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Abstract of the Dissertation

On the Dynamics of Non-Linear Systems and
Actuation Devices

by

Dake Feng

Doctor of Philosophy
in
Mechanical Engineering
Stony Brook University
2014

The research results being presented in this thesis is divided into
two areas. The first area is related to the development of a sys-
tematic method for model parameter identification of a large class
of fully and not fully controlled nonlinear dynamics systems such
as robot manipulators. The developed method is based on Tra-
jectory Pattern Method (TPM). The developed method uses tra-
jectory patterns with feed-forward controls to identify the system
model parameters. The developed method ensures full system sta-
bility; does not require close initial estimated values for the system

parameters to be identified; and provides a systematic method of
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emphasizing on estimation of the parameters associated with lower
order terms of the system dynamics and gradually upgrading the
accuracy with which the model parameters, particularly those as-
sociated with the higher order terms of the system dynamics are

estimated.

The second area of research that is being presented is related to
dynamic response characteristics of electrically powered actuation
systems in general and in non-linear dynamics systems in partic-
ular. Here, the term actuation systems refers to the actuator ele-
ments as well as their driving power electronics and its other related
components. The study shows that the actuation forces/torques
provided by such actuation systems can be divided into two basic
groups. The first group corresponds to the components of the ac-
tuator force/torque that is “actuator motion independent”. The
dynamic response of this group is relatively high and limited only
by the dynamic response limitations - for the case of electrically
driven actuation systems - of the driving power amplifiers, electron-
ics, computational and signal processing devices and components.
The second group corresponds to those components of the actuator
forces/torques that is “actuator motion dependent”. The dynamic
response of this group is relatively low and dependent on the actu-
ator effective inertial load and actuation speed. In all mechanical
systems that are properly designed, the dynamic response of the

first group is significantly higher than those of the second group.
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By separating the required actuating forces/torques into the above
two groups, the dynamic response of such nonlinear dynamics sys-
tems may be determined for a given synthesized trajectory. The
information can also be used to significantly increase the perfor-

mance of control systems of such mechanical systems.
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Chapter 1

Introduction

The dynamics of machines such as robot manipulators and those constructed
with linkage mechanisms, particularly those operating at relatively high speeds,
is highly nonlinear. The dynamics of such mechanical systems constructed
with relatively rigid links, which are considered as fully controlled, or flexible
links, which are considered as not fully controlled, can be modeled as ordinary
differential equations that are linear-in-parameters. Such models accurately
represent a large class of mechanical systems and usually employ appropriate
actuation and controls to form nonlinear dynamics systems.

Identification of the model parameters of such systems such as their kine-
matics and dynamics (inertia) parameters is important for accurate prediction
of the dynamic behavior of the system, and for the system design, path and
trajectory planning and synthesis, and their control. In particular, accurate
identification of model parameters is essential for the control of high-speed and
ultra-precision machines, especially when model-based methods are required

to achieve the desired system performance.



A review of the published literature indicates that a systematic method for
parameter identification of highly nonlinear and linear-in-parameter mechan-
ical systems such as robot manipulators or other similar computer controlled
machines, particularly if they are desired to operate at high-speeds with very
high precision has not yet been developed.

In this thesis, a new systematic method for model parameter identification
of highly nonlinear and linear-in-parameter mechanical systems, fully con-
trolled and non-fully controlled, are presented and the mathematical proof of
its stability and convergence is provided. The method is based on the Tra-
jectory Pattern Method. In this method, for a pattern of motion the inverse
dynamics model of the system is derived in algebraic form in terms of the tra-
jectory pattern parameters. The system dynamics model parameters are then
identified using a systematic algorithm which ensures system stability as well
as accurate estimation of the model parameters associated with lower as well
as higher order dynamic terms. The method is shown to be fast converging
and does not require initial close estimation of system parameters in order to
ensure convergence.

On the other hand, the dynamics of actuation devices of different types
have been extensively studied. However, a review of published literature indi-
cates that dynamic response issues have not been fully explained for nonlinear
dynamics systems, including mechanical systems such as robot manipulators.
In most current approaches to path and trajectory synthesis and control of
mechanical systems, methods used for linear dynamics systems are generally
employed while treating the effects of nonlinearity as input disturbances. For

highly nonlinear dynamics systems, this usually means that the system opera-



tion must be relatively slow to ensure stability and effectiveness of the control
system in providing operational precision. Model based feed-forward control
algorithms are also used to minimize the effects of the nonlinear components
of the system dynamics and to achieve better system performance in terms of
operating speed and precision.

The lack of full understanding of the dynamic response characteristics and
limitations of the actuation systems of mechanical systems with highly nonlin-
ear dynamics, however, significantly reduces the effectiveness of their control
system.

This thesis presents study clearly showing that the actuation forces/torques
provided by actuation devices driving mechanical systems can be divided into
two basic groups. The first group corresponds to those components of each
actuator force/torque that are “actuator motion independent”. The dynamic
response of this group is shown to be relatively high and limited only by the
dynamic response limitations - for the case of electrically driven actuation sys-
tems - of the driving power amplifiers, electronics, computational and signal
processing devices and components. The second group corresponds to those
components of the actuator forces/torques that are “actuator motion depen-
dent”. The dynamic response of the latter group is shown to be relatively
low and dependent on the actuator effective inertial load and actuation speed.
In all mechanical systems that are properly designed, the dynamic response
of the first group is significantly higher than those of the second group. By
separating the required actuating forces/torques into the above two groups,
the characteristics of the dynamic response of such nonlinear dynamics sys-

tems may be determined for a prescribed trajectory. The information can also



be used to significantly increase the performance of control systems of such
mechanical systems by properly synthesized trajectories and control. When a
feed-forward control signal is used, the performance of the system is shown to
be significantly improved by generating each one of the aforementioned group
of components separately considering the dynamic response of the actuation
system to each one of the groups of components.

This thesis consists of six chapters. The material presented in each of
the four chapters following the introduction, Chapter 1, is in most part self
contained. In most chapters, a literature review of the related topics precedes
the main text, and is followed by a discussion and conclusion section. The
illustrations and tables are placed at the end of the corresponding chapter.
The references are listed in alphabetical order at the end of the thesis. The
following is a brief description of the material presented in each chapter of this
thesis.

In Chapter 2, the lowest harmonic trajectory pattern that can be synthe-
sized for point-to-point motions with zero end point velocity, acceleration and
jerk of fully controlled nonlinear dynamics system such as robot manipulators
with rigid links are derived and the proof of their existence are provided. It
is also shown that for such fully controlled dynamic systems, such trajectory
patterns would require actuating forces/torques with the minimum possible
number of harmonic content.

In Chapter 3, a systematic method for parameter identification of highly
nonlinear, linear-in-parameter and fully controlled mechanical systems such as
robot manipulators or other similar computer controlled machines, particu-

larly if they are desired to operate at high-speeds with very high precision is



presented. Such a method guarantees that the system stays stable at all times
during the identification process and that it can accurately identify param-
eters that contribute to the higher order dynamics terms, particularly those
that become significant at higher operating speeds.

In Chapter 4, a systematic method for parameter identification of highly
nonlinear, non-fully controlled and linear-in-parameter mechanical systems
such as robot manipulators or other similar computer controlled machines
constructed with flexible structure, particularly if they are desired to operate
at high-speeds with very high precision is presented. Such a method is guaran-
tees that the system stays stable at all times during the identification process
and that it can accurately identify parameters that contribute to the higher
order dynamics terms, particularly those that become significant at higher
operating speeds.

In Chapter 5, an experiment is designed to prove the parameter iden-
tification method. A highly nonlinear two degrees of freedom manipulator
is built. The controller adopts Digital Signal Processor as realtime feed-
back/feedforward system and the velocity, position decoder is based on field-
programmable gate array. The experiment follows the proposed procedure in
chapter 3, and the result shows convergence of model parameter identification.

In Chapter 6, it presents a totally new approach at studying the dynamic
response requirements of mechanical systems with open-loop kinematic chain
and nonlinear dynamics such as robot manipulators. It is shown that the dy-
namic response requirements of the system actuators can be associated with
two different groups of components. The first group is shown to correspond to

the components of each actuator force/torque that is “actuator motion inde-



pendent”. The dynamic response of this group of components of the actuating
forces/torques is shown to be limited only by the dynamic response limita-
tions - for the case of electrically driven actuation systems - of the driving
power amplifiers, electronics, computational and signal processing devices and
components. The second group corresponds to the components of each actua-
tor force/torque that is “actuator motion dependent’. The dynamic response
of this group of components of the actuator forces/torques is limited mainly
by the effective inertia that is experienced by the actuator and its operating
speed. Due to the nature of the currently available electrical, hydraulic and
other actuation systems, the dynamic response of actuation systems is shown
to be generally high to the former group of components and significantly lower

to the latter group of components.



Chapter 2

On The Minimum Harmonic
Trajectory Pattern For

Point-To-Point Motion

2.1 Introduction

For trajectory synthesis of robot manipulators and computer controlled ma-
chines, polynomial and spline curves have been widely used [I, 2]. Johnson,
et al. in [3] developed a trajectory optimization technique for synthesizing dy-
namically feasible trajectories for mechanical system that approximate a de-
sired trajectory. Korayem, et al. reported another trajectory synthesis method
for optimizing point-to-point motions using the Pontryagin’s minimum prin-
ciple and solving a two-point boundary value problem [4]. When expressed
in Fourier series, all such trajectories contain a considerable number of high

harmonic components. In systems such as robot manipulators, the nonlinear-



ity of their kinematics and dynamics will also generate a significant number
of harmonics of the harmonics present in the trajectory, thereby requiring the
actuating torques/forces to contain very harmonic content, usually way above
their dynamic response capabilities, particularly for relatively high-speed mo-
tions. As a result, the system becomes incapable of tracking the synthesized
trajectory with precision. In addition, the harmonics present in the actuating
torques/forces may have frequencies that are close to the natural modes of
vibration of the system and therefore cause vibration and control problems as
the manipulator attempts to follow the synthesized trajectory.

The concept of Trajectory Patterns was introduced for synthesis of trajec-
tories with low harmonic content [5, B7, BY] for high-speed and precision mo-
tions with minimal excitation of the natural modes of vibration of a system.
Trajectory patterns are classes of joint trajectories formed by an appropriate
number of basic time functions with a number of trajectory parameters [R].
This method has been shown to be most appropriate for low harmonic motion
synthesis, with the consideration of limitations of the actuator dynamic re-
sponse. Therefore such trajectories can be utilized to synthesize motions with
minimal actuator high harmonic content [4].

In this chapter, the lowest harmonic trajectory pattern that can be synthe-
sized for point-to-point motions with zero end point velocity, acceleration and
jerk of fully controlled nonlinear dynamics system such as robot manipulators
with rigid links are derived and the proof of their existence are provided. It
is also shown that for such fully controlled dynamic systems, such trajectory
patterns would require actuating forces/torques with the minimum possible

number of harmonic content.



2.2 The Lowest Harmonic Trajectory Pattern
For Point-To-Point Motions

The simplest harmonic trajectory pattern is the one formed by a fundamental

sinusoidal time function and (n — 1) number of its harmonics as described by

n
x(t) = Z[ai cos iwt + b; sin iwt] (2.1)
i=0

Where z is the synthesized motion, ¢ is time, a; and b; are the trajectory param-
eters corresponding to the ith trajectory harmonic, and w is its fundamental

frequency.
Let the point-to-point motion to be synthesized start at the point zy at
time £ = 0 and end at x; at time t = t;. For a point-to-point motion with

zero end point acceleration and jerk, the trajectory must satisfy the following

eight end conditions

n

z(0) = Zai:xo (2.2)

x(ty) = Z[ai cosiwty + b; siniwty| = x4 (2.3)
=0

#(0) = iz’wbi:O (2.4)

(1) = Z iw[—a; siniwt, + b; cos iwty] = 0 (2.5)
i=1



n

B0) = Y —i’wla; =0 (2.6)

i=1
() = Zz’%}?[—ai cosiwt; — b;siniwt;| =0 (2.7)
i=1

n

#0) = Y —i'w’h =0 (2.8)

n
B(t) = Y i*wlaisiniwt; — b cosiwt;] =0 (2.9)
i=1

To satisfy the above eight end conditions, the trajectory pattern of Eqn. (E-T)
must in general have a minimum of four harmonics, i.e., for a given fundamen-
tal frequency w, the trajectory pattern must contain at least three harmonics
of the fundamental frequency, i.e., n must be at least equal to 4.

It is, however, shown below that special type of trajectory patterns do
exist in which such point-to-point motions with zero end point accelerations
and jerks can be synthesized with a fundamental frequency and its second
harmonic. It is also shown that this trajectory pattern constitutes the lowest
possible harmonic point-to-point trajectory that can be synthesized with zero
end point accelerations and jerks.

Firstly, from Eqns. (24) and (23), it is readily observed that by setting
b; = 0, these two end conditions would always be satisfied and the total number
of end conditions to be satisfied drops to 6 from 8.

Secondly, by examining the end conditions of Eqns. (E33) and (E9), it is
readily observed that by setting the time ¢; to the half of fundamental harmonic

period, i.e., if t; = =, the latter two end conditions would always be satisfied,
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thereby reducing the number of end conditions to be satisfied for each motion

to be synthesized to 4 as

n

z(0) = ) a; =z (2.10)

x(g) - Zai(—l)i:azl (2.11)
i(0) = i—iZcuZai:O (2.12)
i(g) - Z—iszai(—l)i:0 (2.13)

Thirdly, by adding and subtracting Eqns.(Z12) and (213), the following
relationships between the coefficients a; are derived (here, [5] is defined as the

integer of %):

3]
D an(2k+ 1)’ = 0 (2.14)
k=0

> an(2k)’W? = 0 (2.15)

Eqns.(E14) and (Z13) indicate that certain relationship must exist between

the amplitudes of the odd and even harmonics of the trajectory pattern. Now
by setting the amplitudes of the even harmonics to zero, i.e., by setting asr = 0,
k=1,2,..., the Eqn.(213) is then satisfied for all trajectories and the number
of end condition relationships to be satisfied is reduced to 3. The first two of

the relationships correspond to the end positions, Eqns.(Z10) and (211), and
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one relates the amplitudes of the odd harmonic components, Eqn.(2Z14).

