*PéWPfS)Wé”) ~Clr,s.t)
v=1%1...n%n r+s+t=a

I

Here we use Lemma 2.11 and Proposition 2.12 and the fact that dim S — r(h) = 1 is odd.

By Proposition 2.1 and Proposition 2.7 and the fact that the map ¢.s¢ is finite, all terms

in the parenthesis are perverse. Note that 7"8/, 1 is a closed embedding, so Rré’f’ 1 is t-exact, it

preserves perversity. Therefore the above gives a perverse decomposition. O

Remark 4.12. In the Proposition 4.11, we have symmetric product for odd perversity term
and alternating products for even perversity terms. This counter-intuitive result is due to
the fact that P;[—i] are direct summands of Rf,Qg[1] rather than Rf.Qg. See Proposition
2.12.

Corollary 4.13. Under the isomorphism

H* (5") = @ (H*(5") ™ [21(v) — 2n],

v

the perverse filtration can be identified as

PoH" (S™) = @D (Posaiwy-nH*(5)) ™ [20(v) — 2],

v

where the perversity in the parenthesis is taken with respect to f'®) : S{) — CH¥),
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Proof. By t-exactness of Rrg l and Proposition 4.11, we have

PrepRR,Qgmi[n] = @ Rrgl (PTepri)-n (REQs 1)) [1() — 7]
= @ Rrl) (RgPT<piin)—n(RFQs[1]) )Sign_en [1(v) — n]

v=1%1...n%n

where ¢ is the quotient map denoted as /&, in the previous diagram and the last isomorphism

is due to Corollary 2.13. After taking the cohomology, we have

P,H*(SM)[n] = H(C™, T<pRh Qs[n][ ) |
= @ ( RQ*pT<p+l —n(Rf*QS[ ])gl(y))&gn—@in) [l(v) —n]

=D H(C, ey o (REQ)TO) S i) —
= D (Bl (O (REQs L)) ™ [1(v) - n)
= D Braw o H (8, @s[1)F)) T 1) - )

= D (Brawad (59.05)) 7 1) —

= @ n(PpH(u)an*(S“”)))G" [21(v) —n]

So the result follows. O

In fact, we may define an abstract perversity function on the wreath product H*(5){&,}
which is easier to handle with. We will show that after restrict to the &, -invariant part, it

is the same as the one defined by the map S — C™

Definition 4.14. Let f : S — C be a morphism from a smooth algebraic surface to a
smooth algebraic curve. Let B be the basis of H*(S) obtained in Proposition 3.1. Then we

have that _
B{6,} = {®®aij~a | ij € B, o is of type 1 - ~~n“"}

i=1 j=1

is a basis of H*(X){&,,}. We define an abstract perversity on B{&,} as

Pabs (é}(ag)a]a> ZZp Qi +Z 1)a,,

i=1 j=1 =1 j=1
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and extend by linearity in the sense that

BH(S){6n} = Span{f € B{Gn} | pavs(5) < p}-
In particular, the basis is filtered with respect to the abstract perverse filtration by definition.

Proposition 4.15. The abstract perversity is invariant under the &,,-action. Furthermore,
after restriction to H*(S™), it is the same as the perversity given by the morphism h = S —
C™ in Corollary 4.13.

Proof. Note that &,, acts on cohomology by permuting the factors, so the abstract perversity

is invariant under &,-action. By definition, we have

n

n—1v) =Y (i—1)a

=1

and

Pabs <ééaij‘ 0) = p if and only if pgps (éé%j) =p4+n—I1v).

=1 j=1 i=1 j=1
where v = 1% ... n% be any partition of n. Comparing with Corollary 4.13, the abstract
perversity is the same as the geometric perversity induced by the morphism h on the basis.
Note that on both sides the bases are filtered with respect to perverse filtration, so the

abstract perverse filtration coincides with the geometric perverse filtration. O]

4.3 Multiplicativity of the perverse filtration

Proposition 4.16. Let f : S — C be a proper surjective morphism from a smooth algebraic

surface to a smooth algebraic curve. Then the perverse filtration on H*(S) is multiplicative.

Proof. The perverse decomposition of a proper map from a surface to curve can be found in
[4] Theorem 3.2.3. Let f : S — C be a proper surjective map from a smooth surface to a
smooth curve. Let f : S — C be its smooth part. Let J: C' — C be the open embedding.

