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Abstract of the Dissertation 
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in 
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Stony Brook University 

2015 

 

Smart structure, which is defined as “a system or material which has built-in or intrinsic 
sensors, actuators and control mechanisms is capable of responding adaptively to the 
environment”, has attracted more and more interest in recent decades, especially in the 
applications of aerospace, civil, and mechanical infrastructures. Piezoelectric, with its special 
electromechanical characteristics, is widely used in the smart structure design. Piezoelectric-
based multifunctional smart structures for integrated vibration energy harvesting, structure health 
monitoring, and vibration control are studied in this dissertation. 

In the aspect of energy harvesting, a novel piezoelectric energy harvester with multi-
mode dynamic magnifier is proposed and investigated, which is capable of significantly 
increasing the bandwidth and the energy harvested from the ambient vibration. In addition, a 33-
mode multilayer piezoelectric stack with force amplification frame is designed and studied, 
which has large power generation and high power density ratio. In the aspect of structure health 
monitoring, an admittance-based structure health monitoring method with a high-order resonant 
circuit is proposed and investigated, with advantage of increased damage detection sensitivity. In 
the aspect of vibration control, a self-powered piezoelectric vibration control system is proposed 
and investigated for flexible structures, with both functions of minimizing the vibration of the 
flexible structure and at the same time harvesting energy for the self-powered control 
implementation. In addition, a vibration and wave propagation attenuation method for 
metamaterials with periodic piezoelectric arrays with high-order resonant circuit shunts is 
proposed and developed. The proposed high-order resonant shunt circuit can introduce two local 
resonances in series around the tuning frequency to broaden the attenuation bandwidth, or can 
create two separate resonances to achieve two separate bandgaps. 
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Chapter 1 Introduction 

1.1 BACKGROUND OF SMART STRUCTURES 

“Smart structure” is defined as “A system or material which has built-in or intrinsic 

sensors, actuators and control mechanisms whereby it is capable of sensing a stimulus, 

responding to it in a predetermined manner and extent, in a short/appropriate time, and reverting 

to its original state as soon as the stimulus is removed” [1]. It can respond adaptively in a pre-

designed useful and efficient way to changes in environmental conditions, also including 

changes in its own condition. One example is an active aero-elastic wing (AAW), which is 

comprised of mechanical structure, control unit, smart materials, and sensors, capable of 

commanding shape changes based on real-time flight data. By incorporating distributed sensing 

networks, flight control algorithms can use real-time structural and aerodynamic data to alter 

speed, reduce observability, or increase maneuverability, based on mission objectives or 

immediate needs. 

The increased interest in multifunctional smart structures is driven by the need for the 

development of new structures that can simultaneously perform multiple functions [2]. In many 

cases, the same material or device can be used for both sensing and actuation functions, as well 

as for other functions like energy harvesting and structural health monitoring. Piezoelectric 

materials, such as lead zirconate titanate (PZT), polyvinylidene fluoride (PVDF) and aluminum 

nitride (AlN), can be embedded in structures for sensing and actuation, as they naturally possess 

the required electromechanical coupling. The basic idea behind energy harvesting as related to 

multifunctional smart structures is to parasitically extract energy from the motion or deformation 

of a host structure and convert it to electrical energy which can be stored and used for other 

purposes. One popular application is to power small electronic devices such as wireless sensors 

for structural health monitoring purpose. 

1.2 SMART STRUCTURES FOR WIND TURBINE BLADE AND HELICOPTER BLADE 

1.2.1 Wind turbine blade vibration 

Wind power investment worldwide is expected to expand three-fold from about $18 

billion in 2006 to $60 billion in 2016 [3]. However, there are still many challenges in the wind 

turbine technologies. One big problem is that the unwanted flapping bending vibration of wind 

turbine blade not only decreases the energy efficiency of the whole system, but also accelerates 
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the speed of structure damage and fatigue, which results in a lot of loss. Therefore, building 

smart structures for wind turbine blades with high energy efficiency, structure health monitoring, 

and vibration control is a big challenge to the current development of wind turbine technology. 

A typical horizontal axis wind turbine configuration is shown in Figure 1.1. The rotation 

of the rotor blades is driven by the external wind. Then the rotor blades rotate the shaft, which is 

connected with the electrical generator, so that electrical energy can be generated from the 

generator. 

 

Figure 1.1 A typical configuration of a horizontal axis wind turbine [4] 

Wind turbine blades are subject to deformation and vibration from a number of sources, 

such as the accumulation of particles like dust or ice, the external wind excitation, or the blade’s 

own weight. Most wind turbine blades are fabricated using reinforced fiberglass composite 

materials. The most significant blade bending moments induced by external wind loads typically 

occur in flap-wise (out of blade plane) direction. Flap-wise forces have stochastic and 

deterministic components. The stochastic component is mainly due to the variability of wind 

speed and direction. The deterministic component is invariant, and increases with height. When 

the wind turbine blade is mounted high, a blade may twist or deform in directions perpendicular 
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to its length, or perpendicularly to the blade surface. This is often referred to as edge-wise 

bending. 

The velocity variation over the rotor disc will also influence the blade and introduce both 

flap-wise and edge-wise fatigue damage on the blade, with moment fluctuations in the two 

directions. The flap-wise moments on the blade are the main cause for the rotor yaw and tilt 

moments. The edge-wise moments are less sensitive to the blade pitch than the flap-wise 

moments [5]. Therefore, the flap bending vibration is dominant and should be paid more 

attention. 

In order to reduce the weight and cost of wind turbine, wind 

turbine blades and tower are both flexible thin-walled structures. 

Wang, et al. [6] analyzed the vibration of blades and tower by using 

thin-walled beam theory. Three forces are mainly found working on 

the blade, i.e., wind force, centrifugal force, and gravity force. Figure 

1.2 shows the blade’s two flap bending mode shapes, with the natural 

frequencies of 56.54Hz and 158.94Hz. The tower bending is strongly 

coupled with the blade flap bending, but it is independent of blade 

edge bending, because the dominant natural frequencies of tower 

vibration are designed to be far from the dominant natural frequencies 

of blade’s flap vibration. Therefore, the influence of tower vibration on 

the blade’s flap vibration is small. Since the external excitations from 

the wind loads will be most intense at the low frequency range, the 

first two flap bending mode shapes are dominant vibrations. 

1.2.2 Structure health monitoring for wind turbine blades 

In order to harvest wind energy more efficiently, the wind turbine blades are always 

designed large, which makes maintenance and repair works particularly difficult. In order to 

improve safety, to minimize down time, and to provide reliable power generation, the wind 

turbines must be monitored from time to time to ensure that they are in good condition. The self-

excited vibrations caused by the aerodynamic instability is inevitable. The impact of vibrations 

on wind turbine blades should be paid much attention, because they generate noise, decrease the 

life of the blades, induce vibrations in the tower and other parts of the structure, causes structural 

Figure 1.2 Blade’s 
first two mode shapes 

of flap bending [6] 
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damage. Therefore, structure health monitoring and vibration control of wind turbine blades are 

crucial and significant for the wind turbine technology development. 

The structural health monitoring (SHM) system is of primary importance to the whole 

wind turbine system, because structural damage may induce catastrophic damage to the integrity 

of the system. A SHM system is very useful in tackling the fatigue issue of wind turbine blades, 

due to predicting the exact life of a wind turbine component is extremely difficult due to their 

long designed service life of 10–30 years. A reliable, low-cost SHM system is highly needed for 

the wind turbine system, since it will reduce wind turbine lifecycle costs and make wind energy 

more affordable. 

Since the wind turbine blade is the key element of a wind power generation system and 

the cost of the blades can account for 15–20% of the total turbine cost, extensive attention has 

been given to the structural health of blades [7]. Furthermore, rotating mass unbalance due to 

minor blade damage can cause serious secondary damage to the whole wind turbine system [8]. 

The locations at 30–35% and 70% along the length of the blade from the root section have been 

found more prone to damage [9]. Figure 1.4 illustrates the damage-prone locations on the blade, 

while Figure 1.5 shows an example of damage. 

 

Figure 1.3 Locations of a wind turbine blade that is likely to damage [9] 

 

Figure 1.4 An example of blade damage 
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Existing damage detection techniques for wind turbines include acoustic emission events 

detection method [10, 11], thermal imaging method [12], ultrasonic methods [13], modal-based 

approaches [14-17], fiber optics method [18], etc. 

1.2.3 Vibration control in wind turbine blades 

Many kinds of internal and external factors, such as wind turbulence, variety of wind 

speed, foundation vibrations due to environmental disturbances, etc., will cause the wind turbine 

blades having non-effective vibrations, including bending, and torsional vibrations. Moreover, 

the coupling effect among these non-effective vibrations makes the control of blade vibrations a 

big challenge. 

Various active and passive vibration strategies have been applied for the vibration control 

of wind turbine blades. Veers, et al. [19] studied on a passive controller of using aero-elastic 

tailoring. It is concluded that it can provide either better power generation or vibration reduction, 

or both. Maldonado, et al. [20] presented an active vibration control method by using an array of 

synthetic jet actuators in a wind tunnel. Karaolis, et al. [21] introduced a method of using biased 

lay-ups in blade skins to achieve different types of twist coupling for wind turbine applications. 

Karaolis suggests that in addition to using the flapwise or centrifugal loading to twist a blade, it 

might be useful to internally pressurize a spar and use changes in the pressure to actively control 

the angle of blade twist. Kooijman [22] claimed that “the use of aeroelastic tailoring of the Fibre 

Reinforced Plastics to control limited torsional deformation is a promising way to improve rotor 

blade design.” Dossing [23] presented a vibration control method on huge wind turbine blades by 

using tuned absorbers and identified the optimal design parameters. Laks, et al. [24] proposed a 

combined feel-forward/feedback control method, which can reduce the blade flap bending 

moments for wind turbine system. 

1.2.4 Similarities with helicopter blades 

Although the helicopter blades rotate around a vertical axis unlike the horizontal axis of 

wind turbine blades, its movement and vibration share some similarities with wind turbine 

blades. Helicopter rotor systems mainly consist of two or more equally spaced blades attached to 

a central hub. The blades are maintained in uniform rotational motion, usually by a shaft torque 

from the engine. As a response to the aerodynamic loads, helicopter blades undergo three basic 

deflections, flapping, lead-lag and pitching, which are shown in Figure 1.5. The out-of-plane 
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bending deflection (called flapping), and the in-plane bending deflection (called lead-lag) occur 

about the hinges and the pitching deflection occurs about a bearing. Like the wind turbine blades, 

the flap bending vibration in helicopter blades is the dominant vibration. The first three mode 

shapes of flap bending vibration of helicopter blade is as shown in Figure 1.6. It can be seen that 

the flap bending vibration is similar as the vibration of fixed-free cantilever beam. 

 

Figure 1.5 Helicopter rotor blade [25] 

 

Figure 1.6 Mode shapes of flap bending vibration [26] 
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Many companies have conducted a lot of research on developing structure health 

monitoring sensors for helicopter application, such as MicroStrain company [27]. They designed 

an active radio frequency identification embedded usage tracking system for helicopter rotating 

components, as shown in Figure 1.7. Their objective is to develop a comprehensive and 

networked health management capability that can be embedded directly into rotorcraft 

components, with both functions of energy harvesting and structure health monitoring. They 

designed tiny, wireless energy harvesting radio frequency identification nodes that provide part 

identification, performance monitoring, on-board storage of component usage history, and 

remaining useful life. 

 

Figure 1.7 MicroStrain’s SHM sensors in helicopter application [27] 

1.3 PIEZOELECTRIC TECHNOLOGY FOR MULTIFUNCTIONAL SMART STRUCTURES 

For energy harvesting, an electromechanical transducer is needed to convert mechanical 

energy to electrical energy. For structure health monitoring, a type of sensor, which can reflect 

the change of mechanical properties in the form of other kinds of detectable signal, such as 

electrical signal, is required. For vibration control, a sensor is needed to reflect the current 

vibration condition, and an actuator is required to conduct effective control performance. Based 

on the overall consideration of the three functions, piezoelectric material is a suitable choice as 

the transducer, sensor, and actuator for the multifunctional smart structure. 

Over the past 50 years piezoelectric sensors have proven to be a versatile tool for the 

measurement of various processes. Today, they are used as sensors for measuring pressure, 

acceleration, strain or force in quality assurance, process control and development across many 

different industries. It has been successfully used in various critical applications, for example in 

medical, aerospace and nuclear instrumentation. 
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1.3.1 Background of Piezoelectric Technology 

Piezoelectric material has two effects, i.e., direct piezo effect and inverse piezo effect, as 

shown in Figure 1.8. Direct piezo effect is: When an external force is applied on the piezoelectric 

material, either in compressing direction or stretching direction, electric charge will generate on 

the surface of the piezoelectric material. Direct piezo effect corresponds to the energy conversion 

from mechanical energy to electrical energy. With direct piezo effect, piezoelectric material can 

be used as sensor or energy harvester. Inverse piezo effect is: The application of an electric 

voltage to an unrestrained piezoceramic body results in its deformation. Inverse piezo effect 

corresponds to the energy conversion from electrical energy to mechanical energy. With inverse 

piezo effect, piezoelectric material can be used as actuator. 

 

Figure 1.8 Piezoelectric effect [28] 

Flexible piezoelectric materials are widely used for energy harvesting applications 

because of their ability to withstand large amounts of strain. Larger strains provide more 

mechanical energy available for conversion into electrical energy. A second method of 

increasing the amount of energy harvested from a piezoelectric is to utilize a more efficient 

coupling mode. There are two practical coupling modes, i.e., 31-mode and 33-mode, as shown in 

Figure 1.9. In the 31-mode, a force is applied in the direction perpendicular to the poling 

direction, an example of which is a bending beam that is poled on its top and bottom surfaces. In 
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the 33-mode, a force is applied in the same direction as the poling direction, such as the 

compression of a piezoelectric block that is poled on its top and bottom surfaces. 

 

Figure 1.9 Two coupling modes of piezoelectric materials [29] 

The electrical-mechanical coupling equations of piezoelectric materials are [30] 

�� ! = "#$ ��� 
%& �%$!     (1.1) 

where � is the electric charge density displacement, % is electric field strength,   is strain, $ is 

stress, #$ is permittivity in a constant stress field, � is the matrix for the direct piezoelectric 

effect, �� is the matrix for the converse piezoelectric effect, 
% is compliance in a constant 

electric field. 

Referring to the geometry of a typical piezoelectric material with three axes and six 

surfaces in Figure 1.10, the vectors of electric charge, electric field, strain, and stress can be 

expressed as, respectively, 
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The voltage generated from the piezoelectric transducer is always an AC signal. In order 

to store the electrical energy in an energy storage unit (mainly using rechargeable batteries or 

super-capacitors), it is necessary to rectify AC signal to DC signal. Therefore, the energy 

harvesting circuit connected with the piezoelectric transducer is as shown in Figure 1.11. 

 

Figure 1.10 Geometry of a typical piezoelectric material [31] 

 

Figure 1.11 Typical energy harvesting circuit 

1.3.2 Piezoelectric-based Energy Harvesting 

Over the past decade there has been an abundant increase of interest in self-powered 

devices in the engineering applications like MEMS, continuous structural health monitoring, 
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environmental monitoring, portable electronics, etc. Practical solutions for the power supply of 

the electronic devices have been developed. Energy harvesting from ambient sources, such as 

mechanical vibrations, is a very promising alternative. One of the most efficient ways of 

harvesting vibration energy is piezoelectric transduction [32, 33]. 

Researchers already developed various kinds of piezoelectric energy harvesters. One 

early study into energy harvesting developed a piezoelectric energy harvesting system mounted 

in shoes, which can harvest energy during walking and use it to power a radio transmitter [34]. 

The energy harvesting shoe is shown in Figure 1.12. The device has a piezoceramic composite 

material located in the heel and a multilayer polyvinylidene difluoride (PVDF) foil laminate 

patch located in the sole of the shoe. The average power generated from both the PVDF and the 

piezoceramic composite material was estimated approximately 1 and 2 mW, respectively. 

Another example is an integrated piezoelectric vibration energy harvester and wireless 

temperature & humidity sensing node designed in 2005 [35], as shown in Figure 1.13, which is 

comprised of a microprocessor, on-board memory, strain sensing gauge and sensor signal 

conditions. It is claimed that the piezoelectric strain energy harvesting system can deliver around 

2000mW under low level vibration conditions. 

 

Figure 1.12 Energy harvesting shoe [34] 

 

Figure 1.13 Integrated system of wireless sensor node and piezoelectric energy harvester [35] 
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Vibration-based energy harvesters generate the maximum power when the excitation 

frequency matches their resonance frequency. Under many circumstances, we know the 

excitation frequency before we design, so that we can design devices to have the appropriate 

resonance characteristics. In other situations, however, we either don’t know excitation 

frequency a priori or it might change over time. A type of design that can operate effectively 

over a range of vibration frequencies would be required. Therefore, many researchers work on 

the frequency-tuning methods. Eichhorn, et al. [36] presented a piezoelectric generator, whose 

resonance frequency can be tuned by applying mechanical stress to its structure. The harvester is 

comprised of a cantilever beam with two arms connected to the tip of the beam. By applying 

different force to the arms, stress in the main part of the beam can be altered accordingly, which 

leads to a shift of its resonance frequency. Challa, et al. [37] designed a tunable energy 

harvesting device using a magnetic force technique, as shown in Figure 1.14, with two magnets, 

i.e., one is above the vibrating structure, and the other is below the vibrating beam. The design 

enables either an increase or decrease in the tuned resonant frequency. Kozinsky [38] designed a 

passive self-tuning resonator for broadband power harvesting by using a mechanical resonator 

with a mass that is free to move along its length. It adapts its resonant frequency to the drive as 

the mass moves to find the minimum potential energy. 

 

Figure 1.14 Schematic of the resonance frequency tunable energy harvesting device [37] 

The traditional piezoelectric vibration energy harvesters are composed of a cantilever 

beam with a proof mass at the tip to increase the power output and also reduce the operating 

frequency. These traditional vibration-powered converters provide maximum output only when 

being operated close to resonant frequencies [39]. But this condition is difficult to guarantee 

since the ambient excitation/vibration is not controllable or intrinsically frequency-variant over a 
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broad bandwidth. In order to improve the efficiency, people have developed many methods, like 

the impedance matching between the piezoelectric transducer and the electrical load by Kong, et 

al. [40], Liang and Liao [41], and Chen, et al. [42]. Badel, et al. [43] augmented the harvester 

with an electrical switching device, in which the switch is triggered in a special manner to 

maximize the output voltage of the harvester. 

Whereas, in order to overcome the narrow bandwidth problem, many methods have been 

developed, Sari, et al. [44] and Ferrari, et al. [45] used multiple piezoelectric cantilever beams 

with different natural frequencies closer to each other. Qi, et al. [46], and Xue, et al. [47] 

designed a multiresonant piezoelectric beam by attaching multiple cantilever beams of natural 

frequencies close to the first resonance of the primary beam. Roundy and Zhang [48], Leland and 

Wright [49] and Eichhorn, et al. [50] actively tuned the operating frequency of power harvesting 

device by applying an electrical input or axial load to piezoelectric bimorph. Xu, et al. [51] 

considered the interaction of harvester with L-shaped flexible structure to harvest the energy 

from two modes thereby improving the harvester efficiency. Yang, et al. [52] and Le, et al. [53] 

used multiple masses at different locations of the beam to harvest energy at the first and second 

natural frequencies. Recently, Yang and Yang [54] used a new type harvester deigned with two 

PZT beams coupled with variable elastic spring to improve the bandwidth by sacrificing the 

power. 

1.3.3 Piezoelectric-based Structure Health Monitoring (SHM) 

Piezoelectric-based structure health monitoring can be mainly divided into three 

categories: guided-wave-based method, impedance-based method, and vibration-based method. 

Due to their advantages and disadvantages, they are suitable for different conditions. 

(1) Guided-wave-based SHM 

Guided-wave SHM always consists of an actuator and a receiver, the actuator generates 

guide waves with some high-frequency pulse signal that propagates in the structure, while the 

receiver senses the wave signal. The structural discontinuity due to damage in the structure can 

be detected by the deformed guided wave signals. However, in order to distinguish between 

damage and structural features, prior information is required about the structure in its undamaged 

state [55]. PZT has been widely adopted for guided-wave SHM technology [56, 57]. Wilcox, et 

al. [58] investigated the use of circular and linear arrays using piezoceramic-disk actuators and 

linear arrays using square shear piezoceramics for long-range guided-wave SHM in isotropic 
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plate structures. Signal processing is a crucial process in guide-wave SHM. The objective is to 

extract information from the sensed signal to decide if damage exists in the structure. Signal 

processing approaches can be grouped into data cleansing, feature extraction and selection, 

pattern recognition, and optimal excitation signal construction. 

(2) Impedance-based SHM 

Impedance-based structural health monitoring techniques have been developed as a 

promising tool for real-time structural damage assessment, and considered as a new 

nondestructive evaluation method. A key aspect of impedance-based structural health monitoring 

is the use of piezoceramic materials as a collocated sensors and actuators [59]. Impedance or 

admittance-based structure health monitoring technology was widely proven to be an effective 

method to detect the damages [60-66]. It is typically applied for the excitation frequency of 

higher than 30 kHz. By attaching a piezoelectric transducer on the host structure, the mechanical 

impedance of the host structure can be directly reflected by the electrical impedance measured 

from the piezoelectric transducer. Since the damages in the host structure will often change the 

stiffness or mass of the structure, the mechanical impedance of damaged structures will be 

different from the original one. Therefore, the damage can be detected by monitoring the 

electrical impedance or admittance from the piezoelectric transducer. 

Due to the high frequency measurement, the impedance or admittance-based damage 

detection technology is capable to detect to small-size damages in various structures. Based on 

the spectral analysis method, Wang and Tang [67] proposed a model-based approach that can 

identify both the location and the severity of the damage. However, in the laboratory setting, the 

conventional impedance or admittance-based methods are of high cost and huge size due to the 

heavy and expensive impedance analyzers, and thus are difficult to implement in fields [68]. In 

recent years, low-cost high-sensitive impedance measurement circuits and embedded systems 

have been proposed, which make impedance or admittance-based technology more practical and 

popular. Bhalla, et al. [69] used one piezoelectric as an actuator and the other one as a sensor, 

across which the voltage is measured. This method only needs a signal generator and a signal 

analyzer. Peairs, et al. [70] proposed a low cost impedance based method by measuring the 

voltage drop across a resistor that is connected serially with the piezoelectric transducer, since 

the electrical current can be obtained due to the voltage excitation, leading to the impedance or 
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admittance. The method enables online monitoring, since the signal generation and FFT 

algorithm can be programmed onto a small-size digital signal processing unit. 