As a result, the lowest harmonic trajectory that can satisfy the aforemen-
tioned end condition related relationships, Equs.(210), (2210) and Eqn.(214),
becomes

x(t) = ap + a1 cos(wt) + az cos(3wt) (2.16)

From which we can solve for the three trajectory pattern parameters ag, a;

and as as

- xo‘z“cl (2.17)
9 _

0 = % (2.18)

a = _xol—gxl (2.19)

By substituting Eqns.(E11), (Z18) and (Z19) into Eqn.(2Z18), the synthe-
sized lowest harmonic trajectory pattern is obtained as
_xo+wr | Y(xo — 11)

x(t) = 5 + T cos(wt) — %cos(ﬁ%wt) (2.20)

Taking advantage of the symmetry of the trajectory pattern of Eqn.(2220),

the trajectory pattern can be expressed as
1
x(t) = Mcoswt — g cos 3wt) (2.21)

where A is a parameter indicating the starting position of the synthesized

point-to-point motion as 2(0) = 3\ and the end position as z(Z) = —3X. |
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The unique trajectory pattern of Eqn.(2Z20) or its equivalent (2ZZ1) is
thereby shown to represent the lowest possible harmonic point-to-point motion

with zero end accelerations and jerk.

2.3 Actuation Forces/Torques Pattern for Low-
est Harmonic Point-to-Point Trajectory Pat-
terns

For fully controlled dynamic systems such as robot manipulators and computer
controlled machines with rigid links, the differential equations of motion may

be readily described in the following polynomial form (see [5, B, 87, 3Y]|

p,q
ma + Z kiji'a) = u (2.22)
i=0,j=0

where p, ¢ are non-negative integers indicating the highest order term of &
and x with significant amplitude, u is the system input (actuating force or
torque), x is the system output (displacement or rotation), and m and k; ; are

the system kinematics and dynamics parameters.

2.3.1 Harmonic Components of the Actuating Forces/Torques

For a dynamics system represented by the non-linear differential equation

Eqn. (2222) following the lowest harmonic point-to-point trajectory of Eqn. (2221),

13



the required actuating force/torque is readily shown to become
uw(t) = mi(t) + Z kiji(t)'z(t) = mAw?®(— coswt + cos 3wt)
i=0,j=0
+ Z kijw N7 (= sinwt + E sin 3wt)*(cos wt — L cos 3wt)?
3 9

i=0,j=0
(2.23)

Expanding the term (— sinwt + %sin 3wt)’, when 7 is an even integer, then

(—sinwt —i— 5 sm 3wt)’ Z a; cos(2l)w (2.24)

And when 7 is an odd integer, then

3i—1
2

1
—sinwt + — sm 3wt)’ a’ sin(2] 4+ 1)w 2.25
1

where a;, aj are the amplitude coefficients for the corresponding harmonic
functions.
And expanding the term (coswt — %cos 3wt)?, when j is an even integer, then

37

1 .
(coswt — g cos 3wt)! = Z by cos(21)wt (2.26)
1=0

And when j is an odd integer,

3j—1
2

1 )
(coswt — g cos 3wt)! = Z b cos(2] + 1)wt (2.27)
1=0

14



where b, b are the amplitude coefficients for the corresponding harmonic
functions.

Therefore the highest harmonic present in the term
: 1. ; 1 ,
(—sinwt + 3 sin 3wt)"(cos wt — g cos 3wt)’

of the Eqn. (req-actuator-force) has a frequency of 3(i+ j)w. Thus, the highest
frequency component that the actuating force/torque u(t) has to provide has
a frequency of

Wnaz = 3(p + q)w (2.28)

where (p + ¢) is defined by the system dynamics, indicating the highest sig-
nificant order of the dynamics of the system, and 3w is the highest harmonic
component in the trajectory pattern to be followed.

It can therefore be concluded that the trajectory pattern with the low-
est number of harmonics of Eqn. (22211) for point-to-point motions with zero
end point accelerations and jerks would also demand actuating forces/torques
with the lowest number of harmonics. It is obvious that trajectories with
non-zero end point accelerations and jerks would demand significantly higher
actuating force/torque harmonics due to the required actuating force/torque

discontinuities.

2.4 Conclusions

Trajectory pattern with lowest number of harmonics for point-to-point motions

of fully controlled dynamic systems with zero end point accelerations and jerks

15



is shown to be unique and is presented together with its proof of existence
and uniqueness. For such fully controlled dynamics systems such as robot
manipulators with rigid links or other similar computer controlled machines,
it is also shown that the actuating forces/torques required for the system
to track such trajectory patterns also generally contain the lowest possible
harmonic content.

Trajectory patterns with low harmonic content and low harmonic content
of the required actuating forces/torques to track the synthesized trajectories
are important, particularly for higher operating speeds, due to vibration and
control problems and since the frequency of the highest harmonic present in the
actuating force/torque may exceed the dynamic response limit of the system

actuation devices.
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Chapter 3

Model Parameter Identification
for Fully Controlled Nonlinear

Dynamic System

3.1 Introduction

The dynamics of machines such as robot manipulators and those constructed
with linkage mechanisms, particularly those operating at relatively high speeds,
is highly nonlinear. The dynamics of such mechanical systems constructed
with relatively rigid links can be modeled as ordinary differential equations
that are linear-in-parameters. Such models accurately represent a large class
of mechanical systems and usually employ appropriate actuation and controls
to form fully controlled nonlinear dynamics systems.

Identification of the model parameters of such systems such as their kine-

matics and dynamics (inertia) parameters is important for accurate prediction
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of the dynamic behavior of the system, and for the system design, path and
trajectory planning and synthesis, and their control (e.g., see [L3]). In partic-
ular, accurate identification of model parameters is essential for the control of
high-speed and ultra-precision machines, especially when model-based meth-
ods are required to achieve the desired system performance.

A number of investigators have developed procedures for the identifica-
tion and calibration of the kinematics parameters of various mechanical sys-
tems, e.g., Ibarra and Perreira [14], Kazerounian and Qian [I5], Goswami and
Bosnik [I6], Kaizerman, et al. [I7] and Zak, et al. [I8]. Others have con-
tributed to the development of dynamics parameter identification techniques.
For example, Guo and Angeles [I9] developed a method for linearized systems
for on-line recursive least square parameter estimation for feedback gains.
Kawasaki and Nishimura [20] developed a method called “instrument vari-
able method” (IVM) which yields more accurate estimation than least square
methods (LSM). Based on a statistical framework, Swevers, et al. [21] formu-
lated a maximum-likelihood estimation method for the dynamics parameters
of robot models. Lin [22] developed a method which does not require symbolic
dynamics equations to identify the inertia parameters of a manipulator. In
another study, Lin [23] showed an approach to identify the parameters of a
manipulator based on the least square method. Dolanc and Strmenik [24] used
a piecewise-linear Hammerstein excitation signal for parameter estimation of
nonlinear systems. Kenne, et al. [25] employed radial basis function networks
for time varying parameter estimation of nonlinear systems. Spottswood and
Allemang [26] proposed a frequency domain approach called “Modified Feed-

back of the Output Method” for parameter identification of reduced order
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nonlinear models.

Other related research has been in the area of the development of methods
to identify the structure of appropriate models for nonlinear dynamics systems,
including the present linear-in-parameters systems. For example, Li, et al. [27]
developed a two-stage algorithm for identification of the structure of nonlin-
ear dynamics systems in which an initial model is built from a large pool of
basis functions or model terms and the significance of each term is evaluated.
Gray, et al. [28] used a similar method together with Genetic Programming
for nonlinear model structure identification. This method is an optimization
method which automatically selects model structure elements from a database.
Abdelazim and Malik [29] used a fuzzy logic grey box modeling technique for
identification of the structure of nonlinear dynamics systems. Other published
literature in the area of parameter identification for nonlinear linear-in-the-
parameters dynamics system includes those Chen, et al. [30], Poroddi and
Spinelli [31], and Zhu and Billings [37].

A review of the published literature indicates that a systematic method for
parameter identification of highly nonlinear and linear-in-parameter mechan-
ical systems such as robot manipulators or other similar computer controlled
machines, particularly if they are desired to operate at high-speeds with very
high precision has not yet been developed. Such a method is required to guar-
antee that the system stays stable at all times during the identification process
and that it can accurately identify parameters that contribute to the higher
order dynamics terms, particularly those that become significant at higher
operating speeds.

In this chapter, the development of such a method is presented. The

19



method is based on the Trajectory Pattern Method [I3, B3-40]. The method
is robust and is applicable to highly nonlinear dynamics systems and does not
require accurate initial estimation of the system parameters. Presented in this
chapter is a comprehensive description and mathematical proof of the devel-
oped method, a preliminary study of which was presented in [? ]. Examples

are also provided of its implementation on highly nonlinear dynamics systems.

3.2 Model Parameter Identification Based On
Trajectory Patterns

The method being described in this chapter is for the identification of param-
eters of a large class of nonlinear dynamics systems that are fully controlled
and are linear-in-parameter. Such systems include various machines such as
robot manipulators and other similar computer controlled machinery that can
be considered to be constructed with rigid links. A dynamics model that ad-
equately describes the dynamic behavior of the system is considered to be
provided. The model parameters are, however, not accurately known and are
needed to be identified. The model parameters are considered to be constant,
but the present method can be used for on-line updating of time varying pa-

rameters as long as the changes are relatively slow.

3.2.1 Trajectory Pattern Method

The present model parameter identification method is based on the Trajec-

tory Pattern Method (TPM) [I3, B3-40]. In TPM, a trajectory pattern is
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a collection of appropriate basic time functions with certain number of fixed
(trajectory) parameters with which the desired trajectories are synthesized.
During trajectory synthesis, the trajectory parameters are determined such
that the desired motion is realized. The synthesized motions may be point to
point, tracking, or regulatory (e.g., for vibration suppression) in nature. The
inverse dynamics model of a system is then derived in parametric form for
the selected trajectory (motion) patterns. The motions may be synthesized
using some optimality criterion such as minimum cycle time. The trajectory
patterns that appear to be most advantageous are those constructed using
a number of basic sinusoidal time functions and their harmonics. In which
case, the resulting actuation forces (control signals) become in terms the basic
sinusoidal time functions and a number of their harmonics. The number of
harmonics that appear in the actuation torques is dependent on the degree of
nonlinearity of the dynamics of the system. This permits the selection (syn-
thesis) of those motions that do not contain the natural modes of oscillation of
the system. During the motion, the natural modes of vibration of the system
are therefore not excited. In addition, by limiting the frequency of the highest
harmonic of the actuation signals during the motion synthesis, one can ensure
that the system actuators can meet the dynamic response requirements of the
system.

For a selected trajectory pattern, the structure of the inverse dynamic
model is fixed. This makes it possible to derive analytical relationships be-
tween the parameters of the system (model), the trajectory parameters, and
the control signal parameters. The formulation involves pure algebraic ma-

nipulations. Obviously, the degree of complexity of the derivations involved
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and the amount of algebraic manipulations that need to be performed are
dependent on the complexity of the dynamics of the system and the selected
trajectory pattern. In the work being presented, this characteristic of the TPM
is utilized to develop a systematic method and related algorithms to identify

the parameters of the model of such nonlinear dynamics systems.

3.2.2 Model Parameter Identification Method

In this section, the developed systematic method for identification of the pa-
rameters of the class of fully controlled nonlinear dynamics systems such as
serial robot manipulators with relatively rigid links is described and the math-
ematical proof of its convergence and stability during the identification process
is provided for a system with one degrees-of-freedom. The method can be seen
to be readily extendable to multi-degrees-of-freedom systems. The dynamics
of such systems are described by ordinary differential equations in the form of
so-called linear-in-the-parameters nonlinear systems [27].

The dynamics of the class of fully controlled and linear-in-the-parameters

nonlinear dynamics systems of interest can be described in the following form

mi + D(z, &, ki, ko, ..., ky) = u (3.1)

where x is the system output, u is the system input, m, ki, ks,..., k, are the n+1
system parameters to be identified. It is readily shown that the nonlinear term
D can be accurately expressed in polynomial form using Taylor series as shown

in I3, B3-40] for robot manipulators with serial rigid link. The nonlinear term
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D can thereby be expressed in the following form
D(x, &,k kay k) = Y jat i (3.2)
j=1

where p; and g; are non-negative integer exponents of x and %, respectively,
in the jth term of the polynomial.

Now consider the trajectory pattern
1
x. = \ |cos(wt) — 3 cos(3wt) (3.3)

where x, is the desired motion, w is the fundamental frequency of the trajectory
and one of the trajectory parameters and A is the other trajectory parameter.
With the motion starting at time ¢ = 0 and ending at time ¢t = 7/w, i.e., half
the period of the fundamental frequency w, this trajectory pattern provides
smooth point-to-point motions with zero initial and final velocity, acceleration
and jerk. In this trajectory pattern, the time to complete the point-to-point
motion is determined by the trajectory parameter (fundamental frequency) w,
and the trajectory parameter A indicates the total distance traveled during the
motion. The trajectory pattern (EI3) has low harmonic content, thereby is
suitable for synthesizing point-to-point motions in nonlinear dynamics systems
since it can be expected to demand lower actuating force/torque harmonics.
As a result, lower dynamic response is generally required from the actuation
devices as compared to arbitrarily synthesized trajectories. The fundamental
frequency w can also be selected such that the natural modes of vibration of

the system are not excited in resonance during the motion.
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In the present method, a feed-forward control system with a feedback loop
is used to achieve full system control, as shown in Figure BXl. The feed-
forward signal f; is calculated from the inverse dynamics model of the sys-
tem, Eqn. (B0), with the estimated system parameters m, ki, ks,..., k,. The
feedback gains of the linear controller are considered to be large enough to
achieve accurate trajectory tracking. It is shown later in this section that
with the trajectory pattern Eqn. (E213) and by selecting appropriate values for
the trajectory parameters w and A, i.e., for relatively slow (small trajectory
parameter w) and small point-to-point motions (small trajectory parameter
A), any nonlinear dynamics system of the form Eqn. (E) can be forced to
accurately follow the synthesized trajectory with an appropriately designed
actuation device and a linear feedback control with high enough gains.

