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Abstract of the Dissertation
A New Stochastic Regime Switching Model with
Time-varying Regression Coefficients and Error Variances
by
Xiaojin Dong
Doctor of Philosophy
in
Applied Mathematics and Statistics
(Concentration - Statistics)

Stony Brook University

2016

Since the publication of Hamilton’s (1989) seminal work on Markov switch-
ing model, a large number of applications have been found in economics and
finance. The classical Markov switching models characterize the estimation
of parameters in finite state, limited by the pre-specified number of regimes,
thus it is restrictive in empirical studies. In this thesis, we develop a stochas-
tic regime switching model, where the model parameters are both categorical
and continuous. By assuming conjugate priors and defining stochastic regime

switching variables, we derive recursive filtering and smoothing algorithms to

iii



estimate the regimes and develop closed-form recursive Bayes estimates of the
regression parameters. Moreover, bounded complexity mixture (BCMIX),
an approximation scheme, is derived to increase the computation efficiency
substantially and yet this method is comparable to the Bayes estimates in
statistical efficiency. Hyperparameters are estimated via expectation and
maximization procedure and presented in closed form solutions. Intensive
simulation studies show that lower order of bounded complexity mixture
procedure is as efficient as Bayes estimates and that estimation performs
well on moderate large transition probability scenarios. A comparative sim-
ulation study shows that classical Markov switching models have a tendency
to overestimate the transition probabilities. We used our model to analyze
several US economic data, such as unemployment rate, industrial production
and manufacturing and trade inventory, to show our model is more suit-
able than classical regime switching models in analyzing business cycles of

economic time series data.
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Chapter 1

Introduction

Many economic and financial time series display prominent features such as
heavy tails, skewness, excess kurtosis and multimodality. Outside of time se-
ries domains, observations that possess the aforementioned features are often
generated from different sub-populations. Suppose that a random variable y
given the k' sub group follows a distribution p(-|@}) indexed by a parameter
set 0 and if the probability of being in the k** sub group is denoted by 7y,

the marginal distribution of Y takes the form of the mixture density

p(y) = mp(yl61) + - + nxp(y|Ox) (1.1)

K is the number of sub groups. Equation (1.1) is a basic construction of a
standard finite mixture model considered by Everitt and Hand (1981) and

Titterington et al. (1985). The important assumptions for finite mixture



models are that y,...,yy are independent and the sub group indicator
(Si,...,5k) follows a standard discrete distribution.

It is widely acknowledged that a normal economy often experiences dis-
ruptive events such as economic contraction, economic expansion, or govern-
mental policy change. These disruption may generate different dynamics for
a time series that is of interest to econometricians. Traditional linear time
series models fail to capture the structural changes in the inherent data gen-
erating process; nonlinearity shown in mixture model (1.1) seems to explain
such a process reasonably better. For example, Quandt (1958, 1972) intro-
duced a regime switching regression allowing the observations to be generated
by distinct regression equations with probability Ai, Ao, .... This model as-
sumes the regime indicators at time t are independent of what the system was
in the past and also assumes that the observations are regressed on exogenous
variables only. Unfortunately, these models are not able to make an inference
on regime status for the observation at each time point. The estimation of
regime status is often of great use and interest to econometricians.

To deal with broader time series underpinning structural change, one
may relax two conditions in the standard mixture model. First, allow y; to
be dependent on past values, enabling the model to capture autocorrelation.
Second, specify a Markov probability law about the regime indicator, making
the inference of regime status feasible. Such a model, called Markov switching
model, was introduced into econometrics by Goldfeld and Quandt (1973).

As an extension of the work of Quandt (1972), their model allows explicit



dependency between the regime indicator S; to be a two-state Markov chain,
whereas Quandt (1972) assumes that S; is an i.i.d. random sequence.
Markov switching models have many applications in engineering time
series under the name “hidden Markov model”. It was an important tool
in speech and pattern recognition developed in 1980’s; see a good survey
by Rabiner and Juang (1986) and Ghahramani (2001). The term “hidden
Markov” originates from the fact that the observation 1, was generated by a
process where the state S; of y; is unobserved and the fact that the unob-
served state satisfies the Markov property. The hidden Markov model is also
known by other names, such as Markov mixture model, which is preferred
by biologists (P. Albert, 1991). Frithwirth-Schnatter (2006) gives a compre-
hensive overview about Markov mixture model. The term Markov switching
model or regime-switching model is preferred by economists to analyze eco-
nomic time series; see Neft¢i (1984), J. Hamilton (1990) and Krolzig (1997).

I will follow economics convention in this thesis.

1.1 The Basic Markov Switching Concept

Markov switching models form a very flexible class of nonlinear time se-
ries models and are able to capture many features of marginal distributions
of practical time series such as asymmetry, nonnormaility with fat tails or
multimodality to a greater extent than non-Markov mixture models. By in-

troducing Markov properties into hidden state .S; in equation (1.1), Markov



switching model allows more data dependence. In its simplest structure,
although the observed process Y; is uncorrelated when hidden state S; is
known, the autocorrelation in the marginal distribution of Y; and also the
squared process Y;? exist. The mathematical details about the moments of
Markov switching models are explored thoroughly by Timmermann (2000).

A time series y1, yo, . .., yr is a realization of a stochastic process {Y;}i>1
and each Y} is governed by an unobserved state S; where S; has K states and
follows a Markov distribution with transition matrix P. An example distribu-
tion of S; would be a K-state first order Markov chain whose transition matrix
is {pi;}, 4,7 =1,2,..., K where p;; = P(S; = j|S;—1 = i) with Z;ilpij =1.
Let 6y be the parameter associated with S; =k, k=1,2,..., K. Given S,

conditional distribution of Y; is generated from a specific distribution family:
YilS, =k~ fol-16%) (1.2)

There are many variations of this model with respect to the nature of stochas-
tic process {Y;}+>1 and properties of Markov chain S;. As far as Markov chain
S; is concerned, commonly seen properties include order, reducibility, peri-
odicity and homogeneity which directly affect the definition of the transition
matrix and the initial distribution of the chain. For example, the transition

probabilities of a r'" order K state Markov chain are denoted as

P(S; = k| See1 = ko1, -+ Semr = ktr),



where by = 1,2,--- | K and Y0 P(S; =[Sy = ki1, -+, Sip = ki) = 1.
Reducibility is related to whether S; has the ability to leave the current state

in the chain. A two-state and first order transition matrix such as

pi1 1 —pu
0 1

is an example of a reducible Markov chain, i.e. once the chain reaches state 2,
it remains there with no possibility of returning to state 1 again. A periodic
Markov chain switches between states in a periodic manner given an initial

state Sy. In a first order Markov chain with transition matrix

given initial state Sp = 1, S; = 1 at time ¢t = 3,5,7..., with probability
1 and S; = 2 at time t = 2,4,6, ..., with probability 1 and so on. Such a
Markov chain has period 2 and does not converge.

The aforementioned transition probabilities depend only on the order of
the states in the Markov chain which is named homogeneous (time invariant)
Markov chain. The inhomogeneous (time-varying) Markov chain arises from
the fact that conditional distribution of S; depends not only on recent values

of S;_1,S5;_9,..., but also on exogenous variables or history of Y;. Let

Qt = {21,22, 26 Y1 Yy 7yt} (13)



where z;’s are exogenous variables. The transition probability of an inhomo-

geneous Markov chain can be defined as

P(St = k|st—175t—27 e 7Qt—1,zt)

The Markov switching models with time-varying transition probabilities are
discussed by Diebold et al. (1994), Filardo (1998) and Peria (2002).

In business cycle analysis, numerous research discovers that a business
cycle is asymmetric and exhibits a pattern of recession, rapid growth af-
ter recession and normal growth and back to recession. See references in
Acemoglu and Scott (1997); Kim and Nelson (1998); J. Hamilton and Raj
(2002); Chauvet et al. (2002). This research has also indicated that the du-
rations of the states are not the same. Therefore, certain Markov properties
would not be appropriate for business cycle analysis. The recurrent nature
of economic activity invalidates a reducible chain; asymmetry disqualifies a
periodic chain. The widely used assumption for hidden Markov chain in

economic time series analysis is defined in the following:

Assumption 1.1. S; is an irreducible, aperiodic, first order homogeneous

Markov chain starting from its ergodic distribution w = (w1, 7o, -+ , Tk).

Y1, Y5, ..., Yy can be discrete-valued or continuous-valued time series.
Given the state S;, Y; may come from any parametric family. This thesis
mainly focuses on reviewing and modelling the continuous-valued time series

with the Markov chain defined in assumption 1.1, which appears in section



1.2. Readers interested in discrete-valued time series generated by a hid-
den Markov chain may refer to MacDonald and Zucchini (1997). Equation
(1.2) indicates that Y;’s are independent if S; is known. However, in prac-
tice, Y; may be also correlated with its own lags, with exogenous variables,
or even with history of S;. The exact relation is determined by the model
specification of Y; discussed in section 1.2. The relation also determines the

complexity of statistical inference discussed in section 1.3.

1.2 Major Markov Switching Models

It is true that the autocorrelation of marginal distribution of Y; can be cap-
tured under basic Markov switching model (1.2) via only specifying a Markov
chain of the hidden state. The conditional distribution of Y; is not necessarily

always uncorrelated. To relax the assumption in equation (1.2), Let
P(yt|St7St—l7'"7Qt—17zt7 8) (14)

be the conditional density of ¥; depending on endogenous or exogenous vari-
ables or more lagged hidden states, where ® includes all the model parame-
ters and € is defined in (1.3).

It is widely acknowledged that J. Hamilton (1989)’s seminal paper pop-
ularizes the application of Markov switching model in economic time series

analysis. He introduced a two-state Markov chain in the mean level in an



autoregressive model in the analysis of log difference of GNP data:

Y, — s, = ¢1(}/t_1 - H’St—l) +oe qbp(y;f—p - /“’LStfp) + €, (15)

where ¢, ~ N(0,0?). Later this model was extended to allow changing states

of autoregressive coefficients and error variance in the form of

Yi = 05,0+ ¢s,1Ye1 + -+ 05, pYep + €, (1.6)

where ¢, ~ N(0,0%,), by Holst et al. (1994) and McCulloch and Tsay (1994).
When S, takes K states, equation (1.6) is usually denoted as MS(K)-AR(p)
which describes a Markov switching autoregressive model with K states and
autoregressive order p.

Equation (1.5) and (1.6) relies on only endogenous variables, i.e. the his-
tory of Y;. Other regression models may only depend on exogenous variables
z; such as

Y, = 2,85, + €, (1.7)

where variance of ¢, can be homoscedastic as o2

or heteroscedastic as a%t
and coefficient 3,’s are state dependent. The most general form of Markov
regression model may allow both endogenous and exogenous regressors and
the coefficients of the regressors can be partly state dependent and partly

state independent and the variance of error term can be either homoscedas-

tic or heteroscedastic. Some authors name this general form as a Markov



switching dynamic regression model (Frithwirth-Schnatter, 2006). However,
I do not distinguish the terms in the following discussion.

Markov switching concept has also been utilized in autoregressive con-
ditional heteroscedastic (ARCH) model introduced by Engle (1982) and in
the generalized autoregressive conditionally heteroscedastic (GARCH) model
by Bollerslev (1986) to capture the volatility clustering in financial time se-
ries analysis. Numerous researchers have proposed Markov switching ARCH

models. The basic idea is

Y, = VS, hyey,

aq

(1.8)

h? =1+ Y2+t V2.

VSe—1 VSt —m

formulated by J. Hamilton and Susmel (1994). Other formulations and vari-
ation in model details can be seen in Cai (1994), Gray (1996), Wong and Li
(2001) and Kaufmann and Frithwirth-Schnatter (2002). Francq et al. (2001)

consider a GARCH(m, n) model where all coefficients are allowed to switch:

Yt = Ot€y¢, € ~ N(O, 1) (1 9)

2 2 2 2 2
Op = s, T Qs 1Ypq T+ Qs m¥y_yy, T+ 5St,10t—1 +ooet 5St7no-t—n

In such a model, conditional density of Y; depends on the whole history of
S;. See application of Markov switching GARCH in stock market returns in
Dueker (1997) and exchange rate time series data in Klaasen (2002).

There is always challenge in statistical inference when Y; relies on the



whole history of hidden state. State-space representation is flexible and al-
lows reconstructing a complex Markov switching model into two equations:
transition and observation equations. The fundamental purpose of writing in
such a form is to make Y; conditionally independent given unobserved state

variable Sy, i.e.
T

Py, - yrlsi, - s7) = Hp(yt\st)
t=1

and to make state variable a first-order Markov chain, i.e.

T

p(81, cee ST) = Hp(5t|8t—1)p(51)

t=2

Kim (1994) developed simple filter and smoother to make the estimation of
Markov switching state-space model easier and widely applicable. See also

Kim and Nelson (1999).

1.3 Statistical Inference of Markov Switching

Models

Apart from the model specification, there are additional three important
issues in the statistical inference of a Markov switching model. First, mod-
eling requires the knowledge of the number of state K in the hidden chain.
Second, state-specific parameters @, k= 1,--- , K and probabilities in tran-

sition matrix are unknown and need to be estimated from the data. Finally,

10



the estimation of the probability of the state at a time point, P(S; = k) for
t=1,---,T tells which hidden state Y; belongs to.

Although the Markov structure and state dependent parameters in the
regression model bring more flexibility in feature of Y;, the challenge is that
the more complex the model structure, the more difficult the statistical in-
ference. The most commonly used methods to estimate parameters are max-
imum likelihood estimation and Bayesian estimation, both of which rely on

conditional likelihood. For example

K
FVQu1, 250) =D (YIS =i, Q1,2 ©) P(S, = i1, 2,;©) (1.10)
i=1
where €, is defined in (1.3) and © includes all the model parameters. Equa-
tion (1.10) is also called one-step ahead forecast of y which is a mixture
of a density family weighed by one-step forecast of probability of the hid-
den states. The second piece of right hand side of (1.10) is an intermediate
step of filtering estimation of probability of S;, the answer to the third issue
discussed in detail below.

Hamilton did a great contribution to the statistical inference of Markov
switching regression model. In his 1989 paper, he developed an iterative
method to estimate probabilities of hidden states at time t given all the
information available at time t. The byproduct of this procedure is a likeli-
hood function which can be used to estimate other model parameters. Here

I present a short summary of his algorithm along with the reference to Kim

11



and Nelson (1999).

Let y, be a univariate or a vector-valued observed variable and z; be an
exogenous variable, either univariate or multidimensional for ¢t =1,2,...,T.
vy, is governed by a finite discrete hidden state S; as in assumption 1.1 with

K states. S; is uncorrelated with z;, notationally,

P(S; =j|Si-1 =1,8-2 =411, , 24, Y1) = P(Sy = j|Si-1 = 1) = pij
(1.11)
where € is defined in (1.3) and Y"1 pi; = 1 for i,j = 1,2,..., K. Condi-
tional distribution of y, depends on the specification of regression model and

error distribution and has the general form of
F(YulSe, Seery -+ 24,013 O) (1.12)

if the regression model parameters are collected into a, and transition prob-
abilities p;;’s into A and ©® = (a, A). For example, let y; be univariate

and

Y = Bs,0+ Bs,1Y—1 + Bs, 22t + &, € ~ N(0, U?gt>

Then (1.12) is reduced to

f(yt’St =7, 2, Q_1; @) =

1 { (yt - 53',0 - 53',1%_1 - 53‘,2215)2 }
exps — 5
V2mo; 20j

forj=1,2,..., K.

12



The ultimate goal of Hamilton’s iterative algorithm is to estimate P(S;[€);; ©).
For simplicity and the ease of comprehension, I present this algorithm in
terms of the regression model where 1, is uncorrelated with lags of S; except

S; and S;_; in the following five steps.

STEP 1: Compute the joint distribution of (Sy, S;_1) given all the informa-

tion available at t — 1 and also by (1.11):

P<St75’t71|Qt71; @) = P(St|St717 Qtfl; @)P(StflyQtfl; @) (1 13)

= P(St|St71)P(St71‘Qt71§®)

STEP 2: Compute the joint distribution of y;, S, S;—1 given all the informa-

tion available at time ¢ — 1.

f(ym St, Stfllﬂtfﬁ 9) = f(yt‘Sm Stfla Qtfl; @)P(St7 St71|Qt71; @)

(1.14)
The last two terms come from (1.12) and step 1 respectively.
STEP 3: We then have
K K
Flu1:0) =3 > f(unSe=j. S1 = il2%130) (115
i=1 j=1

the conditional distribution of y; given all information available at ¢t — 1

and all the model parameters.

13



STEP 4: By Bayes’ theorem and with the information in step 2 and 3, we
can update joint distribution of Sy, S;_1 by adding y; to the available

information.

75757 Qi 7@
P(Styst—1|Qt;®) — f<yt 13 t 1‘ t—1 )

_ f(yt|St7Stthtfl;G)P(Stastfl‘gtfﬁg)
f(ytIQH; @)
STEP 5: Marginalize S; in previous step.
K
P(Si|Q;©) =Y " P(S), Si—1 = i[Q; ©) (1.17)
i=1

Equation (1.17) is called filtered probability of S;. Filtered estimation
refers to the estimation of S; conditional on the information up to time t.
An alternative important way to estimate probability of S; is by smoothing
which refers to the estimation of S; conditional on all the information in the

sample i.e.

P(Sy|Qr,0) for t <T.

To obtain this smoothed probability distribution, one needs to know the
filtered probability as in (1.17) and the smoothed probability distribution
P(Si11|Q27,©). A comprehensive derivation of full sample smoother is given
in J. Hamilton 1989’s paper, as well as in other good references such as
J. D. Hamilton (1994), Kim (1994), Kim and Nelson (1999) and Scott (2002).

To start the algorithm, we need to provide an initial value P(Sy|$2, ©)

14



which is the ergodic distribution of S; if the Markov chain follows assumption
1.1. For a first order irreducible and aperiodic Markov chain, the ergodic
distribution is a function of transition probabilities in (1.11). The general
form of ergodic distribution is derived in detail in J. D. Hamilton (1994,
p. 684). In case of permanent regime change (e.g. reducible chain) , one
may consider an independent initial distribution such as discrete uniform
distribution, i.e. P(S; =k) = &, forall k=1,2,... K.

The byproduct of this iterative algorithm is the convenience of writing

the likelihood function by (1.15):

T
L(©:; ) = [[ fwlQu-1;©
t=1

whose log likelihood function is

1(©:Q,) = Zln (4|15 ©)). (1.18)

The estimation of model parameters can be made based on (1.18). Ap-
parently, calculating likelihood is inevitable in this iterative algorithm. A
succinct matrix representation of this algorithm is given in J. D. Hamilton
(1994, p. 692 — 696). The algorithm documented above is convenient for
computational purpose.

Typically, we may apply Maximum likelihood estimation (MLE) method

to make an inference about model parameters based on (1.17) and (1.18). It

15



has been proven that MLE is consistent, asymptotically normal with vari-
ance equal to the inverse of Fisher information matrix: See Casella and
Berger (2001). An excellent review of the asymptotic properties of ML esti-
mator for hidden Markov models can be seen in Cappé et al. (2005, Chap-
ter, 12). However, the likelihood function of Markov switching models is
often featured with multiple local optima, essential singularities and even
occasionally unbounded functional values, which causes trouble in numerical
optimization. Popular numerical methods such as steepest ascent, Newton-
Raphson or Davidon-Fletcher-Powell may suffer from numerical instability
and fail to produce valid sample Hessian in the case of non-concave objective
functions. Therefore under MLE method, research in practice has often been
limited to simpler models, lower dimension and a small number of regimes.
An alternative method to estimate model parameters is the Expectation-
Maximization (EM) algorithm, originally motivated by Dempster et al. (1977)
and extended and specialized by J. Hamilton (1990) for Markov switching
model. EM algorithm has the principal advantage over MLE methods for its
numerical robustness despite the ill chosen starting values. Good initial val-
ues are preferred and experimenting multiple initial values is recommended
among practitioners. J. Hamilton (1990, section 3) proved that using com-
plete data density in expectation step and maximizing such an expectation
yield exactly the maximum likelihood estimates. Further benefit of EM al-
gorithm includes a potential application to a large vector system. Ideally,

after EM algorithm, the solution of parameter estimation has an analytical

16



form, whereas in many case, maximization of the function in E-step ends up
with the numerical optimization where the same trouble as in MLE is likely
to occur.

In no conflict with the nondifferentiability of the likelihood function,
Bayesian methods have become attractive to estimate Markov switching
models since they can allow flexible relationship between parameters in var-
ious hidden states, are easier to implement and computationally feasible.
Besides, exploration of posterior distributions of the parameters can provide
more information than first and second moments that MLE can only provide.
Conjugate priors exist for very few model specifications and most analysis of
posterior distributions relies on Markov chain Monte Carlo (MCMC) method.
Gibbs sampling by J. H. Albert and Chib (1993) is rather straightforward to
use in data augmentation and conditioning in a Markov switching autoregres-
sive model. Chib (1996) extended their method to general Markov switch-
ing models. See other references in McCulloch and Tsay (1994), Kaufmann
(2000) and Chauvet et al. (2002). Care must be taken to choose prior dis-
tributions to avoid improper posterior. Inappropriate prior may also cause
biased posterior estimates. MCMC can be very expensive for large dimen-
sional complex models.

So far, Hamilton’s iterative algorithm turned out to be a prevalent solu-
tion to the third issue in statistical inference of Markov switching models.
The advent of various techniques in MLE, EM algorithm and Bayesian esti-

mation in current literature provides possible solutions to the second issue.
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Inevitably no method is universally superior to the others. To choose a good
estimation method is always a daunting task because the practitioners need
to consider the aspects of model complexity, data size, and the available com-
putational resource as a whole. In a large vector system, the estimation of
parameters may include a combination of different methods at different stage
of the estimation. In this thesis, the proposed model uses Bayesian method
to estimate the model parameters and EM algorithm to estimate the prior
parameters as in section 2.6.

The first and foremost inferential issue of Markov switching model is the
estimation of number of regimes that has to be addressed the last simply
because the current research of testing the number of regimes relies on the
conditional log-likelihood which can be only computed after the model pa-
rameters are estimated. J. Hamilton (1996) pointed out the challenge of
testing on Markov switching models. He proposed tests on other aspects
of model misspecification but did not test on number of regimes. Testing
on number of regimes involves inference for an overfitting mixture model
which presents a non-regular condition with the true parameter lying in a
nonidentifiable subset of the larger parameter space. Thus the condition for
the standard (LR) test statistic, Wald test statistic or the score test statistic
fails to hold. Based on Hamilton’s 1989 model, Hansen (1992) approximated
the LR statistic under non-regular condition using empirical process theory;
Garcia (1998) derived analytically the asymptotic null distribution of the

LR test by treating transition probabilities as nuisance parameters; Cho and
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White (2007) derived limiting distribution for quasi LR statistics for various
special cases of mixture models. Besides, AIC, BIC and marginal likelihood
have been used to deal with model selection problems (not limited to esti-
mation of number of regimes) for Markov switching models; See Wang and
Puterman (1999) and Frithwirth-Schnatter (2004). There is more room to

be explored in these areas in future research.

1.4 Contributions of this thesis

In this dissertation, I continue to explore the Markov switching regression
model where the regressors can be endogenous and exogenous. The model
parameters (including the variance) are still determined by the outcomes of a
discrete-state Markov chain. The first contribution of this model is that the
regression parameters (including error variance) are no longer piecewise con-
stants for each regime, which has not been discussed in the current literature
to my best knowledge. This is accomplished by bringing in an additional
assumption that the joint distribution of the model parameters relies on an
indicator variable of whether the regime changes from a previous time point.
This new assumption makes the model parameters to be related to regimes
but not entirely restricted by the regime, in other words, the space of model
parameter is continuous and infinite even under the same regime. For a par-
ticular regime, the number of sets of parameters to be estimated is related

to the number of transitions the system has made from other regimes to
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the specified one. This contribution is non-trivial, because this model gives
more flexibility to handle the difference within a regime. It has the great
advantage in economic application simply because, for example, the levels
and variations of economic down (up) turn may not necessarily be the same
in different time periods. Thus a small number of regimes in this model can
explain a complex time series data that would have to be otherwise analyzed
by a large number of regimes under the traditional Markov switching models.

The second innovation of this model is the specification of a regime rel-
evant stochastic time variable. This new variable describes the most recent
change-of-regime time point before or after a particular time point at which
the hidden regime assumes a particular state. Lai et al. (2005) and Lai and
Xing (2011) delved the similar concept in non-Markovian regime switching
models and derived the recursive formula for its probability distribution. In-
voked by their ideas, we derived the recursive formula for the distribution
of this new variable in Markovian environment. The introduction of this
time variable and its probability distribution bring further simplification in
parameter estimation. With the conjugate prior assumption, Bayesian esti-
mates of model parameters and the error variance have closed form solutions;
prior estimates via EM algorithm all have explicit solutions; the estimation
of the regime at each time point is the byproduct of the recursive formula,

so is the marginal likelihood function.
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1.5 Outline

This thesis is planned as follows. Chapter 2 proposes a stochastic regime
switching model where both the regression coefficients and the error variance
depend on a Markov chain. Inference on the regime status and model param-
eters is derived based on the Bayesian framework and EM algorithm is also
discussed to estimate hyperparameters in this chapter. Chapter 3 explores
the simulation studies to compare and contrast the accuracy and the effi-
ciency of Bayes and BCMIX estimation method for various series length and
various transition probabilities. BCMIX estimation is compared with the
estimation from the classical Markov switching model. This chapter also an-
alyzes the effectiveness of EM algorithm on hyperparameters and the impact
of hyperparameter estimation on the model parameters. Real data analysis
of the proposed model is given in chapter 4 for 3 economic time series data:
unemployment rate series, industrial production series and real manufactur-
ing and trade inventory series. A comparison analysis with classical Markov
switching regression model is also given in the end of this chapter. Conclud-
ing remarks are given in chapter 5. Lengthy proofs and formula derivations

are shown in Appendix A.
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Chapter 2

A New Regime Switching
Regression Model and Its

Inference

2.1 A New Regime Switching Regression Model

Assume that {y;} is a univariate stochastic process that follows
yr = 2B, + over, € ~ N(0, 1), (2.1)

where x; is a (d x 1) vector that may include both endogenous (history of y;)
and exogenous variables and accordingly 3, is a (d x 1) regression parameter

vector. Parameters 3, and o, depend on the hidden state S; that satisfies
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the following assumptions:

(A1) {S; =1,...,K|t > 0} follows a first order, irreducible and reversible

Markov chain with the transition matrix

P11 P12 ... DiK
P21 P22 ... D2k
pP= (2.2)
L PK1 PK2 --- DPKK ]

(A2) Define Sy # Sp. Let 7, = (207)~! and define 6, := (8,, 1), then
et - 1{5,515}71}015—1 + 1{St¢5t71}(zt7 715)7

where Z;|v;, Sy = k ~ N<z(k)7 %) whose distribution is denoted as

féi)) and Sy = k ~ Gamma(g®), A\(®)) denoted as hé’fg and z®), V&) _g#)

and A*®) are hyperparameters Vk=1,..., K .

Assumption (Al) indicates that this Markov chain has the stationary
probability distribution 7’ = (7y,...,7x) and 7 has the following relation

with the transition matrix P.
n'P = (2.3)

As is well known in a classical Markov switching model, the distribution

of model parameters depends on which hidden state the system is on at a
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particular time point and so model parameters are piecewise constants and
each of them is limited to the number of regimes specified in the system.
Assumption (A2) brings new features into model (2.1) and sheds light on
some Markov property for model parameters. In (A2), the distribution of 8,
relies not only on the regime state at a particular time point, but also on the
state of the previous time point. For example, the system may be on state
k at time t; and may have been through regime changes for some time, but
at a future time t, the system may switch back to state k. At time t5, the
distribution of model parameters is from the same family distribution as in
time t;, however, the values of these parameters may not necessarily be the
same, since (A2) allows the regeneration of the parameters at every regime
switching point. Although the number of regimes is limited to K, the true
values of each parameter are not limited. They are related to the number
of switching to a particular state, which is uncertain in the whole stochastic
process. In short, parameters are not necessarily piecewise constants at each
regime, but piecewise constant between the adjacent regime changes.

To make the above concept more concrete, Figure 2.1 presents the state
change and the corresponding parameter values in a simple two-state system.
The process has been in state 1 until ¢; and been through the change to state
2 for some time and come back to state 1 again at t5. However, the value of
Bs, until t; is not the same as that between ¢, and ¢3, though both g;’s are

in state 1, due to the regeneration mechanism in assumption (A2).
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Figure 2.1: Ilustration of the regime changes (upper panel) and the values
of single parameter g, at each regime (lower panel) in a two-state system.