Let R' = R f*@ g- Then one has a non-canonical perverse decomposition of map f:

REQs[) = {5 R | @D {5 R[] @ @00 Qp " } -1 @DU-R1}H-2

where n, is the number of irreducible components of fiber over p. Note that the ordinary

Leray filtration is multiplicaive, and the only difference between ordinary Leray filtration
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and the perverse filtration is that the classes corresponding to @pEC\é@;p ~! are shifted from
R%f.Qs[—2] to P1[—1]. Therefore, it suffices to check cup products with these classes. Fur-
thermore, these classes are in perversity 1, the only possibility to violate the multiplicativity
is that their cup with perversity 0 classes have perversity 2. However, they are fundamental
classes of irreducible components of special fibers, and perversity 0 classes are pull-backs
of classes on the curve. The don’t meet if the pull-back class is not the surface itself, and
cupping with fundamental class of the surface is the identity map. So in both cases, the

multiplicativity is preserved. O

Theorem 4.17. Let f : S — C be a surjective morphism from a smooth projective surface
with numerically trivial canonical bundle to a smooth projective curve. Then the perverse
filtration of H*(S™;Q) with respect to the morphism h : S — C™ s multiplicative,

namely, we have
P,H(S1;Q) U By H(S™:Q) C Py H* (S Q)

To prove this theorem, we need two lemmata. We use the notation introduced in section 4.1.

Lemma 4.18. For surjective map between sets @ : I — J, the pullback map ©* : H*(S)! —

H*(S)” does not increase perversity.

Proof. By Corollary 3.7, the basis B/l is filtered, so it suffices to compute the perversity of
the pull-back of the elements in Bl Pick an element a; ® - -+ ® a7 € BIl, then

|1

Plane-2a)=Q |J a

J=licp=1(j)
Note that by Proposition 2.1

]

p (a1 ®-~®au|) = Zp(aj)

where perversity on the left side is defined by map S!I — C!l and the perversity on the
right side is defined by S — C. Now by Proposition 2.1 and Lemma 4.16, we have that

] [J] 11|
P & U o <ZZM > a
j=1 igp—1 j=1icp~ j=1
where the perversity on the left side is defined by the map Sl — CI”I. O
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Lemma 4.19. For any surjective map ¢ : I — J, the push-forward map
0. H*(S)” — H*(S)!

increases the perversity at most by 2(|I| — |J]).

Proof. Again, it suffices to prove for a basis element a; ® -+ - ® oy € BVl Let b; = [~ 1(j)].

By definition,
7]

P ® - Qayy) = i®Abj,*(ozj).
j=1

By Proposition 3.8, we have

7] 7]
PlEQR A ()| < D p(An.(e))
j=1 j=1
7]
= D play) +2(b; = 1)
j=1
7] 7] 1J]
= > play)+2> bh—2> 1
j=1 Jj=1 Jj=1
7]

= > play)+2(1[ =[],
j=1
where the perversity on the left side is defined by the map SVI — C!I, the perversities on

the right side of the first line is defined by the map S% — C%. O]

Proof of Theorem 4.17. By Proposition 4.15, it suffices to prove that the abstract perverse
filtration defined on H*(S;Q){&,} is multiplicative. Furthermore, it suffices to prove the

result for our basis, namely

n a; n a§
p ®®aij-au®®a;j-7

i=_1 J=1 i=1 j=1

< Z Zp(azj) + Z (1 —1a;
i=1 j=1 i=1

S el + 3 - 1l
i=1 j=1 i=1

where «;; and «; run over basis B obtained in Proposition 3.1. Note that the cup product

formula computes independently on each orbit of (o, 7)-action on [n| individually. Let E be
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an orbit of the action (o, 7) on [n], i.e. |{o,7)\F| = 1. The product is computed by

AR gl g ABTNE 1)y ASTNE. o)
aolp@d-tle = fomnen (T (a) fTOT () 2O 07|

for every E. Note that the Euler class e is of top degree, hence €9 = 0 for ¢ > 2, so that it

suffices to consider the following two cases.
1. g(o,7) = 0. By Lemma 4.18 and Lemma 4.19, we have
Flomton (0T (@) [T (a))- 90 7). o7 )

p( ) f
=p (fromton (F 07 (@) fHOD (@) + |B] — [(om)\ B
p(fren)(a) f ”><a’>>> 2((oT)\E| = 1) + | E| — [{oT)\E|