Based on Peairs, et al. [70]’s low cost measurement circuit, Wang and Tang [71] 

introduced an inductive circuitry to the electromechanical system by connecting a tunable 

inductor, a resistor and the piezoelectric element in series, as shown in Figure 1.15. The serial 

connection of the inductor and the piezoelectric capacitor creates an additional frequency 

resonant to the mechanical structure. It can greatly increase the admittance magnitude and the 

admittance sensitivity. The peak admittance magnitude with the inductive circuitry is increased 

by 28dB when comparing with the traditional one without the inductance, i.e., first-order circuit 

system. The admittance change is increased by 17, 25, and 33dB for the damage severity level of 

0.2%, 1%, and 3%, respectively. They also introduced a negative capacitor to the 

electromechanical system [72], which can broaden the circuitry resonance to a much wider 

frequency range, so that the admittance magnitude is increased in a much wider frequency range. 

 

Figure 1.15 Admittance-based SHM with inductive circuitry [71] 

(3) Vibration-based SHM 

Vibration-based SHM can be classified to the following categories: 

 (1) Frequency changes. Many researchers studied on shifts in resonant frequencies for 

damage detection [73-76]. The changes in structural properties due to damage will cause changes 

in vibration frequencies, which is the principle of using modal methods for damage identification 

and health monitoring. However, since the frequency shifts to damage has very low sensitivity, it 

requires either very precise measurements or large levels of damage. An effective way is using 

multiple frequency shifts measured at different locations to detect the existence of damage. It can 
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provide spatial information about structural damage because changes in the structure at different 

locations will cause different combinations of changes in the modal frequencies. 

 (2) Mode shape changes. West [77] presented a method using of mode shape information 

for the location of structural damage. Ratcliffe [78] proposed a technique for locating damage in 

a beam that uses a finite difference approximation of a Laplacian operator on mode shape data. 

Skjaeraek, et al. [79] studied on the optimal sensor location issue for detecting structural damage 

based on changes in mode shapes and modal frequencies. 

 (3) Mode shape curvature changes. An alternative to using mode shapes to obtain spatial 

information about sources of vibration changes is using mode shape derivatives, such as 

curvature. Pandey, et al. [80] concluded that the damage in the structure can be reflected by the 

absolute changes in mode shape curvature. Topole and Stubbs [81] investigated on using a 

limited set of modal parameters for structural damage detection. 

 (4) Methods based on dynamically measured flexibility. Because the flexibility matrix is 

defined as the inverse of the static stiffness matrix, the flexibility matrix relates the applied static 

force and resulting structural displacement. Thus, each column of the flexibility matrix 

represents the displacement pattern of the structure associated with a unit force applied at the 

corresponding degree of freedom. 

 (5) Methods based on updating structural model parameters. It is based on the 

modification of structural model matrices such as mass, stiffness, and damping to reproduce as 

closely as possible the measured static or dynamic response from the data. 

1.3.4 Piezoelectric-based Vibration Control 

Vibration control methods are roughly categorized into two groups, active and passive 

methods. Active vibration control methods usually yield high-performance vibration 

suppression. However, active control systems need an external energy supply to suppress 

vibration. Passive vibration control methods use energy dissipative mechanisms such as 

dampers, frictional devices, and electric resistors. Passive methods do not need an energy supply, 

so they are always stable. 

With its unique electromechanical coupling characteristics, piezoelectric materials are 

widely used in the vibration energy harvester, especially for microelectronics [82], wireless 

sensor nodes [83], etc. Sodano et al. [84] and Galhardi et al. [85] reviewed the piezoelectric-

based energy harvesting technologies and applications. There are also a lot of interesting designs 



 

17 

 

of energy harvesters by using piezoelectric materials. Feenstra et al. [86] designed an energy 

harvesting backpack by employing a mechanically amplified piezoelectric stack. Howells [87] 

developed four proof-of-concept heel strike units to convert mechanical motion into electrical 

energy from the hells of boots. 

    The vibration control of a flexible structure by using piezoelectric materials has 

become an important topic in the past two decades. Halim et al. designed and experimentally 

evaluated the performance of a feedback controller based on the spatial H2 control [88] and the 

spatial H∞ control [89] to suppress vibration of a flexible beam. They also presented some 

resonant controllers to minimize the structural vibration using collocated piezoelectric actuator-

sensor pairs [90]. Han et al. [91] utilized a LQG control algorithm and classical control methods 

to reduce the vibration level of lightweight composite structures. Baz and Poh [92] presented a 

modified independent modal space control method to select the optimal location, control gains 

and excitation voltage of the piezoelectric actuators for vibration control of a flexible beam. 

Narayanan and Balamurugan [93] showed that a LQR approach is more effective in vibration 

control than constant-gain negative velocity feedback in active vibration control with distributed 

sensors and actuators for piezo-laminated smart structures. Scruggs [94] presented a H2 control-

based approach to maximize the power generation in the energy harvesting system, so that the 

harvested energy is maximal in constrain of minimized vibration. 

    Based on the electromechanical characteristics of piezoelectrics, electrical circuit 

design has also attracted many researchers’ interest to the control implementation of the 

structural vibration. Caruso [95] analyzed three different electric shunt circuits, i.e., RL series 

shunt circuit, RL-C parallel shunt circuit, and RL parallel shunt circuit, in piezoelectric passive 

vibration damping. Behrens et al. [96] designed a negative capacitance controller to reduce the 

structural vibration in a broadband frequency range. Ottman et al. [97] presented a method of 

using step-down dc-dc converter (buck converter) to optimize piezoelectric energy harvesting by 

finding the optimal duty cycle. Lefeuvre et al. [98] got the equivalent relation between buck-

boost converter with a certain duty cycle and resistance, so that buck-boost converter can be used 

to obtain optimized piezoelectric energy harvesting. The buck-boost converter method of finding 

optimal duty cycle to make the dc-dc converter be equivalent to optimal resistance is an effective 

way to get optimal power output. Fleming and Moheimani presented a method for online 

adaptation of the shunting impedance by minimizing the RMS strain [99], or minimizing the 
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relative phase difference between a vibration reference signal and the shunt circuit [100], or 

using LQG, H2, and H∞ control algorithms [101]. Guyomar et al. [102, 103] proposed the 

synchronized switch damping (SSD) to efficiently suppress the structural vibration. Li et al. 

[104] extended an improved SSD technique based on an energy transfer scheme to damp the 

vibration of the target structure. However, regarding control method, the buck-boost converter or 

SSD method is essentially a passive or semi-active control, the control performance of which is 

not as good as active control. 

    The synchronized switch method [105, 106] has a limitation that it only works for 

sinusoidal vibration, since the voltage converting process only occurs when the displacement of 

the structure attains the maximum or minimum. However, random vibration exists even more 

widely than sinusoidal vibration in reality. A universal vibration control method for all the kinds 

of vibrations, including random vibration, sinusoidal vibration, etc., is highly required. 

Moreover, the implementation of self-powered control is also a challenge. 

1.3.5 Interactions among the three aspects 

The above mentioned three piezoelectric-based technologies, i.e., energy harvesting, 

structure health monitoring, and vibration control, are not independent areas. There are 

interactions between each other. Due to the limited life span of batteries, researchers have paid 

more and more attentions on building self-powered structure health monitoring sensors and self-

powered vibration control units, especially for the application in remote areas where the 

replacement of batteries is very difficult. 

The technology of self-powered wireless sensor node for structure health monitoring has 

attracted a lot of attention [107, 108]. Delebarre, et al. [109] studied the feasibility of developing 

a structure health monitoring system having a double functionality, i.e., damage detection and 

energy harvesting in order to be fully autonomous. Zhu, et al. [110] built a low-profile, planar, 

self-powered intelligent sensor device (known as smart tag) for the use of wireless structure 

health monitoring in aeronautical applications, as shown in Figure 1.16. It can be fabricated 

within a composite material and embedded in the structure of an aircraft to monitor structural 

health and transmit measurement data wirelessly to the base station during the flight. 

Piezoelectric material is used as the energy generator. 

There are also many researches on self-powered vibration control technology [111, 112]. 

Lallart and Guyomar [112] presented a low-power and self-powered piezoelectric vibration 
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control method based on a nonlinear approach. They presented a simple nonlinear processing 

method of the output voltage of piezoelectric elements, resulting in an increase of the 

piezoelectric electromechanical coupling coefficient which can reduce the mechanical energy, 

leading to a damping effect in terms of mechanical vibrations. Shimose, et al. [113] designed and 

compared both analog and digital self-powered systems for multimodal vibration suppression. 

Both types of the controllers do not require external energy. Konak, et al. [114] proposed a 

method of a self-powered discrete time piezoelectric vibration damper which does not need 

tuning to the structural resonant frequency and is powered by the piezoelectric elements. 

 

Figure 1.16 Layout of smart tag [110] 

Few studies have been focused on multifunctional smart structures with both the 

functions of damage detection and vibration control. However, Ray, et al. [115] presented a 

towards multifunctional smart structure method of damage detection and vibration control in 

smart plates, in which the sensitivity of modal frequency shifts due to realistic damage cases has 

been enhanced, and it shows the potential of using the same piezoelectric sensors and actuators 

for implementing vibration damping control. 

1.4 OBJECTIVES AND CONTRIBUTIONS OF THIS DISSERTATION 

An integrated multifunctional smart structure is highly required, because there are a lot of 

applications where energy, structural health, and vibration of host structure are all concerned. For 

example, for aircraft application, battery-free is a research target in order to reduce the weight of 

the aircraft as much as possible to improve the gas-efficiency. The structural health should be 

monitored to guarantee the aircraft operating in a safety situation, especially for aged aircrafts. 
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The large amount of vibration in the aircraft body will accelerate the generation of cracks and 

make the whole aircraft system consume more energy. Thus, the control of vibration of aircraft 

during flight is also very important. Therefore, the multifunctional smart structure is a necessary 

and significant technology for the aircraft application. Another application of the multifunctional 

smart structure is wind turbine. The aging of the blades in wind turbine requires a real-time 

damage detection method to monitor the safety of the structure. Wind turbine is a kind of device 

generating electrical energy by being rotated by wind. Only the rotational motion is effective, 

that is to say, the other kinds of motions, such as flap bending vibration, should be minimized to 

save more energy and improve the efficiency. Thus, vibration control is also necessary for wind 

turbine. The function of wind turbine is harvesting wind energy to electrical energy. If efficient 

energy harvesters can be designed to harvest the non-effective vibration of wind turbine blades, 

not only more energy can be harvested, but also the non-effective vibration can be attenuated. 

The intellectual merits and impacts of designing a multifunctional smart structure with 

functions of energy harvesting, structure health monitoring, and vibration control include: (1) 

The knowledge in each of the three aspects can be explored, since novel methods in the three 

aspects will be proposed and investigated. Hopefully, an efficient piezoelectric energy harvester, 

which has a broad bandwidth and has a potential to harvest more energy than the traditional 

ones, will be designed for general applications. An effective damage detection method with 

higher detection sensitivity will be presented, which can detect small cracks even invisible inside 

the structure. A novel vibration control method which can reduce the mechanical energy 

resulting in decreased vibration, and harvest the reduced energy to electrical energy for self-

power use or other energy use; (2) The connections and interactions among the three aspects will 

be bridged and new interdisciplinary knowledge will be established. Due to the 

electromechanical characteristics of piezoelectric, the technology involves many disciplines, 

including dynamics, mechanism, electronics, circuit design, etc.. Many mechanical properties of 

structures can be reflected from the electrical parameters the piezoelectric transducer or the 

external circuit connected to the piezoelectric transducer; (3) The technology will exert an 

unprecedented improvement for aerospace, civil, mechanical infrastructure applications. Many 

applications require this kind of multifunctional smart structure to achieve multiple functions at 

the same time, such as aircraft wings, wind turbines, etc.. Taking the aircraft application as an 

example, the wings of the aircraft can be made of the multifunctional smart structures, so that the 
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processes of damage detection and vibration control of the aircraft wings can be proceeded 

during the flight, with the harvested energy as the power supply for the two functional units. 

Therefore, damage situations, such as existence of cracks in the wings, can be detected on time. 

Some kinds of real-time fixing actions can be made to avoid dangerous risks. 

Therefore, the objective of this study is designing smart structures with one or more 

functions of energy harvesting, structure health monitoring, and vibration control. The 

interactions among the three aspects are shown in Figure 1.17. The integrated smart structure can 

be applied for wind turbine blades, helicopter blades, aircraft wings, bridges, and other 

mechanical infrastructures. 

 

Figure 1.17 Relationship among the three aspects 

The specific objectives for the three aspects include: 

(1) Designing a high-efficient piezoelectric energy harvester which can harvest energy in a broad 

bandwidth of frequencies. 

(2) Designing various kinds of piezoelectric stack energy harvesters with different force 

amplification frames, with high power density and energy conversion efficiency. 

(3) Proposing an efficient structure health monitoring method which has the capability of 

detecting small damages in mechanical structures. By comparing with the existing damage 

detection methods, the proposed method should have higher damage detection sensitivity. 

(4) Presenting a self-powered vibration control system which can both decrease the vibration of 

the host structure and at the same time harvest energy. Based on the energy equilibrium 

principle, the reduced mechanical energy, which suppresses the structural vibration, can be 

harvested as electrical energy. 

(5) Developing a vibration and wave propagation attenuation method for metamaterials with 

periodic piezoelectric arrays, with broader vibration attenuation bandwidth. 

The dissertation project has the following merits: (1) It improves the interdisciplinary 

development, since it involves concepts of mechanical engineering, electrical engineering, and 

civil engineering. The primary focus is on dynamics, vibration, mechatronics, etc.. It will bridge 
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different areas and create new knowledge in the interdisciplinary area. (2) It has potentiality to 

revolutionize the design of multifunctional smart structures. The knowledge of tuned mass 

damper (TMD) will be integrated into the design. TMD has the characteristics of decreasing the 

vibration of the host structure and increasing the vibration of the tuned mass damper itself. It is a 

revolutionary way to harvest more energy and reduce vibration of host structure. (3) The 

technology of multifunctional smart structure with functions of energy harvesting, structure 

health monitoring, and vibration control has a broad applications. A specific application is for 

aircraft wings. The energy harvested from ambient vibration during flights can be used to power 

damage detection units and vibration control units. Especially for unmanned aircrafts, the feature 

of battery-free can reduce a lot of the weight of the aircraft, which is very important for the 

unmanned aircrafts. 

1.5 DISSERTATION ORGANIZATION 

Chapter 2 presents and investigates a novel piezoelectric-based energy harvester with 

double-beam structure, which broadens the bandwidth and significantly increases the energy 

harvested from the ambient vibration. Chapter 3 presents the energy harvesting technologies 

from multilayer PZT ceramic stack with force amplification frame. Chapter 4 presents and 

investigates an admittance-based damage detection method with high-order resonant circuit, 

which greatly improves the signal-to-noise ratio and increases the damage detection sensitivity. 

Chapter 5 presents and investigates a self-powered vibration control system for flexible 

structures, with both functions of minimizing the structure vibration and harvesting energy. 

Chapter 6 presents a vibration and wave propagation attenuation method for metamaterials with 

periodic piezoelectric arrays shunted by high-order resonant circuit, which can generate broader 

attenuation bandwidth or produce two separate bandgaps. Chapter 7 states the conclusion. 
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Chapter 2 Efficient Vibration Energy Harvester with Multi-mode Dynamic 

Magnifier 

2.1 MOTIVATION 

Though relative few, some research methods were developed to achieve both enhancing 

power/efficiency and widening the bandwidth of the operation. Cornwell et al. [116] connected 

the tuned energy harvester as an auxiliary beam to a three-story building like structure and 

magnified the power over a wider bandwidth around the first natural frequency. Recently, Ma, et 

al. [117], Aldraihem and Baz [118] and Aladwani, et al. [119] proposed a dynamic magnifier to 

increase the power output and widen the bandwidth around a single resonance using an 

additional mass with spring between the harvester and the vibration base. Tang and Zuo [120] 

gave an analytical solution of parameter optimization for the dual-mass energy harvesting system 

for enhanced energy harvesting. However, harvesters with dynamic magnifier in all literature 

above [116-120] only perform well around the first natural frequency region. In this paper we 

propose new type of harvester with a multiple mode dynamic magnifier which is able to enhance 

the power and widen the operation bandwidth over virtually all natural frequencies of the 

harvesting beam. The idea is to tune all the modes of the beam harvester to the modes of the 

intermediate beam connected between the vibration base and the harvesting beam. Therefore, all 

the vibration modes of the harvester beam will be magnified by the resonances of the 

intermediate beam. 

This concept of the coupled beams can also be extended and is applied to multi-mode 

vibration damping, which offer significant advantage over the traditional Tuned Mass Damper 

(TMD). The typical TMD is composed of a spring, mass and damper to damp only one mode of 

the vibration [121, 122]. Den Hartog [121] developed the analytical frequency and damping 

tuning rules of the mass and damper using the fixed-point method for the SDOF TMD. For better 

vibration mitigation, multiple TMDs were also proposed [123, 124], where each absorber is 

tuned near the resonance of a single DOF primary system in parallel. Zuo and Nayfeh [125, 126] 

proposed multiple-DOF TMD and series TMDs, which are proved more effective than traditional 

or parallel TMDs for single mode vibration. To damp more than one mode of a MDOF primary 

system, usually several SDOF TMDs were used [127, 128], of which each one is tuned to the 

individual modes of the primary structure. Zuo and Nayfeh [129, 130] also proposed a MDOF 

TMD, and experimentally demonstrated that a single (rigid) reaction mass with multiple degrees 



 

24 

 

of freedom can be used to damp as many as six modes of the primary system. The concept 

proposed in this paper is actually an infinite DOF continuous TMD (beam) which can damp 

virtually all the modes of the primary beam structure is designed properly. 

2.2 PRELIMINARY DESIGN 

The concept of dynamic magnifier is essentially a dual of the tuned mass damper, where 

in the former case an intermediate mass is inserted between the vibration base and the vibration 

harvester system to amplify the vibration of the harvester Figure 2.1a, and in the latter case 

Figure 2.1b an auxiliary mass is attached to primary structure to reduce the vibration of the 

primary structure. 

 

Figure 2.1 (a) Energy harvester with single-mode dynamic magnifier, (b) Classic TMD for a structure 

 

Figure 2.2 (a) A typical energy harvester, (b) the classical TMD for a beam, and (c) the proposed multi-
mode double-beam harvester or TMD 

(a) (b) 

(a) 

(b) 

(c) 
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A typical harvester is composed of a cantilever beam with tip mass at the end and PZT 

film on the beam surface, which operate mainly around the first natural frequency (Figure 2.2a). 

A traditional TMD is composed of a single-DOF mass attached to the primary structure to reduce 

the dynamic response near the TMD resonance. Figure 2.2b shows the TMD to suppress one 

vibration mode of a beam. The proposed vibration energy harvester with multi-mode dynamic 

magnifier or multi-mode TMD is shown in Figure 2.2c. Please note that though a similar double 

beam configuration has been used for harvester by Baz [131] and beam-type of TMD has been 

investigated by Dahlberg [132], they only consider a single mode of the system. Our innovation 

here is to take advantage of the fact that the beams have infinite vibration modes as the 

mechanism of energy harvesting and vibration control. 

An intuitive is to design the two beams with tip masses having the same natural 

frequencies. So, we firstly treated them as two separate beams for the preliminary design to 

develop some guideline. A more accurate modeling and analysis is presented in the next section. 

The mode shape of a uniform beam [133] is  CDEF = G)cos	DKLEF + G*sin	DKLEF + G+cosh	DKLEF + G7sinh	DKLEF  (2.1) 

The corresponding natural frequency QL of the nth mode is 

QL = KL*RBSTU 			,			V = 1, 2, 3,⋯    (2.2) 

where . is the Young’s modulus, Z is the area moment of inertia; [ is the beam density; \ is the 

cross-section area of the beam, and G)~G7 are constants dependent on the boundary conditions. 

For the cantilever beam with a tip mass, the boundary conditions for the two ends are CDEF|^_` = 0      (2.3) 

abD^Fa^ |^_` = 0      (2.4) 

.Z acbD^Fa^c |^_d = 0     (2.5) 

− aa^ �.Z acbD^Fa^c ! = QL*fCDEF|^_d    (2.6) 

where g is the length of the beam, and f is the mass of the tip mass. 

Substituting Eq. (2.1) and Eq. (2.2) into Eqs. (2.3)~(2.6), the following equation can be 

obtained. 

hijLDAkVjLlmAℎjL − AkVℎjLlmAjLF = 1 + lmAjLlmAℎjL     (2.7) 

where 
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jL = KLg      (2.8) o is the mass of the beam. 

Substituting Eq. (2.8) into Eq. (2.2), we obtain the natural frequency of a uniform beam 

of thickness p and q 

QL = Drsd F*RBSTU = Drsd F*tB uucvwxTvw = DjLF* wdcR B)*T   (2.9) 

Therefore, as long as the mass and dimensions satisfy 

huiu = hcic      (2.10) 

and 

yuzucR{u|u = yczccR{c|c     (2.11) 

the two cantilever beams will have the same natural frequencies and mode shapes. 

If the two uniform beams are made of the same material, the Eq. (2.11) becomes 

wuduc = wcdcc      (2.12) 

2.3 THEORETICAL ANALYSIS OF COUPLED DOUBLE-BEAM STRUCTURE 

In the previous section, we consider the two beams independently and develop some 

approximate design guideline making these two beams have the same natural frequencies. Such a 

guideline will reasonably work if the second beam is much smaller than the first beam. 

Generally, when the two beams are coupled together as shown in the Figure 2.2c, the double 

beam structure will have natural frequencies different from that of the independent beams. In this 

section, an analytical modeling is created to calculate the mode frequency and mode shapes of 

the coupled double-beam structure, so as to understand the multimode dynamic magnifier or 

multi-mode TMD. 

The equation for the mode shapes of the double beam structure is  CDEF = C)DEF}Dg) − EF +C*DE − g)F	}DE − g)F    (2.13) 

where	}DEF is a unit step function, C)DEF and 	C*DEF are the shapes of the multi–mode dynamic 

magnifier (intermediate beam) and energy harvesting beam, respectively. 