In the present method, the feed-forward signal fy, Figure B, is calculated
from the dynamics model of the system, Eqn. (), with the specified tra-
jectory pattern, such as the trajectory pattern Eqn. (B213). Since the system
parameters are not yet known, their estimated values, denoted here as m/, k]

, kY ..., k], are used to calculate the feed-forward signal as

fr=m'i, + D(x,, %, K, K}y ... K.) (3.4)

The control loop dynamics, Fig. 1, can be seen to be described by

mi + D(x, &, ki, ks, ..., kn) = fr+ Cle) (3.5)

where C'(e) is the control signal and e is the error e = z, — x,, where z, is the
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system output. Substituting x, with z, + e in Eqn. (E13), we get

mé +ma, + D(x, +e,2, + é, k1, ks, ... k) = fr +C(e) (3.6)

However, since D in Eqn. (BI8) is a polynomial function, it can be rear-

ranged into the following form

D(x, + e, @, + é, ki, ko, ..., ky) = D(xp, B, k1, Koy ooy k) +

Dle,é, ki, ko, ... k) + D'z, €, 2y, 6, k1, a, ..., Kin) (3.7)

where the term D’ is another polynomial function whose order is one less than
the term D. By substituting Eqns. (E14) and (E4) into Eqn. (EI8) and

rearranging the resulting equation, we get

mé  +  D(e,é, ki, ko, ... ky) + D'(2,, 6,2, 6, k1, ko ooy ki) = m/a, —

ma, +D(xr, B, Ky Ky oy k) — D(r, @, K, Koy oo k) + Ce) (3.8)

and since the terms D and D’ are polynomial functions in which the parameters
k;s and ks are coefficients of the polynomial terms, therefore the functions D
and D’ are linear with respect to the parameters k;s and kis. The first four

terms on the right hand side of Eqn. (EI8) can be simplified to

My — md, AD(@r, Ty, K Ky oot KLY — Dy, 2o ot Ky ooy ) =

Amz, + D(x,, @, Aky, Ak, ..., Aky,) (3.9)

25



where Am =m’ —m and Ak; = k] — k; are errors in the estimated parameter
values m and k;, i = 1,2, ...,n.

Then substituting Eqn. (219) into Eqn. (EI8), we get

me + D(e, é, 1{31, ]{?2, ceey k‘n) + D,(JIT, €, .Z:T, é, kl, kQ, ceny ]{Zn) =

Amz, + D(z,, &, Ak, Ak, ..., Ak,) + C(e) (3.10)

Now consider the use of a linear controller such as a PD controller C'(e) =
G1é + Gse, where (G; and Gy are the proportional and derivative gains with
large enough values for the selected trajectory pattern parameters. By sub-
stituting the control signal C'(e) into Eqn. (E220) and expanding the terms D

and D’ into their polynomial forms, we get

n n J
meé + g kjePiel + E k; E cjue el gl 301
J=1

j=1  il=1
= Ami, + Y Akjatii®% + Gié + Gae (3.11)
j=1

where cj; are the coefficients in the expanded term D'

Rearranging Eqn. (B) by bringing all e and é terms to the left hand side
and neglecting all their higher order terms since both e and é terms can be
forced to become very small by the selection of small trajectory parameters A

and w and large enough controller gains, we get

mé — Gié — Goe = Ami, + Yy Akja, ", % (3.12)

=1

As expected, with the assumption of small enough trajectory parameters A
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and w and large enough controller gains, the differential equation describing the
error becomes linear. As can be observed, the requirement of “close enough”
model parameter estimates in general feedforward control has been replaced
by the requirement of “small enough” trajectory parameters A\ and w to ensure
stability with closely approximated linear differential equation describing the
system tracking error, Eqn. (E=Z0). This means that by using the developed
trajectory pattern method, the system parameters of fully controlled nonlinear
dynamics systems such as robot manipulators with rigid links can be identified
without the availability of good estimated values for the system parameters as
described below.

By substituting the selected trajectory pattern Eqn. (EL3) into the right
hand side of Eqn. (EZ211), we get

Amd,+ Y0, Akjrlia,t = [AmAw?][— cos(wt) + cos(3wt)] +

S {(Akj)\pj+quq7)[cos(wt) - %cos(Bwt)]pj

j=1
. 1. .
[— sin(wt) + 3 sin(3wt)]% } (3.13)
which can be written as
n N
Ami, + Z Ak;alizh = ag + Z [ae; cos (iwt) + ag; sin (iwt)] (3.14)
j=1 i=1

where N is the highest harmonic component present in the error as the system
is forced to follow the trajectory pattern Eqn. (E13). From Eqn. (BT3), it can
be seen that N is 3(p, + ¢n).

Now as can be seen from Eqn. (B13), the amplitudes ag, a.; and ag; of the
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harmonics present in the Eqn. (B222) can be expressed as a linear combination
of the errors in the estimated values of the system parameters, i.e., Am and
AF; in the present system described by Eqn. (B). Thus, by defining constants
b;; as the coefficients of the expanded trigonometric polynomials in Eqn. (813)
(the underscore _ standing for either s or ¢), the amplitudes @y and a_; can be

expressed as

a = boAw?Am Y by N UwY Ak (3.15)
j=1
a,; = bjo)\wQAm + Z biij/\pj—i-quqj AI{Z] (316)
j=1
or in matrix form as
Aw? 0 0 Am
0 taga 0 Ak
[ao] = By
0 0 e APnTany@n Ak,
Aw? 0 0 Am
Qg 0 )\p1+q1wQ1 0 Ak’l
= B; (3.17)
Ag;
0 0 e APRTanyn Ak,
bciO bcz’l bcin
where B(): [bObOI--‘bOn]y Bz: s and 1 = ]_,...,N.

bsiO bsil bsin

Now since the trajectory parameters are point to point motions with zero

initial position error and zero initial velocity, acceleration and jerk, therefore

28



the resulting e, Eqn. (AZ21), as the system closely tracks the selected trajectory
pattern will have the same harmonic content as in the right hand side of the
error equation expressed by Eqn. (B222). Thus, the resulting tracking error

can be expressed as

N
e=FEy+ Z [Ee; cos (iwt + ¢;) + Ey; sin (iwt + ¢;)] (3.18)

i=1
in which the amplitudes Fy = 0 and E,; and E,; are linear functions of the
errors in the estimated values of the system parameters, i.e., Am and Ak; in
the present system described by Equn. (E-D), and the phase shift ¢; that can be
readily seen to be given as

Gliw

e (3.19)

¢; = arctan

However, since with the initial trajectory parameters that yield relatively
slow and small point to point motions the controller gains can be set to be
relatively large, the resulting phase shifts can be made to be negligible, i.e.,
we can consider ¢; = 0, where ¢+ = 1,2,...N. It is also noted that as the
present parameter identification proceeds with larger trajectory parameters,
the controller gains can still be set to be relatively large since the error in the
system parameters would also become increasingly smaller.

The amplitudes Ey, E,; and Ey; in Eqn. (E224) can be expressed as

EO = T() Qo
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_ 1o 1 C_
where Ty = —&-, T; = N EeaEL and ¢ =1,...,N.
Now by substituting ag, a.; and ag from Eqn. (8T4) into Eqn. (E228), the
amplitudes Ey, E. and E, can be shown to become

Aw? 0 0 Am
0 oo 0 Ak

[ Ey } = TyBy
0 0 e AP yan Ak,
Aw? 0 0 Am
E, 0 oo 0 Ak,

=T;B;

Esi

0 0 e APnTanyan Ak,

(3.21)

As can seen from Eqn. (B227), the amplitudes Ey, E.; and Ey; of the er-
ror harmonics are linear functions of the errors in the estimated values of
the system parameters, i.e., Am and Ak; in the present system described by
Eqn. (21).

Now let the vector E = [Ey, E,1, Eq,...]7 represent the amplitudes of the
error harmonics, Eqn. (E224), and the vector P = [Am, Aky, Aks,...]T repre-
sent the aforementioned errors in the estimated values of the system parame-
ters, Eqn. (B0). From Eqn. (E227), the vectors E and P are therefore related

by a matrix M as

E=MP (3.22)
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where

TO 0o .. 0 B() )\U)Q 0 0
0 Tl 0 B1 0 )\p1+q1w‘11 0
M —
0 0 .. TN BN 0 0 e APn TR yan

(3.23)

It is readily shown that the matrix M is the product of the indicated
three matrices. The left matrix is diagonal with each term corresponding to
the response amplitude to each error frequency. These terms are therefore
also functions of the fundamental frequency w and gains Gy, G as indicated
by Eqn. (B228). The elements in the middle matrix are constant for a given
system and selected trajectory pattern, Eqns. (B223). And the right matrix is
also diagonal and in tems of the known trajectory parameters.

It is noted that the elements of the left matrix on the right hand side of
Eqn. (B723) contain the gains G; and G5, which may not be known precisely, as
well as the system parameter m. As a result, the estimator matrix M cannot be
calculated directly. However, for a given trajectory parameter w and for a gain
settings G and Gy, the estimator matrix M is constant. Thus, Eqn. (2229) can
be used to calculate the elements of the estimator matrix M experimentally by
measuring the error amplitudes E for different trajectory parameters A and /or

different system parameter correction vectors P = [Am, Aky, Aks,...]7.

Once the matrix M is known for a given set of trajectory parameters,

the linear relationship in Eqn. (B229) can be applied to the measured error

vector E to calculate errors in the system parameters given by the vector
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P as P = M'E, where M" is any proper pseudo inverse operator (Moore-
Penrose for example). The system parameters can then updated and the
system parameter identification process continued with larger point-to-point
motions, i.e., larger A\, and/or faster motions, i.e., larger w.

It is noted that in practice, due to the measurement and rounding error
during the calculations and noise, for the same trajectory parameters and
gains, we may need to update system parameters and repeat the identification
procedure until the convergence of their values within an appropriate range.
It is also important to note that for a given set of trajectory parameters and
controller gains, as the system parameters are identified more accurately the
elements of the measured errors vector £ diminishes, and becomes difficult
and /or impossible to measure. At which point, we have to either increase the
point-to-point motions, i.e., A, or its speed, i.e., w, or decrease the controller
gains to increase the amplitudes of the measured errors, F, and make it possible
to more accurately identify the system parameters associated with the higher
order dynamics of the system.

It is also noted that the matrix M is a linear map from the n dimensional
vector space P to the 2N + 1 dimensional vector space E with 2N + 1 >
n. Therefore, there are at most n numbers of linear independent harmonic
amplitudes in the vector £. If M’ is a full rank n by n sub-matrix of the
matrix M relating n linearly independent amplitudes in the measured error
harmonic amplitudes (an n dimensional sub-vector E’ of E), since E' = M'P,
by only measuring the error harmonic amplitudes E’, the error in estimated
parameters P can be calculated. The sub-matrix M’ may also be obtained as

was previously described for the matrix M.
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The relationship Eqn. (B229) can be used to develop a systematic process
for the identification of the parameters of fully controlled nonlinear dynamics
systems. In this process, with an initial estimated values of the system pa-
rameters that do not have to be accurate, the system is forced to track the
trajectory pattern, Eqn. (E13), starting with relatively small total point-to-
point steps (small \) and relatively slow motions (small w) to ensure stability
and relatively accurate tracking of the trajectory pattern. The tracking error
e is then measured, and the amplitudes of its harmonics (i.e., the vector E)
are calculated using Fourier integration. Eqn. (B229) is then used to calculate
errors in the estimated values of the system parameters (Am and Ak;) for the
system described by Eqn. (B00). The model parameters are then updated and
the process is repeated while slowly increasing the trajectory parameters A and
w until the values of the system parameters, particularly those related to the
higher order dynamics of the system are determined with enough accuracy.

The following general steps should be used to develop the model parameter
identification algorithms based on the present method
Step 1:

Substitute the selected trajectory pattern (preferably of the form described by
Eqn. (13)) into the differential equations of motion of the system to derive the
relationship between the errors in the amplitudes of the N harmonics present
in the control system generated errors £ and the errors in the estimated values
of the system parameters P, Eqn. (E29).

Step 2:

Make as good an estimate for the system parameter values as possible. Then

depending on how good these estimates could be expected to be, select rel-
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atively small values for the trajectory parameters. In general, when errors
in the system parameter values are expected to be high, then smaller values
are selected for the trajectory parameters to ensure stability during the initial
trajectory tracking experiments.

Step 3:

For the given trajectory pattern, the error generated by the system controller
is then measured and the amplitudes of its harmonics are calculated and used
in Eqn. (229) to calculate the corrections Am and Ak; that should be made
to the estimated values of the system parameters.

Step 4:

The experiment is repeated with the updated values of the system parameters.
If the magnitudes of the amplitudes of the significant harmonics of the error
generated by the system controller are small enough (according to preselected
convergence limits), then go to Step 5. Otherwise, go back to Step 3.

Step 5:

If the magnitudes of all the significant harmonics N of the error generated
by the system controller are small (according to the preselected convergence
limits), and all the parameters to be identified have converged, the parameter
estimation process is completed. Otherwise, increase the trajectory parameters
(larger A and/or w, Eqn. (B213)) and go to Step 3.

It is noted that in this parameter identification process, when the trajec-
tory pattern parameters are small, the errors in the system parameters that
contribute most to the lower harmonics of the system actuation forces/torques
(and the tracking error) are mostly estimated. Then as longer paths, i.e., larger

values of A\, and faster motions, i.e., higher fundamental frequency w, are used,
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the system parameters that contribute more to the higher order dynamics of
the system are identified.