—p(@) + p(a) + |E| + [(om)\E| - 2

—p(@0) = (|E] = (o\EI) + p(a’7) = (|| = (TNE]) + || + [(or)\E| - 2
—pla ) +p(a7) — 29(0,7)

=p(0) + pla"7)

2. g(o,7) = 1. Since e itself is already in top degree, so the only nonzero case arise for
a=a =1. Then

P (fromion (FP0T Q). fTH7 (1) 997). 07| )
=p (fio.),(om(€)) + |E] — [(oT)\E|

—2 4 2((orI\E| 1) + | B| - [{or)\

=|E] + [{(oT)\E]

=E| = {o)\E| + |E| = |(T)\E]

=p(l-0) +p(1-7)

The last but one equality is due to g(o,7) = 1, which means |E| = |(o)\E|+ |{T)\E| +
[{om)\E].

]

An application of the theorem is the multiplicativity of perverse filtration for the elliptic

fibration of Hilbert schemes of points on K3 surfaces.

Theorem 4.20. Let S be an elliptic K3 surface and f : S — P! be the elliptic fibration. Then
the perverse filtration on H*(S™) defined by the natural map h : S™ — P is multiplicative.
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4.4 The Hilbert schemes of a surface P = W package
Definition 4.21. A P = W package is a 5-tuple (Xp, Xy, h, A, =) where

1. Xp, Xw, A are smooth quasi-projective varieties. h : Xp — A is proper morphism.

=: Xp — X is a diffeomorphism.

2. PoH*(Xp) = WoH (Xw) = Wop1 H*(Xw) for any k. Here perverse filtration is

defined for map f, and the identity is viewed as pull-back via Z=.

A homological P = W package (Xp, Xw,h, A, @) is the same as a P = W package except
that the diffeomorphism Z is replaced by an isomorphism ® : H*( Xy ) = H*(Xp).

Theorem 4.22. If Sp and Sy are smooth surfaces and (Sp, Sy, h, A', ®) is a homological
P = W package. Then the Cartesian product (S3, Sy, k™, A", ™), the symmetric product
(Sfpn), SW, R A" &™) and the Hilbert scheme (S}i”, SI[,?,], hil A" @) are also homological
P =W packages, where hl") : X][f”] — XI(D") — A" and

ol . g (X&V”;Q) - P éH* <X§$i); >[2n—2[(1/)]

y=101...nan =1

@2l @ ® H (X§:Q) 20 - 20(0)) = 1" (X} Q)

v=1%1...n%n =1

Proof. The proof is obtained by comparing the functoriality of the weight filtration for the
mixed Hodge structure and the one for the perverse filtration.

Step 1. On one hand, by the Kiinneth formula for mixed Hodge structures,
WoH* (S Q) = Span {1 ®@ -+ @ o | 0(01) + -+ + 10(0,) < wh,

where a; € H*(Sw ), and the function w denotes the weight of a cohomology class. On the
other hand, by Corollary 2.2,

FpH*(Sp; Q) = Span {oy @ - @ ay, | play) + -+ +p(a) < p},

where o) € H*(Sp). By the hypothesis that (Sp, Sw,h, A, ®) is a homological P = W
package, 2p(Pa;) = w(«;). This implies that

W2kH*(S{/LV; @) = W2k+1H*(S{7/LV; Q) = PkH*(S$§ Q)

So (SB, Sh, h™, A™, ®™) is a homological P = W package.

Step 2. On one hand, the mixed Hodge structure is functorial with respect to finite group
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quotient. So we have

W H' (817 Q) = (W H' (S @)™
On the other hand, by Proposition 2.14, we have
PH*(S3";Q) = (B,H"(S3; Q)"
Then result in step 1 immediately implies
WoH* (8173 Q) = War H (87 Q) = PuH" (57 Q).