 C)DEF = G)cos	DK)LEF + G*sin	DK)LEF + G+cosh	DK)LEF + G7sinh	DK)LEF (2.14) 		C*DEF = ()lmADK*LEF + (*AkVDK*LEF + (+lmAℎDK*LEF + (7AkVℎDK*LEF (2.15) 

where K)L and K*L are defined similarly as Eq. (2.2).  
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At the nth vibration mode of the coupled structure, we have Q)L = Q*L = QL, so the 

following relationship can be obtained for two uniform beam of the same materials. K)L* p) = K*L* p*      (2.16) 

If we choose the beam thickness-length according to Eq. (2.12), we have K)Lg) = K*Lg*     (2.17) 

The double-beam system will have the following boundary conditions at E = 0, and	g* C)DEF|^_` = 0     (2.18) 

abuD^Fa^ |^_` = 0     (2.19) 

.Z* axbcD^Fa^x |^_dc = −Q*L*f*C*DEF|^_dc    (2.20) 

.Z* acbcD^Fa^c |^_dc = Zh*Q*L* abcD^Fa^ |^_dc    (2.21) 

and the following transition conditions at E = g) C)DEF|^_du = C*DEF|^_`     (2.22) 

abuD^Fa^ |^_du = abcD^Fa^ |^_`     (2.23) 

.Z) axbuD^Fa^x |^_du − .Z* axbcD^Fa^x |^_` = −Q)L*f)C)DEF|^_du    (2.24) 

.Z) acbuD^Fa^c |^_du − .Z* acbcD^Fa^c |^_` = Zh)Q)L* abuD^Fa^ |^_du      (2.25) 

where Zh), Zh* are the mass moment of inertia of the tip masses on the multi mode dynamic 

magnifier and the energy harvester, respectively. 

By plugging Eq. (2.13) into the boundary conditions Eqs. (2.18)~(2.21) and the transition 

conditions Eqs. (2.22)~(2.25), we can obtain an eigenvalue problem regarding the coefficients @ = [G), G*, G+, G7, (), (*, (+, (7]= and K �DK), K*F@ = 0     (2.26) 

where �DK), K*F is a 8×8 matrix, and K) and K* satisfy Eq. (2.16). 

�DK), K*F =
/0
00
00
01 1 00 1 1 00 10 00 0 0 00 0

0 00 0 0 00 0�+8 �+9�78 �79 �+� �+��7� �7��8) �8*�9) �9* �8+ �87�9+ �97��) ��*��) ��* ��+ ��7��+ ��7
−1 00 �99 −1 00 �9�0 ��9��8 0 0 ������ 0 45

55
55
56
  (2.27) 

where 
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�8) = cosDK)g)F              (2.*) �9) = −K)sinDK)g)F 
��) = .Z)K)+sinDK)g)F + f)o) .Z)K)7g)cosDK)g)F 
��) = −.Z)K)*cosDK)g)F + Zh)o) .Z)K)8g)sinDK)g)F �8* = AkVDK)g)F �9* = K)lmADK)g)F 
��* = −.Z)K)+lmADK)g)F + f)o) .Z)K)7g)AkVDK)g)F 
��* = −.Z)K)*sinDK)g)F − Zh)o) .Z)K)8g)cosDK)g)F �8+ = coshDK)g)F �9+ = K)sinhDK)g)F 
��+ = .Z)K)+sinhDK)g)F + f)o) .Z)K)7g)coshDK)g)F 
��+ = .Z)K)*coshDK)g)F − Zh)o) .Z)K)8g)sinhDK)g)F �87 = AkVℎDK)g)F �97 = K)lmAℎDK)g)F 
��7 = .Z)K)+coshDK)g)F + f)o) .Z)K)7g)sinhDK)g)F 
��7 = .Z)K)*AkVℎDK)g)F − Zh)o) .Z)K)8g)lmAℎDK)g)F 
�+8 = .Z*K*+sinDK*g*F + f*o* .Z*K*7g*cosDK*g*F 
�78 = −.Z*K**cosDK*g*F + Zh*o* .Z*K*8g*sinDK*g*F ��8 = .Z*K** 

�+9 = −.Z*K*+lmADK*g*F + f*o* .Z*K*7g*AkVDK*g*F 
�79 = −.Z*K**sinDK*g*F − Zh*o* .Z*K*8g*cosDK*g*F �99 = −K* 
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��9 = .Z*K*+ 

�+� = .Z*K*+sinhDK*g*F + f*o* .Z*K*7g*coshDK*g*F 
�7� = −.Z*K**coshDK*g*F − Zh*o* .Z*K*8g*sinhDK*g*F ��� = −.Z*K** 

�+� = .Z*K*+lmAℎDK*g*F + f*o* .Z*K*7g*AkVℎDK*g*F 
�7� = .Z*K**sinhDK*g*F − Zh*o* .Z*K*8g*coshDK*g*F �9� = −K* ��� = −.Z*K*+               (from 2.* to here is 2.28) 

By solving the equation of the determinant of � equal to zero, i.e. |�DK), K*F| = 0, the K) 

and K* values for all the modes in Eqs. (2.14) and (2.15) can be obtained. Correspondingly, the 

mode shapes for the coupled beam structure can be plotted after we obtain the eigenvector @, 

which will be shown in the next section. 

2.4 RESULTS OF ILLUSTRATIVE EXAMPLE 

2.4.1 Results of Theoretical Analysis 

The material properties of Aluminum beams used in the example are: Young’s Modulus 

69 × 109 N/m2, density 2712 kg/m3, Poisson’s ratio 0.33. The mass and dimensions of the double 

beam system are selected based on the approximate guideline of double-beam design in Eqs. 

(2.10) and (2.11), as shown in Table 2.1. 

The tip mass ratio was initially chosen to be 
hchu = 5%, and the length of the energy 

harvesting beam was initially chosen to be 177.8 mm based on the preliminary design guideline. 

It was found in the simulation that additional adjustment of the length and the tip mass of the 

auxiliary beam was needed. Through trial and error, the length of the energy harvesting beam are 

finally selected to be 160.0 mm, and the tip mass increased to be 16.0 g, as shown in Table 2.1. 

Based on Eq. (2.26), the natural frequencies and the corresponding mode shapes can be 

obtained. The first six modes are shown in Figure 2.3. The blue dash line represents the multi-

mode dynamic magnifier/primary beam. The red solid line represents the energy harvester 
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beam/auxiliary beam. The results show that the vibration of the energy harvesting beam is much 

larger and that of the dynamic magnifier/primary beam is properly damped at all the six modes. 

Table 2.1 The initial dimensions and the refined dimensions of the double-beam structure for the 
theoretical analysis 

Beam 
Width, q 

(mm) 
Thickness, p 

(mm) 

Length, g (mm) 
Tip mass f) & f* (g) 

Initial 
value 

Refined 
value 

Initial 
value 

Refined 
value 

Dynamic 
Magnifier 

45.47 3.18 396.2 396.2 165 165 

Energy Harvester 25.40 0.64 177.8 172.7 8.25 16.0 

 

   

   (a) Mode #1 (fn=4.41Hz)       (b) Mode #2 (fn=7.96Hz)  

   

(c) Mode #3 (fn=66.77Hz)   (d) Mode #4 (fn=75.07Hz) 

   

(e) Mode #5 (fn=192.8Hz)   (f) Mode #6 (fn=202.9Hz) 

Figure 2.3 The first six mode shapes of the double-beam structure obtained from the theoretical analysis 

2.4.2 Finite Element Analysis 

For the energy harvesting purpose, a piezoelectric film, with length less than the auxiliary 

beam, is adhered to the end part of the auxiliary beam to harvest the vibration energy, where the 
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strain is the largest. The material properties and the dimensions of the PZT film are shown in 

Table 2.2. The above closed form analytical solution for the coupled double beam is valid when 

the PZT film doesn’t contribute much to the stiffness or mass of the harvester beam. For more 

general case, finite element method (FEM) analysis is performed in ANSYS. The FEM model 

with nodes and elements is shown in the Figure 2.4. A very fine mesh is used for generating 

accurate results for the higher order mode shapes and frequencies. The analysis is performed by 

considering the beam material as the linear isotropic material and the piezoelectric effect is only 

effective in 31 mode during the vibration. Using ANSYS the structure is tuned by varying the tip 

mass and the length of the energy harvesting beam and keeping the dimensions of the dynamic 

magnifier constant. Finally we achieved large vibration amplitude of the energy harvesting beam 

by damping the vibration of the dynamic magnifier/primary beam. Using the parameters of the 

double-beam system shown in Table 2.3, the results, i.e. the mode shapes for the first six natural 

frequencies, are obtained and shown in Figure 2.5, where it reveals that the energy harvesting 

beam has large vibration and the dynamic magnifier has very less when compared to it. 

Table 2.2 The material properties and dimensions of the PZT film 

Material 
properties 

Young’s 
modulus (Ep , 

N/m2) 

Piezoelectric 
constant (d31 , 

m/V) 

Dielectric 
constant  (ε33 , 

F/m) 

Density 
(ρ, 

K/m3) 

Poisson’s 
ratio 

L × b × t 
(mm×mm×mm) 

PZT 62 × 109 -320 × 10-12 336 ×10-10 7800 0.3 
73.7 × 

25.4×0.19 

 

 

Figure 2.4 ANASYS finite element model of the Double beam harvester 

Table 2.3 The initial dimensions and the refined dimensions of the double-beam structure for the FEM 
analysis 

Beam 
Width q (mm) 

Thickness p (mm) 
Length g (mm) 

Tip mass f) & f* (g) 

Dynamic Magnifier 45.47 3.18 401.3 165 

Energy Harvester 25.40 0.64 185.4 11.15 
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(a) mode 1 (fn=6.06Hz)     (b) mode 2 (fn=9.69Hz) 

   

(c) mode 3 (fn=68.6Hz)     (d) mode 4 (fn=83.93Hz) 

   

(e) mode 5 (fn=212.82Hz)    (f) mode 6 (fn=233.54Hz) 

Figure 2.5 First six mode shapes from ANASYS simulation results 

2.5 EXPERIMENTS 

2.5.1 Experiment Setup 

 

Figure 2.6 Experiment Setup 

A prototype of the energy harvester with multi-mode dynamic magnifier is built with 

double aluminum (3300 alloy) beams. The prototype is built in such a way that the lengths L2 

and the tipmass M2 of the energy harvester can be refined easily during the experiment. The 

experiment setup shown in Figure 2.6 is comprised of the double beam energy harvester, the 
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vibration shaker with power amplifier, accelerometer, four channel HP 35670A dynamic signal 

analyzer. The piezoelectric film is adhered to the energy harvesting beam at the end. 

2.5.2 Experiment Results 

Two sets of experiments are conducted. One is without PZT, and the other is with PZT. 

To validate the theoretical modeling in section 2.3, the experiments are conducted to measure the 

natural frequencies of the first six modes for the double-beam structure without PZT film. The 

vibration shaker excited the double beam energy harvester in swept sine mode in the frequency 

range of 3 Hz~300 Hz. One accelerometer is placed on the shaker to measure the input 

acceleration. Another accelerometer is placed at the tip of the primary beam to measure the 

response excited by the shaker input. The mass of the accelerometer is considered to be the part 

of the tip mass of the primary beam. The frequency response from the base acceleration to the tip 

acceleration of the primary beam was obtained and the first six natural frequencies are compared 

to the theoretical values and FEM results in Table 2.4. It can be seen that the relative errors of all 

the six natural frequencies are smaller than 6.6%. Table 4 also lists the natural frequency 

obtained by using FEM, where the relative errors of all the six natural frequencies are smaller 

than 8.2%. 

The errors of the theoretical values and FEM values of the six natural frequencies when 

comparing with the experiment values in Table 2.4 and 2.5 are mainly due to the measurement 

errors of the dimensions used in the experiment, for example, the tip mass cannot be chosen to be 

exactly the same value as that used in the theoretical analysis, and the same case for the length of 

the beams. 

Table 2.4 Comparison of the theoretical and measured natural frequencies of the double beam system 
without PZT 

Mode 
Experiment Results 

(Hz) 

Theoretical Analysis FEM Analysis 

Theoretical value 
(Hz) 

Relative 
error 

FEM value 
(Hz) 

Relative 
error 

1 4.599 4.405 4.22% 4.71 2.41% 

2 7.468 7.962 6.61% 7.71 3.24% 

3 63.4 66.77 5.32% 66.90 5.52% 

4 74.17 75.07 1.21% 80.24 8.18% 

5 190.1 192.78 1.41% 200.97 5.72% 

6 207.1 202.88 2.04% 212.98 2.84% 

To validate the claims that this novel double-beam energy harvester 1) can improve the 

harvester efficiency and also widen the bandwidth for multimode, 2) can damp multimode of the 



 

34 

 

primary beam, experiments were carried out to measure the voltage generated from the harvester 

beam and the tip acceleration of the primary beam. Then, the frequency responses of the voltage 

and the acceleration were obtained by taking the shaker acceleration as the vibration input. 

Table 2.5 Comparison of the FEM and measured natural frequencies of the double beam system when 
PZT is adhered 

Mode Theoretical value (Hz) Experiment results (Hz) Relative error 

1 6.06 5.95 1.85% 

2 9.69 9.38 3.30% 

3 68.6 66.17 3.67% 

4 83.93 78.52 6.89% 

5 212.82 204.13 4.26% 

6 233.54 222.37 5.02% 

Figure 2.7 shows the frequency response measured at the tip of the primary beam with 

and without the energy harvesting beam. It can be seen that the vibration of the primary beam is 

effectively reduced around all the first three natural frequencies. This concludes that the design 

of continuous beam as multi-mode TMD can effectively damp the multiple modes of the primary 

structure. 

 

Figure 2.7 Frequency responses of 
��������	�	�����
	  

Figure 2.8 shows the measured frequency response of the open-circuit voltage generated 

from the PZT film with and without the dynamics magnifier (intermediate beam). Since the 

energy is proportional to the square of the voltage, by examining the integration of the voltage 

square of the curves in Fig 8, we conclude that the total energy harvested in the frequency range 
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of 3Hz to 300 Hz is 25.5 times more than that by the single-beam harvester. Also the energy 

harvesting bandwidth at every resonance frequency of the harvesting beam is substantially 

widened in the double-beam configuration. The ratio of the harvested energy using the proposed 

device over the single cantilever beam is shown in Fig. 9. It shows that near all the three 

resonances of the harvester beam, the energy harvested (square of voltage) is increased by a 

factor of 100 or more, even 1000 near the first mode. 

 

Figure 2.8 Frequency responses of 
����
	 in Volt/(m•s-2) 

 

Figure 2.9 Ratio of harvested energy using double-beam structure over single cantilever beam 
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Although only the first three modes of single-beam were shown here, virtually all the 

modes can be tuned in theory as long as the dimensions and the tip mass are well designed. 

2.6 CONCLUSIONS 

 A novel design of double-beam structure applicable for both efficient energy harvesting 

and multi-mode TMD vibration mitigation is proposed here. The preliminary design for finding 

the design parameters, like length, width, thickness of beam, and weight of the tip masses, is 

obtained by considering the two beams separately. Then, the theoretical analysis is conducted for 

the coupled beams by considering the interaction of one beam to the other. From the mode 

shapes of the first six resonant frequencies of the coupled structure drawn from the theoretical 

and FEM analyses, it shows that the voltage generated by the energy harvesting beam is 

dramatically magnified in larger bandwidth and the vibration of the primary beam is mitigated. 

The experiment result also shows the TMD effect for all the first three modes of the single beam. 

Virtually, all the modes can be tuned, as long as the dimensions of the two beams and the weight 

of the tip masses are well chosen. It is experimentally demonstrated that 25.5 times more energy 

can be harvested in frequency of 3Hz-300Hz from the energy harvesting beam by adding a 

multi-mode dynamic magnifier. The energy harvesting is increased even 100 times or more near 

these resonances. The ongoing work is designing the external circuit to further increase the 

harvester power and better damp the multiple modes of the double-beam structure. 
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Chapter 3 Piezoelectric Multilayer Stack Energy Harvester with Force 

Amplification 

3.1 MOTIVATION 

The current piezoelectric energy harvesting technologies can only harvest electrical 

power in the level of µW ~ mW, usually at a specific resonance frequency, with energy 

conversion efficiency less than 7.5% [134-137]. 

A significant problem that challenges us is how to harvest electrical power in the level of 

10s mW to W in a broadband frequency range for devices requiring comparatively large power. 

31-mode (stress is perpendicular to the dipole aligned direction) piezoelectric transducer has 

been developed [138]. Since the mechanical-to-electrical energy conversion efficiency of 33-

mode (stress is in parallel with the dipole aligned direction) piezoelectric transducer is 3~5 times 

larger than that of 31-mode. In addition, a 33-mode piezoelectric transducer can produce twice 

more electrical charges than a same-size 31-mode piezoelectric transducer for the same level of 

stress/force. Feenstra, et. al. [139] proposed to use 33-mode piezoelectric transducer-based 

flextensional PEH. However, it has not been widely applied because the generated electrical 

power was only 1.9 mW, which is even not as high as the Cymbal piezoelectric energy harvester 

[134, 135]. Xu, et. al [140-142] invented several advanced PEHs utilizing 33-mode piezoelectric 

transducer. Theoretical results show that the proposed 33-mode flextensional PEHs can generate 

more electrical power than the Cymbals piezoelectric transducer. 

Electromechanical properties of piezoelectric materials, such as piezoelectric coefficient, 

dielectric constant, and capacitance are strongly dependent on dynamic stress at quasi static 

frequencies [143-145]. At resonance frequency, in addition to the stress dependent properties, the 

mechanical impedance makes the problem even more complex. It makes the characterization of 

PEHs more difficult and the theoretical model more complex. Although the trial-and-error 

method to find the maximum value of the electrical power delivered to a resistive load is one of 

the most popular methods for piezoelectric energy harvesting study, the energy delivery ratio 

from a PZT stack to a matched resistive load and unmatched resistive loads have not been 

established so far. 
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A comprehensive study on 33-mode PZT multilayer stack-based flextensional energy 

harvester (PZT-Stack-FEH) has been carried out. The design has the ability of converting orders 

more mechanical energy to the piezoelectric transducer. 

3.2 33-MODE PZT-STACK-FEH 

3.2.1 Design Diagram 

The diagram of PZT-Stack-FEH is shown in Figure 3.1. A 33-mode multilayer PZT 

ceramic stack is fixed inside a stainless steel flextensional frame, which has the function of 

converting the vertically applied force to a much larger horizontal force on the axial direction of 

the center PZT stack. Denote the vertically applied force as ��, the horizontal force applied on 

the axial direction of PZT stack is �� = cotD�F �� = f��     (3.1) 

where � is the angle of each beam among the four beams to the horizontal direction, as denoted 

in Figure 1a, f is the amplification factor, i.e., f = cotD�F. 

 

Figure 3.1 PZT-Stack-FEH (a) 2D diagram, (b) 3D diagram, (c) real picture 

The PZT stack is composed of 300 layers of Navy Type II (CeramTec SP505) PZT plates 

with thickness of 0.1 mm, alternating with silver internal electrodes (301 layers) with thickness 
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of 0.1 µm. There is also a passive layer without electrodes at each end. The weight of the PZT 

stack is 12 grams and dimensions are 32.4 mm × 7 mm × 7 mm. The Young’s Modulus of the 

PZT material is 106 GPa. The capacitance of the PZT stack is 2.5 µF. More details about the 

PZT stack can be found in reference [140]. The polarization direction of each layer of the stack is 

shown as the small arrows in Figure 1a. The length of the PZT stack was designed slightly longer 

than the length of the space inside the frame so that the stack is under a compressive stress when 

fixed into the frame to increase the reliability. When a vertical force is compressing the PZT-

Stack-FEH, the center PZT stack will be stretched. When a vertical force is stretching the PZT-

Stack-FEH, the center PZT stack will be compressed. 

3.2.2 Optimal Design of Force Amplification Frame 

Denote the effective spring constant of the PZT-Stack-FEH as ��, the input mechanical 

energy into the PZT-Stack-FEH under the applied force in the vertical direction, ��, can be 

expressed as 

��,i��� = )* ��D����F* = ��c*��     (3.2) 

Similarly, the transmitted mechanical energy into the center PZT stack can be expressed as 

��,i��� = )*��D����F* = ��c*��     (3.3) 

where �� is the axial force applied on the stack, �� is the elastic constant of the PZT stack, which 

can be expressed as [146] 

�� = B�U�d�       (3.4) 

where .� is Young’s Modulus of PZT material, \� is cross-section area of the stack, g� is length 

of the stack. 

According to Eq. (3.1), Eq. (3.3) can be written as 

��,i��� = hc��c*��       (3.5) 

The mechanical energy transmission ratio of the elastic frame is 

j = ��,������,���� = ��hc
��      (3.6) 

 Absolutely, the energy transmission ratio is smaller than 1, i.e., j < 1. In order to get 

large mechanical-to-electrical efficiency, j should be designed as large as possible. That means 

when � is chosen and the PZT stack is designed, we should have large spring constant of the 
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PZT-Stack-FEH, ��. However, if the elastic frame is too stiff, the external force cannot be fully 

transmitted to the stack. Therefore, we design j ≅ 0.5. For a specific application, j should be 

determined based on the vibration level, the vibration source properties, and the requirement of 

the generated electrical energy. Finite element software is an effective way to determine j for 

industry design. 

The dimensions of the frame are designed as shown in Table 3.1. The Young’s Modulus 

of the steel material is 195 GPa. The weight of the frame is 6 grams. The frame was designed by 

Solidworks software and fabricated by a Wire-cut Electric Discharge Machining. The force 

amplification factor is f = 5.5. 

Table 3.1 Parameters of the steel frame 

Parameter Lf Wf Hfo Hfi hf tf 

Value (mm) 38.0 8.0 17.5 9.7 7.0 0.70 

3.3 THEORETICAL MODELING OF PZT-STACK-FEH 

3.3.1 Electrical power generation 

Assume the external force is ��DpF = �̀ sin	DQpF     (3.7) 

the generated voltage from the PZT stack can be expressed as [14] 

 DpF = a�¡¡¢£ �̀ sinDQp − ¤F =  ̀ sinDQp − ¤F   (3.8) 

where G¥ is piezoelectric capacitance, ¤ is phase difference between applied force and generated 

voltage,  ̀  is the peak voltage, i.e.,  

 ̀ = a�¡¡¢£ �̀       (3.9) 

@�¦¦ is the effective piezoelectric coefficient of the multilayer PZT stack, which can be 

expressed as @�¦¦ = flV@++     (3.10) 

where V is the number of piezoelectric layers, @++ is the piezoelectric coefficient in 33-direction, l is a constant, which is determined by the constraint effect from electrodes, the ratio of 

electrode area over the total area of the piezoelectric plate, the side electrodes, and the 

encapsulation layer of the multilayer stack.  l is 95% for the co-fired PZT Stack used in this 

study. 