S$i=2

Si=1 - — — —

S=2

Besides, Bayesian estimation is used to estimate 3, and o; based on the
prior assumptions in (A2). Since the number of pieces of the parameters to
be estimated is uncertain in this model, ML estimation fails to carry the task
with an unknown number of parameters. Bayesian method makes it viable
along with the definition of a new random time variable in equation (2.5),
motivated by the idea of Lai et al. (2005, 2008); Lai and Xing (2011), with
which the filter and smoother of the model parameters can be derived in the

following sections.
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2.2 Forward Filtering Estimation of Parame-
ters

The goal of this section is to estimate the model parameters 3, and o, and
probabilities of the regimes at each time ¢ given all the historical information
at time ¢. Such a time related inference is usually called the forward filtering

estimation. First we need to define notations and useful variables. Let

yzj — (y“ . 7yj)7 .’,BZ] = (miy . ,xj)a

Fi = (11, Y11), Fij = (wij>yij) (2.4)

A new random variable describing the time index of the most recent regime

change is defined as Jt(k), notationally,
JP = max{i <t:S5,_1#S,=---=5 =k} (2.5)

To be more specific, the system is in state k at time ¢, Jt(k) is the time
index that the system moves onto state k from other states most recently at
or before time t. Figure 2.2 shows that at time s, the system is on state 2, the
most recent index to move to state 2 is J§2) = t; and similarly, Jt(l) =ty for
system on state 1 at time £. To estimate a system where the change points
are unknown, there is no way to be certain of Jt(k). So the range of Jt(k) is

1,...,t. The probability of Jt(k) = ¢ given all information available at time ¢
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Figure 2.2: Illustration of Jt(k) for a concrete two-state system

S=2 S;=2
S=1 : : S=1
/ JgZ) =t, / ‘Jt(l) =t
I ] ] ] ] 1
0 4 s t t T
is defined as
k k )
&) =P =ilF), (2.6)

Equation (2.6) is a short notation of P(Jt(st) =,5 = k|F), a joint distri-
bution of the state and the most recent time to change. In addition, the
probability of the regime at each time given all information available at time
t, i.e. P(S; = k|F:), is actually ZZZIP(Jt(St) = 1,5 = k|F:). Thus there
is a simple relation between the filtering estimation of the regime and fi(f?

defined below.

t
W= P(S = kF) =&y (2.7)
=1

where 1 <¢<tand 1<k <K.
Next, we estimate (3,,0;) via the posterior distribution of (3,,7;), given

all the information available at ¢ since 7; = (207) ™! defined in (A2) is easier to
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work with. By definitions in (2.5), (2.6), the posterior distribution of (3,, 7¢)

18

F(Be | F) = ZZfﬁm,Jt = i|F)

k=1 i=1

K t
= > B I =i F)fnl AP =i, RS (28)

k=1 i=1
which is a weighted average of conditional posterior distributions of 3, and
T; given Jt(k) = 1.
By Bayes’ theorem, the first term in the right hand side of equation (2.8)
is

f(ylt’/gta Tt, ‘]t(k) =1, wlt)f(/gt"rb Jt(k) =1, wlt)

FBr, I =i, F) = :
f(y1t|Tt7 Jt(k) =1, 33175)

f(yit|/3t7 Tt, Jt(k) - ia mlt)f(ﬁttha Jt(k) - i? mlt)

Since the information before time ¢ is irrelevant to the most recent changes
to state k, the estimation of 3, uses only the most recent ¢ — i 4+ 1 pieces
of information. Also because conditional y,’s are independent under the last

regime change, the above equation can be further simplified to

(ﬁtth; J(k) =1 ft)

I Ty
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ocexp{—Tt,@t(Z:c .+ (VW) )ﬁﬁznﬁt(zmr% (V) (k))}
xemn(e, =) (Vi) 4, - zE,’?)}
where |

= iwer (V-1 (2.9)
and B

z,J - Z] (Zwryr 1z(k)> (2.10)

In short, the conditional distribution of 3, given 7, Jt(k) =i and F; follows a

)
k) v
normal distribution with mean zft and variance —*

, notationally,

v
Bulri, J) =i, S, = k, Fy ~ N(zg'?, 2” ) with p.d.f. f® (2.11)
9 7— 9

t

By property of marginal distribution and again with Bayes’ theorem, the

second item in the right hand side of equation (2.8) is shown to be

Frl I =i, F)

/f Tt,BnyltU(St) =1,5 =k $1t)
y1t|JSt =1,5 =k, xy)

ds,
x / FWalm, 8o I = i 1) F(Bulmi, I = i 1) dB, f (1] I = i, )

(k)4 t—itl _ 1
X 7';] M leXp{ - (W - (zz(l?) ( i,t + Zyr (k)) z(k)>7't}-
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Let
(2.12)

and

| 1 »
W:W—(ZS?)( D= +Zyr + (W) (V) T2 (2.13)

Thus, the conditional distribution of 7; given Jt(k) and F; follows a Gamma,

distribution with shape parameter gﬁ) and rate parameter /\gi). Notationally,

w5 =i, 8, = k, Fy ~ Gamma (¢!, \) with p.d.f. aY  (2.14)

The posterior distribution of (3,, 7) in equation (2.8) is then a mixture of
well defined distributions with weights fz(f ) defined in (2.6). If fz(tk ) is known,
the posterior means of the estimator would have closed form solutions. fz(tk Vis
so crucial in the parameter estimation that we call this quantity the forward
weight. It turns out there is a recursive formula for the forward weight. Let

us begin with the expansion of the definition of §Z(f ) as follows:

52(7];) — P(Jt(St) — i, St — kf|]:t)

K
ZP(J““ =i,8, =k, S =1UF)

K
Z (e, J, St =1,5 =k, 51 = l|}1—1)/f(yt|]:t—1)
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="l S =i, 8 =L F) P =[Sy =k, Sioy = 1, Foy)

=1

P(St = k‘lSt,1 = l,JT'-tfl)P(Stfl = l‘./t‘t71>/f(yt‘ft71) (215)

To simplify the above expression, we must understand the relationship be-
tween the state at time ¢t and ¢ — 1 and conditional probability of Jt(st) at or

before time ¢. For [ # k, indicating that the last jump occurs at time t, then

P(JS) =i|Si =k, S, =1, Froy) = (2.16)

Due to first order Markov property P(S; = k|S;—1 = [, Fi-1) = P(S; =
k|S;—1 = 1) = pi and with the definition (2.7),

k k . !
£§,t) X f(ytl‘]t( ) = Z7~Ft71) Zplk:gt(,)l (217)
I#k
for only ¢ = ¢, 0 otherwise. If [ = k, the most recent jump must occur

before time ¢ and event Jt(st) =1|S; =k, S;_1 =1, F;_1 is equivalent to event

Jt(i_l) = Z.|5’1t—1 =k, Fi_1, ie.

PSS =i|S, =k = S,_y, Fouy) = P(JED =[S,y =k, Fouy) i<t
(2.18)
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Then for i < t with pg, = P(S; = k|S;—1 = k, F;—1) and definition (2.6),

&y o ful I =i, Fo) P =Sy = b, Foo)p P(Sier = k| Fia)
= f(ytlJ 1 =1, F_ 1)pkkP(J(St D — =i,8,_1 = k|Fi_1)

= Fl I =i, Foo)pras (2.19)

To continue with the recursive formula of ¢F,, we prove in Theorem 1 and

7,0

2 in Appendix A that

(k)
St 10 ,
Pl T = 1,8 =k, Fia) =777 —5 (2.20)
0.0
and
e
Fll IS =i, 8 =k, Fooy) =5 — (2.21)
(k)
Pii-1
Where
65y = [V ) a0y (222)
1
ol = VT << (2.23)
and V” ,g” and /\ ) are defined in (2.9), (2.12) and (2.13).

In summary the working recursive forward weight formula for § 4 Is

ey o .
(k)= o Zl;&k P&y =1
fi,t = ¢%k) K (2'24)
Qg;_’;pkké},t,l 1<t
it—1
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which can be normalized to

k)*

() _ 39
it T K t k)x
Zk:1 Zi:1 i(,t)

(2.25)

At this stage, we are able to estimate the regression parameters and
regime status. First, with (2.8), (2.11) and (2.25), the filtering estimation of

B, is defined as the posterior mean of 3,, which can be easily shown as

Bt|t = E[ﬁtu:t]
:/ Buf (Bil e, Fi) f (1] Fr) dB, dr

K t
- / / SN B Biln S =i, F)f(rl g =i, F)El) dB, dm

k=1 i=1

K t
=33 el (2.26)

k=1 i=1

and the posterior variance-covariance of 3, is shown below and proved in

Theorem 3 in Appendix A.

K t k
S =35 (e + e el
Bl Ft 2)\(5) (g(f) B it it it

k=1 1=1 1)

K t K t /
DHICTA S DL IR

k=1 i=1 k=1 i=1

Second, the filtering estimation of o;, defined as the posterior mean of oy is

Et‘t = E[O‘AE]
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O'tf(O'tl.E) dUt

t

K
00 SN f(0il I = 0,8 = k, F)fIS = i, S, = KF) doy

k=1 i=1
t

— —

fﬁ)E | I =i, F)

Mw

i

1 =1

Since posterior 7; is a gamma distribution defined in (2.14), oy is related to 7
by the assumption (A2) and also by using properties of gamma distribution

in Theorem 7 in Appendix A, the following holds.
MACHES)
Gop = Z Zg (22) % (2.28)
k=1 i=1 P(gz,t)

The variance of posterior o, is shown below and proved also in Theorem 3 in

Appendix A.

at\}—t Z Z 2)\ zt

k=1 i=1 _1)

K t ) k) _1y\?
(ZZ@? )+ —3) )2)) (2:29)

To complete this section, it is worth mentioning how to make the inference on
the regime. Being at state k at time t can be viewed as a Bernoulli random

variable. Thus the posterior mean of S; = k is the estimated P(S; = k|F)
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defined in equation (2.7) which is the sum of forward weight (2.25), i.e.,
E|Iig,—iy|F:] = ft(k), foreach k=1,.... K (2.30)
Naturally the variance of S; at state k is

Var(Igs,—iy|F) = t(k)(l — ft(k)), foreach k=1,... K (2.31)

2.3 Backward Filtering Estimation of Parame-
ters

Since Markov chain {S;} is reversible from assumption (Al), there exits
a backward transition probability matrix () defined similar to (2.2) with
transition probabilities g;;’s. The transition probabilities ¢;; are related to
forward transition probabilities by

. . PS*:7S:Z
¢ij = P(Si-1 =j|Si =1i) = (St—1=17,5 )

P(Si—1 = j)P(S; =i|Si-1=7J) 7
= = —p. (2.32

The stationary probability distribution of the reverse chain is denoted by 7
related to Q in a similar manner as in (2.3). Estimation of the parameters
at time ¢ based on information from ¢ to a future time index 7" is called the

backward filtering estimation. If we focus on the system from ¢ to 7" and read
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the time index backward from T to t, it would not be difficult to understand
the mechanism of backward filtering is the mirror image of that of forward
filtering.

Now we use notations y, 7, @, and F; 7 defined the same as in (2.4)
and define the most recent jump to the state k at time ¢ from other state in

reverse time order as
RM =min{j>t: k=S =-=5_#5;} (2.33)

Figure 2.3 gives an example of R,gk) in a two-state system. For example, at
)

time ¢ the system is in state 1 and Ril is the most recent switching index from
state 2 viewing time index backwards from 7" to 1. This index is obviously
t3 indicated by arrow on the graph.

Figure 2.3: Illustration of R,gk) for a concrete two-state system

: S,=2 : : S=2
S=1 : : S.=1 :
: o) _ : :
h _tz\f Rt(l):ta\i
I | ) ) ) ) 1
0 ty s t t t3 T

Very similar to the definition in (2.6), the probability of R,Ek) = j given
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information from 7" to ¢ is called backward recursive weight and defined as
nY = PR = j,8, = k|For) = P(RY = j|Fir)  (234)

and this quantity is also very important in the statistical estimation. In the
same spirit of (2.7), the backward filtering estimation of the regime P(S; =

k|F:r) is the sum of the backward weights for all j > ¢, i.e.

T
' = P(S; = k| Fr) = 0 (2.35)
j=t

The goal of this section is again to estimate the posterior distributions of
B, and o, and the probability of the system is on a certain regime at a given
time point based on the information from ¢ through 7. A backward weight
recursive formula is derived for the purpose of achieving this goal. For every
step or formula presented below, readers may find counterparts in section
2.2. Lengthy proofs are skipped to keep this thesis readable. Key results are
presented with relevant explanations.

Like equation (2.8), posterior distribution of model parameters is a mix-
ture of the product of the conditional distributions of 3, and o, weighted by

backward weights.

FBemlFir) =D FBilm, B = j, For) f(r|RY = 5, For)nl) (2.36)

K
k=1 j=t
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It can be shown that for j > t,

FBlm, R = 4, Fir)

o f(ye; 1B R = joxer) F(Bilm, RY = j,201)

mexp{—n@(wa +(V®)- ),Bt+27t6t<2mryr (v~ <k>>}

xe{ (8~ =) (V) (6.~ =)

where Vl(-? and zg? are defined in (2.9) and (2.10) respectively. The condi-

tional posterior distribution of 3, is a normal distribution, i.e,

(2.37)

Blr BY =, For ~ N (2, 52)
Tt

Similarly,

f@IRY = j, For)

/f Ttn@t7ytT|Rt’th)
yt,T’Rt :J>~'L't,T)

x / F (im0, B R = e r) F(By|me R = jo o) f(m|RY = 4, 2,0)dB,

X théﬂexp{ — Tt( (zt]) (V(k zt] + Z (k))_lz(k)>}

ds,
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where g ) and >\ are defined in (2.12) and (2.13) respectively. The condi-

tional posterior of 7y is a gamma distribution, i.e.,

Tt’R,ESt) = 7,5 =k, Fir ~ Gamma (gt]), )\ ) (2.38)

(k)

;5 can be ex-

Next, to find the recursive formula for backward weight, n

panded as, similar to equation (2.15),

K
77t] = ZP R(St) =7,5 =k, S =1|Fr)
=1

K
Z f yt\R =7 ~7'—t+1,T)P(R§St) = j|S: = /f,-7:t+1,T)QZk77t(Q1/f(yt|E+1,T)
1=1

If | # k, by definition of Rgst), the nearest switch after time t must be at

time t and be impossible at other times, so

P<R§St) =St =k, Sep1 =1L, Fepar) = (2.39)
0 57>t

If | = k, then switch time j must be greater than ¢ and so event R(St) =

JIS: = k = Sii1, Firrr is equivalent to event Rtjl“ = J|St+1 = k, Fiy1r,

1.e.

P(R§St) =j|St =k, Sep1 =1L, Foprr) = P(Rﬁftf” = 1S =k, Feya1)
(2.40)
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Also with the fact that P(RYy" = j[Sip1 = k, Frarr)P(Si1 = k| Fopar) =
P(Rzgf-)l = j|Fi11),

k . l .
) f(yt\Ri =3, Fi1,1) D i CIlk77§421 J =1,
Nij O (2.41)

k , k .
f(yt‘Rng)l = ]7Ft+1,T)Qkkn§+)17j J>1

It can be proved, technically similar to the proofs in Theorem 1 and 2 in

Appendix A, that

(k)

19

FlRY =t, Fopnp) =72 E—,; (2.42)
0,0

and
k
o1

(k)
Giy1,

N

f(yt|R§i)1 = J, Fes11) =T (2.43)

where gb(()]fg and gbl(-? are defined in equation (2.22) and (2.23) respectively

for any i,5 € 1,2,...,T. The recursive formula for the working backward
weights is
2ty 0y
(ks po) Zl;&k QEMit1 J =
Ny = o (2.44)
#(Jkkm.q_)ld J>t
t+1,5

whose normalized version is

k)*
k) _ m(,j)

Ny = =K T (k)=
Zk:l Zj:t 7715,;‘)

(2.45)

Similar to the proofs of equation (2.26) and (2.28), the estimation of 3, and
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oy are their posterior means in the context of backward filtering, i.e.

K T
> k) (k
/Bt|t,T = Z Z Zi,j)ﬁf,j) (2.46)

k=1 j=t

and

(k) F(gtj - %)
O-t\tT Zz’f]t 2/\ 7—(k) (247)

k=1 j=t F(gt,j)

respectively. The posterior variances of 3, and o; are

v ()
tj k
> (g e )

= = (917 —1)
_ Zzztfmif (ZZ% n ) (2.48)
k=1 j=t k=1 j=t
and
tf)
SoFir = ;; AT 1)
K T T (k) _ 1 2
- (;;nﬁf)(%ﬁf)) 2—(ng]9$))2)> (2.49)

Proofs are skipped but interested readers may refer to the proofs in Theorem
3 in Appendix A. Similar to (2.30) and (2.31), the inference of the regime

can be presented by

E[lis,—iy|Fir] =0, foreach k=1,...,K (2.50)
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and

Var(Iis,—ry|Fer) = pB1=n®™), foreachk=1,...,K (2.51)

2.4 Predictive Estimation of Parameters

In this section, we discuss two types of predictive estimation, forward and
backward prediction. As its name indicates, the information related to the
interesting statistical quantities is not available at the time of interest. The
estimation of the properties of the parameters at time ¢ given all information
available from 0 to time t—1 is called forward predictive estimation or forecast
which has practical implication in time series data analysis. In particular the

probability distribution of 3, and 7; given information up to ¢ — 1 is

f(/Bta Tt‘f}fﬁ

K K t
=SSN BT =081 = L F )P = 1S, = kSt = 1L Fea):

k=1 1=1 i=1

P(Sy = k|Si—1 =1, Fe-1) f(Se-1 = | Fea)

K K
=" > FBunl I =t =k, S =L Fo)pué i+
k=1 1=1,l#k
K t—1
Z (B, Tt|Jt(ft1_1) =14,5 =51= kaﬂ—l)pkkfi(,’z),l
k=1 =1
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where we use the relation in equation (2.16) and (2.18) in section 2.2 to
simplify P(J°) = 1S, = k, S;_1 = L, Fou1)P(Sy = k| St = 1, Fo) f(Spey =
[|Fi—1) for cases | # k and | = k respectively. Also if | # k, the regime
change must occur at time t and the system regenerates at time t. The joint
distribution of (8,,7;), given Jt(st) =tS =k # S,_1 =1and F,_1 is the

product of a normal and a gamma distribution with all prior parameters, i.e.
FBuml I = 4,8, =k # S0 = 1, F 1) = fnd),

based on the assumption (A2). On the other hand, when | = k,

(/Bt77—t|<]t5t1 ! =1,5 =S-1=k Fi_ 1)

= By, I, =i, Fo) f () J®, = i, Fosy)

Since 3’s are in the same state k at time ¢ — 1 and ¢, and information at time
t is not available, the estimation of 3 at time t would be the same as that at
t —1 based on the information available at ¢ — 1. Thus Bt|Tt, ha 1 =1, F_1 ~
N(zgi)_l, %) by (2.11) and 7't|Jt71 = i,Fi—1 ~ Gamma (gl(’z) 15 /\Z(k;;) 1)
by (2.14). Accordingly,

FBuml I =i,8 =S =k, Fiy) = fzt 1 zt 1

The three important quantities in the forward predictive estimation set-
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ting are shown below. The forecast of 3, is
K t—1
5t|t 1= Z Z 2 plkft 1+ Zzzm lpkkfzt 1 (2.52)

k=1 I=1,l#k k=1 i=1

and the forecast of oy is

_ WS (k)y—1 Lg® -4 o
Otlt—1 ::Z Z (2A') QWplkft_1

k=1 l=1,l#£k
K t—1 (k) 1
(931 — 3)
"‘22(2/\5};)—1) Q%Mkfzt  (253)
k=1 i=1 F(Qm 1)

and finally the forecast of the probability of the regime is

K
P(S; = k|Fi1) =Y P(Si = k|Si1 = [, Foo1) P(Sec1 = 1| Fomn)

B
Zplkfzt | (2.54)

The second type of prediction in this section is the backward prediction
which appears to be impractical in reality since time does not travel from
future to the past. But it has useful theoretical properties and is an essential
technical step in smoothing estimation that will be discussed in the next
section. Like backward filtering in section 2.3, viewers read the time sequence
from a future time 7' to the current time ¢ of interest, and the difference in

backward prediction is that the information at ¢ is not available. We derive
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the joint distribution of (3,, 7) given Fiyq 1, ie.,

f(/Bta Tt|]:t+1,T)
K K T

=3 33 FBLnIRE =4, S =L Fon) F(REY = 1Sy = k. Syt = 1, Fria )

k=1 I=1 j=t

f(St = k|5t+1 = la‘/—-;f-‘rl T)f(St—H = l|-7:t+1 T)

K K
k
Z Z f,) OOQanH-l +Z Z ft+1,] t+1,ﬂkk77t(+)1,g (2.55)

k=11=1,l#k k=1 j=t+1

—_

The above result uses the fact in equation (2.39) and (2.40), the fact that

. C . . k . k vid
the conditional distribution of 3, given Rg +)1 and Fiqq 7 is N(zg +)1’j, ;:”)

and the fact that the conditional distribution of 7; given Rt@l and Fiyq 7 is

k k
Gamma (9§+)1 N )‘1(€+)1 ])

The backward prediction of the parameters are of no practical interest
and therefore omitted in this section. But the usage of their probability

distribution is fully realized in the next section.

2.5 Smoothing Estimation of Parameters

Suppose the observations are available from 0 to 7', but the parameters to
be estimated is at time ¢ (¢ < T'). The estimation of parameters at time
t (t < T) using all the information available up to T is called smoothing
estimation. In this section we are interested in the posterior distribution

of B, and o, given Fr and the posterior probabilities of the regime, i.e.,

45



P(S;=k|Fr) for k=1,... K.
By applying Bayes’ theorem and Markov property, the following equation
holds.

K
,Bt,Tt’fT x Z f /3t77-t7 St — klﬂ)f(ﬁh/rta St - k|ft+1,T) (256)
k=1

f(By; 1, St = k)
This result states that a "two-sided" conditional density of parameters is
proportional to the product of the two "one-sided" conditional densities di-
vided by its prior density (Yao, 1984, proposition 4.2). These two conditional
probabilities are actually forward filter estimates of the parameters and the
backward prediction of the parameters. By Markov property, y; depends on
Y2, Yo depends on ys, ..., y;—1 depends on y;, and also given state S; = k, y;
is independent of v+ 1, Y412, ..., yr. Thus given the state and the parameters

at time t, F; and F;4; 7 are independent.

Proof. By property of conditional probability and Bayes’ theorem

Zk 1 (]:t7ft+1,T|Bt77t7 Sy = k?)f(,@tﬁt, Sy = k)
f(Fr)

(/Bta Tt|FT)

By Markov property and independence of y1,...,y: and y:;11,yr given the

state at t, the above is

S F(FB 7, S = k) f(Frr|By 7o, Si = k) f (B, 70, Sy = k)
f(Fr)
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Using Bayes’ theorem again, the above is further expanded into

K
f ﬁtaThSt_kLE) ( )
]-"T Z f(Byy 1, St = k)
f(Be 7, St = k| Fenr) [ (Feaar)
f(ﬁtﬂ—h St = k)

=1

’ f(/gthbSt = k)

Finally,

5“7}7 St = k|‘B)f(18t7Tt7 Sy = k?|]:t+1,T)
f(/BtaTtv S = k)

S
FBom| Fr) o< Y
k=1

where f(F;), f(Fiy1r) and f(Fr) are constant. O

Similar to section 2.2 and 2.3, the joint density of (3,,7) given Fr is a

mixture of the product of a normal and gamma distribution as follows:

f(/BtaTt|‘FT)
K t T

=S5 f(Bem S =k, I =i RS = jFr)
k=1 i=1 j=t
K t T

=SSN #Bin. S =k, S =i, R = j, Fr)
k=1 i=1 j=t

f(@lSi =k, I =i, R = j, Fr) - P(Sy =k, 1™ = i, R{™ = j| Fr)
(2.57)

Define smoothing weight as

ol = P(S, =k, ) =i, R = j|Fyp) (2.58)

itg
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It turns out that ozz(fj) is a derived statistic from 557]? and 77,5(5). The smoothed

probability of the regime can be naturally defined as

t T
Oégk) — P(St — k|fT) = ZZ@EZ) (259)

i=1 j=t

We will show that equation (2.56) and (2.57) are equivalent up to a nor-
malizing constant. Let us begin with the expression on the right hand side

of equation (2.56).

f(By, 1, St = k| F) f(By, 74, S = k| Frar)
f(By, 72, 5t = k)
X FBem, Se =k LY =il F) S0, F(Be T, S =k, R, = | Fian)
f(Blm, Sy = k) f (Tt|St =k)P(S; = k)
(Z fz(k h(k )(Zl 1,1k foo ooqzkmﬂ + Z] t+1 ft+ ht+1 JQkknzS-&-)l g)

foo 007Tk
(k) h(k k) " QIknt+1 dkk f f+1j t+1] (k) (k)
SNy Z > Ol G i
i=1 I=1,l#k i=1 j=t+1 0,0 '°0,0

where we use (2.8), (2.11), (2.14) in forward filtering in seciton 2.2 and equa-
tion (2.55) in backward prediction in section 2.4. It is proven in Theorem 4

of Appendix A that

k), (k k), (k
f f+1] hg,t)hg-f')l,] o ( )(bgj) (k)7 (k)
_ @ b (2.60)
fo,o h070 ¢1t ¢t+1 Ri

Interested readers are encouraged to go through the proofs as understanding

the steps may help to comprehend many derivation in this chapter. Finally
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the posterior distribution of 3, and 7; given all the information at 7" is

K t

@
qik" k), (k
(B, 7| Fr) OCE E (51 § W;Hfz(,t)hz(,t)

k=1 i=1 I=1,l£k

T
DI ¢ ’fg ) (2.61)

j=t+1 (ZS ¢t+1,]

From the above equation, if we define a recursive formula for working smooth

weight as
O]
(k) QKN . .
(k) §i Zl;ék_ ™ 1St=]
i €5 qny) ¢(k)¢(k) <2'62>
- ﬂkt+1] ) (k) 7’<t<]<T
(bz,t ¢t+1,j

and the normalized version is

W _ o)’ (2.63)
" Zszl 25:1 Z?:t—&-l az(fj)* ‘
then equation (2.57) is simplified to
K t T
FBenlFr) =33 > £ hijai (2.64)
k=1 i=1 j=t

Similar to (2.26), (2.28), (2.46) and (2.47) in forward and backward filtering
estimation in section 2.2 and 2.3, smoothing estimation of 3, is defined as

the posterior mean, i.e.

t

K T

3 k) _(k

Buyr = > i (2.65)
k=1 i=1 j=t
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and the smoothing estimation of o; is its posterior mean as well defined as

T
=YY S ol e

k=1 i=1 j=t

Their posterior variances are

(k)
(k) (k)
o =330 (s 2 e ol

k=1 =1 j=t 1)

K t T I

Sy S0 9 3 DEH) CTY
k=1 i=1 j=t k=1 i=1 j=t
and
EZ?
at\fT kz; ; ]z; 2/\ k) )

0 %T(gz(f)—%) 2

;;;OZW 2>\ Tfjk)) (2.68)

Finally, the regime at each time ¢ can be estimated by

E[[{St k}‘-FT = Oét Z Zam, foreach k =1,..., K (2.69)

=1 j=t

and

Var(Igs,—iy| Fr) = a1 —a), foreachk=1,... K (2.70)
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2.6 Estimation of Hyperparameters

In previous sections, the estimation of 3,, 7 and probability of the regime
are all based on the assumption that the priors z®), V*) g™, A*) and the
transition probabilities p;; are initially given for every 7,j,k € 1,..., K. In
this section, we discuss the issues of how to estimate these prior parame-
ters. The parameter that is of no direct interest but essential in the model
estimation is called a nuisance parameter or hyperparameter.

It turns out that the likelihood function is the byproduct in the derivation
of recursive forward weight. By equation (2.15) and (2.17), for | # k and

i =t

1
W = Fl I = 1,8, = k, F § :
gz,t (yt’ tfl) ( t| t — t— 1 y 1l#kplk€t 1-

Likewise by equation (2.15) and (2.19), for [ = k and i < t,

£ _ 1

8 = o Wl S =k FmtllL

Since S0 S §Zt =1 and also with equation (2.20) and (2.21), the con-

ditional likelihood of ¥, given F;_1 is

A ¢(’f)
(yt’ft 1 Z(ZW 2 ) pkkf it 2%2@/&591) (2'71>

®iv—1 0,0 Ik

Equation (2.71) is a function of hyperparameters @ = (P, %), VE B \E) L=
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1,2,...,K), where P is a k x k Markov chain transition probability matrix,

S (k)

is a d x 1 vector, ¢g®) and A*®) are scalars and V® is a d x d ma-
trix. In transition matrix P, we only estimate py; for | # k then pgp =
1- Zl# pw Vk =1, ..., K. Stationary probability of this Markov Chain
7' = (m,ms,...,Tg) can be calculated by (2.3) under assumption (A2),
therefore excluded from the estimation. Covariance matrix V%® is symmet-
ric and only the upper triangle of matrix needs to be estimated. The total

(KMQ+'H3)K accordingly.

number of hyperparameters to be estimated is
Notice that y;’s are dependent, the likelihood function of y; is f(y,t =
1,2,...,7)|0,x;) # H;‘FZI f(y:|0, ;). But y,’s are independent given infor-

mation at and before t — 1, i.e. likelihood function

T

f(ytvt = 17 27 s 7T‘e7 wlt) = f(yl) Hf(ytlﬂfh 0) (272>

t=2

Maximum likelihood (ML) estimation is difficult to implement, simply be-
cause its log likelihood form is very complex. The solution is to resort to
Expectation-Maximization (EM) algorithm for a simpler likelihood function.
In the following discussion, we show that by EM algorithm every hyperpa-
rameter has a closed form solution.

Since 3,, 7 and S; are unobserved, we treat them as latent variables, so

the complete data likelihood function can be written as
LC<0|yt7/8t7 Tty St7t = 17 e 7T) = f(ytaﬁmTta Stat = 17 R T‘G)
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= f(ye, By, |Se,t =1,..., T)P(S,t=1,..., T)
T

T
Sl Bes 11, St) f(Belme, Se) f Tt\St>HP S| Se-1)P(S51)
t=2

t=1

T K
HZ Lis,—if (elBy 71, Se = k) f(Bilme, Sp = k) f (7] Sy = k)).

=1k

t
T K K
H Z Z 1{St:k75t71:l}P(St = k|St71 = l)P(Sl = l)

I

t=2 k=1 [=1
T K
=11 (Z s f (Wil Bes 71, St = B) £ (B )RS (Tt)).
t=1 k=1

T K
H < Z Z 1{St:k’si—1:l}plk77‘l(1)>

=1

I
[N}
bl
[

I
—

0 is omitted for easy representation. We know that y;’s are dependent, so are
B,s and Sy for t = 1,...,T. y|B,’s and B,,74|S,’s are independent for ¢t =
1,...,T respectively which yields the first product of the second line. Since
{S,} is a Markov Chain, P(Sy,t =1,...,T) = [[,_, P(S:|Si_1)P(S)). Based
on the model assumption that S; # Sy, P(S) = 1) = ZT# P(S, =1] Sy =
r)P(Sy = r). This quantity depends on an initial state probability and initial
transition probabilities which possibly differ from Markov chain transition
matrix P since the probability of self transition is zero. The estimation of
the initial transition probability model is not the concern of this model, so
we can assume an arbitrary initial value for P(S; = [) and let it be 7rl(1). This
explains the second product of the second line. Third line holds, because at
each time t there is only one state of S; and S;_; for state k from 1,..., K.

