Stony Brook University

The official electronic file of this thesis or dissertation is maintained by the University
Libraries on behalf of The Graduate School at Stony Brook University.

© All Rights Reserved by Auther.



Housing Market Dynamics: Financial Risk and Housing Price Bubbles
A Dissertation Presented
by
Irina Kisina
to
The Graduate School
in Partial Fulfillment of the
Requirements
for the Degree of
Doctor of Philosophy
in

Economics

Stony Brook University

December 2013



Stony Brook University

The Graduate School

Irina Kisina

We, the dissertation committee for the above candidate for the
Doctor of Philosophy degree, hereby recommend

acceptance of this dissertation.

Sandro Brusco — Dissertation Advisor
Professor, Chair, Economics Department

Hugo Benitez-Silva - Chairperson of Defense
Associate Professor, Director of Graduate Studies, Economics Department

Eva Carceles-Poveda
Associate Professor, Economics Department

Giuseppe Lopomo

Fuqua School of Business, Duke University

This dissertation is accepted by the Graduate School

Charles Taber
Dean of the Graduate School

il



Abstract of the Dissertation
Housing Market Dynamics: Financial Risk and Housing Price Bubbles
by
Irina Kisina
Doctor of Philosophy
in

Economics

Stony Brook University

2013

The dissertation investigates the inter-dependence between financial and housing markets and
analyzes how uncorrelated financial risk may promote an increase in housing demand and induce
bubble-like behavior of residential real estate prices. We show that endogenous relative wealth
concerns may play an important role in explaining the emergence and dynamics of housing price
bubbles in times of technological innovation that has high level of uncertainty. We present a
general equilibrium model in which house-buyers’ exposure to financial risk together with
concerns about relative wealth translates into housing price volatility. Unlike other models with
endogenous relative wealth concerns, our model suggests a non-monotonic relation between
technological risk and housing price risk. Our main result is that housing price bubbles are most

likely to emerge as a result of house-buyer’s financial risk exposure when this exposure is low.

Additionally, the dissertation explores the recent growth of the subprime mortgage market in the

United States and its effect on the housing market dynamics. It examines patterns in the

il



borrowing/lending market in the presence of relative wealth concerns and analyzes the effects of
mortgage market on the housing price dynamics. A non-monotonic relation between
technological risk and housing price risk in our model suggests that high borrower’s debt-to-
income ratio resulting from high housing price volatility is more likely to be high when financial

exposure of lenders is low.
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Chapter 1. Investment in Risky Technology Stocks and Housing Price Bubbles

1.1. Introduction

The recent expansion of the mortgage and housing markets, accompanied by significant up
and downs in housing prices and levels of borrower default, stimulated much scientific research
on speculative price bubbles (see McCarthy, Peach (2004), Himmelberg, Mayer, Sinai (2005),
Hong, Scheinkman, Xiong (2008)). Most of the literature studies the boom in residential real
estate prices as a consequence of structural changes in the market for mortgage financing. Rather
than looking at the housing market in isolation, in this chapter we look at the interrelation

between the technology stocks bubble and the housing bubble.

Figure 1: S&P Case-Shiller Home Price Indices from 1988 to 2008
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Figure 1 shows the change in the S&P Case-Shiller Home Price Indices over the period from
1988 to 2008. The boom in real estate prices started in the late 1990s and continued until 2005.
However, the growth in the Case-Shiller index slowed down between 2000 and 2002.
Significant growth that followed this decline was primarily caused by the development of private

securitization and the expansion of the subprime mortgage market. As reported by the Census



Bureau, the housing market has been rapidly expanding over the period from 2002 to 2005, with
the peak of home sales in 2005. The total home sales of both new and existing houses grew from

6 million in 2002 to about 9 million in 2005 (Fratantoni, Duncan, Brinkmann, and Velz, (2007)).

The goal of this chapter is to examine a potential relation between investment in risky
technology stocks and a bubble-like behavior of housing prices. Chapter 1 builds on DeMarzo,
Kaniel, and Kremer (2007), henceforth DKK. The authors develop a general equilibrium model
showing that rational, risk-averse agents may overinvest in risky technologies, even when the
investment is predictably unprofitable. The model is based on the idea that, if future scarce
resources are not available in the market today, then competition over future consumption leads
to relative wealth concerns that arise endogenously in equilibrium. The authors show that in the
presence of relative wealth concerns, when the financial asset in the house-buyer’s portfolio is
risky enough and the expected return of the asset is fixed, an increase in the risk of the asset

encourages more investment in this asset.

We extend the DKK model by adding a housing market. In the real estate market, the main
source of risk is induced by the changes in the housing prices. In our model the investment in
uncertain technology reverberates on housing prices, so that the price of housing over time is
influenced by the realization of the risky investment. Thus, agents end up being exposed to both
types of risk, the technological risk and the housing price risk. We show that the presence of

aggregate risk can induce a price bubble, even when agents are fully rational.

The housing price movements generated by relative wealth concerns show that house-buyers’
exposure to uncorrelated financial risk leads to substantial increase in housing demand and
housing prices. To understand this increase, we need to consider the impact of house-buyer’s
portfolio choice on the future wealth. When house-buyers allocate a significant part of their
financial portfolio to the risky assets, uncertainty in realization of these investments generates
volatility in house-buyer’s future income. Successful realization of risky investments induces
significant increase in the wealth of the community and drives housing demand and housing

prices up.

Importantly, compared to the benchmark case with complete markets, the housing price

volatility in the model is greater for all levels of risk. This finding supports our claim that in the



presence of the relative wealth concerns, emergence of uncorrelated financial risks results in

greater housing price volatility that can lead to the housing price bubbles.

Several authors have examined the role of relative wealth considerations on consumption and
investment decisions. Most of these papers, however, introduce relative wealth concerns
exogenously (see Abel (1990), Gali (1994), Dupor and Liu (2003), Cole, Mailath, and
Postelwaite (2001), Yeung and Kogan (2002)).

Recent papers that look at general equilibrium models with housing include Davis and
Heathcote (2005), who investigate the implications of a real business cycle model with a
manufacturing sector, and Ortalo-Magne and Rady (2006), who propose a life-cycle model to
study prices in the housing market. However, these papers do not consider financial assets and
portfolio choice. Flavin and Yamashita (2002), Cocco (2005), and Flavin and Nakagawa (2005)
focus on household’s optimal holdings of financial assets in the presence of housing. However,

these models do not feature a general equilibrium setup.

There is also much literature on the correlation between technological innovations and stock
market dynamics. Quan and Titman (1999) consider the interrelation between real estate and
stock prices. Hobijn and Jovanovic (2001) investigate how the IT revolution affects the stock
market. Laitner and Stolyarov (2003) analyze how technological innovations may cause stock
market fluctuations. Pastor and Veronesi (2006) develop a general equilibrium model in which

technological revolutions promote a bubble-like behavior of technology stock prices.

The rest of the chapter is organized as follows. Section 1.2 presents a two-period stochastic
general equilibrium model with two types of agents, three goods, and three investments
opportunities via real estate and financial markets. Section 1.2 also computes the equilibrium for
the incomplete markets case. Section 1.3 further analyzes the model and computes the
equilibrium for the complete markets case. Section 1.4 compares the two cases (complete and
incomplete markets) and shows some properties of equilibrium returns obtained from MATLAB

simulations. Section 1.5 concludes.



1.2. The Model
1.2.1. Setup

We consider a two-period stochastic production economy. There are two types of rational,
risk-averse agents in the market: home-buyers and service providers. There is a continuum with
mass one of each type of agent. There are three types of goods available in the market: capital
goods, services, and housing. House-buyers consume all three types of goods, while service
providers only consume capital goods and services. House-buyers consume housing only in
period 1, while in period 2 they consume housing, the capital good and services. The utility

function is CRRA, so we have,
U,(hy) = —1 whiY
1—y 1

and

1- 1- 1-
U, (Cep, Csp, hy) = (c.,) " +cg ' +why, ™),

1-y
where c., and cg, denote house-buyer’s consumption of capital and consumption of services

respectively, while h; and h, denote the consumption of housing in the first and second periods

respectively.

Service providers only appear in period 2, and their utility function is

1

cp CSP) —1_

U
( =

1-y 1-y
(cop” +¢5p7),

where ¢, and ¢y, denote service provider’s consumption of capital and consumption of services

respectively.

House-buyers are endowed with one unit of capital and h units of housing at date 1. Thus, the
first period endowment of an individual house-buyer is given by (1 + pli_l), where p; is the
housing price at date 1. Service providers are endowed with one unit of services at date 2. The

aggregate endowment is therefore also equal to 1.

In the first period, capital can be invested in two types of assets — a risky asset and a non-risky

asset. The risky asset returns 7 units of capital for each unit of capital invested, where 7 is a

4



random variable. We assume a simple binary distribution: with probability o the investment in
risky asset is successful and gives returnr > 1, and with probability (1 — o) the risky asset
returns zero. The non-risky asset returns one unit of capital for each unit of capital invested.
Thus, by investing x,, units of capital in the non-risky asset, and x, in the risky asset, the house-

buyer obtains
V(T xp, Xp) = TXr + Xp,

units of capital in period 2. If, in addition, h; units of housing are bought then the total wealth

available to house-buyers in the second period is

y(F' Xy xn) + p2 (f)hlr

where we have highlighted the fact that the price of housing in period 2 may depend on the

realization of 7. When no confusion arises we will simply write y, ignoring the arguments.

In period 1, house-buyers invest their capital in the risky and non-risky asset and they buy or sell
housing. In period 2, house-buyers and service providers trade capital and services competitively
in the market and consume. Both types of agents make their investment, consumption, and

trading decisions so as to maximize their expected utility, and markets clear.
1.2.2. Equilibrium

The equilibrium of the model is a set of allocations {c.p(7), csp (), ccp(F), Csp(F), hy,

h,(7) , x,, x,} and a set of prices {ps (), p1, p(7)} , for ¥ € {r, 0}, such that

* At period one, house-buyers maximize their expected life-time utility

max g why + { — (57 + 57 + wh;‘y(f))}

S. t. xr + Xn + plhl = 1 +p1ﬁ,
Ceh (f) + Ds (F)Csb (f) + b2 (f)hz (F) = Fxr + Xn + b2 (f)hl' eacht € {T, O};
where c.,(7) denotes house-buyer’s personal consumption, cgp(7) denotes house-buyer’s
consumption of services, and ps(+) is the market price for services as a function of the

realization of the return on the risky asset.



* For each realization of 7 € {r, 0}, service providers maximize

1
1-vy

max

(c&” @ +c5y" ()
s.t. Cep(P) 4+ ps(Fesy (F) = ps(7),

where c.,(7) denotes provider’s personal consumption and cg,(7) denotes provider’s

consumption of services.
* For each realization of 7 € {r, 0}, markets clear:
H = H, = Hy(7),
X, +X,=1,
Cep(T) + Cep (1) = Y (1),
Cop(T) + Cop () = 1,

where Y (7) = 7X, + X,, is the aggregate capital return from both assets. Capital letters denote
aggregate demand and supply (e.g. X, = fol x,(i)di and H,(7) = fol h,(7)(i)di). We

consider a symmetric equilibrium where individual decisions are equal to aggregate decisions of

agents’ population.

1.3. Analysis
1.3.1. Period 2

We begin our analysis by assuming that house-buyers and service providers are unable to trade
in period one. In the second period there are two types of agents: house-buyers and service

providers. Let y be the realization of 7x,. + x,, in period 2.

House-buyer’s maximization problem is

1
1-y

1-y 1-y 1-y
max (.,  +cg ' +why, ")

S. t. Cep + DsCsp + P20y =Y + p2hy.

Service providers solve



1
1—

1- 1-
max (cop’ +csp”
14

S.t. Ccp + DsCsp = Ds

Computing the demand of each type we obtain:

y +p2hy AT
hZ = 1_1 l 1_lp2( 14 Wy;
1+ps Y+wyp, V¥
_ y +p2hy
Cep = 1 1 1’

1+ psl_)_/ + W?le 4

y +p2hy (—1)

Csh = 1_1 1 _lps ]/'
1+ps Y +wyp, V¥

1
Ccp:ﬁr
1+ps 7

1

1__

ps ¥
Csp:ﬁ.
1+ps 7

Imposing the equilibrium conditions we obtain:
ps( = (Y() = (X, + X",

The market price for housing in period 2 is given by

(o)

where we use the fact that in equilibrium it must be

w

p2(7) = 32

h]_:hz:Fl.

In the two-state economy, there will be high and low price realizations. With probability o,

successful realizations of the investment in the risky asset will result in the high prices given

by (ps (r), p, (r)), while with probability (1 — @), zero return on the investment in the risky asset

will result in the low prices (ps (0),p2 (0)).