It is noted that the (estimator) matrix M is not usually square. Thus in
the aforementioned system parameter identification process one has to use an
appropriate method such as a least square algorithm.

It is also noted that the estimator matrix M is preferably derived ana-
lytically, particularly when the system dynamics are highly nonlinear. It is,
however, also possible to determine the elements of the estimator matrix M
experimentally. The latter method is obviously very straight forward and only
requires results of two consecutive error harmonic amplitude measurements
and linear interpolation. The elements of the estimator matrix M may then
be updated as the system parameter identification process proceeds. The ana-
lytically derived estimator matrix M is also updated as the system parameter
identification process proceeds. The analytical formulation of the estimator
matrix is obviously preferred since not all the elements of the matrix are in-
dependent.

The details of the process of applying the developed nonlinear system pa-
rameter identification method is better described through the following exam-

ple.
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3.3 Example

Consider the fully controlled nonlinear dynamics system described by the dif-

ferential equation of motion
mi + kix + kod® = u (3.24)

where m, k; and ks are the system parameters to be identified; x is the system
output and w is the system input. The trajectory pattern Eqn. (E713) is used
in the present parameter identification process.

By applying Eqn. (B), we get the expanded polynomial form of the

system as
mé + kie + koé? + 2koéx, = Ami, + Akyx, + Akgi? + G1é + Goe  (3.25)

Substituting the trajectory pattern, Eqn. (BL3), into Eqn. (E=23) and re-

arranging into harmonic form, we get

me — G16 — GQ@ = Amxr + Ak‘giﬂg + Akl.ﬂjr = g)\2w2Ak2
+  (MAk; — Mo*Am) cos wt — 2A2w2Akg cos 2wt
1 2 Lo o
- (§AAI<:1 — Aw“Am) cos 3wt + §)\ w= Ak cos 4wt
1
— 1—8)\2w2Ak2 cos 6wt

(3.26)

During the identification, the error e between the actual and planned posi-
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tions z, and x,, respectively, of the system is measured as a function of time,
shown in Figure B

Fourier integration is then used to calculate the amplitudes of the harmon-
ics with the fundamental frequency w present in the measured error.

As mentioned previously, the output error vector can be defined as E =
[Eo, Ere, Ese, Ese, Ese, Eee,|T, and the error vector in the estimated values of
the system parameter be P = [Am, Ak, Aky)T

The estimator matrix M, Eqn. (E229), is determined from Eqn. (E=23)-

Eqn. (EZ29) as

] oo 2
T, 0 0 -1 1 0
Aw? 00
0 T 0 0o o0 -3
M = 0 A 0 (3.27)
1 -5 0
0 0 MNw?
0 0 .. Tg o o 1
00 —%_

By relating small changes in the parameters being estimated to small
changes in amplitude of error harmonics, a function mapping small changes in
the parameter values to that of amplitudes of the error harmonics, M, is ob-
tained. First, from the initially guessed system parameters P, we measure the
error e and calculated its harmonics £. Next, from the initialed guessed param-
eters P, we propose three parameters with small changes, P, = P+[ém, 0, 0]7,
Py, = P +[0,8k;,0]7, and P; = P + (0,0, 0k,]", and then repeat the test to

get three corresponding error vectors £, Fs, and E5. The matrix M can be
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obtained as

V= | 1 (& B 1 (F B 1 (F B
M= L (E,-E)| 5 (Ea—E)| 5 (Bs—E) (3.28)
And then the system parameters can be identified by P = M E.
It is noted that in this case, there are only three components in E that
are linearly independent. Therefore, by defining them in a new vector £’ =
[Ey, Eie, E3c)T, a new estimator matrix M', which is full rank 3 by 3 in dimen-

sion, can be determined as

Ty 0 0 0 0 2 Aw? 00
M=10 7, 0 -1 1 0 0 A 0 (3.29)
0 0 T; 1 -0 0 0 Mw?

And then the system is identified by P = M/~'E’, where the matrix M’ can
be obtained with the same method as was described for M.
In both cases, the elements of the estimator matrix are updated following

each parameter error identification run.

3.4 Conclusions

A new method for model parameter estimation of linear-in-the-parameters and
fully controlled nonlinear dynamics systems such as robot manipulators with
rigid links is presented and the mathematical proof of its stability and conver-
gence is provided. The method is based on the Trajectory Pattern Method.

In this method, for a pattern of motion the inverse dynamics model of the sys-
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tem is derived in algebraic form in terms of the trajectory pattern parameters.
The system dynamics model parameters are then identified using a systematic
algorithm which ensures system stability as well as accurate estimation of the
model parameters associated with lower as well as higher order dynamic terms.
The method is shown to be fast converging and does not require initial close
estimation of system parameters in order to ensure convergence.

Linear-in-the-parameters and fully controlled nonlinear dynamics systems
constitute a very large class of practical dynamics systems such as robot ma-
nipulators and other computer controlled machinery, particularly high-speed
and precision machines that are constructed with relatively rigid links and
operate at speeds that are well below the first natural mode of vibration of
the system.

It is noted that the main emphasis of the chapter has been in presenting
the developed method and not the development of the optimal method of
its implementation. For example, the use of Moore-Penrose pseudo-inverse
matrix to resolve redundancy in the estimator matrix relationship Eqn. (E229)
can be significantly improved considering the generally smaller amplitudes
but higher frequencies of the higher harmonic components of the measured
error. In practice, the error rate (velocity) may also be measured and similarly
used in the parameter identification process, particularly to achieve better

measurement noise rejection.
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Chapter 4

Model Parameter Identification
for None-Fully Controlled

Nonlinear Dynamic System

4.1 Introduction

The dynamics of machines such as robot manipulators and those constructed
with linkage mechanisms, particularly those operating at relatively high speeds,
is highly nonlinear. The flexibility of links or joints, which construct such me-
chanical systems, introduces non-fully controlled complexity. The dynamics
of such mechanical systems can be modeled as ordinary differential equations
that are linear-in-parameters. Such models accurately represent a large class
of mechanical systems and usually employ appropriate actuation and controls
to form non-fully controlled nonlinear dynamics systems.

Identification of the model parameters of such systems such as their kine-
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matics and dynamics (inertia) parameters is important for accurate prediction
of the dynamic behavior of the system, for the design of the system, path
and trajectory planning and synthesis, and their control (e.g., see [I3]). In
particular, accurate identification of model parameters is essential for the con-
trol of high-speed and ultra-precision machines, especially when model-based
methods are required to achieve the desired system performance.

A number of investigators have developed procedures for the identifica-
tion and calibration of the kinematics parameters of various mechanical sys-
tems, e.g., Ibarra and Perreira [14], Kazerounian and Qian [15], Goswami and
Bosnik [I6], Kaizerman, et al. [I7] and Zak, et al. [I8]. Others have con-
tributed to the development of dynamics parameter identification techniques.
For example, Guo and Angeles [I9] developed a method for linearized sys-
tems for on-line recursive least square parameter estimation for feedback gains.
Kawasaki and Nishimura [20] developed a method called “instrument variable
method” (IVM) which yields more accurate estimation than least square meth-
ods (LSM). Based on a statistical framework, Swevers, et al. [Z1] formulated a
maximum-likelihood estimation method for the dynamics parameters of robot
models. Lin [22] developed a method which does not require the symbolic
dynamics equations to identify the inertia parameters of a manipulator. In
another study, Lin [23] showed an approach to identify the parameters of a
manipulator based on the least square method. Dolanc and Strmcnik [24] used
a piecewise-linear Hammerstein excitation signal for parameter estimation of
nonlinear systems. Kenne, et al. [25] employed radial basis function networks
for time varying parameter estimation of nonlinear systems. Spottswood and

Allemang [26] proposed a frequency domain approach called “Modified Feed-

42



back of the Output Method” for parameter identification of reduced order
nonlinear models.

Other related research has been in the area of the development of methods
to identify the structure of appropriate models for nonlinear dynamics systems,
including the present linear-in-parameters systems. For example, Li, et al. [27]
developed a two-stage algorithm for identification of the structure of nonlin-
ear dynamics systems in which an initial model is built from a large pool of
basis functions or model terms and the significance of each term is evaluated.
Gray, et al. [28] used a similar method together with Genetic Programming
for nonlinear model structure identification. This method is an optimization
method which automatically selects model structure elements from a database.
Abdelazim and Malik [29] used a fuzzy logic grey box modeling technique for
identification of the structure of nonlinear dynamics systems. Other published
literature in the area of parameter identification for nonlinear linear-in-the-
parameters dynamics system includes those Chen, et al. [30], Poroddi and
Spinelli [31], and Zhu and Billings [37].

A review of the published literature indicates that a systematic method for
parameter identification of highly nonlinear, non-fully controlled and linear-
in-parameter mechanical systems such as robot manipulators or other similar
computer controlled machines constructed with flexible structure, particularly
if they are desired to operate at high-speeds with very high precision has
not yet been developed. Such a method is required to guarantee that the
system stays stable at all times during the identification process and that it can
accurately identify parameters that contribute to the higher order dynamics

terms, particularly those that become significant at higher operating speeds.
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In this chapter, the development of such a method is presented. The
method is based on the Trajectory Pattern Method [I3, 83-40]. The method is
robust and is applicable to highly nonlinear and non-fully controlled dynamics
systems and does not require accurate initial estimation of the system param-
eters. The mathematical proof of the developed method is provided together
with an example of its implementation on a nonlinear non-fully controlled

dynamics system.

4.2 Model Parameter Identification Method

In this section, the developed systematic method for identification of the pa-
rameters of a class of non-fully controlled nonlinear dynamics systems such as
serial robot manipulators with flexible links or joints is described and the math-
ematical proof of its convergence and stability during the identification process
is provided. The dynamics of such systems are decoupled and described by
ordinary differential equations in the form of so-called linear-in-the-parameters

nonlinear systems as [27]

mlj}l+D(:L‘17'I27'j717i‘27k117k127"'7k1n) = u (41)
mgjg + ]{3211'2 + k’ggl‘l =0 (42)
mgig + ]{331I3 + ]{‘321‘2 =0 (43)
myZ; + kpxg + kpri—.1 = 0 (4.4)
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where x; is the controlled system output, xs, z3,..., ; are non-controlled sys-
tem output, u is the system input (control), and my, ms,...,my, ki1, k12,..., kin,
ko1, koo, ..., ki1, kio are the system parameters to be identified.

It is readily shown that the nonlinear term D in Eqn. (B-1) can be accurately
expressed in polynomial form using Taylor series as shown in [I3, 33-40] for
robot manipulators with serial rigid links. The nonlinear term D can thereby

be expressed in the following form
D(Q?l, 9, Zl")l, j?g, k11, ]{312, P k’1n) = Z kljZE[l)lji'(iljl'g%ig% (45)
Jj=1

where pij, q1;, p2; and go; are non-negative integer exponents of x;, @1, 2 and
Zo, respectively, in the jth term of the polynomial.
The vibration equations Eqn. (B2), Eqn. (£3), and Eqn. (B2) can be

rewritten as

mgi’g + ]{321.732

= = 4.6
15 Feon ( )
L (4.7)
s
.
B, = —Eitfudy (4.8)

ko
Solved from Eqn. (B8), Eqn. (£22), and Eqn. (E8), we can get

-1
T = Z 7“11‘351(%) (4.9)
i=0

-2

To = ngixl(%) (410)

=0
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where ry;, ro; are solved coefficients from the elimination of equations, xl(%) is
the 27 order derivative of x;.

Substitute Eqn. (A9) and Eqn. (B10) into Eqn. (B33), let = z;, and then
Eqn. (E) can be rewritten as a new high order fully controlled dynamics

system

ax® 4+ Dy(z, 2,8, ..., 2%V ey, 3, ¢4, 00) = U (4.11)

where D; is a new nonlinear term in polynomial form

o 21—1
Dy(x, @, &, ., 2PV ey, e3, ¢4, ) =
n'—1
E cj+1xp1jabp2j9'&p3j...(x(gl_l))p(%)j (4.12)
=1
where p1j, paj, ... pey; are non-negtive integar exponents of z, z, 7, ..., =1,

respectively, in the jth term of the polynomial and ¢, is the coefficient of such
term, which are also the parameters of the new linear-in-parameter dynamics
system. The totally n’ numbers parameters, ¢1, ¢, ...c,/, can be analytically
derived from the system parameters m;, mo,... . Therefore the system param-
eters can be obtained after identifying the n’ number of parameters from the
new system, Eqn. (EI).

Now consider the trajectory pattern
-1
. = A |cos(wt) + Z a; cos(2i + 1wt (4.13)

=1

where z,. is the desired motion, w is the fundamental frequency of the trajec-

tory and one of the trajectory parameters, \ is the other trajectory parameter
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and a; are the amplitude of harmonic components to ensure z,(0) = Z,(0) =

C=2P0) = i, (n/w) = d(r/w) = ... = 22 (r/w) = 0. With the
motion starting at time ¢ = 0 and ending at time ¢ = 7/w, i.e., half the pe-
riod of the fundamental frequency w, this trajectory pattern provides smooth
point-to-point motions with zero initial and final velocity, acceleration and
jerk for all outputs xy, xo, ...,x;[? |. In this trajectory pattern, the time to
complete the point-to-point motion is determined by the trajectory parameter
(fundamental frequency) w, and the trajectory parameter A indicates the total
distance traveled during the motion. The trajectory pattern (A—13) has low
harmonic content, thereby is suitable for synthesizing point-to-point motions
in nonlinear dynamics systems since it can be expected to demand low actuat-
ing force/torque harmonics. As a result, lower dynamic response is generally
required from the actuation devices as compared to arbitrarily synthesized
trajectories. The fundamental frequency w can also be selected such that the
natural modes of vibration of the system are not excited in resonance during
the motion.