So (Sl(f), S‘(,Z,I), R A" &™) is a homological P = W package.
Step 3. On one hand, Theorem 5.3.1 in [2] asserts that

1 (sif@) () = @ # (17:0) 1) - 201 1)

is an isomorphism of mixed Hodge structures, so we have

W, H* (SL’VL]; @) = D W) -2n H (SY; Q) [20(v) — 201,

On the other hand, by Corollary 4.13, the perverse filtration for the map Al : SE;L} — A"

can be expressed as

P (s50) = @(PU (S 0) ™ RU) — 2n)
= @ LHH(SY)Q)[21(v) — 2n]

where the perversities in the parentheses are taken with respect to A!®) : Sﬁﬁ”) — A'™ and

") S ) 5 AW respectively. The result in step 2 implies that
WarH* (Si); Q) = Wa H* (S Q) = PH(SE); Q).

So (Sl[f], S‘[,’;}, pl"l A™ @) is a homological P = W package. ]
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5 Applications to the P = W conjecture

In this chapter, we will consider five families of Hitchin systems and the corresponding
character varieties. We will prove the multiplicativity of the perverse filtration for the Hitchin

map, compute perverse numbers and prove the full version of P = W for the n =1 case.

5.1 Five families of Hitchin systems

We first define the five families of Hitchin systems we consider.

1. Type Avo(n) Consider the moduli space of degree 0 rank n parabolic Higgs bundles
over an elliptic curve (E,0), whose Higgs field can have at worst a first order pole at
0 and the residue of the Higgs field at 0 is nilpotent with respect to a multi-dimension
{n,1,0} flag.

2. Type li(n) Consider the moduli space of degree 0 rank 2n parabolic Higgs bundles
over a weighted curve (P!, py, pa, p3, p4), whose Higgs field can have at worst a first order
pole at marked points and the residues of the Higgs field are nilpotent with respect to
a multi-dimension {2n,n,0} flag for p;, p2, p3, and a multi-dimension {2n,n,1,0} flag

for py.

3. Type E?;(n) Consider the moduli space of degree 0 rank 3n parabolic Higgs bundles
over a weighted curve (P!, py, p2, p3), whose Higgs field can have at worst a first order
pole at marked points and the residues of the Higgs field is nilpotent with respect to
a multi-dimension {3n,2n,n,0} flag for p;, p2 and a multi-dimension {3n,2n,n,1,0}

flag for ps.

4. Type E(n) Consider the moduli space of degree 0 rank 4n parabolic Higgs bundles
over a weighted curve (P!, py, p2, p3), whose Higgs field can have at worst a first order
pole at marked points and the residues of the Higgs field are nilpotent with respect to
a multi-dimension {4n,2n,0} flag for p;, a multi-dimension {4n, 3n,2n,n,0} flag for

pe and a multi-dimension {4n,3n,2n,n,1,0} flag for ps.

5. Type Eg(n) Consider the moduli space of degree 0 rank 6n parabolic Higgs bundles
over a weighted curve (P!, py, p2, p3), whose Higgs field can have at worst a first order
pole at marked points and the residues of the Higgs field are nilpotent with respect to
a multi-dimension {6n,3n,0} flag for p;, a multi-dimension {6n,4n,2n,0} flag for ps

and a multi-dimension {6n, 5n,4n,3n,2n,n,1,0} flag for ps.
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The geometry of the above moduli spaces of parabolic Higgs bundles are described explicitly
by the following theorem in [10] due to Grochenig.

Theorem 5.1 ([10] Theorem 4.1). We consider the moduli of parabolic Higgs bundles in n =
1 case for any of the five families. Let I' =: {0}, Z /27,737, 7/AZ,7,/6Z respectively. Let
Mp denote the moduli of parabolic Higgs bundles. Then Mp is isomorphic to I'-equivariant
Hilbert scheme on T*E, which is the crepant resolution of the quotient T*E/T".

Theorem 5.2 ([10] Theorem 5.1). Let Mp(n) denote the moduli space of parabolic Higgs
bundle in any of the five families, and Mp(1) is abbreviated to Mp. Then we have

Mp! = Mp(n)
The Hitchin map M ,[:7; I An factors through the Hilbert-Chow map
ME M (AH ™ = A7

where MY — (AVY™ s induced by MP, — (A",

In parabolic non-abelian Hodge theory, the moduli of parabolic Higgs bundle is canonically
diffeomorphic to the corresponding character variety. The P = W Conjecture 1.1 asserts
that under this canonical diffeomorphism, the weight filtration in mixed Hodge structure on
the cohomology of character variety corresponds to the perverse filtration on the cohomology
of the Higgs moduli space with respect to the Hitchin map. By the Simpson’s table on page
720 in [17], we may find the charcter varieties corresponding to our five families of moduli of
parabolic Higgs bundles. The Conjecture 1.2.1 in [11] predicts that all cohomology class are
of Hodge-Tate type and the mixed Hodge numbers depend on the multiplicities of eigenvalues
of the monodromy action around the punctures rather than the eigenvalues themself. So for
our purpose, we list the corresponding moduli description of character varieties for our five
families of Hitchin systems without mentioning the specific eigenvalues for the monodromy

action.