The generated electrical energy can be expressed as 
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��§��DpF = )*G¥ *DpF = a�¡¡c �̈c*¢£ AkV*DQp − ¤F = a�¡¡c �̈c*¢£ )©ª«¬	D*­w©*®F*   (3.11) 

By doing derivative, the generated power is 

�̄§��DpF = a��°��DwFaw = ­a�¡¡c �̈c*¢£ sin	D2Qp − 2¤F   (3.12) 

Combining with Eq. (3.9), Eq. (3.12) can be expressed as 

�̄§��DpF = ­¢£±̈c* sin	D2Qp − 2¤F    (3.13) 

3.3.2 Mechanical-to-electrical efficiency 

Considering the external force expressed as Eq. (3.7), the input mechanical energy to the 

PZT-Stack-FEH is 

�i���DpF = )* ��D��DwF�� F* = �̈c*�� AkV*DQpF = �̈c*�� )©ª«¬	D*­wF*    (3.14) 

According to the definition of mechanical-to-electrical efficiency that average 

mechanical energy over average electrical energy, integrating Eq. (3.11) and Eq. (3.14), the 

mechanical-to-electrical efficiency of PZT-Stack-FEH is 

² = �³�°���³���� = a�¡¡c ��¢£      (3.15) 

where �³�§��, �³i��� are the average mechanical energy and the average electrical energy, 

respectively. 

From Eq. (3.15) we can see that the mechanical-to-electrical efficiency is independent of 

the external excitation. It only relates to the parameters of the PZT-Stack-FEH structure. 

3.3.3 Power delivery ratio to a resistive load 

 Many studies have been carried on the power delivery ratio [148-150], which is defined 

as the electrical power dissipated on the resistor over the total electrical power generated by the 

piezoelectric transducer. Their modeling predicted that the maximum power delivery ratio could 

attain 75% to a complex conjugate matching load. However, the practical situation cannot 

achieve the maximum, especially in the frequency ranges far from resonant frequency. 

The equivalent circuit of PZT stack with a resistor is shown in Figure 3.2. PZT stack can 

be modeled as a dependent current source connected with a capacitor in parallel. 
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Figure 3.2 Equivalent circuit of PZT stack with a resistive load 

The generated electrical charge is [147] ´DpF = @�¦¦�̀ sin	DQp − ¤F    (3.16) 

By doing derivative of charge, the current of dependent current source is 

ZDpF = aµDwFaw = Q@�¦¦�̀ cos	DQp − ¤F   (3.17) 

The voltage of PZT stack when connected to a resistive load is 

 DpF = ¶·
R)¸¹­¢£¶·ºcQ@�¦¦�̀ cos	DQp − ¤ + �F   (3.18) 

where � is the phase of impedance of G¥ and »d in parallel, i.e., 

� = −p¼V©)DQG¥»dF     (3.19) 

The average power of total generated power from PZT stack is 

½̄w¾w¿§ =  ¶h�Z¶h� = ¶·
R)¸¹­¢£¶·ºc ∙ D­a�¡¡�̈√* F*   (3.20) 

where  ¶h� is the root mean square value of  DpF in Eq. (3.18), Z¶h� is the root mean square 

value of ZDpF in Eq. (3.17). 

The current passing through »d is 

Z¶· = )
R)¸D­¢£¶·FcQ@�¦¦�̀ cos	DQp − ¤ + �F   (3.21) 

The electrical power dissipated on the resistive load is 

¶̄· = ¶·)¸¹­¢£¶·ºc DQ@�¦¦�̀ F* lmA*DQp − ¤ + �F = ¶·)¸¹­¢£¶·ºc DQ@�¦¦�̀ F* ª«¬D*­w©*®¸*ÁF¸)*
 (3.22) 

The average power on the resistor is ½̄¶· = )* ¶·)¸¹­¢£¶·ºc DQ@�¦¦�̀ F*    (3.23) 

By combining Eq. (3.20) and Eq. (3.23), the power delivery ratio is 
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Â = Ã½Ä·Ã½ÅÆÅÇ° =
uc Ä·uÈ¹ÉÊ£Ä·ºcD­a�¡¡�̈ Fc

Ä·RuÈ¹ÉÊ£Ä·ºc∙D
ÉË�¡¡Ì¨√c Fc = )

R)¸¹­¢£¶·ºc   (3.24) 

According to the impedance matching theory, the maximum power will be delivered to the 

resistive load when 

»d = )­¢£     (3.25) 

Substituting Eq. (3.25) into Eq. (3.24), the maximum power delivery ratio is 

Â = )√* = √**      (3.26) 

From Eq. (3.26) we can see that the maximum power delivery ratio is about 70% when the 

resistive load matches the impedance of piezoelectric capacitor, which will be proved in the 

following experiment results. 

3.4 EXPERIMENTS 

3.4.1 Experiment Setup 

The experiment setup for testing the performance of PZT-Stack-FEH is as shown in 

Figure 3.3. It includes a MB-100 shaker to generate mechanical vibration, a specially designed 

fixture frame to fix the top of the PZT-Stack-FEH and reduce the environmental unwanted 

vibrations, a PCB 208C02 force sensor to detect external force applied on PZT-Stack-FEH, two 

Polytech Laser vibrometers (OFV-056 and OFV-512 Fiber Interferometer, respectively) to detect 

the relative vibration displacement between top and bottom frames of PZT-Stack-FEH, and a HP 

35670A dynamic signal analyzer to record data. For a more precise measurment, the following 

improvements have been applied: (1) in order to reduce the bending of the connection beam 

between the PZT-Stack-FEH and the top fixture frame, a stainless beam with the cross section of 

2’’ × 2’’ was designed; (2) in order to reduce the deformation from the sensor adapters, 1.5’’ 

hexagon stainless steel components and a 1’’ diameter stainless steel thread were used; (3) in 

order to detect the real vibration of PZT-Stack-FEH, two Polytech laser vibrometers were 

employed to measure the top displacement and the bottom displacement of the PZT-Stack-FEH 

simultaneously. 

A force sensor was fastened to the top of the PZT-Stack-FEH to measure the applied 

force from the shake vibration. The bottom of PZT-Stack-FEH was fixed to the shaker. The four 

channels of HP 35670A dynamic signal analyzer were set to record applied force, voltage, two 
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displacements, respectively. In addition, a group of power resistors were used for the electrical 

power delivery and impedance matching investigations. A EHC-601 (PIEZO SYSTEMS, INC, 

Woburn, MA) energy harvesting circuit with 6,600 µF capacitor was used to store electrical 

energy. 

 

Figure 3.3 Experiment setup for PZT-Stack-FEH 

 The experiment setup for the study of vibration performance of the PZT-Stack-FEH with 

a proof mass is shown in Figure 3.4. The bottom of the PZT-Stack-FEH is fastened on the shaker 

(MB-100 Shaker), while the top end is connected with a proof mass. A PCB 356A17 

accelerometer is used to measure the acceleration of the shaker vibration. 

 

Figure 3.4 Experiment setup of PZT-Stack-FEH with a proof mass 

3.4.2 Experiment Results 

3.4.2.1 Power generation of PZT-Stack-FEH 

 Under the sinusoidal force excitation of 52Nrms in 250Hz, the generated voltage and 

energy from PZT-Stack-FEH are shown in Figure 3.5. From Figures 3.5(b) and 3.5(c), we can 

see that theoretical values of generated voltage based on Eq. (3.8) and theoretical values of 

generated energy based on Eq. (3.11) match well with the experiment results. The peak-to-peak 

value of generated voltage is 38.1V. The average energy is 300µJ. A 6,600µF supercapacitor is 
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used to store the electrical energy generated from PZT-Stack-FEH. The charging process is 

shown in Figure 3.6. It takes 1.6s to charge the supercapacitor from 0V to 7V. The total stored 

energy is 160mJ. Based on the relationship between electrical energy and charge, i.e., 

. = )* ´ = )*G *    (3.27) 

the stored electrical charge is 45.7mC. 

 

Figure 3.5 Generated voltage and energy from PZT-Stack-FEH under 52Nrms force in 250Hz, (a) 
Generated voltage v.s. Applied force, (b) Measured voltage v.s. Theoretical value, (c) Measured energy 

v.s. Theoretical value 

 
Figure 3.6 Accumulated voltage and energy stored in 6,600µF super-capacitor 

The frequency responses of applied force, generated voltage, and effective piezoelectric 

coefficient under different force levels are shown in Figure 3.7. The generated voltage is 

13.3Vrms under 50Nrms. We can see from Figure 3.7(a) that the generated voltage is proportional 

to the applied force. The effective piezoelectric coefficients under different force levels are 
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shown in Figure 3.7(c). The average effective piezoelectric coefficients at 10 Hz are 7.68 × 105 

pC/N for 10 Nrms, 8.21 × 105 pC/N for 30 Nrms, and 8.73 × 105 pC/N for 50 Nrms, respectively. It 

means the effective piezoelectric coefficient increases along with the increasing of applied force, 

which is consistent with the conclusions in references [144,145,151]. 

Since the mechanical power is the product of applied force and vibration velocity of PZT-

Stack-FEH, the measurement result of applied mechanical power is shown in Figure 3.7(a). 

Since the electrical power is the derivative of the electrical energy, i.e., 

�̄§�� = a��°��DwFaw = aaw Í)*G¥ *DpFÎ = G¥ DpF 
 DpF   (3.28)  

 

Figure 3.7 Frequency response of (a) Applied force, (b) Generated voltage, and (c) Effective piezoelectric 
coefficient 

The generated electrical power is measured as shown in Figure 3.8(b). The mechanical-

to-electrical energy conversion efficiency of PZT-Stack-FEH under different force levels is 

shown in Figure 3.8(c). Under force level of 50Nrms, the abnormal part of mechanical power in 

Figure 3.8(a) is due to the natural frequency of shaker at around 100Hz and the applied force is 

too large. From Figure 3.8(c) we find that the energy conversion efficiency is about 19% at 

different force levels in the frequency range of 1~100Hz. It is 2.5 times higher than the state-of-

the-art piezoelectric harvesters. 
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Figure 3.8 Frequency response of (a) mechanical power, (b) electrical power, and (c) energy conversion 

efficiency 

 

Figure 3.9 Frequency response of (a) generated voltage, (b) electrical power, and (c) power delivery ratio 
with different resistors 

 Under the force level of 50Nrms, the generated voltage, the electrical power, and the 

power delivery ratio when connecting different resistors are shown in Figure 3.9. The theoretical 
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values are compared with the experiment results. Since the resistance of digital signal analyzer is 

about 2~3MΩ, we use 1MΩ to represent open-circuit. We can see from Figure 3.9 that the 

theoretical values match with the experiment results well. From Figure 3.9(c) we know that 70% 

of electrical energy from the PZT-Stack-FEH can be delivered to resistive load when the 

impedance of the electrical load matches with the impedance of the piezoelectric transducer, 

which is consistent with the theoretical analysis in section 3.3.3. Since the weight of the PZT-

Stack-FEH is 18 grams and the volume is 4.0 cm3, the power density of the PZT-Stack-FEH is 

41.4W/kg or 186kW/m3 at 303Hz under the force level of 50 Nrms. 

3.4.2.2 Comparison between PZT-Stack-FEH and PZT stack 

The comparison between the proposed PZT-Stack-FEH and the center PZT multilayer 

stack is shown in Figure 3.10. Under the same force level of 30Nrms, the generated voltage from 

PZT-Stack-FEH is 7.98Vrms in the frequency range of 1~100Hz, which is 4.84 times higher than 

1.65Vrms generated from the PZT stack. The effective piezoelectric coefficient of PZT-Stack-

FEH is 8.21 × 105 pC/N, which is 5.47 times larger than 1.50 × 105 pC/N of the PZT stack. From 

Figure 3.10(d~f) we can see that under the same force level of 30Nrms, the PZT-Stack-FEH can 

absorb 48.6 times more mechanical power and generate 26.5 times more electrical power than 

the PZT stack. 

3.4.2.3 Vibration of PZT-Stack-FEH with a proof mass 

The vibration performances of PZT-Stack-FEH with different proof masses under the 

excitation acceleration of 1grms are shown in Figure 3.11. We can see a peak for each proof mass 

in Figures 3.11(b)-(d), which corresponds to the natural frequency of the PZT-Stack-FEH 

structure with the proof mass. In Figure 3.11(a), it shows the shaker cannot provide 1grms 

acceleration at the natural frequency. Thus, Figure 3.11(d) of generated power over acceleration 

illustrates the normalized performance of the PZT-Stack-FEH structure. The peak 

power/acceleration for different proof masses are shown in Table 3.2. It can be seen from Figure 

3.11 and Table 3.2 that the heavier proof mass, the more power can be generated at the same 

acceleration and the smaller the natural frequency will be. 
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Figure 3.10 Comparison between PZT-Stack-FEH and PZT stack 
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Figure 3.11 Frequency response of (a) excitation acceleration, (b) generate voltage, (c) electrical power, 

and (d) power/acceleration for PZT-Stack-FEH with different proof masses 

Table 3.2 Peak of power/acceleration for different proof masses 

Proof Mass (gram) Peak Power/Acceleration (mW/g) Natural Frequency (Hz) 

0 20.0 936.0 

10 100.0 748.4 

20 179.9 605.9 

50 860.9 412.2 

100 1656.1 298.4 

200 2398.7 213.4 

500 3283.4 138.1 

3.5 CONCLUSION 

A high performance piezoelectric PZT multilayer stack based flextensional energy 

harvester (PZT-Stack-FEH) was proposed. An optimally designed elastic frame for force 

amplification is used to transmit more mechanical energy to the center PZT stack. It can absorb 

48.6 times more mechanical energy to the PZT stack and generate 26.5 times more electrical 
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power than the PZT stack without force amplification frame. A 33-mode PZT stack was 

employed to increase the mechanical-to-electrical energy conversion efficiency, which is 19%. 

The maximum power delivery ratio of electrical power dissipated by resistive load over the total 

generated electrical power from PZT stack is about 70%, when the resistive load matches with 

the impedance of PZT stack. Experiment results match well with theoretical modeling results on 

generated electrical power, power delivery ratio to a resistive load, etc.. Since the weight of the 

PZT-Stack-FEH is 18 grams and the volume is 4.0 cm3, the power density of the PZT-Stack-

FEH is 41.4W/kg or 186kW/m3 at 303Hz under the force level of 50 Nrms. Under the same force 

level of 30Nrms, the generated voltage from PZT-Stack-FEH is 4.84 times higher and the 

effective piezoelectric coefficient of PZT-Stack-FEH is 5.47 times larger than that of the PZT 

stack. The peak power/acceleration can attain 2398.7mW/g when the PZT-Stack-FEH is with a 

proof mass of 200 grams, and 3283.4 mW/g with a proof mass of 500 grams. 

 

 

 

  



 

52 

 

Chapter 4 Sensitivity-Enhanced Admittance-Based Structure Health 

Monitoring using A Higher-Order Resonant Circuit 

4.1 MOTIVATION 

 Based on Peairs et al. [152]’s low cost measurement circuit, Wang and Tang [153] 

introduced an inductive circuitry to the electromechanical system by connecting a tunable 

inductor, a resistor and the piezoelectric element in series. The serial connection of the inductor 

and the piezoelectric capacitor creates an additional frequency resonant to the mechanical 

structure. It can greatly increase the admittance magnitude and the admittance sensitivity. The 

peak admittance magnitude with the inductive circuitry is increased by 28dB when comparing 

with the traditional one without the inductance, i.e., first-order circuit system. The admittance 

change is increased by 17, 25, and 33dB for the damage severity level of 0.2%, 1%, and 3%, 

respectively. They also introduced a negative capacitor to the electromechanical system [154], 

which can broaden the circuitry resonance to a much wider frequency range, so that the 

admittance magnitude is increased in a much wider frequency range.  

 Inspired by the Wang and Tang’s method [153] using a second order circuit, and our 

series tuned mass dampers [155], we proposed a higher-order resonant circuit with clear physical 

insights for the piezoelectric-mechanical system to significantly improve the damage detection 

sensitivity. To do that, we first investigate the physical insights of Wang and Tang’s method, 

with the understanding that the second order circuit is equivalent to adding a nontraditional tuned 

mass damper (TMD) to the mechanical system and the admittance measurement is to measure 

the velocity of the TMD mass under a given force on it. The admittance change is magnified at 

the resonant frequencies and thus the sensitivity of damage detection is increased. Since the 

series TMDs can further amplify the oscillation multiple times, we propose a methodology to 

design and optimize the higher order circuit in analogy with series TMD to achieve significant 

enhanced sensitivity. 

4.2 THEORETICAL ANALYSIS 

This section will briefly describe the modeling of the electromechanical system, look into 

the interesting physical insights with 2nd order circuit for damage detection, then present the 

higher order electrical circuit in analogy with the mechanical series TMDs. 
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4.2.1 Modeling of the electromechanical system without external circuit 

The modeling of the base electromechanical system composed of a long beam and a 

piezoelectric transducer adhered on it at one vibration mode without external force can be 

expressed as ovÏÐ + lvÏ
 + �vÏ = �      (4.1) �Ï + G¥  = ´     (4.2) 

where Ï is the corresponding generalized mechanical displacement,   and ´ are the voltage 

output and the electric charge between the two terminals of the piezoelectric transducer, 

respectively. G¥ is the capacitance of the piezoelectric transducer. The modal mass ov (kg), 

modal stiffness �v (N/m), and electromechanical coupling coefficient � (N/V) can be obtained 

using the energy method [156] as 

ov = Ñ [C*Ò @Ó     (4.3) 

�v = . Ñ Ô*CÕÕ*Ò @Ó     (4.4) 

� = Ñ �w£ Ô¥CÕÕÒ£ @Ó¥     (4.5) 

where C is the mode shape expression of the specific mode. CÕÕ is the second derivative of C. Ó and Ó¥ is the volume of the host beam and the piezoelectric transducer, respectively. [ is the 

density of the host beam. . is the Young’s modulus of the host beam material. Ô and Ô¥ are the 

distance from the neutral axis in the host beam and in the piezoelectric transducer, respectively. Ö 

is the piezoelectric coupling coefficient (no dimension). p¥ is the thickness of the piezoelectric 

transducer. We don’t consider the expression for the modal damping lv (N•s/m) above. The 

inherent damping of the metal based structure is generally 0.1%. 

   

(a)      (b) 
Figure 4.1 Modeling of the structure with piezoelectric transducer in the modal space, (a) Base structure 

with piezoelectric transducer, and (b) Modeling in modal space 

The modeling of the main structure with piezoelectric transducer in the modal space is as 

shown in Figure 4.1. It shows the interaction between the mechanical base structure and the 
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piezoelectric-based electrical circuit. The hypothesis is that the change of mechanical parameters 

may cause amplified change in electrical circuit, so that it is much easier to monitor the 

mechanical change by detecting the electrical change. 

4.2.2 Physical insights of health monitoring with second-order circuit 

Peairs et al. [152] brought up a method of measuring the voltage drop across a resistor 

which is connected serially with the piezoelectric transducer to obtain the impedance or 

admittance information. Based on Peairs et al.’s design, Wang and Tang [153] introduced a 

tunable inductor connected in series with the resistor as the external circuit of the piezoelectric 

transducer, as shown in Figure 4.2. In this subsection, instead of review Wang and Tang’s work, 

we look into important physical insights that help us to present our higher order resonant circuit. 

There is an analogous relation between mechanical elements and electrical elements [157]. For 

example, mechanical force causes velocity, just as electrical voltage causes current. A damper 

dissipates mechanical energy, just as a resistor dissipates electrical energy. Springs and masses 

store mechanical energy, just as capacitors and inductors store electrical energy. The electrical-

mechanical analogy is listed in Table 4.1. 

 
Figure 4.2 Second-order circuit system of admittance (Ii/Vi) based health monitoring [153] 

Table 4.1  Electrical-mechanical analogy 

Mechanical 

Elements 
� (Force) 

E
  
(Velocity) 

E 
(Displacement) 

o (Mass) � (Stiffness) 
l 

(damping) 

Electrical 

Elements 

  
(Voltage) 

Z 
(Current) 

´ 
(Charge) 

g 
(Inductor) 

)¢ (reciprocal of 

Capacitance) 

» 
(Resistor) 

Using the analogous relation between mechanical elements and electrical elements, the 

modeling of the host structure with piezoelectric transducer in Eqs. (4.1) and (4.2) can be 

expressed as a pure electrical model shown in the dashed circle in Figure 4.3. The relationships 

+ - 

1L 1R

iV

PZT

iI

Base structure with piezoelectric 

transducer 
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between the mechanical components and the electrical components are 

gv = i×Ác  , g) = iuÁc      (4.6) 

»v = �×Ác , ») = �uÁc     (4.7) 

Gv = Ác�× , G¥ = Ác�u    (4.8) 

 
Figure 4.3 Equivalent circuit model of the piezoelectric structure in Figure 4.2, where the electrical 

admittance is Ii/Vi 

The admittance of the system is	Ø) = SÙ±Ù . For better comparison, the admittance is 

normalized with respect to the admittance of a stand-alone piezoelectric transducer, i.e., ØÚ) = Ûu¢£Ü. 

  

Figure 4.4 Equivalent pure mechanical model of Figure 4.2 as a nontraditional TMD, where the 

mechanical admittance we concern is the velocity �
 1 for a given force F. 

According to Table 4.1, the equivalent pure mechanical model of the circuit in Figure 4.3 

is shown in Figure 4.4. The displacements of the two masses in Figure 4.4, i.e., Ev and E), 

correspond to the charges in Figure 4.3, or Ï and	´/� in the modeling equations 4.1 and 4.2. 

Based on this analysis, we see the physical insights of the design in paper [153] is to add a non-

traditional TMD to the base structure. We use “non-traditional” because the damper is not 
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directly connected to the base mass. The electrical admittance is equivalent to the velocity of the 

top mass m1 under the unit external force excitation, i.e., 

̂u� . Under the same level of force 

excitation, the vibration of the top mass is much larger in the TMD system than vibration of the 

single-mass system with force F. Therefore, the overall admittance magnitude can be greatly 

increased. It also broadens the frequency range with large signal-to-noise ratio and high damage 

detection sensitivity. 