In the present method, a feed-forward control system with a linear feedback
loop such as the one shown in Figure B is used to achieve full system control.
The feed-forward signal f; is calculated from the inverse dynamics model of
the system, Eqn. (EIT), with the estimated system parameters ci, co,..., Cp.
The feedback gains of the linear controller are considered to be large enough
to achieve accurate trajectory tracking. It is shown later in this section that
with the trajectory pattern Eqn. (B2L3) and by selecting appropriate values
for the trajectory parameters w and A, any nonlinear dynamics system of the

form Equn. (BZ0) can be forced to accurately follow the synthesized trajectory
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with an appropriately designed actuation device and a linear feedback control
with high enough gains.

For the trajectory pattern Eqn. (BT3) the feed-forward signal f;, Fig-
ure B, is calculated from the dynamics model of the system, Eqn. (EZIT).
Since the system parameters are not yet unknown, their estimated values,

/ /

denoted here as ¢ , ¢, ..., ¢/, are used to calculate the feed-forward signal as

fr = a4 Dy (x, @y, &gy, 7Yy ) (4.14)

The control loop dynamics, Figure B, can be described by

(2

crat (21-1)

D + Dy(x4, g, Tay ey T, ,C2,C3,Ca,...Cp) = fr+Ce) (4.15)
where C'(e) is the control signal and e is the error e = x, — x,, where z, is the

system output. Substituting x, with z, + e in Eqn. (E-13), we get

(20-1) | p(2-1)

016(21) -+ 01$£2l)+ Dy (Q?r +e T, +6,I + 6 ..., Ly

Y

C2,C3,Ca,...C1) = fr+C(e) (4.16)

However, since D; in Eqn. (B18) is a polynomial function, it can be rearranged
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into the following form

- C o 201 2-1
Dy(x, 4 e, dp + 6,8 4+ 6, ., 227D 4 P ey e ey, )
L 2-1
= Dy (2, Gy Ty ooy 827 05 05, 04, o)

- 21
+Dy(e,é,é,....eH Y ¢y c5, ¢4, ..00)

(21-1)

21-1)

/ . .. . ..
+Di(zp, Ty &y ooy e,6,6, .., , 02, €3, Cay o Cpyt)

(4.17)

where the term D] is another polynomial function whose order is one less than
the term D;. By substituting Eqn. (A1) and Eqn. (E14) into Eqn. (218) and

rearranging the resulting equation, we get

2 o 20-1
ce® 4+ Dieé,é, ... eV ¢y e5, ¢4, 00) +

(21-1) (21-1)

/ . .
Di(xy, Tp, Ty ooy

,€,6,6,....e , €y €3, Cgy onCpyt)

(21-1)

/ / / /
Ty, e,y nCl)

’o2l 2l L
= da; — ) + Dy(v, &p, Epy oy .

_Dl(mra :tm i'ra ) x£2l—l), €2, €3, C4, "'Cn') + C<€) (418)

Since the terms D; and D] are polynomial functions in which the parameters
¢;s and ¢s are coefficients of the polynomial terms, therefore the functions D
and D’ are linear with respect to the parameters ¢;s and c;s. The first four

terms on the right hand side of the Eqn. (B18) can be written in the following
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simplified form

/20 21 3 - 2[—-1 A Y /
A 1@ + Dy (xy, gy iy oy a7 )yl )
o 2l—1
- D1<xT7xT7:CT7"'7SE7(“ )7627637047"'071’) -
2l o 2l—1
Acrz® + Dy (2, &py &gy oyt 0y 03,04, 0 (4.19)
where Ac¢; = ¢, — ¢; are errors in the estimated parameter values ¢;, i =

1,2,...n.

By substituting Eqn. (E19) into Eqn. (EI8), we get

21 - 211
cre®) 4 Di(e,é,é,....e% ™V ¢y 5, ¢4, .00) +

(20-1)

C o 211
; e 6,8, ... eV ey g ey, )

/ . .
Di(xy, p, &y oy
2 o 201
= Aczx; —I—Dl(wr,xr,xr,...,x( ),02,03,04,...cn/)+0(e)

T

(4.20)

Now consider the use of a linear controller such as a PD controller C'(e) =
G1é + Gye, where GGy and G5 are the proportional and derivative gains with
large enough values. By substituting the control signal C'(e) into the Eqn. (E=20)
and rearranging by bringing all e and é terms to the left hand side. All their
higher order terms of error can neglected since e terms can be forced to become
very small by the selection of small trajectory parameters A and w and large

enough controller gains, we get
n'—1

— Gié — Gae = Acyl™ + Y~ Acjpqabiar it (zP Ve (4.21)
j=1
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As expected, with the assumption of small enough trajectory parameters
A and w and large enough controller gains, the differential equation describing
the error becomes linear. As can be observed, the requirement of close enough
model parameter estimation in general feedforward control has been replaced
by the requirement of small enough trajectory parameters A\ and w to ensure
stability with closely approximated linear differential equation describing the
system tracking error, Eqn. (E=21).

This means that by using the developed trajectory pattern method, the
system parameters of non-fully controlled nonlinear dynamics systems such as
robot manipulators with flexible links or joints can be identified without the
availability of good estimated values for the system parameters as described
below. By substituting the selected trajectory pattern Eqn. (B13) into the

right hand side of the Eqn. (=21) and then expand to harmonics form, we get

n/—1
Acyz® + Z Ac; P gpeiipe (g2 D)pens
j=1
N
= + Z [ac; cos (iwt) + ag sin (iwt)] (4.22)
i=1

where N is the highest harmonic component with significant amplitude present
in the error as the system is forced to follow the trajectory pattern Eqn. (E—13).

Now as can be seen from the Eqn. (B222), the amplitudes ag, a; and a;
of the harmonics can be expressed as a linear combination of the errors in
the estimated values of the system parameters, i.e., Ac; in the present sys-
tem described by the Eqn. (B210). Thus, by defining b ;;(\, w) as polynomial

functions of the trajectory parameters A and w (the underscore _ standing for
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either s or ¢), the amplitudes a_; can be expressed as

a_; = Z bJ‘j ()\, (JJ)ACj (423)
j=0

Now since the trajectory parameters are point to point motions with zero
initial position error and zero velocity, acceleration and jerk, therefore the re-
sulting error e, Eqn. (A=20), as the system closely tracks the selected trajectory
pattern, will have the same harmonic pattern as the right hand side of the er-
ror equation expressed by the Eqn. (222). Thus, the resulting tracking error

can be expresses as

N
e=Eg+ Y [Ecos(iwt) + Eysin (iwt)] (4.24)

=1

in which the amplitudes Ey = 0 and E.; and F are linear functions of the
errors in the estimated values of the system parameters, i.e., Ac; in the present
system that is described by the Eqn. (210).

The linear differential equation describing the above tracking error Eqn. (E=21)

generates a phase shift ¢ that can be readily seen to be given as

¢ = arctan (4.25)

2

And the amplitudes E.; and F; can readily be shown to be described as

Qi COS @ + ag; SIN @

V2w G + G3

(i COS G + Qi SN @

Ey; = (4.26)

JERE + G2

52



Now by substituting a,; and ag from Eqn. (B223) into Eqn. (B228), the

amplitudes E,; and E,; can be shown to become

Do beij (A, w)Ac; b im0 bsij (A, w) Ac;

Ee = cos
Nrerae VARG
(4.27)
" beii(\ w)Ac; " beii (N, w)Ac;
Ey = Zjmobes (M 0)Acy cos ¢ + 20 Ve (A ) B sin ¢
SRR 1 O N e Ee
(4.28)

As can seen from Eqn. (B227) and Eqn. (E228), the amplitudes E,; and E;
of the error harmonics are linear functions of the errors in the estimated values
of the system parameters, i.e., Ac;, Eqn. (ELT).

Now let the vector E = [Ey, Ee, Es., ...]T represent the amplitudes of the
error harmonics, Eqn. (B224), and the vector P = [Acy, Acy, ...]T represent the
aforementioned errors in the estimated values of the system parameters, i.e.,
Ac; in the present system that is described by the Eqn. (B21). The vectors

E and P are therefore related by an appropriately dimensioned matrix M as

E=MxP (4.29)

The relationship Eqn. (B229) can be used to develop a systematic process
for the identification of the parameters of non-fully controlled nonlinear dy-
namics systems. In this process, with an initial estimated values of the system

parameters (that do not have to be accurate), the system is forced to track
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the trajectory parameter Eqn. (A13) with small enough trajectory parameters
to ensure stability and relatively accurate tracking of the trajectory pattern.
The tracking error e is then measured, the amplitudes of its harmonics (i.e.,
the vector ) are calculated using Fourier integration. The Eqn. (B=29) is then
used to calculate errors in the estimated values of the system parameters, i.e.,
Am and Ak;. The model parameters are then updated and the process is
repeated while slowly increasing the trajectory parameters, i.e., by increasing
the length of the point to point motions A and their speed of travel w, until
the values of the system parameters are determined with the desired level of
accuracy.

The following general steps should be used to develop model parameter
identification algorithms based on the present method:
Step 1:
Substitute the selected trajectory pattern (preferably of the form described by
Eqn. (E713)) into the differential equations of motion of the system to derive
the relationship between the errors in the amplitudes of the N (significant)
harmonics present in the control system generated errors £ and the errors in
the estimated values of the system parameters P, Eqn. (E229).
Step 2:
Make as good an estimate for the system parameter values as possible. Then
depending on how good these estimates could be expected to be, select rela-
tively small values for the trajectory parameters A\ and w. In general, when
errors in the system parameter values are expected to be high, then smaller
values are selected for the trajectory parameters to ensure stability during the

initial trajectory tracking experiments.
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Step 3:

For the given trajectory pattern, the error generated by the system controller
is then measured and the amplitudes of its harmonics are calculated and used
in the Eqn. (229) to calculate the corrections Am and Ak; that should be
made to the estimated values of the system parameters.

Step 4:

The experiment is repeated with the updated values of the system parameters.
If the magnitudes of the amplitudes of the significant harmonics of the error
generated by the system controller are small enough (according to a preselected
convergence limits), then go to the Step 5. Otherwise, go back to Step 4.
Step 5:

If the magnitudes of all significant harmonics N of the error generated by the
system controller are small (according to a preselected convergence limits), the
parameter estimation process is completed. Otherwise, increase the trajectory
parameters, i.e., increase A and/or w, Eqn. (E213), and go to the Step 3.

It is noted that in this parameter identification process, when the trajec-
tory pattern parameters are small, the errors in the system parameters that
contribute most to the lower harmonics of the system actuation forces/torques
(and the tracking error) are generally better estimated. Then as the trajectory
pattern parameters are made larger, i.e., as longer paths and faster motions
are used, the better estimation are made of the errors in the system parameters
that contribute to higher harmonics of the system actuation forces/torques,
i.e., the system parameters corresponding to higher order terms of the system
dynamics.

It is noted that the (estimator) matrix M is not usually square. Thus in
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the aforementioned system parameter identification process one has to use an
appropriate method such as one based on a least square algorithm to calculate
system parameter corrections.

It is also noted that the estimator matrix M is preferably derived ana-
lytically, particularly when the system dynamics is highly nonlinear. It is,
however, also possible to determine the elements of the estimator matrix M
experimentally. The latter method is obviously very straight forward and only
requires results of two consecutive error harmonic amplitude measurements
and linear interpolation. The elements of the estimator matrix M may then
be updated as the system parameter identification process proceeds. The ana-
lytically derived estimator matrix M is also updated as the system parameter
identification process proceeds. The analytical formulation of the estimator
matrix is obviously preferred since not all the elements of the matrix are in-
dependent.

The details of the process of applying the developed systematic nonlin-
ear system parameter identification method are better described through the

following example.

4.3 Example

Consider the non-fully controlled nonlinear dynamics system to be identified
shown in Figure B.Two carts m; and msy are connected by a linear spring
with rate ks while cart m; is bounded to the ground via a nonlinear spring
with rate k(x) = kix + koz®. The control force F' is applied on cart m;, and

cart mo is free. x, and x5 are the system output. Such system can be described
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by the differential equations of motion as

midy + koy + keal + ks(v1 —xp) = F (4.30)

mgjz + kg(l’g - 271) =0 (431)

where mq, ma, ki, ko, k3 are the system parameters to be identified; x; and x»
are the system outputs and F' is the system input. Such non-fully controlled
dynamics system can be converted into a higher order fully controlled system,
and then be identified with the presented method.

First solve x; from Eqn. (E=31)

T = @fg + X9 (432)
ks

And then substitute z; from Eqn.(BZ32) into Eqn. (E230), we have

mims . . ma .. ma ..
! 2332 + (m1 + mg).TQ + ]{1(—21’2 + 332) + kg(—2x2 + .2132)3 =F
kg kS k3

(4.33)

Rearrange Eqn. (B233), we get an one degree of freedom linear-in-parameter

fully controlled dynamics system to identify

i . . 9 ) ..3 3
C1o + CoZg + C3Tox5 + C4T5%0 + 535 + coo + crry = F (4.34)
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where

= 4.35
C1 ks ( )
k
Co = mi+mo+ lka (436)
3
¢y = Shama (4.37)
ks
3kom?
¢ = 2 (4.38)
k3
k 3
s = 2];”‘2 (4.39)
3
Ce = kl (440)
Cr = /{2 (441)

Therefore by identifying parameters c¢; thru ¢z, the system parameters my, ma,
k1, ko, k3 can be obtained.
The trajectory pattern Eqn. (B22) is synthesized as presented parameter

identification process.

1 1
Loy = A (cos wt — 6 cos 3wt + =0 cos 5wt> (4.42)

By applying Eqn. (B221), we get the expanding polynomial form of this

system as
- G1€ - G2€ = ACL’:I}QT + ACQli‘QT + ACgi’QTZL'g,,, + AC4i’§TfL‘2r
+AcsEs. + Acgzo, + Acyxd, (4.43)
Eqn. (E223) shows the phase shifting of this system is ¢ = arctan GG—ls’
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Without loss of generality, we choose the proportional controller to be domi-
nating by set the gain |Gy| > |wG4|. Such that the phase shifting ¢ ~ 0, and
then only cosine harmonics in the error are significant.