Indicator function is used to guarantee there is only one f(3,|S:) and only
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one P(S¢|S;-1) at each time t. Finally, it can be shown that 3,, ;|S; = k are
i.i.d with density fé%) (ﬁt)hgfg (1¢) regardless of the state S;_1. Then complete

data log likelihood function can be written as

16(0) = 10 L(G\yt,ﬂt,Tt,St,t = 1 cee ,T)

(Z Lsimaf (lBes e, St = 1) 6 (B)AE ()

K K
og( 323 tiscss iy’

k=1 =1

I
o7 ~
M«M

I
[N}

K
Z Lis,—rylogf (4| By, 74, St = k) + Z 1(s,=k} <1Og foo (B,) + log h o(Tt))}

k=1 k=1

I
agh
—

K K
Zzl{st k, Si—1= l}(lnglk+ log ))

k=1 l=1

-

t=

T K 1
ZZ {1{St=k}< — s logm+ - log T — T (Y /Btmt) )
t=1 k=1

(

(-

K K
Z Z (1{5t:kv Sia=1y 108 (k) + Lys,=t.5, ,=1y10g 7Tl(l))

k=1 l=1

l\J

+ s~ —1og T 1og - 1og VOl = 7(8, - 2y (V)78 - 21))

-
+ 1{s,=k} log I'(g — ¢® log ()\(kz)) + (g(k) ~1) log 7, — )\(_Z)>}

Ms

-
I|
N

2.6.1 Expectation Step

Take expectation of the above complete data log likelihood function with

respect to latent variables 3,, S; and 7, given hyperparameters at previous

o4



iteration and all observations of y; and x; fort =1,...,T.

E(1.(8)|Fr,0414)

1+d 1+d

T K K
+ Z Z Z ( logpu, + logﬂl(l))E[l{St:k, Seor=t}| Fr, Ootd] (2.73)

Continue to simplify (2.73), we need to compute the following six quanti-
ties: E[1{s,—k}|Fr, Ood], B [Lisi=k, si_1=1}|Fr, Ocra], E[1{s,=1110gT:| Fr, Oo1d],
ELis—ey7e|Fr, Ooid] s E[1(s,=137: (e — Byx1)?| Fr, O], and E [1s,—iy7e(B,—
20y LB, — 20| Fr, 6.14]. By equation (2.59),

E{I{St:k}|~7:Ta 6'old} = P(S; = k|Fr,04) = Z Z Oém . (2.74)

=1 j=t

E[]-{St:k:, St_1:l}|]:T’eold} = P(St = k?, St—l = l|]:T7001d)' It 1S pl”OVGd n

Theorem 5 in Appendix A, that

95

T K
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(k)1
L€ K T
. %’: r=1 qu77§+)1/141£ k#1

¢<k>
P(St - ka St—l - ll‘FTa eold) -
t—1 ¢Ef€t>§1(’kt>,1 Prk (7") A o l
> i1 6B m 1 Tkt / e =
(2.75)
K K ol t—1 ¢l 51 (r)
where A; = 21:1 (Zk;yél t(;of) ) e Zr 1 qu%+1+2 (;(k) = ff,f r=1 quﬁtﬂ)

This posterior of joint states is a special case of a general framework shown
in Theorem 6 in Appendix A. Since conditional distribution of 7; given

Sy =k, J, ® =, R, (k) — j, Fr is Gamma (gf]), )\ ) from equation (2.64), by

Theorem 8 and using the notation i (z) referring to r(( )), we have

E[1{5t=k}(log )| Fr, Oold}

=3 "N PP =i, R = §, S, = k| Fr,004) Elogri|S: = k, JI* =i, R* = j, Fr, 0]

i=1 j*t
= ZZ&th ( (k lOg F<g7,(j)) + lOg )\ )

=1 j=t z]
_ Y S all (ul?) + g AY)

=1 j=t
Similarly,

E[1(s,—y7¢|Fr, Qo) ZZ%Z)QZ(JIC ij
=1 j=t

Next,

B [1{St=k}7t(yt — By’ | Fr, 901(1}
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Tt‘St == ]{j’ Jt(st) — 7:, RgSt) == j, .FT, 001di|

= Z Z %Z)E[ — 2By, + x18,01 11, S = K, J (50 = =1, R(St =J. Fr, eold}

=1 j=t

St - k Jt(St) - Z R(St - j7 fTaeoldi|

In additional to conditional distribution of 7, Bt|7't, S =k, Jt (50 - R(St)

. v
Js Fry 0o ~ N<ZE?, 5o ) by (2.64),

E[5t|7—tv S = ka Jt(St) =1, RESt) = jyft, eold} = z(k)

/Lh] ?

(k)

v
E[B8,8)S: =k, J® =i, R = j, Fr,0,4] = 2—7] + zgl;) (ZEI?)’
t
and
Eln|S =k J™ =i, R™ = j, Fr,004] = g7\
Then,

E[l{St:k}Tt(yt — Bix)*| Fr, eold]

t T
k k g1 k
= 3 Y el (07— 228w+ 2tz w) N 4 LtV )

i=1 j=t
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Finally, by properties of matrix expectation in Theorem 9 in Appendix A,

E[l{SFk}Tt(ﬁ - Z(k))/(v(k))il(:@ - Z(k))U:T, Oold}

_ZZPSt—k J(St _'R —J|-7:T> o1a)

=1 j=t

E[r(8, — 2Py (VI (B, — 20)|S, = k, %) = i, R = j, Fr, 0]

= Z Zazij{ [( B, (VD) B, — g (VD) b _ L0 (v )T z(k)/(V(k))—lz(k))’
i=1 j=t
Tt, St = k: ‘]t(St) = i? RESt) = j7 FT: eold] : Tt‘St = k? ']t(St) = i? R§St) = j? FTa oold:|
= Z Z aj) {Tttr 1AC ) L e WP v D B T )
=1 j=t

20 (VE) T W (V) WS = kg = i, R =, Fr, eold}

_Zzak)(tf (V)Y ® j2) 4 g\ 0170y =150 _ o030 091 (1) =1 50

it l i, i, ij Mj i
=1 j=t
g S (y09) 10 +g§fu§§>z<k>’(v<k))1z<k>) (2.76)
where

E[ﬁ;(V(k))_lﬁASt = ka Jt(St) = i7R£St) = j? ‘FTyeold:|

] Zv]
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2.6.2 Maximization Step

Find (py), for I # k and 2, V& ¢#) and A\*) that maximize the expected
complete data log likelihood function (2.73) in E-step. The only term related

to Pk is E[1{5t=k,st_1=l}|‘FTa Oold}y then

T K K . .
aE [lc(0)|fT7 Oold] B a<2t2 Zkzl Zl:l P(St — ka St—l - l|fT7 eold) lOg plk>

Opi Opig;

To find py that maximize f(-) along with constraint Zszl P = 1, we
consider using Lagrange multiplier. The constraint is denoted by g(-) =
Z,ﬁil pie = 1. In this technique, if there is a function f(-) subject to a con-
straint g(-) = constant, introduce parameter A so that \7f(-) = A 7 g(-).
Gradient is taken with respect to variables such as pj in this case and .

Solve py;.’s and A

T
Y P(Si =k, St = UFr.0oa) = Apu. VL k=12,... K
t=2
Therefore
K T
A=) P(S; =7 S =1|Fr,004)
r=1 t=2

and

S, P(Sy =k, Sy = U Fr, 04a)

= =K A Vi,k=1,2,.... K
27:1 Zt:Q P(S;=71,51= l’]‘—T, Oo1a)

DPik
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The term related to z*) in (2.73) is Zthl Zle E|:1{St:k}7-t(13t_z(k))/(v(k))71(/Bt_

)| Fr, 004] and with expression (2.76),

IE[1.(0)|Fr, 0cd]
0z %)

t

T T
- Z Z Z vy < — 2gl§j’?))\§jlf)(v(k)) -1 (k:) i 29(k)/\(')(v(k))—lz(k)>
j=t

t=1 =1

Setting the above equation to 0, then

ZZZamgm )\(’“ ( V( ))*1z(k) (V(k))*lz(k)> —0

2V
tlzl]t

= Z Z Zazt] gm))\(k ( ) Z(k)> =0

t=1 i=1 j=t

k) (k)
k’) Zt 1 Z’L 1 Z] tazt] gz] (

l] 1]

k
Zt 121 12] taltjglj ()

z(

The term related to V*®) in (2.73) is

T K 1
>3 5108 [V L5y |Fr, O]
t=1 k=1

T K
SN E[1songn(B, — 20)(VE) (B, — 20)|Fr, O]

t=1 k=1

55

log |V (k)= 1|a

DN | —

t=1
t

K

ij zj Zij ij
t=1 k=1 i=1 j=t
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) )

gw )\(k k)/(V( ))—1 k) _ gz(j))\( k)/(v(k) ()+gz(j))\( k)/(v(k) z( ))

By Theorem 10, the partial derivative with respect to a vector V*) =1 ig then

OE[1.(6)|Fr, Oola]
(V)™
T

T T
:%(2V(’“ — diag (V) Z E’“)—ZZZ m( — diag (V1) /2)

t=1 =1 j=t

~+

T g L0097 B30 ) 38 0 B o838 z(’“))

Set the above expression to zero, thus
1 T
k : k
: .
+ g AP 2B 0 _ g3 (8) (0 207 _ g 350 (81 g R AR« (k)/)

The term relating to ¢®) in (2.73) is

Taking first derivative with respective to ¢*) yields the following equation.

OF [ZC(H) | Fr, 901(1}
Dg®
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T T
= Z ( — log (A )))agk) + ZE[l{St:k} log 7| Fr, Ooid]
t=1 t=1
T
=3 (- ot o O ol 3733l 0t ¢ s )
t=1 t=1 i=1 j=t

Set the above equation to zero, then

t T

(g™ + log (AW) = Z m( 9)) + log (A('“))>
Zt 1 t=1 i=1 j=t

Finally, find A*) that maximize (2.73).

OFE|1.(0)|Fr, Oo1]

ONK)
w T L7
_ 9 (k)
) — apF (k)2 Z E[l{St:k}(Tt)U:T, eold}
g(k) T
RG] o’ k)z ZZZ%J gzy
t=1 t=1 i=1 j=t

Set the above equation to zero and solve for A(¥)

o) g\

Zt 127, IZ] t ’ltj 1]
(k
Zt 1at)

— log A® = log Z Z Zam gw i< — log (¢™¥) — log Z oy

t=1 i=1 j=t

Ak —

Plug log A®) into the equation that estimates ¢*) and solve for ¢g(*.
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T
— log (Z Z ftjgf])A(k)) + log ( Za

t=1 i=1 j=t t=1

Estimation of hyperparameters all has closed form solutions. Given the
initial prior values, hyperparameters can be updated by the following formula

which are a summary of M-step.

T
P(S, =k, S,y = )
Piknew = Zt:Q (St kl’ St - l|JT_'T’ Old) Vl, ke 1, 2, R ,K

S ST P(Sy =1, 51 = | Fr, 001)

T t T (k (k: (k
Z(k) _ Zt 121 IZJ =t zt] 1] )\ (278)

new k)
Zt 121 12] t ’Lt] z] 5]

(2.77)

T t T

. 1
Vi~ diag (VI,/2) = <5 > - 3 alf) (V- diag (v /2)+
Do i i j=t

SN 2020 — PN 20— N 20,207+ gAY 20, 200)
(2.79)

U(gk),) — log (%)) =

2 k>ZZZ%( (a3 10%(”))

— log ( Zamglj i ) + log Za (2.80)

t=1 i=1 j=t
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T t T

1 k) (k) (k
Mcw = ST o DD aiay A (2.81)

new 2 =1 At =1 i=1 j=t

2.7 Bounded Complexity Mixture (BCMIX) Ap-
proximation

The estimation of regression parameters and hyperparameters in Section 2.2

k) (1

- 2.6 heavily relies on the filtering recursive weights fi(’t , nm)- and a derived

J
smoothing weight ag} . Since every of the indice ¢, j,t must go through time
1 to T, these weights need to be computed in polynomial time and require
roughly T? or T° memory space. Regression parameters estimated based on
these recursive weights are called Bayes estimators. To increase the compu-
tational efficiency, we consider an approximation procedure with lower order
computational complexity, yet comparable to the Bayes estimates in statis-
tical efficiency. These procedures are discussed in earlier works by Lai et al.
(2005), Lai et al. (2008) and Lai and Xing (2011) are modified to adapt to
the models in this thesis.

For forward filtering weights, only a fixed number M of weights are kept
at every time t and among M weights, m of most recent weights with respect
to the evaluation time t are preserved. Usually m is between 1 (inclusive)
and M (exclusive). The remaining M — m weights are the largest weights

before m + 1. Concretely, let ICt(ﬁ)1 be the set of indices for which @(i)_l in

(2.25) is kept at stage t — 1 for regime k. There are M elements in set
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ICt(}f)1 including most recent index set {t — m,t —m + 1,...,t — 1}. When
a new observation at time ¢ arrives, the new index set denoted by lC,gk) is
updated to include index ¢ and thus the most recent m indice in lcﬁ’“) are
{t—m+1,t—m+2,...,t—1,t}. The remaining M —m indices are selected
by exclusion. Let r be an index in ICEIi)l with » <t — m where fi’? is the
minimum, i.e.

arg min {fﬁ?h € Kgﬁ)l and r <t —m} (2.82)

If there are more than one element in (2.82), choose the index farthest away

from ¢t. Now the updated index set is
k k
k¥ = {1y u )\ {r}. (2.83)
Quantity in equation (2.25) is modified to

&% where i € KM (2.84)

2y

In practice, we modify the quantity 52'(,?* first and normalize it to fi(’lz). The
estimation of regression parameters using (2.84) is called the BCMIX ap-
proximation to the forward filtering estimation.

Likewise, BCMIX approximation of backward filtering estimation of re-
gression parameters can be easily constructed based on the modified back-
ward recursive weights in equation (2.45). The total number of indices kept

at each time t is M where m (1 < m < M) of them are the most re-
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cent indices reading time sequence backward. Let /Eﬂ?l be a set of indices
j for which nﬁ)l’j is kept at time ¢ + 1 for regime k. Again, /'C,ﬁf?l includes
{t+1,t4+2,...,t+m} and other indices updated from its previous step. At

time ¢, the updated index set is
= (k = (k
K = {1y 0K {r) (2.85)

where 1 is the index farthest away from time ¢ if the result is not unique from

the following equation:

arg min {ngi)\r € I%ﬂ?l and r >t +m}. (2.86)

(k)
it]

(k)

itj

Since smoothing recursive weight «;,; is a derived statistics based on fi(f?

(k)

e can use the index set defined in

and n BCMIX approximation to «
equations (2.83) and (2.85). Readers can also easily compute the posterior
mean and variance of 3, and oy in three estimation scenarios (forward and
backward filtering and smoothing) by keeping track of indices in ICt(k) and
/E,E’“’. I will not belabor the process.

The BCMIX procedure reduces the computation time and memory space
to O(TM) in filtering estimation and reduces to O(T'M?) in smoothing esti-
mation. Efficiency can be achieved for M < T'. The accuracy and efficiency
of BCMIX approximation clearly depend on the magnitude of M and m; If

they are too small, important weights may be discarded at too early a stage

and thus accuracy is sacrificed; if too large, time and memory space is com-
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promised. In Section 3.2 and 3.3, we will discuss the effect of M and m on

statistical inference and compare the BCMIX results with Bayes’ estimates.

2.8 Computational Issues

As we can see from previous sections in this chapter, recursive updating the
statistics has repeatedly occurred in the statistical inference in our model. To
increase the computational efficiency in programming, one needs to imple-
ment dynamic programming which recursively calls the results from previous
steps. Failure to apply dynamic programming scheme may increase the com-
putation time substantially.

The estimation algorithm of this model is coded in C++ with the aid
of TNT!and BOOST? library. Summary statistics, figures and tables are
generated from R and MatLab. Simulation studies in Chapter 3 have been
implemented on Stampede cluster provided by Texas Advanced Computing
Center® (TACC). TACC Stampede system is a 10 PFLOPS(PF) Dell Linux
Cluster based on 6400+ Dell PowerEdge server nodes, in which I use normal
compute nodes and large memory nodes. Normal compute nodes (one server
in the cluster) contain two 8-core 2.7 GHz Intel Xeon E5-2680 processors
and 32 GB of DDR3 memory. Large memory nodes contain 4 E5-4650 8-core

processors and 1024GB of DDR3 memory. Programs are operated in multiple

http://math.nist.gov/tnt/
Zhttp://www.boost .org/
3https://www.tacc.utexas.edu/
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cores and multiple nodes in serial parallel. The following table presents an

rough estimation of memory space required and running time for a single

series estimation of a certain length. Operating multiple codes and multiple

nodes in parallel can save computational time to within 24 hours for one

panel of simulation, which would otherwise take over a hundred days in a

dual-core PC with similar hardware configuration.

Table 2.1: Memory usage and running time for a single series with EM

updating only once on Stampede cluster

Series Length | Memory required (GB) | Node type | Run time/node(min)
2000 8 Normal 1
3000 32 Large 2.11
4000 32 Large 3.12
5000 64 Large 5.24
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Chapter 3

Simulation Studies

3.1 Diagnostics

To evaluate the goodness of fit of the estimated parameters, we propose
the following 5 diagnostic statistics. Sum of squared errors (SSE) is a way
to assess the performance of model parameter 3,. For model (2.1), SSE is

defined as

T

SSE = 1.3 (n — @B’ ()

t=1
Another useful statistic to evaluate the performance of 3, estimates is Lo

norm. L, norm measures the difference between the true parameters and the

estimated parameters and is defined as

1 < .
Ly == > 1B = Bl (3.2)
t=1
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Traditional SSE as a metric for model fitness is also an estimator of
variance of random errors which cannot be explained by the regression model.
It is inefficient to use SSE to evaluate model (2.1) because the error variances
are estimated in the model. We propose a new metric called sum of squares of
standardized errors (SSSE) to reflect that fact that the only error unexplained
follows a standard normal distribution and all the rest of the information is
explained by the model. SSSE is defined as

1 < Yt — w:f/ét ’
SSSE = — ; (T) (3.3)

An interesting statistic that assesses the accuracy of both ,@t and &y is
named Kullback-Leibler (KL) divergence. KL divergence measures the dif-
ference between the true model in (2.1) and the estimated one by comparing

their probability distributions. Let us define 8, = (8,,0;). KL divergence

proved in Theorem 11 in Appendix A is

~ 2
S 1 (@B —By) | ot o}
KL(6,,0;) = - L1 —log| £
( ts t) 2 ( a_tQ + a_tQ Og é_tQ

for every time point ¢t = 1,...,T. Then KL divergence for a time series is
1 « -
KL= > KL(6,.6,) (3.4)
t=1

Ideally KL equals zero, if the estimated model is the same as the true model.

In practice, the closer the KL values to zero the better the model fit.
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The third important quantity in the estimation is the inference on the
regime. Depending on the methods chosen, we have forward estimation of the
regime in equation (2.7), or backward estimation in (2.35) or the smoothing
estimation as in (2.59). These quantities are the estimated probabilities of
system on a certain regime, whose values are between 0 and 1 theoretically.
We may use a naive Bayesian classifier to classify the regimes. S; equals
to the state whose probability estimated is the largest. For example, in
smoothing estimation, the estimated probability is from (2.59), i.e. agk) =

Zzzl Z].T:t O‘z(f;)v then the estimated regime at time t is
S, = arg max {agk)}
k

for k =1,..., K. Notice that there is only one regime at each time point. To
evaluate the goodness of classification, we compute a rate called identification
ratio (IR) to represent the percentage of correctly classified regime in a time

series:

T K
- D imt Dkt 1{§t:k N S;=k}
N T

IR : (3.5)

where 1 is an indicator function and S; is the true state. IR is also easy to
define in the context of forward, backward estimation and so on, therefore
omitted.

In Monte Carlo simulation, we compare and contrast the means and stan-
dard errors of the above statistics. To keep this dissertation manageable, we

only present the results by smoothing estimation.
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3.2 Comparison of Bayes and BCMIX Estima-
tion

The goal of this section is to compare the two estimation methods (Bayes
and BCMIX) and show that BCMIX is an efficient estimation method. In
addition, the simulation setting is constructed so that the model estimates
can be compared with the results from piecewise linear regression models

which will be discussed later in this section. We begin with a simple model,

Y = Biyr—1 + orey (3.6)

The data are generated from a two-regime system by the following prior

(k) _

parameters. 7, = m ~ Gamma (¢}, \#)) where g1 = 2.5, g = 1.2,

2D =028, \? =1. Bt(k) is generated from a truncated normal distribution
N(z<k>, %) where 2 = 0.3, 2@ = —0.3, V() = 0.16, V® = 0.16 and
| Bt(k)] < 1 so that the series is stationary. 500 series are generated and each
with length T=1000.

In a comprehensive Bayesian statistical analysis, hyperparameters need to
be estimated first and then used to estimate model parameters which will be
discussed in later section. Since the purpose of this section is to compare the
effects of piece-wise linear regression, BAYES method and BCMIX method on
the parameter estimation, the estimation begins with true prior parameters.

Also in this simulation, the regime switching points are manually fixed.
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Thus Markov transition probability matrix P is not used to generate the data.
However, there is still a need to choose a proper P to make the estimation
more reasonable. It is expected that the more transition points in a series, the
larger transition probability would be between the two states. Because the
expected number of switches from state 1 to state 2 is S°,_, P(S; = 2|S, =
DHP(S, =1) = Zgolo p12 X m and in the same vain the expected number of
switches from state 2 to state 1 is Zgio Po1 X o, different prior transition
probabilities are chosen for the following scenarios. Assume the series begin

with state 1.

Scenario 1 Single change point at t = 501. S; =1 for 1 <¢ < 500 and S; =
2 for 501 S t S 1000. Assume P11 = 0.998,]?12 = 0.002,]721 = 0.002 and
P22 = 0.998.

Scenario 2 Two transition points at ¢ = 351 and ¢t = 701. S; = 1 for
1 <t <350 and 701 < ¢ < 1000; S; = 2 for 351 <t < 700. Assume
P11 = 0.998,]?12 = 0.0027])21 = 0.002 and P22 = 0.998.

Scenario 3 Three transition points at t = 251, t = 501 and t = 751. S; =1
for 1 <t < 250 and 501 < t < 750; S; = 2 for 251 < ¢t < 500 and
751 < t < 1000. Assume p;; = 0.996, p1o = 0.004, po; = 0.004 and
P22 = 0.996.

Scenario 4 Four transition points at ¢ = 201,401,601, and 801. S; =1 for

1 <t <200, 401 <t <600 and 801 <t < 1000; Sy = 2 for 201 <t <
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400, and 601 S t S 800. ASSUH]G P11 = 0.996,]?12 = 0.004,]?21 = 0.004
and P22 = 0.996.

Scenario 5 Five transition points at t = 201, 351,501,651 and 801. S; =1
for 1 <t < 200, 351 <t < 500 and 651 < t < 800; S; = 2 for
201 <t < 350, 501 < t < 650 and 801 < ¢t < 1000. Assume p;; =

0.994, p12 = 0.006, p2; = 0.006 and poy = 0.994.

Table 3.1 shows the means and standard errors of 500 simulations in each
scenario for the five diagnostic statistics discussed in section 3.1. The re-
sults of least square regression are shown in the column titled by "Oracle";
results of Bayes estimation titled by "Bayes" and those of BCMIX estima-
tion titled by "BCMIX" in the last four columns of every subtable. Bayes
method uses comprehensive recursive weights whereas BCMIX method uses
the selected weights depending on M and m. In this simulation, we choose
M = 15,20, 30,40 and m = 10, 10, 15, 20 corresponding to previous M.

Table 3.1a shows that means of KL statistics in Bayes method are no
larger than those in BCMIX method for every scenario, the difference is very
small. In fact in scenario 1 and 2, BCMIX is just as good as Bayes, where
all yields the same KL statistics; in scenario 3 to 5, when M = 15, m = 10,
KL statistics of BCMIX are only 0.0002 or 0.0003 higher (roughly 2.3% to
2.8% more) than those of Bayes. As M and m increase, KL of BCMIX
converges to that of Bayes. When M = 40, m = 20, BCMIX estimation

is almost the same as Bayes estimation, comparing the third and the last
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column of Table 3.1a. Standard errors of KL statistics are as small as the
order of 107* and become smaller when M and m increase. This confirms
the fact that BCMIX is an efficient alternative of Bayes method. In addition,
as the number of regime switching increases from one to five (scenario 1 to
5), mean KL statistics increase correspondingly. This pattern is reasonable,
because the more switches, the more parameters to estimate, and thus the
bigger estimation errors. Since model (3.6) is in linear regression form and
data between the two change points are generated from the same probability
distribution, least square estimation is an ideal choice for this simple linear
regression. Least square regression, though infeasible when the change points
are unknown, is a good benchmark to compare how well the proposed method
behaves. It is not surprising that among all scenarios mean KL statistics and
standard errors under "Oracle" are the smallest, an indication that Et and
oy are closer to the true parameter values. KL statistics by Bayes or BCMIX
are twice of those of "Oracle". The overall mean KL statistics are small and
close to zero, a sign of good model fit.

To evaluate the performance of B\t alone, Table 3.1b and 3.1c shows the
means and standard errors of SSE and Ly norm respectively. In both tables,
Bayes method shows the smallest statistics compared with BCMIX method
except one case (scenario 1 in Table 3.1c) due to possible errors in random
sampling. In BCMIX method, as M and m increase, the means and stan-
dard errors of both statistics become smaller for every scenario. It is logic

to induce that BCMIX estimates converge to Bayes estimates. The differ-
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ence caused by Bayes and BCMIX is also small. For example, in 3.1b, the
results of BCMIX(20, 10) are only 0.0001 to 0.0002 higher (roughly 0.009%
to 0.02% more) than those of Bayes; and in Table 3.1c, except scenario 1,
the results of BCMIX(40, 20) are more than its Bayes counterparts by less
than 0.0001 (roughly no more than 0.2%). The overall Ly statistics become
larger when the number of switches goes up from one to five (scenario 1 to
5). This pattern does not apply to SSE statistics, simply because (3.1) mea-
sures the mean errors which are not constant and stochastically generated by
a gamma distribution in model specification. The overall magnitude of the
errors relies on the random generation mechanism associated with the com-
puter software. In general SSFE and L, statistics do not give a panorama of
the model performance.

Like KL statistic, the invented SSSFE statistic, whose means and stan-
dard errors are shown in Table 3.1d, evaluates the estimation of both model
parameters 3; and o;. This statistic is specially designed for the proposed
model in this thesis, and uses the estimated o; at each time t = 1,...,T
which is not applicable for least squares linear regression. SSSFE is also an
estimate of the error in a standard normal distribution, thus the closer this
statistic to 1, the better the model performance. Table 3.1d shows that all
the means are greater than 0.96 with standard errors at the order of 107%.
When the number of changes increase from one to five (scenario 1 to 5),
the mean statistics are further away from 1. The largest of this statistic is

almost 0.99, achieved in one change point setting. For scenario 2 to 5, means
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of BCMIX(15, 10) slightly drop and the standard errors increase a couple of
units than those under Bayes but still in the same order of 107%; as M and m
increase, SSSFE statistics regain and standard errors drop towards the levels
in Bayes. Interesting though, when (M, m) = (40,20), the mean statistics
appear to be even closer to 1 and the standard errors are still slightly larger
than those in Bayes method. The improvement in BCMIX estimation may
be taken as a confirmation that BCMIX is an efficient method for Bayes. Or
this improvement could be possibly spurious due to the fact that the more
errors in a statistical estimation tend to boost the diagnostic statistics.

The last diagnostic statistic to be discussed in this section is the iden-
tification ratio (I R) defined in (3.5). Unlike any of the previous statistics,
IR evaluates the performance of the inference in the regime, i.e. the per-
centage of regimes that are correctly classified. From Table 3.1e, in the
two-change-point setting (scenario 2), IR is as high as 99%; whereas in the
five-change-point setting (scenario 5), IR is roughly 3% lower. For a fixed
series length, when the number of change points increases, the I R statistics
naturally drop, because the estimation is rather fuzzy around every change
point. Thus the more change points, the more errors in the estimation, and
the lower IR values. From column 2 to column 6 (Table 3.1e), the mean IR
statistics for each scenario first drop in BCMIX(15, 10) by about 0.1% and
then regain to Bayes levels in BCMIX(20, 10). In BCMIX setting, standard
errors show a pattern of decreasing to the levels in Bayes method with the

increasing M and m. Within BCMIX framework alone, for every scenario the
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means of IR statistics increases a little and standard errors decrease when
(M, m) changes from (15, 10) to (40, 20) and eventually stabilize for large
M and m. This results again confirm that BCMIX is an efficient method to

Bayes.

As discussed earlier, BCMIX method is computationally efficient and
from the analysis of Table 3.1, BCMIX is also statistically efficient com-
pared to Bayes method. The last question to answer before the closure of
this section is the choice of M and m in BCMIX. Though the larger M
and m the better estimation, computational time is proportional to M in
the order of O(TM) in forward or backward filtering and in the order of
O(TM?) in smoothing estimation where 7' is the series length. Let us re-

Table 3.1: Monte Carlo means of diagnostic statistics by Oracle, Bayes and
BCMIX methods. Standard errors are shown in parenthesis.