At the equilibrium prices, a consumption profile of the house-buyer implies that the indirect
utility depends on both capital return from financial assets y and on aggregate capital return Y.
Let (x,, x,, hy) be the investment strategy chosen by the house-buyer in period 1. For a given
investment strategy, with probability o successful realization of high return on the investment in

the risky asset will result in the indirect utility of the house-buyer given by

14

1 1 1 -1
Vi %o, ) = 7o (4 2+ 2R (14,00 + w7

1

While with probability (1 — o), zero return on the investment in the risky asset will result in the

indirect utility of the house-buyer given by

14

11
V(0;x,,xp, hy) = (xn + p2(0)h )Y <1 +ps(0)" ¥ +wrp,(0) y) .

1-vy
Thus, the expected indirect utility of the house-buyer is given by

W (xy, Xn, hy) = oV (7; Xy, Xp, By) + (1 — )V (0; X, X, 1)
1.3.2. Period 1

We now solve the house-buyer’s maximization problem at period 1. At this time, the house-
buyer chooses the investment strategy to maximize his expected life-time utility subject to the

first period budget constraint. Therefore, the house-buyer’s maximization problem at date 1 is

max 7 why ™" + W (%, Xy, By)

S. t. xr + Xn +p1h1 = 1 +p1h,

We obtain an equation for the investment decision of the house-buyer:

11 N 11 LY
1+ps(r) ¥ +wrp,(r) ¥ 1+ps(0) ¥ +wrp,(0) 7

—(1-0 =0
X, + x, + P (1hy ( ) X + 02(0)hy

o(r—1)



Together with the budget constraint this equation defines the demand functions for the

investment decisions in implicit form.

In equilibrium the decision of an individual house-buyer matches the aggregate decision of the

house-buyer population, that is hy = H;, h, = H,,x, = X,, and x,, = X,,. And markets clear:

Fl:hl,

X +x, =1.

An equation for the investment decision of the house-buyer can be rewritten as

i1
1 y 1 + WYPZ (T') - yl
1+p,(r) v Ty
O'(T _ 1) pS( ) 1+ ps(r)
X, + X 14 P2l
Xy + Xn
11
+wY 0 Y
1_1 y 1 + w pZ( )1_1
L+ps(0) ¥ 1+pg(0) ¥
~(1-0) -
xn 1 + pZ(O) 1
Xn

g

If we substitute the expressions for equilibrium prices, the term in square brackets in equilibrium is

identical to 1:

11y
wYp, (7)Y

1+ p, (7)Y

p2(7) h
I+7x " +x,

wj Y (7)
hit (@)™

Wi Y (@)
h1+(r®)

I
=

Thus, an equation for the investment decision of the house-buyer in equilibrium becomes

or

Y(r)

y-1\Y
olr— 1) (1 + (™) ) C—o) (1 + (v (0))

Y (0)

y-1\Y
> :O



1+ (X, +X,)r 1\ 1+ X)) 1\
— —-(1- — ] =0.
olr—1) ( X +X (1-0) Xn
Market price for housing at period 1:
Y 1 1 Y
w rX, + X, 1+ 'ps(r) V + wrp, (r) v
P1 = ﬁ_i_a 1 rX, + X, + p,(r)h *
149007 PP
Y 1 YT
X 1+ 0 V +wrp,(0) ¥
+(1 - o) n . ps(X) " (O)Zz( ) X
14p,(0)" 77 n P2
1 1\ Y 1\ 7V
14 p,(n)’ V+wsz(r) K -0 14 p,(0)’ y+WyP2(0) v
-0
X, + X, + p,(r)h X, +p,(0)h
This expression can be rewritten as
1 117 1 117
1+ w 1+ +VVyp2—(0)1V
1——= 1—=
iz
14o|l—2FPs@ Y g gy 1 Ps(0)
X+ X, X,
P = 1 117 1 1—1')/_
P AN AT/ A O
1—— 1—=
iz
o|—1EEE T )1 4 (1 - o) | LR T )
rX, +X X,

Considering the identity above, this expression

o

simplifies to

-0 _

Pi=2 lpz(r) *

%
) +(1—a)(

1+ (X, +X,)" 1
rX, + X,

~ 2o

p2(0)

1+ X,)r1
Xn

T

10



1.3.3. Benchmark: Complete Markets

We now consider a benchmark case in which complete contingent contracts exist in period 1.
Hence, service providers exist at date 1 and can sell their services for period 2 to house-buyers;

and full contingent markets for housing and capital at period 2 exist in period 1.

The equilibrium of the benchmark case 1is then a set of allocations
{ch (1), €sp (7)), Ccpp (7), €5 (1), Ay, hp (F) | Xpp, xnb} and a set of  market prices

{ps(7), e (F), P1p, P21 ()}, for 7 € {r, 0}, such that

At period one, house-buyers maximize their expected life-time utility

1
1_
max - whly+E{1

— (5@ + @ + w7 @)

8. t. p1phy + Pc(M)cep (1) + ps(P)csp (X) + p2p (2 (1) + pc(0)cey (0) + ps(0)cgp (0) +
pr(O)hZ (0) = pc(r)rxr + pc(r)xn + pc(o)xn + pr(r)hl + pr(O)h1+p1bE;

x-rb + xnb == 1,

¢ Service providers maximize

max 37— E{ce, " () + cgy ' (M)}
$. 1. pe(r) Cp(r) + ps(r)esp(r) +pc(0) ¢p(0) + ps(0)csp (0) = ps(r) + ps(0).
* For each realization of 7 € {r, 0}, markets clear:
H =H,; = H,(7),
Xop + Xnp =1,
Cop(T) + Cep (1) = Y (1),
Cop() + C5p () = 1.

Solving for the benchmark case, we obtain the following set of equations for investment

decisions of the house-buyers:

11



_ 1—a
xrb_1+a(r—1)

where a is given by the expression

1

_< 1 1—0)1/
a= r—1 o

ar

xnb:1_x”’:1+a(r—1)

1

Let f = or be the expected return of the risky technology. Then a = (/IE_TZ); <1 forp >1.

For housing prices in the benchmark case we obtain:

Y
p (T) = <E>y o pC(r) (rXTb + an) + pc(O)an
20\1) = | = - .
4 K+ X ) (0PI + (14 Xa) (1 = 0)po ()1
P2, (0) =
14
<z>y (1 _ O') Dc (T) (rXrb + an) + Pc (O)an
h Q+7rX, + an)y(apc(r)y—l)% + (1 + Xnp)? (1 = )p(0)Y-2)Y
P1p = 2(p2p () + P25 (0))
1.4. Results

1.4.1. Complete Markets

In the complete markets case relative wealth concerns are not relevant. In our setting (adopted
from DKK model), with probability o = gthe investment in risky asset is successful and gives

returnr > 1, and with probability (1 — o) the risky asset returns zero. Holding the expected

return  constant, we consider an increase in the probability of the asset’s success o. This is

equivalent to a decrease in risk of the asset r = § We have the following result.

Proposition 1. Suppose f > 1 . When we keep [ constant, the investment x,, in the risky

asset is increasing in probability of the asset’s success.

12



The proofs of this and the following propositions are in the appendix. The result is standard.
Rational risk-averse investors are expected to invest in a risky asset only when they are
compensated for the risk taken. If we keep the expected return fixed but decrease the risk, then
investment in the risky asset goes up. Later we will compare these findings with house-buyer’s

investment decisions in the presence of relative wealth concerns.
In the complete markets case, we also have the following result.

Proposition 2. Housing prices p,, and p,, (1) at ¢ = 0 are lower than at ¢ — 1. The housing

price p,p,(0) at 0 = 0 is higher than at ¢ — 1.

Since the supply of housing is fixed, a decrease in housing prices indicates a decline in
housing demand in the economy with no trading frictions. To analyze the volatility of
investments in housing and in the risky asset, we look at the rates of return on both investments.
We compute their variance ratio, i.e. the ratio of variance of housing rate of return to variance of

risky asset rate of return.

The rate of return on the risky asset is

r

R = {r -1, with probability o,
-1, with probability (1 — o),

while the rate of return on the housing is

r) —
pr()—plb, with probability o,
Ry, = P1b
0) —
W, with probability (1 — o).
1b

Figure 2 illustrates the relative risk for the house-buyer’s investments. In the economy with
rational risk-averse agents and complete markets, investment in the risky asset increases in the
probability of this asset’s success. This investment in turn affects housing prices specified in the
contingent contracts in period 1. These contracts insure positive correlation between house-
buyer’s investment in the risky asset and housing price p,,(r), while imposing negative
correlation with housing price p,,(0). When risk is high, volatility of the housing prices is
monotonic in the volatility of the risky asset (i.e., the relative risk function is decreasing). For
low levels of risk, the volatility of the housing prices is not monotonically related to the volatility

of the risky asset (i.e., relative risk function is increasing). We will compare this result later with
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the incomplete markets case to see how the presence of relative wealth concerns increases

housing price volatility.

Figure 2: Variance ratio in the benchmark case with an expected return of 25%, risk
aversion y=3, the coefficient of utility benefit of homeownership w=0.9, and housing
market size h = 0.5
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1.4.2. Relative Wealth Concerns and Overinvestment in the Risky Asset

Let us now compare the complete market case with the incomplete markets case. When house-
buyers and service providers are unable to trade in period 1, relative wealth concerns arise

endogenously in equilibrium, resulting in extensive investment in the risky asset.

If agents are sufficiently risk-averse (y > 1), then competition over consumption of services,
which arises among house-buyers in the period 2, results in relative wealth concerns. This comes
from the fact that fory > 1, the marginal utility of income aV( ,Y)/ dy 1s increasing in
aggregate capital income Y. House-buyers are afraid to be relatively poor in comparison to others
when the risky asset is successful. An investment in the risky asset reduces the risk of their
relative wealth, so house-buyers invest more in the risky asset than they would in the situation

with no competition over the scarce future services.
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The analysis of market equilibrium shows that relative wealth concerns lead to a situation
where investment X, in the risky asset exceeds the benchmark level of investment x,.,(we adopt

DKK terminology and call “overinvestment” this investment behavior).
Our model with trading frictions predicts that

* There is a unique equilibrium with positive investment x, in the risky asset.

* If the asset is risky enough, holding the expected return or fixed, investment X, decreases
with the probability of the asset’s success o (i.e., investment x,. increases in the risk of the
asset r, yielding a larger deviation from the first-best result).

* [f the asset has low risk, holding the expected return or fixed, investment X, increases with
the probability of the asset’s success o (i.e., investment x, decreases in the risk of the
assetr).

* In the presence of relative wealth concerns, investors tend to invest more in the risky asset

than they would otherwise (x, > x,p).

Proposition 3. Supposey > 2 and f > 1. Then for low levels of o, x, decreases with the
probability of the asset’s success. For high levels of g, x,. increases with the probability of the

asset’s success.

This result comes from the fact that when agents are sufficiently risk-averse and the expected
return on the risky asset is kept constant, an increase in the risk of an asset induces stronger
concerns about relative wealth, which in turn lead to house-buyer’s extensive investment in the
risky asset. For low levels of risk, however, relative wealth concerns are not sufficient, thus
marginal utility of the house-buyer is decreasing in aggregate capital income. As a result, for low

levels of risk, house-buyer’s investment in the risky asset decreases in its risk.

Proposition 4. Suppose y > 1. If agents invest in the risky asset (x > 0), then in the presence
of relative wealth concerns investors tend to invest more in the risky asset than they would

otherwise (x, > x,p).

Thus, if service providers do not trade services in the period 1, investments by different house-

buyers are complements. This increases the equilibrium level of investment in the risky asset.
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Table 1: Results for equilibrium investment in the risky asset with an expected return of 25%,
risk aversion y = 3, the coefficient of utility benefit of homeownership w=0.9, and different
probabilities of asset’s success

Probability of Xrb X, Overinvestment
success,
0.2 0.0150 0.8317 0.8167
0.3 0.0252 0.7339 0.7087
0.4 0.0380 0.6387 0.6007
0.5 0.0549 0.5663 0.5114
0.6 0.0780 0.5309 0.4529
0.7 0.1117 0.5309 0.4192
0.8 0.1660 0.5626 0.3966
0.9 0.2722 0.6368 0.3646

Results for the equilibrium investment decisions of house-buyers are presented in the Table 1.
These MATLAB simulation results have been obtained with risk aversion coefficient y = 3, an
expected return of 25% (B =or =1.25), and the coefficient of utility benefit of
homeownership w = 0.9. We considered eight possible cases with different levels of risk for the
risky asset in the portfolio of the house-buyers. Risk was modeled through the probability of this
asset’s success. With the expected return of the risky asset fixed, its variance is decreasing in the
probability of the asset’s success. Thus, holding the expected return fixed an increase in the
probability of asset’s success decreases the risk associated with this asset. Results in second
column show that as we increase the probability of the asset’s success o (i.e., decrease the risk of

the asset), investment x,., in this asset increases in the benchmark case.