1. Let E be any elliptic curve. Consider GL(n,C)-representations of 71(E \ p) such that
the image of small loops around punctures are in a prescribed conjugacy class whose

multiplicities of eigenvalue are of type

(n—1,1).

2. Let C =P\ {py, -+ ,ps}. Consider GL(2n,C)-representations of 71(C) such that the

image of small loops around punctures are in a prescribed conjugacy classes whose
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multiplicities of eigenvalue are of type

(n,n)(n,n)(n,n)(n,n—1,1).

Let C' =P\ {p1,p2,p3}. Consider GL(3n, C)-representations of m;(C') such that the
image of small loops around punctures are in a prescribed conjugacy classes whose

multiplicities of eigenvalue are of type

(n,n,n)(n,n,n)(n,n,n—1,1).

Let C' =P\ {p1,p2,p3}. Consider GL(4n, C)-representations of m;(C') such that the
image of small loops around punctures are in a prescribed conjugacy classes whose

multiplicities of eigenvalue are of type

(2n,2n)(n,n,n,n)(n,n,n,n—1,1).

. Let C =P\ {p1,p2,p3}. Consider GL(6n,C)-representations of m;(C') such that the

image of small loops around punctures are in a prescribed conjugacy classes whose

multiplicities of eigenvalue are of type

(3n,3n)(2n, 2n,2n)(n,n,n,n,n,n —1,1).

We have the following explicit description for these character varieties for n = 1 cases.

Theorem 5.3 (][9] Theorem 6.14 and 6.19). The character varieties Mg(1) above can be

described explicitly as follows.

1.
2
3.
/.

5.

Type ;4v0. C* x C*.

Type 13;. Degree 3 del Pezzo surface with a triangle remowved.
Type fE\;. Degree 3 del Pezzo surface with a nodal P' removed.
Type E; Degree 2 del Pezzo surface with a nodal P* removed.

Type fE\;. Degree 1 del Pezzo surface with a nodal P* removed.

Furthermore, these del Pezzo surfaces can be expressed by an explicit formula in weighted

projective space away from the singularities, and the removed triangle or nodal P! are cut

out by a hyperplane section.
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Contrary to the moduli of parabolic Higgs bundle case, we don’t know much about character
varieties for n > 1. Nevertheless, there are conjectures in [11] which predict the behavior of
the mixed Hodge numbers of character varieties. We will go back to this point in section
5.4.

5.2 Multiplicativity of perverse filtrations for Hitchin systems

We will use the technique we developed in previous chapters to prove the multiplicativity of

the five families of Hitchin systems.

Proposition 5.4. Let h : Mp — C be n = 1 cases for five families. Then Mp has trivial
canonical bundle. The dual graph of irreducible components of the fiber over 0 s affine
Dynkin diagram :4\6, 5;, Evﬁ, E’;, E;, respectively. Let h: h=1C* — C* be the smooth part of
the map, let j : C* — C, let R' = R'h,Q. Then a perverse decomposition of h : Mp — C

can be written as follows.

Rh.Qui, 1] = {Qe [} D {5 & @8} -1 Qe -2

where .
0 A case
4 bz case
k=<6 FEg case
7 E case
\8 E case

In particular, the dimension of the perverse filtration is given by

(

0
2
dim Gr, H*(Mp, Q) = 1, Ay case

p=d
p=d
p=d
P 1,d:2,m,/Ev6,Ev7,/E\; case

S N R

otherwise.