During the identification, the error e between the actual and planned po-
sitions @9, and x,,., respectively, of the system is measured as a function of
time, Figure B

Fourier integration is then used to calculate the amplitudes of the harmon-
ics with the fundamental frequency w present in the measured error.

Let the amplitudes of the cosine part error harmonic vector be let the
error vector be E = [E.i, Eu3, Eus, Eer, Eeg, Ec11, B3, Eeis)T, and the afore-
mentioned error vector in the estimated values of the system parameter be
P =[Acy, Acy, ..., Acr]T.

The estimator matrix M, Eqn. (E229), is determined from Eqn. (E=Z3)-
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Eqn. (I2R) as

—
e}

o o o O
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o o o O
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(4.44)

Alternatively, the estimator matrix M is calculated from the Eqn. (E=28)

by initially using a small change in the system parameter, Ac; to Acy, and

calculating the corresponding changes in the amplitudes of the error harmonics.

In both cases, the elements of the estimator matrix M is updated fol-

lowing each parameter error identification run.

In this example, since the

estimator matrix M is not square, the Moore-Penrose pseudoinverse matrix is



used to solve for the errors in the system parameter values. Thus, if M is the
Moore-Penrose pseudoinverse of the matrix M, then the errors in the system
parameter values P is given by P = M™ x E, where E is the aforementioned

vector of amplitudes of the harmonics present in the measured error e.

4.4 Conclusions

A new method for model parameter estimation of linear-in-the-parameters and
non-fully controlled nonlinear dynamics systems such as robot manipulators
with flexible links or joints is presented and its mathematical proof of its sta-
bility and convergence is provided. The method is based on the Trajectory
Pattern Method. In this method, for a pattern of motion the inverse dynamics
model of the system is derived in algebraic form in terms of the trajectory
pattern parameters. The system dynamics model parameters are then iden-
tified using a systematic algorithm which ensures system stability as well as
accurate estimation of the model parameters associated with lower as well as
higher order dynamic terms. The method is shown to be fast converging and
that does not require initial close estimation of system parameters in order to
ensure convergence.

The linear-in-the-parameters and non-fully controlled nonlinear dynam-
ics systems constitute a very large class of practical dynamics systems such
as robot manipulators and other computer controlled machinery, particularly
high-speed and precision machines that are constructed with flexible links or
joints and operate at speeds that are well below the first natural mode of

vibration of the system.
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Figure 4.1: A 2-dof non-fully controlled dynamic ssystem
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Chapter 5

Experiment and Method

Validation

5.1 Introduction

In this chapter, an experiment is designed and executed to verify the pa-
rameter identification method. A highly nonlinear two degrees of freedom
manipulator is built. The controller adopts Digital Signal Processor as real-
time feedback/feedforward system and the velocity, position decoder is based
on field-programmable gate array. The experiment follows the proposed pro-
cedure in chapter 3, and the result shows convergence of model parameter

identification based on proposed method.
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5.2 System Dynamics Equations of Motion

A two DOF closed loop planar manipulator is built for validating the presented
parameter identification method, shown in Figure bl. The model parameters
mia, Mm3,my, and msg represent the masses of the four links; I, 13,14, and I54
are the moments of inertia; [; through lg are the link lengths between joints;
and ry through r5 represent the distances from the joint to the centroid of the
links.

01, Oy are system output positions, and 7, 7 are system inputs. The

differential equations of motion are

2f1(92)9"1 + f3(‘92)éz + Qdleé?)él& + dfz’lé?)%? =7 (5.1)
F5(62)61 + 2£3(02)6 — ~ ;;Z%f i df;éf%'; _ (5.2)

where f1(62), f2(62), and f5(62) are nonlinear functions of #. The details of
the definition are described in Appendix A.

The planned trajectory patterns for two outputs are

1

6, = 610+ \(coswt — g oos 3wt — g) (5.3)
1

0y = 0Oy + Ay(coswt — g cos 3wt — g) (5.4)

where 6,y and 65 are the start position of the two outputs.
Therefore we can expand fi(62), f2(62), and f3(63) to the second order at
the start position 65, and then the coefficients become the model parameters

to identify. Refer to Appendix A for the relationship among those model
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parameters.

fi(f2) = aio+ a11(62 — O2) + a12(62 — ‘920)2 (5.5)
fa(f2) = ago+ a1 (62 — Oz0) + ae (62 — ‘920>2 (5.6)
f3(02) = aso+ asi(62 — Oz) + ase (62 — ‘920)2 (5.7)

The expansions to the harmonic forms from the polynomial forms are de-
scribed in Appendix B. The matrix M can then be constructed following the

procedure of the last example.

5.3 Experiment Setup

The two degrees of freedom manipulator is built as shown in Figure. (52).
Two AC brushless motors are mounted at joint 1 and 2 to generate input
torque. Two incremental quadrature encoders mounted on the shafts of the
motors are used for motion detection.

The control system is built as shown in Figure b=3. A dell high performance
workstation is the host computer. The GUI program, shown in Figure b3,
downloads the estimated parameters onto a hosted 450MHz floating point
TT 6713 DSP system to drive the manipulator using inverse dynamics feed-
forward. Such DSP system reads the actual position profile of joints from
a high speed (50MHz clock) Xilinx Spartan III FPGA based logic circuit,
which is built to decode the pulse signals from the encoders, debounce the
noise, and then output the actual positions. IIR low pass filter and least

square fitting algorithms are implemented in the DSP system for position
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and velocity smoothing. From the error of position, the real time DSP sends
feedback torque commands add to the feed-forward commands to the D/A
converter, to compensate the error. Two power amplifiers, in torque/current
mode, accept the analog command output from D/A converters, to drive the
AC brushless motors. In the mean time, the DSP system communicates with
the GUI program running in the workstation through a PCI-64 bus to report
the error for data analysis and new parameter estimation.

The trajectory parameters for the initial cycle of the identification process
are selected to be \; = —14.06°, Ay = 11.43° and w = 2rad/s. The controllers
for the two motors are selected to be proportional controllers with gains of 6519
and 4237, which are selected using standard techniques to guarantee stability.
The system parameters are unknown. The initial estimations for the system
parameter values are poorly guessed and adjusted by observing the system
outputs from several randomly picked numbers.

Following each model parameter identification run, the values of the trajec-
tory pattern parameters are increased until the calculated errors in the system
parameter values become small and fall within the desired convergence limit.
Since the total trip for both motors are large enough in this experiment, we
are going to increase only the fundamental frequency parameter of the trajec-
tory pattern. And when the controller output signal reaches about 70% of the

maximum allowed output level, the experiment is finished.
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5.4 Procedure and Result

The matrix M is first calculated numerically with the aforementioned poor ini-
tial system parameter values and updated after each identification run. Before
using the matrix to correct the error for the system parameters, the analytical
matrix form is applied to regulate matrix M by clearing those entries which
should be zero.

Table 5.1: System Parameter Identification Runs.
wl|dyy @y dyy ay Gy Gy by a3 i
2 | 2281 1003 0 229 109 0 —1067+4740
212285 837 —11 215 173 88 —106L573—-46

2.6 2302 1047 74 178 379 —174-1044-497-28
3.0 2359 927 —189205 534 52 —1085-483192

As can be seen in Table 1, the system parameters corresponding to the
higher order terms of the system dynamics (a},, a, and aj}, in the present ex-
ample) are updated for more accuracy as larger trajectory pattern parameters
(i.e. higher trajectory velocity) are employed. The smaller trajectory pattern
parameters can also be seen to be enough for relatively accurate identification
of the system parameters corresponding to the lower order terms of the system
dynamics.

Figures b and b show that after the parameters are identified, the error
on the output of the system is effectively reduced. At the same time, we may
observe that the driving torque input to the system is almost all from the

feed-forward signal. Therefore this system is successfully identified.
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ms6,156

Figure 5.1: A Two Dof Closed Loop Planar Manipulator.
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Figure 5.2: The built Two-Dof Closed Loop Planar Manipulator.

Joint 1
Motor 1 Motor 2
Joint 2
Encoder 1 FPGA
Decoder
Encoder 2
Power Power
Amplifier 1 Amplifier 2
—P
A\
D/A D/A
Converter 1 TIM6713 DSP Converter 2
S —  —"
A\

Dell Xeon Workstation

Figure 5.3: Control system schematics
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ED Parameters

Motor 1 Motar2

Trajectory Trajectory
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Figure 5.4: The controller program
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Chapter 6

On The Dynamic Response Of
Actuation Devices In Nonlinear

Dynamics Systems

6.1 Introduction

The dynamics of actuation devices of different types have been extensively
studied. For example, a comprehensive review of studies related to different
types of electrical motors is provided by Toliyat and Kliman [A1]. Others
have studied different methods for synthesizing trajectory and control me-
chanical systems with nonlinear dynamics such as robot manipulators. For
example, formulation of inverse dynamics and model-based feed-forward con-
trol of dynamics systems such as robot manipulator were studied and trajec-
tory synthesis for minimal actuation force/torque harmonics were developed

using Trajectory Pattern Method (TPM) by Rastegar, et. al [I3] - [33].
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However, a review of published literature indicates that dynamic response
issues have not been fully explained for nonlinear dynamics systems, including
mechanical systems such as robot manipulators. In most current approaches
to path and trajectory synthesis and control of mechanical systems, methods
used for linear dynamics systems are generally employed while treating the
effects of nonlinearity as input disturbances. For highly nonlinear dynamics
systems, this usually means that the system operation must be relatively slow
to ensure stability and effectiveness of the control system in providing oper-
ational precision. Model based feed-forward control algorithms are also used
to minimize the effects of the nonlinear components of the system dynamics
and to achieve better system performance in terms of operating speed and
precision.

The lack of full understanding of the dynamic response characteristics and
limitations of the actuation systems of mechanical systems with highly nonlin-
ear dynamics, however, significantly reduces the effectiveness of their control
system.

This chapter presents a totally new approach at studying the dynamic re-
sponse requirements of mechanical systems with open-loop kinematic chain
and nonlinear dynamics such as robot manipulators. It is shown that the dy-
namic response requirements of the system actuators can be associated with
two different groups of components. The first group is shown to correspond to
the components of each actuator force/torque that is “actuator motion inde-
pendent’. The dynamic response of this group of components of the actuating
forces/torques is shown to be limited only by the dynamic response limita-

tions - for the case of electrically driven actuation systems - of the driving
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power amplifiers, electronics, computational and signal processing devices and
components. The second group corresponds to the components of each actua-
tor force/torque that is “actuator motion dependent’. The dynamic response
of this group of components of the actuator forces/torques is limited mainly
by the effective inertia that is experienced by the actuator and its operating
speed. Due to the nature of the currently available electrical, hydraulic and
other actuation systems, the dynamic response of actuation systems is shown
to be generally high to the former group of components and significantly lower
to the latter group of components.

In this chapter, the justification for dividing the actuation forces/torques
into the aforementioned two groups of components and methods for their
derivation for mechanical systems with serial rigid links are presented. The
reasons for dividing the actuation forces/torques into these two groups for un-
derstanding the dynamic response characteristics and limitations of mechanical
systems with nonlinear dynamics are presented. The study also shows the need
for the development of a new approach for feed-forward control of mechanical
systems such as robot manipulators for achieving significantly higher perfor-
mance in terms of speed and precision. Examples are also presented together

with the discussion of the related topics of interest and future work
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6.2 Actuator Motion-Dependent and Motion-
Independent Components

In this section, the concept of “motion-dependent components’ and “motion-
independent components’ of an actuator force/torque of a mechanical system
is described using an example. Consider the two degrees-of-freedom planar
inverse pendulum system shown in Figure Gl. The rigid cart has a mass
M and is acted on by a linear actuator providing the force F'. The link
(pendulum) element is considered to be massless and connected to the cart
with a revolute joint, have a length L with an end mass m that can be assumed
to be concentrated at the link end as shown in Figure 6. The pendulum link
is considered to be actuated by a rotary motor that applies a torque 7 to the
link at the revolute joint. The displacement of the cart relative to the ground
and the rotation of the link pendulum relative to the cart are indicated as x
and 6, respectively.

The free body diagram of the inverse pendulum system of Figure B is
shown in Figure B2, where F; and 7 are ground reaction force and torque
and R, and R, are the reaction forces at the pendulum revolute joint. For the
sake of simplicity, the revolute joint is considered to be located at the center
of mass of the cart, where the actuation force F' also acts.

Now consider the case in which the cart is held stationary and that the
pendulum is undergoing a simple harmonic motion with an amplitude a given
by

0 = acoswt (6.1)
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From the free body diagram of Figure B2, the required actuation force F
acting on the cart and the actuating torque 7 acting on the pendulum at the

revolute joint are readily seen to be

F = mL(fcosf — 6?sin 0)
= 4damLw® [coswt cos(a coswt) + asin® wtsin(a cos wt)]
= ¢ coswt + ¢ cos 3wt + ¢3 cos bwt + ... (6.2)

r = mL%0 = —amLw? coswt (6.3)

As can be seen in Eqn. (62), the actuating force F' is a nonlinear function
of the rotary joint motion # (and any externally applied force, if any) and for
the simple harmonic motion Eqn. (610), it must generally provide an actuation
force that could contains several harmonics of the fundamental harmonic of the
motion Eqn. (B) with significant amplitude. It is also noted that the force F
is provided by the linear actuator driving the cart while the cart is stationary.
Which means that the force F' is generated by the motor power electronics by
properly varying its electromagnetic forces as described in the Appendix A.
In the present case, the force F' described by Eqn. (B3) is in fact a reaction
force required to keep the cart stationary as the pendulum link undergoes the
simple harmonic motion Eqn. (E). In this chapter, such components of an
actuation force/torque are referred to as the “motion independent component”
of the actuating force/torque.