Table 1 also provides the results for the equilibrium investment decisions of house-buyers in
the incomplete markets case. The results presented in the third column of Table 1 illustrate that,
for high levels of risk, investment X, decreases with the probability of the asset’s success o (i.e.,

investment x, increases in the risk of the asset r). This finding is an important illustration of the
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role that relative wealth concerns play in the portfolio decisions of house-buyers. Rational risk-
averse house-buyers fear to be relatively poor when others are wealthy. As a result, agents
correlate their income with high risk/high return financial assets. As we may see from Table 1, in
presence of relative wealth concerns house-buyers allocate more than half of their investment

portfolio to the risky asset.

On the other hand, for low levels of risk, investment x, increases with the probability of the
asset’s success o (i.e., investment x, decreases in the risk of the assetr). When risk is low,
volatility of the financial asset is low. Relative wealth concerns are not strong enough to induce
positive correlation between investment and its risk. Thus, at low levels of risk, house-buyers

investment in the risky asset decreases with the risk of an asset.

The last column of Table 1 presents a quantitative illustration of overinvestment resulting from
the introduction of trading frictions in the model. Here we compare investment decisions of the
house-buyers in the benchmark case to their investment decisions in our model. The numbers in
the fourth column correspond to the quantitative difference between investment in the risky asset
in our model and investment in the benchmark case with the same parameterization. As we
increase the risk of an asset, overinvestment increases significantly. When risk associated with
the risky asset is relatively low and investment in the risky asset is successful with
probability ¢ = 0.9, in our model house-buyers invest approximately 60 percent more than they
do in the benchmark case. That is in the model they allocate roughly two thirds of their capital to
the risky asset as opposed to less than 3 percent in the benchmark case. While for the case of
high risk associated with the risky asset, when probability of asset’s success is 0 = 0.2, effect of
relative wealth concerns increases significantly. In this case, in the presence of relative wealth
concerns house-buyers invest in the risky asset approximately 82 percent more than they would
otherwise (benchmark case). That is house-buyers invest more than 83 percent of their capital in
the risky asset when they are worried about future scarce resources; with only 1 percent of the
capital invested in the risky asset in absence of these concerns. Equilibrium results for house-

buyers’ investment in the risky asset are also illustrated in Figure 3.
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Figure 3: Benchmark and model investment in the risky asset with an expected
return of 25%, risk aversion y=3, the coefficient of utility benefit of homeownership
w=0.9
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Proposition 5. Suppose y > 2 and f = 1. Then investment x, decreases with the probability

of the asset’s success.

Table 2 offers results for the equilibrium investment decisions of house-buyers when the risky
asset has zero expected return (i.e. § = or = 1,), the risk aversion coefficient is y = 3, and the
coefficient of utility benefit of homeownership w = 0.9. The second column illustrates that when
the expected return is zero, there is no investment in the risky asset in the benchmark case. The
third column of Table 2 provides the results for the equilibrium investment decisions of house-
buyers in the model with trading frictions. Results presented in this column illustrate that in
presence of relative wealth concerns there is positive investment in the risky asset even when the

asset has zero expected return.

It is clear that when the risky technology has zero expected return, any investment in the risky
asset lowers house-buyer’s utility. Therefore, levels of house-buyer’s investment in the risky
asset are dictated solely by the relative wealth concerns mechanism for all levels of asset’s risk.
This is the reason why an increase in the risk of the asset actually encourages more investment in

it, despite the fact that agents are risk averse.
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Table 2: Results for equilibrium investment in the risky asset with zero expected return, risk
aversion y = 3, the coefficient of utility benefit of homeownership w=0.9, and different
probabilities of asset’s success

Probability of Xrb X, Overinvestment
success,
0.2 0.0000 0.7511 0.7511
0.3 0.0000 0.5728 0.5728
0.4 0.0000 0.3360 0.3360
0.5 0.0000 0.0697 0.0697
0.6 0.0000 0.0334 0.0334
0.7 0.0000 0.0281 0.0281
0.8 0.0000 0.0263 0.0263
0.9 0.0000 0.0257 0.0257

1.4.3. Relative Wealth Concerns and Housing Market

Let us now examine how relative wealth concerns and house-buyers’ portfolio composition
affect the housing market. We have already seen that when house-buyers are able to trade future
endowments with the service providers, the spot price for housing in period 1 is higher. We will
now show that imperfect tradability of future endowments together with the presence of high risk

in the financial markets lead to a bubble-like behavior of the housing prices.

We analyze the behavior of housing prices with respect to financial risk and a composition of
the house-buyer’s portfolio. Housing price dynamics in the model with trading frictions can be
inferred from Figure 4. It plots spot housing price p; and contingent housing prices p,(r) and
p.(0) as a function of the probability of risky asset’s success when the expected return on the

risky asset is kept constant. Figure 4 shows housing prices for different levels of o when the
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expected return is 25%, risk aversion is y=3, the coefficient of utility benefit of homeownership

is w=0.9, and housing market size is h = 0.5.

Figure 4: Housing prices in the model with an expected return of 25%, risk aversion
y=3, the coefficient of utility benefit of homeownership w=0.9, and housing market

sizeh=0.5
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The first observation we make is that a success of the risky investment in the financial market
results in the housing price realization p,(r) that is higher than housing price realization p,(0).

The initial housing price p, is higher than the housing prices in the second period.
Proposition 6. In our model p; > p,(r) > p,(0) for any level of y.

When the asset is successful, the amount of capital in the economy is larger. Given the fixed
amount of housing in the economy, this translates into lower relative price for capital or,

equivalently, in higher relative housing prices.

Compared to the benchmark case, higher average level of housing prices in the model
illustrates that house-buyers’ concerns about relative wealth may lead to an increase in housing
demand. Relative wealth concerns which arise endogenously in the equilibrium lead to house-
buyer’s portfolio diversification and extensive investment in high-risk financial instruments.
This portfolio composition affects the wealth of house-buyer’s population in period 2 and

increases demand for housing which in turn results in housing price bubble.
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To understand the above statement better, let us now examine in greater details the dynamics

of housing prices with respect to risk and analyze the housing price formation mechanism.

Consider the expression for housing price p,(7):

(oo

where Y(r) =1+ (r-1DX, =1+ li%er is the return function of the house-buyer for high

w

p2(r) = 32

realization of the risky investment. We have already analyzed the behavior of house-buyers’
investment function x,- (in equilibrium x, = X,.) with respect to probability of the risky asset’s

success in Proposition 5. Let us now employ the findings of that analysis.

For small o (i.e., high risk), investment x, decreases with ¢ and for large o (i.e., low risk),

. . . —0 . .
investment x, increases with . For small g, both term 2% and investment x, are decreasing
g

—0 . . . .
=7 i decreasing and investment X, is

in ¢. Therefore, Y () is decreasing in o. For large o, term —

increasing in ¢. To find whether Y () is decreasing or increasing in o, we look at the asymptotic

1

behavior of x,. Wheno - 1,a = (;_TZ)Y — 0. Then investment in the risky asset is

1—0)% p

1.
g—o 1+ﬁ7’_1_>

X, El—(

Therefore, for large o, Y (r) is decreasing in o as well.

For y = 3 and x,, > 0, return function Y (r) > 1. Then function p,(r) is decreasing in Y (r),
while Y (r) is decreasing in ¢ for all levels of risk. So, when risky asset is successful, housing

price p, (r) is increasing in the probability of the asset’s success.

To understand this increase, we need to consider the market prices of scarce services in our
model. When services are not available in today’s market, house-buyers correlate their future
wealth with the realization of the risky investment. In the booming economy, the price of
services is a rapidly increasing function of house-buyer population wealth. Since in the
successful economy, when the expected return on the risky asset is kept constant, house-buyer

population wealth decreases with the probability of the risky asset’s success, service prices
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decrease as well. Note that house-buyer’s wealth decreases much slower than service prices.
Hence, given fixed market size, lower service prices result in the higher relative housing prices.
This implies that in a successful economy, housing prices p,(r) increase with the probability of

the asset’s success.

Now consider the expression for housing price p,(0):

(oar)

where Y(0) = 1 — X, is the return function of the house-buyer for low realization of the risky

w

p2(0) = 32

investment. Function Y (0) mirrors function x,.. The more house-buyers invest in the risky asset,
the poorer they are when this asset gives low return. For y = 3 and x,, > 0, we have Y(0) < 1.
Then the function p,(0) behaves as Y(0) for all levels of risk, so when the risky asset is
unsuccessful, higher levels of wealth in the economy result in higher level of housing
price p,(0). Thus, for small g, price p,(0) increases in probability of the asset’s success, while

for large o, price p,(0) decreases in probability of the asset’s success.

Figure 4 serves as a good illustration to the fact that the emergence of uncorrelated risk in the
financial market, in presence of relative wealth concerns, leads to price volatility in the housing
market. Figure 5 depicts the variance of the housing price p, () showing that price volatility
increases in the probability of risky asset’s success when the expected return is kept constant.
Hence, housing price volatility is the greatest at low levels of financial risk. This result holds for
different parameterization. It provides us with an important observation: while an emergence of
uncorrelated financial risk itself, in the presence of relative wealth concerns, results in increase
of housing demand and bubble-like behavior of housing prices, this impact is strongest at the low

levels of house-buyer’s risk exposure.

This result comes from the fact that when the asset is successful, the amount of capital in the
economy is larger. Given the fixed amount of housing in the economy, this translates into lower
relative price for capital or, equivalently, in higher relative housing prices. When the asset is
unsuccessful, the amount of capital in the economy is smaller. Given the fixed amount of
housing in the economy, this translates into higher relative price for capital or, equivalently, in

lower relative housing prices. Since the gap between amount of capital in a successful economy
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and amount of capital in an unsuccessful economy increases in the probability of the asset’s

success, so does the housing price volatility.

Figure 5: Housing price variance in the model with an expected return of 25%, risk
aversion y=3, the coefficient of utility benefit of homeownership w=0.9, and housing
market size h = 0.5
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For completeness, let us now examine the relative risk in our model. We look at relative
volatility in the rates of returns for housing and risky investment in the house-buyer’s portfolio.
We have already seen the behavior of housing price volatility in the benchmark case. Let us now

compare this to the findings of our model.

The rate of return on the housing in the model is

r) —
pZ(;—pl, with probability o,
Ri=1 )
0 —_
W, with probability (1 — o),
1

while the rate of return on the risky asset is the same as in the benchmark case is

r

R = {r -1, with probability o,
-1, with probability (1 — o).

23



Figure 6: Expected return and Variance ratios in the model with an expected return
of 25%, risk aversion y=3_, the coefficient of utility benefit of homeownership w=0.9,
and housing market size h = 0.5
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Figure 6 shows expected return and volatility ratios in the model with an expected return of
25% for the risky asset, risk aversion y=3, the coefficient of utility benefit of homeownership
w=0.9, and housing market size h = 0.5 (the same parameterization we had when analyzing the
benchmark case). From Figure 6 we can see that the ratio of expected returns of housing and
risky asset investments is below 1, thus expected return on housing is always less than expected
return on the risky investment. The ratio is increasing in the probability of the success of the

risky asset (i.e. decreases in the risk of an asset).

Variance ratio shows that volatility in the housing prices is less than volatility of the rate of
return on the risky asset. However, compared to the benchmark case, the housing price volatility
in the model is greater for all levels of risk. This finding supports our claim that in the presence
of the relative wealth concerns, emergence of uncorrelated financial risks results in greater

housing price volatility that can lead to the housing price bubbles.

Another important finding of our model is that for all levels of risk, housing price volatility in
the model is not monotonically related to the volatility of the risky asset. In other words, housing

price volatility increases in the probability of the risky asset’s success (i.e., decreases in risk).
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Thus housing price bubbles are most likely to emerge as a result of house-buyer’s risk exposure

when this exposure is minimal.

As mentioned above, these finding results from the fact that the gap between amount of capital
in a successful market and amount of capital in an unsuccessful market is increasing in the
probability of the asset’s success. As a result, housing price volatility increases in the probability
of the asset’s success. This implies that house-buyers face the greatest risk in the housing market

(i.e. the greatest housing price volatility), when their financial risk exposure is low.
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Chapter 2. Mortgage Market and Housing Price Dynamics

2.1. Introduction

The purchase of a home is a fundamental and life-changing event for most American citizens.
However, it is only in the last two decades that many of them, often defined as “subprime”
borrowers, gained access to home ownership. The realization of their dream became possible

through the expansion of the mortgage market.