Scenarios Oracle Bayes BOMIX
(15, 10) \ (20, 10) \ (30, 15) \ (40, 20)
Seenario 1 0.0020 0.0033 0.0033 0.0033 0.0033 0.0033
(6.4e-05) | (1.0e-04) | (1.0e-04) | (1.0e-04) | (1.0e-04) | (1.0e-04)
Seenario 2 0.0031 0.0070 0.0070 0.0070 0.0070 0.0070
(7.6e-05) | (1.3e-03) | (1.3e-03) | (1.3e-03) | (1.3e-03) | (1.3e-03)
Seenario 3 0.0039 0.0081 0.0083 0.0082 0.0082 0.0082
(8.7e-05) | (2.8e-04) | (2.9e-04) | (2.9e-04) | (2.8e-04) | (2.8e-04)
Scenario 4 0.0050 0.0107 0.0110 0.0108 0.0107 0.0107
(1.0e-04) | (3.1e-04) | (3.2e-04) | (3.1e-04) | (3.1e-04) | (3.1e-04)
Seenario 5 0.0061 0.0132 0.0135 0.0133 0.0132 0.0132
(1.2e-04) | (3.3e-04) | (3.5e-04) | (3.4e-04) | (3.4e-04) | (3.4e-04)

(a) Kullback-Leibler (KL) divergence
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Table 3.1: Continued:
. BCMIX
Scenarios Oracle Bayes (15, 10) ‘ (20, 10) ‘ (30, 15) ‘ (40, 20)
Seenario 1 0.8625 0.8616 0.8617 0.8617 0.8617 0.8617
(9.8¢-02) | (9.8e-02) | (9.8e-02) | (9.8e-02) | (9.8e-02) | (9.8e-02)
Seenario 2 1.0437 1.0426 1.0427 1.0427 1.0427 1.0426
(2.4e-01) | (2.4e-01) | (2.4e-01) | (2.4e-01) | (2.4e-01) | (2.4e-01)
Seenario 3 2.1695 2.1677 2.1679 2.1679 2.1678 2.1678
(1.1e+00) | (1.1e+00) | (1.1e+00) | (1.1e+00) | (1.1e+00) | (1.1e+00)
Scenario 4 1.6482 1.6460 1.6461 1.6461 1.6461 1.6461
(7.2e-01) | (7.2e-01) | (7.2e-01) | (7.2e-01) | (7.2e-01) | (7.2¢-01)
. 0.9745 0.9709 0.9712 0.9711 0.9711 0.9710
Scenario 5
(7.8e-02) | (7.8e-02) | (7.8e-02) | (7.8e-02) | (7.8e-02) | (7.8e-02)
(b) Sum of Squared Error (SSE)
: BCMIX
Scenarios Oracle Bayes (15, 10) ‘ (20, 10) ‘ (30, 15) ‘ (40, 20)
Seenario 1 0.0327 0.0361 0.0358 0.0357 0.0358 0.0358
(7.8e-04) | (7.7e-04) | (7.8e-04) | (7.8e-04) | (7.7e-04) | (7.7e-04)
Seenario 2 0.0402 0.0443 0.0447 0.0446 0.0445 0.0444
(7.7e-04) | (7.9e-04) | (8.3e-04) | (8.1e-04) | (8.0e-04) | (8.0e-04)
Seenario 3 0.0438 0.0519 0.0528 0.0523 0.0520 0.0520
(7.60-04) | (8.1e-04) | (8.9e-04) | (8.5¢-04) | (8.3e-04) | (8.3¢-04)
Scenario 4 0.0503 0.0598 0.0610 0.0603 0.0599 0.0598
(7.8¢-04) | (8.6e-04) | (9.4e-04) | (9.1e-04) | (8.8e-04) | (8.8¢-04)
Seenario 5 0.0547 0.0667 0.0680 0.0671 0.0669 0.0668
(7.7¢-04) | (8.8¢-04) | (9.9e-04) | (9.4e-04) | (9.2e-04) | (9.1e-04)

(¢) Ly norm
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Table 3.1: Continued

BCMIX

Scenarios | Bayes 755 [ (20, 10) | (30, 15) | (40, 20)
Seenario 1 0.9891 0.9893 0.9893 0.9894 0.9894
(2.7e-04) | (3.3e-04) | (3.0e-04) | (2.9¢-04) | (2.8e-04)
Seenario 2 0.9822 0.9817 0.9821 0.9824 0.9824
(3.4e-04) | (5.3e-04) | (4.7e-04) | (3.7e-04) | (3.6e-04)
Seenario 3 0.9760 0.9747 0.9758 0.9762 0.9762
(3.8¢-04) | (6.0e-04) | (5.0e-04) | (4.3e-04) | (4.2e-04)
Seenario 4 0.9697 0.9674 0.9692 0.9699 0.9700
(4.0e-04) | (6.5e-04) | (5.1e-04) | (4.4e-04) | (4.2e-04)
Seenario 5 0.9640 0.9622 0.9636 0.9642 0.9642
(4.5e-04) | (7.0e-04) | (6.0e-04) | (5.1e-04) | (4.9¢-04)
(d) Sum of Squares of Standardized Error (SSSE)
Scenarios Bayes BOMIX
(15, 10) [ (20,10) | (30, 15) | (40, 20)
Seenario 1 0.9835 0.9802 0.9807 0.9844 0.9845
(4.0e-03) | (4.4e-03) | (4.6e-03) | (4.1e-03) | (4.0e-03)
Seenario 2 0.9851 0.9867 0.9871 0.9872 0.9867
(1.9¢-03) | (2.0e-03) | (2.0e-03) | (2.0e-03) | (1.9¢-03)
Seenario 3 0.9751 0.9700 0.9728 0.9765 0.9763
(2.8¢-03) | (3.6e-03) | (3.1e-03) | (2.7e-03) | (2.7e-03)
Seenario 4 0.9730 0.9687 0.9713 0.9725 0.9731
(2.1e-03) | (2.7e-03) | (2.3e-03) | (2.2e-03) | (2.1e-03)
Seenario 5 0.9606 0.9540 0.9572 0.9576 0.9588
(2.8¢-03) | (3.3¢-03) | (3.1e-03) | (3.0e-03) | (2.9¢-03)

(e) Identification Ratio (IR)
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view Table 3.1a again. In each scenario of 1 or 2, means and standard errors
are all the same for both Bayes and BCMIX methods. In scenario 3 to 5,
the mean statistics improve by 0.0001 or 0.0002 points and standard errors
either remain the same or become slightly smaller from BCMIX(15, 10) to
BCMIX(20, 10) setting. As M and m increase, the improvement is barely
conspicuous. Besides, the estimates under BCMIC(20, 10) are just as good
as those under Bayes. Similar phenomena apply to Table 3.1b. In Table
3.1c, mean statistic drops by 0.0005, 0.0007 and 0.0009 and the standard
error drops by 0.01, 0.3 and 0.5 of 10~* in scenario 3-5 when comparing
BCMIX(15, 10) with BCMIX(20, 10) setting. When comparing BCMIX(20,
10) with BCMIX(30, 15) the mean statistics decrease by 0.0003, 0.0004 and
0.0002 and standard errors decrease by 0.2, 0.3 and 0.2 of order 10~* in the
same scenarios. This result shows that the improvement of the estimation is
bigger from BCMIX(15, 10) to BCMIX(20, 10) than from BCMIX(20, 10) to
BCMIX(30, 15). The analysis of Table 3.1d and 3.1e is similar and therefore
omitted. In general (M, m) = (20, 10) is a good choice for BCMIX method.
We will use BCMIX(20, 10) in larger simulation environment in the following

sections.

81



3.3 Estimation with Estimated Hyperparame-
ters

The simulation in this section is very similar to that in section 3.2 in ways of
fixed position switching points and the series length. The difference is that
we choose a little complex model and estimate the hyperparameters with EM

algorithm defined in section 2.6. First an AR(1) model is defined as

Yo =+ Piyi—1 + orer (3.7)
The true series are generated by the prior values such as 2" = (0.3, 0.5)
0.16 0
, 2@ = (=0.2, —0.5) and V) = V@ = and gV = 2.5,
0 0.16

g? =12, XV = 0.8 and A® = 1. We use EM algorithm to estimate prior

values z, V', g, A and transition matrix P. The initial prior values are

02 04 05 0
chosen as follows: z = , V = , g = (3 1.5);
—0.2 —-0.3 0 0.5

0.99 0.01
A= <1 2), and P = We consider the following 7 fixed
0.01 0.99

change-point scenarios.

Scenario 1 There is only one transition point at ¢t = 501. S; = 1 for

1 <t <500 and S; = 2 for 501 < ¢ < 1000.

Scenario 2 There are two transition points at ¢ = 351 and ¢t = 701. S; =1
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for 1 <t <350, S; =2 for 351 <t <700 and S; = 1 for 701 < t <
1000.

Scenario 3 There are three transition points at ¢ = 251, ¢ = 501 and ¢t =
751. S; =1 for 1 <t <250 and 501 <t < 750; Sy = 2 for 251 <t <
500 and 751 <t < 1000.

Scenario 4 There are four transition points at ¢ = 201,401,601, and 801.
Sy =1for 1 <t <200,401 <t <600 and 801 <t < 1000; Sy = 2 for
201 <t <400 and 601 <t < 800.

Scenario 5 There are five transition points at ¢ = 201,351,501,651 and
801. S; =1 for 1 <t <200, 351 <t <500 and 651 <t <800; 5, =2
for 201 <t < 350, 501 < ¢t < 650 and 801 < ¢ < 1000.

Scenario 6 There are six transition points at ¢ = 141,281,421, 561, 701 and
851. Sy = 1for 1 <t < 140, 281 < ¢t < 420, 561 < t < 700,
851 < ¢t < 1000; Sy = 2 for 141 < ¢t < 280, 421 < t < 560 and
701 <t < 850.

Scenario 7 There are eight transition points at ¢ = 111,221,331, 441,551,661, 771
and 881. S; = 1 for 1 <t < 110, 221 < ¢t < 330, 441 < t < 550,
661 < t < 770 and 881 < t < 1000; S; = 2 for 111 < ¢t < 220,
331 <t <440, 551 <t <660 and 771 <t < 880.

Section 3.2 has proven that BCMIX method is as efficient as the time

consuming Bayes method. Thus table 3.2 shows only the results of BCMIX
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method in comparison with "Oracle" (least squares linear regression when
the change points are known). As a confirmation of the results in section 3.2,
the diagnostic statistics in Table 3.2 become stable when BCMIX parameters
M and m become larger. The statistics in BCMIX method are also very close
to the statistics under "Oracle" if applicable under all scenarios and settings.
In general KL statistics are very close to zero and SSSE and IR statistics are
close to one, which are indicators of good model fit. Readers interested in
the in-depth analysis of Table 3.2 may refer to section 3.2 for details. We
avoid the repetition of the similar analysis.

Instead in this section, we focus on graphical presentations of the estima-
tion and model fit. Figure 3.1 shows the estimation of the model parameters
and the regime status in comparison with the true parameters from selected
series in each scenario. Every sub figure in Figure 3.1 has 5 plots. The
first plot is a simulated time series; the rest regards to the estimation of
ay, By, 00 and P(S; = 2). The true parameters are indicated by solid red
line; the estimates by solid black line and the confidence intervals are shown
by dashed blue line. Here we choose a typical 95% confidence interval com-
puted by mean estimate plus/minus 1.96 times the standard deviation of the
parameter.

Take Figure 3.1c for example. The top figures shows the simulated time
series y; generated by model (3.7). For 1 <t < 250, y, was at regime S; = 1
and was generated by (o, f;, 0¢) = (0.251,0.499, 0.563) plus a Gaussian noise

(variance equals 1). The estimated &;’s (solid black in the second plot) at
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this period are time-varying and a little overestimated than the true value,
and their confidence intervals (dashed blue) merely cover the true parameter.
As far as f; is concerned, the estimated Et’s (solid black in the third plot)
are all below the true value 0.499 and the confidence intervals (dashed blue)
are a little off the true parameter value. o; estimation seems to be good
during this period, as the estimates are all close to 0.563 and the confidence
intervals include this true value. For regime status, the bottom plot shows
the probability that the regime is at state 2 and this value would be either 0
or 1 if the true regime is known. For ¢ from 1 through 250, the true state is 1,
and thus the probability of the regime at 2 is 0 (solid red). In a two-regime
system, the regime at time t belongs to the state whose probability is larger
than 0.5 according to naive Bayesian classifier. The estimation of the regime
P(S, = 2) (solid black) is close to zero during and thus the estimated state

is 1 during this period.

Furthermore, for time period between 251 and 500, the true regime is
2 and true (ay, By, 00) = (—0.435, —0.396, 0.584); for t between 501 and
750, true regime is 1 and true (ay, B, 0¢) = (0.415, 0.355, 0.409) and fi-
nally for t from 751 to the end of the series, the true regime is again 2
and true (ay, By, 00) = (—0.025, —0.415, 0.467). In each of the three sub
periods, the estimated ay, Bt, o, and 13(St = 2) are close to their true coun-
terparts and their confidence intervals include the corresponding true pa-

rameters with no exception. When the series is making a transition from
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Figure 3.1: Selected series from each scenario: the true parameters (solid red)
and estimates (solid black) by BCMIX(20, 10) and 95% confidence intervals
(dashed blue).
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Figure 3.1: Continued

0 200 400 600 800 1000

e L I T T

0.2

-~ = =/ = = =~ ~= = = = =«

[
[
[
0.0 !
|
]

-0.2 <

PR I e |

‘I

1.0

0.5

0.0

-05 < <

-1.0 .

0 200 400 600 800 1000

0.6

0.5

- _— e — A, - - ——- - - -

F === == A= == ==

\
1
0.4 \
|
|

0.3
U

0 200 400 600 800 1000

1.0

0.8

0.6

0.4

0.2

0.0

T T T T T T
0 200 400 600 800 1000

(b) Selected series y; from scenario 2 (top), a; (second), §; (third), ¢ (fourth) and P(S; = 2)
(bottom)

87



Figure 3.1: Continued
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Figure 3.1: Continued
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Figure 3.1: Continued
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Figure 3.1: Continued

2 4
1 1

0
1

8 6 -4 -2

0 200 400 600 800 1000

1.0 |

1)
[}
g
1
.
]
1

0.5 p

-——- - - - Py ———

0.5 T ==

0 200 400 600 800 1000

2.0

1.5

1.0

0.5 b

0.0

0 200 400 600 800 1000

1.0 }

0.8

0.6

0.4

0.0

T T T T T T
0 200 400 600 800 1000

(f) Selected series y; from scenario 6 (top), «; (second), B; (third), o, (fourth) and P(S; = 2)
(bottom)

91



Figure 3.1: Continued
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Table 3.2: Monte Carlo means of diagnostic statistics by Oracle and BCMIX
methods. Standard errors are shown in parenthesis.

Scenarios Oracle BOMIX
(15, 10) \ (20, 10) \ (30, 15) \ (40, 20)
Seenario 1 0.0031 0.0044 0.0044 0.0044 0.0044
(8.0e-05) | (1.3e-04) | (1.3e-04) | (1.3e-04) | (1.3e-04)
Seenario 2 0.0045 0.0068 0.0068 0.0068 0.0068
(9.4e-05) | (2.0e-04) | (2.0e-04) | (2.0e-04) | (2.0e-04)
Seenario 3 0.0061 0.0102 0.0102 0.0102 0.0102
(1.1e-04) | (2.8e-04) | (2.8¢-04) | (2.8¢-04) | (2.8e-04)
Seenario 4 0.0077 0.0126 0.0126 0.0126 0.0126
(1.3e-04) | (3.5e-04) | (3.5e-04) | (3.5e-04) | (3.5e-04)
Seenario 5 0.0093 0.0155 0.0155 0.0154 0.0154
(1.4e-04) | (4.3e-04) | (4.4e-04) | (4.4e-04) | (4.4e-04)
Seenario 6 0.0110 0.0186 0.0186 0.0186 0.0186
(1.5e-04) | (5.7e-04) | (5.7e-04) | (5.7e-04) | (5.7e-04)
Scenario 7 0.0140 0.0237 0.0236 0.0236 0.0235
(1.9e-04) | (6.9e-04) | (6.9e-04) | (6.9¢-04) | (6.9e-04)

(a) Kullback-Leibler (KL) divergence

Scenarios Oracle BOMIX
(15, 10) \ (20, 10) \ (30, 15) \ (40, 20)
Seenario 1 1.1060 1.1047 1.1046 1.1045 1.1044
(2.7¢-01) | (2.7e-01) | (2.7e-01) | (2.7e-01) | (2.7e-01)
Seenario 2 0.8299 0.8281 0.8281 0.8280 0.8280
(2.1e-01) | (2.1e-01) | (2.1e-01) | (2.1e-01) | (2.1e-01)
Seenario 3 1.0344 1.0323 1.0322 1.0322 1.0321
(1.5e-01) | (1.5e-01) | (1.5e-01) | (1.5e-01) | (1.5e-01)
Seenario 4 0.9507 0.9481 0.9480 0.9479 0.9478
(1.3e-01) | (1.3e-01) | (1.3e-01) | (1.3e-01) | (1.3e-01)
Seenario 5 1.1145 1.1113 1.1112 1.1112 1.1111
(1.1e-01) | (1.1e-01) | (1.1e-01) | (1.1e-01) | (1.1e-01)
Scenario 6 0.8585 0.8550 0.8550 0.8550 0.8549
(5.9e-02) | (5.9e-02) | (5.9¢-02) | (5.9¢-02) | (5.9e-02)
Scenario 7 0.8858 0.8809 0.8809 0.8809 0.8808
(5.9¢-02) | (5.9e-02) | (5.9¢-02) | (5.9¢-02) | (5.9e-02)

(b) Sum of squared Errors (SSE)
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Table 3.2: Continued.

Scenarios Oracle BOMIX
(15, 10) \ (20, 10) \ (30, 15) \ (40, 20)
Seenario 1 0.0509 0.0522 0.0522 0.0523 0.0524
(1.3e-03) | (1.2e-03) | (1.2e-03) | (1.2e-03) | (1.2e-03)
Seenario 2 0.0575 0.0603 0.0602 0.0603 0.0603
(1.1e-03) | (1.1e-03) | (1.1e-03) | (1.1e-03) | (1.1e-03)
Seenario 3 0.0707 0.0740 0.0740 0.0740 0.0741
(1.7e-03) | (1.5e-03) | (1.5e-03) | (1.5e-03) | (1.5e-03)
Seenario 4 0.0786 0.0830 0.0829 0.0830 0.0830
(1.8e-03) | (1.6e-03) | (1.6e-03) | (1.6e-03) | (1.6e-03)
Seenario 5 0.0866 0.0912 0.0912 0.0912 0.0912
(1.5e-03) | (1.4e-03) | (1.4e-03) | (1.4e-03) | (1.4e-03)
Seenario 6 0.0901 0.0964 0.0963 0.0962 0.0962
(1.1e-03) | (1.1e-03) | (1.1e-03) | (1.1e-03) | (1.1e-03)
Scenario 7 0.1041 0.1105 0.1102 0.1101 0.1101
(1.4e-03) | (1.4e-03) | (1.4e-03) | (1.4e-03) | (1.4e-03)
(¢) Ly norm
Scenarios BOMIX
(15, 10) \ (20, 10) \ (30, 15) \ (40, 20)
Scenario 1 0.9946 0.9945 0.9943 0.9941
(2.3e-04) | (1.9e-04) | (1.9e-04) | (2.0e-04)
Scenario 2 0.9911 0.9911 0.9910 0.9909
(2.0e-04) | (1.7e-04) | (1.6e-04) | (1.6e-04)
Seenario 3 0.9860 0.9858 0.9857 0.9856
(2.1e-04) | (2.0e-04) | (2.0e-04) | (2.0e-04)
Scenario 4 0.9813 0.9810 0.9809 0.9809
(2.3e-04) | (2.2e-04) | (2.2e-04) | (2.2e-04)
Seenario 5 0.9764 0.9762 0.9761 0.9761
(2.6e-04) | (2.3e-04) | (2.3e-04) | (2.3e-04)
Seenario 6 0.9716 0.9715 0.9714 0.9714
(2.7¢-04) | (2.4e-04) | (2.3¢-04) | (2.3e-04)
Scenario 7 0.9626 0.9623 0.9623 0.9622
(2.9e-04) | (2.6e-04) | (2.5e-04) | (2.5¢-04)

(d) Sum of Squares of Standardized Errors (SSSE)
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Table 3.2: Continued.

Scenarios BOMIX
(15, 10) \ (20, 10) \ (30, 15) \ (40, 20)
Scenario 1 0.9934 0.9936 0.9924 0.9926
(2.3e-03) | (2.3e-03) | (2.5e-03) | (2.5e-03)
Seenario 2 0.9933 0.9927 0.9941 0.9944
(1.6e-03) | (1.8e-03) | (1.6e-03) | (1.5e-03)
Seenario 3 0.9949 0.9949 0.9953 0.9951
(8.5e-04) | (8.7e-04) | (7.1e-04) | (7.5e-04)
Scenario 4 0.9946 0.9942 0.9938 0.9934
(4.4e-04) | (5.9e-04) | (7.3e-04) | (8.0e-04)
Seenario 5 0.9926 0.9920 0.9922 0.9922
(7.1e-04) | (8.6e-04) | (8.0e-04) | (8.1e-04)
Scenario 6 0.9906 0.9911 0.9918 0.9918
(1.1e-03) | (8.9¢-04) | (5.0e-04) | (5.1e-04)
Scenario 7 0.9881 0.9885 0.9886 0.9888
(7.2e-04) | (6.6e-04) | (6.3e-04) | (6.0e-04)

(e) Identification Ratio (IR)

one regime to the other, the estimation shows a little fuzziness. In the
bottom plot of Figure 3.1c, the estimated ﬁ(St = 2) experiences changes
from 0.005,0.16,0.25,0.41,0.71, to 0.95 for time ¢ = 246, 247, 248,249, 250
and 251. It takes five time steps for the estimation to correctly identify the
change point. This phenomenon is prominent in the estimations of all other
parameters. But in general the estimation adjusts quickly to the change.
Misclassification around the transition areas may also explain why IR statis-
tics are always less than 1 in Table 3.2e.

In the series where there are more transition points (Figure 3.1d to 3.1g),

the estimates are still close to their true corresponding parameters and the
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confidence intervals include the true parameters most of the time. Although
the more transition points are in a fixed length series, the less accurate the
estimation is, usually accompanied by more fuzziness around the transition

points and wider confidence intervals.

3.4 Simulation with Large Series

To continue with the AR(1) model defined in (3.7), this section explores the
simulation with longer series and with stochastic change points generated by
specified Markov transition probabilities. The true simulation parameters
z, V,g and X are the same as used for model (3.7) in Section 3.3, except for
the Markov probability transition matrix P, defined as P = S

q l—gq
for a two-regime system. p is the probability of making transition from state

1 to state 2; ¢ is the reverse. For every pair of (p, ¢) in the following scenarios,
500 series are simulated for series lengths equal to 2000, 3000, 4000 and 5000

respectively.

Scenario 1 p = 0.002, ¢ = 0.002
Scenario 2 p = 0.004, ¢ = 0.004
Scenario 3 p = 0.008, ¢ = 0.008
Scenario 4 p = 0.016, ¢ = 0.016

Scenario 5 p = 0.016, ¢ = 0.032
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Scenario 6 p = 0.032, ¢ = 0.032
Scenario 7 p = 0.05, ¢ = 0.05
Scenario 8 p = 0.075, ¢ = 0.075
Scenario 9 p=0.1, ¢ =0.1

Scenario 10 p =0.2, ¢ =0.2

The number of regime changes in each simulated series is regulated by p
and ¢. Unlike previous simulations, the number of regime changes is stochas-
tic and the positions of the change points are also random. The larger the
transition probabilities are, the more transition points are anticipated in a
simulated series. The estimation starts with the same initial prior as in Sec-
tion 3.3 and proceed with the estimation of forward, backward, and smooth-
ing recursive weights by BCMIX (20, 10) methods and then estimate hy-
perparameters via EM algorithm. This process repeats until EM algorithm
converges. At the end of the last EM iteration, we compute the estimated
B, o+ and probability of the regime at every time point. In principle EM
algorithm should be run until convergence, whereas in this simulation EM
algorithm is run once by choosing good initial prior values. The choice of
initial prior values will be fully discussed in the next section.

The major issue encountered in long series estimation is the computation
cost. In fact selecting an example model in the entire simulation studies has

taken the computational resources and time into consideration. On the one
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hand, the theoretical settings need to be complex and comprehensive enough
to compare and contrast methods; on the other hand the computational
resources are utilized at their (almost) optimal conditions. This is also the
reason we stick with AR(1) model, although higher order AR models or
models involving exogenous variables are quite feasible to implement, but
a little challenging for intensive simulation on long series. Computational

issues encountered in this thesis have been discussed in Section 2.8.

3.4.1 Goodness of Fit of BCMIX Method

The goal of this subsection is to understand the impact of the series length
and the magnitude of transition probabilities on the estimation of model
parameters by analyzing KL, SSSE, L, and IR statistics . In Table 3.3a, it
is obvious that for a fixed series length, both the means and standard errors
of KL statistics increase when the transition probabilities increase (larger p
and q pairs). Likewise, for a fixed transition probability pair (a particular
scenario), the means of KL statistics have a tendency to decrease when the
series become longer for the first 5 scenarios and show a little up and down
patterns as series length increases for the last 5 scenarios. But when the
series reach 4000 and 5000 long, the differences of means are only 1 to 6
units at the order of 107*. The standard errors of KL statistics decrease as
the series length increases from 2000 to 5000 across all scenarios, indicating
that the estimation becomes stabilized when the series becomes larger.

The means of Ly statistics in Table 3.3c increase as (p, q) pairs become
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larger in each column. Row-wise, they may have a tendency to decrease in
most scenarios, but may stay flat or rise up a little for some scenarios. The
standard errors become larger for series making more transitions within a
fixed series length and become smaller for longer series within each scenario.
The highest standard error is located at the upper left corner of the table
and the lowest standard error at bottom right corner. The means of SSSE
statistics in Table 3.3b decrease and standard errors increase as the number
of transition points increase for a particular series length. Since this statistic
is an estimation of the variance of the standard normal distribution, values
closer to 1 indicate better fit. Under each scenario, the mean statistics de-
crease first and go up a little again, but their values remain almost the same
up to the third digit after the decimal point. The standard errors of SSSE
statistics do decrease as series length increases for every scenario.

The identification ratio (IR) in Table 3.3d signals no significant improve-
ment as the series length increases. This statistic remains as high as 99%
for scenario 1 to 6 for all series length. The standard errors tend to decrease
within each row. Clearly, in each column of Table 3.3d, the mean statistics
decrease when there are more transition points in the series. Up to scenario
6 (p = 0.032,q = 0.032), the model correctly identifies the regime status
99% of the time. Even in the worst case (scenario 10) the model can still
classify 92% — 93% of the regimes correctly. Interesting though, the standard
errors go down first till scenario 5 or 6 and then up a little again within each

column, showing that model may reach its peak performance at a moderate
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large number of change points in a series.

Overall, the model behaves more stable when the series is longer and
estimates better for longer series in some cases, but series length appears

not to be a deciding advantage for using this model. The clear message

Table 3.3: Monte Carlo means of diagnostic statistics by BCMIX (20, 10)
method. Standard errors are shown in parenthesis.