\

Proof. The quotient of T*FE by I' is computed using elementary methods. We list the type

of singularities in our five cases.
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Case Singularities

Ay none
D, 4 A
Eq 3 Ay
E, 1Ay, 2 As

Eg 1 Al, 1 AQ, 1 A5

Note that all singularities take place in the fiber over 0, so the dual graph of irreducible
components match the affine Dynkin diagram. The action of I" on T* E preserves the canon-
ical form, so the trivial canonical bundle descends to the quotient. The minimal resolution
of type A singularities is crepant, so Mp has trivial canonical bundle. The perverse decom-
position is again due to Theorem 3.2.2 of [4]. Here the map h : Mp — C has connected
fibers, so j*f%o = j*RQ = Qc¢. The dimension of the perverse filtration will follow if we
show H*(j*Rl) =0in bv4, EVG, E, E\; cases. In fact, the local systems R! can be described

-1 0
explicitly. They are rank 2 representation of Z = m;(C*) with monodromy ( 0 ) :

-1
0 -1 0 —1 0 —1 3
, , . A simple Cech cohomology argument shows that
1 -1 1 0 1 1
all cohomology group of R! vanishes, so does j*fil. [

When Mp is smooth and non-compact, the small diagonal embedding A,, . : Mp — M} is
still proper. So we have the push-forward in Borel-Moore homology. We may still define

A, H (Mp) = HPM(Mp) — HPMN(Mp) = H 0D (Mp)

The following proposition is a counterpart of Proposition 3.8.

Proposition 5.5. Let f : Mp — C be as in Proposition 5.4. In Z; case, the Gysin push-
forward by the small diagonal embedding A, .(v) = 0 for any v € H*(Mp) and n > 1. In

the other four cases, let E; be exceptional divisors of the resolution, then

Mou(1) = = Y B ® [E)

i=1

and A, .(v) =0 for any n > 2 orn =2, v # 1. In particular, the perversity estimation of

diagonal in Proposition 5.8

P(ALL(7) < p(y) +2(n—1)
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18 still true.

Proof. Note that A,, . increases the degree by 4(n—1), however in our cases, the top nontrivial
degree for H*(M7p) is 2n. So when n > 3, the push-forward is automatically 0. When
n = 2, the only possible nonzero term is Ay, (1). In the A, case, H*(Mp x Mp) is one
dimensional, generated by the class [C] ® [C] and Hy(Mp x Mp) is generated by F ® E.
(A2 (1), E ® E)ppxmp = (E,E)pp, = 0, so we have Ay, (1) = 0. For other four cases,
according to the decomposition, we pick a basis [E1],--- ,[Ey], X € H*(Mp), where ¥ is
a generic section of map f : Mp — C whose perversity is 2. To write Ay, (1) in terms
of the basis, it suffices to intersect it with the dual basis. The dual basis in Hy(Mp) is
{Ey, -+, By, F'}, where F denote the cycle class of general fiber. Since

(Ag4(1), E: ® Ej)mpxmp = (Eiy Ej)ap = —04j,

(D24(1), B @ F)mpsatp = (Biy F)ap, = 0,
(Ao 4(1), F @ F)rrpsrry = (F, FYpp, = 0.
We conclude that .
A1) == [E]®E]

i=1

]

Theorem 5.6. Let f : Mp — C be as in Proposition 5./. Then the perverse filtration
defined by the map h : MgL] — C"™ is multiplicative .

Proof. First, we show that Theorem 4.9 works in our five cases of non-compact surfaces.
In fact, for all of our five cases, Mp can be compactified to Mp such that the restriction
map H*(Mp) — H*(Mp) is surjective, so does H* (M_DM> — H* (MB”). To compute the
cup product, we may pull-back to the compact cases, use the result for nontrivial canonical
bundle case and then restrict. Since the extra terms involving the canonical bundle vanish
after restricting, the cup product formula in Theorem 4.9 still hold for our five cases.

The pull-back Lemma 4.18 holds regardless of compactness. The push-forward Lemma 4.19
holds once we have Proposition 5.5. In the non-compact case, the Euler class e = 0, so case

(2) in proof of Theorem 4.17 is trivial, and case (1) follows line by line. O
Combining Theorem 5.6 and Theorem 5.2, we have

Theorem 5.7. For the five families of moduli space of parabolic Higgs bundles described in

Theorem 5.2, the perverse filtration defined by the Hitchin map is multiplicative.
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5.3 Full version of P=W forn=1

In this section, we prove the full version of P = W conjecture in the n = 1 cases by using

the explicit geometry of the Hitchin map.