It should be noted that Hagood and von Flotow [158] theoretically analytically 

interpreted and experimentally proved that piezoelectric shunt with a RL circuits will act as a 

TMD. However, the physical insight of shunt damping is significantly different from the 

admittance-based damage detection. In shunt damping, the concern is vibration of the base 

structure, and in damage detection we are taking advantage of amplified vibration at the absorber 

mass, or the amplified signal in the electrical circuit. 

4.2.3 Sensitivity-enhanced health monitoring with higher-order resonant circuit  

Since the second order circuit can enhance the sensitivity, one may expect that there is an 

opportunity to significantly increase the admittance magnitude and the admittance change by 

using higher order circuit when comparing with the second-order circuit system. However, how 

to design the higher-order circuit and how to determine the parameter are not trivial. Keeping in 

mind that the second order circuit has physical insights of adding a TMD to the beam system, we 

are inspired to design a type of series TMDs system and realize series TMDs in a higher-order 

admittance circuit, because series TMDs can further amplify the oscillation [155].  

Since the resistor ») in the external circuit in Figure 4.2 is used to measure the current 

information, such a resister ») is not needed in the series TMDs design. Instead, another resister »* is added in the circuit at different position for current measurement. Correspondingly l) is 

ignored in the series TMDs system. A pure mechanical model with a non-traditional series two 

TMDs is shown in Figure 4.5. The mechanical admittance is the velocity of the top mass under 

unit force excitation, i.e., 

̂c� . Under the same level of force excitation, the vibration of the top 

mass o* in the series TMDs system in Figure 4.5 will be much larger than the vibration of the 

top mass o) in the single TMD system in Figure 4.4. Therefore, the admittance magnitude is 

expected to be significantly increased by using the series TMDs. According to the relationship of 

mechanical and electrical elements in Table 4.1, the pure mechanical system in Figure 4.5 can be 
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realized in electrical domain in Figure 4.6 using a higher order circuit and piezoelectric 

transducer on the host structure.  The relationships between the mechanical and the electrical 

domains are 

g* = icÁc       (4.9) 

»* = �cÁc     (4.10) 

G* = Ác�c     (4.11) 

The normalized admittance can be expressed as 

ØÚ* = Ûc¢£Ü = ÞcDÜFßcDÜF     (4.12) 

where 

à*DAF = G*Gvg)gvA7 + G*Gvg)»vA+ + "G*Gv du¸d×¢£ + G*g) + Gvgv& A* + "G*Gv ¶×¢£ + Gv»v& A + ¢c¸¢×¢£ + 1   (4.13) 

(*DAF = G*GvG¥g)g*gvA9 + G*GvG¥g)Dg*»v + gv»*FA8 + áG*Gvg*Dg) + gvF + G*G¥g)g* + GvG¥gvDg) + g*F +G*GvG¥g)»*»vâA7 + áG*GvDg)»* + g*»v + gv»*F + G*G¥g)»* + GvG¥Dg)»v + g*»v + gv»*FâA+ + [G*g* +Gvg) + Gvg* + G¥g) + G¥g* + Gvgv + Gv»*»vDG* + G¥F]A* + ¹G*»* + Gv»* + G¥»* + Gv»vºA + 1  

              (4.14) 

 

Figure 4.5 Pure mechanical model with a non-traditional double-mass series TMD system, where the 

mechanical admittance we concern is the velocity �
 2 for a given force F. 

The damage detection sensitivity can be reflected by the change rate of the admittance 

magnitude to the stiffness change. Based on Taylor series expansion, the admittance change of 

the second-order circuit system and that of the higher-order circuit system can be expressed 

respectively as 
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∆ØÚ) = äÛÚuä�× ∙ ∆� = åØÚ) ∙ ∆�    (4.15) 

∆ØÚ* = äÛÚcä�× ∙ ∆� = åØÚ* ∙ ∆�    (4.16) 

where ∆� is the stiffness change of the host structure due to the damages. åØÚ) and åØÚ* represent 

the sensitivities of the damage detection methods with second-order circuit system and with 

higher-order circuit system, respectively. Similar expression for the mass change of the host 

structure can also be obtained. 

 

Figure 4.6 Equivalent pure electrical circuit of the mechanical system in Figure 4.5, where the electrical 
admittance is Ii/Vi 

 
Figure 4.7 Proposed sensitivity-enhanced structure health monitoring using higher-order circuit 

According to Figure 4.6, the higher-order external circuit for damage detection can be 

implemented as shown in Figure 4.7. It is critically important to determine the parameters in the 

proposed circuit to achieve the enhanced admittance and damage sensitivity. We will discuss in 

the next section. 
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4.3 PARAMETER DETERMINATION OF THE HIGHER ORDER CIRCUIT 

4.3.1 Preliminary Parameter Selection 

In this study, the same data of material properties and geometric parameters of beam and 

piezoelectric transducer in paper [153], as shown in Table 4.2, are used to illustrate the parameter 

selection and to verify the feasibility of the proposed method. The same methodology can also be 

used to other structures with different parameters. The 17th mode is also studied here. By 

substituting the parameters in Table 4.2 to Eqs. (4.3)~(4.5), the modal mass, stiffness, and the 

electromechanical coupling coefficient can be obtained, i.e., ov = 0.04051	�ç, �v = 5.982 ×10�	à/o, � = 0.01038	à/ . Since the structural damping ratio is generally ë = 0.001, the 

modal damping is lv = 2ëovQL = 3.113	à ∙ A/o. According to Eq. (4.8), �) = �*/G¥ =0.01038*/D8.875 × 10©íF = 1.214 × 107	à/o. 

Table 4.2 Material properties and geometric parameters of beam and piezoelectric transducer 

 
Young’s 

modulus (N/m2) 

Density 

(kg/m3) 

Length 

(mm) 

Width 

(mm) 

Thickness 

(mm) 

�î� 
(m/V) 

#îî$  

(F/m) 

Beam 73.1×109 2780 607.8 7.62 3.175 
 

 

 

 

Piezoelectric 

Transducer 
66×109 7800 17 7.62 0.191 

-
190×10-

12 

1.6×10-

8 

Since the mass ratios are very small, we expect the optimal damping of non-traditional 

series TMDs will be small. Then the vibration amplitude of E* will be much larger than the 

amplitude of E). In this sense, the effect of a small damper l* connected to the host base will 

have a similar effect as that connected to the middle mass o), which is the traditional series 

TMD. Therefore, we can use the parameters optimized for the traditional series TMD in [155] as 

the initial selections of the tuning parameters. Keep in mind that the optimal parameters Zuo 

[155] designed is to minimize the vibration (amplitude, velocity, or acceleration) of host 

structure ov under the force excitation to the host structure, while the purpose in this paper is to 

improve the detection sensitivity, or the velocity of the top mass o* under force F excitation on o*. Therefore, the parameters will be finally determined based on the tradeoff of sensitivity and 

practical constraints. It will be explained in detail in the following text. 

If the mass ratio (ï = iu¸ici× ) is very small, the optimal tuning ratios for the first-stage 

TMD and the second-stage TMD in the series two TMDs system are both close to 1 [155]. That 
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is to say, the natural frequency of the host beam, the natural frequency of the first-stage TMD, 

the natural frequency of the second-stage TMD, should be equal to each other in the 17th mode, 

i.e., 

R�×i× = R�uiu = R�cic     (4.17) 

From Eq. (4.17), o) can be obtained, i.e., o) = i×�× �) = `.`7`8)8.í�*×)`ð × 1.214 × 107 = 8.221 ×
10©9	�ç. Since o* is much smaller than o), the mass ratio is ï = iu¸ici× ≈ iui× = 0.0203%. 

According to the method in paper [155], the optimal mass distribution of the two masses in the 

two TMDs is 
iciu¸ic = 0.04%. Therefore, o* = 3.289 × 10©í�ç. Based on Eq. (4.17), the 

stiffness in the second-stage TMD is �* = �×i×o* = 8.í�*×)`ð`.`7`8) × 3.289 × 10©í = 4.857	à/o. 

From the method in paper [155], we can get the damping ratios optimized for host beam 

performance of the second-stage TMD ë* = 0.01215. According to the relationship between the 

damping coefficient and the damping ratio, i.e., l = 2ëoQL, where QL is the natural frequency 

in rad/s2, we can get the damping l* = 3.071 × 10©9		à ∙ A/o. Thus, according to Eqs. (4.6), 

(4.9)~(4.11), the initially optimized values for all the electrical components in Figure 4.7 are 

determined, i.e., g) = 76.30o}, g* = 30.53ï}, »* = 0.0285Ω, G* = 22.18ï�. 

Since the parameter determination method in paper [155] is aimed at minimizing the 

vibration of the host beam with the constraint of the total mass ratio, the parameters obtained 

above for the second-stage TMD, i.e., »*, g*, G*, can be viewed as initial values, which can be 

denoted as »*∗ = 0.02850Ω, g*∗ = 30.53ï}, G*∗ = 22.18ï�. The final values to achieve higher 

damage detection sensitivity will be discussed in the following section. 

4.3.2 Parameter Fine Tuning 

As stated above, Zuo’s method to determine the optimal parameters is minimizing the 

“performance output” of the host structure, while the admittance we measure is at the top mass. 

Therefore the parameters of the electrical components, i.e., »*, g*, G*, still need to be fine tuned 

in order to achieve the best damage detection performance. We will discuss the effect of R2 first, 

then discuss L2 and C2. 
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Figure 4.8 Normalized admittance magnitude of higher-order circuit with different �� (when �� = ��∗ ) 

 

Figure 4.9 Normalized admittance change magnitude of higher-order circuit with different �� (when �� = ��∗  with -1% stiffness change) 

The smaller the damping coefficient in the second-stage TMD, i.e., l*, the sharper the 

admittance magnitude will be, and the more sensitive to damages the method will be. The 

comparison of the admittance magnitudes and the comparison of the admittance changes with -

1% stiffness change of the higher-order circuit with different resistances »* in the second stage 

are shown in Figure 4.8 and Figure 4.9, respectively. The effect of series two TMDs with three 

peaks can be seen in the traces for higher-order circuit in Figures 4.8 and 4.9. The comparison of 

admittance change magnitude with -1% stiffness change in Eqs. (4.15) and (4.16), is shown in 

Figure 4.9. The different resistances of »* correspond to different damping ratios in the second-

stage TMD. By comparing the admittance magnitudes of the higher-order circuit with different 

5600 5800 6000 6200 6400 6600 6800
50

100

150

Frequency (Hz)

A
d
m
it
ta
n
c
e
 M

a
g
n
it
u
d
e
 (
d
B
)

 

 

R2=0

R2=R2*/3

R2=R2*

R2=3*R2*

5600 5800 6000 6200 6400 6600 6800
-50

0

50

100

150

Frequency (Hz)

A
d
m
it
ta
n
c
e
 C
h
a
n
g
e
 M

a
g
n
it
u
d
e
 (
d
B
)

 

 

R2=0

R2=R2*/3

R2=R2*

R2=3*R2*



 

62 

 

resistances, we can conclude that the smaller the resistor in the second-stage TMD, the better the 

system performs. Since resistor corresponds to damping in the mechanical system, it means we 

should set the damping coefficient in the second-stage TMD to be as small as possible. However, 

if the resistor is too small, not only it is hard to realize, but also create the difficulty, such as low 

signal noise ratio, to measure the electrical current through the voltage drop across it. Overall, 

the resistance in the second-stage TMD, i.e., »*, should be small but practical for current 

measurement. 

To study the effect of inductance L2 or capacitance C2, in Figures 4.10 and 4.11 we plot 

the admittance magnitudes and the admittance change magnitudes with -1% stiffness change of 

the higher-order circuit with a fixed R2 value and different inductances L2, i.e., g* =g*∗ /3, g*∗ , 3g*∗ . Note that C2 will change correspondingly to keep frequency tuning to be the same 

as the structure resonance, i.e., G* = 3G*∗, G*∗, G*∗/3. The different inductance of g* corresponds to 

different mass in the second-stage TMD. We can see from Figure 4.11 that when the second-

stage TMD has the parameters of »* = »*∗ and g* = g*∗  the admittance change magnitude is flat 

in a large frequency range around the resonance. That is to say, when g* = g*∗ , the admittance 

change magnitude is robust to the excitation frequency. Therefore, the inductance in the second-

stage TMD is chosen to be 30.53ï}, i.e., g* = g*∗ . Correspondingly, G* = G*∗ = 22.18ï�. 

 

Figure 4.10 Normalized admittance magnitude of higher-order circuit with different �� 
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Figure 4.11 Normalized admittance change magnitude of higher-order circuit with different �� 

4.4 CASE STUDY 

Case Studies are conducted by taking the beam in Section 4.3.1 as an example and 

assuming small stiffness change due to the damage. The results of the proposed higher order 

circuit are compared with the second order circuit in reference [153] and the traditional 

admittance method in reference [152]. 

Given -1% stiffness change, the normalized admittance magnitudes of the undamaged 

structure and the damaged structure by using the proposed higher-order circuit with ») = 0Ω and »* = »*∗ are shown in Figure 4.12, along with the results of the second-order circuit without 

electrical damping (») = 0Ω in Figure 4.2) and the first-order circuit with only resistor in the 

external circuit. It can be seen that the peak of the admittance magnitude is increased by 74dB 

when using the proposed higher order circuit with »* = 0Ω and 46dB with »* = »*∗, by 

comparing with the second order circuit in reference [153]. It means that under the same voltage 

excitation, the current measured in the higher-order circuit with »* = »*∗ can be 200 times larger, 

or 5000 times larger with »* = 0, than that measured in the second-order circuit. Therefore the 

signal-to-noise ratio has been greatly improved. 

In order to compare the damage detection sensitivities, the normalized magnitudes of 

admittance changes due to the stiffness change of -0.5% and -1% are shown in Figure 4.13, by 

using the three methods. The damage detection sensitivity can be increased by 33dB and 36dB 

by using the proposed method with »* = »*∗ for the stiffness changes of -0.5% and -1%, 

respectively, when comparing with the second order circuit. It means that the damage detection 
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sensitivity when using the higher-order circuit is 45 times and 63 times higher than using the 

second-order circuit in the conditions that damage causes -0.5% and -1% stiffness changes, 

respectively. Figures 4.12 and 4.13 indicate that the admittance magnitude and the admittance 

change are both much larger in the electromechanical system with the proposed higher-order 

circuit than that with second-order circuit in paper [153], not to mention that with the first-order 

circuit in reference [152]. It is verified that the damage detection ability is significantly improved 

by using the proposed higher-order resonant circuit. 

From Figure 4.12 we see that the admittance magnitude of the higher-order circuit system 

in the off-resonant frequency is also significantly higher than that with the second-order circuit 

system. The reason is that the external force excitation and velocity measurement in the 

mechanical system, which corresponds to the external voltage source and current measurement, 

are at two different locations for the two systems, i.e., the external force is applied on the second-

stage TMD mass in the system with higher-order circuit, while the force is applied on the first-

stage TMD mass in system with the second-order circuit. Similar physical insight can also be 

seen in the admittance change magnitude in Figure 4.13. 

 

Figure 4.12 Normalized admittance magnitudes of the three methods: traditional first-order circuit for 

undamaged case (thinner dot) and damaged case (thicker dot) without damping of �� = �Ω, second-order 

circuit for undamaged case (thinner dash) and damaged case (thicker dash) without damping of �� = �Ω, 
proposed higher-order circuit for undamaged case (thinner dash-dot) and damaged case (thicker dash-dot) 

with �� = �Ω, and proposed higher-order circuit for undamaged case (thinner solid) and damaged case 

(thicker solid) with �� = ��∗  
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Figure 4.13 Normalized admittance change magnitudes of the three methods, i.e., higher order circuit 

with �� = ��∗ , second order circuit, and traditional first order circuit 

4.5 SENSITIVITY ANALYSIS 

There are four electrical components in the proposed higher-order circuit, i.e., »*, g*, G* 

and g), as shown in Figure 4.7. Since inaccuracy exists in the nominal value of the electrical 

components, mainly due to parameter tolerance or temperature drift, sensitivity analysis to the 

electrical element parameters is necessary for the practical application of the structure health 

monitoring or damage detection method. 

There are many kinds of resistors with different tolerances. For example, the common 

resistors have a tolerance ±5%. The metal film resistors can achieve the tolerance of ±0.5%, and 

are more stable under temperature and vibration extremes. The inaccuracies of inductors and 

capacitors are usually larger than that of resistors. The typical tolerance of inductance and 

capacitance values can be ±10% or more. However, precision inductors and capacitors are 

available with small tolerance. For example, the inductors with ferrite core can have ±1% 

tolerance, which is especially suitable for high frequency, even 20MHz, and can work in -

40oC~125 oC. Polyphenylene sulfide (PPS) film capacitors are highly-precise, stable and reliable 

capacitors, which can attain ±1% tolerance. It can work up to 100kHz and in -55oC~105 oC.  

Once an electrical component is selected for the circuit, the error of the real value 

compared with the nominal value due to the tolerance is fixed and will be the same in the 

measurements before and after damage. Therefore, the parameter tolerance itself will not really 

create artifacts. To illustrate this, we plot the admittance change due to 1% stiffness damage in 
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the system with 1% parameter tolerance, in comparison with the admittance change in the 

nominal system. It can be seen that the tolerance of »* has little influence, and difference due to 

the change of g) is relatively large. 

 

Figure 4.14 Normalized admittance change due to 1% stiffness damage in the nominal system and 
systems with parameter tolerances of electrical components 

For practical application, the main concern is the parameter change of the electrical 

component during the measurement, such as due to the temperature drift. “Temperature 

coefficient” is used to represent the thermal stability of electrical component, with unit of “ppm/ 

oC”. 1 ppm/ oC means the parameter value changes 0.0001% when the temperature changes 1 oC. 

Temperature coefficient varies with different types of resistors. For example, thin film resistors 

have temperature coefficients of 5~25 ppm/ oC, metal film resistors with 50~100 ppm/ oC, and a 

type of ultra-precision foil resistors even have temperature coefficients of 0.14ppm/ oC, in the 

temperature range of -55 oC ~ +155 oC. Different kinds of capacitors also have different 

temperature coefficient. The capacitance change of X5R capacitors is ±15% in the temperature 

range of -55 oC ~ +85 oC. However, NPO capacitors have temperature coefficient of 30ppm/ oC 

with operation temperature of -55 oC ~ +125 oC [159]. The phenomenon of various temperature 

coefficient also exists in inductors. Some kinds have the temperature coefficient of 60ppm/ oC, 

while others are with 30ppm/ oC or even smaller in the operating temperature range of -55 oC ~ 

+125 oC [160]. Please note that the temperature coefficient is also a function of the temperature, 
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for most of the electrical elements, such as resistors, capacitors, and inductors, the temperature 

coefficient is much smaller in the temperature range around climate temperature (for example, -

25 oC ~ +40 oC) than the extreme temperature. Therefore, we can find resistors, capacitors, 

inductors with small temperature drift in air temperature. For example, 30ppm/ oC literally 

represents less than 0.2% value drift with temperature change from -25 oC to +40 oC. 

The sensitivity analysis of the normalized admittance change magnitude for »*, g*, G* 

and g), all with 0.2% change during the measurement, is shown in Figure 4. It compares the 

admittance change caused by the -1% stiffness change of the host structure due to damages. It 

can be seen from Figure 5 that the admittance change magnitude caused by the stiffness damages 

is much larger than that caused by the parameter change (such as temperature drift) of the 

electrical components in a broad range around the natural frequency. The peak admittance 

change magnitude caused by the -1% stiffness damage is 10dB (or 3 times) larger than that 

caused by the -0.2% parameter drift of the electrical components. The figure also indicates that 

the influence of »* value drift is small and thus »* doesn’t need to be chosen with high 

temperature stability. We should choose the inductor g) with good thermal stability to ensure 

good damage detection and small artifact. Therefore, the proposed higher-order circuit will still 

performs well in large temperature range with careful selection of precision electrical 

components, especially the inductor g). 

 

Figure 4.15 Comparison of normalized admittance change due to damage and due to temperature drift of 
the electrical components 

5600 5800 6000 6200 6400 6600 6800
-50

0

50

100

Frequency (Hz)

A
d
m
it
ta
n
c
e
 C
h
a
n
g
e
 M

a
g
n
it
u
d
e
 (
d
B
)

 

 

-1% stiffness damage

-0.2% drift of L2

-0.2% drift of L1

-0.2% drift of C2

-0.2% drift of R2



 

68 

 

4.6 EXPERIMENT 

4.6.1 Experiment Setup 

The whole experiment setup system is shown in Figure 4.16. The object is an Aluminum 

beam with free-free ends, which was hung by two flexible rubbers. The more flexible the rubbers 

are, the more environmental noise can be eliminated. The detailed structure of the beam with 

PZT is enlarged. A small piece of piezoelectric (PZT) film (PSI-5A4E) is adhered on the beam, 

with two soft wires connected to the PZT film and the Aluminum beam, respectively. The 

conductive wires should be as soft as possible, because hard wires will introduce unexpected 

external force to the beam. 

 
 Figure 4.16 Experiment Setup 

The material properties and geometric parameters of beam and piezoelectric transducer 

are listed in Table 4.3. The additional mass is used to mimic a kind of damage on the beam, 

which causes the stiffness change of the host structure. An HP 35670A dynamic signal analyzer 

is used to both generate excitation voltage and measure admittance of the system. The dynamic 

signal analyzer is a powerful instrument with the function of getting frequency domain 

information directly by using swept sine measurement mode. The high-order resonant circuit is 

built on a breadboard. Since the inductances in the circuit should be tuned to get resonances with 

the PZT capacitance and the other capacitor in the circuit, synthetic inductors should be built for 

adjustable inductances, which are composed of op-amps, capacitors, fixed resistors and 

adjustable resistors, etc. The details of synthetic inductor will be described in the next section. 

The DC power supply is used to provide DC voltage source for op-amps in the synthetic 
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inductors. A laser vibrometer (Polytec OFV-056) is used as a non-contact method to measure the 

vibration of the beam. 