Between 1989 and 2006, due to the expansion of mortgage credit, the percentage of American
homeowners rose from 64 to 69 percent. This increase corresponds to 12 million additional home

owners (Doms and Motika (2006)).

According to 2005 American Housing Survey (AHS) data, 66 percent of American
homeowners maintained a mortgage obligation on their houses. The remaining 34 percent owned

their residence free of loan obligations.

Figure 7: Annual Mortgage Production
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Figure 7 illustrates the rapid growth in the annual mortgage production in the late 1990s and

early 2000s. According to the Mortgage Bankers Association and Department of Housing and
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Urban Development (2005) the total volume of loan originations has grown from about $400

billion in 1990 to $3.7 trillion in 2003.

When studying the changes in the composition of outstanding mortgages, the trend that comes
into view is the growth of the market share for the prime and rapid expansion of the market share
for the subprime segment of the market. Only in the late 1990s the fast development of subprime
mortgage market attracted national attention. There were many factors that have contributed to
the growth of subprime market. First, and obviously, subprime lending became legal. It was only
through the Depository Institutions Deregulations and Monetary Control Act (DIDMCA) that
charging high rates to borrowers with a limited or poor credit history became possible. DIDMCA
was passed in 1980, and following it in 1982 the Alternative Mortgage Transaction Parity Act
(AMTPA) allowed lenders to use the adjusted interest rates. The last reform that indeed opened
the door for the growth of the subprime market was the Tax Reform Act (TRA) of 1986. It raised
the demand for mortgage loans because it disallowed the deduction of interest on consumer
loans, yet permitted interest deductions on mortgages for primary and secondary residences.
Besides favorable law changes, changes in the market also added a stimulus for the growth in
subprime lending. An increase in the interest rates in 1994 reduced the volume of prime loan
originations. It made mortgage lending companies to turn to the subprime borrowers in order to
maintain the volume of mortgage production. Between 1994 and 2006, the total value of

subprime mortgage loans rose from $35 billion to $640 billion (Inside B&C Lending (2007)).

Lenders financed their originations through the securitization of the loans. The securitization
rate of subprime loans grew from 28.4 percent in 1995 to 58.7 percent in 2003. At this time
subprime mortgages were fairly new and apparently profitable, but the performance of the loans
in the long run was not known yet. Now it is a well-known fact that subprime loans are likely to
hit their peak delinquency rates three to five years after origination. Analysis of the data shows
that more than 86 percent of all outstanding loans have been originated since 2000, and 80
percent - since 2002. This is illustrated in Figure 8, where outstanding loans, outstanding prime
loans and outstanding subprime loans originated in a given year are computed as a percentage of
total number of loans in each of these categories. That together with a fall in housing prices, that
made it impossible for subprime borrowers to refinance, explains the dramatic rise in levels of

borrower default and foreclosure in recent years.
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Figure 8: Outstanding Loans by Origination Year
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The recent expansion of the mortgage and housing markets, accompanied by significant up
and downs in housing prices and levels of borrower default, stimulated much scientific research
(see Calhoun (2004), Capozza, and Thomson (2005), Chinloy, Macdonald (2005), Cutts, Order,
2005), Staten, Yezer (2005)). Most of the literature examines housing price volatility as a result
of structural changes in the mortgage market. In chapter 1 we discussed how exposure to
financial risk together with concerns about relative wealth translates into housing price volatility.
We now examine a relation between extension of the mortgage credit to the low-income

borrowers and high volatility in the real estate prices in the presence of relative wealth concerns.

Chapter 1 is built on DeMarzo, Kaniel, and Kremer (2007). In that chapter we presented a
stylized finite-horizon stochastic model that demonstrated that increase in demand for housing
may result from financial risk exposure, when house-buyers are subject to relative wealth
concerns and competition over future consumption. In this chapter we modify our original model
by introducing a mortgage mechanism and investigate how decline in borrower’s income level

affect the housing price dynamics and borrower’s default risk.

The housing price movements generated by relative wealth concerns show that lender’s

exposure to uncorrelated financial risk together with availability of mortgage credit to the low-
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income borrowers lead to increase in housing prices and high borrower debt-to-income ratio. To
understand this increase, we need to consider the impact of agent’s portfolio choice on the future
wealth. When lenders allocate a significant part of their financial portfolio to the risky assets,
uncertainty in realization of these investments generates volatility in lender’s future income.
Competition over future consumption leads to relative wealth concerns that arise endogenously
in equilibrium and drives housing demand and housing prices up. Additionally, increased
demand for borrowing raises mortgage interest rates resulting in high borrower’s debt-to-income

ratio.

There have been several authors who examined the role of relative wealth concerns on
consumption and investment decisions. These models, differently from ours, introduce relative
wealth concerns exogenously (see Abel (1990), Gali (1994), Dupor and Liu (2003), Cole,
Mailath, and Postelwaite (2001), Nichols, Pennington-Cross, and Yezer (2005), Yeung and
Kogan (2002)).

Recent papers that look at general equilibrium models with mortgages include Chambers,
Garriga, and Schlagenhauf (2008), who investigate the determinants and implications of
mortgage choice, Piskorski and Tchistyi (2008), who look at the optimal mortgage contract in a
continuous time setting. However, these papers do not consider financial assets and portfolio
choice. Flavin and Yamashita (2002), Cocco (2005), and Flavin and Nakagawa (2005) focus on
household’s optimal holdings of financial assets in the presence of housing. However, these

models do not feature a general equilibrium setup.

The rest of the chapter is organized as follows. Section 2.2 presents a two-period stochastic
general equilibrium model with three types of agents, three goods, three investments
opportunities via real estate and financial markets, and borrowing/lending opportunity. Section
2.3 further analyzes the model and computes the equilibrium for the no-bankruptcy and
contingent bankruptcy cases. Section 2.4 compares the two cases and shows some properties of

equilibrium returns obtained from MATLAB simulations. Section 2.5 concludes.
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2.2. The Model
2.2.1. Setup

We consider a two-period stochastic production economy. There are three types of rational,
risk-averse agents in the market: borrowers, lenders, and service providers. There is a continuum
with mass one of each type of agent and three types of goods available in the market: capital
goods, services, and housing. Borrowers and lenders consume all three types of goods, while
service providers only consume capital goods and services. In period 1, borrowers and lenders
consume only housing, while in period 2 they consume housing, the capital good and services.

The utility function is CRRA, so the utility function of a borrower is
Uip(hyp) = mth

and

1
1-vy

— 1_]/ 1—)/ 1—‘y
Uzp(Cebs Cspy hap) = (ch +cg, +why,"),

where c., and cg, denote borrower’s consumption of capital and consumption of services
respectively, while h;;, and h,;, denote borrower’s consumption of housing in the first and

second periods respectively. Parameter y indicates the level of agents’ risk-aversion.

The utility function of a lender is
1 -
Uy (hy) = ——wh,; "
11\ft11 1— Y 11
and
U __1 1-y , 1-v 1-y
21(cer €51, hay) = m (Ccl +c,  + Whﬂ )

where ¢, and cg denote lender’s consumption of capital and consumption of services
respectively, while hq; and h,; denote lender’s consumption of housing in the first and second

periods respectively.

Service providers only appear in period 2, and their utility function is
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1

cp’ Csp) = 1—

U
( =

1-y 1-y
(cop” +¢5p7),

where ¢, and ¢y, denote service provider’s consumption of capital and consumption of services

respectively.

Lenders are endowed with one unit of capital and h units of housing at date 1. Thus, the first
period endowment of an individual lender is given by (1 + p1 i_l), where p; is the housing price at
date 1. Borrowers have zero endowment in period 1 and endowment of I units of capital in

period 2. Service providers are endowed with one unit of services at date 2. The aggregate

endowment is therefore also equal to 1.

In the first period, borrowers take out a mortgage b;, from lenders. With this money, borrowers
buy hyp units of housing at market price p;. At date 1, lenders underwrite a mortgage b; to
borrowers. Lenders also can buy housing at market price p; and invest their capital in two types
of assets — a risky asset and a non-risky asset. The risky asset returns 7 units of capital for each
unit of capital invested, where 7 is a random variable. We assume a simple binary distribution:
with probability o the investment in risky asset is successful and gives returnr > 1, and with
probability (1 — o) the risky asset returns zero. The non-risky asset returns one unit of capital for
each unit of capital invested. If lenders, after lending b; to borrowers, invest some of their
endowment p, hy; in housing then the remaining part (1 +ph—b, — plhu) is invested in risky
and non-risky assets. In equilibrium, the housing market clears so h = h;, + h;; and the

mortgage market clears so by, = by.

In the second period, borrowers have endowment of I units of capital, with [ being an
exogenous parameter of the model. If, in addition, h,}; units of housing are bought then the total

wealth y,;, available to borrowers in the second period is

Vep (7)) =1 + p (M hyp,

where we have highlighted the fact that the price of housing in period 2 may depend on the

realization of 7.

Borrowers have to repay their mortgage at this time, resulting in b, (1 +1,) payment to
lenders, where 13, is the interest rate on the mortgage. If the wealth of a borrower is high enough

to pay out the mortgage, payment of b, (1 + 1) is issued to the lender. If not, the borrower
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defaults and the lenders is paid the wealth of the borrower. Mortgage payment b, (1 + 13,) is then
given by the following function:

by (1 + 1), if bp(1+1,) <1+ p(Fhyp,

bp(L+mp) = {1 + po (M hyp, if bpy(1+1,) >1+p(F)hyp.

In period 2, borrowers reinvest p,h,;, in the housing market, by purchasing h,;, units of
housing at a market pricep,. Then the wealth which house-buyers have available for

consumption is

Yo () =y (F) = by (1 + 1) = p2(Dhap = 1 + po(7F) (hap — hyp) — by (1 + 1),

In the second period, lenders get return from their investments in terms of capital units.
Investment in housing results in wealth p,h,; . Risky asset returns 7x, units of capital for an
investment of x,- and the x,, units invested in the non-risky asset return x,, with certainty. The
total capital return from both assets then is given by 7x, + x,, forx, + x, <1+ p,h— b, —
p1hq;. The total return on both investments in assets and housing is then given by7x, + x, +

p2(F)hq;. The wealth of lenders at date 2 is:
ytl(fr xr'xn) = fxr + Xn + pZ(F)hll + i;l(l + rb)-

In period 2, lenders reinvest p,(7)h,; in the housing market, by purchasing h,; units of
housing at a market price p, (). Then the total income, which lenders have available for a trade

with service providers, is

yl(fJ xr'xn) =Yu (Fr xrrxn) - pZ(F)hZI = fxr + Xn + pZ(F)(hll - hZI) + E(l + rb)~

There is no housing production in the model, so that hy, +hy = hyp + hy = h in

equilibrium.

Borrowers, lenders, and service providers then trade capital and services competitively in the
market and consume. All three types of agents make their investment, consumption, and trading

decisions in order to maximize their expected utility, and markets clear.
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2.2.2. Equilibrium

Equilibrium of the model is a set of allocations
{ch (7_‘), Csp (F)' Ccl(f)' Csl(f)' Ccp (f)' Csp (F)r hlb' hll' th(f)r hZI(f); Xys Xn, bbr bl} and a set of

prices {ps(7), p1, p2(F), 1}, for ¥ € {0, 7}, such that

* Borrowers choose c.p, (7), ¢sp (7), hyp(F), hyp and by, to maximize their life-time utility

1 1- 1-y ,— 1-y = 1-y =
Ty +E {1 — (e @+ @ + thbV(r))}
S. t. plhlb = bbl
cep (P) + ps (P sy (F) + by (1 + 1) + p2 (PR (7) = 1 + py(Phyp,

for each realization of 7 € {0, r}.

* Lenders choose ¢ ;(7), cg (), hy(F), hyy, by, x-and x,, to maximize their life-time utility

1 1- 1-y = 1-y = 1-y =
T +E {1 — (el @) + el )+ whj V(r))}

s.t. x, =20, x, =0,
Xy + Xn + by +pihy =14 pih,
ca(F) + ps (e (F) + po (D (F) = 72 + %y + by(1 + 1) + p2(Phy
for each realization of 7 € {0, r}.

* Service providers choose ¢, (7), cs,(7) to maximize

- = v (c57 () + 7))

8. 1. Cep(F) + ps(Pesy (7)) = ps (1),
for each realization of 7 € {0, r}.
* Atperiod 1 and for each realization of 7 € {0, r} at period 2, markets clear:
Hyp + Hy = Hyp(F) + Hy (F) = H

X, +X, =1,
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Cop(F) + Ca(@) + Cep(M) =Y,
Cop(P) + C(7) + Cgp (F) = 1,
B, = B,.
where Y(7) =1+ 7X, + X, is equilibrium aggregate capital income of both borrower and
lender population. Capital letters denote aggregate demand and supply (e.g. X, = fol x,()di

and Hy, (7) = | 01 h,; (7)(i)di). We consider a symmetric equilibrium where individual decisions

are equal to aggregate decisions of agents’ population.