. (pa) 2000 \ 3000 \ 4000 \ 5000
(0.002, 0.002) | 0.0037(1.3e-4) | 0.0034(1.0e-4) | 0.0033(7.8¢-5) | 0.0031(7.2e-5)
(0.004, 0.004) | 0.0053(1.4e-4) | 0.0052(1.4e-4) | 0.0050(1.1e-4) | 0.0052(9.9e-5)
(0.008, 0.008) | 0.0094(2.2¢-4) | 0.0092(1.8¢-4) | 0.0092(1.5¢-4) | 0.0089(1.4e-4)
(0.016, 0.016) | 0.0134(3.0c-4) | 0.0129(1.9¢-4) | 0.0125(1.6¢-4) | 0.0124(1.3e-4)
(0.016, 0.032) | 0.0183(2.9¢-4) | 0.0187(2.5e-4) | 0.0182(2.0e-4) | 0.0181(1.7e-4)
(0.032, 0.032) | 0.0249(3.8¢-4) | 0.0241(2.5e-4) | 0.0237(2.2e-4) | 0.0243(2.3e-4)
(0.050, 0.050) | 0.0345(4.4e-4) | 0.0342(3.6e-4) | 0.0337(2.6e-4) | 0.0338(2.5e-4)
(0.075, 0.075) | 0.0514(4.6¢-4) | 0.0522(4.5¢-4) | 0.0511(3.4e-4) | 0.0517(3.2¢-4)
(0.100, 0.100) | 0.0937(7.2¢-4) | 0.0922(5.9e-4) | 0.0920(5.0¢-4) | 0.0922(4.3e-4)
(0.200, 0.200) | 0.1322(7.2e-4) | 0.1359(6.7e-4) | 0.1366(6.1e-4) | 0.1363(5.2¢-4)
(a) Kullback-Leibler (KL) Divergence
. (p,9) 2000 \ 3000 \ 4000 \ 5000
(0.002, 0.002) | 0.9947(1.9e-4) | 0.9944(1.6e-4) | 0.9941(1.2e-4) | 0.9943(1.0e-4)
(0.004, 0.004) | 0.9918(1.8e-4) | 0.9912(1.4e-4) | 0.9907(1.1e-4) | 0.9906(9.2e-5)
(0.008, 0.008) | 0.9839(1.9¢-4) | 0.9824(1.9¢-4) | 0.9824(1.8¢-4) | 0.9830(1.3¢-4)
(0.016, 0.016) | 0.9769(1.8¢-4) | 0.9756(1.7e-4) | 0.9759(1.4e-4) | 0.9761(1.2¢-4)
(0.016, 0.032) | 0.9664(2.3¢-4) | 0.9648(2.1e-4) | 0.9654(1.7e-4) | 0.9653(1.6e-4)
(0.032, 0.032) | 0.9551(2.5e-4) | 0.9537(2.2e-4) | 0.9538(1.8e-4) | 0.9539(1.6e-4)
(0.050, 0.050) | 0.9371(2.8e-4) | 0.9348(2.4e-4) | 0.9353(2.1e-4) | 0.9349(2.0e-4)
(0.075, 0.075) | 0.9015(3.6¢e-4) | 0.9012(2.9¢-4) | 0.9012(2.7¢-4) | 0.9014(2.4e-4)
(0.100, 0.100) | 0.8284(4.6¢-4) | 0.8278(4.0e-4) | 0.8292(3.4c-4) | 0.8283(3.1e-4)
(0.200, 0.200) | 0.7655(4.0e-4) | 0.7568(3.9e-4) | 0.7570(3.4e-4) | 0.7570(3.2¢-4)
(

(b) Sum of Squares of Standardized Errors (SSSE)
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Table 3.3: Continued

(p, q) \ 2000 \ 3000 \ 4000 \ 5000
(0.002, 0.002) [ 0.0410(8.7e-4) [ 0.0395(7.0e-4) | 0.0390(5.9e-4) | 0.0374(5.0e-4)
(0.004, 0.004) | 0.0507(8.1e-4) | 0.0504(7.1e-4) | 0.0486(5.4e-4) | 0.0493(5.3¢-4)
(0.008, 0.008) | 0.0642(7.3e-4) | 0.0668(6.7e-4) | 0.0657(5.8e-4) | 0.0649(4.9e-4)
(0.016, 0.016) | 0.0787(8.5e-4) | 0.0787(6.2e-4) | 0.0777(5.5e-4) | 0.0769(4.7e-4)
(0.016, 0.032) | 0.0940(8.0e-4) | 0.0944(6.1e-4) | 0.0917(5.5e-4) | 0.0926(4.8e-4)
(0.032, 0.032) | 0.1082(8.0e-4) | 0.1073(6.2e-4) | 0.1057(5.3e-4) | 0.1066(5.0e-4)
(0.050, 0.050) | 0.1278(7.8e-4) | 0.1270(6.5e-4) | 0.1251(5.3e-4) | 0.1266(4.5¢-4)
(0.075, 0.075) | 0.1567(7.8e-4) | 0.1560(6.3e-4) | 0.1544(5.3e-4) | 0.1548(4.9e-4)
(0.100, 0.100) | 0.2067(7.2e-4) | 0.2064(6.4e-4) | 0.2049(5.1e-4) | 0.2058(4.6e-4)
(0.200, 0.200) | 0.2505(7.0e-4) | 0.2519(5.6e-4) | 0.2504(5.0e-4) | 0.2516(4.4e-4)

(¢) La norm

(p,a) | 2000 \ 3000 \ 4000 \ 5000
(0.002, 0.002) | 0.9961(1.5¢-3) | 0.9961(1.4e-3) | 0.9976(5.4e-4) | 0.9968(1.0e-3)
(0.004, 0.004) | 0.9936(2.3¢-3) | 0.9973(6.1e-4) | 0.9966(8.7e-4) | 0.9973(4.8¢-4)
(0.008, 0.008) | 0.9947(8.4e-4) | 0.9889(1.6e-3) | 0.9927(1.2e-3) | 0.9954(6.1e-4)
(0.016, 0.016) | 0.9937(5.5¢-4) | 0.9931(9.3e-4) | 0.9946(2.8e-4) | 0.9945(2.9¢-4)
(0.016, 0.032) | 0.9926(3.5¢-4) | 0.9919(3.7e-4) | 0.9918(3.6e-4) | 0.9921(2.8¢-4)
(0.032, 0.032) | 0.9890(4.3e-4) | 0.9886(4.5e-4) | 0.9889(3.3e-4) | 0.9893(2.5¢-4)
(0.050, 0.050) | 0.9840(5.0e-4) | 0.9834(4.5e-4) | 0.9841(3.7c-4) | 0.9838(3.2¢-4)
(0.075, 0.075) | 0.9742(5.1e-4) | 0.9736(4.5e-4) | 0.9738(4.2e-4) | 0.9737(3.6e-4)
(0.100, 0.100) | 0.9505(6.5e-4) | 0.9501(5.4e-4) | 0.9503(4.5e-4) | 0.9491(4.1e-4)
(0.200, 0.200) | 0.9276(6.5¢-4) | 0.9249(5.4e-4) | 0.9252(5.0e-4) | 0.9243(4.1e-4)

(d) Identification Ratio (IR)

conveyed by this simulation study is that larger transition probabilities seem

to jeopardize all the evaluation metrics. As far as this simulation study is

concerned, the model may be best suited for a Markov chain with moderate

large transition probabilities. When it comes to the comparison with existing

research models, this model still perform better than the traditional Markov

101




switching model in the cases such as scenario 9 or 10, which will be discussed

in the end of this section.

3.4.2 Analysis of Hyperparameter Estimation

Table 3.4 and Table 3.5 show the means and standard errors of hyperparam-
eters from 500 simulations for each scenario and each series length. Among
all the estimations, the most interesting and widely concerned statistics are
Markov chain transition probabilities, i.e. p and ¢ in this simulation study.
In Table 3.4d, regardless of the series length, the estimated p and ¢ are
almost the same under each scenario. For example in scenario 1, p’s are
estimated to be 0.002, exactly the same as their true prior counterpart for
all series lengths; in scenario 2 ¢’s are estimated to be 0.003 or 0.004 a lit-
tle smaller than the true prior 0.004, but the estimation is consistent across
series length. The estimation also appears to be reasonable in a way that
estimated p and ¢ become larger as the true transition probabilities become
larger within a fixed series length. It may appear that on average the model
has a tendency to underestimate the transition probabilities. For example,
in scenario (0.032,0.032), the estimated (p,q)’s are only (0.009,0.009) or
(0.01,0.01); in scenario (0.2,0.2), the estimated p and ¢’s are about 0.066 or
0.067. However, the underestimation is spurious and the reason is explained
by the mechanism to generate the series.

For a first order Markov chain, it is not difficult to prove that the expected

number of transition points from state 1 to state 2 is simply the number of
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cases that the series at state 2 at time ¢ and at state 1 at time t —1. Let X be
the number of such transitions, then X = Zthl Its,—2,5,_,-1y, the expected

value of X is

T T

T'pq

EX=Y P($=28=1)=> pP(S_1=1)~ i (3.8)
t=1 t=1

Approximation occurs due to ignoring the initial state. Similarly, the ex-
pected number of transitions from state 2 to state 1 can be proven to be the
same. The total number of expected transitions in a series is the sum of the
two values.

In this simulation study, the series is controlled to stay at one regime for
at least 10 time points before it is allowed to move on to another regime. This
intervention seems to be realistic, because economic interruption is not likely
to occur at very adjacent periods. The controlled simulation scheme signifi-
cantly lowers the number of change points for each scenario than the theory
would predict. Table 3.6 computes the expected number of change points
based on equation (3.8) and the practical average number of change points
in the simulated series for every scenario and every T' = 2000, 3000, 4000 and
5000. For scenario (0.05,0.05) of T'= 2000, the expected number of change
points is 100, whereas in practice there are roughly 25 changes on average.
The estimated (p, q) is (0.013,0.012) reflecting the fact that 25% of the ex-
pected change points correspond to the estimation of 25% of the theoretical

probability 0.05. Viewing Table 3.6 in another way, in series 7' = 4000 and
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scenario (0.1,0.1), the observed average number of change points is 137.4
(Table 3.6b), a little higher than 128 in 7" = 4000 and scenario (0.032,0.032)
(Table 3.6a). The estimated (p, q) is (0.043,0.042) (Table 3.4d) for scenario
(0.05,0.05) reflects the fact that the series are actually generated from lower
probability scenario. In general, the estimation of (p,q) is very good, re-
flecting the true nature of Markov chain. It is worth mentioning earlier that
the traditional Markov switching models tend to overestimate the transition
probabilities. A comparison analysis will be given in the next subsection.
For completeness, the estimation of other hyperparameters is also pro-
vided in Table 3.4. A separate section will focus on the estimation of prior
parameters, so the discussion here may fall short. g seems to be exaggera-
tively overestimated for shorter series and low transition probabilities. In the
line of the first scenario, g™V is estimated to be between 21.72 for T' = 5000
and 168.14 for 7' = 2000, when the true value of ¢(!) is 2.5. But as the tran-
sition probabilities become larger, the estimation become stabilized and the
estimates seem to converge to the values not far from their true priors. At
the bottom line of Table 3.4a, ¢! converges to 2.6 or 2.7 and ¢ converges
to about 1.5 and their true values are 2.5 and 1.2 respectively. A estimates
in Table 3.4b behave similarly, but the values are moving in a different direc-
tion. They begin small for shorter series with low transition probabilities and
gradually increase and then become stable for larger transition probability
scenarios. AV converges to a value between 1.2 and 1.3 while the true prior

is 0.8; and A\® converges to around 0.7 or 0.8 when the true value is 1. z
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of Table 3.4c seems to be the only estimates that are genuine reflection of
the true prior values for every transition probability scenario and every series
length. In Table 3.5 \A/l(lk Vs are small in low probability scenario and increase
and stabilize around 0.15 or 0.16, close to the true value 0.16. ‘72(21 ) converges
to around 0.15 and ‘72(22 ) converges to 0.09 when both true values are 0.16.
The estimation on the off diagonal of V® has no major issues since these
values are small and close to 0, the true prior value.

The quick observation from Table 3.4 and 3.5 does not indicate a rela-
tionship between performance of the hyperparameter estimation and series
length. As transition probabilities become larger, however, the estimation
seems to be more reasonable, particular for Table 3.4a and 3.4b. Except for
the estimation of (p, ¢) pair which is of primary interest, there is no conclusive
criterion to evaluate the prior estimation. The fact that the hyperparameter
estimation does not converge to the true value in the simulation does not
necessarily indicate a modeling failure. The major concern is the collective
effect of hyperparameters on the estimation of regression parameters. In a
hyperplane, a good combination of hyperparameters may result in good es-
timation about model parameters. See Section 3.5.2 for more discussions

about the effect of hyperparameter estimation on model parameters.
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Table 3.4: Monte Carlo means of the estimated hyperparameters via EM

algorithm. Standard errors are shown in parenthesis.

o0 2000 3000 1000 5000
b i 0 0 2 i 2 0 o

168.14 177.28 77.97 112.91 28.28 40.69 21.72 27.51
(0002,0.002) 1y 101y 0y | (82)  (79) | (38)  (48) | (23)  (56)

1001 5513 | 1532 1858 | 902 591 | 566  3.65
(0:004,0004) 1oy gy | (4)  (21) | (T0e1) (5.0e-1) | (Ble-l) (2.60-1)

8.49 7.82 5.76 4.17 4.52 2.75 3.87 2.19
(0008, 0.008) (5.6e-1)  (9.1e-1) | (3.0e-1) (3.1e-1) | (1.7e-1) (1.0e-1) | (1.2e-1) (6.0e-2)

5.65 3.25 4.51 2.45 3.63 2.11 3.24 1.89
(0.016,0016) | 15 701y (1.5e-1) | (17e-1) (9.60-2) | (1.0e-1) (5.8¢-2) | (7.6¢-2) (3.9¢-2)

3.96 2.33 3.49 2.03 3.05 1.80 2.99 1.68
(0016, 0.032) (1.3e-1)  (8.8e-2) | (9.0e-2) (5.2e-2) | (5.8e-2) (3.7e-2) | (5.3e-2) (2.Te-2)

3.55 1.98 3.10 1.79 2.94 1.68 2.82 1.60
(0.032,0032) | (g 000y (4.80:2) | (6.4e-2) (3.002) | (5.10-2) (2.5¢-2) | (3.9¢-2) (2.1e-2)

3.24 1.78 2.89 1.64 2.76 1.64 2.68 1.54
(0050, 0.050) (6.3e-2)  (3.9e-2) | (4.5e-2) (2.1e-2) | (3.6e-2) (2.1e-2) | (3.0e-2) (1.5e-2)

2.99 1.54 2.81 1.47 2.69 1.54 2.64 1.51
(0075, 007) | 509y (2.0e-2) | (3.1e2) (156-2) | (2.70-2) (L4e-2) | (2.3¢-2) (1.2¢-2)

2.82 1.40 2.68 1.52 2.70 1.51 2.62 1.48
(0.100, 0.100) (2.6e-2) (1.2e-2) | (2.1e-2) (1.1e-2) | (1.9e-2) (1.0e-2) | (1.5e-2) (8.6e-3)

2.81 1.38 2.68 1.52 2.68 1.49 2.63 1.48
(0-200,0200) | (1 909y (8.7:3) | (1.5¢-2) (8.80-3) | (15e-2) (7.4e-3) | (1.3¢-2) (6.5¢-3)

(a) True g™ = 2.5 and ¢ = 1.2
oo 2000 3000 1000 5000
b M %o X %o X %o N %o

(0.002, 0.002) 0.386 0.076 0.521 0.210 0.757 0.334 0.805 0.425
002, 3. (3.80-2) (9.6¢-3) | (3.3-2) (2.0e-2) | (4.1e2) (2.3e-2) | (4.3e-2) (2.8¢-2)
(0.004, 0.004) 0.632 0.250 0.816 0.408 0.871 0.495 1.021 0.586
004, 0. (3.7e-2) (2.1e-2) | (3.8¢-2) (25e-2) | (3.7e2) (2.9¢-2) | (3.56-2) (2.6¢-2)
(0.008, 0.008) 0.891 0.479 1.019 0.528 1.039 0.536 1.105 0.617
008, O (3.602) (2.60-2) | (3.4e-2) (2.3¢-2) | (2.9¢-2) (1.8¢-2) | (2.8¢-2) (2.00-2)
(0.016, 0.016) 0.976 0.547 1.017 0.597 1.129 0.622 1.211 0.629
010, 0. (3202) (2.2¢-2) | (2.8¢-2) (2.0e2) | (2.5e-2) (1.7e-2) | (2.5¢-2) (1.5-2)
0016, 0057y | 1102 0627 | LI 0620 | 1222 0669 | 1206 067
016, 0. (2.7e2) (2.1e-2) | (2.3e-2) (1.8¢-2) | (2.1e-2) (1.4e-2) | (2.0e-2) (1.4e-2)

1.106 0.651 1.211 0.644 1.237 0.670 1.251 0.682
(0.032,0082) | (950 0y (1.70-2) | (2.20-2) (1.4e-2) | (2.0e-2) (1.26:2) | (1.7e-2) (1.1e-2)
(0.050, 0.050) 1.113 0.698 1.229 0.663 1.285 0.660 1.272 0.690
000, 0. (2.00-2) (1.6e-2) | (L8e-2) (1.2¢-2) | (1.6e-2) (1.1e-2) | (L4e-2) (9.4e-3)
(0.075, 0.075) 1.140 0.751 1.192 0.768 1.282 0.685 1.281 0.693
070, 0. (1.60-2) (1.2¢2) | (L3e-2) (L.0e-2) | (1.4e-2) (8.3¢-3) | (L1e-2) (7.6e-3)
(0.100, 0.100) 1.138 0.827 1.279 0.696 1.258 0.680 1.288 0.700
100,0100) |1 ge9)  (8.9e-3) | (1.16-2) (7.00-3) | (8.8¢-3) (6.3¢-3) | (8.40-3) (5.9¢-3)
(0.200, 0.200) 1.083 0.845 1.267 0.682 1.272 0.690 1.284 0.696
B (7.4e-3) (7.1e-3) | (8.0e-3) (5.4e-3) | (7.6e-3) (4.9e-3) | (7.3e-3) (4.7¢-3)

(b) True A = 0.8 and A®) =1
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Table 3.4: Continued

(p, 9)

2000

3000

4000

5000

(0.002, 0.002)

2

e

0.3018
(6.9¢-3)

0.5060
(6.5¢-3)

0.2967
(5.8¢-3)

0.4987
(5.8¢-3)

0.3096
(4.9¢-3)

0.4959
(4.8¢-3)

0.3081
(4.6¢-3)

0.4971
(4.6¢-3)

-0.2289
(2.0e-2)

-0.4608
(1.4e-2)

-0.2318
(1.5¢-2)

-0.4365
(1.1¢-2)

-0.2530
(1.0e-2)

-0.4608
(9.3e-3)

-0.2377
(9.3e-3)

-0.4672
(8.2e-3)

(0.004, 0.004)

()

o)

0.3072
(5.5¢-3)

0.5055
(5.1e-3)

0.3119
(4.6e-3)

0.5027
(4.3¢-3)

0.3065
(4.0e-3)

0.4970
(3.7e-3)

0.3136
(3.5¢-3)

0.5007
(3.4e-3)

-0.2652
(1.3¢-2)

-0.4505
(1.0e-2)

-0.2421
(9.6¢-3)

-0.4426
(8.6¢-3)

-0.2526
(8.1e-3)

-0.4685
(7.1e-3)

-0.2469
(6.6¢-3)

-0.4633
(6.0¢-3)

(0.008, 0.008)

()

o)

0.3018
(4.0e-3)

0.4927
(3.9¢-3)

0.3099
(3.3¢-3)

0.5038
(3.4e-3)

0.3100
(2.9¢-3)

0.4982
(2.9¢-3)

0.3129
(2.6¢-3)

0.5053
(2.6¢-3)

-0.2339
(8.1e-3)

-0.4520
(7.4e-3)

-0.2403
(6.3¢-3)

-0.4837
(5.2e-3)

-0.2463
(5.5e-3)

-0.4762
(4.7¢-3)

-0.2425
(4.9¢-3)

-0.4732
(4.5e-3)

(0.016, 0.016)

()

)

0.3026
(3.2e-3)

0.4919
(3.1e-3)

0.3047
(2.8e-3)

0.5057
(2.5¢-3)

0.3096
(2.3e-3)

0.4982
(2.2e-3)

0.3125
(2.1e-3)

0.5050
(2.0e-3)

-0.2428
(6.3¢-3)

-0.4637
(5.4e-3)

-0.2470
(5.1e-3)

-0.4759
(4.3e-3)

-0.2285
(4.2e-3)

-0.4743
(3.5¢-3)

-0.2355
(3.6¢-3)

-0.4791
(3.4e-3)

(0.016, 0.032)

()

)

0.3076
(2.5e-3)

0.4923
(2.7e-3)

0.3084
(2.2e-3)

0.5032
(2.0e-3)

0.3109
(1.8e-3)

0.5021
(1.8e-3)

0.3146
(1.7e-3)

0.5030
(1.7e-3)

-0.2515
(4.9¢-3)

-0.4561
(4.4e-3)

-0.2422
(4.0e-3)

-0.4767
(3.4e-3)

-0.2386
(3.3¢-3)

-0.4825
(3.1e-3)

-0.2332
(2.9¢-3)

-0.4773
(2.6e-3)

(0.032, 0.032)

()

22

0.3033
(2.2e-3)

0.4909
(2.2e-3)

0.3096
(1.8e-3)

0.5042
(1.7e-3)

0.3119
(1.5e-3)

0.4990
(1.5e-3)

0.3102
(1.4e-3)

0.5030
(1.3e-3)

-0.2421
(4.1¢-3)

-0.4607
(3.7¢-3)

-0.2439
(3.4¢-3)

-0.4863
(3.1¢-3)

-0.2373
(2.8¢-3)

-0.4795
(2.5¢-3)

-0.2343
(2.5¢-3)

-0.4791
(2.2¢-3)

(0.050, 0.050)

e

e

0.3031
(1.8e-3)

0.4909
(1.8e-3)

0.3094
(1.5e-3)

0.5023
(1.4e-3)

0.3099
(1.3e-3)

0.5010
(1.2e-3)

0.3135
(1.2e-3)

0.5016
(1.2e-3)

-0.2344
(3.3¢-3)

-0.4598
(3.2¢-3)

-0.2374
(2.7e-3)

-0.4798
(2.2¢-3)

-0.2377
(2.3¢-3)

-0.4793
(2.1e-3)

-0.2363
(2.1e-3)

-0.4798
(1.8e-3)

(0.075, 0.075)

)

e

0.2985
(1.4e-3)

0.4808
(1.4e-3)

0.3002
(1.2e-3)

0.4807
(1.1e-3)

0.3133
(1.1e-3)

0.4989
(9.8¢-4)

0.3115
(9.3e-4)

0.5033
(9.3e-4)

-0.2317
(2.6¢-3)

-0.4574
(2.2¢-3)

-0.2326
(2.0e-3)

-0.4578
(1.8¢-3)

-0.2402
(1.8¢e-3)

-0.4828
(1.6e-3)

-0.2382
(1.7¢-3)

-0.4782
(1.4e-3)

(0.100, 0.100)

2

e

0.2910
(8.8¢-4)

0.4699
(9.4¢-4)

0.3109
(9.0¢-4)

0.5022
(9.4¢-4)

0.3140
(8.2¢-4)

0.5008
(8.2¢-4)

0.3162
(7.5¢-4)

0.5006
(7.0¢-4)

-0.2314
(1.7¢-3)

-0.4487
(1.5e-3)

-0.2389
(1.6e-3)

-0.4801
(1.3e-3)

-0.2442
(1.4e-3)

-0.4788
(1.2e-3)

-0.2433
(1.2¢-3)

-0.4795
(1.1e-3)

(0.200, 0.200)

()

e

0.2807
(7.4e-4)

0.4633
(7.3e-4)

0.3112
(8.1e-4)

0.5033
(8.7¢e-4)

0.3128
(7.1e-4)

0.5031
(7.9¢-4)

0.3146
(7.2¢-4)

0.5028
(7.6e-4)

-0.2265
(1.2e-3)

-0.4374
(1.2e-3)

-0.2432
(1.2e-3)

-0.4824
(1.2e-3)

-0.2420
(1.0e-3)

-0.4779
(1.1e-3)

-0.2419
(9.7¢-4)

-0.4748
(9.6e-4)

(c) True 2™ = (0.3, 0.5) and 2(®) = (-0.2, —0.5)
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Table 3.4: Continued

(p, q)

2000

3000

4000

5000

b

q

p

q

p

q

p

q

(0.002, 0.002)

0.002
(5.7¢-5)

0.011
(2.0e-3)

0.002
(6.8¢-5)

0.004
(8.1e-4)

0.002
(6.1e-5)

0.003
(7.0e-5)

0.002
(5.9¢-5)

0.003
(1.0e-4)

(0.004, 0.004)

0.003
(7.2e-5)

0.004
(4.0e-4)

0.003
(4.6e-5)

0.003
(7.0e-5)

0.003
(6.7¢-5)

0.003
(5.0e-5)

0.003
(4.0e-5)

0.003
(4.1e-5)

(0.008, 0.008)

0.004
(6.4¢-5)

0.004
(7.9¢-5)

0.004
(6.2¢-5)

0.004
(1.1e-4)

0.004
(4.0e-5)

0.004
(7.2e-5)

0.004
(5.0e-5)

0.004
(4.7e-5)

(0.016, 0.016)

0.006
(5.3e-5)

0.005
(6.7¢-5)

0.005
(4.8¢-5)

0.005
(6.0e-5)

0.005
(3.9¢-5)

0.005
(4.4e-5)

0.005
(3.3¢-5)

0.005
(4.1e-5)

(0.016, 0.032)

0.007
(5.0e-5)

0.008
(5.7e-5)

0.007
(4.7¢-5)

0.008
(5.7e-5)

0.007
(4.0e-5)

0.008
(4.4¢-5)

0.007
(3.6¢-5)

0.008
(4.6e-5)

(0.032, 0.032)

0.009
(5.2e-5)

0.009
(5.8¢-5)

0.010
(4.9e-5)

0.010
(6.3¢-5)

0.010
(4.5e-5)

0.010
(4.8e-5)

0.010
(4.1e-5)

0.010
(4.2e-5)

(0.050, 0.050)

0.013
(6.3¢-5)

0.012
(6.3¢-5)

0.014
(6.4e-5)

0.014
(6.9¢-5)

0.014
(5.5¢-5)

0.014
(6.1e-5)

0.014
(4.8¢-5)

0.014
(5.4e-5)

(0.075, 0.075)

0.024
(8.7¢-5)

0.024
(8.1e-5)

0.024
(6.9¢-5)

0.024
(7.0e-5)

0.022
(6.5¢-5)

0.022
(6.6¢-5)

0.022
(6.1e-5)

0.022
(6.0e-5)

(0.100, 0.100)

0.044
(1.3e-4)

0.045
(1.2¢-4)

0.043
(1.2¢-4)

0.043
(1.2¢-4)

0.043
(9.7¢-5)

0.042
(9.9¢-5)

0.043
(8.6¢-5)

0.042
(9.1¢-5)

(0.200, 0.200)

0.057
(1.1e-4)

0.058
(1.2¢-4)

0.066
(1.9¢-4)

0.067
(1.9e-4)

0.066
(1.7¢-4)

0.067
(1.7e-4)

0.066
(1.7e-4)

0.067
(1.8e-4)

Table 3.5: Monte Carlo mean of estimated V by EM algorithm. Standard

(d) True (p,q) pairs are indicated in the first column

error are shown in parenthesis. True vﬁ) = ;’;’ = 0.16 and vig) = 'Ugf) =0,
for k=1,2.
y (p, a) | 2000 | 3000 | 4000 | 5000 \

0.0452  -0.0041 0.0696  -0.0025 | 0.0781  -0.0013 | 0.0943 -0.0015
p | (37e3) (Lle-3) | (4203)  (L5e3) | (3.5e-3) (13e-3) | (4.9¢-3) (1.3e-3)
-0.0041 0.0480 | -0.0025 0.0703 | -0.0013 0.0817 | -0.0015 0.0846
(0.002, 0.002) (1.1e-3) (3.6e-3) | (1.5e-3) (4.1e-3) | (1.3e-3) (3.6e-3) | (1.3¢-3)  (3.3e-3)
e 0.0204 0.0006 0.0521  -0.0008 | 0.0847  -0.0007 | 0.0939 0.0026
p@ | (23e3)  (46e-4) | (4203)  (L1e3) | (4.9¢-3) (14e-3) | (5.40-3) (1.3e-3)
0.0006 0.0171 | -0.0008  0.0325 | -0.0007  0.0544 0.0026 0.0648
(4.6e-4) (1.7¢-3) | (1.1e-3)  (2.6e-3) | (1.4e-3) (3.0e-3) | (1.3e-3)  (3.5e-3)

108



0.0799  -0.0040 | 0.1023 -0.0007 | 0.1105 -0.0034 | 0.1134 -0.0039

p) | (45e3) (Lde3) | (4.36-3)  (Lde-3) | (3.903)  (1.3e:3) | (37e3)  (1.3e-3)

-0.0040  0.0837 | -0.0007  0.0978 | -0.0034 0.1052 | -0.0039  0.1187

(0.004, 0.004) (14e-3)  (4.4e-3) | (1.4e-3) (3.9¢-3) | (1.3e-3) (3.4e-3) | (1.3e-3) (3.5¢-3)
T 0.0653 0.0004 0.0957  0.0010 0.1077  0.0028 0.1167  0.0020
s | (4e3)  (11e8) | (47e3) (13¢:3) | (47e-3)  (1.1e3) | (4.5e-3)  (1.2¢:3)

0.0004  0.0411 0.0010 0.0636 0.0028 0.0714 0.0020 0.0857

(1.1e-3)  (2.8¢-3) | (1.3e-3) (3.0e-3) | (1.1e-3) (2.8¢-3) | (1.2e-3)  (3.0e-3)

0.1146  -0.0080 | 0.1125 -0.0005 | 0.1216 0.0001 0.1242  -0.0026

s | (43e3)  (14e3) | (3.60-3)  (1.2¢:3) | (3.5e-3) (1.4e-3) | (3.1e-3)  (9.8e-4)

-0.0080  0.1125 | -0.0005  0.1085 0.0001 0.1249 | -0.0026  0.1202

(0.008, 0.008) (14e-3)  (4.0e-3) | (1.2e-3) (5.5¢-3) | (1.4e-3)  (5.0e-3) | (9.8e-4) (2.8¢-3)
T 0.0982 0.0005 0.1002  -0.0021 | 0.1173 0.0003 0.1244  -0.0016
p@ | (43e3) (13e3) | (34e-3) (93e-4) | (34e3)  (9.4e-d) | (3.303)  (8.6e-4)

0.0005 0.0756 | -0.0021  0.0709 0.0003 0.0794 | -0.0016  0.0937

(1.3e-3)  (3.3¢-3) | (9.3e-4) (2.7e-3) | (9.4e-4) (2.1e-3) | (8.6e-4) (2.3¢-3)

0.1280 -0.0049 | 0.1257 -0.0035 | 0.1297  -0.0033 | 0.1371  -0.0036

p) | (37e3) (L1e-3) | (3.06-3)  (1.0e-3) | (2.7e-3)  (8.60-4) | (25¢-3)  (8.3e-4)

-0.0049  0.1221 | -0.0035 0.1176 | -0.0033  0.1257 | -0.0036  0.1332

(0.016, 0.016) (1.1e-3)  (3.2¢:3) | (1.0e-3) (3.5¢-3) | (8.6e-4) (2.4e-3) | (8.3e-4) (2.5¢-3)
T 0.1134 0.0003 0.1219 0.0007 0.1324  -0.0008 | 0.1309 0.0001
v (3.7e-3) (1.1e-3) | (3.6e-3) (8.9e-4) | (3.2e-3) (8.6e-4) | (2.8¢-3) (7.3e-4)

0.0003 0.0918 0.0007  0.0868 | -0.0008  0.0910 0.0001 0.0968

(1.1e-3)  (2.9¢-3) | (8.9¢-4) (2.1e-3) | (8.6e-4) (2.0e-3) | (7.3e-4) (1.9¢-3)

0.1266  -0.0071 | 0.1327  -0.0057 | 0.1402 -0.0058 | 0.1380  -0.0047

p | Te3) (L1e3) | (26e-3) (82e-4) | (25e:3)  (T.8e-d) | (2003) (7.2e-4)

-0.0071  0.1380 | -0.0057  0.1250 | -0.0058  0.1253 | -0.0047  0.1326

(0.016, 0.032) (1.1e-3)  (2.9¢-3) | (8.2-4) (2.4e-3) | (7.80-4) (2.1e-3) | (T.2¢-4) (2.2¢-3)
T 0.1282  -0.0004 | 0.1397  0.0001 0.1369  -0.0008 | 0.1371  -0.0013
e (3.3e-3)  (9.3e-4) | (3.2e-3) (7.7e-4) | (2.4e-3) (7.2e-4) | (2.1e-3) (5.8e-4)

-0.0004  0.1032 0.0001 0.0970 | -0.0008  0.0936 | -0.0013  0.0980

(9.3e-4)  (2.5¢-3) | (T.7e-4)  (2.0e-3) | (7.2e-4) (1.6e-3) | (5.8e-4) (1.5¢-3)