Table 4.3 Material properties and geometric parameters of beam and piezoelectric transducer 

 

Young’s 

modulus 

(N/m2) 

Density 

(kg/m3) 
Length 

(mm) 
Width 

(mm) 
Thickness 

(mm) 
�î� 
(m/V) 

#îî$  

(F/m) 

Beam 73.1×109 2780 609 25.4 3.175 
 

 

 

 

Piezoelectric 

Transducer 
66×109 7800 17 25.4 0.191 -190×10-12 1.6×10-8 

 
Referring to the mode shape of the 17th vibration mode, the hung soft rubbers should be 

located at the places with zero vibration amplitude, while the PZT film, the additional mass, and 

the laser point should be located at the places with peak vibration amplitude. The detailed 

locations and the dimensions of the beam-PZT structure are shown in Figure 4.17. 

 

Figure 4.17 Beam measurement configuration 

4.6.2 Synthetic Inductor 

Since the regular inductors are all with fixed inductances, a method of generating 

adjustable inductance is highly required by the high-order resonant circuit with to-be-tuned 

inductors. Synthetic inductor is an effective solution to get the adjustable inductance 

performance. The configuration of synthetic inductor is shown in Figure 4.18. » is fixed resistor. »= is adjustable resistor. G is fixed capacitor. The equivalent inductance of the synthetic inductor 

is g = »=»G     (4.18) 
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Figure 4.18 Configuration of synthetic inductor 

From Eq. (4.18), we know that the realized inductance can be adjusted by changing the 

adjustable resistor. While doing experiments, we found several critical points we should pay 

attention, i.e., (1) the output of op-amp should be smaller than the maximum allowance limited 

by the DC voltage source; (2) there should be a discharging loop for the capacitor G, such as 

connecting a resistor in parallel. The resistor should be comparatively larger than the other fixed 

resistors », but which should make the time constant of the discharging loop small enough so 

that the discharging process can be completed in a short time. 

4.6.3 Experiment Results 

According to the theoretical analysis method in section 4.2, the values of parameters in 

the high-order circuit are g) = 22.86o}, »* = 0.00855Ω, g* = 9.159ï}, G* = 73.93ï�. The 

admittance of the beam-PZT structure with external circuit is obtained by measuring the current 

across a serially connected resistor over the input voltage excitation for R-shunt 1st-order circuit, 

RL-shunt 2nd-order circuit (as shown in Figure 4.2), and for high-order circuit (as shown in 

Figure 4.7). Assuming the complex admittance is \@oDAF, where A = óQ, angular frequency Q = 2ôõ, where õ is the working frequency, the normalized admittance is defined as 

à\@oDAF = UaiDÜF¢£Ü      (4.19) 

Firstly, we built a synthetic inductor to realize g) and compared the normalized 

admittance magnitude of 2nd-order circuit with that of 1st-order circuit. The experiment results 

are shown in Figure 4.19. We can see that the normalized admittance magnitude measured from 

the beam-PZT with 2nd-order inductive circuit is much larger than that from the beam-PZT with 
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1st –order resistive circuit, and the admittance is very sensitive to the inductance, even 1 mH 

inductance change may cause more than 50 Hz frequency shift and amplitude change. The 

inductances of synthetic inductor, i.e., 27.5mH, 28.6mH, and 29.6mH, corresponds to the 

adjustable resistances of 1835Ω, 1906Ω, and 1972Ω, respectively. It indicates that the 

admittance-based damage detection method has high requirement for the accuracies of electrical 

components, and small inductance change, which cannot be realized by regular inductors, can be 

accomplished by synthetic inductor. The corresponding beam vibrations with different 

inductances in 2nd-order circuit are shown in Figure 4.20. It can be seen that the best tuned 

inductance for 2nd-order circuit is 28.6mH with two equal-height vibration peaks. 

 
Figure 4.19 Comparison of normalized admittance magnitude of 2nd-order circuit and 1st-order circuit 

 

Figure 4.20 Corresponding beam vibration to different inductances 
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Secondly, we used an additional mass to mimic the kinds of damages which may cause 

the stiffness change of the host structure. The location of the additional mass is shown in Figure 

4.16 and Figure 4.17. The beam vibrations before damage and after damage are shown in Figure 

4.21, from which we can see the natural frequency has been changed from 6077Hz to 5974 Hz, 

i.e., -1.69% stiffness change. Lastly, we built the proposed high-order circuit system. Since the 

optimal value »* = 0.00855Ω is too small to be realized, we used a 0.02Ω resistor as »*. Due to 

the evitable resistance in inductor, the total resistance of g* − G* resonant circuit is about 0.25Ω. 

For the »* − g* − G* resonant circuit, the damping ratio is 

ö = ¶c* R¢cdc      (4.20) 

Substituting the optimal values of g*, G* and real resistance of 0.25Ω into Eq. (4.20), the 

damping ratio is 0.704. That is the reason why the three peaks in high-order circuit system is not 

obvious, as shown in Figure 4.22. The comparison of the normalized admittance magnitude of 

high-order resonant circuit system with 1st-order circuit system and 2nd-order circuit system is 

shown in Figure 4.22. We can see that the normalized admittance magnitude of the proposed 

structure health monitoring method with high-order resonant circuit is much higher than the 1st-

order circuit and the 2nd-order circuit in Figure 4.2, which indicates that the signal-to-noise ratio 

is significantly increased and the damage sensitivity is also greatly improved. The results are 

consistent with the simulation results. 

 
Figure 4.21 Beam vibration in the 17th mode 
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Figure 4.22 Normalized admittance magnitude of three types of circuit 

4.7 CONCLUSIONS 

Based on the electrical-mechanical analogy, a novel structure health monitoring 

technology with higher-order resonant circuit is proposed in this paper. A second-order circuit 

system with an inductive circuitry in the external circuit is also compared. We created an 

equivalent mechanical model of the damage detection with the second-order circuit and indicated 

that the physical insight is to add a TMD to the host mechanical system. Inspired by this insight, 

we proposed to design a higher-order resonant circuit to realize greatly high sensitivity in a way 

similar as a series two TMDs system. The simulation results verify that the damage detection 

sensitivity is significantly improved by using the higher-order resonant circuit than the second-

order circuit and the traditional admittance method. The parameter selection of inductor, 

capacitor, and resistor of the circuit in the second stage TMD is also analyzed. The signal-to-

noise ratio is increased by 74 to 46dB by using the designed higher-order resonant circuit and the 

damage detection sensitivity is increased by 33dB and 36dB for the stiffness change of 0.5% and 

1%, respectively, when comparing with the second-order circuit system. The sensitivity of the 

performance to the parameter drifts of electrical components is also studied. It is concluded that 

the system can still maintain the high signal-to-noise ratio and the high damage detection 

sensitivity. Experiment verified the theoretical analysis and simulation results. 
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Chapter 5 A Self-Powered Piezoelectric Vibration Control System with 

Switch Pre-Charged Inductor (SPCI) Method 

5.1 MOTIVATION 

Guyomar, et al. [161, 162] proposed the synchronized switch damping (SSD) to 

efficiently suppress the structural vibration. Li et al. [163] extended an improved SSD technique 

based on an energy transfer scheme to damp the vibration of the target structure. However, 

regarding control method, the buck-boost converter or SSD method is essentially a passive or 

semi-active control, the control performance of which is not as good as active control. The 

synchronized switch method [164, 165] has a limitation that it only works for sinusoidal 

vibration, since the voltage converting process only occurs when the displacement of the 

structure attains the maximum or minimum. However, random vibration exists even more widely 

than sinusoidal vibration in reality. A universal vibration control method for all the kinds of 

vibrations, including random vibration, sinusoidal vibration, etc., is highly required. Moreover, 

the implementation of self-powered control is also a challenge. 

This chapter focuses on development of an integrated system with simultaneous functions 

of random vibration control and energy harvesting. Inspired by the phenomenon in the L-C 

resonant circuit that the capacitor voltage can be inverted in a very short time, a so-called 

“Switch Pre-Charge Inductor” (SPCI) method is proposed to implement the desired control force 

through quickly controlling the capacitor voltage in a large range via pre-charging the inductor 

and controlling the switch between L and C. When the capacitor voltage attains its desired value, 

the remaining inductor current, which is converted from the structure vibration energy, will be 

transmitted to the energy storage unit. Another key  advantage of this method is that it facilitates 

decent voltage tracking by employing discontinuous conduction, of which the switching 

frequencies is much lower than conventional PWM-based techniques. 

5.2 MODELING OF FLEXIBLE-BEAM WITH PZT 

A uniform cantilever beam with a tip mass, o, is shown in Figure 5.1. Since the stress in 

the fixed end of the cantilever beam is larger than the rest part in the dominant modes with low 

frequencies, we have a PZT film only covering a short segment of the beam at the fixed end, as 

shown in Figure 5.1. The structure is under the base excitation with dynamic acceleration of ¼v¿Ü�DpF. 
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Figure 5.1 Flexible-beam structure with PZT film 

The differential equation of motion of a uniform cantilever beam with no external force 

or base acceleration [166] is 

.Z ä÷øDù,wFäù÷ + [\ äcøDù,wFäwc = 0    (5.1) 

where úDû, pF is the relative displacement of a point at position û on the beam in the beam 

coordinate, . is the Young’s modulus, Z is the area moment of inertia, [ is the density, and \ is 

the cross-section area. 

Based on the modal superposition method, the deformation of the beam can be expressed 

as úDû, pF = ∑ CLDûFÏLDpFýL_)      (5.2) 

where ÏLDpF is the generalized coordinate in the nth mode, CLDûF is the nth  normal mode, CLDûF = G)Lcos	DKLûF + G*Lsin	DKLûF + G+Lcosh	DKLûF + G7Lsinh	DKLûF (5.3) 

where G)L	pm	G7L are constants depending on the boundary conditions. 

The corresponding natural frequencies of all the modes of the structure in Figure 1 is 

QL = KL*RBSTU 			,			V = 1, 2, 3,⋯    (5.4) 

where KL is obtained based on the boundary conditions for the structure. 

Using the energy equilibrium method [167], 

Ñ Då: + å� − õåúFwcwu @p = 0     (5.5) 

where : is the kinetic energy, � is the potential energy, õ is the d’Alembert force or inertia force 

per unit length dr at point û on the beam, i.e.,  õ = [v\v¼v¿Ü� + [¥\¥¼v¿Ü� +o¼v¿Ü�åDû − gvF   (5.6) 

where [v, \v are the density and the cross-section area of beam, respectively; [¥, \¥ are the 

density and the cross-section area of PZT film, respectively; åD∙F is the Dirac delta function. 

Note that õ is in the opposite direction as ¼v¿Ü�, according to the definition of the inertia force. 
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Without considering mechanical damping in the system, the mechanical properties of the 

flexible-beam energy harvester for multi-mode can be expressed as 

∑ f)þÏÐþLþ_) + ∑ �)þÏþLþ_) − �) ¥ + Ñ õC)DûFù @û = 0
⋮∑ f�þÏÐþLþ_) + ∑ ��þÏþLþ_) − �� ¥ + Ñ õC�DûFù @û = 0
⋮∑ fLþÏÐþLþ_) + ∑ �LþÏþLþ_) − �L ¥ + Ñ õCLDûFù @û = 0

  (5.7) 

where 

f�þ = fvD�þF +f¥D�þF +oC�DgvFCþDgvF   (5.8) 

��þ = �vD�þF + �¥D�þF     (5.9) 

gv is the length of beam-PZT, fvD�þFand f¥D�þF are the modal mass of beam and PZT film 

associated with mode shapes C� and Cþ, respectively, i.e., 

fvD�þF = Ñ [vC�CþÒ× @Ó    (5.10) 

f¥D�þF = Ñ [¥C�CþÒ£ @Ó    (5.11) 

Óv and Ó¥ are the volume of beam and PZT film, respectively; [v and [¥ are the density of beam 

and PZT film, respectively; �vD�þFand �¥D�þF are the modal stiffness of beam and PZT film 

associated with mode shapes C� and Cþ, respectively, i.e., 

�vD�þF = .v Ñ Ôv*C�ÕÕCþÕÕÒ× @Ó    (5.12) 

�¥D�þF = .¥ Ñ Ô¥*C�ÕÕCþÕÕÒ£ @Ó    (5.13) 

.v and .¥ are the Young’s modulus of beam and PZT film, respectively; Ôv and Ô¥ are the 

distance of the point on the beam and on the PZT film from the neutral axis of beam-PZT, 

respectively; �� is the electromechanical coupling coefficient associated with mode shape C�, 
�� = Ñ �w£ Ô¥C�ÕÕÒ£ @Ó     (5.14) 

Ö is the piezoelectric coupling coefficient, and p¥ is the thickness of PZT film. 

The electrical properties of the flexible-beam energy harvester for multi-mode can be 

expressed as ∑ ��Ï�L�_) + G¥ ¥ = ´     (5.15) 
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where G¥ is piezoelectric capacitor,  ¥ is electrical voltage over PZT film, and ´ is charge 

generated from PZT film. 

The flexible-beam structure is vibrated by the base excitation. Since it’s a distributed 

structure, the virtual work for a single mode caused by the inertia force from the base excitation 

can be expressed as 

Ñ õC�DûFù @û = Ñ [v\v¼v¿Ü�C�DûFd×` @û + Ñ [¥\¥¼v¿Ü�C�DûFd£` @û + o¼v¿Ü�C�DgvF =
�[v\v Ñ C�DûFd×` @û + [¥\¥ Ñ C�DûFd£` @û + oC�DgvF! ¼v¿Ü� = ¤¦D�F¼v¿Ü�     (5.16) 

where ¤¦D�F is the coefficient associated with mode shape C�: 

 ¤¦D�F = �[v\v Ñ C�DûFd×` @û + [¥\¥ Ñ C�DûFd£` @û + oC�DgvF!  (5.17) 

For multi-mode modeling of the flexible-beam, the state is chosen to be E =[Ï), Ï*, ⋯ , ÏL, Ï
), Ï
*, ⋯ , Ï
L]=. Including the mechanical damping in the system, i.e., �L×L, the 

multi-mode state-space model is 

E
 = " �L×L �L×L−�L×L©) �L×L −�L×L©) �L×L& E + [ �L×) �L×)�L×L©) �L×) −�L×L©) �	L×)][  ¥¼v¿Ü�] (5.18) 

where ��×� is the mass matrix of n modes with the ij-th element in Eq. (5.8), ��×� is the 

stiffness matrix with the ij-th element in Eq. (5.9), �L×) is the electromechanical coupling 

coefficient vector with the i-th element �� in Eq. (5.14), and �	L×) is the force coefficient vector 

with the i-th element ¤¦D�F in Eq. (5.17). 

5.3 VIBRATION CONTROL AND SPCI CIRCUIT IMPLEMENTATION 

5.3.1 H2 control 

Since H2 control is suitable for wide frequency range vibration control, such as random 

vibration excitation used in this paper. Note that the proposed SPCI method can also be used for 

the self-powered implementation of other control algorithms, including H∞ control. 

Referring to the state-space model in Eq. (5.18), the standard form for state-space control 

is E
 = \E + 
)ú + 
*�     (5.19) 

� = G)E + ())ú + ()*�    (5.20) Ô = G*E + (*)ú + (**�    (5.21) 
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where the state E = [Ï), Ï*, ⋯ , ÏL, Ï
), Ï
*, ⋯ , Ï
L]=; the disturbance ú = ¼v¿Ü�; the “control 

force” � =  ¥; the “cost output” � is chosen as the absolute acceleration of the tip on the beam-

PZT, for the situations that we care more about minimizing the absolute vibration of the flexible 

structures, such as protecting human beings in a tall building during an earthquake, stabilizing 

cameras in a vibrating structure for clear images of the environment, etc.; the “measurement 

output” Ô is also the absolute acceleration of the tip on the beam-PZT, since it is an easily 

measured parameter that can reflect the vibration of the beam. 

The control effect will be 

� = �¦Ô     (5.22) 

where �¦ is the control matrix, which is used to determine the “control force” from the 

“measurement output”. 

The state-space output-feedback-control diagram is as shown in Figure 5.2. In order to 

minimize the vibration of flexible structures under a random vibration excitation, H2 control 

algorithm is applied here, since the physical meaning of H2 control is minimizing the root mean 

square values in random excitations. 

 

Figure 5.2 State-space control diagram 

By using the output feedback H2 control algorithm, the desired values of “control force”, 

i.e., piezoelectric voltage, can be obtained. However, quite different from the regular control, 

how to implement such a desired control voltage in a manner of energy harvesting way is quite 

challenging. For this purpose, we presented switch pre-charged inductor (SPCI) circuit technique 

and a novel control implementation in the following sections. 

5.3.2 SPCI technique principle 

Considering a LC resonant circuit (as shown in Figure 5.3) with initial capacitor voltage  �L�w�¿§ and initial inductor current Z�L�w�¿§, the expression of capacitor voltage  � during the LC 

resonance process is 
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 �DpF =  �L�w�¿§ cos 
 )√d¢ p� − Z�L�w�¿§Rd¢ sin 
 )√d¢ p� = R �L�w�¿§* + Z�L�w�¿§* d¢ ∙ sin	D¤ − )√d¢ pF (5.23) 

where ¤ = p¼V©)D±ÙsÙÅÙÇ°SÙsÙÅÙÇ° R¢dF. 

 

Figure 5.3 LC resonant circuit 

We can find that the capacitor voltage can be controlled to be any value in the range of 

−R �L�w�¿§* + Z�L�w�¿§* d¢ 	pm	R �L�w�¿§* + Z�L�w�¿§* d¢ by switching the circuit off at appropriate 

time. Moreover, the controllable range of capacitor voltage can be extended by setting the initial 

inductor current, Z�L�w�¿§, which can be realized by pre-charging the inductor. 

Denote the desired capacitor voltage as  a�Ü�ù�a, according to Eq. (5.23), 

| a�Ü�ù�a| = R �L�w�¿§* + Z�L�w�¿§* d¢    (5.24) 

therefore, the inductor current should be pre-charged to 

Z�L�w�¿§ = ±R¢d D a�Ü�ù�a* −  �L�w�¿§*F    (5.25) 

where “+” is for the situation when  a�Ü�ù�a ∙  �L�w�¿§ < 0, “-” is for the situation when  a�Ü�ù�a ∙ �L�w�¿§ > 0. 

5.3.3 Circuit implementation with SPCI technique 

In order to realize the desired “control force”, i.e., piezoelectric voltage, we were inspired 

to build a LC resonant circuit with controllable pre-charging capability, where the capacitor C is 

the piezoelectric capacitor. A switch is connected in series with L and C to control the capacitor 

voltage to a desired value. The circuit is so-called “SPCI-based implementation circuit”, which is 

integrated into the whole system. The schematic of the self-powered control system is shown in 

Figure 5.4. 
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Figure 5.4 Schematic of the proposed system 

The system is comprised of four parts, i.e., beam-PZT structure, H2 control algorithm, 

SPCI-based implementation circuit, and energy storage unit. For the “beam-PZT structure” part, 

the multi-mode model is based on Eqs. (5.19)~(5.21) and Eq. (5.15), where �Ï
  is the current 

source dependent on the vibration dynamics of the beam-PZT structure. For the “H2 control 

algorithm” part, the input is the measurement of the absolute acceleration of beam tip, and the 

output is the desired values of control voltage, which will be realized by the “SPCI-based 

implementation circuit”. For the “SPCI-based implementation circuit” part, it is comprised of g − G¥ resonance circuit with switch 1, switch 2, a H-bridge with two groups of switches, i.e., 

3a&3b, 4a&4b, and switch control logic. The switch control logic determines the on-off states of 

all the switches. The working principle of the control logic is shown in Figure 5.5. In Figure 5.5, 

the dependent current source with G¥ is the equivalent electrical model of beam-PZT structure. 

There are three kinds of situations, i.e., (1)  a�Ü�ù�a ∙  �L�w�¿§ < 0 and | a�Ü�ù�a| > | �L�w�¿§|, (2)  a�Ü�ù�a ∙  �L�w�¿§ > 0 and | a�Ü�ù�a| > | �L�w�¿§|, (3) | a�Ü�ù�a| < | �L�w�¿§|. For Figure 5.5(b) and 

Figure 5.5(c), the inductor current is firstly pre-charged to Z�L�w�¿§, determined by Eq. (5.25). At p = p), the LC resonant circuit is controlled to start oscillating. When the inductor current 

crosses zero at p = p*,  ¥ =  a�Ü�ù�a, the switch between L and C is controlled to be open. For 

Figure 5.5(d), at p = p), the LC resonant circuit is controlled to start oscillating. Detecting the 

piezoelectric voltage, when  ¥ =  a�Ü�ù�a, the switch between L and C is controlled to be open. 

For the “energy storage unit”, it stores the electrical energy converted from the mechanical 
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vibration of the beam structure, and also provides electrical energy to pre-charge the inductor in 

the SPCI-based implementation circuit. 

   
(a)     (b) 

      
(c)     (d) 

Figure 5.5  Control logic for SPCI-based circuit (a) in different situations, i.e., (b) if ��	
��	� ∙ �������� <� and |��	
��	�| > |��������|, (c) if ��	
��	� ∙ �������� > � and |��	
��	�| > |��������|, (d) if |��	
��	�| <|��������|. The sinusoidal dot line in (b)-(d) represents the capacitor voltage during the LC resonance 
process when the switch in (a) is always on, corresponding to Eq. (5.23). The dash-dot lines refer to the 
voltage on the capacitor Cp, and the solid lines refer to the current in the inductor L. The dash line in (c) 

and (d) represents the inductor current when the switch is always on. 

According to SPCI technique principle, the piezoelectric voltage is controlled to desired 

value in less than half resonant period of LC resonant circuit, i.e., ô�gG¥. The dominant modes 

of beam vibration are generally in the range of several Hz to several kHz, that is to say, the 

control bandwidth of the flexible structures is at the time scale of 10-3 sec. So we set the value of 

ô�gG¥ much smaller by selecting the right L (we set 1mH in the following simulation) 

according to the piezoelectric capacitance Cp (298nF for the piezoelectric transducer used in the 

simulation) such as at time scale of 10-5 sec. Therefore, for each process of controlling the 

piezoelectric voltage from initial value to desired value, the vibration induced current source �Ï
  
can be treated as constant, i.e., �Ï
 = ZU = lmVAp¼Vp. The desired value of piezoelectric voltage 

in Figure 5.5(b) and Figure 5.5(c) is the peak value of capacitor voltage in the LC resonant 

circuit, which is captured by detecting the inductor current crossing zero. In Figure 5.5(d), the 

desired value of piezoelectric voltage is captured by directly detecting the capacitance voltage to 
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attain the desired value. In this way, the realization of control voltage will not be influenced by 

the uncertainties of circuit elements. 