2.3. Analysis
2.3.1. Equilibrium with no bankruptcy

2.3.1.1. No bankruptcy occurs in equilibrium. Period 2
We begin our analysis by assuming that in period one there are no markets for goods and
services at time 2. In the second period there are three types of agents: borrowers, lenders, and
service providers. When bankruptcy does not occur, borrower’s maximization problem is given
by
1
1-y

1-y 1-y 1-y
max (ch +cg, " +wh,,

S. t. Cep + PsCsp + Dahap =1+ p2hyp — bp(1 +1p).
Lagrangian

1-y 1-y 1-y
Cy ' teg ' +why,

1-y

— Aap(Cep + PsCsp + bp(1 + 1) + p2hap — 1 — p2hyp)

FOCs

2b ’
e RO
Csp = Agb)/)pg y))
A
h2b = Agby)pz( Y)W?



From the budget constraint

(_%) I+ pyhyp —by(1+ 1)
2b ;1 1 4 -

-2 1
1+ps y+p2 Ywy

If the wealth of a borrower is high enough to pay out the mortgage, lender’s maximization

problem is given by

1
1- 1- 1-
max Vv ¥ +why”

1-— % (Ccl
S.t. Cop + PsCsp + DRy =Tx + xp + b (1 + 1) + pohy;.
Lagrangian

1-y 1-y 1-y
¢, tcg " +why,

— Ay (e + pscsy + p2ha — X, — x — by (1 +1,) — pahyy)

1-vy
FOCs
ca=17,
Cst = AEI_%)PS(_%),
hyy = ﬂgﬁ)r)g_%)w;

From the budget constraint

(“) _ 7%, + X + b (1 +1,) +p2hy

21 1_1 _l 1

1+ps y+p2 Ywy

Computing the demand of each type in the situation when the wealth of a borrower is high

enough to pay out the mortgage we obtain:

_ I + pzhlb - bb(l + Tb) (_l) l

2b — 1 1 4 D2 rwy,

1-= 1 =
1 + D, 14 +p2 Ywy
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_ I+ pyhyy —by(1+ 1)

Cep = )
1-1 1-1 1

1+p, ' +p, 'wr

_I+pyhyy —bpy(1+13) (—%)

Csp = Ds ’
1-1 1-1 1

1+p, "+p, Ywr

_ X+ X + b(1+1,) + p2hyy (_%)W)l/

21 — 1_1 1_1 1 2
1+p, " +p, "w?
X, + xp + by(1 + 1) + pyhy;
Ca = 1 1211 ’

X% + %, + bj(1 + 1) + pohy; (_l)
Cs1 = 1 1 Pst V7,

Let
Y=1+7X, + X,.

The equilibrium condition for the capital good market is

I +phyp —b,(1+1,) 77X+ X +b(1+1,)+pyhy Ps
+ + =y,
1-1 1-1 1 1-2 -1 1-1
1+p, " +p, 'wr 1+p, ' +p, 'wr 1+p, "
Y + Pz}_l ps

— + =Y.

- 12 1
1+p, "+p, 'wr 14p. 7

For the service market is
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(-5) Y + p,h ps ()
psy 11 1 1+ Sl_lpsy -

[— 1__
1+p, "+p, 'wr 14p. 7

For the housing market is

Y + p,h (_z)W% _
1-1 1-1 1
1+p, ' +p, 'wr

The result of the analysis of the spot market competitive equilibrium at date 2 establishes the
price for services. If in equilibrium the total aggregate capital income of borrowers and lenders
available for a trade with service providers at date 2 is given by Y and the nominal value of one
unit of capital is normalized to 1, then the price of services, in terms of units of capital, is given
by

ps(P = (Y@)" = U +7X, + X,)".

Therefore, the price of services is positively correlated with the return on the investment in

risky asset in period 1.

The market price for housing in period 2 is given by

(ool

where we use the fact that in equilibrium it must be

w

p.(F) = 32

hip + hyy = hap+hy = h.
In the two-state economy, with probability o, successful realization of the investment in the

risky asset will result in the high-state service prices given by (ps(r),p,(r)), while with

probability (1 — a), zero return on the investment in the risky asset will result in the low-state
prices (ps(0), p2(0)).

At the equilibrium prices, the consumption profiles of the lender and the borrower imply that
agents’ indirect utilities depend on capital income y of both borrower and lender and on

equilibrium aggregate capital income Y of both borrower and lender population.
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Let (x;, x,, hy;, b;) be the investment strategy chosen by the lender in period 1. When the
wealth of a borrower is high enough to pay out the mortgage, for a given investment strategy,
with probability o successful realization of high return on the investment in the risky asset will
result in the indirect utility of the lender given by

1-y

1 () 11 11
Vi(7; X, Xp, Ry, by) = — A(r)m 1+ps(r) ¥ +wrpy(r) V)=
1-vy

14

1 1 1 -1
= T et X b+ 1) + ) (1R T W ()Y

While with probability (1 — o), zero return on the investment in the risky asset will result in the
indirect utility of the lender given by

1-y

1 () 11 1
Vi (0; xy, Xy, hyy, by) = — /1(0)21 1+ps(0) ¥ +wrp,(0) ¥ =
1-vy

1 1 1\Y
Con + B (L4 1) + 22 OR)' (145,07 +wrp, 0 77)

1-vy
Thus, the expected indirect utility of the lender is given by
Wl (xrr Xn, hll' bl) = aVl (T; Xr) Xn, hll' bl) + (1 - O_)VI(O; Xr)Xn, hll' bl)

Let (hy;, by) be the investment strategy chosen by the borrower in period 1. When the wealth
of a borrower is high enough to pay out the mortgage, for a given investment strategy, with
probability ¢ successful realization of high return on the investment in the risky asset will result
in the indirect utility of the borrower given by

1 AN 11 1
Vo (r; hap, bp) = m (A(T)gby)> <1 +ps(r) YV +wrp,(r) V) =
1 1-y 1—l 1 1—l 4
=15 Y (I +p2(Mhyp — bp(1 + rb)) <1 +ps () ¥V + w¥p,(r) y> _

While with probability (1 — o), zero return on the investment in the risky asset will result in the

indirect utility of the borrower given by
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1 S\ 11 1
Vp(0; hyp, by) = m(l(o)gz y)> <1 +ps(0)" ¥ +wrp,(0) y) =

1 1y 11 LY
=175 U+ P2(0hsy = by (1 +13)) (14207 +wrp,(0)' 7).

Thus, the expected indirect utility of the borrower is given by
Wy, (hip, by) = V(75 hyp, bp) + (1 — 0)V;, (0; hyp, bp).

2.3.1.2. No bankruptcy occurs in equilibrium. Period 1
We now solve the lender’s and borrower’s maximization problems at period 1 in the case
when no bankruptcy occurs in equilibrium. At this time, the agents choose their investment
strategies to maximize their expected life-time utilities subject to their first period budget

constraints respectively. In this case, the borrower’s maximization problem at date 1 is
1 1y
maXmWhlb + Wb (hlbr bb)

S. t. plhlb = bb'

Lender’s maximization problem at date 1 is

max why ¥+ Wi, X, hag, by)

1-y

S. t. xr + xn +bl +p1hll ES 1 +p1h,

Lagrangian for the lender

1 _ _
EW’lL Y+ Wit X has B) — Ay (% + Xy + by + prhy — 1 — pyh)

Lagrangian for the borrower
mWhlb + Wy (hip, by) — A1p(P1h1p — by)
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Because no bankruptcy occurs in equilibrium, mortgage lending is a risk-free activity. This
implies that if there is a strictly positive interest rate on mortgages then the investment in the
risk-free asset has to be zero. In equilibrium lenders will put money either in mortgages or the
risky asset. Alternatively, we may have 1, = 0. In that case, investment in the non-risky asset
and investment in mortgages are perfect substitutes and investment in the non-risky technology

may be strictly positive.

Let now us examine the case with a strictly positive interest rate on mortgages. In this case the
investment in the risk-free asset has to be zero and in equilibrium lenders will put money either in

mortgages or the risky asset.

FOC:s for the risky investment decision of the lender is

11 1 \Y
1+ps(r) ¥ +wrp,(r) v

rx, + x,+b,(1 + 1) + p,(r)hy,

= 2-1lJ

In equilibrium the decision of an individual lender and borrower match the aggregate decision
of the lender population and borrower population respectively, that is hy; = Hyy, hyp =

Hip, by = By, b; = By, x,, = X,,, and x,, = X,,. And markets clear:
h’lb + hll = Fl

Xr+x, =1,

From FOC for housing in period 1 we obtain two expressions for market price for housing at

period 1:
v T T LN ¢
by = w iy 1+r 1+p,(r) Y +wrp,(r) v
Hy" 1+ Ps(r)l_’l’ r+B(1+1,) + p,(r)Hy,
v 11 L\
td—0) 1 1+ps(0) v +wrp,(0) ¥

1
14+ ps(O)l_)_’ B,(1+m,)+p,(0)Hy,
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I U T 1N 4
1+ps(r) Y +wrp,(r) ¥

r+ B (1+1m,) +p,(r)Hy,

and
14 11 1 1-L 4
wo, 147 1+ps(r) ¥ +wrp,(r) 7
= o
P H 1+ ps(r)l‘% 1=By (1 +7) + po(r)H
Y 1_1 1 1_l 4
o) 1 1+ps(0)° ¥ +wrp,(0) 7
—0 1 _
14,0 7) \ 7B 1) + P2 (0)Hy,
T o A
1+p,(r) Y+wYp,(r) 7
cla+m)|o ps(r) p2(7) n
I-B,(1+1,) +p,(r)Hyy
1-1
11 -1\
1) 1+ps(0)° ¥ +wrp,(0) 7
— 0
I-B,(1 +1,) +p,(0)Hy

Together with the clearing condition for the housing market these expressions define the
housing price at date 1 and the demand functions for the housing investment decisions of the

lender and borrower in implicit form.

From the FOCs for the lending and investments decisions of the lender we obtain the

expression for lending demand function in implicit form:

M| L0\ 11 L1
1+ps(r) ¥ +wrp,(r) ¥ 1+ps(0) ¥ +wrp,(0) v

r+b(1+ 1) + p,(r)hy, — (-0l +m) b;(1 + 1) + p2(0)hy,

cr—1—-m,)

=0.

Together with the clearing condition for the mortgage market it determines the mortgage

rate 13,. There is no closed-form solution for this case. It is solved with MATLAB simulations.
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2.3.2. Equilibrium with bankruptcy: contingent bankruptcy

To analyze the case in which the equilibrium involves bankruptcy, first let us prove that there
is no equilibrium in which bankruptcy occurs in both states. Let’s say that p,(0) < p,(r).
Without loss of generality, we assume that 7, is such that in equilibrium b, (1 +1,) =1 +
p2(r)hqp. If that is the case, the borrower consumes zero at period 2. But then the marginal
utility of increasing consumption at period two is infinity, so the borrower would optimally
reduce the amount borrowed b;, reducing housing consumption in period 1 and increasing
consumption in period 2. Thus, equilibria with bankruptcy must be such that bankruptcy only
occurs when the price of housing is low in period 2. Therefore, to analyze the case in which the
wealth of a borrower is not high enough to pay out the mortgage, we will consider the case of

contingent bankruptcy.

2.3.2.1. Economy with successful risky asset. No bankruptcy. Period 2

Consider p,(0) < p,(r). Then in the economy with successful risky asset there is no
bankruptcy and mortgages are paid in full. However, in the state of economy in which risky asset
is unsuccessful bankruptcy occurs: borrower defaults and the lender is paid the wealth of the
borrower. In this case, the consumption of everything for the borrower must be zero. Let us

analyze the model in this case.
When bankruptcy does not occur in the economy with successful risky asset, borrower’s
maximization problem is given by

1
1-vy

max—— (¢t () + ¢ " (1) + why, " (1)

.t Cep(T) + ps (M) csp (1) + 2 (P hap (r) =1+ p(1)hyp — by (1 +13).

Lender’s maximization problem is given by

1 _ _ _
max 7 — (ccll Y1) + ¢l () + why; V(r))

s.t. cq(1) + ps(r)cg (r) + po(r)hy (r) = rx, + x, + by(1 + 1) + p2 (1) hy;.