0.1345 -0.0076 | 0.1387  -0.0080 | 0.1425 -0.0077 | 0.1449 -0.0076

s | (26e3)  (89e-4) | (236-3)  (7.3e-4) | (21e3)  (6.60-4) | (1.9¢-3)  (6.2-4)

-0.0076  0.1449 | -0.0080  0.1311 | -0.0077  0.1353 | -0.0076  0.1353

(0.032, 0.032) (8.9e-4) (2.5¢-3) | (T.3e-4) (2.1e-3) | (6.60-4) (1.8¢-3) | (6.2¢-4) (1.6e-3)
T 0.1347  0.0004 0.1333 0.0008 0.1389 0.0000 0.1392  -0.0008
) (2.9e-3) (8.3e-4) | (2.4e-3) (6.3e-4) | (2.1e-3) (6.1e-4) | (1.8e-3) (5.3e-4)

0.0004 0.1043 0.0008 0.0949 0.0000 0.0977 | -0.0008  0.1020

(8.3¢-4) (2.2¢-3) | (6.3e-4) (1.6e-3) | (6.1e-4) (1.5e-3) | (5.3e-4) (1.3e-3)
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0.1435 -0.0075 | 0.1408 -0.0097 | 0.1412 -0.0106 | 0.1456  -0.0104

v (2.2e-3) (7.6e-4) | (1.8e-3) (6.3e-4) | (1.7e-3) (5.2e-4) | (1.5e-3) (4.7e-4)

-0.0075  0.1473 | -0.0097  0.1413 | -0.0106  0.1389 | -0.0104 0.1373

(0,050, 0.050) (7.6e-4) (2.0e-3) | (6.3e-4) (1.7e-3) | (5.2e-4) (L.5e-3) | (4.7e-4) (1.4e-3)
U 0.1408  -0.0006 | 0.1383 0.0001 0.1388  0.0001 0.1450  -0.0007
@ | (2663)  (6.9e-4) | (1L9e-3)  (5.2e-4) | (L8e-3)  (47e-d) | (L7e-3)  (4de-d)

-0.0006  0.1109 0.0001 0.0977 | 0.0001 0.0961 | -0.0007  0.1002

(6.9e-4) (1.8e-3) | (5.2e-4) (1.4e-3) | (4.7Te-4) (1.1e-3) | (4.4e-4) (1.0e-3)

0.1489  -0.0078 | 0.1468 -0.0086 | 0.1522  -0.0135 | 0.1503  -0.0133

) | (LTe3)  (5.6e-4) | (Lde-3)  (45e-4) | (L3e3)  (3.9e-4) | (L2e-3)  (3.8e-4)

-0.0078  0.1548 | -0.0086  0.1538 | -0.0135 0.1382 | -0.0133  0.1425

(0.075, 0.075) (5.60-4) (1.6e-3) | (4.5e-4) (1.2¢-3) | (3.9e-4) (1.2e-3) | (3.8¢-4) (I.1e-3)
R 0.1489 0.0015 0.1515 0.0004 0.1466  -0.0005 | 0.1437  -0.0001
@ | (2003)  (5.9e-4) | (L6e-3) (45e-d) | (Lde3)  (3.5e-4) | (L2e-3)  (3.2e-4)

0.0015  0.1149 0.0004  0.1180 | -0.0005  0.0932 | -0.0001  0.0986

(5.9e-4) (1.3e-3) | (4.5e-4) (1.1e-3) | (3.5e-4) (8.7e-4) | (3.2e-4) (8.5e-4)

0.1494 -0.0087 | 0.1584 -0.0196 | 0.1639 -0.0194 | 0.1584 -0.0191

py | (L1e3)  (38e-4) | (Lde-3)  (3.7e-4) | (1.003)  (3.20-4) | (9.1e-d)  (2.9¢-4)

-0.0087  0.1568 | -0.0196  0.1441 | -0.0194 0.1397 | -0.0191  0.1431

(0,100, 0.100) (3.8e-4) (1.0e-3) | (3.7e-4) (1.0e-3) | (3.2e-4) (8.7e-4) | (2.9e-4) (7.8e-4)
T 0.1534 0.0009 0.1490 0.0004 0.1479 0.0005 0.1545 0.0001
s | (1363)  (3.9e-4) | (1.3e-3)  (29e-4) | (L1e3)  (24e-4) | (L0e-3)  (2.2e-4)

0.0009  0.1239 0.0004  0.0948 | 0.0005 0.0952 | 0.0001 0.0937

(3.9c-4)  (9.00-4) | (2.9¢-4) (8.7e-4) | (2.4e-d) (7.7e-4) | (2.2¢-4) (7.0c-4)

0.1478  -0.0089 | 0.1614 -0.0224 | 0.1634 -0.0230 | 0.1608 -0.0226

) | (T6e-4)  (2:6e-4) | (9.0e-4)  (3.1e-d) | (8.8e-4)  (2.9e-4) | (7.7e-4)  (2.9e-4)

-0.0089  0.1565 | -0.0224  0.1451 | -0.0230 0.1446 | -0.0226  0.1450

(0.200, 0.200) (2.60-4) (7.20-4) | (3.1e4) (7.9¢-4) | (2.9¢-4) (6.4e-4) | (2.9¢-4) (6.2¢-4)
R 0.1508  0.0013 0.1513 0.0002 0.1526  0.0008 | 0.1527  0.0005
) | (B5e-d)  (2.6e-4) | (8.9e-d)  (19e-d) | (T.Te-d)  (1.8e-4) | (7.5e-4)  (L5e-4)

0.0013  0.1288 0.0002 0.0914 | 0.0008  0.0931 0.0005  0.0935

(2.60-4) (7.30-4) | (1.9e-4) (8.1e-4) | (1.8e-4) (7.5e-4) | (L5e-4) (7.2¢-4)

3.4.3 Comparison with Classical Markov Switching Model

Base on the analysis in the simulation studies so far, our model has success-

fully detected the switching points in the simulated series and provides good

estimation about regression parameters. The accomplishment would not be
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Table 3.6: Theoretical average number of change points for different (p, q)
scenarios and practical average number of change points based on 500 simu-
lations in each (p, ¢) scenario for T'" = 2000, 3000, 4000 and 5000. Standard

errors are shown in parenthesis.

| (p,q) [ 1000 | 2000 | 3000 | 4000 | 5000 |

(0.002, 0.002) 2 4 6 8] 10

(0.004, 0.004) 4 8| 12| 16| 20

(0.008, 0.008) 8| 16| 24| 32| 40

(0.016, 0.016) | 16| 32| 48| 64| 80

(0.016,0.032) | 22| 43| 64| 84| 107

(0.032,0.032) | 32| 64| 96| 128 160

(0.050, 0.050) | 50 | 100 | 150 | 200 | 250

(0.075,0.075) | 75| 150 | 225| 300 | 375

(0.100, 0.100) | 100 | 200 | 300 | 400 | 500

(0.200, 0.200) | 200 | 400 | 600 | 800 | 1000

(a) Theoretical mean change points
(p, 9) 2000 | 3000 | 4000 | 5000 |

(0.002, 0.002) | 1.9(0.04) [ 2.9(0.04) [ 4.2(0.05) | 5.1(0.06)
(0.004, 0.004) |  3.2(0.04) | 5.0(0.05) | 7.0(0.05) |  8.8(0.06)
(0.008, 0.008) |  6.1(0.05) | 9.4(0.06) | 12. 8(0 07) | 16.0(0.07)
(0.016, 0.016) | 9.0(0.04) | 13. 7(0 05) | 18.4(0.06) | 23.2(0.07)
(0016, 0.032) | 13.3(0.06) | 20.1(0.07) | 26.9(0.08) | 33.8(0.09)
(0.032, 0.032) | 17.8(0.06) | 26.8(0.07) | 35.8(0.08) | 45.0(0.08)
(0.050, 0.050) | 24.9(0.06) | 37.5(0.07) | 50.1(0.08) | 62.8(0.09)
(0.075, 0.075) | 37.7(0.07) | 56.9(0.09) | 75.9(0.10) | 95.0(0.11)
(0.100, 0.100) | 68.6(0.12) | 103.2(0.15) | 137.4(0.17) | 172.0(0.19)
(0.200, 0.200) | 104.8(0.11) | 157.5(0.13) | 210.0(0.14) | 262.7(0.17)

(b) Practical average number of change points

more convincing without a comparison with the classical Markov switching
(MS) regression models, hence the topic of this subsection.

To compare with model (3.7), the same regression construction is chosen
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for the classical MS model defined as

Y = as, + Bs,Yi—1 + 05,6, (3.9)

where € ~ N(0,1) and S; follows a two-state first order Markov chain with
p= P(S; =2|S;—1 =1) and ¢ = P(S; = 1|S;_; = 2) for all t. Regression pa-
rameters rely on regime status and no prior is assumed for these parameters,
so Bayesian method would not be applicable. Final estimation includes two
pieces of a, 3, and ¢ for 2 regimes, the Markov transition probabilities and
the probabilities of the regime at each time point. The number of estimates
are much smaller than that of our model.

Two statistical packages (MatLab and R) written by Perlin (n.d.-a, n.d.-b)
are available to implement the ideas in model (3.9). Interested readers may
download the packages from the url provided in the reference section. In both
packages maximum likelihood estimation (MLE) method is used to estimate
the parameters; EM estimation is not available in these packages.

To make the comparison convincing, model (3.9) uses the same data
as in Section 3.4 that were generated from model (3.7) resulting in 500
simulated series in each of 10 transition probability scenarios and each of
four series lengths (7" = 2000, 3000, 4000 and 5000). These data are loaded
into R or MatLab in the proper format and the estimates recorded include
G, By, 64, P, G and P(S; = k) for k=1,2 and t = 1,...,T. We compute the

diagnostic statistics such as KL divergence, SSSE, L, norm and identification
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ratio based on the recorded statistics to compare with the statistics in Table
3.3.

Classical MS models assume that the level of parameters is a constant
within a certain regime. In a two-regime system, model (3.9) can estimate
only two pieces of a’s, #’s and so on. However, data were generated by a
process where the levels of regression parameters are stochastic within each
regime, so a two-state MS model is not ideal to capture the variations within
the regime. Naturally KL statistics are not anticipated to perform well in
this case. Table 3.7a shows that KL statistics are much larger and more
volatile than those in Table 3.3a in all scenarios out of all series lengths. The
mean KL statistics can be as high as 100 times more than those estimated
by our model. Likewise, since Ly norm measures the difference between the
true and the estimated regression coefficients, it would not be difficult to
understand why L, statistics in Table 3.7c¢ have higher means and standard
errors than the corresponding cells in Table 3.3c. SSSE statistics seem to
be a controversial metric for the comparison of two models. SSSE can be
decomposed into SSSEs by regimes for both models and further decomposed
into pieces within a regime if using our model. For a particular regime, SSSE
statistics by model (3.9) seem to be the averaging effect of the pieces of SSSEs
by our model (3.7) in the same regime. To be more specific, 41 in model (3.9)
possibly represents the average of the Bt’s for those S; = 1 under model (3.7).

The high values in Table 3.7b are not necessarily the sign of good fit.
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Table 3.7: Monte Carlo means of diagnostic statistics for the classical Markov
switching model. Standard errors are shown in parenthesis.

. (pa) | 2000 \ 3000 \ 4000 \ 5000 |
(0.002, 0.002) | 0.3317(1.6e-02) | 0.3618(1.5e-02) | 0.4271(1.5¢-02) | 0.4313(1.4e-02)
(0.004, 0.004) | 0.3593(1.3¢-02) | 0.4271(1.7¢-02) | 0.4690(1.3¢-02) | 0.5095(1.7¢-02)
(0.008, 0.008) | 0.4110(1.5e-02) | 0.5213(1.8e-02) | 0.5459(1.6e-02) | 0.5735(1.7¢-02)
(0.016, 0.016) | 0.4785(1.4e-02) | 0.5618(1.6e-02) | 0.5754(1.4e-02) | 0.6260(1.5¢-02)
(0.016, 0.032) | 0.5342(1.6e-02) | 0.5934(1.6e-02) | 0.6204(1.4e-02) | 0.6190(1.4e-02)
(0.032, 0.032) | 0.5411(1.4e-02) | 0.6011(1.3e-02) | 0.6177(1.3e-02) | 0.6498(1.2¢-02)
(0.050, 0.050) | 0.5616(1.2¢-02) | 0.6087(1.3¢-02) | 0.6158(1.1e-02) | 0.6460(1.1c-02)
(0.075, 0.075) | 0.5619(9.9e-03) | 0.5887(9.4e-03) | 0.6153(8.8e-03) | 0.6228(9.2¢-03)
(0.100, 0.100) | 0.5397(7.7e-03) | 0.5581(7.4¢-03) | 0.5540(6.9¢-03) | 0.5507(7.0e-03)
(0.200, 0.200) | 0.4947(4.7¢-03) | 0.5000(4.5¢-03) | 0.5096(4.5¢-03) | 0.5039(4.5¢-03)
(a) Kullback-Leibler Divergence (KLD)
. (pa) | 2000 \ 3000 \ 4000 \ 5000 |
(0.002, 0.002) | 0.9856(2.1e-02) | 0.9367(1.2e-02) | 0.9117(1.3e-02) | 0.9177(1.2¢-02)
(0.004, 0.004) | 0.9229(1.4e-02) | 0.8869(1.3e-02) | 0.8844(1.2e-02) | 0.8515(1.3¢-02)
(0.008, 0.008) | 0.9025(1.1e-02) | 0.8350(1.2¢-02) | 0.8438(1.4e-02) | 0.8139(1.1e-02)
(0.016, 0.016) | 0.8613(1.2¢-02) | 0.8336(1.2¢-02) | 0.8210(1.2¢-02) | 0.8086(1.2¢-02)
(0.016, 0.032) | 0.8695(1.2¢-02) | 0.8081(1.2¢-02) | 0.8028(1.2e-02) | 0.7796(1.1e-02)
(0.032, 0.032) | 0.8250(1.2¢-02) | 0.7952(1.1e-02) | 0.8003(1.1e-02) | 0.7760(1.1e-02)
(0.050, 0.050) | 0.7986(1.2e-02) | 0.7798(1.1e-02) | 0.7751(1.0e-02) | 0.7395(1.0e-02)
(0.075, 0.075) | 0.7955(9.8e-03) | 0.7949(1.0e-02) | 0.7578(9.2¢-03) | 0.7651(1.0e-02)
(0.100, 0.100) | 0.8267(8.3¢-03) | 0.8144(8.4¢-03) | 0.8168(8.2¢-03) | 0.8252(7.7¢-03)
(0.200, 0.200) | 0.8680(5.8¢-03) | 0.8696(5.9¢-03) | 0.8718(5.6¢-03) | 0.8655(6.0e-03)

(b) Sum of Squares of Standardized Error (SSSE)
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Table 3.7: Monte Carlo means of diagnostic statistics for estimates from tra-
ditional Markov Switching Model. Standard errors are shown in parenthesis.

. (pa) | 2000 \ 3000 \ 4000 \ 5000 |
(0.002, 0.002) | 0.4169(1.3e-02) [ 0.4719(1.4e-02) | 0.5177(1.1e-02) | 0.5221(1.2¢-02)
(0.004, 0.004) | 0.4750(1.3e-02) | 0.5074(1.1e-02) | 0.5634(1.1e-02) | 0.5717(1.1e-02)
(0.008, 0.008) | 0.5006(9.5¢-03) | 0.5702(9.9¢-03) | 0.5944(1.1e-02) | 0.6352(1.8¢-02)
(0.016, 0.016) | 0.5573(9.7e-03) | 0.6154(1.0e-02) | 0.6194(9.2e-03) | 0.6731(1.0e-02)
(0.016, 0.032) | 0.5914(9.6e-03) | 0.6272(9.5¢-03) | 0.6588(9.5¢-03) | 0.6694(9.7¢-03)
(0.032, 0.032) | 0.5983(8.5¢-03) | 0.6587(8.9¢-03) | 0.6849(9.6¢-03) | 0.7166(1.0e-02)
(0.050, 0.050) | 0.6381(9.1e-03) | 0.6815(8.7e-03) | 0.6896(8.9e-03) | 0.7191(8.7¢-03)
(0.075, 0.075) | 0.6503(8.1e-03) | 0.6813(8.7e-03) | 0.7096(8.2e-03) | 0.7203(8.9e-03)
(0.100, 0.100) | 0.6355(7.4e-03) | 0.6575(7.3¢-03) | 0.6570(6.8¢-03) | 0.6599(7.3¢-03)
(0.200, 0.200) | 0.5932(5.0e-03) | 0.5900(4.4e-03) | 0.6014(4.8¢-03) | 0.5959(4.4e-03)
(¢) Lo
. (pa) | 2000 \ 3000 \ 4000 \ 5000 |
(0.002, 0.002) | 0.6282(1.7¢-02) | 0.6456(1.6¢-02) | 0.6331(1.6¢-02) | 0.6365(1.6¢-02)
(0.004, 0.004) | 0.6667(1.6e-02) | 0.6681(1.6e-02) | 0.6379(1.6e-02) | 0.6185(1.6e-02)
(0.008, 0.008) | 0.6156(1.7e-02) | 0.6410(1.5¢-02) | 0.6551(1.5e-02) | 0.6459(1.5e-02)
(0.016, 0.016) | 0.6372(1.5¢-02) | 0.6236(1.5¢-02) | 0.6302(1.4e-02) | 0.6111(1.4¢-02)
(0.016, 0.032) | 0.6380(1.5¢-02) | 0.6638(1.4e-02) | 0.6403(1.3¢-02) | 0.6702(1.3¢-02)
(0.032, 0.032) | 0.6400(1.4e-02) | 0.6000(1.3¢-02) | 0.6112(1.3¢-02) | 0.5933(1.3¢-02)
(0.050, 0.050) | 0.6228(1.3e-02) | 0.6044(1.2e-02) | 0.5942(1.2e-02) | 0.6051(1.2¢-02)
(0.075, 0.075) | 0.6002(1.3e-02) | 0.6020(1.2e-02) | 0.6000(1.2e-02) | 0.5980(1.1e-02)
(0.100, 0.100) | 0.6114(1.2¢-02) | 0.6032(1.2¢-02) | 0.6104(1.2¢-02) | 0.6197(1.2¢-02)
(0.200, 0.200) | 0.6310(1.3e-02) | 0.6351(1.3¢-02) | 0.6211(1.3¢-02) | 0.6517(1.2¢-02)

(d) Identification Ratio (IR)
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Table 3.8: Monte Carlo means of estimated p, ¢ by Classical Markov switch-
ing regression model. Standard errors are shown in parenthesis.

(p, q)

2000

3000

4000

5000

p

q

P

q

p

q

b

q

(0.002, 0.002)

0.0695
(6.6¢-03)

0.0800
(6.2e-03)

0.0866
(7.66-03)

0.0731
(4.7¢-03)

0.0678
(5.8¢-03)

0.0573
(3.8¢-03)

0.0743
(6.7¢-03)

0.0564
(4.2e-03)

(0.004, 0.004)

0.0735
(6.4e-03)

0.0707
(5.4e-03)

0.0691
(6.5e-03)

0.0510
(3.1e-03)

0.0847
(6.0e-03)

0.0590
(3.7¢-03)

0.0810
(6.5¢-03)

0.0579
(4.2e-03)

(0.008, 0.008)

0.0725
(5.9¢-03)

0.0558
(4.0e-03)

0.0897
(6.2e-03)

0.0600
(3.66-03)

0.0854
(5.4e-03)

0.0596
(3.5e-03)

0.0836
(5.1e-03)

0.0599
(3.5e-03)

(0.016, 0.016)

0.0859
(5.6¢-03)

0.0548
(3.3¢-03)

0.0968
(5.9¢-03)

0.0614
(2.8e-03)

0.0982
(5.66-03)

0.0656
(3.4e-03)

0.0999
(5.3¢-03)

0.0658
(2.8e-03)

(0.016, 0.032)

0.0965
(5.7¢-03)

0.0687
(4.1e-03)

0.1092
(6.4e-03)

0.0714
(3.3¢-03)

0.1091
(5.3¢-03)

0.0749
(3.2¢-03)

0.1239
(7.0e-03)

0.0738
(3.2¢-03)

(0.032, 0.032)

0.0964
(4.9¢-03)

0.0691
(3.3¢-03)

0.1114
(6.1e-03)

0.0820
(3.5e-03)

0.1110
(5.4e-03)

0.0787
(3.5e-03)

0.1235
(6.1e-03)

0.0869
(3.9¢-03)

(0.050, 0.050)

0.1227
(6.8¢-03)

0.0747
(3.2¢-03)

0.1443
(7.5e-03)

0.0830
(3.66-03)

0.1330
(6.2¢-03)

0.0846
(3.7¢-03)

0.1362
(6.8¢-03)

0.0931
(3.6-03)

(0.075, 0.075)

0.1373
(6.9¢-03)

0.0861
(3.7¢-03)

0.1476
(7.66-03)

0.0949
(3.7¢-03)

0.1539
(7.1e-03)

0.1023
(3.8¢-03)

0.1593
(8.1e-03)

0.0981
(3.5e-03)

(0.100, 0.100)

0.1506
(8.3¢-03)

0.1136
(4.3e-03)

0.1507
(8.5¢-03)

0.1149
(3.8¢-03)

0.1523
(8.6-03)

0.1137
(3.8¢-03)

0.1667
(9.7¢-03)

0.1098
(3.6-03)

(0.200, 0.200)

0.1289
(7.0e-03)

0.1186
(3.2¢-03)

0.1262
(7.3¢-03)

0.1148
(3.0e-03)

0.1330
(7.2e-03)

0.1159
(2.6e-03)

0.1418
(8.5¢-03)

0.1155
(2.8e-03)

It is not entirely fair to evaluate the fitness of a model by applying it to

a process generated by a different model. But one of the major concerns in

regime switching modelling is the statistical inference of the regimes. The

percentages of the regimes correctly identified are systematically 30% higher

in Table 3.3d than those in Table 3.7d, which shows that our model is su-

perior in this regard.

I cannot leave this section without mentioning the

estimation of transition probabilities. We have argued in Section 3.4.2 why

the estimated transition probabilities should be lower and how much they

should be. Estimation of p and ¢ in Table 3.8 are higher than those in Table
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3.4d. This simulation seems to prove the current suspicion that the classi-
cal Markov switching models have a tendency to overestimate the transition

probabilities.

3.5 Analysis of EM Algorithm

Although Expectation-Maximization (EM) algorithm has been proven ma-
ture in theory, there are many challenges in applications. EM algorithm is
model-specific, and for any changes in the model specification, practitioners
have to derive a set of new EM estimators. Due to this reason, current sta-
tistical software is not well equipped with EM algorithm analysis. At the
maximization step, EM algorithm may still rely on other optimization algo-
rithms if the closed form solutions do not exit. In this case, EM algorithm
loses its advantage to the classical maximum likelihood estimation method
which optimizes the likelihood function directly. EM algorithm has also been
proven to converge slowly and need more computation time to reach more
"accurate" results.

The application of EM algorithm in our model is an innovative one. For
one thing, the solutions to EM algorithm have an explicit form and for the
other EM algorithm is used to estimate the nuisance parameters and not
directly to the model parameters of primary interest. In this simulation,
we will discuss the effect of initial prior values on the performance of EM

algorithm, explore the properties and the speed of convergence and give some
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practical advice on the choice of initial prior values.

We continue to use model (3.7) restated here.

Yt = Bot + Brai—1 + o

where 3;; and 0; depend on a two-state Markov chain. To save computation

time, we choose series length 7' = 1000. 500 series are generated with prior

. 0.3 0.5 . )
values g’ = (2.5, 1.2), X' = (0.8, 1), z = VO = v =
—-0.2 —-0.5
016 0 l=p p
and transition matrix P = , where p and ¢
0 0.16 q 1—gq

are specified in the following scenarios.

Scenario 1 p = 0.004, ¢ = 0.004
Scenario 2 p =0.01, ¢ =0.01
Scenario 3 p = 0.04, ¢ = 0.08
Scenario 4 p = 0.05, ¢ =0.05

Scenario 5 p=10.1, ¢ =0.1

Like in Section 3.4, the positions and the number of change points are reg-
ulated by the Markov chain transition matrix defined above and therefore
stochastic. Again we restrict the time interval between two adjacent change
points to be no less than 20 to facilitate visual presentation of model esti-

mates.
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Although mathematically, convergence of a function ought to be well
explored in the entire domain, there is no easy solution to an exhaustive
search as far as multidimensional parameter space is concerned. There are
16 prior parameters to be estimated in this model. However for a statistical
question, we can evaluate the practical meaning of the parameters which
may restrict their practical range. For example, we are interested in a time
series where there are a few switches in a certain time interval. So p or ¢,
the probability of making a transition from state 1(2) to state 2(1) would be
reasonably less than 0.5. In addition, it makes little sense to assume extreme
variance for prior distribution. Variance and covariance of 3, is ratio of
prior V' and another random variable 7, whose mean is the product of g and
A. For a fixed V', large values of g and A\, may yield a small variance and
covariance, and vice versa. For fixed g and A, larger V' yields larger variance
and covariance and vice versa. In practice, extreme values are usually avoided
and we will take a good balance of V', g and A into consideration. The
characteristic of stationary AR(1) model also has restrictions on B whose

mean is the prior z. Thus, I choose the following 6 different sets of priors.

Initial prior 1

2.8 1 0.95 0.05 0.15 0
1.5 1.2 0.05 0.95 0 0.15
02 04
and z =
-0.2 -04

Initial prior 2
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0.5 1 0.8 0.2 09 0
g: 7A: ’P: ’V(l):V(Q):
0.3 1.2 0.2 0.8 0 09
0.2 04
and z =
—-0.2 —-04

Initial prior 3

4 3 0.6 04 20
5) 4 0.4 0.6 0 2
-1 -1

z =
0.5 0.5

Initial prior 4

) 3 0.8 0.2 20
4 4 0.2 0.8 0 2
1 —=0.9

z =
-1 038

Initial prior 5

g 0.1 Ao 20 p- 0.7 0.3 YOy 10 0

0.2 10 0.3 0.7 0 10

and z =
-1 =2

Initial prior 6



Prior 1 is chosen very close to the true prior parameters. Prior 2 slightly
decrease g, and increase (p,q) and V. The true z; and 2z are positive for
state 1 and negative for state 2. In prior 1 and prior 2, z; and z; have the
same sign as their true prior counterpart. Prior 3 chooses a little larger g
and A and reverses signs for (z1, z9) for different states. Prior 4 is similar to
prior 3 except that 2z is negative for state 1 and positive for state 2. Prior
5 is special in very large V. Prior 6 is similar to prior 3 and the values are

closer to the true prior values.

3.5.1 Analysis of Hyperparameter Estimation

When there are only a couple of change points as in scenario 1, the estimated
g™ may explode as the number of iteration increases depending on the choice
of initial priors shown in Figure 3.2a and 3.2b; likewise the estimated A%
may have a chance to converge to zero shown in Figure 3.2c and 3.2d. In
larger (p, q) scenarios, ¢®) and A*) always converge to a constant regardless
of the choice of initial prior values. The reason of aberrant estimation of
g® and A*) in the low transition probability series may be the fact that
there is little information in the data to estimate parameters in a complex
multidimensional space. The less the number of change points in a series,

the less information EM algorithm can uses to estimate in a multidimen-
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sional space, thus the less accurate the estimates. However, in such cases,
the multiplication of g and A converges to to a constant that is reasonably
closer to its true prior counterpart. This raises a question of the lack of pa-
rameter identifiability, i.e. there is a function of the parameters that data do
not yield almost any information about. One possible solution is to reduce
the number of parameters. In current model, the prior distribution of o, is
determined by Gamma(g, ) and hidden states. If hidden states cannot be
avoided, the choice is to reduce the number of parameters associated with
the distribution of ;. T and Chi-square distributions are determined by one
parameter, which may be the candidate choice in this case. However, these
prior distributions may defeat the desirable property of conjugation that are
provided by Gamma-Normal pair and used in the current model estimation.
Thus caution must be taken if one wants to pursue other prior distributions.

Despite the fact that EM algorithm does not estimate g and A well in low
frequent switching series, g does converge when the series switches regimes
more frequently. If it ever converges, it converges fast and usually within 15
iterations. ¢, converges to a constant, not necessarily the exact true prior,
but reasonably closer to the truth. Figure 3.3 — 3.6 (a) show that solid
black (prior 1), dashed grey (prior 2) and long dashed blue (prior 5) lines
are much closer to solid red line (true prior values) and these lines become
stable within 10 iterations. Figure 3.3 — 3.6 (b) show that dotted magenta
(prior 3), dash-dot green (prior 4) and short-long dashed orange (prior 6)

lines seem to be closer the the true prior values, but these lines take more
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iterations to stabilize than the black, grey and blue lines do. In general prior
1, 2, 5 gives better g estimates in scenarios 2-5. Similarly EM estimation
of X works fine in more frequent switching series, i.e. it converges fast and
converges to a value reasonably closer to the true prior value, shown in (c)
and (d) of Figure 3.3 — 3.6. All prior estimates become stable eventually,
but solid black, dashed grey and long dashed blue lines converge faster than
other lines. So initial prior 1, 2 and 5 tend to give better estimates of A for
all scenarios except the first one.

Transition probability in general converges fast for all scenarios. When
transition probabilities are very small as in scenario 1, the estimation is very
much close to the truth, although prior 3 (dotted magenta) gives a much
higher estimates shown in Figure 3.2e. When the true transition probabili-
ties are larger as in scenario 3, 4 and 5, the estimates tend to be lower than
the true prior values. This result confirms the previous findings in Section
3.4.2 due to the fact the practical average of number of change points gen-
erated in the simulation is always lower than the theoretical counterparts.
Thus it is not sensible to conclude that the model tends to underestimate
transition probabilities. Although different initial priors may result in differ-
ent converging values, estimates from initial prior 1, 2, 5 tend to converge
to the same value, while initial prior 3, 4 and 6 yield a slightly different
converging constant. Prior 1, 2, 5 and 6 are better initial values in a way
that these estimates tend to converge faster, within 5 iterations, whereas by

initial prior 3 and 4, p or ¢ takes longer steps to converge, as shown in the
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Figure 3.2 — 3.6 (e) and (f).