The switches in the system can be realized by using power MOSFETs, such as 

ZXMC10A816N8. Since the switches only need to be turned on or off when the capacitor 

voltage or the inductor current satisfy the conditions shown in Figure 5.5, the switching 

frequency can be lower than the conventional PWM-based techniques. 

5.3.4 Energy balance analysis 

The instant power to the piezoelectric transducer is ¯ =  ¥ 
́      (5.26) 

where  ¥ is the piezoelectric voltage, and 
́  is the electric current passing through switch 1, as 

shown in Figure 5.4. At an instant time, the proposed SPCI based control can give energy to or 

harvest energy from the piezoelectric transducer. In order to analyze the self-powered ability of 

the proposed vibration control system, the accumulated energy given to the piezoelectric 

transducer should be evaluated. If accumulated energy in long term is negative, we harvest 

energy from the vibration structure, and the control system can be self-powered [168] with a self-

starting or pre-charged circuit. 

5.4 RESULTS OF ILLUSTRATIVE EXAMPLE 

5.4.1 Structural parameters 

The material properties and the dimensions of the Aluminum beam and the PZT film are 

shown in Table 5.1. The tip mass on the beam is 0.0885kg. 

Table 5.1 Material Properties and Dimensions 

Material 

properties 

Young’s 

modulus 

(Ep , N/m2) 

Piezoelectric strain 

coefficient 

(@+) , m/V) 

Piezoelectric 

voltage coefficient 

(ç+), Vm/N) 

Density 

([, kg/m3) 
L × b × t 

(mm×mm×mm) 

PZT film (PSI-
5H4E) 

62 × 109 -320 × 10-12 -9.5 ×10-3 7800 72.4×25.4×0.19 

Aluminum beam 
(Alloy 3003) 

69 × 109 - - 2740 406.4×25.4×3.2 

5.4.2 Results of H2 control 

Assuming the mechanical damping in the flexible cantilever beam system is 0.5%, based 

on the H2 control algorithm, the frequency response of the absolute acceleration of the beam tip 
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over the base excitation acceleration, i.e., 
¿×�Ç�	ÅÙ£	¿×Ç�� , in the uncontrolled system and the controlled 

system are compared in Figure 5.6. The dominant first three modes are considered, which is in 

the frequency range of 1Hz~1kHz. It can be seen that the vibration of the beam is significantly 

reduced in the first three modes. 

 

Figure 5.6 Frequency response of 
��	��	���	���
	  

5.4.3 Control Performance of the proposed system 

Based on the dimensions of the piezoelectric transducer we chose, as listed in Table 5.1, 

the piezoelectric capacitance is 298nF. Based on the resonant circuit control time requirement 

stated in Section III.C, the inductor is chosen to be 1 mH. 

In practical circuit, it is inevitable to have electrical loss, which might be caused by the 

parasitic resistance in inductor and on-resistance in switch. The typical parasitic resistance of 

1mH inductor is 0.2 Ω, and the typical on-resistance of MOSFET switch with ns-level delay is 

0.3 Ω, which can be seen in the datasheets of the electrical components. 

Since H2 control is to minimize vibration energy in a large frequency range, we choose a 

normally distributed white noise random signal as the base vibration excitation, as shown in 

Figure 5.7. The standard deviation of the acceleration of random excitation is 1.84 m/s2. 
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Figure 5.7 Random vibration excitation from the base 

 

(a) 

  
(b)      (c) 

Figure 5.8 Desired control voltage v.s. Realized control voltage, (a) Tracking performance of control 

voltage by using SPCI-based method, (b) Enlarged control voltage ��, and (c) Enlarged Inductor current �� of the circled portion in (a) 

The comparison between the desired “control force” from H2 control algorithm and the 

realized “control force” from the SPCI-based implementation circuit is shown in Figure 5.8. It 
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indicates that the realized “control force” tracks the values of desired “control force” very well, 

which verifies the feasibility of the proposed novel implementation method to generate desired 

capacitor voltage by using SPCI technique. 

An enlarged process is shown in Figure 5.8(b) and Figure 5.8(c). Figure 5.8(b) shows the 

desired & the realized “control force”, while Figure 5.8(c) shows the inductor current. From 

Figure 8b, we can see that the initial condition is: the piezoelectric voltage is larger than the 

desired value, corresponding to | a�Ü�ù�a| < | �L�w�¿§|. The process in Figure 5.8(b) and 5.8(c) 

matches the theoretical analysis in Figure 5.5(d). The comparison of the absolute accelerations of 

beam tip in the uncontrolled system and in the proposed control system is shown in Figure 5.9. 

We can see that the beam tip vibration has been effectively attenuated under the white-noise 

random excitation by using the proposed control method. 

 

Figure 5.9 Acceleration of beam tip in uncontrolled system v.s. proposed control system 

5.4.4 Results of self-power analysis 

The accumulated energy given from the controller can be calculated by integrating the 

power expressed in Eq. (5.26). The dissipatedness can be seen in Figure 5.10. We can see that in 

the beginning time period the controller either gives or extracts energy, but overall the controller 

harvest more energy after some time. It indicates that the control system can realize self-power 

performance. 

During the vibration process, the current charging the rechargeable battery and the 

accumulated energy harvested in the battery is shown in Figure 5.11. The positive parts of 

current represent the electrical energy converted from the mechanical vibration is harvested by 

charging the rechargeable battery, while the negative parts represent the battery pre-charges the 
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inductor in the system to make the control voltage track the desired values. It shows that at the 

beginning time the harvested energy is not enough for the energy consumption in the controller. 

But in long time the accumulated energy harvested from beam vibration is more than that 

consumed by the control circuit, and the electrical energy is increasing in the rechargeable 

battery. It matches the result in Figure 5.10. The slope of the energy curve represents the power, 

around 0.2mW under 1.84 m/s2 standard deviation of random vibration for the flexible beam 

with dimensions shown in IV.A section. Thus, the proposed self-powered piezoelectric vibration 

control system can not only provide sufficient real-time energy for itself control use, but also 

store electrical energy for future use. 

 

Figure 5.10 Accumulated energy given by the controller 

 

Figure 5.11 Charging battery current & harvested energy with small excitation 

When the base excitation is increased, the harvested energy from the proposed system is 

supposed to be more. We doubled the base random excitation to that with the standard deviation 

of 3.68 m/s2. The accumulated energy in the first three seconds are shown in Figure 5.12 in 
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comparison with smaller excitation (standard deviation = 1.84 m/s2). With larger excitation, the 

power is around 0.7mW, while the power is 0.2mW with small excitation. 

 

Figure 5.12 Comparison of accumulated energy with smaller excitation v.s. larger excitation 

5.4.5 Energy loss study on parasitic resistances 

Due to different properties of electronic components, the parasitic resistances in different 

kinds of switches and inductors exist. The influence of resistance on the proposed system is that 

larger resistance will result in slower charging and discharging processes in the R-L-series 

circuit, which may influence the voltage tracking bandwidth and values. The parasitic energy 

loss will also reduce the harvested energy. The power loss caused by one parasitic resistance can 

be expressed as 

§̄¾ÜÜ = ∑ SÙc�Ù�uÞ »    (5.27) 

where à is the number of sample points, which is the product of sampling frequency and record 

time, and » is the parasitic resistance.  

 The simulation study of energy loss in the proposed self-powered control system with 

different parasitic resistances is conducted. As mentioned in Section IV.C, the typical parasitic 

resistance of 1mH inductor is 0.2Ω and the typical on-resistance MOSFET switch with ns-level 

delay is 0.3Ω, we studied on four different resistances on both inductor and switches, i.e., 0.1 ×»w�¥, 1 × »w�¥, 10 × »w�¥, and 50 × »w�¥, where »w�¥ represents typical resistance. In order to 

determine the influence of parasite resistances on the total accumulated energy in the self-

powered system, four different parasitic resistances v.s. accumulated energy are compared in 

Figure 5.13. We can see that the accumulated energy and the harvested power are smaller with 
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larger resistance, which verifies that larger resistance consumes more energy. According to Eq. 

(5.27), the power loss with resistance of 10 × »w�¥ is around 4µW, which is 2% of the total 

power generation, so it is not obvious in the figure, while the power loss with resistance of 50 ×»w�¥ is around 20 µW, which is 10% of the total power generation, so we can clearly see the 

difference. 

However, the resistance cannot be too large. In the R-L-series circuit the inductor current 

can be expressed as 

kdDpF = − ±�¶ Ö©Ä·w + ±�¶     (5.28) 

where  � is the battery voltage, which can be seen as constant, since it is assumed to be fully 

charged. From Eq. (5.28) we can know that the inductor current can only be charged to 
±�¶ . If » 

is too large, the inductor current cannot be pre-charged to desired value required by the desired 

control voltage in Eq. (5.25). 

 

Figure 5.13 Comparison of harvested energy with different parasitic resistances 

5.5 CONCLUSIONS 

In this chapter, a self-powered piezoelectric vibration control system with switch pre-

charged inductor (SPCI) technique is proposed. It can simultaneously minimize the vibration of 

the flexible beam and harvest the vibration energy. A novel SPCI-based circuit is presented to 

implement the desired “control force” in a self-powered manner, the values of which are 

obtained by using the output feedback H2 control algorithm. The simulation results show that 

under a white-noise random excitation, the realized “control force” can track the desired values 
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very well, the vibration of the beam can be effectively attenuated, and the accumulated harvested 

energy is more than the consumed energy in the system. The harvested power is around 0.2mW 

under 1.84 m/s2 and around 0.7mW under 3.68 m/s2 standard deviation of white-noise random 

excitation for the studied flexible beam. In addition to the simultaneous vibration control and 

energy harvesting, a significant advantage of the proposed method over the PWM-based methods 

is that it facilities decent voltage tracking with switching frequencies much lower than PWM-

based techniques, by employing discontinuous conduction and LC resonant circuit. 
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Chapter 6 Vibration and Wave Propagation Attenuation for Metamaterials 

by Periodic Piezoelectric Arrays with High-Order Resonant Circuit Shunts 

6.1 MOTIVATION 

Metamaterials, assemblies of multiple individual elements constructed into repeating 

patterns, have attracted more and more attention in recent years. The technology is originally 

developed for electromagnetic and optical wave propagation purpose and later extended to 

mechanical and acoustic waves. A type of phononic crystal with periodic arrangement for 

generating band gaps has been studied in the last decade. Wu, et al. [169] numerically and 

experimentally demonstrated the existence of complete bandgaps and resonances in a plate with 

a periodic stubbed surface. They designed a typical type of stubs with the height about three 

times the plate thickness, which has the ability of generating a bandgap between 114kHz to 

145kHz. Later, researchers explored Wu’s design by adopting piezoelectric materials into the 

periodic structure. Bergamini, et al. [170] introduced a phononic crystal that includes tunable 

stiffness elements to obtain a variable mechanical coupling between the substrate and the stubs 

on the beam. The phononic crystal is comprised of cylindrical stubs and piezoelectric discs. Each 

piezoelectric transducer is shunted through an inductive circuit in order to obtain the frequency 

dependent stiffness elements. The proposed structure has the ability of generating a pass band 

among the original stop bands, with the location determined by the inductive shunts. Casadei, et 

al. [171] investigated a tunable acoustic waveguide implemented within a two-dimensional 

phononic plate. The wave guide is equipped with a periodic array of piezoelectric transducers 

shunted through passive inductive circuits. The inductor in the RL-shunt with the piezoelectric 

capacitance can tune the wave propagation frequency. Carrara, et al. [172] exploited 

metamaterial-based and metamaterial-inspired electroacoustic wave energy harvesting. The 

metamaterial energy harvesting systems transform the incoming structure-borne wave energy 

into electrical energy by coupling the metamaterial and electroelastic domains. The metamaterial 

system is combined with piezoelectric energy harvesting for enhanced electricity generation 

from waves propagation in elastic structures. 

Since piezoelectric is a special type of material which links mechanical characteristics 

with electrical characteristics, the shunt circuit plays a key role on the wave propagation and/or 

vibration control performance in the metamaterials. Thorp, et al. [173] periodically placed 

shunted piezoelectric patches along rods to control the longitudinal wave propagation in the rods. 
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The periodic structure is capable of filtering the propagation of waves over specified frequency 

bands, called “stop bands”. They also extended the technology for attenuation of wave 

propagation in fluid-loaded shells with periodic shunted piezoelectric rings [174]. Beck, et al. 

[175] introduced negative capacitance to the periodic piezoelectric shunt. The negative 

capacitance shunt can be designed to control broadband flexural vibrations of a structure. 

Spadoni, et al. [176] employed periodic arrays of shunted, piezoelectric patches to control wave 

propagation and vibration over the surface of plate structures. Both R-shunt and RL-shunt were 

studied. Casadei, et al. [177] proposed a hybrid shunted piezoelectric arrays for plate vibration 

control, in which the combination of resonant RLC shunts and negative impedance converters on 

a two-dimensional plate, which provides both broadband attenuation in the high frequency 

regimes and the reduction of the amplitudes of the low frequency modes. Airoldi and Ruzzene 

[178] investigated the wave propagation control performance in beams through periodic, shunted 

piezoelectric patches. The patches are shunted through resonant circuits featuring a single and 

multiple resonances. However, the existing piezoelectric shunts for metamaterials are R-shunt, 

RL-shunt or negative impedance shunt. Few research has been conducted on high-order resonant 

shunt circuit in the metamaterial area. 

This chapter introduces an innovative type of metamaterials with high-order resonant 

shunt circuit for the periodic piezoelectric arrays bonded on a beam. The high-order resonant 

shunt circuit will advance the metamaterials with conventional RL-shunt and R-shunt in two 

aspects. One is that it can generate broader attenuation bandwidth without sacrificing the 

attenuation amplitude by introducing two local resonances in series. The other is that the high-

order resonant shunt circuit can generate two separate bandgaps with well-designed inductance 

ratio and damping ratio, achieving wave propagation or vibration attenuation at two desired 

frequency ranges. 

6.2 THEORETICAL ANALYSIS 

6.2.1 Finite element modeling of beam metamaterial with periodic piezoelectric arrays 

The schematic diagram of beam metamaterial with piezoelectric shunts is shown in 

Figure 6.1. The beam is covered by periodically distributed piezoelectric films. Each 

piezoelectric film is shunted with the same external circuit. Different shunt circuits will result in 

different wave propagation attenuation performances. Therefore, the objective of this paper is to 
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investigate the vibration and wave propagation attenuation performances with different 

piezoelectric shunts. 

 

Figure 6.1 Schematics of beam metamaterial with periodic piezoelectric arrays 

Note that the finite element modeling is for wave propagation and vibration in the 

transverse direction. The beam metamaterial in Figure 6.1 is comprised of many periodic unit 

cells. Each unit cell is as shown in Figure 6.2(a), which can be divided into n elements, each with 

two nodes. Each node has two coordinates: one is transverse coordinate, denoted as �, which 

represents the transverse displacement of the beam structure, and the other is rotational 

coordinate which represents the slope motion of the beam structure, denoted as 
ä�ä^. 

Corresponding to the two coordinates at each node, � and 
ä�ä^, there are two external forces, i.e., 

shear force and bending moment, respectively. 

    

      (a)     (b) 
Figure 6.2 Beam metamaterial, (a) unit cell, and (b) each element with two nodes, each node has two 

coordinates 

Based on energy equilibrium analysis, the formulation of energy equations for the unit 

cell of the beam metamaterial can be expressed as 

� = )*Ñ[�
 �=�
 � @  + )*Ñ #�$�@  + Ñ#�$�� @  − )*Ñ%=�@  −C�  (6.1) 

where [ is the density, � is the displacement vector, # is strain, the subscript “c” represents the 

unit cell,   is the volume of the unit cell, � is stress in the beam, �� is stress in the piezoelectric 

material, % and � are electric field and electric charge of piezoelectric material, respectively. C� 

is the work done by external force. 

The constitutive equations for piezoelectric material are [179] 

�Â(! = �lB −Ö�Ö �� ! �<.!      (6.2) 
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where lB is mechanical stiffness coefficient at constant electric field, Ö� is piezoelectric stress 

coupling coefficient at constant stress, �� is permittivity coefficient at constant strain, Ö is 

piezoelectric stress coupling coefficient. 

Electro-elastic matrix relations for a finite element are obtained by expressing continuous 

displacements, strains and electric potentials in terms of nodal values through a proper set of 

interpolation functions and their derivatives [180], as 

�	 = ��	#	 =  ��	. = −
!"      (6.3) 

where	� is the generalized nodal displacements, the subscript “e” represents the element, �	 =
��) ä�uä^ �* ä�cä^ !=, �), �* are shown in Figure 6.2(b), � is the shape function matrix, with 

dimension of 4 × 4,  � is the strain interpolation matrix, with dimension of 4 × 1, 
! is the 

electric field interpolation matrix, " is the electric potential over the piezoelectric film, which is 

opposite to the piezoelectric voltage, �	 is the displacement vector of element, with dimension of 4 × 1. 

Since . = − !w£, from Eq. (6.3) we know that 


! = )w£      (6.4) 

where p¥ is the thickness of the piezoelectric film. 

Energy equilibrium is imposed by enforcing the total potential to be at a minimum, å� = 0      (6.5) 

Combining Eqs. (1) ~ (3) and substituting into Eq. (5), the modeling of the electro-elastic unit 

cell with n elements can be expressed as [176] 

���_��Ð � +���_��� +��$_�" = 	�     (6.6) 

�$�_��� + �!!" = ´     (6.7) 

where �� is the generalized nodal displacements of all the nodes in the unit cell, with dimension 

of 2DV + 1F × 1, the structural mass matrix of unit cell ���_�, with dimension of 2DV + 1F ×2DV + 1F, the structural stiffness matrix of unit cell ���_�, with dimension of 2DV + 1F × 2DV +1F, and the electromechanical coupling vector of unit cell ��$_�, with dimension of 2DV + 1F ×
1, are the sum and integration of mass matrix of element ���_	, with dimension of 4 × 4, 
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stiffness matrix of element ���_	, with dimension of 4 × 4, and electromechanical coupling 

vector of element, with dimension of 4 × 1, respectively, 

���_	 = Ñ[�=�@       (6.8) 

���_	 = Ñ �$l ̅ � @       (6.9) 

�$�_	$ = ��$_	 = Ñ �$Ö $ @      (6.10) 

l ̅ = ))*Øp*      (6.11) 

where Ø is the Young’s Modulus, and p is the thickness of the beam structure. 

The dielectric stiffness is equal and opposite to the piezoelectric capacitance, G¥, that is, 

�!! = −Ñ
!=��
! @  = − &'v£§£w£ = −G¥    (6.12) 

where q¥ and (¥ are the width and the length of each element in unit cell, respectively. 

The vector 	� (with dimension of 2DV + 1F × 1) in Eq. (6.6) is the external distributed 

force exerted on all the nodes in unit cell, which is comprised of shear force and bending 

moment. The ´ in Eq. (6.7) is the electric charge accumulated on the piezoelectric transducer. 

The relationship between the electric potential " and the charge ´ is 

" = −)� 
́ = −óQ)�´     (6.13) 

Substituting Eq. (6.13) into Eq. (6.7), we can get 

´ = ))©þ­*++���$�_���     (6.14) 

Combining Eq. (6.6), Eq. (6.13) and Eq. (6.14), we can get 

���_��� +��$_�" = ����_� − óQ��$_�¹óQ�!! − )�©)º©)�$�_�! �� = �	��  (6.15) 

Therefore, based on Eq. (6.6) and Eq. (6.15), the final integrated stiffness matrix of the unit cell 

is denoted as ��_�, with dimension of 2DV + 1F × 2DV + 1F, which satisfies the following 

dynamic equation. 

��_��� = ¹�	 − Q*���_�º�� = 	�    (6.16) 

6.2.2 Attenuation constant and beam vibration modeling 

 

Figure 6.3 Wave/vibration propagation along the beam metamaterial 
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The schematic of wave/vibration propagation along the beam metamaterial is as shown in 

Figure 6.3. The motions � and the external forces 	 are propagated between adjacent unit cells. 

The arrows in the figure represent the wave/vibration propagation direction. For any unit cell i, 

the displacements and the forces at the left side are denoted as ��, 	�, respectively, and the 

displacements and the forces at the right side are denoted as �� and 	�, respectively. The 

equation of dynamic motion of the unit cell, with only left-end node and right-end node, can be 

expressed in terms of the integrated stiffness matrix of the unit cell, �,�_�, with dimension of 4 ×4, as 

�,�_��,� = 	-�      (6.17) 

where 

�,�_� = �.�� .��.�� .��!, �,� = "����&, 	-� = "	�	�&    (6.18) 

For each unit cell, only the two end-nodes have non-zero external forces, while the forces 

of the other nodes are internal interactive forces which can be treated as zero. Thus, Eq. (6.16) 

can be rewritten as 

��_�[�� �� ⋯ �� ��]= = [	� � ⋯ � 	�]=   (6.19) 

By reorganizing Eq. (6.19), we can get the terms in �,�_�. 
In order to get the attenuation constant, we put the left side terms of unit cell, ��, 	�, to 

one side of equator, and put the right side terms of unit cell, ��, 	�, to the other side of equator 

[176]. Therefore, Eq. (6.17) can be rewritten as 

"��	�& = $ "��	�&      (6.20) 

where 

$ = / −.��©�.�� .��©�.��.��©�.�� − .�� −.��.��©�0    (6.21) 

The eigenvalue of matrix $ is ÖkçD$F = Ö1      (6.22) 

where ï is a complex number, ï = å + k2, is called “propagation constant”. The real part å is 

called “attenuation constant”, which represents the decay of the vibration amplitude from one 

cell to the following one. The imaginary part 2 is called “phase constant”, which determines the 
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phase difference between two adjacent cells. Thus, å can reflect the attenuation performance of 

the beam metamaterial with periodic unit cells.  

Combining the integrated stiffness matrixes of all the unit cells (the number of unit cells 

is m), to form the overall integrated stiffness matrix of the whole beam, ���3���, with dimension 

of 2DoV + 1F × 2DoV + 1F, 
���3���[�� �� ⋯ ���©� ��]= = [	� 	� ⋯ 	��©� 	�]=  (6.23) 

where subscripts “l” and “r” represent the left-end and the right-end of the whole beam, 

respectively. 