Lemma 5.8. Let X be any of the del Pezzo surface in Theorem 5.5. Leti: T — X be the
closed embedding of the removed curve in Theorem 5.5 and let j : U — X be its complement.
Then

WoH*(U) = Im (HZ(U) = H*(U)) .

Proof. We have a diagram where the row and the column are distinguished triangles

|

RjQu > Qx > 1.Qr

!

RJ*QU

Taking cohomology in degree 2, we have

By [8], Corollaire 3.2.17, the image of j* is precisely WoH?*(U). So it suffices to prove
that Im j, + ker 7* = H?(X). By exactness, this is equivalent to proving that Im i, + ker i* =
H?(X). Therefore, it suffices to prove that ¢ = i*i, is an isomorphism. In fact, the morphism
¢ maps & € HE(X) = Hy(T) to &« Hy(T) — Q, where £'(y) = [, £ Ui.(y). This defines
a symmetric bilinear form on Hy(7T') defined by the intersection number of components of T
viewed in X. To show that v is an isomorphism, it suffices to show that this bilinear form

is nondegenerate. In the case where 7' is a triangle, then the intersection matrix is



In the case when T is a nodal P!, since it is cut out by hyperplane section away from the
singularities of the weighted projective space, so it is an ample divisor, therefore the self

intersection of T is nonzero. O

Theorem 5.9. The perverse filtration for the map Mp(1) — C and the mized Hodge filtra-

tion on Mg(1) correspond.

Proof. By the spectral sequence of weight filtration of mixed Hodge structure, dimensions

of graded pieces of weight filtration is easily computed.

(

w=d=0
w=4,d=2
w:2,d:1,;4\6 case

w=2,d =2, Dy, Eg, Br, Ex case

dim Gr!¥ HY(Mp) =

o FTND = =

\ otherwise.

Compare with Proposition 5.4, numerical P = W holds for n = 1 in our five cases. To prove
the full version of the P = W conjecture, it suffices to prove that Py H*(Mp) = WoH?(Mp) in
Dy, Eg, Eq, E cases. (;16 cases is trivially true.) By Proposition 5.4, PyH?(Mp) in four cases
are all spanned by the fundamental classes of exceptional curves of the minimal resolutions,
and H2(Mp) is generated by the fundamental classes of exceptional curves and a generic
fiber of the morphism Mp — C. Note that the fiber class is 0 in H*(Mp), so we have

PlHQ(MD) =Im (HCQ(MD) — HQ(MD)) .
By Lemma 5.8, we have WoH?*(Mp) = Im(H2(Mpg) — H*(Mpg)). This completes the proof.
[l

Remark 5.10. In [6], Theorem 3.2.1 asserts that the forgetful map H9~6(Mp) — H®5(Mp)
is the zero map, where 6g — 6 is the complex dimension of the moduli space in the context.
In fact, they consider moduli space of degree 1 Higgs bundles and twisted representations,

so their result does not contradict ours.

5.4 Perverse numbers and numerical P=W

In this section, we give some partial numerical evidence for P = W Conjecture 1.1 for our
five families of Hitchin fibrations. We use Proposition 4.11 and Proposition 5.4 to compute
the perverse numbers Gr, H4(M ,[; ]). Conjecture 1.2.1 in [11] which predicts that the mixed
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Hodge numbers of character varieties can be computed by a combinatorial formula. We
made a conjecture that in our five families of Hitchin systems, the perverse numbers equal
the conjectural mix Hodge numbers of the corresponding character varieties. We have verified

our conjecture for small n.

Theorem 5.11. Let f : Mp — C ben = 1 case of the five families. Denote perverse numbers
by p*/ = dim Gr; Hj(MgL]). Let perverse Poincaré polynomial be P,(q,t) = Z” phgitd

Then for the ZB case, the generating series is

00 . 00 (1+qumt2mfl)2
ZS Pn(Q7t) = H (1 . qum—thm—Z)(l _ qum+1t2m)‘

n=0 m=1

For the other four cases, the generating series are

oo oo 1
nPn 1) =
Z § (q ) H (1 _ qum—thm—Q)(l _ quthm)k(l _ qum—i-thm)

n=0 m=1
where k is defined in Proposition 5.4.