In the estimation of variance and covariance matrix, the trouble also arises
in the low frequent switching scenario. In these cases, V(k) has a tendency to
converge to a zero matrix. When a nearly singular matrix occurs at a given
iteration, the subsequent estimation of other parameters requires the inverse
or the determinant of ‘A/'(k), whose values may be not a number (NaN) or
infinity produced by most of computer software. Thus the entire estimation
terminates. In scenario 1, the estimation of covariance matrix is sensitive to
initial prior choices. If a covariance matrix converges to zero, it can happen
as fast as within 10 iterations shown in Figure 3.2 (g) — (1). Covariance
matrices converges in all other scenarios. The estimates via prior 1, 2 and
5 share similarities; whereas those by prior 3, 4 and 6 seem to be close to
each other. Again estimation of V' become stable faster by prior 1, 2, 5 and
6 than those by initial prior 3, 4, shown in Figure 3.2 — 3.6 (g) — (1).

With no surprise z in general converges and converges fast like other prior
estimates do. Even in questionable scenario 1, Z converges to reasonable
values. What is special in this estimation is that the signs of the estimates
are associated with the initial prior choices. Since true z is positive for state
1 and negative for state 2, ideally the estimates of the z should follow the
same sign for different states. However if the signs of initial z are chosen the
opposite of the true prior for all states, the estimates end up with the wrong
signs. For example, in initial prior 6 where z2(!) are given negative values and

)

22 are given the positive values instead, z( eventually stabilizes at around
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(—0.34, —0.60)" and 2¥ comes out about (0.36,0.80)’ shown in Figure 3.3m
— 3.3p. In another sign experiment as in prior 4, z%k) has the same sign as
their true prior counterpart, zék) is given the opposite sign, i.e. negative for
state 1 and positive for state 2. Figure 3.3m — 3.3p show that after more
number of iterations, 2 converges to (—0.34, —0.60)" and 2 to (0.36, 0.80)’
as well. On the other hand, if the signs of initial priors are the same as those
of their true prior counterpart, the estimation ends up with the right signs
and better estimates in a way that these estimates are much closer to the
true prior values. In Figure 3.3m — 3.3p , Solid black, dashed grey and long
dashed blue lines converge within 5 iterations and those lines are closer to the
true value (solid red line). In summary, estimates of Z by initial prior 1, 2, 5
tend to converge fast and converge to the values that are closer to the truth,
and on the contrary, the estimates of Z by initial prior 3, 4, and 6 converge
slower and converge to values with the opposite signs of the true prior values
for most of the case. These findings are more prominent in more frequent
switching series that are generated by scenario 3, 4, and 5, and shown in
Figure 3.4m - 3.4p, Figure 3.5m - 3.5p and Figure 3.6m - 3.6p.

EM algorithm has the property to increase the log likelihood for every
iteration. Figure 3.2 — 3.6 (q) shows that log likelihood function becomes
stable as the number of iterations increases in general except for scenario 1.
The discussion of prior estimation in EM algorithm has always been difficult
for low frequent switching series, such as in scenario 1 with no exception of log

likelihood function. Log likelihood function estimated by prior 3 in scenario
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1 is diverging possibly because g is diverging. Log likelihood may decrease
for some iterations in scenario 2 is still a bit of puzzle shown in Figure 3.3q.
Log likelihood by initial prior 1 (solid black), prior 2 (dashed grey), prior
5 (long dashed blue) and prior 7 (short-long dashed orange) converges the
fastest within 10 iterations; log likelihood by initial prior 3 (dotted magenta)
and 4 (dash-dotted green) converges the slowest within 20 iterations as shown
in Figure 3.4q, 3.5q and 3.6q. This may prove a widely acknowledged fact
that the EM algorithm finds a local maximum of a latent variable model
likelihood. In addition, we observe that there are multiple solutions to the
same maximized likelihood value. Which solution is the best, in another
word, which initial prior is optimal cannot be determined by evaluating prior
estimates alone. I will discuss this issue in the next subsection.

We conclude this subsection by giving some practical advices on how to
implement EM algorithm. EM algorithm works better when the data are
informative, i.e. more structural changes. Prior estimation is less sensitive
to the initial g, A, P and V', but sensitive to the signs of initial z. We have
seen in many cases that initial prior 1, 2 and 5 produce similar output, initial
prior 3, 4, and 6 converge a little slower and may produce another similar
output. The major difference among two groups are the signs of z. If the
initial z has the same sign as the true parameter, the algorithm converges
faster and the estimates are likely to be closer to the true values. Running EM
algorithm is expensive, especially when there are so many parameters. Each

parameter may have its own rate of convergence. My observation is that if
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~ R A A (1)
Figure 3.2: The estimated prior parameters g, X, p, ¢ and V( ) in the first
60 iterations of the EM algorithm from a selected series. The true (p, q) =
(0.004, 0.004)
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Figure 3.2: Continued. The estimated prior parameters V(2) and z and log
likelihood in the first 60 iterations of EM algorithm from a selected series.
The true (p, ¢) = (0.004, 0.004)
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~ X A A (1)
Figure 3.3: The estimated prior parameters g, X, p, ¢ and V( ) in the first
60 iterations of the EM algorithm from a selected series. The true (p, q) =
(0.01, 0.01)
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Figure 3.3: Continued. The estimated prior parameters V(Q), z and log
likelihood in the first 60 iterations of EM algorithm from a selected series.
The true (p, ¢) = (0.01, 0.01)

o
™
@] Sl :
el . ol :
o] - Q ."'.-. - v
~ | ' ‘ ' [Te} l
e SERINE sy
" -‘.. o * .
81 i 1
- .
N ————— — | 8 L P — ol % —=
o | S =}
=}
0O 10 20 30 40 50 60 0O 10 20 30 40 50 60 0O 10 20 30 40 50 60
o 17(2) (2) _ v(2) 7 (2)
() iy 5 (k) Viy’ =V (1) Va3
< = <~
© A (II (=] —
N wl g
o [=) g .
of! !
S o < |
N1 \
?7 - : N
.'\._‘- © Al ?.
3 - R oq '~ \
I ! et T T T <
0O 10 20 30 40 50 60 0 10 20 30 40 50 60 0O 10 20 30 40 50 60
(1) (1) 5(2)
(m) 2 o (n) % (0) 2
o S
- ¢
A - N i
! i
L | L 8 [} /-'
o Lt 4 /.%
Q | o
=} S
™
-
I
n
R g
n
0O 10 20 30 40 50 60 0 10 20 30 40 50 60
(2 . .
(p) 5 (q) Log likelihood
‘ —— True prior —— Prior 1 --- Prior 2 - Prior 3 ---- Prior 4 —— Prior 5 Prior 6

130




~ X A A (1)
Figure 3.4: The estimated prior parameters g, X, p, ¢ and V( ) in the first
60 iterations of the EM algorithm from a selected series. The true (p, q) =
(0.04, 0.08)
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Figure 3.4: Continued. The estimated prior parameters ‘7(2), z and log
likelihood in the first 60 iterations of EM algorithm from a selected series.
The true (p, ¢) = (0.04, 0.08)
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Figure 3.5: The estimated prior parameters g, A, p, ¢ and V( ) in the first
60 iterations of the EM algorithm from a selected series. The true (p, q)
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Figure 3.5: Continued. The estimated prior parameters V(2) and 2z and log
likelihood in the first 60 iterations of EM algorithm from a selected series.
The true (p, ¢) = (0.05, 0.05)
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Figure 3.6: The estimated prior parameters g, X, p, ¢ and V( ) in the first
60 iterations of the EM algorithm from a selected series. The true (p, q) =
(0.10.1)
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Figure 3.6: Continued. The estimated prior parameters V(Q), z and log
likelihood in the first 60 iterations of EM algorithm from a selected series.

The true (p, ¢) = (0.1, 0.1)
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EM algorithm converges, it converges fast usually within 10 to 15 iterations.
Therefore hyperparameters estimated by 15 iteration is chosen to further
estimate the regression parameters in the next subsection. In addition, it is
still a good practice to begin the estimation with several random initial prior

values.

3.5.2 Analysis of Model Parameters

The estimation of hyperparameters is an intermediate step to estimate the
model parameters of primary interest, i.e. the probability of hidden state and
the regression parameters 3, and o; at each time point. As mentioned before,
we choose to estimate model parameters in each series by EM algorithm with
15 iterations for 6 different sets of initial priors. We begin with the evaluation
of the impact of initial priors on the estimated probabilities of the hidden
state. By assumption all the series begin with state 1 and at some point in
time jump to state 2 and may switch back to state 1 and so forth. Since there
are only two states and the estimated probabilities of two different states
must sum up to one, it is sufficient to analyze one of the estimates such as
the probabilities of state 2. Figure 3.7 — 3.11 (b) show the probabilities of
being in state two estimated from 6 different sets of initial priors. Remember
that the true probabilities of state 2 (solid red) begin with zero in all figures.
0.5 line (dashed blue) is used to distinguish two states. As we can see from

these figures, our model may mislabel the states for some initial prior values.
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Figure 3.7: The selected time series and the estimated regression parameters
using priors after 15 iterations in EM algorithm. True (p, ¢) = (0.004,0.004)
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Figure 3.8: The selected time series and the estimated regression parameters
using priors after 15 iterations in EM algorithm. True (p, ¢) = (0.01,0.01)
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Figure 3.9: The selected time series and the estimated regression parameters
using priors after 15 iterations in EM algorithm. True (p, ¢) = (0.04,0.08)
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Figure 3.10: The selected time series and the estimated regression parameters
using priors after 15 iteration in EM algorithm. True (p, ¢) = (0.05,0.05)
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Figure 3.11: The selected time series and the estimated regression parameters
using priors after 15 iterations in EM algorithm. True (p, ¢) = (0.1,0.1)
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Table 3.9: Monte Carlo mean of diagnostic statistics based on 500 simulations
using hyperparameters estimated at the 15" EM iteration for different (p, ¢)

scenarios and different initial prior values.

Standard errors are shown in

parenthesis.
| (p, 9) | Priorl | Prior2 | Prior3 | Prior4 | Prior5 | Prior6 |
0.0155 0.0171 0.0367* 0.0228 0.0164 | 0.0155*
(0.004,0.004) | 55 04 | (5.76-04) | (2.66-03) | (1.20-03) | (5.7¢-04) | (5.5¢-04)
(0.010, 0.010) 0.0286 0.0296 0.0412 0.0349 0.0291 0.0285
P (6.20-04) | (6.8¢-04) | (1.5¢-03) | (9.4¢-04) | (6.4e-04) | (6.1e-04)
0.0757 0.0756 0.0823 0.0785 0.0756 0.0757
(0.040, 0.080) | ¢ g0 04) | (8.86-04) | (1.26-03) | (1.06-03) | (8.96-04) | (8.9¢-04)
(0.050, 0.050) 0.0730 0.0730 0.0793 0.0769 0.0730 0.0730
Ade- Ae- 3e- de- Ade- Ae-
RN 9.4e-04 9.4e-04 1.3e-03 1.1e-03 9.4e-04 9.4e-04
(0.100, 0.100) 0.0942 0.0942 0.0959 0.0968 0.0942 0.0944
AU (9.2¢-04) | (9.2-04) | (9.9e-04) | (1.1e-03) | (9.2e-04) | (9.3¢-04)
(a) Kullback-Leibler (KL) divergence
‘ (p, Q) ‘ Priorl ‘ Prior2 ‘ Prior3 ‘ Prior4 ‘ Priord ‘ Prior6 ‘
0.9840 0.9787 0.9348* 0.9672 0.9825 | 0.9837*
8e- le- 9e- Te- 8e- Te-
(0.004, 0.004) 7.8e-04 1.1e-03 3.9e-03 1.7e-03 8.8e-04 7.7e-04
(0.010, 0.010) 0.9598 0.9579 0.9318 0.9485 0.9592 0.9597
8e- Ae- Ade- 3e- 3e- 8e-
R 7.8e-04 9.4e-04 2.4e-03 1.3e-03 8.3e-04 7.8e-04
0.8706 0.8705 0.8578 0.8655 0.8705 0.8705
(0.040,0.080) | (s 04) | (8.10-04) | (1.5¢-03) | (1.1e-03) | (8.1e-04) | (8.1e-04)
0.8762 0.8760 0.8640 0.8705 0.8761 0.8761
(0.050,0.050) | g 1004) | (8.10-04) | (1.56-03) | (1.26-03) | (8.16-04) | (8.1¢-04)
(0.100, 0.100) 0.8350 0.8349 0.8309 0.8325 0.8350 0.8349
i (7.1e-04) | (7.1e-04) | (1.0e-03) | (9.8e-04) | (7.1e-04) | (7.1e-04)
(b) Sum of Squares of Standardized Error (SSSE)
| (p, 9) | Priorl | Prior2 | Prior3 | Priord | Priort5 | Prior6 |
0.0771 0.0804 0.1104* 0.0872 0.0790 | 0.0769**
(0.004,0.004) 11 4o 03) | (1.56-03) | (3.76-03) | (1.76-03) | (1.46-03) | (1.36-03)
0.1130 0.1139 0.1290 0.1192 0.1137 0.1127
(0010, 00100 11 40 03) | (1.56-03) | (2.26-03) | (1.60-03) | (1.5¢-03) | (1.4e-03)
0.1875 0.1870 0.1938 0.1902 0.1870 0.1873
(0.040,0.080) 1} 50 03) | (1.26-03) | (1.56-03) | (1.36-03) | (1.26-03) | (1.26-03)
0.1868 0.1867 0.1933 0.1910 0.1866 0.1870
(0.050,0.050) | ) 9003) | (1.26-03) | (1.56-03) | (1.46-03) | (1.26-03) | (1.26-03)
0.2135 0.2134 0.2152 0.2163 0.2134 0.2138
(0-100, 0-100) 1 96.03) | (1.26-03) | (1.36-03) | (1.36-03) | (1.26-03) | (1.26-03)

(¢) Ly norm
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Table 3.9: Continued

‘ (p, Q) ‘ Priorl ‘ Prior2 ‘ Prior3 ‘ Prior4 ‘ Priorb ‘ Prior6 ‘
0.9869 0.8997 0.2656* 0.4177 0.9393 | 0.0120**
(2.5e-03) | (7.8e-03) | (1.1e-02) | (1.6e-02) | (6.6e-03) | (2.6e-03)
0.9790 0.9323 0.2426 0.5095 0.9592 0.0165
(2.4e-03) | (6.0e-03) | (9.5e-03) | (1.6e-02) | (4.7e-03) | (1.4e-03)
0.9588 0.9592 0.0773 0.6070 0.9588 0.0410
(1.1e-03) | (1.1e-03) | (4.6e-03) | (1.9e-02) | (1.1e-03) | (1.1e-03)
0.9608 0.9608 0.0833 0.6920 0.9603 0.0392
(1.0e-03) | (1.0e-03) | (5.5e-03) | (1.8e-02) | (1.1e-03) | (1.0e-03)
0.9464 0.9463 0.0592 0.7835 0.9463 0.0540
(1.0e-03) | (1.0e-03) | (2.1e-03) | (1.5e-02) | (1.0e-03) | (1.0e-03)

(d) Identification Ratio (IR)

(0.004, 0.004)

(0.010, 0.010)

(0.040, 0.080)

(0.050, 0.050)

(0.100, 0.100)

For example, in Figure 3.7b, by initial prior 4 and 6, the series is estimated to
start with state 2 and then at the time point where the series is supposed to
change from state 1 to state 2 it switches to state 1. The same is true for the
second change point, i.e. the transition position is almost correctly detected,
but from the wrong state to another wrong state. State misidentification
occurs for other scenarios of (p, q) as well. Although our model may mislabel
the states by certain initial priors, the estimation of regression parameters,
such as ,@t and ¢y in Figure 3.7 - 3.11 (c)- (e) is not affected as much by the
choice of initial prior values. For example, in Figure 3.10c, solid red line is
true (o, all other lines estimated by different initial priors tend to overlap
with each other and the estimation is close enough to the true parameter
values. The same is true for estimation of 3, ; and o; for all scenarios.
Figure 3.7 - 3.11 only present the results of a few selected time series. To

understand the large scale impact of initial prior values on the estimation of
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model parameters, we still resort to the diagnostics in Monte Carlo simula-
tion. Table 3.9 computes Kullback-Leibler (KL) divergence, sum of squares
of standardized error (SSSE), Ly norm and identification ratio (IR) to com-
pare the goodness of fit for each set of initial prior values in every scenario.
Star * in Table 3.9 indicates that in scenario (0.004,0.004), the model is un-
able to produce the estimates by initial prior 3 for series 213, 294, 347, and
443 among 500 series, thus these series are eliminated for diagnostic analysis.
Diagnostics labelled by double star x* exclude the series 141, 213, 247, 294,
347 and 443 that fail to produce the results by initial prior 6. It is clear that
in Table 3.9 prior 3 and prior 4 produce the largest KLD’s (a) and Ly norm
(c) and the smallest SSSE (b) for every (p, q) scenario. IR statistics are the
worst by prior 3, 4 and 6, which confirms the previous results of mislabelling.
In summary Monte Carlo simulation further confirms the results of the anal-
ysis in selected individual series that prior 1, 2 and 5 are better initial values

and the signs of prior mean z are crucial in the choice of good initial priors.
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Chapter 4

Real Data Analysis

4.1 Unemployment Rate

We will apply model (2.1) to several economic time series with various autore-
gressive orders and series lengths. We begin with the data "Unemployment
Rate: Aged 15-64: All Persons for the United States" available from the web-
site of Federal Reserve Bank of St. Louis at https://research.stlouisfed
.org/fred2/series/LRUN64TTUSM156S. Unemployment rate is an impor-
tant statistical indicator to measure the strength of the job market and eco-
nomic health. Such time series have been analyzed constantly in econometric
research and business cycle analysis. Figure 4.1a presents the monthly un-
employment rate in percent from January 1970 to March 2015. The shaded
areas indicate economic recession periods identified by The National Bureau

of Economic Research (NBER). Table 4.1 lists the beginning and the ending
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months that the US economy is in recession according to NBER statistics
from 1970 to 2015. The shortest recession period lasts only 4 months and the
longest lasts 16 months. The periods between the end of a recession and the
beginning of the next recession are the economic growth periods that may
be called "expansion" in economic terms. The fact that expansion periods
are usually longer than recession periods is a typical example of asymmetry

between regimes in a time series analysis.

Table 4.1: NBER recession periods from January 1970 to December 2015

Recession periods Starting date Ending date
1 1970-01 (1970:Q1) 1970-11 (1970:Q4)
2 1973-12 (1973:Q4) 1975-03 (1975:Q1)
3 1980-02 (1980:QQ1) 1980-07 (1980:Q3)
4 1981-08 (1981:QQ3) 1982-11 (1982:Q4)
5 1990-08 (1990:Q3) 1991-03 (1991:Q1)
6 2001-04 (2001:Q2) 2001-11 (2001:Q4)
7 2008-01 (2008:Q1) 2009-06 (2009:Q2)

The shaded vertical bars in Figure 4.1a are equivalent to the above 7
recession periods. Clearly this time series is non-stationary. The unemploy-
ment rate goes up when the economy is in recession and comes down in
expansion. In recession period 2 (the second shaded bar), the level of un-
employment rate rises from 4.7 percent to 9.2 percent; whereas in recession
period 4 (the fourth shade bar) it begins with 7.3 percent and reaches as high
as 11.3 percent. To make this series stationary, at least within the periods
of recession or expansion, we take the difference. Thus the new series fitting

for the model analysis is y; = y; — y;_; where y; is the original unemploy-
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Figure 4.1: Unemployment rate series, NBER recessions in shaded areas
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ment rate at time t. As can be seen from Figure 4.1b, the transformed series
roughly scatters around 0. Obviously, overall difference in recession periods
are much higher than that in expansion periods. For example, the differ-
ence in recession period 5 seems to be lower than that in recession period 7.
Without background recession areas, it would be very difficult to visualize
the pattern change at the transition between recession and expansion. One of
the main tasks of this study is to find the periods of recession and expansion
by analyzing unemployment rate time series alone.

A two-regime model y, = By + B1,:yi—1 + o1& is chosen to estimate the se-
ries in Figure 4.1b, where ¢, ~ N(0, 1). In practice, the EM algorithm is run
a limited number of times. After several trial runs, the initial prior parame-
ters are chosen to be ¢ =2, ¢ =3, AU =2 \® =1, 20" = (0.2,0.4),

0.99 0.01

2 0
2(2) — (_0_2, _04)7 v — yv@ — ,and P = . After
0 2 0.01 0.99

25 iterations, the estimated hyperparameters are §\" = 39.61, §® = 4.05,
A =0.93, A® =5.03, 21" = (—0.0354, —0.1034), 23" = (0.0884,0.2585),
) 0.0035 —0.0028\ . (2 0.2144 —0.0328 )

V' = , V. = , and P =
—0.0028  0.4768 —0.0328 0.3436

0.98 0.02
. The smoothing estimation of f3;; and o, are shown in Fig-

0.05 0.95
ure 4.2 (b) — (d) in solid black, accompanied by 95% confidence intervals in

dashed green lines and the regime estimation in (a).

Figure 4.2a shows that the estimated probabilities of series being in state
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1 begins around zero from March 1970, which means state 1 is impossible to
represent any economic status this period belongs to. Since the year 1970 is in
recession measured by NBER, we may infer that state 1 represents economic
expansion and state 2 represents economic recession. The simple criterion to
identify the state is to use the 0.5 threshold. The US economy is in recession
(state 2) if the estimated P(S; = 1) < 0.5 according to our model. The
estimated recession periods are shown in Table 4.2. The beginning and the
ending dates of some of the estimated recession periods may differ a few
months from the NBER statistics. Whenever our model successfully detects
the changes, the estimated P(S; = 1) has to experience a gradual transition
from 1 to 0 or 0 to 1. If P(S;) is estimated to be around 0.5 in the process
of transition, the regime the time series belongs to at time t is actually
undetermined. The simple 0.5 threshold may cause the slight difference in
Table 4.1 and Table 4.2. In general, our model estimation of recession periods
by a single series agrees very well with NBER statistics, which take many

economic factors into consideration.

Table 4.2: Estimated recession periods for unemployment rate series

Periods | Starting date Ending date
1 1970-03 1971-01
2 1974-05 1975-06
3 1979-12 1980-07
4 1981-08 1983-01
5 1990-06 1992-06
6 2000-12 2002-04
7 2008-03 2009-10
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Estimation of other model parameters takes the regimes into considera-
tion automatically — no manual work is needed to assign regimes in order to
write down the estimated equations like classical MS models. In fitted equa-
tion 1, = ﬂAOJ + Blvtyt_l, Bi’t at every time point t is shown in Figure 4.2 (b)
and (c). fo.’s are not a constant for all estimated recession (or expansion)
periods, neither are Bl,t’s. In Figure 4.2 (d), 6, behaves similarly. The confi-
dence intervals (dashed green line) shows that the estimation is reasonable.
Confidence intervals are wider around the transition points and narrower in-
side the recession (expansion) periods, indicating that the estimation is less
certain when the model is in the process of detecting a switch. Finally, the
probability of making a transition from expansion to recession is estimated
to be 0.02 and from recession to expansion is estimated to be slightly higher
at 0.05. These estimates are reasonable for the current series length and the
number of switches estimated.

Figure 4.2: Estimated model parameters for unemployment rate series
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4.2 Industrial Production: Manufacturing

The second economic series we will analyze is that of industrial production:
manufacturing series available from the website of Federal Reserve Bank of
St. Louis at https://research.stlouisfed.org/fred2/series/IPGMFSQ.
This series is very short with 176 quarterly observations from 1972:Q1 to
2015:Q4, shown in Figure 4.3a. Table 4.1 also shows NBER recession periods
by quarters from 1972 to 2015. Series in (a) has an increasing trend and
drops slightly during the recession periods. To make the series stationary,
we difference the series by y; —v;_; (y; is the original series) resulting in Figure
4.3b. The differences center around zero and seem to have larger negative
values in shaded areas and small positive values in non-shaded areas.

We choose to fit the following model to the quarterly data:

Y = Bot + Brai—1 + Bos¥i—2 + Bai¥i—3 + Basli—a + 0r€s

where y; is the difference in Figure 4.3b and ¢ ~ N(0,1). Let K = 2
representing two regimes in the economy (recession and expansion). Since
B, is a 5-dimensional vector, the prior mean is also a 5-dimensional vector
and the prior variance is a 5 x 5 matrix. There are 46 hyperparameters to be
estimated in total. Comparing with the number of observations available for
modelling, the number of parameters to be estimated in this model is huge.
After 60 iterations of the EM algorithm, the hyperparameters are estimated
to be ¢ = 538.59, ¢ = 127.95, A\ = 0.0029, \® = 0.0047, p = 0.04,
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Figure 4.3: Industrial production: manufacturing series, NBER recessions
are shown in shaded areas
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e}

G =0.19, 2 = (0.4927,0.4335, —0.0931, 0.0327, —0.0467),

2 = (—0.3827,0.7727, —0.5576, 0.1365, —0.4260)’,

0.0066 —0.0019 —0.0003 7.2e—5  0.0005
—0.0019 0.0036  —0.0010  0.0001  —0.0007
V' =1-00003 —0.0010 0.0026 —0.0010 —1.2e —6 | »
7.2e —5 0.0001 —0.0010 0.0024  —0.0009

0.0005 —0.0007 —1.2e —6 —0.0009  0.0389

and

0.0058  0.0025  0.0009 2.7e —5 0.0003

0.0025  0.3026 —0.0025 —0.0008 —0.0004
- (2)
V"= 00009 -0.0025 0.0069 —0.0018 0.0013

2.7e —5 —0.0008 —0.0018 0.0050 —0.0016

0.0003 —0.0004 0.0013 —0.0016 0.0052

Figure 4.4a shows the estimated probabilities of regimes being in state
1. We still use the criterion that the series is in regime 1 if the estimated
P(S; = 1) > 0.5. The estimates in Figure 4.4a begin high close to 0.85
in expansion period (non-shaded area). Thus we may name regime 1 as
expansion and regime 2 as recession. By 0.5 threshold, the estimated reces-
sion periods from Figure 4.4a are 1974:Q3 - 1975:Q1, 1980:Q1 - 1982:QQ4,
1990:Q3 - 1991:Q1, 2000:Q3 - 2002:Q1 and 2008:Q1 - 2009:Q1. Compar-
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Figure 4.4: Continued
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Figure 4.4: Continued
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ing with Table 4.1, the first estimated recession period begins two quarters
later than NBER statistics. The second estimated recession period joins two
recession periods 1980:QQ1-1980:QQ3 and 1981:Q3-1981:Q4 in NBER record
into one recession period. Since there are only 3 observations in between
the two recession periods, little information is known to estimate two regime
changes in three quarters. The third and fifth estimated recession periods
coincide with NBER statistics and the fourth recession period is estimated
to be longer, beginning 3 quarters earlier and ending one quarter later than
the NBER record. In general our estimation of recession periods agrees well
with the NBER statistics. Other estimates including Bo,t, BM, Bz,t, Bg,t, B4¢
and 6, and their confidence intervals are shown in Figure 4.4 (b) to (g) re-
spectively. 95% confidence intervals show that £y, and f;; are significantly
different from zero in each regime and (32, B3, and [, in recession periods

are significantly different from zero. In addition, the estimated S;’s are not
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necessarily the same in the same regime. For example, in expansion period
(1991:QQ2 - 2000:Q2) Sy, is estimated to be around 0.1 on average; whereas

in 2009:Q2 - 2015:Q2, it is estimated to be —0.1 on average.

4.3 Real Manufacturing and Trade Inventory

The third and the last economic series we will analyze is that of real manufac-
turing and trade inventory from 1968:Q4 to 2015:Q4. It can be downloaded
from the website of Federal Reserve Bank of St. Louis at https://research
.stlouisfed.org/fred2/series/INVCQRMTSPL. This series is also short
with only 189 quarterly observations. Figure 4.5a shows that this series in-
creases from 460,330 to 1,754,238 and drops slightly at the recession periods
indicated in the shaded areas. It is a convention to transform the aggre-
gated values by continuously compounded rate of change to make the series

stationary. Continuously compounded rate of change can be computed as

Yy = 100 x In yfi, shown in Figure 4.5b where y; is the original inventory
series. y; ranges between -3 and 3. When series is in recession period, the
values tends to be more negative and vice versa.

To choose a proper model, I have tried models with various autoregressive
orders from 1 to 4. Only AR(4) model is able to successfully find all recession
periods, other models either detect no regime switching or detect the change

points partially . For quarterly economic time series, it is usually reasonable

to consider annual effects in the AR(4) model. Therefore we use the following
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Figure 4.5: Real manufacturing and trade inventory series, NBER recessions
are shown in shaded areas

FRED obd — Real Manufacturing and Trade Inventories
1,800,000

1,600,000
1,400,000
1,200,000

1,000,000

(Chained 2009 Dollars)

800,000
600,000

400,000
1970 1980 1990 2000 2010

Source: Federal Reserve Bank of St. Louis
research.stlouisfed.org

(a) Original series (quarterly, 1968:Q4 - 2015:Q4)

— Rea anufacturing an rade Inventories
) o2 Real Manuf: ing and Trade | i

3
%
® 2
©
ey
(@)
=
(=]
8
T
o
el
3
S o MM (\ /\/\/\j\/\ﬂ
=3 I v | v T
£
o
()
5
>
o
>
£
5 =2
o

3

1970 1980 1990 2000 2010

Source: Federal Reserve Bank of St. Louis
research.stlouisfed.org

(b) Continuously compounded rate of change (quarterly, 1969:Q1-2015:Q4)

160



model for the manufacturing and trade inventory series:

Y = Bot + Bral—1 + Bosle—2 + B31Yi—3 + BaiYi—a + Or€s

where ¢, ~ N(0,1) and y; is the continuously compounded rate of change.