Computing the demand of each type we obtain:
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I +p,(r)hyy, —bpy(1+1,) (-1 1
hop(r) = 21 1 = lb 1 bl Pz( y)(T)WV,

1+p, ") +p, "Wy

I+ p(r)hyp — by (1 + 1)

Cep (T') = 1 1 1’

1+p, ") +p, "Wy

cop(r) = PO LT, ()

1+p, ") +p, "Wy

X%+ X, + bi(1 + 1) + p(r)h -1 1
hat (r) = — nl 11( 11))1 pZ(l) 11292( V)(T)WV,

1+p, ") +p, "(wY

X, + x, + by(1+1,) + p,(r)hy,

Ccl(r) = | 1 1 1 )

1+p, ") +p, "Wy

X, + x, + by(1+1,) +p,(r)h _1
Csl(r) =1 Tll 1l 117 1 2 1lps( V)(r)'

1 1o
1+p, ") +p, "(wY

Cep (T‘) = psf’:)l )
1+p, '(r)
o (r) = %pf_?) ™.
1+p, "(r)

Imposing equilibrium conditions, the analysis of the spot market competitive equilibrium at

date 2 establishes the price for services
_ v _ y
ps() = (Y()" = U +71X, + X)
and the market price for housing in period 2

w
p2(r) —ﬁ
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At the equilibrium prices, a consumption profile of the lender and the borrower imply that
agents’ indirect utilities depend on capital income y of both borrower and lender and on

equilibrium aggregate capital income Y of both borrower and lender population.

Let (x,, x,, hqy;, b;) be the investment strategy chosen by the lender in period 1. Then for a
given investment strategy, with probability o successful realization of high return on the

investment in the risky asset will result in the indirect utility of the lender given by

1 -2\ L1 1
Vi(7; X, Xp, Ry, by) = m(l(r)my ) <1 +ps() Y+ wrp,(r) y) =

1 1 1 _LVY
= T et X b+ 1) + ) (140 T W ()Y

Let (hqy;, by) be the investment strategy chosen by the borrower in period 1. Then the for a
given investment strategy, with probability o successful realization of high return on the
investment in the risky asset will result in the indirect utility of the borrower given by

1 S\ 11 g
Vp (15 hap, bp) = m(l(r)gby)> <1 +ps(r) Y+ wrp,(r) V) =

1 - SR R N
= m(l +p2(Mhyp — bp(1 + Tb)) <1 +ps(r)” Y +w¥p,(r) V) .

2.3.2.2. Economy with unsuccessful risky asset. Bankruptcy occurs. Period 2

Lender’s maximization problem in this case becomes

1, _ _
max (car (@) + 377 (0) + why, " (0))

1
s.t.

I +p,(0)Hyy

¢ (0) + ps(0)c5(0) + p2(0)hy (0) = x, + 5

b, + p2(0)hy,.

Lagrangian

. 7(0) + ¢V (0) + whi ¥ (0) ~
1-y
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_ I +p,(0)Hy

=1 (Ccl(o) + ps(0)cg; (0) + p2(0)hy (0) — xy b, — Pz(o)hu)

B,
FOCs
c(0) = 127),
e (0) = 127);05(7)(0),
() (), 1

th(O) = Az[ pz (O)W?

From the budget constraint

Service providers solve

max (ccl,;V(O) + c;p‘V(O))

1
1-vy

8. 1. Cep(0) + ps(0)csy (0) = ps(0).

Lagrangian
ci,;y(oi * ;35 "o _ D2 (€ep (0) + Py(0)c4, (0) — P (0))
FOCs
Cep(0) = Aﬁj),
csp(0) = Agj)ps(_%) (0)

From the budget constraint

1+p, 7(0)



When the wealth of a borrower is not high enough to pay out the mortgage, the borrower

consumes zero in period 2:

th(O) = 0'
Ceh (0) = O'
Csh (O) = 0;

I+ 0)H
Xn + %bl + p2(0)hy,
hZI(O) = 1_1 1_1 1
1+p, Y(0)+p, "(OwY

P2 (_%/) (O)W%,

I+ 0)H
Xp + —sz(z LLEr b, + p,(0)hy,
CCl(O) = . 1 . 1 )

Csl(o) = 1_fl L 1 ps(_%)(o);
1+p, "(0)+p, "(OwY

s (0

Ccp(o) = %;

1+p, "(0)

S 0 -

3 (0) = ”—()p( o)
1+p, 7(0)
Let

Y=1+ X,

The equilibrium condition for the capital good market is

Y +p2i_l ps(o)
1 1 +

=Y.
1-1 1-= 1 1-1
1+p, "(0)+p, "(Owr  1+p; 7(0)

For the service market is
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(=) Y +p,(0)h - Ps(0) pf‘?)m):L

1-= 1-= 1 1-=
1+p; "(0)+p, "(OwY  1+p; 7(0)

For the housing market is

Y +p, (O)h1 : pz(_’l’)(o)w% -

1
1- - 1
1+p, "(0) +p, "(OwY

The result of the analysis of the spot market competitive equilibrium at date 2 establishes the
price for services. If in equilibrium the total aggregate capital income of borrowers and lenders
available for a trade with service providers at date 2 is given by Y and the nominal value of one
unit of capital is normalized to 1, then the price of services, in terms of units of capital, is given
by

ps(0) = (Y(®)" = (I + X,)".

Therefore, the price of services is positively correlated with the return on the investment in

risky asset in period 1.

The market price for housing in period 2 is given by

(oar)

where we use the fact that in equilibrium it must be

w

p.(0) = 32

hlb + hll == h2b+hll == f_l

When the wealth of a borrower is not high enough to pay out the mortgage, for a given
investment strategy, with probability (1 — ), zero return on the investment in the risky asset
will result in the indirect utility of the lender given by

1
1 2\ N SNt
V1(0; xy, Xp, hyy, by, Ryp) = 1—y 1(0),, <1 +ps(0)" ¥ +wrp,(0) y) =

14

1-y
1 I+ 0H 1 1 1
= —(xn + Mbl + Pz(o)hu) <1 + Ps(o)l Y+ WVPZ(O)I y) .

1-y B,
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Thus, the expected indirect utility of the lender in the case with contingent bankruptcy is given

by
Wl (xrr Xn hll' bl) = O_Vl (T; Xyr Xn, hll' bl) + (1 - O_)VZ(O; Xyy X, hllr blr hlb)-

As was mentioned above, when the wealth of a borrower is not high enough to pay out the
mortgage, the consumption of everything for the borrower must be zero. This results in the zero
indirect utility function of the borrower in the case of default. Thus, the expected indirect utility

of the borrower in the case with contingent bankruptcy is given by

Wy (hyp, by) = 0V, (1; hyp, bp).

2.3.2.3. Economy with contingent bankruptcy in low state. Period 1
We now solve the lender’s and borrower’s maximization problems at period 1 in the case with
no bankruptcy occurring in equilibrium when the price of housing is high. At this time, the
agents choose their investment strategies to maximize their expected life-time utilities subject to
their first period budget constraints respectively. In this case, the borrower’s maximization
problem at date 1 is

1,
maXmWhlb + Wb(hlb’bb)

S. t. plhlb = bb'

Lender’s maximization problem at date 1 is

1 _
max 1-— Y Whil 4 + VVl(xT' Xn» hll; bl)

S. t. xr + xn +bl +p1hll ES 1 +p1h,

Lagrangian for the lender
1 1y —
mw}lll + Vl/l(xr'xn' hyy, bl) - All(xr + Xp+ b+ plhll —-1- plh)

Lagrangian for the borrower

48



1 _
mWhiby + Wy (hip, by) — A1p(P1h1p — by)

In equilibrium the decision of an individual lender and borrower match the aggregate decision
of the lender population and borrower population respectively, that is hy; = Hyy, hyp =

Hip, by = By, b; = B, x, = X,,, and x,, = X,,. And markets clear:
h’lb + hll = Fl

Xr+x, =1,

From the FOCs for the lending and risky investment decisions of the lender we obtain the

expression for lending demand function in implicit form:

11 1 -1 \Y
L+ps(r) v +wip(r) ¥
o(r—1—-rn,)
rx, + x,+b;(1 + 1) + p,(r)hy;
L1 1 1\
—(1-0) (1 + pZ(O)Hlb> 1+ps(0) ¥ +wrp,(0) ¥ ~ 0
B I+ p,(0)H o
: Xn +%bl + p2(0)hy,
Together with the clearing condition for the mortgage market it determines the mortgage
rate 13,.

Computing the demand for housing we obtain

I
hyp = ’

1 +r)p, —p(r) + <1 + ps (r)l_% + W’%Pz (r)l_%> la((l + Tb)£1 — P2 (T))ly

hy = [(r = DI + p2(0)R) + (1 + 1,)p. h]x

{4 ps ~ o)+ @47~ 1) (142,07 + w707 x

l(l - 0)(7'Pl —p,(r) — (r = Dp, (0))1?
X )
w(r—1)
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where

1

1 PR N U

la(r - 1)]V 1+ps(r) ¥ +wrp,(r) ¥
1— 1 1

7 14 p(0) 7 + wip,(0)

1
Y

Together with the clearing condition for the housing market demand functions for housing define

the housing price at date 1.

Investment demand is given by

—1 A j—
Xn =g {r+ @ +m)ph— (1 +1)p — p2(r)hyy — 6(1 + p2(0)R)},
1 = —
xr = o ———{(0 = D) + 61 + p2(OR) = (L + 1)psh — po(hyi}.

Additionally, the bankruptcy condition in low state
by(1+ 1) > 1+ p(0)hyy
can be written as

I +p,(0)hyy
P>
(1 +1,)hyp

2.3.2.4. Economy with unsuccessful risky asset. No bankruptcy. Period 2

Consider p,(r) < p,(0). Then in the economy with unsuccessful risky asset there is no
bankruptcy and mortgages are paid in full. However, in the state of economy in which risky asset
is successful bankruptcy occurs: borrower defaults and the lender is paid the wealth of the
borrower. In this case, the consumption of everything for the borrower must be zero. Let us

analyze the model in this case.

When bankruptcy does not occur in the economy with unsuccessful risky asset, borrower’s

maximization problem is given by

max

1 1- 1- 1-
— (cap” (0) + 3y (0) + why," (0))

s. t. €cp(0) + ps(0)csp (0) + p2(0)h3,(0) =1 + p(0)hy, — by (1 +13).

Lender’s maximization problem is given b
y
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1 _ _ _
max T y (Ccll "(0) + Csll Y(0) + Wh;l y(o))

s. t. ¢ (0) + ps(0)cs (0) + p2(0)hy (0) = x, + (1 +13) + p2(0)hy.

Computing the demand of each type and imposing equilibrium conditions, the analysis of the

spot market competitive equilibrium at date 2 establishes the price for services

ps(0) = (Y(0)" = (I + X,

and the market price for housing in period 2

(oar)|

At the equilibrium prices, a consumption profiles of the lender and the borrower imply that

w

p2(0) = 32

agents’ indirect utilities depend on capital income y of both borrower and lender and on

equilibrium aggregate capital income Y of both borrower and lender population.

Let (x,, x,, hqy;, b;) be the investment strategy chosen by the lender in period 1. Then for a
given investment strategy, with probability (1 — g), zero return on the investment in the risky

asset will result in the indirect utility of the lender given by

1 -2\ SR S
Vi(0; X7, X, hyyy by) = m(A(O)my ) <1 +ps(0)" ¥ +wrp,(0) y) =

14

1 1 1 1
Gt + i1+ 15) + P (Oha) (14 55(0) 77 + wip,(@)' 7).

1-y

Let (hqy;, by) be the investment strategy chosen by the borrower in period 1. Then the for a
given investment strategy, with probability (1 — ), zero return on the investment in the risky

asset will result in the indirect utility of the borrower given by

1 S\ 11
Vp(0; hyp, bp) = m(l(o)gz y)> <1 +ps(0)" ¥ +wrp,(0) y) =

1 1y 11 LY
=175 U+ P2(0hsy = by(1+13)) (14207 +wrp,(0)' 7).
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2.3.2.5. Economy with successful risky asset. Bankruptcy occurs. Period 2

Lender’s maximization problem in this case becomes

1
1-vy

max (ccll_y(r) +ey V() + wh;l_y(r))

S. t.

I + p,(r)Hyy

B, b, + p2(r)hy;.

Ccl(r) + ps(r)csl(r) + (%) (T)th(T) = fxr + Xn +

Service providers solve

max —— > (cclp_y(r) + cslp_V(r))

8. 1. Cep(r) + ps(r)csy (1) = ps(r).

When the wealth of a borrower is not high enough to pay out the mortgage, the borrower
consumes zero in period 2. Computing the demand of each type and imposing equilibrium
conditions, the analysis of the spot market competitive equilibrium at date 2 establishes the price

for services
ps(r) = (Y1) = U + 7X, + X,)".