Taking cantilever beam as an example, the external force is only exerted on the fixed-end 

node, the shear force and the bending moment at the fixed-end are [v\vgv¼v and [v\v d×c* ¼v, 

respectively. Thus, 

	� = [[v\vgv¼v [v\v d×c* ¼v]=    (6.24) 

where [v, \v, gv are the density, the cross-section area, and the length of the cantilever beam, 

respectively. 

From Eq. (6.23) we can get 

[�� �� ⋯ ���©� ��]= = D���3���F©) �[v\vgv¼v [v\v d×c* ¼v 0 ⋯ 0 0!= 

 (6.25) 

By solving Eq. (6.25) we can get the relationship equation of the free-end transverse 

displacement over the base excitation acceleration, 
�4¿×. 

6.3 HIGH-ORDER RESONANT SHUNT CIRCUIT DESIGN 

From the theoretical modeling of attenuation constant in the above section, we know that 

the attenuation constant is a parameter representing attenuation performance for beam 

metamaterial with any number of unit cells. Thus the shunt circuit design should also be 

applicable for m=1 case. The unit cell of beam metamaterial with RL-shunt is shown in Figure 

6.4(a). For m=1 case, the base structure of beam can be modelled as traditional mass-spring-

damper mechanical structure for any vibration mode, as shown in the dashed block in Figure 

6.4(b). The piezoelectric transducer corresponds to spring �) in Figure 6.4(b), since piezoelectric 

material can be modeled as a capacitor, and mechanical spring is equivalent to electrical 

capacitor according to the electrical-mechanical analogy [181], with the spring stiffness 
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reciprocal of the capacitance. Based on the electrical-mechanical analogy, electrical resistor 

corresponds to mechanical damper, and electrical inductor corresponds to mechanical mass. 

Therefore, the mechanical model of RL-shunt is comprised of a damper, l), and a mass, o), as 

shown in Figure 6.4(b). õ is the external force applied on the beam-PZT structure. 

    

(a)     (b) 
Figure 6.4 Electrical-mechanical conversion, (a) unit cell with RL-shunt, (b) corresponding mechanical 

model. 

    

(a)      (b) 
Figure 6.5 Proposed high-order resonant shunt circuit, (a) mechanical model with two series resonators, 

(b) corresponding high-order resonant shunt circuit. 

The RL-shunt design is more like a traditional tuned-mass-damper (TMD) design [182]. 

That is, if we choose proper L to make L-G¥ have the resonant frequency the same as a natural 

frequency of the beam vibration, the RL-shunt will create a local resonance in the metamaterial. 
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Inspired by the observation that series TMDs using high-order resonant shunt circuit [183] or 

using double masses [184] can achieve better vibration reduction and broader attenuation 

bandwidth, we hypothesize that higher-order resonant shunt circuit in the metamaterials may 

attenuate the vibration and wave propagation better than RL-shunt, and achieve broader 

attenuation bandwidth. The higher-order resonant circuit shunted to piezoelectric transducer can 

be designed by taking electrical-mechanical analogy, as shown in Figure 6.5. 

It shall be noted that shunt circuit design for beam metamaterial is not exactly TMD 

design since for TMD we care the frequency response but for metamaterials we care the 

attenuation constant of wave propagation. Another difference is: the bandgaps of wave 

propagation and vibration in metamaterial usually include several vibration modes or are 

independent on vibration modes, while TMD design always targets at certain vibration modes. 

Therefore, we can choose the tuning frequency to be any frequency for metamaterial, not limited 

to natural frequency of the whole structure. 

6.4 SIMULATIONS 

For the beam metamaterial with periodic piezoelectric arrays shown in Figure 6.1, the 

dimensions and parameters of unit cell in the simulation are: Aluminum solid with length 

101.6mm, width 25.4mm, thickness 1mm, Young’s Modulus 71GPa; Piezoelectric film 

(QuickPack QP16N) with length 50.8mm, width 25.4mm, thickness 0.254mm, Young’s Modulus 

69GPa, capacitance 125nF. Based on the theoretical analysis in Section 6.2, the attenuation 

constant of the beam metamaterial in short-circuit condition is shown in Figure 6.6. 

The non-zero parts of attenuation constant represent that wave propagation and vibration 

will be attenuated at those frequencies. Higher amplitude means larger amount of attenuation. 

The bandgaps are due to the impedance mismatch caused by the adoption of piezoelectric 

transducer [173, 174]. The attenuation constant and vibration attenuation performances with 

different types of shunt circuit will be discussed in the following sections. Taking a cantilever 

beam with 20 unit cells, each unit cell with 8 elements as an example (m=20, n=8), based on Eq. 

(6.25), the vibration performance of the beam metamaterial is shown in Figure 6.7. We can 

clearly see bandgaps in the corresponding non-zero attenuation constant frequencies. For the 

other two smaller non-zero attenuation constants, the bandgaps are not obvious. 
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Figure 6.6 Attenuation constant of beam metamaterial in short-circuit condition 

 

Figure 6.7 Cantilever beam metamaterial vibration in short-circuit condition 

6.4.1 Simulation results of R-shunt and RL-shunt 

Each piezoelectric film (QP16N) has capacitance of 125nF. Based on the following 

equation expressing the electrical resonant frequency, 

QL = )√d¢      (6.26) 

we can obtain the inductance for a certain tuning frequency. Here we choose the tuning 

frequency to be 1500Hz. Based on Eq. (6.26) the inductance in RL-shunt is calculated to be 

90.1mH. Note that if synthetic inductor comprised of op-amp and resistors, capacitors is used to 

realize large inductance [178, 185, 186], we can further reduce the tuning frequency. With 

damping ratio of 5%, the resistance in RL-shunt is 84.9Ω. As stated in [176], the resistance 

affects the amplitude and the frequency bandwidth of attenuation. Larger resistance reduces the 

maximum attenuation amplitude, but tends to broaden the bandwidth. For R-shunt, we choose 

resistance of 1kΩ as an example. The attenuation constant of the beam metamaterial with short-

circuit, with R-shunt (R=1kΩ), and with RL-shunt (L=90.1mH, R=84.9Ω) are compared in 

Figure 6.8. We can see that RL-shunt has one more peak of attenuation constant at the tuning 

Bandgaps 
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frequency, which represents that the wave propagation and vibration will be attenuated around 

the desired tuning frequency. 

 

Figure 6.8 Attenuation constant when in short-circuit, with R-shunt (R=1kΩ), and with RL-shunt tuned 
for 1500Hz 

Based on Eq. (6.25), we can get the corresponding vibration behaviors of the cantilever 

beam metamaterial, as shown in Figure 6.9. Note that no mechanical damping is considered here. 

We can see a bandgap at the tuning frequency by using the RL-shunt, while R-shunt just shows 

damping effect on the structure. 

 

Figure 6.9 Beam vibrations with short-circuit, R-shunt (R=1kΩ), and RL-shunt tuned for 1500Hz 

6.4.2 Simulation results of high-order resonant shunt circuit for broader band gaps 

Based on the high-order resonant shunt circuit design in Section 6.3, we can design the 

high-order shunt as shown in Figure 6.5(b), with different damping ratios and inductance ratios, g*/g), similar as “mass ratio” from mechanical point of view. Comparison of the proposed high-

order shunt and the RL-shunt will be presented. The influence of inductance ratio and damping 

ratio on the vibration attenuation performance will also be explored in this section. 

Tuning frequency 

Bandgap 
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6.4.2.1 Comparison of high-order shunt and RL-shunt 

Figure 6.10 shows the attenuation constant comparison of RL-shunt and high-order shunt, 

with the same attenuation constant peak amplitude at the tuning frequency. The parameters of the 

electrical components in the two types of shunts are: for RL-shunt, L=86.0mH, R=166Ω; for 

high-order shunt, L1=90.1mH, R1=0Ω, L2=5.90mH, C2=1.77µF, R2=20.7Ω. With the definition 

of “bandwidth” as “the range of frequencies at 
)√* of the peak amplitude where the power drops 

to half of the maximum value, called “half power point””, the bandwidth of attenuation constant 

of RL-shunt is 196Hz, while the bandwidth of attenuation constant of high-order shunt is 337Hz 

which is 1.72 times wider than that of the RL-shunt. Thus, it is proved that the proposed high-

order resonant shunt circuit can broaden the vibration attenuation bandwidth. 

 

Figure 6.10 Attenuation constant with RL-shunt, and with high-order shunt 

6.4.2.2 Influence of inductance ratio 

Aiming at vibration attenuation around 1500Hz, the first-stage resonator and the second-

stage resonator in the high-order shunt are designed to have the same tuning frequency of 

1500Hz. In order to show the influence of inductance ratio, three different inductance ratios are 

chosen, 1%, 5%, and 10%. For all the inductance ratios, we choose the damping ratio in the first-

stage resonator to be zero and the damping ratio in the second-stage resonator to be 5% (in order 

to compare with RL-shunt with damping ratio of 5%). The attenuation constants of high-order 

shunt with three different inductance ratios are compared in Figure 6.11. 

For all the high-order shunts, ») = 0Ω, g) = 90.1mH. For inductance ratio of 1%, g* =g) × 1% = 901μH, G* = 12.5μF, »* = 0.849Ω. For inductance ratio of 5%, g* = g) × 5% =4.51mH, G* = 2.5μF, »* = 4.24Ω. For inductance ratio of 10%, g* = g) × 10% = 9.01mH, G* = 1.25μF, »* = 8.49Ω. The result of RL-shunt with damping ratio of 5% (L=90.1mH, 
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R=84.9Ω) is also shown for comparison. From Figure 6.11 we can see that larger inductance 

ratio will generate more separate two peaks of attenuation constant, that is to say, with the same 

damping ratio, larger inductance ratio will result in more separation of two vibration bandgaps. 

 

Figure 6.11 Attenuation constants of RL-shunt and high-order shunt with the same damping ratio of 5% 
but different inductance ratios (denoted as “ir”) of 1% (dashed line), 5% (dash-dot line) and 10% (dotted 

line) 

6.4.2.3 Influence of damping ratio 

With the same inductance ratio of 5%, high-order resonant shunt circuit with no damping 

in the first-stage resonator and with three different damping ratios in the second-stage resonator, 

i.e., 1%, 5%, 10%, are compared in Figure 6.12. 

 

Figure 6.12 Attenuation constants of RL-shunt with damping ratio of 5% (dotted line) and high-order 
shunt with the same inductance ratio of 5% but different damping ratios (denoted as “dr”) of 1% (dash-

dot line), 5% (solid line), and 10% (dashed line) 

For all the high-order shunts, ») = 0Ω, g) = 90.1mH, g* = g) × 5% = 4.51mH, G* =2.50μF. For damping ratio of 1%, »* = 0.848Ω. For damping ratio of 5%, »* = 4.24Ω. For 

damping ratio of 10%, »* = 8.48Ω. From Figure 6.12 we can see that smaller damping ratio 
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results in two sharper peaks of attenuation constant but with narrower attenuation bandwidth, and 

the two peaks are more separate. It is concluded that with larger inductance ratio and smaller 

damping ratio, the proposed high-order shunt can generate more separate two bandgaps. 

6.5 DESIGN OF TWO SEPARATE BANDGAPS 

By studying the influence of inductance ratio and damping ratio on vibration control 

performance in Section 6.4.2, we found that the proposed high-order resonant shunt circuit can 

generate two separate bandgaps around the tuning frequency. It is concluded in section 6.4.2.3 

that larger inductance ratio and smaller damping ratio will result in more separation of the two 

bandgaps. 

For practical application, if the bandgaps are desired at two specific frequencies, the way 

to determine electrical component parameters is very crucial. The beam metamaterial with 

periodic piezoelectric arrays with shunt circuits is a mechanical-electrical coupling structure. It is 

hard to predict the exact location of bandgaps. However, we can predict the approximate 

bandgap locations using impedance analysis of the circuit part by ignoring the coupling with the 

beam. This approximation shall be good enough to guide the practical design, since the influence 

from beam dynamics to the circuit resonances is small when the thickness of piezoelectric 

patches is much smaller than the beam itself. 

6.5.1 Approximate prediction of bandgap location using impedance of resonant circuit 

The circuit models of piezoelectric transducer with RL-shunt and high-order shunt are 

shown in Figure 6.13(a) and (b), respectively. The piezoelectric transducer can be modelled as a 

capacitor in parallel with a dependent current source, Z:. 

Taking the parameters in Figure 6.11 as an example, the impedances of piezoelectric 

capacitor with RL-shunt and high-order shunts are compared in Figure 6.14. Due to the 

mechanical-electrical coupling between shunt circuit and beam structure, there are less than 1% 

frequency errors between the peaks of impedance curve and the peaks of vibration attenuation 

curve. Therefore, we can predict the approximate locations of bandgaps by analyzing the 

impedance of resonant circuit. 
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Figure 6.13 Electrical models of piezoelectric transducer with (a) RL-shunt and (b) high-order shunt 

 

Figure 6.14 Impedance of piezoelectric transducer with shunt circuit (with the same parameters as in 
Figure 6.11) 

6.5.2 Parameter determination of electrical components in the proposed high-order shunt 

The impedance of piezoelectric transducer with high-order shunt is 

) = Þ�iDÜFß�LDÜF       (6.27) 

where 

à�oDAF = g)g*G*A+ + D»)g*G* + »*g)G*FA* + Dg) + g* + »)»*G*FA + ») + »*  (6.27a) 

(ÖVDAF = g)g*G*G¥A7 + D»)g*G* + »*g)G*FG¥A+ + áDg) + g* + »)»*G*FG¥ + g*G*âA* + ¹»)G¥ + »*G¥ +
»*G*ºA + 1           (6.27b) 

The two resonant frequencies of the high-order shunt are solutions of the following 

equation. 

g)g*G*G¥Q7 − ¹g)G¥ + g*G¥ + »)»*G*G¥ + g*G*ºQ* + 1 = 0   (6.28) 

Thus, from Eq. (6.28), for two specific bandgap frequencies, denoted as õ) and õ* (the 

corresponding angular frequencies are Q) and Q*), the electrical components need to satisfy the 

following two equations. 

(a) (b) 
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g)G¥ + g*G¥ + »)»*G*G¥ + g*G* = )­uc + )­cc   (6.29) 

g)g*G*G¥ = )­uc­cc     (6.30) 

 For convenience, the two LC-branches are chosen to have the same resonant frequency, QL, from Eq. (6.30) we know 

g)G¥ = g*G* = )­sc      (6.31) 

 Since the damping ratios ö) and ö*  in the two stages resonators are usually small, 

»)»*G*G¥ = 4ö)ö*�g)G¥g*G* = 7;u;c­sc ≪ )­sc = g)G¥  (6.32) 

the term »)»*G*G¥ in Eq. (6.29) can be neglected when calculate the parameter L1 and L2. 

Denoting the inductance ratio as 2, combining Eqs. (6.29)~(6.31), we can get 

2 = ­c­u + ­u­c − 2     (6.33) 

Thus, the electrical parameters in the high-order shunt can be chosen for the desired 

bandgaps Q) and Q* 

g) = )­u­c¢£ ,  g* = 2g) = D­c­u + ­u­c − 2Fg) ,  G* = ¢£
= = ¢£ÉcÉu¸ÉuÉc©* ,  ») = 2ö)Rdu¢£ ,  »* = 2ö*Rdc¢c 

              (6.34) 

The damping ratios can be selected based on the requirements of vibration attenuation amplitude 

and bandwidth. 

6.5.3 Simulation result of two separate bandgaps 

In order to verify the effectiveness of the parameter determination method described in 

Section 5.2, we arbitrarily chose two desired vibration attenuation frequencies, 1500Hz and 

2500Hz. Based on Eq. (6.34), the inductance ratio is solved to be 26.7%, g) = 54.0mH, g* =14.4mH, G* = 469VF. For the requirement of equal vibration attenuation at the two desired 

frequencies, we chose the two damping ratios to be ö) = 4.5%, ö* = 2%. The attenuation 

constant curve of high-order shunt is shown in Figure 6.15. 

From the figure we can see that the high-order shunt with the designed electrical 

parameters generates two separate attenuation peaks at 1496Hz and 2497Hz, which are very 

close to the two desired frequencies. Based on Eq. (6.25), the corresponding beam vibration 

behaviors are illustrated in Figure 6.16. From the figure we can clearly see the high-order 
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resonant shunt circuit with the designed parameters significantly reduces beam vibration at the 

frequency ranges around the two desired frequencies, 1500Hz and 2500Hz. It generates two 

separate bandgaps around the two desired frequencies. It can be concluded that with well-

designed inductance ratio and damping ratio we can achieve vibration and wave propagation 

attenuation at two desired frequencies by using the proposed high-order resonant shunt circuit. 

 

Figure 6.15 Attenuation constant of high-order shunt with the designed electrical parameters 

 

Figure 6.16 Beam vibration behavior with open-circuit, and high-order shunt with designed electrical 
parameters 

The essential reason for vibration attenuation by using piezoelectric shunt circuit is that 

mechanical energy has been extracted and converted to electrical energy, which is stored in the 

external shunt circuit. The energy distribution in the two stages of high-order shunt in Figure 

6.13(b) can be represented by k)/Z¥ and k*/Z¥, where k) and k* are the current passing through 

inductor L1 and L2, respectively. The energy distribution for the high-order shunt with the 

designed electrical parameters is shown in Figure 6.17. We can see that the extracted mechanical 

energy is stored in both the two stages of resonators, a little more in the second-stage than in the 

Bandgaps 
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first-stage. Since the high-order shunt contains series resonances, the extracted energy is stored 

in both the two resonances, which is different from RL-shunt with single resonance. 

 

Figure 6.17 Energy distribution in the two stages of resonators in the high-order shunt 

6.6 CONCLUSION 

An innovative high-order resonant shunt circuit for the vibration and wave propagation 

attenuation of beam metamaterial with periodic piezoelectric arrays is proposed in this paper. 

Finite element modeling of the metamaterial is established, based on which the attenuation 

constant that represents the wave propagation and vibration attenuation performance has been 

obtained. Simulation results illustrate the attenuation performances of beam metamaterial with 

different types of piezoelectric shunt, i.e., R-shunt, RL-shunt, and the proposed high-order 

resonant circuit shunt. It is concluded that the proposed high-order shunt can generate broader 

vibration attenuation bandwidth without sacrificing the attenuation amplitude than the RL-shunt, 

and it can generate two separate bandgaps, while R-shunt just acts as adding damping to the 

beam structure. The influence of inductance ratio and damping ratio in high-order shunt on the 

attenuation performances is also studied. It is found that larger inductance ratio and smaller 

damping ratio will result in more separated bandgaps. An impedance-based parameter 

determination method is presented for the circuit parameter design in the proposed high-order 

shunt, in order to realize two bandgaps at two desired frequencies. The simulation results verify 

the effectiveness of this method.  
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Chapter 7 Conclusion 

Piezoelectric-based multifunctional smart structures for energy harvesting, structure 

health monitoring, and vibration control are studied in this dissertation. Innovative ideas have 

been proposed and developed in all the three aspects, i.e., energy harvesting, structure health 

monitoring, and vibration control. The projects involve multidisciplinary knowledge in 

mechanical engineering and electrical engineering, including structural dynamics, vibration & 

control, mechatronics, circuit design, etc. 

In the energy harvesting aspect, an efficient double-beam energy harvester with beam-

type tuned mass damper has been designed and investigated, which has two primary advantages: 

vibration damping in multi-modes, and energy harvesting in broader bandwidth. An innovative 

beam-type tuned mass damper was proposed, which can virtually dissipate mechanical vibration 

in all the vibration modes. In the other hand, a type of 33-mode multilayer piezoelectric stack 

with force amplification frame is created and investigated. The energy generation density is 

much higher than the state-of-the-art. 

In the structure health monitoring aspect, a sensitivity-enhanced admittance-based 

structure health monitoring method with high-order resonant circuit, which is equivalent to 

adding series tuned mass damper, has been proposed, with effects of increased signal-to-noise 

ratio and improved damage detection sensitivity. The technology of model conversion between 

mechanical model and electrical model based on electrical-mechanical analogy has been 

explored, which provides a tutorial guide for the external circuit design for piezoelectric 

transducer attached on mechanical host structure. 

In the vibration control aspect, a self-powered vibration control system with switch pre-

charged inductor circuit is developed, which can minimize mechanical vibration based on H2 

control algorithm, and meanwhile harvest energy from the mechanical vibration to provide 

power supply for the control unit. A type of switch pre-charged inductor circuit based on LC 

resonant circuit was proposed to implement desired piezoelectric voltage. The integration of H2 

control minimization algorithm and LC resonant circuit based implementation method is a non-

conventional technology, which has been verified to be a promising way of building a self-

powered system. In addition, vibration and wave propagation attenuation with periodic 

piezoelectric arrays for metamaterial has been studied, and a high-order resonant shunt circuit 

has been proven to reduce mechanical vibration in a broader frequency range and have the ability 
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of generating two separate bandgaps simultaneously. The high-order resonant circuit equivalent 

to adding series mechanical resonators to the unit cell of metamaterial was proposed and 

investigated, which was verified to possess better wave propagation attenuation performance. 

The merits of this dissertation include: (1) The proposed innovative technologies in each 

of the three aspects will improve the development of the three aspects. It also bridges different 

areas and created new knowledge in these areas, especially in mechanical engineering and 

electrical engineering. It improves the interdisciplinary development, since it involves structural 

dynamics, vibration & control, mechatronics, circuit design, etc. (2) The proposed ideas in this 

dissertation can be applied for any beam type structures, typical applications for wind turbine 

blade and helicopter blade. The introduction of tuned mass damper design into the 

multifunctional smart structure provides a revolutionary way to reduce more mechanical 

vibration and meanwhile harvest more electrical energy. The conversion between the mechanical 

mass-spring-damper structure and the electrical inductor-capacitor-resistor circuit based on 

mechanical-electrical analogy provides a tutorial guide for the external circuit design for 

piezoelectric transducer adhered on mechanical host structure. (3) The technology of 

multifunctional smart structure with functions of energy harvesting, structure health monitoring, 

and vibration control has broad application, such as wind turbine blades, helicopter blades, 

aircraft wings, and other beam-like mechanical structures. Taking wind turbine blade as an 

example, using the multifunctional smart structure can reduce the unexpected flap bending 

vibration and meanwhile monitor the blade’s health so that in-time action can be taken to prevent 

serious blade damage. The maintenance and repair costs can be significantly reduced. In 

addition, the multifunctional smart structure can convert the reduced mechanical energy into 

electrical energy, which can be used as power supply for the health monitoring sensors, vibration 

control sensors and actuators, so that the whole structure is a self-powered system with no need 

of external power supply. 
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