After a careful selection of initial prior values and running 40 iterations

in EM algorithm, the estimated hyperparameters are as follows:

19.05, ¢® = 24.21, \®O = 0.10, \@ = 0.47, p = 0.05, § = 0.30,

(0.6503, 0.2506, 0.1263, 0.0840, —0.1841),

27 = (~1.1808,0.1167, —0.3183, 0.5983, —0.5424),

and

- (1)

0.0144
—0.0056
—0.0022
—0.0013
—0.0027

—0.0056
0.0327
—0.0013
—0.0005
—0.0067

0.0022
—0.0134
0.0327
—0.0024
—0.0001
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—0.0013
—0.0005
—0.0024
0.0050
—0.0013

—0.0027
—0.0067
—0.0001
—0.0013
0.0195

g(l)
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4.4641 09154 -0.3267 0.0103 —0.1364
0.9154 49120 0.0498 0.0381  0.0579
V' ' =1-03267 0.0498 0.5340 —0.0118 0.0451
0.0103 0.0381 —0.0118 0.07440 —0.0352

—0.1364 0.0579 0.0451 —0.0352 0.3937

Figure 4.6a shows the estimated probabilities of series being in regime 1.
The estimated probabilities begins low in 1970:Q1 and rise up quickly to 1 in
1970:Q4. Since NBER labels period 1969:Q4 — 1970:QQ4 as recessio, We may
induce that regime 1 represents economic expansion and regime 2 represents
economic recession. Our model predicts 7 recession periods listed in more
details in Table 4.3 by comparing estimated P(S; = 1) (Figure 4.4a) with
threshold 0.5.

Table 4.3: Estimated recession periods from manufacturing and trade inven-
tory series

Recession periods | Starting date Ending date
1 1970:Q1 1970:Q4
2 1975:Q1 1975:Q2
3 1980:Q1 1980:Q3
4 1982:QQ1 1983:Q1
5 1990:Q4 1991:QQ2
6 2001:Q1 2001:Q4
7 2008:Q1 2009:Q3

Seven recession periods are clearly detected by the model. The second

estimated recession period seems to begin and end later and shorter than
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Figure 4.6: Estimated model parameters of manufacturing and trade inven-
tory series
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Figure 4.6: Continued
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NBER record in Table 4.1. The fourth estimated recession period begins
two quarter later and end one quarter later. The rest of the estimated
recession periods are very similar to NBER statistics. The discrepancy is
inevitable, since our estimation is based on single economic series, whereas
NBER statistics are the results of collective consideration. Estimation of
regression parameters and their confidence intervals are shown in Figure 4.6
(b) — (g). Clearly the estimates in different regimes are quite different, and
they are not piece-wise constants even within the same regimes. The analysis
of parameter estimation would be very similar to those in Section 4.1 and
4.2 and thus the discussion is omitted here. The proposed model has wide

application in detecting regime changes in economic series analysis.
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4.4 Comparison with Classical Markov Switch-
ing Models

In this section, we compare Hamilton’s classical regime switching model with
our model and show that our model is more sensitive to regime changes
and work better for more complicated models. To achieve the desirable
comparison, we re-analyze data series in Section 4.1 - 4.3 in classical MS
models with the same number of regimes, i.e. K = 2 and with the same order

in the autoregressive equation. For unemployment rate series we choose

Y = Bok + PreYi—1 + €.

For industrial production series and real manufacturing and trade inventory

series we choose the following regression equation:

Y = Bok + Breli—1 + BorYi—2 + B3 xYi—3 + Barli—a + €.

In both equations, €; ~ N(0,02) and k is the k" regime. A MatLab package
written by Perlin (n.d.-a) is used to conduct the statistical analysis to the
transformed series in Figure 4.1b, 4.3b and 4.5b. This package is download-
able from the url provided in the reference. A typical maximum likelihood
estimation (MLE) method is used to estimate the model parameters. No
hyperparameters or EM algorithm are needed in this model.

Figure 4.7 shows the estimated smoothing probabilities in regime 1, i.e.
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estimated P(S; = 1) for each time t for series from Figure 4.1b, 4.3b and
4.5b. The classical regime switching model also uses Bayesian classifier to
classify the regime status according to the estimated smoothing probabili-
ties. If the estimated P(S; = 1) > 0.5 at time t, the series is at regime
1; otherwise the series is at regime 2. To determine which regime repre-
sents recession or expansion, a comparison is made between the beginning
few regime estimates with the beginning white or shaded area in each plot
in Figure 4.7. The shaded areas are again the recession periods reported
by NBER. If the series begins with regime 1 in a white area, regime 1 is
chosen for expansion periods; if the regime begins with regime 1 in a shaded
area, regime 1 represents recession periods. Henceforth, regime 1 represents
recession in unemployment rate series, and regime 1 is chosen to represent
expansion periods for industrial production series and inventory series. It is
obvious to understand such choices from Figure 4.7 (a)- (c).

The estimated equation for unemployment rate series (difference) in re-

cession periods is

gr = —0.02575 — 0.0238y,_1, With Grecession = 0.04823

(0.0386)  (0.0088)

And the estimated equation in expansion periods is

G = 0.6274 — 0.05389y,_1, With Gexpansion = 0.01402
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(0.029) (0.0778)

The values in parenthesis are the standard errors of corresponding estimators
such as Bo and Bl in each regime. f; is not significant different from zero for
expansion periods at 5% level. According to Figure 4.7a, classical MS model
also successfully detects recession periods in unemployment rate data. The
estimated recession periods are presented in Table 4.4. Recession periods 1, 5
and 6 are estimated to be closer to NBER report in Table 4.1 in classical MS
model. Estimation of period 7 is much wider than our model estimation in
Table 4.2 and NBER record too. Estimation of other recession periods is very
similar to our model estimation. The transition probability from recession to
expansion is estimated to be 0.08 (higher than our model estimate 0.05) and

from expansion to recession to be 0.02 (the same as our model estimate).

Table 4.4: The estimated recession periods in Classical MS model for unem-
ployment rate series.

Recession periods Starting date Ending date

1 1970-03 1970-12
2 1974-04 1975-07
3 1980-01 1980-07
4 1981-07 1984-06
5 1990-07 1991-03
6 2001-06 2002-01
7 2008-03 2011-01

Classical MS model behaves a little different for industrial production

series. The number of recession periods is much less than our model esti-
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mation in Section 4.2. Comparing the estimated probabilities with 0.5 in
Figure 4.7b, the estimated recession periods are 1974:Q4-1975:Q1, 1982:Q2,
2001:Q1, 2001:Q3 and 2008:QQ1-2009:Q1. The estimated probability in re-
cession is 0.57 in 2001:Q1 and 0.52 in 2001:Q3, not a strong indication that
the regime is in recession. These probabilities can be also interpreted as
the fuzziness in the expansion regime. Thus it is reasonable to draw a con-
clusion that there are only 3 non-controversial estimated recession periods:
1974:Q4-1975:Q1, 1982:Q2 and 2008:Q1-2009:Q1.

The estimation of regression coefficients relies on the identification of
the regime. For expansion (regime 1) periods 1973:Q2-1974:Q3, 1975:Q2-
1982:Q1, 1982:Q3 - 2007:Q4 and 2009:Q2 - 2015:Q4, the fitted equation is

i = 0.4010 + 0.5362y,_1 — 0.1927y,_5 + 0.1069y, 5 — 0.1202y, 4

(0.0679) (0.077)  (0.0970) (0.0813) (0.0612)

where 67 = 0.4087. For recession (regime 2) periods mentioned above, the

fitted equation is

9r = 0.49 + 1.3297y,_; + 0.2708y,_» — 0.7682y,_3 — 0.7232y;_4

(0.1577) (0.4109)  (0.8502)  (0.8512)  (0.3612)

where 65 = 1.9449. The standard errors are given in parenthesis. The

probability of switching from expansion to recession is estimated to be 0.04
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and from recession to expansion is 0.37. It seems that the model is over
parametrized, because the only significant coefficients are the ones for ;1
in both regimes by constructing 95% confidence interval via standard errors.
When a simpler model MS(2)-AR(1) is run and tested, the regression co-
efficients behave better and transition probabilities become a little smaller.
Nevertheless, there is no improvement in the estimation of regimes. The es-
timation of the smoothed probabilities of the regime in this simpler model
looks very similar to Figure 4.7b thus not reported here.

The application of classical MS model on real manufacturing and trade
inventory series shows that in expansion periods (regime 1) the estimated

equation is

i = 0.6493 — 0.294y, 1 + 0.1148y,_» + 0.0918y,_5 — 0.2188y;_4

(0.0773) (0.0788)  (0.0756) (0.0745) (0.0616)

with estimated standard deviation 6; = 0.2812 (0.038) and in recession pe-

riods, the estimation is

g = —1.2544 — 0.1634y;,_1 + 0.044y,_o + 0.408y,_3 + 0.6775y,_4

(0.3411) (0.2117)  (0.2271) (0.2155) (0.2629)

with estimated standard deviation ¢ = 0.5876 (0.1880). The coefficients for

Y4 are significant for both regimes confirming the validity of auto regression
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Figure 4.7: Estimation of smoothed probabilities of the series being in state
1 from the classical MS model for three real data series in Figure 4.1b, 4.3b
and 4.5b
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of order 4. The transition probability from expansion to recession is estimated
to be 0.05 and from recession to expansion is 0.25. However this model fails
to detect the first recession period in the first shaded area shown in Figure
4.7c.

In summary, comparing Figure 4.2a, 4.4a and 4.6a with Figure 4.7 (a) —
(c), our model seems to detect more recession periods and the estimation of
the recession periods are closer to NBER dating scheme than the classical
MS model. Besides, in a two-regime classical MS model, there are only two
sets of estimated parameters for each regime. However, the estimation of
model parameters in our model is not restricted by the number of regimes.
Our model gives more flexibility to estimate the parameters even in the same
regime. First the values of model parameters are estimated at each time
point and thus not a constant within a regime. Second, no manual work of
identifying the regime is needed to write the fitted equation. The transition
probabilities between the regimes in our model tend to be estimated no more
than classical MS estimates in most of the cases. As also shown in the
simulation study, the classical MS model has a tendency to overestimate the
transition probabilities between the regimes. So our model estimation of
transition probabilities is more accurate. Finally our model seems to work

better in more complex modeling environment.
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Chapter 5

Conclusions

In this dissertation we proposed a new stochastic regime switching model
(2.1) with innovative assumptions (A1) and (A2) where the prior distribu-
tion of regression parameters depends on a finite state Markov chain S; as
well as the chain status at previous time, i.e. S;_;. Prior distribution of re-
gression parameters is no longer piece-wise constant within the same regime;
but rather is regenerated at every switch toward a particular regime. Thus
the posterior means and variances are time-varying throughout the process,
accompanied by the estimation of regime status. In particular this system
can automatically detect unknown number of switches, switching location
and estimate the switching magnitude for every regression parameter. Un-
der Bayesian inference framework, the posterior means and standard errors
all have closed form solutions.

One major element in statistical inference of this model is the definition
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and derivation of the recursive weights. Forward, backward and smooth-
ing recursive weights are derived on demand for three popular estimation
methods, i.e. forward filtering, backward filtering and smoothing methods.
Posterior means and variances of the parameters are thus estimated in the
aforementioned context. Hyperparameters in this model are estimated by
Expectation-Maximization (EM) procedure. To increase the computational
efficiency, Bounded Complexity Mixture (BCMIX) algorithm is derived and
implemented in simulation studies. This approximation scheme is proven to
have lower computational complexity, yet comparable to Bayes estimation in
statistical efficiency. Simulation studies have shown that regime switching
identification ratio is as high as 99% for low switching series regardless of
series length and with more frequent switching series, the estimation errors
are smaller for longer series. Our simulation studies also show that classi-
cal Markov switching models have a tendency to overestimate the transition
probabilities than our model estimates.

Finally, our model has successfully applied to three important economic
time series: unemployment rate, industrial production and manufacturing
and trade inventory. In comparison with classical MS model, our model is
more sensitive in detecting regime changes. The dating of recession periods
by our model may serve as a benchmark for NBER historical records and

can provide valuable information for economic policy making.
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) - ( Zit ) (Vz(t ) zz(,t) + (2 Et) 1)/(Vz(',t)—1) zz(,t)—l + yt2
it—1
1 k k) \—1_(k)
SO (zg,t)—l),(vg,t) 1 Et 1t Zy'r V(k ) t2®
k N1 (k k k 1 (k
(zz(,t)) (Vgt)) zgt) + (2 Et) 1)/(Vz(t)—1) ( ) —1 +yt
1 k
= W (z'g,t)) ( i,t zt + Zyr V(k) Z( )
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Continue with derivation of f (yt|Jt(E)1 =1, F;—1) again.

(k) _
= VLV [ e - S}
() (A" .
®)
(o) ()"

(k)
T(gish) (M) ™

O

Theorem 3. Show the variance of posterior 3, and oy in forwarding filtering

estimation.

Proof. By steiner’s rule

Var(B,|F) = E[B,8,|F:] — E[B|F] (E [m}—t})

E[Btﬁ;‘f"t :/B ﬁt( f Bmﬁ’ft th)ﬁtdIBt
= / ﬁt( Z Z f IBt’Tta = i:ft)f(Tt’Jt(k):ft)f(Jt(k) - Z"«7:15)617}) BdB,
¢ Tt k=1 i=1
K t

- ZZ/ ( Bt (Bil, J( =1 ]:t)ﬂtdzgt> (Ttut(k) = i,ft)gz(f)dﬁ

It turns out that
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5 B f (B, Jt(k) = ia}—t)ﬁgdﬁt = E[ﬁtﬂHTt» Jt(k) = iaft]

= Var(B,|n, I, F) + BBy, J* =i, F) [EB,|m, I =i, F)]

By equation (2.11),

N gk Vil L w o
E[ﬁtﬁtm, i = %E] = o + 2 2z
t
and also by (2.14),
Kt (k)
Vv, 1 () _q_1 Ty (k) _ (k)
E{/@tﬁﬂft] = Z fl(tk)( " Tk o eXP{_k}th + 2 2
k=1 i=1 2 F(gz(t)))‘gt) /\Et
Kt (k)
Vii (5) /> (*)
3 (e )
k k it it it
k=1 i=1 <2/\z(t)(gz(t) - 1)
By equation (2.26),
Kt k
Var(7) = -3 (o Vi (k) )l
1 =1 N2 (gzt - 1)
K t K t /
k) - (k k) - (k
BTSN WY
k=1 i=1 k=1 i=1

]

Proof.
Var(o,|F) = E[o?|F] — (E[Ut’]:t])2
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where

t

K
Elo}|F] = /o f(of|F)dot = /chfff 20 =i, F)el do?
k=1 i=1
K t K
ZZE t = Zaﬂ ZZ
k=1 =1 k=1 =1 2)\15) zt 1)

and by equation (2.14) and Theorem 7 in Appendix A,

Var(oF) = Z Z

k=1 i= zt zt 1)
K t ) 1
_ Z (k)(2)\(k))—2r(gzt —3)\2
git it (k)
k=1 i=1 F(gzt )
]
(k) (k) (k) (k) (k) (k)
Theorem 4. Show that 7t {fgl’]- L can be simplified to (?,S)’O?;’)J Z’;)h(k :
fo.0 hoo it Peia

Proof. First

f ft+1 ]
fs0

- w-%fﬂvi'?r%em{ —n(B(vVE) T8, 2 (V) T + () (V) 2D}
_1 _ _
Tt |Vt+lj zeXp{ —Tt(B;(V,S'i)U) 1'615_2/8:5(‘[15]—7—)1,3') lzﬁ?m
+(20,) (VL) T20) brtn VO Pe{n (81(v ) 8, - 28,(v ) T2
I (z(k))’(v(k))*lz(k)”

_1 —
= VOV VOV ] - n( - G0 (V)
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() (V)2 + () (Vi) 2t — () (V) )}

where

— _ _ —1
(V) (i) = (v )

= (Zmer et Z xa) + (V)T - (V<k>)—1>_1

r=t+1

and

(V) o+ (VL) s, - (V)

J
= Zwryr (V)20 4 Z 1y, + (V<k))*1z(k) — (V)T ®
r=t+1
_ Z‘“J (V)20
(V(k ) L (k)
1,3
Second
k), (k (k)
hz(,t)hg—i—)l,j - F(Q(k))()‘(k))g - gt -1
B e " y® yel
0,0 (gzt )()\ ) v (gt+1 j)()\t—l-l ]) tha
_ T et { __n } —gM+1 {i}
exp { /\(l;) }Tt exXp /\(k) Tt exXp ®)

t+1,5
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where

k k k
gl + 9 — g

t—i+1 —t

— R B (O RN ()
2 2
j—i+1 x
:__5__+¢m_¢2

and
1 1 1 R\ (1N —1 (k) N (xr (B0 —1 (k)
AR + A k) ( w) (Vi,j) Zij T (zi,t) (Vz',t) Zit
it t+1,5

) (V) - G ()2

—1 -1 1
=1~ ) (VE)” zt+§u, 9) (V)2 4
- E: - 1
- (zgi)Lj)/(Vw(filj 'z t+1] + yr k)) 1k _ NGl

r=t+1
= (20) (V) "=l + () (V) T+ () (Vi) s

— (W) (v®) I
1
:Xﬁ”‘( Y (Vi) +§:%, ) (V)2

Therefore

k k

£ ftm AR
k
5 hio
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1 _1 1 1
= VRV, Ve v o ;

()

AW T (A(k) RO
(k) [
HRU m])w’“ )

r(gf’?m
k k
_ ¢() () k)h(k
©,7 'Yi,g
¢ ¢t+1j

Theorem 5. Derive P(S; =k, S;_1 = l|Fr,044)-

Proof. Without loss of generality, 0,4 is omitted in the proof.

P(S, =k, S,y = | Fr)
P(S, =k, Sy =1, Fr)

f(Fr)
F(FNS: =k, Si—1 = D) f(Fosrz|Se =k, Sp_1 = )P(S, = k, Sy = 1)
a f(Fr)
P(F., Sy =k, Sio1 = 1) P(Frpir Se =k, Sy_1 = 1) P(Sr=++S, 4 =)

P(S; =k, 81 =1) W f(Fr)
P(F,Se =k, Si—1 =)P(Frpar, S =k, Si-1 = 1)
FFPG =k St = 1)
f(yelSe =k, Spmq =1, Fo1) P(Sy =k, Se1 = 1, Fi)
FF)PS: =k 80 = 1)

P(Si—1 =U|S; = k, Fopr1)P(Sy = k, Fryar)
_ f(yt\St =k, Si-1 =1, -thl)P(St = k’Stfl = lyftfl)P(Stfl = l’-thl)f(-thl)

f(Fr)P(S=H8 = k)P(S, = k)
. P(S— = k)P(S; = k|Fesir) f(Fierr)
_ Sl S =k, 510 = L Fe)pu P(S: = K Frvnr) f(Fea) f(Fronr)
T f(Fr)
= fyelSe =k, S-1 = la-'t.tfl)plkft(l—)l Y1 P(Se = k|Si1 = i, Foa ) P(Ser = il Fesa r)
Tk
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S(F)f(Fer)

f(Fr)
@S =k Sa = L Fe)pué S5 awnih f(Fe ) f(Fiiar)
T f(Fr)
< f(ye| St =k, Si-1 =1, Fi1) - plkﬁt 1 ZZ 1 qzm)tﬂ

Tk

In the derivation above, we use the fact that S;_; given .S; does not depend on
Fi11 by property of reversible Markov Chain; Bayes’ theorem; P(F;_1|0o14),
f(Fis17|00a) and f(Fr|Boa) are constants and that Given S; = k, F; and
Fi+17r are conditionally independent.

Next calculate f(y;|S; =k, Si—1 =1, Fi_1)

P(yt’St =k,S1 = 17}271)
t
= Zp(yta Jt(St) =[Sy =k, 81 =1, Fi_1)
i=1

t
=N Pl =i, 80 =k, Secr = L, F) PSS =il Sy = k, St = 1, Fiy)

i=1
When k # [, use the facts in (2.16) and (2.20)
Pyl Sy = k, S = 1, Fia) = Pyl I = 1,5, = k, Fioa) - 1

(k)
tt

(k)
0,0

=T
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When k = [, by the facts in (2.18) and (2.21)

P(?Jt|5t =k, 51 = l,]:t—l)
ZP T =4Sy =k, F) P =[S,y =
= yt’ — 1,011 = R, tfl) (Jt_1 = Z’Stfl = kyftfl)

PISTY =i,8 1 = k| Fiy)
P(St,1 - k‘ftfl)

= ZP(ytlth V=i S =k Fi)

(k) (k)

. ZW,; ¢zt _ 5:‘,::—1
o k
i=1 ¢zt 1 t(—)l

N

In summary

£t 1 pzk Zr ) Qrknt+1/At k 75 l

P(St p— k, St,1 == l|.FT7 Oold) = ¢(k)£
K 1,t— K T
Zf i ¢t<k> D quﬁt+1/At k=1

sl
e —1 o) K (r)
where A, = Zz 1 (Zk;ﬁl ¢<kt> e Zr 1Q7"k77t+1+2 (;(k)t ”Zf: r= 1qu77t+1>
0,0 t—1
[

Theorem 6. Assume that

(1) The Markov Chain {S; € {1,2,..., K}t > 0} is irreducible, and fol-
lows the transition probability matriv A = (a;j)i1<ij<k, @€ a; =

P(S = jlSia = 1);
(2) Given S; which defines various regimes, (B, v;) = (B9, v(59));

(3) The Markov chain {S;, t > 0} has a stationary distribution ™ =
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(7T17 s aﬂ-K)T'

With this assumption, a reversible Markov chain for
{Si} can be defined as a chain with transition probability matric A=

(@ij)1<ij<k, where a;; = P(Sy = j|Sty1 = 1) = ajim;/m
Denote that pgk) = P(S; = k|lFu) (1 <k < K), ﬁek) = P(S; = k|Fr),
Sui = PulSe = k), pro= (0f",....0"), 0 = (61(mh).- ... oxc(w)) and
Ay is the k™ column of the transition matriz A and similarly gk, is the k'
column of the transition matrix A.The smoothing estimate of {S;} given F,

can be written as

(k)AV/ ~
P(S, = ) = o b [T (A1)
Z 1Pt Apt+1/7fz

and the smoothing estimate of transition probability is

i A
P(S; = j|Si1 = i, Fp) = M/o1 (A.2)
J
) . aﬁt,jaijpﬁ?lggﬁm
P(Sy=j4,5-1=i|F,) = — /Cy (A.3)

J

where C7 and Cy are the normalizing constants.

_ P(E)Stl =i|Fn) f(Fn) or Oy = i ¢t,kaik;4v2;ﬁt+l
Pt—1f(]:t—1)f(]:t+1,n) k=1 Tk

and

_ f(Fn) o, kalkpt 1 kpt—H
O FE O Fam T ZZ
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Proof.

P(St = j‘St—l = ZaFn)
_ P(S; = 7,51 =1,F, Fir1n)
f(]:n)P<St—1 = z|J:n)
_ f(ft‘st = j> Stfl = i)f(ﬂ+1,n‘st = j? Stfl = Z)P(St = ja Stfl - Z)

(by indepdence of F; and Fiiq,, given S; = j)

. P(}—t, St = j, Stfl = i>P(‘Ft+1,n)St = ja Stfl = i)P(St = j, Stfl = Z)
a P(~7:n)P(St—1 - i’Fn)P(St =7,5-1= i)P(St =7,51= 2)
_ P(]:n S = Js Si_1= i>P(-Ft+1,n75t =J Sio1 = 2)
 P(F)P(Si1 =i F)P(S; = 5, Sy = 1)
WSy =4, Sim1 = 14, Fom1) P(Sy = J, Seer = 0, Fea)
B f(F)P(Siq = 1| Fy)
P(Si21 =[S = j, Fivr) P(S = J, Frern)
P(Si-1 = 1|5 = 7)P(S; = j)
~ fWel St = §)P(Se = jlSi1 = i, Fr 1) P(Si1 = i Fe 1) f(Fr1)
B f(]:n)P(St—l = Z’}—n)
P(St—l = 7:|St = j)P(St =7, -Ft—l-l,n)
P(St—l = i|St = j)P(St = j)
_ S(elSe = g)P (S = j|Si—1 = 1) P(Si—1 = i| Fi1) [ (Fia)
N f(fn)P(St—l - Z|]:n)
P(Stfl - Z‘lst = j)P(St = j’FtJrl,n)f(ftJrl,n)
P(St—l = i‘st = j)P(St = j)

_ ¢t7jaijp§?1p(5t = j|ft+1,n) f(ft—l)f(ftﬂ,n)

f(Sio1 = Z.|~’Tn)7rj f(Fn)
_ Segaipi)y S0y P(Sy = 4, Sier = UFirrn) F(Foei) f(Firrn)
P(S;—1 = i|Fn)m; f(Fn)
_ 1ty S0 P(Sy = 1St = L Frirn) P(Seet = UFeirn) F(Feo) f(Frirn)
f(Si—1 =i Fn)m; f(Fn)
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_ gy St @y f(Foot) f(Frirn)
P(Si-1 = i|Fu)m; f(Fn)
_ i AP plgl—)lf(‘/_-t—l)f(‘/_-t-&-l,n)
M P(Si1 = i|Fn) f(Fn)

(Fe—1)f(Fe+1,n)

Since £ ) is a constant and pgi_)l, P(S;_1 = i|F,) does not depend

on j, thus also a constant. Then

~
¢t,jaijz4jpt+1
O( —

Ty

P(St = j|St—1 = 27]:71)
and

P(St =751 = Z|~7:n) = P(St = j’St—l = ifn)P(St—l = Z|~7'-n)
_ ¢t,jaijgg‘ﬁt+l pﬁ"_)lf(ﬂfl)f(ﬂﬂ,n)

o PEE—dB () O R
Pt j aijpwgl—)lAgﬁt+1
x

T

This formula is correct because we can show the following relation. Let

_ [(Fio1)P(Fitin)

o F(Fn)

P(S; = k| F)

K
> P(Sy =k, S =1|F)
=1

K
> P(Sy = k[Simy =1, Fu)P(Si1 = I| F)
=1
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K

o kalkpgl_)lgﬁgﬁt-i—l
= : ccoP(Si—1 = l|.F,,
;mﬂ(s” 7, P B =17

(from formular (2) with constant C})

K N o~
Z ¢t,kalkp§_)1A;€pt+l

pr— . CO
=1

Tk

K N -
_ Prke Y 1oy alkpg_)lAkal

. CO
Tk
_ P(y| St = k)P(S; = k| Fi—1) AyPrsa .
Tk 0
_ Pyl St = k, Fi1) P(Se = k| Fio1) Apper .
Tl 0
_ P(yta Sy = k|-7:t—1)A;g]5t+1 c
Tk 0
_ P(S = KF) f (el Feor) Aibrns
Tk 0
(’C)A/ ~
_ bt P FlF)eo

Tk

k)5 ~
- pg )A;cpt-&-l
Tk

Theorem 7. If Let X = 5 and X ~ Gamma (g, \), then

E(Y?) = '2)\(91— g E)= (2A)—;_F(i‘j(;)5)
and
1 I%(g—3)
var(Y') = 2Ag—1)  2\I(g)
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Proof. Let pdf of X be fx(x) = e ))\gxg Lexp { } and

dx 1

dy Y3

, then pdf of YV is

279y =291 exp { } Yy >0

Y2

o * 1 1 1
EY /0 ny<y) Y /0 F(g))\g 2 exp { 2\Y2 } Y

_1
ARl T BTV S Uit ) %)(2A)*%

['(g)\ I'(g)

o0 o0 1
2 _ 2y (y)d :/ 279ty 291

R SR
T Tev 0 T:g-D
2 , 1 (g~ 3)
var(Y) = EY? — (EY)? = Ag—1) 2\2(g)

[]

Theorem 8. Suppose that X follows Gamma distribution with parameters
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a and B with density function

flz;o,B) =

Show that

d
E[logX| = @log C(a) + logs

Proof. First consider the definition of Gamma function and its derivative, if

Gamma function is defined as

whose derivative is

Then

EllogX] = / (log x) e B dx
0

Let y = % then dz = Ady

= - / (log y + log B)y* 6% le™¥Ady
0

B
1 00 ol o0 ol
—@(/0 (log y)y*'e ydy+/0 (log B)y* e ydy)
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1 dl'(«)

- 1
MNa) do *log 5
d
=% log I'(a) + log 8 O

Theorem 9. Theorems about matrix expectations
E[XX’] =Yx + FE(X)(EX)

E(X'AX) =tr(AXx) + (EX) A(EX)

Theorem 10. If A is a symmetric matriz and A;; is the i, 5™ cofactor of A,

then
d log (] A|)

—oA-1l_ g -1
I =2A diag (A7)

If A is a symmetric matriz and B is an arbitrary matriz and AB meaningful,

then
JOtr(AB)

——— = B+ BT — diag(B
9A + diag(B)

extracted from Bilmes (1998) 1.

Theorem 11. Suppose under true model y; ~ N (x}3,,0?) and under the

estimated model, y, ~ N (wgﬁtﬁf). Let 6, = (B,, o), Kullback-Leibler

LA Gentle Tutorial of the EM Algorithm and its Application to Parameter Estima-
tion for Gaussian Mixture and Hidden Markov Models, International Computer Science
Institute
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(KL) divergence is

KL(ot,Et):%C (ﬂqﬂt)) +A—2—1—log(7tz)>

o

Proof. By definition of KL divergence, i.e. Fy, {log I et( )} and let f(y,) b

fo,(y:) for short

+ =
2O't2 20't

K — /OO Fo,(y2) [ log @ (e —=B)? | (e~ miﬁt)21dyt

—log - — L{/ytf(yt)dyt —2wtﬁt/ytf(yt)dyt+ x; ;) /f Y dyt}

o, 20?7
+ % {/ytf(yt)dyt — 2wtﬂt/ytf(yt)dyt + wt,@t /f yt dyt}
= log % - 20? (( '1B,)° +of —2(x,8,)* + (:cgﬁt)z)

1 ~ ~
+ ?(‘7? + (mgﬁt)Q - 25”;/3155”;:@ + (m;/Bt)2>
t

2
:%<< (5(33 B))" i 1_10g(a_§>)
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