The market price for housing in period 2 is given by

(oo

When the wealth of a borrower is not high enough to pay out the mortgage, for a given

w

p2(r) = 32

investment strategy, with probability o, zero return on the investment in the risky asset will result
in the indirect utility of the lender given by

1 -2\ 7 L1 1
Vi(r; Xy, Xy Ry, by, hap) = m(l(r)m Y ) <1 +ps(r)” ¥ +wrp,(r) y) =

14

1-y
1 L1101
b, + p, (r)hu) <1 +ps(r) 7V +wrp,(r) y) .

1-vy

I + p,(r)Hy,
B,

(Fxr + x, +
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Thus, the expected indirect utility of the lender in the case with contingent bankruptcy is given
by

Wl (xrr Xn hll' bl) = O_Vl (T; Xyr Xn, hll' bl) + (1 - O_)VZ(O; Xyy X, hllr blr hlb)-

As was mentioned above, when the wealth of a borrower is not high enough to pay out the
mortgage, the consumption of everything for the borrower must be zero. This results in the zero
indirect utility function of the borrower in the case of default. Thus, the expected indirect utility

of the borrower in the case with contingent bankruptcy is given by

Wb(hlb'bb) =(1- U)Vb(oi hlbfbb)-

2.3.2.6. Economy with contingent bankruptcy in high state. Period 1
We now solve the lender’s and borrower’s maximization problems at period 1 in the case with
no bankruptcy occurring in equilibrium when the price of housing is low. At this time, the agents
choose their investment strategies to maximize their expected life-time utilities subject to their
first period budget constraints respectively. In this case, the borrower’s maximization problem at
date 1 is

1,
maXmWhlb + Wb(hlb’bb)

S. t. plhlb = bb'

Lender’s maximization problem at date 1 is

1 _
max 1-— Y Whil 4 + VVl(xT' Xn» hll; bl)

S. t. xr + xn +bl +p1hll ES 1 +p1h,

In equilibrium the decision of an individual lender and borrower match the aggregate decision
of the lender population and borrower population respectively, that is hy; = Hyy, hyp =

Hip, by = By, b; = B, x,, = X,,, and x,, = X,,. And markets clear:

h’lb +h1l = Fl
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From the FOCs for the lending and risky investment decisions of the lender we obtain the

expression for lending demand function in implicit form:

PSS S | Y
U(T | +P2(7”)H1b> 1+ps(r) Y +wrp,(r) ¥
B I +p,(r)H
! X + Xy +%bl + p,(r)hy
11 1 -1\
1+ps(0) ¥+ wrp,(0) ¥
Xp + b (1+1,) +p2(0)hy,
Together with the clearing condition for the mortgage market it determines the mortgage

rate 13,.

Computing the demand for housing we obtain

I

hip =

p1(1+1) —p2(0) + <1 + Ps(())l_)l/ + W%pz (0)1_%’> l(l - J)(pl(l; ) = P2 (0))ly

hy =[r+1+(0r—DQA+1,)p; +p2(r)h]x

{(r — DA +1)py —p2(0) + (6 +7—1) <1 + ps(O)l_% + W%pz (0)1_%> .

15 1

1-— X v
52 m-ni0-25)]

where

- 1

1 PR N U

o — la(r - 1)]V L+ps(r) v +wrp(r) ¥
1— 1 1

714 (0 + wip,(0)

1
Y

Together with the clearing condition for the housing market demand functions for housing define

the housing price at date 1.
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Investment demand is given by

1 _ _
—_1{7" + 1+ p(r)h — 9[P1(1 +15)h + (p2(0) —py (1 + Tb))hu]}»

x =
"G +r

Xy = m{e[l +p(L+m)h+ (Pz(o) -p(1+ Tb))hu] — I —p,(Nh— 1}-

Additionally, the bankruptcy condition in high state
by(1+ 1) > 1+ pa(Mhyy

can be written as

I+ p(r)hyy
P1> 7~
(1 +1,)hyp

2.4. Results
2.4.1. Equilibrium with no bankruptcy. Results

There is no analytical solution for the case when no bankruptcy occurs. We solve the model
with MATLAB simulations to find conditions on the parameters such that equilibrium with no
bankruptcy exists. These MATLAB simulation results have been obtained with risk aversion
coefficient y = 3, an expected return of 25% (S = or = 1.25), and the coefficient of utility
benefit of homeownershipw = 0.9. We also parameterize a housing market size to be h =€
[0.16,0.27]. Additionally, we consider different levels of borrower’s capital endowment/income

that has a non-housing investment origin /.

Housing price dynamics, the interest rates behavior, and economics of borrower in the model
can be inferred from Figure 9. Figure 9 shows economics of the model for different levels of
o when the expected return is 25%, risk aversion is y=3, the coefficient of utility benefit of
homeownership is w=0.9, housing market size ish = 0.19, and borrower’s endowment

parameter is [ = 0.43.
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Figure 9: The model with no bankruptcy, an expected return of 25%, risk aversion
y=3, the coefficient of utility benefit of homeownership w=0.9, housing market
size h = 0.19, and borrower’s endowment parameter 1=0.43
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Pic.1 plots spot housing price p; and contingent housing prices p,(r) and p,(0) as a function

of the probability of risky asset’s success when the expected return on the risky asset is kept
constant. In our setting (adopted from DKK model), with probability ¢ = gthe investment in

risky asset is successful and gives returnr > 1, and with probability (1 — o) the risky asset

returns zero. Holding the expected return f§ constant, we consider an increase in the probability
of the asset’s success o. This is equivalent to a decrease in risk of the assetr = § The first

observation we make is that price realization p,(0) is constant. This comes from the fact that in

equilibrium with a strictly positive interest rate 73, investments in the non-risky asset and in
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mortgages are not perfect substitutes. Lenders invest zero in the non-risky technology, thus
correlating their income with the outcome of the risky technology (x,, = 1). When the risky asset
is unsuccessful, it returns zero units of capital always and the amount of capital in the economy
does not depend on the level of financial risk. Thus contingent housing price in unsuccessful

economy is constant with respect to financial risk.

Secondly, we observe that housing prices p,(r) increase with the probability of the asset’s
success (decreases in risk). To understand this increase, we need to consider the market prices of
scarce services in our model. In the booming economy, the price of services is an increasing
function of the total aggregate capital income of borrowers and lenders available for a trade with
service providers Y (). Since in the successful economy, when the expected return on the risky
asset is kept constant, the total aggregate capital income decreases with the probability of the
risky asset’s success, service prices decrease as well. Note that the total aggregate capital income
decreases much slower than service prices. Hence, given fixed market size, lower service prices
result in the higher relative housing prices. This implies that in a successful economy, housing

prices p,(r) increase with the probability of the asset’s success.

Pic.2 illustrates the mortgage rate vs. the expected return on the risky asset with respect to
financial risk faced by lenders. The expected return is fixed at 25%. For low levels of o,
1, decreases with the probability of the asset’s success. For high levels of g, r;, increases with
the probability of the asset’s success. In the economy with high levels of risk (low levels of ),
there is monotonic relation between the mortgage interest rates and level of financial risk. This
result comes from the fact that when agents are sufficiently risk-averse and the expected return
on the risky asset is kept constant, an increase in the risk of an asset induces stronger concerns
about relative wealth, which in turn lead to higher demand for borrowing that drives mortgage
rates up. For low levels of risk (high levels of ), however, relative wealth concerns are not
sufficient, demand for borrowing decreases with respect to financial risk driving the mortgage

interest rates down.

Housing investment decision of borrowers in period 1 mirrors the behavior of the housing
prices. This is illustrated in Pic.3. Borrower’s housing investment in period 1 increases with
financial risk (decreases with the probability of the risky asset’s success). Given the competition

over the future scarce services, an increase in the risk of an asset induces stronger relative wealth
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concerns among borrowers. They cannot link their future wealth to the outcome of the risky
asset. Instead, they correlate their future wealth with the housing market to insure against

bankruptcy.

Borrower’s income outcomes and debt in period 2 are shown in Pic.4. Dynamics of borrower’s
debt are determined by the fact that housing price p, is a rapidly increasing function of o, while
borrower’s housing investment is a slowly decreasing function of ¢. Thus, borrower’s debt is an
increasing function of . Dynamics of borrower’s income are determined by dynamics of the
spot housing prices in period 2 and borrower’s housing investment. Housing price p, () rapidly
increases with the probability of the asset’s success. Thus, given that borrower’s housing
investment is slowly decreasing function and non-housing income of the borrower is a constant,
borrower’s income in the successful economy is an increasing function of ¢. Housing prices
p.(0) is constant with respect to the probability of the asset’s success. Thus, given that
borrower’s housing investment is slowly decreasing function and non-housing income of the
borrower is a constant, borrower’s income in the unsuccessful economy is a slowly decreasing
function of ¢. We also observe that borrowers have means to repay their mortgage debt for all

levels of risk.

Let us now analyze the economics of our model with respect to financial risk and the level of
borrower’s endowment. As we decrease a non-housing related income of borrowers I, some of
the dynamics of the housing prices, mortgage rates, and housing investments change. Figure 10
shows behavior of the variables for different levels of ¢ when the expected return is 25%, risk
aversion is y=3, the coefficient of utility benefit of homeownership is w=0.9, housing market size

is h = 0.19, and borrower’s endowment parameter is I = 0.4.

First in Pic.1 we notice that lower levels of borrowers’ endowment result in higher housing
prices p,(r) and p;, but lower housing price p,(0). To understand the increase in price p,(r),
we need again to consider the market prices of scarce services in our model. In the booming
economy, the price of services is a rapidly increasing function of the total aggregate capital
income of borrowers and lenders available for a trade with service providers Y (r). Since in the
successful economy, when the expected return on the risky asset is kept constant, the total
aggregate capital income decreases with the decrease in the borrower’s non-housing endowment,

service prices decrease as well. Note that the total aggregate capital income decreases much
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slower than service prices. Hence, given fixed market size, lower service prices result in the
higher relative housing prices. This implies that in a successful economy, housing prices

p, () increase with the borrower’s non-housing endowment.

Figure 10: The model with no bankruptcy, an expected return of 25%, risk aversion
y=3, the coefficient of utility benefit of homeownership w=0.9, housing market
size h = 0.19, and borrower’s endowment parameter 1=0.4
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To understand the decrease in price p,(0), we employ a similar analysis of the relative prices
in the economy with low realization of the risky asset. In the unsuccessful economy, the price of
services is a slowly increasing function of the total aggregate capital income of borrowers and
lenders available for a trade with service providers Y (7). Since in the unsuccessful economy,
when the expected return on the risky asset is kept constant, the total aggregate capital income

decreases with the decrease in the borrower’s non-housing endowment, service prices decrease
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as well. Note that the total aggregate capital income decreases much faster than service prices.
Hence, given fixed market size, this results in the lower relative housing prices. This implies that
in a successful economy, housing prices p,(0) decrease with the borrower’s non-housing

endowment.

Pic.2 illustrates the interest rates on mortgages with respect to financial risk faced by lenders.
The dynamics of the mortgage rates analyzed above continue to be the same. However the
overall level of the mortgage rates in the economy declines with the decrease in the borrower’s

level of income.

Housing investment decision dynamics of borrowers in period 1 stays the same; as before it
mirrors the behavior of the housing prices. Given an increase in the levels of housing price p4,
we observe an overall decline in the levels of the borrower’s housing investment. This is

tllustrated in Pic.3.

Dynamics of borrower’s income outcomes and debt in period 2 are unchanged and shown in
Pic.4. However the overall levels of borrower’s income and debt in the economy declines with
the decrease in the borrower’s level of endowment. Lower levels of borrower’s housing
investment and lower mortgage rates decrease borrower’s debt, while a drop in the borrower’s
non-housing related endowment results in lower levels of borrower’s income outcomes. In this
case, the drop in borrower’s levels of income is more significant than the decline in their levels
of debt. Thus, we can conclude that decrease in the levels of borrower’s non-housing related

income results in a smaller gap between borrower’s debt and borrower’s income.

Let us now consider changes with respect to financial risk and the housing market size. Figure
11 shows the behavior of the variables for different levels of o when the expected return is 25%,
risk aversion is y=3, the coefficient of utility benefit of homeownership is w=0.9, housing market

size is h = 0.17, and borrower’s endowment parameter is I = 0.43.