Proof. We prove the equalities by expanding both hand sides and identifying the corre-
sponding terms. Since all cases are similar, we prove the D, case as an illustration of the

calculations. By Kiinneth formula and MacDonald theorem, we have
o (M};”‘]) [n]

_ H( D Rrgﬁl< - Pgr}&PF)&P;t}) [—C(r,s,t)])

v=1%1...n%n r+s+t=a

- D D H(ARPYRPY)[Crs)

v=1%1...n% r4+s+t=a

- @ @ (A eu(PY)eu (PY) [-Crsb)

v=1%...n% r4+s+t=a

By Proposition 5.4, we have Py = Qc[1], Py = j.R'[1] & Q}, P, = Qc[l1]. Note that j,R"

has no cohomology so that we have

H(Py) | H(Py) | H(Ps)
dimension 1 4 1
degree -1 0 -1

Together with Proposition 2.1 and Remark 2.6, the table shows that the summand
(P oH (PPY) ol (PM) [-C(rs,b)]
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: : : si+3 o
is of dimension H ( ‘ 5 ) as a vector space, and all cohomology classes in it are of
i=1

degree Y | —r; + s; +t; and perversity >, s; + 2t;. Here we use the fact that H(Py) and
H{(P,) are in odd degree, so that

( {r}) ®Sym“H (Py) = C,

and similarly for H (Pé{t}) S0

Pn(q; t) — Z qn—l(l/)th—l(l/) ﬁ Z ( S; ;‘ 3 ) q3i+2tit_ri+3i+ti

v=1%1...non i=1 ri+s;+ti=a;

n
_ Z qn—l(u)th—l(u) Ht—ai Z < S; + 3 ) qsi+2tit25i+2ti
v=1%1...nan =1 ri+s;+ti=a; 3
n
_ Z 1) §2n=21w) H Z ( 5; 43 ) Rt
v=1%1...n%n 1=1 ri+s;+tj=a; 3
Therefore
0o 00 n 43
an(q, t) = Z Z L) g2 H Z ( Si ) g2t 22t
n=0 n=0 v=1%1...nan =1 ri+s;+ti=a; 3

On the other hand, to get a term in the product generating series with factor s” is equivalent
to the following data: (1) A partition v = 1% -..n% of n, such that the factor m = i
contributes (s°)%, (2) a triple (r;, s;,t;) for each 7 satisfying r; + s; + t; = a;, such that the
expansions of three parenthesis contribute (s°)", (s*)* and (s')", respectively. So the term
obtained in this way is

H ( Si ;— 3 gilrisitts) g (i=Dritisit(i+1)ti (2i=2)ric+2isi+2its

i=1

Il

S
3 q

=1

[ si+3 ot 9842t
_ ann—l(l/)th—Ql(u) H ( , ) qsz+2tzt281+2tz.
=1

( 5+ 3 tai (i— 1)a1+sl+2tit(2i—2)ai+25i+2ti

Here we use the fact that a; =r; +s; +t;, n =) ia; and l[(v) = > | a;. By comparing

with the expansion of the additive generating series, the theorem follows. O]

If we believe P = W, the perverse numbers of Hitchin system should equal the mixed
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Hodge numbers of corresponding character varieties. In fact, the Conjecture 1.2.1 in [11]

and Theorem 5.11 suggest the following conjecture.

Conjecture 5.12. Let p be multi-partition which encodes the parabolic data of Mp(n). Let
k be defined as in Proposition 5.4. Let H,, be defined as in section 1.1 of [11]. Then for

%(n) case, we have

i (1 + smgmezm—1)2 o0 , Ja
= £20)"H., (— vi
22 (1= smgm PR (1 — st ;(5 0)"Hu (=1, : )

For the other four cases, we have

1_;[ (1 _ qum—1t2m—2)(1 _ quthm)k(l _ qum+1t2m) Z(S Q) H( \/57 ¢ )

m=1 n=0

Remark 5.13. In fact, the conjecture for ;4v0 case is the cohomological version of Conjecture
4.2.1 in [12], and the other four cases are new. With the help of Mathematica, we prove for
n < 6 for B; case, n < 4 for EE case, n < 3 for E and n < 2 for fE\; case. Efforts to prove for
general n so far all ended with combinatorial difficulties. More understanding on ¢, t-Kostka

numbers would be helpful.
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