In general, the dynamic response of a properly designed power electronics
system driving a DC motor or the like is significantly higher than the dynamic

response of the mechanical system. The dynamic response of actuation devices
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are relatively high to the required “motion independent components’ of the
actuating forces/torques. As a result, the cart actuator can be expected to
provide the higher harmonics of the required force, Eqn. (62), even for a
relatively large amplitude or high fundamental frequency motions Eqn. (61).

On the other hand, as can be seen in Eqn. (B33), the actuating torque is
a function of its related joint motion - acceleration in this case. In this case,
the actuating torque 7 is required to accelerate the pendulum link with the
moment of inertia mL? about its axis of rotation, which then cause the link to
undergo its prescribed harmonic motion Eqn. (E1) with its associated varying
joint velocity. As it is shown in the Appendix A, the dynamic response of
an actuator that has to accelerate a load (an effective inertia) and maintain
certain constant or varying joint velocity is limited by the amount of effective
load (effective inertia) and the joint velocity, both of which components may
be varying. In this chapter, these components of an actuation force/torque are
referred to as the “motion dependent component” of the actuating force/torque.

It is noted that for the sake of simplicity, in the above discussion of dy-
namic response limitations of the actuation devices the current and voltage
limitations of the power electronics and related components - for the case of
electrically driven actuation devices - are not considered. That is, the system
is considered to be operating within such limitations. Such an assumption does
not alter the present actuation force component division into “motion depen-
dent” and “motion independent’ components. The effects of such limitations
are, however, discussed in the Appendix A.

Now for the case of the cart undergoing a simple harmonic motion x =

bcoswt while the pendulum link is held stationary relative to the cart at an
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angle § = 0, Figure 671, the aforementioned required actuating force and torque

are readily seen to be

F = (M+m)i=—(M+ m)bw? cos wt (6.4)

7 = mLi = —mLbw? cos wt (6.5)

It is then readily observed that the required actuating torque 7 is a reaction
torque that is needed to keep the pendulum link at the angle # = 0, and con-
sists only of a “motion independent component’, Eqn. (63), and the dynamic
response of its motor for providing the required torque is relatively high and
dependent only on the dynamic response of its power electronics and related
components.

The actuating force F' on the other hand consists only of a “motion depen-
dent component”, Equn. (64), and its dynamic response is relatively low and
dependent on the amount of load (inertia M + m) and its varying velocity as
indicated in the Appendix A.

Now if neither cart nor the pendulum link, Figure B, are stationary, the

system equations of motion become

F = Mji+mL(fcosf — 6?sin0) + mi
= mL(fcosf — 6*sin ) + (M +m)i = Fu + Fup (6.6)

T = mLicosh+mL*0 =Ty + Tup (6.7)

where Fy; = mL(é cos —62 sin 0) is the “motion independent component” and

Fyp = (M +m) is the “motion dependent component” of the actuating force
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F acting on the cart. Similarly, 7);; = mLZ cos 6 is the “motion independent
component’ and Ty p = mL%0 is the “motion dependent component’ of the
actuating torque acting on the pendulum link.

The above separation of the actuating forces/torques into the two groups of
“motion independent components” and “motion dependent components’ pro-
vides the means of determining the dynamic response characteristics of such
mechanical systems with highly nonlinear dynamics. As it is shown in the Ap-
pendix A, since the generation of the “motion independent components’ of the
actuating forces/torques is limited only by the dynamic response limitations
of the actuator power electronics, the actuator can provide this component
at relatively high frequencies demanded by the nonlinearity in the system dy-
namics, as for example can be seen in Eqn. (62) and Eqn. (68). However, the
dynamic response of an actuator in generating the “motion dependent com-
ponents’ of the actuating forces/torques is dependent on the instantaneous
actuating load (effective inertia on which it acts) and the instantaneous speed
of the actuator motion.

The separation of the required actuating forces/torques into the aforemen-
tioned two groups of “motion independent components” and “motion dependent
components’ clearly indicates the need for a new approach to the formulation
of feed-forward control signal in feed-forward control systems of mechanical
systems with nonlinear dynamics that considers the dynamics response char-
acteristics and limitations of the actuating devices such as different types of
electric motors and their commonly used electronic power amplifier drivers.
The general design of such feed-forward control systems and their superior

performance is shown by an example in the following section.
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6.3 Example And Simulation

Consider the inverse pendulum system of Figure G . The current approach
for constructing a model-based feed-forward control with a linear feedback
loop is shown in the block diagram of Figure B23. In this control system, the
input desired motion x4, 6; and their related velocities and accelerations are
used in the system equations of motion Eqn. (E8) and Eqn. (622) to calculate
the feed-forward force Fyy and torque 7y, respectively. In the block diagram
of Figure B33, the actual position of the cart and the pendulum link are in-
dicated as x, and #,, and their velocities by , and éa, respectively. Their
corresponding error signals, i.e., the difference between the desired and actual
positions e, and ey and desired and actual velocities é, and éy, Figure B3,
are fed back through a (usually a linear PD) controller. The sum of the feed-
forward and the feedback signals is then sent to the electronic power amplifier
via a low pass filter, which is used to remove the high frequency components
of the signal that are considered to be beyond the dynamic response capability
of the system actuators and that may excite natural modes of vibration of the
system. In a system constructed as shown in Figure 623, the low pass filter also
serves to filter other high frequency noises and disturbances. The electronic
power amplifiers will then convert the filtered control signal to power signals to
drive the actuating motors to produce the required actuating force and torque
to drive the plant.

As was shown in the previous section, the feed-forward signal, which is
generated using the system equations of motion, Eqn. (68) and Eqn. (67),

contain high frequency components generated by the “motion independent
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components’ of the required actuation force/torque, which are critical for gen-
erating the desired system motion. The commonly used feed-forward control
systems shown in the block diagram of Figure 623, however, simply filters all
high frequency components of the feed-forward signal, thereby degrading the
system performance in terms of speed of operation and precision.

The block diagram of the proposed model based feed-forward control sys-
tem is shown in the block diagram of Figure B4. In this control system, the
feed-forward signals corresponding to the “motion independent components”
of the required actuating force/torque, i.e., Fy;; and 7y in Eqn. (68) and
Eqn. (B77), respectively, are separated from those of “motion dependent com-
ponents’, i.e., Fyp and 7yp in Eqn. (B8) and Eqn. (B22), respectively. The
“motion dependent components” of the feed-forward signals are then similarly
filtered with a low pass filter to eliminate nose and other high frequency sig-
nals that may have been generated due to the feedback signals. The “motion
independent components’ of the feed-forward signals are however either not
filtered or preferably filtered with a low pass filter with significantly higher cut
off frequency to eliminate higher frequency noise and components that may
have been generated due to the digital nature of currently used control sys-
tems and if actual positions and velocities are not used to minimize step-like
signals at each sampling time. As a result, the higher frequency components
of the electronic power amplifier signals corresponding to the “motion inde-
pendent components” of the actuating forces/torques are not eliminated by the
low pass filter, thereby ensuring that the aforementioned and mainly reaction
forces/torques are provided by the system actuators.

In the present example, the desired motion of the system of Figure B is
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considered to be given as

1
Ty = O.l(cosSt—§9t) (6.8)

1
0; = 0.6(cos12t — g cos 36t) (6.9)

The system parameters are considered to be given as M = 10 Kg, m =1 Kg
and L = 0.4 m. Both actuators are considered to be brushless DC motors
with rotor inertia of J = 0.35 Kg-cm?, and parameters K = 0.115 N-m/amp,
L =77mH, R =4 ohms, and [,,,, = 12.3 amp, Figure C.

The electronic power amplifier is considered to allow a maximum voltage
of Viaz = 50 volts and provide a peak power of Py, = 600 watt. A gear with
radius 0.02 m and a matching rack convert the rotary output from the motor
to linear motion of the cart and its effective inertia is considered to be included
in the mass of the cart M. The PD controller proportional and derivative gain
are selected to be 1000 and 100, respectively. A second order unit gain low
pass filter with undamped natural frequency w,, = 100 rad/s and the quality
factor () = 1 is used.

Computer simulation was performed for both control systems, Figure 623
and Figure 64 for the aforementioned desired motion. As expected, both
position and velocity errors were found to be significantly smaller with the
proposed feed-forward control system with the separated motion dependent
and motion independent components, Figure 64. For example, the larger
cart position error e, for both control system simulations are shown in the
plot of Figure B4. In this plot, the error e, is plotted with solid line for the

proposed control system, Figure 64, and with dashed lines for the commonly
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used control system, Figure G23.

A close examination of the plots of the error e, of Figure B3 and examina-
tion of the computer simulation results also indicates that for the commonly
used feed-forward control system of Figure B33, the cart position error e, is
mainly due to the filtered, but required, high frequency components of the

“motion independent component’ of the actuating forces.

6.4 Conclusions

The present study clearly shows that the actuation forces/torques provided by
actuation devices driving mechanical systems can be divided into two basic
groups. The first group corresponding to those components of each actuator
force/torque that is “actuator motion independent”. The dynamic response
of this group is shown to be relatively high and limited only by the dynamic
response limitations - for the case of electrically driven actuation systems - of
the driving power amplifiers, electronics, computational and signal processing
devices and components. And the second group corresponding to those com-
ponents of the actuator forces/torques that is “actuator motion dependent”.
The dynamic response of the latter group is shown to be relatively low and
dependent on the actuator effective inertial load and actuation speed. In all
mechanical systems that are properly designed, the dynamic response of the
first group is significantly higher than those of the second group. By sepa-
rating the required actuating forces/torques into the above two groups, the
characteristics of the dynamic response of such nonlinear dynamics systems

may be determined for a prescribed trajectory. The information can also be
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used to significantly increase the performance of control systems of such me-
chanical systems by properly synthesized trajectories and control. When a
feed-forward control signal is used, the performance of the system is shown to
be significantly improved by generating each one of the group of components
separately considering the dynamic response of the actuation system to each
one of the groups of components. An example and practical methods of im-
plementing the proposed feed-forward control for nonlinear dynamics systems

are provided.
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Figure 6.1: Planar inverse pendulum system.
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Figure 6.2: The free body diagram of the pendulum system of Figure Bl
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Figure 6.3: Block diagram of a commonly used feed-forward control system.
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Figure 6.4: Block diagram of the proposed feed-forward control system.
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Figure 6.5: The position error for the systems of Figure 64 and BGZ3.
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Appendix A

The Differential Equations of

Motion and Their Expansion

The differential equations of motion for the experiment 2-dof manipulator are

ﬁ@ﬁﬁ&ﬁ@ﬁ}f@%w5+%£%ﬁ::@ (A.2)

where

A
fi(by) = 71 + Ay cos Oy + Az cosfy + Ay cosly + Ascos(0y — 03)

. AG A7 l4 SiH(94 — 62) 2 Ag l4 sin(93 — 92) 2
Ja(62) = 2+2Uﬁm@—@ﬂ+zzwm%—@ﬂ
l4 sin(04 — 82)

+  Ascos(fy — 93)—l5 S0 (05 —0)
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f3(0a) = Ag+ Ascosby + Ascos(fy — 63)

+ [Ar + Ay cos b + A cos(0 — eg)]%
+ (As+ Ay cos @)%

and where

Al = mlgT% + ]12 + mg(ll + l2)2 + m37“§ + ]3

+ ma(l - rd) + Lo+ mse(l + 1+ 13) + I (A.3)
Ay = mylyry + msglily (A.4)
As = msglirs (A.5)
Ay = ma(ly +1o)rs (A.6)
As = msglars (A.7)
Ag = muri+ Iy + msgls (A.8)
A; = mser: + Isg (A.9)
Ag = mgr; + I3 (A.10)

The polynomial form of the differential equations is required to reveal the
harmonic pattern of error related to the parameters for identification, therefore
we need to expand the functions fi, fo, and f3 in a taylor series. Due to the
space limitation, only the expansion of function f; to the first order is given

as an example.

fl((gg) = a0 + 0,11((92 — 920) + O [(92 — 020)2] (Al].)
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where

Q10

a11

A
= 71 + AQCOS@QO
122 — l32 + l42 + l52 — 2l2l4C08920

2[5 \/l22 + l42 — 2[2[4COS€20
l4Sin920

Ascos[arccos(

—arctan(———
(l2 — l4COS€20

122 + 132 + l42 — l52 — 2l2l4C08920

2[3 \/l22 + l42 — 2l2l4C08920
l4SiH020

Ajcos[arccos(

t - -
arc an( 12 — l4COS€20

122 — l32 + l42 + l52 — 2l2l4C08920

215 \/122 + l42 — 2l2l4COS(920

Ascos[fag — arccos(

l4SiH020

t - - @@=
are an( lg — l4COS€20
= _AQSiD.QQO

l2l4(l22 + 132 + l42 - l52 — 2lgl4C08920)Sin920

Ag(

2 2 3/9 (122—l32+l42+l52—2l2l4C08920)2
s (12 + 1u% — 2lalucosfon)3/ \/1 — Lo o e,

—lylycosbag + 14°coshZ, + 14%sind3,
15% — 2lylycos8y + 14*cosbs, + 14°sind3,
l22 — lg2 -+ l42 -+ l52 — 2[2[4(308020

2[5 \/l22 —+ l42 — 212[4C08920
l4sin920

sin[arccos(

—arctan(——————
(12 — l4C08020

—l2l4<l22 - l32 + l42 + l52 — 2l2l4COS(920)SiH(920

A4(

25(1s% + 14? — 2alycosthy )2 /1 — Loyl dlucosbno)
—lylycosbg + 14%coshZ, + 14%sinb3,

15% — 2lylycosbyg + 4*cosbs, + 14°sind3,

1% 4 132 4 1,2 — 15> — 2l51,c0804

2[3 \/l22 —+ l42 — 212[4C08920

sin[arccos(
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l4SiD920
t - - @@=
arc an(lg — l4COS€20

—l2l4(l22 + l32 + l42 — l52 — 2[2[4008920)8iﬂ920

2 2 3/2 (l227l32+l42+l5272[2[4C05920)2
2[5([2 + l4 — 2l2l4COS020) / \/1 — 4l52(122+l42—212l4008920)

+  As(

_ lylycosty — 142cost3, — 1,°sinf2, )
Iy — 2l5l4c08050 + 4% cosb3, + 14°sind3,

12 — Is* + 1,2 + 15> — 2l5l4c0805
s/ 1o + 1,2 — 2slycoshsg

sin[fyy — arccos(

l4SiH(920
t - - =
arc an(lg — l4COS€20

The expansion shows that there are certain relationships between model
parameters from Eqn. (A23) through (AT0) and the approximated polynomial
expansion model coefficients as a1 and aq;. During the identification, the
approximated model coefficients are directly detected, and then the actual

model parameters can be derived from the given relationships.
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Appendix B

The Expansion to the Harmonic

Form.