Pic.1 and Pic.2 illustrate that smaller housing market size and thus decrease in supply of
housing in the model result in higher housing prices and higher mortgage rates. Consequently,
given an increase in the levels of housing price p;, we observe an overall decline in the levels of

the borrower’s housing investment. This is illustrated in Pic.3.
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Figure 11: The model with no bankruptcy, an expected return of 25%, risk aversion
y=3, the coefficient of utility benefit of homeownership w=0.9, housing market
size h = 0.17, and borrower’s endowment parameter 1=0.43
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Dynamics of borrower’s income outcomes and debt in period 2 are unchanged and shown in
Pic.4. However the overall levels of borrower’s income and debt in the economy increase with
the decrease in the housing market size. This is a result of a significant increase in the levels of
the housing prices. However relative increase in borrower’s debt is greater than relative increase
in their income. Thus we conclude that a decrease in the housing market size results in the higher

borrower’s debt-to-income ratio.
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2.4.2. Equilibrium with contingent bankruptcy. Results

There is no analytical solution for the case when bankruptcy occurs. We attempted to solve the
model with MATLAB simulations to find conditions on the parameters such that equilibrium
with bankruptcy exists. We considered p,(0) < p,(r). Then, according our previous analysis in
the economy with successful risky asset there is no bankruptcy and mortgages are paid in full.
However, in the state of economy in which risky asset is unsuccessful bankruptcy occurs:
borrower defaults and the lender is paid the wealth of the borrower. However, MATLAB
simulation showed that the bankruptcy condition is never satisfied in this case and there is no

parameterization for which equilibrium with bankruptcy exists.

Figure 12 shows economics of the model for different levels of o when the expected return is
25%, risk aversion is y=3, the coefficient of utility benefit of homeownership is w=0.9, housing

market size is h = 0.45, and borrower’s endowment parameter is / = 0.2.

Figure 12: Bankruptcy condition and borrowers income vs. debt in period 2. The
model with no bankruptcy, an expected return of 25%, risk aversion y=3, the
coefficient of utility benefit of homeownership w=0.9, housing market size h = 0.45,

and borrower’s endowment parameter 1=0.2
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Since the bankruptcy condition is

I +p,(0)hyy
P1>—~
(1 +1,)hyp

we denote
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_I+tp, (0)hyp

(1 +1)hy
Pic.1 plots housing price p; and bankruptcy line B. It illustrates that the bankruptcy condition
in this case is not satisfied. Additionally, from Pic.2 we can see that borrowers have means to

repay the mortgage debt in this case.

We now consider p,(r) < p,(0). Then, according to our previous analysis in the economy
with unsuccessful risky asset there is no bankruptcy and mortgages are paid in full. However, in
the state of economy in which risky asset is successful bankruptcy occurs: borrower defaults and
the lender is paid the wealth of the borrower. However, MATLAB simulation showed that the
bankruptcy condition is never satisfied in this case and there is no parameterization for which

equilibrium with bankruptcy exists.

Figure 13 shows economics of the model for different levels of ¢ when the expected return is
25%, risk aversion is y=3, the coefficient of utility benefit of homeownership is w=0.9, housing

market size is h = 0.7, and borrower’s endowment parameter is I = 0.3.

Pic.1 plots housing price p; and bankruptcy line B.
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Figure 13: Bankruptcy condition and borrowers income vs. debt in period 2. The
model with no bankruptcy, an expected return of 25%, risk aversion y=3, the
coefficient of utility benefit of homeownership w=0.9, housing market size h = 0.6,
and borrower’s endowment parameter 1=0.6
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Thus, Pic.1 illustrates that bankruptcy condition in this case is not satisfied. Additionally, from

Pic.2 we can see that borrowers have means to repay the mortgage debt in this case.

We were not able to find conditions on the parameters such that equilibrium with bankruptcy

exists neither in the case with p,(0) < p,(r), nor in the case with p,(r) < p,(0).
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Conclusions

In this dissertation we develop two stylized computational models that simulate and examine
the mechanisms of housing market and explore the possible origins of real estate price bubbles.
In chapter 1 we investigate inter-dependence between financial and housing markets and analyze
how uncorrelated financial risk may promote housing price bubble. We present a stylized finite-
horizon stochastic model that demonstrates that increase in demand for housing may result from
financial risk exposure, when house-buyers are subject to relative wealth concerns and
competition over future consumption. Our main result shows that housing price bubbles are most

likely to emerge as a result of house-buyer’s risk exposure when this exposure is minimal.

We show that endogenous relative wealth concerns may play an important role in explaining
the emergence and dynamics of housing price bubbles. Our model demonstrates that concerns
about relative wealth arise endogenously in equilibrium and affect equilibrium outcomes given
that agents endowed with scarce services are unable to sell them in advance. Because future
prices of scarce services increase with the agent’s wealth, house-buyers’ ability to consume will
rely on their relative wealth. This leads to house-buyer’s portfolio diversification and extensive
investment in high-risk financial instruments. Such portfolio composition pattern affects the
wealth of house-buyer population and future demand for housing resulting in a residential real

estate price bubble.

In chapter 2 we investigate inter-dependence between financial, mortgage, and housing
markets and analyze the effects of mortgage market expansion on the housing price dynamics.
We present a stylized finite-horizon stochastic model that demonstrates that lender’s exposure to
uncorrelated financial risk together with availability of mortgage credit to the low-income
borrowers lead to increase in housing prices and greater borrower’s debt to income ratio. Our
main result shows that the high borrower’s debt-to-income ratio resulting from high housing
price volatility is the most probable when financial exposure of lenders is low. Our model
demonstrates that concerns about relative wealth lead to extensive financial investment in high-
risk financial instruments for lenders and greater housing investment for borrowers. Such
investment behavior affects the wealth of agent population and drives housing demand and

housing prices up, while increasing the borrower’s debt-to-income ratio.
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Appendix

Proof of Proposition 1. For § greater than 1 the investment in the risky asset in the benchmark

case is:

1—a 1—a
xrb: = )
1+a(r—1) 1+a<§—1>

where a is equal to

We need to consider the sign of

dxyp,  0xpp | Oxppda
do 9o  0da do

-2

0x,p

do

=1 -a)ap >0,

1
a(1+a<§—1>>
axrb:_ §+1—a

o (Ha(g_l))z

= s) (o) <o

<0,

Thus,

dxyp  0Xpp | O0xppda -0
do 9o  0da do~

Investment X,., is decreasing in a, while a is decreasing in o. ®

Proof of Proposition 2. Consider the expressions for period 2 housing prices in the benchmark

casc:
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where F (o) is given by
14

Pc (T‘) (rXrb + an) + Pc (O)an

Flo) = 1 I

(1 + Xy + Xnp)? (0P ()Y~ + (1 + X5)7 (1 = 0)pc (071

Using analytical solution for the benchmark case, the expression for F (g)can be rewritten as
14

1
1/'_

D)

1+

F(o) =
1

T
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Thus, housing prices pyp and p,,(r) at ¢ — 0 are lower than at ¢ — 1. Housing price p,;, (0)

at ¢ = 0 is higher thanato —> 1. m

Moreover, with MATLAB simulations, we can show that F (o) is a smooth and sign conserving

(positive) function that is slowly increasing in the whole range of argument. Thus for all o,

ap;—s(r) > 0 indicating that price p,,(r) increases in probability of success of the risky asset,
while 2222© ¢ indicating that price p,;,(0) decreases in probability of success of the risky
asset.

Housing price of period 1 summarizes the effect of both housing prices of period 2:

w

h>yF(a).

P = 2(p2n () + Py (0) = 2

Therefore, p,, is @ smooth increasing function of probability of asset’s success.

Proof of Proposition 3. The first order condition for optimality in the model with trading

frictions implies that:

1+ + @ —Dx) 1Y 1+ (1 —-x)r 1\
-1 -1 - =0
or=1) ( 1+ (r—1x, (1-0) 1—x,
Derivative of x,. with respect to ¢ is given by
dx,
do

)
(1+5(£59)) o

y—-1
(y—2)<(1+xr(ﬁ;")> —1>([>’—a) ) 1
2 NSRS LAY
(ron (£ G

To find the sign of the derivative, we need to consider asymptotic for x,.. Foro — 1, let x,. #

(y—2)<(1+xr<ﬁ;G
o

_1>,8x,, 1(1—(7)%_1( g1 ><1+(1_xr)y—1>

_]/ ﬁ—O’ (B_O_)Z 1_xr

1. Then the second term in the FOC above equals zero. In turn, the numerator of the first term in

the FOC must equal zero. However, this cannot be true for x, € [0,1]. Thus, foro - 1, we
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have x,, — 1. With this result at hand, for 0 — 1, the first term in the FOC is a positive constant,

while the limiting value for the second term is (11;0)]/' Consequently, for o — 1, we have (1 —
—Ar
1
xr) = (1—oa)r.
Let us now analyze the derivative %. For 0 = 1, both the first term in the numerator of the

derivative and the first term in the denominator of the derivative are small positive constants. On
the other hand, for ¢ — 1, considering asymptotic for (1 — x,.), the limiting value for the second

term in the denominator is —(1 —¢)~!. The limiting value of the second term in the
1
denominator, in turn, is —(1 — ) . Consequently, foro — 1, the limiting value of the
1
derivative is (1 — )7 '. Thus, as & approaches 1, we have

dx,
0.
do >

To find the sign of the derivative for small o, we need again to consider asymptotic for x,..
1 1
When o — 0, we have a = (ﬁ)y = (B) 7. Then investment in the risky asset is

oV =2

- 1.

X, =1-—

ﬁy+7—2
With this result at hand, for ¢ — 0, the limiting value of the first term in the numerator is 6177,
while the second term is a small negative constant. Thus, fory > 1, the numerator of the

derivative is always positive.

Additionally, for ¢ — 0, the limiting value of the first term in the denominator is 627, while the
limiting value of the second term is —g2@-7), Therefore, for 0 — 0 and y > 2, the denominator
of the derivative is always negative. Thus, as ¢ approaches 0, we have

dx,

< 0.
do

Hence, for low levels of g, investment x, decreases with the probability of the asset’s success.

For high levels of g, investment x,. increases with the probability of the asset’s success. m
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Proof of Proposition 4. Equations for house-buyer’s investment in the risky asset in the

benchmark and in the model are

1—x, _
1+xrb(r—1)_a
and
1-x [1+0Q+x6c-D)""]
l+x, r—-D| 1+a-x)yt |=¢

respectively. Let us rewrite the last equation as

1—x, z(1+x, (r— 1) _
l+x, r-D| z0-x) | %
where z =1+ (arg)?Y™! is an increasing function of the argument, for y > 1. If x,. > 0,

then1+ x, (r —1) > 1 — x,. , which in turn implies that

1+ (1 + x, (r — 1)))/_1

> 1.
1+ —x,)r 1

So, x, > x,p. W
Proof of Proposition 5. We have already seen that the derivative of x,, with respect to o is

dx,
do

o-af(ne2)
(145 (£39)

1+xr<'8_

)V_1_1>,3xr L1 1, . e -
] =5 (=) (=)

o2

y—1
(y—2)<(1+xr(ﬁ;")> —1>(ﬁ—a) ) 1
i _I_()/—Z)((ll_—xr))zD 1—1)<'[1;:§>V
(1+xr<ﬁ;0>>a (1—x,

When beta=1 the expression becomes
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((1 +x, (1 — "))H - 1) X,

(142 (59))
1-0 v
<(1 o (5 )> - 1) 079 d—xyi-1)

2 + — 2
(en5)e T

Using the results for asymptotic from the Proof of Proposition 3, it is easy to see that for x,, > 0

and y > 2, the numerator of the derivate is always positive, while the denominator is negative
for both large and small ¢. Thus,

dx,

0.
da< [ |

Proof of Proposition 6. Consider the expression for housing prices in period 2:

(ool

The function of housing price p, (¥) is proportional to

w

pz(y(ﬂ) = 32

Y (r)

po(Y (7))~ T3 YT

therefore, its derivative with respect to Y () is proportional to

apo(Y ()

ORR C-pr@E)

1

This function has a maximum at Y, = (]%)ﬁ For y = 3, Y,,, = 1. Expansion of the function

D2 (Y(f)) in the Taylor series near the point of the maximum gives symmetric parabolic function

of the displacement:
p(Y(7F) = V) =

B 102p,(Y (7)) B ,
(Y(T') - Ym) + EWY(T:)= Y (Y(T') - Ym) + ...

ap.(Y ()

pZ( Ym) + aY(f)

Y ()= Y
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Remember that
Y)=1+x, r—1) =Y, +x. (r—1)
and
Y0O)=1—-x,=Y, —x,.

Ifx, >0 andr < 2,then |Y(r) — Y,,| < |Y(0) — Y,,|. Given the symmetric function of the

Taylor series expansion, this implies that p, () > p,(0).

Now consider the expression for housing price p;:

B o 1-0)]"
1= lPZ(T‘) * p2(0)

or

1_ o +1—0
p1  2p,(r)  2p,(0)

It is easy to prove that

1_ g +1—a< o +1—a_ 1
pr 2py(r)  2p,(0) T 2p,(r)  2p,(r)  2p,(r)

Thus, p; > p,(r). m
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