The expansion to the harmonic form of Eqn. (A) is

2[Aayg + Aay (02 — O29) + Aaga(0y — 920)2]9"1 +
[Aasy + Aagi (0 — Oa0) + Aasga (02 — 920)2]9"2 +

.. . 92
Q[Aall + 2Aa12(92 — 920)]9192 + [Aagl + 2A(I32(92 — 920)]92 =

16
—2Aaip\wcoswt — Aasghaw?coswt + ?A@ll)\l)\QWQCOSWt

8 55 55
+  —Aaghw?coswt — — Aajgh Ao’ wrcoswt — — Aass My w?coswt
9 27 54
14 7
- gAallAl)\ngcosZwt - §Aa31)\22w2c032wt
224 112
+ 8—1Aa12/\1)\22w20082wt + gAa32A23w20082wt

16
+ 2Aai0\w?cosdwt + Aasghow?cos3wt — EAallAl)\ngcos?)wt
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8 88
- §Aa31)\22w20053wt + 8—1Aa12)\1)\22w20053wt

44 16
+ gAa@)\gSchos?)wt + gACLH/\l/\QWZCOSZLWt

8 256
+ §Aa31)\22w20054wt — gACle)\l/\22W2COS4wt

128 100
- gACLgQ)\QSWZCOSZLWt + ﬁAam)\l)\gQchos&ut

50 2
+ ﬁAa32>\23w26035wt — §Aa11)\1)\2w20056wt

1 32
- §Aa31)\22w20056wt + 8—1Aa12)\1)\22w20036wt

16
+ sl Aaza ) w?cosbwt

The expansion to the harmonic form of Eqn. (A=) is

[Aazy 4+ Aagi (0 — Oa0) + Aagy (02 — 05)]0, +

2[Adgy + Aag (B3 — O50) + Adga(By — 020)%]05 —

[Aayy + 28a15(02 — 020)]61° + [Aasy + 28a9 (05 — O30)]6” =
— gAauAl%ﬂ — gAagl)\l)\ng + gAamARAgw?

) 80 80
— —Aagl)\22w2 + —Aagg)\l)\22w2 + _AG/QQ)\QSWZ

9 81 81
—  Aazphw?coswt — 2Aasp\ow?coswt
8 1
+ §Aa31/\1>\2w2003wt — §Aa12A12>\2w2coswt

16 7
+ gAaglAgchQCOSWt — aACLgQ)\l)\quJZCOSWt
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Appendix C

Dynamic Response of Actuation

Systems

In this section and without the loss of generality the aforementioned concept
of separating the actuation forces/torques of a mechanical system into “mo-
tion independent components’ and “motion dependent components’ and their
dynamic response limitations are presented for brushless DC motors that are
driven by electronic power amplifiers.

In this section, three different actuator operation cases are studied. In
the first case, the actuator is used to apply force/torque without undergoing
related motion. Such forces/torques are mostly (but not entirely) reaction
forces/torques, and correspond to the aforementioned “motion independent
components’ of the actuation forces/torques. In the second case, the actuator
is used to apply force/torque to accelerate a load (effective inertia) and over-
come back electromotive force (EMF). These actuation forces/torques corre-

spond to the aforementioned “motion dependent components” of the actuation
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forces/torques. In the thirds case, the actuator is used to apply a combination
of “motion independent components” and “motion dependent components’, a
case that is generally encountered in mechanical systems with or without non-
linear dynamics.

A representative model of a permanent magnet brushless rotary motor is

shown in Figure Cl. In the model of Figure T, 7, is an externally applied

[Amplifier]

—p
control signal

Figure C.1: Permanent magnet DC brushless electric motor model.

torque to the motor; ¢ is the motor motion (rotary for the case of present
model); J' is the effective (moment of) inertia (load) experienced by the mo-
tor; ¢ is the armature current; R and L are the resistance and inductance of
armature coil, respectively; and u is the voltage across the armature coil.
The dynamics of brushless DC motor of Figure T can be described by

the following two coupled second order ordinary differential equations

T = lyi— J (C.1)

u = iR+ Li+ ko (C.2)

where k; is the motor torque constant; and k, is the motor velocity related
back EMF coefficient constant, which is determined by the flux density of the

permanent magnets, the reluctance of the iron core of the armature, and the
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number of turns of the armature winding.
In all electric motors, the maximum allowable armature current ¢ and volt-

age u are limited. These limits are hereinafter indicated by

i < Ly (C.3)

v < U (C4)

where I,,4, is the maximum allowable armature current (motor stall current)
and U,,,, is allowable armature voltage. In a properly designed actuation sys-
tem, the electronic power amplifier is designed to provide the above maximum
armature current and voltage.

When used to drive a mechanical system, the actuator electronic power
amplifier, Figure C, receives a control signal corresponding to the desired
actuation force/torque from the system controller and transmits electric cur-
rent to the motor armature to produce the said actuation force/torque.

As an electronic device, the electronic power amplifier dynamic response
(for most mechanical system operations, the bandwidth of its linear frequency
response) is significantly higher than the dynamic response of any practical
mechanical system, even when its inertia load is only the very lightweight
rotor of the motor. The dynamic response limitation of the actuation system
operating a pure inertia load may be approximated by the “cut off” frequency
presented later in this section.

Thereby considering the fact that in a properly designed actuation sys-
tem such as the one shown in Figure T the dynamic response of the system

electronic power amplifier is significantly higher than those of any practical
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mechanical system, we may safely assume that in operating a properly de-
signed mechanical system, the dynamic response limitations of the system
electronic power amplifier could even be neglected. For the system shown in
Figure T, this assumption also means that for operating a mechanical sys-
tem, no frequency limitation needs to be considered on the system electronic
power amplifier for providing the required voltage v and current i. The afore-
mentioned maximum available voltage, U,,., and current I,,,, are obviously

still applicable.

The Case of No-Motion Force/Torque Application

In this case, the motor is kept stationary, i.e., gb = 0, and is only required
to provide the torque 7,,, Figure T, to resist the externally applied torque of
the same magnitude but opposite sign. Now let the torque 7, be represented

in the form of Fourier series with j number of significant harmonics as
Ton = Z a;j cos(jwt + ;)
J

Then from Eqn. (CO) and Eqn. (C3), the required armature current i and

voltage across the coil u are readily seen to become

. Tm .
i = T ;Ij cos(jwt + 1)) (C.5)
u = iR+ L1

= RZI]- cos(jwt + 1)) —LZIjjwsin(jwt+wj)

j j
= Z[j\/R2 + L2j2w?cos(jwt + 1)) (C.6)
J
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where I; = Z—i and 1); are the amplitude and phase of the jth harmonic of the
required current .

As can be seen from Eqn. (C3H) and Eqn. (CH), as long as the aforemen-
tioned maximum current and voltage levels I,,,, and U,,,, are not reached and
as long as the electronic power amplifier can provide the highest harmonic in
the torque 7,,, then the actuator can provide the above required torque 7,,.

At this point it might be of interest to note that the corresponding required
power P from the electronic power amplifier for generating the above toque

Ty 18
P =i =i*R + Lii (C.7)
Thereby making the average power requirement

1 /7 1 /7 I’R
Poer = — Pdt = — 2Rdt = A .
T/o T/o 2R 2]: : (C.8)

where T is the period of the fundamental frequency w. As expected, since the
actuator does not do any work on a load (inertia), the consumed power is only

due to the coil resistance R.

The Case of “Motion-Generating” Actuation Force/Torque

In this section, the actuator is considered to apply a required level of
force/torque to a load (effective inertia) to achieve a desired motion (accel-
eration and velocity) profile. The brushless DC motor and its electronic power

amplifies of Figure C is still being used.
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In current practice, the frequency response of motor velocity is defined in
terms of the armature (with effective load) speed versus voltage and without
any externally applied torque (7, in Figure Cd). Using a linear model of
the motor, a cut off frequency [41] is then defined using the transfer function

between the voltage V'(s) and speed €(s) after Laplace transform as

o Q(s) 1
VR T E 9

where K = k, = ki, w, = The natural frequency w,, is considered to

.
LJ’
be a cut off frequency, i.e., the highest frequency that the electric motor can

effectively operate.

From the discussion of the previous no-motion force application case, it
is obvious that the above cut off frequency cannot be used to determine the
dynamic response of general mechanical systems (even if their dynamics were
not non-linear) since it only considers the motion response.

In this section we define a cut off frequency that considers the characteris-
tics of both the electric motor as well as its electronic power amplifier. Here,
a cut off frequency w, is still defined in the absence of any externally applied
force/torque to the motor and the limiting factors considered are the aforemen-
tioned maximum current I,,,,, and maximum voltage U,,,., that the electronic
power amplifier can provide and that the motor armature can tolerate.

Consider the case in which the motor is undergoing the simple harmonic

motion

¢ = A\ coswyl (C.10)
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By substituting the motion of Eqn. (CI0) into Eqn. (CII) and setting the
externally applied torque 7,,, = 0, and for the aforementioned maximum ar-

mature current of [,,,., we get

ki Lnaz coswet = J' Agw? cos w,t (C.11)

From which our previously described cut off frequency can be seen to become

kt Ima;t

C.12
A’ ( )

We =

As can be expected, Eqn. (CT) indicates that higher the maximum current
1,4 and lower the motion amplitude and motor inertia load, higher will be
the maximum motion or cut off frequency as previously defined.

In addition, from Eqn. (C2), the voltage u required to achieve the motion

Eqn. (CI0) at the cut off frequency w, becomes

u = IpeeRcoswet — (Ll + kyAp)wesinw,t

= \/IEMIR2 + (L ez + kodg)?w? cos(w.t + @) (C.13)

where
Imaa:R
12 R? + (Llpas + ky)g)?w?

max

Q¢ = arccos

Eqn. (CI3) provides the corresponding level of voltage that the electronic
power amplifier has to provide. However, this is not the maximum voltage
that the electronic power amplifier has to provide since during the motion,

the motor velocity generates back EMF, which the electronic power amplifier

101



must also counter. The maximum level of generated back EMF voltage is
proportional to the motor velocity, which becomes higher with higher motion

frequency and amplitude, Eqn. (CI0).

The Case of Combined External and Motion-Generated

Actuation Force/Torque

Now consider the case in which the motor is providing the simple harmonic
motion described by Eqn. (CI0) while at the same time it has to resist and

externally applied torque
Ton = A, COS Wiyt (C.14)

Substituting Eqn. (CT4) and Eqn. (CI0) into Eqn. (Cl) and solving for

the current ¢, we obtain

1
i = k—(—J’)\qbwicoswqjth)\m COS W) (C.15)
t

Eqn. (CI3) clearly shows that required ¢ can be separated into two dis-
tinct components. The first (left) component being motion related, and its
magnitude increases with the load (effective inertia), amplitude of the sim-
ple harmonic motion and square of the motion frequency. This component
of the required current corresponds to the aforementioned “motion dependent
component” of the actuating torque. The ability of the motor to provide this
component of the torque is limited by the aforementioned cut off frequency

we, and the system maximum current [,,,, and maximum voltage U,,q, that
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either the electronic power amplifier can provide or that the motor armature
can withstand.

The second component is not motion related and is due to the reaction that
the motor has to provide to resist the externally applied torques. This compo-
nent corresponds to the aforementioned “motion independent component” of
the actuating torque. And the ability of the motor to provide this component
of the torque is only limited by the system maximum current [,,,, and max-
imum voltage Upueq, and the dynamic (frequency) response of the electronic
power amplifier, which if it is properly designed, is orders of magnitude higher
than the motor cut off frequency w..

The corresponding required voltage u can then be obtained from Eqn. (C2)

to be

u = k—()\m oS Wyt — J' Agw} cos wyt) —
t
L
Ky
)\¢W¢ 2
- k—t\/JIQW‘%RQ + (J'WIL + ki)~ cos(wat + ag) +
A

k_m R? + L2w?2, cos(wpt + auy) (C.16)
t

(AW SIN Wyt — J’)\¢w§; sinwyt) — kyAgwy sin wgst

where o, and a4 are the phases. The Eqn. (CI8) clearly shows that simi-
lar to the required current, Eqn. (CI3), the required voltage u also has the
aforementioned two distinct components.

The first (left) component being motion related, and its magnitude in-
creases with the load (effective inertia), amplitude of the simple harmonic mo-

tion and its frequency. This component of the required current corresponds to
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the aforementioned “motion dependent component” of the actuating torque.
The ability of the motor to provide this component of the torque is limited
by the aforementioned cut off frequency w,., and the system maximum current
1,02 and maximum voltage U,,., that either the electronic power amplifier can
provide or that the motor armature can withstand.

The second component is not motion related and is due to the reaction that
the motor has to provide to resist externally applied torques. This component
corresponds to the aforementioned “motion independent component” of the
actuating torque. And the ability of the motor to provide this component of
the torque is only limited by the system maximum current I,,,,, and maximum
voltage Upqz, and the dynamic (frequency) response of the electronic power
amplifier, which if it is properly designed, is orders of magnitude higher than

the motor cut off frequency w..
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